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ÄBS'TRACT

The conventi-onal rlescriblng fu-nct,ion nelhod is Ceveioped by

a prccecìure that ciearly indicates unrler whaL conditions it is

permissible to r¡se the conventiona.l descriìring furrction nethod io

deterni¡e -r,he general characterisLics of the transienL responsc of

a nonlineâr s¡r5f,srn.

The firsi a.pp::cximation nethod of Kryloff and Bogoliuboff is

Ceveioped, and th.e resui't s of this method are used to cbta.in the

netÌrod of eq'¡1va"]-ent linea:'iza.tiono

The relationship betv¡een the iechniques of Krylofí and

tsogoliuboff ancì. the conventionai describing func'r,ion npthod is studied.

A new describing frmction, calied the eilip'"ic describing

f'¡nction¡ is developed" For most practical systems in v¡hich the

non-linearity can be represented. reasonably c1-osel;r bJ' an odd cubj-c

apnroxinat-i-cn, the elliptic descrik¡ins f'¡nc'uion is nore acc'urate

than the conventional d.escribing function" This describing function
odd -

is restricted toÁs¡rirnetrical, single*valued, frequency - indepenCenL

non U-nearities e
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CHAFTtrR. I

TNTRODUCTION

The design of n:any t¡'¡pes of practical control s¡¡stems re-

quires the consideration of nonlinear phenornena, and as a result

the study of nonlinear syslems has been grea.t3-y s|intulated in

recent years" However¡ s yet, no general roethod of solving non-

linear problers has been foundn The conventional describing

function rnethod, r'.'hich is based on an assr:med fonn of soiution

si¡nilar to that used to clevelop the method.s of

i{rXrle¡¡ an,à }ogo].iuboff ., is the most wj-dely used design tech-

nio^ue for nonlinear controi systems.

I"1 THE PROBLBÎ

The pur:nose of this thesis is (f) to s'r,udy the

methocls of KrylofÍ' and. Sogoliuboff , and to determine their

reiationship r+ith the conventional describing function; and

(e) to attenpt to d.evelop a describing function whlch is more

accuraÈe than the conventional Cescribing funci;iono

This stud;r will be restricted to self-excited systens

conLaining one nonlinearitf'

* Hor,vever, vrhere the results obtai¡red are applicable to systems
with forci:rg functions, this facl will be stated"
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Only nonlinearj-ties i^,.ith no tirne var¡ri¡q cheracterrst'i cs 'r¡iiI be

considered in this study. Exa.rnples of ihe application of the

conventj.onal- describing function rirethod and the

¡rethod.s of i(r¡rf6ff and Bogoliuboff are rea.Cily found in the

Iiteratur" (Ir23r25r29fiO), ancì. thus v¡i1l not be included in

this thesis*. The s¡,sfsnis to be studied rn,ill be assumed to be

in the form shorn'n in Figure 1.I, since by suitable block diagram

nanipuJ-aiion, practically aII t¡pes of ccntrol s¡rster,r^s containing

one nonlinearit¡r can be representecl by this form (1I, pp.39O - 4023

ar\

Figure 1"1 General block diagram of a control system incorpor-

ating one nonlinear elemento

Following this introductory chapter, the conventional

d.escribing fr.rnction ¡nethod is briefly d.escribecl. In chapter

three, fþs nethoO.s of líryloff and. Sogoliubof'f are develo¡red. r

A Nunerals in parentheses tefer to the bibliography at the end

of the thesisn

Ltaeor
e/ern enf (s)

tVanhhe¿¿,r
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and. the lel-ationship between the conventiorral describing func-

tion meihod atid the methods of' liryLoff and Sogoliuboff are clar'í-

fied" A ner.¡ type of describing function, ca,lled the elliptic

describing functicn, is introducecl. in chapter four. The final

chapter reviews the findings of this stucly and states sorne of

the o.ueslions wirich renain unansv,'eredc

1"2 TEF.}ÍTITOI,OGY

For the purpose of this study a describing function r.¡il1

be cì.efj-ned as a functj-on which relates a charac'r,eristi-c (or

che-racteristics) of the input to a device to a characteristic

(or characteristics) of the output froro a d.evj.ceo In some cases

a describing function may be defined only for a certain class of

inputs "

The transfer function concept of linear ana!¡rsis is an

example of a describing function since it relates the Laplace

design and analysis, the nost common type of describing furction,

which we shaIl denote as the conventional describing function,

is defi¡red as the ratio of the phasor of i;he funda¡nental component

of the output to the pha.sor of the input si-nusoid.

The methocls are stated in ternrs of control syslems terrn-i-n-

olory, although the results can be applied equa|ly well to other

physical systemso For applications to circ'¿it theory, the method,

developed. by Stout, of converti:rg a nonlinear circui-t to an equiv-

alent block d.iagram is particularly useful (Z6rZ7rZg)"

that
transforrnsof the output and input of ^ d.evice" In nonlinear



CHAPTIA, 2

THE CON\TEìüTIONAL DESCRIBING FUNCTTON I"ßITIOD

The stability of nonlinear s¡rstens can be si;udied through

the application of the conventional describing function; and i-f

sustained oscillations erjstrtheir approximate arnplitude and

frequency can be deterrnined" In sone speciai cases the method

can also be used to ind.icate the general eharacteristics of the

transient response of a nonlinear system. The basic principles

involved. in the conventional- describing function technique wiIL

be briefly outlined in ',,his chapter.û

2.! THE CON]\IEISIIONAL DESCEI,B_ING FUNCTION

If the input to a nonlinear elernent is sinusoidal, say

( z.r)e=asintrJt¡

then the ou',,Put can
a

-\m= ) I0n

n=I

The conventional descrj-bing function

is definecl bY

N(arh,)=5.
é

for the nonlinear elernent

(zJ)

be represented bY a Fourier series

sin nktt . (Z"Z)

ù Although the d.evelopment ha.s been rearranged somewhatu the
method. outlined. in lfris chapter i-s essentially the sa¡ne. as.

that of l(ochenburger (23)" -tfre 
rearrangement of the naterial

was thought clesirãble in order to clarify the use of the
conventicnal descríbing method to j-ndicate the general char-
acteristics of the trañsi-ent response, and also to illustrate
moreclearllr¡¡"relationshipbeiweentheconventionaldes-
cribingfr¡rctionmeihodarrd'themethod.sofl(rylof.fancÌ
Bogoliuboff "



A
-J-

Constant average components in signals can be handled by

considering the nonlinear characterist,ic to be shifted or displaced

by the amount of the constant component, The conventional des-

cribing function is then found as described prevJ-ously by assum-

ing a sinusoidaJ- input to the modified characteristic'

2.2 SYSTE]'I ANALYSIS

The conventional describing function method is based on

the assumption that, insofe,r as systcm performance is concerned,

the inpuù to the nonlinear elenent of a systen can be adeo^uately

approxirnated by a sinusoid"

The significance of this assumption wi-Il be j-l-Iustrated, by

FigUre 2.I, showing the block cì.iagra:n of a system with â rioll-

Iinear elernent N e¡d. linear elenents with a transfer function

G(s).

Figure 2.1 General block diagram of a conLrol system incorpor-

ating one nonlinear element"

If the input to N is assu¡ned to be sinusoidal, the result,-

ing output wiLL be period,ico The Fogrier series of this periodic
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ouipui wiII contain conponents at the funda,nental frequency

(the frequency of the Ínput) ancl, in general, al.l higher har;ncni-c

frequencies. The oufput from the nonlinea,r der.dce passes through

the linear elements end is sublracted from the sys'r,em input,

having the Laplace transforn R(s), +.o give the inpuf sisnal to

the nonlinear device, ïf the assumption stated is to be valid

for this systen, the fturdamen't aI component ¡nust be the only sig-

nificant component of the feedback signal"

the assumption isrrsually justifieci for two reasons: first,

the harmonics of the output from +.he nonlinear device are ordin-

arily of smaller amplitude than the fundamental; and, second, in

most coni;rol systems the gain of the linear element decreases as

the frequency increases, with the result that in trensmission

through the linea.r element,s the higher harmonics are attenua,ted,

compared r.rith i;he fundamentaf-.

The conventional ciescribing function is calculated on the

assunption of a steady state sinusoidal inputo However, it seens

reasonable to assume that the describi:rg function '.rill be appli-

cable when the input to the nonlinear elenent is nearly sinu-

soidal, with anplitud.e and frequency changing slorn']y" This

assunption is the b"-sis for the use of the conventional des-

cribing functj-on to det,erniine the general characteristics of

the lransient response; and also for the extension of the method

to randorn input signaise
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Let us consicler the clesc:'ibing function of the nonlinear

el-enent as a transfer funclion and use Laplace transforns to find

the response of the system, keepin.q in mincl tha.t the results

oblained are va-l-id only for solutions rvhich ere approxinetely

sinusoid.al in forn.û

Consider the s¡'s1,sn of Îigure 2"1 in rvhich the nonlinear

element has a clescribing fturction N(ar6l). If j-t is assurned the

systen has zero initial conclitionsu the following equations are

readily obtained:

C(s) = E(s) l¡(a,{d) G(s),

E(s)=R(")-c("),
and C(s) = c(s) N(a.6) . *

n'ø ïT-G,trrñ'rå/,l)

Equation '2"6 can be thought of in terms of the poles and

zeTos cf the transfer function, where the poles and zeros move

slow}y around. the comple-'.: plane. Thus v¡e have used the describ-

ing function representation to substi-tut,e for an equation which rnay

contain rapidly varying relationships (sueh as the relations des-

cribing the action of a relay) one r"ith slowly varying paTa-

neters.

It should be noted that the use of the Laplace transfonn to
obtain a solution with slowly varying ampiitudc and frequency
involves an actd.j-tional appro ra:isfer
since the Laplace transfora.áethod is valid only for di fferen- $unction
tial equatioñs wit,h constant coeffi-cients. I{Òwevt:i, provided
the anlplitude and frequency vary onl¡¡ slcr+ly, 'i'"'. Laplace
transform meihod w1l1 give an approximate solutiono

If the initial condj-tions are not zero the appropriâle terms
can easiþ be inserbed' in equation 2"6 (10, pp.óO-6i)"

çz"to)

(z.i)

(2"6)

JI
7r-
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The stabiriiy of a rinear contror systa,r is mos"b easi-ry

deternined b¡' tr¡" use of the }lyquisi cri-t,erion (J-orpp,1rB-154)"

using this ¡rethod the stability of a systen, with an open roop

transfer f'nction NG(s), is deterinined. by findi-n.g ttre nunber of
encircrements the I\IG( jeJ) prot makes of the -1 point. rt is
obviously eqrrivalent to find j;he nu¡nber of encircienents the

G(jtr) plot naì<es of the -fN (or critical) point. This criter-
ion can arso be appried to a nonlinear system by using the a.pprox^

imate equation 2o6, oxcept, in th-is case the -VN (or critical)
point is dependent on the amplitude and. freo.uency of the responseo

For frequency - independent nonrineariti-es the posj_tion

of the crit,ical point can be fo'¿nd by plotting the -t/N(a) rocus

which i-s scaled in the arnplitude of the input to the nonrinearity.
An intersection bf the -l/N(a) Iocus anri G(j(,J) Iocus, say at

a" and {Ûs ¡ corresponds to steady state oscillations of a.mplitude

ac and frequency {,1" o The point a", üc in F=lgure 2"2 is an exarlple

of such an intersectiono

Figure 2"2, System

with stable oscillai,ions

at a", üc.

For frequency - dependent nonlinearities a series of

-VN(a, Qt.) loci-, r,rith freouency as a constent parameter for
each locus, must be plotted" An intersection of the *I/N(ar6C")

G (1'a:)



locus,

sta*"e

tr!" in

say at aç,

oscillation

Iigure 2.3

rvj-th the G( jð) plot

of a¡nnlii,ude a^ and

is an exannple of suc

at {d" coi'responds to a steady

frequency úJ"o The point a"2

h an intersectiono

Figure 2"J Systen wiüh

stable oscille.tions at

ac, Éeic.

The behaviour of a systein when operating in the region

near the intersection representing steady state oscille,tions j"s'

i-:eportant since ü d.elermines v,¡hether the oscillaticns c'an evjst

in an actual systern. For slight disturbanees frorn the point of

intersection the response l^¡il-I be nearly sinusoidal, with slol'ùy

varying amplitud,e and. frequencyr ancl thus the describing function

approach will ba valid.

First, consider the system replesented. by ligure 2"2où If

the systen is operating at the point asr %, Ðd a slight distur-

bance increases the amplitude of oscillations, the system enters

a stabie region and the alrplitude of the oscillations will decay

to as. In the event that the oscil-lations decrease in amplitudet

the system enters a¡r unstable regi-on and' the arnplitude of the

oscillations increases to a"o Thus, the system wiII have stable

ù To si-npJ-if;r
Ioop stable

the
and

d.iscussion all systems are assì.sf,ed to be open-
¡n:i¡i:eurn phase
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oscillations r.¡ith a.rrpl-itude a" and frequency ûJ". The same con-

ditions are al-so found to exist for the system of !5-gure 2"3"

Another conclition, which nay exist, is shornm in lLgure 2.4o

If operation at acr Oc ever occurred, the slightest furiher in-

crease in anrplitude would cause the output, to grovr inclefinitelyo

Figure 2"d Systenr

with stability

boundary at as, Sc.

Liker.rise, the resuLt of the slightest decrease would be to carlse

the output to decrease to zeroø thus stable oscillations cannot

e:(is*, at a", &1" in a practical system since sone distnrbance
,.\-(noise) is always present" The intersection a", &.!" j-n this case

is a stability boundary"

A final ez.ample is shov¡n j¡r Figure 2"5" Steady s'',ate

oscillations cênnot occur at aslr {"1"1 in an actual system, but

sustaincct oscillations can exist aL a"2e trJs2"

d) nc.

Figure 2,5 System w'ith -%fol

stabili'"y boundary a"r ¡

ú)"1 and siable oscillations

aL aç2e {àr2o
Q¿¡røct
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Small- disturbances rvhich do noi e:icite the system beyond eclrØcL

t''il-I d,ie out completei-yu but disturbances large enough to excite

the systen beyond aArllt r¡i1l cause sustained. oscillations to

e>;ist aa; a"2r0c2.

