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Abstract

Golay pairs (GP s) are pairs of p˘1q-sequences with zero autocorrelation. GP s have

numerous applications in engineering and mathematics such as in device synchro-

nization, spectroscopy, and in the construction of Hadamard matrices. As a result,

there is significant interest in understanding their mathematical structure. However,

the structure of GP s appears to be very mysterious. Ternary complementary pairs

(TCP s)—a generalization of GP s—are pairs of p0,˘1q-sequences with zero autocor-

relation. Similar to GP s, the structure of TCP s appears to be quite challenging.

In order to gain insight into TCP s and GP s, Craigen introduced Boolean comple-

mentary pairs (BCP s), which are pairs of Z2-sequences with zero autocorrelation.

Craigen solved the structure of even-weight BCP s and with Woodford discovered

a factorization involving 2 ˆ 2 matrices in the odd-weight case. A review of Golay

pairs, ternary complementary pairs, and Boolean complementary pairs is given. The

odd-weight BCP factorization is extended to all pairs of Z2-sequences with zero

autocorrelation. Consequences of this extension are then established, including a

connection to affixes.
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Introduction

Complementary pairs have been widely used in engineering and mathematics since

their inception in 1949 by Golay [14]. However, their mathematical structure remains

largely mysterious.

Let R be an integral domain, let S Ď R, let n,w P Z`, and let A “ paiq
n´1
i“0 be a

sequence of length n with entries in S. Define the autocorrelation function of A

to be a map AFA : N Ñ R, where

AFApjq :“

$

’

’

&

’

’

%

řn´1´j
i“0 aiai`j j ă n,

0 j ě n.

In other words, AFApjq is the sum of the product of all elements that are j indices

apart in the sequence A.

Example 1.0.1. Let A “ paiq
2
i“0 “ pa0, a1, a2q “ p1,5,2q. Then

AFAp0q “ a2
0 ` a2

1 ` a2
2 “ 12

` 52
` 22

“ 30,

AFAp1q “ a0a1 ` a1a2 “ 1 ˆ 5 ` 5 ˆ 2 “ 15, and

AFAp2q “ a0a2 “ 1 ˆ 2 “ 2.
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A pair of sequences pF,Gq over S is a complementary pair of length n and

weight w if and only if both sequences are of length n, the number of nonzero entries

in F plus the number of nonzero entries in G equals w, and for all integers j ą 0,

the pair satisfies

AFF pjq ` AFGpjq “ 0. (1.0.1)

Complementary pairs are also said to have zero autocorrelation, and are abbrevi-

ated to CP pn,w, S,Rq. If it is clear which ring R the set S belongs to, or if the ring

R does not matter, then CP pn,w, S,Rq may be shortened to CP pn,w, Sq. Subsets

of integral domains shall be called coefficient sets.

Example 1.0.2. Let R “ Z, S “ t˘1u Ă R, F “ pfiq
3
i“0 “ p1,1,1,-1q, and

G “ pgiq
3
i“0 “ p1,1,-1,1q. A useful convention will be to let "´" denote "´1" in

sequences and matrices whose entries are a subset of t0,˘1u, where no confusion

about the meaning of "´" can arise. This is for visual appeal and also eliminates

the need for commas to separate entries of the sequences. Thus F and G become

F “ p111-q and G “ p11-1q.

R is an integral domain, S is a subset of R, the pair pF,Gq has length 4, weight

8, and satisfies

AFF p1q ` AFGp1q “ p1 ` 1 ´ 1q ` p1 ´ 1 ´ 1q “ 0,

AFF p2q ` AFGp2q “ p1 ´ 1q ` p´1 ` 1q “ 0, and

AFF p3q ` AFGp3q “ p´1q ` p1q “ 0.

Therefore, pF,Gq is a CP p4, 8, t˘1u,Zq.

Example 1.0.3. Let R “ S “ Z5, s P S, F “ pfiq
2
i“0 “ p1,0,4q, and G “

pgiq
2
i“0 “ p3,s,-3q. R is an integral domain, S is a subset of R, and the pair pF,Gq
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has length 3. The pair pF,Gq has weight 5 if s ‰ 0 and weight 4 if s “ 0. Checking

autocorrelation coefficients shows

AFF p1q ` AFGp1q “ p1 ˆ 0 ` 0 ˆ 4q ` p3s ´ 3sq “ 0, and

AFF p2q ` AFGp2q “ p4q ` p´9q “ ´5 “ 0.

Therefore, pF,Gq is a CP p3, 5,Z5q if s ‰ 0 and is a CP p3, 4,Z5q otherwise.

A useful convention will be to denote sequences by uppercase letters and their

entries by the lowercase equivalent. Indexing shall also begin with 0 unless specified

otherwise. Thus for n P Z`, a sequence F of length n with no specified index shall

be written as F “ pfiq
n´1
i“0 .

For a given coefficient set S, which positive integers n and w are the length and

weight of a complementary pair over S? This is the driving question for comple-

mentary pairs, whose answer is often impenetrable to attack. It is this author’s

opinion/hope that the reason for this absence of results is that complementary pairs

have not been studied from the correct perspective. Craigen and Woodford [8] es-

tablished a new perspective to investigate Boolean complementary pairs, but did not

publish their results. This thesis re-derives their results and begins the investigation

of Boolean complementary pairs through this new perspective—a perspective that

might harbour significant consequences.

Complementary pairs originated in a 1949 paper by Marcel Golay [14] (more fa-

mously known for Golay codes, a kind of error-correcting code), who sought to

improve the single-slit optical spectrometer. Optical spectrometers are apparatus

used to measure properties of specific wavelengths of light, such as their chemical

composition. The single-slit spectrometer has a single entry and a single exit slit

with an adjustable diffractor on the inside positioned to correspond to a specific
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wavelength. Light is shone in the entrance slit of the spectrometer then separated

into its composite wavelengths by the diffractor. Only light of the specified wave-

length escapes through the exit slit, which allows one to record properties of that

particular wavelength. Single-slit spectrometers are quite large relative to their slits.

Therefore, Golay wanted to design a multi-slit spectrometer which would use many

entrance slits, allowing for more light to pass through and therefore get a stronger

reading. However, if one only wanted light of the desired wavelength to escape, the

diffractor design within the multi-slit spectrometer would need to be extremely com-

plicated. Golay’s innovation was that one did not need to have only the specified

wavelength of light escape; one only needs complementary pairs.

Golay gave his complementary pairs the name complementary series, and de-

fined them to be a pair of equal length sequences with two kinds of elements with the

property that the number of like elements for a given nonzero shift in one sequence

is equal to the number of unlike elements of the same shift in the other. These pairs

of sequences are now referred to as Golay pairs, and are equivalent to complemen-

tary pairs over the set t˘1u Ă Z. To see this, let n P Z`, and F “ pfiq
n´1
i“0 and

G “ pgiq
n´1
i“0 be a pair of p˘1q-sequences. For any natural number j less than n, one

obtains

AFF pjq ` AFGpjq “

n´1´j
ÿ

i“0
fifi`j `

n´1´j
ÿ

i“0
gigi`j. (1.0.2)

Let

lF “ |ti P Z : 0 ď i ď n ´ 1 ´ j and fi “ fi`ju| ,

lG “ |ti P Z : 0 ď i ď n ´ 1 ´ j and gi “ gi`ju| ,

uF “ |ti P Z : 0 ď i ď n ´ 1 ´ j and fi ‰ fi`ju| , and

uG “ |ti P Z : 0 ď i ď n ´ 1 ´ j and gi ‰ gi`ju| .

4



That is, lF is the number of like elements of distance j in F , uF is the number of

unlike elements of distance j in F , and similarly for lG and uG in G.

For any integer i such that 0 ď i ď n ´ 1, note that

fifi`j “

$

’

’

&

’

’

%

1 fi “ fi`j,

´1 fi ‰ fi`j.

Therefore, equation (1.0.2) becomes

AFF pjq ` AFGpjq “ lF ´ uF ` lG ´ uG. (1.0.3)

Suppose j ą 0. If pF,Gq is a complementary series, then lF “ uG and lG “ uF ,

so equation (1.0.3) becomes lF ´ uF ` lG ´ uG “ 0, which implies that pF,Gq is a

Golay pair.

If pF,Gq is a Golay pair, then equation (1.0.3) is zero, so lF ´ uF ` lG ´ uG “ 0.

Notice that there are n´ j terms in AFF pjq and AFGpjq, and all are ˘1. Therefore,

lF ` uF “ lG ` uG “ n ´ j. Then

2lF ´ 2uG “ plF ´ uF ` lG ´ uGq ` plF ` uF q ´ plG ` uGq

“ 0 ` pn ´ jq ´ pn ´ jq

“ 0,

which implies lF “ uG. One similarly obtains lG “ uF , and it follows that pF,Gq

is a complementary series of length n if and only if pF,Gq is a Golay pair of length

n (abbreviated to GP pnq). As there are no nonzero entries in a Golay pair, every

GP pnq is a CP pn, 2n, t˘1u,Zq.
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Golay’s diffraction design in the multi-slit spectrometer, which can be found in

his first paper [14], is quite intricate. However, how Golay pairs are used is simple

to describe. Let n P Z`, and suppose a “ paiq
n´1
i“0 , b “ pbiq

n´1
i“0 form a Golay pair

(lowercase letters for the sequences following Golay [16]). Let a1 “ p´aiq
n´1
i“0 and

b1 “ p´biq
n´1
i“0 . Divide the spectrometer into four components as shown in Figure 1.1

(this figure is only used to show how Golay pairs are used, not how the mechanism

works). Each component is a sequence of n equally-spaced slits, and slit i is open

or closed depending on whether the corresponding sequence term is 1 or ´1. For

instance, a quadrant indexed by a will have slit i open if and only if ai “ 1, and is

closed if and only if ai “ ´1. The exit sequences are inverted to correspond with

the inversion of the radiation upon hitting the diffractor. For instance, the exit a is

actually pan´iq
n
i“1. Two recording devices D1 and D2 are placed at the exits of the

slits as shown in Figure 1.1.

Figure 1.1: Golay’s design for the multi-slit spectrometer (Golay, 1961 [16]).

Suppose electromagnetic radiation is uniformly radiated across the entrance of the

spectrometer. For a nonnegative integer i ă n, light through the entrance slit cor-

responding to ai is diffracted to hit the exit slits corresponding to ai, ai`1, . . . , an´1.

Similarly, light coming from a1
i hits the slits corresponding to a1

i, a
1
i`1, . . . , a

1
n´1, light
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from bi hits the slits corresponding to b1
i, b

1
i`1, . . . , b

1
n´1, and light from b1

i hits the

slits corresponding to bi, bi`1, . . . , bn´1. The light with the desired wavelength cor-

responds to light that enters from ai, a
1
i, bi, b

1
i and hits the exit slits ai, a

1
i, b

1
i, and bi,

respectively. By construction, the light from bi to b1
i and from b1

i to bi is blocked,

and thus by examining Figure 1.1, one sees that light with the proper wavelength is

only read by device D1. Light corresponding to different wavelengths correspond to

a nonzero shift in the slits. Say this shift is in j slits. Then the number of exit slits

in a where light escapes is equal to the number of pairs pai, ai`jq where both are 1.

The number of exit slits in a1 where light escapes is equal to the number of pairs

pa1
i, a

1
i`jq where both are 1, that is, the number of pairs pai, ai`jq where both are ´1.

Thus the total number of slits where light exits and is picked up only by D1 is equal

to the number of like elements in a of shift j. Similarly, this fixed wavelength will

also correspond to the number of open slits from b to b1 and b1 to b of shift j, which

is equal to the number of unlike elements of shift j in b. This radiation is picked up

only by D2. As light is uniformly radiated across the slits and the number of like

elements of shift j in a is equal to the number of unlike elements of shift j in b, the

measurement D1 ´ D2 is only that of the desired wavelength.

The multi-slit spectrometer was the first of many applications of complementary

pairs to engineering. Golay foretold of these numerous applications, but continued

investigating Golay pairs for a different reason. In his 1961 paper [16], Golay stated

"Regardless of past or possible future applications, the writer has found these

complementary series mathematically appealing, first because of the deep seated

symmetries which characterize them, even though no sign of order may be obvi-

ous at first glance, and second because of the challenge offered by the problem of

synthesizing them for n “ 26, 34, etc,".
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This is indeed the case with complementary pairs: interest is generated not only

from the many applications to engineering, but also from the mysterious nature of

their mathematical structure. Complementary pairs are strikingly similar in this

respect to another object in mathematics: for n,w P Z`, a weighing matrix of

order n and weight w is an nˆ n matrix W with entries t0,˘1u such that WWJ “

wI. Weighing matrices have many applications such as in experimental designs in

statistics and optical multiplexing in engineering [22]. The question of which positive

integers n,w are the order and weight of a weighing matrix is one that has drawn

significant interest. In particular, the question of which integers are the orders of

Hadamard matrices (weighing matrices with n “ w) has received much attention

since its posing in 1893 by Hadamard [20]. In the same paper, Hadamard showed

that if Hadamard matrix of order n exists, then n is 1, 2, or a multiple of 4. It has

been conjectured that for every integer n that is a multiple of 4, a Hadamard matrix

of order n exists. Complementary pairs can be used to construct weighing matrices,

as is shown later in this chapter and described in detail in Section 2.6.

Golay wrote three more papers on Golay pairs [15], [16], [17], each paper focusing

on their mathematical structure. Golay found pairs of lengths 10, 26, and all non-

negative powers of 2, and showed that for n,m P Z`, if one has a pair of length

n and m then one can construct a pair of length 2nm. Turyn [27] improved this

result by demonstrating how to construct a pair of length nm from pairs of length n

and m, thus proving the set of lengths of Golay pairs is closed under multiplication.

Combining this result with the lengths Golay found shows that for every a, b, c P N,

a Golay pair of length 2a10b26c exists. So far, no Golay pair of any other length

has been found. Indeed, it has been verified by Borwein and Ferguson [1] that ev-

ery Golay pair of length up to 100 has length of the form 2a10b26c. Borwein and

Ferguson also showed that all pairs of length up to 100 are constructible from five

starting pairs of lengths 1, 10, 20 and 26, and no starting pair is constructible from
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any of the others. Only two other restrictions on the lengths of Golay pairs have

been found: Golay [16] showed that the lengths of pairs are either 1 or even, and

Eliahou, Kervaire, and Saffari [9] showed that the length of a Golay pair can not

have a factor congruent to 3 pmod 4q.

Most engineering applications of Golay pairs involve transforming one or both

sequences in the pair to a signal through their discrete Fourier transforms. These

signals have desirable properties, such as guaranteeing some power-efficiency in a

transmitter. For instance, Golay pairs are used to construct power-efficient multi-

tone signals, which are signals that are made up of multiple equal amplitude,

equally spaced tones. Multi-tone signals are used to determine characteristics of an

object, such as determining acoustic measurements of auditoriums [24]. The crest

factor of a multitone signal is the ratio of the highest peak to the average, and

a high crest factor results in a weaker transmission of a signal [25]. A multi-tone

signal constructed from the discrete Fourier transform of a sequence in a Golay pair

has an upper bound of 6 decibels on its crest factor [25], which guarantees some

power-efficiency.

Golay pairs are also used in device synchronization. To show how this is done, a

few more definitions and observations need to be made. Let R be an integral domain,

let S Ď R, let n P Z`, and let F “ pfiq
n´1
i“0 and G “ pgiq

n´1
i“0 be two sequences with

entries in S. For an arbitrary sequence A, the periodic autocorrelation function

of A is PAFA : N Ñ R, where for all j P N, one obtains

PAFApjq :“ AFApjq ` AFApn ´ jq

9



The cross-correlation function of pF,Gq is CCFF,G : N Ñ R, where

CCFF,Gpjq :“

$

’

’

&

’

’

%

řn´1´j
i“0 pfigi`j ` gifi`jq 0 ď j ď n ´ 1,

0 j ě n.

Lastly, suppose pF,Gq is a Golay pair. Then

AFF p0q ` AFGp0q “

n´1
ÿ

i“0
f 2

i `

n´1
ÿ

i“0
g2

i

“ 2
n´1
ÿ

i“0
1

“ 2n.

Therefore, 0 is the only j P N such that AFF pjq ` AFGpjq ‰ 0.

Next, for signal transmission, the transmitter and receiver agree upon a time

period P in seconds which corresponds to how long the sequence will be sent for.

Now suppose A “ pa0, a1, . . . , an´1q is a p˘1q-sequence and suppose uptq is its discrete

Fourier transform with period P . The function uptq is a sum of sines and cosines

that represents the amplitude of the signal at time t. For j “ 1, 2, . . . , n, the value

upjP {nq is the amplitude corresponding uniquely to aj´1. The signal is sent, and

the receiver measures the amplitude of the signal at every pP {nq seconds for a total

of n times. As each amplitude corresponds to a unique element, the signal can be

decoded back into a sequence.

Now suppose one wants two devices to communicate, say someone wants to con-

nect their phone to a router for WiFi. The phone sends its requests to the network by

taking a sequence which corresponds to a command, transforming it into a signal us-

ing its Fourier transform, then sending it to the router. The router then converts the

signal back into a sequence, but due to temporal offset this received sequence may be

10



a shifted version of the original. For example, the phone could send p1, 2, 3, . . . , 10q

and the router might receive p4, 5, . . . , 10, 1, 2, 3q. Without any correction, this tem-

poral offset would cause the router to misinterpret the phone’s request. Therefore,

the router needs to know how to shift received sequences back into their intended

form for proper communication. To this end, a Golay pair is used.

Let n P Z`, let pF,Gq be a GP pnq, and let A “ pf0, f1, ¨ ¨ ¨ , fn´1, g0, g1, ¨ ¨ ¨ , gn´1q.

To correct for temporal offset, the phone converts A to a signal through its Fourier

transform, which it then sends to the router. The router decodes the signal into a

sequence A1 and computes CCFA,A1p0q. It can be shown that there exists an integer

j ă n corresponding to the temporal offset in the signal transmission such that

CCFA,A1p0q “ 2PAFApjq. One can also show that PAFApjq can be rewritten as

PAFApjq “ AFF pjq `AFGpjq ` CCFF,Gpn´ jq. If there is no temporal offset, that

is, if A1 “ A, then j “ 0 and one obtains

CCFA,A1p0q “ 2PAFAp0q

“ 2 pAFF p0q ` AFGp0q ` CCFF,Gpnqq

“ 4n.

If there is a temporal offset, then 0 ă j ă n and one obtains AFF pjq `AFGpjq “ 0.

It can be shown that CCFF,Gpn ´ jq is small relative to 2n [21], resulting in

CCFA,A1p0q “ 2PAFApjq

“ 2 pAFF pjq ` AFGpjq ` CCFF,Gpn ´ jqq

“ 2CCFF,Gpn ´ jq

being small relative to 4n. Therefore, the router can tell if there is a temporal offset

by checking if CCFA,A1p0q is near 4n (there can be minor errors in the process, hence

the calculated values may be slightly off from their theoretical ones). If there is a
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temporal offset, the router shifts the received sequence A1 until the cross-correlation

function of A with this shifted sequence evaluated at zero is near 4n. The router

then records this shift and applies it to received signals from the phone to properly

interpret them, thus synchronizing the devices.

As previously mentioned, Golay pairs can also be used to construct Hadamard

matrices. Let n P Z` and M “ pmi,jq
n´1
i,j“0. The matrix M is circulant if and

only if for all integers i, j such that 0 ď i, j ď n ´ 1, the equality mi,j “ mi`1,j`1

holds (where indices are reduced modulo n). Observe that any row of a circulant

matrix defines the entire matrix. Now suppose F “ pfiq
n´1
i“0 and G “ pgiq

n´1
i“0 form a

GP pnq. Construct circulant matrices A and B by letting their first rows be F and

G, respectively. Let

H “

¨

˚

˝

A B

´BJ AJ

˛

‹

‚

,

and consider

HHJ
“

¨

˚

˝

A B

´BJ AJ

˛

‹

‚

¨

˚

˝

AJ ´B

BJ A

˛

‹

‚

“

¨

˚

˝

AAJ ` BBJ BA ´ AB

AJBJ ´ BJAJ AAJ ` BBJ

˛

‹

‚

.

It will be shown in Lemma 2.6.3 that all circulant matrices commute and that the

transpose of a circulant matrix is also circulant. Thus, BA ´ AB “ AB ´ AB “ 0

and AJBJ ´ BJAJ “ AJBJ ´ AJBJ “ 0. Therefore,

HHJ
“

¨

˚

˝

AAJ ` BBJ 0

0 AAJ ` BBJ

˛

‹

‚

.

12



For integers i and j such that 0 ď i, j ď n ´ 1, the pi, jq-entry of AAJ ` BBJ is

n´1´j`i
ÿ

k“0
pfkfk`j´i ` gkgk`j´iq `

j´i
ÿ

k“0
pfkfk`j´i ` gkgk`j´iq

“ AFF pj ´ iq ` AFGpj ´ iq ` AFF pn ´ j ` iq ` AFGpn ´ j ` iq.

Therefore, when i ‰ j the pi, jq-entry of AAJ ` BBJ is zero and the pi, iq-entry

of AAJ `BBJ is 2n; hence HHJ “ 2nI. Therefore, as each entry of H is ˘1, H is

a Hadamard matrix of order 2n. This construction can be applied for all a, b, c P N

to construct a Hadamard matrix of order 2a`110b26c.

Ternary complementary pairs (TCP s) are complementary pairs over the set

t0,˘1u Ĺ Z. The total number of zeros in the two sequences is called their de-

ficiency, hence every Golay pair is a deficiency zero ternary complementary pair.

TCP s have been studied for their connections to GP s, though the interest in TCP s

also comes from connections to other areas such as orthogonal designs [12]. Gavish

and Lempel [11], who coined the term "TCP ", found lower bounds on the deficiency

of TCP s for every possible length, found extra conditions on the lengths of certain

small-deficiency pairs, and provided a construction of TCP s different from known

constructions of GP s.

Gysin and Seberry published two papers on TCP s [18], [19], finding new restric-

tions on lengths and deficiencies and settling all cases of existence/nonexistence for

lengths less than or equal to 20 and weights less than or equal to 40. The authors

also gave many constructions for new TCP s from old, but it was later shown by

Craigen [3] that their constructions were equivalent to Gavish and Lempel’s stan-

dard construction [11]. Craigen provided a proper generalization of the standard

construction in the same paper.
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In 2001, Craigen and Koukouvinos [7] developed a theory of TCP s from a "weight-

first" perspective. At that time, most of the work done on TCP s was to classify pairs

by length first, then by deficiency. They argued that a weight-first perspective is

more natural, citing that many equivalent TCP s have different lengths, but weight

is always constant. Furthermore, the result by Eliahou, Kervaire, and Saffari [9]

also applied in the TCP case, and was actually a theorem about weight rather than

length—it just happens that the length of a Golay pair is half its weight. From this

perspective, the authors introduced primitive pairs, which are pairs that cannot be

obtained from others by the standard multiplication outlined in the later Theorem

4.2.4. As such, primitive pairs are in essence the primes of the TCP world.

Craigen and Koukouvinos continued their investigation into TCP s in 2006, this

time with Georgiou and Gibson [5]. The authors developed a new computational

strategy for finding TCP s: let S be a coefficient set, t P Z`, A,B,C,D be sequences

of length t over S, and let # be an arbitrary symbol. Then F “ pA,#, Bq and

G “ pC,#, Dq form an affix of length t over S if and only if for all i ď t, one

obtains

AFF p2t ` 1 ´ iq ` AFGp2t ` 1 ´ iq “ 0. (1.0.4)

In other words, the autocorrelation coefficients that do not involve "#" are zero.

Example 1.0.4. Let F “ p1,1,#,1,-1q and G “ p1,1,#,-1,1q. The sequences

p1,1q, p1,-1q, and p-1,1q all have length 2, and pF,Gq is a pair of sequences of length

2 ˆ 2 ` 1 “ 5. One can verify that

AFF p4q ` AFGp4q “ p´1q ` p1q “ 0, and

AFF p3q ` AFGp3q “ p1 ´ 1q ` p´1 ` 1q “ 0.

Therefore, pF,Gq is an affix of length 2 over t˘1u.
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Now let n P Z`, let A,B,C, and D be length n sequences with entries in t0,˘1u,

and suppose F “ pA,Bq and G “ pC,Dq form a TCP of length 2n. One can

verify that rF “ pA,#, Bq and rG “ pC,#, Dq form an affix of length n. Thus every

even-length TCP corresponds to a unique affix of half its length (similarly with the

odd-length case, except one replaces the middle entry with "#"). Thus when one

wishes to construct a TCP of length 2n, one can begin with the affixes of length n,

remove the "#" symbol (replace "#" with 0, 1, or ´1 in the odd-length case), then

check the remaining autocorrelation coefficients to see if they are zero.

When building an affix of a specified length, one begins with the set of all affixes of

length one less than that and sees if any of these smaller affixes can be "completed" to

the larger size. For instance, to build an affix of length n`1 from rF “ pA,#, Bq and
rG “ pC,#, Dq, one finds which x, y, u, v P t0,˘1u make H “ pA, x,#, y, Bq and K “

pC, u,#, v,Dq an affix. Since p rF , rGq is an affix, one only needs to check that AFHpn`

2q `AFKpn` 2q “ 0 as the other autocorrelation coefficients are automatically zero.

Thus one has a systematic method for generating affixes of larger sizes, which also

yields a systematic approach to constructing TCP s of a given length. This method

vastly outperforms the naive approach of trying all possible permutations of 0, 1, and

´1 to construct a TCP of a given length, which is computationally costly.

Despite gaining some insight into ternary complementary pairs, just like the GP

case, their structure appeared to be very mysterious. If one examines the results

about these complementary pairs, one sees that they fall into one of two categories:

they are either a nonexistence result, or a method of constructing a new pair from

old pairs. There is no theory about why a TCP or GP should exist, only theory

about why one should not. All known TCP s and GP s have either been constructed

from other pairs or have been found by computer or by hand.
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In 2003, Craigen [2] introduced Boolean complementary pairs (BCP s), which

are complementary pairs over Z2, to try to gain insight into TCP s. Each TCP

corresponds to a BCP by mapping the entries in the sequences from Z into Z2.

The idea behind BCP s was that if one could classify all complementary pairs over

Z2, then one has obtained all possible "zero patterns" within TCP s. One could

then attempt to construct all TCP s by placing minus signs in the correct places of

BCP s. Craigen completely classified even-weight BCP s and certain types of odd-

weight BCP s. Later, Craigen and Woodford [8] provided an algebraic factorization

for the odd-weight pairs that was markedly different than the even-weight pairs. This

factorization involves 2 ˆ 2 matrices defined by certain properties of the odd-weight

pair under investigation. This factorization has a much higher degree of complexity

than the even-weight case.

The purpose of this thesis is to not only use Craigen and Woodford’s factorizations

to gain insight into BCP s, but to also show that these factorizations themselves are

intriguing and worthy of study. Chapters 2 to 5 are an overview of what is known

about GP s, TCP s, and BCP s. The point of this is to not only familiarize the reader

with what is known in the literature, but also to contrast the known results with

the original results in this thesis. Chapter 6 develops and extends the factorizations

of odd-weight BCP s found by Craigen and Woodford to all pairs of sequences with

entries in Z2. Chapter 7 investigates these factorizations and Chapter 8 concludes

the thesis by considering possible continuations of this work.
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2

General Concepts, Properties, and

Constructions of Complementary

Pairs

Examining the literature on complementary pairs reveals common concepts, proper-

ties, and constructions. This chapter unifies these results and ideas by proving and

discussing them in their general cases. Consequentially, many results in Chapters

3, 4, and 5 follow immediately from the work in this chapter. As this chapter is

a simple generalization of others’ work, each citation will indicate whose result is

being generalized. Constructions of orthogonal matrices using complementary pairs

are included in the final section.
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2.1 The Laurent polynomial form of complemen-

tary pairs

Definition 2.1.1. Let x be an indeterminate and let S be a set. The set of all

Laurent polynomials in x over S is

Srx, x´1
s “

#

m`n
ÿ

i“m

six
i : m P Z, n P N, sm, sm`1, . . . , sm`n P S

+

.

Complementary pairs have an equivalent Laurent polynomial form that is struc-

turally revealing and is easier to work with than their sequence form. For these

reasons, the Laurent polynomial form shall be used primarily throughout this thesis.

The degree of Laurent polynomials shall be important in the discussion of lengths

of complementary pairs. However, Laurent polynomials have a slightly different

definition of degree than standard polynomials.

Definition 2.1.2. The degree of a nonzero Laurent polynomial fpxq (written

degpfpxqq) is the difference between its highest and lowest powers of x with nonzero

coefficients. Suppose fpxq and gpxq have equal degree. The degree of the pair

pfpxq, gpxqq is the degree of the two polynomials. If fpxq has degree zero, the pair

pfpxq, 0q shall be considered a degree zero pair.

