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ÀBSTRÀCT

À rmultiobjectivet optimization approach has been

developed for the solution of scheduling problems in

construction. The model uses a mixed integer optimization

procedure for the resource levelling within the scheduling

problem. The starting point for the model is the results

of a critical path anaLysis of the project. The project is

scheduled by the resource IeveIl ing model within the

constraints of the free float of the activities. 0-1

integer variables are used to ensure the allocation of

integer resource reguirements in each time period. Besides

meeting the resource reguirements of the activities' the

model also constrains the activities to be scheduled on

consecutive days. The model has three globaI objectives

(1) the overall resource leveIling on the project, (21 the

resource leveIIing of individual activities ( internal

levelIing), and (3) the minimization of the width of the

windows (number of consecutives days). The model is

demonstrated by application to two example projects using

the LINDO optimization package.
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Chapter I

I NTRODUCTI ON

The critÍcal Path Method (cPM) was developed by the

DuPont Company and has become one of the best network

modelling techniques. It is used extensivelY for the

planning, scheduling and control of projects consisting of

many independent activities which must be completed in a

defined sequence. The CPH identifies the activities which

make up the critical path as well- as the floats of the

non-critical activities. The model described in this paper

utilizes the free float of non-critical activities because

it aIlows the scheduling of the activity without causing

any delay in the following activities.

Resource levelling is the scheduling of the activities

such that the variation on the resource reguirement in each

t ime per iod is minimized . By itself resource IeveIling

can be a tedious exercise if done manually, and becomes

more compt icated with cons iderat ion of the two gther

objectives of the modeI. The model presented in this paper

represents one approach for solving the problem by the use

of operation research techniques.

The CPM approach provides data on early start and late

start dates for each activity of the project. However,



because the analysis is done independently of the resource

requirements of the activities these schedules can and

often lead to uneconomic allocations of resources committed

to the proJect. These schedules usually exhibit widely

fluctuating resource requirements with isolated peak

demands. Efficient scheduling of the project reguires

consideration be given to some resource levelIing.

Resource IeveIling can be performed on any type of

resource, e.g., manpower. Each resource would have to be

Levelled separately with the resource having the highest

prÍority beinc done first, Other resources can then be

leveIled within the limits of the resource reguirements

imposed by the levelIing of prior resources.

The models described in this paper consider the

levelIing of only one resource at a time. The development

of models to handle more than one type of resource

simultaneously is left to future expansion of the modeL.

The general approach outlined is likety to provide Èhe

basis for these future models.

the model itself is based on a 0-L integer variable

which ensures that the resource allocated in any period for

each activity is an integer, most resources are considered

in whole units. The allocation of l/2 man or L/3 bulldozer

for a day is not realistic. The use of 0-L variables also

allows the other 91obal objectives and the consecutive days

constraint to be easily incorporated into the model. The

2-



consecutive days constraint is introduced into the model

by allowinq the model to select of one of. several twindowsr

in the aI]owable time period. À window is a set of

consecutive days between the early start and Iate finish,

as defined by CPM, for. each activity. The actual number of

days in the window is chosen by the model. This allows fhe

scheduled duration of the activity to be determined by the

model and not preset f rom the critical path anaJ-ysis.

The second objective is the Levelling of the resource

reguirement for each activity within its window. This is

achieved by considering each activity as a sma1l project

within itself and applying the same general approach used

for the whole project.

The third objective of the model is

of the window width of the activities.

incl-uded to offset the flatteninq effect

levelling objective. The minimization of

tends to comDress the duration of

activities. These two objectives can

constraining the resource allocation of the

horizontal and vertical directions.

the minimization

This objective is

of the internal

the windor+ width

the individual

be thought of as

activity in the

objectives are handledThese three qlobal

s imultaneously in the model by placing mathematically

statements of each within the objective function.

Variations in relative emohasis on the three objectives is

obtained by placing weights on the appropriate objective.

3-



Chapter I I

LITERATURE REVI EI'

Since the introduction of PERTT /CP¡4 procedures, network

models have proven to be a useful means of formulating a

variety of activity planning and scheduling problems. The

main Iimitation of these procedures is that they assume

unlimited availability of resources, which is not realistic.

Davis t19?31 reviewed the existing procedures (up to

19?3) of project scheduling under resource constraints. He

classified the procedures available at the time into two

general headings Heuristic Procedures involving some

I rule of thumb r, and Optimal Procedures involving some

form of mathematical programming. The main problem faced

by current researchers in the field appears to be the lack

of an efficient integer program. lJhile this problem has

not been overcome, with the accelerating advancements in

computer technology, it can be expected that a suitably

efficient integer program wiIl be available in the future.

Smith et al. t 1983 I presented a simple method for

resource allocat ion. The method involved a quadrat ic

objective function. The method was not developed into a

t Program Evaluation and Review Technique

-4



fult fledged programming model but used to evaluate

different trial solutions obtained by a manual iterative

analysis. Ramlogan t l-985 I used this quadratic objective

function to build a programming model for the resource

1evelling and project scheduling of a project. The

quadratic programming model was later converted through

applicatÍon of the Kuhn-Tucker conditions to a linear

formulation f.ox solution by LINDO.

t{hile the results of this model were simiLar to the

results of a manual analysis, the major disadvantage of the

model was the non-integer allocation of resources. To

overcome the non-integer problem, the model was then

converted to a mixed integer approach with 0-1 integer

variables used to impose non-linear penalties on deviations

from the mean resource reguirement of the project (Goulter

and Ramlogan t 198? I ) . This model did provide an integer

allocation, but as noted in the conclusions to the paper,

the model does not restrict that an activity be completed

on consecutive days. Furthermore, the above aPProach bY

Ramlogan f19851 and Goulter and Ramlogan t19871 has only

one objective ie. the resource levelling of the whole

project subject to the constraints imposed by the critical

path analysis of the network.

tee and Olson t19851 approached the problem of project

scheduling for multiple objectives by using a 0-1- integer

based goal programming technique. WhiIe the model

5-



presented in this paper does not consider multiple

resources and therefore cannot be compared directly with

that of Lee and olson [1985], it is interesting to note that

these authors suggest the use of LINDO for dealing with

larger models by solving rra sequence of l inear programming

models reflecting the preemptive structure of the goal

programming. " a' Lee and Olson tl-9851 built into their model

constraints of fixed duration and amount of the resource

that can be allocated in each time period for each

activity. The model presented by Lee and Olson t19851

schedules the project with each activity being assigned a

duration as initially specified for the critical path

analysis. Their model does not provide the flexibility of

shortening the duration of the activity by utilizing more

resource in a given time period, or vice versa.

À considerable amount of material has been written on

multiobjective analysis theory and its application to a

wide range of fields. The use of multiobjective

programming techniques are used when the problem has

several objective which may be in partial conflict with

each other. Cohn and Marks t l-975 I in their paper on

multiobjective programming techniques have concluded that
ttvrhen there are fewer than four objectives, a generating

ã Lee et äl . , rrPro ject Schedul ing f or Multiple Objectivesrr,
Proj_eç.t I'f_anaqe_nen_Li Methods and Studies. edited by Burton
V. Dean, Elversier Science Publishers B.V. (North-Hol1and),
1985t p9 130.
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technigue such as the weighting method or the constraint

method should be used in order to capture the essence of

the muttiobjective problem. r' 3 The model to be presented in

this paper deals with three objectives, and conseguently

the weighting method is used to solve the problem.

3 Cohn et al., r'À Review and
Proqram¡ning lechniguesrr. WêleÃ
No. 2, I975r p9 2L8.

Evaluation of Multiobjective
Resources_ Researcb. Vo1, LL,

-1



Chapter I I I

MODEL DEVELOPMENT

The model presented in this paper is based on the

modification of the quadratic programming model developed

by Ramlogan t L985 1 . In a later paper by Goulter and

Ramlogan t 1987 I the quadratic programming model was

converted to a mixed integer formulation to overcome the

problem of non-integer results. À review of both the

quadratic programming model and the mixed integer

formulat ion is included to provide a bas is for

understanding the development of the present modeI.

3.1 INFORMÀTION REOUIREMENTS

Before describing the model it is necessary to define

the data requirements upon which the model is built. As

discussed earlier the starting point for the model Ís the

set of results obtained from a critical path analysis. The

other piece of information is the resource reguirement

(e.g., manpower days or machine hours) for each activity.

The resource reguirement and the estimated duration of each

activity is usually based on the past experience of the

project manager in dealing with similar projects.

-8



3.2 REVIE!{ OF THE OUÀDRÀTIC PROGRAMMING MODEL

The quadratic programming model achieved the resource

leve1ling by minimizíng the square of the deviations of the

total daily resource reguirement from the average resource

requirement of the proJect. The reason for squaring the

deviations is to ensure that positive deviations do not

cancel with negative deviations. It also places greater

penalties on the objective function for Iarger deviations.

Therefore the model would schedule the project in a rtay

which minimizes these deviations. Smith et aI . t 198 3 I

showed that the minimization of the sguare of the

deviations is the same as minimizing the sum of the sguare

of the total daily resource requirement. The reason for

this is that the average resource reguirement for the

project is a constant. Consequently the objective function

is represented as :

mln Y.2
l

ND

l=r
Y.

)

ND

(1)

where resource allocated in time period i.

number of time period in the project.

The constraints used with this objective function come

from the results of the critical path analysis which gives

the early start and late start time for each activity, as

well as the associated floats. The total float is the total

amount of time that an activity may be delayed without

9-



affecting the total project time. The free float is the

total amount of time an activity may be delayed without

affecting subsequent activities or the total project time.

In the scheduling problem the free float (for non-critical

activities ) and the estimated duration of the activity

(critical and non-critical ) is used to determine the

aIlowable period in which the activity must be completed so

as to not prolong the overall duration of the proiect. The

free float is used because it can be considered as local

slack for that activity. This means that the activity can

be delayed up to this time without delaying the starting

time of the followinq activities.

This allowabLe time period (the estimated duration

plus any free float) impose what is termed within the model

as the activity requirements. This is the most crucial

constraint in project scheduling. The constraint ensures

that sufficient resources are allocated for each activity

within this time oeriod. This constraint can be written

mathematically as:

Yi= TR.rl r

where X.. =rl

TR.
1

T.I

amount of resource allocated to activity
in time period j.

total resource rec¡uirement for activity

allowab1e time oeriod for activity i.

(21

i

of the model identifies the total

-10
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resource allocated in

is defined as follows :

a given time period. This constraint

) x..
ie¡. r l

J

where Oj

Y. = 0
f

VJ (3)

the set of activities which are permitted to
occur in time period j.

the total resources allocated in period j.Y. =)

3.3 REVIEI'¡ OF THE MIXED INTEGER ÀPPROÀCH

In the above guadratic programming approach, the main

weakness was related to the non-integer results. The

guadratic programming model was attractive however in that

it imposed penalties on deviations from the average project

resource usage in a non-linear fashion. This meant that

larger deviations from the average resource were penalized

more. In convertinq to the mixed integer approach it was

felt necessary to stilI maintain this non-linear penalty

while forcing the resource allocated to an-y activity in any

time period to be an integer value

To ensure that the resource

time period j in Equation 2 take

following sets of constraints are

allocated to activitY i in

on an integer value the

used:

(4)

MR-t--
) nXI
ñ=o nll

MR.
__I
)xr
ñ=o nrl

- X.. = 0rl Y ij

Y ij=l-

- 1l-

(s)



where XI =1nrl

=0

MR.t

brhen n units of resource
allocated to activity i
time period j.
when n units of resource
allocated to activity i
period i.

are
in

are not
in time

= maximum possible resource allocated f.ox

activity i. MRi is some realistic
amount of the resource that would be

allocated in any given time period.
Àt the limit MR, could be the
total resource reguirement of the
associated activity.

Eguation 3 specifies that Xij can take on any value n, (n

ranging from 0 to MRij) because Xlnijcan only take on values

of 0 or l-. Eguation 4 ensures that only one of the Xlnij

will be L for a particular combination of i and i, and the

rest of the variables in the equation will be zero. The

actual value to Xij will depend on which of the Xlnij

var iables is set to one . An additional benefit of this

formulation is that it is possible to impose upper and

lower limits on the amount of resource allocated to any

activity in any given time per iod. This is done by

changing the limits of n in Equations 3 and 4 so that n goes

from the lower limit to the upper limit.

