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TìITtsODUCTTON

A universal alEebrau or brJ.eftye eLgeþre 4T is an ordsred

pair ( ¿;f ) wbere Å. is a non-empty set and F is a faniLy of
flnitary operations oD á.o For each naturaL number ne we can

consider the set pG) V¿) or n-ary poryuornlar s of 4¿ wblch

are certain fr¡nctions from .å,n to .a buiLt up fron the va¡iablee

x1r i = LgZ¡ooosrt by substltuting then in the operatlone fe

f € Fe sucoessively ln a finite nunber of steps,

ån n-ary pol¡nromial p over Al ß said to deoend on x* if
there exist ê1r"""ea1ealeoooeao Ín.å. such that

n(a1o'""eBis.. uea*) / V(1e ôooea{o ". "earr)'
By a¡ essgntiall.y n-ery pol,ynsm:þl over t is mea^r¡t a n-a¡y

pol¡rnomial over 67 wt.Lch depends on each varfabre xro i = le,.

"eosno For n \1, Let pa(&) deslgnate the number of essent-

iaLly n-ary pol¡rnomial e over OZ , lle d.enote by eL(ô¿ ) *a

eo(û) the number of non-constant unary poLynomials excluding

x, and. the number of constant unary pol¡rnomials respoctively,

Thuse with an¡' aLgøbra 4T s there is associated. an a) -seguenc€

of carainals ( oo(û)upt(û)u"""epn(û)r,," ) @

Let L be a class of algebra. A sequence (noan1e","rpou",,)

of cardinals fs sald to representable Ín C if there exists

aa elgebra tt in I with pr, = pn(Ø) for each n > O. If ¿
le the class of aLl algebrase then t¡e say that the sequenee

( poePlro".rprrr.'") is lgpqgeente¡bleo An algebra úZ = 1a;f )
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is saict to bo idempotent 1f f(xr"..ex) = xe for any f in F"

Thuse lt i.e easy to see that an algebra 4Z ís idempotent ff

and. only lf po( &) * or((I) = o, We shaLL say that an algebra

0¿ = ( A;F ) oan be reÞresented as an algebra (e* o

( ¿;ffrfzu'o.." ) of t¡rpe z tf lt 1s possible to choose e,

s¡equence (trtt2v"""") of polyno.uLale from F in suoh a wa$

that tbe sequence of the a:nltfes of the f, egual.s T e Note

that the set of polynonia3.= [ fi J "* be taken as a set of

oporations in lt ,

Our basic probl-em is to stucty e.nd. characterize ropresentable

Êroquences" An easy conblnatorial argunent ehows that this

problem is equivalent to ProbLem 42 ln t 6 I which can be stated

as follows : Let ë be an equational classn and let Fo d.enote

the oardÍnaL of the free algebra over X on n generators"

Characterize the sequence ( F¡ ) @

Ttre development of tho stud¡r of (nrr) sequence may briefly

be divitled into three stages"

The period that started ln 1910 nay be coneideretl as the

initial stage. fn this pertod, even though the¡e were no sign-

ifioant contributions to the thoorSre the idea r+as foreshadowed.

by the work of S, Sierpinski, He published. a series of artlcles

between 19L8 and ]-945 for the purpose of investigating the

conposition of fr¡nctions" One of his typieal results ( see [{11

eays that glven an¡r sot A and any firnction f ; An ----+ Âu f can
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be obtained by an appropriate composition of binary functione"

Recently, R.lIu Quackenbush etudiecl the eorrespond.ing probl.em

for idempotent f\¡nctions, Ee proved t 37 I that evexlr Írterrpotent

fr¡nction on a given set A can be obtained by composftion of

blnary irì.empotent ftnctione providea la | Þ Z. For I a I - 2ø

tbe role of blnary fu¡rctions ie rep1aced by ternary functionsu

The explioit for¡mrLatioa of the basic problem, given by

E" Marczesskl ln 1963 - L964s may be considered as tho beginning

of the second stage" Since it was consid.ered. too díffioult to

deal wlth erplicitly; E" Ma¡czewski and his colleagues ln

Wroclaw stuclied only problems assooiated rrith it. fn particulare

he hlmself definecl for eaah 0Z s the zero set

z(ó¿)=["/pn(c¿)=oi
and showed., for insta.acee in 122 I that for algebras without

oonstants a¡d with one osÊ,entially n-ary symmetry ( or even

guasi-symmetrlc ) pol¡momial the complement of the zero set

Z(ú¿) contains the arithmeticaL progression n + k(n - I)t
( t.0e1e."' )" This generalizes a resuLt of J" Pïonka f-281

3ey n = 2e One of the d.eepest results 'wa6 obtained by

K. Urba¡ik t 42 ) who gave a oomplete d.escription of all possibLe

sets Z(Úl).

It was in 1968 that the present stage began wtth a systee

atie and lntenslve Ínvestigation of the basic problen in

G, Grátzer0s seminar at the University of Manítoba" fnfluencecl

by the first paper due to G, Grätzele J" Plonka and A' Sekanlna



Irrl e a stead.y flow of contributions to ite by the members of
the se¡ninare has appeared 1n L968 * 1969. G, Grätzere J" påonka

and. R" Padmanabhan have especialLy enriched and clarlfied. the

subjeet' The reeurts $rere sunmarized by G. Grätøer t B'l who

gav€ a Furrey Lectr¡re at the conference on unlversar .algebras

heLd at Queenes Univereity 1n Octobers 1969"

In this period., the investigation of the basle problen

was naturally spllt iato tr¡o categories : (f ). S.tudy the basic

problem for non-idempotent algebrasç (e). Stud.y the same for

ldempotent algebras. The first case 'Eras attackod by G" Grätze¡e

J,PfonkâeA,Sekaninain t1IIs IL2I a¡rd. f33l" Someof

their ¡esults were of the type that seqrrences satisflingi sone

nild. condition ( e"g" Þo Þ 0 ) are all representableu antd so

the p. are independ.entu Howeveru the situatíon cornpl.etel-y

cbangos when we deal with the iclempotent oâs€o As a matter of

facte the cardinals prr(l?), for idenpotent algebra û s turn

out to be quite strongly intemeLated ( see, for instanceu [13 ]

and t 14 I )" Because of this extremely interesting fact,

recentlyu most papers were devoted. to the study of Ídempotent

algebra ; this study can be separated roughly into two parts !

(¿). Investigate the behaviour anit the maxim¡¡r asymptotio rate

of growth of the general- sequence (pr.) t (B). Descrfption

of alL a.lgebras representing a given seuuence with application

to the Minimal Extension Property ( for d.efinitin¡ s€€ Chapter

two of Part IV )"
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The purpose of thie thesis is to provid.e some results for

the second part of category 2 in a systematlo way with emphasis

on applications to the Minimal Exteneion Property, The equivalent

ÞrobLen of (p-) ßrequences ln Gronp fheoryn the so called growth'-r[
f\¡nction of free gsoupse has been extensivery studiecl. for egua-

tional claeses of groups by British mathematicians ; for instanceu

G. Higman ( see t 16 I a¡rct i23 I )u p" Neuma¡¡n a¡d hie students,

The appllcation of ( nrr) Eequenoes to sernilattices r¡as eonsid.erecl

in G. Grätzer and J" Påonka t 15 i while the case of idempotent

semigroups rras settLed by J"A" Gerhard t 5 I , In this thesisu

we make a first attack ln appLying the < pn> seguencss to

Lattice Theory"

This thesis falls into four parts with nine chapters alto-

gether" Since a short clescriptioa of the content is given at

the beginning of each chaptere we ehall includ.e here only a

brief outline" Pa¡t f, whieh consists of three chaptersu is

devoted to study id.empotent algebras with one eÊrsentially binary

pol-¡momial" The seguenoe ( OuOutrZ ) hase in particul-aru

v€ry interesting properties" Thuse we rest¡iet our attention

to this sequence in the first two chapters" Some resuLts of

Part I are generalized to Part II in r¡hich we consider idempotent

algebras ¡¡ith one essentially m-ary polynomial for n > 2ø ,å.11

of these a¡e applied to derive the f\rnctiqn F(nrk) with the

property that F'(nrk) is the Least value such that the sequence

( ouorIf.5.;îurrrr(nrk) ) is representable by symnetric
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algebra" Part rrr eonsists of two chapters. plonkags baslc

Lemmas ara used in chapter 1 to d.erive some resurts about the

sequences ( OrOu Zsn ) " The consid.erations of chapter 2

center around the algebtas representing ( OrOr3om ) u part

fV consists of two chapters, Prevlous results are applied. to

Lattlce Theory in chapter L and the Minimal Extension Property

in Chapter 2.

Croes teferences are given in the form (IfIelu2) where

fff stancts for Part III' 1 for Chapter 1 and 2 for sectlon 2.

The part ancl chapter numera,ls øill be omitted in case the

refsrenoe is nade in the same ohapteru

For'those baeio conoepte and. notationse rle refer to

G. Grätzerts books i 6 1 an¿t t 9l o
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PART I

IDEMPOTENT ¿I,GEBRAS I^TTH ON]I ESSENTTAITY BTNARY POINÍOMIAL



CHÂPTtrR I.

_ÅLGEBRÂS REPRESENTIIçG {Org,uLr3)

The sequenee (onourrt ) rse evrctentr¡ro representable"

Tbis oaa be eeen slnply by taking Ê non-trlviar semilatticøo

ro go one step fErtheru ws are Laterested. in the caee where

Þ3 . 2" fhuse the followlng questLons naturally a¡lses 3

(r). Is the segu€noe (ouOrtuz) representable ?

(e)" If the anewer to (f) f" ln the affirnative, what

oan wa say about those algebras representfng

( ououtrz ) ?

rt is the nain object of thie ohapter to provide solutions

to the above questf.ons" We shatl eee that the sequence

(OrOrf rZ ) ls ind.eect representable. -å.s a matter of faetu lt
ls sho¡rn that there exist exactly two equationa!. classes of
algebras å and Æ2 euoh that an algebra /f represents

( ooOrtnz ) if and. only ít l¿ oan be represented. as an algebra

belonging to eitber Æf or 32"

L" Easic Lerunas"

Lei, 4t be an algebra representing (orouf ) " Then ft,nas
one and only one essentiaLly binary pol¡momial l¡hich is

co¡ouutative a¡d idempotent" Tbere are t¡vo possible casese

namelyu the binary pol¡monial is either assocLative or Dor-
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essociative. Lemma 2,2 gives a sufficient cond.ition for the

former ca.se to be happen.. I{e need the following:

Lemma I.1 (J. p¿onka[28 ]).

Let 4è be an argebra without constants" rf p(xorx1) is an

essentially commutative binary pol¡momial over óC u then

p(xo, p (xlr (..'r-P ( xn-Zt xn-f) .") ) ) is essential n-arf;e

for ea,ch n=2r3, oooo o

Lemma 1o2 .

Let û be an algebra representing ( OrOrI > " If there

existn € {3r4r5r,...} suchthat pn((t)<}(et- (-t)n ),
then û has a semilattice operation.,

Proof s Suppose that the binary Operation tr ' r, is non-

associative" We clain that pr,( 6. ) > åtr"- (-t)n ) tor each,

n=3t4¡ ooô ;

First of all, consid.er the ô11-owing ternary pol¡nromialse

(*y)u , (vu)* , (rx)y ,

ït follows from Lemma -å.1 that they are all essential_.

By'the commuta.ti.vity of ",@'rs it is easy to see that the equality

of any two would imply the associativity of ttu"e which contrad.icts

our assumption" Thus, ne have v3(4t )Þl = t tz3- <-r)3 ),
Since e3(út ) > I ) 2s we can apply a resùlt (Theoren z}

of [10 ]) a¡d obrain pn(ó¿ )]\ (2"- (-r)n ), for n Þ {, a.s

reguired.



Tienceu "ntt must be associative a.nd. therefore dl' has a

semilattice operation"

Suppose that 6L is an algebra representing (Ooo rLuZ) o

3y Lemma I,ze 6C has a semilattice operation^rr.rt " By Lemma J-.le

r¡e have alneady one essentially'.ternary pol¡rnomial xq¡ro z over fr o

Thus¡ 'f p3 ( ti")=2, there must exi-st one and only one essentially

terhary pol¡rnomial f(xryez) nhich is distinct from xyz u Our

a.im, here, is to investigate the general properties of the poly-

nomial f(xuy, z)"

Clearly, ve have

(t) f(xoyrz) :-s idempotent.

Observe that if p= p(xo, ooor xn_l) is an essentially n-ary

poL¡rnomial over fi. , then so is p = p(xocx , o.or xrn-I.rx ) for

eaeh ae S(n), where S(n) is the symmetric group on n symbols.

Thuse f(yrxrz) is essentia.lly ternary. If f(yrxrz) = yyzo then

f(xry, z) = yxz = xyze a Contradiction, I{ence, it follows tha.t

(2.) f (xry, z) is sym.uretric.

By identifying any trvo variables in f(xryrz), ttre resulting

pol¡rnomie.l is binary" The follor,ring crucial resul-t shows that

it ís essentially binaryø

(¡) f(xoy,y) = ¡y

Proof : As ft represents (OrO;f ¡ , we he.ve only the following

thlee casesi

4



{x
I

f(*ryry) ={ r
L 

",u

Case lu f(xryuy) =x

First of allu we claim that the folloriring pol¡rnomial-s

(") f(xry, z)x1 f(xey, z)y, f(xryrz)z

are pairwise d.istinct,

Assume that f(xry, z)x = f(xryrz)y" Setting x=zr riê gêt

J¡lc=yr a contrailíution, By symmetricity of f(xry¡z) it follo¡.rs

that polynomials in (x) are pa.irnise distinct.

Nexte we assert that each pol¡momial in (x¡ is essentially

terna,ry. By s¡rmmetry, we need. only check for f (xry, z)x" Clea.rly,

f(xryrz)x depends on x. Moreover, it d.epends on y if, and only

if it d,enend.s ort zø Thus¡ if f(x'uyrz)x is not essen',,ia1ly

terna.ry, we then p;et

f (xry, z)x = x 
"

Settin.E x=y, it follows from (Z) tirat zx=xr rvhich is impossíble.

Hence f(xryrz)x is essentially ternary, a.s wa,s to be shol.rno

Accordinely, if f(xryry) = x holds, rve wou1cl have e3( fi )>Zt

a ccntracliction.

Case 2. f(*ryry) -y

In analogy to case 1, we claim that the pol¡rnomials in (x)

are oairwise d,istinct

For this purpose, assume tha.t' f(xry, z)x = f(xry, z)y .

Setting x-yr rre obtain x=xÍr a contred-iction. Thus, they a.re

5



pairliise distínct "

If one of them ís essentially ternary, then so are the

other tuo and. hence e3( fr ) > ¡, a eontra.diction. Since, for

exa.mple, f(xr,v¡z)x is not essentially ternary r.;e have

IxlY
f (xry, z)x = 'l :,,

; ;";
L"*

From the fact that f(xoy, z)x denends on x and- is symmetric

ltitlr respect to yrz, it follows that

f(xry, z)x =x "

Set y=s' Then we obrain J¡x =xe a. contre-diction.

Thus, we conclude that the case f(xryry) =y i.s impossible.

Therefore, it is necessa.ry that f(*ryr¡') =xyr ÞTovin,S (3).

(¿ ) f (x.ry r z) is no t d iagona,I .

Proof z Tf f (:iry, z) t ere cliangonal, r,ie ttould havc

f(xryrz) = f(f(xryrz)¡ f(xr¡rrz.r, f{xryrz) )

= f(f¡xryrz), f(¡rrx¡z)¡ f(yrzrx) )

= f(xrxrr:)

-4t

r.;hich is a contraclietion"

The folloçin¡r result r.¡ill be of flreat use in cLeri'ring

other id.entities.

(r )

(z)

( dia,3ona.1ity)

(i)

(i)
Proof 2

f(xyrx¡t) = xy.

¡s po( 0[ )=0, f(xSrrxry) is not a cortstanto Hoi'iever,

by s;rnnetry, f(xyrxry) depend-s on x if, .'nd only if



it denends on yo lience f(*yo*uy) is essentially bina.ry a¡d- thus

f(xyrxry) = xI¡ since pz(6C ) = 1"

From (5 ) , we obte,in

(6) f(xyzoxy, z) =. åffe .

(Z) f(xyz rxyrxz) = wz ø

Consitìer the following ternary polynomial:

f(xyryrr) .

It is ea.sy to check that f(xyútz) is essentially ternary" Thus

we have the two possible casesg
I

f(xyoy, z) = I f(x'Y' z)
It xyz

Suopose f(xyry, z) = f (x¡ .vczr)

I{e observe that

x{z = f(xyzrxyrxz)

= f(z;xy¡xyrxz)

= f(zrxy, xz)

= r(xzsztry)

= f(x¡ zsx¡)

= f(yxexez)

= f (xry, z)

r¡hich is impossíbIe. Thusr we have

(B) f(xy,)., z) = xtz c

(a)

(z)

(n)

(z)

(¿)

(z)

(e), (a)

The following are immed.i.:Lte consecuences of the above

identities:



(g) f(xy, xrrz) = wz ø

(iO) f (xyexz tx) = gz ø

(rt) f(xyzúcz) = wz "

(12) f(xyz¡:srr) = xtz"

Though most of the identities of f(xry, z) "re easy

consecuences of the previous ones, the following seems to be

an exception.

(13) f(xy,yze zx) = xyz o

Proof ; Consid,er f(lryryzuzx)u Set x=Ï " Then vo obtain

f(xrxzoxz) = *, by (¡). Thus, f(ryuyzrzx) d.epends on z" By

symmetry, it also depend.s on x and. y " Hence f(Ð'uyzrzx) is

essentially ternary"

If f(xy,yze zx) = f(xrysz) (¡)

tlren \!z = f(xy"oryz¡rryz) (t)

= f(vy'yz7 !z'zxe zxrxY)

= f(xyryzrzx) (¡)

= f(xryrz) (¡)

which is a contra.diction" Therefore, (13) follows'

A tornary ooeration f is assoeiative if the follotring

property holds:

r(r(xryrz)rurv) = f(xrf(yozru),v) = f(xryrf(zeurv))"

C1early, we have

(14) f(xry, z) is non-associa.tive"



2o Two T¡rpes of Algebras.

fn this sectionr we continue our study of ternary poly-

nomials built up from trért and Itfrto As a resuft¡ l¡e obtain tl'lo

types of algebras which are both compatible l¡ith our h¡rpothesis"

To begin with, Let us consider the pol¡rnomial f(xuy, z),x .

It turns out that f(xryrz)x is essentia.lly ternary' Thus, we

have

f (xry, z)x
f (xry, z)

wz

Fron now otlr 1/re shall naturally split our investegation into

tr¡o pa.rts, each of which deals with each of the two possibilities

in detail. We shall call those algebras satisfying the id.entity

f, Type I aleebras a¡rd those satisfying IIr T.vpe II alêebra.s"

ÎYPE I O f(*ry, z)x = f(xryrz)

In this ceser by the symmetry of f(xú¡z), we get

(rf ) f(xryo z)x = f(xry, z)xy = f'(xoy, z)xyz = f(xryrz)"

Consider the polynomial f(f(xry, z)ryrz)" ile have

r(f(x,y, z) úcz) = r(f(x,y rz)yryrr)

= f(xryrz)yz

= f(xry, z)

Tiruse it follorvs that

(re) r(f(x,y, z) ,¡Ìrz) = f(xryur).

By applying the same ar¡¡rment, using (B) a'¡d (t¡) the

following iclentities ce,n be derived' inmed-ia.telyn

ï

II

(
I
I

-l
it

(r¡)

(8)

(rr )

9



(17) r(r(xryu z) sxyoz) = f(xryuz)

(ra) r(f(xry, z)swzsz) = f(xryuz)

(ig) r(r(xryru)rxyux) = f(xryrz)"
(zo) f(r(xuyu z)uxyrxz) = f(xuyrz) o

(er) r(r(xeye z)rxyzrxy) = r(xryrz) o

TYPE fI. f(xoy, z)x = xyz

fn this ca.se, as f(xeyez) ís symmetric, we have

(zz) f(xry, z)x = f(xryu z)y = f(xeyrz)z = xyz ,

Nowu consider the pol¡momia.l f(f(xuy, z)uTrz)" It cen be

easily checked. that it is essential-ly ternaryo

If r( r(xry, z) sT c z), = t(xuy, z) (c )

then f(4ysz)=. f(xryrz) " f(xu¡', z)

= f(f(xeycz)úsz) t(xryuz) (c)

= t{xuyrz)yz

= ]F..y,z

whiuh. is a contradiction. Thus it follows that

(n) r(r(x,y, z)úsz) = xtz "

Similarl'yu ve get

(24) r(r(xry, z) sxt¡z) = x,yz ,

(zS) f(r(xuy, z)rxyuxz) = wz "

Observe tha.t

f(r(x,y, z) rxyzcz) = r(f(xuy, z) rry"zsz)

= xTZ f(xryuz)

=WZ

ïï

(zz)

(zz)

(B)

(zz)
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Thuse we have

(26) r(t(x,y, z)swztz) = gz ø

similar arguments can bo appried. to yierd. tho foll-oninge

(zl) f(r(xry, z)¡xrtx) = xtz e

(ze¡ r(r(xry, z)rryzrxy) = *yu .

let ( be an algebra representing (OrO rI12Þ . Let

p(xry, z) Ae ar¡ arbitrary ternary polynomial- over di , Then

p(xry¡z) i= built up from ihe set of symbols fxry¡zl by

substituting them in two operation syrnbols trott and nf¡ri " If fr
is a T¡rpe r algebrae then by malcing use of those id.entities hold

in & e p(xoy, z) c*t be reduced. to one of the ternary pol¡momials

| *yu, f(xry, ,) ] ' Tf d[ i" a Type rr algebra, the same situatioir

holds, For cLa:rity, we now give the following i.ist:.
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t(xyuysz)

f (xyuxzux)

f (wsyzsz)

f(ryryzrzx)

f (ryzryrz)

f (xyzrxyrz)

f (xyzuxyry)

f (xyztr,;rsyz)

f(xoy, z)x

f(xry, z)xy

f(xryu z)ry2

f(r(x,yu z) sysz)

f(r(xuy, z) ¡x;nsz)

f(f (xryo z) rxyux)

r(f(xry, z) e ryrxz)

f(f(xr,yu z) r4rrrz)

r(f (xry, z) rxyzrxy)

| = r(x,yrz) xyz)'-j

i
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3" Characterization Theorem and. Âpplications"

We are non inâ,oosition to establish some of the main

¡esults of this chapter" Summarizing all the resul.ls in

the previous sections, we arrive at the follovring

f (1) f(x,y, z) = r(y, xrø) =' f(yrzrx)
I

t, (z) f(xyry, z) = xyz
I

, (3) f(xyryz, zx) - ryv
i

Theorern 3"L

Let 5( be an algebra, representing lororLrz) u ,Il-:.en fr.

can be represented. as an algebra (A; o, f > of t¡¡pe i 2, j>

where rrorr is the semilattice operation belonging to one of th.e

equational classes Æf , Aa of algebras rçhere

f (r) f(xuyrz) - f(yuxrz) = f(yszrx.)
i

i trl f(:ryuy, z) = xyz
ra(Ær) = j (¡) f(xyuyzu zx) = *ys

i
J

i, (+) f (xry, zlx = f(xey, z)

ïd(K2) = ¿ (¿) f(*,y, z)x = xyz
I
I

i (i) f(f(xuyuz)$tz) = xyz

I 
(6) f(r(x,y, z)tw¡z) = xyz

( (z) r(f(xry, z)uxyrxz) = xrz

Moreover, if K e {f *d p(xryrz) is an essentially

terna.ry poI¡momial- over fi then

r3



íf (*'Y
ì

p(*ryu ù =l

\ xvz

rr ffe lz
pol¡rnomial over fi

if (xr,v
I

p(*ry, ,) =1

[' *Yu

He will now p

types of algebras

,z) if the whole fa.ctor f(*uyur) appears

in p(xryu z)

otherr.rise

and. p(xryrz) is an essentially ternary

then

tz) if p(xuy, z) is of the forrn f(xr¡ru z)

otherwise 
o

(R
rove th'e converse of Theorem J.I " the tr¡o

will be consid.ered separately.

Theoren 3,2 (t.vpe f ).

Let & = {A; o, f} be an algebra of type 4213> 'where n.n

is the semilattice opera,tion and f(xry, z) is ihe ternary operation

satisfying ld(Æf-) of Theorem 3,1 " Then ft represents (Or0rl?2> o

Proof s Since tro't is idempotent and f(xrxrx) = f, by (Z) of

Id(Kl), it follows that íf is idempotent" This j.s eguivalent

to sa.yins that ps(6c ) = pt( Ú(, ) = O "

(z) or Idß1) implies f(xryry).- xy and f(xyuxrl') = )Sl o

rxyr is
pz(0¿ ) = L.

Combine these with (1) of fa($)" ttren it follows that

the onl-y essentiali-y binary pol¡momial over li ' Thus¡

Finally, we ha.ve to prove that p3( (,7- ) = 2" Sinee

f(xryo ") / w"r p3( li ) > z" 0n the other handu accord.ing to

the results in sections I and 2, tve see that (l)r (e) arnC (¡) of

Id$1) impfy that aII the forms of ternary pol¡rnomials in

category A (see section 2) are the same and equal to xyz.
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I{oreover¡ from (Z) ana (+) of fA($1), it follor¡s iha.t all',he

forms of the ternary polyno¡oia1s in categories 3 a¡rd C are

the same and egual to f(xryrz)" Iience, o3( fr ) - 2., proving

our theorem"

Theorem 3"3 (Type II).

Let (( = <A; or f > be an algebra of type 1?-s3) r'¡here

rrort is the semilattice opera"tion a.nd f(x¡yez) is the ternary

operation satisfying fa$e) of Theorem 3"1" Then fi
represents (0r0e1r2> o

Proof : In analogy to the proof of Theorem J"2¡ ve see that

(r) ana (a) or Idß2) imply +,lnat, f{ represents (0rOu1.} ø

To prove that p3( (L ) = 2, observe that (l)r(e) and (3) guara¡tec

that all the forms of the ternary pol-¡rnomials in category A are

all the same end egual to t¡z" F\rthermore, (¿) of Id(I2)

implies that ell the forms of the ternary pol¡rnomials in

ca.tcgory B are all the same and equal Lo ry2" Finally, (Z) t(q),

(¡)r(6) anA (Z) imply that a,ll the forms of the tornary pol¡rnomials

in ca.tegory C are alL the same and a4ain equal to :yz. Hencet

e3( Ú( ) = 2r as was to be shot¡lt'

Combining tlre abor¡e three resultsr l¡e have tire follouin.g

characterization theorem.

Theo-rem 3,4

There exist two equationaL classes of algebras^K1 and-K2

r.5



such that an algebra dl, tep"esents the sequence (OrO r:. 12)

if, and only if ff- can be represented as an algebra (A; o, f>
of type 12t3). r^¡here trôt' is the semilattice operation beì_onging

to either K1 or K2 "

Applying our main Theoremo some simple results r.¡liich show

the behavior of the sequence (O?0rl t2t Þ4t ,.or prrr o.o)

can easily be derived "

In t13 J, G, Gråtzer and J, PZonka proved the following

resultg Í,et 6( au an id.empotent algebra havíns a commutative

and. associa,tive binary pol¡momiaJ." ff pn( df ) / I (n>, Z)

then pn+r( ¿[ ) ] n,r( tV) " ] + maxo {nrr( dî ), n+t-}

tr''rom thise we have

Corollary 3"5

Let 0( A" an algebra representing d 0¡Or1¡,2) n Then

p"( d¿ ) > 2n-1 - 1 for arl n) 4.

Proof ; I.le prove the corolla.ry by índ.uction on no

If n=4r trren p4(dú ) > p¡( ll ) * 1 + mari. j o¡( K )r4 J
¡t -1=7=2-'-L"

.A.ssume the statment is true for n=k, that is pk( fíf ) > ak-l - t.
Cbnsider the case when n=k+l" Ïfe have

Pt<+r( *' 
:;Í,?,ootr* 

'u*' Tn¡( fr )'r<+r j

l"rï".-',.-." 
u '

llenco the Corollary fo1lows,
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Corollar.y 3e-6 "

Let Ú(, be a¡ algebra representing (orOr1u2) " Then for

each integer. k, pn(4¿ )> t for all but finitely many n"

Corollar.v 3"7

Thesequence(o,o,L,2,Þ4(dt)'ps(t()'.".9p''(dL),....>

is unbound.ed"

Follol¡ine f13 ]r we say that a seguence 4pi) is

cond itionatty strictly increaqinÊ (C . S.f I if 1 o Þi -=..nä

implies pi.< pi+'. Thus, lre have

Corolla.ry 3"8 "

Let 0( be a.n algebra representing (Ouoo1uP) " Then

{ n"( fi ) ,n,.,*1( 'Jf ), o . o
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CHAPTER 2"

.ar,cEBRAS REPRESENTING <O"O,t__.2\ ( gOÌflI.IiUäD \

The stud.y of the two eguationaL cLasses of algebras

representing (0r0ut12) is continuect in this chapier" By

makin6ç use of previous resultçu the structures of those a.Lgebra-s

representing (OrOut¡2) will be considered. here.

This chapter falls into five sections, Though Theorem

3.4 (Irl) characteriàes those algebras representing (OrO;fre) ,

whether these exist algebras to Æt or [z has not so far been

discussed.. rn section 1u we establísh tr.;o Existence Theorems¡

one for each ec'uational crasso several algebras representing

(OuOr1,2) wilL be ftrrnished and. some relations betl¡een th.em

will be indicated. in section ?, The major result of'this

chapter states tha"t if & i" an algebra representing (OuOuir12)

then ((, contains one of the eight a.lgebra.s as a suì:algebrao

This is shown in section J, Á,ppLying this maín result, T,re a,jre

able to provide in seetion 4 a lower bound for (p"( df )> r,'hich

is much stronqer then that in Coroll-ary 1.5 (Irl). Finally,

finite subdirectly irreducible algebra"s ir éf and {2 r,riLl be

stud-ied in section-!.

f. Existence Theorems.

tet K(z) be the c1a.ss of alL algebras of iyne z . The

n-ary pol¡rnomial algebral

18



6G.)G) = 4e(")qr¡, r)
where the underlyin,g set P(n)12¡ i= ihe set of a.l-l n-e.ry pol-y-

nomia.l symbols and the operation" on P(n)it¡ "."" definecl. in a

natural way (see t 6 I ), is k¡olm to be a.n elemeni of K(ã)"

Let us now confine ourselves to a special case where

7 = ( ZrZ) and n=3" fn this situation, we have a,r aÌ6ebra in

K( (zrl) )e namely,

4 (3)t 
< 203) )

Ðenote by tt.tf and trfrt the binary and ternarj/ operations of

ß(t)( <rr3> ) respectivel¡r" Consírler the follouins set 8, of

id.entities:

9eL¿! t

I'{e shall now define a binary rela.iion @ onp(¡)( <213) )

as follows : For any two elements pr cI in p(3)1 (2,3) ), re

put p-=q(@) if , and only if the id-errti ty p-q is prorra.bl.e f::om

the set Zr"

rt turns out tha,t @ l" a-n equiva-lence relation o,, P(t)ç 1zr3) ).

Ittl ,.ør=x
I

i Q) (*"v) 2 = (v,z)x
I

I t¡) f(*uyrz) = f(yrxrz) = f(yrzrx)
{
I t¿l f(xy,y, z) = ryz
I

! tl) r(*yry zozx) = xyz
i

I tal f(x,yo z)x = f(x,¡r,z)

roved in I 24] ttra.t the two identitj.es (1) and

erize the semilattice operation"

Rege4<_¿ ft is o

(z) ot ã, charact
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r\rrthermore, one can check that @ has the substitutiop property"

Thuse @ l" a eonc{ruence relation on the a.lgebTaF(¡)( <2r3) ).
Fron this, i're get a quotient algebrau namely,

Ê'u'(rr'rY@
Now, by making use offhe results in Chapter 1 (f)

id.entities of .Erwe can d.escribe the set of älL ternary

y?,

yz 2,x.

f(xoyu z)

nomials over the alsebra¡|(:)1 çz,tryU nhich turns

be the following:

["
1xv
| *vu

Evidently, x,yz anð, f(xuyu z) are the only essenti.aLi.y

ternary pot¡momials" Thus pg (Éßt <z'z)/*) 
= 2. The only

essentiall-y binary pol¡momial is xy a¡d there a,re no constants

and. no unary polynomials which are dÍstinct from the projections.

Consequentl.y, we have the followiag :

Theorem 1.1 (Existeåce Theorem of Type 1 A1gebrgE)

The algebra fi"I<z'z>Y./ @ :ePresents 
the segÌlence

(oroo r12) " Moreover, ß'"'("'s>)/^"--'"/@ € $:-'
0n the other hand, instead of the setÃ1, let us take the

following;

a¡rd. the

poly-

out to
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(r) xox = x

(z-) (*"y)z = (yz)x

(¡) f(xuy, z) = f(yrxrz) = f(yrzrx)
(+) f(ryuy, z) = ryz

(i) f(xyryzu zx) = wrz

(6) f(xry, z)x = ryz

(Z) r(r(xuy, z)ñsz) = xyz

(8) f(f(xry, z)sryez) = xyz

(g) f( r(xryu z) rxyrxz) = xtz.

lforeover, instead of @- e we define a bínary relation Õ on

Pß)( <zr¡> ) as followsi For an¡r elements p r e in r(3)ç (2u3> )

we put p=g (€ ) if, and. only if the id.entity p = g is provable

from the set 82.

In analogy to the first casee it folIo¡+s that Q is a

congruence relatioo onp(¡)( <213) ) and the a1-gebra þ"I<z,e)/*

ha.s the following properties.

E"t

Theorem 1.2. (Exist_ence. Thorem of Type 2 Algebras).

rhe algebra.,é'u'c'*u't'77,a. tÉ"' ,,-''7 ø, represents the seouence

(ororl12). Moreover rtß\<?,g\ø € Æ2.

