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Abstract

The purpose of this thesis is to develop a decomposition method for obtaining the queue
length distributions of open, tandem and split queue networks with Markovian arrival
processes, and finite intermediate queues. Equivalent geometric systems are also studied
to determine if maintaining the relationship between the decomposed queues improves

the results over existing methods.

This thesis contains an introduction, conclusion and three main sections: a literature
review; a section outlining the exact and decomposition procedures for the tandem
networks; and a section outlining the exact and decomposition procedures for the split
networks. Neuts’ [46] Matrix Geometric Method is adopted to provide exact results

which are used to validate the approximate results.

[t can be concluded that for tandem and split systems with Markovian arrival processes
the decomposition method developed in this thesis is superior to existing methods which
fail to represent the dependence between the isolated queues. The opposite is true for
both configurations of the geometric systems. That is, existing methods which do not
maintain the dependence in their decomposition approach produce equal or superior
results. Therefore, it can be concluded that utilizing the approximation method which
captures the relationship between the queues is not worth the extra effort for geometric

systems.
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1. INTRODUCTION

1.1 Background

People most often associate queues with line-ups in service facilities. This is only one of
many examples where queues occur in every day life. In general, a queue occurs anytime
a person or object waits for a server or resource. The majority of time spent in a queue is
wasted time, therefore, there is a constant push to reduce queue times and increase

service output. This is the drive behind research in queuing theory.

When several queues and resources must be visited in a row, this may be termed as a
network of queues. An assembly line with multiple stations in series is an example of a
queue network. When customers leave the network after service is completed, this is
referred to as an open system. Closed systems occur when the customers circulate
around and around and no new customers arrive. This type of system is often found in

computer networks. This thesis is only concerned with open systems.

In reality the amount of space between queues is limited or finite. If the space becomes
full no new customers may enter the waiting area_ If, at the completion of service, there
is no space in the next buffer the customer must wait with the server until there is enough

room. The resource cannot serve a new customer until the previous one leaves, that is



the resource is idle. This situation is referred to as blocking which can lead to a large

reduction in productivity, and may cause customer dissatisfaction.

There has been a great deal of research done in the area of solving queue networks,
however, the majority of work applies to systems with infinite buffers. That is, blocking
will never occur. When blocking is considered most techniques are very restricted. That
is, networks which they apply to are limited in size and configuration. In addition the
majority are restricted to renewal, independent, arrival and service processes. This limits
the application of the solution techniques. Therefore, there still remains the need to solve

systems which better represent reality.

1.2 Objective

The purpose of this thesis is to develop an approximate method for obtaining the queue
length distnibutions of open networks with a non-renewal arrival process, and finite
intermediate buffers. The approximation method developed for these systems uses a
decomposition approach. The networks explored include two stage tandem and split

systems.

Examples of systems with finite intermediate buffers can be found in manufacturing and
telecommunications. The blocking mechanisms which apply to these two industries are

different, and solution methods usually apply to only one type. Manufacturing type



blocking occurs at the completion of service when a customer finds the next buffer is
full. The customer stays in the blocked queue, and the server remains idle until there is
room in the downstream buffer. For example, in an assembly line when a part is finished
being processed at the station it will proceed to the down stream buffer, if this buffer is
full the part remains at the machine until space becomes available. Communication
blocking occurs when, prior to service starting, there is insufficient room in the down
stream buffer. The server will not start service until there is adequate space in the next
buffer. In telecommunications there must be sufficient bandwidth available before data
can be transmitted. The method developed in this thesis assumes manufacturing
blocking, however it has been shown by Onvural and Perros [47] that the two blocking

types are equivalent for systems with only two stations.

Most of the research to date has involved systems with renewal arrival and service
processes. There are a vast number of papers which derive exact and/or approximate
solution methods for various network configurations. Most approximation methods
decompose the system into a set of single node queues and each are solved
independently. The arrival process of a sub-level queue is dependent on the departure
process of the previous queue, however in the majority of methods there is no
relationship between the approximated arrival process and the departure process of the
previous queue. The decomposition method developed in this thesis utilizes a Markovian

arrival process (MAP) to account for the dependence between isolated queues. The MAP



is a non-renewal arrival process which defines correlated arrivals. Details about the

MAP can be found in [44] and [46].

To determine the validity of the approximate results, they are compared with those

derived from an exact solution method which is also developed in this thesis.

1.3 Scope

This thesis contains an introduction, conclusion, and three main sections including: the
literature review; a section exploning the tandem configuration; and a third one studying
the split configuration. The literature review outlines a number of the solution methods
derived over the past forty years. Sections 3 and 4 contain sub-sections which look at the
networks with the non-renewal arrival process and the geometric version independently.
The geometric systems are presented as special cases for the purpose of analyzing the

effect of utilizing correlated amivals in the decomposition.



2. LITERATURE REVIEW

2.1 Introduction

Over the past forty years there has been an extensive amount of research done in the area
of open, finite queuing systems. Finite systems may be defined as those that contain one
or more queues with finite buffers, and an infinite system is one in which all of the
buffers are unrestricted in size. Research on finite systems has been fueled by the fact
that most real life systems contain limited size buffers between “work stations’ and
blocking may occur. Applying infinite case procedures does not always provide

reasonable approximations for systems with blocking.

A great deal of exploration has been done in the area of finite tandem queues with two
stations. These systems can often be solved exactly. For larger tandem systems the state
space is often too large and they must be solved using approximation methods.
Approximation techniques are also often required in the solution of split and merge

configurations, as well as arbitrary configurations.

This literature review will outline some of the exact and approximate methods used to
solve open, finite queuing networks of various topographies. A brief examination of
closed queuing networks is also provided. When relevant, the papers referred to in this

review utilize manufacturing blocking unless otherwise stated.
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2.2 Open, Finite Queuing Networks

The literature for this group of networks is presented in three sub-sections: (1) tandem;

(2) split and merge; and (3) arbitrary configurations.

2.2.1 Tandem Configurations

A tandem configuration is defined as a series of queues where the output of one becomes
the input of the next downstream queue. A customer passes through each and every
station in sequence. The first exploration into the effect of blocking on the maximum
utilization of a tandem network was undertaken by Hunt [28]). He studied a two node
system with exponential service times and Poisson arrivals. The first queue was defined
as having an infinite buffer and several cases were looked at for the intermediate buffer
sizes: (a) infimite; (b) zero; and (c) finite. Hunt also looked at the situation of unpaced
production where the line moves at each station simultaneously. In addition to the
utilization, he also found the steady state distribution of the number in the system by

solving the balance equations.

A similar system with deterministic service times was studied by Avi-ltzhak and Yadin
[4], who found the marginal steady state queue length distributions. Their method also
required that the arrival times follow a Poisson process, and that the second station have

no proceeding buffer. Avi-ltzhak [5] later went on to find the steady state waiting time



distribution of a larger multi-server line. He also relaxed the condition of a Poisson
arrival process in [4], and allowed for finite intermediate buffers. Both methods use the
moment generating functions of the queue times and the number of customers in their

procedure.

Hillier and Boling [27] introduced a method which produces exact results for larger finite
systems with exponential or Erlang service times. To simplify the procedure, the first
queue is assumed to be saturated, or always busy. They were able to find results for the
steady state mean output rate and the mean number of customers in the system excluding
queue 1. Neuts [45] diverged further from [28] and found the equilibrium conditions of a
two station system with general service times at the first queue, and exponential at the
second. Neuts’ system also requires that external arrivals follow a Poisson process. The

method uses an embedded semi-Markov process approach.

Konheim and Reiser [36] studied a finite system like Hunt [28] with communication
blocking and feedback. They used a product form solution to find the steady state
probabilities. Foster and Perros [18] found bounds for the mean blocking time at the first
queue for a two or three node exponential system using a decomposition approach. The
capacity of a tandem system with no intermediate buffers, Poisson arrivals, and

dependent exponential service times was found by Pinedo and WolfT [49].



Langarias and Conolly [40] presented a method for solving the waiting time of an two
node exponential multi-server system. They later expanded their work [41] for a three
node single-server system with no intermediate buffers. Their methods are difficuit to

use and are limited to the first few moments.

Exact parameter values for two and three node systems with unreliable machines were
found by Gershwin and Schick [20]. They defined a system with constant and equal
service times at each machine, and geometric failure and repair times. In addition, the
server at the first queue is defined to be always busy. Their method could be applied to

larger systems, but the dimension of the Markov chain limits the applicability.

The final exact method for tandem queues presented in this review is by Buzacott and
Kosteiski [12]. They compared the effort of deriving the steady state probabilities using
a modification of the Matrix Geometric method (MGM) by Neuts [46], and the recursive
approach by Herzog, Woo and Chandy [26]. The network studied is a two node system
with Coxian-2 service and inter-arrival times. Unlike the others presented so far, their
first queue is defined as finite and the arrival process is shut off when the buffer becomes
full so that no customers are lost. They found that the techniques required comparable

effort and produced similar results. but the recursive technique is much faster.

The majority of approximation methods for tandem systems can be grouped into two

categories: those that decompose the system into single nodes; and those that group them
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into ‘paired’ sub-lines. In a single node approach each queue has a revised arrival and
service process and is solved in isolation. In the ‘paired’ approach the line is analyzed
sequentially as two to three node sub-lines with revised arrival and service processes.
The results from each sub-line are used in the solution of another pair. A number of

papers which use single node approximations will be presented first.

Single Node Decomposition

Altiok [1], Hillier and Boling [27], and Perros and Altiok [48] each developed
approximation techniques to solve exponential X-node finite tandem queuing systems.
Each define the revised arrival and service processes differently. Altiok [1] defines each
individual queue as a M/C,/1/(N+1), where as Perros and Altiok [48] define them as
M/PHg ;. /1/(N+1), where i = 1, 2, ..., K. The phase distribution accounts for blocking
by all downstream nodes, and not just the next one as in [1]. Hillier and Boling [27] have
the simplest definition of an individual node as a M/M/1/(N+1) queue. Springer [51]
sped up the method in [27], by defining a different set of equations to solve the

parameters values. In each of the above cases the first queue is infinite.

Altiok [3] also found the marginal steady state probabilities of a similar system as in [48],
but with phase service times as the onginal service process. The revised service process
is also phase and each queue is solved using the MGM. In addition to a finite first queue

he also looked at the cases of a finite queue 1, and one that is saturated. Jun and Perros



[33] extended the method in [3] for a general system by redefining the decomposed

system as a set of C,/C,/1/N queues.

The single node decomposition approach has also been used on finite systems with a
variety of traits not included in those listed above. Konheim and Reiser [37] found the
equilibrium parameter values of an exponential system with feedback and
communication blocking. Kelly [34] found the throughput for a system with general
service times, a saturated queue I, and communication blocking. Caseau and Pujolle
[14] studied the maximum throughput of an exponential system with dependent service

times and intermediate arrivals to any queue.

Additional approximation techniques for systems with equal service times at each station,
for a single part, have been developed by Avi-ltzhak and Halfin [6], Ziedins [58], and
Avi-Itzhak [7). [6] and [7] both define saturated systems. Recently Chao [15] studied a

deterministic priority system with no intermediate buffer.

‘Paired’ Decompeasition

Unlike the single node approach which can be extended for other configurations, the

‘paired’ approaches presented in this review can only be used on tandem systems. A

number of approximation techniques which use this approach are present below.

10



Gershwin [21] extended his earlier work with Schick [20] for a system with more than
three nodes. The line is analyzed as pairs of machines with revised service and arrival
processes. The buffer size for each pair is the same as in the original case. Each two
node sub-line is solved exactly using the method in [20]. Choong and Gershwin [16]
extended this work further to include random processing times, as well as unequal
service times. The methodology is similar to [21], but the results do not always
converge. Dallery, David and Xie [17] simplified [21] by replacing the set of equations
used to solve the parameter values with an equivalent one. This resulted in a faster
algorithm which converged for every case tried. A further improvement was made when
Gershwin [22] applied the modification from [17] to the method in [16]. This resulted in

an even faster and simpler algorithm.

Brandwajn and Jow [10] studied an exponential system with dependent service times.
They also looked at the case when the first queue is always busy. Each sub-line is
defined as a two node M/M/1/N system, and analysis begins at the first pair and proceeds
forward. When the end of the line is reached the parameters from the last pair are used to
revise the processes of the first pair. The steady state probability for each pair is found,
and the algorithm stops when the convergence critenia is met. Brandwajn and Sahai [11]
later improved this method by utilizing a back-and-forth sweep. The algorithm now
proceeds down the line and then back up again. This speeds up the technique but has

little effect on the results.

3§



The paired decomposition approach was applied by Gun and Makowski [25] to solve a
tandem networks with phase service and inter-arrival times, and communication
blocking. In addition, the machines are unreliable and feedback may occur. The paper
presents an iterative procedure for finding the steady state queue lengths. The algorithm

ends when the convergence criteria is met.

Yannopoulos and Alfa [S6] applied a three node decomposition method to an exponential
tandem network to find the steady state probabilities of the number in each queue and the
Joint probability distribution of the number in each triplet. This method produces better

results than in [10], but with increased computational effort.

2.2.2 Split and Merge Configurations

A split configuration is defined as one in which a source queue feeds two or more second
stage queues. The merge topology is the opposite, that is several queues feed one queue.
A split queue becomes blocked when the destination queue’s buffer is full. Not all
buffers must be full for this to occur. In a merge queue all first stage queues can become
blocked when the second stage queue is full. Unlike the tandem configuration there has
been relatively little research done in this area. An approximation method for an
exponential three node tandem, split, or merge system with communication blocking was
developed by Boxma and Konheim [9]. Their technique produces the results of the

marginal probability distributions, and is an extension of Jackson’s [31] work. Jackson

12
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[31] used the 2-phase distribution to represent a two stage exponential service system.
He used each of the phases to represent service in each of the stations, however this

defined a system in which service could only occur at one station at a time.

Altiok and Perros [2] went on to study larger, greater than three nodes, exponential split
and merge systems. They replace the actual service time with an effective one, and
decompose the system into individual nodes. The individual second stage queues of
either system are represented as M/M/1/(N; + 1) queues, where j = the number of second
stage queues and j = 1 for merge configurations. The first stage queues are transformed
into a M/PHg; /1 queues, where i = number of first stage queues and / = 1 for the split
case. An exponential merge configuration was also studied by Lee and Pollock [42].
Like in [2] they decomposed the network into individual queues, however they analyzed
each as either an M/M/I/N queue or as an M/G/I/N queue. By declaring different

definitions of the states they were able to produce better results than Altiok and Perros

[2].

Kerbache and Smith [35] devised the Generalized Expansion Method (GEM) for tandem,
split and merge queue networks. This procedure requires that all processes be renewal
and the first two moments be known. Based on the same principles used by Kuehn (38]
and Labetoulle and Pujolle [39] for arbitrary configurations, this technique places an
artificial node between two adjacent nodes. The artificial node services blocked

customers for the remainder of the service time at the next queue. There are three stages

-~

13



to the GEM: (i) network reconfiguration; (ii) parameter estimation; and (iit) feedback
elimination at the artificial node. [39] provides a procedure for the estimation of the

parameters of the individual GI/G/1/N queues.

Yannopoulos and Alfa [55] developed a quick and easy method for analyzing tandem,
split and merge configurations with general arrival and service processes. The method
decomposes the system and analyses each queue in isolation. Once decomposéd the
methods by Yao and Buzacott [57] and Gelenbe [19] are used to solve each node. This
technique is much simpler than GEM which requires the solution of a system of non-

linear equations.

2.2.3 Arbitrary Configurations

An arbitrary network is composed of a combination of the other three configurations to
form one larger network. Arrivals and departures can occur at several different nodes.
Jackson [29] first looked at the arbitrary configuration as a method of representing a
machine shop with multi-machine stations. He derived the product form solution, where
the joint steady state probability distribution is found as the product of the marginals, to
produce exact results for the infinite exponential case. He later expanded this work [30]

to include the case of dependent arrival and service processes.

14



A product form solution is limited to smaller networks with service distributions which
have a rational Laplace transform, therefore approximation methods are needed for
general systems. Kuehn [38] derived an approximation technique to find the mean
waiting time at each infinite queue for a network with general service and inter-arrival
processes. In addition his model allows for feedback at the completion of service. Whitt
[53] later developed a software package, the Queuing Network Analyzer (QNA), to solve
a multi-server version of the network. In the procedure each node is analyzed as a

GI/G/m queue.

The need for finite system solutions led to the development of an approximation
technique by Takahashi, Miyahara, and Hasegawa [52]. Their method finds the blocking
probabilities and output of a finite exponential system. They decompose the network
into individual M/M/1 queues and solve each individually. The parameters are found by
solving a set of simultaneous non-linear equations. Jun and Perros [32] also studied the
exponential system, but in their method each individual queue is analyzed as an M/PH/1
queue. An approximation method for the case with cvclic queues, or feedback, was

derived by Lee and Pollock [43].
The Isolation Method by Labetoulle and Pujoile [39] applies to general finite networks

where the inter-arrival and service processes are renewal. The Isolation Method, like

many other methods, decomposes the system into individual queues with revised arrival

15



and service processes. The parameter values of the individual GI/G/1/N queues are

solved for iteratively.

In the Isolation Method the first queue is infinite, and no customers are lost to the system.
This is not always a valid assumption. Shi [50] looked at the throughput and the mean
waiting time at each queue in a general system with customer loss. His method is an

extension of the QNA procedure derived in [53].

2.3 Closed Quening Networks

A closed network is one in which there are no external arrivals or departures, therefore
the number in the system remains fixed. This section briefly outlines some of the earlier
papers which discuss closed queuing networks. The product form solution method [30]
for open networks also applies to closed, exponential, arbitrary systems with infinite
buffers. Gordon and Newell [23] first applied this procedure, however the closed case
requires the calculation of a normalizing constant. Their procedure for calculating this

value was inefficient and later improved upon with an algorithm developed by Buzen

[13].

Baskett, Chandy, Muntz, and Palacios [8] extended [23] to include a system with
multiple customer classes. Each of the customer classes are assumed to have the same

priority level. They found that the product form solution still holds when they used

16
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service time probability distributions which had rational Laplace transforms. [n addition
they explored the effect of various service disciplines. All of the papers discussed so far
have assumed FIFO service. The results in [8] illustrate that the method also holds for

FIFO, LCFS, process sharing, and no queuing service disciplines.

Gordon and Newell [24] were the first to look at closed finite systems, and limited their
study to tandem configurations. [24] assumed exponential service times, and equated the
closed system to an open one with a random number of customers. However, they did

not look at the steady state conditions and the usefuiness of the paper is limited.
A great deal more research has been done in the area of closed queuing networks in

recent years. This extends beyond the scope of the thesis and the work is not presented

here.

17



3. TANDEM CONFIGURATIONS

3.1 Introduction

The first network configuration studied in this thesis is the tandem configuration.
Queues in tandem are aligned in series and customers enter the buffer at the first station
and proceed sequentially though all of the queues. A customer may only exit at the last
station. The tandem networks presented in Section 3 utilize the following assumptions:

~  There are only two queues in series

-~  Each queue has only one server

—  The service times in the queues are independent
—  Queue 1 has an infinite buffer

—  Queue 2 has a finite buffer of size K2

~  Service follows a first-in, first-out (FIFO) rule

Figure 3.1.1 provides a simple illustration of the tandem network discussed in this

section.

Queue | Queue 2
— = |O—¥ & |O—

Figure 3.1.1: Tandem Network, Two Queues in Series

As presented in Section 2, all of the literature examined assume that the external arrival

processes into their networks are renewal. This section develops an approximate solution

18



method for a tandem network with related external arrivals. In addition to assuming a
non-renewal arrival process, the decomposition method presented utilizes dependent
arrivals for the isolated second stage queue. Results found using the approximate method
are compared with those found using an exact solution approach. The exact method for

the tandem system is also derived in this section.

This section begins with a presentation of an exact solution method for the tandem
network with a non-renewal input process, and continues with the description of the
decomposition method. A comparison between the two is then presented, as well as a
comparison with the method derived by Yannopoulos and Alfa [55]. This section then
continues on with a modification of the methods for a network with geometric arrival and

service processes, as a special case of the non-renewal.

3.2 Networks With a Markovian Arrival Process

3.2.1 Exact Results

Introduction

The first tandem network to be examined is one with an external MAP and phase service

distributions for each of the two queues. The first queue is defined as having an infinite

buffer, and the second has a finite buffer. A FIFO service discipline governs both queues.
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The arrival process into queue 2 is determined by the departure process of queue 1. The

following parameters are used to define this system:

- DO =No departure matrix of MAP

- D1 =Departure matrix of MAP

- (B1, Sy) = phase service distribution of queue 1
— (B2, S;) = phase service distribution of queue 2

— K2 =buffer size of queue 2

—  (j =0)=state when there are K2 + 1 customers in queue 2 but there is no blocking
—  (j = 1) = state when there are K2 + | customers in queue 2 and a customer leaving
queue 1 is blocked from entering queue 2

Transition Matrix

The transition matrix which defines this system has two levels, one for each queue. The

states of the primary level L, represent the number of customers in queue 1, for any

number in queue 2. The states of the sub-level L. depict the number in the second queue.

The size of the state spaces depends on the level. Queue | has an infinite state space and

queue 2 is finite.

The following is the tri-diagonal transition matrix which defines this system:

P=
L, _ 0 |
o[ BO BI
1| co Al
2 A2
3

2

A0
Al
A2

3 4 _
A0
Al A0

Each of the sub-level matrices within P are defined in Appendix A.1
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Solution Method

The infinite nature of P requires more complicated techniques, than their finite
counterparts, to solve for the steady state queue length distributions. The Matrix
Geometric Method (MGM) developed by Neuts [46] provides a relatively simple
recursive method for finding the steady state vector X for a infinite transition matrix
such as P. Once X is known the value of p,, the mean number in the system; can be
calculated. The MGM results in exact solution values which can be used in comparison

with the results of an approximated solution.

In order for steady state to be achieved, and the steady state parameters found, the system
of interest must be stable. A system will be stable when the following is true:

B >1
where, for this system

B=0A0e+1Ale+2A2e
nae=1

A A=Tp
A=A2+A1+A0

Ae=e

e=acolumnofl’s

therefore

"aAle+na2A2e>1

%A (Al +A2)e+npA2e> |
Rae-mpn ADe+my A2e> |
taA2e>naAle
RA(AZ-A0)3>0



A stability factor Q, where Q =5 (A2 - A0) e, is defined so that Q is positive for a stable
system. Although a calculation is required to check that the statement is true, it is
important to remember that the external arrival rate, A into any stable system must be less
than the minimum service rate. For the tandem network with the non-renewal arrival
process discussed in this section, A must be less than the minimum service rate u, or u»
where:

A =np D1 e, np is the steady state vector of D = DO + D1
w=[Bd-S)" el",i=1lor2

To determine the mean number in both of the queues, p,, the marginal queue length
distributions and the mean number in each of queues 1 and 2 , u,, and p,, respectively,
must be calculated. In this scenario the number in the queue includes the customer in

service, if any. The derivation of the formula for the mean number in queue 1 is as

follows:
=3, zu_x-i Xim
Mg = 2.i X;e
given
‘Y =(Xl. xl.l’ XLZ9 coe xl.k.v xl.k."'[u = xlk.’ ly= ll)
X;m = the probability of s customers in queue |, and m customers in queue 2
o Xim=X;e
then
=%i(X,RYe
=X,%iR"e

l.l.q[ X([ R)e

22



SRt aESe

T A A T AL H T B PR TR A ErS F P f R A  Ras SRy 2

where

I = identity matrix

R = rate matrix derived within the MGM solution procedure. Details about the

derivation of R may be found in [46]

The following is the derivation for the mean number in queue 2:

He=ZiZamXin
He=Zi[0Xio+ 1 X +2 X, + . * K2 Xijo + K2 + ) Xiga + =0 +
(K2 + 1) X; 2+ 1y =0l

He=X; X;iVe

where

" 0 -

1
2
V=
K2
K2+1

i K2+1]

then

He=XoVe+Z (X, R Ve
e=X,Ve+ X T R'Ve
He=XoVe+ X ,(I-R)' Ve

The mean number in the system is found as the sum of the number in each queue and

may be summarized as follows:

Ho = Kqi + Uy _ B
pe=X,@-R)’e+ X,Ve+ X (I-R)' Ve
po=XoVe+ X, (I-Ry' [(I-R)’+ V]e
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3.2.2 Approximation Method

Introduction

The decomposition of a network of queues into isolated individual queues simplifies the
method of calculating system parameters. A system of two queues in sequence, with a
finite intermediate buffer, can easily be decomposed into two uncoupled queues: i) an
isolated infinite queue; and ii) an isolated finite queue. However, the arrival process into
the isolated queue 2 is not the same as the external arrival process into the network. The
arrival process into the second queue is related to the departure rate of customers from
the first queue. To maintain the relationship between the two queues a new MAP
distribution, MAP'", with D" and D1° based on the transition matrix of the network is
used to approximate the arrival process into the second queue. The isolated second
queue may now be described as a MAP/PH/1/K queue. The service distribution of the

second queue is the same as in the combined system.

The arrival process into the first queue remains the same as the input process into the
network, however the service distribution is different. The service rate must be modified
to account for customers being blocked from entering queue 2. The new service rate
depends on the probability of queue 2 being full, K2 in the buffer plus one in service. In
other words, the service rate of queue 1 is related to the rate of service completions in

queue 2. The infinite queue may now be defined as a MAP/PH/ 1/ queue.
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Solution of Isolated Queue 2: MAP/PH/1/K

As mentioned on the previous page the service rate of the isolated queue | depends on
queue 2. Departures from queue 1 may be blocked, with a blocking probability BP, from
entering queue 2 if the buffer is full. Therefore, in order to solve for the first queue’s

system parameters the blocking probability of queue 2 must be found first.

To maintain the relationship between the isolated queues the arrival process into queue 2
is estimated with a MAP. The MAP captures the dependency between the departure rate
of the first queue and the arrival rate into the second when the transition matrix P is
divided into departure and no departure matrices. The new process for the isolated
second stage queue is represented as MAP" with departure and no departure matrices DO’
and D1°. Due to the infinite nature of P, DO" and D1" are also infinite. The first step of
the approximation development was to truncate DO’ and D1°. This was done in order to

simplify the procedure. If » is the number of blocks in DO and D1, the approximated

matrices are provided below:
Do =
1 2 3 n
1 BO B1
2 Al” A0
n AT+ A0
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n - A2 Al
The matrices without a superscript are the same as those within the transition matrix P.

Each of the new matrices within DO" and D1° are presented in Appendix A.1.2.

After running several numerical trials it was found that for every set of inputs there is a
maximum desired number of blocks, 72, in DO and D1°. That is, there is a point after

which an increase in n has no effect on the steady state vector and the mean number in
the queue. It was also observed that as the traffic intensity of queue 2, p, = A./u,,

increases the value of n,, increases.

Once the approximated arrival process into queue 2 has been calculated the queue is

analyzed as a MAP/PH/1/K queue. The transition matrix for our system is as follows:

qu =
0 1 2 3 K2-1 K2 K2+1
o [ Dpo DI*@B; 7]
DO*®S%;  DO*@S;+  DI*es-
DI1*®S%:
2 DO*@S%B:  NNees. - DI*es.
DI*ES"4s:
K2 Ne@s’ .  DO*@S: + DI*@S,
DI1*®s%,
K2+1 DO*®S"B:  DO0*®S: +
DI
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To calculate the mean queue length for this queue the steady state vector of the number
in the system must be found. This may be done using several iterative methods for finite

queues, including the Power method and Gauss-Seidel procedure. The formula for the

mean queue length is then:
K2+1
”qz = Z"IXE !
=0
where

X = the steady state probability of m customers in queue 2

Solution Method of Isolated Queue 1: MAP/PH/1/0

As mentioned in the introduction the isolated queue 1 may be defined as a MAP/PH/1/o
queue. The arrival rate into this queue is the same as the external arrival rate into the
network, however the service rate is less than or equal to the original service rate. As the
blocking probability increases there is a greater chance that a customer will be delayed in
queue 1, decreasing the number of customers which can be served over time. In other
words, the service rate decreases. If no blocking occurs the service rate remains the

same. The new service distribution PH' can be expressed as (B,".S,"), where:

Bl.z [ﬂl 0]
5= [s1 s,°ﬂ;BP]
0 S,

and
—~  BP s the steady state probability of queue 2 being full
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Once the new service distribution is known the isolated queue is analyzed as a standard

MAP/PH/1/ queue. The infinite transition matrix for queue 1 is as follows:

qu =
0 1 2 3 4
o [ bpo DI®B:* ]
1 DO®Ss’* DO®S,* + DI®S,*
DI®S® *g,*
2 DO®SY*p,* DO®S*+  DISS,*
DI®S"*8,*
3 DO®S%*B,* DO®S.*+ DI®S,*
DI®S®*B,*

The infinite nature of the queue makes it more difficult to find the steady state vector
than for queue 2. The MGM method may be employed to over come this difficulty.

