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(i )

ABSTRACT:

The lateral stability of reinforced concrete beams was

investigated experimentally and ana'lytical]y. A total of ì4 smal I

scale rectanguìar beams were load tested with support conditions

including unrestrained cantilever, simple-support and overhung. 0f

the l4 test specimens, 11 failed by lateral buckling.

It is concluded that current building code provisions which

use the slenderness rati o L/b are incorrect and that the ratio Ld/bz

shou'ld be used. For unrestrained cantilevers, a maximum value of

Ld/bZ = 600 is recommended pending further investigation.
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NOTATION:

X, Y, 7 - Global axes of a beam, corresponding to the unloaded

posi ti on

E, t, Ç - Local axes of a beam cross-section in the deformed ::,., 
:

posi ti on

A - Area

A, - Area of tensile reinforcemenf, ..,.,.,.

.lAs - Area of compressive reinforcement

At - Area of one leg of a vertical stimup .,,.,.'

B - Lateral flexural rigidity (B = EIn)

Bl - Vertical flexural rigidity (Bl = EIg)

C - Torsional rigid'ity

C" - Warping rigidity

E - Young's Modulus (Elastic modulus)

E, - Elastic modulus of steel

Er.. - Secant modulus of concrete

F - Force 
.r:.:::,:

G - Modul us of ri gi di ty ''',',','',',

Ga - Modulus of rigidity of concrete ',,',, ,,

G: - Reduced modulus of rigìdity of concretec

G, - Modulus of rigidity of steel

I - Moment of inertia (second moment of area) 
... .,..

I^.. - Moment of inertia of the reinforcement about the
JJ

Y Axis



(x)

Il, IZ - Moment of inertia of the reinforcement (about the

Y Axis) at one face (top or bottom) of the beam

(Iry=Il+12)

IE - Moment of inertia in the strong dìrection of the

beam

I, - Moment of inertia in the weak direction

L - Length of a beam

M - Bending moment

M¡, My, M¿ - Bend'ing moments in the directions of the globaì

axes of the beam

M. M_ M- - Bending moments with respect to the local axesènÇ
M. - Moment requ'ired to produce an extreme fiber stress

of 0.85f. on a transformed elastic section having a

modularration='l5

Mu - Ultimate flexural moment

P - Load

P., - Critical lateral buckling load of a beam

tä,^ - Ideal critical load, at 0.85tj

S - Scale factor, ratio of prototype size to model size

a - Depth of the rectangular concrete stress block

at ultimate moment

b - l¡lidth of a rectangular beam

b, - Ì^Jidth out to out of reinforcement

bl - Wjdth enclosed by a stirrup



(xi ) r,

c - Depth from compressive face to neutral axis at

ultimate moment

d - Depth of a rectangular beam from compressive face

to centroid of tensile reinforcemen, 
,.,.,..

d' - Total depth of a rectangular beam :":"

dl - Depth enclosed bY a stirruP

f: - Compressive strength of a 3" x 6" concrete
c

cyl inder specimen I ',

f- - Stress in the tensile reinforcement in an over- :"".:
,,,,,

reinforced flexural member at ultimate moment

f..^ - Yield stress in the compressive reinforcementyr
f - - Yield stress in the tensile reinforcementyl
hl - Height of load app'lication above or below the

centroid of a beam

h - Distance between centroids of tensile and compressive

rei nforcement

kl ' k2 -- - Constants

n - Modular ratio of concrete (n = Er/Er..) 
,:'.:,,,

p - Tensile reinforcement ratio (p = (As - nilluol , ',
' 

: : :-::.

p^ - Pitch of vertical stirrups '',:',
'5 

|

q - A numerical factor dependent upon f. jn the expression

for !'a 
:..:,...

s -Ameasureoflength .,
t, - Thickness of reinforcement parallel to Y direction

u, V - Deflections of a beam in the X and Y djrections

respecti velY



V - Distance from the compressive face of a beam to

the neutral axÍs of its transformed section

o - Stress

ocr - Critical stress at lateral buckling

os - Average stress in the tensile reinforcement in

a transformed section

Ê - Strain

rs - Tensile reinforcement strain
t^e; - Compressive reinforcement strain

Ø - Twist ang'le about the Z axis

^ - Deflection

v - Poisson's ratio

g - A factor dependent upon d'lb

y - A factor dependent upon dr /br

(xii)



CHAPTER I

INTRODUCTION

The introduction of high strength concrete and reinforcement

have made the use of deep, slender conct:ete beam elements practical

and economical in many structures. At some point, the slenderness of

such beams is lìmited by lateral instability, but the phenomenon is

referred to only briefly in available building codes(1)(2). The

commentary on the ACI Code suggests that there is no problem of lateral

instabi'lity for beams of reasonable proportions. The code writers

appear, in this regard, to be thinking in terms of beams supported at

two or more poînts and provided with ample lateral restraint. In the

case of canti'levered beams, the restraint is considerably less and

lateral instability may become a problem. This study was undertaken to

explore the effects of lateral instabi'lity on the load-carrying capacity

of slender cantilevered concrete beams

A review of available literature indicates that very little
has been written on the subject of lateral instability of concrete

beams in general and almost nothing on cantilevered concrete beams.

Al I of the experimental data reported have been for simp'ly-supported

beams tested under various loading conditions. As a result of the lack

of experimental data for cantilevered beams, it was decjded to proceed

with an experimental program with the ob¡'ective of measuring the



lateral buckling loads for cantilevered concrete beams and correlating

these buckling 'loads with parameters related to the beam geometry.

The study was carried out using fourteen small-scale reinforced

concrete beam specimens. Ten specimens were loaded as laterally-

unsupported cantilevers. Two were tested as overhung beams (laterally

unsupported beams with loaded overhanging ends) to illustrate the

most unstable case likely to be found in practice. Final'lyo two were

tested as center-point-'loaded simply-supported beams (as mode'ls of a

larger beam referred to in the literature).

Initially, the study was to be confined to the consideration

of under-reinforced beams, to be consistent with the prevailing ultimate

strength design phi'losophy that all flexural members should fail'in a

ductile manner. A shortage of mild steel reinforcement forced a change,

howevero and some of the test spec'imens Were over-reinforced. As a

second objective, an attempt was made to establish geometric limits

(in the form of a slenderness ratio) which would preclude a lateral

buckling failure before a flexural failure occurred.

1.1 Relationship to Previous Studies

A survey of literature on the subject of lateral instabifity

of beams was prepared by L..(3). This literature survey listed .l42

articles beginnìng with a thesis written by Prandtl in 1899, considered

to be the original work on the subiecto and contjnued to the end of
.|959. 

The survey dealt with metal beams under various loadings but did

not consider concrete beams.
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The first paper dealing with the stability of concrete beams,

I A\
Marshall\*/ gave a theoretical treatment of the problem without

experimental results. Marshall conc'luded that code provisions which

treat lateral instability of beams on the basis of the ratio L/b are

inadequate; instead, the ratio Ld/bZ should be used. The most recent

codes(])(2) ur. the L/b criterion. (L = Length, d = depth, b = width)

The fi rst record of test data for sl ender concrete beams was

published in 1954 by Vasarhelyì and Turkalp(5). Three beams with L/b

ratios of 36 were tested. Although lateral deflections were observed,

Vasarhelyi and Turkalp concluded that the strengths of their beams were

not reduced by 'lateral i nstabi'l i ty.

Hansell and l^linter(6) published the results of tests of ten

beams with L/b ratios in the range 28.8 to 86.4. The specimens were

tested as simple beamsn loaded.at their quarter points. The load

points were designed to allow,lateral deflection of the beam. No

reduction was found'in the ultimate strengths of the beams, and Hansell

and l¡li nter concl uded that no I ateral i nstabi I i ty had occurred. They

demonstrated that lateral instability occurred at an L/b ratio of 106

and concluded that the then current code provisions, requiring L/b not

to exceed 32, were too restrictive. They further demonstrated that the

secant modulus Esec, corresponding to the extreme fibre strain, should

be used for 'lateral instability computations for concrete beams.

Smith(7), in a discussion of Hansell and Winter's paper,

reported on the testing of twelve simply-supported center-point-loaded



microconcrete beams. His discussion was the first published report

of concrete beam specimens which failed by latera'l buckling. In

addition, he discussed lateral stability of the test specimens in

terms of the slenderness rati o Ld/bz proposed by Marshall(4).

IR\Siev\"/ reported on the testing of ten beams, six of which

were rectangular and four of which were L-shaped in cross-section.

Lateral instability was observed in all of the tests. In addition,

Siev carried out a theoretical investigation of the flexural and

torsional rígidity of beams in various states of loading, ranging from

elastic uncracked to plastic cracked sections.

Sant and Bletzacke.(9) tu.ted eleven reinforced concrete

beams with L/b ratios of 96 and d/b ratios'in the range 3.78 to 12.45.

The specimens were simply-supported and center-point-loaded, with

rotation and lateral deflection allowed at the load point. Sant and

Bletzacker concluded that there was a critical slenderness ratio of
t

the form Ld/b' (and dependent upon the material properties and loading

configuration) above which lateral buckling occurred. They suggested

that the slenderness of the beam should be limited in terms of the

maximum reinforcement ratio and plotted this criterion in the form of an

interaction curve relating the slenderness rati o Ld/bZ to the

reinforcement rat'io and yield strength, (p)(fry). Sant and Bletzacker

plotted their results as well as those of Smith(7) and Hansell and
l.\ /ô\

Winter\o/ on the interaction diagram and added those of Siev\o/ in the

discussion in a later publ icat'ion(10).
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Two specimens tested in the present study were scale models

of Sant and Bletzacker's specimen BrO-1. They were used to determine

the similarity between the results of model tests and prototype

behaviour of laterally buckling beams.

In 1967, Murr.y(l1) published the results of the tests of

thirteen specimens which were simp'ly-supported and loaded in pure

bending. 0f the thirteen specimens, eleven buckled laterally. Massey

developed analyt'ical expressions for the lateral flexural rigidity'

the torsional rigidity and the warping rigidity of slender rectangu'lar

concrete beams and determined the reduced modulus of rigidity of concrete

as a function of the bending moment. Massey's procedures are used

later in this study to.compute the theoretical buckling loads of the

test specimens.

In a literature ,r"u.y(12) published in 1969, Marshall analyzed . '

the published resu'lts of Hansell and hlinter(6), Sunt and Bl"tru.k..(9),

Massey 
(l l ) and others not previ ously publ i shed. Marshal l concl uded, as 

,;:;.,.;:,i,,

he had done earli..( ), ahua lateral stabjlity was a function of the ' 
.

slenderness ratio Ld/bZ and, in addition, that the bending moment at , "1

'lateral buckling was a function of the rat'io t.b3A/t (in which f. is the

compressive strength of the concrete).

Marshall(4)(12), sriÜ¡(7) and sant and Bletzacker(9) huu.

pointed out that the slenderness ratio for the lateral buckling of

rectangular beams shou'ld be written in the form Ld/bZ rather than in

the form L/b used in current building codes(l)(2). Their argument is

as fol I ows:
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In sìmplÌfied form, ignoring the warping rigidity, the elastic

critical load, at whÍch a rectangular beam buckles laterally, is given
/1?\

by\'"r '

p." = t<., lïe/tz - (l.t )

The constant k., is dependent upon the loading condition and the amount
I

of lateral restraint, having the value 4.013 for an unrestrained tip-

loaded cantilever and 16.94 for an unrestrajned center-point-loaded

simply-supported beam. The lateral flexural rigidity is given by:

?
B = k.d b"E-¿ >êc (l 'z)

The constant k, has the va'lue 1/12 for an elastic uncracked section in

which the reînforcement is ignored. The cross-sectional dimensions

are given by b and d, and the secant modulrt Er.. is used after Hansell
| 1\

and Winter\o/. The torsional rigidity is given by:

?
C = k.d b"G ('l.3)

J

The constant k, has the value l/3 for a very narrow rectangular cross-

section and G is the modulus of rigidity. For simplicity, the modulus

of rigidity is assumed to equal:

G = k"Eq sec (l'4)

In which kO is an arbitrary constant. By substituting Equations (1.2)

through (.l.4) into Equation (l.l), and collecting all constant terms into

one term, (kS), the following is obtained.



P.. = kuu3a Esec/lz

7

(1.5)

If the usual expression for flexural stress at any point in the beam

(My/I) is written in terms of the buckling load, the foìlowing

expression resul ts:

2
ocr = k6Pcrl/k7bd' ----- (.|.6)

The constant kU depends on the loading configuration, and is .l.0 for

a cantilever. The denominator is in the form of a section modulus

(k, reflects the amount of cracking). By combining Equations (1.5) and

(1.6) and writing all constant terms into one constant, (kg), the stress

at lateral buckling is given by:

- 
k8Er..

ocr - -Ld/Ê {'r)
Equation (1.7) indicates that the critical stress at lateral buckling

is a function of the secant modulus of the concrete and the loading

and restraint geometry (as the summation of the effects of the constant

terms) and the slenderness ratio Ld/bz. It is based upon assumed

linear behaviour, which assumption is inaccurate for reinforced concrete.

It does, however, point out the nature of the govern'ing geometric

parameter for the discussion of lateral stability of rectangular beams.

Sant and Bletzacker assumed an under-reinforced rectangular

cross-section and argued that the member should reach its ultimate

flexural moment at or before the instant of lateral bucklinq. For



these conditÍons, Equation (1.6) is rewritten with the reinforcement

yield stress as the critical stress and the section modulus in terms

of the tensile reinforcement, as follows:

In Equat'ion (1.8), the term (krd) is the distance between the tensile

and compressive stress resultants and the parameter p is the tensile

reinforcement ratio (as a fraction of the cross-section area). Combining

Equations (1.5) and (1.8):

kl oEr".

ör- fi.9)

Equation (1.9) relates the reinforcement ratio and yield strength to

the slenderness ratio of the beam. The term k.,O reflects the loading

and restraint geometry and the term Er.. reflects the concrete properties.

This equation provides the basis for a code provision which limits the

tensîle reinforcement as a function of the beam slenderness.

In contrast to Sant and Bletzacker, Marshall(4)(12) upp.oached

the problem on the assumption of a balanced section and argued that

the moment'in the member should be limited to the point at which the

concrete reached its compressive strength at the instant of latera'l

buck'ling. This approach is not well suited to use with the curuent

ultimate strength design philosophy which requires that flexural members

be under-reinforced.

pfy =
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Some work has been carrjed out to determine the latera'lly

deflected shape of unrestrained elastic cantilevers. Piotrowski and

/l/t\
Zihrul\r+/ used Moiré photography techniques and found that their

results compared favourab'ly with a numerical exampl.e published by

Swann and Godden(15). Woolcock and Trahair(16) published deflection

measurements for a narrow rectangular cantilever, an I-shaped

cantilever and an I-shaped simply-supported beam, all of steel. They

also pubìished theoretical results which agreed c'loseìy with the

measured deflections.

Numerical and ana'lytical analyses of the problem of lateral

buckling of elastic beams have been published by several uutho.r(13)
('l5)(16). 

The linear-elastic analysis given by Timoshenko and e...(13)

was used as a basis for the theoretical djscussion in this study.

