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ABSTRACT

A lattice L is said to satisfy Whitman's condition (W)
if for all a,b,c,d€ L, aAb=<cVd implies ascVd, bscVd,
aAb<c, or aAbs d. This condition was introduced in 1941 as
part of]P. M. Whitman's solution to the word problem for lattices.

In recent years, however,‘lattices satisfying (W) have received
increased attention in their own right. Iﬁ:this thesis we continue
- this trend. We investigate a number of'problems, each of which Will
see (W) playing a more or less central réle.

After a short chapter on preliminaries, in Chgpter 1 we
prove a characterization of modular lattices satisfying (W)_ in terms
. of the exclusion of two finite lattices as sublattices. The chapter
ends with an expositoty discussion of methods of coﬁstructing lattices
-satisfying (W). |

Let FC denote the class of all 1attices'with no infinite
chains. Fo; a 1at§ice I, in FC we say that the condition QFC (L)
holds if for each M € FC and every_epimorphism ¢ : M > L there

exists a homomorphism § : L » M such that (¢ = id In Chapter 2

L
(tﬁe content.of which is also due to B. A. Davey) we prove that a
lattice L in FC satisfies (W) if and only if QFC (L) holds.

This has several interesting consequences, among which is an extension

of a result of R. Freese.




A lattice L 1is said to satisfy the bounded epimorphism
condition if whenever M 1is a lattice and ¢ : M ~» L is a bounded
epimorphism there exists a homomorphism ¢y : L~>M such that (¢ = idL.
Fach lattice satisfying the bounded epimorphism conditipn satisfies
(W). 1In Chapter 3 we give an infinite family of finite lattices, each
of which satisfies (W) but fails the bounded epimorphism condition.
We also exhibit a property sufficient to imply that a finite lattice
satisfies the bounded epimorphism condition.

In Chapter 4 we introduce'the concepé of sémidisﬁributivity
and with it Jonsson's conjecture: a finite lattice is a sublattice of a
free lattice if and only if it is semidistributive and satisfies o).
The history of this conjecture is outlined.

For lattices L and M , Hom(L,M) dénotes the set of all
homomorphisms of L into M ; endowed with the.pointwise partial
order. A lattice L is called catalygic if Hom(L,M) 1is a lattice
for every lattice M ; In Chapter‘S (due also to T. G. Kucera) we
prove that the ciaés of finite catalytic lattices lies somewhefe
between the-class of finite sublattices of a free lattice and the
class of finite semidistributive 1aftices satisfying (W) .

Finally, we have included two papers (written jointly with
I. Rival) that deal with the topic of finite planar sublattices of a
free lattice. The first confirms Jonsson's conjecture for finite planar
lattices, and the second eghibits a family & of finite lattices'with
the property that a finité lattice is a planar sublattice of a free
lattice if and only if it does not contain a sublattice isomorphic to

a member of & .
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CHAPTER 0. INTRODUGTION.

We begin with a question to which nearly everyone reading
 this thesis will know the answer.
Let F be a lattice freely generated by a set X , and

let p and q be elements of F . How can we determine whether or not

p <q holds in F ? The answer has been supplied by P.M. Whitman [27].
| (i) If p = Py Ve, then p < q if and only if Py < q and
p2 < q hd

(ii) If q = 4 A4y then p <q if and only if p < q and

P =4 -
(iii) If p and q are elements of X then p < ¢ if and only
if p =q in X .
(iv) If p €X and q = q, V4, then p <q if and only if
p =< ql or p s qz .
. (v) 1If ‘p =P A Py and q € X then p <q if and only if
| Pl <q or _p2 <q .

(vi) If p = Py APy and q = 4y \% 4, then- p < q if and only

if Py £q or P, <q or p < q1 or p < q2 .
A particular pair p, q of elements of F may be

decomposed by repeatedly invoking whichever of the above rules apply,

wntil the truth or falsity of p < q is revealed.
. As the only property among the above that is both

nontrivial and generator-free, (vi) 1is the.most interesting, and leads

to our first definition. —

DEFINITION 0.1. A lattice L 1is said to satisfy Whitman's condition
(or simply, (W)) if whenever a, b, c,d €L satisfy aAbscvd,

either a<cVd or b<cVd or aAb=<c or aAb<d holds.




In the chapters that follow we shall investigate a
nuimber of probleﬁs,;each of which will see (W) playing a more or less
central role, For the most part the lattice-theoretic notation of
G. Grdtzer [13, 1571 will be adopted. Terminology to be used in this
Ehesis will be introduced throughout; however we will devote the rest
of this chapter to compiling some of the more basic definitiomns.

An element a of a lattice L 1is called join reducible

if there are elements x, y of L such that a =x Vy while a #x,

a #y . An element is join irreducible if it is not join reducible. By

dualizing we obtain the concepts of meet reducible and meet irreducible

elements. An element is doubly reducible if it is both join reducible

and meet reducible, and doubly irreducible if it is both join irreducible

and meet irreducible. If X, y €L and x>y , we will say that é
covers y if there isno z € L such that x>z >y . For x, y €L
.satisfyiﬁgA x 2y , the intervalb [y, x] of 1L is the sublattice
{fzeL |y=<zs<sx}.

- If L is a 1attice; we will denote the lattice of ideals
of L by J(L); 9(L) will denote the lattice of dual ideals of L,
ofdered'by reverse set inclusion.

Let ¢ bea chain and let {Li | 1 € ¢} be a family of
disjoint lattices. The linear sum of the lattices {Li | 1 €c} is a
laétice (L, <) defined by L = .LJ L » where x <y in L if and
only if one of the:following hold::ec
(i) x,y € L, for some i €C and x <y in-L;; or
.(ii) X € Lig y € Lj and i<j in C .

In the particular case . T = {1, 2}, we denote the linear sum of the

lattices ;1 and L2

. \

by L163L2 .




Let” K be a class of lattices., A lattice L € E is

projective in K if for "all lattices A, B € K, for each epimorphism

¢ : A— B, and for each homomorphism ¢ : L — B, there exists a
homomorphism ¢’ : L — A such that ¢'p = w‘. The finite,'finitely
‘generated, and arbitrary'1attices§rojective in thé class L of all
lattices have beeﬁ characterized respectively by R. McKenzie [23],

A, Kostinsky [21], and R. Freese and J.B. Nation [7]. A lattice VL is
a retract of a lattice .M if there are homomorphisms ¢ : M — L and
§ : L =M such that {§p = idL ;'in this case it follows that ¢ is’an
epimorphism and § is an embedding. An epimorphism ¢ : M —» L is

lower bounded if the inverse image x¢_l has a least element for each

x €L . ¢ is upper bounded if x¢—1 has a greatest element for each

X €L . ¢ 4is bounded if it is both lower and upper bounded. We will

denote the least (greatest) element of x¢—1 , if it exists, by. 0x (1x) .
| Foxr each integer n = 3‘, we denote the n +2-element

lattice of length two by Mn + In particular the five-element, modular,

nondistributive lattice will be denoted M The five-element non-

3 3

modular lattice will_bé denoted N The mn-element chain, where n

5 .
is a positive integer, will be denoted by =n.
~Finally, if ‘L is a lattice violating (W) and

~a," b, c, d fare elements of L satisfying a Ab < c V d , atcvd,

b * cVd, aAb * c, and a AbD $ d , we will abbreviate this

Situation.by sgying that the 4-tuple (a, b, c, d) 1is a violation of (W) .

——




CHAPTER 1. THE PRESENCE AND ABSENCE OF WHITMAN'S CONDITION.

This chapter will be mainly expository and somewhat of
an extension of Chapter 0. 1In it we discuss lattices that satisfy,
and lattices that violate, Whitman's condition.

Free lattices, of course, satisfy (W), as do many other
lattices; a few of the finite lattices with this property are given in
Figure 1.1. The significance of soﬁe ofbthese lattices will be pointed
out below. | |

In Figure 1.2 are illustrated some of the lattices that
violate (W) , with the offending elemenfs a, b, ¢, and d indicated.
The 1attice D of Figure 1.2 is an eiample of a lattice with.a doubly
reducible element (x) . Clearly any lattice containing a doubly
- reducible element will violate (W) . This pérti;ular kind éf violation

is of sufficient independent interest to warrant a separate definitionmn.

DEFINITION I.l1. A lattice L is said to satisfy the condition (X)

if 1L contains no doubly reducible element; that is, there do not exist
elements a, b, c, d,lx €L such that a Ab = c‘V d=x and a, b, c,
and d are all distinct from =x .

Trivially, we have that L ,satisfies (X) if and only if L - does not

contain the lattice D as a sublattice.

It is an easy consequence of the distributive laws that a

distributive lattice satisfies (W) exactly if it satisfies (X) . In

fact, the countable distributive lattices satisfying - (W) have been even

more explicitly characterized by F. Galvin and B. Jdnsson [8].

-2k
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Figure 1.1. Lattices satisfying M) .

Figure 1.2. Lattices violating (W) .
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5.

THEOREM 1.2. A countable distributive lattice L satisfies (W) if and

only if L 1is a linear sum of lattices, each of which is isomorphic to

1, 23 s, or 2 XC, where C is a chain. m]

— oy

Moreover, Galvin and Jdnsson proved that the class of
lattices in Theorem 1.2 consists of précisely all distributive sublattices

of a free lattice. We return to this topic in Chapter 4.

For what follows, it will be convenient to borrow a

definition from [14]

DEFINITION 1.3. A lattice 1 is said to satisfy (W’) if whenever
a, b, c, d €L satisfy c<aAb<cVd, either as<cVd or

b<cVd or aAb=<c or aAb=<d holds.

Observe that (W') is weaker than (W) and stronger
than (X) . However, for modular lattices (W’) and (X) are

equivalent.

LEMMA 1.4. A modular lattice satisfies (W’') if and only if it satisfies

x) .

Proof. Let L be a mgduiar lattice, and assume L satisfies X) . Let
(a, b, c, d) be a violation of (W) in L. If‘ c <aAb, we have By
médularity that a Ab=(cVd) A(aAb) = c'V (d A (aAb)). Since
aAb * ¢ and a ADb # dv, this implies that a A b is doubly reducible,
‘contrary to assumption. Hence c¢ * a A b, showing that L satisfies

W’) . The converse is immediate. O

Just as distributive latticeS-satisfyingv (W) and modular

lattices satisfying W') may be characterized by the noncontainment of
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a particular lattice (namely D) as a sublattice, so may a similar

result be proved for modular lattices satisfying (W).

THEOREM 1.5. A modular lattice satisfies (W) if and omnly if it does

not_contain either D or M3 3 of Figure 1.2 as a sublattice.
2

Proof. Let L be a modular lattice. It is obvious that if either D
or M3 3 were a sublattice of L, then L would violate (W) . To
J . . .
prove the converse, assume that L does not contain D or M3 3 asa
2

sublattice, and suppose that (a’, b’, ¢’, d’) is a violation of (W)

in L .

We first show that there exist c¢ < é', d <d’ such that
(a'_/\ bHYVe=(@ Ab)YVvd=cvd 4 A{in particular the elements
a’, b’, c,vd also define a violationiof M). If both 4’V (a’ A i)') zc’
and ¢’V (a’Ab’) =a’ hold, it follo\;ﬂs easily that d’'v (@’ ADb’) = |
¢/ v(@’ A b')‘ = c"V d', and we need only set ¢ =c¢’ and d=4d".
Therefore, without loss of generality, assume a’v @’ Abvh :k c’.
Set d =d’ and c =c’ A dV (@’ Ab")) . Wehave a’ A Db’ S
dv A(a' AbY=@Veh)AW@V (@ ADD)=dV (' A @V (@ ADY)) =
d V c, and since c :{: a’ A b’ the elements a', b’y ¢, d define a violation
of (W) . L satisfies. (W')_ by Le@a 1.{+, and hence c # a’ Ab’. Since
(af A b') V ¢ is join reducible 'it cannot be meet reducible. However,
~La’ AB Y Ve=(@' AbB) V(' A @V (@ ADbD))=(@’ ADb) V')
A@V (@' ADYD). Therefore, since d V (a’ A b’) } c’, we are forced to
conclude that (a’ A b’) Ve=d Vv (@' Aby=dv c, as desired.

By dualizing the above argument we find elements a Ea', b=b’

such that (¢ Vd) Aa=(cVd) Ab=a A b, Furthermore, siﬁ.de a’ Ab’

. SaAb=<scvd it is also true that (a/\b)Vc=(a/\b)Vd=ch.
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Observe that the elements a, b, c, d still define a violation of (W)..
Next we show that ¢ v d covers a A b. Choose x gL

such that a A b <x <cvyvd. By modularity x = xv(ap(cvd)) =(xyva)A

(cy d) > and it follows that x is meet reducible. But a dual argument .

shows that x 1is also join reducible, which is impossible.

Since L satisfies (W’) , we know that cy (apbad) ;%_'a/\b; .
thus we may assume (by replacing c¢ with ¢ v (2 oAb pd)) that

c>apbpad. Hence apbac=(aabadly(apabac)=(apb)a

(dv (aabac)), and so (by replacing d with d v (a ADb A c)) we

may assume a A b A c=aabad. A dual argument shows that

aycyd=bycyd, and since cyd covers a A b and L is
modular it follows that the elements fc, dy a A b, cvd, a,b; cpad,avb}
form a sublattice (in fact a cover-preserving sublattiée) of L isomorphic to
M3,3, contradicting the hypothesis. Thus L satisfies (W), as claimed. o

. The lattice of Figure 1.3 violates~ (W), but has no

finite sublattice violating (W) . In particular, arbitrary lattices

V satisfying (W) cannot be characterized by the exclusion of finitely
many finite lattices. The situation with respect to arbitrary finite
lattices satisfying (W) is still unclear.

We should mention a related result due to R. Antonius

and I. Rival [1]: a semidistributive lattice with no infinite chains

satisfies (W) if and only if it does not contain a sublattice

iSomorphic to D or Ly of Figure 1.2. The concept of semidistribu-

tivity will be introduced in Chapter 4.

—

The rest of this chapter will deal with the construction
of lattices satisfying (W) . It is obvious that a sublattice of a

lattice satisfying (W) must again satisfy (W) (in fact this




Figure

7a.




Figuré‘lA._L satisfies (X) but (L) violates (X) .

Letting (S) denote the ideal generated by a subset. S of L, we

see that ({al, CIPRRE ]) v <{bl’?2’ D = ({el, fl"~e2’»f2’ })

=<;c’1, cys te ]y A ({45455 23
Thus (L) violates (X) . _ -
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property has already been tacitly assumed in Theorem 1.5). On the other
.hand the reader will experience no difficulty in determining that
condition (W) is not in general preserved by homomorphic images ox
direct products. K. Baker and A. Hales [2] have made the observation
that the ideal lattice of a lattice satisfying (W) again satisfies

(W) . In contrast, condition (X) is not preserved in general by

jdeal lattices (see Figure 1.4 for a counterexample); in fact,

G. Gratzer [14] has proved that for every lattice L there exists a

lattice M satisfying (X) such that 1 is isomorphic to a

sublattice of  Jd(M) .

Another apprdach to tﬁe construction of lattices
satisfying (W) 1is suggested by Figure 1.5. 1In each case a violation
of (W) has been "repaired" by "splitting" the interval containing the
violation. Im the.examples illuétrated, this procédure always yields
a 1attice satisfying (W); the feader, however, is in&ited to attempt
the same thing with the lattice of Figﬁre»l.G. The procedure, due to
A. Day [4], is known as the "interval" or."splitting" construction,

and will now be defined in a:general setting.

DEFINITION 1.6. Let L be a lattice and let I be an interval of
L . The lattice L[I]  is defined by: L[I] = (L\I) U (IX2) , where
x <y in L[I] 4if and only if one of the following holds.

(a) %,y €L\I with x €y in L;

() x=1(s, i), y €L\I with s <y in L;
() x€L\I,y=(t, j) with x<¢€ din L;
@ =x=(s,i),y=(, j) with s <t in L and i =j in 2.

Observe that there is a natural homomorphism ¢ of

L[I] onto 1L defined by




Figure 1.5. Repairing violations of (W) .

L .

Figure 1.6.




x if x € L\I

s if x = (s, 1) .

Now if 1 is a lattice, and (a, b, c, d) 1is a
violation of (W) in L, we set I =[a Ab, cVvd]. It is clear
that the violafion of (W) defined by a, b, ¢, and d has been
repaired in L[I] . By an inverse limit comnstruction, based on

repeated applications of the interval construction, A: Day [5] has

proved that for every lattice L there exists a lattice M satisfying

(W) and a bounded homomorphism of M onto L . R. Freese and

J.B. Nation havévsﬁown that for finite L , there need not exist a
finite lattice M with this property. In fact, observe that when

the interval comstruction is applied to the lattice L of Figure 1.6,
a new vioiation of (W) 1is created. It folloﬁs that infinitely many
applications of the.interval construction must be made, and so every
lattice satisfying (W) of which L is a homomorphic image must be

infinite.

—



- 10.

CHAPTER 2. MAXIMAL JOIN-PRESERVING MAPSl.

For lattices L and M, we éndow the set.of maps of L
into M with the pointwise order. That is, if f and g are maps of
L into M, we set £ < g if and only if =xf < #g for all x € L.
-Let p : L —M be meet-preserving and consider the set

Ju = {¢ c L —M |¢ Sws I is.joindpreserving} .

Clearly a maximal element pw of JN (if such exists) is a maximum

element.and hence must be given by

o= Vixg |y € Jp‘} :

LEMMA 2.1. Let p : L— M be meet-preserving and assume that pw exists.

If a, b are elements of L such that (a A b)p.°° < ap” A bpm, then

there exist elements ¢ and d im L such that (a, b, ¢, d) is a

violation: of (W) .

Proof. Assume that (a A b)pm < apw A bpw and define T : L— M by .

@

Xy, if aAbD $ X,
XN = . ®© e ©, .

xy V (a A bp) if aAbsx.
e 'oo. : © '
Since T >y we have 1 ¢ J“ ; but since y <y and p is meet-

preserving it follows easily that T < u . Thus there must exist

1 Most of the content of this chapter is due jointly to\B.A. Davey and

the author (see [3]).




11.
c, d €L such that (¢ V d)N #cNV dl. It follows directly from the
definition of 1 that aAb<cVd, aAb$c, and aAb$d.

- Let us suppose that a £ ¢V d; then

ap” A bp” < ap. < (¢ V",

so that

(c VR v (ap” A bp)

LI

(c V-a)T

(cV d)p°°

i

cpé \% dpw

ch vV a7,

a contradiction. Hence we have a * c Vd, and, by symmetry, b # cvd. 0O

It follows at once that if L satisfies (W) and um
exists, then pw is a homomorphism{ In particular, if M is complete

‘then the constant map ® : L —* {QM} is in JM , and thus ‘Ju £¢3

hence if L satisfies W) and M is,compléte, pw exists and is a
homomorphism.
Let K be a class of 1atticés and let L € K. We shall

say that condition QK(L) holds if for each M Ekg and every epimorphism

¢ : M— L there exists a,homomorphism ¥ : L —M such that {¢p = idL,

A simple universal -algebraic argument establishes the next lemma.

LEMMA 2.2. Let K be an equational class of lattices. Then, for all

L €K, the following are equivalent: T

(i) L is a retract of a K-free lattice;

(ii) L 1is projective in K; ‘ " %

(1i1) QL) holds. 0

.
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Denote the class of all lattices with no infinite chains
by FC. We are interested in proving a result analogous to Lemmé 2.2
for the class FC; naturally, condition (W) will be prominent in
this result ('I'heorem 2.4) .

A lattice L is join-complete if /S exists in L for

every nonempty subset S of L; hence a join-complete lattice with a
least element is complete. If A and B are lattices and ¢ : A—> B

is a bounded epimorphism, .we define ¢ : B— A and a: B — A by

bp =0y and by =1 ;

and ¢ is meet-preserving.

it is easily seen that ¢ is join-preserving

LEMMA 2.3. Let A, B, and L be 1attices with A join-complete and

L satisﬁ ing (W) . Let ¢ : A— B be a bounded epimorphism, and

let ¢ : L — B be a homomorphism. Then there exists a homomorphism
‘l'l : L— A such that {'p = ¢ .

