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Abstract 

 
 This thesis presents a theoretical study of thermoelastic guided waves in cylinders in 

the context of Lord-Shulman generalized theory of thermoelasticity. Two different methods 

were formulated to study dispersion relations in infinite cylinders. One of them is a Semi 

Analytical Finite Element (SAFE) method and the other is an analytical method. In the SAFE 

method, the dispersion equation has been formulated as a generalized eigenvalue problem by 

treating radial displacement and temperature with a one dimensional finite element model 

through the thickness of the cylinder. In the analytical method, displacement potentials are 

introduced to obtain the dispersion relations of guided wave modes. This method is applicable 

to isotropic cylinders and has been developed primarily to cross check the SAFE formulation. 

Frequency spectra obtained by both methods for an isotropic cylinder have shown excellent 

agreement with each other. Since the SAFE method can be used for an anisotropic composite 

cylinder, guided wave modes for anisotropic and composite cylinders are presented.  

 Transient analysis of ultrasonic guided waves generated by concentrated heating of the 

outer surface of an infinite anisotropic hollow cylinder has also been studied. The SAFE 

method is employed to model the response of a circular cylinder due to a pulsed laser focused 

on its surface. Green’s functions were constructed numerically by superposition of guided 

wave modes in frequency and wave number domains. Time histories of the propagating 

modes are then calculated by applying an inverse Fourier transformation in the time domain. 

Transient radial displacements of longitudinal and flexural modes of a transversely isotropic 

silicon nitride (Si3N4) cylinder are presented. 

 Propagation of thermoelastic waves in a circular annulus and in finite length circular 

cylindrical shells have also been investigated. The SAFE method is used to simulate the 

guided wave modes in the cylinder. Frequency spectra obtained by the SAFE formulation, for 

a finite length transversely isotropic cylinder (isothermal case), are validated by comparing 

the numerical results with relevant publications. Frequency spectra for axisymmetric and 

asymmetric modes in a silicon nitride finite cylinder with both ends insulated and restrained 

by frictionless rigid walls are presented. The plain strain problem of circumferential guided 

waves is also studied and the results are validated for an isothermal case. 
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Chapter 1 

Introduction 

1.1  Motivation 

 Nondestructive evaluation (NDE) technique is a family of specialized inspection 

methods that provides information about the condition and flaws of structural 

components without impairing their future usefulness. Inspection using NDE techniques 

enables the rehabilitation of degraded structures and preventing catastrophic structural failures. 

There are several nondestructive testing (NDT) methods available for inspection, such as liquid 

penetration, magnetic particles, radiography, eddy currents and ultrasonic techniques. Among all 

inspection methods that have been in practice, ultrasonic techniques have proven to be most 

amenable to on-line evaluation. This is because ultrasonic waves propagate very efficiently 

through the materials and are affected by discontinuities (such as cracks or voids or other changes 

in the mechanical and geometry properties). They provide an effective means of nondestructive 

characterization of material properties. Another important application of these waves is for defect 

detection in structural components. 

 There are many ways to generate and detect ultrasonic waves, among which laser based 

ultrasonic techniques have attracted great attention in recent years. These techniques not only 
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overcome the difficulty of using piezoelectric transducers on curved complex surfaces. 

They also provide a number of advantages over conventional ultrasonic methods, such as 

noncontact generation and detection of waves having a large bandwidth, and ability to 

operate on curved and rough surfaces (Scruby and Drain 1990). White (1963) 

demonstrated that ultrasonic waves can be generated in a solid by irradiating its surface 

by concentrated laser beams. Generally, there are two different mechanisms for such 

wave generation, depending on the density of energy deposited by the laser pulse. At high 

energy a thin surface layer of the solid melts (i.e., ablation process), this in turn gives rise 

to forces that generate ultrasonic waves. This process induces micro damage, which is not 

suitable for a NDE technique. At a low power level the surface of the material does not 

melt but induces a rapidly changing strain field due to the thermal expansion of the 

material. This strain field radiates energy as elastic waves. This is completely a 

thermoelastic process which causes no damage to the material surface. Therefore 

ultrasonic waves generated by laser irradiation in the thermoelastic regime are suitable 

for NDE applications. 

 The thermoelasticity of materials must be considered when ultrasonic waves 

generated by lasers are studied. Moreover, civil engineering, aeronautic and nuclear 

structures can be exposed to high temperatures. Therefore, the influence of 

thermoelasticity must be investigated to expand the application of NDT to these 

environments. Composite circular tubes and metallic pipes are common structural 

components which are used extensively in the energy and transportation industries. 

Damage to these components occurs due to handling, service loads and environmental 
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causes. Ultrasonic nondestructive techniques are being developed for the inspection of 

these components. 

 The objective of the present work is to study thermoelastic guided waves in 

cylinders theoretically using the generalized theory of thermoelasticity. A semi analytical 

finite element (SAFE) method has been developed to simulate the thermoelastic guided 

waves in cylinders. Also, an analytical model, applicable for an isotropic infinite cylinder 

is formulated to verify the guided wave modes obtained by the SAFE method. The 

guided thermoelastic wave modes, for an isotropic copper infinite cylinder, obtained by 

both methods have been compared. Dispersion of guided waves in a finite length cylinder 

is also investigated in this thesis using the SAFE model.  

