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A3$]'RACT

An experimenter is generally concerned. with the problen of

d.ecid.ing whether the two populations are different r¡"ith regard. to the

measurements on i:rdj.viduals in several characters. Sorne tests that ; ,,;.,,1,,,,,.r..

were d.evelopecl for this pu4)ose are exanined with the object of evaluat-

ing d.ifferences a¡nong them, and aLso with the view of deternining their

applicability in a tarononic problen. The follor,ring procedures on ', . . -.,
.. , r.. ...,.. 

".
d.i-scriroinatory analysis were applied to the data fron the d.epart¡oent

- -:. .:.:-. : .:::,.::

of Entomolory on two species of aphid.s to test the null hytrlothesis ,''',,.,'.' ,;,,

that the mean vector of one nultivariate nor"nal- population is equal to

the ¡nean vector of enother nultivariate no:maI population assuming

that both the populations have a common dispersÍon natrix¡

(f) Fisherts discrím:inant functÍon

(z) Eotellingts T2

ß) Mahalanobis' D2

these statÍstics differ fron each other by a constant nulti-

prier but the test statistic in each case is the sarne and is d.istributed. 
;,:¡,¡,:r;,,;r:::,

as a variance ratío. :"ì:::::i:r.i:1-':.. .:.'

In classifying an ind.ividual hauing the observed measurenents "' 
:"""', 

'1 
",':,-1 :.t: r.. '.

to one of the two species, Fisherts classification procedure has been

used. Measurements on characters which do not contribute significantly

to the increase in d.istarrce between the two populations were eIÍni-nated 
',....,,,,..,:.,,.1:,,
.. . ..:.:l.jt::r'..-i

by using Raots test and. the best discriminant function was fotßed. ï¡:ith

neasurements on the charactersj total body lengthr length of tb.e cornicle

a:ed lengtb of caud.a.



The nost striking observation of the study is that we can

for"n the best d.iscri¡ninar¡t function for classification even wi-thout

applir¿ng Raors test and using only Fisherrs d.iscriminant fi¡nction"

This is acluieved by fo:ming d.iscricinant fi¡¡ctions with d.ifferent

conbinations of characters, and the d.iscrimirt¿rlt function fo:roed. in-

clutling those particular cluracters which has the uini-nr¡n probability

of misclassification ís the best discrìmina¡rt function.

As a final operation the assrrmptÍon of the equality of the

d.ispersion matrices in the two populations was tested and the assump-

ti-on was confirned.



CIIAPTEA. I.

ÏI\ruRODUCTION

Research workers are often concerned. with the statisti-

caI analysis of d.ata that consist of sets of measurements on a

ru¡mber of indiuiduals or objects. The nathenatical nod.el on which

the analysis is based. is lmown as the nultivariate normal d.istri- ,'
r'i:, t ::. l

bution or a combination of nultivariate no:rnal d.igtributions.
1.ì :.: _: . :

Ivlì¡ltivariate analysis not only provid.es a new field. of 
:1 ' ::

d.evelopment for mathenatical theory but ís also an important tool

in the hand.s of research workers for the analysis and. interpretation

of the statistical data.

A number of problens arising in nultÍvariate populations

are analogues of problens arising in univariate populations. In the

univarÍate case we nay test the h¡rpothesis that the nean of a variable

has a €Íven va1ue. In the rnultivariate case ïüe ney test the hypo-

thesis that the mean vector is a given vector. Tn the univariate case : . .::":.:.:.':

concerning two samples ïÍe üay test the null hypothesis that the two 
-";""'';."

'.:,.,: :.

populations have the same nean with the sane kno$n or unlÕ1oÌ¡n variance. ' ' , '' -

Analogous to this in the nultivariate case Ís the test of the nutl

h¡rpothesis that the nean vector of one nultivariate no::mal population

is equal to the mean vector of another nultivariate no:mal population ,rr,1 ,i .,,, 'i

with the same known or unÌ¡:own d.ispersion matrix.

Generally a research worker is also faced. with a problen of
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correctly assigling ar¡ irulividual to a class lcror¡¡n to belong to one

of two or rnore classes. This is d.one by obseruing vsrious me&sure-

nents on the indir¡:idua1 followed by en appropriate statistical analysis

of the measureaents. Some neasurements whose rangps for the two

classes are completely d.isjoint are id.eal for classification purposes.

But it generally happens in practice that there is a certain range of

values where individ.ual-s from both classes nay appeal. This prevents

one from being correct in all cases for the classification of an in-

d.ir¡:idua]. If we lcaow the distribution of the characteristics in both

classes ife cs:t d.evise a procedure in which the probabitity of nis-

classification is least.

In the past rnarry years d.ifferent authors have deviseô d.iff-

erent tests ín d.iscriminatory analysis. As a result the research

worker is faced with a problen of choosing the nost suitable procedure

for testing the null hypothesis that the nean vector of one nulti-

variate no:rual population is equal to the mearl vector of another nulti-

variate nonnal populatíon with the sa.me hronn or r¡nktown dispersion matrix.

The problen und.ertaken in this thesis is to find the best testt

€nong Fisherts d.isorininant function, Ilotel}Lng's 12 a¡rd Mahalanobist

^2Ð-, in discrininatory alalysis for the purpose of testing the equality

of the mean vectors in two nultivariate no:mal populations. [he nain

assunptions nade in conpleting the test are that the populationÉt are

nultiveriate nor:mal and have a oonaon d.ispersion natril. Sinilarities

arnong these nethods or tests are investigated, and. a discussion of
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Fisherts classification statistic is nade, eLininating non-discrin-

inating characters, and the best linear conpouad for asslgning a¡x

inùividual to one of the two groups is developed.

An example, using data frorc the Departnent of Entonolory,

is provid.ed. to illustrate the behav:lour anô properties of the tests'

REIÆET¡T OF THE TITffi.ATURE

[he id.ea to generalize the uni-variate analysis of val.iance

technique to the case of the nultivariate is not a recent one. Tbis

subject riray be regard.ed. as beginning with Pearsonrs C2, the co-

efficient of racial likeness. This was a test of divergence between

the two sanples rather than a measure of the actual nagnitud'e of

d.ivergence. The first work to be published on Pearsonts co-

efficient of racial likeness was by Îild'esley (fgZf) 'on Bu:mese skulls'

Wishart (fSee) took up the case of the si-nultar¡eous sanpling distri-

bution of the variances and covariances in the samples frorn multi-

variate no::ual populations. noy (tg39) Aevise¿ some tests for the

significance of the difference in the dispersion natrices of two

nultivariate nornal populatÍons. Bartlett (fgæ) also developed a

test for the equality of dispersion matrices.

Mahalanobis starteð his work on the same subject as he felt

that Pearsonrs coefficíent of racial likeness provided a test of

significance but d.id. not measu¡'e the nagnitud'e of the d'ifference.

Mahalanobis (fgeZ) for¡nd the D2-statistic as an alternative neasure

of the distance which he applied to discuss racial nixtures in Bengal.
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Mabalanobis (fg¡O) gave theoretical forutiLae for tests and measures

of group d.ivergence.

gose (1936) obtained' the exact ùistribution of tne D2-

statistic in the non-null case when both populations have the sane

Isown dispersion ¡oatrix. Bose and noy (f954) sfudentised' the dis-

tribution of the D2-statistic. Fisher (tgZù gave a generalization

2of the D'-statistic for nore than two populations. Further d.evelop-

nent of the theory is due to Rao and Roy (tg+ø-æ, 1948cr Lg4g, 1950).