Proof. Define p : L — A by p,={y?¢_ and ﬁ,:L——>A by l:’:=‘1’¢

we

then p is meet-*pfeserving and [ is join~preséfving, whence ﬁ € Jp .
Since A is join-complete, it follows easily that 'p,m exists, Since
L satisfies (W), Lemma 2.1 implies that p,w is a homomorphism, and

clearly § < p,m < W. It follows immediately that ¢’ = g.m is the

required homomorphism. o

" THEOREM 2.4. For L € FC, the following are equivalent:

(1) L satisfies (W);

(ii) L 4is projective in FC;

(iii) QFC(L) holds. =
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Proof. In EC every lattice is complete and every epimorphism is
bounded, and hence a lattice L € FC which satisfies (W) 1is
projective in FC by Lemma 2.3. It is trivial that if L is
projective in FC then QFC(L) holds, and so it remains to show
only that (iii) implies '\(’5 . This is an immediate consequence of
Day's interval construction. Let (a, b,c, d) be a violation of (W)
in L, and let I =JaAb, cVdl. Then M =L[I] is in FC, and
there is a natural epimbrphism ¢‘: M — L, but it is easy to see that

no homomorphism ¢ : L-—M satisfying {¢ = idL exists. O

Remark. Theorem 2.4 may also be proved by a slight modification of the

methods used by R. McKenzie in [23].

Since (W) is inherited by sublattices we have the

following rather surprising corollary.

COROLLARY 2.5. If L is projective in FC, then every sublattice of

L 1is projective in Eg . O

Let E%(E) denote the equatio.nal class generated by a

class K of lattices, and denote the equational class generated by a

single lattice L by Equ(l) .

COROLLARY 2.6.1 Let K be a class of lattices of length less than some

fixed natural number, and let 1. be a finite subdireétly irreducible

-

1 Corollary 2.6 as stated is a generalization due to H.P. Gumm of the

authors' original result.
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lattice which satisfies (W) . Then Equ(L) < Equ(R) if and only if

L is isomorphic to a sublattice of a lattice in E .

Proof. Assume Equ(L) < Equ(K) . Since L is subdirectly
irreducible it follows, by.Jénsson's lemma (see [18, Corollary 3.2,

p. 115]), that there is an epimorphism ¢ : M ~+ L where M is a

sublattice of an ultraproduct P of lattices in K. A first-order
sentence holds in an ultraproduct if and only if it holds in "almost

all” the factors of the ultraproduct. As "length less than some fixed

natural number" is a first-order property it follows that P (and

hence M) is of finite length and so has no infinite chains. Since

QFC(L) holds, L is isomorphic to a sublattice of M and hence of

P . For any finite lattice 1L, the statement "I is isomorphic to a

sublattice of" is first-order, whence L is isomorphic to a sublattice

of at least one of the factors of P . Thus L is isomorphic to a

sublattice of a lattice in K. The converse is trivial. O

We note in passing that both M3 and N5 are

“subdirectly irreducible and satisfy (W) .

An equational class g is locally finite if every

finitely generated lattice in K is finite; for example, if L is a

finite lattice, then Equ(L) is locally finite.

-GOROLLARY 2.7. Let K ‘be a locally finite equational class of lattices.

“Then every finite lattice L € E which satisfies (W) is projective

13

K.
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Proof. Every finite lattice L in K is a homomorphic image of
a finitely generated K-free lattice 3%(n) . Since K 1is locally
finite it follows that 3K(n) is finite., If L satisfies (W),

~

then, by Theorem 2.4, L is a retract of 3k(n) and so, by Lemma 2.2,

~

is projective in K. ]

It follows from this corollary that both M3 and Ns-

“are projective in the equational classes they generate.
" The next theorem is an especially interesting

consequence of Lemma 2.3. We will require the following result.

LEMMA 2.8. Let L and M be lattices and let ¢ : M — L  be a

homomorphism. Define a mapping o : J(M) — &L) by I% = (Ig] ,

the ideal generated by Ip S L, for each I € J(M) . Then 5 is a

homomorphism; furthermore, if ¢ is onto themn ¢ 1is onto and upper

bounded .

Proof. That é is a homomorphism is straightforward and is left to the
reader. To prove the last part of the. lemma, let ¢ be onto, and
obsexve that.for €31, I¢—1 is an ideal of M; in fact, I¢—1 is
clearly the largest ideal of M whose image under 5 is I. Hence

5 is ontc and upper bounded. O

THEOREM 2.9. Let ¢ be a lower bounded homomorphism of a lattice M

onto a lattice L satisfying (W) . Then 1J(L) is a retract of J4M) .
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Proof. Let 5 : JtM)-+ J(L) be as in Lemma 2.8 and let I € J(L) .
Since ¢ is lower boun&ed, we may consider {Ox ‘ x € I} g M.
Observe that the ideal generated By {OX | x € 1} is ciearly the
smallest ideal of M who%e image under 8 is T. Henée .5' is

lower bounded and from Lemma 2.8 is bounded. Also J(M) is join-

complete, and since L satisfies (W) so does JS(L) . We may

therefore apply Lemma 2.3 to complete the proof. o

The next corollary generalizes a result of R. Freese

[61.

COROLLARY 2.,10. Let L be a 1at£ice satisfying (W) . Then I is

isomorphic to a sublattice of the lattice of ideals of the lattice

of dual ideals of a free lattice. If in addition I has no

infinite chains then 1 is a retract of the lattice of ideals cof

the lattice of dual jideals of a free lattice.

Proof. Let ¢' be a homomorphism from a free lattice F onto L .
Dualizing Lemma 2.8, there is a lower bounded homomdrphism of Q(F) ?
-onto Q(L) . ‘Since L satisfies (W), so does N(L) ; hence from

" Theorem 2.9 J(S(L)) is a retract of J(O(F)) . Since L is

embedded in I(Q(L)) , L is isomorphic to a sublattice of S(R(F)) .
If L has no infinite chains then L == J(98(L)) and hence is a

retract of J(N(F)) . O

Clearly in this corollary F could have been replaced

with any lattice of which L is a homomorphic image.

Remark. Lemma 2.8 and Corollary 2.10 have also been proved in a

similar manner by B. Jénsson and J.B. Nation [20].
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We present one more interesting consequence of
Lemma 2.3. For lattices L and M ;s Hom(L, M) denotes the set of
all homomorphisms of L into M, endowed with the pointwise

partial ordex.

THEOREM 2.11. A lattice L satisfies (W) if and only if

Hom(L, M) is a lattice for every complete lattice M.

Proof. Assume that L satisfies (W) . Let M be a complete

lattice, and for o, B € Hom(L, M), define w: L —M by

xp,‘= x¢ A xf . Then p is meet-preserving, and, from Lemma 2.3,
rp.oé exists and is an element of Hom(L, M) ; in fact, p,w is clearly
_the greatest lower bound of « -and B . The least upper boﬁnd of |

o and B is found dually.

Conversely, let (a, b, ¢, d) be a ‘violat:i.on of W)
in L ; we shall construct a éomplete lattice M such th.at Hom(L, M)
1s not a lattice. Let L be a complete lattice -such that there is an
embedding 1 of L into L. Set X = xT| for x €L. Next let

K = 22 ©1 and let X and 'xz be the two atoms, y the co-atom,

" and v the unit of K. Consider L XK . The elements (a, y),
(b, v), (S, y), and (d, y) of L XK define a violation of W) ;

apply Day's interval construction to obtain M = (L X K)[(a, y) A (’;, ),

(c, y) v (E, )], a completeula.ttice. Define o cyi, B, and

vy € Hom(L, M) by
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xe, = (x, xi), i=1, 2,
xB = (x, v),
Xy = (1£5, y) , where 1i- is the unit of L.

Suppose al and o,

and are upper bounds for both «, and ¢,
Y 1 2

o Vo, <a<BAy. Itis easy to show that =xa = x, y) for

X € {a, b, ¢, d}, and from the construction of M we can now

have a least upper bound o € Hom(L, M); since

we get

deduce that (a A b)o $ (cVd)a. Since aAb<cVd, wehave
a contradiction. Hence the least upper bound of al and o, cannot

exist, and we -are done. ]

Theorem 2.4 suggests several generalizations; we
conclude this chapter with counterexamples disposing of two of these.

(Chapter 3 will deal with a third.)

First, the assumption of no infinite chains cannot be
relaxed;to the Ascending Chain Condition. The lattice of Figure 2.1

satisfies the A.C.C., has M, as a homomorphic image, but has no .

3
sublattice isomorphic to M3 .

We now present a finite lattice L for which QFC

~r

¢9)
fails although 1L can be embedded into each lattice M €FC of

-which it is a homomorphic image. The lattice L is shown in

“Figure 2.2; note that the only violation of (W) is the one indicated

—.

by a, b, ¢, and d.




Figure

2.2,

Figure 2.1.

S a b

e g¢

Figure 2.3.
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Assume that M € FC and that ¢ : M — L is an.
epimorphism. Since ¢ is bounded we may define p : L —M by
xp =1 and bt L—-=M by xfi= O, . Then, as in the proof of
Lemma 2.3, § = p,w is a join-preserving map which satisfies

1o = idL - If ¢ preserves meets, then it is an embedding and we are

through. Otherwise,' by Lemma 2.1, § preserves all meets except the
meet of a and b, and thus ay Aby>uy. For all x €L let

x’ =x§y. Define £’ =a’Ab’ and g’ =v’V £'; since

B = (W V(@ AbP)g=vV (aAb) = v,

we have g’ <a’. Let T be the partial lattice shown in Figure 2.3;
all meets and joins in I are as indicated by the diagram 'exceptA that
the meet of e and g is undefined; then the map \V' : L - M,
defined by xq‘r' =x’ s is a i)artial ~lattice monqmorphism. Thus the
set P of partial-lattice monomorphisms of I into M is nonempty .
Consider 3= {ip | w -E ©}; since M has no infinite chains, J has

at least one minimal element. Let 1 be an element of P such that

il is minimal in J. For notational convenience we shall identify

L with its image IN in M. If e A g =c, then

{a: e, g, v, £, ¢, d, u, 0}

'is a sublattice of M isomorphic to L , as required. If e A g>c,

then vV (e Ag) =g; for otherwise

{a, e,‘g, vV(eAgl,eAg, v, f,c,d, u,‘O},

as a relative sublattice of M, is a monomorphic image of 1 whose
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~unit, a, is strictly less than i, contradicting the choice of 1.

It is now easily seen that

{i: a, b, e, g, e A g, dg £, 0}

is a sublattice of M isomorphic to L, and we are through.

This example leads us to pose the following problem.

Characterize those lattices in Fg which can be

embedded into each lattice M in FC of which they are a homomorphic

image.
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CHAPTER 3. THE BOUNDED EPIMORPHISM CONDITION .

One of the results in R. McKenzie's well -known 1972
paper [23] is that a finite lattice is a sublattice of a free lattice
if and only if it is a bounded homomorphic image of a free lattice
and satisfies (W) . 1In fact he proves the following, which we

reformulate for our purposes.

Let ¢ be_a bounded homomorphism from a free lattice F onto
L]

a finite lattice L satisfying (W) . Then there is a homomorphi sm

§: L—F such that ¢¢ =id_ .

‘

This was soon extended to arbitrary 1 by A. Kostinsky [21]. 1In the

“previous chapter, we proved a result in a similar vein: Let M be a

lattice with no infinite chains, and let ¢ be a homomorphism of M

onto a lattice L satisfying (W) ; then there is a homomorphism

¥ =L — M such that ¢ = id. . Of course ¢ will be bounded. We

L

are led to the following definition.

DEFINITION 3.1. A lattice L satisfies the bounded epimorphism condition
if whenever ¢ is a bounded epimorphism from a lattice M onto I,

there exists a homomorphism § : L —+ M such that tg = idL

The problem of characterizing all lattices satisfying the
-bounded epimorphism condition was posed in [26], and is .still open. It
is an immediate consequence. of the interval construction that any lattice
satisfying the bounded epimorphism condition must satisfy (W) . From
the preceding discussion one might wonder whether, for finite lattices
at least, the converse holds as well. We will firs;:show that the

answer to this question is no. Secondly, we will exhibit a propérty

»
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Figure  3.1.
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sufficient to imply that a finite lattice satisfiés the bounded
epimorphism condition.

Let Ln be the lattice of Fitg,ure 3.1, where n is
any integer '.2:3; it can easily be checked that Ln satisfies (W) .
We will construct a lattice M and a bounded epimorphism ¢ : M — L,
such that t;here cannot exist a homomorphism ¢ : Lﬁ—-—> M satisfying

Vo = idL . Let w=1{1,2, 3, --+} be the chain of natural numbers
n ' %* % : |
with the usual ordering, and let o = {n" : n € w} denote its dual ;

‘ * * % * ' '
note that 1 >2 >3 > +«+ holds in ®w . Define a subposet M.ﬂ

’ *
of Lnx(w@w) by

= i(x, t x=a,, c,,d,, or e, for i
M {(x, )l 30 S50 44 ; for some ij _tew}

4
_U{(bi,nt+i) |i=1, «c-, n; t € w}

U{(fi,nt+i) |i=1, -+, n; t € w
u o, 1), @, 193,

A

, *
M,@ is not a sublattice of Ln X (w®w); nevertheless, we claim

that M, is a lattice. The following observations are easily

£

verified.

(i) 1f X,y €L and t € @ are such that x#1, vy #0,

(x, t) EML,‘andy<x, then (y, t) EM,Z'

(ii) Given x € Ln\ f0, 1}, t € w, there is a smallest element

A(x, t) of w such that A(x, t) =t and (x,\(x, t).) 6MZ°
Now the reader may check that for (xl, tl)’ (xz, t2-).._€ M,G"
their meet and join exist in M,G and are defined as follows:

—_—
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(o, 1) if X A x,

Il
o

(Xl) t].) A (Xz) tz) =
(x1 A'xz, t1 A tz) otherwise

f(o, 1) if (xl, tl) = (XZ’ t2) = (0, 1)
% ,
(xl, tl) \Y (x2, tz) = (i, 1) if Xy \Y X, = 1
(x1 \ X5 )\(xl \ Xy t1 \Y tz)) otherw;se .

Next, Ln is self-dual ; let o be some anti -automorphism of Ln .

Define gu S L X (w © w*) by
M = {(xoz,‘t*) | x, ©) EMI’\ {1, 1*)}} u{©, 1.

By dualizing the preceding argument we see that Mu is a lattice.
Let M ='M£ U Mu . It can now be readily verified that M is a lattice
with joins defined by

-

(1, 1) if x1 VvV x, = 1
(xl, tl) \% (x2, t2) = (x1 V x,, £ \% t2) if (Xl’ tl) o?
-(x2, t2) is in Mu and

% V%, £1

(x1 \% Xgs }\(xl \% Xy, t) \% tz)) otherw1seA
and meets defined dually.

Let ¢ : M — Ln be the first projection; that is,
(x, t) ¢ =x for all (x, t) €M. From the above it.is evident that
¢ is a bounded homomorphism of M onto Ln . Suppose { Ln-—» M

were a homomorphism such that {¢ = idL . For each x € Ln )
' n
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%
xt = (x, t(x)) for some £(x) €w @w ; we will call x € Ln Lower

*
(resp. upper) if t(x) € w (resp. w ) . If ay and a, ate 19wer,

1

so is b, =a  V a, 3 hence it is impossible that both all a;,'s are

2 1

lower and all bi's are upper. By symmetry we may suppose that at

least ome bi is lower. Let b, be lower such that t(bk) is

k

minimal among all t(bi)‘s . Then from the construction of Mz,

t(bk) =k mod n. Since bk A bk_._1 = fk—l A bk-l =a

indices should be read modulo n if necessary), we have that

(where the

bk T A bk—l = fk—l k=1 ¥ ; since bk is lower, one of fk—l

and bk p must be lower, so these meets are defined pointwise. Thus

t(fk—l) A t(bk—l) =t(b) At _;) = t(b,) by the choice éf b

¢ AD

=
* .
Since w @w isa chain, t(fk_l) and t(bk—l) - are -comparable.

Assume t(fk_l) < t(bk_l) ; then fk-l is lower, and hence

t(fk—l) = k~1 mod n by the construction of M Since

‘e'

_t(f ) = t(fk_l) A t(bk_l) = t(bk) =k mod n, this is a

k-1

contradiction. A similar contradiction arises if t(bk—l) < t(fk_l);

hence the homomorphism ¢§ cannot exist.

The next theorem iﬁtroduces a property definéd for finite
 1attices which is sufficient to imply that the bounded epimorphism
" condition holds. In Qﬁat follows, MR denétes the set of meet
reducibie elements and JR the set of join reducible elements of the

lattice L, 'and we set R =MR U JR.




THEOREM 3.2. Let L be a finite lattice éatisfying the condition

(*) there exists a linear ordering Tys Ty *o0y T of the elements

of R such that

1 = '2: p 4 .
(1) r, =a V b € JR, rj € MR, xr, rj, a % rj, b # rj
implies i < j,

and dually

(i) x; € IR, r, =,_a/\'bA€MR, L ET, T toa, T, :}:b

implies i > j.

Then L satisfies the bounded epimorphism condition.

Proof. We shall first observe that L must satisfy (W) . Suppose
there exist a, b, ¢, d €L such that a Ab<cVd, aAb $ c,
aAb $ d, a $ cVd, and b $ c~V'd . Letting r,=c vV d and
rj =a Ab and applying both (i) and (ii), we conclude that both

i<j and i>j hold, which is impossible. Thus L satisfies (W) .

Let M be a-lattice and let ¢ : M— L be a bounded

epimorphism. If x € L, we will denote the least and greatest

1

element of x¢ By 0X and 1x .respectively; note that

0 VO =0 and 1 A1 =1 hold in M. Define
b4 y X y

xVy XAy

§, 1L =M by:

if r, €JR, x§,

1 Ox. for each x €L

if r, € MR, xwl = 1X for each g €L
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and inductively define t:L—M, 2<k <n, by:

e
if T, € JR,
xq;k = \/{ri 1 | X = r, with i < k—l’}VOX for each x€1L

if rkEMR,

_ A ' P . ‘ )
xq:k /\{ri q’k—l I x<r, with 1 <k 1}/\1X for each x€L .
Notice that e is well-defined for each k, since L satisfies (W)
and hence has no doubly reducible elements. We claim that ¢ = ﬂ;n is

the homomorphism from L to M that we seek. The proof of this

consists of a series of statements, most of which are easily verified.

As an aid to the reader we remark that the first few statements, ending
with F, show that the maps \er , as elements of the partially ordered

set of homomorphisms of L into M, are '"mested" .

A 11rk¢ = idL for each k.

W

,-QIk is order preserving for cach k.
These two statements follow easily from the definition of q;k .
1 72 :
= }_ .
We need only show that T tlrm_l T \u fo;‘ each 4 2k
This is clear, since LN is one of the ri's in the definition of
i Yo -
"D (d) rk’rZEJR with k < 4 =.¢kS¢L.
(1i) T, T, €MR with k </ = q;i;:’—: q;z.

Considering (i), we have for each x € L,
- o ey
2y \/{ri ¥y | x r, with isk 1} v 0, .from c

< \/{ri Vo1 | = r, with i< -1} v 0

) ,=xq;£..‘
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(ii) is dual.

(i) rkGJR=>¢ks|1rk-1.

E
(ii) . EMR = q,k = ‘l'k-l .
This follows easily from A, B, and the definition of Qrk .
F (1) r, €R=¢ <¢, for all £ =k.
(i1) 1, €MR =y a’q,z for all 4 =2k.
Consider (i). If t, € JR we are done by D(i) . Proceeding by
induction, let %_1, = qu ,» and assume r, EMR. "Ihen.
o s 3 2 . s o 3 .
Q\z > U—l from E(ii), and hence d’ﬁ \er (ii) is dual
e (i) 1If xVy=1 €JR then (xVy)¢k=x¢kVy\yk.

(ii) If x/\y=rk€MR then (x/\y)\bk=x'¢vk/\y¢k.

‘Consider (i) . We claim that for all 4 <k-l1, if r <xVy

4

then T, \yk_l < xq;k \% yq,k . First, if r . < x then

)
B - h - - 1 — = ‘

rz\yk_l < V{rj \yk_l l X rj w1th. j Sk 1}V0xl x\yk < xq;kVy\pk s

so if rz < x or similarly rz <y the claim is true. Hence we

.can assume rZSXYy=rk, rz$x, and rII*y,where 4 < k=1,

 Since L satisfies (%) , this implies that r, ¢MR, and thus

T, € JR. We now proceed to prove the claim by induction.
If £ =1 and we assume ¥ € JR, we have by C and A that

= \ = = e \
rl 11’k-l r1 Yy orl = OxVy Ox v oy = ka v y"Ifk ’

as desired. Assume that the claim is true for ali\'rj, j<g,and let

rz € JR . Then from E, rz‘l’k_l =\/{rj “'z-l ‘ rigrjwwith i< ,q,_l}vorz;
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for each rj occurring in this join we have rj < r, £xVy

. - \ ‘
and j < 4, and thus rj ¢£_l rj Va1 < ka \% Y¢k by C

~

and the induction hypothesis. Since 0r < 0x
£
xwk \% y¢k , we get r, ¢k_1 < xwk \% y¢k , and tbe claim is

Vy = Ox \ 0y <
proved. Now (x V y)xlrk =\V/{r£¢k_l J xVy= r, with 4 < k-1}V
Ox\/y < xwk \% ywk > and from B we have equality, proving (i).