Thcse exe.nples by no means ey-hprrst t,he possi-blc situa-

tions vrhich exist, but the sarne reasoning nalr be e.pplied to any

other cases which arise.û

Providing the basic assunpt,ions and lirnltetj-ons are kept

well in nind, the nethod raay be of very great value in determin-
¿x. 4

i¡rg, at least qualitatively, the transieni response of a systemo" '

Therefore, nìeïly of the useful design teclu:.iques for Linear

s¡¡stems, such as the l{peak specification, may be applied to

nonlinear sys'r,ems" The descri-bing funetion may also be wed

to obtain root-Iocus plo'us, again providing the necessêry oorr¡

diiions for the validity of the method are observedo

û It is j¡teresting to note that Loeb has developed an
alternative method for deternrining whether fhe point of
intersect.ion corresponds to stable sustained oscilLations
(tt, pp, \r9-LzL)o

# It is difficult lo calculate the transient responso
precisely because of the difficulty of deternining the
appropriate variation of sinusoidal a,nplitude to corr-
espond to a given transient input to the nonlinear deviceo

'{ For exanple, in most, practical control systems, with one
integration or rnore in the open locp transfer funetion,
the error response to a step input uray be considered
approxi'nately sinusoidal Ì'rith valTring amplitude and
freo.uencyo
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2"3 CONCLUDTIIG COl'oInIITS

The principle of equivalent ener,gr baiance, developed

by Kryloff and Bogoiiuboff in conneciion '.nrith the method of

equivalent iineerization, can be used as a basis for the cal.-

culation of the conventional describing f"¿¡rction,ü Thus if

the output from the nonU-near device is assurned. to represent a

force and the system output to represent a displacement, then

the conventional describing function nethod cen be given the

following physical interpretation: the nonlinear force is re-

placed. by an cquivaient force such that the active a¡d. reactive

work per cycie of the actual nonlinear force and equivalent force

are approxinrately 
".1u.1-, 

#

If lnformation t'egardiflg sysben perfÕraenee for sinusoidal

input signals is desi¡ed, then the dual input describing function

¡nethoC should be usecl sj¡ce the convcntiona,I describj-ng function

rnethod will give j¡rcorect results in many cases (I2, pp" tJ3*

156; 3L; 32). Unfortr.inatel¡', the develcpment of the dual in-

pul describing function method is too lengthy t,o i¡¡clude in

this sÈudy"

The nain objection to the conventional describing function

method. is the uncertaint¡r of the accuracy of the results" Johnson

has developed a series solution for a nonlj:lear differential equa-

tion, such that the first term of the series is ihe result of a

See Appendix A

The terms active and reactive rvork per c¡¡c1e have been defined
foi' mechanical systens in exactly the sane I^fa¡r ¿5 they are
defined. for electrical systemso The defini';ion of thcse terms
is e>çla:ined nore fully in Appendix ¡'"

À
E.

'tilì
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conventional clescribing function a:ra]-ys'is (zÐ" Th'as, the higher

order terms ca¡ be considered as correct,ion te-rns for lhe con-

venlional describing functiono However, the necessary cal-cula- :

tions are conplicated and the method is of ii-t,tle pra.ctJ-cal use.

Dcspite ii;s Lilril;a.tioirs, the conventional des-

cribing function is widel¡' used because: (f) i" ïlany cases

there is no practical alternative method; and (Z) in most prac-

tical cases the results az'e su-fficj-ently accurate for design

purpos es c
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THE SI].]II.SOTDA.L T]iCHNTNI]NS OF

I{P,YLOF}- À,\D BOGOLIUBOF'F

The firsi approxi-:ra.lion method of K-r;'rloff and Bogoliuboff

provides a technique for obiaining ;lx appi'oxi-¡rate solution oí

the fol_Iowil.g type of quasi-]inear differential co¡ation:

i I ¿,f" /.,r¿t (xri) = g, (3"r)

rn¡here Vt (xr*) is a. single-valucrl funclion (l¡ FP. I81-208)"#'{r

The nethoci of eluivalent linearÍzation of l"ryloff and

Bogoliuboif consisls of obiaining an trecluivalenttt }inee'r diff*

ereniial ecluation which has approxinalcly the sa"ne solution a's

the original nonlinear differential equation (i, pp" 23L'2\5)'

Themethodsofl(rXr]6¡¡andBogcliub'offancltheconventional

d.escribing function methcd are similar since the procedure in

each ca.se is based on the assu-:rption of a sinusoidal form of

solution.Inthr-ischapterrtherelationshi-pbetweenthe¡nelhods

of Kryloff and Bogoliuboff ancl the conventional rlescribing func-

tion nrethod will be examineclo

T

û

An ec¡uation is called. o;:asi-J-inea"r if the solution of
the éo^ualicn does not vary a.pprociably fro::n the solution
cf the linear equalion obt,ained when f = Q'

In this 'r,hcsis, the following notation is ad'opted to
denote tine rieiivatives'-

- c .2 - e9 rn., - -(tt)dX=X.dX ÉXr- -.r9Ë qir'-'o
d.i ' dæ dtn
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3"1 THE FIììST AF!-R0XT.IiATï0N ì,iErtÌOll 0F I,?YLOFF Ä.iriD BOGOLILBOFF

For/Å= 0, equation J"I reduces to a, Iinear differential

equaiion tvj{-,h a solution anct its first cLerir¡at,ive given by the

f olicr,'.ing equations :

x r a sin (úå I ø),

l= zltcos (úJ¿ I Ð"

Since r,re are clcaling with quasi-l-i-near equations, it

appee.rs logical to assrme the soluLion and its first derivative

to be of the form of eqttations ),2 and. l.l, r"hei'e a and þ ate

f'mctions of ti-ne to be ri.eterrnined.

Differentiating ecuaLion j.?-, a.nð. for siinpl-ícity writi-ng

e = üt /. þ, we get'

å=åsin0/rtìcosO/"Øcoso, (3.4)

whieh, by means of eo¡rabion .?.J, reduces f,o the following:

äsinê/""Øcosê=0. ß"5)

(3"2)

3"2)

3"6)

idhen the va.Iues for x, f, and 3f fron eo¡raticns )"22 3'32

a.¡1d 3*6 respectively are su-bstituted. into equation lo1, anrl the

proper sinpl-ifications made, one obtains

Differentiatíng equation )'j, we get

ï= å^øcos I - ¿g2 sin 0 - ¿üþ sin o"

å0"o" 0 - aúJþ sin A =-y'¿f (a si¡ Ç, at'lcos

Equations J.J and ),J, being linear functj-ons

can novl be solved readily for these quaniii;ies " VJe

o.
¿ = 1//*f (a sin 8, aú) cos e) cco ê,

tà

"ø 
=Æt (a sin 6, a&)cos 0) sin 0"

- tÃew

s),(3"?)

or å ana þ,

thus get

(3"s)

3,9)
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Since a and þ are assrurecl to be sloi^r)-y var;ri¡g functions

of t,irne, r{e rnay, a.s a fjrst approxi.rnation, consider then as 
:

bein.g appro>rinately cons'Lant rluring one pericd of lhe tri-gono-

nelrj-c func*,ions involved o

Thus, naking use of ihis approxinaiion, we cen expand

f (a sin ê, e.{Ðcos 0) cos 0 and f (a sin A, a&)cos O) sin 0

inio lhe f ollo',.'ing Fourier series t 
o*

f (a stu o, eé,Jcos ê) cos ô=lo"rr=(A' cos n ol B' sinnQ)r(3-to)
2æ

f (a sin Q, aû) cos ê) sin I = t lo'l I_ (Arrt cos n 0l B' si¡ n O)r(3"ff)" n=I r¡

where the Fourier coefficients are given by t,he usua.l- inieqrals,

that is 3

A- = I {ztrt(" sin 0, e.Lú)sss 0) cos 0 cos n O ci 0, (3"t2¡n flJo
"ZffBr' = 1 [ t(a si.n 8, ztÐcos O) ccs 0 sin nO d8, 3"I3)

frJ"
'2'11A-t = I í f(a sin 8, e,ùcos O) sin O cos nO dO, (3.ilr)

rl /o
o f -, fñ,,^u- g L¡o sifl O, a{tJcos O) sin O sin nO cl0" 3"15)

fJo
Using equations 3"10 anC 3.I1, we can r^rrite equations J"8

and 3.9 in the following form:
tú
ã = ^AI'o ^Æ T (.Âr, cos n0 I 8,, sin nê), (3.ró)

2ü Ù) n=.i-

è. 1úJ
ø = ,4 -.,¿1. 

'f, 
tl',rt cos n Q / Bnt sin nê), (3"1?)

?-au rtl .- _

. Integrating these eo¡aticnb between t and +' / T, where T

is a period of sin ê and cos O, and considering a and' p as



renainj nq eÌtplîoxj-nat eJ-¡r

a(t I r) - a(t,) =
,r,

Ø(tlt)-d(t)
T

å = (P//.t þ.o' .

-17 -

constant in this intervaJ-, we gei

'" t)-.?t "os
7îl

I
- þ:-'o

2tú]

( r "rs)

(3.re)

Sj-nce, by assunption, a encl þ vary onì-y slor^rIy iuring one

pe¡iod, r.fe can cbtain from eouations 3.I8 and. 3"L9 -,,ì:e foll6'ring

approxi:i:at,e equations :

9.
a = -il4Ao,

7::
ZLU

t
Ø =4^o- o

2a!'!')

Letting the to'ua-l- phase UL / þ Ae ê, v¡e herre O = U /7.

Using the relalionship of equati cn ?"2L, rve obtain

g,20)

(: "zt)

ß.22)
2alt)

The first approxjmation to the solution of eo,uation 1.1

will then be x = a sin9, lrÍhere the:anplitude a anC tire phase â

are obtained. frorn equations 3"20 a-nC J"22 respectivel¡r.

If , fcr an amplitude a1r the follor'rinr¡ condition exists:

Z = -4to = o, e"Ð)
t--

2u

then the first approximaticn nethod predÍcts su'stained oscilla-

ti ons rrith an ampJ-itude at.

The question cf whether tnese oscillations can e:'jst in a

.practical system cen be der:ennined by conside:'in"3 the si.3n of

I
à for small CeparLures of a from a1o



-l-8-

If f or a slightly less ihan a., ue have å)Ot and if for a
L.

d.ightl;r greater ihan a1, we have å(0, ihen, for sna.l-l ciepartures

fron ar, the a.nplit,ude'.^¡iII tend to reiurn to a1 (tire Oeparir-rre

must be snial-I encugh t,hat the sigrr concìitj-on for å re:rains sei;is-

fied), This condition ind.icat,es that susi;ained cscillations with

an anolitude a.' can er.jst in the s;rsiem"

fr å(o for a slightl-y less t,han arr and if å>O for a

sligrtiy great,er than a1r snstained oscill-ations c.c-nnot exist at

â1 i-n an a.clua.l- physical systen since aaly disiurbance (noise)
I

will cause the anplitucle to depa,rt further from a-, " In this case,

a stabíIity boundary exists at the amplitude ar"
e

If a = 0 for a slighll-¡r changecì. frcn a.rr sr:stained oscilla-

t.ions will exist al the amplitude i,o whjch t,he osciilation is

disturbecì o

3"2 ti{0 r''LTHOD Oir ¡lr)lTll[_AlÃ]\ÌT LII'EAIÌ.IZATI0I'I 0F iiRYLO1TF /'l\Ð BOGOLILTBOF]-

If the coefficionts À ancì Ii of the linea.r second orcìer

ciif f erentiaì- equation

ï¡¡ilQì2 lK.)x=o (g"ztr)

are chosen such that its solutionra sin dris approximalely ec¡a1

to the first approxlmation nethorL soiutj"on of eq'-ration 3.1, the

I'equivalentt' linear eo¡-rati on 3"21+ can th'en be solved. to f ind an

approxinate solrltion to e.luation 1"1"

Ïf the aniplitudes cf the solutions of ihe linear equation

3.2[ ¿nd, the nonlinear equatron 3.I are to be eo,ual, the follorving

cond.i'Lion nust be satisfied:



Subsi;j iuting equetion
c\â=-/\â":

¿

Using the eqr-lation f or

tion npthocì (equation 3.2O),

À= Ap.
Za&)

nation, _ equa+-i on 3"3C becoines

The tot-e.l phase of ihe solutions

equal providing ihe foIIo,.^¡ing conditj-on
-

a =¡ft: ¡ t¡t¿ å t - f--ò-=ì'Tt- rzvÇur) J
Differentiatj-ng equa-'-ion 3 "29, v¡e

-a=Ñ [t-C ¡ 
-ì'lI (:--

L tz,n¡rlô:''-l

Since r''e are
of the t¡'pe {J.t),

'uio;:sl t,"e rìanpin¡

deaiin,q r^iith o,uasi-Iinear differential equa-

i s snallr and, as an approxi-

-Iq-
^ _ ^_Àr<t'-¿2'

Ðj-f ferenliating equa.tion 3"2J, we obtain
l.

ê -^t,a - -^ e ¿ .
2

C.z5)

(c o4\

J,2.J i-nLo the e.bove equation gives

e "27)

ä obtained f ron th e first appl'ox1-rna-

and solvinq for À , i+e have

3"ze)

of the iwo equaL.ions is

is sa.i-,is f iecl:
L2' /Á 3.29)v f .poo

havc
=t

0

Using i.þs equeiion

mation nethod (equation

for O obtained

3"22)r',te obiain

ß.r:-)

fron the first approxi-

ê =Jt "

d/4"'=,f@-
2aû)

3Jz)
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Souaring thj-s ecuaLli,on gives

ï( = 2r,, (,*io') I !l,to'ì2"9/--.Gtu J (ãø 
1

For <ruasi-linear eoPa-rions, the

.ÁAot r^rill be snal-i conparcd v¡ith{iJ.
2fü)

freouenc¡r correciion tcrn in eolr-a'lion

ing erpression for K:

(c cc\
\)o)-)J

freci';snsy cor¡:eciion t ern

Nieglecting -r,he seconcl order

). -"3, r,re obtaj-n ihe follor^¡^

3 "gb)
a

Thus an rrequivalentrr iincar difíerential equation, which has

approxima.tely the sa¡ie soiuticn as equat'Í-on 1"1, is obtainecl b5r

repracing the tenn /'tt (:<rI) ¡l'urr ecr.uivarent ternÀ* / K:<'

where Àarrd K a.re gçiven b¡r eo-rrali-ons 3.28 and l.l1¡ respectivelyo

Any pf the techniques of linear theory ila;r ¡oto be üsed to

stud;r this e-2uivalent lj-near equationo

Since the soluticn of the equival-ent linear eo¡ation )'2\' is

-Åt,. t/ € ? o-1 I $

x r e z'sín[¡'*t:t'? it - i"-iê-J'lf;", Øol , 3Js)
( t \<çt^rv¿/ ï )

K = ,lÅAor

or approxinrately
t-'-(-ì

* = "-Ë* 
u:.n{ ,l;< l¿Jz t / øoÞ,(." J

the solution of the nonlinear equation cannot be

is knor^¡n so tha.t |a.nd K can be calculatecl"

However, by foi-iowing the procedure used to

3"25 - 3"28t the foliowing eo.uation for a cen be

'a=-aò
2

3 "16)

found r:nl-ess a

d.eveiop equations

oblained ¡

3 "17)
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Th'.rs, the an,¡J-iluCe a, as fo'.:¡d írorn equat,ion ].37, can be

_Ât
s.ubs*trtulecì for e ã in eq-ration 3.J6, and also used to cal-

cul-ale the para:::cter i("

It should be notecl iha'r, the rnthod of eouiva,lent lineariza-

tion ¡rovides no nerv j-nforrnati on¡ but is nercly a diff erent pro--

cedure for applying ihe f irst apnro>'ination t::thod"

3.3 F.ELJITTO¡]SL{IP BEIi,'JEEJ\J TIIJ CON\/IJ\JIIONAL DESCRIBING I.-UìÙCTTO}I

]¡J¡-IHOD ,A,¡JD THE TECH.\JI?UJJS 01¡ IPJLOFF AÌü] BOGOLILTBOFF.