The distribution of the ratio of D2 calculated on (p+r) characters

?
over D' caleulated on p characters, was fOund by Rao. The test based'

on this is useful in d.ecitLing whether the inclusion of r tsore charact-

ers to p basic characters results Ín a¡r increase in the measure of

dÍvergence between the two populations.

Hotelling (fg¡f) for¡nd. the distribution of the qrrantity T2

for a nuftivariate nornal population which is the natr¡ral extensíon

of Stud,ent t s d.istribution to a sample from a r¡nívariate no::nal popula-

tion. Theorens on the efficiency of the l2-test have been established.

by Hsu (fgfg) a¡d lùa1d (ß$), who have shown th¿t under various con-

ditions no better test is possible.

Fisher (tgZe) introduced d.iscrirair¡ant function a.nalysis and

resolved. the problen of tests of significance in multivariate popu-

lations. He showed that a set of rnultiple úeasurenents nay be used

to provid.e a discrininant function, linear in the obserúations, having
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the property that better tha¡ any other linear function it will d.is-

criminate between any two chosen classesr for example between two

speeies. The problen is reduced to the case of a sj-ngle variate by

using a linear conpound of the several variablesr where the compound-

ing coefficients are chosen to na:rim'i ze the value of the statistic

suitabte for a single variate. Discri-nlnent fi¡-nction analysis can

be used for the classificati-on of an individu¿I Ín to one of trùo

populations provided i,re lcrow the parameters characterizing the two

populatÍons.

Uafd (194{) suggested the use of classification statistics

in situations where such knowledge of paraneters about the popula-

tion is absent. Anderson (rgfr) and Rao (tg>+) also developed. their

classification statistic a¡rd. John (1960) found the exact distribu-

tion of these classification statistics.

DEF'TMTIONS OF TER}{S AND PROCEDURES

The following te:ros a"nd procedr,res ere used throughout the

stu-dy with their definitions end s¡mbolic representation.

Ponula_tion

A populatÍon consists of all possible values of a variable.

It ís generally required that the parameters of the population rnay be

obtained so that the population nay be fully described.

Para.meter

A parameter is usually an ur¡lsrown quantity in the population

whích nay vary over a set of values and which occurs 1n erpressions

defining frequency functions.



Saüpåe

The selectj_on of the part of the population to represent the

whole is heown as samplÍng and. the part selected. j-s hrovrn as the

sa^nple. A sample is obtained for the purpose of stud.ying the charact-

eristics of the population and the inferences about the population

are uiade on the basis of the sample.

Esti¡a,te of a Parameter

'An estjrnate is a paxticular value yielded by an estimator,

wþich in tu:g is a rule or method. of estimating a parameter of a

parent population. The Latter is usually er¡rressed as a function of

sample values.

Statístic

Any fi.rnction of the sÊmF1e values, used as an estirnate of

a parameter of the population, is called' a statistic.

.AritÌtuetic Meari

The arithnetic nean is the arithnetic average and is the

result obtainecl when the sr¡.n of the values of the ind.ividuats in the ,,,,:,',
:::1.::;,1:

d.ata is divid.ed by the number of ind.ividuals Ín the data. The 
,.-,,:,,;,

arithnetic mea¡ is calculated by the use of the formula: ' 
1 

"

n
F--LL.

a=J-
¿E

lL

where X is the sunnation notation.
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Range

The range of a sanple is the difference between the largest

and. the snallest of observations and g:ives sorne id.ea of variability .,,-.'.,,.-.
i':trtr,tr i, rt,' a.'

present.

ltl=xmax-xnin.

Variance

The population variance is th.e average value of the squared

d.eviations of the ind.ividual variates fron the populatÍon mean.

Synbolically it is represented. by o2 and. vrritten as

N* | 1zÀ \lr, -!r/^.-r¿ L=!
v_--_

N

Î¡s sqmFle variarrce is an unbiased. estinate of the popula-

tion varia¡ice and is represented symbolically AV & where

n
- | -\ZÀ \lrj -x,/

.I

^¿ 1=-L
v E- n-t

.' .-:.': .: :' :'

The varj-ance is a neasure of the d.ispersi-on of the variates ,'.',.¡;¡,,,..,'¡.r':,1r':.:::

about the arithmetíc nean. ::'. : i:.: :.: .

_¡t .t. .i. :,. :, .:.

Cglrariance oI Mean Product

The population covaria¡ce is the average of the sun of the

products of deviations¡ of the two variables x-, and. xo from their res-
L ¿ ..:.-:.:: :.:...:

pectj,ve means and is lrritten as ": 
:ì i j :

N
t (*r 

i -pi ) Grr-v2)
¿!LLL

7.

o:.:2 =



The estim¿te of the population value fron the sa.nple is

denoted bv ô.. and synbolically uritten as-L¿

n: | -\ | -\¿ \xli-x: / \xzji-x2l
nZ i=Iorz =-

Standard DeÉation

T}::is is d.efined as the square root of the variance and. is

denoted by o for population and 6 for a sample.

StandarjlError

It is possible to obtain a large number of samples from a

population and it is er¡rected. that the means calculated frora these

samples are subject to ra¡rd.om variation. A measure of this variation

is knoun as the stand.ard error of the sanple arithnetic meano The

variability among ¡neans of randon sa,nples of a given size is related.

to the variability of the parent population by a definite nathemati-

cal relation. If õ_ stands for standarð error of the means of
x

sanples of n indiv:i-duaIs then

--d .,:6
i ¡a-

Erl¡ec_te.d. Value

The erpected value of the function g(x) of a continuous ran-

don variable x whose frequency functi,on is f(x) is given by

rlco
n I e(") l= I e(x) r(x) dx.| | -æL¿



Unbiased Estimate

The statistic
,t\t {rx1r N2 ... 

"rr/

is calIed. an unbiased. estinator of the parameter 6 if

E(t)=e
This definition states that the rarldon variable t

possesses a distribution v¡hose mean is the para"meter 0.

When estimating the mea¡r p of the population we set

t=Ï and find

E(i)

A = 4..
1J

=E*(*rhz...+.")=*|-,

= *[-.p+...*þ]=*'

(=rÞn("r) ... * E(.,,)]

Matrix

An n:rn uatrix is a rectanguler array of real numbers and

is ïritten as

"rr urz " '

azr azz '

@-ln

'¿n

a- a^mt fr¿
oã nn

j = 1r 2 ... trí i = 1, 2 ... ltl.

If m = n then the natrix is called a square roatrix.
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Sun of Two Matrices

If A and. B are both nxr natrices then their sum is de-

fined. as the nsr n¿trix
rlrTrl

A +B = I "t¡l *lot¡l= l"t¡ *ot¡l
LJLILJ

Product of a $atrix by a Real M¡nber

lhe product of a natrix A by a real number x is
rn

xA = A:r = | ra..l
l- 'jl

I{ultiplicatiou of Two l{atrices

If the number of colunns of natrir A is the sa.me as the

number of rows of matrir Br'l
A, =lr*., I j-=1...r¡ j=1 ... mL aJJrlB -l,b*.,-l i=1...m, k=1 ¡.. n

L 'J^l

flm
AxB = 1".. b.. l= x a..b..

L 'J ,"J J-i u ¡r
,AB is a natri-x with r rows a¡rd. n colurnns. If A and B are souare

natrices then .AB I g¿ in general.

Transpose of a Matrix A

r matrix ¿ =l u= =l ," defined. to be

, l- -1 
L .rJ

thenatrixA =lb"=l
L 'JI

where b. , = â". for i=lr ... nr j=I n.r-J Jr-

Syrnnetric Matrix

Matrix A is called. s¡rmietric if

L= I í.t. a..=a..LJ J].
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Vector

A vector

f=
p

x
¿̂

lr,m

with m components can be treáted as a natrix with m rolrfs and one

column. The above natrix operations hoLd. for vectors also.