(ii) is dual.

4=s

(i) If xVy T € JR then ((xV y)¢£ = xwz \% ywz for all 4 =z k.

{ii) If x Ay T €EMR then (x A y)wz = sz A ywz for all 4 =k.

For (i), we have (x V y)wz = (x V y)wk from €

Il

~

xf Vv from G (i)
< xp, V ywz from F (i)

and so from B we have equality. (ii) is dual.

Let lw = ¢ . The theorem follows from A and H, since ¢ will
- n . . ~ "~ n

preserve all joins and meets. D

Remark. From the previous results it is apparent that the lattice
Ln of Figure 3.1 must violate (%) ; this can be demonstrated directly
by considering the reducible elements a;, bi’ 1<i<n, of Ln and

the fact that a,

Ve, =b,>a, and b. Af, =a, <b, hold
i-1 i i i i i i i

+1

for each i.
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CHAPTER 4. WHITMAN'S CONDITION AND SEMIDISTRIBUTIVITY .
We now introduce two lattice properties, known as the

semidistributive laws, that are often associated with (W) .

(D) for all a, b, c, ‘aVb=aVc imlies aVb=aV (bAc)
(sD,) for all a,b,c, aAb=aAc imlies aAb=aA (bV c)

B. Jénsson [17] originated (SDV) and (SDA) and observed that they,
like (W) , hold in sublattices of a free lattice. This brings us to

one of the most celebrated conjectures in lattice theory.

CONJECTURE (B. Jénsson-J. Kiefer [19]): A finite lattice is a

sublattice of a free lattice if and only if it satisfies (SDV), (SDA)’

and (W) .
| We Qish to outline some of the advances made in the study
of finite sublattices of a free lattice. Several new definitions will
be required; we present them en ﬁasse.
Let L be a lattice and let X, Y €L . We will write
that X <<:f’ if for every x € X there exists y € Y such that
x <y . The pair {p, J), where p € L and J 1is a finite subset of

L, is called a minimal pair if the following three conditions hold:

(1) p¢J;
(11 p V3
(ii1) if J’ is a finite subset of L such that p < V3’ and

J'<<J,then J'QJ.

BN
A finite lattice 1 1is said to satisfy the condition (TV) if there is

a linear ordering {xl, cee, xn} of all the elemenfs of L such that

if <Xi’ J) is a minimal pair and xj €J, then i< j. L is said
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to satisfy (TA) if the dual of 1 satisfies (T.) .

\Y

A lattice 1 is transferable if whenever M is a

lattice and 1T’ is an embedding of L into J(M) , there is an

embedding 7 of L into M; L is sharply transferable if T can

‘always be chosen such that x <y @ x7 € yN' for all x,y €L ..
The breadth b(L) of the finite lattice L is the

b+l
smallest integer b such that every join \V/ X, of elements of

L  is equal.to a join of b of the xi's . For instance it is
clear that a finite lattice has ﬁreadth one if and only if it is a
chain. Finally, it is known that the class of all lattices of
breadth at most two contains all planar lattices, i.e. all finite

.lattices that can be drawn on the plane without crossings.

Galvin and ansson [8] had alréady handled the first -
sbgcial case of the Jénsson-Kiefer conjecture in 1961 by showing that
it holds for finite distributive lattices; what is more, they
explicitly 1istéd all finite distributive sublattices of a free
lattice (this result has already been mentioned in Chapter 1).

"A lattice L is semidistributive if both (SD,) and

(SDA) hold in L . As the name implieé,»every distributive lattice
is semidistributive. It is also trivial to check that a modular
;emidistributive lattice is distributive; hence Galvin and Jdnsson
had really settled the conjecture for all finite modular lattices.

McKenzie sﬁowed in 1972 [23] that a finite lattice is
a sublattice of a free lattice if and only if it is a bounded

homomorphic image of a free lattice and satisfies (W) . The work
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of H.S. Gaskill [9, 10] and later papers by Gaskill, Gritzer, and
Platt [11] and Gaskill and Platt [12] established the following

characterization.

THECREM 4.1. The following are equivalent for a finite lattice L:

(i) L is a sublattice of a free lattice;
(ii) 1. satisfies (TV), (Tﬁ?, and (W)

(iii) L 1is sharply transferable.

In their 1962 paper [19], Jépsson and Kiefer showed that
a finite sublattice of a free lattice has breadth at most four. They
further proved that if the conjecture holds for all finite lattiées of
breadth at most three, then it holds for all finite lattices. Using
(i) and (ii) of Theorem 4.1 above, I. Rival and the author [24]
have proved that the conjecture holds for all finite planar lattices.
Furéhermoré many (but not all)\Bf their techniques are applicable
more génerally to lattices of breadth two; it is therefore‘hoped ;hat
the conjecture may be settled for breadth two lattices in the near
future. 1In a companion paper [25], I. Rival and the author have also
constructed a family & of finite lattices with the followiﬁg property:_

a finite lattice is a planar sublattice of a free lattice if and only if

it does not have a sublattice isomorphic to a member of &. These two

papers have been included here as Appendices 1 and 2.

In closing we remark that a current paper of Jdénsson and

Nation [20] deals extensively with the topic of sublattices of a free
lattice, including a survey of recent work on the subject. In particular
they exhibit a finitely generated (infinite) lattice, found by Freese and
.Nationx that satisfies (SD,), (SD,), and (W), but is not a sublattice

of a free lattice.
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CHAPTER 5. LATTICES OF LATTICE HOMOMORPHISMSl.

Let L and M be lattices, and let Hom(L, M) denote
the set of all homomorphisms of L into M, endowed with the

pointwise partial order. We introduce the following concept:

DEFINITION 5.1. A lattice L is called catalytic if Hom(L, M) is
a lattice for every lattice M.

In this chapter we will demonstrate that somewhat close

ties exist between catalytic lattices and free lattices. In particular

we will prove that retracts of free lattices are catalytic, and that
every catalytic lattice is semidistributive and satisfies MW . R.

. McKenzie has shown [23] that a finite lattice is a retract of a free
lattice if and only if if is a sublattice of a free latfice; hence the
class of finite catalytic‘lattices 1ie§ somewhere between the class of
finite sublattices of a free lattice and the class of finite semi-
distributive lattices satisfying (W) .

If P 1is a partially ordered set, éF(P) denotes fhe

lattice completely freely generated by P .

THEOREM 5.2. CF(P) is catalytic for every partially ordered -
set P.
Proof. Let M be a lattice, and let f, g : CF(P) — M be

homomorphisms. Define h0 P —M by xh0 =xf V xg, énd extend

0

The content of this chapter is due jointly to T.G. Kucera and the
author (see [22]).
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~h0 to a homomorphism h : CF(P) — M; it is easy to see that h is

the least upper bound of f and g in Hom(CF(P), M) . The greatest

lower bound is found dually. . O

THEOREM 5.3. A retract of a catalytic lattice is catalytic.

Proof. Let L be a retract of the catalytic lattice K and let
$ : K—L and {§ : L —— K be homomorphisms suc.:h. that (¢ = idL .
Let M be a lattice and let f, g € Hom(L, M) . Then ¢f and g¢g
are in Hom(K, M) and so have a j.oin h in Hom(K, M) . We claim
that ¢h : L — M is the least upper bound of f and g in

Hom(L, M) . Since h = gf, we get that x¢h  xy¢f = xf for all

x €L; hence th = £ (and similarly ..q;h 2g). Let h' ¢ Hom(L, M)
be such that h’ = f,g. Then ¢h’ = ¢f, ¢g, so ¢h’ >h. Thus

h' = y¢h’ > th , and our claim is proved. The greatest lower bound

of "f and g is defined dually. O

COROLLARY 5.4. A retract of a free lattice is catalytic. O

The next result is somewhat incidental, but will be

needed in what follows.

PROPOSITION 5.5. A linear sum of catalytic lattices is catalytic.

Proof. Let 1L be the linear sum of the catalytic lattices
{Li | 1 €€}, where C is a chain. Let M be a lattice and let
£, g € Hom(L, M) . For each i € C, set S; ={u€}ilu5fongorsome

x € Li} . It is easy to see that Si is an ideal of M for each i .
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For each i € C, let fi = f Li and g, = 8 lLi .
. s = ] .
Since xfi . Xfi \Y X8, xf V xg € Si s fi and similarly g, can be
considered as elements of Hom(Li, Si) . Let hi be the join of fi

and g, in Hom(L,, S.); h, exists since L, is catalytic. We
i A § i i

claim that if x € Li , 2 € Lj , and i <3j in G, then 'xhi < zhj .
Indeed, since xhi € Si » there exists y € Li such that xhi syt Vyg,

and since i < j we have y<z. Thus xhisynyg£sz2g=zijzgjSZhj .

Let h : L — M be defined by: xh = xhi if x € Li .

From the preceding paragraph it is clear that h € Hom(L, M) and that

h 1is the least upper bound of f and g . 'The greatest lower bound

of £ and g is definéd dually. ]

Recall the following result (Theorem 2.11) from Chapter 2:

a lattice L satisfies (W) if and only if Hom(L, M) is a lattice

~ for every complete lattice M. Hence we have immediately that

catalytic lattices satisfy (W) .

THEOREM 5.6. Catalytic lattices are semidistributive.

Before proceeding with the proof of this result, we

establish a simple lemma concerning lattices violating (SD/\> .

LEMMA 5.7. Let L be a lattice violating (SD/\) .  Then there exist

a, b, c €L such that a=a A (bVec) #aAb=aAc. Furthermore,

letting A0 = [a) be the principal dual ideal of L generated by a,

and C

there are order ideals B of L such that =

0 0
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i) L =A, UB, UG,
ii) ‘AOD(BOUCO) = ¢
iii) bEBO\CO and cECo\BO.

Proof. The situation is illustrated in Figure 5.1. We know that

there exist a', b, ¢ €L such that a’ Ab =a’ Ac but

a’ Ab#a’ A(Vec). Let a=a’A(bVc); the first part of
the 1¢mma follows immediatelye Now set B0 ={x €L l x%a, x #c 1 and
C0 ={x €L lx:{:a, x#b} . It is obvious that BO and CO are oxrder
ideals. Let "X €L\ (B0 U CO) ; then either x = a or xvz'b,

Xx 2 ¢, But if the latter applies we have x 2bV c 2a, so x € [a)
follows in either case, proving i) . If x € BO or x € CO then

necessarily x ¢ fa) , proving ii) . Finally, since it is easy to see

that a, b, and c¢ must form an antichain, iii) follows. O

Proof of Theorem 5.6. Since the dual of a catalytic lattice is catalytic,

we need only prove that catalytic lattices satisfy (SDA) . Let L

be a catalytic lattice violating (SDA) . Without loss of generality L
has a least element 0 ; for if not, by Proposition 5.5 we can add the
one -element lattice 1 - at the bottom of L, and the result will again
be a catalytic lattice violating (SDA) . We will producé a lattice M
such that Hom(L, M) is not a lattice, thereby contradicting the fact

. that L .is catalytic.
Let a, b, c €L and AO’ BO’ C0 & L_be as in Lemma 5.7
and let K be the lattice of Figure 5.2. Construct the following




Figure
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Figure
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subsets of L XK :

B=B_ X {s

0 ...}, C=C

1’ 53} 85) 57) 0 X {32) 54) 36’ 38) "°})

1)=(B0 U co) X {tl,tz,tB, t, °++}, E=L x {0, 1}.

Set M=B"UC“UDﬂUE .

M is not a sublattice of I X K; nevertheless we
claim that, as a subposet of L XK, M is a lattice. Let

X=(x,m) and Y = (y, n) be elements of M. We leave it to the

reader to check that

XAY = (xAy, m A n)
and that the following hold:
i) If (u, t) €M and v <u then (v, t) €M;

-ii) For every u €L and every t € K there is a smallest
element A(u, t) of K such that Alu, t) =t and

(u, l(ﬁ: t)) €M.

Consequently we have that

XVY=xVy,AxVy,mVn)).

For each n <w, let Mn=((BOUCO) X{tn})U(AO X 1h .

From the above, it is easy to see that Mn is a sublattice of M

'isomorphic to L; let g, L = Mn S M be the isomorphism. Let
‘fl, f2 be the homomorphisms of L into M given by fl(x) = (x, 0)
and fz(x) = (0, sl) for all x € L . Clearly fl < &, and f2 < 8,

for each n .
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Since L is catalytic, f1 \Y% f2 =h exists, and
h <8 for each n. Thgé ah = ag = (a, 1), bh < bgn = (b, tn) s
and ch < cg, = (c, tn) for all n <. But ah >. af1Vafé=(a, 0Ov
0, Sl) = (a, 1) , and similarly bhvé-(b, Sl)’ ch zl(c, SZ) . Hence
ah = (a, 1), and bh = (b, si), ch = (c, Sj) for some i, j<w.
Since b € B \ C, and c € Co \ By, 1 must be odd and " j must
be even. Now a Ab =aAc >implies that (a A b, si)=(a, 1) A (b, Si) =

ah A bh = (a A b)h

(aAc)h =ah Ach=(a, 1) A (c, Sj)=
(aAc, sj),= (a A D, sj) . We conclude that s; = Sy which is

impossible. The proof is thereby complete .. o .

-Thére do exist lattices which are semidistributivg
and satisfy (W) but a\re not catalytic. Let L be the 1attice of
Figure 5.3, let £ € Hom(L, L) be the identity map, and let
g € Hom(L, L_) be defined by g(0) =0, g(ai) =a; .47 g(bi) =bi+1
for each i € Z. We leave to the reader the task of verifying that
L is semidistributive and satisfies (W) . thice also that the only
homomorphic imageé of .L that are isomorphic to chains aré 2 and 1.
It is therefore obvious that no element of Hom(L, L.) is greater than
’both f and g, and hence L is not catalytic.

The construction used in the proof of Theorem 5.7 can be

modified to give a proof of the following result: every sharply

transferable lattice satisfies (SD/\) . For let L " be a lattice

violating (SD/\) , let A , K, B, and C be as in the proof of

0’
Theorem 5.7, and set M’ = BUC U (8, x {1) €L XK. Then M’ is a
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1a£tice (in fact a sublatfice of the lattice M constructed in the
proof of Theorem 5.7); furthermore, there isla natural homomorphism

¢ of M’ onto L defined by (x, D¢ =x. Defiﬁe '¢': L —~ aM")
by |

x{ = the ideal generated by ,x¢_1

for each x €L. Then -T is an embedding of L into JM") , but
by arguments similar to those in the proof of Theorem 5.7 it follows
that there is no embedding w' : L =M’ such that x < y & xw' €yt

for all x, y €L.

Remark, This result is an immediate consequence of the recent
characterization of sharply transferable lattices by G. Gritzer and

C.R. Platt [16].

We conclude with a reference to the concept discussed

in Chapter 3.

THEOREM 5.8. Every catalytic lattice satisfies the bounded epimorphism

condition.

Proof. Let» L be cataiytic and let ¢ : M — L be a bounded
epimorphism. For each x € L. we denote the least and greatest elements
of x¢—1 by 0x and 1x respéctively. Let A be the lattice of

- Figure 5.4, and define K &M X A by

K= {(ox, t) |xeL, tA<c}“Ul {(1x, t) |xeL, t>c}U M X {ch .

K may not be a sublattice of M X A, but as a poset it is a lattice.

E RS DN,
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Joins in K are given by
(uV v, sVt if svt<e
(u, s) V (v, t) =

(1(u vV v)g’ sV t) if sVit>c

and meets are given dually.
Let fi’ g L —-XK,1i=1, 2, be defined by

: xfi = (Ox’ ai) and xg, = (1 bi) . It is clear that fi and 8;

X,
are homomorphisms. Since L is catalytic, ¢ = f1 \ f2 exists, and

since fl’ f2 < g5 8, We have that ¢{ < 81 8y - It follpws that

for each x €L, (0, ¢) = (0, a;) V (0, a,) =xf; V xf < xf < xg, A

1 2
. | xg2 = (1X’ bl) A (1X’ bz? = (1X’ C)_. Therefore X¢' EM X {C} =M,

and so { may be regarded as a homomoxrphism of L into M that

satisfies {¢ = idL » as'desired. O
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Planar sublattices of a free lattice. I

by

Ivan.Rival and Bill Sands+

§1. Introduction.
OSSP ARAD PP
There are three lattice-theoretic properties that are

generally used to open a discussion on sublattices of a free lattice:

@) for all a,b,c,d, aAbs<cVd imgiies aAb<c, aAbsd,

a<cVd, of bscVd

(sR,) = for all a,b,c, aV b=aVc implies aVb=aV (bAc)
: (r\..(/\> | £2£ f_:_"_l_ a,b,c, aAb=aAc implies aAb=aA (bV c)

QE) is one of the conditions present in P.‘M. Whitman's solution
[17] of the word problem fqr latfices while '(§Pv)s and (§PA) were
originated by B; Jénsson [8] (cf. R. A. Dean [2]). It is well known
that’ each of these conditions holds in every sublattice of a free
lattice.

In the late 1950's Jansédn’pOSed a conjecture (cf. B. Jbénsson
and J. E. Kiefer [9]) that has in the intervening period attfacted

considerable attention.

Conjecture. A finite lattice is a sublattice of a free lattice if and
[T VN

' only if it satisfies (§pv), (§pA) and (ﬂ).

+ The work of both authors was supported in part by N.R.C. operating
grant 0557




What ié known?

F. Galvin and B. Jb6nsson [3] considered a special case of
the conjecture in 1961: they showed that any finite distributive
lattice that satisfies (Syv), (§9A), and (E) is a sublattice of a
free lattice. What is more, they could essentially display all

finite distributive sublattices of a free lattice: a finite

if it is a linear sum of lattices, each of which is isomorphic to

1, 23, or 2 x n for some n. (For a positive integer m, m denotes
~NT N — Ny N e——— _ ~

the m~element chain.)

Call a lattice semidistributive if it satisfies (§PV)

_and (§9A). .Of course, every distributive lattice is semidistributive
while a modular semidistributive lattice is distriButive. Hence,
Galvin and J6nsson had really settled tﬁe conjecture for all finite
modular lattices,

In 1962, B. J6énsson and J. E. Kiefer [9] proved that finite
sublattices of a free lattice have breadth at most four; moreover,
fhéy showed that the conjecture will hold fqr all finite lattices if
it holds for finité lattices of breadth at most three. Still, all
efforts to settle even the breadth two case have been unsuccessful.

The purpose of this paper is fo settle the conjecture in

the affirmative for a rather extensive class of breadth two lattices;

namely, planar lattices, that is, finite lattices with planar (Hasse)

———

diagrams.

if and only if it satisfies (§PV), (§9A), and (E);

.




3.

In a companion paper [15] we construct a minimum list Z

of lattices such that a finite lattice is a planar sublattice of a

free lattice if and only if it contains no sublattice isomorphic to

a lattice in L.

Some words about the plan of this paper are in order.

In §2 we shall elaborate on some basic facts concerning
breadth, 'especially in  the context of semidistributive lattices
of breadth at most two.

One of the most interesting by-products of our investiga-

tions stems from the importance of the "finiteness" condition in the
conjecture. R. Freese and J. B, Nation (cf. B. Jbénsson and J. B.