Example 2.1.1. The polynomial fpxq “ 2x´4`x´1`7`x2 is a Laurent polynomial

over the set t0, 1, 2, 7u and has degree 6 “ 2 ´ p´4q. Note that fpxq is not a

Laurent polynomial over the set t1, 2, 7u. This is because the definition of Laurent

polynomials requires that every coefficient from the least power of x in fpxq to the

greatest is in t1, 2, 7u. The coefficients of x´3, x´2, and x in fpxq are all zero, which

lies outside the set t1, 2, 7u.
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The only notion of degree used in this thesis is Laurent polynomial degree. There-

fore, any mention of degree is to be interpreted as the Laurent polynomial degree.

Similarly, the only polynomials of interest are Laurent polynomials, hence any men-

tion of polynomials shall be interpreted as Laurent polynomials.

Notice that the definition of the autocorrelation function of a sequence found on

page 1 relied on the index of the sequences starting at i “ 0. This was done out of

simplicity for the reader and is not necessary. The Laurent polynomial representation

of complementary pairs requires an arbitrary starting index, hence autocorrelation

shall now be redefined.

Definition 2.1.3. Let S be a coefficient set, t P Z, n P Z`, and A “ paiq
n´1`t
i“t . The

autocorrelation function of A is AFA : N Ñ R, where

AFApjq :“

$

’

’

&

’

’

%

řn´1`t´j
i“t aiai`j j ă n,

0 j ě n.

That is, the autocorrelation function of a sequence evaluated at j is the sum of all

terms indexed j apart.

Definition 2.1.4. Let S be a coefficient set, t P Z, n P Z`, and A “ paiq
n´1`t
i“t be a

sequence of length n over S. The Laurent polynomial form of A is the polynomial

apxq “

n´1`t
ÿ

i“t

aix
i.

If an index is not specified in a sequence, the index is assumed to begin at 0.

For convention, a sequence denoted with an uppercase letter shall have its Laurent

polynomial denoted by the lowercase version of the letter. For example, a sequence F

would have Laurent polynomial form fpxq. Furthermore, for all j P Z, the coefficient

of xj in fpxq shall be written as fj unless explicitly stated otherwise. Thus for
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m,n P Z, if the least and highest powers of x in fpxq are m and n, respectively, then

fpxq is assumed to be written as fpxq “
řn

i“m fix
i.

Example 2.1.2. Consider F “ p111-q and G “ p11-1q, which form a GP p4q. No

index is given for either F nor G, hence it is assumed that their indices start at

zero. Therefore, their polynomial forms are fpxq “ 1 ` x ` x2 ´ x3 and gpxq “

1 ` x´ x2 ` x3. If instead F is indexed starting at ´7, then F ’s polynomial form is

fpxq “ x´7 ` x´6 ` x´5 ´ x´4 “ x´7p1 ` x ` x2 ´ x3q.

Knowing the degree of a polynomial is not enough to know the length of the original

sequence. For instance, the sequences F “ p111-q and rF “ p111-000q have the same

associated polynomial but have different lengths. However, it is straightforward to

see that for n P Z`, any sequence of length n that does not start or end with a zero

has a degree n´1 associated polynomial. Moreover, one also sees that two sequences

with the same index have the same associated polynomial if and only if zeros can

be appended to the end of one sequence to obtain the other. For example, rF only

differs from F by the three appended zeros at the end of rF . Appending zeros to

the end (or the start) of a sequence does not change the sequence’s autocorrelation

function. For example, for all j P N, one has AFF pjq “ AF
rF pjq. Therefore, from the

point of view of complementarity, two sequences who differ solely by some zeros at

the starts or ends of the sequences are the "same". Therefore, the following definition

from Craigen and Koukouvinos [7] is made.

Definition 2.1.5. A sequence is reduced if and only if its first and last terms are

nonzero.

Example 2.1.3. The sequence F “ p111-q is reduced but rF “ p111-000q is

not.

Definition 2.1.6. For a polynomial fpxq, define the conjugate of fpxq to be

f˚pxq “ fpx´1q.
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Theorem 2.1.7 (Folklore). Let R be an integral domain, let S Ď R be a coefficient

set, let n,w P Z`, let λ “ AFF p0q ` AFGp0q, and let pF,Gq be a pair of reduced

sequences of length n over S. Then pF,Gq is a CP pn,w, S,Rq if and only if their

associated polynomials fpxq and gpxq have degree n ´ 1, have a total of w nonzero

coefficients, and satisfy

fpxqf˚
pxq ` gpxqg˚

pxq “ λ. (2.1.1)

Proof. As F and G are reduced, it follows that fpxq and gpxq both have degree n´1.

It is easy to see that pF,Gq has weight w if and only if fpxq and gpxq have w total

nonzero coefficients. For all j P Z, the coefficient of xj and x´j in equation (2.1.1) is

n´1´j
ÿ

i“0
pfifi`jq `

n´1´j
ÿ

i“0
pgigi`jq “ AFF pjq ` AFGpjq.

When j “ 0, one has λ “ AFF p0q ` AFGp0q. The result follows.

The polynomial pff˚ ` gg˚qpxq shall be interpreted as fpxqf˚pxq ` gpxqg˚pxq, and

equation (2.1.1) shall be written as pff˚ ` gg˚qpxq “ λ for visual appeal.

Example 2.1.4. Let F “ p11q and G “ p1-q, which form a GP p2q. For fpxq “

1 ` x and gpxq “ 1 ´ x,

pff˚
` gg˚

qpxq “ p1 ` xqp1 ` x´1
q ` p1 ´ xqp1 ´ x´1

q

“ p1 ` x´1
` x ` 1q ` p1 ´ x´1

´ x ` 1q

“ 4.

Note any sequence of zeros cannot be reduced. However, a sequence of zeros

can still be represented by the zero polynomial. Complementary pairs where both

sequences are zero are not of any concern in this thesis, but pairs where exactly

one sequence is zero, such as the sequences p1q and p0q, are of interest and shall be

considered degree zero complementary pairs.
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Theorem 2.1.7 allows one to discuss complementary pairs solely through the use

of Laurent polynomials with the underlying assumption that the polynomials cor-

respond to a pair of sequences. Therefore, for an integral domain R, a coefficient

set S Ď R, and n,w P Z`, a pair of degree n ´ 1 polynomials pfpxq, gpxqq with w

total nonzero coefficients with some λ P R such that pff˚ ` gg˚qpxq “ λ shall also

be referred to as a CP pn,w, S,Rq.

When the coefficient set of a complementary pair is a subset of t0,˘1u, as in the

case of all complementary pairs beyond this chapter, then one can say more about

the λ in Theorem 2.1.7.

Lemma 2.1.8. Suppose n,w P Z`, S Ď t0,˘1u is a coefficient set, and pfpxq, gpxqq

is a CP pn,w, Sq. Then pff˚ ` gg˚qpxq “ w.

Proof. The λ in Theorem 2.1.7 satisfies λ “
řn´1

i“0 f
2
i `

řn´1
i“0 g

2
i , which is the weight

of pfpxq, gpxqq as every nonzero element of S squares to 1.

As previously mentioned, the polynomial representation of complementary pairs

is more algebraically revealing than the sequence representation. This is exemplified

in the following lemma.

Lemma 2.1.9 (Folklore). Let S be a coefficient set in a unique factorization do-

main R, let λ P R be nonzero, and let pfpxq, gpxqq be complementary over S such

that pff˚ ` gg˚qpxq “ λ. Then fpxq and gpxq are relatively prime.

Proof. As fpxq and gpxq are polynomials over a subset of a unique factorization

domain, greatest common divisors are well-defined. Let hpxq “ gcdpfpxq, gpxqq and

kpxq, rpxq be such that fpxq “ hpxqkpxq and gpxq “ hpxqrpxq. Then

pff˚
` gg˚

qpxq “ phh˚kk˚
` hh˚rr˚

qpxq

“ hh˚
pxqpkk˚

` rr˚
qpxq.
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As pff˚ `gg˚qpxq “ λ ‰ 0, one obtains hh˚pxqpkk˚ `rr˚qpxq “ λ ‰ 0. Let m P Z be

the greatest power of x in pkk˚ ` rr˚qpxq. To see that m ě 0, suppose that m ă 0.

Then since pkk˚ ` rr˚q˚pxq “ pkk˚ ` rr˚qpxq, one obtains ´m as a positive power of

x in pkk˚ ` rr˚qpxq, contradicting m ă 0 being the greatest power of x. Now, if hpxq

is not a unit, then one can see that the greatest power of x in hpxqh˚pxq is greater

than zero. Therefore, the greatest power of x in hh˚pxqpkk˚ `rr˚qpxq is greater than

zero, which is a contradiction since hh˚pxqpkk˚ ` rr˚qpxq “ λ. Therefore, hpxq is a

unit and fpxq and gpxq are relatively prime.

Definition 2.1.10. For a pair of polynomials fpxq and gpxq, the sum pff˚ `gg˚qpxq

is referred to as their Gram-sum.

Definition 2.1.11. Let M be a complex matrix, and ˚ its conjugate transpose. The

Gram matrix of M is the matrix MM˚ .

Gram matrices are used in many areas, including control theory where it is used

to determine properties of a linear system. Gram matrices were first studied by

the mathematician Jørgen Pedersen Gram (of Gram-Schmidt process fame), and

the term Gram-sum is to reflect the connection that complementary pairs have to

matrices, as is explored in more detail in Section 2.6.

The definition of complementary pairs assumes the sequences in the pair have the

same length. However, reduced complementary pairs cannot be of different lengths,

as is shown in the following lemma.

Lemma 2.1.12. Let pF,Gq be a reduced complementary pair, n,m P Z`, and

suppose F and G have lengths n and m, respectively. Then n “ m.

Proof. For sake of contradiction, assume n ą m. Write F “ pfiq
n´1
i“0 . Since F is

reduced, f0 and fn´1 are nonzero and thus f0fn´1 ” 1 pmod 2q. Since n ą m,

one obtains AFGpn ´ 1q “ 0. Therefore, AFF pn ´ 1q ` AFGpn ´ 1q “ f0fn´1 `
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0 ” 1 pmod 2q, hence pF,Gq is not complementary, a contradiction. Therefore,

n “ m.

2.2 Symmetry

Definition 2.2.1. A polynomial fpxq is symmetric if and only if fpxq “ f˚pxq.

A polynomial is symmetric-equivalent if and only if there exists k P Z such that

fpxq “ xkf˚pxq.

Definition 2.2.2. A polynomial fpxq is skew if and only if fpxq “ ´f˚pxq. A

polynomial is skew-equivalent if and only if there exists k P Z such that fpxq “

´xkf˚pxq.

Example 2.2.1. The polynomial fpxq “ x´2`1`x2 is symmetric as f˚pxq “ fpxq,

and the polynomial gpxq “ 1 ´ x is skew-equivalent as ´xg˚pxq “ ´xp1 ´ x´1q “

1 ´ x “ gpxq.

Note that any symmetric or skew polynomial has even degree. To see this, suppose

fpxq is symmetric or skew, and n P Z` is the highest power of x in fpxq. Then

as f˚pxq P tfpxq,´fpxqu, the highest power of x in f˚pxq is also n. It is seen

that the lowest power of x in fpxq is the negative of the highest in f˚pxq, hence

degpfpxqq “ n ´ p´nq “ 2n.

The preceding definitions can be misleading. By symmetric-equivalent and skew-

equivalent, it is not meant that the polynomials can be multiplied by x to some power

to obtain a symmetric or skew polynomial. It is only meant that the conjugate

can be multiplied by x to some power to obtain the original polynomial or the

negative thereof. For instance, the polynomial gpxq in the previous example is skew-

equivalent, but gpxq cannot be multiplied by some power of x to obtain a skew

polynomial because gpxq has odd degree.
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When a polynomial in a complementary pair is symmetric-equivalent or skew-

equivalent, further structure is often obtained.

Lemma 2.2.3. Let S be a coefficient set and let pfpxq, gpxqq be complementary

over S with fpxq skew-equivalent such that pff˚ ` gg˚qpxq “ λ. Then gp1q2 “ λ.

Proof. Suppose n P Z` is such that fpxq “
řn´1

i“0 fix
i. If fpxq is skew-equivalent,

then for each integer i “ 0, 1, . . . , n´ 1, one obtains fi “ ´fn´1´i. The term fp1q is

the sum of the coefficients of fpxq, so fp1q “ 0. As g˚p1q “ gp1q,

pff˚
` gg˚

qp1q “ pgg˚
qp1q

“ gp1q
2

“ λ.

2.3 Equivalence

Two complementary pairs can differ by some properties irrelevant to orthogonality

and so are nevertheless similar pairs. These pairs are called equivalent (Definition

2.3.2) and the equivalence operations defining them are given in the following theo-

rem.

Theorem 2.3.1 (Based on [7]). Let S be a coefficient set and pfpxq, gpxqq be a

complementary pair over S. Let j P Z and s P S be nonzero. If the pairs obtained

under the following operations have coefficients in S, then they are complementary

over S:

1. Exchanging: exchanging the polynomials for each other;

2. Shifting: multiplying either polynomial by xj;

3. Conjugating: replacing either polynomial with its conjugate;

4. Expanding: evaluating both polynomials at xj;
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5. Outer-scaling: multiplying both polynomials by s, or if s2 “ 1, then multiplying

either polynomial by s;

6. Inner-scaling: evaluating both polynomials at sx.

7. Inverting any of the above operations, if possible.

Proof. Note that the right-hand side of equation (2.1.1) does not depend on x and

hence evaluating the left-hand side at any nonzero x does not change the right-hand

side.

1. Addition is commutative, so the order of the polynomials does not matter in

equation (2.1.1).

2. Note that pxjfpxqq˚ “ x´jf˚pxq and hence pxjfpxqqpxjfpxqq˚ “ fpxqf˚pxq.

3. Follows from the fact that pf˚pxqq˚ “ fpxq.

4. Follows by considering pff˚ ` gg˚qpxjq.

5. Follows from

psfpxqqpsf˚
pxqq ` psgpxqqpsg˚

pxqq “ s2
pff˚

` gg˚
qpxq

and if s2 “ 1, then psfpxqqpsf˚pxqq “ fpxqf˚pxq.

6. Follows by considering pff˚ ` gg˚qpsxq.

Note that the operations in Theorem 2.3.1 do not necessarily produce an equiv-

alent complementary pair since the resultant pair can have coefficients outside the

coefficient set. For example, consider the pair pfpxq, gpxqq “ p1 ` x, 1 ´ xq, which

is complementary over t˘1u. One can expand the pair to get pfpx2q, gpx2qq “

p1`x2, 1´x2q, whose coefficients fall outside of t˘1u. However, the pairs pfpxq, gpxqq

and pfpx2q, gpx2qq are equivalent over t0,˘1u.
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Definition 2.3.2. Let S be a coefficient set and let pfpxq, gpxqq and phpxq, kpxqq

be two complementary pairs over S. The pairs pfpxq, gpxqq and phpxq, kpxqq are

equivalent relative to S if and only if one can be obtained from the other by

performing any number of operations in Theorem 2.3.1. Equivalence between pairs

shall be denoted by "–".

Example 2.3.1. Consider the set S “ t0,˘1u and fpxq “ x8 ` x9 ´ x10, gpxq “

´x´17 ´ x´15, which form a TCP p3, 5q. By Theorem 2.3.1, one can multiply fpxq

by x´8 and gpxq by ´x17 to get pfpxq, gpxqq – p1 ` x ´ x2, 1 ` x2q.

2.4 Constructions of complementary pairs

Different constructions exist for different kinds of complementary pairs. However,

these constructions only differ because one desires the resultant pair to stay within

the same coefficient set. The fact that the constructed pair is complementary comes

from Theorem 2.4.1, which is essentially due to Turyn [27]. Methods of constructing

new complementary pairs from old ones are also referred to as products.

Theorem 2.4.1 (Turyn, 1974 [27]). Let S be a coefficient set and let pfpxq, gpxqq

and phpxq, kpxqq be complementary pairs over S. Then

rpxq “ fpxqhpxq ` gpxqkpxq,

spxq “ fpxqk˚
pxq ´ gpxqh˚

pxq

is a complementary pair (not necessarily over S).
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Proof.

prr˚
` ss˚

qpxq “ pfpxqhpxq ` gpxqkpxqqpfpxqhpxq ` gpxqkpxqq
˚

` pfpxqkpxq
˚

´ gpxqh˚
pxqqpfpxqk˚

pxq ´ gpxqh˚
pxqq

˚

“ fpxqf˚
pxqhpxqh˚

pxq ` fpxqg˚
pxqhpxqk˚

pxq

` f˚
pxqgpxqh˚

pxqkpxq ` gpxqg˚
pxqkpxqk˚

pxq

` fpxqf˚
pxqkpxqk˚

pxq ´ fpxqg˚
pxqhpxqk˚

pxq

´ f˚
pxqgpxqh˚

pxqkpxq ` gpxqg˚
pxqhpxqh˚

pxq

“ fpxqf˚
pxqhpxqh˚

pxq ` gpxqg˚
pxqkpxqk˚

pxq

` fpxqf˚
pxqkpxqk˚

pxq ` gpxqg˚
pxqhpxqh˚

pxq

“ pff˚
` gg˚

qpxqphh˚
` kk˚

qpxq,

and the result follows.

Example 2.4.1. Consider pfpxq, gpxqq “ px´1 ` 1 ` x, x´1 ` xq and phpxq, kpxqq “

px´2 ` 1 ` x2, x´2 ` x2q, which are a CP p3, 5,Z2q and a CP p5, 5,Z2q, respectively.

Then by Theorem 2.4.1,

rpxq “ px´1
` 1 ` xqpx´2

` 1 ` x2
q ` px´1

` xqpx´2
` x2

q

“ x´2
` x´1

` 1 ` x ` x2, and

spxq “ px´1
` 1 ` xqpx´2

` x2
q ` px´1

` xqpx´2
` 1 ` x2

q

“ x´2
` x´1

` x ` x2

are complementary over Z2. It can be verified that prpxq, spxqq is a CP p5, 9,Z2q.
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2.5 Restrictions on weight

As previously mentioned, the driving question for the study of complementary pairs

is "for a given coefficient set S, which integers are the lengths and weights of comple-

mentary pairs over S?". There have only been two main results about the weights

of complementary pairs, though one is trivial.

Lemma 2.5.1. Let S be a coefficient set, n,w P Z`, and pfpxq, gpxqq be a

CP pn,w, Sq. Then w ď 2n.

Proof. There are only 2n possible coefficients to be nonzero, so w ď 2n.

Theorem 2.5.2 (Eliahou, Kervaire, and Saffari, 1990 [9]). Let S Ď Z, let n,w P

Z`, let p be a prime factor of w, and let pfpxq, gpxqq be a CP pn,w, S,Zq such that

pff˚ ` gg˚qpxq “ w. If at least one coefficient of fpxq or gpxq is not divisible by p,

then p ı 3 pmod 4q and there exist hpxq, kpxq P Zprx, x´1s, a scalar c P Zp such that

c2 “ ´1, and i P Z such that fpxq “ hpxqkpxq and gpxq “ cxihpxqk˚pxq.

Proof. As Zprx, x´1s is a principal ideal domain, greatest common divisors are well-

defined. As at least one coefficient of x in fpxq or gpxq is not divisible by p, at

least one of the polynomials is nonzero and so the pair pfpxq, gpxqq has a greatest

common divisor in Zprx, x´1s. Let hpxq “ gcdpfpxq, gpxqq and kpxq, rpxq P Zprx, x´1s

be such that fpxq “ hpxqkpxq and gpxq “ hpxqrpxq. Then pff˚ ` gg˚qpxq “ w “ 0 P

Zprx, x´1s, so

pff˚
` gg˚

qpxq “ phh˚kk˚
` hh˚rr˚

qpxq

“ hpxqh˚
pxqpkk˚

` rr˚
qpxq

“ 0.

Since hpxq ‰ 0, one has h˚pxq ‰ 0 and hpxqh˚pxq ‰ 0. Therefore, as Zprx, x´1s is an

integral domain, one obtains pkk˚ ` rr˚qpxq “ 0, that is, kpxqk˚pxq “ ´rpxqr˚pxq.

29



As gcdpkpxq, rpxqq “ 1, there exist c P Zp and i P Z such that rpxq “ cxik˚pxq.

Therefore, fpxq “ hpxqkpxq and gpxq “ cxihpxqk˚pxq. Furthermore,

pkk˚
` rr˚

qpxq “ pkk˚
` c2kk˚

qpxq

“ p1 ` c2
qkk˚

pxq

“ 0.

The polynomials kpxq and k˚pxq are nonzero in Zprx, x´1s as otherwise both fpxq

and gpxq would be zero. Therefore, the product kpxqk˚pxq is nonzero and so c2 “ ´1.

It is well-known that ´1 is a quadratic residue modulo p if and only if p ı 3 pmod 4q

[23].

Eliahou, Kervaire, and Saffari originally proved Theorem 2.5.2 by using the se-

quence form of complementary pairs. Their proof takes up much of their eleven page

paper. The authors [10] later used the polynomial form to prove the result, which

significantly reduced their proof length.

Reciprocity laws relate the primes p where a polynomial splits into linear factors in

Zprx, x´1s. If p divides the weight of a TCP , then the two polynomials in the TCP

split into the same number of factors over Zprx, x´1s. Theorem 2.5.2 establishes a

connection between complementary pairs and polynomial splitting, though this is

not mentioned by Eliahou, Kervaire, and Saffari:

Corollary 2.5.3. Let n,w P Z` and pfpxq, gpxqq be a CP pn,w,Zq such that pff˚`

gg˚qpxq “ w. Then for all primes p | w, the two polynomials fpxq and gpxq split into

the same number of irreducible factors over Zprx, x´1s.

Proof. By the proof of Theorem 2.5.2, there exist hpxq, kpxq P Zprx, x´1s, c P Zp such

that c2 “ ´1 and i P Z such that fpxq “ hpxqkpxq and g “ cxihpxqk˚pxq. By taking
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the conjugate upon splitting, one sees that kpxq splits into m irreducible factors if

and only if kpx´1q does. The result follows.

2.6 Orthogonal matrices

Complementary pairs can be used to construct orthogonal matrices. In particular,

Golay pairs and ternary complementary pairs can be used to construct Hadamard

and weighing matrices. Hadamard matrices are the most famous orthogonal ma-

trices, and as previously mentioned, it is still an open question as to whether one

exists in every order that is a multiple of 4. The most prominent constructions of

orthogonal matrices using complementary pairs are covered in this section.

2.6.1 Orthogonal and circulant matrices

Definition 2.6.1. Let S be a coefficient set, n P Z` and M be an n ˆ n matrix.

Then M is orthogonal of order n if and only if there exists some scalar λ such that

MMJ “ λI. If there are w P Z` nonzero entries in every row of M , then M is said

to have weight w.

Example 2.6.1. Consider the matrix H “

¨

˚

˝

1 1

1 ´

˛

‹

‚

. Then HHJ “ 2I, hence H

is orthogonal and is in fact a Hadamard matrix of order 2.

Circulant matrices, like complementary pairs, have an equivalent polynomial ex-

pression.

Definition 2.6.2. For n P Z`, let Xn “ circp0, 1, 0, . . . , 0q be an n ˆ n circulant

matrix. If it is clear which n is being used, "Xn" may be written simply as "X".

Lemma 2.6.3. Let n P Z` and X “ Xn. Then
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1. For all k P Z, Xk “ circpm0,m1, . . . ,mn´1q, where mk pmod nq “ 1 and mi “ 0

for all i ‰ k pmod nq;

2. X´1 “ Xn´1 “ XJ;

3. An n ˆ n matrix is circulant if and only if it is a polynomial in X;

4. The transpose of a circulant matrix is circulant;

5. All n ˆ n circulant matrices commute;

6. The product of circulant matrices is also circulant.

Proof.

1. If the rows of an n ˆ n matrix M are r0, r1, . . . , rn´1 in order, then it is

easy to see that the rows of XM are r1, r2, . . . , rn´1, r0 in order. Thus X2 “

circp0, 0, 1, 0, . . . , 0q, X3 “ circp0, 0, 0, 1, 0, . . . , 0q, . . . , Xn´1 “

circp0, 0, . . . , 0, 1q, and Xn “ circp1, 0, 0, . . . , 0q “ I. Let q, r P N be such that

k “ qn ` r with 0 ď r ă n. Then

Xk
“ Xqn`r

“ Xqn

Xr
“ Xr,

and the claim follows.

2. By part 1 one sees that Xn “ XXn´1 “ Xn´1X “ I. One can verify directly

that XJ “ Xn´1, so the claim follows.

3. Let M “ circpm0,m1, . . . ,mn´1q. Then

M “ MpXq “ m0I ` m1X ` m2X
2

` ¨ ¨ ¨ ` mn´1X
n´1.
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For the converse, one sees that if

M “ MpXq “ m0I ` m1X ` m2X
2

` ¨ ¨ ¨ ` mn´1X
n´1

then M “ circpm0,m1, . . . ,mn´1q.

4. For any circulant matrix MpXq, it is seen that MpXqJ “ MpXJq. By part

2, one obtains MpXJq “ MpXn´1q, which is a polynomial in X. The result

follows from part 3.

5. By part 3, all circulant matrices are polynomials in X. X commutes with itself,

so the result follows.

6. A product of polynomials in X is another polynomial in X and is thus a

circulant matrix.

Example 2.6.2. Consider the circulant matrix

M “ circp1, 2, 3q “

¨

˚

˚

˚

˚

˝

1 2 3

3 1 2

2 3 1

˛

‹

‹

‹

‹

‚

.

By letting X “ X3 “ circp0, 1, 0q, one sees that M “ MpXq “ I ` 2X ` 3X2.

Note that by part 3 of Lemma 2.6.3, nˆn circulant matrix arithmetic is equivalent

to polynomial arithmetic in Rrx, x´1s

xn ´ 1 .

Lemma 2.6.4. Fix n P Z` and an integral domain R. Let λ P R and suppose

f1pxq, f2pxq, . . . , fnpxq P Rrx, x´1s satisfy

f1pxqf1px´1
q ` f2pxqf2px´1

q ` ¨ ¨ ¨ fnpxqfnpx´1
q “ λ.
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Then the circulant matrices f1pXq, f2pXq, . . . , fnpXq satisfy

f1pXqf1pX´1
q ` f2pXqf2pX´1

q ` ¨ ¨ ¨ fnpXqfnpX´1
q “ λI.

Proof. As

f1pxqf1px´1
q ` f2pxqf2px´1

q ` ¨ ¨ ¨ fnpxqfnpx´1
q “ λ, one obtains

f1pxqf1px´1
q ` f2pxqf2px´1

q ` ¨ ¨ ¨ fnpxqfnpx´1
q ” λ pmod xn

´ 1q,

and the result follows.

2.6.2 Basic construction

Lemma 2.6.5 (Folklore). Let S be a coefficient set, n,w P Z`, and pF,Gq be

a CP pn,w, Sq. Let fpXq “ circpf0, f1, . . . , fn´1q and gpXq “ circpg0, g1, . . . , gn´1q.

Then M “

¨

˚

˝

fpXq gpXq

´gpX´1q fpX´1q

˛

‹

‚

is an orthogonal matrix of order 2n and weight w.

Proof. As fpXq and gpXq have length n and weight w, the matrix M is a 2n ˆ 2n

matrix that has w nonzero entries in each row. One can see by inspection and by

using part 2 of Lemma 2.6.3 that fpXqJ “ fpXJq “ fpX´1q and gpXqJ “ gpXJq “
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gpX´1q. Now,

MMJ
“

¨

˚

˝

fpXq gpXq

´gpX´1q fpX´1q

˛

‹

‚

¨

˚

˝

fpXqJ ´gpX´1qJ

gpXqJ fpX´1qJ

˛

‹

‚

“

¨

˚

˝

fpXq gpXq

´gpX´1q fpX´1q

˛

‹

‚

¨

˚

˝

fpX´1q ´gpXq

gpX´1q fpXq

˛

‹

‚

“

¨

˚

˝

fpXqfpX´1q ` gpXqgpX´1q ´fpXqgpXq ` gpXqfpXq

´gpX´1qfpX´1q ` fpX´1qgpX´1q fpXqfpX´1q ` gpXqgpX´1q

˛

‹

‚

“

¨

˚

˝

wIn 0n

0n wIn

˛

‹

‚

“ wI2n,

proving the claim.