Once the steady state vector is found, the mean queue length can be calculated as

follows:
Mg =i X"
Ma =X (X" R
uql = X[(U Z[ i Ri-l
g = X{" (I-R)*
where

X" = the steady state probability of 1 customers in queue 1

When the probability of blocking, BP, increases the service rate decreases and the
number waiting for service in queue | increases. When BP =0, (B,.S,) = (Bi, S;) and

the traffic intensity of queue 1, p;= A/y, , is a minimum.
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3.2.3 Comparison of Combined and Isolated Results

Comparison of Methods Presented in This Section

Numerical trials were performed on the isolated and combined queues, and the results
were compared. Each trial used the same inputs: DO and D1; (B;, S;); (B2, Sz); and K2,
and generated the same set of outputs. The values of the system parameters listed below
were examined for each trial.

—  Q=stability factor

- (Br*S:*), modified service of queue 1

- Ay =amval rate into queue 2

- p; =traffic intensity of queue 1

-  py=traffic intensity of queue 2

—  ug=mean number in system

- Mg =mean number in queue |

— g =mean number in queue 2

- % error of pug = | po(combo) - uy(iso) | / py(combo)

— % error of pug; =| uqi(combo) - pqi(iso) | / ug(combo)
- % error of ug =| pga(combo) - pgx(iso) | / pgx(combo)

Where

-  mean number in each queue includes the customer in service
—  (combo) represents combined system solution
~  (iso) represents the isolated queue results

The results of the trials performed are presented in Appendix A.1.3 at the end of this

paper.
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Observations Related to Systems With Blocking

After examining the trial results it was determined that there exists a buffer size K2, so
that the blocking probability BP is equal to zero, and the steady state vector remains the
same for increases in the buffer size. It was also observed that as the service rate in
queue 2 increased, and p, decreased, the value of K2, decreased. As the output from
queue 2 increases the mean number in the queue 2 buffer decreases, therefore the
maximum buffer requirements diminish. The same resuits occur as the departure rate

from queue 1 decreases.

As BP decreases the mean number in queue 1 decreases as expected, however the mean
number in queue 2 may increase if the stability of the second queue was low prior to
decreasing the blocking probability. With low stability the mean queue size is nearly
equal to K2 + 1. If the buffer size is increased the buffer will still remain nearly full, but
it may not cause blocking. Therefore maximum number in the queue increases, and this

increases the average.

[t is important to note that the above observations are not unique to tandem systems with

MAP arrivals. Reference to these observations will be made for the other systems

studied later in this thesis.
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Observations Related to the Application of the Decompesition Procedure

It would appear that the decomposition method will produce values for the mean number
in the system within 30% of the actual results when the following is true:
1.  The value of p; is less than 0.5, for any values of p,

2. The number of blocks in DO" and D1’ equal 2

There appears to be no direct relationship between the value of the percentage error and
the values of the traffic intensities, and exceptions to the rule may occur. That is, there
may be cases when traffic intensities outside the boundaries will produce good results.
Some additional observations made about the results are as follows:

1.  If p; > p,, the approximate results are still within 30% if p, is less than two-thirds.

2. As p; decreases the total queue, and queue | percentage errors decrease. The
opposite is true when K2 decreases.

Comparison With Yannopoulos & Alfa’s Method

Although it would appear that the approximation method presented provides comparable
findings for the marginal queue length distributions and the mean number in the system,
it is necessary to determine if the results are better than those already found in literature.
A comparison between the results provided in this thesis and those generated using the
method presented by Yannopoulos and Alfa {55] is performed to provide some insights

into the significance of the results.
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The method in [55] was developed for networks with general arrival and service
distributions for which the first two moments are known'. The paper provides two
variations for tandem, split, and merge configurations. Yannopoulos & Alfa present
results based on the single node approximation techniques by Yao & Buzacott [57] and
Gelenbe [19]. Both methods were implemented and compared with the actual and
approximated results provided in Appendix A.1.3. The following tables present the
findings:

Table 3.2.1: Results of Mean Queue Length for Increasing p;, p» =0.4

P He He He MHe He Ha He
exact | decomp | % error| Y& B | % error| Gelenbe | % error
decomp Y&B Gelenbe

02222 | 0.7619 | 0.7314 | 4.00% | 0.3500 | 54.06% | 0.3288 | 56.84%
0.2500 | 0.8000 | 0.7476 | 6.55% | 0.3890 | 51.38% | 0.3649 | 54.39%
0.2857 | 0.8534 | 0.7759 | 9.08% | 04428 | 48.11% | 04151 | 51.36%
0.3333 | 0.9336 | 0.8270 | 11.42% | 0.5223 | 44.06% | 0.4899 | 47.53%
0.4000 | 1.0675 | 09268 | 13.18% | 0.6522 | 3890% | 0.6132 | 42.56%
0.6667 | 2.1490 | 1.9061 | 11.30% | 1.5364 | 28.51% | 1.4748 | 31.37%
0.8000 | 43798 | 3.8778 | 11.46% | 3.8944 | 11.08% | 3.8738 | 11.55%

Table 3.2.2: Results of Mean Queue Length for Increasing p., p; =0.4

P2 He He He He He He Ha
exact | decomp | % error| Y& B | % error| Gelenbe | % error
decomp Y&B Gelenbe

0.3333 | 0.9336 | 0.8403 | 999% | 0.5226 | 44.02% | 0.4900 | 47.51%
04000 | 1.0675 | 0.9268 | 13.18% | 0.6522 | 3890% | 06132 | 42.56%
0.5000 | 1.3366 | 1.0832 | 18.96% | 0.8732 | 34.67% | 0.8362 | 37.44%
0.6667 | 2.1491 | 1.4276 | 33.57% | 1.2486 | 41.90% | 1.2425 | 42.19%
0.8000 | 4.3791 | 1.7672 | 59.64% | 1.8390 | 58.01% | 1.8588 | 57.55%

! The second moments of the MAP and phase distributions were calculated using the formulas presented in
[44] and [46] respectively.
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Table 3.2.3: Results of Mean Queue Length for Increasing p,, p; = 0.6667

] He He He He He He He
exact | decomp | % error|{ Y& B | % error| Gelenbe | % error
decomp Y&B Gelenbe
0.1000 | 20056 | 19623 | 2.16% | 1.8885 | 5.84% | 1.8700 | 6.76%
0.4000 { 2.1490 | 19061 | 11.30% | 1.5364 | 28.51% | 1.4748 | 31.37%
0.5000 | 24619 | 20245 | 17.77% | 1.8626 | 24.34% | 1.8046 | 26.70%
0.6667 | 3.5479 | 2.3226 | 34.54% | 2.3011 | 35.14% | 2.2986 | 35.21%
0.8000 | 3.8904 | 2.3933 | 3848% | 1.6185 | 5840% | 1.5849 | 59.26%
Table 3.2.4: Results of Mean Queue Length for Increasing p., p; =0.8
P2 He Hq He He He Hq He
exact | decomp | % error| Y& B | % error| Gelenbe | % error
decomp Y&B Gelenbe
04000 | 43798 | 3.8778 | 11.46% | 3.8944 | 11.08% | 3.8738 | 11.55%
0.6667 | 3.8904 | 3.1417 | 19.24% | 1.9866 | 4894% | 1.8927 | 51.35%
0.8000 | 6.6366 { 3.7403 | 43.64% | 2.5026 | 62.29% | 2.4883 | 62.51%

To summarize, the decomposition method produced superior results in all cases tested.
This was true for values which were both comparable and not comparable with the actual
results. Therefore, it may be concluded that techniques which maintain the relationship

between the isolated queues produce better results than those that do not, when external

arrivals follow a non-renewal process.
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3.3 Networks With a Geometric Arrival Process

3.3.1 Exact Results

Introduction

A special case of a network with a MAP arrival process and phase service in each of the
queues is a geometric system. This is a simpler network to solve, however it has limited
applications. In this section the network studied, as in the previous case, has an infinite
input buffer and service follows a FIFO service discipline. However, it is now defined as
having geometric arrival and service processes. The parameters used to define this
system are as follows:

-  p= probability of an arrival to queue |

~ q=1-p = probability of no arrival to queue |

- PB; = probability of a service completion in queuei,i= 1 or2

~  a;=1 - B; = probability of no service completion in queuei,i=1or2

— K2 = buffer size of queue 2

- (j =0)=state when there are K2 + |1 customers in queue 2 but there is no blocking

— (= 1)=state when there are K2 + | customers in queue 2 and a customer leaving
queue 1 is blocked from entering queue 2

Traansition Matrix

The discrete time transition matrix P which defines this system has the same tri-diagonal

format as the one which characterizes the non-renewal system. However, the boundary
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conditions are reduced and the entries in each of the sub-matrices contain different
values. The new sub-matrices within P are defined in Appendix A.2. The following is

the tri-diagonal transition matrix which defines the geometric system:

P =
Ly 0O 1 2 3 4 _
0 B0 B1
1 A2 Al AQ
2 A2 Al A0
3 A2 Al A0
Solution Method

Due to the simpler nature of this system, in addition to the number in the system it is also
possible to derive the waiting time distribution. To calculate the distribution it is
assumed that our customer of interest arrives when the system is at steady state. The
arriving customer is only concemed about customers that are already in the system, as
new arrivals will not increase their waiting time. An absorbing Markov chain defines a

system with this condition.

The probability that the waiting time in the system is less than or equal to ¢, is the first
component of the steady state vector ¥ of the absorbing system. This component is the
value of the probability that all other customers have departed the queues. Since there

are no arrivals after our customer, the point when the second queue empties is the point
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which our customer begins service in that queue. The steady state vector of the original
system provides the values for the initial vector of the new system. Therefore, the steady

state vector of the original system must be found first.

The MGM is again applied to find the steady state vector X . The stability factor Q has
the same definition as for the non-remewal case, however after the appropriate

substitutions are made it simplifies as follows:

Q=Pi-p* (l-&-%{ﬁ.}) - peuc.w)ﬂ

i=l \ O3 B,
where

0= ﬁlaz

ap,
Again Q must be positive for a stable system, and p < min(B,, ;) to meet the arrival rate

restrictions.

After applying the MGM, one can either proceed to find the waiting time distribution or
calculate the marginal queue length distributions. The derivation of the formulae used to
calculate the queue lengths are the same as the non-renewal case. Only the final
equations are presented here.

Mean number in queue 1:

Hg=X,@-R)y’e
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Mean number in queue 2:
Hp=X,Ve+ X, (A-R)'Ve

Mean number in the system:

Hq = Mqi ¥ Hq2 s
He=X,Ve+ X, (I-R)' [A-RY+V]e

The first step in the solution process for finding the waiting distribution is to setup the

absorbing Markov chain. The transition matrix for the system is as follows:

p=
L, _ o0 1 2 3 _
0 Bo
1 ¢o Al
2 2 4
3 A2 Al

Each of the matrices within P are presented in Appendix A.2.2.

Included in the waiting time is a portion of time in which our target customer is receiving
service at the first queue. The states which represent the number in each queue ahead of
our customer do not distinguish between when queue 1 is truly empty, and when queue 1

is serving our target customer. To account for this auxiliary states, represented with an
asterisk, are defined to represent when our target customer is receiving service in the first
queue. Otherwise the customer of interest has passed though queue 1 and is waiting for

service in the second queue buffer. These auxiliary states are only present in the
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boundary matrices B0 and CO. These are the only matrices which contain the

probabilities of queue 1 being empty.

To calculate the waiting time distribution the steady state vector Y for the new system

must be found:

FGD- 7O p

The auxiliary states are not represented in the steady state vector of the original transition

matrix, therefore, it must be modified before it can represent the initial vector of the

absorbing Markov chain. [f the steady state vector X is represented as follows:
X=(Xo, X1, X2,..)

X i=Xio. Xito Xiz, o Xix2, Xik2+ 1 =00 Xikz+1=n)
X;m = the probability of i customers in queue 1, and m customers in queue 2

Only the X, portion is affected by the auxiliary states and the modified vector X ' is as

follows:

Y.——-(Y(;, Yl: X;z. -'-)
X-(:__-(o, xOOv os Xi,ls 0. x;:. veon og XIJQ- le:: +lg=0n X;J(:-o- i 0:[))

Therefore

¥ @ =modified steady state vector ¥ °
W, =Y, = probability the waiting time in the system is < ¢, departure point

W,' =W, - W,.; = probability the waiting time is the system =¢
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The mean waiting time is as follows:

w=3 (1-W)

=0

This method utilizes the original steady state vector X which is also used in the
calculation of all of the other system parameters, including the mean queue length. The
calculation of the waiting time distribution only requires the derivation of the absorbing
Markov chain and a recursive algorithm. The value of the mean waiting time is only an

approximate because of the infinite sum which is terminated at the point of convergence.

3.3.2 Approximste Results

Introduction

The decomposition approach presented here emulates the one presented in Section 3.2.2.
The network is decomposed into two isolated queues, and MAP is used to approximate
the correlated arrival process into the second queue. The MAP is based on the original
transition matrix for the network and is found in the same manner as in the non-renewal
case. The isolated queue 2 may now be described as a MAP/Geo/1/K queue. The service

probability in the second queue remains the same as in the combined system.
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The arrival process into the first queue remains the same, and the modified service rate
takes into account customers being blocked from entering queue 2. The new service rate,
which depends on the probability of the second queue being full, remains geometric so

the isolated queue 1 may be defined as a Geo/Geo/1/x queue.

Solution Method of Isolated Queue 2: MAP/Geo/1/K2

The transition matrix for queue 2 utilizes a truncated MAP distribution which has DO

and D1 of dimension » by n. The finite departure and no departure matrices are as

follows:
m —3
1 2 3 n
1 BO B1
2 Al” A0
n AT+ A0
D1=
1 2 n-1 n

1
2 A2 AY

n A2 Al
The sub-matrices within DO and D1 that appear without a subscript are the same as the
sub-matrices within the original transition matrix for the geometric system. The others

are presented in Appendix A.2.
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The transition matrix for our system is the same as for a standard MAP/Geo/1/K queue.

The matrix is as follows:
qu =
0 I 2 3 - K2-1 K2 K2+1
o [ Do D1 7]
1 DO, Doa; +  Dia;
Dip:
2 DOB- DOa; +  Dla;
DIB»
K2 DOB» DOa» + Dias
DIB:
K2+1 DOB:  Doa: +DI |

The steady state vector and the mean number of customers in the system can be found
using the same procedure as for the non-renewal case. The formula for the mean number

in the queue is presented here for clarity.

The mean waiting time in the queue, Wz, not including the service time, can be found
from the mean queue length using Little’s Law. Little’s Law for discrete time states that
the mean number in the system is equivalent to the amrival rate multiplied by the mean
waiting time in the queue. Therefore, the time in queue 2 is as follows:

ﬂqz
4

W=

where

A, = A(1-BP) = modified arrival rate of customers into the second queue
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and

A = np D1 e, and =y is the steady state vector of D = D0 + D1
BP is the steady state probability of queue 2 being full

Solution Method of Isolated Queue 1: Geo/Geo/1/o

The isolated queue 1 acts as a Geo/Geo/1/w queue, and the arrival rate into this queue is
the same as the arrival rate into the combined system. The new service rate, Geo , is less
than or equal to the service rate of the first queue in the combined system. The service
rate is reduced by the probability of the customer being blocked from entering queue 2

and can be expressed as follows:

B: =B (1-BP)

Gl' =1- Bl.
where

—  BPis the steady state probability of queue 2 being full
- B, is the original probability of a service completion in queue 1, a; = 1 - B,

A phase distribution may have been used to represent the effect of blocking on the
service process as well. Although the phase distribution may produce better results, it
would also increase the complexity of the solution process. A comparison of the results

using a phase service distribution are presented in Section 4.3.2.



Once the new service rate has been established the parameters of the isolated geometric

queue are found. The infinite transition matrix for queue 1 is presented below.

Pq[ =
0 1 2 3 4 -
0 q P
1 &l. @l‘ +w.. pl.
2 @*  q*+ph* px®
3

b x:* +pBe* po,®

The results of Geo/Geo/1 queue have been well documented and a closed form exists for

the mean number in the system. The formula for the mean queue length is as follows:

- _ P
Hat B -p

The mean waiting time can also be found using Little’s Law and is as follows:
W =L
p

As in the non-renewal case when the probability of blocking, BP, increases the service
rate decreases and the number waiting for service in queue | increases. When BP = 0,

B,* = B, and the traffic intensity of queue 1, p;= p/B;*, is 2 minimum.
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3.3.3 Comparison of Combined and Isolated Resuilts

Comparison of Methods Presented in This Section

As before, computer trials were performed on the isolated and combined queues, and the
results were compared. Each trial used the same set of inputs: p; By; B2; and K2, and
generated the same outputs. The following attributes were observed for each of the trials:

-  Q=stability factor

- p; = traffic intensity into queue 2

- p; = traffic intensity into queue 1

— Mg = mean number in system

—  Mq = mean number in queue |

— Mg = mean number in queue 2

— % error of pu; =| py(combo) - u(iso) [ / p(combo)

- % error of puy =| pga(combo) - pgx(iso) | / p(combo)
- % error of pg; =| pgi(combo) - py(iso) | / pugi(combo)

Where
—  mean number in each queue includes customer in service

—  (combo) represents combined system solution
—  (iso) represents the isolated queue results

The numerical results for the trials are presented in Appendix A.2.4. Reference may be

made to section 3.2.3 as the observations for this system are the same as for the case with

external MAP arrivals, and they are not presented here.
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Observations Related to the Application of the Decomposition Procedure

It would appear that the decomposition method produces values of the mean number in
the system within 30% of the actual results when the following is true:

1. Both p, and p, are greater than or equal to 0.4 and less than 0.8

2. pi>pandp, <08

3.  The number of blocks in DO and D1 is equal to 2

As in the non-renewal case there appears to be no direct relationship between the value
of the percentage error and the values of the traffic intensities, and exceptions to the rule
may occur. An additional observation made about the results is that when both p; and p,
are below the lower bound, the percentage error of queue 2 is high and the percentage
error of queue 1 is low. When both traffic intensities are high, both queues have large

percentage errors.

A comparison of the results shows that the actual mean waiting times are much less than
the approximated values. This was true even when the approximated results for the mean
number in the system were comparable. Therefore, the decomposition method presented

in this section is not appropriate for approximating the mean waiting time for any values

of p; and p,.
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Utilization of an Iterative Procedure

As noted earlier the decomposition method does not always produce acceptable results.

In an attempt to increase the values of p for which the method was applicable, an

iterative procedure was tried. After solving for the isolated queue 1, the new service

probability was substituted into the DO and D1 matrices of the second queue and the

procedure was repeated. Unfortunately the approximate value of the mean queue length

diverged further from the actual with each iteration. This occurred for each trial

attempted. Therefore the use of an iterative procedure was abandoned.

Comparison With Yannopoulos & Alfa’s Method

The method developed by Yannopoulos and Alfa [55] can also be appiied to the

geometric system. The following tables present a comparison of all of the methods

discussed.

Table 3.3.1: Results of Mean Queue Length for Increasing p,, p» = 0.1

(1 He Me He He He Hq He

exact | decomp | % error| Y& B | % error| Gelenbe | % error

decomp Y& B Gelenbe

0.0556 | 0.0700 | 0.1605 [129.29% | 0.1159 | 65.57% | 0.1153 | 64.71%
0.0625 | 0.0886 | 0.1668 | 88.26% | 0.1237 | 39.62% | 0.1229 | 38.71%
00714 | 0.1095 | 0.1754 | 60.18% | 0.1339 | 22.28% | 0.1329 | 21.37%
0.0833 | 0.1339 | 0.1871 | 39.73% | 0.1477 | 10.31% | 0.1465 | 9.41%
0.1000 | 0.1640 | 0.2042 | 2451% | 0.1678 | 2.32% | 0.1661 | 1.28%
0.1250 | 0.2050 | 0.2315 | 12.93% | 0.1992 | 2.83% { 0.1969 | 3.95%
0.1667 | 0.2699 | 0.2817 | 437% | 0.2556 | 5.30% | 0.2522 | 6.56%
0.2500 | 04070 | 04016 | 1.33% | 0.3864 | 5.06% | 03810 | 6.39%
0.5000 | 1.0510 | 1.0197 | 298% | 1.0326 | 1.75% | 1.0210 | 2.85%
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Tabie 3.3.2: Results of Mean Queue Length for Increasing p., p; =0.1

P2 He He He He He Hq He
exact | decomp (% error| Y& B | % error| Gelenbe | % error
decomp Y&B Gelenbe
0.0556 | 0.1369 | 0.1587 | 1592% | 0.1181 | 13.73% | 0.1154 | 15.70%
0.0625 | 0.1410 | 0.1656 | 17.45% | 0.1258 | 10.78% | 0.1230 | 12.77%
0.0714 { 0.1463 | 0.1745 | 19.28% | 0.1358 | 7.18% | 0.1330 | 9.09%
0.0833 | 0.1535 | 0.1867 | 21.63% | 0.1491 | 2.87% | 0.1467 | 443%
0.1000 | 0.1640 | 0.2042 | 24.51% | 0.1678 | 2.32% | 0.1661 | 1.28%
0.1250 | 0.1804 | 0.2315 | 28.33% | 0.1963 | 8.81% | 0.1956 | 8.43%
0.1667 | 0.2099 | 0.2802 | 33.44% | 0.2452 | 16.82% | 0.2456 | 17.01%
0.2500 | 0.2804 | 0.3890 | 38.59% | 0.3470 | 23.75% | 0.3483 | 24.22%
0.5000 | 0.6914 | 0.7785 | 11.86% | 0.6784 | 1.88% | 06796 | 1.71%

Table 3.3.3: Results of Mean Queue Length for Increasing K2, p, =p-=0.2

: K2 T8 He He K He Hq Ha
} exact | decomp | % error| Y& B | % error| Gelenbe | % error
¢ decomp Y&B Gelenbe
.,g 1 0.3631 | 04205 | 15.81% | 03735 | 2.86% | 0.3657 | 0.72%
2 0.3597 | 04205 | 16.90% | 0.3835 | 6.62% | 0.3692 | 2.64%
3 0.3592 | 04205 | 17.07% | 0.3851 | 7.21% | 0.3699 | 298%
4 0.3592 | 04205 | 17.07% | 0.3854 | 7.29% | 0.3700 | 3.01%

Table 3.3.4: Results of Mean Queue Length for Increasing K2, p; = p. =04

K2 He (™ He He He He He

exact | decomp |% error{ Y& B | % error| Gelenbe | % error

decomp Y& B Gelenbe
i I 0.9590 | 09811 | 230% | 09181 | 2.23% | 0.8896 | 5.26%
; 2 09485 | 09516 | 0.33% | 09746 | 2.75% | 09250 | 2.48%
3 09382 | 09509 | 1.35% | 0.9967 | 6.24% | 0.9397 | 0.16%
4 0.9347 | 09509 | 1.73% | 10040 | 741% | 0.9446 | 1.06%
S 0.9337 | 09509 | 1.84% | 10062 | 7.76% | 0.9461 | 1.33%
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Unlike the non-renewal case, the approximated results derived in this thesis are similar or
inferior to those generated by both methods from [55]. In cases that the decomposition
method had lower percentage errors the results are very close to the actual results. This
is also true of Yao & Buzacott’s and Gelenbe’s methods. [t can therefore be said that it is
not worth the extra effort of utilizing MAP to maintain the relationship between the

isolated queues of a tandem network with geometric arrivals.

With independent external arrivals and service completions the dependence between the
isolated queues is minimized. When the external arrival process is MAP the departure
process is also non-renewal and it is necessary to capture the dependence of the isolated

second queue with the first queue.
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4. SPLIT CONFIGURATIONS

4.1 Introduction

This section applies the decomposition method developed in Section 3 to a split network.
In a split configuration one queue feeds several other queues in parallel. A customer is
served at the first queue and then proceeds to one of the second stage queues. The
probabilities of proceeding to a particular second stage queue do not have to be equal.
Departures from the system occur when service is completed at the second stage queue.
The following assumptions hold for the split networks discussed in this section:

~  There are only two second stage queues

—  Each queue has only one server

—  The service times in each of the queues are independent

—~  Queue 1 has an infinite buffer

—  Queues 2 and 3 have finite buffers of size K2 and K3 respectively
—  Service follows a first-in, first-out (FIFO) rule

Figure 4.1.1 provides an illustration of the network discussed in this section.

Queue 2
Queuc ! 0. /——’ K2 O —
— ) o O
6; \___’ K3 O P
Queue 3

Figure 4.1.1: Split Network, a Single Queue Feeding Two Queues
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Two individual cases, a and b, will be considered. Case a will define a system in which
the second queue visited is not predetermined. In other words the customer may choose
to visit either second stage queue. If a customer becomes blocked they may select the
next queue to visit after each time period based on a Bemnoulli process. Case 5 will
define the system when the second queue is determined after completion of service at the
first station and there can be no change. If blocking occurs in this case the customer

must wait until the queue they are assigned opens up.

For each case an approximate solution for the split network with correlated arrivals is
developed. Existing solution methods do not allow for non-renewal arrival processes,
and they do not assume correlation between the isolated queues. Results generated using
the decomposition method are compared with those generated using the exact method
which is also developed in this section. It may be noticed that many of the formulae and
matrices presented in this section are the same as those for the tandem case, when this is
true they are repeated for clarity. In addition, when results and formulae apply to both

cases a and b only the differences will be outlined.

This section begins with a presentation of an exact solution method for a split network
with a non-renewal arrival process. and continues with the description of the
decomposition method. A comparison between the two are then presented, as well as a

comparison with the method derived by Yannopouios and Alfa [S5]. This section then
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continues on with a modification of the methods for a geometric system as a special case

of the non-renewal.

4.2 Networks With a Markovian Arrival Process

4.2.1 Exact Results

Introduction

The first split network configuration to be studied is the non-renewal system. As in the
tandem case, customers arrive according to the MAP and service follows a phase
distribution for each of the queues. As stated in the assumptions of Section 4.1 the first
queue is defined as having an infinite buffer, and the second stage queues have finite
buffers. The following parameters are used to define both cases of the split system:

— DO =No departure matrix of MAP arrival process

— D1 = Departure matrix of MAP arrival process

- (Bi, Sy = service distribution of queue i,i=1,2,0r3

~ K2 =buffer size of queue 2

— K3 =buffer size of queue 3

— 6, =probability the customer leaving queue | will choose to visit queue 2

-  6;=1-6,= probability the customer leaving queue 1 will choose queue 3

—  (j = 0) =state when there are K2 + 1 customers in queue 2 or K3 + | customers in
queue 3, but there is no blocking

—  (j =2) = state when there are K2 + | customers in queue 2 and it blocks an arrival
from queue 1

~  (j =3) = state when there are K3 + | customers in queue 3 and it blocks an arrival
from queue 1
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Transition Matrix

The probability matrix which defines this system has three levels. The primary level, L,
represents the number of customers in queue 1, and sub-levels L, and L; represent the

number of customers in queues 2 and 3 respectively. The following is the transition

matrix P which defines this system:
P =
L, 0 1 2 3 4 3
0 BO B1
1 Co Al A0
2 A2 Al A0
3 A2 Al A0

P has the same tri-diagonal structure for both cases « and 5, however the sub-matrices

differ. The sub-matrices for both cases are defined in Appendix A.3.

