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Abstract

Golay pairs (GPs) are pairs of (£1)-sequences with zero autocorrelation. G Ps have
numerous applications in engineering and mathematics such as in device synchro-
nization, spectroscopy, and in the construction of Hadamard matrices. As a result,
there is significant interest in understanding their mathematical structure. However,
the structure of GPs appears to be very mysterious. Ternary complementary pairs
(T'C Ps)—a generalization of G Ps—are pairs of (0, +1)-sequences with zero autocor-
relation. Similar to GPs, the structure of T'C'Ps appears to be quite challenging.
In order to gain insight into T'C'Ps and G Ps, Craigen introduced Boolean comple-
mentary pairs (BCPs), which are pairs of Zs-sequences with zero autocorrelation.
Craigen solved the structure of even-weight BC'Ps and with Woodford discovered
a factorization involving 2 x 2 matrices in the odd-weight case. A review of Golay
pairs, ternary complementary pairs, and Boolean complementary pairs is given. The
odd-weight BC'P factorization is extended to all pairs of Zs-sequences with zero
autocorrelation. Consequences of this extension are then established, including a

connection to affixes.
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List of Symbols

Z-l—

IN

N

|51

the set of all integers.

the set of all positive integers.

the set of all nonnegative integers.
the ring of integers modulo n.

the identity matrix of order n.
the zero matrix of order n.

the transpose of the matrix M.
the empty set.

a subset.

a proper subset.

the cardinality of the set S.

an arbitrary integral domain, unless specified otherwise.

represents '—1" in (0, +1)-sequences and matrices.



Introduction

Complementary pairs have been widely used in engineering and mathematics since
their inception in 1949 by Golay [14]. However, their mathematical structure remains

largely mysterious.

Let R be an integral domain, let S € R, let n,w € Z*, and let A = (a;)!-; be a
sequence of length n with entries in S. Define the autocorrelation function of A

to be a map AF4 : N — R, where

2?1—01—]' a;airjy J<mn,
AF4(j) =

0 j=n.

In other words, AF4(j) is the sum of the product of all elements that are j indices

apart in the sequence A.

Example 1.0.1. Let A = (a;)%, = (ag,a1,a2) = (1,5,2). Then

AF4(0) = a2 4+ a? + a2 = 17 + 5% + 2% = 30,
AF4(1) = apa; + ajas =1 x5+ 5 x 2 =15, and

AFA(Q) = QpQg = 1x2=2.



A pair of sequences (F,G) over S is a complementary pair of length n and
weight w if and only if both sequences are of length n, the number of nonzero entries
in F' plus the number of nonzero entries in G equals w, and for all integers j > 0,
the pair satisfies

Complementary pairs are also said to have zero autocorrelation, and are abbrevi-
ated to CP(n,w, S, R). If it is clear which ring R the set S belongs to, or if the ring
R does not matter, then CP(n,w, S, R) may be shortened to CP(n,w,S). Subsets
of integral domains shall be called coefficient sets.

Example 1.0.2. Let R =7, 5 = {£1} «c R, F = (f;)?, = (1,1,1,-1), and
G = (g9:)}, = (1,1,-1,1). A useful convention will be to let "—" denote "—1" in
sequences and matrices whose entries are a subset of {0, +1}, where no confusion

"

about the meaning of "—" can arise. This is for visual appeal and also eliminates

the need for commas to separate entries of the sequences. Thus F' and G become

F = (111-) and G = (11-1).

R is an integral domain, S is a subset of R, the pair (F,G) has length 4, weight

8, and satisfies

AFp(1) + AF(1)=(1+1-1)+(1-1-1) =0,
AFp(2) + AFg(2) =(1—-1)+(-1+1) =0, and

AFp(3) + AFs(3) = (—1) + (1) = 0.

Therefore, (F,G) is a CP(4,8,{+1},7Z). O

Example 1.0.3. Let R = S =Zs, se€ S, F = (fi)~, = (1,0,4), and G =

(9:)2, = (3,s,-3). R is an integral domain, S is a subset of R, and the pair (F, Q)

2



has length 3. The pair (F,G) has weight 5 if s # 0 and weight 4 if s = 0. Checking

autocorrelation coeflicients shows

AFp(l) + AFg(1) = (1 x0+0x4) + (3s—3s) =0, and

AFp(2) + AF(2) = (4) + (=9) = =5 = 0.

Therefore, (F,G) is a CP(3,5,Zs) if s # 0 and is a C'P(3,4, Zs) otherwise. O

A useful convention will be to denote sequences by uppercase letters and their
entries by the lowercase equivalent. Indexing shall also begin with 0 unless specified
otherwise. Thus for n € Z*, a sequence F' of length n with no specified index shall

be written as F' = (fi)I, .

For a given coefficient set S, which positive integers n and w are the length and
weight of a complementary pair over S?7 This is the driving question for comple-
mentary pairs, whose answer is often impenetrable to attack. It is this author’s
opinion/hope that the reason for this absence of results is that complementary pairs
have not been studied from the correct perspective. Craigen and Woodford [8] es-
tablished a new perspective to investigate Boolean complementary pairs, but did not
publish their results. This thesis re-derives their results and begins the investigation
of Boolean complementary pairs through this new perspective—a perspective that

might harbour significant consequences.

Complementary pairs originated in a 1949 paper by Marcel Golay [14] (more fa-
mously known for Golay codes, a kind of error-correcting code), who sought to
improve the single-slit optical spectrometer. Optical spectrometers are apparatus
used to measure properties of specific wavelengths of light, such as their chemical
composition. The single-slit spectrometer has a single entry and a single exit slit

with an adjustable diffractor on the inside positioned to correspond to a specific



wavelength. Light is shone in the entrance slit of the spectrometer then separated
into its composite wavelengths by the diffractor. Only light of the specified wave-
length escapes through the exit slit, which allows one to record properties of that
particular wavelength. Single-slit spectrometers are quite large relative to their slits.
Therefore, Golay wanted to design a multi-slit spectrometer which would use many
entrance slits, allowing for more light to pass through and therefore get a stronger
reading. However, if one only wanted light of the desired wavelength to escape, the
diffractor design within the multi-slit spectrometer would need to be extremely com-
plicated. Golay’s innovation was that one did not need to have only the specified

wavelength of light escape; one only needs complementary pairs.

Golay gave his complementary pairs the name complementary series, and de-
fined them to be a pair of equal length sequences with two kinds of elements with the
property that the number of like elements for a given nonzero shift in one sequence
is equal to the number of unlike elements of the same shift in the other. These pairs
of sequences are now referred to as Golay pairs, and are equivalent to complemen-
tary pairs over the set {+1} < Z. To see this, let n € Z*, and F = (f;)7-) and

G = (g;)!=4 be a pair of (+1)-sequences. For any natural number j less than n, one

obtains
n—1—j n—1—j
AFp(j) + AFs(G) = ), fifii+ ), 9i9iss- (1.0.2)
i=0 i=0
Let
lp=W{ieZ:0<i<n—1-jand f; = fis;}l,
lG: |{ZEZOélén—l—jandgzzgzﬂ}’,

o
N

up ={ieZ:  <n—1—jand f; # fiy;}|, and

o
VAN

ug={ieZ:0<i<n—1—jandg # gi,}|.



That is, {F is the number of like elements of distance j in F', up is the number of

unlike elements of distance 7 in F'; and similarly for {5 and ug in G.

For any integer ¢ such that 0 < ¢ < n — 1, note that

L fi= firs
fifivi =
=1 fi # fi+j-
Therefore, equation ([1.0.2)) becomes
AFp(j) + AFG(j) = lp — ur + lg — uc- (1.0.3)

Suppose j > 0. If (F,G) is a complementary series, then lp = ug and lg = up,
so equation (1.0.3)) becomes lp — up + lg — ug = 0, which implies that (F,G) is a

Golay pair.

If (F,G) is a Golay pair, then equation (|1.0.3)) is zero, so lp — ur + lg — ug = 0.
Notice that there are n — j terms in AFp(j) and AF5(j), and all are +1. Therefore,

lp +up =lg+ug=n—7j. Then

2lF—2uG=(ZF—UF-I—ZG—Ug)+(ZF+UF)—(ZG+Ug)
=0+ (n—j)—(n—7j)

which implies lp = ug. One similarly obtains l¢ = up, and it follows that (F, Q)
is a complementary series of length n if and only if (F,G) is a Golay pair of length
n (abbreviated to GP(n)). As there are no nonzero entries in a Golay pair, every

GP(n)is a CP(n,2n,{£1},7Z).



Golay’s diffraction design in the multi-slit spectrometer, which can be found in
his first paper [14], is quite intricate. However, how Golay pairs are used is simple
to describe. Let n € Z*, and suppose a = (a;)!=y , b = (b;)}~y form a Golay pair
(lowercase letters for the sequences following Golay [16]). Let a’ = (—a;)!-; and
b’ = (—b;)?=,. Divide the spectrometer into four components as shown in Figure
(this figure is only used to show how Golay pairs are used, not how the mechanism
works). Each component is a sequence of n equally-spaced slits, and slit 7 is open
or closed depending on whether the corresponding sequence term is 1 or —1. For
instance, a quadrant indexed by a will have slit ¢ open if and only if a; = 1, and is
closed if and only if a; = —1. The exit sequences are inverted to correspond with
the inversion of the radiation upon hitting the diffractor. For instance, the exit a is

actually (a,—;);. Two recording devices D; and D, are placed at the exits of the

slits as shown in Figure [I.1]

ENTRANCE EXIT

( e a b -~
— - J.'.J"E
- q' b’ —
INCOMING 4
RADIATION :
— b o ——
C,
— b 0 —
ey PN e— |

Figure 1.1: Golay’s design for the multi-slit spectrometer (Golay, 1961 [16]).

Suppose electromagnetic radiation is uniformly radiated across the entrance of the
spectrometer. For a nonnegative integer ¢ < n, light through the entrance slit cor-
responding to a; is diffracted to hit the exit slits corresponding to a;, a1, ..., Gnp_1-

Similarly, light coming from a; hits the slits corresponding to a},a;,4, ..., a,_;, light
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from b; hits the slits corresponding to b, b}, ,...,b, 4,

and light from b} hits the
slits corresponding to b;,b;11,...,b,_1. The light with the desired wavelength cor-
responds to light that enters from a;, a;, b;, b; and hits the exit slits a;, a;, b;, and b,
respectively. By construction, the light from b; to b, and from b, to b; is blocked,
and thus by examining Figure [I.1], one sees that light with the proper wavelength is
only read by device D;. Light corresponding to different wavelengths correspond to
a nonzero shift in the slits. Say this shift is in j slits. Then the number of exit slits
in a where light escapes is equal to the number of pairs (a;, a;4+;) where both are 1.
The number of exit slits in a’ where light escapes is equal to the number of pairs
(ai, a;, ;) where both are 1, that is, the number of pairs (a;, a;1;) where both are —1.
Thus the total number of slits where light exits and is picked up only by D; is equal
to the number of like elements in a of shift j. Similarly, this fixed wavelength will
also correspond to the number of open slits from b to b’ and b’ to b of shift j, which
is equal to the number of unlike elements of shift j in b. This radiation is picked up
only by Ds,. As light is uniformly radiated across the slits and the number of like

elements of shift 7 in a is equal to the number of unlike elements of shift j in b, the

measurement D; — D5 is only that of the desired wavelength.

The multi-slit spectrometer was the first of many applications of complementary
pairs to engineering. Golay foretold of these numerous applications, but continued

investigating Golay pairs for a different reason. In his 1961 paper [16], Golay stated

"Regardless of past or possible future applications, the writer has found these
complementary series mathematically appealing, first because of the deep seated
symmetries which characterize them, even though no sign of order may be obvi-
ous at first glance, and second because of the challenge offered by the problem of

synthesizing them for n = 26, 34, etc,".



This is indeed the case with complementary pairs: interest is generated not only
from the many applications to engineering, but also from the mysterious nature of
their mathematical structure. Complementary pairs are strikingly similar in this
respect to another object in mathematics: for n,w € Z*, a weighing matrix of
order n and weight w is an n x n matrix W with entries {0, £1} such that WWT =
wl. Weighing matrices have many applications such as in experimental designs in
statistics and optical multiplexing in engineering [22]. The question of which positive
integers n,w are the order and weight of a weighing matrix is one that has drawn
significant interest. In particular, the question of which integers are the orders of
Hadamard matrices (weighing matrices with n = w) has received much attention
since its posing in 1893 by Hadamard [20]. In the same paper, Hadamard showed
that if Hadamard matrix of order n exists, then n is 1, 2, or a multiple of 4. It has
been conjectured that for every integer n that is a multiple of 4, a Hadamard matrix
of order n exists. Complementary pairs can be used to construct weighing matrices,

as is shown later in this chapter and described in detail in Section [2.6]

Golay wrote three more papers on Golay pairs [15], [16], [I7], each paper focusing
on their mathematical structure. Golay found pairs of lengths 10,26, and all non-
negative powers of 2, and showed that for n,m € Z%, if one has a pair of length
n and m then one can construct a pair of length 2nm. Turyn [27] improved this
result by demonstrating how to construct a pair of length nm from pairs of length n
and m, thus proving the set of lengths of Golay pairs is closed under multiplication.
Combining this result with the lengths Golay found shows that for every a,b,c e N,
a Golay pair of length 2910°26¢ exists. So far, no Golay pair of any other length
has been found. Indeed, it has been verified by Borwein and Ferguson [I] that ev-
ery Golay pair of length up to 100 has length of the form 2¢10°26°. Borwein and
Ferguson also showed that all pairs of length up to 100 are constructible from five

starting pairs of lengths 1,10,20 and 26, and no starting pair is constructible from
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any of the others. Only two other restrictions on the lengths of Golay pairs have
been found: Golay [16] showed that the lengths of pairs are either 1 or even, and
Eliahou, Kervaire, and Saffari [9] showed that the length of a Golay pair can not

have a factor congruent to 3 (mod 4).

Most engineering applications of Golay pairs involve transforming one or both
sequences in the pair to a signal through their discrete Fourier transforms. These
signals have desirable properties, such as guaranteeing some power-efficiency in a
transmitter. For instance, Golay pairs are used to construct power-efficient multi-
tone signals, which are signals that are made up of multiple equal amplitude,
equally spaced tones. Multi-tone signals are used to determine characteristics of an
object, such as determining acoustic measurements of auditoriums [24]. The crest
factor of a multitone signal is the ratio of the highest peak to the average, and
a high crest factor results in a weaker transmission of a signal [25]. A multi-tone
signal constructed from the discrete Fourier transform of a sequence in a Golay pair
has an upper bound of 6 decibels on its crest factor [25], which guarantees some

power-efficiency.

Golay pairs are also used in device synchronization. To show how this is done, a
few more definitions and observations need to be made. Let R be an integral domain,
let SC R, let neZ* and let F = (f;)’-y and G = (g;)-; be two sequences with
entries in S. For an arbitrary sequence A, the periodic autocorrelation function

of Ais PAF, : N — R, where for all j € N, one obtains

PAF4(j) := AFA(j) + AFs(n — j)



The cross-correlation function of (F,G) is CCFrg : N — R, where

, Z?;Ol‘j (figivj + gifiv;) 0<j<n-—1,
OCFF(;(j) =

)

0 7 =n.

Lastly, suppose (F,G) is a Golay pair. Then

n—1 n—1
AFp(0) + AFG(0) = > [T+ ). 6
i=0 i=0
n—1
:221
=0
= 2n.

Therefore, 0 is the only j € N such that AFg(j) + AFg(j) # 0.

Next, for signal transmission, the transmitter and receiver agree upon a time
period P in seconds which corresponds to how long the sequence will be sent for.
Now suppose A = (ag, a1, ...,a,-1) is a (+1)-sequence and suppose u(t) is its discrete
Fourier transform with period P. The function u(¢) is a sum of sines and cosines
that represents the amplitude of the signal at time t. For j = 1,2,...,n, the value
u(jP/n) is the amplitude corresponding uniquely to a;_;. The signal is sent, and
the receiver measures the amplitude of the signal at every (P/n) seconds for a total
of n times. As each amplitude corresponds to a unique element, the signal can be

decoded back into a sequence.

Now suppose one wants two devices to communicate, say someone wants to con-
nect their phone to a router for WiFi. The phone sends its requests to the network by
taking a sequence which corresponds to a command, transforming it into a signal us-
ing its Fourier transform, then sending it to the router. The router then converts the

signal back into a sequence, but due to temporal offset this received sequence may be
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a shifted version of the original. For example, the phone could send (1,2,3,...,10)
and the router might receive (4,5,...,10,1,2,3). Without any correction, this tem-
poral offset would cause the router to misinterpret the phone’s request. Therefore,
the router needs to know how to shift received sequences back into their intended

form for proper communication. To this end, a Golay pair is used.

Let n € Z*, let (F,G) be a GP(n), and let A = (fo, f1," , fn-1,90, 91, " > Gn-1)-
To correct for temporal offset, the phone converts A to a signal through its Fourier
transform, which it then sends to the router. The router decodes the signal into a
sequence A" and computes CCF4 4/(0). It can be shown that there exists an integer
j < n corresponding to the temporal offset in the signal transmission such that
CCF4a(0) = 2PAF4(j). One can also show that PAF4(j) can be rewritten as
PAF(j) = AFp(j) + AFs(j) + CCFpg(n — j). If there is no temporal offset, that

is, if A’ = A, then j = 0 and one obtains

CCOF41(0) = 2PAF4(0)
— 2(AFr(0) + AF(0) + CCFrg(n))

= 4n.

If there is a temporal offset, then 0 < j < n and one obtains AFr(j) + AFg(j) = 0.

It can be shown that CCFpr(n — j) is small relative to 2n [21], resulting in

CCFy 1 (0) = 2P AF,(j)
=2 (AFF(j) + AFG'(j) + CCFEG(R — j))

= QCCFpg(n —j)

being small relative to 4n. Therefore, the router can tell if there is a temporal offset
by checking if CC'F4 _4/(0) is near 4n (there can be minor errors in the process, hence

the calculated values may be slightly off from their theoretical ones). If there is a

11



temporal offset, the router shifts the received sequence A’ until the cross-correlation
function of A with this shifted sequence evaluated at zero is near 4n. The router
then records this shift and applies it to received signals from the phone to properly

interpret them, thus synchronizing the devices.

As previously mentioned, Golay pairs can also be used to construct Hadamard

n—1
4,j=0"

matrices. Let n € Z" and M = (m,;) The matrix M is circulant if and
only if for all integers ¢, 7 such that 0 < 4,7 < n — 1, the equality m;; = m;i1,41
holds (where indices are reduced modulo n). Observe that any row of a circulant
matrix defines the entire matrix. Now suppose F' = (f;)!-; and G = (g;)!= form a
GP(n). Construct circulant matrices A and B by letting their first rows be F' and

G, respectively. Let
A B

—BT AT
and consider
A B AT —-B
—BT AT BT A

AAT + BBT BA - AB

ATBT — BTAT AAT + BBT

It will be shown in Lemma [2.6.3 that all circulant matrices commute and that the
transpose of a circulant matrix is also circulant. Thus, BA— AB = AB— AB =0
and ATBT — BTAT = ATBT — ATBT = 0. Therefore,

AAT + BBT 0

HH'" =
0 AAT + BBT

12



For integers ¢ and j such that 0 <i,j <n — 1, the (i, j)-entry of AAT + BB is

n—1—jti j—i
Z (frfrrj—i + Gugrrj—i) + Z (frfrrjmi + GrGr+j—i)
k=0 k=0

= AFp(j — i)+ AFg(j — i) + AFp(n —j + 1) + AFg(n — j +1).

Therefore, when i # j the (i, j)-entry of AAT + BBT is zero and the (i,4)-entry
of AAT + BB is 2n; hence HH" = 2nl. Therefore, as each entry of H is +1, H is
a Hadamard matrix of order 2n. This construction can be applied for all a,b,c € N

to construct a Hadamard matrix of order 2¢t110°26¢.

Ternary complementary pairs (T'C'Ps) are complementary pairs over the set
{0,+1} < Z. The total number of zeros in the two sequences is called their de-
ficiency, hence every Golay pair is a deficiency zero ternary complementary pair.
T'C Ps have been studied for their connections to G Ps, though the interest in T'C' Ps
also comes from connections to other areas such as orthogonal designs [12]. Gavish
and Lempel [IT], who coined the term "T'C'P", found lower bounds on the deficiency
of T'C'Ps for every possible length, found extra conditions on the lengths of certain
small-deficiency pairs, and provided a construction of T'C'Ps different from known

constructions of GPs.

Gysin and Seberry published two papers on T'C'Ps [18], [19], finding new restric-
tions on lengths and deficiencies and settling all cases of existence/nonexistence for
lengths less than or equal to 20 and weights less than or equal to 40. The authors
also gave many constructions for new T'C'Ps from old, but it was later shown by
Craigen [3] that their constructions were equivalent to Gavish and Lempel’s stan-
dard construction [I1]. Craigen provided a proper generalization of the standard

construction in the same paper.

13



In 2001, Craigen and Koukouvinos [7] developed a theory of T'C Ps from a "weight-
first" perspective. At that time, most of the work done on T'C' Ps was to classify pairs
by length first, then by deficiency. They argued that a weight-first perspective is
more natural, citing that many equivalent T'C' Ps have different lengths, but weight
is always constant. Furthermore, the result by Eliahou, Kervaire, and Saffari [9]
also applied in the TCP case, and was actually a theorem about weight rather than
length—it just happens that the length of a Golay pair is half its weight. From this
perspective, the authors introduced primitive pairs, which are pairs that cannot be
obtained from others by the standard multiplication outlined in the later Theorem

4.2.4 As such, primitive pairs are in essence the primes of the TC'P world.

Craigen and Koukouvinos continued their investigation into T'C'Ps in 2006, this
time with Georgiou and Gibson [5]. The authors developed a new computational
strategy for finding T'C'Ps: let S be a coefficient set, t € Z*, A, B, C, D be sequences
of length ¢ over S, and let # be an arbitrary symbol. Then F' = (A,#, B) and
G = (C,#,D) form an affix of length ¢ over S if and only if for all i < ¢, one
obtains

AFp(2t +1—14) + AFg(2t +1—4) = 0. (1.0.4)

In other words, the autocorrelation coefficients that do not involve "#" are zero.

Example 1.0.4. Let FF' = (1,1,#,1,-1) and G = (1,1,#,-1,1). The sequences
(1,1),(1,-1), and (-1,1) all have length 2, and (F, G) is a pair of sequences of length

2 x 241 =75. One can verify that

AFp(4) + AFs(4) = (1) + (1) = 0, and

AFp(3) + AFg(3) =(1—1)+ (—1+1) =0.

Therefore, (F,G) is an affix of length 2 over {£1}. O

14



Now let n e Z*, let A, B,C, and D be length n sequences with entries in {0, +1},
and suppose F' = (A,B) and G = (C,D) form a TCP of length 2n. One can
verify that F = (A, #, B) and G = (C,#, D) form an affix of length n. Thus every
even-length T'C'P corresponds to a unique affix of half its length (similarly with the
odd-length case, except one replaces the middle entry with "#"). Thus when one
wishes to construct a T'C'P of length 2n, one can begin with the affixes of length n,
remove the "#" symbol (replace "#" with 0,1, or —1 in the odd-length case), then

check the remaining autocorrelation coefficients to see if they are zero.

When building an affix of a specified length, one begins with the set of all affixes of
length one less than that and sees if any of these smaller affixes can be "completed" to
the larger size. For instance, to build an affix of length n+ 1 from F= (A, #, B) and
G = (C,#, D), one finds which =, y, u, v € {0, +1} make H = (A, z,#,y, B) and K =
(C,u,#,v, D) an affix. Since (ﬁ, CNJ) is an affix, one only needs to check that AFg(n+
2)+ AFg(n+2) = 0 as the other autocorrelation coefficients are automatically zero.
Thus one has a systematic method for generating affixes of larger sizes, which also
yields a systematic approach to constructing T'C'Ps of a given length. This method
vastly outperforms the naive approach of trying all possible permutations of 0, 1, and

—1 to construct a TCP of a given length, which is computationally costly.

Despite gaining some insight into ternary complementary pairs, just like the GP
case, their structure appeared to be very mysterious. If one examines the results
about these complementary pairs, one sees that they fall into one of two categories:
they are either a nonexistence result, or a method of constructing a new pair from
old pairs. There is no theory about why a TC'P or GP should exist, only theory
about why one should not. All known T'C'Ps and G Ps have either been constructed

from other pairs or have been found by computer or by hand.
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In 2003, Craigen [2] introduced Boolean complementary pairs (BC Ps), which
are complementary pairs over Z,, to try to gain insight into TC'Ps. Each TCP
corresponds to a BC'P by mapping the entries in the sequences from Z into Z,.
The idea behind BC Ps was that if one could classify all complementary pairs over
Zso, then one has obtained all possible "zero patterns' within 7TC'Ps. One could
then attempt to construct all TC'Ps by placing minus signs in the correct places of
BCPs. Craigen completely classified even-weight BC'Ps and certain types of odd-
weight BC Ps. Later, Craigen and Woodford [8] provided an algebraic factorization
for the odd-weight pairs that was markedly different than the even-weight pairs. This
factorization involves 2 x 2 matrices defined by certain properties of the odd-weight
pair under investigation. This factorization has a much higher degree of complexity

than the even-weight case.

