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The purpose of tbis thesis is to deveiop a decomposition methxi for obtaining the queue 

length distn'butions of open, tandem and spIit queue networks with Markovian arriva1 

processes, and finite intemediate queues. Eiluivalent geometric systems are also studied 

to detemine if maintainhg the relationship between the decmposed queues improves 

the resuits over e-g methods. 

This thesis contains an introduction, conclusion and three main a literature 

review, a section outlïnïng the exact and decomposition procedures for the tandem 

networks; and a section ouîiining the exact and decomposition procedures for the split 

networks- Neuts' [46] Matnx Geornetric Method is adopted to provide exact resuits 

which are used to validate the approximate results. 

It can 'be concluded that for tandem and split systems with Markovian amival processes 

the decomposition method developed in this thesis is supcnor to existing methods which 

fail to represent the dependence between the isoiated queues. The oppsite is mie for 

both configurations of the geometric systems. That is, existing methods which do not 

maintain the dependence in their decomposition apptoach produce equal or superior 

results. Therefore, it can be conciuded that utilizing the approximation method which 

captures the relationship between the queues i s  not worth the extra effort for geometric 

systems. 
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People most ofkn associate queues with lim-ups in -ce facitities. This is only one of 

many examp1es where queues occw in every day I i f i .  In general, a queue occurs anytime 

a person or object waits for a senter or resome- The majority of time spent in a queue is 

wasted time, therefore, ththe is a constant push to reduce queue times and incrwise 

semice output This is the drive behind -ch in queuing theory. 

When several queues and resources must be visited in a row, this may be termed as a 

network of queues. An assembly line with multiple stations in series is an example of a 

queue network When customers leave the network atter s e ~ k e  is wmpleted, this is 

refened to as an open system. Closed systems occur when the customers circulate 

around and around and no new customers anive. This type of system is often found in 

cornputer networks. This thesis is only concemed with open systems. 

In reality the mount of space between queues is limited or finite. If the space becornes 

full no new customers may enter the waiting area If, at the completion of seivice, there 

is no space in the next buffer the customer must wait with the server until there is enough 

rwm. The nsource cannot serve a new customer until the previous one leaves, that is 



the resource is idle. This situation is r e f d  to as blocking which can lead to a large 

reduction in prududvity, and may cause customer didsfâction, 

There has been a great deal of research done in the area of solving queue networks, 

howwer, the mjority o f  work applies to system with f i n i t e  bufEers- That is, blocking 

will never occur. When blocking is considered most techiques are very restricted. That 

is, netwocks which they apply to are limiteci in size and configuration In addition the 

majority are restricted to renewal, independent, amival and h c e  processes. This limits 

the application of the solution techniques. Thetefore, there still remains the need to solve 

systems which better represent reality. 

The puspose of this thesis is to develop an approxirnate method for obtaining the queue 

length distriiutions of open networks with a non-renewal amval process, and finite 

intemediate buEers. The approximation method developed for these systems uses a 

decomposition approacb The networks explored include two stage tandem and split 

systems. 

Examples of systems with finite intermediate buffen can be found in manufacturing and 

telecommunications. The blocking mechanisms which apply to these two industries are 

different, and solution methods usually apply to only one type. Manufacturing type 



blocking occurs at the completion of service when a customer fin& the next buffer is 

full. The customer stays in the blocked queue, and the server remnains idle until there is 

rom in the do- baer .  For example, in an assembly line when a part is finished 

king processed at the station it will proceed to the down strearn buffer, if this buffer is 

fidl the part remains at the mecbine until ~pace becornes available. Communication 

blocking occurs wben, prior to service stmting, there is insufficient room in the down 

stream buffer. The sem wilI not start service d l  there is adequate space in the next 

buffer- in telecommunications there must be sufticient bandGdth available kfore data 

can be transmitted The method developed in diis thesis assumes manufacturing 

blocking, however it bas been show by Onvuni1 and Perros [47l that the two blocking 

types are equivalent for systems with only two stations- 

Most of the research to date has involved systems with renewal arrivai and service 

processes. There are a vast nurnber of ppea  which derive exact andlor approximate 

solution methods for various network configurations. Most approximation methods 

decompose the system into a wt of single node queues and each are solved 

independently. The arriva1 prwesss of a sub-level queue is  dependent on the departure 

process of the previous queue, however in the majority o f  methods there is no 

relationship between the approxirnated anival process and the departure prucess of the 

prevïous queue. The decomposition method developed in this thesis utilizes a Markovian 

arriva1 process (MAP) to account for the dependence between isolated queues. The MAP 



is a non-renewal anivaI process which defines correlateci anivais. Details about the 

MAP can be fomd in [44] and [W. 

To detedne the validity of the approximate resuits, they are compared with those 

derived h m  an exact solution method which is aiso developed in this thesis. 

This thesis contains an introduction, conclusion, and three main sections including: the 

literature review, a a n i r e o n  exploring the tandem configuration; and a third one studying 

the split cootiguration The lite-e review outlines a number of the solution methods 

denved over the past forty y-. Sections 3 and 4 contain sub-sections which look at the 

networks with the non-renewal amval process and the geornetric version independently. 

The geornetnc systems are presented as special cases for the purpose of analyzing the 

effect of utilinng correlated arrivals in the decomposition. 



Over the past for@ years therP bas been an eXtemïve amount of research done in the area 

of open, h-te queuing systems. Finite systems may be defined as those that contain one 

or more queues with h-te buffers, and an infinite system is one in which all of the 

buffiers anz unresüïcted in size- Resernch on fuiite systems has been fueled by the fact 

that mon real life systems contain limited size buffen between 'work stations' and 

blocking may occur. Applying infinite case procedures does not always provide 

rûisonable approximations for systems with blocking. 

A great deal of exploration has been done in the area of tinite tandem queues with two 

stations. These systems can often be solved exactly. For larger tandem systems the state 

space is o k n  tao large and they must be solved using approximation methob. 

Approximation techniques are also ofien required in the solution of split and merge 

configurations, as asIl as arbitmy configurations. 

This literature review will outline some of the exact and approximate methods used to 

solve open, finite queuing networks of various topographies. A bief examination of 

closed queuing networks is also provided. When relevant, the papers referred to in this 

review utilize manufacturïng blocking unless otherwise stated 



2.2 Open, Finite Queuiag Networb 

The Iiterature for this grwp of networks is presenteà in t h  sub-sections: ( 1 ) tandem; 

(2) split and rnerge; and (3) arbitmy configurations. 

2.2.1 Tandem Conf~ t l t ioas  

A tandem configuration is defined as a senes of queues where the output of one becornes 

the input of the next domistnam queue. A customer passes through each and every 

station in sequence. The fint exploration into the effect of blocking on the maximum 

utilization of o tandem network was underiaken by Hunt [28]. He studied a NO node 

system with exponential s e ~ c e  times and Poisson arrivais. The first queue was defined 

as havîng an infinite buffet and several cases were looked at for the intemiediate b a e r  

si=: (a) infinite; (b) zero; and (c) finite. Hunt also looked at the situation of unpaced 

production where the line moves at each station sirnultaneously. In addition to the 

utilization, he dso found the steady state distribution of the number in the system by 

solving the balance equations. 

A sïmilar system with deteministic service times was studied by AM-khak and Yadin 

[4], who found the marginal steady state queue length distributions. Their rnethod also 

required that the a ~ ~ i v a l  times follow a Poisson process, and that the second station have 

no proceeding buffer. AM-Itzhak [SI later went on to find the steady state waiting time 



distribution of a larger multi-sewer Iine. He also relaxed the condition of a Poisson 

amival process Ui 141, and aiiowed for nnite intemediate buffers. Both methods use the 

moment generating ftnctions of the queue times and the number of  cummers in their 

procedute. 

Hillier and Boling [27J iatroduced a method which produces exact resuits for larger finite 

systems with exponential or Erlaug -œ times. To simplify the procedure, the first 

queue is assumed to be saturateci, or dways busy. They were able to find results for the 

steady state mean output rate and the mean number ofcustomers in the qstem excluding 

queue 1. Neuts [45l diverged fiahet from [28] and f o n d  the equilibrium conditions o f  a 

two station system with gened senice times at the first queue, and exponential at the 

second Neuts' system also requins that extemal amvals follow a Poisson process. The 

method uses an embedded semi-Markov process approach. 

Konheim and Reim [36] studied a finite system like Hunt [28] with communication 

blocking and feedback- They used a product fom solution to find the steady state 

probabilities. Foster and Perros [18] found bounds for the mean blocking tirne at the first 

queue for a two or three n d e  exponential qstem using a decomposition approach. The 

capacity of a tandem system with no intemediate buffets, Poisson amvals, and 

dependent expomal semece tirnes was found by Pinedo and Wolff 1491. 



Langarïas and Conolly 1401 presented a mahod for solving the waiting time of an two 

node exponentiai mdti-mer system- They lata expaaded thelr work [41] for a three 

node sïngîeserver system with no intemediate bibférs. Tbeir methods are difficult to 

use and are limited to the first few moments- 

Exact parameter values for two and three nde systems widi unreliable machines were 

found by Gershwin and Schick [20]. They defined a system with constant and quai 

senfice t h e s  at each machine, and geometric fiti1u.e and repair times. In addition, the 

saver at the first queue is defined to be always busy. Their &od wuld be applied to 

larger systems, but the dimension of the Markov chain limits the applicability. 

The final exact method for tandem queues presented in this review is by Buzacott and 

Kostelski 1121. They compared the effort of denving the steady state probabilities using 

a modification of the Matrix Geometric method (MGM) by Neuts [46], and the recursive 

approach by Herzog, Woo and Chandy [26]. The network studied is a two node system 

with Co~cian-2 service and inter-mival times. Unlike the others presented so far, their 

fim queue is defined as finite and the arriva1 process is shut off when the buffer becomes 

fùll so that no customers are lm They found that the techniques required comparable 

effort and produced similar mults. but the recursive technique is much faster. 

The majonty of approximation methods for tandem systems can be grouped into two 

categories: those that decornpose the system into single nodes; and those that group them 



into 'paire& sub-lines. In a single node approach each queue has a revised arriva1 and 

s e ~ * c e  pmcas and is solved ùi iso1ation In the 'pnlled' appach the h e  is analyzed 

sequentially as two to three node subiines with revised amvai and service processes. 

The d t s  fiom each sub-1ïne are used in the solution of anather pair- A number of 

papers which use single n d e  approximations will be presented first. 

Altiok [Il, Hiflier and Boling [271, and Perros and Altiok [48] each developed 

approximation techniques to solve exponential &node tinite tandem queuing systems. 

Each define the revised amval and sem-ce processes differenily. Altiok [Il defines each 

individuai queue as a M/CZ/l/(N+ I ), where as Pems and Altiok [48] define them as 

M/P&-i+l/l/(N+I), where i = 1, 2, ... , K. The phase distribution accounts for blocking 

by dl dowmtream nodes, and not just the next one as in [ I I .  Hillier and Boiing [27l have 

the simplest definition of an individual node as a M/M/ I/(N+ 1 ) queue. Springer [5 11 

sped up the m e t .  in [21], by defining a diffetent set of equations to solve the 

parameters values. In each of the above cases the tim queue is infinite. 

Altiok [3] dso found the marginal steady m e  probabilitie of a similar system as in [48], 

but with phase -ce times as the original service pracess. The revised service pmcess 

is also phase and each queue is soived using the MGM. In addition to a finite first queue 

he also lodred at the cases of a finite queue 1, and one that is satufated. Jun and Perros 



[33] extended the method in [3J for a g e d  system by redefining the decomposed 

system as a set ofCi/Cr/l/N queues. 

The singie node decomposition approach bas also been used on finite systems with a 

variety of traits not included in those listeci above. Konheim and Reiser [37l found the 

equihirium m e t e r  values of an exponential system with feedback and 

communication blocking. Kelly 1341 found the throughput for a system with geneml 

service times, a saturateci queue 1, and communication blocking. Caseau and Pujolle 

[14] studied the maximum diroughput of an exponential qstem with dependent service 

times and intemediate arrivais to any queue. 

