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ABSTRACT

An experimenter is generally concerned with the problem of
deciding whether the two populations are different with regard to the
measurements on individuals in several characters. Some tests that
were developed for this purpose are examined with the object of evaluat-
ing differences among them, and also with the view of determining their
applicebility in a taxonomic problem. The following procedures on
discriminatory analysis were spplied to the data from the department
of Entomology on two species of aphids to test the null hypothesis
that the mean vector of one multivariate normal population is equal to
the mean vector of another multivariate normal population assuming
that both the populations have & common dispersion matrix:

(1) Fisher's discriminant function

(2) Hotelling's T°

(3) Mahalanobis' D

These stafistics differ from each other by a constant multi-
plier but the test statistic in each case is the same and is distributed
as a variance ratio.

In classifying an individual having the observed measurements
to one of the two species, Fisher's classification procedure has been
used. Measurements on characters which do not contribute significantly
to the increase in distance between the two populations were eliminated
by using Rao's test and the best discriminant function was formed with
measurements on the characters; total body length, length of the cornicle

and length of cauda.




The most striking observation of the study is that we can

form the best discriminant function for classification even without
applying Rao!s test and using only Fisher's discriminant function.
This is achieved by forming discriminant functions with different
combinations of characters, and the discriminant function formed in-
cluding those particular characters which has the minimum probability
of misclassification is the best discriminant function.

As a final operation the assumption of the equality of the
dispersion matrices in the two populations was tested and the assump-

tion was confirmed..




CHAPTER I.

INTRODUCTION

Research workers are often concerned with the statisti-
cal analysis of data that consist of sets of measurements on a
number of individuals or objects. The mathematical model on which
the analysis is based is known as the multivariate normal distri-
bution or a combination of multivariate normal distributions.

Multivariate analysis not only provides a new field of
development for mathematical theory but is also an important tool
in the hands of research workers for the analysis and interpretation
of the statistical data.

A number of problems arising in multivariate populations
are analogues of problems arising in univariate populations. In the
univariate case we may test the hypothesis that the mean of a variable
has a given value. In the multivariate case we may test the hypo-
thesis that the mean vector is a given vector. In the univariate case
concerning two samples we may test the null hypothesis that the two
populations have the ssme mean with the seame known or unknown veriance.
Analogous to this in the multivariate case is the test of the mull
hypothesis that the mean vector of one multivariate normal population
is equal to the mean vector of another multivariate normal population
with the seme known or unknown dispersion matrix.

Generally a research worker is also faced with a problem of
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correctly assigning an individual to a class known to belong to one
of two or more classes. This is done by observing various measure-
ments on the individual followed by an appropriate statistical analysis
of the measurements. Some measurements whose ranges for the two
classes are completely disjoint are ideal for classification purposes.
But it generally happens in practice that there is a certain range of
values where individuals from both classes may appear. This prevents
one from being correct in all cases for the classification of an in-
dividual. If we know the distribution of the characteristics in both
classes we can devise a procedure in which the probability of mis-
classification is least.

In the past many years different authors have devised diff-
erent tests in discriminatory analysis. As a result the research
worker is faced with a problem of choosing the most suitable procedure
for testing the null hypothesis that the mean vector of one multi-
variate normal population is equal to the mean vector of another multi-
variate normal population with the same known or unknown dispersion matrix.

The problem undertaken in this thesis is to find the best test,
among Fisher's discriminant function, Hotelling's T2 and Mshalanobis'
D2, in discriminatory analysis for the purpose of testing the equality
of the mean vectors in two multivariate normal populations. The main
assumptions made in completing the test are that the populations are
multivariate normsl and have a common dispersion matrix. Similarities

among these methods or tests are investigated, and a discussion of
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Tisher's classification statistic is made, eliminating non-discrim-
inating characters, and the best lineer compound for assigning an
individusl to one of the two groups is developed.

An example, using data from the Department of Entomology,

is provided to illustrate the behaviour and properties of the tests.

REVIEW OF THE LITERATURE

The idea to generalize the univariate analysis of variance
technique to the case of the multivariate is not a recent one., This
subject may be regarded as beginning with Pearson's C2, the co-
efficient of racial likeness. This was a test of divergence between
the two samples rather than a measure of the actual magnitude of
divergence. The first work to be published on Pearson's co-
efficient‘of racial likeness was by Tildesley (1921)¢Qn Burmese skulls.
Wishart (1928) took up the case of the simultaneous sampling distri-
bution of the variances and covariances in the seamples from multi-
variate normal populations. Roy (1939) devised some tests for the
significance of the difference in the dispersion matrices of two
multivariate normal populations. Bartlett (1938) also developed a
test for the'equality of dispersion matrices.

Mahalanobis started his work on the same subject as he felt
that Pearson's coefficient of racial likeness provided a test of
significance but did not measure the magnitude of the difference.
Mahalanobis (1927) found the D2-statistic as an alternative measure

of the distance which he applied to discuss racial mixtures in Bengal.
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Mahalanobis (1930) géve theoretical formulae for tests and measures
of group divergence.

Bose (1936) obtained the exact distribution of the p°-
statistic in the non-null case when both populations have the same
known dispersion matrix. Bose and Roy (1938) studentised the dis-
tribution of the D2-statistic. Fisher (1936) gave a generalization
of the D2—statistic for more than two populations. Further develop-
ment of the theory is due to Rao and Roy (1946-48, 1948c, 1949, 1950).
The distribution of the ratio of D2 calculated on (p+r) characters
over D2 calculated on p characters, was found by Rao. The test based
on this is useful in dec¢iding whether the inclusion of r more charact-
ers to p basic characters results in an increase in the measure of
dlvergence between the two populationse.

Hotelling (1931) found the distribution of the quantity T2
for a multivariate normsl population which is the natural extension
of Student's distribution to a sample from a univariate normal popula-
tion. Theorems on the efficiency of the Tz-test have been established
by Hsu (19%8) and Wald (1943), who have shown that under various con-
ditions no better test is possible.