Solution Method

The exact solution method for the split configuration follows the same steps as the one
for a tandem system. The MGM is used to find the steady state vector, which is then
used to calculate p, the mean number in the system. Before the system may be solved,
the stability factor Q = 115 (A2 - A0) e, must be found to be positive to confirm that the
system of interest is stable. The value of Q may be verified by a calculation, but for any

system A < min(y,, u;, H3) where:



A =np D1 e, where np, is the steady state vector of D = DO + D1
w=[B: - el i=1,2,0r3

The mean number in the total queue, u,, is found as the sum of the mean number in each
of the queues, pg1, Ugz and pg;. The number in the queue is defined here to include the
customer in service, if applicable. The equations are the same for both cases and the

derivation of the mean number in queue 1 is as follows:

“q[=ZiZuLZkixi,m,k
uql=zii Xie

given

Xi=(Xip, Xi1, Xi2o s Xigzy Xix2+14=00 Xik2+1¢=2)
Xim=Ximno» Xim.1» Xim2, - Kimkss Ximk3+1G=0r XimK3+ti=t)» XimKi+i§=2»

Ximx3+1G-3)
X; mx = the probability of i customers in queue 1, m customers in queue 2, and &

customers in queue 3
Yo T Ximx= X ;€

then
pa =X i(X R™)e
ug=X, iR e
Mg = Xl(l-R)-.e
where

I = Identity matrix
R = rate matrix used in MGM

The mean number in queue 2 is calculated as follows:

Moz = Zi Ton X M Ximi:
M =2 [0 Xiop+0Xi0: +0Xipa+ ..+ 0 Xox3+ ... + 0 Xigx34 1 j=n +
IXio+t I X+ 1 Xt v 1 X v v I Xpserg=n +
K2+1) Xikae1 =20+ K2+1) Xixos1 § =201 + (K2+1) Xigae1 =2+ - +
(K2+1) Xixa+1 g=2k3 +-- + (K2+1) Xigor1 =20K3+1 =3
Be=2i X We
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where

[1(0)
I
W= [(K2)
I(K2+1)

| I(K2+1)

and
In)=n*1

then

Mg = YoWe+Zi(Yl RH)WC
Hg = X"oWe+ Y[ngl.lwe
pe=XoWe+ X, (I-R)'We

The derivation of the mean number in queue 3:

Mg =2 X 2 b Xijx

uq3=2i [0 XL0.0+ 1 Xi_OJ +1 XL0.2+ .. +K3 xi.O.K3+--- +(K3+I)XL0K3+10=3)+
O0Xiio+ 1 X +2 X2+ + K3 X3+ ... *(K3+D) X i k3+1 =0+

0 Xixa+no + 1 Xiarnyt + 2 Xigaenz * - + K3 Xjgoeps + ... +
(K3+1) Xiga+nks +1 =0l
Hg3s = Zl X i Ye

where

Y=IQr
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and

K3
K3+1
K3+1
K3+1

K3+ld

then

=X, Ye+Z (X 1R Ye
Hg=XoYe+ X 1 ZiRYe
ps=X,Ye+ X (I-R)'Ye

" The mean number in the system is found as a total of the mean number in each queue and

1s summarized as follows:

Ho=Hq i+ Ho3 _ _ —
He= X I-R)’e+ XoWe+ X (I-R)'We+ XoYe+ X, (I-R)' Ye

M= Xo(W+Y)e+ X (I-R)' [(I-RP+W+Y]e
4.2.2 Approximation Method
Introduction
A network of three queues in a split configuration, with a non-renewal arrival process

and finite second stage queues, can be decomposed into three isolated queues. The

arrival process into the second stage queues is approximated with a non-renewal arrival
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process in order to maintain correlation with the departure process from queue 1. Two
new MAP®, where i = 2 or 3, are defined with D" and D1" based on the transition
matrix of the network. For purposes of simplified notation only the **’ will be appended
to the new DO and D1 matrix notation when reference is being made to either queues 2 or
3. Queues 2 and 3 may now be described as MAP/PH/I/K queues. The service

distributions in the second stage queues are the same as in the combined system.

The arrival process into the first queue remains the same as the amrival process into the
network, however the service rate is different. The service rate must be modified to
account for customers being blocked from entering either queue 2 or 3. The new service
process PH depends on the probability of either queue 2 or 3 being full, K2 or K3 in the
buffer plus one in service. The isolated queue | may be described as a MAP/PH/ [/

queue.

Although the new MAP" and PH" distributions which govern the isolated queues of the
split system are different than those for the tandem, the matrices and formulae remain the
same. That is, only the end results are different once the appropriate substitutions are
made. The generic transition matrices and formulae are presented here in summary form

for the sake of completion of the section.
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Solution Method of the Isolated Second Stage Queues: MAP/PH/1/K

Queues 2 and 3 are studied in isolation first because of the dependency of the new
service rate of queue 1 on the steady state blocking probabilities of queues 2 and 3.

For both cases the arrival processes into queues 2 and 3 are estimated with new MAP
distributions based on the departure rate from queue 1. Therefore, the departure and no
departure matrices contain an infinite number of blocks. The solution technique uses
approximated DO° and D1" matrices with a finite number of blocks. The finite D0" and

D1% matrices, i =2 or 3, are provided below:

*2

Do =
_ 1 2 3 n-1 n _
1 BO BI
2 co” (A1) + A0
Al”
n ' A2" (A1) +
B A1”+A0 |
D17 =
1 2 n-1 n
2 Co” (A1)
n A" (A1°)
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_ | 2 3 n-1 n _
1 BO Bl
2 Co% (ALY + A0

Al”

n. ’ Az‘z (Al'l)’ +

B A" +A0 |

DI1® =
1 2 n-1 n

i
2 co” (A17y
n ' A2” (A17y

The definition of the sub-matrices within D0" and D1’ are dependent on whether we are
studying case a or 5. The sub-matrices that appear without a superscript are the same as
the sub-matrices within the original transition matrix P. The new matrices for both cases

are presented in Appendix AS.

Once the arrival process to each of the second stage queues has been calculated the
queues are analyzed as individual MAP/PH/I/K queues. The transition matrices for each
of the second stage queues are the same except for the MAP* process. The following

matrix is generic for either queue 2 or 3:
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Pi(i=2o0r3)=

0 i 2 3 - Ki-1 Ki Ki+1
o [ Do» DI*ep; ]
1 DO%®S", DO*9s,+  DI*®S
DI%@S’8; ,
2 Do*@s’s;  DoYes; + D1*@S;
DI*®S°§;
K DO*®s’8,  DO*®S, + DI1*®s,
DI*®Ss°8,
Ki+1l pO*®s°f, DO*®S, +
DI*

To calculate the mean queue length for these queues the steady state vector of the
number in the system must be found. This may be done using several iterative methods
including the Power method and Gauss-Seidel. The formula for the mean queue length is

then:

Ki+}

Hy = 2 mK

where

X = the steady state probability of m customers in queue i, i =2 or 3
The above equation holds for both case a and 5.
Solution Method of Isolated Queue 1: MAP/PH/1/o0

As in the tandem case the isolated queue 1 acts as a MAP/PH/1/0 queue. The arrival rate

into this queue is the same as the arrival rate into the combined system, however the

59



service rate is different. The service rate is altered by the probability of the customer

being blocked from entering a second stage queue and can be expressed as (B .S;),

where:
B = [ﬂl 0 0]
S, S'B:6,BF, SB.6,BP,
S, = S,
Sy
and

BP; = steady state probabilities of queue i , i = 2 or 3, being full
B =P: (Si+S%B).i=2o0r3

Once the new service distribution PH' is calculated the isolated queue 1 is analyzed as a

MAP/PH/1 queue. The infinite transition matrix for this type of queue is as follows:

qu =
_ 0 1 2 3 3 _
0 Do DIGB,*
DOSS%:* DOSS,* + DI®S,*
DI®S® *B,*
2 DO®S"*B,* DOOS,* + DIOs*
DIEY *B*
3 DORS%*pi®  NOS,* + DI®S,*
DIOS’ *R,*

To find the steady state vector of the transition matrix the MGM method may be

employed. Once the steady state vector is found, the mean queue length is as follows:

uy = X" (I-R)?
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As expected, when the blocking probabilities increase the service rate decreases and the
number waiting for service in queue 1 increases. When the blocking probabilities of both
queues equal zero, BP, = BP; = 0, then (B:*.,8:*) = (B:, $1), and the traffic intensity of

queue 1, pi=A/y, , is a minimum.

4.2.3 Comparison of Combined and Isolated Resuits

Comparison of Methods Presented in This Section

As in tandem case computer trials were performed on the isolated and combined systems,
and the results were compared. Each trial used the same set of inputs: DO and DI;
(B1, Su); (B2, S2); (B3, S3); K2; K3; and 9,, and generated the same set of outputs for each
case. The following outputs were compared:

- Q=stability factor

- (B:*.S:*), modified service process of queue |

- A, =arrival rate into queue 2

- A3 =amval rate into queue 3

—  p; = traffic intensity into queue 1

- py =traffic intensity into queue 2

—~  p; =traffic intensity into queue 3

—  Hq=mean number in system

~ Mg = mean number in queue |

— Mg =mean number in queue 2

—  Kgq3 =mean number in queue 3

- % error of yu, = | ucombo) - pu(iso) | / p(combo)

-~ % error of pug; =| pqi(combo) - ug(iso) | / py(combo)
- % error of ugz =| pga(combo) - ugx(is0) | / pg(combo)
- % error of pg3 =| ug3(combo) - pgs(iso) | / pgz(combo)
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Where
- mean number in the queue includes the customer in service

—  (combo) represents combined system solution
—  (iso) represents the isolated queue results

The numerical results of all of the case a and case b trials are presented in Appendix A 3.
From these trials it was confirmed that the overall observations which presented in
Section 3.2.3 also hold from split networks. These observations are not presented in this
section, however there are differences between the results for case a and & which are

discussed here.

Observations on the Differences Between Case a and Case b

Due to the differences in the way the customer choose between the second stage queues
for each case, the case b values of pg, By, By, and Q were slightly deviated from the
results of case a. The following summarizes the differences:

1. The value of Q was higher for case ¢ than case . For several tnals the inputs
resulted in a stable case a system, however case / was unstable.

2. The value of pg was larger for case h.
3. As K2 and K3 approach the maximum, the results from case b approached the results

from case a. The method of choosing the next queue becomes unimportant as the
probability of blocking decreases.
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These results were expected since in case b blocking may cause a greater delay of a
customer in queue 1 if the other second stage queue is not full. This may lead to a build
up of the queue I buffer. In case a the customer may choose the other queue after one

time period, so blocking will have less effect on delaying the customer in the system.

Observations Related to the Application of the Decomposition Procedure for Case a

It would appear that the decomposition method will produce values of the mean number
in the system within 30% of the actual results for any set of inputs that result in a stable
system. In addition, as the values of p, = p» = p; decrease, the percentage error of the

number in each queue and in the system decrease.

Observations Related to the Application of the Decomposition Procedure for Case b

The values of p;, i = 1, 2, or 3, for which case » decomposition results were within 30%
of the actual are much more limited than in case «. Results within 30% were produced
when both p, and p; are less than or equivalent to 0.4, for any values of p,. This is true

when the values of p are generated with any set of inputs.

The results of case b are limited because if either queue 2 or queue 3 builds up queue 1
becomes unstable. Unlike in case a, once a second stage destination queue has been

chosen no switching is allowed. If the chosen queue is full, queue 1 remains blocked
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until that queue completes a service. Some additional observations made about the case

b system results are as follows:

1.  As the values of p, = p> = p; decrease the percentage error of the number in each
queue, and in the total queue decrease.

2. For constant values p,, as the values of p, = p; decrease the percentage error of the
number in queue 1, and the number in the system decrease.

Case a: Comparison With Yannopoulos & Alfa’s Method

As for the tandem system the validity of the results are supported by comparing them
with the results generated using the method by Yannopoulos and Alfa [55]. Not all trials
were compared as the split configuration technique in {55] requires several restrictions.
The assumptions are listed below:

1. 6,=06;

2. K2=K3

3. (B27 Sz) = (33’ S3)

In other words queue 2 must be equivalent to queue 3. The following tables present the

results for various sets of inputs which meet all of the specified requirements.
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Case a: Results of Mean Queue Length for Increasing p,, p» =p; =0.5

Table 4.2.1:
(Y] He He ] He He He He

exact | decomp |% error| Y& B | % error| Gelenbe | % error

decomp Y&B Gelenbe

0.1000 | 1.6357 | 14949 | 861% | 1.2623 | 2283% | 1.2768 | 21.94%
0.2500 | 1.8126 { 16112 | 11.11% | 1.3310 | 26.57% | 1.3605 | 24.94%
0.5000 | 2.3046 | 20314 | 11.85% | 1.5694 | 31.90% | 1.6063 | 30.30%
0.7500 | 3.7879 | 3.5622 | 5.96% | 2.2081 | 41.71% | 2.2535 | 40.51%
0.9000 | 10.3412 | 11.5300 | 11.50% | 39711 | 61.60% | 4.1865 | 59.52%

Table 4.2.2: Case a: Results of Mean Queue Length for Increasing p- = p;, p; =0.25

P2=P3 He Ma He He He Maq He
exact | decomp | Yeerror| Y& B | % error| Gelenbe | % error
decomp Y&B Gelenbe
0.2500 | 0.8909 | 0.8092 | 9.17% | 0.6315 | 29.12% | 0.6362 | 28.59%
0.5000 | 1.8126 | 16112 | 11.11% | 1.3310 | 26.57% | 1.3605 | 24.94%
0.7440 | 3.8590 | 3.0063 | 22.10% | 2.2123 | 42.67% | 1.9664 | 49.04%

Table 4.2.3: Case a: Results of Mean Queue Length for Increasing p> = p;, p) =0.5

n=p3 He ) He He Ha He Ma
exact | decomp | % error| Y& B | % error{ Gelenbe | % error
decomp Y&B Gelenbe
0.2500 | 1.3268 | 1.2006 | 9.51% | 0.8051 | 39.32% | 0.7604 | 42.69%
0.5000 [ 2.3046 | 2.0314 | 11.85% | 1.5694 | 31.90% | 1.6063 | 30.30%
0.7440 | 4.7104 | 4.0949 | 13.07% | 2.7133 | 4240% | 29116 | 38.19%

Table 4.2.4: Case a: Results of Mean Queue Length for Increasing K2 =K3,
PL=p2=p3=025

K2=K3| u, e He He He He He
exact | decomp | %o error| Y& B | % error| Gelenbe | % error

decomp Y&B Gelenbe

1 0.8909 | 0.8092 | 9.17% | 0.6315 | 29.12% | 0.6362 | 28.59%

2 09086 | 0.8117 | 10.66% | 0.6260 | 31.10% | 0.6362 | 29.98%
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To summarize, as in the tandem case the decomposition method produced superior

results for all of the tnials performed. This was true when values were both comparable

and not comparable with the actual results. Therefore, this further supports the notion

that a technique which utilizes MAP to maintain the relationship between isolated

queues, from a network with a non-renewal external arrival process, produce more

accurate results than those which utilize renewal processes.

Case b: Comparison With Yannopoulos & Alfa’s Method

The values of the results derived from [55] remain the same for both case a and case b.

Although the exact and decomposition results are different, the method in this thesis still

produced superior results for all trials performed. The following tables present the

results for various sets of inputs which meet all of the specified requirements.

Table 4.2.5: Case 5: Results of Mean Queue Length for Increasing p,, p> =p; = 0.5

(41 He Hq He He Ha Haq Ha

exact | decomp | % error| Y& B | % error| Gelenbe | % error

decomp Y&B Gelenbe

0.1000 | 2.5107 | 1.4757 | 41.22% | 1.2623 | 49.72% | 1.2768 | 49.15%
0.2500 | 2.6219 | 1.5325 | 41.55% | 1.3310 | 49.24% | 1.3605 | 48.11%
0.5000 | 3.0964 | 19963 | 35.53% | 1.5694 | 49.32% | 1.6063 | 48.12%
0.7500 | 5.1693 | 3.5464 | 31.39% | 22081 | 57.28% | 2.2535 | 56.41%
0.9000 | 25.3065 | 11.5255 | 54.46% | 39711 | 84.31% | 4.1865 | 83.46%
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Table 4.2.6: Case b: Results of Mean Queue Length for Increasing p> = p;, p; = 0.25

P2=pPs He He Ha He He He He
' exact | decomp | % error| Y& B | % error| Gelenbe | % error
decom Y&B Gelenbe
02500 | 09279 | 0.8071 | 13.02% | 0.6315 | 31.94% | 0.6362 | 31.44%
0.5000 | 2.6219 | 1.5325 | 41.55% | 1.3310 | 49.24% | 1.3605 | 48.11%
0.7440 | unstable | unstable | N/A 2.2123 N/A 1.9664 N/A

Table 4.2.7: Case b: Results of Mean Queue Length for Increasing p» = p3, p; = 0.5

P2=p3 He He He He He He He
exact | decomp | % error| Y & B | % error| Gelenbe | % error
decomp Y&B Gelenbe
0.2500 | 1.3465 | 1.2005 | 10.84% | 0.8051 | 40.21% | 0.7604 | 43.53%
0.5000 | 3.0964 | 1.9963 | 35.53% | 1.5694 | 49.32% | 1.6063 | 48.12%
0.7440 | unstable | unstable | N/A 2.7133 N/A 29116 N/A

Table 4.2.8: Case b: Results of Mean Queue Length for Increasing K2 = K3,
pP1=p2=p3=0.25

K2=K3| n, Ha e B Ha Ma He
exact | decomp | Y% error| Y& B | % error| Gelenbe | % error
decomp Y&B Gelenbe
1 0.9279 | 0.8071 | 13.02% | 0.6315 | 31.94% | 0.6362 | 31.44%
2 0.9279 | 0.8071 | 13.02% | 0.6260 | 32.54% | 0.6362 | 31.44%

B st stal od 200 KA
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4.3 Networks With a Geometric Arrival Process

4.3.1 Exact Results

Introduction

[n order to determine whether or not the decomposition procedure presented in this thesis
is useful for other configurations of geometric networks, the split configuration is
examined. The geometric network studied is a special case of the network with MAP
arrivals, therefore all of the assumptions hold for both cases. The following parameters
are used to define the simplified system:

-  p=probability of an arrival to queue |

-~ q=1-p = probability of no arrival to queue 1

—  B; = probability of a service completion in queue i,i=1,2 or 3

- a;=1 - p; = probability of no service completion in queuei,i=1,2o0r3

— K2 =buffer size of queue 2

— K3 =buffer size of queue 3

— 6, = probability the customer leaving queue | will choose to visit queue 2

- 03=1-6, = probability the customer leaving queue 1 will choose queue 3

- (3 =0) = state when there are K3 + | customers in queue 3 or K2 + 1 in queue 2,

but there is no blocking

- (j =2) =state when there are K2 + | customers in queue 2 and it blocks an arrival
from queue t

—  (j = 3) = state when there are K3 + | customers in queue 3 and it blocks an arrival
from queue 1

As before, this network will be looked at in two different ways. Case a will define a

system in which either second stage queue can be visited, and case b will define a system
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where the second queue is determined after service completion in queue 1 and there can

be no change.

Transition Matrix

The discrete time transition matrices P, and P, which define this system are presented

below:
Pz
L, _ 0 1 2 3 4
0 B0 Bl ]
1 A2 Al A0
2 A2 . Al A0
3 A2 Al A0
~ L N

Each of sub-matrices within P, and Py, are provided in Appendix A 4.

Solution Method

The stability conditions for either case « or A are too complicated to be expressed
explicitly. However, as usual Q may be expressed as follows:

Q=“A(A2-A0)e

Once stability has been determined the MGM can be used to find the steady state vector

X . This in tum is used to calculate the marginal queue length distributions and the
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mean number of customers in the system. The derivations of the mean number in each
queue are the same as the non-renewal system. The formulas are presented here for
clanity. The mean number in queue 1:

Hq1 = XI(I'R)’?'C
Mean number in queue 2:

He=XoWe+ X,(I-R)'We
Mean number in queue 3

Ha=XoYe+ X, (I-R)'Ye

Mean number in the system

Ha=Hq * Mot Hg .
M= Xo(W+Y)e+ X, (I-R)' [(I-R’+W+Y]e

4.3.2 Approximation Method

Introduction

The split configuration system consisting of three Geometric queues can be easily
decomposed into a finite queue and 2 infinite queues. A geometric arrival process into
the second stage queues does not account for correlation with queue 1, so two new MAP

with DO" and D1”, i = 2 or 3, based on the transition matrix of the network, are again

used to approximate the arrival processes. Queues 2 and 3 may now be described as
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MAP/Geo/1/K queues. The service probabilities of the second stage queues remain the

same.

The arrival process into the first queue is still geometric, however the service rate must

be modified to account for customers being blocked from entering queues 2 or 3.

As in the non-renewal case the matrices and formulae for the isolated queues remain the
same as for the tandem system. That is, only the end results are different once the
appropriate substitutions are made. The transition matrices and formulae are presented

here for clarity.

Solution Method of the Isolated Second Stage Queues: MAP/Geo/1/K

For both cases the arrival processes into queues 2 and 3 are estimated with MAP based
on the departure rate from queue 1. Using two truncated MAP, the arrival processes into

the second stage queues can be estimated. The DO and D1” matrices, i = 2 or 3, are

provided below:
Do’ =
_ 1 2 3 n-1 n _
1 Bq B.l
2 A2" (A1%) + A0
A110
-n | A2.3 (A1'3)s +
| AlI”+ A0 |
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1 2 n-1 n
l )
2 A2 (A1)
n A2 (A1)
mq _
_ [ 2 3 n-t n _
1 BO B1
2 A2%? Al” + A0
(A17)
'I. ’ Az'Z (AI'Z)s +
B A1+ A0 |
DI1® =
1 2 n-1 n
1
2 A2"” (A1)
n ' A2 (A1)

The definition of the matrices within DO" and D1" are dependent on whether we are
studying case a or 5. The sub-matrices for both of the cases are presented in Appendix

A4.

The transition matrix for either of the isolated MAP/Geo/1/K queues is as follows:
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P;(i=2o0r3)=

0 1 2 3 - Ki-1 Ki Ki+1
o [ Do DI1* .
1 po* B, D0¥a, + DI%a
DI*; A
2 Do*p, D0%*a + Dl%a
Di1*g:
Ki DO*f; DO%a + DI%a
DI*g,
Ki+l DO%B, D0%a, +
- DI |

The steady state vector of the number in the system can be found using several iterative
methods including the Power Method and Gauss-Seidel procedure. The formula for the

mean number in the queue is as follows:

Ki+]

= Y mx®
Hai Zlo v

Solution Method of Isolated Queue 1: Geo/Geo/1/0

The isolated queue | acts as a Geo/Geo/1/x queue and the arrival rate into this queue is
that same as the arrival rate into the combined system. The service rate, however is less
than or equal to the service rate of the first queue in the combined system. The rate is
reduced with the probability of the customer being blocked from entering a second stage
queue and can be expressed as follows:

B:* =P (1-6,BP,-6;BP;)

a*=1-p*
where

~  BP; is the steady state probability of queue 7 being full, i=2 or 3
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— P, is the original probability of a service completion in queue I, a; = 1 - 8,
—  6; is the probability a customer will proceed to queue / upon completing service in
‘queue 1,i=2o0r3

Once the new service rate PH' has been established the infinite transition matrix for

queue 1 is as follows:

Pq[=
0 1 2 3 4
0 q P
l of*  qu*+pht  pm
2 P*  qu*+pht px®
3

qpl. m'. +PBI. ml.

The closed form formula for the mean queue length is as follows:

= P4
A B.-p

When the buffer sizes of queues 2 and 3 are greater than or equal to the K2, or K3«
the blocking probability is equal to zero. If BP. = BP; = 0 then 8,* = 8, and the traffic

intensity of queue 1, p;* = p/B,*, is 2 minimum.

Utilization of a Phase Service Distribution

As mentioned in Section 3.3.2 a discussion of the results using a phase service
distribution instead of a geometric distribution will be presented. Either method will

account for blocking probabilities into the second stage queues. The question which
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remains to be answered is whether or not a phase distribution would produce results
closer to the actual. For this to be possible there would have to be significant differences

in the values of the service rate calculated with each method.

The service rate utilizing the geometric distribution is:

For the phase distribution the service rate is more complicated. The formula required can

be found below:

— =B -8

P

where
B*=[1 0 0]
a, p\6,8P, p6,BF,
S|.= az
a;
and

BP; = steady state probabilities of queue / being full, i =2 or 3

The following table presents the service rates using each method for the specified inputs.
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Table 4.3.1: Comparison of Service Rates Using Geometric and Phase Distributions

P B B2 Bs Mg Ko % Error
0.05 0.2 0.2 0.2 50258 | 5.1049 | 1.57%
0.05 0.3 0.3 0.3 33414 | 33521 | 032%
0.05 04 0.4 0.4 25033 | 2.5049 | 0.06%
0.05 0.5 0.5 0.5 20016 | 2.0016 | 0.00%
0.05 0.6 0.6 0.6 1.6675 | 1.6672 | 0.02%
0.05 0.7 0.7 0.7 14290 | 14287 | 0.02%
0.05 0.8 0.8 0.8 12502 | 1.2501 | 0.01%
0.05 0.9 0.9 0.9 L1112 | L1111 | 0.01%

0.1 0.5 0.2 0.5 20333 | 20520 | 0.92%
0.1 0.5 0.3 0.5 20151 | 2.0200 | 0.24%
0.1 0.5 0.4 0.5 2.0087 | 2.0098 | 0.05%
0.1 0.5 0.5 0.2 20631 | 2.1029 | 1.93%
0.1 0.5 0.5 0.3 20246 | 20346 | 049%
0.1 0.5 0.5 04 20115 | 20138 { 0.11%
0.1 0.5 0.5 0.5 20060 | 2.0059 | 0.00%
0.2 0.5 0.5 0.5 2.0209 | 2.0209 | 0.00%
0.3 0.5 0.5 0.5 2.0421 | 2.0421 0.00%
04 0.5 0.5 0.5 20672 | 2.0672 | 0.00%

To summarize the table, all of the service rates found using the two methods were within
2% of each other. Therefore, the results generated with either method would also be
approximately the same. In other words, it would appear that utilizing a phase

distribution is not worth the extra computational effort required to solve the isolated

queue 1.
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4.3.3 Comparison of Combined and Isolated Resulits

Comparison of Methods Presented in This Section

The following trial attributes were compared for the exact and approximated resuits:

-  Q=stability factor

—  B* = modified service probability of queue 1

-  p* =traffic intensity into queue 1

- p;=traffic intensity into queue

—  p;=traffic intensity into queue 2

—  py=traffic intensity into queue 3

—  Hq=mean number in system

- Hq1 = mean number in queue |

—  Hq = mean number in queue 2

~  lg3 =mean number in queue 3

— % error of pg =| pug(combo) - p(iso) | / u(combo)

~ % error of py =| pg(combo) - uy(iso) | / pg(combo)
- % error of g = | pgx(combo) - uy(iso) | / puya(combo)
— % emor of pg =| pg(combo) - pgs(iso) | / pgs(combo)

Where
—  mean number in each queue includes the customer in service

- (combo) represents combined system solution
~  (iso) represents the isolated queue results

The results of each trial, for each case, are presented in Appendix A.4.3. No new
observations were noted for the split geometric system. The observations relating to the
individual queues may be found in Section 3.2.3, and those relating to the differences

between cases a and b may be found in Section 4.2.3.
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Observations Related to the Application of the Decompesition Procedure for Case a

It would appear the decomposition method will produces values of the mean number in
the system within 30% of the actual results when:

1. 0.6667 < p;< 0.75, and 0.2< (p, and p;) < 0.5 for any set of inputs.

