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When you look at yourself from a universal standpoint, some-

thing inside always reminds or informs you that there are bigger

and better things to worry about.

ALBERT EINSTEIN



Abstract

With the ever-increasing need for wireless broadband services next generation wire-

less systems are being designed to meet three main requirements. These are massive

Machine Type Communication, Ultra-Reliable Low-Latency Communication, and en-

hanced Mobile Broadband. In this thesis, we explore all three areas and show that

multi-antenna systems are the framework to meet these demands. We first investigate

the age-limited capacity of the Gaussian many channel with total N users, out of which

a random subset are active, and a multi-antenna base station. In the setting in which

both the number of users, N , and the number of antennas at the BS, M , are allowed to

grow large at a fixed ratio ζ = M/N , we derive the achievability bound under maximal

ratio combining. Further extensions of the analysis to the zero-forcing receiver as well as

imperfect CSI are provided. Using the age of information (AoI) metric as our measure

of timeliness we investigate the trade-offs between the AoI and spectral efficiency in

the context massive connectivity with large-scale antenna arrays. We find that while

the spectral efficiency can be made large, the penalty is an increase in the minimum

AoI obtainable. The proposed achievability bound is further compared against recent

unsourced random access schemes. One underlying assumption in the previous analy-

sis is the construction of uncoupled arrays. This assumption starts to break down in

massive MIMO and therefore in the second part of this thesis, we focus on a physically-

consistent single-user MIMO system and model the mutual coupling using multiport

networks. Based on this model, in single-carrier frequency-flat channels we show that

neglecting the mutual coupling effects leads to inaccurate characterization of the chan-

nel and noise correlations. In multi-carrier frequency-selective channels we show that

the coupling also increases the number of resolvable channel taps. We therefore develop



a linear minimum mean-square error (LMMSE) estimator that calibrates the coupling

and optimally estimates the MIMO channel. It is shown that appropriately accounting

for mutual coupling through the developed physically consistent model leads to re-

markable performance improvements. We demonstrate these gains in a rich-scattering

environment using the broadband connected array of slot antennas.
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Chapter 1

Introduction

1.1 Overview

An essential ingredient of next generation wireless communication networks is the In-

ternet of Things (IoT), which will enable unprecedented services and applications. In

order to deal with the diversified IoT applications, next generation wireless programs

have been classified into three main categories; 1) massive machine-type communication

(mMTC), 2) ultra-reliable and low-latency communication (URLLC), and 3) enhanced

mobile broadband (eMBB) [1,2]. A promising technology to meet these highly stringent

demands is to use advanced multi-antenna systems. Multiple-Input Multiple-Output

(MIMO) wireless systems, which use antenna arrays at the transmitter and receiver,

leverage the spatial dimension of the channel to (not necessarily simultaneously) in-

crease the data rate, enhance reliability, improve energy efficiency, and reduce interfer-

ence [3]. These effects are further amplified in massive MIMO [4] where the number

of elements in the arrays are in the order of tens or hundreds. Furthermore, the oper-

ational bandwidth of the system can be increased by carefully designing the elements

of the array [5]. We detail how these advanced antenna systems are used to meet the
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Chapter 1. Introduction

wireless requirements for IoT.

1.1.1 Massive MTC and Unsourced Random Access

Machine-type communication (MTC) has two distinct features [6] that make them dras-

tically different from human-type communications (HTC) around which previous cel-

lular systems have mainly evolved: i) machine-type devices (MTDs) require sporadic

access to the network and ii) MTDs usually transmit small data payloads using short-

packet signaling. The sporadic access leads to the overall mMTC traffic being generated

by an unknown and random subset of active MTDs (at any given transmission instant

or frame). This calls for the development of scalable random access protocols that are

able to accommodate a massive number of MTDs. Short-packet transmissions, however,

make the traditional grant-based access (with the associated scheduling overhead) fall

short in terms of spectrum efficiency and latency, which are two key performance met-

rics in next-generation wireless networks. Hence, a number of grant-free random access

schemes have been recently investigated within the specific context of massive connec-

tivity (see [7, 8] and references therein). From the information-theoretic point of view,

the problem of massive random access is not recent and dates back to the seminal work

of Gallager in [9]. However, with an increasing number of possible applications the prob-

lem has reappeared in a new context [10,11]. As opposed to classical treatments of the

Gaussian multiple access channel in which the number of users stays fixed, in the new

Gaussian many channel formalism the number of users is allowed to grow with the block-

length [10] in a typical massive connectivity setup. Note that when a randomly varying

subset of users (with different codebooks) are active over each transmission period, one

is bound to sacrifice some of the spectral efficiency for user-identification [10, 12, 13].

However, when all the devices employ the same codebook (aka, unsourced access), the

user-identification problem can be separated from the decoding problem as highlighted

2



Chapter 1. Introduction

in [11]. In fact, by letting all the devices employ the same codebook, the system spectral

efficiency depends on the number of active users only and not on total number of users,

thereby making different multi-user decoders comparable against each other and to the

random coding bound. In particular, it was shown in [11] that increasing the number

of active users at a fixed per-user payload renders known solutions such as ALOHA far

from the random coding achievability bound. The paradigm in [11] where all users share

the same codebook with no need for user identification was later dubbed unsourced ran-

dom access and now has a number of viable algorithmic solutions. However, most of

the existing information-theoretic works on massive connectivity focus on the case of a

single receive antenna at the BS. Yet, the idea of using a large-scale antenna array at

the BS (i.e. massive MIMO) which was first pioneered in [14], has now become one of

the main directions towards which the next-generation of cellular systems are projected

to evolve. Some of the best-known algorithms for MIMO URA are the covariance-based

scheme in [15], the clustering-based scheme in [16], and tensor-based scheme in [17].

Other more recent methods based on beam-space decoding and Bilinear reconstruction

have been developed in [18] and [19,20], respectively.

1.1.2 URLLC and Age of Information

Ultra-Reliable Low-Latency Communication supports low-latency transmissions (e.g.

4ms) with very high reliability (e.g. with an error probability of 10−5) [21]. This

occurs in many critical real-time applications wherein the data must be accurate and its

usefulness is directly related to its freshness such as in reliable cloud connectivity, critical

connections for industrial automation, and reliable wireless coordination among vehicles

[22–24]. While the error probability is a good measure of reliability, due to infrequent

access to the network, conventional performance metrics, such as delay fall short in
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Chapter 1. Introduction

characterizing the over-all freshness of the data [25]. In this respect, the AoI concept [26]

was introduced to adequately characterize the freshness of the information at the receiver

side. While many of the existing works on AoI focus primarily on grant-based access

with AoI-constrained scheduling policies [27, 28], some have looked at uncoordinated

transmission schemes. Recently, a few information-theoretic works have investigated

the trade-off between the AoI and achievable data rates [29, 30]. The performance of

AoI has been investigated in Multiple-Input Multiple-Output (MIMO) systems [31–

34]. In [31], the user scheduling problem has been investigated to minimize AoI in

a multiuser MIMO status update system where multiple single-antenna devices send

their information over a common wireless uplink channel to a multiple-antenna access

point. In [33], a novel MIMO broadcast setting is studied to minimize the sum average

AoI through precoding and transmission scheduling. In [32], the authors analyzed and

optimized the performance of AoI in a grant-free random-access system with massive

MIMO.

1.1.3 Enhanced Mobile Broadband and Multiport Communi-

cation

Enhanced Mobile Broadband supports very high peak data rates and, unlike mMTC

and URLLC, is characterized by stable device activation patterns and large data pay-

loads [35]. Some of the key technologies that are expected to enable the performance

levels of eMBB are massive MIMO and the use of larger bandwidths [36,37]. Actually,

future-generation wireless systems are expected to be super-wideband (i.e., with several

octaves of operational bandwidth spanning both sub-6GHz and mmWave bands). The

reason for the super-wideband requirement is that future antenna systems are expected

to be multi-functional (i.e., used for both sensing and communication), multi-band,

multi-standard, and multi-operator as opposed to the current technology [38]. To that
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Chapter 1. Introduction

end, future generation wireless systems will require a drastic shift in the design of an-

tenna arrays.

Many of the theoretical promises brought by the MIMO technology are based on model-

ing antenna arrays with wide inter-element spacing (half-wavelength) wherein the elec-

tromagnetic effects of mutual coupling can be reasonably ignored. However in massive

MIMO systems, a large number of antennas are to be packed in a compact space. This

causes them to endure losses in fading diversity due to the excessive amount of mutual

coupling between the antenna elements within the array. While tightly-coupled arrays

have less spatial degrees of freedom, they enjoy larger bandwidth due to their ability

to support both slowly and rapidly varying spatial current distributions, effectively cre-

ating an electrically connected structure [5, 39]. For these reasons, the tightly-coupled

connected array of slot antennas appears as one promising antenna structure to use for

broadband applications. Due to the fact that it is physically connected, the slot an-

tenna array is effectively a single aperture fed at multiple locations, which leads to tight

coupling and an overall increase in the operational bandwidth of the antenna system [5].

Having a single antenna aperture fed at multiple locations is also more convenient from

the perspective of analysis/design as well as implementation. As the number of antenna

elements in the connected structure increases, enlarging the overall array aperture, the

bandwidth keeps expanding with no theoretical low-frequency cut-off [5]. The practical

fabrication of such arrays is simplified by the use of PCB technology. To that end,

the analysis/design of the overall broadband MIMO system needs to employ channel

models (both propagation and antenna) which are both tractable and consistent with

the underlying physics.

Although antennas are fundamental devices for wireless transmissions, the analysis and

design of MIMO systems have historically evolved around the basic precept of sepa-
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Chapter 1. Introduction

rating the mathematical abstractions of communication theory1 [40] and the physical

design considerations from antenna and electromagnetic theories [41,42]. For instance,

the wireless community assesses the performance of MIMO systems in terms of achiev-

able rate and spectral efficiency criteria while the figure of merit for antenna design

is the scattering parameters. Research effort has been recently made to bridge such

assessment gap between communication and antenna communities, e.g., wave theory of

information [43], electromagnetic information theory [44, 45], holographic MIMO [46],

and circuit theory for communication [47]. Multiport communication theory, first in-

troduced in [48] and popularized by [47], offers a consistent approach to incorporate

the physics of radio-communication into the model of the channel matrix and the noise

statistics. In this model, we have three interfaces between the transmitter and the

receiver. The first and third interfaces consist of the multiport networks that aim to

optimize (through different criteria) the link between the transmit/receive signals and

their respective antennas. The middle interface is a multiport network that incorpo-

rates the physics of propagation as well as the coupling of the antennas in use. Together

the communication channel is given by the relationship between the generator signal

(voltage/current) and the load signal. This multiport model has led to new insights

in beamforming [47], was used to incorporate the impact of the antenna size on the

achievable data rate [39, 49] and was adopted to study the performance of near-field

communication systems [50]. Further, by merging multiport communication theory

with information theory, the achievable rate criterion was used for the design of the

matching networks in SISO systems [49,51] as well as the analysis of coupling in wide-

band SIMO systems [52].

1Particularly the celebrated Shannon capacity formula for band-limited additive white Gaussian

noise (AWGN) channels.
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Chapter 1. Introduction

1.2 Contribution

The list of contributions is split into two parts. In the first part we investigate a mMTC

network and analyze major wireless metrics of the system. In the second part we go

into a more in depth analyses of the physics of propagation and develop a physically

consistent channel estimation algorithm.

1.2.1 Age of Information in Massive Access Massive MIMO

Systems

The major contributions of this part are summarized as follows.

• We derive a closed-form expression of the outage probability in the finite-user,

finite-antenna regime and through use of the central-limit theorem (CLT) we ex-

press this outage probability in the asymptotic case where both the number of

users and the number of antennas are allowed to grow large at a fixed ratio.

• Under the assumption of perfect CSI at the receiver, we derive an achievability

bound using a maximal ratio combining (MRC) receiver. We demonstrate how

this achievable bound scales with the number of users in the finite regime (e.g. in

Theorem 1 in Section IV) and further elaborate on its behaviour in the limit (e.g.

through Theorems 2 and 3 in Section 2.3).

• We show that fully uncoordinated non-orthogonal access can achieve minimum

AoI as long as all the devices are active in each transmission period. Furthermore,

our analysis reveals that with a large-scale antenna array at the BS both high

spectral efficiency and low AoI can be achieved.

• We further extend the analysis to the case of imperfect CSI as well as the zero-

forcing receiver. We derive the asymptotic as well as limiting spectral efficiency

7



Chapter 1. Introduction

of both the MRC as well as the zero-forcing receiver when the estimation error is

added to the noise contribution.

• Finally, using our bound, we gauge the performance of recent massive MIMO

unsourced random access (URA) schemes.

The work that is most closely related to the results presented in Chapter 2 is reported

in [13], where the authors considered a massive connectivity with massive MIMO system

for uplink data communication. In their paper, they used the state evolution frame-

work to obtain the limiting MSE of the approximate message passing (AMP) channel

estimation/activity detection algorithm. They further calculated the achievable rate

(interference limited capacity) with the MRC as well as the LMMSE receiver. The

limitation of their approach is that it treats only the asymptotic convergence as both

the number of antennas and users are infinite while the ratio of the number of antennas

to the number of users stays finite. On the other hand, the outage probability formu-

lation together with the approximation analysis presented in this work allows for the

asymptotic spectral efficiency characterization of large, yet finite, systems. The non-

asymptotic point of view, Theorem 1 in the manuscript, provides the spectral efficiency

as well as a precise, O(N−1.5), correction term.

1.2.2 Channel Estimation with Tightly-Coupled Arrays

The mutual coupling effects in antenna systems were previously investigated within

the context of carrier frequency offset estimation [53] and the angle of arrival acquisi-

tion [54]. Its impact on channel estimation was also explored in [55] where the authors

incorporated the mutual coupling in a correlated channel model and have shown the

performance degradation due to coupling. In Chapter 3, we provide a more elaborate

model that uncovers the effects of mutual coupling both in the channel and noise statis-

tics. As the network parameters of the antennas can be known a priori, we devise

8



Chapter 1. Introduction

a scheme where one can leverage the mutual coupling to improve channel estimation

compared to standard methods. The main contributions embodied in this part are:

• a novel scattering description of the communication channel which requires only

the scattering parameters of the arrays as well as the terminated far-field em-

bedded antenna patterns. With the use of only terminated embedded antenna

patterns, which can be easily measured as opposed to open/short circuit patterns,

the novel description significantly simplifies the antenna design.

• a novel algorithmic solution to the MIMO channel estimation problem in single-

and multi-carrier settings, which leverages the knowledge of the antenna scattering

parameters to compensate for the effects of mutual coupling and array frequency

response.

• in single-carrier systems under frequency-flat channels, we show an improvement

of at least 10 [dB] in normalized mean-squared estimation error with respect to

standard LMMSE channel estimation. This substantial gain stems from incorpo-

rating the array mutual coupling in the channel estimation procedure. We also

derive the achievable rate with the new channel estimation procedure and show

that almost half of the achievable rate is lost if the mutual coupling is not taken

into account.

