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ABSTRACT

The problem of sí-ngular optirnal c-onlrol for single-ínput, 1ínea::,

time-invar:j-ant systenìs rvj-th ntnner:értoï óynanics ís Ínrrestigatecl . A revier,,r

of the t::ansformation whích eliminaies derÍv¿rtives of the control function

from the systeni dífferential equatíon is nacle. Pontryaginrs ì4inínium

Príncíple ís then given, although not ín íts most general form. Co¡dj-tio¡s

necessary for the singularity of both the time-optimal and fuel-optíma1

problems are found. Finally, símpJ-e síngular problem-c are solved to

illustrate some of the specíal techniclues lqhich must- be used ín theír

solutíon.



ACKNOI\ILEDGE¡IENTS

The Author îül:shes to tha'lc h's thesis advísor, professor
Ir' H' Lehn, for suggestri.ng the topic of this thesis ancì fcr helping ruith
suggestíons and aclvice when neeclecl most.

Thanks ar:e also extended to the National Research cor-:ncil 0f
canada' vrrrose f 

'na¡rcial 
support, 

'n 
the f orm of a Bursar¿ a110r,zed this

røork to be done.



CII.{PTER

I.

II.

III.

IV.

vr.

TABLE OF CONTENTS

INTRODUCTTON

TRANSFOP.}'íATION OF SYSTBIS

FORIiIULATION OF THE MINII4UI'Í

TTIE TIME.-OPT]MA], PROBLEI'I

WITH NID,MRATOR DYNA}ÍICS

PRTNCIPLE

Necessary Conditions for the Síngular Tíme-Optimal

Problem

Example.s for the Time-Optima1 Probl-em

T}IE FIJEL_OPTÏ}ÍAL PROBLEM

Necessary Condítions for the Singula:: Fuel-Optimal

Probl-en

Exaoiples for

CONCLUSIONS

BIBLIOGRAPHY

the Fuel--Optímal Problem

J

11

PAGE

1

39

46

67

6B

L6

L6

24

39TT



LIST OF }'IGURES

FIGURE

' --J.1
1. Forced systeflt IIl(s) = -Þ-'r---l f -¡n-!¿nrnv-in

" 
q "+¡-l 

t'raj ectories ' solid 1Íne's

PAGE

for r: = -l-i-r dashed lí.nes for u - -1.

traj ectories.

4. Best trajectoríes for an asyerptoti-c approach to the

origin from varíous points ín the state space. 33

5. Time-optimal trajectories and singular regíons for

example 2.

2B

2. Llnforced system tH(s) =;-Ë¿if trajectories, u = 0. ZB

3. A ploi of the allo'¡able injtial states and optimal

31

6. A plot of 1", | + ". c,
J

c.
J

for l":l 5 1.

7. Forc.ecl systen tH(s) = ;f$¡;f trajectori.es, soliC lÍnes

for u = *1, dashed lines for u - -1.

J.)

LN

)4

B. Unforced sysËem tH(s) = ;?#f, tïajectories, u = 0. 54



v]..

LIST OF FïGURES (contirrued)

FIGURE

9. Fuel-optiilra1 control-s in various regío's of the state

space, H(s) = ffi, Tf. = 2.0 secs.

10. Fuel-optÍ.mal controls i-n various regions of the state

space, Ii(s) = #'+tt, Tf = 2.0 secs.

D 
^ 

nr-l

57

o-1



CHA.PTER I

II(TRODUCT]ON

This thesis inr¡estigates the p::oblern of -singular optirnal control

for single*input, 1Í-nee::, tine-ínvaríant systems r,¡hose transfer functions

contaín zeroes, or numeraËor dynamics. The t\,ro most common optímizatíon

problerns for rvl-rich singular: conl-r:ols can exist are the time-optimal and

the fuel-optína1 problens. Because of the form of the general optÍ.mal
1control, the energy-optimal problem canrrot have any singular solutj-ons.'

In general , singul-ar optimal controls can exj-st for arry problem r.¡hose

Hami-ltcnian is eÍther a linear function of the control (g) or a linear

function of the control and j-ts absolute value, í.e. H[u, lgli.

Firstly, a problem inhei:ent ín any attempt Ëo deal wíih systems

v¡hose transfer functions contain zeroes wí11 be reviewed. That is the

problem of finding a state rep::esentation of the system ir-r which

derivatives of the control functíon do not appear.

Secondly, the necessary condítions for both Ëirne-optimal and

fuel-optimal problems in general v¡íl1 be generated, using pontryagints

Minirnun (llaxiinum) Principle, ancl the general form of the optimal control

will be giverr. A singular control will be defined from thj-s and condj.ti-ons

necessary for the existenee of a singular control will be derived. Comments

will also be made on ihe more important effects these conditions have on

the systern.

1-ìf. Athans and P. Fa1b, Optiinal_Contr_o1-:

and its :þg!!¡:aL_ions (IfcGrarv-Hí11, J966),

4n _lnlisduction to ihe ThegIy_

p.479 .



2.

Finally, símple examples of both types of optimal control

problems will be solved for a second-order, single-zero system to

illustrate some of the precautíons which must be taken in finding optimal

controls for problems in v¡hich singular optimal controls may exist.



C}IAPTER II

TRAIJSFORI.ÍA]]ION OF SYSTE}ÍS I.IITH

NU}IEP,,^, ÏOR DYNAMI CS 
1

The problem ín dealing r,víth systens r.¡hose transfer functions

have zeroes ís, of course, the occurrence of derivatives of the control

function ín the system differenËia1 equation. These may cause unclesírable

díscontírruities, especía1ly in the case of optimal control.

Probably the best r+ay to e-Liminate thís p::oblerr is to find a

state l:epresentation of the systenì r,¡hich eliininates the clerivative of

the control. consider ur, nÉ orcler single-input, single-output system

represented by the follorving transfer functíon ruith constanl- coefficie¡ts,

n ^-1b s" -t- b ,s" - -l- .... + bn n-,1

* a,s * a
IO

r,rhere y(t) is the outpuË and u(t) is the ínput. ft shoulcl be noted that

this equation represents the case where the number of zeroes is equal to

the number of poles. This, hor,¡ever, ís the most general case for all

physical syste¡ns, since by choosÍng the numerator coefficients as follolus:

Y(s)
u (s) n n-1s + a .s +n*1

h-n-1 n-m*1 0,0,

the case of m zeroes ancl n

equation representíng tlie

poles may be represented.

^L^-'^ ^,-^È^* i^auuvs òJ¡ LUttL It)

The differential

't

' Cf.-II.Athans and P.Falb, Optimal CLrlltrol: An Introductr'.on to the Theory

and its Appl.¡.cati-onå (McGr:ar.r-llí1J_, 1966),pp.182-j90.



lnt o ur,_lot-l + .... l- arD -r aoJv(t) - [b,'D + bn_lDn 1 o ....

+ b"D + b lu(t) 2l- O-

In order Ëo obtaín the exact solution of this clifferential equatíon it is
necessary to knorv the 2n ínítía1 conclÍtions, y(o), i(o), ,(o), .... ,

fn-i \ ¿n-l ly\¡r r¿l (o), u(o), ú(o), ...., u\"-tl (s¡. with this in mind, the

following rrrethocl r,¡ill be used Ëo try to determine the state vector.

The state vector z(t) rvi1l be constructecl rvíth components

zr(t), zr(t)e ...., zrr(t) as foll.or.¡s:

or Ín corrcise fo-rm.

z. (t) = ,(i-1¡ (r) - , it ",u, (t)hr--o-r,

where the h- are n constants "i,o"u val-ues must be cletermineci.
l_
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The differentíal equation which the z. (t) satisfy must nor¡I be deterrnined'

It can be seen from equations 3 that, for ! = L, 2, ...., o-1,

å. (t) = ,{i) {t) |!. 
u(k+l) (t)hi-t-r

= z.*r(t) + h.u(t)

ri\ i rur
since z.*r(t) = y(t)(t) - 

olo 
ttt^'(Ë)hi-k'

The final relaËion, for i = n, is

år,(t) = v(') (r) - j, "(k) {t)r'r,-o

ThesystemdifferentialequaËion(2)givesthefollowingrelaËion:

n-I /.\ /-\ n:l
,(r) (r) = - 

tt' 
,oy(t) (r) + 0,.,r(*) (Ë) + .'1, oo"tu) (') * bou(t) 7

ijO r-- k=l

RewriËing equaLion 5 as

,(i) {r) = z.*r(r) . 
*lr,r(k) 

(.)nr-o + h'u(t),

successively multiplying by aÍ' i=0' l' ""' n-l and adding' yíe1-ds:

n-I ¡,.r \ n-l- n:l t (k) . n-l
ï a.y*', (r) = I r, z.-.,(t) + ^'[-"r[. 

l."tu'(t)hi-k] + u(t) .1,
il' a ilo i i+r ilo t tlt i-K- ilo"iht' I
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Substitutiirg this relation ínto equation 7 girres the relatíon

/ \ n-l- n-1 i ,.. n-l
y\t/(r) = - f a-z-*.,(t)- I"rlf "trtl(t)h-_'-1 -u(r) I..,h_....g

í=0 t t-t i=0 t tI1 r'-¡i ilO a

Finally ihe substitution of this rela.tion into eqtiation 6 yÍ.elds the

ortrr¡finn

n-l /\ n-l n
årr(t) - - ll^"r-rr-Fl(t) + brrrr(t)(r) +.l^r..,(u)(.) -rb,u(t) - Ï,r(or,.r,.,

i=0 * *' .. " k=O"k* - o-'-' 1._1 rr-K

n-l i ,.. n-1\' , r (K),... r- .l^"i[. ]- "'--' (t)hi_r.J - u(t) 
. ] r.h.

