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ABSTRJ,CT

The present work evaluates the turbulent and mean kl-netic energy balance

f or a dif f user f l-ornr" The dlf f user under studv had a total included

angle of 8 lriËh an area ratio of 4zl and was fed by fully developed

pipe flor.¡" Measurements of mean and fluctuatlng velocity correlatlons

v¡ere taken by Arora (1978) usfng Pítot-statl-c tube and l{ot-wire anemome-

Èer. IIis results are used, in the present sËudy, to examine the energy

balance for diffuser flor.¡"

Locally, in the rnean energy budget, the source term l(11/2)(âQ'/ax)l

is of the same order as the pressure work term throughout the diffuser"

The major part of the mean energy 1s used Ëo increase the pressure. The

remalning mean energy either produces turbulenÈ kinetic energy or is

dírectly díssípated. Thís process of mean energy conservaËlon, however,

is carried out bv transport in mean and turbulent flow flelds'

The general pícture wtrfch emerges by integraËlng the turbulent energy

terms over Ehe cross-section area, reveals producÈion and díssípation

are of the saue order. Siuilarlv. nsean flow convection and t.otal trans-

fer are of Lhe same order. In the entry and l-ntermediate regions

(roughly fron the exit plane Ëo 44 cenËimeËers upsÈream from the exit

pJ-ane) the average turbul-ent klnetic energy fs lncreasLng, and mean flovr

convection is balaneed by convective diffusl-on due to pressure effects

togeÈher wlth the difference of the productl-on and díssipation. Hor^¡-

'ar-



evere in the exÍt parÈ of the diffuser, rnean flow convecËion ls balaneed

by conveetíve dlffuslon due to kinetlc effects, and product.ion balances

the dísslpation"
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NOMENCLATÜRE

aa ConsÈant in power series rePresentatlon of (u')

bb ConstanL in power seríes representation of (v')

cc Constant fn power serl-es representatlon of (v¡')

D Pipe dlaneter (10.16 centimeËer)
t

Ht Correctíon coeffl-cíent for Reynolds stress (u-)

HZ Correctíon coeffícÍenË for Reynolds stress (v')

H^ Correctíon coefficlent for Reynolds stress (-w)
_l- ,

H¡ CorrectLon coefflcient for Reynolds stress (w-)

t Subscript, í = 1, 2, 3

j Subscript, j = 1, 2, 3

k ConsËant in hot-wire resPonse equation (sectlon 2'5)
,

M Distance fron the wall r¿her" WmaX. ot liax occur

P InsËaritaneous sËatic pressurê, P = P + p'

T Mean sËatic pressure

pn Fluctuat.irtg comPonent of the pressure fíeld

P!0 Measured and normal-ized mean static pressure (Fíg' 5)

,-nznu' Turbulent kf-netlc energy, q- = u- * v- * w-

c)r2
Q' l4ean kinetic energY, Q' = U- * V-

R Pipe radius (5.08 centl-meter)

R^ Local diffuser or piPe radlus
U

R. Reynolds number R, = UxR/v-1 u

r Radíal dlstance from center line of the diffuser

s Snall distance from rhe wail



t Tlme

U Instantaneous axfal velocity, U = ü + n'

U Mean axLal velocltY

UO Mean center Il-ne velocftY

Ub Pipe bulk average velocity (18.32 t"-t)

u' Fluctuatlng velocity component in x-directíon

ui Fluctuating velociËy (l = 1, 2 ox 3)

u; u; correlation of the fluctuating velocíties
rJ

V Instantaneous velocity in radíal directíon, i = V * v'

V l.fean radial velocity

vo Flucutatfng velocíËy component in r-direction

I,I InsÈanËaneous velocity Ín z-dírectíon, tr^I = tl o t'

fr Mean circumferential veloefty

r,Jo Fluctuating velocity component ín circunferential direction

x Axial disËance from the entry of the diffuser

y Radial disËance frorn the r¿all

z Circumferential dlrection

ô Boundary layer thickness

e Turbulent energy dissipatlon rate per unít mass

v Kinematic vJ-scosítY of the aír

\ Non-dimensl-onalised axl-al distance, E, = x/R

E2 Non-dímenslonalised radial- distance " \ = r/X

4 Non-diroensionalised radial dístance, fu = l/n'

p DensiËy of the air

ô Angle of the inclined hot-wlre

Overbar denotes time average
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Chapter I

INTRODTCTION

The main actlvity of science ls observatl-onrinterpreËation and pred.ic-

tlon. For a fluid mechanlcs modeler, predictlon is of the uÈmost impor-

tance" But for others lt may be one of the means by whích the correct-

ness of the ínËerpretatíon can be checked by comparislon with further

observations. There is st1l1 no hope of fully predictlng turbulent

energy phenomenon, numerically, by rÍgorous deductions from Navier-

SËokes equatlon. Therefore a crucíal parË of predíction remains

unsolved, and experirnental work remal_ns a necessitv.

The turbulent flor¡ of real fluids ls of a dissipaËive nature.

Because of this dissipation of turbulent kinetic energy, a continuous

supply of energy is necessary to maíntain the turbulence, for steady

flov¡. Á't the same tíme, owlng to thls Ëurbulent motíon, diffusíon of

fluid particles together with Ëheir kÍnetic energy takes place. Thus an

average sËeady staËe can only exist, f.f there ls equilibrlum between the

energy supplied to Ëhe turbulent motion, the Ëransport by the mean

moËlon, and Lhe diffusion plus dlssipation of rurbulence energy.

A diffuser as a pressure recovery devíce, is an ímportant t.ool which

may throw sone lfghË on the turbulence research study" A diffuser con-

verËs klneËlc energy into fl-ow energy with a poslËJ-ve pressure gradíent

whlch makes lt different frorn pl-pe flow ¡¿trich has a negative pressure

-1-



2

gradlent. The flov¡ fíeld rnay be dfvlded into Èwo parts 1.e. turbulent

floror fieLd and mean flow fleld. The presenL r^rork discusses the turbu-

l-ent and mean kinetlc energy balanee for a diffuser flow.

The díffuser flow is under lnvesLlgatíon at the University of ìfani-

toba for the last one decade. The dlffuser under study has a total

included angle of 8o r¡1th an area ratlo of 4:1 and was fed by fully dev-

loped pipe flow. Okwuobi (1972) studied turbulent kinetic energy

balance for the diffuser flor¡ at Reynolds nurnbers 152,000 and 293,000.

Okurobi and Ãzad (1973) and Hummef (1978) have reported the exístence of

Reynolds number slmilarity for Ëurbulent quantiÈies ín a diffuser flow.

Based on this finding, Arora (f978) choose a single plpe Reynolds number

of 58,000. The presenE study investigaËe mean and turbulent kineÈic

energy balance and uses measurements Ëaken by Arora.

RuetenLk and Corrsin (1955) have investigated energy budget in a

fully developed, equilibrium plane diffuser fl-ow wíth a Ëotal dlvergence

angle of 2o at Reynolds number of L2,2OO. Cockrell and King (L967)l

Razinsky et al. (L967); Livesey and Turner (1964) and RoberËson et al.

(L957) are feqr other researchers who have studied díffuser floçr"

To study the adverse pressure gradfent type of flor¿ sorne researchers

le"g" Bradshaqr (1967), ShJ-shov et al" (1978) I have examlned tr,ro dinen-

sional boundary layer floçs. Thelr studles are used ln thls texË to cora-

pare to the diffuser results. SínÍLar studies has been made by other

researchers for dífferent types of flows e.go, in a boundary layer qrith

zero Longltudfnal pressure by Townsend (1951): in a boundary layer by

Bradshaw, Ferriss and AËwell (1967); 1n a jet by Rodi and Spaldtng
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(1970); Ln a channel flow by Hanjallc and Launder (1972); in a wall jeÈ

by lrwln (i973); in a fully developed pipe flow with wa11 suction by

Schtldknecht, Èfíller and Meier (1979) "

Velocity gradíents r,rere esËimated by flttíng polynoroials (using least

square techníques) to the measured daËa. The degree of polynomial ç¡as

selected by considering regression coeffícíent (surn of the squares of

difference between measured and compuËed value), and the behavíor of

fírst and second derivaËives" Further detalls are províded in section

2"6"



Chapter II

BASIC CONSIDERATTONS

2"L MEAN KINETIC ENERGY EQUATION

The mean energy equation for an axf-syrometry flow may be wrítten as:

I +II + III + IV + V + VI + VII = 0

vrhere the different terms have the followlng meanings:

Mean energy source:

( r ) = -t<itz>aq2la*l tn/u3l ;'b

Pressure work:

( rr ) = -[(il/p)aÞlax]tn/u3l;

![ean energy advectlon:

-?( rrr ) = -r"6t/2)àQ-/ârl tn/u[] ;

Transport by fluctuating velocitl-es :

( 2.1A )

( 2.18 )

( 2.lc )

-4-



-1t'¿,( IV ) = -HUu" + vtrv)/ðx - Ðlr(Uuv + vu-)]/rârl tR/UÉl; ( z"lD )

Turbulent energy productf.on'

( v ) = ttrlaÛ/a* +,r.ravl * +,r.raulat *7av/àr +Vt*2ttn tn/ufll ;

( 2.18 )

Viscous Díffusion:

( w ) = (tv/21 L vzuz + vziz :I{n/uf) ; ( 2.1r )

Direct dissipaÈl"on:

( vtr ) = -v(t (âû/âx)Z + (av/ax)2 + (au/ar)2 + (Ñ/at)z +

-v2 /'2 D tn/uf l ; ( 2. Ic )

2"2 TIIRSIILEÌ{T KINETIC ENERGY EQUATION

The turbulent kinetic energy equatíon, whích is obËained by combíníng

the Navler-Stokes equations and Ëhe cont.inuíty equation (detailed derí-

vation is given ín Appendlx A), for axi-syrnmetry flow rnay be written

as:

I+II+III+IV+V=0



ç¡Ïrere the dlfferenË terms have the following meanlngs:

Mean flow convectíon:

( r ) -t(u/z>aq2lâ* + (TI/2)aq2/a'1tR/u:l; ( 2.2^)
D

Convectíve diffusion due to kÍnetíc and Dressure effects:

( rï ) l-L/21(tâ(,rT *,r¡t,l/axl + tatfrr7 + zp'7/p)/ràriltn/ufl;

( 2"28 )

Production:

( rrr ) = -tuvðü/ðr + uvðV/âx +7aú¡ax + v%i/ar + ,Zil'ltn/uflt;
( 2.2c )

Vl-scous work'