1.2 Assumptions and Limitations in the Present Study

The experimenta:l portion of this study consisted of the load

testing of ten small-scale reinforced concrete members as laterally

unsupported cantilevers and two as overhung beams. The cross-sections

were kept constant and only the length was changed. The experimental

work was, therefore, limited to a very small portion of the ìarge range

of possibilities of unstable beams.

The experimental data used in this study are based upon

the testing of small-scale beams. It is assumed that the conclusions

drawn from these data apply to full-sized members with similar
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loading and restraint conditions. Such an assumption is valid only

if the test specimens are flexurally sim'ilar models of the full-sized

(prototype) members. The general theory of model similitude has been

presented by Charlton(17) und the modelling of reinforced concrete

structures has been discussed by Harris, Sabnis and ulnite(18) and

110\
Petri,Jt'

In a direct model, similar (or identical) materials are used

and all linear dimensions are scaled by the same factor. That is:

¡

L.' = SL.' (1.10)

In Equation (1.10), S is the scale factor, the primed (') symbol refers

to the model and the subscript 'i refers to any part'icular dimension.

For flexural similarity, the deflections of the model and prototype are

related by the same scale factor:

^i = Sai (1.1.l)

From model similítude theory(17), it can be demonstrated that the

condition of flexural similarity occurs only when the strain 'in the

model equals the prototype strain at every po'int.

I

ri = ri (1..|2)

For Equation (1 .12) to be valid, the elastic moduli'i (Young's modu'lus,

the modulus of rig'idity, the secant modulus and Poisson's rat'io) and

the tensile and compressive strengths for the model and prototype materials

must be equa1. In other wordso the materials must have identical stress-

strain behaviour and strength. I¡lith the exception of the concrete



ll
stress-strain curve, in which case the model concrete curve was flatter

than generally observed prototype curves, the properties of the materìals

used in this study approximated these requirements. It can be shown

that, to a first approximation, the conditjons of flexural similarity

are met with stress-strain curves of similar shape. Thus the differences

in the concrete stress-stra'in curves have not been considered, and

flexural similarity has been assumed.

It can also be shown that the model and prototype loads (forces)

are related by:

P=S2P'------ (1.13)

By using Equations (1.10) and (.|.13), and by applyìng dimensional

analysis to the relationships previous'ly developed it is possible to

relate the data derived from small-scale tests to full-sized structures.

In part'icular, Equation (1.9) will be used in Chapter 6 in the discussion

of a design criterion. Since the left side of this equation has dimensions
2of force/length', the scale factor S cancels out when Equations (.|..|0)

and (1..|3) are appfied. Thus, Equation (1.9) is unaltered by scale and

the experjmental data can be applied to any size of member, assuming

the cond'itions of flexural similarity are met.



CHAPTER 2

THEORETICAL CONSIDERATIONS

Thi s chapter dì scusses the el asti c I ateral stabi'l 'ity of an

unrestrained cantilevered beam and the ultimate flexural strength of

a reinforced concrete beam.

In Secti on 2.1 , the equation giving the lateral buckl'ing

load of an unrestrained, homogeneous, linearly elastic cantilever is

developed. In Section 2.2, the rigidity co-efficients required to

compute the buckling load are developed for a reinforced concrete

member. The combined result of Sections 2.1 and 2.2 is an elastic

analysis modified to approximate non-homogeneous noñ-linear inelastic

behaviour. Such an approach has the disadvantage that the computed

buckling ìoads will be inaccurate to the extent that the s'implifying

assumptions are inaccurate. The analysis of the actual buckling

behaviour of a reinforced concnete beam is complex in the extreme and

has not been attempted in this study. The modified elastic analys'is is

used, in Chapter 5, to compute buckling loads for the test specimens.

The fìnal section in the chapter presents the ana'lysis of

the ultimate flexural strength of a reinforced concrete beam to give a

basis for the computation, in Chapter 5, of the ultimate flexural

capacity of the test specimens.

12



2.1 Lateral Buckling of an Unrestra'ined Cantilevered Beam

An unrestra'ined cantilevered beam is one which is fixed at one

end and free to translate and rotate along the remainder of its length.

This discussion is limited to the case of an elastic beam of uniform

cross-section which is loaded through its centroid at the free end and

which is 'initially straight, as shown in Figure 2.1. The co-ordinate

system shown has its orjgin at the centroid of the cross-section at the

end. The Z-axis is coincident wjth the longitudinal axis of the beam

and the X and Y axes are co'incident wjth the principal axis of the cross-

secti on .

The beam is subjected to a load P at its free end and a small

lateral deflection is assumed, as shown in the figure. At some d'istance

z from the origin, a section mn is taken and a local co-ordinate system

drawn with the 6-axis tangent to the deflected beam axis and the€and n

axes coincident with the principal axes of the cross-section. The twist

ang'le Ø about the Z-axis is shown positive and, as a result, the

deflection components u and v in the X and Y directions respectively

are negative.

A free body of the beam segment to the rìght of section mn is

shown in F'igure 2..|(b). The moments M, , Mn , and M, acting on the left
end of the segment are shown in the posit'ive directions assumed by

Timoshenko and e.r.(13). Since the deflections are assumed to be small,

the curvature in the E-6 plane is assumed equai to the curvature in the

X-7 plane and the curvature in the n-ç plane is assumed equal to that in

t3



F ixed End

l4

0riginal Position
(No Load)

.f:

Def I ected
Position

z s=L-z

DEFLECTED CONFIGURAT

I -t\<r,/

.--=>z

'>þ\(

F ORCES ACT I NG ON A BEAM SEGMENT

'ol
LATERAL BUCKLING OF AN UNRE.STRAINED CANTILEVERED BEAM

l0N

11

\
Y

+

M¡

,/"

'-._.

\.\___

FIGURE 2.1



15

the Y-Z plane.

Figure 2. I (b)

,2^ ovól --V: = lvl

oz

,2
B 9*= M

dz¿

The equations of bending of the beam segment in

then beco*.(ts¡ '

dØ .. d3Ø - ^,d7-"w1?-''t

Equations (2.1) and (2.2) are derived from beam bending theory. The

term 8., is the strong-direction bending rigid'ity (EI, ) and the term

B is the weak-direction bending rigidity (EIn ). Equation (2.3) is

derived from torsional theory. The term C is the St Venant torsional

ri gi di ty and the term C* i s the warp'ing ri gi di ty.

Considering the free body in

the directions of the X, Y and Z axes

section, the following are obtained:

Figure 2..l(b) and taking moments in

at the centro'id of the cut cross-

Mu = -P(L - z) ------ (2.4)
^

Mu = 0 (2.5)
I

M' = P(-u', + u) (2.6)LI

Again, the moments are taken positive in the directions assumed by

Timoshenko and Gereo 'in which M* and M.. are positive when they produce

curvatures such that the normal to the concave side points in the positive

direction of the respective axis and M, is positive when it rotates the



cross-sect'ion clockwise. For small values

and Z- axes are related to the E-, î- and

cosines given in Tabl e 2.1 .

Tabl e 2. l

Direction Cosines Relating Global a

of

r-

l6

Ø, u and v, the X-, Y-

axes by the direction

n

I

-Ø

du
E

Ø

I

dv
E

du-d7
dv-M

Using these direction cosines, considering the assumed pos'itive directions

and ignorìng second-order small quantities, the follow'ing expressions

are obta'ined for the moment components 'in the local co-ordinate system:

Substituting Equations (2.7) to (2.9) into Equat'ions (2.1) to (2.3), the

following expressions are obtained:

,2
8., 9* + P(L - z) = 0 ------ (2.10)' dz-

,2

B g-++ p(L - z)Ø = 0 (2.11)
oz

M

M
n

M
Ç
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c d3ø-.¡m rlrlt* ; - cfr+ P(L - r) #- P(ut - u) = 0 ------ - (2.12)

To obtain an expression for the angle of twist, Equation (2.12) is

differentiated with respect to "2" and the result combined with Equation

(2.11). The result is as follows:

" 
d4Ø_"&+p(L _r\d?u=nU,., --7 ' V --i 1- l(L - ZJ --T = v,, dz- dz¿ drî= 

u ------ -- (2'13)

From Equation (2.11 ):

d?u- P(L-z)Ø
æ- - ---r-- (2.14)

Substituting (2.14) into (2..|3), the following expression results:

" d4ø n d2Ø

"w F-
,'u. t t

\ Ltll þ = 0 ------ --- (2.15)

To simplify Equation (2.15), the variable s = (t - z) is introduced,

resul ti ng i n : 
^z z^ :r : ,:,tg g_ Ég _ e?'?ø = s e.r6) :::,:::;.::,

dr4-Çd.Z |ÇE--" \L'lvi' 
,,,

For the case of the unrestrained cantilevered beam shown in Figure

2.1(a), the following boundary conditions apply to Equation (2.16):

Ars=o; M=o=c!g-c & e.v)Ç " "ds ""dr3

4=o _--___ (2.r8)
ds¿
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Ats=L; Ø=0 (2.19)

dø
ds

= 0 Q.20)

To obtain the critical load at which the beam buckles laterally, Equation

(2.16) must be solved for the boundary conditions in Equations (2.17) to

(2.20). Timoshenko and G.r.(13) give an approxìmate solution, for large
2

val ues of L-C as:

Ç

4.0t3 /Be
P.r=. -t-t-:T-- Q'21)

{'{ål Lz

Equation (2.21) gives the load P., at which an unrestrained beam buckles

laterally, in terms of the'length L, the lateral flexural rigidity B, the

torsional rigidity C and the warping rigidity C*. Expressions for the

three rigidity terms are developed in the following section.

For the case of the overhung beams, Equation (2.21) may be used to

compute the buckling load by introducing the concept of effective length.

Kerensky, Fl'int and Brown(20) give the effective lengths of cantilevered

beams with various types of restraint using the effective ìength of an

unrestrained cantilever as 1.0L. For the case of the overhung beam, they

g'ive an effective length of 2.71 based upon a theoretical analysis and of
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2.95L based upon test measurements.

For the simply-supported beam, the development of the critical
load equation is similar to that for the cantilevered beam. Timoshenko

/'r?\
and Gere\'"' give the follor,ving solution, for a namow rectangular cross-

section in which the warping rigidity is assumed to be zero, and for
'loading through the centroid at mid-span as:

P.. = 16.s4 /+ --------- (z.zz)
L

For non-zero values of the warping rigidity, Timoshenko and Gere provide

a table of factors to be used in prace of the 16.94 multiplier.

2.2 Parameters in the Critical Load Equation

To determine the criticar buckling load for any given beam, it
is necessary to compute the values of the three rigidity terms, B, c and

C* for substitution into Equation (2.2.l) or (2.22). In the sections which

follow' expressions deveìoped by Massey(ll) tor the three terms are used.

2.2.1 Lateral Flexural Rigidity - B

0n the assumption. that the concrete below the neutral axis does

not contribute to the lateral flexural rigidity, Massey(11) gives the

following expression for B:

, = #r,..

l,rlhere:
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t = the depth from the compressive face of the beam to the

neutral axi s

b = the width of the beam

Er.. = the secant modulus determined from the stress of the extreme

concrete fiber at the point of maximum moment (after Hansell

and winter(6))
S-
Ltrn = the moment of inertia of the reinforcement with respect

to the Y-axis

E, = the elastic modulus of steel.

2.2.2 Torsional Rigidity - C

l'l I \
lr{assey\ "' gives the following expression for the value of

torsional rigidity:

- .3.,-, . r.sa3 - vb.t2d.tAar,
c = ßd'd Gc + l/3(cs-Gc)àb"rt, --- (2.24)

's

Where:

Ç = torsional rigidity

ß = a parameter dependent upon the ratjo d'lbl
I

G. = the reduced modulus of rigidity of concrete

G, = the modulus of rigidity of steel

y = a parameter dependent upon the ratio dl/bl

At = the area of one leg of a stirrup

E, = the elastic modulus of steel

ps = the pitch, center to center, of stirrups.
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The

and

cross-section and reinforcement dimensions b, d', bs, tr, bl

d., are shown on Figure 2.2.

The third term in Equation (2.24) is the contribution of the

closed vertical stirrups.

Neutral Axis

C I osed Vert i ca I

St i rrup

SY'MBOLS FOR LATERAL FLEXUR
:l

' i:'

t'

(n

FIGURE 2.2

2.2.3 ldarping Rigidity - C*

/'r1\
Masseyr"/ givês the following expression for warping rigidity:

TT

- . ,^2 t1t2
= tsn G¡Ð (2.25)ct
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Where:

C* = Warping rigidity;
E, = Elastic modulus of steel;

Il = Moment of inertia of compressive reinforcement with

respect to the y-axis; and

IZ = Moment of inertia of the tensile reinforcement with respect

to the Y-axis.

Massey concludes that Equation (2.25) underestimates the actual

value of warping rigidity and suggests that there is an interaction between

the reinforcing steel and the concrete which contributes additional

bending resistance. There is not sufficient information in Massey's paper

to determine what the actual value of warping rig'idity should be for the

beams tested in this project. The value of warping rig'idity has therefore

been computed using Equation (2.25).

2.3 Flexural Analysis of Beams

Section 2.2 dealt with the lateral buckling mode of failure. Equally

important is the flexural mode of failure in whích the beam remains in its
vertical p'lane and fails by yieìding of the reinforcement or by crushing

of the concrete.

Failure of the beam is assumed to occur when the strain at the

extreme concrete fiber reaches 0.003 inches/inch (at which time the concrete

crushes). if the average straÍn in the tensile reinforcement reaches

yield level as the limiting concrete strain is reached, the reinforcement

is said to be balanced. If yielding occurs before the concrete strain

reaches 0.003, the beam is under-reinforced. To insure against the
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is

is

possibility of brittle failure, code prov'isions(l)(2) specify that

beams be under-reinforced by lim'iting the tensile reinforcement to

75% of the balanced reinforcement.

The strain distribution in an under-reinforced beam at failure

shown in Fjgure 2.4(b). The corresponding concrete stress distribution

shown in broken lines on Figure 2.a(c).

Neutral
Axis Assumed

Stress

tua I

Stress

Concrete :

Distribution

Conc rete
Distribution

nls yl

CROSS SECTION STRAIN DISTRIBUTION STRESS DISTRIBUTION

(a) (u) r (c) ;

ULTIMATE STRENGTH ANALYSIS OF AN UNDE

F I GURE 2i3

The various terms shown on Figure 2.3 are defined on pages 24 and 25.

|+
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For the purpose of analysis, the actual concrete stress

distribution is replaced by the commonly assumed rectangular stress

brock, as shown .in Figure 2.3(c). The block has a depth g'iven by(2)'

a = c(0.g5 - q) (2.26) 
.,i:.:

Where:
I

q = 0 for f^ less than 4000 psi.,c
q = (fl - 4000)(0.00005) for t^ equal to or greater than 4000 psi. ,-r .,C .___r\ c

Sjncethetensi]ereinforcementyields,theforceA,fyTisknown

and constant. Similarly, the force A]F.," in the compress'ive re'inforcement
5 J\,

is known and constant if the reinforcement'is assumed to have yielded.

The force in the concrete compressive zone is then computed by statìcs'

and is the volume of the concrete stress block. The stress block height

a and the moment arms of the two compress'ive forces about the centroid of

the tensile reinforcement are then computed and the ultimate fìexural

moment found.