i=0 t tlt ,-:O t t 10

can be verífíed by dÍrect computation, and substítution of Ëhis relation into

equaËion 10 gives

n-l n-l
çl ,årr(t) = - .l^rrrr_nr(t) + (bn-ho)rrt"'(r) *u(r)lbo - .l^rihi]l-=u a=u

n-l /1 \ n-k-l
+ 

, I.n(*/ (t) Ibr hr,_k - .l^ nrrr.*ul
[-¿ I-U

Thp rp'lrfinn

Thís relaiíon makes it possíble to dete::m:',ne the values of the

h-. ïn order to malce eqtiatÍ-on 12:'udependeirt of the clerívatives of Èhel-

L2
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control u(t), it is obvÍous that the follorv:'-ng rel-ations must be

satis fíed :

h=bon

and 1?
n-k-l

h ,v = br. - f t'r. a.,r_ for k = 0, l, 2r...., n-1.n-^- ^ a i_l-kl-=u

Substitution of the above relatíons ínto equatíon 12 gíves the fol-lowing

differential equation:

Thus, the set of differential equations determÍned by the

zr(t) has been found and can be rvriiten concisely as
l_

2(t) = Az(t) *hu(t),

where h is the column maËríx

h

n-1
. /. \ F¿n(t) .L^ urrr, (t) + hrru(t)" -'-^r-v

n"1

h"2

L4

15

and A Ís the svsLem rnatríx



a

01000

00100

000r.0

000 1

-ao -al -a2 -an_1

The computaLíon of the constants h., i = 0, lr 2' ...., D, may be done

quite easiJ-y by successive substitutíon into equatíons 13.

The solutíon of equation 15 is

o

and from thís it is clear Ëhai knol¡leclge of z(to) ancl u(s), to Í s Í t,

will uniqucly detenníne z(t). Moreover, since y(t) = ,L(t) + hou(t),

the output y(t) is also uniquely deterrnined. The state equations for

the system are, therefore,

2(t) = Az(t) +hu(t)

and

y(t) = zr(t) +hou(t).

These equations shoiv that tire zeroes of a transfer function do

not affect the nodes of the response, i.e. the eigenvalues of the systern

matrj-x A are the poles of tl'e ir¿.rrsfer ftinction. 'Ihe zeroes affect only

z(t) = tz(to)+J "-ott-to)t'.r(")auÌ.4(t-Ëo) 16

t

t7



a

the control term, since tÌ-re h_. ale dete::míned by the coefficj-enËs of the

numel:ator of the transfer functíon, as r+e11 as the ccefficÍents of the

denominator:.

The occurrence of the control terms in ecfuatíons 3 means that

care nust be talten ín transforrni.ng bouncìaly conditíons on the output and

íts derivatives to equivalent condítions on the stete varj-ab1es. The

ínitía1 state of Ëhe output ustra.111' pr-esents no specíal 1>roblan because

u(t:) = 0 for a línear, tíme-inva::iant system. The control terms,o'

hor¡ever, rntrst be taken into account r,¡hen findíng the equívalent state
')Tepresentatíon of the target set." The equations 3 relatíng thc stafe

variables and the output ancl its clerír'atives p::ovide, of corirse, the

desired relations. For high order systems i.r:lth many zeroes, the

determ.inaLíon of the equívalenl target set rvj.ll become- a very tediotrs

task, if not impossible. If, hoi.iever, Ëhe system has only one or tr.ro

zeroes, the task is quite simple. Since the b_., i =
!

aIL zerc, for systems with a single zero, the h-., í =

are also zero ancl equation 3 ¡sdusss to

?t rt¿

0

.., n ale

ñ- /
....t LL Ltt, 1,

zr(t)

'.2(')

v(t¡

i(t)

r-B

z .(t)n-_L

zrr(t)

,,"-rr.,.,

,(n-1) 1r) - ho_ru(t)

see pp.17--72 f or defrlnÍtj-on.
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rvhich uake for a símple transformation. As will be seen Ín the examples,

special types of problerns and boundary conditions may also affect Ëhe

form of the target set. These, however, restricË the target set even.

further and Ëherefore equations 18 and more generally 3 are most useful

because they determine the maximum extent of the target set, wiËhin which

all special target sets must lie.



CHAPTER IIT

FORMULATION OF THE MINIMUM PRINCIPLE

The problem for which PonËryaginrs }finímum Principle will be

gíven is not Ëhe most general possible, but one which is fairly 
"oìo*on

and covers Ëhe problems Ëo be considered in this thesis. The opËiioal-

control problem to be considered is that of drivíng Ëhe linear, time-

invariant system, described by the vector differential equation

*(t) = Aå(t) +Bu(t)

where 1".(t) l:r, i -

specified, possibly

minimizing the cosË

l, 2, ...., T, from some

time-varying, target set S

functíonal

sËaËe x(o) to some

at the same Ëime

initial

while

J(u) L [x(t) , u(t) ]dt.

The terminal time T is free, the inËegrand L[x(t), u(t)] dr is noÈ an

explíeiË function of tíme and L[x(t), u(t)] and âL[x(t), u(t)]/â¿ are

conËinuous. The target set S may be speeified in many \¡iays, but the

ones which will be of use in Ëhe sequel- are as foll-ows:

¡T
I=l
I

o

a) S may be a given fixed elemenÈ of the state

^ c:-.^Å end point.èlt o !!^Eu

b) S rnay be a moving point in the state space

c) S rnay be a fÍxed or time-varying targeË set

Ëhe follorving equatíons:

í=1, 2, ...., n-k

1:k:n-l

space, i.e.

i. e. g(t).

specified by

sr[x(r), tJ = o
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H[x(r) ,¿(t) ,u(r) ] = loI, Ix(r) ,u(t) J +(e(t) ,Ax(t) + Bu(r>

or in vecLor form

g[x(t), tJ = o

r¿here g ís an n-k vector with component" gi To ensure the suitable

behaviour of this target set g. [x(t), r], ðg. [x(r),r]/âx and ðg. [x(r),t]/ât
must be conËinuous in x(t) and t. Also, Ëhe gradíent vecËors ag.[x(t),Ë]/âë

musË be linearly independent for a1L (xrt) in S.

The HamilËonian functíon for the posed problem is given by Èhe

relaËion

= toT-lx(t) , u(t) I +<Aå(t) ,¿(t)) *("(r) ,n'g(t)), s

where g(t) is the cosËate vector, to be defined later, po is a nonnegatÍve

consËant a"a (:rp) denoËes the scalar product of the vectors x and ¿.

The canonical system of differential equations associated with

the probleu is

-aHlx(t) ,p(t) ,u(t) l
i(r) ðx(t)

Any solution, fl(t), of
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aL[*(r) ,ù(r) ]
g(t) = -po- ax - A'¿(t)

ís saíd to correspond to û(t) and *(t) for all admissible û(t) and each

trajectory *(Ë) corresponding to t(t).

The Minimum Principle staËes that if an admíssíble control

g*(t) which Ëransfers x(o) to S is to be opÈirnal, Ëhen iË is necessary

that there exist a nonnegative constant p'* and a functíon¿*(t) such that:

í) p*(t) and x*(t) are a soluËion of the canonical system

equations 6 and 7, satísfying the boundary conditions

l!*"(o) = x(o) and x*(T)eS,

iÍ) the Hamiltonían function H[¿*(t), p*(r), u(r), pä] has an

absoluËe mini.mum, as a funcËion of u(t), over all admissibl-e

controls at u(t) = g?k(t), whích ímplíes

H[¡*(t) ,p*(t) ,g*(t) ,nil <Hlx*(t) ,p*(r) ,n(t) ,på] 9

for t in [0,T],

iíi) the function H[x*(Ë),p*(t),g*(t),OiJ ís a constanr for t

in [0,T],

i.e. H[x*(t),p*(t),g*(t),e[J = C,

where C is equal to zero for any fixed target (seË or point),

is equal to

n-I âei[lç*(t),t]
lr

10

11_

i3r -i at lr
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for a moving target

)'¡
set and Ís equal to

dg(t)

l,>

for the moving point t,argeË,

1v) there aïe no conditions on the final value of the optimr:m

costare [g*(f) ] if the targeË seÊ S is a single point

(fíxed or moving) of the state space. If the Ëarget set

S Ís a set of points i.e. Ëarget set (c), the final value

of the opËirna1 cost.ate must be normal to the ËarseË set at

5* (T) , i. e.

g*(r) 0.
l_

âg.[xx(t),t]

,T. L2

The proof of the Minimum Principle is beyond Ëhe scope of this

thesís. lÈ uay be found in numerous books and arËícles, done with varying

degrees of rigour. Some of these rvorks may be found ín the bibliography

at the end of this thesis.l

1- M. Athans and P. Fa1b, Optimal Control: An InÈroductíon Ëo the Theory

and its Applications (McGraw-HiLL, Lg66), pp .284-35r; L. s. pontryagin

et al., The Mathematical Theory of 0ptimal Processes (Tnterscíence.

Publishers, rnc., Nerv York, 1962); and L. r. Rozonoer, "L. s. pontryagin

Maximum Prínciple in the Theory of optímum syst.ems", Automâtion and

Remote Control, tof. 20, part 2r 1960.

dr(no{tl,

1o..,,
a5

n-k
r
L

i=1
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The Mínimum Principle is local ín nature and Ëhus Ëhere may

exist several controls which satisfy the conditíons necessary for opËimalíty.

