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ABSTRACT

A latËice L is sald Ëo satisfy \^lhiËmanrs condition (t{)

LÍ. f.or all arbrcrd€ L, aÂb< cV d implies al cV d, bs cV d,

a Â b t. c, or a Â b < d. This condiÈion rvas Íntroduced in 1.9/+1 as

part of P. ì4. I^Ihítman's soluËion to the word problem for lattíces.

In recenË years, however, lattices satisfying (l{) have received

increased attention in their own righË. In Ëhis thesis we continue

this trend. trIe investigaËe a number of problems, each of whích will

see (Iü) playing a more or less central role.

After a shorË chapter on preliminaries, in Chapter 1 we

prove a characterization of modular lattices satisfying (t^l) in Èerms

of the exclusion of two finite laËtíces as sublatËíces. The chapter

ends with an expository discussion of meËhods of constructíng lattíces

satisfying (t^1) .

LeC FC denote the class of all lattices wiËh no lnfiníte

chains. For a lattice L in FC we say that the conditlon Qrc (L)

holds if for each M € FC and every epÍmorphism ø : M + L there

exists a homomorphism r[r : L + 1"1 such that tØ = ídl, . In chapter 2

(the contenË of which is also due to B. A. Davey) vJe prove thaË a

laLtice L in FC saËisfies (I^I) if and only if QFC (L) holds'

ThÍs has several interesting consequences, among which-is an extension

of a result of R. Freese
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A laËËice L is said to satisfy Ëhe bounded -epimorphism

condition if whenever M is a laËtice and ø : M + L is a bounded

epimorphísm there exj-sËs a homomorphism $ : L + ì'f such that üd = ídL .

Each lattice satisfying the bounded epímorphisn condiËion satisfiès

(t¡J). In Chapter 3 we give an ínfiniËe family of fÍníËe lattices, each

of which saËisfies (W) buË faí1s the bounded epimorphisrn conditíon.

we also exhibit a property sufficient Ëo imply thaË a Íinite lattice

satisfies the bounded epimorphism condition'

In Chapter 4 we Íntroduce the concupt of semídistríbutivity

and wiËh ít Jonssonfs conjecture: a finite latËice 1s a sublattice of a

free lattice if and only if it is semidistrÍbutÍve and satisfies (lü).

The histoxyof. Ëhis conjecËure is outlined'

For lattices L and 1"1 , Hom(LrM) denotes the set of all

homomorphísms of L ínto M , endowed with the poinÈwise ParËial

order. A lattice L is called catalytic if Hom(Lrì4) is a laLtíce

for every lattíce l4 . In Chapter 5 (due also to T. G. Kucera) we

prove that Ëhe class of finite caÈalytic lattices lies somewhere

between the-class of finite sublattices of a free IaËËice and the

class of finíte semidistributive lattices saËísfying (![)

Finally, we have included tlro PaPers (wrítten jointly with

I. Rival) that deal wíth the topic of finiËe planar sublaLtices of a

free LaËËice. The first confirms Jonssonr s conjecÉure for finite planar

lattices, and Ëhe second "*nrbra" 
a family g of fin'ite laÈËíces with

the properËy Ëhat a finite lattice is a planar sublattice of a free

lattice if and only if it does noË contain a sublattíce isomorphic Eo

a member of g .
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L.

CHAPTER O. TNTRODUCTTON.

IiIe begín with a question to which nearly everyone reading

this thesis will know the anshTer.

LeË F be a lattíce freeLy generated by a set X , and

Let p and q be elements of F Hoy can we deËermine whether or noË

p < q hol-ds in F ? The answer has been supplied by P.M. Whicman [27].

(i) If p=plVp2 then P<q ifandonlyif PI=9 and

P2=9

(iÍ) If Q=flrÂ9, then p<q ifandonlyif P=91 and

P<12
(Íií) If p and q are elements of X then P < q if and only

if p=qin X

(iv) If-p€X and g=9rv9, then p<q íf andonlyif

p=el or p=92

. (v) If p=plAp2 and q€X then p<q ifandonlyíf

Pl=9 or Pz=9

(vi) If p=prÂp, and 9=9rV9, then p<q if andonl-y

íf pl=9 or p2<9 or p=9L or P=92

A partÍcular pair pr g of elemenËs of F may be

decorryosed by repeatedly invoking whichever of the above rules applyr

n¡ntil Ëhe tru.th or falsity of p < q Ís revealed.

, As the only property among the above that ís both

nontrívial and generator-free, (vi) is Ëhe'most inËeresting, and l-eads

to our fírst defíníËíon.

DEFINITION 0.1-. A lattice L is said to satisfy lflhÍtmanrs condiËion

(or sirnplyr 0{)) if whenever ãrb, cr d €L satisfy aAb <cVd,

either ascVd or b<cVd or aAb<c or aÂb<d holds.
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In the chapËers that fol-low r{e shall investígaËe a

nuinber of problemsr'each of v¡hich will see (W) pLaying a more or l-ess

cenËral roLe. For Ëhe most part the laËËice-theoretic notatíon of

G. Grätzer [13, 151 will be adopted. Termínol-ogy Ëo be used in thís

thesís wí11- be introduced throughouË; however Ì4re wiLL devoËe Ëhe resË

of thís chapter to cornpiling some of the more basíc definíËíons.

An elemenË a of a latËíce L is called joín reducibl-e

if Ëhereareelements x.ry of L suchthat a=xVy while alxt

a 4y. An el-emenE ís join írreducíbLe if it ís noË joín reducíbLe. By

duaLizing we obtaÍn the concepts of meet reducibl-e and meet irreduciblg

elements. An element is,doubl,L¡eflqglÞle if iË is both joín reducibl-e

and meet reducible, and doubLy i.rrgducÍblg if ít ís both join írreducíble

andmeetirreducible. If xry€L and x>yrwewil-I-saythat x

coyers y ífthereisno z€L suchthat x>z>y. For xryCL

saËi.sfying x > y , the ínterval [y, x] of L is the sublattice

lz €,L l y = z < x]

If L is a Lattice, we wíLL denoËe the lattice of ideals

of L by .9(1,); rQ(l) wiLL denote Ëhe laËËice of drral ideals of L ,

ordered by reverse seË inclusion

LeË C be a chain and let [Li I i e C1 be a family of

disjoint latËices. The.Linear sum of the latËíces [f,-. I i e CJ ís a

lattíce (lr<) defínedby f,= U L_. rwhere x<y in L íf and
i €c r

onLy if one of the'foll-owíng holds:

(í) xry€L. forsome i€C and x<y in.-L.; or

(ií) x€Lrry€L. and i<j in C

In the particuLar case f = [1, 2] , we denote the llnear sum of the

lattÍces Lt and LZ by Lt @ rZ

t. :

Lj.:i j ::



3.

Let 5 beacLassoflattices. AlatËíce L€5 is

projecÈÍve in 5 íf. f.ox'all lattices A, B € $ r for each epímorphism

ø z L --*Br and for eachhomomorphism rü : L-+8, there exísËs a

homomorphísm ,1,' : L --+ A such that I'ø = ! . ïhe fínite, fínitely

generated, and arbitrary lattices projectíve ín the class I of al-L

latËÍces have been characterÍzed respecËively by R. McKenzie [231,

A. Kostinsky [ 2Lf , and R. Freese and J.B. Nation [7] . A lattice L is

a retracË of a laËtice M if there are homomorphisms ø : M --+ L and

ù : L -+ M such that üØ = idf, ; in this case íË follows that ø is an

epimorphism and û is an einbedding. An epínorphism @ : I"l -+ L is

lower-bounded if the inverse i4"g. *{L has a least el-ement for each

x € L ø Ís gpper bo.rnded if *ø-1 has a greaËest element for each

x € L ø is bou4fle<L íf íü is boËh l-ower and upper bounded. I^Ie wíl-1

denote the least (greatest) el-ement of *{I , if Ít exists, by 0x (1x)

. For each inËeger n > 3, we denote the n*2-eLement

LatËice of Length two by Mn. In particuLar the five-element, moduLar,

nondistribuËive latËice will be denoËed M3. The five-element non-

modular l-attíee wÍl-L be denoted N5 . The n-el_emenË chain, where n

is a posítive integer, will be denoËed by g .

'"Finally , Lt L is a lattice vioLatíng (!f) and

'ar-brcrd areeLemenËsof L saËisfying aAb<cVd, a*cVd,

b * " V d, a A b * ", and a Â b * ¿, we wí1l abbrevíaËe rhis

sitgation by s4ying thaË t};.e 4-tupLe (a, b, cr d) is a vioLatíon o! (W) . 
i.........

: ' ," Ì1'.
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CHAPTER 1. TIIE PRESENCE AND ABSENCE OT WHTTMANIS CONDITION.

Thís chapter will be mainly exposiËory and somewhat of

an extension of Chapter 0. In Ít we discuss lattíces that satisfy,

and LaËtices that viol-aËe, I,IhíËmanrs condÍt,ion.

Free latËices, of course, satísfy (W), as do many other

Lattices; a few of the finite lattíces wíth thís property are gíven in

Figure 1.1. The signífícance of sorne of these lattices wíl-L be pointed

out bel-ow.

In Fígure L.2 are illustrated some of the l-attíces that

vioLaËe (!ü) , with Ëhe offendíng elements a, b, c, and d indicaËed.

The Lattíce D of Fígure L.2 is an exainpl-e of a lattice with a doubLy

reducibLe element (x) . Clearly any lattíce. conËaining a doubly

reducíble element will violate (i^I) . ThÍs particular kind of violat,íon

is of sufficient índependent interest to warrant a separate definition.

DEFINITION I.1. A LaËtíce L ís said to satÍsfy the condition (X)

if L contains no doubly reducibl-e eLement; thaË is, there do not exist

elements ãtbtctdtx€L suchthat aAb=cVd=x and arbrc,

and d are all distincË from x

Trivíally, we have that L . satisfíes (X) if and onl-y if L does noË

conËaín Ëhe lattice D as a sublaLËice.

It is an easy consequence of the disËributive Laws that a

' dÍsËributíve latËíce saËisfies (!ü) exactly if it saËisfíes (X) . In

' f,acx, the countable dísËributive lattices satisfying -(!t) have been even

more explicítly characteri,zed by F. Galvin and B. Jónsson [B].

4.

¡ 
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Figure 1.1. Lattices satísfyíng (I^I) .
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Figure L.2. Lattices violating (U) .
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5.

THEORE14 1.2. A cougtqble disËriÞutive latËigg L satísfies (I^I) if and

only íf L is a l-inear sum of Lattices, each of which ís isomorpþlc to
3

LrZ-t glZxcrEbere c isachaín. tr

Moreover, Galvin and Jónsson proved that the class of

lattíces ín Theorem L.2 consísts of precíseLy all dístributive sublatËices

of a free laËtíce. Íle return to this Ëopic in Chapter 4.

For rvhat follows, iË wíL1 be convenient to borrow a

definítion from [14]

DEFrNrrroN 1.3. A LaËtice L ís said ro satisfy (Inr') if whenever

atbt c¡d€L satÍsfy c<a^b<cVd, either aScVd or

blcVd or aAbsc or aÂb<d holds.

Observe that C^f ') is weaker than (!f) and stronger

Ëhan (X) . However, for modular latËíces (!ü') and (X) are

equívaLent.

LftIMA L.4. A modular LatËíce sgtÍsfies (InI') if and only if ir sarísfies
:

(x) .

Proof. Let L be a modular lattice, and assume L satísfíes (x) . Let .

(a, b, c, d) be a viol-at,íon of (!ü) in L. If c I a A b, we have by

modularÍty that aÂb = (cVd) A (aÂb) =cV (d Â (a^b)). Sínce
aaÂb{c and aAb*4, thisiqliesrhar a^b- isdoublyreducible 

i

contrary to assunption. Hence " * " Â b, showing thaË L satisfies
(!t') . The converse is irsnedíaËe. tr

Just as disËrÍbutive l-attíces saÈisfyíng (I,f) and modular

Lattices satisfyíng (Iü') may be characterized by the noncontainment, of
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a partícuLar Lattice (namely D) as a sublattice, so may a simíJ-ar

resul-Ë be proved for modul-ar lattíces saËisfying (I^I) .

THE0REI4 L.5. A mqqular laËtice sgtisfies (t{) if and onlv íf ír does

not cont,ain either D or trr, ol Figure 1.2 as a sublatËic.e.

Proof. T,eË L be a modular latËice. rt is obvious thaË Íf eíther D

or M. 
" 

!üere a subLattice of L , then L would víolate (I,I) . To
JtJ

prove the converse, assume that L does not contain D or M 3r3 as a

subl-attice, and suppose thaË (^t, bt, "', dt) is a víol-aËion of (fl)

inL

Iùe firsÈ show that there exist c s c', d sd' such that

(r' A¡') v c = (a' 
^ 

b') v d = c V d.. (ín particular the elements

"', b', c, d also defíne a vioLat,íon.of (w)). If both d' v (a' 
^ 

b') = "'
and c'v 6a'^ b') = d' hold, it follows easily Ëhat dt v ("'A b') =

c'V'1"1¡b') =c'Vd', andweneed onLy set c=c' and d =d/.
Therefore, withouË loss of generality, assume d'v (a'n b') f "'.
Set, d = d' and c = c'n (d v (r'n b')) . We have a' Ab' <

d V (a' A b') =(d v c')^(d v (r' n b'))=d V (c, n (a V (a, 
^br))) 

=

d V crand since " * "'^ b' Ëhe elements ^', b', ", d define a víolaËion

of (![) " r satisfies, 0,r') by Lenma L.t+t anð hence " * r' A b' . sirrce

(": 
^ 

U') v c is join reducibl-e ít cannot be meet reducibLe. Ilowever,

.,("' Â u') v c=(a' A b') v .("' n (¿ v (a'-Â.b{))) =((a, A b,) v."r)

^ 
(d V ("' n b')). Therefore, since d V (a' A b') * "', wê are forced to

conclude Ëhat (r' n ¡') v c =d V (r' n b') =d V c, as desired.

By dualizing the above argument we find elements ãÞ ã' , b >'b'

such that (cvd) Aa=(cvd) Ab=aÂb. Furthermore, since at Abt

S a ¡\ b < c V d iË is al-so Ërue rhaË (a A b) V c=(a A b) V d=c V d.
:.

r.:-.::..j
;:ì:;ris,l
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observe Ëhat Ëhe elements a, b, c, ð, still defíne a vioLaËíon of (I{).

NextweshowËhaË cVd covers a^b. Choose x€L
such thaL a A b <x < c V d. By modulariry x =xV(an(cVd))=(xVa)¡

- (c V d) ., and iË folLot¿s that x is meet reducíbLe. But a dual argumenË

' shows that x is aLso join reducibLe, which ís írnpossible.

Since L satisfÍes (t[r), we know thar cV(anb¡d)*unU;
Ëhus we may assume (by replacing c with c V (a ¡ b n d)) that

c>anbnd. Hence a^b 
^ 

c=(anb ¡d)V(anb 
^ 

c)=(a¡ b) ¡
(dV(a^b^c))r andso(byrepLacing d v¡iËh dV(anbnc)) r^re

may.assume aAbA c =aAbnd. AduaL argument shows ËhaË

aVcVd=bVcVd¡ andsince cVd covers a^b and L is
modular it foLlows Ëhat Ëhe eLemenËs f", ¿t a A br c V d,arb,c¡d,aVbJ

forma subl-attice (in fact a coverareserving sublatËÍce) of L ísomorphic to

"trr, 
contradícting the hypothesis. Thus L satisfies (W), as claimed. tr

The laËtice of Figure 1.3 violaËes (!f), but has no

fínite sublattice violating (w) . rn parËícular, arbiËrary l-aËtices

satisfying (lI) cannot be characterirzed by the exclusion of finitel-y
many finiËe lattices. The situation wiËh respect to arbitrary finiËe

latËices satÍsfying (W) is sËiLL uncLear

We should mention a rel_ated resul_t due Ëo R. Antonius

and I. RÍval- tll: a se;idistribuËive latËice r^rith no infiníËe chains

satísfies (I^I)

isomorphic to D or Ll of Fígure L.2. The concept of semidistribu-

tiviËy wíLl be inËroduced in Chapter 4

The rest of this chapter will deal wiËh Ëhe construcËion

of lattices satísfyíng (!I) . rt is obvíous that a subLattice of a

LaËtice saËisfying (I^I) rnust again saËisfy (!Í) (in facË rhis

ìl
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Fígure 1.3.
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Fígure 1.4. L satísfies (X) bur "g(t) viotaËes (X) .

Letting (s) denoËe the ideal generated by a subset s of L , we

see that ([r1, az, ... ]) v (fb1, bz, ...1) = (t"t, f:r-"zrfz, ...7>

= (f "t , cZ, .,.]) ¡ ([df , d2, ...]) .

Thus "g(L) vioLaËes (X) .

:.:ir'¡
::ì :i t
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property has already been taciËLy assumed in Theorem 1-.5) . On the oËher

hand the reader wiLl experíence no díffículty in determiníng that

condítion (I{) Ís not ín general- preserved by homomorphic Ímages or

dírect producËs. K. Baker and A. IlaLes [2] have made the observaËíon

thaË the ideal Lattice of a lattice satísfying (I^I) agaLn satisfíes

(!ü) . In conËrast, conditíon (X) is not preserved in generaL by

ídeal- laËËices (see Fígute L.4 for a counterexauple); in fact,

G. Giäczer [14] has proved that for evegy lattice L

latFíce M saËi-sfvin$ (X) such that- 1 is isomorphic !o a

sublattice of .9(M) .

Another approach to the constructíon of LaÈËices

satisfying (!ü) is suggested. by Figure L.5. In each case a violation

of (!ü) has been trrepaíredrt by Itspl-Íttingtr the intervaL containíng the

vÍoLation" In the examples iLLustrated, this procedure aLways yields

a lattice saËÍsfying (!ü); Ëhe reader, however, is inviËed to atternpt

the same thing with the laËtíce of Figure 1.6. The procedure, due to

A. Day [4], ís known as the |tintervalrr or rrspLittingtt construction,

and will now be defined in a general setting.

DEFINITION L.6. Let L be a lattice and l-et I be an inËervaL of

1, . The lattice tlll' is defined by: LlIl = (L\I) g (I xJ) r where

x.< y in t[I] if and only íf one of the followíng holds.

^(a) xt';y.€-t\r.with xsy in L;

(b) x=(srí)ry€t\r with s<y ín L;

(c) x€L\Iry=(t, j) with xlË in L;

(d) x=(sri), y=(t, j) with sst inL,_and i< j in Z.
Observe that Ëhere is a naËural homomorphism ø of

t[I] onto L defined by

l:t i.-- .-'.
l.:.':::r--.::-
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Figure 1.5. Repairíng violations of (W) .

L

Figure L.6.
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Ix if x€r,\I
xö= {

Is if x=(sri)

Now if L ís a LatËice, and (a, b, c, d) Ís a

víol-ation of (I\r) ín L, !üe set I = [a Â br c V d] It is clear

Ëhat the vioLaËion of (!I) defined by a, b, c, and d has been

repaÍred in t[I] . By an inverse limiË construction, based on

repeat,ed applícaÈions of the inËerval- construct,ion, A;'Day [5] has

proved ËhaË @ L there exists a latËÍce M s+Éisfying

(I,I) and a bounded hornomorphism of M onto L R. Freese and

J.B. Nation have shown that for fínite L, there need not exist a

fíníËe lattice M wíth thÍs property. In faet, observe thaË when

Ëhe interval construction is applied to the 1atËíce L of Fígure L.6,

a ner¡r violaËion of (lü) is creaËed. It follotrs that inf initely nany

appLications of Ëhe interval construction rur¡st be uade, and so every

latËice satísfying (!I) of which L Ís a hornomorphic image rmrst be

infÍnite.
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CHAPTER 2. }4AXÏ}4AL JOIN-PRESERVING MA?SI.

For Lattíces T, and Il, we endow Èhe seË of maps of L

inËo M wíth Ëhe point'ríse order. That is, íf f and g are maps of

L ínËo M, weseË f <g if andonl-yif xf (xg foral-L x€L.

Let Fù : L -'+ M be meet areserving and consíder the set

Jp = [{r : L --+ M lü < p, 'ü Ís .join-preservingJ .

:': :" '

Clearly a maximal eLement p- of t* (if su-ch exisËs) is a maxíruum 
lr..:'.,:.,i,

eLement and hence mr¡st be given by , .,'. l

l -l:',-r.i''
*p-=V["ùlter*]

LB,II"IA 2.1. !gg_ t¡ : L-+ M be rneet-frreservíng and assurue thaË p exists.

lE- at b are eLements of L such that (a n b)¡r,- < ap- A bp- , theg

there exist elements c and d r'-r1 L such Ëhat (a, b, cr d) is a

víolation, of (W) .

Proof . Assume ËhaË (a A b)p- a "p- A bp- and define 'lì : L-+ M by

since 1> p- we have 1 t Jrr; but since L¡- < l¡ and p is meet-

pfeserving iË folLows easily Ëhat 1 < p . Thus there must exísË

1 
"o"a 

of the content of this chapter ís due jointly to B.A. Davey and

the author (see t3l).

l':v... ';. 
jr.: .,'

;:.. ri. l, r::.:, 1-: :

I

I
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cr d €L such that (cvd)I lcTt vdTl . It follows dÍrectly fromËhe

definitíonof 1 ËhaË aAb<cVd, aÂb*", and aAb$a.

Let us suppose that a < c V d ; then

@@cocoap 
^bp 

<aÌ¡ <(cVd)p ,

so Ëhat

(c V d)l = (c V d)l¡-v 1a¡l- n b¡r,-)

= (c v d)p-
6ó=cp Vdp

= cTl V dTl,

a contradiction; Ilence we have " * " V d, and, by syrmneËry, b * c V d . tr

It follorirs aË once thaË if L "rti"fi"" (W) and p-
@exísts, then p ís a homomorphism. In particuLar, if M is complete

then the consrant map o : L -* [0Olj ís in Jþ, , and thus Jf I ø ;

hence if L satisfies (f,I) and M is cornpl.ete, F- exísÈs and ís a

hornomorphísm.

Let K be a class of lattices and let L € K . We shalL

say that condition *U"r_ holds if for each l{ € 5 "rrd ".rlr" epimorphism

ø : M --> L there exists a homomorphism r[ : L --+ M such thaÈ,lrø : idr.

A sÍup1e universal-al-gebraic argument establishes the next Lemma.

LB,I¡4A' 2.2. Let 5 be an equatíonal class of lattic-es. Thg!, for all

t € S , the folLowing_ ere eqplll4lenl: --.-..

(í) L iq a retract of a K-free latËice;

(ii) L is proiective in $;

(ííí) q, (t) holds . tr
N

i::::.:i'.-,'
i.- :. - :.
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DenoËe the class of al-l lattices wÍth no infínite chaíns

by Ig. tr{e are interested ín provÍng a resuLt analogous to Lemma 2.2

for the class SS; naturally, condíËíon (I^I) wíl1 be prominenË in

Ëhis result (Theorem 2.4)

A lattíce L ís joín-complete íf VS exísts ín L for

every nonenpty subset s of L; hence a join-conrplete lattíce with a

I-easË el-ement is coupleËe. rf A and B are lattices and ø | A-+ B

is a bounded epÍmorphism, we define ø: B --+ A and f- : B -+ A by

bq = 0u and ¡õ- = lu ; it is easily seen rhar, g_ is joinareserving

and ø Ís meet lreserving.

LEMI4A 2.3. Lgt A, B, and L be lattÍces with A join-cornpleËe and

t satisfuing (!ü) . f,eÈ @ : A -+ g Þe a bounded epimorphism. and

let r[ : L --+ B be a homomorphism. Then there exists a homomor:phism

ü' t L --+ d such thaË ü 'ø = ,1, .