In equation form:

+ n^r..^(¿ - d') Q.27)
5 yr,

In which:

M = Ultimate flexural moment
u

A = Area of tensile reinforcement
S

.lA: = Area of compressive reinforcement
5

T

f
c

f
v

85

A
S

0.

( - Arfng)

l ,o,rn, - A,rrç)Mu = 
{'

l
2 b)
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þ = Width of rectangular cross-section or width of

compression flange 'in a T-beam

ç[ = Depth compression face to centro'id of tensile

reì nforcement
I

d = Depth compression face to centroid of compressive

rei nforcement
I

f. = Compressive strength of concrete

f..^ = Yield stress of compressive reinforcement
Yl.

f - = Yield stress of tensile reinforcementyr

To verify that both the compressive and tensile reinforcement have yielded,

the neutral axis is located by rewriting Equation (2.26) as follows:

2(Arfyr - Arfrç)/O.aStjo
- (2.28)c=

(0.85 - q )

The tensjle reinforcement strain is then computed as:

,, = 0.003((d - c)/c) ---- (2.29)

and the compressive reinforcement stra'in as:

I

e^ = 0.003((c - d')/c) (2.30)s"

If the tensile and compressive rejnforcement strains are both above yield

level, the assumptions made are valid and the moment computed by Equation

(2.27 ) is the ultimate value.

In the event that one or both of the reinforcements do not yield,

the vaiues of one or both of the reinforcement forces are variable with

25



strain and the analysis is much

easiest handled by a trial and

the neutral axis is assumed and

more compl i cated. The

error procedure in which

the equiIibrium of the

26

anaiysis is

the location of

section checked.



CHAPTER 3

EXPERIMENTAL STUDIES

3.1 Introducti on

The experimental portion of this study consisted of the

testing of l4 concrete beam specimens with cross-sections % inch wide

by 5 inches deep, of varying length, with three types of loading config-

uration. This Chapter describes the construction of the beam specimens,

the loading apparatus and the test instrumentation.

The first configuration was simply-supported center-point

loading. Two specimens lvere built as models of a beam (Specimen BZ+-1)

testing by Sant and Bletzacke"(9), and tested under similar loading

conditions to determine the comparison between small-scale models and

prototype beams. Ten specimens were tested as unrestrained cantjìevers,

having lengths varying from 32 inches to 48 inches. In the unrestrained

cantilevers, three reinforcement types were used (because the supply of

the original type ran out and no more could be found). The final two

specimens were tested as overhung beams, with the loaded end cantilevered

over a support which was free to rotate about all three axes.

The specimens in each of the three series of tests are outlined

in Table 3.1, and the loading configurations are shown in Figure 3.1. The

reinforcement patterns for the various specimens are shown in Figure 3.2.

27
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The specÍmens were des'ignated by arfour-character code which denoted the

loading type, the 'length and the reinforcement.

Tabl e 3. l

Summary of the Test Specimens

Test Series l

Simpiy-supported, center-point loaded beam, strain-hardened mild
steel reinforcement, 1/2 lnch by 5 inch cross-sect'ion.

S48a - No. 1 48 inch length
S48a - No. 2 48 inch length

Test Series 2

Unrestrained cantilever beam loading, 1/2 inch
secti on.

(i) Strain-hardened mild steel reinforcement

C44b 44 inch length
C40b 40 inch length
C36b 36 inch length
C32b 32 inch length

(ii) High-strength reinforcement

C48c 48 inch 'length

C44c 44 inch 'length

C40c 40 inch length
C36c 36 inch 'length

C32c 32 inch length

(iii) Cold-drawn mild steel wire

C32d 32 inch 'length

Test Series 3

by 5 inch cross-

Overhung beam loading, strain-hardened mild steel reinforcement,
1/2 inch by 5 inch cross-section.

019b l9 i nch 'length

0l4b 14 inch length
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The first character in the designation was an upper case letter, "S" for

the simply-supported beams, "C" for the unrestrained cantilevered beams

and "0" for the overhung beams. The second two digits were the beam

'length in inches (comesponding to the dimension "1" in Figure 3.1). The

last lower case letter denoted the reinforcement type and pattern (as

'in Figure 3.2). Type "a" reinforcement consisted of 6-0,1254 inch wires,

strain-hardened to 55 ksi, on the tension side with no stirrups or

compressive reinforcement. In the case of the type "b", rrcrr and rrd'l

reinforcement, #.|9 wjre stirrups at l-l /4 inch centers and 2-#14 wires

(strain-hardened to 60 ksi) compressive reinforcement were used. Type

"b" tensile reinforcement was 4-0.1254 inch wires and 2-#14 (0.008 inch)

wires strain-hardened to 60 ksi. Type "c" tensile reinforcement was 6-#ll

(0..|17'inch diameter) "bright steel" wire - a high-strength carbon steel.

Type "d" reinforcement consisted of 6 mild steel wires which were cold-

drawn to reduce their diameter from 0.1254 inch to 0.117 inch. The resulting

yield-po'int was approximately 70 ksi.

In al I cases except the simply-supported beams o where there were

two identical specimens, the four character code differentiated completely

among the specimens. In the case of the simp'ly-supported beams the specimens

were differentiated by numbering them.

3.2 Design of the Test Beams

The criteria for the selection of the cross-section, for the

series 2 beams, were that the beam should conform to the requ'irements of

current buildìng codes(1)(2) (except for lateral stability provisions),
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and that lateral buckling failures should occur at reasonable beam

lengths. A cross-section 1/2 inch wide by 5 inches deep, with 0.056

square i nches of tens'i I e rei nforcement, rrJas chosen. Materi al properti es

u,ere assumed as f^ = 50OO psi, and fy = 65,000 psi. To prevent
c

disintegration of the beam at failure, nomjnal compressive reinforcement

was provided and stirrups wer"e placed at 1-1/4 inch centers. The

reinforcement pattern chosen is shown on Figure 3.2 as the type "b"

cross-section.

l,líth the substitution of high-strength reinforcement in the type

"c" cross-section, the cross-section became over-reinforced. In the case

of the cold-drawn reinforcement (type "d"), the cross-section was not over-

reinforced but it exceeded the maximum 75% of balanced reinforcement with
I

f. = 5000 psi. In each case, the area of reinforcement was kept as nearly

equal to that in the type "b" crosS=sêction as was practical.

In the Test Series I beams, which were the models of one of Sant

and Bletzacker's tests, the cross-section width (and thus the linear scale

factor) was fixed by the mould size for the Series 2 beams. With the scale

fjxed, a reinforcement pattern (Figure 3.2.(b)) was chosen to give a

scaled area equivalent to the prototype cross-sectíon.

3.3 Reinforcement Wire

Reinforcement for the test beams was fabricated from steel wire.

In general, three types of reinforcement were used.

The first type was strain-hardened mild steel wire, which was

used in the type "a" and type "b" cross-sections. The wire was preloaded
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to raise the yield-point to the desired leve1, (55 ksi in the case

of type "a" and 60 ksi in type "b"). To simulate the effect of the

deformatjons on prototype reinforcement, 'indentations were made on four

sides by pulling the wire through two sets of knurled rolls(18). An

indentation depth of 1/20 the wire diameter and 34 indentations per

inch gave an area of indentation per unit length equivalent to that of

prototype reìnforce,n.nt(21 ) .

For the type "c" cross-section, high-strength carbon steel "bright

wire" was used as tensile reinforcement. (The compressjve reinforcement

was strain-hardened mild steel). In this case, the wires were also

deformed.

In the case of the type "d" cross-sect'ion, the tensile reinforcement

was made by co'ld-drawing mild steel wire to reduce its diameter from 0.125

inches to 0.117 lnches. The resulting y'ield-point was approximately 70 ks'i .

The wires were not deformed because slight variations in diameter made it
difficult to pu1'l them through the deforming devise.

The reinforcement cage was assembled by positioning the six

tensile wires in a iig and tying the stirrups ín position with fine brass

wire. All crossings between the stirrups and the tensile wires were

soldered with a low temperature paste solder. Follow'ing assemb'lyo the cage

was washed with a 5% hydrochloric acid solution and brushed to remove any

unfluxed solder.

Tests by Petri(19) un¿ the writer indicated that no change in the

yield point or the ductility of the wire resulted from the heating required

to flux the paste solder.
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Wire spacers were provided on the sides and bottom of the group

of tensile wires to hold it in position in the mould. In addition, the

cage was tied through the bottom of the mould to keep it from rising as

the concrete was placed. The compressive re'inforcement was tied into

position prior to the p'lacing of the last lift of concrete.

3.4 Concrete Mixture

To facil'itate p'lacement, the design of the concrete was based

upon a maximum particle size of #20 sieve. The aggregate gradation was

arrived at by scaling down the gradation of a prototype m'ixture which

was based upon Canadian Standards Associati on(ZZ) and Portland Cement
/^^\

Association\trl recommendations. The scaled results were adjusted to

eliminate sizes smaller than the #200 sieve and an envelope of maximum

and minimum perm'issible grading limits drawn. Commercia'lly available

sil'ica sand (graded to various sizes) was used as aggregate and the blend

of sizes was varied from time to time to keep the mixed gradation as close

as possible to the center of the grading enveìope.

Several trial mixtures were made to select a mix design. A

water/cement ratio of 0.574 was chosen(23) to give a compressive strength

of 5000 psi at 28 days, and the cement paste-to-aggregate combination

varied to produce the required workability. The mixture chosen is shown

in Tabl e 3.2.
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Table 3.2

Concrete Mix Design

Aggregate

Cement Paste

Water/Cement Ratio

Admixture

69% by weight

31% by weight
High-Early Strength Cement

0.574

Pozzolith 11300
0.4 ml/]00 gm. cement

The Pozzolith 11300 admixture is a water-reducing, cement-

dispers'ing type and was used to increase the workability of the mixture.

The dosage used was approximately double that recommended for prototype

concrete.

Mixing of the concrete was done with a Hobart laboratory mixer

operated at its slowest speed. The mixing time was kept constant at

three minutes and a sequence was followed for the addition of the various

components to maintain consistency from batch to batch.

The results of the strength tests of the concrete used in each

of the beam specimens are contained in Appendix A. The compressive

strengths varied from 3130 to 6500 psi, depending upon the age at the time

of testìng. The modulus of rupture varied from 7 .5\to 8.s f ut

compared to the value 7.5q generally used for prototype concrete. Thec-
properties of concrete prepared in accordance with the mix design shown

on Tabl e 3.2 were measured by Barritt(24). Four of Barritt's stress-strain

curves, representing various ages of concrete, are shown in Figure 3.3.

The curves have the same shape as those for prototype concrete but are

fl atter.
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For analyt'ical use, the average of the four curves was

fitted to a Ramberg-0sgood Function(zs) ut Ût. form:

3.4201 x 106

Using the 'initial slope of the average stress-strain curve and

the initial s'lope of the average curve for the circumferential strain

for the same four sanrples, the initial Poisson's Ratio was computed as

0.1728. From this, the initial modulus of rigidity of the concrete was

computed from the elastic relationship G = E/2(1 + v) as:

G^ = (3.4201 x lo6) /2(1 + 0.1728) = 1.458 x .106 (3.2)
c

3.5 Casting of the Beam Specimens

The mould was constructed from pieces of 1/4 inch acryl'ic plastic,

fused together with Ethyl Dichloride solvent. Details of the mould are

shown in Figure 3.4. The assembled mould was supported on a steel angle

frame and braced horizontally to the frame to majntain a'lignment.

{ I " l3.r3arl

l'.1 ",-*l I (3'r)
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The beams were cast in three lifts, with the first lift
filling the mould approximately one-third full, the second to within

one-half inch of the top and the third filling the mould. Consolidation

of the concrete was achieved through the use of an internal vjbrator
(l/4 inch outside diameter with an eccentric weight driven at 25,000 rpm).

In addition to the vibrator, a smalì spatu'la or a piece of wire was used

to dislodge air bubbles which collected against the mould surface.

Fol'lowing casting of the beam and the six test samp'le c.vlinders

the exposed surfaces were covered with wet paper towels and a layer of

polyethylene film. The concrete was then cured at room temperature for
forty-e'ight hours during which time the paper towers were kept wet.

After the initial forty-eight hour period, the moulds were stripped and

the beam and cyìinders placed in a wet room for curing at 75 to 80 degrees

Fahrenheit. In preparation for testing, the beams and cylinders were

removed from the wet room and allowed to air dry for 24 hours.

3.6 Loading Apparatus

Lateral buckling of the test specimens under 'load implied that

the loading apparatus and reactions had to allow displacement and rotation

in specific directions whiie preventing it in others. To meet the

requirements of the various series of tests, ô loading head and three

support devices were built.

The loading head was to permit rotation about all three mutually

orthogonal axes as well as horizontal translation perpendicular to the

beam axis (in the '¡x" direction). In addition, the load was to be
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vertical (simulating a gravity load) at all times during the lateral

deflect'ion. The requirements were closely met by an apparatus consist'ing

of a paral'lelogram wìth spherical bearings in the four corners, as

shown in Figure 3.6. The beam was clamped at the center of one side

and the load was applied through a spherical bearing at the center of the

oppos'ite side. The apparatus allowed rotation about all axes and

translation ìn the "X" and "Z" dìrections, with the only limitation being

the frictional force 'in the bearings. Separate tests of the bearing

frict'ion'indicated that it was ins'ignificant. Translation was not exact'ly

paral l el to the speci f i ed di rect j ons ; ratherit was rad'ial about the top

bearings. Similarly, the load became inclined to the vert'ical as lateral

deflection occurred. Both of these effects were minjmized by mak'ing the

arms of the paralle'logram as long as was practìca1 (approximately 100

i nches ) .

For the simply-supported beams, the supports had to prevent

rotation about the longìtud'ina1 axis of the beam whjle allowing it in the

two perpendicular directions (i.e.the beam had to remain vertical at the

supports and be free to rotate in the other two directions). For the

overhung beam, the exterior support had to keep the beam verticaì, as

in the simply-supported beams, while the interior support allowed rotation
'in all three directions. The two-rotation support was built as a clamp

mounted on a vert'ical and a horizontal sp'indle as shown in Figure 3.5.

The three-rotat'ion support was built as two para'l'le'lograms of the same

form as the loading apparatus, as shown in Figure 3.7.

For the simply-supported beams (Test Series I ), the two-rotation

support was used at one end of the beam, and the three-rotation support
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(wìth the rotation about the beam axis prevented) was used at the other.

The load'ing apparatus was placed at the middle of the beam as shown'in

Photo 3.1. For the overhung beams (Test Series 3), the two-rotation

support was placed at the exterior, the three-rotation support at the

center and the load'ing apparatus at the other end as shown in Photo 3.3.

For the unrestrained cantìlevers, the support took the form of

clamps wh'ich held the beam end in all djrections. For th'is purpose, an

enlarged end was cast on the beam spec'imens. The enìarged end was

prevented from twisting by clamps at each end as shown'in Photo 3.2 and

Fiqure 3.6.

3.7 Test Instrumentation

Load-deflection data (horizontal, vertical and rotationa'l )

were taken at the load pojnt for all tests. In addit'ion, stra'in measurements

were taken on the concrete surface and horìzontal deflection was measured

at the compression face at one-third span jn six of the unrestrained

cantilevers. The six spec'imens were the "c" and "d" type cantilevers.