Example 2.6.3. Consider F “ p111´q and G “ p11 ´ 1q, a GP p4q. The circulant

matrices with first rows F and G are

fpXq “ I ` X ` X2
´ X3

“ circp111´q “

¨

˚

˚

˚

˚

˚

˚

˚

˝

1 1 1 ´

´ 1 1 1

1 ´ 1 1

1 1 ´ 1

˛

‹

‹

‹

‹

‹

‹

‹

‚

and

gpXq “ I ` X ´ X2
` X3

“ circp11 ´ 1q “

¨

˚

˚

˚

˚

˚

˚

˚

˝

1 1 ´ 1

1 1 1 ´

´ 1 1 1

1 ´ 1 1

˛

‹

‹

‹

‹

‹

‹

‹

‚

,

respectively.
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By Lemma 2.6.5, the matrix

H “

¨

˚

˝

fpXq gpXq

´gpXqJ fpXqJ

˛

‹

‚

“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 1 1 ´ 1 1 ´ 1

1 1 1 1 ´ 1 1 ´

´ 1 1 1 1 ´ 1 1

1 ´ 1 1 1 1 ´ 1

1 1 ´ 1 1 1 1 ´

´ 1 1 ´ 1 1 1 1

1 ´ 1 1 ´ 1 1 1

1 1 ´ 1 1 ´ 1 1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

is a Hadamard matrix of order 8.

2.6.3 Williamson array

Theorem 2.6.6 (Williamson, 1944 [28]). Let m P Z`, λ be a scalar, and apXq,

bpXq, cpXq, and dpXq be m ˆ m symmetric circulant matrices such that any two

matrices commute and such that apXq2 ` bpXq2 ` cpXq2 ` dpXq2 “ λI. Then the

Williamson array

W “

¨

˚

˚

˚

˚

˚

˚

˚

˝

apXq bpXq cpXq dpXq

´bpXq apXq ´dpXq cpXq

´cpXq dpXq apXq ´bpXq

´dpXq ´cpXq bpXq apXq

˛

‹

‹

‹

‹

‹

‹

‹

‚

is an orthogonal matrix.

Proof. First, let I “ Im and 0 “ 0m. By Lemma 2.6.3, one has that apXq, bpXq, cpXq,

and dpXq commute. Furthermore, as apXq, bpXq, cpXq, and dpXq are symmetric,
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they are equal to their transposes. Using this information, one calculates

WWJ
“

¨

˚

˚

˚

˚

˚

˚

˚

˝

apXq bpXq cpXq dpXq

´bpXq apXq ´dpXq cpXq

´cpXq dpXq apXq ´bpXq

´dpXq ´cpXq bpXq apXq

˛

‹

‹

‹

‹

‹

‹

‹

‚

¨

˚

˚

˚

˚

˚

˚

˚

˝

apXq ´bpXq ´cpXq ´dpXq

´bpXq apXq dpXq cpXq

cpXq ´dpXq apXq bpXq

dpXq cpXq ´bpXq apXq

˛

‹

‹

‹

‹

‹

‹

‹

‚

“

¨

˚

˚

˚

˚

˚

˚

˚

˝

λI 0 0 0

0 λI 0 0

0 0 λI 0

0 0 0 λI

˛

‹

‹

‹

‹

‹

‹

‹

‚

“ λI4m.

One can construct orthogonal matrices by using complementary pairs and a

Williamson array as follows: take two complementary pairs of the same order, say

pfpxq, gpxqq and pgpxq, kpxqq. Form the four circulant matrices fpXq, gpXq, hpXq,

and kpXq. If these circulant matrices are symmetric, then by Lemma 2.6.4, the

Williamson array of those matrices is orthogonal.

2.6.4 Goethals—Seidel construction

The next construction was given by Goethals and Seidel [13] in 1970, and is a gen-

eralization of the Williamson construction.

Theorem 2.6.7 (Goethals and Seidel, 1970 [13]). Let m P Z`, λ a scalar, R be

the m ˆ m matrix whose back-diagonal is all 1s and every other entry is 0, and let

apXq, bpXq, cpXq, and dpXq be circulant matrices of order m such that

apXqapXq
J

` bpXqbpXq
J

` cpXqcpXq
J

` dpXqdpXq
J

“ λIm.
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The Goethals—Seidel array for apXq, bpXq, cpXq, and dpXq is

M “

¨

˚

˚

˚

˚

˚

˚

˚

˝

apXq bpXqR cpXqR dpXqR

´bpXqR apXq ´dpXqJR cpXqJR

´cpXqR dpXqJR apXq ´bpXqJR

´dpXqR ´cpXqJR bpXqJR apXq

˛

‹

‹

‹

‹

‹

‹

‹

‚

,

and satisfies MMJ “ λI4m.

Proof. For any circulant m ˆ m matrix ppXq, the matrix ppXqR is symmetric. To

see this, note that post-multiplying a matrix by R reverses the entries in the rows

of said matrix. Thus if ppXq “ circpp0, p1, . . . , pn´1q, the first row of ppXqR is

ppn´1, pn´2, . . . , p0q. Now let Q “ ppXqR and for i, j P Z denote the pi, jq-entry of Q

by qi,j. Since each row in ppXq was a right-cyclic shift of the row above, each row of

Q is a left-cyclic shift of the row above. Thus qi,j “ qi`1,j´1 (where indices are taken

modulo n). Therefore, for all k P Z, one obtains qi,j “ qi`k,j´k. Taking k “ j ´ i

shows that qi,j “ qj,i and thus ppXqR “ pppXqRqJ “ RJppXqJ. Therefore, ppXqR

is symmetric.

Next, note that RJ “ R and R2 “ Im, hence for any circulant matrix ppXq, one

obtains ppXqR “ RppXqJ. This property, along with parts 4 and 5 of Lemma 2.6.3,

are used to show that M satisfies MMJ “ λI4m: one simply computes MMJ in

polynomial form. For instance, the p1, 2q-entry of MMJ (in polynomial form) is

´ apXqRbpXq
J

` bpXqRapXq
J

´ cpXqRRdpXq ` dpXqRRcpXq

“ ´apXqbpXqR ` bpXqapXqR ´ cpXqdpXq ` dpXqcpXq

“ papXqbpXqR ´ apXqbpXqRq ` pcpXqdpXq ´ cpXqdpXqq

“ 0m ` 0m

“ 0m.

38



One can similarly show that the other non-diagonal elements are 0. The diagonal

elements of MMJ in polynomial form are seen to be

apXqapXq
J

` bpXqRRbpXq
JcpXqRRcpXq

J
` dpXqRRdpXq

J

“ apXqapXq
J

` bpXqbpXq
JcpXqcpXq

J
` dpXqdpXq

J

“ λIm.

Therefore, MMJ “ λIm.

Corollary 2.6.8. Let S be a coefficient set in an integral domain R, n, u, w P Z`,

and suppose pfpxq, gpxqq and phpxq, kpxqq are a CP pn,w, Sq and CP pn, u, Sq, respec-

tively. Then the Goethals—Seidel array of fpXq, gpXq, hpXq, kpXq is orthogonal of

order 4n and weight u ` w.

Proof. Since pfpxq, gpxqq and phpxq, kpxqq are a CP pn,w, Sq and CP pn, u, Sq, respec-

tively, there exists a λ P R such that

fpxqfpx´1
q ` gpxqgpx´1

q ` hpxqhpx´1
q ` kpxqkpx´1

q “ λ.

Therefore,

fpXqfpXq
J

` gpXqgpXq
J

` hpXqhpXq
J

` kpXqkpXq
J

“ λIn

and the result follows from Theorem 2.6.7.
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3

Golay Pairs

Golay pairs were the first complementary pairs to appear in the literature and it

is their mysterious structure and numerous applications to engineering that have

inspired research into complementary pairs. The most basic question about their

structure—for which lengths do they exist—remains open. This chapter examines

the known structure of Golay pairs, including basic properties, constructions of new

Golay pairs from old, and restrictions on lengths.

For economy, a polynomial fpxq shall be written simply as f when no confusion

can arise.

3.1 Preliminaries

Like all complementary pairs, there are several equivalence operations one can

perform on a Golay pair. However, the operation of expanding in Theorem 2.3.1 is

not an equivalence operation of GP s. This is because if pfpxq, gpxqq is a GP , then

for any j P Z with |j| ą 1, the polynomials fpxjq and gpxjq are polynomials over

t0,˘1u, not t˘1u.
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Theorem 3.1.1. Let n P Z` and pf, gq be a Golay pair of length n. The pairs

obtained under the following operations are also Golay pairs of length n:

1. Exchanging: exchanging the two polynomials for each other;

2. Shifting: for j P Z, multiplying either polynomial by xj;

3. Conjugating: replacing either polynomial with its conjugate;

4. Negating: multiplying either polynomial by ´1;

5. Alternating: negating every second coefficient of both polynomials.

Proof. Note that none of the above operations change a coefficient of either polyno-

mial to be something other than ˘1, hence the result follows from Theorem 2.3.1.

Definition 3.1.2. Two Golay pairs are equivalent if and only if one can be obtained

from the other through any of the operations in Theorem 3.1.1.

Corollary 3.1.3. Let n P Z`. Every Golay pair of length n is equivalent to a length

n pair pf, gq “
`
řn´1

i“0 fix
i,

řn´1
i“0 gix

i
˘

where f0 “ fn´1 “ g0 “ 1 and gn´1 “ ´1.

Proof. Let α, β P Z and ph, kq “ pxα
řn´1

i“0 hix
i, xβ

řn´1
i“0 kix

iq be a GP pnq. By The-

orem 3.1.1, ph, kq can be shifted so that ph, kq – p
řn´1

i“0 hix
i,

řn´1
i“0 kix

iq. Examining

autocorrelation coefficients yields

AFHpn ´ 1q ` AFKpn ´ 1q “ h0hn´1 ` k0kn´1 “ 0.

Therefore, either h0 “ hn´1 and k0 ‰ kn´1 or vice versa. By possibly exchanging

the two polynomials, one can assume without loss of generality that h0 “ hn´1 and

k0 ‰ kn´1. By possibly negating, one can assume without loss of generality that

h0 “ hn´1 “ k0 “ 1 and kn´1 “ ´1.
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Definition 3.1.4. A polynomial is said to be normalized if and only if the least

power of x in the polynomial is zero.

Example 3.1.1. Consider the polynomials f “ ´x´2 ´ x´1 and g “ x8 ´ x9.

One can multiply f and g by x2 and x´8, respectively, to obtain the (normalized)

equivalent pair p´1 ´ x, 1 ´ xq. Multiplying ´1 ´ x by ´1 yields the equivalent pair

p1 ` x, 1 ´ xq, which has a nicer representation than the pair pf, gq.

3.2 Constructions

Golay found Golay pairs of lengths 10, 26, and all nonnegative powers of 2 [14], [15],

[16], [17]. An example of a Golay pair for each length ď 26 is included in Table 3.1.

Length F G
1 (1) (1)
2 (11) (1-)
4 (111-) (11-1)
8 (111-11-1) (111---1-)
10 (11-1-1--11) (11-11111--)
16 (111-11-1111---1-) (111-11-1---111-1)
20 (11-1-1--1111-11111--) (11-1-1--11--1-----11)
26 (1111-11–1-1-1–1-111–111) (1111-11–1-11111-1–-11–-)

Table 3.1: Golay pairs of all possible lengths ď 26, from Borwein and Ferguson [1].

Corollary 3.2.1 (Golay, 1961 [16]). Let n P Z` and pf, gq be a normalized GP pnq.

Then pfpxq`xngpxq, fpxq´xngpxqq and pfpx2q`xgpx2q, fpx2q´xgpx2qq are GP p2nqs.

Proof. By Theorem 3.1.1, the pair pfpxq, xngpxqq is complementary. Take

pfpxq, xngpxqq along with ph, kq “ p1, 1q in Theorem 2.4.1 to see that

pfpxq ` xngpxq, fpxq ´ xngpxqq is a complementary pair.
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By Theorem 3.1.1, the pair pfpx2q, xgpx2qq is complementary. Again by taking

pfpx2q, xgpx2qq along with ph, kq “ p1, 1q in Theorem 2.4.1 one sees that pfpx2q `

xgpx2q, fpx2q ´ xgpx2qq is complementary.

To see that the resultant pairs are polynomials over t˘1u, let fpxq “
řn´1

i“0 fix
i

and gpxq “
řn´1

i“0 gix
i. Then

fpxq ˘ xngpxq “ f0 ` f1x ` ¨ ¨ ¨ ` fn´1x
n´1

˘ pg0x
n

` g1x
n`1

` ¨ ¨ ¨ ` gn´1x
2n´1

q,

and

fpx2
q ˘ xgpx2

q “ f0 ˘ g0x ` f1x
2

˘ g1x
3

` ¨ ¨ ¨ ` fn´1x
2n´2

˘ gn´1x
2n´1.

Therefore, all polynomials are over t˘1u.

Example 3.2.1. To illustrate Corollary 3.2.1, consider the problem of constructing

Golay pairs for all lengths that are powers of 2. Beginning with the pair p1, 1q, one

can double this pair using the first construction in Corollary 3.2.1 to get p1`x, 1´xq,

a GP p2q. One can then double this new pair to get p1 `x`x2 ´x3, 1 `x´x2 `x3q,

a GP p4q. This process can be repeated to obtain a Golay pair of every length that

is a power of 2.

Theorem 3.2.2 (Golay, 1961 [16]). Let n,m P Z` and pf, gq, ph, kq be a normalized

GP pnq and GP pmq, respectively. Then

rpxq “ fpxqhpxn
q ` xnmgpxqkpxn

q,

spxq “ fpxqk˚
pxn

q ´ xnmgpxqh˚
pxn

q

is a GP p2nmq.

Proof. By Theorem 3.1.1, the pairs pfpxq, xnmgpxqq and phpxnq, kpxnqq are comple-

mentary. The fact that prr˚ ` ss˚qpxq “ 4nm now follows from Theorem 2.4.1. To
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see that rpxq and spxq have coefficients ˘1, observe that

rpxq “ h0
`

f0 ` f1x ` ¨ ¨ ¨ ` fn´1x
n´1˘

` h1
`

f0 ` f1x ` ¨ ¨ ¨ ` fn´1x
n´1˘

xn

...

` hm´1
`

f0 ` f1x ` ¨ ¨ ¨ ` fn´1x
n´1˘

xnm´n

` k0
`

g0 ` g1x ` ¨ ¨ ¨ ` gn´1x
n´1˘

xnm

` k1
`

g0 ` g1x ` ¨ ¨ ¨ ` gn´1x
n´1˘

xnm`n

...

` km´1
`

g0 ` g1x ` ¨ ¨ ¨ ` gn´1x
n´1˘

x2nm´n,

which is rpxq written with powers of x in increasing order. For every integer b, one

sees that there exist i, j P Z such that the coefficient of xb in rpxq is hifj or kigj.

Since fpxq, gpxq, hpxq, and kpxq are polynomials over t0,˘1u, so is rpxq. One can

apply similar logic to show that spxq is a polynomial over t0,˘1u.

Definition 3.2.3. The support of a polynomial fpxq “
ř

iPZ fix
i is S :“ tj P Z :

fj ‰ 0u.

Definition 3.2.4. A pair of polynomials is disjoint if and only if they have disjoint

support.

Example 3.2.2. The polynomials fpxq “ 1 ` x ´ x6 and gpxq “ x2 ` x8 have

supports t0, 1, 6u and t2, 8u, respectively, and are thus disjoint.

Turyn was able to generalize Theorem 3.2.2 by observing that if pf, gq is a normal-

ized GP pnq, then pfpxq ` gpxq, fpxq ´ gpxqq is a disjoint complementary pair. Tak-

ing ph, kq “ p1, 1q in Theorem 2.4.1 shows that the pair pfpxq ` gpxq, fpxq ´ gpxqq

is complementary. To see that the pair is disjoint, fix any integer j such that

0 ď j ď n and compare fj ` gj to fj ´ gj. Since fj, gj P t˘1u, if fj “ gj then
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fj ` gj P t˘2u and fj ´ gj “ 0. If fj ‰ gj then fj ` gj “ 0 and fj ´ gj P t˘2u.

Therefore, pfpxq ` gpxq, fpxq ´ gpxqq is a disjoint complementary pair with coeffi-

cients t0,˘2u. Moreover, by outer-scaling both polynomials by 1
2 , it is seen that the

pair
`1

2pf ` gq, 1
2pf ´ gq

˘

is a disjoint TCP .

Theorem 3.2.5 (Turyn, 1974 [27]). Let n,m P Z` and pf, gq, ph, kq be a normalized

GP pnq and GP pmq, respectively. Then

rpxq “
1
2pfpxq ` gpxqqhpxn

q `
1
2pfpxq ´ gpxqqkpxn

q,

spxq “
1
2pfpxq ` gpxqqk˚

pxn
q ´

1
2pfpxq ´ gpxqqh˚

pxn
q

is a GP pnmq.

Proof. Theorem 2.4.1 shows that pr, sq is a complementary pair. By expanding

rpxq “ 1
2pfpxq`gpxqqhpxnq` 1

2pfpxq´gpxqqkpxnq and spxq “ 1
2pfpxq`gpxqqk˚pxnq´

1
2pfpxq ´ gpxqqh˚pxnq similarly to what is done in Theorem 3.2.2, one sees that the

coefficients of rpxq and kpxq are all ˘1. Since ph, kq is a normalized pair, the highest

power of x in both hpxq and kpxq is m ´ 1. Therefore, the highest power of x in

hpxnq and kpxnq is nm´ n. Since AFF pn´ 1q `AFGpn´ 1q “ f0fn´1 ` g0gn´1 “ 0,

a quick proof by contradiction shows that one has either f0 “ g0 and fn´1 ‰ gn´1 or

vice versa. Therefore, exactly one of 1
2pf ` gq and 1

2pf ´ gq has least power of x as

zero, and the other has highest power of x as n ´ 1. Therefore, the degrees of rpxq

and spxq are seen to be pnm ´ nq ` pn ´ 1q “ nm ´ 1. Theorem 2.4.1 shows that
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prr˚
` ss˚

qpxq “

ˆ

1
2pf ` gq

1
2pf˚

` g˚
q `

1
2pf ´ gq

1
2pf˚

´ g˚
q

˙

pxq phh˚
` kk˚

q pxn
q

“
2m
4 ppf ` gqpf˚

` g˚
q ` pf ´ gqpf˚

´ g˚
qq pxq

“
2m
4 p2ff˚

` 2gg˚
q pxq

“ 2nm.

Which shows that pr, sq is a GP pnmq.

Example 3.2.3. From fpxq “ 1 ` x ´ x2 ` x3 and gpxq “ 1 ` x ` x2 ´ x3, and

hpxq “ 1 ` x ´ x2 ` x3 ´ x4 ` x5 ´ x6 ´ x7 ` x8 ` x9 and kpxq “ 1 ` x ´ x2 ` x3 `

x4 ` x5 ` x6 ` x7 ´ x8 ´ x9, a GP p4q and a GP p10q, one constructs

rpxq “p1 ` xqp1 ` x4
´ x8

` x12
´ x16

` x20
´ x24

´ x28
` x32

` x36
q

´ px2
´ x3

qp1 ` x4
´ x8

` x12
` x16

` x20
` x24

` x28
´ x32

´ x36
q

“ ´ x39
` x38

` x37
` x36

´ x35
` x34

` x33
` x32

` x31
´ x30

´ x29
´ x28

` x27

´ x26
´ x25

´ x24
` x23

´ x22
` x21

` x20
` x19

´ x18
´ x17

´ x16
` x15

´ x14

` x13
` x12

´ x11
` x10

´ x9
´ x8

` x7
´ x6

` x5
` x4

` x3
´ x2

` x ` 1,

and

spxq “p1 ` xqp1 ` x´4
´ x´8

` x´12
` x´16

` x´20
` x´24

` x´28
´ x´32

´ x´36
q

` px2
´ x3

qp1 ` x´4
´ x´8

` x´12
´ x´16

` x´20
´ x´24

´ x´28
` x´32

` x´36
q

“x39
´ x38

` x37
` x36

` x35
´ x34

` x33
` x32

´ x31
` x30

´ x29
´ x28

` x27

´ x26
` x25

` x24
´ x23

` x22
` x21

` x20
` x19

´ x18
` x17

` x16
´ x15

` x14

` x13
` x12

´ x11
` x10

` x9
` x8

` x7
´ x6

´ x5
´ x4

` x3
´ x2

´ x ´ 1,

which form a GP p40q.
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Corollary 3.2.6 (Turyn, 1974 [27]). For a, b, c P N, a GP p2a10b26cq exists.

3.3 Restrictions on length

Theorem 2.5.2 shows that the lengths of Golay pairs have no factors congruent to

3 pmod 4q. Golay [16] who showed that the length of a Golay pair is 1 or even.

This follows from the fact that a Golay pair of length n can be used to construct a

Hadamard matrix of order 2n, as shown in the introduction. It is well-known that

the orders of a Hadamard matrix are 1, 2, or multiples of 4, which implies the result.

However, the result can also be proved in a different, more structurally revealing

way:

Lemma 3.3.1 (Sum-product rule). Let m P Z` and x1, x2, . . . , x2m P t˘1u such

that
ř2m

i“1 xi “ 0. Then Π2m
i“1xi “ p´1qm.

Proof. As
ř2m

i“1 xi “ 0 and each xi P t˘1u, exactly half the xis equal 1 and the other

half equal ´1. The number of xis is 2m, so the result follows.

Lemma 3.3.2 (Golay, 1961 [16]). Let n ą 1 be a positive integer, and let f “

řn´1
i“0 fix

i, and g “
řn´1

i“0 gix
i form a GP pnq. Then for all integers i such that

0 ď i ď n ´ 1, one has

figifn´1´ign´1´i “ ´1.

Proof. (Induction on i.) For nonnegative integers i, let P piq denote the statement

that

figifn´1´ign´1´i “ ´1.

Base case: P p0q says

f0g0fn´1gn´1 “ ´1.
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Since n ą 1, one has AFF pn ´ 1q ` AFGpn ´ 1q “ f0fn´1 ` g0gn´1 “ 0. As

f0fn´1, g0gn´1 P t˘1u, the Sum-Product Rule shows that f0g0fn´1gn´1 “ ´1, show-

ing P p0q is true.

Inductive step: Fix an integer k such that 0 ď k ď n ´ 2 and assume for all

0 ď i ď k that P piq is true, that is,

figifn´1´ign´1´i “ ´1.

Then since

0 “ AFf pn ´ 1 ´ pk ` 1qq ` AFgpn ´ 1 ´ pk ` 1qq

“

k`1
ÿ

i“0

`

fifi`n´1´pk`1q

˘

`

k`1
ÿ

i“0

`

gigi`n´1´pk`1q

˘

,

the sum-product rule shows that

pf0g0fn´1gn´1qpf1g1fn´2gn´2q ¨ ¨ ¨ pfk`1gk`1fn´1´pk`1qgn´1´pk`1qq

“ p´1q
k
pfk`1gk`1fn´1´pk`1qgn´1´pk`1qq

“ p´1q
k`1.

Therefore, pfk`1gk`1fn´1´pk`1qgn´1´pk`1qq “ ´1 and so P pk ` 1q is true.

Conclusion: Therefore, by the Principle of Mathematical Induction, for all inte-

gers i such that 0 ď i ď n ´ 1, the statement P piq is true.

Corollary 3.3.3 (Golay, 1961 [16]). The lengths of Golay pairs are 1 or even.

Proof. Suppose k P Z` is such that n “ 2k` 1 is the length of a reduced Golay pair

48



pf, gq. Then by Lemma 3.3.2,

´1 “ fkgkf2k`1´1´kg2k`1´1´k “ f 2
kg

2
k “ 1,

a contradiction.
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4

Ternary Complementary Pairs

The two main perspectives which TCP s have been studied from are a "length-first"

perspective and a "weight-first" perspective. The length-first perspective seeks to

solve which integers are the lengths of TCP s, and typically then focuses on the

possible deficiencies for TCP s of that length. The weight-first perspective seeks

to solve which integers are the weights of TCP s. Craigen and Koukouvinos [7]

argued that the weight-first approach is more natural since equivalent TCP s can

have different lengths and deficiency by Theorem 2.3.1. Moreover, Theorem 2.5.2,

arguably the most profound result for TCP s, is about the weight of the pair, not

the pair’s length. This chapter derives the most fundamental results known about

TCP s.

4.1 Preliminaries

The length of a Golay pair is always even or one. This is not the case for TCP s,

which is now shown:

50



Example 4.1.1. Let f “ 1 ` x´ x2, g “ 1 ` x2, h “ 1 ` x4, and k “ 1 ´ x4. Then

pff˚
` gg˚

qpxq “ p1 ` x ´ x2
qp1 ` x´1

´ x´2
q ` p1 ` x2

qp1 ´ x´2
q “ 5, and

phh˚
` kk˚

qpxq “ p1 ` x4
qp1 ` x´4

q ` p1 ´ x4
qp1 ´ x´4

q “ 4.

Therefore, the pairs pf, gq and ph, kq are a TCP p3, 5q and TCP p5, 4q, respectively.

The TCP s p0, 0q and p1, 0q shall be considered a TCP p1, 0q and TCP p1, 1q, re-

spectively. Pairs equivalent to these shall be called trivial pairs. The degrees of

p0, 0q and p1, 0q shall be considered to be negative infinity and zero, respectively.

The only restriction on the weights or lengths of TCP s is from Theorem 2.5.2,

which shows that no TCP has a weight with a factor congruent to 3 modulo 4.

4.2 Constructions

4.2.1 Disjoint and conjoint pairs

Definition 4.2.1. A pair of polynomials are conjoint if and only if they have equal

supports.

Recall from Definition 3.2.4 that a pair is disjoint if and only if they have disjoint

supports.

Example 4.2.1. Let f “ 1 ` x ´ x2 ´ x3 and g “ 1 ´ x ` x2 ´ x3. Then f and g

both have support t0, 1, 2, 3u, and are hence conjoint. However, x4gpxq has support

t4, 5, 6, 7u, which is disjoint from t0, 1, 2, 3u, so pfpxq, x4gpxqq is a disjoint pair.

Lemma 4.2.2 (Craigen and Koukouvinos, 2001 [7]). Let w P Z` and pf, gq be a

disjoint TCP with weight w. Then pf ` g, f ´ gq is a conjoint TCP of weight 2w.
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Proof. Conjointness follows from the fact that f and g are disjoint. Take ph, kq “

p1, 1q in Theorem 2.4.1 to get that pf `g, f ´gq is a conjoint TCP of weight 2w.

Lemma 4.2.3 (Craigen and Koukouvinos, 2001 [7]). Let w P Z` and pf, gq be a

conjoint TCP with weight 2w. Then p1
2pf `gq, 1

2pf ´gqq is a disjoint TCP of weight

w.

Proof. Take ph, kq “ p1, 1q in Theorem 2.4.1 to get that pf ` g, f ´ gq is a comple-

mentary pair. Since f and g are conjoint and have coefficients t0,˘1u, it follows that

f`g and f´g have coefficients t0,˘2u. By Theorem 2.3.1, outer-scaling pf`g, f´gq

by 1
2 yields that p1

2pf ` gq, 1
2pf ´ gqq is a complementary pair over t0,˘1u. A similar

argument to the comment after Example 3.2.2 shows that p1
2pf ` gq, 1

2pf ´ gqq is

disjoint.

Note that any conjoint pair necessarily has even weight. Thus the previous two

lemmas show that any disjoint pair can be turned into a conjoint pair and vice

versa. As any Golay pair can be turned into a reduced pair, Golay pairs are ideal

for generating disjoint TCP s. Furthermore, finding disjoint TCP s can be conducive

to constructing a Golay pair.

4.2.2 Standard multiplication

Standard multiplication is given in the following theorem, which uses the sequence

form of TCP s. The application of disjoint and conjoint pairs to the theorem is

immediate.

Theorem 4.2.4 (Gavish and Lempel, 1994 [11]). Let n,m,w, z P Z`, and suppose

pF,Gq and pH,Kq are a TCP pn,wq and a TCP pm, zq (not necessarily reduced),

respectively, with one of the pairs disjoint. In particular, there is no assumption
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that either of the pairs are reduced. Then

rpxq “ fpxqhpxn
q ` gpxqkpxn

q,

spxq “ fpxqk˚
pxn

q ´ gpxqh˚
pxn

q

is a TCP with weight wz.

Proof. The fact that prr˚ ` ss˚qpxq “ wz follows from Theorem 2.4.1. Suppose

without loss of generality that F “ pf0, f1, . . . , fn´1q, G “ pg0, g1, . . . , gn´1q, H “

ph0, h1, . . . , hm´1q, and K “ pk0, k1, . . . , km´1q. For a scalar λ, let λF and λG denote

the sequences pλf0, λf1, . . . , λfn´1q and pλg0, λg1, . . . , λgn´1q, respectively. Then in

block form,

R “ ph0F, h1F, ¨ ¨ ¨ , hm´1F q

` pk0G, k1G, ¨ ¨ ¨ , km´1Gq

“ ph0F ` k0G, h1F ` k1G, ¨ ¨ ¨ , hm´1F ` km´1Gq

where sequence addition is the same as vector addition. Either F and G or H and

K are disjoint, hence R is ternary. The case for S follows similarly.