2, Other Examples"

In this section, we shall construct eight a.lgebras f(j),

rr(¡), j = rtzt3t1t r+here f <:'lr(:)1, ltt(¡)l < S, four for each

equa,tional class Ki , i = 1 r 2 and. eaeh of which represcnts the
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sequence ( oro ,rrzÞ o

(a) Examples ir g1"

t ) flgebra r(1) ¡vhere lr(r )l = j

Fig. L

z-) Alsebra r(z) rrhere lt( z)l = 6

b

Fig, 2

where

oC

3) Algebra r(¡) lrt¡ll = T

rá'

e

Fig. 3
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Ð Algebra i(¿) rihere lit¿ll = Bu

Fis' 4

For each j = I e2s3t4 u I(j) is .an algebra of type (Zr3>

v¡here the base set is shom in Fig"i . The binary oneration

trorr in I(¡) regarded- as a join semilattice operation r',hi.le the

ternary operation rtf¡t is d.efined. as follows:

f" if I xry, zJ = { arb, c}
Î(xr7r, z) _)-ì

I xyz othernise
L-c

It fol-lows immecì.iately from the above definition of f

that f(xryrz) is an essentially ternary polynomial over I(j)

and f(xryrz) / xyz. To show that each algebra I(j) r i = I1?.13e4

is an element inÆf , rre have to show by Theorem 3"2 ( I.r1) that

the ternary operation rrftr defined. abòr¡e satisfies the set faSi )

He shall now give a proof for the algebra

can be proved in a similar way'

is symmetric" Thus (1) or ra($1) hoId".

= xTZt we note that {xyryrz} (s) / {arb¡c}

For if {*yryrrj (s) = {a,b,c} then

would get y(S) = r, a contradiction.

of Thorem 3.1 ( I ,1).

f(¿). The other three

Clearly, f(xryrz)

To see that f(ry rytz)

for any substitution

(*y)(s)=asay,an¿ ?IE
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Thus by d.efinition, f(iyryu z) = xy.yøz = ¡qzs v¡hich nas to be

shor¡n" Simitarly, r,ie have f(xyeyze zx) = yyv. Fina]lyu .ne claim

tha-t f(xrytz)x = f(xuyrz)" To this end.u observe that if {xryor} (s)

= {aubrc} , then f(arb ,c)a. = €â. = ê = f(aubrc). If {xry, z} (s)

/ l.,b,cJ, thèn (f(*,yu z)z)(s) = [("vr)*] (s) = (xyz)(s)

= f(xryr r) (S) " Thus the id.entity f(xry ,z)x = f (xry, z) follor+s"

I{ence, r,ie have

Theorem 2.1.

For each j = 1r2s3r4,

(¡) Example

1) Algebra TI(1) where

d

r(i) e Ær"

in Kt,

lrrfr)l = 5

/'
a,

2)

,,,r',â4r,,
//'' ,/ I '""',

..,.'' .,r" I \
/" 

| 

'

¿b

Fig' 5-

AJ.gebra. II( 2) v¡here þi( z )[ = 6

Fig,

24
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3) Argebra II(3) where hi(¡)t - 7

Fig. 7.

Alsebra II(4) rihere llr(+)l = 8

Fig. B.

For eaclt j = 17213r4r II( j) is an algebra of tyne 1Z-rl)
where thr: base set is shown in Fig{4+j). The binary opera.tion

rrotr irl II( j) is regard.ed a.s a join semilattice operati.on r,¡hile

the ternary opera.tion is Cefined. as follows:

|. . if {*,yrr} = Ja,]¡,cJ
I

f (xr.v, z) = {
I

L *", otherr,¡ise

Clea.3fy, f (xry, z) is an essentially ternary nolynomie 1 over

ff(¡) arrd. f(xryrt) / :l¡z. By using the similar a.rqument a.s befo::e,

it can be shor.m that the set fd(Kr) of Theorem 3.1 ( f ol) is

/
o,

4)

"2"
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satisfied. by tt¡tt and. thus rr-e get

Theorem 2,2.

Fcr each j = I t2r3r4, ff ( j) €. Æ2.

rt is quite interesting to note that the strueirr.res of the

four aLgebras, for each equational class$ir i = l_e2 are closely
related. Thusu it is perhaps ¡rorthrihile to noint out some

rela.tionships between them,

Remark. _L
¡" l\

Observe that the cardina.lity of the algebra ß'""(<z'z>>r1/'rÐ
shown in section I is eight" rn fa.ct, this al_gebra is isomorphic

to the algebra r(4) and it turns out that both of them are the

free algebra over -Sr wittr the free generating set which consists

three unord.ered elements. fn notation,

#"'(rr,3>>,,-. = {, ca¡ = f(4),/ (ü .sr

= FX", t, = [(+)
Remark 2.

ït is easily seen that for each j = lc2¡3r4t f(¡) - {u} ,

considerec as a semila.ttice, is a. homcmorphic image of the free

semilattice r(4.) - {"} . Moreover, they are the only hcmomorphic

ima.ses or I(4) - {u} ,

The sa.rne reLation hotd.s for II( j) - t"i a¡d II(+) - f ,] o

@Ei.
ïf r¡e consider. only the semilattice structure, then it is

clear that I(1) is isomorphic to a sub-semilattice of f(zl).

Similarly, we have

â"'<'z'e>¡,'
."ø
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rndeed, r(r) can be embedded in r({) a¡d is isomcrphic ''o ,rhe

five-element sub-semilattic {abrbcacaed.re} of T(4) "

However r(1) is no ron,ser a subalgebra of r(4) if we consioì.er

both of them as algebras of type (2r3) , for f(abrbc¡ca) = ¿3c

= d in I(4) while in I(t), we have f(arbrc) = ".
The seme remark is true for II(1) 

"nd II(4)"

3. A Theorem on Subalgebras.

The eight algebra,s f( j), II(j)u j = l s1s3s4¡ play central

roles in the study of the equational classes -$1 and. J{2. rn

Lattice Theory, it is l¡ell-lcrom that a lattiee is non-

d.istributive íf and only if it contains M5 or N5 as sublattiees"

rn our caser ve have a similar resurt for the "onl¡, if'r part"

This can be seen from the following

Theorem 3"1.

Let" 6t be en a.lgebra. of t¡rpe (Zr¡) which represents

(o,orlr2) " Tf ((, Ít, t]'en fi conrains one of the I(¡),
j = 1r? j3e4. as subalgebra" ff 6L e ÆZ_, then (,( coniains one

of the ff(¡), j = 1r2r3,4 as subalgebra.

Proof: Let f be the ternary operation in ft. " Since f(xry¡z)

/ *yr, there exist aebuc € å, such that

f(a,b rc) / ebc in A.

Claim 1" a.ubrc are pairwise distinct"

ïf this is not the caser say â = b, then r.,=e wou1d. hal¡e
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f(arbrc) = f(auarc)

- eU

= a,bc

which is a contrad.iction. Hence arb and c are pairwÍ.se distinct.

A partial ordering can be defined in A in a natural- r.ray,

namely, p < S if and only if p{ = g.

Qfgig_3. the set [arbrcJ is unordered..

Otherwiser sa¡r b € ar i.ê,¡ ab = ê.c then it foLlows

that f(arb ,c) = f(abrbrc) = abc,

a contradiction" the other possible cases ean be proved simila.rly"

Thus, I rrbrc] is unordered..

Now, if we set d. = abc , ê = f(arbrc), we assert that

cl and. e are oomparable"

Ind.eeci, íf 0e €. ,$f , then f(xrytz)Wz = f(xryrz) hol-ds in

d(. o From this¡ it follows tha.t êod = e a¡d so e ) d..

If &eKz, then f(xryo z)xyz = xyz holds in l( " Thus we get

ed = d.¡ i.êoe e { dr as ?eguired"

Nowu {L , being an algebra containing a, b and c¡ must

conta.in the subalsebra generated by {a¡brc} ô

If d( € -5r, then e > ct and the suba.l-gebra generated. by

{ "rbrc} must be one of the f (j), j = 1121374.

If [t e 52, then e q d.. Observe that e ancL each of the

el ements in { a.ub e c } are incomoarabl e, For :

f(arbrc)a-abc=d.

iueo¡ - ea = d
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If e and a. are conrparable then eithe:r ê = d- or € = a r+hich

a,re imÞossible" Thus, lcrowing this fact¡ it is eas¡r tc see

that the subalgebra generated by {rrbrcJ is one of tfre II(j),
j = 1 t2e3?4. This completes the proof of the theorem.

The converse of Theorern l"l is tempting, hovever false,

in genera,l" rn what follows, we sha,lI construct tr'ro cou-nter

examples o

Example 1,

Consider the following algebra ft = ( n;.rf )(see Fig. 9)

where rr.".'is the semilattice operation and f is the ternary

operation defined. by

f(xey¡ z) = l:
|.""

if {xryrz} = {arb,c}
if {xeyeo} = [at¡bee]

z othersise

Jr

Fig" 9"

check tlnat (T contains I(f ) as subalgebra-.It is easy to

Butfr{.Klsince
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f(arobrc)au = eeae = e y' er = f(auubrc),

i,e,u f(xuy, z)x = f(xryuâ) aoes not hold inCd .

ExamÞ_Le_ t?.

Consider the follolring algebra 6( = (A;"rf ) (see Fig. 10)

where,nå' is the semilattice operation and. the ternary opera"tion

f is defined. a.s fol-lows¡
r

'e
f(xryrz) = i ef

i
IL xyz

if {xry, zi = { aubrc}

if ixryrzi = {e'rbrc1

otheruise,

e1 I

Fig" 10.

Clearly, II(1) is a subelgebra of 6( . However, ß 4 [z

since f(arob,c)at = era? = et / d = atbcr

i.ê, e f(xry, z)x - xyz does not hol-d in f( "

ïn view of Theorem 3"1, in order to get some information

about the sec,'uenc" (n¿( de )> vhere ß i= an algebra reorcsenting

(OrOolr2) , it is necessary to s'r,udty the releticnship betrveen

the sequetr"u" {pn(r(j))u o¡(rr(¡))J , j = !tzt3t4.
There are red.undant essentia.l polynomials ove:: I(¡) ana II( j).
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ïndeedu if for nà 2¡ tre let p(xlr."o.ex,,) be a non-trivial

n-ary polynomial (i'e'e with èxactly n variables)" Then we

have

I,enma 3.2,

For each j = 1 t2s3t4t p(xlrøoôoorxo) is an essentially

n-ary poI¡momial over I(j) anA ff(j).

Proof ; rt suffices to proìre that p(x1rêooo¡xtr) depend.s on

xl" Observe that if lre put tl = u." = xn = a (see Fig" I - B)o

then by the idenpotence of rt"rt alld rtfil, it follolys that

p(a¡'..oeê) = ¿. 0n the other hand, if rue set x1 = dr x2 = côo

= å1 = âr then by using a¡r ind.uctive argument, lre will get

p(draro..eB.) = d in I(¡) ana rI(i). Thusr as p(â.eã7ø",ra)

/ p(¿ sã.1 ø o. r a) , p(xt r ". u exn) depends on x1 , as required..

Çorollary 3.3.

Le+, ß be an aLgebra representing (OrOrIrZ) u 'l'hen

p(xt ¡. o o ¡Jt¡) is essnniial over & 
"

Proof : Let us note that if 6 is a

p is an essentia.lly n-ary polynomiaL

Cornbining this fact with Theorem 3"1

Corollary follows"

subalgebra of d(,, then if
overp, so is p over /l .

and Lemma l.2e the

For simplicity, ríe d.enote

obtained. from p und.er the

Let p

bv p^ (s) 
'

be

an

a pol¡rnomie.I over Ø "

element in A which is
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substitution S"

Leuuna l¡!.
Let ß be a honomorphic ima6e of lC " Then pn(/8 )< eo(CZ ),

for eech û = OsLe29o.u.

lroof : LetPtrlC-+û beahomomorphismof ßontoï è

Let p(xlroooorxr) be an essentially n-ary poI¡momial ovey ß o

In what follows, we shall pr.ove the.t p(*Tr,,n.rtcn) is e"n essen-

tia.ì-l-y n-ary pol¡rnomiaL over út , It suffices to prove that p

depends on xl. By assnmptiono there exist tfrbi,b2eo,.,bn € B

such that pg(blrb2, ".. ¡b¡1) / o*(t1 t ,b2u. " " eb¡1)u As pis onto,

there exist aI ra1e ¡ãZtooosâ¡ € A with aif = bi i = 1¡ooe¡t,t'

a.nð. e.ytrp = bl t, Thus n6C Gr, ooo, %) P = o* (a1.( 7... ra-¡()

= n"(lttbzr.""¡b¡) / n, (¡ltrbz¡..oeb¡) = nrG{?¡ap-? roooreng)

= Þ6C (tl-t, ê.2tø."14)Q. Hence o&Gr¡ãz?o..uan) / v*Gye sã2r.".ea11)r

as rlas 'r;o be shown.

Now, let p I g be two distinet essentially n-a.ry pol¡momials

over rü " Then there is a substitution S such that p"(S) / q¿(S).

Let T G A with ÍQ = 5., Then ed,(T) € = po(rÇ ) = pÆ(S) / v*G)

= sÆ(r?) = qÆ(r)e.

From these, it

proving Lemroa 3.4"

Hence e&Q) / ø*(t) and so p / q over ft u

follows that prr(é )< pn(fr) for each n,

Ibsgg"m,ff.
(r ) nr,(r(r ) )

(z) en(rr(r))

= Þr,(t(z)'¡ =

= þn(rr(z))
for each n =

p"(r(3)) =

= þr,(rr(3))

OtJ-t2roéoo

n"(r(a) );

= pn(rr(4)),
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Proof : I,Ie will prove onry (2). The proof of (r) is similar.
ft is easy to check that for i ç j , irj = lr2rj t|,ït(i) is
a homomorphic image of TI(i)" Thus¡ invoking Lemma J.{, rve

have pn(rr(1)) < pn(rr(2)) < pn(rr(3)) < nn(rr(+))u for each

r1o Hence, to get (Z), it suffices to prove that

pn(II(4)) < prr(rr(t)), for each n.

To this end, 1et p r g be any two essentially n-a.ry

poLynomials r¡ith p / s. over fI({)" By Corollary 3,3r Þ a.nd g

are essentially n-ary por¡rnomials over r(r)" Thus, what l¡e have

to prove is that p / q over f(J.).

¿s p / cf over II(4), there exist a non-trivial substitution

S such ttiat orrll)(S) / a,-lO¡(s) (see Fig" 8)" observe rhar

nrr(¿r(s)' crrrlO¡(s) + {arbrc} since S is non-trivia,l. Hence,

by symrnetry, tre have only four possible cases:

(r) [ a

Iab

nrrç*¡(s)

ørrq o¡ 
( s)

(z) Jela¡

(¡) ["b
1."

(+) t:
io€" ¡

errla¡ (s)

attlr¡(s)
=d

= éIb.

Suopose (f ) frof as,
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Then, since nrr(4¡(S) = ab, we have S s Iarbrabj o lIowever,

in this case, nrrqO¡(S) < d. , which is a contra.diction, Thus,

(t) is impossible.

Suppose (z) holds¡ i,ê,e

prr(¿)(s) = e

qrr(¿)(s) = a¡"

Since pff(¿)(S) = e and S is non-trivial; it follons that

{ arb rc} c So

0n the other hande qff(¿)(S) = at implies

S g {aebrabJ o

Combining the two inclusions, r,;e have

{arbrcJ c Ia¡brabJ ?

which is a contractiction. Thuse (Z) is irnpossible.

Suppose (3) frofas¡ i"e, ¡

Prr(¿)(s) = atr

qrr(¿)(s) = ae.

Clearly, pfr(+)(S) = ab impl-ies S g {arbrabJ and

qff(+)(S) = ac implies S g {arcaac}

Hence, S c {a¡brab} n {"r"rac}={a} andsoS=faJr

l¡hich contratLicts the fact that S is non-tríviaI. Thus, (3)

is imoossible.

In conclusion, r,¡e must have (¿.), ine.l

prr(+)(s) = a

qrr(¿)(s) = e .
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Since qff(¿)(S) = e and S is non-trivi.a1, it folIor.¡s that

S g {rrtucrê} .

ïn this situationr'vÍe ca.n use the same substitution s fcr rr(r_)

a,s { aubrcre} ç II(l)" C1early, we have

Prr(r1(s) = a

and qrr(r¡(s) = "
Ilence p / q. over ff(I), which was to be sho¡m"

Theorem 3"6-.

Let p(x1r,."rxn)¡ q(xtr"..rxr.) be tr¡o n-ary pol-¡mômials.

Then p / q over fr. , for each ai-'gebta 0( representinE (OrOrIrZ)

if. and. only íf p / q over f(t) ana II(t ).
Proof : One implication is trivial. thus, assume that p / q

over r(1) 
"nd rr(1). Let d( a" a¡r arbitrary algebra l:epresentin,g

(OrOr1r2) , we shalI prove that p / q over fi ,

By Theoren J.l t l( contains one of the algebras f(j),II(j)
j = 1t2r3r{ as subalgebra. Thus¡ if we know that

p / q. over r( j)rrr(.¡)r j = t ¡2r3t4.¡

it is clear that p / q ovet /( ,

Observe that I(t)rff(f) are homomorphic íma6es of f(j),

rr(¡)ri = 1r2r3r4 respectively. Hence, if p / q over I(1) ana

II(f), then p / s over I(j) and II(j) for each j = 1 t2r3r4, by

Lemma. l"{" Therefore the nroof of Theoreni 3,6 is cornplete"
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Theorem.3"7"

Let ót be an algebra representing (oro rlr2.) " Then

pn(ß )Þ min" { n,r(r(r)), r,r(rr(r))} foreachil =orr¡2, ooo,

proof ; rf l( e S1 then d( contains r(i) as a subargebra, for

some j =ls2r3r4" Thus

pn(dl ) Þno(r(¡)) = pn(r(r)) Þ min { n,r(r(r)); pn(rï(1))}

If 4e € Ez, then there exists a j = 1r2r3e4 such thai

pn(de ) Þnrr(n(¡)) = pn(rr(l)) Þ 'io. { nrr(r(1), pr,(rr(1))}"

Hence the theorem follor¡s,

4. A Lower Bound for prr( 0C ).

. Though Theoren 3"? gLves us a lower bound. for (pr.( Ñ )>
in terms of (p,.(i(t))) and (orr(rr(t))) u vie stilL do not know

the exact rate of j-ncrease of the seguence. In this sectiont

r¡e shall fiLl this ga.p by provitiing a Lower bound for (trr( Á )) ,

It turns out that this lower bound. is much stronger tha:r tha,t

in Corollary 3"5(IIr1).

Our ma-in result is the following:

Theorem 4"L.

Let l(, be an aLgebra. representing the sequence ( 000?l-r2,) .

rhen prr( úe ) Þ 11 ' äi for each n ) 4.

'lhe proof of Theorem 4'1 is based on the following
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construction of pol¡nromia.ls and. Lemmas z!,2, 4,3"

Construction of polrrnomials.

It is a simple matter to sheck that the fol-Ioriing eleven

pol¡momials are essential and distinct over I(1) ana II(1).

Thus, by Theorem 1,6, it follor¡s that for each a.lgebra

representing (0uOoI12Þ , $(, L,,as at Least eleven essentially

4 
1 

aW Po1¡momials.

xL x2 *3 *4,

f(x1 ¡x2rx3)x4r f(x2rx3rx4)x1, f(x3rx4 exy)x2 f(x4rx1 rx2)x3

f(xrxrrxr r*O), f(xrx, t x¡ex4)'t" f(xixOrx2rx3 )

f(xrxrr)c1 rx4), f(xrx4ox1 rx3)r f(xrx,r*1 r*z)

Nou, for ee.eh pol¡momial listed above, r.re cla.imthat we can

construct at least five J-ary pol¡momials. For instance,

1) fÈ¡om *1*2*3*4, we construct

*1*2*3*4*q

f(xrrxrxr*¿rb) f(xrxrrx3x4rþ)

f(xrrxrxr*¿,3) f(xrxr rx2_x4t\l

f(xrrxrxr"+rb) f(*r*4lxzx3r3)

f("or*r*r"¡r5)

2) rbom f(xrrxrrxr)x4r we construet
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l- t(*,u*2,*3)"03

f (*r5o*r,*3)*4

f(xr rxrxor*3)*4

f(xr rxrrx lb)"a

¡) t'rom r(xrxrrx3rx4) r we construct

r(*r-*2,x3r*+)3

f(xrxrxor*3r*4)

r(xrrrrx3þrx4)

t(xrxrrxru*¿3)

r( t(a r x2 r!) r x3 r x4)

similar constructions can be given for the other porynomials.

Suppose that we are given a J-ary pol¡rnomial l(*f, å.o, *5)

r.¡hich is obta.ined fro.m one of the eLeven 4-ary pol¡momials by

using the above Construction. Applying the same argument, it

is not difficult to construct six 6-ary pol¡rnomia1s out of p.

For example,

I) If p = *l*2*3*4*5, ¡Ee construct

5Tf x..x,jsl I O

f (x, r I[ ", , *6) r f (xrx, rx3x¡x5 rxó_)

r(*r,*r"r*r*rllr r, r( xrx, tx 2x 4.x5t 
r.5)
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2) rf p = f(xlux2rr3)*4*je r'¡e construct

f(x, rxrrx3 )"4"5"6,

t(*r:q'*ro*3)*4*5

f(x, rxrx6u*3)*4*5

f (xr rxrrx3x6)r4.x5

r( r(xr rx2 o x3 ) r x4x5 nx6 )

r( xO, f( xrxrx, )*, , x6 )

r(xru f(x, rxrrxr)x¿rx6) .

Iùe are noru in a posltion to construct, by using an inductive

argument, at least n + 1 (n+I)-ary pol¡rnomiaLs out of a given

n-Ery pol¡momiaL,

Let n(xr¡,o"e)crr) be such a n-ary pol¡rnomials, Consid.e:r the

fo}Iowing three t¡pes'of conetrrrctions â

(e) p(*tru,"rxn)"*o*' ;

(g) ff there is a factor r(arnrc) in pr we set

1) f(A.In+IrBrC),

z) f(ArB.xrr*1rc),

3) r(arnrc.:yn+f) :.tt r(*teoo"exrr)"

(c) If there is a prod.uct 
f[& in R(xrro"o?xn) rvhere

l.^l > 1 and y\ is maximal (in ttre sense tha.t if ttrere is

a product 
Ðu 

Op in p(xrr"."uxo) with 
^ 

E A then -¿\= A ),
r¡e set
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f( Jl, o*, JrA*u*rr*I) in p(xre"..exrr)

where { f r.f } i" a partÍtion of the index set -¡\

Let us note that und.er these constructions, those (n+l)-ary

pol¡momials have the follouing propertiese

1) Let n(x, u o . o ,xn+l_ ) be sueh a (n+r )-r"y pol¡rnomial 
e

the number of occurrences of each variable x. in p is
exactly one,

2) By Corollary J"l, all such (n+I)-ary polynomial arg

essential 
"

3) AII such (n+1)-ary pol¡'nomials a?e of different forms.

Lemma 4"2"

Let p(xre...eïo) be a¡ n-ary pol¡rnomia1. Then the nu¡nber

of (n+I)-""y polynornials obtained by using the construetions

(¿), (¡) and (C) is greater than or equal to n+1,

Proof j Let r be the numbe:: of occurrences of the symbol "frt
in n(xr,.oo¡xrr)e Thene by applying the constructions (n) ana

(n) r+e have at least I n 3r (n+l)-ary pol¡rnomials.

If r ) *¡ then 1+3r ) l+nr and. the proof is complete.j'

Thus, ìre may assume " -T, in other l¡ords¡ lr< n o

In order to have n+l (n+1)-r=y pol¡momials, ne need

(n+1) - (3t*f) = n-lr mcre (n+1)-ary polynomials. Observe that

ne have at most 3r positions in all the forms f( I e ), the::efore
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at least n-3r variables appear in the product for¡n T[-Á.. in p"

L'êrce, by construction (C) ue get at least n-3r (n+l)-r"y

polynomia.ls. This completes the proof of Lemma {"2.

For a given n-ary pol¡mornial.r.¡hich is construcied. by

induction, rre obtain, by Lemma {"2, at least n+l (n+1)-ary

pol¡¡nomia.ls d-ifferent in forms. The question arises: s-r.e

these(n+l)-""y pol¡momials d.istinct over algebra reÐre-

senting (OrCoJ-u27 ? The a,nsÌüelr to this question is in the

affirmative. fnd.eed, this can be seen f::orn the following

somewhat sironger versiong

Lemma 4"3"

Let 6E be an algebra representing (OrOrIrZ) o Let p r g

be two essentially n-ary pol¡rnomials over fl such that

1) The number of occurrences of ea.ch varial:le x. (i=1, ".. rn)

in both p and q is exactly one;

2) p ancì. g are in d-ifferent forms.

Then p/qover(("

Proofi In view of Theorem 3,6u it su:tfices io shcrr'that p / rI

over f(1) and II(1)"

If p = .ü "r, then by condition 2), there is a- fac'l,or
1=t

f(arlrC) in q . Let us construct a subs'iitution S for the

va.riables x. ts with. respïect to the algebre. II(1) in such a
1
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lia.y 'r,hat

r(a,r,C)(s) = r(a,'n,c)

a:rc1 xr(S) = " for every x. not in f(ArBrC ).
observe the.t, aceord,ing to the conclition r ) such a substitution

eiists" ^

fn this situation, we

prr(r¡(s) =

whileqfr(r¡(S)=""

Thuse p / q over II(I)"

To shov that p / q over r(1)o we. construct a substitution

tl for the variables xrrs with respect to the algebra. f(f) in

such a way that

r(arn,c)(r) = f(arb,c)

and. "r(f) = tl for every x. not in f(ArBrC).

Aga.in, such a" T exists by 1)" In this ease, r,re get

["o" Ipr(r)(t) =J o= 
f= 

a ;

la¡c¿J

¡vhile Arçr¡(t) = e o d = € @

I.Ience, p / c[ over f(f ), which was to be shor,¡-n.

llow, tre nay as-qlrme that both p and q are different from

S ", 
. fn otlier wordse both p and q include f( , , ) .r"

a factor" By assurnption 2) tuere is a factor f*(AlrA2ulr) in l,

get

["o" ]

I i:"1 
=
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sê.lr such tha,t for eaeh.factor f(BrrB2rlr) in e , Oj / U,

for sone irj = Ir2r3 u Let us choose such a fìÉ(A.rArrÂ_a) in
which the number of occurrences of variables is minimum, rf
we construct a substitution s for the variabres x.rs w.r"t rr(1)
in such a way that

r*(q,A2,A3)(s)

xr(S)=e ifx. s not in fo(A, tA2tA3),

prr(r¡(s) =

= f(arbrc)

and

then we get

whil-e

l-

e

I
{

t

qrr(r¡(s) ={ll"} =..
abee

(mote that there is no factor f(aubrc)in qrr(r¡(s); for otherwish,

if fÂ(Br,B2rB3) exists in q such that fo(rrrlrrer)(s) = f(a.rbrc)o

we r¡ould change the roles of fo and fo i,
Hence, p/q over II(L)"
To sl:.ow that p / g over I(l), we use the same argument as

about but instead. of the substitution s, we construst r in such

a way fþat

f#(\e¡.2,Á3)(t) = f(a,b,c)

and xr(T) = a if x, is not in fo(ArrA2rÂ3)"

ft then follcws that

Pf(f)(r)=e'd.=e
rçhile qf(r)(T) = A"

Thus¡ p / q over f(1).
The proof of Lemma 4.2 is therefore complete.
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Proof of Theorem 4,1 : For n Þ 4t let p-?ã ) le tne set of
all essentially n-a"y por¡rnomials over d( " rf l'] is the set of
essentially n-ary pol¡rnomiars construeted. by induction, let
n(m) aenote the set of aÌl essentiarry (n+1)-ary pol¡mornials

ind.uced by some element in N by using the constructíons (a)r(n)
or (C). Then by Lemmas 4"2 and {"J, ve have

ln(t¡)l )(n+t) lnl"
Evidently,

P,*r( 0L) = X$f:;f(u))""")),
where E is the set of those eleven 4-ary pol¡momials"

From this, it fo1lo.¡qs that

pr,*r( 0t ) = ln"¡ ø ¡[
Þ (n+1)n(n-l) ...5lnl

= rt.l*# for each n > 3.
This cornpletes the proof of our main Theorem"

5, Finite Subd,ireetly lrreducihte .A,lgebras.

An algebra dZ is called subd.irectly inedusible if the,

relation A (@i li e r¡ = ar implies that @i = r¡ for some i € ï,
where for each i € I, @, e G( € ). Equivalently, ft is
subdireetly irreducible if there exist ür v € A such that u y' v

a¡d. u = v(@) for each@:..
From Birkhoffts cra,ssical result (see ¡ 1 1) on subdireci

deconpositions whi,oh asserts that every alge'ora having more tha¡
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one element is a subdirect prod.uøb of subdirectly irred.ucible

argebras, it thus follows that subdirectly irreducibJ-e algebras

play an important role in the study of structure of argebras.

The purpose of this section is to give a characterization

theorem for finite subdirectly irreclucibre argebras in the

equationar class {r' To this end., we shalr first d.efirre scme

notation and. basic coneepts,

Let o7 e Et such that llI is finite. consider ilre following.

set of tripLes:

T = [(arnb, ,"r)/^rrbirci € Âe f(arrbrrei) / rrrrcr] 
e

Let us make the following elementary observations:

1) Since f(xuyuz) / ry" in (lt, thuse T / ø and ltl is
finids'

2) As |tfrt and.'t"rt are symmetric, hence if (arbuc) e T,

so d.oes (erlrburos)r nrhere a is any permutation on the set

{ ".r¡rc J "

3) ff (a.rbrc) € T, then it folLows from the proof of

Theorem 1"1 that {arbrc} a.re pairwise disting.t end incompa.re.ble.

Thus abclarb rco

For each i and for each (arrbrrc.) e T, denote

e. = f(a1rbirc1) ; di = "ibi"i"
Since f(xry,z)ryz = f(xryrz) holas i"Æf , ne have uiÞ di.u for

each i " Let
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E = { "r/t"rubiuci) e r}"
Then E is a finite subnoset of A" Thuse the set of ma.xima.l

elements in E is not empty. By the Áxiom of Chóiceu 1et e*

be a maximal element of E"

Let cl-# = a.b-c. r¡here l"=rb.¡c.Ì is a triple of el-ementsJ J J J I J' i' J'
of A such that f("jubjrcr) = e*, tet dx be one of the rnaximal

elernents in I d.,*J " .I.Ie have e# >> drf ó'J
Let a € A, Then a Ís said. to be a component of an eLement

of T if there exist buc €.å, such that (arbrc) e T" Thuse it

follows that if a is not a component of a4y element of T¡ then

f(aruuv) = auv 
1ä11 

uu.r, e A.

It'e are, no'w, read.y to establish the:following

Thgorem q"1"

Let 0(. be a finite algebra ir, Æf " Then 0( is subdirecily

irreducible if and only if ú? satisfies all the foltowing

condi tions :

1) etf d*

2) Let urv e A such that u <v end iurv-ï ,/ {d*re*}"

ïf both u and v are not components of elements of T, then

there exists p € A such tha.t u < p but o / p.

3) For each c, c¡ in A such that j.) c >- ct and.

ii) ("rbrc) e r if u a:rd only if (u,brc') e T,

if f(arbrc) = f(arbect) for (rrbrc) e r, tìie:r t,':ere
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exists p € A such that ct < p but c 4 p"

Pqo.of : Let 6C be a finite subdirecily irred¿cible algebra

lt" Æf u lie sha.Il show that conditions 1)¡ Z) and 3) nofa ín 6( "

Firstly, l*'e have Qlaiq: e* is the maximum element of 6:1. "

Suppose that this is'^not the ease, let m be the 1argest

element of ll, , Then D Þ s#" If

(f ) There exist r1rr2 e â,r \ / ^, such that 11- m,

^Z- m (see Fig" 11)e then consid.er the following trao

equivalence reLations

\\¿
t- '

- - ----tt'

Fig. 11

ër = { (x,") f " e a} u {('r,m),(ra,,nr)i,

Ðz = { (*,") /x e a} U {(rzum),(m,mr)} e

ft is a simple matter to cheek that both m, and. m, ca,nnot

be components of any elements of T. thusu f:rom the previous

observation 3)u it follorrs that Ô1, *a Þ., ftrnu the Substitution

Property with respect to norr alld rrfrr " ilence, S, and. S,., are

congruence relations of 0t " Cleaily, ëf , Qz ;> o>, bu.t

Sf A õ2 = ar" This contradicts the fact that li ís subdirectly

irreducible, Therefore (t) is not the casen but then ve have

I
f
t
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(z) there exist

Figá 12 )

\n m, € L such that 12- m,.* r ( see

t-- 
-zl

Eig" 12

Consid.er the follorring trro eguivalence relations g

01 Ë {("u*)/".t] U {(*,'r)u('5,')i s

02 = {(*r*)fxrai U {(*ru'r),('2uq.)}"
Clearly, m* cannot be a component of elenents of T, The

same is true of mro Fore if it weree then there exist b, c e A

such that (mrobuc) e T. Soo e, = f(nrrbec) .->mrbc )- mrø Since

m) e*¡ thus m -.2 and so \Þ ue ( note that we assume (f ) is
not the case E )" i{e have

m > rlf > e2> mrbc >m, e

vhich contradicts the fact that ml ts m2o

A" rf and. m, are not components of elenents of Tu it follolrs

that 0, otU 0e have the Substitution Property with respect to [fil

a-nd. 'r,rr, Thusr 01, Þ2€ C(&)" Eoweveru the fact that ðr, _0r>^

"nu Qf A 0e = a, contradicts our assumption that ß is subdirectly

irreducible,

Iiencee we conclude that e* is the largest efement Lndl e as

was to be shoçn'

By applying the same argument as in the first part, it follol¡s

AB

T-
,r-l-Ptr,

í *'ri
\i
\7



that if etå F - p for some

other wordse the a.lgebra

ps then eJt - x implies p ;>

ß is illustrated in Fig" 13"
!

