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ABSTRACT

The maln contrlbubion of bhls thesls ls the

presentablon of the theory of electrons ln metals lead.lng

to the theory of superconductlvlty ln a }ucld, form. The

genenal form of the Hamiltonlan of a mebal ls d.erlved ln
the second quantlzed formallsm. The Frohllch üransformaülon

whlch descrlbes elecbron-elecbron lnberacblons vla bhe

labbice 1s discussed in detall and. accounü ls taken of
elecbron screening by introductlon of plasma modeso The

BCS criterion for bhe occurence of superconducûlvlty ls
dlscussed. and. the BCS red.uced Hamlltonlan ls obtalned..

Fina1ly, a criblcal summary of bhe varlous approxÍmatlons

mad.e in ühe bheory ls given"
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CHAPTER T

IN TRODUCTION

The alm of bhls thesls ls malnly pedagogical. The

bheory of electrons ln metals leadln8 up bo tho modorra theor.y

of superconductlvlby, as it ls presented ln the curuenü

libenaturo, presents a formldable barrler to a graduate

student beglnnlng work in thls fleld" unfamlllar concepts,

obscure approxlmatÍons and, ]ack of deüalI ln calculatlons
present dlfficulbles whlch require a considereble amor,¡nt of
efforb to overcome. Tb ls hoped that ühls thesls wfIl provlde

easier enbny to the subjecü than has heneüofore been possible.

The second purpose of this work ls to provlde a crltlcal sÌurmary

of the numerous approxlmattons whlch havo been made tb-noughout

fhe bheory"

ït af flrst appeans bhat superconductlvlty ls a

purely electronlc phenomenon and 1s independent of bhe lattice.
There fs no appreclabre change !n bhe sbructure or other
properties of the lattlce ln the tnansltlon to bhe suporcon-

oucblng sbabe. rn additlon bo the dlsappearance of arr d"c"

resisüance berow a crlblcal temperature T", cer"tain thernro-

d¡rnarnlc quantltles behave dlsconblnuously ab the tr"ansltlon
temperabureo These indicabe that a phase transltlon lnvolvlng
ûhe conducblon electrons occurs botween the no¡mal and super-

conductlng states" F. and H. t,onaorr(1) rn 1935 d,eveloped a

(1) H"London and. F.!ondgp, Proc, Roy. Soc"(Lond,on) A&J, Zf (1935);
Physica 2, 3[1 (l%5):
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sablsfactory macroscoplc theory of superconductlvlty whlch

adequately descrlbed the electrodyraamlcal propertles of

supe rconduc bo¡ls .

Early abbempbs to consbrucb a microscoplc theory

based on bhe electrons in a metal met wlth llttre success.

It was felb thaù due to ühe lange mass of ûhe lons ln the

mebal relablve to the mass of bhe electrons, tho moblIlby of
the ions would. be boo small bo contrlbute ab all to 

,supencorr-
ductivlby" rt was generarry fert, thab some punely electronic
effecb had hlther"bo been neglecbed ln the theony of metals,

and that conslderabion of bhis effect would sablsfactorlLy
explaln supercond.uctivlty. However, fui ir950, Froh1l"n(1)
proposed a üheory based on bhe lnber"actton of electrons wlth
lattlce vLbrabions. He predicted. an rrisotope effecttt, ln
whlch the crltÍcar bempenature þ was dependent on ühe mass

of the ions composfng the mebal. ïn ùhe same year, Maxwell(z)
t?l

end Reynolds *r' et. aI. lndepend.enbly d.lscovered thls f soLope

effect experimenbally, thus conflrmlng Frohrlcht s hypothesl.s

that supercond.uctlvlty 1s relabed. to the Lnbenactlon of
eleetrons wlbh Lhe lattice. Fnoh]lchts 1950 theony of super-

conductlvlty was based. on the erecbronic self energye arlslng
frorn the electron-phonon lnteracbion, uslng perüurbatlon

(1) Ho Fnohllch, Phys. Rev",

(2) En Maxwell, Phys" Rev",

(3) Reynolds, Serin, !únlght,
lg, 487 , (1950) 

"

U., 845, ( 1950 ) "

78, 477 (1950) 
"

and Nesblft, Phys, Rev.,
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. bheory and, falred bo account for supenconductivlby. rn the
/r \

sarne year, Bard.eont*' Índepend.enbly performed a slmilar
calculaülon using a variatlonal mobhod,

rn 1952, Frohli tn(Z) u""crlbed. a canonlcal ürans-

formation of the Hamllbonian of a meta1, neglectlng the'

elecbnonlc couromb lnberacblon, in whlch the electnon-phonon

fnteraction led bo an effective lnberacblon between el,ectrons.

IIe showed that an abtractive lnberacblon was possible between

electrons due to lnteractlons via bhe vlbratlng 1att1ce. Thls

mebhod. was labor exbend.ed. by NakaJfua(3) to take accounü of
the coulomb lnteracbion. ln 1952, Bohm and, pines(l+) uslng
clåsslcal rnethod.s had. shor¡r thaü a d.ense gas of 'electrons

conbalned collecblve (plasma) modes whlch üended. to screen the

f ield of lnd.lvlduar electrons and that fon long waveLengths,

Èhis collectlve moblon was predominant, whlle for short wa.ve-

lengths the lndlvldual parblcle aspects wene lmpo:rbant. These

authors developed a quantum mechanlcal descriptlon of thls
phenomenon ln r9fi:5) whlch was exüend.ed by Bardeen and plnes(6)

in 1955 bo take account of the coupled system of movlng

erectnons and lons. They found that the long range coulomþ

lnteractlon no longer appeared ln the HamllÈonlan but was

(f ) Bardeen J,, physnRev. , 79,167, (1950) ; physoRevo,-g9,567 , (1950)

(2) H, Frohllch, proc. Roy. soc. (London) a, 215, 2gl,(:-952)
(3) Nakajlma S. Pnoceedlngs of the Internatlonal Conference on

TheoretLcal Physlcs, Kyoto and Tokyo, Sepüember 1Çll"
(l+) D. Bohm and D. plnes, phys. Rev., 95, 338, (Lg|Z)
{,5) D, Boh¡n and. D. plnes, phys. Rev., %,r 609, (1953)

(6) Jn Bardeen and Ð. Plnos, Physn Rev", fr., lll+0, (1955)"
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descrlbed by hlgh frequency plasma oscLllatlons.
rarrge coulomb term remained.

Only a sho¡rt

/1\
În l-957, Bardeen, Cooper and. SchrLeffer*''Ihereafter

refemed to as Bcs) presented a theory of superconductlvlty
'cased on bhe off-diagonar parts of bhe electron Hamiltonlan
derived by Bardeon and Pines. Thls theony assumes coryelaülons
between palns of elecbrons of opposite momentum and spln,

(2\
Coopen'-'had earller shown that two elecbrons lntenactlng above

a filled Ferml sphere by means of negative maürlx elements could
form a bound state, The BCS bheory was for:nd. to explaln nearly
al] bhe phenomena oxhlbibed by superconductors. The theory has

been critlclzed because of bhe sweeplng slmpllflcatlons used Ln

the calcul-ation, and the difficulby of glving more than vague

justlflcablon for bhese stmpllflcabLons" A more senlous weahress

is that bhe effecùlve electron Hamlltonian ls not ga*ge lnvarlant
and hence carrnob adequabely describe Ëbe elecüromagnetlc ptopêr-
ties dlsprayed by superconductors. Later work, notabry by

/ ^\Andersor(3 ) arr¿ Rickayzen(4) has par.tlarry an.s!üered. the questlon

o-f lack of gerrge Ínvariance.

' Chapter II of thls thesls boglns wlth a dtscusslon of
bhe adiabablc approxlmaülon and lts range of valld.lty. The

adiabablc approxlmation asslrnes that the elect¡,ons folLor¡ the

,. \(r/ J. .uaro.een,
rnA 11?(
*t1,r ¿+l¿t

L.N" Cooper and
(L957) .

J.Ro Schrleffen, Physo Revu,

(2) L.N" coopen, phys. Rev. Lgh,, IlB9, (L956) 
"

(3) Anderson P.1/ú", Phys.
Phys. Rev., 1I0, 985,

(l+) Rlckayzen, G, , Phys.

Rev.,.-ff9, BZ7, (f 958);
( le58l:'

Rev", fl!, Bt7, (1958).
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mobfon of bhe lons at a}} frequencies s.nd, hence arry lnberactl-on

between them 1s vel,ocity lndependent. The general fo¡m of ühe

I{amiltonlan of a metal ls derived maklng use of thls approxl-

mabion and based. on a model in which we conslder lons osclllaülng
aboub equlllbrlum posltlons and conductlon electrons free to

move Lhroughout bhe solld r,¡lthout belng concenbraüed at lon

sLtes,. but nevertheless subject bo a perlodlc pobentlal wlth
the periodicity of the labblce, Use Ls nade of the second

quanblzed. fo¡mallsm ln deaLlng wlbh both electrons and phonons.

Chapter III deals wl th the renormal Lzatl-on of bhe metal Hamll-

bonian. We require a model ln which we carl conslder electrons

largely moving lndepondenüIy of the lattlce. Thls 1s obtalned

by means of the Frohllch bransformatlon whlch ln effect
reorgarr.izes ühe terms of the Hamilbonlan by descnlblng those

electrons whlch conbribute ùo bhe phonon parb of the l{amllüonl.an

in ber"ms of lattlce varÍables and bhose phonoas whlch contnlbute

to bhe electronlc part of the Hamlltonlan ln terms of electnon
.¡ariables. l¡/e lntroduce plasma varlables lnto bhe Eamlltonla¡r

io tako proper account of the long ¡âange electnonlc Coulomb

interactlon. Chapten IV deals wlth the BCS theory of super-

cond.uctlvlty, Here we have only abternpted to show ühe physlcal

reasoning for conslderlng palr correlatlons and, we dlscuss the

BCS critenlon for Lhe occuruence of superconductlvlby. Chapter

V ls a summary of bhe approxlmatlons whlch are made ln derlvlng
the BCS reduced Hamlltonlan"

The bulk of the materl-aI of thls thesls is embod,led.

in Chapters II and III, whlch ls bhe quantum theory of
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itrtevactionelectrontcnln metals ln a fairly general forrn. The purpose of

tho bhesfs has not been to glve a revlew of ühe üheor1¡ of

superconducblvlËy slnce there has been a t¡remendous amor¡nt

of work done on the theory since the orlginal ldea of BCS.

Rather, the purpose of ühis thesls has been to revlew the

bheory of elecbrons in metal-s and lndlcate how ühe resulüs are

useC in a theory of supercond.uctlvity"
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CHAPTER TÏ

QUANTTIM TItrORY OF EIJECTRONS IN METAI,S

Baslc i'Iode1 of a Metal

It was firsb suggested by Drude that the elecbrlcal
and ühermal propertles of mebals might be correlaüed by

assumlng that metals contaln free elect¡"ons ln thenmal

equlllbrlum wlth the aboms of the solld. Thl-s hypothesls has

led, after passing bhrough several stages of development, to
the present plcbure of a mebal. The picture ts as 'foIloÌds:

the freo neutral aborns out of whlch we construct a metal, conslst

of nuclei suruounded by ctrosed shells of electrons, whlch

together constltute the fon ccnes, wlth addltlonal valence

electrons outslde the closed shells. I'ihen the atoms ane brought

bogether to form a crysballlne lattlce, ûhe lon cores occupy

the regular aruay of sites whlch we assoclate wlth the crystel
sbructure of a panblcular soIld" The lon cones w111 osclllate
about thelr equillbrium posltlons and wlll lntenact wlth the

valence elecbnons which are no longer bor¡nd to lndlvldual lon

cores but are f¡ee to move throughout the soLld, These free

elecbrons, with thelr !,rave functlons extend.lng throughout the

labtlce instead of belng concentnated at lnd.lvtdual latttce
sltesu form a background. gas lnslde whlch the lon cores movec

This gas ls a plasma, capable of collectlve moblon whlch tend,s

to cancel the varlations !n electrostatlc potentlal caused. by

the lonlc moblon. The lndividual eleotrons can also be

scabtered by the motlon of the lon coreso One expects also that

ûhe f¡.ee elect¡.ons wllL bend bo screen theln coulomb inter-
acbions wlth the vlbrablng lons. We shall now lnvesülgate the
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criterlon for conslderrng the valence electnons and the lon

cores as essenblally decoupled fnom one anotÏrer.

/1\
2.2 The Adiababl-c Approxfunatlon \r'l

From energy conslderatlons, 1t appears plauslble
that bhe valence elecLrons bend Èo follow the moülon of the

lon cores so as to keep the system locally electr'lcalry
neutnal. If bhe electrons can effectlvely follow the motlon
of the lons at all fr"equencles, the moblon of the electr"ons

t¿ill be essentlally adtabatlc" fn other words, wê can assume

fhat the electronlc states depend. only on bhe laüülce conflg-
ur"ablon at a gf-ven lnsbanb and not on lattlce dynamlcs. The

criberion for bhe varidiüy of bhls point of vlew cnn be

determlned by assumlng thab only sma1l pe:rturbative cornectlons
arlse from solutLons based on ühe adlabatlc approxlmatlon.

The exacb Hamlltonlan fon a mebal may be wrltüen

H=He{.+H¿ot ( 2.1)

whero H-s lncludes the klnetlc energy of the el¡ctrons and. the(;I.

interactlon of the elecbrons wlth bhe lons" If we consld.er

the lons bo be lnstantaneously ln fixed posJ-tlons, ráre have

(1) !he_ alqument presented hene ls from a revlew antlcle byG.V" Chesben (1961): Advances ln physlcs, IO, 357 ana 'ls repeated for. the sake of completeness o
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for the sehrodlnger equatlon satlsfled by the electrons

He[ (R) v^Q/Z) = Ernv.,n(lß) (2.2)

l¡her"e r repres.ents the set of electron coo¡"dlnates and E

refers to the instanbanoous posttlons oî the lons. The wave
- l¡funcblon Y*Q/Ð tndlcates that the electnonic state 1s

depend.enb on the lnsbantaneous posltrons of the lons. The

exact schnodinger equatlon for the complete system can be

wnltten
AT

H Q*Ï é*rQ^ (2.3)
.f

where Qr^r, Ir expanded in torms of the complete s,ot of
funcblons {^ as follows:

Õ*,= ÇY.,*r.B)tfl eJll ( 2.1+)

rf i.¡e substlbute bhls expnesslon lnto (2"3) and make use of
(2.L) we obtaLn

(Hes+ Hr,ou. )zy^,Ág)Ly^elg) = Eâ{-^,.lE)4à elÐ Q.5)
/va

lnfe now allow for moblon of the lons. We have H¿o.,o= T'¡nn+ V¿a*

where T;n t, the klnebic energy openator fon the ions is
glven as

T. = -ñL t (7-'-ì.Æ.1^ m?rg¡ (a,ó)I
IrJe have assurned a monatomfc crystal so thaü alr the ions have

the same masso t{e multlply (2.5) on the left by {;t:/Zl
and lnbegrate over the erectronlc coond,lnates to obtaln
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(v¡."n * E *rL^^- HFI (.*'* u-iã,-l^*þaÐ = g^!u^^(2.7,

In obtainlng thls resulb we have made use of (2.6). If we

now Je t

and. (2"8)

r¡ie have

B^,.r = #?lv-"%i Pr.=

(T. + Y+on * Enu * B^."rlL,*,^* 
kuc*^L.*a=8.*"!-,*r*, 

(2.g)

whele we have let C.,n,vrl = L.r..,"t * B^,n! .

Equatton (2.9) ls a matr.lx operator equatlon of the

f orm H L^= 8*. Y*, whene t ^"trrra" 
f or the colur¡m vecto¡r

r .r y 1r 1 çt
r- Ê.dt ¡ ó- r¡rrí ru*^,- ---- J and JÞt¡ has maürlx eremonüs
¿l ?

é{.'*,1= $¿Au + Y,tb1n * E.n+ B**)à,t¿d * C**1. ff we set
4

C-^r= 0 our matrlx operaton 1s dlagonal. Each Lo,rwhich ls e

solutlon iras therefore Just one rlorr-zêro component. The

expanded. wave functton (2,4) has bherefore Just one component

for each value of w¡" , ø*¡þor^Ç*. From the dlscusslon

preceeding (2"2) lt can be seen that fon this case bhe elecË-

ronlc motlon ls complebely adiabatlc, slnce the wave functlon
for the el-ectnonlc sysbem ls the sarTre electronlc wave fr:nctlon
whlch we wnote when we consldered the lons lnstantaneousLy at

rest, The 4"4-¿ ê.pe the üerms i¡hich lead. to non-adlabatlc

L,'to',r = -*T { Q^n" vß, Q¿ u*'vei
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moüion. !üe shall now obtaln an esbirnate of bhe importance

of bhe non-adiabatlc terms by employlng perturbatlon technlques.

If we tneab the C*¡ as smaI1, then to flrst o¡rden

of perburbatlon theory

C^^'v:L
E.n - E^l

/^/
where òÅ,^.^ls the non-adlabattc dlsüortlon of

- nt (o\ - "¡(o)functlon J,-;,^ ærd þ;n¡, 1s a solutlon of (2.9)

set equal to zero. If t /-*rnt" sma}l compared.

adiababic approxl-roatlon 1s valld" E 7-*r^w111

c*t+tLl,l)^, * smalL compared to a typlcal energy

L
.14'

( 2.10)

the wave
, a/ (')'wlth L,n'd þry','¡t

to þ.tn,^, the

be sma1l lf
' d.enoml.nator.

( 2"11)

11 1/b)v rryn¡! þ,v¡n!"

l¡Je consider now the Schrodlnger equatlon

*uo. V* = 8,,'- V.,t

which on wrlblng H* explicltly becomes

I,rIe shall now estimate the order of magnltud.e of
l¡le consid.er A.*,(X!* whlch equals

-Ës (,1,
¡1 T J '/vv

by the veloc

obtain a rea

the mean val

I,tle thenefone

"Vß.1 Vn¿ d!'Vu)T):l^,. we can reprace - #Ou¡

lty openator v, of the Jth lon. In ord.er to

sonable estlmaÈe we shal} replace yt/-2^,by l,
6

ue of the veloclty of the lons ln the lattlce,
have

lo,**l t fi,, lTl V*,,Vs¡ V^,url



[*^o;* vd*r eß,f f^, vß) = E^! v*¿(ú&)

electron-ion lnteractlon and enters thls expresslon

conbains bhls lnter"acblon as well a.s the electronlc

(2.r2)

VU,t ls the

since He[

kinetic energy" ff we operabe on thts equablon wlth 4Ve,ù.
and. then multlply on bhe lefb r"¡lth tfi^x and 1nËegraüe over

bhe electron coordinabes we obtaln

(2.L3)

As the lons 1n the latbice move aboub, the potentlal energy of
the latblce ls char:.ged by a smalI amounbn Thls exüra

potential wLll, l-nbroduce a dlsbortlon of bhe eLectronlc wave

funcbionsn tüe can expand bhe eleetron lon lnteractlon ter"m as

L2.

