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Abstract

To select a set of appropriate lumerical attributes of features from the interested

objects for the purpose of classification has been amolg the fundamental problems

in the design of al imager¡' pattern recognition system. One of the solutions, the

utilization of moments for object characterization has ¡eceived considerable atten-

tions in recent years. In thi.s research, the new techniques derived to increase the

accuracy and the efficiency in momelt computing are addressed. Based on these

developments, the signifrcalt improvement on image recolstructions via Legendre

moments and Zernike moments has been achieved. The efiect of image noise on

image reconstruction, the automatic selection of the optimal order of moments for

irnage recolstruction from noisy image, and the usage of moments as image features

for character recognition are alalyzed as well.
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Chapter 1

Introduction

One of the basic problems il the desìgn of an imagery pattern recognition system

relates to the selection of a set of appropriate nume¡ical atlributes of features to be

extracted from the object ofinterest for t1.Le purpose of cLassiflcation. The recognition

of objects from imagery may be achieved witlt many methods by identifying al

unknown object as a member of a set of known objects. Efficient object recognition

techniques abstractilg chara.cterizations uniquely from objects for representation

and comparisor.L are crucially irnportant {or a gìven pattern recognition system.

Research on the utilìzation of moments for object characterization in both in-

va¡iant and noninvaria.nt tasks I.Las received consìderable attention ìn recent years.

The principal techniques explored i¡chde Aloment Inuariants, Geometric A[oments,

Rotational Moments, Orthogonal Mornents, and Complex Moments. Various forms

of moment descriptors have been extensively ernployed as pattern features in scene

recognition, registration, object matching as rve1l as data compression.

The mathernatical concept of moments has beel arouud for many yeats and has

been used in many diverse fields ranging {rom mechanics alLd statistics to pattern

recognition ald image understanding. Describing images with moments instead of

other more commonly used image features means that global properties of the image

are used rather than 1ocal properties.



Historically, Hu[36][37] published t1.re fi¡st significant paper on the utilization of

moment invariants for image analysis ald object representation in 1961. Hu's ap-

proacìr u'as based on the v'ork of the nineteenth century mathematicians Boole,

Cayley, and Sylvester, on the theory of algebraic forms. Hu's Uniqueness Theorem

states t}Lat fi f @,g) is piecewise continuous and has norzero va.lues only in the

flnite part of tlie (2, g) plane, thei.L geometric moments of all orders exist. It can

then be sho*'n that the moment sel {rnon} is uniquely determined by /(2,g) and

conversely, f (r,g) is uniquely determined by {^on}. Since ¿n image segment has

frnite area and, in the worst case, is piecelvise continuous, a moment set can be

computed and used to uniquely describe the inlormation contained in the image

segment. Using nonlinear combinations of geometric moments, Hu derived a set of

invariant moments which has the desi¡able properties of being invariant under image

translatiol, scaling, and rotatiolL. However, the recolstruction o{ the image from

these moments is deemed to be quite difficult.

The Rotational moment is an alternative to the regular geometric moment The

Rotational moments are based on a polar coordinate representation of the image

and can be used to extend the definition of moment invariants to arbitrary order in

a manner which ensures that their magnitudes do not diminish significantly u'ìth in-

creasing order. Smith and Wright 169] used a simplifled Rotationalmoment technique

to derive invariant features from noisy lor¡' resolution images of ships. Boyce and

HossackflSl derived the Rotational moments of arbitrary order that a¡e invariant to

rotation, radial scaling, and intensity change.

In 1980, Teague[73] presented two inverse moment transform techniques to dete¡-

mine hou' well an image could be reconstructed from a set of moments The frrst

nrethod, called moment rnatching, derives a continuous function

S@,y) : goo i grcæ * gofl I g2or2 + g7útg I gozg2 i



gsot:3 I gztrzg I g-tzrg2 * gozys i ...,

whose moments exactly rnatch the geometric moments {rnon} ol /(2, g) through or-

der n. However, this technique is impractical for calculation as it requires one to

solve an ilcreasing number of coupled equations u'hen higher order moments are

considered. Then, Teague suggested the notion of orthogonal moments to recover

the image from moments based on tlie theory of orthogonal polynomials Teague

introduced the rotationally invariant Zernike noment, which employs the complex

Zernike polynornials as the moment basis set, and the Legendre moment, using

Legendre polynomials as its basis set. Significant eforts have been made in vari-

ous experimental irnage reconstruction tasks per{ormed by Teague, then Boyce alLd

Hossackfl5], Teh and ChinlT5], Taylor and ReeveslT2], and more recently, Khotan-

zad and Hongl S][a6] with both Zernike and Legendre methods. However, no

high quality multi-graylevel image has ever been successfully reconstructed from its

original version.

Later, the notiol of Complen mornents rtas introduced by Abu-Mosta{a and

Psaltisfl] as a sirnple and straightforward way to derive a set of invariant moments

Abu-Mostafa and Psaltis rsed Compler momelts to investigate tl.re infornational

properties of moment invariants. However, comparing Compler moments rvith tlLe

Zernike moments, they concluded that the Compler rnoment invariants are not

good image features. In otherrvork, Abu-Mostafa and Psaltis[2] examined the

utìlization of moments in a generalized ìmage normalization scheme for invariant

pattern recognition. They redeflned the classic image normalizations of size, posi-

tion, rotation, and contrast, in terms ol Cornpler morr'ents. Moment invariants were

shorrn to be derivable horn Compler moments of the normalized image as well

Teh and ChinlTS] performed an extensive analysìs and cornparison of t1.re most

common moment defiuitions- They examined tl.re noise sensitivity and information



redundancy of Legendre moments along rvith fir'e other types of moments. Teh and

Chin concluded that higlLer o¡der moments are more sensitive to noise. Among the

explored techniques, Compler moments are leasl sensitive to noise while Legendre

moments are most severely afected by noise. In terms of information redundancy,

Legendre, Zernike, and pseudo-Zernike moments are ulcorrelated and have the

least redundancy. In terms of overall performance, Zernike and pseudo-Zernike

momelts are the best. In general, orthogonal moments are better than other types

of moments ìn terms of information redundancy and image represeltatiol.

More recently, Prokop and Reeves162] reviewed the basic geometric mornent the-

ory ard its application to object recognition and image analysis, The geometric

properties of low-order momelts were discussed along with tlie deflnition of several

moment-space linear geometric transforrls. Prokop and Reeves also presented an

extelsive review surnmarizing most of research advancements related to the moment-

based object representation and recognition techniques ove¡ the past 30 years.

The speed of computing image rnornents is extraordinarily ìmportant when higher

order moments are involved. SeveraÌ schemes of hardware a¡chitectures have been

performed to speed up the computatiou of irnage moments, Reeves[64] proposed

a parallel, mesh-connected SIMD computer architecture for rapidly manipulating

moment sets. The architecture ofered a reasonable speeding up ovet a single pro-

cessor for high speed image analysis operatiols and was expected to be implernented

in VLSI technology. Andersson[6j developed a VLSI moment-generating chip and

presented a real-time system by implementing the processor. Hatamianl33l pro-

posed al algorithm and single chip VLSI implementation to generate taw moments.

It is ciaimed tlrat 16 geometric moments, *rn(p : 0,7,2,3, q : 0,f ,2,3), o1 a

512 x 5I2 x 8 bit image canÈe conputed ai 30 frames/sec. The moment algorithm

is based on using the one-dimensional disc¡ete moment-generating function as a



digital fllter.

The organization of this thesis is as follorvs. Chapter 2 will review the generai

characteristics o{ various types o{ momerts and their properties. In Chapter 3,

the neru techniques derived to increase the accuracy and tìre efficienc¡' in moment

computing, r,r.ill be a.ddressed. Chapter 4 rvill discuss the reconstructiolL algorithms

of the Legendre moments and the Zernike momer.Lts, and provide signifrcantll'

improved reconstructed irnages from these orthogonal moments. Then, the efect

of image noise on image reconstructiol and the autornatic selection of the optirnal

order of moments for image reconstruction rvill be analyzed in ClLapter 5. Several

specific recognition aspects of proposed moment techliques for character recognition

are studied in Chapter 6. Finally, Chapter 7 t'il1 surnmarize the important results

and conclusions of the ertire study.



Chapter 2

Theory of Moments

2.1 Introduction

Numerous problems in mechanics, physics, and elgineering lead to the problem of

characterization of a function in ierms of some functioitals. In particular, moment

functionals have attracted great attentionlT8] due to ihei¡ mathematical sirnplicity

and numerous physical interpretations.

A complete characterization of moment functionals over a class of univariate func-

tions was givel by Hausdorfff26] in 1921.

Let {pt-} be a real sequence of numbers and let us define

L^p^:ir rl' I T ) ,,., (2 1)
,Á \?/

Note tlrat L* p,n can be viewed as the n¿th order derivative of p..

By Hausdorf's theorern, a necessary and suficient condition that there exists a

monotonic function -F(r) satisfying the system

¡1
u": Jo 

i"dï(x), n = 0,r,2,

is that the system of linear inequalities

(2 2)

Lkp^)0 k:0,7,2,... (2.3 )



should be satisfied. I.e., if /(ø) is a positive function (rthích is the case in rmage

processing), ti.ren the set of functionals

.1

I r"fþ)h, ¿-0, 1,...
Jo

completely characterizes the function.

A necessary and sufrcielt condition that there exists a function F(z) of bounded

variation saiisfying (2.2) is thai the sequence

Pt\
t f P ì ¡o--¡,-i p=0,1,2,...4\nal
r-0\/

should be bounded.

These results were extended to the trqo- dimensional case by Hildebrandt and

Sclioenbergl34] in 1933,

Since then, moments and functions of moments have been utilized in a num-

ber of applications to achieve both rnvariant and noninvariant recognitions of trvo-

dimensional and three- dimensional image patternsl62].

In this chapter, the various types of moments are defrned and their properties

are summarized. It is assumed that an image can be represerted by a réal valued

measurable funcrion /(r, g).

2.2 Geometric Mornents in Irnage Processing

2.2.L Preliminaries

The two-dimensional geometric moment of order (p + q) of a functìon f (r,g) is

defined as

A,IFq= | I ,oynf(æ,s)d,rds, (24)

rvhere p, s : 0, 1,2, ..., æ. Note that the mouomial product zP3rq is tlLe basis functiol

for this moment deflnition.



A set of n moments consists of aII Mon's Íor p I q 1 n, i.e., the set contains

i(n + t)(n f 2) elements.

The use of moments for image analysis ald pattern recognition was inspired by

Hu[37] and A1t[5]. Ilu stated that if J@,g) is piecervise continuous and has uonzero

values only in a flnite region of the (ø, gr) plane, then the moment sequence {Mon}

is uuiquely determiled by f þ,A), and conversell,, f (n,g) is uniquel¡' determined by

{Mon}. Considering the fact that an image segment has finite area) or in the worst

case is piecewise continuous, moments of all orders exist and a complete rnoment

set can be conputed and used uniquely to describe the informatior.r contained in

the image. Hou.ever, to obtain all of the info¡mation contained in an image requires

an infrnite number of moment values. Therefore, to select a meaningful subset of

the moment values that contain suficient information to cha.racterize the image

uniquely for a specific application becomes very important.

2.2.2 Properties of Geometric Moments

The lower order rnoments represe t sone well knorvn fundamental geometric prop-

erties of the underlying irnage functions.

Central Moments

Tlre central moments of f @,g) are defined as

(2 5)

where æ and g are defined in (2.10).

The central moments pon deflned in Eq. (2.5) are invariant under the translation

of coordinates 137]:

nt : tlo t

g' : glþ,

,on : l^"," Iro," 
O - t)o (v - s)q f (r,s) drds,

(2 6)



uhere o and B are constants.

Mass and Area

The deflnition of the ze¡oth order moment, {¡4oo}, of the function /(r, g)

(2 7)

represents the total mass of the given function or image /(2, g). When computed

for a binary image, the zeroth moment (2.7) represents the total area of the image.

Centre of Mass

The trvo first order moÌnents,

¡a, ¡bt
ntoo-- J", Jo, lk.a)d,du

M," = 1.", lro,' 
, ¡1",y¡a,dy

uo,: 
1""," luo,' 

u f@,ùa,ao

- l\[to _ Mot

Moo " A[oo

and

(2 8)

(2 e)

represelt the cent¡e of mass of the image /(ø,g). The centre of mass is the point

where all the mass of the image could be concentrated r¡'ithout chalLgilLg the first

moment of the image about any axis. In the tu'o-dimensional case, in terms of

moment values, the coordinates of the centre of mass are

(2.10)

As a usual practice, the centre of mass is chosen to represent tire position of an

image ir the fleld of view. Tlie equations in (2.10) deflne a unique location of the

image f (r,y) that can be used as a referelce point to describe the position of the

image.



Orientations

The second order moments , {M02, A[n, A'[20], knov¡n as tìre moments of ìntertía,

ma¡ be used to determine al important ìmage feature, orientation. In general, the

orientation of an image describes holt the image lies in the fre1d ol view, or the

directions of the principal axes.

In terms of moments, the orieltations of the principal axes, d, are given byl35]

e - lnn '( 'tt" ). (2.n)
z P2o - lto2

In (2.11), d is the algle of the principal axis learesl to lhe ¡ axis and is in the range

-i'14<0<n14.

Projections

An alternative means of describing inage properties represented bJ' moments is

to consider lhe relationship between the moments of al image and those of the

projections of thal image. The moments in the sets {ly'oo} and {M6o} are equivalent

to the moments of the image projection onto the z axis and E axis respectively-

Consider the ho¡izontal projection, À(g), of an image /(2, g) onto the I axis gi'r'en

by

h@= 
1"", f(æ,y)d.r.

Then, ihe one-dimensional moments, Mn, of h(g) are obtained by

Mn - loo,' 
an h(ù da

Substiluting (2.12) into (2.t3) gives

M, : 
1"", !,0,' un r@ 'ù d'rdY : t4on

(2.r2)

(2.13)

(2.14)

Figure 2.1 illust¡ates the projections of an object onto the z axis and g axis ald

the moment subsets corresponding to the projections.

10



lv[zz

Llß L\2

Mon tr[ot Moz

Mno

M"o

LIro

lll lo

À1oo

Figure 2.1: Moments projections onto ¿ and g axes



2.2.3 Momentlnvariants

The earliesl signifrcat rvork employing moments for image processing and patterl

recognition u,as performed by Huf37] and AltlSì. Based on the theory of algebraic

invariants, Hu136]f371 derived relative and absolute combinations of moments that

are invariant with respect to scale, position, and orientation.

The method of moment invariants is derived from algebraic invariants applied

to the moment generating function under a rotation transformation. The set of

absolute moment invariants consists of a set of nonlinear combinations of central

moments that remain inl'ariant under rotation. Hu defines the follorving seven func-

tions, computed from central moments through order three, that are inva¡lant v'ith

respect to object scale, tralLslation and rotation:

ót

ó,

ó"

ón

öu

ltzo * l-toz

(uzo- roz)z + 4¡tl,

çr"o - Sptr)' I (3pn - ¡ros)z

0""o - I"r")' l (prr - po")'

(2.15)

(2.16)

(217)

(2.18)

1rto - 3 tttr)0"t. ì prz)[(p¡o * ptz)2 - 3(ttrt -l tro")']

i(3prt - poz)(p'21* por)13(pro I p,z)2 - (pn * þoz)2) (2.19)

óu : (t"ro - t"or)l(p"o I I"r")" - (p", I po")')

+4ptt(pso i t"rr)(t"r, - l"o") (2.20)

ó, : (Sprt - pos)(p"o + t"r")10""0 + t"rt)' - 3(p^ -l- po.)']

-1t"o - Sprr)1rr, -f por)|3(p.o i p''.r)' - (pz, I tto")'l. (2.21)

The functions /1 through /6 are invariant with respect to rotatiol and reflection

while /7 changes sign under reflection.

Hu's original result has been slightly modified by Reiss[66] in 1991. Reiss ¡evised

t2



the fundarnental theorem of moment inr''ariants wiih foüt ne'¡'invariants. The cor-

rectìon presented by Reiss afects neither similitude (scaìe) nor rotation invariants

derived using the original theorem, but it does affect features invariant to general

Iinear trans{ornations.

The definition of the geometric moments (2.4) has the form of the projection of

the image function /(2, y) onto the monomial rPyq. Howel'er, with the Weierstrass

approxìmation theoremllTl, the basìs set {rpyq}, while complete, is lLot orthogonal.

2.3 Complex Mornents

The notion of complex rnoments was introduced in l1] as a simple and straightfor-

ward technique to derive a set of invariant momelts. The two-dimensiona.l complex

moments of order (p, q) fu the image funclion f (r,g) ue deflned by:

c,, = 1.",' 1,0," 
{* * ioy l* js), f (r,E) drdE (2.22)

where p and g are nonnegative integers anð, j = ^/a.
TIre complex moments of order (p,q) are a linear combination with complex co-

efrcients of all of the geometric momelts {,L1,- } satisfyil1 p i q: n I m.

Il polar coordilLales, the complex moments of order (p -l- q) can be written as

¡2n t- ú
^ r t 

or,4 
e 

"i(c 
e)0 f(p cosï, p sinî) p d.pd7 . (2.22)uon: Jo Jo p' 'e"' ' J\pcosv.Pöx,

If the complex moment of the original image and that of the rotated image in the

same polar coordinates are denoted by Con and Cin, tlte relationship bett'eer.L them

is

C;q : Cpee-i@-s)s ,

where d is the angle that the original image has been rotated.

The complex mor¡ent invariants can be written in tlie form of

c,"c!" + c",c:,,

(2.24)

(2.25)



where

(r-s)+k(t-u):0

This combinatiol of complex moments cancels both the imaginary moment and the

rotational phase factor, and thus provides real-valued rotation invariants.

However. these complex moment invariants are not, in general, good featuresfl]-

Tirey suffer from informatiol 1oss, suppression, and redundancl' whtch limit their

discrimination power.

2.4 Orthogonal Moments

2.4.t Legendre Moments

Legendre Polynomials

The zth - order Legendre polynomial is defined by

P'(t) -r- -j- | u 
'-2: Lo"¡rr - ,^. *lr' r)". (2.27)

The Legendre polynomials have the generating function

I

\/l- ¿1'ï + r' ¡=o

From the generating function, the recurrent formula of the Legendre polynomials

can be acquired straightforwardly:

d I Jæ+(-+-) - l()-"'P.(rt)
dr' 11 - 2r¡ J, r2' d, '7-o

. i.- ¿FD = f sr'1P'('t i

(z-r) fr'p"(") - (t-2rc+,!') tsr"1P"(r).
!=0 3=O

Thel we have

nP¡(r,) - P¡-lr) : (k + 7)Ph+1(r) - ZrkP¡(r) + (k - 1)PÀ-1(r),

(2.26)

74



or, the recurrent formula of the Legendre polynomials:

P^+,(,)-'+#rP^(r)-í¡r"-,rr. (2.2s)

The Legendre polynomrals {P^(r)} 117] are a complete orthogonal basis set on

the interval l-1, 1]:

È1 .)

I p-l*) P"(r)dr - 
^--- 

- - 6-^. (2 30)
J r Zm I l

'¡'here á-,, is the Kronecker symbol.

Figure 2.2 and Figure 2.3 show some of the two-dimensional Legendre polyno-

mials in the image space.

Legendre Moments

The (m+r¿)th order of Legendre moment of f @.,g) defined on the square l-f ,1] x

[ 1,11 is

^^_ 
=(2m 

+ r\(2" + t) 
l:,' l:,' 

p^(æ) p^(ù f(æ,y)d,rd,y, (2.31)

wherem,n-0,L,2,....

Usiilg (2.4), (2.27), and (2.31), we have

(n- - t\tzn - 1) /- r /1 _

^^" -''"'' 
"1'"' 

J_, J_,r^r,) P"1s) f\r,y)d.rds

_ (2n¿+1)(2n +r) f t' io^j,i ia'¡sk f(n,s)andE4 J-1J-1 ._o k=o

Therefore, the Legendre mornents and geometrìc moments are related by

, (2* -1)(2n-l) 3 "
A^n. - -- ---. r )-¿-;a,rJl./;¡]2--1-- J=0 À=0

(2.32)

The above relationship indicates that a givel Legendre moment depends only

on geometric moments of ihe same order and 1ower, and conversely.

15



(b)(u)

(d)(.)

Figure 2.2: The plots of some two-dimensional P-(æ) P"(g) Legendre polynomials.
(a) P,(x)P,(y), (¡)&(,)p.(s), (c) P6(r)P6(y), and (d) Ps(ø)PB(y).

i6



(b)(u)

(d)(.)

Figure 2.3: The plots of some two-dimensional P^(x)P"(a) Legendre polynomials.
(a) P,(x)Pa(s), (b) P,(r)Pu(s), (c) Pa(x)Ps(s), and (d)P6(c)Ps(s).

17



2.4.2 Zernike Moments

The usage of Zernike pol¡'nomials in optics dates back to the early 20th century,

u'hile the applications of orthogonal moments based on Zernike polynomials for

image processing rvere pioneered by TeagueiT3j rn 1980.