Transpose of a Vector
t

Transpose of x is nrítten as x arrd. sym.bolically d.enoted as

'f-lr = | =r*, e o. ", ILJ
Id.entity Matfix

[he pxp natrix

10 0...0

oro.o.ol f I
l= lá..1I L "l

0 0 o.. ï

rrhere

á..={'Íf 
'- jl

1r to ir il¡)

is called the identity natrix of order p
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De.9e¡minant of a Square Matrix

If A is a prp natrix then d.eter"minant

o 
| = å (seno)a, o(t)urro(z) ... an, o(l)

where o runs through all pernutations otþ,l, ... P] and'

( t if o is a¡ even pe:mutation
Sgno = {

[-t if o is an odd permutation

Minor of an Elenent

The ro:inor of an elenent tij i* a natrix

r= ["..l
L "'_l

is the d.eterminant of a sub-matrix of A obtained. by d'eletíng the

. th .thi-" row and i--- colunn.

Cofactor of a. 
"

-J

Îhe cofactor of a. = is the nr:mber where
¿J

4., = (-r)i*i x ninor of A*
r-J JrJ

Non-Sinzular Matrix

.å, square natrix A is non-singular if A has arr inverse. We

then have the tbeoren: A square matrix A is non-singUlar if and. only

if lo
Inverse of a Matrix A

ff I ¿ | I O, then there exists a uni-que natrix B such that

AB = BA =f

and. natrix B is ca}Ied. the inverse or reciprocal of matrix A a¡d is

represented uy A-1.
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Suadratic Fo:m

iì
Let A = l..o ., I O" a s¡rrunetric pliry matrix then the fi:nction

L -"J
q(x) ¿ef:-ned on all p-d.iuensional vectors x by 

1,.,.,,,,;.;i.,;.o :.....: .r.:....

e(*) = íoz =_.!,.rij"i*j
it i=l-

is calIed a quadratic forn with natrix A

where í = f*r, x.z ... *ol ';;,:;;',':,';:;,",':"

L* 
I v) 

1

Positive Definite QBad.{atic 5'o::n ,',,::,:: '.:..':

The natrix A and. the quadratic folra associated wíth it are

iefinitewiteqgf A x >O for *lo.

P.osltive Seni-d.efinite Suadratic Folr

rc { I ë )z O for all x then A and the quadratic forn

are hrown as positive sen::i-d-efinite.

Probabili-br Density tr\¡nction

Ïfthereisaprobabi1ityr(x)¿xthatacerta;inva1uexr,ri1t

take values between x and x*dxr then f(x) is calLed a p.d'f. with

properties ,,,.,.r.:.:,,:,t.:i .'
''.. '. i.-ìr.t: ':

rlx)>'o :':::':.'-t*t // .........; ..... . ::.-:. ;:'.

f rl*)dx = 1J * \^'r-lr r -,\ fPlx6a¡= i'\a/ = .l f(x)ax
L J -OÓ

, .,-.¡., 
t.._, 

,:, j:, :

Univariate Sorqgl Density Fwtction i,'..:'r:,':::,:i:,

A ra¡rdon varj-able x of the continuous type (-*<tc<*) is said
2

to be norrua]ly distributed. with mean p and variance d, or briefly

u(p, o2), if it has a p.d..f. o! the type -
f(x)=É., "*L *#l
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MultivarÍate Nornal Density tr\gctíon

À set of p rantion variables (xr, x.2 tt. "n), 
(-*a"r-a"")

is said. to follow a p-variate norrnal d,istribution, or briefly

N(prE), if the joint probability d.ensity function is of the t3'pe

^ | r 1 I r , ( -1,r \x1r x2 x-) = -+, f 1p 
¡gr 

¿¡2¡n/2 exn 
I 
- ä (x - .u') ¡-*(å\-/ 

L

where randon variables xL, *2... xo constitute a random vector,

lc1
J-

x
¿̂

x
p

and p means of the distribution constitute the population nean vector

I1,1

p2

tr'p

-.)]
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X is the population d.ispersion natrix which is positive definite and

s¡rnnetric and written as

ç-

It is also well klomr that

or1 o!2 "'orol-ol
62r ozz " ' %el

o"o'l
opt opz o ' ' onnl

and-

stÄ/ = g

u(¿-E) (¿{
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CHAS{'ER, TI

One of the first problems in discrininatory analysis is

the construction of a srritable function that can be used in dis-

crininating anong two or nore populatious-

FTSffiN. I S DTSCRTT,trNAIVI FI]NCT]ON

It was shor,¡n by Fisher (tgZø) that a set of multiple

measurenents nay be used to prov:id.e a discrimìn¿11f, fiulctionr linear

in the observations, having the property that, better than any other

linear f\rnction, it will d.iscriminate between the two classes when

twO Or more popltlatiOns are measured on several charaeters r-1t X2 ...

lf. ¡
p

lfe shall consid.er the questlon wbât linear firnction of p

variables

X = lrxr+L.t. ... * Ip*p

wiII ma:cinize the ratío of the difference between the class neans to

the stand.ard d.eviation r¡¡:ith:in the classes. llIe nay represent the

d.ifferences between the mea:rs in two samples as

/r \ lc\
d = !\¿/- ;-r-r 'r=LrZ, ...¡ pppp

The suns of squares and products are represented by

,.. =,f'' 
/r\ rr\" rr)- u(r)l# r-!?) -r(z\ (*(2)- ;(^' 

l
-ii - låtili olt)l("5;- *¡-')*år("i/- "i-')\xi".- "-'')) :::':

where n, and nZ ane the sanple sizes fron the two populationst
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ênd. i and j take independent values 1r2, ...r P. fhenfor a linear

functíon X of measurenents, as defined above, the difference between

the means of X in the two classes is
f

D = 1rd.r+1rd2* ... *tnUn

while the varia¡ce witluin the classes is proportional to

, þ Ps = .,1', T=',tt 
tj ttj

The particular linear function which best discriminates be-
i2

tween the classes wilL be one for which the ratio fr is greatest, for

variatíon of the coefficients 1, 1, ... Ip independ.ently of each other.

; ...:L . i:

s
*¿ is a factor constant for p unlmown coefficients.
))

Consequently the required coefficients are

Th:is gives for each I
^t (-' 'u t2S àn-
-t2 t aIs- v

stllr * stzle * "' *utntn

setlt * szzLz * ... *urntn

q 1 -Lq I -L -Lq 1v -¿- ¡ v ^!^ ¡ a.aPJI P¿¿ PPP

I
¿

Ð' adl
ÐJ= "

à s' 
= 

g'àd
ã D'òl

=tr

-A-q2

-^ p

that is



1Q

s^_
¿L

a
nt

L¿

"zz

p¿

ip

¿p

u
pp

I,
t-

1-2

1tlr

\nz

I

oao

aoaoaa

^pl ^p2 ^ppS¡-- S' . . . Þ*-

¿

/l
¿

ì1

d"
l-

d
¿̂

d.p

and"

..+l-d pp

that portion ascribable to

and.

rt

I
¿̂

dL1 s12

s21 s22 aao

slP

ù-

a

1nr

The sigrrificance of this can be tested from the results given

in the analysis of variance table" the total variation ís sub-d'ivid.ed.

into a porti-on that arises fron the effectiveness of the linear fir.nc-

tion and a portion that is ascribable to uncontrolled' sou-rces. The

sum of squares ascribable to the linear function is

rio,- Ç12 Nr*ile

D = lLdt*LZd.Z*.

is the sum of squares with-in the species or

uncontrolled sources"
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Analysis of Variance Table.