Proof. Defíne ¡l: L---> A by p=,1,4 and Ê,1--+[ by û=üø;
then p is meetlreservíng and lî ís joinareserving, whence û e .¡,F
sínce A is join-cornplete, ít follornrs easily that p- exists. since

L saËisfies (lI) , Lenma 2.1 írry1-íes Ëhat p- is a homomorphÍsm, and

clearl-y Ê = p- < t¡ . IË- fol-lows imnediateLy that û' = p- is the

required homomorphÍsm. tr

T{IEOREM2.4. Fo! t€Eg,

(i) L saËisfies (tI);

(Íi) L is proiecrive in IS;
(iii) Q- ^(L) holds

IIJ
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Eroof= In Ig every Lattíce ís cornpl-eËe and every epimorphísm is

bounded, and hence a LatËice t € gg whích satisfíes (W) ís

projecËive ín gg by Lermna 2.3. It ís Ërivíal Ëhat íf L is

projectíve ín Ig then QF C(t) holds, and so it remaíns Ëo show

onLy that (iÍi) írrylíes i; . Thís is an ímmediate consequence of

Dayrs ínËervaL consËruction. LeË (a, br- c, d) be a violation of (W)

ín L, andleË I=[a^brcVd]. Then ]4=L[I] isín $grand
Ëhere is a natural epimorphism ø 2 YL --+ L t but iË is easy to see that

no homomorphism ü : L -+ M satisfying úô : id" exists " tr

Remark. Theorem 2.4 may also be proved by a slight rnodificaËion of the

methods used by R. McKenzie in 1231.

Since (lt) is ínherited by sublaËtices we have

foLLowing rather surprising corollary.

CORCII,LARY 2.5. If L is proíectíve ín I C , then every subLarËjþe_ oÉ

L ís proiecËive ín F C . B

LeË åW(5) denote

class 5 of lattíces, and denote

singLe LaËtice L by ggg(t) .

equaËional cl-ass generated

equationaL class generated

a generalization due to H.P. Gurun of the

bya

bya

the

the

1
COROI¿ARY 2.6.- LeË K be a class of laËtíces of l-ength Less than some

dÉ

fíxed naturgL number " and LeË L be a fíniËe subdirectLy irreducible

1- Coroll-atl 2.6 as

authors t oríginal
stated is
resuLt.

:{
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'li 
tta,',

l:':: r.

Lattíce_ r,¡hígþ saris_fíes (!Í) . Then EW(L) E ggg(K) if and only í!
is ÍsomqEphig to a sublattíce of a lattíce in K .

Proof. Assume åSg(L) c ggS(K) . Sínce L is subdÍrecrly

írreducíbLe íË follows, by J.ínsson's lerrna (see [18, corolLary 3.2,

p. 11-5]), that there is an epinnorphísm ó : M -+ L rvhere M is a

subl-atti-ce of an ultraproducË p of lattíces in S . A first-order

sentence holds in an ultraproduct if and only if it holds in rralmost

al-l-tr Ëhe factors of the ultraproduct. As r'length less Ëhan some fi-xe-d

Bg-tural numbd' is a first-order property it follo$rs that p (and

hence M) is of finite length and so has no infinite chains. Since

agg(t) holds, L is isomorphic to a subLaËrice of M and hence of

P . For any finite laËtice L , the statement ilL is isomgrphíc !:o a

sublÊÉÇice oftr Ís fírst-order, whence L ís isomorphic to a subl-attice

of at least one of the factors. of p . Thus L is isomorphic to a

sublatËi.ce of a latËice in K . The converse is ËriviaL. tr

Ìrle note in passing that both M^ "rrä N- areJÞ

subdirecËly írreducible and saËÍsfy (!ü) .

An equat,íonal class E is localb¡ finite if every

finitel-y gerrerated latËíce in E is finíte; for exarnple, if L is a

fíniÈe lattice, then gSS(t) is locall-y finire.

COROLLARY 2.7. Let K be a .Local-Lv finite equational cLass of lat'ríces.

Then everv finiFe lg.rríce L € S which-sarísfies (!ü) is proiecrive

in K.
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Proof. Every fínite l-atËíce L in 5 ís a homomorphíc ímage of

a fínítely generaËed K-free laÊËice ft(n) . .Since 5 is 1-ocally

fíníte iË follows that t*(n) is finitã. If L satisfíes (I^I),

-' Ëhen, by Ïheorem 2.4, L i" " turtact of 4,(n) and so, by Lenma ?-.2,
5

ís projectíve in 5 . tr

It fol-l-or,rs from this corol1-ary that both M3 and N5

are projective in the equational cl-asses they generate.

The nexË theorem is an especially interesËing

consequence of Lersna 2.3. trIe will require the follov¡ing resulË.

LEMMA 2.8. Let L and M be Lactices and l-eË ø : M -+ L be_a

homornoFphism" Defíne a mapping fi : "9(lt) -> -a(L) Ð- T6 = GøJ ,

Ëhe ideal generaËed bv Tø çL, for each I € .9(M) . Tþ.g ø is I
furtþermore. i{ ø is onto then ø is onto and upper

bounded.

:

Proof. ThaË ø is a homomorphism is straightforward and is l-eft Ëo the

reader. To prove the last parË of the.Leruna, let ø be onto, and

-1 ,1' observe thaË for I € .9(t) r fØ - Ís an ideal of M; in fact, 16 ' is i

clearly the largest ideal of M whose image under ø is I . Ilence :'-:

ø is onto and upper bounded. tr

THEORRI 2.9. LeË ø be a Lower bounded homomorphism of-a Lattice Þf
j
:'

onÇo a þËtice L satísfEing (I^I) . Tben .9(L) is a retract of .9(M) . i,

.r:ìi::i

',4 |
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Prgof-* Let fi : "9(fU) -+ .9(L) be as in Lenma 2.8 and ler I € .g(t) .

Sínce ø íslowerbounded,lremayconsíder t0* I"e f]e l.f .

observe that the ídeal generared by [o* I " e rJ ís c]-early rhe

smal-LesË ideal of M whose ímage under õ ís I . ttence ff ís
I

l-ower bounded and from Leruna 2.8 Ís bounded. Also .g(M) Ís joín-

coûpLete, and since L sat,isfies (l[) so does .9(L) . I,Ie may

therefore apply Lemma 2.3 to coruplete the proof . tr

The next corol-Lary geneta1.Lzes a resulË of R. Freese

t61 .

CORCI.LARY 2.L0. Leg L be a larrice sarísfillng (t{) . Then L

of dual ideals of a free laËtice. If in addition L has no

ínfiniËe chains thgg L is a reËracË of the la_ttiga of ideals of

Proof, Let 6t be a homomorphism from a free LatËíce F onto L .

Dualizíng Lermna 2.8rthere is a l,ower bounded homomorphism of àç(F)

onto rqG) . Since L satisfíes (tü) , so does ñ(t) ; hence from

Ttreorem 2.9 "9($(L)) is a rerracr of .g(¡!(F)) . since L is

embedded in "9(I9(L)) , L is isomorphic to a sublarrÍce of .g(ñ(F)) .

If has no infinite chains then t = "g($(t)) and hence is a

retracr of 
"9 

(ù9 (F) ) . E¡

Clearly in this corol-l-ary F coulcl have been replaced

with any LaËtice of which L is a homornorphíc írnage.

Remark. Lernma 2.8 and corollary 2.L0 have also been proved in a

sirnilar manner by B. Jónsson and J.B. NaËion [20].

l_s

i: -.t: :.: ,i .:,1

somorphic to a subl.attice of the lattice of ideals of the lattice
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[üe presenË one more ínterestíng consequence of

Lermna 2.3. For latËíces L and M , Hom(L, M) denoËes the set of

a1l- homomorphisms of L into M, endowed wÍËh Ëhe poinËwise

.ì parËíal order.
:

THEOREM Z"LL. A lattice L saÉisfies (I^I) íf and onlv if

Hom(L, M) ís a LaËtíce fgr evegy conpLete l_aËtíce M .
ì''
:r Pgof . Assume that L satisfíes (I^I) . Let M be a cornpLeËe

xu = xc¿ A xg . Then p is meet,areservíng, and, from Lermra 2.3,
t@

tl exísts and is an elemenË of IIom(L, M) ; in fact, [¡,- is cl-early

; the greatest Lower bound of d and P . The Least upper bound of

: q and Ê is found dually.

Conversel_y, l_et (a, b¡ c¡ d) be a vÍol_ation of (lü)

in L; we shaLl consËruct a corryleËe Lattice M such that lrom(1,, l,l)

is noË a l-aËtice. Let L be a cornplete laËtice such that there is an

enbedding Tl of L into t. Set ã=xI for x€L. Nextler
t

K = 3- e J and Let x, and *Z be the t$7o atoms, y the co-atom,

and v ËheuniË of K. consider lxr.Theelemenrs (îry),
(F, V) , (î, y), and (ü y) of il x f define a violaËion of (!ü);

apply Dayrs ínterval consrrucËÍon to obrain ì4 = (lXK)t(+ y)n(¡, V),
(4 V) V (I, y) I r a coryLere l-arríce. Define c-1t c.2t p2 and

y € Hom(L¡ !1) by

¡j:ìr-¡ir,ali.
:j;+:ìì.ìir+
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¡:i-1 iji:r ) ¡¡.1:

ì,:t.-.ì r.i::.

*oí = (f, 
"i), L = L, 2,

xp = li-rv)r

xY = (1il, Y) t where lL ís the unÍt of t .

Suppose oL and oZ have a least upper bound o, € tton(1,, M); sínce

p and y are upper bounds for boËh ol_ and dZ , \nre get

oLY o'-s o s P ^ 
y. it ís easy Ëo show that xcv = (i- , y) for

x € t", b, cr dl , and from the consËruction of M !ùe can noT,,r

deduce that (a 
^ 

b)c * (" v d)a . SÍnce a ¡\ b 3 c V d, we have

' a contradicËÍon. Hence the least upper bound of cy. and d^ cannotL2
exÍst, and we -are .done. tr

' Theorem 2.4 suggests several generalizatíons; we

conclude this chapter with counterexanrpl-es disposing of two of these.

(Chapter 3 will deal r¿ith a Ëhírd.)

FÍrst, the assuuption of no infinite chains cannot be

- relaxed to the Ascendíng Chain CondÍtion. The lattíce of Figure 2.1

satisfies the A.C.C., has Mg as a homomorphic image, but has no

subl-attice isomorphic to IÍ3 .

tle now presenË a finíËe lattice L for which QF C(L)

fails aLthough L can be enbedded inËo each larrice M € IS ;;
.which ít is a homomorphic ímage. The lattLce L ís shown Ín

Figure 2"2; noxe that the onLy violation of (!ü) is_ the one indicaËed

by arbrc, and d.



t
I
I

I
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Figure 2.L.

o

Figure 2 .3;Figure 2.2.
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Assume that M € 5g and that ø z M --> L ís an

epimorphísm. Sínce p is bounded we may defíne p : L -> Ì"1 by

xF = lx and fi, : L --+ M .by *û = 0* . Then, as ín the proof of

Lemma 2.3, r¡ = *- is a joinpreserving uap whÍch satisfies

üØ = íd¡,. If r[ preserves meeÊs, then it is an embedding and r¡re are

through. Otherwise, by f,-.*" 2.L, tt preserves all meeËs except the

meetof a and b, andthus ar[rAbr[]ut. Foral-l x€L Let

x'= xrl . Defíne Í.' = a'^ b' and g' = vt v f i since

g'ø =(vÛ V ("ü A b,l))ø = v V (a A b) = Y,

we have g'< "'. Let f be Ëhe partial LaËtíce shown in Figure 2.3;

all- meets and joíns in t- ate as índÍcated by the diagram except thaË

the meet of e and g Ís undefined; then the map ü' r f,- -+ M r

defíned by *t' = *' , is a partial-l-attice monômorphísm. Thus Êhe

set. P of partiaL-l-attice monomorphísms of t Í.nÉo I,I is nonerupty.

Consider .9 = [il, I f¡ e p]; since M has no infiníte chains, "9 has

at leasË one minimal element. Let 1 be an elemenË of P such that

iÎ is mínimal in .9 . For notaËional- convenience !ìre shaLl identífy

L with íts Ímage n Ín M. If e 
^ 

g = c, rhen

["r.r gtytfrct drur0J

isasuUtatËiceof M ísomorphicËo L, asrequired._If e^glct

then v V (e A g) = g; for oËherwise

[", ut Et vV (e Â E)2 e A Er vt ft cta, il OJ,

as a reLative sublattice of M, is a monomorphic image of f whose

ir::iì.;r;".1:;
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unít, a, ís sËricËl-y Less Ëhan í , contradíctíng the choice of 1 .

IË ís now easily seen that

' títãrbtetgreA Etdtfr0]

:.'r ' í's a sublattíce of l,l isomorphíc to L , and we are Ëhrough.

fhis exarnple l-eads us to pose the following probl-em.

Characterize those. laËtiges in q ç. whích can be

embedded inËo each laËtisg lf in Ig of v¡hích they are a homomorphic

imgge.
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CHAPTER 3. THE BOUNDED EPN,IORP}1IS}Í coNDITIoI{.

One of the results ín R. McKenziets well-known L972

paper [23] ís that a finíte laËËíce is a subl-aËríce of a free laËtice

if and only if it is a bounded. hornomorphíc ímage o1, a free latËice

and satisfíes (I^I) . rn facË he proves the following, which we

reformulate for our purposes.

Le! ø Þe a bounded homomorphism from a free þtFíce F onto
a

a finite-LattÍce L sati.sfylpg (Ìf) . lh-e¡J[ere ís a homomorphísm '

rl : L -+ !' such that rld = idf, . 
]

:

Thisv7assoonextendedtoarbitraryLbyA.Kostinsky[21].Inthe

previouschapËer,weprovedaresu].üinasiai].a.rvein:LeËMbea

lattíce witþ no-infiníte chains. and-le! ø be a homomorphislq of M

onlo a latËí_rq L saËísfving (tr.I) ; then Ëhere is a homomorphism

{ :'L --+ M such that üØ = idr, . . 0f course ø will be bounded. we

are led to the following definitíon.

DEFINITION 3.1. A Latrice L satisfíes the bounded epimorphism_condition

if whenever ø is a bounded epinnorphísm from a lattice M onto r, ,
there exists a homomorphÍsm {, : L -+ M such that úØ = idf. .

e problem of characterizíng all Lattices satísfying the

bounded epimorphism condítíon was posed ín [26], and is stilI ,open. rt
is an irnmediaEe consequeDce of the interval construcËíon that any lattice 

i,.,.-,:.,
il: : a:j r.:

satÍsfying the bounded epimorphism conditíon must saËisfy (!ü) . From

Ëhe precedíng discussion one mighË wonder whether, for finiËe lattices
at l-east, the converse holds as well. I,Ie will- ffrsi "to" that the

anshTer to thís question is no" secondly, we wiil exhíbit a propérty



ZLa.

Fígure 3.1.

-:{.
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sufficíent to íry1-y tinat. a fínite l-aËtíce satísfies the bounded

epírnorphism condítÍon .

Let L' be Ëhe LatÉíce of Figure 3.1, where n ís

any integer > 3 ; it can easil-y be checked that L' satisfíes (I^T) .

ltre will construcË a latËíce 14 and a bounded epimorphisu ø : M -> Ln

such that Ëhere cannoË exist a homomorphism ü : Lr, -+ M satísfying

üØ = Ídf. . Let ol = [1r 21 3r...] be the chain of natural numbers
núr-

with Ëhe usuaL ordering, and let r^ = [t^ : n € oJ denote its dual ;
&&¿&

noÈethat L >2 >3
of

&
x(ur@tu) by

;a 

--.-":r 

i-rii.:<.;.i i1-!¡
l:.' "'':t

tn

M¿ = t(*, t)
u t(brr nt

u [(rr, nr

u [(0, 1),

I x = arr "Í, dí, ot "i for some

+i) li=tr...rn; t€r¡J
+i) lt=tr...rn; r€tul
(1, 1*)J .

teu,J

¿
o ) ; nevertheless, üre claím

observations are easily

Ml, is not a

thaË Ml, is

verified.

(í) rf
(x,

(íi) Given

À (x, t)

sublattice of Lo X (* @

a lattice. The foLLowing

x,

r)

Y€Ln and t€cu

e.M!, andy(x¡

* €Ln\[0, rJ, r

of tll such that

are such that x

then (y, t) € M¿

€ ul, there is a

À(x, t) ÞÈ and

lL,Ylot

smal-l-esË elernenË

(xrÀ(x¡ t)) €*1,"

t2) €. Nrt ,

as f ol-lornrs:

Now the reader

their meet and

may check that for (*1, a1), (*2,

joín exist in l{, and are defined



/
Jco,r) ir xrÂxr=o

(*r, tr) n (xr, 
"z) = 

1

[ (x, n xrr t, n tr) otherwíse

*1 V *2r À(x, Y *2, t, v tr)) otherwíse

Next, Lr, ís self duaL ; 1eË d, be some anti-automorphism of L

Define M.- ç L- x (o @ to*) by 
n

.u n

M,, = [1*ø, r*¡ | {*, r) € }1¿\ [(r, ro)]l u t(0, 1)].

By dualízíng the preceding argument we see Ëhat M Ís a LatËice.

Let M = M¿ U M,, . rt can now be readíLy verified that M is a lattice
with joíns defíned by

ahd meets defined duaLLy

Let Ø : M -> Ln be the firsr.projeôrion¡. rhar is,
(*r t) ø = x for aLL (x, t) € M . Frorn the above it is evident that

ø is a bounded homomorphism of M onto Ln . Suppose ú t Lr, -> M

vlere a homomorphism such that *, = tdln . For .""1 * € Ln,

23.

i'i,1.ì''; -;..'..

0, 1) if (*1, rf) = (x2, 
"Z) 

= (0, 1)
.L

111) if xrVxr=1(xr, tr) v (xz, "z)= l:
t,

("' 
'"' irt Lr *1V*2=1

(xr, tr) u (xz, 
"2) = i (", y x2t r, v rr) if (xrr rr) or

I

| (xrt tr) is in I"1,, and

II xrYxrlL
l'ç
[.,*, , *2, À(*t v *2, tL v tr)) orherwise
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xg = (xr t(x))

(resp. gpp-eÐ

so is b2= 
^L

lower and al-1

LeasË one b.
].

minimaL among

t(bO) = k mod

índices should

for some t(x) € ul @ ur* ; we wil1 caLl x € Ln l-gwer

if t(x) € t¡ (resp. Jl If "L and ^Z are Lower,

V a2; hence ít ís íryossíble that boËh all .ít" are

b-. I s are upper. By syûBetry !üe may suppose Ëhat at
L-

ís lower. LeL bt be lov¡er such that t(bU) ís

all t(b-.) rs . Then from Ëhe constructíon of Ml,'l_

n . Since bt n bt _t = fk_l_ A bi._t = %._t (where the

be read moduLo n if necessaty): tre have Ëhat

l:,. ::bk{rAbt_f ú=fk_l úAbk_l {t; since

and b, , must be lower, so Ëhese meetsk-r
t(fO_r) 

^ 
t(bk_l) = t(bo) n t(bO_r) = t(bO) by the choice of bk .

J.

Since ul @ o is-ra chain, t(fU_r) and a(Ot_f)

Assume .(ft-f) < t(bU-r) ; then ft-t is Lower,

t(ft_f) = k-l mod n by the constructíon of Mø .

t(f¡_r) = t(fu_r) n t(bn_r) = t(bu) = k

contradiction. A similar conËradiction

hence the homcmorphism r[ cannot exist.

The next theorem inËroduces a property defined for finite

laLtåces whÍch is sufficient to í*ply thaË the bounded epimorphism

condiËion hol-ds. In what follows, lvIR denotes the set of meet

reducible elemenËs and JR Ëhe set of join reducible elements of the

lattice L , 'and r,re set R = MR U JR .

% is Lower, one of ft_t

are defined pointwise. Thus

are 'corryarable.

and hence

Since

this is amod n,

arises if r(bo_r) < t(rn_r) ;

l'.1:.::::
;_,: - 

r'"t:

;l',:.:.r;:

|,: . :.::



THEORET4 3.2. LeË L be a finíte LaËtice satísfying the condiËion ' ì;'

('") Ëlrere exísËs a linear orleríng ,L, tzt ... t tn of Ëhe element_s

of R such Ëhat

':(i) tÍ = " V b € JR, r. € ß, ti = , j, ^ * rr, b + rj
l: -._ r'jípplies í<j, : : :.; ::j ::_l

and égal"lL

(Íi) r. € JRr rj= "A b €ßr ri 
"tjr 

ri * "r r, *r
t^

irupLies i > j.

Then L saËisfíes the bounded epimorphism condition

Proof. tr{e sha1l first observe ËhaË L must satisfy (!ü) . Suppose

there exisË atb, c, d €L such that. a Âb scVd, aÂb $c,
aAb*ar"*"vdrand U*.Vd. Lerríng r.=cVd and

r. å a A b and applying both (i) and (ii), we concLude rhar borhJ..-..
i < j an<i i > j hoi-d, which ís írnpossibl-e. Thus L satisfíes (tü) .

Let M be a.l-atËice and Let É : M-+ L be a bounded

epÍrnorphism. If x € L .r wê wilL denote the Least and greatest

-1element of *ø-' by 0* and L* respectivel-y; noËe that

O VO -0 and 1 
^L 

=f hoLdin M. Definex y xvy -x -' -y -x^y

ü1 : L'-+M by :

if r, € JR, *ú1 = 0* for each x € L

if r, € MRr *tl = 1* for each x € L

l. :,: - :r:: :L;¡
r1.:,l:/:-ijril

I

t,
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and ínductiveLy define ûO : f, -> M, 2 < k < n, by:

if rU € JR,

*út Vft, *n-r- I * ='t. with i < k-1] v0* for each x €L

íf rU € MR,

*{t A[rr tl,u-, I * = t. with i < k-lJ^1* for each x€L

Notíce that ük is welldefíned for each k , sínce L satisfies (I^I)

and hence has no doubLy reducibl-e elements. ÎIe claím that ü = ûr, Í.s

the homomorphísm from L to M thaË vre seek. The proof of thÍs

consíòts of a series of staËemenËs, most of whích are easiLy verified.

As an aid Ëo the reader T¡re remark thaË the first few staËements, ending

wÍth E, show thaÈ the maps üt, as elements of the partially ordered

set of homomorphisms of I. inËo M , are rrnestedrr .

A

B

ù, ó = id- for each k ..I<' L

{t, is order preservíng for each k .'k

These tlrro statements folLow easiLy from

tf, { lt = xk Û Xz for al-L Xf lz'='k .

I,fe need only show that tt ú¿*t

lhis is clear, since tk is one of the rÍ

"t ü¿+r

Ëhe definition of Uk

tt ü¿ for each ¿ Þ k

in the definitíon of

c

c

ls

'D (i) rO: r, € .JR

.(ii) rOr r, € MR

Consideríng (i),

*tk = Vfrr'l,r-,

_ *ü¿.

wÍËh k<!, â tr.t{¿'
:

ür. = t¿'

x€L,
< k-1] v

<l-l]v

gilb_ ks !, +

we have for each

r'iI x Þ: r. vlith itf-

r!!lxÞr. with it1

0x

0x

-- from
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(íi) is duaL.

3 (i) rk€JR*ük=ür_r.

(ii) rO € MR * ûk = tr-r .

i

Thís foLLor^rs easíly from å, ë, and the definitíon of \ltk .

g (í) rU€JR*út=û¿ foral-l ¿>k.

(iÍ) rU€i,IR*üttü¿ foraLl X¿k.

Consider (i) . If r, € JR !ìre are done by P(i) . Proceeding by

ínductÍon, 1-et t¡-1 > ü¡ , and assume r, € MR . Then

ü¿ = û¡-f from E(ii), and hence $¿ = üt . (ii) is duaL.

g (i) If xVy=rO€JR Ëhen (xVy)üt=*r|ltyrtt.