1 e^
I

-ån
/,' .tt

I --' ,2
t- --'
l'.' .....-" ..

xo In

l.- - 
,..-/\<t .t t

tr.ig. 13

We are non in a position to prove the statements I)r 2) ancl

3)" Assume that 1) is not the casee i,ê"s ê** a*, then there

exist p1rp2 € [a*ru*) such that ee>- p1]- Þ2. Clearlye Þ1 is

not a conponent of eÌements of T, The same is true of p2o Fore

if it wêr€e then there etrist be c € A such that (prebec) e T. Thus

uZ = f(pZabsc) -Þ nrbc .- p2u If e, = e*e then nrbc = dä > p2

e, < e#, then by the above observation, 
"2 € pI and. so erÉ >-- pl

Þ eZ > prbc > pZr which contradicts plf p2' Conseauentlye

p, is not a component of elements of T. trboro this, it follor,rs

that equivalence relations

Or = {(*,*) /", a} U i{"",or),(n1,"")} ,

0e = {(",") / " e a} U i(rr,nr),(n2,n., )}

have the Substitution Property with respect to rtftt a¡1it r0otrô Tlrus

01, 02 e c(&). .A,s 01 
^ 

Þ2 =ôr whiru $tu 0r= a) e r.re get a

contra.diction, Fleneer ê* >- d*e proving 1)"

To prove 2), suppose to the contrary that',,here exj-st ür v

€ -A such that u < vp {orr} I {a"r"*J , both u and v are not
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eonponents of elements of r a¡d that u < x implies v -- x for
each x € A,

Let us consider the fol-lowing equivalence relation

00 = {(*r") /"e a} U {(o,rr)u('u')} ,

Claims 0€c(óC)"

I'Ie flrst prove that 0 has the substítution property rrith

respect to rru"" It suffices to show that u = v (Q) ana x = x (0)

implyux:-vx (0)" (f),ff x <ü¡ then x€ vo Thusu:c = u-v
= vx (0), (z)"tr x llu, rhen ux

Thuse ux >> \nc. 0n the other hande u < v implies üfr € \rxo

Hence üJr =l/ï and so (uxuvx) e 0" (¡),rr x )r tru then by a.ssumption

x _Þ v. Thuse rr-ìK = x = r,'r âñd so (us¡vx) e 0"

It remains to prove that $ fras the Substitution property

with respect to I'f'?" Obserrre that u = v (0)r v ã u (0) a:rd

x = x (0) impfy that f(u.rvrx) : f(vrurx) (0), sinee f(urvrx)

= f(vrurx)" Thuse it suffices to shorv that u = v (0), 
" = x (O)

and y= y (0) imply f(urxuy) = f(vuxey) (0), To see this, we note

that as u and v ere not components of elements of r, by a previous

observation, l.re obtain

f(urxry) - uxy and. f(vrx¡y) = rncy"

IIence, f(urxry) = uxy = \r:çy = f(vrx¡y) (O), 
"= ""nu.ired"

Thereforeu 0 € Ç(e).

Consider the following congruence relation of ¿fi,

@ (u*,do) = {(xuÐ/xea } U {("*ud*) u (d*, e*)} 
"

crearrye @ (""rd"), 0 > ¿^le whire @ ("",d-*) 
^ Þ = @,
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since {orv} / {d*se*} *d u -< ve d*-< e*. Thuse de is sub-

d.irectly reducible, a contrad.iction" Hencee 2) folIor.¡s"

Aga.in, assume that 3) is not the ease" Then there exist ca

cr in A such that e >- cr¡ (aebrc) e T iff (rubrcu) € T and

f(aobrc) = f(aebrct) for (aabrc) € Tn bui cs < x implies c 6 x

foreachx€4"

Ïn what follor^¡s, tre shall prove that the following ec'uivalence

relation õ= {(*,x)/"e a} U t("r"')u(c'uc)} isinc(6t)"
The method used. above can be applied again to shor,r that @ has

Substitution Property rrith respect to nnrt" To shor,¡ the same for
Itfrr, we need. only check that

c=c'(O) l
I

x = x (0) i irnLy f(xeyrc) = f(xpysc') (0)"
Iy=y (o) J

This ise indeed., the case for (t) rt (xuyrc) € T, then (xeyeco)

€ T and. f(xryrc) = f(x¡Xrct) by assumption" Thuse f(xryuc) =
f(xry,c0) (0), Q) rf (xeye") É Tr then (xeyrc') é T by assumption"

Hence, f(*ryuc) = ¡yc and f(xryrcu) = xyc¡, Ibom the fact that

xyc- xyce (0), it fol-lows that f(xryue) = f(xu¡c') (0). IÎence

Q e c(,ß).

Since e* a:rd. d* cannot be components of elements of T and.

{"oud*J F {crc'} i'ttuswehave

@ ("*rd*) > æ, 0.>a¡ but@ ("*,do) A S = ^ ,

which is a contradiction" Therefore 3) fþl-Iows"

Converselyr Iet CZbe a finite algebra itt Æf satisfying the
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conditions 1), 2)r¿r.rrl 3)" I{hat we are going to prove is that
is subd.irectLy irred.ucible, To achieve thisu Ìre provee for each

@ e c(dU), @- âe that d*= e# @) always ho1ds,

For preparationu we ¡oake the folrowing observationc

Claim t, €* is the greatest eLement of úe ,

suppose that this is farse' Ley m be the greatest" fhen

D Þe*r" Let s e Âbe such that m >-s Þe#o Evidently, me;s

cannot be components of el-ements of, T and {musJ É { e*rd*} 
"

Thuse by virtue of z), there exists p in Â such that s < p but

m $ p" The fact that n is the greatest element impries p < rno

Thuse we have s < p < rns contrad.icting the fact that $ -{ rno

Hencee es is greatest"

Claim 2, t¡ * < e#n then æ-< d# for each x in Á,o

suppose to the contrary that there is a y in .å, such that
y < e* but y { a#" Let q be in .A such that y _-< e _< @*,

Clearly¡ S + do, tr\rrthermore, {qre*I / {d*ee*} a¡rd both q

and e# are not components of elements of r, Thuse accord.ing to

the cond.ition 2)e there is a p in A rith g < p tut e** po

since e* is the greatest elenent of .ê., it folrows that e* > p

\\ eo Thise howeveru contradicts the fact that e* >- q" Thuse

Claim 2 follows.

trbom the above two observationsu it is no¡,r crea¡ that fe
is illustrated in FÍ9" L3"

Let @ e C(dC) such that @=^* Then there exist se t in
A such that s /t ana s=t (@), Since, (I) s=t (@) implies

st : t (@) a¡ra (z) 
" = t (@ ) irnplies x-y (@ ) ror each x,
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y in fsrt,ì if s =< t; henceu rvithout loss of generalitye rre may

ASSUme S ---( to

Suppose that e* # a" ( @ )" th.en [=utJ / [c1*ees] ,
facte s -<t <id.*" Let cs choose a pair i=ot) such that s

maximal, ( Note that this is possible as ó1, is finiteø )

We have the follo¡ring four cases 3

Case ï" Both s and. t are not components of elements of To

Case IJn s is a cornponent of a¡ eLement of T but t not.

Çese_ III. t is a component of an elenent of T but s not"

Case IVn Both s ar¡d. t a¡e components of eLements of T,

Case-I* In this casee bV 2), there is a p in.0, such that

s < p but t * pg ( see Fig, l-4 ), Nowe s = t ( @.) ) implies
to

-?
I

fa
It.o"" ï -Jn

I .'vs å--

Fig" J.{

that sp=tp (@) and so p =tp (@) )" Clearlyu tp---.- p --:=="

Letge (pstp] such that g Þ-p. A= p=q (@)u it follor.rs

that tprqÌ / [d*r"*J where p:> so

Case If" Since s is a component of elements of T; thuse

there exist b, c in A such that (sebe,c) e n" We have

"" = f(sebec) -- =o"'
As t is not a cornponent of any element of T; thuse (tr¡rc)

É T and so f(trboc) = tbc,

fn

is
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observe that s = t ( @ ) iropfies f(sebec) = r(tebec) ( @ ),
i.ê,e e"= tbc ( @ ), rf (r) 

", / tbc, then as "u- s and

tbc Þ t .> se 'wê can choose psØ in Â such that p -< er p = e

nhere pe q € frninimat(e"rtbc)se",(tbc)], obviouslJ,s p \ s

and [nra] / [d.*re*]"^ If (2) es = tbco then as tbc - ""Þ
sbc and t=s (@) impl.ies tbc=sbc (@)u there exlst pr q

in [sboetbc] such that p --( q and p:- q ( @ )" Observe that
(=ubrc) e t inplÍes sbc > s a¡rd thus p >,- sa

Gase III- Since t is a component of element of T; there

exlstb9cinÅsuchthat(tgb¡c)€T'Thus9"t=-f(t9b9c)>

tbc" Because s is not a component of any eLenent of Te lre obtain

f(srb¡c) = sbc" "a,s s=t (@) iræties f(s¡brc)= f(trbrc) (@),
we get sbc = "* 

( @ ). Observe that sbc Þ s" Foru if sbc = s

then bc < s a¡d so tbc < ts = t" 0n the other hande as (tutrc)

€ Tr it forLol¡s that tbc Þ tr a contradlction, Hence sbc Þ se

as required, From thisu we have ( "e. Fig, IJ )

"tltbclsbc¡s.

be,

tet p¡ q,

and {p,q} I
Case IV"

components of

Fig.

€ [sbcle*1 sueh

I dxse* ] where p

In this easee lre

elements of T"

r5

that p --{ e, Clear1yo

-\ so

assÌrme that both s and

p-:q(@)
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If (1) ttrere exíst ae b in A such that (aebes) e t tut
(rrbu+) f rE then the same argumen* as in ca.se rr can be applied,

rf (2) thu"" exist aa b in A such that ("rbut) e t but (aebes)

É T? then the situation is same as Case III" If (l) ana (2)

are not the casee ¡¡e have (3)u (artss) e T iff (erbut) e r for

ae b €3."

rf f(aeb r") / f(asbrt) for some arb € a, then s = t (@ )
implies f(aebrs) :- f(asbs.t) ( @ ) where

f(aebcs) > abs -> s

antt f(asbrt) > abt -> t Þ s"

Let pr q be in Iminimat If(artrs)of(autrt)J rf(a.rbss)f(arbot)J

such that Þ{Çn Clearlye.p=q (@)u {prq} / [¿*u"o]a:rd

PÞs'
Nowu if f(aebes) = f(a¡brt)

3) there is a p in A such that s

Fig, 16

such au b in A, then by

tt*p(seeFig16),

for aIL

-..--pbu

.4 tn
- 

Îq
I

+
_ð p

CLearlye s.= t ( @) ímplies sp = tp (@)e ieéen p= tp (@)"

As tp Þpr let g e (prtpl such that p-(Ç" ÏIe have p= q (@),

I prq] / [d*re#J and p ] sø'

Henceu in any casee we obtain a pair [prSJ rriih p -t en

{p¡q} I [d*re*J r Þ=Q (@) andp:>so Thise hor'reveru

contrad.icts the maximality of s, Therefore the assumption that
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ex + d" (.@ ) is fatse. ConsequentLy, for each @. c(,í?)u @ >ar

r.¡e have e* : d.* ( @ ), Henceu lZ in subdirectLy irreduci'ble,

vhich was to be sho'wn,

Thuse the proof'of Theorern l"l is complete,

Ibllowing fron the proof of 1?reorenn J"l e vre have

CoroLlarr¡ 5.2".

Let6lbe a finite argebra ir.€r. rf Nis subdirectly irre-
duciblee then e* is the greatest element of fe * Moteoveru ß.

has one and. only one cluaL atom d.* which contains every erernent

other than e**

Let & u Xl, By Ttreorem 3"Ls dt, contains one of the four

algebras f(j)u j = I o2t3z4 as subalgebra. In particularu howeveru

ff d¿ is assumed. to be a finite subdirectly irreducible algebrae

then by virtue of the Characterization Theorem !,1-u we are abLe

to prove 1.het ll must contain I(1) as subalgebra, Ind.eed.u we have

the follorring :

Corollary 5., f ,

The algebra f(1) is subd.irectLy lned.ucib1e" The algebra

f(j) i.s subdirectLy reducibleu for each j = 2s3r4"

Corollary 5,4,

Let6( be a finite algebra inAI. If lL is subdirectly irre-
ducible, then dl contains I(I) as subalgebra"

Proof ; Let Ú(Ae a finite subdirectly irreducible algebra inAI,

56



In view of Corollaty J"2, lE can be represented, by Fig. 17.
1e#
I

+
,-Å)d(

l --- "/\tty't'"'.t\

i/-./-.rl
Lt /,,rl-,-._-_,i

'\/ //' f\_/¿
Fr* it

Let us choose a triple (a*ub*u"x) in T sueh that

f(a*eb*rc*) = e* and a-r+b*clÉ : d*.

If a*b* = a*c* - b*c* = d*¡ thenu clearlyu d( eon't,ains the algebra

of Fig" lB as subalgebra., In this ease, the proof is complete,

Thuse lre may

such that s --< d.#

Flg" l8

assumer sanr aFb*

( 
"e" Fig, 1! ),

lef
+

,/ e*
/

-.'ø s
,4.

-,trá\ø ìr b"e

Fig. lp

If s is not a component of any

2) of Theorem !,1, there exists p in

This implies that p / "*ii"ê"s 
p <

p -< d.*, Thus¡ it follows that s.<

the fact that s --( d*"

<. d*o lret s be in [a*b#rax)

oeft

element of f, then by condition

A such that s < p but ctxd n,

e*o es p / d*¡ by Corollary J,Ze

p 
- d.*u which contradicts

^¿Éø

1""
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Thereforee s rnrst be

there exist b ec in As' s

a coflU)onent of some

sueh that (snb=oc")

Tu'*
I

elernent of Te and.

€ T ( see Fig, ZO ),

og*
20

Evidently, f(s¡b"n"") Þ sb"eu

l.uu we he.ve b"r c= 4: d*u Thuse b"r 
"" { d# since d* cannot

be a component of any elenent of r, clearryu rb"c" -_{ i[*. rf
sb"c" < d.*r we would obtain s : sb=c" < d*, contradicting the

fact that s -< d*" Hence, it follows that sb"c= = d*u But then

f(srb"r"") ) sb"c" = d* and. therefore f(sebsrc") = e*, lJow, if
the elements sub"ucs are such that sb" = u"" = bsc,s = d#¡ then

contains the algebra of Fig" 2r as subalgebra, rn this cese,

the proof is complete.

Fig" 21.

Thuse we may assume bscs < d* ( note that as s -{ d*r =b=

= scs = d* å ), Folloving the same argumeni, r¡e rvill abtain

elements t1r tz, t3 € A such that (t11t2rt3) € Te f(t1rt2et3)

= e* -> t1t2t3 = dx -Þ tir i = L¡2r3 and d* >-- tr Þ b"ù=" If

es
,4

Fig"
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trt2 = t2tr3 = trt, = d'*r the proof is complete, othen'rise, ne

rvould contínue this process" since lC is finitee the process will
stop after finitely many steps. llenceu the corollary forrows"

The following exarnples 1 and. 2 ar.e subd.irecti-y irreducibre

algebras in .5f ¡qhiLe exarnple 3 is an algebra in.Uf r.¡hieh is sub-

directly red.ucible"

Example 1"

The a,Igebra is the semile.ttice of Fig" 22 with the ternary

operation |tftf defined. as follorvs â

ei if {*ryor} = {"ieb1rc1l
xyz otherwise

,é
a1

Flg" 22

Example, 2.

The algebra is the semilattj.ce

operation ttfft defined as above.

t-

r(x,y, z) = 
t

1"
I

--fS
.---- | 

-

'/'¿//":'l',// 1ní, 'o,
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9ert*
I

¡
I

I

="2

=dz

n-'---'--tz ,r\eo

\ì/; bc-I

t2*Ì '*1

Rema.rk'

ft is conjectured. that the correspond-in,g results on finite

subd-irectly irred,u-cible algebras can similarly be obta.ined in the

eouationel class K2' In this caser of course, the role ihat I(1)

plays in Æf r¡ill be replaced by II(f ) in J(o"

D^
2

Fig" 23

þPfL3."
The algebra is the semilattice of lrig" 24 wítlt the ternary

operation 'rfrr defined. as e.bove"

o€*lrI
'*1
1

,.-${l = ez
,/, 1 -r

.oF | ''-r

.,.,..*t-' I -'-.._-

I \...
.,No I -"..

r:" /i" 
l'"( i '

.i/\¡
//\,\j

/'\.i,âz "bZ \ cZ &I
Fig" 24
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CHAPTER I

.grGngRAS n¡pneffiNTrmc ( o"o"t um)

fn this chapteru we shalL d.eal r¡ith the representability

of the seguence ( OrOnlum) e for an arbiirary natural number m"

The case D = I and. m = 2 have been considered before, By a

result of Go Grätzer and Ro Pad.na¡abhan ( see I IrO ])e it is

known that if ß is the idempotent reduct of an abelian group

of exponent 3r then p(f() = (OrOrnronr, øoeoorÞrr0,"."n,,)
.Irwhere pr, = ä ( eo'- ( -f )o )* Thuse in pa¡tieulare the seguence

( OeOrls3 > is representabLe" It íse thereforee naturaL to

ask s gd.ven an arbitrer¡r nat¿eajl ne is the Eeqr¡ence {OrOrÌen)
al¡rays representable ?

LetK be an a.Tgebra representing (or0rl) " Then fC has

one a¡d only one id.empotente commutative essentiaJ.ly binary

pol¡monial., If p3Øe) > ¡, then the binarXr polynomial is not

necessary a.ssociative" Holreveru if l¡e assume tha.t it is assoc-

iativer then for each natural number me it is possible to find.

such algebra 6(, such tha.t p3( df ) = *" More precisely, we a.re

able to construct a semilattice l¡ith certain terna.ry operations

defined. on it so that the resulting algebra has exactly m ess-

entia,lly ternary pol¡rnomial s" Thuse the sequence ( On0 ul rm) iss

a fortiorir representablee for each natural' number me r,.'hich

solves the above problemu
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1"

be

of

Construction of Algebras"

fn this section, r¡e start to construct algebras which r.riIl

shown to meet the reguirement in next section.

For each natural number m¡ let us consider the four t¡rpes

sernilattices (R;

(i)

(ii)

{

Fig. 25

tr'ig" ?-6

6 â \b \"

6z



/./
.d

''1.

(iii)

(i")

'.1 oc

i = 172e", '91û-1 ¡

with every

element

Fig" 27

e-'
a

'\ôC

Fig" 28

i'or each t¡rpe of semilattice, the subset

={ ¿ru,r"2r.ôôrur-fi

is a m-element subsemiLattice such that for each

either (") e. ) fl;

or (¡)

elernentofA-Ec

Or (") e. is inconpareble vith every

or (a - E)Ll{dl o

Given any of the sernilattices ( ¡;
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for eaCh i = lr2r"oos$-1e

Irr(xrrrz) = j
L

'Evidently¡ 
we have th

(f ) The pol¡rnonial f

each i = J-t2-c'uosIIt-J."

a

ã Ì

v1¡

e following

,(xrFu z) is

ternary operaiion

if {xuy,z} =

f . o.n A as folloris:I

{ aob 1c}

oiherr.iise

el ementary observations :

essentially ternary, for

(z) f1(xrxrx) = x for eaeh i = 1¡2e.ooem-l.

(¡) rr(xrlrz) is symmetryu for each i = 1 12s.o"rm-1

(q) Tr i / j then fr(xrvr,) / f ¡(*ry,z) over A,

Now, to any of the semiLattices (a;

an id.enrpotent algebra

6t = <A; s'>

wlrero F = ["¡fl¡frt.."rf*_1] consi.sts of one semilattice

operation and m-I ternary operations which are defined as above"

Remark"

If m = 2t there are exactly eight d.ifferent algebras (up to
...\isomorphism) obta.ined. from the construction. t'hey are isomorphic

to I(¡), II(j) j = 1 ,Zr3r{ respectivety.

ff m = J, we obtain exa.ctl-y tuenty d.ifferent algebras from

tho construction" For ínstance, the followin,g are constructed

fron the first type of semílattice,
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oc

1"rt-

j.t
I
I

Ir

'\.,--_

-cc

q'e \'. 
"

llhere for each i = I s2t fi is d,efined as above"



2 " iì[ain Theorern"

lie are now in a position to prove the follorving.

Theorem 2"1"

For eech natural number m, erry one of the alqebras ¡¡here

I t I = m as constructed in section I has exactly m essentiall;r

ternary polJrnomials.

CoroLlary 2.2"

tet $ be the class of all id.empotent al-gebras r¡ith a

semilattice operation. Then, for each natural number m, the

sequence ( OrO¡1rm) is representable in K"

Proof of Theorem 2.1 s Let 6t Ae such a given al,gebra with

lE I = Inc fhen fi has at least the following rn essentially

ternary pol¡rnomialsl

x![z¡ fr(xrlrz), o.ooooocr f*-r(xr]rz)"

Thus¡ to show that pr( dC ) = nr wê ha.ve to shol¡ that the collection

of all these m essentially ternary polynomials is closed under

substitution. In other word,s, let p(xryrz) le an a.rbitrary

essentially ternary pol¡rnomial over /f . Our purpose is to shor,¡

that o(xryrz) is the sene as one of the above m essentially

ternary pol¡momials.

To this end, let p(xryuz) be given. First of all, rre

claim thats p(arbrc) e n.
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Suppose that this is not the case. Then p(arbre)€ A _ E

C {aeb ¡ c e ab, a.c obc} (note that the later set deoenCs on 6L ) "

However, by definition of fr(xrtrrz) and the fact that abc = du

the above inclusion is impossible, Hencen p(aubuc) € E, as

recruired. 
"

similarly, p(æ.rbocrca.) is an elernent of E for any permlrtation

c( on the set {a.rbrc} o

Nexte we prove that p(xryoz) is symmetric over ¿f( . It

suffices to show that p(xeysz) = p(yrxrz). The other cases can

be shor¡"n similarly,

Let S be a substitution for t*ry, uj .

ff S / {arbrcJ e then eVidently by d.efinition of f., we have

p(xry,")(s) = (xyz)(S) = (r*")(s) = p(ysx¡z)(S)"

ff S = {arbrc} r say x(S) = as f(S) =tr z(S) = ", 
we have

to prove p(a.rbrc) = p(brerc).

For sinplicity¡ let us make the following conventionss

(t) rf there is a fa.etor fr(aeb¡c) it p(orb,c), rio d,enote

fr(arb,c) by e.;

(z) If there is a factor fr(urvrr,') in p(arbuc) l¡here

{u,vrw} / {arbrcJ, we denote f.(urvrw) by ur.r.r,

(¡) ff there is a factor abc in p(arbrc), r.ie clenote a.bc

by d.

thus, from these and the fact that ,'o" is a semila,iiice

operation, it follor¡s inrneCiately that
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p( arb, c)

where ï is a finite subset of I?2r"..um-l , possibly empty.

If p(a¡b,c) = ,II", or ( g.r)a, then fron rhe fact
that f . (x #¡z) and xyz are symmetric¡ the res*rt foIlor.¡s.

rf p(arbrc) = ( ¡¡ur)r, then p(b ta,c) = ( prer)t" r{e

shall prove that ( I!"r), = ( -lTer)b.

For simplicity, r¡ite e = il"i.. si-nce E is a subsemilattice

of A. Thuse "i € E imply e e E

Case L. e <d."

ïn this casee as e € E and. e <. d we have

êâ=fl=êb"

Case 2. e#d
fn this case, clearJ.¡', ve have

êâ.=€d.=ebo

Tliuse p(arbrc) = p(brarc), as l.ras to be srhom.

For the other possible va.lues of p(a_rbrc), the nroof is
similar . Hence e ?re conclud.e that p(xry, z) is, ind_eed,

symme tric "

Since p(arb rc) € E, it follows tha.t p(arbrc) = d. or

p(arbrc) = eir for some i = l1ooo¡r'rì-1 .

(t) If p(arbrc) = d, ne claim that p(xry, z) = xyz.

["" t

[o" (

or

or

or

Tf e.iêr 1
t- \t I I e. /a

açì I

( ¿rrer)at
( ¿"r)a

Tre. )¡sÉI l- -

g1e, )bc

o" ( nI.r.or)" ì

or ( :¡-re. )." l' 1ú: ]. I
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Let S be a substitution for the variables xr;/rz"

If S / {arbrcJ then clea.rly

p(x,y,u)(s) = (xyz)(s)"

If S = {aebrcJ , then by symmetry of p(xryrz), .we have

p(x¡yr")(s) = p(a¡b,c) = d = abc = (*y")(s)"

I{ence p(x¡yr z) = rryz, as requíred..

(Z) ff p(a.rbuc) = ui, for some i = 1r.o.¡ril-]" lie claim

that p(xryrz) = fi(xuyrz).

Let S be a substitution for tlie variabl_es xtltz. If S /

{arbrc} , then clearly,

p(x,yrr)(s) = (xyz)(s) = (rr(x ¡tsz))(s)"
If S = [a.rbrc] , then by syhmetry of p(xryrz), we have

p(xryru)(s) = p(aub¡e)

= 
'".

1

: = f.(a,b,c)

fr(xotrr z) ( s) "

Hence p(xryr z) = fr(x ¡y-¡z).

Therefore, 'we conclud.e that

, \ I *t, if p(arbrc) = d

P(xrYr z/ = (

i, rr(xrr,u) if p(arb¡c) = ui

-'r-hich completes the prcof of Theorem 2"1"
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PART TT

IDlllfPOTE¡IT ltLcltBRAS I.IITH olrE ESSIINTTAILY m-^ARy polyNot:IAtr , n > z
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AI,GEBRAS

CHAPTER ]-

EE-lsEgÏllg-S9¿0_r3t --:-+ r *lllTx-sr = " . - = a¡=l

ïn this chapter, we shal1, naturally, deal rrith the same

problems as in Part I for the moxo general seqence (OoOrâ1 coo¡

,Lro ) with a, = ooo = ,l< = 1 r"-here krm are arbitrary positive

inte,gers. It turns out that almost all the results in Part f

ca:r be extended- to this general cese.

The ca"se that m = 2 wil]- be examíneC. in seetion 1. We obtain a

generalízàtlon of Theoreur 3.4(IeL)" Mioreoveru a lower bound for

seguence (frr) is provid.ed. in this case. fn section 2, the

representability Theorem for the seguence ( Or0râ,rr.".u1_rm)

with a, = oco = L = 1r krm are arbitrary pOssitive inte,gers,

is established." It is applied., in sectíon J, to prove a

characteriza.tion Theorem about the sequence ( OrOrl, o.J,rmrn)

L, The Case Ít = 2n

Let 0L be an algebra representing the sequence ( orOrl5;irZ>

'where k is a positive integer (w" *.y assume lç > I )" By

Lemma 1.2(Ir1), dð has a unique semilattice opere.tion. Since

pk+r( IL) = 2r it follows that there is one and only one essentie.lly

(t+Z)-ary pol¡momia.l, denoted by f(xr e o , o r\+2), which is

Cistinct from ff*" over ( . For the sal:e of simplicity, we
i=I '

r,¡rite n = k+2. C1early, f is ideinpotent e¡d symmetric" If we

identify xl = x2 in f, t¡e obta,in the nolynomiaJ- f(*Z_r*2,t3r.."¡xrr),
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Its 6l- rcr'resents ( 0rOr1r"."ul) and f is s¡rmmetríee rro hanre

r(xrxrr*3, " ". exn)

"'2

n
TT X;
1=J

n
TT X;
i=2 "

If f(xrrx2rr3e."'exrr) = *2, setting *3 = *4, we obtain *3 =, *2,

l¡hich is impossible" If f(xrox2rx3e " " " rxrr)

*3 = *4, it follor,rs that *r.:ft-"r. = -fr,*i"].=) 1=4

lle have *2"*r, = Xn, a contrad.iction. Thus

(t) f(xrtxrLxr.."r*r) = ,t"r.
Fbom'this, it fcltor,¡s im¡aediately that

(z) f(xrxrrxlrx2rx4¡.o"exrr) = xL*2.ft."r.,
1=4

Let us nolr consider the poly:eomíal p = f(xrxrr*2r*3¡., n exrr)u

Setting x, = xz, we obtain ¡y (1) tira,t o = rt"", " Thus,
I=e

p depends on x., for each i = 3soooeno Setting x3 = xrr we

ha've P = xlx2.ft."i., Thus p dr-l=4 - :Pends on rI and xr" IIence p is
essentia,lly n-ary.

rì
= iî x' , settin.g

L
1=J

Sgt X. = ôoo = f,tLn

it is ,.u""*"r"y that

If f (xrx, tx2t u" " rxr.)

then lï ", = r( ¡f x' o

l-=J. l-=l

f(xrr',"exrr) 

-- 

(n),

xi, *1.ft-"r, *lr2fr."r,
L=J L=1!

".. rlf*., .*r., ) (2)
1=L

- .rl* n n n- ¡\Å1t 
["ir 

*tr$*ir 
"r"z|¿lr.¡oooe *i" *r,.) (a)

=

n
T'I
i=2

n-2
TT
i=f
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- f(\rxzr"'"urixje""'¡xr.) (l)

= f(xrrx29"""r*je.o.exrr) r (¡)

ithich is a contraCiction. Thus¡ '¡'¡e obtain

(:) f(xrxrrx2o,.,r*rr) = .jI.", .
1=l-

Let us write 
T", = xrxao'"*j_l*j*lo.oxn for each

i = Ieooolno The pot¡momial f(Txir5*iru",rsxi) i" clearly

essentia.lly n-ary.

If f(T:rirE*ie"."¡Tf*i) = f(xrrxno"o"rïr.) (¡)

then fi-", - t(.frxir.o.,fi*r)
i=I* i=l- i=l

= f(TTxr"T*i" """Txi, ooo..rT*i,T*iô cco I_!"r)
f(TxirT*i?oooôrç.xi)

= f(xrrxrr .o,exrr) , (n)

a eontradiction" 'Ihusr it follol¡s that

(+) r(T"i,T*r,oceeÇr"r) = fr", 
o

Reca.use of r¡hat'rre have now proved-, it is evid.ent that r+e

can apnly a.fguments similar to those of ChaBter 1 of Part I to

derive se-/eraI id.entities tha.t hold in dt " In this r'ra¡r it ca.n

be shorm that there a.re t'r^ro tyoes of algebras sa.tisfying 'bhe

id entitie s

f(:r, r o o n ?xn)*1 = f(xrr."' rxrr)

^t r 11ï(x1 I o o o rTn/]:l -T-l- 
*i

a=1
respectively.

fn conclusion, rre arrive at the following result.
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'l-heolqm 1"1,

Fcr ea.ch nositive inte,ger k = 1s?-7oo,1 tìler:e oxist two

equa"tional classes of alqebr*ëft *d Æel= su-ch flrat a:.r aì_gebra

úe repr:esents the sequence <OrOrÇlt;;frz ¡ if anc- cnly if

fe can be represented. as an algebra of t¡rpe (2, l<+z) belonging

to ei+"]rerjtf o=.52t .

ïf k = 2 r the folrowing examp]-es can easily be checked- to

represent the sequence. < 0r0rlr1r2 ) " Let us note ilrat the

free semilattice on four generators consists of l5 elements,

and that therefore , there are eLeven non-isomorphic semilattices

¡çenerated by four elementse the homomorphic j.ma"ges of the free

onêo Ilence, lre ha.ve the Õllowing tr.rehtl' tr,ro algebras¡ (see Fig. 30)

,/,
/// !

,i
'.: ì

,. I

,t'' Ifal 4n, o n'4

rr(rrz)
o

o

?

,2)

"4
Fig'
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T'ihere each algebre

above anc'l the 4-ary

is a semilattice sho¡rn a.s

defined by

{ *1,,*ru*3r*4] = {1 ra2te.3ta4}

rr(jue)

onfis

if

r(i,2)u

operati
(
i
I¿Á.ì Tï*'
I i=I
\

f (x, rxr rx3 rxO ) =
otherr¡ise

ïn general, for each positive integer ku the

on k+2 generators consist= of 2k+2 - 1 elements.

,k+2 - (t+¡) non-isonorphic semilattice generated.

which are the homomorphic images of the free one.

using the same ideae we can contruct ,k+3 - e(t+¡)

r(jrr.), rr(juk), j = r ez."""e ,k+2 - (r<+3) eactr of

the sequence ( ororT;T;;1 ,2) ,
The folloning result can similarly be shor.m.

free semila.ttice

Hence, the::e are

by k+2 elements

Therefore, by

ai-gebras i.ê, e

which represents

Theo:.em 1.2.

Let IZ be arr a,lgebra representing the sequeilce ( OrOrî*T-"lirZ

,u-here k is an arbitrar;r n"J#ï;:'i!i#Hi-A;'+äffiffi'Ì;#"\
of the el¡rebras r(jrr), rr(juk), j = 1e27",.r2r'*?'- (tc+3) as a

subalgebra.

Let lI Ae an a.lgebre. in [rU o",82i.. Let p¡ o be two

essentially n-ary pol¡momials over dL . By ll.heorem 1"2, it

f'oIlows that if p / s. over I(f rt) a.nC, ff(lr:<), then n / o. over lL "

In view of this fact, r're caJl nor,r pro-,'ide a Lo¡+er bouncl for the

sesuence (n,.( ft ) > "
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Theolen 1"3.