Inspection of the failed configurat'ion of the first set of cant'ilevers

(the type "b"), indicated that the maximum lateral deflectjon of the

top flange in the opposite d'irection to that of the load point occurred

close to the one-thìrd po'int. As a result, the one-th'ird point was chosen

as a site for the second lateral deflection measurement.

in the tests of the unrestra'ined cantilevers, the load was

measured with a strain gauge load cell. For the simply-supported beams
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and the overhung beams, the expected failure loads were greater than

the capacity of the load cell and the load was measured with a pressure

gauge on the hydrauìjc loading cylinder.

Horizontal deflections at the load point and at L/3 were

measured w'ith a capac'itance transducer, wh'ich applied no force to the

specimen (and thus had no effect on the lateral buckling). Rotation

was measured with a dial gauge between the arms of the loading paraìlelogram

and vertical deflection was measured wjth a dial gauge at the top of the

loading apparatus. Ideally, the vertical deflection should have been

measured at the specimen, but th'is was impractical because of the lateral

deflectjon. With the measurement taken at the top of the para'llelogram,

several small errors were introduced. (None of these errors were considered

serìous). Computer programmes were written to reduce the dia'l-gauge

and transducer results to the final form which gave the horjzontal, vertical

and rotat'ional deflect'ions and their comesponding'ìoads. The rotational

deflection was corrected for the apparent rotation which appeared in the

paralielogram as the result of lateral deflection. In the case of the

unrestraíned cantjlevers, five dia'l gauges were used to measure the

deflection and rotation of the "fixed" end of the spec'imen. 0n'ly the vertical

movements proved to be sign'ificant and a coruect'ion was made to the load

point vertical deflection to account for them.

The concrete strain, paralle1 to the longitudinal ax'is of the

beam, was measured by electric resistance strain gauges placed'in pairs
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on opposjte sides of the beams

the stra'i n recorder was reduced

reduced data were plotted utith

at five locations. The output from

with a computer programme and the

the d'igi ta1 pi otter.



CHAPTER 4

TEST RESULTS

4.1 Summary of Test Results

The results of the load tests of the three types of beam

specimens are summarized in Table 4.1. The behaviour of each of the

types is discussed in later portions of the Chapter and the results

of the unrestrained cantilever tests are gìven in detail in Appendix A.

4.2 Simply-Supported Beam Tests

As discussed previously, the two s'imply-supported beam specimens

were made as models of a larger specimen which was tested by Sant and

lolBletzacker'"'. The first specìmen, S48a - No. l, warped due to uneven

drying after the curjng period and was crooked at the start of the test.

As a result, the failure load was low and the test result was disregarded.

The load-deflection results for Specimen S48a - No. 2 are plotted on

Figure 4..|. The horizontal deflection was small until the load

approached failure; then it increased rapìd'ly and the curve became nearly

horizontal. The rotation jncreased rapidly 'in the initial stages of the

test, then changed more slow'ly and finally increased rap'id'ly towards

failure. The injtìal period of rapid change in rotatjon at the beginn'ing

of the test was an adjustment to an equi'librium position within the

49
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Table 4.1

Summary of Test Resul ts

SPEC IMEN LENGTH
INCHES

FAI LURE

TYPE
FAi LURE

LOAD

POUNDS

NOTES

Series I

S48a - No. I

S48a - No.

Jeam

Instability -
Lateral
buckl i ng.

instabil ìty

I 031

1295

Crooked specimen,
result ignored.

Series 2 Unrestra'ined Cant i I ever Beam

Instabi 1 i ty

Instabi 1 i ty

I nstabi I 'ity and
fl exure-rei nf.
y'ie1di ng .

Fl exure-rei nf.
yìe1ding.

Instabi 1 i ty

Instabì'lity

Instab'i I i ty

Instabi i i ty

Fl exure-Conc.
cru s h'i ng .

Fl exure-re'inf .

yielding.

355

410

461

550

355

445

445

585

590

615

Crooked specimen,
resul.t i gnored.

c44b

c40b

c36b

c32b

C48c

C44c

C40c

C36c

C32c

c32d

44

40

?2

48

44

40

5¿

32

Series 3 Overhun

iOreb 
I

I

0l4b I

g Beam

l9

14

Instabi I 'ity

Instabi I ity

508

743
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specimen to compensate for initial crookedness and eccentricities in

the test set-up. This behaviour was noted in the lateral deflection

and the rotation in all tests to a greater or lesser extent. For the

purpose of comparison, the deflections of Sant and Bletzacker's

specimen (scaled in accordance with Equations (l.ll ) and (1.13)) have

been shown on Fiqure 4..l.

Spec'imen S4Ba - No.2 prior to loading and following failure
'is shown in Photos 4.1 to 4.3. The load was applied upward so that

the top face of the beam was in tension.

At failure, the beam deflected laterally, as is shown in Photos

4.2 and 4.3, and rotated at the'load point such that the bottom face is

closest to the camera in Photo 4.2. Major d'iagonal cracks occurred at

each end as shown in Photo 4.2, with tension on the s'ide facing the

camera. Since there was no compressive or shear reinforcement in the

specimen, the maior cracks at the ends were complete separations across

the cross-section with the except'ion of the immedjate area around the

tensi I e reinforcement.

For Specimen S48a - No. 2, the concrete compressìve strength
I

f. was 5678 psj, and the reinforcement yield strength fu was 55,600

PSÍ.
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SPECIMEN S48a - No. 2 PRI0R T0 TEST

PH0T0 4.1
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SPECIMEN S48a - No.2 F0LL0l^/lNG FAILURE

PH0T0 4.2



4.3 Unrestra'ined Cant'ilever Beam Tests

The fai'lure tyoes and failure loads for each of the ten

unrestrajned cantìlever beam specimens are shown in Table 4.'l. Drawìngs

of the failure confígurations, plots of the deflect'ion and strain data,

and the results of the material tests are gìven in Appendix A. As an

example of the behaviour of an unrestrained cant'ilever, photographs

before loading and after failure and the deflection and strain plots for

Specimen C44c are shown here.

Photo 4.3 shows Specimen C44c prior to load'ing and Photos 4.4

to 4.7 show it following fa'iIure. The Ioad-defIection curves are p'lotted

on Figure 4.2 and the load-strain curves are plotted on F'igure 4.3. The

vertical deflection curve was nearly finear until immedìate'ly before

failure, at which time it flattened. The horizontal deflections of the

load point and the top face l/3 span from the fixed end were small until

approximately 100 pounds below fa'ilure load and then increased rap'id1y

'in opposìte directìons. The rotation increased rapidly'in the initial
stages of loading, then the curve steepened and flattened as failure

approached. The initial rapid rotation was due to the adjustment into an

equì'librium positione as was the initial reversal of the lateral deflection

on the lou¡er portion of the curve.

The load-strain p'lots on Figure 4.3 show the strain paral1e1 to

the longitudina'l axis of the specimen. The strain gauges were arranged

in pa'irs on opposite sides of the specimen so that the divergence in the

stra'in in any pair indicated lateral bending. Gauges 0,1 and 5 failed
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before the test was compìeted. Gauge pairs 6-7 and 8-9 indicate bending

such that the specimen vras concave on the side of 7 and 9, wh'ich fact is
borne out by Photos 4.5 to 4.7 and the lateral deflect'ion curves on

F'igure 4.2. Gauge pair 2-3 indicates curvature in the opposite dìrection,

which is also shown by the photos and the lateral deflection. Gauge

pair 4-5'indicated curvature in the same direction as paìr 2-3 and Photo 4.6

shows a crack close to gauge 5 on the outside of the curve. The large

divergence of strain at gauge pa'ir 4-5 was not normal and was the result

of an initial crookedness or eccentricitv.

At failure, the beam deflected laterally very suddenly, from a

stra'ight configuration to the one shown in Photos 4.5 to 4.7. In the

process of the failure, the specimen developed two large diagonal cracks

as shown in Photo 4.4 and 4.7. In Photo 4.4, the crack nearest the fixed

end is on the far side of the beam and the concrete is crushed in the

photograph. The second crack runs from the tip of the fjrst to the top

face. Along this crack, tens'ion occurs on the side facing the camera.

4.3.1 Lateral Buckl'ing_Þehaviour of an Unrestrained

Canti I ever Beam

Specimen C44c, discussed previousiy, exh'ibited behaviour

which was typ'ica1 of that in all of the unrestrained cantilevers wh'ich

buckled under load. In generaì, the lateral deflection and the rotation

measured in the tests were slìghtly erratic as a result of crookedness in

the specimen or eccentrìcìty in the test set-up which created unusual

bend'ing situations. In general, the lateral deflection and rotation

curves exhi bi ted an i ni t'ial peri od of rapi d movement i n ei ther di rect'ion ,
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followed by a steepening of the curves to the po'int at which they were

nearly vertical. At failure, the curves flattened as the lateral movement

and rotat'ion i ncreased rap'idl y wi th I oad. Before fa'i I ure, the hori zontal

deflection at the load was in the range 0.4 to l.0.inches while the

deflection at the l/3 point was in the range 0.1 to 0.3 inches (and in

the oppos jte direction). Fo'l'lowing failure, the 'load point deflection was

in the range 1.0 to 3.0 inches with the l/3 point deflection approximately

one quarter ìn magnitude. Maximum rotation at the'load point prior to
failure was in the range of 0.035 radians (about 2 degrees). Dur.ing the

failure, the rotatìon increased several t'imes to approx'imate'ly i5 degrees.

Vertical deflect'ions at the load point were in the range of 0.7 to 0.9

inches before failure and 1.0 to .|.5 
inches following failure. The shape

of the vertical deflection curves were very similar to that shown in

Figure 4.2.

The shape of the load-strain curves was affected by crookedness

and eccentricity in a manner similar to the lateral deflection and the

rotation. In most cases, the curves for any pair of strain gauges were

close together over most of the loading range, similar to those for pairs

6-7 and 8-9 on Figure 4.3. In some cases, the curves for a pair

d'iverged wíde1y such as those for pair 4-s. As a result,.interpretation

of the test data was sometimes difficult. The behaviour of the curves

for strain gauge pairs 6-7 and 8-9 was typical of the strain observed in

all specimens which buckled lateraììy" Over the lower portion of the

loading range, the strains on opposite sides of the beam at any gauge

location were nearly equa'1. As lateral buckling failure approached, the

strains diverged indicating ìateral bending. Immediate'ly before failure,



62

as lateral bending was increasing rapidly, the change in strain vvas

sufficient to produce a reversal such as occurred at gauges 6 and 8

on Figure 4.3.

Photos 4.8 and 4.9 show the crackìng patterns of Specimen C44c

on opposite sides of the beam near the fjxed end. The major cracks

shown developed, during the process of the lateral buckl'ing faiìure, so

rapíd1y that the sequence of thejr development could not be determined by

observation. One crack began at the top of the beam near the fixed end

and ran dolnward toward the bottom face. The crack formed on the side of

the beam toward the direct'ion of the load point deflection. In Photo 4.9,

the crack is on the s'ide away from the camera. Crushed concrete is

v'isible in the photograph. In the s'ix specimens which developed the

diagonal crack pattern, the slopes of the cracks were jn the range of

1.5: I to2: I (horizontal tovertjcal).

The second crack extended on a line beginning at the bottom,

near the end of the first, and ending at the top near the point of maximum

oppos'ite deflection of the top face, about one-th'ird of the beam length

from the fixed end. The crack formed on the side opposite the horizontal

deflection of the load point (that is on the opposite side to the first
crack). In most tests, crushing occurred along the same line on the

other face of the beam for both cracks. Photo 4.9 shows pronounced crushing

for the crack nearest the fixed end. Slìght crushing occurred along the

d'iagonal pencil line on the left side of Photo 4.8.
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bservation during the tests indicated that several hairline

cracks formed on each beam prior to failure. These cracks were vertical

beginning at or near the bottom and extending upwards. Such cracks were

the result of flexural tension and were more numerous on the side of the

beam opposite to the horizontal deflectjon of the load point, (which lvas

the convex side - with the greatest tensile stress). No significant

diagonal cracks were observed prior to fajlure of the beams.

In the early stages of the test, the lateral deflection and

rotation of the load point and the rema'inder of the beam was small. As

the load approached faìlure, the lateral deflection and rotation 'increased

to the point at which the beam was bent into a curved shape such as is

shown on Figure 4.a(a). At this point, the lateral deflect'ion and

rotation were jncreasing rapidly and the beam was buck'ling. The rotation

of the beam was the result of,twist induced by the lateral d'ispìacement

of the load. The horizontal position of any point on the beam was the

superposition of the horizontal and twisting displacements. Near the

fixed end, the twisting displacement was greater than the lateral

displacement and thus a horizontal deflection of the top face opposite to

that of the deflection of the load point occurred.

At some point in the buckling process, cracking occurred along

the two yield lines described previous'ly. It appears that the cracking

began at the top of the beam near the point of maximum horizontal curvature

(approximately 1/3 span) on the near face of the beam and progressed

downward and toward the fixed end as is shown in F'igure 4.a(a)..The

curvature is visible in Photo 4.5 and Photo 4.7. As rotation occurred
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along the crack, the load poìnt r¡ras allowed to deflect laterally an

add'itional amount with a resulting increase in tors'ion on the section

between the crack and the fixed end, as shown in Figure 4.4(b). A

second crack then formed on the opposite face between the tip of the

first crack and the top of the beam at the fíxed end, as is shown in

F'igure a.a(c). The failure was then complete.

4.4 Overhung Beam Tests

The shorter of the two overhung

in Photo 4.10 prior to testing and photo

deflections measured during the test are

vertical deflection of the load poìnt was

while the horizontal deflection curve was

horizontal and vert'ical def I ect'ions were

was insignificant.

beams, Specimen 014b, is shown

4.ll follow'ing failure. The

shown on Figure 4.5. The

nearly linear throughout the test,

concave downward. Both the

small. The load point rotation

The failure occurred, without warning, in the form of a sudden

lateral deflection. A maior d'iagonal crack developed between the two

reactions as is shown in Photo 4..l.l. llo cracking was observed prior to
the failure.

The development of the long dìagonal crack was the result of

the freedom of rotatjon of the front support (c'losest to the ìoad). All

of the torsion induced in the beam was resisted at the back support.

The material propert'ies for the two overhung beams are gìven

in Tabl e 4.2.
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Table 4.2

Material Propertìes for Overhung Beam Specimens

Specimen 0l4b

Concrete compress'ive strength

Compressive reinforcement y'ie1d stress

Tensile reinforcement yield stress

Specimen 0l9b

Concrete compressive strength

Compress'ive rei nforcement yi e'ld stress

Tensile reinforcement vield stress

I

I

c

T'yC

f

4533 psi.

67,000 psi.

66,200 psi .

I

ï
c

t-yl

4lì7 psì.

67,000 psi .

66,200 ps'i.
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SPECIMEN 014b VIEUJED FROM THE REAR

PH0T0 4.1 2
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CHAPTER 5

COMPUTATIONS

This Chapter discusses the computation of the ultimate flexural

capacity and the lateral buckling capacity of the test specimens, based

upon the theoretical discussions in Chapter 2. The results of the

computations are summarized and discussed in Chapter 6.

