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Abstract
In this thesis, we design and develop new approximation algorithms and complexity re-
sults for three guarding and partitioning problems on orthogonal polygons; namely, guard-
ing orthogonal polygons using sliding cameras, partitioning orthogonal polygons so as to
minimize the stabbing number and guarding orthogonal terrains using vertex guards.

We first study a variant of the well-known art gallery problem in which sliding cameras
are used to guard the polygon. We consider two versions of this problem: the Minimum-
Cardinality Sliding Cameras (MCSC) problem in which we want to guard P with the min-
imum number of sliding cameras, and the Minimum-Length Sliding Cameras (MLSC)
problem in which the goal is to compute a set S of sliding cameras for guarding P so
as to minimize the total length of trajectories along which the cameras in S travel. We
answer questions posed by Katz and Morgenstern (2011) by presenting the following re-
sults: (i) the MLSC problem is polynomially tractable even for orthogonal polygons with
holes, (ii) the MCSC problem is NP-complete when P is allowed to have holes, and (iii) an
O(n)-time exact algorithm for the MCSC problem on monotone polygons.

We then study a conforming variant of the problem of computing a partition of an
orthogonal polygon P into rectangles whose stabbing number is minimum over all such
partitions of P. The stabbing number of such a partition is the maximum number of rect-
angles intersected by any orthogonal line segment inside the polygon. In this thesis, we
first give an O(n log n)-time algorithm that solves this problem exactly on histograms. We
then show that the problem is NP-hard for orthogonal polygons with holes, providing the
first hardness result for this problem. To complement the NP-hardness result, we give a
2-approximation algorithm for the problem on both polygons with and without holes.

Finally, we study a variant of the terrain guarding problem on orthogonal terrains in
which the objective is to guard the vertices of an orthogonal terrain with the minimum
number of vertex guards. We give a linear-time algorithm for this problem under a di-
rected visibility constraint.

SAEED MEHRABI

University of Manitoba
August 2015
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Chapter 1

Introduction

Geometric optimization problems arise in a wide range of fields such as robotics,

wireless networks, image processing and engineering. Guarding and partition-

ing problems are among the oldest and best-known geometric problems that have

motivated many theoretical studies in different areas of computational geometry.

The main focus of this thesis is to study the computational complexity of three

geometric optimization problems related to guarding and partitioning of orthogo-

nal polygons and to design efficient approximation algorithms for these problems.

Our motivation for designing approximation algorithms for these problems stems

from the fact that many of them are NP-hard. We say that a polynomial-time algo-

rithm is an α-approximation algorithm for an optimization problem if the output

of the algorithm is within a factor α of the optimal solution in the worst case [50].

The first problem studied in this thesis is a variant of the well-known art gallery

problem on orthogonal polygon in which sliding cameras are used to guard the

gallery. In the second problem, we consider a partitioning problem on orthogonal

1



2 Chapter 1: Introduction

polygons such that the objective is to minimize the stabbing number of the partition.

Finally, in the third problem, we study a discrete version of the art gallery problem

on orthogonal terrains. This thesis is organized as three parts each of which studies

one of the three problems. In the following, we give an overview of each of the

three parts of this thesis, summarizing our contributions to each problem.

1.1 Orthogonal Art Galleries and Sliding Cameras

In Part I chapters of this thesis, we study a variant of the well-known Art

Gallery Problem on orthogonal polygons. A polygon P is called orthogonal if ev-

ery edge of P is either horizontal or vertical. In the standard art gallery problem,

which was introduced by Victor Klee in 1973 [41], we are given the polygon P in

the plane and the objective is to guard P by the minimum number of point guards.

In other words, we need to find a set of point guards such that every point in P

is seen by at least one of the guards, where a guard g sees a point p if and only if

the segment gp is contained in P. The art gallery problem is well-known to be NP-

hard [34]. It remains NP-hard even for orthogonal polygons [43]. The art gallery

problem and its many variants have been studied extensively for different types

of polygons (e.g., monotone polygons and polyominoes), different types of guards

(e.g., points, line segments and edges) and different visibility types. See Chapter 2

for a detailed discussion of related work on the art gallery problem.

Recently, Katz and Morgenstern [27] introduced a variant of the art gallery

problem in which sliding cameras are used to guard an orthogonal polygon. Let P

be an orthogonal polygon with n vertices. A sliding camera travels back and forth
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along an orthogonal line segment s inside P. The camera can see a point p ∈ P

if there is a point q ∈ s such that pq is a line segment normal to s that is com-

pletely inside P. In the Minimum-Cardinality Sliding Cameras (MCSC) problem, the

objective is to guard P with the minimum number of sliding cameras, while in the

Minimum-Length Sliding Cameras (MLSC) problem the goal is to find such a set S so

as to minimize the total length of trajectories along which the cameras in S travel.

1.1.1 Our Contributions

In this thesis, we answer several questions posed by Katz and Morgenstern [27]

by presenting the following results. In Chapter 3, we show that the MCSC prob-

lem is NP-hard on orthogonal polygons with holes. In Chapter 4, we show that the

MLSC problem is polynomial tractable even on orthogonal polygons with holes.

To this end, we give an O(n2.3727)-time exact algorithm for the MLSC problem on

any orthogonal polygon P with n vertices. In Chapter 5, we give an exact O(n)-

time dynamic programming algorithm for the MCSC problem on monotone poly-

gons, where n is the number of the vertices of the polygon. We also show that our

algorithm can be used to solve the MCSC problem on any orthogonal polygon for

which the dual graph induced by the vertical decomposition of the polygon is a

path.
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1.2 Optimal Partitions of Orthogonal Polygons

In Part II chapters of this thesis, we study a partitioning problem on orthogo-

nal polygons; that is, partitioning a polygonal domain into subdivisions so as to

optimize a given objective, for example minimizing the number of subdivisions or

the total length of the partition segments. Many variants of the problem have been

studied depending on their applications and objective functions. Abam et al. [1]

studied the following version of the problem: given an orthogonal polygon P, we

want to compute a partition of the polygon P into rectangles such that the stabbing

number of the resulting partition is minimum over that of all such partitions of P.

A line segment inside P is orthogonal if it is horizontal or vertical. The stabbing

number of a partition of P into rectangles is the maximum number of rectangles

stabbed by any orthogonal line segment inside P. A partition of an orthogonal

polygon P into rectangles is called conforming if the both endpoints of every seg-

ment of the partition lie on the boundary of P. In this thesis, we study the Minimum

Stabbing Number (MSN) problem on orthogonal polygons, where the objective of the

MSN problem is to compute a conforming partition of P whose stabbing number

is minimum over that of all such partitions of P. Our motivation for studying the

MSN problem is the recent work of Abam et al. [1] who gave a polynomial-time

3-approximation algorithm for the problem of computing a (not necessarily con-

forming) partition of orthogonal polygons into rectangles whose stabbing number

is minimum over all such partitions of P.
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1.2.1 Our Contributions

In Chapter 7, we show that the MSN problem is NP-hard when the polygon P

is allowed to have holes, providing the first complexity result for this problem. To

show NP-hardness, we describe a reduction from a variant of the 3SAT problem,

called planar variable restricted 3SAT, to the MSN problem. The planar variable re-

stricted 3SAT problem is a constrained version of 3SAT in which each variable can

appear in at most three clauses and the corresponding variable-clause graph must be

planar. In Chapter 8, we first give a polynomial-time 2-approximation algorithm

for the MSN problem on any orthogonal polygon P using a linear programming

(LP) formulation of the problem. A histogram H is a simple orthogonal polygon

whose boundary contains some edge, called the base, whose length is equal to the

sum of the lengths of the edges of H that are parallel to the base; the base edge

is not necessarily on the boundary of the union. We give an O(n log n)-time algo-

rithm that solves the MSN problem exactly when P is a histogram, where n is the

number of the vertices of P. The algorithm relies on constructing a tree structure

T associated with polygon P in such a way that the stabbing number of a partition

of P corresponds to some properties of T.

1.3 Guarding Orthogonal Terrains

In Part III chapters of this thesis, we study a discrete variant of the terrain

guarding problem on orthogonal terrains. A terrain is an x-monotone polygonal

chain in the plane; a terrain T is orthogonal if every edge of T is either horizontal
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of vertical. In the continuous terrain guarding problem, the objective is to find the

minimum number of point guards on T such that every point on T is guarded. In

the discrete terrain guarding problem, on the other hand, we are given two sets

G and S of points on T and the objective is to guard every point in S with the

minimum number of point guards in G. King and Krohn [30] showed that both

continuous and discrete versions of the terrain guarding problem are NP-hard on

arbitrary terrains. Their proof does not immediately imply the hardness of the

problem on orthogonal terrains. Gibson et al. [20] and Friedrichs et al. [18] gave

a polynomial-time approximation scheme (PTAS) for the discrete and continuous

versions of the terrain guarding problem, respectively. In this thesis, we study a

variant of the discrete terrain guarding problem on orthogonal terrains, called the

Orthogonal Terrain Guarding (OTG) problem, in which the objective is to guard the

vertices of an orthogonal terrain with the minimum number of vertex guards.

1.3.1 Our Contributions

In this thesis, we show that the OTG problem can be solved in polynomial time

on orthogonal terrains if we restrict the visibility among the adjacent vertices of

the terrain. In Chapter 10, we consider several instances of the OTG problem,

depending on the type of the visibility constraints between the adjacent vertices,

and show several are polynomial tractable. For instance, considering three vertices

u, v and w of an orthogonal terrain T such that u is a convex vertex with neighbours

v and w, we give a linear-time algorithm that solves the OTG problem under the

assumption that u can only see v and neither v nor w can see u. We call this variant
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of the problem, the Directed Terrain Guarding (DTG) problem. Our algorithms are

based on reducing the DTG problem to two independent subproblems and then

solving each subproblem using a greedy algorithm.

Remark

Part of the work presented in this thesis has already been published in the fol-

lowing conference proceedings:

1. Stephane Durocher, Pak Ching Li, and Saeed Mehrabi. “Guarding orthogo-

nal terrains.” To appear in proceedings of the 27th Canadian Conference on Com-

putational Geometry (CCCG 2015), Kingston, Canada. 2015.

2. Mark de Berg, Stephane Durocher, and Saeed Mehrabi. “Guarding mono-

tone art galleries with sliding cameras in linear time”. In proceedings of the

8th Annual International Conference on Combinatorial Optimization and Applica-

tions (COCOA 2014), Maui, USA. Springer Lecture Notes in Computer Sci-

ence. 8881:113–125 2014.

3. Stephane Durocher, and Saeed Mehrabi. “A 3-approximation algorithm for

guarding orthogonal art galleries with sliding cameras”. In proceedings of the

25th International Workshop on Combinatorial Algorithms (IWOCA 2014), Du-

luth, USA. Springer Lecture Notes in Computer Science. 8986:1–13. 2014.

4. Stephane Durocher, Omrit Filtser, Robert Fraser, Ali Mehrabi, and Saeed

Mehrabi. “A (7/2)-approximation algorithm for guarding orthogonal art gal-
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leries with sliding cameras”. In proceedings of the 11th Latin American The-

oretical Informatics Symposium (LATIN 2014), Montevideo, Uruguay. Springer

Lecture Notes in Computer Science. 8392: 294–305. 2014.

5. Stephane Durocher and Saeed Mehrabi. “Guarding orthogonal art galleries

using sliding ameras: algorithmic and hardness results”. In proceedings of the

38th International Symposium on Mathematical Foundations of Computer Science

(MFCS 2013), Vienna, Austria. Springer Lecture Notes in Computer Science.

8087:314–324. 2013.

6. Stephane Durocher and Saeed Mehrabi. “Computing partitions of rectilin-

ear polygons with minimum stabbing number”. In proceedings of the 18th In-

ternational Computing and Combinatorics Conference (COCOON 2012), Sydney,

Australia. Springer Lecture Notes in Computer Science. 7434:228–239. 2012.
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Chapter 2

Background

Let P be a polygonal region in the plane. Two points p and q in P see each other

if the line segment connecting p and q lies entirely inside or on the boundary of

P. The classic Art Gallery Problem asks for computing the minimum number G(n)

such that, for any polygon P with n vertices, there exists a set of G(n) points that

collectively see polygon P entirely; we refer to the points in G(n) as guards and say

that they guard P. The art gallery problem has been studied in two main streams:

one stream focuses on finding lower and upper bounds on G(n), while in the other

stream the optimization version of the problem has been studied. In this chapter,

we give an overview of the related work on the art gallery problem that is most

relevant to this thesis. See the surveys by O’Rourke [41] or Urrutia [48] for a history

of the art gallery problem.

11
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2.1 Lower and Upper Bounds

In this section, we describe the related work on computing lower and upper

bounds on G(n), the number of point guards that is sufficient and necessary to

guard P.

A polygon is called simple if it has no holes and its boundary has no self-

intersecting point. The art gallery problem was first posed on simple polygons

by Victor Klee in 1973 [39]. Chvátal [7] was the first to answer Klee’s art gallery

question by giving an upper bound proving that bn/3c point guards are always

sufficient and sometimes necessary to guard a simple polygon with n vertices.

Later, Chvátal’s proof was simplified by Fisk [17]. This upper bound on the guard

number is also tight, because occasionally bn/3c guards are necessary [7]: see

Figure 2.1(a). For polygons with holes Fisk’s proof no longer holds because the

dual graph of the triangulation is not a tree. Hoffmann et al. [24] proved that

b(n + h)/3c guards are always sufficient and occasionally necessary, where h is

the number of holes.

If we restrict the art gallery problem to orthogonal polygons (i.e., polygons with

only vertical and horizontal edges), then we can obtain better bounds. The struc-

ture of orthogonal polygons allows us to apply better partitions than triangula-

tions. By partitioning the polygon into convex quadrilaterals, Kahn et al. [25]

proved that bn/4c guards are always sufficient and sometimes necessary to guard

the interior of a simple orthogonal polygon with n vertices. The same bound was

also reported independently by O’Rourke [39] using L-shape decomposition of or-

thogonal polygons. Figure 2.1(b) shows that the upper bound bn/4c is tight.



Chapter 2: Background 13

(a) (b)

Figure 2.1: (a) A simple polygon with n = 3k vertices that requires k guards [7]. (b)

An orthogonal polygon with n = 4k vertices that requires k guards [25].

If the orthogonal polygon P is allowed to have holes, then Hoffmann [23] showed

that the same upper bound of bn/4c guards holds, assuming that guards can be

positioned any where inside the polygon. However, if guards are required to lie

on the vertices of the polygon, then there is no tight bound known. O’Rourke [41]

proved that b(n + 2h)/4c vertex guards are suffiecient. Moreover, the Shermer’s

conjecture [45, 41] states that b(n + h)/4c guards are always sufficient and some-

times necessary to guard an orthogonal polygon with n vertices and h holes. Zylin-

ski [52] proved that if there exists a quadrilateralization of P whose dual graph is a

cactus, then b(n + h)/4c guards are always sufficient to guard P. A cactus is a con-

nected graph with the property that any two of its cycles share at most one vertex

and any such vertex is a cut vertex.

Avis and Toussaint [2] introduced the notion of mobile guards in art galleries: a

mobile guard is a point guard that travels back and forth either along an edge of

the polygon or along a straight line segment that is contained in the polygon. In

the mobile guard problem, it is not required for every point in the polygon to be
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constantly guarded; instead, we only need every point to be guarded by at least

one guard during its walk. They conjectured that except for a small number of

polygons, bn/4c edge guards are sufficient to guard a polygon; this conjecture is

still open. O’Rourke [40] proved that bn/4c diagonal guards (i.e., guards that are

allowed to move along a diagonal) are sufficient for guarding general polygons.

For orthogonal polygons, O’Rourke [41] showed that b(3n+ 4)/16cmobile guards

are sufficient. Finally, Bjorling-Sachs and Souvaine [5] proved that b(n − 2)/5c

edge guards are sufficient for monotone polygons.

2.2 Minimizing Guards

The other stream studying the art gallery problem focuses on the complexity of

the minimization version of this problem, where the objective is to guard the inte-

rior of a polygonal domain with the minimum number of guards.. Lee and Lin [34]

showed that the art gallery problem is NP-hard on simple polygons. Moreover, the

problem is also NP-hard on simple orthogonal polygons [43] and it remains NP-

hard even for monotone polygons [33]. Eidenbenz et al. [13] proved that the art

gallery problems is APX-hard on simple polygons. Moreover, they showed that if

the polygon is allowed to have holes, then the problem cannot be approximated

by a polynomial-time algorithm with factor ((1− ε)/12) ln n, for any ε > 0, where

n is the number of the vertices of the polygon.

King [29] gave an O(n3)-time (log log OPT)-approximation algorithm for the

art gallery problem on arbitrary simple polygons, where OPT denotes the size

of an optimal solution. Ghosh [19] gave an O(n5)-time (log n)-approximation



Chapter 2: Background 15

algorithm for the problem on polygons with holes. Moreover, King [29] gave

an O((h + 1)2n3)-time approximation algorithm with approximation factor ((1 +

log(h+ 1)) log OPT) for the problem on any arbitrary polygon with h holes, where

OPT is the size of an optimal solution; note that this is a faster algorithm than

that of Ghosh for h = o(n). Krohn and Nilsson [33] gave a constant-factor ap-

proximation algorithm for the problem on monotone polygons. They also gave

a polynomial-time algorithm for the art gallery problem on orthogonal polygons

that computes a solution of size O(OPT2), where OPT is the cardinality of an op-

timal solution.