2. 06667< p;<0.7and0.1< (p, and p;)< 0.6667

3. 04<p,<0.6667and 0.1< (p, and p;)< 0.5

4 025<p;<04and02< (p,and p3)< 0.5

An exception to these rules occurs when only one value falls outside or at the boundary.
That is the mean number in the system will still be within 30% of the actual results if p»
or p; is above or equal to the upper bound, and the other is not. An additional
observation made about the case a results is that as p- = p; decrease the percentage error

for pg; decreases.

Observations Related to the Application of the Decompeosition Procedure for Case b

The isolated results for case b are quite different than those for case a. It would appear
that the decomposition method produces acceptable values, u, percentage error less than
30%, in fewer instances than case «. Acceptable results are produced for:

1. 04<p;<0.86when0.1< (p,andp;)<0.5.
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2. 0.125< p;<04and 0.156 <(p; and p3) <0.5.

The results of case 5 are limited because if either queue 2 or queue 3 builds up queue |

becomes unstable. Unlike in case a, once a second stage destination queue has been

chosen no switching is allowed. If the chosen queue is full, queue 1 remains blocked

until that queue completes a service.

Case a: Comparison of Yannopoulos & Alfa’s Method

As for the MAP/PH/1/K system not all of the trials were compared because Yannopoulos

and Alfa’s [55] technique require that queues 2 and 3 be equivalent. The following

tables present the results for various sets of inputs in which the restrictions are met.

Table 4.3.2: Case a: Results of Mean Queue Length for Increasing p,, p> = p; =0.1

[ He Ha He Hq Ha Hq Ha

exact | decomp | % error| Y & B | % error| Gelenbe | % error

decomp Y& B Gelenbe

0.1250 | 0.1878 | 0.3324 | 77.00% | 0.2544 | 3546% | 0.2510 | 33.65%
0.2000 | 0.3530 | 04132 | 17.05% | 0.3584 | 1.53% | 0.3511 | 0.54%
0.3125 | 0.5758 | 0.5789 | 0.54% | 0.5538 | 3.82% | 0.5410 | 6.04%
0.4000 | 0.7813 | 0.7582 | 296% | 0.7536 | 3.55% | 0.7365 | 5.73%
0.5000 [ 1.0279 | 1.0008 | 2.64% | 09866 | 4.02% | 0.9508 | 7.50%
0.6667 | 1.8923 | 1.8348 | 3.04% | 1.8605 | 1.68% | 1.8135 | 4.16%
0.7500 | 2.7475 | 26758 | 2.61% | 27224 | 091% | 26700 | 2.82%
0.8333 | 45842 | 45062 | 1.70% | 4.5698 | 0.31% | 4.5237 | 1.32%
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Table 4.3.3: Case a: Results of Mean Queue Length for Increasing p, = p;, p1 =0.125

P2=ps My He He He He He He
exact | decomp | Yo error| Y & B | % error| Gelenbe | % error
decomp Y&B Gelenbe

0.0625 | 0.1670 | 0.2518 | 50.78% | 0.1703 | 1.98% | 0.1646 | 144%
0.1000 | 0.1878 | 0.3324 | 77.00% | 0.2544 | 3546% | 0.2510 | 33.65%
0.2000 | 02471 | 0.5631 |127.88% ] 0.4913 | 98.83% | 0.4930 | 99.51%
0.7500 | 2.7620 | 1.7022 | 38.37% | 2.1302 | 22.87% | 2.1292 | 2291%

Table 4.3.4: Case a: Results of Mean Queue Length for Increasing p; = p;, p; =0.2

P2=Ps3 Me e e M He He He
exact | decomp | Yo error| Y & B | % error| Gelenbe | % error
decomp Y&B Gelenbe

0.1000 | 0.3530 | 04132 | 17.05% | 0.3584 | 1.53% | 0.3511 | 0.54%
0.6667 | 2.3467 | 1.6270 | 30.67% | 1.8967 | 19.18% | 1.8942 | 19.28%
0.7143 | 23726 | 1.7382 | 26.74% | 2.0786 | 12.39% | 2.0766 | 12.48%
0.7500 | 29272 | 1.7213 | 41.20% | 2.2289 | 23.86% | 2.2282 | 23.88%

Table 4.3.5: Case a: Results of Mean Queue Length for [ncreasing K2 =K3,p, =04 &

p2=p3=02
K2=K3| pn, Ha Hq He Ha Ha Mo
exact | decomp | % error| Y& B | % error| Gelenbe | % error

decomp Y& B Gelenbe
09995 | 09395 | 6.00% | 09953 | 042% | 09840 | 1.55%
1.0010 | 09347 | 6.62% | 10209 | 1.99% | 09984 | 0.26%
1.0015 | 09344 | 6.70% | 10288 | 2.73% | 1.0034 | 0.19%
1.0016 | 0.9546 | 6.69% | 10309 | 293% | 1.0047 | 0.31%

Wit |-

Like the tandem case, the approximated results for a geometric system generated with the
decomposition method presented in this thesis are inferior to those generated by both

methods from [55]. In cases that the decomposition method produced lower percentage
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errors than Yao & Buzacott and Gelenbe the resuits are very close to the actual results.
Therefore, it would appear that the quick and simple method is better suited to geometric
systems. That is, maintaining the dependence between the departures from queue 1 and
the arrivals into the second stage queues is not significant, in the case where the external

arrival process is non-renewal.

Case b: Comparison of Yannopoulos & Alfa’s Method

Although the values of the mean queue length derived with the exact and decomposition
methods changed from case a to 5, the method in this thesis still produced inferior results
for most of the trials performed. This further enhances the idea that maintaining the
dependence in a geometric system is less significant. The following tables present the
results for various sets of inputs which meet all of the specified requirements.

Table 4.3.6: Case b: Results of Mean Queue Length for Increasing p,, p» = p; =0.1

(M1 He He ] Hq Me Mq He
exact | decomp | % error| Y& B | % error| Gelenbe | % error
decomp Y&B Gelenbe

0.1250 | 0.1881 | 0.3324 | 76.71% | 0.2544 | 35.25% | 0.2510 | 33.44%
0.2000 | 0.3534 [ 04132 | 16.92% | 03584 | 1.41% | 0.3511 | 0.65%
03125 | 0.5763 | 0.5789 | 0.45% | 0.5538 | 3.90% | 0.5410 | 6.13%
04000 | 0.7819 | 0.7582 [ 3.03% | 0.7536 | 3.62% | 0.7365 | 5.81%
0.5000 | 1.0280 | 1.0008 | 2.65% | 09866 | 4.03% | 09508 ;| 7.51%
0.6667 | 1.8926 | 1.8348 | 3.05% | 1.8605 | 1.70% | 1.8135 | 4.18%
0.7500 | 2.7479 | 2.6758 | 2.62% | 2.7224 | 093% | 2.6700 | 2.83%
0.8333 | 4.5864 | 4.5062 | 1.75% | 4.5698 | 0.36% | 4.5237 | 1.37%
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Table 4.3.7: Case b: Results of Mean Queue Length for Increasing p. =

5, P1=0.125

P2=Ps He He He He He He He
exact | decomp | % error| Y& B | % error| Gelenbe | % error
decomp Y& B Gelenbe
0.0625 | 0.1670 | 0.2518 | 50.78% | 0.1703 | 1.98% | 0.1646 | 1.44%
0.1000 | 0.1881 | 0.3324 | 76.71% | 0.2544 | 3525% | 0.2510 | 33.44%
0.2000 | 0.5335 | 0.5440 | 1.97% | 04913 | 791% | 04930 | 7.59%
0.7500 | unstable | unstable | N/A 2.1302 N/A 2.1292 N/A

Table 4.3.8: Case b: Results of Mean Queue Length for Increasing p> = p;, p1 =0.2

P2=Ps He Ma He Ma He He Hq
exact | decomp | % error|{ Y & B | % error| Gelenbe | % error
decomp Y&B Gelenbe
0.1000 | 03534 | 04132 | 16.92% | 0.3584 | 1.41% | 0.3511 | 0.65%
0.6667 | 9.5972 | 1.4989 | 84.38% | 1.8967 | 80.24% | 1.8942 | 80.26%
0.7143 | 884355 | 1.5472 | 98.25% | 2.0786 | 97.65% | 2.0766 | 97.65%
0.7500 | unstable | unstable | N/A 2.2289 N/A 2.2282 N/A

Table 4.3.9: Case b: Results of Mean Queue Length for Increasing K2 =K3,p, =04 &

Pr=p3=02
K2=K3| pn, Ha He He Ha Hq Mq

exact | decomp | Y% error| Y& B | % error| Gelenbe | % error
decomp Y&B Gelenbe

1 1.0198 | 09394 | 7.88% | 0.9953 | 2.40% | 0.9840 | 3.51%

2 1.0050 { 09347 | 7.00% | 1.0209 | 1.58% | 0.9984 | 0.66%

3 1.0023 | 09344 | 6.77% | 1.0288 | 264% | 1.0034 | 0.11%

4 1.0019 | 09344 | 6.74% | 1.0309 | 2.89% | 1.0047 | 0.28%
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5. CONCLUSION

The contribution of this thesis is 2 decomposition method for obtaining the queue length
distributions of open, finite, tandem and split queue networks with a non-renewal
external arrival process. The networks explored were two stage systems with MAP
arrival processes and phase service distributions. Their geometric equivalents were also
studied to determine if maintaining the relationship between the isolated queues

improved the approximate results over existing solution methods.

As expected, it can be concluded that for tandem and split systems with non-renewal
arrival processes, such as MAP, the method developed in this thesis is superior to
existing methods which fail to capture the dependence between the isolated queues. That
is, methods such as the one by Yannopoulos and Alfa [55] do not provide good

approximate results.

The opposite is true for both configurations of the geometric systems. That is existing
methods which do not maintain the relationship between the queues in their
decomposition approach produce equal or superior results. When renewal processes are
present throughout the system the dependence between the isolated queues is minimized.
Therefore, it can be concluded that it is not worth the extra effort to maintain the

relationship between isolated geometric queues.
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Appendix A.1

Tandem Networks With a Markovian Arrival Process
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A.l.1 Sub-Matrices of the Transition Matrix P

Each of the matrices within the transition matrix P are as follows:

B0 =
L
0
[
2
K2
Jj=0 K2+1
Bl =
L,
0
I
2
K
j=0 K241
Co=
L,
0
1
2
K2
j=0 K2+1
j=1 KR+1

DS, DO®S;
D0®S"%B, DO®S,

0 1 2
DI®B,
DI®8®S; DIGRSS,
DI8BRS" 8 DISRSS,

0 I
D0®S* @B

DO®S’® DORS’8S.
s°8.

(]
-

DOOS®  DORS,®S.
s'P:

DO®S"8-

DO®S,

i=0
K2+1

DORS%P, DO®S.

DI®B,®RS%B. DIGR®S:

NOeS’,@
S%B:

1=0
K2+1

DO®S"®S.

Do®s,®
$%8:
DO®S%8,;

i=l
K2+1

DI®B,®S%: DISHSS,

1=l
K2+1
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=0 3=l
L, 0 1 2 - K2 K2+1 K2+1
o [ DO®S*,$,28: 7]
1 m@s".ﬁ;@ ms‘lﬁ|esz
$%$:
2 DS’ 8® DO®S’H,SS,
s"B,
K2 DO®RS’8:® DORS"BDS,
s%B:
j=0 K2+1 Do®s%8,@
s"B:
j=1 K2+1 DO@B,8S"B- _J
Al=
j=o0 =
L2 0 1 2 - K2 K2+ K2+1
o [ po®s, DI®s"8:@p: ]
1 DOS,@s% DO®S®S; DISS B 8S;
+ DI®
§°.8,@5% B,
2 Do®s,®s%B, DO®S®S; DI®S’,B.OS,
+ DI®
S°,8:®S% B,
1=0 K2+1 DORS®s"8: DI®S®S: DRSS’ ®s.
+ DI®
$"p:®S% B2
j=1 K2+1 DIGB®S%B; Do®S,
Al0=
=0 j=1
L: 0 1 2 K2-1 K2 K2+1 K2+1
o [ Dies 7]
1 DI®S®S% DI®S®S:
2 DI®S®S’f: DI®S,@S.
K2 DISS@5%3: DIOS®S,;
j=0 K2+1 DIGS@S"B: DISS®S: DIRS,®S;
j=1 +1
J K2 o DI®S, ]
where:

- DO =No departure matrix of MAP arrival process
~ DI = Departure matrix of MAP amival process

—  (B;, Sy = service distribution of queue 7, i = 1 or 2
— K2 =buffer size of queue 2
— () =0) = state when there are K2 + 1 customers in queue 2 but there is no blocking
—  (j = 1) = state when there are K2 + 1 customers in queue 2 and it blocks an arrival

from queue 1
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A.1.2 Sub-Matrices of the Modified MAP

Each of the new matrices within DO and D1’ are as follows:

Al” =

j=0 K2+1
j=1 K2+1

-

0 1 2

[ Do®s,

D0®S,8S%: DO®S,8S,
D0®S®S"; DORS,SS.

D0®s,8s%

AY’ can be found using the relationship A1’ = Al - A1~

j=0
K2+1

DO®S,®S;
DI®B.®S" 8,

j =
K2+1

DO®S;
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A.1.3 Trial Results

10

i1

12

13

14

15

16

17

Table A.1.1: Results for Varying Inputs, n =2

Do D1 A S B: (0 S;
A5 45 05 05 0.1000 0 o0 .50 50 1.0000 375 375
45 45 05 05 0 0 375 375
45 45 05 .05 0.1000 ¢ 0 .50 S0 1.0000 375 375
45 45 .05 .05 0 0 375 375
45 45 05 05 0.1000 0 0 .50 .50 1.0000 375 375
45 45 05 .05 0 0 375 375
AS 45 05 .05 0.1000 00 .50 .50 1.0000 375 375
A5 45 05 05 00 375 375
45 45 05 .05 0.1000 445 445 | 50 50 0.1100 00
45 45 05 .05 445 445 0 o
45 45 05 .05 0.1000 0 0 .50 .50 1.0000 375 375
45 45 05 .05 00 375 375
45 45 .05 .05 0.1000 40 475 .50 50 0.1250 00
A4S 45 05 .05 40 475 0 o0
40 40 .10 .10 0.2000 00 .50 .50 1.0000 25 25
40 40 .10 (10 00 25 .25
45 45 05 .05 0.0500 AS 475 .50 50 0.0750 25 25
.50 .50 00 45 475 25 25
45 45 05 05 0.1000 00 .50 50 1.0000 375 375
45 45 .05 .05 0 0 375 375
45 45 05 .05 0.0500 25 25 .50 50 0.5000 25 25
.50 .50 00 25 .25 25 25
45 45 .05 .05 0.1000 375375 | .50 50 0.2500 00
45 45 05 05 375 375 00
40 40 .10 .10 0.2000 05 .05 .50 50 0.9000 25 .25
40 40 .10 .10 05 05 25 25
40 40 .10 .10 0.2000 .25 25 .50 50 0.5000 00
40 40 .10 .10 25 .25 00
45 45 05 05 0.1000 00 .50 50 1.0000 375 375
45 45 .05 .05 00 375 375
40 40 .10 .10 0.2000 .25 .25 .50 .50 0.5000 05 .05
40 40 .10 .10 .25 25 .05 .05
40 40 .10 .10 0.2000 25 25 .50 .50 0.5000 .10 .10
40 40 .10 (10 25 25 .10 .10
40 .50 .06 04 0.1000 .20 .30 .60 .40 0.5000 .20 .30
30 60 03 07 40 .10 40 .10
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Table A.1.1: Results for Varying Inputs, n=2

B2 H2 K2 o Hat Hat 1 Phe Hat
combo iso % error
.50 .50 0.2500 8 0.1000 0.1000 0.1000 0.9998 0.00%
.50 .50 0.2500 7 0.1000 0.1001 0.1001 0.9995 0.00%
.50 .50 0.2500 6 0.1000 0.1003 0.1002 0.9985 0.10%
.50 .50 0.2500 5 0.1000 0.1008 0.1006 0.9955 0.20%
.50 50 1.0000 2 0.9091 9.0000 8.9993 0.1160 0.01%
.50 .50 0.2500 4 0.1000 0.1025 0.1020 0.9866 0.49%
.50 .50 1.0000 2 0.8000 3.6000 3.6000 0.1250 0.00%
.50 .50 0.5000 2 0.2000 0.2083 02114 0.9633 1.49%
.50 .50 0.5000 2 0.6667 1.9001 1.9000 0.0750 0.01%
.50 .50 0.2500 3 0.1000 0.1074 0.1059 0.9605 1.40%
.50 .50 0.5000 2 0.1000 0.1056 0.1056 0.4999 0.00%
.50 .50 1.0000 2 0.4000 0.6000 0.6000 0.2500 0.00%
.50 50 0.5000 2 0.2222 0.2370 0.2389 0.8740 0.80%
.50 .50 1.0000 2 0.4000 05333 0.5333 0.5000 0.00%
.50 50 0.2500 2 0.1000 0.1222 0.1182 0.8884 3.27%
.50 .50 0.9000 2 0 4000 0.5333 05334 0.5000 0.02%
.50 .50 0.8000 2 0.4000 0.5334 0.5334 0.4999 0.00%
.60 40 0.5000 2 0.2000 0.2253 0.2252 0.4996 0.04%
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Table A.1.1: Results for Varying Inputs, n =2

[ Haz K L P BP Ha2 Q
combo iso % error
0.4000 0.6000 0.5998 0.1000 0.0000 0.03% 0.1500
0.4000 0.5999 0.5995 0.1000 0.0001 0.07% 0.1500
0.4000 0.5997 0.5988 0.1000 0.0004 0.15% 0.1500
0.4000 0.5992 0.5967 0.1000 0.0011 0.42% 0.1500
0.1000 0.1000 0.0553 0.0553 0.0000 44.70% 0.0100
0.4000 0.5975 0.5916 0.1001 0.0034 0.99% 0.1500
0.1000 0.1000 0.0588 0.0588 0.0000 41.20% 0.0250
0.4000 0.5250 0.5107 0.2004 0.0190 2.72% 0.3000
0.1000 0.1055 0.0623 0.0309 0.0000 40.95% 0.0250
0.4000 0.5926 0.5787 0.1003 0.0103 2.35% 0.1500
0.1000 0.1055 0.0986 0.0476 0.0001 6.54% 0.3875
0.1000 0.1000 0.0769 0.0769 0.0000 23.10% 0.1500
0.4000 0.5249 0.4925 0.1906 0.0165 6.17% 0.2998
0.2000 0.2000 0.1667 0.1667 0.0000 16.65% 0.3000
0.4000 0.5778 0.5478 0.1009 0.0314 5.19% 0.1500
0.2222 0.2286 0.1876 0.1667 0.0000 17.94% 0.2998
0.2500 0.2666 0.2149 0.1667 0.0002 19.39% 0.2982
0.2000 0.2247 0.1954 0.0909 0.0008 13.04% 0.3375
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Table A_1.1: Results for Varying Inputs, n =2

10

1

12

13

14

15

16

17

I8

o Hq Ha
combo iso % error
0.7000 0.6998 0.03%
0.7000 0.6996 0.06%
0.7000 0.6990 0.14%
0.7000 0.6973 0.39%
91000 9.0546 0.50%
0.7000 0.6936 0.91%
3.7000 3.6588 1.11%
0.7333 0.7221 1.53%
2.0056 19623 2.16%
0.7000 0.6846 2.20%
02111 0.2042 327™%
0.7000 0.6769 3.30%
0.7619 0.7314 4.00%
0.7333 0.7000 4.54%
0.7000 0.6660 4.86%
0.7619 0.7210 53™
0.8000 0.7483 6.46%
0.4500 0.4206 6.53%
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Table A.1.1: Results for Varying Inputs, n =2

Do DL A 5, Bx Hy S:
40 50 06 04 0.1000 20 30 .60 40 0.5000 20 30
.30 60 03 .07 40 .10 40 .10
40 50 06 .04 0.1000 20 30 60 40 0.5000 20 30
.30 .60 03 07 40 10 40 .10
40 40 .10 .10 0.2000 .10 .10 .50 .50 0.8000 25 25
40 40 .10 .10 .10 .10 25 25
40 40 .10 .10 0.2000 25 25 .50 .50 0.5000 A5 .15
40 40 .10 .10 25 25 A5 15
40 40 .10 .10 0.2000 15 15 .50 .50 0.7000 25 .25
40 40 10 .10 15 15 25 .25
a8 37 12 .13 0.2275 .08 .17 49 51 0.7225 09 .26
34 36 .14 .16 119 .10 30
45 45 05 05 0.1500 25 25 .50 50 0.5000 25 25
40 40 .10 .10 25 25 25 25
40 40 .10 .10 0.2000 25 25 .50 50 0.5000 20 20
40 40 .10 .10 25 25 .20 .20
40 40 .10 .10 02000 35 35 .50 .50 0.3000 25 25
40 40 .10 .10 35 35 25 .25
40 40 10 .10 0.2000 .20 20 .50 .50 0.6000 25 25
40 40 .10 .10 .20 .20 25 .25
45 45 .05 .05 0.1000 40 475 .50 .50 0.1250 .375 375
45 45 .05 .05 40 475 378 375
45 45 .05 .05 0.1000 00 .50 .50 1.0000 40 40
45 45 05 .05 0 0 40 40
45 45 .05 .05 0.3500 25 25 .50 .50 0.5000 25 25
20 20 .30 30 25 25 25 25
.30 .50 .10 .10 0.2000 .20 30 .60 40 0.5000 .20 30
40 40 .05 .18 40 .10 40 .10
40 40 .10 .10 0.2000 .25 28 .50 .50 0.5000 25 .25
40 40 .10 .10 25 25 25 25
30 50 .10 .10 0.2000 .20 .30 60 40 0.5000 .20 30
40 40 .05 .15 40 10 40 .10
30 .50 .10 .10 0.2000 .20 .30 60 40 0.5000 20 30
40 40 05 .15 40 .10 40 .10
30 S0 .10 .10 0.2000 .20 .30 .60 40 0.5000 .20 .30
40 40 .05 .15 40 .10 40 .10
40 40 .10 .10 0.2000 .30 30 .50 50 0.4000 25 25
.40 40 .10 {0 .30 .30 25 25
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Table A_1.1: Results for Varying Inputs, n =2

B2 H2 K2 (41 Hat Hat m* Hat

combo iso % error
.60 40 0.5000 3 0.2000 0.2250 0.2250 0.5000 0.00%
.60 40 0.5000 4 0.2000 02250 0.2250 0.5000 0.00%
.50 .50 0.5000 2 0.2500 02753 0.2758 0.7825 0.18%
.50 .50 0.7000 2 0.4000 0.5339 0.5337 0.4997 0.04%
.50 50 0.5000 2 0.2857 0.3289 03279 0.6890 0.30%
46 54 0.6190 2 0.3813 0.4560 0.4564 0.7139 0.09%
.50 .50 0.5000 2 0.3000 0.3666 0.3657 0.4986 0.25%
.50 .50 0.6000 2 04000 0.5358 0.5349 0.4991 0.17%
.50 50 0.5000 2 0.6667 1.6267 1.6057 0.2996 1.29%
.50 .50 0.5000 2 03333 0.4094 0.4067 0.5937 0.66%
.50 .50 02500 2 0.8000 3.8088 36173 0.1249 5.03%
.50 .50 0.2000 2 0.1000 0.1790 0.1473 0.7690 17.71%
.50 .50 0.5000 2 0.7000 2.0094 1.6727 0.4859 16.76%
.60 40 0.5000 2 0.4000 0.5438 0.5390 0.4969 0.88%
.50 50 0.5000 2 0.4000 0.5438 0.5390 0.4969 0.88%
.60 40 0.5000 5 0.4000 0.5335 05336 0.5000 0.02%
.60 .40 0.5000 3 04000 0.5359 0.5342 0.4995 0.32%
.60 40 0.5000 4 0.4000 0.5340 0.5335 0.4999 0.09%
.50 .50 0.5000 2 0.5000 0.8134 0.8049 0.3987 1.04%
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Table A.1.1: Results for Varying Inputs, n =2

P2 13 M2 Ay BP Ha2 Q
combo iso % error
0.2000 02250 0.1956 0.0909 0.0001 13.07% 0.3500
02000 0.2250 0.1956 0.0909 0.0000 13.07% 0.3583
0.4000 0.5247 04718 0.1907 0.0140 | 10.08% 0.2982
02857 0.3195 02521 0.1667 0.0007 21.10% 0.2916
0.4000 0.5245 0.4480 0.1844 00114 14.59% 0.2916
0.4451 0.5744 0.4801 0.2491 0.0103 16.42% 0.3205
0.3000 03621 0.2916 0.1305 0.0028 19.47% 0.2875
03333 0.3978 0.3054 0.1667 0.0022 2323% 0.2741
0.4000 0.5223 0.3004 0.1364 0.0022 42.49% 0.0942
0.4000 0.5242 0.4203 0.1766 0.0080 19.82% 0.2741
0.4000 0.5710 0.2605 0.0589 0.0021 54.38% 0.0225
0.5000 0.8210 0.7329 0.1013 0.0601 10.73% 0.1000
0.7000 1.2343 0.6752 0.2586 0.0290 45.30% 0.0875
0.4000 0.5237 0.3878 0.1668 0.0063 25.95% 0.2375
0.4000 0.5237 0.3878 0.1668 0.0063 25.95% 0.2375
0.4000 0.5332 0.3918 0.1667 0.0000 26.52% 0.2643
0.4000 0.5308 0.3910 0.1667 0.0009 26.34% 0.2500
0.4000 0.5327 0.3917 0.1667 0.0001 26.47% 0.2583
0.4000 0.5231 0.3488 0.1539 0.004! 33.32% 0.1766
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Table A_1.1: Results for Varying Inputs, n =2

19

20

21

24

25

26

27

28

29

30

31

33

34

35

36

37

Ha Ha Ha
combo is0 % etror
0.4500 0.4206 6.53%
0.4500 0.4206 6.53%
0.8000 0.7476 6.55%
0.8534 0.7858 7.92%
0.8534 0.7759 9.08%
1.0304 0.9365 9.11%
0.7287 0.6573 9.80%
0.9336 0.8403 9.99%
2.1490 1.9061 11.30%
0.9336 0.8270 11.42%
43798 3.8778 11.46%
1.0000 0.8802 11.98%
2.6846 23479 12.54%
1.0675 0.9268 13.18%
1.0675 0.9268 13.18%
1.0667 09254 13.25%
1.0667 0.9252 13.27%
1.0667 0.9252 13.27%
1.3365 1.1537 13.68%
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45

47

48
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50
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52

S3

Table A.1.1: Results for Varying Inputs, n =2

Do D1 A S, B M S:
275275 | 225.225 | 04500 25 .25 .50 50 0.5000 A5 175
275 275 | 225 .225 25 25 A5 175
45 45 05 .05 0.2500 25 .50 .50 0.5000 25 25
30 30 20 .20 25 25 25 25
40 40 .10 .10 0.2000 35 35 .50 50 0.3000 .30 .30

.10 .10 35 35 30 30

.10 .10 0.2000 25 25 .50 .50 0.5000 .30 .30

40 . .10 .10 25 25 .30 30

30 30 20 20 0.4000 25 25 .50 50 0.5000 .20 20

.30 30 20 .20 25 .25 20 20

35 35 15 .15 0.3000 25 25 .50 .50 0.5000 25 .25

35 35 A5 IS5 25 25 25 25

40 40 .10 .10 0.2000 25 25 .50 50 0.5000 35 35

40 40 .10 .10 25 25 35 35

40 .10 .10 0.2000 35 35 .50 .50 0.3000 35 3§

40 40 .10 .10 35 35 35 35

30 30 20 20 0.4000 .20 .20 .50 .50 0.6000 25 25
.30 .30 .20 .20 .20 .20 25 25
45 45 .05 05 0.0500 25 .25 .50 .50 0.5000 45 475
.50 .50 00 25 25 45 475
.30 30 20 .20 0.4000 25 .25 .50 .50 0.5000 25 25