 

1.2  Guided Waves in Cylinders 

 

 In ultrasonic testing, early techniques used body waves later followed by guided 

waves. Guided waves are dispersive and multi-mode in nature. Thus, these waves can be 

used to generate many data points in a given frequency range. Also the speed of these 

waves is very sensitive to material properties. The selection of mode and frequency plays 

a very important role in the success of the ultrasonic NDE technique. Hence, the 

dispersion characteristics of these waves need to be understood. The axially symmetric 

vibration of harmonic waves in a homogeneous isotropic infinite cylindrical rod was 

investigated analytically by Pochhammer (1876) and Chree (1889). The proposed 

dispersion equation relates three variables. They are Poisson’s ratio, angular frequency 

and the wave number. The dispersion equation satisfies the governing equations of 

motion and the traction free boundary conditions on the surface of the cylinder. Although 
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dispersion equations were introduced in 1876, no detailed numerical calculations for 

phase and group velocities were reported until 1962 due to complexity of the dispersion 

equation. At this time, Onoe at el, published complex wave numbers over a wide range of 

frequencies. Complex wave numbers represent non-propagating and evanescent modes. 

Propagating modes corresponding to real wave numbers are physically measurable. 

However, complex wave numbers are essential in studying wave scattering and the end 

reflection problem. They are also needed to satisfy end conditions of semi-infinite and 

finite cylinders.  

 Dispersion characteristics of elastic waves for infinitely long circular cylinders 

have been published by many authors. A review of literature by Soldatos (1994) contains 

many references related to three dimensional dynamic analyses of circular cylinders and 

cylindrical shells. There are many articles based on the semi-analytical finite element 

(SAFE) technique for the analysis of guided waves in cylinders [Nelson et al. (1971), 

Huang and Dong (1984), and Rattanawangcharoen et al. (1992, 1994a)].  References to 

many earlier works on composite cylinders can be found in the review by Datta (2000) 

and in the text book by Datta and Shah (2009).  

 Exact analytical solutions for a finite-length vibrating cylinder cannot be obtained 

in general. Therefore, several approximate solutions have been proposed to estimate 

natural frequencies of finite isotropic circular cylinders by McMahon (1964, 1970), 

Hutchinson (1972), Gladwell and Tahbildar (1972), and Gladwell and Vijay (1975). 

 When the cylinder is anisotropic, the solution of the free vibration problem 

becomes more complex. Lusher and Hardy (1988) employed separation of variables 

technique used by Morse (1954) to study the axisymmetric vibrations of transversely 



5 

 

isotropic cylinders and presented experimental results for sapphire rods. Heyliger (1991) 

estimated natural frequencies of axisymmetric modes of finite length transversely 

isotropic cylinders by applying the Ritz method. Chau (1994) and Honarvar et al. (2009) 

studied axisymmetric and asymmetric vibrations of a finite transversely isotropic cylinder 

using potential functions and compared their results with the experimental observations 

of Lusher and Hardy (1988). Chen et al. (1996) studied free vibrations of finite 

orthotropic thin cylindrical shells by employing shell theory. Liu and Qu (1998) studied 

analytically the two-dimensional problem of guided circumferential waves in a circular 

annulus. 

 All of the above studies are concerned with propagation of waves in cylinders 

within the framework of isothermal linear theory of elasticity but there is a very limited 

amount of reported work on waves in cylinders using thermoelastic theories. In the 

following, a literature review of works that deal with thermoelastic waves in elastic 

media is presented. 

1.3  Literature Review 

Use of generalized thermoelasticity theories to analyze thermoelastic waves 

generated by a pulsed laser beam has received some attention in recent years. The 

classical theory of heat conduction in solids treats the flux of heat as proportional to the 

gradient of temperature in the media. Therefore, the heat conduction equation is a 

parabolic partial differential equation, which predicts an infinite thermal wave speed. 

This assumption of infinite speed of heat propagation is contrary to the physical 

phenomenon. To rectify this paradox, several generalizations to the classical heat 
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conduction equation and the thermoelastic wave equations have been proposed. These 

generalizations take into account the finite wave speed of the thermal pulse travelling 

through the body. 

Lord and Shulman (1967) (LS) presented a generalized theory of thermoelasticity 

for an isotropic body that was a modification of the Fourier law of heat conduction by the 

inclusion of a relaxation time. This then predicts a finite thermal wave speed. Other 

generalizations were proposed by Green and Lindsay (1972), who developed a 

temperature – rate dependent theory that included two relaxation times and by Green and 

Naghdi (1993) (GN), who introduced a thermoelasticity theory without energy 

dissipation. The theoretical developments of thermoelasticity with finite wave speeds are 

given in a monograph by Ignaczak and Ostoja – Starzewski (2010).  

Since White (1963) first demonstrated the generation of ultrasonic waves in a 

medium by irradiating its surface by a pulsed laser beam, significant research has been 

done on laser ultrasonics both theoretically and experimentally. Most of these works treat 

the problem as isothermal with the heat source replaced by equivalent surface forces. 

Spicer et al. (1990) studied laser ultrasonic waves in a thin plate theoretically and 

experimentally to compute the elastic moduli and the plate thickness. Rayleigh – Lamb 

waves in plates using the Lord – Shulman theory have been discussed by Datta and Shah 

(2009).  References to many other works can be found in this book [see also, Sharma et 

al. (2000), Verma (2002), Verma and Hasebe (2001), Al-Qahtani and Datta (2004), Al-

Qahtani et al. (2005), and Xu et al. (2008)]. 