( rv ) = Í(v2v/2)(,r2 + u2 n *2¡l tR/û;r t ( 2.2D )

Disslpation:

j(v) = -Re/U;"'-Dt ( 2.28 )



2"3 BOI]NDARY CONDITIONS

One of Ëhe iraportant task of any engineering problem ís Ëo define the

boundary conditlons" A sfun1lar problem, \tas faced ín the begíníng of

Ëhe present study, to descrlbe the flow very close to the wall of the

dlffuser and at the center-líne of the diffuser"

Schildknecht, M1ller and Meier (1979) studied a simllar problern v¡híle

examining the ínfluence of suction on Ëhe structure of turbulence in

fully developed pipe flov¡. Their pipe flow study was extended to dif-

fuser flow in order to define the followíng boundary condltl-ons:

AÈ the wall

=fd=uv=u

At Èhe center-líne

V = uv = âû/ar = 0

Accordíng to

the fluctuating

of the dLstance

SchildknechË,

velocity may

frorn the rrall

Þ1í1ler and Meier

be represenËed by

(L979) the components of

a poqrer series ln terms

= aa( x rrrz )s +

= bb(xurrr)t2 +

+tnl' = cc( x"r oz )a
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Substituting these series representaËions into the turbulent kinetic

energy equaËion, Derksen and Azad (1980) showed that only viscous r¡ork

(gradíent diffusion rate of the turbulent energy) and díssipation are

non-vanishlng quantities at Ëhe r,¡all. Non-vanlshing components at the

center-line are mean flow convection, convective diffusíon, dissipation

and production. In the mean energy budget, viscous work and direct dís-

sipatíon are zeÍo at the wall, mean energy advecÈion 1s zeto at the cen-

ter-line.

2,4 FLOIJ SPECIFICATION

The present study deals wíth arl adverse pressure gradient tyPe of

flornr ín a diffuser. The physical quantities used in this study r¡rere

Ëaken from Arora (1978)" Briefly, fully developed pipe air flol¡ enters

into a díffuser r¡ith 8 o total fncluded angle and area ratio 4zL" l'Iean

static pressure variaËíon vrere measured aE six dífferent Reynolds number

(based on pípe bulk velocit,ies) along the díffuser. The results are

shown in Figure 5. Mean and fluctuating quantíties (up to fourËh order)

rúere measured wíth standard DISA hot-wlres, at twelve differenÈ axial

locatlons with Ëhe fol-lowing disÈances from the exlt in centimeters:

67 65 61 57 50 40 30 24 18 L2 6

Henceforth, those axial locaËions wf-ll be known as axíal stations'

according Ëo Ëhelr disËance from the exit. For example, sLation 18

corresponds to Ëhe axial locatlon whlch is 18 centlmeËers fron the exf.t"

Since measuremenËs very close to Ëhe wall were not done, all quantitles



9

al-n that reglon are exËrapolations. Time derivatlves of u' measuremenrs

were used to estfmate dlssipation. lrith the assumption that isotropy is

valid throughout Ëhe cross-section.

Okwuobi (1972) studied the same flow and hls measurements were used

to estínate axial derivatíves of Ëhe turbulent kínetic energy (q') ín

the mean flor+ convecÈlon term of the energy balance.

2"5 CORRECTIONS TO EOT.I^TIRE }IEASIIREMEIITS

The possible sources of error in a hot-wíre system may be:

Effect of high inËensity turbulence

2" Effect of prong interference

3 ' Errors due to the wall effecËs

4" Longitudlnal cooling of hot-wire

5. Uslng hot-r¡íre in a different oríenEatíon as compared to the

orienËation for which Lt is calibrated

6" Error due to non-l-lnearity of the response equation

In addl-tion, there may be some errors associated wíth electronlc

instrumenËs. Several analyÈical meÈhods had been suggested, to correcË

hot'wire response, by different experimentallst. Rose (1962) suggests

htgh intensity corrections to the Linearized constant temprature res-

ponse but he lirnl-ts Ëhe correctf.on term up to third order correlatlons
t

e,g" uv-' HeskesÊad (1965) corrects thts by incl-uding fourth order cor-

1.



relatlons e" g. u

10

, but the resulËing correction Ëo the Reynolds

stresses are fioË glven. Sandborn (1967) dlscusses the problem of hlgh

intenslty and presents solûe experimental measurements that indícates
-a

error of less Ëhan 27. Ln non-llnear normal wlre measurement of u- with

up to 50% turbulence f-nÈensfËy. But Sandborn does not díscuss Ëhe

effect of a t.hree-dimenslonal Ëurbulent fleld on the normal w-ire res-

ponse. I^llchner and Peebl-es (1963) suggest a method of determining the

Reynolds stresses r¡hich requíres an accurate knowledge of the mean vel-

o city.

Guitton (1g74) discusses sone correcËíons trhích nay be applíed to

mean velocity and Reynoi-ds stresses beíng measured 1n a two-dimensíona1

mean flor¿ of htgh turbulence intensLty by means of l-ínearized constant

temperature hot-v¡ire anenometer. The wire response is taken Ëo fourth

order in the fluc¡uatlng velocity and lncludes correcËl-ons due Lo devl-a-

tion from normal coolíng" Guftton conducËed so![e experiEents in high

lntenslty flovrs: Èr,¡o-dlnensional plane and curved turbulent walI jets 1n

still surroundings, AccordÍng to Guitton , in order to apply these cor-

rections, all that is requl-red is to rnultlpl-y the measured quantity by a

correcting coefflcienÈ in order to get the corrected quanttty' Thus

n
u c

n
c

""=
,,

qI=
c

":. "I
T{7"2 'm

", "ç
I

H, wi
4Ut
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SubscrípË m lndicates measured quantlties and subscripL c índicates

eorrected quantÍties" H1, HZ, H3, and H4 are correcting coefficients

deflned as:

Correction coefficient for u2 (Hr):

Ht = 1 + v2/u2 - 12u2/u2û2 - 2luu/uuz - uu2/u27

,)

Correction coefficient for y- (Hr):

Hz = r/Í. r - 2k2/sin2 0l ; , 1* cot ovlu >tcoJøu'-ï

- ( Hr - 1 ) Jtr"t'ou' + *l u¡rr" a7 u' + JJ/"o"'o? ¡2

+ u2*2 lrro2þ uzlsz - | or4 - (*2)' I lrrn'rþ u2l2; (2.58)

Correction coef f icl-ent f or ".t {ffr) t

H¡ = Lll t - u2/srr,2 Ol - ( I 4 corO v¡u l*r2t2 srnl0u,*

, - 2 
--t 

I 2 
--2+ vw" V/2 Sin-O uv U- + uv w-lsin'0 uv U-; (2"5c)

Correction coefficient for *2 {uo),



1f

4
LlLL-zkz/srr,2ol -) ,) -tV-lSin-óu- - (

-') ,, t -7V- u-lCos'þ 11" ,2 7trrn2þ cot2ô-u2

-?2-'22 V u-v/Cos-Ö U- w

t2
. ?. Ln!1, - 1 ) u' /Cot' dt wI

'), t ,)

v"/sin- 0 cos- ó

+

n,
uv'/cos'ó -ltU- r¡- +

_?Ur¿- +

-))uf¡I
2-\^7-V2

w

-J 
,,

óu- w'

-112 V vw-/Sin" ó

u2u2/co"2þ72 12 + u2r2lsio2öt2 *2 L u4 - (u2)2 l/4 sl'rLz ó co"2

(2"sD)

where þ fs the lncllnaÈlon angle of Ëhe wire (íts

senË sËudy betng 45o ) and k 1s taken as zero because

t.urbulence ef fects "

value in the pre-

of high inËensíty

The proposed correctlng coefficients ri¡ere evaluated for all avallable

ueasureraents. The measured Reynolds stresses r.zere rnultiplled by correc-

tion coefficient in order Ëo get the correeted Reynolds stresses. Cor-

recËed and uncorrected Reynolds sËresses were plotted for all stations;

typical Reynolds st,resses are shown l-n Ff-gures 1 Èo 4 f.or three díffuser

sÈatlons" From their studies the followÍng conclusíons could be drav¡n

for the correcting eoefficfents"

Correction coeffl-cients H^, II^ and H, behave similar Ëo one¿54

another i.e" each of them lncreases ln the dovmsÈream dírec-

Èion "

1.
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coefficient HI, correction coefficfent for Reynolds stress
,( u-), has lts maximum val-ue aË the center-line (E,, = 0"0)

and decreases tohrards the wall,

Radial direction Reynolds stress (u2) correction factor (Hz)

has its maximum value roughly at about EZ=O.6 and decreases

towards the center line and the wa1l side.

Hr, correction coefficlenÈ for fluctuatl-ng shear stress, has aJ

maximum value close to the wall and decreases toward Èhe cen-

ter-llne. However a dífferent behavior was observed for sta-

tion 12 as shown in flgure 3.

5' Z-directíon Reynolds stress (w2) correction coefficient (H¿)

radially remains the same Ëhroughout a cross-sectíon except

for having a slightly hLgher value ín the walr region. The

uaxfmum obsen¡ed value of Ht rTas I. 173 at stat.ion 0 f or

Ec=L "87 '

All available measurement.s ú/ere nultlplíed by the correc-

tion coefficl-ents. corrected datas were enployed to evaluate

mean and turbulent kinetic energy balances,

2"6 DATA ANAI,YSIS

llean and turbulent kfnetic energy balance equations invol-ve radíal

and axial derivatives of tnean and fluetuatlng velocity correlations.

Therefore Èhe correcÈness of energy balance depends upon the degree of

accuracy wlth ¡Ehich different derivatLves are obtalned.

2.

3.

4.
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Three types of curve fitting (fourier series, cubic spllne and

polynomÍal ) r,¡ere studied, duríng the course of the presenÈ study, before

selecting the polynornÍal curve fittlng technique. The accuracy of four-

ler serles curve ftËËing depends upon how rcany ternrs have been consíd-

ered Ëo fft the experimental ¡ûeasuremenÈs. By consldering Eore terms'

hor^¡ever, one may expecË improved curve f itttng . But, the gradient of

Ëhe function ¡¡ill have more osclllatfons which may be far from the real

logf-cal plcture. A good fít can only be expected lf the functíon is

periodl-c and contínuous IChurchlll (1963) and Qberhettinger (i973)].

In the present study different mean and turbulent quantitles âre not

perl-odic, therefore fourfer series technique can not be use to calculate

the derivat.ives.