ã-Let úC be an algebra representing the secruence (Ororç,T.lre¡
for l<

ea.ch n Þ l<+3"

Proof z ri is not difficuLt to check that ihe folrowiirg

r * !(r*:)(t*¿) pol¡momiats are distinct and essential over the

algebras r(1rl() end rr(rrt), Thuð, by the above observatione

fl he.s at 1ea.st r + ](r<+:)(rcoa¡ essentia.lry (]c+i)-..=y por¡rnomialsu

namely 3

k+ì
TÏx-ti=l *t

f(x1r.u. rxk+2)t *ru f(xre,."ox¡*3)x1n ø6@ø e f(*to3exleo"rlc+l l\r*r,
f(x1r "". erk+leTf+Zrxt+3)o "" o "o, f(xrø""' etç+2e*ft *3)

I,Ie shall now construct ne¡s polynomials inC.uctivel¡r from the

above pol¡momials in the follor,ring manl.ler B

Let o(xr e. o'exrr) be a¡ n-ary ool¡rnomial obta.inecl 'by inductionn

I'lith resnect to p, we produce the following (n+1)-ary pol¡,nromiaJs

by using three tyoes of constructions ;

(a) p(ï1r..orxr,)"]n+1;

(¡) If there is a factor f(\eooorfuoe) in pr r¡e then set

l) f(\-rror rA2, u..u{.*2),

z) r(\ rAzlrror? oo o eAi.*e)u

a

k+z) f(\ eA2e. " " u{.+{r,+l ) ;
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(c) rf there is a. product TT A. in ¡ r.¡here J is rna-ximal
je .r J

( in ttre sense of Theorem z!"I (trz_) ), r¿e set

ttrlttliu'"'¡fTtu.rï¡e 
ln+I) i" p ( :r tnis is

possible ) where [ .i(t)unoorl(t+t) J iu a partition of the

index set J"

Nowe observe tha.t if there is a¡ occurrence of trfrr in pr

then by construetions (A) ana (A)u we have at lea.st k + 3 (n+I)-

ary pol-¡n'romials, If there is no occurrence of rtfrr in p(xle "nexrr)r
then sinc" r;> ¡ + 3r ne obta,in at leasi k + 3 (n+1)-ary poly-

nomials by using the constructj-ons (A) ena (C)" tpplying flre

same argument as in lheoren 4'I(rre)u i.t follows that all such

(n+t )-ary polynorníaLs are essentiaL a¡d distinet over 0( , There-

fore, the theorem is proved."

For ea.ch positive interger ku let l(1¡r Æzt bu the trqo egua-

tional classes of algebras as sholrn in Theorem l.r, ltre have the

following

Theorem I"4"

There is a one-toþne but not onto mapping from,Si= to $it
foreachi=1e2eifs<t.
Proo{ c l{e consider the case i = L,

For simplicitye we repl-aoê sr t
ectively, Let * e Xt(s_e), Set

D = [ (^ ^^---âì tar... uo") / ",
Since f(xrxrrx2roo"r*=) = i,*,1=I

The other case is similar,

by s - 2 ¿urd. t - 2 resp-

€ Ar f(au.,"ru=) /
and.

sl
TTa. I o
-' '- L)l=1
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f(xr.rx1 ,*3uo"u*") = *r-T\ *, hold

each (1e e o o e"") € Ðu the elements

and incomparable"

in ,î(

a. rsI

u it follovrs

aIe P¿i¡¡¡i5q

that for

d.istinct

To each (rru,,.,r.a*) e D, let us ad.join a set of

[u,**te'.,ea¿] in such a way that

1) The set t "rr"n"râ"e.as+1n,.ooatr) is pairwise

and. incornoarable;

2) a, * 
rÛr"t 

e for each j : s*Ie""et$

3) a* < ã iff fiu, <c for c e A, ¡vhere j = s+t-e.ooetiJ i=t-¡
a) a, lltu for each b #fr", in au i = s+te",oeti

¡) rr (rru",,ea=), (bren"uub") € D and Irlu"..u*"] /
[bto.."ub=] e then ", I I b" for js T = s+luooo¡tc

Let A* = -4, U LJ {t"=*r eøøa ',-J / ("rr..o'âs) e li . Then

A* is a semilattice" Define a t-ary operation g in A* as folrows a

i 
t,ae"'oea=) if {xie""ox¿} = t1?."râslas+Lr..r.t}

g(xruxreo'osx*)=l an¿(rreoôoro")€o;

I t rc: othervise o( iå1
Fbom the fact that û-e Et(s_z)e it is easy to show that the

algebra d(x = (a*i.rg) belongs to 5l(t_e)" Moreovere it follows

from our construction that if d¿ f ts u tben úLx É ¿g*" Thuse

the mappins ?: Ãr(=_e) + å.(t-z) defined bv ((62) = 6¿*

for ó7 in,$r(=-e) is one-to-onêo Clearlye ( is not onto since

there rloes not exist an algebra ft,in If (=_Z) such that €{x =

r(et-(t+3.), t-z)"

ner¡ eLenents

d istinct
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Corollary 1.8.

For ea.ch i = Is Z and k > 1u we have l{r.Ol < lër(nor) I ,

2" The Representability

ïn this section, our

Chapter I of Part I to the

observe that by expanding

in a suitable waye 'we cel.

sequence (o ro rl*5" ;trn. >

kr fito

Theorem,

pu-rpose is to extend the results of

much more general situation" lle wilf
those algebras representing (OeOul urn\

construet algebras representing the

for a given pair of positive integers

one remark shouLd be mentioned is that for k Þ ro if dz is
an algebra reÐresenting (ororíl1u*.Jur¡ e then 0(, has a uaique

semilattice operation" For k = 1¡ this ise hor^revere not necessary

in generaS"

Construction.

For each pair of positive integers (meic) , let us consitier

the follor.ring t¡rpes of semilattice (A;" ) ( see Fig" 31 )

tc+r

T9

t\

1<+z
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\ \r.,K+I
*rI

:
g
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Fig" 3t

where E = {drel r€2, o,, r"r_l} is a rn-element sub-semíla.ttice of
(u

a.s a semilattice, is a homornorphie ima6e of the free semirattice

generated. by I al tãrto," ra];+2] . The eleme¡rts of E satisfy the

follor,ring concìitions : for each i = 1 7Ze ",. em-l ,

either (a-) e. Þ d;

(¡) ui { d. and. e. is incomparable with everyor

element of 1\ - JI;

or (") e. is :Lncom¡a.rajrle r.rii;h errêrJ/ element of
(¡ - a) utai

Given rrrl$ ot1ê of ihe semil_aitices (¡;
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for ea.ch i = 1y21"""em-Ie

follor¡s:

a (a+e)-ary opera.tion f. on A a_s

I
l"t

¡f ', Iti\*1 t:I2t ". " uxk+z) = J AoZ

í I''*¡l¿ -

if {xru...rxLo2} iurr,..rak*zi

otherr,¡ise 
o

Note that for eaeh i = Ir2cun"em-I

(r ) tr(*, ? ",, rxk+2) i= e"*"ntially (t+e)-ary;

(z) tr(*r, o n. !xþ+2¡ ¡ ffi' ;

(:) fr(xr e "" o r1ç+2) i=Jiå"lpotur,t anct s¡rmmerric;

(q) fr.(*rr'",r1c+2) I f ¡(xru".,,Ik+2) it i ¡ i ø

Thus, each of the semilatiices (l;

wíth an idempotent algebra de = (¡; F> v¡here F = i"rflr.,,rf*_l]
consists of a semilattice opera.tion and m-r (Ì:+e)-ary opera.tions

d.efined as above.

1'h ore-q- 2-. I .

Iror each pa.ir of positive.iniegers (roek) r e_ny one of the

algeb::as nith lEl = m construoted abo'¡e ha.s eractlJ, m essentially
(i<+ Z )-ary pol¡,':eomi-a1 s "

CoroLlar¡¡ 2"2"

For each pair of positive integers (melc ) , the seguence

{o,ol;;"*;irn> is representable ir é where é iu the ctass

of all iclempotent algebr¿s r.¡ith a semilattiee ooeration.

The ¡rroof of rheorem 2"1 can be carriecl out by mod.if)¡ing
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that of Theorern 2.1(Te3)"

3'" The Charaeietj-zation Theorem.

Consider the foll-orving seqaence

(") ( o,o,î;,;;î,m¡n )
r¡here k is a natura^l number, m and. n a.re positive integrs.

Theorem 2"1 says that if m=L then the segu.enee (") i" representa.ble

for each rr = 1s2e.o"o In this section, Tre are going to prove

the converse of this result; nameLÍ r we shor¡ that if -bhe

seguence (") i" representa.ble for each n = le2e,"oe then it is

necessarythatil=L0

First of all , r.re shall state the following Leruna rvhich

is a. slight.qeneralization of the Lemma 3 in J" Påorrka t34 j.

fts proof is iir fact id.entical ¡rith the proof of that Lemma,

Lgnma 3ll "

Let, lt be an algebra such that po( d¿ ) = pt( ól ) = O,

ez(l¿)>r. rf p3([c)>o then e3(óL))'3.
Bgr"l5"

ffo in addition, Ì,re assum. pZ( & ) = I , then this is

Pàonkars Lemna"

{,enlrna. 3 " 2.

Suppose that the seguence

-_t(*), (o,o,i;.i*i,*,r)
is representa..ble" Then eny one of the follor"rin,3 conditions

implies that rn = L"
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(t) a)1 and. n<il*mâ:co{muk+j};

(z) k=1 and n{4;

(¡) k=O,rnÞ0 andO<n<2"

Proof : Assume (f) nofas" Since k > 1ì pZ = p3 = I and. henee

it follows that the only binary po1¡momial is a semila.ttice

pol¡momial. If m / 1, then rve can apply a result of G" G::å,tzer

and. J, Plonka to yield the following:

" _ er.*:] 
)*ort**,ï.,1,::; i..r,

whieh contrad.icts our assumption. Thus, rn = Ie as required"

Assume (2) frofas, As k = Iu the segTrence becones

("), ( oro¡1emen) "

rf p4 = ¡¡ s( 4 <.ltr+ -(-r)4)u then by Lemma 1"2(rr1), it

follows that there is a semilattice pol¡momial over anJ¡ algebra

.ft representing the "equence 
(,(). Thuse if m ) 1, rEe obtain

n = p4( 6L ) > e3( ß,) * I * rìâr{o { p3( ¿f )r+J

=m+1+rnax, {ru+j
}1+4=5¡

rthich is a contrad.iction. I{ence D = 1.

Finally¡ suppose that the sondition (3) frofAs" In this ee.se

the sequence becomu" (*) : ( Orormrn) "

Tf n /1 then¡y (¡), p2 = * > 1" Since p3 = ^ )0, by

invokingLemme. I,l, it follows that !3 = t Þ 3. But this
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contradicts our assurnption thai n € 2" i{ence we nust have

ln = Ir completing the r:roof of Lenma 1.2"

Ïn vien of this Lemma and CorolJaty 2"2, ne anive at the

following result"

3lÞrs¡.i:J'
Let k be a non-negative integer ênd m, a po;sitive inteser.

ì-
The sesuenee ( ooort;,';Ìrm¡n) ís representable for every

positive integer n if and_ only if ril = Lu
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cH4!!rER _2

THE I¡UIICIIION F(n,k)

Ïn this chapteru Ì're are devoted. to the fol'lor.ring problen å

Given a positive integer ne l¡hat is ihe minirmrm val-'ue of m so

that the sequence (OrOeIunrm) is representable ? Tn other

word.se our object is to search for the numbel m* such that
(f) the sequence (0u0ulrnum*) is representable;

(z) if the sequence (oeOelungn) is representableu then

mlm*n

The result we obtain ís the fol-lowing: Let I5(1) be the

class of all id.empotent algebras w'ith a semil-a.ttice operation

such that all the essentially terrrary pol¡tromials are symrnetrÍ-c.

For each nu 1et f(n) te the smal-lest integer such tha.t the secr-

uence ( 0ror1rtrr¡'(n)) is representable by algebras i.n 5(t).
Then F(n) = LOn - 9,

F\nthermoree by applying simiLar techniguese l¡e are able

to extend. the above result to a more general situation e.nd. obta.in

the following result : For each pair of positive i.ntegers (.rk),

k Þ lu let F(nrk) ¡e tne smallest value such that the sequence

( o,or1l,5;;T,"or'(nrk)) is representable inA(k) r.¡here r(t) is

the class of all idempotent algebras such that all tire essentialty

(tc+Z)-ary poLynomials ere symmetric. fhen

F(n,k) = I + |t"-t)(r*¡)(a*4)"
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lo. Some Preliminary

Throughoui this

Ler dL(t) = (Ar")

Resul ts"

cha.ptere we shall adopt the folloviing notation"

be the four-element semilattice ( see Fig, 32 )

I,"I
I

.rt i
./l i,{ 1,,ul 

Fig' 32

Let 6C(z) = (Lzi.ufl) be the algebr

Ind.uctively, for each positive integer

( Ao;. ¡ f1r ê o o e frr-r) be the algebra (

Cf

e1

f ,(xrr, z) =

n-l - --.- 'o t-3

if lxryez] = trlra2rali
oiherl¡ise "

,rl -n+l; rto12

i = 1 e?g"'.rn-l,

where I ¿
I

for each

follows 2

Fig' 33

is the join semilattj-ce operation and.

f. is a ternary operation defined as

(
I e.i1
Ii xyz

According to the ¡esults of Chapier 1-, j-t is l.crolm tha.t

for each oositive integer nu the algebra E.(n) represents ilre

seqruence (OrOrlrn) " I'ie shalL shon thai p4( úT, (")) = lOn - p.

To this end., we prove the fol-lolrin¡¡ lemmasu For simplicit¡', if

p = Ç is a:r identitye r¡e rrite L for p and R for q ( ty R sta¡c1

\u.
5

a II(r) (

n, let

see Fig"

see Fi-g" 5 )'
[L(n) =

33)
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for left end. rieht respectively )"
Lemma I"1 "

ïn the

for ea.ch i

Proof c It

Let S

algebra tL(n)r fr(xrxrex3rx4) = fr(r1rx3rxO)fr(*ru*ru*O),

= l-r29.'"¡Il-3-o

suffices to consicler the câ.se i = 1.

be a substitution such that t(S) = ete i.ê,e

fr(xrxrex3r*4)(s) = "1,

This can happen onLy if either (L) (*r*r)(s) = "r(s) = rO(S) = e,

or (z) (xr*r)(s) = a.1n r3(s) = azs xo(s) = 13 ( or symmetricaLly )"

Assume (f ) frofas" I{e obtain xr(S) = e, e for each i = Is2n3s4,

Thuse n(S) = er.

rr (e) is the easee then xr(s) = xr(s) = \e xr(s) = è2,

xO(s) = "3. 
Thuse n(s) = fr(., ta2oa.r)rr(", ,a?_ua3) =, el"

Heneer L(S) = eI implies that R(S) = er"

Let S be a substitution such that t(S) = e¡r k = 2s,,"en-1¡

leê"e rr(xrxrrx3rx4)(s) = eu" Since k / Lu we ha.ve (xrxr)(s)

= x3(s) = *4(s) = ekr by d.efinition of fr" Thus, xr(s) = €k,

for each i = 1r2r3r4 and hence R(s) = en, Thuse l(S) = er. írnplies

R(S) = eo"

Conversely, let S be a. substitution such tha.t R(S) = er."

Then fr(x,u-xr r*o)(s) = ft (*rrxrr*¿_)(s) = ut" !tre have eithc::

(r) r,r(s) = er e for eaeh i = rr2.¡3r4 or (e) 
"r(s;) = "r(s) = âte

xr(s) = u2, xO(s) = .3 ( or s¡rmnetrica.lly )" Clea.r1y, j.n each cesee

L(s) = er,

Let S be a, substitution such that R(S) = e¡r lc = 2eø,uer.-le
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i"ê'e fr(x, ?x.,tx.)(s) = fr(xrux3r"n)(s) = ek, since u / t, it
follorrs by definition that xr(s) = êk, for ea.ch i = l t2s3t4.
Thuse L(s) = er., Hencee ?re prove that n(s) = e, imÞlies l(s)

=êiu for each i = 172eu""er.-I "

Therefore, lre conclud.e that L = Re as required."

The following Lemma can be proved. easily"

Iremma 1"2"

In the algebra {L(") r fr(xrux2ux3)*t = *1*2*3u for each

i = 1 s?s"o'9[-1'

Lemma I " ìn

rn nG)u fi(fr(xrrx2rxr)rxorxl) =
L
TÏj=l

*jr for each i =

19rr.rn-lo

Proof c I'le need onl-y prove the lemma for i = 1.

Let S be a substitution such that L(S) = el" Then either

(r) rr(*1,*ro*r)(s) = xr(s)=xr($)=ei or (á) fr(xr,*2rr3)(s) = 1u
x,(s) = &2u *r(S) = u,, ( or symmetrically )" Evident}y, (z) is
impossible as fr(arr*rr*3)(s) / "r" Thus¡ we have (I), But then

it fol-lol+s that xr(S) = êIu for eaoh i = I r1r3c|, Therefore,

n(s) = ( + *r.)(s) = T["r = "to-: -'l .J
J-¿

Let S be a substitu-iion such that L(S) = epr jç = 2r"""e11-1"

Then fr(rr("r rx2rxr)u*4-r*1)(S) = ea" As k / 1, r.re obiain

fr(xrexrrx.)(s) = xr(s) = *t(s) = ek"

Thuse 
"t(S) = eU for each j = Ie2?3r4.a:rd. so R(S) = el_" tiencee

f,(S) = e- irnplies R(S) = ej, for each j = Is}t,,,eïr-1o
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conversely, it is clear that if s is a substitution and

.rt(S) = "-u tb-en L(S) = ejj for each j = 1e",.eït-l"
Fbom these, lre thus eonclude ilra.t L = R over fil(n)"

Lgrma Lg[,

rn ót.(n), fr(tj(*, txyx3)ax4.a:c1) = f "*u rthere i, j =

rs2en,.eïr-re and i / ¡. t=1

p=oo-{ ; ì{ithout loss of generalit¡r, 1.rê may assume i = I, j = Z"

Let S be a substitution such that L(S) = ere ioe"¡

rr(rr(x, ux2rx3)rxOu*r)(s) = €1

Then either (t) fr(*rrx2rx3)(s) = xO(s) = xl(S) = ut or (z)

tr(*rrx2rx3)(s) = a1r x¡(s): tzu *r(s) = 13 ( or s;,,mmetrically )

Observe that (2) is impossible as fr( "3r*zu"r)(S) / t"
Iiencee we have (r)" But this implies that x*(s) = "1, fcr each

t = 1nj03t4" Thus, R(s) = er"

Let S be sueh that t(S) = e2. Tir.en rr'e qet

fr(xrrx2rx3)(s) = =O(s) = ï1(s) = ez.

Since fr,(uzr*2ux3)(s) = e, imvlies *r(S) = e2¡ t = Irzî3sÌ,,e it
follows that tì(S) = e2n

Let S be such tha.t L(S) = €k, k = 3e".,en-l, T,iren r^re get

"r(s) = "1., 
t = 112e3e4" Thus, R(s) = êl<".

Co:rversely, if S is a suJ:stítuti.on such thai; R(S) = nl.,

k = 17?7,.,ei1-I, then it follolrs inmed.iatei-y iha.t L(S) = el."

äence, r,re ha.ve L(S) = ek, if, e:ro onì-¡' if R(S) = el.u l: = l.r

?-7 " " o un-I, in 6( ("). Therefore, L - R, r.,,hich completes the

proof of Lemma, z!"
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= ê1"

(o=

Iægue--l"5"

Let f. (puqor) ¡e an essentially 4--a.ry pol¡n:omial over ,jl (")
r'rhere pe rr e.ncl- r e.r'e pairriise cÌisti-nct ool;¡eonials over tliî)
r'¡hich coniain no sub-poi-¡,'¡oni.a.l s of the nrccl.rr_ct form x-x*. Then

fr(n,.r,r) = fr *.j in 6L(n)"
j=l È

Proof : Let i = 1, and. let S be a substitution such that L(S)

= uz, r(s) = a,

= nlt

that f, (prqrr) (s) = êk, k = 2r n " o gn-I. Thenu

= "U 
by definition" From this, it follows

Then ne have either (l-) p(s) = atr s(S)

symmetrice.lly ) or (z) p(S) = q(S) = r(s)

Claim "" (I) is irposeible,

Observe that since fr(nre¡r) is essentialty 4-ary, it eonsists

of four distinct variabLès" .ÍIs t¡(n ex2n)ir) = *r*, hold.s in

ðL 6) and, there is no product of the forn ::"x, cccuring in ps

q and r, it foLlor¡s that at least one of the {nrarrJ must

contain a factor fr( e , ) consisting of at least three distinct

variables" Thereforeu at Least tr¡o of {prqsrJ have a va.riable in

commono Suppose that (f) is the casen Then aIl variables in pe q

ard. r must be substituted by a1ra2 and a, respectively ( or sym-

metricall.y ). Ttris can be happen only if any tr.ro of {trørr}
have no vari¿.bles in comnone â contrad.iction" Thuse (t) is

impossibleo s.s recruired.

lienceu we have (Z)" It then folIor¡s i¡nned.iatelJ, from the

assumption that xr(S) = €1, for each i = 1e2e3sl., Thus, R(S)

= TT"t = ê1'

Let S be such

p(s)=q(s)=r(s)
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that x. (S) = "L, for ea.ch i = 1 e?-e31t,. Thuse n(S) = tut = 
",,,..

Conversely, it is clear that R(S) = uj implies L(S) = e.u

for ea.ch j = l e?eu,nerr-l " Iience r¡e concl-ucle ilra.t L = Re a-s lras to
be shown"

Remark.

Let rrs note that Lenmas 1.3 and l.{ a.re indeed speciaJ_ cases

of Lenma l.J.

I,_emme L, 6.

Let 
lltt(*o(r)r*ø( z)r*a(3¡) lu a:t essentia.i-i-y 4-aty pory-

nomial over 0((n)u rvhere i = I s2e",uer*.l is a fi::ec1 inc1er.

Then TTf.(x^-r-\oï-z^\aï z -ì - 4 :-
o,e{ r.- o(r)u*"*(z)u*o<(3)) = lT ", in d¿(n) ir l-Àl } ¡,

J=l.Proo{ ¡ Let i = 1, }Ie ne"y assume, that for eae.h cr e _& , the set

{ ".,(f ) r*o<( Z) rxx( ¡) } of variables is pairr^rise distinct" For

o-t herr.rise, usin.g the identities

t_(*, tx2txr) = xlx2

f, (xr rx2rlc3n )x1 = *f *2*3

it is easJr to chect< that fllfr ("o(, 
) 

urt*( e),xx(¡) )

and

'¿ha t

= ft(
say"

rn order that the veria.bles in each fa.cior f., ( , e ) are

pai.rwise distinct, the number of occurrences of ea.ch of thc fou.r.

va.::iables xl_oT2rx3rx4 is at least two and at most three in the

hold in 6(.("),

= t4*. o

j=f J

Ir lÀl= 3r then

"o(f )'xcx( Z) tx.r(

fltt (*o(, 
)'*o( e )'"or( : ) )

¡ ) 
) rr ("p(r 

),*p( 2 ) r"g( ¡ ) ) rr 
(*o(,- 

) o *r( z),x t1, ¡),
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pol¡rnomial" Thus the partition of nine positions shoulû be

2e2z?_t3

Without loss of generaTitye l.re Ì,ra.y assume the following

distribution (See !'ig. 34)

Fig" 34

Thuse

= fr(xr rx2ox3)fr(x, axrrxo)fr(*, u*rr*O) "

To prove tha.t fr(x, ux2rx3)rr(xrrxrExn)fr(*1u*ru*0, = 
É", 

in

6L(")u let S be a. substitution such that L(S) = ea. ,Ihis i-mplies

fr(xr,*r,*r)(s) = fr(x, ,*rr*o)(s) = fr(x, ox3rx4)(s) = er.

I*rom this, it follorus tha.t "r(S) = ê1, for ea.cl'r i = 1e?-131/1"

Thus R(S) = eI . If L(S) = e'., lc = 2¡o""err-I ihen x. (S) = en,

for each i = 1o2rjr4. i-Ienee, R(S) = êko

Conversely, it is cLear that R(S) = ej implies L(S) = e¡r

for ea.ch. j = 1¡ o o. eìt-f ilence rqe cóncl-ud.e that for lÀl = 3

Iltr(*o(t)'*o(z)uxx(3)) = fi", c

rf 14 >3, then

IlJ"(*o(r),*x(e)'xrxq3;) = fr(*r(r),*,x(e)uxor(3))fI(*u(r)'*p(z)'*Ê(¡))

fr- (*u( 
r ),*¿1 2) unf( :) )}Trr ("u(, 

),* ¿( e)'"s( ¡) )

= =f*2*3*4 Ttr ("¡(t) u*5( z) u"¡( :) )

=,t",
d-

Hencee the proof of Lernmal.6 is complete"
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l,emrna. I q7-.

rn or-(n) o f . (*r ,xzrx3)rr(*rr*rr*4) f "a, r¡here
t=1

irj = I72e,..rn-1 a¡rd ¡ / ¡ o

þ9f : I'tremeyassumei=1¡ j=2"

Let S be a substitution such that t(S) = e1. Then we get

fr_(*rrr2rx3)(s) = fr(xrrx3rr4)(s) = er. Hence, *i(s) = e1r

for each i = 1 r2-r3r4" This implies R(S) = êIo Synmdtrically,

l(s) = e,., implies R(S) = e2"

Let S be sueh that t(S) = ekr k = 3 041"""1r-1" Clearly, Ìrre

obtain 
"r(s) = "Lo Thuse R(S) = eO.

The converse is trivial.. Hence Lemma J follows"

lle are now in a position to estaþlish tire follor¡ing

P_rolrosition 1.8"

Tlrere ere exactly t0n-9 distinc.t essentiarry A.-a,ry pol¡,momia.ls

over dL("). They are 3

(*) rr(xr,x2ux3)rt(x, ør2nx4), fr(xt rx3rx2)fr(x., rx3rx4.) r

f, (:rr rx¿'x2)fr(x, rx¿r>:3) r fr(xrr*3r*1)rr("rrx3rx¿) r

I 
tt(*zr*4,t,)rr(x,rx4rx3)r fr(x,o*4u*1)rr("rrx¿.rx2),

For ea.ch i = 1¡2eno"9n-1 ,

Proof : First of a.11, it is routine to checlc that the A.-¿ry
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polJmomie.ls i:r (x7 are distinct and. essential over 6:.(n).

lrlovu 1et l(xrrx2uxju*O) tu an essentially A-ery po1¡momia.l

over 6l-(n). By Lemma 1"1u p cex be written as

p ( x" *2' *3' 

. : ] " : ;:l,î:; ":l ; 
j;:"ï:lï:_,; ïI,:,''' 

@ .

wheree for each c( a¡d iu Aaic Bciir C*i are pol¡momials ¡¡hich

consist of no sub-pol¡rnomials of the prod.uct of the form x.x.,
He may assume that p cannot be reduced to a si-mpler form,

By Lemnras 1"1, L" s 1,!, we have

n(x,'x,'",' 
.:] : ;jlä:;":l;:_::;*::ïii:" 

ø' e'.

ff p has no ttf.'r factorso for each i = leo."en-lu then

p = aî *..j=i J

If p has a factor'rfrrt for some i, then by Lemma,l.7e it

follorvs tha.t

n = JJfl(*oiexpinxri) TT%"

Case l_. l,ll = 1.

In this ca.see p = fi(,",.or*oxo)xru r,rhere {r*uprÍr6}

= {lo2u3u4} by Lemma L"2.

Cas-e'.4" 1,,\l = 2"

In this case, p = fi("r,.rt.* u*n )rr(ï" r*p ex6 ) TTx,.

= fr(xor*p u*r )rr(xoexr rx¡ ) r

r'rhere {"rrprruó} = {f rer-1,4J u b;i Lemrna l.2u

bsl. ly\l -Þ 3"

If this is the casee then by Lemna 1o6e p = + x.:"
i-l .J
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Hence¡ any essentially 4-ary pol¡mornial over ¿tr(n) nmst

be ec'uaI to one of the pol¡rnoroials in (#)" The number of the
pol¡rnomials in (x) is I + (n-I)(f) . (n-r) (l) = lon _ 9. rhis
completes the proof of proposition 1.8"

?." The Va.lue of F(nrl)"

Let {(r) ¡e ttt. class of arl icì.empotent a.tgebras with a

semilattice operatíon such that all the essentialry ternary
pol¡rnomials are symmetric, Thusu for instance s flL(n) is an

erement ln{(1)n for n = lszroooo@oo For each positive integer ne

let ú(. be ¿*r algebra in I{(r) representing (0rorlun) " since

lL has one semila,ttice opera-tion ".,; we have one essentially

ternary pol.1mornia,l xrxrxr" As e3QL) = nu Iet

denote the other n-1

I'lote tirat a.s úìl € I,í(1

pol¡momials over fi, ø

s;,'mmetrica for each i =

| *t (x, uxrr*, )

j gz(*r rx2rx1)
l-
)l"

Il.
i

( srr-f (*r r*ru*r)

esrentia.lly ternary

) , si (*r ,xrr*, ) i"
1t2rru.9l1-l .

rn thi.s section, our purpose is to pr?ove thate correspond.ing

to the 10n - I distinct esser-ltially 4-ary pol¡nromials of lt(n)
lihich rvere d.escribed in I'ro¡csition J-"8, the fol-lovring J-on - !
/]-e¡¡, pol:,rnomia,ls are c-listir:ct a-l]il essenF,ia]-- over óL Z
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]:1 I^.1{rx Á ,_L a JL:-

ß; (:r., ¡xo2ï. )::r e si("rrx3rr:, )xr, s1(xrrx4rx1)x^r gi(*4rx1r>:r)xrr(- J

(o,) e1(>:rrx2rrj),sr(r,, tv2rx¿) o s:.("r rrr3r=2)s, (*, tx-1rx¿.) r

I

I *r(*:_,*40*r)s1(*rrr.r,*r), s1(xrr:rr,x4)a1(*r,*rr*r),

I ur_(*rr*or*r)er(*o rr4r*3)u ei(xar"4rr.r)er(*, sxrt]:2) t

for each i = 1 12e " ". un.-l o

Jf n = 1, we irave nothing to prorre"

If n = 2r their & u treing an a].eeb::a renresentin,.; (OrOr11íì>,

nust ltel-cn.g to one of tlie ecrr¿a.iiol1a:l- cla.¡ses Kl anC, Kr" Tf

C- € Et, tiren ,¿.(ft) Þ nO(r(r)). rf 6i- c X.z-u tÌren p4(d¿') >
p¿(II(f)) = p4( Ie(z))" ?huse ii suffices to shon ilra-i; the a,bove

eleven poI¡,nromials are distinct anc1. essentiel over f (l). Iiorreyerr

it is erear that this iso ind-eed, the ca.se. Hence, frorn ncw or1 ,

l{e mey e.ss.iume tha.t n Þ 3"

'[Ie 
ncec.-[ t]re follorrinq Lenma.s z

I¿-qrn4¡ 2q1.

In l( , sr(xr ryzrx?.) = zr>:rr for each i = l. 1?¡u.orr-r-1 o

¡t""91 : Ïtre lrcrcl onl¡r j)rove the lenma fo¡ i = 1.. Since úL

::epreseitt" ( C, O,I ) ; rre har.re onl-¡¡ three poss-ible oasers z

,31(:rt ,trrt=r) =

81(r:ro:,2rx2) = i1.
'rle first cla.im that the fo1-ì-oriin,T po1..'lo¡ i-ls a.re nai-ri.iise

dist,irrct ancl essentia.ll¡' ternar¡".

(
i1
I
I

tl
I

(. -.".

Case I "
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[" nt-r("ru*r'*r)

observe that if gr (*r rx2rx3)x1 -- e1(x., rx2rx3)x2, then

settin'g *2 = -3, r+c obtaitr x.,- = ]:llt2r ê oont¡e.d-i-ction. j{ence

by s,vnmetry, the pol¡-nomials gt(xt rxrrir)1, s1(x, $,rtx3)xnt
ei (xr rx2 r13 )*" "."" 

pairrrise rlistinc-i;"

rf gr(*1r-rut,r)t, = s1(xrrx2rr3) rc:: some i = 2-r",oer1-1¡

then g.(*ro=rr*1) = g1(xrex3rxa)xr. Frcm this, it fo1lo¡qs that

s^1(xrrx2rxr)x, = Ei(*2oí10x1).

= 81(xrrx3u*t )*e

= 81(xrrx2rx3)xrr

rthich is a ccntrad.iction. Ilence r,¡e conclrrde that the abo,¡e n+I

iernary ool-rmornials a.re pairrrise clistiirct"

Consicler o = gL(r.1r*rr*r)*r. Set x, = *_J" lie h¡-ve

P =,gl(*1r*rr*r)", = xl.

Ilence, n Cepencls on tçIô Setting x, = *.J, it foltor,¡s thai

P = r:r)ir" Tlrus, n depenc,s orr >:2" As p is syrnmetrie lrith repect

to x, *d *-lr p a-l-so d.epend.s on x3' Thus p is essentiarJ.y ternal¡.,

similarlyr a1(x, o12rx3)x, and. ,qr(*rrx2rx3)x, a.re esseniial.

Hencel if ne assuine s1(xr rxzrxz) = ,,1, $e have p3( lL ) ) n+l-.

r¡hiclr is a contrad.iction" Thus case -l- is imnossibLe.
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-tr.,¿q--?," ßr(*r ,*zr*2) = *2"

Aga.in, rre clain that the nol.;yzrcnia.ls as: shorrn in case f are

ci i stinct ¡nd_ e ssen tia.l "

llote that '- ßï(*1u*2rx3)x, = ß:-(*1ox2rx,)x,.,n then settin6l

tt = *3, it follo¡¡s that x, = lrl]:ôe a contrrlr-Liciion" If

s1(x,rttrr*r)t,, = si(xrrx2nx3) ro" some i = zr3s""oen-Iu thenu

as in ee,se 1, lie r':ouId. ha.ve

e1(xr'x2r]:3)tt gi.(-I_rxaoxa)x^e

r'rhich is inpossible" Ïlence Tlre have n + I cli-stinct pol¡rnclnials,

Itror'iu observe that if one of the poly'oni-e,1= gt(*r.rxrrx3)x5-a

i = 1¡2s3 is essentially te='naryu thenu b¡' the s¡.'mmetr;r of

ß1 (::rrt,.,rr,r)o so are the other tr¡o" In thi;: sitit.at:on, wc

irould ha.'.re Þ.aU¿):> n + 1, vhicir is a contracliction" Ilence,

er(x, r-'r2rxr)>:, cannot be essentiaJ-ly ternary. As fi ::enresenis

( OuOuf ) ; we have the follor,,;ing possilrilj.ties !