Fisher (1936) introduced discriminant function analysis and
resolved the problem of tests of significance in mltivariate popuw
lations. He showed that a set of multiple measurements may be used

to provide a discriminant function, linear in the observations, having
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the property that better than any other linear function it will dis-
criminate between any two chosen classes, for example between two
species. The problem is reduced to the case of a single variate by
using a linear compound of the several varisbles, where the compound-
ing coefficients are chosen to maximize the value of the statistic
suitable for a single variate. Discriminant function enalysis can
be used for the classification of an individual in to one of two
populations provided we know the parameters characterizing the two
populations.

Wald (1944) suggested the use of classification statistics
in situations where such knowledge of parameters about the popula-
tion is absent. Anderson (1951) and Rao (1954) also developed their
classification statistic and John (1960) found the exact distribu-

tion of these classification statistics.

DEFINITIONS OF TERMS AND PROCEDURES

The following terms and procedures are used thfoughout the
study with their definitions and symbolic representétion.
Poguiationv

A population consists of all poésible values of a variable,
It is generally required that the parameters of the population may be
obtained so that the population may be fully described.
Parameter

A paresmeter is usually an unknown quantity in the population
which mey vary over a set of values and which occurs in expressions

defining frequency functions.




Sguple
The selection of the part of the population to represent the

whole is known as sampling and the part selected is known as the
semple. A sample is obtained for the purpose of studying the charact-
eristics of the population and the inferences about the population
are made on the basis of the sample.

Estimate of a Parameter

An estimate is a particular value yielded by an estimator,
which in turn is a rule or method of estimating a peremeter of a
parent population. The latter is usually expressed as a function of
sample values,
Statistic

Any function of the sample values, used as an estimate of
a parameter of the population, is called a statistic.

Arithmetic Mean

The arithmetic mean is the arithmetic average and is the
result obtained when the sum of the values of the individuals in the
date is divided by the number of individuals in the data. The

arithmetic mean is calculated by the use of the formula:

n

z xi
i=1

n

X=

where £ is the summation notation.




Te

Renge

The range of a sample is the difference between the largest

and the smallest of observations and gives some idea of variability
present.
W = x max - x min.
Variance
The population variance is the average value of the squared
deviations of the individual variates from the population mean.

Symbolically it is represented by 02 end written as

N
2
02 i=1
N

The sample variance is an unbiased estimate of the popula~
tion variance and is represented symbolically by-82 where

n
b (xi-i)2
62 _i=1

n-1
The variasnce is & measure of the dispersion of the variates
about the arithmetic mean.

Covariance or Mean Product

The population covariance is the average of the sum of the

products of deviations of the two variables x, and X, from their res-

1

pective means and is written as

N
z (b)) (rypg-a)
i=1

12 N
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The estimate of the population value from the sample is
denoted by 312 and symbolically written as
n
I (xp-F)) (x5%)

A2 =l
010 =

Nl

Standard Deviation

This is defined as the square root of the variance and is
denoted by ¢ for population and G for a sample.

Standard Error

It is possible to obtain a large number of samples from a
population and it is expected that the means calculated from these
samples are subject to random variation. A measure of this variation
is known as the standard error of the sample arithmetic mean. The
variability among means of random samples of a given size is related
to the variability of the parent population by a definite mathemati-
cal relation., If 6_ stands for standard error of the means of

X

samples of n individuals then

~
(¢
X

jay

.

Expected Value

The expected value of the function g(x) of a continuous ran-

dom varieble x whose frequency function is f(x) is given by

E [g(X)] = [ elx) £(x) ax.
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Unbiased Estimate

The statistic

t (Xl’ x2 ace xn)

is called an unbiased estimator of the parameter 6 if
E(t) =6

This definition states that the random variable t

possesses a distribution whose mean is the parameter ©.

When estimating the mean p of the population we set

t=x and find

n
[u+u+m+u]=u

An mxn matrix is g rectangular array of real numbers and

B(x) = E% (xl+x2 vee %) =-3;- E (xl%E(xg) cee E(xn)]

H]

il 1]

Matrix

ig written as

A = a,. =
lJ * . . . - L
B 8o e e e 2
ij=1,2 e.a n; i=1,2 ... m
If mw = n then the matrix is called a square matrix.




Sum of Two Matrices
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If A and B are both mxn matrices then their sum is de-

fined as the mxn matrix

von = ag] ]

Product of & Matrix by a Real Number

The product of a matrix A by a real number x is

xA Ax

[

Multiplication of Two Matrices

If the number of columns of matrix A is the same as the

number of rows of _matrix B
A:_aij] i=1...1r, jJ=1 00 m
B
B = 'ijk] j=1...m k=1 ... 1
i nm
AxB = aij bjk = §=laijbjk

- -

AB is a matrix with r rows and n columns.

matrices then AB ;é BA in genersl.

Transpose of a Matrix A

If A and B are square

The transpose of the mxn matrix A =[ e‘i,j] is defined to be

the matrix & =lb. ]
i3

where b.. = a,. for i=l, ... n,
ij Ji

Symmetric Matrix

=1

IR )

o,

Matrix A is called symmetric if

7/
A=A i.e. a, .=a,,
ij i
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A vector
- "
)
g=| "
| " |

with m components can be treated -'as a matrix with m rows and one
column. The sbove matrix operations hold for vectors also.