5. I Ul timate Fl exural Capac'ity

In all cases, except in the type "c', cross-section, the flexural

capacity of the test specimens was governed by yielding of the tensile

reinforcement. l¡Jith the high-strength wire for tensíle reinforcemento

the type "c" cross-section was over-reinforced. In all cases, the

compressive reinforcement yielded prior to the development of the fulì
plastic moment. For cross-section types "a", "b" and "d" the ultimate

moment was computed by substitution of the cross-sectíon properties from

Fìgure 3.2, into Equation (2.27), with the following results:

For the type "a" cross-section:

A, = 0.061752 inches2

^t - rì^s-,
b = 0.5 inches

d = 4.586 inches

d' = Q

71
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(o. 061 752f .,-) - (5.r )Jr

For Specimen S48a - No. 2, the values of the reinforcement yieìd stress,

fyT = 55,600 ps'i, and the concrete compressive strength, fc = 5678 psi,

were substituted into Equation (5.1) to produce an ultimate flexural moment

of 13,300 jnch pounds. Corresponding to this moment is an ultimate load,

at the mid point, of 1108.3 pounds.

For the type "b" cross-section:

A, = 0.05946 inchesZ

A. = o'0lol inches2

b = 0.5 inches

d = 4.646 inches
I

d = 0.165 inches

{ t0.05e46rvT - 0.0r0rrvc, 
l ,o.obe46rrr _r4r=14.646Ë 
I

0.0101frç) + 0.045258fyc ------ (5.2)

The material properties for the overhung beams, which had type "b" cross-

section, are given in Table 4.2. The properties for the cantilevered

beams are given in Appendix A. The computed ultimate loads corresponding

to the ultimate flexural moments are given in Table 6.1.

For the type "c" and "d" cross-sections:

A, = 0.06451 inches2 (nominal for 0..l17 inch wire diameter)

' inches2A, = 0.0101

Mu= 
lo.uru-

ç
'y527

I

c

I

c
I

06

85

1 T
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b = 0.5 inches

d = 4.60 inches
I

d = 0.165 inches

À¡ _l ^ .^ (0.0645rfvT - 0.0r0rf.,.) I*, = 
i4.60 

- 
f 
to.oo+srryr -

0.0101f.,") * 0.044794f (5.3)Jr/ yC

For Specimen C32d, the tensile reinfo'rcement diameter varied from 0.1175

to 0.1185 inches as is shown in Appendix A. For computation of the

flexural capacity, the quantity 0.06451fy1 was replaced with the summation

of the yield loads for the test samples taken from the six tensile wires.'

For the type "c" cross-section, which was over-reinforced, the

analysis was carried out by rep'lacing the term fyï, in Equation (5.3), w'ith

a variable reinforcement stress f, which r¡ias the strain times 29 x 106.

The compressive reinforcement yielded in all specimens so the stress frç

was used. The analysis was carried out by assuming a neutraì axis

position, setting the concrete strain equal to 0.003 and checking the

equilibrium of the section.

5.2 Elastic Section Properties

Computations of the lateral buckling loads were based upon the

assumption of linear-elastic behaviour of the concrete cross-section to

be consistent with the assumptions made in the development of the

expressions for the critical loads, Equations (2.21) and (2.22), and the

rigidity parameters, Equations (2.23), (2.24) and (2.25).
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For these computations, the elastic section properties of

the beam sections were required. The section properties were computed

using the classical assumptions of linear behaviour in concrete members,

(tfrat is linear strain distributiono linear compressive stress

distribution and a modulus of rupture for concrete of zero). The

sections were transformed using a modular ratio based upon the secant

modulus of the extreme concrete fibre (Section l.l).

Thus:

h = Esteel/Er.. --- (5.4)

In normal elastic analysis, the transformed area of the

compressive reinforcement is computed using one-half the elastic modulus

for concrete to account for creep during long term loading. In this case,

loading was rapid and creep was not a factor. The compressive reinforcement

waso therefore, transformed usÍng a multiplier of (n - l) rather than the

conventional (2n - 1).

For the three cross-sections shown in Figure 3.2, whose key

dimensions and reinforcement quantities are given in Section 5..|, the

position of the neutral axis of the cracked, transformed, section u,as

located by mak'ing the summation of the first moment of area about the neutral

axis equal to zero.

For the type "4" cross-section:

0 = (0.5t)(v/2) - (4.586 - t)(0.061752n) (5.5)
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In which:

! = the position of the neutral axis measured from the

compress'ion face of the beam.

n = the modular ratio 29 x ig6lEsec

For the type "b" cross-section:

0 = (0.5r)(v/2) + (0.0101)(n-l)(t-0.165) - (4.646-t)(0.05e46n) --- (5.6)

For the type "c" and "d" cross-sections:

0 = (0.5v)fu/2) + (0.0101)(n-t)(i-0.16s) - (4.60-t)(0.064506n) --- (5.7)

For any given value of n, Equations (5.5), (5.6) or (5.7) were

solved as quadratics to determine the value of i. Due to the shape of

the concrete stress-strain curve, the value of the secant modulus vJas

variable as a function of the strong axis bending moment applied to the

most highly stressed cross-section. For any given moment, the neutral ax'is

was located by an iterative procedure as follows:

..,: 
--: :.::.:.:1.-

Given a value of the bending moment = M: ,,, ,.,

Step l:
Assume a value of the extreme fiber stress = o

Step 2:

Compute the value of the modular ratio = n as follows: .','.'',
:. -:..-t.-.a_.

Since Er". =o/e (5.g)
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Combine Equations (3.'l), (5.4) and (5.8) to give:

n=8.47s(t+(o/6614.558)3'1381) ------ (5.9)

Step 3:

Locate the neutral axis from Equation (b.b), (5.6) or (5.7).

Step 4:

compute the moment of inertia of the transformed section.

Step 5:

Compute new the extreme fiber stress

on.ru = M!/I (5..|0)

The process was repeated until the assumed and computed values of o

converged.

5.2.1 Lateral Flexural Rigidity - B

For the cross-sections of the test beams, shown in Figure (3.2),

the values of B were determined by substituting the beam geometry into

Equation (2.23).

s = (!u3/r2)(Esec) Ðr.rr, (2.23)

For the type "a" cross-section:

B=0.010416!Er..+35583.2 (b.ll) ,,,,,.,,,
.:,,1: ,,:

For the type "b" cross-section:

B = 0.010416yEr.. + 36712.6 (5.t2)
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For the type "c" and "d" cross-sections:

B = 0.0l04l6iEru. + 39191.2 (5.13)

I'lhere:

g = The lateral flexural rigidity, in pound inches2.

Er.. = The secant modulus of the extreme concrete fiber at the

point of maximum bending.

V = The distance from the compression face to the neutral

axi s.

The value of the quantity B varied with bending as a function of the values

of y and E^^^ which were determined using the iterative procedure described- sec

previously. The secant modulus was found from Equation (5.9) by taking:

6,

Er.. = 29 x 10"/n (5.ì4)

5.2.2 Torsional Rigidity - C

The value of C was computed from the beam cross-sections shown

in Figure 5.2:

? r r. \- ?
ç = gb"d G. * l/3(Gs - G.) ) blt,

+ (vbl2d.,A.r, ) lz /7 pr¡ (2.24)

The first term in Equation (2.23) gives the contributÍon of the concrete

in the section. The parameter ß is dependent upon the ratio "d'75',. For

d'75 = 10, Timoshenko and Goodi"r(za) give ß = 0.3j2.
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111\
Massev\"/ determined the value of the reduced rnodulus of

,-
rigidity "G." experimentally for beams rn¡ith and without compressive

reinforcement. He plotted M/M. vs ejle. and drew two straight lines to

represent the behaviour with and without compressive reinforcement.

For the type "a" cross-sectionn which had no compressive reinforcement,

the line had the following equation:

G./G.=l-0..|14214/Me (5.1 5) ,

In Massey's test specimens, the ratio of compressive to tensile

reinforcement was approximately 50%, whereas in this study the ratio was

17% and 15.5% for the type "b" and the type "c" and "d" cross-sect'ions

respectively. As a result, the actual value of G. was most likely some-

where between Massey's two straight lines. For the purpose of these

computations, it was assumed that the value of G. was the average of the

two. In Equation form:

t'n' -r 0.19M/M- (5..|6)r'tc/uc - I g
t 

tt ,,t t:;;"t.¡ t

l1'r \
The parameter M. is defined by Massey\ " / as the moment requ'ired I

to produce a stress of 0.85f: at the extreme concrete fiber of a " "'
c

transformed section having a modular ratio of 15.

The initial modulus of rigidity, from Section 3.4, was:

G. = 1.46 x 106 ps'i (3.2)

The second term in Equation (2.24) is the contribution of the

longitudinal reinforcement. The modulus of rigidity for steel is:
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G, = 29 x lo6/z(t - 0.3) = ll.l5 x 106 ---- (5.17)

The third term is the contributjon due to closed vertical stirrups.

The parameter y is dependent upon the ratio dl/bl (the stirrup dimensions)

and is given by CowanQT). For the specimens 'in this study, the ratio

dl/bl was 12.7, Cowan (who gives the parameter as r) gives values to

dllbl = 3.0 on1y. By extrapolating the values given by Cowan, the value

of y for dl/bl = 12.7 is approximate'ly 0.5.

For the three spec'imen cross-sections, using the parameters ,:r,':,,

discussed above, Equation (2.23) becomes:

For the type "a" cross-section:

tal
C = 0.195G^ + (11..|5 x l0' - G^)(0.006613) (5..|8)c c''

For the type "b" cross-section:

tâl

c = 0.195c^ + ('t1.15 x 10" - c^)(0.007221) + 3440 (5.19)c c''

For the type "c" and "d" cross-secti ons ' ,:,:.;;,,.,,',-.;,

C = 0.l95cc + ('ll.l5 x 106 - cc)(0 .007576) + 3440 (5.20)

In which:

C = Torsional rigid'ity in pound inches2.
I

G. = Reduced modulus of rigidity of concrete.

Equation (5.18) was combined with Equations (5.16) and (3.2) to

give, for the type "a" cross-section:
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C = 348780 - 3t4l0.tg/M (5.21)
e

Similarly, Equations (5.17) and (3.2) were combined with Equations (5.19)

and (5.20) in turn to give:

For the type "b" cross-section:

C = 3581 1l .5 - 52089.914/M - (5 .22)
e

For the type "c" and "d" cross-sections:

C = 361553.1 - 51991 .41'1fi4^ - (5.23)

In which:

M = The strong axis bending moment at the cross-section.

M^ = The moment computed as the extreme fiber concrete stress
e

at the section times the section modulus computed for a

transformed section having a modular ratio n = 15.

5.2.3 lnlarping Rigidity - C*

ThewarpingrigidityWaScomputedforthethreecross-sectionsby

substituting the moments of inertia of the reinforcement, shown in Figure

3.2, into Equation (2 .25).

t
cuu = Erh'(It I2)/(It + r) -- (2.25) ,,.,

l:

The results are as follows:

For the type "4" cross-section:
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c, = o - (5.24)

For the type "b" cross-section:

cnu = I 06gg0.6 (5 .25) , ,i,

For the type "c" and "d" cross-sections:

C* = 106171 .1 (5.26) 
,

. 
t t,

In which: 
1,..,.

C* = f,{arpìng rigidity in pound inches2.

5.3 Computation of the Elastic Lateral Buckling Loads

The buckling loads for the test specimens were computed by

substituting appropriate values of the parameters B, C and C, discussed

previously into Equations (2.?1) or (2 .22).

For the Cantilevered Beams and the 0verhung Beams:

p^. = -4.ol3vBc - e.zla) ,.,,u' I ,Ç-nÇ \2, 2
[l - YUw/Lãt )-t"- ;

\/

}'|here:

P., = The lateral buckling load.

$ = The lateral flexural rigidity, computed from Equations .,

(5.12) and (5.13).

C = The torsional rigidity, computed from Equations (5.22)

and (5.23).
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L. = The effective length

L. = l.0L for the cantilevered beams'

L^ = 2.7L or 2.g5L for the overhung beams(20).
e

_'_,t.',_ t-

For the Simply-Supported Beams; :,'.,:.',,'

p .- = 16.g4,M/tz (z.zz)
cr

Since the values of B and C were functions of the appf ied bending . ,,',,

": : :'

moment, they were variable both with respect to the applied load and
:-:-:: - :::. :

position along the tength of the beam. To simp'lify the computation, iX "'.'"

was assumed that the rigidity va'lues computed at the point of max'imum

bending applied along the entire 'length of the beam.

Two approaches were used. In the first, the rigidity terms were

determined upon the basis of test data and in the second they were determined

upon the assumption of an idealized behaviour

5.3.1 Lateral Buckling Load - Based Upon Test Measurements

For this approach, the values of the lateral flexural and torsional ,,i,,'.,1

rigidity were computed for the maximum moment produced by the failure load 1,,¡,',,,,

and for an extreme fiber concrete stress of 0.85f^. As an example, the "'1"
c

computation for Specimen C36b follows:

Specimen C36b:

Fai lure Load

Beam Length

= 461 pounds

= 36 inches

Concrete Compress'ive Strength fc = 3870 ps'i
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Step 1:

Locate the neutral axis for a stress of 0.85f. = 3289.5 psi-

(a) from Equation (5.9): n = 9.426

(b) from Equation (5.6): .i = 2.193 inches 
,

(c) compute the tensi'le reinforcement stress (=.85f.n(d - i)/i) = 81356 psi

(for information only)

Step 2:

Compute the lateral flexural rigidity:

(a) from Equation (5.14)t E... = 3.077 x 106

(b) from Equation (5.13), with the above values of ! and Esec,

B = I 06417.54 pound inches2

Step 3:

Compute the torsional rigidity:

(a) from Equation (5.6), with n = 15, ! = 2.509 jnches; for

this value of !, the moment of inertia of the transformed

section is 7.482 inches4. Then, M. = 0.85(3870) (7.482)lZ.Sog =

9809.5 inch pounds

(b) for the failure load and beam length, M = (461)(90) =

.|6596 inch pounds

(c) from Equation (5.22): C = ?69977.65 pound inches2

Step 4:

Compute the buckling load:

Substitute B = 106417.65, C = 269977.65 and, from Equation (5.25),

C,u = 106880.6 into Equation (2.21a) using L. = L.
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Þ='cr = 535.6 pounds

The above procedure was repeated for each of the test specimens.

Idea'l i zed Lateral Buckl i ng Load5.3.2

The approach discussed in the previous section is useful on'ly

for the analysis of test data and cannot be used as a design procedure.

To determine the stability of a member at the design stage, another

approach is necessary. In the approach presented here the maximum concrete

stress, on the transformed section at the jnstant of lateral buckling,

was defined as 0.85fc. The concrete was assumed to follow the stress-

strain curve given in Equation (3.1) and the value of f. was assumed to vary

as necessary. Since the resuìting buckling loads were based upon assumed

idealized material behaviour, they were defined as "Idealized Buckling

Loads " .

The ídealized lateral buckl'ing load - Pf., for any specimen,

was found by an iterative procedure as follows:

Step 1:

Assume a buckling load and compute the maximum moment in the

member. - M.