I'rom the cubíc spline curve fitting one may expect an improved

regression coefficlent (sum of Ëhe squares of dffference bet¡¿een mea-

sured and computed value) " A spline passes through aL1 gíven points,

but lts behavior between tr.ro given points is unpredietable ISpath

(L974)l " As a result fluctuaËions ln the derivatives w111 be high,

Èherefore cubíc spline curve fítting vras discarded for the present

study.

Polynomial curve fítËíng was seJ-ected, which doesn"t have the demer-

its of fouríer and cubíc sp1-ine curve fitting" In general, the regres-

sion coefficient reduces wfËh an increase in the degree of polynonial"

However the best degree of polynoníal was selected by considerJ-ng

regresslon coefficlent and observing the behavfor of the derivatives

1oglcally. Sometlme, to irnprove the accuracy in results, curves lrere
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spll-tËed into t\do or more sectlons. For example, for axial plot of mean

veloclty field sepraËe polynomf-als were fítted to the different (core

and wall regions) sections. Before finalisíng the degree of polynornial

iË vras ascertain that both had the same functíon value and derivative at

the joining poínt of the two sections"
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Chapter III

RESIILTS AND DISCUSSION

MEAN STÀTIC PRESSIIRE

Figure 5 shows varfatl-on of mean static pressure along the diffuser

at -.rx dif ferent Reynolds numbers. These mean statÍc pressures rilere

neasured at the wall of the diffuser. In Figure 5, tnean static pres-

sures are non-dimensionalised by dynanlc pressure, and fall on the same

curve thereby showing the unlversallty of the measurements. Also shovrn

in the same dlagram is Ëhe average axíal derivative of Ëhe mean static

pressures represented by a solfd line.

The curve of dPn/d(x/o) show how does the pressure changes from a

fully developed pipe flow. to a higher pressure at Ëhe exft of the díf-

fuser. This phenomenon of pressure recovery fs very ímportant from the

turbulent energy poínt of víew" Due to Ëhe pressure recovery Process'

turbulent kinetic energy balance from a fully developed pipe flow (where

productfon ís balanced by dissipation and mean flor¿ convectlon is zero)

changes Ëo dlffuser flow Ëhereby giving Ëurbulent energy balance for

adverse pressure gradient type of flows. IË fs evident froro Ëhe curve

of pressure gradient, that Ëhere ls more pressure recovery in the entry

reglon (roughly 72-52 centlmeters from the exit) and pressure gradient

curve is roughly línear. In the intermediate region (approxímately a

reglon of. 52-28 centiueËers from Ehe exlË) there is less pressure recov-

ery as conpared to entry reglon. Flnally 1n the exft region (28-0 cen-

-L6-
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tímeters fron the exít) pressure recovery is least and pressure gradient

curve is llnear.

Turbulent kínetic energy balance as a function of pressure gradient

w111 be discussed later in this chapter.

3"2 MEAN ENERGY BALANCE

In the present study an evaluaÈion of mean energy balance T^ras carried

ouË, the regions of concent.raion were the entry region (station 57) and

exit regíon (station 12) " SecÈíon 2'L describes the different terms

Lnvolved ln Ehe mean energy balance.

n
Due to mean velocíty flow field (in x-directíon) and mean energy (Q')

derÍvatÍve (ín x-dlreetion), mean energy is produced. Therefore,
I

(IJ/z)âQ-/ôx is Ëermed as a source of mean energy in equatíon (2"i4).

Because of diffuser flow and its high efficiency, most of the tnean

energy produced 1s utilízed ln increasíng Ëhe pressure directly.

A part of the remal-ning mean energy produces turbulenË energy " The

rest of Ëhe energy is dísslpated directly from the mean flow field ín

Ëhe form of heat due to vlscosity' However. this process of mean energy

conser\,¡ation l-s carried out by Ëhree transport processes. one of them

ls due to l-nteraction of mean veloclty fleld 1n radía1 directíon with

radial derfvatives of mean energy (Q2l í.e' mean energy advection.

Therefore meari energy advectíon ls responsfble for ËransporË1ng Èhe mean

energy ln radíal dírection due Ëo mean flow fleld" The second transport

term is due to fluctuatlng velocltfes. This transport term has tero com-

ponents one of whlch involves radial derivatíves of r( Uuv + Vu2 ) and
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-tanother with axial derivative of ( Uu- + Vuv ). In the core region

radial transporË by fluctuatlng velocitíes 1s an order of magnítude

higher than the axial transport. However, in the wall region they are

of the same order of magnitudes. Sign-wise, toÈa1 fransPort due to

fluctuaËíng veloclties Ëakes out the mean energy (1oss of mean energy)

ín Ëhe core region and íE supply the mean energy in the wa1l region"

The third transport term is transPorË of mean energy by viscous dlffu-

sion vrhích is significant only near the walI"

Figure 6 - 9 shows rnean energy balance for t!¡o diffuser stations

under consíderaËion" In these figures víscous diffusíon and direct dís-

sipation are not shorom because these t\ùo terms are very small in magni-

Ëude cornpared to the other terns except very near the wall. Figure 6

and 8 shows pressure work term and source term l¡ith other terns of the

mean energy balance for sËatíons 12 and 57 respectively" It is evident

from these fígures that oËher terms are sma1l ln magnit.ude as compared

to source and pressure r¿ork. Therefore a net value of source Ëerm and

pressure \¡¡ork was obtained and it is shornm in figure 7 and 9 for sta-

Èions 12 and 57 respecËively lrl-Èh other terms.

Turbulent energy productlon approxiroately balances Ëhe mean energy

advectíon throughout the cross-section for staËion 12. However, Ëhís is

noË Ërue for sration 57. For this statíon aqz7ar is relatívely large.

Therefore uean energy advection is tnore compared to turbulent energy

producËion" The neË term (pressure work + source) does riot balances

transporÈ Ëerm" By conservation law of energy all- Èerms of nean energy

equaËion should balance, Taking this inËo conslderation a difference
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term \^tas estipated" v*rich lncl-udes the víscous diffusion and direcÈ dis-

sipaËion. If this difference Ëerm ís added to the neÈ term a mean

energy balance could be obtal-ned. Since net terro r^tas obtained as a suËl

of two major terms, a deviatl-on of + 10 - 15 "/. ín eaeh of these terms

could glve a net term which ís wrong enough to shor¿ inbalance in mean

energy budget'

3.3 PRODUCTION

Production represents the phenomenon of taking ouË energy from Ëhe

mean flor-r fíeld and supplyíng lt to the turbulent field. Production is

t.he product of each Reynolds stress with lts correspondÍng mean rate of

sËrain and therefore it represents the rate aE v¡hích Ëhe mean flow does

work on the turbulence.

producrion = -lrrvarl/ar +uvð'7/ðx +n2âÚ/A* +v2ðV/âr ,
+ I{t -v lrl

fern uvâÛ/ò r denotes the r¿ork done by Reynolds stress (uv) againsË

the mean strain 1âU/Ar). The maxÍmum value for Ëhis Ëerm decreases

toward Ehe exit of the díffuser" At statíon 67 its nagnitude is four

tl-mes that of íts magnÍtude at statíon 0 aË E2 = 1.0" The behavlor of

"vaUlâr is very slmilar to that of toËal production. The radial posi-

Ëíon ( ÇZ) at rqhich uvðÚ/ðr is maximum is very close Èo the pipe radius

(ä=1"0) for all staËíons. Roughly Ffs also maxímum at same value of

Eo for all staËlons.
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Dífferent components of producÈion are given ín the Table 1 for each

of the three regions. Figures 10-13 shov¡ the behavior of total produc-

tion at various stat.ions located in three regions"

TABLE I

Production and its components (Re=58,000)

+---------+-----------------+- -- --- ---L--- ---r--- -- ---J---

-A- 
t Ll-,\t Z^-- | 2ni: ; -

------+
SËaÈlon Radial distance

in cm. fron CL

T2

2"0

4.5

8"5

40

L.U

5"5

6"5

--------+------+--------F-------+-------+

uvoU
ãr
2-3

MS

;J I

---)._...
w-lvll

l'l I'-l
o cl

w' ftrl I u'ãu
ãx

ô âl 
^ 

I

ms I Es
I
I

I
I

vov
Tr
2-3

MS

-6.0

-3 "7

2"6

uvðv
ãx

2-3ms

106"0 | -6"s
I

229 "0 l-10.3
I

64"0 | -0.7
I

25.0

28 .0

-11.0

15 .5

36 .0

-57 "0

49 "0

102.5

-208 ,0

0.0

0"0

-0. I

rìt

1.6

-0"6

29 "0

27 r.0

140"0

-3 .5

-8"9

-4.L

-2 "8

-4 .0

16 .0

65

2"0

4,0

5,0

25 "0 l-r2"3
I

110.0 l-21.6
I

9s0.0 l-22.8
I

-9.5

-t4 "2

63.4

2.44

10"8

9.3

"væ7Ax 
also represents work done by Reynolds stress agalnst the mean

straín (âV/Ax). In the exit regíon, 1n the range 0.0 < E" < 1.38,



uvat¡/ôx ls zero because âV/ã* i" zero in that range.

beyond EZ = I.38 ls roughly 0.01 tirne" "vaU/âr for the

tl-ons" But 1n the internediate and enËry regíons,

"vaV/a" is hígher than ln the exít region, even though

able to uvaU/a r.

o
u'ðÚ/ âx ls one of the non-vanishing term at the center-line of. the

diffuser" Due to thís Eerm, the Ëurbulent flow field accepts energy

from the mean flow field in the core regíon and supply to the mean flow

fíeld ln Ëhe wall regíon" In the exit region , Ëhis ís the second

íEportant Ëerm (first being "vaU/arl ln the nhole production. Whereas

in the intermediate region and roughl-y up to 61 cn. fron the exiÈ it is

approximately of the same order as uvðÚ/ðr. Ilowever, ín the 61-67 cen-

Ëimeter range from the exi-t plane (region where pressure gradient curve

is very steep and linear) this tern becomes more important tiran uvðt/âr

in the core region"

,-t-
v'âv/ ðr and w'(v/r) are of same order of magnitude. Sign-wise,

,-
v-âV/âr contributes negatívely Èo Ëhe productíon in the core regíon,

_T- :
whl-le in the wall reglon 1t contributes positively" But, w"(Y/r) con-

tríbutes negaËively to the producÈfon throughout Ëhe cross-section"

3"4 MEAN FLOII CONVECTION

Mean flor¡ convection is also

(1977) I . IE describe hor¿ the

the flow field,

2L

whereas, r'w ôf/ A*,

saroe radía1 loca-

the magnitude of

it is not compar-

known as advection I Tennekes and Lurnley

mean flor¡ moves the turbulence energy ín

-1t r-- r^\ 1 4 r^L\ul¿)oq lox -1. /,r r^\ 
^ 

Â ,^+ \v/¿)øq lorMean flow convecÈíon
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It v¡ill be shown later that Arora"s (1978) data is inaccuraËe to

estimate mean fl-ow convectLon ln the exlt region. Therefore, to estl-

mate this lmporËanË quantlty ín Ëhe energy balance equatlon, Okwuobi's

(1972) study on a diffuser was used. It, was particularly necessary to

use Okr¿uobi's (1972) data Ëo estl-mate axial derivatives of Ëurbulent
,,

energy (ðq-/ðx) l-n the exit reglon.