The purpose of this thesis is to not only use Craigen and Woodford’s factorizations
to gain insight into BC Ps, but to also show that these factorizations themselves are
intriguing and worthy of study. Chapters [2] to [5| are an overview of what is known
about GPs, TCPs, and BC' Ps. The point of this is to not only familiarize the reader
with what is known in the literature, but also to contrast the known results with
the original results in this thesis. Chapter [6] develops and extends the factorizations
of odd-weight BC Ps found by Craigen and Woodford to all pairs of sequences with
entries in Zy. Chapter [7] investigates these factorizations and Chapter [§] concludes

the thesis by considering possible continuations of this work.
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General Concepts, Properties, and
Constructions of Complementary

Pairs

Examining the literature on complementary pairs reveals common concepts, proper-
ties, and constructions. This chapter unifies these results and ideas by proving and
discussing them in their general cases. Consequentially, many results in Chapters
Bl [ and [f] follow immediately from the work in this chapter. As this chapter is
a simple generalization of others’ work, each citation will indicate whose result is
being generalized. Constructions of orthogonal matrices using complementary pairs

are included in the final section.
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2.1 The Laurent polynomial form of complemen-
tary pairs

Definition 2.1.1. Let z be an indeterminate and let S be a set. The set of all

Laurent polynomials in x over S is
m+n
Sz, 2] = Z s meZneEN, S, Sty s Sman €S 7.
i=m

Complementary pairs have an equivalent Laurent polynomial form that is struc-
turally revealing and is easier to work with than their sequence form. For these

reasons, the Laurent polynomial form shall be used primarily throughout this thesis.

The degree of Laurent polynomials shall be important in the discussion of lengths
of complementary pairs. However, Laurent polynomials have a slightly different

definition of degree than standard polynomials.

Definition 2.1.2. The degree of a nonzero Laurent polynomial f(z) (written
deg(f(z))) is the difference between its highest and lowest powers of x with nonzero
coefficients. Suppose f(z) and g(z) have equal degree. The degree of the pair
(f(z),g(x)) is the degree of the two polynomials. If f(x) has degree zero, the pair

(f(x),0) shall be considered a degree zero pair.

Example 2.1.1. The polynomial f(x) = 2z~ +2z ! +7+2? is a Laurent polynomial
over the set {0,1,2,7} and has degree 6 = 2 — (—4). Note that f(x) is not a
Laurent polynomial over the set {1,2,7}. This is because the definition of Laurent
polynomials requires that every coefficient from the least power of z in f(z) to the
greatest is in {1,2,7}. The coefficients of 273,272, and z in f(z) are all zero, which

lies outside the set {1,2,7}. O
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The only notion of degree used in this thesis is Laurent polynomial degree. There-
fore, any mention of degree is to be interpreted as the Laurent polynomial degree.
Similarly, the only polynomials of interest are Laurent polynomials, hence any men-

tion of polynomials shall be interpreted as Laurent polynomials.

Notice that the definition of the autocorrelation function of a sequence found on
page [1] relied on the index of the sequences starting at ¢+ = 0. This was done out of
simplicity for the reader and is not necessary. The Laurent polynomial representation
of complementary pairs requires an arbitrary starting index, hence autocorrelation

shall now be redefined.
Definition 2.1.3. Let S be a coefficient set, t € Z, n € Z*, and A = (a;)?-,'"". The
autocorrelation function of A is AF, : N — R, where

n—1+4+t—j .
Zizt AiQiy; J<mn,

AFa(j) =
0 Jj=n.

That is, the autocorrelation function of a sequence evaluated at j is the sum of all

terms indexed j apart.

Definition 2.1.4. Let S be a coefficient set, t € Z, n € Z*, and A = (a;)!-'*" be a

sequence of length n over S. The Laurent polynomial form of A is the polynomial

n—1+t

a(z) = Z a;x’.

If an index is not specified in a sequence, the index is assumed to begin at 0.
For convention, a sequence denoted with an uppercase letter shall have its Laurent
polynomial denoted by the lowercase version of the letter. For example, a sequence F'
would have Laurent polynomial form f(x). Furthermore, for all j € Z, the coefficient

of z7 in f(x) shall be written as f; unless explicitly stated otherwise. Thus for
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m,n € Z, if the least and highest powers of z in f(x) are m and n, respectively, then

f(z) is assumed to be written as f(z) = > fix".

Example 2.1.2. Consider F' = (111-) and G = (11-1), which form a GP(4). No
index is given for either F' nor GG, hence it is assumed that their indices start at
zero. Therefore, their polynomial forms are f(x) = 1 + 2z + 22 — 2° and g(z) =
1+ 2 — 22+ 23, If instead F is indexed starting at —7, then F’s polynomial form is

f)y=a"+a %+ —at =271+ +22—2%). O

Knowing the degree of a polynomial is not enough to know the length of the original
sequence. For instance, the sequences F' = (111-) and F= (111-000) have the same
associated polynomial but have different lengths. However, it is straightforward to
see that for n € Z*, any sequence of length n that does not start or end with a zero
has a degree n — 1 associated polynomial. Moreover, one also sees that two sequences
with the same index have the same associated polynomial if and only if zeros can
be appended to the end of one sequence to obtain the other. For example, F only
differs from F by the three appended zeros at the end of F. Appending zeros to
the end (or the start) of a sequence does not change the sequence’s autocorrelation
function. For example, for all j € N, one has AFr(j) = AF3(j). Therefore, from the
point of view of complementarity, two sequences who differ solely by some zeros at
the starts or ends of the sequences are the "same". Therefore, the following definition

from Craigen and Koukouvinos [7] is made.

Definition 2.1.5. A sequence is reduced if and only if its first and last terms are

nonzero.

Example 2.1.3. The sequence F = (111-) is reduced but F = (111-000) is

not. O

Definition 2.1.6. For a polynomial f(x), define the conjugate of f(x) to be
fr(@) = fz™).
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Theorem 2.1.7 (Folklore). Let R be an integral domain, let S < R be a coefficient
set, let n,w € Z*, let A = AFr(0) + AF5(0), and let (F,G) be a pair of reduced
sequences of length n over S. Then (F,G) is a CP(n,w, S, R) if and only if their
associated polynomials f(z) and g(z) have degree n — 1, have a total of w nonzero

coefficients, and satisfy

f) f* (@) + g(x)g"(x) = A (2.1.1)

Proof. As F and G are reduced, it follows that f(x) and g(z) both have degree n—1.
It is easy to see that (F,G) has weight w if and only if f(z) and g(z) have w total

nonzero coefficients. For all j € Z, the coefficient of 27 and 277 in equation (2.1.1) is
n—1—j n—1—j
D fifiei) + D) (9i9ivs) = AFp(j) + AFG()).
i=0 i=0
When j = 0, one has A\ = AFp(0) + AF;(0). The result follows. O

The polynomial (ff* + gg*)(x) shall be interpreted as f(z)f*(z) + g(x)g*(z), and
equation (2.1.1]) shall be written as (ff* + gg*)(x) = A for visual appeal.

Example 2.1.4. Let F' = (11) and G = (1-), which form a GP(2). For f(z) =

1+ zand g(z) =1—z,

(ff+997) (@) = (L+a)L+a27")+(1-2)(l-a™)
=1+ ' +z+1)+ (1 -2 ' —z+1)

=4. [l

Note any sequence of zeros cannot be reduced. However, a sequence of zeros
can still be represented by the zero polynomial. Complementary pairs where both
sequences are zero are not of any concern in this thesis, but pairs where exactly
one sequence is zero, such as the sequences (1) and (0), are of interest and shall be

considered degree zero complementary pairs.
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Theorem [2.1.7] allows one to discuss complementary pairs solely through the use
of Laurent polynomials with the underlying assumption that the polynomials cor-
respond to a pair of sequences. Therefore, for an integral domain R, a coefficient
set S € R, and n,w € Z™", a pair of degree n — 1 polynomials (f(x),g(x)) with w
total nonzero coefficients with some A € R such that (ff* + gg*)(z) = X shall also

be referred to as a CP(n,w, S, R).

When the coefficient set of a complementary pair is a subset of {0, 1}, as in the

case of all complementary pairs beyond this chapter, then one can say more about

the )\ in Theorem 2.1.7]

Lemma 2.1.8. Supposen,w e Z*, S < {0, £1} is a coefficient set, and (f(z), g(x))

is a CP(n,w,S). Then (ff* + gg*)(x) = w.

Proof. The X\ in Theorem satisfies A = S0 f2 + 371 g2, which is the weight

of (f(x),g(z)) as every nonzero element of S squares to 1. O

As previously mentioned, the polynomial representation of complementary pairs
is more algebraically revealing than the sequence representation. This is exemplified

in the following lemma.

Lemma 2.1.9 (Folklore). Let S be a coefficient set in a unique factorization do-
main R, let A € R be nonzero, and let (f(x), g(z)) be complementary over S such

that (ff* + g¢g*)(z) = A. Then f(z) and g(x) are relatively prime.

Proof. As f(x) and g(z) are polynomials over a subset of a unique factorization
domain, greatest common divisors are well-defined. Let h(x) = ged(f(x), g(x)) and

k(x),r(x) be such that f(z) = h(z)k(z) and g(z) = h(z)r(z). Then

(ff*+99")(x) = (hA*EE* + hh*rr™)(x)

= hh*(x)(kE* + rr*)(x).
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As (ff*+9g*)(x) = A # 0, one obtains hh*(x)(kk* +rr*)(x) = XA # 0. Let m € Z be
the greatest power of z in (kk* + rr*)(z). To see that m > 0, suppose that m < 0.
Then since (kk* + rr*)*(z) = (kk* 4+ r7*)(x), one obtains —m as a positive power of
x in (kk* 4+ rr*)(x), contradicting m < 0 being the greatest power of . Now, if h(z)
is not a unit, then one can see that the greatest power of x in h(x)h*(x) is greater
than zero. Therefore, the greatest power of x in hh*(x)(kk* +rr*)(z) is greater than
zero, which is a contradiction since hh*(x)(kk* + rr*)(x) = A. Therefore, h(x) is a

unit and f(z) and g(z) are relatively prime. O

Definition 2.1.10. For a pair of polynomials f(z) and g(z), the sum (f f* + gg*)(x)

is referred to as their Gram-sum.

Definition 2.1.11. Let M be a complex matrix, and * its conjugate transpose. The

Gram matrix of M is the matrix MM* .

Gram matrices are used in many areas, including control theory where it is used
to determine properties of a linear system. Gram matrices were first studied by
the mathematician Jorgen Pedersen Gram (of Gram-Schmidt process fame), and
the term Gram-sum is to reflect the connection that complementary pairs have to

matrices, as is explored in more detail in Section [2.6

The definition of complementary pairs assumes the sequences in the pair have the
same length. However, reduced complementary pairs cannot be of different lengths,

as is shown in the following lemma.

Lemma 2.1.12. Let (F,G) be a reduced complementary pair, n,m € Z*, and

suppose F and G have lengths n and m, respectively. Then n = m.

Proof. For sake of contradiction, assume n > m. Write F' = (f;)'-;. Since F is

reduced, fy and f,_; are nonzero and thus fyf,_1 = 1 (mod 2). Since n > m,

one obtains AFg(n — 1) = 0. Therefore, AFp(n — 1) + AFg(n — 1) = fofa-1 +
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0 = 1 (mod 2), hence (F,G) is not complementary, a contradiction. Therefore,

n=m. O

2.2 Symmetry

Definition 2.2.1. A polynomial f(x) is symmetric if and only if f(z) = f*(x).
A polynomial is symmetric-equivalent if and only if there exists k € Z such that
fz) = 2" f*(z).

Definition 2.2.2. A polynomial f(z) is skew if and only if f(zx) = —f*(z). A
polynomial is skew-equivalent if and only if there exists & € Z such that f(z) =

Example 2.2.1. The polynomial f(z) = z72+1+2z? is symmetric as f*(z) = f(z),
and the polynomial g(z) = 1 — x is skew-equivalent as —zg*(z) = —z(1 —27!) =

1—x=g(x). O

Note that any symmetric or skew polynomial has even degree. To see this, suppose
f(x) is symmetric or skew, and n € Z* is the highest power of x in f(z). Then
as f*(x) € {f(z),—f(z)}, the highest power of x in f*(z) is also n. It is seen

that the lowest power of z in f(z) is the negative of the highest in f*(x), hence

deg(f(z)) = n = (=n) = 2n.

The preceding definitions can be misleading. By symmetric-equivalent and skew-
equivalent, it is not meant that the polynomials can be multiplied by x to some power
to obtain a symmetric or skew polynomial. It is only meant that the conjugate
can be multiplied by x to some power to obtain the original polynomial or the
negative thereof. For instance, the polynomial g(z) in the previous example is skew-
equivalent, but g(z) cannot be multiplied by some power of x to obtain a skew

polynomial because g(z) has odd degree.
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When a polynomial in a complementary pair is symmetric-equivalent or skew-

equivalent, further structure is often obtained.
Lemma 2.2.3. Let S be a coefficient set and let (f(x),g(x)) be complementary

over S with f(z) skew-equivalent such that (ff* + gg*)(z) = A. Then g(1)* = \.

Proof. Suppose n € Z* is such that f(z) = Y} fir’. If f(x) is skew-equivalent,
then for each integer ¢ = 0,1,...,n — 1, one obtains f; = —f,_1_;. The term f(1) is
the sum of the coefficients of f(x), so f(1) = 0. As ¢*(1) = g(1),

(ff*+99")(1) = (99%)(1)

2.3 Equivalence

Two complementary pairs can differ by some properties irrelevant to orthogonality
and so are nevertheless similar pairs. These pairs are called equivalent (Definition
2.3.2)) and the equivalence operations defining them are given in the following theo-

rem.

Theorem 2.3.1 (Based on [7]). Let S be a coefficient set and (f(z), g(z)) be a
complementary pair over S. Let j € Z and s € S be nonzero. If the pairs obtained
under the following operations have coefficients in .S, then they are complementary

over S:
1. Exchanging: exchanging the polynomials for each other;
2. Shifting: multiplying either polynomial by z7;
3. Conjugating: replacing either polynomial with its conjugate;
4. Expanding: evaluating both polynomials at z7;
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5. Outer-scaling: multiplying both polynomials by s, or if s> = 1, then multiplying

either polynomial by s;
6. Inner-scaling: evaluating both polynomials at sz.

7. Inverting any of the above operations, if possible.

Proof. Note that the right-hand side of equation (2.1.1)) does not depend on z and
hence evaluating the left-hand side at any nonzero x does not change the right-hand

side.

1. Addition is commutative, so the order of the polynomials does not matter in

equation (2.1.1)).
2. Note that (27f(z))* = 2~/ f*(z) and hence (27 f(2))(2/ f(x))* = f(z)f*(x).
3. Follows from the fact that (f*(z))* = f(x).
4. Follows by considering (ff* + gg*)(a7).

5. Follows from

(sf(@)(sf*(@)) + (s9(x))(s9" (2)) = s*(f " + 997) ()

and if s? = 1, then (sf(z))(sf*(x)) = f(x)f*(z).

6. Follows by considering (ff* + gg*)(sx). O

Note that the operations in Theorem do not necessarily produce an equiv-
alent complementary pair since the resultant pair can have coefficients outside the
coefficient set. For example, consider the pair (f(z),g(x)) = (1 + z,1 — x), which
is complementary over {+1}. One can expand the pair to get (f(z?),g(z?*)) =
(1+22,1—2?), whose coefficients fall outside of {+1}. However, the pairs (f(z), g(z))

and (f(z?), g(x?)) are equivalent over {0, +1}.
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Definition 2.3.2. Let S be a coefficient set and let (f(z),g(x)) and (h(x), k(z))
be two complementary pairs over S. The pairs (f(z),g(z)) and (h(z),k(x)) are
equivalent relative to S if and only if one can be obtained from the other by

performing any number of operations in Theorem Equivalence between pairs

shall be denoted by "=~".

Example 2.3.1. Consider the set S = {0,+1} and f(z) = 2® + 2% — 2%, g(z) =
—z 1" — z71% which form a TCP(3,5). By Theorem [2.3.1] one can multiply f(z)

by 78 and g(z) by —2'7 to get (f(z),g(z)) = (1 + 2 — 22,1 + 2?). O

2.4 Constructions of complementary pairs

Different constructions exist for different kinds of complementary pairs. However,
these constructions only differ because one desires the resultant pair to stay within
the same coefficient set. The fact that the constructed pair is complementary comes

from Theorem [2.4.1] which is essentially due to Turyn [27]. Methods of constructing

new complementary pairs from old ones are also referred to as products.

Theorem 2.4.1 (Turyn, 1974 [27]). Let S be a coefficient set and let (f(x),g(x))

and (h(z), k(x)) be complementary pairs over S. Then
r(z) = f(2)h(x) + g(x)k(x),

s(x) = f(a)k*(x) — g(x)h*(x)

is a complementary pair (not necessarily over 5).
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Proof.

(rr* + s5%)(x) = (f(z)h(z) + g(2)k(2))(f(2)h(x) + g(z)k(z))*
+ (f(@)k(2)* = g(2)h™(2))(f (2)k*(x) — g(2)h*(x))"
= f(@)f*(@)h(x)h*(z) + f(2)g" ()h(z)k* (x)
+ [ (@)g(a)h* (2)k(x) + 9(x)g* (2)k(x)k* (2)
+ (@) f* (@) k(2)k* (2) — f(x)g” () h(z)k" ()
— [ (@)g(x)h* (2)k(x) + g(2)g" (x)h(x)h* (x)
= f(@)f*(@)h(x)h* (x) + g(x)g" ()k(x)k* (x)
+ (@) f* (@) k(2)k* () + g(x)g* (2)h(x)h* (z)

= (ff* +gg%)(x)(hh* + kk*)(x),
and the result follows. O]

Example 2.4.1. Consider (f(z),g9(z)) = (7' + 1+ 2z, 27" + z) and (h(z), k(z)) =
(x72 4+ 1+ 22,272 + 2?), which are a CP(3,5,7Z,) and a CP(5,5,7Z,), respectively.
Then by Theorem [2.4.1]

@)= @@ ' +1+a) a2+ 1+ + (@ +2) (a2 +27)
—z 242 '+ 1+2+2% and
s()=(@ ' +1+2)(z+2)+ (@ +2)(z72+ 1+ 2%

=z +a  +ar+a’

are complementary over Zo. It can be verified that (r(z), s(z)) isa CP(5,9,Zy). O
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2.5 Restrictions on weight

As previously mentioned, the driving question for the study of complementary pairs
is "for a given coeflicient set S, which integers are the lengths and weights of comple-
mentary pairs over S?". There have only been two main results about the weights

of complementary pairs, though one is trivial.

Lemma 2.5.1. Let S be a coefficient set, n,w € Z*, and (f(x),g(z)) be a

CP(n,w,S). Then w < 2n.
Proof. There are only 2n possible coefficients to be nonzero, so w < 2n. O

Theorem 2.5.2 (Eliahou, Kervaire, and Saffari, 1990 [9]). Let S < Z, let n,w €
Z*, let p be a prime factor of w, and let (f(x),g(x)) be a CP(n,w, S,Z) such that
(ff*+9g9")(x) = w. If at least one coeflicient of f(x) or g(x) is not divisible by p,
then p # 3 (mod 4) and there exist h(x), k(x) € Z,[x,27'], a scalar ¢ € Z,, such that

¢ = —1, and i € Z such that f(x) = h(z)k(z) and g(z) = cx'h(x)k*(z).

Proof. As Z,[z,x™!] is a principal ideal domain, greatest common divisors are well-
defined. As at least one coefficient of x in f(z) or g(x) is not divisible by p, at
least one of the polynomials is nonzero and so the pair (f(z),g(z)) has a greatest
common divisor in Z,[x, z7!]. Let h(z) = ged(f(z), g(x)) and k(zx), r(z) € Z,[z,z7!]
be such that f(z) = h(z)k(x) and g(z) = h(z)r(x). Then (ff* + gg*)(x) =w =0¢€

Zylz,z71], so

(ff*+ 99")(x) = (hh*kE™ + hh*rr*)(x)
= h(z)h*(z)(kk* + rr*)(z)

= 0.

Since h(x) # 0, one has h*(z) # 0 and h(x)h*(z) # 0. Therefore, as Z,[z,27'] is an

integral domain, one obtains (kk* + rr*)(x) = 0, that is, k(x)k*(z) = —r(x)r*(x).
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As ged(k(z),7(x)) = 1, there exist ¢ € Z, and i € Z such that r(z) = cz'k*(x).
Therefore, f(z) = h(z)k(z) and g(x) = cxh(z)k*(z). Furthermore,

(kk* +rr*)(x) = (kk* + 2kk*)(z)
= (1 + A)kk*(x)

= 0.

The polynomials k(z) and k*(x) are nonzero in Z,[z,x '] as otherwise both f(x)
and g(z) would be zero. Therefore, the product k(z)k*(x) is nonzero and so ¢ = —1.
It is well-known that —1 is a quadratic residue modulo p if and only if p # 3 (mod 4)
[23]. O

Eliahou, Kervaire, and Saffari originally proved Theorem by using the se-
quence form of complementary pairs. Their proof takes up much of their eleven page
paper. The authors [10] later used the polynomial form to prove the result, which

significantly reduced their proof length.

Reciprocity laws relate the primes p where a polynomial splits into linear factors in
Zy|z,x~']. If p divides the weight of a TCP, then the two polynomials in the TC'P
split into the same number of factors over Z,|z,z~']. Theorem establishes a
connection between complementary pairs and polynomial splitting, though this is

not mentioned by Eliahou, Kervaire, and Saffari:

Corollary 2.5.3. Letn,w e Z* and (f(z), g(z)) be a CP(n,w, Z) such that (ff*+
99*)(z) = w. Then for all primes p | w, the two polynomials f(x) and g(z) split into

the same number of irreducible factors over Z,[x, z71].

Proof. By the proof of Theorem there exist h(z), k(z) € Z,[z,z™ '], ¢ € Z, such
that ¢ = —1 and i € Z such that f(z) = h(z)k(x) and g = cx’h(z)k*(x). By taking
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the conjugate upon splitting, one sees that k(z) splits into m irreducible factors if

and only if k(z~') does. The result follows. O

2.6 Orthogonal matrices

Complementary pairs can be used to construct orthogonal matrices. In particular,
Golay pairs and ternary complementary pairs can be used to construct Hadamard
and weighing matrices. Hadamard matrices are the most famous orthogonal ma-
trices, and as previously mentioned, it is still an open question as to whether one
exists in every order that is a multiple of 4. The most prominent constructions of

orthogonal matrices using complementary pairs are covered in this section.

2.6.1 Orthogonal and circulant matrices

Definition 2.6.1. Let S be a coefficient set, n € Z* and M be an n x n matrix.
Then M is orthogonal of order n if and only if there exists some scalar A such that
MMT = M. If there are w € Z* nonzero entries in every row of M, then M is said

to have weight w.

1 1

Example 2.6.1. Consider the matrix H = . Then HH" = 2I, hence H
1 —

is orthogonal and is in fact a Hadamard matrix of order 2. O

Circulant matrices, like complementary pairs, have an equivalent polynomial ex-

pression.

Definition 2.6.2. For n € Z", let X,, = circ(0,1,0,...,0) be an n x n circulant

matrix. If it is clear which n is being used, "X,," may be written simply as "X".

Lemma 2.6.3. Let ne€Z" and X = X,,. Then
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1. For all k € Z, X* = circ(mg,mq, ..., my_1), where my mod n) = 1 and m; = 0

for all i # k (mod n);
2. X t=Xn1=XT,
3. An n x n matrix is circulant if and only if it is a polynomial in X;
4. The transpose of a circulant matrix is circulant;
5. All n x n circulant matrices commute;
6. The product of circulant matrices is also circulant.
Proof.

1. If the rows of an n x n matrix M are rg,rq,...,r,—1 in order, then it is
casy to see that the rows of XM are r,7s,...,7n_1,70 in order. Thus X2 =
circ(0,0,1,0,...,0), X? = circ(0,0,0,1,0,...,0), ..., X! =
circ(0,0,...,0,1), and X™ = circ(1,0,0,...,0) = I. Let ¢, € N be such that

k = qn + r with 0 <r <n. Then

Xk = Xantr — Xq"Xr _ XT,

and the claim follows.

2. By part 1 one sees that X” = XX ! = X""1X = . One can verify directly

that X' = X" ! so the claim follows.

3. Let M = circ(mg, mq,...,m,u_1). Then

M= M(X)=mol +mX +meX?+ - +mu_ X" L.
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For the converse, one sees that if
M= M(X)=mol +mi X +moX?+ - +mu X"}

then M = circ(mg, my, ..., My_1).

4. For any circulant matrix M(X), it is seen that M(X)" = M(XT). By part
2, one obtains M (X ") = M(X™!), which is a polynomial in X. The result

follows from part 3.

5. By part 3, all circulant matrices are polynomials in X. X commutes with itself,

so the result follows.