Transpose of a Vector

/
Transpose of x is written as x and symbolically denoted as

/—_
E"‘ Xlxz o o e Xm

Tdentity Matrix

The pxp matrix
- -1 K
1 00 «44 O o

010 ...20

where

i

1 if i=j
. |
do o if 1i#;

is called the identity matrix of order p
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Determinant of a Square Matrix

If A is a pxp matrix then determinant

A=

A l: g (Sgnc)al,c(l)az,G(Z) cee ap,d(p)

where ¢ runs through all permutations of{_l,2, vee p} and
"1 if o is an even permutation
Sgno =
-1 if ¢ is an odd permutation

Minor of an Element

The minor of an element ai,j in a matrix

is the determinant of a sub-matrix of A obtained by deleting the

:‘Lth row and jth column.,

Cofactor of a, .
-2 5

The cofactor of aij is the number where

A, = (-1):"4_j x minor of A..
ij 1d

Non-Singular Matrix

4 square matrix A is non-singular if A has an inverse. We

then have the theorem: A square matrix A is non-singular if and only

if
|A £ 0

Inverse of a Matrix A

If |4 ;4 0, then there exists a unique matrix B such that

AB = BA 1

i

and matrix B is called the inverse or reciprocal of matrix A and is

represented by A"l .
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Quadratic Form

Let A = [ai,j j|"be a symmetric pxp matrix then the function

Q(x) defined on all p-dimensional vectors x by

D
x) = ¥ 4x = %

ai.xix.
i,9=1 0 1Y

is called a quadratic form with matrix A

I ! =lx
wiaere 2{_ - 1,X2 LN ] Xp )

Positive Definite Quadratic Form

The matrix A and the quadratic form associated with it are
called positive definite when £ 4 x > O for x# 0.

Pogitive Semi-definite Quadratic Form

1r ¥ A x ) O for all x then A and the quadratic form
are known as positive semi-definite.

Probebility Density Function

If there is a probability f£(x)dx that a certein value x will
take values between x and x+dx, then f(x) is called a p.d.f. with
properties

f(x) >/O

i fw f(x)dx

P[xea]

Univariate Normal Density Function

1

]

Fa) =_°f°a £(x)ax

A random veriable x of the continuous type ("°°< x<°°) is said
4o be normally distributed with mean p and variance 62, or briefly

N(y, 62), if it has a p.d.f. of the type

£(x) = i expl__(z:-_uf.

J2T o 5 62




Multivariate Normal Density Function

A set of p random variables (xl, X, tee xp), f°°<zi<f”)

is said to follow a p-variate

W(y, %), if the joint probability density function is of the type

1 1
f (Xl, Xy oo Xp) =W(2)P/2 exp --2-(

where random varisbles X %,

I
i

e

and p means of the distribution constitute the population mean vector

normal distribution, or briefly

oos xp constitute a random vector,

-]

XPJ

s}

Ho

x-p) £z -p




¥ is the population dispersion matrix

symmetric and written as

%1 %12

%1 %2
¥y =

O’pl O'p2 .

L

It is also well known that
E(x) = p

and

which is positive definite and

/

ip

2p

o
PP

BxE) (zX)=1I.




16.

CHAPTER II
One of the first problems in discriminatory analysis is
the construction of a suitable function that can be used in dis-

criminating among two or more populations.

FISHER'S DISCRIMINANT FUNCTION
It was shown by Fisher (1936) that a set of multiple
measurements may be used to provide a discriminant function, linear
in the observations, having the property that, better than any other
linear function, it will discriminate between the two classes when
two or more populations are measured on several characters X1y Xy eee

X -
»

We shall consider the question what linear function of p

variables

X = 1lxl+12x2 ees T 1pxp

will maximize the ratio of the difference between the class means to
the standard deviation within the classes. We may represent the
differences between the means in two samples as

d = E(l)— }-ZI()Z) P=L2; evey P

p b

The sums of squares and products are represented by
n n,

) Sy, (D) 2y @) 2(@)y ) £(2)

sij_{z"gm_ G- 2 - 576 2

where oy and n, are the sample sizes from the two populations,
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and i and j teke independent values 1,2, ..., p. Then for a linear

function X of measurements, as defined above, the difference between

the means of X in the two classes is

/

D = lldl+12d2+ coe +lpdp

while the variance within the classes is proportional to

’ PP
§ =% % 1, 1,8
i=1 =1t 9 M

The particular linear function which best discriminates be-
72

tween the classes will be one for which the ratio %v is greatest, for

variation of the coefficients 11 l2 see 1p independently of each other.

that is

This gives for each 1
’, /
v {28 av’- v 28l _
§2 ol 1|~
las =§_/§‘_9-/
221 D 31

S . ..
v is a factor constant for p unknown coefficients.

Consequently the required coefficients are

82111 8,51, + eas +sgp1p = d,
S .1, +S8S 1.+ e.e 51 =4
pll p272 pp P P
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_ T _ -
S Spp + o+ e Sy 1 4
Syy Spp o ¢ o Sy 1, 4,
S. S, « « . 8 1 a
pl "p2 PP P i
L 4L ] L i
and
] 1 1 .12 1 17,
P
1 gl g% . . . s 4
. 21 22 2p
1, s 8~ ., . . 8 d,
1 -2 B P
P P
L. o

The significance of this can be tested from the results given
in the analysis of variance teble. The total variation is sub-divided
into a portion that arises from the effectiveness of the linear func-
tion and a portion that is ascribable to uncontrolled sources. The
sum of squares ascribable to the linear function is

(-‘ 82 nln

X~ X5) 2 and
N
148l

+ . -
dl + 126.2 . + lpdp

/

D = 11

is the sum of squares within the species or that portion ascribable to

uncontrolled sources.




Analysis

of Variance Table.

19.