Example 4.2.2. Consider F “ p11-q, G “ p000101q, a disjoint TCP p3, 5q, and

H “ p100–00-1q, K “ p10100011-q, a TCP p9, 10q. The sequence forms of F,G,H,

and K are f “ 1 ` x ´ x2, g “ x3 ` x5, h “ 1 ´ x3 ´ x4 ´ x7 ` x8, and k “

1 ` x2 ` x6 ` x7 ´ x8, respectively. By Theorem 4.2.4, the pair pr, sq defined by

rpxq “ fpxqhpx6
q ` gpxqkpx6

q

“ ´x53
´ x51

´ x50
` x49

` x48
` x47

` x45
` x44

´ x43
´ x42

` x41
` x39

` x26
´ x25

´ x24
` x20

´ x19
´ x18

` x17
` x15

` x5
` x3

´ x2
` x ` 1, and
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spxq “ fpxqkpx´6
q ´ gpxqhpx´6

q

“ ´x´48
px53

` x51
` x50

´ x49
´ x48

` x38
´ x37

´ x36
´ x35

´ x33
´ x29

´ x27
` x14

´ x13
´ x12

´ x11
´ x9

` x8
´ x7

´ x6
` x5

` x3
´ x2

` x ` 1q

is a TCP with weight 50.

4.2.3 Generalized multiplication

The idea behind generalized multiplication is that requiring one of the pairs in The-

orem 4.2.4 to be disjoint is a stronger condition than necessary.

Theorem 4.2.5 (Craigen, 2006 [3]). Let w, z P Z` and pf, gq, ph, kq be TCP s of

weight w and z, respectively. For all integers i, j, n,m, if

1. i ´ j “ n ´ m implies figjknhm “ 0, and

2. when i ‰ j and n ‰ m, one obtains for all

pa, b, c, dq P tpf, f, h, hq, pf, f, k, kq, pg, g, h, hq, pg, g, k, kqu

that the equality i ´ j “ n ´ m implies aibjcndm “ 0,

then

r “ fh ` gk,

s “ fk˚
´ gh˚

is a TCP of weight wz.

Proof. The fact that prr˚ ` ss˚qpxq “ wz follows from Theorem 2.4.1.

In order to show r and s are ternary, it will be shown that every nonzero power of

x in rpxq has at most one nonzero term total from fh or gk, and similarly for spxq.

Fix an integer p ‰ 0. The coefficient of xp in fpxqhpxq is the sum of all terms of the
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form fihm where i`m “ p. Similarly, the coefficient of xp in gpxqkpxq is the sum of

all terms of the form gjhn where j ` n “ p.

Now suppose i ` m “ j ` n “ p with i ‰ j and n ‰ m, and suppose fihm ‰ 0.

To show that fjhn “ 0, note that i ´ j “ n ´ m and take pa, b, c, dq “ pf, f, h, hq

in Condition 2 to get fifjhnhm “ pfihmqpfjhnq “ ˘fjhn “ 0, so one of fj and

hn is zero. Thus in this case fh only contributes one nonzero term to xp. Now

remove the assumptions that i ‰ j and n ‰ m and consider gjhn. By taking

pa, b, c, dq “ pf, g, k, hq, one sees that figjknhm “ pfihmqpgjknq “ ˘gjkn “ 0, so no

term from gk can contribute a nonzero term to xp. One can repeat this procedure

in the case that gikm ‰ 0 to show that rpxq is a p0,˘1q-polynomial.

Fix an integer p ‰ 0. The coefficient of xp in fk˚ is the sum of all terms of the

form fikn where i ´ n “ p. Similarly, the coefficient of xp in ´gh˚ is the sum of all

terms of the form gjhm where j ´ m “ p.

Now suppose i ´ n “ j ´ m “ p, with i ‰ j and n ‰ m, and suppose fikn ‰ 0.

To show that fjkm “ 0, note that i ´ j “ n ´ m and take pa, b, c, dq “ pf, f, k, kq in

Condition 2 to get fifjknkm “ pfiknqpfjkmq “ ˘fjkm “ 0. Thus fk˚ can contribute

at most one nonzero term to xp. Now remove the assumptions that i ‰ j and

n ‰ m and consider the term gjhm. Note that again i ´ j “ n ´ m and take

pa, b, c, dq “ pf, g, k, hq in Condition 1 to get that figjknhm “ ˘gjhm “ 0. Therefore,

no term from gh˚ can contribute a nonzero element to xp. One can repeat this

procedure when gjhm ‰ 0 to show that spxq is a p0,˘1q-polynomial.

One can verify that if one takes two ternary complementary pairs where one is

disjoint, then the conditions of Theorem 4.2.5 are satisfied. What remains to show

is that this new multiplication is indeed a proper generalization of the standard one.

To this end, the following example is given.
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Example 4.2.3 (Craigen, 2006 [3]). Take fpxq “ 1 ` x2 ´ x4, gpxq “ 1 ` x4

(a TCP p5, 5q) and hpxq “ 1 ` x6 ´ x12, kpxq “ x3 ` x15 (a TCP p13, 5q). By

Theorem 4.2.5,

r “ fh ` gk

“ p1 ` x2
´ x4

qp1 ` x6
´ x12

q ` p1 ` x4
qpx3

` x15
q

“ 1 ` x2
` x3

´ x4
` x6

` x7
` x8

´ x10
´ x12

´ x14
` x15

` x16
` x19,

and

s “ fk˚
´ gh˚

“ p1 ` x2
´ x4

qpx´3
` x´15

q ´ p1 ` x4
qp1 ` x´6

´ x´12
q

“ x´15
p1 ` x2

` x3
´ x4

` x7
´ x9

` x12
` x14

´ x15
´ x16

´ x19
q

is a TCP p20, 25q which can be verified to be unconstructable by smaller pairs

through the standard multiplication.

Craigen [3] showed a friendlier way of checking the conditions of Theorem 4.2.5.

Definition 4.2.6. For polynomials f “
ř

iPZ fix
i and g “

ř

iPZ gix
i, define

Dpf, gq :“ td P Z : D i, j P Z such that d “ j ´ i, and gjfi ‰ 0u

and

Apf, gq :“ ta P Zzt0u : D i, j P Z such that a “ j´i, and eitherfifj ‰ 0 or gigj ‰ 0u.

Then the conditions of the conditions of Theorem 4.2.5 are equivalent to Dpf, gqX

Dpk, hq “ Apf, gq XApk, hq “ H. To see this, suppose Dpf, gq XDpk, hq “ Apf, gq X

Apk, hq “ H and j ´ i “ m ´ n. Then either figj “ 0 or knhm “ 0 and hence
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figjknhm “ 0. Conversely, if figjknhm “ 0, then j ´ i is not in one of Dpf, gq or

Dpk, hq. The other cases follow similarly.

4.3 Primitive pairs

With generalized multiplication established, it is natural to ask which TCP s cannot

be constructed from other pairs. Such pairs are in a sense the "primes" of the TCP

world, and perhaps patterns within them will reveal general structure of TCP s.

Definition 4.3.1. A TCP is primitive if and only if it can not be constructed

using nontrivial pairs by the multiplication in Theorem 4.2.5. TCP s that are not

primitive are called imprimitive.

The weight-first perspective focuses on the structure of primitive pairs. This is

because if one has an imprimitive pair, then its weight is a product of the two

primitive pairs constructing it. Therefore, the set of all weights of TCP s is the

multiplicative closure of the set of all weights of primitive TCP s. Therefore, it is

sufficient to solve for the weights of primitive pairs if one is looking to solve for the

weights of all TCP s.

As general multiplication had not been discovered yet, Craigen, Georgiou, Gibson,

and Koukouvinos [5] listed TCP s of weight ď 26 that could not be constructed with

nontrivial pairs under the standard multiplication. Craigen [3] later eliminated the

pairs which were constructible under generalized multiplication. If a TCP has prime

weight, it is necessarily primitive as otherwise its weight would be the product of its

factors’ weights. However, a primitive TCP p9, 8q exists, hence a primitive TCP can

have composite weight. From Craigen and Koukouvinos’ table of primitive TCP s

[5], it appears likely that every prime not congruent to 3 pmod 4q is the weight of

57



some primitive TCP . The authors notice this and conjecture it to always be the

case:

Conjecture 4.3.2. Every prime not congruent to 3 modulo 4 is the weight of a

primitive TCP .

If Conjecture 4.3.2 is true, then Theorem 2.5.2 would capture the structure of

the weights of TCP s entirely because one could multiply primitive pairs together

to achieve any weight that has no factors congruent to 3 modulo 4. Due to the

computational complexity of generating TCP s, only primitive pairs up to length 21

have been fully classified and thus the validity of the conjecture is hard to test.

4.4 Symmetry and skewness

As noted in Chapter 2, symmetry and skewness are important concepts in com-

plementary pairs. In the case of TCP s where one polynomial is skew, a simple

construction for a new pair is obtained.

Lemma 4.4.1. Let k, w P Z`, n “ 2k`1, and pfpxq, gpxqq be a pair of degree n´1

normalized p0,˘1q-polynomials with w nonzero entries and fpxq skew-equivalent.

Then pfpxq, gpxqq is a TCP pn,wq if and only if pfpxq `xk, gpxqq is a TCP pn,w` 1q.

Proof. As fpxq is skew-equivalent with odd-degree, the coefficient of xk in fpxq is

zero and thus fpxq`xk is a p0,˘1q-polynomial. As xkf˚pxq “ ´x´kfpxq, one obtains

pfpxq ` xk
qpfpxq ` xk

q
˚

` gpxqg˚
pxq “ fpxqf˚

pxq ` x´kfpxq ` xkf˚
pxq

` 1 ` gpxqg˚
pxq

“ fpxqf˚
pxq ` x´kfpxq ´ x´kfpxq

` 1 ` gpxqg˚
pxq

“ w ` 1.
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Let n P Z` and pfpxq, gpxqq be a TCP of length n. Examining AFF pn ´ 1q `

AFGpn ´ 1q will show that no two symmetric-equivalent or skew-equivalent polyno-

mials can form a nontrivial TCP . However, a nontrivial pair where one is skew and

the other is symmetric is possible, but only one such pair exists up to equivalence,

as is now shown.

Lemma 4.4.2 (Craigen and Koukouvinos, 2001 [7]). Let n,w P Z` and pf, gq be a

TCP pn,wq with f symmetric-equivalent and g skew-equivalent. Then w P t0, 1, 4u.

Proof. Suppose n is even, say with k P Z` such that n “ 2k. Without loss of

generality, assume the least power of x (should it exist) in f and g is 0. As f

is symmetric-equivalent and g is skew-equivalent, there exist normalized p0,˘1q-

polynomials rpxq “
řk´1

i“0 rix
i and spxq “

řk´1
i“0 six

i of degree k ´ 1 such that f “

r ` x2k´1r˚ and g “ s ´ x2k´1s˚. By Theorem 2.4.1, the polynomials

f ` g “ r ` x2k´1r˚
` s ´ x2k´1s˚, and

f ´ g “ r ` x2k´1r˚
´ s ` x2k´1s˚

“ x2k´1 `

r˚
` x´2k`1r ` s˚

´ x´2k`1s
˘

“ x2k´1 `

r ` x2k´1r˚
` s ´ x2k´1s˚

˘˚

“ x2k´1
pf ` gq

˚

form a complementary pair over Z. By Theorem 2.3.1, shifting f ´ g yields that

pf ` g, f ´ gq – pf ` g, f ` gq and so pf ` g, f ` gq is a complementary pair as well.

Therefore,

pf ` gqpf ` gq
˚

` pf ` gqpf ` gq
˚

“ 2pf ` gqpf ` gq
˚

P Z.

If f “ ´g, then f and g have weight 0 as f is symmetric-equivalent and g is skew-

equivalent. If f ‰ ´g, then 2pf ` gqpf ` gq˚ has zero as its highest power of x if and
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only if f ` g has exactly one nonzero coefficient of x. Now

f ` g “

k´1
ÿ

i“0
pri ` siqx

i
` x2k´1

k´1
ÿ

i“0
pri ´ siqx

´i

“

k´1
ÿ

i“0
pri ` siqx

i
` xk

k´1
ÿ

i“0
prk´1´i ´ sk´1´iqx

i.

As f ` g has exactly one nonzero coefficient of x, then there is exactly one integer i

with 0 ď i ď k´1 such that ri or si is nonzero. Therefore, f and g have at most two

nonzero coefficients each, hence when n is even w is either 0 or 4. The odd-length

case follows similarly by considering the pairs pf, gq “ pr`xk `x2kr˚, s´x2ks˚q and

pf, gq “ pr ` x2kr˚, s ´ x2ks˚q.

The TCP s with one polynomial symmetric-equivalent and the other skew-

equivalent are all equivalent to p0, 0q, p1, 0q, or p11, 1´q.

4.5 Small-deficiency pairs

The position of the zeros in TCP s with deficiency less than or equal to 3 can be com-

pletely classified. Furthermore, a complete classification of all TCP s with deficiency

1 can be obtained.

Lemma 4.5.1 (Gavish and Lempel, 1994 [11]). The only integers n such that a

TCP pn, 2n ´ 1q exists are n “ 1 and n “ 3.

Proof. Let pf, gq be a normalized TCP pn, 2n´1q and k P Z be such that 0 ď k ď n´1

and fk “ 0. Without loss of generality, assume k ď n´1
2 (otherwise take f˚). If

k ă n´1
2 , then the coefficient of xn´1´k in pff˚ ` gg˚qpxq is odd and hence nonzero,

since there is one zero coming from fkfn´1 and all of the other 2pk ` 1q ´ 1 terms

are ˘1. Therefore, n “ 2k` 1. Without loss of generality, assume gk “ 1 (otherwise

take ´g).
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Now it will be shown that f is symmetric-equivalent and g´xk is skew-equivalent.

Note that from the proof of Lemma 3.3.2, for all i ă k, one has fi ` gi ` fn´1´i `

gn´1´i ” 2 pmod 4q since no zeros have appeared in the two polynomials yet. There-

fore, one obtains figifn´1´ign´1´i “ ´1. The coefficient of xn´1´k in pff˚ ` gg˚qpxq

is

k
ÿ

i“0
fifn´1´k`i `

k
ÿ

i“0
gign´1´k`i “ fn´1´k ` fk `

k´1
ÿ

i“1
fifn´1´k`i `

k
ÿ

i“0
gign´1´k`i

“ 2fk `

k´1
ÿ

i“1
fifn´1´k`i `

k
ÿ

i“0
gign´1´k`i

“

k´1
ÿ

i“1
fifn´1´k`i `

k
ÿ

i“0
gign´1´k`i.

As each of these 2k terms are ˘1, by Lemma 3.3.1 one gets

g0gn´1Πk´1
i“1 pfifn´1´k`igign´1´k`iq “ p´1q

k.

However, it was shown for all integers i ă k that figifn´1´ign´1´i “ ´1. Therefore,

g0gn´1Πk´1
i“1 pfifn´1´k`igign´1´k`iq “ g0gn´1p´1q

k´1

“ p´1q
k,

which implies g0 ‰ gn´1 and thus f0 “ fn´1. Examining the coefficients of xn´2´k,

xn´3´k, . . . , x1 in pff˚ ` gg˚qpxq) in this manner will yield for all i ă k that fi “

fn´1´i and gi ‰ gn´1´i. Therefore, f is symmetric-equivalent and g ´ xk is skew-

equivalent. By Lemma 4.4.2, 2n ´ 2 P t0, 1, 4u, so n “ 1 or n “ 3. Furthermore,

p1, 0q and p101, 11´q are two such pairs.

Lemma 4.5.2 (Gavish and Lempel, 1994 [11]). If n P Z` and pf, gq is a normalized

TCP pn, 2n ´ 2q and if fi “ 0, then one of gi or gn´1´i is 0.
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Proof. Without loss of generality, assume i is the least index such that fi, fn´1´i, gi,

or gn´1´i is zero. If all these other terms are 1, then the coefficient of xn´1´i in

pff˚ `gg˚qpxq is odd. If fn´1´i “ 0, then the coefficient of xn´1´2i in pff˚ `gg˚qpxq

is odd. Therefore one of gi and gn´1´i is 0.

The deficiency 3 case follows more naturally in the Boolean complementary pair

setting of Chapter 5. Therefore, a proof of Lemma 4.5.3 is delayed to Theorem 5.2.1.

Lemma 4.5.3 (Gavish and Lempel, 1994 [11]). If n P Z` and pf, gq is a normalized

TCP pn, 2n ´ 3q, then there exists an integer m such that n “ 4m ` 2 and fm “

g2m “ f3m`1 “ 0 or gm “ f2m “ g3m`1 “ 0.

Although more can be said about TCP s than GP s, their structure is still largely

mysterious. Results about TCP s so far have shown what one can do with a TCP ,

but have not shown why one might exist in the first place. It appears that any

insight into why TCP s exist will come from a completely different perspective.
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5

Boolean Complementary Pairs

Boolean complementary pairs were introduced by Craigen [2] as a generalization of

ternary complementary pairs. It will be shown that every TCP corresponds to a

BCP , but not every BCP corresponds to a TCP . Craigen solved the structure

of BCP s with even weight, and later discovered a factorization for the odd-weight

case with his student Woodford [8]. This chapter follows Craigen’s [2] paper on

Boolean complementary pairs, in particular, what was known before the odd-weight

factorization was developed.

5.1 Preliminaries

It is helpful to remember that if u,w P Z2, then the condition that u ‰ w is equivalent

to u ` w “ 1.

Definition 5.1.1. Let n,w P Z` and f, g P Z2rx, x´1s have degree n´ 1 and a total

of w nonzero entries. Then pf, gq is a Boolean complementary pair of length n

and weight w (written BCP pn,wq) if and only if

pff˚
` gg˚

qpxq “ w. (5.1.1)
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The deficiency of the pair is 2n´w. If pf, gq is a CP pn,w,Z2q, then pff˚ `gg˚qpxq

is trivially w by Lemma 2.1.8, hence being a CP pn,w,Z2q is equivalent to being

a BCP pn,wq. Odd-weight BCP s are often referred to as BCP1s, and even-weight

BCP s as BCP0s.

Example 5.1.1. Let f “ 1 ` x ` x2 ` x4 ` x5 and g “ 1 ` x2 ` x3 ` x5. Then

pf, gq has degree 5, weight 9, and

pff˚
` gg˚

qpxq “ 9.

Therefore, the pair pf, gq is a BCP p6, 9q.

Lemma 5.1.2 (Craigen, 2003 [2]). Let n,w P Z` and pf, gq be a TCP pn,wq.

Let ϕ : Zrx, x´1s Ñ Z2rx, x´1s be the homomorphism mapping coefficients to their

remainder modulo 2. Then pϕpfq, ϕpgqq is a BCP pn,wq.

Proof. The pair pϕpfq, ϕpgqq trivially has degree n´ 1 and weight w. As for orthog-

onality,

ϕpfqpxqϕpfqpx´1
q ` ϕpgqpxqϕpgqpx´1

q “ ϕpfpxqfpx´1
qq ` ϕpgpxqgpx´1

qq

“ ϕpfpxqfpx´1
q ` gpxqgpx´1

qq

“ ϕpwq

“ w.

The BCP in Example 5.1.1 has weight 9. Therefore, that BCP cannot be the

image of a TCP under the homomorphism ϕ by Theorem 2.5.2.

Two important classes of BCP s shall now be discussed.

Lemma 5.1.3 (Craigen, 2003 [2]). Let n,m, u, w P Z`, and f, g P Z2rx, x´1s be

such that f has degree n´1 and w nonzero coefficients, and g “
ř2m

i“0 gix
i has degree

2m, has u nonzero coefficients, and is symmetric equivalent. Then
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1. the pair pf, fq is a BCP pn, 2wq;

2. the pair pg, g ` xmq is a BCP p2m ` 1, 2u ˘ 1q.

Proof.

1. Follows from

pff˚
` ff˚

qpxq “ 2ff˚
pxq “ 0.

2. Note that x´mg “ xmg˚, and consider

pgg˚
` pg ` xm

qpg ` xm
q

˚
qpxq “ x´mgpxq ` xmg˚

pxq ` 1 “ 1.

Definition 5.1.4. Any shifted versions of pf, fq and pg, g`xmq in Lemma 5.1.3 shall

be referred to as an identical twin pair and a siamese twin pair, respectively.

Example 5.1.2. If pf, gq is aGP , then under the homomorphism ϕ in Lemma 5.1.2,

the pair pϕpfq, ϕpgqq is an identical twin pair. Let p “ x´1 ` 1 ´ x and q “ x´1 ` x.

The pair pp, qq is a TCP p3, 5q, and pϕppq, ϕpqqq form a siamese twin pair.

Identical and siamese twin pairs offer insight into which parameters pn,wq are

those of BCP s.

Lemma 5.1.5 (Craigen, 2003 [2]). For all n,w P Z` with w ď n, there exists a

BCP pn, 2wq. For all m P Z` with 2w ` 1 ă 4m ` 2 and w even, there exists a

BCP p2m ` 1, 2w ` 1q.

Proof. Let f be any degree n ´ 1 polynomial with w nonzero entries. Then pf, fq

is a BCP pn, 2wq by Lemma 5.1.3. Let g “
řm´1

i“0 gix
i have w

2 entries. Then pg `

x2mg˚, g ` x2m ` x2mg˚q is a BCP p2m ` 1, 2w ` 1q by Lemma 5.1.3.

Although Theorem 2.5.2 does not eliminate weights that have factors congruent

to 3 pmod 4q for BCP s, it is still possible to eliminate certain weights through a

different kind of analysis.
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Lemma 5.1.6 (Craigen, 2003 [2]). Let n,w P Z` and pf, gq be a BCP pn,wq. Let

α and β be the number of nonzero coefficients of x in fpxq and gpxq, respectively.

Then

1. α2 ` β2 ” w pmod 4q;

2. if w is even, then α ” β pmod 4q;

3. if w ” 0 pmod 4q, then α, β are even;

4. if w ” 2 pmod 4q, then α, β are odd;

5. if w is odd, then w ” 1 pmod 4q.

Proof. As f has α nonzero coefficients, and any two distinct coefficients contribute

exactly one term in
řn´1

j“1 AFF pjq, prior to cancellation there are exactly
`

α
2

˘

“
αpα´1q

2

nonzero terms in
řn´1

j“1 AFF pjq. Similarly, prior to cancellation there are
`

β
2

˘

“
βpβ´1q

2

nonzero terms in
řn´1

j“1 AFGpjq. Since

AFF pjq ` AFGpjq “ 0 for all j P Z`,

one obtains

n´1
ÿ

j“1
AFF pjq `

n´1
ÿ

j“1
AFGpjq “

αpα ´ 1q

2 `
βpβ ´ 1q

2

“
α2 ` β2 ´ w

2
” 0 pmod 2q.

Therefore,

α2
` β2

” w pmod 4q.

Numbers 2 to 5 follow by considering the possibilities that satisfy 1 as well as using

α ` β “ w.
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5.2 Small-deficiency pairs

Boolean complementary pairs up to deficiency 3 can be completely classified. These

results can be used to put restrictions on the structure of ternary complementary

pairs with the same deficiency. The proof of the following theorem uses some later

results which will shorten the work.

Theorem 5.2.1 (Craigen, 2003 [2]). Let n,w P Z`, γ “ 1 ` x ` ¨ ¨ ¨ ` xn´1, and

pf, gq be a pair of degree n ´ 1 polynomials in Z2rx, x´1s. Then

1. pf, gq is a deficiency 1 BCP if and only if there exists k P Z` such that

n “ 2k ` 1 and pf, gq – pγ, γ ` xkq;

2. pf, gq is a deficiency 2 BCP if and only if there exists k P Z` such that

pf, gq – pγ ` xk, γ ` xkq;

3. pf, gq is a deficiency 3 BCP if and only if there exists k P Z` such that

n “ 4k ` 2 and pf, gq – pγ ` xk ` x3k`1, γ ` x2kq.

Proof. Note that xn´1j˚ “ j.

1. (ñ) By definition, there exists a k P Z` such that pf, gq – pγ, γ ` xkq. If

k ‰ n´1
2 , then AFF pn´ kq `AFGpn´ kq “ 1. (ð) Follows from Lemma 5.1.3;

2. (ñ) Follows from Lemma 4.5.2. pðq Follows from Lemma 5.1.3;

3. (ñ) If n is odd, then w “ 2n´ 3 ” 3 pmod 4q, which is impossible by part 5 of

Lemma 5.1.6. Therefore, n is even. Without loss of generality, assume f and

g are normalized. If the three zeros occur in f , one can assume without loss

of generality that two zeros are coefficients of powers of x before n´1
2 , as one

could instead consider the equivalent pair pf˚, gq. By the later corollary 6.1.10

there exist a, c P Z` such that 1 ď a ă c ď n´2
2 , and f “ γ ` xa ` xc ` xn´1´a.
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Now,

pff˚
` γγ˚

qpxq “ pγ ` xa
` xc

` xn´1´a
qpγ˚

` x´a
` x´c

` x´n`1`a
q ` γγ˚

“ px´a
` x´c

` x´n`1`a
qγ ` pxa

` xc
` xn´1´a

qγ˚

` pxa
` xc

` xn´1´a
qpx´a

` x´c
` x´n`1`a

q

“ px´a
` x´c

` x´n`1`a
qγ ` pxa

` xc
` xn´1´a

qx´n`1γ

` xa´c
` x´n`1`2a

` xc´a
` x´n`1`a`c

` xn´1´2a

` xn´1´a´c
` 1

“ px´a
` x´c

` x´n`1`a
` xa´n`1

` xc´n`1
` x´a

qγ

` xa´c
` x´n`1`2a

` xc´a
` x´n`1`a`c

` xn´1´2a

` xn´1´a´c
` 1

“ px´c
` xc´n`1

qγ ` xa´c
` x´n`1`2a

` xc´a

` x´n`1`a`c
` xn´1´2a

` xn´1´a´c
` 1

“ 1.

Therefore,

px´c
` xc´n`1

qγ “ pxa´c
` xc´a

q ` px´n`1`a`c
` xn´1´a´c

q

` px´n`1`2a
` xn´1´2a

q.

(5.2.1)

The highest power of x on the left-hand side of equation (5.2.1) is n ´ 1 ´ c,

and the highest power of x on the right-hand side is n ´ 1 ´ 2a, so c “ 2a.

equation (5.2.1) then becomes

px´2a
` x2a´n`1

q “ px´a
` xa

q ` px´n`1`3a
` xn´1´3a

q

` px´n`1`2a
` xn´1´2a

q.

(5.2.2)

The second highest power of x on the left-hand side of equation (5.2.2) is
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n´2´2a. Since 2a “ c ď n´2
2 , it follows that a ď n´2

4 and 3a ď 3
4pn´2q ď n´1.

Therefore, a, n´ 1 ´ 2a, and n´ 1 ´ 3a are the only positive powers of x on the

right-hand side of equation (5.2.2). It follows that the second highest power

of x on the right-hand side of equation (5.2.2) is either a or n ´ 1 ´ 3a. If

the highest power was a, then n ´ 2 ´ 2a “ a, hence a “ n´2
3 . However, this

can not be since it was shown that a ď n´2
4 . Therefore, the second highest

power of x on the right-hand side of equation (5.2.2) is n´ 1 ´ 3a. In this case,

n ´ 2 ´ 2a “ n ´ 1 ´ 3a, so a “ 1. Note that as a ă n´1
4 and n is even, one

obtains n ě 6.

The third highest power of x on the left-hand side of equation (5.2.2) is

n´3´2a “ n´5, and the third highest power of x on the right-hand side is a “

1. Therefore, n “ 6 and f “ 1`x3`x4`x6 and g “ 1`x`x2`x3`x4`x5`x6.

However, one can check that AFF p1q ` AFGp1q “ 1, hence f and g are not

complementary.

Assume without loss of generality that f has two zeros and g has one zero,

without loss of generality say a, b, c P Z` with a ‰ b and c ď n´2
2 are such that

f “ γ ` xa ` xb and g “ γ ` xc. Then again by the later Corollary 6.1.10, one

can assume b “ n´1´a and a ă c ă n´1´a. Therefore, f “ 1`xa `xn´1´a
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and g “ γ ` xc. Then

pff˚
` gg˚

qpxq “ pγ ` xa
` xn´1´a

qpγ˚
` x´a

` x´n`1`a
q

` pγ ` xc
qpγ˚

` x´c
q

“ px´a
` x´n`1`a

` xa´n`1
` x´a

qγ

` pxa
` xn´1´a

qpx´a
` x´n`1`a

q

` px´c
` xc´n`1

qγ ` 1

“ xn´1´2a
` x´n`1`2a

` px´c
` xc´n`1

qγ ` 1

“ 1.