Serial Degrees of
a¡mber Source freedom Sun of squares

I Between classes P

2 Wíthin classes nr+nr-n-l X 1.1.S.. = D

An F-test is constructed. by taking the ratio of the nean

sqlrares fron these two sources (tinear function in the n¡merator)

and. if this ratic Ís sign:ificant then one concludes that the firnction

is effective as a discrj:nirunt; otheri,¡ise it is Íneffective.
....:1.: . :.. -..

::t-: : .-:.t i.:: -:i::.:

.:.: a.,:.:.1.

nrn, (tral+...1pdp)2

tr*%
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HOTEI,LING I S T¿-SIATTSIIC FOR TI¡IO-SAMPIE PROBT.,EIq

tfe consid.er tr,ro sets of p-variates

¡"(r) *(r) -lrl. (t\ -(e) *(z)¡ with the followins(lT-', Ei-' ... X;*') and (Xì-', Xà-' ... X;-') with the foll-owit 
,,..,,,,i.:..,,' .,,

assumptions:

1. rt is assumed that each of the ""t" 
(xÍ1) *(r) *(r)1,- , xà-' "' x;-') and

,-(z) -(z) olr).(Xi-', Xà-' ... *;-') has a p-variate nortal distribution with ¡aean 
. ,,

/r \ Ic\
vectors g\'/ *d g\t/ rospectively. ' "'

2. The two sets are ind.ependent of each other ,. 
l ' ' '

5. lhe dispersion matrices of the varj.ates

¿*(r) *(r) ,t" /o\ 
ï!2) -.- x(2)) are of the same order\^1 , ^2 ... 

^;") 
and (xì", ,2 ... ."p t c

/. \ /^\
i.e. x\ti _ E\¿) = E.

The no:rnar population with nean valu*" uÍt), ujt) ... ult)
/- \

and d.ispersion matrix E\r/ i" d.enoted. by population P, a¡d. the no::mal 
i

(c\ 
,, (z) .,(z) ^-.r ¡ì a-^rai ^ñ ñô+F.:--population with mean valuu* pì , þà ' ... p; ', and d'ispersion natrj-x I

(c\
E'-' bJr Pr.

A sa.nple of size n, is drawn fron the population P, and- a . .: 
:

trl\ .'lr.'.j r":.:

snmFle of size n, is drai'rn fron the populationP.. lfe ôenote xii as ".:::::ì::J:':l

,1), and. "Í? "" ' :1' 
'

l- I ¿*

tire¿th observation or "(2) 
(i=1, ... p;d=Ir z ... nr).

Ìfe r,rish to test the nr¡ll hypothesis that the nean vector of

one nultivariate nornal population is equal to the mean vector of the ',,.,',,''.¡..,

other nultivariate norrnal populatÍon where the d:ispersion matrices

are assu&ed. to be equal but ur¡lccown.
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(r)- *(r) --- *(t) be a sample from N(g(]), E(1))Let xi*', *à ... -;1'

(2). *(z) --- '(') be a sample fron r,rlo(e), r(z)r.and xl'' , *à' ... 
"Àz'

(¡(r) = r(z) = E from assumption 5).

;(1) i" distributea r" u(g(r), å x ) and
I

;(2) i" distributea r" ru(g(2), *^ t ).
¿

f\% /r\ 1c\
| =t,l 

(ilrl - Z\') ) is aistributed' accordi-ng to (gr)
J tt*tz

The estinate of the variance covariance is

- f \ /.\ /.\ ¡/,\ /r\ oz 1c\ /c\.. /r\ I
-t)oii = n.+n:z- ) l'. (.Íl)- uit)l (.!i]- ;!1) )*r-t*i2- u!')) (.i?- uÍ') ) I- r z ¡a.=! 

rct r Jc¿ J 'ar:l u J

the R.H,Sr expression being the sr.¡n of the corrected sum of products

for two sa¡lples 'divided by nL * n, - 2'

The esti.:nate of the comnon dispersion natrix E is

s-

a- õ-^... o"--11 L¿ J.p

^^-'o^-Õ^^..oÕô-¿l ¿¿ ¿p

aaao

^^^Õ- õ^... Opr p¿ pp

: .1:..
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The inverse of natrix E is representeô as

î-] =

ô11G12...ô1P
^2! ^22 ^2P'6- 6 . . . 6'

;,'èpz: : :;'

îhen rz = ;--= (E(t)- v?)i Ytn+n*L'*2

is distributed *" T2 with n, * nZ - 2 degree of

The critical region is

ryz _ (n +nr-Z) p F' 7/ffi, Y ^'p,nrþ_!_l

for a given significance ievel.

Ïle nay wrÍte

rz Íl:r:;l' )t rn, nr+n -P-1
\nL+nz-¿)p

(;(r)- ¿(t))

freedom.
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^
T,TAI{AI,ANOBIS' D.-STATISTICS

(r) (r) (r)
lle again consider two sets of p-variates ()(r, X, " ' Xp )

(z) (z) (z)
ana (X, , \ ... Xp ), rnittr the same assrmptions of Hotellingrs

^2I -sfal]-stac.
(r)- *(r)... *(t) be a semple fron ,dt), r(r),Let xl-', *à-'... *rrr' t

"r.¿ *Í2). "!,)... *l') be a sampre fron irllo(z), r(z)¡ and on each in-4¡v ^1 , "2 ... ^o,

ùividual p-measurenents are taken-

The estinate of variance covariance is

I.\ ' {} r.Íl-oÍ')lr.!}-;!',, . i'. t.Í?-uÍ')lt"jf-;j')l Ioij = 
W þ1 

tolo-^i ''-j,- - j a=r '^ia --i "'-j,. )

The estimate of the connon dispersion matrix E

-o-- o-^ õ,IIr:¿...rP
^AÔ'^. 6^^ . . . 6n^'¿L ¿¿ ¿P

aaeaca

F A
O--a O-^ô . I o O--pL p¿ pP

s¡-
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The inverse of natrix 1 i" 
""p"esented 

as

A'l

¡.11 ^L? ¿lpO O . . . O-

^2! ^22 n2þ
O- 6 ó . o O-

^'o1. ^þ2 ¡þþCf. O' . . . O*-

Mahalanobi-sl distance between the two populations as -',-"'l

estimated fron the samples on the basis of p-chåracters is

o2p = (i(1)-r(2)í ¡-t qr(r)-t(z)¡

To test the hypothesis specifying no difference j-n mean

values of the p characters for the two populations with id.entical

d.ispersj-on matrices, the statistic

| -\ ^¿.fI"n^ \n-+h^-P-I/ u^
L¿L¿_-}-

E3t ffi-ztv

ca:: be used. as a varie,nce ratio with p ana (n- * no - p - 1) d.egrees
-J-¿

of freedon.
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4PPTTCAÎ]ON OF IHE PROCÐURES

The ttata used in the analysis ¡qere supplied by Dr. À. G.

Robinson, Departnent of Entomolory, Ulriversity of Manitobar and

consisted of a series of neasurements taken on two species of aphids.

The two species of aphid,s are norphologically sinilar but

occur on d.ifferent host plants. They are both green-ish in colour

and are d.escribed. as d.ifferent species. The speciu" (¿) DactJrnotus

erigerynensis occurs nainty on the host plant Erigeron gg4g¡}æÉ.