• in a multi-carrier setting, the proposed algorithm also aims to equalize the fre-

quency selectivity of the antenna array. The gap between the standard LMMSE

procedure and the novel antenna-aware procedure widens in presence of antenna

array frequency selectivity. This is mainly due to the requirement to estimate

a larger number of taps which increases the model complexity. Equivalently the

remarkable enhancement in channel estimation performance translates into ap-

preciable achievable rate gains.
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Chapter 1. Introduction

• in a multi-carrier setting, we also develop a joint space/frequency power allocation

scheme and show that with the newly developed channel estimation procedure the

power allocation is close to a perfect CSI scenario.

Table 1.1: Summary of Scholastic Outputs

Publications Appearance

1. B. Tadele, V. Shyianov, F. Bellili, A. Mezghani

and E. Hossain, “Age-Limited Capacity of Massive

MIMO,” IEEE Transactions on Communications, doi:

10.1109/TCOMM.2022.3207820.

Chapter 2

2. B. Tadele, V. Shyianov, F. Bellili, and A. Mezghani, “Chan-

nel Estimation for Multicarrier Systems with Tightly-Coupled

Broadband Arrays,” submitted to IEEE Journal on Selected

Areas in Communication.

Chapter 3

3. B. Tadele, V. Shyianov, F. Bellili, A. Mezghani and E.

Hossain, “Age of Information-Limited Capacity of Uncoordi-

nated Massive Access Using Massive MIMO,” IEEE Wireless

Communications and Networking Conference (WCNC), doi:

10.1109/WCNC51071.2022.9771933.

Chapter 2

4. B. Tadele, V. Shyianov, F. Bellili, and A. Mezghani,“Channel

Estimation with Tightly-Coupled Antenna Arrays,” IEEE In-

ternational Conference on Acoustics, Speech and Signal Pro-

cessing (ICASSP), doi: 10.1109/ICASSP49357.2023.10096991.

Chapter 3
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1.3 Scholastic Outputs and Achievements

This thesis includes material previously published/submitted in peer-reviewed journals

and conferences as summarized in Table 1.1. I wish to acknowledge Dr. Amine Mezghani

and Dr. Faouzi Bellili for their help and constructive suggestions during the planning

and development of this research work.

1.4 Thesis Organization and Notations

We structure the rest of this thesis as follows.

• In Chapter 2 we analyze the AoI and spectral efficiency in massive connectivity

massive MIMO systems. Section 2.1 introduces the system model and in Section

2.2, we derive the exact packet probability of error and also find its more insightful

asymptotic approximation. In Section 2.3, we state the main results of this chapter

on the trade-off between achievable spectral efficiency and the AoI. In Section 2.4,

we extend the analysis to the case of imperfect CSI for the MRC and ZF receivers.

These results are further corroborated by computer simulations in Section 2.5.

• In Chapter 3 we develop a channel estimation algorithm that accounts for the mu-

tual coupling in the antenna arrays. In Section 3.1, we introduce the model of the

broadband MIMO wireless channel based on the impedance [47] as well as scatter-

ing descriptions. In Section 3.2, we introduce a single-carrier base-band equivalent

channel model as well as develop an antenna-aware channel estimation procedure

which we compare to the standard LMMSE channel estimation algorithm. In

Section 3.3, we present a base-band equivalent OFDM system and extend the

antenna-aware estimation procedure to this framework. Finally, our simulation

results are presented in Section 3.4. In this section we 1) describe the slot antenna
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including its broadband properties, 2) define the metrics of NMSE and achievable

rate and demonstrate performance advantages of the developed antenna-aware

estimation procedure, and 3) describe the advantages of using the developed scat-

tering description of the wireless channel and demonstrate the equivalence with

the impedance description.

• In Chapter 4, we draw out some concluding remarks and provide future directions

to investigate. Additionally, we prove our various claims in the Appendices.

Notations: The following notation is used throughout this thesis. Lower- and upper-

case bold fonts (e.g., x and X) are used to denote vectors and matrices, respectively,

and vectors are in column-wise orientation by default. The (m,n)th entry of X is

denoted as Xm,n, and the nth element of x is denoted as xn. We use H for a channel in

the continuous frequency domain, H for the discrete frequency domain, and H for the

discrete time domain. Moreover, {.}T and {.}H stand for the transpose and Hermitian

(transpose conjugate) operators, respectively. The operator vec(X) stacks the columns

of a matrix X one below the other and tr(X) takes its trace. Given a set of matrices

{X1,X2, . . . ,XN} the operator blockdiag(X1,X2, . . . ,XN) creates a new block diagonal

matrix with the matricesX1,X2 andXN on its diagonal blocks and zeros elsewhere. The

Kronecker product is denoted by ⊗ and ≜ is used for definitions. The symbols |.| and

∥.∥2 stand for the modulus and Euclidean norm, respectively. The shorthand notation

y ∼ CN (m,R) means that the random vector y follows a complex circular Gaussian

distribution with mean m and auto-covariance matrix R. Likewise, S ∼ Γ(k, θ) means

that the random variable S follows a Gamma distribution with shape parameter k and

scale parameter θ. The statistical expectation is denoted as either E{.} or E[·]. IM

denotes the M ×M identity matrix and where there is no confusion the subscript will

be dropped. Given any complex number, ℜ{·}, returns its real part and we use j to

denote the imaginary unit (i.e., j2 = −1). Finally, c denotes the speed of light in

12



Chapter 1. Introduction

vacuum (i.e., c ≈ 3 × 108 [m/s]), T is the temperature in Kelvin, λ is the wavelength,

and kb = 1.38× 10−23 [m2 kg s−2K−1] is the Boltzmann constant.

13



Chapter 2

Age of Information in Massive

Access Massive MIMO Systems

2.1 System Model, Assumptions, and Methodology

of Analysis

2.1.1 System Model and Definition of AoI

Consider a single-cell network consisting of N single-antenna devices transmitting their

status packets over an unreliable multiple-access channel to a BS withM receive antenna

elements. To aid synchronization, time is partitioned into slots of equal length T , which

is the maximum amount of time for transmission and reception of a single information

packet. We assume sporadic device activity where at the start of every time slot user i

transmits is current status with probability τi. We define {εi}Ni=1 as the binary activity

random variables which indicate whether user i transmits its packet or remains idle in

14
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a given slot:

εi =

{
1 if user i transmits his packet,

0 if user i remains idle.
(2.1)

Moreover, we assume {εi}Ni=1 are independent in each time slot with marginal distribu-

tions Pr(εi = 1) = τi. To maintain timely status updates, in every slot a new packet

is generated by each user. In this static macro-cell environment, where the coherence

time is on the order of hundreds of milliseconds and delay spread is on the order of

microseconds [3], the channel remains fairly constant and thus we assume a quasi-static

Rayleigh fading model1 for the duration of the slot in which hi ∼ CN (0, IM) denotes

the M × 1 channel vector between the i’th user and the BS. The received signal at the

BS at discrete time n can then be written as:

yn =
N∑
i=1

hiεixi,n + wn, (2.2)

where xi,n ∼ CN (0, Pi) is the transmitted symbol, while wn ∼ CN (0M , σ2
wIM) is the

additive white Gaussian noise (AWGN) which is assumed spatially uncorrelated across

all receive antennas. In the presence of Ka active users in a given transmission slot, the

above formulation is a Ka-user single-input multiple-output (SIMO) fading Gaussian

multiple access channel (GMAC).

Using pe,i to denote the slot-wise packet error probability (PEP) of the ith user, the

probability that the ith user updates the BS with its current status is then given by:

γi = τi(1− pe,i). (2.3)

An example of the slotted system with N = 3 users with T = 1 is depicted in Fig. 2.1.

Under perfect CSI at the receiver we use maximal-ratio combining (MRC) and assume

1The assumption of uncorrelated channels between the different antenna elements requires suffi-

ciently large inter-element spacing while the assumption of uncorrelated channel vectors between users

is only valid at large separation.
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Transmission Attempted

Transmission Not Attempted

Packet Incorrectly Decoded

Packet Successfully Decoded
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1

t

t

t

t

Figure 2.1: Slotted system with N = 3 total users and unit slot length.

that the blocklength is sufficiently large such that the capacity limit is approached

within a packet, as justified in [56]. Consequently, pe,i can be closely approximated by

the following outage probability:

1− pe,i =

Pr

ρi< log2

1 + ∥hi∥42Pi

∥hi∥22σ2
w +

∑N
j=1
j ̸=i

|hi
Hhj|2εjPj


 , (2.4)

in which ρi [bits/channel-use] is the spectral efficiency of the ith user. Recall that the

ultimate goal of each node is to keep the BS updated with its most recent state. If

the BS has node i’s state that was current at time t0, the age of that user’s state is

defined by the random process δi(t) ≜ t− t0. When node i attempts transmission and

gets correctly decoded at the BS we call it an arrival. We denote ith node’s jth arrival

epoch by ti,j. Between two arrival epochs, the age grows as a stair-case function of
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time and is reset to T when an arrival occurs, since this is the amount of time that it

took for a packet to be transmitted. We denote by Zi,j the inter-arrival time between

the jth update and the (j + 1)th update (i.e. Zi,j ≜ ti,j+1 − ti,j). Assuming that the

total number of users remains constant in each time slot, user i has a certain success

probability, γi, that it will update the BS with its state. After normalizing the slotted

period to T = 1, it then follows that each Zi,j is a geometric random variable with

parameter γi.

Similar to [57], we define the AoI, ∆i, of each node i as:

∆i ≜ lim
t′→∞

1

t′

∫ t′

0

δi(t)dt. (2.5)

For completeness, we show in Appendix A that the limit in (2.5) exists and that it

converges with probability one (WP1) to

∆i =
E[Z2

i ]

2E[Zi]
+

1

2
, (2.6)

as was done in more general terms in [58]. Since the Zi’s are geometric random variables,

it follows that E[Zi] = 1
γi

and E[Z2
i ] = 2

γ2
i
− 1

γi
, thereby leading to2:

∆i = γ−1
i . (2.7)

In the presence of N total users, we consider the network-wide average AoI, given

by:

∆ =
1

N

N∑
i=1

∆i. (2.8)

2.1.2 Methodology of Analysis

Since the AoI solely depends on the parameter τi and the outage probability pe,i, the

main objective will be to find the outage probability. In the following, we will first do

2Notice that since the error probability of the ith user pe,i is averaged over the number of active

users, the arrival process is still Bernoulli
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this in closed-form and thereafter, through use of the central limit theorem, we will find

an approximation in the asymptotic regime. This later allows us to find an explicit

relationship between the spectral efficiency, τ , the ratio M/N , and the probability of

error. To this end, we will illustrate exactly how the spectral efficiency scales in the

finite-user, finite-antenna case (e.g., through Theorem 1 in Section 2.3). Thereafter,

we will take the limit as the number of users and the number of antennas grow large

and we will find a phase-transition where the AoI is minimized in one regime and grows

unbounded in the other (as will be stated in Theorem 2 and Theorem 3 in Section

2.3).

2.2 Derivation of Packet Error Probability

2.2.1 Derivation of Exact PEP

Recall from (2.3) that in order for user i to successfully update the BS with its status

in a given slot a) it must attempt a transmission in that slot and b) the transmitted

packet must be decoded correctly. For ease of analysis, we consider a symmetric system

wherein the N users have the same transmit power (i.e. Pi = P ∀i) and the same

attempt probability (i.e. τi = τ ∀i). Dividing the second term inside the logarithm in

(2.4) by ∥hi∥22 and rearranging the terms we obtain:

1− pe,i = Pr

(2ρ − 1)

(
σ2
w+

N∑
j=1
j ̸=i

|Pεjh̃
H
i hj|2

)
≤∥hi∥22P

 (2.9)

where h̃i =
hi

∥hi∥2 . For notational compactness we define:

αρ =
1

2ρ − 1
, (2.10)
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and we denote the inverse signal-to-noise ratio (SNR) as β ≜ σ2
w

P
. Using these notations

and further simplifying (2.9), we obtain:

1− pe,i = Pr

αρ∥hi∥22 −
N∑
j=1
j ̸=i

|h̃H
i hj|2εj ≥ β

 . (2.11)

As was shown in [59], h̃H
i hj ∼ CN (0, 1) ∀ i, j and they are mutually independent

and also independent of ∥hi∥22. In order to deal with the random sum in (2.11), we

condition on the event of having k other users being active with the ith user. Since

the εj’s are independent and identically distributed (i.i.d) Bernoulli random variables

(RVs), the probability that k users are active out of the remaining N − 1 users (i.e.

after excluding user i) is the same as having k successes in N −1 Bernoulli trials. Thus,

the number of active users follows a Binomial distribution with parameters N − 1 and

τ . In order to calculate pe,i for each ith user it is convenient to marginalize over the

number of other active users, thereby leading to:

pe,i = 1 −
N−1∑
k=0

(
N − 1

k

)
τ k(1− τ)N−1−kpi|k, (2.12)

where pi|k is defined as the conditional probability of successful decoding, conditioned

on k other users being also active. More specifically, we have:

pi|k = Pr

{
αρ∥hi∥22 −

k∑
j=1

|h̃H
i hj|2 ≥ β

}
, (2.13)

where ∥hi∥22 follows a gamma distribution with shape parameter M and scale parameter

1 (i.e., ||hi||22 ∼ Γ(M, 1)). Similarly, the second term in (2.13) is a sum of k complex

normal RVs squared and hence follows a Γ(k, 1) distribution. By defining H ≜ αρ∥hi∥22
and Xk ≜

∑k
j=1 |h̃H

i hj|2, we see that pi|k in (2.13) is the complementary distribution

function of the RV Z ≜ H −Xk, as a function of the inverse SNR. In the case there are

no other active users (i.e. k = 0), pi|k is given by the complementary distribution of a
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gamma RV3. For k > 0, however, one can find the probability density function (pdf) of

Z through convolution, thereby leading to:

fZ(z) =


κ

∫ z

−∞
(−x)k−1(z − x)M−1e2

ρxdx if z < 0

κ

∫ 0

−∞
(−x)k−1(z − x)M−1e2

ρxdx if z ≥ 0,
(2.14)

where κ = e
−z
αρ

(k−1)!(M−1)!αM
ρ
. Since we are primarily interested in the probability that Z is

greater than4 β > 0, we are only concerned with fZ(z) for non-negative values of z. By

further manipulating the integral (2.14), it can be shown that the pdf for z ≥ 0 can be

written as:

fZ(z) =

z(
M+k−2

2 )

(M − 1)!αM
ρ 2

ρ
2
(M+k)

exp
(
−z

2
(2ρ − 2)

)
W̃M−k

2
, 1−M−k

2
(2ρz) (2.15)

where W̃ (.) denotes the Whittaker function. Averaging pi|k over the number of active

users and incorporating everything together we can finally write pe,i as follows:

pe,i = 1− (1− τ)N−1
(
1− Pr{H ≤ β}

)
−

N−1∑
k=1

(
N − 1

k

)
τ k(1− τ)N−1−k

∫ ∞

β

fZ(z)dz. (2.16)

2.2.2 Asymptotic Approximation of PEP

While (2.16) is an exact expression for PEP, it does not provide insights into the scaling

law of error probability as the total number of users and the number of BS antenna

branches both increase at a fixed ratio. In this Section, we derive an asymptotic ap-

proximation of PEP which becomes increasingly exact in the large system limit. More

3A gamma RV, with scale parameter θ, multiplied by a real number αρ, is another gamma RV with

scale parameter αρθ.
4Recall here that β is the inverse SNR which is a positive quantity.
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specifically, we will let the number of users N and the number of antennas M grow

large, while keeping their ratio, ζ ≜ M
N
, constant.