The next issue in the development of the mixed integer

approach is to modify the objective function given. In the

quadratic programming model the objective function rdas the

minimization of the sum of the ssuares of the total

-L2



resource allocated in any given time period (Equation 1).

The formulation with integer restrictions uses the same

conceÞt for the scheduling.

Due to the inteqer restrictions in the resource

al-locations, three sets of additional constraints are

reou I reo . The non-Iinear Þenalizinq of the deviations

for a particular period j from the average level of the

resources requirement throughout the project is achieved by

using the following constraints sets.

HD.
__)
) mYr Y. - 0
m=o ml )

MD.
__)
)Yr.=1
m=o ml

MD.
_-)
) *ZYI z. = e
m=o ml J

Y =1ml

=Q

VJ

YJ

YJ

when m units of resources are
aLlocated in time period j.
when m units of resources are not
allocated in time period j,

(6)

(7)

(8)

where

MD. =)

o-L.
)

maximum possible resource reguirement
alLocated in time period j. Like MR.,

-t

MD. is chosen to be some realistic level.
)

square of the total resource allocated in
time period j.

Equations6 andT are

resource that is aLlocated

used to ident i fv the tota I

a given time period. Thesein

13



two constraints fuIfill a simil-ar purpose of mathematically

defining the variables as do Equations 3 and 4. Equation I

squares the values of the 
"j 

which is then used in the

used in the objective function.

with the constraints defined as above the objective

function which minimizes the sum of the square of the total

resource allocated in a given period over the duration of

the project can then be written as :

mln (s)

where

NP

)_j=L
ND

z.
J

= total duration of the project.

The model presented so far represents a complete

inteqer programming model for project scheduling using one

resource. When the schedule obtained from this model- is

graphed it vras observed that sti 1l better results ãre

possible. This led to further expansion of the model which

is described below. The actual reasons for the expansion

are described in an example given later in the thesis.

ILURT.H-E

.I SchedulinLon Consecutjve Davs (time periods)

The first expansion of the model was to impose the

constraint that the activities be completed on consecutive

days. That is, once work on an activity has started, there

are no stoppages until the activity is compLeted. This may

3.4

3.4
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appear too restrictive, but it is actually realistic. If

intermittent stoppages are necessary, this can be

accomplished by representing the activity as a series of

smaller activities.

In order to provide as much flexibility in the model

while still maintaining the consecutive days constrainb,

the model uses a variable width moving window for each

activity. The flexibility is achieved by allowing the

model to select the scheduled duration of the activity,

instead of being specified before. Each activity must be

scheduled within an altowable time period determined from

the critical path analYsis. The variable width moving

window represents different sets of consecutive days for

the schedul inq of the act ivitY. For example, if an

activity must be scheduled within days 5 to 7 inclusive,

the set of possible consecutive days for the activity wiII

contain the windows: day 5; day 6; day 7; days 5 and 6;

days 6 and 7¡ days 5,6 and 7. The use of windows for the

activity is achieved by first specifying a window width and

then moving the window within the allowable time period.

The constraint representing these var iables vtidth

moving windows can be mathematically written as:

- TR.XW. > 0
1 ICS

Y irc,S ( 1o )

Yi

-L5

I x..
jê"= r l

T.
_t
)_ )_
c=I sêT.I

Xt{. = 1
lCS

( 11)



where XtJ. =tcs

of vrindow

Equation 10 generates aII possible window options in

which to schedule a given activity. In essence this

constraint states that the total resources allocated in any

window for activity i must be greater than ox equal to the

resource reguirement of that activity. The qreater than or

equal condition is necessary because only one window will

be chosen. If this constraint set is made egual to zero it

will lead to infeasibility because ít would require that

aIl X. be egual to zero which is not possible for any
1l

activity. Equation 11 ensures that only one window for

each activitv is chosen.

Eguation 10 and i-i- enforces the choice of one window

from the window set for each activity. However to ensure

that the window reÞresents a set of consecutive days for

the activity, some resource must be allocated to all days

within the window. This condition is introduced into the

model as follows:

c

S

1 when activity i is
window defined by

0 when activity i is
the window defined

width of the window.

starting time period

scheduled in the
cs.
not scheduled in
by cs.

X.I]

--\
i jêcs

xvJ. > 0
lCS

Y i, j ( r2')

to thespeci f ied that ifEguation L2

-16
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window chosen for activity í, then

or equal to one. This ensures

consecutive days is fulfilled.

because Equat i on l-0 says only

alLocated to activity i must meet

while Equation L2 says that in

resource all-ocated is one unit.

X. . must be qreater thanrl
that the constraint of

Equation 12 is reguired

that the total resource

the activÍty reguirement,

all windo!{s, the minimum

(13)

3.4.2 I¡le_r. na _1_ _ I,e_v_ e-l-I_i¡-s_ of Individual Activities

The next expansion of the model was to impose

penalties for variation in the resource allocated for each

activity over its duration. The loqic of imposinq the

pena Ity is the same as the overa I I leve I I ing of the

project; the activity is considered a smaIl project; hence

the reason for calling this objective 'internal Ievellingr .

It should be noted that the internal levellinq is still an

objective of the model and not a constraint. The objective

itself attempts to schedule the activities and alLocated

resources such that the amount of resource allocated is

relatively constant over the duration of each activity.

The objective can be represented by an eguation similar to

Equation 8 and is stated mathematically as f o11o\^¡s:

HD.
__f
\?I n'XI .. - À. = Q

ñ=O nrl rl

4..=thesguarerl
activity i

of
in

Y i,j

the resource allocated
time period j.

towhere

-L7



The model now has two objectives to achieve. Both of

these objectives can be represented in the objective

function by using the following sets of equations:

ZT=0 (14)

À..-ÀT=01l

NDi-I Z.i;r r

U4

)_ )_i=1 jeT.

ZTwhere

(1s)

of overall levellingrepresents the objective
of the proJect.

kÀT
cl

= represent the
overall and i
respectively.

ÀT = represents the objective of internal
levelling of the activities.

NA = number of activity in the project.

The use of Equations 14 and 15 permits a concise objective

function to be obtained by defining both ZT and ÀT in the

constraints. ttith the above two eguations defined, the

objective function can be simply written as:

mtn

where k z

RZT+z

and k
a

( 15 )

relative weights on the
nternal level1ing objectives

The actual weighting assigned to the two objectives

wiII depend on the relative priority ranking. The trade-off

in the objective function with variations in the relative

weighLing wiIl be discussed later in the paper.
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The final exoansion of the model is the minimization

of the widths of the windows used in the schedulinq

Drocess. Since the model uses a variable width window

technique, a penalty is imposed for not choosing the

smallest width qiven the other objectives and their

relative ranking. Internal leve1ling tends to flatten and

spread out the allocated resources for the activity,

whereas the minimization of the window width tends to

compress the duration of the activity. These two

objectives work aga i nst each other and therefore some

rs regulreo. The minimizationtradeoff analysis

window widths is

handled similar to

expressed by the fol

I.J. - t{T = 0
I

where W. =I

an objective and conseguently

that of the internal IeveLlinq.

lowing equations :

t- "3"* w. = sl r-s Ics€T I

vi

of the

it is

It is

(17)

(18)
N4

)_
i=0

the penalty for schedulinq activity i
in a window of width c (starting in
time period s ).

represents the mathematical statement of
the minimization of the window widths.

l¡T =

Eguation 17 cubes the width of the window selected for

each activity. This equation imposing a non-Iinear

-19



penalty, similar to Equations I and 13' on this last

objective for selecting larger window widths. The reason

for cubing the width is that in the model development

sguaring the width did not achieve the desired resufts.

Therefore a stiffer penalty vtas imposed, i.P., the cubing

the window width of the individual activities. As this last

expansion is an objective it can be included in the total

objective function as follows:

min k ZT + k ÀT + k t{T (19)
zaw

where l, = represents the relative weight assigned
to the window width objective.

The above model defined by this objective function

(Equation 19 ) and the corresponding constraint sets

(Equations 2-8, 10-15, L7, 18) represents a project

schedulinq and resource allocation method which leve1s the

resource usage without increas inq the durat ion of the

project as defined by the critical path analysis.

-20



Chapter IV

DISCUSSION OF MODEL - EQUÀTIONS

Às developed the model is complex and would

theoretically give an optimal project schedule within the

constraints and objectives imposed. However there are

several changes to the model which have to, or should be

included in order for a solution to be found.

4.r RE.DUç!J_q$-T-N THE NUMBER OF WINDO$¡ CONSTRÀINTS

Equations l-0 and 1-1 defined the selection of one of

the variable width moving windows for each activity. Due

to the reguirement of only one window for each activity, the

Xtl. is def ined as a 0-1 inteqer var iable . The more
lCS

integer variables there are present in the mode1, the more

complex and computationally intenslve the branch-and-bound

procedure becomes. Reduction in the number of inteqer

variables greatly helps the efficiency of the model

solution. Considering activities which can only be

scheduled over a maximum of two days (malnly critical

activities with a duration of 2 days), there is no need to

impose the constraint of scheduling on consecutive days.

This observation allows for the model to be reduced by 3

constra ints and two integer var iables for each such

- 21-



act ivi ty.

4.2 ¡_¡_a¡¡-oeFINITION OF YI

Às stated above the reduction of the number of integer

variables would make the model more efficient. The YImj

integer variables are used in the model to facilitate the

squaring of the total daily resource reguirement (Equation

8). Because the form of Equations 3,6, and 7, it turns out

that the model does not require that YImj be defined as an

integer variable. In Equation 3' tj wilI always be an

integer as long as Xij takes on integer values. Equation 6

def ines Y. in terms of YI and because of the form of thisrml
equation together with Equation 7, ensures that YImj will be

a 0-1 inteqer var iable without having to be de f ined

explicitly as such within the model.

4.3 bLON:!EFI.NJ-T,LQN QF XI AS AN INTEGER VÀRIABLE

l{hen the XI variables are defined explicitly in the

model as integer variables, the computational efficiency of

the model is siqnificantlv reduced. In fact for the

example project which is described Iater in the paper,

sixty minutes of CPU time was used without obtaining one

possible integer solution. Ànother project resulted in Ino

integer solution found' after 25 minutes of CPU time.

However like the YI variable, ít was found that the XI

variables do not have to be defined as integers. The

-22



reasons for this is not fu1lY

to be related to the constructi

the constraint defining the

the XW variables defined as

solution for the examPle

approximately 5 minutes of CPU

understood, but is suspected

on of model and specificallY

window objective. t{ith onIY

an integer var iabIe, the

project is obtained ín

time.

4.4 NLE-.D FOR E.QUATI ON 2

Às stated earl ier, Eguation 2 is the most crucial

constraint in project scheduting. However with the addition

of the constraint of scheduting activities on consecutive

days, Eguation 10 causes Equation 2 to be redundant. In

effect Eguation 2 is reaIly embedded in Equation 10.

However computational analysis shows that with the

inclusion of Eguation 2 in the model, the same schedule is

obta i ned as wi thout i t . The model containing Eguation 2

requires less CPU time to reach the final answer. Equation

2 appears to restr ict the branch and bound procedure

leadinq to the optimal schedule in less CPU time.

-23



Chapter

DISCUSSION OF MODEL ÀPPLICÀTION

The model was developed and expanded through

application to an exampl-e project. The project used is

represented by the network shown in Figure 1. It consists

of eight activities with project duration of 13 days as

determined by the critical path analysis (see Appendix À

for the results of the cr itical path analys is ) . The

manpotrter requirements are given in Table l-.

Table I

Description of ActivÍties in Example Project

Àctivity Manpower Total
Requirements/ðay Man-daYs

V

1

2

3

4

5

6

7

I

I

4

2

5

4

3

4

4

-24
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If the project is scheduled at the early start time of

the activities the resource allocation shown in Figure 2 is

obtained. tJith this schedule the maximum manpovter

requirement is 10 unit over days 5-8. Às can be seen this

schedule does not meet the objectives of resource leve1ling,

which is usually reguired to prevent freguent hirings and

firinqs and also because of limited resources available.

2 3 4 5 6 7 I I 10 il t2
DRYS

F]GURE 2 SCHEDULT USING EHRLY STRRT TIIlES

5.1 AYERALL RESOURCE LEVE

Às stated before, the major weakness of the quadratic

t¡J
È

z_

laIJ

programming model was the non-integer

solution to this problem was achieved by

model to a mixed integer model. This f

resource levetling as the single objective

results. The

converting the

irst model, with

, is defined by

0
0 ÊcTrvrTY

I

0

al
(9aì

tal

@
lì
t?l

fl
tÐl @
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Equation 9

Equat i ons

(Fiqure 1 )

and

2-8.