- Nation [10])‘have already exhibited a finitely generated (infinite)
lattice that satisfies (§PV), (§QA), and QH) yef is not a
sublattice of a free lattice. In §3 we shall construct a small
family of finite partially ordered sets none of which can appear as
a suPset in a finite breadth two lattice satisfying (§Pv), (§PA),

and (W). This result contrasts sharply with the problem of
‘e

o characterizing those finite partially ordered sets that generate a

‘finite free lattice (cf. Yu. I. Sorkin [16] and R. Wille [18]). - The

prospect of enumerating, or at least characterizing, those finite
‘partially ordered sets that cannot appear as subsets in-a finite

sublattice of a free lattice, may be as illuminating about the

structure of free lattices as the solution to the current conjecture

—

~

itself.
In §4 we shall recall some eleméntary facts about planarity

for lattices.
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Our basicvapproach to the problem originates in the thesis
of H. S. Gaskill [4] (cf. [5]) where the conditions (zv) and (Zﬂ)
were first formulated. A paper of H. S. Gaskill, G. Gritzer, and
C. R, Platt [6] continued the study of (EV) and (EA) along the

lines initiated by Gaskill. R. McKenzie had shown in [13] that a

finite lattice is a sublattice of a free lattice if and only if it is
a ‘bounded homomorphic image of a free lattice and satisfies (W).
. ~

‘Gaskill and Platt [7] combined these results to prove that a finite

(gv), -(IA), and (W). This criterion is likely the most practical

characterization known for actually determining whether or not a

.particular finite lattice is.a sublattice of a free lattice; it is

LB f

the one that we shall use. The central ideas in this approach are

"minimal pairs" and "“cycles". These ideas will be developed in §5.

]

i
Lan

and §6.

The main body of the proof occurs in §7. and §8.

-Finally, some retrospective remarks about our proof which
fo; an obvious reason weuprefer to include in the introduction. The

proof of the main theorem of this paper is long and arduous. In

some respects the proof .amounts to an accumulation of techniques which
in concert enable us to carry a straightforward approach.through to the
end. We maintain a guarded optimism that-this same approach may yet
be extended to settle the complete breadth two casé of the conjecture.
In any case, several of the techniques in our repefﬁdire seem to be of

quite independent interest,




§2. Breadth.

ANAAAAAAN-
The breadth b(L) of a lattice L dis the smallest integer
b+ 1 . .
b such that every join \/ x. of elements of L 'is equal to a
i=1

join of b of the .xi's. Of course, a lattice has breadth one if

and only if it is a chain.
What would happen if we were to use meets instead of joins
in the definition of b(L)? Notice that this definition does not

- appear to be self-dual: actually, it is.

LEMMA 2.1. Let L be a lattice with b(L)=b, and let b’ be the

_ b’ +1 .
smallest integer such that every meet /\ X of elements of L is
i=1 T _

equal to a meet of v of the xi's. Then b’ = b.

" Proof. Suppose b’ > b. It follows that there are elements X5
‘b+1 :
l1<i<b+1, of L such that /\ x; is not equal to the meet of
: i=1 '
any b of the xi's. Let yj = /\{xil 1<i<b+1,i#j} for each

j€{1,...,b+1}; we have that ngxj , for each j. Now let

2 ==V{yj |1< j<b+1, j#k} for each k€{1,...,b+1}. Note that |
b+1 ' e
z, & % for each k but that \_/ Y X x  for any k . thus,
b+l i=1
zk# \/ y»j' for any k, contradicting b(L)=b. Hence b’ < b, and
j=1 ' '

a dual argument shows equality. O

For any integer n = 3, a crown [1] of order 2n is a subset

C = {xl’ Y1’ Xé’ YZ 9062 xn’ yn}

—

of a partially ordered set in which x; < yl,yl > Xys X9 < Yo oseees X < Yo,

and Yy > ¥ are the only comparability relations that hold in C

(see Figure 1). The next lemma illustrates the usefulness of crowns




of order six in a discussion of breadth two lattices,

LEMMA 2.2, A lattice has breadth at most two if and only if it

contains no crown of order six., O

Call a finite lattice L dismantlable if we can write

L = {xl, Kyiseses xn} such that {xl, x, ,...,1xi} is a sublattice
of L for each i=1, 2.,..., n. The notion of dismantlability was
first introduced by I. Rival in [14] and it has since played a major

role particularly in the study of planar lattices., Dismantlable

lattices themselves have been characterized by D, Kelly and I. Rival

[11].

- LEMMA 2,3. A finite lattice is dismantlable if and only if it

contains no crown. 0 . . o g

As a consequence, every dismantlable ) - o

lattice has breadth at most two. It turns out that, in the presence

of g§gv), the converse is true as well.

LEMMA 2.4. let L be a finite lattice satisfying (§pv) . Then L

is dismantlable if and only if b(L)5§2.>

Proof. Let b(L)=<2, andAéuppose that L 1is not dismantlable.

By Lemma 2.3 L contains a crown ; let

{XI’YI)XZ)YZ} ¢ an’yn}

be a crown of minimum.order in L . We may assume that X A% X417 Yy
re

=1,...,m-1, and X \Y X =Y, 0 Y, A Y1 = %,

and 3 A Y5 40T ¥iepod

"hold in L . Furthermore, since b(L)<2, Lemma 2.2 implies that

n= 4 Now, if x;V x3ik X, ,,{xl,yl,xz,yz,x3,x1 \% x3} is a crown

. of order 6, which is impossible ; hence X Vv x3>.x2 and by duality




Y2

Figure 1.

A crown of order Zn;




v A ¥3< Yoy Also, if xlv x35< X, it is easy to see that

{xl,xlv X3,X3,Y3,%45Ys5+ ..,xn,yn} will contain a crown of order < 2n,

which is a contradiction. Therefore x1V X3 > %, , and we have by

v
v
k]
<
]
v
]
<
»

= X, = ' \
symmetry that Xy \ Xyt x2V X, ..x3,.V Xg B... 0 9 1 5 -
1sz.\/ x3=x1Vx3=x2Vx4=x2Vx3Vx4=y2Vy3,

and hence (§]})V) implies that ylv Yy = yzv (yl A y3)= Yy 5 @

Now ylV Yp= %

contradiction. Thus L 4is dismantlable, and the lemma is established. O

In this paper we shall be primarily interested in finite

- lattices of breadth at most two. Still, it seems worthwhile to
prove the next two results in the framework of finite lattices of
~arbitrary breadth.
R‘e.call that for elements x and y of a lattice L, with x>y, x
covers y (or y is covered by x, or x is an upper cover of y,
or y .is a lower cover of x) if x >'z. 2 y::implies

z=1y. Wewrite xpy or vy x

LEMMA 2,5. Let n, be the maximum number of elements covered by any

element of the finite lattice L . Then n, =b(L).

Proof. Let b=b(L). There are elements Xy 5 oo Xy of L such that

4 b ‘
.y:.I = \/{xi IlSi < b,i#£3} < ilei for each j €{ 1,....,b}._ Hence

~ - b
for each j there exists w, < \/ x. such that y.<w, . Moreover
b g5yt b

1

b
y. Vy,. = v X, if j#k; thus all the w.'s are distinct, showing
j k oy=3 1 i

b
that \/ X, has at least b lower covers. D
i=1

The self-dual nature of breadth has already been demonstrated

in Lemma 2.1. " Letting n* be the maximum number of elements covering

any element of L , we have n* = b(L) by duality.
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LEMMA 2.6. Let L be a finite lattice satisfying (§;)A) and let : %

- n¥ be the maximum number of elements covering any element of L.

Then n* = b(L).

Proof. Let a € L and let x oo X % be distinct elements covering

1’
a. Since X, A x, = a whenever i#.'j, successive applications of
(SD,) show that x; A \/{xj : 1<3<n¥* j#£1i} = a for each
i€ {1,...,0*}; that is, xi¥V{xj :1<j<n*,j#1i)} for each i .
% .
: n
It follows that \/{XJ s 1sjisafjA il <V %5 for each i, and so
. ' , j=1
b(L) = n*. From Lemma 2.5 we conclude b(L)= n* . 8]

One final result concerning breadth two lattices and we

conclude this section,

'LEMMA. 2.7. Let L be a finite lattice satisfying (SD,) such that
b(L) = 2. Then

(i) each element of L has at most two upper covers;

(ii) if x, y, z are distinct elements of L and u=xAy=xAz =

2

y Az then u € {x,y,z}, that is, {x,y,2z} is not an

antichain,

Proof. (i) This is immediate from Lemma 2,6,

(ii) Let u=x /\y'= x Az =yA z, and suppose {x,y,2} is an
antichain. Then =x,y, and z are ali greater than u, and_we may choose
1:1pper COVers X;,Y¥;,Z of u such that x =2 X5 ¥ = Yy and zP-z1 H

since xAy=xAz=yAz-=uy, X15Y715 and z; are distinct, contradicting

—_—

(D). o S - -




§3. Finiteness.

The purpose of this section is to establish é result that
provides us with a powerful technique in applying the finiteﬁess
assumption of the conjecéure. The result, which is due to I. Rival,
.also seems to be of considerable independent interest.

For noncomparable elements a and b of a partially
ordered set we write a || b. An element a of a iattice L,‘a # 0,

c; a#£1l

it
1

b or a

is join irreducible if a =b VvV ¢ implies a

is meet irreducible if a =b A ¢ implies a=D>b or a

c. J(),
respectively M(L), shall denote the subset of all join irredﬁcible
'elements, respectively meet irreducible elements, of L.

If P and Q are partially ordered sets, recall that a

one-to-one map 1N : P > Q 1is a weak embedding if both n and- n -1

are order preserving. Consider the partially ordered set MO of
Figureifz;,vand construct partially ordered sets M1 and M2

(Figure 2) = as follows :

ML = MO0 U {h}, where h< f, h | b,ec,d,e, and g, and h
may or may not be comparable with aj
M2 =ML U {i}, where i< g, i | a,b,c,d,f, and h, and i

may or.may not be comparable with e.

PROPOSITION 3.1. Let L be a semidistributive lattice satisfying

(E) such that b(L) =< 2. Suppose that

(i) there is a weak embedding T : MO » L such that £1 and g1 _

are join irreducible elements of L ,

or

L




(ii) there is a weak embedding T : Ml - L such that g7 is

a join irreducible element of L,

or

(iii) there is a weak embedding T : M2 » L..

Then L. 1is infinite.
Proof. We will give the proof, assuming that (ii) holds ; it will
be easy to see that similar prpofs exist in the other two cases.
Suppose '(ii), and consider the set

c={cT | M :ML~>L is a weak embedding, gT € J(L; }.’Q L.
By assumption C 1is nonempty. Suppose that L 1is finite ; then we
Acan choose" 'ﬂ. satisfying (ii) such that ¢T is a maximal element
of C .- Fu.rthermore, letting x0 =x’' for x € Ml,'we may aséume
that a'V c’=b’, e’V e'=d’, b’Ad’ =c’; and b'VDb' =%’

‘/ | Let c, <c’. If c, V a’ <b’ and c, VvV e’ < d’ , we have
that c*V>a'.5;' ¢’ and c, VvV e’ 3& ¢’ ;5 hence (c*V-a')/\c'= c, =
'((.:*V e Yace’. Also, ¢, < (c,V a’y A (c, Vv ’e')- <sb' ' Ad = c.', and
since ¢,V a’ k ¢! we get (c, Vv a') A (e, V e’y = ¢, . But this is

impossible by Lemma 2,7(ii). Thus either c, Val= b’ or

Suppose c, V a’ =b’. By (W) we must have £’ A d’ X b’.
~n . .
If (' A dHYVvb' < £’ then
{a’,(£' A dYvb', £°Ad’, a’,e’,f',g' ,0"'} = M1,
and £'Ad'> c', contradicting the maximality of/_ cll =c.

So (£ A d') vb' X £, vhich implies that (£'Ad)Vb’ = £'. Since

7B
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h! vb!’=f" and {h',b’,f’ A d'} is an antichain, the

Lemma 2.7(ii) implies that (£’ A d’) Vv h' < £'. But now (f' A d') vh' X b’,

and hence

4

{n', (£' A ayvn', £ A, d',e’ 808 b =L,

and £’ A d">-c', again contradicting the maximality of

Hence c, .V e’ = d', and by qg) we must have

Now (b’ A g'yvad’ <g’, and since g’ € J(L) we in fact have

o’ Ag'yvd' <g’. Thus
{a’,p',p'Ag’, ®'A gyva',e,g',g',n' = M1,

and b’ A g' >'c', contradicting the maximality of c’.

-For readers of a statistical bent, we remark that

dual of

c .

b

4

/

A

g’ % d’.

Proposition 3.1 will be applied no less than 18 times in the proof

of the main theorem.

: ’ §4. Planarity.

'\M/\I\/‘\_r\.-“. oy

Planar lattices were investigated and characterized by

D. Kelly and I. Rival [12]. Their characterization, while not needed

here, will play a central role in a companion paper [15]. We shall

assume familiarity with some of the more transparent concepts

‘concerning planar lattices.,

Let e(L) be a planar embedding of the planar 1é£tice L,

and let x € L . It is intuitively obvious that the lower covers of x

are linearly ordered from left to right. Hence we can define a relation

A on the elements of L as follows: XAy if and only if x.“,y

and there are lower covers x’' and Y' of xV y such that

¥y £ y', and x’ 1is to the left of yl (with respect-to e(L)).

s
XS X,




For the remainder of this s%ection we let L be a planar
(finite) lattice, and we suppose that A has been defined with
respect to some planar embedding of L , The first lemma, due to

J. Zilber, sets out the basic properties of A (for a proof,

see [12]).

LEMMA 4.1. X is a strict partial order on L . Moreover, if x [ y,

then x A y or yAx. O

It follows that for x;.y €L, exactly one of the following holds:
x=y,x<y, x>y, XAy, yAx. Consequently, the expression '"x\y"

ean. . be read, and thought of, as "x is to the left of y'.

LEIVMAZ*.Z(v'i)'_I_f xAy and y<z, then xAz or x<z.

(ii) If x\Ay and x< z., then zZAy or z>y.

Proof. .(i) If x= 2z then x>y , contradicting x A y . If
z A x. then by transitivity z A y , contradicting y< z . The

con’clusion' follows from Lemma 4.1. The proof of (ii) is similar. O

Remark. Clearly there is a kind of duality at work hefe. Corresponding
~.to A, we may definé a partial order A on L by : x X'y if and
only if y A x (the expression "x A/ y" of course could stand for

dx is to the right of y"). Then given any statement S valid for é
particular planar embedding of a planmar lattice L., we may replace
"left" with "right" and A with ’ in S without affecting its
validity. The resulting statement will be called the reflection of 8.

With this terminology, Lemma 4.2(ii) 1is the reflection of Lemma 4,2(i).




While we are on the subject, we may as well point out that

the next lemma is "self-reflective'".
LEMMA 4.3. If xAydz then xAz<y<xVz.

Proof. Suppose y X xV z. Since y.)\ z and z <xV z, Lenma 4.2
implies that yAxV z. But since xAy and xV z> x, Lemma 4.2
also implies that xV z A y, a contradiction. Hence y<xV z

and, dually, xAz<y. O

COROLIARY 4.4, If xAyhz then xV yVz =xV z. m]

It follows, of course, that a planar lattice has breadth
at most two.
For a join irreducible element a of L we denote its

& ¢ Similarly, if a € M(L) we denote its

unique lower cover by a
unique upper cover by a¥* ., (Covering elements shall be separated

in ‘the figures by double lines when we wish to emphasize the fact.)

LEMMA 4,5. let L satisfy (%I\/) and let x,y,z ,_lzg‘elements of L

such that x A yAz, y € J(L), éndy*<z. Then x A yV z.

Proof. If x< y V.z then by Corollary 4.4 xV z =yV z. By (D)
yVz= (x Ay)Vz; but since y€J(L) and x”y, xAy<y,<z and
hence yVz =2z, a contradiction. Therefore x X yV z, and by Lemma 4.2

(i) we conclude that xAyVz . o

Consider the right boundary B of L (of course, with respect
to the planar embedding e(L)). B certainly contains at least one
element of M(L), if lL| >1; for instance B will contain a dual atom

of L . Therefore we can speak of the minimal meet irreducible element

L3
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of B . The first part of the following lemma is due to K. A. Baker,
P. C. Fishburn, and F. S, Roberts [1], and the second part (actually,

its reflection) is Proposition 2.6 of [12].

LEMMA 4.6. Let B be the right boundary of L and let a be the minimal

meet irreducible element of B. Then

(i) a is doubly irreducible ;

(ii) if x € L \ B there exists y € B such that y is doubly

irreducible and x \ ¥y ;-

(iii) x< a implies that x € B.

Proof of (iii). If x ¥ B, choose y as in (ii). From Lemma 4.2,

either a Ay or a>y; since a € B, we have a>y. But y €M(L),

contradicting the choice of a. O

This last result will reemerge to play an important role in o

§6” and beyond.

LEMMA 4,7, Let L be a planar lattice satisfying (‘S\P/\)’ and

consider a fixed planar- embedding of L , with its associated relation A.

(i) If X,¥,¥1,¥, are elements of L such that x\Ay, Yy > I ¥y > Y
. and Y1 A Yos then xV y=xVy1 .

(ii) If xA y A z then x Ay #yAz.

‘f_r_qg‘_f_. (i) It is clear that xVy>y implies X\)YZU.. for some
u>y; from Lemma 2.7(i), u=y; or u <y, . In the first case,
xVy2xVu=xV y1>- x Vy,so that xV y = xV_.y1 'as desired. 1If
us Yo then yl')\ u from Lemma 4.2, and so Lemma 4,3 implies that
xVy2xVu2xV y, 2 xVy, showing that xV y = xV y; in either
case.

(i) If xAy=yAz then xAy=yAz=xAz from the dual

of Corollary 4.4. But this is impossible by Lemma 2,.7(ii). O
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§5. Minimal Pairs.
DA NP N,

Let L be a lattice and let X,Y‘_C. L . We shall write
X<<Y if, for every x € X, there exists y € Y such that x =y.
Llet p €L and let J be a finite subset of I . The pair
(p,J) is called a minimal pair if the following three conditions hold:
(1) p€JI;
(1) psVy

' (iii)' if J' is a finite subset of L such that p < VJ' and

J'<< 3, then J' 2.

We begin this section with some well-known propertieé of

minimal pairs.

LEMMA 5.1. Let {p,J) be a minimal pair. Then

(i) J is an antichain;
(ii) pX x for any x € J ;
(iii) J < J(L);

(iv): x € J implies that x, ¥§ M(L);

(V) if {p,Jd) 1is a minimal pair and p < p/ < \/J for p'€ L,

(p',J) is also a minimal pair ;

(vi) b(L)=n img‘lies IJl < n.

Proof. (i) and (vi) are true because otherwise VJ = \/J' for some

proper subset J of J ; since J<< J, this is a contradiction.

(ii) if p<=x for x € J then, letting x,€ L be such that

PSS x<x and setting J' = (J \ {xhu {x*}, we have that
J<<y s P SVJ' , and J’ '% J, contradicting the assumption

that (p,J) is a minimal pair.
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(1ii) Let x=yV z € J,and set J' = (J \ {x}) U {y,z}. Then
pSVJ' and J'<< J, so we must have that J £ J'. This
implies that x = y or x = z, as desired.

(iv) Since |J| 2 2 from (ii), we can find x' € J with x’ # x.

If x, € M(L), then x' v X, = 'V x ; hence, letting

J'=(J\{x})U{x*},wehave that J' << J, VJ':—. VJ’
and J' R J, contradicti.ng the assumption that (p,J) is a
minimal pair.

T (V) This is obvious. O

As a consequence, there is an alternate description of

minimal pairs in a lattice of breadth two.

LEMMA 5.2. ILet pE L and JS L with J finite, and assume b(L)= 2.

Then {p,J) is a minimal pair if and only if the following conditions hold:

(i) J = {a,b} for some a,b € L; ' o S P

(ii) ps-aVb‘while pXa,pXb;

iii) 4if a, S a, b;< b are such that p < a,’V b, , then a, = a
it a2 a, by 3 1 » then ay
and b1 =b. o

We shall require some further techniques to assist us in our

investigation of minimal pairs.

- LEMMA 5.3. Let b(L) = 2, let x ¢ J(L), and let y and p be

elements of 1 such that = |y, y<p=xvy, and p fx, vy.

Then there exists y' <y such that <py {x,y'}> 1is a minimal pair.

Proof. Let Y={u€L | u <y, prVu}.. Since y € Y, Y is
nonempty, and hence we can find a minimal element ,y' of Y. If

’ :
xl < x and. y:L <y are sucl’f that p s xl \Y yl , then xl =x ;

'for_‘ otherwise X = x, and so X, \% Y1 =x,Vy <p. But now

Y

1 ¢ y' ' by the minimality of y', hence by Lemma 5.2 ‘we are done. = O




LEMMA 5.4, Let L .Eé planar, and let {p, {x,y}) be a minimal pair

with x<p and pAy. Let p’ €L be such that =x< p/ <xVy

and p’ A p. Then (p',{x,y}) is a minimal pair.