These controls are conmonly called extremal controls. The evaluatíon of

the cost functíon for each of the extremal controls r,¡i1l usually deterrnine

which of them may be optímal. This does not always hold, ho\,rever,

because the existence of extremal controls does not, in general,

guarantee Ëhe exísÊence of optírnal conËrols. Probleurs of this type will

not be consídered, as they do not occur for linear, time-invariant systems.

The problem for ¡¿hích there is no solution, opÈimal or otherwíse, ís of

concern and wÍ11- be mentioned later.

Now that the necessary condiËions for an optimal control have

been outlíned ín general, the next step is to apply them Ëo more specific

problens, namely the Ëime-optimal and Èhe fuel-opÊimal problems.



:

CHAPTER TV.

THE TIME-OPTI},ÍAL PROBLEM

the general forrnulation of Pontryagints Minimum Principle will now

be used to obËain the condiLions necessary for a time-optimal conËrol. The

condition necessary for Ëhe. tíme-optimal- probleur to be singul-ar will also

be found. These condiÈíons will Èhen be used to obtain the tirne-optimal

sol-ution for a system satisfying the necessary condition for singularity.

I. NECESSARY CONDITIONS FOR THE SINGULAR TI}fE-OPT]MAL PROBLEM

The time-optÍmal, or minimum-time problem is very simply the

problem of transferring Ëhe sysËem from its ínitial state t.o Ëhe target

set as quickly as possíble. To achi-eve this, the measure of performance

must be the transition time and therefore the íntegrand of Èhe cost

functional is L[x(t),u(Ë) ] = 1.

The Hamiltonían for the time-optimal problem ís gíven by

H[x(t), p(Ë), u(t), pol = po

and the canonical equations bv

+(a"rr), p(Ë)+(u(t), n'¿(t)) ...... 1

*(Ë) = Ax(t)+ng(t)

ltt.(t) . 11, i = L, 2, ...., r' a--

g(t) = -a'g(t) ...... 3

Another most important relationship can be derived from necessary

condition ii) of the Minimurn Princíple,

Hlx*(t),p*(t),u*(È),pål : Hl¿*(t),p*(r),u(Ë),pä1. 4

The substiÈutíon of equation 1 into equation 4 yíeIds,

på *(5-(t),p*(.)*(g*(r),8'po(r): eä \G*(Ë),p.*ct)+fCt),8'¿*(t),



¡ , ¡ . ,:,._, ,:1,:,.,:-r.: :.; .i..; I ;.: 1 .

L7.

r¡hich reduces Ëo

(go(t), B'p*(tD f (uttl , B's*(t)),

where the equaliËy holds if u(t) = g*(t) for all È : T*, T* being the

minímum time of operati.on. Equation 5 may be rewritten as

I ui(t) qf(t) j I u.(t) cf(t¡
j=l- J J j=l J J

by defíning a vector funcËíon

n:t(Ë) = nr¿*(t)

which becomes, ín component form

n
rf(t) = .l- o* n{(t), j = !, 2, .... ' r.

J i=l -J

The time-optimal control ís, of course, Ëhe one which minjmizes the right

hand sides of equatíons 5 and 6. IË is obvious that Ëhe conËrol which

does this and yet does not víolaËe Èhe magniËude constrainËs is defined

bv the rel-ations:

uf(t) = -1 if qj(t) > 0

lu*(t)l:r if qî(t) = o.

uf(t) = +1 if qT(t) < 0
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A concise expression for the optimal control,

uï(t) = - ssn [qT(t)],

j = Lr 2, ...., r

or in vecLor noËation,

g*(t) = -_q.æ[g*(t)],

may be obËained by defining a funcËion, sgn [....], as

sgn[a]= +1 íf a>0

sgn[a]= -1 if a<0

lssnfall . r íf a = 0.t_-

These relaËíons now lead to a definit.íon of normal and sÍngular Ëime-

optimal problems

A time-optimal problem is saíd to be norrnal if, in Ëhe tirne

ínterval , [0, T*], Ëhere Ís a countabl-e seË of tÍmes,

t^. e [0,T*] J = L, 2, ...., r
dJ

a = L, 2, ...., m

such thaË qi(t) = O holds if and only if t = t-, and qf(t) # 0 holds for.J AJ 'J

all other t, for all j = 1, 2r...., r. In other words, Ëhe functlon
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qï(t) is zero only at a finiËe number of isol-ated instanËs of Ëime,
J

yielding a piecewise constant time-optínal control-.

A time-optirnal problem is said to be singular if, in Ëhe time

intervaL [0, T*], there is at least one subinterval [Tl, T2]5 C tO, T*l

such that qî(t) = 0 holds for al-l Ë e [T.,, T.,],. Each such inËerval
J T LJ

[T1, T2] ís called a síngularity interval. During such íntervals Ëhe

Hamiltonian d.oes not lead Ëo a well-defined relaËíonshíp anong g*(Ë),

ë*(t) and gx(t), therefore necessitating the use of some other means to

determíne a relationship among these terms. These means usually ínvolve

use of the canonical equations and the Harníltonian funcÈion to obtaín a

set of necessary conditions ruhich may lead to a relatíon among g*(t),

x*(t) and ¿*(t). Examples illustrating thís procedure will be done in

secE.l-on II.

In order for Ëhe time-optimal problem given at the begínning of

this secËion Ëo be síngular, it is necessary that, for some j, j = I,2,

- ÉL^ *^& '..n.¡ r¡ E.ne maErl-x,

.j = rÞj i A% i Êy:; io*hr, ,

be singular, where bj is the jÉ colr.r*n of B, the control matrix.

This statement is easily proven. The opt.ímal control is given by equaËion
m

8, uf(t) = - sgn tqI(t)l , where cf(t) = [ u,.* pf(t) ís given by
JJJi=ltJr'

equatíon 6. This latter equation may be rer¿rítten as

qî(t) = (Þ:, P*(t)).
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).
The definítion of a singular control ldads to Ëhe requirement Ëhat

qf(t) must be equal to zero for al-l t e [T1 , Tr].r. Therefore, the
J * L ¿J

relation qî(t) = Q*(t) = .o.. ã qÍ"-l)(t) = 0 musr also hold for all.J 'J ^J

t e [T; , To]*. This and equation 10 yiel-d the following re1-ations, vaLid
LLJ

for all t e [T,, T^].:- L' z-j

EquaËion 3, however, yíe1ds the relation, g*(t) = -À'po(t), which when

substiËuËed ínto equatíon 11 gives the relatÍons

aJ{t) = (Þ:, ¿*(t)) = 0

ejir) = (Þr, r*{tl) = o

l_1

öf (t) = (b,, Þx(t)\ = o-J \_J /

nÍ":'lc l = (Þr,n,"-T,,.ry = o.

cj{tl =(Þr,-A's*(r)) = o

qî(r) = (nr, o'þc.)) = o

ql(r) = (Þ:, l*(t)) = o

L2
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. ,rr-r, o r..,=j \ -/

12

= (qr, (-1)'-1

is true for all x and ¿

all x and ¿, equations

and since (-+1, r¡ =

L2 may be rewrítËen as

a'"-þrtl) =0.

Since(", af) = (o'¿, y)

- (ol, f) i" also Ërue for

ci(t)
J

cä(t)
J

ai(t)
I

.

o Ít-t) o (.).J

= (Þj,

= (oUr, n*(t)) = o

= (o'%,

¿*(t)) = o

¿* ( t))

= G"-\, ¿*(t))

13=0

=0.

The fo11-oruing concise relaËionship,

cje*(t) = 9,

nay nov/ be wriËËen, where G. is as defined in equatíon 9. Wow, g*(t) ís

not the zero vector, sínce Ëhís ivould violate a hypothesis of the Minimun

Principle. Consequentl-y, the mat,rix G. must be singular, i.e. det G. = 0.

One important thing to noËice about this necessary condition

for singularity ís that iË ís very símÍ1ar to the críteríon which must be

t4



22,

I

satisfied in order for a system t,o be completely controllable. This

criterion sta-tes that in order for a system to be completely controllable,

i.e. the system may be driven to the origÍn froro anlnihere in the state

space, it is necessaïy and sufficient that the rank of G = [B i e¡ I ÊI,i.,
. n-1
:4.. -B] be at least equal to n, the order of the system. In fact, a

system not satisfying the necessary condiËion for sÍngularity, i.e. det

G* # 0 for èach i = L, 2, ...., r, is eompleËely controllable by each of
J

the control components, u. (t). If this occurs it is a much stronger

conditÍon than complete controllabiliËy and is called norrnalíty. The two

criterÍa become identical for single-inpuË systems and, in addition to

the possíbilíty of a singular solution, the problem of non-

exisËence of solutions becomes much more pronounced. For example, a

solutíon to the problem of driving a completely controllable single-input

system from any point ín the state space to the origin is guaranteed.

This, of course, is not t,rue if Ëhe system is not completely controllable.

As a result of this, additional const.raints must be placed on the ínítíal

states of Ëhe system, as wíll be shovm in an example done in a following

section.

Moreover, the necessary condítion for singularity also gives

the reason for Ëhis ínvesËigation of. Ëhose systems r¿hose transfer

functions contaín zeroes. The reason is Ëhat only systems of this Ëype

are able to satisfy the condition necessary for singularity. The exisËenee

of a transfer function without zeroes automatically assures that a

single-ínput system is completely controllable and hence non-sìngular.