(ii) I-f x^y=rO€MR Ëhen (xny)üt=*üt¡rüt

'Consider (í). lJeclaimËhatforaLl ,0<k-l , íf r¿S*Vy

then t¿ üt _t. = xtk U yüt . First, if t !, s * rhen

t¿üt-t =Vttrtlru-, lxar. wiËh j <k-lJvO*=xük=xükVyüt,

soif tXí* orsimilarly tl=y Ëhecl_aimistrue. Ilencewe

.canassume ,Xn*Vy=rnr rr{", and ,O*v, where ¿<k-l .

Since L saËisfies (*) , tb'is irplÍes rhar r, 4 m , and rhus

r, € JR . I,Ie noly proceed Ëo prove the claim by induction.

If !, = L and we assume r, € JR, we have by S and ê that

tt üt-t = tl ü1 = or, < o*vy = 0* u o" = *ün u rü¡r

as desíred. Assume chat the claim Ís true for al-L f,¡ i q2, and LeE
J

r¿ € JR . Then from Cr rrùt_t =V[rj ü¿_r lrr=rj_*íth j < !-LlvO, 
O;
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for each r. occurring in this join we have ,i = tl, < x V y
J

and J<!', andËhus ,j[l_t=rjûO_1 =*úkuyút by S

antl the inductíon hypothesis. Since OrO= O*Vy = 0* V 0, <

*úO u YÙ¡ r T^Ie get t¿ út _t = xúk u 
"út 

, and the claim is

proved. Norv (xvy)üU=V[r¿üO_, l*v y>r.!, wírh ,0<k-fJv
O*vy = *üL u ,Út , and from P we have equality, proving (i).

(iÍ) is dual.

(i) If xVy=rO€JR Ëh."- (xVy)ú.0=*t!,r"þ.0
(ii) Il x^y=rO€MR rhen (x^y)t.0=*ú',¡VIl

For (í), we have (x V y)ü¿ = (x V V)tt froid S

- xüt u yût from S

= xú !, U tü¿ from I
and so from B we have equality. (Íi) is dua1.

for al-l- i, Þ k

forall.¿>k.

(i)

(i)

t:t û=

Preserve

{,n

aLL

. The theorem folloivs fron ê and E, since qn wíll
joins and meets. tr

Remark. From the previous results it is apparent ËhaË the lattíce

L of Fisure 3.1 must violate (*') ; this can be demonsËraËed directlyn

by considering the reducible eLements ,í, b', 1 < i 3 n, of Lo and

the fact that ui_l_ V "i = bi ) "i and b. A f. =.i . bi*t hoLd

t-or each í .

i: ì: .r:
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CIIAPTER 4. I^THITMANI S COI{DTTION AND SEUTDISTRIBUTIVITY.

We novz íntroduce Ewo latËíce properties, known as the

semidísÊríbutive laws, Ëhat are ofËen assocíated with (lI) .

(SDV) fgf..Ll arbrc, iaVb=aVc iuplies aVb=aV(bAc)

(SD^) foraIL arbrc, aAb=aÂc lrrylies_ aÂb=aA(bVc)

B. Jónsson [L7] origínated (sDv) ancl (sD^) and observed that rhey,

like (lI) , hold Ín subLatËices of a free laËtice. This bríngs us to

, one of the most cel-ebraËed conjectures in latËice theory.

CONJECTURE (8. Jónsson-J. Kiefer t19l): A finire larríce is a

sgblattice of a. free laËËice íf and S¡nlv íf ir sgrísfies (sDv), (sDn) r

and (t^I) .

We wish to outline some of the advances made in the study

of fíníte sublaËtices of a free l-attíce. Several- new definÍtíons wíLl

be reguired; we present them en masse.

Let L be a LaËtice and Let X, Y g L . I{e wílL write

that X<<Y ifforevery x€X thereexists y€y suchthat

x<y.. Thepair (prJ), where p€L and J isafinÍtesubserof

L t ís called a miîimaL pair if Ëhe folLowing three condítions hold:

(i) p+r; '
'(ii) p <V¡ ;

(iii) i,f. Jt is a finite subser of L such thar p < V.f ' and

J' << J, then J' a J

A finíte lattice L is said to satisfy the condirion (Tv) Íf rhere is

a LÍnear ordering [*r., ..., *oJ of a1]- the el-emer,i" "r L such that

if (xrrJ) ísaminimalpairand x.€J, Ëhen i<j. L issaid

:.t....:.
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Ëo satísfy (Tn) if Ëhe dual of I, satísfies (TV) .

A latËíce I. ís transferable if whenever If ís a

LatËice and 1' Í.s an embedding of L ínto .9(M) , there ís an

embedding I of L ínto M; L is sharplv tranlferabl-e íf 1 can

a1waysbechosensucht'haËx<yo*1Çy1,fora11x,y€L.

Th. @dth b(t) of the fíniËe laËËíce L is the
b+1

smallesÈ integer b such that every join 
Y *i of eLements of
l_=I

L Ís equal- to a join of b of ehe *ít" . For instance iË ís

clear that a finite lattíce has breadËh one if and only íf it is a

chaín. Finally, it is known that the cl-ass of all lattices of

breadth at most two conËains a1L plgrar laËtices, i.e. aL1 fíníte

lattíces that can be drawn on the pLane without crossings.

Galvín and Jónsson [8] had already handled the fírst

special case of the Jónsson{íefer conjecture in 1961 by showing Ëhat

it hol-ds for finite distribuËive lattices; what is more, they

explicítly f.isËed all finite dÍsËribuËíve sublaËtices of a free

- lattice (thís result has aLready been mentioned in Chapter 1).

A laËtice L is s,emídistribut,ive if both (SDV) and

(SD^) hoLd in L . As the name irylies, every distributive lattice

is semidistributive. ïË ís also trivial Ëo check thaË a modul-ar

semidistributive laËËíce is distributíve; hence Galvin and Jónsson

had realLy seËtl-ed Èhe conjecture for aLL finite moduLar lat,tices.

McKenzie showed ín L972 l23l thaË a finíre l-attice is

a sublattice of a free laËtice if and only if it is a bounded

homomorphic image of a free latËíce and sat,ísfies (!ü) . Ihe work
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of H.S. Gaskíll [9, ].01 and Later papers by GaskÍlL, Grâtzer, and

Platt [11] and Gaskil-l- and Platt [12] established the fo1-Lowing

character ízatiror.-

TIIEOREM 4.1. Tbf:Jol-lowiPgjrre*equivalent-for a finíte lattí-ce L :

(i) L is a subLatËice of a free laËtice;

(íi) L saLígfies (ru) r (r^), egg (w);

(iii) L Ís sharpLy transferable.

In their L962 paper []-91, Jónsson and Kiefer showed thaË

a finiËe sublat,t,ice of a free l-attice has breadth at most four. They

further proved Ëhat if Ëhe conjecture holds for aLl- finiËe laËtices of

breadËh at mosË three, then it holds for all fínÍte LaËËices. Usíng

(i) and (ii) of Theorem 4.1- above, I. Rival and Ëhe author [24]

have proved that the conjecËure holds for all finiËe p1-anar 1-aËLices.

Furthermore many (buË not aLL) of cheir techniques are appLicabLe

more generaLly Ëo lattices of breadth two; it is therefore hoped that

the conjecËure may be setËled for breadth two LatËíces in the near

future. In a companÍonpaper 1251, I. Rival and the author have also

constructed a family $ of finite lattices r,rith the foLlowing property:

it does not have a sublatËicq ísomorphic to a member gf 3. These Ëwo

papers have been included here as Appendíces L and 2.

In closing \Áte remark that a current paper of Jónsson and

Nation [20] deals extensíveLy with the topic of sublatËices of a free

LattÍce, inci-uding a survey of recent work on Ëhe subjecË. In particular

they exhibÍt a finitely generated (infíníËe) laËËice, found by Freese and

Nation, lhaË satlsf ies (SDV), (SD^) , and (!ü-) , but is not a sublattice

of a free lattÍce

l:i-'r,f:

I . ¡.r:.
i' .'::-.

a fínite l-attice ís a pLana.r sublattíce of a free latËice if and onLv if
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1
CHAPTER 5. LATTICES OF T.ATTÏCE HOMOMORPHISMS_

Let L ""1 M be lattíces, and leË, Ilorn(L, M) denote

the set of all honornorphíçms of L into l'/f , endowed with the

poínLwise parËial order. f,le íntroduce the foll-owing concept:

DEFINITICD{ 5.1. A lattice L is caLLed cgualyËic if llom(L, }4) is

a lattíce for every LaËËice M.

In this chapter we wíl-l- demonstrate ËhaË somewhat cLose

tÍes exist between catalytÍc lattices and free l-aËtíces. In particul-ar

we will- prove that retracts of free latËÍces are catalytíc, and that

every catal-ytic Lattice is semidisÊribuËive and saËísfies (lI) . R.

.l"lcKenzíe has shown [23] thaË a fíniËe laÉtice is a retracË of a free

l-attice if and on1-y if iË is a sublatËice of a free Lattíce; hence the

cl-ass of finite catalytic latËices LÍes somewhere beÈween the cLass of

finite sublattices of a free lat,tíce and the class of finite semi -

distributíve lattices saËisfying (I^l) .

If P ís a partÍa1-ly ordered set, CF(P) denoËes the

LatËice cornpleteLy freely generaËed by P .

]IIEORE1{ 5.2. CF(P) Ís catalvËic for eJ¡erv partíallv ordered

set P.

PEoof . Let M be a laËËice, and leË f t B z CF(P).--+U be

l:rìa,::r..:.::
homomorphísms. Define h0 t P -> M by *h0 = xf V xg, and extend Èffi

1- The content of this chapËer is due jointLy to T.G. Kucera and the
author (see [ 22]) .

' 'tt 
l tl: tl"
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hO Ëo a homomorphísm h : CF(P) -+ 14 i ít ís easy Ëo see that h is

the least upper bound of f and g ín Hom(cF(p), !I) . The grearesÈ

Lov¡er bound is found dua1Ly. _ tr

THEOREM 5.3. 4 retract of a catelyËillaËtice is catalytic. ¡ ,.,,,,.,,
t.,.,t,','.', t

Proof. Let L be a reËract of the caËalytic laËtice K and j-et

Ø : K -> L and t : L -+ K be homomorphi.sms such that üØ = idf, .

Let M be a latt,ice and let f¡ g € Hom(L, M) Then øt and ög inl,-,;,
;: ';:r'.i--::.areinHom(t<,u)andsohaveajoínhinHom(K,M).lrÏec1aim

that rlrh : L ---+ Il is the l-easË upper bound of f and g in .irti'
Horn(1,, M) . Since h > øf , vre get, thaË x{h r x{r@f = xf for all

ë €-L; hence {,h Þ f (and sÍmiLar1y ùh > g) . Ler h4 € ttom(L, M)

be such that n' = trt. Then øh' >' ØÊ, ó8, so øh, > h. Thus I :

h' = üØh' = rl,h , and our claÍm is pr:oved. The greaËest lower bouncl

of 'f and C is defined duaL1y. tr 
l

I

coRoLLARY 5.4" A retract of a fre-e Lattice is cataLytic._ tr

The nexË resuLt ís somewhat íncidental, but will be

needed in whaË folLows.

PROPOSITION 5.5. A línear sum of catalwtic lattices is catalvtÍc:_

P-geL .LeË L be Lhe linear sum of the cataLyËic laËtices

fti I i e'c], where c ís a chaÍn. LeË M be a laËrice and leü

ftE €Hom(LrM). Foreach i€C, ser sr={u€Ml"<xfVxgforsome

x € t-. ] . rË Ís easy Ëo see that s- is an ideal of If for each i .1-- - i

lt ;:: 1.- i
i "ì,:-iì ì-:
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' Foreach í€Cr let ¡.=flt. and gí=Bl"i.

Sínce xf. Sxf. V xgi = xf V xg € Sí ¡ fi and símilarly Ci can be

consíderecl as elements of ilorn(L., tr) . tet hi be the joín of fi
'i

and gi in Hom(L. , S. ) ; h. exists since Li is catalytíc . I,tre

cl-aimthatif *€Li, z€Lrt and i<j ín C, then *hí*rnj.

Indeed, since xh. € S, r there exisrs y € L. such thaË *hÍ = yf y yE t

and since í < j we have y<2. Thus xh. <yf Vyg<zf Y zg=zf..y zg.<zh. .

Let h:L--+M bedefinedby: xh=xh- if x€L,
1l_

From the precedíng paragraph it í.s cLear that h € IIom(L¡ M) and thaË

h is the LeasË upper bound of f and g The greatesË lower bound

of f and g is defined dual-Ly. tr

Recall Ëhe following result (Theorem 2.11) from Chapter 2:

a latticg L satísfies (W) íf and only if Hom(1,, M) is a larrice

for. everv conplete lattice I"f . Ilence we have Írmnedíately that

caËalyËic lattíces satísfy (!ü) .

THEORÐ,I 5.6. CatalvËic l-attíces ?re semidísËributive.

Before proceeding vith the proof of this result, we

estabLish a sirnple lemma concerníng 1aÈtices violating (sD^) .

LEMMA 5.7. tr.!- L be a I,atticg. víolarínå (sDA) . Then rhere exísr

arb, c€L suchthat a=a Â(bVc) laAb=aÂc. Furthermore.

Letting Ao = [a) be the princípal dual idea]. of L generated bl¡ a ,

there are order ideals BC and CO of L such thai'
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i) L=A0UBoU

Íi) Ao n (80 U co)

iii) uesa\'co and c€co\Bo

Progf . The sÍtuation is illustrated in Figure 5.1-. InIe know that

thereexist ^'rb.rc€L suchthat a'Ab=^'Ac but

a'^b l"'¡ (bVc). Let, a=a'n (bVc); rhe firstparËof

Ëhe Le¡uua follows irrnediately. Now set no= [x€t lx{arx{c ì and

CO = [x €l lx*", **¡ ] . IË is obvi-ous that B0 and CO are orCer

Ídeal-s. Let x€L\(BOUCO); rheneirher xÞa or xÞb,

x Þ c . BuË if Ëhe latter applíes we have x Þ b V c Þ a, so x € [a)

follows ín either case, proving i) . If * € B0 or * € C0 then

necessariLy * { ["), proving ii): Fínallyr.since it is easy Ëo see

that a, b, and c ruust form an antichain, iii) follorvs. tr

Proof of Theorem 5.6. Since the dual of a catalytic laËtice is cataLytic,

we need on1-y prove that catalytic latËices satisfy (SD^) . LeË L

be a cataLytic latËice violating ($Dn) " I,{ithouË l-oss of generaliËy L

has a Least eLement 0; for lf not, by Propositíon 5.5 we can add the

one-element latËice L at the bottom of L , and the result ivÍ1-l agaÍn

be a catal-ytic Lattice viol-aËing (SDA) " I.Ie wiLl produce a lattíce 14

such thaË IIom(1,, M) ís not a laÈtice, thereby conËradicting the fact

that L .is caËalyLic.

Let ãtbt c€L and A0rB0rCOsL

and let K be the lattice of Fígure 5.2. Construct

co

=ó

i-.'....::

be

the

as in Lemma 5.7

following

:{.



:

35a.

Figure

t_

tr-

tz

t3

t4

"4

"3
tz

"1

0

Figure 5.2.

l

1.:!::: a-.i:
:ii- :î::;I:

Ì'-':



36.

subsets of L XK:

u =to x ["r.r s3r s5r "r, .. -] , a =ao x ["2 , "4, s6, "r, ...] ,

o=(80 U c0) x frrtt2tx3:t4r"..], E=L x [0, 1J.

Set M=BtJCUOUE.

M is not a sublatËíce of L X K; nevertheless we

cLaim that, as a subposeË ôf L XK, M ís a LatËice. Let

X = (x, m) and Y = (y, n) be elements of M. l^Ie l_eave ít to the

reader to check that

X^Y=(xÂyrmÂn)

and thaË the foll-ohring ho1-d:

i) If (u, t) €M and v<u rhen (v, r) €M;

.ii) Forevery u€L andevery t€K thereisasmallest
element À(ur t) of K such that [(u, t) > t and

(u, À(ur r)) € M .

Consequently r,re have that

X V Y = (x V yr À(x V y, m V n))

For each n < o, ler Mr, = ((BoU c0) x [rr,]) U (Ao x ft]l .

.From the above, it is easy t,o see that Mt, Ís a sublatËice of M

ísomorphicto L; Let gn:L*M**M betheisomorphÍsm. Let

tL, fz be the homomorphi.sms of. L into M given by fr(x) = (x, 0)

fr(x) = (0, rt) for all x € L . Clearly fl . B' and fZ. En

for each n.

I'i-1::--:1:ti.1
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Sínce L ís catalyËíc, frY f., = h exísËs, and

n = Bn for each n. fr1" ah I agr, = (at l-), bh = 6Bn = (b¡ tr) ,

and ch 3 cgn = (c., trr) for ai.l- n ( cu . But ah Þ afrV afr=(a, 0)V

(0, "t) = (a., 1) ., and similarly bh > (b, sr), ch > (c, "z) . Hence

ah = (ar 1), and bh = (b, sr)r ch = (c, s,) for some i, j <o.

Sínce b€BO\CO and c€CO\BO, i rmrsËbeoddand j must

be even. Now a Â b = a A c irnpLies that (a Â b, "i) = (a, 1) Â (b, 
"i) =

ah Â bh = (a Â b)h = (a Â c)h = ah Â ch = (a, l-) Â (e, "j) =

(a Â c, s.) = (a A b, s,) . Iüe conclude that s-. = s,, which ísJ' J' L J'
rnposs ble 

ï,:,.'.,':-::'::.,":'-:", ",: semidisrribu,ive

and satisfy (W) Uut are not catalytic. Let L be Ëhe Lattice of

Figûre 5.3, leË f € Hom(L, t) be the identity map, and Let,

g € Hom(L, L) be defíned by g(0) = 0 r e(ri) =ri+1r B(br) =bÍ*1

for each L € Z. trde leave to the reader the task of verifyíng thaË

L is semídistríbuËíve and satísfies (I^I) . Notice aLso Ëhat the only

homomorphic images of L thaË are isomorphic to chains are Z and å .

It is therefore obvíous ËhaË no elemenË of ttom(1,, L) is greater than

both f and E t and hence L is not catalytic

The consËruction used in Ëhe proof of Theorem 5.7 can be

modífied to gíve a proof of Ëhe folLowing resuLt: every sharpl-v

transferable l-attice saËisfles (SD^) . For let L -be a lattice

vlolating (SDA) ¡ let Ag, Kr B, and C be as in the proof of

Theorem 5.7, and set l'1' = B U c U (AO x [1]) E L x K . Then ]f is a

i: .: .ir. -

i:.:- _-"-.:

'i;: :'1 ('
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Lattice (ín fact

proof of Theorem

ø of M' onto

by

a sublatËíce of the latËíce

5.7); furthermore, there is

L defíned by (x, í) ö = x .

I"f construcËed in the

a naËural homomorphism

tDefíne ü' : L -t "9(I{')

l,: l

xt = the ÍdeaL generaËed by *{L

foreach x€L. Then t isanembeddingof L inËo .g(Mt), buË

by arguments similar to those in the proof of lheoren 5.7 it foLLorvs

that there is no embedding û' : l,->M.' such that x <y €xû' €yü

foralL xry€L.

RemaE"k. This resuLË is an irmediate consequence of the recent

characËerizat.ion of sharply transferabLe latËices by G. GräËzer and

C.R. PLatt []-61

I'le conclude with a reference Ëo the concepË discussed

in ChapËer 3.

TIIEOREI4 5.8. Everv catalvËic LaËËice satisfíes the boundgg epimorphÍsm

condition.

Proof. Let L becaËalyticandl-eË ø:M->L beabounded

epímorphism. For each x € L we denote the Least and greatest elements

-1of x.ø - by 0* and 1* respectivel-y. Let A be the l-attice of

Figure 5.4, and define K É M X A by

t<=[(0*r r) lx€L, r<c]U {(1*, r) l*€L, t>"}Ug_*t"ll .

K may not be a sublattice of M xA, but as aposet it Ís a Lattice.

1.; l: l
j- :.- _

i' :,r:-:
.,.

t:::
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Joíns ín K are gíven by

(uVvrsVË) irf. sVtsc

(r, ") V (vr t) =

.(t(.rvv)Øt sVt) if sVË)c

and meeËs are given duaL1-y.

Let fi, Bí : L -> K, i = L, 2, be defÍnecl by

*fí = (0-r ar) and *Bi (1x, bi) . IË ís cLear that f, and gi

are homomorphÍsms. Since L Ís catalyËic, r[ = ÍrY f., exísts, and

since fL, fZ < Byt E2 we have thaË ü < g1 , BZ . It fol-l-ows that

foreach x €L, (0*, c) = (0*, ar) v (0*r ar) =*fl Yxtr<xr[r <*81

*Bz (1x, bl) A (l-x, b2) = (1*r c) . Therefore xt € u x [c] sM,

and so rl, may be regarded as a homomorphísm of L inËo I"t that

satisfies üØ = idl, , as desired. tr I
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Planar sublattices of a free laËËÍce. I

by

Ivan Ríval- and Bill- Sandst

$L. Introduction.
¡¡f¡æ¿r¡Mæ

There are three l-attice-theoreËíc properÈíes thaÈ are

generally used to open a discussion on subl-attÍces of a free laËtiee: -

(W) for atl arbrcrd, aÂb<cVd ímplíes aÄb(cr 4Âbldr

alcVd, oi b<cVd

S D. ) for all_ arbr'c, aA b = aÂ c Írnplies ar\ b = aÂ (bV c)rt¿/\'

(3) is one of Ëhe condiËíons present in P. M. hrhitmanfs soluËion

[17J of the word problem for lattices while (S^P.) and (99n) wereæV

t81 (cf . R. A. s well knor,¡noriginated by B. Jónsson t8l (cf. R. A. Dean l2)). It í

that'each of these conditíons holds in every sublattice of a free

'- lattf ce.

In the l-aËe 1950ts J6nsson posed a conject,ure (cf. B. J6nsson

and J. E. Kiefer t9]) that has in the intervening period attracted

considerable attentíon.

Conjecture. A finite lattÍce is a sublatËfce of. a free lattice if and

only Íf 1Ë satísfies (åDv), (ÊPn) and (y).

f The work of both authors Íras supported in part, by N.R.C. operating
grant 0557.

(SÐ.) for all arb:c, aVb=aVc ímplies aVb=aV(bÂc)'¡tyv'

I l':1¡'1:-'
i :.: : l.;,:'.. " '.'



dístributive lattice ís a sublaËtice of a free lattice if

llhat is known?

F. Galvín and B" J6nsson t3] consídered a specÍaL case of

the conjecture ín 1961: they showed that any finite dísËribuËive

1atËÍce that satisf íes (Pu), (lg¡), and (W) is a sublattÍce of a

free l-atËíee. WhaË ís more, they could essentÍal1y dispJ-ay all

finÍte dÍsËributÍve sublatËices of a free lattice: a finite

and only

if it is a linear sum of lattices, each of which is isomorphic Ëo

1- 23^ or 2 x n for some n. (For a positíve integer r, p denoËes
^t'dJ 

' 
-N ^,

the m-element chain. )

Call a lattÍce semidÍsËributive if it satisfies (S-Dv)

and (lgn). Of course, every dÍstribuËive lattice Ís semidistríbutive

while a modular seuidÍst,ríbutive laËtice is distrÍbutive. Hence,

Gal-vin and J6nsson had really settled Ëhe conjecture for al-1 finíte

modular latËÍces.