The other species (B) Oactynotus richardsi was found on the host

plant Grindelia sqUqrrosa. The measurements on the following charac-

ters were taken by the sane person and recorded. in nillinetreso

*1r Total body leneth

*Zi leneth of the cornicle

*3t Reticulate area of the cor:a:icle

t4, length of cauda

*5, T,eneth of the hind tibia

xri Trength of the a¡tennal segnent V

Table 2-1 shows six measr¡rements on each of the twenty five

aphid.s of species A a¡ð Table 2-2 shows six measurements on each of

the fifteen aph:id.s of the species B. Table 2-J gLves a sr:runary of

the conparison of the estimates of the statistical parameters of

six characters for the two species of aphlds.
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IABLE 2-1 Measurenent4lon Species .4,

xr
o

N,
.+

*5*zxt x-No.

I
2

7

+

tr

6

n
I

R

9

10

11

T2

1q

14

15

J_O

17

18

1q

¿v

2t
22

25

24

25

2.20

2.O+

2.42

2.52

2.18

2.32

2-4o

2.56

2.56

¿.+\)

2.56

2.Q
2-3o

2.5+

2.24

¿.!ö

2.12

2.32

2.32

2.40

2.28

2.12

¿.LO

2.5o

2.72

0.80

0.80

0.90

0.96

0.82
ô Qfr

0.84

O.BB

o.9+

0.84

o.94

0.78

Q.92

O.BB

u.ó¿

o.92

o.g2

o.g2

o.84
.laa

0.78

0.Bo

0.84
tt xx

o.B4

o.52

0.28

u.¿ó

o.72

v.¿ö

0.28

u.¿o

u.10

o.2+

o.12

0.28

Q.¿V

o.26

o.26

Q.¿6

r\zrl

o.24

o.50

0.28

o.24

o.2+

o.24

v.¿o

o.24

o.22

o.36

o.1B

^?a
0.40

^ 
7Ê,

o.36

o.42

o.36

o.42

o.40

0.40

0.rB

u.++

o.42

o.7+

0.40

o.40

0.58

0.40

^ 
76.

o.36

0.40

o.36

o.44

u.ro

L.32

t.44
1trô

L.54

r. ro
1.16

L.+4:
1 Aâ,

r.56
L.42

r.56
1 76,

thh

L.20

1.40

1.60

J.. )b

¡. ?o

r.4?
r.52
r.32
l¡4b

r.52
1.48

r.76

o.3Q

u. ro

^?a
u.20

o.30

o.30

o.5+

o.12

o.32

o.12

o.36

o.14

Vo¿tV

o.16

o.76

^ 
z.Ê.

0.40

^?^

0.12

U.20

o.16

o.32
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Ttßt-E 2-2 Measurements on Species B

x.x-
+

N.7xô
¿

*rNo.

I

¿

z,

4

tr

6

7

B

9

10

11

T2

1Z
L)

t4

1.78

r.g5

2.O2

2.O2

2.O2

2.00

L.74

1.58

1.82

1.93

2.O2

1.84

2.O2

1.82

2.Q2

0.70

o.76

o.72

o.65

U.lO

o.77

o.58

o.52

0.60

0.64

^Áa

u. oo

o.57

o.58

u.oo

0.21

o.24

0.28

o.27

0.24

0.27

0.2r

0.18

Q.20

0.21

v.¿+

0.20

0.18

0.19

o.24

A?Q

0.40

o.42

0.40

o.42

ô q,Q

o.55

O.2B

0.55

o.75

o.37

Q.76

o.t5

o.32

o.77

L.30

r.34

1.72

1.23

L.36

1.40

r.14

1.00

L.20

t.22

L.27

1.18

1.14

1.0?

!.25

o.52

Q.5Z

^?1

o.7r

o"75

Q.35

o.27

o.25

0.28

0.J0

o.7L

o"53

0.28

v.¿o

o.30
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and x, are non-overlapping and. the ranges for characters *3, *4, *j

and xU are overlapping. The nean values for all the characters in

specíes A are larger than those i.:a species B. The dÍfference between

the means of the two species for characters xl, x.t *3, x5r and xU is

significantly dÍfferent at line I/" level, and., if we considêT €. ofio-

tailed. t-test we find. that the ùi-fference between the neans of the two

species for character xO is significant at the 5/o leveL. The var-

iances for all the characters in species A and. in species B are of

the same ord.ero The above info:nratíon is useful in builùing up a dis-

cri¡¡:ir¡ant fi:¡ction.

T'TSHEA. I S D]SCRTMIi\TATilT TIJ-IICNION

lüe begin w-ith a linear functj-on conposed of síx variables

lYt

The ranges in species A and species B for the characters x,

X = lrxr*I rx r+l rxr+I 4* fI j* j*I 6* 6.

IABLE 2-4 Qbserved Means for Two Species a¡rd [heir Difference.(rn.)

character species A species B Differenc* u*(r)-U(z)

tr
l( '̂¿

Í?

x,
+

l¡-5

Xr

2.3432

uoÕoro

o.2664

o.7872

r"+5r2

0.5432

1.9040 0"4392

0.6567 O.2O49

0.2213 0.0451

0.3667 0.0205

t.2267 0.2245

o"3o27 0.0405
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The natrix of pooled. suas of squares and products of sil ¡neasure-

ments, within species is

a-

'ì

0.?101 o.t775 o.o245 O.OB0' O.L595 0.0421

0.L775 0.1548 0.0762 0.05U 0-2066 O'O5M

o.o247 0.0762 0.0760 0.0119 0.0489 0.0084

o.o8o, 0.051? 0.0119 O.O374 O.O?01 o,a?ar

0.1595 0,2066 0.0489 0.0701 0.4082 0.0842

o.o42r o.o5+4 O.OOB4 O,O22r 0.0842 0.0564

[he nr¡merÍcal value of the rnatrix inverse to the ¡natrir S is

2.4g7g -5.0063 2.0476 :3"3179 L.r797 3.4058

-5.0067 N.Ol37 -r4.7r77 -6.8111 -11.0466 -20.9260

2.04-16 -I4.7L77 39.672t -4.3724 -0'1156 13'3944

-3.7L7g -6.8111 -4.3724 56-5083 -0.8781 -L7.25l.6

L.L7g7 -LL.O466 -0.1156 -0.8781 8-6162 -+.2265

3.+O5B -20.9260 t3.7944 -L7.25r6 4.2267 7r.9667



The values of the coefficients in the d.iscrimlnant function are obtained' as follows¡

2.4979 -5.0063 2.0416 -.3.3179 L.r797

-5.0063 4O.OL37 -r4.7r77 --6.8111 -Lr.O466

2.0476 -L4.7r77 59.672L -4-5724 -0.1156

-7.3L79 -6.8111 -4.7724 56,5083 -0.8781

where ¿=l(r)-u(z)

L.r7g7 -11.0466 -0.11-56

3.4058 -20.9260

7.4058

-2O.9260

17.3944

a.4392

.-o.B7B1 8.6L62

17.1944

o.2049

-.L7.2516

.:: ,:l

-L7.2516

o.498394L7

0.0451

-4.2263

-4.2263

r.86917965

0.0205

7¡.9667

o,09974770

o.2245

-2.7874r4+r

0.0405

-0.00536696

-o.57567340

\ñ
H
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Substituting these values of 1, ¡ Lo ... !^ in the d.iscrinina¡t function

we get

JL = x. (o.+ge3g4:r7) + xr(l.8691796ù + L1(0.09974770)
1 :L ¿- 

...:..:....:

- *oQ.lal4r44t) - *r(0.00556696) - *u(o.5756fi4o) ,,,',:'.;:,'.. '

Stm of sqlrâres within the species is

D = 11d1 * IZd"Z * ... * 16d6 = 0.52+72822

Sum of squares between the species is

IL n^ ^ T1.0^
Ë fn _i^)r= "I'-2 (. d + .r d_ - . r2
nli-n2 A ,, ,IãeitroL* t242 "' r 16o6)

= ffi (o.5z47zezz)2 = g.57j (o.Dz47zaz2)2 = z.5st7og73.