This is easily shov,¡n, since the relationship beËrveen input and output is

given by

)
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y(s) = H(s)u(s) = i -ot. u,",
ills-at

15

where p, is the residue of the transfer function H(s), 
la ^r. 

For. a

system wíËh distínct eigenvalues, the expression for g, is

16

Since each of the terms of equation 15 represents a mode of the response,

Èhe only way the sysËem can be uncontrollable and hence satisfy the

necessary condiËion for singularíty, is for one of the p. to be zero.

This, however, can only happen if bo is zeîo, a trívial case.

A system with a zero in its transfer funcËion offers another,

more reasonable, possibílity. The residue in this case is

n = 
b*(Àr-or) (Àr-or). .. (Àr-or)

'i (Ài-À1) (Ài-À2)... (Ài-Ài_r) (rr-r.+1).. .. (r.-Àn)

where m is less than n and the or, j = 1, 2, ...., m are the zeroes of

the Ëransfer function. Here the possibility of g, being equal_ to zero

is not trívial. The only requirement ís that, for some j = Lr 2r..., m

À= = o. holds. A similar argumenË reaching Ëhe same conclusion can ber-J
made for systems r¡hose eigenvalues are noË distinct. Thís concl-usion can

also be reached by looking at an analog computer sj-mulaËion of such a

1sysfem.

1- M. Athans and P. Falb, Optirnal ConËrol: An InËroductl-on to Ëhe Theory and

its Applications (McGraw-Hill, f966), p.188.

T7
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)' 
¡II" HCAMPLES FOR THE TTME-OPTTI4AL PROBLEM

The examples presented here are simple, but sti1l illustrate
some of the specÍal techniques necessary to solve singular probLems. The

probl-eur to be considered is the one of dríving the single-ínpuÈ sysEern,

represented by Èhe Ëransfer function

s*a
s(s * b)' 1_

Y(s) 
=u(s)

from some iniËíal stare ¿(o) Ëo the origin ¿(T) = 0 in the

time with Ëhe magnituce of the control not greater Ëhan one

The differenËial equatíon represented by equatíon

least

aË any

1is

possible

time.

ï(t) + bf(t) = ù(t) + a u(t). 2

As has been shown ín chapter rr, suítable staËe variables are

zr(t) r(t¡ - hor(t)

and

i(t) - hoú(t) - hru(t)zr(t)

where, from equations

and h, result: ho = 0

therefore ,

13 of Chapter II

,h"=1andh^L¿

t the followíng values of ho, hl

a - b. The state equaLions are,

zr(t)

zr(r)

= v(t)

i(t¡ - u(t).
4



?-ìt0 1l
A= | |

þ -bJ

H = no +(Az{t), g(t) +(Þ't{t), u(r))

= eo + nr(t)zr(t) - vr(t)bzr(r)

25.

Equation 2.yields the system matrix'

and equation 15 of Chapter II gíves the state differenËia1- equation,

The Hamiltonian for Èhis problem is

+ lpr(t) + (a-b)nr(t)]u(t),

where g(t) = -dp(t).

To find Ëhe condition on Ëhe system necessary to make the

probl-em singular, the matrix G must be found. The matrix G is, from

the preceeding section,

c= [h Aþ]

fr a-b Itl
þ-o -u(a-u)J .
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¡

This roaËrix is singular if a is equal to either b, or zero, buË only the

case where a and b are both equal to one l¡iLl be examíned.

Equations 5, 6 and 7 become, respectivel_y

l'o 1'l h1
å(r) = 

L, ,l ¿(') * 
Loj 

u(r),

H = no + er(t)zr(t) - pz(t)zz(r) + nr(r)u(r) 10

and

lo ol
i(t) = | | p(Ë). 11

þr 1l

Solving for pr(t) and pr(t) from equatíon 11 yields the fact that

tr{t¡ = 0 and therefore p1(È) = lr(o)

Moreover, Þr(t) = - pl(t) + pr(t) gives the sol-ution

pz{t) = nr(o) + [pr(o) - nr(o)] .t. t-3

The sysËem dÍfferential equatÍons are, from equaËíon 9,

år(t) = r2(t)+u(t)

22G) = -zr(t),

12

and

which yield r upon solution,

z^(t) = z^ (o) e-t¿¿ I4
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\,
!

and

zLft) tu(t) + zr(o) + zr(o)[f-"-t]

r,¡here u(t) is piecewise consËant.

These 1asË tr¿o equations may be used to find the sysËem

trajectories in the sËaËe space. Equation 14 yíe1ds the following expression

for Ëime:

15

Substitution of Ëhis into equation 15 results ín the followíng equation:

l- z 11
I z"\o/ 

I

^fLl I tôlzc I
lLl

,L

The slopes of the trajecËories may be obËained from equation 9 and are

given by

drz

î1
|ltz^ltlt

- | - | 1-7| . | . Ltlz^ + ult/l

of the trajectories in

varíab1e, as has been

These equatíons permit the graphical constructj.on

the state space, for various values of the control

done ín figures 1 and 2.

The Ëarget set in the state space musË now be

aË equations 4 ímmediately gives the result that zr(T) =

T is the termínal time. Now, y(f) must also be zero so

found. Lookíng

y(T) = 0, where

that the second
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t' S+l
.r, t(s) = $T#tr

Forced system trajecËoríes, sol-id lines for u = *1,
dashed lines for u = -1.

z2
Hß)= S+l

s(s+t)

{
\

\
{ \

Figure 1-.

Figure 2. Unforced system trajectoríes, u = O.
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1 \'

of eguations 4 yÍe1ds

z^(T) = - u(T).
¿

The final value of the control, u(T), may t.ake on any value beËween minus

one and plus one. This means thaË zr(1) may a1-so range between minus one

and plus one. The target seË is, therefore, th" line segment l"rl < 1

and z, = 0.

Substituting equations 12 to l-5 íncl-usive inËo equation 10 and

letËingpo=1yields

H = 1 + tr(o) zr(o)e-t - nr(o) rr(o)"-t

lnr(o) - er(o)lzr(o) + pr(o) u(t)

= l- - [nr(o) - nr(o)lzr(o) + pr(o)u(t) = 0. L9

From this equation, Ëhe t,íme-optímal control, s*(t), is gíven by

Sínce p"(o) is a consËant, u*(t) will also be a consËant and Ëherefore-l

the tíme-ootimal control will be

u*(t) = +1 if er(o) q 0,
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and

u*(t) = -1 if er(o);' 0,

lu*¡t¡l:r if er(o) = 0.

At this point something further should be said about, the target

set. Several variations of this problem exist each of which may correspond

to some physical sítuation. One is that the output remain at zero fox

all t, > T'¡ eiËher wiËh u*(t,) = 0 or u*(t,) # 0. Another is the caser- I' '1'
where the output for tl t To is ímmaterial as 1-ong as y(T*) and j'(fx¡ are

equa1 to zeto. Each of these conditions will have íts effecË on the form

of the optímal control and the targeË set. Since these variations of the

maín problern differ only at and after the minimun response time, the

optimal- conËrol from any controllable initíal state will be idenËícal for

each variation excepË aË the Ëermínal tíme T*. The differences r¿i1l

occur, quite naturally, ín the form of the control at and beyond the

terminal time and more imporËantly, in the form of the Ëarget set. To

illustrate Ëhis, each of the Ëhree variations of Ëhe basic problem wíll

be solved.

Example l-

- 
The fírst variation will be Ëhe most restrictive, that of

dríving the output and its derivative to zero in the l-east possible tÍme

and maíntainíng the output at zero with u(tr) = 0 for t ì T*. This is

commonly called the time-opËimal regulator problem.

Equation 18 indicates that if u(tr) = 0 holds for tl t T* th"n

zn(t.r) must also equaL zero. The target set for this problem is¿L
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I

z, = zn = 0, as obËained from equations 4. The set of initíal staËesL¿

ís very neatl-y. ïesËricted by equatíon l-4, to all those for which zr(o)

-ti-s zero since e - can never equal zeto. Because there is no restrÍction

on zr(o), the al1owable seË of inÍtíal staËes is the ,Z = O axis as

shown in FÍgure 3 below.

Figure 3. A plot of the allowable inítial states and optimal
traj ectories .

The optimal control and a set of

conditions of the output are obtaíned from

/\lz"(o) = 0 and l"l < 1 musË hold, equation 4

iio) *rr"t be less than or equal to one. In

the initial value of Ëhe optirnal conËr'ol,

restrictions on the Ínitial

equatíons 2 and 4. Since'

ímplies that the magnÍtude of

fact, the same equation yields
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u*(o) = i(o¡. 2L

Moreover, since zr(x) is zero for the enËire period of operation, !(t)
Bust equal u*(t) for the same peri,od of tíme. Equation 2 indicates thaË

this is possible for a pieeewíse constanË control if and only if y(o) Ís

zero. Tf these restrictÍons are al-1 satisfied, the system can be dríven

" to the orÍgin in minimr¡n tirne by the following control:

u*(o) = i(o)

u*(t) = - sgn[y(o)i, 0. t < T*

u*(T'*) = 0.

Because p1 is a constant, the opËirnal control does not switch, as can

also be seen from the equations above.

Inspection of equat.ion 19 reveals that this example cannot

be'singular. Sínce zr(o) = 0, equation 19 reduces t.o

H = 1 +pr(o) u(t) = 0,

which ímplies that pr(o) ís non-zero and that the problern is not singular.