6. A product of polynomials in X is another polynomial in X and is thus a

circulant matrix. O

Example 2.6.2. Consider the circulant matrix

1 2 3
M =circ(1,2,3) = |3 1 2

2 31

By letting X = X3 = circ(0,1,0), one sees that M = M(X) =T +2X +3X2. [
Note that by part 3 of Lemma [2.6.3], n xn circulant matrix arithmetic is equivalent

R|x, x_l].

to polynomial arithmetic in 7
" —

Lemma 2.6.4. Fix n € Z" and an integral domain R. Let A\ € R and suppose

fi(x), fo(x), ..., fo(x) € R[x, 27!] satisfy

fi@) fi(z™) + fo(@) fola™) + - ful@) fulz™h) = A
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Then the circulant matrices f1(X), fo(X),. .., fu(X) satisfy
AXOAXT) + LX) LX) + - fu(X) fu(XT) = AL
Proof. As

f@) fi@™) + fo(z) fo(z™) + - fulx) fu(z™h) = A, one obtains
fi@) fi(z™) + fo() fo(a™) + -+ fu(@) fu(z™!) = A (mod 2™ — 1),

and the result follows. OJ

2.6.2 Basic construction

Lemma 2.6.5 (Folklore). Let S be a coefficient set, n,w € Z*, and (F,G) be
a CP(’I’L, w, S) Let f(X) = CiI‘C(fm fla ) fn—l) and g(X> = CiI‘C(g07gl7 s 7971—1)'
fX) 9(X) ), . .
Then M = is an orthogonal matrix of order 2n and weight w.
—g(X7h) f(XT
Proof. As f(X) and g(X) have length n and weight w, the matrix M is a 2n x 2n

matrix that has w nonzero entries in each row. One can see by inspection and by

using part 2 of Lemma [2.6.3that f(X)" = f(XT) = f(X™!) and g(X)" = g(X ") =
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g(X™1). Now,

MMT = fX) X)) [ AT —g(XT)T

—g(X7Y) fXTH ) \g(X)T f(XTHT

X)X ) ST —e(X)
—g(X7h) f(x7) ) \g(X™)  f(X)

_ FXO)FXTH + g(X)g(X ) —f(X)g(X) + g(X)f(X)
—g(XTHF(XTH) + (XX fOLXT) 4+ 9(X)g(XTH)

B wl, 0,
0, wli,

:wI2na

proving the claim. O

Example 2.6.3. Consider F' = (111—) and G = (11 — 1), a GP(4). The circulant

matrices with first rows F' and G are

f(X)=T+ X+ X* - X% =circ(111-) = and

g X)=T+X - X?+ X3 =circ(11 — 1) = ;

respectively.

35



By Lemma the matrix

111 — 1 1 — 1

111 1 -1 1 —

-1 1 1 1 — 1 1

"o f(X) 9(X) B 1 — 1 1 1 1 — 1
Rt A N N

-1 1 -1 1 1 1

1 -1 1 - 1 1 1

11 - 1 1 - 11

is a Hadamard matrix of order 8. O

2.6.3 Williamson array

Theorem 2.6.6 (Williamson, 1944 [28]). Let m € Z*, X be a scalar, and a(X),
b(X), ¢(X), and d(X) be m x m symmetric circulant matrices such that any two
matrices commute and such that a(X)? + b(X)? + ¢(X)? + d(X)? = M. Then the

Williamson array

aX)  bX) X)) d(X)
—b(X) a(X) —d(X) c(X)
—c(X) d(X) a(X) —b(X)

is an orthogonal matrix.

Proof. First,let I = I, and 0 = 0,,,. By Lemma|2.6.3] one has that a(X), b(X), ¢(X),

and d(X) commute. Furthermore, as a(X),b(X),c(X), and d(X) are symmetric,
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they are equal to their transposes. Using this information, one calculates

a(X)  0(X) oX) d(X) | [ a(X) —bX) —¢(X) —d(X)

T —b(X) a(X) —-d(X) X) —b(X) a(X) dX) X)
—c(X) d(X) a(X) —bX) cX) —d(X) a(X) bX)

A0 0 0

0 M 0 0
1o 0 a1 o
0 0 0 A
= M.

]

One can construct orthogonal matrices by using complementary pairs and a
Williamson array as follows: take two complementary pairs of the same order, say
(f(x),g9(x)) and (g(x),k(x)). Form the four circulant matrices f(X), g(X),h(X),
and k(X). If these circulant matrices are symmetric, then by Lemma [2.6.4] the

Williamson array of those matrices is orthogonal.

2.6.4 Goethals—Seidel construction

The next construction was given by Goethals and Seidel [I3] in 1970, and is a gen-

eralization of the Williamson construction.

Theorem 2.6.7 (Goethals and Seidel, 1970 [13]). Let m € Z*, X\ a scalar, R be
the m x m matrix whose back-diagonal is all 1s and every other entry is 0, and let

a(X),b(X),c(X), and d(X) be circulant matrices of order m such that

a(X)a(X)" +b(X)b(X)" + e(X)e(X)" +d(X)d(X)" = M,,,.
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The Goethals—Seidel array for a(X), b(X), ¢(X), and d(X) is

a(X) bX)R  oX)R  d(X)R
| MR eX) —dO)TR o(X)TR
—¢(X)R d(X)TR  a(X) -bX)R
—d(X)R —c(X)TR bX)'R  a(X)

and satisfies MM T = \y,,.

Proof. For any circulant m x m matrix p(X), the matrix p(X)R is symmetric. To
see this, note that post-multiplying a matrix by R reverses the entries in the rows

of said matrix. Thus if p(X) = ,Dn—1), the first row of p(X)R is

Circ(p(%pl? s

(Pn—1,Pn—2,---,P0)- Now let @ = p(X)R and for 7, j € Z denote the (i, j)-entry of @
by ¢ j. Since each row in p(X') was a right-cyclic shift of the row above, each row of
(@ is a left-cyclic shift of the row above. Thus ¢; ; = ¢;+1,j-1 (Where indices are taken
modulo n). Therefore, for all k € Z, one obtains ¢, ; = ¢+x j—r. Taking k = j —1
shows that ¢; ; = ¢;; and thus p(X)R = (p(X)R)" = R"p(X)". Therefore, p(X)R

is symmetric.

Next, note that R" = R and R? = I,,,, hence for any circulant matrix p(X), one
obtains p(X)R = Rp(X)T. This property, along with parts 4 and 5 of Lemma
are used to show that M satisfies MM T = M\l4,: one simply computes MM ' in

polynomial form. For instance, the (1,2)-entry of MM (in polynomial form) is

—a(X)Rb(X)" + b(X)Ra(X)" — ¢(X)RRA(X) + d(X)RRc(X)
= —a(X)b(X)R + b(X)a(X)R — ¢(X)d(X) + d(X)c(X)
= (a(X)b(X)R — a(X)b(X)R) + (¢(X)d(X) — ¢(X)d(X))

= 0y + Oy
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One can similarly show that the other non-diagonal elements are 0. The diagonal

elements of MM in polynomial form are seen to be

a(X)a(X)" +b(X)RRW(X) e(X)RRe(X)" + d(X)RRA(X)T
= a(X)a(X)" +b(X)b(X)Te(X)e(X)" +d(X)d(X)"
= A,
Therefore, MM T = \I,,,. O]

Corollary 2.6.8. Let S be a coefficient set in an integral domain R, n,u,w € Z*,
and suppose (f(z), g(z)) and (h(zx), k(x)) are a CP(n,w,S) and CP(n,u, S), respec-
tively. Then the Goethals—Seidel array of f(X), g(X),h(X), k(X) is orthogonal of

order 4n and weight u + w.

Proof. Since (f(x),g(z)) and (h(x), k(x)) are a CP(n,w, S) and CP(n,u, S), respec-

tively, there exists a A € R such that

f@) (@) + g(2)g(@™") + h(z)h(a™") + k(z)k(z™") = X

Therefore,

FOFX)" +9(X)g(X)" + h(X)A(X)" + k(X)E(X)" = A,

and the result follows from Theorem [2.6.7. O
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Golay Pairs

Golay pairs were the first complementary pairs to appear in the literature and it
is their mysterious structure and numerous applications to engineering that have
inspired research into complementary pairs. The most basic question about their
structure—for which lengths do they exist—remains open. This chapter examines
the known structure of Golay pairs, including basic properties, constructions of new

Golay pairs from old, and restrictions on lengths.

For economy, a polynomial f(x) shall be written simply as f when no confusion

can arise.

3.1 Preliminaries

Like all complementary pairs, there are several equivalence operations one can
perform on a Golay pair. However, the operation of expanding in Theorem is
not an equivalence operation of GPs. This is because if (f(z), g(x)) is a GP, then
for any j € Z with |j| > 1, the polynomials f(z7) and g(z?) are polynomials over

{0, £1}, not {£1}.
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Theorem 3.1.1. Let n € Z" and (f,g) be a Golay pair of length n. The pairs

obtained under the following operations are also Golay pairs of length n:
1. Exchanging: exchanging the two polynomials for each other;
2. Shifting: for j € Z, multiplying either polynomial by z7;
3. Conjugating: replacing either polynomial with its conjugate;
4. Negating: multiplying either polynomial by —1;
5. Alternating: negating every second coefficient of both polynomials.

Proof. Note that none of the above operations change a coefficient of either polyno-

mial to be something other than +1, hence the result follows from Theorem 2.3.1] [

Definition 3.1.2. Two Golay pairs are equivalent if and only if one can be obtained

from the other through any of the operations in Theorem [3.1.1}

Corollary 3.1.3. Letn € Z". Every Golay pair of length n is equivalent to a length

n pair (f,9) = (307, fie®, S0, gia®) where fo = fu1 =go = 1 and g,y = —1.

Proof. Let a, 8 € Z and (h, k) = (z* X~ hia', 2° 37 kix') be a GP(n). By The-
orem m (h, k) can be shifted so that (h, k) = (37 hia', Y kiz'). Examining

autocorrelation coefficients yields
AFH(TL - ].) + AFK(TL — ].) = hOhn—l + kOkn—l =0.

Therefore, either hy = h,_1 and ky # k,_1 or vice versa. By possibly exchanging
the two polynomials, one can assume without loss of generality that hg = h,_; and
ko # k,_1. By possibly negating, one can assume without loss of generality that

h() = hn—l = k?() =1 and kn—l =—1. ]
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Definition 3.1.4. A polynomial is said to be normalized if and only if the least

power of x in the polynomial is zero.

8 9

—2 r — T.

Example 3.1.1. Consider the polynomials f = —272 — 27! and g =
One can multiply f and g by 22 and 2%, respectively, to obtain the (normalized)
equivalent pair (=1 —z,1 — ). Multiplying —1 — = by —1 yields the equivalent pair

(1 + 2,1 — z), which has a nicer representation than the pair (f, g). H

3.2 Constructions

Golay found Golay pairs of lengths 10, 26, and all nonnegative powers of 2 [14], [15],

[16], [I7]. An example of a Golay pair for each length < 26 is included in Table [3.1]

Length F G
I 6 6
2 (11) (1-)
4 (111-) (11-1)
8 (111-11-1) (111-—1-)
10 (11-1-1—-11) (11-11111--)
16 (111-11-1111-——-1-) (111-11-1-—111-1)
20 (11-1-1-—-1111-11111-—) (11-1-1-—11-—-1-———- 11)
26 (1111-11-1-1—1—1-111—111) (1111-11-1-11111-1--11——)

Table 3.1: Golay pairs of all possible lengths < 26, from Borwein and Ferguson [I].

Corollary 3.2.1 (Golay, 1961 [16]).
Then (f(z)+2"g(z), f(x)—2"g(x)) and (f(2?)+xg(x?), f(x*)—xg(x?)) are GP(2n)s.

Let n € Z* and (f, g) be a normalized GP(n).

Proof. By Theorem [3.1.1} the pair (f(z),2"g(x)) is complementary. Take
(f(x),z"g(x)) along with (h,k) = (1,1) in Theorem to see that

(f(x) 4+ 2"g(x), f(x) — 2"g(x)) is a complementary pair.
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By Theorem [3.1.1] the pair (f(z?),zg(x?)) is complementary. Again by taking
(f(2?),zg(2?)) along with (h,k) = (1,1) in Theorem one sees that (f(z?) +

rg(x?), f(x?) — xg(x?)) is complementary.

To see that the resultant pairs are polynomials over {+1}, let f(z) = S fia’
and g(z) = Z?:_Ol gix'. Then

f@) £a"g(z) = fo+ frz+ o+ famrz™ T £ (go2" + g1a" o 4 guaa™ ),
and

f(@®) £ zg(2?) = fo £ gox + fra® £ gia® + - + fo12®"7 £ g™

Therefore, all polynomials are over {+1}. O

Example 3.2.1. To illustrate Corollary consider the problem of constructing
Golay pairs for all lengths that are powers of 2. Beginning with the pair (1,1), one
can double this pair using the first construction in Corollary to get (14+x,1—2x),
a GP(2). One can then double this new pair to get (1 +x +2*— 23,1 +x — 2%+ 23),
a GP(4). This process can be repeated to obtain a Golay pair of every length that

is a power of 2. O

Theorem 3.2.2 (Golay, 1961 [16]). Letn,m e Z* and (f,g), (h, k) be a normalized
GP(n) and GP(m), respectively. Then

is a GP(2nm).

Proof. By Theorem [3.1.1], the pairs (f(z),2""g(x)) and (h(z™), k(z")) are comple-

mentary. The fact that (rr* + ss*)(z) = 4nm now follows from Theorem [2.4.1] To
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see that r(z) and s(z) have coefficients +1, observe that

r(x) = ho (fo + fix+ -+ fn—1$n_1)

+ hy (fo + flfL‘ + -+ fn_ll'n_l) z"

+ h’m—l (fO + flx + -+ fn_ll'n_l) nmen
+ ko (90 +gx+---+ 9n—13€n_1) v

+ ki (90 + 1@ + - 4 gpoga” ) 2™

+ km-1 (go +qgx+--+ gn,lxnfl) g2nmen,

which is r(x) written with powers of x in increasing order. For every integer b, one
sees that there exist 4,7 € Z such that the coefficient of z¥ in r(z) is h;f; or kig;.
Since f(x),g(x),h(z), and k(x) are polynomials over {0, +1}, so is r(z). One can

apply similar logic to show that s(x) is a polynomial over {0, +1}. O]
Definition 3.2.3. The support of a polynomial f(z) =Y, _, fiz'is S:={j € Z:
fj T O}.

Definition 3.2.4. A pair of polynomials is disjoint if and only if they have disjoint

support.

Example 3.2.2. The polynomials f(z) = 1+ z — 2% and g(z) = 2 + 2® have

supports {0, 1,6} and {2, 8}, respectively, and are thus disjoint. O

Turyn was able to generalize Theorem by observing that if (f, g) is a normal-

ized GP(n), then (f(x) + g(x), f(z) — g(z)) is a disjoint complementary pair. Tak-

ing (h,k) = (1,1) in Theorem shows that the pair (f(z) + g(x), f(z) — g(z))
is complementary. To see that the pair is disjoint, fix any integer j such that

0 < j < n and compare f; + g; to f; — g;. Since f;,g; € {£1}, if f; = g, then
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fi+g;e{x2}and fj —g; = 0. If f; # g; then f; + ¢g; = 0 and f; — g; € {£2}.
Therefore, (f(z) + g(x), f(z) — g(z)) is a disjoint complementary pair with coeffi-
cients {0, £2}. Moreover, by outer-scaling both polynomials by %, it is seen that the
pair (1(f +g),3(f —g)) is a disjoint TCP.

Theorem 3.2.5 (Turyn, 1974 [27]). Letn,m € Z* and (f, g), (h, k) be a normalized

GP(n) and GP(m), respectively. Then

(@) = S (@) + gDl + 5(F () - gla)k(a"),
1 1
(@) = (@) + gDk (") = 5 (£ () — gl@)h*(a")

is a GP(nm).

Proof. Theorem shows that (r,s) is a complementary pair. By expanding
r(z) = 3(f(x) +g(@)h(x") + 5(f(x) — g(x))k(z") and s(z) = 5(f(z) + g(x))k*(2") —
s(f(x) — g(x))h*(z™) similarly to what is done in Theorem , one sees that the
coefficients of r(z) and k(x) are all £1. Since (h, k) is a normalized pair, the highest
power of z in both h(xz) and k(x) is m — 1. Therefore, the highest power of z in
h(z™) and k(z") is nm —n. Since AFp(n — 1) + AFg(n—1) = fofa—1 + gogn-1 =0,
a quick proof by contradiction shows that one has either fy = go and f,_1 # g,_1 or
vice versa. Therefore, exactly one of 1(f + g) and 3(f — g) has least power of z as
zero, and the other has highest power of x as n — 1. Therefore, the degrees of r(x)

and s(x) are seen to be (nm —n) + (n — 1) = nm — 1. Theorem shows that
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(r +557)) = (306 + 0307 407+ 50 = 057 =01 ) @) (b + 1) 07

=T+ ) +47) + (- 9)(* — 6") (@)
= U (2f £ + 20°) (o)

= 2nm.

Which shows that (r,s) is a GP(nm). O

Example 3.2.3. From f(z) = 1+2z—2*+ 2% and g(z) = 1 + 2 + 2? — 23, and
h(z)=1+x -2+ -2t +2° — 28 —2" + 28 + 2% and k(z) = 1 + o — 22 + 2% +

ot + 2% + 2% + 27 — 2% — 2% a GP(4) and a GP(10), one constructs

4

r(z) =1+ 2)(1 4+ 2* — 2% + 212 — 210 4+ 220 — 2? — 2% 4 232 4 %)

—(@® =21+ 2t —2® + 22+ 210+ 2?0 M 2™ - 2P 2%0)

B9 4 38 4 37T 4 036 035, 34, 33, 032, .31 30 20 98, o7

26 25 024, 023 022, 021y 020 4 09 18 07 16 4 415 14

11

4B a0 — ST St St 2 -2t 41,

and
s()=1+2) 1+t -2 ¥4+ 4+ o720 p o2 4 72 732 73
(@ A+t a2 g M
v )
_ 39 _ 38 4 87T 036 035 34 83 082 81 030 20 98 o7
L6 4 g2 g2 23 022 21 020 019 18 1T 4 06 05 o4
+aB 4 O ¥ T — b St 2t - — -1,
which form a GP(40). O
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Corollary 3.2.6 (Turyn, 1974 [27]). For a,b,c € N, a GP(2*10°26°) exists.

3.3 Restrictions on length

Theorem [2.5.2] shows that the lengths of Golay pairs have no factors congruent to
3 (mod 4). Golay [16] who showed that the length of a Golay pair is 1 or even.
This follows from the fact that a Golay pair of length n can be used to construct a
Hadamard matrix of order 2n, as shown in the introduction. It is well-known that
the orders of a Hadamard matrix are 1, 2, or multiples of 4, which implies the result.
However, the result can also be proved in a different, more structurally revealing

way:

Lemma 3.3.1 (Sum-product rule). Let m € Z* and z1, 29, ..., 29, € {£1} such

that 37" 2; = 0. Then II?" 2, = (—1)™.

Proof. As Zle x; = 0 and each z; € {£1}, exactly half the x;s equal 1 and the other

1=

half equal —1. The number of z;s is 2m, so the result follows. n

Lemma 3.3.2 (Golay, 1961 [16]). Let n > 1 be a positive integer, and let f =
Sl fiad, and g = S0 gia’ form a GP(n). Then for all integers ¢ such that
0 <i<n-—1, one has

figifo—1—ign—1—i = —1.

Proof. (Induction on i.) For nonnegative integers 7, let P(i) denote the statement

that

figifa—1—ign—1—i = —1.

Base case: P(0) says

ng()fn—lgn—l = -1
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Since n > 1, one has AFp(n — 1) + AFg(n — 1) = fofu-1 + gogn-1 = 0. As
fofn-1,909n-1 € {£1}, the Sum-Product Rule shows that fogofn_19n_1 = —1, show-

ing P(0) is true.

Inductive step: Fix an integer £ such that 0 < k£ < n — 2 and assume for all

0 < i < k that P(7) is true, that is,

figifo—1—ign—1—i = —1.

Then since

0=AF(n—1—(k+1)+AF,(n—1—(k+1))

k+1 k+1
= Z (fifi+n—1—(k+1)) + Z (gigi+n—1—(k+1)> )
i=0 i=0

the sum-product rule shows that

(fogofn-19n-1) (191 fr—29n—2) - - (frr19k+1fro1-(k+1)In-1-(k+1))

= (=" (frs1Grs1 fao1—(k+1)Gn1-(e+1))

_ (_1)1@—5—1.
Therefore, (frt19k+1 n—1-(k+1)9n-1-k+1)) = —1 and so P(k + 1) is true.

Conclusion: Therefore, by the Principle of Mathematical Induction, for all inte-

gers ¢ such that 0 < ¢ < n — 1, the statement P(i) is true.

Corollary 3.3.3 (Golay, 1961 [16]). The lengths of Golay pairs are 1 or even.

Proof. Suppose k € Z" is such that n = 2k + 1 is the length of a reduced Golay pair
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(f,g). Then by Lemma (3.3.2]

—1 = fogrfort1-1-k92k+1-1—k = fl?glz =1,

a contradiction.
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Ternary Complementary Pairs

The two main perspectives which T'C'Ps have been studied from are a "length-first"

n

perspective and a "weight-first" perspective. The length-first perspective seeks to
solve which integers are the lengths of T'C'Ps, and typically then focuses on the
possible deficiencies for T'C'Ps of that length. The weight-first perspective seeks
to solve which integers are the weights of TC'Ps. Craigen and Koukouvinos [7]
argued that the weight-first approach is more natural since equivalent T'C'Ps can
have different lengths and deficiency by Theorem [2.3.1] Moreover, Theorem [2.5.2]
arguably the most profound result for T'C'Ps, is about the weight of the pair, not

the pair’s length. This chapter derives the most fundamental results known about

TCPs.

4.1 Preliminaries

The length of a Golay pair is always even or one. This is not the case for T'C Ps,

which is now shown:
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Example 4.1.1. Let f=1+x—2%,g=1+2*h=1+2% and k =1 — 2% Then

(fff+99)x)=04+z—2) 14+ —27H+ (1 +25)(1—-272) =5, and

(hh* + kE*)(2) = (1 + 21+ 27 + (1 -2 (1 —a27*) = 4.

Therefore, the pairs (f,g) and (h, k) are a TCP(3,5) and TCP(5,4), respectively.
]

The TC'Ps (0,0) and (1,0) shall be considered a TCP(1,0) and TCP(1,1), re-
spectively. Pairs equivalent to these shall be called trivial pairs. The degrees of

(0,0) and (1,0) shall be considered to be negative infinity and zero, respectively.

The only restriction on the weights or lengths of T'C'Ps is from Theorem [2.5.2]

which shows that no T'C'P has a weight with a factor congruent to 3 modulo 4.

4.2 Constructions

4.2.1 Disjoint and conjoint pairs

Definition 4.2.1. A pair of polynomials are conjoint if and only if they have equal

supports.
Recall from Definition that a pair is disjoint if and only if they have disjoint
supports.

Example 4.2.1. Let f=1+x—2>—-23andg=1—x2+2? — 23 Then f and g
both have support {0, 1,2,3}, and are hence conjoint. However, z*¢g(z) has support

{4,5,6, 7}, which is disjoint from {0,1,2,3}, so (f(x),z*g(z)) is a disjoint pair. [

Lemma 4.2.2 (Craigen and Koukouvinos, 2001 [7]). Let w € Z* and (f,g) be a

disjoint TC'P with weight w. Then (f + g, f — g) is a conjoint T'C'P of weight 2w.
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Proof. Conjointness follows from the fact that f and g are disjoint. Take (h, k) =
(1,1) in Theorem to get that (f +g, f —g) is a conjoint TC'P of weight 2w. [

Lemma 4.2.3 (Craigen and Koukouvinos, 2001 [7]). Let w € Z* and (f,g) be a
conjoint TC'P with weight 2w. Then (5(f +g), 5(f —g)) is a disjoint TC'P of weight

w.

Proof. Take (h,k) = (1,1) in Theorem to get that (f + g, f — g) is a comple-
mentary pair. Since f and g are conjoint and have coefficients {0, +-1}, it follows that
f+gand f—g have coefficients {0, +2}. By Theorem[2.3.1] outer-scaling (f+g, f—g)
by % yields that (3(f +g), 2(f — g)) is a complementary pair over {0, +1}. A similar
argument to the comment after Example shows that (3(f + ¢g),5(f — g)) is

disjoint. ]

Note that any conjoint pair necessarily has even weight. Thus the previous two
lemmas show that any disjoint pair can be turned into a conjoint pair and vice
versa. As any Golay pair can be turned into a reduced pair, Golay pairs are ideal
for generating disjoint T'C'Ps. Furthermore, finding disjoint 7T'C' Ps can be conducive

to constructing a Golay pair.

4.2.2 Standard multiplication

Standard multiplication is given in the following theorem, which uses the sequence
form of TC'Ps. The application of disjoint and conjoint pairs to the theorem is

immediate.

Theorem 4.2.4 (Gavish and Lempel, 1994 [11]). Let n,m,w,z € Z*, and suppose
(F,G) and (H,K) are a TCP(n,w) and a TCP(m,z) (not necessarily reduced),

respectively, with one of the pairs disjoint. In particular, there is no assumption
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that either of the pairs are reduced. Then

is a TC'P with weight wz.

Proof. The fact that (rr* + ss*)(z) = wz follows from Theorem [2.4.1] Suppose
without loss of generality that F' = (fo, f1,..., fu1), G = (90,915 -, 9n-1), H =
(ho, h1y ...y him—1), and K = (ko, ky, ..., ky,_1). For a scalar A, let AF' and AG denote
the sequences (Afo, Afi,..., Afu_1) and (Ago, Ag1, - - ., Agn_1), respectively. Then in

block form,

R = (hoF,lF, -, hy1F)
+ (koG kG, ko G)

= (hDF + k’oG, hiF + k‘lG, s ,hm_lF + k‘m_lG)

where sequence addition is the same as vector addition. Either F' and G or H and

K are disjoint, hence R is ternary. The case for S follows similarly. m

Example 4.2.2. Consider F = (11-),G = (000101), a disjoint TC'P(3,5), and
H = (100-00-1), K = (10100011-), a TC'P(9,10). The sequence forms of F, G, H,
and K are f = 1+x—22g=234+2°, h =1—2% —a* — 2"+ 2% and k =

1+ 2% + 2% + 27 — 28, respectively. By Theorem the pair (r,s) defined by

r(z) = f(@)h(z%) + g()k(=°)

_ B3 Bl 050 49 | 48 | 4T 4 45 | 44 043 42 4 o4l 39

26 25 24

+x —x X +£L’20

e — T P S 4t 2?42+ 1, and
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s(@) = f(2)k(2™%) — g(2)h(2~°)

o (gl %0 g9 8 8 3T 36 35 33 0
R A L S A N A L AR LN A e )
is a TC'P with weight 50. [

4.2.3 Generalized multiplication

The idea behind generalized multiplication is that requiring one of the pairs in The-

orem to be disjoint is a stronger condition than necessary.