Zernike Polynomials

A set of ortlLogonal functions s'ith simple rotation properties which {orrns a complete

orthogonal set over the interior of tlLe unit circle r¡'as introduced by ZernikelT9].

The {orm oI these polvnomials is

I¡- (r,a) : \t- (psin9, pcos1) : R" ¡o', erp(jrn9)

whe¡e n is eithe¡ a positive integer or zero, and rz takes positive and legative integers

subject to constraints n - lm : even, lrn 1 n, p ìs the length of the vector from

tlre origin to the pixel at (r,g), and d is the angle between vector p and the z axis

in the counterclocks'ise directiol.

Tlre Radial polynomial R"""(p) ts defined as

(n-)ñ )t2n^þ): t (1)'
¡=o

(n - s)l\," "1' n 2!
t 'n.+msl( 

- 
,sJr l - . -.sji

(2.34)

(2.35)

2 2

with R^,-,"(p) - R.,^(p)

Figure 2.4 ald Figure 2.5 shou' some of the V-*(r, g) polynomials.

The Zernike polynomials (2.33) are a complete set of complex-valued functions

orthogonal on the unit disk z2 1 92 ( 1:

I I-= -n'll)-(".s)' von@,v) dxdv - J-, 6^o 6^n,

or, in polar coordinates

l"'" l"' ttr- 1, , Ð)- rtonþ, g) r d.rd.e = ,þ a.o 0,.n,

18
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(b)(u)

(d)(")

Figure 2.4: The plots of the magnitudes of some V"-(c,3r) polynomials.

þ) l\o(,,s)), (b) l%o(',y)1, (c) l%o(æ,s)1, and (d) lv1r,r(c,s)l
10



(b)(u)

(d)(")

Figure 2.5: The plots of the magnitudes of some V^ (t,y) polynomials.

þ) lV'(,,u)1,þ) lV',(,,c)1, (") ly:'(',v)1, and (d) lva,(z,y)1.

20



where the asterisk denotes the complex conjugate.

As is seen from (2.33) and (2.36), the real-valued radial polynomials {,R--(r)}

satisfi' the relation

rl I

I R^,(,) R^t(r), dr -- 

- 

ó^^Jo Z\n - t)

The radial polynomials Ã"-(p) have the gelerating function

¡ t-\11 -2t(t-2pz)-1zt^ .=
= Lt" R-"*r",,"(p)

lztp)- rlt 2t(1 - 2p2) - t2 s=o

When rr¿ : 0, it is interesting to see that the equation (2.38) reduces to

= f ,'att 2p'J'
,ft-ztlt 2p2)tt2 7¡

(2.37)

(2 38)

(2.3e )

(2.4r)

(2.42)

and becomes the generating function for the Legendre polynomials of argument

2p2 - 1, so tha.t

Rr^.o(p):P^(zp'-r) (2.40)

Zernike Moments

The complex Zernike moments of order n t¡'ith repetition n¿ for an image function

f (æ, y) arc defined as

A' : 4 I l,=**., r@'a\lr-^(P'o) drdg'

or, in polar coordinates

A^ = llf l"'" l"' fØ,t) R^,,(p) erp(-jrnt) p d.pd.o

wlrere the real-valued radial polynomlal R^ (p) is defined in (2.3a).

Due to the conditions n - rn : even and m ! n lor the Zernike polynomials

(2.33), the set of Zernike polynomials contains i(n+t)(n+2) linearly independent

þoiynomials if the given maximum degree is n.

Stnce A;, = A^,-^, tl'LerL lA.- : lA^,-^, therefore, one only needs to consider

lA-^) wiTh m > 0.
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Rotational Properties of Zernike Moments

Under a rotation transformation, tlie angle of rotatiol of the Zernike moments is

sinrpl¡' ¿ phase factor. Therefore, the Zernike moments are invariant under image

rotation.

If the origiual image and the rotated image in the same polar coordinates are

denoted by f(p,0) and f'(p,á) respectively, the relationship betrveen them is

t'k,0)-tØ,a-o), (2 43)

Using (2.42), thewhere a ìs the angle ihat the original image has been rotated

Zerr'ike moment of the rotated irrage is

^t _ n+7 l'" î'r,^
n Jn Jn tv,a ")R^ (p)erp(-jmî)pdpd9

: + l"'" l"' t{0,0 - a) R^ (p) enp(-im(o - a + a)) p d.pd'r

-t1^2î11= ; J" J" llp,0 ") R" (p) eæp(- jm(a - a)) eæp(-irna) pd'pd9,

therefore, the relationship between Ai^ a:nd A^ is

4;^ -- A^," erp(- jm.a) (2.44)

Equation (2.44) indicates that the Zernike moments have simple rotational trans-

formation properties. The magnitudes of the Zernike moments of a rotated image

function remain identical to the original image functior.L. Thus the magnitude of

tlre Zernike mornelt, )A^ 1, ca:r;- be employed as a rotation invariant feature of the

fundamental image functiolr.

2.4.3 Pseudo-Zernike Moments

If we eliminate the condition n - lnr : even from the the Zernike polynomials

deflned in (2.33), l1/^ j becomes the set of pseudo-Zernike polynomials. The

))



set of pseudo-Zernike pol¡'nomials rvas derìved by Bhatia and Wolf[1zj and has

properties analogous to those of Zernike polynomials.

For the pseudo-Zernike polynomials, the real-valued radial polynom;al R^^(p)

is defrned as

(2.45)

where r¿ : 0, 1,2,.,., æ and m takes on positive and negative integers subjecl to

im 1 n on1y. Unlike the sei of Zernike polynomials, this set of pseudo-Zerlike

polynomials contains (z * 1)'? linearly independent polynomials instead o{

l(n + t)(n + 2) if tiìe given maximum order is n.

The definition of the pseudo-Zernike rnornents is the same as thal of the Zernike

moments in (2.41) anà (2.42) except tltat the radial polynomials {R^*(p)} in (2.45)

are used.

Since the set of pseudo-Zernike orthogonal polynomials is analogous to thai of

Zernike polynomials, most of the previous discussion for the Zernike moments cal

be adapted to the case of pseudo-Zernike mornents.



Chapter 3

Accuracy and Efficiency of
Nloment Computing

3.1 Introduction

An essential issue in the field of patterl analysis is the recognition of patterns and

characters regardless of their positiols, sì.zes, and orientations. As discussed in

the pre'i.ious chapter, moments and functions of moments can be ernployed as the

invariant global features of an image in pattern recognition, image classifrcation,

target identifrcation, and scene analysis.

Generally, these features are invariant under image translation, scale change, and

rotation only when they are computed from the original two-dimensional images. In

practice, one observes the digitìzed, quantized, and often noisy version of tl.re image

and ali these properties a¡e satisfied only approximately, The problem of the dis-

cretization error for moment computing has been barely investìgated, though sorne

initial studies into this direction for the case o{ geometric moments were performed

by Teh and Chinl74l.

In thrs chapter, the detailed analysis of tire discretization error for moment com-

puting is addressed. Several new techniques developed to increase the accuracy in

moment computing are provided.
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3.2 Geornetric Mornents Cornputing

Geometric moments are the mosl popuiar type of moments. The deflnitiol of geo-

metric uroments (2.4) is rewritten here for convenience:

*on : [-* [** ,o on f (r,y)d,xd.s. (3 1)
J-* J-Ø

If an analog origina.l image function f (æ,g) \s digiiized into its discrete version

f@;,y¡) with an M x N array of pixels, the double integration of (3 1) must be

approximated by double summations. hl fact, ir digital image processing, one

can observe f(r,y) only at discrete pixels, i.e., rnstead of {l@,g),@,g) e R),

{T@u,a¡);l <i < A'1,L < i < 1I} is used lt has been a common prescription to

replace Mo, in (3.1) with its digital version

MN
íion=Ð1,,',al f@¿,y¡)L.nLs, (3 2)

where Aø and Ag are sampling irtervals in the z and g directrons. However, r,t'hen

the moment order increases, (3.2) cannot produce accurate results.

By (3. t ), one obtains

Mon - I_: Ë rPsq f(r,y)drdy

= I l^æp Eq f (r,s)d.rd.s

= | I ,o an f7.y)drds, (a 3)

where

¡: la,, azl x [ó1, ór]

is the area covered by the image.

Tlien, it is clear that

¡f N .-. 4i .., - A-!

M*:ÐÐ l-' ": l" o', ,'rnfþ,s)d'æd's, (3.4)
r- r ;-r vri --- v9¡----



'where Az = r; - rí-1 and Ag : g j - y j-t are the sampling intervals in the z and g

dìrections, and

Læ
tt^r+ 

- 
: aa:'"2

Az
'2

Às
Awi , 

: oz:

\11h-v - ot

By lhe second mean value theorem for integration, if / and g are

functions on the set A, ard if / is also continuous, thel

loil,)n|)a" = Í@) lÅsG)dz

forsomea€.4.

Applying this result to (3.4) yields

MN--&.",4*!
Mon:Ðr,Í(c,i.Ê) l"' ": l" o=, :rPsqd'æd'E, (310)

i-- r-1 rîi 2 "vj- -î

s'here (a;,p;) belongs to the (i,j) pixel.

Let us assurne without loss of generality that each pixel is quantized to one value,

it is normal to replace l@r, þ¡) by Í(*;,y¡) This gives the follorving approxìmation

of Mo¡

(3 11)

(3 12)

represents tlre double integration of æPyq o-ver the pixel lr¿ - f;,æ¡ + f)x
t A1t 

^ùrlyj - -f ,uj -t -f ).

Note that

h t-. ",.\_ 
(¿,-*)p'I (ro- ¡r")p-tl [(y¡- ?)'-'-l(g¡- *l'-' . 13.131ttPq\e¿t sr ) - (p _ t) (S _ t) \" -"/

(3 5)

(3 6)

(3 7)

(3 8)

iltegrable

(3 e)

MN
fuon : LÐ hon@ts ¡) f (*n,s ¡),

¿=1 j=7

. 
^1)I"t 2 lsJ'7

hrn(tr,u¡\ - | ", I o', rP gq dxdy
"ti T "yj_ --



Then the question is hou'to acquire the double iltegration (3.12)? The simplest

method to carry out the computatiot o1 Ltro@¿,y¡) is lo use the following formula:

h'on@n,a¡) : rPt gl Lr Lg (3 14)

to replace (3.12), However, the above approximation will result in a substantial

error u'lLen the order p -¡ q increases.

Since the double integration in (3.12) cal be separated as

.- a 4-. *, t4t
t on(rr,a¡): l"' ": ,o d,* l"' ^'. an da, (3 15)

Jr,-ï ry) T

{or simplicity, we consider the single integration

Ào(r,) - ["' ^+ *o d*. (3 16)
¿*¡_ï

and replace Ào(z¿) with

hr(u): ro; Lr. (3.17)

Whel P: 1, ñ.;(u t) holds.

When the order p increases to 2, from (3.16), we have

.- r4¡
Àr(r;) = ¡-' ^1 12 dt

- 1,,. -4",.-r.,. !r3l- 3l\¿¡ I 2 I \¿¡ 2 ) t

: 
"? Lr* (Ât)t
"12

Àrir;) = ni,t",) -@.
1.2

The approximatìon error for the single integration is fr".
In the case of p : 3,

.- r4q
h"(*:) - l-' ^' 

13 dr

- 1t,.", + fT 
lo - f ", - 

a*)ol
a J a tr



- r. lÂr)3- ¿ia¿+j-.1
Á.("; ) i ¡¡",; 

t: ét)'

The error is increased.

The approximation error will quickly get out of control v'hen the order p in-

creases. Obviously, when the higher orde¡ moments are involved, the problem of

numerical approxirnation error in the moment computing must be solved before ar.Ly

implementation.

By the rvell-known techniques of numerìcal iltegration 118], the integration of

(3.i6) can be approximated with various accuracies. For example, applying Simp-

son's rule in the case of moment order p : 3, we get

Ï'-"" ," d., - 
Är'1 lz'" 4 " I ar "'

J,,_+ 2Lr('' nY-ãr;-5(r.r r)"1

- "? A' ¡l (ar)3
4

This is the same result as that of the integration.

Evidently, rvhen the order p goes higher, more accurate rules are required to limit

the approximate error to a tolerable level.

As the solution , the alternatiue ext,ended Si'mpson's rule

["' f (ùa,* : IÍ', l,+ 5e/, + 4lfz-t 49lq+ .fs + "f6 +J-. 48' "'

+-fiv-a t 491¡'-, + 43ÍN-2+ 59/N-1 + 1?/Nl

+o(#) (3.18 )

is employed in this resea¡ch to cornpute the moments numericallyf60]. In (3'18), I/

is the nur¡ber of poilts which are equally spaced apart by constant å. inside a single

interval.

The above discussion about the approximation errors in geometric moment cal-

culations certainly can be extended to the acquisition of the Legendre moments.
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3.3 Legendre Moments Computing

3.3.1 Approximation Error

The (m -1- n)th order Legendre moment is defrned in (2.31) as

^_- 
_ (2m rX2n - r) [, [ 

, 
o_(,)p,(c) l\,.y)drdy.¿ I r J 1 
rn\¿'r'\'

where the nzth order Legendre polynomial is

P^tr)= -r !L¡,'- t1^
2^ mt. dî-

Similar to the case of geometric moments, we can approximate À-", by

\ (2-, t)(zz t)$ "Àmn- , ,Iå^,,..,(",.u¡)lþ,.y¡),
- 1=1 j=1

,^r

tr^,,,,,(,,,a¡) -- | ": I - P-(") P"(s) drda.
rî,-1'rlt- 

"

where

(3le)

(3.20)

Since the Legendre polynomials P-(r) and P^(g) arc independent, the double

integration in (3.2t)) can be u'¡itten as

"",-o.' "v,-* ¡';- å' ,o, -*
I ": I 

"_," P-(*)P"ly)d.rds - | ^. 
P-1")a" L, p"ta)¿y. (3.2r)

rî¡_ 2 ¿!;_ 
2-

Therefore, similar to the case of geometric mornents, lhe alternatiue ertended, Stmp-

son's rule can be applìed ìn Legendre moment calculations io limit the approximate

error to a certain level.

By using tlte alternatiue ertended Simpson's rule, lhe approximation errors are

reduced drarnatically. It makes further use of the Legendre moments possible as

well.

To show the improvement of accuracy in Legendre moment computing by adopt-

ing lhe alternatiae ertend,ed Simpson's ru /e, an experiment rvas desigued.

If we assume that the image function f (n,y) is a constant image with graylevel

a, t.e., f (r,g): ¿, it is easily seen that all Legendre moments should equal zero

DO



except À6s : d,. We use the sum of all Legendre moment squates except for the

case of m = n = 0 as the measure to evaluate the approximation error, which has

the form of
Itl^." n

E)= Ð tÎi" p=nl0

Clearly, the smaller the .Ð¡ value in (3.22), the better the performance of the

approximation. Five different numerical integration rules, N = 3, ¡f = 8, ¡¿ :

13,N = 18, and 1{ = 23 are employed and all normali zed Et's are illustrated in

Figure 3.1. The highest Legendre moment o¡der used in this experiment is 56.

30 35 40
Moment Order

Figure 3.1: Normalized -Ð¡'s obtained by applying five difierent numerical integra-
tion rules to a constanf image.

Only the E¡'s which are less than 1.0 are presented in Figure 3.1. Each.Ðr

increases very sharply after the moment order is ove¡ a certain number. As expected,

the higher accuracy approximation rules perform better than the lower ones do.

(3 22)

o

'ìo8ç
'E(dnA
c'!
o
o-a^a
o
E
õ
c-v.¿

U)
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Order , N:3
^¡:8

N: 13 lV:18
12

1.4

16

18

20

22

24

26

28

30

34

36

38

40

42

44

46

48

50

54

56

0.r.x1003

0.00039
0.00308
0.01780
0.07873
U.ZIJJI
0.77483
1 .7707 4

0.00002
0.00009

0.00036
0.00122
0.00373
0.01027
0.02562
0.05822
0.12126
0.23284
0.42134
0.736 73

r. i 5393

0.00001
0.00002
0.00008
0,00024
0.00064
0,00160
0.00372
0.00807
0.0r779
0.04279
0.07487
0.rr278
0.16089
0.22783
0.32621
0.47053
0.67317

0.00001
0.00002
0.00005
0.00012
0.00029
0.00068
0.00190
0.00 728

0.01208
0.01524
0.01773
0.02100
0.02745
0.04105
0.06711

0.00001
0.00002
0.00004
0.00010
0.00043
0,00294

0.00436
0.00458
0.00459
0.00469
0.00469
0.00499
0.00695

Table 3.1: N is the number of poìnts which a¡e equally spaced apart by constant ñ,

inside a single interval.
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3.3.2 Ðfficiency

With the appearance o{ rnore powerful computers, it becomes practical to compute

and use the higher order moments. However, the computation of moments, specifi-

cally, if the higher order moments are involved, is still a t.ime consumìng procedure.

Since most of computing work in this thesis was achieved rvith a 25MHz 386 persolLal

micro-computer, reducing the computing time became even more critical.

From the discussion in the pretious section, the Legendre momenls of an image

function f(n,g) car be obtained numerically by the {ormula

lvhere

î (2- 't)(2n r)ë "
.tn^ - ¡ ¿-Lhx,,,.(",. u¡) l(r¡,a¡)

1-ì l-l

.Aa
rrtlL --- 1!J, ' "

h¡-,,(r;.s¡) l^ ; l^"' ; ,^t,l P,(s)d.rds.
rtt_ i r!j_ 

2

(3.23)

(3.24)

As we have discussed, when the higher order Legendre polynomials P^(r) ar'd

P"(g) are involved, to keep tl.re approximation error under a certain level, the multi-

interval slep alternatiue eúended Simpson's rule can be employed. However, if the

well accepted recur¡ent formula (2.29) of the Legendre polynomials is applied to

compute the Legendre polynomials P-(z) and P.(y), under the situation that 1/

takes a moderate value 10, even when the image consists of a small number of pixels,

for example, 24 by 24, the computing time could be too long to be tole¡ated.

To speed up the computation, the most important measure is io avoid usìng

the recurrent formula (2.29) of the Legendre polynomials. The fastest, the most

eficient measure) of course, is to use the Legendre polynomials themselves. Based

on thìs requirement, the Legendre polynomials up to order 55 are rvorked out.

Some of the higher order Legendre polynomials are included in Appendix A.

To speed up the computation of Legendre polynornials further, the well knortn

Ilornerts Rule has been applied. For instance, a real polynomial /(u ) of degree z



or less is given by

f @): """^ * an-trn-1 I I azr2 I a1[x + ao (3 25)

witlr the coefrcients ao) a7, &2) ....¡ an-l¡ and a," representing real numbers. In

programming practice, assuming that all coeficients are nonzero, a straightforu'ard

naive approach to compute this polynomial rvill cost -(i*t) -oltipli.ations and z

addition operatious. Hou'ever, v'ith llornerts Rule, the polynomial /(z) can be

expressed by wrrting

/(r) - (( ((r.r ! a^-1)r, + a--z)r + ...)z * al)r ! as. (3.26)

Wiih this new formula, it requires only n multiplications and n additions lo compute

the polynomial. Since the operation of multiplicatiol takes much longer than that

of addition, in terms of the computatiol time, the nev'formula is about $ tim.t

faster than the straiglltforrvard naive approach.

Adopting ttre high order Legendre polynomials listed in Appendix A and Hor-

ner's Rule has dramatically reduced the cornputing time required in Legendre

moments conputation, and more inportantly, made this research possible.

3.4 Zernike Moments

3.4.L Introduction

As mentioned in the previous chapter, the complex Zernike moments of order n

witlr repetition m fo¡ a coutinuous inage function f(r,g) arc deflned as

A- -?Jt [ [ f¡.s)v^ (p,o)drd.s
7f J J r:1+u2 <7

ín the tg image plane, and

A^ -' 
1 ['" l' Iþ.rl R^^lp)erpç- jma) pdpda

1f JO JO

.1.)

(3.27)

(3.28)



in polar coordinates. The real-valued radial polynomial R-,"(p) is deflned as

where z - l-i: even and m <n,

The fealure of invariance urlder image rotation makes the Zernike futction one of

the most importalt moments. Horvever, the nature of Zernike moment computing,

using the summation of square pixels to achieve the computation deflned on a unit

disk, makes it more difrcult to solve the accuracy problems.

For a digitized image function f(r,y), as discussed in the previous chapter, the

double integration of (2.41) can be approximated by double summation:

Ã"^ = "+: LÐho-.,"(",,y¡) r@¿,u¡), r? + y: < r,
7t 

==

(3.2e)

(3.30)

where
¡".*4r ¡g;**

h¡-,,"(",,s¡) = | ": I ": \/^ (p.0)drd,y. (3.3i)

From tlre defrnitions of .4,- and tz.¿,^^(r;,y¡), we can flnd that tliere are two kinds

of najor errors in the computation of the Zernike moments -Á.-. geometric ald

approxìmate.

3.4.2 Geometric Error

When computing the Zernike moments, i{ the centre of a pixel falls inside the

bo¡der of unit disk 12 I a2 a 1, this pixel wiil be used in the computation; if the

centre of the pixel falls outside the unit disk, the pixel will be discarded. Therefore,

the area covered by the moment computation is not exactly the area of the unit

disk.