Therefore, pxn´1´2a ` x´n`1`2aq “ px´c ` xc´n`1qγ. As a ă c ă n´2
2 , one has

n ´ 2 ´ 2a ą 0. The highest power of x in pxn´1´2a ` x´n`1`2aq is therefore

n ´ 1 ´ 2a, and the highest power of x in px´c ` xc´n`1qγ is n ´ 1 ´ c. Thus,

c “ 2a. Therefore,

xn´1´2a
` x´n`1`2a

“ px´2a
` x2a´n`1

qγ

“ xn´1
px´2a

` x2a´n`1
q

` p1 ` x ` ¨ ¨ ¨ ` xn´2
qpx´2a

` x2a´n`1
q,

which implies

x´n`1`2a
` x2a

“ p1 ` x ` ¨ ¨ ¨ ` xn´2
qpx´2a

` x2a´n`1
q. (5.2.3)

The highest power of x on the left-hand side of equation (5.2.3) is 2a, and the

highest power of x on the right-hand side is either n ´ 2 ´ 2a or 2a ´ 1. If it

is the latter, then 2a “ 2a´ 1, a contradiction. Thus n´ 2 ´ 2a is the highest

power of x on the right-hand side of equation (5.2.3) and so n ´ 2 ´ 2a “ 2a,

that is, n “ 4a ` 2. Therefore, pf, gq – pγ ` xa ` x3a`1, γ ` x2aq.
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(ð) Suppose pf, gq “ pγ ` xk ` x3k`1, γ ` x2kq. Then

pff˚
` gg˚

qpxq “ pγ ` xa
` x3a`1

qpγ˚
` x´a

` x´3a´1
q ` pγ ` x2a

qpγ˚
` x´2a

q

“ px´a
` x´3a´1

` x´3a´1
` x´a

qγ

` pxa
` x3a`1

qpx´a
` x´3a´1

q

` px´2a
` x´2a´1

qγ ` 1

“ px2a`1
` x´2a´1

q ` px´2a
` x´2a´1

qp1 ` x ` ¨ ¨ ¨ ` x4a`1
q ` 1

“ px2a`1
` x´2a´1

q ` px2a`1
` x´2a´1

q ` 1

“ 1.

5.3 Small-weight pairs

Boolean complementary pairs of weight ď 6 have been completely classified. Some

later results are used to simplify the work.

Theorem 5.3.1 (Craigen, 2003 [2]). Let n,w P Z` and pf, gq be a BCP pn,wq.

Then

1. w “ 1 if and only if pf, gq – p1, 0q;

2. w “ 2 if and only if pf, gq – p1, 1q;

3. w “ 4 if and only if pf, gq – p1 ` x, 1 ` xq;

4. w “ 5 if and only if pf, gq – p1 ` x ` x2, 1 ` x2q;

5. w “ 6 if and only if there exists a P Z` with gcdpa, n ´ 1q “ 1 such that

pf, gq – p1 ` xa ` xn´1, 1 ` xa ` xn´1q.

Proof. Note that all such pairs can be directly verified to be BCP s.
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1. One can assume the only nonzero entry occurs in f , which can be shifted to

get f “ 1.

2. Follows by shifting and the fact that the two polynomials have the same degree.

3. The two polynomials have the same degree, hence pf, gq – p1 `xn´1, 1 `xn´1q.

The pair can be deflated to p1 ` x, 1 ` xq.

4. Again, the pair are of equal degree so there is a P Z` such that pf, gq –

p1 ` xa ` xn´1, 1 ` xn´1q. By Corollary 6.1.10, a “ n´1
2 and thus the pair can

be deflated to p1 ` x ` x2, 1 ` x2q.

5. Suppose f has weight 4. Then by Corollary 6.1.10, there exists a P Z` such

that pf, gq – p1 ` xa ` xn´1´a ` xn´1, 1 ` xn´1q. However, this would yield

AFF pn ´ 1 ´ 2aq ` AFGpn ´ 1 ´ 2aq “ 1, so this is impossible. Therefore, f

and g both have weight 3 and by Corollary 6.1.10 one can assume without loss

of generality that pf, gq “ p1 ` xa ` xn´1, 1 ` xa ` xn´1q. Through deflation,

one can also assume without loss of generality that gcdpa, n ´ 1q “ 1.

5.4 Even-weight Boolean complementary pairs

The structure of even-weight BCP s is noticeably different than that of odd-weight

BCP s. Most notably, the structure of BCP0s is immediately solved by Theo-

rem 5.4.1, which itself is a straightforward extension of Theorem 2.5.2.

Theorem 5.4.1 ([2]). A pair pf, gq is a BCP0 if and only if there exist h, k P

Z2rx, x´1s and i P Z such that f “ hk and g “ xihk˚.

Proof. Let h “ gcdpf, gq and let k, r be such that f “ hk and g “ hr. Then

pff˚
` gg˚

qpxq “ hh˚
pkk˚

` rr˚
qpxq

“ 0.
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Similar to the the proof of Theorem 2.5.2, this implies the existence of i P Z such

that r “ xik˚.

Craigen [2] attempted to classify all BCP s where one polynomial is symmetric-

equivalent. His results contained a flaw, however, as he omitted the possibility of

a multiplicative symmetric-equivalent factor bpxq. The correct versions are given in

Lemmas 5.4.2 and 5.5.1.

Lemma 5.4.2 (Craigen, 2003 and Gobin, 2023). Let pf, gq be a BCP0. Then f

is symmetric-equivalent if and only if there exist apxq, bpxq P Z2rx, x´1s with bpxq

symmetric-equivalent and i P Z such that f “ aa˚b and g “ xia2b.

Proof. (ñ) By Theorem 5.4.1, there exists polynomials h, k and i P Z such that

f “ hk and g “ xihk˚. One can assume without loss of generality that gcdpk, k˚q “

1 as otherwise one can redefine h to contain the symmetric-equivalent factors of

k. As f is symmetric-equivalent, there exists m P Z such that f “ xmf˚, thus

f “ hk “ xmh˚k˚. As gcdpk, k˚q “ 1, the polynomial k˚ divides h and thus there

exists a polynomial bpxq such that h “ bk˚. Therefore, f “ bkk˚ “ xmb˚kk˚ and so

b is symmetric-equivalent. One obtains g “ xibk˚k˚, so the result follows by letting

a “ k˚.

pðq Follows by direct verification.

5.5 Odd-weight Boolean complementary pairs

Odd-weight pairs where one sequence is symmetric-equivalent can also be completely

classified.

Lemma 5.5.1 (Craigen, 2003 and Gobin, 2023 [2]). Let n P Z` and pf, gq be an

odd-weight degree n ´ 1 pair of polynomials with f symmetric-equivalent.
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1. If n is odd, then pf, gq is a BCP1 if and only if there exist apxq, bpxq P Z2rx, x´1s

with bpxq symmetric and i, j P Z such that f “ xj paa˚b ` 1q and g “ xia2b;

2. If n is even, then pf, gq is a BCP1 if and only if there exist j P Z such that

fpx2q “ xcpgg˚pxq ` 1q.

Proof.

1. (ñ) As n is odd and f is symmetric-equivalent, there exists j P Z such that

xjf is centred around x0, that is, pxjfq
˚

“ xjf . By Lemma 5.1.3, the pair

pxjf`1, gq is a BCP pn,w`1q, that is, an even-weight pair with xjf symmetric.

Therefore, there exist apxq, bpxq with b symmetric-equivalent and i P Z such

that xjf ` 1 “ aa˚b and g “ xia2b. As pxjf ` 1q˚ “ x´jf˚ ` 1˚ “ xjf ` 1, one

obtains aa˚b “ aa˚b˚. Therefore, b is symmetric and the result follows.

(ð) Direct verification.

2. (ñ) Although n is even, the pair fpx2q, gpx2q has degree 2n´ 2 and thus part

1 applies. Therefore, there exist apxq, bpxq P Z2rx, x´1s with bpxq symmetric

and i, j P Z such that fpx2q “ xjppaa˚bqpxq ` 1q and gpx2q “ xia2pxqbpxq.

As Z2 has characteristic 2, one obtains a2pxq “ apx2q. Therefore, xibpxq “

gpx2q{apx2q and so there is some symmetric-equivalent tpxq, say with e P Z

such that xet˚pxq “ tpxq, such that tpx2q “ xibpxq. Thus gpx2q “ apx2qtpx2q,
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so gpxq “ apxqtpxq, and

x´jfpx2
q “ paa˚bqpxq ` 1

“ x´i
paa˚xibqpxq ` 1

“ x´i
paa˚

pxqqtpx2
q ` 1

“ x´i
paa˚

pxqqtpxqtpxq ` 1

“ xe´i
paa˚

pxqqptpxqt˚pxqq ` 1

“ xe´i
patpxqqpa˚t˚pxqq ` 1

“ xe´igg˚
pxq ` 1.

(ð) Note that for any polynomial hpxq P Z2rx, x´1s, one has hpx2q “ hpxq2 since

Z2rx, x´1s has characteristic 2. Observe that

fpx2
qf˚

px2
q ` gpx2

qg˚
px2

q “ pgg˚
pxq ` 1qpgg˚

pxq ` 1q ` gpx2
qg˚

px2
q

“ gpxq
2g˚

pxq
2

` 1 ` gpx2
qg˚

px2
q

“ 2gpx2
qg˚

px2
q ` 1

“ 1.

Therefore, by Theorem 2.3.1, the pair pfpx2q, gpx2qq can be deflated to the equivalent

Boolean complementary pair pfpxq, gpxqq.

Lemma 5.5.2 (Craigen, 2003 [2]). Let n P Z` and pf, gq be a BCP of degree n´1

where both f and g are symmetric-equivalent. Then

1. If pf, gq has odd-weight, then pf, gq is a siamese twin pair;

2. If pf, gq has even-weight, then pf, gq is an identical twin pair.

Proof. Without loss of generality, assume f and g are normalized. Therefore, one

obtains xn´1f˚ “ f and xn´1g˚ “ g.
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1. Calculating, pf ` gqpf ` gq˚ “ ff˚ ` fg˚ ` f˚g ` gg˚ “ ff˚ ` x´n`1fg `

x´n`1fg ` gg˚ “ 1. Suppose m, t P Z` are such that m is the highest power

of x in pf ` gqpxq, and t is the lowest. The highest power of pf ` gqpf ` gq˚ is

m ´ t, but pf ` gqpf ` gq˚ “ 1 so m “ t. Therefore, f and g differ from one

another in exactly one place. By Theorem 5.2.1, the pair pf, gq is a siamese

twin pair.

2. Similarly, one obtains pf ` gqpf ` gq˚ “ ff˚ ` gg˚ “ 0, so f “ g.

Similar to his paper on TCP s [7], Craigen sought to investigate odd-weight

Boolean complementary pairs which were unobtainable through the multiplication

of Theorem 2.4.1. However, he realized that there were no such pairs.

Theorem 5.5.3 (Craigen, 2003 [2]). Let pf, gq and ph, kq be BCP1s. Then there

exists pr, sq, a BCP1, such that pf, gq “ phr ` ks, h˚s ` k˚rq.

Proof. Let pr, sq “ pfh˚ ` gk, fk˚ ` ghq. By Theorem 2.4.1, pr, sq is a BCP1.

Furthermore,

hr ` ks “ hpfh˚
` gkq ` kpfk˚

` ghq

“ hh˚f ` 2ghk ` kk˚f

“ phh˚
` kk˚

qf

“ f, and

h˚s ` k˚r “ h˚
pfk˚

` ghq ` k˚
pfh˚

` gkq

“ fh˚k˚
` ghh˚

` fh˚k˚
` gkk˚

“ hh˚g ` kk˚g

“ g.

Thus pf, gq “ phr ` ks, h˚s ` k˚hq.
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Theorem 5.5.3 says that for any BCP is divisible by every other pair under the

multiplication of Theorem 2.4.1. However, it is still possible to factor a BCP into a

unique product of BCP s, as will be shown in the next chapter.
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6

Pair Matrix Factorizations

In 2002, Craigen and Woodford [8] discovered an algebraic factorization for odd-

weight Boolean complementary pairs which was markedly different than that of the

even-weight pairs. The BCP0 factorization is expressed entirely in polynomials: a

pair pf, gq is a BCP0 if and only if there exist h, k P Z2rx, x´1s such that pf, gq –

phk, hk˚q. The BCP1 factorization involves 2ˆ2 matrices, each of which determined

by several properties about the pair one wishes to factor. Craigen and Woodford

used this factorization to show the set of all BCP1s forms a group, and it was this

group that was the object of their investigation.

This author began investigating the BCP1 factorization as an undergraduate re-

searcher. Upon beginning this thesis as a graduate student, it became apparent that

these factorizations have much broader application than initially perceived. Any

pair of equal degree polynomials in Z2rx, x´1s has a nontrivial factorization; not just

BCP1s, not just BCP0s, any pair at all. This chapter develops these factorizations,

while the next demonstrates some of their structural implications to BCP s.

By the end of this chapter, one will know the sequence, polynomial, pair matrix,

canonical factorization, and superfactorization forms of BCP s. To keep these dif-
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ferent forms clear, Section 6.6 shows them all for a specific BCP . The reader is

encouraged to visit Section 6.6 whenever confusion arises.

6.1 Preliminaries

6.1.1 Pair matrices

Definition 6.1.1. Let f, g be Laurent polynomials over a ring. The pair matrix

of the pair pf, gq is

PMpf, gq :“

¨

˚

˝

f g

´g˚ f˚

˛

‹

‚

.

Lemma 6.1.2 (Craigen and Woodford, 2002 [8]). The set of pair matrices of poly-

nomials over a ring has a unit and is closed under multiplication.

Proof. Let f, g, h, k be polynomials in some ring. Then I “ PMp1, 0q is the identity,

associativity follows from associativity of matrix multiplication, and

PMpf, gqPMph, kq “

¨

˚

˝

f g

´g˚ f˚

˛

‹

‚

¨

˚

˝

h k

´k˚ h˚

˛

‹

‚

“

¨

˚

˝

fh ´ gk˚ fk ` gh˚

´g˚h ´ f˚k˚ ´g˚k ` f˚h˚

˛

‹

‚

“

¨

˚

˝

fh ´ gk˚ fk ` gh˚

´pfk ` gh˚q˚ pfh ´ gk˚q˚

˛

‹

‚

“ PMpfh ´ gk˚, fk ` gh˚
q.

Pair matrices capture the orthogonality or non-orthogonality of a pair of poly-

nomials in a simple manner. To show this, conjugation is first extended to these

matrices.
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Definition 6.1.3. Define the operation conjugation, denoted by "˚", on pair ma-

trices to be PMpf, gq˚ :“ PMpf˚,´gq. Equivalently, the conjugate of a pair matrix

is the transpose of the matrix with the entries conjugated.

Theorem 6.1.4 (Craigen and Woodford, 2002 [8]). Let f, g, h, k be polynomials

in some ring. Then

1. PMpf, gqPMpf, gq˚ “ pff˚ ` gg˚qI;

2. pPMpf, gqPMph, kqq
˚

“ PMph, kq˚PMpf, gq˚;

3. If pf, gq and ph, kq are both complementary, then so is the pair pr, sq defined

by PMpr, sq “ PMpf, gqPMph, kq.

Proof.

1. By direct verification,

PMpf, gqPMpf, gq
˚

“ PMpf, gqPMpf˚,´gq

“ PMpff˚
` gg˚,´fg ` fgq

“ pff˚
` gg˚

qI.

2. Simple calculation shows

pPMpf, gqPMph, kqq
˚

“ pPMpfh ´ gk˚, fk ` gh˚
qq

˚

“ PMpf˚h˚
´ g˚k,´fk ´ gh˚

q

“ PMph˚,´kqPMpf˚,´gq

“ PMph, kq
˚PMpf, gq

˚.
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3. Straightforward verification shows

PMpr, sqPMpr, sq˚
“ pPMpf, gqPMph, kqq pPMpf, gqPMph, kqq

˚

“ PMpf, gqPMph, kqPMph˚, kqPMpf˚, gq

“ PMpf, gqphh˚
` kk˚

qPMpf˚, gq

“ phh˚
` kk˚

qPMpf, gqPMpf˚, gq

“ pff˚
` gg˚

qphh˚
` kk˚

qI.

Theorem 6.1.4 is equivalent to Theorem 2.4.1. To see this, suppose pf, gq and

ph, kq are complementary pairs over the same coefficient set. Then part 3 of The-

orem 6.1.4 says the pair pR, Sq defined by PMpR, Sq “ PMpf, gqPMph,´k˚q is

complementary. By inspection, one obtains R “ fh` gk and S “ ´fk˚ ` gh˚. Ap-

plying Theorem 2.4.1 to pf, gq and ph, kq results in the complementary pair pR,´Sq,

which is equivalent to pR, Sq by Theorem 2.3.1. Theorems 6.1.4 and 2.4.1 are equiv-

alent, but Theorem 6.1.4 has a much quicker proof. This is often the case with

pair matrices, they have the ability to express results about complementary pairs

quicker than in the polynomial form. Part 3 of Theorem 6.1.4 has several immediate

consequences to Boolean complementary pairs.

Corollary 6.1.5 (Craigen and Woodford, 2002 [8]). Let pf, gq, pr, sq, and ph, kq be

a BCP1, a BCP0, and a pair of polynomials over Z2, respectively. Then

1. PMpf, gqPMph, kq and PMph, kqPMpf, gq are BCP1s if and only if ph, kq is

a BCP1;

2. PMph, kqPMpr, sq and PMpr, sqPMph, kq are BCP0s.
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Proof. For any two pairs of polynomials pψ, ϕq and pζ, ηq,

pPMpψ, ϕqPMpζ, ηqq pPMpψ, ϕqPMpζ, ηqq
˚

“ pPMpψ, ϕqPMpζ, ηqq pPMpζ, ηq
˚PMpψ, ϕq

˚
q

“ pψψ˚
` ϕϕ˚

q pζζ˚
` ηη˚

q I.

Furthermore, note that PMpψψ˚ `ϕϕ˚, 0q “ pψψ˚ `ϕϕ˚qI and thus commutes with

any other pair matrix. The results follow easily from these two facts and Part 1 of

Theorem 6.1.4.

Corollary 6.1.5 demonstrates a stark contrast between odd and even-weight

BCP s. In the odd-weight case, a product is orthogonal if and only if every factor is

orthogonal. The odd-weight structure is exclusionary with respect to products, it is

only maintained by other odd-weight pairs. In the even-weight case, any even-weight

Boolean complementary pair pr, sq forms two ideals in the ring of pair matrices of

polynomials over Z2: let IL “ tPMph, kqPMpr, sq : h, k P Z2rx, x´1su and IR “

tPMpr, sqPMph, kq : h, k P Z2rx, x´1su. Then IL and IR are left and right ideals,

respectively, and the set of all BCP0s is a union of such ideals.

Definition 6.1.6. Let f, g be two nonzero polynomials. Then maxdegpPMpf, gqq is

the maximum degree of f and g. If f and g have equal degrees, then the degree of

PMpf, gq, written degpPMpf, gqq or degpf, gq, is the degree of the two polynomials.

For m P Z, the degree of PMpxm, 0q and PMp0, xmq shall be considered to be zero.

Example 6.1.1. Let f “ x´2 ` 1 ` x5 and g “ x14 ` x15. Then degpfpxqq “

5 ´ p´2q “ 7 and degpgpxqq “ 15 ´ 14 “ 1. Therefore, maxdegpPMpf, gqq “

maxt7, 1u “ 7.
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6.1.2 Dints and offsets

Before proceeding, a quick note on the degree of pairs is made. In previous chapters,

one would consider complementary pairs of some length n P Z`, which correspond

to a pair of degree n´ 1 polynomials. However, the length of pairs are not of much

interest from now on. Therefore, for sake of visual appeal, it will become standard

to refer to degree n pairs rather than degree n ´ 1 pairs.

Definition 6.1.7. Let a, aL, aR, n P Z`, j, k P Z, and

pf, gq “

˜

xj
n

ÿ

i“0
fix

i, xk
n

ÿ

i“0
gix

i

¸

be a pair of degree n polynomials over Z2 (thus f0 “ g0 “ fn “ gn “ 1). In particular,

note that fi and gi are the coefficients of xi`j and xi`k in f and g, respectively. Then

PMpf, gq has left dint aL if and only if aL is the least positive integer such that

faL
‰ gaL

, and has right dint aR if and only if aR is the least positive integer such

that fn´aR
‰ gn´aR

. The pair pf, gq has dint a (written dintpf, gq “ a) if and only

if a “ aL “ aR.

In essence, one is "lining up" the two polynomials fpxq and gpxq at x0, then calling

the first place where they differ from the left the "left dint" and calling the first place

where they differ from the right the "right dint".

Note that two equal-degree polynomials either have a left and right dint or are an

identical twin pair.

The term dint comes from this author, and is a shortening of "differing integer",

meaning a dint is the first place where two polynomials in Z2rx, x´1s differ from one

another.
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Definition 6.1.8. Let b, d P Z, and fpxq, gpxq be two polynomials whose least powers

of x with nonzero coefficient are b and d, respectively. The offset of PMpf, gq is

d ´ b.

Example 6.1.2. Let fpxq “ x`x4 `x5 `x6 `x7 `x8 `x9 and gpxq “ x´4 `x´2 `

x´1 ` 1 ` x3 ` x4. The pair pf, gq is a BCP p9, 13q, has degree 8, offset ´4 ´ 1 “ ´5,

and

PMpf, gq “ PMpx ` x4
` x5

` x6
` x7

` x8
` x9, x´4

` x´2
` x´1

` 1 ` x3
` x4

q

“

¨

˚

˝

x ` x4 ` x5 ` x6 ` x7 ` x8 ` x9 x´4 ` x´2 ` x´1 ` 1 ` x3 ` x4

x4 ` x2 ` x ` 1 ` x´3 ` x´4 x´1 ` x´4 ` x´5 ` x´6 ` x´7 ` x´8 ` x´9

˛

‹

‚

.

To find the left and right dint of the pair, write

f “ x
8

ÿ

i“0
fix

i
“ xp1 ` x3

` x4
` x5

` x6
` x7

` x8
q, and

g “ x´4
8

ÿ

i“0
gix

i
“ x´4

p1 ` x2
` x3

` x4
` x7

` x8
q.

One sees that 2 is the least integer i such that fi ‰ gi, and 2 is the least integer

i such that f8´i ‰ g8´i. Therefore, the pair pf, gq has left and right dint 2, so

dintpf, gq “ 2.

Lemma 6.1.9 (Craigen and Woodford, 2002 [8]). Let aL, aR, n P Z` and pf, gq

be a pair of degree n polynomials with left and right dint aL and aR, respectively.

Without loss of generality, assume aL ď aR. Then for integers k ă aL, one has

AFF pn´ kq `AFGpn´ kq “ 0. The term AFF pn´ aLq `AFGpn´ aLq is zero if and

only if aL “ aR.
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Proof. One sees that

AFF pn ´ kq ` AFGpn ´ kq “

k
ÿ

i“0
pfifn´k`i ` gign´k`iq

“

k
ÿ

i“0
pfifn´k`i ` fifn´k`iq

“ 2
k

ÿ

i“0
fifn´k`i

“ 0.

Similarly,

AFF pn ´ aLq ` AFGpn ´ aLq “

aL
ÿ

i“0
pfifn´aL`i ` gign´aL`iq

“ f0fn´aL
` g0gn´aL

`

aL´1
ÿ

i“1
pfifn´aL`i ` fifn´aL`iq

` faL
fn ` gaL

gn

“ pfn´aL
` gn´aL

q ` pfaL
` gaL

q

“ pfn´aL
` gn´aL

q ` 1,

which is zero if and only if fn´aL
‰ gn´aL

, which occurs if and only if aL “ aR as

aL ď aR.

Corollary 6.1.10 (Craigen and Woodford, 2002 [8]). Any BCP that is not an

identical twin pair or a trivial pair has a dint.

Proof. The autocorrelation function is zero for all nonzero values for a BCP . There-

fore, if a BCP has a left and right dint, its left and right dints are equal by

Lemma 6.1.9. If the pair does not have a left and right dint, then its either a

trivial pair or the polynomials do not differ from one another, that is, the pair is an

identical twin pair.
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6.1.3 Decomposing matrices

The final preliminary for these factorizations is to define the matrices which appear

in the decompositions and establish some of their properties. These matrices have

been changed slightly from those used by Craigen and Woodford [8], which causes

their results to take a different form in this thesis. This author’s presentation should

be simpler to read and interpret.

Definition 6.1.11. Let a, b P Z. Define ppxq :“ x´1 ` 1 ` x, qpxq :“ x´1 ` x, and

Va,b :“ PMpppxaq, xbqpxaqq. Note that pppxaq, xbqpxaqq is a weight-five siamese twin

pair of degree 2|a|. Furthermore, note that p˚pxaq “ ppxaq and q˚pxaq “ qpxaq, which

shows that Va,b “ V´a,b “ V ˚
a,b. Also, the dint and offset of the pair corresponding to

Va,b is a and b, respectively.

Lemma 6.1.12. For all a, b P Z, the matrix Va,b is idempotent.

Proof. Using the comments in Definition 6.1.11 and Part 1 of Theorem 6.1.4, one

obtains V 2
a,b “ Va,bV

˚
a,b “ ppp˚ ` qq˚qpxaqI “ 5I “ I.

Lemma 6.1.13. For all a, b, c, d P Z, the matrices Va,b and Vc,d commute if and

only if their corresponding polynomial pairs have the same offset, that is, if and only

if b “ d.

Proof. Consider the following products:

Va,bVc,d “ PMpppxa
q, xbqpxa

qqPMpppxc
q, xdqpxc

qq

“ PMpppxa
qppxc

q ` xb´dqpxa
qqpxc

q, xdppxa
qqpxc

q ` xbppxc
qqpxa

qq,

and

Vc,dVa,b “ PMpppxa
qppxc

q ` xd´bqpxa
qqpxc

q, xbppxc
qqpxa

q ` xdppxa
qqpxc

qq.
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(ñ) Suppose Va,bVc,d “ Vc,dVa,b. Then ppxaqppxcq ` xb´dqpxaqqpxcq“ ppxaqppxcq `

xd´bqpxaqqpxcq, which implies pxb´d ` xd´bqqpxaqqpxcq “ 0 and so b “ d.

(ð) Follows easily by comparing Va,bVc,b to Vc,bVa,b when b “ d.

Theorem 6.1.14 (Craigen and Woodford, 2002 [8]). The set

G “ xVa,b : a, b P Zy

is a group with respect to multiplication.

Proof. For m P Z` and integers a1, b1, . . . , am, bm,

pVa1,b1Va2,b2 ¨ ¨ ¨Vam,bmq pVa1,b1Va2,b2 ¨ ¨ ¨Vam,bmq
˚

“ pVa1,b1Va2,b2 ¨ ¨ ¨Vam,bmq
`

Vam,bmVam´1,bm´1 ¨ ¨ ¨Va1,b1

˘

“ I

“ V0,0.

Therefore, all elements are invertible. Associativity is inherited from matrix and

polynomial algebra. Therefore, G is a group.

It will be shown that every BCP1 has an equivalent pair in the group G in Theo-

rem 6.1.14.

In order to express the operation of shifting a complementary pair in pair matrix

form, the following definition is made:

Definition 6.1.15. Let z be an indeterminate such that z2 “ x. Define the matrices

X :“ PMpx, 0q and Z :“ PMpz, 0q.

The introduction of z comes from Craigen [4], who introduced the variable for the

canonical factorizations of complementary pairs modulo 3.
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For an odd-weight Boolean complementary pair pf, gq and c P Z, one has

XcPMpf, gq “ PMpxcfpxq, xcgpxqq. Now notice that

ZcPMpf, gqZ´c
“ PMpz, 0qPMpfpxq, gpxqqPMpz´1, 0q

“ PMpzcfpxq, zcgpxqqZ´c

“ PMpz0fpxq, z2cgpxqq

“ PMpfpxq, xcgpxqq.

Thus the matrix X can be used to shift both polynomials in a pair, and the matrix

Z can be used to shift a single polynomial.

Lemma 6.1.16. Let a1, b1, . . . , am, bm P Z. Then

ZVa1,b1Va2,b2 ¨ ¨ ¨Vam,bmZ
´1

“ Va1,b1`1Va2,b2`1 ¨ ¨ ¨Vam,bm`1.

Proof. By direct verification, for all a, b P Z,

ZVa,bZ
´1

“ PMpz, 0qPMpppxa
q, xbqpxa

qqPMpz´1, 0q

“ PMpzppxa
q, zxbqpxa

qqPMpz´1, 0q

“ PMpppxa
q, z2xbqpxa

qq

“ Va,b`1.

Therefore,

ZVa1,b1Va2,b2 ¨ ¨ ¨Vam,bmZ
´1

“
`

ZVa1,b1Z
´1˘ `

ZVa2,b2Z
´1˘

¨ ¨ ¨
`

ZVam,bmZ
´1˘

“ Va1,b1`1Va2,b2`1 ¨ ¨ ¨Vam,bm`1.
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6.2 The decomposition result

Theorem 6.2.1, the fundamental result in all dint-based factorizations, is ready to

be stated and proved. It is inspired by the work of Craigen and Woodford [8],

who proved Theorem 6.2.1 in the case where the pair is a BCP1. In essence, any

polynomial pair with a left and right dint can be multiplied by a suitable decomposing

factor Va,b which will decrease the maximum degree of the pair while preserving the

pair’s Gram-sum. When the pair in question is a BCP , the decomposing factor Va,b

is uniquely determined. This process may be repeated until one is left with a trivial

pair, an identical twin pair, or a pair of unequal degree.