Additional approximation techniques for systems with equaI sewke tintes at each station, 

for a single part, have been developed by Avi-Itzhak and Haltin [6], Ziedins [58], and 

Avi-Itzhak [q. [6] and [q both define saturated -rems. Recently Chao [15] studied a 

determiniscic priority system wit h no intemediate bu Ber. 

Unlike the single node approach which *in be extended for other configurations, the 

'paired' approaches presenteâ in this review cm only be w d  on tandem systems. A 

number of approximatim techniques which use this appmach are present below. 



Gershwin [tl] extended his earlier worlr with Schick [?O] for a system with more than 

three noder The line is anaîyzed as pairs of xnachiws with revised service and amival 

processes. The buffer size for each pair is the same as in the original case. Each two 

node sub-line is solved exactly usïng the method in [20]- Choong and Gershwin 1\61 

extended this work M e r  to include random processing tintes, as well as unequal 

senke times. The metbodology is simiIar to [21], but the cesuits do not always 

converge- Dallery, David and Xie [if] simplified [2 11 by replacing the set of equations 

used to solve the parameter values with an e~ui-dent one. This resulted in a faster 

algotithm which converged for every case tr ïed A M e r  improvement was made when 

Gershwin [22] applied the modification fiom [17] to the method in [16]. This resulted in 

an even fa~ter and simpler algorithm. 

Brandwajn and Jow [IO] snwlied an exponential system with dependent service times. 

They aiso l d e d  at the case when the fim queue is always b -  Each sub-line is 

defined as a two node W I N  system, and analysis begins at the tirst pair and proceeds 

forward When the end of the line is reached the parameten fiom the last pair are used to 

revïse the processes of the first pair. The steady suite probability for each pair is found, 

and the algorithm stops when the convergence critena is met. Brandwajn and Sahai [l I ] 

later improved this method by utiliring a back-anâ-forth sweep. The algorithm now 

proceeds down the line and then back up again. This speeds up the technique but has 

little effect on the results. 



The paired decomposition approach was applied by Gun and Makowski [25] to solve a 

tandem netwodcs with phase and Intecarrivai tirnes, and communication 

blocLing In addition, the machines are umeliable and fdback may occur. The papa 

presents an iterative procedure for finding the steady state queue lengths. The algorithm 

ends when the convergence criteria i s  met  

Yannopoulos and M a  [56] applied a three aode decomposition method to an exponential 

tandem netwoik to find the steady state proôabilitk ofthe nurnber in each queue and the 

joint probabil@ distri'bution of the number in each triplet This method produces better 

resuits than in [Io], but with increased computational effort 

23.2 Spüt and Merge Configurations 

A split configuration is defined as one in which a source queue feeds two or more second 

stage queues. The merge topology is the opposite. that is several queues feed one queue. 

A split queue becomes blocked when the destination queue's buffer i s  full. Not a11 

bufferr mut  be full for diis to occur. In a merge queue al1 fim stage queues can becorne 

blocked when the second stage queue is full. Unlike the tandem configuration there has 

been relatively little research done in this area. An approximation method for an 

exponential three n d e  tandem, split, or merge system with communication blocking was 

developed by Boxma and Konheim [9]. Their technique produces the results of the 

marginal probability distributions, and is an extension of Jackson's [3 11 work. Jackson 



[3 11 used the 2-phase distriiution to represent a two stage exponential s e ~ c e  system. 

He used each of the pbases to rrpeseat service in each of the stations, however this 

defined a system in which service wuld ody occur at one station at a time- 

Aitiok and Pemn [2] went on to study larga, grretcr than dnee nodes, exponential split 

and mage systems- They replace the acnial seMce time with an effective one, and 

decompose the system into individuai nodes- The individual second stage queues of 

either system are represeated as hiYM/l/(Nj + 1) queues, wherei = the number of second 

stage queues and J = 1 for merge configurations The first stage queues are transformed 

into a M/PHKi l l  queues, where i = number of first stage queues and i = 1 for the split 

case- An expotlenthl merge configuration was also shdied by Lee and Pollock [42]. 

Like in [2] they decomposed the network into individual queues, however they analyzed 

each as either an MIMIIN queue or as an M/G/l/N queue. By declaring different 

definitions of the states they were able to produce better results than Altiok and Perros 

Pl- 

Kerbache and Smith [35] devised the Generalized Expansion Method (GEM) for tandem, 

split and mage queue networks. This procedure requins that al1 processes be renewal 

and the first two moments be known. Based on the sarne principles used by Kuehn [38] 

and Labetouile and Pujolle [39] for arbitrary configurations, this technique places an 

artificial node between two adjacent nodes. The amficial node seMces blocked 

customen for the remainder of the x ~ k e  time at the next queue. 'I'here are three stages 



to the GEM: (i) network reconfiguration; (ii) parameter estimation; and (iii) feedback 

elimi~tion at the artificial node- 1391 provides a procedure for the estimation of the 

parameters of the individuai GUGIIIN queues. 

Yannopodos and AIfa [55] developed a quick and easy method for analyzing tandem, 

spiit and merge configurations with gened arriva1 and savice processes. The method 

decomposes the system and analyses each queue in isolation. Once decomposkd the 

methods by Yao and Buzacott [57l and Gelenbe [19] are used to solve each node- This 

technique is much simpfer than GEM which reqw'res the solution of a system of non- 

linear equations. 

2.2.3 Arbitrary ConfigPrations 

An arbitrary network is composed of a combination of the other three configurations to 

fom one larger nehvork Amvals and departures can occur at several direrent nodes. 

Jackson [29] fint looked at the arbinary contiguration as a method of representing a 

machine shop with multi-machine stations. He denved the product forrn solution, where 

the joint steady date probability distribution is found as the product of the marginals, to 

produce exact results for the infinite exponential case. He later expanded this work [30] 

to include the case of dependent amval and service processes. 



A product form solution is Iimited to smaller networks with seMce distributions which 

have a ratlouai LapIace transfo- therefore approximation methods are needed for 

generd systems. Kuehn 1381 derived ao approximation technique to find the mean 

waiting tirne at each infinite queue for a network with gemerai setvice and inter-hval 

processes. In addition his mdel  dlows for f-k at the completion of s e ~ c e .  Wh& 

[S3] later developed a software package, the Queuiag Network Analyzer (QNA), to solve 

a mufti-server version of the network. In the procedure each node is analyzed as a 

GVG/m queue. 

The need for finite srjtem solutions led to the development of an approximation 

technique by Takabashi, Miyahara, and Hasegawa [52]. Their method fin& the blocking 

probabilities and output of a finite exponential system. They decompose the network 

into individual W 1  queues and solve each individually. The parameten are found by 

solMng a set of simultaneous non-linear equations. Jun and Penos [32] a h  midied the 

exponential system, but in their method each individual queue is analyzed as an MiPWl 

queue- An approximation method for the case with cyclic queues. or feedback, was 

derived by Lee and Pollock [43]. 

The Isolation Method by Labetoulle and Pujoile [39j applies to general finite networks 

where the and sewice pmcesses are renewal. The Isolation Method, like 

many other meuiods, decomposes the system into individual queues with revised amival 



and seMce proccsses. The panuneter values of the individual GUGIIM queues are 

solved for iteratively. 

In the Isolation Method the k t  queue is mfinte, and no customers are lost to the system. 

This is not dways a valid assumptïon. Shi 1501 looked at the throughput and the mean 

waiting time at each queue in a general system wïth customer loss. His method is an 

extension of the QNA procedure denved in [53]. 

2.3 Closcd Queuing Networkr 

A closed network is one in which there are no extemal amivals or departures, therefore 

the number in the system remains fixed. This section bnefly outlines some of the earlier 

papers which discuss closed queuing networks. The product fonn solution method [30] 

for open networks also applies to close& exponenrial, arbitrary systems with infinite 

buffets. Gordon and Newell [23] fim applied this procedure. however the closed case 

requires the calcufation of a normalizïng constant Their procedure for calculating this 

value was inefficient and later improved upon with an algorithm developed by Buzen 

r W. 

Baskett, Chandy, Muntz, and Palacios [8] extended [13] to include a system with 

multiple custorner classes. Each o f  the customer classes are assumed to have the same 

priority Ievel. They found that the product form solution ail1 holds when they w d  



semice time probability distniutions which had rationai Laplace transforms. In addition 

they explored the effect of service discip1ines. Al1 of the papers discussed so far 

have assrmied RF0 se~*ce. The d t s  in [8] illustrate that the method also holds for 

FEO, LCFS, pocess shariag and no queuing savice disciplines. 

Gordon and Newell 1241 were the first to I d  at closed hite systems, and Iimited their 

study to tandem configurations. [24] assumed exponentiai seMce times, and equated the 

closed systern to an open one with a random number of customen. However, they did 

not look at the steady state conditions and the usefûiness of the paper is limited. 

A great deal more research has been done in the area of closed queuing networks in 

recent years. extends beyond the scope of the thesis and the worlr is not presented 

here. 



3. TANDEM CONFIGURATIONS 

The fim n a ~ o r k  configuration studied in this thesis is the tandem configuration. 

Queues in tandem are aligned in series and customers enter the buffer at the first station 

and proceed sequentidly though al1 of the queues- A customer may only exit at the last 

station. The tandem networks presented in -on 3 utilize the followïng assumptions: 

- There are only two queues in senes 
- Each queue has ody one semer 
- The s e ~ k  thes in the queues are independent 
- Queue 1 lus an idinite b a e r  
- Queue 2 bas a finite buffer of  size K.2 
- Service follows a first-in, ficst-out (FIFO) mle 

Figure 3.1.1 provides a simple illustration o f  the tandem network discussed in this 

section, 

Queue 1 Queue 2 

Figure 3.1.1 : Tandem Network, Two Queues in Series 

As presented in Seaion 2, al1 of the iiterature examineci assume that the extemal arriva1 

processes into their networks are renewal. This section develops an approximate solution 



method for a tandem network with reiated extemal amvals. In addition to assuming a 

non-renewai amval pocess, the h m p o s i t i o n  method pesented utilizes dependent 

anivais for the isoioted second stage queue. Results found ushg the approximate method 

are cornparad with those fond ushg an exact solution appn#ich. The exact method for 

the tandem system is alm derived in this &on. 

This d o n  begins w i i  a presentation of an exact soldon method for the tandem 

network with a non-renewal input process, and continues with the description of the 

decomposition method. A cornparison between the two is  then presented, as well as a 

cornparison with the mediod derived by Yannopoulos and Alfa [Hl. This section then 

continues on with a m&cation of  the mahods for a network with geometric arriva1 and 

service processes, as a special case of the non-renewal. 

3.2 Networks With a Markovian Arriva1 Process 

Introduction 

The fint tandem network to be e.umined is one with an extemal MAP and phase service 

distributions for each of the two queues. The first queue is defined as having an infinite 

buffer, and the second has a finite bufier. A FF0 sewice discipline govems both queues. 



The amival process into queue 2 is deterrnined by the departure process of queue 1. The 

following parameters are used ?O &fine this system: 

- DO = No depamire matruc of MAP 
- D l = D e p P m u c ~ t n X ~ f W  
- (p [, Sc) = phase sem-ce distribution of queue 1 
- (Pb SI) = phase semiet distribution of 2 
- K2 = brifféc size ofqueue 2 
- (j = O) = state when tbere are K2 + 1 customers in queue 2 but there is no blocking 
- (j = 1) = state when there are KZ + 1 customem in queue 2 and a customer leaving 

queue 1 is blodred h m  e n t e ~ g  queue 2 

Transition Matri. 

The transition matrut which defines this system has two levels, one for each queue. The 

states of  the primary level LI represent the number of customers in queue 1, for any 

number in queue 2. The states of the sub-level L2 depict the nurnber in the second queue. 

The size of the state spaces depends on the level. Queue I has an infinite state space and 

queue 2 is fiuite. 