, the

is subject to

tthen th i s mode 1

schedule shown in

constraints defined by

is applied to the project

Fisure 3 is obtained.

É
U
=
o_
z.

5 6 7 8 I lD il
DRYS

SCHEDULE N]TH THi OVERHLL
LEVELL ] NG FORIlULRT ] DN

1'

FIDURE 3

has achieved the objective of resource

the duratÍon of the project' the manpovrer

relatively constant, fluctuating between 6

isolated peaks. The maximum resource

units compared to l-0 units from the early

However an inspection of the schedule

T4,IJ

This model

levelling. Over

requirement is

and 7, with no

reguirement is I

start schedule.

shows that better solutions are possible. For example the

two units of manpovter allocated to activity 7 on day 6

could better be scheduled as one unit on days 9 and 10.

Àctivity 4 coutd then be scheduled for days 6-8 with 6

-27



units of manpolter on each day. In order for the model to

automatically make these adjustments the additional

constraint of schedulinq the activities on consecutive days

is required.

5.2 AVESÀL-L-LEVELLIN_G ,/ CONSECUTIVE DÀYS FORMULÀTION

The requirement of scheduling activities on

consecutive days required the addition of three sets of

constraints (Equations 10-L2 ) . The objective function

remains the same because scheduling on consecutive days is

a constraint, not an objective. The schedule obtained with

these additionaf constraints is shown in Figure 4.

1 2 3 4 5 6 7 8 I 10 ll t? 13

DRY S

F ] OURE 4 SCHEDULE N ] TH TI.IE OVERRLL LEVELL I NG /
DONSECUT I VE DRYS FORIlULFT ] ON

É
t!

=
z.

0 ÊcTIVITY

2

I

0

-\
tÞl

a-\
L?

0

t, t,
aì
L9

a-ltìl

rl
t2l

tl
@tul

-28



Às can be seen from this schedule, aII the activities

are scheduled on consecutive days. Àgain an inspection of

the resource allocation shows that while it is acceptable

it can nevertheless be further improved. The main problem

v¡ith thls schedtlle le tliat ac:tlv1¡t 7 Ls spread out over

five days with a resource reguirement that fluctuaterl

between 1 and 6 units. Also activities 2 and 6 can be

rescheduled so that their manpovter reguirements are

constant over their duration, i .e., activity 2 can be

scheduled with 4 units of resource on days 2-5, and

activity 6 with 3 units of resource over days 3-5. This

problem of fluctuating resource demand for individual

activities led to the next expansion of the model.

5.3 -O_YEBÀL-!--!EVELLiNG- / CONSECUTIVE DAYS ./ TNTERNÀL

L, E_11Ã L] L i Nç_ _ F O_RM U-L_*AT .L 9.Jt-

The problem of fluctuating resource allocations to the

activities is handled by considering each activity as a

smalt project. This objective of the internal levellinq is

to try to remove fluctuations in the resource allocation

over the duration of the activity if it is possible, gíven

the other objectives and constraints. tfhen this objective

is added to the model and applied to the example proiect,

the schedule shown in Figure 5 is obtained.

Figure 5 shows that the model has achieved the

objective of internal leveIIing as well as achieving the

-29



other objective of

scheduling the act

resource Ievell ing,

ivity on consecutive

constraint of

In fact there

and the

days.

É
U
=
o-
z.

F]DURE 5

4 5 6 7 I I l0 11 1?.

DFYS

SCHEDULE H]TH THE OVERRLL LEVELL]NG /
CONSECUT]VE DPYS / ]NTERNRL
LEVELL I ND FORIlULRT ] ON

appears to be only one improvement to the schedule which

can be made. One unit of resource is allocated to activity

7 on days 6-8. À better and more reasonable schedule would

be obtained if these resource allocations were rescheduled

on days 9-l-L. The reason that the model did not select

the revised schedule is that the internal IevelIing

objective tends to force the model to spread out the

resource allocations of the activities where possible. In

order to balance this flattening of the resource allocation

the final objective to the model was included.

t1
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s. 4 gl¿E-8l-À_L_-L_ IEVELIING / CONSECUTT

LEVELLING / gIINDOW 9'IDTH MINIMI ZATION FORMULÀTION

hlhen the final objective of minimization of the width

of the windows was added, and the model applied to the

example project the resource allocation that resulted is

shown in Figure 6. The schedule was obtained after varying

the relative weiqhts of the three objectives in the

objective function of the modeI. The tradeoff analysis of

the relative weiqht is described Later in the paper.

U
=
o-z

3456't
DFYS

6 SCHEDULE I.JI TH THE
CONSECUTIVE DÊYS /
N]NDOI^I N]DTH N]Ni11

1l
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] NTERNÊL LEVELL ] ND /

I ZRT ] ON FORNULÊT I ON

IJt210

F J GURE

The schedule shows

model have been achieved

further improvements to

schedule obtained bv the

that al I the object

to the best possible

the schedule can be

model is essentially

- 3L
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that obtained by Smith et. å1. , I 1983 I . The main

di fference between the scheduLes is that Smith et a1 .

schedules activity 7 over its specified duration of 3 days,

i.e., 4 units of resource are allocated each day. However

the model presented in this paper, schedules activity 1

over 4 days with 3 units of resource per day. This shows

the flexibility of the model in selecting the duration of

each activity which can vary between one day to a maximum

given by the estimated duration (used in the critical path

analysis) plus any free float.
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Chapter VI

I MUTTIOBJECTIVE' ANÀLYSIS

The model described in the paper has three objectives

and consequently the solution is not as straightforward as

for normal linear programming models which simply maximizes

ox minimizes the single objective. Às stated earlier, the

problem with multiple objective models is that the

objectives are often in conflict with each other.

The methods used for dealing with multiple objective

problems include goal programming approaches, the constraint

methods and weighting methods. Goal programming

essentially consists of ranking the obJectlves, and then

satisfying the objectives in the order of the ranking. The

constraint method replaces aII but the most important

objectives by constraints so the probJ"em becomes a single

objective problem. The weighting method maintains aII the

objectives, but places a relative ranking on the objectives

by applying different weights in the objective function.

Às stated earlier the weÍghting method is used for

dealing with the three objectives of the model presented.

Since the objective function of the model is the

minimization of weighted values of the three objectives it

follows that the relative weights would be highest for the

- 33



objective with the highest priority. That is, the overall

leveIIing of the resource allocations should have a higher

relative weight compared to the other two objectives.

The relative weights used to obtain the schedule

shown in Figure 6 are: k* = 1- (window width minimization),

k_ = ) (internal leveIling), and k" - 3 (overaII ]evetlinq).

This 7-2-3 weighting combination vtas originally selected on

an intuitive basis, as it corresponds (in reverse order)

to the ranking of the objectives. However to justify these

weights a tradeoff analysis was performed by varying the

weights applied to the three objectives. The analysis was

Iimited to varying each weight between i- and 3 for all

poss ible combinat ions, th is resulted in 27 possible

solutions to the project. However 27 unique solutions were

not obtained as some weighting combinations gave the same

resource allocation. The results of the analysis is shown

in Table 2t and reveal that the weights from Figure 6

result in a solution where the model is most stable, i.ê.,

tiT=246t ÀT=383, and ZT=561 .

lJhen the results are plotted as shown in Figure 7 ' a

series of contours concave to the origin is obtained.

These contours show how the Ievels of the var ious

objectives interact , i.ê., how much of each of two

objectives must be given up in order to give improvements

in the level of the other objective. It is interesting to

note that the rstabler point discussed above lies on the

-34



TabLe 2

Multiobjective Tradeof f Analysis

tlT

Coef f icient

ÀT ZT WT

VaIue

ÀT ZT

1
2
3

l_

2
3

1
2

3

1
I
L

I
¿

3

1
2
3

I
2
3

1
2

3

1
2
3

3
3
3

1
2
3

1

I
I

2
2
2

2
2
2

2

2
2

3
3
3

1
1
1

2'
2
2

3
3
3

1
1
1

2
2
2

3

3
3

1
I
1

2
2
2

3
3
3

116
116
116

209
246
246

245
246
246

78
78
97

l-t_6
115
116

209
209
t72

18
78
78

97
97
91

115
116
116

397
383
383

383
383
383

523
523
495

463
463
463

395
397
423

523
527
527

461
463
453

573
567
567

567
567
567

5',t 3
573
569

573
573
573

5'Ì 9
573
571

573
57L
571

463 573
47L 569
47 5 561

I
1
I

489 575
49t 571
491 57r

3
3
3

573
573
573
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contour with the highest

of the three objectives to

the relative preferences

objectives.

llT leve 1 . The exact combi nat i on

be used in a analYsis dePends on

of the model user for the three

There is, however , further information to be derived

from the analysis. Consider for example the rstablet

point discussed before. A computationaf analysis shows

that the weights k*, = L, k- = 2, and k, = 3, are not the

most efficient computationaly. ÀIl the weighting

combinations which define the point llÎ=246t ÀT=383r and

21=567 gives the schedule shown in Figure 6. Therefore the

combination which uses the least CPU time would be the most

efficient. The CPU times used by these combinations

are shown in Table 3. The combination k," = l, k" = 3,

and lç = 3 uses the least CPU time to obtain the schedule,
z

Table 3

Computational ÀnaIYsis

for First ExamPle

Coeff icient

I¡T ÀT ZT

CPU

(min)

2
3
I
2
3

2
2
3

3
3

I
1
1
L
1

6 .51
6.31
5.56
5.2L
3.01
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indicating that these should be the weights used in the

model for this example. À similar analysis can be applied

to other points.

For the second example, which is presented in the next

section, the l-2-3 weights used slightly less CPU time than

the 1-3-3 weiqhts (32 min. 25 sec. vs 39 min. 44 sec. ).

However the results show that the schedule correspondinq to

the 1-3-3 weiqhts lie on a l{T contour which is closer to

the origin than the L-2-3 combination and therefore other

issues become involved.

The exact combination of weiqhts to be used will be

problem dependent, and if the rcorrect I combination is

needed then an analvsis simi]ar to that described above

must be performed.
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Chaoter VI I

À SECOND EXÀMPLE

Since the model was developed by application to an

example proiect, it was felt necessary to apply it to a

second example to see if it would achieve the stated

objectives. Because restrictions on the computer facilities

at the University of Manitoba, it vtas not possible to solve

a larqe project, as CPU times in excess of one hour would be

reguíred. However a slightly larger project than the first

was solved. The project, shown in Figure B, consists of

10 activities and has a total duration of L4 days. The

resource reguirements are given in Table 4,

The early start schedule is shown in Figure 9 and the

result of the model is shown in Figure 10. These figures

shown that the model has achieved its objectives of overall

resurce leve I I ing, internal leve I I ing and window width

minimization subject to the constraint of schedul ing

activties on consecutive days. The weights used to obtain

the schedule in Figure 10 are r k, = !, k_ = 3, k, = 3.

It can be seen that the model works egually effective for

the second case.
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Tab1e 4

Description of Àctivities for Second Example

Activity Manpower
Requirements /ðay

Tota I
Man-days

i.

2

3

4

5

6

7

8

9

10

7

3

4

3

3

2

5

5

3

6

14

6

L2

9

6

6

15

18

5

6

=
o-
z.
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DRYS
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-4L

l3t2

0 ÊcTIVITY

Õ
tot

fa\:/

¿

0

ô
t?l\7

0

ô
l8l

tllr nlt. -l

011
IJI

t̂Þl

FIGURE 9

l4 15



ÊCT]VlTY

=
o_
z.

234

FJGURE iO

DÊY5

FJNRL SCHEDULE FOR

9 l0 tl 12 13

SECOND EXRNPLE

42



Chapter VI I I

CONCLUSIONS ÀND RECOMMENDÀTIONS

Conclusions_

À mixed integer optimization model has been developed

for the allocation of a single resource in scheduling of

projects. ÀIthough the model was developed for application

in the construction industry, it can be appJ.ied to other

project management areas. The model is based on the

results of the critical paLh analysis of the project along

with the estimated resource reouirements of the individual

activities.

The two examples described in the paper show that the

model. is capable of scheduling projects as defined by the

objectives, and subject to the constraÍnts imposed. The

model schedules the project such that the minimum duration

as defined by the critical path analysis is not increased.