T.ABT.,E 2-5 Analysis of Variance lab1e

Source d.f . S.S. i{.S. Ï'.

Between species 6 2.r8I3O975 0.47021828 27.O563r'.x

Tfithin species 33 0"52412822 0.01590085

The obserr¡ed. value of F irith 6 and. 55 degrees of freedon is highly

significant, therefore, we concl-ud.e that the two species are from 
ì:::.r,,:,

populations with d.ifferent mean vectors. :ì ';i" 'i:
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)
MAflÀLAl{oBISr D-

The estinate of the common d,ispersion natrix X is

t =Ëut=ãul tt¡l
LJ

where S is the matrix of pooled. sr¡n of squares and products of six

measurements used in the case of Fisherts discrininant function.

î-1=58s-I =æ[s'i]
The d-istance between the two populations as estimated from

the sa¡nples on the basiÉ of six measurements is

//" \ /a\

where ;\r/-;\a/ -

DZ = 1;(r)- *(2)íE-r ç;(r)-E(t))

o.4392

o.2049

0.0451

0.0205

o.2245

0.0405

_,q



,; =f o.43sz o.zo4g 0.0451 0.0205 o.zz45 o.o4o5l ;-1
"L

o.4592

o.?o4g

0.0451

o.o2o5

I s.2245
I

L 
0.0405

=19.91967236. i. i 
,

To test the h¡4pothesi-s specifling no d.ifferense in mean values :: ' "':':

of the six characters for two populations, with the same ùispersion ':;"t't;',',;:"'"'

matrix, the statistic used. is

*1*z (a+n -r-1) -,!-
\*nz (\*%-rln b

47 1

= 9.575xäx. È (tg.gtgølzsø)
:

= 27.0563 :

Th:ls is ihe variance ratio with 6 anô' 75 degrees of freedomt

found. previouslyr and is significant at tine L/" level of significar¡cet

lvhich shows that the two species 8:'e dralrn fron populations with diff-

erent neår vectors.
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EOTET¡ 'ING' S I--STATISTICS

as in the case of Mahalanobisr D2 the estinate of the

d.ispersion natrix required in Hotetlingrs nethod is

I 'l r- I ,.,"E =;f;S=ãlSr. I r':':
2Õ 'o L "J

where S ís the natrix of pooled sr.m of squares and products of six

ineasurements used in the case of Fisherts discri:uinarit function. 
:,.,,.,,,: ,

Inverse of E is "': ".:":

î-r = 58 s-l = 38 Lrt,]

Hotelrins,s 12 = * 1;(r)-o(z) í ¡-t 1n(r)-;(z)¡
'"L'"2

= ß.yr)Qg'glgqz1a)

rz = LB6.g?,44zBzB

is distributed as T2 with (zS+t>-z) degrees of freedom'

The critical region is

(n *'n J)P
,F " ffi 

Fp' nr+n -n-1

T2
J-,t vt lJ

or 12 * #'*'. uu, ,,
= 27.0563 >Eâ, _6, 

33

This observed. value of F is id.entical to the values of F fou¡d

in the case of the d.iscriminant fimction and in the case of the test on

/
Mehalanobisr D-.
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CHAPTER, IIT

C],A,SSæI CATTON PROCEDURE

The practical utility of the d:iscrìmi¡1¿¡f, fu¡ction X is in

classifying a.n individual having the obserr¡ed measurements into one

of the two groups. Consid.er the problen of classify-rng a given coI-

lection of ind.ividuals as belong:ing to one or the other of the two

populatio* Pl and. P, based on measurements taken on each lnd'ividual

w"ith respect to p-characters. Ìte assune further that the usual assump-

tions necessary for the analysis are satisfiedo

Accord.ing to the nethod. suggested by Fisher (tglø) an ín-

d.ividual- with neasurements *I, *Z o.. xo ís assigned. to P, or P, accord--

ing to whether

/
x

It is to be aoted. that Fisherrs method requires the heowled.ge

/. \ /n\

of -p.\t/, -U.t"' and E. These para.netric values are replaced in the

analysÍs by their estimates which are calculated. frorn the samples.

The fin¿I step in the classification procedi,re is to substitute the

mean values of the p characters j.n

X = 1X-+1^f^*...*1XlJ- ¿¿ pp

r-1 1*(r)-o(r) ) r. tço(r)**(z) i E-l {*(r)*(z),



77.

x /,\ = u(r) t-r 1*(r)-*(e)¡
,,\-Ll
F!

//¡\ ' r. (r) ..(z)rX ¡^r - v\tl E-t 
'.* -r, t

,,\1)
v.

L(t) 
* **(z) 

- l 1o(r)**(z)f ,-r 1*(r)-*(e)¡
¿

This value Ís the partition value for the groups, and er¡ables

us to assign an indjvidual to gf,oup one if the obsenred value of X

exceeds X /, \ + X /"\ ; otherwise the ind.ir¡:idual is assigned. to group two.
,'\J/ ,,\t/l¿ .t¿

2

The value of the fliss¡iminant function obtained. fron the data

on apl::lds by substituting the calculateô values of 11r !2 o.. IU is

x = xr(o.4gl5g4r7) + rr(1.86gL7g6r) + x'(o.ogg7477o)

** 
o(2.7a7 4!44L) - x, (o.oo 5566'q6) - xu( o. 5? 56134.0)

//- \ ,r r.. (r) ..(e) rX /-,\ =È\f/ E- \1¿ -11 t
,.r\t/

- 2.7432 (o.4ga5g4t7) + o.8616 (1.869L796ù + 0.2664 @.oggl+llo)

- o.517z (z.7a74tq41) - 1.45t2 (0.00536696) - 0.5952 (o.SlSø134o)

= 1"52026242

x ¡^r = 1.9040 (O.4ge3g4t?) + 0"0567 (r.e6gr7g6ù + o.22L3 (O.Oggl+llO)
,,\¿lt¿ 

- 0.3667 (z.Ta74t44l) - r.2267 (o.oo55 6696) - o"5o27 þ.n¡øzz+o)

= 0.9955542A



lhe partition value between the two gsoups

x ¿. r* x /.\ 2"51579662

jt'- *t'' = 

-= 

r'2578987L

and- the difference between the mea¡r values that were substituted' into '":'"':t'::'

the discrinina¡rt function i-s

X z-r- X ¡^r = 0"52472822
. \l/ ,,\4/t) F ...

'.'...
The mean sum of squares w'ithin species is

jr. ..:

'..o.jzlTÆZZ = o.or59oog5))
with standard error equal to 0.12609857.

The probability of nisclassification is calculated as

Prob. (Z >rX lr )- f ( c\ * S.E. ) .
,,\t/ u\t/FI

--T--
Th:is probability is obtained fron nortal dístribution tables; i.e.

prr. /-' O.26236+lL)b. lz>rffi = 2,080627)

and the probability of n:isclassification is 1.873%'

Suppose we wish to assi.g¡r an aphid with the folj-owing measure- 
,., ,,r'.,
:-

ments (in run.) on six characters to one of the species: The values 
,.,:,,

xT = 2'OZ x, = 0'65 x, = O'23

rO = O.4O x, = L.23 x, = O.3I

are substituted. into the d.iscriminant fi¡nction &s folIor*s for that in-

dividual x= xr(o.4glig4tl) + xr(t.86gt7g6ù + x5(0.09974t7o)

-xo(2.7a7 +1441) - =r(0.00576696) - *u(0. 5756T40)

with the result that X = 0.94465149. This observed value does not exceed

the partition va1ue, therefore the aphid" is taken as belonging to species B'
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ADDITIo}.IAI INFoB].{AIIoN SUPPT,IED BT 50}18 cHARActERS

one of the problens facing a statisticia¡ in the study of d.is-

criminatory analysis tests is the nature and number of chalacters

which nay be of use in discrininating between the tr'¡o classes. It is

useful to test the significance of the ad.dítion of the d.ista¡ce obtained-

by including extra characters. The particular character or nr:mber of

characters which do not increase the distance between the two classes

in the populations should. not be included. in the function' these

characters should be ignored. as they weaken the test of significarlce.