The analysis technique utilized in what follows capitalizes on the Berry-Esseen the-

orem. Proofs of the various claims introduced in this Section are detailed in Appendix

B. Using symmetry arguments, it can be seen that pe,i does not depend on i and after

omitting that index it follows from (2.12) that:

1− pe =
N−1∑
k=0

Pr {ε1 + . . .+ εN−1 = k}GM,k(β), (2.17)

where GM,k(β) = Pr
{∑2M

m=1Sm+
∑2k

l=1 Vl ≥ β
}
in which Sm ∼ Γ(1

2
, αρ) and Vl ∼ Γ(1

2
, 1).

Using Berry-Essen central limit theorem (BE-CLT), the inverse cumulative distribution

function (CDF) of the sum of gamma RVs in (2.17) converges uniformly to the standard

normal inverse CDF (see Lemma 1 in Appendix B), i.e.

Pr

{
2M∑
m=1

Sm +
2k∑
l=1

Vl ≥ β

}
= Q(w(k)) + O

(
1√

M + k

)
, (2.18)

where w(k) = β−αρM+k√
α2
ρM+k

and Q(.) is the standard Q-function, (i.e., the tail of the normal

distribution):

Q(x) =
1√
2π

∫ +∞

x

e
−t2

2 dt. (2.19)

Now incorporating the result in (2.18) into (2.17) and then using the CLT on Pr{ε1 +

. . .+ εN−1 = k}, (2.17) can be re-written as (see Lemma 2 in Appendix B):

pe = 1 − 1√
2π

∫ ∞

−∞
Q(w(s))e−

s2

2 ds + O
(

1√
N

)
, (2.20)

where

w(s) =
β − αρM + s

√
(N − 1)τ(1− τ) + (N − 1)τ√

α2
ρM + s

√
(N − 1)τ(1− τ) + (N − 1)τ

. (2.21)
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For large N , we approximate N − 1 by N (see Lemma 3 in Appendix B) thereby

leading to:

w(s) =
β − αρM + s

√
Nτ(1− τ) +Nτ√

α2
ρM + s

√
Nτ(1− τ) +Nτ

+ O
(

1√
N

)
. (2.22)

Then by substituting ζ = M
N

and multiplying both the numerator and denominator by

1√
N

we obtain:

w(s) =

β√
N
− αρζ

√
N + s

√
τ(1− τ) +

√
Nτ√

α2
ρζ +

s√
N

√
τ(1− τ) + τ

+O
(

1√
N

)
. (2.23)

We further neglect the terms which vanish for large N in (2.23), thereby leading to (see

Lemma 4 in Appendix B),

w(s) =

√
N(τ − αρζ) + s

√
τ(1− τ)√

α2
ρζ + τ

+O
(

1√
N

)
. (2.24)

We can also neglect the second term in the numerator of (2.24) that involves the inte-

gration variable s. In fact, although s grows large inside the integral, the exponential

makes the integrand function vanish for large-magnitude values of s. Small values of s,

however, can also be neglected for large values of N (i.e., in the asymptotic regime). Fi-

nally, our approximation for w(s) makes it independent of s (see Lemma 5 inAppendix

B):

w =

√
N(τ − αρζ)√
α2
ρζ + τ

+O(1). (2.25)

Consequently, one can take Q(w(s)) outside of the integral in (2.20) (see Lemma 6 in

Appendix B):

pe = 1−Q(w)

∫ ∞

−∞

1√
2π

e−
s2

2 ds+O
(

1√
N

)
, (2.26)

which simplifies to:

pe = 1−Q(w) +O
(

1√
N

)
. (2.27)
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2.3 Trade-Off Between AoI and Spectral Efficiency

In this Section, we characterize the trade-off between the achievable spectral efficiency

and the AoI in multiuser systems with a large-scale antenna array at the BS. It is shown

that as the number of users, N , and the number of antennas, M , increase while keeping

their ratio constant (i.e. ζ = M
N
) the maximum achievable spectral efficiency approaches

a well-characterized limit for any fixed AoI. The trade-off is manifested by making an

observation that spectral efficiencies above the established limit can only be achieved

by increasing the overall system AoI. To that end, we rewrite (2.8) more explicitly as a

function of the system parameters (see Lemma 7 in Appendix B):

∆(ζ,N, ρ, τ) =
1

τ

(
1−Q

(√
N(αρζ−τ)√

α2
ρζ+τ

)) +O
(

1√
N

)
, (2.28)

from which it follows, in the limit, that the minimum AoI for a given attempt probability

τ is given by5:

∆min(τ) =
1

τ
. (2.29)

We start by defining, for a given N , τ , and ϵ > 0, the set:

Ψϵ ≜ {ρ ∈ ℜ+ | pe < ϵ}, (2.30)

as the set of all achievable spectral efficiencies for which the probability of error is less

than ϵ. Note also that the condition pe < ϵ implies that ∆(ζ,N, ρ, τ) < 1
τ(1−ϵ)

+O
(

1√
N

)
.

We illustrate fundamental trade-offs in finite user case in the following theorem.

5One can also numerically optimize (2.28), ignoring the error term, and find the τ that minimizes

(2.28). Ignoring the error term will have minimal affect in this optimization as seen in the real-time

simulation in Fig. 2.2.
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Theorem 1. For any 0 < τ < 1, ζ > 0, and ϵ > 0, there exist N0 ∈ N such that for

any N > N0, the set Ψϵ is non-empty with a supremum

ρ∗N ≜ sup
ρ

Ψϵ = (2.31)

log2

1 + ζ − Q−1(ϵ)2

N

τ +

√
τ 2 + τ

(
1− Q−1(ϵ)2

Nζ

)(
Q−1(ϵ)2

N
− τ
)
+O

(
1

N1.5

)
.

Proof. As shown in Appendix C, the condition that pe < ϵ leads to αρ > α+
ρ (ϵ1)

where:

α+
ρ (ϵ1) =

τ +
√
τ 2 − τ(1− Q−1(ϵ1)2

Nζ
)(τ − Q−1(ϵ1)2

N
)

ζ − Q−1(ϵ1)2

N

, (2.32)

and ϵ1 = ϵ+O
(
1/
√
N
)
. Due to the differentiability of Q−1, the error term can be taken

out of Q−1 in (2.32) thereby leading to:

α+
ρ (ϵ1) =

τ +

√
τ 2 − τ

(
1− Q−1(ϵ)2

Nζ
+O

(
1

N1.5

))(
τ − Q−1(ϵ)2

N
+O

(
1

N1.5

))
ζ − Q−1(ϵ)2

N
+O

(
1

N1.5

) . (2.33)

Recalling the definition of αρ, we see that αρ > α+
ρ (ϵ1) is equivalent to:

ρ < log2

(
1 +

1

α+
ρ (ϵ1)

)
. (2.34)

Again, due to the differentiability of the logarithm and due to ϵ being greater than

ϵ0(N, ζ) the error term can be taken out of the logarithm and we have:

ρ < log2

(
1 +

1

α+
ρ (ϵ)

)
+O

(
1

N1.5

)
. (2.35)

Therefore, Ψϵ can be re-written as:

Ψϵ =

{
ρ ∈ ℜ+

∣∣∣∣ ρ < log2

(
1 +

1

α+
ρ (ϵ)

)
+O

(
1

N1.5

)}
. (2.36)

Note that the upper bound on ρ is always positive as we assume ϵ > ϵ0(N, ζ) and hence

Ψϵ is non-empty and its is supremum is given by (2.31).
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A special case of Theorem 1 wherein the error probability vanishes in the limit is

described in the following two theorems.

Theorem 2. (Achievability) For any 0 < τ < 1 and ζ > 0, we define the age-limited

capacity as

Cτ,ζ = log2

(
1 +

ζ

τ

)
, (2.37)

such that for any spectral efficiency, ρ < Cτ,ζ, the error probability, pe −→ 0, and the

AoI, ∆(ζ,N, ρ, τ) −→ ∆min(τ), as N −→ ∞.

Proof. Note that the second term in (2.28) goes to zero in the limit as N → ∞ and

so the AoI is determined by the first term. Given the parameters τ and ζ, we see that

the AoI in (2.28) is monotonically increasing with pe. Therefore, as pe −→ 0 the AoI

∆(ζ,N, ρ,N) −→ ∆min(τ). Now, fix δ > 0 and ρ = Cτ,ζ − δ. The probability of error is

determined by the Q-function or equivalently its argument. Hence, for a given N and

a given value of

φ(ρ) ≜
αρζ − τ√
α2
ρζ + τ

, (2.38)

the probability of error is well specified. Plugging ρ in (2.38), it follows that:

φ(Cτ,ζ − δ) =
(ζ + τ)(1− 2−δ)√
ζ + τ(2(Cτ,ζ−δ) − 1)2

, (2.39)

which is always positive. Therefore, as N −→ ∞ the argument inside the Q-function

approaches +∞; hence pe −→ 0 and ∆(ζ,N, ρ, τ) −→ ∆min(τ).

Theorem 3. Given τ , ζ and any spectral efficiency ρ > Cτ,ζ, the error probability,

pe −→ 1, and the AoI ∆(ζ,N, ρ, τ) −→ ∞ as, N −→ ∞.

Proof. We prove this in a similar way as we did for Theorem 2. In fact, we choose an

arbitrary δ > 0 and set ρ = Cτ,ζ + δ. Plugging the latter in (2.38) and simplifying we

obtain:

φ(Cτ,ζ + δ) = − (ζ + τ)(2δ − 1)√
ζ + τ(2(Cτ,ζ+δ) − 1)2

. (2.40)
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Now, the argument inside the Q-function is negative for all values of N and approaches

−∞ as N −→ ∞, from which it follows that pe −→ 1 and ∆(ζ,N, ρ, τ) −→ ∞.

Corollary 3.1. For any ϵ > 0, the age-limited capacity defined in (2.37) is given by

Cτ,ζ = lim
N−→∞

ρ∗N . (2.41)

Proof. We see that as N −→ ∞ the threshold, ϵ0(N, ζ) goes to zero as it decays with

N . Therefore, for any ϵ > 0, ρ∗N is well defined. As the function log2 x is continuous at

x = 1 + ζ
τ
, one can take the limit inside its argument in ρ∗N , from which the corollary

follows.

Remark 1. It is interesting to observe the similarity between the age-limited capacity

and the capacity of the AWGN channel. In the age-limited capacity, the ratio ζ
τ
plays the

role of the SNR in the AWGN Capacity. In working with asymptotic scenarios where we

have both a large number of users and a large number of antennas, the noise variance

becomes negligible. In this asymptotic interference-limited scenario the decoding error

probability is dominated by τ . It is insightful in this case to view τ as the noise variance.

Similarly, the ratio, ζ, of the number of antennas to the number of users plays the role

of the transmit power.

Remark 2. Note also, that the age-limited capacity, Cτ,ζ = log2
(
1 + ζ

τ

)
, is parame-

terized by τ and ζ and can be increased by decreasing the value of τ . Now, for any

spectral efficiency below Cτ,ζ our analysis reveals that the age-limited capacity can be

approached as N −→ ∞ in which case the minimum achievable AoI is given by (2.29).

Thus, while the aggregate spectral efficiency can be made large by decreasing τ , the price

is an undesired increase in the AoI. This should be expected on intuitive grounds since

as τ becomes small, the users that are lucky to transmit in a given slot can be easily

separated in the spatial domain by making use of a large-scale antenna array at the BS.
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2.4 Analysis with Imperfect CSI

We incorporate imperfect CSI into our analysis by using a channel estimator and writing

the error in channel estimation as E ≜ Ĥ −H, where Ĥ is the channel estimate. We

assume that Ĥ and E are independent and E i ∼ CN (0M , σ2
pIM), ĥi ∼ CN (0M , (1 −

σ2
p)IM) where E i and ĥi are the ith columns of E and Ĥ respectively and σ2

p is the

mean-squared error (MSE) in channel estimation. We further assume that the columns

of E and Ĥ are independent. In the analysis we append the estimation error into the

noise and interference terms. The MSE, σ2
p, of the MMSE estimator could be obtained

from the state evolution of the AMP algorithm [13].

2.4.1 Maximal-Ratio Combining

In the case of MRC our system model becomes:

yn =
N∑
i=1

ĥiεixi,n −
N∑
i=1

E iεixi,n + wn. (2.42)

From this view, we can write the outage probability as:

pe,i = 1− Pr{ρi < CMRC}, (2.43)

where

CMRC ≜

log2

1 +
∥ĥi∥42Pi

∥ĥi∥22σ2
w +

∑N
j=1
j ̸=i

|ĥH
i ĥj|2εjPj +

∑N
j=1 |ĥH

i Ej|2εjPj

 .

Conditioning on k out of the total N users being active and considering a symmet-

ric system as before, i.e., Pi=P ∀i, and simplifying we write the conditional outage
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probability, pe|k, as:

1− pe|k =

Pr

{
αρ∥ĥi∥22 −

k∑
j=1

|h̃H
i ĥj|2 −

k+1∑
j=1

|h̃H
i Ej|2 ≥ β

}
, (2.44)

where h̃i =
ĥi

∥ĥi∥2
. To make this convenient for use of the CLT we write (2.44) as:

1− pe|k = Pr


2M∑
m=1

Sm +
2k∑
l=1

Vl +

2(k+1)∑
n=1

Tn ≥ β

 , (2.45)

where Sm ∼ Γ(1
2
, αρ(1−σ2

p)), Vl ∼ Γ(1
2
, (1−σ2

p)), and Tn ∼ Γ(1
2
, σ2

p). We now apply the

CLT and use the same techniques utilized previously to get the asymptotic results. We

will disregard the error terms in this analysis to avoid redundancy. Applying the CLT

the conditional outage probability can be written as:

pe|k ≈ 1−Q(w(k)), (2.46)

where

w(k) =
β − αρ(1− σ2

p)M + (1− σ2
p)k + (k + 1)σ2

p√
α2
ρ(1− σ2

p)
2M + (1− σ2

p)k + (k + 1)σ4
p

.

Similar to the perfect CSI case, we make a normal approximation to the binomial

distribution, k = s
√
(N − 1)τ(1− τ) + (N − 1)τ , we approximate N − 1 by N , and

substitute ζN = M :

w(s) =

(β + σ2
p)− αρ(1− σ2

p)ζN + s
√

Nτ(1− τ) +Nτ√
α2
ρ(1− σ2

p)
2ζN + ((1− σ2

p)
2 + σ4

p)(s
√

Nτ(1− τ) +Nτ) + σ4
p

.