Figure 3,2 shows the diferent areas coveted by a unit disk and all pixels whose

centres fall inside ihe unit disk.
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In the case.of Zernike moment, the unit disk is located in a 2 units x 2 units

square which is composed ol n x n pixels. Therefore, the area of the unit disk is r.

If .4(z) represelLts the number o{ pixels rvhose centres fa.l1 inside the unit disk, the

summation of the areas o{ al1 t}rese pixels is

l
.4,;,"t, = l(n) ir. (3.32)

Norv, the geometric error betrveen the unit disk and the summation of alÌ the

pixels used in the Zernike moment computation is

R(.)-- A@)+ -.^. (3.33)

For the Zernike moment cornputing, it is crucial to know, when n tends to

infrnity, i.e., if tlie number of pixels is increasing, how fast the geometric error -R(z)

converges to zero.

In fact, this issue ìs closel¡' related to a famous problem in analytic number theor¡',

due originally to Gauss and refer¡ed as The Latt'ice P oints of a Circle Problem 147).

3.4.3 The Lattice Points of a Circle Problem

Let A(r.) be the nunber of lattice points (2, r.' ) inside or ol the circle u2 ¡ u2 : æ,

so tlrat ,4(r) - iÍ:L as z tends to infinity. Let

R(r): ¡1,1 - ",,

and let rJ be the lower bound on the number d such that

(3.34)

R(t):96e¡ (3.35)

We list some sigrificant steps in tlie history of the estimation of Â(æ) here:

Gauss

Sierpinski

(1834),

(1e06),

A _L-2

a:+

36

:0.5000000000;

^ 
tttD9ttt tt

- U. ¿ùd()rrù UJOJ,.. t



Walfisz

TitchmarshlT6]

Hual381

(1e27), 0 =Eà= 0.32ee5e514..;

(1935). 0 -#= 0.326086957..;

(1s42), e : #:0.325000000;

and more recently

Iwaniec and Mozzochil40l (1988), A - *:0.318181818... .

Ll the other direction, it has long been krown that rJ > 0, and this result also has

been improved by Hardyi3i], Landau[47], and Ingham[39] to:

an rl

(3.36 )

(3.37)

Ãl r'ìlim , '' ,:0.
ã4e ri ltoqr )4

- 
,R(r)Itm f : -l-oo.¡+æ x:l

7
R{nl : A(n\ I ii

I
: A(¡\--t¡

L
: Ã(¡) j

R(n) : O(r'-').

R(n) : O(n2@-1)).

This result shows that the smallest possible d cannot reach d : ]. This still remains

an open problem iu the nurnber theory.

Comparing our problem with ZÀ,e Lattzce Points of a Crcle Problem, we frttd

that the z in (3.34) is equivalent to n2 il (3.33) wlien both z and z tend to infrlity

On tlre other hand, the nunber of latiice points in The Lattice P oints of a Czrcle

Problem and the number of pixels u'ithin the unit disk in our problem are identical

rvhen the a¡ea of each lattice is 1, and ihe area of each pixel is $. Thel, it follows

that (3.33) can be

(3.38)

(3.3e)

Tlierefore, we obtain



With ihe latest result from Iwaniec and i\{ozzoclLi, the geometric e¡ror in the

Zernike moment computing is

R(n) - O(n-'*) (3 40)

n:48 n-64 n:128
n'

t-!.r¿II
,¿

TL2

0.041666 6

0.013118 8

0.0085051

0.0208333

0.0050979

0.0030070

0.0156250

0.003443 7

0.0019531

0.0078125

0.0013382

0.0006905

Table 3.2: Range of geometric errors for several commonly used image sizes.

Several commonly used image sìzes are employed here to shou' the range of geo-

metric errors i.l cases of n-l ,n-*, ond t T, respectively. The results are displayed

in Table 3.2.

Like the case il our experiment, when z is 24, with the best result frorn Iwaniec

ald Mozzochi[40], the geometric error is at the range of

z-ä :0.0131188 .

Obviously, this is not a very encouraging result. Since the higher order Zernike

moments a¡e the accumulations of the lower order computed Zernike moments, if

the geometric error is around O(r--*), when the order of Zernike moments goes

higher, the accumulated geometric errors would quickly get out of coltrol and the

use of higher order Zernike mornents u.ould be severely handicaped.

3.4.4 Approximation Error

As discussed previously, in the æy image plane wiih a digitized image function

J@,g), fhe Zernike moments of order n wit'h rn repetitìotrs a-re

-tlA" : '" :' ÐLho.,^(,,,y¡) Í(*¡,a), 'l + u! 31, (3.41)
7i '-=
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where 
î,, , + 1c,- +

ho.,*,(,n,s¡): J,, ; Jo,_ 
- t;{n,e¡a,ar.

TIie Zernike polynomials V^:^(p,0) are defi.ned as

(3.42)

\ "-(p.0) - R^-(p,0) expQma). (3.43)

where the Radial polynomial Ã-- (p) is

ln- m\t2
R--çp| = I ,-t,' ,,"--J';l; ,, r"' (3 44)

Unlike the Legendre polynomials P^(x,) and, P"(g), v'hich are independent, the

Zernike polynornials 1¡- (p,g) are tu'o- dimensional fulctions ofp and d. Therefore,

to reduce the approximation ertor rn the Zernike mo rent computation is more

complex tÌran that of Legendre moments.

Under this particular situation, naturally, the way to reduce the approximation

error is to compute the double integrations ar.d ha.*(r¿,g¡) by usilg some well

knou'n cubature formulas[23].

Suppose rve have a two-dimensional dornain 0 and wish to approximate ln /(x)dO.

Lei f € O, and a" = (a,b) € O. We have the Taylor expansion of the integrand

function /(x):

1(¿) : f(*,v)

= /(") + (æ - a)/,(x) + (y - b)fo@)

1..
+ ,t@ ù'z 1,,þ) + 2(n - a)(v - b)f""(a) + (s - b)'í,s(.a)l

-... + ---lî l" t),' 
- o¡"-'-,' "' ô"-''f(") -

tn - l)l '-- \ z / \- \A - D) Ar*;- tÔlri)

nr : lnl(x)dCI,
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then it followsl23] that:

Ial : p/(a) +1.(a)1a(r, - a)+ f"(")In(a-ð)+
1 '--rl''-1\ â'rfrå)+==_t f".') =1--as|1nl(" ")^ 

n'(s-b)')
(n-1)! Éã\ t Jðr"-;-tfio;'""

+erroT , (3.46)

and

c-f = Í@)Ð A; + å(a) Ð.'t¿(z ¿ - a) * 1"6)Ð Au(s, - b) +
i=1 i=1 í=1

- '_f -,Ç f" . ') -r:-:/l:1. I ,,(,, - a)n-r-1(s - b),1. (3.47)
(n - t)11 z-tu\ j J a,"-t-'7ai ,?

Taking a : 0, and comparing 1ç¡ / with C"f , we obtain the following equatiols

which can determine the u'eights of a cubature formula:

L At !-isi -- Içrk-iEi i :g,t,...,k 1 n, (3.48)
'i=1

u'here ¿ is the number of uodes inside O, and

ra_ I lþ,s)da. (3.4e).. Ja",

This is a linear systern of equations for the rveíghts ,4;. For example, taking j < 2,

we obtain the equations

f a': o¡

io'*o - ,n,, i.e,y,: rns
;;t 

'=n'

Ð Ao*l : Iç7r2 , I A;r;g; : Iaæv, Ð Arg? -- Ina' '
i=7 à=1 í=1

To achieve sufficient accuracy) traditionally, we can increase the tumber of nodes

in each pixel. Solving the linear system equations obtaìned from the (3.48), we can

find the weights for all nodes inside each pixel.
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Figure 3.3: 5-dimensional formula L

One simple formula which can be adopted to increase the approximation accuracy

is shown in Figure 3.3, Using the unit height, we can determine the weights of the

cubature formula

cul : A,f (0,0) + A,/(0, 1) + .43/(1,0) + A4Í(0, -1) + á5l(-1,0). (3.50)

Employing (3.48), we obiain flr'e linear system equations:

5

\-- o/-
5

5- ,4,¡, : Lr
5

ÐA,s,: Inv

5

lAu,1 :7n*'
5

ÐAua!: Ins'

(3.51)

where

n= lnl@,u)d'tt.

From (3.51), straightforwardly, we can obtain the 5-dimensional cubature fornula

by solving the following five linear system equations:

[ ,A, +A, lAz lA+ lA5 : 4

I +At -As:o
\ +1, -A4 : tl (3'52)

I +A3 +AE : 213

[ +.4, lAq : 213-

4t



The solutions of the above flve linear system equations lead to

1c,/ = ;{8/(0,0) - /(0, 1) + /(1,0) + /(0, -1) + /(-1,0)}, (3 53)

where /(21 , z2) is a two dimensional function.

We can use another type of the 5-dimensional formula, which ìs shown in Fig-

ure 3.4, as well.

Figure 3.4: 5-dimensional formula II.

Witlr the same five equations in (3.51) but different æi ar.à A; values, we have a

sel of five linear system equatiols

( A, - A, *.4s .Å¿ - AE

| -0.s,4,, -0.s.4ã
{ -,0.s¡, 0.5/4

| -o.zi.l, -ozb+b
t -0.25,4, -o.2sA4

:4
:0
= 0 (3.54)

rvhich produce lhe 5-dirnensional cubature formula:

L
c,/ = ;{-/(0,0) + /(0, 1) + /(1,0) + /(0, -1) + /(-1,0)}

The number of nodes in each pixel can be increased further to achieve higher

accuracy. Àn example is to use the l3-dimensional cubature formula, u4rich is

illustrated in Fìgure 3.5, to reduce the approximation error.

lVe can determine tlie rveights of the cubature formula

Cnl : ,41/(0,0) + A2Í(0.5,0 5) + ,43/(0.5, 0.5) + ,44/(-0.5, -0 5)

+/5/(-0.5,0.5) + Á6l(0, r) + A?rF,1) + A8,f(1,0) + á'l(1, -1)

+Aß|rc,-1) + -Au"f(-1,-r) + AnÍel,0)+.Arsf( 1,1) (3.56)

(3 55)



Figure 3.5: l3-dimensional formuia

the same way we did for the 5-dimensional formula by employing (3.48) and solving

thirteen linea.r system equations. Tlie equations are listed in tlie Appendix of this

chapter, and the solutions of tlLese equations lead to

1c,tl : *{rzo/(o,o)
+161/(0 5,0 5) + /(0.5, -0.5) + /(-0.5, -0 5) + /(-0.5,0 5)l

-e[/(0, 1) + /(1,0) + /(0, -1) + /(-1,0)]

+81/(1,1) + /(1, -1) + /(-1,-1) + /(-1,1)lÌ (3 57)

It is possible to impose additions on the u'eights ,4¿ to reduce the nurnber of linear

system equations and make the determinatiol of the ,4r easiel. For example, u'e calL

assume that the thirteen dimensional cubature {ormula is

Cr"l : ¿1(0' 0)

+ ,4,11(0,5,0.5) + /(0.5, -0.5) + /(-0.5, -0.5) + /(-0.5,0.5)l

+ hll(0,1) + /(1,0) + /(0, -1) + /(-1,0)l

+ A [f (r,1) + /(1, -r) + /(-1, -1) + /(-1, i)], (3.58)



which leads to

and

13

\-- o.1)

\- ,1 .-2 - r^-2
1) rttLi - ruL
trr- (3.59 )
\ A:a|:?t' : lõx"lt-

13

', A:x:: : lõx:'.

A1 +442 +443 +444 : 4

+Az 'r2AB ''4A4 - 213
+4An:419 (3 6o)

+.25A2 +2h *4At - 213

Therefore, the 13-dinensional cubature formula (3.58) can be writtel as

1

Cr"T : 
45{104/(0,o)

+ 161/(0 5,0 5) + /(0.5, -0.5) + /(-0.5, -0.5) + /(-0.5,0.5)l

- l/(0,1) -f l(1,0) +/(0, 1)+ /( 1,0)l

+ 4lt(1,1)+/(1,-1)+l( 1, 1)+/( 1,1)l] (3 61)

If we ignore the geometric error and let the image functiol f(r.,y) be a constant

image with graylevel ø, like the case of Legendre monents, all Zernike moments

should equate to zero except Aoo: o. Therefore, ìve carÌ use the following measure

to evaluate the approximation errors of the Zernike moments

no -ÐÐlÂ^ l' m=nl0 (3.62)

The two dife¡ent types of 5-dimensional cubature formulas, the l3-dimensional

fo¡mula u'ith different sets of weiglrts, and the simplest l-dimensional formula are

employed to evaluate the approximation errors in the computation of the Zernike

moment. A1l normalized E¿'s rvhich are less that 1.0 are illustrated in Figure 3.6,

and lheir values are listed in Table 3.3.
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15 20
Moment Order

Figure 3.6: Normalized approximation errors obtained by applying flve diffe¡ent

types of nuÌti-dirnensional cubature formulas on a constant image

Order 1-D 5-D(r) 5-D0 l3-D(r) 13-DIII

2

4

6

8

10

12

74

1b

18

20

22

24

zo

0.0009
0.0056
0.0141
0.0281
0.0502
0.1077
0.1785
0.2907
0.4149
0.6193

0.7r92
0.8879
t.4654

0.0007
0.0040
0.0080
0.0122
0.0191

0 0603
0.1401

0.3693
0.9837
2.7800

0.0009
0,0088
0.0167
0.0334
0.0499

0.1071
0.1803
0.3395
0.6178
1.2479

0.000 7

0.0040
0.00 79

0.0120
0.0189

0.0661
0.1863
0.6067
r.9872

0.0007
0,0040
0,0079
0.0121
0.0188

0.0615
0.1531
0.4388
1.2722

Table 3.3: Values of the normalized approximation errors f¡om appling five diferent
types of multi-dimensional cubature formulas on a constant image.
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Table 3.3 and Figure 3.6 show that the multi-dinensional formuìas could not

produce better ¡esults than the simplest 1-point formula did. In other words, the

traditional method to reduce the approximation errors could rÌot iûlprove the accu-

racy in this particular situation.

The reason that these multi-dimensional cubature formulas do not work rs that

the Zernike moments are deflned within the unit disk 12 + a2 S 1. Since rve use

all pixels whose centres fa1l inlo the unit disk for the Zernike moment computing,

the one-dimensional Íormula will not produce extla ettors because all /(z;,3/¡) used

in the computing are covered by tlie defrnition. However, rvhen multi-dimensional

cubatu¡e fo¡mulas are adopted, on the boundary of the unit disk, some f (æ¿,g¡)

used to compute the pixels on the boundary will not fit the condltìon æ2 + y2 S I.

For example, with the condition "' + y' 3 1, there rvill be respectively 40, 16,

and 140 nodes used rn the Zernike moment computation which fall outsrde the

unit disk fo¡ 5-dimensional formula I, 5-dimensioual {orrnula II, and 13-dimensronal

formulas. This certainly brings extra errors to the Zernike moments ald makes the

a.pproximation errors go up quickly.

3.4.5 A New Proposed Solution to Reduce Approximation
Eruor

We redeflne the digitized version Zernike moments as

-r1
A"^ - ":' LLho,-,(,,,y) Iþ;,c). "i- yj'S t

where
¡c¡+1Í ¡s¡+*

ho"",(,n,a¡): | ": I ": 
r'),"(p,o)dnd's,

and 1 is an adjustable factor. For example, ìn our case, we let

A- L 4",

- ^t, (3.63)

(3 64)

4t3

(3.65)
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l.rl
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(õ

=o0.2
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whe¡e e ís an arbitrary small number. Then, with this new condition

,? - u? < I - Â" - au -..4

the number of nodes that fall outside the unit disk will be ¡educed to 16, 0, and

68 for the 5-dimensional formula I, 5-dimensional formula II, and l3-dimensional

formulas, respectively. Obviously, under this condition, the geomelric errors will be

higher.

Employing 0.0001 as the e value, we te-evaluate all five difie¡ent fo¡mulas discussed

above. Table 3.4 and Figure 3.7 show the results.

15 20
Moment Order

Figure 3.7: Normalized E¡'s obta.ined by applying five different types of multi-
dimensional cubatu¡e formulas on a constant image with the new proposed tech-
nique.

Compared wiih Figure 3.6, Figure 3.7 shows that the evor Ea goes up quickly

to the level of 30% for aII five diferent formulas, then the ratios of ìncrease slow
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Order 1-D 5-DlI 5-D{Ì L3-D(I) 13-D(rr
2

4

6

8

10

L2

T4

16

18

20

22

zl)

28

30

34

36

0.0698 0.0681
0.1961 0.1858
0.3082 t.2820
0.3661 0.3266
0 .37 52 0.331 4

0.4026 0.3544
0.4445 0.3840
0.5083 0.4333
0.5313 ] 0.4429
0.6089 ]0.4839
0 6863 I 0.5242
0.7116 10.5375
0.7928 i0.5667
1.0185 10.6572

io.ooss
lo.zsss

0.9804
1 1503

0.0683
0.1886
0.2852
0.3307
0.3385
0.3621
0.3928
0.4418
0.4560

0.5008
0.5434
0.5750
0.61.77

0.7004
0.7843
0.8848
1,0203

0.0681
0.1858
0.2819
0.3264
0.3307
0.3538
0.385 7

0.4410
0.4569
0.4989
0.5374
0.5610
0.6151
0.7384

0.8240
0.8727
1.0620

0.0681
0.1858
0.2818
0.3259
n etoa

0.3537
0.3897
0.4540
0.4820
0.5373
0.5918
0.6505
0.777 6

1.0084

Table 3.4: Values of the uormalized -Ða's from appling five difierent types of multi-
dimensional cubature fornulas on a constant image 'with the new proposed tecli-
nìque.
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down. As expected, all four multi-dimensiona.l formulas produce better results than

the simplest one-dimensional formula does.

The results shown in Figure 3.7 and Table 3.4 are better than those of Figure 3.6

and Table 3.3. However, one ìs reluctant to call the digìtized ve¡sion of Zernike

momelts under the neu' condition a flalvless solution to the approximation erro¡

problem of tlle Zernike noment cornputing. Though it indeed controls the increase

ratio oI the e¡ror to a lower level under certair circumstances, u'e would like to use

it as an alternative rather than ca"ll it a complete solutìon to compute the Zernike

moments.

3.5 Conclusions

In this chapter, the problems of accuracy and efficiency in moment computing are

discussed.

3.5.1 Legendre Moment Computing

It has been shorvn that most problems concerning accuråcy and efficiency in the

Legendre moment computing have been solved. Therefore) we are able to use the

higher order of the Legendre rnornents in further research confidently.

3.5.2 Zernike Moment Computing

Because of the nature of the Zernike moment calculations, the two maior problems

il the Zernike moment computing, geometric and approximation errors, ate more

dificult.

Geometric Error

\4/e adopted the latest results from a classical problem in Number Theory, 7åe

Lattàce Points of a Ci,rcle, in our study on the geometric error of Zerníke mornent

Áo



computing. It shows that the geometric error is

R(n) = ofu-*) (3 66)

For example, in the case oI n :24, 
"r-ä 

: 6.¡131136....

We have to admit that the errors in tìre range of O(z- ä ) are too large to be

ignored. More seriousl5', since the higher order Zernike monents are the ¿rccuntu-

lations of the lorver order computed Zernike moments, nhen the order of Zernike

moments goes higher, the accumulated geometric errors rvill be quickl¡. out of con-

trol-

Increasing the size of an image, or n, will indeed make the geometric errors Ã(z)

fo¡ the individual moments sma11er. However, in maly cases, to increase ¿ will

result in higller order moments being required to provide the needed image features.

Therefore, to increase the size of an image in order lo reduce the geometric errors

is not ¡ecommended.

Certainly, the existence of the geometric errors severely handica.ps the usage of

the Zernike moments.

Approximation Error

The approximation e¡ror in the Zernike moment computing is discussed rn this

chapter as we1l. To reduce the approximation error, some well kuown cubature for-

mulas are applied. However, to implement the multi-dimensional cubature formulas

canlot improve the accuracy signiflcantly.

The digitized Zernike moments are achieved from the summation of square pixels,

whose centres fall inside the unit disk. However, on the unit disk boundary, a pixel

whose centre fa11s inside the boundary does not mean that the entire pixel falls

into t1.re unit disk. Therefore, the multi-dimensiolLal cubature formulas, which use a

number of nodes inside a pixel to achieve suficient accuracy, will no longer be valid.
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To make the the multi-dimensional cubalure {ormulas valid in the Zernike mo-

ment computation, we proposed a new condition in the Zernike moment computing.

The new condition

,l+sl<t-1,
rvhere

Ar -1- Ày
l- 4 

-rÉ

in our case, was employed as an alternative solution. The results show tirat, for

a1l four multr-dìmensional formulas, the approximatìon errors go up quickly in ihe

early stage, then the ratios slolv down. From the approximation etror point of vieu',

the multi-dimensional fornLulas under the new condition provide better results than

the simplest one-dimeusional {ormula does.