Theorem 6.2.1 (Craigen and Woodford, 2002 [8], and Gobin, 2022). Let aL, aR, c

P Z`, b, d P Z, and pf, gq be a pair of equal degree polynomials over Z2 with left dint

aL, right dint aR, and offset b. Let a “ mintaL, aRu. Then

1. If pc, dq “ pa, bq, then maxdeg pPMpf, gqVc,dq ă degpPMpf, gqq;

2. If c ă a and d “ b, then deg pPMpf, gqVc,dq “ degpPMpf, gqq;

3. If c ą a and c ‰ maxtaL, aRu, or if d ‰ b, then deg pPMpf, gqVc,dq ą

degpPMpf, gqq.

Suppose pf, gq is a BCP , but is nontrivial and not an identical twin pair. Then

pf, gq has a dint and thus Part 1 shows the unique way to decrease the degree of the

pair pf, gq, that is, there is a unique pair pc, dq P Z` ˆ Z such that

degpPMpf, gqVc,dq ă degpPMpf, gqq.

Proof. Let ζ, η P Z, n P Z`, and write

fpxq “ xζ
n

ÿ

i“0
fix

i, gpxq “ xη
n

ÿ

i“0
gix

i,
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with f0 “ g0 “ fn “ gn “ 1. It follows that b “ η ´ ζ. Let

PMphpxq, kpxqq “ PMpfpxq, gpxqqVc,d

“ PMpfpxq, gpxqqPMpppxc
q, xdqpxc

qq

“ PMpfpxqppxc
q ` x´dgpxqqpxc

q, xdfpxqqpxc
q ` gpxqppxc

qq.

For all j P Z, let hj and kj denote the coefficients of xj in h and k, respectively.

The degrees of hpxq and kpxq shall now be examined based on the values of c and d.

1.) Suppose pc, dq “ pa, bq. Then

hpxq “ fpxqppxa
q ` x´bgpxqqpxa

q

“ xζ

˜

n
ÿ

i“0
fix

i

¸

ppxa
q ` xη´η`ζ

˜

n
ÿ

i“0
gix

i

¸

qpxa
q

“ xζ

˜

n
ÿ

i“0
fix

i

¸

ppxa
q ` xζ

˜

n
ÿ

i“0
gix

i

¸

qpxa
q,

and

kpxq “ xbfpxqqpxa
q ` gpxqppxa

q

“ xη

˜

n
ÿ

i“0
fix

i

¸

qpxa
q ` xη

˜

n
ÿ

i“0
gix

i

¸

ppxa
q.

As the xζ and xη may be factored out the equations and is hence irrelevant to the

discussion of the degree of the pair, assume without loss of generality that ζ “ η “ 0.

Then

hj “ fj ` pfj`a ` gj`aq ` pfj´a ` gj´aq and

kj “ gj ` pfj`a ` gj`aq ` pfj´a ` gj´aq.

For j ă 0, one has a ´ j ă a and hence fa´j “ ga´j and fn´a`j “ gn´a`j.
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Therefore, for j ă 0, one has fj`a ` gj`a “ fj “ fj´a “ gj´a “ 0, and thus

hj “ fj ` pfj`a ` gj`aq ` pfj´a ` gj´aq “ 0 and similarly

hn´j “ fn´j ` pfn´j`a ` gn´j`aq ` pfn´j´a ` gn´j´aq “ 0.

Lastly,

h0 “ f0 ` pfa ` gaq ` pf´a ` g´aq “ 1 ` 1 ` 0 “ 0

hn “ fn ` pfn`a ` gn`aq ` pfn´a ` gn´aq “ 1 ` 0 ` 1 “ 0.

Therefore, the smallest power of x in h is at least 1, and the largest is at most n´ 1.

Therefore, degphpxqq ď n ´ 2. The fact that degpkpxqq ď n ´ 2 follows similarly.

2.) Suppose c ă a and d “ b “ 0. Then for integers j ă 0, one has j ` c ă c ă a

and hence fj “ 0, fj`c “ gj`c, and fn´j´c “ gn´j´c. Therefore,

hj “ fj ` pfj`c ` gj`cq ` pfj´c ` gj´cq “ 0, and

hn´j “ fn´j ` pfn´j`c ` gn´j`cq ` pfn´j´c ` gn´j´cq “ 0.

Now,

h0 “ f0 ` pfc ` gcq ` pf´c ` g´cq “ 1 ` 0 ` 0 “ 1 and

hn “ fn ` pfn`c ` gn`cq ` pfn´c ` gn´cq “ 1 ` 0 ` 0 “ 1.

Therefore, degphpxqq “ n. It follows similarly that degpkpxqq “ n.

3.) Suppose d ‰ b. Then one sees that the greatest powers of x in fpxqppxcq

and x´dgpxqqpxcq are not equal, nor their lowest. As such, the degree of hpxq is

necessarily greater than n. Similar analysis shows the degree of kpxq is necessarily

greater than n, and that hpxq and kpxq have equal degrees.
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Now suppose without loss of generality that ζ “ η “ d “ b “ 0 and that a ă

c ă maxtaL, aRu. One can see that it does not matter which of aL and aR is the

minimum and which is the maximum, hence assume without loss of generality that

aL “ a. Recall that for all j ă 0, one has fj “ gj “ fn´j “ gn´j “ 0, faL`j “ gaL`j,

and fn´aR`j “ gn´aR`j. Also note that for all j ď 0, one obtains a ´ c ` j ă 0.

When j ă 0, one obtains

ha´c`j “ fa´c`j ` pfa`j ` ga`jq ` pfa´2c`j ` ga´2c`jq “ 0 ` 0 ` 0 “ 0, and

hn´a`c´j “ fn´a`c´j ` pfn´a`2c´j ` gn´a`2c´jq ` pfn´a´j ` gn´a´jq “ 0 ` 0 ` 0 “ 0.

Now,

ha´c “ fa´c ` pfa ` gaq ` pfa´2c ` ga´2cq “ 0 ` 1 ` 0 “ 1, and

hn´a`c “ fn´a`c ` pfn´a`2c ` gn´a`2cq ` pfn´a ` gn´aq “ 0 ` 0 ` 1 “ 1.

Therefore, degphpxqq “ n` 2pc´aq ą n. The fact that degpkpxqq “ n` 2pc´aq ą n

follows similarly.

Now assume aL ă aR ă c. Then aL ´ c ă 0 and aR ´ c ă 0, so for all j ď 0 one

obtains faL´c`j “ faL´2c`j “ gaL´2c`j “ fn`c´aR´j “ gn`c´aR´j “ 0. Thus for j ă 0

one obtains

haL´c`j “ faL´c`j ` pfaL`j ` gaL`jq ` pfaL´2c´j ` gaL´2c´jq

“ 0 ` 0 ` 0

“ 0, and

hn`c´aR´j “ fn`c´aR´j ` pfn`2c´aR´j ` gn`2c´aR´jq ` pfn´aR´j ` gn´aR´jq

“ 0 ` 0 ` 0

“ 0.
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Furthermore,

haL´c “ faL´c ` pfaL
` gaL

q ` pfaL´2c ` gaL´2cq “ 0 ` 1 ` 0 “ 1, and

hn`c´aR
“ fn`c´aR

` pfn`2c´aR
` gn`2c´aR

q ` pfn´aR
` gn´aR

q “ 0 ` 0 ` 1 “ 1.

Therefore, degphpxqq “ pn ` c ´ aRq ´ paL ´ cq “ n ` p2c ´ aR ´ aLq ą n. One

similarly verifies that degpkpxqq “ n` c´ aR ´ aL ` c “ n` p2c´ aR ´ aLq ą n.

Theorem 6.2.1 omits the case when aL ‰ aR, c “ maxtaL, aRu, and d “ b. In this

case there is insufficient information to predict if maxdeg pPMpf, gqVc,dq is larger,

smaller, or equal to degpPMpf, gqq, as the following example illustrates:

Example 6.2.1. Consider the pairs fpxq “ 1 ` x ` x2 ` x3 ` x5 ` x6 ` x7 ` x8

and gpxq “ 1 ` x ` x3 ` x4 ` x5 ` x6 ` x7 ` x8, hpxq “ 1 ` x ` x2 ` x3 ` x5 ` x8

and kpxq “ 1 ` x ` x3 ` x4 ` x5 ` x8, rpxq “ 1 ` x ` x2 ` x3 ` x5 ` x6 ` x8 and

spxq “ 1 ` x ` x3 ` x4 ` x5 ` x6 ` x8, each with degree 8, offset 0, left dint 2, and

right dint 4.

The maximum degree of the following pairs

PMpf, gqV4,0 “ PMpx7
` x5

` x3
` x2

` x ` x´2, x7
` x5

` x4
` x3

` x ` x´2
q,

PMph, kqV4,0 “ PMpx6
` x5

` x3
` x2

` x ` x´2, x6
` x5

` x4
` x3

` x ` x´2
q,

and

PMpr, sqV4,0 “ PMpx5
` x3

` x2
` x ` x´2, x5

` x4
` x3

` x ` x´2
q

are 9, 8, and 7, respectively.

Example 6.2.2. In order to illustrate Theorem 6.2.1, consider fpxq “ 1 ` x `

x2 ` x3 ` x5 ` x6 ` x7 ` x8 and gpxq “ 1 ` x ` x3 ` x4 ` x5 ` x6 ` x7 ` x8,

which form a pair with degree 8, offset 0, left dint 2 and right dint 4. By Part 1

of Theorem 6.2.1, the maximum degree of PMpf, gqV2,0 is smaller than the degree
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of pf, gq. By Part 2 of Theorem 6.2.1, the degree of PMpf, gqV1,0 is equal to the

degree of pf, gq. Lastly, by Part 3 of Theorem 6.2.1, the degrees of PMpf, gqV3,0,

PMpf, gqV5,0, and PMpf, gqV2,4 are larger than the degree of pf, gq. Indeed, one has

PMpf, gqV2,0 “PMpx8
` x7

` x5
` x4

` x3
` x, x8

` x7
` x5

` x3
` x2

` xq

PMpf, gqV1,0 “PMpx8
` x7

` x6
` x3

` x2
` 1, x8

` x7
` x6

` x4
` x3

` 1q,

PMpf, gqV3,0 “PMpx8
` x6

` x3
` x2

` 1 ` x´1, x8
` x6

` x4
` x3

` 1 ` x´1
q,

PMpf, gqV5,0 “PMpx9
` x8

` x6
` x5

` x3
` x2

` x ` 1 ` x´1
` x´3,

x9
` x8

` x6
` x5

` x4
` x3

` x ` 1 ` x´1
` x´3

q,

PMpf, gqV2,4 “PMpx10
` x9

` x6
` x4

` 1 ` x´1
` x´2

` x´3
` x´5

` x´6,

x14
` x13

` x12
` x11

` x9
` x4

` x2
` 1 ` x´1

` x´2
q.

Now that the decomposition result has been established, the factorizations one

obtains for different pairs of Boolean polynomials shall be derived.

6.3 Factorizations of odd-weight Boolean comple-

mentary pairs

Let pf, gq be a BCP1. Then as pff˚ ` gg˚qp1q “ fp1q2 ` gp1q2 “ 1, either fp1q “ 1

and gp1q “ 0 or vice-versa. For convenience, it will always be assumed that fp1q “ 1

and gp1q “ 0.

6.3.1 Canonical factorizations

Corollary 6.3.1 (Craigen and Woodford, 2002 [8]). Let m P Z`. A pair of

polynomials pf, gq is a BCP1 if and only if there exist a1, a2, . . . , am P Z` and
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c, b1, b2, . . . , bm P Z such that

PMpf, gq “ XcVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm .

Proof. (ñ) Let pf, gq be a BCP1. If the pair has degree zero, then as

PMpfp1q, gp1qq “ I, there exists an integer c such that PMpf, gq “ PMpxc, 0q, and

thus the pair has the desired form.

Assume pf, gq has degree greater than or equal to 1. As pf, gq has odd weight, the

pair is not an identical twin pair and thus pf, gq has a dint, call it a. Suppose the

offset of the pair is b. Then by Theorem 6.2.1, the maximum degree of PMpf, gqVa,b

is strictly less than that of PMpf, gq. However, the resultant pair PMpf, gqVa,b is

another BCP1 by Corollary 6.1.5. By Corollary 6.1.10, the resultant pair either has

a dint or is a pair of degree zero. Therefore, it is seen that the decomposition process

of Theorem 6.2.1 can be repeated until one is left with the pair matrix of a degree

zero pair, which by the same reasoning as above is some power of X. Therefore,

there exist m, a1, a2, . . . , am P Z` and b1, b2, . . . , bm, c P Z such that

PMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va1,b1 “ Xc. (6.3.1)

By Lemma 6.1.12, V ´1
a,b “ Va,b and thus

PMpf, gq “ PMpf, gq
`

Vam,bmVam´1,bm´1 ¨ ¨ ¨Va1,b1

˘

pVa1,b1Va2,b2 ¨ ¨ ¨Vam,bmq

“ XcVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm .

(6.3.2)

(ð) Follows from Corollary 6.1.5.

Example 6.3.1. Consider the polynomials fpxq “ 1 ` x3 ` x4 ` x5 ` x6 ` x7 ` x8

and gpxq “ 1 ` x2 ` x3 ` x4 ` x7 ` x8, which form a BCP p9, 13q. The pair has dint
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2 and offset 0. To decompose the pair, one calculates

PMpf, gqV2,0 “ PMpx6
` x5

` x4, x4
` x2

q.

The pair px6 ` x5 ` x4, x4 ` x2q has dint 1 and offset ´2. Again, one calculates

PMpf, gqV2,0V1,´2 “ PMpx5, 0q.

Therefore, by Lemma 6.1.12,

PMpf, gq “ pPMpf, gqV2,0V1,´2q pV1,´2V2,0q

“ PMpx5, 0qV1,´2V2,0

“ X5V1,´2V2,0.

Assume for the remainder of the thesis that m P Z` and for all i P Z`, that ai P Z`

and bi P Z.

As noted in Lemma 6.1.13, there is commutativity among the Vai,bi
s that have the

same offset bi. Therefore, one does not necessarily have a unique way to express some

BCP1s as a product XcVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm—an additional condition is required to

obtain uniqueness.

Definition 6.3.2. For positive integers i, let hi, ki P Z2rx, x´1s. The product

PMph1, k1qPMph2, k2q ¨ ¨ ¨PMphm, kmq

is a climbing product if and only if for all i such that 1 ď i ă m, one has

degpPMph1, k1qPMph2, k2q ¨ ¨ ¨PMphi, kiqq

ă degpPMph1, k1qPMph2, k2q ¨ ¨ ¨PMphi`1, ki`1qq.
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Lemma 6.3.3. Let ph, kq be a BCP and let

PMpf, gq “ PMph, kqVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm ,

a climbing product. Then pf, gq has dint am and offset bm.

Proof. The degree of a climbing product is always increasing, hence

degpPMpf, gqVam,bmq “ degpPMph, kqVa1,b1Va2,b2 ¨ ¨ ¨Vam´1,bm´1V
2

am,bm
q

“ degpPMph, kqVa1,b1Va2,b2 ¨ ¨ ¨Vam´1,bm´1q

ă degpPMph, kqVa1,b1Va2,b2 ¨ ¨ ¨Vam,bmq

“ degpPMpf, gqq.

Therefore, by Theorem 6.2.1, Vam,bm is the unique Vc,d which decreases PMpf, gq’s

degree through post-multiplication. Therefore, by Theorem 6.2.1 again, the pair

pf, gq has dint am and offset bm.

Definition 6.3.4. Let pf, gq be a BCP1. The climbing product Va1,b1Va2,b2 ¨ ¨ ¨Vam,bm

is the canonical factorization of pf, gq if and only if there exists c P Z such that

PMpf, gq “ XcVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm .

In a canonical factorization, the Vai,bi
s are referred to as canonical factors.

Lemma 6.3.5. Let pf, gq be a BCP1. There exist unique a1, a2, . . . , am P Z` and

c, b1, b2, . . . , bm P Z such that PMpf, gq equals the climbing product

XcVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm .

Proof. Let c1, c2, . . . , cn P Z`, µ, λ, d1, d2, . . . , dn P Z, and suppose

Va1,b1Va2,b2 ¨ ¨ ¨Vam,bm and Vc1,d1Vc2,d2 ¨ ¨ ¨Vcn,dn are two climbing products such that

PMpf, gq “ XµVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm “ XλVc1,d1Vc2,d2 ¨ ¨ ¨Vcn,dn .
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Since PMpf, gq is equal to the climbing product XµVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm ,

Lemma 6.3.3 implies that PMpf, gq has dint am and offset bm. Therefore,

PMpf, gqVam,bm “ XµVa1,b1Va2,b2 ¨ ¨ ¨Vam´1,bm´1 pVam,bmVam,bmq

“ XµVa1,b1Va2,b2 ¨ ¨ ¨Vam´1,bm´1 ,

and XµVa1,b1Va2,b2 ¨ ¨ ¨Vam´1,bm´1 is a climbing product. However, PMpf, gq is also

equal to the climbing product XλVc1,d1Vc2,d2 ¨ ¨ ¨Vcn,dn , hence Lemma 6.3.3 also implies

that PMpf, gq has dint cn and offset dn. Therefore,

PMpf, gqVcn,dn “ XλVc1,d1Vc2,d2 ¨ ¨ ¨Vcn´1,dn´1 pVcn,dnVcn,dnq

“ XλVc1,d1Vc2,d2 ¨ ¨ ¨Vcn´1,dn´1 ,

and XλVc1,d1Vc2,d2 ¨ ¨ ¨Vcn´1,dn´1 is a climbing product. As each BCP1 has a unique

dint and offset, it follows that am “ cn and bm “ dn. Therefore,

PMpf, gqVam,bm “ XµVa1,b1Va2,b2 ¨ ¨ ¨Vam´1,bm´1 “ XλVc1,d1Vc2,d2 ¨ ¨ ¨Vcn´1,dn´1 .

Repeating this procedure will show that m “ n, ai “ ci, bi “ di, and µ “ λ.

Theorem 6.3.6. Odd-weight Boolean complementary pairs have a unique canon-

ical factorization. Pairs with the same canonical factorization differ by a shift.

Proof. Uniqueness of canonical factorizations for a fixed BCP1 follows from

Lemma 6.3.5. Suppose PMpf, gq and PMph, kq both have canonical factorization

Va1,b1Va2,b2 ¨ ¨ ¨Vam,bm . Then there exist µ, λ P Z such that

PMpf, gq “ XµVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm , and

PMph, kq “ XλVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm .
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Therefore,

PMpxλ´µf, xλ´µgq “ Xλ´µPMpf, gq

“ Xλ´µXµVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm

“ XλVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm

“ PMph, kq.

One can easily obtain the canonical factorization of a BCP1 by decomposing it

then applying Lemma 6.1.12. Explicitly, suppose PMpf, gq is a BCP1 which has

been decomposed by Theorem 6.2.1 so that

PMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va1,b1 “ Xc.

By Lemma 6.1.12, one obtains

XcVa1,b1 “
`

PMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va2,b2Va1,b1

˘

Va1,b1

“
`

PMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va2,b2

˘

pVa1,b1Va1,b1q

“ PMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va2,b2 .

Since post-multiplying PMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va2,b2 by Va1,b1 decreased the de-

gree of PMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va2,b2 , one sees that

degpPMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va1,b1q ă degpPMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va2,b2q.

Therefore,

degpXc
q “ degpPMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va1,b1q

ă degpPMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va2,b2q

“ degpXcVa1,b1q.
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Thus XcVa1,b1 is a climbing product. Similarly, post-multiplying

PMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va3,b3 by Va2,b2 decreased the degree of

PMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va3,b3 , so

degpXcVa1,b1q “ degpPMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va2,b2q

ă degpPMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va3,b3q

“ degpXcVa1,b1Va2,b2q.

Therefore, XcVa1,b1Va2,b2 is also a climbing product. Continuing in this way shows

that PMpf, gq is equal to the climbing product XcVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm , hence

Vam,bmVam´1,bm´1 ¨ ¨ ¨Va1,b1 is PMpf, gq’s canonical factorization.

When working with an arbitrary BCP1, it can often be assumed without loss of

generality that the pair is equal to its canonical factorization and has offset zero. To

see why this can be done, suppose c, d P Z and PMpf, gq “ XcVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm

has offset d. By Lemma 6.1.16, one has

Z´2c´dPMpf, gqZd
“ PMpx´cf, x´c´dgq “ Va1,b1´dVa2,b2´d ¨ ¨ ¨Vam,bm´d.

As pf, gq has offset bm “ d, the pair px´cf, x´c´dgq has offset zero and is equal to its

canonical factorization. Results about the pair px´cf, x´c´dgq are easily extended to

the pair pf, gq, hence nothing is lost with these assumptions.

Section 7.4 contains tables of canonical factorizations of BCP1s. These BCP1s

come from the TCP s in Craigen and Koukouvinos’ paper [7], which were turned

into BCP s through the homomorphism in Lemma 5.1.2 then factored using Theo-

rem 6.2.1.
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6.3.2 Superfactorizations

Certain results are difficult to state through canonical factorizations, but are easy

to state through superfactorizations (Definition 6.3.10). The main ingredient in

superfactorizations is the canonical factorizations of siamese twin pairs, which are

solved for as a consequence of the following lemma.

First note that if pf, gq is a siamese twin pair, then there exist n P Z`, b, d P Z,

and s1, s2, . . . , sn P t0, 1u such that

pf, gq “

˜

xb
n

ÿ

i“1
sipx

i
` x´i

q ` xb, xd
n

ÿ

i“1
sipx

i
` x´i

q

¸

.

For instance, suppose pf, gq “ px3px´2 ` x´1 ` 1 ` x` x2q, x´5px´2 ` x´1 ` x` x2qq,

which is a degree 4 siamese twin pair. Let s1 “ s2 “ 1. Then

pf, gq “

˜

x3
2

ÿ

i“1
sipx

i
` x´i

q ` x3, x´5
2

ÿ

i“1
sipx

i
` x´i

q

¸

.

Lemma 6.3.7. Let n P Z`, and for i “ 1, 2, . . . , n, let si P t0, 1u and let s “

řn
i“1 sipx

i ` x´iq. Then for all b P Z, the siamese twin pair ps ` 1, xbsq satisfies

PMps ` 1, xbsq “ Vs1,bV2s2,b ¨ ¨ ¨Vnsn,b.

Proof. (Induction on n) If this result is true, then by Lemma 6.1.16 one obtains

PMps ` 1, xbsq “ ZbPMps ` 1, sqZ´b

“ ZbVs1,0V2s2,0 ¨ ¨ ¨Vnsn,0Z
´b

“ Vs1,bV2s2,b ¨ ¨ ¨Vnsn,b.

Thus it may be assumed without loss of generality that b “ 0.
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Let n P Z` and let P pnq denote the statement that for spxq “
řn

i“1 sipx
i ` x´iq,

one has

PMps ` 1, sq “ Vs1,0V2s2,0 ¨ ¨ ¨Vnsn,0.

Base case: For n “ 1, the statement P pnq is trivially true as one has

PMps ` 1, sq “ PMp1, 0q “ V0,0, or

PMps ` 1, sq “ PMpx´1
` 1 ` x, x´1

` xq “ V1,0.

Inductive step: Fix k ě 1 and suppose P pkq is true. Let s “
řk

i“1 six
i ` 1 `

řk
i“1 six

´i. Then by P pkq, one has

PMps ` 1, sq “ Vs1,0V2s2,0 ¨ ¨ ¨Vksk,0.

Let sk`1 P t0, 1u and define the new polynomial Spxq as S “
řk`1

i“1 six
i`

řk`1
i“1 six

´i.

If sk`1 “ 0, then S “ s and the result follows as Vpk`1qsk`1,0 “ I. Therefore, assume

sk`1 “ 1. Then

PMps ` 1, sqVpk`1qsk`1,0 “ PMps ` 1, sqVk`1,0

“ PMps ` 1, sqPMpppxk`1
q, qpxk`1

qq

“ PMpps ` 1qppxk`1
q ` sqpxk`1

q,

ps ` 1qqpxk`1
q ` sppxk`1

qq

“ PMpppxk`1
q ` spppxk`1

q ` qpxk`1
qq,

qpxk`1
q ` spppxk`1

q ` qpxk`1
qqq

“ PMpppxk`1
q ` s, qpxk`1

q ` sq

“ PMp

k`1
ÿ

i“1
six

i
` 1 `

k`1
ÿ

i“1
six

´i,
k`1
ÿ

i“1
six

i
`

k`1
ÿ

i“1
six

´i
q

“ PMpS ` 1, Sq.
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Therefore, P pk ` 1q is true. Observe that when sk`1 “ 1, one has

degpPMps ` 1, sqVk`1,0q ą degpPMps ` 1, sqq,

and when sk`1 “ 0, one has

degpPMps ` 1, sqVk`1,0q “ degpPMps ` 1, sqq.

Conclusion: Therefore, by the Principle of Mathematical Induction, for all t P Z`,

the statement P ptq is true.

Consider the siamese twin pair ps ` 1, xbsq in the statement of Lemma 6.3.7. If

si “ 0, then Visi,b “ I and so there exists j P Z` and integers a1, a2, . . . , aj with

0 ă a1 ă a2 ă . . . ă aj such that PMps ` 1, xbsq “ Va1,bVa2,b ¨ ¨ ¨Vaj ,b. It is seen

from the proof of Lemma 6.3.7 that Va1,bVa2,b ¨ ¨ ¨Vaj ,b is a climbing product and thus

the canonical factorization of the pair. Thus far, siamese twin pairs are the only

type of BCP1s whose canonical factorization (and the later superfactorization) can

be derived without any computation.

Example 6.3.2. Let s “ x´4 ` x´3 ` x3 ` x4 and b P Z. Then ps ` 1, xbsq is

a siamese twin pair, and for s1 “ s2 “ 0 and s3 “ s4 “ 1, the polynomial s can

equivalently be expressed as s “
ř4

i“1 sipx
i ` x´iq. By Lemma 6.3.7, one has

PMps ` 1, xbsq “ V0,bV0,bV3,bV4,b “ I2V3,bV4,b “ V3,bV4,b,

and V3,bV4,b is the canonical factorization of PMps ` 1, xbsq.

Corollary 6.3.8. The pair pf, gq is a BCP1 if and only if there exist c P Z, M P Z`,
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and siamese twin pairs S1, S2, . . . , SM such that

PMpf, gq “ XcS1S2 ¨ ¨ ¨SM .

Proof. The result follows from Corollary 6.3.1 and Lemma 6.3.8.

For the remainder of the thesis, assume for any i, b P Z that there exist j P

Z`, positive integers a1, a2, . . . , aj with a1 ă a2 ă ¨ ¨ ¨ ă aj, and a tuple #»α i “

pa1, a2, . . . , ajq such that

S #»α i,b “ Va1,bVa2,b ¨ ¨ ¨Vaj ,b.

Note that by Lemma 6.3.7, Va1,bVa2,b ¨ ¨ ¨Vaj ,b is a climbing product.

Also assume for the remainder of the thesis that M P Z`.

Definition 6.3.9. Suppose for integers i such that 1 ď i ď M ´ 1, the product

S #»α i,bi
S #»α i`1,bi`1 is not a siamese twin pair. By Lemma 6.3.7, this condition is equiva-

lent to saying bi ‰ bi`1. Then S #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
is a superproduct if and only

if it is a climbing product.

Definition 6.3.10. Let pf, gq be a BCP1, and for integers i such that 1 ď i ď M ,

let the term S #»α i,bi
be a siamese twin pair with offset bi, and suppose

S #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
is a superproduct. Then S #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM

is pf, gq’s

superfactorization if and only if there exists c P Z such that

PMpf, gq “ XcS #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
.

The factors S #»α i,bi
in pf, gq’s superfactorization are called superfactors.

Lemma 6.3.11. Every BCP1 has a unique superfactorization. Two BCP1s have

the same superfactorization if and only if they differ by a shift.
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Proof. Similar to that of Theorem 6.3.6.