( 2" 1l+)

vì.,,,,n ßJLt) = Tr* e/eí ) + 
Tru¡ 

- Eí ).vr,v,* {r/arl * ..
where R,3 are 'the lon equlllbrium posltlons. We asstûre we

-{
need only consider the finst order terrns as conüntbutlng to

the extra potentlal. For a reasonabre estl:nate of the effect
of bhts termn we replace (Rl - E,o ) bV Å , the average dls-rdplacement of the lons from equlIlbnlum. tslng thls value e -

the d.lstortlon of the elecbronlc functlon P.r, becomos

an

!Ie

sqn= !"h,,TW %)-,^,q^

from standard flrst order perturbablon theony"

For

hrave functlon

apprecLable dlstortlon of the eLectronlc

nequire that
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g ttva;' Y;¿ )'**t ,â 1/\ oI'N - !t-t (2.t5)

If we comblne bhis with (2.L3) we flnd

lçlu-"ve¡l''usl* ä (2.L6)

,nwhere { ls the average dlstance the lons have to move to

produce an appreclable dlsborùion ln q*," If we were to follor¡
a simllar pnocedure r¡re r¡ould flnd that B.*4 ts small ln

--^^r !^ ^ r.r^ ì----^ Lr-^--r.á,-- nrto)magnibude compared. Eo A,^n¡. We have therefore'that..C^,* þ,r^-J
hf yro) ,^TP'nÅ ô

We now considen the energy denomlnators of (2.10).

The matrlx elements C*-rt connect states bhat d,lffer by single

electron excltablons" The PauIl Excluslon Prlnclp1e fonbtd.s

a]l tr.ansiblons except those from an occuplod. to an r:noccupled

sbabe. The maJo:rlty of such states have an energy sepa-natlon

of bhe ond.er of ?,! , the Ferml energy. For most t¡"anslülons,L-
Ea¡ - E/,u w111 the.nfore be of bhe onder of 7L . This ls not

true of translbions from just below to Just above the Fernrl

surface, but the number of occupled süates Just bel-ow the Fe¡-¡rl

surface ls smaIl. For bhe case where ühe denomlnators are of
the order of the Ferml energy we have

C,*mt
BrrJ - E*

hv
m

l¡tre Imow that I .^ fO5 cm/secr 4..^ | ev" and ,t" car¡not be

much l-ess ùhan 1O-B cûr. Uslng 
trn""" 

values, wê flnd that
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C ryrr^l r\,/\ 2 x lO-5En¡ - F'*

If bhls estlmabe ls correct, then the non-ad.labatlc cornecülon

to bhe wave fu¡rc blon ls very small and the ad,labatf c

approxlmation 1s val1d.

'Vrle rrow wlsh to estlmabe where the adlabatlc

appnoxlmatlon breaks down" Non-ad.labatlc terms have to be

consld.ered lf the d.lsbortlon 5:Ítr,-^ts of bhe same ord.er of
magnltud.e rr ljl)*; lf Cut,v,! ù,r 1. Uslng the' above

Ea 'Ea
values for v- and l- ,u ftnd tLrat thls occurs whon

lr.,n - E-,1

where u)",^"*p Ls the maxlmum Latblco frequency. V,Ie therefore

deflne a ttd.anger zonett of electnons thaü lle wlthfnfi Ð.-,**
of the Fer"ml surface. Since the adiabablc appnoxlmatLon

loses valldlty ln bhls rtd.anger zonett, any property of ,the

soIld. which depends on bhese electnons must be salculated by

baklng lnto conslderablon bhe non-adtabatlc tenms ln the

equablons of motion.

2"J Derivation of bhe Hamlltonlan

(a) Prellmlnary Discussion

If we assume thab spln-orblt and spln-spln

lnteractLons of the electrons can be neglected, we ca¡t

wrlbe for the Hamlltonlan descrlblng a motal



Pi" *
&/rv\ v(r. ) + Hi"*-¡..'^ + Hør't

15.

(3.a.1)z,,!
.,
é
L

R'
-¿

The subscrlpt i labels the valence elecbrons and J nefers üo

ûhe lons. In this model, wo are assumlng thaü the valence

electrons are completely separ.ated from bhe closed shelIs of

bound electrons r^rhich make up bhe lon cores so that there 1s

no exchange bebween these bwo groups of electrons" ff we

conslder N ions ln our mebal, for electrlc neutraltrty we

requl::e zN valence electnons whene z 1s the valence of the

atoms formlng the metal" The fû"st ter.rn of (3"a.1) ls the

kfnetlc energy of bhe valence elecbrons and. the second üerm

represenbs bhe lnteracblon between these electrons and. the

lon cores, I¡ùe are assumlng thab thls lnteractlon energy is
independent of lon velocltLes by conslderlng an lnteracülon

l^¡hich depends only on the instantaneous poslülons of the lons.
l,rre are thus 1n effect using bhe adlabatlc approxlmatlon l¡hich

was dlscussed. ln bhe preceedlng sectlon, Hir,,n,-i.o.n lnc1ud.es

the kinetlc energy as well as ühe coulomb and excha¡xge

nepulslon of the lon coreso Hc.-{ represents the coulomb

inberactlon of tb.e valence electrons.

fn order to ellmlnabe lnflnlties Ln bhe separate

terms of eq" (3,â.1), slnce we shall be consid.enlng an lnflnlte
cr.ystal, üre suppose that there ls subtracted. fnom the electron-

ion lnberactlon the lntenactlon of a r¡nlform negatlve charge

wibh a unlform posltlve charge, fnom the eLecüron-electnon
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i-nberactlon ühe sel"f energ:y of a unlform negatlve charge, and.

fnom the lon-1on lnteracblon bhe self energy of a r:nlforzn

posltlve charge. The posltive change denslty can be wrltten ag

,^orvhere (,å.^ Ls constant and. represenbs a r:nlforrn poslblve cbarge

densiby. Arso we can write for bhe negatlve charge denslty

fu,^ {rl = ?rL + p.-. (r)

(u (r) = flå + fl" (n)

Since ühe system ls elecbrically neutral,
The botal energy whlch we are subbracblng

/'\o^o
fcg = -f i.+.,. .c

ls glven by

*[a"

ïL can be seen that the total energy subtracted from the

separate terms of (3.a.1) exactly equals zoro. In tbe Hamlltonlea
(3"a.1) therefore, Hc^*q ls acbually bhe coulomb energy of the

valence erectrons measured. relatlve to bhe seLf enengy of a

u¡:iform dlstnlbutlon of negative charge and. H i,€t _iã1r. contalns

the coulomb enengy of bhe Íons measured reLatlve to the self
energy of a unlforra dlstrlbutlon of posltLve charge"

(b) Lattlce Vibrations

We consider a set of Ldenblcal, chargedo small

ionic cores lnbe¡acting bhrough repulslve forceso langely
couromb. lüe shalI assune that we heve an inflnlte lattlce
made up of these cores so that surface effects may be



neglecbed, e.nd.r^re sha]l rmpose perrod.lc boundary cond.itlons
on our3 system. l,Ie shaIl assume furbher" thab the mlntmu¡r of
pobentlar energy of a lattlce of ion cores d.evold. of varonce
and conductlon electnons corr4espond.s to a lattlce configu.natlon
idenblcal to that of the ¡:eal crystal. ff bhis Ls not tnue,
then small oscirlabions of the rremp.by" ratülce about the
real crystal equllibnlum slbes cannob be d.eflned" sÍnce we

wl'sh to desc¡'ibe these oscillatlons rn be¡ms of normal modes
hre musb assupe bhe exisbence of thls mlnlmum of potentlal
energy. rn der.iving bhe Hamilbonlan whfch d.escrlbes the
labtlce vlbr"abionsror bhe phorion Hamlltonlan, !¡e shaLl enproy
a method similan üo thab of pei"ol". (2)

lJe let u i bu the d.lsplacement of an atom f¡-om

ibs equilrbrru* poJ:.rion El . E; f.s the equilibrrum
poslbl0n of the j¡ttr ror, "ir"tr"J t" the on1g1n. Then

17.

( 3.b.1)=l = 5 u¡

þ,,,fturtrs¡ 
sr si'ñ4¿'r=¡

= R, - R,o_t _ltr
rf we 1et uo be bhe potentlal energy of our system aü

equlllbnium tncludlng bhe self energy of a r.¡nffo¡a poslblve
char"go, wê may expand the potenttal energy u in a Tay1or
serles:

U-Uo=
¡09goe ( 3.b.2)llrr*-t

(2) Peterls R.E. , (L955) z Quanbum Theory of Sollds.(Oxford: Unlver"slty press) 
"
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hrhere å artd B ane tensors o{ second and thlrd. rank respec-

tlvely conneeting the componenbs of bhe vecbors whlch follcmr.

The subscnlpts ln thls equatlon nefer to the posltlons of
the lons and nob bo the coord.lnate axes. The ¡ratlo of A Èo

B has d.lmenslons of lengbh, For ¡easonable forces we assume

fhat bhls rablo ls of the order of the ionlc spacLng. ff
the ionlc displacements are small compar"ed. to thls distance,
we need. only conslder quadnattc terms 1n the expanslon fo¡r

the potentlal energy. There are no llnear terms in the

expanslon slnce the flrst der"lvablve must vanlsh at equlll-
lorium" slnce bhe tensor A¿,y ls related to bhe fonce constanü

between bhe lons at poslülons j and J t, lf we assume that
bhe forces between bhe lons d.epend only on the nelatlve
distances bebween bhe ions and not on dlrectlons of dfspl&cê-
menb, bhe fensors A are s¡rmmetrlc 1n thelr lndices. consLd.-

3rlns only quadrablc terms ln the above expanslon we have

U - Uo = L å ri "A ,. i, .rr:¡ (3.b.3)- ì,1 -i =t'i' -l'
from whlch, employlng Hamilbonts crassical equatlons of
motlono wê obbaln bhe equablons of motlon for our. system

. eet\t ..11 t-t '-d

whe¡re M Ls the mas s

Ç Ði'i' "!¡t
t u! 

ú

of each of the ldentlcal lons"

(3.b"u)

!üe now wish to determine bhe normal modes of our

sysfem, fhab ls vlbratlons ln whtch arl Lons osclrlate r¡ith
the same angular frequency, lL radians/secondo These normal
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frequencies, whlch are determined solely from lon-lon

Ínteractlons, w111 not be those of bhe neal crystal r.¡hlch

contains many conducbion electrons. The presence of the

elecbrons ln the real crysbal alte:rs the lon-lon lnteractlon

and leads to a renormallzatlon of the normal frequencles.

Thls poinb will be dipcussed ln greaber d.etalI at a later

stage. Vrle vêvi$y thab bhe lons all have ühe same amplltude

of osclllablon but dlffen ln phase. hi€ therefore wnlte

3l = u-l'rrt + rt'Eio uo E-o (3.b.5)
0

where E ls some vector to be debermlned, from perlod.Lc

boundary condltlons, Ea; ls agaln a vector from the orlgln
ë

to the ion at the labtlce slte speclfled by J, Ç" Is a urrlt

polarlzabion vector and. uo is bhe amplltud.e of the dlsplace-

menÈ of the lon occupylng the slte J = 0 at t = 0. 0n

subsbltutfng thls expresslon for u , lnto (3.b.1+) we obtaln-r
bhe equatlon

M-çf f"= ?*¡,y 
.8," 

"18'(Ef 
- Ei )

In order

periodlc

volume V

relatlons

bherefore

r,rhef e n, r

bo obtaln the cornect valuss,for !o ÏIe

boundary condltlons. ff we conslder a

and. length L, bhe coniponenbs of k must

^lkfL_^lk¿t_^lk¿L_..,e = e : (i tro

real erÌd are glven by 2Tîn,
L.

f L, and nã are lntegers. Ib

The componenüs of k a¡.e

, 2Ín, , and 21Ín3-r -r-
can be seen thaü Èbe

(3.b.6 )

apply our

cube of

satlsfy ühe
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vectors k and kt refer bo the same normal mode of vibraülon

if (k - kr).R..o is a mulbiple of 2TÍ for any J. If r¡e
ö f n-'' o

inb::oduce reclprocal lattlce vectors g such ühat "t9'5t = f
for any J, any two vecbors E and Et are equlvalent ln deflnlng

normal modes ff they dlffer by a J-attlce vecton of the reclprocal

lat bice "

Slnce thore are N lndependent values of k ln the

flrst Brillouin zone r¿e have 3N lndependent modes of

vlbratlon. There are threo different moCes of vlbratlon

for each value of ! whlch are solublons of (3.b,6), slnce

thls ls a vecton equaùlon and ühe A are tensors of second

råJrk. In general, these solutlons have dlfferent frequencles

lLu We label- these solublon" Ë. (E,c) and -r1-(k,r) where

6i-- takes on values 1, 2 or 3. i¡fe cân express the most

general dlsplacement as a Ilnear superposltlon of pantlcular

solutlons wlth arblbrary coefflclents.

u. =-¿ É-u'&'o 
." --ü

For the sake of convenlence $re write this as

u. = (I,ïM) -å f,tg,, (r) "+'Ei E" (E,c ) (3.b"?)-f {,n -a

where eg,ç ( t) = qk,o- (o) e-lf)-(k,Ú- )t" 0n substiüutlng
(3.b.7) lnto (3.b,4) and. maklng use of (3"b.6) lre ffnd

that C6,o- (t) satisfÌes ühe equatlon

.e ^ tPï&,n.i* (t,si-)J- q&,o= o (3"b"8)

t¡hich agrees r¡1th the tlme dependence above. ff we assume

po (È, s- ) €"(3,c )
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that -f). (-k) = Q(k), we f ind. that &""'(\,r) = fo(-lr,C )

by taking the complex conjugate of (3.b.6) slnce L¡,y ls
necessarlly a real quanbtty. Also, slnce the lonlc dlsplace-

menbs are real, from (3.b.7) we have

ô ¡ = fr":-E¡l =4,f

We now wlsh bo sh ohr bhat

-lE"(k',r')etE"E; 1 =e (3.b.ro)
+*l C, (k,cri "tE'EiJ 

¿'å

unless I = 5t and g- = frr. Vrle conslden flrsb bhe sum

^ < i ( kt k) .R i e,rnnaca aoalr .ì o {-g = Z e¿tå' -i . -*pposê each lattlce polnt of the
tr

crystäI to bo d.isplaced by a parüicular lattlce vector Ro.

This changes every lattice polnt lnto another latülce polnt,

since we are consldering an lnflnlte crysbal, and hence merely

relabels the terms of the sum whlle the value of the sum

doesnr t change" However, each term of the sum ls mulülplled

by bhe factor "l(Et 
- I)'8" and, hence the entlre sum ls

multiplled by ühis amounË, tfe have that s = s "l(Et 
- k)'Eo"

Either S = 0 or kt - k 1s a vecbor of bhe recLprocal }aütlce"

For the sun nob to vanlsh, k and. kr must be equlvalent. There-

îore g = Z,.tlut - I) 'Ei = *54,gr for a lattlce composed' of N

rlons. vue rlow conslder M f,î(8, r) " €.(E,l) " hle multiply
(3,b.6) on the }eft by t;r(x, f ) to obtaln

u-Çfu, c-') f,;r1r<,c ) . fiok, r\ = Z-Ê."ty,c ) . +¿,1"f,(!,c')elE" (Ei- Bi:
(

Taklng the complex conjugate of thls expresslon and lnter-
changing ç¡ and. q/we have

(3.b.9) ,,,:'l

Mr-+(k,r ) t¡rtu,r) . €.(!, <i-') = 
l€,&,a-t) 

"4¿, . ÇJ'(E,a-) e-$' (gi- Ei)
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Since å¿,¡, Depends only on the relatlve posltlons of the

ions we have thab Sù,i, = 4',¡ . Also slnce A¿,¿r ls s¡nrnaetrf.c

ln its rurwrltben spatial lnd.lces vre have that

/)
¿--:.'( K. f .Ço(g,o-/) = €"(Y, c' ) 'È¡,¿, ' å"*(krc)

Since we are consldering an lnflnlte crystal, rnre can

conslder the lons s.s s)rrîimoËric about any lon J. Thenefore

on subtraction of the above two expresslons we have

Pr [fl-z(g,sî-,) - ft (8,a-,] g"-:i(k, q¡ ). 4"(8, n') = e

I{e see that (3.b.10) ls tnue provf.ded. 32¿1t,c ) / Ía'(g, a').
ff more bhan one normal vlbratlon for a glven k have the

s&ïr'r€ frequency, ühe 9, { t , C ) are no t unlquely d.eüermlned.

since the seb of }lnear homogeneous equatlons (3.b.6) has

more tha:: ono independent solutlon. In thls case, wê choose

our baslc seb of solublons such that (3.b.10) ls true lf
k / ut and ç / g- f n j¡le have therefore bhe result

¡.*i,l

zM[é.(E, c ) elE'Ei l ".l€, (k', c' )"lE"*;J = NM&,å,to, (3.b.rt)

lrie wlsh now bo relabel our equations by lottlng

Ð süand. for J and the three space dlrectlons and. I star¡è

for k and c, ê"(9) ls bhen ono'of bhe components of

iì¡.R o

€"(u, r)e-=::¿ . rnsbead of (3.b.11) we wrLte for the

orthogonall ty relat lon

Ç* ¿;'( Y ) €,,( f1 = Nll îr,f' ( 3 "b.12)
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and. the most general form for a component of dlsplacement

for a glven lon may be wrltben ln analogy wtth (3.b.7) &s

t-

Dl = (NI't ) 
-ã f- e,t '! ) tr,( f) ( 3.b.13 )

I
If we mulülply thls e)cpnessfon by lvl 8,r( f) and sun oven /
we obbaln

** €r"( 9 )u, = ã& ,È 
8,"( f ) | o't /l tv( /)

whlch wlth the ald of (3.b.12) glves

I

LM €rrr(Q) uz = q(9/)(uNlã (3.b.11+)
1/

or n( {, = åJ+ 7-t;,( {) vl (3.b.15)

Substltutlng thls inbo (3.b.13) and. slmpllfylng we obtaln

Eo,= *¿ €?(()7. €,y(t!) ù2¿r\g v'
ar:d slnce l;his must be true for arbltrary dlsplacements we

have the completeness relation

€r( 9) [r;:r( {¡ = N lr,y, (3.b.16)

l,Ie now wish Lo lnvesttgate the energy of the system

of lons, From classlcal mochanlcs l.¡e can wrlte for the

kineblc energy of the lons

t = å LM í^î = * > gt(f) ât() tr(E') âtE'l_Ð - Grr 
u{,,/, -

since flt(-(t) = E;rt{l and q(-9) = qx(f) }te have wlth

bhe a1d of (3.b.12) thab

z
{



?)+.