The restríctions on the initial state of the system are a

result of the systemts being not completely controllable. StricËIy

speaking, the fact that y(o) must be zero ímplíes, from equation 2, that

the sysËem has been under the influence of some piecewise consËanË control

22
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for all t < 0, such that u(o ) is equal- to i(o). Moreover' once i assumes

some value oËher than zero, it becomes impossibl-e Ëo drive the system to

the origín and have iË remain there with no control force because of the

exponential factor. '

The fact that an output may not be exactly zero Ís usually of

littl-e concern Ín an actual physical sysËem. If this were Ëhe case and

i(o) were noË zero, the best solution would be to drive tfre systero to the

u = 0 Ërajectory whích goes to the origín of Ëhe state space, and Temove

the control. This allows the system to approach the orÍgin with an

exponential decay. Figure 4 illustrates some of the possible Ërajectories.

Fígure 4. Best trajectories for an asymptotic approach to the
origin from varÍous points in the state space.

rcd¡us = e
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These ¡aajecËories provide the best response because of Ëhe

unconËrol-1-abílíty of. zr(r), i.e. zr(t) = z.(o)e-t. In other words, the

tíme taken to come withín some distance e of the "Z = 0 axis is índependent

of z, (o) and the control- applied. Therefore, the onLy thing thaË can be
I

done is to assure that z" (t) and zn(t) both decay to zero aË the same time.
L¿

The trajectory whích does Ëhis is the unforced (u = 0) trajectory which

approaches the origin.

Exarnple 2

The second variaËion wíl1 be that of driving the sys.tem so that

y(T*) = i(T'*) = 0 becomes true in the leasË possíb1-e tÍme, wíth no

attention being paíd to the output or its derivative for Ë > T*. The target

set in thís case is, from equations 4,

'L=o

l"zl < 1.

The optimal controls may be easily obtained from the trajectories of

Fígure l and the condítíon imposed by equation 18, í.e. u(t"*¡ = -r2(T*).

The outpuÈ and íts derivatíve will of course not remain aË zero unless a

specific control is maíntained for t > Ttr. This vrill be shov¡n ín example 3.

Figure 5 shows the target set, the optimal control for varíous

regions, some of the coïresponding opÊímal ËrajecËoríes and Ëhe sirrg.rlar

regions of the state space. The optimal trajectoríes can be seen Ëo

verify equation 20, whích implíes that the opÈimal control does noË

swítch. For Ëhis reason, there are no switchíng curves. The trajectoríes

23
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of Ínterest are those whÍch form the

These are, as indicated in Figure 5,

u = -1 which pass Ëhrough the points

35.

boundaries of the singular regíons.

the trajectories for u - *1 and

z, = 0' zn =*1 and z" = 0. z^ = -L.r-¿L'¿

U--þ

x,U:-l

*
l¡= -l

Time-optimal trajectories and
example 2.

tr't I

sÍ-ngular regions for.Figure 5.
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SÍngular optimal tlajectories Ëo any other point cf the target

cannoi orist because of the ùransversality condÍtion r¿hich states that

the- final value of the cosiate vectcr musi be rrormal to the taïget set.

Thus the tíme-optimal control for any trajectoly reaching the ínterÍor

of th.e straíght 1íne segment target set cannot be singul¿r.l: becaus. p1(o) =

pl(T'l) f 0 rnusl- ltold. The requirement for a singuJ-ar tirne-optimal control

\¡zas' of course, that p1(o) be zero. Therefore, Èhe only possibility for

a singular tÍme-op1-imal control is one rvl-ricl-r drives the systern to one of

the end points of the target set. Interestíng results connectecl rs:'-th the

shape of the reachable legion in the sËate spâce can be founcl in the

ref erence citecl belornr.1

To shorv that t'[re ti-rne-optimal control from any point inside the

indÍcated regÍ.ons is síngular is uot difficult. The time taken to reach

21 = 0, zn = -lL f rorn any point ínsi<le the síngular regi-on is j-ndepencìentt_'¿-
of the control used. Sínce zr(t) = zr(o).-t i" inclependeut of the control

varÍable, the tj-me talien to reacTt z, = *1 depends only on zr(o). Thus,

any control, and there are infinitely many, ¡vhich drives the systein from

zr(o), zr(o), inside the sírrgular region, to z, = Ot z, = *1- ís time--opiima1.

This non*uuiqueness of the Ëirne-optimal control in the sinsrrlar

regÍ-on may be put to good use l'.n many cases. In these cases some other

cost functionai cotrld be optímized, such as fuel- consumed, or some other

1_-.
þLLELEL

Journal

Kreindler r "ContrÍ.butions

ot The Frankl.ír: institute.

Time-Opt:'-nra1 Controlrt,

Apriì. 1963, pp.31.4-341¡.

Ëo the Theory

vo1-.275, Do.

n{

4,
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tconstraints- could be imposed ¡¿hich night prove useful ín eertain

situations.

Exanple 3

which Ís to uaíntain y(t) = i(t) = 0 with a control not necessarily zero

for t > T*, is identíca1 to the previous problem for t < T*. The time-

. optirnal control is, therefore, the same as found in example 2.

In order to maintain y(t) = i(t) = 0 for t > T*, the following

equaËions musË be saËisfied:

zr(t) 0

zr(t) = - u(t)

ïr(t) = r2(r)+u(r) = o

2r(r) = - zr(t).

The last of these equations yields the solution

-l.z^(t) = z^(T*)e '.¿¿

2_-Frederíck E. Thau, "Optímal Time Control of Non-Normal Linear Systemsr"

Internatíonal Journal of Control, vo1.1, no. 4, L965r pp.363-73.
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The second of these gives the control which will satisfy all the required

conditions and maintain the output at zero. This control is given by

u(t) = - zr(f*)e-t.



CHAPTER V

TIIB tr'ITEL-OPTTMAL PROBLEM

SimÍlar to the previous chapter, Ëhe general for¡nulatíon of

Pontryagints l"linimum Pri.nciple will now be used to obtain the conditions

necessary for a control to be fuel-optimal and singirl-ar. These conditions

wfl1 then be used to obtaín Ëhe fuel--optimal solution for systems satisfyíng

the necessary condÍtion for singularity.

I. NECESSARY CONDITIONS FOR THE SINGULAR FUEL-OPTIMAL PROBLEM

Fuel-optímal, or minimr:m-fuel problems are Ín general more

cornplicated Ëhan Ëíme-optirnal problems. Both the theoretical and actual

design portions of this type of problem exhibit addítional complexity. One

of the main reasons for thís is the fact that other factors, such as response

tíme, must. be considered in most fuel-optimal problems. Probably some of

the more coûunon factors which are used are: an upper bound on Ëhe response

time, a fíxed response time, a minimum tÍme soluËion r¡¡ith a bound on the

fuel, or a ¡ninimization of some linear combinaËíon of fuel- and response

time. In any event, the physical rJqrrir"r"nts musË naturally determine Ëhe

probl-em formulatíon which best fits Ëhe given physical situatÍon.

The fuel--optimal problern will be fornulated with Ëhe condítion

of having an upper bound on the response Ëíme, ín order to elímínate

trívial sol-utions whích may occur for stabl-e sysËems being driven to the

origín. Naturally, in order for a soluÈion to exist this upper bound,

T must be greater than the minimum response time.
u - -- o- - --E 

.:

The necessary conditions for the fue1-optínal problem are quíte

similar to Ëhose of the tíme-optÍmal problem. Again the problem of driving

the system å(t) = As(t) + Bu(t) to some target set S r¿111- be considered.

This tíme, of course, the cost functional,
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t!-
rG) = I '¿",

t)-
_'o

1s different. The vector c represenËs the constants of proporËionality

between the fuel consumed and,the magnítud.e of the control components

lu, (t) | . The canonical equatíons,'J

âT¡

lf (t'l = as;õ = A¿*(t) + Bu*(t)

l"(t) l) a.,

and

p*(t) = 
"fu 

= -A?g*(t),

are ldentícal to those of the time-optimal problem, since Ëhe only difference

betv¡een Ëhe HamílÈonians of the two probl-ems ís a functíon of u*(t) alone.

Substituting into equatíon 5 Chapter III yields

E[g*(t),9*(t) ,u*(t) ] = På(e'lg*(t)

The necessarv condition

H[:i*(t) ,p*(Ë) ,g*(t) ] : ttlg*(t) ,p*(t) ,u(t) l

yieLds, upon reductÍon, the following relation:

,n's*(t)).l).e(t) ,Az*ctl)+S*trl

päe, lg*(t) l).Qx(t) ,B'sn(t)) : påe, lu(t) l)+Qrtl ,B'p*(t)),

The difference between this relation and the corresponding time-optímal

relation is the tenn n*(, l"(t) l). The final value of the costate is

independent of the cost funcÈional and therefore the same for both time-

and-fuel-optimal problems. Eipresslons for this are given in Chapter III.
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As in the Ëime-optímal case, equatíon 4 gives an expression for

g*(t) in terms of ¿*(t). Mini¡oízíng the ïight hand side of this relation

yields Ëhe followÍng expression for u*(Ë):

uj(t) = 0 if (et(t); Þr)
c.

J

^ .-(eo(t), Þi)
uaI-= c.

J

<1

= +1 ir €(t)' \) . -,

1
--l

c.
J

(p*(r), Þr)
íf - r'>+1

c.
J

(¿*(r), Þr)
+1 if - r- = -le.