, 
tr L962, B. Jónsson and J. E. Kíefer [9] proved that fíniÈe

sublattices of a free lattÍce have breadth at mosË four; moreover,

they showed that Ëhe conjecture will hold for alL finite lattíces if

ft holds for fínite LattÍces of breadth at most three. StÍl1, all

efforts to setË1e even Èhe breadth Ëwo case have been unsuccessful.

, Ihe purpose of this paper is to settle the eonjecture in

the affirmatíve for a rattrer extensive cl-ass of breadth two laLtices;

namely, planar lattices, that, Ís, finÍte lattÍces wíth planar (Hasse)

@
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THEOREM. A finite

ff and onl-y íf ít

l-attice is a sublattice of a free latticeplanar
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In a companion paper [1-5] we construct a ¡5!g!rnum list Z,

of laËtíces such that a finíte lattice is a planar sublatÈice of. a

free 1âttice if and onl-y íf it contains no sublattice isomorphic to

jr lattíce in J.

Some words about the plan of this paper are in order.

fn $2 we shall elaborate on some basÍc facts eoncerning

brea'dth, 'eopeeiall-y the context of semidistríbutíve iattices

of breadth aÈ most two.

One of the most inËeresËing by-products of our Ínvestíga-

tlons stems from the importance of the ttfínÍtenesstr condition ín the

conjecture. R. Freese and J. B. NaÈion (cf. B. Jónsson and J. B.

Natíon t10l) have already extríbiËed a finÍte1y generated (infiníte)

lattice thaË satisfies (S^,Dv), (SJ^), and g) yet ís not a

sublattice of a free lattice. fn $3 we shal-l- construcË a smal1

faínily of finíte partía11y ordered sets none of which can appear as

a subset in a f inÍte breadth two lattice satisfyÍng (S^}u), (SJ)A),

"": (9. This result contrasts sharply wiËh the problem of

character Tzing those finite partially ordered sets that generate a

flnÍte free lattice (cf. Yu. I. Sorkin []-61 and R. Wille t18l). The

prospect of enr¡merat,ingr' or at leasL characterizíng, those fínÍte
,partÍally ordered sets that cannot appear as subseËs fn'a finite

sublattice of a free lattice, may be as íflîmÍnacíng about the

structure of free 1att,íces as the solution to Ëhe current conjecture

LtseLf.

fn $4 we shaLl recall some elemenËary facts about planarÍty

for laËËices.
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4.

Our basj-c approach to the problem origÍnates in the thesis

of H. S. Gaskill [4] (cf . [5]) where Ëhe condÍtion" (&) and (3n)

were fÍrst fornulated. A paper of H" S. Gaskill, G. Gr'àtzer, and

C. R. Platt t6l continued the study of (Iu) and (3n) along the

lines ÍnitíaËecl by Gaski11. R. McKenzie had shown Ín [13] that a

fínite laËLice is a sublatËice of a free latËÍce íf and only if ít ís

a 'bor¡rded homonorphÍ-c image of a free lattice and satisf ies (W).

Gaskil-L and PLatt l,7l combíned these results to prove that a fi"rr"

lattice ís a sublat,tíce of a free lattice Íf and only íf Ít saËisfies

(Iv), (E^)' and (lI). This crÍterÍon 1s líke1y Ëhe most practical

characterization known ,for actually determínÍng wheËher or not a

particular fínite LattÍce is a sublaËËice of a free laËËice; it is

the one that we shall use. The cenËraL ideas ín thÍs approach are

rrmínÍmal pairstt and, ttcyclesrt. These Ídeas wi.11 be developed in $5

and $6.

l'ina11y, some retrospectÍve remarks about our proof whích

for an obvious reason we prefer to include in the íntroduction. lhe

proof of the main Ëheorem of this paper ís long and arduous. In

some respects the proof.amounts to an accumulation of techniques which

!n coneert enable us to carry a straightforward approach.through to the

end. We maintaín a guarded optÍnism Èhat'thís same approach may yet

be extended to set,tle the cornplete breadth trvo case of the conjectuïe.

In any case, several of the techníques in our reperìoire seem Ëo be of

quÍte Índependent inËeresË.
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5.

$2' H#
The -breadtþ b(L) of a lattice L is the smallest Ínteger

b+1
b such that every join \ / x-. of elements of L is equal to a

rY r r-

join of b of the xrrs. Of course, a laËtíce has breadth one if

and only íf it ís a chaín.

I{hat t¡ou1d happen i-f we were to use meets instead of joins

fn the definítíon of b(t)? NoËÍce thaË thís defínÍtíon does not

appear to be self-dual: actuall-y, Ít i.s.

TEMMA 2.1. Let L be a lattice trÍqh Þ(L)= b , and ler bt be
b'+ 1

smallest ínteger such tÞat every meet A x., of elements of

- 

-. -tI-I
equal to a meet of { of the *it".. Then b' = b.

Proof. suppose b'> b. rt forrows that there are elements *Í ,

I <i<b*1 , of L such that X *- is nor equal to rhe meer of

anv b of rhe *Í'". Ler vj 
t= 

hi-, I r = r<b+ I , iliJ for each

j €[ lr...rb+lJ; we have rhar Vr\x, , for each j. Now leË

"n ='V[v¡ lr=:<b+1, iltr| for each k€[1,....,b+lJ. Nore rhar
b+1

'o t T*lot """n k but that .!., t: \ "n ror anv k ;- Ëhus,

,t f 
jY, nj lot 

any k, contradicting b(t¡ = 6. Hence b' = b, and

the

Lis

a dual argument shovrs equalíty.

For any ínteger n I 3, a grolq4 [lJ of order 2n is a subset

Ç = {x1, Y1, *2, YZ, '..e' xnt Ir,)

of a partially ordered set ín ¡vhich í1 . y1ryL, xZ, ì2. !2 s...t *rr.Irr,

and - I- ) x, are the only comparabÍlity relations that hold Ín C"n I
(see Figure 1). Ttre next lernma ÍLlustrates the usefulness of crowns

td ì.'j



of order six in a díscussion of breadth two lattices.

LEIûtA, 2.2. A latËice has breadth 4È most tr¿o if and only -íl Ít

conËains no cro\¡in of order six. D

Call a finíte lattice L dismantlable if we can r'rrÍte

l, = {*I, *2:.r... , *o} such that {*1, xz ,... ,':xi} is a sublatËice

of L for each i = 1, 2.¡..., n. The notion of <iísmanËlability !¡as

first introduced by I. RívaI in [14] and ít has sÍnce played a major

role partÍcularJ-y in Ëhe study of planar laËtj-ces. Dismantlable

lattices themselves have been characLerized by D. Kelly and I. Rival

[11].
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LEMMA 2.3.

contaÍns no

finite lattíceA Ís dismanLlable íf anC only if it
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As a consequence, every disrnantl-able

lattice has breadth at most two. It turns out

of (SJV), the converse is true as well.

that,, in the presence

. Then LIfi,fMA 2.4. Let L be a finite laËtice satisfying (ÐV)
,

is dísmantlable if and only íf b(L) < 2.

Proof. Let b(L) < 2, and suppose that L is noË dismanÈlable.

By Lemma 2.3 L contains a crovrn ; let

{x1rY1rx2 tY2:.. . rxrrrYrr}

be a croqrn of minimum.order in L Iùe may assume that x. V *í+tI yi

and ïi Â Ii+l= xi +Lri = Lr...rn'1, and x' V *L =]o ,I' A II = *1

hold in L Furthermore, since b(L) < 2, Lemma 2.2 ínpli-es Ëhat

n > 4. Now, Íf *1 V *3 \ *z ,.f *1ry1 tx2ty2t*rr*f v *r1 is a crown

of order 6, which is impossible ; hence x, V xr)x, and by duality
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Figure 1. A crovrn of order 2n.
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yt^ tsg"tZ. Also, íf xrV xr\ x4, it ís easy to see that

Ix1rx1V xrrx3 #3]4fi4t.-.. t*nrïn ] wili contain a crorrn of order 1 2n,

which ís a contradiction. Therefore *lV *3 Þ *4 , and we have by

synrmetry that *l V *3 P *2V *4=. *3 V *5 Þ..,> *r,V *2 > x, V x,

Now yLY yZ= x, V x'V *3= *1 V *3 = x, V x 4= *ZV x, V *4= yZY y3

and hence (S^9V) implies Ëhat yLV yZ.= yZV ( yf n y3) = yZ , ^

contradictíon. Thus L is dísmantlable, and the lemma is established.

In thís paper we sha11 be primarily ínterested in finite

lattices of breadth at mosË tv¡o. Still, Ít seems worthrvhile to

prove the next two resulËs Ín the framework of fíníte laËtÍces of

arbitrary breadth.

Recal-l that for elemenËs x

y (or y is covered lry x,

or y.fs a

'= :' 
}le

lor¿er cover of x) if )t>-z.Z y',.ímplies

li:.::

)Y¡ x

covers

wrÍËe "Þy or yJ x.

and y. of a l-aËtice L, wíth x

or x is an upper cover of 1r

number of elements covered ÞJ "ny

Then n", > b(t).

*1 , ... rxb of L such that

each j € [ 1 r... rbJ. Hence

such thaÈ tj = rj . l"foreover

!r,ts are dísËíncË, showingJ -_.

lower covers.

L&MÞÍA'2.5. Let no be the maxirnum

element of the fínite lattice L

Proof. Let b = b(L). There are elements

,Yj = V[", lr= t s b,i li] <

for each j there exists n.
'bl

Yj u Yr =rY, ", ír t fk;
b

that V x- has at least b
Il-= l.

The self-dual nature of breadth has already been demonstrated

1n Lenuna 2.I. " Letting n* b" the maximum number of elemerrËs covering

any element of L , we have ,ro > Ult¡ by duality.

b

\,/ *., for
¿1=r b

1=I

thus all Ëhe
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LEMMA 2.6.

n* be the

Then n* =

Let L bea

maximum number

_li"Í!g laÈtice satisfying

of elements covering any

(SD. ) and 1et
^/ 

l\

element of L.

b(L) 
"

Proof. Let a€L and

a. Since x. Â x. = arJ

l.et *lr. . . rXn* be distinct elemènts coveríng

whenever í1. j, successive applicatíons of

bea

of L has at most two llLpJr covers;

dístinct eleuents of L and u=XÂy=xAZ=are

u(

Proof. (Í) This is Ímmediate from Lenrna 2.6.

(ii) Let u=xAy= xlz=yAzt andsuppose f.*ryrrl isan

antichain. Then x¡y: and z rre all greater than u, and we may choose

upper covers *LryLrz, of. u such that x ì {1, y Þ y1r and zè2, i

sÍnce x^ y= x^ z=yAz= ur x1ry1, and zLare distinct, contradicting

(i). tr

ffi
w
&Ëi,.i:,: r:'l

I ir:i::::::at
1.,àì,',.:r

w
ffi

ffi''

ffiffi
ffi
ffi

(pn) show that *i A V[": : 1( j s n*, j#il = 
^

í € [1,...,r*J r..1" t", "i\ Vtx3 : 1=1f"o,:
It follows that Vf "¡ : 1< jtr*, jl ij.,Y'*.,
b(L) > n*. From Lermn a 2"5 we concLude uci>'n" .

One final result concerning breadth two l_attices and we

conclude Ëhis sectÍon.

LEMMA 2.7. Let L

b(L) < 2. Then

(1) each elemenË

(íi) Lf x¡ytz

'yÂz then

' antichain.

finite 1aËËice satisfvins (SD )
rt\

{xryrz}, that is, {*ryrr} is not an

for each

I il for each i

for each i, and so

rl

such that
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The purpose of this section is Èo establish a resulË Ëhat

provides us ¡¿Íth a powerful technique in applyíng the finÍteness )

assurnption of the conjecÈure. The resul-È, which is due to I. Ríval,

also seems to be of considerable independent inÈerest"

For noncomparable elemenËs a and b of a paxtially

ordered set r,re r.¡rite a ll b. An element a of a latt,Íce L, a { 0,

isjgÐírreducibleíf a=bvc Ímplíes a=b or a=c; a*7

fsmeeËirreducibleíf a=bÂc irnplÍes a=b or â=co J(L)'

respectively M(L), shal1 denote the subseË of all join irreducible

el.ements, respecËively,meet Írreducíble elements, of L.

If P and a are partially ordered sets, reca11 that a

one-to-one map n : P'> Q is a weak embedding if both n and' n - 1

are order preserving. Consider the partially ordered set, M0 of

-FÍgurel '/ ., and construcL partially ordered sets M1 and M2

(FÍeure 2) as follows :

= M0 U ih], where h < f, h ll brcrdre, and g, and h

may or may not be comparable with al

M2 = Ml U {i}, where i. g, i ll arbrcrdrf, and h, and i

may or. may not be comparable with ê¡

PROPOSITION 3.1. Let L be a semidísËributive. latËice satisfyíng

g) such Ëhat b(L) ' 2. Suppose that
t\t ri.r. ..

i:l l: :'.::rti
I :.-:: .i:t

(i) there ís a weak embedding 1 : M0 + L such thàÈ fl and gTl

are joÍn irreducible elements of L ,

or

.t ,.:' . -.:.'-.:,-f-:'-i
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W(1i) there is a weak embeddíng 1

a Íoin irreducible element of

:ì41+L

L,

such that gTl 1S

(iÍi)

Then

Ëhere

LÍs

or
i

is a weak embedding

infinite.

Tl : l"l2 + L..

Proof . I,Ie wil-I give the proof , assumíng Ëhar (ii) holds ; it will

be easy to see that similar proofs exist in the other two cases.

Suppose (ii), and consÍder the set

c=[cî] ll:Ml +L ísaweakembedding,gTl e ;tJ]sl.
By assumpËÍon C is nonempty. Suppose that L Ís finite ; then we

can choose Tl satisfying (ii) such that cTl Ís a maxímal element

of C Furthermore, letting xl = x' for x € Ml, !üe may assume

that atv ct = bt , ct y e'= d' , b' A d,' = c', and h'v b' =f.'

that "* V a' \ c' and co V e' \ .' ; hence (coV a') A "'- "o =

(coV et)^c'. Also, "*s (c*v a') 
^ 

(c*v e') < b'^ d'= c': and

sínce .o V a' \'c' we get (c* V a') A (c* V e') = c* . But this is

Ímpossible by Lemma 2.7 (iÍ). Thus eiËher "* V at = bt ot

cove'=dt.

Suppose co V a' = b'.

rf (f' 
^ 

d') v b' < f' rhen

{"'r(f' A dt)vbt, f'Ad', d',êt,f',g';n']- = Ml,

and ft A d'7.', contradicting the maximality of cî| =

So (f' A a'¡ v U' 5 f', which implies rhat (f'n d'¡ V b'

By (t{) we must have f'n d'\ b'

tc.
., Since
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ht v bt = ft and {htrbtrf.t A dt} ís an antichain, the dual of

Lenrma 2.7(íí) irnplies that (ft ndt) vht<ft. BuËnow (ft ndt) vht\bt,

and hence

[h', (f'n d')uht, n' A dt, d'r.'rf'rg'rb']=Ml ,

and f' A d' ) "' , again contradicting the maximality of .' .

Hence coV e'= d', and by (g) we musÈ have b' A g'\ ¿'.

Now (b' 
^ 

gt )v d' 3 g', and since g' € JqL¡ we ín fact, have ,.j:_..:.,.
i::: ::-t: t:-'
i,,-,'rt,.t:'.','(b' n g')v dt < g'. Thus 
:

1...-::.::..-

1^'rb'rb'Ag', (b'Â g')v d'ru'rf'r¡'rh'l = t"tl , 
"'""'..¡'1''

andb,Ag,>c,,concradíctíngthe*"*í*a1ityof'c,.o
l

For readers of a statistical bent, r.¡e remark that

ProposÍtion 3.1 will be applied no less than 18 times in the proof :

:

of'the maín theorem. .

$4. kî.:.:r'
. Planar Lattices were investígated and characterized by

D. Kelly and I. RÍval [12]. Their characËerizatÍon, whÍIe not needed

here, will play a central role in a companion paper [15]. t{e shall

assume faniliaríty with some of the more LransparenË concepts

concernÍng planar lattices.

Let e(t) be a planar embedding of the planar líttice L ,
and let x € L It ís intuítively obvious that the lower covers of x

are lÍnearly ordered from left to right. Hence rrre can defíne a reLation

À on the elements of L as follous: x À y if and only Íf " ll y

and there are lower covers *' and y' of x V y such thaË x I x',

y 3 yt, and *' is ro the lefr of yt (with respect'to e(L)).
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For the remainder of this section r,re let L be a planar

(fintte) lattice, and we suppose thaË À has been defíned with

respect to some planar ernbedding of L . The first lemmâr due Ëo

J. ZJ-l.ber, seËs out the basic propert,ies of À (for a proof,

see t12l ) .

LEM}ÍA

then x

4.L.

Ày

À isa

or yÀ

strict partíal

x. tr

order on Ir . Iforeover, if x ll y,

It follows thaL for

x=Ïrx(y.,xlytxÀyryì,

ean .be read, and thoughË of,

xry e,L, exacËly one

x. Consequently, the

as rrx is Ëo the left

of the following holds:

expression rrxÀyrr

of ytt

LB'IMA 4.2(l) If. xÀ y

(fi) If xÀy and

y1z, then xL z or x1 z.

xlz rt!e! zÀyg z>y.

and

Proof. (í) If xè z then x) T r

z lt, x, then by transitívity z Ì, y t

conclusíon follows from Lemma 4.L.

contradictÍng xtry If

contradícting y<z The

The proof of (ii) is similar. tr

duality at work here. CorrespondingBemark. Clearly there ís a kind of

Ëo 1., we may define a partíal order tr' on L by : x À'y if and

only if y À x (the expressíon rr* ¡' ,rr of course could stand for
rrx is to the right of ytt). then given any statement S valid for a

partÍcular planar embeddíng of a planar lattice L , we may replace

rrlefËr' with "ríght'r and À with À' ín S withouË affecting its

valÍdÍty. The resulËing statemenË r¡il1 be called the reflection of S.

WÍth this termínology, Len¡ma 4.2(ii) ís the ref lection of Lenrna 4.2(i). m;

W

l',.,-...
w::- 1Ìi-',',.:i:'':

ffi'' ''
.

m
hã

ffi
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llhíle rtre are on the subject, r,re may as weLl poinË ouË thaÊ

the next lemma is rrself-reflect,iverr.

IElrMA4.3. If xÀyÀz

Proof. Suppose y\*V

implies that yÀ x V z.

also implies thaË x Y z

and, dually, xAz1y.

then xA z1Y1xY z.

z. Since y ìrz and z 1xY z, Lentma 4.2

But sínce x À y and xY z ) x, Lemma 4.2

À y, a contradiction. Hence ylxV z

tr

COROLIÁRY4.4. If xÀyÀz then xVyVz=xYz.

It follorvs, of course, that a planar laËËÍce

at most tt^lo.

LEMMA 4.5.

such that x

satÍsfv (SD.) and
.yv

¡ y € J(t), and y*

let xty tz. be

1 z. Then x

tr

has breadth

elements of L

1,. YY z.

For a JoÍn irreducible element a of L we denoËe íts

unique lower cover by â* . Similarly, if a ( M(L) we denote íts

uníque upper cover by a* . (CoverÍng elements sha11 be separated

in'the figures by double lines when we wish to emphasj-ze the fact.)

Let L

À yÀz

Pr.oof . ff x ( y V z then by CoroLlary 4.4 xY z = y V z. By (åDv),

and

by Lenrna 4. 2

:r':'l;

!Y 2= (x 
^y)V 

z; but sínce y€ ¡(l) and "ll y, xÂyl yo1,

hence yVz=zt â contradiction. Therefore x\yY z, and

(i) we conclucle that xÀyVz tr

Consider the rÍght boundary B of L (of course, wíth respecË

to the planar embedding e(t)). B certaínly contains at least one

element of !f(t), íf Itl tft for instance B will contain a dual atom'

of L . Therefore vre can speak of the minimal meet Írreducible elemenË



of B . The fÍrst part of the following lernma ís due to K. A. Baker,

P. C. FÍshburn, and F. S. Roberts [1], and the second part (actually,

frs reflectíon) Ís ProposiÈion 2.6 of ILZJ.
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IBIMA 4.6. Let B be the righÈ boundary of L and 1et a be the

meet írreducíble element of B. Then

miníma1

(Í)

(ii)

a is doubly irreducible ;

if x € l,\ s there exisÊs such thaÈ y is doubLyv€ B

Írreduciblea4d xÀy;

(iii) x( a ímplies that x € n.

Proof of (iii). If x \

eíther atry ora>y;

contradictíng the choice

B, choose y as in (ií). From Lemma $.).t

since a € B, we have a > y. But y € M(L) ,

of a. tr

this Last result wilL reemerge Ëo play an imporËant role Ín

$6'and beyond.

tE¡0'lA 4,7. Let L b" " planar lattice satisfyíng (lPn), 3n4

consÍder a fixed planar'embedding of L , with its associated relation

(i) If *ryry, ty, are elements of L such that xÀ Yr Y1/ Yt YZ) y,

and

(ii) If

It\ YZ, Ëhen xVY=xVYl .

xl, yÀ z theri x^y lyA".

Proof. (i) It is clear that xV y) y implies xVyÞs for some

u >y; from Lemma 2.7(L) r u=Il or u I y2 In the fírst case,

xVyÞ xVu= xV ylÞ x v y, so that xv y - xv-.yl as desÍred. If

gs yZ then y1À u from Lemma 4.2, and so Lemma d.f implies that

xV yÞ xV u Þ xV yt Þ xV y, showing Ëhat xV i = xV yl in either

case.

(iÍ) If xAy=y^z then x^y=y^z=xAz. fromthedual

of Corollary 4.4. But this is impossible by Lemma 2.7(ii). tr
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$5. Minirnal Pairs.

Let L be a lattice and l-et XrY S L . We shal1 write

X<<Y ffrforevery x(Xrthereexists y(Y suchthat xSy.

Let p € t and leË J be a finite subser, of L The pair

(prJ) is called a minímal p-elf íf the foL1owÍng three condiËions holdt ,

(i) p\.r;
(ii) p < V.r;
(iiÍ) if Jt ís a finíte subser of L such rhar p = V.f' and

J' 11 J, then J' = J

lle begÍn thi.s section with some well-known properËÍes of

minÍnal pairs.

tm,fMA 5.1. Let (prJ) be a mínimal pair. Then

(Í) J is an antíchain;

(iÍ) p\x forany x€.1 ;

(ííí) J c J(r);

(iv)' x€J ímpliesthat *oEu{l);
(v) if (prJ) is a minimal pair and p < p

(p'rJ) is also a minimal pair ;

(vi) b(r,¡=nimplies l.tl rn.

' = Vt for p'€ L,

Proof. (i) and (ví) are true because otherwise !.r = \r/.1' for some

propersubset Jt of J;since Jt11J, ËhisÍsacontradictÍon.
.\

(t-i) lf p<x for x€.lrhen, lerring xo€Lbesuchrhar

p I xo( x and setËíng J' = (J\ ["J)U["oJ, r¿e have rhar

J'<< Jr p =V.r', and, J'\ ¡, contradic-ting the assumption

that (prJ) is a minimal paír
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Let x = y V z €, J, and ser J' = (J \ ["]l U ty,r]. Then

p < V.l' and J'11 J , so r.re musÈ have that J G J'. This

ímplies that x = y or x = z, as desired.

Since lrl = 2 from (ií), we can fínd *'€ J r¿irh *t l x.

If xo € t"tqt), then *'V *o = *'V x ; hence, letting

J' = (J\ [ xJ ) U [xo3, ¡ve have rhar J' <<J, !J' = V.l,
and J' Þ J, conËradicËíng the assumptíon that (prJ) is a

minímal pair.

This Ís obvious. tr

As a consequence, there is an alternate descriptíon o,

pairs in a laËtíce of breadth two.