Thougir it is premature to say that changing the condition is a perfect solution to

reduce approximation errors in the Zernike moment computing, careful selectior.t

of the multi-dimensional formula and modiflcation on the condition on the choice

of better points, i.e. ,? + y? S 1 - 7, will indeed irnprove the performance of the

Zernike moment computation sìgnificantly.
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App endix

Following is a set of thirteen linear system equations

13

\-=rn
13

\-,r-"- - ¡-.
13

\- ¡.". = r., ".¿2 '

13

\- ¡,.'? = ¿."'?

1l
\- ¡"."." = r-."/2 "'

r3

\- ¡^,? = r-,,
r3

l.r,"l . rn"3 (3 67)

r3

\- ¡..!," - l-.2,.¿) z "'

13

\- ¿-..,, = ¿,..?l, ''l

\- ¡- ,? - r-,¡
13

\- ¡..{ = r.,"r

r3

\- ¡..3, - L.3,
,¿) 1"

13

> A;r: !' = la¿'a',

which leads to

At *Az *Az -1.4r *-4s
*.54a *.5-4¡ -.5Aq -.5.4¡
l.5Az -.5A2 -.5Ag +.5,,15
*.25A2 *.25-4t *.25At +.2s,1.6
*.25A2 -.25A3 +.254! -.254s
*.25A2 l.25At +.254! +.25,4â
+,12842 +.72543 -.12544 -.r23Ab
+.125]42 -.72É43 -.12á44 +.72ó4.
*.125A2 l.125At -.725At .7254s
t.1.25A2 .125á¡ .'l25At ì.7254s
+.0625142 +.0625143 I.O62íAe I.O62BAs
1.O625 -42 -.O625At 4.O6254t -.0625 4s
+.062542 +.O625Ax *.0625.4¡ *.0625.4s

lAe lA¡ *Aa +As +Aú +Ar1
*.42 *.4¡ *.4s -,4rr

lAa *Az -.4e -.410 -.4r1
*A¡ *Ae lAs *1rr
iA¡ -As *-4rr

lAø *A¡ +-ás +r{ro +r1rr
*A¡ *Aa *As -,4rr

{A¡ *,4s -/rr
lAø *A¡ -As -Añ -Arr

lA¡ *Aø *As lAtt
lAt -As iAtt
*A¡ *Ac *1rr

4
0
0
2/3
0

0
0
0
0
2/5
0
4 ls.

( 3.68 )

Solving ihese equations gives us the formula in (3.57) used in Chapter 3.
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Chapter 4

Image Reconstruction from
Mornents

In Chapter 3, ihe problerns of accuracy and eÍûciency in moment computing have

been studied. In this chapter, rve want to verify how much ir.Lformation is contained

in moments. This issue can be addressed by analyzing the reconstruction power of

the moments.

A problem li'hicÌr is raised here can be stated as follows: if only a frnìte set of

mornents of an image are given, how well can we reconsttuct the image? We start

the invesligation b¡' dir.nrr;t t the inverse moment problem.

4.L Inverse Moment Problem

Consìder the characteristic {unctionfSS] ior the image fuuction /(æ, 3r):

F(u,u) : J:: l:: Í(,,u) ei@'+"a) d.ndy (4 1)

Provided fhat f(n,g) is piecewise continuous and the integration limits are finite,

F(u,u) is a contiluous function and may be expanded as a power series in z and u.

Therefore,

F(u,u) : l::l::¡t',s)ËË þ#VP**

JJ



_ t - /'-Ëli;,)- Ë tiy)' ,ur, ftr.y)tuds
r -æ r -æ /c_0 t_0
co co -.*rt

= ttr*,hat I _ I _ JG.ùrkstdxdy
/.=o l=o Él ¿l

æ æ ;À+l
F1z,u) - tt-ruu' Alo,,

:--1:-- Rt I)
(4 2)

where the interchalge of order of summation and integration is perrnissible, ald the

moment A:[¡¡ is lhe geometrìc moment of order (,b + l) of the image function /(ø,9)

uu" = l:: llJ,,,,y)rk st d,:dE

We see from (4.2) that the moment ill¡¡ is the expansion coefficient to the zÀ2, ¿

term in the power series expansion of the characteristic functior of the image func-

tion f(r,s).
Then, we consider the inverse form of the chara.cteristic function 'l1(2, u ). From

(4.2) and the two-dimensional inversion formula for Fourier transforms, it follows

that

1 t'- "--ftr.u\ - ' I I Ft".¿)e j("" "e) dudu
q1f"JÒJú

'I ¡ - ^-- Ø oô ;,b-¿

ftx.ul - -'_ | 
* 

/ 
--:- 

f l,rkutA]u,e i(-"'"u) dudu. (4.3)
4zr2 J -* I -* t-k- 

ot-t_o kl Il

However, tlie order o{ summation and the integration in (4.3) cannot be inter-

changed. Thus we conclude that the power series expansion lor F(u,u) cannot be

integrated term by term. Particularly, if only a finite set of moments is given, we

cannot use a truncated series in (a.3) to learn about the original image function

l@,s)

The difficulty encountered in (4.3) could have been solved if the basis set {zÀrl}

were orthogonal. Unfortunately, with the \4/eierstrass approximation theorem[17],

the basis set {zÃø¿}, while complete, is not orthogonal.
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To solve this problem, we need a set of basis functions which are orthogonal over

a frnite inte¡val. Based on this requirement, the Legendre polynomials would be

the appropriate set.

4.2 Method of Legendre Mornents

4.2.L Theory of fmage Reconstruction from Legendre Mo-
ments

As mentìoned ìr.L Cl.rapter 2, tlie Legendre polynomials {P-(r)}117i are a complete

orthogonal basis set on the interval l-1, 1]:

¡¡l ,
I P-lr\P.(r\dr - =Ló-" (4 4)J-t ' 2m,l

By the orthogonality principle, and considering T,hat f(r,g) is piecewìse contin-

uo11s over the image plon", *" can write the image function f (r,g) as an ìnfinite

series expansion:

Í@,ù = î i ^^-"" 
P^-^(r) P^(ù, (4 5)

where the Legendre moment of f @,g) wìth order (m + n) is defined by

, (2- t)(2n 1) 
[ 

* 
| 

* p^t,\p,(y)Jþ.y)drdy (4 6)¡-" = + J-*l--
Horvever, in practice, one has to truncate infinite series in (a.5). If only Legendre

mornents of order < A[^", are given, t]re {unction f(r,E) can be appronmated by

a truncated series:

M-""' *

f (*,s) = |v",",(,,s): Ð Ð 
^,"-"," 

P,"-"(r) P^(s). (4.7)
m=0 r¿=0

Furthermore, À--,,,." must be replaced by their approximations given by (3.19),

yielding the foliowing reconstruction scheme

M*". ,n

î*,.".(*,s): Ð t î""_^,^ e.,-"1"1r"çy¡ (4 8)
m=O ,1=O
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This is actually the basic equation used in the image reconstruction via the Legen-

dre moments. It is important to note that r¡'hen the given order A[^", 1s increased,

the previously deterrnined Î--",,'. do not change.

4.2.2 Reconstruction Error Analysis

To measure the error between the origilal image and its reconstructed version, the

following formula is employed

¡l rl
Error(f¡,,1^".): 

J_, J_,1¡r-""lr,y) - Jlr,s)l'zd.nd.s, (4 9)

wltete M,no. is the highest rnoment o¡der involved in reconstruct.iol, and f(.r, g/)

represents the reconstructed image from /(2, g).

Since

î**""þ,ù: I t p^_^,-(,)P.tu)î^_",
n-O n-O

and

Í þ,u) = L Ð P^-*,-(,) P.(s) ¡," -,-,

there{o¡e

II-*" n
î*^_.@,ù- Í(,,y) = Ð t p"" 

","(,)p^(s)i*_",n=O n=O

- Ð t p^_","(*) P"(y) 
^,"_-,^lrL=O rL=O

M,,"". ^= t t p*-^,"(,) p^(ùlî^-,^- 
^,"-","jD-0 u=0

- t Ðp^_^,"(,)P^(s)^*_^,^ (4.10)
ñ= )V,,,". +1 n=o

Then, we have

^ 11 ¡1 ^Error\[7¡^",\ = J_, J_,ll**".@,a) - [(r.s))'ztuds

¡1 ¡t Mnnt

- I / I I t p--"."(,)p"\a)6--", - À--^,^)'1 tudy|-I - * *
"_t "_t ñ__O n=O



-2 f [' ry' i p^-^.^(,) p^rù Â--.^- À-- ", )J-''-' 
--o n-o

I Ë i r^-",^øl P^(s)À^-^,*td.æd.s
n=If*".+1 n=o

^i ¡1

I I I L p^_",t,) p"(y) 
^__".:: 

dæds l4.rr)
u _, u _, _ _Ìtl,^--+.t n_o

Since the second term in (4.11) is zero and Legendre polynomials P-(z) and

P.(g) arc orthogonal, applying (2.30) to (4.I1), u'e liave

Errorçi¡a,^",\ - 4 ï"t *+. r 2n Jt)--"" - À--,.,1'
--':' ' -

I 4 )- f -. 
, , ), (4.1?\

' 
-_h""., ?oz(* n) * t 2n

As slrown in (a,12), the reconstructìon e¡ror Emor(f¡¡,,,".) consists of two parts.

The flrst part comes from the discrete approxìmation of the true moment (À-,-)

wirile the second part is a result of using a filite number of moments.

With the new techniques introduced in the previous chapter, rve can reduce the

discrete approximation error to a tolerable lov'level. Based ol tlLese nerv teclLniques,

the experimental results of image reconstruction via Legendre moments, which rl'ill

be presented in the follou,ing section, indicate that wlien tlLe maximum given order

ÃrI^". reacíes a certain value, f¡a..",(r, g) can be ver)¡ close to the original image

function /(2,3r).

4.2.3 Experimental Results

The proposed approach was implernented in the C language and tested on a 25N{Hz

386 computer. In the experiments, a set of fve Chilese characters, shown in Fig-

ure 4.1, is used as the test images. Each image consists of 24 x 24 pixels and the

ralge of graylevels for eacìr pixel is 32 . All characters have the gray level 11 and

the background has the value 21.



Figure 4,1: Five original Chinese cha¡acters used in image reconstruction via Leg-
endre moments. From left to right are C1, C2, Cs, Ce, a¡d C¡.

The reason we use these five Chinese characters is that they are very simila¡ to

each other. Actually, among more than 50,000 Chinese characters, one cannot find

another set of flve(or even set of three or four) in which the individual cha¡acters

are so similar to each othe¡. Therefore, it seems that if these five cha¡acters can

be recognized successfully, the method can be applied to all the Chinese cha¡acters

with confidence.

The no¡malized mean square error between the original image /(2, y) and the

reconstructed image f¡¡,^."(n,g) is defined by

., Error(f¡¡-^,)e-M^".: Tj¡6nfo*, = -1 1n,y 11,

(4 13)

which is considered as a measure of the image reconst¡uction ability of the moments

and adopted here.

The alternatiue extended Simpson's røle with order 1ú : 23 is applied to compute

the Legendre moments in this experiment. Table 4.1 and Figure 4.3 show the

Çj ualues from the reconst¡ucted Chinese characters f¡om o¡der 2 up to order 56.

It should be noted that the fi d".r"u.", monotonically in the cases of all five

characters.

Figure 4.2 shows the five original Chinese characters and their reconstructed pat-

terns. The fi¡st column illustrates five original charactets. The second column to

the ninth column display the reconstructed patterns of all characters in the fi¡st

column with order 28, 32,36, 40, 44, 48, 52 and 56, respectively.
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UrdeI 1 c2 Ct Ca Cs

2

4

6

8

10

L2

74

16

18

20

22

24

26
9a

30

1,1

36

38

40

12

4t)

48

50

l:,'l

5{l

0,047615
0.046324
0.0410428

0.04281ã

0.040362
0.038164
0.032964
0 030828
0.027089
0.024840
0.021336
0.017141
0.0145 r3
0.012146
0.010568
0.008775
0.007346
û.006547
0.005348
0.004564

0.003996
0.003504
0.003217
0.003048
0 002607
0.002408
0.002408
0.002377

0.045822
0.045556
0.043609
0.040956

0.039399
0.037170
0.034942
0.032760
0.029455
0.025035
0.021264
0.019605
0.016060
0.012868
0.010343
0.008540
0.007377
0.006526
0.005645
0.004769

0.004293
0.003734
0.003181
0.002869
0.002613
0.002321
0.002556
0.002602

0.046409
0.045387
0.04442r
0.043409
0.041322
0.037279
0.034077
0.030799
0.028143

0.025198
0.022372
0.0198 70

0.017691
0.014819
0.012224
0 009367
0.00 7456

0.006485
0,005668
0.004799
0.004219
0.003576
0.003165
0.002811
0.002728
0.002394
0.002451
0.002415

0.0 43936

0.043429
0.041650
0.041143
0.038537
0.036748
0,033165
0.030356
0.026889
0.023493
0.021577
0.019955
0,018034
0.015282
0.012753
0.010563
0.008500
0.007162
0.006265
0.0053 78

0.004653
0.004111
0.003584
0.003041
0.002691

0.002605
0.002332
0.00227 r

0.044973
0.043358
0.042230
0.040772
0.039932
0.037710
0.034447
0.032472
0.029727

0.026409
0.023423
0.020928
0.018245
0.015386

0.012617
0,010127
0,0085 73

0.00 7298

0.006336
0.004980

0.004322
0.003786
0.003199
0.002865
0.002647
0 002384
0 002419
0 002176

Table 4.1: The values of normalized reconstruction errors for the five reconstructed
Chinese characters.
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Figure 4.3: No¡malized reconst¡uction er¡o¡s fo¡ the five reconstructed Chinese cha¡.
acte16.

Figure 4.2: Five Chinese characte¡s and thei¡ ¡econstructed patterns via Legendre
moments.



Clearly, the numerical results shown in Table 4.1 ar.rd Figure 4.3 are concordant

with tlie visual results presented in Figure 4.2.

4.3 Method of Zernike Moments

4.3.1 Theory of Image Reconstruction from Zernike Mo-
ments

As discussed in Chapter 2, the Zernike polynomials

|t- (r,u) = r'- (psin?, pco"0) : R^ (c) erp(jm?), (4.14)

where the Radial polynomial R^ (p) is deflned as

D , ^\ 
("-.-i)/'?/ 

, \¡ þ ")!thn\p) - ¿- r - r, -.-. -i * ^ ,, p" 2". {+.Iãj

are a complere,", ot.o-pt.l-u",'"0 *i**..,it:ñt .i';tre unir disk

:r2 ¡ y2 1; l:

ll"=-""r'tv^ 
(¡'v)" lon("'s) d'ds: J-ó"ó^' (4 16)

Subject to the discussion o{ orthogonal functions for the Legendre mornelts, the

image function f(æ,g) can be expalded in terms of the Zernike polynomials over

the unit disk as

r@,ù:Ëlr"- r¡. (x,y), (4.rT)

where m takes on positive ul,d ,t"gotii" ir"r"r. subject to the conditions n-lrnl:

even, and m <n.

We rewrite the deflnition of Zernike rnoments here for convenience:

A".,=+ ll" ", f(æ,ùt';*(p,0)dnds. (4.i8)
1T J J12+y2<!

If terms only up to t1.re maximum Zernike moment N^., arc taken, then the

iruncated expansion is the approúm aliol to f(t,g):
N*"",

Í(,,s) = î*-",(,,y): Ð ÐÂ"-,u-,"(",y), (4.1e)
n=O ltt
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where á.- anò f¡¡,,"..(r,y) are the Zernike moment numerically computed from

f (r,g) and the reconstructed image ftorl; f (r,g) with the maximum Zernike mo-

ment ly'-o,,, while r¿ is subject to t1.Le conditions n - lm = even, and l-l < n.

Note tlrai V^ (p,0) : I¡", ^(p,0), (4.r9) can be expanded as

N,,"",

În^^.(,.s) - I t .4" t"-(p.et

;::"^ N*^": t Ð Â^ u-,-(p,d)+ t ÐÂ".,\,*(p,o)
¿_0 m>0

: Ð t Â^,-^t'^,-^ç,e¡
=0 a)0

+ Ð t Â^ k^(p,o)+ Â^ov^o?,e)

N_,.-

î*,,.",@,ù = t t l¡;^I'"^(p,o) + Â^ tL^(p,o)l

+Â.ou-o?,q. (4.20)

considering that

t'"-þ e) = n--þ) (cos(.rnq) ' j sin@a))

ald

vi^þ' a) = n^^þ) (cos(mq) - j sin(mq))

Then (4.20) becomes

N_..
1x*",(,,s7 : t t {(RelÂ^ i-iI,LIÂ^*))R^ (p)(cos(,n?)* jsi.n(m?))

n=O m>O

+ (RefÂ^ l a i t,.lÂ",")) R^ (p) (cos(ml) + ¡ stn6e¡)¡

+ (Æefî.ol + j rrnlÂ^ol) R^o(p)
N,,,".

: t Ð R* (p){(RelÂ"À ilmlÂ"1)(cos(mQ- jsi.n(m7))
n=O m>O

+ (Ãe[-4.-l + i lrnlÂ-*))(cos(rnl)+ j sin(rn7)))

+ (Ãel,Î',ol + j ImlÂ-ol) R^o(p)

oz



N_,..

îu.,-.(*,s¡ = t Ð za- þ)(ReLÂ- )cos(ml)- ImlÃ. )sin(rnl))
n=0 ¿>0

+ (Ãei.a,ol + j rmlÂ"d) R"o(p) (4.21)

The formula (a.2i) is the basic equation employed in image reconstruction via the

Zernike moments.

4.3.2 Reconstruction Error Analysis

In this section, a similar definition as in(4.9) is adopted to measure the error between

the original image and its reconst¡ucted version from Zernike moments.

nrror(i*,,,"): [ [ l¡' (r.u\' f (t,s))2drd's (422)
J J,, +u, <, tr 1\nLar\* ) v t r

Since

î*."""(*,y) - l@,y) = Ð ÐÂ,".,rt^ (",a)

N^""

-lt t A^ rr^ @,y) + Ð l.a^ v- (",u))
n=o n n=N*."+r m

Ð Ðt","(,,y)lÂ^ _ A" )

- t ÐA","u^ (",s), (4.23)
n=N"-""+t m

therefore it follorvs that

Error(f¡¡.,,^.) : I l***r,lî*.,..(,,y) - f(n,s)t¡'zd.ædy

: t' N--"

- J J,,*o,.. I I ll"-("'s)l'li"- A- l2drds

N,.",
2 I I Ð Ir;-(,,y)ll"--A. 1d.rdy

,t ,tî.+y.<! ñ_o m

fl. ., i ¡a"-r;_\ï.s)tudyr u fr.¡y. \ I N*.,,t ñ

* [ [" ", î Ilr;;',y)]' A. )zdrdy. (4.24)
u r' ù-,f9. \ r n=N^", m
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It is clear that the second term on the right side of (4.24) is zero. So, the recon-

struction error for Zernike r¡oments consists of two lerms:

E,or(i¡s-.".'1 - t t $"¡[;-t'. a)'Â- A^ 2hdy
Iu Jrr_yr<t _._oT

+ [ [ Ë \l]\-*(*,s)'lA^,,1'd.tdy. (4.25)
J J ¡z +u2 1t __"1- .':

By recalling (4.16), we obtain:

1l-", li Á 2 cÐ / 2

Error(i¡¡",.,) = " t +t=;:- , "" F_._ +;i (4.26)

where the flrst part is from the approximation error in Zernike momert comput-

ing and the second term is due to truncating the higher order moments in irnage

reconstruction.

4.3.3 ExperimentalResults

The same set of five Chilese characters used in the case of Legendre momelts is

empÌoyed in this section as the test images as r.ell. Figure 4.4 illustrates the five

characters on unit disks.

Traditional Zernike Moment Method

Tlre traditiolal Zernike moment method, which defines the Zernike moments

a^ = ? lJ | | rc,rlut^(p,o)d.rd,s

on the unit disk

î:2 + a2 < r,

is implemented in the image reconstruction. Tlle simplest l-dimensional formula,

along with the two diferent iypes of 5-dimensional formulas, and the l3-dimensional

formula with trvo different sets of coeffcients are employed in the experimeut.
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Figure 4.4: Five original Chinese characters used in image reconstruction via
Zernike moments. From left to right are Ct, Cz, Cs, Ca, anð C5.

The normalized mean square e¡rors

r IItf@,ù-fþ,v)l'zdxdv
'-: ¡¡¡1*s¡)utdry '

are adopted here to measu¡e the qualities of the

Zernike moments.