Compared to many studies that have dealt with plates there is a very limited 

amount of reported work on waves in cylinders using generalized thermoelastic theories. 
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Dispersion of longitudinal thermoelastic wave propagation in a circular isotropic cylinder 

was studied by Erbay and Suhubi (1986), who considered the cylinder surface to be stress 

– free and at a constant temperature. Elnagar and Abd-Allah (1987) studied the influence 

of the initial stress on the Rayleigh wave propagation in a generalized thermoelastic 

cylinder. Three dimensional vibration of a homogeneous transversely isotropic 

thermoelastic cylindrical panel has been investigated by Sharma (2001) and Sharma and 

Sharma (2002). Recently, wave propagation in a thermoelastic cylinder of an arbitrary 

cross section has been reported by Ponnusamy (2007), who used a collocation method to 

study the dispersive waves.  

Circumferential isothermal elastic waves in an isotropic cylinder generated by a 

laser pulse and their scattering by a surface defect was studied experimentally by 

Clorennec and Royer (2003). Pan et al. (2004, 2006) investigated theoretically and 

experimentally the isothermal acoustic waves generated by a laser point pulse in an 

isotropic and a transversely isotropic cylinder, respectively. Three dimensional Fourier 

transforms were used to find the dynamic displacements at the cylinder surface. Jiangong 

et al. (2010) studied circumferential thermoelastic waves in an orthotropic cylindrical 

curved plates using GN theory of thermoelasticity. 

1.4  Thesis Outline 

This thesis is mainly concerned with the investigation of thermoelastic guided 

waves in anisotropic cylinders in the context of Lord and Shulman (LS) generalized 

theory of thermoelasticity. A transversely isotropic silicon nitride (Si3N4) tube is 
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considered to illustrate numerical results. Amorphous and textured Si3N4 has been widely 

studied in the past for its excellent mechanical properties, such as, high resistance to 

thermal shock and chemical attack, high fracture toughness, and good tribological and 

wear properties. A good review of the processing and anisotropic properties of silicon 

nitride for various automotive, electronic and aerospace applications can be found in Zhu 

and Sakka (2008) [see also, Kitayama et al. (1999), Vogelgesang et al. (2000), and 

Yokota and Ibukyama (2003)]. Si3N4 nanorods and nanotubes have been studied in recent 

years (Lin, et al (2005)). 

The thesis is organized in the following manner. Motivation and literature reviews 

are presented above in this chapter. Chapter 2 is devoted to the study of propagation 

characteristics of guided thermoelastic waves in infinitely long cylinders. Two different 

methods are used in this study: one of them is a semi analytical finite element (SAFE) 

method and the other is an analytical method. In the SAFE method, the cylinder is 

discretized in the radial direction into several coaxial circular cylinders (sub-cylinders). 

In the analytical method, displacement potentials are introduced to obtain dispersion 

relation of guided wave modes. This method is applicable to an isotropic cylinder and is 

intended primarily to cross check the SAFE formulation. Frequency spectra obtained by 

both methods for an isotropic copper cylinder have shown excellent agreement with each 

other. Guided wave modes are presented in this chapter for anisotropic and composite 

cylinders using the SAFE method. 

 In Chapter 3, transient radial displacement responses of guided waves generated 

by concentrated heating of the outer surface of an infinite anisotropic hollow cylinder are 

presented. Generalized thermoelastic theory proposed by Lord and Shulman is used to 
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model the response of a circular cylindrical shell due to a pulsed laser focused on the 

surface of the cylinder. In this study, the temperature dependence of thermal properties of 

irradiated material is neglected. A semi-analytical finite element (SAFE) method is 

employed to evaluate guided wave modes in the cylinder. The variation of displacement 

and temperature is approximated by one dimensional isoparametric finite elements in the 

radial direction and assumed harmonic functions in the transverse and axial directions. 

The cylinder is discretized into N  laminas and over each lamina quadratic interpolation 

polynomials are used to approximate the displacement and the temperature field in the 

radial direction. The variational principle is used to derive the governing displacement 

equations of motion. Once the dispersion equations for guided wave modes are solved, 

Green’s functions are constructed numerically by superposition of the guided wave 

modes. The obtained Green’s functions are in frequency and wave number domains. The 

corresponding responses in the time domain are then calculated by applying inverse 

Fourier transformations. The heat input due to a laser pulse is assumed to decay 

exponentially in the radial direction and has a Gaussian profile in the axial direction. The 

spatial distribution of the heat source along the radial direction is calculated by consistent 

load formulation.  

 Investigation of thermoelastic guided waves in a circular annulus and in a finite 

length circular cylindrical shells are presented in Chapter 4. Herein, a finite cylinder with 

both ends restrained by frictionless rigid walls and insulated is considered for the 

numerical analysis. A semi-analytical finite element (SAFE) method is employed to 

model the guided wave modes in the cylinder using the LS generalized theory of 

thermoelasticity. The dispersion equation for guided waves is obtained in the form of an 
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eigenvalue problem. Frequency spectra obtained by the SAFE formulation, for a finite 

length transversely isotropic cylinder (isothermal case), are validated by comparing the 

numerical results with relevant publications. Also, propagating modes obtained for the 

(plane strain) circumferential wave propagation problem are verified with existing ones 

for an isotropic (isothermal) case. Numerical results are presented for both propagating 

and evanescent modes in a transversely isotropic silicon nitride cylinder.  