Serial Degrees of
mmber Source freedom Sum of squares
1 Between classes P nn, (l.d+...14d )2
172 Y711 7"
nl+:r12
’
2 Within classes n. +n,.,-p-1 £1,1.8..=1D
172 i7571]

An P-test is constructed by taking the ratio of the mean

squares from these two sources (linear function in the numerator)

and if this ratic is significant then one concludes that the function

is effective as a discriminant; otherwise it is ineffective.
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HOTELLING'S TZ-STATISTIC FOR TWO-SAMPLE PROBLEM

We consider two sets of p-variates

(1) (1) (1) (2) (2) (2) ) . .
(Xi » Xyt e Ky ) and (Xl » X7 e Xy ) with the following
assumptions:

1. Tt is assumed that each of the sets (xil), xél) .. xél)) and

(ng)’ Xéz) cee Xéz)) has a p-variate normal distribution with mean

vectors_E(l) and.g(z) respectively.
2 The two sets are independent of each other.
3. The dispersion matrices of the variates

(X&l), Xél) ces Xél)) and (X§2), Xég) ces Xéz)) are of the same order

e, M 2@ oy

The normal population with mean values P

(1)

@ Q@
P

1 ’ IJ'2 bl
is denoted by population Pl and the normal

(2)  (2) (2)
1

s Mo T ese pP , and dispersion matrix

and dispersion matrix X

population with mean values |

(2)
z by P2. \
A sample of size n, is drawn from the population Pl and a
sample of size n, is drawn from the population P2. We denote xgiz as

(i=1,2 ... p3e=1,2 ... nl), and x§2> as

the d.th observation of x(]') S

i

theokth observation of x§2)

(i=1, ... p3d=1,2 ... n2).
We wish to test the null hypothesis that the mean vector of
one multivariate normal population is equal to the mean vector of the

other multivariate normal populstion where the dispersion matrices

are assumed to be equal but unknown.




(1) (1)
2

ees X be a sample from N(B
M
and X§2)’ xgz) ces xéi)

Let xgl), X (1), Z(l))

be a sample from N(g

(2(1) = 2(2) = I from assumption 3).
(1) i gistributed as N(p_(l), Z3) am
1

@) 15y,

2(2) is distributed as N(p‘“’, =
2

n.n
Lz (E(l) -‘2(2)) is distributed according to (0,Z)

n,tn, =

The estimste of the variance covariance is

. LT ) @) s@)2(2) =(2)y,(2)
°ij='£'1¢£{2':2" le("ia"xi )(qu'xj )+§:__:§Xict" %3 )(ont

(2)’ 2(2))_

21,

=(2)
)

the R.H.S. expression being the sum of the corrected sum of products

for two samples.divided by n, + 1, - 2.

The estimate of the common dispersion matrix I is

- -
~ A~ ~
%13 %2 ¢+ ¢ 3
01 Opp et 0 %y

)}
I

o>
?

(¢}
pl "p2 pp




~
The inverse of matrix I is represented as

~11 312 L. . GIP
,&21 822 . . . A2p
Tla
L P2, ., P
n.n ’ .
men 1 = L2 (5(1)_ @)y (g1 ()
nl+n2 — - - -

is distributed as T2 with n, + n, - 2 degree of freedom.

The critical region is

2 (n,+n,~2)
nl+n2-p-1 172

for a given significance level.

We may write

72 (nym,-p-1)

( nl+n2-2 ) jo

> FP ’ nl+n2-p-l

22,
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MAHATANOBIS' DZ-STATISTICS

| (1 () (1)
We again consider two sets of p-variates (Xl, X2 oo X )

jY
(2) (2) (2)

and (Xl s X2 oo Xp ), with the same assumptions of Hotelling's

Tz_statistic.
gl), xél)... xr(ll) be a sample from N(_g_(l), Z(l))
1

Let x

and x;(Lz)' Xéz)"' 1(12) be a sample from N(_E_(Z), 2(2)) and on each ine
2

dividual p-measurements are taken.

The estimate of variance covariance is

S T (N C N O G AR O ORI
17~ =1 T F Jet J a=l] 1 J 3

The estimate of the common dispersion matrix I

™Y
i
Q)

Y
o
)

i “p1 %p2 “pp
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—~
The inverse of matrix I is represented as

sl £12 slp

i

Mahalanobis! distance between the two populations as

estimated from the samples on the basis of p-characters is

e = M@y 51 @ 52

To test the hypothesis specifying no difference in mean
values of the p characters for the two populations with identical

dispersion matrices, the statistic

2
+ - -

nl n2 (n1 n2 P l) pp
o+, +n, - 2) p

can be used as a variance ratio with p and (n1 + n, - P - 1) degrees

of freedomn.
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APPLICATION OF THE PROCEDURES
The data used in the analysis were supplied by Dr. A. G.
Robinson, Department of Entomology, University of Manitoba, and
consisted of a series of measurements tsken on two specles of aphids.
The two species of aphids are morphologically similar but
occur on different host plants. They are both greenish in colour
and are described as different species. The species (a) Dactynotus

erigeronensis occurs mainly on the host plant Erigeron canadensis.

The other species (B) Dactynotus richardsi was found on the host

plant Grindelia squarrosa. The measurements on the following charac-

ters were taken by the same person and recorded in millimetres.

X3 Total body length

X5t Length of the cormicle

X5 Reticulate area of the cornicle
x4: Length of cauda

x5: Length of the hind tibia

Xt Length of the antennal segment V

Table 2-1 shows six measurements on each of the twenty five
aphids of species A and Table 2-2 shows six measurements on each of
the fifteen aphids of the species B. Table 2-3 gives a summary of
the comparison of the estimates of the statistical parameters of