30 30 20 20 25 .25 25 25
45 45 05 05 0.1000 00 .50 .50 1.0000 40 475
45 45 .05 .05 0 0 40 475
275.275 | .225.225 | 0.4500 25 25 .50 .50 0.5000 .20 .2375
275 275 | 225 .225 25 25 .20 2375
275.275 | 225.225 | 04500 .15 175 .50 .50 0.6750 25 25
275275 | 225.225 A8 175 25 .25
45 45 05 05 0.1000 375375 { 50 50 0.2500 A0 475
45 45 .05 .05 375 375 40 475
275 275 | 225 .25 | 0.4500 .20.2375 | 50 50 0.5625 25 25
275 275 | 225 225 .20 .2375 25 .25
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Table A.1.1: Resulits for Varying Inputs, n =2

B2 (139 K2 1 Hat Hat w* Hai

combo iso % error
50 50 | 06750 2 09000 | S9471 | 53350 | 04962 | 10.29%
50 50 | 0.5000 2 | 05000 | 0.7889 | 0.7679 | 04942 | 2.66%
50 50 | 0.4000 2 | 06667 | 1.7150 16244 | 02984 5.28%
50 50 | 0.4000 2 04000 | 05834 | 05556 | 04887 | 4.77%
50 50 | 0.6000 2 | 08000 | 28285 | 25587 | 04935 | 954%
50 50 | 0.5000 2 0.6000 1.1841 1.1022 | 04905 | 692%
50 50 | 03000 2 | 04000 | 08857 | 06374 | 04572 | 28.03%
50 .50 | 0.3000 2 06667 | 23147 1.7202 | 02925 | 2529%
50 50 | 0.5000 2 0.6667 | 22805 1.5107 | 05604 | 33.76%
50 .50 | 0.0750 2 0.1000 | 06268 | 02450 | 02867 | 60.91%
50 50 | 0.5000 2 08000 | 50609 | 29729 | 04806 | 41.26%
S0 .50 | 0.1250 2 0.1000 17938 | 03835 | 04197 | 78.62%
50 50 | 05625 2 09000 | 159764 | 6.7071 04867 | 58.02%
50 50 | 0.5000 2 06667 | 48490 1.7310 | 0.5974 | 64.30%
50 50 | 0.1250 2 04000 | 25298 | 08408 | 02129 | 66.76%
50 S0 | 0.5000 2 08000 | 154604 | 34357 | 05224 | 77.78%

102



38

39

41

4?2

43

45

47

48

49

50

st

52

53

Table A.1.1: Results for Varying Inputs, n=2

P2 Ha2 He A BP Q
combo iso % error

0.6667 0.9980 0.5419 03100 0.0102 45.70% 0.0386
0.5000 0.7172 0.4842 02001 0.0118 32.49% 0.1875
0.5000 0.7469 0.4001 0.1365 0.0072 46.43% 0.0824
0.5000 0.7532 0.5276 0.1669 0.0185 2995% 0.1766
0.6667 1.0619 0.5830 0.2853 0.0158 45.10% 0.0741
0.6000 0.9510 0.5804 0.2307 0.0194 3897% 0.1375
0.6667 1.2634 0.7902 0.1669 0.0562 37.45% 0.0942
0.6667 1.2332 0.5934 0.1366 0.0257 51.88% 0.0523
0.8000 1.6099 0.8826 03122 0.0589 45.18% 0.0741
0.6667 1.3788 0.9871 0.0487 0.1116 28.41% 0.0250
0.8000 1.5757 0.7674 0.2839 0.0405 51.30% 0.0375
0.8000 1.9055 1.2497 0.1000 0.1728 34.42% 0.0250
0.8000 1.2798 0.7173 0.3087 0.0308 43.95% 0.0130
0.9000 2.0903 1.0797 0.3586 0.0963 48.35% 0.0386
0.8000 1.8493 0.9264 0.0777 0.0872 4991% 0.0225
0.9000 1.7200 09419 0.3274 0.0682 45.24% 0.0130
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Table A.1.1: Results for Varying Inputs, n =2

38

39

41

42

43

45

46

a7

48

49

50

51

53

col“;bo luS; % :'or
6.9451 58769 15.38%
1.5061 1.2521 16.86%
24619 2.0245 17.77%
1.3366 1.0832 18.96%
3.8904 3.1417 19.24%
2.1351 1.6826 21.19%
2.1491 1.4276 33.57%
3.5479 2.3226 34.54%
3.8904 2.3933 38.48%
2.0056 1.2321 3857%
6.6366 3.7403 43.64%
3.6993 1.6332 55.85%
17.2562 74243 56.98%
6.9393 28107 59.50%
4.3791 1.7672 59.64%
17 1804 43776 74.52%
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Appendix A.2

Tandem Networks With A Geometric Arrival Process
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A.2.1 Sub-Matrices of the Transition Matrix P

Each of the following matrices are contained within the Geometric system transition

matrix P:
Bﬂ=
ji=0  j=l
LL _ 0 i 2 . K2-1 K2 K2+1 K2+1 _
0 q
1 qB: qa,
2 qB: qa
K2 qB: qa;
j=0 K2+1§ qB: qa; _
Bl =
j=0 j=1
L, 0 1 2 K2-1 K2 K2+1 K2+1 _
0 P
1 p B2 qa
2 p B2 pa;
K2 pB: pa;
=0 K2+1| p B2 pa; _
j=0 j=l
L, 0 1 2 3 K2 K2+1 K2+1 _
0 qB:
1 QBIB‘: ana:
2 qBiB: qBia;
. K2 QBB QB
-!=0 K2+1 qB: B2
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j=0 j=1
L. 0 1 2 3 . K2-1 K2 K2+l K2+l _
0 qu ph
1 qa;8; qao+ phiay
pBi B2
2 qua;f; qa a2+ phia;
pBiB:
K2 qaiB: quia+ phiay
p B: Bz
j=0 K2+1 qa B qaya+ qfia;
. p B1 B2
=1 RZ2+1| pB: qa: |
A0 =
j=0 j=l
L, _ 0 1 2 K2-1 K2 K2+1 K2+1 _
0 pay
1 paf: puicx;
2 PuB: paia;
K2 pup: paiay
J=0 K2+1 paif: para: pBia:
j=1 K2+I__ pa; |
where:

~  p = probability of an arrival to queue |

— q=1-p = probability of no arrival to queue |

~  B; = probability of a service completion in queue i/, i =1 or 2

- ;=1 - ;= probability of no service completion in queue i, i = 1 or 2

- K2 =buffer size of queue 2

~  (j =0) = state when there are K2 + 1 customers in queue 2 but there is no blocking

~  (j = 1) = state when there are K2 + | customers in queue 2 and a customer leaving
queue 1 is blocked from entering queue 2
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A.2.2 Sub-Matrices of the Absorbing Markov Chain Transition Matrix

Each of the following matrices are contained within the absorbing Markov chain

transition matrix P:

50 -
j=0 j=1
L 0 0* 1 1* - K-1K-1* K2 K* KR+1K2+1
o [ 1 ]
{14 Bs ay
1 B2 a;
1* BPr Boi @B o
K2 B2 @
K2* BB Prar Py @
j=0K2+1 BB Prar @ afh
i=tK2+1f B @ |
¢o =
i=0 j=1i
L, 0 o* 1 1* 2 2 3 3* - K2 K2* RR+1K2+1
0 F B ]
1 BiB2 Biaz
2 B1 B2 Braz
K2 Bi B2 Braz
j=0 K2+1 By B2
i=1 K2+1 B ]
A2 =
i=0 j=1
L, 0 1 2 3 - K2 K2+I1K2+1
o[ B: ]
1 Bif2 Bia:
2 B1B: Pra:
K2 Pif: Pra:
=0 K2+1 B: B:
j=1 K2+l_ B2 |
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A.2.3 Sub-Matrices of the Modified MAP

Each of the new sub-matricies within D0 and D1 are defined as follows:

Al =

Lo

0

1

2

K2
j=0 K2+1
i=1 K2+1 |
Al’=A1-Al"

qa
qa; B,

qay oz
qa; B2

qo; o

qa B;

qa; a
qay B,

qQoy o

qb a;
qo
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Table A.2.1: Results for Varying Inputs, n =2

P Bt B2 K2 [ Hat Mat Hat

combo iso % erTor
0.2000 0.5000 0.5000 2 0.4000 0.5619 0.5579 0.71%
0.0500 0.2000 0.5000 1 0.2500 0.3170 0.3167 0.09%
0.2000 0.5000 0.5000 3 0.4000 0.5542 0.5527 0.27%
0.2000 0.5000 0.5000 4 0.4000 0.5523 0.5519 0.07%
0.2000 0.5000 0.5000 5 0.4000 0.5519 0.5517 0.04%
0.2000 0.5000 0.5000 1 0.4000 05711 0.5943 4.06%
0.4500 0.5000 0.9000 2 0.9000 49597 4.9699 0.21%
0.0500 0.1000 0.5000 1 0.5000 0.9508 0.9501 0.07%
0.2000 03500 0.8500 2 0.5714 1.0667 1.0667 0.00%
0.2100 0.4700 0.4700 2 0.4468 0.6572 0.6482 1.37%
0.4500 0.5000 0.8000 2 0.9000 5.0657 5.0665 0.02%
0.0500 0.3000 0.5000 1 0.1667 0.1903 0.1900 0.16%
0.2500 0.5000 0.5000 2 0.5000 0.7835 0.7675 2.04%
0.3000 0.4300 0.7000 2 0.6977 1.6263 1.6240 0.14%
0.2500 0.4800 0.4800 2 0.5208 0.8640 0.8380 3.01%
0.0500 0.5000 0.1000 1 0.1000 0.2330 01113 52.23%
0.3000 0.7000 0.4100 2 0.4286 0.8340 06012 2791%
0.0500 0.4000 0.5000 1 0.1250 0.1360 0.1357 0.22%
0.2500 0.4500 0.4500 2 0.5556 1.0258 09716 5.28%
0.0500 0.5000 1.0000 1 Q.1000 0.1056 0.1056 0.00%
0.5500 0.7000 0.7000 2 0.7857 2.1321 20011 6.14%
0.1000 0.5000 0.5000 1 0.2000 02274 0.2252 0.97%
0.0500 0.5000 0.9000 1 0.1000 0.1056 0.1056 0.00%
0.4000 0.8000 0.6250 2 0.5000 0.6492 06475 0.26%
0.1000 0.5000 0.5000 2 0.2000 0.2252 0.2252 0.00%
0.1000 0.5000 0.5000 3 0.2000 0.2250 0.2252 0.09%
0.1000 0.5000 0.5000 4 0.2000 0.2250 0.2252 0.09%
0.0500 0.5000 0.8000 | 0.10600 0.1056 0.1056 0.00%
0.0500 0.5000 0.7000 1 0.1000 0.1056 0.1056 0.00%
0.3000 0.5000 0.5000 | 0.6000 1.3807 1.1015 20.22%
0.0500 0.5000 0.6000 | 0.1000 0.1056 0.1056 0.00%
0.0500 0.5000 0.5000 1 0.1000 0.1058 0.1056 0.19%
0.0500 0.5000 0.4000 i 0.1000 0.1062 0.1056 0.56%
0.4000 0.7000 0.5000 2 0.5714 1.4661 0.9626 34.34%
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Table A.2.1: Results for Varying Inputs, n =2

L4 2 Ha Ha2 A BP oz I
combo iso % error
2.7895 0.4000 0.3866 0.3937 0.1654 0.0066 1.84% 2.3961
63340 0.1000 0.0900 0.0849 0.0417 0.0000 567% 2.0360
2.7635 0.4000 03840 0.3982 0.1655 0.0010 3.70% 2.4085
2.7595 0.4000 0.3824 03990 | 0.1655 0.0002 4.34% 24114
2.7585 0.4000 0.3818 0.3992 0.1655 0.0000 4.56% 24121
29715 0.4000 03879 03868 | 0.1665 0.0424 0.28% 2.4260
11.0442 0.5000 0.5291 0.3568 03103 0.0004 32.56% 1.1503
19.0020 | 0.1000 0.1002 0.0696 0.0345 0.0000 3054% | 20174
5.3335 0.2353 0.2139 0.1741 0.1458 0.0000 18.61% i.1941
3.0867 0.4468 0.4627 0.4282 0.1696 0.0086 7.46% 2.5467
11.2589 0.5625 0.6712 0.4208 03103 0.0023 3731% 1.3592
3.8000 0.1000 0.0796 0.0917 0.0448 0.0000 15.20% 2.0469
3.0700 0.5000 0.5478 0.4822 0.1996 0.0114 11.98% 2.4437
54133 0.4286 0.4626 03311 0.2146 0.0016 28.43% 1.5453
3.3520 0.5208 0.6056 0.4989 0.1963 00130 17.62% 2.5750
2.2260 0.5000 0.4584 0.6621 0.0467 0.0467 44.44% 148723
2.0040 0.7317 09133 0.9206 0.2584 0.0724 0.80% 3.8408
2.7140 0.1000 0.0690 0.0958 0.0465 0.0001 38.84% 2.0604
3.8864 0.5556 0.7090 0.5259 0.1909 0.0156 25.83% 2.7985
2.1120 0.0500 0.0281 0.0476 0.0476 0.0000 69.40% 1.0000
3.6384 0.7857 1.2066 0.8342 0.4420 0.0376 30.36% 1.9611
2.2520 0.2006 0.1357 0.1953 0.0909 0.0008 43.92% 2.1502
2.1120 0.0556 0.0313 0.0531 0.0476 0.0000 69.65% 1.1155
1.6188 0.6400 0.5680 0.7686 0.3608 0.0367 3532% 22114
2.2520 0.2000 0.1345 0.1953 0.0909 0.0008 45.20% 2.1502
2.2520 0.2000 0.1342 0.1953 0.0909 0.0008 45.53% 2.1502
22520 0.2000 0.1342 0.1953 0.0909 0.0008 4553% | 2.1502
2.1120 0.0625 0.0354 0.0600 0.0476 0.0000 69.49% 1.2605
2.1120 00714 0.0407 0.0689 0.0476 0.0000 69.29% 1.4475
3.6N117 0.6000 0 7307 0.5™ 0.2300 0.0187 21.02% 2.5569
2.1120 0.0833 0.0479 0.0811 0.0476 0.0000 69.31% 1.7038
21120 0.1000 0 0582 0.0986 0.0476 0.0001 69.42% 2.07i6
2.1120 0.1250 0.0742 0.1259 0.0476 0.0003 69.68% | 26458
2.4065 0.8000 1.2648 0.9703 0.3327 0.0745 23.28% 3.1512
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Table A.2.1: Results for Varying Inputs, n =2

Q Ha T TR 4 i r
combo iSO % error | combo iso % error

0.2278 0.9485 0.9516 033% 34836 7.1856 106.27%
0.1470 0.4070 04016 1.33% 58853 13.3700 | 127.18%
0.2402 0.9382 0.9509 1.35% 34836 7.1720 105.88%
0.2485 0.9347 0.9509 1.73% 3.4836 7.1709 105.85%
0.2485 0.9337 0.9509 1.84% 3.4836 7.1706 105.84%
0.2167 0.9590 09811 2.30% 34836 73975 112.35%
0.0498 5.4888 5.3267 2.95% 0 14.1945 a
0.0498 1.0510 1.0197 2.98% 15.5730 | 31.0194 99.19%
0.1499 1.2806 1.2408 3.11% 9.3847
0.1986 1.1199 1.0764 3.88% 7.7610
0.0482 5.7369 54873 4.35% o« 14.6181 x
0.2358 0.2699 0.2817 43™ 3.7940 9.1802 141.97%
0.1800 1.3313 1.2497 6.13% 7.5137
0.1265 2.0889 1.9551 641% 9.2843
0.1600 1.4696 1.3369 9.03% 8.0103
0.0498 0.6914 0.7734 11.86% 7.2307 19.0983 | 164.13%
0.1073 1.7473 1.5218 12.91% x 7.2733 x
0.3102 0.2050 0.2315 12.93% 2.8247 7.2744 157.53%
0.1396 1.7348 1.4975 13.68% 8.9071
0.4500 0.1337 0.1532 14.58% 21111 S.1120 142.15%
0.0917 3.3387 2.8353 15.08% 7.0280
03167 0.3631 0.4205 15.81% 2.5676 6.4022 149.35%
0.4485 0.1369 0.1587 15.92% 2.1245 5.2275 146.06%
0.2169 121712 1.4161 16.34% 5.0802
03375 0.3597 0.4205 16.90% 2.5676 6.4022 149.35%
0.3500 0.3592 0.4205 17.07 2.5676 6.4022 149.35%
0.3583 0.3592 0.4205 17.0™% 2.5676 6.4022 149.35%
0.4425 0.i1410 0.1656 17.45% 1.2605 53725 | 326.22%
0.4293 0.1463 0.1745 19.28% 2.1662 5.5595 156.65%
0.1167 21114 1.6786 20.50% x 8.2286 oc
0.4054 0.1535 0.1867 21.63% 22011 58158 | 164.22%
0.3667 0.1640 0.2042 24.51% 2.2257 6.1836 177.83%
0.3102 0.1804 0.2315 28.33% 2.3508 6.7578 187.47%
0.0916 2.7309 1.9329 29.22% 6.9863
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Table A.2.1: Resulits for Varying Inputs, n =2

P B B. K2 P1 Hat Hat Hat
combo iso % error
35 0.2500 0.8000 0.8000 2 03125 03411 03415 0.12%
36 0.0500 0.5000 0.3000 1 0.1000 0.1074 0.1057 1.58%
37 0.0500 0.5000 0.2000 1 0.1000 0.1136 0.1062 6.51%
38 0.0500 0.6000 0.5000 1 0.0833 0.0866 0.0864 0.23%
39 0.4000 0.5000 0.5000 2 0.8000 5.0156 29832 40.52%
40 0.6000 0.6500 0.7000 2 0.9231 17.6143 99730 43.38%
41 0.1000 0.8000 0.8000 2 0.1250 0.1286 0.1286 0.00%
42 0.3000 0.8500 0.6000 2 0.3529 0.3897 0.3945 1.23%
43 0.0500 0.7000 0.5000 1 0.0714 0.0732 0.0731 0.14%
4 0.1000 0.9000 0.9000 2 0.1111 0.1125 0.1125 0.00%
45 0.4000 0.5000 0.4500 2 0.8000 19.1223 3.4261 82.08%
46 0.0500 0.8000 0.5000 i 0.0625 0.0635 0.0633 0.31%
47 0.0500 0.9000 0.5000 1 0.0556 0.0560 0.0559 0.18%
48 0.0500 1.0000 0.5000 1 0.0500 0.0501 0.0500 0.20%
Table A.2.1: Results for Varying Inputs, n =2
w P2 Haz T A BP a2 ;
combo iso % error
35 1.3660 0.3125 0.1542 03144 0.2353 0.0012 103.89% 1.3378
36 2.1140 0.1667 0.1025 0.1744 0.0476 0.0012 70.15% 3.6683
37 2.1240 0.2500 0.1668 0.2824 0.0476 0.0057 69.30% 5.9668
38 1.7280 0.1000 0.0473 0.1007 0.0484 0.0001 112.90% 2.0808
39 7.4580 0.8000 1.5069 0.7662 0.2829 0.0391 49.15% 28186
40 16.6217 0.8571 1.5958 0.8547 0.4501 0.0399 46.44% 1.9778
41 12860 0.1250 0.0388 0.1248 0.0976 0.0001 221.65% 1.2788
42 1.3150 0.5000 0.2634 0.5990 0.2838 0.0208 127.41% | 2.1555
43 1.4620 0.1000 0.0363 0.1023 0.0490 0.0002 | 181.82% | 2.0882
4 1.1250 0.1111 0.0226 o1 0.0989 0.0000 | 391.59% 1.1234
45 8.5653 0.8889 1.9701 0.8837 0.2802 0.0599 55.14% 3.3548
46 1.2660 0.1000 0.0251 0.1035 0.0494 0.0002 | 312.35% 2.0956
47 1.1180 0.1000 0.0140 0.1046 0.0497 0.0002 | 647.14% | 2.1050
48 1.0000 0.1000 0.0127 0.1055 0.5000 0.0003 | 730.71% | 0.2111
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35
36
37
38
39

41
42
43

45

47

Table A.2.1: Results for Varying Inputs, n=2

Q Mo He [T 4 T T
combo iSO % error | combo iso % erTor
0.5000 0.4953 0.6559 3242% 3.9538
0.2358 0.2099 0.2801 33.44% 2.5475 7.7823 205.49%
0.1470 0.2804 0.3886 38.59% 3.1078 10.0908 | 224.69%
0.4054 0.1339 0.1871 39.73% 1.8778 5.4755 191.59%
0.0375 6.5225 3.7494 42.52% -] 12.2766 «
00115 19.2101 10.8277 | 43.64% ] 20.1380 x
0.6500 0.1674 0.2534 51.37% 3.8148
0.2977 0.6531 0.9935 52.12% 4 6465
0.4293 0.1095 0.1754 6C.18% 1.6061 49787 | 209.99%
0.7700 0.1351 0.2236 65.51% 3.3595
0.0101 21.0924 4.3098 79.57% x 13.9200 x
0.4425 0.0886 0.1668 88.26% 1.3998 46116 229 44%
0.4485 0.0700 0.1605 129.29% 1.2364 4.3342 250.55%
0.4500 0.0628 0.1555 147.61% 1.1026 22111 100.53%
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Appendix A3

Split Networks With A Markovian Arrival Process
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A.3.1 Sub-Matrices of the Transition Matrix

Each of the matrices within P for the non-renewal split case are defined as follows:
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where:

— DO =No departure matrix of MAP arrival process
— D1 = Departure matrix of MAP arrival process

- (Bi, S;) = service distribution of queue i,i=1, 2, or 3
—  Ki=buffer size of queue i,i=2 or 3

DISSSS,

— 6, = probability the customer leaving queue 1 will choose to visit queue 2
- 83=1-0, = probability the customer leaving queue 1 will choose queue 3
~  (j =0) = state when there are K2 + 1 customers in queue 2 or K3 + 1 customers in

queue 3, but there is no blocking

—  (j =2) = state when there are K2 + 1 customers in queue 2 and it blocks an arrival

from queue 1

—  (j =3) = state when there are K3 + 1 customers in queue 3 and it blocks an arrival

from queue 1
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A.3.2 Sub-Matrices of the Modified MAP

Each of the new matrices within D" and D1, i =2 or 3, are defined as follows:
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A.3.3 Trial Results

10

Il

12

13

14

15

16

17

18

Table A.3.1: Case a, Results for Varying Inputs, n =2

DO DI A $ B iy S;
325 30 175 .20 0.3750 125 .125 .50 .50 0.7500 375 375
325 .30 175 .20 125125 375 375
45 45 05 05 0.0500 25 25 .50 .50 0.5000 325 30
.50 50 0 0 25 25 325 30
45 45 .05 05 0.0500 25 25 .50 .50 0.5000 375 375
.50 .50 0 0 25 25 375 375
.40 475 .10 .025 0.1250 25 .25 .50 .50 0.5000 458 458
40 475 .10 .025 25 25 458 458
325 30 175 20 03750 25 25 .50 .50 0.5000 325 30
325 30 175 .20 25 25 325 30
325 .30 175 20 0.3750 25 25 .50 .50 0.5000 125 125
325 .30 175 .20 25 .25 125125
40 475 .10 .025 0.1250 25 .25 .50 .50 0.5000 40 475
40 475 .10 .025 25 .25 40 475
45 45 05 05 0.0500 45 45 .50 .50 0.1000 375 375
.50 .50 00 45 45 375 375
45 45 05 05 0.0500 25 2§ .50 50 0.5000 45 45
.50 50 0 0 25 25 .50 .50
40 475 .10 .025 0.1250 25 .25 .50 50 0.5000 40 475
40 475 .10 .025 25 25 40 475
40 475 .10 .025 0.1250 25 25 .50 50 0.5000 375 375
40 475 .10 .028 25 25 375 375
375375 | .125.125 0.2500 25 25 .50 50 0.5000 25 25
375375 | .125.125 25 25 25 25
325 .30 175 .20 0.3750 25 25 .50 .50 0.5000 125 (1258
325 30 175 20 25 25 125 01258
40 475 .10 .025 0.1250 .25 .25 .50 .50 0.5000 .375 375
40 475 .10 025 25 25 375 375
40 475 .10 .025 0.1250 25 2§ .50 50 0.5000 40 475
.40 475 25 2§ .40 475
275 275 | .225 225 0.4500 25 25 .50 .50 0.5000 275 .275
275 275 | 225 225 25 .25 275 .275
40 475 .10 .025 0.1250 375 375 .50 .50 0.2500 375 375
40 475 .10 .025 375 375 375 375
375375 | .125.125 0.2500 25 25 .50 .50 0.5000 375 375
375 375 | 125 .125 25 25 375 375
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Table A.3.1: Case a, Results for Varying Inputs, n =2

Bz u2 S; Bs us K2 | K3 0,

.50 .50 0.2500 325 30 .50 .50 0.3750 1 1 0.5
325 .30

.50 .50 0.3750 40 475 | .50 .50 0.1250 1 1 0.75
40 475

.50 S0 0.2500 375 375 .50 50 0.2500 1 1 0.5
375 375

.50 .50 0.0840 375 375 .50 50 0.2500 1 1 0.5
375 375

.50 .50 0.3750 325 30 .50 50 0.3750 1 1 0.5
325 30

.50 .50 0.7500 125 125 .50 .50 0.7500 1 1 0.5
125 125

.50 .50 0.1250 375 375 .50 50 0.2500 I 1 0.5
375 .375

.50 .50 0.2500 45 45 .50 .50 0.0500 1 1 0.5
.50 S0

.50 50 0.0500 45 45 50 50 0.0500 1 1 0.5
.50 .50

.50 .50 0.1250 325 30 .50 50 0.3750 1 1 0.25
325 30

.50 .50 0.2500 375 375 .50 .50 0.2500 1 1 0.5
375 375

.50 .50 0.5000 25 25 .50 SO 0.5000 1 1 0.5
25 25

.50 .50 0.7500 375 375 .50 .50 0.2500 2 2 0.5
375 375

.50 50 0.2500 378 375 .50 50 0.2500 2 2 0.5
375 375

.50 50 0.1250 40 475 .50 50 0.1250 1 1 0.5
40 475

.50 .50 0.4500 275 275 .50 .50 0.4500 1 | 0.5
275 .275

.50 50 0.2500 40 475 .50 50 0.1250 1 1 05
40 475

.50 .50 0.2500 375 375 .50 50 0.2500 1 | 0.5
375 375
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Table A 3.1: Case a, Results for Varying Inputs, n =2

PL Ha Hal u* Hat P2 Haz

combo iso % error combo
0.5000 1.0871 16718 | 05551 | 53.79% | 0.7500 1.0035
01000 | 0.1060 | 0.1070 | 04947 0.94% 0.1000 0.1064
0.1000 0.1061 0.1069 0.4948 0.75% 0.1000 | 0.1073
02500 | 03610 | 07497 | 03301 [ 10767% | 0.7440 0.8725
0.7500 | 24751 2.7428 04624 | 10.82% | 0.5000 0.6564
0.7500 1.8915 1.9051 0.4978 0.72% 0.2500 0.2683
02500 | 03273 | 04371 04082 | 3355% | 05000 | 06118
0.5000 0.9714 1.1083 0.0941 14.09% | 0.1000 0.1219
0.1000 02155 | 04011 02221 | 86.13% | 0.5000 0.710i
0.2500 0301t 0.3218 0.4741 6.87% 0.2500 0.2958
0.2500 0.3021 03178 0.4740 5.20% 0.2500 0.2944
0.5000 0.7614 | 0.7730 0.4925 1.52% 02500 | 02827
0.7500 22740 | 24781 0.4750 8.98% 0.2500 0.2964
0.2500 02936 | 02955 0.4959 0.65% 0.2500 0.3075
02500 | 04182 | 0594 03509 | 41.18% | 0.5000 0.6972
09000 | 9.1792 [ 107596 | 04731 17.22% | 05000 | 0.5810
0.5000 0.939% 10530 | 02323 1207% | 0.2500 0.3246
0.5000 09514 1.1194 0.4305 17.66% | 0.5000 0.6766
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Table A_3.1: Case a, Results for Varying Inputs, n =2