( 3,b.17 )

( 3.b.18 )

ke

( 3.b.19)

(3.b.20)

e

atlon

(3.b.21)

þrt,yt, í'otg')) = þJEl, "r,({'lJ = o

ff we make use of (3.b.I5) r^le obtain

[ðr;rr 
g ),q( y,)] = # þfr"({ 

) ts,( ( ) [îr,"nJ
whtch v¡1üh (3,b,21) and (3"b.12) becomes

r. -7
läxt !),q(€')J = - rå Ss,q, (3"a"22¡

tie therefore see that e( f ) ana [x( 91 åre canonically

r = å | ã+t( () .it ,?)
q

If lve revert to our former expltclü notatlon we havo

r= å Zld¿,-t*-t'Ç'

ff we substltute for g. from (3.b,7) lnto (3.b'3) and. ma

use of (3.b.4) we outain

u - uo = È LþLlx,.ril' I o*,.1'
t'q-l J -

The toüa} energy of our sysbenr ls ther"efone

f,=r-fr.- lL ¡ -ì3 1^ tlìr 
?,Jlâs'l 

- * [rL 1x' <r ) | I na"l 
J

Thts expression for bhe energy resembles bhe energy of a

sei; of decoupled harmonic oscillaüorso lrle sha}l make us

of this resemblance bo quanblze bhe system. For quantlz

of a harrnonic osclllabor v.Ie requlre the conditlons

fn -1 itc î
[ù, t g ), u y(€') J = - M- br,,r,, be,g,



conJugate varlables.

àtgl = p':i( ,!)."'
expliclt nobablon we

Equatlon (

,,,_1
1Z

and (3.b.19) ls

l- o¡,c t)ß,7
L,F

nOl¡f

25.

(3.b.23)

(3"b"24)

(3.b"25)

phonon

r¡Ie tabel q"( {) = p( g ) and

If we revert agaln to our former

have

rTr 5¿, d Sn,r,r1
Ln4,r ' Qgl,n,)=

3.b,18) becomes

4tq'

of

Qru,o

lons or the

(I) '¡ie lntroduce bhese variables ln orden
nectlon wlth the phonon Hanrlltonla¡r of
Plnes D", Phys, Räv, ÇÇ, 1140 (L955) 

"

to esbabltsh â cor-
Bardeen J" and.

" 1Lu-uo=ÈZFì-(k,a)l
&'Ç

The botal Hamllbonlan for bhe system

Ifamllbonlan, is bherefore

"fn= 
È í- Llä %,-

o1L
+ ifUE, o- )J qå-,.-qJr,-l (3.b.26)

I'le have shown that for each value of E which describes

normal modes, the three dlfferent modes of osclllatlon are

orthogonal. We assgne bhat two of these components are

transverse and bhat one ls }ongltudlnal. If we examlne only

the longlbudlna] component, the phonon Hamlltonlan becones

"¿ = È +rnt n+ + r$ep a*) (3"b.27)

Slnce we have shown that two dtfferenb kt are equlvalent !n

d.eflnlng normal modes of vibrabton 1f they dlffer by a vector

of the reclpnocal labtlce, lri bhe expresslon above wheneVer

k runs out of the flrst Brl]Iouln zone the e¡ refers to the
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correspondlng E fn bhe first zone. In subsequent work we

shall assrtne bhat electrons interact only wlth the longl-

budinal component of the lattlce waves. The two fransverse

frequencles are tn bhis approximablon determlned entirely

from lon-lon lnteractions. Calculatlon of the longltudlnal

frequencles of the real crystal, howeven, requlres consldera-

bion of bhe electron latblce lnteracblon"

lrle now wish to lntroduce creatlon and. annlhllatlon

oporators fo¡. the latblce waves. These are requlred' fon

facilitatlng ]ater calculatioas. If we substlüuüe -! for E

in (3"b,27), since the summaÙlo]l over E 1" symnetrlc and

since aij- = e n artd pj! = p-={" a-k -'- Ek *-L'

1u= È *rpÅ' o+ + l-]uo[ e¿ ) ( 3 .b.28 )

Slnce *¡H ls real

nù= È ç(ne n, + (SÌä)'qä q& ) ( 3 "b.29)

ltre have rherefore rhar AÊ = fL?U = LCtä)t . the freguencles

wtII be real so !üe bako f)-4= l?--4= çL'Ë. lrie define an operator

bA and. lts he¡mltian conjugat" bä as

lok"= Ê+= (pä - r fl¡q& )Ê 3ãflt
.,]b'd =#bþ + LfÀ_eoä)E 'l zh,Çzt=

Solvtng for fU , ni , ng and O;! we obüaln tho resul'ts

Iã

P4 = 'd ä'" þe + b-g)

( 3 "b.30 )

*-),r.l@,E I z luJL +b4) (3.b"31)



n
¿t ¿k

ivÍaking use of the commutablon relatlons for the 9¿ and' p*

wo obbaln

O, = I
&

and

[-on, ./ iL1: ?l

If we substlbute (3

summablon over k ln

tvi â t¡l rì cf
¡ ¡5¡-*-¡ O

(b.a - b-¿')

r:---I kì |\ '-.-)i\

1ä \o-ts- o&)

= 6*,U.

eÌí' = 1

[ou, 
o/1

27.

(3.b.32)

( 3.b.33 )

(- -. -tt. -rl= lb:' , bIi I = 0
L4 +J

.b"31) lnto (3.b.27)

this Hamtlbonlan 1s

(3.b.31+)

],lure recognlze the commuLatlon relatlons (3,b.221 as those

used to describe Bose-Elnsteln type partlcles. The quanba of

energy of the system descrlbed by (3.b.31f) are caIIed. phonons.

bï and b¡" are respecbively creablon and. annlhllatlon
r? 1i'

of""*tots for phonons of wave number k and Oä b¿ 1s the

occupatlon number of the phonon sbate"

El-ecbron - Labülce Interaction

n ^l"þL
I

n{*= Tn {LU( bçu bru + I )

If we conslder bhe electr"on-ion

- R.), whlch we wrote 1n (3.a.1),-t

--lh' ( )r- ,. . -!,- . -,ä r \) --;.-". (þo- þíì + Þ,.. o"- )/ 2 '4I & E
E

use of (3.b.32) thls becomes

and. note that the

s¡nmetric we have

lnteractlon term

lre may followlng7 v(r.
trt

g

(c)



ùhe example of Bard.een u-rra ptrrur(]) expand tbls term 1n

porvers of (R; - 3í) abouü bhe lon equlllbrlum sltes and.t -r
obtain to flrst order

t
¿J

,+, t/

v(å - Bi, = /vty; !r) - frrr- E;YVovtrr- A;) (3.c.1)

28.

, From (3.b.1) we see that

R. - R.oÉ ì.1.. If we substitute from (3.b.7) lnto (3.c.1) r'le
-l -f{i(
have

Ç,rr,- 
El ) = Dttt- tf -(Mr )-+ LfuVuv(v,- \?q&etb'q (3"c.2)

In obtalntng thls expresslon we have assumed. that the

elecbrons lnte::act only wLth bhe longibudlnal componenü of

the Iattlce lrlaves. This assumption neglects anlsotroplc

effecbs and ls not really valfd parblcularly for short lfave-

lengbhs. The resulting equatlons, howover, are less Complex.

trIe shaIl call bhe second ter"m of (3.c.2¡ the elecbron-phonon

interactlon Ea¡nllbonlan and wrlte

Hì,,*= -(NM) 
-f 

,7rEa.Q,utz; Zr) a,O etbE¡
¿,),& _t

(3.c.3 )

The valence electrons see a potentlal' V(I) d'ue üo

the lons where

/ a \'

v(r) = 7 v(* - Eí) \41 (3.c.h)
4 ¡dr

(Ii Bardeen J. and. Pines D., (3-955) pfryso Rev' , 92, 11h0.

(,ZI Thls pobentlal ls differenb from thab wnltte! by Bard,een
and Plnes. They conslder" ln addlblon the subbrectlon of
the potentlal d,ue to a unlform poslblve charge"



29.

I¡Je shall comblne V(r) wtth the klnetlc energy of the valence

elecbrons and wrlbe for the elecüronlc par"t of the HamlltonlaIl

neglecbing the electronlc coulomb inberactlon

"eL

In eonflguraflon

elecbrons ls give

¿tDgQi-

shall r"equlre

l{e theref ore

- l-pr¿

+L^
sp8.ce,

nas

* v(I;

the cou

,]

lomb

(3. c.5l

lnËeracblon between

1Lo

r.ì=
0

qP, \u lr)
expand

'< oL+ / -i--ol-l tì+¡.1!;- !¿l
expressed ln terms

^r)U-(l) ln a Fourier

of wave vectors

serles

Ç'u
lkt nre-

ç4
'{<

unl t volume,

ùhe left by ("
J

IeL$'
S*,g

ã
f oz -lk.rl:-e --ûr=lr

=

normallzed ln a box of

expression Lhrough on

\f ,t'4
E)'Ë ar

f^z
V¡ = l# e

IE
J

-{ l¡r r,--:dr

nD ^ZT(r) =ï=
where we have

rnult iply this

rore obtain

This lntegral d.oes not converge " In order to evaluate the

integnal we lntroduce a convergence factor "-Ât 
lnto tb,e

integral where À !s a posltlve r"eal constant. Thls Corivêr'-

gence facton effectlvely screens the coulomb fleld of each

electron so bhat bhe range of the fleld ls no longen lnflnlte"

lr/e have üherefore

(3.c.6)

(3.c.7)

If we

-lE'I a:r

(3"c"8)
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-Lrku - À n

(3.c.9)

(3.c.10)

( 3. c "11)

(3.c.3) and. (3.c.11)

the botaL electronlc parü

L'Ti e&= -T--r

(3"c"IJ )

[g,=, , ge',]* = lg"rtr, g*rt'l*

Tf we now 1et

V6

Substibutlng thls lnto (3.c"7) we have

rkl
1-iEfãæJ

bre have

{et =
< l+1- e ^lk'rÇT
,þe.

If we collect terms from (3.c.5),

making use of (3.c.6) !üe have for
of bhe l{amiLtonlan

( 3. c .].'2)

bhe second quantlzed forrnallsm ln

descrlbed by occupablon numboo".(1) 
""

n = +l#. u(91 -(Ni'ir-"'h€.e'Vß¡lrr- ei) ,& "'E'E/

urE" 
(r;- r; )

flrst lntrod.uce fleld operabors f (r) and, g*ttl v¡hlch obey thê

commubation rules for fermlons

[!\tt, q(r')-l* = 5 (r - r' )

and

,1'rã

We wlsh now bo inbroduce

rvhlch the electrons are

(]) Fukuda N,, (19ó0): Brandels Unlvensity
Theoreblcal Physlcs"

1960 Instltuüe 1n
(BvanJeìs.t{eo)
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lk.R'o--t

The antlcoÍr'ûubatlon relation

ferrnions requlre antlsffimetric

tlon. In the second quanülzed

(3.c.]"2) is wribLen

rßí^2. I
n = l@'trllfç * v(r)l¿0(r)dr

)- L-"' J J

-(NM ;È[,y\o I €u-Vr,ur--
)' ¡Å "¡.

is based on the fact that

brave vectors for thelr desenlP-

formallsm, the Hamlltonlan

- Ei,q,& " { ft)an ( 3. c.1l+)

to the thlnd and. fourth

(u",?lv.tf # Qrtt
IJJJ4

irle labe1 the berms in bhe flrst, second, and thlrd and fourth

l1nes of thls expression as Ho¿, Hùë, and. Hc*r4 respectlvely.

Since Hco*¿. can be wrlbten in conflguratlon space as

ol'aoa", t*G)qY(r, ) t z]iet lk'(r rt)
t J ¿ ra , 4- llz e'å-\: - :- '9(l' ) f tr)JE

Hu^t=ÈL#ui!'(r;- r(-ã4
at4

Ieadsthe second. quantized formallsm

Iines of (3.c.14).

We shall ehoose as a basis fon the fleld openabors

Lhe comple be orthonormal set of Bloch states related to the

Ilamilbonlan (3.c.L2). The Bloch funcblons are a set of one

parbicle fr:nctlons (" f5l fon the electrons whlch apply to a

crystal wlbh the fonJ ftxed, ln equlllbrlum posltlons. the

tsloch equablon for the one par"tlcle fr¡nctlons f.s glven as

k7
ñ\
-¿
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i*. v(r)J Voet - EÉ (,rvt (3.c.L5)

where V(f ) i-s deftned j-n (3.c.1+) and V(r + f,) = V(r) where

L is any labtlce vector. The Bloch theorem states that

V.ty* ¿) = "tß"& Vygl (3.c.16)

The elecbrons are described ln an extended zone scheme ao

i;hab the wave vecbon 5 is nob necessarlly ln the flnst

Brillouln zone. For free electrons the Bloch fr¡ncülons are

norrnallzed, plane waveS. However, for electrons ln a perlodlC

1 abtice

(.ttl = "1É'I un(r) (3.c.Ll)

where u*(r) ls a fr¡ncüion having bhe perlod.lclty of the

labttce such that r*(I * &) = u*(g). The fr¡ncülons f*tfl
aro orthogonal ln titu sense ,n^i

In these expresslons we have assumed bhe Bloch fw¡ctlons to

be normallzed. l-n a box of r¡nib volume.

i¡Ie now expand, bhe flel-d ope:rabons p (f) and f *(r)

in terms of the complete set of slngle panticle Bloch fr¡nctlons

,flr-r - S ^ tl)
Q G) = +.o {n(rl

(3.c"I9)

¡p ++þ) = 7 c-s {x(n)) -__ T 9'_
Maklng use of (3.c.13) and (3.c.18) üre flnd
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þ,1" "r'l = 6u,*'

and ( 3. c.2o )

---'1 f-l
I c.., c",l = I c;:i, c'i:,| = 0L É' r-I+ L ç' E'J +

c, and cj¡ are respecbively annihilablon and creatlon operatorsÊv

for electrons ln the state K. The product c+¿ c" ls the

occupatlon number of the electronle state K.

If we make use of (3.c"11+) and (3.c.19) we flnd
Èhab

(3.c.2L)

,l¡ .f-nL 'i 
' 'co Yu-:rtrllfr + v(r)l ?r,(r) dn

L*''

f (3,c.15) and (3.c.18) becomes

¿_"'ä
ÉrE'

{.ì ^

t'H-ltr n- |4l

r¿hlch wlth the a

(r - E;)e*"r&'uíJ{** (3.c.zz)

ten¡rr to B I r" have,-t
c.14) , thab

r)eo] r,T

H.oL= /-nç "Ë "e

I¡le also have

tf r
Ii¿*t = - (Nt'I )'" I L"Ë, c*V-¡, I LË*.V*JJ6,Kt - u¡,& - ^l

If we change the onlgin of the j t tfi

making use of the Bloch bheorem (3:

rf
H i-t = -(rn,r r-"J 

ã;-ë, "o{ri,f;,€u'v8u 
(

This last sum vanlshes unless

1(I + E - g').Bi ¿"

(3.c "231

k + K - Kt = s (3"c"2+)

where & ls a vector of the r"eclprocal lattlce lnclud.lng zeroe

Since we are consldering our Bloch funcblons ln the extended

zor\e scheme, k assumes all values. l¡Ie the:refone have thaü



brhere

I
- ¿+þrtt = -llTMì ;ú

¿<

Wibh the ald
fanm

1
tt c+'L - 2

v(n - R.o) e-t
(3.c"19) we

3'l+.

(3.c.25)

"-lE'Ej'l ü u,- o I ,k.
J

ent to be lndependenü

onon lnteracülon ls

They wnite therefore

-1k"R í t--¿J

obtaln

(V,:,i {r€æ-WJ - Li,4 -d

of (3.c"1[) and

H^i,t= 7 c +i c. qrort,*
{¿ x'tt å

where "e:t ls deflned as

. -1 r I

"ui* = -(nprl-'[V":tl t- Et! V*,u{r - Bj)J o-= 
| lrr* -¿ ù

Bardeen and. Plnes assuÌne bhls coefficl

of K. In other word.s, bhe electron-ph

independent of bhe electronlc stabe.

Hì^t = | t,-i 
" E- 

qk= uË
&,& arri

{ru" (3.c.2ó)

the coulomb

"18'r 
(rrrtl

(3.c.27)
*.f%,"tsl

1a rrl+i-!-ez (ururrT cìi cà¿ c cnc*l = '+n J rfr,s,i¿, "[""*"

x Q-*¡r, t .-i!'g' tÞ r y' ¡J È LlK"' '= r v lÉrt J .Et L

ff we shlft bhe onlgln of each of these

vector ar¡d agafn make use of the Bloch

obtain

lntegrals by a lattlce
üheorem as above we

l,'î aZV "ä "e.

"u; " É,+te.c E,-L.f t,'r,=, "t!"r d-gtgl

')J -',t,#cI c*

*wfu"u''.,"l:
*or',n' ¡ 

" 
-1E'!' Qr,,ue-

(3"c.28 )= r 
fu,;Ê "'ìi 

ciri cç.*&c v,,L, - r?**i"l.' "e
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For free electron" Mä ls equal to ff arta ls ühe Fourler

coefficlent for. bhe expansion of bhe coulomb energy. If we

make use of the commutabion relablon (3.c.20) we have

' <- z . r. 7 vtÍ cii cK (3.c.2.9)iI.--l = È,,+,.Mro % "sot "i, "x,--u ^¿- a É
&,{',Y¿ - ' 

&,É.

The second term on bhe rlght hand slde of thls expresslon can

be comblned wlth (3.c.21) to glve a constanÈ, addltlve

(lnfinite) term to the Bloch energles E*.

fn configuratlon spaco bhe densiby of partlcles ls
^J.gtven by p(r) =7, )(r - ti), where N ls the number of

\ /=l
particles per rxrit volumeo In bhe second quantized. formallsm

!t can be shown bhab bhe denslby operabor ls equlvalent bo

P (r) = r?tt(t) t'Pif l . Wo define the density fluctuatlon
\ - I - j-

operaton as the Fourier bransforrn of f 
(f)

Qu = | p ,=¡ "-1I'r d" (3.c.30)\ë J r

Tn the second quantlzed for"mallsm, makfng use of (3.c.I9)

this becomes

?u=[ fu"r "" Qrr(Ð "-lE'r (ret dr (3"c"31)

E'mploying the same a::gument used, to obtaln (J"c.2B) l¡e obbaln

-1!"å 
Qo Vl dr:"

r\ - 
PL(r¡- = ) c,, i? ""1 (*-ti 

(r) e\-ß T -o-E -E)

whlch for the free electron case bec omes

Dr-
Ylt= I c ->'r cK\Ê T &-s

( 3. c "32)
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The üerm tn E - 0 corresponds to a unlform backgnound of

partlcles slnce(f)= *, bhe average partlcLe denslty for a

box of unit voh¡ne. VJe note that ?+= POr, = 
Ç"t 

cr-b. .