Proof. We need only check that (iii) of Lemma 5.2 holds. Let x' < x

and y' <y with p' < x'v y' . It y'~< p then p' < x'v y' <p,
which is impossible. Since p A y, the dual of Lemma 4.2(i) implies
that p’ A p A y'. Now Lemma 4.3 implies p<y’'vp’sx'v y’, and

we conclude that x' = x and y =y. u]

LEMMA 5.5. Let L .Qg_pianar and let <pl,{xl;yl}>, <p2,{x2,y2}>

be minimal pairs with 'xl A Y1» Y1 < Pyps and Py = Y, Then either

'xz <x ‘25‘ Xy A Xye

Proof. Let x2 A xl or x2 > xl.

<p2,{x2,y2}> is a minimal pair. o

Then Xy VY, = X, V A although

Now, let L have breadth two and satisfy (§9V) as well.

We p}oceed to show that there are, in this case, just two kinds of

minimal pairs, as illustrated in Figure 3 . Let <p,{x,y}> be a
minimal pair. If x < p, this is Figure 3(a) (except that p

may equal x Vy). If- y<p a similar diagram results. Suppose,

then, that x,y, and p form an antichain., Since x vy =p we
have xVvy=xVyvVvVp . Suppose that x v p = y; then

XVP=XVYVP=XVy, soby (§pv) xvi{pPpAay)=xvy=p.

But since p Ay <y this contradicts the assumption that
<p,{x,y}> 1is a minimal pair. Hence x vV P Xy and by symmetry
Yy Vp X x. Thus we arrive at Figure 3(b) = (of cdﬁrse, p need not

equal the meet of XxVp and 'y V'pA). Minimal pairs corresponding




B ; DU

to Figures 3(a) and 3(b) will be said to be of type (a) and type (b),

respectively. It is'important to note that the minimal pairs constructed

in Lemmas 5.3 and 5.4 are of type (a).
We have shown that in a lattice of breadth two and satisfying

(§9V), every minimal pair is of type (a) or type (b). Indeed, even

minimal pairs of type (b), as we shall shortly see, may be "replaced"

by minimal pairs of type (a).

LEMMA 5.6. --(i) Let L be a finite breadth two lattice, and let

{a,b,c} be a three-element antichain in L with avb | a vec.

Then a< b v c.

(ii) If in addition L satisfies Q;Bn) then, letting a'’ be a

lower cover of a , either a’ vb>a or a’ vec> a. Col

Proof. (i) If é Xbve then {b, avb, a, ave ¢, bve}
is a crown of order six, contradicting Lemma 2.2.

(ii)= Let us supposé that a' v b-$ a and a'vec#a. Then . %%
a ? (a’ vb) =a’"=ana (a' v ¢) whence, by Q§pg) |

a’=a s (a’"vbve), From (i), b ve > a so that a'’ = a, which

is impossible. o

PROPOSITION 5.7. Let L b a finite semidistributive lattice of

breadth two and satisfying (E) . Let <p,{x,y}> be a minimal

pair of type (b) with p € J(L). Then either

(1) there is y' € L such that y' < p and <p,{x,y'P is a

minimal pair of type (a),

or

Ega



(a)

Figure 3,

Iwo kinds of minimal pairs.
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(ii) there are elements x', x” of L such that x” < x' < p, and

<p,{x',yP, <x',{x,x"}> are minimal pairs of type (a).

Remark. In this proposition the pair {x,y} is to be read
as an ordered pair, so that the minimal pairs <p,{X,y}> and
<p, {y,x}> are different, -For"examplé, the lattice

of Figure 4,. with the minimal pair <p,{x,y}> as indicated,

satisfies (ii) but mot (i).

Eéggﬁ. Let x, 4 x and let us‘suppose that p# x,. If x,4pVy
then p =x, VP V y = x, vy by Lemma 5.6(i); hence, x, < p v Ve
Now, let a = (x v p) A (x*rv y) and b= (xvp) A (yVvp). Then
Xy, <ac=b. As <p,{£,y}> is a minimal pair and p ¥ x, , it
follows that p || a. In addition,‘x va=<xvb=xvp. If
Xxva=zxyvp then, according to (§PV), xvp=xvVv (aAp). Now
choose: y! minimal so that y’ <=aAap and x vy’ > p. Then
X, vy' = a whence, <p,{x,y'}> dis a minimal pair of type (a).
On the.othervhand, if x va<xvyp then x Vva # p. Furthermore,
X A b= x*'= x A (x, vy) so that from Lemma 2.7(ii> |
a=bA(x,Vvy)>x, and a | x. Applying Lemma 5.6(ii) we have
"~ .that either a, vx>a or a, vp > a, where a*-% a. Either case
is a violation of Qﬂ); We conclude that p > Xx,.

Let p, be the unique lower cover of p. Then f* Z X,.
.By Lemma 5.6(ii) either x vp,>p or y v Py > b. If xvp,>p
choose y' minimal so that y'.s p, and xvy' > p. Then
<{p,{%,y'}> 4dis a minimal pair of type (a). Otherwise, =x v P, P

while y v p, > p. Now choose x' minimal so that x' <p, . and
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x!' vy > p. We claim that <p,{x',y}> 4is a minimal pair (of type (a)).

Let y' =y satisfy x’ vy’ =p. Now, y' £xvp, since p=x'vy' %%
while x' v <xv Py # p. Moreover, y v p, > p implies that X

i ] @
Py > X, so that p, || x. By Lemma 5.6(i), xvy'zp, vy'zx'vy'zrp gg

As <p,{x,¥}> is a minimal pair it follows that y! = y so that

e

<p,{x',y}> 1is a minimal pair of type (a).

Let x' | x4, Set c=7p A (x, vy); then x, < c < p,.

Since x Ap =X, = X A (x, Vy) we have that c > x,; that is,

c || x«. Also, c || x' since x' vy >p. As xvx' =xVD,

(E) implies that x v x' # c. Let d= (x v x') A (%, vy); then,

by the dual of Lemma 5.6(i), d < p and so d < c. We know that

xvd<sxvzx!. If x vd<xvVvzx'’ then xvd # x!. Since

-

o

(xvd A(x,vy)=d=(x'v d) A (%, vYy) we have that

]

e=(xvd A(x'"vd >d and e £x, vy. Sinced v x' =p, we
have é vy sp,vy=x"vy. If evy=x"vy then
x'vy=(eAx") vy and e A x' < x', which contradicts the
minimality of x'. Thus, e vy < x' vy and evy# k’; It

follows that
{x', x" vd, e, eve, ¢, xVvx',evy, x, v} = M2,

Byivirtue of Proposition 3.1 L must be infinite which is a contra-

diction. It follows that x vd = x v x' whence, by (§9V)

x VvV (x'" Ad) > x', Choose x"” minimal so that =x"" <=x’' A d and

x vx">x'. Since x, vx" =d, x, vx"#x' sothat <x',{x,x"P

is a minimal pair of type (a).

f g
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Finally, let x' > x,. In view of the minimality of x’,
x! vy # x!, wvhere x! < x’. Now, Lemma 5.6(ii) implies that
Xt Vx> x'. Choose x" minimal so that x" = x/ and x" v x > x’.

Then x, v x" < x'; whence <x',{x,x"}> 1is a minimal pair of

type (a). o

§6. Cycles.

AAANANAAAA

A finite lattice L 1is said to satisfy (EI‘N) if there is a

linear ordering {xl,...,x } of all the elements of L such that if
n .

<xi,J) is a minimal pair and xj€ J, then i< j. L is said to

satisfy (11.‘/\) if the dual of L satisfies ("I:N).

For us, the significance of these concepts lies in the

following result.

THEOREM 6.1 (H. Gaskill and C. R. Platt [7] ). A finite lattice is ‘

a sublattice of a free lattice if and only if it satisfies (’g\/), (E'A),

\

a_nd(‘j) o

‘It is clear that a finite lattice L will fail to satisfy

(3\/) if and only if there is an integer n>1 and minimal pairs

‘ <-pi,Ji> , i=1,2,...,n, 'such that pi+1€ J for 1<i<n and o
p; € J ; in this case we call C = {<p1’J1> s (pz,J2 >, ...,(pn,Jn>}

a cycle of length n in L, and we.. writeé £(C) = n.

The next result is essehtially a corollary of Proposition 5.7.

PROPOSITION 6.2. Let L be a semidistributive lattice of breadth

. two, and let L contain a cycle of minimal pairs. Then L contains

- a cycle, all _9_f_ whose minimal pairs are of type (a).
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Proof. For each cycle C = {(pi,Ji> ti=1,...4n} din L, define
B(C) = |{1 : 1 =4 =n, <p;»J;> is of type )},

and let BO = min {B(C) ! C is a cycle in L}, Choose a cycle

c = {(pi,Ji> ¢ i=1,...,n} such that B(C) = 80. If BO = 0, we
have nothing to do. Suppose BO > 0, and, without loss of generality,
assume that <pl,Ji> is a minimal pair of type (b). Letting

J1 = {xl,yl} and P, = %, we apply Proposition 5.7 with x = Xq»

y=Yys @and p = Py If (i) holds, then
Cl = {<pl’ {Xlay'}>’ <P23J2> seces <Pn,Jn>}

'is a cycle in L with B(Cl) < B(C) = 60, contrary to assumption.

Similarly, if (ii) holds, then .l
;

-

CZ = {<p13 {X'3y1}>3 <X’Q{X19X"}>9 <p2,J2> Seesy <pn,Jn>}
is a cycle in L with B(CZ) < B(C) = Bo, again qontrary to assgmption; a

Remark. Proposition 6.2 has also been proved by B. Jbnsson and
J. B. Nation [10, Corollary 6.4], their approach being quite
different from ours. Immediate use will be made of this result, but

we will eventually require the full force of Proposition 5.7. -

We are ready to state our main theorem and begin its proof.

THEOREM 6.3. A planar lattice L is a sublattice éﬁ a free lattice

if and only if L 1is semidistributive and satisfieé.kQﬁ).

The "only if'" direction, of course, is well-known.
The proof of the converse will be by induction on the order

of L. Let L be a planar semidistributive lattice satisfying (E);
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by Theorem 6.1 it is enough to show L satisfies (EV) and (3/\) .
We assume we are given a fixed planar embedding of L , and any ensuing
references to )\ or other concepts associated with planarity will be

with respect to this planar embedding.

Let a be the minimal meet_irreducible on the right boundary
of L . By Lemma 4.6, a is doubly irreducible ; hence L\ {al is a
sublattice of L , and thus is a planar semidistributive lattice sétisfying
(ﬁ) whose order is smaller than t.hat of L . By the induction hypothesis,
L\ {a} satisfies Theorem 6.3. |

Suppose L violates (T

) or (T, ); by dualizing if necessary
Y WA . 4

we may assume that L violates ("{.‘N) . Thus L contains a cycle

{( P; s Ji> :i=1,2,...,n} ‘of minimal pairs, and from Proposition 6.2 we
may assume that every (pi s Ji> is of type (aj. Clearly a € G Ji 5

for otherwis.e {(pi s Ji> : i=1,2,A...,n} willl be a cycle in P

L\ I{a},. contradicting the induction hypothesis.

Aside.: By definition, pi+1€ J\l for 1<i<n-'1, and Py € J;x . For

convenience, we will simply write that € Ji for 1 <i < n;

Pi+1
that is, the subscripts are to be read modulo n. A similar convention

will be adopted, usually without comment, throughout this paper.

For each i€ {1,2,...,n}, define

o Py if p;#a
i % . -
a if ‘pi—a
and B
J. if a §J.
3= i i

. 5 \ {a})lU {a*} if a €J;




We first claim that p:{.._*_ 1 € JJ{ for each i € {1,2,...,n}. If

= a, then since € Ji we have = a%* ¢ J:{ .

!

Pi+1 Pi+a Pi+1
. ? .

Suppose Py 41 # a ; then clearly P, 41 é\Ji \ Ji s and since

P:{ +1°P5 41 € Ji we conclude pi +1 € Ji’ , as claimed.

Notice also that Q {1 <L\ {a}; therefore, if each
(p;‘ ,J;‘ ) were a minimal pa::;..r in L\ {a},{(p;_ ,J;_ >: i=1,2,...,n}
would be a cycie of minimal pairs in L \ { a}, contrary to the indﬁction
hypothesis. Consequently we cho_ose k such that (pli ,Jﬁ) is not a
minimal pair in L \ {a}. In particular, (pé ,J{c ) # (pk s Jk ) , and hence
. =.

Py Or a € Jk . If a= Py s then a § Jk,and a S\/J ; but sincg ais
*

‘doubly irreducible and a < a" = pli ; it follows that pli S\/Jk =\/J12,

‘and from Lemma 5.1 (v) ¢ pl'( R J'k) is a minimal pair in L\ {av} , contrary
to assumption. Therefore let a € Jy » and let J = {xk ,yk} where

Vg < Py .
T Suppose a = Vi * Then Py Z a* , and since Py € Jk - 10
Lemma 5.1(iv) implies that P, > a*, We have X v a% = X, VY > Py

also, if b = Xy is such that b v a* > Py s then since b v a* = b v Vi

and <pk’Jk> is a minimal pair, b = X . Since <p12,J1'<> <Pk, {a*,xk}>

is not a minimal pair in L \ {a}, we can find c < a*, ¢ # a, such

. = % = . .
that kac>pk. Butnowxch XkVa kaa,andby(ill)v)

we have X Vas= X vV (¢ A a), contradicting the fact that <pk,'Jk>
is a minimal pair. Hence a = Xy .

Let C denote the set of all cycles in L whose minimal

pairs are all of type (a). For each C € C we have seen that we may

choose a minimal pair <pc R JC> of C such that._ <pé ,Jé) (defined

above) is not a minimal pair in L \{a}; furthermore, a € Ic and

au Pa - For C={<Pi,'Ji>: i=1,2,...;,n}€ c we define




e @ =|{ila€s, 1sisn} ],

= min {g(C)lCEC}.

t
and we se afo
We now show that there exists a cycle C € C and a choice for
- *
(pa )J(; ) such that o (C)= % and a" > PG Choose
€ ={ P; 5 Ji> :1=1,2,...,n}€ C (where (pC » JIg ) = (pk,Jk) , say)

such that o (C) =@, , and assume that a*% Py - Let Jk={xk’yk}

0
whe?e yk' < Py and xn = a. If u= Ve is such that u v a* > Py >
then since u VvV a* = u Vv X and <pk,Jk> is a minimal pair, U=y
Sin‘ce <p12,J12> = (pk, {yk,a*}> is not a minimal pair in L \ {a} s
by Lemma 5.3 we can find x' < a*, x' # a, such that <pk, {yk,x'}>

- is a minimal pair .of type (a). If x' A a, then Y Vax 2y V x! >.pk .

contradicting the fact that <pk,Jk>‘ is a minimal pair; since x' A a

it follows that x' > é*. Let x] < x'. By the choice of x’,

P

Y V %, 2 P implying Vi v.x,; Z x', and so (yk vx]) Ax'=x{.

If ’x; va#zx’, then (x]va)Ax'=x} = (yk v x]) A x', and also
Yy v x;-k x!' A xé V a , contradicting Lemma 4.7(ii). Thus

x} v a>x', and by Lemma 5.3 there exists x" = x| such that

<x!',{x",a}> is a minimal pair of type (a). Hence

E = {<P1,Jl>a ¢ e ,<pk_l’Jk—l>’-<pk’ {yk’x'}>$<x” {X’_"Xk}>’

<pk+l’Jk+l>" oe ,<pn,Jn>}

v . ) pd ' | *
is a pycle in C with «o(C)= % ,(p(-: ) J('j):( x', {x”,xk}>, and a > Pg >

as desired. For future reference, we summarize this result in a lemma.

LEMMA 6.4. If C€C “and <pC’JC> are such that «o(C) = @y and

* ) =
a” X Pg » then there exists T € C and <P('; , J(‘;> such that

0@ = 2y, 4@ = £(C)+ 1, and a* > pg. ©




We are now able to choose a specific cycle in L to be
studied throughout the remainder of the proof. Leﬁ
C = {cecC l a(C) = oy and there is a choice of <PC ,Jé)
such that a*.>zpC 1
and set 4, = min {acc) | c€ C}. Choose.
CO = {( P, > Ji> ‘ is= 132,...,20 1 € G, where 2(06) = Zo , and

suppose’ that <pc ’JC > = (pP,Jk> « Let Ji = {Xi’yi} and
' 0 0 - '

z; = *i V vy for i = 1,2,...,80. Then we have that Ve < Pp < % = a¥
and X ='a . Furthermore, let S < Vi ;Ithen if Yox i X, ve

see that Vs VX = a¥® > Py > contradicting the fact that <pk,Jk>

;s a minimal pair. Thefefore yk* < X = a , which implies yk*'s a, .
Figure 5 4illustrates the minimal pair <pk,Jk> , with the under-
standing that yk* may equal a, . .

We continue our explorations by leocating. - which, by

P

assumption, - is in Jk = {xk,yk}. Qur goal now-is.to prove that

'pi&+1"= X - j |

Suppose Pk+l = yk. Letting Xy < pk+l , we have
Y < Vi and hence Vit A X4 0 since X4 is on the right
boundary by Lemma 4.,6. If Zir1 = Xl V Y > Py s then by Lemma 5.1(v)

Fpk’Jk+l> is a minimal pair of type (a), and

C = {<p13J1>9"' ’<pk—l’Jk—l>’<Pk’Jk+l>’<pk+2’Jk+2>"..’<P80’J80>}

is a cycle in ¢ for which o(C) < a(CO) = a5 an_impossibility.

Also, since 2y = g% , Lemma 4.5 shows that Yietl X a* . Hence

and . Since Yierl A X4l ? we deduce from

' *
Zern | Py Zeey 2

<
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LT .

Ap, and z A a¥ .

Lemma 4.2 that Yiet1 A p, and hence z K bl

k kt+1

Consequently =z vVa.

k1 = Y1
We claim that K1 = yk* . Otherwise, xk+l < yk* , and

SE) implies that zk+l = X1 \% yk+1 X Pk A a . Also, X1 is

meet reducible by the choice of a , and hence there exists u ¥ X
such that u X a, . Since i € J(L) we have u A yk., and by
) N * . 3 ‘
Lemma 4.5 u || a* . However, Yigp N Fyp Iimplies y . A u Yy
and so by Lemma 4.7(di) Vg VU = 241 = Ve V¢ By Lemma 2.7(ii),

u v Yy < 2 Therefore, as in Figure 6,

k+1l °

. *
{fu, u v Yo yk” pk’ Pk A a, 210 @ "yk:i‘l’ a}

-is a subset of L isomorphic to M2. By Proposition 3.1 this is a
cont;adlctlon, and hence ey = Ypx o

Now let yk+l*‘< Vi1 ? and suppose that Vi1 % A X4y *

From Lemma 4.7(i), Yit1# \' xk+l 2 pk+1 s contradicting the fact that
<pkﬁi’Jk+l>' is a minimal pair. Thus Yir1x < Fpp *
‘We use the same arguments to investigate <pk+2’Jk+2>'

Suppose X4l = Prga If Zigo Z Pryq o then by Lemma 5.1(v)

<pk+1’Jk+2> is a minimal pair of type (a), and

‘C = {<P1’Jl>""’<Pk’Jk>’<pk+l’Jk+2>’<Pk+3’Jk+3>"°"<p&0’J8O>}

is a cycle in € for which £(C) < Z(CO)‘= 80 , an impossibility.

Therefore Zpto X Pri1? gnd hence Zy 4o ¥ a . But now

212 = S V V4o > Prto = 41 = Ppyp A 2o which is a violation

of Qg) . Consequently we must have Prio = Yiag o and we may assume




Xer = Vrrr 384 Vpyp M Vpyg o By Lemma 45,y o [y va,

and Zy4o b d pk+l as before. Suppose that X9 < yk+l* 3 then there
exists u'$ X, 4o Such that u’ X a, . It follows that

? ! 14
Yier2 Aul A ikl and u' v Vbl < Zppp + Also u X Virp V 2 s

and therefore

! !
tuly WV Vi Vi Zo Ber Ze2 Tee V' Yo 2

is a subset of L- isomorphic to M2, which is impossible. Hence

Xeqo = yk+l* . Letting yk+2* < yk+2 s, We see that yk+2* < xk+2 .

since <Pk+2’Jk+2> is a minimal pair.