[T Ay BP; oz P Ha3 Hes
iso % error combo iso
0.6966 0.1466 0.1690 30.58% 0.5000 0.7481 0.5270
0.0993 0.0357 0.0042 6.67% 0.1000 0.1081 0.1011
0.1002 0.0238 0.0053 6.62% 0.1000 0.1073 0.1002
0.6521 0.0464 0.1616 2526% 0.2500 0.3656 0.2789
0.4097 0.1345 0.0610 37.58% 0.5000 0.6564 0.4097
0.1881 0.1363 0.0066 29.89% 0.2500 0.2683 0.1881
0.4832 0.0515 0.0974 21.02% 0.2500 0.3266 0.2602
0.0737 0.0180 0.0016 39.54% 0.5000 0.5841 0.3776
0.5469 0.0232 0.1251 2298% 0.5000 0.7101 0.5469
0.2468 0.0274 0.0319 16.57% 0.2500 0.2911 0.2429
0.2457 0.0554 0.0275 16.54% 0.2500 0.2944 0.2457
0.2138 0.0998 0.0152 2437% 0.2500 0.2827 0.2138
0.1932 0.1394 0.0003 34.82% 0.7500 1.2385 0.7467
0.2581 0.0555 0.0041 16.07% 0.2500 0.3075 0.2581
0.5104 0.0543 0.1062 26.79% 0.5000 0.6972 0.5104
0.3852 0.1536 0.0511 33.710% 0.5000 0.5810 0.3852
0.2035 0.0470 0.0167 3731% 0.5000 0.6124 0.4014
0.4560 0.0981 0.0807 32.60% 0.5000 0.6766 0.4560
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Table A.3.1: Case a, Results for Varying Inputs, n =2

y BP; Ma3 Q He Ha Hq

% error combo iso % error
0.1691 0.0975 29.55% 0.1481 2.8387 28954 2.00%
0.0119 0.0065 6.48% 03479 0.3205 03074 4.09%
0.0238 0.0053 6.62% 0.3416 03207 0.3073 4.18%
0.0624 0.0339 23.71% 0.1671 1.5991 1.6807 510%
0.1345 0.0610 37.58% 0.0811 3.7879 3.5622 5.96%
0.1363 0.0066 29.89% 0.1227 2.4281 22813 6.05%
0.0584 0.0302 20.33% 0.1980 1.2657 1.1805 6.73%
00164 0.0624 35.35% 0.0465 1.6774 1.5596 7.02%
0.0232 0.1251 22.98% 0.0495 1.6357 1.4949 861%
0.0834 0.0227 16.56% 0.2729 0.888 08115 861%
0.0554 0.0275 16.54% 0.2666 0.8909 0.8092 9.17%
0.0998 0.0152 2437% 0.2319 1.3268 1.2006 9.51%
0.1311 0.0526 39.71% 0.0922 3.8089 3418 10.26%
0.0555 0.0041 16.07% 0.2952 0.9086 08117 10.66%
0.0543 0.1062 26.79% 0.1132 1.8126 1.6112 11.11%
0.1536 0.0511 33.70% 0.0242 10.3412 11.53 11.50%
0.0434 0.0679 34.45% 0.0993 1.8766 1.6579 11.65%
0.0981 0.0807 32.60% 0.1416 2.3046 20314 11.85%
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Table A.3.1: Case a, Results for Varying Inputs, n =2

Do D1 A S 81 Kt S
325 30 175 20 0.3750 25 25 .50 50 0.5000 325 30
325 .30 175 20 25 25 325 30
375375 | .125 125 0.2500 25 25 .50 .50 0.5000 416 416
375375 ) (125 .125 25 25 416 416
40 475 | 10.025 0.1250 25 25 .50 50 0.5000 4 4125
40 475 | .10 .025 25 25 4 4125
325 30 175 20 0.3750 25 25 50 .50 0.5000 125 (125
325 30 175 .20 25 .25 125125
325 30 175 20 0.3750 25 25 .50 50 0.5000 375 375
.325 .30 175 20 25 25 375 375
40 475 | .10.025 0.1250 25 .25 .50 .50 0.5000 .458 458
40 475 | .10 025 25 25 .458 458
275 2751 225 225 0.4500 05 05 .50 .50 0.9000 375 375
275 275 | 225 225 .05 05 375 375
275 275 | 225 22§ 0.4500 25 25 .50 .50 0.5000 375 375
275 2715 | 225 .225 25 25 375 375

Table A_3.1: Case a, Results for Varying Inputs, n=2
B2 45 Sy 83 M3 K2 0;

.50 .50 03750 375375 | .50 .50 0.2500 1 0.5
375 375

.50 .50 0.1680 416 416 .50 .50 0.1680 1 0.5
416 416

.50 50 0.1875 40 475 .50 .50 0.1250 1 0.75
40 475

.50 .50 0.7500 375375 | 50 50 0.2500 1 0.5
375 375

.50 .50 0.2500 375 375 .50 .50 0.2500 1 0.5
378 375

.50 50 0.0840 458 458 | .50 .50 0.0840 1 0.5
A58 458

.50 50 0.2500 275 275 | .50 50 0.4500 1 05
275 275

.50 .50 0.2500 375375 | .50 .50 0.2500 1 0.5
375 375
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Table A_3.1: Case a, Results for Varying Inputs, n =2

P Hat Hat u* Hat P2 Ha2
combo is0 % error combo
0.7500 3.6230 5.0044 0.4272 38.13% 0.5000 0.7359
0.5000 23678 2.7657 03396 | 1680% | 0.7440 1.1713
0.2500 0.3633 0.4227 0.4067 16.35% 0.5060 0.6412
0.7500 2.6230 3.7979 0.4438 44.7% 0.2500 0.3104
0.7500 11.1735 14.4792 03942 29.59% 0.7500 09677
02500 1.4300 1.5647 02354 9.42% 0.7440 1.2145
0.5000 1.2529 2.5552 0.598S 103.94% 0.9000 1.1766
0.9000 0.9000
Table A.3.1: Case a, Results for Varying Inputs, n =2
Ha [P BP; Haz P3 Ha Has
iso % error combo iso
0.4251 0.1393 00644 | 4223% | 0.7500 1.0008 0.5940
0.6646 0.0943 0.1587 | 4326% | 0.7440 1.1713 0.6646
0.4923 0.0789 0.0958 23.22% 0.2500 0.3643 0.2744
0.1982 0.1435 0.0070 36.15% | 0.7500 0.9255 0.5841
0.6152 0.1300 0.1342 36.43% | 0.7500 0.9677 0.6152
0.7208 0.0516 0.1889 | 40.65% | 0.7440 1.2145 0.7208
0.8132 0.1718 02196 30.89% | 0.5000 0.7896 0.5738
0.9000
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Table A.3.1: Case a, Results for Varying Inputs, n =2

A3 BP; Q M Hq

% error combo iso % error
0.1257 0.1274 40.65% 0.0522 5.3597 6.0235 12.39%
0.0943 0.1587 43.26% 0.0537 47104 4.0949 13.07%
0.0303 0.0380 24.68% 0.1554 1.3688 1.1894 13.11%
0.1237 0.1244 36.89% 0.0794 3.8589 4.5802 18.69%
0.1300 0.1342 3643% 0.0166 13.1089 15.7096 19.84%
0.0516 0.1889 40.65% 0.0401 3.859 3.0063 22.10%
0.2201 0.2201 2733% 0.1422 32191 3.9422 22.46%

unstable
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Table A.3.2: Case b, Results for Varying Inputs, n=2

Do D1 A S B K S:
41 41 | 09 .09 | 0.1800 40 40 | 50 50 | 02000 | 05 05
41 41 | 09 .09 40 40 05 05

275 275 | 225 225 | 04500 2525 | S0 50 | 05000 | .05 .05
275 275 | 225 225 25 25 05 05
425425 | 075075 | 01500 | 40 40 | 50 50 | 02000 | .125.125
425 425 | 075.075 40 40 125 .125
45 45 | 05 .05 | 0.0500 25 25 | 50 S0 | 05000 | 32530
.50 .50 00 25 25 325 .30
45 45 | o5 05 [ 0.0500 2525 | 50 50 | 0.5000 | .375.375
50 .50 00 25 25 375 375
40 475 | 10025 | 01250 | 375375 | .50 S0 | 02500 | .188.188
40 475 | .10.025 375 375 .188 188
32530 [ 17520 | 03750 2525 [ 50 50 [ 05000 | .125.125
32530 | .175.20 25 25 125 .125
275 275 | 225225 | 0.4500 2525 | 50 50 | 05000 [ 2.2375
275 275 | 225 225 25 .25 2.2375
375375 | 125.125 | 02500 2525 | 50 50 | 05000 | 25 25

375375 | .125.125 25 .25 25 .25

40 475 | 10025 | 0.1250 25 25 | 50 50 | 0.5000 | 375 375
40 475 | .10.025 25 25 375 375
40 475 | 10025 | 0.1250 25 25 | 50 50 [ 0.5000 | 375.375
40 475 | .10.025 25 25 375 375
45 45 | 05 .05 | 00500 25 25 | 50 so | 05000 | 45 45

.50 .50 o o 25 25 45 45

40 475 | 10025 | 01250 25 25 | 50 50 [ 05000 | 40 475
40 475 | .10.025 25 25 40 475
32530 | .175.20 [ 0.3750 25 25 | 50 50 | 0.5000 | 252812
32530 | 175.20 25 25 25 2812
40 40 | .10 .10 | 0.2000 25 25 | 50 50 | 05000 | 30 30

40 40 | .10 .10 25 25 .30 30

40 475 | 10.025 | 01250 25 25 | 50 .50 [ 05000 | 375 375
40 475 | .10.025 25 25 375 375
375375 | .125.125 | 0.2500 25 25 | 50 50 | 05000 | 353375
375.375 | .125.125 25 25 35 3375
45 45 | 05.05 | 01000 | 375375 | .50 .50 | 02500 | 25 25

45 45 | 05 .05 375 375 25 25

158



10

11

12

13

14

&)

16

17

18

Table A.3.2: Case b, Results for Varying Inputs, n =2

B: Hz S; Bs ] K2 6;

.50 .50 0.9000 05 05 50 50 0.9000 1 05
05 05

.50 50 0.9000 05 05 .50 50 0.9000 1 0.5
05 05

.50 .50 0.7500 125125 ) .50 .50 0.7500 1 0.5
.125 125

.50 .50 0.3750 40 475 .50 50 0.1250 1 0.75
40 475

.50 50 0.2500 375 375 .50 50 0.2500 1 05
375 375

.50 .50 0.6250 188 .188 .50 .50 0.6250 1 0.5
.188 188

.50 50 0.7500 125 125 .50 50 0.7500 1 0s
125 125

.50 .50 0.5625 2.2375 .50 .50 0.5625 1 0.5
.2 .2375

.50 .50 0.5000 25 25 .50 .50 0.5000 I 0.5
25 25

.50 .50 0.2500 375 375 .50 .50 0.2500 1 0.5
.375 375

.50 .50 0.2500 .375 .375 .50 .50 0.2500 2 0.5
375 375

.50 .50 0.1 45 45 .50 .50 0.1 1 0.5
45 45

.50 50 0.1250 .325 .30 .50 .50 0.3750 1 0.25
325 30

.50 .50 0.4688 .25 2812 .50 50 0.4688 1 0.5
.25 .2812

.50 .50 0.4000 375 375 .50 50 0.2500 1 0.5
375 375

.50 50 0.2500 4 44375 .50 .50 0.1563 1 05
4 .44375

.50 .50 03125 35 3375 .50 .50 03125 | 0.5
.35 3375

.50 50 0.5000 40 475 .50 .50 0.1250 1 0.5
40 475
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Table A.3.2: Case &, Results for Varying Inputs, n =2

P Hat Hat n* Hat P2 Koz
combo 80 % error combo

0.9000 73811 73819 | 02000 0.01% 0.1000 0.0995
09000 | 49697 | 50138 | 04993 0.89% 0.2500 02575
0.7500 25515 | 25509 | 0.2000 0.02% 0.1000 0.1027
0.1000 0.1072 | 0.1071 0.4947 0.09% 0.1000 0.1065
0.1000 0.1070 | 0.1069 | 04947 0.09% 0.1000 0.1077
0.5000 | 08758 | 08755 | 02499 0.03% 0.1000 0.1040
0.7500 1.8957 1.9051 0.4978 0.50% 0.2500 0.2690
0.9000 69394 | 64746 | 0.4880 6.70% 0.4000 0.4811
0.5000 07759 | 0.7731 0.2425 0.36% 0.2500 0.2853
0.2500 0.3281 03179 | 04739 3.11% 0.2500 0.2999
0.2500 0.3281 03179 | 0.4739 3.11% 0.2500 0.2999
0.1000 0.1513 0.1360 | 04214 | 10.11% | 02500 0.3080
0.2500 03376 | 0.3221 0.4739 4.59% 0.2500 0.3062
0.7500 2.3498 2.1961 04819 6.54% 0.4000 0.5010
0.4000 06732 | 06149 | 04671 8.66% 0.2500 0.2927
0.2500 0.4406 | 03771 04386 1441% | 02500 0.3019
0.5000 10269 | 09050 | 04626 | 1187 | 0.4000 0.5240
0.4000 07683 | 06692 | 02373 1290% | 0.1000 0.1056
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Table A.3.2: Case b, Results for Varying Inputs, n =2

Ha A BP, Ha P Has Ha3
iso % extor combo iso
0.0583 0.0523 0000t | 4141% | 0.1000 0.0995 0.0583
0.1748 0.1552 00025 | 3212% | 0.2500 0.2575 0.1748
0.0629 0.0469 00004 | 3875% | 0.1000 0.1027 0.0629
00992 | 00357 0.0042 6.85% 0.1000 0.1087 0.1014
0.1002 | 0.0238 0.0053 6.96% 0.1000 0.1077 0.1002
0.0736 0.0454 0.0009 | 2923% | 0.1000 0.1040 0.0736
0.1881 0.1363 0.0066 | 30.07% | 0.2500 0.2690 0.1881
0.2994 0.1543 00276 | 37.77% | 0.4000 0.4811 0.2994
02137 | 0.0998 00153 | 25.10% | 0.2500 0.2853 0.2137
0.2446 0.0551 0.0275 | 1844% | 02500 0.2999 0.2446
0.2446 0.0551 0.0275 1844% | 0.2500 0.2999 0.2446
0.2656 0.0234 0.0373 13.77% | 0.2500 0.3080 0.2656
0.2480 0.0275 00325 | 1901% | 0.2500 0.2935 0.2407
03195 0.1351 00353 | 3623% | 0.4000 0.5010 0.3195
0.2229 0.0821 00194 | 2385% | 0.4000 0.5302 0.3760
02407 | 00542 0.0270 | 2027% | 0.4000 0.5425 0.4020
03562 | 0.0981 00506 | 3202% | 0.4000 0.5240 0.3562
00774 | 0.0380 00014 | 26.70% | 0.4000 0.5430 0.3473
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Table A.3.2: Case b, Results for Varying Inputs, n =2

A; BP, Q e Ha Ho

% error combo iSO % error
0.0523 0.0001 41.41% 0.0200 7.5801 7.4985 1.08%
0.1552 0.0025 32.12% 0.0497 5.4847 53634 2.21%
0.0469 0.0004 38.75% 0.0499 2.7569 2.6767 291%
0.0119 0.0066 6.712% 0.2862 0.3224 0.3077 4.56%
0.0238 0.0053 6.96% 0.2853 03224 0.3073 4.68%
0.0454 0.0009 29.23% 0.1244 1.0838 1.0227 5.64%
0.1363 0.0066 30.07% 0.1223 2.4337 22813 6.26%
0.1543 0.0276 31.77% 0.0335 7.9016 7.0734 10.48%
0.0998 0.0153 25.10% 0.2225 1.3465 1.2005 10.84%
0.0551 0.0275 18.44% 02103 0.9279 0.8071 13.02%
0.0551 0.0275 18.44% 0.2103 0.9279 0.8071 13.02%
0.0234 0.0373 13.77% 0.0976 0.7673 0.6672 13.05%
0.0826 0.0225 17.99% 0.2112 09373 0.8108 13.50%
0.1351 0.0353 36.23% 0.0898 3.3518 2.8351 15.42%
0.0821 0.0584 29.08% 0.1767 1.4961 1.2138 18.87%
0.0542 0.0706 25.90% 0.1384 1.2850 1.0198 20.64%
0.0981 0.0506 32.02% 0.1395 2.0749 16174 22.05%
0.0380 0.0530 36.04% 0.0913 14169 1.0939 22.80%
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Table A.3.2: Case b, Results for Varying Inputs, n =2

Do ] A S B M S;
40 475 .10 025 0.1250 25 25 .50 SO 0.5000 4 44375
40 475 .10 .025 25 25 4 44375
40 475 .10 025 0.1250 25 25 .50 .50 0.5000 4 4125
40 475 .10 .025 25 25 4 4125
45 45 05 05 0.0500 25 25 .50 50 0.5000 45 4875
.50 .50 00 25 25 45 4875
40 475 .10 .025 0.1250 25 .25 .50 .50 0.5000 40 475
40 475 .10 .025 25 25 40 475
.325 30 175 20 0.3750 25 28 .50 50 0.5000 325 .30
325 30 175 .20 25 25 325 30
40 475 .10 .025 0.1250 375 375 .50 50 025 375 375
40 475 .10 025 375 375 375 375
45 45 05 05 0.0500 25 25 .50 .50 0.5000 45 45
.50 .50 0 0 25 25 45 45
45 45 05 05 0.0500 45 45 .50 50 0.1 375 375
.50 50 0 0 45 45 375 378
375 375 | .125.125 0.2500 25 25 .50 .50 0.5000 375 375
375375 | .125.125 25 .25 375 375
45 45 05 05 0.0500 25 25 .50 .50 0.5000 45 45
.50 50 0 0 25 25 .50 50
40 475 .10 .025 0.1250 25 .25 .50 .50 0.5000 40 475
40 475 25 25 40 475
275 275 | 225 225 0.4500 .25 25 .50 .50 0.5000 275 275
275 275 | 225 .225 25 25 275 .275
325 30 75 20 0.3750 25 25 .50 .50 0.5000 125 125
325 .30 175 .20 25 25 125 125
325 .30 175 .20 0.3750 125 128 .50 S0 0.75 375 375
325 30 175 .20 125125 375 375
40 475 .10 .025 0.1250 25 .25 .50 S0 0.5000 458 458
40 475 .10 .028 25 .25 458 458
325 30 .175 .20 0.3750 25 .25 .50 .50 0.5000 125 1125
325 .30 175 .20 25 25 125 .125
40 475 .10 .025 0.1250 25 2§ .50 .50 0.5000 458 458
40 475 .10 .025 25 2§ 458 458
275 2715 | 225 225 0.4500 0s 05 .50 50 0.9000 375 375
275 275 | .225 225 .05 .05 375 375
275 275 | 225 .225 0.4500 25 25 .50 .50 0.5000 375 375
275 275 | 225 .225 05 05 .50 50 375 375
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Table A.3.2: Case b, Results for Varying Inputs, n =2

B2 M2 Ss Bs 3 K2 6

.50 .50 0.1563 4 .44375 .50 50 0.1563 1 0.5
4 44375

50 S0 0.1875 40 475 50 50 0.1250 i 0.75
40 475

.50 .50 0.0625 4S5 4875 .50 .50 0.0625 1 05
45 4875

.50 .50 0.1250 375 375 .50 .50 0.2500 1 0.5
3758 375

.50 .50 0.3750 325 30 .50 .50 0.3750 1 0.5
325 30

.50 .50 0.2500 40 475 .50 .50 0.1250 1 0.5
40 475

.50 .50 0.1 45 45 .50 .50 0.0500 1 0.5
50 50

.50 .50 0.2500 4s 45 .50 S0 0.0500 1 0.5
.50 .50

50 .50 0.2500 375 .375 .50 .50 0.2500 1 0.5
375 375

.50 50 0.0500 45 45 .50 .50 0.0500 1 05
.50 .50

50 50 0.1250 40 475 .50 .50 0.1250 1 0.5
40 475

.50 .50 0.4500 275 275 .50 .50 0.4500 1 0.5
275 275

.50 .50 0.7500 375 375 .50 SO 0.2500 2 0.5
375 375

.50 50 0.2500 325 30 50 50 0.3750 1 0.5
328 30

.50 .50 0.0840 375 375 .50 SO 0.2500 1 0.5
375 375

.50 50 0.7500 .378 37§ 50 S0 0.2500 1 05
375 375

.50 0.0840 40 475 .50 50 0.1250 i (15,
40 475

.50 .50 0.2500 2758 275 .50 50 0.4500 1 0.5
275 275

.50 50 0.2500 375 375 .50 .50 0.2500 1 0.5
3758 375
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Table A.3.2: Case b, Results for Varying Inputs, n =2

P1 Hat Hat H* Hat P2 Ha2

combo iso % exror combo
0.2500 0.5713 04242 0.4093 25.75% 0.4000 0.5457
0.2500 0.5677 0.4208 0.4072 25.88% 0.5000 0.7219
0.1000 0.4130 0.2382 03022 42.32% 0.4000 0.5575
0.2500 0.6598 0.4425 0.4059 32.93% 0.5000 0.7297
0.7500 3.8007 27362 0.4626 28.01% 0.5000 0.6843
0.5000 1.4326 1.0599 0.2317 26.02% 0.2500 0.3028
0.1000 0.5012 0.2529 0.2988 49.54% 0.2500 03149
0.5000 1.5542 1.1186 0.0938 28.03% 0.1000 0.1086
0.5000 1.6712 1.1079 0.4321 33.71% 0.5000 0.7126
0.1000 1.0027 0.3648 0.2371 63.62% 0.5000 0.7540
0.2500 1.1425 0.5667 0.3586 50.40% 0.5000 0.7397
0.9000 242203 10.7601 04731 5557% 0.5000 0.5431
0.7500 6.1006 25132 04738 58.80% 0.2500 0.2711
0.5000 5.5656 1.6355 0.559%6 70.61% 0.7500 1.2277
0.2500 3.1860 0.7880 0.3231 75.27% 0.7440 1.2649
0.7500 15.9787 4.0064 0 4405 74.93% 0.2500 0.2339
0.2500 54120 09158 0.2965 83.08% 0.7440 1.2751
0.5000 296.9764 2.4995 0.6036 99.16% 0.9000 0.1685
0.9000 0.9000
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Table A_3.2: Case b, Results for Varying Inputs, n =2

He A BP, Ba [ Ha3 Ha3
iso % etror combo iso
03957 | 00534 | 00693 | 2749% | 0.4000 05457 | 03957
05002 | 00802 | 00983 | 30.71% | 0.2500 03082 | 0.2403
04191 | 00224 | 00819 | 2483% | 0.4000 05575 | 0.4191
04992 | 00532 | 0.1027 | 31.59% [ 0.2500 0.3051 0.2361
0.4051 01330 | 00606 | 4080% | 0.5000 0.6843 0.4051
0.1923 | 00445 | 00155 | 36.49% | 0.5000 0.7223 0.4117
02533 | 00224 | 00353 1956% | 0.5000 07428 | 0.5258
0.0691 00169 | 00014 | 3637 | 0.5000 0.7313 0.3907
04442 | 00957 | 00785 | 3766% | 0.5000 0.7126 | 04442
05039 | 00215 | 01109 | 33.17% | 0.5000 0.7540 | 0.5039
04829 | 00515 | 00985 | 34.72% | 0.5000 0.7397 | 0.4829
03827 | 0.1525 0.0512 | 2953% | 0.5000 0.5431 03827
0.1848 | 0.1333 0.0003 | 31.83% | 0.7500 15075 | 0.7627.
07033 | 0.1483 01719 | 4271% | 05000 07169 | 04604
06918 | 00495 | 0.1757 | 4531% | 0.2500 03232 | 02194
01784 | 01292 | 00063 | 2373% | 0.7500 10136 | 06104
06729 | 00482 | 0169 | 47.23% | 0.5000 0.7747 | 0.4507
08336 | 01766 | 02271 | 394.72% | 0.5000 00814 | 04575

0.9000
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19

20

21

24

26

27

28

29

30

31

32

33

35

36

37

Table A.3.2: Case b, Results for Varying Inputs, n =2

As BP; Has Q Ha Ha o

% error combo iso % eror
0.0534 00693 | 2749% | 0.1005 1.6627 12156 | 26.89%
0.0267 00312 | 2203% | 0.1006 1.5978 L1613 | 27.32%
0.0224 00819 | 2483% | 00431 1.5280 10764 | 29.55%
0.0532 00264 | 22.62% | 0.0998 1.6946 L1778 | 30.50%
0.1330 00606 | 40.80% | 00536 5.1693 35464 | 31.39%
0.0445 00711 | 43.00% | 0.0613 24577 16639 | 32.30%
0.0224 0.1170 | 2921% | 0.0428 1.5589 1.0320 | 33.80%
0.0169 00663 | 4657 | 0.0255 2.3941 1.5784 | 34.07%
0.0957 00785 | 3766% | 00853 3.0964 19963 | 35.53%
0.0215 0.1109 | 33.17% | 0.0246 25107 #REF! #REF!
0.0515 00985 | 34.72% | 0.0580 26219 15325 | 41.55%
0.1525 00512 | 2953% | 00092 | 253065 | 115255 | 54.46%
0.1333 00552 | 4941% | 00416 7.8792 34607 | 56.08%
0.1483 00826 | 3578% | 0.0469 75102 27992 | 62.73%
0.0495 00243 | 32.12% | 0.0362 4.7741 16992 | 64.41%
0.1292 0.1329 | 3978% | 00172 | 172262 | 4.7952 | T72.16%
0.0482 00908 | 41.82% | 0.0198 74618 20394 | 7267%
0.1766 0.0824 | 462.04% | 00010 | 2972263 | 3.7906 | 98.72%

unstable
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38

39

41

42

43

38

39

41

42

43

Table A.3.2: Case b, Results for Varying Inputs, n=2

Do D1 A $; B 1%} S;
275 275 { 225 225 0.4500 05 05 .50 .50 0.9000 375 375
27582715 | 225 225 05 05 375 375
325 30 175 .20 0.3750 25 .25 .50 .50 0.5000 375 375
325 .30 .175 20 25 2§ 375 375
325 30 17520 0.3750 25 25 .50 50 0.5000 325 30
325 30 175 20 25 25 .325 30
375375 | [125.125 0.2500 25 2§ .50 .50 0.5000 416 416
375375 | .125.125 25 25 416 416
40 475 .10 .025 0.1250 25 25 .50 .50 0.5000 458 458
40 475 .10.025 25 25 458 458
45 45 .05 .05 0.0500 25 25 .50 .50 0.5000 .48 4864
.50 .50 00 25 25 .48 4864
45 45 05 05 0.0500 25 25 .50 .50 0.5000 .486 486
.50 .50 0 0 25 25 486 486
Table A.3.2: Case b, Results for Varying Inputs, n =2
B2 H2 S; Bs 3 K2 6
.50 50 0.2500 375 375 .50 .50 0.2500 1 05
375 375
.50 .50 0.2500 375 375 .50 .50 0.2500 1 0.5
375 375
.50 50 0.3750 375 .375 .50 .50 0.2500 1 05
375 375
.50 .50 0.1680 416 416 .50 .50 0.1680 | 0.5
416 416
.50 50 0.0840 458 458 50 .50 0.0840 1 0S
458 458
.50 .50 0.0336 48 4864 .50 .50 0.0336 1 0.5
48 4864
.50 .50 0.0280 486 486 .50 50 0.0280 1 0.5
486 .486
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Table A.3.2: Casg b, Results for Varying Inputs, n =2