For electrons ln a periodic potentlal, (3.c.32) does not

represent the densiby fluctuabfon operaton. However, we shal-l

employ bhls notatlon keeplng 1n mlnd. that ?¿ ls not al actual

density flucûuabion operator unfess we are conslderlng free

elecbrons. I{aking use of (3.c.32) ln (3.c.25¡ and (3.c.29)

r¡te ge t
(3.c"33)

and.

Hco..{ = * **t ?_b ?e
(3.c.31r)

Hù,^*= 
1-o.+"t ?-Y)t{

Making use of bhe expresslon for qft ln (3.b.31) we have

-r{E'*i, = LLIú.,r(b& - b:te) 
"r! ?-yfs, | -e'J -l

L,!Slnce v-fi = ("É )-)i I¡Ie have

where t'he elements D,l are gLven as

t--=-
nlnL'lmnoun¿"k

= til ,r*i o&fle" - v-i øgfu)

Hilf = r Çtoi be?Ë, - oi;+r oð 
1¿)

(3"c"35')

( 3. c.36 )

(d) Su¡rnary

The f lnaL Hamiltonlan of the system can be wrltten
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as in Bardeen and Pines

fi = Il¡ + Hfu + If ;-*-L^ ( 3.d.1)

r^rhere from equatlons (3.b.27), (3.c.2L), (3,c.33) and (3.c.3h)

(3. d" 2)

, l- <- ^.L ^ ^ A-t- u + r'.b 
l_E ?L

The flrst term on the right hand slde of thls expresslon, op

the longlbudlnal phonon Hamiltonlan, lras derlved. by constderlng

only 1on-lon lnte:ractions. Thls expresslon wtlÌ be renormal--

ized when we deal furbher with bhe electrons ln inbe¡'actlon

wibh ühe latbice vlbraùions " Hh ln (3.d.l) represents the

transverse labtlce vlbratlons arrd 1s uniquely determlned from

ion-ion lnteractions since we have assumed that elecürons

interacb only wlth bhe longlbudlnal component. HA^_;*^

represenbs the lnberacbion energy of the lons at thelr
equilibrlum sltes. Tn subsequent wor"k we shall be only corr-

cerned wlth H,. rf we write Ií, ln tenns of phonon creatlon
and annihll-atlon operabors r^is have bhab

HI= T,tnaÊ*Ç"nl bä b&+ å)

(3"d.3)

Hr = Èi(u¿r v,u *âi-iqË q*) + 
*r"c'Ë- 

.z

<-:+ L -q*".Ë ?-ux-l

+ tÇoåou(u, - DÈ bÈfù * *ÇwL?rl*
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CHAP1ER TII
REI{OFI\1ALfZATION 0F TTIE ELECTRON-LATTICE INTERACTION

3.1 I'fotlvabion for Renormalizatlon

In Chapber II we derlved the phonon ilamlltonlan

by conslderlng only ion-ion interacùionso lrle mentloned,

however, that the presence of the valence electnons 1n the

]abblce will affecü bhe lon-lon foncos and lead bo dlfferent

phonon frequencd.es. Tfre vlbrablng lattlce affects ühe

electronlc stabes as weIl, so thab the valence electrons

cannot be treated. simply as a fnee elecbron gaso lrle now r¿lsh

to reorganfze our Hamilbontan ln such a way that part of the

phonons contrlbube bo bhe elecbronlc pant of bhe Hamlltonlan

ar:d. part of bhe electrons conbribube bo bhe phonon Hamiltonlan.

Ilathematlcally this can be done by means of a unitary trans-

forrnablon whlch effectively inbroduces new Lattlce varlables

ln berms of origlnal labtlce and olectron varlables and new

electron variables in terms of orlglnal lattlce and elecbron

variables. In this way we caÍÌ obùaln a descriptlon of the

system in whlch bhe eloctrons arrd the lons are to some exüent

decoupled from one another and the'elecbron lattlce lnteractLon

is as small as posstble, If we consldor a new phonon va:rlable

bL where

rrrlì ô Y¡ ô

Lhen
U

bJ
./,<

b& = v:oþÎI-l

depencis on original lattice and el-ectron variables
contalns contributions f¡"om the orlgtnal eJectyon
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variables as we1l as the orlglnal .ttttiuO varlables.
slmllarly, the new elecbron variables lnclude conbrlbutlons

from the phonons. If we express the bransformed Ha¡nl1tonla¡

in terms of onlginal varlables, bhe requlnemenb bhaü the

electrons and phonons be decoupled will Lead. to nenormallzed.

phonon frequencf-es and the electron-phonon lnteractlon wlll
contribute to an effectlve erecbron-eLectron lnteractlon.

/1\
Frohllcht-' firsb perforrned. a r:nltary transformaüron of thls
form in which, however, he dld nob ùake sccount of the electron
coulomb interaction" Nakajr*"(2) lntroduced. a method by means

of whlêh bhe coulomb lnteractlon could be accounted for as

welI, In sectlon ].2 we sha11 perforrn a bnansformatlon uslng
bhe mebhods of Frohllch and of Nakajima.

1.2 Frohllcht s Canonlcal Transformation

The starblng point of thls sectlon ls the llamll-
bonlan which was derlved. ln Chapter II, equatlon (3,d.3)

H' = fj,c-t cç * Lh nÁbË b{" * å)Too u T --4t_
( 2"1)

+ Lz@jua(x - of+ru¿ft) . È+*; ?u@

"üe 
wlsh to bransform bhfs Hamlltonian so that our system wlII

(1) Frohllch H" (1952), Pnoc. Roy. Soc", A, 2I5, ZgL"

(2) NakaJlma S. Proceedtngs of the Internatlonal Conference on
Theoretlcal Physlcs, Kyoto and Toþo, Sepbemben l.953"
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'oe described by el-ectrons and phonons vlhich are essentlally
decoupred from one anobher. rf s ls an operator sablsfylng
S-:i = -S then eS ls a tinibary operaton.and, r+o can penform e

unlbar.y transformatlon of the forrn

!{ = us-)i' ¡1r "s = "-s Hr 
"S

(2.2)

H ls the t:ransfonmed l{arnllbonLan and descrlbes bhe same sysüem

as Hr. rf we expand the exponentlals ln powen se¡rles we have

fl = (r - s + qo. . .)Hr(r + s + $z+ . . ")¿¿

whlch on gabhenlng berms becomes

H = H' - fs,u'l + +[r[r,"1] + . . .

where the brackebs represenb the usual commutatopso

(2.3)

Frohrlch considens a form for s whtch is rerabrvely
simple and well sulted fo¡' the calculatton (2.3) uslng the

form fon Hr glven in (2.1) " He conslders

g = Ç"O 
where s& = -V¿og + V¡rb¿ = -së (2.4)

and V.&. = ãQt¡'¡) c¡r cr-&.

(2"5\

P({,O) ls a c number whlch ls assumed small, of the sam6
: Ír¡âki"g S srnnall also,order of magnlbude as bh,e DåA and-wlll be defermlned ln such

a r'ray as bo approxlmate the moder whlch was d.lscussed, ln
sectlon 3.1 as closely as posslble.
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If our transformed Hamiltonian is to glve a

physically neasonable plcture of the metal, the terms in
b-Eb4. ln ühe phonon varfables will describe no¡znal modes.

I"le bhus assume thab any reasonable transformed wave fr¡r¡ctlon

which describes the sysbem wl1r glve negll.glbIe expecüatlon

values for othen quad.rabic terms such as ' Lb&' bg,bÉ, oË bÉ,

etc. where \</ Ut, If we follow bhls hypothesls then we can

neglect terms wlbh S¿S.d lf k / Ur. From (2.3) and (2.1+) we

have therefore

H = H, + y f-[sn,n,l . åFt,[r*,r,]l]. . . " (2"6)
k-L L t

Thls calculation can be penfonmed uslng the llamlltonlan Hr

as ib ls wrltten tn (2.1). The calculablon is more amenabre

fo dlrecb physlcal lnterprebatlon, however, lf we modlfy Er

as $ras dono by both Frohlich and Nakajiraa by lntroduclng

renormalized phonon frequencies and new Ínteractlon pararaeters.

i'Je wrlte

Hf=Ho*Hr+Hz

where H.", Ht and H L s.re respecblvely

order quanbltles. i{ribing these out

(2.7)

zerofho first and second

expllcltly we have

Ho = ZJsci c,3 . 
#t.rebÀ 

b& * f*n*

H | = 
Çn,r= 

r 
+(Dhb& fÉ, - D¿r- oÉ 

1al

* È4Y¡Ë 
?-ac.z

(2"8)

( 2.9)
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. 
+E( 

St¿- tJs)u¿' u* ( 2.10)

where r.J¡ Ls the renormalr""U latù1ce frequency and D¿ are

new elecbron-phonon lnùeractlon matrlx elementso We have

assumed. here bhat the renormalizablon of the phonon energies

leads bo a second ord.er small quantlty. Slnce D¡ arLd, Di are

firsù order sma11 quanùitles, bhelr dlfference w111 be of at
least second, or..Cerc

We sha]l evaluate (2.6) by collectlng terrns ln
order of magnttude and. shall negrect terms of order greaten

than bhe second. tr¡re therefore rer¿rlte (2.6) maklng use of (2.7)

!{ = Ho + Hr LítU,ú
1?

* H" - Çþr,H,el 
+ t ÇLr*,fr¿,-Jl (2.rr-)

The calcurablon of the requlned, conrnutatlon reLatlons ls
car.r'led out expllcltly ln Appendlx ro The results are merely

sbabed here. From equablon (6) of thls appendlx we have

l-. l-l-fr-
L",b' Ç"gc'Ë, 

cÊ J = ,n-,ou -

r,rhere h"c. stands,; herrn

f>.t I
Es-h),{ of É tE,gl .É "*+ + o""" ]L-'

ltian conJugate and from equatlon (8)

ju,Tdö4v¡s o,íJ= - + o-{þ(K,k) b&"-E 
"*-E

+ o.""Ï

Comblnlng these two expresslons we havo
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* å Ltnr-rs - En, * h¿-1ru,{+ (K,k) 
fo-*'l¿, 

* n'".} G"L3)

+ïrrf*,Yç' - 
DÈt (" þ I

Frorn equaülon (fEl of thls appendlx we obtaln

Ç'r!u,[tu, "J] = - 
hrt*-to-E 

u + ñ rJ4)bL br, 
lÓ ts,fll",".-n - 9r)

rvhere we have wrltben n, for "ä "*" From equatlon (23)

'ulþo^9t*tE,k) + n.".]oj, oa

rl

bl-*i" (nç-&- tu) tvu þ(8, t ) P4.,,* hre.) " 
'i 

( 2.14)
gl&. .r ¡ \

In obtalntng thls last expression, non-dlagonal terms Ln

-- ^-t - -- -ì

$A,(U) and. [tt,çet,-l 
have been neglected.. Thls neslect ls

equivalent to the random phase approxl-matton whlch ls dlscussed'

in more detall in secbion 3.3. lrle are ln effect neglecblng

üe:rms 1n L"¿ "* 
relaüÍve to f-.:, co where Kr / i<. Since

g,dÉ E t{E Þ

f c,:i c.. ls equlvalent üo Po, bhe average parblcle d'enslty,
E8 E - 

I

we are consldenlng only average values ln the surnmatlon"

If we substltute (2.12), (2.l.3) and (2.).l+) lnto (2"I1) lte

ean w¡rlte

n= n(o) * u(r) + H(2) (2"t5)

where E(i) ls of ord.er J ln small quantlbles :

H(o) = I{o (2.16)
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+ ÇVr[t*,nJ]
qn rì

n'"']

o'"']

'] 
ouflo " *

{ó ts'l)f6'*/s* *

++ 
(K, k) (otr.& -'r

,1\tâ1 tr /, \^s_&
E,E

.L{ [tr+¿&L-

= t 
Ç [or f.¡'* Vs'* - DË v- frl

-E e *n ðb)

L
-D* ) -Ëirç

iD*(1
&ñ
F--E-&

1

. 
Ç'u 

ou{o(sr¿- o4l -*lor-& -Er* ü urs) 
f þra,llf

+ r(D&þ;r(K,k) - ry,-étg,¡t,J ,"o-u- "*,J ( 2.18)

l¡Ie can obtaln a value ror $ (Krk) by elrmrnatlng terms rlnear
/ì r T -''-.

in b* ln II**'. Thls ellmlnates the electron-phonou lnteractlon
as "J*pfutely as posslble" !,Ie must bake lnto accor¡rt the

posslblllty of vanlshlng denominatons whlch would. glve a

divergent seÌ'les. Thenefore following Frohlich (]-952) op"clt"
v¡e wrlte

ó (n.o) = - iD& (1 - A(5,þ))
r -'- E*-*- - EÉ + hc'Jb

(2,L7)

ãißt- r 
-Eo. + fi r*:41þtr,l) .t%] b+c[%-to o.".]

. È Ç"i r-Lfu
__(2)Ht-' ='rrL - I_[tr.,n,*=l*. -t<

where A ( ic, io) 
= d(rc, i.l if (Es_& - Ets

¡e.t9)
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lnbroduced here to preve"t + (K,k) from

The ener,g:y (a ls chosen large enough to

The functlon A 1s

becoming lnf lni Le.

or

rnahe the serles ln Öt[,¡l converge. l{e notlce that we are

consistent wlth our former asstlrnptlon that þt$rAl be of the

same o¡rd.er of magnltude as D¡. 'hle can solve for D¿ by
(2\

ellmlnablng bhe ber.ms linear tn b¿ ln H'-'. lfe therefone set

DÉ - pÀ = - **Ë++(K,k) (ñr_& -Ãr)

where we have roplaced bhe openabors ng-& and n,.by theln

expectablon value",ãç-å and ñu. Hence the electnon-lattice

lnteracbion d.epends on the electronlc sbato of the uy"ü"*.(1')

Idlth the ald of (2"19) we have

(-nn-.ø" - E*)n*(r -À(K"k))
I Es-& - Eo. + Eð:4

- ll
¿-Ft_ (2.20)

l¡Ie

in

can solve for a)Uby ellmlnating. terms quadnatlc ln b¡
H\ 

t/ . lfe sot

f (flt- ¿^le) = + ha¡¿ )

,t+ i(Dj*Ó"r5,Et - !Ë,ftn,lli tu_, - 6E)

where t¡re have agaln r.eplaced the quantrxn mechanlcal ope:rators

l$rs,u['à t("t-t* -"u

(2"2L)

(1) In Chapter If we had. assurr:ed that
lndependent of K. Thls assumptlon
1f we restntct õur calculatloñs to
electnons 

"

thls matrlx element ls
1s probably st111 valld
a narnolr band of
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ng-& and. n* by thelr expectatlon values. Maklng use of

(2.l-9) we have

t(5.la-¿J*) =1W tac -ña-r) (z.zz)
- L -E-b- Es + lrJ¡"

l{e see bhat the phonon frequencles w1}1 depend on the

electronlc sbate of the systom slnce the values -n'* andãt-g

depend on the sbate"

If we conslder (2.L9) we ate left wlth

lr \
Hf 

r' = LL(Dabr 
?or, 

- DË Þit fal A(E'E)
(2.23)

, 1< ^nL n ?n''' 
" +,'4 ?ts \-r

H(2) = _ ¿>: lo¡(- (r + l(x.t) ) ( ("ð 
"r_acp*c*r+ 

h.c.)
6u Er,-& - Er, * ñ¿J& Þ =-"-- 

(z.a+l

ff we substltute (2.21+) , (2.23) and' (2"8) lnto (2"15) ÌÙe

have for our. transformed. Hamlltonlan to second order

r{ = ãuu"ä "u 
* {u:av6 bL * /,*hlLu

+ t 
Çtouue?È, 

- ÐË W lÐ A(K,k) . tÇvt¡i?-t?o

- Èf lo¿f (r + l(8,!) ) (r - n (5' ,I) ) (c.É cr_& 
"Ë-,* "e, 

+ h"c")
' ?,gh ErL& - Eg + ã rJr" r-'r1 E-'* = 

, 2 "25)

L{aking use of (2.2ù and (2.21) we have

H(2) =.ãl[*," *-E- Er * åoJs) f tu,ll + rno] 
fo;rY¡¿* 

+ o.".J

which wlüh bhe ald' of (2.l-9) and (2.5) becomes
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l.tre wish bo express H completely ln benms of LD4 and 1n thls

way ellmlnate bhe term in -ÇÌ ro, the unrenormallzed phonon

frequency. If we conside¡r (2.22) , thls can be rer¡nlüten

following the example of Froh1lch, oP. clt. as

Since Ñ = À and fc-:i c- n-LK Klr
rewrlte bhls ln the form

= f*.*{t* - nr-fs). trle

rS-
-L-

(1 +À(I(,g))(l - A(lc' ,k))
Eg,-& - EÉ, + ñr-;h

ct ts-u t*,+t"g-

= -*ãft"-f L

I

,"'å-L"r,J

, "¿r'* "al

tro"- ..-ul-.-J

"r-"J

"4e "Ë:e "sJ
(2.26)

ii',-ra0-4

(1 +A(r,k))(1 -^'(K' ,k))
*ft Ey'_L - Ec + hôr3 "êg "o,"'d

f ftD, l't (1 +A(K-k,.-k))(1 -^(K'-k,
TL' et tî EC - Ey,+ + brJ¡sEiC - Er,+ + brJ¡s

-k) )= -åt

l4akf.ng use of bhls relatlon we can wrlte

c-x-
Kr

- {o*['(r + ¿ (r<-rr, -r.)) (r -Á (r, -r<, -r<) )-1"-¡, 
"*rn "Ê1,= ", fExL4. - Ed - ñ'dg I -F 

J

-&v
(ñ (2.27)



if tre subsiitute this exi)resslon lnto
¡ia¡,til-tonian bec ome s

<¿- r,,.* t- ]-t

+nu)*\ 
D4 o&.* 

Z)

rË rä P,r)t(K,k) * Itr¿.'iÇ'ot ?u'æ^t (-u F*

rfu ci*&%ct-t' cs (z-z8)

The first term in Èhis Hanliltonian refers to the energy of
free Bl-och particJ-es lr,hose states are described by occupation
numbers c I c8'. The second term describes ihe phonon energy.F

The frequency ùg horvever depends on the el.ectronic state K as
was shor¡n earÌier (equation (Z.ZZ)). The third term of (Z.Zg)
refers Èo absorption or e¡nission of vibratlonal_ quanta by the
electrons and vanishes unless energy is conserved wir.hin . FâhæÂ
4 

aJ rfav¡¿¡¡¡ c1 ¿ ct¡IÈ;ç

lÅ " The fourth term 1s the coul-omb j_nüeraction energy of the
.elecËrons and the Last terrn is an effective interaction betv¡een

erecLrons due Lo the r-attice vibrations, or phonons. This
Hamiltonian has the sane form as that derived by Frohlich apart
from the electronic coulorob energy term. However, hi-s expressions
forQrand D; ürere supposed to incLude Èhe effect of screening
by che electrons, so that (¿"le-S¿g) coul-d reasonably be considered
second order. Our expressions for unrenormal-ized phonon freq_
uenciesJZe and interaction parameters D; do not inclucie eÌectron
screenj-ng, and the coul_ontb term in (Z"Zg) does not adequately
describe the electrostatic interaction in a many-electron system.
This point is dj.scussed in deÈaiL in the next section, in which the
phonon renoffnaLlzation is further eLucidated. i,r,'e have treated the
e'l-ecirons as exhibiting only indlvidual particle motion, whereas
in fact the e'Lectrons 1n a meËal are capable of col-ÌecÈive notion
as well-" This coll-ecii.ve rnotion tends

tÔ
Yv.

| 
^ ^F 

\

\ ¿. ¿) ) , Efie transf ornled

l-l = çEr ^¿¡ t D v
-- 

!cß

*c +LS

" it(D.ôbr^ p"{ -
4 -t-



to screen the coulomb

pof.nb ls dlscussed in

inbenacblons

deüail ln tho

l+9.

betr¡een electrons. Thls

nexf sectlon.