If Pit3 = Kepo then, as before, z and

43 ¥ Prgo

But =z

Zi43 ¥ Py k3~ k43 YV Vi3 T Pras T Fp2 T P2 A P

is a violation of (W) ; hence Prt3 = Yps * By Lemma 4.7(i),-
. ' ’
Y42 \% X1 7 Pryg ¢ By Lemma 5.3, there exists x = X1 such that

<pk;l,{yk+2,x’}> is a minimal pair of type (a). Thus

= ! '
C = {<pl’Jl>”‘"<pk,Jk>’<pk+13 {yk_l_z,X }>’<pk+3’Jk+3>’"'S<P80’J80>}

is a cycle in & with £(C) < E(CO) = 80 s which is imposéible.
We conclude that N a', as. claimed., An important

consequence is:

LEMMA 6.5. (i) a € 3y implies that i = k ; in other words,

(ii) ¥ does not equal P, for any ¢t € {1,...,86}.

Proof. (i) Suppose a € Jt » £t # k ;3 then

C = {st+1’Jk+l>’""<pt’Jt>}

Ay
-

R

,5_
a2

EE B
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is a cycle in C with a(C) < a(CO) = oy which is impossible.

(ii) Suppose that Ve = Ps for some t ; then t # k + 1, and so

o]
]

{<pt,Jt>,-~-,<pk,Jk>}

—

is a cycle in € with £(C) < £, » which is impossible. o
The following two lemmas will be useful in asserting the
nonexistence of certain minimal pairs, and will be applied many times

in conjunction with Lemma 5,3.

LEMMA 6.6, Let 1 =t < 80 and let x' €L be such that

<pt,{a,x'}> is a minimal pair of type (a). Then t = k or

t=k-1 (modulo 80).
Proof. Suppose t#k-1 or k and let

= ' !
C= {<Pk+l’Jk+l>""’<pt—1’Jt—l>’<pt’{a’x P.

Then €C € C with a(C) =a. = 1 s £(C) < &, - 1. It follows that

0 0

¢ { ; that is, a* X P, - .But from Lemma 6.4 we can construct

€ € C such that £(C) = £(C) + 1 < 80 ; since this is impossible,

‘we are done. O

LEMMA 6.7. Let 1=t =, and let z € L be such that b, {z,aP

—

is a minimal pair. Then t =%k, k - 1, or k - 2 (modulo 80).

Proof. If <pt,{z,a}> is of type (a), we are done by Lemma 6.6.

——

Therefore let <pt,{z,a}> be of type (b), and let

C = {<pt, {z,a}>’<pk+l’Jk.+l>, ceoe s<pt_l,Jt;l>}o

i

;wigrwuwﬂM“w
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Assume that t # k, k - 1, or k - 2, and apply Proposition 5.7 with
XxX=a,y=2, and p = P If (i) holds, then there exists y' €L

such that <pt,{a,y'}> is a minimal pair of type (a), and

= !
Cl {<pt’ {a,}’ }>9<Pk+l,Jk+l>$' L <Pt_l’Jt_1>}

is a cycle in € such that a(Cl) =1 and B(Cl) < 80 - 2 . On the
-other hand, if (ii) holds then there exist x’,x" € L such that

<pt,{x',z}> and <x’,{a,x"}> are minimal pairs of type (a), and
C2 = {<pt’ {X',Z}>,<X,, {a’x"}>’<pk+ls‘]k+l>’ A ’<pt__l,Jt__l>}

0

is a cycle in C such that a(CZ) =1 and Z(Cz) <4, -1, In
-either case, Lemma 6.4 again implies that there exists C ¢ Ei

such that £(C) < 80 » which is impossible. n

7. The case a, X Pye

IS NA mm

Before proceeding to the substance of this section, we

pPrové a simple lemma.

LEMMA 7.1. Let K be a lattice satisfying QQBA), and let wu,v,a,b,

and c be elements of K such that u<da<v, u<b<v, a I b,

and u<c<v. Then either ¢ <b or c¢ = a.

Proof. If c¢cXb and c X a, then q‘v b=v and cAa=u=>b A a.

By (EQA), u=(c Vb)) Aa=vAa=a, acontradiction. o
. Without loss of generality, we may let Pp= Vg Assume
that a, X pk';'we will eventually arrive at a contradiction. For

convenience, this will be accomplished in two parts.

B
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m
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A. Claim. Y1 Xxk_l.

Suppose that X1 A Y1 3 then X1 A Y ©F X 1>V

1f % 1< a* , Lemma 4.5 implies that X1 7 Yy but by Lemma 5.1(v)

and Lemma 5.4 this would mean that <pk—l’Jk> is a minimal pair of

type (a), and we can comstruct a cycle C € C with £(C) < 80 .
This is a contradiction, and therefore X1 Aa® , If Zyy > B s

then by Lemma 4.3 Zp 1= ¥ V Ye-1 = Ky vV a, , and by -gégv)

Zee1l = Keeg V (yk-l A a,) , contradicting the fact that <pk_1, >

Jk—l

(] . Iy ) *
is a minimal pair. Hence Z 1 A a, and Zp 1 A a* both hold. As

a result, z <x _Vva (see Figure 7).

k-1
Let yk—l*-% Ypp and set u=x .V Yypopx © Since
<pk-l’Jk—l> is a minimal pair, u X Yg-p @and hence u Xy . .

Since <pk,Jk> is a minimal pair, Vi Vo ¥ Py = and hence

-1

Ay, va, A a . Now since vy va=a*= (y, Va ) v a , the
% k- k %

V-1 k 1

dual of Lemma 2.7(ii) implies that Viep V 2% = yk"l \Y% (yk va,<a*,
and so Vo1 V2 ¥ a . Moreover, from Lemma 4.7 (ii)

Vpy A (yk va,) # V1% * It follows that Ve < Vie1s Now,

letting v = A a* , we can choose 2z such that v< z <z

“k-1 k-1 °

f course z Ka*x, If z < Zkél , then py (H)' we deducg

zZ AuX a¥ Y Vas hence

{Z A u, z, Yk_ls yk"'l v a*, a*,‘ Zk_l’ a*, xk"l’ a} gMz’

which is impossible. Therefore v < 2,1

BIERer Py > ®ep O Pig P Vier 0 T Vg S Pg < %

< a% = z 3 but then <pk-1’Jk> is a minimal pair

then Y < Pr-1 k ’




B &/

of type (a), and we can construct a cycle C € € with £(C) < 80 .
Hence we must have Xk—l < pk—l < zk—l . Assume that Xk—l Zu.

. < . . '3 . .
Since Pk—l’Jk—l> is a minimal pair, Pp1 Ku if Proi Il u

then Pl &-yk—l* , and
{Xk—l’ u, yk—l*’ yk—l Va,, a,s pk—l -V u, . a¥, Pk_l, a} = M2,

which is impossible.. On the other hand, if - .>.u. then (recalling
. . Pr-1

that pk—l-e J()) we have
{x-k_ls u’ yk__l*’ yk_l v a*’ a*’ Pk_l, a*’ a} gm!

also an impossibility. Thus X 1~ U that is, X1 7 Vee1at

Let xk—l* 4 Xk—l 3 either Xk—l* A v or Xk—l* < v. 1f

X 1g A v then, since > is a minimal pair, Lemma 4.2

Pr-129k-1 _
implies that x . A x ;. Vy _; AV ; but now (x _, V'yk_l) Vv =
oz, o= v ( Vy, .) , contradicting the dual of Lemma 4.7(ii).
k-1 - k=1 ¥ k-1 ¥ Vk-1

Henc? Xo1s < Ve

Since Pr1 € Jk—2 , Wwe may let Proy = Yo * Suppose that
xk_2>X Yoo 3 We proceed to show this is impossible.

. First assume that xk;z <z _q - Either X o A X1 O©F

X o > X g3 Lemma 4.5 shows that X o > X _q - But now <pk—2’Jk—l>

-

is a minimal pair of type (a), and we can construct a cycle C € &

with £(C) < 80

<pk—2’Jk—2> is a minimal pair, X o V¥ k‘yk_z , and so

Kpeg Vg E Vg - Hemee vy g AW 5 TV gL = Ty A Oy, VR

and by (EBA) we get that z,  , = (Xk—Z \ xk—i) V¥o XY qe

» which is impossible. Therefore X _o A zk;l . Since

;
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. % . .
Now since V-1 Va,<a*, qg) implies that
= * 1
Vi-1s Y 2% Xv Z,.q Na* . Also, since X1 A V-1 and
Yk-14 A\ a,, the reflection of Lemma 4.7(i) shows that
Va,s= yk—l vV a, . Consequently, yk—l < Vv , and

. . .
* o
{zk—Z’ Yk_z, Zk—l’ v, a¥, Xk—l’ yk—l’ Xk;2 V xk—l’ yk—l v a*} ~ (M2) .
Thus we conclude that Yo A X g+

Since Viela < Fpe1l < Tpoa ° it is clear that X o X Vi1 *

From Lemma 5.5 we have that ' Ay » and so z =z by
K2 M V-1 k-2 = “k-1

Lemma 4.3. If X o > %X g o then <pk~2’Jk—l> is a.mlnlmal pair
of type (a), and we can construct a cycle C € € with £(C) < 80 s
‘which is impossible. Therefore, since V-2 A X o » We have

X 1 A X o A V-1 If Xy o A v , then by Lemma 4.3

X 1x = X1 AV < Xpeo <X g V v , contradicting Lemma 7.1. Thus
X o <'v . Also, Y2 A X 1V X _, since <pk42’Jk—2> is a

v v ; Lemma 2.7(ii)

minimal pair, and (xk—l v Xk_z) Vv=az =Y,

Aim?lles that Zy_ o = (Xk—l v Xk—z) V¥p <% q- We néw have

' * ~
CETIE P S ST TPTI O RTILMIPPRC L (NPPRED =3

This contradiction establishes that Vil A X, _1 » as advertised.

. -l F i ) i
}5 Claim or all j < k, Yiw < pj <V y ay and yk* < xj, yj <P Va,

First notice that y, <X _, <a* and 'yk* <P <z, Sa%

since Yis and a%* are both on the right boundary. = Also, it is easy
to see that neither X, Dor p, , can equal é_f By Lemma 7.13

either Pyny TV OF Pro1 =a, . If Pp1 x_yk v.a, , then




T

. ,,:ﬁ" v

<pk~1’Jk> is a minimal pair of type (a), and we can construct a

cycle C € (—f with £(C) <« 80 » which is impossible. Hence

P <V Vag and it follows that X1 <Ppq We have shown
that the claim is true for j =k -1.

Proceeding by indgction, we assume -that yk* < pj < yk V.a,
~and Vi < Xj, yj < Py vVa, for all j such that i =j <k, and we
consider <Pi+1’Ji—l> . Without 1o§s of generality, let x; < pi =‘yi—l
(this means that we get Vs < yi—l < pk Va, gratis). Notice that,

since Xis Yy and pi are all-distinct from a , Lemma 7.1 implies

that each of X5 ¥y and p; are either less than or equal to a,

or greater than or equal to Ve *
Assume that Xi—l < pk vV a, . Certainly xi—l p 3 yk* s since PE
Yiw < Y41 1f X 3 K then X, 1

this is impossible. Vs is on the right boundary, so X

Ay A Yy and from Lemma 4.5

17 Vs

Now P;1 1s greater than one of X 1 and Vi1 f and in either case
<

Vs TPio1 S Ziog SP VA amd Py #Fy e I Ry, Xy Ve,

then P, g K‘a , and by Lemma 7.1 we have that P;1 >V Thus

k .
| <pi—l’Jk> is a minimal pglr owaype (a), and neither Yg_q Do

X1 equals a = % o showing that i - ; # k (modulo 50). Hence
€= Ly )2 Prpg s Tperg 7o 00 P30Ty 00

is a cycle in 6 with £(C) < 80 s which is impossible. Therefore

Pj_3 <Y, Va,, establishing the claim for j =4 -1,

ss h . a, . Sin
We now assume that xl__l X pk vV a, ce

Vg <Y Vag< P, Va, , we have X4 X P V @y If P V 34 A X _qs

T
7

?;?

5
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then Lemma 4.3 and X A a imply Vieg < 2% = (pk Va,) Aac

) y = X i~ i >
X1 < (pk vVa, Va=a*. Hence from Lemma 7.1 we infer X 1 2 Vo

- 3 e

so X, 2V Va, > Vi1 @ contradiction. Consequently we let
- t = {

X 4 A Py Va, It follows that X 1 A Vi1 TPy X that

either X _ Ax, or x > X and that either x, . Ay, or

1 i i-1 i-1 i

X1 Ty From Lemma 5.5 we infer xiﬂl Yi oo and so X5 A Vi1

Also Y <V va,, for o;herwise yk va, A Y4 which implies

A yi-

(yk.v a,) A YiTax =y han, contradicting Lemma 4.7(ii). If

x; = a, then vy = a, also, contradicting the fact that X, l Y5 .

. If Zi1 >V 0 by

Hence by Lemma 7.1, Yy = X, < pi'= yi—l

Corgllary 4.4 23 T X q VY= X, 1 VY, by (ggv) ,
'z 4 = xi_l v (yi_l A yi) » contradicting the fact that <pi—l’Ji—l>
is a minimal pair. Thus Z: 1 A i and Zi—i Aa, .

Let yi_l*-{ yi—l , and set b = xi-l \ yi—l* « Since

'<pi-l’Ji—l> is a minimal pair, b # Vi1 and so b A Vi1 We

claim that Yic1x = Vi If Yicie = Vi then X, = Yy oo and so from

Lemma 6.5(dii) Vi = Pygq S 2y o Let u % ka such that u =a, . From

the reflection of Lemma 4.7(1), X, Vuz Yio1 = Py 31n§e <pi,Ji>

Assuming x,

is a minimal pair, u = y, =P 1

i+l ° < Pjy > Ve have
<< 'l 1 . -—
g S Ve As i is. not . k-1 (modulo 80), we have a

contradiction to the induction hypotheéis. Thus Vic1g = Yy 0 28

claimed.

Now let ¢ =z, g A (pk vV a,) ; by (E), c X Ve V 3y -
Also by (H), cAbX Ve V2 - Suppose that y; # a* . By Lemma 7.1,
a, < Ve Va3 > S0 ¥, X a, . By.‘QE) again, z; = x, Vv yi'k a, =

(pk Va, Aa, while z, >p Hence

i Yie1 e




36.

{b Ac, c, Y17 Z1> Yiv Zyoq0 Vi V2 X1 a,} = M2,

Therefore we must have ¥; = @, + Since <pi,Ji> is a minimal pair
and z; = yk vV a, , we have X, =y Let v < a, ; then Vi1 AV

or Yy, 4>V If Yi-1 A v , then X, v v # p, since <pi,Ji>

is a minimal pair; hence Py A X, Vv ia, . Now P, Va,-= Y Va =
(xi \' Y) Va, , and from Lemma 2.7(ii) p; Vv= p; Vv (gi VvVv) < Vi V e

- -Also, v < z,_, would imply =z . = x_ = x, : V'v. by Lemma 4.3,

| i-1 7 Fie1 VVie1 T %
and hence 2, 1= %X,V (yi;l AV) by sggv), contradicting the

fact that <pi—l’Ji-l> is a minimal pair. Hence z; 4 % v, and
{t A s €5 Yy gs 1 Vv, v, Z; 10 Y V 240 X 1 a,} M2,

We conclude that v < yi-l « ' From Lemma 6.5(ii), X, = yk # pi+l s

and so a, =y Letting ~Xi+I< pi+l , We get

i~ Pi4q °
Eigq < yi—l < cC 3 algo y:.L+1 A Xi+1 » since Xi+l is on the right
.boundary. Certainly i + 1 # k (modulo 80), so by the induction
i-1°?

c, a

hypothesis yk* < Yi4q < P Vag,. It follows that Yi41 < 2

implying Yit1 = ¢, But this means a, = Piiq 141 =
contradiction. We have shown that.the claim is true for j =i -1,
and the proof of B is complete.

Now, by going completely around the cycle C0 » We conclude
from ‘E that Ve < pk < yk V—a* « This contrgdictién completes the

case a, ﬁipk , and this section.

§8. The case a, <p,.
DANANAAAAANS % k
Gamely continuing with the proof of Theorenm 6.3, we may now

assume that a, = Py in L . First we rapidly show that xk;l A Y-1°

-

%%
&3

E

e R e

o

R
[



Ry T

where Vi1 = pk.. Suppose Vi1 A X 1 Since a, and a¥ arg
on the right boundary, we know that a, < X1 < a* , But X1 £ a,
and hence % _q 2Y, byLlemma 7.1, Thus Y V3% < X_q < a*, and
80 ¥y Va,<p_;< zk_i < a* = z, + It follows that <pkrl’Jk>
is a minimal pair of type ‘(a), and we can construct a cycle C € —é
such that £(C) < 80 s an impossibility. Therefore X1 A yk—l .
1f X1 < a* | then X 1 > yk' from Lemma 4.5, and '
<pk¢l’Jk> is a minimal pair of type (a). This is impossible, so
X1 \a¥ . If 2z, Z a*¥ , then Z1 = ¥ v'yk_1 =x_qVa
froﬁ Lemma 4.3, and hence by (ng) 2o 1% K 1V (yk—l A a) = X1 V2

contradicting the fact ‘that <pk—l’ > is a minimal pair. Thus

Jk—l
Cz *
Z 1 A a% , |

o Set w = X1 V2 . Since <pk~l’Jk—1> is a minimal pair,
v X Py_1 and hence w & Y1 However, we claim that w > Y *
if yk-k a, then Yy M\ a, , and since X1 A Y ©°F X 4> Y we

have w = X 1 Va,> Vi by Lemma 4.3. On the other hand, if

H

Vi > 3y then Yes = 2s > and Lemma 4f7(1) implies that w = xkullv 8y > Yo

A, In this part we assume that Pp1 > X1 (later we will deal
with thg other case, Pr1 > yk—l)'_ If w P then a, < Pp_j °
implying that w = X g Va,= Proy * it follows that either

Pi1 Aw or Py_q > Ve In either case, Pg-1 Vv Vel = Zpey S WV Yi-1°

' so0 P VW< % 4 by the dual of Lemma 2.7(ii). Since

.

pkrl € Jk—2 s We may assume that pk—l = yk—2'

Case (i). Let Y2 A X g o . o -




From Lemma 5.5 we know that X _o A Y1 °F % o

In either case

Fpe2 T Fpen Vg T3

follows.

<Pkr2’Jk—2> is a minimal pair, X1 V& oy <%,

Vw2 M e V Fpop M Vg o

Since ykuz

V1 T a1

Since

and

R

< Vi1 *

(Xk—l Vv xk—Z) V¥, » the dual of Lemma 2.7(ii) implies that

Zpen = Ve VO VR ) <7 .

We claim that ?k—Z > a, . Otherwise Zk—2~¢ a, , from

which we get Vi A w and Zy o A w . Hence either Pr_n Aw or

Ppp <V - If Py_o A w then from Lemmg 4,3 Prog > Vypp AW bt X 10

. whence Xl <P <% 4 Va and pk—Z § w =

X _q Vay

Thus

from Lemma 5.3 there exists x! < X such that <pk_2,{x’,a}>

is a minimal pair'of type (a), contrary to Lemma 6.6, Therefore

Py <W. Since Proo V¥ _q h Yyp We have

| . o
2y 90 Prop ¥V Xpo Ws T VB Vi1 B gs 84 Y, 2l G2)C,

Hencg zk__2 > ag.

Now either X o Za, or Yo > 2y ,‘since

o2 VVgan T Fpp T B3 T 2

Y2 A X _g » We have X o Zz a, in any case, and so

CI1f Py < W then 1V Xeg > Py_g s éontradicting

A a

k-1~

is a violation of QE){

otherwise
Since

xk-l Y Xk—2 > W

the fact that

<pk—2’Jk-2> is a minimal pair; thus Pr-2 Xw. 1If Prio > ¥ g then

by Lemma 5.3 there exists x! = X 1 such ‘that <pk_2,{x’,a}> is a

minimal pair of type (a), contrary to Lemma 6.6. Therefore

Proz %y s andso x 4 Apy s wAp ,,and p o >x , .

Since <pk~2’Jk—2> is a minimal pair, Yiem2 A X1 VX o A Py o e

Since Yo Vv (gk_l Y xk_z)

= Z

k-2

= ?k—Z v Pr_p » the dual of

ecres
i

2




.Lemma 2.6(ii) implies.that X1 v Prp = <xk—l Y xk_z) v Py_o < Z_9>
implying % _, VP, , £y, _, - |
Next we claim that pk_z'v a# X1 Otherwise,

Ppp Vas X 1 Va, and by gggv) P Vas (xk_l A pk_z) Va.