It. was found that there exfst a line lhenceforth referred Ëo as the

'Energy peak line'(Ep-Iíne)l at about 2o angle to the diffuser axis
,)

r¿here turbulent shear stress (,tv), turbulent kinetíc energy (q-) rand

radíal derivative of mean velocíty (ðU/âr) all attain their same maxímurn

value. In addition rnean velocity ü ís same

-tÚôq'lâ* has the major contribution to mean flow convectlon ln Ëhe

core region but not Ín Ëhe wall layer" In the exit region from the cen-

ter-line to Ep'líne thís has a negative contrfbutlon (loss of turbulent

energy) and beyond that has a posltive contribution (gain of turbulent

energy), Ilowever, in the intermedíate and entry regions mexfmum of

-tÚðq'/âx occurs roughly at E, = 0"89, and íts behavior is similar to

that in the exit region as mentioned above.

-,iðq'/âr ls a part of mean flow convecËion which domLnaËes over
-;

Úaq'/a* in the wa1l region. After Ep-lfne (toward the wall side)
_-r'lðq'/ðr become negaËíve wfth a very hlgh value close Ëo wall because

-;-
èqt¡ðr is l-arge in thaE reglon. For any radial locatíon, Er, lts magni-

Ëude increases downstream and this phenomenon is also noË.lced for Lotal

mean floqr convect.l-on"
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3.5 CONVECTIVE DIFFUSÏON

Thís is also knorn¡n as eddy transport ( Hinze (1975) ). In a real

turbulence the moËion of the fluid particles are randomly dlstributed.

This random dlsËributlon 1s such that v¡hen t¡¡o arbltrarv fluid partlcles

rnove, staËístícal1-y Èhe dlsËance between them l-ncreases with tine. If

we consider a number of neighborlng particles at one l-nstant and lf we

observe the poslt.ion of various partícles at subsequent instants, r¿re

observe * gradual spread throughout the space. This is the basic ídea

of diffusion. Taylor (1921) extended the above consíderation to the

diffusíon in turbulent flo&rs, Ëaking into account continuous movement of

the fluid particles, by considering Èhe path of a marked fluid partícle

duríng íts motion through the flow field.

In the turbulent kinetfc energy balance Ëhis term ís counter Ëo mean

flow convectíon (whfch represeriËs transport by mean flow field) and 1t

reDresenËs transport. bv Ëurbulent flow field.

Convective diffuslon due to kineÈ1c and Dressure effeets:

Convectl-ve diffuslon mav

[. Convectlve diffusion

Convectíve díffuslon

be dívíded into r\,¡o parts "

due Ëo kinetic effects.

due to pressure effects"1,



In t.he present study convecËíve díffusion due to kinetic effects is

esËínaËed from measured triple velocity correlatl-ons. Convective diffu-

sion due to pressure effects, which is a result of pressure-velocity

correlation, was estlmated as a c1-osíng Èerm of Èhe turbulent kinetic

energy balance equation.

Convective diffusion due to kínetic effects has two components one of

r¡hich ínvolves Ëhe radial derívatlves of ttqz, and a second part whích

-l-s associaËed r¡rith axía1 derivatives of uq-. Most researchers, neglect

the axlal derívative component. of convective diffusion. It was found
--î

durfng the present study that â(rvq-)/ðr is an order of magniËude
-;

greaLer than {rrq')/A* throughout Èhe díffuser. ConvecElve diffusion

due to kinetic effects given ln this study consisÈs of both radial and

axial components . rn the core regíon a (r.r?l /ra r and a f ufl la* both

lncreases doeinst.ream for the sane radial locations. l,Iaximum value of

total convective diffusion due Ëo kinetic effects" however, inereases

upsËream of the diffuser exit plane" At any cross-sectlon. Èhe integral

value of convective diffusion due to kineÈlc effects for exit region ís

same, withln the experimental errors. But in internediaÈe and entry

regíons fts value is negligtble.

Total transfer terrn can be esÈínated. from the Law of conservation of

energy, by the expression

Production * Mean Flor.r Convectlon * Dissipation * Total Transfer = 0

By subËractfng convective dlffusl-on due to klnetic effects from the

Eotal transfer Ëerme convecËive dl-ffuslon due Èo pressure effects term
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can be obËained, wtrich wlll also include vlscous work. However viscous

t¡ork is small Èhroughout the cross-sectfon except close to the wall"

Therefore this estfunation will be alright excePt 1n the wall region" In

the exit reglon, convecËf.ve díffusion due to pressure effects is almosÈ

negligtble Whereas ín the entry regíon, because of hígh pressure gra-

dienE, its magnltude ls higher Ëhan the klnetlc diffusion and it domi-

nates total transÞort term.

3.6 DISSIPATIOI{

It can be lnterpreted as the mean rate at which Èhe turbulence does

work agaínst víscous stresses. If a body fs placed in a turbulent boun-

dary layer, the r'rork done by the friction drag of the body, is converted

lnto heat by vlscous dlssiPation.

For hlgh Reynolds number, the srnall eddies are not correlated ¡¡ith

large ones r,¡hích inplies the motíon of small eddies ls lsotropic. The

later means that the fíne sËructure is lnvaríanË under roÈation of the

axes of the reference. This was first suggest.ed by Kornogoroff (1962)

v,¡ho int.roduced the concepË of local isotropl-c turbulence. Prandtl

(1942), V" I,leízsacker (1948) and Onsager (I945) came independently to

the same conclusíon, When the motion of the parË of Ëhe Ëurbulence thaË

is responsible for Ëhe viscous dissipatíon is isotropíc, the Ëurbulent

energy dissipation can be sinpllfied. Using the continuity equatl-on and

the concept of isotropy Ëhe following relaËíon could be obtaíned'

details of whlch are given by Hlnze (1975).

at
e = 15 ( u'/ *)-



Hence, for a homogenous turbulence, vlscous dissípation per uníE

nass is equal to Ëhe vÍscosfty tlmes the mean-square of the rate

sËrain or to the víscoslty tlmes the tnean square vorticlty.

Siml-lar to the pf-pe flow, dlssipation ls of the same order of m¡oni-

tude as production in diffuser flow" Thís is one of the important term

of turbulent. energy balance whích is non-vanishing at the wal1 according

to Ëhe boundary conditions mentloned ín chapter 2" For the preserit

study, dfssípaÈion has been calculaËed assuming ísoËropy is valid

throughout the cross-sectíon. In the enËry regíon dissipation become

very hJ-gh near the wal1. But in the fntermedíate region Lhis is not

true, raEher lt is almost constant after attaining a maximum value"

However, in the exit regfon, after achíevlng a naximun value, its magni-

tude starts decreasing even in the wall layer. Because of the díffuser

geometry wall layer expands in the dor¡mstrean dírectíon, As a result,

dissipatlon df-stributes more evenly at any cross-secËion fn the exít

regíon after achieving a maximum value. Fígure 10-f3 shows Ëhe behavl-or

of dlsslpation in three different regions of the diffuser.

In the core region, its value lncreases from lts center líne dfssípa-

tíon value. BuË the peak value starts shifting away fro¡u Ëhe wa1l ín

the dormstream.

3.7 TIIRSIILENT KINETIC ENERGY

zo

of

of

Flgure L4 sho¡¿s distributlon of cross-sectlonal average

turbulent kl-netlc energy in the pf-pe and diffuser. Pipe data

from Lauferns (1954) study on a fully developed plpe flow.

values of

was taken

TurbulenÈ
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t
kinetic energy (q-) was ploËt.ed against area (r-) for all tv¡elve sta-

t.ions and for the pípe. Aft.er measurlng Ëhe area under the curve, with

the help of a planimeter, net kinetic energy was dlvided by R2n and an

average balue was obtalned. This average kinetic energy was non-dimen-
2-1

sionallsed by Ui (18.32 ns ') and plotted ín figure 14. As lt is evi-

dent from this Figure, there l-s an lnerease 1n average Ëurbulent

kinetic energy from entry to up to roughly 28 cenËlmeters from the exiË

beyond which lt attains a definfte val-ue asymptotically. Hence, there

ís a correlatíon between the pressure recovery process and the kinetic

energy. When the air enËers Ëhe diffuser it contafns cerÈain amounË of

energy consisting of kJ-netíc and pressure energy components. But due to

pressure recovery process. more and rnore kfnetic energy is converted

into the pressure energy ín diffuser's entry and intermedíate regions,

where pressure gradient curve (fig.5) has a large slope. But in the

ffnal regíon Ëhe process of pressure recovery relaxes and pressure gra-

dient curve fs linear wiÈh a small slope" Althoueh there is a rise in

the net value of kíneÈic energy in t.he exit region but because area of

the diffuser ís also increasing in the downstream the average value is

same r¿ithin experimenËal errors.

3"8 CONSEQTELCES OF THE PRESEÌ{T STrrpY

After careful revlev¡ of turbulent energy balance, term by term, a

general plcture to the Èurbulent energy balance can be given for a flow

subjected to adverse pressure gradient. In Ëhe present study, all

terms of the energy balance has been weíghted by area at each station

and a mean value at each of these locatlons has been obÈaíned, It is
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hoped, that íÈ wlll clarify any doubts and wtll help readers to visual-
tze a more clear physical picture.

For the above mentioned reason, every teno of the turbulent kinetic

energy balance was plott.ed againsË square of radial distance. Such a

typical plot fs sho¡nm ín FLgure 15 for station 12" After measuring

area' with the help of a planlmeter, under each term of the turbulent

energy balance ân average value of them v¡as calculated by divídlng ¡otal

area under the curve to the local area (square of local radius).