The following is the tridiagonal transition matrix which defines this system: 

P= 

Each of the sub-level matrices wit hin P are defined in Appendix A. t 



Solution Metbod 

The infinite nature of P requires more complicated techniques, than their finite 

comterparts, to solve for the steady -te queue length distnktions. The Matrk 

Geometric Method (MGM) developed by Neuts [46] provides a relatively simple 

recmive methcd for hding the steady state vector X for a infiaite transition matrix 

such as P. Once X is known the value of the mean number in the system, can be 

calculated The MGM resuits in exact solution vaiues which can be used in cornparison 

with the results of an approximated solution. 

In order for steady state to be achieved, and the steady state parameten fomd the system 

of interest must be stable. A system will be stable when the fotlowing is  tme: 

where' for this system 

e =a column of I's 



A stability fmor Q, wtiere Q = n~ (A2 - AO) e, is defined so that Q is positive for a stable 

system. Although a dculation is required to check that the statement is true, it is 

important to remember that the extemal amival rate, )c into auy stable system must be less 

than the minimum rate For the tandem network with the non-renewal arriva1 

process discussed in this section, A must be less than the minimum s e ~ k e  rate p1 or p2 

h = no Dl e, is the steady state-vector of D = DO + Dl  
rii=[f3i(~-&)-1e]-', i =  1 or2 

To determine the mean number in both of the queues, p, the marginal queue length 

distriibutions and the mean number in each of queues 1 and 2 , ki and p ~ ?  respectively, 

must be calculateci. In this scenMo the number in the queue includes the customer in 

service, if any. The derivation o f  the formula for the mean number in queue 1 is as 

follows: 

given 

then 

- xi =&,O, Xi[, XQ, -.-.XE, xLK2+[u=th x,.K2+ l ,,=d 
X, = the probability of I customers in queue 1. and tn customers in queue 2 
L X h =  Xie 



where 

1 = identity matrix 
R = rate maaix derived within the MGM solution procedure. Details about the 
derivation of R may be fowd in [46] 

The following is the derivation for the mean number in queue 2: 

where 

The mean number in the system is found as the sum of the number in each queue and 

may be summarïzed as follows: 



33.2 Approximation Method 

Inttoduction 

The decomposition of a network of queues is&ted individual queues simplifies the 

methoci of calculating system param-. A system of two queues in sequence, with a 

finite intermediate buffer, can easeasily be decompod into NO uncoupled queues: i) an 

isolated idhite queue; and ii) an isolat& fide queue. However, the arriva1 process into 

the isolateci queue 2 is not the same as the extemal d v a 1  prwess into the network. The 

arriva1 pmcess hto the second que= is ~ l a t e d  to the departure rate of customers fiom 

the first queue. To maintain the relationship between the two queues a new 

distniution, NU@, with DO' and DI' based on the w i t i o n  rnatrix of the network is 

used to approxhnste the amval process into the second queue. The isolated second 

queue may now be described as a W / P W I / K  qwue. The sewke distribution of the 

second queue is the sarne as in the combined mtem. 

The arrivai process into the fim queue remains the same as the input process into the 

network, however the semice dimibution is different. The service rate must be modified 

to acc~unt for cwtomm k i n g  blocked from entering queue 2. The new senice rate 

depends on the probability of queue 1 being full, KZ in the buffer plus one in service- In 

other words, the seMce rate of queue 1 is related to the rate of service wrnpktions in 

queue 2. The infinite queue may now be defined as a W / P W  l queue. 



Sdution of Isoiateü Queue 2: MAP/PW1/K 

As mentioned on tbe page the d œ  rate of the isoIateâ queue 1 depends on 

queue 2 DepPrturrs brn  queue 1 may be blocked, with a blocking probability BP, ftom 

entering queue 2 if tbe buffh is ML Tberefore, in order to solve for the first queue's 

system parameters the blocking probability of queue 2 must be found first 

To maintai. the relationship between the isolated queues the arriva1 process into queue 2 

is estimated with a MM? The MAP captures the dependency between the departure rate 

of the first queue and the arriva1 rate into the second when the transition matrix P is 

divided into deF#uture and no departure matrices. The new process for the isolated 

second stage queue is represented as MAP* with departure and no departure matrices DO* 

and DI*. Due to the infinite nature of P, DO' and DI' are also intinite. The fim step of 

the approximation development was to tmncate DO* and DI*. This was done in order to 

simplify the procedure. I f  n is the number of blocks in DO' and DI*, the approximated 

matrices are provided below 

= 

1 2 3 --- n 
BI 

Al" A0 1 



A2 Al' 

The matrices witbaut a supem-pt me the same as those within the transition matnx P. 

Each o f  the ww matrices within DO' and DI' are presented in Appendix A 1.2. 

Mer -ng several numerical trials it was found that for every set of inputs there is a 

maximum desirrd number of blocks, bu in W' and DI'. That is, there is a point afier 

which an incraw in n has no effect on the steady state vextor and the mean number in 

the queue. It mis also obsewed that as the traffic intensity of queue 2, fi = h&. 

incieases the d u e  of increases. 

Once the approximated arriva1 process into queue 2 has been calculated the queue is 

analyzed as a MAPPWIK queue. The transition matrÏx for our system is as follows: 



To calculate the mean queue length for this queue the steady state vector of the number 

in the system must be fo& This may be doue d g  several iterative methods for finite 

queues, including the Power method and Gauss-Seidel p0Cedu.m The formula for the 

mean queue leagth is then: 

where 

xL2) = the steady nate pmbaôility of m customers in queue 2 

Wution Method of Isoirted Queue 1: MAPIPBnl- 

As mentioned in the introduction the isolated queue 1 may be defined as a MAPPW l/m 

queue. The arriva1 rate into this queue is  the same as the extemal amval rate into the 

network, however the service rate is less than or equal to the original service rate. As the 

blocking probability increases there is a greater chance that a customer will be delayed in 

queue i, decreasing the number of customers which can be secved over time. In other 

words, the service rate decreases. If no blocking occun the service rate remains the 

same. The new service distribution PH' can be expressed as ( P 's, '), where: 

and 

- BP is the steady state probability of queue 2 king full 



Once the new senice distri'bution is known the isolated queue i s  analyzed as a standard 

MAP/PH/l/m queue. The i . t e  transition matrix for queue 1 is as follows: 

Pq1 = 

O 1 2 3 4 --- 

The infinite nature of the queue makes it more difficult to find the steady state vector 

than for queue 2. The MGM method may be employed to over corne this dificulty. 

Once the steedy state vector is found the mean queue length can be cdculated as 

fo Itows: 

where 

x,?' = the steady s u e  probability of r customea in queue I 

When the pobability of blocking, BP, increases the sewice rate decreases and the 

number waiting for s e ~ c e  in queue 1 increases. When BP = O, (P&') = (Pi,  Si) and 

the aaffic intensity of queue 1, pl= A/~~', is a minimum. 



3.2.3 Cornparison of Combined and Mated Results 

Numericd trials were performed on the idated and wmbined queues, and the resuits 

were comprwL Each triai used the same inputs: Dû and Dl; (PI, Sn); (Pz, $); and K2, 

and geaerated the same set of owuts. The values of the system parameten listed below 

were examined for each triai- 

Q = stability factor 
(B I*,&% modified sefice of queue 1 
h2 = arrivai rate hto queue 2 
pl = tiaffic intensi@ of queue 1 

= traffic intensity of queue 2 
= mean nimiber in system 

chi = mean number in queue 1 
rigt = mean number in queue 2 
% emr of = 1 k(combo) - &(iso) 1 p&ombo) 
% emr o f  kl = 1 p&ombo) - y i(iso) 1 I p&omb) 
% enor of = 1 ~ ( c o m b o )  - y(iso) 1 1 p&ombo) 

- mean number in each queue includes the customer in service 
- (combo) represents combined system solution 
- (iso) represents the isolated queue results 

The resulb of the trials perfomed are presented in Appendix A. 1.3 at the end of this 

paper- 



Observations Related to Systems Witb Bklong 

A f k  examïaingthe triai d t s  t was dclennllied that there exists a buRer size so 

that the blocking probabillty BP is e q d  to zero, and the steady state vector remains the 

same for incnegses in tbe buffer si= It was a h  observed that as the s e ~ k  rate in 

queue 2 increased, and pt decreased, the value of Kî,, d e r r d  As the output corn 

queue 2 increases the mean number in the queue 2 buffer decreases, therefore the 

maximum buffer requirements diminish. The same results occur as the depamire rate 

from queue 1 decreases. 

As BP decreases the mean number in queue 1 decreases as expected, however the mean 

number in queue 2 may increase if the stability of the second queue was low prior to 

decreasing the blqcking probability. With low stability the mean queue size is nearly 

equal to K2 + 1. Wthe buffer size is increased the buffer will still remain nearly full, but 

it may not cause blocking. Therefore maximum number in the queue increases, and this 

increases the average. 

it is important to note that the above observations are not unique to tandem systems with 

MAP mivals. Reference to these observations will be made for the other systems 

studied later in this thesis. 



Observations Related to the Application of the Dceompition Procedure 

It would appear tbst the decomposition mahod d l  prodm values for the mean number 

in the system within 3W ofthe actud resuits when the followuig is tme: 

1. The value of h is less than 0.5, for any values of pl 

2. The number of blocks in DO' and DI' equd 2 

There apptars to be no direct relatioaship between the value of the percentage e m  and 

the values of the tratnc intensities, and exceptions to the nile may occur. That is, there 

may be cases when t iaac intensities outside the boundarks will produce gooà results. 

Some additional observations made about the results are as follows: 

1. If pl > pt the approximate results are still within 30% if pz is less than two-thirds. 

2. As pz decreases the total queue, and queue I percentage errors decrease. The 
opposite is trw when KZ decreases. 

Cornparhan Witb Yannopoulos & Alfa's Method 

Although it would appear that the approximation method presented provides comparable 

findings for the marginal queue length distributions and the mean number in the system, 

it is  necessPry to determine if the results are better than those already found in Iiterature. 

A cornpuion between the mults provided in this thesis and those generated using the 

method presented by Yantiopoulos and Alfa [55] is perfonned to provide sorne insights 

into the significance of the results. 



The method Ui [SS] was developed for networks with general arriva1 and sewice 

distn'butïons br which the first two moments are bown'. The paper provides two 

variations for tandem, spiif and merge configwaûons. Yannopoulos & Alfa present 

resdts based on the SingIe aode approximation techniques by Yao & B-tt [57] and 

Gelenbe 1191. Both methods were implemented and compared with the actual and 

approximated resuits ptovided in Appendix k1.3.  The following tables present the 

findings: 

Table 3.2.1: Resuits of Mean Queue Length for hcreasing pl, pz = 0.4 

Table 3.2.2: Results of Mean Queue Length for Increasing PZ, pl = 0.4 

, 

1 The second moments of the MAP and phase distributions were calculated using the formulas presented in 
[MI and 14451 ~CSPCC~~V*. 
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Pi 

0.2222 
0.2500 
0.2857 
0.3333 
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exact 

0.7619 
0.8000 
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4.3798 
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96 error 
decomp 
4.000/0 
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9.08% 
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CG 
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0.3500 
0.3890 
0.4428 

0.8270 
0.9268 
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96 error 

0.5223 
0.6522 
1.5364 
3.8944 
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13.18% 
11.30% 
11.46% 

k 
.h ermr 
Y & B  
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48.1 1% a 

k 
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C4 
YO ermr 
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42,56% 
31-37% 
11.55% - 

k 
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0.3288 
0.3649 
0.4151 

44.06% 
38.90% 
28.51% 
11.08% 

k 
% e m r  
Gelen be 
56.84% 
54-39?!, 
51.36% 

0.4899 
0.6132 
1-4748 
3.8738 



Table 3.2.3: Results of Mean Queue Length for increasing p3 pl = 0.6667 

Table 3.2.4: Resdts of Mean Queue Length for increasing p2, pl = 0.8 

To summark, the decomposition method produced superior results in al1 cases tested 

This mis tnie for values whic h were both comparable and not comparable with the actual 

results. Therefore, it may be concluded that techniques which maintain the relationship 

between the isolatecl queues produce better results than those that do not, when extemal 

amvals follow a non-renewal process. 