However the estimated duration of the activities used in

the critical path analysis are not a constraint in the

mode I . The schedul-ed durat ion of the act ivit ies is

determined by the model, thus increasing the flexibitity of

the model. The other constraints in the model are that

sufficient resources must be allocated to each activitÍes,

and the activities must be scheduled on consecutive days.
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The three objectives of the model are handled by

applying d i f ferent we ights to them in the objective

function. À limited tradeoff analysis of the weights show

that the weightings of L-2-3 or 1-3-3 are acceptable when

applied to the objectives window width minimization,

internal levelling and overall levetling respectively.

Practical application of the model is presently

restricted because of the extensive amount of computer time

necessary to obtain the final solution to the mode1.

However i t is hoped that when more e f f ic ient branch anrl

bound algorithms are developed, the model wiIl have some

practical applications. Àlthough the model theoretically

has three sets of integer variables, only one set (XÞIrs)

àre explicitly defined as integers thus significantly

reducing the amount of branch and bound necessary for

solut ion .

R_e.. c p¡une.¡rd alj _o_n_s

The three objective are incorporated into the model by

applying different weights to them in the objective

function. Further research on the model could involve a

more extensive investigation of the weightings to be used

in the objective function. ÀIso, an investigation of vthy

the XI variables cannot be explicitly defined as integers

is needed. The reason may result in a method of writing

the eguations which reduces the number of integer variabLes

44



to be included in the model,

more efficient modeI.

therefore resultinq in a

The model was developed by considering only a singJ.e

resource . However projects usua 1 Iy requ ire schedul i ng

giving consideration to multiple resources. Therefore the

next major expansion to the model would be ability of the

model to schedule projects with multiple resource demands.
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ÀPPENDIX À

Results of the Critical Path Ànalysis
of Example Projects



Àctivity
Node

From To

First Example Project

Dura t i on
of

Àctivity
( days )

Startinq Time FIoat

Earliest Latest TotaI Free
(days ) (days )

1

2

3

4

5

6

'7

I

1

2

2

3

4

5

6

7

2

3

5

4

I

6

7

8

1

4

t_

3

4

3

3

1

0

0

4

0

0

4

4

0

0

0

0

0

0

0

4

0

1

2

2

5

9

3

6

13

1

2

5

6

9

I

10

13

-A2



Second Example

Node Durat ion
of

From To Àctivity
( days )

Project

Starting Time Float
Àct i vi ty

Ear I iest Latest TotaI Free
(days ) (days )

x1

2

x3

4

*5

6

*7

x8

9

*10

1

2

2

3

4

4

5

6

7

8

2

3

4

6

5

7

6

I

I

9

2

2

3

3

2

3

3

3

2

1

0

3

0

3

0

3

0

0

3

0

0

0

0

3

0

0

U

0

3

0

1

3

3

5

6

6

I

11

v

L4

1

6

3

8

6

9

I

11

1.2

14



ÀPPENDIX B

Eguations of ModeI for First
Example Project
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MIN 1WT+ 2AT + 37.7

s. T.

Z0 1 +202+203 +20 4+205+20 6 +207 + Z 0 I + Z 0 9+ Z1 0 +Z 1 1 +Z 1 2+Z 1 3 -Zt=O

À0'1 0 1 +40 2 0 2+40 2 0 3+À0204 +À0 2 0 5+40 3 0 2 +404 0 6+A04 0 7+À04 08+À0 5 0 9
+40 5 1 0+e0 5 1 1 +e0 5'l 2+¡060 3+¡0604+4060 5+R0 7 06+e07 07+e0708+À07 0 9
+407 1 0+4071 1 +À071 2+¡08 1 3-ÀT=0

X01 01= I
Y,0202+X020 3 +X0 2 0 4 +X0 2 0 5 = 1 6
X0302= 2

x0406+X0407+x0408=1 I
x0509+X05'1 0+X051 1 +X051 2= 1 5
x0603+X0604+X0605= 9
X0706+X0707+X0708+X0709+X07 1 0+X0;1 1 +x07 12=12
X08'1 3= 4

-Y01+X0101=0
-Y02+X0202+X0302=0
-Y0 3+x0 2 0 3+x0 60 3=0
-Y04+X0204+X0604=0
-Y0 5+X0 2 0 5+X0 60 5=0
-V0 6+x04 0 6+x0 7 0 5= 0

-Y07+X0407+X0707=0
-Y0 8+X04 0 8+X0 7 08 = 0

-Y09+X0509+X0709=0
-Y1 0+X05 1 0+X07 1 0=0
-Y1 1+X051 1+X071 1=0
-Y 1 2+X0 5 12+X07 12=0
-Y13+X0813=0

-X0 1 0 1 +0OXI 000 1 0 1 +0 1 XI 0 1 0 1 0 1 +02Xi 020 1 0 1 +03XI 030 1 0 1

+04XI 040'1 0 I +05XI 050 1 0'1 +06XI 060 1 0 1 +07XI 070 1 0 1

+08XI080101=0
-X0 2 0 2 +0 OXI 0 0 0 2 0 2 + 0 1 XI 0 1 0202+02xt 020202+03Xi 0 3 0 2 0 2

+04XI 04 0202+0 5XI 0 502 02+0 6XI 06020 2+07 XI A7 0202
+08XI 080202=0

-X0203+0OXI 000203+0 1 XI 0 1 0203+02X1 020203+03XI 030203
+04XI 9462[]+05Xi 050203+06XI 060203+07XI 070203
+08XI 080203=0

-X0204+0OXI 000204+0 1 xI 0 10204+02il 020204+03XI 030204
+04XI 040204+05XI 050204+06XI 050204+07XI 07 0204
+08XI 080204=0

-X0205+0OXI 000205+0 1 xI 0 1 0205+02XI 020205+03xI 030205
+04XI 04 020 5+0 5XI 0 5020 5+06Xr 0 602 0 5+0 7XI 0702 0 5
+08XI 080205=0

-X0302+0OXI 000302+01xI 01 0302+02XI 020302+03XI 030302
+ 04XI 04 0 3 0 2+0 5XI 0 50 3 0 2+0 6XI 0 6 0 3 0 2+07 XI 07 0302
+08XI 080302=0
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-x0406+0oxi 000406+0 1 xr 0'1 0406+02xr 020406+03xr 03 0406
+04xr 040406+0SXr 050406+06Xr 060406+07Xi 070406
+08XI 080406=0

-X0407+0OXi 000407+01XI 01 0407+02XI 020407+03XI 030407
+04XI 04 0407+0 5Xi 050407+06xI 06040 7+07XI 07 0407
+08XI 080407=0

-X0408+0OXr 000408+01Xr 01 0408+02XI 020408+03XI 030408
+04XI 040408+0SXI 050408+06xI 060408+07XI 070408
+08XI 080408=0

-X0 509+0OXI 00 0509+0 1 Xi 0 1 0 509+02XI 020 50 9+03xI 0 3 050 9
+04Xr 040509+0SXr 050509+06Xr 060509+07Xi 070509
+08XI 08 0 50 9=0

-X051 0+0OXi 00051 0+01XI 01 051 0+02XI 02051 0+03XI 03051 0

+04Xr 04051 0+05Xr 05051 0+06Xr 0605'1 0+07Xr 07051 0

+08XI 08051 0=0
-X051 1 +0OXI 00051

+04XI0405'1
+08XI 08051

+01XI 0 1 051 1 +02XI 02051'1 +03XI 03051 1

+05XI 05051 1 +06XI 06051'1 +07XI 0705'1 1

-x0 5 1 2+0 oxr 00 0 5 1 2+0'1 xr 0 1 0 5'1 2+02xf0205 1 2+03xr 0 30 5 1 2

+04XI 04051 2+05XI 05051 2+06XI 05051 2+07Xl070512
+08XI 08051 2=0

-X0603+0OXI 000503+0 1 xI 0 1 0603.t02XI 020603+03XI 030603
+04XI 040603+05XI 050003+06XI 060503+07XI 070603
+08XI 080603=0

-X0604+0OXI 000604+0 1 xI 0 1 0604+02XI 020604+03xI 030604
+04XI 040604+05XI 050604+06XI 060604+07Xi 070604
+08XI 080604=0

-X0605+0OXI 000605+0 lXI 0 1 0505+02XI 020605+03XI 030605
+04XI 040605+05XI 050605+06XI 050605+07XI 070605
+08XI 080605=0

-X0706+0OXI 000706+0 1 XI 0 1 0706+02XI 020706+03xI 030706
+04Xi 04 07 0 6+0 5XI 0 507 06+06XI 0507 06+07XI 0707 06
+08XI 08 0706=0

-X0 7 07 +0 OXI 0 0 0 7 0 7 +0 1 XI 0 1 0'l 07 +02fi 0 2 0 7 0 7+0 3XI 0 3 0 7 0 7 .

+04XI 04 0707+0 5Xi 0 50707+0 6XI 0607 07+07Xr 07 07 07
+08XI 080707=0

-X07 08+0 OXI 000708+0'1 XI 0 1 07 08+02XI 020708+03XI 0 3 07 08
+04XI 040708+05XI 050708+06XI 060708+07XI 070708
+08xr 080708=0

-¡976$+0OXI 000709+01xI 0 1 0709+02XI 020709+03XI 030709
+04XI 04 070 9+0 5XI 0 507 09+06XI 06070 9+07XI 07 07 09
+08XI 080709=0

.x07 1 0+0oxr 0007 1 0+0 1 xr 0 1 07 1 0+02xr 020'1 10+03xr 0307 1 0

+04xr 0407 1 0+05xr 0 507 1 0+06xr 0607 1 0+07xr 0707 1 0

+08Xi 0807 1 0=0
-x071 1+0oxr 00071 '1+01xr 01071 1+02xr 020711+03xr 03071 1

+04XI 0407'1 1 +05XI 0507 1'1 +06Xr 0607 1 1 +07Xr 0707 1 1

+08XI 08071 1 =0
-x0 7 1 2+0 oxr 00 07 1 2+0 1 xr 0 1 07 1 2+02xr 0207 12+03xr 0307 12

+04XI 04 0 7 1 2+ 0 5XI 0 5 0 7 1 2 +0 6Xi 0 6 0 7 1 2+07 X.I 07 07 1 2

+08XI0807'12=0
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-x08 1 3+0OXI 0008 1 3+0 1 XI 0 1 08 1 3+02XI 0208 1 3+03XI 0308 1 3
+04XI 0408'1 3+0 SXi 0 508 1 3+06XI 0608 1 3+07xI 0708 1 3
+08XI 0808 1 3=0

+xr 000 1 0 1 +xr 0 1 01 0 1 +xr 020 1 0'1 +xr 030 1 0'1 +xr 040 1 0 1 +xr 050 1 0 1

+xr 060101+xr 070101+xr 080101='1
+xr 000202+xr 0'1 0202+xt020202+xt 030202+xr 040202+xr 050202

+xr 060202 +xl070202+xr 080202=1
+xr 000203+xr 01 0203+xr 020203+xr 030203+xl 040203+xr 050203

+xr 060203+xr 070203+xr 080203=1
+xr 000204+xr 01 0204+xr 020204+xi 030204+xl 040204+xi 050204

+xi 060204+xr 070204+xr 080204= 1

+xr 000205+xI 0 1 0205+xr 020205+xr 030205+xr 040205+xi 050205
+xr 0.60205+xr 070205+xI 080205=1

+xr 000302+xr 01 0302+xr 020302+xr 030302+xl 040302+xl 050302
+XI 050302+XI 070302+XI 080302=1

+xr 000406+xr 01 0406+xI 020406+xr 030406+xr 040406+xr 050406
+xI 060406+Xr 070406+Xr 080406= 1

+XI 000407+XI 01 0407+XI 020407+XI 030407+xI 040407+XI 050407
+xI 060407+xr 070407+Xr 080407=1

+xr 000408+xi 0'1 0408+xI 020408+xt 030408+xl 040408+xr 050408
+XI 060408+XI 070408+XI 080408=1

+xr 000509+xr 0'1 0509+xr 020509+xr 030509+xr 040509+xr 050509
+xr 060509+xI 070509+xI 080509=1