Fígure 16 shor¿s axíal plot of average t.urbulent. energy balance terms

for all Ëwelve axial stations and pipe" From fígure 16 it ís evídent

that in the di-ffuser, productÍon is balanced by díssipat.ion in the

region l¡here average kínetlc energy is Èhe same (exlt regfon). Hor¿ever

, in those reglons r¡here average turbulent kinetic energy l-s increasing

and pressure gradient curve have a large roagnítude of slope (entry and

íntermediaËe regíons) average producËíon 1s more than the average dissi-

pation. Similarly, average rnean flow convectlon ís more than the aver-

age total transfer in entry and lntermedlate regions; whereas average

Ineari flov¡ convectíon balances the average Ëotal transfer ín the exit,

region.

rn a fully developed pipe flow, mean frow convecËion is zero, produc-

tion balances dissípation , and toËal transfer term balances Ëhe víscous

gradíent dlffusion as shown in Flgure 16 (corresponding Ëo staÈion 75).

Although diffuser"s length ls 72 ems., a recent sËudy has shown that at

statlon 72 mean radf_al velocity tVl exist, But, in a fully developed

plpe flor'r mean radial velocity (l) should be zero. Therefore staËion 7,5

was choosen to represenf pipe flow condiÈions.
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In Figure 16 components of turbulent klnetfc energy balance are shown

by thefr respecÈive symbols for the diffuser flow and pipe. Slnce pres-

sure diffuslon Èerm is calculated as Èhe closfng term of the energy

equatfon, íÈs unexpected value ln the exit region of Èhe dlffuser may be

due to the experimental errors assocl-ated wfth oËher Lerns of the turbu-

lent. kinetic energy balance" Flgure 17 shows t,rend línes of the turbu-

lent kinetf-c energy budget terms in diffuser and pipe,

Locally ln the íntermedÍate and entry regíons, roughly, production

balances the dissipaËion and mean flov¡ convection balances the convec-

tíve diffusion due t.o pressure kfnetLc effects ín the core region. How-

evere ln the wall region, production does not balances Ëhe díssípatlon

exactly" Therefore the excess of turbulent energy dralned is balanced

by the tnean flow convectl-on and convectíve dl-ffusíon due to pressure

effecËs. In the exít region production and dissipation have rnore dif-

fernce, locally, Èhan other Ëwo regfons" Mean flow convection is posi-

tive (gain of turbulent energy) vrherever disslpatlon exceeds production

and negatíve (loss of turbulent energy) wherever productíon ís more than

the dlsslpation except ln the 0.0< E, < 0"2 range.

3"9 PREVIOÛS DIFFIISER WORK AT U OF H VS. PRESENT Sfl]DY

The present study ís a re-evaluation of Arora's (1978) data. A.rora

took measurements for mean statl-c pressuree mean velociËy, various

moments up to 4th order, and Lhe first and second derlvatlves of u" síg-

nal for pípe Reynolds number of 58,000 based on the pipe average veloc-

ity and the plpe radius" The conical diffuser was machined from cast

aluminum and al-r was blown through an 89:1 contractlon cone and 74 diam-
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eters long sËeel- pípe of 10"16 lnslde diameter before enteríng the

diffuser. I{ís experímental measurement T¡tere corrected by applying Guít-

Ëon's (L974) correctlons to hot-wlre measurements, " The Èurbulent and

mean energy balance r¡rere analysed based upon physícal interpretatíon of

each and every Ëerm involved. There tras good agreement with Arora's

(1978) representation of production, díssiparion and convectíve diffu-

síon due to kinetic effects ln the turbulent kinetic energy balance.

But Arora's (1978) work definitely had two defects:

1. I^lrong estímatlon of mean f low convectíon in the exiÈ regíon of

the díffuser

2" Sign-wise r,rrong presentation of the mean flovr convectíon for

all diffuser staËíons. Arora plotted mean flow convection

r¿ith the !¡rong slgn'

As menÈíoned in section 3.4 mean flow convectíon has two parts, and

one of them contains axlal derivatives of Ëurbul-ent velocity (q2)' The

most delicate part of the exercíse was to get conslstent axlal deriva-

tive. Arora's turbulent kinetic energy (C2) proff.les, while plotted

axlally for different radial posít.ions can be divlded into Èhree sec-

tions approxlmately correspondlng to enËry, f-ntermediaËe ancl exit

reglons. In the intennediate regLon Ëurbulent kfneËl-c urr"tgy (q2) pro-

files are noL linearu and he had only tsro sËatlons between 24 and 50

centimeters fron the exit palne. Axial derlvatives of kinetic energy,

in the exf.t regíon, does not match wlËh other fi¡ro regfons" Therefore

author used Okr,ruobl-'s (1972) data to estlmate ðg.2/à* l-n the exf-t region

oniv.
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Sign-wise representatíon of mean flow convectl-on \das \,rrong in Arora's

work" He plotted mean flow convection, for all diffuser statlons, ín

opposfte sign" The argunent l-s convecËive diffusion due to pressure

effects, calculated as a closlng term, cones to be very large even for

soue sÈaËíons it is nore than production as given by Arora (1978)" Phy-

sl-caIly convectlve diffusion due to pressure effect.s, in the region

where pressure gradíenË f-s not large ln magnltude, should be very small

as coupared to other Ëerms and íts íntegrated value should be zeto"

But, f-n regions l¡1Èh large magniËude of pressure gradíent, convective

dÍffusion due to pressure effects is an important quantity in turbulent

energy balance"

Figure 18 and Figure 19 shows how does rrrong axial derivatives of.

turbulent kinetic energy can ehange tnean flow convectíon term in turbu-

lent. energy balance. Mean flov¡ convectíon as estimated from Arora's

(1978) daÈau is sho¡¿n in Figure 18 (for staÈion L2) along with other

terns of turbulent energy balance. Assuming that. the convectlve diffu-

sion fs only due to klnetic effects, author estimates (as a closing

term) disstpatf-ori tern and l-s shown along wLËh measured dissípatíon' A

large difference, between measured dissfpatlon and dÍsslpation by dif-

ference, Índíeates Èhere ís some error wíth energy balance terms.

Therefore, author re-estímated mean flow convection using Okv¡uobi's

(Ig72) data. Takíng axl-al mean velocLty (ü), radial mean velocity (ü),
---ô

radial derivatives of Ëurbulent kinetic energy (â q'lè r) from Arora's
---

(Lg7S) data and axfal derivatlves of turbulent kinetíc energy (äq-lðx)

fron Okwuobl"s (1972) data, mean flosr convectlon was re-estlmated. It

is sho¡m J.n Flgure 19 (for staÈion 12) along wlth other terms of turbu-
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lent energy balance (slmilar to Figure 18) " Agaln under the sFme

assumptions, shovm ln Figure 19, dlsslpation from measuremenËs and dis-

sipatl-on as a dl-fference term \das estfmated. From Figure 18 and Figure

19 lË Ls evidenË Ëhat mean flow convection as given 1n Ffgure 19 is more

reliable than gíven ln Figure 18 also lt agrees with Bradshar,r (L967) and

Shishov et al" (1978) represenËat,ions, qualtatively.

Okt¿uobi (1972) also studíed turbulent energy balance in a diffuser,

detalls of ¡^rhich are given in Okr,ruobi (1972). The follor,r.Íng basic disa-

greercenË were found with Okrøuobi and Azad (L973) regarding conclusions

about the turbulent energy balance.

They claíreed fn the regions 0.8 < 42..1"0 that dissípaÈion is

balanced by mean flow convecÈion; buË it has been proved by

the present study thâÈ there is no region ín the diffuser

where dfsslpation is balaneed by mean flow convection. The

possíble source for thls blased interpretation ís wrong esti-

rnaËion of mean flor¿ convection. As pointed-out by Arora

(f978) they subtracted the two components of mean flow convec-
?.^ ).^tions l.e" Udg-/òx and Vôq-/ilr ínstead of adding them.

Their conclusfon, rrras Ehat in the 0.2 < EZ, 0.8 reglone pro-

duction of turbulent energy 1s balaneed by Ëhe total convec-

tive dif fuslon Truly the pl-cture ¡¿hich emerges, fn 0 "2 < E 2

<0"8 range, ls that productfon roughly balances the disslpa-

tLon locally" Hor,¡ever excess of production energy presenË in

Èhat region is convected by mean fLow convection and turbulent

dlffusíon. The possl-ble cause of thLs rrrong interpretation,

n
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could be thel-r method of evaluatlng energy balance, where Ëhey

estím¡te convectLve díffuslon term as a closing Èerm of turbu-

lent energy balance. so any error in other energy Ëern, as

they dtd fn estinating mean flow convection, \,¡-ill give a vrrong

convective diffusfon (closing term).

3. Thel-r interpreËatLon thaË disslpatíon ls negliglble in dif-

fuser is far away fron the actuar physical picture" For any

shear flow, dissipatíon of turbulent kineËic energy is as

important as the production of turbulent kinetfc energy. rt

was also noticed by Arora (197g) 
"

3"10 COMPARTSION OF ru PRESENT STUDY WITH THE BOI]NDÄRY LAYER RESIILTS

After studyíng the turbulent energy balance in a diffuser it can be

concluded that diffuser flov¡ is símílar to other v¡all bounded flov¡s

Azad and Eummel (1979). In a nutshell, a general picture of turbulent

energy balance eEerges (on integral-area scheme) where productíon ís
balanced by díssfpation and mean flow convection ís balanced by turbu-

lent transporË tern" The present r¡ork eras compared r+ith Èwo other publ-

fshed boundary layer v¡orks namely "Experfmental investigation of the

turbulent kl-netic energy balance in the reËarded boundary Layer, by shi-
shov et a1,(1978) and "The turbulent structure of equllfbríum boundary

layers" by Bradshaw (L967), In order Ëo conpare the presenË results

with the other two slmilar florvs, the turbulent energy balance for s¡a-

tion 12 r¡as non-dimenslonalised by local radius at statlon 12 and mean

center-line velociÈy in order t.o puË them (more or less) on the sâme

basis as the other two flor¡s.
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Figure 20 shows Ëhe results at Shishov et al.(1978) (retarded boun-

dary layer) and the dlffuser result,s of station 12" Símllarly, Brad-

shaw's (L967) study of a turbulent boundary layer and the station 12

resulËs are plotËed in Fígure 21. From these figures ít is evidenÈ that

the non-dimensionalísed turbulent energy balances f.ot a two-dlmensíonal

boundary layer with adverse pressure gradienË and the axi-symnetric dif-

fuser flow do not show the same behavior" Therefore as a second excer-

cise, Shishov et al.(1978) and Bradshaw's (1967) result of a turbulent

boundary layer were plotted on figure 22" Agaín different non-dimen-

síonalised turbulent energy terms are not identical although they are

relaËed Ëo the same type of fl-ow. Therefore, it can be concluded fror.'r

this excercise ËhaË l-E is diffícult to compare turbulent kinetic energy

balance, quantitatively, studied by different researchers. As a result

this sectlon will deal only qualitative comparÍsion of Ëhe turbulent

kinetic energy balance Ln Èhe diffuser and boundary layer wíth an

adverse pressure gradíent.