It was felt at one tÍme that the inore the number of characters wrder

study the better the d.iscri-ninant function. nao (f9+8-]:949l holrever,

consÍd.ered. a particular mod.e1 and showed. that the d.istance fi.¡nction

tend.s to a finite lÍmit with the i-ucrease in the ntrmber of characters.

In classification problens where the measurements are taken for

the purpose of assigning an ind.iviclual to a particular groupr the

error of nisclassification depends upon the d.istance between the two

groups. The ad.d.itionat characters obsenred nay increase the d'istance

to a very little extent and. it nay not be worthwhile to have the measure-

ments on extra characters. suppose initiaLly that we have p characters

and q more characters are ad.d.ed and that sa¡'pIes of n, and n2 individ--

uals are available fron two classes containing measurements on a]l the

If D:+o is of the same order as that of D2' then
p-
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the ratio

1+
nrnz

(1+nr) \"i!"2-z)
n2vprq

R-
"fz nz

'" G;ã;¡qç;-21 up

is about unlty. a,irigb value of this ratio wourd indicate thåt D|+q

is significantly greater tiran Uf so that q characters supply sone

ad.ditional information. tile tctuaf test to use is

n-*n^-p-q-ll_ ¿- - /-,\

---õ--" 
\Ã-r/

The additional d'istance is øpressed as O1*^ - O1'p-rq. P

APPTICÀTTON OF THE PROCEDUR3]

(¿) Suppose we u:ish to lmoi{ the contribution to tha increase in

d.ista:rce by addition of the characters x, and xu to the first four

characters x1r *2, 3, and rU.

Now

t+ffi) rZ

as a variance ratio with q ana (nf+%-p-q-l) degtrees of freedon'

IL-
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,* ry x. D.s3s67256
D't- - 1 - 0,00761415

cI ezc
T+ J',4:( x L9.75836638

)v

The test of significance for the additional two characters

x- and x. is2o
(z>+t5=çz-t) (o.oo?or4r ù = 4 (o,oozor+r5)

= 0.12563347.

The tabular value of F for 2 a¡rd 53 d.egrees of freedon at the

5% probabllity leve1 is 3.285. The calculated value is not signifi-

cant and we can therefore safely elirninate measurements on characters

x- and xr.
:)o

the add.ítional distance is
22

Ð2 - Di, = 19.95967236 - 19.75876658o+
= 0.18150698.

In the calculatÍon of a rev:ised discri^ninant function the new

values of the coefficients onitting measurements on xt and' *6,æu

I, = O"JJ2LO574, IZ = I.64439462,

1- = 0.21004046, L^ =-2.95424693-3+

and. the d.iscrìminarrt fi¡¡rctíon is

x = xr(o.b52ro13Ð + xr(r.64439462) + xr(o.2too4o46)

- xo(2.93424691).

the partition value between the two groups is L.3254J081r and

the probability of mj-sclassification is obtained by referring to tables

of the no:maI distributioni that is to sayt
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Prob. (r r, ffi = 2.15298506)

a¡rd. the probability of uisclassification is L.647%'

(ii) In the calcuLation of a further rer¡:ised fr.mctionr onitting

rc4 we consid.er the first three characters x1r *2, \ with p=5 and.

Q=lr then

R_l = O.35972LAO

theobserv"u"1,,,=ry=35Ñ.35g72IBo=!2.5go261

and. the tabular value of Ftr Sj "t 
ly'" Level = 7.42

with the result that the calculated value of trr 
15 = 12.59 is hiehly

significant. This sieans that the increase in d.istance by includi^ng

xO in the d.:iscrìrninant firnction is highly significaat.

The revised. d.iscrin:inant function using *1, *2 anð, x' onlvt

is

i.cith partition value between the two groups equal t'o 1.52677L92. 
ii,._;,:,,

The probability of nrisclassification obtained as before is ''', '

7.'llv¡1. .'.."i't'.

Discrininant fr.¡nctions usíng other combinations of the p

variables, the estj¡ated. distances between the populations, alrd the

associated. probabilities of nisclassification are sunmariøed in Table 5-1. ,.",,.,,,,,;,



i:+i.'irfii';ii1;iliiïÌììi,{.i'::ìliiyiiìi',,È¡l¡.i4iiiiiiî.iì,#iijiÌi,, i1iii';i,, 1f:ii¡riÌ:;:,:#iiiiri¡iiìïi'itr,ìiii;

TABIE l-1 Probability of misclassification.

Sr.No Char.und.er stud.y Ðist.bet.gpps Prob.of míscL. ín/o

1 xI, xz 15.+36236 7.527

2 x., x2, x7 13.459662 3.7LO

J x!, xZ, x4 L9-7L297l- 1.32:-.

4 x'rxzrt'rr4 19"758366 !.6+7

J xltx2txStx+r*5rx6 J:9-959672 I.87i

Fron [able No. 5-I ít is observed' that the d.iscriminant

function r,¡:i-th characters *!, *2, xO gives the smallest probability of

misclassification. Therefore these characters will form the best

discrininant fi¡rction :

x = r, ( o. 524?1BeB ) ù(, ( r. ?ooo5 4zz) -x o(z 
. gzli49o4)
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A TESI FOR THE SQUAÍ,]TY OF DISPffi,SION I,IATRICES

Consid.er h p-variate normal populations represented. by

sanples. We may think of the first population as represented. by 
...,r,;..1

sïrafiri of points in p-dinensional (cartesian) space centered at a

/r \
point characterizedby a vector -U.tt' tttd d.i-spersed. about this point

/'r \
in an ellipsoidal shape characterized. by the d.ispersion natrix X\-/ 

.,,, 
.1

The second population in the sane p-dimensior¡ål space is also re-

presented by swarn of points which overlaps the first sr¡a¡u to a ', , '

greater or lesser extent.

The second vector of means -È,(2), rrill ín all probability
¡/. \

1ie at sone non-zero distance aïråy fron g\t/ and spread. of swerr neasured.

by ¡\¿/ uÞy or mey not differ fron that of the first slra^r¡n.

Once we have assuned that the p-variates are ðistributed. no:m- 
,

al1y, the v¡ho1e srüErm of points of any population may be replaced by
lr"\ /'-\

!i- - --- -!--^ .. \¡¡l ---r !L - *^!-j -- e\II,/ L-ì a
u.t]e veç u(,.L p ¿,,flu urlti llr¿l ur'¿,¡L L , tL-)-¡ c o

/. \ /o\

,iu ,r""* point to nake is that if x\r/ I {¿l the corres-

ponding ellipsoid. rrrill be oriented in d.ifferent d.irections whether or .......tr,'

not the mean vectors O(1) ard g(2) coincide. ., :,

Genera11yoned'oesnotvisua1izethepossib1edifferencein

dispersíon about the neans but one assumes that the corselation between

any two characters is approx'inratelJr the same in each group. Ur¡fortrm- i.,, ,;

ately there is no criteria available to test the hypothesis ':'::

(r) (z) (t )
ç -t -FL-Uaaa-U/^\ /^\ //^\\¡úi \í/ \ru



though the hy¡rothesis

,(r)_r(z). o ¡ E,(rt) ÏI

can be tested. relatively easily and accurately if all sa.nrples are

p-variate nornal.