 In Chapter 5, conclusions of the work and a short description of possible future 

study are outlined.  
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Chapter 2 

Thermoelastic Waves in Cylinders 

2.1 Introduction 

 In this chapter, propagation of thermoelastic waves in infinite circular cylinders 

has been studied in the context of LS (Lord and Shulman, 1967) generalized theory of 

thermoelasticity. Two different methods are used to study the dispersion characteristics of 

guided wave modes in the cylinder: one of them is a semi analytical finite element 

(SAFE) method presented by Nelson et al. (1971) and Huang and Dong (1984), and the 

other is an analytical method. In the SAFE method, the cylinder is discretized in the 

radial direction into several coaxial circular cylinders (sub-cylinders) and the radial 

dependence of the displacement and temperature in each sub-cylinder is approximated by 

quadratic interpolation polynomials. The dispersion equation of the cylinder in the form 

of an eigenvalue problem is formulated by applying a principle of variation. In the 

analytical method, the guided wave modes of a circular cylinder are expressed as 

functions of Bessel’s functions. The SAFE formulation is validated by comparing its 

numerical results of an isotropic copper cylinder with that of analytical method. Since the 
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SAFE method can also be used for anisotropic and composite cylinders, numerical results 

are presented for a silicon nitride (anisotropic) cylinder and a two layered composite 

cylinder. 

2.2 Description of the Problem 

 Consider an infinite thermoelastic cylinder with inner radius ir  and outer radius 

or  in the cylindrical coordinate system  , ,r z  with the origin at the center of the cross 

section of the cylinder as shown in Fig. 2.1. The inner and outer surfaces of the cylinder 

are traction free and the cylinder is initially at uniform temperature 
0T in the undisturbed 

state. The direction of wave propagation is in axial direction, z.  

 

z

x

y

ro
ri θ 

Hr

x

x

 

Figure 2.1: Geometry of the cylinder 
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2.3 Governing Equations 

 The generalized L-S governing equations of thermoelasticity, in the absence of 

body forces and heat sources, are given by Al-Qahtani et al. (2004) 

 ,ij j iu   (2.1) 

 0 ,i iT q    (2.2) 

 ij ijkl kl ijC T     (2.3) 

 
0

E
ij ij

c
T

T


     (2.4) 

 0 ,i i ij jq q k T    (2.5) 

Various physical quantities and material constants appearing in the above equations are: 

ij , the components of the stress tensor; iu , the components of the displacement; ij , the 

components of the strain tensor; ijklC , the elastic constants; iq , components of the heat 

flux vector;  , the mass density; 0T , the reference temperature;  , the entropy density; 

T , the temperature change; Ec , the specific heat at constant deformation; 0 , the thermal 

relaxation time; ij , the thermal coefficients; ijk , the coefficients of thermal 

conductivity. In the above equations, the superposed dot indicates the derivative with 

respect to time. 

Nondimensional quantities, used by Al-Qahtani and Datta (2004)
 
and many 

others, are only suitable for the single layer cylinder since equations of motion have a 

different form after normalization. Normalization which can be used for multilayered 
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cylinders has not been reported yet. Therefore, a set of normalized quantities is presented 

here and they are given by 

 

* * * *

* * * * *

* * * * * 0
0 0 0

, , , ,

, , ,    , ,

, , , ,

i i
i i

ij iji E
ij i ij E

E

ij ij ijkl

ij ij ijkl

r u T v
r u T t t

H H T H

q c
q c

c q c

k c v T
k c T

k c H T



  
  

  


  



   

    

    

 (2.6) 

where 

 , , , , E

c kT kT c k
v q c

Hvc H T vH


 

 
      (2.7) 

Two more nondimensional quantities are also defined: the wave number 
* H  and 

frequency * H

v


  . Here , , ,k c H and T  are the basic normalization quantities and the 

rest could be derived from them as shown above. Note that, , ,k c and T can be taken 

suitably depending upon the material properties of the cylinder. This non-dimensional 

scheme yields all dimensionless equations in the same form as their dimensional 

counterparts. Therefore, this normalization could be used to solve multilayer cylinders. 

For convenience, the superscript (*) will be dropped.   

2.4 Semi-Analytical Finite Element Formulation 

 The Semi-Analytical Finite Element (SAFE) method was presented by Nelson, et 

al. (1971), and by Huang and Dong (1984) to study wave propagation problems in 
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anisotropic cylinders. In this method the radial displacement u  and the temperature T are 

approximated by one dimensional isoparametric finite elements. The total thickness of 

the cylinder H  is composed of cylindrical layers and each layer can have distinct 

thermoelastic properties and thickness. By using the SAFE method, the thickness of the 

cylinder is discretized into N  laminas. Quadratic interpolation polynomials are used to 

approximate the displacement and the temperature fields over each lamina in the radial 

direction. 

The displacement and temperature of the k
th

 lamina are expressed as 

 
     

     

1

2

, , , , ,

, , , , ,

e

e

r z t z t

r z t z t

  

  





u u

T N T

N
 (2.8) 

and 

  2

er  N R  (2.9) 

Here 

 

 

   

1 2 3

1 1 2 3

1 2 3

2 1 2 3

0 0 0 0 0 0

0 0 0 0 0 0 ,

0 0 0 0 0 0

n n n

n n n

n n n

n n n





 
 
 
  



N

N

 (2.10) 

 

 

 

 

1 1 1 2 2 2 3 3 3

1 2 3

, , , , , , , , ,

, , ,

, ,

Te

r z r z r z

Te

T
e

b m f

u u u u u u u u u

T T T

R R R

  





u

T

R

 (2.11) 

In equation (2.10), the shape functions are 

    21 1
1 2 32 2

1 , 1 , 1 , 1 1n n n               (2.12) 
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where 

 
2

                ( )
b f

b f

f b

r R R
R r R

R R


 
  


 (2.13) 

In equation (2.11), the nodal displacements , ,rj j zju u u , and temperature 
jT ,  where j = 1, 

2, 3, are taken at the inner surface  br R , middle layer   / 2m b fr R R R   , and 

outer surface  fr R of the k
th

 lamina.  