Due to inapproximability results of the standard art gallery problem, many

variants of the problem have been studied over the past decades, where limited

visibility allows the problem to be solved in polynomial time [38, 3, 36, 51]. Mot-

wani et al. [36] studied the art gallery problem under s-visibility, where a guard

point p ∈ P can see all points in P that can be connected to p by an orthogonal stair-

case path contained in P. They use a perfect graph approach to solve the problem

in polynomial time. Worman and Keil [51] defined r-visibility, in which a guard

point p ∈ P can see all points q ∈ P such that the bounding rectangle of p and

q (i.e., the axis-parallel rectangle with diagonal pq) is contained in P. Given that

P has n vertices, they use a similar approach to Motwani et al. [36] to solve this

problem in Õ(n17) time, where the notation Õ() omits poly-logarithmic factors.

Moreover, Lingas et al. [35] presented a linear-time 3-approximation algorithm for

this problem.
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2.3 Sliding Cameras

Katz and Morgenstern [27] introduced sliding cameras for guarding orthogonal

polygons. A sliding camera is a point guard that travels along a horizontal or

vertical line segment s inside an orthogonal polygon P, and it can see a point p ∈

P if the there is a point q ∈ s such that pq is a line segment normal to s that is

completely inside P. Recall that in the MCSC problem, the objective is to guard

P with the minimum number of sliding cameras, while in the MLSC problem we

wish to guard P so as to minimize the total length of line segments along which

cameras travel. We assume that in both variants of the problem, polygon P and

sliding cameras are all constrained to be orthogonal. Note that in both variants

every point inside P must be visible to at least one camera at some point along its

trajectory. See Figure 2.2 for an illustration of these variants.

Katz and Morgenstern [27] first considered a restricted version of the MCSC

problem, where cameras are constrained to travel only vertically inside the poly-

gon. By a similar approach to Motwani et al. [36], they construct a graph G cor-

responding to a polygon P and then show that (i) solving this problem on P is

equivalent to solving the minimum clique cover problem on G, and that (ii) G is

chordal. Since the minimum clique cover problem is polynomial-time solvable on

chordal graphs, they solve the guarding problem in polynomial time for vertical

cameras. They also generalized the problem such that both vertical and horizon-

tal cameras are allowed; they gave a 2-approximation algorithm for the MCSC

problem under the assumption that the given input is an x-monotone orthogonal

polygon. They leave open the complexity of the MCSC and the MLSC problems as
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s2
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s4

(a) (b)

Figure 2.2: An illustration of the MCSC and MLSC problems. Each grid cell has

size 1× 1. (a) The set of two sliding cameras s1 and s2 as an optimal solution for

the MCSC problem on P; each shaded region indicates the visibility region of the

corresponding camera. (b) A set of four sliding cameras whose total length is 6,

which is an optimal solution for the MLSC problem on P.

well as giving approximation algorithms for these problems (in case they are NP-

hard). Seddighin [44] considered the sliding cameras problem under k-visibility,

where a camera’s line of sight can pass through k edges of the polygon. He first

proved that the MLSC problem is NP-hard under k-visibility, for any fixed k ≥ 2,

and then gave a 2-approximation algorithm for this problem.

A double-sided histogram is the union of two histograms that share a common

base edge and that are located on opposite sides of the base. The MCSC prob-

lem is equivalent to the problem of covering P with the minimum number of

double-sided histograms, since the visibility region of a sliding camera is exactly a

double-sided histogram. Fekete and Mitchell [16] proved that partitioning an or-
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thogonal polygon (possibly with holes) into a minimum number of histograms is

NP-hard. Note that in general, the fact that an orthogonal polygon can be covered

by k histograms does not imply that it can be partitioned by k histograms. There-

fore, their proof does not directly imply that covering an orthogonal polygon with

minimum number of double-sided histograms is NP-hard, leaving open the ques-

tion of whether the MCSC problem is also NP-hard for orthogonal polygons with

holes.



Chapter 3

Hardness Result

In this chapter, we show that the MCSC problem is NP-complete when P is

allowed to have holes. We first define the problem formally.

MCSC WITH HOLES

INPUT: An orthogonal polygon P, possibly with holes and an integer k.

OUTPUT: YES, if there exist k orthogonal line segments inside P that guard P en-

tirely; NO, otherwise.

Given a candidate solution for the MCSC WITH HOLES problem, we can ver-

ify the solution in polynomial time by checking whether the union of the visibil-

ity regions of cameras in the solution is P. Therefore, the problem is in NP. We

show NP-hardness by a reduction from the minimum hitting of horizontal unit seg-

ments problem, which we call the MIN SEGMENT HITTING problem, defined as

follows [21]:

19
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MIN SEGMENT HITTING

INPUT: n pairs (ai, bi), i = 1, . . . , n, of integers and an integer k.

OUTPUT: YES, if there exist k orthogonal lines l1, . . . , lk in the plane, i.e., for each i,

li is horizontal or vertical, such that each line segment [(ai, bi), (ai + 1, bi)] is hit by

at least one of the lines; NO, otherwise.

Hassin and Megiddo [21] proved that the MIN SEGMENT HITTING problem

is NP-complete. Let I be an instance of the MIN SEGMENT HITTING problem,

where I is a set of n horizontal unit-length segments with integer coordinates. We

construct an orthogonal polygon P (with holes) such that there exists a set of k

orthogonal lines that hit the segments in I if and only if there exists a set C of

k + 4 orthogonal line segments inside P that collectively guard P. Throughout this

section, we refer to the segments in I as unit segments and to the segments in C as

line segments.

3.1 Gadgets

We first observe that any two unit segments in I can share at most one point,

which must be a common endpoint of the two unit segments. For each unit seg-

ment si ∈ I, 1 ≤ i ≤ n, we denote the left endpoint of si by (ai, bi) and, therefore,

the right endpoint of si is (ai + 1, bi). Let L(si) denote the set of unit segments in

I for which the x-coordinate of their left endpoints is equal to ai. Moreover, let

N(si) denote the set of unit segments in I that have at least one endpoint with x-
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p(si)

(b)(a)

p(si) si si

Figure 3.1: The L-holes associated with a line segment si ∈ I, where (a) ai is even,

and (b) ai is odd.

coordinate equal to ai or ai + 1. Our reduction refers to an L-hole, which we define

as an orthogonal polygon with six vertices such that exactly one of them is reflex.

We constrain each grid cell to have size 1
12 × 1

12 . The L-holes have variable size; in

order to specify the size of L-holes, we first need the following notation.

Let I = {O1, O2, . . . , Or} be a partition of I such that the left endpoints of all the

unit segments in Om, for each 1 ≤ m ≤ r, have the same x-coordinate. Consider

the set Om, for some 1 ≤ m ≤ r, and let |Om| = t. The idea is to associate exactly

four L-holes for each unit segment s ∈ Om depending on t and the parity of the

x-coordinate of the left endpoint of s.

Case 1. t = 1. Let si be the only unit segment in Om. If ai is even, then Figure 3.1(a)

shows the L-holes associated with si. If ai is odd, then Figure 3.1(b) shows the L-

holes associated with si. In both cases, each L-hole has height and width of 1/6. In

the case ai is odd, the L-holes are located such that the vertical distance between

any point on an L-hole and si is at least 1/3. Note the red vertex on the upper left

L-hole of si in Figure 3.1(a) and the blue vertex on the lower right L-hole of si in
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Figure 3.1(b); we call this vertex the visibility vertex of si, which we denote p(si).

The L-holes associated with si do not interfere with the L-holes associated with

the line segments in N(si) because for any unit segment sj ∈ N(si) the vertical

distance d between si and sj is either zero or at least one. If d ≥ 1, then it is trivial

that the L-holes of si do not interfere with those of sj. Now, suppose that si and sj

share a common endpoint; that is d = 0. Since si and sj have unit lengths ai and aj

have different parities and, therefore, the L-holes associated with si and sj do not

interfere with each other. Figure 3.2 shows an example of such two unit segments

and their corresponding L-holes.

Case 2. t ≥ 2. Let {si1 , si2 , . . . , sit} be the unit segments in Om ordered from top to

bottom. We associate each unit segment in Om with four L-holes similar to Case

1: two left L-holes around its left endpoint and two right L-holes around its right

endpoint. Here, each L-hole has height and width equal to 1
6t ; note that the size

of L-holes remain polynomial in the size of the input. Informally, the idea is to

locate the L-holes in such a way that the L-holes of every two unit segments in Om

do not block the vertical visibility of their horizontal edges. To this end, consider

the vertical slab of size two grid units to the left of the unit segments in Om; see

Figure 3.3(a) for an illustration. We first partition the slab into t vertical subslabs.

Consider the subslabs from left to right. Then, we consider the unit segments in

Om from top to bottom and locate their left L-holes in separate subslabs from left

to right; see Figure 3.3(a). Note that the left L-holes of each unit segment in Om

lie in the same slab (i.e., they are aligned with each other). Next, we locate the

right L-holes of the unit segments in Om analogously by considering the vertical
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si sj

p(si)

p(sj)

Figure 3.2: An illustration of the L-holes associated with two line segments si and

sj in I that share a common endpoint such that ai is even and L(si) = ∅.

slab of size two grid units to the right of the unit segments in Om, and then parti-

tioning the slab into t vertical subslabs. Then, consider the subslabs from right to

left: we locate the right L-holes of the unit segments in Om from top to bottom in

separate subslabs from right to left (as opposed to the left L-holes that were located

in separate subslabs from left to right). See Figure 3.3(b) for an illustration. Our

construction ensures the following observation:

Observation 3.1.1. Let s be a unit segment in Om. Then, the visibility region of the

topmost horizontal edge of the upper left L-hole (resp., the lowest horizontal edge of the

lower left L-hole) of s is unbounded from above (resp., from below); i.e., it is not blocked by

any other L-hole. Similarly, the visibility region of the topmost horizontal edge of the upper

right L-hole (resp., the lowest horizontal edge of the lower right L-hole) of s is unbounded

from above (resp., from below). See the shaded regions in Figure 3.3 for an example.

Observation 3.1.1 holds even if the unit segments in Case 2 share a common

endpoint; this is illustrated in Figure 3.4. We now describe the reduction.



24 Chapter 3: Hardness Result

3.2 Reduction

Given an instance I of the MIN SEGMENT HITTING problem, we first associate

each unit segment in si ∈ I with four L-holes as described above. After adding

the corresponding L-holes, we enclose I in a rectangle such that all unit segments

and the L-holes associated with them lie in its interior. Finally, we create four

small rectangles each of which is located on one corner of the bigger rectangle (as

shown in Figure 3.5) such that any orthogonal line that passes through one of the

smaller rectangles cannot intersect any of the unit segments in I; note the visibility

vertex of each smaller rectangle shown in red. Moreover, there exists a dent on the

enterance to each smaller rectangle to ensure that no orthogonal line segment in P

can see more than one visibility vertex of the smaller rectangles. See Figure 3.5 for

a complete example of the reduction. Let P be the resulting orthogonal polygon.

We now show the following lemma.

Lemma 3.2.1. There exist k orthogonal lines such that each unit segment in I is hit by

one of the lines if and only if there exists k + 4 orthogonal line segments inside P that

collectively guard P.

Proof. (⇒) Suppose that there exists a set S of k lines such that each unit segment

in I is hit by at least one line in S. We can assume that every line L ∈ S hits at

least one unit segment in I; otherwise, we can remove L from S without affecting

the feasibility of S. Let L ∈ S and let LP = L ∩ P. If L is horizontal, then L, and

therefore LP, do not cross the interior of any L-hole inside P. Similarly, if L is

vertical and passes through an endpoint of some unit segment(s) in I, then neither
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L nor LP passes through the interior of any L-hole in P.1 Now, suppose that L is

vertical and passes through the interior of some unit segment s ∈ I. Translate LP

horizontally such that it passes through the midpoint of s. Since unit segments

have endpoints on adjacent integer grid point, LP still crosses the same set of unit

segments of I as it did before this move. Moreover, this ensures that LP does not

cross any L-hole inside P. Consider the set S′ = {LP | L ∈ S}.

The line segments in S′ cannot guard the visibility vertex of any of the smaller

rectangles. Moreover, if all line segments in S′ are vertical or all are horizontal,

then they cannot collectively guard the bigger rectangle entirely. Next, we add

four orthogonal line segments into S′ each of which guards one of the smaller rect-

angles entirely. We choose each of these line segments in such way that it guards

one smaller rectangle and hits the dent that is on the other corner of the bigger

rectangle; see the red dashed line segments in Figure 3.5. We call these four line

segments the boundary guards. Let S′′ be the union of S′ and the boundary guards.

Clearly, |S′′| = k + 4. We now show that S′′ is a feasible solution for the MCSC

problem on P. Let p be a point in P. If p is inside one of the smaller rectangles,

then it must be guarded by one of the boundary guards. Recall the vertical sub-

slabs obtained by dividing the vertical slabs when locating the L-holes; note that

each of such subslabs contains exactly two L-holes.

• Suppose that p lies in one of the subslabs. If it is between the L-holes, then

p is guarded by the line segment in S′ whose corresponding line intersects

s. Otherwise, by Observation 3.1.1, one of the horizontal boundary guards

1Note that it is possible for L to pass through the boundary of some L-hole.
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must see p.

• Now, suppose that p does not lie on a vertical subslab. Then, if p lies inside

the rectangle induced by the reflex vertices of the L-holes associated with s

(i.e., the shaded rectangle in Figure 3.1(a) for instance), for some unit segment

s ∈ I, then p is guarded by the line segment in S′ whose corresponding line

intersects s. This is true even for two unit segments with a common endpoint

because then the L-holes associated with such two unit segments have differ-

ent heights and so they do not block the visibility. If p is not interior to any

of such rectangles, then it is seen by the boundary of the polygon in at least

one orthogonal direction and, therefore, one of the boundary guards sees p.

Therefore, the set S′′ is a feasible solution for the MCSC problem on P such that

|S′′| = k + 4.

(⇐) Now, suppose that there exists a set M of k + 4 orthogonal line segments

contained in P that collectively guard P. For each line segment c ∈ M, let Lc

denote the line induced by c. We now describe how to find k lines that form a

solution to instance I by moving the line segments in M accordingly such that

each unit segment in I is hit by at least one of the corresponding lines. From the

construction of polygon P, no line segment in M can see more than one visibility

vertex of the smaller rectangles. Thus, let M′ be the set of the four line segments

in M each of which guards a visibility vertex of a smaller rectangle. We know that

no line segment in M′ can see p(s), for all s ∈ I. Therefore, for each unit segment

s ∈ I in order, consider a line segment ` ∈ M \ M′ that guards p(s); let `′ be the

maximal line segment inside P that is aligned with `. Note that `′ must intersect
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R, the rectangle induced by the reflex vertices of the L-holes associated with unit

segment s (see the shaded rectangle in Figure 3.1 for an example). If `′ is horizontal

and L`′ does not align s, then move `′ accordingly up or down until it aligns with

s. Thus, L`′ is a line that hits s. Now, suppose that `′ is vertical. If `′ intersects s,

then L`′ also intersects s. If `′ does not intersect s, then the endpoints of `′ must be

on the boundary of two of the L-holes associated with s; this is because the only

way for a maximal line segment to see p(s) is to intersect R and, therefore, either

intersect s or be bounded by the L-holes of s. Thus, we move `′ horizontally to the

left or to the right until it hits s. Therefore, L`′ is a line that hits s after this move.

Therefore, we have obtained exactly one line from each line segment in M \M′

such that each unit segment in I is hit by at least one of the lines. This completes

the proof of the lemma.

By Lemma 3.2.1 we obtain the main result of this section:

Theorem 3.2.2. The MCSC WITH HOLES is NP-complete.
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(b)(a)

Figure 3.3: The unit segments in Om, where |Om| = 4, and the associated L-holes.

(a) The left slab (shown as the two solid vertical red lines) is divided into four

subslabs (separated by the three dashed vertical red lines) and the left L-holes of

the unit segments in Om (ordered from top to bottom) are located from left to right

in separate subslabs. (b) The right slab is divided into four subslabs and the right

L-holes of the unit segments in Om (ordered from top to bottom) are located from

right to left in separate subslabs. Note the unbounded shaded regions below and

above the L-holes associated with unit segment si2 .
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1/6 1/6

sjsi

1/6 1/6

Figure 3.4: An illustration of the L-holes associated with two line segments si and

sj in I that share a common endpoint such that ai is odd and |L(si)| = 1 (i.e., the

only unit segment in L(si) is the one that is directly above si).



30 Chapter 3: Hardness Result

s1

s2

s3

s4

s5

s6

s4

s2 s5

s3 s6

s1 s4

s2 s5

s3 s6

s1

s2

s3

s4

s5

s6

s1 s4

s2 s5

s3 s6

(a)

(b)

Figure 3.5: A complete example of the reduction, where I = {s1, s2, . . . , s6}, with

the assumption that a1 is even. Each line segment that has a bend represents an

L-hole associated with a unit segment. Note the red vertex inside each smaller rect-

angle. This vertex, which we call the visibility vertex of the smaller rectangle, is only

visible to the line segments that pass through the interior of the smaller rectangle,

which in turn cannot intersect any unit segment in I. The shaded regions indicate

(a) the visibility region of the boundary guards, and (b) the visibility region of three

horizontal sliding cameras induced by a solution to the MIN SEGMENT HITTING

problem.
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The MLSC Problem: An

O(n2.3727)-Time Exact Algorithm

In this chapter we show that the MLSC problem is polynomially tractable even

for orthogonal polygons with holes. To this end, we give an O(n2.3727)-time exact

algorithm for the MLSC problem on any orthogonal polygon P, where n denotes

the number of the vertices of P.