1a6417 .54) (26e9J7 .65)
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Step 2:

For that moment, determine the comesponding extreme fibre

stress by the iterative procedure given in Section 5.2. The stress

was, by definition, 0.85fc. This procedure also found the value

of the secant modulrt Er.. and located the neutral axis (i). The

stress in the tensile reinforcement was also computed at this stage

as a secondary part of the computation.

Step 3:

Compute the lateral flexural rigidity and the torsional rigidity

for the computed values of maximum moment - Mo secant modulrt Er..

and neutral axis location ! using the procedure d'iscussed in

Section 5.3..| and the appropriate equations for the rigidit'ies,

(Secti ons 5 .2.1 , 5 .2.2 and 5. 2 .3 ) .

Step 4:

Compute the buckling load using Equation (2.21a) or (2.22) as

necessary.

Step 5:

Compare the computed buckling ìoad to the assumed load.

The procedure was repeated until the assumed load and the

computed buckling load converged, and the result was the ldealized

Critical Load.

The procedure was repeated for a variety of beam ìengths, for

the three types of loading and for the approprìate cross-sections. The

results are presented in Table 6..|. As a secondary computation, the



86

rigidity terms were recomputed on the assumption that the tensile

reinforcement had yielded (thus producing Es = 0). The idealized

critical loads were then recomputed with the new, reduced, rigidity

terms.



CHAPTER 6

DISCUSS ION

6.1 Simply Supported -Beam Tests and Model Simìlitude

Test Specimen S48a - No. 2 was a 1/4.7 Scale model of

Specimen BZq-| reported by Sant and Bl.tru.k.r(9). Sant and Bletzacker's

apparatus was arranged so that rotation of the loading iack was about a

point approximately 24 inches above the center of the beam cross-sect'ion.

The apparatus used in this study was designed to allow rotation about the

center of the cross-section.

The load-deflection curves for Speciman S48a - No. 2 and the

scaled def'lection curves for Specimen BrO-l (from Figure l0(9) using

Equations (l.ll) and (1.13)) are shown on Figure 4.1. The failure load

for Specimen S48a - No. 2 was ì295 pounds, while the scaled failure load

for Specimen BrO-l was 996 pounds. The deflection curves of the two tests 
,..',',:,.

are similar in shape, with the curves for the model being steeper in each 
,1,

case. The difference in the horizontal deflection curves is due to the 
ì::

di fference i n l oadi ng amangement (l ocat'ion of the center of rotati on ) . l,.|i th

the load above the centroid, the horizontal deflection of the full size 
,,.,...,

beam was amplified.

To allow for the difference in the center of rotation, Equation

(2.22) is modified as follows' (13)
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(6.1 )
tßIe

In which:

P.. = the lateral buckling load

g = the I atera'l f 'lexural ri gi di ty

f, = the torsional rigidity

L = length

hl = distance above or below the centroid (+ on the

compression side)

Using the values for B and C computed for Specimen S48a - No. 2

(Section 5.3.1) and the dimension h., = 5.1 jnches (24 x 1/4.7 ) the

term in Equation (6.1) in brackets computes to be 0.672. If the failure

load of Specimen S48a - No. 2 is multiplied by this value, it becomes

870 pounds. By applying Equation (l .'13) :

p = s2p' ------, - (1.13)

In which:

p=
Ip=

s=

prototype failure'load (=22,000 poun¿r(9))

computed model fa'i'lure ìoad (=370 pounds)

scale factor = /(870/22,000) = 1/5

This computed sca'le factor based upon

within 6% of the geometric scale factor. From

models and prototypes will behave in accordance

similitude discussed in Section 1.3.

the failure load is

this it is assumed that

with the laws of model
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The microconcrete mix design used in this study had a flatter
stress-strain curve and a higher modulus of rupture than normal prototype

concrete. Since the load-deflection curves shown in Figure 4.1 had

similar shapes and obeyed the similitude relationships, it appears that

the variations in materia'l properties dìd not have a major effect on the

resu'lts.

6.2 Test Apparatus

The loading apparatus a'llowed for horizontal movement through

a long-sÍded parallelogram, which introduced a slightly incljned load

once lateral def'lection began. The apparatus could be improved by the

provision of a linkage which would allow horizontal movement of the

hydrauìic cylinder, (the so-called "gravity simulating linkage"). The

apparatus would then apply load vertically throughout the test, in

accordance with the assumed loadinq conditions.

An obvious method of applying a gravity load is the use of

hanging weight. Such a solution has disadvantages, since the amount

of load required is large and smooth application is difficult. (goth

of these difficulties could be easily overcome. ) The main objection to the

use of hanging load is the fact that the specimen is destroyed at failure.

hJith the available data collection equipment, an intact specimen after failure

was desirable to determine the mode of, failure, and for this reason the
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use of a hanging load was ruled out.

Some movement occurred in the vertical direct'ion at the fixed

end of the beams. This movement was mainly the result of seating of

the bearings and crushing of the bearing areas and could be eliminated

by decreasing the bearing stress with larger bearing plates or by

increasing the length of the enlarged end. Modifications to the clamping

apparatus should be considered to increase its stiffness and to decrease

the vertical movement.

In spite of the precautions taken to center the specimens in

the loading frame, an eccentricity remained somewhere in the apparatus.

With the exception of Specimen C44b, all of the specimens (which buckled)

deflected in the same horizontal direction. In each case, the parallelogram

apparatus was used in the same position except for Specimen C44b, in which

case it was rotated 180 degrees horizontally. Thus, all of the specimens

buckled in the same relative direction with respect to the load'ing

parallelogram. Such an occurrence was not likely without an initial

eccentricity (which was never 'located). The initial movements seen in

the horizontal deflection and the rotation on Figures 4.1,4.2 and 4.5 were

most likeìy the result of this initial eccentricity.

6.3 Ul t'imate Fl exural Capaci ty

0f the three specimens which failed as the result of flexure,

the failure loads were 7 to l5% higher than the ult'imate flexural loads,

as shown in Table 6..l. This fact indicates that either the ultimate

moment was higher than computed or the failure load was lower than measured.
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Since the load was measured by a calibrated load cell, it is not'likely

to be in error by any significant amount.

The ultimate moment u/as cornputed on the assumption of a

rectangular stress block and disregarding strain-hardening of the

reinforcement. The reinforcement tensile tests, in Appendix A,

indicate strain-hardening of the tensile reinforcement in the range

of 4% to 7%. The vertical deflection curves for Specimens C32b and

C32d show an increase in load following yielding of the reinforcement,

by a s'light upward slope in the vertical deflection curve. From this,

it appears that the reinforcement went into the strain-hardening range

with a resulting increase in the ultimate flexural moment.

In the case of Specimen C32c, which was over-reinforced, the

computed ultimate load was 9% lower than the failure load. Since the

reinforcement did not yie1d, strain-hardening was not a factor. From this,
it is concluded that the concrete compressive zone also produced a higher

ultimate than computed. The ultimate moment is a function both of the

shape of the compressive stress block, which determines the location of

the compressive resultant, and of the strength of the concrete. The

difference between the assumed rectangular block and the actual behaviour

is not normally significant. There remains, therefore, the compressive

strength of the concrete which must have been higher in the body of the

beam specimens than it was in the sample cylinders.

It appearso therefore, that the low computed ultimate flexural

strengths (as compared to the failure loads) were the result of higher

strengths in the concrete within the specimen than those measured in the
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test samples and of the fact that the strain hardening of the reinforcement

was ignored. hlith the deep cross-section under consideratjon, the effects

of both of these factors were exaggerated.

Comparison Between the Computed Buckling Loads and the

Test Results - Cantilevered Beam Jpec.lmelg

The test results and the theoretical buckling loads are compared

in Tab'le 6.1 and Figure 6.1. The buckling loads were computed from the

relationships developed in Chapter 2, using the procedures described in

Section 5.3.2.

The buckling loads shown are the "Idealized Buckling Loads",

which were computed on the assumption that the concrete strength varied

as necessary to gîve 0.85 fc at the instant of buckling. The buckling loads

computed from the actual va'lues of f. for the test specimens are not shown.

All were within 6% of the "ideal" values.

The failure loads for the type "b" cross-section specimen's were

below the buckling curve while those for the four type "c" specimens,

which buckled, were above. Specimens C32c and C32d, both of which failed

due to flexure, were below the buckling curve.

The position of the failure load of a buckling specimen with

respect to the buck'ling curve was related to the extent of cracking of the

cross-section. For those specimens in which the maximum moment approximated

that required to develop a ful'ly cracked cross-section, but without significant

yielding, the buckling loads and the failure loads were nearly equal. This was
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ULTIMATE FLEXURAL AND BUCKLING LOADS

SPEC IMEN LENGTH FAILURE
LOAD
(1)

ULTIMATE
FLEXURAL

LOAD
(t )

BUCKL I NG

LOAD
(1)

S48a-N0.2 48

CANTILEVERED BEAMS

SIMPLY SUPPORTED BEAM]

c44b

c40b

c36b

c32b

C48c

C44c

C36c

C32c

c32d

OVERHUNG

44

40

36

32

48

44

36

32

32

BEAMS Effec

0l 4b

0t 9b

4

9

I

t

1295

355

410

461 
(3)

550(4)

355

445

585

5e0(5)

615(4)

tive Length

743

508

1 I 08.3

325.2

382.8

395. B

468.1

426.5

441 .6

541.7

537.2

576.3

= 2.7L

1081.4

8il.5

1246.6

354.2

422.4

512.5

635.6

307.9

361.7

523. 3

649.0

649. 0

526.8

290.5

NOTES:

(1) All loads are in pounds.
(2) SpecÌmens S48a - No. 'l and C40c are disregarded.(3) The failure of Specimen C36b was a combinãtion of f'lexure and lateral

buckl ing.
(4) The fai'lure of Specimens C32b and

re i n fo rcement .

(5) The failure of Specimen C32c was(6) All specimens except those noted
buckl i ng.

C32d were by yielding of the

the result of crushing of the concrete.
above failed as a result of lateral
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J

I dea I Buck I i ng Load
Type b Cross Section

ldeal Buckì ing Load
Type c and d Cross Sections

4UJo

UNRESTRA I NED

FA I LURE LOADS

LENGTH (TNCHES)

BEAMS - COMPARISON BETWEEN
BUC I(L I NG LOADS

B EAM

CANTI LEVERED
AND COMPUTED

LEGEND:

O Fai lure Load - Type b Cross Section
e Fai lure Load - Type c Cross Section

o-Failure Load - Type d Cross Section

F Fìexuraì Failure
I Instabiìity (Lateral

öucKl Ing/ Far lure
c32d *F

C32c *F

a?th -->

Ca6b--l

,4 6 6*l

I dea I Buckl i nS Load\a
Re i n fo rcemen t
Rigidity Neglected

FIGURE 6.1
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particularly true in the case of Specimen c44b in which the tensile

reinforcement stress, on the transformed cracked section at buckling,

was approximately equa'l the yield stress. At this level of bending,

the assumed cracked elastic section was more or less achieved and the

conditions assumed in the development of the rigidity terms (Section 2.2)

were approximated. At higher bending levels, such as those in

specimen c36b, the elastical'ly computed reinforcement stress was

approximately 20% in excess of yield level. As yielding took p'lace, the

contribution of the reinforcement to the rigidity terms was reduced with

a resulting reduction in the buckling'load. In the case of the type "c',

cross-sectiono the reinforcement had a high "yie1d,' stress and no

significant yield plateau. As a result, the cracked cross-section could

not develop fu]1y prior to buckìing. In this case, the lateral flexural

rigidity was greater than assumed by virtue of an increase in the uncracked

portion of the cross-section and of an increase in the secant modulus

resulting from a decrease in the extreme fiber stress (due to the increased

section modulus). l,lith the increased lateral flexural rigidity, the

buckling load was increased.

Inspection of the vertical deflection curves, for the four type

"b" cantilevers in Appendix A, shows that onry the longest, specimen c44b,

did not exhibit yie'lding of the reinforcement prior to fairure. For 
.:,:.,:::.;

this specimen, the vertical deflection curve was nearly'linear to failure. ::,:-

For Specimens C40b, C36b and C32bn the amount of yielding, indicated by the

flattening of the upper end of the vertical deflection curve, increased

as the ìength decreased. Specimens C44b and C40b buckled latera'lìy, and

Specimen C32b failed due to flexure. The failure configuration of Specimen
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C36b had features both of lateral buckling and of flexure, as shown

in Figure A.'10. At failure, some diagonal cracks formed but the major

cracking was immediately adjacent to the fixed end and was in the form

of a separation which occurred on a vertical plane inclined to the

I ongi tudi nal axi s of the spec'imen .

Since the shorter specimen (C32b) failed as the result of

flexure and the longer one (C40b) buckled, it appeared that the failure

of Specimen C36b was in the "elasto-plastic" range between. In this

range, yielding of the reinforcement produced a reduction in the rigidity
of the specimen and a subsequent reduction in the buckling load. To

check on the effect of the yielding, the ideal buckling loads were

recomputed with the contribution of the longitudinal reinforcement removed

from the rigídity equations (Sections 5.2.1 , 5.2.2 and 5.2.3). The

result is shown as a broken line on Figure 6.'1. The failure loads for

Specimens C32b and C36b were l8% and 20% respective]y above the critical
loads indicated by the lower curve. Thus it is concluded that computed

buckling loads, which neglect the reinforcement rigidity, underestimate

the capacity of specimens in which the reinforcement has yielded. Consideration

of the full reinforcement rigidity overestimates the capacity.

The test results have pointed out three types of failure in the

unrestrained cantilevered concrete beam specimens

The probable form of the interaction curve between failure load

and beam length is sketched on Figure 6.2. This form is characteristic

of that found in most Ínstability problems. For the design of members by
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ultimate strength,

failure are of the

the flexural mode and

most interest.

the elasto-plastic mode of

FL EXUR E ELASTO-PLASTI C

LATERAL BUCKL I NG

ELASTI C LATERAL
BUCKL I NG

BEAM LENGTH

FAILURE MODES OF UNRESTRAINED CANTILEVERED BEAMS

OF CONSTANT CROSS-SECTION

FIGURE 6.2

6.5 Comparison Between the Computed Buckling Loads and the

Test Resul Ls_- Simply-Suppor

From Table 6.1, the failure load and the buckling loads agreed

c'losely. In this case, the reinforcement stress computed on the basis of

the cracked elastic section was approximately 20% above yield level but

the comparison between the loads indicated that the failure was not in

the elasto-plast'ic range. As discussed previously, Specimen C36b buckled

in the elasto-p'lastic range w'ith a cracked section reinforcement stress 20%

above yieìd. The djfference between the behav'iour of the two lies in the

fact that there was considerably more restraint available in the simply-

ô
o
J

lr¡

:l
J

|l-
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supported beam. In the case of the cantilever, yielding at the fixed
end allowed large lateral deflection and rotation to occur rvhile in the
case of the simp'ly-supported beam, the torsional restraint was applied
at the ends at which points the moment was low.

6.6

As shown in Table 6.lo the computed buckling loads were

considerably below the failure loads. Since the tensile reinforcement

stresses on the cracked section were less than half the yie'ld stress, the
cracked section was not fu]1y deveroped and the buckring'roads were

underestimated by 30 to 40%. The results computed for the effective length/ô^\
of 2.951\tul u¡ere somewhat lower.