Note that it is easy to derive a superfactorization from a canonical factorization

and vice versa. Suppose PMpf, gq has canonical factorization Va1,b1Va2,b2 ¨ ¨ ¨Vam,bm ,

and let k1 P Z` be such that b1 “ b2 “ ¨ ¨ ¨ “ bk1 ‰ bk1`1. Then by Lemma 6.3.7, the

product Va1,b1Va2,b2 ¨ ¨ ¨Vak1 ,bk1
is a siamese twin pair (with dint ak1 and offset bk1),

but Va1,b1Va2,b2 ¨ ¨ ¨Vak1 ,bk1
Vak1`1,bk1`1 is not a siamese twin pair. Therefore,

Spa1,a2,...,ak1 q,bk1
“ Va1,b1Va2,b2 ¨ ¨ ¨Vak1 ,bk1

is the first superfactor in pf, gq’s superfactorization. One then moves on to

Vak1`1,bk1`1 , and looks for the integer k2 such that bk1`1 “ bk1`2 “ ¨ ¨ ¨ bk1`k2 ‰

bk1`k2`1, and similarly gets that

Spak1`1,ak1`2,...,ak1`k2 q,bk1`k2
“ Vak1`1,bk1`1Vak1`2,bk1`2 ¨ ¨ ¨Vak1`k2 ,bk1`k2

is the second superfactor in pf, gq’s superfactorization. This process repeats until

the end of pf, gq’s canonical factorization.

Conversely, suppose PMpf, gq has superfactorization S #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
. Fix

a superfactor S #»α i,bi
, and suppose j P Z` is such that #»α i “ pai,1, ai,2, . . . , ai,jq. Then

S #»α i,bi
“ Vai,1,bi

Vai,2,bi
¨ ¨ ¨Vai,j ,bi

.

Since Vai,1,bi
Vai,2,bi

¨ ¨ ¨Vai,j ,bi
is a climbing product and consecutive superfactors have

different offsets, expressing each factor S #»α i,bi
as the product of its constituent canon-

ical factors in S #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
yields a climbing product. This product is

therefore the pair pf, gq’s canonical factorization.
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Example 6.3.3. Consider the primitive TCP p14, 13q

p11001001-0-001, 1000-0000-10--q,

which corresponds to the BCP p14, 13q

pF,Gq “ p11001001101001, 10001000011011q

under the homomorphism in Lemma 5.1.2. The pair pF,Gq’s associated polyno-

mial pair pf, gq has canonical factorization V2,´1V3,´1V1,1V1,0 and superfactorization

Sp2,3q,´1Sp1q,1Sp1q,0. To derive the superfactorization from the canonical factorization,

one begins by noticing the consecutive factors V2,´1 and V3,´1 have offset ´1, so

V2,´1V3,´1 is a siamese twin pair of dint 3 and offset ´1. The next canonical fac-

tor is V1,1, which has offset 1, not ´1, hence V2,´1V3,´1V1,1 is not a siamese twin

pair. Therefore, the first superfactor of pf, gq is Sp2,3q,´1 “ V2,´1V3,´1. Similarly, V1,0

and V1,1 have different offsets, so V1,1V1,0 is not a siamese twin pair either. Thus

Sp1q,1 “ V1,1 is the second superfactor, and Sp1q,0 “ V1,0 is the third. Therefore,

Sp2,3q,´1Sp1q,1Sp1q,0 is pf, gq’s superfactorization.

To derive the canonical factorization from the superfactorization, one sees that

Sp2,3q,´1 “ V2,´1V3,´1, Sp1q,1 “ V1,1, and Sp1q,0 “ V1,0. Therefore, pf, gq’s canonical

factorization is pV2,´1V3,´1qpV1,1qpV1,0q “ V2,´1V3,´1V1,1V1,0.

Now consider the primitive TCP p17, 13q

p100-0-011-0101001, 100000-0-0000000-q ,
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which corresponds to the BCP p17, 13q

pH,Kq “ p10010101110101001, 10000010100000001q

under the homomorphism in Lemma 5.1.2. The pair pH,Kq’s associated polyno-

mial pair ph, kq has canonical factorization V1,0V3,0V1,´1V1,0V3,0 and superfactorization

Sp1,3q,0Sp1q,´1Sp1,3q,0. To derive the superfactorization from the canonical factoriza-

tion, one sees that V1,0 and V3,0 are consecutive canonical factors with the same

offset, but V1,´1 has a different offset. Thus Sp1,3q,0 “ V1,0V3,0 is ph, kq’s first super-

factor. Next, V1,´1 has a different offset than the next canonical factor V1,0, hence

Sp1q,´1 “ V1,´1 is the next superfactor. Lastly, the remaining two canonical factors

V1,0 and V3,0 have the same offset, hence Sp1,3q,0 “ V1,0V3,0 is the final superfactor in

ph, kq’s superfactorization.

From ph, kq’s superfactorization Sp1,3q,0Sp1q,´1Sp1,3q,0, one reads that

Sp1,3q,0 “ V1,0V3,0,

Sp1q,´1 “ V1,´1, and

Sp1,3q,0 “ V1,0V3,0.

Thus

pV1,0V3,0qpV1,´1qpV1,0V3,0q “ V1,0V3,0V1,´1V1,0V3,0

is ph, kq’s superfactorization.
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6.4 Factorizations of even-weight Boolean com-

plementary pairs

Even-weight Boolean complementary pairs have pair matrix factorizations similar to

those of BCP1s.

Corollary 6.4.1. A pair pf, gq is a BCP0 if and only if there exist a1, a2, . . . , am P

Z`, c, b1, b2, . . . , bm P Z, and h P Z2rx, x´1s such that

PMpf, gq “ PMph, xchqVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm .

Furthermore, if PMph, xchqVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm is a climbing product, then this ex-

pression of PMpf, gq is unique.

Proof. pñq If pf, gq is an identical twin pair, then PMpf, gq is in the desired form.

Suppose pf, gq is not an identical twin pair. Then by Corollary 6.1.10, the pair

pf, gq has a dint, call it am. Let bm be the offset of pf, gq. Then by Theorem 6.2.1,

degpPMpf, gqVam,bmq ă degpPMpf, gqq. By Corollary 6.1.5, the pair obtained by the

product PMpf, gqVam,bm is a BCP0. Repeatedly apply Theorem 6.2.1 in this way to

get a1, a2, . . . , am P Z`, b1, b2, . . . , bm P Z, and h, k P Z2rx, x´1s where ph, kq does not

have a dint, such that

PMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va1,b1 “ PMph, kq.

By applying Lemma 6.1.12, one obtains

PMpf, gq “ PMpf, gq
`

Vam,bmVam´1,bm´1 ¨ ¨ ¨Va1,b1

˘

pVa1,b1Va2,b2 ¨ ¨ ¨Vam,bmq

“
`

PMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va1,b1

˘

pVa1,b1Va2,b2 ¨ ¨ ¨Vam,bmq

“ PMph, kqVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm .
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Since ph, kq does not have a dint, ph, kq is either an identical twin pair or there exists

e P Z such that ph, kq P tpxe, 0q, p0, xequ. However, if ph, kq P tpxe, 0q, p0, xequ, then

by Corollary 6.1.5 the pair pf, gq is a BCP1, not a BCP0. Therefore, ph, kq is an

identical twin pair and thus there exists c P Z such that

PMpf, gq “ PMph, xchqVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm .

The fact that PMph, xchqVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm is a climbing product and the unique

way to express PMpf, gq as a climbing product is the same as in the proof of

Lemma 6.3.5.

pðq Follows by Corollary 6.1.5.

Example 6.4.1. Consider f “ x´2p1 ` x5 ` x7 ` x9 ` x10q and g “ x´2p`x3 `

x6 ` x9 ` x10q, which form a BCP p11, 10q with dint 3 and offset 0. Decomposing,

one sees

PMpf, gqV3,0 “ PMp1 ` x ` x2
` x3

` x4
` x5

` x6, 1 ` x2
` x6

q

The resultant pair has dint 1 and offset 0. One computes

PMpf, gqV3,0V1,0 “ PMpx3
` x4

` x6, 1 ` x ` x3
q

“ PMpx3
p1 ` x ` x3

q, 1 ` x ` x3
q

The pair px3p1 ` x ` x3q, 1 ` x ` x3q is an identical twin pair, and thus

PMpf, gq “ PMpx3
p1 ` x ` x3

q, 1 ` x ` x3
qV1,0V3,0.

Notice that since any product of the form Va1,b1Va2,b2 ¨ ¨ ¨Vam,bm is the pair matrix

of a BCP1, Corollary 6.4.1 shows that the pair matrix of a BCP0 equals the pair
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matrix of an identical twin pair multiplied by the pair matrix of a BCP1.

One could derive a canonical factorization and a superfactorization for BCP0s

similar to BCP1s, but pair matrix factorizations are only of interest in this thesis

for their application to BCP1s.

6.5 Factorizations of non-complementary pairs

Non-complementary pairs also have dint-based factorizations. These factorizations

are nontrivial as long as the polynomials have equal degrees, and in general these

factorizations are not unique.

Observe that if a pair of polynomials pf, gq is not complementary, then there exists

a nonconstant polynomial rpxq such that pff˚ ` gg˚qpxq “ rpxq. As pff˚ ` gg˚qpxq

is symmetric, then so is rpxq. Moreover, recall that by specifying the degree of a

symmetric polynomial one immediately specifies its highest and lowest powers of x

since that polynomial is centred around x0. It also follows that every symmetric

polynomial has even degree.

Corollary 6.5.1. Let fpxq, gpxq P Z2rx, x´1s and suppose there exist d P Z` and

a symmetric polynomial rpxq of degree 2d such that

pff˚
` gg˚

qpxq “ rpxq. (6.5.1)

Then there exist hpxq, kpxq P Z2rx, x´1s with one of hpxq and kpxq having degree d

and the other strictly less than d, and m P N such that

PMpf, gq “ PMph, kqVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm .

Furthermore, for any a P Z` and b P Z, one obtains maxdeg pPMph, kqVa,bq ě d.
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Proof. Let nf , ng be the degrees of f and g and let c, d P Z be such that f “

xc
řnf

i“0 fix
i and g “ xd

řng

i“0 gix
i. Suppose f and g have unequal degrees, say nf ą

ng. Then by examining equation (6.5.1), one sees that the highest and lowest powers

of x in rpxq are nf and ´nf . Therefore, rpxq has degree 2d “ 2nf , and thus the

desired factorization is obtained by taking h and k to be PMph, kq “ PMpf, gq.

Assume f and g have equal degrees. If the pair does not have a left and right

dint, then pf, gq is either an identical twin pair or a trivial pair, both of which are

complementary and thus do not satisfy equation (6.5.1). Therefore, let pf, gq have

left and right dint aL and aR, respectively. Let a “ mintaL, aRu and b be the offset

of pf, gq. Then by Theorem 6.2.1,

maxdegpPMpf, gqVa,bq ă degpPMpf, gqq.

One can continue the decomposition process until a pair without a left or right

dint is obtained, say

PMpf, gqVam,bmVam´1,bm´1 ¨ ¨ ¨Va1,b1 “ PMph, kq.

Again, h and k have unequal degrees, as otherwise the decomposition process can

continue. As in the proof of Corollary 6.1.5, one has pff˚ ` gg˚qpxq “ phh˚ `

kk˚qpxq “ rpxq, and by the same reasoning as above, this implies that one of h and

k has degree d and the other has degree less than d. By Lemma 6.1.12, one obtains

the desired factorization

PMpf, gq “ PMph, kqVa1,b1Va2,b2 ¨ ¨ ¨Vam,bm .
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Example 6.5.1. Consider the pair

f “ x19
` x18

` x17
` x14

` x12
` x11

` x10
` x6

` x2
` x ` 1,

g “ x19
` x18

` x17
` x15

` x13
` x12

` x11
` x10

` x8
` x5

` x4
` x2

` x ` 1.

The pair satisfies

pff˚
` gg˚

qpxq “ x´4
` x´3

` 1 ` x3
` x4,

and hence is not complementary. By inspection, the pair has degree 19, left and

right dint 4, and offset 0. One computes

PMpf, gqV4,0 “ PMpx14
` x10

` x8
` x6

` x4, x15
` x13

` x10
` x5

q.

The resultant pair has degree 10, left and right dint 2, and offset 1. Continuing,

PMpf, gqV4,0V2,1 “ PMpx12
` x11

` x10
` x8

` x7, x12
` x10

` x8
` x7

q.

The resultant pair has degree 5, left dint 1, right dint 4, and offset 0. One computes

PMpf, gqV4,0V2,1V1,0 “ PMpx11
` x8

` x7, x8
` x7

q.

The resultant polynomials have unequal degrees and satisfy

px11
` x8

` x7
qpx´11

` x´8
` x´7

q ` px8
` x7

qpx´8
` x´7

q “ x´4
` x´3

` 1 ` x3
` x4.

Therefore, PMpx11 ` x8 ` x7, x8 ` x7qV1,0V2,1V4,0 is a factorization for PMpf, gq in

the form of Corollary 6.5.1.

112



The following example demonstrates that the factorization in Corollary 6.5.1 is

not unique, however, even if one requires the product to be a climbing product:

Example 6.5.2. Let

r “ 1 ` x ` x2
` x3

` x5
` x6

` x8, and

s “ 1 ` x ` x3
` x4

` x5
` x6

` x8.

Then prr˚ ` ss˚qpxq “ x6 ` x4 ` x´4 ` x´6, and

PMpr, sq “ PMpx3
` x2

` x´2, x4
` x3

` x´2
qV1,0V4,0

“ PMpx8
` x4

` x3, x8
` x3

` x2
qV1,0V2,0.

As

PMpx3
` x2

` x´2, x4
` x3

` x´2
qV1,0

“ PMpx5
` x3

` x2
` x ` x´2, x5

` x4
` x3

` x ` x´2
q, and

PMpx8
` x4

` x3, x8
` x3

` x2
qV1,0

“ PMpx8
` x5

` x4
` x3

` x, x8
` x5

` x3
` x2

` xq,

one sees that

PMpx3
` x2

` x´2, x4
` x3

` x´2
qV1,0V4,0 and

PMpx8
` x4

` x3, x8
` x3

` x2
qV1,0V2,0

are both climbing products and pair matrix factorizations of PMpr, sq.

6.6 The different expressions for a BCP

As there are many different expressions for a BCP , it may be helpful to the reader

to see all of these different forms in one place.
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6.6.1 Sequence

Let F “ p101100010101001q and G “ p101001100100001q. Then pF,Gq has length

15, weight 13, deficiency 2 ˆ 15 ´ 13 “ 17, and satisfies

AFF pkq ` AFGpkq “ 0 for all k P N. (6.6.1)

Therefore, the pair pF,Gq is a BCP p15, 13q.

6.6.2 Polynomial

If F and G are indexed starting at 0, then their polynomial forms are fpxq “ 1 `

x2 ` x3 ` x7 ` x9 ` x11 ` x14 and gpxq “ 1 ` x2 ` x5 ` x6 ` x9 ` x14, respectively.

The pair pf, gq has degree 14, weight 13, and deficiency 17. One can check that (in

Z2rx, x´1s) one has

pff˚
` gg˚

qpxq “ p1 ` x2
` x3

` x7
` x9

` x11
` x14

qp1 ` x´2
` x´3

` x´7
` x´9

` x´11
` x´14

q

` p1 ` x2
` x5

` x6
` x9

` x14
qp1 ` x´2

` x´5

` x´6
` x´9

` x´14
q

“ 13

“ 1.

By Theorem 2.1.7, the odd-weight pair pF,Gq satisfying 6.6.1 is equivalent to

pfpxq, gpxqq satisfying pff˚ ` gg˚qpxq “ 1.
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6.6.3 Pair matrix

The pair matrix form of pf, gq is

¨

˚

˝

1 ` x2 ` x3 ` x7 ` x9 ` x11 ` x14 1 ` x2 ` x5 ` x6 ` x9 ` x14

1 ` x´2 ` x´5 ` x´6 ` x´9 ` x´14 1 ` x´2 ` x´3 ` x´7 ` x´9 ` x´11 ` x´14

˛

‹

‚

.

One can verify that PMpf, gqPMpf, gq˚ “ I, which is equivalent to the pair pf, gq

being a BCP1 by Theorem 6.1.4.

6.6.4 Canonical factorization

The canonical factorization of pf, gq is V1,´2V2,´2V1,´1V3,0, and

PMpf, gq “ X8V1,´2V2,´2V1,´1V3,0

“ PMpx8, 0qPMpx´1
` 1 ` x, x´3

` x´1
qPMpx´2

` 1 ` x2, x´4
` 1q

¨ PMpx´1
` 1 ` x, x´2

` 1qPMpx´3
` 1 ` x3, x´3

` x3
q

6.6.5 Superfactorization

The superfactorization of pf, gq is Sp1,2q,´2Sp1q,´1Sp3q,0, and

PMpf, gq “ X8Sp1,2q,´2Sp1q,´1Sp3q,0

“ PMpx8, 0qPMpx´2
` x´1

` 1 ` x ` x2, x´4
` x´3

` x´1
` 1q

¨ PMpx´2
` 1 ` x2, x´4

` 1qPMpx´1
` 1 ` x, x´2

` 1q

¨ PMpx´3
` 1 ` x3, x´3

` x3
q.
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7

Superfactorizations

With the pair matrix factorizations established, some of their structural implications

regarding Boolean complementary pairs are now shown. Sections 7.1 and 7.2 are

from this author’s 2020 undergraduate research project. For a P Z`, this includes a

complete classification of all affixes over Z2 of length 2a ` 1 with dint a.

7.1 Basic results

7.1.1 Degree calculation

Lemma 7.1.1. Let n, a P Z`, let #»α be a tuple over Z`, let b, d P Z, and let pf, gq

be a degree n polynomial pair in Z2rx, x´1s with offset d. Suppose b ‰ d and S #»α,b

has dint a. Then

degpPMpf, gqS #»α,bq “ n ` 2a ` |b ´ d|.

Proof. Let k P Z and pf, gq “
`

xk
řn

i“0 fix
i, xk`d

řn
i“0 gix

i
˘

. Let

s “
řa

i“1 si pxi ` x´iq be such that S #»α,b “ PMps ` 1, xbsq. By direct verification,

PMpf, gqPMps ` 1, xbsq “ PMpps ` 1qf ` x´bgs, xbfs ` ps ` 1qgq.
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By inspection, the highest and lowest powers of x in ps ` 1qf are a ` k ` n and

´a ` k, respectively. Similarly, the highest and lowest powers of x in x´bgs are

´b` k ` d` n` a “ pa` k ` nq ` pd´ bq and ´b` k ` d´ a “ p´a` kq ` pd´ bq,

respectively. Since d ‰ b, the polynomials ps` 1qf and x´bgs do not have the same

highest power of x, nor do they have the same lowest power of x. If d´ b ą 0, then

the highest and lowest powers of x in ps` 1qf ` x´bgs are pa` k ` nq ` pd´ bq and

´a` k, which yields a degree of pa` k ` nq ` pd´ bq ´ p´a` kq “ n` 2a` pd´ bq.

If d´ b ă 0, one similarly calculates a degree of n` 2a` pb´dq. As ps` 1qf `x´bgs

and xbfs ` ps ` 1qg form a nontrivial BCP1, they have equal degree and the result

follows.

Let #»α be a tuple over Z`, b P Z, and pf, gq be a polynomial pair with offset

b. There is insufficient information about pf, gq in order to predict the degree of

PMpf, gqS #»α,b, as discussed following Theorem 6.2.1.

Corollary 7.1.2. Let S #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
be a superproduct and suppose S #»α i,bi

has dint ci. Then

degpS #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
q “ 2

M
ÿ

i“1
ci `

M´1
ÿ

i“1
|bi`1 ´ bi|.

Proof. The degree of any superfactor S #»α i,bi
is 2ci, hence Lemma 7.1.1 implies the

result.

Corollary 7.1.3. The only positive integers which are not the degree of a BCP1

are 1 and 3.

Proof. By Corollary 6.3.8, any BCP1 can be written as a superproduct. If that

superproduct has a single superfactor, then its degree is even. If that superproduct

has more than one superfactor, then Corollary 7.1.2 shows that its degree is at least

4 and so no BCP1 has degree 1 or 3.
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The pair V1,0 is a degree 2 siamese twin pair. Let n ě 4 be a positive integer. If

n is even, then Vn
2 ,0 is a degree n siamese twin pair. If n is odd, then let k, b P Z`

such that n “ 4k ` b. By Lemma 7.1.1, the pair obtained by the product Vk,0Vk,b

has degree n “ 4k ` b.

7.1.2 Equivalence

The following lemma implies that once one knows the superfactorization of a pair,

one knows the superfactorizations and canonical factorizations of all equivalent pairs.

Lemma 7.1.4. Let PMpf, gq be equal to the superproduct S #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
,

and let t P Z be nonzero. Then

1. PMpf˚, gq “ S #»α M ,bM
S #»α M´1,bM´1 ¨ ¨ ¨S #»α 1,b1 ;

2. PMpf˚, g˚q “ S #»α 1,´b1S #»α 2,´b2 ¨ ¨ ¨S #»α M ,´bM
;

3. PMpf, g˚q “ S #»α M ,´bM
S #»α M´1,´bM´1 ¨ ¨ ¨S #»α 1,´b1 ;

4. PMpfpxtq, gpxtqq “ St # »α1,tb1St # »α2,tb2 ¨ ¨ ¨St #    »αM ,tbM
;

and all are superproducts.

Proof. By using Lemma 7.1.1 and the fact that t ‰ 0, one sees that these products

are all superproducts.

1. Follows from Theorem 6.1.4.

2. Mapping x ÞÑ x´1 in S #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
yields

S´ #»α 1,´b1S´ #»α 2,´b2 ¨ ¨ ¨S´ #»α M ,´bM
. Recall from Definition 6.1.11 that for all a, b P

Z, one has Va,b “ V´a,b. Therefore, S´ #»α i,´bi
“ S #»α i,´bi

. The result follows.

3. Follows by combining 1 and 2.

4. Follows by mapping x ÞÑ xt in S #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
.
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Recall that by Lemmas 6.3.5 and 6.3.11, two pairs have the same canonical fac-

torization/superfactorization if and only if they differ by a shift. The canonical

factorizations/superfactorizations of pairs obtained through other equivalence oper-

ations follows easily from the Lemma 7.1.1: one simply exchanges the superfactors for

their canonical form. Explicitly, use the comment proceeding Lemma 6.3.11 to con-

vert a canonical factorization into its superfactorization, apply Lemma 7.1.4, then use

Lemma 6.3.11 again to convert the resultant superfactorization back into a canonical

factorization. For example, suppose PMpf, gq “ V1,0V2,0V4,´12. As V1,0V2,0V4,´12 “

Sp1,2q,0Sp4q,´12, by Lemma 7.1.1 one obtains PMpf˚, gq “ Sp4q,´12Sp1,2q,0

“ V4,´12V1,0V2,0, which is the canonical factorization of PMpf˚, gq.

7.2 Symmetric classification

Lemma 7.1.4 can be used to easily classify all BCP1s where one polynomial in the

pair is symmetric-equivalent based on their superfactorization.

Theorem 7.2.1. Let b P Z and PMpf, gq “ XbS #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
, where

S #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
is a superproduct. Then

1. f is symmetric-equivalent with d P Z such that xdf˚ “ f if and only if d “ 2b

and for integers i “ 1, 2, . . . ,M , one has S #»α i,bi
“ S #»α M´i`1,bM´i`1 ;

2. g is symmetric-equivalent with d P Z such that xdg˚ “ g if and only if for

integers i “ 1, 2, . . . ,M , one has S #»α i,bi
“ S #»α M´i`1,d´2b´bM´i`1 .

Proof.
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1. (ñ) Consider

PMpxdf˚, gq “ ZdPMpf˚, gqZd

“ ZdS #»α M ,bM
S #»α M´1,bM´1 ¨ ¨ ¨S #»α 1,b1X

´bZd

“ ZdS #»α M ,bM
S #»α M´1,bM´1 ¨ ¨ ¨S #»α 1,b1Z

d´2b

“ Z2d´2bZ´d`2bS #»α M ,bM
Zd´2bZ´d`2bS #»α M´1,bM´1Z

d´2b
¨ ¨ ¨Z´d`2b

¨ S #»α 1,b1Z
d`2b

“ Xd´bS #»α M ,bM ´d`2bS #»α M´1,bM´1´d`2b ¨ ¨ ¨S #»α 1,b1´d`2b.

As PMpxdf˚, gq “ PMpf, gq, one obtains

Xd´bS #»α M ,bM ´d`2bS #»α M´1,bM´1´d`2b ¨ ¨ ¨S #»α 1,b1´d`2b “ XbS #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
.

As both products are superproducts, one can iteratively apply Theorem 6.2.1

to obtain for integers i “ 1, 2, . . . ,M , that S #»α i,bi
“ S #»α M´i`1,bM´i`1´d`2b. This

leaves Xd´b “ Xb, and so d “ 2b. Therefore, S #»α i,bi
“ S #»α M´i`1,bM´i`1 .

(ð) If PMpf, gq “ XbS #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
, then

PMpx´bf, x´bgq “ S #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
.

By Part 1 of Lemma 7.1.4, conjugating x´bf shows

PMppx´bfq
˚, x´bgq “ PMpxbf˚, x´bgq

“ S #»α M ,bM
S #»α M´1,bm´1 ¨ ¨ ¨S #»α 1,b1

“ S #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM

“ PMpx´bf, x´bgq,

hence xbf˚ “ x´bf , showing the result.
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2. (ñ) Similar to Part 1,

PMpf, xdg˚
q “ ZdPMpf, g˚

qZ´d

“ ZdS #»α M ,´bM
S #»α M´1,´bM´1 ¨ ¨ ¨S #»α 1,´b1X

bZ´d

“ ZdS #»α M ,´bM
S #»α M´1,´bM´1 ¨ ¨ ¨S #»α 1,´b1Z

´d`2b

“ Z2bZd´2bS #»α M ,´bM
Z´d`2bZd´2bS #»α M´1,´bM´1Z

´d`2b
¨ ¨ ¨Zd´2b

¨ S #»α 1,´b1Z
´d`2b

“ XbS #»α M ,´bM `d´2bS #»α M´1,´bM´1`d´2b ¨ ¨ ¨S #»α 1,´b1`d´2b.

As PMpf, xdg˚q “ PMpf, gq, one has

XbS #»α M ,´bM `d´2bS #»α M´1,´bM´1`d´2b ¨ ¨ ¨S #»α 1,´b1`d´2b “ XbS #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
,

and thus by iteratively applying Theorem 6.2.1, one obtains for integers i “

1, 2, . . . ,M that S #»α i,bi
“ S #»α M´i`1,d´2b´bM´i`1 .

(ð) Similar to the converse of Part 1.

Example 7.2.1. Consider the product PMpf, gq “ V1,0V3,´1V1,0. By Part 1 of

Theorem 7.2.1, f is not only symmetric-equivalent but symmetric since no nonzero

power of X appears in front of V1,0V3,´1V1,0. Indeed,

PMpf, gq “ PMpx´6
` x´5

` x´4
` x´3

` x´2
` x´1

` 1 ` x ` x2
` x3

` x4
` x5

` x6, x´6
` x´2

` x4
` x6

q.

For PMph, kq “ PMpx5f, x5gq “ X5V1,0V3,´1V1,0, Part 1 of Theorem 7.2.1 shows

that h is symmetric-equivalent with x10h˚ “ h.

Theorem 7.2.1 offers another proof of Lemma 5.5.2, as is now shown:
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Corollary 7.2.2. Let pf, gq be a BCP1 where both f and g are symmetric-

equivalent. Then pf, gq is a siamese twin pair.

Proof. Let b P Z and PMpf, gq “ XbS #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
, where

S #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
is a superproduct. Without loss of generality, assume b “

bM “ 0 (pre- and post-multiply PMpf, gq by the appropriate powers of Z and X

otherwise). Suppose d P Z is such that xdg˚ “ g. If PMpf, gq has one superfactor,

that is, if PMpf, gq “ XbS #»α 1,b1 , the result is true. Therefore, assume PMpf, gq has

at least two superfactors.

Since f is symmetric-equivalent, by Part 1 of Theorem 7.2.1 one obtains #»α 1 “ #»αM

and b1 “ bM “ 0. Since g is symmetric-equivalent, by Part 2 of Theorem 7.2.1 one

obtains b1 “ d ´ 2b ´ bM “ d “ 0. If pf, gq has exactly two superfactors, then

PMpf, gq “ S #»α 1,0S #»α M ,0 “ S2
#»α 1,0 “ I, which would imply S #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM

is not a superproduct. Therefore, assume the pair has more than two superfac-

tors. By Part 1 of Theorem 7.2.1 one obtains b2 “ bM´1, and by Part 2 one ob-

tains b2 “ ´bM´1. As bM´1 “ ´bM´1, one sees that bM´1 “ 0. However, since

S #»α 1,b1S #»α 2,b2 ¨ ¨ ¨S #»α M ,bM
is a superproduct, consecutive offsets are not equal and thus

one has 0 “ bM´1 ‰ bM “ 0, a contradiction. Therefore, pf, gq has exactly one

superfactor, that is, pf, gq is a siamese twin pair.