Next we divide both the numerator and denominator by
√
N and neglect terms that do

not grow with N :

w(s) =

√
N(τ − αρ(1− σ2

p)ζ)√
α2
ρ(1− σ2

p)
2ζ + τ((1 + σ2

p)
2 + σ4

p)
. (2.47)
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As w(s) is now independent of s, averaging over the binomial distribution will have no

affect and thus we can write the total outage probability of the system as:

pe ≈ Q

 √
N(αρ(1− σ2

p)ζ − τ)√
α2
ρ(1− σ2

p)
2ζ + τ((1 + σ2

p)
2 + σ4

p)

 . (2.48)

Similar to the perfect CSI case, we find the achievable rate for a given error probability

of ϵ given by:

ρMRC ≈

log2

1 +
1

τ
ζ

1
(1−σ2

p)
+

Q−1(ϵ)
√

α2
ρ(1−σ2

p)
2ζ+τ((1+σ2

p)
2+σ4

p)

ζ(1+σ2
p)
√
N

 ,

which in the limit leads to:

ρMRC = log2

(
1 +

ζ

τ
(1− σ2

p)

)
. (2.49)

2.4.2 Zero-Forcing

We first start by rewriting the system model given in (2.2) in a matrix-vector product

form given by:

yn = Hxn + wn, (2.50)

where H = [ε1h1, . . . , εNhN ] and xn = [x1,n, . . . , xN,n]
T. Conditioned on k out of the N

total users being active we can write ZF receiver as:

WH
ZF =

1√
P
(HHH)−1HH, (2.51)

where now H is only composed of the channels of the k active transmitters. Applying

this linear receiver to yn we have:

WH
ZFyn = sn + vn, (2.52)
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where now sn ∼ CN (0k, Ik) and vn is coloured noise with E[vnv
H
n |H] = β(HHH)−1. In

this case, the ith user will see a scalar channel and the maximum achievable rate over

this channel will be given by log2(1 + SNRZF
i ) where SNRZF

i is given by:

SNRZF
i =

E[snsHn ]i,i
E[vnvH

n |H]i,i
=

1

β(HHH)−1
i,i

. (2.53)

SNRZF
i is found to follow a Chi-Squared distribution with 2(M−k+1) degrees of freedom

(DOF). For the case that no other users are active besides user i, SNRZF
i follows a Chi-

Squared distribution with 2M DOF [3]. Therefore, averaging over all of the users we

can write the error probability as:

pe = (1− τ)N−1

∫ 2ρ−1

0

fχ2
2M

(η)dη (2.54)

+

N−1∑
k=1

(
N − 1

k

)
τ k(1− τ)N−1−k

∫ 2ρ−1

0

fχ2
2(M−k+1)

(η)dη,

from which the AoI simply follows from (2.8).

To analyze our system asymptotically under ZF we write our system model as:

yn =
√
P (1− σ2

p)Ĥsn −
√
PEsn + wn. (2.55)

Conditioning on k out of the N users being active the ZF filter can be written as:

WH
ZF =

1√
P (1− σ2

p)
(ĤHĤ)−1ĤH, (2.56)

where now Ĥ is only composed of the channels of the k active transmitters. Applying

this linear receiver to yn we have:

WH
ZFyn = sn + vn, (2.57)

where now sn ∼ CN (0k, Ik) and vn is coloured noise with the estimation error term, i.e:

vn = −
√
PWH

ZFEsn + WH
ZFwn. (2.58)
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In this case, the ith user will see a scalar channel and the maximum achievable rate over

this channel will be given by log2(1 + SNRZF
i ) where SNRZF

i is given by:

SNRZF
i =

E[snsHn ]i,i
E[vnvH

n ]i,i
=

1

E[vnvH
n ]i,i

. (2.59)

It is easy to show that:

E[vnv
H
n ] =

(
kσ2

p + β

1− σ2
p

)
(ĤHĤ)−1. (2.60)

Therefore, we can now write the conditional outage probability as:

pe|k = Pr

 1(
kσ2

p+β

1−σ2
p

)
(ĤHĤ)−1

i,i

≤ 1

αρ

 (2.61)

For the asymptotic analysis we let M and N grow large while holding their ratio,

ζ = M/N , constant. In the case of ZF we additionally have the condition that ζ ≥ 1.

We can see the first term in (2.54) goes to 0 as N grows large and we focus on the

second term. We note that the RV:

Z =
χ2
2(M−k+1) − (M − k + 1)/

(
kσ2

p+β

1−σ2
p

)
√
M − k + 1/

(
kσ2

p+β

1−σ2
p

) , (2.62)

tend to a normal distributions by the central limit theorem as the number of DOF grow

large. Therefore we can rewrite the second integral in (2.54) as:∫ 2ρ−1

0

fχ2
2(M−k+1)

(η)dη −→
∫ λM,k

−
√
M−k+1

fZ(z)dz, (2.63)

where:

λM,k =
kσ2

p + β

αρ(1− σ2
p)
√
M − k + 1

−
√
M − k + 1.

We can write the integral in (2.63) as a difference of two Q-functions given by the upper

and lower bounds of the integral, i.e:∫ λM,k

−
√
M−k+1

fZ(z)dz = Q
(
−
√
M − k + 1

)
−Q(λM,k). (2.64)
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As we let M grow large for a fixed k the term on the left goes to 1. Making the

substitution M = ζN , approximating N − 1 by N , and approximating the binomial

distribution using the CLT through k = s
√

(N − 1)τ(1− τ) + (N − 1)τ , we can write

the total probability error as:

pe,i = 1 − 1√
2π

∫ ∞

−∞
Q(w(s))e−

s2

2 ds, (2.65)

where w(s) is given by:

w(s) =(
((2ρ−1)β)

1−σ2
p

− 1
)
− (s

√
Nτ(1− τ) +Nτ)

(
(2ρ−1)σ2

p

(1−σ2
p)

+ 1
)
− ζN√

ζN − (s
√

Nτ(1− τ) +Nτ) + 1
. (2.66)

Dividing the numerator and denominator of w(s) by
√
N and neglecting terms that do

not grow with N we get:

w(s) =

√
N
(
τ
(

(2ρ−1)σ2
p

(1−σ2
p)

+ 1
)
− ζ
)

√
ζ − τ

. (2.67)

Finally, since this term does not not depend on s we take it out of the integral and

write the asymptotic packet error probability as:

pe,i = Q

√
N
(
ζ − τ

(
(2ρ−1)σ2

p

(1−σ2
p)

+ 1
))

√
ζ − τ

 . (2.68)

Similarly we find the achievable rate for a given error probability of ϵ:

ρZF ≈ log2

(
1 +

1− σ2
p

σ2
p

(
ζ

τ
− 1− Q−1(ϵ)

√
ζ − τ

τ
√
N

) )
, (2.69)

which in the limit leads to:

ρZF = log2

(
1 +

1− σ2
p

σ2
p

(
ζ

τ
− 1

) )
. (2.70)
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2.5 Numerical Results and Discussion

We now illustrate the results found in the previous sections and further compare recent

URA schemes against our bound.

2.5.1 Trade-Off Between AoI and Spectral Efficiency

In order to determine the direct relationship between the spectral efficiency and the

AoI, we start by re-writing (2.28) as a function of the spectral efficiency for a given

probability of error, pe = ϵ. In this case, the AoI reduces simply to:

∆(ζ,N, ρ, τ) =
1

τϵ(1− ϵ)
+ O

(
1√
N

)
, (2.71)

where τϵ is found by solving for τ in the Q-function in (2.28) and is given by

τϵ = αρζ +
Q−1(ϵ)2

2N

−

√(
αρζ +

Q−1(ϵ)2

2N

)2

+ α2
ρ

(
Q−1(ϵ)2ζ

N
− ζ2

)
. (2.72)

The identity in (2.72) is valid for ρ ≥ ρmin(ϵ) where ρmin(ϵ) is given in (2.31) evaluated

at τ = 1 (this is seen when solving for τ from the Q-function and observing where the

solution is valid). In Fig. 2.2, we plot (2.71), ignoring the error terms, for pe = 10−5,

ζ = 0.3, and N = {100, 500, 1000}. We also plot the case of infinite number of users

with pe = 0 whose curve is obtained by taking N → ∞ in (2.72), i.e.:

lim
N→∞

τϵ = αρζ. (2.73)

Each spectral efficiency on the N = ∞ curve is the age-limited capacity for a given

set of τ and ζ. In both the finite- and infinite-number-of-users scenarios, the AoI is

minimized by setting τ to 1, as seen in (2.71). In the finite case, however, the minimum

AoI is limited by the probability of error and is given by:

∆ϵ =
1

1− ϵ
+ O

(
1√
N

)
. (2.74)
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Figure 2.2: AoI vs Spectral Efficiency at pe = 10−5 and ζ = 0.3. In the simulation, for

N = 100 we set the number of slots to be 105.

On the other hand, in the infinite-number-of-users regime the probability of error is

driven to zero and the AoI takes the minimum value possible, ∆ = 1. This is clearly

seen in the zoomed portion of Fig. 2.2. We also add a simulation for N = 100. In our

simulation we choose a large number of time slots, 105, and simulate the network AoI.

Indeed, we can see from Fig. 2.2 that the error term in our approximations is small.

2.5.2 Performance under Imperfect CSI

We compare the achievable rates for MRC and ZF for a given MSE in channel estimation

in Fig. 2.3. Indeed as expected the ZF receiver performs better given that the channel

34



Chapter 2. Age of Information in Massive Access Massive MIMO Systems

estimate is good. However, the MRC receiver is more robust and is not as sensitive to

imperfect channel estimates. Additionally, the constraint ζ ≤ 1 for ZF heavily limits

its use in mMTC where the total number of users is much larger than the number of

BS antennas. Similar results follow for both AoI and Outage performance.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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0.8
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Figure 2.3: Achievable rate against Channel Estimation Error, here we use ζ = 1.2, and

τ = 0.95.

2.5.3 Application to Unsourced Random Access (URA)

The URA paradigm, initially analyzed in [11], in which the base station is tasked with

providing multiple access to a large number of uncoordinated users, has attracted con-
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siderable attention. In [11], the random coding achievability bound was derived and

compared against popular multiple-access schemes. A number of algorithmic solutions

for URA were proposed in [60–63]. However, all of the above theoretical and algorithmic

works focused on the case of a single receive antenna at the BS. To date, the only two

algorithmic solutions for the URA paradigm that have so far investigated the use of

the massive MIMO technology are [16, 64] whose performances have not been gauged

against any achievability bound. We will refer to these two massive MIMO-based URA

schemes in [16,64] as “clustering-based” and “covariance-based”, respectively.

In Fig. 2.4, we use computer simulations to compare both schemes to the new

achievability bound established in Theorem 1 as well as to the exact expression estab-

lished in (2.16). For both the schemes, we fix the bandwidth to W = 10 MHz and the

noise variance to σ2
w = 10−19.9 × W [Watts] and then calculate the required transmit

power that yields the SNR, β−1 = 30 dB. For the clustering-based URA scheme, we

use a Gaussian prior for HyGAMP-based compressed sensing (CS) and communicate

B = 102 information bits per user/packet over L = 6 slots. For the covariance-based

scheme, we fix the number of information bits per user/packet to B = 104 bits which

are communicated over L = 17 slots. The parity bit allocation for the outer tree code

is set to p = [0, 8, 8, . . . , 14]. We also use J = 14 coded bits per slot which leads to the

total rate of the outer code Rout = 0.437. For both the schemes, we simulate 3 data

points with Ka = [50, 75, 100] active users and M = [30, 45, 60] antennas at the base sta-

tion in which case the achievable spectral efficiency in (2.37) is given by log2

(
1 + M

Ka

)
.

Note that even though the achievable spectral efficiency does not depend on the total

number of users, as is the case in [11], the AoI does. In fact, as the total number of

users increases, the AoI grows unbounded for any fixed number of active users.

In the plots of Fig. 2.4, apart from the gap between the newly established bound and

the existing algorithmic solutions, it is seen that the achievable spectral efficiency of both

schemes decreases as the number of active users increases. Actually, it should be possible
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Figure 2.4: Performance of two recent URA schemes against the newly established

achievability bound in (2.31) with pe = 10−2.

to rigorously prove this limitation for any CS-based decoding scheme. Roughly speaking,

as the number of active users grows, increasing the per-user spectral efficiency requires

one to decrease the blocklength thereby rendering the CS-based support recovery task

more challenging. In fact, the fundamental limitation of support recovery requires (see

Chapter 7 of [65]) the blocklength L = O(Ka log(
2B/L

Ka
)) to scale a little faster than the

number of active users with a single antenna at the BS. On the contrary, in [15, 64],

it was shown that the covariance-based URA scheme with a large-scale antenna array

at the BS can recover the support perfectly as long as Ka log
2
(
2B/L

Ka

)
= O(L2) and
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Ka

M
= o(1). However, in this case, the achievable spectral efficiency goes to infinity and

the achievable performance with respect to Theorem 1 has to be investigated carefully.

In particular, a sharper characterization of the Ka

M
= o(1) term is required.
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Chapter 3

Channel Estimation with

Tightly-Coupled Arrays

3.1 System Model

Multiport network analysis is a tool that we will utilize to characterize the properties of

the antennas inside a circuit model. A generic multiport communication system (Fig.