Throughout the chapter, we denote an orthogonal polygon with n vertices by

P. A vertex u of P is reflex, if the angle at u that is interior to P is 270◦. We denote

the set of reflex vertices and the set of edges of P by V(P) and E(P), respectively.

We consider P to be a closed region; therefore, the trajectory of a sliding camera

may include an edge of P. We also assume that a camera can see all points on

its trajectory. We say that a set T of orthogonal line segments contained in P is a

cover of P, if the corresponding sliding cameras can collectively see all points in P;

equivalently, we say that the line segments in T guard P entirely.
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Let T be a cover of P. We say that T is an optimal cover for P if the total length

of line segments along which the cameras in T travel is minimum over that of all

covers of P. Our algorithm relies on reducing the MLSC problem to the minimum-

weight vertex cover problem in bipartite graphs. We remind the reader of the defini-

tion of the minimum-weight vertex cover problem:

Definition 1. Given a graph G = (V, E) with positive vertex weights, the minimum-

weight vertex cover problem is to find a subset V′ ⊆ V that is a vertex cover of G (i.e.,

every edge in E has at least one endpoint in V′) such that the sum of the weights of vertices

in V′ is minimized.

The minimum-weight vertex cover problem is NP-hard in general [26]. How-

ever, König’s theorem [32] that describes the equivalence between maximum match-

ing and vertex cover in bipartite graphs implies that the minimum-weight vertex

cover problem in bipartite graphs is solvable in polynomial time. Given P, we first

construct a vertex-weighted graph GP and then we show (i) that the MLSC prob-

lem on P is equivalent to the minimum-weight vertex cover problem on GP, and

(ii) that graph GP is bipartite.

Similar to Katz and Morgenstern [27], we define a partition of an orthogonal

polygon P into rectangles as follows. Extend the two edges of P incident to every

reflex vertex in V(P) inward until they hit the boundary of P. We define a set S(P)

as follows. For every edge e of P, if both endpoints of e are convex vertex, then add

e to S(P). If at least one of the endpoints of e is a reflex vertex, then add into S(P)

the line segment induced by extending e. We refer to elements of S(P) simply as

edges. The edges in S(P) partition P into a set of rectangles; let R(P) denote the set



Chapter 4: The MLSC Problem: An O(n2.3727)-Time Exact Algorithm 33

(a) (b)

Figure 4.1: An illustration of a regular cover. (a) A simple orthogonal polygon P

and two sliding cameras as a cover C of P. (b) A regular cover of P induced by C.

of resulting rectangles. We observe that in order to guard P entirely, it suffices to

guard all rectangles in R(P). The following observations are straightforward:

Observation 4.0.1. Let T be a cover of P and let s be an orthogonal line segment in T.

Then, for any partition of s into line segments s1, s2, . . . , sk the set T′ = (T \ {s}) ∪

{s1, . . . , sk} is also a cover of P and the respective sums of the lengths of segments in T

and T′ are equal.

Observation 4.0.2. Let T be a cover of P. Moreover, let T′ be the set of line segments

obtained from T by translating every vertical line segment in T horizontally to the nearest

boundary of P to its right and every horizontal line segment in T vertically to the nearest

boundary of P below it. Then, T′ is also a cover of P and the respective sums of the lengths

of line segments in T and T′ are equal. We call T′ a regular cover of P. See Figure 4.1 for

an example.

Given P, let H(P) denote the subset of the boundary of P consisting of line

segments that are immediately to the right of or below P; in other words, for each
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edge e ∈ H(P), the region of the plane immediately to the right of or below e

does not belong to the interior of P. Let B(P) denote the partition of H(P) into

line segments induced by the edges in S(P). The following lemma follows from

Observations 4.0.1 and 4.0.2:

Lemma 4.0.3. Every orthogonal polygon P has an optimal cover T ⊆ B(P).

Observation 4.0.4. Let P be an orthogonal polygon and consider its corresponding set

R(P) of rectangles induced by edges in S(P). Every rectangle R ∈ R(P) is seen by

exactly one vertical line segment in B(P) and exactly one horizontal line segment in B(P).

Furthermore, if T ⊆ B(P) is a cover of P, then every rectangle in R(P) must be seen by at

least one horizontal or one vertical line segment in T.

We denote the horizontal and vertical line segments in B(P) that can see a rect-

angle R ∈ R(P) by RV and RH, respectively. Using Observation 4.0.4, we now

describe a reduction of the MLSC problem to the minimum-weight vertex cover

problem. We construct an undirected weighted graph GP = (V, E) associated with

P as follows: each line segment s ∈ B(P) corresponds to a vertex vs ∈ V such that

the weight of vs is the length of s. We denote the vertex in V that corresponds to

the line segment s ∈ B(P) by vs. Two vertices vs, vs′ ∈ V are adjacent in GP if and

only if the line segments s and s′ see a common rectangle R ∈ R(P). See Figure 4.2.

By Observation 4.0.4 the following result is straightforward:

Observation 4.0.5. There is a bijection between rectangles in R(P) and edges in GP.

Next we show equivalence between the two problems and then prove that

graph GP is bipartite. To this end, we first need the following result.
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Figure 4.2: An illustration of the reduction; each grid cell has size 1× 1. (a) An

orthogonal polygon P along with the elements of B(P) labelled as a, b, c, . . . , i. (b)

The graph GP associated with P; the integer value besides each vertex indicates the

weight of the vertex. The vertices of a vertex cover on GP and their corresponding

guarding line segments for P are shown in red.

Lemma 4.0.6. Let R ∈ R(P) be a rectangle and let T be a cover of P. Then, there exists

a set T′ ⊆ T such that all line segments in T′ have the same orientation (i.e., they are all

vertical or they are all horizontal) and they collectively guard R entirely.

Proof. Suppose no such set T′ exists. Let Rv (resp., Rh) be the subregion of R that is

guarded by the union of the vertical (resp., horizontal) line segments in T and let

Rc
v = R \ Rv (resp., Rc

h = R \ Rh). Since R cannot be guarded exclusively by vertical

line segments (resp., horizontal line segments), we have Rc
v 6= ∅ (resp., Rc

h 6= ∅).

Choose any point p ∈ Rc
v and let Lh be the maximal horizontal line segment inside

R that crosses p. Since no vertical line segment in T can guard p, we conclude
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that no point on Lh is guarded by a vertical line segment in T. Similarly, choose

any point q ∈ Rc
h and let Lv be the maximal vertical line segment inside R that

contains q. By an analogous argument, we conclude that no point on Lv is guarded

by a horizontal line segment. Since Lh and Lv are maximal and have perpendicular

orientations, Lh and Lv intersect inside R. Therefore, no orthogonal line segment

in T can guard the intersection point of Lh and Lv, which is a contradiction.

Theorem 4.0.7. The MLSC problem on P reduces to the minimum-weight vertex cover

problem on GP.

Proof. Let S0 be a vertex cover of GP and let C0 be a cover of P defined in terms of

S0; the mapping from S0 to C0 will be defined later. Moreover, for each vertex v

of GP let w(v) denote the weight of v and for each line segment s ∈ C0 let len(s)

denote the length of s. We need to prove that S0 is a minimum-weight vertex cover

of GP if and only if C0 is an optimal cover of P. We show the following stronger

statements: (i) for any vertex cover S of GP, there exists a cover C of P such that

∑
s∈C

len(s) = ∑
v∈S

w(v),

and (ii) for any cover C of P, there exists a vertex cover S of GP such that

∑
v∈S

w(v) = ∑
s∈C

len(s).

Part 1. Choose any vertex cover S of GP. We find a cover C for P as follows: for each

edge (vs, vs′) ∈ E, if vs ∈ S we locate a guarding line segment on the boundary of

P that is aligned with the line segment s ∈ B(P). Otherwise, we locate a guarding

line segment on the boundary of P that is aligned with the line segment s′ ∈ B(P).
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Since at least one of vs and vs′ is in S, we conclude by Observation 4.0.5 that every

rectangle in R(P) is guarded by at least one line segment located on the boundary

of P and so C is a cover of P. Moreover, for each vertex in S we locate exactly

one guarding line segment on the boundary of P whose length is the same as the

weight of the vertex. Therefore,

∑
s∈C

len(s) = ∑
v∈S

w(v).

Part 2. Choose any cover C of P. We construct a vertex cover S for GP as follows.

By Observation 4.0.2, let T′ be the regular cover obtained from C. Moreover, let M

be the partition of T′ into line segments induced by the edges in S(P). By Observa-

tion 4.0.2, M is also a cover of P. Now, let S be the subset of the vertices of GP such

that vs ∈ S if and only if s ∈ M. By Lemma 4.0.6, for any rectangle R ∈ R(P), there

exists a set C′R ⊆ C such that all line segments in C′R have the same orientation and

collectively guard R. Therefore, by Observation 4.0.5 and the fact that M is a cover

of GP, we conclude that S is a vertex cover of GP. Moreover, we observe that

∑
v∈S

w(v) = ∑
s∈M

len(s) = ∑
s∈C

len(s).

We now show that graph GP is bipartite.

Lemma 4.0.8. Graph GP is bipartite.

Proof. The proof follows from the facts that (i) we have two types of vertices in

GP; those that correspond to the vertical line segments in B(P) and those that cor-

respond to the horizontal line segments in B(P), and that (ii) no two vertical line
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segments in B(P) nor any two horizontal line segments in B(P) can see a fixed

rectangle in R(P).

We now examine the running time of the algorithm. Graph GP can be con-

structed in O(n2 log n) time as follows (recall that n is the number of the vertices

of P). For each line segment s ∈ B(P), let r(s) be a ray that is normal to s and

starts from a point on s. For every pair s1, s2 ∈ B(P), where s1 is horizontal and

s2 is vertical, we check to see if r(s1) and r(s2) intersect each other inside P. If

so, then the line segments s1 and s2 can see a common rectangle and, therefore,

we add an edge between the corresponding vertices in GP. Considering all pairs

s1, s2 ∈ B(P) takes O(n2) time and the ray shooting quesries can be answered in

O(log n) time [6]. Therefore, graph GP is constructed in O(n2 log n) time. The pro-

cedure described in Part 1 of the proof of Theorem 4.0.7 can be completed in O(n)

time. We now examine the running time for the construction described in Part 2

of the proof of Theorem 4.0.7. We first note that by locating a guard on every edge

of the polygon P, we obtain a feasible solution for the MLSC problem; hence, we

can assume that |C| ∈ O(n), where C is a cover of P. So, we can compute a reg-

ular cover of P from C in O(n) time, by moving every line segment in C down

or to the right until it hits the boundary of P. The set M can also be obtained in

linear time. Thus, the construction in the second part of the proof can be also com-

pleted in O(n) time. A minimum vertex cover of GP can be found by solving the

maximum matching problem on GP since these two problems are equivalent on

bipartite graphs by Konig’s theorem [32]. The maximum matching on GP can be

sovled in O(T(n)) time, where T(n) is the time required to multiply two n× n ma-
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trices [37]. Since the best known algorithm for multiplying two n× n matrix runs

in O(n2.3727) time [49], our algorithm runs in O(n2.3727) overall time. Therefore,

by Theorem 4.0.7, Lemma 4.0.8 and the fact that minimum-weight vertex cover

is solvable in O(n2.3727) time on bipartite graphs, we have the main result of this

chapter:

Theorem 4.0.9. Given an orthogonal polygon P, there exists an O(n2.3727)-time algo-

rithm that finds an optimal cover of P, where n is the number of the vertices of P.



Chapter 5

The MCSC Problem on Monotone Art

Galleries

In this chapter, we give a linear-time dynamic programming algorithm for the

MCSC problem on orthogonal x-monotone polygons. This not only improves the

2-approximation algorithm of Katz and Morgenstern [27], but also provides, to the

best of our knowledge, the first polynomial-time algorithm for the MCSC problem

on a non-trivial subclass of orthogonal polygons. We also show how to extend

this result to so-called orthogonal path polygons. These are orthogonal polygons

for which the dual graph induced by the vertical decomposition of P is a path.

(The vertical decomposition of an orthogonal polygon P is the decomposition of

P into rectangles obtained by extending the vertical edge incident to every reflex

vertex of P inward until it hits the boundary of P. The dual graph of the vertical

decomposition is the graph that has a node for each rectangle in the decomposition

and an edge between two nodes if and only if their corresponding rectangles are

40
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adjacent.) Observe that the class of orthogonal monotone polygons is a subclass of

orthogonal path polygons.

5.1 Preliminaries

For a simple orthogonal and x-monotone polygon P, the leftmost and rightmost

vertical edges of P are unique and we denote them by leftEdge(P) and rightEdge(P),

respectively. For a sliding camera s in P, we define the visibility polygon of s as the

maximal subpolygon P(s) of P such that every point in P(s) is guarded by s.

Let VP = {e1 = leftEdge(P), e2, . . . , em = rightEdge(P)}, for some m > 0, be the

set of vertical edges of P ordered from left to right. For simplicity we assume that

every two vertical edges in VP have distinct x-coordinates, but it is easy to adapt

the algorithm to handle degenerate cases. Let P+
i (resp., P−i ), for some 1 ≤ i ≤ m,

denote the subpolygon of P that lies to the right (resp., to the left) of the vertical

line through ei.

For an orthogonal line segment s in P, we denote the left endpoint and the right

endpoint of s by left(s) and right(s), respectively. If s is vertical, we define its left

and right endpoints to be its upper and lower endpoints, respectively. We denote

the x-coordinate of a point p by x(p). Let si and sj be two horizontal line segments

in P. We define the overlap region of si and sj as the set of points in P that are visible

to both si and sj; if P(si) ∩ P(sj) is a line or a point (i.e., it has measure zero), then

we consider the overlap region of si and sj to be empty. We first show that we can

restrict our attention to solutions that are in some suitable canonical form.
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Canonical Form.

A feasible solution to the MCSC problem is a set M of sliding cameras that guards

the entire polygon P. We say that a feasible solution M is in canonical form if and

only if the following properties hold:

(i) Every vertical line segment in M is vertically maximal, meaning that it extends

as far upwards and downwards as possible.

(ii) No vertical line segment in M intersects the interior or passes through the

right endpoint of any horizontal line segment in M.

(iii) The overlap region of si and sj is empty, for every two horizontal line seg-

ments si, sj ∈ M such that si 6= sj.

(iv) Every horizontal line segment s ∈ M is rightward maximal, meaning that s ex-

tends at least as far to the right as any horizontal line segment s′ ⊂ P starting

at the same x-coordinate, that is, with x(left(s)) = x(left(s′)).

(v) Let s1, . . . , sk be the sequence of line segments in M ordered from left to right

according to their left endpoint, where in case of ties vertical line segments

come before horizontal line segments, and let Mi := {s1, . . . , si}. Then, Mi

guards every point of P that is to the left of the vertical line x = x(right(si)).

Lemma 5.1.1. For any x-monotone orthogonal polygon P, there exists an optimal solution

M for the MCSC problem on P that is in canonical form.

Proof. Consider the sequence s1, . . . , sk of line segments in M ordered from left

to right according to their left endpoint, where in case of ties vertical line seg-
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ments come before horizontal line segments. This ordering is well defined, be-

cause an optimal solution will never have two vertical line segments with the same

x-coordinates or two horizontal line segments whose left endpoints have the same

x-coordinates. We now show how to modify the line segments in M to get an op-

timal solution in canonical form. Without loss of generality, we assume that all

vertical segments in M are already vertically maximal.

We first modify M so that if s1 is horizontal, then left(s1) lies on leftEdge(P),

the leftmost vertical edge of P. Assume this is not the case. Then, leftEdge(P) is

seen by a vertical line segment sj, for some j > 1. We now replace s1 and sj by two

horizontal line segments, as follows. The first line segment is a rightward max-

imal line segment s starting on leftEdge(P)—note that s must intersect sj—and

the second horizontal line segment is a rightward maximal line segment s′ with

x(left(s′)) = x(right(s)). Clearly replacing s1, sj by s, s′ gives another optimal so-

lution. With a slight abuse of notation we let M denote this new optimal solution,

and we let s1, . . . , sk denote the ordered set of line segments in the new solution.

Note that we now have that if s1 is horizontal, then it starts at leftEdge(P) and it is

rightward maximal.

Next we turn M into an optimal solution in canonical form. To this end we go

over the line segments in order. When we handle line segment si we will replace

si by a line segment s′i, but we will not modify any other line segment. Let Mi :=

{s′1, . . . , s′i}. We maintain the following invariant:

Invariant: After handling si, the modified set M is still an optimal so-
lution. Moreover, Mi has all the required properties: (i) all vertical line
segments in Mi are vertically maximal, (ii) no vertical line segment in
Mi intersects the interior or passes through the right endpoint of any
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horizontal line segment in Mi, (iii) the overlap region of any two hori-
zontal line segments in Mi is empty, (iv) every horizontal line segment
in Mi is rightward maximal, and (v) Mi guards everything to the left of
the vertical line x = x(right(si)).

Handling s1 is trivial: we simply set s′1 := s1. If s1 is vertical then this clearly es-

tablishes the invariant—note that no line segment sj with j > 1 can see anything

to the left of s1 that is not also seen by s1 (since s1 is vertically maximal), which

implies that s1 must see everything to its left. If s1 is horizontal then the invariant

holds as well, since we already made sure that s1 is rightward maximal if it is hori-

zontal. Now suppose the invariant holds after we have handled si−1, and consider

si. There are two cases.