Shlshov et al.(1978) studied a retarded equilíbríum boundary layer at

one axial sËation. The mean velocíty varlation, within the boundary

layer. Ís govern by the law UO o*-0 
255, and the boundary layer thtck-

ness (ô) varied as ôcr*O'85t, *.re x ls axial- dísËance. Bradshaw dl-d a

more detailed study of the equilibriu¡c turbulent boundary layer. In his

sËudy, he consider three boundary layers; one wíth a constant free

stream velocity and tr¡o wiËh power-law variation of free stream velocity

gfving a "moderate" and "sÈrong" adverse pressure gradíents. Value of

constant "4" ln the expression Uclxa , !¡ere 0.00, -0"15 and -0 "255 for

constanË free stream veloclËy, moderate and strong adverse pressure gra-
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dients respecËlvely. Slmllar, to Shlshov et al" (i978) and Bradshaw

(L967), Ëhe author trled to ffnd a relatlon between the mean velocfty

and axíal distance" The center-line rtearr veloclty, UO, was plotted on a

log-linear graph for 0,6,12,18 and 24 statíons. The exponent constant

o an ín the relat a 'Ll-on UO crx- fs the gradient of thls plot' The calcu-

lated constant found to be -0.33. Hence, Uo o*-0 33, is the governing

lav¡ for mean veJ-ocíty ln the equillbriurn region (0 to 24 centimeters

from exit plane). So, dJ-ffuser flor¿ has more severe adverse pressure

gradl-ent than Bradshaw's (1967) flow (whtch has exponentlal constant 'a'

of -0.255) "

In the present study an equílíbriun flow vras observed ín the exit

region of the dl-ffuser, roughly 0-24 centimeËers from Ëhe exiE. Thís

was proved by observing behavfor of Ëurbulent quantl-ties. Figure 23

J
shows fluctuating kineÈíc energy (q- ) divided by m¡¡çfraqm value of fluc-

tuatíng klnetíc energy, plotted agaínst distance from the wall divided

by M, r.¡here M is the distance fron Èhe wall wher.7 occur. Figure 24-max

shows turbulent shear stress ,tv ¿ivided bl (nv) *.* plotted against dis-

Ëance f rom the r¿all dlvided by If , r¿here M 1s distance f ro¡n the wall

where f""l-^-- take place. The collapsing of these two quantitles on
max

the same curve at dlfferent statlons indicates that there exíst a sinLl-

l-ariËy of Èhe flor¿ for those sËations. The flow fíe1d is homogenous and

ln equf-librfun. Curves of uìl/{F)r"* do noË collapse exactly in the

cenËer core, as shor.m in Figure 24" but this is thought due to experi-

mental errors. If there this behavior rdere truee the author qrould

expect a siml-lar character to be shor¡n ln oÈher quantlËies as v¡el-l. For

example, there ls no such peculariËy shown by turbulenÈ energy (q-) in
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FÍ.gure 23. Because of Ehls reason a mean ËurbulenÈ kinetf-c energy

balance, as shown in Flgure 20 and 2r" at sEation 12 \das taken as a

representatíve pict.ure of equllibriu¡n region.

3"10.L Shf-shov et al_.'s (19.29) Srudy vs. presenr Srudy

The turbulent energy balance 1s given by the expressíon froro their

work as:

Uai?a" + VaPZar = -uvðu/ay -at¡.rlp+rrqzilar + e

0n the basis of above turbulent klnetíc energy balance the follow-ing

points can be made.

1. They approxímated total turbulent production by uvâU/âr,

neglecting the rest of the terrns as gf.ven in equation (3.3A).

2" Convectlve diffusl-on, as given by equaËion (3.54) , has been

approximared Èo â t ÞØp + .rq2 I Æ y, whích means rhey have

neglected axial-derivative component of convective dfffusíon

due to klnetic and pressure effects.

Flgure 25 and 26 shows their approxinatf-ons f or turburent ener Ey (7)

and triple veLocity correlations

l= 3/z(?*? ) and u7= 3/z("'rroFl
respectively"



5t

For the present study, these two approxlmaËions are also valfd not

only ín the equillbrium flow region of the diffuser (as shown by staËion

12 in both Figures 25 and 26), but also near the ent.ry region of the

díffuser as shown by station 57 " The ímportant implications of these
,'

approxinatíons are, in future experimenËal work, to estimate e' approxi-
)-mately, only u- and v measurements are neces"rrt. A similar approxima-

tion ís true f or triple velocJ-ty correlaÈl-ons (rrq2) . Therefore only one

set-up 1s required Ëo measur" J ""a #. rn rriple velocity correla-_,
tions the, vw- term l-s very diffcult to measure.

From Fígure 20, it can be concluded that different terms of turbu-

lent kinetic energy balance ín a diffuser are siuilar, qualitatively, to

those of adverse pressure gradíent boundary layer type of flow. How-

ever, Shishov eÈ al" (1978) work does nor agree very well vríth 0,75< E3

< 1"0 regÍ-on of diffuser. The possible reason for which could be Èhe

flor,r sËudíed by shishov et al. (1978) nay be of ínrermittenr type. That

means flow Ís sometime turbulenË and sometíme ít is non-turbulent.

Another region of disagreement, between the present study and Shishov eÈ

a1 ' (1978) result. lras close Èo the wall where present data l-tself l-s

doubtful to rqake any fírrn decision about any quantíty of turbulenÈ

energy balance.

Shishov et al. (1978) have shorun that production of Ëurbulent energy

Lncreases close Ëo the r¡all' This lnterpretation may be based on thelr

supposltion thaË Just outside the sublayer production of turbulent

energy is htgh. However, radl-al l-ocatl-ons r¡here producËl-on is maxfmum,

take plaee roughly at the same place for both dfffuser flor¿ and boundary

layer flow" Thev aoproxímate total mean flor,¡ convectton by



38

n-
Z( c'tJluo ) du./dx I dUO/UOdx

udv I ldv+ 0.851/x I dq2 , ott

and they clalm that Ëhe above expression represents mean flor¿ convectLon

more close to its experLmenLal determinaËion. But r¡hen Lhe author tried

to calculaÈe Eean flor,r convecËlon on the basis of above expression, tnean

flo¡v convection was completely in disagreenent wfËh the actual estiroated

value of mean flow convection. It could have been better, if Shishov et

al" (1978) given some more explaination about theír mean flow convec-

tion expression. Mean flow convection as gfven in Figure 20, ís Ín

agreement with mean flow convection of Shishov et al" (1978) boundary

layer flot¿. But the maxímum of rnean flow convection does not Ëake place

at Èhe same location for tl¡o flows" Both of them show mean flow trans-

port to the turbulent flov¡ in wa1l reglon and mean flow Èransport from

the turbulent flow in the center core. Convective diffusfon. for dif-

fuser flow and boundary flow with adverse pressure gradiente are roughly

in agreenent, quallt,aËively, except when 0"85 < 
\ and in the region

very close to Ëhe vrall. Shishov et al"'s (1978) convective diffusion

approach to a neglígible value at the edge of the boundary layer. But

fn the case of diffuser flow, there is a definlte vaLue at the cenËer

ll-ne of Ëhe dtffuser v¡ith 1Ès magnftude equal to the sum of dissipatfon

and mean fl-ow convection" Physlcally. that means Ëotal transport due to

mean and turbul-ent flor¿ is equal to df-ssipatlon at Èhe center-line of

the dlffuser" DissipaÈíon behavior for both flows ls simllar Ëo each-

other, also the positfon of maxLmum dissfpatlon Ls roughly at the same

radial locatfons for boEh the flor¡s.
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Shfshov et al. (f978) are well saËisfied úrith Èhe relíabillty of Ëur-

bulent energy balance 0.0 < % < 0"6 range. Beyond rhat, as they have

accepted, thelr results are doubtful and as a result they get a large

dífference term in that region" The reason for large difference term

could be the flor^r is of fntermittent type or ít may be the result of

neglecting dífferent components of turbulent energy balance terrûs.

3"10.2 Bradshaw's GgqZ) Resulrs vs. presenr Srudy

ProductLon and mean flow convection for tr¡o-dlmensional boundary

layer flor¿ and axl-symrn¿try dlffuser flow are qualf.tatívely símilar to a

certain extent as shor¿n ín Figure 21. The maxfma of production and nean

flow convection take place approxlmately at the sâme radial disËance

from Ëhe r¿a1l" Bradshaw estlnates the dissipaEion term of Èhe turbulenË

energy balance as a closing te''n. Therefore díssipation as gfven by

Bradshar¿ rnay have errors sínce posslble errors can occur in any of Ëhe

other term of energy balance. since Bradshaw cIaíms, that for a boun-

dary layer flow, dlffuslon term should integrate to a zeto value. But

his diffuslon term doesn't Lntegrate to a zero value that inplies his
dlffusion term is not so accurate Ëo estÍmate any other unneasured quan-

Èity fn turbulent energy balance by dífference, Bradshavr calculate díf-
fuslon terIoe by just taklng into account radial derfvatlve of # .rr¿

neglectíng axial derÍvative of ,r7" He may be ríght in dolng so,

because axlal derivative conponent does noË play an iraportant role in
total convectl-ve diffuslon" ûver all, sign-wise, convecÈive díffusion
in a diffuser and boundary flow are ln agreemenË.
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unlike diffuser flor¿. in a boundary layer flow, dissípation ls zero

wherever shear sËress is zero and so the total productlotrf"iâÛ/âr, as

gfven by Bradshaw (L967)1. Thls happens ar rhe edge of rhe boundary

layer. Therefore ít resulÈs,at the edge of a boundary layer, mean flow

convectlon equal to convectíve díffusl-on. In a dlffuser flow ít is not

necessary that disslpatÍon be zeto Lf productíon is zero. Iïence at the

cenËer líne of the diffuser mean flow convection is equal Ëo the díssi-

patlon plus convective diffusion.

3.11 COMPARTSION OF T}18 PRESENT STUDY WITH RUETENIK ET AL. ( r9!å)

RESI]LTS

Ruetenik and Corrsin (1955)

lence daËa for diffusers, and

balance for a dlffuser. They

fully develope<l, plane dtffuser

were probably the first to Eeasure turbu-

Ëo report the turbulenË kinetic energy

ínvestigated turbulence íntensities for

flow at a divergence half-angle of 1o.