J

0 < ui(t)-J

A function called the

and the fuel-optimal

ui(t)

u*(t)

-1 < ut (t)
J-

dead-zone function ís

control rnay be wrÍtten

= - rlao r(g*(t)' 
Þi),

= - oez L 
"-J

+1.

defíned by the above relaËions,

uT(t)

Figure 6, a plot of all possible values of the right hand síde of eqçration

+ vs (e*(t)' Þr)/c, for all allol¡able values of u.(t), shows thar rhe

dead-zone function does indeed give the mÍni-mum possible righË hand side

of equation 4.

ifi"-urotrery

ÕF MAN'TOÊ4
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lu¡l +u¡ <S!tl, þ¡)

B¡=+l

-rÉr¡j 3o

-2

&j=-l

oÉu¡3 |

=+l

Fígure 6. A plot of l+"j

The singular problern

4t=o

tt¡

1".'J
(p.*(t), Þi) (¿*(t), Þr)

--- 

VS. rorc. c.JJI
l", l :1.l

occurs when

(e*(t), Þ¡)/", = t1

.is Ërue for a non-zero períod of time. rn thís case, Ëhe sÍgn of the

optimal control- is knor.m, but its magniËude is noË. For a fuel-optínaI

conÈrol to be si,ngular it ís necessary that there exists at least oae

non-zeïo interval- of tiure during the jontrol interval [0, Tf] over whÍch

equaÈion 7 holds. During a síngular períod Ëhese two relations must ho1d,

¿*(t) = -Arg*(t)
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and

(e*(r),Þ:) = t"r.

DÍfferentiating equation 7 repeatedl-y and substituting these last Ëwo

relations gives Èhis set of equations:

(^Ur, ¿*(r)) = o

( 
^3Þj, ¿*(r)) = o.

Equations I may now be written conciseLy as

Gl arg*1t) = 0,

where, as for the tírne optírnal case G. is defíned as

e. = tb. : Ab.: ".. ..in("-l)u.l.
J -'-' -:J-

Equation 7 iuplies that g*(t) is not zero. Equation 9 therefore írnplies

that deË [G:At ] is zero and consequently G. and/or A are singul-ar. A
JJ

necessary, but noË sufficíent conditíon for a singular fuel--optinal

problem is, Ëherefore, thaË either or both G. and A be singular, As

¿)\( A-b,, p*(r)) = 0
a



.,

before, the singularity of G. implies that the system ís not normal and

that a single-input system is not completely controllable. This implies,

as in the tirne-optimal problem, the possÍbility of nonexÍstence of

solutions from cerËain initial states. This factor compounded ¡¿íth the

possibil-ity of the optímal control beíng singular serves to complicate

any solution to this problem.

The other formulations of the fuel-optimal control problem,

mentioned at the beginning of this section, are very símílar to Ëhe

bounded response time problem just discussed. The canonical- equaËions

and cerËain transversality condítÍons aïe Ëhe same for all- problems. -The

Hamiltonian for each formulaËion differs only by the appearance of dÍfferent

constants while Ëhe functional dependence of the HamilÊonian on z(t) and

P(Ë) does not change. For this reason, the form of the optinal control

remaíns unchanged for each problern. The main differences in each problem

formul-ation are taken care of by the transversal-ity conditions. For this
reason' noËhing more will be said about them and the onl-y probl-em which

will be deal-t \.tith in the subsequent examples will be Ëhe fuel-optimal

problem with an upper bound on the response tlme.

If the necessary condiËion for singularíty Ís saÈisfied on1-y

because A is singular (i.e. the systeu has at least one zeïo eigenval-ue)

,the bysËem is completel-y controllable. rn Ëhis case, however, if the

optimal- control is síngu1-ar, it is singul-ar over the entire eontrol interval-,

rn other words, Íf the problem is singular for ar-l t . [tt, tzi then

a1 = 0 and t, = T, musË hold. To prove thís, let t, be any tine such that

o Í tg < t, holds. The solutÍon of the adjoint equation is, for every

r e [Ë1, t'27,
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is non-singular,

Since G= ís non-síngularo equation 9 yÍelds
J

A'!(t) = A,.-A'(t-tr)g{.r) = 0.

10

11

L2

The matríces

the following

At rrrd u-A'(t-tr) comurute

relation may be obtained

and since 
"-At 

(t-tr)

from equaËíon 11:

ArÊ(t3) = 0,

which means that the problem is singular

fox aLL tO e [t' tr], A'Ê(r4) = 0 holds

the enËíre interval.l

Before the examples are presenËed, it should be mentioned

that the conditíons given for the síngularity of a problem are necessary

only; and even if they are saÈisfied there will exis! ín general, initial

státes from which the optímal control is normal for the conËro11able fuel-

optimal proble*.2

for

and

all t, e [0, trl. Similarly,

the problem is síngular for

1 Mi"hr"l Athans, "on the

of Minimum Fuel Problems

Oct. 1966, p.664.

Uniqueness of

, MEE 'rrans.

Controls for a Class

, vo1.AC-11 , no.' 4,

the Extremal

Aut. Control

2 Ibid., pp.664-65.
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II. EXAMPLES FOR THE FTIEL-OPTIMAL PROBLEM

These exampl-es will deal wlth the probl-em of finding an admissible

conËrol whích drives the system given by the t,ransfer function

Y(s) = s*a
6 "GT bt

from some iniËial staËe ¿(o) to the origin I(T) = 0 ln some Ëíme less than

or equal to Tr. At the same tÍme the control- must minimize the fuel

consumed. The cost functional for thl-s problem is therefore given by

.2

where T is less than or equal to Tr. The canonÍcal- equations are the

same as those of the time-optimal problem:

zr(t) = v(r¡

and

¡TJ(u) = | cl"(t)14.,
)
o

fo il f. rlå(r) = I I z(t)+l I u(r),
L0 -bJ L. - ¡J

rì

| 0 0l
e(t) = | I s(t),

L-I bJ

zr(t) = r{t¡ - u(t).
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)'
The target set is also the same, i.e.

'L=o

l"zl : 1.

_ 
For sÍmpliciËy, the problem of rnaÍntaining the system output at the origín
r"¡ill not be consÍdered in Ëhe following examples. The procedures used to

determine any specía1 target sets or controls have already been illustrated
for the ËÍme-opËimal problem and they apply Ëo the fuel-optírnal problem as

v¡el1 . The Hamiltonian,

is dífferent because of the term involving the magnítude of Ëhe control.

Also different is Ëhe condítion necessary for the problem to be singular.

In order for a fuel-optimal solution to be singular it is necessary thaË

the matríx

c = t!:qhl

I t '-bl= 
[-"-o -u('-t)]

andfor the system matrix
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ì

be singular. The sysËem matrix jusL gíven ís obvíously singular because

of the pole at s = 0. Two cases of the fuel-optimal problenr will therefore

be examined. The matrix G wíll be non-singul-ar ín the first example and

. singular in the second.

Example 1

Wl-th c = 1, the Hamiltonian for this example becomes

H = eolu(t) I + pr(r) zr(t) - bpr(r) zr(t) + pr(t)u(t)

+ (a - b)pr(t)u(t). B

Expansion ef. eQuaËion 4 yields the following differential equaËions for

Ëhe adjoínt varíables,

lr(t) = 0

nr(t) = -p1(r)+bpr(t)

which become upon solution,

pl(t) lr(o)

A=H

p2(r) = 
n*t"' * rpz(o) - 

n*to' 
,.0'

10

and

11
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e

The state differential equations as given by equation 3 are

år(t) = zr(t) +u(t)

and

å^(t) = -bzn(t) + (a-b)u(t)' 13¿¿

The Laplace Ëransform of equaËion 13 is, for u(t) piecewise constant'

=zz- zr(o) +bz. = *

Solvine f.ot Z^ eives- ¿-

- (a-b)u zr(o)
t2=sG+Ð-s+b

L2

(a-u) |=+ s

zr(o) - {a-u) f
s*b

The inverse transformation of thís equatíon yields the desired solution,

. zr(t) = zr(o).-bt*f tt-.-ot),t.

Substituting equaËion L4 ínto equai'ior. L2 gives

,

år(r) = zr(o)"-bt * f Ct-.-bt¡., * .r.

t4
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Transforming this equation results ín the followÍng equation

, "r,. - zr(o) = :fì * t"-:' * - tr-l'rË.Ë,

whlch reduces to

n _ zr(o) zr(o),å" (a-t)f
oL s -ãç"J6;-7 -;G+bt-

= +9 . + *i *r,r(o)-(a-b)Ër r* - Sr.
s

The inverse transformaËion of thís equation yiel_ds

zr(t) = zr(o) * . Ë " * * 
.,rþ) - (a-b) fl [r-"-btl.

.15

Now that the canonícal equaÈions have been solved Ëhey can be substituted

ínto equation 8 to yíe1-d, upon reduction,

H = tol"l - bpz(r) zr(t) + pt(o) zr(t)

, tâ / \ | f t r \ / \ ta L++ "tË pr(o) + {(a-b)pr(o) - (; - l)nr(o)}e"'1.

L6

The fuel-optimal control can no\^r be wrítten from equation 16 as
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nr(o) +'{(a-b)pz(o) - (Ë = l)pr(o)}e
fËl-
L

u*(t) = - dez
Po

'1_l

L7

The possibl-e non-singul-ar fuel-optimal controls are therefore limited to

the followíng sequences:

J.[: 1, o, + ]-],

!.L
[: 1, 0], [0, : 1],

l0l or tt rl.

The condition for a singular fuel-optímal control is that

fr rr(o¡ + {(a-b)pr(o) - (å - l)pr(o)}.bt
1
I

hold for some non-zero period of tírne. Thís condition recuires that Ëhe

fo11-owing conditíons hold true:

tf - rlrr(o) = (a - b)pr(o)

Po

or

e1(o) = bpz(o)

and

l_8
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It can be seen from these equaËíons thaË the singular control- Ínterval

must be the enËire period of operation, as \¡ras proven ín the preceeding

sectíon.