Pr 

0.4000 
0-6667 
0.8000 . 

k 
exact 

4.3798 
3.8904 
6.6366 . 

k 
decomp 

3.8778 
3.1417 
3.7403 - 

Pa 
% error 
decomp 
11.46% 
1924% 

k 
Y & B 

3.8944 
1.9866 

43.64% 1 23026 

k 
Y. error 
Y & B  
11.08% 
48.94% 
62.29% 

nl 
Cekabe 

3,8738 
1,8927 

k 
% error 
Celenbe 
11.55% 
51.35% 

2.4883 62.51% , 



Introduction 

A special case of a netwotk with a M M  amival process and pbase seMce in each of the 

queues is a geornetric system. This is a simpler network to solve, however it has limited 

applications. In this section the network studied, as in the previous case, has an infinite 

input buffer and follows a FIFO semk discipline. However, it is now defined as 

having geometric arrival and semice processes. The parameters used to define this 

system are as follows: 

- p = probability of an arriva1 to queue I 
- q = 1 - p = probability of no arrival to queue 1 
- pi = probability ofa sewice completion in queue i, i = I or 2 
- = 1 - pi = probability of no service completion in queue i, i = 1 or 2 
- K2 = bufEer size of queue 2 
- (j = O) = state when there are K2 + 1 customers in queue 1 but there is no blocking 
- (j = 1) = state when there are K2 + 1 customea in queue 1 and a customer leaving 

queue 1 is blocked h m  entering queue 2 

Transition Matrix 

The dîmete time transition matrix P which defines this system has the same tridiagonal 

format as the one which characterizes the non-renewal system. However, the boundary 



conditions are reduced and the entries in each of the sub-matrices contain different 

values- The new sub-mstn-ces within P are defined in Appendix A 2  The followuig is 

the üî-diagonal m o n  matrix *ch defines the geometric system: 

P= 

Due to the simpler nature of this system, in addition to the number in the system it is also 

possible to derive the waiting time distribution. To calculate the distribution it is 

assumed that our customer of interest arrives when the system is at steady state. The 

arriving customer is only concemed about cmomen that are already in the system, as 

new arrivals will not increase their waiting time. An absorbing Marliov chain defines a 

system with this condition. 

The probability that the waiting time in the -stem is less than or equal to t, is the fint 

compomnt of the steady state vector Y of the absorbing system. This component is the 

value of the probability that al1 other custonters have departed the queues. Since there 

are no amivals after our customer, the point when the second queue empties is the point 



which our custonter begins service in that queue. The steady state vector of the original 

systan pvides the values for the initiai vector ofthe new system Therefore, the steady 

state vector of the originai system must be found nrst 

The MGM is again applied to find the steady scate vector K. The staûility fiictor Q has 

the same definition as for the non-renewal case, however after the appropriate 

substitutions are made it sïmpiifies as follows: 

where 

Again Q must be positive for a stable system, and p c min(P to meet the arriva1 rate 

restrictions. 

Mer applying the MGM, one can either proceed to find the waiting time distribution or 

calculate the marginal queue length distributions. The derivation o f  the fonnulae used to 

calculate the queue lengths are the same as the non-renewal case. Only the final 

equatiorts are presented here. 

Mean nimiber in queue 1 : 

ki= X i  ( I - R Y ~ ~  



Mean number in queue 2: 

Mean n u m k  in the system: 

The first step in the solution process for finding the ethg distribution is  to setup the 

absorbiag H o v  chPin The transition rnatrix for the system is as follows: 

Each of the matrices within P are presented in Appendix A.2.7. 

Included in the waiting time is a portion of time in which our target customer is receiving 

service at the first queue. The states which represent the nurnber in each queue ahead of 

our customer do not distnipish between when queue 1 is truly empty, and when queue 1 

is sewing ow target clstomer. To account for this auxiliary states, represented with an 

asterisic, are defined to reprisent when our target customer is receiving seMce in the first 

queue. O t h d s e  the customer of interest has pas& though queue 1 and is waïting for 

service in the second queue buffer. Tiiese auiliary states are only present in the 



boundary matrices h and CO. These are the only matrices which contain the 

probabilities ofqueue 1 king empty. 

To calculate the waiting time disfriaution the steady state vector P for the new system 

must be fouad: 

p"'" = p l  j5 

The auxiliary states are not represented in the steady state vector of the original transition 

matrk, therefore* it must be modified before it can represent the initial vector of the 

absorbing Mailrov chain if the steady nate vector X is represented as follows: 

X = (Xf,, jY- *¶ Xt, -.-) 
xi =&os Xi2* ---* Xn* X a +  1 (i =* xSIII+ 1 =,>) 
X* = the probability of i customen in queue 1, and m customen in queue 2 

Only the X o  portion i s  affiected by the auxiliary states and the modified vector ,TB is as 

follows: 

There fore 

P(O) = modified steady state vmor .f ' 
WC = Y:: = probabi1it.y the waiting time in the system is S t ,  departure point 

I 

4 = W, - W,, = probabilig the waiting time is the system = t 



The mean waiting time is as follows: 

This method utilizes the original steady state vector X which is also used in the 

caicdation of ail of the other systern parameters, uicluding the mean queue length The 

calcdation of the waiting time di~mbuàon only requirrs the derivation of the absorbing 

Markov chah and a recursive algorithm. The value of the mean waïting time is ody an 

approximate because of the infinite surn which is terminated at the point of convergence. 

The decomposition approach presented here emulates the one presented in Section 3 - 2 2  

The network is decomposed into two isolated queues, and MAP i s  used to approximate 

the correlatecl &val process into the second queue. The MAP is based on the original 

trarisition matrix for the network and is found in the same manner as in the non-renewal 

aw. The isolated queue 2 may now be described as a MAPIGeol 1 /K queue. The seNice 

probability in the second queue remains the same as in the combined system. 



The amival pmcess into the first queue remains the same, and the modified service rate 

takes into account customers king blocked fiom entering queue 2. The new s e ~ c e  rate, 

which depends on the proôability of the second queue beuig full, remains geometric so 

the isolated queue 1 moy be defimi as a Geo/Geo/lla queue- 

Solution Metboà of hlateâ Queue 2: MAP/K;cdlRU 

The transition ma& for queue 2 utilizes a tnacaîed MAP distribution which has DO 

and Dl of dimension n by n. The finite departure and no depamire matrices are as 

follows: 

1 2 
BO B1 

Al" 

2 

Al' 

The sub-rnaüices within DO and DI that appear without a subscript are the same as the 

sub-manices within the original transition matrir for the geomeaic system. The others 

are preseuted in Appendix A->. 



The transition rnatnx for our system is the same as for a standard MAP/Geo/l/K queue. 

The matrix is as follows: 

The steady state vector and the mean number of customen in the system c m  be fomd 

using the same procediire as for the non-renewal case. The formula for the mean nurnber 

in the queue is presented here for clarity 

The mean waiting tirne in the queue, F, not including the service time, can be found 

fiom the mean queue length using Little's Law. Little's Law for discrete time States that 

the mean number in the system is  equivalent to the arriva1 rate rnultipiied by the mean 

waiting t h e  in the queue. ïherefore, the time in queue 2 is as follows: 

where 

hz = X(1-BP) = modified amival rate of customers into the second queue 



and 

k = no Dl e, and i r ~  is the steady state vector of D = Dû + Dl 
BP is the steody stak pmbability of queue 2 king MI 

Solutioa Mctbod of lsohted Queue 1: GedCeon/co 

The isoiated queue 1 acts as a Ge~Kko/l /ao queue, and the arriva1 rate into this queue is 

the same as the arriva1 rate into the combind system. The new xMce rate, ~ e o ' ,  is iess 

than or equal to the seMce rate of the fint queue in the combined systern. The service 

rate is reduced by the pobabiiity of the customer k i n g  blocked fiom entering queue 2 

and can be expressed as foilows: 

where 

- BP is the steady state probability of queue 2 k ing  full 
- pi is the onginai probability of a service completion in queue 1. al = 1 - P I  

A phase distn'bution may have been w d  to represent the cffect of blocking on the 

sewice p e s s  as weli. Although the phase distribution may produce better results, it 

wodd aiso incnase the complexity of the solution process. A cornparison of the results 

using a phase d c e  distribution are presented in Section 4.3 -2. 



Once the uew service rate has been established the panuneters of the isolated geometric 

queue are found The Minite transition ma& for queue 1 is presented below- 

pql = 

The resuits of Geo/Geo/l queue bave been weU documented and a closed fom exists for 

the mean number in the system, The formula for the mean queue length is as follows: 

The mean waiting time cm also be found using Liale's Law and is as follows: 

As in the non-renewal case when the probability of blocking, BP, increases the seMce 

rate decreases and the nurnber waiting for service in queue i increases. When BP = 0, 

BI* = pl and the traffic intensity of queue 1, pi= p/P *, is a minimum. 



Comprison of Metâods Prescnted in This Sdoa 

As before, cornputer trials were perfonned on the isolatai and combined queues. and the 

~ s d t s  were corn@ Each aid used the sarne set of inputs: p; Bi; pz; and K2, and 

generated the same outputs. The foilowing amibutes were observed for each of the trials: 

- Q=stabilityfjrctor 
- pz = trattic intensity into queue 2 
- pl = ttafltic intensity into queue 1 
- = mean number in system 
- p,.,~ = mean number in queue 1 
- = mean number in queue 2 
- % error of = 1 Qcombo) - pdiso) 1 I p&ornbo) 
- % enor of y = 1 ~ ( c o m b o )  - y(iso) 1 I ~(combo)  
- % emn of chi = 1 p&ornbo) - &tql(iso) ~~(combo)  

- rnean nmber in each queue indudes customer in service 
- (combo) represents combined system solution 
- (iso) represents the isolated queue results 

The numerical resdts for the trials are presmted in Appendix A.2.4. Reference may be 

made to section 3.2.3 as the obxmations for this system are the same as for the case with 

e x t e d  MAP arrivais, and they are not presented here. 



Observations Rehîd ta the Appüation of the Decomposition Procedure 

It wouId appesr that the decomposition m e h d  pmduces values of the mean number in 

the system withh 3Vh of the acaial resuits d e n  the following is me: 

1. Both pl and pl are greater than or e q d  to 0.4 and less than 0.8 

2. pl > fi and 5 0.8 

3. The number of blocks in W and Dl is equal to 2 

As in the non-renewal case there appears to be no direct relationship between the value 

of the percentage error and the values of the aaffic intensities, and exceptions to the d e  

may occur. An additional observation made about the results is that when both pl and p, 

are below the lower bound, the percentage error of queue 2 is high and the percentage 

error o f  queue 1 is low. When both M c  intensities are hidi, both queues have large 

percentage enors. 

A cornparison o f  the resdts shows that the actual mean waiting times are much less than 

the approximated values. This was tnie even when the approximated results for the mean 

number in the systern were comparable. Therefore. the decomposition method presented 

in this Secfion is not appropriate for approximating the mean waiting tinte for any values 

of pl and fi. 



Utilizrrtion of an Iterative Procedure 

As noted eariier the decomposition method does mt dways produce acceptabte results. 