+xr 0005 1 0+xI 0 1 05 1 0+xr 0205'1 0+xr 0305'1 0+xI 0405 1 0+¡¡ 0505 1 0

+xr 06051 o+xr 07051 0+xr 08051 0=1
+xi 00051 1 +xr 0 1 051 1 +xI 02051'l +xi 03051 1 +xI 0405 1 1 +xr 05051 1

+xi 06051 '1+xr 07051 1+xi 0805'11=1
+xI 0005 1 2+xi 0 1 05'1 2+xr 0205 1 2+xl 030 5 1 2+xi 04051 2+xr 0505 1 2

+xI 06051 2+XI 07051 2+¡1 08051 2=1
+xr 000503+xI 0'1 0603+xr 020603+xr 030603+xr 040503+xi 050603

+xr 060603+xr 070503+xr 080603= 1

+xr 000604+xr 01 0604+xr 020604+xr 030604+xI 040604+xl 050604
+xI 060604+xr 070604+xr 080604=1

+xr 000605+xr 0 1 0605+xr 02060S+xr 030605+xi 040605+xr 050605
+xr 060605+xr 070605+xI 080605=1

+xr 000706+xi 01 0706+xi 020706+xr 030706+xi 040705+xl 050706
+xr 060706+xi 070706+xr 080706=1

+xr 000707+xr 0 1 0707+xl 020707+xl 030707+xl 040707+xi 050707
+xI 060707+xI 070707+xi 080707=1

+xr 000708+xI 01 0708+xr 020708+xl 030708+xi 040708+xr 050708
+xI 060708+XI 070708+XI 080708=1

+xr 000709+xr 01 0709+xi 020709+xl 030709+xr 040709+xi 050709
+xr 060709+xr 070709+xI 080709='1

+xr 0007 1 0+xr 0 1 07'1 0+xr 0207 1 0+xr 0307 1 0+xr 0407 1 0+xr 0507 1 0

+xI 0607 1 0+xI 07 0'l 10+xI 0807 1 0=1
+xr 00071'1+¡1 01 071 1+xl 02071'1+xi 03071'1+xr 04071 1+xr 05071 1

+xI 06071 1 +xI 07 07 11 +XI 08071 1 =1
+xI 0 0 0 7 1 Z+xt 0 1 0 7 1 2+xt 0207 1 z+xr 0 3 07 1 2+x,r 0 407 1 2+xt 0 5 0 7 1 2

+xI 0607 1 2+xt 07 07 12+xI 0807 1 2='1

+xr 0008 1 3+xr 0 1 08 1 3+xr 0208 1 3+xl 0308 1 3+xr 0408 1 3+xr 0508 1 3
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+xr 0608'13+xr 07081 3+xI 08081 3='l

-À0 1 0 1 +000XI 000 1 0 1 +00 1 xI 0 1 0 1 0 1 +004XI 020 1 0 1 +009XI 030 1 0 1

+01 6XI 040 1 0 1 +025Xi 050 1 0 1 +036XI 060 1 0 1 +049XI 070 1 0'1

+064XI080101=0
-À0202+00OXI 000202+00'1 XI 0 1 0202+00 4x,I020202+009XI 030202

+01 6XI 040202+025xI 050202+036XI 060202+049XI 070202
+064XI 080202=0

-402 0 3+0 0 OXi 0 0 0 2 0 3 +0 0 1 XI 0 1 0 2 0 3+0 0 4xI 020203+00 9XI 0 3 0 2 0 3

+01 6XI g492Ql+02sxI 050203+036XI 060203+049xI 070203
+064XI 080203=0

-À0204+00 OXI 00 0 204+00 1 XI 0 1 0204+00 4xt 020204+009XI 0 30 204
+01 6xr 040204+025xr 050204+036xr 060204+049xr 070204
+064XI 080204=0

-À02 0 5.r00oXI 000205+0 0 1 XI 0'1 0 205+004xI 0 202 0 5+00 9XI 03020 5

+01 6XI 040205+025XI 050205+036XI 060205+04gXI 070205
+064XI 080205=0

-À03 0 2+00 OxI 000 3 02+00'1 XI 0 1 0 3 02+004XI 0203 02+009XI 0 3 0 3 02
+01 6XI 040302+02sxI 050302+036XI 060302+049XI 070302
+064XI 080302=0

-À0406+00OXI 000406+00 1 XI 0'1 0406+004XI 020406+009XI 030406
+0'1 6XI C40406+02sxl 050406+036XI 060406+049XI 070406
+064XI 080405=0

-À0 4 0 7 +0 0 oxr 0 0 04 0 7 + 0 0 1 Xr 0',l 0 4 0 7 +0 04xr 0 2 04 0 7 +0 0 9xr 0 3 0 4 0 7

+01 6XI 040407+025xI 050407+036XI 060407+049xI 070407
+064XI 080407=0

-40408+00OXI 000408+00 1 XI 0 1 0408+004XI 020408+009XI 0304C8
+01 6XI 040408+025xI 050408+036XI 956{Q$+049XI 070408
+064XI 080408=0

-A0509+00oxr 000509+00 1 Xr 0 1 0509+004xr 020509+009xr 030509
+01 6XI 040509+025xI 050509+036XI 060509+049xI 070509
+064XI 080509=0

-À05'1 0+000XI 00051 0+00 1 xI 0 1 05'1 0+004XI 02051 0+009XI 0305 1 0

+0 1 6XI 0405 1 0+025Xi 05051 0+036Xi 0605 1 0+04 9XI 07051 0

+064Xi 0805'10=0
-À051'1 +00oxr 0005 1 1 +00 1 xr 0 1 0 51 1 +004xr 0205'1 1 +009xr 0305 1 1

+01 6xr 04051'1 +025xi 05051 1 +036Xr 06051 1 +049Xr 07051 1

+054XI080511=0
-4051 2+00OXI 0005 1 2+00 1 xI 0'1 05 1 2+004XI 0205 1 2+009XI 030 5 1 2

+0 1 6XI 040 5 1 2+025il 0 50 5 1 2+0 36XI 0 60 5 1 2+049XJ 07 051 2

+064XI 0805 1 2=0
-À0603+00OXI 000603+00 1 XI 0 1 0603+004XI 020603+009XI 030603

+0 1 6Xi 9495fl1+02sXI 050603+036XI 060603+049xI 070603
+064XI 080603=0

-A0604+00oxr 000604+00 1 Xi 0 1 0604+004Xr 020504+009xr 030604
+0'1 6xr 040604+02sxr 050604+036Xi 060604+049Xr 070604
+064XI 080504=0

-À060 5+00 OXi 000605+0 0 1 Xi 0 1 060 5+004xI 0 2 060 5+00 9XI 03060 5

+01 6XI 649$Q$+025Xi 050605+036XI 060605+049xi 070605
+064XI 080505=0

-À07 06+00OXI 00 07 06+0 0 1 XI g.1 I 7Q$+004xI 0207 06+009XI 0307 06
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+01 6xI 040706+02sxI 050706+036XI 060706+049xi 070706
+064XI 080706=0

-À0 7 0 7 +0 0 oxr 00 0 7 07+0 0 1 xi 0'1 0 7 0 7+0 04xr 0 2 0 7 07 +0 0 9xr 0 3 0 7 0 7

+0'1 6xr 040707+025xr 050707+036xI 060707+049xI 070707
+064Xi 080707=0

-À0708+00OxI 000708+00 1 XI 0 1 0708+004XI 020708+009XI 030708
+0'1 6xr g4g7S$+02sxr 050708+036xr 060708+04gxr 070708

,':.:,'::r: +o64xl o8o7o8=o:::::,::,:: -¡67Q!+003ii3î3;33i3!lii3l3l33il3åii3¿3133i3Î;ii3;3133

+064XI 080709=0
-À07'1 0+00oXI 0007 1 0+00 1 Xi 0 1 07 1 0+004XI 0207 10+00 9XI 0 307'1 0

+01 6Xi 04071 0+025XI 05071 0+036XI 06071 0+049XI 07071 0

+064XI 0807 1 0=0

,,,;,. ,; -À0711+00OXI00071'1+00'1XI0'10711+004XI020711+009XI030711
::..:.::: +016XI0407'11+025XI050711+035XI060711+049xI070711

+064XI080711=0
:::::::::ì -40712+00OXI000712+00'1xI010712+004XI020712+009xI030712',',".' +016XI0407'12+025XI050712+036XI0607'12+049XI070'112

+064XI 0807 1 2=0
-À081 3+00OXI 00081 3+001XI 01 081 3+004Xi 02081 3+009XI 03081 3

+01 6Xi 0408'1 3+025XI 05081 3+036X1 06081 3+049XI 07081 3

+054XI 0808 1 3=0

-Y0 1 +00YI 000'1 +0'1 YI 0'1 0'1 +02YI 020 1 +03YI 030 1 +04YI 040 1 +05YI 050'1
+06YI 060 1 +07YI 0701 +08YI 0801 =0

-Y02+0OYI 0002+01YI 01 02+02YI0202+03yt 0302+04YI 0402+05YI 0502
+06YI 0602+07Yi 0702+08YI 0802=0

-Y03+0OYI 0003+0 1 YI 0'1 03+02YI 0203+03YI 0303+04YI 0403+0 sYi 0503
+06YI 0603+07YI 0703+08YI 0803=0

-y04+0oyi 0004+01yI 01 04+02yr0204+03Yr0304+04YI 0404+05Yi 0504
+06Yr 0604+07Yr 0704+08YI 0804=0

-Y05+0OYI 0005+0 1 YI 0 1 05+02YI 0205+03YI 0305+04YI 0405+0 5YI 0505
+06YI 0605+07YI 0705+08YI 0805=0

-y06+0oyr 0006+01yr 01 06+02yI 0206+03yr 0306+04Yr 0406+0sYr 0506
,. *06YI 0606+07YI 0706+08YI 0806=0',,:;::,.:', -Y07+0OYI0007+01YI0'107+02YI0207+03YI0307+04YI0407+05YI0507

+06YI 0607+07YI 0707+08YI 0807=0
, .,.,;..;.; -Y08+00YI0008+01YI0'108+02YI0208+03YI0308+04YI0408+05YI0508
.,' ::. +05YI 0608+07YI 0708+08YI 0808=0

-Y09+0OYI 0009+01YI 01 09+02YI 0209+03Yi 0309+04YI 0409+05YI 0509
+06YI 0609+07YI 0709+08YI 0809=0

-Y1 0+00Yi 00 1 0+0 1 YI 0 1 1 0+02Yi 02 1 0+03YI 03 1 0+04Yi 04 1 0+05YI 05 1 0

+06YI 06 1 0+07YI 07 1 0+08YI 08 1 0=0
-Y11+0OYI001 1+01YI0'1 '11+02YI021 1+03YI031 1+04YI041 1+05YI051 1

.,,,",:.,,, +06yI061'1+07YI0711+08YI0811=0
::.: .: - -y1 2+00YI 001 2+01YI 0'1 12+02Y7 02'1 2+03YI 03'1 2+04Yi 041 2+05YI 051 2

+06Yi 061 2+07YI 07 1 2+08YI 08 1 2=0
-Y1 3+00YI 00'1 3+0 1 YI 0 1 1 3+02YI 02 1 3+03YI 03 1 3+04YI 04 1 3+05YI 05'1 3

+06YI 061 3+07YI 071 3+08YI 08'1 3=0
,s
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+yr 000 1 +yI 0 1 0 1 +yI 020 1 +vr 0301 +vl 040 1 +YI 050 1 +vl 060 1 +YI 070 1

+YI0801=1
+yI 0002+yI 01 02+yI 0202+vt 0302+vr 0402+vl 0502+vl 0602+YI 0702

+YI 0802=1
+yr 0003+y1 g1 Ql+yr 0203+yI 0303+yr 0403+yr 0503+Yr 0603+Yr 0703

+YI 0803=1
+yr 0004+yr 0 1 04+yi 0204+vr 0304+vl 0404+Yi 0504+YI 0604+YI 0704

+YI0804=1
+yr 0005+yI 01 05+yr 020s+yr 0305+Yi 040s+Yr 050s+YI 0605+YI 0705

+Yi0805=1
+yr 0006+yi 01 06+yI 0206+yr 0306+YI 0406+Yr 0506+YI 0506+YI 0706

+YI 0806=1
+yr 0007+Yr 0 1 07+Yr 0207+vr 0307+YI 0407+vr 0507+YI 0607+YI 0707

+YI 0807=1
+yI 0008+yr 01 08+yr 0208+Yi 0308+Yr 0408+Yi 0508+YI 0608+YI 0708

+YI 0808= 1

+yr 000g+yr 0'1 09+yI 0209+yI 0309+yr 0409+Yr 0509+Yr 0609+Yr 0709
+YI0809='1

+yr 001 0+yI 01 1 0+vr 021 0+yr 031 0+YI 041 0+Yr 051 0+Y1 061 0+YI 07 1 0

+YI 081 0=1
+yi 00 1 1 +yi 0 1 1'1 +yl 02'1 1 +yl 03 1 1 +YI 04 1'1 +YI 051'1 +YI 06 1 1 +YI 07',1 1