The strain tensor and temperature gradient are expressed as

 

 1 2 , 3 ,

e e e

z  ε D u D u D u  (2.14) 

 '

1 2 , 3 ,

e e e

z  T B T B T B T  (2.15) 

The stress vector is given by 

  1 2 , 3 , 2

e e e e

z   σ C D u D u D u βN T  (2.16) 

Matrices C,β , B1, B2, B3, D1, D2 and D3 are defined in Appendix A. The variational 

principle of thermoelasticity, Al-Qahtani et al. (2004), is 

     
1 1

0 0

' ' '

0

t t

T T T T

t V t V

dVdt dVdt            ε σ T KT T q q u u  (2.17) 

The first term in the left hand side of equation (2.17) is  

 

   

   

 

1 1

0 0

1

0

1 2 , 3 , 1 2 , 3 , 2

11 12 21 , 13 31 ,

22 , 23 32 , 33 ,

01 02 , 03 ,

t t
T

T e e e e e e e

z z

t V t V

e e e

z
t

eT e e e

z zz

t z e e e e e e

z

dVdt dVdt

d dzdt

 



 





   

 

      
 

    
 

     
 
    

   

  

ε σ D u D u D u C D u D u D u βN T

K u K K u K K u

u K u K K u K u

K T K T K T

(2.18) 



17 

 

The second term in equation (2.17) is 

 

   

 

1 1

0 0

1

0

' '

1 , 2 , 3 1 2 , 3 ,

11 22 , 33 ,

t t

T eT T eT T eT T e e e

z z

t V t V

t

eT e e e

zz

t z

dVdt dVdt

d dzdt

 





   

 

    

  

   

  

T KT T B T B T B K B T B T B T

T g T g T g T

(2.19) 

The third term in equation (2.17) is 

 

   

 

 

 

 

1 1

0 0

1

0

1

0

'

0 0

0 0 0

0 0 0

1 2 , 3 , 0

0 1 2 , 3 , 0

t t

T T

t V t V

t

T

t V

t

T T T

E E

t V

e e e e

zeT

e e e e

z

dVdt dVdt

T T dVdt

T c T T c T dVdt



 

   

   

   




      

 

    
 

    
 
   
 

   

 

 



T q q T q q

T

T β ε β ε

f u f u f u m T
T

f u f u f u m T

1

0

t

t z

d dzdt 

 (2.20) 

The right hand side of equation (2.17) has the form 

    
1 1

0 0

t t

T eT e

t V t z

dVdt d dzdt


         u u u Mu  (2.21) 

The element matrices appearing in equations (2.18) – (2.21) are defined in Appendix A. 

Equating the coefficients of eu in equation (2.17) to zero gives the following equation 

 
 

   

11 01 12 21 , 02 ,

13 31 , 03 , 22 , 23 32 , 33 , 0

e e e e e

e e e e e

z z z zz

 

 

    

       

Mu K u K T K K u K T

K K u K T K u K K u K u
 (2.22) 

Similarly, equating the coefficients of eT in equation (2.17) yields 
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0 1 0 0 0 2 , 0 3 , 1 0

2 , 3 , 11 22 , 33 , 0

e e e e e e

z

e e e e e

z zz



 

       

     

f u m T f u f u f u m T

f u f u g T g T g T
 (2.23) 

Combining equations (2.22) and (2.23), and assembling the element matrices into global 

matrices lead to the following governing equations of motion,  

 
1 2 , 3 , 4 5 , 6 ,

7 8 , 9 , 10 , 11 , 12 , 0

z z

z z zz

 

  

    

      

H V H V H V H V H V H V

H V H V H V H V H V H V
 (2.24) 

where  1, 2,...,12i i H  are the global matrices, given in Appendix A, V is the global 

nodal displacement and temperature vector.   

The harmonic wave-form solution of equation (2.24) is assumed as 

 
( )

0

i z n te    V V  (2.25) 

where 0V  is the nodal amplitude vector.  , n  and   are the nondimensional axial wave 

number, the circumferential wave number and nondimensional circular frequency, 

respectively, and 1i    

Substitution of equation (2.25) into equation (2.24) results a set of linear homogeneous 

equations 

 
   

 

2

1 2 3 4 5 6

02 2

7 8 9 10 11 12

0
in i i in i

in i n n

   

  

      
 

       

H H H H H H
V

H H H H H H
 (2.26) 

For integer values of n, two eigenvalue problems can be deduced depending on 

whether ξ or ω is chosen as the eigenvalue. If ξ serves as the eigenvalue with assigned 

values for ω, equation (2.26) gives a quadratic eigenvalue problem:  
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  2

12 0 0B A    H H H V  (2.27) 

where  

 
     

2

3 6 9 11

2 2

1 2 4 5 7 8 10

B

A

i i n

in i in in n

 

 

    

       

H H H H H

H H H H H H H H
 (2.28) 

Equation (2.27) can be converted into first order equation in the form 

 
0 0

0 012

0 0

0A B

I I


 

      
      

      

V V

V VH H H
 (2.29) 

Solution of the generalized eigenvalue problem (2.29) gives the dispersion relation for 

guided thermoelastic waves in the cylinder. It also provides the initial value of the roots 

of equation (2.43) when Muller’s method is employed to solve the exact dispersion 

equations for eigenvalues. 