,' - y' 3 t, (4.27)

reconstructed images via the

Order t-D 5-D( I 5-rJ(rl L3-D(r) 13-DIII
2

4

6

8

10

72

74

16

18

20

22

24

26

28

30

JZ

34

36

38

40

0.055213
0.055961

0.054160
0.050504
0.0487 52

0.046750
0.051584
0.065199
0.073065
0.085419
0.101229
0.125072
0.238904
0.395097
0.482546
0.584135
0.939857
1.307849
r.436626
1.590319

0.054943
0.055864
0.054049
0.049167
0.046411
0.045407
0.047041
0.052803
0.060081
0.10325i
0.268038
0.773207
2.473057

0.056078
0.0578 79

0.05 7373

0.056113
0.051591
0.047394
0.049077
0.053426
0.051446
0.052595
0.066272
0.089699

0.236481
0.416779
0.725626
0.669215
0.813116
f. i67633
0.960680
1.497801

0.054943
0.055864
0.0539 73

0.049230
0.046480
0,045691
0.048419
0.056944
0.070122
0.132682
0.386192
r.413850

0.054943
0.055864
0.053973
0.049216
0.046633
0.0459 75

0.051099
0.064922
0.096181
0.224127
0 780797
2.817505

Tal¡le 4.2: Values of the normalized mean squa¡e e¡rors from appiing five different
formulas to character C1.

The Chinese character C1 is used as the test image for all five dife¡ent formu-

las. Table 4.2 and Figure 4.6 show the I values for different fo¡mulas rvhen the

65



f lF+, .. F"** FF.+

, 
*" ffi i,"''"ðËil ;;ffiTi.--d.¿-f :;. : 4" er '- * S.{#

.., Ë:lË... ." #ä.'r. .;ç:þ..
.: È" #:,.' f¡ :V':..', fr-T.,:',. ;-.Ð l,.r!..__..,& -l-e!. ,..'!rF. ¿.j!31:f t;lú" t,l qË,n'

''frft'.,'Ë4*t',. ',#.4i* ¡,ffi; 'dS:,;*ff*qi;.fr.:ä{; rt#..i trirJ; ;lF*.'ïË,.i'"i:ff- í?jil;r -T:ti:f -:;Í*'."
,:;ffiifiir
'. !-r, ï 

',8

-i¡i..¡ç#i.r'F : "+i!+ú,ñ:'
';rn4çrd

¡:'l:r¡

Figure 4.5: The Chinese character C1 and its reconstructed patterns via Zernike
moments.

reconst¡uction orders go up.

Ouly the simplest 1-dimensional formula and the 5-dimensional formula iI, which

is shown in Figure 3.4, provide relatively lower computing errors. The remaining

three formulas certainly are not good candidates for image ¡econstruction because

of the excessive computing errors.

Figure 4.5 illustrates the reconstructed images of C1. The first ¡ow and the second

row display the ¡esults from using the 1-dimensional formula and the 5-dimensional

formula II, respectively. The patterns in the fi¡st column are reconstructed from

order 14, then fron left to right, they are the reconstructed images from order 16,

18, 20,22, 24,26,28, and 30, respectively.

When the order is 26, Table 4.2 indicates that in terms of the normalized mean

square erro¡, the reconstructed image from the 5-dimensional formula II has lorve¡

er¡o¡ than that of l-dimensional formula. Ilowever, the visual results a¡e contrary.

The ¡eason is ihat the normalized mean square emor treats all pixels equally, while

the individual key pixels which contain more features affect the visual resu-lts mo¡e

signiflcantly.

.G+- .+l- rFL{

. ;: lç4r;.,''rffiç;.,.i:ilãff,i
.il"i'iÍ* 

"" 
I -.ih5i ¿;f .hl.'"Ti

.,--¡¡r-.. ç.Lr:r..¡ I {¿r? I
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Figure 4.6: The normalized mean square errors from appling five diferent fo¡mulas

to character C1 .
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Modified Zernike Moment Method

We introduced a modifled version of the Zernike moments in Cìrapter 3. We rede-

fined the Zernike moments as

-r1A" : '' :' LLh"-,.\",,a¡) l@;,a¡), "f + y,' g t - 1, (4.28)
7r'-=

u-here 
¡", - ^;' ¡E¡' ^-!ho.".,,(",,s¡)-l "- I ": 1'^^þ,a)drd.y,

J ¿;-ï Jy)-z

and 7 is an adjustable factor. For example, in this research, we let

Â¿ -l Az
^ - 

--:------! 

L.t- 4 -'

I y _: r I) (4.3r)

(4.2e)

(4.30)

where e is an arbitrary small number.

The main reason to adopt (4.30) is that u'her we use the multi-dimensional for-

mulas to increase the approximate accuracv) we want to reduce the number of nodes

u'hich fall outside the unit disk. The price of adopting tl.Le new version is that the

geometrical errors r¡'ill becorne larger.

For the sa.ke of convenient comparison, the same Chinese character C1 is employed

as the test image, and the lormalized mean square error defined in (a.27) is adjusted

to

IJ)tþ,ù-f(n,ùl'zdnds
t llf (r,y)l'zdrdg

to measure this new method.

Table 4.3 and Figure 4.8 show the e2 values of a.ll five different formulas when the

orders of the reconstructed images go up.

Table 4.3 and Figure 4.8 indicate that all fir'e diferent formulas perform bet-

ter than they did in the cases of traditional Zernike moments. Specifrcally, four

muiti-dimensional formulas produce lower computing emors than ihe simplest 1-

dimensional does. Among the multi-dimensional forrnulas, the 5-dimensional for-
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Order l-D 5-DrI) 5-D TII) i3-DtI I3-DTII
2

4

6

8

10

72

t4
16

18

20

22

24

26

28

30

;\.4

36

38

40

44

46

48

0.084803

0.086955
0.066534
0.056585
0.054370
0.0506 74

0.047111
0.038940
0.032694
0.030620
0.030019
0.024429
0.030760
0.039758
0.039696
0.058339
0.106035

0.123119
0.169365
0.329895
0.433146
0.63327r
1.097263
7.398472

0.084788

0.086269
0.065864
0,056943
0,053879
0.051415
0.0473 76

0.0386 74

0.032203
0.028 749

0.024936
0.019283
0.019953
0.019696
0.016881
0.022152
0.038370
0.041910
0.061747
0.120624
0.144304
0.230363
0.452476
0.657138

0.084140
0.085942
0.066526
0.057341
0,056148
0.053731
0,049006
0.041326
0.034136
0.030869
0.026573
0.022129
0.02195 7

0.0 r8082
0.017466
0.018620
0.024998
0.02648 7

0.042706
0.055665
0.059244
0.0 72008

0.137053
0.206285

0.084788
0.086269
0.065864
0.056943
0.054191
0.051345
0.047 446

0.039002
0.032398
0.028476
0.024928
0.020561
0.020725
0.021513
0.018160
0.020936
0.032265
0.033606
0.047283
0.092343
0.160647
0.245778
0.486214
1.231595

0.084788
0.086269
0.065871
0.056803
0.054339
0.051626

0.047712
0.039314

0.029583
0.026727
0.023906
0.025505
0.028803
0.025365
0.028304
0.044382
0,04889 7

0,069645
0.138519
0.292140
0.454737
0.896195
1.659259

Table 4.3: \/aIues of the normalized reconstruction errors from the reconst¡ucted
five Chinese cha¡acte¡s with tlie new proposed Zernike moment technique.
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Figure 4.7: The Chinese character C1 and its reconstructed patterns via the modifred
Zernike moments,

mula II which is shown ìn Figure 3.4, is superior to the othe¡ three formulas and is

the best candidate for the image reconstruction under this specific situation.

The reason that the 5-dimensional formula II provides better result is that with

the new condition for the Zernike moments, all nodes used in this formula fall

inside the unit disk. For the 5-dimensional formula I and the l3-dimensional for-

mulas, however, 16 and 68 nodes used in the computing fall outside the unit disk,

respectively.

The ¡econst¡ucted images from the Chinese character C1 with five diferent for-

mulas a¡e shown in Figure 4.7. The first row shows the reconstructed patterns from

the l-dimensional formula, and the second, third, fourth, and fifth show those of

5-dimensional formuìa I, II, l3-dimensional formula I, and II, respectively. AII im-

ages in the frrst column are ¡econstlucted from order 10, then f¡om left to right, are

results from order 15, 20,25,30,35, and 40.
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characters via the new proposed Zernike moment technique.
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via theFigure 4.9: The five Chinese characters and their leconstlucted pattelns

modified Zernike moments u'ith 5-dimensional fo¡mula II.

By using the 5-dimensional formula II, we ¡econstructed all five Chinese characters

with the Zernike moment order 20, 24,28,32,36, 40, 44, and 48, respectively'

Figure 4.9 shows the reconstructed images while Table 4.4 and Figure 4.8 list and

illustrate the normalized mean square teconstruction er¡ors of these patterns.

4.4 Conclusions

In this chapter, the image reconstructions via the Legendre moments and Zernike

moments have been discussed.

4.4.L Image Reconstruction via Legendre Moments

Since we have solved most of accuraci and efficiency problems related to ihe Leg-

endre moment computing in chapter 3, image reconstruction f¡om the higher order

Legendre moments results in a successful task.

.ll.-fËiï-l!.,.::#

': t¡* ¿
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Order C. Cz Ct C cr
20

24

28

JO

40
À,4

48

0.030869
0.022129
0.018082
0.018620
0.026487
0.055665
0.072008

0.206285

0.033030
0.026868
0.019077
0.018383
0.029725
0,058078
0.081936

0.196951

0.032264
0.028001

0.024242
0.019420
0.033 788

0.055500
0.079502
0.200966

0.030916
0.028148

0.023891
0.020195
0.032982
0.057263
0.079267
0.214339

0.032750
0.028903
0.020548
0.019606
0.031015
0.054554
0.0806 77

0.216396

Table 4.4: Values of the normalized recolstruction errors from the reconstructed
frve Chinese characters via the ne'¿' proposed Zernike moment technique.

Five similar Chinese chara.cters are üsed as the test ì.mages in the image recon-

struction procedure. Numerical and visual results both shou'' that the reconstructed

images from the high order Legendre moments are vety close to the original ones.

When the order goes higher, the difference betr¡'een the original image and its re-

constructed pattern becomes smaller.

4.4.2 fmage Reconstruction via Zernike Moments

ln this chapter, we discussed the image reconstruction via the traditional Zernike

moments and a proposed neu. Zernike rnoment method as u'ell.

Traditional Zernike Moment Method

Five diferent cubature formulas are applied in the irnage reconstruction via tra-

ditional Zernike moment method. However, most of multi-dimensional fo¡mulas

employed to increase the accuracy of the Zernike moment computing cannot pro-

vide the expected results in the image reconstruction procedure. T1.Le reason for the

failure is that the pixels on the unit disk boundary rnay contain nodes falling out of

the unit circle and whìch brilg in excessive computing errors.

In this task, the simplest 1-dimensional formula provides relatively better ¡econ-

structed patterns than alì the othe¡ multi-dimensional {ormulas do.
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New Proposed Zernike Moment Method

The sa-me five {ormulas used in the t¡aditional Zernike moment method are em-

ployed in the proposed new Zernike moment technique. As expected, all multi-

dimensional formulas cal recolstruct images with better qualities than the l-dimen-

sìonal formula does, and the 5-dimensional formula II obviousl). is the best approach.

In terms of image reconstruction, however, compared t'ith the Legendre moment

method, the Zernike moment method is severell' handicapped. The reason is that

the two major problems in the Zernike rnoment computation, geometrical error

and approximation error, cannot be solved cornpletely. Though carefully selecting

the multi- dirnensional cubature formulas can indeed reduce the computing errors

and improve tlie quality of the reconstructed image, it is very unlikeÌ¡' thal the

performance of the Zernike moment method can reach the same level as that of

the Legendre mornent method.
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Chapter 5

Reconstruction of lr{oisy Images
vía Moments

5.1 Introduction

Lnage reconstructions based on the orthogonal moments urlder noise f¡ee condition

have been discussed in Chapter 4. However, in the presence of noise, the image

reconstructiol is expeci;ed to be more complicated.

It is interesting to consider how close rve can recover the original image from a

frniie set of moments computed f¡om the noisy data. Certainly, the higher order

mornents sufer greater degradation due to loise. On the other hand, higher rno-

rnents are able to supply the detail information about the irnage [1]175]. These tu.o

opposite factors working against one another imply that there exists an optimal

number of momelts yielding the best possible representation of the image.

5.2 Legendre Moments

Two commonly used orthogonal moments for image reconstruction are Zernike

moments and Legendre mornents. In this chapter, the Legendre moments ate

employed for discussiol, However, the results presented can be extended straighi-

forwardly to other types of orthogolal moments.



As discussed ir.L Chapter 4, if only Legendre moments )-. of order 1 M,n., ate

given, the original image functiol f(æ,y) can be approximated by a truncated series:

M-"" ,n

1*^..(*,s): Ð tÃ^-","p^-^(*)p^(s) (5.1)
n=O n=O

Clearly, the square reconstruction error

Err or ( i¡¡,,,",) : | | ffr,-""ø,s ) - f (r,s)1: d.rd.y (5 2)

goes to zero as AtI^",- > oo) see formula (4.12). Thai is, by empìoying higher

order mornents one can make the reconstruction error arbitrarily small. However,

this scheme breaks down if the image is contaminated by noise. The noise afects

the higher order moments greater than it does to the lower order rnomentslTS].

Therefore, given the rninimal value o{ the reconstruction error, an optimal number

of mornents exists. In other words, rvhen noise is involved, the square recolstruction

error rvilL initially decrease (not necessarily in a monotonic way) dou'n to a certain

number of moments and then increase to infinity as /y'- > oo.

5.3 The Reconstruction Error

Lei g(æ,g) be the noisy degraded version of J(æ,9) añ adopt the follorvirg simple

image observation model

sþ,v\:f(,,v)+"þ,a), (5 3)

where z(æ, g) is a Gaussial raldom process with zero mean and flnite variance o2.

From the discussíon in Chapter 3, the Legendre moments of the noisy version

g(n,y) of f þ,y) can be obtained numerically by the formula

= (2* -l)(2n-l)å "

^^" 
: #f l å;-.(r;,v j) s(ri,aj)I r=l j=l

/tl

(5 4)



where I-. presents the Legendre moments obtained frorn the noisy image 9(u, y)

and 
"--A' .,, -a-v

h;^."(r;,ai) = l-' ": l" ^', 
,^(,)P^(v)axds (5 5)

r Ei- 
" 

r yj- -i'

Then, if the order ! AtI^." is given, the noisy image gþ.,g) can be reconstructed by

M,,.". m

îu*..(,,s): t Ð\^,^,-r^-^6¡r"çs¡ (56)
ñ=O n=O

Since

Es@¿,s¡) = T@;,E¡), (5 7)

x'e have

E'Í."": 
^," 

. (5 8)

11 we wrrte .À-, as

1., :1^ -r,r^*+8 ,"",

then, it follows

i^---t1","-øsfi+î,^ (5 e)

Similar to the case of nol-noise in (a.12), Error(Q 7¡,,,"".) can be writer as

. /r /r,^Error(þ¡1^.,) = J_,J ,1AM,,,",(r,s) - I(.r,s)ì'¿*¿t
M"-, m: 4 t t 

";j"*t r,i1l^^ ^'" ^^-^.l'^: "=" ' .,
+4 î \- --l ^ 

1=. )l_., (5.io;'^-fr.,-t"''uz(*-n)-I2n I L """'

Tlrerefore, E(Enor(Q¡,1,.^")) has the form ol

M,"", m I I

E(Error(Q¡1,"",)) = 4 ç ç 

-,8¡--.^-^^-","1'
#,?"2(. -n)-12n-I

+4 Ë å tu:Ã-,#¡ra' ,-,,) (511)
n=M-,"-+1f.=o '\"" tL t t



Considering (5.9 ), we have

El),-_-.. - À^_^,l' =

Since

il follows

Then, (5.11) becomes

E( Error(ãnn )) -

El(À^-.,. - Ð^^-.,^) + (î^-^,^, 
^* ",")l'

El(À-_"" - F,Í^_-,^)' + (1-,.,. - 
^^--,^)',

-2F"6^-^,- - Ei".-".) (^*-"," - )--..) (5.12)

E()-_"," - EÀ--,,") ()-_",^ - À--"") - 0

EIÀ--." -^^.,^l' = E(i"'-"|" -F,l^-^,-)" +E(Î--"" -^^-^,^)'
: 

"""(1^,.,.) + 6^-^,^ ^^-*,*)' 
(5 13)

- ^'t^i"#Ã; ri r;--- - 
^^ 

-, ^)"

- 4 i \- .__l - l' ^l "" (5.r4)- 

^=h.._, ?oz(* - n) + 1 zn - t

The first term on the right-hand side of (5.14) depends on the noise added to

the original image. When the noise increases, it increases too. The second term on

the right side can be viewed as a matclLing measure between î^-^,* anð' À-. based

on the total 0l?YtÐ moments, rvhile t1.Le last term comes from truncating higher

o¡der moments in recolstruction.

Comparing (a.12) with (5.14), the main difference between the cases of the absence

and presence of loise is focused on the first term on the right side of (5.14). In terms

of the sensitir.ity to noise, the higher order Legendre moments ate more sensitive,

From (5.14) we can see that when the order ol M,."" increases, the sums of

""r(Í,,--.,-) and I1-, À-.]2 increase. On the other hand, hov'ever, the third
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Figure 5.1: Square error Error(þ¡,7.,",), o2 :4.0.



term on the right-hand sìde of (5.14) decreases when the order of ,4y'-o, increases.

These two factors against each other, indicating that the square reconstruction error

Emor(þ) t'ill initially decrease do'¿'n to an optimal nurnber of moments and then

inc¡ease.

Il order to verify such properties, the Chinese character C1 is enployed as the

testing pattern in our experiment. Figure 5.1 shorvs the trend of tl.Le squared recon-

struction enor Error(j¡1*", ) averaged on 10 runs with o2 = 4.0. As expected, the

error decreases first, reaches minimum at lü:35, thel increases. Table 5.1 lists

tlre numerical values of Error(Q¡1^."). Figure 5.2 illustrates the noisy image of C1

ald its reconstructed versions from order 4 up to order 56, from left to right, flrst

row to lasl rol'. respectivel¡'.

Order (1r ) Order (/ú ) 0rder (1ú)

J

4

5

6

7

8

I
10

11

12
1D

1.4

15

16

71-

18

19

20

1.628e*01
1.604e*01
1.5 8 7e -l- 01

1.586e*01
1.544e*01
1.518e*0i
1.439e*01
7.427e*07
1.403e-l-01

1.369e*01
1.256e*01
1.219e-101

1.183e*01
1.175e*01
1,093e*01
1.065e*01
1.020e*01
1.003e*01

2I
z¿

,,1

25

26

27

28
to
30

JO

36

38

9.928e*00
9.110e*00
9.067e*00
8.097e*00
7.924e*00
7.556e 1 00

7.101e-l- 00

6.939e*00
6.718e*00
6.610e*00
6.349e*00
6.359e*00
6.219ef 00

6.243e*00
6,065e*00
6.103e*00
6.069e*00
6.105e*00

39

40

4I
42

43

44
45

46

48
IO

50

51

52

54

56

6.099e-l00
6.193e*00
6.217e*00
6.323e*00
6.377e*00
6.529e*00
6.660e-l- 00

6.814e*00
6.898e-100
7.046e*00
7.223e*00
7.386e*00
7.444e*00
7.606e*00
7.818e-l-00
7.982e*00
8.258e*00
8.407e*00

Table 5.1: Square reconstruction error Enor(j¡t1^.,) with ø2 - 4.0.

Obviously, the second and third terms in (5.t+) are not afected by the noise,

therefore, when the noise increases or decreases, the sum of lÎ-" - ,\-"]2 is the
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Figure 5.2: Noisy version of C1, with o2 :4.0, and its reconst¡ucted ve¡sions.
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only factor decidìng the position of the optimal number of moments. Since the

noise affects the higher order Legendre moments more than it does to the lorver

ones, tlre reconstructìon etor Error(Q¡,7,,,", ) will increase faster when the higher

level noise is involved. These discussions lead to the conclusion that v-hen the level

of noise increases, tl.re optimai number of moments for the least reconst¡uction error

becomes smaller. An experimert was designed to verify this assumption and the

result is illustrated in Figure 5.3. The s¿rne Chinese character C1 and the uoise

model sho'wn in (5.3) are employed. The result is averaged on 10 runs alLd the

noise varies ftol¡¡ o2 : 4.0 to o2 :25.0. Due to the nature of this experiment, the

computation involved is very large. It took 260 hours for a 33 MHz 486 computer

to complete the task. It is fair to say that the amount of computation involved in

this experìrnent has reached the limitation of a current personal computer.

5.4 Data-Driven Selection of the Optirnal Nurn-
ber

It is very interestiug to consider hor¡ to select a "good" optimal number /y' directly

from the al'allable g(r",y,). Ideally, it is expected to have /úi to minimize the square

reconstruction error. Notice thai l{j is a function of the data at hand.

This, in turn, is equivalent to taking the minimizer of the follorving criteria

Error(ã- l- [[r'rr.u\dtdu:n"f'Ë I i \ '2

'--'*'' JJ' " :-^ 12lm-n)- I Zn + t ^^-"'n- ^m-n'n)

-r++rlt,' :- ,L^2(¡n -n)- 1m=1vtñ., + ! ñ=u

-'Ë+ 1 I r,
' 
*t-o ?n 2lm - n) - 1 2n L

Error(ãn, \- [lf'(r rtdrdr:4y" Ë ---] 
I 'i \ 12L' ' v' \yxrmol) lJt ,".vrvtus - " ?" *-_ 2(m _ n) + i 2n _ 1l^--^'^- ^m-n,nl

Itt^". m

-4"ir' ^L,.ii-,,. 1s.'e1- 
-z:" 22(m - n\ -r ) ¿n -r !
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Figure 5.3: Optimal moments numbers.