+YI0811='1
+yI 00 12+y7 0 1 1 2+yI 0212+vt 031 2+YI 04 1 2+YI 05',l 2+YI 0612+Yr07 12

+YI0812=1
+yr 001 3+yr 01 1 3+yr 021 3+y103'1 3+vr041 3+YI051 3+YI 061 3+YI 07',l 3

+YI0813='1

-20 1 +000YI 000 1 +001 YI 01 0 1 +004YI 020 1 +009YI 0301 +0 1 6YI 040 1

+025YI 050 1 +036vi 060 1 +049YI 070'1 +064YI 080 1 =0
-202+00OYI 0002+001YI 01 02+004YI 0202+009YI 0302+01 6YI 0402

+025yr 0502+036yr 0602+049yr 0702+064Yr 0802=0
-203+00OYI 0003+001 YI 01 03+004YI 0203+009YI 0303+0 1 6YI 0403

+025YI 0503+036YI 0603+049Yi 0703+064YI 0803=0
-204+00OYI0004+00 1YI 01 04+004YI 0204+009YI0304+0'1 6YI 0404

+025yr 0504+036yr 0604+049yr 0704+064Yr 0804=0
-205+00OYI 0005+001YI 01 05+004YI 0205+009YI 0305+01 6YI 0405

+025YI 0505+036Yi 050 5+049YI 0705+064YI 0805=0
-206+00OYI 0006+00 1 YI 0 1 06+004YI 0206+009Yi 0306+0 1 6Yi 0406

+025YI 0506+036YI 0606+049YI 0706+064YI 0806=0
-207+00OYI0007+001Yi01 07+004YI 0207+009YI 0307+01 6YI 0407

+025YI 0507+036YI 0607+049YI 0707+064YI 0807=0
-208+00oyr 0008+001yr01 08+004yr 0208+009Yi0308+01 6Yi0408

+025YI 0508+036YI 0608+049YI 0708+064YI 0808=0
-209+00oyr 0009+00 1yr 01 09+004yr 0209+009Yr 0309+01 6vI 0409

+025YI 0509+036YI 0609+049YI 0709+064YI 0809=0
-z 1 0+000YI 00 1 0+00'1 yI 0 1 1 0+004YI 02 1 0+009YI 03 1 0+0'1 6Yi 04 1 0

+025yr 05 1 0+036YI 061 0+049YI 07 1 0+064YI 08 1 0=0
-Z1 1+000yI001 1+001YI01 1 1+004Y10211+009YI031 1+016YI041 1

+025YI 051 1 +036YI 061 1 +049YI 07 1 1 +064YI 08 1 1 =0
-Z 1 2+000YI 00'1 2+00 1 YI 0'1 1 2+004YI 02 1 2+009YI 03 1 2+0 1 6YI 0412

+025YI 051 2+036YI 061 2+049YI 07 1 2+064YI 08 1 2=0

B7



-Z 1 3+000Yi 00 1 3+00 1 Yi 01 1 3+004YI 02 1 3+009YI 03 1 3+0 1 6Yi 04'l 3

+02 5YI 0 51 3+0 3 6vI 061 3+04 9YI 0 7'1 3 +0 64YI 081 3= 0

+X0202-16xÌ.l0201 02=>0
+X0202+X0203- 1 6XW02 0202=>0
+X02 02+X0203+X02 04- 1 5X9¡02030 2=>0
+X0202+X020 3+x0204+x0205- 1 6XW0204 0 2=>0
+X0203-1 6Xl.t0201 03=>0
+X0 2 03+X0 20 4- 16XW0 2 0 2 0 3=>0
+X02 03+X02 04+x0205-'1 6XI.¡020 3 0 3=>0
+X0204-1 6XI.i0201 04=>0
+X0204+X0205- 1 6XW020204=>0
+X020 5- 1 6Xt.t02 0'1 0 5=>0
+x0406-1 8xI.¡0401 06=>0
+X04 0 6+X0 401 - 18Xl^104 0 2 0 6=> 0

+X04 06+X04 07+X0408- 1 8XI.l04 0 3 0 6=>0
+X0407-1 8Xw0401 07=>0
+X04 07+X0408- 1 8XW0402 07=>0
+X04 08-'1 8XW04 0 1 08=>0
+X0509-1 6XI.]0501 09=>0
+X0 509+X0 5 1 0- 1 6XÞ10 50 209=>0
+X0509+X051 0+X051 1 -1 6Xv]050309=>0
+X0509+X051 0+X051 1 +X051 2-1 6Xw050409=>0
+X051 0-1 6X}t0501 1 0=>0
+x051 0+x051 1-1 6X}i05021 0=>0
+X 0 5 1 0 +X 0 5 1 1 +x 0 5 1 2 - '1 6XI^I0 5 0 3 1 0 = > 0

+X051'1 -1 6XW050 1 1 1 =>0
+X051 1 +x05'1 2-'1 6XI.70502 1 1 =>0
+X0512-16xl^r050112=>0
+x0603- 9xI^7060 1 03=>0
+X0603+X0504- 9Xv,¡060203=>0
+X0603+X0604+x0605- 9Xw060303=>0
+x0604- 9xw0601 04=>0
+x0604+x050 5- 9Xi^¡060 204=>0
+x0605- 9xw060 1 05=>0
+X0706-1 2Xw0701 06=>0
+X07 05+X07 07 - 12XW07 0206=>0
+X07 06+X07 07+X07 08- 1 2Xw070306=>0
+X07 06+X07 07+X0708+X07 09- 1 2XW07 0406=>0
+X07 06+X0707+X07 08+X0709+X07 1 0- 1 2Xw070 506=>0
+X07 06+X0707+x07 08+X0709+X07 1 0+X07 1 1 -'1 2xw07 0506=>0
+x0706+x0707+X0708+X0709+X07 1 0+X07 1 1 +X07 12-12xl"{07 0705=>0
+X0707-1 2Xw0701 07=>0
+x07 07+x0708- 1 2xw07 020 7=>0
+X07 07+X0708+x07 09-'1 2Xw07 0 30 7=>0
+X07 07+X0708+x07 09+X07 1 0- 1 2Xw07 04 0 7=>0
+X0707+X0708+x0709+x07 1 0+X07 1 

'1 -1 2Xw070507=>0
+X0707+X0708+X0709+X07'1 0+X07 1 1 +X0Z 12-12Xw01 0607=>0
+X0708-1 2Xw0701 08=>0
+X07 08+X0709-'1 2XW07 0208=>0
+X0708+X0709+X07 1 0- 1 2xw070308=>0
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+X0708+X0709+X07 1 0+X07 1 1 -1 2xw070408=>0
+X0 7 0 8 +X0 7 0 9+X0 7 1 0 +X0 7 1 1 +X0 7 1 2- 1 2ï,w07 0 5 0 I = > 0

+X0709- 1 2Xw070'1 09=>0
+X0709+X07'1 0- 1 2XW070209=>0
+x0709+x07'l 0+x07 1 1 -1 2xw070309=>0
+x0709+x071 0+x071 1 +x0l 12-12xw07 0409=>0
+X07 1 0-1 2XI^i0701 1 0=>0
+X07 1 0+x07 1 1 -'1 2Xl,¡0702 1 0=>0
+X07 1 0+x07 1 1 +X07 12-12xw07 03 1 0=>0
+X 0 7 '1 

1 - 1 2XW0 7 0 1 
'1 

1 = > 0

+X071 1 +X07 12-12XVt07 021 1 =>0
+X0712-12XW070112=>0

+xwo 2 0 1 0 2 +xÏ.¡o 2 0 2 0 2 +xw0 2 0 3 0 2 +x}io 2 0 4 0 2 +xI,to 2 0 1 0 3 +xl^to 2 0 2 0 3

+xI.¡0 2 0 3 0 3 +xl.]o 2 0 1 0 4 +xwo 2 0 20 4+xti 020 1 0 5= 1

+xÞio 4 0 1 0 6 +xr.¡o 4 0 2 0 6+xw0 4 0 3 0 6+xw0 4 0 1 0 7 +xwO ¿ 0 2 0 7 +xl,lo 4 0 1 0 I = 1

+XWO 5 0 1 0 9+XW0 5 0 2 0 9 +XI.IO 5 0 3 0 9 +XI,íO 5 0 4 0 9 +XWO 5 0 1 1 0 +Xl,¡0 5 0 2 1 0

+x}to503 1 0+xw0 50 1 1 1 +xl^lo502 1 1 +xI.¡O50 1 12=1
+xI.Io 6 0 1 0 3 +xl.¡o 6 0 2 0 3 +xr.Io 6 0 3 0 3 +xw0 6 0'1 0 4 +xt¡o 6 0 2 0 4 +xwo 6 0'1 0 5= 1

+Xt.¡O 7 0 1 0 5+XW0 7 0 2 0 6+XW0 7 0 3 0 6+Xi^lO 7 04 0 6+Xw0 7 0 50 6+XI^]O 7 0 6 0 6

+x9t0 7 0 7 0 6+xw0 7 0 1 0 7 +xwo 7 0 2 0 7 +xr,¡o I 0 3 0 7 +xwo 7 0 4 0 7

+xwo 7 0 5 0 7 +xlto 7 0 6 0 7 +xw0 7 0 1 0 I +xl,t0 7 0 2 0 I +xl^lo 7 0 3 0 I
+xr,¡0 7 0 4 0 I +xw0 7 0 5 0 I +xwo 7 0 1 0 9 +x}lO 7 0 2 0 9+xw0 7 0 3 0 9

+xl^¡o 7 0409+xw0 7 0 1 1 0+xw07 02'1 0+xt.io70 3 1 0+xw070 1 1 1

+XWO7 02 1 1 +XI^I0 70 1 1 2=1

X0203-Xw020 3 02-XI,IO 20402=>0
X0 2 0 4-XwO 2 0 3 0 3-xv¡O 20 402=>0
X0407-xi.¡O40306=>0
X0 5 1 0-Xw0 50 309-xw0 50409=>0
x051 1 -XI,¡0503 1 0-XI.t050409=>0
X0604-xwO60303=>0
x0 7 0 7-Xw0 7 0 3 0 6-xI,¡0 7 04 0 5-xw0 7 0 5 0 6-XI.¡O 7 0 6 0 6-XI{O 7 07 0 5=>0
x0 7 0 8-xl.t0 7 0 3 0 7-xw0 7 0 4 0 6-xw0 7 04 0 7 -xÌiO 7 0 5 0 5-xw0 7 0 50 7 -xwo 7 0 6 0 6

-xw0 7 0 50 7 -Xi^i0 7 0 7 0 6=> 0

x0 7 0 9-xw0 7 0 3 0 I -xwo 7 0 4 0 7 -xl^jo 7 0 4 0 I -xw0 7 0 5 0 6 -xw0 7 0 5 0 7 -xl.io 7 0 5 0 I
-X}iO7 0606-xI,J07 0607-X1,J07 07 06=>0

x0 7 1 0-xl^io7 0 3 0 9-xw0 7 04 0 8-xw0 7 04 0 9-x}¡o 7 0 5 0 7 -xli0 7 0 50 8-x!.t0 7 0 6 0 6

-Xvr070 607-Xt107 07 0 6=>0
X0 7 1 1 -Xw0 7 0 3 1 0-Xw0 7 0 4 0 9-Xw0 7 0 508-xI,i0 7 0 6 0 7 -Xþ¡O 7 0 7 0 6= > 0

-W02+ 1XWO20102+ 8XI^i020202+ 2'7Xw020302+ 54XI^i020402
+'1Xt¡020103+ 8XI.i020203+ 27XW020303+'1x!^t020104
+ 8X}t020204+ 1x}IO20'105=0

-Þt04+ 1X9¡O40'106+ 8X}iO40205+ 27xwO40306+ 1Xl.tO40107
. + 8x}IO10207+ 1XWO401 08=0