However, (Xk—l A pk—2) Va, =w which means P2 X (xk_l A pk_z) Va,.
; '

Thus by Lemma 5.3 there exists x' = X1 A Py_o such that

(pk_z,{x’,a}> is a minimal pair of type (a), contradicting Lemma 6.6.

Therefore P Va % X 1 and so

A 10 Feq VP s Prigs Prip VYV gs Ypgo Zp-2> Py V 3
Yi—2° a} &2 M2, '

‘We conclude .that Case (i) is-impossible.

For the remaining two cases, recall that either yk_é > W or

Vo AW,
Case (ii). Let X o A Vi and yk_z > W,
Since x _, Ay, _, A a, we have Ppon < Zpg SX _, V a.
Let v = X o VV 3 then Py_» Xv and Y2 X v, since

<Pkr2’Jk—2> }s‘a minimal pair. If Py > %o » it follows from

Lemma 5.3 that there exists x' =< X, such that <pk?2,{x',a}>
is a minimal pair of type (a). This contradicts Lemma- 6.6, and
hence pk_2 > yk_2 .

Suppose that pkv__2 = X1 Va. Then,.since

%1 Va, =w< Py._.1 » We may apply Lemma 5.3 again. to find
x" = X1 such that <pk?2,{x",a}> is a minimal pair of type (a),

which is another éontradiction of Lemma 6.6, Therefore Pr_o A X 1 V a.




40, T

. > : e
Next, suppose that Zyn T2 4 - Since X, A Yo A Y1 Ve &
have Zreo = X o V Ve = Fpg V Yi-1 by Lemma 4.3 ; but now ég

Z2 " ez V Opeg AV By (D)5 and vy o Ay <y,

contradicting the fact that <pk—2’Jk—2> is a minimal pair. Thus
we have shown that Zy o X.xk_l V a and Zy o A Zk—l .
If v A Proo > X » then v A P2 S'Xk—l v a by (E),

and

. ’ > %1 o
WAPbTPb?bezbﬁybrzbyxblv%xbfa}_ML

Therefore v A Proa = X_1» implying that X1 - VW>a, . Also, we

now have that v A Prog = V A (xk_l vV a), and so Po Vas Ppo V'

.(xk—l va) Xv 'by ((S’QA)'

"We may let Pr.n = By Lemma 5.5, either X3 < ¥

Tk-3
or x ., A X, _3 + Since a, < Vi3 and <ka3,Jk_3> is a minimal

PAITs X3 VA XPg e I X gox y of X o Ax gAY g, =

then Pr-3 < Zyp_3 < X _3 V a 3 therefore from Lemma 5.3 there exists

IR
2 i

x' = X3 such that <pk_3,{x',a}> is a minimal pair. This
contradicts Lemma 6.7, and we conclude that yk_3 A X 3 ° It follows
that v-A X3 and hence X _o Va, X Py 3 Now? if
X 3<% ,Va then Pr.3 < Z_3 = X, Va s from. Lerma 5.3 there
‘exists x! =< X o such that <pk_3, {x',a}> 1is a minimal pair,
contradicting Lemma 6.7 once more. Thus it must be that

* 3 . M F—3
X o Va A X 3 and so X3 > a¥ . Finally, if X9 V V-1
X o Va, then by QQQV). we have Vel < ¥pon V ykli~= X9 V
(yk__1 A a) = Xe_p V2, =V, a contradiction; thus xk_2 VY1 k2.

Now if ‘Xk—3 > yk_2 then




Up3s ez V Vo1 21 Tpeg V3 @ X g VY qs ¥ g0 VIEML

while if X 3 # Y2 then

% 3 o
{yk_z’ zk—l, yk—l’, .a ’ a’ xk_z v yk_l’ x-k_3! zk_-_z} —-Ml’

showing that Case (ii) is impossible.

Case (iii). Let X 9 A Yim2 AW,
Suppose that X9 < %7 ° Then Zy_1 T X1 \; Vi1 =

X o Vg o and gggv) implies that Z,_1 = (xk_l A Xk—Z) v Yk—l .

Since > 1is a minimal pair, Xpyp > X1 * Now,

Pp-127p1

X S P < Fpep S Py 0 304 Ppp AP g O Py gy > Py
‘hence from Lemma 5.4 and Lemma 5.1(v) <pk—2’Jk—l> is a minimal

. If

pair of type (a), which is impossible. Therefore X o A Zi 1.

Zp_o > w then Zy o0 = X o \ yk_2 =X o vw, and by ggyv)
2yl =Xy V (yk~2 A W) . Since <pk—2’Jk—2> is a minimal pair,

this is a contradiction; thus =z

k=2 A w . Since szZ > xk—l and

we=x g Va, it follows that =z A a, . Finally we have that

k-2
Axk-2 % X1 A Yy_, since <pk—2’Jk-2> is a minimal pair. Therefqre

Az s Yoo g o1 @55 X g 2, R EETIL R a2) .

/

With this contradiction we havewsucceedéd“in‘showing'that,‘pk_1u> X1

is impossible.

e

> yk—l' If pk_1 < a* then

B. ) Finally wg'assume Pr_1
<pk—l’Jk> is a minimal pair of type (a), which is impossible.
. .
Hence P-1 A\ a%,

*




Recall that Proq = Yyeg o and first assume that X _9 A Yi—2*

By Lemma 5.5, X _o < xk_l or x . Ax_, , and so Zy o SX_ 4V

V-2 = Fpo1 If Pro > Yyp » then <pk—2’Jk—l> is a minimal pair

of type (a), which is impossible; therefore

Pre2 > %2 *

L) A Yo A a dimplies Py_o < X o Va, but since

is a minimal pair, Py_o X X o Va,.

x' < X9 such that <pk-2 ,{x',.a,}) is a minimal pair of type (a),

contradicting Lemma 6,6, We conclude that Yi_o M ¥_p» and hence

X2 7 3y

We turn our attention briefly to

generality, let xk_+1s a, < Pyt 13 then xk+_1is on the right boundary,
so yki—ll X 1 1f ether X1 2 Ve +1

aié'pkfli< zk+l:E xk+l \Y; Xk*l = zk_1 sy a contradiction.

Hence yk+_1>- X, 1 OF Yk441* X1 5 and it follows that =z

Ye+1Y Pr+1® FogVa >y

then.we can construct a cycle CEC such that o(C) < @y > which is
impossible ; hence, letting X+ 1w < X4 and yk-Fl*‘< Y+ 10 Ve

cbnclude that either Y+ 1 \% X + 1% > Py.1 ©F yk4-l*\/xk4-l > Ppig-

Suppose the former ; then, since <pk4-l s

zk+1 > yk+1 Y Xk+l* = yk+l Y xk+1* \" pk_._l = zk+1 , a contradiction.
Therefore ¥iiga V ¥ik1 Z Piop » 20 SO Vi VX 23X g VR <
V1 S Yiras Vv

VS Vet Y Prel T Viorie Y Moy 0 TOPLYING Yy, VW S v, VR -

Zp_q ° Clearly yk+l* A w , and we now have Vit

From the dual of Lemma 2.7(ii) we get that =z

whence Yit1x A Zpe 1 ® Since- <Pk+l’Jk+l

have Yiy1x V % X Py -

Suppose that X9 > a¥* 3 then

>

J

a1

or

k -i-l>

is a minimal pair, we also

Without loss of

k-1 V41

1f (ppys dpap) 18

is a minimal pair,

—

Also,

P29 o

Thus by Lemma 5.3 there exists

k+1.

\
OF MANITOBA
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then

a minimal pair,

k=1 " VPl < Vs V¥ Frtr
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. . N
{}Ck_l’ zk-l’ yk_l’ a H a’ yk+l* \ Xk+l’ xk__zs yk+l:‘<} —m'

Hence X o # a*, and it follows by Lemma 4.3 that Xk—Z <V oV a <
_xk—l vV a i ‘Furthermore Zk—2 < yk__2 va, for o;herwlse zk_2 =X o \Y
Vg = Ypo V @, and by S%gv) Zyeo = Yo V (xk__2 A a) ,

contradicting the fact that > 1is a minimal pair; hence -

Pr22I2
2y o Aa. If Py_o > yk—2 then by Lemma 5.3 there exists
x! = V-2 such that <pk?2,{x',a}> is a minimal pair of type (a),
which is a contradiction to Lemma 6.6...Hence pk?2.> X _o o

Let Pyeg = Vi3 * If X3 X'yk_3 then by Lemma 4.3
bk—3 <% 3 =X _,Va, while Pr_s3 £ X,_4 Va, since <pk~3’Jk—3>
.is a minimal pair; by Lemma 5.3 there exists x! =< X 3 such that

<pk_3,{x',a}> is a minimal pair, contradicting Lemma 6.7. Thus
V-3 A X 3 If X3 > a* then
‘ . ‘ * - R . | ~ .
D1 Zeens Tiee1r 3% @ Vil V Bgre Xeegr Vi, =ML

hence X3 # a* , and so X 3<% _jVa. Now Ppe3 < %g V2

and w A pk_3 s and by Lemma 5.3 there exists x!" = X1 such that
<P, _q>{x",a}> 1is a minimal pair. This contradicts Lemma 6.7, and
. k-3 o

the proof of Theorem 6.3 is complete.
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Planar sublattices of a free lattice. 1II

by

Ivan Rival and Bill Sands+

In Planar sublattices of a free lattice. I [8] we

verify. Jbnsson's conjecture for finite planar lattices; in
particular we obtain ‘a characterization of finite

planar sublattices of a free lagﬁice amoﬁg all finite lattices.

In the present paper we use arguments of a quite different flavour

to obtain another characterization. Let
F={c2}U{s_|n=0}L {1,595 JU{L,,L.)
2 n 1272272273 3’ Ly 3’76

be the famlly of lattices 111ustrated in Figures 1,2,3, and 4. Our

goal is to prove the following theorem: a finite lattice is a planar

sublattice of a free lattice if and only if it does not have a member

of & as a sublattice.

§1. Introduction, and plan of the proof.

A lattice I, is semidistributive if it satisfies the two

conditions

é.v (bAc)

(§gv) aVb=aVe implies a V b =
and
(SD,) aAb=aAc imlies aAb=aA(bVc).

T The work of both authors was supported in part by NRC operating
grant 0557,
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Figure 3.

Figure 4




Jénsson [3] has demonstrated that sublattices.of a free lattice are
semidistributive. Some years earlier, Whitman [9] showed that
sublattices of a free lattice satisfy the condition

) aAbs<cVd implies aAbsc,aAbsd,
ascVd, orbs<cVd.

The celebrated conjecture of Jonsson (see [4]), alluded to at the
beginning of this paper, aséerts that a finite 1attice'is;a sublattice of
a free lattice if'and only if it is semidistributive and sa;isfies gﬂ).
For Fhe history of this conjecture we refer the reaaer to [8].

Let A3 be the partially ordg;ed set of Figure 5, let
R = {Rn | n= 0} be tﬁe family of partiélly ordered sets illustrated
in Figure 6, and let & = {én[ n = 0} be the family of lattices
illustrated in Figure 2. Most of the rest of this paper is devoted
to the proof of the following two results.

THEOREM 1.1. A finite semidistributive lattice is

planar if and only if it does not contain a member of {A3} /R as a subset.

THEOREM 1.2. Let L be a finite semidistributive lattice satisfying

qgl. Then L contains a member of {A3} UR as a subset if and only

if L contains a member of {Cg} U8 as a sublattice.

We recall two theorems in the spirit of Theorem 1.6 below.
The first is due to B. Davey, W. Poguntke, and I. Rival [2], and the

second to R. Antonius and I. Rival [1}].

THEOREM 1.3. A finite lattice is semidistributive if and only if it

does not contain ome of the lattices of Figure S as a sublattice.




! A3
] Figure 5

R
n

Figure 6



THEOREM 1.4, A finite semidistributive lattice satisfies (W) if and
/== 2nc

only if it does not contain one of the lattices of Figure&¢.3§ a sub-

lattice.

Finally we quote the main result from [8].

- THEOREM. 1.5. A finite planar lattice is a sublattice of a free lattice

—— o ————— s e e

if and only if it is semidistributive and satisfies qg).

:Combining . the preceding five theorems yvields the promised

 characterization of finite planar sublattices of a free lattice.

THEOREM 1.6. A finite lattice is a planar sublattice of 2 free lattice

" if and only if it does not contain a member of & as a sublattice.

Observe that no member of ¥ is a sublattice of another
member 6f &. It follows that Theorem 1.6 is best possible, in the
sense that no lattice in & may be omitted. Also, while it is true that
the.lattices Sn are all suﬁlattices of a free latticé,_this.observafion

is not essential either to the statement or the proof of the theorem.

- §2. Preliminaries.

The breadth b(L) of a finite lattice L is the smallest
b+1
integer b such that every join X, of elements of L is equal
i=1
to a join of b of the xi's. For any integer n = 3 , a crown of

order 2n (Figure 7) is a partially ordered set {xl,ii;xz,yz,..f,xn,yn}

in which

x1<y1,yl>x2,x2< yz,y2 >“vx3 ,;...,yn_1> xn,xn< yn,and yn> xl

LY

.are the only comparability relations.







LEMMA 2.1. Let L be a finite semidistributive lattice. The

following are equivalent:

('i) L contains no crown of order six;
(ii) b(L) s 2;

(iii) L -eontains no crown.

Proof. (i,) « (ii) dis Lemma 3.4 of [5], while (ii) e (iii) is

. Lemma 2.4 of [8] together with Theorem 3.1 of [5]. o

LEMMA 2.2, Let L be a finite semidistributive lattice of breadth at

most two, and let a,b,c € L .

: (i) _I_ga.\./“b= a.\}c=b'\;c, then {a,b;c}_iﬁnot_q_q

antichain.

(ii) Either aV b2 ¢ _o_x_‘aVch gb'v'cza;_ig

particular, {aVb,aVec,bVc} is not an antichain.

Proof. (i) is the dual of Lemma 2,7{ii) of [8]}. To prove (ii),
suppose that a Vb #c s a.\)c % b, and bVe 2|:a. Then
{a'\;b s aVc s bV c} 1is an antichain, and the join of-any pair equals

aVbVec , contradicting (i). 0




Let n be a positive integer. A down-down fence [6] of

length 2n+1 is a partially ordered set {xl,yl,xz,yz,.'..,xn,'};l,xn+l}

in which
Xl < yl,y1 > xz,x2 < yz,y2 > x3,...,xn < yn,yn > xn_l_1
are the only comparability relations (see Figure 8).

LEMMA 2.3, Let 1L be a finite semidistributive ldttice of breadth

At most two. Let n be an integer 2= 2 and let {XJ.’yl’XZ’YZ""’xn’yn’xn-i-l}

be a down-down fence _]il L . Then
(1) xlv xn_"_1> x, for each 1i¢ {l,...,n+1}; and

(ii) there exists i € {2,_...,n} such that x) % x, < X, Vv X1

and x, Vxn+1< x1Vxn+1.
Proof. (i) First let n = 2. Since X vV ox Syl and X, Vx3Sy2 s

we have that x5 v Xy # Xq and X, V x3 4! X1 and therefore

X, v x3m>" X, by Lemma 2.2(ii). Proceeding by induction, assume the result

is true for all integers k such that 2 <k < n- 1. We certainly have
\tA:hat x; v xn+14: Y for any i€ {1,...,n}. Therefore, if x1 vV ox +1$ X,
for any i€ {2,...,n} , the subset {xl,yl,xz,yz, | XYoo X 0% v xn+l}

of L is a crown, contradicting Lemma 2.1. Hence we can find i € {2,...,n}

such that Xy \Y xn+1> X, . Now by induction we have 3 Y Xn+12 Xy A X, > X_j

for all j€ {1,...,i} , and X, \% Xn+12xi \" el > % for all
k € {i,..,,n+1}, as claimed.







(ii) When n = 2, xl'\;x2 < xl'v X3 and xz.\;ix3 < xl'\./“x3
follow from (i). Also, since xl.\'/.;x2 < Yy and XZ'V.XS < y, we
bave xl'v Xy < 1{1'9 g and ngv Xy < xllle3 ; as desired.
Therefore let n > 2. As above, X V‘kn4-1< %, \ xn_+§;it follows

that if Xy A% x < Xy A X,+41 Ve are done. Hence, since x < Xy \% gn4_1

by part (i), we assume X A% X = Xy v X+l By induction we choose
i€ {2,...,n-1} such that x_ Vv Fg<x VX =x Vx d

1 1Y% T % n+1

- s . - ) . . S - .-.v . . - 0
xj v X < X, \Y X 41 If X v 41 xj \Y X then xj \Y X xj \Y X+
by (1), establishing (ii). Therefore let X % xn+1 be noncomparable to xj V X .

We now have that {xl v xj,x.j v X sX V xn+1} is an antichain, and (x1 v Xj) %

(xj Y xn) =% v X4 = (xl v xj) v (xn v Xn+l); from Le@ma 2.2(1),_xj v X 41

= (xj v xn) A% (xn \% xn_FQ < X,V X 410 and (i) follows. K

¢ 3. The proof of Theorem 1.1,

By the completion ’E(P) of a partially ordered set P to a
lattice we shall mean the construction known variously as the " normal

completion ", " completion by cuts ", or " MacNeille completion "; recall

that a partially ordered set P is a subset of a lattice L exactly
when L(P) 1is a subset of L . 1In [6], D. Kelly and I. Rival defined a
family &£ of lattices with the property that a finite lattice L is

planar if and only if I, does not contain a member of £ as a subset.

The family ' ' R

d . d_ 4 o d |
P={a |nz0U{s,3%,c%,09 U{E B, F 6,8 | n> 0}




- contain a member of P

" established gradually.

of partially ordered sets, which (up to duality) is illustrated in
Figure 9, . -satisfies {'E(P) l PEPY) =& (see [7]). Hence

the following is an alternate formulation of the Kelly-Rival

resulte . T -

THEOREM 3.1. A finite lattice is planar if and only if it does not

s a subset.

To begin the proof of Theorem 1.1, we first observe that if

L 1is a finite planar lattice, L cannot contain a member of {AS}U (24

1’72

as a subset. Certainly ABS}r L by Theorem 3.1. 1If Rb = {al,az,a3,b b ,b3,c}
is contained in L , then so is {az,a3,b2,b3,c,al}, which is isomorphic

to the partially ordered set B, contrary to Theorem 3.1. Finally if some

'

ne1

R b.,b,...,b ,

122> is contained in L 5

o™ {apag e n+3°) >

then so is {81’32""’an+2’b2 ,b3,...,bn+3,c}, which is isomorphic

to Gn 12 again a contradiction. We have proven the " only if " direction

‘of Theorem 1.1.

The converse is a little more complicated, and will be

'THEOREM 3.2. lLet L be a finite semidistributive lattice of breadth

at most twd. -
d

(a) If L _contains a member of {C,C ---',D,Dd} u {En,Eg,Fnl n=0} as a
subset then L contains B or Bd as a subset.
(b) . If L contains H ~as a subset then L contains B, Bd, or Gm

e

s a subset for some m <n .

L)




Figure 9




Proof. (a) We proceed through the list of partially ordered sefs in
(a) in the order given; at each stage we will establish the existence
of B or Bd. in L , or (what is sufficient) we will exhibit in L a
partially ordered set already considered. A similar strategy will be

adopted elsewhere in this paper.

Case (i): C .

Choose C = {a,b,c,dye;f,g} & L ; observe that we may assume

eAf=c,fAg=d, and c A'd = a . By the dual of Lemma 2.3 (i) ,

e A g =eAfiAg=cAd=a. . Next, if bAc fd then

{b,b A c,e,a,d,f} is a subset of L isomorphic to BY , as desired ;

hence we now let b A ¢ =d and similarly b A d = ¢ , which implies

i
]

_bAc=bAd. Thus bAg=bAfAg=bAd=bAc=bAfAes=

bA(eveyg). It follows that

b A e, and by (E?A) bAag

eVgthb,and so evVg 3£, Hence {e,c,f,d,g,e v g} EéBd . Of

course, a dual argument handles Cd .

3

Case (ii): D .

This one is easy. Let D = {a,b,c,d,é,f,g};E L ; by

Lemma 2,2(i)" and the symmetry of D we may assume that evf<evfy £

* that is, e Vv f'i g « Hence {e v f,g,e,f,a,d,b} e;cd , and by the

previous case we are done.

Case (iii): {En | n = 0}.