In an attempt to in- the values of p for wbich the rnethod was appiicable, an 

iterative procedure was t n d  A t h  solving for the isoiated queue 1, the new semice 

probability wos substituted hto the W and Dl matrices of the second queue and the 

procedure was re@ Unfortuaately the approximate value ofthe mean queue length 

diverged f.urther from the actual with each iteration, This occmed for each trial 

attempied Therefore the use of an iterative procedure was abandomxi 

Cornparison With Yannopoulos & Alfa's Method 

The method developed by Yannopoulos and Alfa [55] can dso be appiied to the 

geometrk system. The following tables present a cornparison o f  al1 of the methods 

d i s c d  

Table 3.3.1: Results of  Mean Queue Length for Increasing pl, p2 = 0.1 

Pi 

0.0556 

k 
cuet 

k 
decomp 

88.16a/i 0.1668 0.0625 

k 
.k error 
d w m p  

0.0700 
0.0886 

119.29% 
0.1237 

0.1605 

0.1339 
0.1477 
0.1678 
O. 1992 
0.2556 , 

Cilr 
Y &  B 

0.0714 
0.0833 
0.1000 
0.1250 
0.1667 

0.1159 
39.62% 

0.1095 
0.1339 
0.1640 
0.2050 
0.2699 

0.1754 
0,1871 
0.2042 
0.23 15 
0.2817 

22.28% 
10.3 1% 
1.32% 
2.83% 
5.30% 

k 
.h error 
Y & B  

60.18% 
39.73% 
24.51% 
12.93% 
4.37% 

44 

S M %  
1.75% 

65.5% 
0.1229 

0.3ûû 
0.5000 

38.71% 
0.1329 
0.1465 
0.1661 
O, 1969 
0.2522 

Cr, 
Gelenk 

0.4070 
1.0510 

0,4016 
1.0197 

21 -37% 
9.41% 
1.28% 
3.95% 
6.56% 

k 
X error 
Geleabe , 

0,3810 
1.0210 - 

0.1153 

6.39% 
2.85% , 

64.71% 

1.33% 
2.98% 

0,3864 
1.0326 



Table 3.3.2: R d t s  of Mean Queue Length for Increasing k, pi = 0.1 

Table 3.3.3: Results of Mean Queue Length for Irmeasing K2, pi = p_ = 0.2 

Table 3.3.4: Results of Mean Queue Length for Increasing KZ, pl = pl = 0.4 

K2 

- 1 
-2 

3 
4 

K2 k 
exact 

k k k ir, k k 
dceomp 96 error Y & B K error Gelenk % error 

dccomp Y & B  Gelen be 
0.9811 2.30% 0.9181 2.23% 0.8896 5.26% 
0,9516 033% 0,9746 2.75% 0,9250 2-48% 
0.9509 t -35% 0,9967 624% 0,9397 0.16% 

k 
euet 

0.3631 
0.3597 - 

0.3592 
0.3592 

Cr, 
dceomp 

0.4205 
0.4205 
0.4205 
0.4205 

C4 
X error 
decomp 
15.81% 
16.90% 
17.07% 
17.07?4 , 

ci0 
Y & B 

0.3735 
0.3835 
0.3851 
0.3854 

k 
X error 
Y & B  
2.86% 
6.62Yo 
7.21% 
7.29% 

Cr, 
Geleabe 

0.3657 
, 0.3692 

0.3699 
0.3700 

k 
% error 
Gelen be 
0.72% 
2.64% 
2.98% 
3.0 1% 



Unlike the non-renewal case, the approximated resuits derived in this thesis are similar or 

Serior to those generated by both meth& from [S]. In cases that the decomposition 

method had lower percentage enors the remlts are very dose to the actual results. This 

is also tnie of Yao & Buzacott's and Gelenbe's methods- ït c m  therefore be said that it is 

not worth the extra effort of utilkittg MAP to maintain the relationship between the 

isolated queues of a tandem network with geometnc amivals- 

With independent externai arrivals and s e ~ * c e  wmpletions the dependence between the 

isolated queues i s  miniminxi When the extemal arriva1 process is MAP the departure 

process is  also non-renewal and it is necessary to capture the dependence of the isolated 

second queue with the fim queue. 



4. SPLIT CONFIGURATIONS 

4.1 Introduction 

This &on applics the decomposition method developed in Section 3 to a split netwok. 

In a spiit c o n f i ~ o n  one queue feeQ several 0 t h  queues in parallef. A customer is 

served at the first queue and then proceeds to one of the second stage queues. The 

pmbabilities of proceeding to a partïcular second stage queue do not have to be equal. 

DepartUres fiom the system occur when seM= is completed at the second stage queue. 

The following assumptions hold for the split networks discussed in this section: 

- There are oniy two second stage queues 
- Each queue has or@ one semer 
- The service times in each of the queues are independent 
- Queue 1 har an infinite buffet 
- Queues 2 and 3 have f i ~ t e  buffers of size K2 and K3 rwpectively 
- S e ~ œ  follows a kt- in ,  fim-out (FIFO) d e  

Figure 4.1-1 provides an illustration of the nework discussed in this section. 

Queue 2 

Queue 1 

. o n  

Queue 3 

Figure 4.1.1 : Split Network, a Single Queue Feeding Two Queues 



Two individuai cases, a and b, will be considerd Case u wiU define a system in which 

the second queue visitad is not pedetermïnd In other words the customer may choose 

to visit either second stage queue. If a customa becornes blocked they may select the 

wxt queue to visit after each tirne @od basal on a Bernouili process. Case b will 

define the system when the second queue is detemined after completion of service at the 

first station and uKie can be no change. If blocking occurs in this case the customer 

must wait until the queue they are assigned opens up. 

For each case an approxirnate solution for the splt network with correlated amivals is 

developed. Existing sdution methods do not allow for non-renewal amival processes, 

and they do not assume comlation between the isolated queues. Results generated using 

the decomposition method are compand with those generated using the exact method 

which is also developed in this section. It rnay be noticed that many of the fomulae and 

matrices presented in this section are the same as those for the tandem case, when this is 

tnie they are repeated for clarity. In addition, when results and fomulae apply to both 

cases a and b only the diffetences wudl be outlined 

This section begins with a presentation of an exact solution method for a split network 

with a non-renewal arriva1 process. and continues with the description of the 

decomposition method A comparison between the two are then presented, as well as a 

comparison with the method derived by Yannopoulos and Alfa [55]. This section then 



continues on with a modification of the methods for a geometric system as a special case 

of the mn-reuewai- 

4.2 Netwotlu With a Mirkovian A&d Pmcess 

4.2.1 Exact Rcsults 

Introduction 

The first split netwotk configuration to be studied is the non-renewal system. As in the 

tandem case, customen arrive according to the MAP and sewice follows a phase 

distribution for each of the queues. As stated in the assumptions of Section 4. I the fint 

queue is defined as having an infinite buffer, and the second stage queues have finite 

buffers. The following parameters are used to define both cases of the split system: 

Dû = No deparhm matrk of MAP &val process 
Dl = Departure r n a h  of MAP arrivai process 
(pis &) = Javiœ distribution of queue i. i = 1.2. or 3 
EU = b&er size of queue 2 
K3 = b&er size of queue 3 
Br = pmbability the custorner leaving queue 1 will choose to visit queue 2 
e3 = 1 - = probability the customer leaving queue 1 will choose queue 3 
(j = O) =.state when there are KZ + 1 customers in queue 2 or K3 + 1 customers in 
queue 3, but there is  no blocking 
(j = 2) = state when there are W + 1 customers in queue 5 and it blocks an amval 
from queue 1 
(j = 3) = state when there are K3 + 1 customers in queue 3 and it blocks an amival 
h m  queue 1 



Transition Matrix 

The probability matrix fich defines this system bas three levels. The primary level LI 

represcats the number of cuJtomers in queue 1, and sub-leveis L2 and Lj represent ihe 

number of customers in queues 2 and 3 respectively. The following is the transition 

matrix P which defines tbis system: 

P =  

P has the same tridiagonal structure for both cases u and 6, however the sub-maüïces 

differ. The sub-matrices for both cases are defind in Appendix A.3. 

Solution Method 

The exact solution method for the split configuration follows the same steps as the one 

for a tandem system. The M M  is us4 to find the steady state vector, which is then 

used to calculate the mean number in the systcm. Bcfote the system may be solved, 

the stability factor Q = YI, (A2 - AO) e. mut  be found to be positive to confinn that the 

systern of interest is stable. The value o f  Q may be verified by a calculation, but for any 

system A < rnin(pl, p3) where: 



h = no Dl e, where n~ is the steady date vector of D = W + Dl 
 pi(^- S&' el-', i =  1,f or3 

The mean number in the total queue. k, is found as the sum of the mem number in each 

of the queues, and w- The nuaber in the queue is defined here to include the 

customer in seMce7 if applicabIe- The equaîions are the sarne for both cases and the 

derivation ofthe mean number in queue 1 is as follows: 

given 

where 

1 = Identity matrk 
R = rate matrix used in MGM 

The rnean nionber in queue 2 is calculated as follows: 



where 

and 

The derivation of the mean number in queue 3: 

where 



nie mean number in the syaem is found as a total of the mean number in each queue and 

and 

is summarized as follows: 

1' = 

4.2.2 Approximation Metbd 

'O 

1 

- 

Introduction 

then 

A netwoik of three queues in a spiit configuration, with a non-renewal amval process 

and finite second stage queues, can be decomposeci into three isolateci queues. The 

arriva1 process into the second Sage queues is approxirnated with a non-renewal arriva1 



process in order to maintaia conelation with the depamne process from queue 1. Two 

new MAP', where i = 2 or 3, are dehed with DOei and DI' baseci on the transition 

matrix ofthe netwok For purposes ofsimplified notation only the '*' will be appended 

to the new W and Dl matru< notation when reference is king made to either queues 2 or 

3. Queues 2 and 3 may now be d e s c n i  as MAPtPIVIK queues. The sem-ce 

distn-butions in the second stage queues are die same as in the combhed system- 

The arriva1 process into the first queue remains the same as the arriva1 procw into the 

networl, however the senice rate is different. The service rate must be modified to 

account for customers being blocked from entering either queue 2 or 3. The new semice 

process PH* depends on the pobability of either queue 2 or 3 king  full, K2 or K3 in the 

buffer plus one in The isolated queue 1 may be described as a MAP/PWI/m 

queue- 

Although the new MAP' and PH' distributions which govem the isolated queues of the 

split system are different than those for the tandem. the matrices and fomulae remain the 

sarne. That is, only the end raults are different once the appropriate substitutions are 

made. The generic transition matrices a d  formulae are presented here in summary fom 

for the sake of completion of the section. 



Solution Method of the Isolateci Second Stage Queues: MAPIPWl/K 

Queues 2 ard 3 are sadied in isolation fint because of the dependency of the new 

s e ~ c e  rate of queue 1 on the steady state blocking pmbabWies of queues 2 and 3. 

For both clws the mival processes into queues 2 and 3 are estimateci with new MAP 

distri'butions based on the departure rate fiom queue 1. Therefore, the departwe and no 

de- matrices contain an infmite nurnber of blocks. The solution technique uses 

approximated DO' and DI' matrices with a finite number of blocks. The finite DO" and 

DI' matrices, i = 2 or 3, are provided below: 

2 3 .-. n -  1 
BI 

( ~ 1 ' ~ ) -  + AO 
Al" 

Al" cAi03)T + A0 + -J 



1 2 
BO Bl 

CO" (Al")' + 
Al" 

(~1")' + 
Al" + A0 1 

The definition of the sub-matrices within DO' and DI' are dependent on whether we are 

studying case a or 6. The sub-matrices that appear without a superscript are the same as 

the submatnces within the original transition matrïx P. The new matrices for both cases 

are presented in Appendix A.;. 

Once the arrivai process to each of the second stage queues has been calculated the 

queues are analyzed as individual MAP/P W I K queues. The transition matrices for each 

of the second stage queues are the same except for the MAP* process. The following 

matrix is generic for either queue f or 3: 



To calculate the mean queue length for these queues the steady state vector of the 

nurnber in the system rnust be fotmd This may be done using several iterative methods 

including the Power method and Gauss-Seidel. The fornula for the mean queue length is 

w here 

X:' = the steady state probability of m custornen in queue i, i = 2 or 3 

The above equation holds for both case u and 6. 