Horvever, the solution of equa.tion (5.15) is not feasible since the À-.'s are unknot'n.

I{ À-. is replaced by l-., equation (5.15) will yield the unacceptable solution

-ly' : oo.

To overcome this dificulty, a resampling technique utilizing the cross-validation

methodology has been introduced and the asymptotic optimality of such a selection

has been proved 156][57].

Other possible techniques to solve this problem include the utilization of discrete

measures with penalty factors. For instance, other lhan the Error(j¡¡*"" ) criterion,

ìts discrete approximation

ED(M): 
^,^y Ë Ë ls@n,u) - îu-".,(,0,a)1, (5.16)

i=\ j-_1.

can be usedl24].

Tlre empirical selectors corresponding to E D(M) are of the {orm

lòQw) - A,^E Ë i¡sç*;,u) - j¡¡,,"",(æ;,s¡))'za(N), (5.17)

i.e., it is a penalized version of the residual er¡or

^, ^y ii¡s1, ;, u i) - î*, ""(,,, y ¡)1,,

see 1241.

In the case of Gaussian noise, the prescription we proposed for the penalty factor

Õ(¡¿) is

Õ(¡ú) : lr - F(õ'z)L(N)LnLs)-P, (5.18)

where .L(-Äl) is the total number of momelLts used in f¡¡-"", e.g., I(¡/) - (N+1XN+z)

for Legendre moments. With carefully selected p and F(o2), significant simulating

results of Figure 5.3 can be expected.

Generally speaking, the autornatic selectìol of the optimal number ly'j from the

data at hand is still an open problem. Though some initial experimental results
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are quite positive on this tasklSS]159], due to the extreme amount of computation

involved, we could not provide the full scale research on this issue based on the

available equipment. For a related problem in the context of image restoration, we

refer to 129 
j.



Chapter 6

Character Recognition via
Moments

6.1- Introduction

Character recoglLition is beiieved to be typical of many other practical problems

that depend on general shapes rather than details of the image, The recognition

of characters {rom imagery may be accomplished by identifying an ulknolt'n char-

acter as a member of a set of klown characters. Various character recognition

techniques have been utilized io abstract characterizations for eficient character

representations [25]162]. Such characte¡izations are defined by measurable features

extracted from the characters. Therefore, tlie efectiveness of the technique for a

given applicatiol is dependent on the ability of a given technique to uniquely repre-

sent the character from the available info¡mation. Since no one single technique will

be efective for all recognition problems, the choice of character characte¡ization is

drivel by the requirements of a speciflc recognìtion task.

Based on the Uniqueness Theorem[37], the double moment sequence is unì.que-

ly determined by an image function l(æ, g). This nature makes the meihod of

moments a proper candidate in characte¡ recognition.
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6.2 Character Recognition via Central Moments

Il consideration of the fact that there is no inverse problern involved in tlie clas-

sification of visual patterns and characters, and the propertl' of invariance under

translation, the classic¿l moment is discussed in this chapter for the purpose of

pattern recognitiol.

As mentioned in Chapter 2, the central momelts ¡-r.on are defined in (2.5)

¡l co ¡ oo

P* - J-* J-*G ')o tY - a)n f(t,Y)d'rdY'

where

¡:L[ro. o:Mor.A[nn' " Moo'

and A[on are the classic momelts defined il (2,4)

*,,: l:: l+* *,yn¡1,,s1d,as

Hu demonstrated the utility of moment techniques through a simple pattern recog-

nition experimentl3T]. The first two mor¡ent invariants were used to represent ser'-

eral known digitized patterns in a two-dimensional {eature space. The experimelt

was performed by using a set of 26 capital lette¡s as input patterns. In the trvo-

dirnensional feature space, all tl.re points representing each of the characters were

fairly distinct except those oI M and W.

Compared with the set of English letters, the Chinese character set is large, and

in terns of character recognition, is more dificult to classify. In this section, similar

to Hu's experiment, a simulation program of a character recognition model using

two moment invariants, has been proposed. The following two moment functions

\:\/parro+w

xr:@

(6.1)

(6 2)

and
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are used to compute the representations of all known characte¡s in the feature space.

Therefore, each point of (X1. Xr) tepresents one Chinese characte¡ in the image plane

(", v).

Considering the similarity, first, we employ the set of Chinese characters used

before. Figure 6.1 shows these characters. .

Figure 6.1: Five original Chinese cha¡acte¡s used for testing.

The values of X1 and X2 are given in Table 6.1 and the representations of the five

Chinese characte¡s a¡e shown in Figure 6.2.

--h.JLJ
gF-4

Hfl

Characters x Xz
U
v2
c3
c4
cs

3. 5328

3.5440

3.557 4

3.5559

0.0933
0.0818
0.0616

0.0254
0.0794

Table 6.1: Values of the five Chinese characters in the central moment feature space.

Figure 6.2 shows that the representations of the flve Chinese characte¡s are quite

close to each other in the two dimensional (Xt, Xr) feature space. From the classi-

flcation point of view, this disadvantage certainly will limit the usage of the central

moment method in Chinese character recognition tasks.

Then, randomly, we selected 90 Chinese chatacters as the testing samples. Fig-

ure 6.3 shows these 90 Chinese characters. In Figure 6.3, we call the flrst sample

from the left in the frrst row 51, the second sample from the left on the same row

,52, and so on. For example, ,9ss r¡¡ill be the second sample from the left on the fifih

row; and 577 is the fifth character from the le{t on the ainth row.
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I

LIt
FfI

3.0

1.0 2.0 3.0 4.0 X2

Figure 6.2: Representations of the five Chinese characters ìn the central moment
feature space.
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,lWi,,#W ; ffi ;,ffi : ffi #ffi ffi "ffi,

;# j'ffi:ffiffi;ffiffiffij ffiffiffi
f,# ffi. :f j ;,ffil fffi 

rffiffi' .ffi m'
,ffi.ffi'ffii ffi,ffiffi,ffi$ffi' ffi,ffi.
ffitffi'ffi.'ffi:Wl ffffiffiÆrffi,ffi,
i$ffi,'ffiffi. -{ffi ffi,,ffi, ffiF.ffi, ffi: ffi'
.flffi. trffi&ffiffi,Tffiffi##; $ffiffii
# #ffiffirffi'ff&ffi.f$$, ilFffiffi

ffih' ${ F, #, ffi#$r #ffi' W ffi. -'h' f: [$
t'ff,ffi,#'È.ffiffi,ffii{ffiffiffi

Figure 6-3: Ninety Chinese cha¡acters.
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x1

4.0

The values of -ll1 and X2 are listed in Table 6.2 and the representations of these

90 Chinese characters in the central moment feature space are plotted in Figure 6.4.

0.0 0.6 L.2 1,8 2.4 3.0 
'r:

Figure 6.4: Representations of the ninet¡' Chinese characters in the central mornent
feature spa.ce.

Obviously, simila¡ to the results shown in Table 6.1 and Figure 6.2, the two

central moment functions, X1 and X2, cannot recognize those Chinese characters

successfully,

3.0
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Sample X Xz Sample -x, Xz Samnle x1 x2
J
s2

s3

s4

s5

s6

s7
s8

5g
c!/ 10

5rt
s.,.,
c
.J 13

su
Stu

5ru

,5r,
cYJ1E

Sro
c

,5r',

5""
Sr"
c

Szu
c

Stz
c

Srs
c
'r30

3.6184
3.5487
3.5474
3.5504

3.5551
3.5339
3.5092
,1.J I ¿Ð

3.6230
3.5499
3.5749
3.5591
3.5577
3.4994

3.4926
3.5146
3.5050

3.5339

3.5569
3.5958
3.5467

3.5264
3.5378

3.5615
3.5787

0.2566
0.0162
0.0029
0.0769
0.0811
0.2560
0. 1201

0.1149
0.0114

0.1434
0.077r
0.0477
0.2699
0.1735
0.1663
0.1638
0.1091
0.060 7

0.0953
0.0733
0.0480
0.1324
0.0199
0.1514
0.1419
0.0837
0.1533
0.0590
0.1090
0.0200

5:r
cJ32
c
.r 33

5¡n
c¿35
clJ36

Ssz

,9.*
c¿39

Soo

,9n,

¿42

,9¿:r

Sno
cl

c!J46

sr.
,s.,,
c!r50

Sr,.
c¿52

5ut
Sun

Sru
C
r-l 56

5rz
5us

Sut

,9uo

3.6512
3.5564
3.4875

3.5606
3.5578
3.5509
3.5382
2 ((ao

3.5840
3.5689
3.4838
e <Ð Ão

3.5056
3.5435

3.5053
3.5609
3.6086
3.5615
3.5390
3.4933
3.4940
.1.Jt)21

3.5675

3.5 750

3,5387

3.5182
3.5571

0.24 L1

0.1498
0.0674
0.1785

0.0598
0, 1511

0.0610
0.1388
0.0596
0.0639
0.0613
0.1280
0.0878
0.1187
tl.1tr15

0.0304
0.3824
0.1297
0.1638
0.0674

0.1286
0.1307
0.1729
0.0845
0.0680
0.1012
0.2538
0.2213
0.1422
0.2579

Sut

su,
5u,
c¿64

Suu

5uu

5ut
5ut
(r

sro
5zt
5,,
sr"
Szn

sru
Sze

5,,
Sz"

Srn

,sro
Cua1

,5¡z

J83
c¿84

5tu
J86

5tt
CllJaa
Clra9
c¿90

3.5429
3.5485
3.5618
3.5798
3.5286
3.4988
3.5440

3.5091
3.5424
3.5314
3.5216
3.5340
3.5996
3.5075
3.506 7

3.5466
3.5668

3.5889
J.J / /D

3.4619
3.5986
.1.5b4tl

3.5460
3.6025
3.5371
3.5542
3.5860

0.0565
0.10 71

0.0980
0.1332

0. 1251

0.1657
0.0818
0.0843
0.2650
0.0972
0.220ß
0.1080
0.2923
0.0785
0.0398
0.1668
0.0730
0.0675
0.0329
0.1474
0.0140
0.1211
0.2198
0.0416
0.138 7

0.0678
0.0930
0. i 616

0.2515
0.1156

Table 6-2; Values of the ninety Chinese characters in the central moment feature
space.



6.3 Character Recognition with Legendre Mo-
rnents

Tlie Legendre moments do not have the property of invariance unde¡ translation.

However, compared with the ciassical moments, the same order of the Legendre

moment contains more terms than that of the central moment does. Therefore, in

te¡ms of classification, the Legendre moments contain more information than the

cent¡a.l moments do.

Simila¡ to the two classiflcation measures defrned in (6.1) and (6.2), the {ollowìng

two Legendre functions

are employed il our ne\Ãr recognition node1, where À-.'s are the Legendre noments

defined in (2.31).

First, we use the same set of five Chilese characters shot'n in Figure 6.1. The val-

ues of all five Chir.rese characters in the trvo-dimensional Legendre moment feature

space (Yr, Yz) are listed and illustrated in Table 6.3 and Figure 6.5, respectively.

and

(6.3)

(6 4)

Characters
'

,'"
U 1

c2
c3
c4
c5

2.0204
2.1636
2.1899
2.2032
2.1653

1 6965

0.2535
1.7548
2.1281.

3.2418

Table 6.3: Values of the five Chinese characters in the Legendre moment feature
space.

We can see that the five Chinese characters are well separated in the two-dimen-

sional Legendre moment feature space (Y,,Yù In other words, in this particular
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0.0 1.0 2.0 3.0 4,0 v,

Figure 6.5: Representations of the fir'e Chinese characters in the Legendre moment
feature space.



Chinese character recognition task, the Legendre moment technique is superior.

Then, the ninety randomly selected Chinese characters shown in Fìgure 6.3 are

employed as the testing patterns. Table 6.4 displays the values of these 90 Chi-

nese characters in the Legendre moment feature space, and Figure 6,6 plots these

representa.tions in the trvo-dimensional ()!, )',) p1ane.

. 5or

5-23

531

6.0'];

. cl- ^. s¡z .:-
Srn - ¡. 136 s2rl

s3B 5c: sro

0.0

Figure 6.6: Representations of the ninety Chinese characters in the Legendre mo-
ment feature space.

Figure 6.6 shou's that most of Chinese characters are well separated. However,

4.83,6
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Sample v,y1 Sample )'r f2 Sample Ì'1 2

s1

s2

s3

s4

s5

s6

Sz

.ç8

ss
Clr10
Sr.
¿12

5tt
5rn
clÐ15

5tu
sfi
5t"
,s19
c¿20
cr21

Stt
c¿23

srn
S"u
c
,J 26

5,,
sr"
S"n
,ç""

1.5346 4.7334
1.9007 2.0506
1.8135 0.6016
1..7271 2.5868
1.9632 \.7077
1.8792 4.8260
1.9411 2.6879
1.9408 2.0360
1 .9248 I 2.2374
1.?645 13.e552
1.7005 i1.2156
1.8596 11.103i
1.7067 15.0308
2.0086 3.8532
2.0362 3.8763
1.6787 3.5999
2.0319 2.7340
1.7548 7.2384
1.9031 1.9106

2.0153 2.7606
1.5705 1.3187
1.7812 ]1.9i57
1.66e6 ]0.ei55
2.0691 11.5532
2:.25s I 3.576s
1.6e07 11.27s1
2.0025 2.3081
1.8056 0.5816
r.6444 2.3904
2 01 44 r .8385

c
rJ31
c¿32

Sr"
S.,
cu35
c¿36

s",
5.t
c¿39

sro
,9.,
c¿42

sr.
c

5n,
!.,46

so,
s48

Sn"

r50
Srt
5,,
5us

Sun

,sru

Suu

Ss¡

,9u,

Sut
c

r.5260
t.8379
t.8906
1.8940

1.7915

¿.0227

¿.7rs2
1.9756

r.7896

t.9206
r.85.10

t.9207
t.8654
1.8708

t.9319
t.4783
t.9744
i.7970

t.2657
..7894
..7126
..6793
t.2200
.7195

t.1327
..8733
t.7976
.9050

.5251

5.6012
2.9933
2.4768

1.8526
3.3827
1.8604
1.8860
1.7319
2.5398

2.r76t
2.8219
2.4153
r.4443
0.0995
6.2822
2.6013

3.6298
1.8740

3.7672
4.4645
7.7287
0.8 730

0_4946

2.3991

2.0736
6.0759

J80

Sst
5.,
c!/43

5en

Stu
c
,J 86
cJ87
c

I56

su,
cr63
c¿64

Suu

Suu
c¿67
C
L/ 6a

5us
(r
¿70

Srt
.'¿72
c¿73

Srn
c¿75

sru
5,,
,Szt

Sr"

c,89
Sno

1.7716 i0.8286
1.8951 1.6680

t.g745 2.6982
1.9486 1.4085
1.6608 2.6t82
1.6585 3.6280
2.1636 0.2535
r.7241 7.7722
1 7064 5 7 469

1.7558 0.5146
2.0127 4.0gg2
2.0239 2.3041
1.8900 6.0365
1 8122 1 1,1312
1.9149 11.5990

I

1.8685 10.6289
r.7ßs I t.2t2o
1.7870 11.0894
i.7331 0.7 432
1.5097 1.76r0
r.7755 0.0637
1 4753 1.7ß41

1.5775 2.8834
1..6220 3.5224
1..8122 1.6799

2.0188 2.5025
2.072t I LÆ34
1.8ee6 I 2.1385
1.6954 16.1273
1.9719 13.3317

Table 6.4: Values of the ninety Chinese characters in the Legendre rnoment feature
space,
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it is observed that two characters, Saa ar.d,957, are ver¡' close to each other in the

Legendre moment feature space. Although ihe results shown in Figure 6.6 are

indeed bette¡ than those of Figure 6.4, yet the Legendre momelt two-dimensional

feature space cannot be used as a successful technique to recognize a specific Chiuese

ch¿racter from the whole Chinese character set.

One option to irnprove the Legendre moment techlique is to add a rew leature

to the featu¡e space. We use the following equation, u'hicl.r is based on (2.16), as

tlie third feature;

y-r: yf^r- )rr)t + 4^ï. (6 5)

In this new three- dimelsiolal Legendre mornent feature space, characters Saa

and 557 ha.ve }i values 0.6933 and 1.6876, respectively. Therefore, all Chinese

characters shown in Figure 6.3 can be separated successfully.. Table 6.5 displays the

values of Y1, fj, and l! for all ninety Chìnese characters.

A.4 Conclusions

In this chapter, we have discussed character recogr.Lition via mornent methods and

compared the well klown central momelt feature space u'ith the proposed neu.

Legendre monent feature spaces {or Chinese cllaracter recognition.

The tu.o-dirnensional central momelt feature space was used by Hul37] to recog-

nize 26 English capital letters. Tire experiment performed fairly well except that

the distance betu'een two points representirg letters M and W in the feature space

is very close,

Compared with the set of English letters, irowever, the set of Chinese characters

is larger and more dificult to classify. Trvo sets of Chinese characters, one including

flve similar Chinese characters and the other containing ninety randomly selected

characters, are used as the input patterns to a simulation program based on the
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Sample 1',r Yz I: Sample I' ); l3
5r
Sz

5¡
5.r

.9s

56

St
5e

5s
5r,,
5rr
5n

5r¿
5r¡
5to
Sn
5rs
5rg
5zo

Szt
Sz,
Sz¡
r 2.1

S¿¡

Sza
Szz

¿28

Szg

5¡ri
5¡r
Ssz

5e¡
5a+

Sat
5¡o
S¡z
5ss
Sss

5¿o

J{l

S+z

S+¡
5qe

5,rs

..5346
.900 7

..7271
.9632

..8792
.9411
.9408

..9248

..70 05
.8596

..7067
r_0086

r,0 3 62

..otót
r.0 319
.7 548
.90 31

r.015 3

.5705
..78r7
..66I6
r.0691
t.1259
.690 7

r.0025
.805 6

.6444
t.0144
.5 260

..8 3 79
.8906

..8 940
.7915
t.0227
r.1192
.9756
.7896
.920 6

.8540

.9207

.8654

.8 708

.9 31S

4.7331
2.0 50 6

0.6016
2.5 86I
r.1077
4.826 0

2.ß87I
2.0 360

2.2374

1.2156
1.10 31

5.0808
3.85 32

3.5 9 99
2.7 304
1.2384
1.9106
2.76 06

i.318 7

1.9t57
0.915 5

3.5769
1.279r
2.3081
0.5816
2.3904
1.83 85

5.6012
2.99 33
2.47 68

3.7 55!
1.8 5 26

3.3827
1.8 6 04
1.8860
1.7319

1.553 3

2.r761
2.8279
2.4153
7.4443

z.ouul
1.8604
2.0 815
.1. t,¡tlo
1.5408
2,8729
2.7 054
0.913 9

2.0778
3.2 09 3

2.4936
r.4362
2.4677
3. 15 ?3

3.6982
2.3467
3.7 947

0.7 203
1.6195
2.7 951
1.3 711
1.3440
0.7 421
1,.2411

3.1406
1.5703
1.9 80 7

0.7381
7.2r7 5

2.202r
3.047 5

1.8440
2.5 0 81

i.6 7 90

2.0289
2.2726
1.79 06

2.2459
r.4725
2.7 447
7.547 4

2.8264
2.6 819

0.6 93 3

0.9 00 3

)46
S+t
5+"
S.s

Ssr
Ssz

5ss
5sq

Ss¡
5so

5sz
5ss
r59
5oo

5or
Saz

So:
5o.r

5o¡
5oo

Ssz

Sos

Sco

Szo

S¡t
S¡z
Szs

Sz+

Sz¡
5zo

Szz

5zs
Szg

5so

5sr
Søz

Ss¡
Ja.{

Se¡

5eo

Sas

5es

5so

7.9144
1.7970
1.56 3 2

1.78 94

r.71,26
1.6 79 3

2.2200
1.7i95
2.7327
1.8 73 3

2.7976
1.9 050
1.5 251

1.77 16

1.8 951

r.9745
1.9486
1.6608
1.6585
2.1636
7.?247
7.7064
1.75 5I
2.0127
2.0239
i.8900
1.8122
1 .9149
1.8 6 85

L7 r35
r.7870

1.5 097

r.7795
r.47 53

r.5775
1.6220
7.8122
2.0188
2.0721
1.89I6
1.69 54

1.I719

U3.4 u.u995
6.2822
2.6 013
3.6298
1.87 40
2.3395
I.IOI ¿

1.7281
0.8730
0.4964
2.3 9 91

2.07 36

6.0 75I
0. E28 6

1.6680
2.6982
1,4085
2.6782
3.6 280
0.25 35
7.7722
5. ?46 9

0.5146
4.0992
2.3047
6.0365

1.5990
0.62 8 9

1 2t20
1.0894
0.7432
1.7610
0.063 7

r.7 64r
2.8834
3.5224
1.6 799
2.5025

2.13 85

6.127 3

J.JJ I /

1.Ul ¡'5

1,9013
2.57 07
1.39 54

2.8191
2.3448
0.56I I
2.840I
2.217 4

2.7262
1.6876
2.5669
1.9 350
2.4210
r.7764
1. r 195

r.4327
2.4803
1.8849
1,27 79

1.3 6 85
2.7329

7.4477
3.4287
2.6732
3.4701
r.67 45

1.5343
1.53 3 5

1.6727
1.4135
0.8510
2.0634
7.27 69
r.2034
1.7849
2.3445
i,8171
2.2536
7.8727
1.6 345

2.5255

Table 6.5: Values of the ninety Chinese characters in the Legendre moment three-
dimensional feature space.
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central moment technique. The results show that most of the representations of the

Chinese characters in the Central moment fealure space are cror¡'ded to a small area

in the two-dimensional central moment feature plane. Therefore, in both cases, it

is impossible to recognize those Chinese characters successfully.