Plasma Vanlables fon the Electrons

(a) Theoretlcal Background

It was shown by Bohm ana pines (fç52) Í1) ühat a

dense gas of electrons, trrter.actlng vla coulomb forces,
dlsplays aspects of both collectlve and lndtvldual partlcle
moülon, The analysls was performed. class1cal1y by

conslderlng bhe equatlons of moblon of the Fou:rien

coefflclents of ühe denslty fructuatlon operator. The

collecblve behavlour 1s descrlbable in terms of generallzed
coondlnates whlch lnvolve all of bhe .electron coordlnates.
These coor.d.lnates refer to a normar mode of oscirLatlon,
carled the rrplasma" oscillablon. The elecbnon denslty is
found. to oscillabe wlth a fr.equency

( 3. a.1)

caIled bhe plasma frequency, u¡hene n is the total nunben

of electrons" rn bhetr equation of moblon, Bohm end,

Pines also have a berm whlch fs present even in the absence

of lnteractlons and ls due bo the ra¡rdom therrnal motfon of
the lndlvl.duaI partlcles. These aubhors for¡nd that the

organÍzed collectlve behavlour ls predomlnanb fn phenomena

(1) Bohm D. and plnes D., (1952), phys. Revo, ü.,338.
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connecbed wtbh d1süances gneater ühan À^where trols the

classical Debye lengbh, while for dlstances ress than thls
length, bhe lndfvldual parülcle aspecbs are the most lmpor.tant.
Theref or"e, thene ls a maximum ürave vector k above whlch

organf.zed behavlour ts noü posslble and whene the lndlvldual
panbfcle aspect need only be consldered,

In a subsequenb paper, Bohm ar¡d, plnes (1953)(1)

have glven a quantum mechar¡lcal descrlptlon of tho behavlor¡¡

of a dense elecbron gas based on bhe rong range coulomb

lntenacblons of ühe eloctrons. They conslder the el,ecüron

IÏanlltonlan ln ühe form:

Hr = L*. n &T--"ik'(¡i - ¡r)- -*"" L*, (3.a.2¡+ &¡i,i 'f^ Z
where the last Ëerm nefers to the serf-enengy of the n
electron system. An equlvalenb Hamirtonlan ts lnt:roduced. ln
terms of ühe longltudinal vecbon potentlal of the eLectro-
magnetic fleld A(x) where A(*) ls Fourler analyzed ln the forur

{(x, t) = (l+f c" 1ä <- ^ " lk'x
k"UÞ&" --

The electrlc fLeld lnLenslty is üherefore

(3"a.3¡

E(x, r) = ([rr) r 
+uu fnu.L!'*

1

= (l+ir )u L-Prf* elE'ë (3.a.h)
:E-'-€ -É

(1) Bobm D. and Pine" Do r Q9t3) , physn Rev., gZ. 609"
The angrrnent 1s repeabed hene foi. the saÉe-ãi cønpletenessc



rn terms of these variabres, ühe equlvarent Hamilbonlan

becomes

, = T# . åtuir )ÈZ€,.. (p¿- $lno" 
LY'LI

,Ì,4=4

, ñT e ^q o"o,"r(s + L)'ri- grp" p' -iñ- /_ È*"Þ¿ v-pv-Xe - +ãrLr41"&rL

zÍínrÍ T +, (3.a.Sl
TK'

This Hamlltonian expresses the correcb equatlon of moÈlon

when used ln conjr:nctlon wf.bh a set of subsldiary cond,lülons

acblng on the wave funcüion of tho system

?eV= o

5L.

(3.a.6)

vrhere €. .lt ri eL,,å ç ^-lk.x,'r!¡v¡v ).L= Lg - l(=67Lr' 
1"-*å-*L 

(3.a.2)

o
Í¿ f " proporôblonal bo bhe kr th Fourler componenü of

7.9(¡) - l+i¡-f{l) and hence bhe subsld.tary condttion insures
thab Maxwellts equatlons wlrr be sabrsfled., Equatlon (3.a,?)
serves bo provlde a relablonshlp between the Fourler components

of ühe erectronlc denslty P_u = Ze*r!"ë¿ arrd a set of flerd.l{, T
vanlables P,g " rn orden to decouple the erectron vanlables
from the new flerd quanblbies, Bohm and plnes rerate the

fleld vanlables to bhe plasma modes by perforrnlng a canonf.caL

transformaülon whlch nelates bhe p& to bhe 
?,U , sLnce fo¡,

long wavelengths, the denslty fluctuatlons ane almost entlrely
coll-ecblve motlon. As a generator for the transforrnaülon" the

authons use



t.._^L 1 .,g = -17- , (Ë)= Q.r" eré'ëi
l&l¿lk"\,;

l, ^T- n2. ri-- tLL tl Él=-rL_(....F
,&l¿rig"[

The surmation 1s ltrnlted to berms tn l3l< [-E ["r""" fnom

classlcal bheory these are the only varues of ! fon whlch
collectlve behavlour can occur. uslng bhls generaton of a

unIfary transformatlon, the bransformed. Ha¡nlltonlan 1s for¡rd,

to consisb of the klneblc energy of the erecbrons, a sÍmpIe
interactlon bebween the electnons and bhe collectlve fleld,,
a Hamlltonlan appropr.iate to a seb of decoupled. harznonic

oscillator.s representing a collectlve fleld

Hooo = - 
ifu.\( 

P¿t-r * a)Ë a¡ra-¿) (3.a.9)

wibh a frequency df whieh ls Just the plasma fr"equency
(3.a.1), and the shonb range part of the electron coulomb

inüeracblon. This mebhod. has been extended by Bardeen and.
l1 ìPlnes'-' bo treat bhe coupled. sysbem of movlng elecürons and,

lons. The method of Bardoen and pf.nes is d,iscussed fn (b).

In bhelr quanbum mechanical ùreabrnent of bhe d.ense

erectron gas, BoLm and pfnes effecblvely ad,ded. new d.egrees of
freedo¡n to thelr onlginal Hamlltonlan by intnod,ucing a set of
new field var'labIes. rn order" to lnsure that bhe energy of

)ã Qn V^r,

52.

(3.a.8)

(b)

(1) Bardeen J" a'd plnes Dn , (Ig5S), physo Rev., gg, I1l+0"
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the sysËem Ïras ÌErchanged and bhab the number of degrees of

f¡'eedom was kepb constant, a seb of subsldlary condltlons

were requlred to operabe on the wave functlon of the system.

The new fle1d var"lables were related. to the collectlve
oscil]atlons of ühe elecünon gas by means of a r.:nltany trans-
formatlon" Followlng the example of Bard.een and Plnes üre

shal1 employ bhls sort of proced.ure bo treaü bhe col1ectlve

descr.lpülon of coupled elecbron-lon motlon. hle hope ln this
Ïray to obtaln the effectlve couLomb lnbenactlon betweea

electrons and account for bhe effecb of elecüron screenlng

on ühe elect¡on-phonon lntoractlon.and on the phonon frequencies'

l^Ie begln wlbh bhe tobal Hamlltonlan for the metal

which we derived ln Chapten fI, (3.d.2)

ET.rl 7"""Ë "c + È +(nd' nu + tlf,ii; t*)

Pwt-
( 3,b.r). 

+q'EvÉ?-E 
. ++ *Ê 

?_u

Followlng Bohm and Plnes, a fleld energy terrn ls add.ed. to

this lnltie.L Hamlltonlan. The ner¿ fleld varlables w111 be

related to the normal modes of colloctlve motlon of the

electrons by means of a canonLcal transformatÍon" !{e assume

that ln the presence of ionlc motlon bhere stlII exlsts a

maxlmr¡n hrave vecbor k" above whlch collecülve motlon cannot

occur, l{e have therefone for our ne}¡ HamlLtonla¡l

i[= Hr *L
lAl.lb.l

D-.,- D
t4 &,

(3"b"2)
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P& *"u varlables as yet undeflned whlch cornrnute r¿lth al-I

varlables ln II,. lrIe lmpose a set of subsldlary condltlons
on the comblned sysbem Liave funcblon

P¿.}| = o ror (lIl<lg.[ I ( 3.b.3)

trie now seek a canonlcal transformatlon whlch r"¡111 transform

H to lnclude a seb of lndependenb plasma modes. In the casê

of ùhe free elecbron gâs, the transformatlon related the

field variables to the erectnon denslty fluctuatrons 
?X "

slnce we aro now consld.erlng erectrons ln lntenactlon wlth
phonons, wê are led bo believe that a plasma mode r¿111 conüa1n

both elocbronlc denstby fluctuabtons and phonon coondlnates.

lnlo therefone requlre a t¡ransformablon whlch nelates the pg to
both (+ and. the phonon coordlnate e4.

In analogy with the electron gas problem, Bard.een

and Pines conslder a t¡"ansformatlon generated by

(3.b.4)

where Q4 ls taken to be a coordlnate conJugate to the flel-d
momentum P¿ such bhat

(3.b"5)

--7 ,^ ì r\ hile¿t{Á occurnlng ln (3.b.1) ls Just equal to =-¡# and u4 is a

neal constanb whlch wiII be determlned laten ln a self
consÍstent manner. rf we use the above generator for oun

transformatlon, the subsldlary cond.ltlon (3,b.3) becomos
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-r slh 
r s,â .-e lLt t& "' 'o V t = o l¡l . l¡.1 (3.b.6)

whene tp t ls the bransformed. wave fr:nctton. on expand.lng

fhis ln a power se:rles and collecbtng torms we have

i'- . *[% ,s]- zå'[F*,'] ,'] + " '] v'= o l¡1. {¡"\
( 3.b.7 )

slnce Pg commutes wlth all vanlabres in II, , wê have

f- -1 - 
. A .f- 1

Ltt "J 
= 

,uà*:¡NrÉf-ú 
+ 

"no:ùLt&, ,e¿J (3-b'I)

whlch wlth ühe ald of (3.b"5) becomes

rl
lte,tJ = tnturrgß& + u4eþ) ( 3.b.9)

since 
[f-*,t] = o and. 

þ0,{ = o, ühe subsldlany condtrlon
becomes

Þ + w+Pr. een-&] g' = o lll . Ir.[ (3.b.to)

rn anarogy wlth (3.b.7), bhe transforrned ilanlltonlan takes

bhe form

Hr="**[",r]-#lþ,r] ,r] +o.. (3"b.1r)

The expllclb calculablons required. ln (3.b"1I) are d.one ln
Appendix If" We merely süabe the nesults of these calculaülons
here, lrle have fon the tnansformed Hamirüonlan, neglectlng
hlgher . ond.er. . terms ,as in'tliç lirohlieh tra4s,f.gl"mation using(3"U"1) and (3"b"21
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+ (-r}å- "â )nð n+J

. *,ñnÇtd, t& + Lt aå' ae]

* fi,,T1øttuQgQg(Eo Æs.&+ Es.tt-U I Pdig-'^ lå,&,klþi

.,nfrj 
"É - tMau4)q¡f-o* 

,ku.7au+øu

-f ç- (Ê
H L\"Krl A r rn- |t811l{cl

E

. r 
,ku) 

n*' ou * aLq'Ê q¿' * 

,fu.il ''rVt'
. r,krT'å 

t¿ a?+

To simpllfy thls expresslon we wlsh bo make use of the random

phase approxlmatlon ln bhe thlrd line of bhls expression,
lrle have fnom Chapber rI that 0^ -ir, = 7 "t(tt 

+ It )'I¿ The-t8+u T
mean value of this expresslon is zero excepü for bhe case

where k + kt = 0. rn thls case the value ts lndependent of

!;, the partlcle, coordlnates and ls glven by n lf we consld.e¡r

n elecbr"ons por untb volumen The mearÌ deviablon Ln thls case

-lr 
) lls just ílñ-'*' o? ffi ttmes smaller than the mean value ltself .

f^^
The 11n our summaü1on cornesponds Lo Tomanagars n a¡rd ou¡

P^ -:r, to hts Fo rn a mebal there are aboub 1012 electnons/cm3
\ß+'tsl
and hence the mean deviablon is negllglble nelatlve to the

(1) A pnoof of thls lq glven by
Tomonags S., (L955): Prog"-of Th" phys", !¿, Nou 5"

HÍ = Et* ",1' "ç + r,u*kr 
'u

- Eé_4)M4e¡cï 
"o_*,

(3.b.L2)
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mêan varue. I¡rre are therefone safe ln assr.nrlng that 
?*;Ër= 

o

unless g - - Et. Thls ts caI1ed. the nandom phase approxlmaH.on,

ït ls based on bhe facb bhab fo¡' a system of n partlcres
distrlbubed randomly in a r¡nlb volume, the nandom phases

1À'åi produce a mean value n for Q, . rn expresslons llke
{ ln

(3.b.12) contalntng other varlables e¡ej , it ls convenlent
bo approxtm ^r" fuÏU by ibs mean .r*rrr"i 

**^orrru 
,r." of thls

approxlmaülon, ühe term ln the thind llne becomes

Ë',funisMsQ¿a¿(nu - Er-& ) ( 3.b.13 )

slnce we have n electrons pe.p r:niÈ vorwre. rf we lnt¡"oduce

bhe effecbive mass approxlmatlon

o, -Ëx'
"K, = ã (3.b.1h)

thls red.uces üo

27í ez n I o-:i o*- L^?'ùq+ (3.b.15)
t&l¿t&.1

whlch wtth the ald of (3.a.1) becomes

( 3.b.16)

whone t'Jp ls the plasma frequency, lrle see ühat bhe fteldI

energy term lnbrod.uced. in (3.b"2) and bhe fnüroducüion of
generallzed coo¡"dlnates in (3.b"1+) reads to oscirraton
Ilke terms 1n co]lectlve varrables. Thts formarlsm ls a

convenlenË fo¡'m for expresslng the colLectlve motlon" Maklng

use of ühe effectlve mass app:roxtmablon in the fifbh rlne of



58.

(3.b.1,2), hre flnd that bhls expresslon reduces üo

- ,fuir* ¡. (5 - å!) ",,, "r-a&
A'If we rewrlte (3.b.I2) maklng use of (3.b.L6) and (3.b.IT),

Èhe collecblve Hamllbonian becomes

u = L E*"ð "r * È,ftfy ou + (oä- "i )qå qr*]

. rh}î'sPe + ( Ò; * uÉ le¿ e*l

1M¿u4)qk?o * 
,kt#oon¿

.,h*["Ë

ft r<. (E - àE) "ä "ç_¿*eè

* r 
,?,*.Íti' % . n;qË q¿' .,F*j* q¡ 

Êrs

. *,ftu 
T; ?-E ?+

Tho te¡m in the second llne of bhls expresslon 1s a
Hamlrüonlan appnopniate to a set of d.ecoupled. harmonlc

osci11ators'osc111at1ngw1bhafrequen.y|fffi,Th1s
üerm d.escrlbes Ëhe plasma fleId ln berms of ,ror**I mod,es

whlch ls what we deslred. 'The flrst two üerms ln the above

IIamlltonlen contaln the ono elecür"on Bloch energies and. the

phonon energy respectlvely" hle note that bhe phonon frequencles

havo been reno¡mallzed by the inbroductlon of coLrectlve

elecbron coordÍnates. The ffrsb be¡m ln the bhlnd rlno
descrlbes the erectron-phonon LnËe¡raction whlch likewise

( 3,b.17 )

( ¡.b.18 )

çML4
l&klþ,1-

K
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has been modlfied. for long wavelengths by the consld.eratlon

of bhe collectlve motlon of the electrons. The next ,tersi 1s

a weak phonon-plasma lnteractlon whlch ls customarlly

neglected.. The term lrr bhe fourth }lne ls arì lnüe¡.actlon

botween the lndfvldual electrons and ühe plasma. Slnce ühene

ls a great disparlby bebween the frequencles of ühe lnd,lvld.ual

electrons snd bhe frequency of oscLllatlon of the plasma,

fhls lnteractlon w111 bo sma}I. The nemalning berms 1n the

Hamiltonlan descnlbe the short ws,vo phonon fle1d, the short

range electron-phonon lntenaction, and the short range

coulomb lnte¡'acblon of the elect:rons. None of these terms

are modified by the conslderatlon of plasma varlables. l¡fe

note that we no longe:r have a long range coulomb lnbenactlon

between electrons. Thts ls because the collectlve motlon of
fhe electrons screens out the fleld of any glven electron

wlfhln a range glven b)'3c. hle now wlsh to transfortn thts
Hamlltonlan 1n o:rder to ellmlnate the electnon-phonon

lnteractlon as completely as possible as hras done Ln 3.2.
We shall also deüermine ul. ln a self-conslstent lray. I'ie

shall do this by means of üho FrohlLch bnansformatlon

lntroduced ln sectlon 3(a).
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( c ) F r o hl I c h t g _ f_r 4.4 sll_o¡rnq b i _o4_ B_e_c o4 sJ d e¡ 9_d

In order to t¡.eat the elecbrons and phonons as

decoupled from ono anobhor as lras dqne ln 3.2, we shaIl
penform bhe Froh}lch transforrnaülon on our collectlve

IlamtLtonian (3.b.18). Thts w111 be done by conslder'lng

separately the long range and. short rarrge parts of the

Hamlltonlan, Slnce bhe sbonb range terms are r¡aaffected by

the lntroductlon of plasma vanlables, thls part of the

Hamllbonlan ls bransformed exactly the same i^ray as lJ-L 3.2,
except as a generator" of bhe transfonmatton we take S = f q

Fo61
lnsbead of (2.1+). We need therefore conslder only the long

range panü of the collectlve Hamlltonlan.