2.5 Analytical Method for an Isotropic Cylinder 

For isotropic case, the material properties are  

 

11 22 33

44 55 66

12 21 13 31 23 32

2

, 0

, 0

rr zz r z zr

rr zz r z zr

c c c

c c c

c c c c c c

k k k k k k k  

  

 





      

   

  

     

     

     

 (2.30) 

here   and  are elastic (Lame) constants 
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The governing equations of motion for homogeneous isotropic cylinders can be 

expressed in terms of displacement and temperature as  

    2 . T           u u u  (2.31) 

    2

0 0 0Ek T c T T T          u u  (2.32) 

Using Helmholtz resolution (Gazis, 1959), the displacement vector u is expressed in 

terms of a scalar potential   and a vector potential H   

 , 0    u H H  (2.33) 

Substitution of the above displacement representation into equations (2.31)  and (2.32) 

yields the following equations of motion 

   22 0T          (2.34) 

    2 2 2

0 0 0Ek T c T T T             (2.35) 

 
2 0   H H  (2.36) 

By considering a wave-form solution, 

 

   

   

   

i z n t

i z n t

i z n t

f r e

T h r e

r e

  

  

  


 

 

 





H g

 (2.37) 

Equations (2.34) and (2.35) can be simplified as 
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2

22
h f f

  

 


    (2.38) 

 
4 2

1 2 0f b f b f      (2.39) 

where 

2 2

0
1 2 2

2

2 2

2

2

0

2 2
2 2

2 2

,

,

2
,

,

1

E

p p

E

p

p

c T
b

c k k c

c
b

kc

c

i

d d n

dr r dr r

    



 

 



   



  






 

    

 

Solution of equation (2.39) is given by 

        1 1 2 1 3 2 4 2n n n nf A J r A Y r A J r A Y r        (2.40) 

where    2 2 2 2

1 1 2 2,r r          and 
21

1,2 1 2

1
4

2 2

b
r b b     

Solution of equation (2.36) is given by 

 

   

   

1 2

1 2

ˆ ˆ

ˆ ˆ

r n n

r

z n n

g B J r B Y r

g ig

g C J r C Y r



 

 

 



 

 (2.41) 

where 
2

2 2

2
ˆ

sc


    and 

2 .sc



  
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The resulting displacements and temperature are then given by  

 

 

 

 

 
2 2

2

2 2

1

2 1

i z n t

r r z

i z n t

r z

i z n t

z r r

i z n t

p

in
u f g g e

r

in
u f i g g e

r

n
u i f ig i g e

r

n
T f f f e

r c r

  

  



  

  







  




 

 

 

 

 
   

 

 
   

 

  
     

  

  
        

   

 (2.42) 

Here a prime stands for the differentiation with respect to r. The stresses and the gradient 

of the temperature are given in Appendix B.  

Traction free boundary conditions on surfaces of cylinder require that the stresses at inner 

and outer surfaces of the cylinder are zero. For thermal boundary conditions, temperature 

gradients at the inner and outer surfaces of the cylinder are zero 

 
,

0
at and

0

rr r rz

i o

r

r r r r
T

     
 

 
 (2.43) 

The frequency equation results from substituting equations of the stresses and the 

gradient of the temperature into the boundary conditions (2.43). The resulting 

determinant of unknown coefficients A1, A2, A3, A4, B1, B2, C1, and C2, which yields the 

frequency equation, is 

  det 0 , 1,2, ,8ija i j        (2.44) 

where the expressions of aij can be obtained from Appendix B. 
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2.6 Numerical Results and Discussion 

 In this section, numerical results in the forms of dispersion curves (wavenumbers 

vs. frequency) are presented for three types of cylinders. They are 1) an isotropic 

cylinder, 2) a transversely isotropic cylinder, and 3) a composite cylinder. For the 

isotropic cylinder, the material considered is copper (Cu), and for the transversely 

isotropic cylinder the material is silicon nitride (Si3N4). The composite cylinder is taken 

as an inner layer of zinc (Zn) and outer layer of silicon nitride (Si3N4).  The properties of 

the materials are listed in Table 2.1. 

The speed of the thermal wave tv  in the z direction is 

 
0

zz
t

E

k
v

c 
  (2.45) 

To the best of my knowledge, no experimental values for thermal relaxation time, 0 , 

have been reported. However, Chester (1963), has suggested the following equation to 

calculate the approximate speed of the thermal wave: 

 
3

t

v
v   (2.46) 

where 33c
v


 . From the above approximate equation, the thermal relaxation time is 

calculated as 

 0

33

3 zz

E

k

c c
   (2.47) 

Hence, for copper, for example, the approximate value of 0 is 
62.244 10 s. Thermal 

relaxation times for Zinc and Silicon Nitride are shown in the Table 2.1. 
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 For comparison of results with and without thermoelastic effects, results for 

isotropic, anisotropic and composite cylinders were also obtained for the isothermal case 

using the SAFE method. These results are calculated by keeping 
*  ( )   real and 

 (= )R Ii    being complex. 

Case 1: Isotropic Cylinder 

 An infinite copper cylinder with inner radius 0.5 m and outer radius 1.5 m is 

considered. Therefore, the nondimensional inner and outer radii are, 0.5 and 1.5.i or r   

Material properties of copper cylinder are listed in (see Erby and Suhubi, 1986) Table 

2.1. Numerical results are obtained for the axisymmetric motion ( 0n  ) by both the 

analytical and the SAFE methods which are presented graphically in Figs. 2.2 and 2.3. 