gix characters for the two species of aphids.
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TABLE 2-1 Measurementy/on Species A
No. Xl %, x3 X 4 x5 Xe
1 2.20 0.80 0.32 0.36 1.32 0.30
2 2.04 0.80 0.28 0.38 1.44 0.36
3 2.42 0.90 0.28 0.%8 1.50 0.38
4 2.52 0.96 0.32 0.40 1.54 0.36
5 2.18 0.82 0.28 0.36 1.36 0.30
6 2.32 0.80 0.28 0.36 1.36 0.30
7 2.40 0.84 0.26 0.42 lo44 - 0.34
8 2.56 0.88 0.26 0.36 1.46 0.32
9 2.56 0.94 0.24 0.42 1.56 0.32
10 2.40 0.84 0.32 0.40 1.42 0.32
11 - 2.56 0.94 0.28 0.40 1.56 0.36
12 2.42 0.78 0.20 0.38 1.36 0.34
13 2.30 0.92 0.26 0.44 1.56 0.40
14 2.54 0.88 0.26 0.42 1.20 0.36
i5 2.24 0.82 0.26 0.34 1.40 0.30
16 2.18 0.92 0.30 0.40 1.60 0.38
17 2.32 0.92 0.24 0.40 1.56 0.36
18 2.32 0.92 0.30 0.38 1.56 0.36
19 2.32 0.84 0.28 0.40 1.42 0.36
20 2.40 0.88 0.24 0.36 1.52 0.40
21 2.28 0.78 - 0.24 0.36 1.52 0.30
22 2.32 0.80 0.24 0.40 1.46 0.32
23 2.16 0.84 C.26 0.36 1.52 0.36
24 2.30 0.88 0.24 0.44 1.48 0.36
25 ,2°32 0.84 0.22 0.36 1.36 0.32
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TABLE 2-2 Measurements on Species B

No. z; X, X X, xg %o
1 1.78 0.70 0.21 0.38 1.30 0.32
2 1.93 0.76 0.24 0.40 1.34 Q32
3 2.02 0.72 0.28 0.42 1.32 0.31
4 2.02 0.65 0.23 0.40 1.23 0.31
2.02 0.76 0.24 0.42 1.36 0.35

6 2.00 .77 0.27 0.38 1.40 0.35
7 1.74 0.58 0.21 0.35 1.14 0.27
8 1.58 0.52 0.18 0.28 1.00 0.25
9 1.82 0.60 0.20 0.35 1.20 0.28
10 1.93 0.64 0.21 0.35 1.22 0.30
11 2.02 0.68 0.24 0.37 1.27 0.31
12 1.84 0.66 0.20 0.36 1.18 0.33
13 2.02 0.57 0.18 0.35 1.14 0.28
14 1.82 0.58 0.19 0.32 1.07 0.26
15 2.02 0.66 0.24 0.37 1.23 0.30
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The ranges in species A and species B for the characters X
and x, are non-overlapping and the ranges for characters XB, x4, x5
and X are overlapping. The mean values for all the characters in
species A are_larger than those in species B. The difference between
the means of the two species for characters X1y Zp x3, x5, and Xe is
significantly different at the 1% level, and, if we consider a one-
tailed t-test we find that the difference between the means of the two
species for character X, is significant at the 5% level. The var-
iances for all the characters in species 4 and in species B are of
the same order. The above information is useful in building up a dis-
criminant function.

FISHER'S DISCRIMINANT FUNCTION
We begin with a linear function composed of six variables
X=1x+1.x x +1 x +1_x_+1

1% %o gxa X Xl X

TABIE 2-4 Observed Means for Two Species and Their Difference.(mm.)

(1) ()

. Character Species A Species B Difference d=x
x; 243432 1.9040 0.4392
X, 0.8616 0.6567 0.2049
X3 0.2664 0.2213 0.0451
Xy 0.3872 0.3667 0,0205
X 1.4512 1.2267 0.2245

(o) B O 1]

0.3432 0,3027 0.0405
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The matrix of pooled sums of squares and products of six measure-

ments, within species is

e

0,7101
0.1775
0.0243
0.0803
0.1595

0.0421

0.1775
0.1548
0.0362
0.0517
0.2066

0.0544

0.0243
0.0362
0.0360
0.0119
0.0489

0.0084

0.0803
0.0517
0.0119
0.0374
0.0701

0.0221

0.1595
0.2066
0.0489
0,0701
0.4082

0.0842

0.0421
0.0544
0.0084
0.0221
0.0842

0.0364

The numericsl value of the matrix inverse to the matrix S is

2.4979
~5.0063
a1 2.0476
~3.3179

1.1797

bt

3.4058

~5.0063
40.0137
~14.. 7177
-6.8111
-11.0466

-20.9260

2.0476
-14.7177
39.6721
~4.3724
-0.1156

13.3944

-3.3179
-6.8111
~4.3724
5645083
-0.8781

-17.2516

1.1797
-11.0466
-0.1156
-0.8781
18,6162

~4.2263

3.4058
-20.9260
13.3944
-17.2516
-4.,2263

71.9667




The values of the coefficients in the discriminant function are obtained as follows:

1= S":L 4 where 4 = _1__:_(1) - 2(2)

e - _ . _ s - —
1l 2.4979 -5.0063 2.0476 -3.3179 1.1797 3.4058 0.4392 0.49839417
12 -5.0063 40,0137 ~14.7177 -6,8111 -11.,0466 -20.9260 0.2049 1.86917965
13 2.0476 ~14.7177 39.6721 -4.3724 ~0,1156 13,3944 0.0451 0409974770
1 4 -3,3179 -~6,8111 -4.5724 56,.508% -0.8781 ~17.2516 0.0205 -2+ 18741441
l5 1.1797 ~11.0466 ~0.1156 -0.8781 8.6162 —4.2263- 0.2245 | -0.005%6696
16 3.4058 -20.9260 13.3944 =17.2516 =4.2263 71.9667 0.0405 -0.57563340

L L — L (. L .

18
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Substituting these values of ll’ l2 cee 16 in the disecriminant function

we get

X =x (0.498%9417) + x2(1.869l7965) + x3(0.09974770)

- x4(2.7874l441) - x5(o.00536696) - x6(0.57563340)

Sum of squares within the species is

D = lld1 + 12d2 + eee T 16d6 = 0,52472822

Sum of squares between the species is

212121<A'{B) nj:ﬂi(l *lds "'+ld)

= 2252 (0.52472822)° = 9.375 (0.52472822)% = 2.58130973.