From (3.b.18), we write fo:r bhe long rarìge part of

the Hamlltonlan

. r,fuþ"u + tæt'* "!l'e¿ e'l

*
T M,^ lJ k" (K - åx) c-:¡ e ô
11. , ry fi\ -- 

\- '¿=' '{, -S-lg.-13
lr:l<ll*"lrf

Htr7T"t"ë "e * È,h.[tt nu *(trË- "'ila¿ e]

(3"c.1)

Tbe subsld.lary condltion acülng on the wave functlon of the

system ls from (3,b.10)

lru+ *+?-u*%r-lJ+r=0 /E[ .l.E.{ (3.c"2)



We now lntroduce phonon creablon and ar¡nlhllatlon operators

as ln Chapber II. From (3.b.31) of bhaÈ chapüer we have

rT
nk = r]iårrtbr - bjl )

6L.

(3 "e.3)

( 3. c.lr)

(3.c.5)

(3.c.7)

(b.-:¡ + b n)' ,L -rs,

resslon we

q1
^; I* J\qr¿ q+l

arrd ,4= W
Making use of thls exp

ÈZ {-pi' p,

lål.i&.lut 'ls

have

= [ ÏrfLf3{ug ur+ })
rgf ¿f L.\

and

-* 
,ãni Lnu e¿ b - 

t?,"'ho"L(06' 
ur+ |)

where 1n the 1atter expression we have neglected terms ln

bab I ar¡d. thel:r henmlblan con jugate since we expect that the
?5 -\

screenf.ng effect w111 not couple phonon modes and for the

actual ground süate lrave fr¡nctlon the expecüatlon value of

quantltles ltke these w111 vanish' I¡tle also have

Lk; il*,4)nnp,, = t,ãtlion W -ilþE È)
r&l<r&Ì

where we have deflned. T){ w ae
t5

If wo substltute (3.c.1+), (3,c.5) and (3'c"6) lnbo (3.c"I),

and make use of (3"c.3) T{e have for the long range

If amtl tonlan
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HLn= Ç'u"t 'u. ,F*.lfta(u¿ 
uu + à)

çh.,¿t-,*L*'&"; tu,ä% + b)

+ ,,h\lio*fl,r,' - iVt'W(r, . 
,?,,årdFoø 

+ þ6)Q¿
[kl'l&"Ì ' 

-

-à- L.*¿# k'(K - å¡) "Èt "s-r Q& (3"c'8)
lå l.ltubç

l{e now transforrn bhis part of bho Haml}bonl-an ln bhe sarne

Ïr.ay vfe transformed. the Hamlltonlar¡ ln 3.2, However, slnce

bhere is no coulomb term ln (3.c.8), thero ls no need, to

tnürodüce neI^I electron-phonon lnteractlon matrlx, eloments

lnto Ëhe Hamiltonlan. Ide employ as a genenator fon ühe

transf orm.ttoo( 
1)

S - Z- s y r¿he¡e S& = -Y¿ b& * l¿*þE (J.c.9)
t&t<lbt -

arrd, Y& = + + (K, k) "{ "e-t,
(3.c.10)

f,f = T ú x(ï, k) 
"üis "e

The transformation of the plasma-phonon lnteragtlon te¡m

glves 
ffi

L "t|ryr+rffg,gl"Ë "s-& 
+ 6"s.)Q&

l&l¿l4,,1

thls te¡m ls much smaller than bhe elecbron-plasma lnteractlon

term slnce here the coofflctent ls of ab least second' ord'er

rn sma* quan r 1 r 1 e s,'hf,,:u #" r:ï,i:" HËt 
"åt" 

il rS' *3i.i!iåt i"
the electron-plasma l-nberactlon. !üe also neglect the

(l) Agaln @(f,ll 1s assunod to bo a flnst order small quantlty"
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transformation of the electron-pÌasma lnteraction since this

wil-I fead to second order smal-L quantiiies Linear in bU v¡hich

is small reLative to the el-ectron-phonon interaction term. As

in 3.2 we obtain therefore
. '1Aþ, .

/r¡ r-\ - l- /lil-L
rgrllr = - 

--¡-

A t,. r \ \a (KrK/,l t\l . [¡J ( 3. c.11 )
r ãtJ€

accuraÈe to rirst ""1:-j,-'Ï;
h(!ìa- * -,)E) =

L )L¿r

rvhere CJg iu the renormal-ized phonon frequency. Gomparing

(3.c.12) with (2.22), neglecting lcC4in the denominator on the

righË hand side in each case, we can see Èhe effect of screening

ernbodied in u.lu in (3.c.J2) on the Ìong range phonon frequencies.

irie again note that the long range phonon frequencies depend al-so

on t,he electronic sÈate of the sysiem. the transformed J-ong

range lianiltonian ( 3" c. E ) becones

,, ¡
n!..n.

cg

=|ru"l "u 
.,ã*lun bf b,¡* * à,k*T**

* í ,T,:4åru t{ - 4i.r o,Ï f* ) a (r,r<)
t'l*Ittþt - - t-

" t Lf'"r tB . tuâ " ¿'i reif au 
f- Ërstll&.\t- Mîr,k

E,4t
*7 t,.,./@-l'it ' L\^'/ ."4/T to& " 2Ut qþ

f &¿<¡tcl _hl-. l_ i{þ n E " ([ - *)"r "s_E
t'&l<tþ,|,ç

tfe now wish to determine the vaLue of

This is done in a self consistent w¿y by

Q¿ ( ¡.c.1¡ )

the constant

el-ininating termsu.
i;t



bo the same ord.er of accuracy ln bhe subsldiany condltlon

as in the Hamll bonian. 0n substltutlng tff1 (3.c.3) lnto

6l+.

( 3. c"15)

ln the transforrned subsldlary

(3.c.2), the subsldlary condltlon becomes

(- tr -t -.lp, + tmçeu+ ll/ft*uo(b_.g- u¡¿l)V r = o (3.c,tt)L-{ -&t-6 -l¿

fon Igl . [&.1 . We now bransform the subsidlary condltlon

wlth bhe a1C of (3.c.9). Conslderlng only dlagonal terms

in ühe commutatoo (-s¡ ,?-Ã, we have
L-.\-J

ta= rr s-- YII<. l-
-t<

whlch on maklng use of (3.c.11) becomes

t" 
- 

t..-L
,.k = _ivl¿7 j;vi1 - ilt¿u/.) (1 -^ (l(. (3.c.16)'=+ Es-þ - EK + ñrJg

If we neglect all hlgher order tli1" tn S then fnom (3.c.16)

the subsldlary cond.ltlon becomes

fr* * *+P+]Çrr= o lsl . ls.{ ( 3. c.r7)

f^ ^ I ç-,
[t¿,?-aJ = L++r(x,E)bg 

(nu-ro - n+)

Eliminatlng terms llnean ln bg

conditlon, wô have therefore

Ftnally, wê note thab the bransfor"med short renge

Hamlltonlan ls fnom (2.27)
It''g:'= 

esri!'= usrus,û, where Q, Vi ^ndQ"o"cr-r, 
in (3.b.3), (3.e.lL)

and (3.c.I7) and where S¡, the generator of the Bohm-Pines trans-
formation is given in (3.b.4) and.S¿, the generator of the Frohlich
transformation 1s given in 13.c,9) "



dr.= |tr"Ê 'e *,Fr*,n aJ4 (u¿r bæ + å)

Lk.,,lo*o 
EÈ* - DË W' fu ) a(K,k)
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(3"c.18)

3.ll

+ $ L ,rt?-ø?+
ll¿l >lå.1

The Effecblve Elecbron Hamfltonian

Making use of

trans f ormed. Hamll tonlan

n = Ltcåt c^
K

(3"c"13) and (3.c.18), the complete

1n terms of plasma varlables ls

* +rt^r¿(W bu + å)

+ 
',rleLltbs?u" - ai'"bË ?4 ) a (E'I)

+ t,ft,,JDBbt*P^" - %'' Þ- ft' ) a (x'i<)

. * 
,fuþit 

p," + (4 *.rá)q UJ.,¡;;,a$rry +b-¿)e¿

(4"1)
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r¡Jhore lre omlL the second order elecbron-plasma term whlch arises

from transformablon wlth S, of the plasma-phonon term ln (3.c.8).

If we wrÍte bhe purely electronic part of thls Earnilüonian,

we have

He[ = ã 
t*"u "s 

* c'€,|cgt{-¿t c ç

(l+.2')

fa

The second and third. terms of thls expresslon rePresent an

effectlve electron-eLecbron lnteracblon produced by the

exchange of vlrtual phonons. Thls ts bhe parb of bhe botal

Hamllbonlan for a metal which Bardeen, Cooper and. Schrleffer
l1' I

use as a sbanülng poinb ln thetr bheory of superconductlvltyì*'

In splte of bhe fact bhab ühe phonon froquencles were shov¡n

bo be depend.enb on the electronlc sbate of the system, the

authons neglecb ühe phonon Ha¡rlltonian ln ühelr üheory. The

assutnptlon hero ls thab bhe phonon frequencles arne not

altered appreciably by bhe translbLon bo the superconductlug

state so that bhe frec¡uency change can be accomted for by

means of pertunbation theory once the elecb:ronlc !ûave funcflon

for lhe superconductlng state has been obtalned. BCS neglect

also the plasma. part of the Hamlltonlan slnce the plasma

energles are very high and w111 not be signiftcanbly exclted

at low temperatures and hence will play no dl:rect role ln

superconductlvtty, The elecbron-pl-asma lnto¡ractlon ls also

,à \
( r ) Ìraroeen J. ,

Phys. Revo,
Cooper L.N . .
(L957) , 1oB,

and Sch:rLeffer J,R.,
LL75 

"



67.

neglected slnce bhis lnberacblon ls very weak. The rablo of
fm

ion bo electnon plasma frequencles ls of bhe orderffr where

m ls bhe electron mass and IvI the tonlc mass. I'Jê therefore

oxpecü bhese !,¡aves of dlfferent frequencles to lntenacf

weakly and. r{e hence neglect the phonon-plasma te¡'m "I"o' 
(l)

From (3.c,7) hle have

loltl'= ***(l"o'i' * M; uf ) (l+'3)

Maklng use of (3.c.16) thts becomes

trc.4 .T .12
r.-;tz= _L t lvil. * ëF l¡iplç-(r - a(3!'s))(nn-t - nr) [ ¡
t4Ël 

:&p\[uBI - #1l'18ÌiÊ'm J

or

From (2.20) wlth the aid. of (3.c.36) from Chapter II we have

'tÂ t .,1-=+. ltt,."l-4L4 t'4 1 __
.r r,r 4f.- (I -^ (Krk) ) (nr-b - îe) l'r _ ,^l3 Lt

[¡rþ
" re Er-L- Es + E.,l¡" J

[aÉl'=
(l+.4)

(l+.5)

BCS neprace llr:lt t" (4.2) bv fo¿ttu sssumlng thaü for smarl

values of k, bhe dlfference ls noü too great" Maklng use of

this approxlmatlono they wrlte for bhe effectlve electnon

Ilamlltonlan of bhe sYstem

(1) See Note at end of ChaPter"
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Hr¿. = 48" c¿ c*

+f Egk /%f
&E-¡sl 

\"*, - r",*¿ "ð;a 
cs'c't-u cv

(h.6 )

Thls Hamlltonl-an can be shol¡n bo commuüe with the total
number operator N = 7_ "-r, 

cK and hence the botal- number of
-€L

partlcles ls conserved. The tobal numbe:: of electrons ln the

system and the energy wlll thus be simulüaneous elgenvalues

of the wave fr.mcülon describlng ühfs system, However, HrL
1n (4.6) is noü gô,rrge invarlarib, and bhus cannot be eáslly
used . to desc¡.lbe e!.ectnomagnetlc propentles.

Note:

lrle wish to make an estlmate of the coupllng betr.leen

bhe electrons and bhe plasma. From (l+.1) tfre lnteractlon
coofficlent ls glven by

M
& k. (K - åE)

+ $ T vt-zuP¿.
r&l'r&"ì 

.-t - \ -

Þn
rtl

Tüe neplace
n,ê- - lrJi el
"k t.Lô

the vectors

obtaln

by thelr absolute values and slnce

(r+-ire")å* (K - åk)

In ord.er to obtaln a most liberal esülmate of thls coupllng"

we let k = O and neplace K by Kr whene K. ls the value of K

ab the Ferml surface" lrfe have bhab KF = (3rrrn/u whene n ls
the electron denslty" The coupllng constant 1s therefore

glven by
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eh (3n)'/u r'/s
<ti-ñ
ll l.ttl

whtch approxlmabely equals l¡ x 10 -, ltle see thenefone that the

Lntenactlon 1s very weak.

If we consider the bare phonon frequency, slnce the

bts nefer to unrenormallzed phonons, we üreab the lons as a

plasma and obfaln

sú=
per.unlt volume and z ts thewhere N Ls the number of lons

valencen From (3,4.I)

a t4 L
, lo- ¿f ll ne*p - ---

I

where n = zN. The ratto *É,. t, thenefore glven Uy #A.
-\LÇ

Therefore bhe ¡atlo of lonlc to plasma frequencles ls of ühe
Í r?ìorder of 4l # as blas s taüed above.
ll vi
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. CHAPTER TV

TIIE BCS TT{EORY OF SU'PERCONDUCTTVTTY

l¡.1 In troductlon

In 1957, Bard.een, Cooper and. Sch:rt"fr"r(1) pre-

sented a theory of superconductlvlty based on electronlc
palr comelations whlch was able to account for nearly all
of the expenlmental phenomena whlch a superconducÈor exhlblüs.

The theory ls based. on bhe effectlve lnteractlon between

electrons due to ûhe exchange of vlrtual phonons whlch we

derlved 1n Chapber III, As was mentloned, ln the last chapter,

these authors d.o not bake account of bhe phonon part of the

total Ha¡Lllbonian of bhe metal 1n the formulatlon of thelr
theory. Slnco the phonons are assumed. to be effectlvely
decoupled. from the elecbrons as a resulb of the Frohllcb,

transformatlon, thoy should not affect a theory based on the

elecbrons. However, we dld show that the phonon frequencles

are d.epend.ent on ühe electronlc stato and hence the phonon

frequencles w111 be changed upon the br"ansltlon of the metal

to the superconducting süabe. BCS assune that thls change

can be accounted fon by means of pertur"batlon theo::y once the

electnonlc state funcblon has been obtained.. The plasma part

of bhe botal Hamlltonlan is also neglected slnco, as we have

shou¡n, the plasma frequencles are too hlgh bo be easlly
excitable and. hence bhe plasma mod,es wlll not be expected, to

(1) J. ^Bandee.n, .L.N... Cooper and. J,R, Schrleffen, Phys. Revo,
1oB, rI75, (1957).
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have much effect on the b¡'ansltlon bo the superconducting

state.

fn thls chapter we ane golng ùo lllustrate hor¡

the BCS red,uced Hamllbonlan ls obbalned from bhe ettectlve
erectron Hamlltonlan whlch was dertved. ln chapter IrI, Bcs

choose a slmple trlal wave fr.¡nctlon to d.escnlbe the supe¡r-

conductlng state ln berms of thelr red.uced Hamlltonlan. }rle

shall menely lndicate the form of bhe wave functlon chosen

buü we shall nob perform any expllclt calculations.

l¡"2 The Redu_c_ed BCS Hamtltonian

From Chapter fII, equaülon (l+,6) we have the

slmpllfied. effectlve electron Hamlltonlan fon a metal

fi = t.n. + H...¿ . L- "g*ts"*"ËL "gE K7,U'"ç - "r'tl&t'-- 1*tr'¿,1 -- =?Ê = (Z.I)
BCS have neglected. the effect of the screenlng by the

plasma osclllatlons on bhe Itphonontt lnte¡'actlon, l{e calr
the last ter.rn of (2"1) the phonon lnberactlon since iü
arlses d.ue to exchange of vlrtual phonons between eLecbnons,

As we saw ln chapten rrr, BCS replace lruf(equaüion (l+.1+))

. l* \L ,by lD¿l- (equatlon ([.5)) ln bhe effecblve electnon Hamtltonlan

for long wavelengths" The Hamllbonlan (2,1) can be wrltten

FT=TT +TT.^a.^t (2"2')

whe¡'e Hr ls the sum of the rasü two terms of (2"1) and can

be wrltton as



H.
I

s ince Hao.^l =

^* ñt L<-lg " tá

Y-L rut

<.'= - I .ug.,E c
lL¡É'tb

1S- r,rt^
v / u'g Y-41'&-¡&l?l&¿ ¡ I

ú
,Jr& "*t

^n¡la¡¡q
t

"ÈrE

72'
I a 

^\\¿.)1

^ ^ { ^r¡<l "É_4 -K.
K'. l4

wherev*,,& = 
i "l*i e(k-kc)

are

r, I anrì e¡..1 = 0,o¡. xcot{here K = l5i , ano \7 1,x, 
, X>o

If we consider the self energy terms of H, , these

These terms can be absorbed into the Bloch energies and Lead to

a renoÌ-malization of the Bloch energies of the electrons. Since

from (2"1*) Uu,,o is a constant we can write

h cJe lo* l'

Tnn, u",,o c{ có<, cå 
"u= 7*,vr'ro trr, rL. = 

ãu*,. r|i's) 
*.r

i{ = f E'. n,. + fi^ ^ 
*f¡¡/-k..Ê

rñ-freui{fr,
v¡here &+o

- I àr rrü*=.1!K-NVÉ,ro

since L"g = N, the toial number of particles' The theory of
Kl

Barcìeeñ, Cooper and Schrieffer is based onl-y on the off

diagonal üerms of the above interactionl the terms in the

r rphonoot l interaction for vrhich k f 0. This is because the

sel-f energy terms fead to too large e d.ifference betrveen the

normal- and su.perconducting state energies " They assume that

the self energy is essentlally the Same in the tv¡o states ' r"ie

*1" z

noc l-et €u= EL -ç rvhere f 
is the Ferni energv I = ä\

\ie al-so introduce spin indices into the liamiLtonian (2"6) since

"J.e c.a cå-t cy. (?'6)
(Er,-Er,n&) - 1fir;u)'

\4. I t
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these are necessary for furbher developmenb. Spln -Índïoe'3

could have been caruled thnough aII bhe prevlous development

but would have made no dlfference to the presenf resulü. lnfe

wrlte bherefore fon bhe Hamlltonlan apart from a constant

enengy term w1th r- denoting sPin

"ð,*&,u-" d,, "-{-b,d"*,çt 
( 2. I )

- E*r*ro by 8x, - Es'*[

Tn bhe second üerm of

n = t ts r*,o- * Z- låu\ tr - ,,r,) + H.o..q.

lxl> Ye tKl< Kr

r ç- EcJ¡c [P¿1"'*,1,8@
S"ú-'

Slnco NV¿,o ls a consbant we have thab

ExJ - E.,*þ, and hence vJe can replace E*,

in bhe denomfnator of bhe 1as b berm.