,Tr (*r rxrax, )x., =

'"1

"-?_

Nì
J

*1*2

*1*3

¿t

I

I
(

I

i
I

I

i

i
|-

Since gr(*rnxcrxr)x, is

*3í it folLous that

symmetrie l¡ith respect to x^ aJrd

I

I

i
I
I

I

"1

X^2.
s1(>:,,tzu-"3)*., =

9B



If gl(*rrrrexr)x, = x.u then setting x,, = *3u r,;e obta.in

*2"I - xl, a coniradjctj-on" If *l-(xrrxru*3)*1 = *2*3e setting
-2 = t3r it :tollows that xrx, = x2, wÌrj-cir is a contracìiction,

These ar,gu-me'ts shor+ that the ¿ssu.mption gt(*f rx2ux',) = *,
is impossible, Therefore, r.re must ha,¡e

e1(x, rx2nxr) = r'x2n

as Has to be shor.¡:ru

.kryqE-au.?'

In ú( r sr(rrxru*roxr) : xlx2u for each i = 1e2so,"er.ì.-lo

Proof : Since eo(6'Ç) = ol gr(xrrroxl*2) j-s not a. consta:rtu

Holveveru 'f gi(*1t,2u*luxr) d-enends on s. u it depends on x,, b¡,

symmetry. Thu.se gi (*t*eo]:1rx2) i= ess"niiall¡,' binar¡r a:rd hence

ß, (xrr:, 
e x lr* z) - ïl-x2 u

as nr( ft) = I"

LeEml2=-3-,

fn il, e1(x1xrrx2rx3) = *'*2*3, for eaeh i = f e?-1 ","er-lo
Proof : Assune i = 1. CJ:serve1;hat tlie nol¡¡nomj-al ll - gl-(*r*rrx2rx3)

is essential ly ternary" For, if r.re set x, = *2, r+e otrtain p = *1x3,

by Lemna.2"1" Thusl o clepend.s on x3o Setting x, = *3, we ira.ve

p = x1x2, b;,'Lemme 2"2. Thus, p clepends on x"" Setti-ng *2 = *3,

it fol-lorvs tha.t Þ = ]:rïr, by Lemn¿ 2"1" Thus, p cleÞencÌs on xr.
tieircer I is a.¡r ess;entiaIly ternary nol;monial"

Since I,j( d¿ ) = r, it follol.¡s tir.at
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a1 (xrxr rx, rx3 ) =

sr (*r rxrex, )

sL(*trxrrx3) r k/1

xl xôx))

rf gr(*t*zrx2rx3) = st(*ruxruxr)

then observe that

*r*e5 = si(*r*rx3u *1x2, *r*r)

= e1(xr(xt*z), xtx2, *r*r)

= s1(xrn x1x2u *r*3)

= 81(xrnx3rx1x2)

= 81(xrr*ru*r)

r,-hich is a contradictiono Hence (f ) i= impossibl,e,

rf gl(*r*rr*rr*3) = so(x, $20x3)o for some k = 2E3¡..erl-l 
-(z-)

then note that gr.(xLx2ex2u*3) = s1((xrxr)*ru*rr*r) (¡y (e))

= q(xrxrrx2nx3)

= Bo(x, u>.?-rx3) (t y ( z) )

Thus¡ we have ß1.(ïL*2rï2rx3) = en(*, u*rr*r) - _-- ( ¡)

Nor,r, observe that

*I*2*3 = 81(xtxrx3rx1x2rx1x3)

= ßn(xrrx1x2rx1xr)

= Bo(xrr>:3rx1x2)

= ßO(xrr*r r*r)

= Bu(xr rx2 rx3 ) r

a contradiction. Hence , (Z-) is irnpossible" It therefore

follows that gr(xrxrrxer*3) = x1x2x3,

proving Lemma, 2"1,

(i.)

(Lemr,ra 2, 2 )

(bv (1))

(bï (1))

(by (1))

(Lemma 2"2)

(by (2))

(¡v (¡))
(¡v (:)
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I'trith the aid of these Lemmas, we are nol¡ in a position

to prove the following result"
Proposition 2"4.:.

Let 6(. be an algebra in $(i ) representing ( Ouorlun ) .

Then nO( IL )> tOn-p.

Proof z It suffices to consider n Þ 3"

By Lernma 2"r, it is easy to prove that the poI¡rnomials in
(a) are essentially 4-ary Over 0C " For instancee take

Þ = sr(x1rx2ox3)xO.

CIearIy, p depends on xae Sêtting xI= x.u we have p = x'x3x4,

Thusr p d.epend.s on x3, By symmetry, p depend.s on every variable"

Hencer p is essentialLy  -ary" Nex.t, ccnsider

Þ = 8i(x1ox2rx3)sr(*, exz?x4)"

Set x, ='x4o i{e obtain n = gr(xlrx2ux3) whish is essentialfy

ternary. Thuse p depend.s on El and xrr Set x, = *2. ft follows

that p = B1(xrrx1rx3)s1(*lr*I,*4) = *l*3*4, which depends on x3

and xO" Hence p is an essentially {-ary pol'¡momiat"

ït remains to prove that all the pol¡momials in ( Â ) are

d.istinct" 3y symmetry, we have only to prove thet the trrenty-one

essentiaL polynomiaLs with i = I e2 a:"e distinct.
fn preparation, r.¡e make the following observatÍons,

since *l*2*3 / er("rrx2rx3); there exist "luc2rc3 € A

such that 
"1"2"3 / er(c'rczu.3)" Let

crÉ - 91( c, , "r, ", )

and ã = c1c2c3.
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Observe that if 
"þ = "3 

(or symmetrically), then by Lemma 2"I,

gf("fu"2uc3) = 8t(erucrr.Z) = clc2 = "I"2"3e 
â cortradiction'

t, c2Þ "3 then c2c'r= c2, It follor^¡s by Lemma.2"3 that crcrc,

= 8t(c1,rc3 rczc3) = et(crrcr r"r), which is impossible" Iience

rve conclud.e that (f ) "f ,c._re3 are pairr¡ise distinct;
(e) 

", ,c2re3 are pairwise incomparable (Thu.so

c).iri=1e2r3).

As gr(*10*2r*3) / erkrrx2rx3); there exist blob2uìr,l € A

such that er(brrb2rb3) / er$reb2?b3), Let

b* " gt(trutrutr)

a:rd br = g2(b1rb2?b3).

Note that if bl Þ b, then brbr= bl" Thus¡ by Lemma 2,lu ve have

er(br,b2rb3) = sl(btb2ub2ub3) = trtrt3 = se(btb2rb2rb3)

= g2(blebrrb3), a contrad.iction' Hence rve conclude that the

elements bl, b2 a:rd. b, a.re pairwise d.istinct and- inconp¿rrable"

Ïie are nolr read.y to prove that the r?o1¡,momia.ls e.re distinct"

(t ) *t*z*3*4. / sr (*r rx2rx-.)xo.

There are several cases to consid.er '"

(") õ ) c*.

Let S be a. substitution such that x- (S) = cir i = I c2t3c

"O(s) = c*. Then L(S) = õc* = õ l¡hile tt(s) = c*crá - c¿É@ Thuse

l(s) I n(s).

(¡) - <c'|(o

Let S be such that xr(S) = cir i = It?c3u *4(S) = cI' Then

n(s) = c*c, = (c"ã)c, = co(õct) = c*õ = e* r+hile L(s) = "1"2"3"1
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= õ. Thuse i,(s) / n(s)"

(") c ll"*"
Let S be the same as that in (a)" hre have R(S) = c* rihil-e

l(s) = 6"x ;> c*, Thuse l(s) / n(s).

(z) *r*2*3*4 / ør(*r,x2rx3)ar(*, rxrtx4)"

If (2) is not the case, then setting *3 = *4, ne obie.in

*t*2*3 = 81(xrrx2rx3)r a. eontradiction. Thus¡ (z) foIlot'¡s"

Before carr;ring on, let us prove the follortinE; assertion.

(u) rn ü- ? if c* < ã, then ", # c* for ea.ch j- = 1p2r3,'

To this end., r¡e need. only prove that c, =É cx.

Assume that c* < ô," Consider the polynomial 81(xrrxrrxr)l:1'

Evid.ently¡ it is essentiaL' Thus we halre

| "r(", 
ox2tx3)

I

sr(xr rx2rx3)*t' = 1 *r*r*t
I

L*u("rux2rx3)rk/r"
The case gr(*rrxrrxr)x, = 91(xrrx2rx3) is impossible" For

equality imnlies, by symmetrye that Sr(*1r*Zux3)x1x2x3 =

gf (*f rxrrx3). 'Ihusl we obta.in c*ã = c* r i"eoe ex Þ ã, e

contradictiolr "

Tf gl(*Ir*2rxr)x, = x1*2*3, l¡e ]rave c*ct = õ Þ c*' 'Ihuse

if c, < "o, it foi.loçs tha.t c* = c*cf

lience c* * "te as rerfuire¿"

rf sr(xrrxrr*r)*, = sL(xr1L2r:.3), k / r, then lry symmetry,

sr(*rrx2rx3),.r*r*3 = st (*lr*ru*r)' Thu.s, gk("rrc2rc3) = cxõ
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= ã ) c*" Tf c, € c*¡ then cx - "*"1 = ßt( c.-rczrcr)", =

gf("t ,c2rc3) > "*u a contradiction' llenceu ct + c*r e.íi

required" fhis proves (i;),

(¡) er(*r,x2ux3)"0 / e1(xrrx3rxo)xr.

There are three cases to consider 2

(".) c* <: õ"

Let S be such that =r(s) = ci, i = 1u2s3t tr(s) = c*" Then

f,(S) = s')Ésåê = c*, n(S) = r:1(crtcrrc#)cr. ilote tltat R(S) y' .*.

For, if it Ì{ere, then gr(eycat"x)ct = c* implies c* Þ cto This¡

however, contrad.icts the assertion (T{) '
(¡) cx Þ õ.

' Let S be such that x. (S) = crr i = 1 ,2s3t xO(S) = "3" 
Then

l(s) = c*c, = cx'¡shile R(s) = õ by Lemma 2n1"

(") crÉ ll;"
Let S be tha.t of (¡)' Then L(S) > c*, n(s) = õ.

(+) sr(*r r*rr*r)*o / ea("r rxrrx3)e1(-rr*rrxo)'

(u") sx <- !"
Let S be such that x. (S) = crr i = 1 s2t3s xn(S) = "3" Then

n(s) = c*, l(S) = c*cr, If R(S) = t (s), we woulc.l ha.ve c* = c*cl

r'rhich implies that c* Þ "3" This, hor+ever, contradicts the

assertion (II)" Tlrus¡ t (s) / n(s)'

(t) cx Þ õ"

Let S be such that x.(S) = cl¡ i = 1rZ, xr(S) = clo tr(S)

= "3' Then b¡r Lemma 2'1¡ n(s) = crcrex = c*r L(s) - õ'

(") cåÉ ll õ"
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Apply the sarne argument as in (t ) "

(:) sr (*r rx2rx3)xo / e, (", rx4oxp)ß1 (x, ,:.rux, ) ,

If (5) is not the caseu then setting *2 = r.3¡ vie harre b;r

Lernrna 2"Iz xrxr*4 = gI(*rr*Or*r), a contradiction.

(6) *r(*rux2,x3)"0 / sz(*, txyx3)x4.
If (6) is not the case, setting *4 = gl(*rrxrrr3)r r.re

obtain e1(xrrx2rx3) = sr(*rrx2rx3)e1(*1r*2r*3)" Thuse by sym-

metry, it follons that gf (*f r*rr*r) = gr(xrrx2rli")r a contrarL-

iction"

(z) sr(*r,x2rx3)"+ / g.,(x2r*3r*4)*r"

(") s,ç < õ"

Let S be such tirat x. (S) = cir i = L s2r3, *O(S) = cr,ø Then

l(s) = co, R(s) = ge("zr"3r"o)"1. r-f i,(s) = n(s), tiren c# Þ c1t

contradictinre the assertion (W),

(t) cx + õ'

Let S be such ttrat xr(S) = ci, i = 1s2s3, 
"O(S) - cp-. Then

l(s) = c*crÞ cx, n(s) = õ by Lemna 2"1. rf L(s) = n(s), hre

would have õ > crÉ, a contradiction"

(s ) sr (*r ,x2rx3)"0 / sz{xt,x2ux3)s"(*r rxrrx4)'
(u) b*< br.

Let S be such ttrat xr(Sl = bi, i = 1r2u3, xr(S) = bx" Then

t,(s) = b* while n(s) = bie2(trutr, b*) > bso t'llusu R(s) > b'

,--ì- b* = L( S ),
(¡) ¡x t' r!
Let S be such that xr(s) = brr i = 1s?-t:,u xO(s) = b3u Then
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n(s) = nu, l(s) = b#b3 Þ bx" Thuse if L(s) = n(s)u we rvould

have be > b*e a contra.diction"

(g) s1(xrrx2rx3)xo y' sr(*rr*4rx1)er(x3rx4rx2)"
rf gt(xruxrr*3)*4 = Br(xrr*4r*r)sr(*, zx4zx2)e setting xr = x2,

we v¡ould have xrx3"4 = ar(x3rx4rx1)r a contradiction,

(ro) sr(*r,x2rx3)er(*, #2tx4) / sr(*rr*7rx1)s1(*ru*ou*r)"
(") c* < õ,

Let S be such that x.(S) = ciu i = 1r2u xr(S) = cae i = le{"
Then L(S) = 6x anc" R(S) = e*c2c3" If L(s) = n(s), we would have

c* Þ c2c3 ) ero which contradicts the assertion (l'i)"

(u) cx $ õ"

Let S be such that x. (S) = ci¡ i = I ,2t3, *O(S) = c.u Then

i,(s) = c*crc, Þ c* and R(s) = õ by Lemma 2.L" rf t(s) = n(s)o

it follor¡s that õ

(rr ) er(*rrx2rr3)er(*, z.x2tx4) / er("r,*4r*t)ar(*ru*orxr)"
If (f1) is not the case, setting *3 = *40 we obtain

gt(*f rxZrx3) = xlxrxrr a contradiction"

(12) er(*r,*20x3)sr(*, tx2rx4) / erhrrx2rx3)er(", rx2#4).
If (12) is not the casee setting *3 = *4u we have

gr(*rrx2rx3) = er(xrrx2rx3)r a contradiction"

(r¡) 81(xarx2rx3)s1(*rr*, u*+) / sz(*r r* 3r*2)sr(*rrx3rx4)"
(") b* ) ¡r,

Let S be such that xr(S) = tr, xr(s) = xO(s) = b3, xr(s) = bz,

Then R(S) = t? vhile f,(s) = b*brbre Thus, L(S) > t* >> b0 = R(S).
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(¡) bx * b'"

Let S be such that x.(S) = biu i = 1o2u3z 
"O(S) = b3" Then

l(s) = lx ana R(s) = brbtb3

b+ ) bîr a contrad.icti.on"

(r¿) s1(xr,x2rx3)er(*, $2tx4) / srkuu*4,*r )er_Gru*otxr).

ff (f+) i.s not the caseu setting *3 = *4, rve obtain *1*2*3

= gl( x'rx?_rxr) tr Lemma 2"10 r,'hich is impossible"

l{ow¡ it is a simple rnatter to check that all the other

possible cases are just permutatíons of the above fourteen câsêso

Thuse a similar argument can be applied for them"

It therefore follo¡rs tha.t the pol¡momials in (a) are essential

and tlistinct over 0( " ãence, we have e4(lL) ¡ tOn-9" This

conpletes the proof of Proposition 2'4"

We shall now establish the following main result.

Theorem 2,5.

For each positive integer nr let F(nrf) te the smalLest

value such that the sequence ( Or0rl rnrF(nrl ) ) is representa,ble

in 5( 1). Then F(nr1) = 1on-9,

Proof 3 By Proposition I"B and. the above resuLt"

3" F(nrk) Ðescribed,

lle shall extend the results in the previous sections to a

more general case in this section" ïnstead. of the sec{uence

( OrO¡1¡trrF(nr1)) , we sha1l consid.er the secruence
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/ 
--'- 

.l.-.-
( ououl;.'"t"J,noF(nok) ) r.rhere k .> 1"

Throughout this section, the following notations r+i11 be

ad.opted "

For each nositive integer k >-1,

be the (t+3)-efement semila.ttice ( see

lei d{. (11};) = ( n(r 
't ) i "

Fig' 35 ).

Fig" 35

pa.ir of positive integers

be the algebra ( see Fig'

u l-et (trt)n ulc

36)

For each

A(n,k);F

\\ \- \\'i.'. .\\\\'. .

'.o \.þ\,.e '.-'i, Il-lr
c.o \ 

"o 
\t

% 1c+r 1<+2

"36
he set of the operations F =

one join sernila.ttice ouera.tion

such tha.t for each i = 1eoo"e11-1 e

ruLe 3

if {xrr,."uxko2} = [.]r..ra1...2]

x- otherrvise.
J

.r';:ri,l/f
tt'-"'/ 

"t 
d I

,"' /"!,t'tz,,t,," ,/tddj,tr "z t3 t4

Fig

,k) I = n+k+2 and t

,fn-l ) consists of

Z)-ary operation f.

ed by the following

["I

,o.'oxu*r) = i
I tozr t_I

where I ¿("

f¡
t o t Llt o o o

and n-l (t*

f. is defin
1

rr(x,
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Accord-ing to a previous resul-te it is lcnown that l;he alqebra

dC(nrk) represents the seguence (ororA;1.t.;1,"; , Fhrth.er-

more, applying an argument similar to one used. in the prerri-ous

sections, lüe cen prove that the fo1-lowing identities hold. in

0L (n,u) 
"

(t) fr(xr,.. o rxk+luxt+zxt<*¡)

= f. (x1, n o. rxk+lr*t*e)fr(xr, n .. ,ï.k*l ot.*3) i

(z) rr(xrrplro'.rp¡*r)xt = xr Ïff o, where p. is a polv-

nomiar over fd(rrrt); 
- j=l d

(¡) f., (rr(xrroo'exk+luxt nz)0L+3rxlu"."r"o) = \f *.,
]. J I' l(fr E +¿ i!.f-J r Á j=l Lt

irj = 1r2?.onett-l i

(a) rt(Prr...rPkn^) = I "-, r'rhere r.,(n,?øøø?Pt*e) is an
J=L J r

essentially (t+3)-a=y polynomia.J.; the p-ts e,re pairr'rise

distinct pol¡rnomial-s over 0LGrk) conta.iniug no sub-

pol¡rnomials of the prod.uct of the form *t*"n

(¡) fr(xrr"'.rxk+2)rr(xr?"o?xk+2,*Lo3) = H 
x*r where

¡/¡i
' k+l(6) Xfi("o(,)r,",,*o(r.*z)) = fr "i ir l.^l ) 3"

Iiith the aid of the identi'oie" (f)---(6), we are able to

arrive at the following

Bloposition 3"1.

In the algebra dð(nrtc), only the follorn'ing (t+3)-ary poly-

nomials are distinct and essentiaL â

r'og



k+l
Tl- x+
-i=l J

ft(xrr. " " exk+2)1.o:u fr(xrr ".. rxn*3)xre " o o e

o ôo t o o â r fr("o*:o\r.. " r1.+l)*t*e,
ti(*r r n " " ,xk+l_ rt *e)ti(*r, o. " ,\+1r\*3) u

:

fi(*rr o n " r1+2rx, )r, (xru "" " r\*2r\*3) r

for i = 1r2r'o'erl-l'

rhuse pro3( dÕ(n,k)) = I * |{"-r)(ro¡)(r.o4)"
Proof : It is trivíaL that alt the (t+3)-t y polynomials in (//)

are distinct and essentia.l over dt(*rk).
On the other hand, Let p be an essentialfy (t+¡)-ary poly-

nomial over fiL("ok), By (f ), p can be expressed as

n = TTfl(At, ". . r{<+2) TIrr(nr, o, o oBk+2 ), " " ¡frr_r(lv!, ê o ø, ¡L*z) TT1

where A. e.'.rI[- are pol¡rnomiaLs which conta.in no sub-pol¡,neomial s

of the product of the form x.x- and the A. ts are pairnise distinct

over dt("rk)" The same is true for IJ.. rsr.o,, a¡d. I,l.0s"

¡v (¡) ana (4), rqe he"ve

p = TTfr(*o(r ),'' o rxcr(rc+Z¡ ) .. " " " ilfrr-r ("p{r 
), "' rxþ(t ne¡ ) TT*r'

ïf there is no occurrence of f. in Þr then

k+3p = --rl= X.,j=i r
factor ttfi,t, for some

(
I

i
I

I

i

(#)

ffphasa

p=

i = 1e.,.en-le then ¡y (5)o

tltr("n(r), ". ",T(k*e) ) TT"¡ e

1r.0



¡y (6), the number of occurrences of the symbol ,,f.,r i_s

either one or two" If the number is one, then Ay (Z),

P = fr(xr r n'" exk+2)t *¡u or syrnmetrically.

ïf the number is twou thenu a€:ain" ty (2), rve have

n = fr(xrro'"rxk+ll*f.oZ)fi(x.1 !oo.rxk+lrx¡o3)r and. so onn

Thuse the pol¡momials in (#) are the onLy dístinct and

essentia.lly (t+3)-r"y pol¡momial.s over dc(nrk)u r,bon tÌris¡ it
forrows that pr*3( ôL(nur-)) = I + (n-1){ki3) * (n-i)(o;rl

¿

= r + l("-r)(r<*3¡(rc+,1),
which v¡as to be shown,

Ìiow, for each k ) 1, let us d,enote ¡yé(t) . the class of

all idempotent algebras sueh that aLl the essentiall¡' (i<+e)-a.ry

pol¡rnomiaLs are symmetric" Evidentli, ú{.(nrk-) e g(t) for

each positive integêr llo Let dL A,e an algebra in l(lr)

representing the sequenoe (ouorTr.5;1r") " Since ls Þ t; it

is easily seen that the only essentially binary pol¡mornial over

¿L must be a semilattice polynomial" Thus, we have already one

essentially (k+2)-ary polynömiale narnely, ff"r. As nt*e( 0r- ) = n,
j=1

Let 9., i = 1e...rn-f d.enote the renaining n-1 essential.ly (i<+e)-ary

pol¡momials. Since ó¿eXG) , gi is symmetric for each i = !¡2s

. o. ¡II-1 .

fn r-hat fo1lous, Ì{e are going to prove that corresrrond.in¡ç

to the 1+å(n-l ) (t<+3 ) (t+a ) distinct essentia-lly (tc+l )-.r"y
pol¡rnomials of 0(.(nrk) lrhich r.rere described in Proposition _3.1,

1'11



the

OI,rET

I'Iith the heln of

Pro_pg-Eatioq.Lgå"_

Let Úl be angebra

= Ig2l t'. ¡rL-I

e for

these Lernnas, lre h.ave

r(r.) representin¡;' (ororÇ"l,t-r'rn ¡,
+ å(n-l)(a*¡)(tc*4¡"

11.2

l or,lingfol

ú¿

t

I

s)

(t<+3)-ary ool¡rnomials are distinct and essential

k+ì
Tïx; í
i:] ¿

gi(*re "' o rxk+2)Lorrq(x2e " ". exk+3)*1u " o o ó o c a

oêô o ooo ooo ".rugi(Xk+3txl9o"' rïl.t+L)\o, ;

e,(x1 r ",. u1k+1 exk+2)S- (*, I. "' ?xli+I r%o¡)

:

8i(*zr.. o rl{+ar*, )*t(xrr.,. rxL*2n\.*3)

r¿lrere i = Is2e.".¡rt-l

3y generalizing the technigue irhich nas applierL in

Lemrnas 2.1, 2.2 and.2.3 in a suitable rra$¡ we have the

basis Lem¡oas:

Lemma _3" 2.

rn úT' t Ei(xrr"..rt<+1uxk+t) = Ït*-, , for each i
.i-1 J

Lemma. 3.3"

Tn ÚL , e, (x, ,tZ, o" " ,xk- . ryicoxlc+I rxkxk+I ) = lt",J=r
each i = 1r21'.'ert-I o

Le4¡la 3,r4.

proving

followíng

rn ÚL r e;(::t ,xp-?...rxt<rtc+lrsk+1xlc+r) = 
ltf*, o for ea.ch

i = 17?-¡o"o¡l1-1 .

in

IThen prn3( 6T ) >



Proof.: Lemma 3.2 implies that the polynomials in ( 0 ) are

essentially (t<+3)-any over 0L , Our proof r.¡ill be complete if

Ire can shol,r that the poI¡momials in ( Û ) a=u d-isiinct. ily rnalcing

use of Lemmas J"2e 3'3 and 3.4r and. follouing the same ar¿Srments

as in the proof of Propositiòn 2"{, ii ean be shol,m',;trat this is,

indeed, the câsêo For instance'¡ to check tha.t

H*.¡ I e1(*rr'.. rxk+2)*r.*r,
iê1J 

r !

choose a subset {e,r".,eci<+2} of A such that

ff".' =ê / c* = sr(crr,."ucko2).j=I '
3y Lemnas 3u2 and 3.4r it fol-l-ows that c1e;oo "rcl<+Z are pairw"ise

distinct ancl inconparable"

Case I" õ <s*
Let S be a substitution such that xr(S) = ciu i = 1s1eo""uk+2,

*u *oo3{S) = ct. Then we bave t,(s) = \f", = ã r,,hire R(s)
j=I 'J

= 8t(c1ro".rck+2)ct = c#c, = (c*õ)ci = c*(õcl) = c#õ = c# .

rhus n(s) / l(s).

.-?. õ 1.*
Let S be such that *r(S) = ci, i = ls?su",ek+2 and.

a*3(s) = c*. Then L(s) = fsx Þõ, n(s) = srÉsií = s#. rf
f,(S) = R(S), it follows that c* ) õ, r¡hich is impossib.l.e" Thuse

l(s) / n(s).

Hence, it folrows thet iff", y' e1(*re.,orxk+2)*oor, ,"j=l "
required."
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By combining this nith Proposition J"l, r.re obta.in the

following main result"

I@'*lé"
For each integer k > Iu 1et5(t<) be the class of all

itlempotent atgebras such that all the essentiaLly (i,;+2)-ary

pol¡rnornials are s¡rmmetric. For each positive integer n, let

F(nrk) be the smallest vaLue such that the sequenee

(QrouÇr5'Jrrrul'("rr.) ) is representabre in A(k) , ' Then

F(n,k) = r +å(n-1)(a*¡)(rn4),
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PART TIÏ

IDEMPOTENT ATG]¡BRAS TTITH THO

OR TffiEE ESSENTTALLY BINARY POLT]ÍOT{IALS
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CHAPTER I

tm scLirytucn (0"0, e.m)

Id.empotent algebras with exactLy one essentially binary

pol¡rnomial have been discussed in Pa¡t f and Part II, Ia this

chaptere we start to consid.er id.empotent al.gebras with tr¡o

essentially binary pol¡momialse ioêne aLgebras representing

( ororz) ø

It is knol'rn that the sequence (OrOr2rO) is representable,

For instance, íf ú¿ is a d,iagonal semigroup, then nr(úL) = 2

and. nn(ÜZ) = O, for each n / Z-. Jo Plonka proved in[34]ttrat

if the seqì¡ence (OuOr2rk) is repreåentable and k -- o, then

k > 3" The case k = 3 is possible. It turns out that algebras

representing (0rou 2s3) can be classified into four equational

classes of algebras which are described. in t 35 I " It has been

pointed out by J. Gerhard in t 5 ] that the sequence (0r0u2t6)

is representable, In factr if lI is an idernpotent semigroup

satisfying aba = abr then prr(tà) = nE for each n Þ 2u

It is¡ perhapsr important to note that there is a common

feature in al.l the algebras shom above. that ise each of them

has one and only one essentially bina.ry pol¡rnomial l¡hich is

non-commutativeu Thuse in order to continue their investig-

ationse it is natural to study the opposite casei namelyr algebras

with two distinct commutative essentialLy binery pol¡momials"

The main object of this chapter is to deal w'ith this case'

r.16



ïn section 1u the binary po}¡momials are studied. in d.etail"

The results are summarized. in Proposition 1"2.| r+hich l¡il1 be of

great use in developing the Characterization 'lheorems in

Chapter 1 of Part IV. Some results ôf Plonlca are rnentioned in

section 2 which are applied. to prove our nain results in

sections 3 and {'

l- ' Binary Pol¡rnomial s "

Throughout the remaÍ-ning cha.ptersu letl!1r" the eque.tional

classes of algebras defined, by the follor.ring tr.¡o identities:

I x*X=y+x
I

L*y=¡r)r
where x + ¡r¡ xy are two distinct essentially binary pol¡momials

over algebras ir,$, 4hus-¡it'-Æ-i-s---

Let é¿ e ! represent the sequence <0r0r2> " Then clearlyo

x + y and. xy are tire only tvro idempotent, commutative esscntiaJ.ly

binary pol;rnomials over Æ .

Consid.er the binary polynomials x + Y-ilt x(x + ;')" .As

e3@¿) = 2, i,re have the following possibilities 2

lx
i
Ii-_lr

x+v.y = .{

I vr¡
i ."ù

i
I

Ii x+Y
L

x(x+y) =

x

\r

v1t

x+y

r.¡.7



Thuse there are sixteen cases for x + xy and. x(x + y) in

,general, Hol¡evere lrê shall show in Proposition L4 that there

are, in fact, only four. To this endu we first esiablish the

following Lemmas.

l¡emna I oI ø

*- dZ € lrepresent the sequence <OeOr2 > . Then

x+xy/y and x(x+v)/y"

Proof i Assume that x(x + y) = y

We have the foLlowing four possible câ.sesø

9Eggf" x4xy=3
Observe that x + y = x + x(x + Y)

(")

(r)

(ry("))
(bv(b))

which is a contradiction"

99g|" x+xf,=$
I,Ie have x + y = y(y + (x + y)) (by(a))

=y((x+y)+y)

=y((x +y) +x(* oy)) ( by (a) )

= y((x + y) + (* o y)*)

(")

= ]-x

which is a contradiction'

observe that * = (*y)((xy) + x)

= (xy)(xy)

= xÍ¡

which is a contrad.iction"

(ty(c))

(bv(a))

(¡y(a))

1r.8



Case 4. :r+ x.y = x * ¡r

I,Iote that xy = x(x + xy)

=x(x+y)
-v

which is a contradiction"

-_ (e)

(¡y("))

(¡y(u))

( ¡v (") ),

Hence, Jf (a) hotds in dL , we have no choice for x * xyø

Therefore, x(x + y) / y, as required. Simi1ar1y¡ x.i xy / y,

Lemma l- o 2"

Let îC é K represent the sequence <OrOr2> , Then

* a lrf = x if and only if x(x + u') = x"

Proof ¡ 3y symmetry, Í,t suffices to prove that x + xy = x

implies x(x + y) = x. Thusr assume

x*x}r=* (")

holds in 4¿ " By Lemma 1"1, we have three possible saseså

[*
I

Ix(x + y) =1 *y
I

L* o Y

gase-!" x(x+y)=xy (r)
Observe the.t x * X = (* * y) + (x + y)y (ry("))

( ¡v (r) )=(x+y)+xy
Thuse we have x + y = (x + y) + xy

Moreover¡ x * y = (x + y)(x + y)

(")

= ((* o y) + *y)(* * y)

= (x + y)(xy)

(rv("))
(by(b))

i,ê.¡ x+y=(x+v)(xy)

11.9
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From these, we obtain

lr+y=(x+

= (xv)

=xy

y)+xy

+ (xy)(x + y)

(

(

(

¡y (") )

¡y (a) )

by (a) )

by (a) )

ty (") )

bv (a) )

(r)

ty (") )

tv (") )

¡y (r) )

(

(

(

contrad.ictÍon"

Case 2, x(x + Y)=x+Y.
ff this is the sase, we would have

lC=X+Xy

= (xv) (xv + x)

1o€o 9

ìtrow¡ it

= (xY)x

x = (xy)x

follows that x + y = x(x + y)

= (x(x + y):)x

(

(

(

which is impossible"

Thuse lre rnust have x(x + y) = x ¡ eompleting the proof of

Lemma 1"2.

Lemma. 1" 3.

Let ú¿ 6 K represent the seguenc€ <0?0?2> " Then

1) *+xI=x*J¡ irnplies x(x+¡')=x+J'ï

2) x(x + J') = xy implies x + xy = xy"

¡roofj, By symmetry¡ it suffices to orove I),

Thuse assume that x * x/ = x'+y

120
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By Lemmas 1,1 and L.2,

x(x+y)=

we

I
I

I

(

have

xy

X*fo

If x(x + y) = xye

would have x(xy) = x(x

x(x

4Jt

i,ê"e x(xy) = xy

Similarlyrx+(x +y)=x+x(x+y)

=XfXl

=x*I
i"enr x+(x+¡r)=x+y

F\rrthermore, (*y)(* + y) = (xv)(*

= (xy)x

-xy
i.eu¡ ("y)(* + y) = xy

+ xY)

Simil-arly, by (.), (t), (d)¡ lle have

(*oy)*xy=x+Y

It thus foLlows that x + y = xy + (* o y)

= xy + (*y)(* n y)

=Xl+X.Y

= xïr

+

+

xv)

v)

(

(

(

(

(

(

)

)

)

)

)

)

(t)

¡v (t)
bv (u)

¡v (t)
(" ).