First, J-et us see how the describing funct'ion ne'uhod can be

applied to a differential eo,uation of the forrn:

'i / l-ù'* l¡.tr(x,ì) = o.

An eouation of this type can

the zero-input error rcsponse of a

(Fiqure 3.I) rrith iinear

elenents having a +.ransfer function

G(s)= *I,,,
sz /Ð¿

Figure J.1 Single-loop feeCback systenl

(: "¡e)

be considered as representilg

single-loop feedback sysien

ß "lg)



and, for an error signal x,

given by the rel-alionshíp

m = þî (*, i)c (3"¿rO)

ff ,F (*ri) contaj¡s a linear term dcpendeni o., ï, s"¡r aÏ,

it can be re:rovccl. fron ihe ncnlinear block by neking the transfer

function of t.he linear block

G(s) =
( 3. ¡nt)

' s. y' as {(,{"

Nornr obscrve that' the describing function rethod can be

applied to the system of Figure 1,1 in the nornal- rn.âfrtof o

I¡or a second cnder system ¡¡¡it,h a freor:ency-inde¡enclent non-

iinearity, the procedure uscd to solve the eo.r-rivalent linear

eo,uation result,ing fron the l'Lethod of Equ.ivalent Linearization

can aJ-so be applied to effecl a solution to the ecluivalent linear

eo-uation obtained, fron the desc::ihinq f lnction methocl"&

However, ¡1or freouency-depenclent nonlinearities, ihe soLrrtion

cf the equívalent linear eopetion resulting from the describing

function nethod is more dÍfficuli to ôbtain since the equivalent

paraneters are dependent on two unknol*n functions, 'r,hat is, the

arnpliiude and frequenc¡t (the eqttivalent pararneters are clependenl

only cn the an;olitude in the Ì'iethod. of Ër^uivalent Linearization)"

For this reason, two sirnultaneous equations i¡rvolving the anpli-

tud.e and freo;uency are obtained" Tn all but a very few cases,

these eo¡ations must be solrred by a graphical technique"

since +,he rel-ationship bctween the fjrst appro:<ination

22

â,n ouLpu-t rn from th.e nonlinear eiemcnt

Supra p"20
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¡nethod and eo.rrivaleni iinearization has l¡een developed, 
"he 

con-

ventional describing funciicn :iethr:d v¡ili be comnared r+ith only

the method cf equivalcnt linearization.

?" 3a The Aporoxi¡r-¡nt

A1t,hough L¡oth the nethods of i(rylcff anrl Bogoliuboff and

the conventional clescrj-bing functi-on nethod are base<ì on the

assurnption of a sinusoida-I fcrrn of solution, ihe approxj-rnp.nt j-s

not thc sa¡re for '!roth;

In the conventional Cescribing func'i;ion approa.ch, the

assrirned values of the cì.crivatives o-f the sol-ution a.re cxa.ctly

ecluaJ- to the deriva.tives of 'uhe assu¡ned soluiion.

In the net,hocìs of iíryloff and Bogoliuboff, a frequenc¡¡ of

oscil-iation is assunecl, anrl then a phase correction terr¡ þ is caL-

culated. However, this cprrection tern is not teken j.nto account

in the coefficient of Ì;he trigcnometrj-c funotion of thc assumed

value of '¡,he first derivative, and thus the e.ssurned va^l-ue of the

first derivative is not equel to the íirst derivative of the assu:ned

solution (except r,,hen the correction ter¡ is zero)o

These observations seen to indicate that, providing other

approxÍmaiions are equally accurate for both ¡aethpcls, the des-

cribing function rnethorl will give rnore accuraie rcsults than the 
.

met,Ìrcds of l(ryIoff and Bogoliuboff 
"

However, for freritr,ency-dependent nonlinearities, the des-

cribing function methorì. requires more cal-c'¿latj ons since both

the amplitucle and frequency of cscilla.iions occur in the pâr'€'*
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r.eters of thc cquivalent linear terrn; r^rìærees the ecluival-enf, para-

net,ers arc deoencìent only on t he anpliluCe in the equivalent

Iinearization nethcd.

3"3b Nat,ure of thc Acorc;cinai:ion

The equivaleni qain of the nonlincar device for lhe d.es-

cribing funclion nethod is chcsen 'r,o mi-nimj-ze tke mean sou.are

error betr+een the actual out,put and the sinusoj-dal- a.pproxi-rnation

cf the output fcr a sinusoid.al input*.

For t,he ec¡uivalenr. linearization nethod of l(r1']-6¡f ¿nd

tsogoì-iuboff, the equirralent gain is chosen such that, the rate

of chan,øe of tlie an'rplituoe and phase of the solui;ion of the actual

nonlinea"r eo.uation ancl the eo.uivaleni iinear equation are approx-

írnaiel;r €rllr.êIo

3 "3c Resu1t,s Obtained

If we appÞy t,he convont i-onal' describj-ng frinclion Íethod to

equation 3"1 for t,he case cf a. irequency-independent nonlinearity,

the nonlinear rel-ationship 4t(>'-) is repiaeed by the funct,ion
,2'TTy'rx í-"t (a sin O) sin ê dê"'zarlJo

Therefore, since this is preeisely the equivalent tenn ob-

tained by the ;nethod cf equivalent lineariza't ion, the ';vro r,ethods

are eqrúval-ent for f reo^ucncy-independeni nonlinearii,ies o

The ouipui fron "uhe nonlinear d.evice is aoprcd-nated iry
the first term of a serj es, the ìlourier series, foi"neri fron
*r or+-hogon¿.I sei c-f functions, and so the nean solla,ne error
be+,v¡een +.he actual ¿nd a.'rp:'cxi:ra-r,ing function is nini¡lized
(6, pp" 156-158)"

.fd,
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i'u i-s noi, uossiltle :c o',rt,t"in *rhe c:t¿ci, rcl¿-'.licnsirip ìlelt+een

.Ll:c l',.,'o ::ct ]rcds lor- +-Ìte c.r.s c of ii"crir-lcnc;r-rlcnenr.ì orrl ncnlinet.r"ities

üilic=ss .uhe et::c'L iortn c.fl ihe ncnl-in¡ ar :'e la'ij, cnsìli-l is iino",¡ri.

ir^oiicvcr', in.ent:ral-¡ t-he t','ro ne't,ìiods wili i'i-eid di-!fci'cät'r'csults

beca.ilse {-,ì-re approxi-:n¿:rt,s arc diff e::ento

-Ln qeneral-, for freouenc;1'-nepend'enL nonii¡rea'ri'fies, the

Conrrenlionai descri-'oin.g futiction nethc,l qivos inol'e a.ccì1ïe"te

resul-r,s tha.n 'bÌre ineihod cf ccrui,vql-enl liüearlzaLion since an add'-

iti onai air1:rc>'3tlation is j-nvolved in Lhe latter.

? .L COI]CL'-IÐII';G LìOì J Ë}IT3

Sj_nce all thc nethocls rliscussed ¡rleid a"pilrcxiina.tel;r the

s¡¡ie infoï'lnâl-:i cn, i-i is inporbe.nb to dcre;-r:line rvhether one of

f.he nlethods is ;oref eråillë f or e 'pÉ.rtjculâr :rpt3-ie ation"

obr,,.rousl;r the ciescribing functj_cn :rethod j's oí m,rch greetor

a.pplicability for tr,.,ro reasons: fiïs¿, the nonl-inearity need noi

be sinele vâluecì as required for thc:::'Lhods of i(r;r]3ff a¡6

BoSoiiuboff ; and., second-, ì;here is no res'r,riction on +-he orcler

of t,he cl.ifferential- eo:-rati"on"

As pointed out pnevio'.rsly, the meihod.s of i(ryIoíf and Bogoliuboff

i-nvolve an eiditional allproxination to i;hose rÏ)erle in the conven-

tional d.escribing firnction ::ethod., and lherefoi'e itr,ê usual-fy not

as accuratec
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However, as a result of this additional approximation, the

nethod of equivalent l-inearization gives an equivalcnt linca.r

equation which ís easier to solvc than the equivalont lfnear

ec¡uation obt,ained from the conventional describing function

techniqueo Hov¡ever, the sa,ïe aÐproximation may be applied to

the conventional descríbing function method,, tLÊt i-s, the fre-

quency in the equaüion for the equivalent linear parameters

ca¡ be assumed to be 6), ff t,hj-s approxi.nation is nade, the

eo¡lvalent linear equatÍon obtained by the eqr:i.valent lineari-

zatlon meühod and the conventional describing function methoC

becone identlcal. The valiciit;r of this type of approxÍmation

can be checked by deternrining whether the frequency correction

term is smallo

From the material of this chapter, it can be concluded-

that the conventional describing fr¡nction method can completely

replace the techniques of Kryloff a.nd Bogoliuboff"

. Tf the nonlinear ter::r 4f Gri) is a.ssumed to represcnt

a force and x to represent clisplacement, the method of equivalent
either of

Ilnearization can be given^the fotlowing physj-cal inberpretations:*

(f) The nonlinea.r forcelf(xri-) is replaced by an

equivalent linear force K I À*, where K and À"r" chosen such

that the equivalent force procluces the sanre active and reactive

work per cycle as the nonlinear forceo

ù See Appendix A
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(Z) The nonlínear force is replacerl by an eo¡rivalenb

linear force W I 
^i 

such tha.t the eqrrivalent linear force t

is equal to the first harmonic of the nonlinear forcc.



CHAPTER /+

THE BLLIPTIC DESCRTBTNG FLTNCTION

In this. chapt,er, a new ciescribin,g function, which is more

accuraüe than tlre conver¡t ionar describing f\lnction f or ¡nosï

practical cases, is defined" This new descrj-bi¡g function is
odd.-

restrictecl to^sy:nmetrical, s ingle-va1ued, freque ncy*independent

nonlinearities,

/,
r.:i=4=¡ltr- 

=gÆ==q!' IREvrous Arr
DESCRIBTNG FIJNCTION

Klotter (9), erince (35), and Gibson and Prasanna-Kumar

(36) ¡ave defined d.escribing functions based on a sinusoidal

input to the nonlinear element and an equival-ent sj-nusoidal

output which is chosen according to some characteristíc of the

actual outputo Hov¡ever, since these describing functions are

difficult to eveluate, and in general are no nore accurate tharr

the conventional describing function, thry have not beconne

uideþ usedo

West and others (I2, OO. L33-I56; 3L; 32) have defined. a

describing f'-mction based on an input signal composed of two

sinusoidal signals of dÍfferent anplitudes and frequencies, æd

an equívalent output signal composed of two sinusoidal signals

t+ith the sane frequencies as the input signals. If the two

signals are harrronically related (such as the funda¡nental and

third ha:'nonic), lhe dual--input describing function can be used
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to study sptern oscillations, unfortunately, the dual-input

descri'oing function is rlifficult to calculate, and therefcne it

is not normally used to study oscillations in self-excited systens '

Hamel (tt, pp. t+46-t+53), Tsrpkin (1I, pp' t+55't+83), and

I1anabe (I5r\ ha.r" developed. exact nethods for fínding the steady

state response of nonlinear s¡rstems, but their methods are applic-

able only to systems in which the wave shape of the oscillations is

known a priorl at one point in the s¡rstem'

¿+.2 CHOICE OF A DESCRTBTNG FUNCTION

l^Iith the exception of the dual-input describing function

and the methods developed þ Hamel, Tsypkin and Manabe' alJ.

describing functions for nonlinear systems have been derived

on the assumpti-on of a sinusoldal input signal and a sinusoidal

approrci¡:nation of the outPut " 
t

Ifthefilteringofthelinearelementsisnotperfect

for the harmoni-cs of the output fron the nonlinear device, these

harmonicswillbepresentinthesystennottbputandtheinputto

the nonllnear d'evice" A describing function based on a sinusoidal

approximation of the tnput and. output of a nonlinear aàvice can

never accormt for ihe presence of harmonics in the systemo

Thereforeritwasprroposedtodefineadescribingftrnc-

tionwhichr*ould'g5.veanoreaccuraterepresentation.ofthe

actualwaveshapeofsystenoscillationstharrispossiblewith

a sinusoid"l appro#-mation.
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After mar\y u-Tìsuccessfur atternptshad becn nade to obtain

a dese::ibi:rg function rùich wourd account for tÌæ presencc of
harrnonics in the s¡'stem, it was cleciried. that a restrict,icn on

the generarity of the problenr wâs necessary if a',y progress was

to be ¡naden Therefcne the method will be restri-cted to od.ci- synunet-

rical, single-valued, frec$ency-j_ndependent nonlinearities,

. As can be seen fron Figure 4.1, it is possible, by varyi

ing the modurus k, to obtain a variety of wave shapes with the

Jacobian elliptic functions sn (urk) and cn (urr<)Í Therefore,

it seems probable that b¡r approxinatins the input and output

/.o
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of a device w-ith elliptic functions, a representation of the

lIave shape of s¡rstem oscillations, which is nore accurate t,han

¡. sinnsoiclal apprcxinat5on, coul-cl be obtainerj."

The following criteria wiII be applied to obtain the

Jacobian eI}Íptic function approxl-raation of a peri.odic function:

the actual function r.ril-l bc approxÍmated by the Jacobian elliptic

function uhich has the'same amplitude and period as the actual-

function, and the minirm.¡m mean square error between the actual

function and the apprcximating functíon for a conplete period
i

of the function will be obtained by varying the modulus k.

The choi-ce of a criterÍon'rn¡as made on the basis of obtai¡r-

ing a reasonably accurate approximation ruith a rnininmm of math-

eratlcal dif ficulties "

Let us denote the lnstantaneous relationship betvreen the

lnput and output of a nonlinear rievlce by

m = f(e),

where e is the input and m is the output.

The notation

e i xisn(u1rk1)

or e = x.cn(ur-Krrki)

will be used to denote the input signal to the nonlj¡rear devi"ce

(tfris choice of reference for the cn(urk) fu:action considerably

si-np3.ifies the caleulations)'

If the racü-an freqr:ency of the input signal isúJ, ühe

' relationship between the argr:.rnent u, and time t fs

(4.r)

(lr,z)

(uJ)

ui Ë 2Ki öb¡T
(&,t)
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where the fi¡st complete integral I(i lus a modulus ki.

The output of the nonli¡rear device will be approxinrated

by the elliptic function

(t"5)n i xosn(.orko)

or mrxocn(uo-l(orko), (tr.6)

where xo, ro, ko and the elliptic frmction fsn (uorko) or

cn(uo-Ko, f.o)] to be usecì are determined on the following ba.sis:

(I) The anplitude xo is found fron the relationship

*o = f(xi). (4"?)