• If si is vertical, then we proceed as follows. Observe that Mi must guard ev-

erything to the left of si, since M is feasible and no line segment sj with j > i

can see a point to the left of si that is not seen by si. Since si is vertical, the

fact that Mi−1 satisfies the invariant immediately implies that Mi has prop-

erties (iii) and (iv). So the only problem is that si may intersect the interior

or may pass through the right endpoint of some line segment s′j with j < i.

If this is not the case we simply set s′i := si, otherwise we replace si by a

rightward maximal line segment s′i with x(left(s′i)) = x(right(s′j)).

After the replacement, M is still a feasible (and, hence, optimal) solution. In-

deed, everything to the left of the vertical line x = x(right(s′j)) is guarded

by Mj and to the right of the vertical line x = x(right(s′j)), the new line

segment s′i sees at least as much as si. By the same argument, Mi guards

everything to the left of the vertical line x = x(right(s′i)) and, therefore, the
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property (v) holds. Finally, Mi has properties (i) and (ii) because Mi−1 had

those properties and the new line segment s′i is horizontal, and Mi has prop-

erties (iii) and (iv) by construction.

There is one subtlety that we must address. Namely, we have to show that

after replacing si by s′i the order of the line segments does not change. In

other words, we must show that s′i is still the i-th line segment in the order.

(Otherwise we would have to argue about a different set Mi.) Obviously

left(s′i) lies to the right of left(s′j) for all j < i. Moreover, there cannot be any

line segment sk with k > i such that left(sk) lies in between si and left(s′i).

Indeed, such a line segment could be omitted, contradicting the optimality

of M.

• If si is horizontal, we proceed as follows. Obviously, the only properties that

may be violated are properties (iii) and (iv). It might be the case that a vertical

line segment sj ∈ M intersects the interior or passes through the right end-

point of si (thus violating the property (ii)), but this may happen only if j > i

and, therefore, the invariant is still maintained for Mi; if such line segment sj

exists, then the set M will be modified when we later handle sj. If Mi only vio-

lates property (iv), then we replace si by a rightward maximal line segment s′i

with x(left(s′i)) = x(left(si)). If si violates property (iii), then let s′j ∈ Mi−1 be

the horizontal line segment that has an overlap with si. We now replace si by

a rightward maximal line segment s′i with x(left(s′i)) = x(right(s′j)).

Since s′i sees at least as much as si (except possibly for points that were already

seen by s′j), the new solution is still feasible. Moreover, Mi sees everything
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to the left of the vertical line x = x(right(s′i)). Therefore, since Mi−1 satisfies

the invariant and because of the way s′i is constructed, Mi has all the proper-

ties (i)–(v). Finally, the new line segment s′i is still the i-th line segment in the

order, as can be verified in the same way as before.

After handling the last line segment sk in M, the set Mk is an optimal solution in

canonical form, thus proving the lemma.

5.2 A Dynamic Programming Algorithm

In this section, we present the linear-time exact algorithm for the MCSC prob-

lem on orthogonal and x-monotone polygons. Our algorithm is based on a dy-

namic programming approach.

5.2.1 The Recursive Structure

Let P be an orthogonal x-monotone polygon with n vertices. Below we discuss

the recursive structure of the MCSC problem on P and we define the subproblems

we use in our dynamic programming algorithm.

Let MOPT = {s1, . . . , sk} be an optimal solution for the MCSC problem on P that

is in canonical form, where the segments are numbered from left to right. Consider

a segment sj ∈ MOPT. By property (v) of the canonical form, no segment sj′ ∈ MOPT

with j > j is needed to guard anything to the left of right(sj). Hence, after having

selected s1, . . . , sj, the subproblem we are left with is to guard P+
i , where i is such

that right(sj) lies on the line containing the vertical edge ei. Note that when sj is
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vertical, we already guarded a part of P+
i , and we have to take this into account in

our subproblem. Hence, we define two types of subproblems.

Type A. Given 1 ≤ i ≤ k, guard P+
i with the minimum number of sliding cameras.

Type B. Given 1 ≤ i ≤ k, guard P+
i with the minimum number of sliding cam-

eras, under the assumption that the subregion of P+
i that is visible from

leftEdge(P+
i ) has already been guarded.

We denote the number of guards needed in an optimal solution of Type A on the

polygon P+
i by A[i] and the number of guards needed in an optimal solution of

Type B on the polygon P+
i by B[i]. Note that the minimum number of cameras

needed to guard the entire polygon P is A[1]. In the sequel we show how to com-

pute the values A[i] and B[i]; computing the actual solution can then be done in a

standard manner.

5.2.2 Solving the Subproblems

We now give the recursive formulas on which our dynamic programming al-

gorithm is based. Recall that the vertical edges of P are number e1, . . . , ek from left

to right. We denote the vertical line containing ei by `(ei). The following lemma

gives the recursive formula for solving the subproblem of Type A on P+
i .

Lemma 5.2.1. Let s be a rightward maximal line segment whose left endpoint lies on `(ei),

and let ei1 be the vertical edge of P on which right(s) lies. Furthermore, let ei2 be the

rightmost vertical edge of P such that s′, the vertically maximal segment aligned with ei2 ,
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ei2
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Figure 5.1: An illustration of the two cases in solving subproblem of Type A on P+
i .

guards everything of P+
i lying to the left of ei2 . See Figure 5.1 for an illustration. Then,

A[i] =

 0 if i = k

min (A[i1], B[i2]) + 1 if i < k

Proof. Trivially A[i] = 0 for i = k, so assume i < k.

Consider the first segment s∗ of an optimal solution for P+
i that is in canonical

form. By property (v), we know that s∗ must guard leftEdge(P+
i ). Hence, if it is

horizontal, it must start at leftEdge(P+
i ). By property (iv), segment s∗ is rightward

maximal. Hence, if the first segment is horizontal then the segment s is the correct

choice. After choosing s, we have to guard everything to the right of s. Note that

properties (ii) and (iii) imply that the next segment to be chosen lies in P+
i1

(see

Figure 5.1). Hence, if we decide to pick segment s then we are indeed left with

solving the subproblem of Type A on P+
i1

. Thus in this case A[i] = A[i1] + 1.

The other option is that the first segment s∗ is vertical. Again, by property (v)

we know that s∗ must guard everything between leftEdge(P+
i ) and s∗. But then

it is obviously best to choose s∗ as far to the right as possible. Hence, s′ is the

correct choice. Now the subproblem we are left with is of Type B and on P+
i2

(see
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Figure 5.2: An illustration of the two cases in solving subproblem of Type B on P+
i .

Figure 5.1), so we have A[i] = B[i2] + 1.

The best way to solve subproblem of Type A on P+
i is the best of these two

options, which proves the lemma.

For the subproblems of Type B we have a similar lemma.

Lemma 5.2.2. Let ei′ be the leftmost vertical edge in P+
i that is not seen by leftEdge(P+

i ),

let s be a rightward maximal line segment whose left endpoint lies on `(ei′), and let ei1

be the vertical edge of P on which right(s) lies. Furthermore, let ei2 be the rightmost

vertical edge of P such that s′, the vertically maximal segment aligned with ei2 , together

with leftEdge(P+
i ) guards everything of P+

i lying to the left of ei2 . See Figure 5.2 for an

illustration. Then,

B[i] =

 0 if i = k

min (A[i1], B[i2]) + 1 if i < k

Proof. Trivially B[i] = 0 for i = k, so assume i < k.

Consider the first segment s∗ of an optimal solution for P+
i that is in canonical

form. First, suppose that s∗ is horizontal. Obviously it is best to make s∗ extend to

the right as much as possible, which means left(s∗) should be to the right as far as
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possible. However, left(s∗) cannot go beyond ei′ by property (v). By property (iv),

segment s∗ is rightward maximal. Hence, if the first segment is horizontal then the

segment s is the correct choice. After choosing s, we have to guard everything to

the right of s. Note that properties (ii) and (iii) imply that the next segment to be

chosen lies in P+
i1

. Moreover, since s is rightward maximal and starts to the right

of leftEdge(P+
i ), the edge leftEdge(P+

i ) cannot see anything to the right of right(s).

Hence, if we decide to pick segment s then we are indeed left with solving the

subproblem of Type A on P+
i1

(see Figure 5.2). Thus, in this case B[i] = A[i1] + 1.

The other option is that the first segment s∗ is vertical. Again, by property (v)

we know that s∗, together with leftEdge(P+
i ), must guard everything between

leftEdge(P+
i ) and s∗. But then it is best to choose s∗ as far to the right as possi-

ble. Hence, s′ is the correct choice. Now the subproblem we are left with is of

Type B and on P+
i2

(see Figure 5.2), so we have B[i] = B[i2] + 1.

The best way to solve subproblem of Type B on P+
i is the best of these two

options, which proves the lemma.

5.2.3 Algorithmic Details

In this section, we analyze the algorithm and describe how it can be imple-

mented in linear time. To compute the optimal solution for guarding P+
i , we need

to solve two subproblems; that is, we need to solve a subproblem of Type A and a

subproblem of Type B for P+
i . To solve the subproblem of Type A for P+

i , we need

to solve two subproblems: one is of Type A for which we need to find the vertical

edge ei1 described in Lemma 5.2.1, and the other one is of Type B for which we
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need to find the vertical edge ei2 described in Lemma 5.2.1. Similarly, to solve the

subproblem of Type B for P+
i , we need to solve two subproblems: one is of Type A

for which we need to find the vertical edge ei1 described in Lemma 5.2.2, and the

other one is of Type B for which we need to find the vertical edge ei2 described in

Lemma 5.2.2. Therefore, each vertical edge ei ∈ VP is associated with at most four

other vertical edges of P; we call these four edges the associated edges of ei. In the

following, we show how the associated edges can be computed in O(n) time for

all the vertical edges in VP.

Lemma 5.2.3. The associated edges of all the vertical edges in VP can be computed in O(n)

time.

Proof. We show that each type of associated edge can be computed in linear time

for all the vertical edges in VP. The lemma then follows from the fact that there are

four types of associated edges. We first give some definitions. A reflex vertex v of

P is called right reflex (resp. left reflex) if the interior of P lies to the right (resp., to

the left) of the vertical edge incident to v. Moreover, for a reflex vertex vi of P, we

denote the vertical edge incident to vi by ei and the maximal vertical line segment

in P aligned with ei by Li. In the following, we assume that the sequence of the

reflex vertices of P ordered from right to left is given.

Step 1: the associated edge ei1 described in Lemma 5.2.1. To compute this associ-

ated edge, we use a vertical line sweeping P from right to left; the sweep line halts

at each reflex vertex of P. Let UQ and LQ be two double-ended queues that store the

reflex vertices, respectively, on the upper chain and lower chain of P. By one ex-

ception, we assume that UQ (resp., LQ) contains initially the upper vertex (resp., the
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lower vertex) of rightEdge(P). Reflex vertices are added to the end of the queues,

but they might be removed from either the front or the end of the queues. The

vertices are removed from a queue depending on whether the vertex vi at which

the sweep line is currently halted lies on the upper chain or on the lower chain of P

and also depending on where vi lies on the chain relative to the previously visited

vertices. We maintain the following invariant:

Invariant: When the sweep line halts at the reflex vertex vi, then (i) the
queue UQ stores a reflex vertex vj of the upper chain if and only if vj
lies to the right of Li and Li can see at least one point on Lj; the part of
Lj that is visible to Li is also stored. The vertices in UQ are sorted from
right to left by their x-coordinate, and (ii) the queue LQ stores a reflex
vertex vj′ of the lower chain if and only if vj′ lies to the right of Li and
Li can see at least one point on Lj′ ; the part of Lj that is visible to Li
is also stored. The vertices in LQ are sorted from right to left by their
x-coordinate.

Consider vi, the vertex at which the sweep line is currently halted, and suppose

that vx and vy are the vertices at the front of the two queues. First, we maintain the

invariant. To this end, if the part of Lj that is visible to Li is empty, then we remove

vj from UQ for all vj in UQ. Similarly, if the part of Lj′ that is visible to Li is empty,

then we remove vj′ from LQ for all vj′ in LQ. Next, we set the associated edge for ei

to ex or ey whichever is further to the right from ei. The vertex vi is then added to

the appropriate queue. See Figure 5.3 for an example. Since every reflex vertex of

P is added to a queue at most once, this step can be completed in O(n) time.

Step 2: the associated edge ei2 described in Lemma 5.2.1. To compute this as-

sociated edge, consider the reflex vertices of P from right to left sorted by their

x-coordinate. Then, the associated edge ei2 described in Lemma 5.2.1 for a vertical

edge ei is the edge e ∈ VP such that the reflex vertex v incident to e is the leftmost
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(a)

UQ 2, 3, 4, 5

LQ c

front end

UQ 5

LQ d

front end

(c)

(b)

Figure 5.3: An illustration of the sweep line algorithm. (a) An orthogonal x-

monotone polygon P with its reflex vertices on the upper and lower chains labeled

from right to left. (b) The status of queues UQ and LQ when the sweep line halts

at vertex d and the invariant is maintained: the associated edge ei1 for the vertical

edge incident to d is set to the vertical edge incident to vertex c and vertex d is

then added to LQ. (c) The status of queues UQ and LQ when the sweep line halts

at vertex 6 and the invariant is maintained: the associated edge ei1 for the vertical

edge incident to 6 is set to the vertical edge incident to vertex 5 and vertex 6 is then

added to UQ.

left reflex vertex of P such that x(v) > x(vi); such vertex v and, therefore, its in-

cident vertical edge e can be computed in linear time for all the vertical edges in

VP.

Step 3: the associated edge ei1 described in Lemma 5.2.2. To compute this associ-

ated edge for an edge ei ∈ VP, we first need to compute the vertical edge ei′ of P.

The edge ei′ for ei is the edge e ∈ VP such that the reflex vertex v incident to e is the

leftmost right reflex vertex of P such that x(v) > x(vi). Then, the edge ei1 for ei is

exactly the associated edge that we have already computed for ei′ in Step 1. Both
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vertical edges ei′ and ei1 can be computed in linear time for all the vertical edges in

VP.

Step 4: the associated edge ei2 described in Lemma 5.2.2. To find this associated

edge for a vertical edge ei, we first find the leftmost right reflex vertex vj such that

x(vj) > x(vi); observe that every point of P that lies between Li and Lj (i.e., the

maximal vertical line segments in P aligned with ei and ej, respectively) is guarded

by leftEdge(P+
i ). Therefore, the associated edge ei2 for ei is in fact the vertical edge

that is furthest to the right from Lj such that every point between Lj and Li2 is

guarded by Li2 . But, Li2 is aligned with exactly the associated edge that we have

already computed for ej in Step 2. Therefore, to compute the associated edge ei2 for

a vertical edge ei, we first find the leftmost right reflex vertex vj to the right of ei

and then return the associated edge computed in Step 2 for ej. Both vertical edges

vj and ei2 can be computed in O(n) time for all the vertical edges in VP.

Therefore, we can compute all the four associated edges in O(n) time for all the

vertical edges in VP. This completes the proof of the lemma.

By Lemma 5.2.3, we first compute the associated edges of all the vertical edges

of P in O(n) time. Then, we consider the vertical edges of P in order from right to

left and compute the optimal solution for guarding P+
i in O(1) time by computing

A[i] and B[i] as described, respectively, in Lemma 5.2.1 and Lemma 5.2.2. Finally,

A[1] is returned as the optimal solution for the MCSC problem on P. Therefore,

we have the main result of this section:

Theorem 5.2.4. There exists an algorithm that solves the MCSC problem on any simple

orthogonal and x-monotone polygon with n vertices in O(n) time.
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5.3 Orthogonal Path Polygons

In this section, we show that the dynamic programming algorithm given in Sec-

tion 5.2 can be used to solve the MCSC problem on any orthogonal path polygon

P with n vertices in O(n) time; that is, we show that the MCSC problem can be

solved in O(n) time on any simple orthogonal polygon P for which the dual graph

G(P) is a path. To this end, we first describe the structure of P and then will show

that P can be converted into an x-monotone polygon by unfolding.

P1

P4

R3

P3

R2

P2
R1

L1

L2 L3

Figure 5.4: An example of an

orthogonal path polygon P

that is not x-monotone along

with an illustration of par-

titioning P into x-monotone

subpolygons.

Let P be an orthogonal path polygon with n ver-

tices. If P is x-monotone, then we solve the MCSC

problem on P in linear time by Theorem 5.2.4. If

polygon P is not x-monotone, then we first par-

tition P into x-monotone subpolygons as follows.

Since polygon P is not x-monotone, it must have

a vertical edge e whose both endpoints are reflex

vertices of P. Partition P into three subregions by

the maximal vertical line segment L that is aligned

with e. The subregions induced by L are a rectan-

gle R and two subregions PL and PU that are con-

nected to lower and upper parts of one of the sides

of R, respectively. Partition PL and PR recursively

until the subregions induced by the partitions be-

come x-monotone; see Figure 5.4 for an illustration.

Let P1, P2, . . . , Pk be the set of x-monotone subpoly-
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R1

L1

L2

R2

Figure 5.5: An illustration of transforming a non-x-monotone polygon into an x-

monotone polygon by unfolding the polygon.

gons of P from bottom to top. Moreover, let Li, for all 1 ≤ i < k, be the maximal

line segment by which we perform the partition and let Ri, for all 1 ≤ i < k,

be the corresponding rectangle. Now, for each rectangle Ri in order, we unfold

P by flipping the subregion Pi+1 ∪ Pi+2 ∪ · · · ∪ Pk across the line through Li such

that Ri+1 lies to the same side of Li as Ri lies. The i-th flip ensures that the sub-

region P1 ∪ P2 ∪ · · · ∪ Pi+1 of P is an x-monotone polygon. Therefore, polygon P

is converted to an x-monotone polygon after the last flip. See Figure 5.5 for an

illustration.