7.3 Affixes over Z2

Lemma 6.3.11 shows that for a Boolean complementary pair pf, gq, there is a unique

superfactor S #»α,b such that deg pPMpf, gqS #»α,bq ă deg pPMpf, gqq . It turns out that

the degree reduction from PMpf, gq to PMpf, gqS #»α,b occurs in a very specific

manner—one that reveals further structure of Boolean complementary pairs. Most

notably, for a, n P Z` and a dint a pair of degree n polynomials pf, gq that are not
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necessarily complementary, the manner in which the degree reduction occurs results

in a set of conditions that is equivalent to, for all j ď 2a, the pair pf, gq satisfying

AFF pn ´ jq ` AFGpn ´ jq “ 0.

A consequence of this is that all affixes over Z2 of length 2a`1 with dint a are found.

This is useful in finding affixes for TCP s, as one can start with a known affix over

Z2 then figure out where the "´1"s go within the sequences.

Lemma 7.3.1. Let n, a P Z`, #»α be a tuple over Z`, and let pf, gq

“ p
řn

i“0 fix
i,

řn
i“0 gix

iq have degree n and dint a. For all j ď 2a, the pair pf, gq

satisfies

AFF pn ´ jq ` AFGpn ´ jq “ 0

if and only if there exists a siamese twin pair S #»α,0 such that for the polynomials hpxq

and kpxq defined by PMph, kq “ PMpf, gqS #»α,0, one has

1. ha “ kn´a ‰ ka “ hn´a, and

2. hj “ kj “ hn´j “ kn´j “ 0 for all j ă a.

Proof. (ñ) Suppose for all j ď 2a, the pair pf, gq pf, gq satisfies

AFF pn ´ jq ` AFGpn ´ jq “ 0 for all j ď 2a.

By Lemma 6.3.11, the pair pf, gq has a decomposing superfactor S #»α,0. Define the

polynomial spxq “
řa

i“1 sipx
i ` x´iq by PMps ` 1, sq “ S #»α,0. Then

PMph, kq “ PMpf, gqS #»α,0

“ PMpf, gqPMps ` 1, sq

“ PMpps ` 1qf ` sg, sf ` ps ` 1qgq.
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By inspection, for all j P Z one sees that

hj “ fj `

a
ÿ

i“1
sipfj`i ` gj`iq `

a
ÿ

i“1
sipfj´i ` gj´iq, and

kj “ gj `

a
ÿ

i“1
sipfj`i ` gj`iq `

a
ÿ

i“1
sipfj´i ` gj´iq.

For all negative j, one obtains fj “ gj “ fn´j “ gn´j “ 0. Since pf, gq has dint

a, then for all i ă a one sees that fi “ gi and fn´i “ gn´i. Therefore, for j ă 0, one

obtains

hj “ fj `

a
ÿ

i“1
sipfj`i ` gj`iq `

a
ÿ

i“1
sipfj´i ` gj´iq “ 0.

One can similarly check that kj “ hn´j “ kn´j “ 0 as well. Therefore, the only

possibly nonzero coefficients of x in hpxq and kpxq are h0, h1, . . . , hn and k0, k1, . . . , kn,

respectively.

Next, note that for j ă a one has

hj “ fj `

a
ÿ

i“1
sipfj`i ` gj`iq `

a
ÿ

i“1
sipfj´i ` gj´iq

“ gj `

a
ÿ

i“1
sipfj`i ` gj`iq `

a
ÿ

i“1
sipfj´i ` gj´iq

“ kj.

One can similarly show that hn´j “ kn´j. Furthermore, fa ‰ ga and fn´a ‰ gn´a, so

ha “ fa `

a
ÿ

i“1
sipfj`i ` gj`iq `

a
ÿ

i“1
sipfj´i ` gj´iq

‰ ga `

a
ÿ

i“1
sipfj`i ` gj`iq `

a
ÿ

i“1
sipfj´i ` gj´iq

“ ka.
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Similarly, hn´a ‰ kn´a.

Now the maximum degree of phpxq, kpxqq shall be considered. If degphpxqq “

degpkpxqq, then Lemma 7.1.1 shows that degphpxq, kpxqq ă n ´ 2a. If degphpxqq ‰

degpkpxqq, then suppose maxdegphpxq, kpxqq “ n ´ d. As shown in Lemma 2.1.12,

hpxq and kpxq having unequal degrees implies AFHpn ´ dq ` AFKpn ´ dq “ 1. By

Part 2 of Theorem 6.1.4, one has

phh˚
` kk˚

qpxq “ pff˚
` gg˚

qpxqpps ` 1qps ` 1q
˚

` ss˚
qpxq

“ pff˚
` gg˚

qpxqp1 ` 2ss˚
qpxq

“ pff˚
` gg˚

qpxq,

hence the autocorrelation coefficients of pf, gq and ph, kq are all equal. Therefore,

one obtains

AFF pn ´ dq ` AFGpn ´ dq “ AFHpn ´ dq ` AFKpn ´ dq “ 1,

hence n ´ d ă n ´ 2a. Therefore, in either case one obtains maxdegphpxq, kpxqq ă

n ´ 2a.

It will now be shown for all integers j “ 0, 1, . . . , a ´ 1, that hj “ kj “ hn´j “

kn´j “ 0. Suppose to the contrary that j is the least nonnegative integer less than

a such that hj “ kj “ 1 or hn´j “ kn´j “ 1. Recall that hj “ kj and hn´j “ kn´j

for all j ă a, hence these are the only cases. First suppose hj “ kj “ 1. Then the

least power of x in hpxq is j, and since

maxdegphpxq, kpxqq ă n ´ 2a “ pn ´ 2a ` jq ´ j,
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the greatest power of x in hpxq is less than n ´ 2a ` j “ pn ´ aq ` pj ´ aq ă n ´ a.

Similarly, the least power of x in kpxq is j so the greatest power of x in kpxq is less than

n ´ a. Therefore, one obtains hn´a “ kn´a “ 0, as otherwise maxdegphpxq, kpxqq “

pn´aq´j ą n´2a. However, hn´a ‰ kn´a, hence a contradiction is obtained. In the

case when hn´j “ kn´j “ 1, one obtains ha “ ka, another contradiction. Therefore,

for all integers j ă a, one has hj “ kj “ hn´j “ kn´j “ 0.

Lastly, one knows that ha ‰ ka and hn´a ‰ kn´a. If ha “ hn´a “ 1 and ka “

kn´a “ 0 or vice-versa, then

AFF pn ´ aq ` AFGpn ´ aq “ AFHpn ´ aq ` AFKpn ´ aq “ hahn´a ` kakn´a “ 1,

which is a contradiction. Therefore, ha “ kn´a ‰ ka “ hn´a.

(ð) For all j ď 2a, if the pair ph, kq satisfies

1. ha “ kn´a ‰ ka “ hn´a, and

2. hj “ kj “ hn´j “ kn´j “ 0,

then maxdegphpxq, kpxqq ă n ´ 2a. Then one sees that

AFHpn ´ jq ` AFKpn ´ jq “ 0

because all the terms involved are equal to 0. Therefore, for all j ď 2a, the pair

pf, gq satisfies

AFF pn ´ jq ` AFGpn ´ jq “ AFHpn ´ jq ` AFKpn ´ jq “ 0.
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For a P Z`, Lemma 7.3.1 completely solves the structure of all affixes of length

2a ` 1 over Z2 with dint a. To see this, let n P Z` be arbitrary and let

rF “ pf0, f1, . . . , f2a,#, fn´2a, fn´2a`1, . . . , fnq,

rG “ pg0, g1, . . . , g2a,#, gn´2a, gn´2a`1, . . . , gnq

be a pair of sequences with dint a and f0 “ g0 “ fn “ gn “ 1. Define the polynomials

fpxq and gpxq by

fpxq “

2a
ÿ

i“0
fix

i
`

n
ÿ

i“n´2a

fix
i and

gpxq “

2a
ÿ

i“0
gix

i
`

n
ÿ

i“n´2a

gix
i.

Suppose p rF , rGq is an affix of length 2a ` 1 with dint a, then Theorem 6.2.1 shows

that there exists a siamese twin pair S #»α,0 such that

maxdegpPMpf, gqS #»α,0q ă degpPMpf, gqq.

Let hpxq and kpxq be polynomials defined by PMph, kq “ PMpf, gqS #»α,0. Then

Lemma 7.3.1 shows that for all j ď 2a, the pair ph, kq satisfies

1. ha “ kn´a ‰ ka “ hn´a, and

2. hj “ kj “ hn´j “ kn´j “ 0.

Now suppose p rF , rGq is such that ph, kq satisfies Conditions 1 and 2. Let pF,Gq denote

the sequence version of pf, gq. Lemma 7.3.1 shows that pF,Gq satisfies

AFF pn ´ jq ` AFGpn ´ jq “ 0 for all j ď 2a.
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By inspection, for all j ď 2a one obtains

AF
rF p2p2a` 1q ` 1 ´ jq ` AF

rGp2p2a` 1q ` 1 ´ jq “ AFF pn´ jq ` AFGpn´ jq “ 0,

hence p rF , rGq is an affix of length 2a ` 1 with dint a. Thus p rF , rGq is an affix of dint

a and length 2a ` 1 if and only if the pair ph, kq satisfies Conditions 1 and 2.

Moreover, note that

hj “ fj `

a
ÿ

i“1
sipfj`i ` gj`iq `

a
ÿ

i“1
sipfj´i ` gj´iq.

Thus, if one is starting with an arbitrary pair pf, gq, the value of hj can be controlled

by choosing fj. For example, if for all integers j ă a one wishes to have hj “ 0, then

set fj to
řa

i“1 sipfj`i ` gj`iq `
řa

i“1 sipfj´i ` gj´iq. Similarly, the values of kj, hn´j,

and kn´j can be controlled by choosing gj, fn´j, and gn´j, respectively. Thus one

can create an affix of length 2a ` 1 with dint a by setting fj, gj, fn´j, and gn´j to

the appropriate values. This is illustrated in the following example.

Example 7.3.1. Suppose one wishes to find all affixes of length 5 with dint 2.

Begin with

rF “ pf0, f1, . . . , f4,#, fn´4, fn´3, . . . , fnq,

rG “ pg0, g1, . . . , g4,#, gn´4, gn´3, . . . , gnq,

and set f0 “ g0 “ fn “ gn “ 1 so that the resulting affix has length 5, then set

f1 “ g1, fn´1 “ gn´1, g2 “ 1 ` f2 and gn´2 “ 1 ` fn´2 so that p rF , rGq has dint 2.

Define the polynomials fpxq and gpxq by

pfpxq, gpxqq “

˜

4
ÿ

i“0
fix

i
`

n
ÿ

i“n´4
fix

i,
4

ÿ

i“0
gix

i
`

n
ÿ

i“n´4
gix

i

¸

.
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One wishes to choose the remaining values of fj and gj so that there exists a siamese

twin pair S #»α,0 such that for the polynomials phpxq, kpxqq defined by

PMphpxq, kpxqq “ PMpfpxq, gpxqqS #»α,0,

one has for all j ă 2, that

1. h2 “ kn´2 ‰ k2 “ hn´2, and

2. hj “ kj “ hn´j “ kn´j “ 0.

As pf, gq has dint 2, the decomposing siamese twin pair S #»α,0 must also have dint

2 by Theorem 6.2.1. The two superfactors that can decompose a dint 2 pair with

offset 0 are Sp2q,0 and Sp2,1q,0. Therefore, by setting s2 “ 1 and letting s1 be arbitrary,

the decomposing superfactor is of the form

S #»α,0 “ PMp

2
ÿ

i“1
sipx

i
` x´i

q ` 1,
2

ÿ

i“1
sipx

i
` x´i

qq.

Define PMphpxq, kpxqq “ PMpfpxq, gpxqqS #»α,0. Then for j P Z, one obtains

hj “ fj `

2
ÿ

i“1
sipfj`i ` gj`iq `

2
ÿ

i“1
sipfj´i ` gj´iq, and

kj “ gj `

2
ÿ

i“1
sipfj`i ` gj`iq `

2
ÿ

i“1
sipfj´i ` gj´iq.
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Since

h2 ` kn´2 “ f2 `

2
ÿ

i“1
sipf2`i ` g2`iq `

2
ÿ

i“1
sipf2´i ` g2´iq

` gn´2 `

2
ÿ

i“1
sipfn´2`i ` gn´2`iq `

2
ÿ

i“1
sipfn´2´i ` gn´2´iq

“ f2 ` s1pf3 ` g3q ` pf4 ` g4q ` s1pf1 ` g1q ` pf0 ` g0q

` gn´2 ` s1pfn´1 ` gn´1q ` pfn ` gnq ` s1pfn´3 ` gn´3q ` pfn´4 ` gn´4q

“ f2 ` gn´2 ` s1pf3 ` g3 ` fn´3 ` gn´3q ` pf4 ` g4 ` fn´4 ` gn´4q,

the equality h2 “ kn´2 is obtained by setting f2 equal to

gn´2 ` s1pf3 ` g3 ` fn´3 ` gn´3q ` pf4 ` g4 ` fn´4 ` gn´4q.

Since g2 “ 1 ` f2 and gn´2 “ 1 ` fn´2, one sees that h2 “ kn´2 ‰ k2 “ hn´2. For

j ď 0, one can use the facts that f1 “ g1 and fn´1 “ gn´1 to verify directly that

hj “ kj “ hn´j “ kn´j “ 0. Since f1 “ g1 and fn´1 “ gn´1, one can also verify that

h1 “ k1 and hn´1 “ kn´1. Now,

h1 “ f1 `

2
ÿ

i“1
sipf1`i ` g1`iq `

2
ÿ

i“1
sipf1´i ` g1´iq

“ f1 ` s1pf2 ` g2q ` s2pf3 ` g3q

“ f1 ` s1 ` f3 ` g3

“ 0,

hence by setting f1 (and thus g1) to s1 ` f3 ` g3, one obtains h1 “ k1 “ 0. Similarly,

examining hn´1 will show that setting fn´1 (and thus gn´1) to s1 `fn´3 `gn´3 results

in hn´1 “ kn´1 “ 0. In summary, the obtained equations are

1. f0 “ g0 “ fn “ gn “ 1,
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2. f1 “ g1 and fn´1 “ gn´1,

3. g2 “ 1 ` f2 and gn´2 “ 1 ` fn´2,

4. f1 “ s1 ` f3 ` g3,

5. fn´1 “ s1 ` fn´3 ` gn´3, and

6. f2 “ gn´2 ` s1pf3 ` g3 ` fn´3 ` gn´3q ` pf4 ` g4 ` fn´4 ` gn´4q.

Though note that Conditions 1, 2, and 3 are simply to make the pair p rF , rGq have

length 5 and dint 2, they had nothing to do with complementarity. Lemma 7.3.1

shows that once Conditions 1,2, and 3 have been established, satisfying Conditions

3,4, and 5 is equivalent to satisfying for all j ď 4, the conditions

AF
rF p11 ´ jq ` AF

rGp11 ´ jq “ 0,

hence every affix of length 5 with dint 2 is of the form p rF , rGq. In particular, note

that the terms f3, f4, g3, g4, fn´4, fn´3, gn´4, gn´3, and fn´2 can take any value.
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As a demonstration, by using Conditions 1 to 6, one sees that

AF
rF p7q ` AF

rGp7q “ f0fn´4 ` f1fn´3 ` f2fn´2 ` f3fn´1 ` f4fn

` g0gn´4 ` g1gn´3 ` g2gn´2 ` g3gn´1 ` g4gn

“ fn´4 ` ps1 ` f3 ` g3q fn´3 ` f2fn´2

` f3 ps1 ` fn´3 ` gn´3q ` f4

` gn´4 ` ps1 ` f3 ` g3q gn´3 ` g2gn´2

` g3 ps1 ` fn´3 ` gn´3q ` g4

“ pf4 ` g4 ` fn´4 ` gn´4q ` pf2fn´2 ` g2gn´2q

` pfn´3 ` gn´3q ps1 ` f3 ` g3q ` pf3 ` g3q ps1 ` fn´3 ` gn´3q

“ pf4 ` g4 ` fn´4 ` gn´4q ` pf2p1 ` gn´2q ` p1 ` f2qgn´2q

` s1pf3 ` g3 ` fn´3 ` gn´3q ` 2pf3 ` g3q pfn´3 ` gn´3q

“ pf4 ` g4 ` fn´4 ` gn´4 ` s1pf3 ` g3 ` fn´3 ` gn´3qq

` pf2 ` gn´2q

“ pf2 ` gn´2q ` pf2 ` gn´2q

“ 0.

One can similarly check that for j ď 3, one obtains AF
rF p11´jq`AF

rGp11´jq “ 0.

Observe that to find all TCP affixes of a specified length, one can begin with the

set of all affixes over Z2 of that length then figure out if "´1"s can be placed within

the sequences to form an affix over t0,˘1u.

7.4 Tables of canonical factorizations

The following are tables of canonical factorizations of BCP1s listed according to

degree. These BCP1s come from the TCP s in Craigen and Koukouvinos’ paper
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[7], which were turned into BCP s through the homomorphism in Lemma 5.1.2 then

factored using basic Maple code. The "sequences" column shows the TCP corre-

sponding to the BCP , the "w" column shows the pair’s weight, and the "δ" and "δ̂"

columns refer to the pair’s deficiency and the conjectured lower bound on their defi-

ciency given by the later Conjecture 8.0.1, respectively. Pairs that correspond to an

imprimitive TCP are indicated with a ":", the rest are primitive. The superfactors

are separated by bars "|". For a discussion on primitive pairs, see Section 4.3.

There are a few observed patterns in these factorizations. Note the abundance

of dint 1 canonical factors, how close neighbouring offsets are, and how frequently

the number of places the two sequences in a pair differ from each other is twice the

number of superfactors in their superfactorization plus or minus 1.

Degree 8

Factorization Sequences w δ δ̂

V1,´2|V2,0 -00111-11 13 5 4

-01-100--

Degree 10

Factorization Sequences w δ δ̂

V1,0|V1,2|V1,0 -1-011-0111 13 9 6

-0-0001000-

Degree 12

Factorization Sequences w δ δ̂

V3,4|V1,0 1-110-0110-0- 17 9 7

10111000-01-1
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Degree 13

Factorization Sequences w δ δ̂

V2,´1V3,´1|V1,1|V1,0 11001001-0-001 13 15 7

1000-0000-10--

V1,1V3,1|V1,0V3,0 1-0-00--00-01- 17 11 6

1-00110---00-1

V1,´1|V1,´2|V1,´3|V1,0 1000-11100-00- 17 11 8

110110-010-1-1

V1,´3|V1,´4|V1,´1|V1,0 1001-011--1001 17 11 8

11010-000101-1

Degree 14

Factorization Sequences w δ δ̂

V1,´2V2,´2|V1,´1|V3,0 101-00010-01001 13 17 7

10100--00-0000-

V1,2|V1,0V3,0V5,0 101-0000010-111 17 13 7

101-01001001---

V1,´4V2,´4|V1,´2|V2,0 10000111-00-00- 17 13 8

10100-1-0111-01

Degree 16

Factorization Sequences w δ δ̂

V1,0V3,0|V1,´1|V1,0V3,0 100-0-011-0101001 13 21 8

100000-0-0000000-
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Degree 17

Factorization Sequences w δ δ̂

V1,3|V2,2|V1,3|V1,2|V1,0 1000-1111101---10- 25 11 10

11-010010-0011-1-1

V1,´1|V1,0V2,0V3,0V4,0V5,0V6,0V7,0 1001--1010--111011 25 11 8

1001-1-100011--0--

V1,´1V2,´1|V1,0V2,0V5,0V6,0 11-1-0010--0001011 25 11 8

11-1-0--11--00-0--

Degree 18

Factorization Sequences w δ δ̂

V2,´6|V2,´3|V2,0 10-0101000-00000101 13 25 11

1000001-000--00000-

V1,´2|V4,´1V6,´1|V1,0 1000-00000101010-01 13 25 9

110000100000-00001-

V1,´2|V2,0|V2,1V3,1|V1,0 10-1--000110--00-0- 25 13 10

1-01-0-1-00110-1111

V1,0V2,0|V2,2|V1,1|V1,0V2,0 -11-0001-0-1010---- 25 13 10

-1010-000-011-11011

V1,´10|V3,0
: 10100010101--1---11 25 13 13

101-0--0-01--0001--

Degree 19

Factorization Sequences w δ δ̂

V2,9|V3,0
: 10-1----111001010001 25 15 13

10-0-010-1-0-10--00-

V2,3|V6,0
: 1011-01110-0-0-11001 25 15 10

1011-0010-001-1--00-
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Degree 20

Factorization Sequences w δ δ̂

V2,2V4,2|V1,1|V1,0V2,0V3,0V4,0 10111-00000-11-0-1101 25 17 10

101100-001-10-010--0-

V1,´2|V1,0V2,0V3,0|V2,1V3,1|V1,0 1--1001-0-0-100-00--- 25 17 11

10-01001100--0-1--001

V1,´2|V1,0V3,0|V2,´1V3,´1|V1,0 1-0010-00-0--01-10--- 25 17 11

10-00100---000-11-101

V1,4|V1,1|V1,2|V1,3V2,3|V1,0 1-1-0011--10-0000---- 25 17 13

1011-000-00-10110-001

V1,´6|V1,´5|V1,´2|V2,´1|V1,0V2,0 100101011-1-00001--11 25 17 12

10-01100-0010101--0--

V2,´2|V1,0V2,0V3,0V6,0V7,0 111--1-000-1000000011 25 17 10

111--1--0-1-0-00000--

V1,´2|V1,´3|V2,´1|V1,0V2,0V3,0V4,0 10-1--10-0-1-0-0--011 25 17 11

10--00000101--000-0--

Degree 21

Factorization Sequences w δ δ̂

V2,´1|V1,3|V1,2|V3,0 10010000-010--01000-0- 17 25 13

10000000001-000-101101

V1,´5|V1,´6|V1,0|V1,´2|V1,0 1110101-011--0001-00-1 25 17 15

10001-1100-0-01001100-
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Degree 22

Factorization Sequences w δ δ̂

V1,2|V1,´2V3,´2|V3,0V4,0 1001-0001-001-001-01111 25 21 13

10010-10000001-0011----

V1,´8|V1,´6V2,´6|V1,´3|V2,0V3,0 1001000-0-0000-1-110-11 29 17 14

10001-0---111--0-0--1--

Degree 24

Factorization Sequences w δ δ̂

V1,´4|V1,´7|V1,´6|V1,´5|V1,0V3,0 11100-11101000--1-0001-01 29 21 16

11--11000--00-1-100000-0-

Degree 27

Factorization Sequences w δ δ̂

V1,´7|V1,´6|V1,´4|V1,0V2,0V4,0V6,0V7,0 10010001-1-1001--100--011011 29 27 16

10010000000-011-0-00010--0--

137



8

Conclusion

This author has gone much further in the investigation of pair matrix factorizations of

Boolean complementary pairs than what is presented in this thesis. However, there are

still plenty of extensions of this research that one can pursue without knowing these omitted

results. This chapter presents some of these extensions.

A valuable pursuit would be to prove or disprove the following conjecture:

Conjecture 8.0.1. Suppose pf, gq is a BCP1 with superfactorization

Sα⃗1,b1Sα⃗2,b2 ¨ ¨ ¨ Sα⃗M ,bM
.

Suppose pf, gq is not a siamese twin pair (thus M ą 1) and Sα⃗i,bi
has dint ci. Then the

deficiency of pf, gq is bounded below by

δ̂ “

M
ÿ

i“1
ci `

M´1
ÿ

i“1
|bi`1 ´ bi| ´ 1. (8.0.1)

Section 7.4 lists BCP1s with their deficiency and the lower bound δ̂ given by Conjecture

8.0.1. Most BCP s in Section 7.4 exceed the bound in equation (8.0.1), but equality is

met once with the nonprimitive pair corresponding to V1,´10V3,0. The heuristic behind

Conjecture 8.0.1 is that every dint signifies at least one zero in the polynomial pair, and

observing the decomposition of a pair shows that changes in consecutive offsets also force
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zeros within the polynomials.

If Conjecture 8.0.1 is true, then small-deficiency pairs necessarily have few superfactors

and thus have a "simple" structure. Therefore, BCP1s corresponding to ternary comple-

mentary pairs with small-deficiency (and thus are "almost" Golay pairs) under the ho-

momorphism in Lemma 5.1.2 have a simple modulo 2 structure as well. Intuitively this

makes sense as Golay pairs themselves are identical twin pairs under the homomorphism

of Lemma 5.1.2, which have a trivial modulo 2 structure.

Craigen [4] showed that a pair matrix factorization exists for complementary pairs over

Z3. A simple extension of his work shows that for a prime p ” 3 pmod 4q, a pair matrix

factorization exists for complementary pairs over Zp: let n P Z`, pf, gq be a degree n

normalized complementary pair over Zp, and define Ya,b :“ PMpa, xbq. It is straightfor-

ward to show that PMpf, gqYa,b is a complementary pair for all a P Zp and b P Z, and

deg pPMpf, gqYa,bq ă deg pPMpf, gqq if and only if a P tf´1
0 g0, f´1

n gnu and b is the offset

of PMpf, gq (hence there is not necessarily uniqueness in these factorizations). Similar

to Lemma 5.1.2, the homomorphism ϕp : Zrx, x´1s Ñ Zprx, x´1s that maps coefficients

to their modulo p equivalent maps TCP s to complementary pairs over Zp. One can take

TCP s and different primes p ” 3 pmod 4q, map the TCP s into Zp through ϕp, then compare

the pair matrix factorizations obtained. Perhaps some patterns will emerge within these

factorizations that will yield insight into the general structure of TCP s. One could also

take results in this thesis and look for comparables among complementary pairs over Zp.

Note that the matrices Ya,b work in decomposing every pair over Zp when p ” 1 pmod 4q,

but one can not necessarily write every complementary pair as a product of the Ya,bs. This

is because if a2 “ ´1, then Ya,b does not have an inverse, so while one can always get some-

thing like PMpf, gqYam,bm ¨ ¨ ¨ Ya1,b1 “ PMpc, 0q, one can not necessarily express PMpf, gq

as the product PMpc, 0qYa1,b1 ¨ ¨ ¨ Yam,bm . For example, pf, gq “ p1 ` x ` 4x2, 2 ` x ` 3x2q

satisfies pff˚ ` gg˚qpxq “ 2 P Z5rx, x´1s and can not be expressed as a climbing product

PMpc, 0qYa1,b1 ¨ ¨ ¨ Yam,bm .
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One can generalize complementary pairs and investigate potential matrix factorizations

of these generalized pairs. One way to generalize complementary pairs is to introduce an

involution ˚ on the coefficient set and update the autocorrelation function: let R be an

integral domain, S Ď R, n P Z`, and A “ paiq
n
i“1 be a sequence over S. One could redefine

the autocorrelation function of A to be AFA : N Ñ R, where

AFApkq :“
n´1´k

ÿ

i“0
aia

˚
i`k for k ă n

and is zero otherwise. One could then say a pair of sequences pF, Gq is complementary

over S with respect to ˚ if and only if for all positive integers k, the pair satisfies AFF pkq`

AFGpkq “ 0. An example of this is with complex Golay pairs, which are pairs of

p˘1, ˘iq-sequences with complex conjugation as the involution ˚. These pairs can be used

in the construction of Hadamard matrices [6].

One could also generalize the number of sequences in a complementary pair. This is

done with Turyn sequences, which for a positive integer n are 4 p˘1q-sequences of lengths

n ` 1, n ` 1, n, and n with zero autocorrelation and extra symmetry conditions. Turyn

sequences can be used to construct orthogonal designs and Hadamard matrices [26] in a

very similar fashion to how orthogonal matrices were constructed from complementary

pairs in Section 2.6.

There is still much to understand when it comes to the structure of Golay, ternary, and

Boolean complementary pairs. Although there is an algebraic characterization of Boolean

complementary pairs in both the even- and odd-weight cases, it is still difficult to use

this information to understand where the zeros go within the two sequences. The enigma

of complementary pairs is enriched by the numerous applications of complementary pairs

to engineering; that something so useful should remain so mysterious is truly enticing.

It is this author’s hope that this thesis, along with Craigen and Woodford’s work, will

provide not only a useful perspective to investigate complementary pairs but one that will

contribute significantly to the understanding of GP s and TCP s.
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EKS factorization, 29
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equivalence, 41

restrictions on length, 47

Gram-sum, 23

normalized polynomial, 42

offset, 83

orthogonal matrices, 31

pair matrix, 79

periodic autocorrelation function, 9

reciprocity laws, 30

reduced sequences, 20

skewness, 24

superfactorizations, 101, 104

superfactors, 104

superproduct, 104

support, 44

symmetry, 24

Ternary complementary pairs

constructions, 51

imprimitive pairs, 57

primitive pairs, 57

small-deficiency pairs, 60

standard multiplication, 52

symmetry and skewness, 58

zero autocorrelation, 2
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