Theorem 4.2.5 (Craigen, 2006 [3]). Let w,z € Z* and (f,g), (h,k) be TCPs of

weight w and z, respectively. For all integers i, j, n, m, if
1. i —j = n —m implies f;g;knhy = 0, and

2. when ¢ # j and n # m, one obtains for all

(a,b,c,d) e {(f. [, h,h),(f, [, k. k), (9,9, h,h), (g9, k, k)}

that the equality ¢ — 7 = n — m implies a;b;c,d,,, = 0,

then

r= fh+ gk,
s = fk* — gh*
is a TCP of weight wz.

Proof. The fact that (rr* + ss*)(x) = wz follows from Theorem [2.4.1]

In order to show r and s are ternary, it will be shown that every nonzero power of
x in r(x) has at most one nonzero term total from fh or gk, and similarly for s(z).

Fix an integer p # 0. The coefficient of 27 in f(z)h(z) is the sum of all terms of the
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form f;h,, where i + m = p. Similarly, the coefficient of z” in g(x)k(z) is the sum of

all terms of the form g;h, where j +n = p.

Now suppose i + m = j +n = p with ¢ # 7 and n # m, and suppose f;h,, # 0.
To show that f;h, = 0, note that i — 7 = n — m and take (a,b,c,d) = (f, f, h,h)
in Condition 2 to get f;fjhnhm = (fihm)(fihn) = £fjh, = 0, so one of f; and
h, is zero. Thus in this case fh only contributes one nonzero term to zP. Now
remove the assumptions that ¢ # j and n # m and consider g;h,. By taking
(a,b,c,d) = (f,g,k,h), one sees that f;gik,hm = (fihm)(9;kn) = £gjk, = 0, so no
term from gk can contribute a nonzero term to zP. One can repeat this procedure

in the case that g;k,,, # 0 to show that r(x) is a (0, +1)-polynomial.

Fix an integer p # 0. The coefficient of 2P in fk* is the sum of all terms of the
form f;k, where ¢ — n = p. Similarly, the coefficient of 2 in —gh* is the sum of all

terms of the form g;h,, where j —m = p.

Now suppose i —n = j —m = p, with ¢ # 7 and n # m, and suppose f;k, # 0.
To show that f;k,, = 0, note that i — j = n —m and take (a,b,c,d) = (f, f, k, k) in
Condition 2 to get f;fiknkm = (fikn)(fjkm) = £fjkn = 0. Thus fk* can contribute
at most one nonzero term to xP?. Now remove the assumptions that ¢+ # j and
n # m and consider the term gjh,,. Note that again i —j = n — m and take
(a,b,¢,d) = (f,g,k,h)in Condition 1 to get that fig;knhy = £g;hm = 0. Therefore,
no term from gh* can contribute a nonzero element to zP. One can repeat this

procedure when g;h,,, # 0 to show that s(x) is a (0, £1)-polynomial. O

One can verify that if one takes two ternary complementary pairs where one is
disjoint, then the conditions of Theorem are satisfied. What remains to show
is that this new multiplication is indeed a proper generalization of the standard one.

To this end, the following example is given.
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Example 4.2.3 (Craigen, 2006 [3]). Take f(z) = 1+ 2* — 2%, g(x) = 1 + 2*
(a TCP(5,5)) and h(z) = 1 + 25 — 22 k(z) = 23 + 2 (a TCP(13,5)). By
Theorem |4.2.5],

r= fh+ gk
=(1+2* =21+ 2% —22) + (1 + 2*)(2® + )

=142+ 2t + a0+ 2"+ 28— 20— 12— M 21D 16 4 19
and

s = fk* — gh*

=(1+22 2@+ ) -1+ +2 0 -2

4 7

= P14+ + 2% 2t 2" -2 M -2 21 2

is a TC'P(20,25) which can be verified to be unconstructable by smaller pairs

through the standard multiplication. O]

Craigen [3] showed a friendlier way of checking the conditions of Theorem m

Definition 4.2.6. For polynomials f =Y. _, fiz' and g = >, _, g;z", define

D(f,g) :={d€Z:3i,j e Zsuch that d = j — i, and g¢;f; # 0}

and

A(f,g) :={aeZ\{0} : 34,5 € Z such that a = j—i, and eitherf;f; # 0 or g;g; # 0}.

Then the conditions of the conditions of Theorem are equivalent to D(f, g)n
D(k,h) = A(f,g9) n A(k,h) = . To see this, suppose D(f,g) n D(k,h) = A(f,g) n
A(k,h) = & and j —i = m — n. Then either f;g; = 0 or k,h,, = 0 and hence
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figiknhm = 0. Conversely, if figjkn,h,, = 0, then j — i is not in one of D(f,g) or

D(k,h). The other cases follow similarly.

4.3 Primitive pairs

With generalized multiplication established, it is natural to ask which T'C' Ps cannot
be constructed from other pairs. Such pairs are in a sense the "primes" of the TC' P

world, and perhaps patterns within them will reveal general structure of T'C Ps.

Definition 4.3.1. A TCP is primitive if and only if it can not be constructed
using nontrivial pairs by the multiplication in Theorem 4.2.5, T'C'Ps that are not

primitive are called imprimitive.

The weight-first perspective focuses on the structure of primitive pairs. This is
because if one has an imprimitive pair, then its weight is a product of the two
primitive pairs constructing it. Therefore, the set of all weights of T'C'Ps is the
multiplicative closure of the set of all weights of primitive T'C'Ps. Therefore, it is
sufficient to solve for the weights of primitive pairs if one is looking to solve for the

weights of all T'C'Ps.

As general multiplication had not been discovered yet, Craigen, Georgiou, Gibson,
and Koukouvinos [5] listed T'C' Ps of weight < 26 that could not be constructed with
nontrivial pairs under the standard multiplication. Craigen [3] later eliminated the
pairs which were constructible under generalized multiplication. If a T'C'P has prime
weight, it is necessarily primitive as otherwise its weight would be the product of its
factors’” weights. However, a primitive TC'P(9, 8) exists, hence a primitive TC' P can
have composite weight. From Craigen and Koukouvinos’ table of primitive T'C' Ps

[5], it appears likely that every prime not congruent to 3 (mod 4) is the weight of
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some primitive T'C'P. The authors notice this and conjecture it to always be the

case:

Conjecture 4.3.2. FEvery prime not congruent to 3 modulo 4 is the weight of a

primitive T'C'P.

If Conjecture is true, then Theorem would capture the structure of
the weights of T'C'Ps entirely because one could multiply primitive pairs together
to achieve any weight that has no factors congruent to 3 modulo 4. Due to the
computational complexity of generating T'C'Ps, only primitive pairs up to length 21

have been fully classified and thus the validity of the conjecture is hard to test.

4.4 Symmetry and skewness

As noted in Chapter [2 symmetry and skewness are important concepts in com-
plementary pairs. In the case of T'C'Ps where one polynomial is skew, a simple

construction for a new pair is obtained.

Lemma 4.4.1. Let k,we Z*, n=2k+1, and (f(z), g(x)) be a pair of degree n—1
normalized (0, £1)-polynomials with w nonzero entries and f(x) skew-equivalent.

Then (f(x), g(x)) is a TCP(n,w) if and only if (f(z)+ 2%, g(x)) is a TCP(n,w + 1).

Proof. As f(x) is skew-equivalent with odd-degree, the coefficient of z* in f(z) is

zero and thus f(z)+x% isa (0, £1)-polynomial. As z*f*(x) = —z~% f(z), one obtains

(f(z) + ") (f(2) + 25" + g(x)g*(x) = f(x)f*(x) + 27" f(2) + 2" f*(2)
+1+g(z)g"(z)

= f(a)f*(x) + 27" f(x) — 27" f(2)
+1+g(x)g"(z)

=w + 1. O
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Let n € Z* and (f(z),g(x)) be a TCP of length n. Examining AFr(n — 1) +
AFg(n — 1) will show that no two symmetric-equivalent or skew-equivalent polyno-
mials can form a nontrivial TC'P. However, a nontrivial pair where one is skew and
the other is symmetric is possible, but only one such pair exists up to equivalence,

as is now shown.

Lemma 4.4.2 (Craigen and Koukouvinos, 2001 [7]). Let n,w e Z* and (f,g) be a

TCP(n,w) with f symmetric-equivalent and ¢ skew-equivalent. Then w € {0, 1, 4}.

Proof. Suppose n is even, say with k € Z" such that n = 2k. Without loss of

generality, assume the least power of x (should it exist) in f and g is 0. As f

is symmetric-equivalent and ¢ is skew-equivalent, there exist normalized (0, +1)-
k-1 k—1

polynomials r(z) = Y,/ 7, rz’ and s(x) = Y7 siz’ of degree k — 1 such that f =
r+ 2% * and g = s — 2?*71s*. By Theorem [2.4.1], the polynomials

2k—1, %

frg=r+a " 45— g2 1s

s*, and

f—g=r+z®* " —s+uz

2k’—ls*
_ 2kl (7"* G2l g x—2k+18>

2k—1( 2k—1, % 2k—1 *)*

=X r+x r+s—x S

=27 (f +g)*

form a complementary pair over Z. By Theorem [2.3.1] shifting f — g yields that
(f+g,f—g9) = (f+g,f+g)and so (f + g, f + g) is a complementary pair as well.

Therefore,

f+9(f+9) +(f+a)(f+9" =2(f+9)(f+9) €

If f = —g, then f and g have weight 0 as f is symmetric-equivalent and g is skew-

equivalent. If f # —g, then 2(f + g)(f + g)* has zero as its highest power of z if and
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only if f + g has exactly one nonzero coefficient of x. Now

- k—1
f+g= Z (r; + s;)z’ +x2k_12(7’i —s)x "
i=0 i=0
k—1 . k—1 ‘
=¥ (ri+s)x" + " Z(rk_l_,» — Sp_1-4)x"
i=0 i=0

As f + g has exactly one nonzero coefficient of x, then there is exactly one integer ¢
with 0 < ¢ < k—1 such that r; or s; is nonzero. Therefore, f and g have at most two
nonzero coefficients each, hence when n is even w is either 0 or 4. The odd-length
case follows similarly by considering the pairs (f, g) = (r + 2% + 22%r* s — 2%s*) and

(f,9) = (r + 2%r* s — x?kg%), m

The T'C'Ps with one polynomial symmetric-equivalent and the other skew-

equivalent are all equivalent to (0,0), (1,0), or (11,1-).

4.5 Small-deficiency pairs

The position of the zeros in T'C'Ps with deficiency less than or equal to 3 can be com-
pletely classified. Furthermore, a complete classification of all T'C'Ps with deficiency

1 can be obtained.

Lemma 4.5.1 (Gavish and Lempel, 1994 [11]). The only integers n such that a

TCP(n,2n — 1) exists are n = 1 and n = 3.

Proof. Let (f, g) be anormalized TCP(n,2n—1) and k € Z be such that 0 < k < n—1

and fr = 0. Without loss of generality, assume k < %1 (otherwise take f*). If
k < =1 then the coefficient of "' in (f f* + gg*)(x) is odd and hence nonzero,
since there is one zero coming from f;f,—1 and all of the other 2(k + 1) — 1 terms
are £1. Therefore, n = 2k + 1. Without loss of generality, assume g, = 1 (otherwise

take —g).
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Now it will be shown that f is symmetric-equivalent and g — 2" is skew-equivalent.
Note that from the proof of Lemma [3.3.2] for all i < k, one has f; + g; + fr_1-: +
gn—1—i = 2 (mod 4) since no zeros have appeared in the two polynomials yet. There-
fore, one obtains f;g; fu_1-ign_1-i = —1. The coefficient of 2"~ 1=% in (ff* + gg*)(x)

is

2 k E—1 k
Z fifn—1—k+i + Z GiGn—1—k+i = fn—1-k + [ + Z fifn—1—k+i + Z GiGn—1—k+i
i=0 i=0 i=1 i=0
E—1 k
=25+ > fifnoiokai + ) GiGno1—ksi
=1 =0

k-1 k
= Z fifn—1—k+i + Z 9iGn—1—k+i-
i=1 i=0

As each of these 2k terms are +1, by Lemma [3.3.1] one gets

gOgn—lﬂi'c:_ll(fifn—l—k+igign—1—k+i) = (*1)k
However, it was shown for all integers ¢ < k that f;g;fn_1-ign_1-; = —1. Therefore,

90Gn T2 (fi oot ktiGiGn-1—k+i) = Gogn_1(—1)""
= (_1)k7

which implies gy # g,_1 and thus fy = f,_1. Examining the coefficients of 2" 27,

a3kt in (ff* + gg*)(x)) in this manner will yield for all i < k that f; =
foi—i and ¢; # Gn_1-i. Therefore, f is symmetric-equivalent and g — z* is skew-
equivalent. By Lemma 2n —2 € {0,1,4}, so n = 1 or n = 3. Furthermore,

(1,0) and (101,11—) are two such pairs. O

Lemma 4.5.2 (Gavish and Lempel, 1994 [I1]). Ifn e Z* and (f, g) is a normalized

TCP(n,2n — 2) and if f; = 0, then one of g; or g,_1_; is 0.
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Proof. Without loss of generality, assume i is the least index such that f;, f._1_:, ¢,

or ¢n_1_; is zero. If all these other terms are 1, then the coefficient of 2" 1% in
(ff*+gg*)(x)is odd. If f,,_;_; = 0, then the coefficient of z"'=2" in (ff* + gg*)(z)

is odd. Therefore one of ¢g; and ¢,,_1_; is 0. O

The deficiency 3 case follows more naturally in the Boolean complementary pair

setting of Chapter 5] Therefore, a proof of Lemma [£.5.3]is delayed to Theorem [5.2.1]
Lemma 4.5.3 (Gavish and Lempel, 1994 [I1]). If n e Z* and (f, g) is a normalized
TCP(n,2n — 3), then there exists an integer m such that n = 4m + 2 and f,, =

92m = fam+1 = 00T G, = fom = g3ms1 = 0.

Although more can be said about T'C'Ps than G Ps, their structure is still largely
mysterious. Results about T'C'Ps so far have shown what one can do with a TCP,
but have not shown why one might exist in the first place. It appears that any

insight into why T'C'Ps exist will come from a completely different perspective.
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Boolean Complementary Pairs

Boolean complementary pairs were introduced by Craigen [2] as a generalization of
ternary complementary pairs. It will be shown that every T'C'P corresponds to a
BCP, but not every BC'P corresponds to a T'C'P. Craigen solved the structure
of BCPs with even weight, and later discovered a factorization for the odd-weight
case with his student Woodford [§]. This chapter follows Craigen’s [2] paper on
Boolean complementary pairs, in particular, what was known before the odd-weight

factorization was developed.

5.1 Preliminaries

It is helpful to remember that if u, w € Zs, then the condition that u # w is equivalent

tou+w = 1.

Definition 5.1.1. Let n,w € Z* and f, g € Zs[x, 27| have degree n — 1 and a total
of w nonzero entries. Then (f, g) is a Boolean complementary pair of length n

and weight w (written BC'P(n,w)) if and only if

(ff*+g99")(x) = w. (5.1.1)
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The deficiency of the pair is 2n—w. If (f, g) is a CP(n,w, Zs), then (ff* + gg*)(x)
is trivially w by Lemma , hence being a C'P(n,w,Zs) is equivalent to being
a BCP(n,w). Odd-weight BC Ps are often referred to as BC'P;s, and even-weight
BCPs as BCPys.

Example 5.1.1. Let f=1+z+ 2>+ 2' +2° and g = 1 + 22 + 23 + 25. Then

(f,g) has degree 5, weight 9, and

(ff*+997)(x) = 9.

Therefore, the pair (f,g) is a BCP(6,9). O

Lemma 5.1.2 (Craigen, 2003 [2]). Let n,w € Z* and (f,g) be a TCP(n,w).
Let ¢ : Z[z,x™ '] — Zs[z,2'] be the homomorphism mapping coefficients to their

remainder modulo 2. Then (¢(f), ¢(g)) is a BCP(n,w).

Proof. The pair (¢(f), ¢(g)) trivially has degree n — 1 and weight w. As for orthog-

onality,

The BC'P in Example has weight 9. Therefore, that BC'P cannot be the
image of a T'C'P under the homomorphism ¢ by Theorem [2.5.2]

Two important classes of BC'Ps shall now be discussed.

Lemma 5.1.3 (Craigen, 2003 [2]). Let n,m,u,w € Z", and f,g € Zy[x, 2] be
such that f has degree n—1 and w nonzero coefficients, and g = ZZQZLO g;x' has degree

2m, has u nonzero coefficients, and is symmetric equivalent. Then
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1. the pair (f, f) is a BCP(n,2w);
2. the pair (g,g9 +2™) is a BCP(2m + 1,2u + 1).
Proof.

1. Follows from

(ff*+ ff) (@) =2ff*(z) = 0.

2. Note that x™™g = 2™g*, and consider
(99" + (g+2™)(g+ 2™)")(x) =2 "g(x) + 2™g*(x) +1 = 1. ]

Definition 5.1.4. Any shifted versions of (f, f) and (g, g+2™) in Lemmal5.1.3|shall
be referred to as an identical twin pair and a siamese twin pair, respectively.

Example 5.1.2. If (f, g) isa GP, then under the homomorphism ¢ in Lemma|5.1.2]

1

the pair (4(f), ¢(g)) is an identical twin pair. Let p=2"'+1—z and ¢ = 27! + .

The pair (p,q) is a TCP(3,5), and (¢(p), ¢(q)) form a siamese twin pair. O

Identical and siamese twin pairs offer insight into which parameters (n,w) are

those of BC Ps.

Lemma 5.1.5 (Craigen, 2003 [2]). For all n,w € Z* with w < n, there exists a
BCP(n,2w). For all m € Z* with 2w + 1 < 4m + 2 and w even, there exists a

BCP(2m +1,2w + 1),

Proof. Let f be any degree n — 1 polynomial with w nonzero entries. Then (f, f)
is a BCP(n,2w) by Lemma m Let g = 3™ " gir® have ¥ entries. Then (g +

2

r?mg* g+ 2®™ + 2?mg*) is a BOP(2m + 1,2w + 1) by Lemma [5.1.3 O

Although Theorem does not eliminate weights that have factors congruent
to 3 (mod 4) for BCPs, it is still possible to eliminate certain weights through a

different kind of analysis.
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Lemma 5.1.6 (Craigen, 2003 [2]). Let n,w e Z* and (f,g) be a BCP(n,w). Let
a and 8 be the number of nonzero coefficients of = in f(z) and g(z), respectively.

Then
1. o + 32 = w (mod 4);
2. if w is even, then o =  (mod 4);
3. if w =0 (mod 4), then «, 8 are even;
4. if w =2 (mod 4), then «, § are odd;
5. if w is odd, then w =1 (mod 4).

Proof. As f has «a nonzero coefficients, and any two distinct coefficients contribute

exactly one term in 27;11 AFp(j), prior to cancellation there are exactly (§) = O‘(O‘z_l)
nonzero terms in Z;:ll AFp(j). Similarly, prior to cancellation there are ('g) — 806 2_1)

nonzero terms in 27;11 AFg (7). Since
AFr(j) + AFg(j) = 0 for all j € Z™,

one obtains

n—l n—1
Y AFp(j) + > AFG(j) = 0‘(0‘2— D 6(62— 1)
=1 =
Ca? 4B —w
2
= 0 (mod 2).

Therefore,

o + % =w (mod 4).

Numbers 2 to 5 follow by considering the possibilities that satisfy 1 as well as using

a+ [ =w. H
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5.2 Small-deficiency pairs

Boolean complementary pairs up to deficiency 3 can be completely classified. These
results can be used to put restrictions on the structure of ternary complementary
pairs with the same deficiency. The proof of the following theorem uses some later

results which will shorten the work.

Theorem 5.2.1 (Craigen, 2003 [2]). Let n,w e Z", vy =1+xz+ -+ 2" and

(f,g) be a pair of degree n — 1 polynomials in Zy[z,z~1]. Then

1. (f,g) is a deficiency 1 BCP if and only if there exists kK € Z* such that

n=2k+1and (f,g) = (v,7 +2");

2. (f,g) is a deficiency 2 BCP if and only if there exists k € Z* such that

(f,9) = (v +2F,y + 2);

3. (f,g) is a deficiency 3 BCP if and only if there exists k € Z* such that

n =4k +2and (f,g) = (v + 2% + 2%+ v 4+ 22F),
Proof. Note that 2" 1j* = j.

1. (=) By definition, there exists a k € Z* such that (f,g) = (y,v + 2%). If
k # "1 then AFp(n—k)+ AFg(n—k) = 1. (<) Follows from Lemma

2. (=) Follows from Lemma[4.5.2] (<) Follows from Lemma [5.1.3}

3. (=) If nis odd, then w = 2n —3 = 3 (mod 4), which is impossible by part 5 of
Lemma [5.1.6] Therefore, n is even. Without loss of generality, assume f and
g are normalized. If the three zeros occur in f, one can assume without loss
of generality that two zeros are coefficients of powers of = before ”T_l, as one

could instead consider the equivalent pair (f*, g). By the later corollary |6.1.10

there exist a,c € Z" such that 1 < a < ¢ < "772, and f =y + 2%+ 2¢ + 2" 17
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Now,

(f ) (@) = (v+ 2"+ 2"+ 2" ) (" + a7+ 2 2T 4y

= (@ "+ Yy 4 (2% 4 2+ 2T
+ (2% + 2+ 2" ) (2T + T

=@ "+ Yy + (2% 4 2+ 2"y
+ xafc + xfn+1+2a + xcfa + x,n+1+a+c + xn7172a
A |

— (xfa 4 xfc + x*n+1+a + ‘xa*'rLJrl + IcfnJrl + :Ufa)ry
+ x(z—c + x—n+1+2a + xc—a + x—n+1+a+c + xn—1—2a
+ gl 4]

= (27C + 2= )y 4 2070 4 g2 gema
4 :L‘—n+1+a+c + C671—1—20, + xn—l—a—c +1

= 1.
Therefore,

(Q?ic + xcfnJrl)fy _ (xafc + xcfa) + (xfn+1+a+c + 3:,nflfafc)
5.2.1
+ (x7n+1+2a + xn7172a>‘ ( )

The highest power of z on the left-hand side of equation (5.2.1)) isn — 1 — ¢,

and the highest power of x on the right-hand side is n — 1 — 2a, so ¢ = 2a.
equation (5.2.1)) then becomes

(foa + x2a7n+1) _ (l‘ia + l‘a> + (xfn+1+3a + xnflf?)a)
5.2.2
+ <x7n+1+2a + xnflan). ( )

The second highest power of x on the left-hand side of equation (5.2.2)) is
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n—2—2a. Since 2a = ¢ < 32, it follows that a < ”72 and 3a < 3(n—2) < n—1.
Therefore, a,n —1—2a, and n — 1 — 3a are the only positive powers of x on the
right-hand side of equation ([5.2.2)). It follows that the second highest power

of  on the right-hand side of equation ([5.2.2) is either a or n — 1 — 3a. If

n—2

the highest power was a, then n — 2 — 2a = a, hence a = “3=. However, this

can not be since it was shown that a < "T_Q. Therefore, the second highest

power of x on the right-hand side of equation ([5.2.2)) is n —1 — 3a. In this case,

n—2—2a=n-—1-3a,s0a=1. Notethatasa<"T’1andniseven, one

obtains n > 6.

The third highest power of z on the left-hand side of equation (5.2.2)) is
n—3—2a = n—>5, and the third highest power of x on the right-hand side is a =
1. Therefore,n = 6 and f = 1+23+2'+2% and g = 1+ z+ 2%+ 2% + 2t + 25 +25.
However, one can check that AFp(1) + AFg(1) = 1, hence f and g are not

complementary.

Assume without loss of generality that f has two zeros and ¢ has one zero,
without loss of generality say a,b,c € Z" with a # b and ¢ < ”?_2 are such that
f=~+2%+2"and g = v + 2°. Then again by the later Corollary [6.1.10, one

can assume b =n—1—aand a < ¢ <n—1—a. Therefore, f = 1+ 2%+ 717
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and g = v+ z¢. Then

(1" +997)(2) = (y + 2" + 2" ) (V" + 07 + 27"
+ (v +2) (" + a7
= (7% 4 7 gt Ty
+ (2% 4+ 2" ) (27 4 )
+ (7 + 2 )y + 1
= gnmlt2e g pontlala g gme |y gemntl), 4

= 1.

Therefore, (z"172% 4 z7"+1420) = (z7¢ 4 2 ")y As a < ¢ < ™52, one has
n —2 —2a > 0. The highest power of z in (x"172¢ 4 x=1+22) jg therefore
n — 1 — 2a, and the highest power of z in (z7¢ + 2" )yis n — 1 — ¢. Thus,

¢ = 2a. Therefore,

mn—l—Za + x—n+1+2a _ (x—Zzz + l,2a—n+1),y

_ In—l(x—2a + l_2a—n+1)

+ (1 T T In—Q)(x—Qa + x2a—n+1)7

which implies

gm0 20— (T4 ") (272 ), (5.2.3)

The highest power of x on the left-hand side of equation is 2a, and the
highest power of x on the right-hand side is either n — 2 — 2a or 2a — 1. If it
is the latter, then 2a = 2a — 1, a contradiction. Thus n — 2 — 2a is the highest
power of x on the right-hand side of equation ([5.2.3) and so n — 2 — 2a = 2a,

that is, n = 4a + 2. Therefore, (f,g) = (v + 2% + 2371 v + 22%).
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(<) Suppose (f,g) = (v + 2% + 2%+ v + 22*). Then

(FI*+g99%) (@) = (y+ 2 + 22V + 27 + 277 + (y + 22) (V" +277)

—3a—1

=@ "+x + 273 4 )y

+ ($a + $3a+1)(1'_a + 1'_3a_1)

—2a

+ @+ )y + 1

_ (:L,Za-i-l + SC_Qa_l) + ({L’_2a + .’17_2(1_1)(1 4+ x4a+1) +1
_ (IL’2a+1 + $—2a—1) + (x2a+1 + $—2a—1) +1

= 1.