To summarize, we first convert P into an x-monotone polygon using at most

k < n flip operations as described above and then solve the MCSC problem on the

resulting x-monotone polygon using the dynamic programming algorithm given

in Section 5.2. We can compute the set of line segments Li, for all 1 ≤ i < k, in

O(n) time by detecting each vertical edge of P whose both endpoints are reflex

vertices of P. Next, by keeping track of the lower and upper chains of P starting

from L1, we can compute the flipped polygon in O(n) time. Therefore, we have
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the following theorem:

Theorem 5.3.1. There exists an algorithm that solves the MCSC problem on any orthog-

onal path polygon with n vertices in O(n) time.
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Chapter 6

Background

A rectangular partition of an orthogonal polygon P is a decomposition of P into

rectangles whose interiors are disjoint and whose union is P. Given a rectangular

partition R of P and a line segment ` inside P, we say that ` stabs a rectangle of R

if ` passes through the interior of the rectangle. The (orthogonal) stabbing number

of R is the maximum number of rectangles of R stabbed by any axis-parallel line

segment inside P. Moreover, the vertical (resp., horizontal) stabbing number of R

is defined as the maximum number of rectangles stabbed by any vertical (resp.,

horizontal) line segment inside P. We say an edge of a rectangle in a rectangular

partition of P is fully anchored if both of its endpoints are on the boundary of P.

Consequently, a rectangular partition of P is called conforming, if all edges of its

rectangles are fully anchored.

In this part, we study the Minimum Stabbing Number (MSN) problem on or-

thogonal polygons. Recall that the objective of the MSN problem is to compute a

conforming rectangular (CR) partition of P whose stabbing number is minimum
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over that of all such partitions of P. Related work and preliminaries are given in

this chapter, and we present our results in the rest of the chapters of this part.

6.1 Related Work

De Berg and van Kreveld [11] proved that every n-vertex orthogonal polygon

has a rectangular partition with stabbing number O(log n). They showed that this

bound is asymptotically tight, as the stabbing number of any rectangular partition

of a staircase polygon with n vertices is Ω(log n) (see Figure 7.2 as an example of

a staircase). De Berg and van Kreveld [11] gave a polynomial-time algorithm that

computes a partition with stabbing number O(log n). Hershberger and Suri [22]

showed that any simple polygon P can be partitioned into O(n) triangles such

that any line segment inside P can intersect only O(n) triangles. Recently, Abam

et al. [1] considered the problem of computing an optimal rectangular partition

of a simple orthogonal polygon P, that is, a rectangular partition whose stabbing

number is minimum over all such partitions of P. By finding an optimal parti-

tion for histogram polygons in polynomial time (see Section 8.1), they obtained an

O(n7 log n log log n)-time 3-approximation algorithm for this problem. As Abam

et al. [1] noted, however, the computational complexity of the general problem is

unknown.

De Berg et al. [10] studied a related problem in which the objective is to parti-

tion a given set of n points in Rd into sets of cardinality between n/2r and 2n/r

for a given r, where each set is represented by its bounding box, such that the

stabbing number, defined as the maximum number of bounding boxes intersected
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by any axis-parallel hyperplane, is minimized. They showed that the problem is

NP-hard in R2. Moreover, they gave an exact O(n4dr+3/2 log2 n)-time algorithm in

Rd as well as an O(n3/2 log2 n)-time 2-approximation algorithm in R2, when r is

constant. Fekete et al. [15] proved that the problem of finding a perfect matching

with minimum stabbing number for a given point set is NP-hard, where the (or-

thogonal) stabbing number of a matching is the maximum number of edges of the

matching intersected by any (axis-parallel) line. They also showed that, for a given

point set, the problems of finding a spanning tree or a triangulation with minimum

stabbing number are NP-hard. Shewchuk [46] showed that in d dimensions, a line

can stab the interiors of Θ(ndn/2e) Delaunay d-simplices. This means that a Delau-

nay triangulation in the plane may have linear stabbing number. Tóth [47] proved

that for any subdivision of d-dimensional Euclidean space, d ≥ 2, by n axis-aligned

boxes, there is an axisparallel line that stabs at least Ω(log1/(d−1) n) boxes, which

is the best possible lower bound.

6.2 Preliminaries

Given an orthogonal polygon P and a CR partition R of P, we refer to any max-

imal line segment whose interior lies in the interior of P and contains an edge of

some rectangle in R as a partition edge. That is, the partition edges of R correspond

to the cuts that divide P into rectangles. We denote the set of reflex vertices of P

by VR(P). For each reflex vertex u ∈ VR(P), we denote the maximal horizontal

(resp., vertical) line segment contained in the interior of P with one endpoint at

u by Hu (resp., Vu) and refer to it as the horizontal line segment (resp., vertical line
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segment) of u. Observe that for every reflex vertex u of P, at least one of Hu and Vu

must be present in R. The following observation allows us to consider only a dis-

crete subset of the set of all possible rectangular partitions of P to find an optimal

partition:

Observation 6.2.1. Any orthogonal polygon P has an optimal rectangular partition in

which every partition edge has at least one reflex vertex of P as an endpoint.

Consequently, every partition edge is either Hu or Vu for some u ∈ VR(P).

Given an integer k ≥ 1, a k-Sum Linear Program (KLP)1 [42] consists of an m× n

matrix A, an m-vector b, and an n-vector X = (x1, x2, . . . , xn) for which the objec-

tive is to

minimize max
S⊆N:|S|=k

∑
j∈S

cjxj (6.1)

subject to AX ≥ b

X ≥ 0,

where N = {1, 2, . . . , n}. Observe that when k = n, the KLP is equivalent to a clas-

sical linear program (LP). Our 2-approximation algorithm for the MSN problem is

based on a KLP formulation of the problem (see Chapter 8).

1Throughout Part II, we use KLP to abbreviate either k-Sum Linear Program or k-Sum Linear
Programming. Similarly, we use LP to denote either Linear Program or Linear Programming.
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Hardness Result

In this chapter, we show that computing a conforming rectangular (CR ) par-

tition of an orthogonal polygon P (possibly with holes) with minimum stabbing

number is NP-hard. That is, we show that the MSN problem is NP-hard on or-

thogonal polygons with holes:

MSN WITH HOLES

INPUT: A orthogonal polygon P possibly with holes

OUTPUT: An optimal CR partition of P

To show the hardness of the MSN WITH HOLES problem, we describe a reduc-

tion from PLANAR VARIABLE RESTRICTED 3SAT (PLANAR VR3SAT). The PLA-

NAR VR3SAT problem is a constrained version of 3SAT in which each variable can

appear in at most three clauses and the corresponding variable-clause graph must be

planar. Efrat et al. [12] show that PLANAR VR3SAT is NP-hard.
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7.1 Reduction Overview

Let I = {C1, C2, . . . , Ck} be an instance of PLANAR VR3SAT with k clauses

and n variables, X1, X2, . . . , Xn. We construct a polygon P with holes such that P

has a CR partition with stabbing number at most 5c if and only if I is satisfiable,

where c is a constant that does not depend on I. 1 Given I, we first construct

the variable-clause graph of I in the non-crossing comb-shape form of Knuth and

Raghunathan [31]. Without loss of generality, we assume that the variable vertices

lie on a vertical line and the clause vertices are connected from left or right of that

line. Then, we replace each variable vertex Xi with a polygonal variable gadget to

which three connecting corridors are attached from its left. The corridors are then

connected to the clause gadgets whose associated clauses contain that variable.

Figure 7.1 shows an example of a variable gadget; note the vertex v. Due to the

structure of the variable gadget, any CR partition must contain exactly one of the

edges Vv or Hv; including Vv (resp., Hv) in the partition corresponds to a truth

assignment of true (resp., false) for the variable x. Moreover, choosing Vv or Hv

imposes constraints on how the rest of the variable gadget and its associated clause

gadgets can be partitioned. The overall construction implies the following lemma:

Lemma 7.1.1. P has a CR partition with stabbing number at most 5c, for some constant

c, if and only if I is satisfiable.

Before proving Lemma 7.1.1 we first give some definitions and describe the

details of the gadgets used in the reduction from the PLANAR VR3SAT problem.

1The precise value of c is specified after giving the detailed description of the gadgets used in
the reduction; see end of Section 7.3 for more details. Note that the value of c can be specified in
polynomial time.
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x̄

x̄

x

v

reverse staircase

normal staircase

walls

u

Figure 7.1: An example of a variable gadget X linked by three respective corri-

dors to its occurrences (x, x and x) in clauses. Each pair of dashed triangular and

rectangular holes form a negation gadget that negates the truth value of x in the

associated clause linked by the adjacent corridor. Each staircase consists of c steps.

An instance of the PLANAR 3SAT problem consists of a planar bipartite graph

GI = (V, E), called a variable-clause graph, corresponding to a Boolean formula I in

conjunctive normal form (CNF), where each clause contains three variables. The

vertices in one partition of GI correspond to the variables in I while the vertices in

the other partition of GI correspond to the clauses of I. Each clause vertex is con-

nected by an edge to the variable vertices it contains. Knuth and Raghunathan [31]

show that such a graph can be drawn on a grid with all variable vertices on a hori-

zontal line and the clause vertices connecting vertices in a comb shape from above

or below that line without any edge crossings. We assume that the variable ver-

tices lie on a vertical line and the clause vertices are connected from left or right of
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that line. Next, we describe the gadgets used in our reduction.

7.2 Variable Gadgets

In this section, we describe the variable gadgets. Figure 7.1 shows an example

of a variable gadget. We denote the variable gadget corresponds to variable Xi

by VG(Xi). Each variable gadget has three open corridors, namely the top, middle

and bottom corridors. Each open corridor of VG(Xi) is connected to one of the

clauses that contains Xi. Let Cj be a clause that contains Xi. We denote the corridor

connecting VG(Xi) to Cj by corr(Xi, Cj). corr(Xi, Cj) indicates the presence of

a literal of Xi (i.e., xi or x̄i) in the clause Ci. There are two holes in the begin of

corr(Xi, Cj): a rectangular hole, called variable hole, and a t-shaped hole that has two

staircases on its boundary, each consisting of c steps (each staircase is represented

by a single diagonal edge in Figure 7.1), where c is a constant whose value we

will determine later. To avoid confusion, we call the upper staircase of each t-

shaped hole a normal staircase and the lower staircase of each t-shaped hole a reverse

staircase. As Figure 7.1 shows, each variable gadget has also a normal staircase and

a reverse staircase on its boundary. See Figure 7.2(a) for an illustration of a normal

staircase. The details of a reverse staircase are similar, but in reverse.

We separate the upper part of each variable gadget from the rest with two holes

and a part of the boundary of VG(Xi), called walls. There is a gap between the two

right walls. We observe in Figure 7.1 that Vu passes through this gap and enters

into the upper part of P. Note that the vertical lines through all remaining vertices

on this staircase intersect one of the walls.
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(a) (b)

c reflex
vertices

vertices
4c reflex

Figure 7.2: (a) Left: a high-level view of a normal staircase. Right: a detailed

description of a normal staircase. (b) Left: a high-level view of a triangle-negation

gadget. Right: the detailed description of a triangle-negation gadget.

If x̄i ∈ Cj, then we locate a pair of holes inside corr(Xi, Cj) that serve as a nega-

tion gadget. The dashed rectangles and the triangles within the middle and bot-

tom corridors of the variable gadget shown in Figure 7.1 are examples of negation

gadgets (i.e., each dashed triangle and rectangle visible to that triangle constitute a

negation gadget). The dashed rectangle, called rectangle-negation hole, is located be-

low the variable hole inside corr(Xi, Cj). The triangle, called triangle-negation hole,

is located on the left and above the variable hole such that no vertical or horizontal

line segment inside VG(Xi) can intersect both the triangle-negation hole and the

variable hole or both the triangle-negation hole and the rectangle-negation hole.

Note that the two upper vertices of the rectangle-negation hole have the same y-

coordinate as the lowest reflex vertex of the normal staircase inside corr(Xi, Cj).

Moreover, the x-coordinate of the left-upper vertex of the rectangle-negation hole

is less than the x-coordinate of the lower-left vertex of the variable hole inside

corr(Xi, Cj).
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Each triangle-negation gadget is a reverse staircase consisting of 4c steps. Fig-

ure 7.2(b) shows the details of a triangle-negation gadget. Finally, recall vertex

v, the right-most reflex vertex of VG(Xi) (see Figure 7.1). We call this vertex, the

decision vertex of VG(Xi).

7.3 Clause Gadgets

clause

the bend

Figure 7.3: A part of a left clause

gadget.

We now describe the clause gadgets. Note

that in the variable-clause graph, each variable

vertex has degree at most three. Moreover,

in the comb-shaped drawing of the variable-

clause graph, edges might be incident to a vari-

able vertex from both left and right of that ver-

tex. Therefore, we have two possibilities for

corr(Xi, Cj). Figure 7.3 shows a part of a

clause gadget whose corresponding clause vertex is on the left of the variable ver-

tices. This means that, the clause gadget lies to the left of the variable gadgets. We

call such clause gadget a left clause gadget. We call the clause gadget that lies to the

right of the variable gadgets a right clause gadget. When it does not matter, we omit

the left or right prefix when referring to a clause gadget.

Figure 7.3 shows only a part of a left clause gadget. To describe the complete

gadget, we extend the open vertical half-segments upwards and downwards un-

til we connect the three corridors that come from the variables contained in this

clause. Then, we connect the two half-segments by a horizontal line segment in
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the top and bottom parts of the clause gadget. According to the structure of a

comb-shaped drawing of the variable-clause graph, the three corridors connecting

variables to a clause must all be connected to only from left or right of the clause

gadget.

In the opposite side of a corridor connected to a clause gadget, we locate a

reverse staircase inside the clause gadget headed towards the corridor (see the

triangle in Figure 7.3). The reverse staircases inside a clause gadget have 2c steps.

We create a bend in the middle of the corridor connecting a variable gadget to a left

clause gadget as shown in Figure 7.3. There are four separate steps on the corners

of the bend. The steps are created such that no vertical line segment inside the

corridor can intersect two of them at the same time.

clause

the bend

Figure 7.4: A part of a right

clause gadget.

The structure of a right clause gadget is sim-

ilar to that of a left clause gadget. Figure 7.4

shows an example of a right clause gadget.

Since we have to bend the corridor connecting

a variable gadget to a right clause gadget we do

not create any additional bend inside the corri-

dor. There are two separate steps on the corners

of the bend of a right clause gadget. See Figure 7.4. Recall that P is the polygon

(with holes) given by the union of the variable and clause gadgets. Finally, we set

c to a constant greater than the number of reflex vertices of P that are neither on a

staircase nor on a hole of P. In other words, c is a constant greater than the number

of reflex vertices of P′; a simple polygon obtained from P by removing the all holes
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and the staircases of P. We are now ready to prove Lemma 7.1.1.

7.4 Proof of Lemma 7.1.1

We first assume that I is satisfiable. We give a CR partition of P that has stab-

bing number at most 5c. For each variable Xi; if Xi is true, then we add Vv to the

partition, where v is the decision vertex of VG(Xi). Similarly, if Xi is false, then we

add Hv to the partition, where v is the decision vertex of VG(Xi).

1. If Xi is true, then Vv forces all reverse staircases of VG(Xi) to be partitioned

vertically except for the reverse staircase on the boundary of VG(Xi) (i.e., the

upper-most staircase of VG(Xi)). Thus, the normal staircases that are headed

towards these reverse staircases are forced to be partitioned vertically. There-

fore, the vertical edge that passes through exactly one of the vertices of the

staircase located on the boundary of VG(Xi) (i.e., Vu in Figure 7.1) passes

through the two right walls of VG(Xi). This forces the upper-most staircase of

VG(Xi) to be partitioned vertically, which implies that all staircases of VG(Xi)

must be partitioned vertically. It is easy to see that no vertical or horizontal

line segment inside VG(Xi) can stab the rectangles generated by partitioning

more than four staircases at the same time. Now, let cord be a corridor of

VG(Xi).

• If there is no negation gadget inside cord, then we add additional verti-

cal partition edges to partition cord. The steps inside the bend of cord

force the bend and, consequently, the reverse staircase of the clause gad-
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get, which is headed towards cord, to be partitioned vertically. There-

fore, any horizontal line segment through the corridor stabs at most 3c

rectangles.

• If there are the negation gadgets inside cord, then we add Hu for every

reflex vertex of the triangle-negation and the rectangle-negation holes.

This forces the steps inside the bend of cord and, therefore, the reverse

staircase of the clause gadget headed towards cord to be partitioned

horizontally. Note that since I is satisfiable it is not possible for all three

reverse staircases inside the clause gadget to be partitioned horizontally.

Moreover, we observe that no horizontal or vertical line segment inside

the VG(Xi) can stab all rectangles generated by partitioning a triangle-

negation and a staircase simultaneously.

Therefore, we conclude that the stabbing number of the CR partition of VG(Xi)

is at most 5c.

2. If Xi is false, then we can use an analogous argument as when Xi is true to

show that all staircases of VG(Xi) must be partitioned horizontally. Then, it

is easy to see that no vertical or horizontal line segment inside VG(Xi) can

stab the rectangles generated by partitioning more than four staircases at the

same time. Now, let cord be a corridor of VG(Xi).

• If there is no negation gadget inside the corridor, then we add additional

horizontal partition edges to partition the corridor. By an analogous ar-

gument as in the first part of Case 1, we can show that the entire corridor
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and the reverse staircase of the clause gadget headed towards the corri-

dor must be partitioned horizontally. Again, since I is satisfiable it is not

possible that all three reverse staircases inside the clause gadget to be

partitioned horizontally. Therefore, any vertical line segment through

the clause gadget stabs at most 5c rectangles.