3.1) consists of Nt transmit generator voltages, described by vG, that induce Nr voltages

at the receiver across the loads, which are described by vL. This model can be written

as:

vL(f) =
√
ρHeff(f)vG(f) + n(f), (3.1)

where ρ is the large-scale parameter and n(f) jointly represents the extrinsic and in-

trinsic noise sources at the receiver. We define Heff(f) as the “effective channel” as

it characterizes the antennas in use in addition to the propagation medium. We refer

to the standard MIMO channel in the literature [3] as the “propagation channel” and

denote it by H(f) which is determined based the embedded far-field patterns of the

array elements under reference terminations as well as the propagation medium.
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Figure 3.1: Generic Multi-port Communication System

3.1.1 Impedance Description

The first multiport network, seen as a “source” multiport, relates the transmit generator

voltages, vG(f) to the voltages that will be induced on the Nt transmit antennas,

vT(f). This can be thought of as a feeding network for the transmit antennas and

will incorporate the source impedances of the transmit voltages. This multiport can be

represented by a single output impedance matrix ZS(f). The middle multiport network

represents the propagation medium and antenna arrays and is described through the

impedance matrix, ZMIMO(f) given by:[
vT(f)

vR(f)

]
=

[
ZT(f) ZTR(f)

ZRT(f) ZR(f)

]
︸ ︷︷ ︸

ZMIMO(f)

[
iT(f)

iR(f)

]
. (3.2)

Here the transmit antenna impedance matrix is given by ZT(f), the receive antenna

impedance matrix is given by ZR(f), and the propagation medium will be modeled

through the use of ZRT(f). By the unilateral approximation [47] we set ZTR(f) = 0. The

interface between the receive antennas and the low-noise amplifiers (LNA) is represented

by load matrix ZL(f). This ZL(f) is the input impedance looking at the load side and

represents a “load” multiport. We model the extrinsic noise collected at the receive

antennas through the vector vEN(f) and the intrinsic amplifier noise is modeled through

vIN(f). At last, we assume a single-source LNA with a gain of β. Finally, through basic
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circuit analysis, it is simple to show that

Heff(f) = βZL(f)[ZR(f) + ZL(f)]
−1ZRT(f)[ZT(f) + ZS(f)]

−1, (3.3)

and

n(f) = vIN(f) + βZL(f)[ZR(f) + ZL(f)]
−1vEN(f). (3.4)

We can write the mutual impedance, ZRT(f), that models the propagation channel as

follows:

ZRT(f) =

[
diag

(√
ℜ{ZR(f)}

)
HOC(f) diag

(√
ℜ{ZT(f)}

)]
, (3.5)

where HOC(f) is the propagation channel calculated based on open-circuit embedded

pattern (̸= H(f)). To compute the noise correlation matrix it is assumed that the noise

voltage sources associated with different amplifiers are independent:

E[vIN(f)vIN(f)
H] = 4β2 kb T (Nf − 1)RinI, (3.6)

where (.)H denotes the conjugate-transpose of a matrix, T is the noise temperature in

Kelvin and Rin is the input impedance of the Nr LNAs. The extrinsic noise corre-

lation matrix, assuming the antenna array is in thermodynamic equilibrium with the

environment is given by,

E[vEN(f)vEN(f)
H] = 4kbTℜ{ZR(f)}. (3.7)

With the above, the correlation of the total noise vector in (3.1),Rn(f) ≜ E[n(f)n(f)H],

can be determined as a sum of extrinsic and intrinsic noise correlations:

Rn(f) =
[
4kbTβ

2ZL(f)[ZR(f) + ZL(f)]
−1ℜ{ZR(f)}[ZR(f) + ZL(f)]

−HZL(f)
H
]
(3.8)

+ 4kbTβ
2(Nf − 1)RinI.
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3.1.2 Scattering Description

In the scattering description, incident and reflected power waves at ports are related

through scattering parameters. As the scattering parameters are measured using a load

termination these are most useful for antenna analysis. The effective channel in the

scattering description is given by [66]:

Heff(f) =
β

4

[
I+ SL(f)

][
I− SR(f)SL(f)

]−1
(3.9)

× SRT(f)
[
I− SS(f)ST(f)

]−1[
I− SS(f)

]
,

where SRT(f) is given by:

SRT(f) =
√

I− diag(SR(f)HSR(f))H(f)
√
I− diag(ST(f)HST(f)). (3.10)

Additionally, the corresponding noise correlation matrix is given by:

Rn(f) =

[
kbTβ

2Z0[I+ SL(f)][I− SR(f)SL(f)]
−1[I− SR(f)

HSR(f)][I− SR(f)SL(f)]
−H

×[I+ SL(f)]
H

]
+ 4β2kbT (Nf − 1)RinI. (3.11)

For the remainder of this chapter we will exclusively use the scattering representation in

(3.9) and (3.11) and assume that source and load terminations are designed such that

SS = 0 and SL = 0.

3.2 Single-Carrier System

When the bandwidth B is much smaller than the carrier frequency fc, and the channel

is constant within the coherence block, the system model can be written in discrete

time as:

y =
√
ρHeff x + n, (3.12)
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where y, x, and n are discrete time samples of vL, vG and n respectively. Heff is the

discrete-time version of the channel in (3.1) at the carrier frequency1 fc. In this case,

n ∼ CN (0,Rn) where Rn is obtained from (3.11) as:

Rn = BRn(fc). (3.13)

The channel, Heff, can be decomposed as the product of three matrices as:

Heff ≜ QHF, (3.14)

where,

F ≜
√

I− diag(SH
TST),

Q ≜
β

4

√
I− diag(SH

RSR).
(3.15)

In a rich scattering environment the propagation channel H can itself be written as a

product of three matrices [3]:

H = RR
1/2HwRT

1/2, (3.16)

wherein the entries of Hw are modeled by i.i.d complex Gaussian random variables and

R
1/2
R ≜ (I− diag(SH

RSR))
−1/2(I− SH

RSR)
1/2,

R
1/2
T ≜ (I− SH

TST)
1/2(I− diag(SH

TST))
−1/2.

(3.17)

The transmit and receive spatial correlation matrices are obtained from the field identity

which results from power conservation,

(I− SHS)m,n =

∫
4π

EH
m(θ, ϕ)En(θ, ϕ)dΩ (3.18)

where E(θ, ϕ) is the embedded far-field pattern of the array, either transmit or receive,

with the corresponding phasing of the elements. Further, it can be shown that the

correlation matrix of the vectorized channel, vec(H), is given by:

RH = (R
T/2
T R

1/2
T

∗
)⊗ (RR

1/2RR
H/2). (3.19)

1For the single-carrier case, the channel and network parameters will be evaluated at frequency fc

and we no longer write them as functions of frequency for compactness.
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Additionally, since the vectorized effective channel, vec(Heff), can be written as:

vec(Heff) = T vec(H), (3.20)

where T ≜ (FT ⊗Q). We can write the correlation matrix of the vectorized effective

channel as:

RHeff
= TRHTH. (3.21)

3.2.1 Classical Channel Estimation

Assume that Np pilot signals, x(t) ∈ CNt , t = 1, · · · , Np are sent by the transmit array.

The associated space-time matrix, Y ∈ CNr×Np , of receive signals is given by:

Y =
√
ρHeffX + N, (3.22)

where X = [x(1), . . . ,x(Np)] and N = [n(1), . . . ,n(Np)] ∈ CNr×Np is the additive

noise matrix. The noise vectors, n(t), t = 1, . . . , Np, are mutually independent and

n(t) ∼ CN (0,Rn) ∀t. By vectorizing (3.22) it follows that:

ỹ =
√
ρA vec(Heff) + ñ, (3.23)

where ỹ ≜ vec(Y), ñ ≜ vec(N), and A ≜ (XT ⊗ I). From the model in (3.23) we can

estimate vec(Heff) using the LMMSE estimator:

vec(Ĥeff) = WH
AB ỹ, (3.24)

where:

WAB =
√
ρ
(
R̃ñ + ρAR̃Heff

AH
)−1

AR̃Heff
. (3.25)

While the model in (3.23) better characterizes the physics of communication, standard

communication models ignore the channel and noise correlations stemming from mutual

coupling of the transmit and receive antennas. This amounts to, wrongly, assuming
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R̃ñ = c1I and R̃Heff
= c2I for two constants c1 and c2. We will call the LMMSE

estimator that does not take the mutual coupling into account the “Antenna Blind”

(AB) estimator and denote it by WAB. The constants c1 is taken to be the noise

power scaling factor in the perfectly matched case, i.e., the constant in (3.11) when

SR = 0. The constant c2 is the scale in the channel power given by the trace of

the correlation matrix of Heff given by tr(RHeff
)/(NrNt). These values are easily and

accurately measured at the receiver.

A useful metric to assess the performance of this estimator is the mean-squared error

(MSE) matrix defined as:

EAB
eff ≜ E{(vec(Heff)− vec(Ĥeff))(vec(Heff − vec(Ĥeff))

H}. (3.26)

This equals the covariance of the estimation error vector and fully describes the accuracy

of the estimator. It can be shown that for the AB estimator, this is given by:

EAB
eff = RHeff

− ρRHeff
AH
(
R̃ñ + ρAR̃Heff

AH
)−1

AR̃Heff
(3.27)

− ρR̃H
Heff

AH
(
R̃H

ñ + ρAR̃H
Heff

AH
)−1

ARH
Heff

+ ρR̃H
Heff

AH
(
R̃H

ñ + ρAR̃H
Heff

AH
)−1

∗
(
Rñ + ρARHeff

AH
)(
R̃ñ + ρAR̃Heff

AH
)−1

AR̃Heff

3.2.2 Antenna Aware Channel Estimation

We start by rewriting (3.22) in terms of the expansion in (3.14):

Y =
√
ρQHFX + N, (3.28)

where N and X are the same as in (3.22) and H is given in (3.16). At the receiver, we

whiten the noise by using the Cholesky decomposition, Rn = LLH, by multiplying the

received signal by L−1, that is:

Y′ =
√
ρ (L−1Q)H (FX) + N′, (3.29)
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where Y′ ≜ L−1Y and N′ ≜ L−1N. Now the columns, {n′(t)}Np

t=1, of N
′ are mutually

independent and n′(t) ∼ CN (0, I) ∀t. We now apply the vec(.) operator to obtain:

ỹ′ =
√
ρA′vec(H) + ñ′, (3.30)

where ỹ′ ≜ vec(Y′), ñ′ ≜ vec(N′) and

A′ ≜ (FX)T ⊗ (L−1Q).

We can now use LMMSE estimation to reconstruct vec(H) from (3.30). By doing so we

have incorporated the mutual coupling effects in estimation and will call this estimator

the “Antenna Aware” (AA) estimator given by:

WAA =
√
ρ(Rñ′ + ρA′RHA

′H)−1A′RH, (3.31)

where now we have Rñ′ = I and RH is given in (3.19). As the AA estimator estimates

vec(H), we first write the MSE matrix of vec(H) as:

EAA = RH − ρRHA
′H(Rñ′ + ρA′RHA

′H)−1A′RH. (3.32)

Finally, using the relation in (3.20) we can write the MSE matrix of vec(Heff) as:

EAA
eff = TEAA TH. (3.33)

3.3 Multicarrier Systems

In OFDM-based transmission, assuming the appropriate length of the cyclic prefix has

been chosen, a given subcarrier will experience a frequency flat channel in the frequency

domain. That is, the receiver observation y ∈ CNr of the symbol x ∈ CNt at subcarrier

k ∈ {0, . . . , K − 1} can be written as:

y[k] =
√
ρHeff[k] x[k] + n[k], (3.34)
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where n[k] is the noise at the receiver. This relationship is also the same as taking

a discrete-frequency sample of (3.1) where the kth subcarrier is sampled at frequency

fk. Similar to the single-carrier case, n[k] ∼ CN (0,Rn[k]) where Rn[k] is obtained from

(3.11) as:

Rn[k] = (B/K)Rn(fk). (3.35)

The channel at the kth subcarrier, can be written as:

Heff[k] ≜ Q[k]H[k]F[k] (3.36)

where now2

F[k] ≜
(
I− ST(fk)

HST(fk)
)−1

,

Q[k] ≜
β

4

(
I− SR(fk)

HSR(fk)
)−1

.
(3.37)

Based on measurements of the PDP (performed independently of the antennas in use)

an effective number of taps L can be determined. These taps are due to the frequency

selectivity of the propagation medium and as such, we can determine H[k] from L

time-domain taps {H[ℓ]}L−1
ℓ=0 using Discrete-Fourier Transform (DFT), i.e.,

H[k] =
L−1∑
ℓ=0

H[ℓ] e−j 2π
K

ℓk k = 0, . . . , K − 1. (3.38)

As the distribution of the PDP will not alter our results significantly, for simplicity we

assume a uniform PDP, where the entries of H[ℓ] are i.i.d complex Gaussian random

variables and the {H[ℓ]}L−1
ℓ=0 are independent of one another. Indeed this is well justified

in a rich-scattering model where a large number of paths contribute to each tap such

that the power across delay should not vary drastically.

2For compactness, we combine the terms from the correlation across the antennas and the part from

the multiport network.
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3.3.1 Classical OFDM Channel Estimation

Channel estimation can be performed in the frequency domain by inserting a pilot

sequence over the K subcarriers and using OFDM-based transmission. Additionally, if

we assume that the channel is time-invariant we can also use pilots at Lt instances in

time. That is, for k ∈ {0, . . . , K − 1} and t ∈ {0, . . . , Lt − 1} the received signal at

subcarrier k and time t can be written as:

y[k, t] =
√
ρHeff[k] x[k, t] + n[k, t]. (3.39)

Note here that the noise is uncorrelated in frequency and time and correlated in space

according to (3.35). In the standard approach, the DFT relationship (3.38) would be

applied on Heff[k] using L taps such that the system model can be expressed as:

y[k, t] =
√
ρHeff[k] x[k, t] + n[k, t] (3.40)

≈ √
ρ

(
L−1∑
ℓ=0

Heff[ℓ] e
−j 2π

K
ℓk

)
x[k, t] + n[k, t]. (3.41)

If we had neglected the coupling in which F[k] and Q[k] would be identity matrices then

there would be no approximation in going from (3.40) to (3.41). However, as seen in

(3.36) multiplying by F[k] and Q[k] in the frequency domain would cause spreading in

time requiring a larger number of taps to accurately model the channel. The standard

LMMSE estimator would take the relationship in (3.41) as exact and its estimator would

be derived under this assumption. Simplifying further we define:

Heff ≜
[
Heff[0] · · · Heff[L− 1]

]
, (3.42)

and

u[k] ≜
[
1 e−j 2π

K
k · · · e−j 2π

K
k(L−1)

]T
, (3.43)

(3.41) becomes:

y[k, t] ≈ √
ρHeff (u[k] ⊗ x[k, t]) + n[k, t]. (3.44)
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By applying vec(·) to both sides of (3.44) and using the identity vec(ABC) =(
C⊤ ⊗ A

)
vec(B), we obtain:

y[k, t] ≈
(
u[k]⊤ ⊗ x[k, t]⊤ ⊗ I

)
vec
(
Heff

)
+ n[k, t]. (3.45)

Stacking the observations y[k, t] first over the K subcarriers and then over the Lt time-

domain points we get:

y ≈ √
ρB vec

(
Heff

)
+ n, (3.46)

where

y ≜
[
y[0, 0], . . . , y[K − 1, Lt − 1]

]T
, (3.47)

n ≜
[
n[0, 0], . . . ,n[K − 1, Lt − 1]

]T
, (3.48)

and the matrix B is defined as:

B ≜


u [0]⊤ ⊗ x [0, 0]⊤ ⊗ I

u [1]⊤ ⊗ x [1, 0]⊤ ⊗ I
...

u [K − 1]⊤ ⊗ x [K − 1, Lt − 1]⊤ ⊗ I

 . (3.49)

The LMMSE channel estimate of (3.46) is given by:

vec
(
Ĥeff

)
= WH

AB ȳ, (3.50)

where

WAB =
√
ρ (R̃n + ρBR̃Heff

BH)−1BR̃Heff
, (3.51)

where, similar to the single-carrier case, R̃n = c3I and R̃Heff
= c4I are the (incorrectly

mismatched) correlations of n and vec
(
Heff

)
respectively. The true noise correlation

matrix Rn can be found by first concatenating the noise correlation matrices (3.35) of

the K subcarriers in a block diagonal matrix RK, i.e.,

RK = blockdiag(Rn[0],Rn[1], . . . ,Rn[K − 1]). (3.52)
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Since we use the K subcarriers in Lt instances of time we can express the total noise

correlation matrix by repeating RK in a block diagonal matrix:

Rn = blockdiag (RK,RK, . . . ,RK)︸ ︷︷ ︸
Lt repetitions

. (3.53)

Again, similar to the single-carrier case we can take c3 as the noise power scale factor

with perfectly matched antennas at all subcarriers frequencies, i.e., the constant in

(3.11) when SR(fk) = 0. The constant c4 is chosen such that tr(R̃Heff
) is equal the

channel power. It is most convenient to find the channel power of vec
(
Heff

)
in the

frequency domain. We first start by defining:

Heff ≜
[
Heff[0] · · · Heff[K − 1]

]
,

H ≜
[
H[0] · · · H[L− 1]

]
,

(3.54)

in which the vectorized versions are linearly related by:

vec
(
Heff

)
= C1 vec

(
H
)
, (3.55)

where

C1 ≜ D PK

(
INt ⊗

(
FH ⊗ INr

))
PL︸ ︷︷ ︸

≜ C2

. (3.56)

Here F is a partial DFT matrix of size L×K with element (m,n) given by:

Fmn ≜ ej
2π
K

(m−1)(n−1).