Comparison of Fig. 2.2(a) for the isothermal case with Fig. 2.2(b) including the thermal 

effect shows that the elastic modes are indistinguishable in the two cases. Thus, the effect 

of thermal coupling is found to be negligible. Mechanical displacements and temperature 

distribution across the thickness of the cylinder are shown in Table 2.2. From these 

results, it is observed that the temperature effect can be neglected completely for this 

case.  

The lowest order elastic mode propagates at all frequencies, but the higher order 

modes have cutoff frequencies below which they are evanescent. Since the waves are 

propagating in the axial direction, the longitudinal and torsional modes are uncoupled. 

This is evidenced by the intersection of torsional wave branches with those of for 

longitudinal waves. It should be noted that torsional modes are free from temperature 
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effect. Complex branches, representing pure thermal modes, are shown in Fig. 2.3(b). 

Thermal modes are found to have very high attenuation when compared with elastic 

modes. Higher order thermal modes originate with high imaginary values of the wave 

number when * 0  . It is found that the higher order thermal modes approach the 

first thermal mode as the frequency increases. 

Flexural modes are obtained for both elastic and thermoelastic cylinders by 

setting 1n  . Flexural modes from Fig. 2.4 (b) resemble those of 1n   for the isothermal 

case as shown in Fig. 2.4(a). Propagating and pure thermal modes are shown in Figs. 

2.5(a) and 2.5(b), respectively. In this case also, pure thermal modes show the same 

behavior as mentioned above. Spectra obtained for the elastic and thermoelastic modes 

using the SAFE method were compared with those obtained from the analytic solution 

for an isotropic (copper) cylinder. Excellent agreement was found between both results 

which are shown in Figs. 2.2(b) and 2.4(b). 

Case 2: Anisotropic Cylinder 

 In this case, an infinite cylindrical tube with thickness 1 mm and inner radius 1.5 

mm is considered. Therefore, the nondimensional inner and outer radii are, 

1.5 and 2.5,i or r  respectively. The material of the tube is taken to be silicon nitride 

(Si3N4), whose properties are listed in Table 2.1 (see Al-Qahtani et al. 2004). The 

symmetry axis of the material is aligned with the axis of the cylinder. Equation (2.28) 

yields dispersion curves for thermoelastic waves in a cylinder. These curves for different 

circumferential modes (n = 0 and 1) are computed and presented graphically in the form 
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of 3-D plots shown in Figs. 2.6(a) and 2.7(a). Comparisons of propagating modes for 

elastic and thermoelastic cylinders are shown in Figs. 2.6(b) and 2.7(b) for 0n   and 

1n   respectively. It is noticed that the longitudinal modes are coupled with temperature 

but the effect is not significant, which is seen from Table 2.3. It is also found that the 

flexural modes are not affected significantly by the thermal effects within the frequency 

range considered here. 

 Dispersion curves for the thermal modes are also presented in a three 

dimensional form for n = 0 in Figs. 2.8(a) and 2.8(b). Figure 2.8(a) shows the behavior of 

thermal branches at a low frequency range, up to 0.12 MHz ( .,  3.0)ie  , and Fig 2.8(b) 

is for a higher range of frequency, up to 1.2 MHz ( .,  30)ie   . Also, non-dimensional 

complex wavenumbers corresponding to thermal modes at low and high frequencies are 

listed in Table 2.4 to indicate the attenuation associated with these modes. Thermal 

modes are found to have very high attenuation when compared with elastic modes and 

higher order thermal modes originate with high imaginary values of the wave number 

when *( ) 0   . In this case also, it is found that the higher order thermal modes 

approach the first thermal mode as the frequency increases.  

Case 3: Composite Cylinder 

 The inner and outer layers of the composite cylinder are zinc and silicon nitride, 

respectively. Both layers of the cylinder are bonded perfectly and the thickness of each 

layer is 1 mm and the inner radius of the cylinder is 1.5 mm. Material properties of Zinc 

are listed in (see Sharma, 2001) Table 2.1. Dispersion curves, for the composite cylinder, 
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have been computed with 0n   and presented graphically in the form of a 3-D plot 

shown in Fig 2.9(a). Elastic modes resemble those of the isothermal case due to small 

coupling effect of temperature which is seen from Fig 2.9(b). It is observed that torsional 

modes are completely free from temperature effect. Longitudinal modes are coupled with 

temperature but it is not significant which is evident from Table 2.5, showing mechanical 

displacements and temperature distribution across the thickness. Predominantly thermal 

modes are not shown here. They have similar behaviour as in the isotropic case. 

2.7 Concluding Remarks 

 Propagation of thermoelastic waves in isotropic, anisotropic and composite 

cylinders has been investigated in the context of L–S generalized theory of 

thermoelasticity.  This theory includes single thermal relaxation time in the heat 

conduction equation in order to model the finite speed of thermal wave. Analytical and 

SAFE methods are used to obtain dispersion relation for an isotropic cylinder. Numerical 

results obtained by these methods have shown good agreement with each other. Also, the 

SAFE method formulation is used to calculate dispersion relations for anisotropic and 

composite cylinders. 