• If there are the negation gadgets inside cord, then we add Vu for every

reflex vertex on the triangle-negation and the rectangle-negation holes.

By an analogous argument as in the second part of Case 1, we can show

that the entire corridor and, consequently, the reverse staircase inside

the clause gadget connected to cord must be partitioned vertically.

Therefore, the stabbing number of the CR partition of VG(Xi) is at most 5c.

This completes the first part of the proof.

Now, we assume that we are given a CR partition of P that has stabbing number at

most 5c. We give a truth assignment for I as follows. For each variable Xi, we set

Xi to true (resp., to f alse) if and only if the partition has Vv (resp., has Hv), where v

is the decision vertex of VG(Xi).

Let C(Xi) ∈ {xi, x̄i} denote the literal of Xi that is appeared in the clause C.

We denote the value of a literal xi by val(xi). Suppose by a contradiction that

this assignment does not result in a truth value for I. Thus, there exists a clause

C = (Xi, Xj, Xk) such that val(C(Xi)) =val(C(Xj)) =val(C(Xk)) = f alse. In the

following, we decide on C(Xi). The procedure for C(Xj) and C(Xk) is analogous.

1. If C(Xi) = xi, then Hv is present in VG(Xi) because val(C(Xi)) = f alse.
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Therefore, all staircases inside VG(Xi) must have been partitioned horizon-

tally. Since C(Xi) = xi there is no negation gadget in corr(Xi, C). Thus, the

lowest reflex vertex of the normal staircase, which belongs to the t-shaped

hole in the begin of corr(Xi, C), is forced to be an endpoint of a horizon-

tal partition edge of the partition. This horizontal partition edge will go

through corr(Xi, C) and force the steps inside the bend of corr(Xi, C) to

remain partitioned horizontally. Therefore, we must have the partition edge

of corr(Xi, C) that goes through the interior of C and passes below the re-

verse staircase of C, which is headed towards corr(Xi, C). It follows that, in

this case, this reverse staircase must been partitioned horizontally.

2. If C(Xi) = x̄i, then Vv is present in VG(Xi) because val(C(Xi)) = f alse. Since

Vv is present in VG(Xi) all staircases of VG(Xi) have been partitioned verti-

cally. Since C(Xi) = x̄i there are negation gadgets (i.e., the triangle-negation

and the rectangle-negation holes) inside corr(Xi, C). The triangle-negation

hole inside corr(Xi, C) must have been partitioned horizontally. Otherwise,

there is a horizontal line segment inside the corridor (consider the horizontal

line segment that passes through the gap between the variable hole and the

rectangle-negation hole of corr(Xi, C)) that stabs the all rectangles gener-

ated by the triangle-negation hole and the reverse staircase on the t-shaped

hole just above corr(Xi, C). It follows that the stabbing number of the given

rectangular partition is greater than 5c, which is a contradiction. The hori-

zontal rectangles generated by the triangle-negation hole block the upper-left

vertex of the rectangle-negation hole to be an endpoint of a vertical partition
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edge of the partition. Therefore, the partition edge through this vertex must

be horizontal. This horizontal partition edge has forced the steps inside the

bend of corr(Xi, C) to be partitioned horizontally. It follows that, in this

case, the reverse staircase must be partitioned horizontally, as well.

We conclude that if val(C(Xi)) = f alse, then the reverse staircase inside the

clause C, which is headed towards corr(Xi, C), must be partitioned horizontally.

Since val(C(Xi)) =val(C(Xj)) =val(C(Xk)) = f alse, we conclude that all the

reverse staircases inside C must been partitioned horizontally. Since each reverse

staircase inside a clause gadget consists of 2c stairs, there exists a vertical line seg-

ment inside C that stabs more than 5c rectangles, which is a contradiction. This

completes the second part of the proof. �

By Lemma 7.1.1, we obtain the main result of this chapter:

Theorem 7.4.1. MSN WITH HOLES is NP-hard.



Chapter 8

Algorithmic Results

In this chapter, we give two algorithmic results on the MSN problem. In Sec-

tion 8.1, we give an O(n log n)-time algorithm that solves the MSN problem on

histograms exactly, where n is the number of the vertices of the histogram. We

then give a polynomial-time 2-approximation algorithm for the MSN problem on

orthogonal polygons (see Section 8.2) using a linear programming formulation of

the problem.

8.1 An Optimal Algorithm for Histograms

In this section, we present an algorithm for computing an optimal CR partition

of a histogram. Recall that a histogram (polygon) H is a simple orthogonal polygon

that has one edge e that can see every point in P. Equivalently, as defined by Katz

and Morgenstern [27], a simple orthogonal polygon P is a vertical (resp., horizon-

tal) histogram if it is monotone with respect to some horizontal (resp., vertical)
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(a) (b)

Figure 8.1: A vertical histogram H. (a) An optimal rectangular partition of H with

stabbing number 2. (b) Any CR partition of H has stabbing number at least 3.

edge e that spans P; we call e the base of H.

Abam et al. [1] gave a polynomial-time algorithm for computing an optimal

rectangular partition of a histogram. A rectangular partition of a histogram is not

necessarily a CR partition. Figure 8.1(a) shows a histogram whose optimal rect-

angular partition has stabbing number 2. However, any CR partition of this his-

togram has stabbing number at least 3; see Figure 8.1(b). Without loss of generality,

we assume for the rest of this section that every histogram is a vertical histogram.

Let H be a histogram with n vertices and let H− denote the set of horizontal

edges of H. Recall that every CR partition of H must include at least one of the

edges Hu or Vu for every reflex vertex u in H. The algorithm begins with an initial

partition of H, consisting exclusively of horizontal partition edges, that will be

modified to produce an optimal CR partition of H by greedily replacing horizontal

edges with vertical edges. The initial partition of H is obtained by adding the edge

Hu for each reflex vertex u.

Observation 8.1.1. For any CR partition of any vertical histogram H and any reflex ver-

tex u in H, the vertical partition edge Vu may be included at u if and only if no horizontal
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partition edge is included directly below u (otherwise it would intersect Vu).

Observation 8.1.1 suggests a hierarchical tree structure that determines a par-

tial order in which each horizontal partition edge can be removed and replaced

by a vertical partition edge, provided it does not intersect any horizontal parti-

tion edge below it. Thus, we construct a forest (initially a single tree denoted T0)

associated with the partition; the algorithm proceeds to update the forest and,

in doing so, modifies the associated partition as horizontal partition edges are

replaced by vertical ones. Define a tree node for each edge in H− ∪ S, where

S = {Hu | u ∈ VR(H)}. Add an edge between two vertices u and v if some

vertical line segment intersects both edges associated with u and v, but no other

edge of H− ∪ S. When the polygon H is a histogram, the resulting graph, T0, is

a tree. See the example in Figure 8.2(a). We now describe how to construct T0 in

O(n log n) time. Note that the set S need not be known before construction.

Each edge in H− is adjacent to two vertical edges on the boundary of H, which

we call its left and right neighbours, respectively. Sort the edges of H− lexicograph-

ically, first by y-coordinates and then by x-coordinates. The algorithm sweeps a

horizontal line ` across H from bottom to top. Initially, ` coincides with the base of

H; root the tree T0 at a node u that corresponds to the base of H. The construction

refers to a separate balanced search tree [9] that archives the set of vertical edges of

H on or below the sweepline, indexed by x-coordinates. Initially, only the leftmost

and rightmost vertical edges of H are in the search tree, i.e., the base’s neighbours.

The construction of the tree T0 proceeds recursively on u as follows.

Suppose the next edges of H− encountered by the sweepline ` are e1, . . . , ek,
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(a)

(b) (c)p′

p

q′q

Figure 8.2: (a) A histogram H and the tree T0 that corresponds to the initial parti-

tion of H. (b) The edge associated with node p is removed from the partition and

is replaced by two vertical edges anchored at the reflex vertices q and q′. The red

vertices denote the roots of the three new resulting trees. (c) The algorithm termi-

nates after one more iteration, giving an optimal CR partition of H (with stabbing

number 5) along with the corresponding forest.

each of which has equal y-coordinate. Add the respective left and right neigh-

bours of e1, . . . , ek to the search tree. Let l1 and r1 denote the x-coordinates of the

respective left and right endpoints of edge e1. Add a node representing e1 to T0

as a child of u. Check whether the left neighbour of e1 (indexed by l1) lies below

`. If not, then find the predecessor of l1 in the search tree and let y denote its x-

coordinate. Let u′ denote the line segment on line ` with respective endpoints at

the x-coordinates y and l1. Add a node representing u′ to T0 as a child of u. Re-
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cursively construct the subtree of u′. Apply an analogous procedure to the right

neighbour of e1 (indexed by r1). Repeat for each edge ei ∈ {e2, . . . , ek}. Upon com-

pletion, the tree T0 is constructed storing a representation of the initial horizontal

partition (see Figure 8.2(a)). Finally, each tree node stores its height and links to

its children in order of x-coordinates; the tree can be updated accordingly after

construction. The running time for constructing T0 is bounded by sorting O(n)

edges and a sequence of O(n) searches and insertion on the search tree, resulting

in O(n log n) time to construct T0.

We now describe a greedy algorithm to construct an optimal CR partition of

H using T0. Observe that the horizontal stabbing number of the initial partition

is initially one, whereas its vertical stabbing number corresponds to the height of

T0. The algorithm stores the forest’s trees in a priority queue indexed by height.

While the vertical stabbing number of H remains greater than its horizontal stab-

bing number, split the tree of maximum height, say T. To do this, remove the

horizontal partition edge stored in a tree node p, where p is a child of the root of T

on a longest root-to-leaf path in T. The choice of T and p is not necessarily unique;

it suffices to select any tallest tree T and any longest path in T. Observe that p has

at least one and possibly two reflex vertices as endpoints, denoted a and b. Remove

the horizontal partition edge associated with p and add a vertical partition edge

(Va or Vb) for each neighbour of p that lies above p on the boundary of H. The tree

T is then divided into up to three new trees: a) the subtrees of the root of T to the

left of p, b) the subtree rooted at p, and c) the subtrees of the root of T to the right of

p. The root of each new tree corresponds to the base edge of H. See Figure 8.2(b).
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The following observation is straightforward:

Observation 8.1.2. The horizontal stabbing number of the partition associated with the

forest corresponds to the number of trees in the forest, whereas its vertical stabbing number

corresponds to the height of the tallest tree in the forest.

Once the height of the tallest tree becomes less than or equal to the number of

trees in the forest, we return either the current partition or the previous partition,

whichever has lower stabbing number. The number of steps is O(n), where each

step requires O(log n) time to determine the tree with maximum height using the

priority queue [9].

The algorithm’s correctness follows from Observations 8.1.1 and 8.1.2, and the

fact that reducing the vertical stabbing number requires reducing the height of the

tallest tree, which is exactly how the algorithm proceeds, decreasing the height of

a tallest tree by one on each step. Therefore, we have the following theorem:

Theorem 8.1.3. Given a histogram H, an optimal CR partition of H can be found in

O(n log n) time, where n is the number of vertices of H.

8.2 A 2-Approximation Algorithm

In this section, we present a Linear Programming (LP) formulation for the

problem of finding an optimal CR partition of a orthogonal polygon, possibly

with holes. We show that a simple rounding of the LP relaxation leads to a 2-

approximation algorithm for this problem. Our algorithm works even when the

input polygon has holes.
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u

fε(u) `−u

v
w

`|u

ε

Figure 8.3: The maximal line

segments `−u and `
|
u that pass

through the point fε(u) are

shown in red and blue, respec-

tively. In this example,uΣ− = 1+

uv + vv + wv and uΣ| = 1 + uh.

For an orthogonal polygon P, we define two

binary variables uh and uv for every reflex ver-

tex u ∈ VR(P) that correspond to Hu and Vu, re-

spectively. Each variable’s value (1 = present,

0 = absent) determines whether its associated

partition edge is included in the partition. If

two reflex vertices align, then they share a com-

mon variable. For each reflex vertex u in VR(P),

let `−u and `
|
u be respective maximal horizon-

tal and vertical line segments that pass through

fε(u) and are completely contained in P, where

fε(u) denotes an ε translation of the point u along the bisector of the interior angle

determined by the boundary of P locally at u, for some ε less than the minimum

distance between any two vertices of P. This perturbation ensures that `−u and `
|
u

lie in the interior of P, as in the definition of stabbing number. See Figure 8.3. Let

S−u (resp., S|u) be the set of reflex vertices in VR(P), like v, such that Vv (resp., Hv)

intersects `−u (resp., `|u). For each reflex vertex u ∈ VR(P), let

uΣ− = 1 + ∑
p∈S−u

pv, and uΣ| = 1 + ∑
p∈S|u

ph.

Thus, uΣ− and uΣ| denote the number of rectangles stabbed by `−u and `
|
u, respec-

tively, and their maximum values among all reflex vertices u in P correspond to

one less than the respective horizontal and vertical stabbing numbers of P. Conse-

quently, the stabbing number of the partition of P determined by the binary vari-
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ables is

1 + max
u∈VR(P)

{max{uΣ− , uΣ|}}. (8.1)

A partition divides the polygon into convex regions (more specifically, rectan-

gles) if and only if at least one partition edge is rooted at every reflex vertex. Thus,

a CR partition of P corresponds to an assignment of truth values to the set of binary

variables such that (i) no two edges of the partition cross, and (ii) for every reflex

vertex u, at least one of Vu and Hu is present in the partition.

Therefore, the problem of finding an optimal CR partition can be formulated as

a k-sum integer linear program as follows:

minimize (8.1) (8.2)

subject to uh + uv ≥ 1, ∀u ∈ VR(P),

vh + uv ≤ 1, if Hv intersects Vu,

uh, uv ∈ {0, 1}, ∀u ∈ VR(P).

To obtain an integer linear program, we introduce an additional variable y. The

following integer linear program is equivalent to the above KLP (see Section 6.2):

minimize y (8.3)

subject to y− uΣ− ≥ 0 ∀u ∈ VR(P),

y− uΣ| ≥ 0 ∀u ∈ VR(P),

uh + uv ≥ 1, ∀u ∈ VR(P),

− vh − uv ≥ −1, if Hv intersects Vu,

uh, uv ∈ {0, 1}, ∀u ∈ VR(P). (8.4)
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Since the number of sums in (8.1) is O(n2), the size of the integer linear program

above is polynomial in n. Next, we relax the above program by replacing (8.4) with

uh, uv ∈ [0, 1], ∀u ∈ VR(P) and obtain the following LP:

minimize y (8.5)

subject to y− uΣ− ≥ 0 ∀u ∈ VR(P),

y− uΣ| ≥ 0 ∀u ∈ VR(P),

uh + uv ≥ 1, ∀u ∈ VR(P),

− vh − uv ≥ −1, if Hv intersects Vu,

uh, uv ≥ 0, ∀u ∈ VR(P).

We observe that the constraints uh, uv ≤ 1 are redundant since we can reduce any

uh > 1 (resp., uv > 1) to uh=1 (resp., uv=1) without increasing the value of the

objective function for any feasible solution. Let s∗ be a solution to the above LP.

We round s∗ to a feasible solution for our problem as follows. For each vertex

u ∈ VR(P), let

uh =


0, if s∗(uh) ≤ 1/2,

1, if s∗(uh) > 1/2,

and uv =


0, if s∗(uv) < 1/2,

1, if s∗(uv) ≥ 1/2.

(8.6)

We first show that, for every reflex vertex u, at least one of Vu and Hu is present in

the partition.

Lemma 8.2.1. For each vertex u ∈ VR(P), at least one of uh and uv is equal to 1 after

rounding a solution to (8.5).

Proof. We give a proof by contradiction. Suppose that after rounding a solution

to (8.5), uh = uv = 0 for some u ∈ VR(P). Since uh = 0 by (8.6) we have
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s∗(uh) ≤ 1/2 and, similarly, since uv = 0 we have s∗(uv) < 1/2. Therefore,

s∗(uh) + s∗(uv) < 1, which contradicts the constraint uh + uv ≥ 1 of (8.5).

The next lemma proves that no two edges of the partition obtained by the LP

cross each other.

Lemma 8.2.2. If Hv intersects Vu, for two vertices u, v ∈ VR(P), then at most one of the

variables vh and uv is 1 after rounding a solution to the LP.

Proof. We give a proof by contradiction. Suppose that for two vertices u, v ∈

VR(P): (i) Hv intersects Vu, and, (ii) both vh and uv are 1 after rounding. Since

after rounding vh=1 by (8.6) we have s∗(vh) > 1/2. Similarly, since after rounding

uv=1 we have s∗(uv) ≥ 1/2. Therefore, s∗(vh) + s∗(uv) > 1, which contradicts the

constraint vh + uv ≤ 1 (or equivalently −vh − uv ≥ −1) of the LP.

By combining Lemmas 8.2.1 and 8.2.2, we get the following result:

Corollary 8.2.3. The partition determined by a feasible solution to the LP after rounding

is a CR partition.

By (8.6), the value of each variable after rounding is at most twice the value of

the corresponding variable in the LP solution. Moreover, it is easy to see that the

number of constraints in (8.5) is polynomial in VR(P), allowing a 2-approximate

solution to be found in polynomial time [8, 50]. Therefore, we have the following

theorem:

Theorem 8.2.4. There exists a polynomial-time algorithm that constructs a CR partition

of any given orthogonal polygon P with stabbing number at most twice that of any CR

partition of P.
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(a) (b)

Figure 8.4: A simple orthogonal polygon P for which (a) the optimal partition has

stabbing number 4 while (b) assigning Vu (or Hu) to every reflex vertex u of P

results in a partition with stabbing number at least 10.