TABLE 2-5 Analysis of Variance Table

Source d.f. 5.5, M.S. .
Between species 6 2.58130973 0.43021828 27.0563%%
Within species 33 0.52472822  0.01590085

The observed value of F with 6 and 33 degrees of freedom is highly

significant, therefore, we conclude that the two species are from

populations with different mean vectors.
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MAHATANOBIS' D°

The estimate of the common dispersion matrix I is

~
z =3 S=%1-'8[ Sij]
where S is the matrix of pooled (sum of squares and products of six
measurements used in the case of Fisher's discriminant function.
Tlomss? = 38[ sij]
The disfa_nce between the two populations as estimated from
the samples on the basis of six measurements is

Dz - (2—{-(1)__ _;S(Z))/’z‘—-l (_E_(l)-.i.(g))

0.4392

0.0451
where 2(1)-2(2) = =4
0.0205
0.2245

0.0405
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- -

044392
0.2049

- 0.0451
0.4392 0.2049 0.0451 0.0205 0,2245 0.0405 | Z7

(=
]

0,0205
0.2245

0.0405

19.93967236.

It

To test the hypothesis specifying no difference in mean values
of the six characters for two populations, with the same dispersion
matrix, the statistic used is

nn, (0 #0,-p-1) 2
nl+n‘2 (nl+n2-2)p 6

53 L
9.575x5%x 7 (19.93967236)

i

1]

27.0563

This is the variance ratio with 6 and 33 degrees of freedom,
found previously, end is significant at the 1% level of significance,
which shows that the two species are drawn from populations with diff-

erent mean vectors.
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HOTELLING'S T2-STATISTICS
As in the case of Mahalanobis' D2 the estimate of the

dispersion matrix required in Hotelling's method is

c _lq_ 1
z —BBS“BS[SH]

where S is the matrix of pooled sum of squares and products of six
measurements used in the case of Fisher's discriminant function.

Inverse of £ is
1 - 3t = 8 [s"j]

B2 (1) 5@y 31 () 5

nl+n2 -—

I

Hotelling's T2 =

(9.375) (19.93967236)

2

T 186.93442828

is distributed as ™ with (25+15-2) degrees of freedom.

The critical region is

(n1+n2_2)p
2 Yy m—mm———
T n1+n2-p-1 P nl+n2-p-l
T2 > £3826 F

33 6, 33

me .22 L2y
or T x %5 xz 7 k6, %3

This observed value of F is identical to the values of P found
in the case of the discriminant function and in the case of the test on

Mahalanobis! D2.




364

CHAPTER III

CLASSIFICATION PROCEDURE

The practical utility of the discriminant function X is in
classifying an individual having the observed measurements into one
of the two groups. Consider the problem of classifying a given col-
lection of individuals as belonging to one or the other of the two
populations Pl and P2 based on measurements taken on each individual
with respect to p-characters. We assume further that the usual assump-
tions necessary for the analysis are satisfied.

According to the method suggested by Fisher (1936) an in-

dividual with measurements Xyy Xy ees xp is assigned to P1 or P2 accord-

ing to whether

NG %(E(1)+E(2))’ w1,

It is %o be noted that Fisher's method requires the knowledge
of.g(l),_g(g) and Z. These parametric values are replaced in the
analysis by their estimates which are calculated from the samples.

The final step in the classification procedure is to substitute the

mean values of the p characters in

X = llxl + 12x2 + ses T lpxp




(l) g1 (E(l) (2))

£

E.l)

%E(Z) O, 2) ;-1 1,3

X gy + X /
w2 w3 -1 AOMONES M@y

2
This value is the partition value for the groups, and enables
us to assign an individual to group one if the observed value of X

exceeds X (1) + X (2) ; otherwise the individual is assigned to group two.

2
The value of the discriminsnt function obtained from the data

on aphids by substituting the calculated values of 11, 12 oee 16 is
X = x,(0.49839417) + x,(1.86917965) + x3(0.09974770)
~x,(2.78741441) - x5(OeOO536696) - x(0,57563340)

@) 1 @),

L TE
= 2.3432 (0.49839417) + 0.8616 (1.86917965) + 0.2664 (0.09974770)
- 0.3872 (2.78741441) - 1.4512 (0.00536696) - 0.3932 (0.57563340)
= 1,52026242

Xp(z) = 1.9040 (0.49839417) + 0.6567 (1.86917965) + 0.2213 (0.09974770)

0.3667 (2.78741441) - 1.2267 (0.00536696) - 0.3027 (0.57563340)

0.99553420

i




38.

The partition value between the two groups

X (l)+ X (2) 2,51579662
2 2o = 1.25789831

2 2
and the difference between the mean values that were substituted into
the digcriminant function is

X (= X (o) = 0452472822
1 2
.&( ) .E( )

The mean sum of squares within species is

0.52472622
33

with standard error equal to 0.12609857.

= 0.01590085

The probability of misclassification is calculated as
Prob. (Z 3 X WX (@) + S.B.).
B b
2

This probability is obtained from normal distribution tables; 1l.e.

0.26236411
0.12609857

and the probability of misclassification is 1.87%%.

Prob. (Z = 2,080627)

Suppose we wish to assign an aphid with the following measure-

ments (in mm.) on six characters to one of the species: The values

X, = 2.02 X, = 0.65 x3 = 0.2%
x4 = 0.40 x5 = 1.23 Xp = 0.351
are substituted into the discriminsnt function as follows for that in-
dividual X = x,(0.49839417) + x,(1.86917965) + x,5(0.09974770)
-x4(2.7874144l) - x5(0.00536696) - x6(0.57563340)

with the result that X = 0.94465149. This observed value does not exceed

the partition value, therefore the aphid is taken as belonging to species B.
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ADDITIONAL INFORMATION SUPPLIED BY SOME CHARACTERS