Solution Method of lsolateâ Queue I : MAP/PH/I/m 

As in the tandem case the isolateci queue 1 acts as a MAPIPWEIIfm queue. The arriva1 rate 

into this queue is the same as the amval rate into the combined system, however the 



where: 

pi' = 

and 

Bpi = steady state probabilities of queue i , i = 2 or 3, king full 
B;=P:(&+ soi pi), i = 2  or3 

Once the new s e ~ c e  distribution PH* is calculated the isolated queue I is analyzed as a 

MAPPWI queue. The infinite transition matrix for this type of queue is as follows: 

To find the steody state vector of the transition matrix the MGM method may be 

ernployed Once the steady state vector is found, the mean queue length is as follows: 

hi = x:" (1 - R ) - ~  



As expected, when the blocking probabilities in~rease the service rate decreases and the 

number waiting for service in queue 1 ÜmeasescfeaSeS When the blocking probabfiities of both 

queues qua1 zero, BP2 = BP3 = O, then (f3i*,Si3 = (Pi, Si), aad the traffic intensity of 

queue 1, pl= uvI', is a minimum, 

4.2.3 Cornpiwon of Combind and blated Resiits 

Cornparha of Methods Pnsemted in Thé Section 

As in tandem case cornputer mals were performed on the isolated and combinai systems, 

and the results were wmpared Each trial used the same set of inputs: DO and Dl; 

(pi, SIX (Pt, Sr); (p3, S); KZ; K3; and û2, and generated the same set of outputs for each 

case- The following outputs were compared: 

Q = stabiliiy fmor 
(Bi8,S1*), modifieci service process of queue 1 
1L2 = arriva1 rate hto queue Z 
S = h v a l  rate into queue 3 
pi = mdlic intensity into queue 1 
f i  = trafic inteasity into queue 1 
~3 = traffic intensity into queue 3 

= mean number in system 
hi = meau number in queue 1 

= mean number in queue 2 
J.Q = meau numkr in queue 3 
% error o f k  = 1 Mwmbo) - Uiso)  1 / p&nmbo) 
% e m t  of kI = 1 ~,(cornbo) - hi(iso) 1 I rqi(combo) 
% error of y = 1 y(combo) - ~ ( i s o )  [ / y(combo) 
% e m r  of y = 1 y(combo) - &~(iso) 1 f p&ombo) 



Where 

- mean nurnber in the queue includes the customer in service 
- (cornbo) represents combined systcm solution 
- (iso) represents the isolaîed <lueue resuits 

The nurnerkd resuits ofalI of the case a and case b trials are presented in Appendk A3. 

From these trials it was confinaed that the overall observations which presented in 

Section 3 2 3  also hold nom split networks. These observations are not presented in this 

section, bowever there are differences between the d t s  for case a and b which are 

discussed here- 

Observations on the Differences Between Case a and Case b 

Due to the clifferenences in the way the customer choose between the second stage queues 

for each case, the case b values of p+ w, ~ 4 ,  and Q were slightiy deviated ftom the 

resdts of case o. The following summarizes the differences: 

1. The value of Q was higher for case u than case 6. For several trials the inputs 
resuited in a stable case ri system. however case 6 was unstable. 

2. The value of ki was largcr for case b. 

3. As K2andK3 approach the maximum. the mults from case b approached the results 
fiom case o. The method of choosing the next queue becomes unimportant as the 
probability of blocking decreases. 



These results were expected since in case b blocking may cause a pater delay of a 

customer in queue 1 if the other second stage queue is not full. This may lead to a build 

up of the queue 1 buffer- Ui case u the customer may choose the other queue after one 

time so blocking will have less aect  on delayuig the customer in the system. 

Observations Rel.ted to the Application of  the Decompoaitioa Procedure for Case a 

It would appeer that the decomposition method will produce values of the mean number 

in the qstem within 30% of the actual results for any set of inputs that result in a stable 

system. In addition, as the values of pi = ~2 = p3 decrease, the percentage emr of the 

nwnber in each queue and in the system dectease. 

Observations Rehted to the Application of the ûecomposition Procedore for Case b 

The values of  pi, i = 1,2, or 3, for which case h decomposition results were within 30% 

of the ectual are much more limited than in case u. Results within 300/0 were produced 

when both p, and p3 are Iess than or rquivalent to 0.4. for any values of pl. This is true 

when the values of p are generated with any set of inputs. 

The results of case b are limited ôecause if either queue 2 or queue 3 builds up queue 1 

becornes unstable. Unlike in case u, once a second stage destination queue has k e n  

chosen no switching is allowed If the chosen queue is full, queue 1 remains blocked 



untit that queue completes a sennce. Some additionai observations made about the case 

b system resuits are as foiiows: 

1. As the values of pl = pz = fi decrease the perceatage emr of the number in each 
queue, and in the totai queue deçresse. 

2. For constant values pl, as the dues of pa = h demase the percentage error of the 
number in queue 1, and the n u m k  in the system deaease. 

Case a: Comprison Wiib Yannopoulos & Alfa's Methoâ 

As for the tandem systern the vaiidity of the resuits are supported by cornparhg them 

with the d t s  generated using the method by Yannopoulos and Alfa [55]. Not al1 trials 

were compared as the split configuration technique in [55] requires seved restrictions. 

The assumptions are listed below: 

1- q=e,  

2. K 2 = K 3  

3- (PZ. S2) =(P3r S3) 

In other words queue 2 must be equivalent to queue 3. The fol lowing tables present the 

results for various sets of inputs which meet al1 of the s p i f i a i  rrquirements. 



Table 4.2.1 : Case cr: Results of Mean Qwue Length for increasing p ,, = p3 = 0.5 

Table 4.2.2: Case a: Results of Mean Queue Length for Increasing p, = p,, pl = 0.25 

Pt 

0,1000 
0.2500 
0.5000 
0.75ûû 

Table 4.2.3: Case a: Results ofMean Queue Length for Increasing pz = pj. pl = 0.5 

Cr, 
cuet 

1.6357 
1.8126 
2.3046 
3.7879 

Pz=P;r 

0.2500 
0.5000 
0.7440 - 

Table 4.2.4: Case a: Results of Mean Queue Length for Increasing K2 = K3, 
pi=pr=p3=0.25 

k 
decomp 

1.4949 
1.6112 
2-03 14 
3.5622 

Cr, 
exact 

0.8909 
1.8126 
3.8590 - 

P2=m 

0.2500 
0.5000 
0-7440 

k 
o%error 
decamp 
8.61% 
11.11% 
1 f -85% 
S.%% 

Cr, 
dceoap 

0.8092 
1.6112 
3.0063 - 

Cr, 
esact 

1.3268 
2.3046 
4.7104 

K2=K3 

1 
2 

k 
Y& B 

1.2623 
13310 
1.5694 
2.2081 

Cr, 
%errer 
decomp 
9.17% 
11.1 1% 
22.10% 

k 
decomp 

1.2006 
2.03 14 
4.0949 

CI, 
exact 

0.8909 
0.9086 

Cr, 
K e m r  
Y&B 
22.83% 

. 26.5% 
31.Wh 

k 
Y & B 

0.6315 
1.3310 
2.2 123 - 

k 
% ermr 
dccomp 
9.51% 
f 1.85% 
13.03% 

CC 
decomp 

0,8092 
0.81 17 

C4 
Ceknk 

12768 
1.3605 

_ 1.6063 

24 
.h e m r  
Y&B 
29.12% 
26.57% 
42.67% 

k 
Y & B 

0.8051 
1 S694 
2.7133 

Cr, 
./. error 
decomp 
9 
10.66% 

k 
% ermr 
Wenbe 
21.94% 
24.94% 
30.30% 

41.71% 1 2.2535 40.51% 

Cr, 
Celenbe 

0.6362 
1.3605 

Cr, 
5% error 
Y & B  
39.32% 
3 1.90% 
42.40% 

k 
Y dk B 

0.63 15 
0.6260 

C4 
X error 
Gelenbe 
28-59! 
24.94% 

1 -9664 1 49.04% 

Cr, 
Celeabe 

0.7604 
1.6063 
2.91 16 

)4 
% error 
Y&B 
29.12% 
31.10% 

J4 
X error 
Gelen be 
42-69% 
30.30% 
38.19% 

Cr, 
Celenbe 

0-6362 
0.6362 

k 
./a error 
Geleabe , 
28.59% 
29.98% 



To summarize, as in the tandem case the decomposition method produced superior 

resuLts for al1 of the Uials performd This was true when values were both comparable 

and not compareble with the a c t d  resuits. Therefore, this M e r  supports the notion 

that a technique which utilizes MAP to maintain the relationship between isoiated 

queues, nom a network with a non-renewal extemai arrivai process, produce more 

a c ~ l w t e  d t s  thsn those whicb utilk renewal pocesses. 

Case b: Comprison With Yannopoilos & Alfa's Method 

The values of the results derived from [55] remain the sarne for both case a and case b. 

Although the exact and decomposition rsults are different, the method in this thesis still 

produced superior results for al1 trials performed The following tables present the 

resdts for various sets of inputs which meet al1 of the specified requirements. 

Table 4.2.5: Case 6: Results o f  Mean Queue Length for lncreasing p ,, p2 = p3 = 0.5 

Pt 

0.1000 
0.2500 
0.5000 
0.7500 

k 
exact 

2.5107 
2.62 19 
3.0964 
5.1693 

0.9000 1 U.3065 

Pu 
dceomp 

1.4757 
1.5325 
1.9963 
3.5464 
1 15255 

14 
% error 

.. decomp 
1 2 %  
4 1.55% 
35.53% 
3 1.39% 
54.46% 

k 
Y & B 

3971 1 1 84.3 1% 

CI, 
% error 
Y & B  

4.1 865 83.46% 

k 
Geknbe 

1.2623 (49.71% 
1.33 10 1 49.24% 

Cr, 
% error 
Celeo k , 

1.2768 
1.3605 
1.6063 
2.2535 

1.5694 
2.2081 

49.15% 
48.1 1% 
48.12% 1 
56.41% 

' 49.32% 
5728% 



Table 4.2.6: Case b: Results of Mean Queue Length for bcreasing pz = pj, p, = 0.25 

1.5325 41.55% 1 1.3310 49.24% 1.3605 48.1 1% 
unstable NIA / 2.2123 NIA 1.9664 - N/A 

Table 4-2-17: Case b: Results of Mean Queue Length for in-ng p2 = p3, pl = 0.5 

Table 4.2.8: Case b: Results of Mean Queue Length for Increasing K2 = K3, 
pi = b = p 3  =O25 

Pr=m 

v 

0,2500 
0.5000 
0.7440 

decomp R P I R I R I R I R l  % error Y & B % error Gelenk ./. error 

k 
exact 

1.3465 
3.0964 

- unstable 

decomp 
1 0.9279 0.8071 13.02% 0.63151 
2 0.9279 - 0.8071 I3.0ZVo 1 00.6660 

k 
dccoap 

1,2005 
1.9%3 

unstable 

Y & B  

32.54% 

k 
94 e m r  
decomp 
10.84% 
35.53% 

N/A 

0.6362 
0.6362 

k 
Y & B 

0.8051 
15694 
27133 

Gelenbe 
3 1.44% 
3 1.44% 

k 
K e m r  
Y & B  
40.21% 
49.32% 

N/A 

Pm 
Gekak 

0.7604 
1.6063 
2.91 16 

k 
.k ermr 
Cefenbe. 
43,53% 
48.12% 
N/A 



p = pmbability of an anival to queue 1 
q = 1 - p = probability of no arrivai to queue 1 
Bi = probability of a seMce wmpletion in queue i, i = 1 -2  or 3 
q = 1 - pi = probability of no service cornpletion in queue i, i = 1,Z or 3 
K2 = buffer size of queue 2 
K3 = b&er site of  queue 3 
et = probability the customer leaving queue I wil l choose to visit queue 2 
& = 1 - = probability the customer leaving queue 1 will choose queue 3 
(j = O) = state when there are K3 + 1 customers in queue 3 or K2 + 1 in queue 2, 
but there is no blocking 
(j = 2) = state when there are K2 * 1 cwomea in queue 2 and it blocks an mival 
fiom queue t 
('j = 3) = state when there are K3 + 1 customen in quew 3 and it blocks an &val 
from queue 1 

4.3 Networks WDib a Geometric Arrivrl Pmcess 

4.3.1 Exact Rcsiilt~ 

Introduction 

In order to determine whether or not the decomposition procedure presented in this thesis 

is useful for other coaEigurations of gametrk aetworks. the split configuration is 

examiaed. The geometric network studied is a special case of the network with MAP 

arrivais, therefore d l  of the assumptïons hold for both cases. The following parameters 

are w d  to define the simplified system: 

As before, this network will be looked at in two different ways. Case a will define a 

system in which either second stage queue can be visiteci, and case b will define a system 



where the secoud queue is detemined &ex -ce completion in queue I and there cm 

be no change. 

nie dimete time ttaasition matrices Pa and Pb which define this system are presented 

Each of sub-matrices within Pa and Pb are provided in Appendix A.4. 