5.2. Let p€t and JsL with J f inite, and assurne b(t¡ =

if the following conditions(prJ) is a minimal pair if and only

J = [arb] for some arb € L;

(v)

ffi
ffi

ffi
ffi

ffi

ffi*

ffi

t' ":

ii

'..: ì -_,

':';ì

.: : ;'r:

mínímal

tÐ4I,fA

Then

(i)

LE}IMA 5.3.

elemenËs of

2.

hold:

(iÍ) plaVb r¿hi1e p\"rp\b;

(Íií) íf arIa,brSb aresuchthat p3ar.,Vb,,then â,= a¿¡.III

and b-=b. tr
¿

I'Ie sha1l requfre sone further technlques to assist us Ín our

investigation of n-inÍnal paÍrs.

LeË b(L) = 2,

L such that

Then there exísts y' =y such that (P, {xry t })

Proof. Let Y = [,r € t I u I y,

nonempty, and hence we can fÍnd

*l I * and lL = y' are such

for otherwise *1 = *o and so

YL = y' by the minÍmality of y

1et x € J(L), and 1et

xll'yry<pSxvy,

yandpbe

and pf *,tVy.

Ís a ninimal paÍr,

pixV.rJ. Sínce y€yryis

a minimal element y' of y. If

that pIxIVy'then *l=*;

*lV y1<xoVy (p. BuËnow

', hence by Lenrna 5.2 we "*" dorr". ì
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LEI'ÍMA 5.4. Let L be planar, afi4 ler (p, ["ryJ) b" " minimal pair

wíth x(p and pÀy. Let p'€L besuchthst x<p'(*Vy
and pt À p. Then (p'rtxryJ) is a ¡11lima¿ pair.

I

Proof. I,Ie need only check that (íiÍ) of Lemma 5.2 holds. Let *'< * :.
t t 

; ::

and y' < y ruíËh p' < *'v y' .If y' 1p then pt s *'V y' s p ,

which í.s ímpossible. since p tr y , the dual of Lemma 4.2(í) implies

Ëhat p'L p À y'. Now Lenrna 4.3 in¡:líes plyt V p'< *'V y', and

we conclude that *' = * and y' = y. tr

LEMMA 5.5. LeË L be planar and l-eË (tr, {xrrVr}), (p2,l*2r12})

be minímal paírs with *1 tr yy y1< prr and p!= yZ. Then either

*2.*I or xrtrxr.

Proof. Let *2 tr *1 or *Z I *1. Then *Z v yZ = *Z y yI although

(prrlxrryr\) Ís a minimal pair. tr

Now, let L have breadth two and satisfy (Ðu) as well.

We proceed to show that there are, ín this case, jusÈ tr^ro kinds of

n1¡iina1 pairs, as Íllustrated ín Figure 3 . Let (p, {xry}) be a

mlnÍnal pair. If x ( p, this i.s Fígure 3(á) (except Èhat p

. ¡nay equal x V y). If- y < p a sÍmílar diagram results. Suppose,

,then, that xryr and p form an antÍchain. Sínce x v y ì p rüe

have x V y = x V y V p . Suppose that x V p > y; Ëhen

x vp = x vy vp = x Vy ¡ so by (s-Dv) x v (p Ây) = x vyzp.

But sÍnce p 
^ 

y < y this contradicts the assumptÍon that

(pr{xry}) ls a minimal pair. Hence x v p \ y and by syrunetry

y V p \ x. Thus we arrive at Figure 3(b) (of 
"o,rr"., p need not

equal thç neet of x v p and y v p, ). MÍnirnal pairs corresponding ,i: _,j:.i.j_, .:



to Figures 3(a) and 3(b) wÍ1l be said ro be of.rype (a) and type (b),

respectively. It is ímportant to note thaË Ëhe roinímal pairs consËructecl

ía Lenmas 5.3 and 5.4 are of type (a).

I^Ie have shor¡n that in a latÈice of breadth two and satisfying

(l9u) 
' every mínimal paÍr Ís of type (a) or type (b). Indeed, even

rnínlrnal paÍrs of type (b), as Ì¡re shalL shortly see, may be trreplacedtt

by mínimal paÍrs of type (a).

LEMì'ÍA 5.6. .(í) LeË L be a fÍníte breadth tr,¡o latt,ice, and let
ß[.' [tir'

, tarbrc] be a three-element anËíchaín in L wiÈh a v b ll a v.c. ff{:.'ri..1:;.:-tt -.t, :: ..1

ïhen acbvc.

(1Í) If in addition L satisfies P^) therr, letting at be a

atVc>a.

ffitr-:
Rts&

l

lowercoverof a, either atvb>a or

Proof. (i) If a\bvc then {bravbraraVcrcrbvc}
is a cùown of order sÍx, contradicËing Lenma 2.2.

(íi). LetussupposethaÈ a,vbLa and atvc{a, Then

a 
^ 

(at v b) = at = a 
^ 

(at v c) whence, by (lPn)

at = a n (at v b v c). Froru (í), b v c > a so that at = a, which

fs impossible. tr

ll

J]

I

:l

._i
I

I
j

ffi
$ffi
¡¡x-
Rili

i

l

['
li

Èil
i':

:

çr'
@:
*Il l
&ú'

ffiÞ
ffi

PROPOSITION 5.7. Let L be a

breadth Ëwo and sarisfying (!¡) .
.\.1

fÍnite semidistributíve latËÍce of

mínima1Lec (p, {x,y}) be a

Then eiËherpair of type (b) with p € J(L).

(f) ¡helq is y, ( L such rhaË yt<p and (p,{xryt}) Ísa

rnininal pair of type (a),

or
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(a)

kinds of minimal pairs.

(b)



(ii) there are elements xt, xt' of L such that xrt < x, . p, and

(p, {xtrI}), (xt, {xrxtt}) are minÍ¡na1 pairs of type (a)"

Regark. In thls proposÍ.tion Ehe pair {xry} ís to be read

as an ordered pair, qo thaË the ninimal pairs (p, {xry}) and

(p, {yrx}) are diffeïenË. For.example, Ëhe laLtice :

of Figure 4, . r¡iËh the minímal pair (p, {xry}) as indicated,

satísfíes (ií) but not (i).

Proof. Let x* -4 x and let us suppose that p y' xo. If xo * l V I

then p5x* vp vy= x* Vy by Lenma 5.6(Í); hence, x¡<p vy.

Now, let a = (x v p) 
^ 

(xo v l) and b = (x v p) n (y v p). Then

. x* S a < b. As (p,{xry}) is a mínfmal paÍr and p É xo, Ít

follows that p ll a. InadditÍon, xVa<x.Vb=xVp. If

x v a = x V p then, according to (lgu)r x V p = x v (a n p). Now

choose yt mínimal so that y'- a 
^ 

p and x V yt t p. Then

x* V I' < a whenee, (pr{xryt}) ís a minínal paír of type (a).
¡

On the other hand, if x v a < x V p then x V a * p. Furthermore,

x 
^ 

b = x* = x 
^ 

(x* v y) so that from Lernma 2.7(ü)

a = b n (x* v y) > x* and " ll *. Applying Lemma 5.6(Íí) we have

'tl¡ateíther a*Vx>a or a*Vp¡arwhere ao{a. EÍthercase

,is a vÍolation of q9. I"le conclude that p > x*.

Let p¡ be the unÍque lower cover of p. Then p* . x*.

ByLenna5.6(íí)eÍther xVp*>p or yVp*>p. If xVp*>p

choose yt minímal so Ëhat yt sp* and x vy';p-. Then

(p, {xry'}) is a rninimal pai-r of type (a). Otherwiser X V p* f p

whl1e Y V p* > p. Nors choose xt mÍnimal so that x' < po . and

i,,:.



20.

xt v y > p. I.Ie clainn that (p, {*t,y}) is a mj-ní¡nal paÍr (of type (a)).

Let yt=y satisfy xtvytZp. Now, ytÉxvpo sÍnce p=x'vy'

r¡h1l-e xt v x < x v no I n. Moreover, y v po ; ; inplies that
:

p* > x* so thaË p¿ ll x. By Lemma 5.6(i.)r x V yt t p* v y' Z xt v y' l p"

As (pn{xry}) is a minimal paír it fo11or¿s thât y' = y so that

(pr{xtry}) is a minímal paír of type (a).

Let xtll *o. SeË c=p¡(x*vy);then x*.cqprt.

Sfnce x^p=**=xn (xo vy) wehavethat c>xoi thatis,

cll x. A1so, cll "t sínce xtvy>p. As xvxt=xVp*,

(p Ímp1íes that x v xr t c. Let d = (x v xt) n (x* v y); then,

by the dual of Lernma 5.6(i), d < p and so d < c. We know that

xvd<xvx'. If xvd<xvx' then xvdtxt. SÍnce

(x v d) ¡ (xx v y) = d = (x' v d) n (x* v y) we have thaË

e= (xvd) n (xt vd) >d'and e f xo vy. Sínce d vxt.p* TìIe

have evy.pxVy=x'vy. If eVy=xtvy Ëhen

xt vy.= (enxt) vy and e^xt<x', whichcontradícts the

niçrÍnalÍtyof xf. Thus.reVy<xtVy and eVytxt,, IÈ

foll-ows that

{xt, xt v d, e, e v c, c, x vxt, e Vyr x, y} =142.

By vírËue of Proposítíon 3.1 L must be infinite which is a conËra-

dÍctíon. It follows that x V d = x V xf whence, by (lgu)

x v (xt n d) > xf . Choose x" minimal so that 
"'1 :. x' 

^ 
d and

x v xtt > xl. Since xo v xtt < d, xo v xt'I, xt so that (xtr{xrxtr})

ís a mfnimal pair of type (a).
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Finally, let xt > xo. In víew of the ninÍmality of xr,

x{ v f t x', where x{ { xt. Now, Lemma 5.6(iÍ) irnplies thar

x{vx>xt. Choose xt'rninimalsothat xrt=xl and xrtVx>xt.

Then x* v x" < xt; v¡hence (xt, {xrx,t}) i.s a minÍmal pair of

type (a). cl

linear ordering [*tr. . . ,*r] of all the elements of L such thaË Íf
(xrrJ) is a minímal pair and x.€ J, rhen Í < j L i" såia to

satisfy çA) if the dual of L satisfies (5r).

- For us, the sígnificance of these concepts lies in the

following result.

TITEOREM 6.1 (H. Gaskill and C. R. Platt t71 ) . A finite larrice is

a sublattice of a free lattice if and onlv if i.t satísfies (T -). lT. l.
-.T- Pv ry\

¡

and fi^I). tr\/ã

çv)
' (nrrlr), í=1r2r...rnr'suchthat pi+t€Ji for 13í(n and

pl € Jn; Ínthis casewe call c= [(n1rtt), (ørrlr>.,...r(prrrJrr)J

a cycle of length n in L , and rre. write X (C¡ = ,r.

lhe next result Ís essentially a corollary of ProposÍtion 5.7.

PRoPosrrroN 6.2. Let L be a semidÍstributive larrice of breadrh

two, and l-et L contain e syc.þ. of ninímal pairs. Then L contaíns

a cycle, all of whose rnínímal pairs are gf type (a).

$0. Cycles.

A fÍnite lattice L ís said ro sarisfy (S/) íf rhere is a

It is clear that a finite lattice L will faíl to saËisfy

if and only if there is an Ínteger n ) 1 and minimal pairs

i.:ì

':



and J-et ßO = min

C={(prrJr):Í=
{ß(C) ,' C is a cycle Ín L}. Choose a cycle

lr...,n] such that ß(C) = ß0. If ßO = 0, we

Suppose ß0 = 0, and, withouÈ loss of generalíty,

assr¡me that (nrr.lr> Ís a minimal paÍr of type (b). LettÍng

Jl = {*rrlr} and pZ = *!, we apply proposition 5.7 wÍth x = x1r

Y = Y1r and P = pr. If (i) holds, r,hen

Proof. For each

ß(c¡ =

cycle Ç={(prrJ.):i=

l{i : J- < i < n, (pr,J.)

1r. ". rn] fn L,

ís of type (b) ] I ,

defíne

I
I

i

(nr,'trr) ] '

to assumption.

have nothÍng to do.

c, = {(rr, {xr,y r}), (vrrlr>

is a cycle in L r¡irh g(Cf) < Ê(C)

SimÍlarly, Íf (ii) holds, rhen

r... r (orrrtrr)]

= ß0, contrary to assumptÍon.

c2 = {(pt, {*',yl}), (xt, {xrrxrt}) , (pz,Jr) t... t

is a,cycle 1n L rvíth g(CZ) < Ê(C) = Ê0, again conrrary

Renark. Propositíon 6.2 has also been proved by B. J6nsson and

J. B. NaËion [10' corollary 6.4], their approach being quite

different from ours. rmedÍate use will be made of this resulÈ, but

we wÍIl eventually requi¡e the fu1l force of proposition 5.7.

['Ie are ready Eo staËe our main theorem and begin its proof.

THEoRn'f 6.3. { planar laËtice L Ís a sublattice of a free laËtice

Íf and- only if L is semídisrríburÍve and satÍsfies q).
The rronly iftt direction, of course, Ís well-known.

The proof of the converse wÍll be by induction on the

Let L be a pranar semidisÈributÍve lattice satisfyingofL
order

(p



by Theorem 6.1 it is enough to show L sarisfies (IU) and gA ) .

We assume vre are given a fixed planar embedding of L , and any ensuíng

references to I or oËher concepts associated rvíËh planarity will be

wíth respect to this planar embedding.

Let a be the mínímal meet Írreducibie on the rÍght boundary

oÍ' L By Lenrna 4.6, a is doubly írreducible; hence L\ fal ís a

sublatËice of L t and thus is a planar semidi-sËributive lattice satisfying

q) whose order Ís smaller than that of L Blz the ínductíon hyporhesis,

l\ fal satisfies Theorem 6.3.

Suppose L violates (T,U) or Çn ) t by dualizing if necessary,

we may assume that L violates fi,u) . Thus L contains a cycle

[ ( ny Jr) : i = Lr2r...rn] of mÍnima1 pairs, and from p¡6posiËion 6.2 we

may assume thaÈ every (n, , .f, ) is of type (a). Clearly " e ¡j .1, ,
i=l--for oËherwise [( nr rrr) : Í=l r2r...rnl wíll be a cycle in

t \ [aJ, contradicËing the inducËion hyporhesis

ÀsÍde.'Bydefínition, pi+f€t for 1<iIn-1,and pl€J. For

convenÍence., rve will simply'write that pi+ t€ Ji for I < i s n i

that is, the subscripts are to be read modulo n. A similar conventÍon

¡riLl be adopted, usually without comment, throughout this paper.

For each Í € f Lr?r...rnJ, define

if vil a

if Þ. =a'1

pí- 
{:;

and

J:=
1

if a\

if a €

J.
1

(¡i \ ['J I u [ "o]

J.
1

J.
1



':i:l

:

We fÍrst claÍrn rhar pl * f a tí for each Í ( tJ'r2,oo.rn]. If.

Pí + 1 = ", then since pi + t ( Ji we have pí * f = a* € Jl .

Suppose pi+1* a i Lhen clearly pi+l_ \tr\ J.t, and since

pí * f = pÍ + 1 ( Jt we conctude pí o I (. Jí, as claÍmed.

(ni,.ri )

NoÊíce also Ëhar 
,.qll 

ç L \ [aJ; therefore, if each

were a minímal pair in L \ f rJr[(rl ,t', ) , i= 112,... rn]
would be a cycle of mínimar pairs ín r, \ [ a J, contr.ry to the inducËion

hypothesís. consequenrly we choose k such rhar (ni ,.ri ) i" nor a

mÍnimat pair in r\ [r]. rn parricular, (oi ,ri>I (n¡rrt ), and hence

a=puor.a € Jk. rf a=pu, thena\Jtranda=Vto; butsinceaÍs
doubly irreducible and " < "* = pl ,

and from Lemma 5.1 <"1 ( pí , r;) is a

to assumption. Therefore let a € J¡ r

Yk ( Pt'

it follows rhar p; = Vru =Vrí,
mínimal paÍr Ín l\ f " J, contrary

and ràt Jt = [*t ,yt ] where

gupBose a - yk . Then pn ì a* , and since pt €

Lemm? S.L(iv) impli-es that pO > a*. We have *k V "o = *k

also, if b . *k is such that b v a* t pk , then since .b

and <pkrJk> ís a minimal pair, b = *k . Sínce (nlrrl> =

Jt-

vYk

Va*=

Pti

uYk

1t

b

ls not a minímal pair in L \ {a}, we can fínd c

that xk V c t pk . But.now L V " = L V "o = *k

sre have *k v " = *k v (c n a), contradicÈing the

is a minimal- paÍr. Hence u = *k.

( â*,

Va

fact

ct

, and

that

(pn, {a*,a})
a, such

¡y (Pv)

<Pk'Jk>

Let e denoEe rhe set of all cycles ín t_ 
lno"" 

mínimal

paÍrs are all of type (a). For each c € c we have seen that we may

choose a minimal pair (ea , .lr) of. c such rhar (oá ,J¿> (defined

above) Ís not a minímal paÍr in l \[rJ ; furthermore, a € .la and

" [l pC. For c= [(nirJr): í= trzr...rnJ€ C we define



25.
-aq:^J.J\:q¡ jrr¿,i ¡'t!,:1

li:!.a7!!_1!

¡

a (c)=lIil'€J1 , 1<i<nJl,

andweseË o0 =mín [a(c)lcgCJ.
We now show Ëhat there exísts a cycle e € C and a choice for

(n¿r.l¿) suchËhaË a (õ)=do and a*>Põ. Choose

c = [( nirJr) : i =1r2r...rnJ€ C (where (nar.la ) = (ptrtn) r say)

such that d (C) = cy' r and assume that to \ pk. Let Jt=fxk, ykJ

¡shere ïk.pk and vl=a. ff u<yk íssuchthat uVa*rpk,

then sÍnce u V a* = ,'r v *k and (enrJn) ís a ninimal pair, ,r = yk .

Since <pd,J¿> = (pk, iVO,a*)) is noÈ a núnimal paÍr in L \ {a} ,

by Lemma 5.3 we can fÍnd xt < ã*, x' * a, such that (pOr{yUrxt})

aris a rnÍnimal paÍr.of type (a). If x' ì. ao then yk V u* t yk u *t t pk ,

contradictíng the fact ÈhaË (nOrJn)' is a mínímal paír; sínce xt À a

it follows that xt > ao. LeË xj -{ xt. By the choÍce of xt,

rov";*lo, inplying y¡vxj**', andso (ruvxj) Âxt=xj.

rf ,*l v atx', then ("1 va) nxt=*l= (vo vxj) nxt, andalso

I¡ v xj ). xt tr xj v a , contradÍcËing Lemma 4.7(ií). Thus

x{ v a 7 xt, and by Lemna 5.3 Ëhere exists xtt. xl such thaË

(xtr{x"ra}) ís a nínimal paÍr of type (a). Hence

i::.,..

, 
õ = {(prrJr)r.. o,(nk_l-rtk_f),(pt, {ynr*t})r(xt, {*1'rxk}>,

)e...¡(norJrr)](P_k+r-'tt *t)
i, , , -'a- ,,t t

ls a cycle in e r¡ith cv(õ) = %,(n¿ r re) =( x', [*'r*t]), and a* > pC, lti.lti",

as desired. For future reference, ne summaríze this result in a lemma.

LÐ4MA 6.4. If C € e and (ea , .fa ) are guch rhar cy(C) = oO and,

a* \ pc, !h"r there exisrs õ € e anll (e¿ r t¿) such rhaË 
,



We are now able Èo choose a specifíc cycle in L to be

studied ËhroughouË the remainder of the proof. Let

õ = [c € C I ø(C) = øo and there is a choice of (na r.ra)

such that uo t pa ]

and set

co=[(
6uppose

xo

Pi,

that

Choose=mint¿(c) lce Õ

,r) | i = 112,...,10

(p^rJ^)=(pOrJO)to to

].

l€ c,
Let

where

'f=
1_

/ (cò) =

{x, 'v, }

XO t and

and

z. = xÍ V yi for i = 1r2r...r00. Then we have that yk

and *k ='" . FurËhermore' let Y¡* { fU ; then Íf yk* ll

see that Yko V *k = "o,t Pk , contradicting the fact that

ls a minimal pair. Therefore Yko . *k = t , which ínplÍes

V < Pk''k

\rwe

Figure 5 íllustraÈes Ëhe minimal pair (pkrJk) , with Ëhe under-

standing that Yk* maY equal a* .

l{e continue our exPloratíons

assumption, '. is Ín JO = {1rln}. our

t

Pl+r = *k '
Suppose p¡a1 = Y¡. Letting 1+f

*k+t s rt o

boundary by

and hence

Lemma 4.6.

is a minímal

by

goal

Yt+ttr*t+t'since
rf "k+L = *t+r v

paÍr of type (a),

1ocat.ing..

now. is.to

' Pk+1

*t+r ís

Yt+t z Pk

and

lsa

Also,

"k+L

for
sa^

cycle ín

since "k

ll nn and

c(c) < o(a') =

4.5 shows that

Since yt+t À

d which

Lemma

a*.

oot

Yk+l

xt+t'

(Pk'Jt +t)

Ç = {(pr,Jr)' ' ' "(ok-1,Jt -t),(P¡,Ju*r)'(n¡."2'tt*z>.' ''"(P ¿o'tro"

an Ímpossibility.

\ "o . Hence

we deduce from

Pk+t' which, by

.prove that

, we have

on the ríght

, then by Lemna

(pk'Jk)

Y¡r. = a* '

=a*

5.l-(v)

'k+L



.to = "k

"=*k

Flgure 5
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Lenuna 4.2 that It*t tr pt and hence 
"k+1 

tr pk and z,rr, ), a* .

Consequently 
"k+1 

. yk+l V " .

I{e claim Ëhat .*k+1 = yko . Othervrise, xt+t. yko , and

inrplies that ,k*L = xu+f v yt*f \ pO A a . Alsor xn*, is

meet reducÍble by the choice of a , and henee there exísts r Þ "ï.*f
such that u ì. ao . Since yk ( J(t) rve have u tr yk , and by

Lerrna 4.5 u ll a* . Howevet, yk+l I "t*f inplies yk+t tr r tr yk ,

and so by Lemrna 4.7(í) yk+L v r = "k+l- = yk+1 v yk By Lemma 2.7(Li),

u V yk . 
"k+L 

. Therefore, as j-n Figure 6,

{u, u u Tk, Y¡r P¡r Pk n *, 
"k+1'_a*r.Y¡a1, a}

'is a subset of L isomorphic to þ12. By ProposÍtion 3.1- thÍs ís a

contradiction, and hence *k+1 = yko .

Now 1et yk+lo 4 yt*f , and suppose that Ik+lo f "1.*f "

Fróm Lemma 4.7 (Í), fU*ro v *t+t ì pt+t , contradícting the facL that

<P,.+1rJ¡¡1) is a minímal pair. Thus Yk+1o . *t+f

'l{e use the same argumenËs to invesËigate (pk*zrJk*z).

Suppose *k+1 = pk+Z . If ,k+2.- pk+l , then by Lemma 5.1(v)

(pt+trJt+Z) is a mÍníma1 paÍr of type (a), and

Ís a cycLe Ín e for which ¿(C) < 0(CO) - 0O, an lmpossíbility.