(Z) The argument uo ís chosen so ttrat the period of the

elliptic function is ecluaI to the period of the actual function,

that is , .

uo = 2KofJt = ui Ko, (l.e¡vT-&-

where the fjrst complete elliptic integral Ko has a mod-ulus koo

(¡) The ¡rodulus ko a-nd the elliptic function to be used

are chosen so that the mean square error between the actual func-

tion and the approxinating function for one period. of the func-.

tion is a minimumë

The necessary calculations to obtain the elliptic

approximation are described in detail in appendix B for

e = xrsn(uirki)

and an assumed for:n of output

t.t'
m = xosn(uorko)

function :
an lnput

( ¿n"9)

(4"r0)

---(t¡tis fornr of output will be used as the approxirnation only

if it gives less mean square, error than the xocn(uo-Korko)

foirn of output)o The calculations for other conbinatÍons of

input a.nd output functions are similar, and therefore only the
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results of the calculations will ì^re stated,

As Ís shown in appenctix B (eo.ration B.À4), the r^rodulus

l( is to be found fron the following eqrration:
o

2Ð-?E l2kæ
ko r<o(r<oì )2 ffkJ)

l-71-ît*-t 
-" [*ot ' 4 /' (no')2 / ttuo')u]

/ 1n(ro,r"l I n"t - t l tt ""lt]], 
(4,r1)

where n = /(o uocn(uorko)an(uortco)r fxr"tt(urrki) I u"o,
)o

E = i(o E(uo)cn(uo,ko)an(uo,ko)f f*."t(ti,tr) Ja"o,
)o

t = J:t 
sn(uo,1co)""2(.torko)r [x' "n(ui'ki) J 

uto'

Itisevidentfro¡nthiseqrrationthatthenecessalwcal-

culations to obta,in an expression for ko r'rou1d be exbremely

difficult to perfofm, one of the mal-n difficutties is that the

nodulus ko occurs as a paralneber in transcendental functionst

and therefcne the e'quation ¡nust be solved by nr:'nerical ¡ipthods"

The cd¡,culations would obviously be greatly sinplif ied if the

need for a nunerical solution"l¡Ias eliminatedo

onepossibler¡ethodofa,voidingthenumericalsolution

wou]"dbetoexpressthenonlinearrelationshipinsrrchananner

that if ko ancl ki t'¡ere assumed' krrovnr the equation could easily

be solved for the parameters of the nonlinear relationshipo

--Bycalculatingthepa.rarretersofthenonlinearrelationship
for the full range of ko and krr a graph involving no' ki

andtheparametersofthenonlinearrelationshipcouldbe



-14-
obtained. Then, if k. and the parameters of the nonU-neart
relationship were knoirrn, the roodulus ko coulcl be obtained. fro¡n

such a <::aph

ïn an atLempt to sirnplify the calculations, a n'.mioer of

methods of approxima.ting the nonlinear relationship l.Iere GXâin-

inecì. The only suitable method founcÌ ,.{a,s an odd cubic polynonúal

approximation. If t'he nonlinear relationsìri-p is approximated

by a cubic

m: f(e),rrb( " I a.3),

onl;r the para,neter a is requirecl to specif¡r +-he nonlinea.r

relationship since thc conslant b may be consj-cÌered as ¡nrt of

the ga.in of the linear elements. If lhe nonlinear relationship

is approximated by an odrl cubic pol;¡nonrial, equation 4"II (and

the equations for other conh.d-nations of input and output ellip-

tic fturciions) Çan easily be solved for axi2 if lco ancl ki are

assumed. known, thus nakinq it possible to obta.in a Sraph in-
t

volving axi¿ t kor anri kr. The required f ormula is calculated

in appendix B and. tþ resultin.q graph is shor,^¡n in Figure l¡"2,

page 15 . This graph also inclucl.es the relationship betrveen

the para.neters f or an input xrcn(r-r.-i(i) ana an output xocn(uo-Ko).

The relationship for the other combd"nations of input ancl otttput

functions was not plottccl bec¿use of their linrited usefulness

mount of time reguired for the calculation.*o

ù

(lr"l,z)

Infra pe , {l-
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Althoueh a" cubic approxination nia;r not give a rrgoocl fitrr

for some nonlinearities, the approxination of the nonlinear

relationship by a cubic is jusbified for trvo reasons:

/- \(I) ì'iost nonlinearities f or which the exact r¡ethods

of liamel, Ts¡pkin and I'tana.be are not, applicable may be adequately

approxinated by a cubic. (saturation and deacl zone a::e the most

connon exanples), Therefore, the rnethod wilI be applicable to

most of the systems for which tlære j.s no method of obtaining

an exact solution.

(Z) Soudack (eO) f,as obtaj¡red very accurate solutions

for a certain class of nonlinear clifferential eqrntions by

approximating the nonlinear relationship by a cubic polynonialo

Tt see:ns reasonable to assu:ne that a cubic approxínation will

give accr:rate results for a wj-der class of differential eo.rrations

than those trea.tecl. by Soudack" It r,,¡il-I be assuned that a cnbic

approximation gives accurate resr:Its, and then the validity of

this assunption v¡iII be tested, by comparing the results obtained

w'ith the correct solutionso

, Since it has not been possible to justify anir particular

method. of approxinating the nonlinear relationship w'ith a cubic

polynonial, the method u'i1l be applied using both the Legendre

and Chebyshev approximations to determine i^,'hether one of these

approxi-nations will give nore accurate results than the other"

If equation 4,12 is obtainecì using a Legendre or chebyshev

approxi-nation the range of the approxirnaticn is-1 d e €1."

Thus to obtain the most accurate result, a change of dependent
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variable should be :¡ade in the eclua.tion representing system per-

fornance such that xi jn the approxùrate solution of the result-

ing eouation is equal to or only slightly 1e ss than on".*

&"3 SYSTBÌ'I ANALYSIS

Consider the application of the elliptic clescribinq funclion

to the single-loop svstem of Figure l+"3 for the condition cf zero
dÊ

Ínput signal, If tLts nonlinear input-output relationship of the

Fiqure 4.3 Generatr blocit d.iagrarn of conbrol qysten incorporating
one nonlinear element

element denoted by N/in Figrr e t+.3 is approxinated by a cubic

polyno:nial, the necessary elliptic function input xrsn(u. rkr)

to prod.uce an apprþxj.mate elliptic function output r. sn(uorko)

can be deternined from equation 4.7 and FiÊure 4o2" Let us

denote this input-output relationship by

x.sn(uirkr) : rt'f xoun(uoruo)J , ( a"r3¡

It is al.so possible to change the range of t'he polynornial
approximation þ a suitable charge of variable; however
this proeedure would require rc.ore calculations than the
one outlj-ned aboveg

It is assumed. that the proper change of depend.ent-variable
hasbeenmad.einthesystenequationsbyperforrr.ingasuit'
ebþ transfomation of system parameters. the best procedure

for ¡raking this transfo:mation is given on pages 46'47.
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All possibie conr'binations of sn(url<) and cn(url<) functiors are

necessary to completely specify the input-o'.:.t,put rolationship,

but onl¡' the calculaLi,ons for the sn(urk) fUnction approximation

of input and output are -qiven since the calcul¿tions are sinilar

for ether câ.scs

If the output fron the linear ele:nents or, equivalently,

the negative of the input to the nonlinear element for an ellip-

tic function input x- sn(oorko) to the linear elements is approri-

mated by an elliptic function according to the relationship

c=-\sn(q,kr):rrfxosn(uo,uo)1 , (4."rL)

the condition for sustained oscillations in the system of Figure

4.3 is

fl f xo".r(uo,uo)] = -t, f*o"r,(.ro,no) J

Therefore, to enplo;r tte elliptic describing function in

system analysis, it is necessary that the response of the linear

ele:nents to an elliptic function input be approximated. bJ' art

elliptic functiono

All- attempts to calculate the output frora the linear

elernents d.irectly in terms of elliptic f unctions end.ed in fail-

lrer Because of the ease with which the response of a linea.r

device to sinusoidal input signals can be determined, it was

cl.ecided to treat the input as a Fourier series, and- then attempt

to synthesize an approximate elliptic function fron the output

Fourier series

The Fourier series expansibns of the elliptic fr:ncti-ons

are given by the following equations (4rpp.:.67-Jé9)z

(¿"r¡)
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sinh

sn(u,Ìt) =

cn(u-Krk)
éE

where v is defined by t,he

v=11 u"
8.

v = lJLt

end thus the input to the

the foliowin-r expa.nsion :
&

xosn(uorko) = aeg q
I(oko n-u

If the linear elenents

state transfer function

co7tx
¡il( n=0

1)
T\
!/
2)

2n

(
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( 4,ró)

ú¿r.rz)

( ir"ra¡

linear deviee may be represented by

v

4'j
l1)vt¡

t,') relati-onship

Substj.tuting equation 4"4 into eouation 4"I8 gives

ovJan

si-n( enlt) áltw

or, ec¡rlva1ently,

cr xofÏ, I {tr n:O
^totto

4))-f sin
sinh frIíot'l

EJ
nlL

2(

L) rf Ko2)q
It was decirìed to approximate the series by the elliptic

function v¡hich gives the least mean so.uare error between the actual

lL)
2)

n
É_L-IsoJ,
Î¡'Kt'lTJ

c(¡ r¡) = 
y'( ût) eil(ö) ,

the response of

input is
@c = xoTI X'

Koko n;0

the linear clevice

" ( tv.L9)

are characterized by their steady

(lr.zo)

to the elllptic function

t+,2L)

"(t*"zz)

tt l(zn )n.

'J
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function and the approxi:nating funetion.

l.lany clifficulties r.rerc encountered in synthesi-zjnq an approx-

imatc elliptic function from t,he Fourj-er series, md therefore it

was found necessary to introciuce sorne fwther a.pproximations.

Frorn equations 4.16 ard /,..1f, iù is seen thai aII hiqher

harrnonics cf the Fourier series of the e1J-iptic function have either

zero or 180 cìegrees phase shj-ft fron the fr.rndamental conponent.

Fr:oviclin.q the fírst te::m of the Fourier series in equation [,22

is large compared '^'ith the h.igher harmonic terms (,¿hich is usually

the case for control systems), the best mea.n square error approxi-

¡ation to equation 4.22 by a sinusoidal series containing terms with

elther zero or I8O deqrees phase shift is obtained b¡r neglecting

the cosine terms in equation l+.22o

' Therefore, the approxinate syste.nn output is

c = xoîf
rìrtto^o

J. -ilø

This Fourier series wilt be a,rpncxinated b¡' the elliptic

function r.¡hich has the seme first and third har¡nonic ter¡ns in

its Fourier expansi-cno This specification fixes the type of

el]iptíc funetion to be used, the nodulus k, and the arnpU-tude"

Let us r,'rite eor,'ation l+"23 in the f ollowing nanner:
(dr' ¡ *l

sl.n

t'l

(4)
@

.E
n=2 , (tn"ztn)

tha

ê€
{*.t
nã0

"=ffitryF*W""rflnJÇ t"-

6- (nlr) ff K^'"1

l_( 2) T ,Ë

t the followingwhere k is chosen such equation is satisfied:
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(frç.')
( 2rç") @'ç') û

= sinh (?t'r) . ( l+"z17)
sinh=llil)(r )

ñ

(t*"27)

This approximation ca.n now be used to solve eqrration À"15

for the paraneters of the elliptic frunction a.pproximation of

s¡rstem oscillations.

* This eo.uat,icn can be satj.sfiecl only if the pha,se shift bet-
¡¡een thc fjrst and third harnonic gain is in the range

-E *,lep) - l({,J)gM/2" If the phase shift is outsicl.e
2

this ranEc, ecluation t+"21+ ¿houJ-d be written with terrns of the
form sin [(z-nll)V I n 1SO.[, anci thus r+ould be approxi--
nated. b)' a cn(u-Krlt) fu¡ction- Since.the phase shift is
usually in the r;*; -t¡z*l3t¿) -{fa>¿. îf¡2, tne eliíp-
tic deêcribing frrnction calculations rvill not be cagied
out for pha,se shifts outside this range"

y'( 
36,r). o, { dCw> -df6)} s inrr
{(lu}) sinn (3Ífi(ot)

(zKo)

The series of equal,ion L+,21+ is lo be approximaled b)' the el]-ip-

tic function vrhich has the sane first trvo terms in it,s Fourier serieso

That, is, eo¡ration l.r.2l+ is to be approxjmated bJ, the function

"a("lqlþ), k). (to,z67

Since the approximate output elliptic fr::rction must eciual the

negative of the elliptic function input to the nonl-inear device

(equation 4.1Å), eoua.tion t*.26 can be written as follows:

c = -xi sn(uirk1) = f2 flxo sn(uorko)J

koKo sir,h tEb
(21(o
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ri-rst, note frat since the nethod ha.s been ::estri-cted to

fretluency-inclependent nonlinearities there is no nphase shift'
betwecn t,he erriptic f'nction input a.red ou|put of thc nonrinear
clevice, that is, f1 [*or.tç*orko)] i',". no pha,se s]rift frorn xosn(uorko),
Thereforc, using the reiationship

sn(ul2[,)=-sn(u), (L"ze¡

it is evident f" fx sn(rorl.o) I nust have a ,phase shiftrr of 2 Kit :
fron xosn(torko) if equatio, l*,i:rs is to be satisfied. Thus, u"i..,*
eouation 1,."2?, we have

, n, = zxi Ø(A), (b"29)
fr

and conscquently

ø!u) =tf . (¿,.30)

Thcrefore, the frecluency of s;erem oscilrations i-s trre frequency

at r'¡hich t'he lrTyquist prot cf C(s) crosses the nega.tive rea.r a>is"

Once the freolency of oscill-ations is kno,,^,nr ú.¿¿) ana

dt:Ctl "* L ø\lA) - ølUl I "u,-, 
be easii;, for¡1¿ fron the tþquisr plot.

i(nor.,,i-nË y'(úJ) on¿ 13ø) 
"o" [d(þ) - ø!{aÐ}, eo¡rari_o n tt "25 

.

nr.a)r be sorved f or the t rrr,o rera.ii.onship of t,he linear erenentsl

To cal-curate this eqrr.a,tion for every ez,a'rpre wourd. be exbrenely

difficult,so it was decidecl to obta.in a plot of the relationship

ror several rarios æ {3a) "or[ þtzØ - ølQÐJ t" n'tø), To reduce

tae nurnber of d.iagrar.rs requi:.ccÌ, the rerationship of eiuation L+"?-5

is plotted on the same Figure as the reretionship given by eo¡ation

B.l*8 (and given graphicall¡, by Figtr-re Ir.Z). The resultj:r.g graph

is given in Figure l+.1+, page 41 anci, to an expancled. scalerÍn

Fieure l¡"J, page Q{.
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Fcrha.ps, in order to ¡revent confusion, it '.voulcl be cjesi-r.abre

i;o exanrine lncro closel_y exa.ctl;r wira.t Fi rnires 4./+ and /¡. j represento

Fron a. thrce dincnsional- prot of the reraLionshíp betvreen krrko,
,2and. ax. given by eqrration 8.4.8, Figure l¡"2 is obtaineo b¡r olotting

several kr, **r2 curves for constant valrres of ko. By plctting

the k. rko relationship given by eqrration 4.2! onto Fiqur e l+.È

(and thus obrtai-ning Pisrres 4.4 ancl ln.5), vertical projecùions fro¡n

the k. rk^ plane are bein,g plotted onto the surfa.ce representingfu
equation 8.4S"

once the ratio leø "ouløl'lu) - ø61ø l@) has been

for:ndr the relat,ionship between ko ard k. f or the systen is knov¡n

to be a point on the rrratiorr iine of Figures It"4 utd L.5. The

point on this line lvhich corcesoonds to steady state oscillations a

can bc obtained f rop:r the nagnitude conditions. Using equation

Lç"27, the niagnitud.e cr:ndition necesserv to satisfy equation L "I2 is

xi = (*ilr*r3)u rrr. /tal) ,i'i' ffl (4.3r)
k^K^ sinh @r^t )'v (zÇ)

Therefore, wè have

" ffid-)
a>ci' = koKo sinh (2Ko )

@) 1" (t*ôz)

By plotting this equation for the k* ko locus found from

tÌæ rat,io condj-tions, an i-ntersection vrith the srrrface represent-

ing eqrration B.,LB can be obtained," This inter:section correspond.s

to the conditions necessary to satisfy equation 4.L5, ancl thus

represents the pararneters of the ellipt,ic functj.on approximation

of system oscillations"
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To facil:-tate the calculation of eciuation 4.32, the function

l-ã.. t \
\¿r ttt-/

k^lí- sÍnh (Zii^ ) as a function of k. is pLotted. for cl.ifferent values:lii ¡\'. S].lÌil tzi\.i ' )
I I !+,- (ct:. I

\L"]. /

of ko in ligure 4.6, page 47 ano., to an expand.ed. scale, in I5.6ure {.1,

page {t.