38

39

41

42

43

A P2 Ps Q
0.5000 0.9000 0.9000 | unstable
0.7500 0.7500 0.7500 | unstable
0.7500 0.5000 0.750(; unstable
0.5000 0.7440 0.7440 | unstable
0.2500 0.7440 0.7440 | unstable
0.1000 0.7440 0.7440 | unstable
0.1000 0.8929 0.8929 | unstable
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Split Networks With a Geometric Arrival Process
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A.4.1 Sub-Matrices of the Transition Matrix P

Each of the matrices within P for both case a and case 5 are defined as follows:

B0 =
L 0 1 2 K2-1 K2 K2+1 K2+1
0 boOBO
1 a2B0 2180
2 a2B0 alBo
K2 a2B0 alBo
j=0 K2+1 a2B0  alBo _
bOBO =
j=0 J=l j=2 J=3
Ls 0 1 2 - K3-1 K3 K3+1 K3+] K3+1 K3+1
o [ q 7]
1 qbs qas
2 qBs qas
K3 qps qas
j=0 K3+l qpBx qa;
a2B0 =
J=0 j=l J=2 ]=3
Ly 0 1 2 K3-1 K3 K3+1 K3+1 K3+1 K3+1
o [ ab:
1 qB2Bs qBzas
2 qB:5s qBrax
K3 q BB qBrax
j=0 K3+1 qﬂ:“x q[‘:at
alB0=
1=0 1I=L j=2 j=3
Ly 0 1 2 K3-1 K3 K3+1 K3+1 K3+1 K3+1
o [ qa
1 qa:fs qa:a:
2 qazfs qaaz
K3 qa:fis gy ax
j=0 K3+1 qaz qaa
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B1

j=0 K3+1

a2Bl =

Ls

j=0 K3+1

—

0 1
[~ boB1
a2Bi alB1
a2BI1
1
P
ph pas
phs
0 I
ph:
pB2Bs ph:ay
phBBs
0 l
paz
pazps paus
pa:fi

alB1

pas

[F)

phras

e

pusa:

K3-1

ph:Bs

K3-1

pa:fi

j=0  j=2
K2 K2+1 K2+1
alBl
a2Bl alBl1
j=0 =1 j=2 ;=3
K3 K3+1 K3+1 K3+1 K3+1
pas
phs pas N
j=0 =l =2 j=3
K3 K3+1 K3+1 K3+1 K3+1
phras
pB: B phray
§=0 j=b 3=2 ;=3
K3 K3+1 K3+l K3+1 K3+1
PRy
pu:li\ pa;a; J
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I
N o

S 5
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I

N - O

K3
i=0 K3+1i
j=3 K3+1

B8 n-or

—

L

bOA2(1), = q6; B;

bOA2(1), = q Bs

b1A2 =

L;

IO R -

K3
j=0 K3+1
j=3 K3+l

B 960,
Q6.8

b1A2(1), =q 6, s
blA2(2),=q6; a3

b1A2(1),=0
bl1A2(2), =0

qPi6,
9Bi16:8;

B0
qB0:53,

613
qB16:8s

»~

qBi0xxs

9Bi0yaxs

K3-1

B0

qf6:8;

qp|051\
a3 0:fs
bIA2(D

alA2
a2A2
b3A2

j:o j=
K3 +1

416wz

qfi6:B;
bOA2(H

q(i |91(11
biA2(2)

j=0

K2+1

20A2
alA2
b4A2

=2

1=t =2

j=2

K2+1 _

-

i=3

K3+1 K3+1 K3+1

)=3

K3+l K3+1 K3+1
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j=0 j=1 j=2 j=3

Ls (1] 1 2 3 - K3 K3i+1 K3+I1 K3+1 K3+1
o [ B 0B 7
I PB6BBs  PBiBas
2 q8:B:Bs  qf3i8:Bxas
K3 Pi6:B:s  qBi6:fras

j=0 K3+1 Q1638

j=3 K3+1 a2A2(h

a2A2(1), =q 63 B2 Bs
22A2(1) =q B2 B,

alA2 =

i=0 j=1 j=2 j=3
Ls 0 1 2 -~ K3-1 K3 K3+1 K3+1 K3+1 K3+1

0 [ opod:  aPibxn
1 qB:16:6:8: 0.8+ gfibxaas
) 816y, )
K3 qBi0:8:8; qfi0:fas  qfi0xas
+
. qfh1thaBs
1=0 K3+1 qf0:0:8:  qf\0:Bxx; +
. qf310xx:f3
J=3 K3+1 alAX(D) alA22)
alA2(1),=q6, B, B;
alA2(2),=q0; B2 az + q 0z Bs
alA2(1), =0
alA2(2xp =qa;y B3
a0A2 =
}j=0 =l j=2 j=3
L 0 1 2 K3-1 K3 K3+l K3+1 K3+1 K3+1
0 [ Bl ]
Bty qfi6aa
2 PP  gf0uan
K3 qBixnfh  qfOxas
=0 K3+1 B0y qfOrxan
i=3 K3+1 N a0A(1)  a0A2(2) J

a0A2(1),=q 6, a; B3
a0A2(2),=q 6, a; a;
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a0A2(1) =0

a0A2(2), =0
b3A2, =
j:o J=1 j=z J=3
Ls ] 1 2 3 - K3 K3+1 K3+l K3+1 K3+1
o [ ©:p: 7
mt BBaas
2 63883 @Bpas
K3 6P 6:8.a;
j=2 K3+1 q8:8.8; J
b3A2b=0
b4A2, =
j:(} j=| jzz J=3
Ls 0 1 2 - K3-1 K3 K3+l K3+1 K3+ K3+1
o [ @f P
I @GPy @Bzt qdvma
By
K3 PPy g0+ ghax
Brf3s
=2 K3+1 9088 OB +
| 035 |
b4A2, =
}=0 =l j=2 ;=3
Ls 0 I 2 K3-1 K3 K341 K3+1 K3+1 K3+1
0 p— d}z —
af:Bs gBan
2 BB~ g
K3 of3:Bs s
J=2 K3+1 qik:fh qfdxan
Al =
i=0 j=2
L, 0 I 2 K2-1 K2 K2+1 K2+1 _
boAL blAl
i a2At alAl a0Al

K2 a2Al alAl s0Al
K2+1 a2A1 slAl b2Al
K2+1 b3A1} bdAl bSAl

—
]
N O
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Ls o
o qx;
I Q1B
<)

j=0 K3+1

bOA1(1),=p6s B;
b0A1(2), =pO: as

bOAL(1 ) =p B3
bOAI2)=p a3
blAl =
Ls 0
o [ ppe:
1 pB.16:8s
2
K
j=0 K3+1
j=3 K3+1

bl1A1(1),=p6: B3
blA1(2).,=p 62 a;

bl1ALl(1)=0
bl1A1(2), =0
a2Al =
Ls 0
o [ quif:

pbits
quas +
pBi9:Bs

pBi0es
pPi9:B;

1
phiO:

2 - K3-1
pBiBxxs
qufs
2 K3-1
Pﬁlezas
pidi0:f3;
2 K3-1

1 quif:fs  qufas+  pihOSan

j=0 K3+1

i=3 K3+1 .

phi8:B:

qu-lhlh

qias +
pBi6:fs
qufs

Pﬂlozax
pBi0:Bs
bIAI(D

qufisas +
pBi0BA
quffis

P16y

qa +
pB16:6s
bOAI(1)

j=0
K3+1

P03
bIAI(Q)

1=0
K3+1

PBithfas

qofay +
pBi0:3:8s
a2A (D)

j=t j=1 j=

K+ K+1 K3+1

QB0

BOAI(D)

-

j=1 j=2 =3

K3+l K3+1 K3+1I

e

i=t 3=2 =3
K3+1 K3+1 K3+1

qP.19:fxa3
azAl(2) J
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a2Al(1),=p6; B2 B3
a2A1(2),=p0; B2 a3

a2A1(1y =p B2 Bs

a2A1(2p =p B a3
alAl=
Ls 0 1 2 - K3-1
0 r (F;Gg“' pﬁxﬂﬂz
phi6:H:
I quaPs+ quayaz+  pPiBya;
pBi8:B:8s  pPi0:frcas +
pfi6yx:Bs
K3 . QP +
pB16:8:B,
j=0 K3+1
i=3 K3+1
alAI(1),=p 9. B2 Bs
alA1(2),=p0,Bras; +pO; ay B3
alAl1(3),=q 8 a a3
alAl(1),=0
alAl2)=pa; B3
alAlI(G),=q o a3
a0Al =
Ls 0 | 2 K3-1
Q [~ pPi6xx2
l pBi8afs  pfiOaas
2 pBi6afs  pfliUaxas
’.0 ' piheah
j=0 K3+1
i=3 K3+1

a0A1(1),=pOras B3
a0A1(2),=p8,a; a3

a0A1(1),=0
a0A1(2), =0

j=0 j=1 j=2 =3
K3 K3+1 K3+1 K3+1 K3+1

qaiaxy +  pPiBxaras
PP
+

pB18xx:B:
(ﬂﬂl)ﬁ; + qQoyaas + qﬁloﬁzal
pB19:B:B5  pPi0:Prcas +
pP16xx;B3
alAl(l)  alALQR) alAlL(3) _J

=0 =1 j=2 ;=3
K1 Kiel K3+[ K3+l K3+1

—

it aas
pihitaddy  piiaan
sOAICH a0A1(2) ]
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K3
j=0 K3+1

[}
[ P

i=3 K3+1

b

0P b6

b2A1(1),=q6, a; B3
b2A1(2),=q 0, a; a3

b2A1(1),=0

b2A1(2), =

b3Al,=

Ls

0

o [

i=2 K3+1

pofi:
p8:5:8:

j=0 =1 j=2 =3
1 2 - K-1 K3 K3+1 K3+1 K3+1 K3+1
QBB g8
B0z  qfi6aas
qB16:a:Ps qBd Oxaxacxs
@1“233 QB _J
j=0 =1 j=2  j=3
I 2 3 - K3 K3+1 K3+] K341 K3+1
p0:- 7
m: lﬂlﬁﬂ:
PoBps phfaas
pO;B:fB+ p:fzas
POsP:fs q0;3B:an
j] =0 ] =] j =2 J =3
| 2 K3-1I K3 K3+1 K3+1 K3+1 K3+1
pOwz: 7]
PO+ plwas
PByxfis
[o 1 L2 2 pifisexs + pwzyas
Pluzyfi
Mfifh pdfas+ QOaan
pOwaf3s -
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j=0 =1 j=2 j=3

Ls 0 1 2 - K3-1 K3 K3+1 K3+1 K3+1 K3+1
o [ B 7]
1 pB:Bs phs
2 ph:bs phxs
K3 pB:Bs pBas
i=2 K3+1 ph:Bs pB=xs
bSAlL, =
j=0 j=t1 j=2 j=3
Ls 0 1 2 — K3-1 K3 K3+l K3+l K3+1I K3+1
o [0 B
qOatyfs qBotaa3
2 Prfy  gbmas
K3 9 qbaas
i=2 K3+1 qBa:Bs Brazaz
b5A1b=
j=0  j=1 j=2 j=3
L, 0 1 2 K3-1 K3 K3+1 K3+1 K3+1 K3+1
V] B [+ 233 ]
qufs Qaryaxs
2 qa:fls quas
K3 qafds Qoo
=2 K3+1 qa:f QU
A=
j=0  j=2
L 0 1 2 K2-1 K2 K2+1 K2+1 .
0 bOAO
1 aZA0 alA0
2 a2A0 alAO
K2 22A0 alA0
J=0 K2+1 a2A0  alA0  b2A0
=2 R2+1| b3A0  bSA0  bSAO
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b0AO =

L 0 1
o [ P
paifs pouay
2 paifs
K3
j=0 K3+1
j=3 K3+1

b0A0(l),=p93 as

bOAO(1 ), =p a;

a2A0=
Ly 0 1
o [ pape
i pubfs paBas
2 poufafis
K3

j=0 K3+1

i=3 K3+1

a2A(1),=p ;B a3

a2AN(1)y=pBra;

alAl, =
Ls 0 1
o [ Paa:
pxiafs  paiaas
2 paya;fs
K3
j=0 K3+1
j=3 K3+1

alAN(1),=pO; a; a3

alA(I,=pa, a3

2 .- K3-1 K3
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poufs P
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2 - K3-1 K3
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i=0
K3+1
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K3+1

paipaas

=0
K3+1
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K3+1 K3+1

K3+1 K3+1

K3+1 K3+1

j=3
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K3+1

pP10:8:as
a2AG(D
-

i=3
K3+1

e

PBiOya.as
alAX1) J
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b2A0 =

Ls 0 1 2 - K3-1 K3
o [ pBom
l P8 pBifinas
2 pBi6:afs  pfidiaias
K3 pBi9af3s pBiBxaras
i=0 K3+1 PBi0xaas
j=3 K3+1 b2AK(T)
b2A0(1), =p 6, a;, B;
b2A0(2), =p 6, a; a3
b2A0(1), =0
b2A0(2),=0
j =0 J =1
Ls 0 1 2 K3 K3+l K3+1
=2 K3+1] [
b3A0, =0
MA“a -
j =0 j= 1
Ls 0 1 2 K3 K3+1 K3+1
j=2 K3+l[:
b4A0, =0
bSA0, =
L; 0 1 2 K3-1 K3
o [ poa;z
1 poafy;  phaaa.
2 poar  pharue
I&-} phxtsfds POy
i=2 K3+1 POy fis

i=0 j=1  j=2 =3
K3+1 K3+1 K3+1 K3+1

pBi8aa;
»J 2
b2A0(2) B
1=2 J=3
K3+1 K3+1
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K3+l K3+1

[9,‘1}(11 ]

1=0 g=1  j=2 =3
K3+l K3+1 K3+l K3+1
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bSAO, =

j=0  j=1 j=2 j=3

Ls 0 1 2 - k-1 K3 K3+1 K3+1 K3+l K5+1
0 paz
I pa:fs potats
2 pasfs paay
K3 paafs paxas
j=2 K3+i pafs pxa3
where:

- p =probability of an arrival to queue 1

- q=1-p = probability of no amival to queue 1

—  B; = probability of a service completion in queue i,i=1,2 0r 3

—  a;=1 - B; = probability of no service completion in queue i,i=1,2 or 3

-  Ki=buffersize of queue 1,i=2o0r3

— 6, =probability the customer leaving queue 1 will choose to visit queue 2

- 63=1 -6, =probability the customer leaving queue 1 wilt choose queue 3

- (3 = 0) = state when there are K3 + 1 customers in queue 3 or K2 + 1 in queue 2,
but there is no blocking

—  (j =2) = state when there are K2 + 1 customers in queue 2 and it blocks an arrival
from queue 1

—  {j = 3) = state when there are K3 + | customers in queue 3 and it blocks an arrival
from queue 1



A.4.2 Sub-Matrices of the Modified MAP

Each of the matrices within DO" and l)l'i, i=2 or 3 are defined as follows:

Al”=
L, 0 1 2
o [ boar
1 22A1” alAtl”
2 a2A1” alAl”
K2
j=0 K2+1
j=2 K2+1 |
bOA1” =
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Ls 0 I
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1 quf:fs  quifas
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i=3 K3+1
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K3-1 K3 K3+l K3+l K3+1 K3+1
-
qufds Qi
qafis Qs qfli0x;
bOAI™(DH
;=0 =1 =2 j=3
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—
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Table A.4.1: Case a, Results for Varying [nputs, n =2

Ha Hat Pz Ha Ha BP, Ha P
iso % error combo iso % error
1.2000 0.04% 0.5625 0.5712 0.5728 0.0000 0.28% 0.1875
1.2000 0.01% 0.5625 05711 0.5730 0.0000 0.33% 0.1875
12047 0.18% 0.5625 0.5711 0.5717 0.0013 011% 0.1875
0.4103 0.17% 0.1000 0.0831 0.0843 0.0020 1.44% 0.1000
2.5424 5.18% 0.3333 0.3238 0.2726 0.0080 15.81% 0.3333
1.2000 0.02% 0.3750 0:3457 0.3548 0.0000 2.63% 0.3750
1.2000 0.00% 0.3750 0.3457 0.3549 0.0000 2.66% 0.3750
1.2319 1.59% 0.5625 0.5691 0.5660 0.0087 0.54% 0.1875
4.8880 1.60% 0.2222 02198 0.1509 0.0020 31.35% 0.2222
1.2097 0.57% 03750 0.3456 0.3541 0.0020 2.46% 0.3750
43882 0.16% 0.1000 0.1016 0.0590 0.0005 4193% 0.1000
2.5500 0.05% 0.1000 0.0981 0.0629 0.0004 35.88% 0.1000
0.8514 0.13% 0.1000 0.0888 0.0747 0.0008 15.88% 0.1000
0.6014 0.12% 0.1000 0.0903 0.0784 0.0014 13.18% 0.1000
1.7020 0.08% 0.1000 0.0958 0.0664 0.0004 30.69% 0.1000
38339 3.20% 0.5556 0.6557 0.4293 0.0676 34.53% 0.2500
2.6826 10.03% 0.5000 0.5041 0.4161 0.0195 17.46% 0.1667
4.5203 245% 0.5000 0.5954 0.3486 0.0485 41.45% 0.2500
1.3274 8.03% 0.3750 0.3438 0.3476 0.0240 1.11% 0.3750
06113 0.76% 0.2000 0.1964 0.1641 Q.011t1 16.45% 0.2000
0.6000 0.02% 0.2000 0.2007 0.1672 0.0001 16.69% 0.2000
0.6009 0.02% 0.2000 0.2000 0.1669 0.0009 16.55% 0.2000
0.6000 0.00% 0.2000 0.2008 0.1673 0.0000 16.68% 0.2000
22727 35.50% 0.7001 1.0099 0.5818 0.1280 423%% 0.7001
0.2558 56.50% 0.95000 0.7386 0.7972 02139 7.93% 0.3750
5.9552 10.46% 0.6250 0.8438 0.5309 0.0967 37.08% 0.6250
1.1211 39.35% 0.7018 1.0097 06123 0.1432 39.36% 0.7018
2.2489 1.59% 0.7500 0.8961 0.7001 0.1597 21.87% 0.5000
0.6276 5.14% 0.5000 0.5308 04767 0.090! 10.19% 0.5000
1.2352 9.36% 0.5000 0.4887 0.5370 0.0853 9 88% 0.6667
1.4659 15.63% 0.5625 0.5555 0.5387 0.0587 3.02% 0.1875
0.9292 1.20% 0.2500 0.2697 0.1928 0.0157 28.51% 0.2500
2.6201 5.13% 0.6667 0.8582 0.6498 0.1355 24.28% 0.6667
0.9456 4.10% 0.5000 0.5901 0.4394 0.0770 25.54% 0.5000
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Table A.4.1: Case a, Results for Varying Inputs, n =2

Ha3 Has BP; Ha3 Q Hq Mo [ Mo
combo iso0 % error combo iso % error
0.1628 | 0.1689 | 0.0000 3.75% | 0.1990 1.9345 19417 | 037%
01628 | 0.i689 | 00000 | 3.75% | 0.1996 1.9340 19419 | 041%
0.1630 | 0.1689 | 0.0000 362% | 0.1974 | 19366 1.9453 | 0.45%
00831 | 00843 | 0.0020 144% | 02167 | 0.5758 | 0.5789 | 0.54%
03238 | 02726 | 00080 | 1S81% | 00989 | 3.0647 | 30876 | 0.75%
03457 | 03548 | 00000 | 263% | 0.1997 | 1.8917 19096 | 0.95%
03457 | 03549 | 00000 | 266% | 02000 | 1.8914 19098 | 097%
0.1636 | 0.1690 | 00002 | 330% | 0.1929 | 1.9453 1.9669 1.11%
02198 0.1509 0.0020 31.35% 0.0498 5.2507 5.1898 1.16%
03456 | 03541 | 00020 | 246% | 0.1985 1.8941 1.9179 1.26%
0.1016 0.0590 0.0005 41.93% 0.0249 4.5842 4.5062 1.70%
00981 | 00629 | 00004 | 3588% | 00499 | 27475 | 26758 | 2.61%
0.0888 0.0747 0.0008 15.88% 0.1497 1.0279 1.0008 2.64%
0.0903 0.0784 0.0014 13.18% 0.1488 0.7813 0.7582 2.96%
00958 | 00664 | 00004 | 306%% | 00749 1.8923 1.8348 | 3.04%
026908 | 0.1827 | 00049 | 32.28% | 00600 | 46405 | 44459 | 4.19%
0.1584 | 0.1344 | 00017 | 15.15% | 00975 | 3.1005 | 3.2331 4.28%
02933 | 0.i686 | 00083 | 42.52% | 00397 | S5.3011 50375 | 497%
03438 | 03476 | 00240 1.11% | 0.1907 19163 | 20226 | 555%
0.1964 | 0.1641 0.0LT1 1645% | 01392 | 09995 | 09395 | 6.00%
02007 | 0.1672 | 0.0001 16.69% | 0.1484 1.0015 | 09344 { 6.70%
02000 | 0.1669 | 00009 | 16.55% | 0.1459 1.0010 | 09347 | 6.70%
02008 | 0.1673 | 00000 | 16.68% | 0.1493 1.0016 | 09346 | 6.70%
1.0099 | 05818 | 01280 | 4239% | 00437 | 42925 | 34363 | 6.70%
0.5118 | 05380 | 0.1166 512% | 00668 1.5062 1.5910 | 6.70%
08438 | 05309 [ 00967 | 3708% | 00313 | 76428 | 70170 | 6.70%
1.0097 | 06123 | 01432 | 3936% | 00546 | 3.1405 | 23457 | 6.70%
0609 | 05005 | 00735 | 1782 | 00913 | 3.7189 | 34495 | 724%
0.5308 | 04767 | 0.090! 10.19% | 01437 1.7232 1.5810 | 825%
06476 | 06828 | 0.149% 544% | 01674 | 22658 | 24550 | 835%
0.1667 0.1689 0.0053 1.32% 0.1793 1.9900 2.1735 9.22%
02697 | 0.1928 | 00157 | 2851% | 0.0915 1.4576 1.3148 | 9.80%
08582 | 06498 | 01355 | 2428% | 0.0704 | 44957 | 39197 | 12.81%
05901 | 04394 | 00770 | 2554% | 0.1137 | 2.1662 1.8244 | 15.78%
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Table A 4.1: Case a, Results for Varying Inputs, n =2

p Bt i) Bs K2 | K3 0 P Ual
combo
0.2000 0.6500 0.2000 0.2000 1 I 0.5 0.3077 0.4390
0.1000 0.5000 0.5000 0.5000 1 1 05 0.2000 0.2254
0.6000 0.9000 0.4000 0.4500 1 1 0.5 0.6667 2.0385
0.2000 0.6000 0.3000 0.3000 1 1 0.5 0.3333 0.4210
0.1500 0.8000 0.1250 0.2000 1 1 0.75 0.1875 0.3294
0.1500 0.7500 0.1050 0.1050 1 1 0.5 0.2000 0.7720
0.3000 0.6000 0.2500 0.4000 1 1 0.75 0.5000 1.4124
0.4000 0.6000 0.3000 0.3000 1 1 05 0.6667 2.5345
0.1000 0.5000 0.0750 0.0750 1 1 0.5 0.2000 0.6543
0.4500 0.6500 03250 0.3250 1 1 0.5 0.6923 3.1479
0.2500 0.8000 0.8000 0.8000 1 1 0.5 0.3125 0.3413
0.6000 0.9000 0.4000 0.4000 1 1 0.5 0.6667 2.9449
0.5000 0.6000 0.4500 0.4000 1 1 0.75 0.8333 12.6834
0.5000 0.6000 0.3750 0.3750 1 1 0.5 0.8333 10.6685
0.1500 0.3000 0.1125 0.1125 t 1 05 0.5000 1.6432
0.1500 0.3750 0.1125 0.1125 1 1 0.5 0.4000 1.1715
0.6000 0.9000 0.3500 0.4500 | | 0.5 0.6667 3.1843
0.3000 0.7500 0.2000 0.2000 1 1 0.5 0.4000 1.5310
0.1000 0.8000 0.0667 0.0667 1 1 0.5 0.1250 0.9548
0.4500 0.6000 0.3000 0.3375 1 1 0.5 0.7500 5.7246
0.1500 0.7500 0.1000 0.1000 I i 0.5 0.2000 1.0678
0.4500 0.5400 0.9000 0.3938 1 | 0.25 0.8333 14.2968
0.3000 0.4000 0.2143 0.2143 i 1 0.5 0.7500 6.6826
0.3000 0.6000 0.2000 0.2000 1 1 0.5 0.5000 22156
0.1000 0.8000 0.8000 0.8000 i 1 0.5 0.1250 0.1286
0.1000 0.3200 0.0667 0.0667 | | 0.5 0.3125 1.6069
0.2000 0.6400 0.1250 0.1250 l 1 0.5 0.3125 2.1283
0.3000 0.6000 0.1875 0.1875 | | 0.5 0.5000 3.3504
0.2000 0.5000 0.1250 01250 1 t 0.5 0.4000 2.6659
0.5000 0.6000 0.3571 0.3571 1 1 0.5 0.8333 | 21.5938
0.4500 0.6000 0.3000 0.3000 1 1 0.5 0.7500 9.8646
0.2000 0.8000 0.2000 0.2000 1 1 0.5 0.2500 0.3150
0.2500 0.6500 0.1500 0.1500 1 1 0.5 0.3846 3.3822
0.2000 0.6400 0.1200 0.1200 i 1 0.5 0.3125 2.9871
0.2500 0.5000 0.1500 0.1500 1 1 0.5 0.5000 4.9497
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Table A.4.1: Case a, Results for Varying Inputs, n =2