5.3 Small-weight pairs

Boolean complementary pairs of weight < 6 have been completely classified. Some

later results are used to simplify the work.

Theorem 5.3.1 (Craigen, 2003 [2]). Let n,w € Z* and (f,g) be a BCP(n,w).

Then
1. w=1if and only if (f,g) = (1,0);
2. w=2if and only if (f,g) = (1,1);
3. w=4ifand only if (f,g) = (1 + 2,1+ x);
4. w=>5if and only if (f,g) = (1 + 2 + 22,1 + 2?);

5. w = 6 if and only if there exists a € Z* with ged(a,n — 1) = 1 such that

(f,g)=Q+z*+2" 1 +2%+ 2",
Proof. Note that all such pairs can be directly verified to be BC'Ps.
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1. One can assume the only nonzero entry occurs in f, which can be shifted to

get f=1.
2. Follows by shifting and the fact that the two polynomials have the same degree.

3. The two polynomials have the same degree, hence (f,g) =~ (1 +2" 1 1+2"1).

The pair can be deflated to (1 + z,1 + ).

4. Again, the pair are of equal degree so there is a € Z* such that (f,g) =
(1+ 2%+ 2" 1+ 2" 1), By Corollary [6.1.10, a = “5* and thus the pair can

be deflated to (1 + = + 22,1 + 2?).

5. Suppose f has weight 4. Then by Corollary [6.1.10] there exists a € Z* such
that (f,g) = (1 + 2%+ 2" 7% 4+ 2" 1 + 2" '). However, this would yield
AFp(n —1—2a) + AFg(n — 1 — 2a) = 1, so this is impossible. Therefore, f
and g both have weight 3 and by Corollary one can assume without loss
of generality that (f,g) = (1 + 2 + 2" 1,1 + 2 + 2"~ 1). Through deflation,

one can also assume without loss of generality that ged(a,n — 1) = 1. O]

5.4 Even-weight Boolean complementary pairs

The structure of even-weight BC' Ps is noticeably different than that of odd-weight
BCPs. Most notably, the structure of BCFys is immediately solved by Theo-

rem [5.4.1] which itself is a straightforward extension of Theorem

Theorem 5.4.1 ([2]). A pair (f,g) is a BCPF, if and only if there exist h, k €
Zolx, 27 '] and i € Z such that f = hk and g = z'hk*.

Proof. Let h = ged(f,g) and let k,r be such that f = hk and g = hr. Then
(ff*+99%)(x) = hh*(kkK* + rr*)(z)
= 0.
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Similar to the the proof of Theorem [2.5.2] this implies the existence of ¢ € Z such

that r = z'k*. O

Craigen [2] attempted to classify all BC' Ps where one polynomial is symmetric-
equivalent. His results contained a flaw, however, as he omitted the possibility of

a multiplicative symmetric-equivalent factor b(x). The correct versions are given in

Lemmas 15.4.2] and b.5.1l
Lemma 5.4.2 (Craigen, 2003 and Gobin, 2023). Let (f,g) be a BCF,. Then f
is symmetric-equivalent if and only if there exist a(z),b(x) € Zy[x, 2] with b(z)

symmetric-equivalent and i € Z such that f = aa*b and g = x'a?b.

Proof. (=) By Theorem , there exists polynomials h,k and ¢ € Z such that
f = hk and g = 2'hk*. One can assume without loss of generality that ged(k, k*) =
1 as otherwise one can redefine h to contain the symmetric-equivalent factors of
k. As f is symmetric-equivalent, there exists m € Z such that f = 2™ f* thus
f = hk = 2™h*k*. As ged(k,k*) = 1, the polynomial k* divides h and thus there
exists a polynomial b(z) such that h = bk*. Therefore, f = bkk* = 2™b*kk* and so
b is symmetric-equivalent. One obtains g = z'bk*k*, so the result follows by letting

a = k*.

(<) Follows by direct verification. O

5.5 0Odd-weight Boolean complementary pairs

Odd-weight pairs where one sequence is symmetric-equivalent can also be completely

classified.

Lemma 5.5.1 (Craigen, 2003 and Gobin, 2023 [2]). Let n € Z* and (f, g) be an

odd-weight degree n — 1 pair of polynomials with f symmetric-equivalent.
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1. If nis odd, then (f, g) is a BC'Py if and only if there exist a(z), b(x) € Zs[z, x|

with b(x) symmetric and 7, j € Z such that f = 27 (aa*b + 1) and g = x'a?b;

2. If n is even, then (f,g) is a BCP; if and only if there exist j € Z such that

f(2?) = 2%(gg*(x) + 1).
Proof.

1. (=) As n is odd and f is symmetric-equivalent, there exists j € Z such that
27 f is centred around z°, that is, (27f)* = 27f. By Lemma m, the pair
(27 f+1,g)isa BOP(n,w+1), that is, an even-weight pair with z7 f symmetric.
Therefore, there exist a(z),b(x) with b symmetric-equivalent and ¢ € Z such
that 27 f +1 = aa*b and g = z'a®b. As (Z/f+ 1)* =27 f* +1* =2/ f + 1, one
obtains aa*b = aa*b*. Therefore, b is symmetric and the result follows.

(<) Direct verification.

2. (=) Although n is even, the pair f(2?), g(x?) has degree 2n — 2 and thus part
1 applies. Therefore, there exist a(x),b(z) € Zs[x, x| with b(z) symmetric
and 4,7 € Z such that f(2?) = 27((aa*b)(z) + 1) and g(2?) = z'a*(z)b(z).
As Z, has characteristic 2, one obtains a?(x) = a(x?). Therefore, z'b(z) =
g(2?)/a(z?) and so there is some symmetric-equivalent t(z), say with e € Z

such that x°t*(z) = t(x), such that t(z?) = z'b(x). Thus g(z?) = a(z?)t(z?),
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so g(x) = a(x)t(x), and

27 f(2?) = (aa*b)(z) + 1
— v~ (aa*z'b)(z) + 1
= 27 (aa*(z))t(22) + 1
= 27 (aa* (z))t(2)t(x) + 1
= 2" (aa” (@) (t()t" (2) + 1
= 2 i(at(z))(a*t*(2)) + 1

=1""gg*(x) + 1.

(<) Note that for any polynomial h(x) € Zy[z,z71], one has h(z?) = h(z)? since

Zso|z,x~ '] has characteristic 2. Observe that

@) f5(2?) + g(2?)g*(2®) = (99" (x) + 1) (99" (x) + 1) + g(2®)g* (2?)

Therefore, by Theorem the pair (f(2?), g(2?)) can be deflated to the equivalent

Boolean complementary pair (f(z), g(x)). ]

Lemma 5.5.2 (Craigen, 2003 [2]). Let ne Z* and (f, g) be a BC'P of degree n—1

where both f and g are symmetric-equivalent. Then
1. If (f, g) has odd-weight, then (f,g) is a siamese twin pair;
2. If (f, g) has even-weight, then (f, g) is an identical twin pair.

Proof. Without loss of generality, assume f and g are normalized. Therefore, one

obtains 2" 1 f* = f and 2" 1¢g* = g.
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L. Caleulating, (f + g)(f + ¢)* = ff* + fg" + [*g+ 99" = ff* + 27" fg +
7" fg + gg* = 1. Suppose m,t € ZT are such that m is the highest power
of z in (f + g)(z), and ¢ is the lowest. The highest power of (f + g)(f + g)* is
m —t, but (f + g)(f +¢9)* = 1som = t. Therefore, f and g differ from one
another in exactly one place. By Theorem [5.2.1] the pair (f,g) is a siamese

twin pair.

2. Similarly, one obtains (f + g)(f + ¢)* = ff* + gg* =0,s0 f = g. u

Similar to his paper on T'C'Ps [7], Craigen sought to investigate odd-weight
Boolean complementary pairs which were unobtainable through the multiplication

of Theorem [2.4.1] However, he realized that there were no such pairs.

Theorem 5.5.3 (Craigen, 2003 [2]). Let (f,g) and (h, k) be BCP;s. Then there
exists (r,s), a BC'Py, such that (f,g) = (hr + ks, h*s + k*r).

Proof. Let (r,s) = (fh* + gk, fk* + gh). By Theorem 2.4.1] (r,s) is a BCP;.

Furthermore,

hr + ks = h(fh* + gk) + k(fk* + gh)
— hh*f + 2ghk + kk* f
= (hh* + kk*)f
= f, and
h*s + k*r = h*(fk* + gh) + k*(fh* + gk)
= fh*E* + ghh* + fR*E* + gkk*
= hh*g + kk*g

:g.

Thus (f,g) = (hr + ks, h*s + k*h). O
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Theorem [5.5.3] says that for any BC'P is divisible by every other pair under the
multiplication of Theorem [2.4.1 However, it is still possible to factor a BC'P into a

unique product of BCPs, as will be shown in the next chapter.

7



Pair Matrix Factorizations

In 2002, Craigen and Woodford [8] discovered an algebraic factorization for odd-
weight Boolean complementary pairs which was markedly different than that of the
even-weight pairs. The BCF, factorization is expressed entirely in polynomials: a
pair (f,g) is a BCP, if and only if there exist h, k € Zy[z,x~'] such that (f,g) =
(hk, hk*). The BC P, factorization involves 2 x 2 matrices, each of which determined
by several properties about the pair one wishes to factor. Craigen and Woodford
used this factorization to show the set of all BC'P;s forms a group, and it was this

group that was the object of their investigation.

This author began investigating the BC' P, factorization as an undergraduate re-
searcher. Upon beginning this thesis as a graduate student, it became apparent that
these factorizations have much broader application than initially perceived. Any
pair of equal degree polynomials in Zy[z, z7!] has a nontrivial factorization; not just

BC P;s, not just BC' FPys, any pair at all. This chapter develops these factorizations,

while the next demonstrates some of their structural implications to BC Ps.

By the end of this chapter, one will know the sequence, polynomial, pair matrix,

canonical factorization, and superfactorization forms of BC'Ps. To keep these dif-

78



ferent forms clear, Section shows them all for a specific BCP. The reader is

encouraged to visit Section [6.6) whenever confusion arises.

6.1 Preliminaries

6.1.1 Pair matrices

Definition 6.1.1. Let f, g be Laurent polynomials over a ring. The pair matrix

of the pair (f,g) is
fy

_g* f*

PM(f,g) :=

Lemma 6.1.2 (Craigen and Woodford, 2002 [§]). The set of pair matrices of poly-

nomials over a ring has a unit and is closed under multiplication.

Proof. Let f, g, h,k be polynomials in some ring. Then I = PM(1,0) is the identity,

associativity follows from associativity of matrix multiplication, and

f g h k
_g* f* —k*

PM(f,g)PM(h,k) =

fh— gk* Ik + gh*
—g*h—f*k* —g*k—i—f*h*

fh— gk* fk + gh*
—(fk+gh*)* (fh— gk*)*

= PM(fh — gk*, fk + gh"). O

Pair matrices capture the orthogonality or non-orthogonality of a pair of poly-
nomials in a simple manner. To show this, conjugation is first extended to these

madtrices.
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Definition 6.1.3. Define the operation conjugation, denoted by "+", on pair ma-

trices to be PM(f, g)* := PM(f*, —g). Equivalently, the conjugate of a pair matrix

is the transpose of the matrix with the entries conjugated.

Theorem 6.1.4 (Craigen and Woodford, 2002 [8]). Let f, g, h,k be polynomials

in some ring. Then

L PM(f,9)PM(f,9)" = (fF* + 99")1;
2. (PM(f,g)PM(h,k))* = PM(h,k)*PM(f,g)*;

?

3. If (f,g9) and (h, k) are both complementary, then so is the pair (r,s) defined
by PM(r,s) = PM(f,g)PM(h,k).

Proof.

1. By direct verification,

PM(f,g)PM(f,g)" = PM(f,g)PM(f*,—9)
= PM(ff*+g9",—fg+ fg)

= (ff"+g99")1.

2. Simple calculation shows
(PM(f,9)PM(h,k))" = (PM(fh — gk*, fk + gh*))"
= PM(f*h* — gk, —fk — gh™)
= PM(h*, —k)PM(f*,—g)

= PM(h,k)*PM(f,g)*.
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3. Straightforward verification shows

PM(r,s)PM(r,s)* = (PM(f, g)PM(h,k)) (PM(f, g)PM(h,k))*
= PM(f,g)PM(h,k)PM(h* k)PM(f*,q)
= PM(f,g)(hh* + kE*)PM(f", g)
= (W™ + kK" )PM(f, g)PM([", 9)

= (ff*+ g99*)(hh* + EK*)I. O

Theorem is equivalent to Theorem To see this, suppose (f,g) and
(h, k) are complementary pairs over the same coefficient set. Then part 3 of The-
orem says the pair (R,S) defined by PM(R,S) = PM(f,g)PM(h,—k*) is
complementary. By inspection, one obtains R = fh + gk and S = — fk* + gh*. Ap-

plying Theorem to (f,g) and (h, k) results in the complementary pair (R, —S5),

which is equivalent to (R, S) by Theorem [2.3.1} Theorems [6.1.4|and [2.4.1| are equiv-

alent, but Theorem has a much quicker proof. This is often the case with
pair matrices, they have the ability to express results about complementary pairs
quicker than in the polynomial form. Part 3 of Theorem has several immediate

consequences to Boolean complementary pairs.

Corollary 6.1.5 (Craigen and Woodford, 2002 [§]). Let (f,g),(r,s), and (h, k) be

a BCP;, a BCF,, and a pair of polynomials over Z,, respectively. Then

1. PM(f,g)PM(h,k) and PM(h,k)PM(f,g) are BCP;s if and only if (h, k) is
a BOPl,

2. PM(h,k)PM(r,s) and PM(r,s)PM (h,k) are BCPys.
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Proof. For any two pairs of polynomials (¢, ¢) and (¢, n),

(PM (¢, ¢)PM(C,m)) (PM (e, $) PM(C,n))"
= (PM(4,0)PM(C,n)) (PM(¢,n)*PM (¢, ¢)")

= (VY* + ¢9™) (CC* +mm*) 1.

Furthermore, note that PM (Y9* + ¢¢*,0) = (Yo* + ¢¢*)1 and thus commutes with
any other pair matrix. The results follow easily from these two facts and Part 1 of

Theorem [6.1.4] O

Corollary demonstrates a stark contrast between odd and even-weight
BCPs. In the odd-weight case, a product is orthogonal if and only if every factor is
orthogonal. The odd-weight structure is exclusionary with respect to products, it is
only maintained by other odd-weight pairs. In the even-weight case, any even-weight
Boolean complementary pair (r,s) forms two ideals in the ring of pair matrices of
polynomials over Zy: let I, = {PM(h,k)PM(r,s) : h,k € Zs[z,z7 ]} and I =
{PM(r,s)PM(h,k) : h,k € Zy[x,x~*]}. Then I and Iy are left and right ideals,

respectively, and the set of all BC Fys is a union of such ideals.

Definition 6.1.6. Let f, g be two nonzero polynomials. Then maxdeg(PM(f, g)) is
the maximum degree of f and ¢. If f and ¢ have equal degrees, then the degree of
PM(f,g), written deg(PM(f, g)) or deg(f,g), is the degree of the two polynomials.
For m € Z, the degree of PM (z™,0) and PM (0, 2™) shall be considered to be zero.

Example 6.1.1. Let f = 272+ 1+ 2° and g = 2! + 2'% Then deg(f(z)) =
5—(—2) = 7 and deg(g(x)) = 15 — 14 = 1. Therefore, maxdeg(PM(f,g)) =
max{7,1} = 7. O
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6.1.2 Dints and offsets

Before proceeding, a quick note on the degree of pairs is made. In previous chapters,
one would consider complementary pairs of some length n € Z*, which correspond
to a pair of degree n — 1 polynomials. However, the length of pairs are not of much
interest from now on. Therefore, for sake of visual appeal, it will become standard

to refer to degree n pairs rather than degree n — 1 pairs.

Definition 6.1.7. Let a,ar,ar,n € Z", j, k € Z, and

(f,9) = (xj Z fia', a® Z gﬂl)
i=0 i=0

be a pair of degree n polynomials over Z, (thus fo = go = f. = g, = 1). In particular,
note that f; and g; are the coefficients of 2*7 and z** in f and g, respectively. Then
PM(f,g) has left dint a, if and only if ay, is the least positive integer such that
fa, # Ga,, and has right dint ap if and only if ap is the least positive integer such
that f,—a, # 9n—ap- The pair (f,g) has dint a (written dint(f, g) = a) if and only

ifa=ar = ag.

In essence, one is "lining up" the two polynomials f(x) and g(z) at 2°, then calling
the first place where they differ from the left the "left dint" and calling the first place

where they differ from the right the "right dint".

Note that two equal-degree polynomials either have a left and right dint or are an

identical twin pair.

The term dint comes from this author, and is a shortening of "differing integer",
meaning a dint is the first place where two polynomials in Zs[z, =] differ from one

another.
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Definition 6.1.8. Let b,d € Z, and f(x), g(x) be two polynomials whose least powers
of x with nonzero coefficient are b and d, respectively. The offset of PM(f,g) is
d—b.

Example 6.1.2. Let f(z) =z +a*+a%+25+2"+2%+2% and g(x) = 27 +272 +
7+ 1423 + 2% The pair (f, g) is a BCP(9,13), has degree 8, offset —4 —1 = —5,

and
PM(f,g) =PM(z+a*+2° +a+2a" + 28+ 2% 2 + 22 + 27 + 1+ 2% + 2%)

r4+at+a2®+ 28+ 27+ 28 + 20 A N R R iy TS JERVE

4 rr+l+a3+2? sl 4042+ T+ 84270

To find the left and right dint of the pair, write

8
fzastia:i =a(l+2®+2* + 25 +2° + 27 + 2%, and
i=0
8 .
g= x’A‘Zgixl =1+ 22 + 2%+ 2t + 27 + 28).
i=0
One sees that 2 is the least integer ¢ such that f; # g¢;, and 2 is the least integer
i such that fs_; # gs—;. Therefore, the pair (f,g) has left and right dint 2, so

dint(f, g) = 2. O

Lemma 6.1.9 (Craigen and Woodford, 2002 [8]). Let ar,ar,n € Z* and (f,g)
be a pair of degree n polynomials with left and right dint a; and agr, respectively.
Without loss of generality, assume a; < ar. Then for integers k < aj, one has
AFp(n—k)+ AFg(n—k) = 0. The term AFp(n —ar) + AFg(n —ay) is zero if and

only if ar = ag.
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Proof. One sees that

AFp(n —k) + AFg(n— k) = Z fifn—tri + GiGn—r+i)

=
o

Z fifn—kri + fifn—k+i)

)

k
= 22 fifnkari
=0

2, (
2, (

=0.
Similarly,
ar,
AFF(n - aL) + AFG(” - aL) = Z (f’L’fTL*G,LJri + gignfaLJri)
i=0

ar—1

= fOfnfaL + 909n—a; T+ Z (fifnfaL+i + fifnfaLJri)
=1

+ faLfn + GarpIn
= (fn—aL + gn—aL) + (faL + gllL)

= (fa—ap + Gn-a,) + 1,

which is zero if and only if f,—,, # gn—a,, Which occurs if and only if a; = ar as

ar < ap. ]

Corollary 6.1.10 (Craigen and Woodford, 2002 [§]). Any BCP that is not an

identical twin pair or a trivial pair has a dint.

Proof. The autocorrelation function is zero for all nonzero values for a BC'P. There-
fore, if a BCP has a left and right dint, its left and right dints are equal by
Lemma [6.1.9. If the pair does not have a left and right dint, then its either a
trivial pair or the polynomials do not differ from one another, that is, the pair is an

identical twin pair. O
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6.1.3 Decomposing matrices

The final preliminary for these factorizations is to define the matrices which appear
in the decompositions and establish some of their properties. These matrices have
been changed slightly from those used by Craigen and Woodford [8], which causes
their results to take a different form in this thesis. This author’s presentation should

be simpler to read and interpret.

Definition 6.1.11. Let a,b € Z. Define p(z) := 27! + 1 + x, q(x) := 27! + z, and
Vop := PM(p(z®), z°q(z)). Note that (p(z®), zbq(x?)) is a weight-five siamese twin
pair of degree 2|a|. Furthermore, note that p*(z®) = p(z®) and ¢*(z*) = ¢(z®), which
shows that V,, = V_,, = V5. Also, the dint and offset of the pair corresponding to

Vap 1 @ and b, respectively.
Lemma 6.1.12. For all a,b € Z, the matrix V,; is idempotent.

Proof. Using the comments in Definition [6.1.11] and Part 1 of Theorem [6.1.4], one
obtains V2, = Vo Vo5 = (pp* + q¢*)(x*)] = 51 = I O

Lemma 6.1.13. For all a,b,c,d € Z, the matrices V,;, and V.4 commute if and
only if their corresponding polynomial pairs have the same offset, that is, if and only

if b=d.

Proof. Consider the following products:

VapVea = PM(p(z*), 2°q(z*)) PM (p(z°), 2q(2°))

= PM(p(z*)p(z°) + 2"~ q(z*)q(x°), xp(z*)q(z°) + z"p(z)q(a")),

and

VeaVap = PM(p(z*)p(z©) + 3% q(z*)q(z), 2°p(z)q(z*) + z'p(z*)q(z*)).
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(=) Suppose VopVea = VeaVap. Then p(a®)p(a) + a®4q(a*)q(z¢)= p(z®)p(x©) +

2370q(2%)q(z¢), which implies (2°~¢ + 2%7%)q(2%)q(2¢) = 0 and so b = d.

(<) Follows easily by comparing V,,V., to V.V, when b = d. O

Theorem 6.1.14 (Craigen and Woodford, 2002 [§]). The set

G=Vup:a,beZ)

is a group with respect to multiplication.

Proof. For m € Z" and integers ay, b1, ..., am, by,

(%1761 ‘/;12,172 e Vam,bm) (Va1,b1%2,bz T ‘/amybm)*
= (Vahbl ‘/;127172 T Vam,bm> (Vam,bm Vam—l,bm—1 T VL—H,IH)
=17

= Vo,

Therefore, all elements are invertible. Associativity is inherited from matrix and

polynomial algebra. Therefore, G is a group. [

It will be shown that every BC P; has an equivalent pair in the group G in Theo-
rem [6.T.14

In order to express the operation of shifting a complementary pair in pair matrix

form, the following definition is made:

Definition 6.1.15. Let z be an indeterminate such that 22 = z. Define the matrices

X := PM(z,0) and Z := PM(z,0).

The introduction of z comes from Craigen [4], who introduced the variable for the

canonical factorizations of complementary pairs modulo 3.
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For an odd-weight Boolean complementary pair (f, g) and c € Z, one has

X¢PM(f,g) = PM(z¢f(x),xz°g(x)). Now notice that

Z°PM(f,g)Z ¢ = PM(z,0)PM(f(z),g(x))PM(z*,0)
= PM(z°f(x),2°g(x)) Z™°
= PM(2°f(x), 2*g(x))

= PM([(z),2°9(x)).

Thus the matrix X can be used to shift both polynomials in a pair, and the matrix

Z can be used to shift a single polynomial.

Lemma 6.1.16. Let ay,bq,...,a,,b, € Z. Then
Zval,bl‘/;«27b2 T vam,mei1 = ‘/:11,b1+1‘/a2752+1 T V(lm7bm+1‘

Proof. By direct verification, for all a,b € Z,

ZVyZ™t = PM(2,0)PM (p(z*), 2°q(x*)) PM (27, 0)
= PM(zp(z?), szq(x“))PM(z_l, 0)
= PM(p(z), 2°2"q(z))

= Va,b+1-

Therefore,

IV Vasvs Va2 = (ZVal,blz_l) (ZVag,bQZ_l) R (ZVam,me_l)

= Va1,b1+1‘/(12,b2+1 e %m,bm—&-l‘ [
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6.2 The decomposition result

Theorem the fundamental result in all dint-based factorizations, is ready to
be stated and proved. It is inspired by the work of Craigen and Woodford [§],
who proved Theorem in the case where the pair is a BC'P;. In essence, any
polynomial pair with a left and right dint can be multiplied by a suitable decomposing
factor V,; which will decrease the maximum degree of the pair while preserving the
pair’'s Gram-sum. When the pair in question is a BC' P, the decomposing factor V,;
is uniquely determined. This process may be repeated until one is left with a trivial

pair, an identical twin pair, or a pair of unequal degree.