¿rs Ì'tentioned. at the enC of the previous section, ii is necessery

to change the indepenclent variable in the equation d.escribing systern

perforrnance such tha.t x1 in the approxinaie solution of the resulting

equetion is equal to, or only slightly less than, one. lor the standarC

feed.baclc systen represented. by the blocic d.iagrali of 5l-gure 1.1, tiie

folJ.orving relation nay be l¡ritten (for self-exciteo systerns):

N"7 = G(s) ,
{-ft (-.)7

G.ll)

rih a

C-E

necessery change j-n variable is rnost easj-Iy mad.e by setting

crn (where n is a constant) in equation {.73 to obtain

ú{"+ = gfFL - c'(s)" (4.14)
d{r (-c 'n)} n

thus, the change of variabl-e is nade b¡. Civiaing the gai:r of the Linear

eleinents by the norEalizing factor n a¡rd. setting c = c rn in the nonline¿r

relationship.

Ilorueve¡rr the value of 't'r required. to nalce x, of the rqquiled.

nagnÍtud.e is unknol¡n. Fortunateþ, a suitable value is usually arrived-

at by noting the ,gain of the Linear elenen'bs and. the form of th.e nonJin-

earity a¡td. in anj' case the equation neecL not be conrpleteJ.y solved. to

d.etemine if a saiisfactory n has been chosen since if x1qil, then

r*i!o, a¡rd. this condition ca¡r be checked. when equation {.J2 ís being

pIotted..
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Since knor"'in6 tl:e gain of the linear el-exrents to the first halnonic

of ihe sJ'ste¡ä oscillations nrei¡ be very useful in selecting a. nornalizing

íactor, Ít is usually pr'eferable to caLculate the þclui "jlltot of the un-

nolr:a1ized. systern, and. then nonralize the values fron firis p1ot. 1'he

;.(J¿r) 
"o=þ(lcr) - øç.ú to.t(cr,) ratio anci. the phase of the l.þquist plor

are unch¿nged by iror¡i¿IÍzation, and the nornal-ized- gain oÍ the fi::st har-

nonic beco¡res

A'(-) = ¡\(,r) . (4.75)
n

11:e proced.ure for a;oplying the erliptic d.escribing function to

sysiem anal¡rsjs a,ay be suuimarized. as follor"s;

(f) fne appr:oxinate frequency of oscillations is the frequency at

t¿hich the l'yquist plot of the transfer funciion of tire linea.r el-ements

crosses the ne6atj.ve real a>:i-s.

(z) tr:e ra',io tt(læ) "o"lØß*) - Ø@fi ro rL(c) is found fron rhe

transfer fiu:etion of the linear eJenieritsr a&d ti-¡e sorpcs¡ondÍirg rrratiorl

line'r is located in Îi4:e !.1 (or 4.5).

(l) i+p"oxiniate the nonlinear rel-ationship by a cubic polynonial

(noting tÌ:e necessary change of variabì-e), and v¡ith tlie aicì of ligure

/t.6 (or 4.7) plot .*rt ,."""us l<. frorn equation Q"JZ on',,o Figure{.{

(or 4.!) for the values of kr,)co oir the ratio li.ne fou:rd in step 2.

(¿ ) fi.na axr2 ani. k1 fron the intersection of the line plotted

in step J and. ihe srrface representing equation 'ts.45, that is, the raiio

lj-rre founc in step 2.

(5) ¡;ow knor.ring 1c1, ax, , and a, the el-liptic function appror:imation

of tlie systen output can be Ceterrnined..

Sone exanples of the applic¿rtion of the elliptic d.escribÍng fr.::'rc-

iion are given in append.lx D.
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¿ . ¿ COüC l,i-ûfÌ'jc Ctlìil,iEliiTs

lhe exan¡les r+hich he.ve been stuCied (;:.ppendi>: I) seein to inCicate

thet a legendre pol¡rnonial approxirnation of the nonlinearity gives more

accu:'ete resuLts than a CÌ^rebyshev approxination, bui nore, exar::ples v¡oulcl

have to be stud.ied. before a c.efinite concrusion coulci be reeched.

l:llii-e it is difficult to state precisely on r¿hat renge the anpli-

tucìe of the nor¡alizeô. systen out.out ¡ust be to give accurate results,

the e:<arrrples studied. ind.icate that accurate lesul-ts are obtained. vrhen xi

is in the range .6 (xr(I.

i\::-ther calculations are necessary to obtain the elliptic describ-

ing functj.on relationship for values of the roodulus g:ceater t]nan .))))).
a::d. for sysiems in r'¡hich the phese shifi between the first a¡rcl third.

harnonic is in the range fr/z{Ø(lrt) - Ø(.)( -Vr.
the accuracy of the methocl could. be inproved. if tÌre fÍgures t/ere,.

expanCed.

Ðespiie these shortcon'in¿'s, it has been forrnd ihat the e1J-iptic des-

cribing function, as d.eveloped. hele, g"ives nlore accurete results then the

conventional describing function. Before the usefulness and. the accuracy

of ihe nethod. can be deternined., it rvould. be necessary to epply the nethod.

to a l¡iCer range of examples.
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¡,iit¿L TI:Ouc:]iÎ$

Ä shori reéuie/of the top1cs sturi.ied. and. the conclusions

reached. yill be giveri in this chalie:r.

il,e conventj-orrel cìescribing .functÍon nethocì v¡as d.evelopecl in

such a ma.ru1er as to clearly indicate und.er v¡hat concLiiions rhe neth.oC

cen be useC to detern:inc ihe cha:'acterisiics of the transient '!:eheviour

of a systens.

î:e first approxination neiboC of Kryloff :urd. !'ogoliuboff r¿e.s

d.eveloped, and. the results of ihis netlloi. r*ere used. io obtain the niethod.

of equivaLent linearization.

It r"as founC that tl're conventional d.escribing fu¡ction a;ed equiv-

al-ent Ìineerization give exactly the sane resul-ts for frequency-j-nctei:en-

Cent nonlineerÍties, anc., in general, tÌ:e conveniional d.escribing fi.¡nction

is rnore accu:'ate for s¡rs,f sms lvith frequency-i.epender'.,t nonlinearities.

5 .2 rli!. X:ì..IIIïiC I:SCRIBIIIO ¡LrÌ,iCTlOÌ,T

A nel+ d.escribing firnciion, the elliptic describing fu:tctiorr¡ tr,âs

C.eveloped-. This cÌescribing function proviiìes a ;jrore accurate re*oresenî-';

atj.on cf ihe Ínpui-output reia'tio:rsirilr cf a nonlinear d.evice tiran is

,.roseible r+ith a sinusoiCal appro;:iitatioll.

'ihe ¡:ain objection to the elliptic d"escribing frurciion, as with

ihe co¡rventional oescribing funciion, is that the nethod. gives no sì:r.e

criteria regi=Cing the e>:isience of sustainecl osciliations.

-¿¡rother ç'eekness of tl:e nethod is the need. to change the Jnde;.:en-

ient variable il'r the s¿'sis.,, equatlors" ril!þ-oygh this h¿s not preserrted.



-52-
enJ¡ iliff icul-iies in the ei:e;',i-ìles stuCied., it is Srossible tirat so¡r:eone

r+ho v¡as rurfs::lilar r+ith tÌie nlu.''uhocì niE'ht have difficulty in ri:aìiing a sat-

isfacto:'y charge in varieble in tìre systein eclua'i;ions. in ihe e:reni;Ies

siuilied., accu.rate resuits r*ere obtaineC,.¡l:en the anpliiuie of ihe oscil]-

ations in the nornelized systerL l','es in the renge "6{>rr{ 1.

!'or all- the exanples stuCieC, it r¡as fou::d. th¿t tìre elliptic d.escrib-

ing function 6'ave Eore accurate resulis ihan the conven'uion;¿l clesclibing

.fu¡iciion.
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APPENDI{ A

PÌiYSIC AL SIGÌùIFI rJ ¡-lNC E 0lî T iìIi OOM/Eì\Tf Oì,JAI
DUSCRI BT I'iG !'UÌltClI OIi Ai.iD EQiIIVALIIIiT LIIìIAII-I Z,trT I0lrl

Providinq the output, of the nonlinear device js assuned

to represent, a force and t,he sysLen output-,, sêirr x, a displacernent,

tlre conventional describj.¡g function and equivalent linearization

can be given the following physical interpretations:

(f ) The nonlinear force is replacecl b¡r an ec¿uivalent

l-inear force Kx l,hÍ, v¡here ä andr[are chosen srrch that the

eo-uivalent force produces the same active and reactive work per

c¡rcle as the nonlinear forceo

' (Z) The nonlinear force is replaced by an equivalent

linear force i(x lÀù such thât the e<luival-ent force is ec1ua1

to the fírsi barnonie af +-lie nonlinëer foree"

4.1 PII-I}ICIPI-E CF E,QUI\rå.UJJiVI RÂI,¡..NJCE OF E{E?,GY

Fefore a ph¡rs!3¿1 significance based on enerry reiation-

shr-ips can be rleveloped, it is necessery to Aefine a reactive

polier term for rnechanical systems sinúIar to '"he tern rrwattlessrl

or reactive power conrnonl;r usecl in alternating current theory"

Fron alternating cr:.r":'ent theory, the real (or active)

component of power P" and its 'rrva',,t1-esstt (or r:eactive) conponent

P" are defined as f ollorvs:

Pr=rf eicosodt,
d_l

TJo
(R.r)
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Fr = 1 f " i sin G tlt,,

T ./c

rvìrere ê, i, 0 and T are voitage, curren.b, phase angÌe ancl period

of the funci,ion respecliveJ-y"

If the force is F (t), t,hé active cornponent of power in a

nechanical srrstql is

pa = i ¡t n (t) ,;. (t) ¿t, (.q.¡)
TJo

and. b;, analory with equations 4.1 a.nd 4"2 the reactive com-

. poncn'i: of pow:r in a mechanj-ca1 sr¡sten','¡il_I be Cefinecl as

Pr=!f ,ft)i(t-r/4)dL" (A"L)
T.lo

The active anrl rea,ctive work per cycle i s obi;ained by

nultipirring t,hese e:rpressions by T.

If the ncnlinear force i"F (r., ir---, *(t)), the active

and reactive r.¡ork per cycle of the nonl-j-nea.r force is given by

the f oil-or'dng equations :

Active rr,ork of nontinear f orceãWa (NL) #lotí,ir---rT(i])i ot,
(¿,5 )

Reacf,ive rvork of nonlinge.r force ÊW* (NT,)

=1f; l+r(x,*,-..-,*(n)) i (t - rll) ¿i" (4.ó)

The actj-ve ancì reactive worh per cycle of the equi-valent

linear f orce i-s given by the foilowing e>pressions:

.A.ctive r¡orlc-of equivalen! linear f orce É 1'lê (t)
= nl: i x dr /^!: i2 ¿t, (¿"?)

Reactive wofk of eo¡ival-ent linear-force 7 i'I" (L)

= n!: í (r - r/ù x & l}'Ê f- (t - r'iò X dr" (4.8)

(A"2)

I



i1. "I¿L The lonvcnliona-ì Lrescribing

Ão
-)e-

lr-unction

Let, r;he gcnerat:'-ng solution for the nonlinear differen-

tial- e2uat,ion be

x = a si-núob,

u'here a end &) are consta.nt,s to

of the solution a.re assuìned to

Àc

(A.e)

be det,ermineo. lill deri.vat,ives

be exact derivat,ives of ecuation

(A"11)

active work of the non-

force, and solving forr\,

Subst,ituiin.

e-nd A.l, l.re have
^/t//¿tl

ria (ì'.r-) = .lo Æf F
a cos ddl d( t¿L) ,

.Nî/- ¿, -'',,iu (L) = K{ ez cc"
Jo

=,Àa2 @Ty.

the generating solution into equations i\,J

sin g¡t t a {É cos dótr-- ---r(a sin aru)(n)3

(À.10)

4lt sin eJi d({at-.) l^{"2(,).ou2at a(su¡i¡

- Eq.uatS-ng the e:,pressions f or the

linear force and the equivelent linear

v¡e he-ve
^+r,-4il

h= ,ru--f t [" sinúJt , a[ð cos &J'ur---r(a sina/t¡(n)]
üa'¡T)o

cos {Å t ¿( øt) " (4.12)

Si.rilar1y, the param,eter I( nay be fo';rnd by equating the

reactive vrorl: per cycle of ihe noniínear and eo,uivalent U-near

fcrces (equations A"ó and À"8) for the generatinq solu'i;icn given

by equation A.!" Whence, '"he para:reter K is given by the follorv-

ing equation:

K = &- fTftsinldt, a4,lcos t¿)L)----2 (a sinA.lt;(n)l "i.&rt. d(ú.h),
F. Jo l[- ' (4"t3)
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1'h'"rs, ..¡it,h ttre ,oeneratinq soluiion of couaiion 4.9, the

nonli.nser foi'cc is repì-a.ced b¡r the equivaient iinear force
.- n/7r , .î 1ii- t!¿¿ Pf¡4f '" f [-. sin ¿¿t : e{Jûcs lJi t---r(:. sinú:,i)(n) I sinfur, O(ø¡) sint.,;
.7,':^ et;'¡{ ¿ a ¿
- (¿ ^1-J z .{. -i
,t {¿êt^f' /'
r ;,ïtg r {s srn lil, adJcos &h)---r(a s:.nl-;)\"i r"o" Ji; o( ,1:t)icosfui"

i-þtï^ L Jß tl 'v

Thj-s is p:"eciseJ-}r the couivalent fcrce lha'u is obtaiircd þ applying

thc convent,ionai describin.q frlncti-on method i;o a. systern r^rith a ncn-

linear reialionship
o 1- t

,t:l ? ! ¡. ¡r * i.1/ \
lþL \ ¡\J -\-, --- , -! / 6

;{ "ib 5cu:-r'a.1ent Li-neari z,a-"lon

The sane principle nay be appiied to obtain a ph;rsical in-

terpretation for equivalent linearization"

The qenerati-ng soluLion is of the following forrn:

(A.14)

(A.15)

and a sncì ø

S'.rbs-"iiutiirg the q:neralinq solution j-nt,o equaiions A.! and

x;asin(¿Jtlø),

T=u4)cos (ør¡81 ,

are f'.:nciions of tine 'r,o be determined "

L r7 r.:.r h¡r¡o¡.. , J

^.dÉU
r.i. (t:r) =9, { t

!^J"J i¿r+ \\r \krvl,

, -r iir 'P) )[" sln (úJt I þ) , a {Ð eos @Ji acos WLIø)
/ ^ - /\(ir "rc'/

( 1, "i7)

a¿Pl
".¿tiJ _r.r /: \ - ,, { -Z sin ({,JLlra\jr,/-[ld

t^.lo

,oÉu,'d co,2

I É,) "* (N', / Ø) ¿ (zu¿)

wt I ø) ð (€ðL) 
"
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cli'"^- rf;.J-:.n-J y-l -r-lj e::ì.5ìiìtCCj 'LO r"¡:1.r¡ SIC:.¡i¡¡ O\rCf OnC ital..ì_OCl , 

,..¿e ì11\,e

¡ (ar) * rì (t¡,,, I i',). (A.is)

Lisini r,l:n ,'.r'r,.-.:"o;ç.ìr,r,ríi,:n o-l eil¿lt,icn i.ili, ¿.itcj ícr" :ij n,:lj_cit;r

rrr:iti-nq e =üL I þ, cquniions -i.ìó and ri.}? beco:ne
^-"Yl¿u 'i':"(ìil) ;¿l Í(a sin 6, a4lcos O) a sj.n O ciO¡ (r\"A9)' ./v̂_d

lr*(-i,) = K ç'iet^, sin e cos O ô o
,/o.-

l^ {2 a2&Jcos2 o do" (Â.20)
.)c

If r+e assru'ne a lo be anproxi:ra.+.el¡r can"¿rnt over one period.,

equati-ons A.l-9 and Á."20 beco:re
">tPli-(ìl,) =¡tz. {'"f(a sin 0, :.&)¿os O) sin 0 dO, (A.Zf )

)a
rii"(L) = A.z{otya (t¡"22)

Set'r,ing the active v,'ork per cycie of i¡ e ncnlinear f orce

ancl the eouivarent rinea,r force eqr.ral (a.pproxÍ.nately), Ðd solving

for ,\, rve qet
)îP
- lt

fi= "+ { f(a sin O, a {a)cos O) cos 0 dO" (tt"Zl)
¡1l,.,¡ìt ë¡e.u¡w v

The sarne approxinations ulal' bc applj-ecl to ibe reactive

r+ork per c).c1e to obtai-n the follcwing equaiion fo¡'the paraneter K:
)1H
;s¿

X =4- { f(a. sin O, a&J cos O) sin O dO, (l'"zt+)
^<=:. [ ^êLi ¿v

The ecuiva.l-ent linea:: para:neters given L¡)' equa.tions A"2J

and 4"24 are ihe sane as tlrose obta.inecl usinq the method of

equivaleni iinearizaiion"

4"2 Pil.IÌ'lCIPf,E 0F il.AlllONIC B,ILAXICE

Anoiher physical inLer¡netation ina¡r þs cbtained if the non-

linear force is reolaced b;' a l-inear force rinich is equal to tl^e

fl-rst harnonic of ihe nonlinear force"
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A,2a The Convent,ionai jresci:ibinq Frrnct icn

x = a sin dSN,

rn''hcrc a. alrd Ú-) ere consie¡t,s

of 'r,i:e solution are assumeC

r 
"2.5 "

Acain ihe generaiins solu'bion is of +.he forn

(¡ "zs)
cìeternincd." Ail deriLvat,ives

exact cìerivp-t,ives of cr:ua.tíon

of 'rhe follorving formÀgain the generating solution is

x = a sin (&lt I ø),

i = r &Jcos (øt I Ø),

to ìre

io be

The eouival-cnt linear iern rvìr:Lch is equal to the firs,¿

harnonic of the non-l,inear fcrcc, is
lî '>17 / r{ 

-d

ll .. ,t&{ ^lì ,
E/-L I - f ga sin r"!t, ad,tccs úJL,---(a sir/¿t)(")l"in ejL ð,(e}.) | stuAltt,? $", ' å '_t
L,c ¿Iw

tr ¿2'!¡- ^ ¡.n -l
lÏ,e f iþ sinUr , aüccs{.}i,-{a sinúii1(n)jcos ûit, a(&i¿) | "o.4;e¡.Lr.Uo - ' ë -l
This j-s precisel-y the equivalenl }ine ar 't ern r+hich l,¡ould be ob-

tainec if the conventional- describing -function neihod l'¡ere used.

In fact, +-he procedure ou'uì-ined here follor"s directiy fron the

definition of ihe conventional describing furciiono

À" 2b Equirralent Line ariza-r,ion

r^¡here &J is the f rec.uency of the sol-ution for¡Éí,= O,

arc sloi+Iy varying fr:nctions of tj.neo

(t "26)

(L"27)

and a and þ

Since a anri þ a.re assr:¡ned to be sl-owly varying functicns

of tirne, t,he nonlinear foree xny be e>qpanded as a Fourier series

b7 considering a a-ncÌ B as :reraining anproxinai el¡r consla,nt dr-rring

one period. The firsi; h¿.rrnonic F of the resulting Fourier series



a^
-C)¿-

is
í- ¡,.r a

r-lr. l¿'¿f - 1^^;*n ^t.ßn^-ô\ '^i ': - E/-. È ia sin O, p.4,, cos O) sin e iO Ì s:,n (A*- I þ)WJo J
I ^¿ú tl

l\¿y tz'it 1(:- si.n o, e{ù cos o) cos o co[ cos (ut ¡ p;" (A"zs)
Vt )" -!

The eortj-valenl lj-neaz' term F¡ io:r ti"e gener:íi-n,g soluticn

of couaLions 4.2ó anci L.27 is

FL= K a sin'uøt I Ð I )uatlcos (w I Ø). (t,"29)

B). eq'raiing the coeff icients of cos (t¿t I Ø) and s trt (WL {

in equali.ons 4.28 and L,29t r,¡e oi-¡ie-in ihe follcvring parameters

fron ihc principle cf harnonic balance:
^¿

A= *o i-" t(a sin Or aú)cos O) cos o cO, (r"3c)
af¿olb

^ 
4>t

K = ,/* {'ní t (a sin O, a @ cos O) sin O dG. (e"3r)
7--..- i^ø ¿t J9

These are precisel¡r lhs eouivalent paralieters obtained

fronl the rncthocl of cquivalen*u ij,neerization a,nd the principle

of equival-eni, energy ba-j-ance"ù

It should be noted thai +-he !¿s', paragra.ph on page 2lB
of }linorsky (ff ) is incotveci'" -4. correc't wording r'rou1d

be as Íoll-or^¡s: Tl js seen t,ì"a.t 'r-nth ;ninciples, tha.t of
Sqr,rivalen| Bal-ance of Energy and ì;ha.t of l{arinonic Balarrce,
are equivalcnt, beca.use thc r';ork cf |he hiqher harrnonics
per c;icle of tÍ-re funcla:riental frec.uency has been neglected.
ln the equivalen't' bal-ance of energ' concept' Obviously
l.finorskyfs st,atentent, rtlhe vrorlc of i:he higher harnonics
per c¡rcle of the fur¡d.a¡nentaì- frequenc,v is zero.rr is in-
correct "

rÍ\

.\i



.'iPPiì,ILlL1:- B

CriL0LrL¡1'lÏOl'i CF T iI IILIPTIC DISCF-IBTttIG Ftlll0TlOrl:t

F"I FN-qT DI,IRNT¡TIVE CF T,{I ILT,I,{IC ryN
THIIR J'ICLìT]LUS

The fj¡st e1lipt,ic in'i;egral j-s cì.efined b¡r

l-(ørx)=u=fr 
- 

do ,r,<2¿L")o trî%*ffi

the expression

(¡"r)

If we consider u as being cons'r,ant, ancl t,akc *r,he

of both siclcs of equaLion B"I, we obtain the f olì-ovrinq

{þ _X-qrÉed,q_¡ i rþ_ ã0,

d.erivative

equation:

(¡"2)

!.fter performing the integrai;ion i-n eouatj-on B.?- (L7rp"to6),

'.,;e l:ave
al.rll$ r'-lj -sinOcosd ì1

fi_rL'12 G,7ffiJE \'ù / \

Sol-r'ing for dþ,/d1x, md

n-tr\I¡
"-2s .^

(i<')2= 1-k2,

l.ra rro

=-x@

f orn:

a(sinØ) = -k cos g^fvuz"tnzP
lr- '\J
LLl.!

gÉ " (s"¡)
dk

observin3 the relalions (t?rp.43)

(e.¿")

/n r\
\uo_)/

(8" 6)åõ,

dk

Usinq equation B"ó, r.re can trrite d(sinØ) in the follcr'dng

LF;zæ @
the eliiptic functions, v¡e haveFron the definitions of
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/r\;

LrF { rt r- I cìh /,tu1: \ qJirl - rrr: ¡-'

/ ,\3n \ì1rK) = c]s ',/))

^- / - r-l -./r ,.2-;^24.L'rl \ _.. :t ,' - tf r - ¡i. :rrl.r ¡r; /p cl

ancl. t,hu-q ecuaiion 8.7 nal' i,.e uritt,cn a.s foilo,,'¡s:

.Í ^-^ /-- r-\ì - r- ^.- /-- r-\ ¡.^/-- r 
e Ô ¿:1

\.r ', \uo:!,,¿i - -¡i cÍr ('r,k) d¡(u,k) i| f=f tiÌ: - _g"(q,.1ilS"(!Ð.Ïíg"ç)ck ii(1.')21.. (t')zch(u,Ìr) 
_fi

Si:r:iiarly, the clerivalives of cn(url<) and or:(url<) wì-'ch r"es-

pect lo k are qiven b]t ihe f ollor+inq e¡ìue,tions:

I cn( uri< )

5"2 :lPP-d0riIi.l,\Tft)N 0F liOl{l,i¡lEAP, f \PUT-OLÏIPUT RILA TICI,$HIFS,);TTil

sn(u"t:) frt-f u')2T - sn(u"tr) ""(,..t)1rp, 
'r 1\

t-0.'lTÐ2 @'^ve*L)

d¡
a

k-,

ELI,IPI IC ¡-LI¡]CT I CÌ','IS

The necessarv calcr_rlaticns to obtain the ellipl:ic function

approxi-nia'uion ei'e d.escribed in cletail íct" an inpu'i;

e = >:i sn(uirki)

and an assumecÌ forrr of ouipu'u

n = xo sn(uofo)

(tii:-s forn of outpuL',¡i11 be wed as the approximation only if

it, gives less mean squars elîror than r-he xocn(uo-Iiorko) forn of

cut,pui). The calcul-ations for other combinations of inpui and

out,pu" frmc*',ions are sinúl-ar, and tberefore onl;' ',"he resrrlts of

Lhe calcuiations r,'rill be ste-ted-"

The instanta¡eous error bett^¡een the ac'r,ual- fu.ncticn and-

ihe Jacobian eiliptic func*,ion app:'oxintanl j-s given b)'ihe

.:T O-i-iOì^n- l'l s eO-UaT, l-on :



/: r o\
\ -'o rÁ /

re value of -r,his

of i;he rel-a'"ions

r\
-t¡KJ, tne s¿ll'lÌe

he neP-n sc.luare eïror

the mean souare

tr^* l- .
.LU f r\O:

o = O, (8"I3)

ration, v¡e have

.ti
) ij cÌüo. (8.14)

J

renij-a.iion jLn otue-

u- . { ,. ) i _ .^- "./,, r: \-E,- i LTi 
sn\uir,-iij, - ,o stt\uorlio/o

IÌ; is l"uir.a Lo r,lini:i-ze ri,lre r€an so.r-ì3

cssion over c:'!c pcriod cf üer buï becausc

,k) = sn(2ä-urt() = * sn(uf2K,i:) = - sn(À.it

c oi ko will- bc oblaj-nei if r.'c nini::i-zc 'r.

one ouarler pcr"iocì'ci 'Lhe íunc'bion"

Tc ii-¡d i,he va.l-ue of ilo whj-ch ninj-nizes

r, 1,,'.? ;iust solr,': lhe Îoiio'';in,g e>:p:i:ession

ì,(nf ^F , .ôr .\:
f, "J i ! x.sn(u;,ici) [ - xôsin(ulrlîo) $ 

- c':
)c l" t' - '-! v v " 

5
fni, ercha.neinq differentiation ¿¡nd, integ
- { 2 ?-, '\C ¿ ì{ô Sìl \ 'J.^ e.(^ zr Þ (1U^

;l-il"(Jvtluir5o L J
i( d-n î

= p- {"o .ì [ rlli:.,sn(u.,.;. ) [ :r st:(u ,]r- !^ * Í u -L !'r'¿ o ' o'cJA CKo t=.

ìis:i nq ..^i';r'i.ì ô¡ ll ô - a n--¡a¡'- '-]:C rl-: Í'evù:li , ú lu(: /J \r': io

B. i¿l , '.'/e 'ievc

2_1
.', a,. 1: / a-. *1 - 1'- *-'o - / ''-o ^-c'- i:-7- ¡ \ --71. 