PL is a block diagonal permutation matrix that groups the taps next to each other

to convert them to the frequency domain. PK is another block diagonal permutation

matrix that now groups the frequency components together. Finally D is used to get

the effective channel in the frequency domain defined by:

D ≜ blockdiag
(
FT[0]⊗Q[0] , . . . ,FT[K − 1]⊗Q[K − 1]

)
. (3.57)
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As we assume a uniform PDP, the components of vec(H) are i.i.d Gaussian random

variables with unit variance and in light of (3.55) we have:

RHeff
= C1C

H
1 . (3.58)

Due to Parseval’s theorem the power computed from (3.58) is the same as the power in

time and therefore c4 = tr(RHeff
)/(NrNtL). Using the Parseval theorem again we find

the MSE matrix in the frequency domain based on vec
(
Heff

)
. To do this we write the

true model in which y is generated by as:

y =
√
ρB′ vec

(
Heff

)
+ n, (3.59)

and the matrix B′ is defined as:

B′ ≜


x [0, 0]⊤ ⊗ I

x [1, 0]⊤ ⊗ I
...

x [K − 1, Lt − 1]⊤ ⊗ I

 , (3.60)

stacking over the subcarriers first and then the time slots just like B. Additionally to

convert the time-domain estimate in (3.50) to the frequency domain we must multiply

by C2. Indeed in this case we do not need to multiply by D as the AB estimator

estimates the effective channel in time and already includes the antenna correlations.

After some calculations, the MSE matrix is given by:

EAB
eff = RHeff

− ρRHeff
B′H(R̃ñ + ρBR̃Heff

BH
)−1

BR̃Heff
CH

2 (3.61)

− ρC2 R̃
H
Heff

BH
(
R̃H

ñ + ρBR̃H
Heff

BH
)−1

B′RH
Heff

+ ρC2 R̃
H
Heff

BH
(
R̃H

ñ + ρBR̃H
Heff

BH
)−1

∗
(
Rñ + ρB′RHeff

B′H)(R̃ñ + ρBR̃Heff
BH
)−1

BR̃Heff
CH

2 .
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3.3.2 Antenna Aware OFDM Channel Estimation

To extend the antenna aware estimator for the OFDM system we start by writing the

OFDM system with the decomposed channel, i.e.,

y[k, t] =
√
ρQ[k]H[k]F[k] x[k, t] + n[k, t], (3.62)

Additionally, the covariance matrix for subcarrier k can be decomposed in its cholesky

decomposition, Rn[k] ≜ L[k]L[k]H wherein the cholesky factors are now a function of k.

Applying L−1[k] to the received signal y[k, t] we get:

y′[k, t] ≜ L−1[k] y[k, t] (3.63)

=
√
ρL−1[k]Q[k]H[k]F[k] x[k, t] + n′[k, t], (3.64)

where now n′[k, t] ∼ CN (0, I). By defining P[k] ≜ L−1[k]Q[k], and following similar

steps as (3.40)–(3.46) we get:

y′ =
√
ρM vec

(
H
)

+ n′. (3.65)

Here y′ and n′ are defined similar to (3.47) and (3.48) by stacking y′[k, t] and n′[k, t]

first over the subcarriers and then over time slots. vec
(
H
)
is the vectorized channel in

the time domain, similar to the channel in (3.46), but now without the Q[k] and F[k]

factors. The matrix M is defined as:

M ≜


u [0]T ⊗ (F[0] x [0, 0])T ⊗ P[0]

u [1]T ⊗ (F[1] x [1, 0])T ⊗ P[1]
...

u [K − 1]T ⊗ (F[K − 1] x [K − 1, Lt − 1])T ⊗ P[K − 1]

 . (3.66)

Finally, we obtain the OFDM version of the LMMSE Antenna Aware estimator:

vec
(
Ĥ
)
= WH

AA y′, (3.67)
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where

WAA =
√
ρ (Rn′ + ρMRHMH)−1MRH, (3.68)

where RH and Rn′ denote the correlation matrices of vec
(
H
)
and n′ respectively. Due

to the noise whitening process, Rn′ = I and since channels are i.i.d RH = I. Similar to

the single-carrier case, we first write the MSE matrix of vec
(
H
)
as:

EAA = RH − ρRHM
H(Rn′ + ρMRHMH)−1MRH. (3.69)

Using the relation in (3.55) we can write the MSE matrix of vec
(
Heff

)
as:

EAA
eff = C1E

AA CH
1 . (3.70)

3.4 Simulation Results

We first illustrate the broadband properties of the connected array of slot antennas

by plotting its SNR over a bandwidth of 4.5 [GHz]. We will use the slot antennas at

the transmitter and receiver sides in all simulations scenarios. We demonstrate the

advantages of using the antenna aware estimation algorithms first for the single-carrier

case and then in OFDM systems. For the large-scale parameter we use the extended

Friis model:

ρ =

(
c

4πfdref

)2(
dref
d

)α

, (3.71)

where dref is the reference pathloss distance, chosen as 1 [m], and α is the pathloss

exponent. We use i.i.d BPSK pilot signals in all simulations and unless stated otherwise

we take d = 100 [m] and use a pathloss exponent of α = 2 in all simulations. We assess

the performance of the estimators using the normalized mean-square error (NMSE) as

a performance metric:

NMSE(x̂) =
E{∥x− x̂∥2}
E{∥x∥2}

, (3.72)
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where x is the theoretical value and x̂ is the estimated value. We also measure the

gains in spectral efficiency when using the AA estimator over the AB one by lower

bounding the achievable rate taking the channel estimation error into account. Finally,

we demonstrate the equivalence between the impedance and scattering descriptions

using an example of an array of dipoles.

3.4.1 Connected Array of Slot Antennas

The connected array of slot antennas [5] are promising for next-generation wireless

systems due to their wide bandwidth, large scan angles, and scalability. An image

of the designed antenna array using HFSS [67] is shown in Fig. 3.2. The frequency

band under investigation is [0.5, 5] GHz where the antenna ports are separated by

half-wavelength λh/2 at 5 [GHz], the highest frequency of operation. The width of

the slots is chosen to be w = λh/60. With 16 antenna elements, the total length of

the slot is 2λh where the metallic plate is taken as a square perfect electric conductor

(PEC) of dimensions (2λh + λh/4)× (2λh + λh/4). The thickness of the plate is t = w.

We also utilize a design with the connected array backed by a metallic plate of the

same dimensions as the original plate placed at λh/2 below the antenna. Defining the

empirical single-carrier signal-to-noise ratio (SNR) as:

SNR ≜
E{∥√ρHeffx∥2}

E{∥n∥2}
, (3.73)

we demonstrate the broadband properties of the arrays in use in Fig. 3.3 where we plot

the SNR against carrier frequency with and without the backed-plane (BP) using 1000

Monte-Carlo (MC) simulations. Using the scattering parameters extracted from HFSS,

Heff and n are found from the model in (3.12). We use a bandwidth of 5 [MHz] with a

BPSK symbol power of 1 [W] at each frequency. Indeed we see that these arrays have

an SNR above 5 [dB] almost over the entire frequency range of interest. This is unlike

narrowband antennas which will be resonant over a small band of frequencies. At low
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Figure 3.2: Connected array of slot antennas with 16 antenna elements
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Figure 3.3: Empirical SNR against carrier frequency for the array with and without

the backed-plane. Total Symbol Power is 1 [W] with a bandwidth of 5 [MHz] for each

frequency point.
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frequencies, we see a large degradation of SNR due to an inability to collect power be-

cause of the array’s small physical area. We also note the enhanced frequency selectivity

of the array with the backed plane due to the constructive/destructive reflection.

3.4.2 Single-Carrier System

We can compute the theoretical NMSE for the AB estimators using the MSE matrix

(3.27) and the covariance of the channel (3.21):

NMSEAB =
tr(EAB

eff )

tr(RHeff
)
. (3.74)

NMSEAA for the AA estimator is derived similarly using (3.33) and (3.21). We plot the

NMSE against pilot power in Fig. 3.4 for the AB and AA estimators using the connected

array without the backed plane (similar results follow for the array with the BP). In this
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-2
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Figure 3.4: NMSE against pilot power at carrier frequency of 1 [GHz] with a bandwidth

of 5 [MHz].

plot we run 1000 MC to compute the SNR and use Lt = 20 time-slots to estimate the
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(a) Array without the BP
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(b) Array with BP

Figure 3.5: NMSE against carrier frequency where total power used in estimation for

each frequency is 1 [W] with a bandwidth of 5 [MHz].

channel. This is done at a carrier frequency of 1 [GHz] with a bandwidth of 5 [MHz].

We see more than 20 [dB] improvement in the NMSE for the AA estimator as compared

to the AB estimator. At high SNR we see the gains start to decrease as the increase

in pilot power overcomes the mismatched covariance assumptions. We next plot the

NMSE against carrier frequency for the array with and without the BP in Fig. 3.5. In

these plots, we use a bandwidth of 5 [MHz] and total pilot power of 1 [W]. We see that as

the carrier frequency increases the gain of the AA estimator decreases. This is because

the fixed spacing of the array elements, λh/2, starts to become a significant fraction

of the carrier wavelength, λc, as the carrier frequency increases, and thus the coupling

between antennas becomes negligible. We also see that our AA estimator brings in most

gains in the frequency range of 0.6-1 [GHz] where the array is well matched and the

mutual coupling is significant.

Next, we study the impact of channel estimation on the achievable rate (a key figure-

of-merit in communication systems). To do this, we denote the estimated effective

channel using the AB and AA estimators by ĤAB
eff and ĤAA

eff respectively. We assume
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that the channel estimate is available at both the transmitter and receiver, this can

occur in a time-division-duplex (TDD) system with a reciprocal channel. As our goal is

solely to investigate the impact of channel estimation we assume that after estimation

both the AA and AB methods are aware of the full model in (3.12). Without loss of

generality, we first whiten the noise by multiplying (3.12) by L−1 (recall Rn = LLH).

For the purposes of precoding and processing at the receiver we define the singular-value

decomposition (SVD) of the product of L−1 and the estimated channels by:

L−1ĤAB
eff ≜ UABΣAB(VAB)H,

L−1ĤAA
eff ≜ UAAΣAA(VAA)H.

(3.75)

For the AB system3 we use VAB to precode the transmit signal according to:

x =

√
PT

Nt

VAB

(PAB)
1/2

0

 s, (3.76)

in which PT is the transmit power and s ∈ CNs×1 is the information bearing signal whose

components contain Ns independently coded data streams. The matrix (PAB)
1/2 is a

diagonal matrix containing the square root of the set of optimal powers allocated across

the Ns data streams based on the singular values from ΣAB. These are found using the

water-filling policy under a per-symbol average power constraint, i.e., tr(P) = Nt. In

addition to multiplying the received signal by L−1 we also pre-process it by multiplying

by (UAB)H. If the estimates UAB and VAB were perfect, this process would yield a bank

of parallel subchannels with capacity given by:

C(Heff) =

Nmin−1∑
j=0

log2(1 + SNRj), (3.77)

where SNRj =
ρPT σ2

jP
∗
j

Nt
, σj is the jth singular value of L−1Heff, and P ∗

j is the power

allocated to the jth stream. Channel estimation errors, however, introduce inter-stream

3The same process is done for the AA system
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Figure 3.6: Achievable rate at fc = 1 [GHz].
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Figure 3.7: Rate against frequency.

interference which is independent of the background noise. By treating such interference

as one more additive noise term while still decoding the streams separately, the mutual

information between s and y (scaled accordingly to get units of bits/s/Hz) of this system

given Heff is lower bounded by [3]:

I(ĤAB
eff |Heff) ≜

Nmin−1∑
j=0

log2(1 + SINRAB
j ), (3.78)

where

SINRAB
j =

ρPT

Nt
PAB∗

j |(uAB
j )H(L−1Heff)v

AB
j |2

1 + ρPT

Nt

∑
l ̸=j P

AB∗

l |(uAB
j )H(L−1Heff)vAB

l |2
, (3.79)

and PAB∗

l is the power allocated to the lth stream using the waterfilling algorithm based

on the singular values from ΣAB in (3.75). In Fig. 3.6 we plot the average achievable

rate against SNR without the backed-plane (results are similar with the BP). This was

done at fc = 1 [GHz], a bandwidth of 5 [MHz] and with 1000 MC simulations. At

moderate to high SNR, when the noise effects are not dominant we see a gain of about

10−15 [bpcu]. Next in Fig. 3.7 we plot the achievable rate against the carrier frequency

with and without the backed plate. Again, we see the that the array with the backed

plane is more frequency selective and has performance degradation compared to the one
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without the backed plate. The largest gains for both arrays are found around 2 [GHz]

where there is significant mutual coupling. At larger frequencies we do not see much

gains using the antenna aware estimator as the mutual coupling becomes insignificant.

We also see that the gap to the perfect CSI case increases. This is due to the fact

that the SNR (see Fig. 3.3) becomes large at higher frequencies and the decrease in

interference in the denominator of (3.79) is negligible compared to the increase in SNR

given by the numerator of (3.79).

3.4.3 OFDM System

The OFDM AB (3.51) and AA (3.68) estimators will provide an estimate of the given

L-tap MIMO channels in time given by (3.50) and (3.67) respectively. The theoretical

NMSE for the AB and AA estimators can be found using (3.61), (3.70), and (3.58):

NMSEAB =
tr(EAB

eff )

tr(RHeff
)
,

NMSEAA =
tr(EAA

eff )

tr(RHeff
)
.

(3.80)

The large scale parameter (3.71) depends on the frequency of operation and in broad-

band OFDM systems this can vary significantly with the subcarrier frequency. As this

can be estimated easily at the receiver we add the frequency dependence in the pilot

symbols so that we can use one common large-scale parameter as in (3.51) and (3.68).

In Fig. 3.8 we plot the the NMSE against the pilot power parameterized by the number

of channel taps using 10 monte-carlo for each data point and 10 time-domain pilots.

This is done over the frequency band from [1 GHz, 1.8 GHz] with a total bandwidth

of 800 [MHz] with 64 subcarriers. At low SNR, for the AB estimator, we see that the

NMSE increases as the number of taps increase. Note here at 10 [dBm] of power the

NMSE for the 8-tap channel is higher than the 2-tap channel, and decreasing the power

more we will see a bigger gap between the two. This low SNR behaviour is due to
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Figure 3.8: NMSE against pilot power in OFDM Estimation using total bandwidth of

708 [MHz]

the fact that the model mismatch effects become negligible as the noise is dominant.