‘Let n = 0 be minimal such that there is a subset of L

s . d . .
isomorphic to either En or E . We first consider the case n =0 .




Without loss of generality, let E {a ,a bl’b b3,c d}_

We may assume that bl‘/\b2=al, b2/\b3=a2, alVa2=b2,b2Vc=vd,

and (from the dual of Lemma 2.3(i))’ bl A b3 =

2352753 ’bl’d’bB} = C ; hence we let a

al/\az. If al/\a2$c

l/\a2<c. 1f

V c , and by (i]}v)

then {al A a

ve>a and a, Ve >a then a, V¢ = a

a 2 2 1 1

1 2

a; Ves= (al A az) Vec=rc, acontradiction. By symmetry we may let

5 Vv c,Csay Ac}leB ;

hence we assume a, Ac< a whereupoh a, Ac=a_  Aa,=a, Ab, Ab_, ="

a; $ a, Ve, If a; Ac $ a, then {al,bz,az,a

1 2 1 1 2 1 2
a, A b3 . By (,S{]/)A) a; Ac= a; A (cvV b3) s and it follows that

w

ay $ c V»b3 . Hence b2 $ cV b3 ,» and we have {b sdyc,c Vv b3,b3,az} = B,

Next assume n = 1, and let E; = {al,az,a3,b b, ,b b4,c,d} S L.

1’72773
We know irr}mediaf:ely that ¢ < b Vb3, for otherwise {al,a3,b1,b Vb b4, c,d}= %
contradicting the choice of n . By Lemma 2.2(i) and the symmetry of _El s
we may assume that b Ve<b Vb3 , and hence b3 (VS 4: b, . But now
{az,aS,bz,b3,b4,c,b3Vc} = E0 , again contradicting the choice of n .
Finally suppose that n> 1 , and let {al,...,an+2,bl,...,bn+3,c,d} |
be a subset of I isomorphic to En . We.may assume that aj.\}aj_‘_l = bj'-i-l

for each j € {1,...,n+1}. Since {al’bZ’aZ’bS"'"bﬁ+2’an+2}
is a down-down fence, by Lemma 2.3 (ii) we may choose i€ {2,...,n+1}

such that al\/ai<a1Van+2 and aiVa FIPAS al\/a +2° If c$a Va,

bi’ 1 b c,d}=E

which is a contradiction ; therefore by symmetry let ¢ < a; V a;

and ¢ a; Va,,,, then {aj,a;,8 ., v 33033V 449 Py 430 1’

Since a; .V a, = b2 , in particular we have i > 2 ., Now set

k=max{j|2Sjsn+1‘,a1Vaj<a1Va

n-l-2’aj v da42 < 3 v ®n +2}'

By Lemma 2.3 (i), a, < a v a, for all j € {1,...,k}, which implies that

bj = aj_ lV aj < ay V. a, for each j € {2,...,k} ; also, since 1 £ k




10.

we have ¢ < a Vaisa Vak-. If bk+1<a1Vak,then

alVak+1 1Vb,+15a1Va<aVa+2,and ak+lvén+2s
a V a +2< 2y V a 49 by Lemma 2.3 (i), contradicting the maximality of g .
Hence k4-1$ a V a and so {al,. ,ak, 1207 kﬁ-l’c’a v ak} =E _, -

Since k - 2 < n , this contradicts the choice of n .

Case (iv) : { Fn ‘ n = 0}.

Let n = 0 be minimal such that there is a subset of L

isomorphic to Fn

First suppose n = 0 , and let FO = {ai,az,bl,bz,c;d,e} S L.

We may assume that ay Ad=c b2 V d = e, »ay V a, = b2, and b1 A b2 a; .

qu;-blv a, # d then -{bl,bl v az,az,e,d,c} ~ B ; hence let’bl va, > d ,'

and dually bl A a, < d . If b1 vd# b2 then {bl,b1 v d,d,e,bz,al} ~ B ;

hence we may let bl vds> b2 vd=g¢., and dually a, Ad< ¢ . But

2
now bl vds= bl vady a, = bl Va,, and by (E?V) we have
| bl vd= bl v (a2 Ad) = b1 , a contradiction.
Next supposé n=1, and let ‘Fl =.{a1,a2,33,b b b3,c d e}
- We may assume that bl A b2 =a;, 8 va, = bz, b2 A b3 = a2 , and
a, Vv ay = b3 . If b2 vd# b3 then {al,a 1,b b3,d,b2 v d} ééEo 3
hence we let b2 vd-> b3 . If b3 vd# b2 then

{aZ’aB’bZ’bB’c’d’b3 v d} %?FOT, contradicting the choice of n ; hence

b3 vds> b2 , and so b2 vd-= b3 vd. From Lemma 2,2(i),

b2 v b3 # d . But now {al,a3,b b2 v b3,;,d,e} %430 s contradicting

the choice of n . ' : S
Finally suppose n > 1 , and let {al”"’ani-z’bl""’bn1-2’c’d’e}
be a subset of L isomorphic to Fn . We may assume that aj Y aj_i_1 =

bj_!_1 for eacbv j€& {1,...,n+ 1} . Since {al’bz’aZ’b3”"’bnﬁ-Z’ani-Z}




is a down-down fence, by Lemma 2.3 (ii) we may choose i € {2,...,n+1} ’

such that ay \% a; < a; A% a 49 and a; \'% a.n_'_2 < a; A" 3 49 If

d s}f a; \% a; and d # a; v a 497 then {al,a]._,an_'_2,bl,a1 v a;,a; V'anJ*_2 ;

c,d,e} == Fl , which is a contradiction ; therefore either d < ay v a;

or d<ai\;a Suppose that d<a1'9.ai. Set k = max {j l 2< jsntl

a; A aj < al‘\/ an+2,aj v a 4o < ay Y an+2} ; as in Case (;Lll),»bj' < a1 \% ak

for each j € {2,...,k}, and i< k implies that d< al-‘\; a; < al-'\; a -

nt2°

By the maximality of k , we again conclude bk+1 ay Y a s and so

"faiseees3 b ,000,b d e To : ,
{ 1° A S 30410908V ak} = Ek—2_ . Ve now suppose d < a;/ v 8 1o

Set k! =min {j | 2=<3j=n+1 ' ' -
j I j s 83V aj <a; Vv an+2,aj v a4y <3V an+2}.

As before, bj <a,Va for j € {k' + 1,...,n + 2} , and since

+2

k! =i we have d< a. VvV a

i 2 = ayr v a 4o ¢ From the minimality of

k', it follows that bk' # agr Va o and hence

{ak""',’an+2’ bk"‘ . ..,bn+2,c,d,ak/\/ a 49 } = Fn+ 1K Since
n+1l-k'<n , this contradicts the choice of n . : -
(b) let n20 be minimal such that there.is a subset of L

isémorphic to Hn'

First assume n = 0 , and let HO = {al’az’bl’bz’bB’c’d}g L.

If ¢ A a2' ¢ b3 then - {c A az,az,al,b3,b2,bl} =~ B ; hence we let

4cl\a2<b3 . Since a2/\b3.>_al, we have a, /\b3£c. If
c A b3 s a, then {bl,d,a2 A b3_,c A b3,é2,b3,c} =~ C ; hence assume
c A b3 <a, . If b2 fFcv a; then {c,c v al,.al’,bB,bz,bl} ~ B ; | |

hence assume b, < ¢ va, <cv a, and dually b, >dAa, . If

1

c,>a2/\b2 then c/\b2=(CAb3)Ab25a2Ab25cA_b2,

implying that c A b2 =a, A b2 . Since c v a, >m_b2 this is al




violation of (EBA) , and so ¢ % a, A b2 . If cvd&g b2 then

{c,c v d,d,b bi} =~ B ; hence assume c¢ v d > b, . From

3,b29

b, vd =b_, it follows that b2 vd#c and b

2 3 2
cvd# aé then {az A bz,d,az,b2 v d,bl,c,c vd}=F

vd# a, « If
0 ;s hence assume
cvd> a, .. If c v a, i b3 then {bl’bZ’bB’al’aZ’c v az,c} eéGO

as desired; hence assumeé ¢ V a, > b3 . Now cva, =cvV b3 =

cvd=cva, , implying ¢ va, = c vd . By (%PV) and the above

2 2
results, d <c vd=c Vv (d A aZ) =cvb

<=cva But a dual

2 - 1°
argument shows that d A a, < ¢, and hence c vd =c v (d A a2) =c ,
a contradiction.
= c
Thgrefore n > Q . Let Hn {al,...,an+2,bl,...,bn+3,c,d}__ L.

lAIf cvdi$ a . then {c,c v d,d,b

1 bl} =~ B ; hence we let

n+3°%n+1°

bl If cvadti bn+2 then {c,c v d4,d,b

hence we let cvd=4dyv bn+2 . If dv bn+2 # a1 then

cvd>a bl} >~ 3B ;

n+3’bn+2’

b dvb c,d}'eéHn , contradicting the

-1

. Next, we may assume

{al”"’an+1’ l""’bn+l’ nt+2?

choice of n ; hence d v bn+2 >a 4

cVa > b for otherwise {bl"'"bn+2’al""’an+l’c v an+2,c} g;Gn_l s

n+2 nt2 ?

as' desired., Further, we assume ¢ V a >b

P .
2 or 9therw1se

nt+3 °’

{b b thus we have that

l,-ot, n+3’al,oco,an+2,C' A\ an+2,C} g G’n ;

cVa >cvVhb

>
a2 = nt3 = ve>a for

c vd . VWe may assume bn+

3 nt2 ?

. v v : 4 ~ .
otherwise {aZ’d’an+2’bn+3’b1’c’bn+3 V c} F0 . It follows that

bn+3 ve=a _ , Ve, and by (gyv) bn+3 Ves (bn+3 A an+2) vVe.
We may assume bn+3 A a.,<¢ v d , for otherwise _
{bn+3 A an+2,bn+3,d,c v d,c,bl} ~B. Thus c Vv (bn+3 A an+2) =cvd,

and by (ﬁ?v) cvd=cvVv <bn+3 Aa oA d) = ¢ v“(an+2 A d),

implying c # a o A d . However, d A a b therefore,

w2 < Pp43 ’

E3




letting k be minimal such that d A a o < bk » we have 2 =k =n + 3.

J

b =1 Bd ; hence we assume k<n+ 3. If dA a ., then

a+3? 2% %k-1°
{d A an+2’ak—l’ak’""an+;2’bk—-l’bk"'"bn+3’d} o Gn—k+2 ; hence we
assume d A a 4o 4 a ;1 I k=2 we have {bl,d A an+2,c,b2,d,
al,b3} ngo- ; thus we let k> 2 . But now {al,...,ak_l,bl,...,bk,c,

o < - . . .
d A an+2} o Hk—3 where 0= k - 3< n , contradicting the choice of n . o
As a corollary, we obtain an improvement of Theorem 3.1 for

finite semidistributive lattices.

COROLLARY 3.3. A finite semidistributive lattice L is planar if and

d
B, B", or Gn’ n=2 0, as a subset.

only if it does not contain A

i

3’

LA

Proof. We need only prove the "if" direction. By Lemma 2.1, L
contains An for some n = 3 if and only if it contains A3 . By

‘Theorems 3.1 and 3.2 the corollary follows. o

THEOREM 3.4. Let L be a finite semidistributive lattice of breadth

_@_‘E most two.

- (a) If L contains B or Bd s a subset then L contains R. as

— — atdesfinifuiial 0 -~

a subset, .

() If L contains G g_é_a_x_ subset for some n = 0 then L

contains Rm as a subset for some m<n -+ 1,

Proof. (a) Assume B = {a,b,c,d,e,f} & L . We first observe that we

must have aV e> ¢, for otherwise {a v e,a v c,c v e} is an
antichain, contrary to Lemma 2.2(ii). If cA a+ e , then

{f,a,b,c A a,c,d,e} is a subset of L isomorphic to 'RO » as desired.




Thus we assume ¢ A a =e and similarly c Ae =<a , which implies
cAa=cAe. But since c<a Ve this is a violation of (§9A).
, ' ] : d

Of course, a dual argument handles B .

(b) Let n = 0 be minimal such that there is a subset {al,...,an+3,

bl,...,bn+3,c} of L disomorphic to Gn . Since bn+2 Ac = a; » we

have bn+2 Ac E bl . Choose -k minimal such that Pn+2 AcC< bk 3

then 2 <k <n+ 2. First we assume k > 2 . If bohcka ,

then {al’"7’ak’bl""’bk’bn+2'A c} géGk—B where 0 =k - 3<n;
on the other hand, if bn+2 Ac< a, thgn {bn+2 A Cy8y sy qseees

an+3’bk-l’bk""’bn+3’c} géGn+2-k where 0 =n + 2 - k < g . In
either case we have a contradiction to the choice of n . Hence
k = 2 ; that is, b

Ac< b2 s Which implies bn+ Ac=b, Ac.

n+2 2 2
We first consider the case b2 Ac i a, . Assume that
b2 Ac a, Vv b1 ; then {az,a2 v bl’bl’bZ’bZ A c,al} =~ B, and we

are done by part (a). Hence b2 Ac <a, Vv bl . Now, if a, A b2 £c

2
we h%ve {al,bl,a2 A bz,bz A c,azébz,c} >~ C , while if a, A b2 < c

we Pave {b2 A c,bl,c,(b2 Ac) VvV bl,a2 A bz,az,a2 v bl} 2§F0 . In | ;
either case we are done by Theorem 3.2 and part (a).

Therefore bn+ Ac=b, Ac<a,, and‘by duality

2 2 2
' a,ve>b ., . If a, A by =c then aé Ab =c A by =cab, A
bl = a, A bl , lmplying a, A bl = ¢ A bl,’ and by (§9A) we have
a, A bl = (a2 v c)‘Avbl = b1 ,» a contradiction. Thus a, A b1 £c

and by duality a,qV bn+2 # c. Now {al,...,an+3,an+3 v bn+2’

a, A bl,bl,...,bn+3,c}"-_‘-éRn+l s and Theorem 3.4 is established. 0o
The assumption that L has breadth at most two is necessary.

For example, the lattice of Figure 10 has breadth three, is semidistributive,

%




Figure 10




and contains B as a subset (the shaded elements), but does not

contain R0 as a subset,

COROLLARY (THEOREM 1.1). A finite semidistributive lattice is planar

S a subset.

if and only if it does not contain A3 or Rn, n =0,

Proof. Immediate from Corollary 3.3 and Theorem 3.4. 0o

v§ 4. The proof of Theorem 1.2.

It is well-known and easy to prove that if L 1is an arbitrary
lattice, A3 is a subset of L if and only if Cé3 is a sublattice of L .
Also, it is evident from Figures 2 and 6 that Rn is a subset of Sn for
each n 2 0 ; thus if Sn is a sublattice of a lattice L , certainly Rn
is a subset of L . This completes the " if " direction of Theorem 1.2.

For-each nz 0, let %1 =L (Rn)’ the completion of Rn (see
Figure 11) ; recall that if Rn is a subset of a lattice L , so is Pn

We require one more lemma.
. :

LEMMA 4;1. Let L be a lattice satisfying qg), and let Rn \ {C} be

a subset of L for some n= 0 . Then s \ {c} 1is a sublattice éf‘ L .

' Proof. Let R \ {c} = {al,... Since

,an+3,bl,...,bn+3} € L.
L (Rn \ {c}h = P \ {c} 2 \ {c} is a subset of L , as indicated in

Figure 11. Moreover we claim that the elements {al, o n4-2’b2’ . n4-3}

of P \ {c} generate a sublattice of L isomorphic to S \ {c} For

T




Figure 11




le.

simplicity, we will give the construction only in the case n = 0 3
an induction based on similar arguments will handle the general case.

If n =0, the required sublattice of L isomorphic to 8, \ {c} is

| given in Figure 12, Notice that a; Y (a2 A bz) < a, A (a1 A% b2) 5
(ay A bg) V by < (a, Vb)) Aby , and azAb3$aIVb2 hold by

virtue of (&J) . 0O

Now let L be a finite semidistributive lattice satisfying

(}5’). We may assume that A3 is not a subset of L , which implies that
b(L) < 2 by Lemma 2.1. Let n = 0 be minimal such that there exists
a subset of L isomorphic to Rn . Choose Rn = {al,...,an+3,b1,...,bn+3,c}

[ o - .
- [al A b1 1843 v bn+3] & L such that there does not exist a subset

-

of’ L‘ isomorphic to Rn in any proper subinterval of [al A b1 R an+3V bn+’2] g
'Then we have seen Fhat we can find Sn & L , generated by {al,.. FLIGPY

bz,.=..,bn+'3,c}, such that §_ \ {c} 1is a sublattice of L . Observe

that we may assume that a, A b, =b. and a \Y To

2 2 1 n+ 2 _bn+2 = an+3'

complete the proof of Theorem 1.2 we need only show that a 49 .V c =

a 43 A bn+3 and bl Ves= bn+3 ( a dual argument handles the corresponding

meets).

A Db ).Vc . Hence,

First, we may assume that bn+3= -(an_i_3 n+3

since {an+2’an+3’an+3 /\ bn+3’bn+3’c} is a down-down fenc»e, Lemma |
2,3 (i) 1mp11es'that an+2V c = an+2V (an+'3/\ bn+3) Ve= an+3V bn+3’

as desired.




(ag V by) A by

(a,Aby) Vb,

a,Ab 2
a, A (a,vb o,
alv (azA b2) '

a 2

Figure 12




17.

Now suppose n =0 . If a2 A b3 4: b2 V ¢ then

{a2 A b3,a3 A b3,b2,b2.Vc,c,a } is a subset of L isomorphic to
B, and is contained in [a1 A b2,b3]_.' By Theorem 3.4 there is a

subset of I, isomorphic to R0 which is contained in [al A bz,b3] 5

a proper subinterval of [a; A bl,a3'V b 3], contrary to assumption.

Therefore a, A b3 < b2 V c , and by (E) we are forced to conclude that

i
.

by =b,Vec. If (a,A by) V c# b, then {az,a3,b2,b3,(a2/\b3) Ve ’aZAbS}:

i

is a subset of L isomorphic to B , and is contained in [bl,aBVb3] s
a proper subset of [a1 A bl,a3Vb3]._ By Theorem 3,4 we again have a
contradiction. Thus (a2 A b3) V c = b2 V ¢  which implies

(a2/\b3) Ves= b3 = b2 Vec. By (%)V) we conclude that b3 .=

A b2) Ve = bl.V c, completing the case n =0 .

(a2 A b3

We now assume n > 0 . As in the case n = 0 , our first goal

will be to prove that vb2 V c=b Choose k maximal such that

n+3°
b2.Vc >a it is clear that 1<k <n+1l. If k=1, then

\ - :
{az,.e\:s,bz,b2 A% c,c,al} 2= B , and by Theorem 3,4 L must cont;ain_ a subset

isomorphic to RO , contrary to the choice of n . Assume 2 =<k < n .

K+ 17 then {al""’ak+2’b1"'"bk+1’b2 A c,c}ERk_'l, and

k-1 < n, contradicting the choice of n . On the other hand, if

If by Ve>b

b, Vc} b, 1 then _{ak,...,an+2,bk+l,...,bn+3,b2 Vel=¢ _,; by

Theorem 3,4 L must contain a subset isomorphic to Rm for some

~

m=<n-k+1, and since 1< n-k+1<n-1 this again contradicts the

chglce of n . Therefore k = n+1, and so b2Vc >a 49 If szc%bn_l_z,




then {a
contradiction; hence b2 Ve bn

then {a

18.

n+2’an+3’bn+2’bn+3’b2 v €8n+ l} =B, which is a

-

49 If bZVc$an+2/\bn+3

Ab b b Bzv—c,c} is a

1""’an+1’ar_1+2 n+37722" "0 n 400

subset of L isomorphic to Gn-' 17 and is contained in [a1 A bZ’bn+3]’

a proper subinterval of [a1 A bl’an+3 A bn+3]' By Theorem 3.4

[al A b2,b

n+3] contains a subset isomorphic to Rm for some m< n .

By the choice of n we must have m = n ; but this contradicts the

minimality of Rn . Thus b2 Vez an+2A bn+3’ and by (‘Vi) we

conclude 'bz Vc =b
n

+3°

Now if a, vV c-# b2 5 we have {82"""an+3’b2""’bn+3’é2 A C}ERn

contradicting the choice of n . Hence a, Ve2 b2’ and so <':12'Vc=bn_*_3

By (SD)s b 4= (3, Aby) Ve=b

1 V ¢, and the proof of Theorem 1.2

is complete,
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