-Ii05+ 1XI,IO50109+ 8Xw050209+ 27Xw050309+ 64Xw050409
+ 1xWO50110+ 8Xi.I050210+ 27XW050310+ 1XI^r05011 1

+ 8XW050211+'1X}iO50112=0
-W06+'1X}JO60103+ 8XI^IO60203+ 27XWO60303+'1xI^iO60104

+ 8XI^t060204+ 1XI.]O60105=0
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-W07+ 1Xw070'106+ 8Xw070206+ 27XW0'10306+ 64Xw070406
+125Xw070506+216)rt^¡070606+343xw070706+ 1X}¡O70107
+ 8XW070207 + 27Xv1070307+ 64Xw070407+1 25X1.1070507
+216xI^I070507+ 1XWo70108+ 8XW070208+ 27XW070308
+ 54Xw070408+125Xw070508+ 1XW070109+ 8Xw070209
+ Z:-Xvt070309+ 64xr.¡070409+ 1Xr.i070'110+ 8xI.]070210
+ 27xw070310+ 1XI.¡O70111+ 8X}i070211+ 1Xl¡O70112=0

-WT+WO 2+W04+W0 5+W0 6+W0 7= 0

END

INTEGER
INTEGER
INTEGER
INTEGER
INTEGER
INTEGER
]NTEGER
INTEGER
I NTEGER
INTEGER
iNTEGER
INTEGER
INTEGER
INTEGER
] NTEGER
INTEGER
INTEGER
INTEGER
INTEGER
I NTEGER
INTEGER
INTEGER
I NTEGER
I NTEGER
INTEGER
TNTEGER
I NTEGER
I NTEGER
INTEGER
I NTEGER
iNTEGER
TNTEGER
I NTEGER
i NTEGER
INTEGER
INTEGER
INTEGER
I NTEGER
INTEGER

xI^Io201 02
xw020202
xl.¡o20302
xÌ.¡o20402
xw0201 03
xI,Jo20203
xI.to20303
xl^Io201 04
xwO20204
xl.¡o201 05
xli0401 05
xI^¡O40206
x}¡o40306
xw040107
xwo40207
xw0401 08
xl.¡o50109
xi.i050209
xwo50309
xI^ro50409
xl.]o 50'1 1 0

x}¡o5021 0

xl.Io503'10
xI^]O501 1 1

xvi05021 1

xl^¡o50 1 1 2

xI^Io501 03
xt¡O60203
xr^io60303
xs¡o60 1 04
xi.ro60204
x}i0601 05
xI.¡O701 06
xtro70206
xÌ^io70306
xI^¡O70405
x}¡o70506
xI.¡o70505
xwo70706
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INTEGER
i NTEGER

I NTEGER
INTEGER
INTEGER
I NTEGER
INTEGER
iNTEGER
INTEGER
INTEGER
INTEGER
INTEGER
INTEGER
iNTEGER
INTEGER
INTEGER
INTEGER
I NTEGER
I NTEGER
I NTEGER

i NTEGER
LEÀVE

xt^Io70'107
xl.¡o70207
xI.¡o70307
xl.lo7 04 0 7

xllo70507
xlio70507
x}¡o701 08
xl.ro70208
xI.Io70308
xl^to70408
x}to7 0 508
xl.¡o701 09
xl^io70209
xwo70309
xI^Io70409
xl^io70'110
x}]O7021 0

xw0703 1 0

xI^Io701 1 1

xllo7021'1
xi^l0701 1 2
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ÀPPENDIX C

Program fox Generating the Equations
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C THIS PROGRÀM GENERATES THE EQUATIONS REQU]RED BY THE
c MoDEI PRESENTED. lHE VÀRIÀBLES AND EQUÀTIoNS CoRRESPoND
C TO THOSE DEFINED IN THE PAPER.
c
C *** NOTE *** THE OBJECTTVE FUNCTION WILL HAVE TO BE
C MODIFIED DEPENDING ON THE WEIGHTS USED.
c
C ES = EÀRLY STÀRT TIME OF ÀCTIVITY
C tF = LATE FINISH TIME 0F ACTMTY
C TR = TOTÀL RESOURCE REQUIREMENT 0F ÀCTIVITY
C NA = NUMBER OF ACTTVITIES
C ND = DURÀTION 0F PROJECT
C MAX = MÀXIMUM RESOURCE AtIOCACTED PER PREIOD

c
c

CHÀRACTER*80 BUFF'ER
INTEGER ES, LF, TR, À1, A2, D1, D2, C1, C2, C3
INTEGER CS1, CS2, CS3, CD, 51, 52, D, CSQD

DIMENSION ES(99), LF(99), TR(99)
REÀD (5,*) NÀ, ND, MÀX, K1, K2
D0 100 L=1,N4

READ (5,*¡ I, ES(L), LF(L), TR(L)
1 OO CONTINUE

c
C OBJECTIVE FUNCTION : EON 19

BUFFER=' '
BUFFER(1:14) = 'MIN 3ZT+2ÀT+l¡T'
I.¡RrrE(4,2000)gurrnn
BUFFER= I I

BUFFER(1:4)='S.T.'
I.tRrrE(4,2000) gurnnn
BUFFER=' '

c
C OBJECTIVE FUNCION EQUÀTION : EQN 14
c

-^ I!¿=J
D0 200 L=1,ND

D1=L/10
D2=L- 1 0*D1
wRITE (SUrren(ll:12), '("2",2r'1 )') D'l , D2
rF(r.EQ.ND) rHnH

BUFFER (12+l zI2+5 ) =' -ZT=0'
G0T0 21 0

ELSE
BUFFER( I 2+l z12+1 )='+'
I1=I1+4
r¿=r¿+q

ENDI F

-c2



iF(r2.LE.60) co ro zoo
210 I^tRrrE(4,2000) ¡urrnn

BUFFER=' '

! ¿=5
2OO CONTINUE

c
C INTERNAL LEVELLING OF ÀCT]VITY RESOURCE REQUIREMENT : EQN 15
c

I1='1
! ¿=ô
D0 1400 L=1,N4
A1=L/10
À2=L-1 0*41
Ð0 14.10 t.1=ES(L),1r,(l)

Dl=Ll /10
D2=L1-10*D'1
}iRITE(¡UFrnn(11:12),', ( "À" ,4r1,','+r | )')A1,À2 ,D1 ,D2
r1 -1.4-t t=l l+Þ
r4 r4.4l¿=!¿+o
rF(11.EQ.rF(r) ) co ro 1410
rF(r2.1E.60) CO rO l¿lo

wRITE(4,2000) gUrrnn
BUFFER=' '
r11 l= |

I2=6
.1 

41 O CONTI NUE
14OO CONTINUE
2001 FORMÀT(51 10)
2OOO FORMAT(A8O )

BUFFER( I I -l : i'1 +3 ) =' -ÀT=0'
l.iRrrE( 4, 2000 ) nur'¡'nR
BUFFER=' '

c }¡RtrE(BUFFER( 1:7),'( "ÀT<" ,I4)')K1
C WRITE(4,2OOO ) BUFFER
C BUFFER=' I

c
C ÀCTIVITY REQUIREMENTS : EQN 2

D0 300 L=1,NÀ
A1=L/10
À2=L-1 0*41
f1

! ¿=)
D0 320 L1=ES(l),lr(l)

D1=L1 /10
D2=L1-1 0*D1
WRITE (SUFrnR(11:12), '("X",411)') ¡1 , A2,D1 , D2
rF (l,l .He.LF(r)) rHnH
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c
c
c

BUFFER (tZ+1 zl2+1 ) =' +'
EtSE

BUFFER( I 2+l z12+1 ) =' ='
I.IRIrE (gurrnnft2+2212+4),' (rZ)' ) rn(r,)
G0 T0 310

ENDI F

I1=I1+6
r¿=!¿+ô
rF(r2.rE.60) co ro gzo

310 }tRrrE(4,2000) ¡urreR
BUFFER=' '
I t- I

12=5
320 CONTINUE
3OO CONTINUE

TOTAL DÀILY RESOURCE REQUIREMENT : EQN 5

D0 400 L=1,ND
91=¡/t0
D2=L- 1 0*01
WRITE (surren(1 :a) ,' (" -y" ,2r '1 )' ) D'l , D2

I2=10
D0 410 L'l=1,NÀ

A1=L1 /10
À2=L1 -1 0*À1
rF((L.Lr.ES(11 )).0R. (L.cr.LF(11 ))) co r0 420

9]RiTE (¡urren(11:t2) ,'("+x",411)') el , A2, 01, D2
I t=1 l+b
r^ -4.1L¿=!¿+O
rF(11 .NE.NA) CO rC +¡O

BUFFER( I 1 : i 1+'1 )=' =0'
G0 T0 440

rF (lz.rn.60) c0 T0 410
I.¡RrrE(4,2000) surrnn
BUFFER=' '

L¿= IU

41 O CONTINUE
4OO CONTINUE

RANGE OF INTEGER VÀLUES FOR X(I,.:)

D0 500 L=1,NÀ
^1-t 

/1^nt-u/ tv
A2=L-1 0*À1
D0 510 Ll=ES(l),lr(r)

n't -r t ./l nD | -D | / | U

D2=L1-1 0*D1
WRITE (nunren( 1 :6) ,' (' '-x' '

:EQN3

420

430
440

c
c
c
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r l-l

I2=17
D0 520 L2=0,IfÀX

c1=L2/10
C2=L2-10*C1
WRITE(gUrrrR(I1:i2),', (t r+r ?,2Í1,"XI ",611 )' ) C1,C2,

$c1 ,c2,A1 ,À2 ,D1 ,D2
I1=I1+'l'1
l2=I2+1 1

IF(L2.NE.MÀX) CO TO S¡O
BUFFER(l'1 :l 1+1 )=' =0'
G0 T0 540

530 rF(r2.18.60) CO rO SZO

540 I.IRIrE(4,2000) SUrrnn
BUFFER = ' I

1 1-1I t_ I

?^
L¿= I I

520 CONTINUE
51 O CONTINUE
5OO CONTINUE

c
C SELECTING ONE INTEGER VATUE FOR X(I,.,:) : EQN 4

L
D0 600 L=1,N4
t I -r /t ¡t'Lt-tr/ tV

A2=L- 1 0*À1
D0 610 L,1=ES(L),rr(r)

Dl=L1 /10
D2=L1 -1 0*D1

I ¿=>
D0 520 L2=0,ì,fÀL

c1=L2/10
C2=L2-10t C1

WRITE(gUrren(tl:12),' ("+xI",611)' ) c1, C2, À1,
$À2, D1, D2

I1=I1+9
r^ ç^ 

^L¿=!¿+>
rF(L2.NE.MAX) CO rO S¡O

BUFFER(11:I1+1)='=1'
G0 T0 640

630 rF(r2.1E.60) CO rO gZO

640 WRrrE(4,2000) SUrrnn
BUFFER = ' I

I l= lu
I2=18

620 CONTTNUE
6,1 O CONTi NUE

6OO CONTINUE
c
C INTERNÀL LEVELLING OF ACTIVITY : EQN 13
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c
BUFFER=' '
D0 1300 L=1,N4
A1=L/10
AZ=L- '10*À1

D0 13.10 L1=ES(L),i,f (f )
n1-r 1 /10ut-ut/ |

D2=L1 -1 0*D1
WRITE(gUrreR(1:5),' (" -À' ' ,411)' )À1 ,A2,D1 ,D2
I1=7
I2=18
D0 1310 L2=0,MÀX

141=L2*L2
CS 1=M'1/'1 00
M2=M1-100*CS1
CS2=M2/10
CS3=M2-1 0*CS2
C1=L2/10
C2=L2- 1 0*C1
I.IRITE(surrnn(I l:12) ,'( "*",31 1, "xI " ,611 )')cS1,cs2,

$cs 3 , c1 ,c2 , A1 , A2 ,Dl ,D2
I '1=i 1+1 2
?^ ?^ l^!¿=L¿+l¿
IF(L2.NE.MÀX) GO TO 1330

BUFTER(I1:i1+1)=t=Qt
G0 T0 1 340

1330 rF (r2.L8.60) c0 r0 1320
1340 WRrrE(4,2000) ¡Urrnn

BUFFER=' '