¡y (a)

¡v (t)
bv (r)

(a)

bv (")

¡v (t)
bv (c)

(")

)

)

),

(

(

(

(

(

(

(r)

¡v (r) )

rry (a) )

uy (u) )

which is a contradiction.
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r.frich is (f ). I,.{oreoveru it follor¡s that

(x+y)*x=x(x+y)+x

=x(x+y)

=X*l

(

(

(

¡.y (¡.) )

¡y (¡) )

ty (a) )

which is (Z)"

To rrror¡e (¡), consider (* + y¡ + xy and (x + y)(z*r).

Clearlye both of them are synnetrie.with respect to r anfl y.

Thus¡ if thoy d.epend orì. x¡ they must d.epend on y sinrultaneous}.y

and vice vêrsêo Ar po( t¿ ) = eT( úL ) = Ou we have

)

)

).

+y

+v)

+(x

I

(*+y)+xy=J"*u
[*Y

If(x+y)+r¡l=x

then (x + y)(x;') = ((x

-xy

=X*

Thus¡ (x + y) * ï)r = ¡¡ ç

Cn -,,he other hand, if (x

then (* * .y)(xy) = 1*

=(*
-xy

[**u, (* + y)(x¡¡) = i*.,
L 

-."

+ ry)(xy)

+ J')

1¡

y implies that

+¡t)+xy=r:y

+ y)((x + y) * xy)

+y)+x;r

f) + x¡r = v¡r imPlies (* *

follows,

(

(

(

(x + :')(xy)

by

by

by

(")

(c)

(")

(c)

* Jto

(a)

(a)

(")

(¿)

)

)

).

(¡y

(ry
(ty

y) (>,.y) = ]iJroThus¡

From these¡

(x+

(¡)

2. Plonkars Ba.sic Le¡n¡nas,

Let lL be a¡ algebra havi-ng tr¡o distinct

r.23
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denoted by

notation g

alld xyo l^lex+y shalI introcluce the fo11oi+ing

(x+y)*

(vou)o

(v+x)+

xS+v
yz+x

zx+y

(*

(v

("

¡
I

I
I

I
I

I

It

Ðtlr =

f'L2 -
Ãt13 =

z

v

fzt = (xy)z

f 22 = (y")x

f23 = (ux)y

4'4L -
tLz =

¡t43 =

4

'3r =

¡t32 =

+'33 -

+ Y)z

+ z)x

o x)y

The follouing Lemmas are stated without

they are inclu.ded in J. Plonka C Zg J "

Lemma 2"1"

Ïf x + y and xy a-rîe both commutative

f.o is an essentially ternary pol¡rnomials

and

for

proo fs, ïn fact¡

idempotent, then

ea-ch iek = l'e2e3e4"

LeW?_2"2"

If x + y eJrd xy are both idempotent ancì. comrmrtative, then

f,,- and. f,- are d,istinct for i / ¡,r-K J'E

The next Lemma says that if we have tno idempotent and.

eommuta.tir¡e binary pol¡¡nornials in an a.lgebra r.le then have at

least eig.ht distinct essentia.lly ternary pol.rrnotnials"

Lei"nma 2"3"

Let x + y and xy be both idempotent and commutative.

(f ) If x + y a.nd xy axe not associative, then frr.r f2ku f3tu

1,24



f4tr k = !t2s3 are distinct;
(Z) If x + y is associative but:qr not, then frru f2j., f3i.o

f4tu k = Ls2s3 are distinct;
(¡) If xy is assopiative but x + y not, then frr.r f2'u f3t,

f4Lr k = !¡2t3 are d'istinct'

Let ¿f = (A;+r') be an algebra where r?+rt arld 'r"rt satisfy

the idempotent, commutative and associative le"ws. It is ]crorm

that 6t is not a lattice in general since the absorption 1-aws

are ind.epend.ent of those mentioned above, Howeverr Íf we assume

that I a I Þ z a¡d p2( &) = 2u then we can prove t]nat 0L is,

indeed.u a lattice" This can be seen from the foll-olv'ing"

!@3.c4.
Let l¿ = (a;+r.) be an ai.gebra such that (1) la I Þ 2¡

(Z) x + y and xy a¡e the two distinct id.empotente commutative,

associative essentialLy binary pol¡momiats in 6L ; (¡) no other

essentially j-ary po1¡momiaLs for i = 1r2 except x¡ ¡rr x + S1 xlo

Then the absorption lal¡s x(x + y) = x * x$ = x hold. in 0Ì- '

@a 2-ú,"

If x + y and xy are d.istinct id.empotentr cammutative essentiaLly

binary polynomials in lZ vith lA I Þ 2 a.nd the pol¡rnomia-L

f3I = (* " y)z is symmetric, then there exists in 0'L an essent-

ially binary pol¡momial ¡vhich is different fron v + y a:rd xy.

The same statement is true if we replace the polynomial f31 bX

f4l=xl4z"

L25



3" The Smallest Va1ue of m.

Ïn this section, to begin witb, we bring forl¡ard the fo}l-

owing probLem : Find. the greatest integer m# such that if a

sequence ( OrOr2¡m) is representable inSr then m Þ m'¡+u Our

first result reveal,s that the required. integer m* is ,r9", Thus,

to proceed., it is naturaL to investigate l¡hether there is a:ry

algebra. representing (OrOr 2r9) " Our next result provides a

positive anslier to this,

t&.ors-]4"
If the sequence ( 0rOr2rm) is represente.ble in$r then

m Þ9,
Proof ; Let dt Ue an algebra in K representing the sequence

(OrOr2¡m) ø Let x + y and xy be the onLy two distinct idemp-

otent, commutative essentialLy binary pol¡rnomials" Since x + y

/ *:;, I ¿ I Þ 2, The following are the only four possible

cases 2

(t ) x + y and xy are non-essociative ;

(Z) x + y is associative but x¡r ¡¡e1, ;

(¡) xy is associative but x + y not ;

(¿) x + y and xy are associa-tive.

If (f) is ttre câsêe then a.ccording to Lemmas 2"I and e"3(1),

the followinß frr, fl2o tr3, f zL, f az, f3t, f 4.I, f23 """ 
dis'uinct

essentia.lly ternary pol¡nromia.ls over 6t, .

Consider the pol¡momial f3I = (x + y)2. If ii is synmet::ic,

then by Lemma ZoJe we obtain p)(ll ) ) 2, a contraCiciion"

t26



îhe c¿se for fr, = xy + z is similar" Thusu t3, emcl. f41 are

not symmetric. Ilence the follor.ring essentially ternary poly-

nomial s

f*31

t4,
are pairwise distinct" For

=(z+ x)y= (x+z)y=(u*

= t3, = f33¡a cortradiction"

By Lemmas 2,1 and 2.2,

t3,
a
'42

example, if
y)x=(y+

f 32t 't'hen f'

f3zi iee"e t3,

f-33

'43
1-31

z)x

it follous that m = p3( &) > tZ

If (2) i= the câsêe then aecording to Lemma.s 2"1 anC 2.3(2),

r¡e have the follolring d.istinct essentiall¡' ternary pol¡momials :

¡F.frâ.ll¡f3

'llr '?-Ie'?2, tZ3e r3l, "3?_r'33r "AL c

tt t^ is symmetricu then by Lemma ?-,J, ve wou-Id. have

ez(tL) > e, a contrad.ictionu so f4t t f 42t fn, are pairli.se

d.istinct, By Lemmas 2.1 and 2"2, we have

m = pr(dú) Þ to >9.

The case (¡) i= symmetric to (Z)" The proof is sirqilar"

Thuse it remains to consider ca.se (z|)" In this situ.atione

observe that as /Z reo::esents (OrOuZ ) j all the three cond.itions

of Lenna 2.4 are fulfilled." Accorrlin.,gly, the tr^¡o absorption

lar¡s ho1cl in ,JL , fn other word.s, t¿ is a lattice. llorv, let

us look at the folloning pol¡rnomials I
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ryZ r.+y+z,
xr+z (**y),
yz+x (y+z)x

zx.+y (z+x)y

xy+yz,+zx.
Ït is a simple natter to check that they are distinct and ess-

entialLy terrrary over d¿ " For instanceu if xJr + 2 æ

xy+yz*z)ts settingx.6wohave x+z =N+xz=Íz a

contradlction" Therefor€e wê obtain m = p3( tL) Þ g, The

proof of Theorem 3"1 is thus complete"

fhe following result shows that the ca.se m = p is possible"

Theorem 3o2.

Every ctistributive Lattice with ¡nore that one element

represents the seguence (OrOr2u9) ø

Proof I Let l( Ve a given distributive lattice ¡rith more tha¡r

one element" Let us conslder ,6)gZ), the set of n-arr poly-

nornials over A " Being a lattioeo it is well-}¡rorm that pG)U'f )

is a flree distributive lattice on n generatore" Clearlyu t(o)14)

= Ø ¡ t(r)1 Æ) * one erement lattice ; p(z) U¿) is the four-

element lattice C!. l,loreoveru the latti"" p( Z) ¡ít) consísts of

eighteen elements¡ and lts dia¿ran is gl.ven below ( see Fig" 37 )"

Let p be an equational cLass of algebraso a¡d let F' d.enote

the carclinality of the fbee al.gebra over C on n generators" Let

ß be ths free algebra overÊ or a> generators, pn = nO(rf )"
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x \...

ALqebra.s Representina ( Or0r 2rlO >

Tt r.ras shor,n in seetion 3 that the

representable. In this sectionr ne

21 l)

'""oour"" 
( ororzrg

sturìy the sequence

-rZ

Fiq" 37

Then we have the following nice formula ( see I

n ¡Il r3.=n+ f (¡/P1.'
k=O "

Invokin,g this, a direct computation shows tlnat ÚI represents

the sequence ( Or 0, 2r9 ) ê

Strnmarizing a.11 the results about the sequence ( OrOr2rm) e

vre have

E¡@r-3.-1,.
LeI ti be a.n a1g'ebra. representin,g the sequence iOrOr2rrir) .

The follolrrin,q ere the only truo possible cases a

(t) If tjl he.s ¿ non-comrnutati'¡e essentia.11.1' bina.ry Fol.y-

nomial , then ñ = O or m à -ì,

(e) If {t h;rs trro clistinct commr.rta.tive essentially binar¡.

nolynoni.als, then m >9.

4'

l-s
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i oro, erro ) o

Let us consid.er the following aì-gebra {(+) = (l(4);*r,)

r;here ("(,1);") is the following four-element join sernile.ttice

( see Fiq. 38 , 

^.u,/ i ".,
"t 

¿to
.¡Y\//

"/ ub

Fig. 38

and the binary operation Í+rt is defined as follol.¡s :

|, " if t*,y] = {o,bJ
x+Y= {

[' "" 
otherwise o

For the sake of convenienceu let us denote x + y by f(xry).

ït is a simple matter to prove that the following iclentities

hold in d, (+).

(t) f(x,y)x = xy

(z) f(xyrz) = f(-rr z)t(yrz)

(:) r(f(x,y),f(xtz')) = f(x,y)f(x,z)

(¿ ) r( r( r(:':ry), z),x) = xrz

(i) r(t(r(x ff)sz),2) = f(xry)z

(6) r(r(r(x ¡t)tz),f(*,y)) = f(x,y)z

(i) r(r(r(r ¡r)¡z),r(:: rr)) = f(:t,z)f(y,t)
(tj) f(r(x¡ï)tz):: = x¡'z

(g) f(r(xty)¡z)r(>:,2) = f(xrz)t(y,z)

(to) r(r(x t.y)tz)r(r(x ¡z)tï) = xJZ

(tt) f(x,¡¡)fÇt,r)f(z,x) = t).,
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ït forlor,¡s frorn (r ) a,ra (e) trrat the pol;rnornie.ls f (xry),

xy are the only tr.ro essentially binary nor.r¡rc:nial-¡; or¡er ,{ (l+).

Let p be an arbitrary essentia.rry terna.r.y por¡,rromial. o'er

"CQ)" 3J'(2), p can be r+ritten as

p = TT f(q.,r. ) TJx.,
i€T I I J

where ei, ri are pol¡rno¡nials contain:!-ng no sub-por¡mornials of
the form A.B and *j € {xr¡rrzi ,

Assume that p cannot be red.uced to any sÍrapler fopm. Then

according to the above id.entities, the case l f | ) : i=

irnpossilrle. If I I I = 2r rrê have f (xry)f(xrz) a.nd the rrol¡r-

noinials formed from it by symmetry" ff i t I = l, rve ha,ve

f(x,.1r)2, f(f(:: ¡i.)tz) and the polynomial.s formed f::orn thenr by

sJ¡r¡met.ry" ff I t I - O, r¡e obtain x.-,,2.

Thus, the foll-orvinq are the ien e;rd onì"y ten dj-stj.nct ess-

entially tei'na.r;. nolyncmials cver &(+) z

l' *Y'

i (" +;:)+2, (:,,*r)+x, (r+>:)+.y,
I

t (z+x)(z+y) (==+xy)r

, (* + r.')(r: ¿-z)t
: (;; + >:)(:¡ o r),

L (t, + :¡)2, (¡, + :)r:, (r,+ r);r.

Consrec¡uentl-;', r¡e htr¡c ilie fo-'l-l-or.rin;

SlTr-r:,-T.-4:-]-.

Tìre elgebra ú (! ) ""1-r¡sonnts 
the serJ'.rence i C:rOr2rlO > o
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As a, ma.t'ue:: of facte ihe algebra. {,(¿) nl a¡rs ¡ er:;,i;i¡-r-

role in the cl ¿ss of al gebras represen'r,inq ( O, O, ?- 11 C ,\,, o ii:,.i-e

is ¡. consecuenee of the follor,ling îheore:-n.

Tìre_o::cm 4-"-3

Let 0t be a.n algebra of Ä representin,g (OrOr 2rto > " Then

4¿ can be represented e.s an algebra ,rilrich conta.ins ,rt Q) a= u.

subalgebra.

Proof : Let lc * J'r,xy be the tvro commute.tive essentially binar¡'

nol;¡nonrials over ft o

Ca.se I. x + y atrd xy ârê lto[-â.ssocie*r,ir/e.

ïn this case, as in the nroof of Thecren 3,1, r;e he.r.re

p3(d¿) 
=l?, a contraclietion"

Case 2n ]: + y and x;l are associa.tive,

In this cese, it follor¡s that (A;+r,) is a l.atij-ce. Thus,

b¡r Thecrem J.3 ('IV,l), either p3UL) = 9 or p3( Cl.) Þ 19¡ rn'hich

is innossible.

Accordin,gly, olre of thein, x +.y say is ¿ssccie.tive and the

otl':.er is irot. In this sitr:.etion, a.s in the proof of Theoren 1,1,

we have a,t l-ee.st the foJ.l-cwinE 'r,en rJistínct essentie.ì-Iy ternary

¡rol;'no:'rie1s z

x) + ;',

1Lowin,g fou-r

xïz

(:: + ;,') + z, (y o ,) + :r, (t

X .+ yzt ii * 2!-t z + Y'J't

(x + ¡')2, (1r o ,)>r., (z + x)y

e cf Proncsitiorr 1.{., r.le ha','e tlte

(*)
I

I

t
ïn r,'irtu

r:ossible c¡,se
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I

I

I
I

f'"*Y
I

(**y
(*ov
I

[*"

fx
it.,

f"u
I

lxY

(i)

(z)
[(* "I

L*o
v)*

xy

(¿)

The case (f ) l= impossible, foro if it r¡ere the case, we v¡ould.

have xÍ = xl 4 xT = xy + (xy)y = xy * I = x + ls a. coniradiction,

Assume (Z) nofas¡ i.e.e (* o y)* = x * y and. x + xy = x¡r"

lfe claim that the pol¡momial p = (x + y)(y + ,)(u * x) is ess-

entially ternary and is distinct from the pol¡mo.niaIs in (*)"

Ït is trivial- that fi is essential. If p = x¡"zr setting

I = z, r.ve have (* * y)y - xJrr ioê"¡ x + y = xJ¡r a. contradiction.

Thusp /*yr. Ifo= (x+y) + z, thenasp is s;rnmetric, it

follor¡s tha.t (-r * y) * , = (y * r) * * = (, * *) + y, r,rhich is

impossible' Thus, Þ / (" * V) * zo The prcofs of the other

cases a.re similar" /\ccordingly, we have p.(ø) -ì: 11, r.,'hich

contracìicts our assunotion"

Âssu.me (-r) noras¡ i"ê.¡ (* n y)= = lf = r -F x)¡o In analogy

to the previ-ous case, rve elairn that p = (x +;')(y * r)(, n -'-)

is essential a,nd distinct froin the pol¡momia.Ìs in (*).

Clea.rly¡ n is essent.Lall¡r" Íf p = y-vs, outting z = re ve

he.,¡e (* n y)t, = x,Y¡ ioe.¡ x = :¿ys a con',,racl-iction' Thr:.s
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p / *yr. The ¡roofs of other ce.ses are sinilar to the a.bor¡e"

Ilence, r,re ha.ve D.(C¿) Þ f f , which is impossible,
5

Therefore e if 6¿ É K represents (OuOr2rlo) , it i.s ï)eccssa.r)r

that

(**y)*-x¡¡=x+xy (#)

Considerthealgebra dL*= (a;*r") " Asx+y/*y,

there exist a¡ b€ Asuch that a +h / e.b, Invier.;of (#), re

have a llb. Set e = a. * bt d - ê,b. 1¡ror.l the fact th¡t

(>: + y)xy = ïJ¡r it follol,rs the.t e { d" irforeover, ¡¡'(,i'),

e I la, n I lt. lience rfi* contains d,Qt) as a subal,qe'l:ra,, e.s

was to be shown"

Some further results a.long this line r¡ilI be shor'n in

(rurr).
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CHAPIER .e.

TIIE SqtiENCE (0"0,.3,m>

Suppose that: Ìre are given e¡r arbitrary seguence (OuOrn'rm) 
"

Let us eonsider the following generaf problems For each ne

what is the smallest value of m sush that the seguence (OrOrnrm)

is representable. If tr = ]., the sorrespond.ing vaLue of n is,

of course, equal to one" The ease that î = 2 has just been

dealt with in Coro1l'ary 3'"3(IIITI)" In this chapter, we go one

step fhrther by consid.ering the seguense (Oror3rm) ø

This chapter fa1ls into three sections. ïn the first

section, r¡e shall'develop a series of fundamental resuLts con-

cerning ternary polynomial-s on which our rna-in results are ba-sed..

The a¡sr.rer to the above problem (when n = 3) r'¡ilI be given in

section 2. In section l, we study the sequence (0r0¡3rm*)

nhere m* is the mini¡num value in the a.bove s€il.seo

1. F\rnd.ainental Results.

Let õl be an algebra representing tire seguence (0r0r3-> .

Then tilere are exactfy three distinct iclernootent essentially

binary pol¡rnomials over dZ . The follor'ring'a,re the only tuo

possible cases 3

9-eêo-]" :r*ach of the three essentiall-y binar¡' po1..¡no'mials

is cornnutative.
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Ca,se 2" There is one commutative essentially binary

pol¡rnomial while the other one is non-commutative"

Observe tha.t if Case I holds in 67- s then in vj-erv of

Lemna 2"3 (rrlel), it follons that p3( â¿ ) > 8"

From now on, in ord.er to obtain sorne information about

p.( d¿), we shall be'interested in Case 2. So, let x + y be
J

the commutative idempotent essentially binary polynomial and

xy be the non-commutative one. Thus x + ¡Ir xy and. yJi ere

exactly the three essentiall-y binary pol¡'nomia1s"

We shall use the follor^ring notation t

Blt=(x+r,)+u ELz= (y+7)+x Bl-3=(r+x) +:r
/\

82L= (**y¡z gz2=(y+z)x 823=(z+x)y

g3r = 2(¡ + ¡') 832 = x(y + ") G33 = y(z + x)

E4I=xT+z 8¿'2=Yz+x 843=zx+Y

Lemma 1.1_.

Tn lë , gij is essentially ternary for each i = I t2t3¡4t

j = 1 ,2r3"

Brp-o-f z e.. is clearly essentia.lly ternary by Lemna.2"1(IIIrl).
-1J

To nrove tirat 8r, is essential, note that by setting x = y,

we have g21 = x , tø Thus B' depenis oi'r. z and. one of x and y.

Ilowever €r.s x and y e.Te syrnrnetrie, it folJ-olrs tha,t 821 i=

essentially ternar¡'" Simila.r1y, ßZjr g3j a.re essentia.l for

j = 1r2_¡3"

It remairrs to consiCer the pol¡rnornial 84I = xy + zø Setiing
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x = I¡ l¡e obtain g4' = x * z" Thus SO, clepend_s on z a¡rd. either

x or yo t, n't depends on x but not yu then we wou1d, have

841=xY+z=x4zø
Setting z=xrs we obtainxyÈx*xgo Setting z=xt tre

have xy * lr = x" Thus¡ it follows that xf, = ¡ç * xJ,¡ = ¡r, a

contradiction, If g41 depends on y but not xe then we wou1d.

have g4r=Ny+2=!*Zo

Setting z = xys we have x¡r = ï * X¡ro Setting'z = yt ¡.¡e obtain

x$ + $ = ¡ro Thus¡ it foLlows that xX = ¡r¡ l¡hich is a contrad.ictiOn,

Hence 80, is essentially ternary , The proof is similar for g4j

Lemma 1o2o

IndL, S1¡/Si1r j=It2t3t i=2s3t4"

Proof .; tf BrI - (* * y) + z = (x + t)n = grr, settingx = t¡

we have x + ,z = xz,t a eontrad.iction' Thus Br, / 
"r, 

c

If gl 2 = (y * r) n x = (* + y)z = g21r se'btinq ¡¿ = $e Trê

have

(**ä)+x=xz (r)

Again, setting ll = z a¡rd. z = x r€sPêctively, ue obtain

y+x=(x+y)y Q)
(¡'+x)+x=(x+y)x (¡)

(¡y(r))
(¡v(¡))
( ¡>'(z) )

It thus folI,.rr¡s that xy = (x + I) + x

=(x+y)x

=X*I

r¡hich is inpossible. Thus gr, / t^ o
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If el3 = (z + x) + y = (x + l)z = r,ryo we have

B2l = (x + y), = (y + r)u= (z + y) * x = çy + ù + x = {\!zt

a contrad.iction, Thuse ey3 / e2y"

lr stl = (x + y) + z = z(x + y) = 83le setting I = /e ÌIê

have x + z = zxe a contra.d.iction, Thuse Sr1 / B3f"

tf Bt2 = (y * ,) o * - z(x o I) = ß3Iu then settine x = y,

T = z anil z = xr we have, respectively,

(x+r)+N=zx

x+x=y(x+y) 
-(z)

1y+x)*x=x(x+y) (¡)

trbom theseu it foLlows that

rx=(x+y)+x (¡y(r))

=x(x+y) (¡y(¡))

=x*Í (rv(z))
rvhich is a contrad,iction" Thus, gl2 / frr"

Similarly, er3 / ß3f,

tf gtl - (* o y) + z = xJr *, = 84.1¡ settin,q z, = xy,z lre

obtain (x + y) + ]:;,r =:(Jro i'ience if r,'e set z = x * Jrl r¿e have

x+l=ïy+ (x+y) -xyr acontrad.iction, Thuse er, y'Sor.

lf st2 çy + z) * x = xT + z = 8/1u then settiirg { = zt

:c = Í and z = Tyr we l1ave, respectiveJ-ye

r+:c=.rc¡'ry (t)

(*or) *x=y-+z G)
(y**¡')+x=xy (¡)

lience, xlr = (i'* r,)') * x = (¡'* *) * * = x + y, by (I),
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(z) ana (3), which is impossible. Thuse ar, / snr.

Similarlye ne have Sr, / e4t"

Lemma f.3.

Tn ß e the following pol¡momia.1s g1I , EZ.-, B31r 841 are

pa,irwise distinct.

Proof : The proof is trivial" For instance¡ if gel = ß31r

setting N = I¡ rve obtain xz = zxs a eontra.diction" tt *3,

84,r setting x = Xr we have zx = x + ze r^thich is a.gain a

contra.d-iction.

Lemma 1"4"

In õl , Ez' / el¡e for eaeh i, j = J.e2e3,

Proof : By Lemma. 1,3 and the commutativity of x + ye it suffices

to prove that ¿i",, / rrr, 1f Ez2 = (y * ,)x = ,(x * v) = g31r

tiien settin,g y = z? x = y¡ x = l7 :rÍê have¡ resoectively,

.yx=y(x+T)r
(**r)x=zx.

(y**)*=*(*+y)"

Thus, rl = 1y + x).ir = y(x + y) = ¡nre a contradiction"

iience t Sz.2 / S3te a.s reÇuireclo

Lemma 1 o 5.

In ö( , ß?z / nOr-

Proo-l: If ß.?= (..'+ 2):r=xJ,r+ z=g4.-e setting;¡=¿1r¡ Ì.re

have

(:: + ,)x = :4. + ?, (l)
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rlgain, setting x. = T * zz'r{-e obtein ¡V (1) tfrat

y+z=(yor)o, (z)

Sei z = Szø ft follol¡s thpt

(y * .:o)): = zy + yx *-- (,1)

I'hreover, putting :{ = z, r.re obtain

vx=ÏJr+y (¿)

Ou fr-r_ = fi4'i xy + 
^ = (y n r)* = (z +.u)>r- = nz * l-o lhuse

if we set x = zr we ha-ve

xy+x=x*T (i)

iiion¡ observe that x + y = (x + y)x ( ¡y (f) )

= (Y + ::)x

= (y* + y):: ( U¡ (i) )

= :{.Y + jt{ ( ¡¡' (r:) )

=;.f"""'' ì; l;l l

= )r( ( ty (t,) ),

This is irnnos:rible, Tirus¡ lrp / F41 r as r,rî.s to be sltol¡n..

2-. lfhe Smallest vai.ue of, m.

In this sec-bion, lre ¡Ìre goin6 to sea.rch for the sma.1 le¡:t

va.1u.e of m su.cii th¡t th-e seoue¡rce ( OrOr -3em ) is representable,

For prepareticn, we shall first esta.'rl-ís,;li tÌre foLlorviu,l Lenunas

çhere e,]l al,1ebra.s are essumed to have one cc;l:itr.ta-'¿ir¡e an(l one

ncn-ccinmrtative esseniief 1y binar;"' pol¡nomials clenotecì by x + y

and x;' resPectivel;'.
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Lenm4 ?¡1 "
Let IL be an a.l_gebra reoresentiirg (OrOr3) , ff ]i * r,¡

is associativee then þ3@e) Þ T,

Proo{ ; lle ela,im that the follor.ring poi_¡momia.ls

811r S21t E22e grrr 83lr 8321 933

a.re pairwise distinct over /] o

By Lemrnas 1o2 and 1"4e it suffices to show that i:ri / S2.t

íZi / 83r'for i'l i"- By thê "corumrtativity bf x + j,r¡ it remaiirs

to prove that S2, / frr"
Assu.me that er, = EZp_" Then (x + y)z = (y + z)x" If r,,e

selu z =:( +;r, we have x *¡r= (y+ (**y))¡ = (:r+y)>:b..¡ the

associativit¡' 6g x * ¡r'o Again¡ setting z = lrt r*e obtain.lrr =

(x + y).1'. Tìrus¡ Ít follor,¡s that

x + y = (x + y)x = (y + x)x = xJ¡r

r¡hich is imoossible, lience e2y / err, as resuirerj.. Similarly,

s31 / t!32' Thus¡ Lemrna 2"1 follows"

rn vier'¡ of Lcmme.2.Le rve shall norv d.epl v¡ith the ca.se tha.t

x + y is non-associative in the folloning Lemmas 2"2---?_.6"

Since it is assitmed tlta.t liL represents tl:e sequ.ence

( 0rOr3 ) ; r'¡e have the follor,ring five possible cases z

(x+y)x=
x
.,

"'{+y
:¡ 1.r
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Lemma 2u2"

If (x + y):. =:: holds in l,C, then the fo11owin6 poL¡rnonials

8Ii, fl,Z¡', 8311 84¡t for each i = 1¡?-s3t are d.istinct over ¿L ,

Proof : By assumption, we ha.ve (x + y)¡¡ = ¡¡ (¡)"

By virtue of Lemmas 1"1---1,Je our prcof l.¡il-l be complete

if we can show that er, / f* and BZ3 / e4t.

However, this is indeed the case, For¡ if

EzL = (* * y)^ = (y + z)x = 822,

then setting x = y gives xz = N ¡y (e), This is imnossible"

A¿¡aine if Se3 = (z + x)y = xy + z = g4L¡ setting x = .yt

we ha,ve x = x + z by (A), Thuse e23 / S4¡t as requ.ireC,

Lenlma 2.e_3.

If (* + y)x = y ho1d.s ín 6L e then the following pol¡rnornials

8Ii, 91ir 8311 84tr for each i = 1e2e3r a.re distinct over &.

Proof : B-v assumption, we have (x * y)x = y (¡)"

fn analogy to Lemma ?-,2, it suffices to prove that

szt / Ezz *d sr3 / s4t"

However, 1¡ S2l = g.2e setting x = Xs we obtain ¡V (¡)

that, xz = z. If SZ3 = g41e setiing x = ¡r aga.in, we ha-ve

2 = ft * tø Thus, the Le¡nma, follows"

Le¡nma.2.4."

Suppose that (x + y)x = x * y holds in (.L. Then

either (ì-) S23 = g41 and the oolyncmials 811r a21u B3ir S41

are d^istinct for ea.ch i = lr2¡3 ï
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or (2) ezl / a4t *d the pol¡momials 81ir 821, 8311 841 are

d-istinct for each i = 1s2s3n

Proof c 3y hypothesisu rn'e have (x + y)x = x * Jr 

-(C)
Assume first tlnat er, = (z + x)y = xV + z = g41, I,Ie shall

show that B11r S21r B3io E4L¡ i = Lu2s3 are d.istinct, According

to Lemmas I"2---!.4, we need. only prove that

e-31 / 83zt s32 / e4Y er, / ß4r'

Since 823 = 841r setting z = Er y = y. + z and y = zs Ííê

ha.veo respectively,

xY=xY+x

x+z=x(x+
(Y+x)Y=¡.y

= 832, then z(x + y) =

(r)

Now, tt *r,
X = .Vr We ha,ve

Thus¡ it follorvs tha.t

,x = x(x + z) (t)"

N+z=x(x*r)o, (¡y(Z))

=zx+z (ty(¿r))

=zx (by(l)),

which is a contra.diction,

If g.^ = 8,,, then x()' + z) = xT + z" $ettin¿; y = 21 I{e- J¿ ¿.'I

obtain

xy = xy + y $)'
x+y=(J'*x)y (¡y(c))

=xJ+r (¡y(¡))

=Ny (¡y(f))

,)or__(e)
+ y --- (¡)

x(y + z)" settine'

Thus 
e
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çhich is impossible"

tt *33 = S41u then y(z + x) = xl + z" Setting z = x, we

have ¡rx = xy + x = Xy ty (f ), a contra.d.iction"

Hencer 83r / e3zt g3z / e4t *d *33 / e4t¡ as reQüired.

Thusl Ìre tney assume now that S4 / g4t" Tn this situation,

we cla,im tha.t the following g11r g21r g31r S4t¡ í = Ir2rJ are

distinct. 0bserve that by Lemmas 1.2---1"! and. the assumption
t-gzl / B41r we need only prove tha.t gr, / frr" Iloweveru this is

trivialu For, if e'¡ (* " y), = (y + z)x = gZ2, tiren setting

I = zs rqe obtain, by (C)u that x + y = (x + y)y = J.xs a

contradiction.

Tire proof of Lemma. 2./¡ ís thus complete,

Lemma 2"5.

Suppose that (x + y)x = xJ' hold s in (l " Then

either (1) ß31 = E' a:ed the polynomia.-l-" gli, EZ'-, A3l t p_t4i

are clistinct for each i = 1¡213 ;

Or (Z) e3f / f* and the pol¡rnorniat" *tr, BZ.-, 83ir 841 are

dis:tilrcl; for ea.ch. i = 1r2,3"

Proof 3 D¡' e,ssumption, rie have (x + y)x = x;:r - ----- -.- (lt)

Assune that la, = ß32 ( and helrce ß31 = ß¡Z = g33 ). He

shal.L prcr.re tìrat er., E2.-r S31r B4ir i = 1r?r-i a.re clistinct,

By Le,rna.s 1.2---1 .z!, it suffices to nrove tira.t

s21 / snr, s¡ / r¡3, s3y / Ê42_t szt / 6r, a.ncl

ß,r.: / t:n, fot i / ¡'trl ¿iJ
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If gpl = E42t then (x + y)z = lz *

obtain, ty (f,), that ¡x = (x + y)y = y

Thus er, / rO"" Similarly, EZL / *Or"

tt *3, = g42r then z(x + y) = yz +

I = z anð, z = xr r,'€ havee respectiveLy,

xe Setting I = zr 1';e

r :cr a coniraC.iciion"

xo Settingx=¡rr

(r )

(z)

(¡).

(¡y

x (ty

(¡v
(ty

that this

(q)

( ¡) )

(r) )

Qr) )

(r) )"
is true

and by (z),

A.Eain setting z =

ZX=XZ*X

y(x+¡')=y+x

X+y=$Jt*X

x + y and using (2), we have

x+y=(x+y)+x

Iüowe observe that x + y = yx * x

=(*y+x)+

=xy+x

= )DC

This is impossible" Thuse S31 / eO, ( tfote

in general ) "

tt *3, = g4j, then z(x + Í) = zx * ïo Setting x = Ir lre

ha.ve

zx = zx + x (5),

Settin,qz=N+Jr, ii folloustha.t x+¡r= (x+¡')x +y

= ïr + ¡¡ ( ¡y (l) )

-i.y (¡y(f)).

Thusl E3y / S'ou a-s required.