One of the problems facing a statistician in the study of dis-

criminatory analysis tests is the nature and number of characters

which may be of use in discriminating between the two classes. It is
useful to test the significance of the addition of the distance obtained
by including extra characters. The particular character or number of

characters which do not increase the distance between the two classes

in the populations should not be included in the function., These
characters should be ignored as they weaken the test of significance.
It was felt at one time that the more the number of characters under
study the better the discriminant function. Rao (1948-1949), however,
considered & particular model and showed that the distance function
tends to a finite limit with the increase in the number of characters.
In classification problems where the measurements are taken for
the purpose of assigning an individual %o a particular group, the
error of misclassification depends upon the distance between the two

groups. The additional characters observed may increase the distance

to a very little extent and it may not be worthwhile to have the measure-
ments on extra characters. Suppose initially that we have p characters
and q more characters are added and that samples of n, and n, individ-

usls are availsble from two classes containing measurements on all the

ptq characters. If D§+q is of the same order as that of Di, then
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the ratio

n.n
172 2
1+ D
(n1+n2)(nl+n2-2) ptq

o 02
o) (myn-2) Tp

is sbout unity. A high value of this Tatio would indicate that D§+q

is significantly greater then Di so that q characters supply some

additional information. The actual test to use is

n.+n,-p-g-1
_E;jii_____ﬂ (R-1)

as a variance ratio with q and (n1+n2-p-q—l) degrees of freedom.
The additional distance is expressed as D§+q - Di.
 APPLICATION OF THE PROCEDURE

(i) Suppose we wish to know the contribution to the increase in

distance by addition of the characters x5 and Xg to the first four

characters X5 X XS’ and x4.

Now
25x15 2
1+ (ZEre)(e5ries) U6
R =
- 25%15 2
1+ (25+15) (25+15-2) D4
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1+ -9-:%5- x 19.93967236

R-1 = — - 1 =0,00761415

s -9%%-5- x 19.75836638

The test of significance for the additional two characters

x_ and X6 is

5

(25+1554-2-1) (0.00761415) = 22 (0.00761415)

= 0.12563347.
The tabular value of F for 2 and 33 degrees of freedom at the
5% probability level is 3,285, The calculated value is not signifi-
cant and we can therefore safely eliminate measurements on characters
x. and Xco

5
The additional distaunce is

2 2
6~ 24

i

D 19.93967236 - 19.75836638

0.18130698.

Il

In the calculation of a revised discriminant function the new
values of the coefficients omitting measurements on x5 and x6'are
ll = 0,53210334, 1, = 1.64439462,
13 = 0,21004046, l4 =w2 93424693
and the disériminant function is
X = x,(0.53210334) + x,(1.64439462) + x3(0.21004046)
- x4(2.93424693)-
The partition value between the two groups is 1.32347081, and

the probability of misclassification is obtained by referring to tables

of the normal distributions that is to say,
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0.25997820  _
Prob. (2 > ST - 2.13298506)

and the probability of misclassification is 1.647%.
(ii) In the calculation of a further revised function, omitting
X

4
g=1l, then

we consider the first three characters X1s Xo x3 with p=3 and

R-1 = 0.35972180

_ (25415-3-1-1)
1,35 1

the observed F = 35x0.35972180 = 12.590263

and the tsbuler velue of Fy - at 1% level = T.42
’
with the result that the calculated value of Fl 35 = 12.59 is highly
?

significant. This means that the increase in distance by including

x. in the discriminant function is highly significant.

4

The revised discriminant function using X9 Xy and x3 only,
is
X = x,(0.40840402)+x,(0.81957764)+x5(0.15297426)
with partition value between the two groups equal to 1.52677192,
The probability of misclassification obtained as before is
34 T10%.
Discriminant functions using other combinations of the p

varisbles, the estimated distances between the populations, and the

associated probabilities of misclassification are summarized in Table 3-1.
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TABLE 3~1 Probability of misclassification.

Sr.No Char.under study Dist.bet.grps Prob.of miscl. in %

1 25 %5 13.436236 3.527

2 Xyy Xy g 13.459662 3,700 i
3 I 19.712971 1.321 &
4 Xl’xz’XB’x4 19,.7583%66 1.647

5 X3 %y gy %y s Xy X 19.9%39672 1.873

From Table No. %-1 it is observed that the discriminant
function with characters Xy %o x4 gives the smallest probability of
misclassification. Therefore these characters will form the best

discriminant function:

X = xl(O.52471888)+x2(1.70005422)_x4(2.92854904)




A TEST FOR THE EQUALITY OF DISPERSION MATRICES

Consider h p-variate normal populations represented by
samples. We may think of the first population as represented by

swarm of points in p-dimensional (cartesian) space centered at a

(1)

and dispersed about this point

(1)

point characterized by a vector p
in an ellipsoidal shape characterized by the dispersion matrix X
The second population in the same p-dimensionsl space is also re-
presented by swarm of points which overlaps the first swarm to a
greater or lesser extent.

(2)

, will in all probability

(1)

The second vector of means p
lie at some non-zero distance away from p and spread of swarm measured
by 2(2) may or may not differ from that of the first swarm.

Once we have assumed that the p-variates are distributed norm.
ally, the whole swarm of points of any population may be replaced by
the vector_g(h) and the matrix E(h), h=1,2.

The first point to meke is that if 25 £ 22 the corres-
ponding ellipsoid will be oriented in different directions whether or

(1) 2)

not the mean vectors p and.gf coincide.,

Generally one does not visualize the possible difference in
dispersion about the means but one assumes that the correlation between
any two charscters is approximately the same in each group. Unfortun-

ately there is no criteris available o test the hypothesis

(1 (@ (n)
£ =% . . . =5z ' I

(r) (&) (r)
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though the hypothesis

2(1) = 2(2) e o o = E(h) II

can be tested relatively easily and accurately if all samples are
p-variate normal.