Therefore, for a given power, it is easier to estimate a smaller number of variables. At

high SNR however, the model mismatch effects become dominant. Indeed, we see that

the 2 tap channel has the highest NMSE followed by the 32 and 8 taps channel. Again,

if we increase the pilot power more we will see that the 32-tap channel will have the

lowest NMSE. Here this is due to the fact that increasing the assumed number of taps

more accurately captures the frequency selectivity introduced by the antennas, i.e., the

model is more correctly matched. For the AA estimator, we see that the NMSE for

2 and 8 tap channels are almost the same over all SNRs and that the 32 tap channel

is also the same except at high SNR, where the matrix conditioning in the estimator

(3.68) gets worse with more taps leading to noise enhancement effects. This is further
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demonstrated in Fig. 3.9 where we plot the NMSE against the number of channel taps

(L). This is done at high SNR (pilot power 50 [dBm]) where we can see the full effects

of the model mismatch. As confirmed in Fig. 3.3 the array with the backed plane is

more frequency selective and hence should introduce more taps than the array in free

space. Due to this, in Fig. 3.9, we see the gains using the AA estimator over the AB

estimator are greater for the backed array with the highest gains at a low number of

taps consistent with intuition.
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Figure 3.9: NMSE against number of taps at high SNR with and without the BP

Similar to the single-carrier case we can assess the AA and AB estimators using the

achievable rate performance criteria. Due to the properties of OFDM transmission, a

frequency selective channel can be converted to a bank of K parallel subchannels given

by:

y[k] =
√
ρHeff[k] x[k] + n[k]. (3.81)
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One approach to obtain the achievable rate is to allocate power uniformly over the

subcarriers and then apply the waterfilling algorithm over space. However, when using

broadband arrays this approach will be sub-optimal due to the enhanced frequency

selectivity of the arrays. Therefore, to optimize the mutual information, we jointly

allocate power over space and frequency. This is first done by whitening the noise for

each subcarrier in (3.81) and taking the SVD, i.e.,

L−1[k]Heff[k] ≜ U[k]Σ[k]VH[k]. (3.82)

Next the product L−1[k]Heff[k] can be concatenated in a block-diagonal matrix over

the K subcarriers. The SVD of this newly constructed block diagonal matrix is a

block-diagonal matrix of the U[k]’s multiplied by a block-diagonal matrix of the Σ[k]’s

multiplied by a block-diagonal matrix of the V[k]’s. Now based on this block-diagonal

matrix of the Σ[k]’s we can perform power allocation under a per-symbol power con-

straint over all subcarriers equal to KNt. We precode based off the blocks of the block

diagonal V[k]’s and process the received signal by blocks of the block diagonal U[k]’s.

If this process was done based on imperfect CSI then we can lower bound the mutual

information by treating the interference as Gaussian noise. To get the achievable rate

in bpcu we must sum over the number of subcarriers and normalize by the number of

subcarriers as they are transmitted serially. The lower bound of the mutual information

for the AB estimator, in bpcu, is given by:

I({ĤAB
eff }K−1

k=0 |{Heff}K−1
k=0 ) ≜

1

K

K−1∑
k=0

Nmin−1∑
j=0

log2(1 + SINRAB
kj ), (3.83)

where

SINRAB
kj =

ρkPT

Nt
PAB
kj |(uAB

kj )
H(L−1Heff)v

AB
kj |2

1 + ρkPT

Nt

∑
l ̸=j P

AB
kl |(uAB

kj )
H(L−1Heff)vAB

kl |2
. (3.84)

In Fig. 3.10(a) we plot the achievable rate against power using the backed-plane array

with 64 subcarriers from 1− 1.5 [GHz] and 2 channel taps. We see that achievable rate
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Figure 3.10: Achievable rate plot and power allocation plot using the backed-plane array

with 64 subcarriers over the frequency band 1− 1.5 [GHz] with 2 channel taps.

obtained using the AA channel estimate is very close to perfect CSI as the estimation

error is very small. We also see that at higher SNR the gap between the AB achievable

rate and the perfect CSI grow. This is due to the model mismatch effects that become

prominent at higher SNR as explained previously. In Fig. 3.10(b) we plot the total

power allocated for each subcarrier against the subcarrier frequency using a symbol

power of 10 [dBm]. Indeed, the power’s allocated for the perfect CSI case and the AA

case follow the SNR plot of the backed-plane array over the band 1− 1.5 [GHz] seen in

Fig. 3.3 demonstrating the utility in our approach. Furthermore, we see the effect that

an inaccurate channel estimate can have as the powers allocated for the AB estimator

have no resemblance to the SNR in Fig. 3.3.

3.4.4 Scattering/Impedance Channel Equivalence

In this section, we will numerically demonstrate the equivalence between the MIMO

channel description in (3.3) using impedance parameters and the description in (3.9)
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using scattering parameters. To our best knowledge, the simple circuit-based chan-

nel model using scattering description in (3.9) did not yet appear in the literature.

Most works on wireless network modeling with S-parameters either use a hybrid

Impedance/Scattering description [48], or utilize a field based approach with infinite

expansion for the radiation pattern [68]. The scattering description in (3.9) is sim-

ple since only finitely many basis functions are needed to represent the field, yet it

is not hybrid and does not use the open/short circuit patterns which are much more

difficult to measure in practice. To show the equivalence we simulate an array of two

half-wavelength dipole antennas at 1[GHz] both for the transmitter and the receiver.

The antennas are assumed to have parallel configuration with half-wavelength spacing.

The simple HFSS set-up is shown in Fig.3.11. The considered propagation channel is

Figure 3.11: Array of two dipole antennas

Line-of-sight (LoS) link with the Friis pathloss which is given by,

HOC/Term(f) =
c

4πfd
GOC/Term11

T, (3.85)

where GOC/Term stands for either an open circuit or a terminated gain, andHOC/Term(f)
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Figure 3.12: Open circuit/Terminated antenna gains as well as effective channels

stands for the propagation channel from the impedance/scattering description. As can

be seen in Fig.3.12, the terminated and open circuit embedded gains are very different,

yet the description in (3.9) captures this difference theoretically (since Heff(f) is the

same) effectively converting terminated gain into an open circuit gain.

66



Chapter 4

Conclusion and Future Directions

4.1 Concluding Remarks

Here we reiterate the main contributions of this thesis. In the first work we have es-

tablished achievability and converse results in the Ka-user GMAC with a large-scale

antenna array at the BS. We have defined the age-limited capacity as the maximum

spectral efficiency achievable such that the AoI is finite in asymptotic system limits. In

this case, we have shown that in order to minimize the system AoI all devices must be

active in every transmission period. This is also the case in finite system sizes in which

the AoI is, however, limited by the probability of error. We have used our bound to

compare the two recent massive MIMO URA algorithms, thereby revealing a huge gap

between their performance and the overall spectral efficiency that can be potentially

achieved in practice.

In the second work, we developed a novel LMMSE channel estimator for single-

and multi-carrier systems that takes advantage of the mutual coupling in the trans-

mit/receice antenna arrays. We model the mutual coupling through multiport networks

and express the single-user MIMO communication channel in terms of the impedance
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and scattering parameters of the antenna arrays. In frequency-flat single-carrier sys-

tems, we show that neglecting the coupling in the arrays leads to an inaccurate char-

acterization of the channel and noise correlations. In frequency-selective multi-carrier

channels, we show this same effect and also demonstrate that the coupling in the ar-

rays will increase the number of channel taps. Standard LMMSE estimators developed

under these inaccurate models become sub-optimal and hence we develop an LMMSE

estimator that calibrates the coupling and optimally estimates the channel. It is shown

that appropriately accounting for mutual coupling through the developed physically

consistent model leads to remarkable improvements in terms of channel estimation per-

formance. We have demonstrated the gains in our algorithm in a rich-scattering envi-

ronment using a connected array of slot antennas both at the transmitter and receiver

sides.

4.2 Future Directions

4.2.1 User-Scheduled Access Scheme

In future work, considering the overloaded system [12], ζ/τ < 1, it is desirable to do

some scheduling in order to control the inter-user interference. One approach could be to

subdivide each slot into J scheduling intervals. Then the asymptotic joint optimization

of the spectral efficiency as well as the AoI could be performed over the number of

scheduling intervals.

4.2.2 Improving the Channel Estimation Algorithm

For the estimation algorithm, it would be useful to explore the design of the pilot

sequences to match the antenna rather than choosing orthogonal pilots as is done con-

ventionally. Other avenues could be to explore the channel-sparsity as well as the
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estimation of the AoA/AoD.

4.2.3 Physically-Consistent Modelling of Multi-User Systems

Finally, it would be useful to merge the physically-consistent modelling of the antenna

arrays and take it into account in a multi-user setting. Here we can more accurately

model the physics of propagation and the impairments due to coupling and analyze the

trade-offs between the achievable rate and AoI in the system
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Appendix A

Derivation of the AoI

Recall from (2.5) the definition of AoI. The latter is a limit of a time-average of the

age sample function as the time horizon grows large. Instead of computing the integral

in (2.5) directly, we can express it as a function of the inter-update times, as shown

pictorially in Fig. A.1.

Figure A.1: Decomposition of a sample function of the AoI.

The area below the sample function shown in Fig. A.1 consists of a rectangular base
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of width t′ and unit height, jagged triangular structures, and boundary pieces (both

above the base rectangle). We denote the area of the triangular pieces by Ql and the

first and last boundary pieces by Q̃F and Q̃L, respectively. Now (2.5) can be re-written

as: ∫ t′

0

δi(t)dt = t′ + Q̃F + Q̃L +

N(t′)−1∑
k=1

Qk, (A.1)

where N(t′) denotes the number of arrivals by time t′. The Ql’s can be written in terms

of the inter-update intervals as:

Ql =
Zil(Zil − 1)

2
. (A.2)

Dividing the right-hand side of (A.1) by t′ and taking the limit (as t′ goes to +∞) we

have:

∆i = lim
t′→∞

1 +
Q̃F + Q̃L

t′
+

N(t′)−1∑
k=1

Zik(Zik − 1)

2t′

 . (A.3)

The first term can be taken out of the limit and the second term goes to 0 WP1. We

re-write the last term in (A.3) as follows:

lim
t′→∞

(
N(t′)

2t′
− 1

2t′

)N(t′)−1∑
k=1

Zik(Zik − 1)

N(t′)− 1
. (A.4)

As the Bernoulli process is a renewal process, we have N(t′)
2t′

→ 1
2E[Zi]

WP1 [69]. Also,

from the strong law of large numbers (SLLN) the sum in the limit converges to E[Z2
i ]−

E[Zi] WP1. Therefore, we have:

∆i =
E[Z2

i ]

2E[Zi]
+

1

2
. (A.5)
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Proofs of the Various

Approximations

Lemma 1. The inverse CDF of the sum of random variables,
∑2M

m=1 Sm +
∑2k

l=1 Vl,

converges uniformly to the standard normal inverse CDF, where the convergence rate

is bounded above by O
(

1√
M+k

)
,

Pr

{
2M∑
m=1

Sm +
2k∑
l=1

Vl ≥ β

}
= Q(w(k)) +O

(
1√

M + k

)
, (B.1)

in which w(k) = β−αρM+k√
α2
ρM+k

.

Proof. Let B2M+2k be the following normalized RV:

B2M+2k ≜

1√
α2
ρM + k

[
2M∑
m=1

Sm +
2k∑
l=1

Vl − (Mαρ − k)

]
,

whose inverse CDF is denoted as F2M+2k(x). From the Berry-Essen inequality for

non identically distributed random variables, the difference between F2M+2k(x) and the

standard normal inverse CDF is bounded uniformly, i.e.

sup
x∈ℜ

|F2M+2k(x)−Q(x)| ≤ Kϕ1(2M + 2k)ϕ2(2M + 2k), (B.2)
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where K is a constant, and

ϕ1(2M + 2k) = (B.3)( 2M∑
m=1

E[|Sm − E[Sm]|2] +
2k∑

m=1

E[|Vl − E[Vl]|2]
)− 3

2

,

ϕ2(2M + 2k) = (B.4)( 2M∑
m=1

E[|Sm − E[Sm]|3] +
2k∑
l=1

E[|Vl − E[Vl]|3]
)
.

Since Sm ∼ Γ(1
2
, αρ) and Vl ∼ Γ(1

2
, 1), it can be verified by computing the fourth central

moment that the second- and third-order central moments are finite. Let E[|Sm −

E[Sm]|3] = C1

2
> 0, E[|Vl − E[Vl]|3] = C2

2
> 0, E[|Sm − E[Sm]|2] = C3

2
> 0, and

E[|Vl − E[Vl]|2] = C4

2
> 0. Using these notations, we rewrite (B.2) as follows:

|F2M+2k(x)−Q(x)| ≤ C1M + C2k

(C3M + C4k)
3
2

∀x. (B.5)

Since C1M + C2k < max{C1, C2}(M + k) and C3M + C4k > min{C3, C4}(M + k) we

obtain:

|F2M+2k(x)−Q(x)| ≤
max{C1, C2}(M + k)

min{C3, C4}(M + k)
3
2

=
C√

M + k
∀x, (B.6)

where C = max{C1,C2}
min{C3,C4} . This implies:

F2M+2k(x)−Q(x) = O
(

1√
M + k

)
∀x.