Theorem 6.2.1 (Craigen and Woodford, 2002 [8], and Gobin, 2022). Let ar,ag,c
€Z*, b,deZ,and (f,g) be a pair of equal degree polynomials over Z, with left dint

ar, right dint ag, and offset b. Let a = min{ar,ar}. Then
L. If (¢,d) = (a,b), then maxdeg (PM(f, g)Vea) < deg(PM(f,9));
2. If c < a and d = b, then deg (PM(f, g)V.a) = deg(PM(f,9));

3. If ¢ > a and ¢ # max{ar,ar}, or if d # b, then deg(PM(f,g)Vea) >

deg(PM(f,g))-

Suppose (f,g) is a BC'P, but is nontrivial and not an identical twin pair. Then
(f,9) has a dint and thus Part 1 shows the unique way to decrease the degree of the

pair (f, g), that is, there is a unique pair (¢,d) € Z* x Z such that
deg(PM(f, g)Vea) < deg(PM(f,g)).
Proof. Let (,n € Z,neZ", and write
flz) = xcgfﬂiag(x) = xnggﬂi,
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with fo = g0 = fn = g = 1. It follows that b =n — (. Let

PM(h(x), k(x)) = PM(f(x),9(x))Vea
= PM(f(x),9(x))PM(p(z°), 2q(z°))

= PM(f(z)p(z°) + 2% (x)q(z°), 2 f(x)q(z°) + g(z)p(z°)).

For all j € Z, let h; and k; denote the coefficients of z7 in h and k, respectively.

The degrees of h(x) and k(x) shall now be examined based on the values of ¢ and d.
1.) Suppose (¢,d) = (a,b). Then

h(z) = f(2)p(a®) + 27 g(x)q(x")

= ¢ ( ) %) + "7t (
¢

Zn: fiﬂfi P(
(Zn: fi$i> p(z®) + ¢ <Zn: gi$i> 9(33“)7

k(z) = 2 f(2)q(x*) + g(x)p(z*)

=2 (i fx> q(z") + " (i gﬁ*) p(a®).

INagb
5
&@.
N——
2
8
N

and

As the 2¢ and 2”7 may be factored out the equations and is hence irrelevant to the

discussion of the degree of the pair, assume without loss of generality that { = n = 0.

Then

hj = fi + (fita + gjta) + (fi—a + gj—a) and
kj = gj + (fizva + 9j+a) + (fica + Gja)

For j < 0, one has a —j < a and hence f,_; = ¢go—j and fr_a1j = Gn—atj-
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Therefore, for j < 0, one has fjiq + gj4a = fj = fj—a = gj—a = 0, and thus
h; = fi + (fita + Gj+a) + (fj—a + gj—a) = 0 and similarly
hnfj = fnfj + (fnfjJra + gnfjJra) + (fnfjfa + gnfjfa> =0.
Lastly,
ho=fo+ (fat+ 9a) + (fea+9-0) =1+140=0
hn = fn + (fnJra + gnJra) + (fnfa + gnfa) = 1 + O + 1 = O

Therefore, the smallest power of x in A is at least 1, and the largest is at most n — 1.

Therefore, deg(h(z)) < n — 2. The fact that deg(k(z)) < n — 2 follows similarly.

2.) Suppose ¢ < a and d = b = 0. Then for integers j < 0, one has j+c<c<a

and hence f; =0, fjic = gj+e, and fr_j_c = gn—j—c. Therefore,
hj = fj + (fj-i—c + gj-i—c) + (fj—c + gj—c) = Oa and
hnfj = fnfj + (fnfj+c + gnfjJrc) + (fnfjfc + gnfjfc) =0.

Now,

ho=fo+ (fot+ge) + (foe+9-c) =14+0+0=1and

h’n = fn + (.fn-‘rc + gn+c> + (fn—c + gn—c) = 1 + 0 + O = 1

Therefore, deg(h(z)) = n. It follows similarly that deg(k(x)) = n.

3.) Suppose d # b. Then one sees that the greatest powers of = in f(z)p(z°)
and z7%(x)q(z°) are not equal, nor their lowest. As such, the degree of h(z) is
necessarily greater than n. Similar analysis shows the degree of k(z) is necessarily

greater than n, and that h(x) and k(x) have equal degrees.
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Now suppose without loss of generality that ( = n = d = b = 0 and that a <
¢ < max{ar,ar}. One can see that it does not matter which of ay and ag is the
minimum and which is the maximum, hence assume without loss of generality that
ar, = a. Recall that for all 7 <0, one has f; =¢; = foj = gn—i = 0, faL+j = Gar+s>
and fn_ap+j = Gn-ap+j. Also note that for all 7 < 0, one obtains a —c +j < 0.

When j < 0, one obtains

ha—c-i—j = fa—c-i—j + (fa+j + ga+j) + (fa—20+j + ga—20+j) =0+0+0= 07 and

hnfa+cfj = fnfaJrcfj + (fnfaJchfj + gnfaJrQij) + (fnfafj + gnfafj) =0+0+0=0.

Now,

hao—e = foce + (fa+ ga) + (fa—2e + Gga—2c) =0+ 1+0=1, and

hn—a+c = fn—a+c + (fn—a+2c + gn—a+20) + (fn—a + gn—a> =0+0+1=1.

Therefore, deg(h(x)) = n+2(c—a) > n. The fact that deg(k(z)) = n+2(c—a) >n

follows similarly.

Now assume a;, < ar < c¢. Then a;, — ¢ < 0 and ar — ¢ < 0, so for all 7 < 0 one

obtains faL,CJrj = faL,QCJrj = Gar—2c+j = fnJrC,aR,j = On+c—ap—j = 0. Thus for ] <0

one obtains

hap—ctj = Jap—c+j + (Jar+i + Gap+) + (fap—2e—j + Gar—20-;)
=04+0+0
=0, and
Pntc—an—j = fnte—an—j T (fnt2e—an—j + Gn+2e—an—j) + (facan—j + Gn-an—;)
—0+0+0

= 0.

92



Furthermore,

haL—c = faL—c + (faL + gaL) + (.faL—Zc + gaL—Qc) =0+1+0= 17 and

hn-‘rc—aR = fn-‘rc—aR + (fn+20—aR + gn+2c—aR) + (fn—aR + gn—aR) =0+0+1=1

Therefore, deg(h(z)) = (n + ¢ —agr) — (ap —¢) = n+ (2¢ —ag —ar) > n. One

similarly verifies that deg(k(z)) =n+c—ar—ar+c=n+(2c—ar—ag) >n. O

Theorem omits the case when ay # ar, ¢ = max{ar,ar}, and d = b. In this
case there is insufficient information to predict if maxdeg (PM(f, g)V.q) is larger,
smaller, or equal to deg(PM(f,g)), as the following example illustrates:

Example 6.2.1. Consider the pairs f(z) = 1 + 2+ 2* + 23 + 2° + 2% + 27 + 28
and g(z) = 1+z+ 23+ 2t +2° + 25+ 27+ 2% h(z) = 1+ 2 + 22 + 23 + 2° + 28
and k(z) =1+a+22 +at+ 22 +28 r(2) = 1+ o+ 2% + 23+ 25 + 2% + 28 and
s(x) =14z + 2%+ 2* + 2° + 2° + 28, each with degree 8, offset 0, left dint 2, and

right dint 4.
The maximum degree of the following pairs

PM(f,g)Vio=PM@E"+2° +2® +2? + o+ a2 a7 +2° + 2t + 2% + o+ 272),
PM(h,k)Wig=PM(a® +2° + 2+ + o+ 27228 + 2% + 2 + 2% + 2 + 272),
and

PM(r,8)Vyo=PM(® +2* + 2 + o+ 272 2° + o' + 2 + 2 + 27?)

are 9, 8, and 7, respectively. O
Example 6.2.2. In order to illustrate Theorem [6.2.1] consider f(z) = 1+ x +
P4+ + a8+ 2"+ and g(z) = 1+ 2+ 2% + 2t + 2% + 2% + 27 + 28,
which form a pair with degree 8, offset 0, left dint 2 and right dint 4. By Part 1

of Theorem [6.2.1} the maximum degree of PM(f, g)V2, is smaller than the degree
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of (f,g). By Part 2 of Theorem [6.2.1] the degree of PM(f,g)Vip is equal to the
degree of (f,g). Lastly, by Part 3 of Theorem [6.2.1] the degrees of PM(f,g)Vsy,
PM(f,q)Vs0, and PM(f, g)Va4 are larger than the degree of (f,¢g). Indeed, one has

PM(f,g)Vao =PM(2®+ 2" +2° + 2" + 2® + 2,2° + 2" + 2° + 2° + 2* + )
PM(f,g)Vip=PM(2®+ 2"+ 2%+ 2% + 2% + 1,2% + 27 + 25 + 2* + 2° + 1),
PM(f,g)Vao =PM(a®+ 2% +2® +2? + 1+ a7 2 + 2% + 2 + 23 + 1+ 271),
PM(f,g)Vso =PM(2® +a2®+a2°+2° + 2 + 2 v o+ 1+ 27 + 272
P+ttt o+ 1+ 4 27?),
PM(f,9)V2a =PM@ +2° + 28+t + 14+ 22+ 23 4070 + 278,
i o A o A A ol I T e O )

[]

Now that the decomposition result has been established, the factorizations one

obtains for different pairs of Boolean polynomials shall be derived.

6.3 Factorizations of odd-weight Boolean comple-
mentary pairs

Let (f,g) be a BCP;. Then as (ff* + gg*)(1) = f(1)*> + g(1)* = 1, either f(1) =1
and g(1) = 0 or vice-versa. For convenience, it will always be assumed that f(1) =1

and ¢(1) = 0.

6.3.1 Canonical factorizations

Corollary 6.3.1 (Craigen and Woodford, 2002 [8]). Let m € Z*. A pair of

polynomials (f,g) is a BCP; if and only if there exist aj,as,...,a, € Z" and
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¢, b1,ba, ..., b, € Z such that

PM(f, 9) = XCVél,blan,bQ -V,

m»bm'

Proof. (=) Let (f,g) be a BCP;. If the pair has degree zero, then as
PM(f(1),g(1)) = I, there exists an integer ¢ such that PM(f,g) = PM(z¢,0), and

thus the pair has the desired form.

Assume (f, g) has degree greater than or equal to 1. As (f, g) has odd weight, the
pair is not an identical twin pair and thus (f, g) has a dint, call it a. Suppose the
offset of the pair is b. Then by Theorem , the maximum degree of PM(f, g)Vas
is strictly less than that of PM(f,g). However, the resultant pair PM(f, g)Vap is
another BC'P; by Corollary [6.1.5] By Corollary the resultant pair either has
a dint or is a pair of degree zero. Therefore, it is seen that the decomposition process
of Theorem [6.2.1] can be repeated until one is left with the pair matrix of a degree
zero pair, which by the same reasoning as above is some power of X. Therefore,
there exist m, aq, as,...,a,, € Z" and by, bs, ..., by, c € Z such that

PM(f,9)VapmbmVa Vo = XC. (6.3.1)

m—lybm—l ’

By Lemma|6.1.12} Vajbl = Vi, and thus

PM(f, g) = PM<f7 g) (Vam,bm‘/amflybm—l T ‘/;117(71) (vtlhblvm,bz T ‘/amvbm)

(6.3.2)
= XC‘/;lhbl‘/aZ,lD Vo b -
(<) Follows from Corollary |6.1.5] O

Example 6.3.1. Consider the polynomials f(z) = 1+ 23 + 2 + 25 + 25 + 27 + 28

and g(x) = 1+ 2% + 2® + 2* + 27 + 28, which form a BC'P(9,13). The pair has dint
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2 and offset 0. To decompose the pair, one calculates

PM(f,g)Vao = PM (2% + 2° + 2*, 2* + 27).

The pair (2% + 2° + 2%, 2% + 2?) has dint 1 and offset —2. Again, one calculates

PM(f,g)VaoVi,—2 = PM(z°,0).

Therefore, by Lemma |6.1.12]

PM(f,g9) = (PM(f,g)VaoVi,—2) (V1,-2Va0)
= PM(ﬂUSa O)Vl,—zvz,o

= XV, _yVa. O

Assume for the remainder of the thesis that m € Z* and for all i € Z*, that a; € Z*

and b; € Z.

As noted in Lemma [6.1.13] there is commutativity among the V;, ;s that have the
same offset b;. Therefore, one does not necessarily have a unique way to express some

BCPys as a product XV, p, Voo p, - - Ve

Qm,bm

—an additional condition is required to

obtain uniqueness.

Definition 6.3.2. For positive integers i, let h;, k; € Zo[x, 27 ']. The product

PM(hy, ky)PM (ho, ka) - - - PM (hup, i)

is a climbing product if and only if for all ¢ such that 1 < i < m, one has

deg(PM (h1, ki) PM (ha, k) - -+ PM (i, k;))

< deg(PM (hy, k1) PM(hy, k2) -« PM (hit1, kit1))-
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Lemma 6.3.3. Let (h, k) be a BCP and let

PM(fa g) = PM(ha k)‘/;ll,bl‘/a%bQ e Va

mybm’

a climbing product. Then (f, ¢) has dint a,, and offset b,,.

Proof. The degree of a climbing product is always increasing, hence

deg(PM(f7 g)‘/zzm,bm) = deg<PM(h7 k)‘/;ll,ln‘/;m,bz e Vamfl,b V2 bm)

m—1" Qm,

= deg(PM(hv k)‘/tll,b1v:12,b2 eV

amflybmfl)

< deg(PM(h, k)‘/(l17b1 %2#2 T Vanubm)

= deg(PM(f,9))-

Therefore, by Theorem[6.2.1} V,, 5 = is the unique V, 4 which decreases PM(f, g)’s

ms

degree through post-multiplication. Therefore, by Theorem [6.2.1] again, the pair
(f,9) has dint a,, and offset b,,. O

Definition 6.3.4. Let (f, g) be a BC'P;. The climbing product Vi, s, Vasps -+ Va

TVL7bm

is the canonical factorization of (f,¢g) if and only if there exists ¢ € Z such that

PM(f7 g) = Xc‘/;l17b1‘/112,b2 T Vam,bm‘

In a canonical factorization, the V,, ;s are referred to as canonical factors.

Lemma 6.3.5. Let (f,g) be a BCP;. There exist unique aq, as, ..., a, € Z* and
¢, by, by, ... by, € Z such that PM(f,g) equals the climbing product
Xc‘/:llybl Va2,b2 -V

Qb -

Proof. Let cy,¢c,...,¢h €LY, i, N\, dy,ds, ..., d, € Z, and suppose

Varor Vasbs = Vaom a0d Ve, 4, Vey dy -+ - Ve, .4, are two climbing products such that

PM(f7 g) = Xuval,b1%2,b2 e ‘/a = XA‘/Clydl‘/C%dQ e ‘/Cnvdn'

M7bm

97



Since PM(f, g) is equal to the climbing product X#V,, 4V, Vb

2,b2 7

Lemma implies that PM(f, g) has dint a,, and offset b,,. Therefore,

PM(f7 g)‘/am,bm = Xﬂ‘/cu,bl vaz,bz T ‘/amfhbmfl (‘/amybm‘/amvbm)

= X“‘/;J,l,blvaz,bz T V

Am—1,bm—1

and X*V,, 5, V, -V

Am—1,bm—1

2,bs " is a climbing product. However, PM(f,g) is also

equal to the climbing product X*V,, 4, Vey 4, - -+ Ve, 4., hence Lemma also implies
that PM(f, g) has dint ¢, and offset d,,. Therefore,

PM(f7 g)vc = X)\Vchdl‘/cmdz T ‘/Cnflydn—l (Vcn,dnv::n,dn)

nydn

- A
=X V617d1 ‘/Cz,dz o ‘/Cnfhdnfu

and X)\‘/Chdl‘/CQ,dZ R V4

Cn—1,dn—1

is a climbing product. As each BC'P; has a unique

dint and offset, it follows that a,, = ¢, and b,, = d,,. Therefore,

PM(f7 g)‘/a = Xuvzu,blvamln T ‘/amfl,bmfl = XAVCl,dJ/;:Q,dz T ‘/Cnflvdnfl'

m,bm

Repeating this procedure will show that m =n, a; = ¢;,b; = d;, and p = . O

Theorem 6.3.6. Odd-weight Boolean complementary pairs have a unique canon-

ical factorization. Pairs with the same canonical factorization differ by a shift.

Proof. Uniqueness of canonical factorizations for a fixed BC'P; follows from
Lemma [6.3.5] Suppose PM(f,g) and PM (h,k) both have canonical factorization

Varor Vasbs = Vabm- LThen there exist p, A € Z such that

and

PM(f, g) = X“%1,b1‘/¢12,b2 t Va

mybm’

PM(h, k) = XAVa1,b1V;127b2 e V;lmabm'
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Therefore,

PM (2" f,a*"g) = X*"PM(f. g)

— X/\_HXM‘/al,bl Vioto - Vi

A b,

A
=X Va1,b1‘/;12752 Vo

m7bm

— PM(h, k). m

One can easily obtain the canonical factorization of a BC'P; by decomposing it
then applying Lemma [6.1.12, Explicitly, suppose PM(f,g) is a BC'P; which has

been decomposed by Theorem |6.2.1] so that

PM(f,9)Vay b Va o Vay o = X°.

mybm m71>bm71 ’

By Lemma [6.1.12] one obtains

Xcval,bl = (PM(fv g)‘/‘lmybm Va7n717b7n71 T Va2,b2 ‘/;11751) ‘/al;bl

(PM(f, g)‘/('lm;bmvamflybmfl T Va2,b2) (‘/;Ll,bl ‘/al,bl>

= PM(f, g)‘/amybm‘/;lmfl,bmfl T va2,b2'

Since post-multiplying PM (f, g)Va,, 5., Va “Vag by DY Vay p, decreased the de-

mybm 7VL717bTYL71 o

gree of PM(f, g)Van b Vam 1.6m_1 - Vasby, O1€ sees that

deg(PM(f7 g)Vam,bm%m_1,bm—1 e ‘/al,bl) < deg(PM(fa g)%m,bm‘/am—l,bm—l e Va2,b2)'
Therefore,

deg(XC) = deg(PM(f, g)Vém,meam_l,bm_l e Val,b1>
< deg(PM(f, Q)VLm,meam_l,bm_l cee Vag,bz)

= deg(X Vi, 1)
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Thus X“V,,, is a climbing product. Similarly, post-multiplying

1,01

Vi

Am—1,bm—1""

PM(fu g)‘/am,bm
PM(f7 g)‘/;tm,bm‘/a

“Vag,ps DY Vay ., decreased the degree of

-+ Vag.bg» SO

m—l»bm—l ’

deg(XcV;H,bl) = deg(PM(f> g>Va Vam—l,bm—1 T ‘/az,bz)

Va

m;bm

< deg(PM(f: 9>Va m—1,bm—1 """ %3,53)

m;bm

= deg(XcV;ll,ln ‘/a2,b2 ) :

Therefore, XV,, p, Vb, is also a climbing product. Continuing in this way shows

2,b2

that PM(f, g) is equal to the climbing product XV, v, Vs by - - - Vi, b s hence

Vo o Vi, -+ Viywy 18 PM(f, g)’s canonical factorization.

mybm m—labm—l ’

When working with an arbitrary BC' Py, it can often be assumed without loss of
generality that the pair is equal to its canonical factorization and has offset zero. To
see why this can be done, suppose ¢,d € Z and PM(f,g) = XV, s Vasibo = * Varn b

has offset d. By Lemma [6.1.16] one has

Z7*7PM(f,9)Z% = PM(z~“f, 27 g) = Varvi—dVasbo—d = * Vam bm—d-

As (f, g) has offset b, = d, the pair (z7¢f, 27¢"%g) has offset zero and is equal to its
canonical factorization. Results about the pair (z7¢f, 27" ?g) are easily extended to

the pair (f, g), hence nothing is lost with these assumptions.

Section [7.4] contains tables of canonical factorizations of BCP;s. These BCP;s
come from the TCPs in Craigen and Koukouvinos’ paper [7], which were turned
into BC'Ps through the homomorphism in Lemma [5.1.2] then factored using Theo-
rem [G.2.T1
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6.3.2 Superfactorizations

Certain results are difficult to state through canonical factorizations, but are easy
to state through superfactorizations (Definition [6.3.10). The main ingredient in
superfactorizations is the canonical factorizations of siamese twin pairs, which are

solved for as a consequence of the following lemma.

First note that if (f,g) is a siamese twin pair, then there exist n € Z*, b,d € Z,

and $1, 89, ..., S, € {0,1} such that

n n
( Z (" + 27 +xb,md23i(xi+x_i)>.

=1

For instance, suppose (f,g) = (z3(z 2+ '+ 1+ z+2?), 27 %(x 2 + 2~ + 2 + 2?)),

which is a degree 4 siamese twin pair. Let s; = s = 1. Then

2 2
(fag):(xgzsi($i+$i + 3 m5231x +xi>,
1=1

=1

Lemma 6.3.7. Let n € Z*, and for i = 1,2,...,n, let s; € {0,1} and let s =

St si(xt + 27"). Then for all b€ Z, the siamese twin pair (s + 1, 2%s) satisfies
PM(S + 17xb5) = ‘/sl,b‘/232,b o Vnsn,b-

Proof. (Induction on n) If this result is true, then by Lemma [6.1.16| one obtains

PM (s +1,2°s) = Z°PM (s +1,5) 2"
= Zb‘/:sl,o‘/éSQ,O e Vnsn,Ozib

= sl,b‘/232,b te Vnsn,b-

Thus it may be assumed without loss of generality that b = 0.
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Let n € Z* and let P(n) denote the statement that for s(z) = > si(z' + 277),
one has

PM(S + 17 S) = ‘/31,0‘/252,0 T Vnsn,O-
Base case: For n = 1, the statement P(n) is trivially true as one has

PM(s+1,s) = PM(1,0) = Vg, or

PM(s+1,8) = PM(z7 ' + 1+ 2,27 +2) = Vi

Inductive step: Fix k > 1 and suppose P(k) is true. Let s = YF sz’ + 1 +
¥ sz~ Then by P(k), one has

PM(s+1,5) = V5 0Va50 Visy0-

Let 541 € {0, 1} and define the new polynomial S(z) as S = Y sz + 305 sz
If 511 = 0, then S = s and the result follows as V(;41)s,,,0 = I. Therefore, assume

Sg+1 = 1. Then

PM(s +1,5) Vi) = PM(s+1,8)Vii10

— PM(s + 1, s)PM(p(a**Y), q(a**))
= PM((s + D)p(z*1) + sq(z"),

(s + Da(a") + sp(a™))
= PM(p(z"*1) + s(p(z"*1) + q(2")),

q(z") + s(p(x*h) + q(a*)))

= PM(p(z""") + 5,q(a"*1) + 5)

k1 k1 DR+l kel .
= PM(Z sixt + 1+ Z s;x ", Z szt + Z s;x”")
i=1 i=1 i=1 i=1
— PM(S +1,8).
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Therefore, P(k + 1) is true. Observe that when s;,; = 1, one has
deg(PM(s +1,5)Vip10) > deg(PM(s +1,5s)),
and when s, = 0, one has
deg(PM(s +1,8)Vii10) = deg(PM (s + 1,5)).

Conclusion: Therefore, by the Principle of Mathematical Induction, for all t € Z*,

the statement P(t) is true. O

Consider the siamese twin pair (s + 1,2%s) in the statement of Lemma [6.3.7, If
s; = 0, then Vi, , = I and so there exists j € Z* and integers ay,as, ..., a; with
0 <a; <ay <...<a;such that PM(s+ 1,2bs) = VarsVagp -+ Va,p- It is seen
from the proof of Lemma that Vi, pVayp -+ Vi, p is a climbing product and thus
the canonical factorization of the pair. Thus far, siamese twin pairs are the only
type of BC'P;s whose canonical factorization (and the later superfactorization) can

be derived without any computation.

Example 6.3.2. Let s = 274 + 273 + 2%+ 2% and b € Z. Then (s + 1,2%) is
a siamese twin pair, and for s; = sy = 0 and s3 = s; = 1, the polynomial s can

equivalently be expressed as s = Y+ s;(z' + 27%). By Lemma [6.3.7, one has
PM(s+1,2°) = VouVouVasVap = I*VapVay = ViV,

and V3V, is the canonical factorization of PM (s + 1, 2°s). O

Corollary 6.3.8. The pair (f, g) isa BC'P; if and only if there exist ce Z, M € Z™,
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and siamese twin pairs S, .S, ...,.Sy such that

PM(f,g) = X515 Su.

Proof. The result follows from Corollary and Lemma [6.3.8] n

For the remainder of the thesis, assume for any i,b € Z that there exist j €
Z7, positive integers ay,as,...,a; with a; < ay < .-+ < a;, and a tuple @; =
(a1, as,...,a;) such that

Sa,p = VaroVasp - Vi b

(2]

Note that by Lemma @ VarsVass -+ Va, p is a climbing product.

Also assume for the remainder of the thesis that M € Z*.

Definition 6.3.9. Suppose for integers ¢ such that 1 < ¢ < M — 1, the product

Sa.:S@ip1.bi4, 18 NOL & siamese twin pair. By Lemma [6.3.7 this condition is equiva-
lent to saying b; # bi11. Then Sz, 4, Sa,p, - Sa by iS @ superproduct if and only

if it is a climbing product.

Definition 6.3.10. Let (f,g) be a BCP;, and for integers ¢ such that 1 < i < M,
let the term Sz, 5, be a siamese twin pair with offset b;, and suppose
Sa101S@abs - Sayby 18 a superproduct. Then Sz, 5, Sasp - Sayby 18 (f,9)'s

superfactorization if and only if there exists ¢ € Z such that

PM(f, g) = XcSaH,blSa’mbz T S3M7bM'

The factors Sz, 5, in (f, g)’s superfactorization are called superfactors.