þ - Et*! 1s equal to

(2.8) r^¡e have Z lâ.[(1- n6,q-) sLnce cr,, cÊÌ- ls the occupatlon
¡siz?. -¡ I l'\

numben of a hole below bhe Ferml surface wlth momentun -K.'-'

The last üernr in the Harnllbonlarr (2.8) ls called,

bhe trphonontt lnteraction as mentloned prevlously sl-nce 1ü

arlses from vlrbual exchange of phonons bebween electrons.

This rrphononrr lntenactlon wlII be aütracblve when the ônergy

dlffenence At bebween bhe elecbronlc states lnvoLved ls
less than the phonon enorgy t- ; when ltr- Err4=l a tr* .

BCS take as thelr crlterlon for the occurence of sì.rpêFcorl-

ducbtvlty the condltion that thls attractlve rrphononrt lnber-

acbion d.omlnate the repulslve coulomb lnteractlon for thoso

(1) Fukuda N., (1960): Brandets Unlvenstty 1960 Instltute
ln Theoroblcal physlcs" (BvanJe,ìs, llfo\
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:rratrlx elemenüs whlch ar"e of lmportance 1n bhe superconductlng

wavo fwrcblon. ThIs crltenlon can therefone be expressed, as

(2.9)

ïn orden bo descrlbe the gr.ound state of a

su.perconducbor, wê requlre a low energy state" Cooper(1)

èonsldened. the pr"oblem of a palr of electrons lnüe¡ractlng

above a qulescenb Ferml sphere bhrough negatlve mabrlx

elementso He found. that the palr of elecbrons was able bo

form a quasl-bound sbabe; the lowest energy eigenvalue of
the system was separated from the conblnuum by a volume

(1.e. numben) lndependent blndlng energy. If the matnlx

elements of our lnteractlon were negatlve tn slgn, wê could

thenefone form a 1ow energy state by formlng a ltnea¡r combln-

atlon of basls functlons wlbh expansion coefficfents of the

same slgn" The lnberactlon energy would then be glven by

the numben of conflguratlons connected. üo some glven conflg-
uratlon tlmes a$. average matr"lx element.

However, for a general conflguratlon of Fe¡rnl-Dirac

parblcles, the slg'n of the matrlx elements depends on the

occupablon of the stabes which are unaffected by the lnËer-
(2\

actlon)-' In bhe lnberacblon, wo are consldering a pair of

(1) LnN. Coopen, Physn Rev.,

(2) Thls argïment ts lmplted
actually presented.

I0l+, 1I89, ( 195ó ) "

by BCS ln bheln paper but not
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parttcles baken from ühe state (5,,8^) to bhe stato (El ,KL)

by means of ühe operator

c*(5') c(Ea) c+r(r¡) c(K,) ( 2.10 )

lrfe requJ.re that a sysüem of Ferml-Dlrac partlcles be

descrlbed by an antlsymmetrl-c wave functlon. Thls mea.ns

thab tho slgn of bhe stabe fwrctlon changes for each lnüer-

change of partlcle coordlnates or momenta. Therefore ühe

slgrr of a relatlve matrlx element connectlng two statos by

means of (2,10) apart from bhe coefflclent ls glven by (-I¡N+ltt

where N and Nt are the üota1 number of occupled states between

I(,, and K- ln bhe lnlblal state and K! and tff, ln the ffnal
-1 -L -l
state respecblvely, fn general, N+Nr is equally llke1y to
be even or odd, so that matnlx elements w111 alber.:aate ln

sign and we cannot therefore obtaln a coherent low energy state,

fn onder bo form such a low energy state, wê requlre a subset

of configurations between whlch mabrlx elements are predom-

lnantly negabive, This can be done by assoclatlng the electrons

ln palns, such that tf any member of a paln f.s occupled,, the

othor ls also. N and Nt w111 bherefore always be even as r¡111

N+Nt and. hence the mabnlx element l-s always negatlve slnce

from (2"9) we are considerlng a negatlve coefflclent. Since

the lnteractlon conserves momentum

Er * E¿= Ei * 4L

bhere will be a maxlmr¡n number of pair-wlse lnteractlons

( 2.1r)
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Bnd thenefore the largest lnteracblon energy tf the total
momentum of al,I bhe pelrs is the same. In conslderlng the

interactlon of Fermi-D1rae parblcles, there 1s a further

lnteractlon, whlch occurs only betr¿een pantlcles of parallel,

spin, caIIed, ühe exchange enorgy, whlch tends to weaken the

üoba1 energy of inberactlon, Slnce ÏIe d.eslre as lar"ge an

lnteracblon as posslble, w6 conslder palrs ln whlch the

elecbrons have opposlbe spln" For desc::lblng the grourd,

sbate, wê conslder. palrs whose total momentum ls zero

K + K- = K = 0
-J

(2.r2)

We shall now conslde¡ bhe reduced. pnoblem 1n whlch

we thlnk about conflguratlons ln whlch bhe electron sbates

are occuplod. 1n palns such bhab lf }rf ls occupled., -Er-f
ls occupled. lrle deflne, therefore, annlhllatlon and creatlon
operators fon palrs as follows:

dE = c-K,|, ctô

d-ii' = "+b "''Jr+

If we make use of bhe commutatlon rules for the cts from

Chapter ff, equatlon (3"c.20)

( 2.13 )

Fr,o '"

Fo,* '" * = ["r, ,"¿i,J .

..,- -1
61þ'J

,,r']

* = S*,n 5""'

=0 ( 2 "14)



r¡Ie can shol¡I bhe following relaülons for the dr:

r- I
luu,uðJ _ = (1 - "r.t - n_<¡ ) 5r,*,

F*'ud - = o

ßo,u*,]* = 2d'od*, (1 -5r,*')

77.

(2.t5)

From the second of bhese relablons a¡.d from algebralc consld-

erations it would. appear that the thlrd ¡'eIatlon should be

r- "1ld*rdg I + = 2dod*ro Howeverrconsfderablon of the commutatlon
t_J
relablons for the crs shows that the above ls bhe correct

expresslon. The second of these relablons ls a relablon

sablsfled by bosons. The other two relatlons are not, hor¡ever.

Therefone, the superconducting transltlon ls not a Bose-

Elnsteln cond.ensatlon, wlth Lhe ground. state contalnhg I
Bose-l1ke electron palrs (each r¿ith spln zero) all tn bhe same

zero-momenbum state as had. been conJectured by Schèfroth!1)

Schð,frobhrs conürlbutlon of focusslng abtentlon on the paln

cor:relablons, 8s bhe baslc mechanlsm ln superconductlvlty was

one of the maJor sbeps toward the present theony although 1ü

ls rarely aclmowledged.

'tr'/e can wrlte our electnon HamllËonlen (2"8) as

(1) Schèfroth, M.R., Physo Rev., *., llll+2, (]951+) 
"
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fi= 7_€"**,-*Z_ [t*l (] -D*,_)
ls\>t r- lEl< Kr

t vo , c')t-.- 

r,uGn,,}'n "ä''ç 'o-cÉ"rcï-&'t'c K'-/ (2'L6)

where v&,g ls deflned ln equaüion (2.4). slnce we wish to
considen only palr configunatlons in whlch the members of the
pafu" have opposite spln and momentum, the openaüors rrr,ç and

d'É oE w111 have the same expectatlon velue. for any wave

funcblon whlch adequately descnlbes the sys tem. l,Ie can the¡e-
for.e rewrlbe the flrst two berms of (2.]16) tn terrns of paln

operators as

zL eudë { + z ,7_ [Éni a.a¿
tKl>K,= [Ktarç

(2.L7')

The facton of 2 enters sLnce fon each varue of E thene are

two electrons, each of energy t* f ormrng the pa1r. The

lnùeractlon term can be wrftten

v&,K'"8',*&,o ( 6s'rs-&,r.ç't- 
"-[- u,o, " r',o) cL.,ç,

= v&, 
ts' 

cë''*b,çc¡çl+!,s-

+ v*.,r' crlLg,a 
"'[- &,o-, 

c 
L.,ç, 

cL4,s-

The first term on bhe righb hand slde cannot be expr¡essed. ln
terms of palrs arrd so l^re neglect lt tn our reduced, Hamlltonlan.
rf we conslder only patrs whose total momentum ls zero, w€

can wrLfe for bhe last berm

(2"L8)

v*ir, uð'u*' ( 2"19)
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where we have substitubed Kfr for Kt + k. BCS assume that the

terms conbainlng palrs whose botal momentum ls not zeno and

whlch are neglected 1n reduced Hamlltonlan r¡11I not contrlbute

to the ground state appreclably and can be tneated by

perburbatlon theory. Maklng use of (2,l-7) and (2,l-9) we

wnibe for the reduced Hamlltonlan

trrwL= z.T_t,rd*- d* + zl_ {¿rl d*q¿,
' lKì>Kr (t-< k Ks

<.
L_v*,*r d;ii do
KtÉ'

(2"20)

It 1s thls parü of the botal interacblon that BCS conslder

to be bhe mosb lmportant ln descnlblng bhe pnopentles of

supercond.uctors. The reduced Hamiltonlan (2.20) fs fow¡d,

to commute wlth the total number operator N = Z_"Ë,*-"*,*
and hence a T^rave functlon can be for.rnd bo descnibe the system

such ühat the energy and. the toüa1 number of partlcles are

slmultaneous elgenvalues of the ürave frrnctlon,

The most general wave functlon of the system r¡hlch

üre are conslderlng 1s

ú = t ^tw KL l-- --\-l t-¿t c o " Kg) d(ì d¡" . c o uA. lù
(2"2t)Krr--'5tt

where fhe surûîatlon extends over all dlsbincb palr conflg-
uraflons" BCS nelax ûhe requÍrement that the total number

of electrons be an elgenvalue of the wave functlon and

construct a wave functlon by maklng a Hartree-1lke appnoxlmatlon.
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Thls means thab bhe probabtllty of findlng two palr states

occupled in the ground sbabe of the many electr"on system ls
equal to the product of bhe pr.obabllltles of ffnding each

paÞ state occupled.. The wave functlon havlng thfs property

t¡hlch BCS wrLte ls

rJ'
.Lo (o(*+ Éuq | ùillt

K
(2.22)

wlbh d* ana p< reat and (¡ Êrt = I fon alt K, ßi ,t the

probablllty that bhe pair sbabe ls occupled, and df f" the

pnobabllity thab lt ls nob occupied" BCS calculate the

gnound süate energ:y variatlonally uslng thls wave fr,:nctlon and

bhe ned,uoed. Hamli-bonlan (2"20) subJeeb bo the eonstnalnt that
the toüaI number of partlcles be consenved

(q¿l ã¿,- "E,o-lq) = ,{ (2.23)

ïn order bo treat excited. stabes, BCS decompose the

total sbate into sÈates in whtch they consld.er slngLe partlcle
excibablons and sbabes ln whlch they consider exclted palns.

They wrlte a lrave functlon ln bhe fonm

Y*=ßr( d,,.+ Ê.gdË)[{ n* dË, - Éo,l{.,"Ë,, I o) (2"2'l+)

where G, P and S specify the sbates occupled by grornd palrso

excited. palrs and slngle partlcles respectlvoS-y" Tho enengy

of bhe exclted süates is evaluabed by uslng ühe reduced

Hamlltonlan as weLl as the Bloch energles fon single pa:rblcles.
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l1'l (2\
Valatln\'/ and Bogolubovt-' lndependently found bhat the

growd. stabe vecbor of BCS ls related to new colLectlve

fermlon varlables, in ùerms of whlch one obtalns a simple

classiflcatlon of the excited. s tates and. whlch g:reatly

sinrpllfy the calculation. The new variables s.re gfven as

Õana T"*,* = do "E,o-- € (<- ) ¡{ç eÌ¡,-s i G.25)

where bhe dra and þr are bhe same LS used above and

1 çr'=Ô'";
f(s_) = _1 fo¡, q_=ü

The operaton" 9-:i and. ç are Fermion operatons and satlsfy
the cornnutablon relablons for such operatons. These operators

lead to a ttquasl parbicletr concept slnce 8tt may be thought
< Bt9

of as cneatlng a quasi-parblc1e satlsfylng Ferml statlsülcsn 
.

Valatln shor^¡ed that the producbs

\fZ,r,f¿,Çj: K.) = fol f*,* -- ï*tg) G'26'

form a complete orthonormal seb of state vectors and are Just

the BCS exclted sbabes " fn partlcular, bhe stater 
fr;å- | ,Pr>

and. f*; f¿_" lg) represenb a "slngle pantlcle" and, a t'real

(1) Va1atln, J,G,, Nuovo Cimento, f, B[3, (1958).

(2) Bogolubov, NoN", Nuovo Clmenbo Z, 79l.+, (1958)"

l-:l = d.K 
"Èiu- 

- ã t<- ) ßx. "-r,-
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palrrr exclbed stabe respectlvely.

l+.3 Crltlclsm of the Theory

The maln cnltlclsm orlginally put forbh agalnst

the BCS üheory was ühe lack of deballed Justiflcaülon of
approxlmaflons made in the derl-vatlon. Slnce the orlglna}
publtcatlon of thts bheony, lnd.ependent wonk by Bogolrruoo(1)

êb. al. who solved the elecbron-phonon lnteractlon problem

dlfferently agrees wlth the flnal Bcs formulae for the

ground. state and one fermion excited stabes to flrst orden

approxlmatlon.

The most serious obJectlon bo the BCS theory ts
bhe lack of gt{tge lnvariance ln the effecblve electnon

Hamlltonian, Bcs chose a special gaqge fo¡" the vector
potenÈla1 and. derlveda Meissner effect fnom bhls. Schaf"otfr(2)
has argued that bhls choice of a gaqge ls an lndependenb

assumptlon of the bheony and ls equlvalent to assumlng a

Meissnen effect itserf . And.enson(3) has attempted. to Justlfy
fhe BCS approach by showing bhat bhe reduced Hamlltonlan 1s

approxtmately Sâuge lnvarlant and that constderablon of the

plasma osclllatlons shourd favour the cholce of gâ"uge.

(1) poçglu,þorr. N:N. L Zubarev, D,N. , and Tsenkovnikovu yu"Au,
Dot(t+d¡¡ Akad.. Nauk. S.S.S.R. lf-2, 7BB, (t957)"

(2) Schafr_oth, {.R:, - 
Solld _Stabe pþfsics, (1960) , volume I0,pp" 471, ed: Seibz and Turrrbul}"

(3) And.erson, P.l¡ü., phys. Rev., Il0, BZT , (1958) 
"
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schafroth does not conslder thls argr-unent bo be valid slnce

the relatlon of bhe Bcs red.uced Hamlltonlan to the rlgorous
mariy elecÈron Hamllbonian ls not we}l deflned. The method

of And.enson has been exlended. by Rlckayzen(l) üo gf.ve a

ga.t{ge lnvarlant calculaLlon of the Meissnen effecb by

stresslng the collecbive aspects of ühe thdony of Bardeen,

Cooper and. Schrleffer.

Slnce the BCS theory has had such wldespread.

success ln d.escrlblng the experlmental sltuatlon, one must

conclude thab the bype of pair correlations which thelr
trfal wave fr:ncblon singles out from ühe effectlve eroctron
lntenacblon 1s the baslc mechanism of superconductlvlty.

The majon dlfficulby remalnlng is to ad.equatery d.errve a

many orectr.on Hamlltonian ( 1f thls is posslble ) for various
superconductlng systems whlch w111 nob lose gauge invanla¡rce

in the appnoxlmatlng processes. once gg.trge Lnva:rla¡rce has

been Iost, predlctlons concerning erectromagneËlc phenomena

are lmposslble on at besb uncentaln.

(1) Rlckayzen, G., physo Revo, 111, BIJ, (1958)"
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CHAPTER V

SUI,N,TARY

ïn thls chapber we shall attempb to summanlze the
physical assumpüfons correspond.ing üo ühe approximatlon made

1n the fonegoing bheory, apart from tho more stralghtforsa¡rd
approxlmatlons such as neglect of second o¡.der small
quantitles ln serles expanslons. lr/e shall dlscuss the
appnoxlmaülons made ln obüaining the general EamiLtonlar1 fo¡r
a mota1, ln renormarizlng the Hamlrtonlan and ln obüalnlng
the reduced BCS Hamllbonian

The f lrs t approximatlon whlch we mad.e was in
assuming that the valence electrons in a metar are compretely
separated' f-nom the closed sholls of bound. eloctr.ons and. that
the adlabablc appnoximation courd be used. to wrlbe d.or.rn ühe

Hamlltonlan for a metal" hte showed fn Chapten If thaü the
ad'labatlc appnoxlmatlon was valld. excepb for the eLectrons
which l1e wlthln a dlstance fi. ¿^1,*.+of Lhe Fermf. surface where
-^L¿M^+ Ls the maxlmum lattl-ce f requency" Fon electnons lylng
wlbhln bhis zone, non-adiabatfc terms must be taken lnto
accounb 1n bhe equatlon of motlono Accordlng to bhe Bcs

theory lt ls the erectrons rrithln thls zone whlch are
responslble fon superconducbivlty. chertu"(1) argues thaü
ln order to glve a mathematlcally conslstenÈ d^escrlptton

(1) Chest"^1, GnV., Advances ln physlcs, LO, 357, (196I),page 363"
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of electrons for bhe purpose of a bheory of superconductlvlty,

non-ad.labatlc terms should be accounbed for. !'Ie asswned

1n obtalnlng bhe phonon Hamlltonlan thab anharmonlc terms ln
the lattlce pobential energy could be neglected. There was

no Justlflcabfon for thls assumptlon, bub nathen the theory

üras constructed to be consisbent with tü slnce no new

anharmonlc berms brere lntroduced by bhe Frob,llch transform-

atlon. In obtainlng a general fonm for bhe Hanlltonlan of

a motal we also assumed thab bhe valence electrons,lnteract
only wlth the longitudinal labtlce vlbrablons. Thls assump-

tlon neglects anlsotropic effects and ls noü rlgorous partl-

cularly for shor"b wavelengbhs" Thls appr.oxlmatlon ls not

really necessary for developlng the theory bub lt d,oes help

to reduce bhe complexity of bfre resulting equatlons.