Hat Hat P2 Ha Moz BP; a2 (]
iso % error combo iso % error
04190 | 456% | 05000 | 04205 | 05155 | 0.1048 | 2259% | 0.5000
02258 | 0.18% | 01000 | 00638 | 00937 | 00030 | 4687% | 0.1000
1.6139 | 2083% | 0.7500 | 08987 | 0.7539 | 0.1812 | 16.11% | 0.6667
04292 | 195% | 03333 | 02500 | 03303 | 00453 | 32.12% | 0.3333
02463 | 2523% | 09000 | 0.5842 | 07862 | 02083 | 34.58% | 0.1875
02756 | 6430% | 0.7143 | 08003 | 0.7313 | 0.1832 | 862% | 0.7143
09947 | 2957% | 09000 | 1.0400 | 0.7602 | 0.1923 | 2690% | 0.1875
19154 | 2443% | 06667 | 0.8935 | 05945 | 0.1245 | 33.46% | 0.6667
02798 | 5724% | 06667 | 08462 | 06736 | 0.1566 | 2040% | 0.6667
22011 | 3008% | 06923 | 09466 | 06259 | 0.1347 | 3388% | 06923
03429 | 047% | 0.1563 | 00745 | 0.1510 | 0.0040 | 102.68% | 0.1563
1.7798 | 3956% [ 07500 | 09871 | 0.7606 | 0.1835 | 22.95% | 0.7500
85310 | 32.74% | 0.8333 1.1732 | 06930 | 0.1473 | 4093% | 0.3125
69832 | 3454% | 06667 | 09345 | 05658 | 0.1070 | 39.45% | 0.6667
1.1740 | 2855% | 06667 | 09605 | 05660 | 0.1276 | 41.07% | 0.6667
0.7291 | 37.76% | 06667 | 09272 | 06065 | 0.1451 | 34.59% | 0.6667
1.7941 | 43.66% | 0.8571 1.I003 | 08153 | 02117 | 2590% | 0.6667
0678 | 5568% | 0.7500 | 09585 | 0.7352 | 0.1874 | 23.30% | 0.7500
0.1606 | 8224% | 0.7500 | 09036 | 07663 | 02118 | 15.19% | 0.7500
34119 | 40.40% | 0.7500 1.0499 | 06382 | 01406 | 39.21% | 0.6667
02085 | 8047% | 0.7500 | 09297 | 07564 | 02045 | 1864% | 0.7500
83727 | 4144% | 0.1250 | 0.1609 | 00981 | 00007 | 39.03% | 0.8570
39238 | 41.28% | 0.7001 1.0302 | 05504 | 0.1162 | 46.57% | 0.7001
10526 | 5249% | 07500 | 1.0625 | 06901 | 0.1675 | 3505% | 0.7500
0.1286 | 000% | 00625 | 00192 | 00616 | 00005 | 220.83% [ 0.0625
05500 | 65.77% | 07500 11570 | 06886 | 01761 | 4048% | 0.7500
0.5079 | 76.14% | 0.8000 11747 | 07643 | 0.1953 [ 3494% [ 0.8000
1.0927 | 67.39% | 0.8000 1.2064 | 0.7257 | 0.1797 | 3985% | 0.8000
0.7585 | 71.55% | 038000 12326 | 0.7267 | 01781 | 41.04% | 0.8000
8.9670 | 5847% | 0 7001 10110 | 05928 | 0.1202 | 41.36% | 0.7001
38624 | 60.85% | 0.7500 11152 | 06457 | 01432 | 42.10% | 0.7500
03151 | 003% | 05000 { 02770 | 05419 | 01153 | 9563% | 0.5000
0.7069 | 79.10% | 0.8333 1.2850 | 0.7753 | 02073 | 39.6™ | 0.8333
05265 | 8237% | 08333 1.2890 | 0.7842 | 02127 | 39.16% | 0.8333
1.1916 | 7593% | 0.8333 1.3327 | 07272 | 0.1853 | 4543% | 0.8333
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Table A.4.1: Case a, Results for Varying [nputs, n =2

Ha3 T BP; Has Q Mo Ha Ha
combo iso % error combo is0 % error
0.4205 0.5515 0.1048 31.15% 0.1672 1.2800 1.4860 16.09%
00638 | 00937 | 00030 | 4687% | 03819 | 03530 | 04132 | 17.05%
08182 | 0.7005 | 0.1550 | 1439% | 0.0985 | 37554 | 3.0683 | 18.30%
0.2500 0.3303 0.0453 32.12% 0.2701 0.9210 1.0898 18.33%
0.1818 0.2826 0.0371 55.45% 0.1291 1.0954 1.3151 20.06%
0.8003 0.7313 0.1832 8.62% 0.0569 23726 1.7382 26.74%
02669 | 0.1991 | 00156 | 2540% | 0.1056 | 2.7193 1.9540 | 28.14%
0.8935 | 05945 | 0.1245 | 3346% | 00701 | 43215 | 3.1044 | 28.16%
0.8462 0.6736 0.1566 20.40% 0.0481 2.3467 1.6270 30.67%
09466 | 06259 | 0.1347 | 3388% | 00598 | 50411 | 34529 | 31.51%
0.0745 | 0.1510 | 0.0040 | 102.68% | 0.5407 | 04903 | 06449 | 31.53%
0987t | 0.7606 | 0.1835 | 2295% | 0.0646 | 4.9191 33010 | 32.89%
04438 | 02711 | 00294 | 3891% | 00168 | 143004 | 94951 | 33.60%
09345 | 05658 | 0.1070 | 39.45% | 00193 | 125375 | 8.1148 | 3528%
09605 | 05660 | 0.1276 | 41.07% | 0.0487 | 35642 | 23060 | 35.30%
09272 | 06065 | 0.1451 | 34.59% | 0.0593 | 3.0259 19421 | 3582%
09213 | 0.7089 | 0.I577 | 23.05% | 00610 | 52059 | 3.3183 | 36.26%
09585 | 0.7352 | 0.1874 | 23.30% | 00753 | 34480 | 21490 | 37.67%
09036 | 07663 | 02118 | 15.19% | 00326 | 2.7620 1.7022 | 38.37%
09691 | 05870 | 0.1176 | 3943% | 00341 | 77436 | 46371 | 40.12%
09297 | 07564 | 02045 | 1864% | 00473 | 29272 1.7213 | 41.20%
1.1831 | 06798 | 01490 | 42.54% | 00150 | 156408 | 9.1506 | 41.50%
1.0302 | 05504 | 01162 | 46.57% | 00242 | 87430 | 50246 | 42.53%
1.0625 | 06901 | 0.1675 | 3505% | 00614 | 43406 | 24328 [ 43.95%
0.0192 0.0616 0.0005 | 22083% | 0.6907 0.1670 0.2518 50.78%
1.1570 | 06886 | 0.1761 | 4048% | 00299 | 3.9209 19272 | 50.85%
1.1747 | 07643 | 0.1953 | 3494% | 00429 | 44777 | 20365 | 54.52%
12064 | 0.7257 | 0.1797 | 3985% | 00436 | 57632 | 25441 | 55.86%
12326 | 07267 | 0.1781 | 41.04% | 00382 | S.1311 | 22119 | 56.80%
1.0110 | 05928 | 01202 | 41.36% | 00096 | 236158 | 10.1526 | 57.01%
1.1152 0.6457 0.1432 42.10% 0.0201 12.0950 5.1538 57.39%
02770 0.5419 0.1153 95.63% 0.1781 0.8690 1.3989 60.98%
1.2850 0.7753 0.2073 39.67% 0.0373 59522 2.257§ 62.07%
1.2890 0.7842 02127 39.16% 0.0388 5.5651 2.0949 62.36%
1.3327 | 0.7272 | 0.1853 | 4543% | 00279 | 76151 26460 | 65.25%
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Table A.4.1: Case a, Results for Varying Inputs, n =2

P B B2 Bs K| K 0, (o] Kyt
combo
0.1000 0.4500 0.0600 0.0600 1 1 0.5 0.2222 2.8625
0.3000 0.4500 0.1875 0.1875 I 1 0.5 0.6667 9.0462
0.4000 0.5250 0.2600 0.2600 1 1 05 0.7619 21.1413
0.1000 0.8000 0.5000 0.5000 1 1 0.5 0.1250 0.1288
0.3000 0.4500 0.1800 0.1800 1 1 0.5 0.6667 17.3363
0.1000 0.8000 0.1500 0.2000 1 1 0.75 0.1250 0.1396
0.1000 0.8000 0.2500 0.2500 1 1 0.5 0.1250 0.1297
0.2000 0.9000 0.2000 0.2000 1 1 0.5 02222 0.2547
Table A4.1: Case a, Results for Varying Inputs, n =2
M1 Hat P2 Ha2 Ha BP; Ha2 P3
iso % error combo iso % error
0.3561 87.56% 0.8333 1.3643 0.7804 02162 42 .80% 0.8333
2.5468 71.85% 0.8000 1.2577 0.6558 0.1501 47.86% 0.8000
4.3382 79.48% 0.7692 1.177 0.6344 0.1409 46.10% 0.7692
0.1292 031% 0.1000 0.0295 0.1016 0.0042 244 41% | 0.1000
2.7349 84.22% 0.8333 1.3469 0.6787 0.1627 49.61% 0.8333
0.1429 2.36% 0.5000 0.1784 0.5236 193.50% | 0.1250
0.1321 1.85% 0.2000 0.0587 0.2155 267.12% 0.2000
0.2706 6.24% 0.5000 0.1592 0.5551 0.1125 248.68% | 0.5000
Table A.4.1: Case a, Results for Varving Inputs, n =2
Has Ha3 BP: (T Q T Hy Hq
combo iso % error combo iso % error
1.3643 0.7804 02162 42 80% 00189 55911 1.9169 65.72%
1.2577 0.6558 01501 47 86% 00180 11.5616 38584 66.63%
1.1771 0.6344 01409 46.10% 0 0091 23.4955 5.6070 76.14%
0.0295 0.1016 00042 | 24441% | 0.6023 0.1878 0.3324 77.00%
1.3469 0.6787 0.1627 4961% 0.0097 20.0301 4.0923 79.57%
0.0456 0.1568 0.0140 243.86% | 0.2032 0.3636 0.8233 126.43%
0.0587 0.2155 267.12% | 0.3563 0.2471 0.5631 127.88%
0.1592 0.5551 0.1125 24868% | 0.1821 0.5731 1.3808 140.94%
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‘Lable A.4.2: Case b, Results tfor Varying Inputs, n =2

P B B2 Bs K2 | K3 0 (31 Hat

combo
0.6000 0.8000 0.8000 0.8000 4 3 0.75 0.7500 1.2006
0.6000 0.8000 0.8000 0.8000 3 3 0.75 0.7500 1.2029
0.6000 0.8000 0.8000 0.8000 5 3 0.75 0.7500 1.2001
0.1000 0.3200 0.5000 0.5000 1 I 0.5 0.3125 0.4099
0.6000 0.7000 0.9000 0.9000 1 | 05 0.8571 24188
0.6000 0.8000 0.8000 0.8000 2 2 0.75 0.7500 1.2150
0.6000 0.8000 0.8000 0.8000 3 3 0.5 0.7500 1.2004
0.6000 0.8000 0.8000 0.8000 4 4 0.5 0.7500 1.2000
0.6000 0.8000 0.8000 0.8000 2 2 0.5 0.7500 1.2038
0.4000 0.4500 0.9000 0.9000 | 1 0.5 0.8889 48120
0.1250 0.1500 0.6250 0.6250 1 1 0.5 0.8333 4.3830
0.0300 0.2400 0.0750 0.0750 1 1 0S 0.1250 0.1561
0.1500 02000 0.7500 0.7500 1 1 0.5 0.7500 25515
0.1500 0.3000 0.7500 0.7500 1 1 0.5 0.5000 0.8504
0.1000 0.2500 0.5000 0.5000 1 1 0.5 0.4000 0.6011
0.1500 0.2250 0.7500 0.7500 1 1 0.5 0.6667 1.7008
0.6000 0.7000 0.9000 0.9000 1 1 0.75 0.8571 2.4406
0.6000 0.8000 0.8000 0.8000 1 i 0.5 0.7500 1.2368
0.1000 0.2500 0.2500 0.2500 4 4 0.5 0.4000 0.6001
0.1000 0.2500 0.2500 0.2500 3 3 0.5 0.4000 0.6005
0.1000 0.2500 0.2500 0.2500 2 2 0.5 0.4000 0.6032
0.1000 0.2500 0.2500 0.2500 | i L1 0.4000 0.6210
0.6000 0.8000 0.8000 0.8000 | 1 0.75 0.7500 1.2812
0.2000 0.6000 0.3000 0.3000 1 1 05 0.3333 0.4702
0.4000 0.8000 0.8000 0.8000 1 I 0Ss 0.5000 0.6033
0.1000 0.5000 0.5000 0.5000 1 ! 0S 0.2000 0.2256
0.2000 0.6500 0.2000 0.2000 1 l 0Ss 0.3077 0.8848
0.6000 0.9000 0.6000 0.4500 § | 05 0.6667 2.1601
0.2500 0.8000 0.8000 0.8000 1 1 05 03125 0.3414
0.4000 0.4800 0.3600 0.8000 H 1 0.5 0.8333 56153
0.2500 0.3000 0.2500 0.5000 1 | 0.5 0.8333 6.6255
0.2000 0.5000 0.2000 0.2000 1 1 0.5 0.4000 1.2875
0.1000 0.4500 0.1000 0.1000 1 1 0.5 0.2222 0.9891
0.2000 0.4000 0.2000 0.2000 | i 0.5 0.5000 1.8416
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‘Table A.4.2: Case b, Results tor Varying inputs,n =2

Hat Hat P2 He2 Ha BP, o2 [+
iso % error combo iso % error
12000 | 005% | 05625 | 05714 | 05728 | 00000 | 025% | 0.1875
12047 | 0.15% | 05625 | 05719 | 05717 | 00013 | 003% | OI87S
12000 | 001% | 05625 | 05712 | 05730 | 00000 | 032% | 0.1875
04103 | 0.10% | 0.1000 | 00832 | 00843 | 00020 | 132% | 0.1000
25424 | S511% | 03333 | 03246 | 02726 | 00080 | 16.02% | 03333
12319 | 139% | 05625 | 05721 | 05663 | 00087 | 101% | 0.1875
12000 | 003% | 03750 | 03458 | 03548 | 00000 | 2.60% | 03750
12000 [ 000% | 03750 | 03458 | 03549 | 00000 | 263% | 03750
12097 | 049% | 03750 | 03460 | 03541 | 00020 | 234% | 03750
48380 | 158% | 02222 | 02199 | 01509 | 00020 | 31.38% | 02222
43882 | 0.12% | 01000 | 01017 | 00590 | 00005 | 41.99% | 0.1000
0.1422 | 890% | 02000 | 01883 | 02009 | 00221 | 669% | 02000
25500 | 006% | 01000 | 00982 | 00629 | 00004 | 3595% | 0.1000
08514 | 012% | 01000 | 00888 | 00747 | 0.0008 | 15.88% | 0.1000
06014 | 005% | 01000 | 00904 | 00784 | 00014 | 1327% | 0.1000
17020 | 007% | 0.1000 | 00959 | 0.0664 | 0.0004 | 30.76% | 0.1000
26826 | 992% | 05000 | 05056 | 04163 | 00195 | 17.66% | 0.1667
13274 | 733% | 03750 | 03460 | 03475 | 00240 | 043% | 0.3750
06000 [ 002% | 02000 | 02009 | 0.1672 | 00000 | 16.77% | 0.2000
0.6000 | 008% | 02000 | 02009 | 0.1672 | 00001 | 16.77% | 0.2000
06009 | 038% | 02000 | 02009 | 0.1669 { 00009 | 1692% | 0.2000
06114 | 155% | 02000 | 01992 | 0.1640 | 00112 | 17.67% | 0.2000
14677 | 14.56% | 05625 | 05649 | 05401 | 00590 | 4.39% | 0.1875
04292 | 872% | 03333 | 02612 | 03273 | 00451 | 2531% | 03333
06i29 | 159% | 02500 | 0.1653 | 02372 | 00105 | 43.50% | 02500
02258 | 009% | 01000 | 00639 | 0.0937 | 00030 | 46.64% | 0.1000
0.4147 | 53.13% | 05000 | 04742 | 04921 | 00988 | 3.77% | 0.5000
1.2284 | 43.13% | 05000 | 0.5i77 | 05017 | 00793 | 3.09% | 0.6667
03429 | 044% | 0.1563 | 00746 | 0.1510 | 00040 | 102.41% | 0.1563
38710 | 31.06% | 05556 | 0.7532 | 04837 | 00702 | 35.78% | 0.2500
45433 | 3143% | 05000 | 06816 | 03546 | 00502 | 47.98% | 0.2500
06229 | 5162% | 05000 | 05835 | 04598 | 00863 | 21.20% | 0.5000
02948 | 7020% | 05000 | 05705 | 04822 | 00993 | 1548% | 0.5000
0.9407 | 4892% | 05000 | 06396 | 04273 | 00748 | 33.19% | 0.5000
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Table A.4.2: Case b, Results for Varying Inputs, n =2

Has Has BP; Has Q Hq Hq U
combo iso % error combo iso % error
0.1628 0.1689 0.0000 3.75% 0.1989 1.9348 1.9417 0.36%
0.1629 0.1688 0.0000 3.62% 0.1970 1.9377 19452 0.39%
0.1628 0.1689 0.0000 3.75% 0.1996 1.9341 1.9419 0.40%
0.0832 0.0843 0.0020 1.32% 02150 0.5763 0.5789 0.45%
0.3246 0.2726 0.0080 16.02% 0.0988 3.0680 3.0876 0.64%
0.1631 0.1668 0.0002 22™% 0.1918 1.9502 1.9650 0.76%
0.3458 03548 0.0000 2.60% 0.1997 1.8920 1.9096 0.93%
0.3458 0.3549 0.0000 2.63% 0.1999 1.8916 1.9098 0.96%
0.3460 0.3541 0.0020 2.34% 0.1891 1.8958 1.9179 1.17%
0.2199 0.1509 00020 | 31.38% | 0.0498 52518 5.1898 1.18%
0.1017 0.0590 0.0005 41.99% 0.0249 4.5864 4.5062 1.75%
0.1891 0.2009 0.0221 6.24% 0.0737 0.5335 0.5440 1.97%
0.0982 0.0629 0.0004 | 3595% | 0.0499 2.7479 2.6758 2.62%
0.0888 0.0747 0.0008 15.88% 0.1497 1.0280 1.0008 2.65%
0.0904 0.0784 0.0014 13.27% 0.1481 0.7819 0.7582 3.03%
0.0959 0.0664 0.0004 30.76% 0.0749 1.8926 1.8348 3.05%
0.1580 0.1342 0.0017 15.06% 0.0974 3.1042 3.2331 4.15%
0.3460 0.3475 0.0240 0.43% 0.1889 1.9288 2.0224 4.85%
0.2009 0.1672 0.0000 16.77% 0.1482 1.0019 0.9344 6.74%
0.2009 0.1672 0.0001 16.77% 0.1458 1.0023 09344 6.77%
0.2009 0.1669 0.0009 16.92% 0.1402 1.0050 0.9347 7.00%
0.1996 0.1640 0.0112 17.84% 0.1273 10198 0.9394 7.88%
0.1643 0.1674 0.0054 1.89% 0.1765 2.0104 21752 8.20%
0.2631 03272 0.0451 24.36% 0.2049 0.9945 1.0837 8.97%
0.1653 0.2372 0.010s 43.50% 0.3889 0.9339 1.0873 16.43%
0.0639 0.0937 00030 46.64% 03723 0.3534 04132 16.92%
0.4923 0.4921 0.0988 0.04% 00863 1.8513 1.3989 24.44%
0.7949 0.6915 0.1532 13.01% 0.1030 34727 24216 30.27%
0.0746 0.1510 0 0040 10241% | 05389 0.4906 0.6449 31.45%
0.2566 0.1763 0.0048 31.29% 00404 6.6251 4.5310 31.61%
0.2804 0.1639 00080 | 41.55% | 0.0260 7.587S 5.0618 | 33.29%
0.6035 0.4597 0.0863 23.83% 00766 2.4745 1.5424 37.67%
0.6026 0.4821 0.0995 | 20.00% | 0.0425 2.1622 1.2591 41.77%
0.6592 0.4273 0.0748 35.183% 0.0621 3.1404 1.7953 42.83%
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Table A.4.2: Case b, Results for Varying Inputs, n =2

P B B: Bs K| K3 6. P Hat

combo

0.1000 0.4000 0.1000 0.1000 1 1 0.5 0.2500 1.0981

0.1000 0.8000 0.8000 0.8000 1 1 05 0.1250 0.1286

0.7500 0.9000 0.5627 0.5627 1 1 05 0.8333 27.5459

0.6000 0.8000 0.4000 0.6000 1 1 0.5 0.7500 10.4505

0.1000 0.8000 0.5000 0.5000 1 1 0.5 0.1250 0.1289

0.1000 0.8000 0.1500 0.2000 I 1 0.75 0.1250 0.1938

0.6000 0.8000 0.4500 0.4500 H 1 0.5 0.7500 204735

0.1500 0.7500 0.1125 0.1125 1 1 0.s 0.2000 7.7097

0.1500 0.8000 0.1250 0.2000 I 1 0.75 0.1875 7.2811

0.7125 0.9500 0.5088 0.5088 1 1 0.5 0.7500 26.0116

0.3000 0.6000 0.2500 0.4000 1 1 0.75 0.5000 13.0563

0.6000 0.9000 0.4285 0.4285 1 1 0.5 0.6667 20.4065

0.1500 0.3750 0.1125 0.1125 1 1 05 0.4000 15.4786

0.4000 0.8000 0.2850 0.2850 1 | 0.5 0.5000 21.8919

0.4000 0.6000 0.3000 0.3000 i 1 0.5 0.6667 442036

0.6000 0.9000 0.4000 0.4500 I | 0.5 0.6667 43.2480

0.1500 0.3000 01125 0.1125 | 1 05 0.5000 34.6288

0.1500 0.8000 0.1250 0.1000 | 1 0.75 0.1875 28.9817

0.1500 0.7500 0.1050 0.1050 | H 0S 0.2000 85.8373

0.7916 0.9500 0.7125 0.6333 | I 0.75 0.8333 3.7423

0.1750 0.3500 0.1094 0.1094 1 1 0.5 0.5000

0.3000 0.4500 0.1800 0.2250 l 1 0.5 0.6667

0.1250 0.3250 0.0750 0.0750 1 | 05 0.3846

0.3000 0.4500 0.2000 0.2000 1 1 0.5 0.6667

0.5000 0.6000 0.4000 0.4000 1 | 0.5 0.8333

0.3000 0.4500 0.1875 0.1875 | 1 0Ss 0.6667

0.2000 0.4000 0.1333 0.1333 | 1 05 0.5000

0.1000 0.3200 0.0667 0.0667 | 1 0.5 03125

0.4500 0.5400 0.9000 0.3938 | I 0.25 0.8333

03000 0.4500 0.1800 0.1800 I 1 05 0.6667

0.4500 0.6000 0.3000 0.3375 ! 1 0.5 0.7500

0.1500 0.3750 00938 0.0938 { 1 0.5 0.4000

0.3000 0.7500 0.2000 0.2000 i | 0.5 0.4000

0.1500 0.7500 0.1000 0.1000 | 1 0.5 0.2000

0.1000 0.8000 0.0667 0.0667 | 1 0.5 0.1250
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Table A.4.2: Case b, Results for Varying Inputs, n =2

Hat Hat P2 Haz Ha2 BP; He P
iso % error combo is0 % error

03439 | 6868% [ 05000 | 06016 | 04730 | 00957 | 21.38% | 0.5000
0.1286 | 000% | 00625 | 00192 | 00616 | 0.0005S | 22083% | 0.0625
75301 | 7266% | 0.6665 | 09518 | 06732 | 0.1390 | 2927% | 0.6665
22214 | 7874% | 0.7500 | 1.1355 | 0.7160 | 0.1655 | 36.94% | 0.5000
0.1292 | 023% | 0.1000 | 00296 | 01016 | 00042 | 243.24% | 0.1000
0.1437 | 2585% | 05000 | 02200 | 05447 | 0.1192 | 1475%% | 0.1250
25147 | 87.72% | 06667 | 09854 | 06275 | 0.1307 | 3632% | 0.6667
02633 | 9658% | 06667 | 08914 | 06179 | 06190 | 30.68% | 0.6667
02486 | 96.59% | 09000 | 13203 | 08254 | 02228 | 37.48% | 0.1875
23957 | 90.79% [ 07002 | 1.0402 | 0.7145 | 0.1606 | 3131% | 0.7002
10124 | 9225% | 09000 | 15552 | 0.7889 | 02022 | 4927% | 0.1875
1.5046 | 92.63% | 07001 | 10574 | 06852 | 0.1561 | 35.20% | 0.7001
0.6975 | 95.49% | 06667 | 10768 | 05582 | 0.1242 | 48.16% | 0.6667
08621 | 96.06% | 07018 | 10990 | 0.6487 | 0.1520 | 40.97% | 0.7018
1.8576 | 9580% | 06667 | 13097 | 05678 | 0.1180 | 56.65% | 0.6667
1.5231 | 96.48% | 07500 | 1.1931 | 07305 | 0.1752 | 38.77% | 0.6667
1.0954 | 9684% | 06667 | 10887 | 05282 | 0.1120 | 51.48% | 0.6667
02514 | 99.13% | 09000 | 15637 | 08107 | 02178 | 48.16% | 0.3750
02659 | 99.69% | 07143 | 12170 | 06408 | 0.1607 | 47.35% | 0.7143
189.6000 | 496640% | 08333 | 1.1743 | 09224 | 02126 | 21.45% | 03125
0.8000 0.8000

0.8333 0.6667

0.8333 0.8333

0.7500 0.7500

0.6250 0.6250

0.8000 0.8000

0.7502 0.7502

0.7500 0.7500

0.1250 0.8570

08333 0.8333

0 7500 0.6667

0.8000 0.8000

0.7500 0.7500

0.7500 0.7500

0.7500 0.7500

201



LIt

REAR IS

B L B S teo Pal 28 o B

& A copdl

35
36
37
38
39

41
42
43

45

47
48
49
50
st
52
53

55
56
57
58
59

61

62

63

65

67
68

Table A.4.2: Case b, Results for Varying Inputs, n =2

Hes Ba BP; Has Q Ha U Ha
combo iso % error combo is0 % error
0.6345 0.4729 0.0957 | 254™ | 0.0417 23342 1.2898 44.74%
0.0192 0.0616 0.0005 | 220.83% | 0.6889 0.1670 02518 | 50.78%
0.9550 0.6732 0.1390 | 29.51% { 0.0083 | 29.4527 | 8.8765 69.86%
0.6346 04568 00644 | 28.02% | 0.0277 | 122206 | 33942 | 72.23%
0.0296 0.1016 0.0042 | 243.24% | 05581 0.1881 0.3324 76.71%
0.0396 0.1247 0.0098 | 21490% | 0.0960 0.4534 0.8131 7933%
0.9969 0.6274 0.1307 | 3706% | 00131 | 224558 | 37696 | 83.21%
0.9961 06177 0.6190 | 3799% | 00125 9.5972 1.4989 84.38%
02127 0.1629 00174 | 2341% | 0.0147 8.8141 1.2369 85.97%
1.0481 0.7144 0.1606 | 31.84% | 00107 | 28.0999 | 3.8246 86.39%
02214 0.1484 0.0106 | 3297% | 0.0173 14.8329 1.9497 | 86.86%
1.0759 0.6852 0.1561 36.31% 0.0145 22.5398 2.8750 87.24%
1.1770 0.5582 0.1242 | 52.57% | 0.0080 17.7324 1.8139 89.77%
1.1550 0.6486 0.1520 | 43.84% | 0.0122 | 24.1459 | 2.1594 91.06%
1.0743 0.5678 0.1180 | 47.15% | 00057 | 46.5876 | 29932 93.58%
1.0310 0.6466 0.1413 37.28% | 0.0073 | 454721 29002 | 93.62%
1.1800 0.5281 0.1120 | 5525% | 0.0037 | 36.8975 | 2.1517 | 94.17%
0.7232 0.3361 0.0611 53.53% | 0.0043 | 31.2686 1.3982 95.53%
1.3812 0.6405 0.1607 | 53.63% | 00016 | 884355 1.5472 98.25%
0.3334 03111 0.0322 6.69% 0.0468 5.2500 190.8335 | 3534.92%

unstable
unstable
unstable
unstable
unstable
unstable
unstable
unstable
unstable
unstable
unstable
unstable
unstable
unstable
unstable
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70
71
72

74
75

Table A.4.2: Case b, Results for Varying Inputs, n =2

P By B2 Bs K | K3 8 ~
0.4000 0.5250 0.2600 0.2600 1 1 0.5 0.7619
0.5000 0.6000 0.3571 0.3571 1 1 0.5 0.8333
0.2000 0.6400 0.1250 0.1250 1 | 0.5 0.3125
0.2500 0.5000 0.1500 0.1500 1 1 0.5 0.5000
0.3000 0.9600 0.1800 0.1800 I I 0.5 03125
0.2000 0.9000 0.1200 0.1200 | 1 0.5 0.2222

Table A.4.2: Case b, Results for Varying Inputs, n =2

70
71
7
73
74
75

P2 (o3 Q
0.7692 0.7692 unstable
0.7001 0.7001 unstable
0.8000 0.8000 unstable
0.8333 0.8333 unstable
0.8333 0.8333 unstable
0.8333 0.8333 unstable
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