Therefore 
"t+Z \ pt+tl and hence ,t+Z \ " . But now

,k+Z= xu+e v yt+2 ì pk+z = a+t = pk+t 
^ 

a , which-ì" " violation

of (g) . ConsequenËly we must have pk+Z = yt+t I and we may assume

(!r)

_-t'.::/ì

i!:r',:.:.*;ì
f ::r: r{:::i;::.J
iì:::i::.i:::rt:



*t+e = yk+1x "ttå yk+z À Yt+t . By Lerma 4.5, yk*z ll rp1 V ê ,

and ,t*Z \ pL*t as before. Suppose that L+Z . yk+lo ; then chere

exÍsts rt Þ *t*Z such that ut ). ao . It follows that

Yx+z \.tr tr Yk+l and ur V yk+l . ,k+2. A1so .rt \ yt+t V ê ,

and therefore

{ut, ut V rk+l, yk+1, zk+L, A+t, ,lo+2, yk+l v a, yk+2, a}

Ís a subset of L ísomorphi.c to M2, which ís Ímpossible. Hence

ïk+2 = Yk+lo . LetËing lk+zo { tt*z , we see thaË yk+zo. *k+2 ,

since (nt*zrJk+2) ís a minimal- paír.

f pt*g = *t+z then, as before, zk+3 \ ou*, and

'k+3 \ pt*t ' But 'k+3= *t+¡ v Yt+3 I Pk+3 = *:,+z= Prr+z ^ Pk+I

1s a violation of Çp ; hence pk+3 = yt+Z. By Lemma 4.7(í),-

lk+Z v L+f = pk+l . By Leruna 5.3, there exists *, S 1L,*I such thaË

(nt*r, Írrr*rrx']) is a miníma3- paÍr of type (a). Thus

t(pr, Jr), . . ., (pn, tt), (ok*t, {yk+z, x t }), (pk+3, rk*3), . . ., (p 
¿ o,troÐ

cycle ín õ wíth ¿(c) < 0(CO) =

l{e conclude that pk+l_ = *k =

consequence is:

LEMMA 6.5. (i) a € J.

oO=1.

(ii) yt does not equal-x_ p- for any

Suppose a(Jrrt*k;

{(l¡*1, Jk*l), . . ., (pr, Jr) }

is Lo'

a,

whích Ís ímpossíble.

as. claimed. An ÍmportanË

ínplies that í=k;in other words,

Proof. (i)

ffi
ffi

:

ffi
ffi

iiì

ffi:
ffi

m
F,ìh!.
i&g

Ç=



Ir-

it v'Yt Pk

Flgure 6
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lì!t
Itt
i

?o

is a cycle Ín C rvíth a(c) < a(co) = o0 , which is ímpossible.

' (í1) Supposethat yk=pt forsome Ëithen t#k*lrandso

Q = {(prrJr)r. .. , (pnrJn)}

Ís a cycle Ín ¿ wíth .g(C) < /O , which Ís írnpossible. D

The following Ëwo Lenmas wilr- be useful in assertíng the

nonexístence of certain mínÍmal paÍrs, and vrÍll be applÍed uany times

fn conjuneËÍon wíth Lenna 5.3. 
.

LBMMA 6.6. .L.t I < t < 0O and l-et xr € L be such ËhaË

(par{arxt}) ís a mínÍmaI pair of type (a). Then t = k or

t = k - r (*o.{t& ¿O).

Proof_. Suppose t#k-1 or k andlet

Q, = {(nu*1rtk*l),...,(pt_l,Jr_l),(p., {.,*t}>} .

Then, c ( g with o(c¡ = o0 = 1, a(c) . lo - L. rt follows rhar

C ( g; that ís, a* \ pt . But from Lemma 6.4 
're can construct

õ e C such thar l(C¡ = 0(C) + L . &n; sínce rhis ís ímpossible,
U

rre are done. tr

trEMMA6.7. Let 1<tclO andlet z(L besuchthat (prrizra))

å"" paÍr. Then r=krk-J-ror ]*-z (@.¿o).

Proof " If (o ,{zra}) Ís of type (a), rüe are done by Lema 6.6.^t.Jr_\g/'

Therefore leË (pa,{zra}) be of type (b), and let

Ç = {(pt, lzra}) r(pk+lrtt*t)r.. ., (lr_rr.ra_r)}.

I
ir¡:;- . _1,-l 1
r+a 4 !Þ 1:i r1.

i:.: : :



Assume that t # k, k - 1, or k - 2, and apply proposítion 5.7 with

x = âr y = z, and p = pt. If (Í) holds, then there exisËs yt ( L

such that (pr, {aryt}) is a nininal paír of type (a), and

c1 = {(pr, {^,y' }),(lu*r,rk*r),. .., (pr_1rJr_l)}

lsacyclein c suchrhar c(cr)=1 and ¿(cì.Lo-2. onrhe

oËher hand, if (ii) holds then Ëhere exist xtrxr, € L such that,

<pr, {x'rz}) and (xt, {arx,,}) are mínj-mal paÍrs of type (a), and

cz = {(pa, {x' rz}),(x t, {"rxtt}), (pk+1rtk*1)r... r(pt_lrJr_t)}

is a cycle Ín e such rhar cr(Cr) = 1 and f,rcì < gO - L, In

eíther case, Lemm¿ 6.4 agaín ínp1Íes that there exists C ( ë,

such that ¿(E) . /O , which is irnpossj.ble. tr

Berore proceedr:; .3::";)"':; rhís seeríon, we

a simple lemma.
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be

<c

Let K bealattíce

elements of K such

< v. Then eÍther c

satisfying

thaË u{a<

<b or. cìa.

Pn), and 1et urvrarb,

vru(b{vrall b,

Proof. If _c\b and c\arthen cVb=.v and c^a='=b^a.
By (å}n)r 1r = (c V b) A a = v 

^ 
a = â r a contradiction. o

WÍthout loss of generality, we may leË pk -= yk_1 . Assume

that a* \ pk ; hre rvíl1 eventually arrÍve at a contradíction. For

convenÍence, this will- be accomplished Ín two parËs.
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A. Claim. yt_t tr "t_f.

Suppose thaÈ "f,_f I yt_t i then "t_f I yt or \_1 r Ik .

If *t_f . a/c , Lernma 4"5 inplÍes Ëhat L_f t yU i but by Leruna 5.1(v)

and Lemma 5.4 this r¿ould mean Ehat (Ok_Irrk) ís a mínÍma1 pair of

cype (a), and rùe can construct a cycle C ( õ. wírh ¿(C) < ¿O .

This is a contradiction, and therefore A-t À "o If ,k-I, ^* ,

then by Lenma 4.3 tk_J- -- "t_f v Ik_1 = \._1 v "o , and ¡V Su)
,k_L= *t-f v (tr._, n ao) , contradíeting the fact Ëhat (nO_rrtt_t)

1s a mínimal pair. Henee "k_l I "o and zU_, ). a* both hold. As

a result, ,k-! . 1-f v a (see Figure 7).

Let Yk-lo { to-, and seÈ t = A-1 u yk-1* . since

I 
(On_rrJk_l) is a minímal pair, ,r \ yi.._f and hence r tr yk_l

Since (pkrJk) is a minímal pair, yk v a* \ pk = yk_l and heirce

yL-ttrykV"* ì.a. Nor¿since y'-L v¿=¿*= (lU vao) Vâ, the

¿,ráf of Lemma 2.7 (ií) irnplíes rhar ïk-t V a* = yk-l u (yt v ao) ( â* ,

ancl go Ik-t u ao * a . Moreover, from Lerrma 4.7 (ii)

yk-t 
^ 

(lO v ao) * I¡_1x . rË foll-ows that y¡ < Ï¡_1* . Now,

letting r = "k_1 A â*, we can choose z such Ëhat v { z S "k_l- "

Of course z \ a* . If , . ,k_I, then by

z¡\tr\a*=y¡Va;hence
Çp t" deduce

lz A u, zr !y-1t Y¡-1 V a*r â*, ,k_1, "o, *t_f r a] = t'tZ,

which is impossible. Therefore t { ,t_t

Either pt-r t 1-r or pk,l t yk-l . rf yk-' . pk-l . "k-1
then yk. pk_t < a* = zn ; but then (pk_trJL) is a minimal paír

3T' : " """- "-'' "-'-*"--''-r',l'fl



j-.r-:r.;...:'l tî:

of type (a), and î¡e can construct a cycle C ( -€ with I(C)

Hence we must have *t_f . pk_l . ,k_1 . Assume thaË "t-f
Sínce aPn_rrtU_r) ís a minÍma1- pair, pt_f \ r . If pt_t

then Pt-r \ Yk-lo , and

which is impossib1e.., On the other hând, Íf pL_l >.u. then (rêcalling

that pt_t € J(t)) we have

{\,-t' ur Yk-1*r }t-t u a¡t a¡ti Pk-l, 3*, a} ^¿ M[,

also an ÍnpossÍbÍliLy. Thus *k_1 = r , that ís,

Let *t-ro 3 "u-, ; eÍther 1-to À t

xk-L* tr v then, sÍnce (On-rrtk_r) is a mÍnimal

Ínplles that "t-f À "t-fo u yk-l_ tr v ; but now

7o-t = "f._f u ("t_f* u yt_f) , contradÍctÍng the

H,ence :L - <v., k-I*

{*U-tr ur Y¡-1*r }L-1 v â*, â*, Pk-t.u ur'a*, Pk-l, a} eM2,

'm
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*u.

ll "

"t-r = Yk-lo'

or rL - <v. Ifk-I*
pair, Letwta 4.2

("t-to

dual of

uYt-t) vv=
Lernma 4. 7 (íi) .

Sínce pt_t ( Jt _Z , we may let pk_l_ = yk_Z . Suppose thaË

*t_Z I yt_Z ; vre proceed to show this ís inpossible.

First assume Èhat *t-Z . zk-! . Either *t-e I \-f or

*y-2, *t_f ; Lemma 4.5 shows ÈhaË 1_e t a_f . But now (nk_Zrtt_t)

ls a mÍnimal paÍr of type (a), and we can construct a cycle C ( ¿.

with 0(C) < /O r which Ís inpossÍble. Therefore "t-Z Lk_L . Since

(nk-rrro-r) ís a minÍrnal pair, *t-Z v "f.-f \ ,O-, , and so

*t-z v"t-r É yt-t Hence yk-t n yk-z= yk-l* = tu., n (xu-z u A-r)
and by (Pn) we ger rhaÈ ,k_Z = (*U-, v 

"k_1) , ty_Z \ yk_l..



*r.-r "=*k=Pk+I

Pkv"o

Figure 7
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Now sínce yk_t V â* ( â* , (y) inplies rhar

Yk-lo v .o \ u = rk-L Â a* . Also, since *t-f ì yt-f and

yk_L* ). asr the reflection of Lemma 4"7(í) shows that

Ik-lo V "* = Yk-l V uo . ConsequentlYr Yn_1 < v, and

.,-'-.tl

',:

{"U-r, Yk-Zt zy-1r vt "o, *k-l_, Yk-', \-Z , *L-t, yk-i u "*} = (M2)d.

Thus we conclude Ëhat yt_Z tr \_Z .

Sínce yk-l* . xu-f . yk-Z, it is clear ùhat 
"f._Z \ yt_t

From Lernma 5.5 we have thaË A_Z À yt_t , and so tk_z f tk_L by

Lemma 4.3. If "fr.'2, *t-t , then (nU_rrJk-l) ís a mÍnimal paÍr

.. of type (a), and üre can construct a cycl-e C ( C rvith ¿(C) < ¿0,
'whfch is iupossibl-e. Therefore, sÍnce yt_Z ì \_Z , we have

*f._f I "t_Z I 
yt_t " If *k_Z À t , then by Lenma 4.3

*t_fo = *t_t 
^ 

v < *t_Z . \_1 V r , contradíctíng Leuma 7.L. Thus

"¡-2 . " . Also, Yt-z tr "t-r v \-e sÍnce (nt-r,Jk-Z) Ís a

: 'rnÍnal pair, and ("U-f u-t-Z) vv= rk-L= yk_2 vv; Leuuna 2.7(ü)

impJ.íes that ,k_Z = (xn_, u *t_e) u yk_2 . ,k_l . !üe now have

,.¡
' t*t_1, \,_r u *u_2, *t_2, vr y¡_1r ,k_2, a*, yy-2, a\ =M2.

ThÍs contradíctíon establÍshes that yt*t f \._f , as advertÍsed.

B. Claim. Foral-l j<k,Yko.pj<ykva* and yko.*j,yj<pOVao.

First notice that yko . *k_I . "o and yk* . pk_l . rk_l 5 "o, l. .:,.o,

slnce yko and a* are both on the right boundary. Also, Ít is easy

Ëoseethatneit'her"t-rnorPt-tcanequa11..ByLenma7.1,

eÍther pk-' t yk or pk-L f uo . rf pt-r \ yk v ar. , then



(nk_Lrtk) is a mÍníma1 pair of type (a), and \,re can consËruct a

cycle C ( ð rsÍth l(C) < lO , whích is Ímpossible. Hence

Pk_L . Ïk v ao , and Ít follows that \._f . pt-t . Ide have shown

thaË the claím is Ërue for j = k - 1 "

Proceeding by ínductíon, we assume that yko . p, < yn V ao

"rd 
yko . *j, I, < pn v ao for all j sueh that i s j < k, and we

consíder (pí-lrrr__t) . trlíthout loss of generality, 1et *i . þi = Ii-'
(this means thaË we get yko . yi_1 . pk V "o gratis). Notíce thaË,

since x1r yrr and pi are all di.stínct from a , Lenma 7.1 irnplíes

that each of *i, yÍ and pi are eÍther less than or equal to a* ,

or greater than or equal to yk .

Assune that *í_1 . pk V "* .

Yk* . Yi-t . rf *i_1 tr Yko then *í_1

thÍs is ímpossible. Iko Ís on the right

Certainl-y

), yn , and

boundary,

É Yto

Lemma

, since

4.5

x.
l--I

from

"o *Í-1 t Yko '
Norv pt-t is greater than one of *i_1 and yí_L , and in either case

Ytrtf PÍ-1 .ri-LsPkV.o and pi_1 Éyk rf pi_r\y¡Va¡r

then pi_f \ a , and by Lenma 7.1 we have that pi-l t yk . Ihus

(pi_trJk) is a minimal pair of type (a), and neirher yi_t nor

*í-1 equals " = *k, showÍng that i - 1 I k (nodulo &|. Hence

, c = {(nr-r,Jn),(p¡*1,Jk*l), "..,ror-r,Jí-z) }

1s a cycle in C

Pi-L.Y¡Va*,

We now

Yí-l.YkV"o.

wÍth ¿(C) < L"
0

establishíng the

assume that x.--i-1

Pk v ao , we have

, whÍch is ÍmpossÍble.

claimfor j=i-1.

\ pk v "* . SÍnce

*i-r\PkV"o. rf

Therefore

f-"*1
Þ1:!

Fó:iI

PkV"otr*i-1'



then Leroma 4.3 and *i_l- l. Ínp1y yk*. ao = (p¡ v ao) 
^ 

a <

*f_l- ."(nr. v ao) V a = a"¡ . Hence from Leurma 7.1_ we infer *i_1 I yk,

so *i_1 ì Ik V "o t yÍ_l- , a contradicËÍon. Consequently rve 1et

*i_1 Àpk V"o. It follorn¡s that *i_1 lyi_1 =pi=*i, Êhat:

efÈher *í_L l *i or *i_1 r x, r and that eÍth"r *í_1 tr yi or

*t_1 t yi . From Lemma 5"5 we Ínfer *¡. tr yí , and so *í_1 tr yi_t À yi.

AJ-so yÍ . yk V a* , for otherwise ï¡ V ao ). y, whÍch ínplíes

(lO.v a*) n Yi a* = yí Â â , conËradÍcting Lernrna 4.7 (i.i). If

*i 5 "o then yi 5 .o also, contradÍctÍng the fact that *i ll r, .

Hence by Lernna 7.1, y¡ . *i. pí = yí_1 . If ?i_L, yi , by

coroLLaty 4'4 ,L-L = *i-1 v Yi-l = *i-l V Y, ; br (åB/ ,

'rt-! = *ra, u (yi_t 
^ 

yi) , conËradÍcËÍng che fact that (pi_l-rJi_l)

fs a m:inÍmaI paÍr. Thus ,i_1 tr yÍ and âi-i tr "o .

Let Ïi-1o { 
"i,r 

, and set b = *r-, u yÍ_lo . since

(n--rr.f.,) isaminÍmal pair,O*rr_, andso UtrYf_l .I.Ie

claÍm that yí_1o t Ik . If Yí_lo = yk then *Í = yL , and so from

Lemma6.5(ií) yi=pi+l_.ro. Let rÞ,ko suchthatu.â*. Fron

the reflecËion of Lemma 4.7(i), *i V r l yi-l = pi i sÍnce (p.rJ.)
. ;--;' .Is aminimarPair¡ u=Yi=pí+l. Assumíng *i+l-.pi+l, wehave

*í+1 S yko. As i Ís not k - 1 (rnodulo lO), we have a

contradiction to the induction hypothesis. Thus yÍ_1*. > y¡ r as

cLairned.

YkVto'

. By Lemma 7.1,

VYi\a*=

Now Let . = "í_l n (pt v a*) ; by

AJ-so by (g), c n b \ IO v ao . Suppose rhar

.*{ykva*,so yi\"o. By g) again,

(nU v ao) A â, while "í, p.-= yi_l . Hence

(I^I), c \

Yi # ao

z.=x.L -r-

i.r '..jr:.-r'i



{b n c, cr y1-1r zat yi, ,í-L, y¡ v a*, *i_1, ao} = M2.

Therefore r¡e rnust have yi = "o . .since (prrJ.) ís a mÍnimal pair
andz. =ykuaorwehave "i=yk. LeË v{ao;then yi_lÀ,
or Yí_l=t. If yi_1Àr,then *ívrÉpi sÍnce (p.rJ.)
j-saminim¿] pair; hence piÀ*i Vvì.ao. Now pí Vro=ynVao=
(x. v v) V â¡ r and frorn Lemma 2.7(ií) p, V v = pi V (*i v v) < yk v a*.

AJ.so, u . ,i_L would inply "i_I = *i-1 u yi_l = *Í_1 v-.v. by Lernrua 4.3,

and hence 'í-r= *i-1 v (y' , n v) by 
!P/, contradictÍ-ng the

fact thaË (pi_lrtr._t) is a mÍnimal paÍr. Hence ,i_f \ v, and

{b n c, cr yi-1r p, V v, v, ,i_!, yk v a*, *i_1, ao} c. M2.

I{e concl-uCe that t . yi_1 . From Lemma 6.5(i.í),

and so a* = Yi = pi+1 . Lettíng *i+l_. pi+l , r"

*Í=Yk#Pi*l'

geL

the cycle CO r we conclude

contradicËion completes the

*l+1 . Yi_l- . c ; a1-so yi+t tr xi+l- , sínce *í+1 is on the right
boundary. Certainly Í + 1 t k (modulo lO), so by rhe ÍnducËion

hypothesis yk* . yÍ+1. pk v a*. IË follows Ëhar Ïi+l . ,i_L ,

fmplying yi+l 5.. But Ëhis me¿ms a* = pÍ+l . ri+L S c , a

eonùradictíon. we have shorvn that the c1aÍm is true for j = i - 1,

and the proof of å ís complete.

Norv, by going conpleËely around

from å Chat yko . pk. yk V a* . Thís

case art \ p¡ r and thÍs secËion.

$8.

Garoely continuing

assu¡ae that a* 5 pk in L

The case a. < D-.
^^^aa.av 

:ç 'k

v¡Ích the proof of Theorem 6.3,

. FírsË we rapÍdly shorv that.

we may norf

*t-r r Yk-1,
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where Yk_l = pk . Suppose yt-t tr \._t . Since a* and a* are

: on the right boundary, we know that, ro . *k_1 < a* . But *k-t I ",
ancl hence r?_f ì yt by'Leuma 7"1. Thus yk V .o . *t_f < a* , and

so Y¡ V a* . Pk-l . "k-1 
< a* = zn . IË follor¿s Ehat (pt-trJk)

fs a m:inímal pair of type (a), and hre can construct a cycle c ( ê,

such that ¿(C) < 0O , an impossibilíty. Therefore "t_f I yt_t .

If xk_1 . a* , then *t_f ì yt from Lernrna 4.5, and

<p¡_1rJ¡> Ís a mÍnirnal pai-r of type (a). This is Ímpossíble, so

*t-t trto' rf 
"k-1 z"o, then "k-1 =1-r vYk-1 =*t-r v"

from Lernma 4.3, and hence by (Ë/ ,k_L = \._r u (yt_r Â a) = ïk_l V 
"o,

conËradicting Èhe fact that (nn-rrrt-r) Ís a minimal pair. Thus

z. - )ra*l(-l-
î.

Set * = *k_1 V a* " Sínce (OU_rrtt_t) Ís a mínimal pai.r,

* \ nt_f and hence r \ yt_f . However, lre clain thaË r.¡ > yk

If Y¡'\ ao then y¡ tr ao , and sÍnce 
"X.-r À yt or *t_r r yt rüe

have, * = xn-l v a* > yk by Lenma 4.3. on the oÈher hand, if
yk > ao then yk* ao , and Lenma 4.7(i) ínplies that " = \_1 V ao > ln.

ê. rn this part r¡e assume that pt-r t \.-r (later ¡¿e wíll deal

r¿fth the other case' pk-l t yt-r). rf r ì pk-l then a* < pk_l ,

ÍmpJ.yíng that r = *k_1 V a* = Ok_t . It follows rhat eÍther

P¡-t Àw or pk_ltt. In eíther case, pk_l vyk_1= =k_L= r Vyk_l,

so:,'pk_i.u r. "k_1 by the dual of Lernrna 2.7(íi).; Sínce

Pt -t 
( Jt-Z , vre may assr¡me thaË pk-1 = !k-2.

' '- Case (i). LeL yt_e tr 1_Z .
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From Lemma 5.5 r,re knoti that 
"A._Z 

I yt_f or *t_Z . yk_l .

In either case .rk_Z = *k-Z , lk-Z = ,k_! follows. SÍnce

(nL-Z'Jk-2) 1s a minimal pair, %_f v *U_Z . ,U_Z and

rt -z r "t-r v a.-z I Yk-l ' since Yk-z v Yk-r = ,k-L =

(%._f u a._Z) u yk_l- , the dual of Lem¡na 2.7 (íi) ímplies that

,.o-Z = Yk-z u (*n-, u \-Z) . 
"k_1 .

We claim that 
"k_Z 

, ^o . Otherwise ,k_Z 
-l ^o , from

whích we geË yk_2 tr or and ,k_Z \ * . Hence eíther pk_2 tr * or

pk_z . t . If pk*z tr to then from Lemma d.3 pk_Z, yk-Z Ar ì,t-1,
whence *t_f . pk_2 . *t_t v u and pt_Z l r = *k_1 v a* . Thus

from Lenma 5.3 there exists *, = L-1 such that lrWZ, {xf ra})
.fs a minÍmal pair of type (a), contrary to Leruna 6.6. ïherefore

Pk-2 . t . SÍnce po_Z v 
"1._f * yt_Z .we have

. l'lU-r, Pk-Z u *t-tr t, Yk v Ër¿r Yk-l-, \.-t, a¡t Yy-2t a] = (l'f2)d.

Hence ,k_2, 
^*.

w either rt_Z ì "o or lk..Z , â* , sínce otherwÍse

*t_Z V lk_Z = rk_z, a* = z¡_1 Â a is a vÍolation of g). Sj_nce

ïL-Z tr *t-Z , we have xu-Z z ro in any case, and so *k_1 u *k_2 ì r.
If Pk-2 . t then "ï,-f .v \_Z r pk_z ,.contradicting Ëhe fact thar

(pk-z,Jk-2) is a minimal pair; thus pk-2 \ r . If pk_2, A_1 rhen

by Lemma 5.3 there exists *t = *t_l- such th¿rt (Ok_rr{xrra}) ís a

mfnimar pair of type (a), cont,rary to Lernma 6.6. Therefore

py-zf *t-t , and so *t-r r pk-z, w Àpic-2 , and ù, = *t_2.
Since (ok_rrJt_Z) is a mínimaI paÍr, yt_Z tr *t_t ,v "t_Z I pt_e

sínce lk-z v (. -r u î1.-z) = ,k-z = yk_z u pk_e , the dual of
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Lema 2.6(iÍ) implíes rhar "t_f V pk_2 = (xu_f u \_Z) u pk_2 . rk_2,

ínplying "t_r v px_z t yt_z 
"

Next, we claim that pt_e 'v a t L_t . Otherwise,

pt-z v.=A-l_ Vâ, andby (Ë/ pk-2 V"= ("n_r nFt_z) va.
However, ("n_, n pt_Z) v a* s !,r whích means pt_e 5 ("U_, n pt-Z) v a*.