It remains to prove that S4i / e4¡, i / ¡, By assumption,

wehave 83I = r(*+y) =x(;¡ +z) =,grr" If r.¡e sety = zãrrd,
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I = x?,, we obtain, resoectively,

y(x+|r)=xy

,(x+xz)=x(xz
tt *4t = 842, then xY + z -

x = z, lre haveu respectively,

X+Z=XZ+X

andby(B), x+y-J¡rc+x
It thus follows that xz = z(x +

=z(x+

u)(

*r) (

(

(

(

yz * xo Setting :<

(6)

(z)"

- J¡ and-

(B)

(9)"

ty (6) )

¡v (s) )

¡y (z) )

¡v (s) )

¡v (6) )'

= x(xz + z)

=x(x+z)
--v

which is impossible" Hence t g4' / e4Z,

tt *4, = g43, then xy + z = zx * Ilø Setiíng 3 = y ancl

z = xe r.re have, respectivel-y,

x+z=zx+x -_-(to)

xy+x=x*T (rr)"
Âccordingly, xy = y(x + y) ( ty (e) )

= y(sy + x) ( ¡y (rr) )

= y(x + xy)

=x(xy+y) (¡y(z))

=x(x+y) (¡y(ro))

= .yx ( ¡y (o) ).
This is impossible. Thus ßr, / fOUl anrl sir..ri1a.r1;,t g42 / fOr"

This nroves the first part"
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Iienee, we illey e.ssurTre that e31 /
i / ¡ )" In this cese, rve claim that

distinct for i = 1e2e3" ![e need. only

er. / to¡"
tt *r, = g4Le then x(y + z) = xy + z" Setting y = zt we

have xy=xy+y (r)"

Settingx =Jr¡ rre have x(x+ z) =y + 7 (Z),

Setting x = z¡ l¡e have by (Z), x * y = x)' + x (¡).

Again, if ue put z = xy¡ we obtain, by (1), that

g32_ ( and sc c_.1 / arr,

8111 821r S3ir ß¿1, are

prove that er, / S4, 
"r'ra

Moreover,

Thuse

Observe that

Thus,

From these,

VV=.;¿

obta.in xy

(*v)*

=(x+y)x

= ((* + y)x)(* o y)

= (*y)(* o y)

= (*y)1*y + x)

(¿).

(rv(r) )

(¡y(z))
( ¡v (i) ).
(5).

(¡v(+))
(¡v(r))
(¡y(:))

(¡v(n))
(rv(¡))
( bv (D) )

(6),

(¡v(r))
(bv(6))
(¡v(r))
( ¡y (-¡) )

x(xy) = ¡çy

y(xy) = y(x.v +

=y+xy
-xy

y(>,.t')=xI=*(*y)

xY = x(xY)

= x( (x * y)*)

= (x + y)((x * y)*)

= (x + v) (xy)

= (xy + x)(xy)

= (xy)x

v)
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=xy+x (¡y(z))

-x+y (¡y(¡)),
tthich is a contradiction" I-lence , g32 / S4t,

tt *3_, = 84L, then y(z + x) = xy + z. Setting z = x ard

tr = J¡¡ rve ha.vee resoectivel¡',

yir=Xy+X

x(r+*)=**"

(r )

(z) 
"

Setting y = z anð invoking (2), it follor¡s that

x+y=xf+t _-_-..--(3),
By (n) ana (3)u 

"" obtain Jnc = (J'n x)y = (x + y)y

= (*y + y)y = (y o xy)y = y(xy)e iuêo¡

y(xy) = rry (q),

Fbom (1) ana (4) r¡e have (y)" = x(y*) * x = r:y + x = txt
i.eo 9 (rrc)x = yx (i)

Asain, by (¡) ana (5), we have ("y)* = ((* + y)x)x

= (x + y)x = xy, i"êoe (xy)x = xy - (6)

llence, it follows that *, = (* * ,)* ( Uy (n) )

= (*(z + x))x ( ry (e) )

=x("o*) (by(6))

= x + , ( ¡v (z) )"
This is impossible" Thu.se Sr3 / e4t"

The proof of Lemma. 2.5 is therefore complete.

L-emme. 2. 6 "

If (* + ¡')x = ¡rx holds in ft e then the foll.orring pol¡,nomiaJs

ßIit ß2it 831r q5t for i = I¡2t.1 are d.istinct"
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lr'cof -; !.-¡ hynothesis¡ r,re ha.ve (x + y):, = pa (U),

Accord-ing to the Lemrnas in secticn 1, it strffices to rrrove

tlra.t s2i / s2¡, i / ¡ rt¿ 823 /r,¿1"
lf SZ1 = g?_2, then (*.t ¿-)z = (y + z)x. Setting y = zs

ue have ]ry = (x + y)y = (y n x)y = xy by (U), a contraclietion"

If SZ3 = 841, then (, o *)y = N)'+ zø Setting x = yr it

folIor¡s that x+ z=(z+ x)x= (x+ z)x = zr:by(r,-)r a

contradiction. Ilenceo Lemrna 2,6 fol-1or,¡s.

Summarizing the results of Lemmas 2,2---2,6, t¡e anive at

the follouing

Prooosition 2"?"

Let ö'Z be a¡ al,gebra representing the sesuence ( OrOr-3 > ø

If there is a. commutative essentially bina.ry pol¡rnomial r,,-hich

is non-associative, tiren p3(,r¿) > 8"

!hæ-r,9,*-?." 8,"

If the seouence (OuOr3rm ) is representa.ble, then m > 7"

Proof : Let .it ¡e an arbitrerJ¡ a.ljTebra representi.irg '¿he secuence

( 0r0,3rm ) " If each of the three essentially birrar.y pol¡momials

is co¡nmutati'¡e, then b)' Lemna 2. -l( III r I ) , n -ì> 8" Ctherr.;ise ¡

there is one conmuta'uive ¡nd olî.e Ì'Lon-connu.'r,ative essentia.ll.¡r

bina.r.y ool¡mornia.l s, If the commuta.tive one is ¡-ssociati.¡er

a,ccordin,g to Lenma 2"1, l.:e Ìra\¡e m > 7 " Otherr¡iser by i'ronosition

2."7 t it follots th¡t n à B.
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3. The Best Lor+er BouncL for ( frr) o

fn this section, r+e shalI first fr:.rnish an exarnol-e to shor.¡

that the sequeilce (O,0r3rZ) is renresenta]rle. ilfie,r thate r;e

will be interest<:cl in algebras rep::esei:tin¡3 ( OrOr 3r T ) o

Fina11y, the best Louer bounC for the seciuence

( Ouor3rT¡Þ4r oo o o ô rPr, u

wiLl be Cerivec'l"

In I t3 I r G" Grä.tzer ancJ. J. Plonka consj.der tÌre r.lgebra.

6,2, = ( A;+r. ) of tyne (Zr2 ) where rt+r' is e_ senilettice

opera"tioir a.nC 'rurr is a partition function ( see [ 32 j ) in the

sense that

I) xx=xr x(yr) =(xy)2,, x(:rr) =x(z:¡) î

2) (* o y)z = xz * J,zt x(y * z) -- x:i + )rz;

3) (x+y)x=ï*T"

l'hey shouecl that for n Þ 2, nn(d¿) = 2n - 1, and pO( û) =

Of(Æ) = O" In Í'act, it can l:e shorm that for each p(*lr...rxn)

/ *t * o.co * ",,, 
p(rlr"."rxn) is a.n essential,J-;; n-ar¡. poly-

ironial over 6Z if and onl;r if p hes a i-rnieue renresentation

in the fcrm (tr(t) * oêo * tr:.(t.))(*:_(,--*r) * ôoo * *i(n¡) r*here

( t-_ I (_ ì ) is a. pr::tition\ \.,'i(t)o'""t-*i(t:) t t Iri(r:+r)toootxi-(n)l
of the set { *r, " ". ,}:r, } . Thuse in prrbicular, ,,l. ::enresents

( o,or.iu7 ) .

Cn thc othcr hcnr'ì., su¡no5e that Ji :-s pl" a.l ,.<r'i'1.¡ represcntiir,-1

( CrC,3r7 | . f l; is not l:rr)-¡¡1 tliat r¡ì:e-i,her ¿Z can be renr:esenteô-

es an ¡1-ebre of t.',-ne ( 2r2 ) sa.tisf.yi:r.q the ¿¡.b<>r'e conclitj-ons,
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Hor+er¡er, following tl:e Þroof of Theorem 2"8, r,re do ha,-,re tlle

fo1lor'rin,q interesting resul t,

Theorem 3"1"

Let úë be a.n a.lgebra representin¿J the sequ-ence (OrCr3rT ) o

Then 6't has a u¡ique semilattice pol¡,rnomia.l-.

Às a conceouence, r,;e have

Corol l arl,' 3. 2.

Let 4Z be an a-lgebra representin,S the sequerrce r'OrOr3rZ > o

Then nrr(âð) > ztt - t for each n> 2.

Proof : Clearlye the above algebra represents the secruence

(oror3e7e"""s?-n -l-eo..> " ontheotherhande if Æ

represents (0rOr3r7) ; iirvoiring Theorem -l"l-, it follolrs tha.t

there is ¡ se,rilattice nol-ynonial over ,'j'..1 " Iicnce, if n,r(c'I )

/ t ( n )-z z ), rrs h¿r¡s

rrr*1(rÌ) > p,r(rir) * I + ner' ! tn(r: ),n + 1 I

>= 2 prr(tíl) + 1,

Ife slra.Il Ðror/e that 
"n(fr.) 

> z" - I Í'or ee.cÌr n à 2 h:r

incluction" 'ilhe :L:requality is true for n - 2r 3, l,loreor¡err

o,(cZ) --> z u.(.'.') + 1 = î.? + I = 1:, - ?./l-',-; ii ilrus tn:.e¿" -\

for n = 4. r.ssu:'re th¡t r'1,,(,¿) > zL- 1." Tircn fol n =,.: + 1¡

vre hir¡e ,rk*'(í();,>.= z lr.(,lt) * r > 2,(2Lt- r) + 1- 2l:+1- 1..

Frorn this¡ the t'lieorem :fol..l,or.¡so
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PART TV

APPLTCåTIONS.
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CTIAPIER 1.

, tet,!o

2t Æ be the eguational classes of latticese distributive lattices
and. moclular Lattices respectivery" Then g = M c: ! c.L,

Let óZ = (¿;+c. ) be a lattice, As the two operations

are idempotentu it follows that eO(1¿) = pl(0t) . 0" C1earl.ye

t(z)1c?) consists of four elements nannely \, zzu xl * x2u =Ir2"
Howeveru only *l * x2 and xrx, are essential, îhuse p.(fit) - 2"

trbom now ons en(ÚÌ) d.epende, of coursen on the epecific lattlce
ln question"

Supposeu on the other handu that we are given an algebra

ú7 of ,Lwhicb represents (0e0e2 ) , Then 0t i" evldently not

neces€rary a latticen fn fao'|,, the class of aLl T-lattices ( see

I 4 1 ) nrnistr other examples of algebras l¡hich represent

( OrOu 2 > . Thuse Ít is interesting to enguf.re as to ¡vhat

conditions should be imposed on û so that if ö7 represents

(0r0u2) u thenct €"!rÐor{.

ïn this chapter, we shall. attack thÍs problem by using two

different methodsn The first one which vriLl be studiod ln

section one is by imposing identities r.rhiLe the second, ono

which wllL be cleaLt r¡ith in section two and three 1s by oon*

sid.ering the cardinal pr"

153



1" Characterizations by Id.entities ¡¡ithout .åbsorption ta¡vs"

In generale the difficuLt part of proving an algebra dT

of t¡rpe ( ZuZ ) to be a lattice 1s to prove the absorptfon laws,

Thuse at least one of then 1s always assuned to hold. in 4 "

( Seeu for instances f 251 e 1.26) e [4OL ) Howeveru as we shal].

Beee this cnrcial assumption is not necessary in our treatment.

Theorem L "l-.

Let 4I = (a;*u") be an algebra ir A,' Then ót e L tt
and only if 1) (* * y) + z ex + (y + z)

z) (qy)u = x(yz)

3) At represents (ouorz ) 6

_Prg-q_f ; The nocessity ís obvíous. To prove the eufficiencyu

observe that as dt satrisfies 1), 2) and 3)r it follor¡s that

(") laI
potent, eommutativeu associative essentialJ-y binary pol¡momials

over Ül :(c)there are noessentlally j-ary pol¡rnomials for j =

lr2 excepl xt :ts x + ¡re xse Thuse by Lemma 2'4 (IIIeI)u we

have x(x+y)=x=x*x]'e ilence óits alattÍce'

Recently, R" Padrnanabhan L 27 1 protred' that the foLlowing

three identities :

(r) (x + y)'z = zx + (z(y + x))

(z) xy+z=(z+ x)(".t" r)

(¡) xf+$=/

characterize lattices'
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Keeping (1) ana (Z), repLacing (¡) ty requirlng the algebra

representing (OuOu}) e we are able to prove the same,

Thgg.rem-l:2"

Let 4I = (Â;+r") be an algebra in $" Then 0t is a

lattice if and. only ff
1) (* u y)z e zx * z(y * x)

2) ry+2,=(z+x)(xy+z)
3) æ represents (ouore ¡ o

Proof s It is enough to prove the sufficiency, To this end.,

we need. onLy prove that x¡r + ¡r = So Sines ¿f represents

( OeOe2 ) s x + y and ry are idenpotent a¡rd symnetrico Ífhuse

accordlng to Proposition 1.4(IIIeI), we have

f*oY
[*n"

íxy
I

Ilxy

ix+y
IçxJ

x

It"

["("*")
Ix+xy

ff x(x+y)=x+y

X+XY=X*Í

(")

(u)

then setting z = xy in 2)e we have xl = xy * x¡r = (*y * x)(fy)

' (x + v)(xy) ty (t), i,€"e
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By (1) ana (t)u 1t follows that \f = 5ry * xs = (* " y)(*y)* *y

= (x + y) + xyu i.ê"e

(**y)+xy=xy (e)"

Howevere Íf we set z = y in 1), we have, by (a) ana (e),

x + y = (x + y)y = yx + y(y + x) = xy + (x + ¡r) = xfe

a contradietion.

If x(x + J¡) = xy

x+xJrc¡qy

(")

(a)

then setting z = x + y in 1), we have x + y E ry + (* * y)"

Setting zoI in 2)u it follows that tã¡+y= (y+x)(xy+Ï),

Thusu x + y = (x + y)(x + y) = (x " y¡(rry o (* * y))

= (*y)(* o y) = (y * x)(xy + y) = Ey + y = xys a contradiction'

If x(x*y)=x+f, (u)

(r)Í+Xleiçlf

then setting y = z in I)e we obtain x + y = (x + y)y

= ]rx + y(y + x) = yx + (x + y). ftruse invoking Lemrna l'5(3)
(rrrrr)u it fotLows that

(¡r")(*+x)=x+y (r )

Howeveru if we set y = z ín 2) and apply (f) ana (t), we

obta.in xy - ny * y = (y * x)(xy + y) = (* n y)(*v) = x + Ís

a contradiction"

Henee, it is neeessary that x(x + y) = x + x$ = xe proving

Theorem L a ?¡

TheorÈm l.].

Le+, ê7 = (Ai+r,) be an aLgebra it "L, Then ót is a lattice
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in which the id.entf-ty f(.vu.r Zc"n.e¡rrr) = e(f, oT2ø,."rln) holds

lf and only if

1) ît represents the sequence (OrOuZ )
2) ((xr)z+u) +v= ((ez)s+v) + ((t+u)u) horrls in úL"

Progl : According to a result of R" Padmanabhan I Z6 1 , it
suffices to shotr that x * xy a ¡ç"

FírstLye as I + y ancl ry ere Ídempotentu if we put ¡r a

11 E ""o = Inu 2) becomes

3) ((xy)z + u) + v s ((yr)* + v) + ((t * u)u)"

In vierq of Propositlon L,4(m?L), we have four poselble

CêSê S O

If rx(x+y)=x+Y
IL x+Xlax+f

3) become* ((xv)z + u) + v r

ïn preparatione we cLaim

("-v)v =

Nexte observe that (* o

=(x+v)+(x+v) =x*t

(")

(u)

+u) 

-(4)y=(x+y)+y

((vu)x " o)

that (r(y)y

(t

x+

holds in this câSeo

Clearlyu (*y)y e [*uyr-*yux+yJ ' If (*y)y=x, then

1= (x(x + y))(* o;') - x + fe a contradiction" If (*y)y = yu

then y= ((x+¡')¡')Jr=x4¡rr acontradiction" If ("y)y=x]'e

then xy = xy * x¡r = (ny)y * x$ = v\y + y = x + ¡rp again a

contradiction. Thusr ue have

x+y

y)+v

ty (a)

+Y=

(=n

(¡)"

(i)

and

x+

y)*(x+y)y

Heneeu we have

("*y)
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Now, if we put z = E = v = xy arr¿l t = x + y in (4), then

by usins (a)e (t)u (z) a¡a (6)u we have ry = ((*y)(xv) + xy) + xy

= ((y("v))x * xy) + ((x + y) + xy) = ((* o y)x + xy) + ((* " y) + :cy)

= ((* + y) + xy) + ((x + y) + ry) = (x + y) + xy = (= + xy) + ry
æ x + xY = E + J[¡ which is Ímpossible"

If f x(x+¡r)=¡qy
I\ x+{f,c¡Y

then 3) becones

(")

(a)

Observethat x+(x+y) e {*uyux+Jfsx¡r}. Inthis

cêsêe it iscl"earthat x+ (x+y) é {*u yJ, If x+ (*uy)

=x*xr thenwehave x+y= (x+y)(x+y) = (xu (x+y))(**y)

- x(x + y) . xye a contradi.ctfon" Thus¡

((xv)z + u) + v = ((vr)u + v) + tu

x+(x+y)=xy

Setting x = Jf = u 1n (7)u we have

(z ).

(B ),

(x+u)+v=(x+v)+tu.

Putting v = x * r¡ t ? ue it fol.lor¡s frorn (¿) an¿ (8) that

x + t¡ = (x + (x + u)) * o E xu + rl = xrlr

a contradiction'

If 
f 

*("+y)=x+y (*)

|.*o*y=¡çY (r)

then 3) becomes

(("y)z + u) + v = ((yr)= + v) + (t + u) 
- 

(9)'

Norvu if we put z = v = u = xyr t = x + y in (9)u then by

using Lemma 1.5(1),(e) (rrrul), we have
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aoêo9

xf = (("y)(ry) * ry) + xy = ((y(xy))" o *y) + ((x + y) + xy)

= (xy + xy) + ((x + y) + ry) = xy + ((* " y) + ny)

=(x+y)+xyu

s=(x+y¡+xy (ro) 
"

0n the other hand, putting X = Jr = zr v E x + u a¡rd. t = JCu

in (9), weget r+u= (x+u) + (x+u) = (x+ (x+u)) + (xu+u)

= (r + u) + xu, by Lemma I"jQ) (fffur) ana (f)" From this and

(fO), itfollowsthat x+y- (x+y) +xy=xy¡ aeontradiotion,

Hence, we rmrst have x(x + y) = x = X * XTr proving

Theorem lul,

0qrol!ary__l__e4,

Let 4Z = (a;+u,) be a¡r algebra Í",5: then ót e L if and

only if 1) û represents <Oe0r2 >

2) ((xy)n + a) + v E ((yr)" + v) + ((t * u)u) trotas

ín47"

Consid.er tb.e following equational classes of algebras g

5(l) -{æe g,/x(y+z) Exy+xzer-*rza (x*y)(** r)

hotdrn4J s

5(.) = {Aè8,/"6 a z) = xy + xze x(xy) - sy hold t¡útJ o

In what follows, rEe sha.ll characterize distributive lattices in
terms of $(o) and ë("). Íle need the foL1-owing resul-t 3

W?t4oi)Let ¿f = ( ¿;*u, ) 6-s"" Thei ú¿ e p if and only if
1) x-x(x+y)
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2) x(y * z) = zx + yx ho¡ð. ín ll "

Theorem I.5"

Let 6'¿= (A;*n") € å" Ttren die pif a¡rdonlyif
1) ét represents (Ououz) 6 z) (t € E@)"
Proof c Let dt € bbe an algebra satisfying 1) and 2). Thuse

x + ¡rs xy are idempotentu com¡mrtatlve essentially binary poly-

nonials over 0t, " By Proposition 1"4 (ttfut)s we have four

possible cês€sa

(")

(u)

tben, since ("u")z=xz +yøholdsínû u settlngz=x*¡ro
we have x + y = (x + y)(x + ¡r) = x(x + y) + y(x + y) = xye a

contradlctionu

rf f "("+r)=xy
l. **xy+xy

ff r x(x+y)=:r+y
I\ X+XY=x'+Y

(')

(¿)

thenu sinoe z + 4y - (, * x)(z + v) holds ín 6l , setting

z = xye we obtain xX = x + JIs a contrad.Íction"

If r'x(x+Y)=rc+y --(e)I

II x*xy=xt (r)

then setting z = xy in (* u y) z ã xz + yz and lnvoking

Lemma 1"5(1) (frfrt)u we obtain

(* * y)(*y) = x(xy) + v(ry) = xy + n$ = ¡6yu

i"€ae (* * y)(*y) = *y (t)

Setting z É x + y in z + Wr = (z + x)(z + y) a¡d making

use of Lemna I"5(2) (fffrf)u it foltows that
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(x + .y) + xy - ((* * y) + x)((* * y) + y) æ s * fø
Howeveru thise together nÍth (L) contradict Len¡oa 1,5(3) (ttlrt)"

Henoeu we have x(x + y) = X e X * xJ¡ø By Sholazrdersg

Theoreme Ú( e 2" The nocessity is obvious" This compLetes

the proof of Theoren l"!,

By a dlstributive quasi-lattiee ( se" t 36 j ) le meant an

algebra (E = ( a;*u " ) of .g wboee operations r+rt a¡rd. rf ,t, ar€

id.enpotentr commutativee assocLative and satisfling two fd.entities

x(y+ z) *yir.sÍ.zs x.+yz - (x+V)(x* 
")" 

Asacons€quence

of Theorem }ul, we have

9oro,].IEEE-1é"

Let 0l be a distributive quasl-Lattiee" T]nen 0( ë Ð if
and onty if ppk)Z) - 2-"

Theorem 1"7"

Let" dC € K. Then Cie ! if and only if 1) lZ represents

< oroe2 ) and 2) ¿:Z é E(").
Proof s Let (A Ae an algebra of .$wlth properties 1) and 2)"

Then the following identities hotd in ¿¿

x(y+z)-xy+xz 
-(t)x(xY) = xY (z)

If x(x * y) = xy and. x + :(y = xy e then settlng

x = y + z in (f)u we ha.vo y + 7 = :ozs e contrad,ictÍon,

If x(xo¡r)=x+y and x+ry=x+Jc
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obserr¡e that, as x + y is comnutattve, we have x(x + y) =

y + ¡(y@ Thuse

x(x+xy)=xy+x(w) (¡)

Åocordinglln we obtain x * S = x + xy = x(x + xy) r Ny + x(ny)

= lry + !Li[ = rJru a eontrad.iCtlon.

If I x(x+t)-x+y
I

[.***,=¡çy,

then setting z = x + y in (f.)e we obtaine by Lerama t"5Q) (fffuf)
that x + y. x(x + t) = x(y + (* " y)) = xy + x(r + 

'') 
.

xy+ (x +y)e i"€,e xy + (x + ï) - x * fo
On the other hancle if we sst x = yz in (f)u we have by

Lemm¿ I"5(t) (frrrt) ttrat (vz)(V + z) = (vr)v + (wz)z = yze io€,e

(xY)(x + y) = xy" Thuse we h,ave

I zy +(x+y)=x+y
I

[ (t + y)(xy) = ]ry,

which contradicts Lemma 1,5(3) (fffuf)" Ilence, by Proposition 1,4

(fffuf), tho two absorptionLaws x(xoy) =xcx*ryhold.in
æ . By Sholanderts Theorem, d( e Ð" The necessity is trivial"

The proof is thus complete"

Let us consj-der the follor.ring threc identities s

xy + xu = x(y o xz) - ----- (t)

x(y + z) = x(y(x + z) o z) ------- (z)

x + yz = x + ((y * xz)z) - ---- (¡),

Let g(u) = f ã€ þ/ (t), (z) ana (¡) nora in út J " rre
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shall now characterize M in terms of K(M)"

fheorem 1.8"

(oeoe2) ar¡d ?) õt € E@)"
Proof s Since ever¡r mod.ular lattice satisfies (1), (Z) anA (¡) i
the necessity ls trivial Tbusu assume tt,at út is an algebra

of S wlth properties 1) and 2)"

ff x(x + Jr) - xy ancl x + xy - xyu then putting x = z
in (z)u wo have x(y + x) = x(yx + x). Thuse

xy - x(xy)

Let [i e p Then ú¿eX Íf and onty if l) 0¿ represents

(q).

If we set y = z in (3), we have, by using (4), that

x + y = N + ((y * xy)v) = r * (w)y = x + s = ¡y,

a contradlctlon"

If x(x + y) = x * ¡r = J( + xye then setting x = z ín

(¡)u we obtain

x + y = x + Jrr = ï * ((y * x)x) = x + (x + f)e

i"ê'e x+(xny)gx+X 

-(5)"
Putting y = z tn (?) and making use of (!)u we have

xy = x(y + y) = x(y(x + y) + y) = x((x + y) + y)

=x(x+y)=x+f,e
a contra.d.iotion,

If x(x + y) = x + y and x + xy = xyr then setting

I = z in (J)u r+e ha.ve

x + y = x + ((y o xy)y) = x * (y n *y) = x + )r$ c xSe

a contradiction"
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Thuse by Proposltion 1"4 (IIIel)e Ít follows that

x(x+y)=xex+xJf
holtts Ln éT . Our proof that ót e þ ¡riII be

show that x + y ancl xy are assooiatlve. To

p=(x+y)+zu e=x+(y+
Firstl.ye ¡¡e oLain that y + (y + z) = y

the absorption !.aws, we have

y+(y+z)=y(y+z)+

Noxte observe that

y(x + (y + z)) = y(x(y +

- y(x(y +

=y(y+z)

=1.
Thuse y(x + 1y + z))

SiniLarly, s(x + (y * u))

From thisu we have

pø(x+¡')+g

.ix(x+(y+z))+y(r+(y

|y+z)=y+z 
-(6)"

)*(yo")) (uy

* ")) ( uy (o)

complete if we can

this endr let

n)"

4 zu Indeed., by

(v* r)
n)"(y

(z) )

)

eI

ù)f * ,G
(

z))) + z(x

(

(r) '
(B) 

"

+(y+z))

bv 0)'(s) )

+(y+z))

tv (r) )

(uv(z))
(by(1))

(¡v(s))

=(x+(y*r))("ny(x+(y+

(*o(y+z))(*"y)+z(x

(*o(y+z))((=uy)+z(x

(* * (y * ,))((* o y) + z)

Q'F "

+(y

n(y

n ,))
o ,) ))
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fnterchanging the roles of x and ze we get p"e = e,

Thuse by the symmetry of ryu it follo¡Es that p = qe i,€,e
(* " y) + z a:c + (y + z),

J" Rieðan ( see t:41 ¡ proved the followfng resuLt g

tet 47 = (.å.;+0.) be an algebra io E Then ó(€. M lt
and. only if (") xy + xz = (zx + y)xs

(u) (* n (y + z))z = z ho1d. tn 17 ,

Evid.ent1y, by the comr¡utativity of x + ¡r and x¡r¡ (a) fottows

from (1). To prove (b), otserve that, by the associativity of
x + y and the absorption lawu rle have

(x + (y " r))u = ((x + y) + z)z = z"

Hencee we conclude that úÌ e 4"

2, Distributive Lattices and ( po) Sequences.

fn Theorem 1,2 (ltrur)n we proved that every distributivo

Lattice represents the seguence (OrOu2u9 ) , fn what followsu

we shall show that this sequence ind.eed. characterizes distributive

lattices "

Theore_rn ?.L '
Let û be en algebra in K, Then â e p if and only if ¿t

represents the seguence ( 0u0u 21 9 ) o

Proof c It suffices to prove the sufficiency.

Let (E = .' A;+e, ) be ¿rn algeb::a of $ ::epresenting ( OrO?2e9).

Then x + y and :(y are the onl.y iwo clistinct idenpotentu eomrmrt-

ative essentially binary pol¡rnomials over ¿lj ' As x + y / Wc
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!o I

In analogy to Theorem 3,1 (fffuf)u there are four and. only

four cases g ff x + Xe x¡r âro bob-âssocíativee Ìre would have

p3(û ) Þ 12, a contra.dictLon" If x + y is associative but xy

not, we obtain p3U¿ ) Þ fO, nhlch ls inpossibl.e. She case that

ry is assocfative and x + y not ie simllar to the previous one.

Thuse it is necessa¡y that x + y and. xy are associativeo

.According to Theoren l."Ir lt follows immediately i.,hat /l € Í""

Suppose now to the contrary that û i" non-distributive"

He claim tlnat Vr(ÚZ).> 9" Indeedu Let us consider the foLLowing

ternary pol¡nnonial p = (* * y) (:¡ * r)(z + x).
Au pO(4 ) = O, p is not oonstant. Evid.entlye p is s¡nnmetric"

Thuse 1f p d.epend.s on xe ít depend.s on y and. z simrltaneous}y.

ffence¡ p is essentially ternary" Dlreet veriflcations shoÌr that

p is distinct fbom the first eíght pol¡rnomials listed in the

proof of Theoreru 3"I (fff ;l), l{oreovern if
p - xy+yz+z,x.E

then ft satisfies the so-called. il Se1f-Dual Fledia¡r Law rr and

hence is distributivee ê contrerìietion. Thuse e3(ft ) ) 9, ""
requireti, The proof is therefore completeu

Let us deno'be ¡y Fl(n) t¡" free d.lstributive lattlce on n

generators, It is u.r, lr-orandi-ng problem in Lattice Theory

to deternine the cardinal of \(n)u for each n. Though the

problem has been considered for a long timeu it is far fron
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complete yet" In this seetion, ¡re shalL point out a rema¡k to

it in l'roposition 2"2' ïnstead. of tt+'r a.nd. rr,'re the notations

rr V n and î0 Â n for join and meet will be adopted"

tet n(aeo,uexo) be a distributive lattioe pol¡rnomial"

Then p can bo v¡ritten as

p = (rAtr) =i) o (rAte) ui) v .o" v(rA(*) *r) ?

where r(¡) ç ffu 2su..u oJ for j = i-s2e""osr

If I(¡) = f (*) for some jE k = leo"oetne then

i.At, ) *i Þ ,âtul "i
and so the factor (râOl xr) ts red.unda¡rt in p(xre'"nexrr),

îhuse without Loss of generalitlo we may assume

(") r(j) # i(r) for alt j,k É { t, 2e"'"em}'

Proposition 2J,
Let A € P" Then p(x1n,""rJrrr) is essentiatly n-arl polr-

nomial over & if and only if ti I(i) = t ru 2s"""ro] .
J=r

Proof_c The necessity 1s triviaL"

To prove the sefficieneyu we have to prove that p d.epends

on xi, for each i = lu 2e.". e ll" I'loweveru it sufflces to prove

39¡ i = l_n

Let M = { r, zs.,"r r J a¡rcl J . {kËM / 1 € I(r) }'
since ttl r(j) = { ru Zs,,.u r.} u 1 b I(i) for some j" Thue

J=r
r/ ø"

CaseI" ¡=M,

/ (xt^ r"âl-trl *i)
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= (xrA y)v zu

where v = (r.âl-rr: xr) v '"' \,/ ,rrâr-,r, *i)
u = (r.âr+r) xi) v '"" v (iârl *i) o

A.^.
= *rA ((r.'rtìl{r} xi) V ".n. ! (rát)l_,rl "r)) o

Thuse p d.epends on x1o

Case 2" J (_-- M"

Asseme J = {f u 2s"n", j } for sone j < rne Then

n = [*r^((iuâ)-trl xr) V ". \,/,ruâl-,rl "r))]

u [tr.{r+r) xi) v.'. V (rAt,l *r)]

Evid.entLy, *t y' ts xy y' z"

Claim; y / zø

tr'or simpl.icity, set f'(t) = f(t) - f 1] e for each k = Ie

2e'."e j" Íf y = vu then we have

A z^r \r¡itî,(r) *i ( (t/rì¡+r) xi) v "" V (r/r\'¡ "r)'
ASince ,lr\(r, x, is V-irreducible rn Po(n), thus by a property

of distríbutive lattice, we get
i/,

,./1rt11¡ *r *-ríì(r) ", u for some t = j+l'eoe ca'rc

Henceu Iu(f) =: I(t) and so

r(r) = ru(t) U t r.r :t r(t),
contradicting tho zrssumption (#), Thuse y / zs as wag to be sholnr,

Nowr obserwe that as xls Í a¡rd z are distincte the terna:ry

pol¡rnomial (xrn y)vz is essentía) ovet /l . Thuse p depends
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On Xle as required"

Consequentlyu p(xrs"ousxn) ís essuntially n-ary ovet ft, ø

rn viel¡ of this Propositions it seems Ìikery that an upp€r

or a Loner bor¡nd for the eardinal pn of essentialty n-ary poly-

nomials over t, the fuee distributive lattice on ar generators

can¡ be provided" fn fact, this computation wouLd be combinat-

orial in naturaln If this is the câs€e then invoking the

fornula

Fr, s n+ Ê, ([)nou
kæO

the cardlna.l of f'(n) can be determined approximately"
-

3, Modula¡ Lattices ar¡d. ( nrr) Sequencesn

The relation between clistributive Lattices a¡rd (nr,)

sequence has been studied in seotion t¡so" It ig our intention

in this section to study the same fo¡ moduLar latticesn

Consider the following equationaL elesses :

Æ(t) ='f crc eE/ (* * y¡ + z E x + (y + z)t (ry)u = x(yz)

hold in /î J o

5(z) = l$rb/ (*oy)za zx+ z(y +x)s xy+ z = (z+x)(xy+ z)

hold ln oaì ] 6

,€(¡) = l,{IëL/ ((*v)z+u)*v= ((yr)*+v) + ((t+u)u)
hoLds Ln ¿i¿ | "

Let.K* =ë(1)tJ-{(e) Li A(¡), rhen we have L c. w c K"

Instead of working within the class K¡ as we d.id. for distributive
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latticesu we shalI, restrict ourselves to the subclass K* of S,o

for modular la,tticesu

tet (i - (A;+u,) be a modular lattlce whioh is non-

distributive" Thuse by Theorem 3,1 (fffu1) and. Theorem 2"1u

it follows that p3U¿) > 9. Our object now is to compute the

exact value of pr(&)"

It is well-lsrown ( s"u t 9 I ) that the free mod,ular lattioe

on three generators consists of 28 elements. Thuse by maklng

use of the form¡la for Foo we obtain e3V'¿ ) = 19, fn fact, one

ca¡ check that the 19 distinct essentially ternary pol¡momÍals

over dZ are exactly the following a

(")
I (""v)(y+ù (yo")(z+x) (rny)("*y)
I

| *roy, w+zx zy+w
I

L (x+y)(y+ z)(z+x) xy+yz+zx

[ (" + y)(s * xy)
I

(#) (z + x)(Y + zx)
I[ (y * ,)(* + yr)"

Therefore, we arrive at the eonclusion that if CZ e { - po then

L represents the sequence (0u0r?-slg) a

Supposee rowe that an algebra ¿t of Äi i* gíven which

represents ('0rO r2u1-9) , ft is natural to ask r¡hether lt is

true that :.è must be a mod.ular Lattice" I^le are now going to
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prove that this is exactLy the case e.nd. hencee from thise lt
follows that the class g - ¿ cayr be characterized from J(* by the

seguence ( ouor 2uL9 ) @

To thfs end.u we first establÍsb the following e

!g.q'e-3J"
ff 4¿ is a non-rtistrlbutivo lattice, then nr(¿,i) > L9,

Proof e I{e shal1 prove that the pol¡momials in (*) a¡rA (#) are

essential and. distinct over t. o

For inotance, take p = (x + y)(z + ry)" Setting a = In

N = z and y = zc wê have p = xs Þ = x a.nd. P = ï respectiveLy"

Thusr if p is not a¡¡ essentially terna.ry pol¡nronialr then as

æ represents (0e0e2 ) , we have

a'lxlv
lzl*Yp=íxz
tyz
i **Y
I y+z
I

I z+x
with respect to x and- y;Sfnce p ie symmetric

to the following

Ilolrevere if n = 2,

ff P=¡Y, settin'q

P=x*Yçsetting

setting

al

,t - ag

= /9 Tl€

have y

follows

xy

x+

I
I

I
.a

I

I

I
I

'l{e

it

it is thus reduced.