_ñ2
:LO\.:C ,t \:\^ /

?-,- i ! 2-,' t/. \'l-' .)- , _:_ea_
t. ('', tl¿ (,... l\-,rO\.tO / \.LO ,i

uo sn(uorho)cn(uorLro)cin(uor)"o) cruo,

i( uo ) sn( uo, lco) cn ( uo,Ìrn) dn( r-ro, ìco ;\ duo,

"r',2(rror..o)sn2(uorlio) 
o*o,

p]'c

\ ur

'1 .r --

sn(u,

rro'lrr,-

O,
ur'.o J

lv
I

"fo

?
¿!O ¡-

-;-,tc

lí"r)/

( s"i{',)

(8,17)

( e "rs)
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-, ,'.-r-. l- l¿..í,' 'Ì. \ " fi-- -.-'-. l. -\T.ì.,',,.i.,) ;. ltìr--;3i1\1-r_- ji; / h .IU_,
- ,] O U v b * -i-t .:- a L)

.(uo)cn(uorJ,o)cln(',.o,ll^) I [,=t.t( oirLi) ] uto,

s,r(u "li )cn2(-.r "Ì; ) f [':'..""(r.,1:.)ì ¿u^..,.r\qor \\{o.,".o/ u-i"-..*ir-.i,.j o_

in'r,e'1rai in cî:tati on, 3"I1. can be j-n'ie '.nri-,cd

¡"
ltl
.ìt3

,r--^
f,u
t!

il t)
11

Jc

11"r9)

/ lr rr'\

lr rr \

brr caris

(u "zt-jt

(B"T)

(s. z4)

\1Þ¿))

(s"zó)

foilo'.+ing eciual i o'r^r. :

il=

'i1",¿

_Lt t.,:-i ru u

u-

dv

uo'

: sn(uorl{o)cn(r-rorÌ"o) dn(uorko),

':r'j-i.enc e

du = íìuo¡

.. - d.^(,,, - )-.,. *orlio)cn(uorico) dn(uorì<o) , d-uo.

IÍ -.^'e subs l:'ì --u'cc iÌre eou¡l i-on

.=g- f, 
cr',(*"rtro)l = -,,ot st'r(uor)<o)cn(uori;o)

oto

in'ro ihe in'r,eç:r¡.I of e,quaiiorr B "2j, ve havc ihe
f f ,T

v = j_= / cn(uo,:<o) _¿ }_dr(rori.o)J o"o

k^2 J cu" L
"o

l'. , '- \ -. fl,.^r.. '- ,l: -I g cin(uorl{oi a 
[-dn\uor,.oi jkJ)

= -i an2(u^rtr- )
2\.2 u o
'-"o

lJor"¡ 'oerforning lhe integra,iion b¡r parts, rte hAve

g = f*ar, r uv - It 4.,
,) ci 

r Ti^ j(^
.. ^^2(...,1c^) i L.(",itr2{,r,.,,k^)duo,- -LrO^ ui.r \úgz g, Ê , _.
z'.oz Ù- ' ü' " z..oz -1" 

v Ç'

Using bhe equati-on (17rP.78)
I

.,f 
anz(uorko)aro = !(uorÌro),

ee-uaticn B"28 becones

ç:r.zl)

(s"zÊ )

(¡"2ç)
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o = ¿ [E(''o'rto) 
- *otu2,"",u"r1[j'

= u,# þt *" ,lto) - Ko(Ìco 'll'
The int,egral in equation B.l? can also be

parts if we let

¡ = E(uo)r

dv r' sn(uorko)cn(uoko)dn(uorko) duo,

(e.30 )

integrated by

( a.3r)

(øßz)

rnlhence

rlu:dn(uo),

" = 
I 

sn(uorko)cn(uorl<o)dn(uo,ko) duo.

(n 
"¡3)

GJt*)

Br¡ using the identit¡' (t7rp.f8)

E(u) = fu dn2l, d.,r,
Jo

equation B.lJ na¡r be writt,en in the form

du = dn2(uorko)duoo

As found previousl¡' (eopation 8"2?), the

Íntegral in equa.tion 8"34 yields the following

v = -__]4 dr,2(,rorko)"
2ko' v v

Using equations B,J6 anrl 8.37 lo perfcn m

by parbs, we have

, = fno udv Í uv - (uau
Jo J

G.¡5)

(n.36)

eval-uation of the

resuLt:

(e.;7)

the iniegration

ã 
--E(uJ dn2(uo,ko, f" r * l:. 

dn4(uo,ko) d'o. (s.3s)
nq [o 2ko2

If we substi,tute the id,entities

¿n2(urk) ¡'uz tnzçurk) ; 1

anci sn2(u ,tù I cn2(u,k) = I

into equation 8"38, we obt,ain
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, = -ryt d,,2('o,r<o, 
å:" 

, 
*æJ*o 

{r-uo2¡0"2{"o,uo)u'o

I + llt" co2(uo,ko)cn2('o,ko) oro. (s"39)
z)o

Evaluating the inbegrals (f8rpp. fZ-fS) in equation B'JJ,

we .qet

B = -E(uo; a.,2{.r.,rr<o) / (r-l o)2 E(uorko)
ffi.^o zko'

/ (tluoz)u(uorke) - {t-to2),.o

-{ -v
y' ko2sn(uorko) cn(uorko) dn(uorko)

6

åoo

Io

= -(k.,,¡fu(ro,t^) / (r-to¡2 n(rorto)
Zko' zko¿

I Qlu2.) e(ro,tco) - {r-xn\ (n.Ào )

-6Ç
Using the identitY

(t<'rt = 1-k2,

equation B.l+O can be reduced to ùhe follovring expression

ñ_. f t¡tt t\zv 1 (g.4r)t = ; Iti'l xf) n{no,tco)-(ko')'ro 
J'

Using the identitY

"rr2(.,rk) f cn2(urk) : t,

eqtr-ation B.1S may be varitTen in the following form:'

c = (oo 
[u.,2(.'rort o) - "r,4{'torko!d*o. 

(s'42)
Jo

After evaluating the integrals (18rpp'1J-t8), we have
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c = "o - ! ^,tn) Wl 

z(rli.al]e(,,o,to)

-""t".("",t."t."f '.,n,l.n)a,.,(..,o,l.J 
åj"

?¡xo4

i{,,-E(ttork,,) - (e¡to2)r

)
/ 2(r I ko-)E(K.,,k.) (8"¡*3)r.

Using thc results of eouations B.jJt B.Å1, and B./n3, equat,ion

Bo15 can be e4pressed as follows:

2Ð - zÃ / 2ko F =.xoG, (8,/n/,)
ko æry a'.;ry

3ko4

Using these relations and the ex¡nessions given by equa-

tions 8.19r B"2Or and 8.21, the following expession for or2 
".r,

be obtained from equation B.l+42

where D, E, and F are given by equations 8.19, 8.20, a.ncl 8.21

respectively, and G is given þ the foltor^ring e4pression:

* = - =, = foo [oo' * t+ l(uo.)t I : (r.o:,)4J
ro3{ro')23 L -

/3n(ro,to)[u"'-L/ (r.oi)î], (s"¿5)

ïf the nonlinear relationship is

f(e):e 1"u3, (s"46)

then from equation 4.7, we h.ave.

*o * *, / oi1. (e"¿,?)
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Í 
* /" [""-ffirJ "^t"o'ko)on(uo'ko)sn(ut'r.')a'''o ]

{

[ / au" dttto sn(uorko)"n2(rrorl.o)sn(utrkr)auo - G /

,\- G')zi"

(; - * f" [""-ffi, J"",oo,ko)an(uo,tco)="3(u1,tr){r-

t , ,u" (ot sn(uo,ko)cr,z(rro,ko)"n3(u'k1) a..ro

\ G')Zo
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r (g.i,.g)

du
o

where G is given b;r gq'.trion 8.45, anrj the re].ationship between

uo and ut is given by ec¿uation 4.8o

sjmilar calcul¿tions may be performed for the cÈher com-

binations of input and output functions. The resrr-lting equations

are given in table B'1, pages 71 and' 72'

It was not possible to reduce equation B.å8 further, and

thus the integrals in this erpression were evaluated by numerical

integration.

The elliptic functj.ons were calculateri l¡sing Landenf s

scale of j¡tcreasing a:nplitudeso*

All numerical calculations 'hfere done on a Bendix G-I5D

digital computer'

A plot of equation 8.48 (ancl the equation for a.t input

x.cn(u.-Kirki) and an output xocn(uo-Korko) is given in figure

bo}"

* See Appendix C



TABI,E 8.1

EQUATIONSj FOIì, THE CALCULATIOIü CF' THtr .ETLIPTIC DLSCI¿IBII{G FUÌ\iCTIOt'l

Input

xosn(uorko)

xlcn(u1-K1 rk1)

Equations for axi2

-E(uo)

GT
n(uork

- 
*À.f ' f"-ffi ,f, "'t ""' 

ko ) dn( uo' t" ) 
" 

n3( "t, k, ) d",,'

J'"t"o'
o 

) 
"r'r2( 

rro

xosn(uorko)

I 2ko ["
(R':)z J o% t:. sn(uorko)cn2(uo,ko)ur,3(*i,k, )duo

t<o) on( uo, ko) sn( uiki ) ano

,ko)sn(rrrrki)duo

2
1,tto /:"

tr""

a)r,.
t-

t( "ol^1 cn(uorko) an( uo,ko)cn( ur-Krrki) d

(ko')l

sn( uo rko)"r,2( oo, ko) cn( ur:K ., ltr) duo-G

-G

år:"

Í..#,'/i"

ì

1""-ffi'l
'sn(u,rko)cn

cn( uo rÌ<o) dn( uorko).n3( "i-Kr,

2( 
no rko) ".,3il.r. -o* kr)ciuo

I

-tP
I

1j
-,.q

_f



TABI,E B"T (CONT]NUIiD)

EQUATIONS ¡'0R THE CAICULATIOIT 0F TH¡t ELLIPI'rC DIùSCRIBTNG FIIÌ'TCTIOII

xrsn(u1rk1) xocn(uo-Korko)

-î/:"

Equ

f".
L

cn

xicn(ur-Kirki)

j

4
t-

,.1

or a-\.
a

-G

)
( ro-Ko rko) sn -( u o-l(o, ko) sn ( u1, l<1 ) ct.uol c

t 
ï{:"

sn( uo-Ko rko)cln( uo-Ko, ko) sn( ul rki )

,#,'JÏ"

xocn(uo-Korko)

f"¡#*j
cn(uo-Korko)s

f:"

s n ( uo-l( 
o r 

to) an ( uo-K o, ko ) .r,3 { ..,r, ki ) duJ

,#,#"

1""-ffi,1 
""

cn( uo-i(o rko) s

n2( uo-l{o, t o)"r,3( rri rkl ) duo

T

( uo-i( 
o rlco ) on ( uo-l( 

o, 
k

r"H,J
cn(uo-l(orko) sn

n2( uo-l{orto ) cn( u, -l(i rk1 ) cl.uol G

o) 
cn(ui-trirk1).ìuo

sn( uo-K 
o rto ) dn ( uo-Korko) c.,3( ur-

2( 
uo-!io rko) "n3 

{ *r-l"r r kí ) duo

I

¡:-{

I

n
tcrrt iÞ(:

i

I

*4



APPENDL\ C

}IUI'ÍERTCAL CAT,CUI"{TTOXJ CF ELLÏPTIC

FUNCTIONS USING LANDENIS SCAI,E

OF TNCFE{STNG AMPLITUD]XSù

The numerical values of elliptic frrnctions are most

easily calculatecl by usin.g a methocl of successive transfor-

mations which reduce the elliptic integral to an elementary

integral. The transforrnation was first discovered in a geo-

metrical forrn by Lanclen in L775, anrl since that time rnany

possible variations of the nrethod have been developed. 0n1y

the method based on Landenrs scaLe of increasing antplitudes,

whíeh is the most useful method for the calculations of this

thesis, is developed in this section.

* Most of the material in this section was obtained from
Hancock (f5rpp 73-SZ) and. King (1ó). However in certain
places it was founcl desira,ble to expand upon the develop-
roent given in these bookso
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1 IIVTEGRAI TRAJ{SFOFI'{ATTOJ\E

The functions C.I and C.2 are

æ(t,Ø), where e(t,Ø) ana E(k,/) are

For convenience we introriuce the following notation:

r(u,t',Ð =[oø,/ffi' (c.1)

(e "z)

(c.5)

consequently t F(krp) and
d

the usual elliptÍc integrals (f7rp .t¡1).

In order to clarify the relatj onship between oquations

C.I and C.2 and the elliptic integralsrit is convenient to

write

u2 = t$2/^), (c.¡)

k' = þ (c.¿)
a,

in which case we have:

Figure C.1 Geometrical

el-liptic functions

figure for the nu¡nerical calculation of
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Ref erring to !'igurc C.1, Iet P be a po5.nt on a circle

wÍth centre Orand Iet Q be any pcint on the diarneter AB. Fur-

therrlet us write

QA;a ,QB=b,
/tap = g, ,Ircp.= zg' (c.6)

then obviously

/rcp = g" (c.?)

, Now, let us define the following functions:

al = å(alb)'
bl = \JG6-'

cr = à(a-b), (c"e)

From these relation-=hips and .Figure C.1, vte get

OA=Ots=OP=a,,

OQ ; 1-b : -"l(a-b) = .Io (C.9)

Considering trÍ-angles QPR and OPR, and using the rela-

tionships of C.6, C.7 and C.9, we get

PR ; QP sinpl = 1 sÍ:n 2þ, (C.fO)

QR = QP "* Øt = ct / ay cos 2þ. (C"tt)

If we so;ua,re equations C.10 and C.II, and add the result-

ing equations, we obtain the followlng:

(qp)2 o .rt srnz zþ / "t2 / \,' "o"2 
29' I 2"t a, cos zþ,

= .L2 I Ze' a1 cos 2þ i \2,
= È(^2/u2) (eoszþl 

"inzø) I àG2-a2) (cos¿þ-sinzø),

= ?"o"2g y' v2sín2þ" (c.rz)
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Substitut,ing this resul-t into

gives ùhe foilovring eo^uations:

sin p. = a¡ sin2Ø.Lw,
{a

equa.tions C.10 and C.1I

(c.13)

cos f, =

^2.oJ26 I #ui"zØ "
(c.rr)

Ifultiplying equations C.13 and C.14 by b1 and a1 resÞec-

tively, souaring the resulting e<luations, and. then adding the

squared equations, gives, aft,er consid,crable manipulation,

the foilorving eo¡ration:

12 "o"2 Øy / arz u' 2 
Øt ' ,L2 Ç 

"ou?l 
I o "tn'ø)' " 

(c 'r5 )

Applying the sine larv to trianp'Je QOP in Figure 0 'J' gives

sin (zØ-Ø-,) = "rsi-n(t8c-zØ) (c.16)
- 

----L-------::.

ìf^
r.,.¿

After substituting eclrations c.8 and c.12 into equati-on

C.Iórwe obtain

sin (zØ-Øt ) = l(a-b)sin2Ø

@
Substituting equation C.13 into

foilowÍng alternative form:

stn(zþ-þr) =:I sin Pr.
aI

the geonietry of triangle QPS

c1 cos ZØ I al,
Frorn

(c.r?)

eo¡ation C"i6 gives the

(c.ls)

in Figure C.I, r're obtain

(c.1g)
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S,.rbstitutinq eo¡iation C.8 into cquation C.79¡ and per-

fornring suite^ble ::nni pulalions, wc obtain

PS = a coszø /rsínzþ. (t.20)

Fro¡r triangle QPS, and equat,ions C.I2 and C.2A, we have

cos(ZØ -Øt) = Þ = +:-q{Ll}.úL (u.er)PiIW
Substituting eqrration C.I5 into C.21 sives the folloin"irrg

result:

cos(zØ - ør)= (c.22)
"otzg, / arzsin2þ.