Thus by Lernma 5.3 there exisËs *, = *t_t n pk-z such thaË

(nrr-r, {xtra}) is a m:inÍmal pair of type (a), contradicting Lerma 6.6.

. Therefore pt_2 V " É L_f and. so

{"t-t, "t-r v pk_z, pk_z, pk_2 v yk_l, yk_l, ,k_2, pk_z v ",
Yk-z' a\ = M2'

I{e concLude .that Case (i) is- ímpossible.

For the remaÍning tr.to cases, recaL1 'that either yk_z., * or

tï' 
^ 

*'

ç2 and Yk-2 t t' :

: Le, " = ;:;"",1-:,ïï:, ;;""".";_ ;-Í"','l;i". 
*k-2 v ''

(nk_Zrtt_Z) is a minímel pair. If pk_2 t *t-Z , it follows from

Lemna 5.3 that there exists *. - *k_2 such Ëhat (nk_zr{xrra})

ís a m'inimal'pair of type (a). This contradícts Lemm¿ 6.6, and

hence D- ^>v,. x-z'Yy-z '
Suppose that pk_Z S *k_L V " . Then, sÍnce

A-f v ê* = w. pk-l , üre may apply Lenma 5.3 again-to fÍnd

*" = *k_1 such that (Ot_2,{xttra}) is a mÍníma1 paÍr of type (a),

ç'hich is another conËradíction of Lemma 6.6. Therefore pt-z ì a._r v ".

. ,: i: .-.
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NexL, suppose thaË ,k_Z z ,k-! . Since *t_Z I Yf-_2 I Tt_t Ìre

have ,k_Z = "t -Z v yk-_Z = *t_Z v yt_f by Lenrna 4.3 ; but now

,1.-2= a.-e u (rt-z n Yt-t) by (å9/, and yk_z n Yk_l . yk_z,

contradi-cËing the fact that (pi._zrJk_e) ís a minimal paÍr. Thus

we have shovm that ,k_Z \ L_f V " and "k-2 \ ,k_L .

rf tnpk_2r1_r,then rnpk_z\1-,va by (g),

and

," n p'.-z, pk_z, yk_z, zk_Lr.Tk_l, ,k._2, *k_L u r, i_r, ax] c.M2.

Therefore t^pk_2=*k_1, Ímplying that *k_t=w)â*. A1so, we

no¡vhave that 
lnnn-r=v^ 

("O_, va), andso pk_2 v"=p¡_2 v

(A-, va) \v by (p^)
'We may 1et pk_2 = yk_3 . By Lemna 5.5, either *k_3 . *L_Z

or 
"1.-2 

tr "t-S ' Since a¡. < Yic-3 and (ok-3rrt-3) is a mininal

palr, 
"t-g v 

"*- \ Pk-3 . If "t-g .- A,_Z or "t_Z f "t_S ì 
yk_3 ,

then pk-3 . "k-3. *t_¡ v " ; therefore from Lemna 5.3 there exists

*' 5 *t_3 such that (Ok_3,{xtra}) ís a minimal pair. lhÍs

contradicts Lemma 6.7, and we conclude that yt_¡ À "t_g . rt follor¿s

that vÀ¿ ^,andhence "U_Zvro\pt_3. NowrÍfK-J ' - -k-2 -* -.r 'k-3 '
*t_¡ . *t_Z v ^ then pk_3. ,k_3 f "t_Z V a ;-fron.Lenua 5.3 there

exJ-sts *' -. *k-2 such thaË (pk_3, {xtra}) is a mÍnimal pair,

conËradictÍng Lemma 6.7 once more. Thus Ít must be that

*t-Z v" IA.-¡, andso \-3r"o. FÍna11y, if *t-Z uyk-l =

îk-2 v " , then by S/. r,re have yk_l . "t_z v yt_r- = *k_2 v

(tO-, A a) = "t_Z v a* s v, a contradictíon; rhus ltr_, v yk_t \ a .

Now Íf 
"A,-3 

, yk-2 then
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{yt-:' rk-3 v }k-1' ,k-!, yk-2 v ^, "" *k-2 V yk-l, \.-¡' .v.} = MJ-,

¡sh11e ff & ^tyn-, Èhenk-J

{tt-2, zk-L, Yk-l_, ã*, ã, *t-Z v Yk-1, *t-g' ,t-Z} ^¿ Mlr

showing that Case (Íi) ís ímpossibl-e.

Case (iíí). Let xn-Z f yk-2 tr t .

. Suppose that *t_Z . "k_L 
. Then =k_J_ = "t_f V yk_l =.

*t_Z v yk_1 , and (Æ/ irnpl-ies that ,k_L= ("U_, n "t_Z) v yk_l .

Sínce (pt_lrJt_t) is a mínimal pair, xU_Z = 1_f . No\nI,

*t-f . Pk-z . ,k-Z s "k-1 , "td Pt-Z tr pt-t or Pk-z, Pt-t i

.hence from Lemma 5.4 and Lemma 5.1(v) (nt_e,Jk_I) is a minímal

patr of type (a), whích is impossible. Therefore "t-Z I ,k-L-. If

,k_2r* then "k_Z= "t_Zvyk-Z= "t_Zvwrandby P/
,k_2 = "lr_Z 

v (yU_, n w) . SÍnce (nk_2rtk_Z) is a minimal pair,

thfs, j-s a contradictíon; thus "k-2 À r , Sínce ,k_Z, *t_t and

" ] A-, V ê¡ r it follows thaË ,k-2 \ ^o . FÍnally we have that

a_Z v *t_f I yt-Z sÍnce (Ot_Zrtt_Z) Ís a mi-nimal pair. Therefore

{"n-2r Yy-2t "k-1, Yk-l, a*r'ïï-1, "*r'*k_2'V "1._t, a} = (Mz)d.

/

.I.IÍth thÍs contradÍct,ion r. fr".r"l succeeded in showing that pt-t = It*l-
is Ímpossibl-e.

å. Fínally rüe assume pk_l r yk_1. If pO_, 5 a*. then

(pk_l_rtk) Ís a mÍninal pair of type (a), whi.ch is ÍnpossÍble.

Hence p¡_, tr a*.

,
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Recall that pk_l = yk_z , and fírst assume that xn_Z À !k_2.

By Lenrna 5.5, A,-Z . a.-f or \-f f L.-Z , and so ,k_Z a *t-f v

!k-2 = "k_I . If Pk_Z, !k_Z , then (pt_Z,Jk_l) ís a mÍnímal paÍr

of type (a), which ís irnpossible; therefore pk_z, \_2. A1so,

"f.-Z 
ÀYk-z tr" inplies pk_2."t_z va, buË sÍnce (ot_Z,Jk_2)

is a m:inimal pair, pt_Z 5 *k_2 V "o . Thus by Lemm¿ 5"3 there exists
xt s *U_, such that (OU_, , î.*' ,. " ] ) 

ís a minimal pair of type (a),

contradicting Lenrna 6.6. I{e conclude that yt-Z À *t -2 , and hence

t-z > t*'

Itre turn our attention brÍefly to Jt*t. rlithouË ross of

generalíËy¡ let "t+f l ao ( pt+ t; then "l+ ti" on the right boundary,

bo rt+tÀ A+r. rf either *k_1 Þ yk+1 or *k_ltr yt +1 , Ëhen

? = Pk+t . ?t+1 5 ]<u+f v *t*1 = "k_1 ; a conËradíction.

Ilence Ik+ l> A-t ot yL+ t L xO-1 : and it follov¡s rhat ,k+L.=

Yt+tV Pk+t= "t-r V a

then'we can construct a cycle c€g such that cy(c) <øo : which is

impossible ; hence, rettÍng L+ro * *u*, and yk+lo( yk+r, ""
conclude that either Yt+l v "t*rrk > pk-l or yk+lov*t *1> pk-l .

suppose Ëhe former ; then, since (oo* t , Jt+l) ís a minirnal pair ,

'k+!, Yk+l V *t+f* = Yk+1 v *t+t* u Pk 1 ì "k+1' a conÈradÍctíon.

Tfierefore yk+1* v %+r t pk_l , and so yk+Io v xn+r : *t_r u pk_t

,k-L . Clearly yk+i* À w , and r.re now have yk+l* v *t+f 5 yk+l* v
tsYk+l* vPk-I=Yk+i* v*t+f , implyi-ng Ïk+1* u:_=yk+lo Vpk_l_.

From the dual of Le¡rna 2.7(íí) we get thaË ,k-L = r v pk_l . yk+1o u *k*1.

whence yk+l* tr ,k_1 . Sfnce, (pk+lrrt*t) is a minímal paÍr, we also

have Yk+r* v *k+r \ Pk+l .

" Suppose that. *k_2 = "* ; then
ff utrtve¡ç

OF ¡1{AñflIOBA
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{*i.-f, ,k-L, Yk-1, €l*, ê, Yk+lr* v *k+t, *t_2, yk+l*} = Ml.

Hence xO-, t a*, and ic fol-lows by Leruna 4,3 that *t-Z . Ïn-, V a <

*t_f Furtherroore ,k-Z . !k-Z V ^ , for otherwise ,k_Z = "t_Z V

lrr-z=Yk-z Vâ,andby (&/ ,k-z=yk-zv (xu-rna),
contradictíng the fact thaË (rO-rrJk_2) is a minimal pair; hence

"k_Z 
tr a . If pU_Z, l,._2 then by Lemma 5.3 rhere exisrs

xr S. Tk_2 such that (nt-2, {xtra}) is a ninírnal paÍr of rype (a),

whÍch is a contradicÊion to Lemma 6.6. Hence pt_2. , *t-Z .

Let Pk-z = Yk_3 . Tf xo-g f yt_g then by Lemma 4.3

pt-g.,k-3 5 "t-g V â r while Pk-S É *t-g v.o sj.nce (Pk-3rJt-¡)

.ís a minÍ¡nal paír; by Lenna 5.3 there exists *t S *k_3 such that

(pk_3r{xtra}) is a mínima1 paír, contradictÍng Lenrna 6.7. Thus

Yt-g f *t_S . If *k_3 = "o Lhen

{*t-f, "k-' , Yk-1, â*, â, Yk+1o V *k+1, *t-S, Yk+l*} = l{1;

hence "t_S É a*, and so "t_¡ . *t_f v . . Now pk_3 . *t-t u "
and w ì. pk_3 , and by Lem:na 5.3 Lhere exists *tr. L_1 such that

(pk_3, {*t'ra}) ís a minimal pair. This conËradicts Leuuna 6.1, and.

the proof of Theoren 6.3 is complete.
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Planar -sublattíces of a free lattice. II

by

Ivan Rival and BiIl Sandst

In planar sublat,tices of a free latËice. I tB] *:
verif.y Jónssonrs conjecture for finite planar r.attíces; in
particular we obtain a.charact,erí,zatíon of finíte
planar sublattices of a free lattice among alt fínite laËtices.
In Ëhe present paper we use arguments of a quÍte differenË flavour
to obtain another characterization. LeË

s= tc;J Uts,,ln> 0JLr f L' L2,L|,L3,r3,L*JUir.r,ru1

bq the family of lattices irlustrated' in Figure s rr213, and 4. our
goal ís to prove the following theorem: a fÍnite lattice is a pranar
s-ubtattice of g free rarrice Íf and onry if iÊ 

"-;"; 
; member

-g€ g asasublaÈtÍce

0f. Introducrio¡g, and ¿lan of rhe proof.

A lattíce L is semidístributive if it satisfies the two

conditíons

(99V) a V b = a V c ímpties a V b = a'V(bÂc)

and

(Pn) aÂb=aAc ímpties aÂb=ãn(bvc).

,: t,'.:

. tir.j. ..,:

ll ,::.;1:l
l .-' ::':

t The work of boËh authors r.ras suppor.ed in part, b;; IiRC operatinggrant 0.55 7.
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Jdnsson [3] has demonstraËed that sublattÍces.of a free lattice are

semidÍstribuËÍve. Some yeå.rs earlier, l,{hitman [9] showed that

sublaËËices of a free lattice saËisfy the condÍtion

$) aÂb=.'Vd implies aÂb4cta^b<d,
N

alcVdrorb<cVd.
the celebrated conjecÊure of Jónsson (see l,4l), alluded to at the

beginning of this paper, asserts that a fÍnite 1aÈtÍce fs,a sublattice of

(r^t) .a free lattíce if and only if ít is semidistribuËive and saüisfies

For the history of this conjecËure we refer the reader to [8].

LetA'betheparËia11yorderedset'ofFigure5,1et
i:.'1,:..,

ß = [n- I o > OJ be the family of parÊially ordered sets illustraËed .::.'.":'n'
in Figure 6, and let g = [Sol n > 0] be rhe famíly of lattíces 

,,

.illustrated in Figure 2. Most of the rest of Ëhis paper is devoted

tcj the proof of Ëire following two results.

ÎHEOREI'1 L.1. A f inite sernidistri-butive LaËtíce fs

P1a'nar if and only if it does not contain a member of [a"J U fi as a subset. 
i'r-- 
i
i

TI{EOREM 1.2. LeË L be a fínite semidistributive lattice satísfying 
,

I(W). Then L contaíns a member of fA,^ì U f¿ as a subset if and onlv
P¿-

la
if L contains a mqmber of [Ci] U S qs e sublattice. L.:ri.,,r',,r,.' z' i;t,,,'.;1.:r¡.

i"".''t 'We recail t¡,oo theorems ín the spirít of Theorem 1.6 below. i;r.....,..,
lit;:,:,;:t.]..,

the first ís due to B. Davey, !'I. PoguntËe, and I. Riva1 [2], and the

second to R. Antonius and I. Ríval [1].

TI{EOREM 1.3. A finÍte lattice is semidistribuËive- if and onlv if it

does not contaín ene of the lattices of Figure 5 as a sublatËíce.

,:, r., ,'r::tì!.'iÌ:

I :"".
i
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3.

TIIEoREM 1.4. A fínite semidístributíve latÈice saËísfíes (ç¡) if and
d

onry if it cloes not conLain one of the lattices. of Figure 4 ", a sub-

latticj.

Finally we quote the maÍn result from [gJ.

THEOREb{ 1.5. A -!þit" planar lattice ís a sublaËtíce of a free larËice
if and only íf ír. ís semidisrriburive an4 saËisfies $).

:combíning the precedíng five Ëheorems yields Ëhe promised

characterizaËion of finiEe planar sublattices of a free lattice.

THEOREM 1.6. A finite lattice is a planqr sublattice of a free lattice
ié. and only if it does not contain a member of s as a sublattice.

' Observe that no member of B is a sublattice of anoËher

member of 5. rt forloi¿s that Theorem 1.6 is best possible, in the

sense that no laEtice in 3 may be omiËted. Also, while.it is.true thaÈ

the laËtices S t-rf noc aF q F-on 1^++-.^^ L, .n are all subLattÍces of a free laËticä, thÍs ,observatfon

is not essentÍal either to the'staËement or the proof of the theorem.

$2. PrelÍmÍnarÍes.

The breadrh b(L) of a finire l-atríce L Ís the smallesr
b+1

Ínteger b such that, every join .V *i of elements of L ís equal
l_=I

to a joín of b of Ëhe xrts. For any Ínteger n ì 3, a crown of
order 2n (Figure 7) is a parËia11y ordered set {xrrir,*Z,yZr...rxrrryrr}
1n which

*l(YI, YL)*Zr*2 1Y2tY2t *3, ..ryn-l) *nr*r,( J¡rrrand Ïrr) *l

are the onLy comparability relations

:{
:j;



Figure 7. A crorsn of order 2n
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Lts"MA 2.1. Let L be a finite semidisËributive lattice. The

followjllrg are equivalent:

(i) L conËaíns no_ cr_own of'order six;

(ii) b(L) < 2;

(Íii) L ."eóntê1nq no crov¡n.

Proof. (Í) * (Íi) Ís Lernma 3.4 of [5], whíle (íi) <. (iii) is

Lemma 2.4 of. t8l togerher wírh Theoren 3.1 of [5]. B

LEIû4A.2.2. Let L be a fÍníte semÍrlistríbutive lattice of breadth at

most two, and 1et arbrc ( L .

, (i) If a'V b = "'V c = b'U ", rhen farbrcJ is nor an

antícha Ín.

(iÍ) Either r'V'b=. ora'VcÞb er bVcàa;in

parËicular, [rVb, aVc, bVcJ is not an antÍchain.

Proof. (i) is the dual of Lemma 2.7 iií) of t8l . To prove (íi),

suppose that . V¡ { c, a'V" + b, and U'V. { a. Then

[aVb, aVc, bVcJ is an antichain, and the joín of.any pair equals

" V U'U " , conËradícting (i). n



5.

Let n be a positíve inËeger. A down_dov¡n fence [6J of
LengËh 2n* 1 is a partiatrly ordered seÈ [*1rV1 :x2ty2 *rrr]n rxn+ 1]
in which

*l ( ylryl ) *2r*2a yZ,yZ) *3

are the only comparabilíty relaËÍons (see Fígure g).

tm{l"fA 2.3. Let L be a finite semídístriÞutive ldttice of breadth

at most türo. Let n be an integer > Z and let [*1111, *Zryz

-k g doron-dor.'n Églgg in L Then

(i) *lV *rr+1> xi for each i € [Lr...rn+tJ; and

. (iÍ) there exísrs i € [ 2r-... rn] such thar *, 'V 
*.r --i ( xl V *rr*1

and x. 
'V 

xrr+ f xl 
'V 

*r,* l.
.l

i

P.roof . (i) First ler n = 2 Since *l V *2 = yl and x,'V x, = yZ ,
we have that *r. ù *z * *g and *2 V *s * *r , and rherefore 

:*r'v *r-> *, by Lemma 2.2Gr). proceeding by induction, assume the resur , 
'

is true for all integers k such that 2 < k t n_ 1. I,le certainly have,
that *, ü *rr+l* ri for any Í € [lr...rnJ. Therefore, if x, ü *rr+l+ *í
for any i € [2r...rn], the subset {*1rï1r*2ry2t..,.txntynrxn+lr*1 V *n+t]

i.'of L ís a crown, contradÍcting Lennna 2.L. Hence we can find i € [ zr... rn] i..

such that xr'V xrr+l)xi. Nor,r by inducËion we trvà- *r'V *rr+1> xI'V x. ) x.
for all j € [Ir...ri] , and *l V xn+lÞx.'V xn+l ) xt for all
k € [ i-r. , . rn+ lJ, as claimed.

: : - .r'1. i:-i !

i . , :;J:iclirli

. .:.:-;-::l
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Fígure 8. A down-down fence of lengËh 2n* L
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(ii) I,Ihen î = 2, *l V *2.= *1 
'V 

*3 and *2y *3 = *1 
'ü 

*,
follor,r from (i). A,Iso, since *r. 

'ü 
*Z S yL and x, 

'V 
x, < y2 rìre

have x, V x, ( *l V *3 and x,rV xr a *l V *3 , as clesíred.
Therefore ter n ) 2. As above, *"'U i"* fl *f 'J 

*r,a¡,;ír fottows
that if *l V *r, ( x, V xn* I lre are done. Hence, since *r, ( *l 

.V 
*rr* I

by part (Í), we assume *l V *r, = *I'V *rr*1. By Índuction we choose
j € f zr...rn-lJ such rhar *, U *j ( xr'V *r, = *1 

'V 
*rr+ I .rd

*j u *rr( xl. V xn*l' rf *rrV *rr+l< *j'ü *rr, then x.'V xrr= *j uxn{_l_
by (í) 

' establÍshÍng (ÍÍ). Therefore l.i xn V xn+l u. 
"rorr"orparable 

,o *j v
we now have that ix, v *jr*j u *orxn V xn+l] is an antichaÍn, and (x, v x.) v
(*i u *rr) = *1 V *rr+l = (x, v xr) u (xn v xn+l); from Leryma 2.2(i), xrV xn-r-l

= (*j xrr) V (*r, V *n+l ( x, v x¡-¡1r and (ii) folrows. tl

$ ¡. The proof of Tþeorem 1.I-

By the complerion r(p) of a partía'ly ordered set p ro a

lattÍce we shal1 mean the construction known variousry as the r normar
completíon rr, tr completion by cuts r, or tr MacNeilre compreÈionr,; recarl
thaÈ a partiarry ordered set p Ís a subset of a rattice L exactry
t¡hen !(P) Ís a subser of L rn [6], D. Kelly and r. Rivar defined a

family s of rattÍces with Ëhe property Ëhat a finite lattíce L is
planar if and only íf L does not contain a member of S as a subset.
The family

0l U tr,n lc,c d,D,D d1 y[no,no1 ,,r,.,r,n' I n > o]
f¡=fa ln>

Ilr



t. i'

of partíally ordered sets, which (up to dualíty) ís illusLrated in
Figure g, saÈisfies , f¡frl l r €n J = S (see [7J). Hence

the following is an alternate formulation of the Kelly_Rival
-r'es.ult. .. ,.

THEORH'Í 3.1' A finite larËice is pranar if q4q only ¿! ir does nor_

- contain a member of p as a subset.

To begin the proof of Theorem 1.1, rt'e fírst observe thaË if
t is a finíte planar r,attice, L cannot conËain a member of [ar]U n

. as a subser. CerËainly A, * I by Theorem 3.1. If *0 = t^Lr^r,r3,bL,b2rb3,c\
' Ís contained in L t then so is t^zr^3rbzrb3rcra1l, vhÍch ís isomorphic

to Ëhe partially ordered set, B, conËrary to Theorem 3.1. Finalry if some

Rr,.= [^Lr"zt... tân+3rb¡rbzr...rbn+3r"] , 
' r = lf is conlaÍned in L ,

tnutt, so ís t^rr^2r. .. ,ân+ zrbzrb3r. . . ,bn+ 3r.J, which Ís isomorphic

to Gn - 1, agaín a conËradícËion. lle have proven Èhe tr only if r' <iirection
of theorem 1.1

The converse is a 1itt1e more complicated, and will be

establ-ished gradually.

THEOREM 3.2. Let L be a finite semÍdisqríbutive larríce of breadrh

at. mosË tr,r7o.

7.

(a) rf L conrains a nember of_ {c,cd;n,Ddi U {*rr,IÍ,rr,l n z 0} qe a

subset then L conËaíns B or Bd as a subseË.

(b) rf L contains H- as a subset then L contãÍns B, Bd, or Gn _ :_____ _, _ , _ m

aqasubsetforsome mSn.

¡¡,r¡.flrìe!

l::1 !':,r ìi:

l
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Proof. (a) We proceed through the list of partíalJ-y ordered sets in

: (a) 1n the order given; aÉ each sËage we will estáblÍsh the existence

of B or Bd in L , or (whaË is sufficient) we rvill exhibit in L a

PartÍally ordered set already considere.d. A sÍ¡oÍlar strategy wil-l be

adopted elsev¡here in thÍs paper.

Case (i): C .

Choose Ç = {arbrcrd;'e;frg} c- l, ; observe Ëhat we may assuüe

e Â f = c r f A g = d , and c Â d = á . By the dual of Lemma 2.3 (i) ,

eAg=e^f Ag=c^d=a. NexÈrÍf bncf d ühen

{brb n crerardrf} is a subset of L isomorphic to Bd , au desired ;

hencewenor.¡let b 
^c<d 

and sinilarly b 
^dSc, 

whichiinplies

bÂc=b^d. Thus b ng=b^f ng=bAd=b^c=b^f Âe=

b Â e, and by (1.?n> b A g = b 
^ 

(e v e) Ir follo¡¿s Ëhar

ev.gf Urandso evg{f . Hence {ercrtrdrgrevg}oBd. Of

course, a dual argument, handles Cd .