Solution Method 

The stability conditions for either case u or I,  are tm complicated to be expressed 

explicitly. However, as mual Q may be expressed as follows: 

Q=xA(u-A@)e  

Once stability has been detemined the MGM can be used to find the steady state vector 

X. This in tum is used to calculate the marginal queue length distributions and the 



mean number of customers in the system. The derivatious of the mean nurnber in each 

queue are the same as the non-renewai m m r n  The formulas are presented here for 

clarity. The mean number in queue 1: 

ki = X I  ( I - R ) ~ ~  

Mean number in queue 2: 

m= r o W e +  ) Y , ( I - R ) - ' w ~  

Mean number in queue 3 

m= &Ye+ X I ( l - I t ) - ' ~ e  

Mean number in the system 

4.3.2 Approximation Methd  

Introduction 

The split configuration system consiaing of three GeometrÏc queues can be easily 

decompoS8d into a finite queue and 2 infinite queues. A gometric amval process into 

the second stage queues does not account for conelation with queue 1 ,  so two ncw W 

with DOg and DI.', i = 2 or 3. based on the transition matrix of the network, are again 

used to approximate the am-val processes. Queues 2 and 3 may now be described as 



MAPIGedlK queues. The service probabiliîies of the second stage queues remain the 

same. 

The amival process into the first queue is still geometric, however the s e ~ c e  rate must 

be modified to pccount for customers beuig blocked from entering queues 2 or 3. 

As in the non-renewal case the matrices and fonnulae for the isolated queues remain the 

same as for the tandem system. That is, only the end d t s  are different once the 

appropriate substituiiom are made. The transition matrices and formulae are presented 

here for clarity. 

Solution Metbod of the lsolated Second Stage Queues: MAP/Geo/llK 

For both cases the amval processes into queues 1 and 3 are estimated with MAP based 

on the departure rate from queue 1. Using two truncated MAP. the arriva1 processes into 

the second stage queues can be &rnated The DO" and DI" matrices, i = 2 or 3, are 

~ 2 ' ~  ( ~ 1 ' ~ ) '  + 
Al" + A0 



n - l  n 

t 2 
BO BI 
A2l Al" + 

(AI 

A 2 0 2  ( ~ 1 ' ~ ) '  + 
Al" + A0 1 

The definition of the matrices within W' and ~ 1 '  are dependent on whether we are 

studying case o or 6. The sub-matrices for both of the cases are presented in Appendix 

A4. 

The transition maeix for either of the isolated MAP/Geo/ ln< queues is  as follows: 



The steady state vector of the rtnumber in the systern can be found using several iterative 

methods including the Power Method and Gauss-Seidel procedure. The formula for the 

mean number in the queue is as follows: 

Solution Method of hlated Queue 1: Geo/Geo/l/ao 

The isolated queue I acts as a Geo/Geo/I/ai queue and the amMl rate into this queue is 

that same as the arriva1 rate into the combined system. The service rate, however is less 

than or quai to the service rate of the fitst queue in the combined system. The rate is 

reduced with the probability of the customer being blocked h m  entering a second stage 

queue and can be expressed as follows: 

- BPI is the steady state probability of queue i k i n g  full, i = 2 or 3 



- pi is the original pmbability ofa senice completion in queue 1, al = 1 - P 
- & is the piobabfity a customer will proceed to queue i upon completing service in 

queue 1, i = 2  or3 

Once the new s e ~ a  rate PH' has been establisbed the infinite transition matrix for 

queue 1 is as follows: 

pql = 

O 1 2 3 

The c 1 d  Fonn formula for the mean queue length is as follows: 

When the buffkr sizes of queues 2 and 3 are geater than or equal to the UmX or K3, 

the blocking probability is equal to zero. I f  BPz = BP3 = O then BI* = PI  and the trafic 

intensity ofqueue 1, pl* = p/PI*, is a minimum. 

Utilizrtion of a Phase Service Distribution 

As mentioned in Section 3 - 3 2  a discussion of  the results using a phase sewice 

distribution instead of a geometric distribution will be presented. Either methd will 

account for blocking probabilities into the second stage queues. The question which 



remains to be answered is whether or aot a phase disaiution wouId produce results 

closer to the aaual- For thîs to be possiile thete would have to be significant differences 

in the values of the Sentice rate calculateci with eacb methd 

The seMce rate m g  the geometric distribution is: 

I -= 1 

Pg '.-a, 

For the phase distribution the senice rate is more complicated The formula required can 

be found below 

where 

and 

Bpi = steady state probabilities of  queue i k i n g  full, i = 2 or 3 

The following table presents the seMce rates using each method for the specified inputs. 



Table 4.3.1: Comwson o f  Service Rates Using Geometrk and Phase Distributions 

To summarize the table, al1 of the service rates found using the two rnethods were within 

2% of each other. Tkefore, the results generated with either method would also be 

approximately the m e .  In other words. it would appear that utilizing a phase 

dis~ibution is not worth the e.xtra computational effort required to solve the isolated 

queue 1. 



4.33 Cornparison of Combined and Isohted Results 

Campriroi o f  Methods Pnsented in This Section 

The following ûial amiutes were compared for the exact and approxirnated resuits: 

Q = stability fador 
Pi* = modined service probability of queue 1 
p = t d E c  intensity into queue 1 
pl= traffic intensity iato queue I 
fi= trafnc intensity into queue 2 
h= ttanic intensiy imo queue 3 
4 = mean number in system 
y1 = mean number in queue 1 
y = mean number in queue 2 

= mean numbet in queue 3 
% error of ci, = Mcombo) - Niso) 1 / k(combo) 
% error of kI = 1 yL(combo) - hi(iso) 1 yI(combo) 
% e m r  of y = 1 ~(combo)  - y( i ç0 )  1 / ~ ( c o m b o )  
% emr of = 1 y(comb0) - y(is0) / ~ ( c o m b o )  

- mean nuinber in each queue includes the cutomer in service 
- (combo) tepresents combined qstern solution 
- (iso) represents the isolated queue results 

The results of each trial, for a r h  case, are presented in Appendix A.4.3. No new 

obsewations were noted for the split geometric system. The observations relating to the 

individual queues may be found in Section 3.2.3, and those relating to the differences 

between cases a and b may be found in Section 4.2.3. 



Observations Related to the Application of  the Decomposition Procedure for C a r  a 

It would appear the decomposition methocl wül produces values of the mean nwnber in 

the system withïn 3û% of the actual results whea: 

1. 0.6667 S pl _< 0.75, and 0.2 1 (p, and h) < 0.5 for any set of inputs. 

2. 0.6667s pl s 0.7 md O. 1 s (p_ a d  m)r 0.6667 

3. 0.41pl<0.6667and0.1r(handh)S0.5 

4. 0.35 < pi < 0-4 and 0.2 5 (pz and m) I 0.5 

An exception to these niles murs  when only one value falls outside or at the boundary. 

That is the mean number in the system will still be within 30% of the achial results if pi 

or pj is above or equal to the upper bound, and the other is not An additional 

observation made about the case u results is that as pl = p3 decrease the percentage error 

for chi decfeases. 

Obsewatious Related to the Application of the Decomposition Procedure for Case b 

The isolated results for case h are quite different than those for case a. It would apvar 

that the decomposition method produces acceptable values, U, percentage error less than 

30%, in fewer instances than case u. Acceptable results are produced for: 

1. 0.4<pl10.86when0.1~(p2andp3)c0.5. 



2. O. 125 I pl < 0.4 and O. 156 < (p2 and m) < 0.5. 

The cesults of case 6 are Iunited because ifeither queue 2 or queue 3 buiids up queue L 

becornes unstable. Udike in case a, once a second stage destination queue has been 

chosen a0 switchiag is a l I o d  if the chosen queue is Ml, queue 1 remains blocked 

untii thet queue cornpietes a senice. 

Case a: Cornpirison of Yinnopoulos & Alfa's Method 

As for the MAP/PWl/K system not al1 of the trials were compared because Yannopoulos 

and Alfa's [55] technique require that queues 2 and 3 be equivalent The following 

tables present the results for various sets o f  inputs in which the restrictions are met. 

Table 4.3.2: Case a: Results of  Mean Queue Length for lncreasing p I ,  pr = p, = 0.1 

CL, lh Cr, Ir, 
decomp %errer Y& B Kerror  

decomp Y & B  
0.3324 77,0096 0,3544 35.46% 
0,4132 17.05% 0.3584 1.53% 
0,5789 0.54% 0,5538 3.82% 



Table 43.3: Case P. Results of Mean Queue Length for increasing pz = pj, pi = 0.125 

Table 4.3.4: Case a: Results of Meaa Queue Length for Increasing p2 = p3, pi = 0 2  

. 

Table 4.3.5: Case a: Results of Mean Queue Length for Increasing K2 = K3, pl = 0.4 & 
pt =p3 =0.2 

m'pi, 

0.0625 
0.1000 
02000 , 

075M . 

P2=B 

0.1000 
0.6667 
0.7143 
0.750 

Like the tandem case, the approximated resuits for a geometric system generated with the 

decomposition method presented in this thesis are inferior to those generated by both 

methods fiom [ S I .  In cases that the decornposition method pmduced lower percentage 

k 
exact 

0.1670 
0.1878 
02471 

k 
exact 

0.3530 
2.3467 , 

2.3726 
2.9272 

K 2 = K 3  

1 

k 
dammp 

02518 
0.3324 
0.5631 

Cr, 
dccomp 

0.4132 
1.6270 
1.7382 

p, 
exact 

0.9995 

27620 1 1-7022 . 

k 
3Cerror 
decomp 
50-78% 
77~000!6 
127.88./. 

k 
%errer 
decomp 
17.05% 
30.6% 
26.74% 

Cr, 
decomp 

0.9395 

38_370/a 

1.7213 T 41.20% 

k 
Y& B 

0.1703 

CI, 
Y & B 

0.3584 
1.8967 
2.0786 

k 
% error 
decomp 
6.0006 

2.2289 1 23.86Yo 

k 
36 e m r  
Y&B 
1-98?!!! 

. 2-1302 

Cr, 
% e m r  
Y&B 
1.53% 
19.18% 

. 12.39% 

k 
Y & B 

0.9953 

2-1292 . . 22_8î% . 

2.2282 - 

22-91% 

k 
Celeabe 

_ 
0.1646, 

0.2544 
0.4913 

23.88% 

k 
Gekak 

, 0.3511 
1.8942 
2.0766 

Ci(i 
% error 
Y & B  
0.42% 

k 
./. error 
Celenbe 
1A4% 

0.2510 , 

0.4930 
35-46% 
98.83% 

X error 
Gelen be 
0.54% 
19.28% 
12.48% 

33.65% 
99.51% 

ir, 
Ceknbe 

1 

Cr, 
% error 
Gelenbe 

0.9840 1 1.55% 



errors than Yao & Bunmtt and Gelenbe the results are very close to the acnial results. 

Therefore, it would apper that the qui& and simple mahod is M e r  suited to geometric 

systerns. ?bat is, maiataining the dependence between the à e p m  from queue 1 and 

the ar rh is  into the secoad stage queues is not signincant, in the case where the extemal 

arrivai process is non-renewal. 

Case ik Coiprison of Yannopoulos & Alti's Method 

Atthough the values of the mean queue length derived with the exact and decomposition 

methods changed fiom case a to 6, the method in this thesis sh'll produced inferïor results 

for most of the trials perfonned This M e r  enhances the idea that maintaining the 

dependence in a geometric system is less significant The followîng tables present the 

resdts for various sets of  inputs which meet al1 of the specified requirements. 