Accordlng to their study, fn a plane diffuser mean flow convection is

almosË constant with lts contribution to the turbulent flo¡v fleld (gain

of turbulent energy) " Hovrever, accordl-ng to the present study mean f lor¿

convection does changes sign with l-ts contributfon to the ÈurbulenÈ flor,¡

fíeld (gain of turbulent energy) and the mean flow fLeld (loss of turbu-

lenr energy) in the wall and core regions respectively" Thelr eonclu-

sfon Ëhat productlon balances disslpatfon, integrally at a cross-section

areae v¡as found to be val-id for the present study of axi-symmetry dif-

fuser florq" They indicated df.ssípation and viscous work are zero at the

wall of Èhe dl-ffuser, hras conpletely ln disagreement. Ëo the present

resul-ts and the boundary condl_tfon discussed fn secËion 2"3.



Chapter IV

CONCLUSION

for

can

After rlgorous study of the turbulenË

adverse pressure gradíent type of

be drawn for the energy balance ín a

and mean kineËic energy balance

flows the following conclusions

diffuser.

1. Diffuser flow can be dfvlded ínto three regíons, axíally, on

Ëhe basís of pressure gradient and kinetic energy.

An enËry region roughly from 72 to 48 centlmeÈers from the

exit, \riËh turbulent energy terms havÍng Ëhe same average

value (when integrated at a cross-sectional area). The

pressure gradient curve is approxímately linear and has a

large slope, while the kfneË1c energy is increasing very

rapidly fron lLs plpe average value.

Intermediate region roughly frorn 48 to 28 centimeters from

the exit" Pressure gradlent curve ln thís region is not

Linear and rate of average kinetlc energy Íncrease is less

as compared of its rate ln the entry region"

Third regÍon, røhlch l-s known as exít reglon, extends

roughly frorn 28 centlmeters from exit to Ëhe exit plane.

Pressure gradient fn this region is linear ÌdÈh compara-

tively very s!0å11 slope than ln the other two regions" and

!t-- 
-- 

l-J--!J - --^---- J 
-Ltle ¿tver¿igc KtlreLrc errerE,y !Þ L:urrÞ L¿¿lrL o

a)

b)

c)
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2. Sínilarly, at any statlon,

two regions radially"

a) Core region, which can

the extension of plpe

direct ion "

the dl-ffuser can be divided into

be consÍdered Èo be eouivalent to

wl-th expansion in the dov¡nstream

3.

4.

b) hlall layer, a regíon which l1es close to the rrall and

expands Èoward the diffuser exít; a very important and

challenging region to study Èurbulence.

There exist a line in Èhe diffuser, at about 2o Ëo the dif-

fuser axis where rnean velocfty (IJ) has the s¡rne value for all

stat,ions, are turbulent shear stress (p".r) and turbulent
,

kinetíc energy (q-) attains maximum and the same value.

lle can pointout Ëhe dffference in the final condition (gíven

by statlon 0) of Ëurbulence and enËry conditíons (as given by

statlon 75) for a flor¿ subjected to adverse pressure gradient.

Production and dissipatlon in both the cases balances each

other and are of same order of magníËudes" In negaÈive pres-

sure gradient 1"e" fully developecl pipe flow gradient diffu-

slon balances total transfer. I.Ihereas 1n adverse Dressure

gradient flow i.e. ín exit region of Ëhe diffuser the mean

flo¡ø convecËion is balanced by kl-netic diffuslon.

Due to the lrnbalance of Ëhe productfon and dl-ssipaËion in Ëhe

entry and lntermedlaËe regions, as mentloned above, mean flow

convectLon should exceed total transfer in accordance w'lth

. 
,o .ìit

, '1

; r" l:;

'' t:i
,i)t'

.-tl,'

5,



43

6"

conservatíon law of energy and

study. But in the exit region

balances total transfer.

Mean flow convection

tern, which consisËs

and pressure effects

Ínto two parts "

Èhis is true for the present

mean flor¿ convection exactlv

is the compl-ement of the total transfer

of convectl-ve diffuslon due to kínetíc

. But thís comparfsion can be divided

a) rn the entry and intermediate regLons, convective dÍffusion

due Èo pressure effects 1s more l_mporËant. Because the

fluid in the enLry region undergoes a severe adverse pres-

sure gradfent process, this results ín convective diffusion

due to pressure effects bef_ng larger Ëhan the kínetic

effect Dart.

b) After the lntermedlate regíon, the flow becomes an equili-

brium and homogenous flow l_n the exÍt regfon. Here mean

flor¿ convectlon ís sizable and is balanced bv the convec-

Ëive díffusion due to kfnetic effects"



Chapter V

RECOMMEÌ{DATIOÌ{S

!¡1th the conclusion of this study, now we understand physically the

meaning of turbulent kínetic energy balance and relatlon among all quan-

tities involved. Thls work 1n itself 1s compleËe to study turbulent

kínetic energy balance, qualatively, and to make any interpretation

based on Èhat" However, the author feels lt will be helpful to carry

ouË future work accordíng to Ëhe fol-lowlng guídelínes in order to under-

stand Ëurbulent and mean klnetic energy mechanLsm quanË1Ëatively.

A Ëhorough study is needed from Ep-line to the t¡all region.

Therefore more Eeasurements, precisely done, are needed in

that region.

More axlal stations should be examineC ín order to lmÞrove

axial gradients for the turbulent and uean kineËic energy

balance "

3. llhile taklng EeasuremenEs, the experimentalist should keep i.n

mind that. lË fs necessarv to obtafn the correct axial and

radial derívatlves from the data. Therefore measurements done

on dlfferent days should be repeated as requf-red Èo províde

. contlnuíty of the data.

1"

a
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4.

5"

Effort should be make to Eeasure all the terms of the díssioa-

Èíon "

Turbulent kínetic energy (q2) should be measured ín

layer" and fron Ëhis vlscous r¿ork (ínvolvíng double

tlves of turbulent kineËíc energy) should be estimated

t at ively "

the wall

deríva-

quanti-
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þpendlx A

ENERGT T4IIATIOI{ DERIVÀTTOB

Let II'V end W be the velocfty corrponenÈa Lu the dlrectfon of the three cylindrtcal
co-oldinetes x,r and z. lhe NsvLer-Stokes equatfon for coostanÈ p¡opertfes fluidflow fn cylindrfcal polar co-ordfuEtes f.s given by:

aû àu EÈu âtr D p azu r fu âfu raû.- + v-- + -- + U-- +v [--ã + ---'.+ -õ + 
-] 

(A.l)
âr âr x\z ðx pãr âr' r'Þ' âx. rär

av av wðv av # rap à2v r â2v *o Dv 2 atl v
- + v--+ ---+ û-- - - +v [-- + -6-3* -- * 

- 
_ __ _ _1 $.2)ât Ar tàz & âr par âr' {&' ðz' r& r"âr ,"

âI,I Aw ltâw âw w IAp A2w tâ2w â2w tâ¡¡ 2Av w-- + v-- + -- + û-- + -- + vt-2 + 
--_1 + __i+ __ * _r _ _7.j (A.3)ât Ðr ràz âx âr pcàz ðrt ," æt A*' rAr E àz r

7
By deftnfng V- aa:

"2 ^2 "ð2 râ_20órV = -=D*--*-r-a-, (4"4)
Ð x' ð r' t'a"' râr

substlÊuting for V2 ln ghe ebove Èhree eqr¡atlons ylelda:

at âu wâu âu 1æ ,-- + Y-- + -. + t- +vv -u (A.5)at âr tþ :âs þâ s

-4't-
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For ateedy flow' all the tLæ-derfvatÍve quantftie8 1n the above equatfons (A.5),(4.6) and (4.7) ¡rfll be zero Í.e.

Au àv Ðw
4 0 (A.8)

Ar Ar âr

Subetftutfng rheÊe values fn rhe above equarfonB (A"5), (A.6) ancl (A.7) the Nsvi_er-Stokes egrratlons, for a eteady flore, becone:

ã u wäu ãu taPv--+-+r-- +vúu (A.9)
âr ràz âx Oâ x

The contlnufty equstfon Ín cylfndrical co-ordfnate Íe

au av Þw v_*_+_+ _ @ 0 (A.12)
ðx âr r& r
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Multiplylng equåtlons (4.9), (4.10) and (4.11) by 2II,
ueÍng contfoufty equation (À.12) glvee'

2V and 2W reepecÈlveIy and

à82 Læ2
(--) -(---)l (A.13)
âr ràz

lDtroducfn'g co-ordlnates xEE, 16r

at3 Ðu2v tâu2w u2v zúaP L , , àg 2

--+---+---+-- + 2v[-v-g-- (--)
& âr ràz r 0âx 2 òx

auv2 æ3 râv2r¡ v<vz - zf'¡
-_-+_-+__+______-_
ax æ ræ. r

2v)P tr, àV2 âV2
+ zvt-trv- _ (__) _ (__)

pâr 2 ðx &

râv 2 v2 2vàw
- (--) - -, - -r-l (4.14)

tòz t ròz

ãml ãwf râ!¡3 3vr,?
---+--+-+__
âx âr ràz E

2WaP L", âW2 àw2 lae¡2
+ 2p[-9-w- - (__) - (__) - (-..)

prâz 2 àx Ar ràz

2Wæ b?
* -T- - -t (A"is)

tðz I

Addlng equatlons (4.13)" (4.14) and (4.15) aud
and rz-2, gfveg:

-È¡u3+rl*unn2:
âx

ta t 7, t4 _-¡ ¡g¿g + vr + v'¡ll
rþ

+ Ltuzç+ + v2w + dl
àz

zAP AP

+ -[]-- + v--
9âxâr

aP
+ w--l

z

Li t ,zvt-fl (u- + v-
2

, âú2 ào2
+ w-) - (.-) - (--)

^-ÇoÀ6

àvz âv2 àvz(-) -(--) -(--)àz&ãr
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Decoúposiûg the fE.BtaDtaneous quentaties fnto Bean and fluctu.ating parte.

ll=Il¿rr. V*V+v; W-Wnr; p-i+n- ,u.rn

the prlne (') over the fluctuating parte ere Eot ehoran fn Èhe follow-fng text(Appendlx A). Eo¡rever prJme was retafneðover the fluctuatlng preaaure, p, fn orderto avold any confusfon between p aod p. rûtroduclng (A.17) fnto equations (A.13),(4.14) and (4.15); everaging and addfng then. reeults l'E the total enérgy eqgarfon:'