,

Case (1i): D .

This one is easy. Let ! = {arbrcrdrerf ,g} S L ; by ,, ,
i:r_ rj: : rt;r

Lernma 2.2(í)' and the syrunetry of D we may assume that e v f < e v f v g, i''¡ir.

'that ís, e vf t g. Hence {e v f, Erèrfrardrb}=Cd, andby the i¡"..'.t _..

prevíous case hre are done.

Case(Íii): {n lnì0}.n

Let n > 0 be mÍnÍmal such that there is a subset of L

.1
isomorphÍc to either E or Et . I^Ie first consider the case n = 0 .nn

8.



o¿.

Without loss of general-iry, 1et E0 = {arra2rb1 ,b2rb3,crd} Ç L"

I{e may assume thaË bl 
^ 

b2 = "1, b2 
^ 

b3 = ^2, aLv a2=bZ, b2 u c = d ,

and (fron the dual of Lenma 2.3(i)) Of n b3 = ^I n uZ. If a, n a, t e

Ëhen {"t ^ 
ã2tct^Ir^2rb1rdrb3}=C; henceweleË ^!n12.L. If

aIVc>aZ and a2Vc>a1 then arVc=^2V crand¡y(pV)

al Vc= (arnar) Vc= c r êcontradicËíon. Bysymmetryrl,emaylet

"t*"2 vc o rf "lÂ c+az then {^rrbrrazrazvc,cranÂc}=B;
hencer¡re assume 

"1 Â ".uZ whereupon al A c= "1 Â ^Z= uI nb, nbr=

"lnb3. By (åPn) arÂc=.1n (cvbr), andÍrfollows rhaË

., f " ub3. Hence b, f c ub3, andr+ehave {bzrdrcrc vb3rb3r"z}=8.

Next assume n = l, and let Et = [ ^Lr^2r"3rb1 ,b',b3rb4rcr.IJ g I .

We know immediaÈely that c ( brVbrr for otherr,rise ["1r.3 rbLrb.-ub3rb4r"rd]=%,

contradicting Ëhe choice of n By Lemma 2.2(L) and t,he symmerry of tl,

lre may assume that fr'V c < b2vb3, and hence br'V c * O, . Bur now

again contradicËÍng the choice of n .f "2r^3,b2,b3,b4,"rb3 u c] = tro ,

Finally suppose rhaË n ) 1 , and let ["tr...r$ +2rbLr... rbra3rcrd]
be a subset of L isomorphic to Er, . Ì,le may assume that a.'Va.+l = Ojn,

for each j € [rr...rn+lJ. sínce t^rro?r^2rb3r...rbn +2,an*2]
Ís a down-down f,ence, by Lemrna 2.3 (ÍÍ) we may choose í€.[2r...rn*1]

Iand " * "i v "r,*2, then [t1ra1ran*Z, blr'l V tirti V 1.r+2 rbn +3rcrdJ=Ey
which is a conËradiction ; Ëherefore by symmetry let c ( ar'ü ", .

Since a, V a, = b, , in parËicular we have í > 2 ._ 
_lrÏow 

set

k = max [5 I, a j < n*lra, U "j. "r'ü an,.-Zrrj V an+Z. "l'V rn+zJ.

tt t"*r 
1:., 

(i), ri . rr'V .k for all j € [ Lr...,k7, which implies that

b,= â, ,Va.(a'rVaU for each j€ [Zr...rkl; also, since Í<kJ J-I J

r:-..!ÌÌl

:..:i

i:.1;l



lre have " . "1 
'ü r, = "1 

'ü 
"U If bt * la a, 

'V 
an , rhen

a, V au+l < a, V bn+l< a, V aO( "I V ".r+2, and "k+lV an+2s

uU'V rr, +2< aIü "rr+Z by Lemma 2.3 (í), contradictÍng the maximalÍty of k

llence on*r* rr'V "o ,' and so tutr...tayrbLr...rbk +LrcrtLV rtJ = Et_z

Sínce k - 2 ( n , Ëhis conËradicts the choice of n .

r_0.
i: _¡.: 'lr,''it'

case (iv) , f Fr l "= oJ. '!

LeË nÞ0 beminimalsuchthatthereisasubsetof L ,, i

i¡,ì;:,,ti',i,,
isomorphic to Far ,, ',',

First suppose n = 0 and lei uO = [i.r^ZrbLrb.rcrdr"J E I . :,1,,.:,,,,..:,

[,Iemayassume thaË arÂ d = crb..'V¿= ur"r'V ^Z=bZ, and brÂ b, = a,

'-rf.,'b-V art d then {btrbt v ^zr"z,"rd,c} ¡¿ B ; hence Let b, 
'v 

a, > d ,1 -1r"1 -zr-zr-rvrvJ : u t ¡¿ç¿¡Lç ¡sL ul u o2 
= 

;anddually b.-n^Z<d. If brvð,t.b, rhen {brrUrvdrd,",b',ar}=B; 
i

lhencewemaylet brvdrb.u d=e.¡anddually arnd.<c. But I

l

n9w brvd=bl udvar=bl_uar.,andb:v (t^?/ r,¡ehave iA,V 
:brvd=b1u("Zna)=blracontradiction. 
I

i

Next suppose n = 1 , and J-et F, = {a1, a2ra3rblrb2rb3rcrdre} c L. 
i

- Wemayassurnethat bl 
^b2="1r 

rLy"2=b.rbrnbr=^2r and 
r ,.
ii-:. : '-::- :-.;

^2 
V ar = br . rf bZ, a É b¡ then {arrarrbrrb2rb3rd.rbr v d} = EO ; i..,..,:,.,;,..:

t-':.---:.1::

hencewelet b2vd=b3. rf brvdÉb, then :,rr¡,,,.,¡,,,
' .'..' 

:

'{"2,^3,b2,b3,c,d'b3Vd}¡¿Fol,contradictÍngthechoiceofn;hence
b3 V d u b2, and so b, v d = b, v d . From Lerma 2.2(í),
b2 v b3 É d . But now {arr"rrbr rbz, brrcrdre} = FO r contradícting 

i.:..;.:,:r,.;.:

:the choÍce of n . -.\'
.Finally suppose n) 1, and let frtr...ran+Zrb!r...rbr¡2. ctdre]

beasubset,of L isomorphicËo Frr. I{emayasÁumethat a.'Va.+l= 
;

oj*rforeach j€[Lr.-.rn+t]. since tayrb2ra2rb3r...rbr+Zran+2J 
i=iiì.:,ìì:.j
' ,-'. '

| ..

i
.l
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is a down-down fence, by Lemrna 2.3 (ii) $¡e may choose í € [2t...rn+l]

such Ëhat tl V tí ( a, V an*2 and ui V 
"o +Z< *1 V "r,+2. If

¿ * "r'V."i and a * .i'i un- r, Ëhen f a1ra1rar, +zrbLraL'i' ^rr"Í V'an+z ,

crdrej= Fl, which ís a conËradictíon ; Ëherefore either d ( at V .i

or d(a.'V"o*2. SupposeËhat d(ar'ü",. Set k=maxfjIz= i<.1+f

ul V "j 
( arV an*2,rjV an*Z ( a, V an+zl ; as ín Case (iii), oj'. "1 u "k

for each j É [zr...rklr and Í < k implies that d < ar'V "i l ul V 1 .

By Ëhe maximality of k, we again conclude OU*r* "r'V "n, and so

{ar, ..rãkrblr.".rbk+l,dra, v au} =ut_Z . llenow suppose d < a- V 
"n+z .

seË kt =rnín {j I z= i =n+1, al va. < aIv an+2raj u"rr+2."1_ V"rr+2}.

Asbefore,b3<%,,un*z for j € {kt+1r...rá+2}, andsince

kt < í we have d. "i u 
"rr+2 

. rk, y uo+z. From the minimality of

kt, 1t follows that bk, É "k, V 
"n*?.., and hence

["krr...r"r, +Zbttt ...rbrì+ 2tctdtanrV an+2J= Fr,+l -É' sÍnce

n * I - k' ( t, this contradicts the choice of n .

:

(b) LeË n à 0 be ninímal such that there is a subset of L

Ísåmorphic to Hn.

Fírst assume n= 0, and let 
"O= 

[^Lr^ZrbLrb.rb3rcraJe l '

rf c n ar'* b, then -{c n ,Z,"Z,a1,b3,b2,bI} = B ; hence we let

c 
^ 

aZ. b3 . SÍnce a, n b, ì "1, we have a, n b, Ê c. If

c nbr* a, then {b'rdr"Z nb3rc n brr^Zrb3rc} = C ; hence assume

c n b, . "Z . Tf b, t c v a, then {crc v a1ra1rb3rb2,b1} = B ;

hence assume b2. " V"1. cY a2 and dually bZ.d nar. If

c> a, nb, then c Âb, = (c nbr) nb2 . "2 Ab2< c nbr,

lnpJ-ying that cnb, = arAbr. Sfnce evar>.b, this Ls a

I

lr

. ,::_,ì

l.rli.,:n, . i

.i:.1 .. l
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vlol-atfonof (93n),andso 
"ta.nb2. If cvdÉb2 then

{crc vdrdrb3rb2rbl}=B; hence assume c vd rbZ. From

bZ, d.b3 ÍtfollowsthaË bZrdÉc and brvdtar. Tf.

c v d t- a, then {^Z Ab.,d,^Zrbz v drbr,crc V d} = F0 ; hence assume

c vd ,^2. If e vartb, then {b1,b2rb3ra1ra2tc yarrc}crGO

as desired; hence assrutre c v aZ rb3. Nor+ c v a'z c vbS Z

c v d > c v aZ, impJ-yíng c v aZ= c v d . By (å?/ and the above

resulËs, d < c v d = c v (d aar) <c vbz . 
" val . BuË a dual

argument shows thaË d. nar(c r andhence c vd= c v (d nar) = c r

a conËradiction.

Therefore n > 0 . Let Hr, = {a1r...rar+2rb1r...rbn+3rcrd} c L.

. If cvdÉ"rr*1 then {crc vd,drbo+3,an+1rb1}=B; hencewelet

c v d r ",+L . If c v d { b,'+Z then {crc V drdrbrr+3,bn+Zrb1} g B ;nfL LT'f¿ rl'rJ -

hence'we leË c v d z d v bn+2 . If d v brr+2 É "r,*, then

{al_, ..rân+lrblr...rbn+lrd V bo+2rcrd} ¡¿ Hn-l , contradícting the

choiee of n ; hence d v bo+2 > an*l_ . NexÈ, hre may assume

.- c V an+2 > bn+2 , for otherwíse {blr...rbn+Zra'r....ran*1rc V an+2rc} È Gn-1 ,

as' desÍred. Further, vle assume . c v an*2 > bn+3 , for other:s¡íse

. {btr...rbn*3r41r...rãn*Zrc V an+2rc} = Gr, ; thus we have that

c Vao+2> cVbn+3Zc vd. T,lemayassume bn+3 V c>an+,, for

otherwise {arrdran+2rbn+3rb1rcrbrra3 v ci = F0 . lt follows that

bn+3 Vc=ên+2 Vc, andby (t.?/ bo+3 V.= (b.r+3Â"rr+2) vc.

We may assume bn+3 Â ^rr+2. c v d , for otherwise

{bn+3 n un*2,bn+3,d,c y drcrbr} â¿ B . Thus " v (brr+3 Â 
"rr+2) = c v d,

and by (Rt/ c v d = c v (bo+g A an+2^ d) = c v (an+2 ¡ d),

fnplying " t ^n+Z^ 
d . However, d n ..,*Z < bn+3 ; therefore,

'.,a.:"

i:...:., r.' ..:

li'i t,: :ì,.::.,ijr','.
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J-etting k be mínimal such that d n"rrnr.bk, we have Z <k <n* 3.
If k=n*3, Ëhen d n^nozkbn+2, and þn+2rbn+Lran*2,dÂ arr*rrd,

brr+g]=Bd; hencelreassume k'. r+3. If dn "rr*2. "k_1 , then

{u n orr*rr"k-1r"kr...ran*Zrbk_lrb¡r...rbn*3ru} = arr_u*, ; hence we

assume dn"rr*2{"n_,. If k=Z l¡ehave {b1rdn"n+Zrcrbrrd,

arrbrÌ= EO ; thus we let k> 2. But now {"1r...r"k_lrblr...rb¡rc,
Un "rr*r]=Ht-3 where 0< k- 3< n, contradictíng the choice of n. E

As a corollar-v, we obËain an Ímprovement of Theoren 3.1 for

fini-te semidÍstríbutÍve lattices.

COROLLAPJ 3.3. A finite semÍdistributive laËtice L is thoar if and

.+* if it. does not. contain 43, B, Bd, or Grr, n I 0, as a subset.

a

Proo!. I{e need only prove the ttÍftt directíon. By Lernm¿ l.l, L

"o1t"tr". O' for some n I 3 if and only if it contains A3 . By

Theorems 3.1 and 3.2 the corollary fo11ows. o

THEOREM 3.4. LeË L be a finite semidistrjlbutive laËtice of breadth

at ,most tr,ro.

(a) Tf 'L contafns B or Bd as a subse! then L contains *0 as

a subset.

,(b) If L contaÍns .Gn as a subset for some n I 0 then L

contains R_ as a subset for some m < n + 1,m 

r,-':r.:, -.:..
Proof. (a) Assume B = {arbrcrdrerf} c L . I^Ie fírst observe that we i.;irri,t

musthave aV e7 c r forothenríse {aV eraV crcVe} is an

antichain, contrary toLemma 2.2(ü). If c^ al e, then

{frarbrc A arcrdre} ís a subset of L isomorphic to R0 , as desired. l
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Thus r¿e assume c Âa se and sÍrnilarly c 
^e 

sa, which inplies

c 
^ 

a = c 
^ 

e . But sfnce c < a V e this is a violation of (tJn)

Of course, a dual argument'handles Bd .

(b) Let n 2 0 be minimal such that there is a subseË {a1r...,ân*3,

b1 ,...rbrr¡3rcÌ of L ísomorphic to Gr, . Slnce brr+2 
^ 

c z a1 , we

have- bn+2^"Ébt. Choose k uininalsuchthat bn+2ÂccbO;

then 2<k<n*2. Fi-rstr,reassume k>2. If bn+2Â.c*aO,

then {a1, .¡ra¡rb1r...rbkrbn*z A c} = Gk_3 where 0 s k - 3 < n ;

on the other hand, if bn+2 A ". rk then {brr+2 Â crê¡râk*1r...r

an+3rbk-1rb¡r...rbn*3rc]=Gn+2-k vrhere 0 <n*2 - k<n. In

eíther case we have a contradíction to the choice of D ¡ Hence

k = 2 ¡ that ir, bo*z A c < b, , which ínplies bn+2 
^ " 

= bZ 
^ 

c .

I{e first consider the case b, I e *. a, Assurne thaË

brncÉ"zv br; then {^2,^2 vbl,bl,bz,bzA c,ar}È8, andwe

are" done by part (a). Hence b, n c < a, v b, . Now, íf 
^Z A b, *. c

we have {arrbr,a, nbrrb, A cta2tb2,c} 3 C , whí1e if a, nbr< c

we]rave {bZn "rbl,c,(b, n c) ub1,^Znbz,^,,i.,vbr}3F0. In

eÍther case $re are done by Theorem 3.2 and part (a).

Therefore bn+2 
^ 

. = b2^ c < a, t andby duality

a'vc>bn+2. If arnbr=c then a2^bl<c^bl=. nbrn

br a, nbr, lnplyÍng "Znb' = c 
^br, 

andbY (R?n) we have

arAbr= (a, v c) nb1 = bl , " contrad.iction. Thus arnbrtc

and by dualíty an+3 V brr+2 É ". Now {a1r...rarr¡3ran+3 V bn+2,

a, n brrblr...rbn*3,ci = Ç, , and Theorem 3.4 Ís åsiablished. tr

The assumption ËhaË L has b¡:eadÈh at most tr"ro is necessary.

For example, the laËtice of FÍgure 10 has breadth three, is semídistribut,ive,

i: :

i ,:;:
1.....

:{,.



Ìr l:

!:l:t r

t::..
it "

Fígure 10



,l 
i
i

and contains B as a subset (the shaded eleraents), but does noË

contain R^ as a subset.
U

COROLLARY (THBOREM 1.1)" A finÍte semidísrriburive 1aËrÍce is_ planar,-
1f and only if i! does noË contaÍn ,\q or Rr, û 2 0, as a subset.

J ¡L

Proof. Immedíate from Corollary 3.3 and Theorem 3.4. B

$ +. The proof of Theorem 1.2.

rt is well-known and easy to prove that if L is an arbitrary
lattíce, A, is a subseË of L if and only íf Cr3 is a sublattice of L i':1,.,,'...,,

¿

Also, it is evident from Figures 2 and 6 thaÈ R, is a subset of S., for
each n Þ 0 ; thus if sr. ís a sublattÍce of a laËtice L, certainly R,

is a subset of L This completes the rr Íf tt direction of Theoreur 1.2.

For each n à 0 , let Pr, = ! (Rn), Èhe completion of R., (see

Figure 11) ; recall ËhaË íf R,, is a subset of a lattíce L , so is p_
n

We require one more lemma.
,

:ä ; î ¿ tr tr Ëï,-i.,;î;¿* **,It

' Froof. Let R, \ ["] = [ ^Lr.,.ran+3rblr.,.rbr*r] = t,. sínce

.! (R.,\ [.J) = Pn\ ["J,rrr\ [c3 is a subser of L, as indicared ín
Figure Ll. Moreover rve craÍm that the elements ["tr...r"n +zrbzr...rbrra3]
of rr, \ ["] generate a sublatËice of L isomorphic ro sr, \ fc3 . For
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2

i,..,;

:::1.

:{

^2

tI

'n

Figure 11



sÍmplÍcitrr we will gíve. the construction only Ín the case n = 0 ;

an induction based 6¡¡ sí,milar argumenËs wíll handle the general case.

rf n = 0 , the required sublartice of L isomorphic to so \ ["] is
given ín Figure 12. NoËice rhar ur'i {^, 

^ 
b2) 1 a, A (ar'V br) ,

@Z Ab3) V b¿< (ar'V b2) A b3, and .2 Â b3 $ ar'V b, hotd by

virtueof (p. ¡

Now leË 'L be a fínite semidístrÍbutive lattíce satisfying

g). I^le may assume that A, is not a subset of L, which ímplies thaË

b(t) < 2 by Lemma 2.1. Let n Þ 0 be miníma]. such that there exists

a subset of L isornorphíc Ëo Rn . choose R, = ["rr...ran+ 3rbLr...rbr+3rcJ
g ["] Ä bI , "rr+3 V brr+ 3] s L such that phere 'does not exísË a subseË

of L isomorphic to R, in any proper subinËervar of ["r Â br, 
"n+3V bn+-?],

Then we have seen thaË we can find s e L , generated by f"lr. ..ran*2,'n
bZr.'.. rbn+3r"J, such that Sr, \ {c} is a sublattice of L Observe

.- that Ì{e may assume thaË a, A b, = b, and an+2! Or, +2 = an*3. To

complete the proof of Theorem 1.2 we need only show that â , ^'V'" = iiì.;t;tn+ z 
¡:i l.';an*3 V brr+, and b, V c = brr+3 (. dual argument handles Èhe corresponding i;,.,,.
;r¡"tl1"t.

meets).
!

Fi.rst, rùe may assume Èhat bn+ 3= (".r*3Â brr.r3) V c Hence ,

sÍnce [trr* 2rant3ran+ 3 A brr+ 3rbn+ 3rcJ is a down-down fence, Lemma ¡..'...¡,,
, 

ill '-

2.3 (i) implies that an+2V " = ro+2V ("n+g^ br,+,3) V " = r.r+3V bn*3, 
,

las desired.

i

t::: :

¡.1_.-;à -ir.a:{ i :i_¡'-:!1
f.",

16.

;:,1.
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a, A (arV br)

arv (a¡! b2)

arVb,

b
3

(a2vb2)Âb3

(arÂbr)Vb,

a VbL2

^zA 
bz

"rÂ b2

arnbj

bz

Figure 12
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:.1

Nowsuppose n=0 ff. 
^z

1^z A b3r"3 A b3rb2 ,ori crcrarl is a

B , and is contained in ["] Â b.rb3l ,

-subset of L isornorphíc to RO which

a proper subinterval of Â b1ra3V

Therefore ^2Ab31brV e, andby

bg i bz V c If (^2Ab3) V . È bz

is a subset of L ísomorphic to B ,

a proper subset of ["] Â brrarVbrl.

contradictÍon. Thus (t2 A br) V c >

@ZAb3)V"=b3=brVc.

þZA b3 
^ 

b2) V " = bt'V c

By (l9v)

L7.

^b 
*¡ Vc rhen3' 2

subset of L isomorphic to

By Theorem 3.4 there is a

Ís contained in ["t Â b2rb3J ,

b 3l r contrary to assumpÈion.

$) r.te are forced to conclude that

then t^zr^3rb2,b3,(a2Ab3) V c,a2^b3]

and is contained Ín [b1r"3 V b3J ,

By Theorem 3.4 we agaín havè a

bz V c which implies

we conclude that b3 .=

thecase n=0, conrpletíng

: :.: ::l
.. ..:i:.ijri i

.:. : :: -,:'. ::

; - ii:ri:.:. t; :.1
^ .::i:":ì,.:t:j:::l

-,:]

[,Ienowassume nÞ0. As inthecase n=0, our firsËgoal

wilr be to prove that ur'v " = bn+3. choose k maximal such that

br.Vc ) rk i Ít is clear that 1 < k I ntl. If k = 1, rhen

l^rr^3,bzrb2'V "ràr"rJ = B , and by Theorem 3.4 L must conrain a subset

Ísomorphic to *0, conËrary to the choice of n. Assume 2<k s n.
-.:

rf b, V c ) bk+1, then f rtr...r"k +zrblr...rbk +Lrb2'v "r"] = \_ t, and

k - I ( n, conËradicting the choíce of n On the oËher hand, if
l-b, V c t ou*, then ["kr...rân +zbl<+Lt...rb. +3rb2 V 

"J - G.,-ki by

theorem 3.4 .L must contaÍn a subset ísomorphi" t_o-_ R* for some

ml n-k+1, and since 1 I n-k+1 I n- 1 this again contradicts the

choice of n Therefore k = n*1, and so Ur'ü. t "rr+1. If b2V.*brr*2,

i:i
i.,
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then {.r,*2ran*3rb
contradictíon; hence

. .:

n*2tbn+3 rbzv "r"rr+ lJ = B , which is a

u, ï " ) bn+z. rf b, v . * "r, +2 Ao**,
then Itlr. .. ,^r+ Iran+ 2 

Â br, +3rb2r. ... rbn +2rËzî- .r"] is a

subset of L isomorphic to Gn _ I, and is contaíned in ["] A b,rbn+3l t
a proper subínterval of ["] Â blrrn+3 V bn+3]. By Theorem 3.4
["t Â b2rbrr+3] contaÍns a subset isomorphic to R* for some ms n .

By the choice of n v¡e must have m = n ; but this co'tradicts the
minimality of Rn . Thus br'V c = "rr* 2A bn+3, and by q) rr?e

conclude U, 
'V 'c 

= br, + 3.

Now íf a, v c { l, , we have l.rzr...rarrf3 rbzr...rbr +3raz.v.J=¡rr_
conËradictíng the choÍce of n Hence ar'V c , b2, and so arVc=br,+r=brVc
gy .(PV), bn+3= G2 A b2) V c = brï c, and Ëhe proof of Theorem L.2
is complete.
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