\rø

obtai.n t = zs a contradiction'

= ]rIE a contradietion" If

that .Y = Í * Yu which is
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impossible" Thuse it is necessary that p is ân eseentiaJ.ly

ternary pol¡momial" The essentiality of the other pol¡rnomials

can sinila.rLy be proved"

It is routine to check that the poLynomials in (x) are

distLnct over dt "

Sotr, coneider the pol¡monial p = (x + y) ( z + ry), We shal1

show that it is distinct from those Listed. Ín (x)" Fore if
satc P = JrE * zl[e setting I - zs we have Í = Jrxs which is lucpO-

sslbleo Í!hus, p / Vx * zxo

To prove that p / (x + y)(y + u )( z, + x), we first note

that as ðT t" non-distributÍveu lt contains % or t5 aa

eublattice ( see Fig, 39 )

t5 )c

,<a{
i '"c

bl.t ,/\"1

ag. ¡\.
.,, ,,

/
a( ¿b

\1..
\t,/\.t

t5

Fig. 39

f.f ß eontains M, as su.hlattÍceu

we have (* o y)(z + ry¡ e sc = G, (x

= €c Tf úf contains N, as sublattice,

and z = bp we ob1;a.in (= n y)(, * *y)

(* 
" y)(y * u)(u o

Thuse it follo¡*s that p / (x + y)(y +

be sholrri"

puttingxsãs¡r=bp zì=

+ y)(v + z)(z + x) æ êê€

settingx=âeJr=c

-eb=bc

X)=eêa=êø

z,)(z + x) a which was to

C9

tr\rrthermore, we cLa.im that three pol¡momiaLs in (#) 
"re

LT2



distinct. To this end? by symmetryr it suffices to prove that

p = (x + y)(z + r#) / (" nx)(y + zx) = q,

Observe that if 0l contains N, as a sublatticee setting

N = ael =b and. z = ce w@have p = a(c +b) = a and g E

e(t + d.) = b" If û, contains M, as a sublattieee settlng I = êo

Jr - b a^nr[ s.É oa w€ obtaln p = e(c + d.) = €C = C wh.i].e g @

e(U + d) = eb = b, Thuee p / q, as required..

ft shoulct be noteil that any polynonial in (#) 1s distinct

from an¡r one of (x) over dt , Hence, we obtaín p3(0f) > t9'

Lemma 1"2"

fî O¿ is a non-mod.ular latticee then nr(ú? ) > t9"

IX99f s As (i le non-dlstributive, by Lemma 3,1 u V3Q( ) Þ f9.

Now, oonsider the ternary polJmomlaL r = x(y + xz)"

Putting I = zc we obtain r = xJro thus r depands orr xo Moreover,

if we set x' Jra x = zs Ytê have r = x.

Since 4 represents (080e2) and r depends on x, if r is

not essentiale we then have

["
x+y
x+z

Ixy
Il."'

If r = xs setting I = ze we have xI = xp a contradietion' If

r = x * X¡ setiing I = 2s r¡e obtai-n lcy = x + yu which 1s

imposeible" Again, if r = x + z, putting y = 2u it follows
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thatry-x*Ís acontrad.íction" If r=xüs settingx- ze we

bave x c x$e a contrad.ictl-on. Finally, if T = xâø putting

x = ys Tile obtain x. = xzs rùich is impossible" Hence r m¡st be

essentiaLLy ternarSru

Our proof r¡ill be complete lf wa ca¡r prove that r is

ctistinct fþom the polynonials listed. in (x¡ a,nd (#), Howevere

this is indeed the caseo For instance, if

r - xy+lz+zx.s

then setting y æ ze v@ have xy = yu a contrad.iction, T.f

r = (x*y)(y+z)(r**)u

settlng I = zs we obtain r¡r - yr which ls inpossible' Ïf

r = (**y)",

setting x = ¡rs r*e have x = rÍ¡ a contradiction" Lf

x" a 8z+yzE

eettÍng I = zs we have xy o Ís a oontradiction" If

r !! (y o *)(z + x)u

setting I = z,o we obtain alr = Xc a eontrad.iction" If

r E ("*y)(z+xy)u

setting y = Øt we have agaln xJ¡ = Jre a contradictiono Tt

f =!2,*ZXs

then it follows that û ts a nodular lattice, a contradiction"

The other possible cases can be checkecl simllarly, Tttust

r ls distinct from the polynomials Listed in (x¡ and (#)e as was

to be shorm" Henceo ít foLlows that e3Øt) Þ eo Þ 19e

proving Lemma J"2.
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He are nolr in a posltion to establish the foll.owing :

Thegrg-n-årl-.

If tbe sequeneo (OrOu2un) is representabLe in$r then

eíther 1) m=9 or 2) mÞlP'

Proof c Let âAa an arbitrary algebra of K* representing

( Oror2um) , If &€ P c ffu then by rheorem 2.1u we have

n = !o Thusu lre naJr assune that (f < Y -P" By Tbeorems 1.1e

L"2 and. Corol-lary 1"{e lt follo¡ss that Æ is a lattice" T-f &

Le mod.ular, then n = pr(û.) = 19" T.f 6t is non-modularu then

by Lemma 3,2e we have n Þ 19, Hence Theorem 3'3 folLowe"

Corolla:rv 3.4'

If the seguence (0rOr2rm)

then m >)- 19 "

lÀggg-3¡J'
Let" úè. be ar¡ algebra 1o,9'

sequence (ouor2ul9) if and only

is representable in K* - Dc

Then út represents the

if lletr-p.

&es&,'
(t) It is weLl-Ìcaorvn that the free modular lattioe with four

generators is Ínfinlte ( eee I I ] ), Thus, it follows that

the ca¡dina1 nO in the representable sequence (OuOu2n19rp4)

with respect 'fo the class J(* ca¡rnot be finite.

(z) It was pointeci out by A' liaterman ( 111 u p'I!O ) tfrat

the free tattice on three generators over the oquational

class J5 generated by N5 consists of p! elernents" Thust
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it folLows im¡ned.iately that e3(&) - 90u for each ôt of !,5"
Eenoe, following the sâme reasoning as in distributive a¡rd

mod.ular la.tticesu we b.ave the foLLowing conjecture ;

Let R € J(#" T}l.en ÕI a.J¡ if anct only if úf

represents the sequence (OuOr?s9O> ø
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CHÂPTER 2

TI{E },!INTMÂL EXTENSTON PROFERTY

ïn lp6l, G, Grätzer ( see [ ? ] ) introd.uced the foltowing

concept"

Definltion' 3. finite sequence (nornre.,nepo) of cardÍnals is
said to have the Minimal Extension Property ( M"E.P. ) with

reepeot to the class g if the follov"ing cond.itions ho1d. s

1) there exists an algebra flTx in C such that

on(â*) = nO for 0 < k € n s

2) Lf æ is an algebra ir,9 satisfling pk( 4è) = p*t

for o < k < n, then ek( d¿") <l pr( 0I) fot eaeh

k = OgTg2g"oot@øo

If g is the class of all al.gebras, thon ¡ve say that the

seguonce (nornru,."uprr) has the Minimal Extenslon Property,

Thuse if a finite seguence (no rnl r " ". rpn) has the M"E"P"

with the minlmal extension seqlrence (nr( ù) > u it is clea.r

that any sequence (n¡) vith n* - pr(¿¿) for some t \ n

ca¡not be representabLe" Therefore, to ge'o some significa¡rt

result, wo need only to investigate the sequences (O¡ )
with pO)> no(;l)o for ea.ch k )- n,

In this cha.ptere we shall shov by applying previous

results th¡t sorne finite sequences do possess this property.
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1" Examples"

In order to elarify this concepte we shalÏ now give some

o:ra.mpl.es n

Exampls, Lo The sequence (OuOu) has the M'E,P, wlth the

nlnimaL extension ( OuOr, ,. e0s u .. " ) v¿trioh is represented by

any trivia} algebra ( Le,e L norl-êqpty set with no opêratlone )"

Example, 2" The sequence (OrOnf ) has the ìl[oE,Po with the

¡nininal extension (OrOrtele.,"sIele"," ) ¡rhich is ropreeented

by any non-trivial senl}atticeu

Indeeds if lf fs a¡¡ arbitrary algebra representing (ooOuf ) s

tlnen û has one commrtative essentialLy blnary pol¡rnomlal' Âs

¿Jl t.as no conatants, it follor+s fþon Lenma 1ol (f uf ) tnat

pn(¿¿ ) .> t.

Exarnple" 3. The erequence (0rOr2 ) has the M"E!'P" vríth tho

nininal extensÍon (orOr2eOe "."eOs"') rrhÍch is represented.

by any non*trivlal d.legonal semigroup.

Example-4" ( G. G¡ätzer a¡d R" Padmanabha¡r [fol ) mtu Êequenee

( OuOute3 ) has the M,E"P" wÍth the minimal extenslon

( 0rorr¡3s5srreo..ut{r" - (-r)*)u"," ) which is representod

by an id.empotent reduct (C;" ) of abelian group (C;*) of

exponent throe ( i"e"u 3s = 0 )"

Exar¡ple 6, ( J, Pãonka i35 I ) ure sequenoe (Orouzr3) has

the M.Il,P. '¡sith the minimal extension (Oe0e2s 3s4s5aoooelte"u')

shich 1s repregented by a¡y algebra bèl.onging to one of the
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four eguational classes described. in [ 35 J "

Example 6" tho segu€noe ( OuOrOrt ) has the l,1oE"p" with the

minimal extension ( OuOoOul eOel eOeL eOs o,. e ", " ) which Ís
represented by an id.empotent rectuct (¡;g) of a BooLean group

( ¡;*) ( a group in whioh all elenents different fron tbe

zero element are of order two ) where g(xey¡ z) - x * ¡r * zo

fn facte Lt hae been shoenr by J' PZonka [ ¡f ] and K" Ilrbanlk

I Az1 tinat ( r;e > represents the seguenee (ororoutreoeLeoe,""")"

On the other hande Let Úl be an arbitrasy algebra representf.ng

( ouorout ) " Then lt aaa a symnetry essentially ternar¡r

pol¡rnomial, Thusu by a result of E" Marozewski lZ2 ] e we have

o3o2u(û) Þ r, for each k o 0eL sle"., ' Thereforeu

pnØ¿) -> nrr( ß )u for each ¿ - oer s?su", "

2" Main Results"

In this section, some special fl.nite seguenees descrfbecl

in the previous chapters wÍ}l be shown to have the M.E.P, .

Flrst of alLe âB â conseguence of the results in Chapters I
a¡rd 2 (t)u we have the following e

Theorem 2"1.

The sequence (OuOrlr2ell ) tras the M"E"P" with the minimal

extension ( orour ezsLrul36u"no epr.(rr(r))e""" > @

Proo{ ; According to Proposition L"B lffra), we have p3(II(l))

= 1I" Thus, the algebra II(1) represents the seguence
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( ououtrzrtt) o

Let û be an algebra representing (ououls2ell) , Âs

¿Z represents (ouorlre ) u it follows by Theorem l"l- (f uf )

l,'}'.at Æ oan be r€prese[ted as an algebra belonging to oither

Æ1 or $2"
Tf (T€ K.,s by Theorem 3,L (fror)u ú7 eontains I(j) a"tryL

a subalgebra for J - 1s2s3s4" ït is a slrnple natter to check

the following 4-ary polynomial.s are essentiaL and distinct

over I(t) e

*rx2x3x4 u

f(xrexrox3)*4u f(xroxrox4)*t u f(xroxOaxt)"zu

f(xOox, uxr)x3u

f(xrxraxru*O)u f(x1x3ex2 r*4), f(xrxooxru*r),

r(xrxroxOu*, ), f(xrxOexr rxr), f(xrxOoxr r*r) n

f(xl r*3rxo)r(xruxrrxo) @

rhuse p4Ø¿) > nO(r(i)) = pO(r(r)) >'tru by rheorem 3,5 (r,2)e

which is a contradiction"

Heneee it is necessary that Æ e Í2, Holrever¡ b¡r Theoren 3,1

(ttrt) agein, lT eontaíns If ( j) rs subal.g,ebra for sorae j o Isls3s|.

Thus, pn(A) > nrr(rr(¡)) = p,r(rr(r)) ¡y Theorem 3.i(rr2),
This completes the proof of our Thoorem'

Remark"

The fact that pr(IÏ(f)) = 136 ¡¡ill be shorrn ln.AppendLx"
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By using a simil-as argurnentu lt ls not d.ifficuLt to extend.

Theorem 2"1 to the folLowing resultn

Theorem 2,2n

For eaoh positive integer ke the sequence

( ouoir*5.1i'raur+$(r<+f )(r"¿)) hae the H'E"Po with the nLnimaL

extension ( oror'r r,5;trzur+|(r<+3)(t*a)e.,, eprr( (l(u+z))r"', ) è

!he_ores__?:3"

The sequenee ( OrOr 2rgì has the M"il.P' with respect to

the clase K"
@

Proof s Consider the two-elenent lattioe 02' Since Cris dlstri-

butive g by Theoren J,2 (III'L)nc, represente the sequence (0u0u2s9) "

Lt ll,ts an algebra of ,þrepresenting (OrOr2u9) e then by

Thsoren 2"1. (WrI)t û is a d.fstributive lattice. SÍnce

v2(4T)-2e l¿I
Thuse pL(C¿) > no(Cr)e for eacb n - 0rls?e"u"so.. By

definition, (Orou2u9) has tbe MoE"P. wlth respeot to K'

Theorero 2"4"

-

The sequence (OuOu2eL0> has the IÍ.E'P" wÍth respeot to

the class,$'

Proof c By Theorern 4"1 (frrrt), the algebra 4(q) represents

the sequence (ouon2?10 ) @

Ler û be an algebra of Æ which represents (ouOr2e10) ø

Then, by Theorem 4"2 (fftof )u óâ conteins eG) as a sub-

algebra" Thuse enGt) Þ no( & Ø)) t fo¡ eaoh n. Eence,

Theorern 2'4 follot¡s'
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T&eo.re-rn_å"J.

The sequence ( OrOu 2uL9| has the ¡lf.E"P" with respect to

the classjy "

Proof s Consi¿ler the lattice Mr, It is non-d.istributive but

modula¡, Thuse invoking llheorem 3.5 (fVuI), 
% represents

( orou zutg) @

Let 0è be an algebra ofg representing (0rorzr]-g\ @

Thene again, by Theoren J,! (fVrf)u ÚZ ts a non-distributive

but modular lattlee" Since Ot ¡a non-d.istributive g it contains

M, or N, as sub}attfce. Since 6t is mod.ular ; N', cannot be a

sublatticø of ít . Thereforee ót rmrst contain $, as eubLattioe,

Thuss we have pn%t) > oo(ur)u for each n = oeL sls"o"

proving that (OrOu2u19) has the ld"E,P" w'Lth respect to

Ït is hrown by Exa.npJ.e 3 in section I that the sequence

( OuOuZ) has the M"E"P" . By restrieting ourselves to sone

special elass of Eu it ca¡r be shorm that (OuOre) sttlL has

the &f'8.P. wÍth respect to such ol-ass of algebras" fndeed.e we

have

Theorem 2.6,

I

K*o

1) The sequence (oeoe2) has the M.E"P,

the olass jy , The aLgebra representing thie

mÍnimal number of essential pol¡momials is the

chain"

2) The sequence (orore\ has the M.E"P"

with reepeot to

seqtrence with

two-element

TB2

witb respect to



the class g -g, fhø algebra in Æ *¿ representing thls seguonce

with minimal number of essential pot¡momials is the M, Lattlce"

Finally, r¡e have the fol.lowing a

ÍIheorem 2,2"

The sequence (OuOr3s? > has the M"E"P, with the minimal

extension ( orou 3fl s:-5s ø., s2n- I s ,, ,

Proof ¿ Let út* - (¿;*u, ) be an algebra ¡rhere ñ+n is a

semilattice operation ancl re ôn is a partÍtion firnotion ( see

(IIIr2r3) ), Thus, it is known that eo( ¿1frr) = pI( 6¿x) = o

attd pn( &*) = 2n- 1, for n Þ 2n

Let Ú? be an algebra representing (Or}r3r?> . îhene by

Corollary 3"2 (IIIe2)u we have

pn(1¿) > et- 1 = prr( &"), for n > 2,

Henoeu Theorem 2.7 foll.ows"

As a conclusion, we give the foll.owing table shich shows

all the results on this topio.
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fhe sequence qith respect

to the class
f

The minimal extonsLon

B€qn€nc@

3. (0uo )

( ou:u'u::."-:::å, 2n-(-r )*) u,.

( ouor2s}su".eOs'". )

( orou 2s9r,aeøe eu "'" r\

( oror2s]-gs@øøeø@o@ )

( OgOe2e3o4a'ooslls.""' )

( orou 2ulo;;;,;,;,; )

( orouZu]-gø@6øe@"". )

( oooc3s?eoôøor2o*1e", " )

3

4

,

6

7

B

9

10

11

T2

L3

14

( oeoeoel ) I
( oooel , 

I

( oeo,Ie2er.I > 
I

(;;;,+"-";i,r,r.|r

( orour n3 ) 
|

( ouorz ) 
|

( ouooe ¡ 
|

(ouo,z ) 
|

( 0r0r2e3 ) 
I

( ouo, ze9 ) 
I

(ouor2rro ) 
I

( ouou2cre ) 
I

( oror3e? ) I

I

..'t. _.

t+¡)(n"¿) )

K#

M*D

K

K

Ke
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á,Lgebra represeatfng

extensíon sequenc€

the mtnlnal.

llrlvial algebra

fdenpotent reduct of Booiean

SemilattÍce

rr(1 )

dë(t<,2)

fdempotent retluct of
with 3x '' O

Ðiagonal senígroup

lPwo-ele¡nent chaln

M-,

å,lgebra in one of the
equational olasses

ÍPwo-element ohain

t@)

M-)

abeLlan

foun

Senilattiee wlth a partÍtfon
fur¡ction

see Theorem 2,L(fVr.e)

soe flheoren 2,2(Wu2)

see G"Grätzen a¡rd R"

- -P.admanabhan t lO l

see Eheorem 2"6(IVr2)

eee Íbeo¡en 2"6(WuZ)

gee J"Pilonka [ 35 j

eee Tlreoren 2"3

see Sreoren 2"4

see Theorem 2nJ

see Theorem 2n'l
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cot{ctuslot{

Slnce the appearance of G" Grätzere J, Päonka a¡¡d Â" Soka^nlnaes

paper t IL i e a number of importa¡t d.evelopruents have taken plaoe

in the stucly of (nrr) seguencea ( see the Bibliograpby ). As

a result of all thls ploneer worke the toplo not only providea

a new line of research but aLeo has become recognized as a sub-

stantial branch of UníversaL Algebran

In the investigation of this topice on€ will owe nrch to

oneos close aoquaÍntance ¡Eith the properties of operatlons ancl

poL¡momLals" In view of thls faete the Lntensive and. systenetlc

etudy of operatlone a¡d pol¡raonials beeomes very necessary and

lmportant" As a reeult of the oonEid.eration of the conneotlons

betwoen these baslo oonceptse lt ls naturally expectecl that

eeveral' new algebras 31111 be d.iscovered and. descrlbeds whlche

undoubtlys !111L enLarge the eontents of Unlvorsal Algebra"

fhere e,re a good few d.isections that research ca^n tâke ln

order to enrich the theory. The results established. in thie

thesis present some of them" As a eonclusione we ¡soulcl like

to mention 6one related. probLems on which further resea^reh ls

cal.led for.

Proþlern _I "

Ìd"E.Po e

Prove that the seguence (ououfre) has the

It is surprising that, even though we eonsidered algebras
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representing (OuOutre) in detai1e we couLd only prove the

weaker resultu that the seguence ( OuOute2?11 ) has the M"E"P" ,

Aecording to some resuLts in (Ir2) a¡rd the fact that

p4(rr(1)) <nO(r(r))u it is easy to see that the sequenoe

( oeoetu2 ) has the Þf"E"P" if and only if pn(rr(r)) < no(r(r))u
for all n" Let p a¡rd q be two d.ietinct essentially n-ary poly-

nonials over II(l)" It oan be shown that if n- 7 e then p

and q are agaln d.istinct essentially n-ary pol¡noomiale over

I(1), However, lf n Þ 7 , thls sl.tuation may fail to be

Õocuro For lnstancee take

p - f( f(x, oxrux3)øf(xOoxrux5)uxr¡r(xr ux'rxr)

and q - f(xtuxruxr)f(t4rxqu*6)rt*rrxOr*r) €

Thereforee the natural nethod cannot be applied to prove that

pn(rr(L)) < pn(r(l))" rn spite of thisu we strongry suepect

that pn(rr(1)) < nrr(r(r)), rn this eituationu of course,

sone nelr techniques arê noeded. to ettack this somewhat clifficult
problem"

Proble-¡o 2. C1assifY the algebras representíng (OuOu2cn)

for 0{m<20.

For O ( m ( 20e the sequencee \'0r0u2um) whioh are

known to be representabLe so far are only the following e ( see

(rrr,t) anô (rv,1) ) (oroe2eo) u (0,0r2,i) , (ouoe2,6> s

(orou 2c9),(0u0r2e1.0 \ a¡rd ( ou0r2s19)' ALgebras representf.ng

the first thres sequencêa he.ve one Dorl-cogffiutatlve eesentlaLly
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blnary poJ.¡rnomial rrhile those representing the rast three seq-

uences have two conrn¡tativ€ €ssentlally binary oh.€so Are there

any rer¿tions between these two categories ? Do there exist
other new sequences (orOuzum) o o € m € 20 u whieh are

representable ?

Probreml, Let E au a set of identitíes inoruding ono

of the absorption Laws such that lru = þ " Let ;! be the

class of algebras satisfling [, * { absorption ].aws } ""a
representing (ououe ) , Is it trtre that C = t ?

ln (tVrTrl)u we proved. the above conjecture for some

special sets of identitles" Obse:¡¡e that one incLusion C = t
ís obvious,

Problem :[, Let (,t , E, Is it true that Â ê

only if â represents ('0uOø2u19.) ?

M lf and

We have proved fn (tvutu3) the above resuLt fot lL€ K.* o

ït is hopefuLLy the case that the erass K# can be exten¿uJto r.

Problem 5." Prove or disprove tha.t ihe seguence (ouor3 )
has the Iü"E.P" 

"

It was shown in (lVuZ) trrat the sequence (orOu3s?) has

the ll.E"P" with minimal. extension ( ouou3s?oL5 eøøøs2n- lu,o,.") .

rt is still not licrom whether the senuence 1'Ouoe3n7) can be

reduced to ( ooor3 ) o
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Problem 6" Study the sequence ( orou4um ) o

the sequences ( ororlrm ) , ( oror2um) and ( ouor3ur )
have been dealt with in this thesis" It is natural to go one

step frarther by considering (OrOu4um) , Of coursee the larger

the card.trna1 ÞZu the nore oomplieatecl eituation we have"

observe that lf Æ represents (ouou+ ) u then û A"u either

(t) t¡¡o non-commutative essentialÌy binary pol¡momlals ; or

Q) two co¡nnnrtative essentially bínary pol¡monials and one

non-commutative eseentially binary polynomial ; or (3) four

comunrtative essentially binary pol¡momia1s" I{e have no inforn=

ations about any algebras representfng ( OrOr4ut ) except the

foLlowing result due to J" Gerha^rd ( see t ! I ) c tet t- U.

an idempotent se¡nigroup satisffing abcd = aebd . Then

e'kl) - nze for n)> 2"

Problem 7u Let (nrr) be a sequence of cardinals

whlch is represented. by a¡r id.enpotentu equationall-y

oomplete algebra. Is 1t true that there exists s 0rkrt

suoh that the sequence (Ouorpf aÞ20ø"rÞ¡) has the

M"E"P" with the rninimal extension ( nn) ?

The above conjeoture ls false for general. al-gebras" In

factu E, F"ried has recently found. an algebra Æ of finite type

which is the three-eLement tournament lattice such that for

each ku the sequenee (ouornt (ß )t. "'rRo(aÙ ) ) has no M'E'P"

wlth the minimal extension (prr(ß)> ' Another example of
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sì¡eh a seguence is (no(*)) of J"A. Gerhard.[5], Howeveru

it fs stlll not loowr for algebra which is equationally compl-ote,

Problem B, Does there exÍst a finite seguence

( OrOrpfeoooô.upn) which is representable but has no

MnE "P" ?

Probl.em 9" Characterizes the projective and injective

algebras ln the equational classes Af *d Æe,
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¿PFENDIX

' Ì{ith the help of the reeults in ( tloert }u it ea¡ be sho¡+¡r

that thers a.re exactly 136 distinet essentialr.y Þa¡y poJ.¡momians

over the algebra rr(l). rn faete ífe for sirnpricitye we w¡íte

i for xrr ij for *ior,ana (autçc) gor r(*r¡rc)e then these tr36

polynomial6 are precisely the fol_lowing e

(zu3ut)(r,¿u5) (zrLrt)(¡u¡r5) (zr5uL)(ru¡u¿)

(1,3u ùQu+u5) (ru4, zJþrlr51 (ruluz)(zrloq)

(rueu¡)(¡u¿'5) (tr4u¡)(¡,2r5) (tr5r¡)(¡rer¿)

(t,zr4)(¿,¡u5) (ru¡'4) (4u¿r5) (ru5rq.)(¿u2u3)

(tozr5)(5'3',4) (rr3r5)(5rzuqJ (rr¿u5)(5uzr3)

t2345

[ 
(t szs3)45 (r,zr4)¡5 (rreu5)¡4 (rn¡uq)e5 (trlr5)24

I tt r4o.5)n (zuzu4)tj þu3u5]t4 (¿u4r5)r3 (¡u¿r5)re

((1ueu4)u¡'5) ((1u2u5)rzoq.) ((ru¡u¿) u2s5)

((1u4r5)c2u3) ((zu3o4)rru5) ((zr3r5)s1r4)

((¡r¿u5)sru2)

)¡ (1, 2u üQuqrÐ5 (r u ¡u4) ß,412)5

)j (erru4)(ru4u¡)5 (3ur-re)(1rzuù5

)¿ (t,au5)Qr5ul)+ (tu3rs)ßusoz)q

)q (errr5)(1u5,¡)4 (3urue)(ruzc5)4

)¡ (rueu4)Qrq.rl)l (trjr4)(5,4r2)z

)¡ (zut r4)(r, +u 5 )¡ (j,L,z)0,2,4)3

( (1, eu ¡) u4u 5)

( (r r 3' 5) rzr4)

((zr415)'ru¡)

(1, zr 3 )( zu ¡r4

(zur13)(ru¡u4

(1,e,3)Qrlr5

(eulu¡)(rr3u5

(r, z, 5)Qu5r4

(2,1,5)Gu5u4

r

I
I

r
I

I
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(r r¡u+)( 3r4s5)z

(¡urr5)(r 15r4)z

(5'¡u4) (lu4uz)t

(3u5u ùß,2r4)L

(L u5':) (5 
u

(5,1u3)(r,

(5uzu¡) ( z,

(zu5r¡) (¡,

I

(tuzr¡)(ru zrÐ(Lrzr12l'
(1 u4u z)(t u4u¡) (r u¿r5)

(eu 3u4) (z13u5)( zr¡ur )

(z15rL)(z15u3)Quiu4)

(31511 ) ( ¡' 5u z)(lrS raï

3s4)z (r'5u4) t5u4r3)z

3e4)z (5utr4)(r'4u¡)e

3e.4)r (5uzu4)(z'4u3)r

3e4)r (zo5u4)(5u4n¡)r

(r 
u eu ¡) ( eu 3u4) ( 3s4u5)

(r, e'.5) Qu5u,ù$u3r4I

(r, zr4)( 2, 4u5)(¿r5, ¡)
(z uL r¡ )(r, 3r4) ( 3 r4c5)

( erl r 5)(r 
' 
5, 3) ( 5u 3s4)

(euru4)(ru4u s)Qnsul)
( e,3u 4) ( ¡ '4'r )(¿ur u¡)

(zu4r5)Qr5ur)(5rr,3)

(eu3ul)(¡, srÐ$u4ut)
(jrrre)(1u zrÐ(zu|15)

( 3ur, 5) (r, 5, z)(5 s2u 4)

(3,rr4)(1u4u5)Qu5rz)

( 3, z, 4) (z'4'5) (¿' 5ur )

( 3o 4u s) Q.,5, r ) ( 5 uL, z)

(3, 2 u 5) Q., i, 4) (5, 4 rL)

(¡",3uz)(r 
u 314) (r u 3u5)

(1 r 5, e) (1 u5u ¡) (r u¡u¿)

(zu4ut)(zr4rÐQuqui)

(3r4r1)(3u4u z)ßrqul)
(4u5 uL)(415uzXAriul)

(r ue,q)( ze4ù1(4ùui)

(1 u 2, ¡)( eu ¡'5) (¡u5u4)

(r, zu 5) (z u5, +')(5u ¿' ¡ )

( zur u¿)(r u4' 3)(41 3u5)

( eur u ¡)(r, 3'5)( 3s5 s4)

( zr1r 5) (r ul u4) (5u4u ¡)
(zr3r5)( ¡' 5'r ) (5ur u4)

(t 
u 3, 4)( 3 u 4 u s) U- 15 rt)

(zr4r5)(4u5,3) ( 5' 3u1 ) .

( 3ur r4) ( 1 u 4o z) (arzr5)

( 3ur, e) (r u z 15) (z 15 u4)

( 3rr u5)(r u5'¿) (5 u4tz)

( 3u eu S)Q r5,r. ) ( 5 rt, 4)

( 3, zu4) (z-, r, ¡) (+ur, 5)

(3r4u5)U15cz)(5r2sL)
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(4rr u e) (r u 2u 3)( 2s3u5)

(4ur 
u 5) (r u5u z)(¡uzrl)

(4utu ¡) (rr3u 5)( 315 r2)

(4rzr¡)( z, 3,r)( 3a1, 5)

(4u 3u 5) ( ¡'5'1)( 5 ur, e)

(4u z 15) (zu5 r¡) ( 5u ¡rr )

(5r1, z)(t u2, 3 ) ( 2s3 s 4)

(jutrÐ(r,4u z)(qrzul)

(5,r u ¡) (r, 3u4)( 3a4sz)

(j u z u¡) ( 2u 3ut ) ( 3sr u 4)

(5 
u ¡u¿) ( 3 u4u t)(4rt rz)

(5 u z u 4)(z u 4 r¡)(¿r ¡rl )
(r, 3u4) ( 3u4, z)(¿,uz15)

(te4r r)Q'5u2)(5uzr3)

(to3r¡)(¡u jrù$r4u2)

(4u1, ¡ ) (r, 3 u2) (3 s2,5)

(4r1 u e) (r u z,j) (2s5 u 3)

(q&u5)(rr5r¡)(5u¡rz)

(q, zu5) (2 ø5 cL) ( 5 , r u ¡ )

(Auzu¡) ( eu 3'5) (3' 5'1 )

(4, ¡u5) ( 315, z) (5 rzut)

(5u1 r¡) (r u 3u z)( 3u2s4)

(5rrue)(1r zuÐ(zo4u3)

(5u1r¿) (1u4, ¡) (¿u ¡u z)

(i u z, +) (z 
u 4 rt) ( ¿u1' ¡ )

(5 uz u3) ( eu 3 r4) ( 3s401 )

(5u ¡r¿)(¡u¿oe)(+e 2rl )

(ru3r5X¡u5, z)(5uzc4)

(ru¡r¿)(3u4'5) GrSrz)

(r u¿u5) (Arj u¡) (5u ¡u e)
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