We proposed some neu' Legendre moment feature spaces in this chapter.. First, a

two-dimensional Legendre moment feature space w-as developed and applied. The

same two sets of Chinese characters are employed as the input patterns. For the set

of frve similar characters, the experiment demonst¡ated that a1i frve representations

in the Legendre moment feature space are well separated. The performalce of re-

cognizing ninety randomly selected Chilese characters with the Legendre moment

feature space is much more refined than tllat of the cent¡al moment leature space

as well. Ilowever, the distalce in the two-dimensional Legendre moment feature

space between two characters, Saa and 557, is quite smali. This can be a potential

problem ir a full scale Chinese character recognition application.

To improve the recognizing abilìty, we added one neu. feature to the two-dimen-

sional Legendre momelLt feature space. The lieu' three-dimensional feature space

is able to separate all ninety randomly selected Chinese characters easily.

It is noted that the higllest order Legendre polynomials involved in tlLe three-

dimensional Legendre moment feature space is 3. With the developmelt of the

better VLSI moment generator chips16], a hardware device for Chinese character

recognition becomes possible.

Because of some technical reasonsr lve cannot obtaìn the whole set (more than

50,000) of Chinese characters and test all of them individually. However, with a

possible fourth feature being added to the three-dimensional Legendre moment

feature space, we are very optimistic to say that tl.Le Legendre moment technique

can solve ihe Chinese character recognition problem.
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With the discussions and the experimental results we had in this chapter, we are

colfident that feature spaces based on Legendre moments are the right direction

to solve the practical Chinese character recognition problem.



Chapter 7

Conclusions and
Recommendations

7.L Conclusions

We have been concerned here with moment methods in image analysis. We found

that a fundamental elernent of moment methods, accuracy in moment computing,

had not attracted the atter.Ltion it deserved. We have proposed and implemented

several procedures to increase the accuracy in Legendre and Zernike moments

computing.

Efforts made to ¡educe cornputing errors ir Legendre moments turned out to be

very successful. Primarily, we have solved the problern of computation errors related

to the Legendre moment computing. Meanrvhile, by u'orking out up to order 55

Legendre polynomials, we reduced the moment computation time dramatically and

made the utilìzation of higher order Legendre moments practically possible.

Based on these improvements, u'e performed image reconstruction via Legendre

moments. We found that the reconstructed images were very close to the origìnal

irnage numerically and visually. The quality of reconstructed images is superior to

all published results.

The computation errors of Zernike moments have been investigated as well.

Because of the natu¡e of the Zernike moments computing, there are two types
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of major errors, geometric ald approximate, in the computation. Adopting the

result from a classical problem in Number Theory, The Lattice Points of a Czrcle.,

we concluded that the geometric error in Zernike moment computing cannot be

completely removed. We also proposed several procedures to reduce the approximate

errors in Zernike mornent computing. Though improvement has been obtained,

none of them works flawlessly. We concluded that the lack of efficient rneasures

to reduce both geornetric and approúmate erlols effectively w'ould impede further

utilization of the Zernike noments.

Image reconstruction via Zernike rnoments was perforrned as rvell. Applying the

best formula proposed, we reconstructed some images {rom their original versions

v'ith reasonable quality. The reconstructed images via, Zernike moments indeed

l.rave better qualities than the results publìsl.Led previously, but, they are simply not

as good as those images reconstructed via Legendre moments-

We have been also concerned here u'ith reconstructing images from a flnite set of

moments computed from the noìsy observed data, We conclude that there exists al

optimal lumber of moments yielding the best possible representation of the original

image wilhout n oìse.

Finally, we discussed the recognition of Chinese characters via moment meth-

ods. \\¡e concluded that the method of Legendre nornent works quite well for the

Chinese character interpretation. Since the highest order Legendre pol¡'no-iut.

involved in the Chinese character recognition task is 3, with the de.r'elopments in

the area of \¡LSI moment generator chips, a hardware device for Clúnese cl.Laracter

recognition becomes technically possible.
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7.2 Recornrnendations

After revrerving the resuhs from this research, we have a feu' recommendations for

further study.

A visible extension of two-dimensional image reconstructio¡. is the reconstruction

task in three- dimensional space. Since the prime accuracy and efficiency problems of

computing high order of Legendre moments have been solved in this thesis, there

ìs no real technical dificulty for reconstructing a three-dimensional image via the

Legendre moments.

Though we cannot reduce the geometric error in the Zernike moment computing

efectively, we can, however, reduce the approximation error further by developing

new formulas to calculate integrations for all pixels along the boundary of the unit

circle. This could be a challenging task, but must be solved before the furtller full

scale utilization of the Zernike moments.

Practically, rve can build a database including all Legendre moment space fea-

tures covering the whole Chinese character set without real technical difficulty. This

will be the first important step to develop a reading machine for the Chinese lan-

gua.ge, which is one the most difficult languages in terms of artifrcial intelligence

reading.
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Appendix A

Some of the Higher Order Legendre Polynomials:
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(A.23)

h3(æ) = ft12s,s2t,305,740 - 7, 405,310,40 4,800æ2

+410, 994, 7 27, 466, 400ra - 10, 685, 862, 9r4, 726, 400 z6

+158, 210, 137, 034, 749, 276n8 - 1, 484, 298, 740, 77 4, 926, 8507,10

+9, 419, 588, 158, 802, 427, 7 60 æ72 - 42, 163, 87 0,806, 067, 986, 400ø1{

+736, 722, 551,657, 9i1, 632, 000216 - 326, 275, 270,973, 262, 7 7 4, 000'"18

+576, 313, 539, 386, 097, 664, 000u20 - 7i,r,7r3,3r2,242,736, 038, 000122

+7 14, 127, 646, 630, 599, 197, 000 æ24 - 480, r54, 201, 153, 337, 229, 000 126

+216, 424,184, 263, 696, 417, 000228 - 58, 643, 97 2, 5t0,162, 903, 000230

+ 7, 2r9, 428, 434, 016, 265, 220 r32 ) (A.24)

I
ha(r) = "* (-2.333.606.220 - 1,388.495,700.900r'?

' 
rru,nrr,rn.488,80024 + 5,J42,931,457,06J,200r6

-109, 530,094, 869, 795, 600æ8 + 1,360,607, 778,493,683,200210

- 11, 132, 240, \i,r, 3r1,951, 900212 + 63, 245,806, 209, 101, 971, 500214

-258, 253, 708, 687, 166, 407, 000,.16 + 774,767,126,061, 499, 220, 000ø18

1, 728, 940, 618, 158, 292, 860, 000r'z0

+2, 881, 567,696,930,488, 710,000c22

-3,570,638,233, 152,996,250,0002':4

+3, 24r, 040, 857, 785, 026, 740, 000226

-2, 092,100, 447, 882, 397, 880, 000228

+908, 981, 573, 907, 525, 009, 000230
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-238, 24r, 138, 322, 536, 7 92, 000132

+28, 453, 04r, 475, 240, 575, 000234 )

&u(r) = -- (-163.352,435,40tì + 34,249,560,622,20012
' 

-r, rrr, 772,sB2, 825. 2*ora

+62,588, 625, 639, 883, 200ø6

-1,046, 620,906, 533, 602,43028

+r7, 132,240, 551, 311, 953, 900210

- 80, 49 4, 662, 447, I 47, I 56, 200112

+413, 205, 933, 8 99,466,277 ,000114

- 1, 549, 522, 252, r22, 998,440, 000ø16

+4,322,351, 545, 395, ?32, 020, 000æ18

-9,056,355, 618,924,391, 300, 000220

+r4, 282, 552, 932, 61t, 987, 100, 000222

-16, 853,412,460,482, 141,400, 000r'9a

+14,644,703, 135, 176, 788, 500,000æ26

-9,089, 815, 739,075, 246, 690, 000ø'?s

+3, 811. 858, 213, 160, 589, 200, 000230

-967, 403, 410, 158, 179, 713, 000232

+112, 186, 277, 816,662, 835, 000134 )

1

Pru(*) - *(S. OZS, 135. 300 6, 044, 040, r 09, 800¡2
"*uur, 

ruu, nrr, 1.32, 9ooæa

-29, 208, 025, 298, 612, 160u6

+ 67 2, 827, 7 25, 628, 7 44, 320 18

-9, 419,588, 158, 802, 421, 760210

+8?, 202, 550, 985, 276, 964, 90021'z

-563,462, 637, 135,635, 743,000u 1a

+2,634,187, 828, 609, 097, 400, 000216

-9,12+,964, 373,613, 211, 810, 000e18

+23., 7 72, 933, 499, 676, 526, 600, 0002'z0

-46, 928, 388, 207, 153, 669, 700, 000222

+70, 222, 55r,9r8, 675, 599, 800, 000¿24

(4.25)
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-79, 081, 396, 929,954,656, 000, 0002'z6

+65, 901, 164, 108,295,541, 100,000228

-39, 389, 201, 535, 992, 739, 100, 000230

+15, 962, 156, 267, 609, 966, 800, 000232

- 3, 926, ¿I9,723,583, 200, 030, 000r34

+442, 5t2, 540, 27 6,836, 729, 000236 )

fu71r¡ : fir102t,560,012,200 - 157, 145,042,854,800r'z
"*to, 

nur, oon, n86.979,560u a

-358, 841, 453, 668, 663, 680ø6

+6, 728, 27 7, 256, 287, 442, 940n8

-80, 494, 662, 4 47, 947, 972, 600110

+657, 373,076, 658, 241, 667, 000212

-3, 831, 545, 932, 522, 323, 41tJ, 0t)0r14

+16, 424, 935, 872, 503, 784, 400, 000216

-52, 828, 7 4L, 7r0,392,27?, 700, 000æ18

+129, 053, 067, 569, 672, 562,000, 000220

-240, 7 63,035, 149, 7 44, 904, 000, 000n22

+342,686,053, 363, 136,921, 000, 000ø24

-369, 046, 519, 006,455, 017,000, 000æ26

+295,419, 011, 519, 945,493,000, 0002'z8

-77 0,263,000, 187, 839, 590, 000, 000ø30

+66, 750, 835, 300, 914,406, 900, 00023'?

- 15, 930, 451 , 449, 966, 124, 600, 00 0z3a

+1, 7 46,130, 564, 335, 625, 830, 000æ36)

'I

Pralz; : å(-eS, 345,263,800 + 26, 190, 840,475, 800ø'?
o 

o nn, 
^ro 

rrt, , ", ", 8,523, 40014

+156, 993, 135, 980, 040, 35226

-4, 036, 966, 353, 7 72, 466, 780æ8

+63, 245, 806, 209, 101, 971, 500210

- 657, 37 3, 07 6, 658, 247,798, 000¿12

+1,789,432.415, 652, 904, 170,000u 1a

(4.27)
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Pss(æ) :

-25,383, 991, 802, 960,394. 800,000216

+100, 374, 608, 109, ?45, 339, 000, 000e18

-301, 123,824,329,235, 951,000,0002'z0

+692, 193, 726,055,516,515,000,000222

-r, 223, 878,7 62,011, 203, 180, 000, 000¿24

+1, 660, 709, 335, 529, 048, 210, 000, 000226

-1, 713,430,266, 815, 683,870, 000, 000c'z8

+1, 319, 538,251,455, 756, 680,000,000e30

734,259,188, 310, 058, 342, 000, 000232

+278, 782, 900. 374, 407, 213, 000, 000234

-64,606, 830, 880, 418, 168, 800, 000236

+6, 892, 620,648,693, 259, 830,000238)

frt-r, r se,930, 526, 400 + 7 75, BB2,s7 8,005, 20022

- 55, 409, 342, 710, 602, 480 ra

+2, 018, 483, 1?6, 886, 233, 340n6

42, i 63, 870, 806. 067.978, 200r8

+563,462, 637, 135, 635, 808, 000ø10

-5, 157, 850,293, 780, 051, 130,000ø12

+33, 845, 322, 403,947,187, 500, 00021a

*164, 249, 358, 725,037,852, 000, 000ø16

+602,247,648, 658, 471, 969, 000, 000218

-r, 692, 029,108, 135, 706, 680, 000, 000æ20

+3, 6?1, 636, 286, 033, 609, 280, 000, 0002"

-6, 168,348,960,536, 463,640, 000, 000224

+7, 996, 007, 911,806, 528, 290,000,0002?6

-7 ,9r7 ,229,508, 734, 538, 990, 000, 000228

+5, 874,073, 506, 480,465, 660, 000, 000230

-3, 159, 539,537, 576, 614, 990,000, 000232

+r,162,922,955, 84?, 527 ,090,000, 000234

-261, 919,584,650,343, 915,000,000236

+27,2r7 ,014, 869, 799,027,200, 000138)
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1

&o(.r) = frt tsz,846,528,820 - 113,034, 153, 632,400n2

+15, 391,483, 919, 611,8002a

-831, 140, 131, 659, 037, 184¿6

+23, 7 77 . 77 7, 328, 413, 241, 30028

-413, 205, 933, 899, 466, 211, 000210

+ 4, 7 89, 432, 4r5, 652, 904, 170, 0002i2

-39, 052, 295, 08r, 477,527, 300, 000214

+232, 686, 59t,527,136, 918, 000, 000216

-L, 040,245,938, 591, 906, 420, 000, 000ø18

+3, 553, 261, 127,084,984, ?50, 000, 000220

-9, 383, 070, 508, 752, 555,690, 000,000222

+79, 27 6,090, 501, 67 6, 449,700, 000, 000224

30, 841, 7 44, 802, 682,320, 300, 000, 0002'z6

+38, 266, 609, 292,216, 954, 400, 000, 000ø28

-36, 419, 255, 740, 178, 880, 900, 000, 000230

+26, 066, 201, 185,007,068,400,000,000132

-r3,567,434,484, 887,818, 900, 000, 000234

+4,845,5r2,316, 031, 362, 800,000, 000c36

-1,061,463, 579, 898, 762, 170,000, 000¿38

+107, 507, 208, 733, 336, i68, 000, 000240 )

pq(r) : fr{rr, roa, +rr ,26J,240 - 2,240,2r2,404, 128, 800æ'z

+27 7, 046,710, 553, 0!2, 384t4

-11, 161, 024, 625,135, 642, 600æ6

-258, 2ã3, 708, 687, r66, 374, 00018

-3, 831, 545, 932, 522,323, 440, 000æì0

+39, 052, 295, 081,477 ,527 ,300, 000212

-286, 383, 497, 264, 168, 528, 000, 000u14

+1,560,368, 907, 887, 859, 500,000, 000æ16

-6, 460, 47 4, 7 7 6, 5r8, 154, 680, 000, 000æ18

+20, 642,755, 119, 255, 622,900, 000, 000220

-5r, 402,908, 004, 470, 526, 800, 000, 000u22
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+100,235,670, 608, 717, 544, 000, 000,000224

-153, 066,437, 168.867, 818,000,000,000æ'z6

+182,096,278, 700,894,460, 000, 000,000ø28

-166, 823, 687, 584, 045, 204, 000, 000, 000230

+115, 323, r93, r27, 546, 422, 000, 000, 000232

-58, 146, 147,792,37 6, 366, 500, 000, 000¿34

+20, i67,808, 018.076,481, 700, 000, 000236

-4, 300, 288,349, 333,446,860, 000, 000238

+424, 7 84,580, 848, 791, 688, 000, 0002a0 )

I
Pa2lr ) = -1 -SSS. 257, 87 4, 4+0 + 486, 046, 860, 6!9, 320 æ2

" 
-rr, nor, ozg, 0g2,898, oooza

+4, 340,398, 465, 330, 527, 23016

-136, 722, 551,657, 911, 632, 00028

+2,634,187, 828, 609, 096, 880, 000110

-33, 845,322, 403, 947, 19i, 700, 000212

+306, 839, 461, 354, 466,311, 000, 000214

-2, 040,482,418, 007,200, 760, 000, 000216

+10, 229, 085, 062, 820, 4r2,100, 000, 000øi8

-39, 408, 896, 136, 7 60, 7 42,900, 000, 000¿20

+118,226,688,410,282, 212,000, 000,00022'?

-27 8, 432, 478, 357, 548, 692,000, 000, 0002'?4

+516, 599, 225,444,928,880, 000, 000, 000226

-754, 398, 868, 903,705, 753, 000,000, 000ø28

+86r, 922,385, 850, 900, 465, 000, 000, 000230

- 7 61, 133, 07 4, 602,206,235, 000, 000, 00023'?

+508, 778, 793, 183,293,040, 000,000,000r3a

-248, 736,298,889, 610, 027, 000, 000, 000ø36

+83, 855,622, 812, 002,211,500, 000,000138

-r7, 416,167, 814, 800, 461, 300, 000, 000æ40

+1,678,910,486, 211, 891,090, 000, 000æ42)

(A'.32)
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pn (r) *L( sa,2g0,r77,20r.840 - r4,58r.405.818.579.60012
?.43

- 1, 370, 652, 146, g 46, 482, 1 80¿a + 60, 765, 578, 5t4, 627, 387, 4001-6

1, 549, 522. 252, 122,998. 180. 00018

+25.383,991, 802,960,390, 700,000210

-286, 383,497, 264. 168, 528,000,000ø12

+2, 331, 979, 906, 293, 943,720,000, 000¿14

- 14, 163, 348, 548, 520, 5 70, 100, 000, 000u 16

+65, 681, 493, 561, 267, 904, 800, 000, 000218

-236, 453, 37 6,820, 564, 423, 000, 000, 000220

+668,237,804,058, 116, 779,000, 000,000ø22

- 1., 492, 397, 7 62, 396, 46r, 040, 000, 000, 0 00æ2a

+2, 640, 396, 041, 162, 969, 720, 000, 000, 000226

3,693,953, 082, 218, 145, 160, 000, 000,000128

+4, 059, 376, 397, I78, 433, 990, 000, 000 , 000cso

-3,459,695, 793, 646,391, 930, 000, 000,000c3'z

+2,238,626, 690, 006,489, 350, 000, 000, 000234

-r, 062, 17 r, 222,285, 361, 750, 000, 000, 000u36

+348, 323, 356, 296, 009, 200, 000, 000, 000238

-70, 5r4, 240, 420, 899, 425, 100, 000, 000140

+6, 637, 553, 085, 023,755,350, 000, 00024'z)

1

Paa(a) : i1Z, rO+, OSa,063,720 - 2,083,057,974,082,80022

(A 34)

+342, 663, 036, 7 36, 620, 608æa - 22. 387,3 18, 400, 125, 878, 30026

+77 4, 7 6r. 126, 0ß1, 499, 220, 00028

-76,424,935, 872, 503, 780, 200, 00oz1o

+232, 686,591, 527, 136,918,000, 000æ12

-2, 331, 9?9, 906,293,943, 990,000,000214

+17, 198,35i, 808,917, 834, 700, 000,000216

-95, 996, 029, 051, 083, 864, 900, 000, 000øi8

+413, 793, 409, 435, 987, 826, 000, 000, 000æ20

1,397 ,224,499,394, 244, 390, 000, 000, 000222

+3, 730, 994, 405, 991, 152, 190, 000, 000,000124
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Pas(æ) =

-7 ,92t,188, 123,488, 908,620, 000, rJ00, 0002'z6

+13, 390, 579, 923,040, 775, 000, 000, 000, 000228

-r7, 977, 238, 333, 461, 640, 300, 000, 000, 000r30

+19, 028, 326, 865, 055, 158,600, 000, 000, 000132

- 15, 670, 386, 830, 015, 422, 700, 000, 000, 000234

+9, 825, 083, 806, 139, 592, 110, 000. 000, 000236

-4, 528,203. 631, 848, 121, 180, 000, 000, 000236

+1,445,541, 928,628,438,290, 000, 000, 000u a0

-285, 474, 7 82, 656, 02t,50 1, 000, 000, 000242

+26,248,505, 381,684, 852, 100, 000, 000zaa)

ftt ts,s68,906, 734,800 - 6b.26e, 14e,854,594,4002'

+6, 716. 195, 520, 037, 7 63, 07 \na

-326, 215, 270, 97 3, 262,840, 00026

t9,124 .964. 373. 613. 21i. 8-r0, 000¡8

164, 249, 358, 7 25, 037,819, 000, 000210

+2, 040, 482, 478, 007, 200, 760, 000, 00021'z

-18, 344, 908, 596, 179, 025, 800, 000, 000214

+723, 423, 465, 922,822,110, 000, 000, 000ø16

-636, 605,2+5,286, 135, 075, 000, 000, 0002ls

+2, 561, 578, 248, 889, 448, 27 0,000, 000, 0002'z0

-8, 140, 351, 431, 253, 423, 560,000, 000, 000122

+20, 595, 089, 121, 07i, 162,800,000,000, 000ø24

-41, 659, 581, 982, 793, 521, 200, 000, 000, 000126

+67, 414, 643,750, 481, 143, 500, 000, 000, 0002'z8

-86, 986,63?, 097,395,033, 500,000, 000, 000230

+88, 798,858, 703, 590, 743,200,000,000, 000232

-70, 740,603,404,205,058, 800, 000, 000, 000234

+43, 017,934,502, 55?, 133,300,000,000, 000136

-r9, 27 3, 892,381, 712, 515, 700, 000, 000, 000æ38

+5, 993, 710, 435, 7 7 6, 452, 040, 000, 000, 0002a0

-7, r54, 934, 236, 7 94,133, 580, 000, 000, 000æ42

+r03, 827, 421,28?, 553, 420, 000, 000, 000zaa )

(A 35)
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&u(') :

Pa7(æ) =

1

"""i-8.23:,aS0.727.600 
8,900.338.616.535.600¡'?