If the inËerior of the target set ís reaehed by a fuel-optimal

control, the final value of the adjoinÈ variable musÈ be normal- to the

target set. The followíng conditions resul-t:

Pl(r) + o

P2(T) = 0.

2A

Equation 2l- l-eads to Ëhis relation:

e., (o) n., (o) 
_p2(r) = f-* [Pz(o) -'*",.0t = o.

In order for the relatÍon just given to hold, it is necessary for

bp, (o)
nr(o) = ;"fE

2L

22

to be true. Equations 22 arrd 18 cannot hold simultaneously, except for

the trivial solution'¡here T is zero. Therefore, a singular fuel-optimal

control to the interÍor of the Ëarget set cannot exíst.

The prevíously mentioned final conditíon on p(T) does not yield
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¡

any useful ínformation vrhen the end-poÍnts of the target set are reached.

Moreover substÍtutÍon of equaËion 18 into equation 16 auËornaËically means

that the Hamíltonian is identically zero. Therefore, singular fuel-optÍmal

control to the end-poínËs still remaÍns possíble. EquaLions 18 and 19

límit quite severely the ínitial states from whích a singul-ar fuel--opËimal

contiol is possible. There are exactly two points in the cosËate space

which satísfy Ëhese equations, sínce in Ëhe regular case of the fuel-

opËirnal problem po can be made equal to one wiËh no loss of generality.

The írregular case occurs v¡hen the fuel-optÍmal solution is also Ëhe Ëime-

optímal solutíon. For this case po is zero.

The system trajectories may be found from equations L2 Eo L5

inclusive. Equatíons 12 and 13 yield the slope of the trajecËories,

drz

drI
bl- z, + (:

D
- l)ul

4^lu
¿

23

Graphically consËrucËed Ërajectoríes for various values of u may be seen

in Figures 7 and B. As might have been expecËed, they look very much

like Èhe Ërajectories of the sysËem for whích the time-optimal solutíon

was obtained.

Before the fuel-optimal control is obtaíned, one poinË should

be mentíoned. Because of the upper límit on the time of operatíon, there

wílI exist regíons in the state space from which solutíons rvill not be

possible. These wíll be regions from whích the time-opËima1 response of

the system is greater than T-.
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Some helir ín limitíng the nulbe:: of possible fuel-optiraal control

sequences, vriricir <lr-ír¡e the system to the iirte-rÍor of the tar-get set, can be

obtaj.rl'ed b;r suirstituting equation 22 into equatÍon 17. This substítutíon

yÍ.e1ds, uÌlon sirrrplif icaLion, the relation,

- (a - b)eb(t-r)
ut-( t) - dez

-hT1 - e "-

For given values of a and b, ceri.aifr control seqllences nay be el-Lminated

from the ljst of all possibl.e sequences. If a Ís greater than b, r,'hich

is the case i]lustrated in plgu¡s 7, the allor¡able fuel-optÍ-mal sequelìces

-L .L
[: 1, 0], [0], or t- f l

25
,(o) {a

r
lp

r

lf a is less than b, the

the target seË become:

allolrable control seouences to the inte::ior of

[0' 11 , [o], or
+[: 1].

These restrictions are of ínmense help Ín the de-ternij-natíon of the ftrel-

optimal- controls for varr'-ous regions ín the state space. The case in

r¡hích a equals b r¡¡as not mentíoned because it r"i1l be done fu11y in the

followíng example.

Because ít ís almost impossr'-ble to soh/e this probl.eui íu. gene::al

terns, a specific example r¿i1i- be done, rvhích ¡,¡i11 illusirate ¿þr, <hnnoe

T



56.

of regions in the sËaËe space and the corresponding fuel-opÈimal control-

sequences. For the sake of sírnplicíty, fuel-optimal control sequences

w-Í11 be given over half the state space only. Because of syrnmetry, the

only difference in the corresfondíng regions of Ëhe other hal-f of the

sËate space Ís that the signs of the respecËÍve conÈrols wil-l- be reversed.

The parameters to be used in the exampl-e problem are as follows:

a = 2.5, b = 1-.0

and

T- = 2.0 secs.
I

Figure 9 is a pLot of certain regions in the state space and the corresponding

fuel-optimal control sequences. The following paragraphs give details

about the regíons and their fuel-optimal controls.

Region I is that region for whÍch the fuel-optinal control Ís

u* = 0 throughout the period of operation, except of course when the

trajectory meets the target set and u*(T) must equal -4G). This control

ís obviously the on1-y fuel-optimal control throughout this region and on

its boundaries. The extent of the region ís determined by the upper bound

on the response time, T, and the u = 0 trajectory which runs to ,L= 0,

,Z = -L.. The Ëime-restricted boundary of this region may be found from

the following expressíons derived from equations 14 and 15,

26

and

27
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vrhere 2.', and z" are poi.nts on tire time-restrícted boundary and z"(T-) isL ¿ - --- ---J z' I_.

the point in thc target set to rvtrich tire syste¡i r¿ili run rsith u = 0, fror,r

z, and zr- The Ïesponsc time T ín Lhís regj-on i¡ill- be less than T, except

rvhen z(o) is on the t:Lme-restrj-cted porLiorr of the bounclary.

The fuel-optírnal conËrol sequences ín regions rr(a) and rr(b)

¿¡s 1¡:',- = [-1 , 0]3and u'* = [-1, O, +l] respectivell,. The optimal control.

sêquence tt'* = [-1, 0] ahvays sivitches to zero from minus one insícle or on

the Don-time-restrícted bounclary of region I. The sr,ritch to the zero

colrtrol Ëakes place at the earliest possibl.e time, so that the syst-en can

operate i'¡ithout consunting frrel for the longest possíble time. The final

time T Ís theref oi:e a}vays equal tc¡ T-.

rnsíde region rr(b), the fuel-opiimal control sequence is

lr/c = [-1, 0, +1 ]. Thís time the siritchíng from minus oïre to zero tal¡.es

place inside region III. As for region II(a) the sr"'itch takes place aL

the earliest possíble time, so that T equals Tr. The sr,rítch from zero

to plus one takes place when the ståte reaches the tïa'i ectorv fol: u =. *1

which runs Ëo ,L- 0r rr= -r. The fuel-optimal control sequences along

the asyrnptote z, - -1.5 are u'; = [-1 , 0] and u'* = [-1, 0, -F1] for inítial

staies on those portíons fo-rniing part of the boundary fol regions rr(a)

and ïf(b) respectively.

Fí'ally, on the tíiue-restrícted boundary of regirrn rr, Ëhe

probler, becomes ir:regr.rJ-ar an<j the fuel-optímal aud tíme-optimal solgtions

become identical. The optj-mal control sequence is, of course, u:ï = [-1, -.1-1]

where the siuj-tc.h to plus one talles place ',¡hen the state reaches the

trajectory for u = -l-1 r.¡hich runs Ëo z, = 0. z^ = -7_.

1' thís sequ€rnce reaches the i-'terior of the ta.rget set, cf . p.-55.



The fínal condition on

u*(Tr) = - zf,(T.). The boundary
r.LL

the time-restricted boundarv r¡rere
I

from eguaËÍons 14 and l-5: . '

,2 = zr(t)eT +1.5¡t-eTlu

all these fuel-optirnal

dívidíng regions II(a)

calculaËed from these

controls

and II(b)

equatíons
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AS

and

derived

28

,I = zr(T) - 2.5(r)u + [1.5u - .Zflt - .-T], 29

by a reverse tíme procedure

The fuel-opËímal controL sequence ínside regÍon III Ís u* = [0, +1]

r,¡here the swítch to p1-us one occurs when the state reaches Ëhe trajectory

for u = *l- which passes through ,L = 0, ,, = -r. The terminal Èíme may

be less than or equal Èo Tr. The equality to T, will hold ruhen z(o) ís

on the tÍme-restrÍcted boundary of regíon III, whích v¡as construcËed

using equations 28 and 29 as before. The fuel-optímal control sequence

¡*(¡) = [0, +1] holds throughout the interior of regíon rrr and on the

entire tíme-restricted portion of the boundary except the tv¡o end points.

Regions rv(a) and rv(b) are analogous Ëo regíons rr(a) and rr(b)

respectívely. The only difference is that the sÍ.gns on the fuel-optÍmal

conÈrol s.equences are reversed, i.e. u* = [-1r 0, +1] for region Tr(b)

becomes u'* = [+1 ,0, -1] for region IV(b). The same conments apply to

Ëhis region as Ëo region rr. rn addition, however, it should be noted

that region rv(a) ís bounded ín part by the overall Èime-resËricËed

boundary. From this portíon of the boundary the irregular fuel-optíma1
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cotì.Íjro1 j-s u:r = [+i].

The fuel-optímal control for the ínterior and bounclaries of

region V Ís u^å = [-l-i], rr?T(T) = -zi$) since the onl-y other possíble co.ntrol

from th-r'-s regionr u = [0, -l-1j, is not fuel-opt:'ma1 to the ínterior of the

target set. The only end-point reachable from region V v¡íth the copËrol

sequence [0, +1 ] i.s z, = 0, z, ='17. such a trajectory from region V

cannot be fuel-optímal , even with no uppeï bound c¡n the respo-r-lse t.l'-me.

In the Ëhírd quadl:ant of the state space, Èhe unfol:ceci systerr t-rajeciorj-es

talce the system aivay fron the target set into regions frorn rvhich more fuel

is required to reach the target set. The fínal time mav be less thaa or

equal to T, ín this region.