Remark. A preliminary attempt at obtaining a 2-approximation might be to assign

to each reflex vertex u its vertical partition edge, Vu (or, equivalently, assigning

the horizontal partition edge Hu to each u). Unfortunately, this is not the case:

Figure 8.4 shows an orthogonal polygon for which the optimal CR partition has

stabbing number 4. However, the partition obtained by assigning Vu (or Hu) con-

sistently to every vertex u ∈ VR(P) has stabbing number at least 10. In fact, the

polygon in this example can be extended to show that this heuristic does not pro-

vide any constant-factor approximation.
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Chapter 9

Background

A 1.5-dimensional terrain T is an x-monotone polygonal chain in the plane, where

V(T) = {v1, . . . , vn} is the set of vertices of T ordered from left to right, and

E(T) = {e1 = (v1, v2), . . . , en−1 = (vn−1, vn)} is the set of edges of T induced by

the vertex set V(T). Terrain T is called an orthogonal terrain if each edge e ∈ E(T) is

either horizontal or vertical. Let p be a point guard on T; p is called a vertex guard

if p ∈ V(T). A point q on T is seen/guarded by p (or, p sees/guards q) if and only

if every point of the line segment pq lies either on or above T.

Given a (not necessarily orthogonal) terrain T, two common types of guarding

problems are defined on T. In the continuous terrain guarding problem, the objec-

tive is to find a minimum-cardinality set S of points on T that guards T; that is, for

every point p ∈ T, either p is in S or p is guarded by at least one point in S. In the

discrete terrain guarding problem, on the other hand, two sets P and G of points on

T are given along the terrain T as input and the objective is to find a subset G′ ⊆ G

of minimum cardinality such that G′ guards the points in P.

91
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9.1 Problem Definition and Our Result

In this part, we study the Directed Terrain Guarding (DTG) problem. The DTG

problem is a variant of the discrete terrain guarding problem on an orthogonal

terrain T under directed visibility such that P = G = V(T); let n = |T|. The directed

visibility is defined as follows.

Definition 2. (Directed Visibility). Let u be a vertex of T. If u is a reflex vertex, then

u sees a vertex v of T if and only if every point in the interior of the line segment uv lies

strictly above T. If u is a convex vertex, then u sees a vertex v of T if and only if uv is a

non-horizontal line segment that lies on or above T.

It is possible, under directed visibility, that a vertex u of T sees a vertex v, but

vertex v cannot see u; see Figure 9.1(a) for an example. Therefore, we consider the

following problem:

Definition 3. (The Directed Terrain Guarding (DTG) Problem on Orthogonal Ter-

rains). Given an orthogonal terrain T, compute a subset S ⊆ V(T) of minimum car-

dinality that guards the vertices of T under directed visibility. That is, for every vertex

u ∈ V(T), either u ∈ S or u is guarded by at least one vertex in S under directed visibil-

ity.

In this chapter, we present related work on the terrain guarding problem and

provide preliminary results on the DTG problem. In Chapter 10, we give an O(n)-

time algorithm for the DTG problem on orthogonal terrains under directed visibil-

ity. To this end, we first reduce the DTG problem to two subproblems such that an

exact solution for the DTG problem reduces to the union of exact solutions of the
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v1 vn

x

y

z
p

q

r

s

Figure 9.1: An orthogonal terrain T; throughout this part, we assume that the left-

most and rightmost edges of T are two horizontal rays starting from v1 and vn,

respectively. (a) An illustration of directed visibility: neither vertex y nor z can see

vertex x under directed visibility, but they can see each other. The vertex x can see

vertex y, but it cannot see vertex z because the line segment xz is horizontal. (b)

The vertices q and r are reflex while the vertices p and s are convex. Moreover, q

and r are both left reflex, p is left convex and s is right convex; vertex vn is a right

reflex vertex.

two subproblems. We then give an O(n)-time greedy algorithm for solving each

of the subproblems. To the best of our knowledge, this is the first exact algorithm

for a nontrivial instance of the terrain guarding problem and partially answers a

question posed by Ben-Moshe et al. [4] for orthogonal terrains.

9.2 Related Work

The terrain guarding problem belongs to the well-known family of art gallery

problems. See Chapter 2 for an overview of related work on the art gallery prob-

lem. Regarding the terrain guarding problem, Ben-Moshe et al. [4] gave the first
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constant-factor approximation algorithm for this problem and left the complex-

ity of the problem open. King and Krohn [30] showed that both continuous and

discrete versions of the terrain guarding problem are NP-hard on arbitrary ter-

rains. A 4-approximation algorithm for the terrain guarding problem was given

by Elbassioni et al. [14], and Katz and Roisman [28] gave a 2-approximation algo-

rithm for the OTG problem1 Gibson et al. [20] gave a polynomial-time approxima-

tion scheme (PTAS) for the discrete version of the terrain guarding problem, and a

PTAS for the continuous version of the problem was recently given by Friedrichs

et al. [18]. To the best of our knowledge, however, the complexity of the DTG prob-

lem on orthogonal terrains remains open. We note that the hardness result of King

and Krohn [30] does not apply to the DTG problem on orthogonal terrains due to

a number of essential differences between arbitrary and orthogonal terrains (e.g.,

see Lemma 9.3.3).

9.3 Definitions and Preliminary Results

We denote the x- and y-coordinates of a point p on an orthogonal terrain T by

x(p) and y(p), respectively. For the rest of this part, we use terms “terrain” and

“guard” to refer to an orthogonal terrain and a vertex guard, respectively, unless

otherwise stated. Moreover, we simply use “guarding” to mean “guarding under

directed visibility” unless otherwise stated.

A vertex u of T is convex (resp. reflex), if the angle formed by the edges incident

1Recall from Chapter 1 that the OTG problem is in fact the DTG problem under standard
visibility.
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to u above T is π/2 (resp., 3π/2). We denote the set of convex vertices and reflex

vertices of T by Vc(T) and Vr(T), respectively. A convex vertex vc ∈ Vc(T) is

left convex (resp., right convex), if the area above the horizontal edge incident to

vc lies to the right (resp., to the left) of the vertical edge incident to vc. Similarly,

a reflex vertex vr ∈ Vr(T) is left reflex (resp., right reflex), if the area below the

horizontal edge incident to vr lies to the left (resp., to the right) of the vertical edge

incident to vr. See Figure 9.1(b) for an example of these definitions. We denote

the set of left convex vertices and the set of right convex vertices of T by Vlc(T)

and Vrc(T), respectively. Similarly, the set of left reflex vertices and the set of right

reflex vertices of T are denoted by Vlr(T) and Vrr(T), respectively.

For consistency, we assume that the leftmost and rightmost edges of T are two

horizontal rays starting from v1 and vn, respectively; see Figure 9.1 for an illustra-

tion. For a reflex vertex u of T, we denote the convex vertex directly below u by

B(u). We say that a subset M of vertices of T guards a subset M′ of vertices of T,

where M ∩M′ = ∅, if every vertex in M′ is guarded by at least one vertex in M.

We first describe some properties of orthogonal terrains.

Observation 1. Let u and v be two reflex vertices of T. If vertex u sees B(v), then u must

also see v; see Figure 9.2 for an illustration.

Observation 2. Let u be a reflex vertex of a terrain T. If u is right reflex and sees a left

convex vertex v of T, then x(u) > x(v) and y(u) > y(v). Similarly, if u is left reflex and

sees a right convex vertex v of T, then x(u) < x(v) and y(u) > y(v).
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u

B(v)

v

Figure 9.2: If a reflex vertex u

sees B(v), for some reflex vertex

v, then u must also see vertex v

itself.

We first show that the following property,

called the order claim, still holds under directed

visibility:

Lemma 9.3.1 (Ben-Moshe et al. [4]). Let p, q, r

and s be four vertices of a terrain T such that x(p) <

x(q) < x(r) < x(s). If p sees r and q sees s, then p

sees s.

Proof. Note that there are three lines of visibil-

ities involved in the order claim: the visibility lines between p and r, between q

and s, and between p and s. Since x(p) < x(q) < x(r) < x(s), none of these three

lines of visibilities can occur between two adjacent vertices of T and, therefore, di-

rected visibility does not affect the lines of visibilities involved in order claim. This

completes the proof of the lemma.

Lemma 9.3.2. Let u be a reflex vertex of a terrain T. If u is right reflex (resp., left reflex),

then u cannot see any right convex (resp., left convex) vertex of T.

Proof. We prove the lemma for when u is right reflex; the other case is proved by

a symmetric argument. Let v be a right convex vertex of T. If x(v) = x(u), then

v = B(u) and, therefore, u cannot see v under directed visibility. If x(v) 6= x(u),

then there are two cases: (i) if y(v) = y(u), then v is the adjacent vertex to the right

of u and so u cannot see v under directed visibility, and (ii) if y(v) 6= y(u), then it

is clearly not possible for u to see v. This completes the proof of the lemma.

In an arbitrary terrain, it is possible that a reflex vertex can guard both a left
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and a right convex vertex. For orthogonal terrains, however, this is not the case.

This property is stated in the following lemma.

Lemma 9.3.3. Let u be a right convex vertex and v be a left convex vertex of a terrain T.

Then, there is no reflex vertex of T that sees both u and v under directed visibility.

Proof. By Lemma 9.3.2, (i) no right reflex vertex of T can see u, and (ii) no left reflex

vertex of T can see v. Therefore, no reflex vertex of T can see both u and v. This

completes the proof of the lemma.



Chapter 10

An Exact Algorithm for the Directed

Terrain Guarding Problem

In this chapter we present our exact O(n)-time algorithm for the DTG problem

on orthogonal terrains. To this end, in Section 10.1, we show that the DTG problem

on T can be reduced to two subproblems such that an exact solution for the DTG

problem is equivalent to the union of the exact solutions for the two subproblems.

In Section 10.2, we show that each subproblem can be solved exactly in O(n)-time

using a greedy algorithm.

10.1 Defining Subproblems

In this section, we first define the two subproblems and then will show that an

exact solution for the DTG problem is equivalent to the union of the exact solutions

for the two subproblems.

98
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Definition 4. (The Left-Convex Guarding (LCG(M)) Problem). Given a set M ⊆

Vlc(T), the objective of the LCG(M) problem is to compute a minimum-cardinality set

M′ ⊆ V(T) such that for every vertex u ∈ M, either u ∈ M′ or u is guarded by at least

one vertex in M′.

Definition 5. (The Right-Convex Guarding (RCG(M)) Problem). Given a set M ⊆

Vrc(T), the objective of the RCG(M) is to compute a minimum-cardinality set M′ ⊆ V(T)

such that for every vertex u ∈ M, either u ∈ M′ or u is guarded by at least one vertex in

M′.

To compute an exact solution for the DTG problem on T, we first show that we

can restrict our attention to solutions that are in standard form. A feasible solution

S to the DTG problem on T is in standard form if and only if every reflex vertex in S

sees at least one convex vertex of T.

Lemma 10.1.1. For any orthogonal terrain T, there exists an exact solution S for the DTG

problem on T that is in standard form.

Proof. Take any exact solution S0 for the DTG problem on T. We construct a feasible

solution S from S0 such that |S| ≤ |S0| and S is in standard form. To this end, for

each reflex vertex u ∈ S0 that does not see any convex vertex of T, replace u with

B(u) (i.e., the convex vertex directly below u). Let S be the resulting set. Clearly,

|S| ≤ |S0| and every reflex vertex in S sees at least one convex vertex of T. We

now show that S is a feasible solution for the DTG problem on T. Consider a reflex

vertex u ∈ S0 that was replaced by B(u) in S and let Vis(u) be the set of vertices of

T that are seen by u. We next prove that every vertex in Vis(u) is still guarded by
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at least one vertex in S. First, note that every vertex in Vis(u) is a reflex vertex. Let

v ∈ Vis(u) and consider B(v). If B(v) ∈ S, then v is guarded by at least one vertex

in S (i.e., the vertex B(v)). If B(v) /∈ S, then there must be a reflex vertex w ∈ S0

that guards B(v). We note that w ∈ S because w sees at least one convex vertex of

T and so we have not replaced it with B(w) in S. By Observation 1, vertex w ∈ S

guards v and, therefore, S is a feasible solution. Since |S| ≤ |S0|, the set S is an

exact solution for the DTG problem on T that is in standard form. This completes

the proof of the lemma.

The following lemma states a necessary and sufficient condition for solving the

DTG problem on T.

Lemma 10.1.2. Let S be a feasible solution for the DTG problem on T. The set S is an

exact solution if and only if there exists a partition {SL, SR} of S such that (i) the set SL is

an exact solution for the LCG(Vlc(T)) problem on T, and (ii) the set SR is an exact solution

for the RCG(Vrc(T)) problem on T.

Proof. (⇒) Let S be an exact solution for the DTG problem on T; by Lemma 10.1.1,

we assume that S is in standard form. Let SL ⊆ S such that u ∈ SL if and only if u

is either a left convex vertex or it is a right reflex vertex of T. Similarly, let SR ⊆ S

such that v ∈ SR if and only if v either is a right convex vertex or it is a left reflex

vertex of T that sees at least one right convex vertex. Since S is in standard form,

{SL, SR} is a partition of S.

We first prove that SL is a feasible solution for the LCG(Vlc(T)) problem on

T. Let a be a left convex vertex of T. If a ∈ S, then a ∈ SL. If a /∈ S, then by

Lemma 9.3.2 and the fact that no convex vertex can see another convex vertex we
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conclude that there must be a right reflex vertex b ∈ S that guards a and, therefore,

b ∈ SL. This means that for every left convex vertex a of T, we have either a ∈ SL

or a is guarded by at least one vertex in SL. Therefore, SL is a feasible solution for

the LCG(Vlc(T)) problem on T. By an analogous argument, we can show that SR

is a feasible solution for the RCG(Vrc(T)) problem on T.

We next prove that SL is an exact solution for the LCG(Vlc(T)) problem on

T. Suppose for a contradiction that there exists a feasible solution S′L for the

LCG(Vlc(T)) problem on T such that |S′L| < |SL|. In the following, we prove that

the set {S′L ∪ SR} is a feasible solution for the DTG problem on T, which is a con-

tradiction to the fact that S is an exact solution for the DTG problem on T because

|S′L ∪ SR| ≤ |S′L|+ |SR| < |SL|+ |SR| = |S| (the last equality follows from the fact

that {SL, SR} is a partition of S). Let u be a vertex of T. If u is left convex, then u is

either in S′L or it is guarded by a right reflex vertex in S′L because S′L is feasible solu-

tion for the LCG(Vlc(T)) problem on T. Similarly, if u is a right convex vertex, then

u is either in SR or it is guarded by a left reflex vertex in SR because SR is feasible

solution for the RCG(Vrc(T)) problem on T. Now, suppose that u is a reflex vertex

that is not in S′L ∪ SR. Then, consider the vertex B(u). If B(u) ∈ {S′L ∪ SR}, then u is

guarded by at least one vertex in S′L ∪ SR (i.e., the vertex B(u)). If B(u) /∈ {S′L ∪ SR},

then it must be guarded by a reflex vertex w ∈ {S′L ∪ SR}. By Observation 1, vertex

w must also guard the vertex u. We have proved that every vertex of T that is not

in S′L ∪ SR is guarded by at least one vertex in S′L ∪ SR and, therefore, S′L ∪ SR is a

feasible solution for the DTG problem on T. By an analogous argument, we can

show that SR is an exact solution for the RCG(Vrc(T)) problem on T.
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(⇐) Suppose that there exists a partition {SL, SR} of S such that SL is an ex-

act solution for the LCG(Vlc(T)) problem on T and SR is an exact solution for the

RCG(Vrc(T)) problem on T. We now prove that S = {SL ∪ SR} is an exact solution

for the DTG problem on T. Suppose for a contradiction that there exists a feasible

solution S′ for the DTG problem on T such that |S′| < |S|; by Lemma 10.1.1, we

assume that S′ is in standard form. Let X be a subset of S′ such that u ∈ X if and

only if u is either a left convex vertex or it is a right reflex vertex of T. Similarly, let

Y be a subset of S′ such that v ∈ SR if and only if v either is a right convex vertex or

it is a left reflex vertex of T. Since S′ is in standard form, {X, Y} is a partition of S′.

Since |S′| < |S|, we must have |X| < |SL| or |Y| < |SR|. Without loss of generality,

assume that |X| < |SL|. In the following, we show that X is a feasible solution for

the LCG(Vlc(T)) problem on T, which is a contradiction to the fact that SL is an

exact solution for the LCG(Vlc(T)) problem on T. To show the feasibility of X, let

x be a left convex vertex of T. If x ∈ S′, then x ∈ X. If x /∈ S′, then we conclude

by Lemma 9.3.2 that there must be a right reflex vertex y ∈ S′ that guards x and so

we have y ∈ X. This means that every left convex vertex of T is either in X or it

is guarded by at least one right reflex vertex in X. Therefore, the set X is a feasible

solution for the LCG(Vlc(T)) problem on T.

We have proved that the set S′, where |S′| < |S|, does not exist and, therefore,

the set S is an exact solution for the DTG problem on T. This completes the proof

of the lemma.

By Lemma 10.1.2, we have the following theorem.

Theorem 10.1.3. To solve the DTG problem on T, it is sufficient to solve the LCG(Vlc(T))
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and the RCG(Vrc(T)) problems on T.