"-r, 
rnn, onn, 7Tr,437,562,88oza

+114, 175, 323, 840, 641, 974, 00026

-4, 322, 35r,545, 395, 732, 550, 000¿8

+100, 374, 608, 709, 7 4í,.323, 000, 000210

-1, 560,368, 907, 887, 859,230,000, 000æ1'z

+17, 198, 351, 808, 917, 834, 700,000,000214

-139, 879, 928,015,865, 060, 000, 000,000216

+863, 964, 261, 459. 754, 784, 000, 000, 000c18

- 4, r37, 934, 094, 359, 877, 850, 000, 000, 000220

+ 15, 602, 340, 243, 235,729, 000, 000, 000, 000222

-46, 807, 020, 7 29, 7 07, 182,700, 000, 000, 000r'?4

+112,480,871,353,542, 505,000,000,000, 0002'z6

-217,224,963, 195, 994,770,000, 000, 000, 000228

+33?, 073, 218,752, 405,700, 000, 000, 000, 000230

- 478, 623, 191, 031, 273, 534,000, 000, 000, 000232

+412, 653, 519,857,862, 853, 000, 000,000, 000234

-318, 332, 715, 318, 922, 786, 000,000, 000, 000236

+187, 920, 450, 72r,696,958, 000, 000, 000, 000238

-81, 914, 042,622,278,177, 900, 000,000, 0002{0

+24, 831, 086, 09i, 073, 870, 200, 000, 000, 000r4'?

-4, 672,233, 95?, 939, 903, 860, 000, 000, 000zaa

+4r0, 795, 449, 442, 059, 171, 000, 000, 000ø46)

# e m, 942, 4BB, Je4, 400 + 290, 7 44, Js4, 806,829, 568æ2

-32, 621, 52r, 0g7, 326, 276, 6002a

+r, 728,940, 618, 158,292,860, 000æ6

-52, 828, 7 41, 1L0, 392,277, 700, 00028

+r, 040,245,938, 591, 906, 150, 000, 000210

-14, 163, 348, 548,520,570, 100, 000,00021'z

+139, 879, 928,045,865, 060,000,000,000214

-1, 036, 757, 1r3, 75r, 705,800, 000, 000, 000¿16
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+5, 911, 33+, 420, 5\4,112, 160, 000, 000, 000218

-26,403,960,411, 629, 698, 300, 000,000, 000r'zo

+93, 614, 041, 459, 414, 383, 000, 000, 000, 000¿22

-265, 863, 877, 7 44, 736,799, 000, 000, 000, 000u24

+608,229, 896,948, 785,413,000, 000, 000, 000226

-1, 123, 577,395,841,352, 330, 000, 000,000, 000228

+r, 67 4, 492, 7 64, r24,854, 140, 000, 000, 000, 000230

-2, 004, 317, 096 ,452,477 ,000, 000, 000, 000, 000232

+1,909, 996,291,913, 536, 580, 000, 000,000, 000434

-r, 428,i95, 425, 484, 896, 970, 000, 000, 000, 000e36

+819, 7 40, 426, 222, 7 81, 67 4. 000, 000, 000, 00 0238

-347, 635, 205, 275,034,254,000, 000, 000, 000zao

+102, 789, \47 ,074,677, 887,000, 000, 000, 000æ42

-18, 896,590, 674,334,723, 200,000, 000, 000zaa

+1, 625, 701, 140, 345, 170,280,000, 000, 000246)

1

*ß2,2a7,603.683. 
loo

-37, 923, 181, 931, 325, 600u'?

+7, 413, 982, 067, 57 4, 1i5, 260æa

-576,313, 539,386,097, 533, 00026

+23,772,933, 499, 676, 526, 600, 00026

-602,247, 648, 658, 471, 969, 000, 000210

+i0, 229, 085, 062, 820, 470,000, 000, 000212

-r23, 423, 465, 922, 822, 110, 000, 000, 000214

+1, 101, 554,433,361, 187, 300,000, 000, 000216

-7,487,690, 265, 984, 541, 190, 000, 000, 000218

+39, 605, 940, 617, 444,549, 700, 000, 000, 000ø20

-165, 624, 842, 582,040, 827, 000, 000, 000, 000ø"

+553,883, 0?8, 634,868,414,000, 000, 000,00022a

-r, 492, 927, 928, 87 4, 291, 290, 000, 000, 000, 000226

+3,258, 37 4, 447, 939, 921, 550, 000, 000, 000, 000e28

- 5, 7 67, 697, 298, 652, 27 5, 1 70, 000, 000, 000, 000230

+8, 267, 808, 022, 866, 467, 540, 000, 000, 000, 000232
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-9, 549,981,459,567,684,020,000. 000,000,000u34

+8, 807, 205, 123, 823, 530,400, 000, 000, 000, 000236

-6, 389, 295, 324, 537,697, 560, 000, 000, 000, 000238

+3, 563,260,854, 069, 100,240, 000, 000, 000,000ua0

-1,473,311, 108,070, 383,340,000,000,000,000242

+425,173,290,172, 531,288, 000, 000, 000, 000raa

-76,407,953, 596, 223, 016. 400. 000, 000, 000¿a6

+6,435, 067, 013, 866,299,580,000, 000,000248)

,r,
Po"(r) -- ;(3, 160. 265. 160,943, 800

(A.3e)

- 1, 289, 388, 185, 665, 07 0, 340n2 + r57, 17 6, 4r9, 832, 572,051, 00024

-9, 056, 355, 618, 924, 390, 250, 000æ6

I 301, r23. 824, 329, 235. 985, 000, 00018

-6, 460, 47 4,7?6, 518, 153, 610, 000, 000a10

+95, 996, 029, 051, 083, 847, 700, 000, 00021'?

-1, 036, 757,r13,751, 705, 660, 00i), 000, 000214

+8,423,651,549, 232, 609, 380, 000, 000, 000216

-52,807, 920, 823,259,396, 700, 000, 000, 000ø18

+260, 267, 609, 77 t, 77 8, 458,000, 000, 000, 000220

* 1, 022, 553, 37 5, 94r, 295, 480, 000, 000, 000, 0002"

+3,234, 67 7,r79,227, 631, 500, 000, 000, 000, 000224

-8, 294,044,049,301, 618,400,000,000, 000,0002'z6

+17,303, 091, 895,956, 824,400,000,000, 000, 000228

-29, 396, 650, 7 47, 969,658, 900, 000, 000, 000, 000230

+40, 587, 421,203,162, 661, 300, 000, 000, 000, 000232

-45, 294, 797, 7 7 9,663, 868, 700, 000, 000, 000, 000234

+40, 465,537, 055, 405, 410, 000, 000, 000, 000, 000ø36

-28,506,086, 832, 552, 801, 900, 000, 000,000,000238

+15,469, 766, 634, 739, 020,900,000, 000,000,000ø40

- 6, 235, 87 4, 922, 530,459, 080, 000, 000, 000, 0002a2

+1, 757,382,932 ,713,L29.,360, 000, 000, 000,000244

-308,883, 216, 665,582,415, 000, 000, 000,000æ46

+25, 477,612, 258, 980, 858, 000, 000, 000, 000e48)

127

(A.40)



Ro(¡) - lt rze,rto,6u6.4J7,752ôtn \

+161, 173, 523, 208, r33,79212

-34. 168, 786, 920,124, 366, 80014

+2, 881, 567, 696, 930, 487. 660, 00026

' - 129, 0ó3. 067. 569. 672. 562.000. 00018

+3, 553, 261, 127,084,984,750, 000, 000210

-65, 681, 493, 56r, 267, 896,200, 000, 000212

+863, 964, 26r, 459, 7 54, 646,000, 000, 00011{

-8, 423,651, 549, 232, 608, 280, Û00, 000, 000216

+62,709,405,977, 620, 535, 200, 000, 000, 000218

-364, 37 4,653, 680, 489, 82?, 000, 000, 000, 0002'z0

+1, 679, 909, 717,617,842, 600, 000, 000, 000, 000222

-6,220,533, 036, 976, 214, 640, 000, 000, 000, 000u 2a

+18,661, 599, 110,928,642, 800,000, 000, 000,000¿26

-45,677 ,242,271, 158, 900, 600, 000, 000, 000, 000228

+91, 129, 617, 318, 705, 942,900, 000, 000, 000, 000130

-148, 820, 544, 4r7,596,407, 000, 000, 000, 000, 000132

+r98, 162, 115,286, 029,465, 000,000,000, 000,000r3a

-213,889, 267 ,292,857, 156,000, 000,000,000, 000236

+185,289, 564,411, 593, 194, 000,000,000, 000,000238

-126, 852,086, 404, 859, 974, 000, 000, 000, 000, 000zao

+67, 035, 655, 417 ,202,428,300, 000, 000, 000, 000u a'z

-26,360,743, 990, 696, 939, 000, 000, 000, 000, 000zaa

+7,258,755,591,641, 186, 970, 000, 000, 000,000æ46

-t,248,403,000, 690, 062, 290, 000,000, 000,000æa8

+100,891,344,5+5,564,202,000,000,000,000øs0) (441)

128



P,,(') - å(- rr,8e3.88r.856.650, zo4
2",

+5, 694, 7 97, 820, 020, 7 26, 7 80r.2

-7 5t, 7 13, 3r2, 242,735, 907, 000u a

+46, 928,388. 207, 153,653, 000, 00016

-r, 692,029, 108, 135, 706, 950, 000, 00028

+39, 408, 896, 136, 760, 734, 300, 000, 000210

-636, 605, 245, 286, 134, 938, 000, 000. 000u 12

+7,487,690, 265, 984, 540, 090, tJ00, 000, 000¿14

-66, 398, r94,564,539, 388, 600, 000, 000, 000216

+455,468, 317, 100, 612, 319, 000, 000,000, 000118

-2,463,866, 705,839, 502,610, 000, 000, 000, 000ø20

+10, 663, 77 0, 920,530, 654, 000, 000, 000, 000, 000ø22

-37, 323, 798, 221,857, 285, 600, 000, 000, 000, 00022a

+106, 440, 231, 966, 037, 441, 000, 00 0, 000, 000, 0002'z6

-248, 535, 319, 960, 707,L14,000, 000, 000, 000, 000228

+47 6, 225, 7 42, 1r7,108, 501, 000, 000, 000, 000, 000230

-7 48, 672, 435,525, 000, 209, 000, 000, 000, 000, 000232

+962, 501, 7 02, 877, 857, 329, 000, 000, 000, 000, 000134

-1, 005,857, 635,377, 220,210,000, 000,000, 000,000ø36

+845,680,576, 032, 399, 754, 000, 000,000, 000, 000238

-563,099,505, 504,500,383, 000, 000,000,000, 000240

+289, 968, 183, 897,666,324,000, 000, 000, 000, 0002a2

-111,300, 919,071,831,519, 000, 000,000, 000,000244

+29, 96r, 67 2,016, 561, 493, 800, 000, 000, 000, 000ra6

-5, 044, 567, 227, 27 8,21 1, 090, 000, 000, 000, 000eq8

+399,608,854,866,744,482,000,000,000,000250) (A.42)

r29



p:z(¡) = ^1.100s,9r8,532,9r8, ru4
252 '

-683, 375, 7 38, 402, 48t-, 29612

+156, 606, 940,050,570, 019, 000¿a

-14,282, 552, 932,611. 982, 900, 00026

+692, 193, 726. 055,516, 381, 000, 000æ8

-20, 642,755, 119, 255, 622,900, 000, 000210

+4r3, 753, 409, 435, 987, 758, 000, 000, 000212

-5, 911, 334, 420,514, 109, 960, 000, 000, 000214

+62, 7 09, 405, 97 7, 620, 526, 400,000, 000, 000116

-509, 052, 824,994,801,971, 000, 000, 000,000218

+3, 233, 825,05r,414,347,620,000, 000, 000, 0002'?0

16. 351, 115,411,480,336,300, 000,000, 000, 000222

+66, 648, 568, 253, 316, 589, 200, 000, 000, 000, 0002'?4

-22r,068,174, 083,308, 531, 000, 000, 000, 000, 000ø26

+600, 627, 023,236,925,564, 000, 000, 000,000,0002'z8

-r, 342, 090, 7 27, 7 84, 57 8, 320, 000, 000, 000, 000, 000230

+2, 47 0, 421, 037, 232, 500,530, 000, 000, 000, 000, 00023'?

-3, 7 43, 062, 17 7, 625,00 1, 190, 000, 000, 000, 000, 000434

+4, 652,091, 563, 619,643, 730, 000,000,000,000,000236

-4,71r,648, 923, 609, 084, 100,000, 000, 000, 000,000æ38

+3, 84?, 846, 620, I 47, 4r8,790, 000, 000, 000, 000, 000240

-2,493,726,38r,519, 930,360,000, 000, 000, 000, 000242

+1,2i'2,135, 339, 558, 104,680,000, 000, 000,000,000æaa

-469, 399, 528,259,463, 348, 000, 000, 000, 000,000æ46

+123,591,897,068,316, 174, 000, 000,000,000, 000ø48

-20, 380, 051, 598, 203, 972, 600, 000, 000, 000, 000250

+1, 583,065,848, i25, 949,460, 000, 000, 000,000252) (4.43)

130



&¡(r) - åi¡z ¡cz. g64,4g2,4ss.024
oi3 \

-25, 057, 1 10, 408, 09r, 197, 40012

+3, 570,638, 233,r52,995, 720, 00014

-240, 7 63, 035, r49, 7 44,837, 000, 000e6

-r9, 383, 070, 508, 752,556,760, 000,0002s

-236, 453, 376. 820. i,64, 423.000. 000. 000¡r0

+4, 137,934,094, 359, 877,300, 000,000, 000212

-52, 80?, 920, 823,259,387, 900, 000, 000, 000zia

+509, 052, 824,994,801,971,000, 000, 000, 000c16

-3, 804, 500, 060, 487, 467, 230, 000, 000, 000, 000øls

+22, 482,783, 690, 785, 461, 300, 000, 00tì, 000, 000220

- 106, 637, 709,205,306, 535, 000, 000, 000, 000, 000c22

+410,555, 180,440,430, 160,000, 000,000, 000, 000e2a

-1, 293,658,203,894,916,590, 000,000, 000,000, 000226

+3, 355, 226, 819, 467, 446,230,000, 000, 000, 000, 000228

-7, 186, 679,381, 040, 000, 390, 000, 000, 000, 000, 000æ30

+r2,726, 471,403, 925, 003, 700, 000, 000, 000, 000, 0002s2

- 18, 608, 366, 254, 47 8, 577, 200,000, 000, 000, 000, 00023a

. +22,380, 332, 387, 143, 151,200, 000,000, 000,000, 000436

-2r, 987, 694, 97 6, 842,392, 400, 000, 000, 000, 000, 000æ38

+r7,456,084, 670,639, 509,600, 000,000, 000,000, 000240

-11,018, 790, 988, 111, 321, 200, 000,000, 000,000, 00024'z

+5, 398,094,574,983, 829,580, 000,000, 000,000, 000zaa

-1., 977, 470, 353, 093, 058, 490, 000, 000, 000, 000, 000c46

+509, 501, 289, 955, 099,342,000, 000,000, 000,000248

-82, 319, 424, 702, 549,375, 400, 000, 000, 000, 000ø50

+6,272,525,058, ßr2,252,700, 000, 000, 000, 00025'?) (A.44)

131



'l

Prq(") - 
"¿(-1.946.939.425.648. 

112

' *r, rrt,ror, 047, o8T, 446,szor¿

-774, r27.646. 630, 599. 328, 00024

+70,222, 551,918, 675, 583, 000, 00026

-3, 671, 636, 286, 033, 608, 750, 000, 000u8

+118, 226,688,410,282,212,000, 000,000c10

-2, 56r, 57 8, 248, 889, 447, 720, 000, 000, 000212

+39, 60ð, 940. 6rT,444,536, 500, 000, 000, 000114

-455, 468, 317, 100, 612,249,000, 000, 000, 000216

+4, 015, 867,L74,958,993, 530,000,000, 000, 000218

-27, 772,850, 441, 558, 511, 500, 000, 000, 000, 000220

+153, 291, 706,982,628, 138, 000,000,000,000, 000222

-684, 258, 634, 067, 383, 600,000, 000,000, 000, 000u 2a

+2, 494, 9r2, 250,368, 767, 860, 000, 000, 000, 000, 0002'?6

-7,484,736,751,106, 303, 000, 000, 000, 000, 000, 000228

+18,565,588,40i,020,000, 900,000,000, 000,000, 000230

-38, 179,234,2r7,77 5, 004,200, 000, 000, 000, 000, 000232

+65, 129,281,890,675, 021, 500, 000, 000, 000, 000, 000134

-92, 008, 033, 147, 144, 066, 000, 000, 000, 000, 000,000æ36

+107, 190,013, 012, 106, 670,000, 000,000, 000, 000,000238

- 102, 242, 7 8L, 642, 377,127, 000, 000, 000, 000, 000, 000240

+78, 968,002, 087,464,447,400, 000, 000, 000, 000,000242

-48, 582, 85L, 17 4, 854, 462, 800, 000, 000, 000, 000, 00024{

+23, 235, 27 6, 648, 843, 441, 100, 000, 000, 000, 000, 000æa6

-8, 321,854,402, 599, 954,200, 000, 000,000,000, 000248

+2, 099, 145, 314, 615,009, 150,000, 000,000, 000,000250

-332,443,828, 106,449, 364,000, 000,000, 000, 000ø52

+24,857,784,49L,537,444,000,000,000,000,000154) (.A.45)



pu,(') - !,.¡-2ta.163,336,82r.292,320o55'

+109, 865, 791, 789, 322, 945,000æ2

-16, 853,412,460,482, 141,400,00024

+1, 223, 87 8, 7 62, 07\, 202, 920, 000, 00026

- 5r, 402,908, 004, 470, 526, 800. 000. 000.18

+r, 397, 224, 499, 39 4, 244, 390, 00 0, 000, 0002 10

-26, 403, 960, 41 1, 629, 693, 900, 000, 000, 0002i'z

+364, 374, 653, 680, 489, 757, 000, 000, 000, 000214

-3, 804, 500, 060, 487, 467, 230, 000, 000, 000, 000216

+30, 858, 722,712,842,791,500,000, 000, 000, 000ø18

198,377,503, 153,989.361,000, 000, 000, 000,000120

+1, 026,387, 951, 101,075,470,000,000,000, 000, 000u 22

-4, 324, 574, 567, 305, 864, 4i0, 000, 000, 000, 000, 000224

+14, 969, 47 3, 502, 2t2,608, 300, 000. 000, 000, 000, 000æ26

- 42, 843,665, 540, 815, 389, 900, 000, 000, 000, 000, 000æ28

+101, 811, 29i, 231, 400,011, 000, 000, 000, 000, 000, 000130

-201, 308, 689, 480, 268, 205, 000, 000, 000, 000, 000, 000232

+331, 228,919, 329, 718, 674,000,000, 000, 000,000, 000234

-452, 580, 054, 940, 005, 983,000, 000,000,000,000,000136

+511, 213. 908, 211,585,635,000, 000,000, 000,000, 000238

- 47 3, 808, 072, 488, 786, 740, 000, 000, 000, 000, 000, 000zao

+356, 27 4, 241, 948, 932, 672, 000, 000, 000, 000, 000, 000æ4'z

-213, 7 64, 545,1 69, 359, 655, 000, 000, 000, 000, 000, 000zaa

+99, 862, 252,831,199,468, 800,000, 000, 000,000,000æ46

-34, 985, 755,243,583,482,400,000, 000,000, 000, 000ra8

+8,643,539, 530, ?67,684,610,000, 000,000, 000,000150

- 7, 342, 320, 362, 543, 027, 990, 000, 000, 000, 000, 000252

+98,527,218,530,093, 882, 200,000, 000, 000, 000zsa) (4.46)

133