In performing the Frohlich bransformatlon ln
ChapËer III, wê assumed bhe quadnatlc terms ln b¿bg, bË bC,

4bf etc. could be neglected for k / Ut. We argued, that lf
tftu bransforTnatlon and. the model ls ad.equate, the r^rs.ve fr¡nc-

tion descnlblng the sysbem would glve zero expectaül-on value

for these q.uantitles" In renormallzlng the metal lIamlltonlar¡

use has been made of the random phaso approxlmationu Thls

procedure has been wldely used, but pr"oof of lts valldlty
usually depends on the speclfic system unde¡r consLderatlon

and, ls not stralghtforward. We have also made use of the

effectlve mass appnoxlmatlon assumlng the effecülve mass to
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be constant whereas, in fact, it depends on the wave number.

Thls appnoxlmatton, however, does not affect the BCS theory

slnce expllclt use ls nob made of the torm ln whlch thls

approxlmatlon arises. In obtalnlng the transf ormed Hamll-

tonian i¿e have not been consisbenÜ ln considerlng terms fo

second order slnce we neglecbed. ühe second. ord,er contrlbutlons

fnom elecüron-plasma and phonon-plasma lntenactlons, but we

attempbed to Jusblfy bhe neglect by energy consideratlons.

BCS have neglected a conslderable portlon of the

mebal Hanllbonlan in obbalning bbeln effectlve electron

Hamllüonlan. As was mentloned ln Chapber III, ühey neglect

the phonon energles, the plasma energles, the electron-plasma

lnteracbion, the phonon-plasma lnberactton and the resldual

electron-phonon lnüeracbion. The model whlch bhey conslden

enables them to neglect the phonon ùId electnon-phonon

energles, wh1le energy consideratlons a1low bhem bo neglecb

the remalnlng terms. The most serlous effect of neglecblng

these torms ls bhe resulblng lack of ggrtÂge lnvarlance ln

the remalnlng Hamlltonlan, BCS also neglect üho effect of

plasma screenlng on bhe effectlve elecË¡:on lnteractlon vfa

the latblce" They assurne a coefflcienb of bhe sarne form

for both long wavelengbhs and shorb wavelengths whereas, iD

facü, we showed thaü the coefflclenbs hlere dlffe¡:ent. These

authors clalm that the dlfference ls small at long tlavelengths

and that the approxlmatton ls Justifled, BCS also negl-ect a
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n.umber of berms in obbainlng their red,uced Harnlltonlan from

the effective electron Hamllbonlan. In pantlcular, they

neglect bhe terms which do not lead bo palr"wlse lnteractlons

bobween elecbnons. Thls procedure ls best characte¡lzed as

a cholce of slmple trlal wave functlon rather fhan as a

physical approximatlon in the Hamlltonlan. Thls slmpllclty

may tn some cases be expressed 1n terms of physlcal approxl-

rratlons. BCS also neglecb palrs of elecbrons for which the

bobal momentum ls not equal to ze?o ln obbainlng the reduced

Hamiltonlan. They assurne that berms of thls sort have l"lttle

effect on the ground state and can be tneaüed as e pertur-

batlon.

The approximabi-ons made ln the theory lead bo a

mod.ol of a metaL ln which the electrons and labtlce are

consldered- üo be distlnctly separated. Slnce there are a

number of superconductors whlch do not satlsfy the rlgtd

rosbrictions which have been lmposod ln obtalnlng the theory,

but stlll sablsfy the predlctions whlch ühe theorXr makes, we

anticlpabe that bhe electron-lattlce lnberacblon problem

rntght be treated ln a dlfferent way whicho howevero would

lead bo essenttally the same results, The maln theoretlcal

potnts whlch led bo ühe development of the bheory of super-

conducti.vlty and which have been d.lscussed here Ê're the

Frohllch transformabion which lndlcabed how to accurately

d.escrtbe the interaction between electrons due Èo bhe I'attlce

and the BCS ldea thab superconductlvlby was due to Coopen

palr correlatlons between the lnteracblng electronso
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APPM{DIX I

COI'IMTTTATTON RELATTONS REQUTRED FOR FROTILTCE TRAT{SFOAI\'IATION

From Chapter: IfI, equablon (2.11) we have

!l = Ho * H, pFa,",J

¿ f 1 .=-f- l- -\l
* H" - +Lra,H,rul* å)_lsa,Lrru,H,J J (1)

where fnom (2.8) '

Ho = ãtu"g cE * +ñcty:qE. b* + È FOtE *- 
ß

(2)

and from (2.9)

Hrþ = l(Dsb4f*" - ,U oU 
çrul 

* å¡{x'Po flO (3)

From (2.1.'l) we have

s& = -Krb& * (ç, u6

with Y¡ = ã cþ tf ,ll "Ë. "s-g

(,f = Tfry,E) "êru "ç (l+)

lrle wlsh now to d.erlve bhe nelatlons requlned ln (1). From

Chapter fI, equatlons (3.c.20) we obüain ühe reÌaülon

cil c,c-ï- c* - c;.à c- c-:i c0 = åo"-ìi cp - 5*.n"ä .o (5)E 'L + ry T & s L -o'T u I: -r'e f, Ä

lle conslde¡r flrst
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ftu, Ë"r"n., "J= Ff ,-V,rbs + [o'*u¿r )E*,c'[, c6r

- 
"u,"il, "g(-Vnu' 

*(l¡*k, )

whlch wfbh ühe ald of (l+) can be wrltten

oãt*ou f tg,gl 
f-"f' "*-& "Ë1 

.É, o 
"Èi "c,"'¿ "., -uJ

* LEgo,,,l Ó+r(r,k)fcri-þ.sc'É1 c*, - "r "o,"'L-o"*JE;FrE,LÈ-É====,
üsfng equablon (5) bhis reduces to

rì-
Lt*, pt."å: { = ã,"K - E,-ùbuþ(K,k) c'È' cr-k

" L_jtK - Er_i.)bË 4,,(E,E)"1:s "u9

= LLqÉ - En-g).fb* ótg,¡lcå cr-*. + n.".1 (6)_K >_=lér _ 
J

lrfe consLder now

[tu, *hc4u4 
u{

=7{t au þ(n,k)"r^ "¡.-a 
(-¡¿\ir bg o bå: arv4\

&'rg t

og o¿.- )

32) from

.l
) 
"¿1, "u 

b-Ë | ( 7)
J

+ Tzua þ

use of the c

II, thls be

- tE ,)þi
T (

'¿-oË
(3.b"

*"(S,, k

,L\

1o

+

'14

at

b,

-;i(K"k)c-:i. c _ (bß-E s

onrnuüatlon re]

come s

I

? (5,E1"Ë' .s-&

I4aking

Chapter
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have

,Ç"':¡u¿ï rul= - 
ç-r.=iÉ 

(E,k) b+"'É .ç-t,* t;;;J

and. (B) r^Ie have bherefore

hr"r-o- 
EK + ho4 l[ 4 ts,l)ot "ul 

.v-u* o."..] (e)

lng use of (9) and (l+) bre have

Y¿bru- Ya,,%, ,{ou ã,to* - 
En* å¿¡¿)Ótg,gl"È, 

"o &

o¿, \ru, "- 
E¡. + hrù= )fr,iK,k)"ën 

"u j
terms n af , etc. bhls can be wnlüten

Therefore wê

I

I s.r
L

Comblnlng ( 6 )

1
- Z-l s¿,H-\ =

åÞ-
Mak

rs[rs,d = (

+

- TJourt (Er,-& - EK + tr^:r* I f tE,g) þ-x1¡ç' ,E)"'É "r-te "'Ê,-t "y,
X,ÉtL

+ o,¿ rUFr_È- EK + äal¿)f*1r, r.)Ó tg',u) "ëg "*"Ëi,"*r& 1
)

If r¡e make use of the fact thaü

fr"" ori = ILE' E)

ïf we neglect
r.

- ç i'Ìr-.,- rr lî- 
fuìîs 

-L,-E-&.- Eþ + \,';.4)É"(n' ,E)+(8, y)"'['*"*s1 
"

* b4bË (Ex_& - EK + h c,:¿) Þ ,g' ,E) +-r(K, 
k) "lî "*_&.å_t"*

qro )

way we can show thab

(11)

Y-as

l
In tbe same

\
I

L 
t¿' 

"'J 
tt

(12)
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?Je have on sub

\tÁn
Z-\Ly-L - ÞK
É'ç'

c;i-
8t'13

whlch wlth the

bracbtng the flrsb l1nes of (10) and. (11)

+ ä c.-rE) Q (4, r<l þ"(\',E) f( .t .y_at,Ë,_L. d -(-

c,.,c-i:f c,,,- )bü b.u * "t "r-ro.r¿rL"o,)K, K I<-E ¿4

ald of (5) becomes

F*,t s_b - Eu * ãoq)Êtg,¡i þ-xg<t,0, i 
("ð 

"r, 5u,*,

- 
"'Èr&"g-& Su,r')o,f o¿ * t[ t*-l*"'lr{j"u'1

\

= - |rtr-,I E,É + Ër;r*) 
lQ ta,Ull",'r-n- 's) bË b&

+ 
Çrro_, - 

EK + hrJ¡.lQtg,¡l "t "y_UVð (r3)

Taktng bhe difference of bhe second Ilnes of (10) and (1,1)

we obtaln

L("u-+ - EK + t,ca)[f tU,Ul' ,'=-o - D*)u4 u*
E

+ f(uo-& - E* + hrJ4)S*(r,&)V¿ "-t_¿u"g (14)
k

In bhese last two expresslons we have wrltten nur for Í "I'. 
q.,"

7 sr g
ff r¿e comblne (13) and (11+)'we have that

r.&,fre,qJ] = -ho, E- Eu+ hu:4)u¿ u,*JQtt,Ul' to*-n - 'r)

rllt*h - Es + tc.-r4{d ts,l)f¿-*Yd, * o.".} (r5)

ÈLr
áL
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co¡tmufafor requl¡âed

1
?a "o'"-È "r-*l

-'l't
"ii_U ",s,"tú-1, " "Jl

hie now wi

ln (1).

r-l
Ltn' PoJ =

=

sh to evaluate the ¡:emalnlnø

We conslder flrst
î

-lt-Ll(- V^ b& * Yu',a¿ ) "n-""r,E' It

oi-. c..f -Yubr" + Vr*gä )1E_b Kr' "5.b.

-T 
, î

l_l- Q 
(8, k)bl J c-)i c c;i e

&,K,L t1-u \-k -'È'-k-<'

+¿fi-:r(K.k)b,+rJc;i, c c.)i:"c -Y .¿'-.& 
I o-b-4-t'_k-Kl

whlch wlth ühe ald of (5) becomeg

L [ - é tn, t<) br.( ? "", 
5r,r,- 

"Ërk "u+ Sno)
F,x'L '

* Ô *(n, E) 9Ë ( 
"¿:,, 

c*,S*,"r,L - 
"úï-,. ", Sc, "-r={ 

( 16 )

rf we conslder only dlagonar terms ln bhls expanslon we Frave

l. "I ç-L,
[tt'P.al = LP(K'k)bÅ('r-k-'s) (u)

fn the same hray we flnd that

l-s", P-*l = I-Ó"tn,E)b4 ('o-L - '*) (rB)
L 4'\-1Ð L{Y

We conslder also

f^ - I \t . ./ ,

Lt¿,oaj = \8"'%, bL - oùUrlrÉ.

whlch bocomes on maklng use of (12)

l'su I \,.
, *'b4l = -Xq" (19)



In bhe same way we show thaü

a^ -ì ;/
lS*,bnii\ = -\L.1.1<'.Kl=
L- .J

hle considor now

= t%['fSn,P,fl b,. * flË [Su,+o] i

+ ,T[rrflù-Vd- - DËU^fl4 - rhú(nr-,'- nÉ)(b&f,o,nl[l

I r* ,t(D&fr* be - D¿r u¿, f¡ )

Maklng use of (I7), (18), lff) and leO) thls becomes

fta., r(o¿iff, bc Då o,¿' 
fla)]

= o¿,- oU 
ã,"*_n - 

rrl [t ozþ-:¡(4,-E) + o."J

1 D,. Q,;i(,--:i + i D;:-:- Yø P.ru (21)
ét{!'å & -l-

If wei.:conslder

l'*,rt'prpJ = +y,Ë[['* ,?-Ã ?+* fl-nþr,fl.]i
thls bocomes wlth the ald of (fZ) and. 1fB)

NÉ+ ('o-& - nK ) þryp tS,gl (uu * hoc" ) (22)

Combinlng (21) and (22) hre have

- 
Çl"u,n,J 

= -Çø.t= - n* )[to^+"(E,E) + o'".1 E' o*,

93.

(20)

.+n.c)
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APPET{DIX IÏ

CALCULATION OF TTÍE COLLECTIVE HAMTLTONIÆ{

From chapter III, equablon (3.b.11), we have ühat

ühe collective Hamilbonian can be writben

Hr=H*+L*,r] -h.tt",r],{ + ' e o o (r)

where from (3.b.1) and (3.b"2)

g = L (i!le gA+ u*c-¿) A& (3)

tlrl¿t&"| \

The flrst line of (2) contains zeroth order terms and' the

second. llne contai-ns flrst order terms. l¡Ie assume that s ls

a flnst order small quantlty. lrlê colfsld.er flrsü

[oo,'l = ,Liruer! [F*,f-u]L\-,r' . 
¡f[Z-¡.tgl 

c 6 L\-é-\-ÉJ

since pg "o*tt''rbes 
wlth q-&. Thls equals

,ohïrnrk|"Ë' "r-& "Èi "rr{ - 
"1 

"s-tí"Ë "o-{ )

Lã,iH 
as(c¿ "o+4iu-a- "'ä "*-& Sr'r's)

=,u?,u¡l|o4(c¡t cr-&'É - cä-cr-&-É ) = o (lI)



In ùhe

and,

slnce

'l "- .^ rñ= ñZ-YUM.Q¿Q¡ (E"
-'ìgb'l¿l&"1

K

lnle now look at the

_ Æs_b + Er_b E) (,riU

relatlon

o(/2.

= 0. Thenef ore lJe have

t ¿\t),

(6)

(7)

(B)

sa,oe way we show thab k*,tl

þE*i(ufl* ''J = o

lT"; n+?,,,'l = o

[%,*u] = o '

lrle conslder now

f l-çr ^-t,- ^ .l i t- /{M r,l \/^-.,- Â Â-rt=Lätn"ii "r,'sj = à H,l*f(11'ikQ&) 
("C "*"'[ "o-& 

- c'ë cv-Lcp c*,)

É'4'
slnce 0,= I c-).¿ c o and. bhe crs commute wlth g*. I'Iaklngl-4É ? ts- K-,r4-

use of (l+) of Appendlx I, bhls becomes

* [ã"."¿t "r,t] = + ,6¿f K - Er-a)%arc'ë cs-]&

l¡Ie considen now

- à^[[Ftr,"Èr "g ,t] ,t]

= *iñÏ&(Er- Ee-& ) (rrng)Q¿a¡(",i 
"r-& 

c'{, c+u - ciii cor-srcÈr' cr-k

& tYrÇl

[o^,ng] = o"

å[* ã(nd' 
ns . n.ldug, osl ,sl

= * 
fu,ËÍnu(n¿t 

r¡qi¿ - t¿' q'' n*')

since q, = q-;i and
-e4 Thls becomes



96.

+ thå*,-l ))4 * Pdi ? q¿'' - PLt (P¿

t-o¡),sl = l-"4euAy- r 
tbt<llg"l

o(n;Íh L"*q
{J&l,th.l

=+ T u
2h affiil.¿

l¡tre therefo

å[* Ç*r
I,Ie have fr

p*,ql; (n1i e¿ + th8á,*) ry)

ttrpdS*

ve

çt ru

) that

aa¿.( -

re ha

P4+

om (9

(e)

(10)

qu)

[r* ,n¿] . lrg ,C t 1

= Å, I-,1aoguga¡'( -1h) St,-É
lå,b't¿l&..[

-1= ã Z---- 9¡ti6'l¡'"i-g
¡kl.tk"\

= ÈL "f o¡01,u
U:t¿ik'\

slnce Q; = Q_ts and. u_g = - t&.

Ïtle now have

Å [+ 5- p;r p. -s]ã L = ,6¡tiÊ '& '"J

= + Llry¿P-g* o/q-Élft;,
rft]le¡41 -t-- ¿-5

F'rom Chapter III, (3.b"5) we have

--1 ,-lÞ 
"Q'' T = -iTr )¡.d

[^À e)

- *'[Þ Ç 
ttr a *ei qr¿, qu, ,'] ,,] = * lfuriO-no,'l

+V?,,,iî'' L '{ = ,hJ'*a fl-o 
+ u¿c-g)Pg (12)

Hence
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l¡ie also have w1üh bhe aid

]- lfr s- ñr,- ãl Iz +, ,'K.{- L t&l¿141.t

= * I- tr.r,rr P-k 
+

tk,Ul<l&.1

whlch bocomes

_ -. 
f-1, --

,ñ" I lä ,,L- ic t¿
" * lßl¿18çl

+ L T ,%r¿q.q p_ j*
¡ltalb.l I

From Chapter fIf, (3.b"10)

condltlon

of (12),

tn ,tl,{

u.se-¡) ( rir'r4 
f-1 

+ ry e-a) [r¿

¡lfl.<--z
,sl ,sì = ä L_MxJ J rþl¿l&.[ -

+ È T-,{ qî n*
¡kl¿tb.l

,nÅ

?-u?u| -\ -

we have for bhe subsldlary

(13)

(16)

gt*

obtain

6),

ïf

P¿:.

YI !' = ( rer¿ fl-e - u4a/ V' (14)

we substltute the rlght hand slde of thls expresslon for
lnto (12) we have

+[i,fuî¿' 'n,'] = 
bL.*ïLçr?o- 

,1fu#u&q*(-t3

- L",É og nt
f &t¿\k+l

(15 )

If we add ( 1l+ ) and ( 15 ) hle have

ifr - -l r l[' ç- ^l ^lfilî ,Z=l¡¿' tr 't l - æl lÈ,,+=lt¿' % 'sl 'sl*tltlzlk\-=:- ) 4r¿LLl!l.!s.l- - J J

= -È T-yË Pr' ?a - LT--Ye"rqr*Pa - È7-:á nr
Ihl<lil.l 

\ \- ib[.[þ.l - ' rklzþ1 -

ff we neglect all terms of order hlgher than second, w€

for our collective Hamllbonlan maklng use of equatlons

(6), (7) , (B), (ç), (10), (16) and (2)
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HÍ= Ç"*Ë "* . ",Fu*t[tr a

* È,,t[r* r* + "f e¿. eal
[&l.k.l ''

l4- úrn¿ n*]

* fi,Lniv14a4aa(no - Æ...t=+ E+-&-El fttU-'-/&,&'k B.l