10.2 Solving the LCG(Vlc(T)) Problem

In this section, we present an O(n)-time exact algorithm for the LCG(Vlc(T))

problem on T; an exact algorithm for the RCG(Vrc(T)) problem can be derived

analogously. Note that no convex vertex of T can see one other convex vertex of

T and, by Lemma 9.3.2, no left reflex vertex of T can see a left convex vertex of T.

Therefore, we have the following result.

Lemma 10.2.1. If M is a feasible solution for the LCG(Vlc(T)) problem on T, then M ⊆

{Vlc(T) ∪Vrr(T)}.

We first show that we can restrict our attention to solutions that are in a stan-

dard form. A feasible solution M for the LCG(Vlc(T)) problem on T is in standard

form if and only if a left convex vertex u is in M if and only if no reflex vertex of T

can see u.

Lemma 10.2.2. For any orthogonal terrain T, there exists an exact solution M for the

LCG(Vlc(T)) problem on T that is in standard form.

Proof. Take any exact solution M0 for the LCG(Vlc(T)) problem on T. We construct

a feasible solution M from M0 such that |M| ≤ |M0| and M is in standard form.

For every left convex vertex u ∈ M0 that is seen by at least one right reflex vertex v

of T, replace u with v; let M be the resulting set. Clearly, |M| ≤ |M0|. Moreover, M

is a feasible solution for the LCG(Vlc(T)) problem on T because (i) the vertex u is

now guarded by v, and (ii) the vertex u, which is left convex, cannot see any other
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left convex vertex of T. Therefore, every left convex vertex of T is still guarded by

at least one vertex in M. Since |M| ≤ |M0| and no left convex vertex of T that is in

M is seen by a right reflex vertex of T, we conclude that M is an exact solution for

the LCG(Vlc(T)) problem on T that is in standard form.

To solve the LCG(Vlc(T)) problem on T, we next give a characterization for an

exact solution of the LCG(Vlc(T)) problem on T. The following lemma is similar to

the one given in Lemma 10.1.2 for the DTG problem.

Lemma 10.2.3. Let M be a feasible solution for the LCG(Vlc(T)) problem on T. The set M

is an exact solution if and only if there exists a partition {A, B} of M such that (i) u ∈ A if

and only if u is a left convex vertex and no reflex vertex of T can see u, and (ii) B = M \ A

is a minimum-cardinality subset of Vrr(T) that guards Vlc(T) \ A.

Proof. (⇒) Suppose that M is an exact solution for the LCG(Vlc(T)) problem on T;

by Lemma 10.2.2, we assume that M is in standard form. Let A be the subset of

M such that u ∈ A if and only if u is a left convex vertex of T, and let B = M \ A.

Clearly, {A, B} is a partition of M. Also, no reflex vertex of T can see a vertex in

A because M is in standard form and, by Lemma 10.2.1, we have that B ⊆ Vrr(T).

Moreover, since M is a feasible solution for the LCG(Vlc(T)) problem, every left

convex vertex of T that is not in A is guarded by at least one right reflex vertex

in B. Therefore, it only remains to show that B has minimum cardinality among

all subsets of Vrr(T) that guard Vlc(T) \ A. Suppose for a contradiction that B′ ⊆

Vrr(T) guards Vlc(T) \ A such that |B′| < |B|. Then, {A ∪ B′} is a feasible solution

for the LCG(Vlc(T)) problem on T, but |A∪ B′| ≤ |A|+ |B′| < |A|+ |B| = |M| (the
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last equality is due to the fact that {A, B} is a partition of M); this is a contradiction

to the fact that M is an exact solution for the LCG(Vlc(T)) problem on T.

(⇐) Suppose that there exists a partition {A, B} of M such that (i) u ∈ A

if and only if u is a left convex vertex and no reflex vertex of T can see u, and

(ii) B = M \ A is a minimum-cardinality subset of Vrr(T) that guards Vlc(T) \ A.

We now show that M = {A ∪ B} is an exact solution for the LCG(Vlc(T)) problem

on T. Suppose for a contradiction that there exists a feasible solution M′ for the

LCG(Vlc(T)) problem on T such that |M′| < |M|. By Lemma 10.2.1, we have that

M′ ⊆ {Vlc(T) ∪Vrr(T)}. Partition M′ into two sets X and Y such that x ∈ X if and

only if x is a left convex vertex that is not seen by any right reflex vertex of T, and

let Y = M′ \ X. We can assume that Y ⊆ Vrr(T) because otherwise we can replace

every left convex vertex y in Y with a right reflex vertex of T that sees y.1 Recall

that if x ∈ X, then no right reflex vertex of T can see x and, by Lemma 9.3.2, no left

reflex vertex of T can see x; therefore, x ∈ A because no reflex vertex of T can see

x and M is a feasible solution for the LCG(Vlc(T)) problem on T. By an analogous

argument, we can show that if x ∈ A, then x ∈ X. Therefore, X = A. This means

that Y is a subset of Vrr(T) that guards Vlc(T) \ X = Vlc(T) \ A. Since X = A and

|M′| < |M|, we must have that |Y| < |B|, which is a contradiction to the fact that B

is a minimum-cardinality subset of Vrr(T) that guards Vlc(T) \ A. This completes

the proof of the lemma.

A similar result can be derived for an exact solution of the RCG(Vrc(T)) problem

analogously.

1Note that at least one such right reflex vertex of T exists because otherwise we would have
added y into X.
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Lemma 10.2.4. Let M be a feasible solution for the RCG(Vrc(T)) problem on T. The

set M is an exact solution if and only if there exists a partition {P, Q} of M such that

(i) u ∈ P if and only if u is a right convex vertex and no reflex vertex of T can see u, and

(ii) Q = M \ P is a minimum-cardinality subset of Vlr(T) that guards Vrc(T) \ P.

By Lemma 10.2.3 and Lemma 10.2.4, we have the following theorem.

Theorem 10.2.5. To solve the LCG(Vlc(T)) problem on T, it is sufficient to first find the

subset A of Vlc(T), where u ∈ A if and only if no reflex vertex of T can see u, and then

compute a minimum-cardinality subset B of Vrr(T) that guards Vlc(T) \ A. Similarly, to

solve the RCG(Vrc(T)) problem on T, it is sufficient to first find the subset P of Vrc(T),

where u ∈ P if and only if no reflex vertex of T can see u, and then compute a minimum-

cardinality subset Q of Vlr(T) that guards Vrc(T) \ P.

For the rest of this chapter, we show how to compute an exact solution for the

LCG(Vlc(T)) problem on T; an exact solution for the RCG(Vrc(T)) problem on T can

be computed analogously. By Theorem 10.2.5, we first compute the set A, where

u ∈ A if and only u is a left convex vertex and it is not seen by any reflex vertex of

T, and then let C = Vlc(T) \ A. We now give an O(n)-time greedy algorithm for

the problem of guarding C with the minimum-cardinality subset B of Vrr(T).

For each left convex vertex u ∈ C, let R(u) be the righmost right reflex vertex of

T (i.e., the rightmost vertex in Vrr(T)) that sees u. Consider the left convex vertices

of C from right to left: for each left convex vertex u in order, if u is not yet guarded

by a reflex vertex in B, then we add R(u) into B. Clearly, B is a feasible solution

for guarding the vertices in C. Let B′ be the set of convex vertices that force the

algorithm to add a new guard into B. Clearly, |B′| = |B|. We now show that no
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Figure 10.1: An illustration in support for the proof of Lemma 10.3.1.

right reflex vertex of T can see two vertices in B′, which proves that the set B is

an exact solution. Suppose for a contradiction that there exists a right reflex vertex

v that sees two vertices wi and wj in B′. Without loss of generality, assume that

x(wi) > x(wj); that is, vertex wi is guarded before vertex wj in the ordering. Since

v sees wi, we must have that x(R(wi)) ≥ x(v). Note that x(R(wi)) 6= x(v) because

otherwise we would have not added a new guard for wj. Therefore, we have the

ordering x(wj) < x(wi) < x(v) < x(R(wi)) such that wj sees v and wi sees R(wi).

But, by Lemma 9.3.1, this means that wj is seen by R(wi) which is a contradiction.

We have proved that no right reflex vertex of T can see two convex vertices in B′

and so the set B is an exact solution for guarding the vertices in C.

10.3 Algorithmic Details

In this section, we show how to implement the algorithm in time linear in n, the

number of vertices of T. Our implementation of the algorithm uses the following

result.

Lemma 10.3.1. Let u and v be two left convex vertices of T such that x(v) < x(u). Then,

the line segments uR(u) and vR(v) do not intersect at an interior point.
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Proof. Suppose for a contradiction that the line segments uR(u) and vR(v) intersect

at an interior point p. Since x(v) < x(u), we must have that x(R(v)) < x(R(u)).

Therefore, we have the ordering x(v) < x(u) < x(R(v)) < x(R(u)); see Fig-

ure 10.1 for an example. By Lemma 9.3.1, the vertex v must see vertex R(u), which

is a contradiction to the fact that R(v) is the righmost right reflex vertex of T that

sees v. This completes the proof of the lemma.

Consider the left convex vertices of T from right to left and let u and v be two

left convex vertices such that x(v) < x(u). By Lemma 10.3.1, vertex R(v) cannot

lie between the vertices u and R(u); that is, vertex R(v) is either R(u) or a vertex

to the right of R(u), or it is a vertex to the left of vertex u. This property leads us

to a linear-time algorithm for computing R(u) for all the left convex vertices u in

C as follows. Consider the vertices in {C ∪Vrr(T)} from right to left in order. Note

that the first vertex must be a right reflex vertex r. Moreover, we assume that the

second vertex is also right reflex; otherwise, we set R(u) to r for every visited left

convex vertex until we reach to a right reflex vertex s; we push r and s into a stack

S in the order they have been visited. In the following, let s and r be the vertices on

top of the stack S. Moreover, let t be the next visited vertex and let α be the angle

formed by the line segments ts and sr that faces above T:

• if t is right reflex, then we pop the two vertices s and r from S. If α > π, then

we push the three vertices r, s and t into the stack S; otherwise, we ignore

vertex s and push only vertex r into S. Now, we repeat the same procedure

with the current two top vertices s′ and r′ of S until α becomes greater than

π in which case we push the three vertices r′, s′ and t into S.
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Figure 10.2: An example illustrating the computation of R(v), R(w) and R(x).

After processing vertex u, the status of the stack S from top to bottom is: [u, s, r].

When processing vertex v, vertex u is removed from S since α < π for the line

segments vu and us; then R(v) is set to s. Vertex R(w) is also set to s because α > π

for the line segments ws and sr. Finally, vertex s is removed from S and R(x) is set

to r. The final status of S is: [r].

• if t is left convex, then we pop the two vertices s and r from S. If α > π, then

we set R(t) to s and push vertices r and s back into the stack S; otherwise,

we ignore vertex s and push only vertex r into S. Now, we repeat the same

procedure with the current two top vertices s′ and r′ of S until α becomes

greater than π in which case we set R(t) to s′ and push r′ and s′ into the stack

S.

See Figure 10.2 for an example of the algorithm. Let u be a right reflex vertex

of T. If α > π, then we process u in O(1) time and move to the next vertex. If

α ≤ π, then one vertex is removed from the stack S and we then repeat the same

procedure which may consist of removing further vertices from S. Therefore, at

each right reflex vertex u, either we perform an O(1)-time operation or we remove
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a set Su of vertices from S permanently. Note that by Lemma 10.3.1, the vertices in

Su will not be pushed back into S in the future. We can show using an analogous

argument that at each left convex vertex, either we perform an O(1)-time operation

or we remove a set of vertices from S permanently. Therefore, the overall proce-

dure of computing R(u) for all the left convex vertices u in C can be completed in

O(n) time. Therefore, we have the following theorem.

Theorem 10.3.2. The LCG(Vlc(T)) problem on T can be solved in O(n) time, where

n = |V(T)|.

We note that the RCG(Vrc(T)) problem on T can be solved analogously in O(n)

time. Let S1 and S2 be the exact solutions for the LCG(Vlc(T)) and the RCG(Vrc(T))

problems on T, respectively. By Theorem 10.1.3, the set S = {S1 ∪ S2} is an exact

solution for the DTG problem on T and, therefore, we have the main result of this

chapter.

Theorem 10.3.3. There exists an O(n)-time exact algorithm for the DTG problem on any

orthogonal terrain T with n vertices.
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Chapter 11

Conclusion

In this thesis, we studied the computational complexity of three geometric op-

timization problems on guarding and partitioning of orthogonal polygons and,

moreover, gave exact and approximation algorithms for these problems. We first

studied two variants of the well-known art gallery problem (i.e., the MCSC and

MLSC problems) in which sliding cameras are used to guard the gallery. We then

considered a partitioning problem on orthogonal polygons in which the objective

is to minimize the stabbing number of the partition (i.e., the MSN problem). Fi-

nally, we studied a discrete version of the terrain guarding problem on orthogonal

terrains (i.e., the DTG problem). In the following, we provide a summary of our

results and conclude the thesis by discussion on open problems and future work

on these problems.

113
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11.1 Minimum Sliding Cameras Problem

Summary. In Part I, we studied two variants of the orthogonal art gallery problem;

namely, the MCSC and MLSC problems. These problems in which sliding cameras

are used to guard the gallery were introduced by Katz and Morgenstern [27]. In

this thesis, we gave an O(n2.3727)-time exact algorithm for the MLSC problem on

any orthogonal polygon P with n vertices; our algorithm works even on orthog-

onal polygons with holes. In Chapter 3, we showed that the MCSC problem is

NP-hard on orthogonal polygons with holes. Finally, we gave an exact O(n)-time

dynamic programming algorithm for the MCSC problem on monotone polygons,

where n is the number of vertices of the polygon (see Chapter 5), improving the

2-approximation algorithm of Katz and Morgenstern [27]. We also showed that

our algorithm can be used to solve the MCSC problem on any orthogonal polygon

for which the dual graph induced by the vertical decomposition of the polygon is

a path.

Open Problems. Our work provides a number of open problems on the orthog-

onal art gallery problem using sliding cameras. The main question is what is the

complexity of the MCSC problem on simple orthogonal polygons? Note that the

problem is NP-hard if the polygon is allowed to have holes (see Chapter 3). Al-

though our hardness does not apply to simple orthogonal polygons, we conjecture

that the problem remains NP-hard even on simple orthogonal polygons.

Conjecture 11.1.1. The MCSC problem is NP-hard on simple orthogonal polygons.

Moreover, designing approximation algorithms or showing hardness of ap-
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proximation is another direction for future work on the MCSC problem.

11.2 Minimum Stabbing Number Problem

Summary. In Part II, we studied the MSN problem; a partitioning problem on or-

thogonal polygons in which the objective is to compute a conforming partition of

an orthogonal polygon P such that the stabbing number of the resulting partition

is minimum over that of all such partitions of P. In Chapter 7, we showed that

the MSN problem is NP-hard on orthogonal polygons with holes, providing the

first complexity result for this problem. In Chapter 8, we gave a polynomial-time

2-approximation algorithm for the MSN problem on any orthogonal polygon and

showed that the MSN problem can be solved on a histogram H in O(n log n)-time,

where n is the number of the vertices of H; our algorithm used a tree data structure

in such a way that the stabbing number of a partition of H corresponds to some

properties of the tree.

Open Problems. We showed in Chapter 7 that the MSN problem is NP-hard on

orthogonal polygons with holes, however, the complexity of the problem on sim-

ple orthogonal polygons remains open as the main question on the MSN problem.

We note that our reduction from a variant of the 3SAT problem does not apply to

simple orthogonal polygons since holes are the most essential component of our

gadgets. However, we believe that the MSN problem remains NP-hard even on

simple orthogonal polygons and a reduction from a variant of the 3SAT problem

requires a substantial modification to our gadgets; in particular, the variable gad-
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get.

Conjecture 11.2.1. The MSN problem is NP-hard on simple orthogonal polygons.

In Chapter 8, we gave a polynomial-time 2-approximation algorithm for the

MSN problem, however, we have no lower bound on the best approximation fac-

tor possible. Therefore, designing better approximation algorithms or showing a

hardness of approximation is another direction for future work.

11.3 Directed Terrain Guarding Problem

Summary. In Part III, we studied a discrete variant of the terrain guarding prob-

lem on orthogonal terrains under directed visibility (i.e., the DTG problem). In our

directed visibility model, the visibility is directed at adjacent vertices meaning that

the visibility may not be mutual between two adjacent vertices. In Chapter 10, we

considered several instances of the DTG problem, based on the type of the visibil-

ity constraints between adjacent vertices, and showed that they can be solved in

linear time. Our algorithms are based on reducing the DTG problem to two sub-

problems and then solving each subproblem using a linear-time greedy algorithm.

Open Problems. Our results on the DTG problem provide the first exact algo-

rithms for non-trivial instances of the terrain guarding problem. To achieve these

results, we imposed the directed visibility constraint that made our techniques ap-

plicable only under that constraint. Therefore, the main open problem is to resolve

the complexity of the DTG problem without directed visibility constraint (i.e., the
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OTG problem). We note that the MTG problem (i.e., the terrain guarding problem

on arbitrary terrains) is proved to be NP-hard by King and Krohn [30], but their

reduction does not apply to orthogonal terrains.

In our directed visibility model, we assumed that a reflex vertex v cannot see

its adjacent convex vertices. Our reduction to two subproblems does not apply to

the case in which a reflex vertex can see its adjacent convex vertices. Therefore,

resolving the complexity of the DTG problem under the assumption that a reflex

vertex can see its adjacent convex vertices is another direction for future work.
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