Lemma 6.3.11. Every BCP; has a unique superfactorization. Two BC'P;s have

the same superfactorization if and only if they differ by a shift.
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Proof. Similar to that of Theorem [6.3.6] O

Note that it is easy to derive a superfactorization from a canonical factorization
and vice versa. Suppose PM (f,g) has canonical factorization Vi, 5, Vis b =+ Var b s
and let k; € ZT be such that by = by = - -+ = by, # by, 1. Then by Lemma 7 the
product Vi, p, Vas b, -+ Vay, b, 18 @ siamese twin pair (with dint ag, and offset by, ),

but Va1,b1 Vambz T ‘/ak17bk1 Ve

ak, 11,05, 41 1S 1Ot a siamese twin pair. Therefore,

S(aham--wakl),bkl = ‘/;117171 Vasbs ‘/;lklvbkl

is the first superfactor in (f, g)’s superfactorization. One then moves on to

V., and looks for the integer ko such that by, .1 = br,12 = - b1k, #

ky+1:0ky +17

bi, +k,+1, and similarly gets that

S( =Va Va Va

Ay 41,0k +25+0k; +ko ) 1Dky +hg ky+1:0ky +1 Vaky 2.0k 42 7 Ky +ko Dky + ko

is the second superfactor in (f,g)’s superfactorization. This process repeats until

the end of (f, g)’s canonical factorization.

Conversely, suppose PM(f, g) has superfactorization Sz, p, @y, - - S Fix

=
ansbare

a superfactor Sz, s, and suppose j € Z" is such that @; = (a;1,ai2,...,a;;). Then

Saib

1,94

= V;lm,bi Vai,2:bi T Vai,j:bi'

Since Vo, 1 b, Vai o *** Vai ;b 18 @ climbing product and consecutive superfactors have
different offsets, expressing each factor Sz, s, as the product of its constituent canon-

ical factors in Sz, 5, Sash, - S yields a climbing product. This product is

N
CHYRIV

therefore the pair (f, g)’s canonical factorization.
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Example 6.3.3. Consider the primitive TC' P(14,13)

(11001001-0-001, 1000-0000-10--),

which corresponds to the BC'P(14,13)

(F,G) = (11001001101001, 10001000011011)

under the homomorphism in Lemma The pair (F,G)’s associated polyno-
mial pair (f, g) has canonical factorization V5 _1V5 _1V;1V; ¢ and superfactorization
S2,3),-159(1),159(1),0- To derive the superfactorization from the canonical factorization,
one begins by noticing the consecutive factors V5 _; and V5 _; have offset —1, so
Va,—1V5 1 is a siamese twin pair of dint 3 and offset —1. The next canonical fac-
tor is V41, which has offset 1, not —1, hence V5 _;V5_1V;; is not a siamese twin
pair. Therefore, the first superfactor of (f, g) is S(2,3),-1 = Va,—1V3,—1. Similarly, Vi
and V;; have different offsets, so ViV is not a siamese twin pair either. Thus
Say1 = Vi1 is the second superfactor, and Si)o = Vi is the third. Therefore,

S2,3),-151),151),0 is (f, g)’s superfactorization.

To derive the canonical factorization from the superfactorization, one sees that
Ses),-1 = Vo1Vs_1, Say1 = Vi, and Sy = Vio. Therefore, (f,g)’s canonical
factorization is (Vo _1V3 —1)(Vi1)(Vip) = Vo,-1V5 -1 Via Vi,

Now consider the primitive TC'P(17,13)

(100-0-011-0101001, 100000-0-0000000-),
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which corresponds to the BCP(17,13)

(H,K) =(10010101110101001, 10000010100000001)

under the homomorphism in Lemma [5.1.2] The pair (H, K)’s associated polyno-
mial pair (h, k) has canonical factorization V; ¢V5 oV1 _1 V1 ¢V3 ¢ and superfactorization
S51,3),091),-159(1,3),0- To derive the superfactorization from the canonical factoriza-
tion, one sees that Vo and V5, are consecutive canonical factors with the same
offset, but Vi _; has a different offset. Thus S(13)0 = V1,0Vap is (h, k)’s first super-
factor. Next, V; _; has a different offset than the next canonical factor V; o, hence
Sy,—1 = Vi,—1 is the next superfactor. Lastly, the remaining two canonical factors
Vio and V34 have the same offset, hence S(1 30 = Vi,0V5 is the final superfactor in

(h, k)’s superfactorization.
From (h, k)’s superfactorization S 3y05(1),-15(1,3),0, one reads that

Saz)0 = ViV,
Say,-1 = Vi1, and

Sa3)0 = Vi,0Vap0.

Thus
(Vi0V3.0)(V1,21)(Vi0Va0) = VioVs0Vi—1Vio Vs

is (h, k)’s superfactorization. O
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6.4 Factorizations of even-weight Boolean com-
plementary pairs

Even-weight Boolean complementary pairs have pair matrix factorizations similar to

those of BCP;s.

Corollary 6.4.1. A pair (f,g) is a BC'P, if and only if there exist ay,aq, ..., a, €
Z*, c,bi,bay ... by € Z, and h € Zy|z, x| such that

PM(f: g) = PM(hawCh)V;anV;m,bz eV

Ay b -

Furthermore, if PM (h, 2°h)Va, by Vaso - Va

Am,bm

is a climbing product, then this ex-

pression of PM(f,g) is unique.

Proof. (=) If (f,g) is an identical twin pair, then PM(f, g) is in the desired form.
Suppose (f,g) is not an identical twin pair. Then by Corollary the pair
(f,9) has a dint, call it a,,. Let by, be the offset of (f,g). Then by Theorem [6.2.1]
deg(PM(f, 9)Vanbm) < deg(PM(f,g)). By Corollary[6.1.5] the pair obtained by the

product PM(f,g)Va,. s, is a BCFy. Repeatedly apply Theorem in this way to

m

get ay,ag, ..., 0 € LT, by, bo, ... by € Z, and h, k € Zs|x, 27| where (h, k) does not

have a dint, such that

PM(f,9)VapbmVa

m,bm

- Vo = PM(h, k).

m—lybm—l ’
By applying Lemma [6.1.12] one obtains

PM(f7 g) = PM(f7 g) (Vam,bmvam—l,bm—1 T ‘/ahbl) (‘/al,blvaz,bz T V;lm,bm)
= (PM<f7 g)‘/;lm,bm‘/:lm—l,bm—1 T Val,bl) (Val,bl‘/;l27b2 e ‘/;Lm,bm>

= PM(h, k)‘/al,blvtm,b T V;lmﬁm'

108



Since (h, k) does not have a dint, (h, k) is either an identical twin pair or there exists
e € Z such that (h, k) € {(z¢,0), (0,2¢)}. However, if (h,k) € {(x¢,0), (0,2°)}, then
by Corollary the pair (f,g) is a BC'P;, not a BC'P,. Therefore, (h,k) is an

identical twin pair and thus there exists ¢ € Z such that

PM(f,9) = PM(h, 2°h)Vay b, Vasbs -+ Vayn b

The fact that PM (h, 2°h) Vo, by Vasbs ==+ Vam b 1S @ climbing product and the unique

way to express PM(f,g) as a climbing product is the same as in the proof of

Lemma [6.3.9]

<) Follows by Corollary [6.1.5] O
(=) y y

Example 6.4.1. Consider f = z7%(1 + 2° + 2" + 2% + 2'°) and g = z7%(+2® +
2% + 2% + 2'9%), which form a BCP(11,10) with dint 3 and offset 0. Decomposing,

one sees

PM(f,g)Vsp=PM(1+z+2*+2°+2* +2° +2° 1+ 2% + 29

The resultant pair has dint 1 and offset 0. One computes

PM(f,g)VsoVie = PM(2® + 2" + 2% 1 + 2 + 2°)

= PM(2*(1 + 2 +2%),1 +x +2%)

The pair (z*(1 + 2z + 2%),1 + x + 23) is an identical twin pair, and thus

PM(f,g) = PM(2*(1 + x + 2°),1 + x + 2*) V1o V3. O

Notice that since any product of the form V;, 4, Vi, 5, - - Vi, b, 18 the pair matrix

of a BC'P;, Corollary shows that the pair matrix of a BC'P, equals the pair
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matrix of an identical twin pair multiplied by the pair matrix of a BC'P;.

One could derive a canonical factorization and a superfactorization for BC Pys
similar to BC'P;s, but pair matrix factorizations are only of interest in this thesis

for their application to BCP;s.

6.5 Factorizations of non-complementary pairs

Non-complementary pairs also have dint-based factorizations. These factorizations
are nontrivial as long as the polynomials have equal degrees, and in general these

factorizations are not unique.

Observe that if a pair of polynomials (f, g) is not complementary, then there exists
a nonconstant polynomial r(x) such that (ff* + gg*)(x) = r(z). As (ff* + gg9*)(x)
is symmetric, then so is r(z). Moreover, recall that by specifying the degree of a
symmetric polynomial one immediately specifies its highest and lowest powers of x
since that polynomial is centred around z°. It also follows that every symmetric

polynomial has even degree.

Corollary 6.5.1. Let f(z),g(x) € Zs|x, 2] and suppose there exist d € Z and

a symmetric polynomial r(x) of degree 2d such that

(ff*+g9")(x) = r(z). (6.5.1)

Then there exist h(x), k(z) € Zy[x, 27| with one of h(x) and k(z) having degree d

and the other strictly less than d, and m € N such that

PM(fa g) = PM(ha k)‘/al,ln‘/az,bQ T Va

mybm'

Furthermore, for any a € Z* and b € Z, one obtains maxdeg (PM (h, k)V,;) = d.

110



Proof. Let ng,n, be the degrees of f and ¢g and let ¢,d € Z be such that f =
23 fizh and g = 2437 g;x'. Suppose f and g have unequal degrees, say ny >
ng. Then by examining equation , one sees that the highest and lowest powers
of x in r(z) are ny and —ny. Therefore, r(x) has degree 2d = 2ny, and thus the
desired factorization is obtained by taking h and k to be PM(h,k) = PM(f,g).

Assume f and g have equal degrees. If the pair does not have a left and right
dint, then (f, g) is either an identical twin pair or a trivial pair, both of which are
complementary and thus do not satisfy equation (6.5.1). Therefore, let (f,g) have
left and right dint a;, and ag, respectively. Let a = min{ay,ar} and b be the offset

of (f,g). Then by Theorem

maxdeg(PM (f, g)Vap) < deg(PM(f,g)).

One can continue the decomposition process until a pair without a left or right

dint is obtained, say

PM(f,9)Var bwVam 1w Varon = PM(h, k).

Again, h and k have unequal degrees, as otherwise the decomposition process can
continue. As in the proof of Corollary one has (ff* + gg*)(x) = (hh* +
kk*)(xz) = r(z), and by the same reasoning as above, this implies that one of h and
k has degree d and the other has degree less than d. By Lemma [6.1.12, one obtains
the desired factorization

PM(fa g) = PM(h? k)‘/al,bl‘/az,lu T Va

mybm'

111



Example 6.5.1. Consider the pair

f=a+2®+ 2"+ a2 420+ 2 a4 1,

g=2 +2® + 2T 2P+ 2B 22 M 20+ 2+ttt a4+ L

The pair satisfies

(ff*+99)(x)=a 4273 +1+ 2%+ 2%

and hence is not complementary. By inspection, the pair has degree 19, left and

right dint 4, and offset 0. One computes

PM(f,g)Vio=PM(x" + 2"+ 2® + 2 + 2% 2% + 21 + 210 + 2).

The resultant pair has degree 10, left and right dint 2, and offset 1. Continuing,

PM(f,g)VaoVas = PM(2™ + 2™ + 21 + 2 + 27 2" + 210 + 2% + 27).

The resultant pair has degree 5, left dint 1, right dint 4, and offset 0. One computes

PM(f,9)VioVaiVig = PM (2" + 2% + 27, 2% + 27).

The resultant polynomials have unequal degrees and satisfy

(M + 2@+ B e )+ @ )@ P e ) = e L2 ot

Therefore, PM (2™ + 2® + 27,28 + 27)V1 Va1V is a factorization for PM(f,g) in

the form of Corollary [6.5.1} O
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The following example demonstrates that the factorization in Corollary is

not unique, however, even if one requires the product to be a climbing product:

Example 6.5.2. Let

r=1+4+x+2>+2°+2°+ 25+ 2% and

s=1+x+2°+2* +2° +2° 2%
Then (rr* + ss*)(z) = 2% + 2 + 27 + 7%, and

PM(r,s) = PM(z® + 2° + 272, 2" + 2° + 273V oVio

= PM (2% + 2" + 2°,2° + 2° + 2*) Vi o Vay.

PM(2* + 2 + 272 2 + 2° + 27%)Vi

2

—PMP+ 22+ +r+2 22 +2" + 2% + o+ 272, and

PM (2% + 2* + 2, 2% + 2° + 2*)Vi

= PM(2® +2° + 2 +2° + 2,2° + 2° + 23 + 2 + 1),
one sees that

PM(2® 4+ 2 + 272, 2" + 2 + 27) Vi 0V and

PM(2® + 2* + 2°, 2% + 2° + V1 0Vap

are both climbing products and pair matrix factorizations of PM(r, s). ]

6.6 The different expressions for a BCP

As there are many different expressions for a BC'P, it may be helpful to the reader

to see all of these different forms in one place.
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6.6.1 Sequence

Let F' = (101100010101001) and G = (101001100100001). Then (F, () has length

15, weight 13, deficiency 2 x 15 — 13 = 17, and satisfies
AFp(k) + AFg(k) = 0 for all k e N. (6.6.1)
Therefore, the pair (F,G) is a BCP(15,13).

6.6.2 Polynomial

If F and G are indexed starting at 0, then their polynomial forms are f(x) = 1 +
2?4+ 23+ 2"+ 2% + 2 + 2 and g(x) = 1+ 2% + 2° + 25 + 2% + 214, respectively.
The pair (f, g) has degree 14, weight 13, and deficiency 17. One can check that (in

Zso|z,271]) one has

2 3

(ffr+gg)@)=0+22+22+a"+2° + 2t + 2 (1 + o2 + 2~

—11 + "17714)

N R A
+ (1 +22+ 2%+ 2+ 21+ 22 4P
+ 270 27 a7

—13

= 1.

By Theorem [2.1.7, the odd-weight pair (F,G) satisfying is equivalent to

(f(x), g(x)) satisfying (ff* + gg*)(z) = 1.
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6.6.3 Pair matrix
The pair matrix form of (f, g) is

1+224+224+2" 4+ 2° 4+ 2 4+ 214 14+ 224+ 2° 4+ 28 + 22 4+ 2

1422424+ +2%9+2™ 14224+ 4+ "+ %42 M 42714

One can verify that PM (f, g)PM(f,g)* = I, which is equivalent to the pair (f, g)
being a BC'P; by Theorem [6.1.4]

6.6.4 Canonical factorization

The canonical factorization of (f,g) is Vi _aVa _oVi _1V3, and

PM(f7 9) = XSVl,—ﬂ@,—QW,—ﬂ@,O
= PM(2%,0)PM(z " + 1+ z,2 2 + 27 Y)PM(x 2 + 1+ 2%, 27 + 1)

PM(z '+ 1+ z,2 2+ 1)PM(x 3 + 1+ 2%, 073 + 2°)

6.6.5 Superfactorization

The superfactorization of (f,g) is Sq1,2),-2571),-153),0, and

PM(f; 9) = X85(1,2),—25(1),—15(3),0
=PM(z®0)PM(z?+z ' +14+a+2® 0t +2 2+t +1)
PM(z?+1+2%, 27+ )PM(z ' +1+z,27 2+ 1)

PM(z73 +1+2% 073 +2°).
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Superfactorizations

With the pair matrix factorizations established, some of their structural implications
regarding Boolean complementary pairs are now shown. Sections 7.1 and 7.2 are
from this author’s 2020 undergraduate research project. For a € Z*, this includes a

complete classification of all affixes over Zs of length 2a + 1 with dint a.

7.1 Basic results

7.1.1 Degree calculation

Lemma 7.1.1. Let n,a€ Z", let @ be a tuple over Z*, let b,d € Z, and let (f,g)
be a degree n polynomial pair in Zy[x, 2] with offset d. Suppose b # d and Sz,
has dint a. Then

deg(PM(f,9)Sap) =n+2a+ |b—d|.

Proof. Let k€ Z and (f,g) = ("X, fir®, 2" 3" gix'). Let

s = > si (@' +x7") be such that Sz, = PM(s + 1,z%s). By direct verification,

PM(f,g)PM(s+1,2%) = PM((s +1)f + 27 %gs,2"fs + (s + 1)g).
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By inspection, the highest and lowest powers of x in (s + 1)f are a + k + n and
—a + k, respectively. Similarly, the highest and lowest powers of x in z7%gs are
—b+k+d+n+a=(a+k+n)+(d-b)and —-b+k+d—a=(—a+k)+ (d—0),
respectively. Since d # b, the polynomials (s + 1) f and 27°gs do not have the same
highest power of z, nor do they have the same lowest power of x. If d — b > 0, then
the highest and lowest powers of x in (s + 1)f + 2 %gs are (a + k +n) + (d — b) and
—a + k, which yields a degree of (a +k+n)+ (d—b) — (—a+k) =n+2a+ (d—b).
If d—b < 0, one similarly calculates a degree of n+2a+ (b—d). As (s+1)f +z27%gs
and 2°fs + (s + 1)g form a nontrivial BCP,, they have equal degree and the result

follows. O

Let @ be a tuple over Z", b € Z, and (f,g) be a polynomial pair with offset
b. There is insufficient information about (f,g) in order to predict the degree of

PM(f,q)Sap, as discussed following Theorem m

Corollary 7.1.2. Let Sz, 5, 5&:,5, - - S&u.by D€ @ superproduct and suppose Sz, s,
has dint ¢;. Then

M-1

M
deg(Sa, b Saabs * * Sapby) = 22 ¢ + 2 |biv1 — bil.
iz

i=1

Proof. The degree of any superfactor Sz, s, is 2¢;, hence Lemma implies the

result. O

Corollary 7.1.3. The only positive integers which are not the degree of a BC'P;

are 1 and 3.

Proof. By Corollary [6.3.8, any BC'P; can be written as a superproduct. If that
superproduct has a single superfactor, then its degree is even. If that superproduct
has more than one superfactor, then Corollary shows that its degree is at least

4 and so no BCP; has degree 1 or 3.
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The pair V) is a degree 2 siamese twin pair. Let n > 4 be a positive integer. If
n is even, then Vaz o is a degree n siamese twin pair. If n is odd, then let k,b € 7+
such that n = 4k + 0. By Lemma [7.1.1] the pair obtained by the product Vi oVi,

has degree n = 4k + b. O

7.1.2 Equivalence

The following lemma implies that once one knows the superfactorization of a pair,

one knows the superfactorizations and canonical factorizations of all equivalent pairs.

Lemma 7.1.4. Let PM(f, g) be equal to the superproduct Sz, s, Sasby - - Sausbars

and let ¢ € Z be nonzero. Then
1. PM(f*,9) = SaybnSauy by Saib;
2. PM(f*,9%) = Sg,,-6:52,bs " Saar—bars
3. PM(f,9%) = Say,—omSau 1,~bar 1 " S@1,—bi
4. PM(f(2'),9(2")) = Siat .o Stz s~ - Stast oo
and all are superproducts.

Proof. By using Lemma and the fact that ¢ # 0, one sees that these products

are all superproducts.

1. Follows from Theorem [6.1.4]

1

2. Mapping x — 7" in Sz, b, Sa@sbs - - S&usbn Yields

S_a - S—@s—by - - S—ay,—by,- Recall from Definition [6.1.11] that for all a,b e

Z, one has V,, = V_, ;. Therefore, S_z, 1, = Sz, —»,- The result follows.
3. Follows by combining 1 and 2.

4. Follows by mapping = — z" in Sz, 5, Sa@sbs - Saas.bar- O
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Recall that by Lemmas [6.3.5| and [6.3.11], two pairs have the same canonical fac-

torization /superfactorization if and only if they differ by a shift. The canonical
factorizations/superfactorizations of pairs obtained through other equivalence oper-
ations follows easily from the Lemma[7.1.1} one simply exchanges the superfactors for
their canonical form. Explicitly, use the comment proceeding Lemma to con-
vert a canonical factorization into its superfactorization, apply Lemmal[7.1.4] then use
Lemma [6.3.11] again to convert the resultant superfactorization back into a canonical
factorization. For example, suppose PM(f,g) = VioVaoVa—12. As VioVaoVi_12 =
S1,2),059(4),—12, by Lemma one obtains PM(f*,g) = Sw),-12501,2),0

= V4, _12V10Vay, which is the canonical factorization of PM(f*, g).

7.2 Symmetric classification

Lemma can be used to easily classify all BC'P;s where one polynomial in the

pair is symmetric-equivalent based on their superfactorization.

Theorem 7.2.1. Let be Z and PM(f,g) = X°Sz, 4, Sasy S where

-
VIV

Sy b Oaa by - Sayby 18 a superproduct. Then

1. f is symmetric-equivalent with d € Z such that z¢f* = f if and only if d = 2b

and for integers ¢ = 1,2,..., M, one has Sz, 5, = Sz iv1byisr’
2. g is symmetric-equivalent with d € Z such that z%* = g¢ if and only if for

integers ¢ = 1,2,..., M, one has Sz, = S

& N —ig1,d—2b—bpr—iy1-

Proof.
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1. (=) Consider

PM(a'f*, g) = Z'PM(f*,9) 2"

=79 S e Sa o X070

b o b
annba P anr—1,bn-1

=78 S S 2

b @ b
anba P anr—1,bp—1

_ ZQd_QbZ_d+2bS—’ Zd_QbZ_d+2bS—’ Zd—2b L. Z—d+2b

b ap—1,bm-1

. Sa’l b Zd+2b

d—b
= X SEZM,bM7d+2bS5;]u_1,b]\4_1*d+2b e Sal,b1*d+2b'

As PM(z%f*, g) = PM(f,g), one obtains

d—b b
X Sa)Mbe_d+2bSa>l\/1717b1v171_d+2b T Sa’hbl—d+2b =X Sa)labl Sa’z,b2 T Sa)MJ?M'

As both products are superproducts, one can iteratively apply Theorem [6.2.1
to obtain for integers ¢ = 1,2,..., M, that Sz, 5, = Sz, 111,60 _is1—d+26- Lhis

leaves X47* = X° and so d = 2b. Therefore, Sz, = S

N
AN —it1,0M—iv1

(<) If PM(f,g) = XnglyblSa»%bQ .. S then

LAY RIYE)

PM(x_bfvx_bg) = 554'171713552,52 oS

CEYRIYE
By Part 1 of Lemma [7.1.4] conjugating ~°f shows

PM((z™"f)*,27"g) = PM(a"f*,2"g)

= Sa)]\/fvbIMSa)Mflabm—l T Salabl
= 531,1)155?27172 e Sa)MJ?M

= PM(z"f,2""),

hence 2’ f* = 27 f, showing the result.
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2. (=) Similar to Part 1,

PM(f,ag*) = Z'PM(f,g") 2"

d br7—d
=7 Sa)M,—bMSa)M—la—bMﬂ T Sa)l,—th Z
= d - — e — _d+2b
=7 SO&M,—bMSaM—1,—bM—1 SO&1,—b1Z
_ % d-2bq_ —d+2b ryd—2b G —d+2b  yd—2b
=777 SOtM,—bMZ Z SaM—h_b]\/[—lZ Z

. Sa)l b Z—d+2b

b
=X Sa’M,fbM+d72bSE¢)M_1,7b1u_1+d72b e Sa’l,fb1+d—2b-

As PM(f,x%g*) = PM(f, g), one has

b b
XSG b +d—269T 0y 1—bpr 1 +d—2b " OF1—br+d—2b = X S@1 b1 OTabs O & asbass

and thus by iteratively applying Theorem [6.2.1] one obtains for integers i =

17 2, ey M that Sa’hbi = 53A47i+1’d_2b_bM7i+1.

(<) Similar to the converse of Part 1. O

Example 7.2.1. Consider the product PM(f,g) = VioVs_1Vip. By Part 1 of
Theorem [7.2.1] f is not only symmetric-equivalent but symmetric since no nonzero

power of X appears in front of V; oV3 _1V; . Indeed,

PM(f.g)=PM(z S +z "+ +a 7+ 2+ +1+a+2”+2°

+at+ 25+ 25 270 7 4+ 2t 4+ 2f).

For PM(h,k) = PM(2°f,2°g) = X°Vi0V3 _1Vi, Part 1 of Theorem shows

that h is symmetric-equivalent with z1°h* = h. O

Theorem offers another proof of Lemma [5.5.2, as is now shown:
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Corollary 7.2.2. Let (f,g) be a BCP; where both f and g are symmetric-

equivalent. Then (f,g) is a siamese twin pair.

where

Proof. Let be Z and PM(f,g) = X®Sa, 4,572 " " Satasbass
Sy b Oaa by - Sauby 15 a superproduct. Without loss of generality, assume b =
by = 0 (pre- and post-multiply PM(f,g) by the appropriate powers of Z and X
otherwise). Suppose d € Z is such that x%¢g* = g. If PM(f, g) has one superfactor,
that is, if PM(f,g) = XSz, 4,, the result is true. Therefore, assume PM(f, g) has

at least two superfactors.