If relation (II) is rejected because of difference in the
dispersion matrices and relation (1) is accepted by inspection of
the corresponding elements of Z(R)’ the technique given below based
on the truth of (II) is correctly applicable with standardization

of the variates. The test of equality of dispersion matrices,
EDINC) BN €

If ﬁ(l) is the estimated dispersion matrix of the lth

is independent of the mean vectors.

sample supposed to be based on n(l) observations on p-~tuples, then
the set 21, 14,2 . . . b is to be compared with the estimabe of
Z based on all
n= n1+ﬂ2 e s o F n, observations.
The comparison of dispersion matrices is done by comparing
‘their determinants. The required test criterion is
: )

2| 1- };} 11 .} Z}(>2+21)>21 ) =1
: : n-h ptl)(h-l In -
=2 M | S

a()fia)/?

(n-h)/2

and is distributed approximately as chi-square with (h-1)p(p+1)/2

degrees 6f freedom.
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(1) Consider the test of the equality of dispersion matrices

of populations to which the samples of species A and species B belong.

Let the characters that enter into the dispersion matrices be )

and Xy.
) | Q_%Z eO N (-%Z)B (20~%x 339.3730)
52) | == @1 - (--:1L-2-)3 (107°x  51.0698)
s e (__%.5)3 s = (—-%-é- ’ (107°x1510.6193)

The required test criterion is
32

| 1_{ 1 .1 1] 2z9+2x3-1 ] - l’i(l)‘ . l§(2)|7

* 7 - 736 Tt (2-1) 5 |19‘

-2 5%t 1z

2| 1-0.09401 {12 10g(10~0x339.370)+7 Log(10™°x51.0498)

s -19 log (10"6x 1510.62)

_36 log 24-21 log 14 + 57 log 38}

The table value of Chi-square with igzllgliéill = 6 degrees
of freedom at the 5% level is 12.592. The observed value of Chi-
square is not significant and we conclude that the sizes and
orientation of the concentric density ellipsoids are the same for

the two species.
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(i) Consider the test of equality of dispersion matrices of
the two populations of species A and species B in the case where
measurements that enter into the dispersion matrices are on the

six characters Xyy X5 x3, x4, XS, X

6 | 6
~()1_ 1 (. _ /1 -12
z = (--—24) S ;= (—---24) (10™“x 6866.49)
6 I 6
<(2) | _ (1. (2) _ 1 -12
< 7 S = ( 7 (107""x 4.70519)
- 6 6
P | o1 -12
I =05 |8 = (55 (107%x 67557.23)

The required test criterion is

{19 " e

ol 1o 1 + 1 _ 1 }_ 2%36+35%6m] I |
| = | *

24 14 T 384 6(6+1)(2-1)

r -1 . . .
_21- 0.81621{.12 1og(107 x 6866.99) + 7 1og(10™° x 4.70519)

-19 1og(1o‘12

x 67557.23) - 72 log 12
-42 log 14 + 114 log 38 }

= (-1.6324x-8.434518) x 2.302585 = 31.703141.

Table value of Chi-square for (2= S(6+1)= 21 degrees of
freedom is 32.671 at the 5% level. The observed value is not signi-
ficant and we conclude that the dispersion matrices Z(l) end 2(2)

are of the ssme order. This establishes the validity of assumption 3

in this treatise that the populations have equal dispersion matrices.




CHAPTER IV

SUMMARY AND CONCLUSIONS

The three procedures, Fisher's discriminant function,
Mahalanobis! D2 and Hotelling's T2, applied for discriminatory
analysis differ from each other only by constant multipliers, But
the test statistic used in each of the three cases is the same and
ig distributed as a variance ratio. The assumptions that the two
populations are multivariate normal and have a common dispersion
matrix are the same in both Msghalanobis! D2 and Hotelling's TZ.
Pisher originally did not assume the equality of dispersion matrices
but he mentioned that if the dispersion matrices in the two popula-
tions are different then the probability of misclassification would
be little more than the calculated value. If one is interested
mainly in testing the hypothesis that the mean vector of one multi-
variate normal population is the same as that of the other multivar-
iate normal population with identical dispersion matrices then any
of the three tests are equally good.

The idea of including the meximum number of characters in
forming & discriminasnt function is not a convincing one, as the inw
crease in the number of characters does not always have minimum proba-
bility of misclassification; however, there is always an increase in
the distance between the two populations. It is due to the fact that
some of the additional characters included increése the mean sum of
squares within the species as well as the mean sum of squares between
the species but the latter sum of squares is not increased as much as

the former.,
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If s research worker is interested both in testing the
hypothesis of equality of mean vectors in two multivafiate normal
populations and in classifying individuals into one of the two multi-

variate normal populations, then Tisher's discriminant function is an

ideal one. It was felt before that Fisher's discriminant function in
combination with Mahalanobis' D2 is useful for finding the best dis-
criminent function with optimum number of characters to be included.
The characters which do not contribute significantly to the increase

in distance between two populations can be eliminated. This is done

by applying Rao's test of significance for an increase in distance
by including additional characters to the existing characters. Bven
by using this technique we may not achieve the objective of forming
the best discriminent function with minimum probability of misclassi-
fication.

Perhaps it has not been observed before that we can form
the best discriminent function without applying Mahalanobis' D2. The
probability of misclassification can be calculated by forming discrim-
jnant functions with different combinations of particular characters

and the discriminent function having the smallest probability of mis-

classification would be selected as the best discriminant function.
In connection with the example from the Department of Entom-
ology it was observed that the best discriminant function is formed by

the characters:

%yt total body length. X5t length of the cormicle. x4: length of cauda.
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If one wishes to construct the discriminant function for the
purpose of classifying members in these species then the variables on
which the measurements should be teken are X1 X, and x4. These
characters do not have the maximum distence between the two species
but they do give rise to a discriminent function with the minimum
probability of misclassification.

In conclusion, we feel that Fisher's discriminant function
is an ideal one because it is not only useful for discriminating
between two species but can also be utilized for forming the best dis-
criminant function with minimum probability of misclassificatiom, pro-
vided the assumption of equality of dispersion metrices in the two

populations is satisfied.
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