9o *2Ø-Ør+€-a4r,

Figure c,2. Geo¡netrical forrn of Lancenrs transformation

In fig"are C .2 a point P' is chos en on the circl-e an

incremental djstance fron P. If the snal-i angle between PP 
/

and the tangent to the circle at P is €, an), if the incremental

change in the angles Ø ærd Øy, ís d'enoted by Âp and .Apt
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respectively, then the angles shcrn¡n in Figure

fron the geonetry of the figure.

ÀopI;ring the sine law to triangle p'PQ,

sinAØl_= sin PP'Q,
PP'

sin¿Øi = sin(go / zþ-ØrNØtlÉ),
PP' PQ

- cos (zØ^Øt-AØtl Ê)"
PQ

If we let P/ approach P, then

following relationships :

pp/ = 2\dØ,

sinAPi = @I,

zØ-h-^øLlú=2Ø-Øt,
and equation C"2J becomes

= cos(zØ - h.).
PQ

(c "24)

After substituting eo;.rations C.l2 and C.22 inLo equation

C.2l+, and perforrning suitabLe manipulations, we have

zðø - ah 
rc.25)

/a¿cos¿þ y' basin¿þ yhyacos¿þ1 / by'si-.n'þ,

Integrating, this e:çression becornes

F(qrb,Ø) åP("l,ur,Ør). (c"26)

ApplÉng elementary trigononetric relationships to equa-

ti-on C,J-8 gives

sin ?$ cosPl a cos 2þ sinþ, = clsin P1"

p¡

C.2 foll-ow d:irectly

we have

(c "23)

in thci limit we have the

aØ:r

ñ

(c.27)
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Ìtlultiplying equation C.2l by sin p1, and using elementary

trigonometric identities, gives

cos 2þ = -c sin2pl I cos Ø1 (sin Ø1 sin Zþ I eos Øy cos tlø¡, (C.zS)
a

Replacing sin p, and cos Ø, in the above equatlon by the

rel-ationshi ps given in erluations C "13 and C.14r and aga.in using

trigonometric relations, we get,

cos 2þ - -cI sl:nzØ, y' cos Øy fa:,lc:cos 2Ø ., \.
&r \a¿cos¿Ølbzsín¿Ø )

(c.zg)

By using trigononnetric identities, &d substituting

equations C.8 and C.1J into equation C"29t we obtaj-n the follow-

ing result:

cos 2þ ã -cI "in2Ø1 
y' eos Øl, (c"30)

aierv
Obviously equation C.lO may be r¡rritten in either of the

foì-Ior+ing forms ¡

2 cos2 Ø = t - cr sin2 Øa I cosØr.l\""o"' Ørlarz "in? Ør, (c.3r)

"I "t-V 
r

2 sin2 Ø = L - ", s:.nz4, - cos Ør_ J^r' "o"2ø¡ arz sinzØr" (c]z)

I{ultiplying equations C.31 and C.}2 by a2 and b2 
"uupu"-

tively, and adding the resulting equations, gives

z (^2 
"otz 

g I b2 sin Ø) = (^2 ¡ v27

-q.2-b2)"r rin2pr¡(^'-o')"-ør rtãW @ Ji)
ar 

"1

*̂1a1

Eo.uation C.jj can also be w:'itten in the f orm

z( azc o"2 g ¡v2 uinz g) = ç r2-u2 ) ç" *2 g ¡urnz g7

-ç ^2-a2)", "tnz 
gr¡(^2-u2)"ouør- F'W (c.31)

a1 aI
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Usi-ng equations C.8 and trigonometric identitJ-esrwe

can reduce equation C"l/¡ to the follcwing forn:

z (a2"o"2g¡a2'rnzg¡ I 2b^2

2.) 

-

= io(ar"co"2Øtlur2uir'2ø]) I u"rcosØ, W" (c-.,.,)

l'fultiplylne this expression by the differential relation

given in eqr¡¿lion C.2t, and r:sing equati-ons C"8, we havewø-ffiø,
= ca cosø, d.ø- abrlØ

Va'cos-P É lr'-sl-n-YJ

By using eqrration C.2J and t,he relations

obt'ain the following ident,ity:

(c ,l,6)

of equations C.8,

^2aØW
Ël¿c=uj-øW

2.,cl dy)

/ e¡osg,

abclØ (c 3?)

(c 
"3s)

W
Subtracting eo¡ration C "37 from equation C "16 gives

-tL
2 

nf 
a12cos'ø, I ar¿sín¿þa

Integrating, this expression becomes

E( a,b rþ) - a% ( a,a rþ) =E ( a1, b1 rØ1) - "*2 
r' ( 1, b1, Ø1 )/"r" :-r,p.

-lc%Q,a,þ). (c 
"39 )

^',2ðØ.,
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2 SUCCESSIVE TRII.}JSFOFi,i¡.TIONS

By the sarne method as *Irblr"i lvere derived from arb,

we malr derive aT b2'cz fron atrbrr etc"r and thus form the

f ollorting array of nr:rnbers:

-1l- r.\2\Øw )

å(aI_br)

cn = È(an-r-bn-r)

" (c.,4o)

In

^z-b?= to, -Æ: al-br -Uq -frjJh,
z Y- 2 l-

have

a7-b24. a1-b1"
2

genera.I, this becones

an-bn4an-t - bn_i i
2

and thus, we have

t*r,t* (an-brr) = o"

This Ij_nit is approached very rapidly, even when a and b are

of very different nagnitudeso

When 1, = bn then equations C.I and C'2 become
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R( a'nbr.'Ø) {'
an

n( ar.rbrrrØ)=t Ø.

Setting a = 1r b = k¡, and a.pplying

ively for increasing values of n, rvc have

p(k,Ø) (å)r(fo,b1,Ø1) = (i)l( az,Bz,ø)2)

i - ¡ (È)"F(a_rb_ ,Ø)= Ønn- n" n ãE'
arc calculated from the formula

=. ar-sin 2Ø

(c "4r)

(c.Lz)

equation C "26 success-

(c.43)

(c.44)

where the p¡s

sln /1

si,n þ2 = c^e.in 26

ff we begin l.dth ø = Í /2, we have

øL=E'þz= zff' þ3=tßú - -',Øn
2

and thus obtain

-ll
2

(e)n; (c "tul)

F(kff)sK=Ønff" (c.¡*o)

Starting with equation C.39, and then reapplfing the equa-

Lion successively to the U(arrrbrrrØr,)-rrrt r(arrrbr.rØrr) t"r ", which

occur on the right hend sid.e of the eo¡ation, we have (note that

as n increases E(ar.rrbnrØrr)-rrrt n(arrrbnrØrr) npp"otches zero)

E(arbrþ) -a2F( a,b,Ø) = ctsinØ1 / crsínþ2 / -- l"n rnØn I

-(å)"ã(" ,b,Ø) - "r_fu(\,b1,Ø1) - 2"22 r(a*br,Ø2)

2

-zn-hrrr( anrbnrØn) - - - E c (c 
"to7)
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where the prs a-re calorlat,ed from ecluation C.ll+.

Setting a = 1¡ b = kr, and applyin.z ecluaiion C.26, eo¡ta-

tion C./¡J becones

E(trØ)-n('n,þ) = cisínp, I crsinþ2 I - - - I c.sinpr, / - - -
Jl^ Ztn^ 2t,^ 2/ /ort^¿(colzcr^r+u,r - - r- -rÍ - )¡'(Ørt). (c.lrg)

If i,¡e begin wi-th p = 6 , and apply equation C.lt5, we gct

"+,ä 
= lþozlz",

K

2

2r,^ 2 / /¡Y\-flocz {--y'Z"cnl-), (c.49)

By applying relations C.to3, C.46, C.4B¡ a¡d C.d! we can

calculate the first elliptic integral, the first complete elliptic

i.ntegral, the seconcl elliptic integral, and the second. conplete

eiüpiic lntegral.

ø
C.? C.A.LCUL{TICN OF TI|C .Á^NGilIÁÀ}TD ThIÙ J¡.COBTA}T ELL]PIIC FUÑCTTONS

SN(uk). DÀr(u"k) IN TI1-¿}.'jS 0I¡ THE ¡ff.GIJlDI\nu AJ\]D THE I{ODULUS k.

If the array of nr::abers C.40 is calculateci f or ro = 1,

b = kt, to such a value of n lhat c' is iess than the aLl-or'rable

error in the calculated values, then Þn for a certaj-nuand k can

be found from e(fuation C.4.1, thai is,

^ - ari^ ua (c.ro)þn= ,-'a'nu"

F::on equa.tion ü.18 t.¡c c"qü obtain a recurrence f onrula

sin (2Ø,'-.- - É,.r) = c"" sin Øn, (c"5r)
an

which enables us to calcrrlátc successivel¡r the angles Øn-yrØn-2,

-, Ø'

Then directly fror:i the definition cf the Jacobian elliptic

functions, ',,1e have



sa(u,Ì.,)

cn(urtr)

dn (u, tr)

sr-n !r,

.os /,
l¡ co\
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'Jl:e stea{r state lrespotlse íor several systens \,íes calculated. using

rhe eJ-Lipiic d.esc¡'ibin{i fu.nciion, and the results obtained. r.rere çs.i'eLreci

'"'iii: ili.e resltLts obtaÍned fro;r. e¡i anaJ-og conputer stud.y. ¿n anurozination

o.f syste;a oscil-1a';iolts \^¡es aLso obtained. using the co:rventicnel cescrib-

ing fru:cti-on nethod..

.{'s an exerntpl"e of the anplication of the elliptic describing frrnctÍonr

consid.er the nonlj:rear feed.back systen of figure Ð.1, v,'hcre the nonlinear

!''igrre I.I üonlinear feecìbr:rck sysien

el-el::eni ì' Ís aa i<ÌeaI relely r+ith an output of plus or niinus one, arrd.'bhe

l-inear el.enents irave a 'i;:'e¡:.sfer fi¡rciion

c(s)= .jWai.
,- 4.. /ì \"¡ \Ji:¿/

/lr r \

Tì:e I'iyquist plot of this t:'ansfer firnction is shovrr in tr'igure 0.2.

This \]¡c_uist plot crosses the negatj.ve reeL axis at tr+o ¡oints:

(f ) ¡ne point ef cor'responds to an r:nstable lindt cyc1e.

(e) ifre point e2 corres;oonds to a stable linit cycle r+ith a frequency

of l.5B raCians per second-.

i'le t^¡iII be concerneC only r,,ith the stable linit cyc1e.



i) = /.lB

Figrrre Ð.2 l'þquist plot

fuon the \ycuist ploi,

tr(tu\ "o'lø(fuù - d(;ú=

-s6-

étt z tl,

v¡e find.

"1Ir¿ cos 2 = .067.

SCa /e :
/"=/6 uor'/t

(¡.e )

A I'ratior' Ii¡e for
t -. - -\

!ï "7o

the ratio .067 is sketched on Figure {"1

since the gain of the linear elenents to the first harmonic

is 4.70, the ilgainrr of ihe nonlinear elenents to the firsi harnonic

will be approxinatel-y l/N.lO or .2I3. Ls a c:uCe approxinration,

assulre the rrgaintr of the nonl-inear device to be the ratio of the

anplitude of the output to the anplitud.e of the input. Using this

âEproxinatÍon, e¡rC Imor+ing the anrplituCe of the outpui from the

relay io be one, the'rgainrrof the nonlinear el-enent r,¡i]] be s.pprox-

imately .2IJ when the amplitude of the input is .47O.

lo ens¿re that the anplitud.e of the normalized solution is

less than one (but not too aruch less), ì-et us nornalize the systen:

output accord.ing to the relationship

ct = c/LO. (¡.¡)
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Using this rela.tionsÌ:i;:, tl:e noi.nal-izeC nonlinea:r

sÌrii: na¡' be ai-.proxinated by the follor+in¿r. pol¡.noiiiials;

= z.sr þ' - .7so ("')lJ,
Cìieb;,s¡¡sv approxination - ror = Z .55F ' - "66T G' )I .

tsing e. r:or::laLizing factor of ten, vie irave

-t'(ô) =¿(¿¡) =.470.
10

'ì-*o

oQoco
.J././-/)

c ooo.¿.)././
aoo

'/ t -/

,99
cq,..,J

,o .)
o

o(J

o)

)
ll:ese values of az. - and.

obtain a line lihich iniersecis

relation-

(r.+)

(it.¡)

(¡.6)

lirsi, lei us use il:e elllptic ciescribiirg function for
-uhe legenrìre approxina bion of the nonlinearit¡l .

. fo:' tire values of lc1 ,ko on the "ratj-o" line, il:e .íollov¡-

ing values oí a..,r2 are obtaineC fron eo*uation {.J2 (using lig'u:'e

4.7 to sinplify the calculations):

ì. ^-- 2,ti é-Li

.54 "394,50 .t79
"4s "16i.4) "14r.1(, "r1B
"1L "295.2t .2e1
.15 .258.

lii are plotted. on Sigure Ð"i to
*the .O6f l?ra',iorr line.

" If eqrr-ation 4 .J2 vere plotted. for k., ,k^ vi:lues in the sec-
onci quad.r¿.nt of irigure D"J, anotirez''inierseclÍon of therrratiorr l-ine r,¡oul-o occur. iror,rever, since a:<12 vrould. be
posítive and. e is i^,egative, the solution v¡oulo h¿¿ve an
inaginary a;:iplitud.e. Obviously ihis is not a. physically
realizabLe sol-ution"
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'" r.¿¡ ., .,f ¡ )
,ir o' ).

,/-r

,/ ,é -8 /
(tó7 'rFq/io,/

Lin e
of^ /Åe E//qtrc 2..s cr-r¿ rrr, firr¡ ¿fi.,2¿¡ Íl/r-, l,'or¿s/t¿,o

/(a) /fr'/¿ trr.asl,7 ( ei/,r,,/u/ -'Zq /) 
/

Iq
@
I

r¿-ro/ ,/ihr:



thls intersection gives

eÌliptic tìnction appro>lin,a'cion

the foLlor,ring parameters of ihe

s)¿ste::i oscilÌetions s

AO

of

l.-14 . )v,

"*i2 = "J2o.

lhus, t¡e have
;-xi =þxi' =[¿zo = "(,40.

/; d'78

This is ihe anplitu<Ìe of oscillations for the nornalized.

systen. the a.nplitu.ce for tile u¡rnornÉIized. s;rstern is 6"40.

therefore the elliptic fu:rction a¡ipro>:irnation of systerr osc-

ille-i;ions is

c = 6.{0 sn (t "64t, .Je) .

sir.:-ilar'1y, the chebyshev ap,oroximation yielcls the follor.ring
¡acrrl l.

c = 6./6 sn(r.?et, .5Ð

fhe pe::tinent values for this example and. two other examples

for r+liich the eilÍptic describing function has been atplied are

given in labIe n.I.
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