Since f is symmetric-equivalent, by Part 1 of Theorem [7.2.1] one obtains @, = @,
and b; = by; = 0. Since g is symmetric-equivalent, by Part 2 of Theorem one
obtains by = d —2b — by, = d = 0. If (f,g) has exactly two superfactors, then
PM(f,g9) = Sz,09%u0 = 52»170 = 1, which would imply Sz, 4, S@sp, -5

aarsb
o by

is not a superproduct. Therefore, assume the pair has more than two superfac-
tors. By Part 1 of Theorem [7.2.1| one obtains by = by;_1, and by Part 2 one ob-
tains by = —by—1. As by—1 = —by—_1, one sees that by,_; = 0. However, since
Sar b Oaa by - Sau.by 18 @ superproduct, consecutive offsets are not equal and thus
one has 0 = by # by = 0, a contradiction. Therefore, (f,g) has exactly one

superfactor, that is, (f,g) is a siamese twin pair. ]

7.3 Affixes over Z,

Lemma shows that for a Boolean complementary pair (f, g), there is a unique
superfactor Sz, such that deg (PM(f,g)Sas) < deg (PM(f,g)). It turns out that
the degree reduction from PM(f,g) to PM(f,g)Sa, occurs in a very specific

manner—one that reveals further structure of Boolean complementary pairs. Most

notably, for a,n € Z* and a dint a pair of degree n polynomials (f,g) that are not
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necessarily complementary, the manner in which the degree reduction occurs results

in a set of conditions that is equivalent to, for all j < 2a, the pair (f, g) satisfying

AFp(n—j)+ AFg(n—j) = 0.

A consequence of this is that all affixes over Zs of length 2a+ 1 with dint a are found.
This is useful in finding affixes for T'C'Ps, as one can start with a known affix over

Zs then figure out where the "—1"s go within the sequences.

Lemma 7.3.1. Let n,a€Z"*, @ be a tuple over Z", and let (f,g)
= (X, fiz!, D0 gix") have degree n and dint a. For all j < 2a, the pair (f,g)
satisfies

AFp(n—j)+ AFg(n—j) =0

if and only if there exists a siamese twin pair Sz o such that for the polynomials h(x)

and k(z) defined by PM (h,k) = PM(f, g9)Sz 0, one has
1. heg =ky_ o # ky = hy_q, and
2. hj = k'j = hnfj = k'nfj = ( for all] < a.

Proof. (=) Suppose for all j < 2a, the pair (f,g) (f,g) satisfies

AFp(n—j)+ AFg(n—j) =0 for all j < 2a.

By Lemma [6.3.11} the pair (f,¢) has a decomposing superfactor Sz . Define the

polynomial s(z) = Y7 | s;(@’ +27") by PM(s + 1,5) = Sz 0. Then

PM(h,k) = PM(f,g)Sz0
= PM(f,g)PM(s+1,s)

= PM((s+1)f + sg,sf + (s + 1)g).
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By inspection, for all j € Z one sees that

a

hy = f; + D si(fivi + gi0) + D si(fi—i + g;-i), and
=1

1

<.
I

-

s
Il
—

ki =i+ D 8i(fiei + giei) + O, il fimi + gj—i).
=1

For all negative j, one obtains f; = g; = f—j = gn—j = 0. Since (f, g) has dint
a, then for all 7 < a one sees that f; = ¢; and f,_; = ¢g,_;. Therefore, for 7 < 0, one

obtains

a a

hy = fi+ D silfivi + gjea) + D silfimi + 95-4) = 0.

i=1 i=1

One can similarly check that k; = h,_; = k,—; = 0 as well. Therefore, the only
possibly nonzero coefficients of x in h(z) and k(z) are hg, hq, . .., h, and ko, k1, . . ., ky,

respectively.

Next, note that for j < a one has

a

h; = f; + Z $i(fivi + Gjzi) + Z si(fj—i + gj—i)
i=1

i=1

2 |l

=g;+ Z Si(fi+i + gjvi) + Z si(fj—i + gj-i)

i=1 i=1

— k;.

One can similarly show that h,,_; = k,_;. Furthermore, f, # g, and f,,—4 # gn—aq, 0

ha = fat D si(fiei + g50) + Yy silfii + 95-0)
i=1 =1

sifjai + giei) + D si(fimi + gj—i)
1 inl

# gq t

(2

= kq.
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Similarly, h,_, # kn_a.

Now the maximum degree of (h(x),k(x)) shall be considered. If deg(h(z)) =
deg(k(z)), then Lemma shows that deg(h(z),k(x)) < n — 2a. If deg(h(x)) #
deg(k(z)), then suppose maxdeg(h(z), k(z)) = n — d. As shown in Lemma [2.1.12]
h(z) and k(z) having unequal degrees implies AFy(n — d) + AFx(n —d) = 1. By
Part 2 of Theorem [6.1.4], one has

(RR* + kk*)(x) = (ff* + 99" )(x)((s + 1)(s + 1)* + s5%) ()
= (ff*+g99")(x)(1 + 2s5%)(x)

= (ff" +997)(x),

hence the autocorrelation coefficients of (f,g) and (h, k) are all equal. Therefore,

one obtains

AFF(TL—d) +AFg<n—d> = AFH(n—d) —l—AFK(n—d) = 1,

hence n — d < n — 2a. Therefore, in either case one obtains maxdeg(h(x), k(z)) <

n — 2a.

It will now be shown for all integers j = 0,1,...,a — 1, that h; = k; = h,_; =
k,—; = 0. Suppose to the contrary that j is the least nonnegative integer less than
a such that h; = k; = 1 or h,_; = k,—; = 1. Recall that h; = k; and h,—; = k,,_;
for all j < a, hence these are the only cases. First suppose h; = k; = 1. Then the

least power of = in h(x) is j, and since

maxdeg(h(z), k(x)) <n—2a = (n—2a+j)— 7,
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the greatest power of = in h(x) is less thann —2a+j = (n—a)+ (j —a) <n —a.
Similarly, the least power of x in k(x) is j so the greatest power of z in k(x) is less than
n — a. Therefore, one obtains h,_, = k,_, = 0, as otherwise maxdeg(h(x), k(x)) =
(n—a)—j > n—2a. However, h,_, # k,_,, hence a contradiction is obtained. In the
case when h,_; = k,_; = 1, one obtains h, = k,, another contradiction. Therefore,

for all integers j < a, one has h; = k; = hy,—; = k,—; = 0.

Lastly, one knows that h, # k, and h,_, # ky_o. If hy = h,_o = 1 and k, =

ky_o = 0 or vice-versa, then

AFp(n—a) + AFg(n —a) = AFg(n —a) + AFx(n — a) = hohp—q + kokn—o = 1,

which is a contradiction. Therefore, h, = k,_, # ko = hp_q.

(<) For all j < 2a, if the pair (h, k) satisfies
1. hg = kp—oq # ko = hp—q, and
2. hj = kj = hn—j = kn—j =0,

then maxdeg(h(x),k(x)) < n — 2a. Then one sees that

because all the terms involved are equal to 0. Therefore, for all j < 2a, the pair

(f,g) satisfies

AFp(n—j)+ AFg(n —j) = AFy(n—j) + AFg(n—j) = 0. O
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For a € Z*, Lemma [7.3.1| completely solves the structure of all affixes of length

2a + 1 over Z, with dint a. To see this, let n € Z" be arbitrary and let

ﬁ = (f07f17 .. 'an&)#afn—Qaafn—2a+17 .. 'ufn)a

B

= (907 gis-- -5 92a, #7 9In—2a; Yn—2a+15 - - - 7g7l)

be a pair of sequences with dint @ and fo = go = f, = ¢, = 1. Define the polynomials

f(x) and g(z) by

2a n
flz) = Zfia:i + Z fix" and
i=0

i=n—2a

2a ' n .

g(x) = Zg,;xz + Z gix'.
=0 i=n—2a

Suppose (f’ , CNT’) is an affix of length 2a + 1 with dint a, then Theorem shows

that there exists a siamese twin pair Sz such that
maxdeg(PM(f, g)Sz0) < deg(PM(f,g)).

Let h(xz) and k(z) be polynomials defined by PM(h,k) = PM(f,g)Sa0. Then
Lemma shows that for all j < 2a, the pair (h, k) satisfies

1. By = ko # ko = by, and

9. hy=kj = hu_j = kn_j = 0.
Now suppose (F', G) is such that (h, k) satisfies Conditions 1 and 2. Let (F, G) denote

the sequence version of (f,g). Lemma shows that (F,G) satisfies

AFp(n—j)+ AFg(n—j) =0 for all j < 2a.
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By inspection, for all j < 2a one obtains
AFx(2(2a+1)+1—j) + AF5(2(2a+ 1) + 1 —j) = AFp(n — j) + AFg(n—j) =0,

hence (ﬁ, CNT') is an affix of length 2a + 1 with dint a. Thus (13, CNJ) is an affix of dint

a and length 2a + 1 if and only if the pair (h, k) satisfies Conditions 1 and 2.

Moreover, note that

a

hy = fi+ D silfies + giea) + D silfims + 95-0).

i=1 i=1

Thus, if one is starting with an arbitrary pair (f, ¢), the value of h; can be controlled
by choosing f;. For example, if for all integers j < a one wishes to have h; = 0, then
set f; to 20 Si(fivi + Gj4i) + 2oy Si(fj—i + gj—i). Similarly, the values of k;, h,_;,
and k,_; can be controlled by choosing g¢;, f,—j, and g,—;, respectively. Thus one
can create an affix of length 2a + 1 with dint a by setting f;, g;, fn—j, and g,—; to

the appropriate values. This is illustrated in the following example.

Example 7.3.1. Suppose one wishes to find all affixes of length 5 with dint 2.

Begin with

ﬁ = (f():fl)--'7f47#7fn—47fn—37'”7f7l)7

B

= (goﬂgla s 7947#7971—47971—37 s 7gn)7

and set fo = g0 = fn = g» = 1 so that the resulting affix has length 5, then set
fl = g1, fnfl = Ggn—-1, g2 = I+ f2 and Gn—2 = I+ fan so that (ﬁvé) has dint 2.

Define the polynomials f(z) and g(x) by

(f(@). 9(x)) = (Zfiscw St Y gt + 2 g)

=0 i=n—4 =0 7
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One wishes to choose the remaining values of f; and g; so that there exists a siamese

twin pair Sz such that for the polynomials (h(z), k(z)) defined by

one has for all j < 2, that
1. hg = k9 # ko = hy,_o, and

2. hy = kj = hy_j = kn_j = 0.

As (f,g) has dint 2, the decomposing siamese twin pair Sz must also have dint
2 by Theorem [6.2.1} The two superfactors that can decompose a dint 2 pair with
offset 0 are S(2)0 and Sa1)0. Therefore, by setting s, = 1 and letting s; be arbitrary,

the decomposing superfactor is of the form
Sz0 = PM(Z si(x" +ax7") + 1,2&(0@1 +x7")).
i=1 i=1
Define PM (h(z),k(z)) = PM(f(z), g(x))Sa 0. Then for j € Z, one obtains

2 2
h; :fj"‘z ‘(fj+z'+9j+z Z fj_z—i—gj _;), and

B 5

i+ 2

2
fj+z+gj+z Z f] it gj— z
=1
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Since

2

2
hy + kn—2 = fo+ Z Si( fori + go4i) + Z Si(fomi + g2—i)

i=1 =1
2

2
+ Gn—2 + Z Si(fo—oti + Gn-o+i) + Z Si(fn—2—i + Gn—2-i)
i=1 i=1

= fo+s1(fs +93) + (fa + 94) + s51(f1 + 91) + (fo + 90)
+ Gn—2 + 51(fae1 + gn-1) + (fa + 9n) + 51(fa—s + gn—3) + (fa—a + Gn—-a)

= fot gno+si(fs+ g3+ fuos+ gn-3) + (fa+ ga+ froa + gn_s),

the equality ho = k,_5 is obtained by setting f> equal to
In2+s1(fs+ g3+ fos+gns)+ (fat+gst faat gna)

Since go = 1+ fo and ¢,_o = 1 + f,_o, one sees that hy = k,_o # ky = h,,_o. For
j < 0, one can use the facts that f; = g, and f,_1 = g,_1 to verify directly that
hj =k;j=hy_j =k,_; =0. Since f; = ¢g; and f,,_1 = g,—1, one can also verify that

h1 = k?l and hn_1 = k’n_l. NOW,

(2

2 2
hy = fi+ Y silfies + g10) + ) silfini + 914)
i=1 =1

= fi+s1(f2 + g2) + s2(fs + g3)
=fitsi+ fz+gs

=0,

hence by setting fi (and thus g;) to s; + f3 + g3, one obtains hy = k; = 0. Similarly,
examining h,,_; will show that setting f,,_; (and thus g,,_1) to s1 + f,_3+ gn_3 results

in h, 1 = k,_1 = 0. In summary, the obtained equations are

1. fOZQOan:gn:L
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\)

. fi=giand fm1 = gnoa,
3. go = 1+ f2 and gn—2 = 1+ fn727

4. fi =51+ f3+ gs,

t

. fnfl =5 + fnfS + In—3, and
6. fo=0gn-o+s1(fs+93+ foes+ gn-3) + (fa + ga+ foa + Gn-a).

Though note that Conditions 1, 2, and 3 are simply to make the pair (ﬁ , CN;') have
length 5 and dint 2, they had nothing to do with complementarity. Lemma [7.3.1
shows that once Conditions 1,2, and 3 have been established, satisfying Conditions

3,4, and 5 is equivalent to satisfying for all 7 < 4, the conditions
AFﬁ(ll —j) + AFé(ll — j) =0,

hence every affix of length 5 with dint 2 is of the form (]5 , CNJ) In particular, note

that the terms fs, fa, 93, 94, fo-4, fn-3, n—4, gn—3, and f,_5 can take any value.
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As a demonstration, by using Conditions 1 to 6, one sees that

AFp(T) + AFE(7T) = fofu-a+ fifas + fofao2 + f3fu-1 + fafn
t 909n—-4 + 919n—3 + 929n—2 t g39n—1 + Gagn
= fo—at (s1+ f3+ g3) fas + fofu2
+ fs(s14 fa-s + gn-3) + fu
+ gn-a+ (51 + f3+ 93) Gn—s + G2gn—2
+93 (514 fu—s + Gn—3) + g4
= (fa+ ga+ foa + gna) + (fofn2 + G20n—2)

+ (fn-3 + gn-3) (s1 + fs + g3) + (f3 + g3) (51 + frs + gn-3)
= (fi+ 91+ fa—a + gna) + (f2(1 4 gn2) + (1 + f2)gn—2)
+51(fs + g5 + fos + gn—s) + 2(f3 + g3) (fu—s + gn—s)
= (fat s+ focat gna+51(fs + g3 + faos + gns))

+ (f2 + gn—2)
= (fa+ gn2) + (f2 + gn—2)

= 0.

One can similarly check that for j < 3, one obtains AF(11—j)+AFx(11—j) = 0. O

Observe that to find all T’C'P affixes of a specified length, one can begin with the
set of all affixes over Z, of that length then figure out if "—1"s can be placed within

the sequences to form an affix over {0, +1}.

7.4 Tables of canonical factorizations

The following are tables of canonical factorizations of BC'Pis listed according to

degree. These BC'P;s come from the T'C'Ps in Craigen and Koukouvinos’ paper
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[7], which were turned into BC'Ps through the homomorphism in Lemma then
factored using basic Maple code. The "sequences" column shows the T'C'P corre-
sponding to the BC'P, the "w" column shows the pair’s weight, and the "0" and "
columns refer to the pair’s deficiency and the conjectured lower bound on their defi-
ciency given by the later Conjecture [8.0.1] respectively. Pairs that correspond to an
imprimitive TC'P are indicated with a "{", the rest are primitive. The superfactors

are separated by bars "|". For a discussion on primitive pairs, see Section 4.3|
)

There are a few observed patterns in these factorizations. Note the abundance
of dint 1 canonical factors, how close neighbouring offsets are, and how frequently
the number of places the two sequences in a pair differ from each other is twice the

number of superfactors in their superfactorization plus or minus 1.

Degree 8

S

Factorization | Sequences | w |

‘/1772|V2,0 -00111-11 |13 |5 |4

-01-100-—-

Degree 10

S

Factorization | Sequences w | o

Vl,O‘V1,2’V1,O -1-011-0111 |13 |9 |6

-0-0001000-

Degree 12

S

Factorization Sequences w |6

Vs.4lVio 1-110-0110-0- | 17| 9| 7

10111000-01-1
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Degree 13

Factorization Sequences wl|d|o

Vo 1Vs_1|Via|Vie | 11001001-0-001 | 13 |15 | 7
1000-0000-10--

ViaVsi|VioVso | 1-0-00--00-01- | 17 | 11 | 6
1-00110---00-1

Vi 1|Vi_a|Vi,_3|Vio | 1000-11100-00- | 17 | 11 | 8
110110-010-1-1

Vi_s|Vi_a|Vi_1|Vio | 1001-011--1001 | 17 | 11 | 8
11010-000101-1

Degree 14

Factorization Sequences wl| |

Vi oV _o|Vi_1|Vap | 101-00010-01001 | 13 | 17 | 7
10100--00-0000-

Vio|VioVaoVso | 101-0000010-111 | 17 | 13| 7
101-01001001---

Vi,—aVa, _4|V1,—2|V2 o | 10000111-00-00- | 17 | 13 | 8
10100-1-0111-01

Degree 16
Factorization Sequences wl| 6|6
VioVaolVi_1|VioVag | 100-0-011-0101001 | 13 | 21 | 8

100000-0-0000000-
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Degree 17

Factorization Sequences wl|d |6
Vi3|Va2|Via|VialVio 1000-1111101---10- | 25 | 11 | 10
11-010010-0011-1-1
Vi-1/VioVa,oVaoVaoVsoVeoVro | 1001--1010--111011 | 25 | 11 | 8
1001-1-100011--0--
Vi 1Va_1|VioVaoVsoVeo 11-1-0010--0001011 | 25 | 11 | 8
11-1-0--11--00-0--
Degree 18
Factorization Sequences wl|é |6
Va,_6|Va, 3| Va0 10-0101000-00000101 | 13 | 25 | 11
1000001-000--00000-
Vi o|Va_1Ve1|Vio | 1000-00000101010-01 | 13| 25| 9
110000100000-00001-
Vi _o|Vao|VaaVa1|Vie | 10-1--000110--00-0- | 25 | 13 | 10
1-01-0-1-00110-1111
VioVa0lVa2|Vi1|VioVap | ~11-0001-0-1010---- | 25 | 13 | 10
-1010-000-011-11011
Vi—10|Vaof 10100010101--1---11 | 25 | 13 | 13
101-0--0-01--0001--
Degree 19
Factorization Sequences wl| 6|6
Vao|Vaol | 10-1----111001010001 | 25 | 15 | 13
10-0-010-1-0-10--00-
Vas|Vsol | 1011-01110-0-0-11001 | 25 | 15 | 10
1011-0010-001-1--00-
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Degree 20

Factorization Sequences wl|d |6
VaoVaolViiVioVaoVsoVao | 10111-00000-11-0-1101 | 25 | 17 | 10
101100-001-10-010--0-
Vi_o|VioVaoVaolVaiVai|Vie | 1--1001-0-0-100-00--- | 25 | 17 | 11
10-01001100--0-1--001
Vi _o|VioVaolVa_1Vs_1[Vie | 1-0010-00-0--01-10--- | 25 | 17 | 11
10-00100---000-11-101
VialVia|Vig|VisVas| Vi 1-1-0011--10-0000---- | 25 | 17 | 13
1011-000-00-10110-001
Vi6/Vi_s|Vi_a|Va_1|VioVao | 100101011-1-00001--11 | 25 | 17 | 12
10-01100-0010101--0--
Vo, 2| VioVaoVsoVeoVro 111--1-000-1000000011 | 25 | 17 | 10
111--1--0-1-0-00000--
Vi_o|Vi_3|Va_1|VioVaoVaoVao | 10-1--10-0-1-0-0--011 | 25 | 17 | 11
10--00000101--000-0--
Degree 21
Factorization Sequences wl|d |6
Va,_1|Vi3|Vi2|Vae 10010000-010--01000-0~ | 17 | 25 | 13
10000000001-000-101101
Vis5|Vi_6|Vio|Vi_alVio | 1110101-011--0001-00-1 | 25 | 17 | 15
10001-1100-0-01001100-
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Degree 22

Factorization Sequences wl| 6|6
Via|Vi_aVs _2|VaoVao 1001-0001-001-001-01111 | 25 | 21 | 13
10010-10000001-0011—---
VL_g‘V17_6V27_6‘V1,_3’V2’0V370 1001000-0-0000-1-110-11 | 29 | 17 | 14
10001-0---111--0-0--1--
Degree 24
Factorization Sequences wl|d |6
Vi_alVi_7|Vi_6|[Vi_5|VioVa0 | 11100-11101000--1-0001-01 | 29 | 21 | 16
11--11000--00-1-100000-0-
Degree 27
Factorization Sequences wl|é |
Vi 7|[Vi—6|Vi,—a|Vi0Va0VaoVeoVro | 10010001-1-1001--100--011011 | 29 | 27 | 16

10010000000-011-0-00010--0--
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Conclusion

This author has gone much further in the investigation of pair matrix factorizations of
Boolean complementary pairs than what is presented in this thesis. However, there are
still plenty of extensions of this research that one can pursue without knowing these omitted

results. This chapter presents some of these extensions.

A valuable pursuit would be to prove or disprove the following conjecture:

Conjecture 8.0.1. Suppose (f,g) is a BC'P; with superfactorization

Sai,blsaé,bz S,

adgsbare

Suppose (f,g) is not a siamese twin pair (thus M > 1) and Sg; 5, has dint ¢;. Then the

deficiency of (f, g) is bounded below by
M M—1
0= Z c; + Z ‘bi+1 — bz’ — 1. (8.0.1)
i=1 i=1

Section listss BCP;s with their deficiency and the lower bound § given by Conjecture

Most BCPs in Section exceed the bound in equation (8.0.1]), but equality is

met once with the nonprimitive pair corresponding to Vi _19V30. The heuristic behind
Conjecture is that every dint signifies at least one zero in the polynomial pair, and

observing the decomposition of a pair shows that changes in consecutive offsets also force
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zeros within the polynomials.

If Conjecture [8.0.1]is true, then small-deficiency pairs necessarily have few superfactors
and thus have a "simple" structure. Therefore, BC P;s corresponding to ternary comple-
mentary pairs with small-deficiency (and thus are "almost" Golay pairs) under the ho-
momorphism in Lemma [5.1.2] have a simple modulo 2 structure as well. Intuitively this
makes sense as Golay pairs themselves are identical twin pairs under the homomorphism

of Lemma [5.1.2] which have a trivial modulo 2 structure.

Craigen [4] showed that a pair matrix factorization exists for complementary pairs over
Zs. A simple extension of his work shows that for a prime p = 3 (mod 4), a pair matrix
factorization exists for complementary pairs over Z,: let n € Z*, (f,g) be a degree n
normalized complementary pair over Z,, and define Y, := PM (a,xb). It is straightfor-
ward to show that PM(f,g)Y, is a complementary pair for all a € Z, and b € Z, and
deg (PM(f,g)Yap) < deg (PM(f,g)) if and only if a € {f; " go, f 'gn} and b is the offset
of PM(f,g) (hence there is not necessarily uniqueness in these factorizations). Similar
to Lemma [5.1.2 the homomorphism ¢, : Z[z,z7'] — Z,[z,27!] that maps coefficients
to their modulo p equivalent maps T'C'Ps to complementary pairs over Z,. One can take
T'C Ps and different primes p = 3 (mod 4), map the T'C'Ps into Z,, through ¢,,, then compare
the pair matrix factorizations obtained. Perhaps some patterns will emerge within these
factorizations that will yield insight into the general structure of T'C'Ps. One could also
take results in this thesis and look for comparables among complementary pairs over Z,.
Note that the matrices Y, ; work in decomposing every pair over Z, when p = 1 (mod 4),
but one can not necessarily write every complementary pair as a product of the Y, ;s. This
is because if a®> = —1, then Y, » does not have an inverse, so while one can always get some-

thing like PM(f,g)Y, Y4, p, = PM(c,0), one can not necessarily express PM(f, g)

mabm o

as the product PM(c,0)Yy, p, - Y,

m,bm

For example, (f,g) = (1 + x + 42,2 + = + 32?)
satisfies (ff* + gg*)(z) = 2 € Zs[x,27!] and can not be expressed as a climbing product

PM(c,0)Yq, 4, - Y,

m,bm
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One can generalize complementary pairs and investigate potential matrix factorizations
of these generalized pairs. One way to generalize complementary pairs is to introduce an
involution * on the coefficient set and update the autocorrelation function: let R be an
integral domain, S € R, n € Z*, and A = (a;)!"_; be a sequence over S. One could redefine

the autocorrelation function of A to be AF4 : N — R, where

n—1—k
AF (k) := Z aaj,y, fork <n
1=0

and is zero otherwise. One could then say a pair of sequences (F,(G) is complementary
over S with respect to = if and only if for all positive integers k, the pair satisfies AFp(k) +
AFg(k) = 0. An example of this is with complex Golay pairs, which are pairs of
(+1, £+i)-sequences with complex conjugation as the involution #. These pairs can be used

in the construction of Hadamard matrices [6].

One could also generalize the number of sequences in a complementary pair. This is
done with Turyn sequences, which for a positive integer n are 4 (+1)-sequences of lengths
n + 1,n 4+ 1,n, and n with zero autocorrelation and extra symmetry conditions. Turyn
sequences can be used to construct orthogonal designs and Hadamard matrices [26] in a
very similar fashion to how orthogonal matrices were constructed from complementary

pairs in Section [2.6]

There is still much to understand when it comes to the structure of Golay, ternary, and
Boolean complementary pairs. Although there is an algebraic characterization of Boolean
complementary pairs in both the even- and odd-weight cases, it is still difficult to use
this information to understand where the zeros go within the two sequences. The enigma
of complementary pairs is enriched by the numerous applications of complementary pairs
to engineering; that something so useful should remain so mysterious is truly enticing.
It is this author’s hope that this thesis, along with Craigen and Woodford’s work, will
provide not only a useful perspective to investigate complementary pairs but one that will

contribute significantly to the understanding of GPs and T'C'Ps.
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