By comparing the results of the idealized buckling ìoads for
various lengths to the flexural capacity of the members, it appeared that
elasto-p'lastic bucklÍng wouìd take over at approximately l0 inches length
with flexural failures at rengths slightTy lower. At these lengths, the
computed shear in the member exceeded the shear capacity.

6.7 Design procedure

As discussed in Chapter 1, present codes for the design of concrete
structures(l)(2) insure ductile failures of flexural members by restricting
the tensile reinforcement to 75% of balanced reinforcement. To insure
stability of these members, the geometry should be limited in such

a way as to allow the development of the ultimate moment prior to lateral
buckìing. Sant and Bretzacker(9) have argued that the reinforcement
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should be limited to achieve this end and Equat'ion ('|.9) was developed

upon this basis. Equation (.l.9) was applied to the test data for the

five under-reinforced specimens and the results are shown in Tabl e 6.2.

From Table 6.2, the values of k.,O and of the product kl'Er.. fot

Spec'imen C32b are the lowest for al1 specimens. Specimen C32d which

also failed due to flexure, but which had considerably higher values of
I

f. and fr, produced higher va'lues of k.,O and kl'Er... From these two

results, it appears that a single value of k.,O or of k.,'Esec is not sufficient

to cover the full range of possibilities of concrete and reinforcement

strengths and that the numerator in Equation (.l.9) is a function both of

the loading and restraint geometry (which was assumed in the derivation)

and of the material strengths.

For use as a bui'lding code provision, it is suggested that the

beam slenderness be limited to the point that a member reinforced with

75% of the balanced reinforcement will reach its ultimate moment before

buck'ling. The result for Specimen C32b meets this criterion exactly,

while Specimen C32d nearly meets it with the exception that the reinforcement

ratio exceeds the 0.tSpb limit. These two results provide a first
approximation of a set of limits.

For Specimen C32b:
I

f. = 4010 psi

f.. = 66,000 psi
v

0.75R0 = 0.01872

From Equation (1.9) - Table 6.2
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0. 7SROf, _ 834720.9 _ ., ,^= 
* 

=0.01872x66000

2Ld/A' = 675.6 (6.2)

For Specimen C32d:
I

f^ = 6920 psi
c

f., = 70,800 psi

0.75R0 = 0.01814

From Equation (.|.9) - Table 6.2

0.75puf,, - 1028816'9 = 0.01814 x 70800.D y 
Ld/b¿

Ld/bz = 599.3 -- (6.3)

Since Equations (6.2) and (6.3) assume 0.75p0 in their development,

the result is a function both of f. and f.,. Equations (6.2) and (6.3)
vJ

may be thought of as point within a family of curves relating the

reinforcement yield stress and concrete compressive strength to the maximum

beam slenderness ratio at which the beam will develop its ultimate moment

as an unrestrained cantilever without buckling.

For beams with loading and restraint different from the assumed

unrestrained cantilever, the concept of effective length discussed

previously may be appf ied. For example, Kerensky, Flint and Brown(20) give

an effective length of 0.571 for a cantilever with horizontal deflection

prevented at the load point. For the overhung beams, they give an effective

length of 2.7L based upon a theoretical anaìysis and 2.95L based upon

experimental work. By substituting these values into Equation (6.2) the
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TABLE 6.2 BUCKLING COEFFICIENTS - UNDER-REINFORCED CANTILEVERED BEAMS

btr

Df _ ^10'sec ____ (1.9)r-,y Ld

F

l¡lhere:

pfy = the tensile reinforcement ratio = (Arfr, - nrtrr)lnA

ld
- = the governing s'lenderness ratio
b'

klO = a constant

Er.. = the secant modulus of concrete, computed at 0.85fc.

SPECIMEN Ld pf
ZY
D

%nn( ) o.,o kroEsec FAILURE TYPE

C32b 594.7 1403. 6 85.3% 0.2745 834720.9 Fl exure

C36b 699.0 1312.1 80.3% 0.2853 877854.6 Combination

C40b 7 43 .3 I 403 . 6 75 .0% 0.3653 I 043493.3 Buckl i ng

C44b 817.7 .l406. 6 gs.4% 0.3615 l1 47521.s Bucklinn(2)

C32d 588.8 1747.3 76.6% 0.5089 1028816.9 Flexure

NOTES:

(1) %pb percent of balanced reinforcement
I(2) f. for Specimen C44b was low. As a result, the reinforcement ratio

and the secant modulus were higher than expected.



102

critical'length for the overhung beams was computed as .|3.4 or 12.3

inches (on the assumption of a section at 0.75p0). From Section 6.6,

the cross-over point was expected at approximately 10 inches.

6.8 Practical Loading Considerations

The conmentary to the RCI Co¿e(2) suggests that beams having

dimensions normally found in practice will not usually be subject to

lateral instability. This conment appears to be valid, so long as

reasonable precautions are taken to insure that the beam is prevented from

disp]acing laterally and that the points of support do not rotate. In

simple terms, the use of common sense in the detailing of the support

and restraint of most concrete beams will usually guarantee stability.

The problem of lateral instability should still be studied and understood

so that the stability of unusual designs can be assured and so that

unnecessary (and often cost'ly) restraint need not be provided.

In practice, cantilevered beams are normally extensions of beams

beyond the exterior support. The assumed condition of full fixity (in

which the beam is built-in), rareìy occurs. Regardless of this fact, if
the cantilever is prevented from rotating about the Z-axís at the exterior

support, the boundary conditions given'in Equations (2.17) to (2.20) remain

the same and the buckling load does not change(zO).

In the event that rotation is allowed, about the longitudina'l

axis of the beam at the exterior support, the beam restraint approaches

that assumed in the overhung beam tests. l¡lith this condition, the beam

becomes very unstable and is unsafe at almost any length.
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CHAPTER 7

CONCLUSIONS AND RECOM¡4ENDATIONS

Läteral Buckling of Rectangular Colcrete Beams

The results of this study, combined with the data reported in

the literature, have demonstrated that lateral buckling will occur in

slender reinforced concrete beams. The critical load, at lateral

buckling, is a function both of the beam slenderness and of the loading

configuration.

The slenderness ratio governing lateral buckling has the form
ILd/b'in which L is the beam length, d the depth from compression face to

centroid of reinforcement and b the width of compression face. In this

study, rectangular unrestrained cantilevers with Ld/b2 in th. range of

600 failed due to flexure while those with higher slenderness buckled. The

simply-supported beam specimens buckled wi th Ld/bZ = 881 and the shortest

overhung beam buckled wi th Ld/bZ = 260.

Present bui'lding codes(l)(z) restrict the slenderness of beams to

L/b = 25 for cantilevers and L/b = 50 for others. The L/b criterion has

been proven to be incorrect and should be replaced with a criterion based

upon the slenderness ratlq Ldlb2.

The re'inforced concrete building codes, cumently jn use,

the approach that flexural members should fail in a ductile manner

take

and

103



104

restrict the tensile reinforcement to 75% of balanced. To be consistent

wjth this philosophy, it is recommended that the geometry of beams be

restricted so that they will fail in flexure rather than by lateral

buck'ling. To this end, 'it is proposed that the maximum s'lenderness ratio
2

Ldlb- be limited to the value at which a member reinforced with 75% of

balanced reinforcement will not buckle at ultimate moment. Pending further

investigation, a max'imum value of Ld/b2 = 600 is recommended for cantilevered

beams. This value is based upon the behaviour of unrestrained canti'levers,

for most other canti'levers, it should be conservative. To account for the ,' :,,'

variety of loading and restraint conditions, the "effective length" concept

is recommended. 
(20)

To guard against the possibility of, very unstable members, such

as the overhung beams, the code provisions should require positive rotational

restraint at all supports. At this stage, it appears that reasonable

precautions to prevent rotation at the supports and to.provide lateral

support along the beam length (through the attachment of decking or by other

means) wil'l stabilize most beams to the extent that lateral buckling wil'l ::.:.;,:t.:.
,t:,'.t:;t;,t :,::,;,

not be a Problem' 
'; 

;; ; '"
' :'

7.2 Theoretical Consideration of Lateral Buckling

The ana'lysis presented herein was based upon the assumption of

elastic buckling of a homogeneous member. The rigidity terms were

developed using procedures published by Massey(11), which were based

upon research into the behaviour of simp'ly-supported beams under pure

moment. For specimens in which the assumed conditions of a ful'ly-cracked
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elastic section were approximated, the computat'iona1 procedure gave buckling

loads close to the failure loads. For specimens which failed at loads

which did not develop the fu1ly-cracked section, the computed buckling loads

were lower than the failure loads, while for specimens in which the tensile

reinforcement y'ielded, the failure loads were lower than the computed loads.

Computations which neglected the contribution of the reinforcement to the

rigidity terms underestimated the failure loads even for specimens in which

the reinforcement had yielded completely.

It was, therefore, concluded that the computational procedure

developed applied only to the limited range assumed in the derivation, that

is, the cracked elastic sectjon. Since present North American bui'lding

codes for reinforced concrete structures are based upon ultimate strength

philosophy, and since beams are required to fail by their tensile reinforcement,

the cracked e'lastic section is of limited usefulness. It is, therefore,

recommended that the buckling of reinforced concrete beams, in the plastic

range, be investigated theoretica'lly.

Analys'is of lateral buckling of a reinforced concrete member in

the plastic range is complicated in the extreme. Regardless of this fact,

the development of this capability is essential if the many possibilities

of loading and restraint are to be analyzed. The number of possibilities

makes a complete experimental investigation unrealistic by virtue of its

size. The very significant phenomenon of creep was not considered in this

'investîgation since the loading was of short duration. In real structureso

creep has the effect of reducing the long term stability and thus it
must be considered. For this purpose, an analytical approach is very useful.



7.3 Model Simil itude

The experimental portion of this study was carried out using

smal'l-scale specimens, which were thought of as scale models of larger

prototype members. Tests of a simply-supported beam specimen which was

a scale model of a beam test (which buckled) reported in the literature

indicated good agreement between the model results and those expected

by scaling down the prototype results. It is, therefore, concluded that

small-scale test specimens may be used to investigate lateral buck'ling

and that the results obtained may be applied to prototype structures with

the appropriate scale factors.

7.4 Future Experimental Investigation

To continue the investigation begun by this study, the testing

of additional specimens will be required in conjunction with the theoretical

study. ThÍs experimental work should concentrate on specimens reinforced

with 75% of balanced reinforcement and having concrete and reinforcement

strengths in the range found in practice.

The minimum possible width of beam will occur with a single

vertical row of reínforcement p'lus stirrup thickness plus minimum concrete

cover each side. This reinforcement configuration also produces the

minimum lateral and torsional rigidity. It is, therefore, recommended that

the width of test specimen be based upon the width of a single vertical row

of reinforcement. This approach will have the added benefit of reducing

the time and effort required to assemble the reinforcement cages.

106
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7 .4.1 Specim_en Material s

To produce absolute flexural similarity between the small test

specimens and the prototype members, a microconcrete with properties

identical to prototype concrete is necessary. In this study, good agreement

between model and prototype results was found even though the concrete

properties were somewhat different. Regardless of this fact, the

development of a microconcrete with properties ident'ical to pt'ototype

concrete is desirable. Strain-hardened reinforcement produced stress-

strain curves very similar to prototype reinforcement, but the production

of this reinforcement consumed a large amount of time. For this reason, a

commercial supply of similar reinforcement should be sought.

Some disagreement between the computed ultimate moment and the

failure moment of the test specimen was found. This problem was not

explored in this study but it is suggested as an area of future study.

7.4.2. Specimen Construction

Some difficulty was experienced in maintaining the alignment of

the acrylic plastic beam mou'ld, partly due to the flexibi'lity of the mould

and partly due to creep in the acrylic plastic. Acrylic pìastic was

chosen as the mould mater.ial because of its transparency. It was

origina'l1y thought necessary to have a transparent mould to 'insure

satÍsfactory concrete placing but experience indicated that the concrete

could be satisfactorily ptaced without inspecting the surfaces during

the casting process. It is, therefore, recommended that future specimens

be cast in more rigid moulds, preferably steeì.
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The use of internal pencil vibrators to place the concrete was

satisfactory except that a large amount of time was required for initial
setting of the concrete. To decrease the time required to p'lace the

concrete, other consolidation techníques should be considered. If
practica'|, the entire mould should be vibrated

7.4.3 Test Apparatus

The fixed-end support for the cantilevered beams allowed some

movement to occur under load. This movement did not have a significant

effect on the fÍnal results but several deflection measurements and a

computational procedure v\rere required to eliminate jts effect from the

measured load poínt deflections. To e'limjnate this added complication,

a more rigid reaction system is recommended.

The parallelogram loading apparatus produced an inclined load

as lateral deflection occurred. To eliminate thjs effect, a "gravity

simulating" 'linkage is recommended. As an alternative, a hanging load

should be used. The hanging load has the advantage of simplifying the

loading apparatus but has the disadvantage of destroying the specimen at

fai I ure.

7.4.4 Test Instrumentation

To ful'ly understand the pnenomenon of lateral buckling,

knowledge of the deflection, cracking and strain behaviour of test

specÌmens is required. 0f most importance are the events which occur

during the buckling process. Since the failurre is rapid, measurement



109

of the def'lection and strain requires high-speed data acquisition

equipment and the observation of the cracking requires high speed

photographjc techniques. Such equipment is costly but its use is

des i rabl e.

Since the specimens under load are in a lateraliy unstable

condition, they are very sensitive to lateral force. As a result, the

lateral deflection and rotational measurements should be taken with

instruments which do not contact the specimen. In this study, capacitance

transducers were used with good success.

Some measurement of the deflected shape of cantilevered p'lastic

beams has been ¿on"(14). This type of measurement, or other similar

optícal techniques provide very useful information and it is recommended

that they be considered in future studies.
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APPENDIX A

TEST RESULTS

I ntroducti on

This Appendix contains the results of the load tests on the

three series of cantilevered beams. Included are load-deflection curves

and diagrams showing the failure configurations and the cracking patterns

of all beams as well as the load-strain curves for the type "c" and

"d" specimens.

The failure configuration and cracking pattern diagrams were

prepared from photographs taken during and after each test. The failure

diagrams are isometric, to 1/6 the actual size of the beam, the cracking

patterns are shown on elevations which are l/3 actual size.

The crack patterns are described in terms of the side of the

beam on which they appear as "near side" which indicates the negative X

face and "far side". The word "tension" is used to denote a crack (produced

by convex bending), and the word "crushing" is used to indicate crushing

of the concrete caused by concave bending. The cracks are plotted with

respect to a one inch grid, which was drawn on the beams before testing.
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Specimen C44b

Concrete Cast January 21, 1970

Specimen Tested February 6, 1970

Concrete Compressive Tests Age = 16 days

Cylinder I (3" x 6") 3460 ps'i
3552
331 0

Average fj = 3a Z psi

NOTE: The concrete compressive strength results were lower than

expected for no apparent reason.