I l- |
r^ 4^L¿= IÖ

1320 CONTINUE
1 3 

.1 O CONTI NUE
1 3OO CONTINUE

C RANGE OF TNTEGER VALUES FOR Y(J) : EQN 6

c
D0 700 L=1,ND
D1=L/10
D2=L- 1 0*01
I^IRITE(¡Urrnn(1 :a),' ( "-y",2r1 )' ) D1,D2

44
!¿=tJ
D0 7'10 L'1=0,MÀX

c|=Ll /10
C2=L1-'10*C1
I^tRITE(nUrrnn(i1:12),',(t r+'| r ,2r1 , 

f tylt t,4I'1)') c1 ,c2,
$c 1 ,c2 ,D1 ,D2

I1=I1+9
!¿=!¿+>
IF(L1.NE.MÀX) CO TO TZO
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c
c
c

BUFFER(I'1 :I 1+1 )=' =Q'
G0 T0 730

720 rF (r2.Lî,.60) G0 T0 710
730 s¡RrrE(4,2000) suFrnn

BUFFER=' '
I 1=5
I2=13

71 O CONTINUE
7OO CONTINUE

SELECTING ONE INTEGER VÀLUE FOR Y(J) : EQN 7

D0 800 L=1,ND
D1=L/10
DZ=L- 1 0*D1
r l-l

I2=7
D0 810 L1=0,MÀX

C1=L1 /10
C2=L1-1 0*C1
t^iRtrE(surrrn(I 1 :i 2),', (" +yI ",41 1 )' )c1,C2,D1,D2
I l=1 l+ /
I2=I2+'l
iF(L1.NE.MAX) CO rO gzo

BUFFER(11:t1+1)=',=1'
G0 T0 830

820 iF(r2.18.60) c0 r0 810
830 }iRrrE(4,2000) surrsR

BUFFER=' '
r{ ôI l=0
T¿=IJ

81 O CONTINUE
8OO CONTINUE

SQUÀRING THE COEFFICIENT OF Y(J) : EQN 9

D0 900 L='1 ,ND
D1=L/10
D2=L-1 0*01
wRITE(¡Uf¡'nR(1:4) ,' (" -2" ,2I1)') 01,02
I l=3
a4 1^I¿=I+
D0 910 L'l=0,MAX

M1 =L 1 *L1
cs 1 =M1 /1 00
M2=M]- 1 00'tCS 1

cs2=M2/10
cS3=M2-10*cS2
cl=L1 /10
C2=L1-1 0*C1
l¡RITE(gUFren(ll :12),' (r r+t r,311, "YI ",411 )' )CS1,CSz,

c
c
c
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$cs3, c1 ,c2,D1 ,D2
I1=11+'10
I2=I2+10
rF(11 .NE.MAX) CO rO gzO

BUFFER(I'1 : I 1+1 )=' =9'
G0 r0 930

920 rF (r2.1¡.50) c0 T0 9'10
930 llRrrE(4,2000) surFnR

BUFFER=' '-{I r -J
?4 1A| /= | 4

91 O CONTINUE
9OO CONTINUE

c
C }jiNDO}l CONSTRÀINT : EQN 1 0

c
BUFFER=' '
D0 1000 L=1,NÀ
CD=LF(l)-nS(r)+1
rF(cD.LT.3) CO rO looo
A1=L/10
A2=L- 1 0*À 1

D0 .1010 L1=ES(L),i,f (r)
31=Ll /10
S2=L1-10*S1
D0 '1020 L2=1 ,CD

I

T ¿=A
c1=L2/10
C2=L2- 1 0*c1
D0 '1030 L3=1 ,L2

D=L1+L3 .1

D1=D/10
D2=D-1 0*01
I.IRITE(SUffnn(l'1 :f 2),,(,t+X",4I'l )')¡1 ,A2,D1 ,D2
I1=I1+6
I2=72+6
IF(L3.NE.L2) GO TO 104O
I,¡RITE(¡Unrgn(t 1 :I2+8),t ( r'-",r2, "xw",61 1, "=)0'

$' ) ' )TR(L) ,A1 ,A2,Cl ,C2, 51 , 52
G0 T0 '1050

1040 rF(i2.18.48) CO rO lO¡O
1050 WRrrE(4,2000) ¡UrFnn

BUFFER=' '

I l=/
I2=12

1 O3O CONTINUE
1 O2O CONTINUE

CD=CD- 1

-1 
O-1 O CONTI NUE

1 OOO CONTINUE
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c
C I.¡INDOW CONSTRÀINT : EQN 11

D0 1 1 00 L=1 ,NA

! ¿=J
SD=LF (L )-es (r, )+ 1

rF(cD.LT.3) CO rO lloo
A1=L/10
A2=L- '10*À'1

D0 1 1'10 t1=ES(L),lr(l)
À1 - I /.S'1=L1l10
S2=L1 -1 0*S1
D0 1120 L2=1 ,CD

C1=L2/10
C2=L2- '10*c'1

I.IRI TE (gUrren ( I 1 : I 2+8) ,' ( ' ' +XW' ' , 5I 1 ) ' )e I , A2 ,C1 ,C2 ,

$s1,s2
+1 ?¡ 

^I l=1 l+>
?^ r^ 

^!¿=!¿+>
IF(LF(r,).Hn.L1) co ro 1130

BUFFER(I1:I1+1)='=1t
G0 T0'1140

1130 rF(r2.18.60) CO rO llZO
1 140 WRrrE(4,2000) nUrrnn

BUFFER=' '
?¡ <^

!¿= ló
1120 CONTINUE

CD=CD- 1

'1110 CONTINUE
1 

,1 
O O CONTI NUE

c
C SETTING THE INTERNÀL DÀYS GREÀTER THAN 1 IN }IINDOI]S : EQU 12

c
BUFFER=' '
D0 1200 L=1,N4
CD=LF(r)-eS(r)+1
rF(cD.Lr.3) co ro lzoo
A1=L/10
A2=L- '10*À'1

D0 1210 L1=ES(L)+1,LF(r)_l
D1=L1 /10
D2=L1 -1 0*D1
WRITE(gUrrnn(1 :5),' ( "x",411 )' )À1,A2,Dl,D2

a
.L l=þ

DO 1220 L2=3,CD
c1=L2/10
C2=L2-10*C1
D0 1230 L3=ES(t ),rr(l)-t,Z+l
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L4=L3+L2-1
rF(14.Gr.tF(r)) Co r0 1230
rF((r1.rE.L3).0n. (ll.cn.t4)) G0 r0 1230

S1 =L3l1 0

52=L3-1 0*S1
I.¡RirE(guFren(l l :12) ,' ( t ' -xw" ,6I'1 ) ' )¡1 ,A2,c1 ,

$c2's1 's2 I1=I1+9

i37ï,31i'..', GO ro 1240
BUFFER( I 1 : I'1+2 ) =' =>0'
G0 T0 1250

1240 rF(r2.rE.60) CO rO lz¡o
1250 WRrrE(4,2000)sUrrnn

BUFFER=' '
I '1=6

I2=1 4
1230 CONTINUE
1220 CONTTNUE
1 21 O CONTINUE
1 20O CONTINUE

c
C V]INDO}J CONSTRÀINT : EQN 17

c
D0 1600 L=l,NÀ
CD=LF(r)-nS(r)+1
rF(cD.Lr.3) co ro l0oo
A1=L/10
A2=L- 1 0*À1
wRITE(SUrrnn(1 :4),' (''-W'',,2r1)' )e1,¡2
+1

!¿=lö
DO 16.10 L1=ES(i,),i,r(r)

s1=L1 /10
S2=L1 -1 0*S1
D0 1620 L2=1 ,CD

CSQD=LT*L2*L2
c1=L2/10
C2=L2- 1 0*c1
I.IRITE(gUFrnn(11..r2) ,'(" *', ' ,I5,' 'xl^l" ,611)')

$csQD,À.1,À2,c|,c2,s1,s2
11 r1 4ÀI l=-1. l+ | ¡*

!¿=!¿+ l+
rF(LF(L).He.L1 ) G0 r0 1530

BUFFER(ll:I1+1)='=0'
G0 T0 1640

T630 iF(r2.18.40) CO rO ISZO
1640 WRrrE(4,2000) sUrn¡n

BUFFER=' '

¡ôI¿=IÖ

- c10 -



c
c

1620 CONTINUE
CD=CD-1

1610 CONTINUE
1 600 CONTINUE

I.¡INDOI^I CONSTRÀINT : EQN 18

BUFFER(1:3)='-wT'
I1=4
!¿=l
D0 1700 L='1 ,NÀ

CD=LF (r, ) -ns (r ) +'1

rF(cD.rr.3) co to lr¡o
A1=L/10
A2=L-1 0i À1

I.IRITE(gUnren(t I : I 2),', (t t +!lt 

"2r1)'I1=i1+4
ì^ !^ ¡

! ¿= ! ¿+L'

1730 iF(L.LT.NÀ) G0 T0 1720
BUFFER( I I :l',l+1 )=' =0'
G0 T0 17'1 0

1'Ì20 rr(r2.L8.60) G0 r0 1700
1 71 0 t^?Rr rE (4 , 2000 ) SUrren

BUFFER=' '

)À1,A2

I | -Z
L¿=I

17OO CONTINUE
c I.¡RITE(BUFFER(1:7),' ("I.]r<",r4)' )x2
C WRITE(4,2OOO) BUFFER

C BUFFER=' t

c
C DEFINING INTEGER VARIÀBLES X](N,i,J)
c
C BUFFER='END'
C WRITE(4,2OOO) BUFFER

C BUFFER=' I

C D0 3000 L=1,NÀ
c A1=L/10
C A2=L-1 0*À1
c D0 301 0 t'1 =ES (l ) ,lr (r )

C D|=L1 /10
C D2=L1-10*D'1
C D0 3020 I,2=O,MAX
C C1=L2/10
C C2=L2- 1 0*C1
c WRITE(BUFFER(1:16),'("INTEGER XI",611)')C1,C2,A1,
c $A2 ,Dl ,D2c wRrrB(4,2000) surngn
C BUFFER=' '

C3O2O CONTTNUE

C3O1 O CONTINUE
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C3OOO CONTINUE

C DEFINING INTEGER VARIABLES Yi(M,J)
c
n n^ ,nnñ r-l rrlìL lrv :v.vv !- lrr\¡J

^ 
nl-f /1^L lrt-JJl tV

C D2=L-'10*01
C D0 4010 L1=0,MÀx

; ._:r'. ::.i:.. C C 1=L1 /10:i.:.¡' r-:'..., 
C C 2=L1_1 0*C 1

c I.IRITE(BUFFER(1:14) ,' (" INTEGER YI " ,411 )' )Cl ,C2,Dl ,D2
c wRrrE( 4,2000 ) surren
C BUFFER=' '

C4O1 O CONTINUE
C4OOO CONTINUE
L
C DEFINTNG iNTEGER VÀRIABtES XW(I,C,S)
c

. . 6000 D0 5000 L=l,NÀ
SD=LF (r ) -ns (r, ) + 1

rn/n¡.LT.3) CO fO SOOO¡l \v¡.
r I -r /l fì¡r t-IJ/ I u

A2=L- '10*41

nrt tr¡10 L1=ES(L),f,f (l)9V Jr

31=L1 /10
S2=L1-10*S'1
D0 5020 L2=1,CD

11-r 1/1^I t-LL/ tv
C2=L2-10*c1
}jRITE(aurrnn( 1 :16),' ( " INTEGER xI^7",61 1 )' )À1,À2,c'l,

$c2,s1,s2
}¡RrrE(4,2000) ¡urrgn
BUFFER=' '

5O2O CONTINUE
CD=CD-'1

501 O CONTINUE_ .: :: .,:.: '

" 
"r' uooo 

;8ilïåilYÏrrou'

END
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ÀPPENDIX D

Notes on Running LINDO
-- :.:.., .-..
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Due to the large amount of computer time necessary to

solve the model, it is advisable to operate LINDO in batch

mode.

Because of the extensive amount of branch and bounding

necessary, LINDO would normally exceed it default pivot

limit and branch count, therefore the additional amount of

pivots and branchs allowed must be entered. It is

recommended that an additional amount be entered for both

limits regardless of if it required. If these additional

pÍvots and branchs are not required LINDO wilL respond with

'invalid commandr until it encounters the TOUITT command,

this does not affect the soLution.

The output should be diverted to an output fite. À

very large temporary dataset should be allocated as LINDO

generates pages and pages of output. The required results

of the resource allocations can then be transfered to a

smaller permanent dataset.
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