No solution for the, stated probleru exísts outsÍde these re-gions,

excePt of couLse for Ëheir rnírror images, because the upper bound on the

response tirne Ís less than the mÍnímuni time of operation, as pr-evíously

mentionecl .

I,Jíth all regíons ancl theír boundaries havÍ.ng readily ictentifiable

non-singular fuel-optímal controls, no singular fuel--optíma1 controls

cotll-d be found. Because of the severe restrictíons on p(o) and the fact

that ¿ nust be constant in order to satisfy the concl-j-tion necessarv for-

a singular fu-el -optimal c"ontrol, it seens likely that Ëhe síng¡rlar case

involves a trivial initial conCition.
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Exanpl-e 2

The matrix G will be mad.e singular for this example by seÈting

a and b equal- to one. For purposes of comparison r¿ith example 1, the

uppeï bound on Ëhe response tir", Trr witl be 2.0 seconds. I.IiËh Ëhese

parameters, equatÍons l-4 to L7 inclusive become,

zn(t) = ",(o)"-Ë,¿z

zr(t) = zr(o) * tu * zr(o) [1 - .-t],

H = eol"l + [pr(o) - p2(r)]zr(t) + upr(o) 32

u*(r) = - dez [n=t(o)] 33
I^o

30

3t_

and

Since Ëhe argument of the dead-zone funcÈion is constant, no switching of

the non-síngular fuel-optimal control can occur. These control-s are

Èherefore líníted to the followíne:

.Ls* = [:1]

and

s* = tOl.

The key to the solution of this parËicular problem l-ies ín the

solution of the staËe differentíal equatÍon,

2t = zr(o)t-t*"'
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The solution of this eciuarLioir is gíven by

/'1\t'l zr(o) -t- zr(o)[t-e-r1 + u\tL. 34

The nagnitucle of tbe last term of eciuation 34 represents t:tre fuel consumed

ín the tírne interval [0, t] as long as u does not change srígn. This is

no real restríction, ho\uever, since equations 5 shoi.¡ that tire polarity

of a síngular fuel-opti.na1 control cannot change. -Thus, the fol1or,rí.ng

expressions can bc obtaÍ.ned,

-ludt 
I lzr(t) - zr(o) - zr(o) [t - .-t] i,

i. Iuor j lzr(o) - zr(r) + zr(o)ir - u-tl I. 35

These eciuations vrÍ11 prove very useful ín finding the fuel-optimal contr.ols

in the varíous regions of the- state space shown in Flgure 10.

If the tenninal tine T j-s less than To, the llarniltonian must be

zero throughout the period of operation. Thís fact in conjunctíon with

eqtratíon 32 means that in order f.ot a fuel-optjmal control to the ínterior

of the target set e j.rr time T less than T' to be singular, e:'-ther or both

of Ëhe fo11ow:Lrg; equations mtrst hold,

zr(r)

t, (o)

fr
I

J

o

rl''J
o

r i',J
o

36

P2 (t)
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Because of the transver:salíty conditÍon, p, (o) I 0 and p,r(T) - 0,- -I -¿

equation 37 cannoL hold. Looking at equations 34 and 36 leads to the

concltrsion tliat s-í ngular fuel-optimal contr-ol aloirg tlne 2., = 0 axis is

noqqihle. 'ì'he fuel consurned in clrirri¡t the systern aloirg'the 2,,= 0 axis

depends only on zr(o). Thus, airy contlol r,¡hich drives L}ie system to the

target in tíme less than or equal to To and does not change sign i.s

aa¡¿nr-n}, 1a 'phâ ^-"^1{+" +^ .n holcls in this case because z^(t) : 0¿4U(-ePLcLU-Lg¡ aIl€ çLlLldl-rLy ta tf lluIL¡Þ III Lrr-LÞ Lc 
¿

neans H = 0 holds resardless of the termi.nal time.. As was rnentíoned for

the singuJ-ar region of the tiure-opËímal probl.em, some of.lìer parameter

could be minirnízed along this trajectory. Singular: trajectories to the

ínte::íor of the target set in time T equal to T. and to the end-poÍnts

wiËh T less than or equal to T. are still a possibiliiy"

The effect that Ëhe uncontrollabilÍ-ty of z, has on the regíons

for which any solutíons exist can readily be seen by comparing Fígures

9 and 10. The tíme-restricted boundaríes were found in the same rrray

that those of example 1 rvere found.

Region I remains unchanged from example 1. Nothíng furttrer can

be said about, it since the fuel-optimal control. I s*: = t0] in thj,s region,

is obviously the only fuel-optimal control.

The fuel--optinral control from a point ínsíde regions II(a) and

II(b) and on the boundary separ:atíng them may be obta-inerl after consideraËion

of equatr'-on 35. The fuel consumed cleperrds on the tíme of operatic,n of

the system under a non-zero control and the difference betr.¡een Ëhe

ínítj.al state of z, aud the state oÍ z, at the time u becones zero.

Ther:efo::e the fuel-opiimal control strategy ís to minimjze t.he t:'-me of

operaËion rvj-th a non-.zero corrLrol and also the difference, lzr(o)-zr(t)I.
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The tiure of operation with a non-zero control is ninírnized ín region

II(a) by using the conËrol u = -1, as was shor¡n in Chapter IV. Further-

more, switching the cont.rol to u = 0 at the earlÍest possible tÍ¡ne will

mínímize Ëhe tirne of operatiorí with a non-zero control even more as

wel-l- as minímizing the difference lzr(o)-zr(t)1, where t ís the switch

tine. the same sËrat,egy will uriníurize the fuel consr:med from a poinÈ

ínside regíon II(b). The only real difference beÈween regions II(a) and

II(b) is the fuel-opËima1 conÊrol from Ëhe Èírne-restricted bounàaries,

which comes abouË because the tíme-optinal control is singular in region

II(b). The fuel-optimal conÈrol from the tfme-restricted boundary of

region II(a) is, therefore, u* = -1. From the time-resËricted boundary

of region II(b) iË is u* = [-1, 0] where the switch Ëo zero occurs when

the u = -1 trajectory reaches the u = 0 trajectory to zL= O, z2 = -f.

By sirnilar reasoning, the fuel-optímal control sequence from

poínËs in and on the tíme-Testricted boundary of region III is u* = [0, +1],

as for region TII of exampl-e 1.

Region IV of this example corresponds to region V of example 1,

vrhere the fuel-optimal control v¡as found to be u* = *1. Since zr(o) and

z-,(r) = 0 are fixed, the fuel-optimal sol-utíon ín and on the boundaries
I

of region IV, except zr(t) = 0, is the time-optimal solution, u* = *1.

. Solutions will not exist outsíde Èhe regions just covered,

except of course for their mírror images, where the fuel-optimal controls

are Ídentical, but with reversed polarities.

, One final poínt to be remembered'is that u*(T) = - zi(T) must

hold for controls from all regíons in order for ¿(T) = 0 to hold as

reouired.
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Regions II and III and tl;'e z, = 0 axÍs are the singular

regions of this problern. Tii,e z, = 0 axis is s'íngular because any control

of the proper polarity r,¡ill drive the system to the origin v¡ith the sarne

fuel. The tfrne límitation wÍ11, of course, ïesËrict the ranple of controls,

but ínfíniËely lnany are stíll possible. Regíons rr and rrr are also

singular, but because the fuel-optÍnal control-s violaÈe the non-switching

criteríon of equatíon 33. In accordance with the concept of a singular

fuel-optimal control, the polaríÈies of fuel-opËimal controls Ín regíons

II and III do noË change. It should also be'noted that all singular fuel-

optimal- controls from these regíons which reach the inÈerior of the

target set, Ëake exactly T, seconds, as requíred by the'singular condition

deríved near Èhe begínníng of this exampl-e.
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CHAPTT'R Vf

CONCT,USIONS

rt r'¡as seen, dulirrg the soluLion of examples l ancl 2 of the

fuel-.optirnal problem, thaË a change in a fer,¡ system païameteïs necessitated

Ëhe adoption of a completely different approach in orcler to obtain the

probleili solutions. This ís r'-n direct contr:ast to Ëhe normal problen, r,rhere

the approach to a given optimization probleni is fairly straightforivard.

The presence of nuitlerator dynamics complicates the optírna1

solution, over ancl at,ot'e the ÍntrocJ.uction of the possíbí-lity of a síngular

solui-ion. Thr'-s conplication, the occurrence of derj-vatíves of ihe control

functíon in the state equations, is el_imj_natecl l>y the state equatíon

transfo-r-mation given in chapte:: ri. Expansion of the target se-t, frqm a

point to a lÍne in thÍs case, is the adclitional cornplexity which arises

upon use of thís Ëransformation.

The nrain conclusíon reached is that síngu_l_aríiy and uncontrol_

lability are very closely Ëied, ín general, and inseparabj-e fo:: the

single-input system. These tíes were illustrated in section I of Chapter III

an,l mad.e even nore evj-dent duríng Ëhe solution of both the time-optimal

and fuel-optinal problems" The singular regíons for the time-optinral

problem r./ere due entirely to the uncontrollability of ,2.. rt r¿as also

shorvn that some other cost ftrnction coul-cl be minimi-zecl in the sinsular

regions. A comparison of the fuel-optimal exanples also clea::ly il]ustrate-s

the restrictíons uncontroli-abílity places on tire allorEable initíal states.

It can aiso be seen that s,vstem parameter d::íft could affect the probiem

enough so that a prevíously allorvable initíal state becomes cne for r¿hich

no soluiion is possíble.
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