Reinforcement Tensile Tests - tlire preloaded to 60 ksi and deformed.

l¡lire Size Yiel d Ul timate
(Before Preloading) Stress Strength

#14 (.08 inch) 62.7 ksi 68.9 ksi
#14
#14
#14

Average

.1254 inch

.1254

.1254

.1254

Average

ll3

2
3

62.7 69 .6
62.7 68.6
58.7 68.6

f = 6.|.7 ksi 68.9 ksi
v

67.2 ksi 70.4 ksi
67 .3 70.4
64.8 69.6
64 .8 68. B

f = 66.0 ksi 69.8 ksi
v

Beam Length 44 inches

Failure Load 355 pounds

Fai 1 ure Type Lateral Instab'i ì i ty

At failure, the load point deflected in the negative X direction

and rotated negative about the Z-axis as shown in Figure 4.1. A diagonal



1r4

crackjng pattern developed urith tension on the negative X face near

the fixed end and tension on the far face away from the fixed end.

The deflections of the toad point are shottn on Figures 4.2'

4.3, and 4.4.
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Specimen C40b

Concrete Cast December 23, .|969

Specimen Tested January 9, 1970

Concrete Compressive Tests

CylinderI (3.'x6")
2
3

Average fc =

Age = 17

4630 psi
4750
4580

days

4640 psi

Reinforcement Tensile Tests - tl'Jire preloaded to 60 ksi and deformed.

l,rlire Size
(Before Preloading)

#14 (0.08 inch)
#14
#14
#14

Average

.1254 inch

.1254

.1254

.1254

Average

Yield
Stress

67.6 ksi
66.6
67.6
66 .6

f., = 66.8 ksi
J

62.3 ksi
66.4
66.4
64.8

f., = 65.0 ksi

Ul timate
Strength

70.6 ksi
70.6
70.6
71.6

70.8 ksi

69.6 ksi
71.3
70.4
70.4

70.4 ksi

Beam Length 40 inches

Fai I ure Load 41 0 pounds

Failure Type Lateral InstabilitY

At failure, the beam deflected in the positive X direction

at the load point and rotated positive about the Z-axis as is shown

on Fìgure 4.5. The cracking pattern which developed at failure was

diagonal with tension on the positive X face near the fixed end and



12A

tension on the neç;ative X face away from the fixed end.

The vertical deflection of the load point is shown on

Figure 4.6, the horjzontal deflection on Figure 4.7 and the rotation

on Figure A.B.
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Specimen C36b

Concrete Cast December 4, 1969

Beam Tested December 18, 1969

Concrete Compressive Tests Age = ì4 days

Cylinder I (3" x 6") 3900 psi
3930
3770

Average f. = 3870 psi

Reinforcement Tensile Tests - l¡lire preìoaded to 60 ks'i and deformed.

Wire Size Yield Ultimate
(Before Preloading) Stress Strength

#14 (0.08 'inch ) 64. 6 ksi 67 .6 ksi
#14 64.6 67 .6
#14 64.6 67 .6
#14 64.6 67 .6

Average fn = 64.6 ksi 67.6 ksi

.1254 inch 61.5 ksi 69.6 ksi

.1254 6t .5 69 .6

.1254 6t .5 71 .1

.1254 62.3 68. 6

Average fn = 6.|.7 ksi 69.5 ksi

Beam Length 36 inches

Failure Load 461 pounds

The failure was a combination of lateral instability and

vertical flexure. The load point deflected lateral'ly in the positive X

direction and twisted positive about the Z-axis. Flexural cracks

appeared at the bottom of the beam at the fixed end (point of

maximum bending) indicatjng yielding of the tensile reinforcement. In

2
3
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addition, diagonal cracks indicative of a buckling failure developed.

The most pronounced feature of the faiìure was, however, the separation

which occurred one inch from the fixed end. The separation is shown

cross-hatched on Figure A.9o and was caused by the torsion produced

by the horizontal deflection of the load. The sequence of development

of the failure is not known; it is most likely that the tensile cracks

formed first, followed by the diagonal cracks. The separation most

likely developed at the end of the failure process, as an after-effect

of the lateral deflection.

The vertical deflection of the load point is plotted on Figure

4..|0. The horizontal deflection and rotation are plotted on Figures

A.ll and 4.12 respectively.
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Specirnen C32b

Concrete Cast December 
.|2, 

1969

Beam Tested December 3l , I 969

Concrete Compressive Tests Age = 19 days

Cylinder I (3" x 6") 3980 psi
2
?

3890
4l 50

Average f. = 40.|0 psi

Reinforcement Tensile Tests - Wire preloaded to 60 ksi and deformed

trli re Si ze Yi el d Ul timate
(Before Preloading) Point Strength

#14 (0.08 inch) 63.7 ks'i 7i,.6 ksi
#14
#14
#14

Average

.1254 inch

.1254

.1254

.1254

Average

65.6 70.5
67 .6 70.5
65.6 70.5

f.. = 65.6 ksi 70.8 ksi
J

64.0 ksi 70.4 ksi
66.4 71 .2
67 .2 72.1
66.4 72.9

f., = 66.0 ksi 72.9 ksi
J

Beam Length 32 inches

Failure Load 550 pounds

Failure Type Flexure (yielding of tensile reinforcement)

The primary failure occurred in the form of a crack beginning

at the bottom of the beam at the fixed end and progressing upwards on

both sides. At the conclusion of the test, the crack had reached within

one-half inch of the top of the beam as is shown on Figure 4.13. The
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test was stopped when it was obvious that the tensile reinforcement

had yielded.

The vertical deflection of the road point is shown on Figure

4.14. The horizontal deflection and the rotation are shown on Figures

A.l5 and 4.16 respectively. The horizontar deflectjon was in the

positive X direction and uras comparative'ly small.
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Specimen C48c

Concrete Cast February 27, 1970

Beam Tested April 20, 1970

Concrete Compressive Tests Age = 51 days

Cylinder I (3" x 6") 5850 psi
2 7040
3 6760

Average f. = 6500 psi

Concrete Tensile Tests Age = 5l days

(spl tt-Cyl inder Test)

cylinder 4 (3" x 6") 633 psi
5 672
6 625

Average 657 ps'i

Reinforcement Tensile Tests

Compressive Reinforcement Preloaded to 60 ksi.

t¡li re Si ze Yi el d Ul timate
Stress Strength

#14 (0.08 inch) 59.7 ksi 67.6 ksi
#14 61 .7 65.7

Average fU = 60.7 ksi 66.6 ksi

Tension Reinforcement - High-strength l,lire

Wire Size Ultimate
Strength

#11 (0.1.|7 inch) 92.3 ksi
#l 1 98.7
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#11
#11
#ll
#ll

Average

93.3
96.0
94.3
98.7

96.5 ksi

The #ll wires had no pronounced yieìd plateau and thus no yield point

could be determined from the load-deflection curves obtained from the

Hounsfield Tensometer. At a stress of approximately 88 ksi, the curves

flattened slightly and this stress was called the yield point roughly

corresponding to the 0.2% offset yield point.

0f the ten strain gauges placed on the beam three were found to

be defective after the beam was positioned in the loading frame. The test

was carried out without the three defective gauges since their repiacement

would have involved dismantling the test (and the risk of damage to the

beam). The positions of the remaining gauges are shown on Figures A.21

to 4.23.

Beam Length 48 'inches

Fai I ure Load 355 pounds

The failure was due to lateral instability, with the load point

deflecting in the positive X direction and rotating positive about the

Z-axis as shown in Figure 4..|7. The primary failure occurred in the form

of a crack running from Z = 2 at the top to 7 = 13 at the bottom. The

crack formed on the positive X face, with a maximum width of 0.2 inches.

The cracks on the near face beyond Z = 10 were hairline, rather than the

single wider crack observed in previous tests.
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The horizontal deflection of the load point and the top face

at L/3 are shown on Figure 4..|9. The most significant feature of the

L/3 deflection is the fact that it was initially ìn the same direction

as the load point deflection then reversing as failure approached.

The load point rotation and vertical deflection are shown on Figures

A.l8 and 4.20 respectively.

The strain at the concrete surface for the seven working gauges

is shown on Figures A.2l to 4.23. Gauges 3 and 4, at the bottom of the

beam near the fixed end, showed rapidly increasing strain and exceeded

the limit of the recording equipment early in the test. This was likely

the result of a hairline crack in the concrete (as expected in the

area of highest tension). The gauges illustrated on Figure 4.22 show

the behaviour of the strain at failure, with gauges 6 and 8 (on the

concave side from Figure A.l7) showing a decrease (algebraically) in

strain and 5 and 7 showinq an increase.
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Specimen C44c

Concrete Cast March 4, 1970

Beam Tested Apri 1 21 , 1970

Concrete Compressive Tests Age = 48 days

Cylinder I (3" x 6") 6030 psi
5790
5520

Average f. = 5820 psi

Concrete Tensile Tests Age = 48 days

(Split Cylinder Test)

Cylinder 4 (3" x 6") 63.| psi
5 639

650

Average 640 psi

Tensile Reinforcement - 6 #ll High Strength tüires

Compressive Reinforcement - 2 #14 l¡lires Preloaded to 60 ksi

No tensile tests of the wires were made since the beam was definitely 
,:,:..:;:,

over-reinforced and any flexural failure would occur by crushing of ,:::'.:::.ì:

-: '.: :.. : .-.:

the concrete. :r"ì:r, :',:,

'. "'t: - 
t,.

Beam Length 44 inches

Fai l ure Load 445 poundt 
,,,,',,,,,r'.,

The failure type was lateral instabi'lity with the load point

deflecting in the posìtive X direction and with rotation posítive about

2
3



148

the z axis as is shown in Figure 4.24. Two diagonal cracks formed,

the first began at approximately 7 = 1 at the top face and ran to

7 = 9.5 approximately 1 inch above the bottom face with tension on the

positive x face. The second crack began at z = 
.|0.5 

approximateìy l

inch above the bottom face and ran upward to the top face at Z = l3.b

with tension on the negative x face. The cracks both appeared to end

at the top of the tensile reinforcement. The concrete around the

reinforcement broke away between 7 = 9.5 and Z = 1r1.5.

The load-deflection curves are shown on Figures A.25 to

4.27 and the load-strain curves are shown on Figures A.28 to A.30.

These curves are repeated in chapter 4 as Figures 4.2 and 4.3.
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Spec'imen C40c

Concrete Cast March 
.| 3, .l 

970

Beam Tested April 22, 1970

Concrete Compressive Tests Age = 42 days

Cylinder I (3" x 6") 5680 psi
2
3

Average

5950
5650

I

f = 5720 psic'

Concrete Tensile Tests Age = 42 days

(Split Cylinder Test)

Cy'linder 4 (3" x 6") 620 psi
5 640
6

Average

620

630 psi

Tensile Reinforcement - 6 #ll high-strength wires

Compressive Reinforcement - 2 #14 wires, preloaded to 60 ks'i

Beam Length 40 inches

Failure Load 445 pounds

The beam had a sl'ight initial deflection (in the positive X direction),

and a slight clockwjse twist (negative about the 7 axis). The failure

load was abnormally low in this test, as a result of the initial
' crookedness of the beam.
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The failure type was lateral instability, with the load point

deflecting in the positive X direction and rotating positive about the

7 axis as shown in Figure 4.31. A crack extended from Z = 0 at the

top face to 7 = 6.5, I inch above the bottom face and then along the

top of the tensile reinforcement to Z = 8, with tension on the positive

X face. A second crack extended from Z = 8 and I inch above the bottom

face to 7 = 12 at the top with tension on the negative X face.

The deflection curves are shown on Fjgures 4.32 to 4.34 and

the strain curves are shown on Figures 4.35 to 4.37. The large

horizontal deflection at the'load point, shown on Figure 4.33 and the

straÍn reversal at the fixed end at the bottom (Gauge 0 on Figure A.35)

were the result of the initial crookedness of the specimen.
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Specimen C36c

Concrete Cast Apri l 9, 1 970

Beam Tested May 20, 1970

Concrete Compressive Tests Age = 4'l days

Cy]inder I (3" x 6") 5900 psj
2
3

Average

6050
5650

I

f = 5850 osi
c

Concrete Tensile Tests Age = 41 days

(Split Cylinder Test)

Cy'linder 4 (3" x 6") 596 ps'i

Average

585
534

572 psi

5
6

Tensile Reinforcement - 6 #11 high strength wires

Compressive Reinforcement - 2 #14 wires preloaded to 60 ksi

Beam Length 36 inches

Failure Load 585 pounds

The failure was the result of lateral instability, with the

load point deflecting in the positive X direction and rotating pos'itive

about the Z axis, as shown on Figure 4.32. Two main cracks formed, the

first running from 7 = 1 at the top to 7 = 10 at the bottom with

tension on the pos'itive X face. The second crack was vertical at

Z = 1l with tension on the negative X face.
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The load-deflection curves are shown on Figure 4.39 to A.4l

and the load-strajn curves are shown on Figure A.42 to A.44. Note that

the numbering of the strain gauges is reversed from that used on the

remainder of the specimens. In this case, the even numbers were on

the positive X face.
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Specimen C32c

Concrete Cast June l, 1970

Beam Tested July 14, 1970

Concrete Compressive Tests Age = 43 days

Cy'linder I (3.' x 6" ) 5000 psi
2
3
4
5
6

4400
5l 00
4400
4450
4590

Average f^ = 4660 psi

Tensile Reinforcement - 6 #11 high strength wires

compressive Reinforcement - 2 #14 wires preloaded to 60 ksi

Beam Length 32 inches

Failure Load 590 pounds

The failure was flexural, with crushing of the concrete

occurring near the fixed end as shown on Figure 4.45. portions of the

concrete were broken away from each side for the top three inches and

the compressive reinforcement buckled. since the specimen was over-

reinforced, the failure was as expected.

The load-deflection curves are shown on Figures A.46 to A.4g

and the load-strain curves are shown on Figures 4.49 to A.5.l.
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Specimen C32d

Concrete Cast June 11, 1970

Beam Tested July 16, 1970

Concrete Compressìve Tests Age = 35 days

Cylinder1(3"x6"
2
3

Average f

Concrete Tensile Tests

) 6950 psi
6660
7140

. = 6920 psi

Age = 35 days

(Spllt Cylinder Test)

cylinder 4 (3" x 6") 649 psi
5 666
6 704

Average 673 psi

ReinforcÍng l^lire Tensile Tests - wire deformed

Compressive Reinforcement - pre'loaded to 60 ksi

Wire Size Yield Ultimate
Point Strength

#14 (0.08 inches) 63.7 ksÍ 67.6 ksi
#14 57 .7 63.7

Average f, = 60.7 ksi 65.7 ksi

!ens1þ Reinforcement - wire cold-drawn from l/8" M.S. wire

Wi re
Diameter

.1175 inch

.l 180

.1185

Yiel d Ul timate
Por'nt Strength

71 .1 ksi 74.2 ksi
70 .3 72.1
69 .7 72.5



l83

.l 175

.1180

. 1175

Average

71 .5
71 .3
70.6

74.2
74.1
73.4

f, = 70.8 ksi 73.4 ksi

The wire diameter lvas measured at Z = 0 (point of maximum bending)

Beam Length 32 inches

Failure Load 615 pounds

The failure was flexural, as the result of yielding of the

tensile reinforcement. Prior to fa'ilure, a major crack began at the

bottom near the fixed end and progressed upward. At failure, portions

of the concrete broke away on the pos'itive X face and above the

compressive reinforcement as shown on Figure 4.52.

The load-deflection curves are shown on Figures 4.53 to 4.55

and the load-strain curves are shown on Figures 4.56 to 4.58.
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