Table 4.3.6: Case b: Results of Mean Queue Length for Increasing pl, p2 = p3 = 0.1 

Pi k 
exact 

0.1250 1 0.1881 1 0.3324 

Cr, 
decomp 

76.71% 

h 
% e m r  
decomp 

0.2544 

k 
Y & B 

35.25% 

k 
./. error 
Y & B  

0.2510 33.44% 

k 
Cekabe 

Cr, 
% error 
Gelenbe 



Table 4.3.7: Case 6: Results of Mean Queue Length for Increasing = pz, pi = 0.175 

Table 4.3.8: Case 6: Resuits of Mean Queue Length for increasing p2 = p3, p1 = 0.2 

0.0625 
0.1000 
0.2000 
0.750 

Table 4.3.9: Case 6: Results of Mean Queue Length for Incrrasing K2 = K3, pi = 0.4 & 
= p3 = 0.2 

0.1670 
0.1881 
0.5335 
unstable 

Pr'h 

0.1000 

0.2518 
0.3324 
0.5440 
UIlStabie 

CG 
esact 

0.3534 

W=K3 

1 
2 
3 

dammp 
50.78?! 
76.71% 
1.9Ph 
N/A 

k 
dccwp 

0.4132 - 

exact 

1.0198 
1.0050 

. 1.0023 

0.1703 
02544 
0.4913 
2.1302 

k 
96 errer 
decomp 
16.92% 

Cr, 
decomp 

0.9394 , 

0.9347 
. 0.9344 

Y & B  
1.98% 

3525% 
7.91% 
NIA 

k 
Y & B 

0.3584 

ci0 
% error 
decomp 
7.8896 , 

7,0096 
6.7% - 

. 

0.1646 
0.2510 
0.4930 
2.1292 

k 
K error 
Y&B 
1.41% 

k 
Y & B 

0.9953 
1,0209 
1.0288 

Celen be 
1.44% 

33.44% 
7.59% 
NIA 

k 
Geknbe 

0.3511 

)r, 
X error 
Y & B  
2.40% 
1.58% 
1.64% 

Cr, 
%error 
Gelenbe , 
0.65% 

ci0 
Gelenbe 

Cr, 
% error 
Gelen be 

0.9840 1 3.51% 
0.9984 

- 1.0034 
0.66% 
0.1 1% 



5. CONCLUSION 

The contribution of this thesis is a decomposition method for obtaining the queue length 

distribuîions of open, nnite, tandem and split queue networks with a non-renewal 

extemal arriva1 pmcess. The networks exploreà were two stage systems with MAP 

amval processes and pbsse service distnhtions. Their geometric equivalents were also 

studied to detemiiae if maintaïdg the relationship between the isolated queues 

improved the approxhate results over existing solution methods. 

As expected, it c m  be concluded that for tandem and spiit systems with non-renewal 

amMi1 processes, such as MAP, the method developed in this thesis is superior to 

existing methods which fail to capture the dependence between the isolated queues. That 

is, methods such as the one by Yannopoulos and Alfa [55] do not provide good 

approximate results. 

The opposite is mie for both configurations of the geometric systerns. That is existing 

methods which do not maintain the relationship between the queues in their 

decomposition appmach produce equal or superior results. When renewal processes are 

present throughout the system the dependence between the isolated queues is minimized. 

Therefore, it can be conduded that it is not worth the extra effort to maintain the 

relationship between isolated geometric queues. 
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Appeodix A.1 

Tandem Networks With a Markovian Arriva1 Process 



A.l.l SubMatrices of the Transition MatrÏx P 

Each of the  ces withtn the transitioa matrùc P are as follows: 



where: 

- DO = No de- matrk of MAP amval process 
- Dl  = Depamne matrix of MAP arriva1 process 
- (Pi. Sd = service distribution orqueue i, i = 1 or 2 
- K2 = buf'fér s k  of queue 2 
- (j = O) = state whm there are K2 + 1 custorners in queue 2 but there is no blocking 
- (j = 1) = state when there are K2 + 1 custorners in queue 2 and it blocks an arriva1 

Fnmi queue 1 



A.l.2 SubMatrices of the Modified MAP 

Each of the new matrices withm DO' and DI' are as follom: 

Al' can be found using the relationship Al' = A l  - Al" 



A.1.3 Trial b u l b  

Table A. 1. l : Resuits for V-ng Inputs, n = 2 



Table A 1.1: Resdts for Varyiag Inputs, n = 2 



Table k 1.1 : R d t s  for Varyiag inputs, n = 2 



Table A- 1.1 : R d t s  for VaryiDg Inputs, n = 2 



Table A 1.1 : Resuits for Varying inputs, n = 2 



Table k 1. 1: Resuits for Varying Inputs, n = 2 



Table A l -1: ResuIts for Vq*ng  Inputs, n = 2 



Table A 1.1 : Results for Varying Inputs, n = 1 



Table A 1.1: Resuits for Varying Inputs, n = 2 



Table k 1. 1: Resuits for Vmng Inputs. n = 2 





Table A 1. I : Resdts for Varyuig Inputs, n = 2 



Appendix A.2 

Tandem Networks Witb A Geometric Arriva1 Pmcess 



A.2.l SobMatrices of the Transition Matrir P 

Each of the foiiowiag matrices are containecl within the Geometric system transition 

matrix P 



where: 

- p = probability of an arriva[ to queue I 
- q = 1 - p = probability of no arriva1 to queue I 
- Bi = probability of a senice completion in queue i, i = 1 or 2 
- ai = 1 - pi = probability of no service completion in qwue i, i = I or 2 
- K2 = buffer site of queue 2 
- (j = O) = state when there are K2 + 1 customen in queue 2 but there is no bloclong 
- 0' = 1) = state when there are K.2 + 1 customen in queue 1 and a customer leaving 

queue 1 is blocked fiom entering qwue 2 



A.2.2 Sub-Matrices of the Absorbing Marbv Chain Transition Matrix 

Each of the following -ces are contaïnecl within the absorbing Markov chah 

transition matrix P: 





A23 Sub-lcirrtrices of the Modifieci MAP 

Each of the aew subm8tricies within DO end Dl are defined as follows: 



Table A2.1: Resuits for Varying inputs, n = 2 



Table A2.1: Results for Varying Inputs, n = 2 



Table k2.1: Resuits for Varying Inputs, n = 2 



Table A2.1: Resuits for Varying Inputs, n = 2 

Table A2. I : Results for Varying Inputs, n = 2 



Table A2.1: Resuits for Varying inputs, n = 2 



Appendir A.3 

Spüt Nehvorks With A Markovian Arrival Proeess 



A3.1 SubMawiccs of the Transition Matru 

Each of the metrices within P for the non-mewai spiit case are defined as follows: 









































2 

j =2  K 3 + I  

where: 

Di- 
s"& 

- = probabiiity the cratomer l e e .  queue 1 WU choose to visit queue 2 
- 0, = I - Oz = pobability the customer leaving queue 1 will choose queue 3 
- (j = O) = state whea there are K2 + 1 customers in queue 2 or 10 + 1 customea in 

queue 3, but there is no blocking 
- (j = 2) = state when there are K2 + 1 customers in queue 2 and it blocks an arrivai 

from queue 1 
- (j = 3) = state when the= are K3 + 1 customers in queue 3 and it blocks an arriva1 

f?om queue 1 



A.3.2 Sub-Matrices of the Modified MAP 

Each ofthe new -*ces within W.' and DI', i = 2 or 3, are defined as follows: 

Al" = 













(~l")'  can be found using (~1.3' = Al  - (Al" + (AI ")') 













A33 Triai Results 

Table A3.1: Case a, Results for Varying Inputs, n = 2 



Table A3.1: Case a, Results for Varying Inputs, n = 2 



Table A3.L: Case a, Resulîs for Varying Inputs, n = 2 



Table A3.1: Case a, Resuits for V-ng Inputs, n = 2 



Table A.3.1: Case a, Resuits for Vatying inputs, n = 2 



Table k3.1 :  Case a, Resuits for Varying inputs, n = 2 

Table A3.1: Case a, Results for Varying Inputs, n = 2 



Table A3.1: Case a, Results for Varying Inputs, n = 2 

Table A3.1: Case a* Results for VWng Inputs. n = 2 



Table AIL: Case a, R d t s  for Varying Inputs, n = 2 



Table k 3 2 :  Case b, R d t s  for Varying Inputs, n = 2 



Table A3.2: Case 6, Resuits for Varying Inputs, n = 2 



Table k3.2: Case 6, Results for Varying hputs, n = 2 



Table A.32: Case b, Resuits for Varyïng inputs* n = 2 



Table A3.2: Case 6, Resuits for Varying inputs, n = 2 



Table A3.2: Case 6, Results for Varying Inputs, n = 2 



Table A3.2: Case b, Results for Varying Inputs, n = 2 





Table A32: Case b, Resuits for Varying Inputs, n = 2 



Table k3.2: Case 6, Resuits for Varying Inputs, n = 2 



Table k3.2: Case 6, ReSuit~ for Varyhg inputs, n = 2 

Table A32 Case 6, Results for Varying inputs, n = 2 



Table A32 Case b, Resuits for Varying uiputs, n = 2 



Appendix A 4  

Split Networks With a Ceometric Arriva1 Procas 



k4.1 SubMatrices of the Transition Ma* P 

Each ofthe matrices within P for boa case u and case b are &fhed as follows: 























where: 

- p = probabiiity of an arrivai to queue 1 
- q = 1 - p = probability of no anivd to queue 1 
- pi = probability of a -ce completion in queue i, i = 1.2 or 3 
- q = 1 - Bi = proôability of uo S ~ M * C ~  completion in queue i, i = 1-2 or 3 
- Ki=bunérsizeofqueue 1, i = î o r 3  
- û2 = probability the customer Ieaving queue 1 will choose to visit queue 2 
- û3 = 1 - €12 = pmbability the customer leaving queue I will choose queue 3 
- 0' = 0) = state d e n  there are K3 + 1 customers in queue 3 or K2 + 1 in queue 2, 

but there is w blocking 
- (j = 2) = state when there are K2 + 1 custorners in queue 2 and it blocks an arriva1 

fiom queue 1 
- (j = 3) = state when there are EU + 1 customers in queue 3 and it bloclrs an arriva1 

fiom queue 1 



A.4.2 Suû-Matrices of the Modified MAP 

Each ofthe matrices within DOq and DI', i = 2 or 3 are defined as follows: 

Al" = 









( ~ 1 ' ~ ) '  can be found h m  ( ~ 1 ~ ) '  = Al - ((AI")' + Al") 





M" can be found usuig the relationship ~2~ = A2 - luCZ 
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Table k4.1: Case a, Results for Varying inputs, n = 2 



Table A4.1: Case a, Resuits for Varying inputs, n = 2 



Table A4.1: Case a, Resuits for Varying inputs, n = 2 



Table A4.1: Case a, R d t s  for Varying Inputs, n = 1 



Table A4.1: Case a, Results for Varying inpu& n = 2 



Table A4.1: Case a, R d t s  for Vaying Inputs, n = 2 

Table A4.1: Case a, Results for Varying Inputs, n = 1 

CL01 Pei Pz k Paz BP2 ka  fa 
iso % error combo iso % error 

03561 87.56% 0.8333 1.3643 0.7804 03162 4230% 0.8333 

2.5468 71.85% 0.8000 i 1.2577 0.6558 O. 1501 47.86% 0.8000 

Table A.4.1: Case u, Results for Varyin8 inputs, n = 2 

+ 

W W BPT Ur, Q Mu Ur Ch 
combe iso 90 cnor combo iso % error 
1.3643 0.7804 02162 428% 00189 5.5911 1.9169 65.72% 

12577 0.6558 O l SOI 47 86% O 0180 1 1 .SOI6 3.8584 66.63% 1 
1.1771 0.6344 O 1409 46.1W0 1 00091 23.4955 1 5.6070 76.14% 



LIible A4.2: Case b, Results for Varyhg inputs, n = 2 



'ïable A4.2: Case 6, Kesuîts tbr Varyuig Inputs, R = 2 



Table A4.2: Case b, Resuits for Varying Inputs, n = 2 



Table A 4 2  Case 6, Results for Varying Inputs, n = 2 



Table A4.2: Case 6, R d t s  for Varying Inputs, n = 2 



Table A4.2: Case b, Results for Varying inputs, n = 2 



Table k4.2: Case 6, Results for Varying inputs, n = 1 

Tabk A4.2: Case b, Resuits for Varying Inputs, n = 2 