â--1 -?- -r- I _-- 2 7 - ? 7 - t r---[t" + V-U +W"t+ 2Vuv + 2Wuw] + gt3u rr. + rrr+ U.r, + uv¿+ ûwr+ u¡¡¿lâx Ðx

av2 &r2 w2 aw2- (--) - (--) - (--) - (--)
Ðz âx &- èz

3-¡zu uw + Zv vË, + 3w s2 + w u2
oz

Lrr2&¡av
-(v- + w-) - -(v-- - w-)l (A.16)
t-ràzþ

- , 1 , " 2-6 -'â; -;
+ w v- + w- + v-!ü + u-wl + -[u-- + v-- + ]J--I

pæ æ' &

la , t a 1â -c-
+ --r [vu- + r¡¡¡- + v-] + --r [U' vrAr rar

-? -l- - ,, - t - r+ v'+ w'v + v u¿ + v wz + 3v vz + 2II uv + zw.,-l *?-rw oZ * o 7 o Fl o
ðz

2àp âp Ðp+ -[tt-- + v- + w-]
p Ax Ar Az,

tr-2"2 ", , n -, ? , .t âuzv[-v-(u'+ v'+ s') + -v'( E" + d + w') - (--)
22âx
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arr2 ã,r2 à02 òu2 a.r2 àr2 è*2 â",2 â;2 *z-(--) -(--) -(-) -(--) -(--) -(-) -(--) -(--) -(--) -(--)Ðr&Bâràzâxaràzàxar

2 -àW -AV Ðçr âv- -tv-- - w-- + v-- - w-l I (4"r8)
ràzÐzãzèz

Mean Etor[entrn equatl,on for eteady flo¡v of an locompreesÍble fluld wfthout a body
force 1n cylindrfcal co-ordinate la glven by

-, -, -) -7 -c
àvt :Ðv¿ av.¿ .àv¿ àwz -ãIù_2 ?ll2 L -, -, -, -õ-(--) -(--) -(--) -(--) -(--) -(--) -(--) --oly' +w'+u'+*'l-Ðz Ax Ar àz Ax Ar àz t'

t-
-Aû -âû Wâû ãu- â r¡v I âuw uv lâp ¡-U--+ V--+ __+ _+ _-+ ___+ _+ _ -vV.O (A.19)
äx âr ràz âx är ràz r oàx

-a; -â; iro f âuv ðu2 râvr¡ u2 - o, rð; o- n , ,"
u-_ + v__ + __ _ _ + __ + __ + ___ + ___ + -_ _ v trlv =_l (A.20)

& âr îAz r Ax ôr tàz r pâr t' r"&,

$tultfplyfng equatfons (Á,,19), (A.20) and (A"Zf) by ZE, ZV and 2W rhen uslng con-tfuufty equ¡rtlons, gfvee:
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a;3 a;2; ra;{ ito JrJ - &,2 a¡v r &rw uv ! , ,-- + -- + --- + 
- 

+ 2-- + 2gÍ-_ + 
- 

+ --- + _l * 2v[_V-r]-
ârK Ar ràz r Oãx Ax Ar ràz r 2

-t '¡ -,au- ðu- läu-
- (--) - (--) - (---) I G.22)

âs âr ràz

-?-1 -r--722
Aûv- âv" tâv-¡¿ v -, -t vâp - art¡ ãv' lâr¡rl v - !t
-- + -- + --- + -(V- - 2w-) + 2- + 2V[-- + 

- 
+ --_ + -----]âx âr ràz r pâr âx fu ràz r

L 
"-, 

â; 2 à; 2 ni 2 Çz z-vai* zvt-!rv- - (--) - (--) - (--) - -c - ---l (A.23)
¿ dx. öx rðz T E ù2,

Ð;2 a;2 ,ri', Çz ,*rr âuw ã,,w tâ,2 2v'
--- + ---- + -- + 3V-- + --- + zIJt-- + -- + -- + ---lâx âr rèz t pr}z âx âr rÞ r

L ,t-, a; 2 Ð; 2 rai 2 ziav iz
= zv[- trw' - (--) - (--) - (--) + (-ç-) - -] (A"2r+)

2 èx &' tàz r'àz ro

By adding equarlols (4"19), (4.20) and (A.21) Êhe foLlowlng @ên energy equaÈion
lB obtalned:

ari3 * ü' * *'¡ * 3,r,i'i o i' * ñ'lr * ¿ro2o o n'" o 
"t, * 

3,oÏ *
âx r3r Az P Ax



-r; -a;
v-- + w--)
âr èz

,âu av --aI.¡
2u--*2rw-*2u¡ø--

âxâxæ

¿ò
- 

-[r(û 
uv

rar
2-â-1u,r2+vuv*uuw)*
âx

o.rt í + i',-ll + z,-Ï n z'21] o
âr ðr

)7
r_, ¡_¡ âll - N -
fv-+fI{-)-(--) -(--)

Õ6

âr àz

à; ,; "; 
-vrù ! ,-"

+ 2u.{-- * 2çt'-- + 2w'- - 2w- + 2v[-( fu- +
àzàzrrz

t'))ãu- âû- âv-(--) -(--) -(--)
Ar àz àx

- ¡ - t - c ' t - ) -7
Ðv- âv- at¡- ât¡- Ðw- v-

- (--) - (--) - (-) - (--) - (--) - -,
âr àz âx ãr æ r

*; ,z
+ 2-- - -51 (Á,.2s)

tdz r

zia"

Subtractfng equatlon
eouation reeults

(4.25) froo the equatioû (A'. 18) the turbuleut kfnetic energy

r-77,-r7-tti-(u .t- + u" + û v- + ¡¡rr' + t s' + uw') +
Ax

oâuNâwlâi
2u--- + Zrn¡-- + Zurr- * --[r(vu-&&âxrâr

r 2 la
+ vt¡' + v-)l + 

-h(v 
u

Úr
2 ui *2 + i o2tl * ,,or3 + b,2:* **Ï * -Èri '2Ar&'âræ
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,
+ i .r2 + i.r2 + r¡3 + .r2o +,r2u,) * 2"J: n r.,ol o rrtl * z{- r;:

àz&àzrr

2 àp ap ap r, ,, ., , âr 2 
â.r 2 

à,r 
2 àu2- - -(n-- + v-- + Þ-) + 2v[-V-1rr' + v' + r') - (--) - (-_) - (__) _ (__)p âE âr Ez 2 &( âr àz âx

àv2 àr2 à,n2 w2 à.2 r õ - 2 ãú¡ fu-(--) -(--) -(--) -(--) -(--) --i(u' +w')--(v---w--)l (A.26)
âràz&âràzr'tðzàz

Re-arraoglng equ^atfon (4"26) and dfvfdtng both sfdee by 2o gfves

fA -:. 2 2 i Là _1.2 2 , tA - ¡ . , fâ ,--tII(u'+ v'+ úr')l + --¡rv(u" + v'+ w,)l + _tvl(uz + v¿ + w.)J + -__[u(ur +2àx 2ràt 2àz 2Ax

,2 on2¡*11-rror"2 +v2 +o2)l *I-,,,,,r, +v2 +rr)r o"r-1 *rr-1 *rrl]2tàrZAzEæàz

â; a; Ð; ; â; ä; *2 -r,.!¿ 1 â p,, ra
+ uv(-- + -) + u¡¿(-- + -) + r¡s¡(-- + -) + v-- - w-- + -t-- + 

-(rvp)âx âr âx èz àz âr E E oâx râ.r

u2 n,2)* urrll * ,11, * ,11,' * ,I,'o ,3I,'o ,1I,'àz 2 ¿x âr Az æ Ar Az
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For axf-s¡mnetry f1oçt

lA ¡ -
---(--)-s-(--)E$rE0
t\z àz

FroD equâtfotr (4.25) the æean eDergy equåtlon for a eteady axt-eymtry and
inconpresslble fluld fLow ¡¡ithouÈ ê body force ie gfven by

lâ -? -, IA -¡- -¡ I ^ -- râ
-:-(u'+wz) a--¡¡(¡zs+vi)l +-r-il-<upl + -(rpv)l +!-to,r2*v,,o¡ *2àx 2ràr p Ax ràr Aa

â* 2 àrz àr2 n . 2v tr¡r¡ ãv+(--) +(--) +(--)¡+5{v'+w-)+-(---2ld-) E 0 (a,.27)
âx âr àz r- pr àz àz

1â-_: - z ?Ã --âv Aû -rðv -r2 ,,D---t¡(Il uv + v utr'! - [,rz-- + r*(-- + --l n.r---l - v-- - :f(u2 o i,l oraræâxârAr12

-t-r-q-o-oàt- âu" àv' Ðv' v.+ t(--) +(-) +(--) +(--)l+ B o (a.28)
âx âr âx âr E

llelng contlaul.ty equatto'o (4"12), equatfon (A"28) can be wrfttæ aB:

uA -, -c v à -o -q uap vâp
l-(u' + v') + 

-(Ez 
+ t'l + 

- - 
+ -- * 31u.r2 + vov) +2àz 2èr p& par âx
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lA- .- - z ?æ ev eg 
"Ui 

*2 rr r-? -r
-[8.(U 

rw + q v-)l - [u-- + cs,¡(-- + -¡ + v--l - V_ - :f(U- + q') +
rârarâxârArtZ

-t -t -¡ '¡ '¡ât' et' ev' àv' v-+vt(-) +(--) +(-) +(--)l+ ø S (a"29)
Ðs âr åx 3r E

Frø equatfon (4.27) the turbulent klnetfc eûergy equatfon for a øteady axl-øyæ-
ery flov way be wrftteû E¡a:

3ri,"'+ vz + r')i + 
t' 

,"i,ot + vz +r2)¡ + 3-¡,r¡,'2 + ..,2 + *?)r +
â x 2ràr âz

- f!ro' *uz **z¡ +rrrllt*,1rt+ clr * ërt*,Irt+ rll *,3rt
2es&?2,âsêrèzâx

8øfry the eootfsafÈy @quøtloû, (4"8?), quørlæ (Â"30) ees be wrltrm @s:

3,ot + wz +*2¡ * Lqrz * t2 + ø2t +3r*r"' * *2 * *2r! +{òs -e& eãE
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l-1-¡".'r1o2+v2+e2)l
2r àr

dà; ,à; e; a;
4q--+v--+w(-+-)

âs âr âs âr

*"2 t ta
+ Y-- + -[4(pu) a 

-(¡pv))r oAa t?r

22
futoz +vz +*tl *utËt + Ët * Ë,

2 ès âr èz

* .Ïrt n l-7r'r+ )rvz + *2)

2
ev

+ (--) +
ãz

2
ev(-) +
âr

2âv aw(-) + (-)
àz âs

- ¿ytra-ll ø e
xàz

(A.3r)



Appendix B

ENERGY BLOCK DTAGRA}Í
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