This can be used to show that:

Pr

{
2M∑
m=1

Sm +
2k∑
l=1

Vl ≥ β

}
=

F2M+2k(w(k)) = Q(w(k)) +O
(

1√
M + k

)
. (B.7)
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Lemma 2. The probability of error in (2.17) is given by,

pe = 1 − 1√
2π

∫ ∞

−∞
e−

s2

2 Q(w(s))ds + O
(

1√
N

)
. (B.8)

Proof. We begin by noting that the expression in (2.17) is the expected value of (2.18)

with respect to a Binomial distribution with parameters N − 1 and τ . Here, we show

that this expected value can be instead taken with respect to a Gaussian distribution

with O
(

1√
N

)
error term. To start with, since the Binomial distribution does not admit

a density function it is more convenient to use Stieltjes integrals over a compact interval

before going to infinity. First, we show that O
(

1√
M+k

)
= O

(
1√
N

)
by noticing that:∣∣∣∣O( 1√

M + k

)∣∣∣∣ < C√
M + k

=
C√

N(ζ + δ)
=

C̃(δ)√
N

, (B.9)

where 0 < δ = k
N

< 1. We also write the error resulting from integrating with respect

to different CDFs as follows:∣∣∣∣ ∫ x

−x

(
Q(w(k)) +O

(
1√
N

))
dF (k) −∫ x

−x

(
Q(w(k)) +O

(
1√
N

))
dF̃ (k)

∣∣∣∣, (B.10)

where F (k) is the CDF of a Binomial RV with mean (N−1)τ and variance (N−1)τ(1−τ)

and F̃ (k) is the CDF of the approximating Gaussian distribution with the same mean

and variance. Since both F (k) and F̃ (k) are non-decreasing on any compact interval

[−x, x], the difference F (k) − F̃ (k) is of bounded variation, and hence the Stieltjes

integral with respect to F (k) − F̃ (k) is defined for any continuous function. Since

Q(w(k)) is continuous at w(k), we can re-write (B.10) as follows:∣∣∣∣∫ x

−x

(
Q(w(k)) +O

(
1√
N

))
d
(
F (k)− F̃ (k)

)∣∣∣∣ . (B.11)

Furthermore, since Q(w(k)) is of bounded variation on [−x, x], the integral in (B.11)

can be integrated by parts to yield:∣∣∣∣∫ x

−x

(
Q(w(k)) +O

(
1√
N

))
d
(
F (k)− F̃ (k)

)∣∣∣∣ =

|M1(x)−M2(x)−M3(x)|, (B.12)
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with

M1(x) =

(
Q(x) +O

(
1√
N

))(
F (x)− F̃ (−x)

)
(B.13)

M2(x) =

(
Q(−x) +O

(
1√
N

))(
F (−x)− F̃ (−x)

)
(B.14)

M3(x) =

∫ x

−x

(
F (k)− F̃ (k)

)
dQ(w(k)). (B.15)

Now, by the triangle inequality, it follows from (B.12) that:∣∣∣∣∫ x

−x

(
Q(w(k)) +O

(
1√
N

))
d
(
F (k)− F̃ (k)

)∣∣∣∣ ≤

|M1(x)|+ |M2(x)|+ |M3(x)|. (B.16)

Then, since 0 < Q(x) < 1, (B.16) can be further bounded by:

K1

∣∣∣F (x)− F̃ (x)
∣∣∣+K2

∣∣∣F̃ (−x)− F (−x)
∣∣∣ +

sup
k∈[−x,x]

∣∣∣F (k)− F̃ (k)
∣∣∣V x

−x(Q), (B.17)

where V x
−x(Q) < ∞ is the total variation of the Q-function over [−x, x]. Recall, also that

F (x) represents the CDF of a large sum ofN−1 binary random variables. Consequently,

upon appropriate normalization and by applying the Berry-Essen inequality for i.i.d

random variables we see that (B.17) is less than:

A1√
N

+
A2√
N

+
A3√
N

= O
(

1√
N

)
, (B.18)

for some positive constants A1, A2 and A3. Now, coming back to (B.10) we see that:∫ x

−x

(
Q(w(k)) +O

(
1√
N

))
dF (k) =∫ x

−x

(
Q(w(k)) +O

(
1√
N

))
dF̃ (k) +O

(
1√
N

)
, (B.19)

where the O( 1√
N
) on the left- and right-hand sides can be safely dropped since both

CDFs are bounded, thereby yielding:∫ x

−x

Q(w(k))dF (k) =

∫ x

−x

Q(w(k))dF̃ (k) +O
(

1√
N

)
. (B.20)
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The right-hand side integral in (B.20) is with respect to a Gaussian CDF and can now

be explicitly written in terms of a density by making the substitution s = k−(N−1)τ√
(N−1)τ(1−τ)∫ x

−x

Q(w(k))dF̃ (k) =
1√
2π

∫ x′

−x′
Q(w(s))e−

s2

2 ds. (B.21)

Since the approximation is uniform in x and the integrals are convergent, we can go to

the limit in (B.20) and obtain:∫ ∞

−∞
Q(w(k))dF (k) =

1√
2π

∫ ∞

−∞
Q(w(s))e−

s2

2 ds+O
(

1√
N

)
. (B.22)

By further noticing that the left-hand side of (B.19) is nothing but the expression of

1− pe, we finally obtain:

pe = 1− 1√
2π

∫ ∞

−∞
Q(w(s))e−

s2

2 ds+O
(

1√
N

)
. (B.23)

Lemma 3. w(s) in (2.21) can be approximated as follows,

w(s) =
β − αρM + s

√
Nτ(1− τ) +Nτ√

α2
ρM + s

√
Nτ(1− τ) +Nτ

+ O
(

1√
N

)
. (B.24)

Proof. We denote the first term in (B.24) by wa(s) and start by re-writing (2.21) as:

w(s) =
β − αρM + s

√
Nτ(1− τ) +Nτ√

α2
ρM + s

√
(N − 1)τ(1− τ) + (N − 1)τ

+
s
√

τ(1− τ)(
√
N − 1−

√
N)− τ√

α2
ρM + s

√
(N − 1)τ(1− τ) + (N − 1)τ

. (B.25)

Dividing and multiplying the first term in (B.25) by the denominator of the first term

in (B.24) yields:

w(s) = wa(s)

√
α2
ρM + s

√
Nτ(1− τ) +Nτ√

α2
ρM + s

√
(N − 1)τ(1− τ) + (N − 1)τ

+
s
√

τ(1− τ)(
√
N − 1−

√
N)− τ√

α2
ρM + s

√
(N − 1)τ(1− τ) + (N − 1)τ

. (B.26)
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Recall that M grows proportionally to N with proportionality coefficient ζ (i.e. M =

ζN). Therefore, after multiplying and dividing the second term in (B.26) by 1√
N
, one

can see it is O
(

1√
N

)
. Using this fact and simplifying the first term, (B.26) can be

written as:

w(s) = (B.27)

wa(s)

(
1 +

s
√

τ(1− τ)(
√
N −

√
N − 1) + τ

α2
ρζN + s

√
(N − 1)τ(1− τ) + (N − 1)τ

) 1
2

+O
(

1√
N

)
.

Taking a first order Taylor expansion of the coefficient of wa(s) in (B.27) we obtain the

desired result.

Lemma 4. By neglecting the terms β√
N

and s√
N

√
τ(1− τ) in (2.23) we obtain:

w(s) =

√
N(τ − αρζ) + s

√
τ(1− τ)√

α2
ρζ + τ

+O
(

1√
N

)
. (B.28)

Proof. We denote the first term in (B.28) by w′
a(s). Factoring out β√

N
from the first

term in (2.23) and resorting to some simplifications, (2.23) is re-written as follows:

w(s) =

√
N(τ − αρζ) + s

√
τ(1− τ)√

α2
ρζ +

s√
N

√
τ(1− τ) + τ

+O
(

1√
N

)
. (B.29)

Then, multiplying and dividing the first term in (B.29) by
√

α2
ρζ + τ leads to:

w(s) = w′
a(s)

√
α2
ρζ + τ√

α2
ρζ +

s√
N

√
τ(1− τ) + τ

+O
(

1√
N

)
, (B.30)

which is equivalent to:

w(s) = w′
a(s)

(
1 +

s
√
τ(1− τ)

(α2
ρζ + τ)

√
N

)− 1
2

+O
(

1√
N

)
. (B.31)

Taking a first order Taylor expansion of the coefficient of w′
a(s) in (B.31) we obtain the

desired result.

Lemma 5. By ignoring the term s
√

τ(1− τ) in (2.24), we obtain:

w =

√
N(τ − αρζ)√
α2
ρζ + τ

+O(1), (B.32)
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Proof. Since the term
s
√

τ(1−τ)√
α2
ρζ+τ

is independent of N we make a constant error in ne-

glecting it from (2.24).

Lemma 6. Taking Q(w(s)) outside of the integral in (2.20) leads to

pe = 1−Q(w) + O
(

1√
N

)
. (B.33)

Proof. We first rewrite w(s), given in (2.24), as follows:

w(s) =

√
N(τ − αρζ)√
α2
ρζ + τ

+ s

√
τ(1− τ)

α2
ρζ + τ

+O
(

1√
N

)
, (B.34)

and denote the first term by w. We denote the error probability in (2.20) by pt and the

one in (2.26) by pa. The absolute error between pt and pa is then given by:

|pt − pa| = (B.35)∣∣∣∣ 1√
2π

(∫ ∞

−∞

(
Q(w)−Q(w(s))

)
e−

s2

2 ds

)
+O

(
1√
N

)∣∣∣∣ .
Using the definition of the Q-function in (2.19) we can rewrite (B.35) as follows:

|pt − pa| = (B.36)∣∣∣∣∣ 12π
(∫ ∞

−∞

(∫ w(s)

w

e
t′2
2 dt′

)
e−

s2

2 ds

)
+O

(
1√
N

)∣∣∣∣∣ .
Since e−

t2

2 ≤ 1 ∀t we can replace the inner integrand function by 1 thereby leading to:

|pt − pa| ≤
∣∣∣∣ 12π

∫ ∞

−∞
(w(s)− w)e−

s2

2 ds+O
(

1√
N

)∣∣∣∣ .
=

∣∣∣∣ 12π
∫ ∞

−∞

(
s

√
τ(1− τ)

α2
ρζ + τ

+O
(

1√
N

))
e−

s2

2 ds

+O
(

1√
N

) ∣∣∣∣.
=

∣∣∣∣ 1√
2π

√
τ(1− τ)

α2
ρζ + τ

∫ ∞

−∞

s√
2π

e−
s2

2 ds

+O
(

1√
N

) ∣∣∣∣.
(B.37)
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The remaining integral in (B.37) is nothing but the expected value of a zero-mean

Gaussian RV and therefore we have:

|pt − pa| ≤
K√
N
, (B.38)

for some positive constant K. Since the absolute error is O
(

1√
N

)
we obtain the desired

result.

Lemma 7. The O
(

1√
N

)
term in (2.27) can be taken out of the denominator in the

AoI expression and the AoI expression becomes

∆(ζ,N, ρ, τ) =
1

τ

(
1−Q

(√
N(αρζ−τ)√

α2
ρζ+τ

)) +O
(

1√
N

)
. (B.39)

Proof. We denote the first term in (B.39) by ∆a and define ∆t as:

∆t ≜
1

τ

(
1−Q

(√
N(αρζ−τ)√

α2
ρζ+τ

)
+O

(
1√
N

)) . (B.40)

The absolute error between ∆t and ∆a is given by,

|∆t −∆a| =∣∣∣∣∣∣∣∣
1

τ

(
1−Q

(√
N(αρζ−τ)√

α2
ρζ+τ

)
+O

(
1√
N

)) − 1

τ

(
1−Q

(√
N(αρζ−τ)√

α2
ρζ+τ

))
∣∣∣∣∣∣∣∣ .

Combining the two terms and resorting to some simplifications we obtain:

|∆t −∆a| = O
(

1√
N

)
. (B.41)

The fact that the absolute error between ∆t and ∆a is O
(

1√
N

)
implies the desired

result in (B.39).
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Finding the Spectral Efficiency from

the Packet Error Probability

From (2.27), we see that the condition pe < ϵ leads to:

Q

(√
N(αρζ − τ)√
α2
ρζ + τ

)
< ϵ1, (C.1)

where ϵ1 = ϵ+O
(

1√
N

)
. Inverting the Q-function and re-arranging the terms yields:

ζ

(
ζ − Q−1(ϵ1)

2

N

)
α2
ρ − (2ζτ)αρ + τ

(
τ − Q−1(ϵ1)

2

N

)
> 0. (C.2)

The left-hand side of (C.1) equation is a quadratic form of αρ whose zeroes are given

by:

α+
ρ = τ

1 +
√

1− (1− Q−1(ϵ1)2

Nζ
)(1− Q−1(ϵ1)2

Nτ
)

ζ − Q−1(ϵ1)2

N

, (C.3)

and

α−
ρ = τ

1−
√

1− (1− Q−1(ϵ1)2

Nζ
)(1− Q−1(ϵ1)2

Nτ
)

ζ − Q−1(ϵ1)2

N

, (C.4)

Recall that αρ =
1

2ρ−1
and since ρ ≥ 0 then αρ is nonnegative.

Case 1: ζ > Q−1(ϵ1)2

N
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In the case that ζ > Q−1(ϵ1)2

N
, the parabola in (C.2) is convex with real roots and,

therefore, the inequality in (C.2) is satisfied whenever αρ < α−
ρ or αρ > α+

ρ . Note that

α+
ρ is always positive and any αρ > α+

ρ is a valid solution. However, if τ ≤ Q−1(ϵ1)2

N
,

α−
ρ will be non-positive and solutions αρ < α−

ρ are invalid as αρ must be non-negative.

Yet, even in the case τ > Q−1(ϵ1)2

N
, αρ < α−

ρ leads to incorrect solutions for small ϵ1.

Re-writing (C.1), we have:
√
N(αρζ − τ)√
α2
ρζ + τ

> Q−1(ϵ1). (C.5)

Now if ϵ1 is small, i.e. smaller than 1
2
, then Q−1(ϵ1) > 0 and hence the term on the

left-hand side of (C.5) should be positive as well. In this case, α−
ρ should be greater

than τ
ζ
and re-writing α−

ρ as:

α−
ρ =

τ

ζ

1−
√
1− (1− Q−1(ϵ1)2

Nζ
)(1− Q−1(ϵ1)2

Nτ
)

1− Q−1(ϵ1)2

ζN

 , (C.6)

we see that this is equivalent to the term inside the brackets in (C.6) being greater than

1. In that case, we have:

1−

√
1−

(
1− Q−1(ϵ1)2

Nζ

)(
1− Q−1(ϵ1)2

Nτ

)
> 1− Q−1(ϵ1)

2

ζN
. (C.7)

This implies: (
Q−1(ϵ1)

2

Nζ

)2

>

(
Q−1(ϵ1)

2

Nζ

)(
1− Q−1(ϵ1)

2

Nτ

)
+
Q−1(ϵ1)

2

Nτ
. (C.8)

Dividing both sides of (C.8) by
(

Q−1(ϵ1)2

Nζ

)
and rearranging the terms, we obtain:(

Q−1(ϵ1)
2

Nζ

)(
1 +

ζ

τ

)
>

(
1 +

ζ

τ

)
, (C.9)

from which it follows that:

ζ <
Q−1(ϵ1)

2

N
. (C.10)
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As we are assuming ζ > Q−1(ϵ1)2

N
we have a contradiction and thus αρ < α−

ρ is an invalid

solution.

Case 2: ζ < Q−1(ϵ1)2

N

In this case, the quadratic form involved in (C.2) is concave. Its zeroes are still given

by (C.3) and (C.4) and solutions to (C.2) are α+
ρ < αρ < α−

ρ . In this case, α+
ρ is

always negative and only when τ > Q−1(ϵ1)2

N
, α−

ρ is positive. Since αρ must always

be non-negative, valid solutions to (C.2) are 0 < αρ < α−
ρ under the condition that

τ > Q−1(ϵ1)2

N
. Yet, even we will show that this leads to invalid solutions. If ϵ1 is small,

i.e. less than 1
2
, then Q−1(ϵ1) is positive and so αρζ − τ must be greater than 0 or we

have a contradiction. Assuming that α−
ρ ζ − τ is positive, it follows that:

α−
ρ ζ − τ > 0, (C.11)

which is equivalent to:

τ

ζ


√

1 + (Q
−1(ϵ1)2

Nζ
− 1)(1− Q−1(ϵ1)2

Nτ
)− 1

Q−1(ϵ1)2

Nζ
− 1

 >
τ

ζ
, (C.12)

where in (C.12) we multiplied the numerator and denominator of α−
ρ given in (C.4) by

1
ζ
. Simplifying (C.12) further leads to:

ζ >
Q−1(ϵ1)

2

N
. (C.13)

As we are assuming that ζ < Q−1(ϵ1)2

N
, we arrive at a contradiction. Therefore, if

ζ < Q−1(ϵ1)2

N
there are no valid solutions.
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