If relation (ff) is rejected. because of difference in the

di-spersÍon rnatrices and relation (f) i" accepted by Í.nspection of

the corresponding elements of E(A), the technique given bel-ow based.

on the t¡uth of (ff) is correctly applicable with standard.ization

of the variates. The test of equality of d.ispersion mntricesr

t(r)- x(2) . o o = ¡(1) i* ind.epend.ent of the mea¡ vectors.

If î(1) is the estj-mated dispersion natrix or the 1th

sarnple supposed. to be based. or *(f) observations on p-tuplesr then

^f r \the set Et", I4rZ . . . h is to be conpared with the estinate of

X based on all

The conparison

their d.eterninants. The

ni-r

* = t_*r2 . . e + rtr observations.

of dispersion matrices

reouired test criterion

r I zp.+zp-L I-#J d'ffirt j

and is distributed approrinately as chi-square Ïû'ith (h-1)p(p+t)/Z

d.egrees of freed.on.

is done by conparing

is

-' 
[ '- lî=, ffij
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(i) Consider the test of the equality of d.ispersion natrices

of populatÍons to which the sa.nples of species .4. and species B belong'

I¡et the characters that enter into the di-spersion natrices be xrr x,

and x,î .
T

t;

lr

Ir

(r) 
l=

{z) 
i=

,ä,' 1,,',

,+r' l,('r
,+,'I'

rlr= tã)
z1r

-t].2'

rIr=t%,

.', Ê,(to-"* lzg.zllo)
/â (lo-"x 5r.o69a)
3-- 

(ro-b*r5r0.6195)

required test criterion is

crtl". lir'tl,I
,I |îl"

l. , -6 \ - ,---6 --t-0.09401 
lfr 

t"*ft Q-6x579.31o)+l roe(ro-6x51.0498)

) -n toe (to-6x 15ro.6z)

-36 :ros 24-2t loe 14 + fZ los 5e]

, f ., o.,^oo 
-l 

{ -t"1,ooz x z.loz5e5}'- 
l_""-'-- J L

= 7.469L4o

The table value of Chi-square with

of freedon at the 5/" tevet is t2.592. The observed value

square is not significant arrd" we conclud"e that the sizes

orientation of the concentric d.ensity ellipsoid.s are the

the two species.

of

and.

sane

6 d.egrees

chi-

for
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(ii) Consiôer the test of equality of d.ispersion natrices of

the two populations of species A and species B in the case where

measurements that enter into the dispersion matrices are on the

f"
I{t)f , _

È.{z)l =

l=
criterion

l1
The

1frJt

t2

'+

1-

It

1
24

,ra¿

t-
.81

rfii

(+)

,1r
\ qRl

a6
\ 2Át4T

¿T

"6
\ zet

is

,l
(ro-12* 6866,+g)

(ro-12* +.lo:5Lg)

(ro-12* 67ii7.25)

I
'L'-

r

'L o

= (-1.6524x3.434518) x 2"702585 = 3I.7o1I41.

Tabre value of chi-squa¡e for QtÐþ$.)= 21 degrees of

freedon is 32.67L at the 5/o l,et¡e] . The obserr¡ed value is not sig$i-
/- \ //^\

fica¡rt and we conclude that the d.ispersion natrices ¡\r/ *¿ ¡\¿/

are of the same order. This establishes the validity of assr.mption J

in this treatise that the populations have equal dispersion rnatrices.

six characters x.,, *2, *7, t4, *j, *6.

G(r)

î(z)

required test
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CHAPTER, IV

SUMMARY AI{D CONCT..,T]SIONS

The three proceduresr Fi-sherrs diss¡ìninant functiont
//

MaÏ¡alanobist D' and Hotellingts T', applied. for discriuinatory

a:ralysis differ from eaeh other only by constant nultipliers. But

the test statistic used. i.n each of the three cs,ses is the sa.ne a¡rd

is distributetl as a variance ratio. The assumptions that the two

populations are multivariate nor"nal and. have a co¡n¡non dispersion

matrix are the sa.me Ín both Mahala¡lobíst D2 and. Hotellingts T2.

Fisher originally d.id not assume the equality of dispersion matrices

but he nentioned that if the d.ispersion matrices in the two popula-

tions are different then the probability of nisclassification would.

be little nore tha¡ the calculated. value. If one is interested.

nainly in testing the hypothesis that the nean vector of one nulti-

variate normal population is the sarûe as that of the other nultívar-

iate no:roal population with id.entical dispersion natrices then arSr

of the three tests are equally good,

The id.ea of includ.ing the naxi-üun n¡mber of characters in

forming a d.iscrirnìnant function is not a convincing one, as the in-

crease in the number of characters does not always have ninim¡m proba-

bility of raisclassification; however, there is always an increase in

the d.istance between the two populations. It is due to the fact that

some of the ad.ditional characters includ.ed. increase the mea¡ sum of

squares within the species as well as the mean su¡n of squares between

the species but the latter sum of squares is not increased. as much as

the fo:roer.
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Ifaresearchworkerisinterestedbothintestíngthe

h¡pothesis of equality of mea¡r vectors in two nultivariate no::rna].

populationsandinclassifyirrgindividualsintooneofthetwonultÍ-

variate no:maI populations, then Físherrs dÍscrininant function is an

id.eal 0ne. It was felt before that Fisherts discriminant function in
2

conbination with Mahalanobist D¿ is useful for finding the best dis-

criminar¡t function with optimr¡m number of characters to be included'

The characters which do not contribute sigrificantly to the increase

in ðístance between two populations can be elimìn¿teô. This is done

byapplyingRaotstestofsignificslceforanincreaseind.istarrce

by includ.ing ad.ditional characters to the existing characters' Even

by using this technique we nay not achieve the objective of forming

the best tliscrj-ninant fi¡r¡ction trith uiuim¡n probability of nisclassi-

fication.

Perhapsithasnotbeenobservedbeforethatwecanforln

the best d.iscrimjnant fi.r^nction nithout applyrng Mah¿lanobisr D2. The

probability of nisclassification can be calculated by forring discrin-

inant fr¡nctions ïrith d.ifferent conbirations of particular characters

and the discrimjna¡rt fr¡nction having the smallest probability of nis-

classification r,rould. be selected as the best d.iscriruinant firnction.

In cor¡nection with the example fron the Departnent of Enton-

olog¡r it was obssr¡ed thst the best discrimìns¡! fr.mction is folroed by

the ch¿racters:

x':totalbodylength.*2,lengthofthecornicle.xo:lensthofcauda.
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If one r¡rishes to coustruct the fliss3iminanf, function for the

purpose of classifying nember€¡ in these speeies then the varÍables on

wh:ich the neasurements should be taken Êre x1r x2 and x4' These

characters do not have the ¡o¡exinr.rm d.ista¡ce between the two species

but they d.o give rise to a discri¡uinent function with the nini¡aun

probability of uisclassification.

In concluÉioïr, we feel that Fisherts discrirnjnernt function

is an ideal one because Ít is not only useful for discrimi¡¡¿li¡¡g

between two species but cen also be utilized for forroing the best dis-

crin:inent function with ninirmrm probability of rnisclassificationr Pro-

¡nid.ed. the assumption of equality of d.ispersion matrices in the two

populations is satisfied.
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