  Numerical results show that a purely transverse mode is independent of 

temperature change and thermal modes exhibit much larger attenuation than the elastic 

modes. Also, it is observed that materials with a small coefficient of thermal conductivity 

yield larger wave numbers. Comparison of dispersion curves with that of an elastic 

cylinder shows that the effect of temperature on mechanical displacements is small. 
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Therefore, neglecting the coupling term  simplifies the analysis procedure for the above 

cases.  Convergence of SAFE results is achieved by a fewer number of elements (25 

elements). This indicates that the SAFE method is an efficient tool to analyze 

thermoelastic problems.  
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Figure 2.2(a): Three dimensional frequency spectra for an isotropic elastic cylinder with n = 0 

 

 

Figure 2.2(b): Three dimensional frequency spectra for an isotropic thermoelastic cylinder      

with n = 0 
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Figure 2.3(a): Two dimensional view of propagating modes of an isotropic cylinder with n = 0 

 

 

Figure 2.3(b): Three dimensional view of thermal modes of an isotropic thermoelastic cylinder 

with n = 0 
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Figure 2.4(a): Three dimensional frequency spectra for an isotropic elastic cylinder with n = 1 

 

Figure 2.4(b): Three dimensional frequency spectra for an isotropic thermoelastic cylinder      

with n = 1 
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Figure 2.5(a): Two dimensional view of propagating modes of an isotropic cylinder with n = 1 

 

 

Figure 2.5(b): Three dimensional view of thermal modes of an isotropic thermoelastic cylinder 

with n = 1 
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Figure 2.6(a): Frequency spectra of anisotropic thermoelastic cylinder with n = 0 

 

Figure 2.6(b): Comparison of propagating modes of elastic and thermoelastic anisotropic 

cylinders with n = 0 
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Figure 2.7(a): Frequency spectra of anisotropic thermoelastic cylinder with n = 1 

 

Figure 2.7(b): Comparison of propagating modes of elastic and thermoelastic anisotropic 

cylinders with n = 1 
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Figure 2.8(a): Three dimensional view of thermal modes of anisotropic thermoelastic cylinder 

with n = 0, up to nondimensional frequency 3.0   

 

Figure 2.8(b): Three dimensional view of thermal modes of anisotropic thermoelastic cylinder 

with n = 0, up to nondimensional frequency 30.0   
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Figure 2.9(a): Frequency spectra of thermoelastic composite cylinder with n = 0 

 

Figure 2.9(b): Comparison of propagating modes of elastic and thermoelastic composite 

cylinders with n = 0 
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Table 2.1: Thermomechanical properties of Copper, Zinc and Silicon Nitride 

Quantity Units Copper Zinc Silicon Nitride 

  kg/m
3
 8.96 ×10

3
 7.14 ×10

3
 3.20 ×10

3
 

11c  N/m
2
 1.66 ×10

11
 1.628 ×10

11
 4.33 ×10

11
 

12c  N/m
2
 8.2 ×10

10
 0.362 ×10

11
 1.95 ×10

11
 

13c  N/m
2
 8.2 ×10

10
 0.508 ×10

11
 1.27 ×10

11
 

33c  N/m
2
 1.66 ×10

11
 0.627 ×10

11
 5.74 ×10

11
 

44c  N/ m 
2
 4.2 ×10

10
 0.385 ×10

11
 1.08 ×10

11
 

1  N /m 
2
 °K 3.3 ×10

3
 5.75 ×10

6
 2.71 ×10

6
 

3  N /m 
2
 ° K 3.3 ×10

3
 5.17 ×10

6
 3.22 ×10

6
 

11k  W/m ° K 1.13 ×10
4
 1.24 ×10

2
 43.5 

33k  W/m ° K 1.13 ×10
4
 1.24 ×10

2
 55.4 

Ec  J/kg ° K 9.1 ×10
-2

 3.90 ×10
2
 0.67 ×10

3
 

0T T  °K 4.2 296 296 

0  s 2.244 ×10
-6

 1.521 ×10
-11

 4.32 ×10
-13

 

  kg/m
3
 8.96 ×10

3
 3.20 ×10

3
 3.20 ×10

3
 

c  N/m
2
 4.2 ×10

10
 2.00 ×10

8
 2.00 ×10

8
 

k  W/m ° K 1.13 ×10
4
 554 554 

 

Table 2.2: First longitudinal mode of a copper cylinder with   = 1.0 and 0.64R   

Thermoelastic Cylinder Elastic Cylinder (i.e., without temperature effect) 

r  
ru  u  

zu  T  ru  u  
zu  

R  
I  

R  
I  

R  
I  

R  
I  

R  
I  

R  
I  

R  
I  

0.5 0 -0.0542 0 0 0.2924 0 0 -4.5x10
5
 0 -0.0542 0 0 0.2924 0 

0.625 0 -0.0597 0 0 0.2878 0 0 -4.6x10
5
 0 -0.0597 0 0 0.2878 0 

0.75 0 -0.0660 0 0 0.2827 0 0 -4.6x10
5
 0 -0.0660 0 0 0.2827 0 

0.875 0 -0.0725 0 0 0.2770 0 0 -4.6x10
5
 0 -0.0725 0 0 0.2770 0 

1 0 -0.0791 0 0 0.2707 0 0 -4.7x10
5
 0 -0.0791 0 0 0.2707 0 

1.125 0 -0.0856 0 0 0.2640 0 0 -4.8x10
5
 0 -0.0856 0 0 0.2640 0 

1.25 0 -0.0917 0 0 0.2568 0 0 -4.8x10
5
 0 -0.0917 0 0 0.2568 0 

1.375 0 -0.0976 0 0 0.2491 0 0 -4.9x10
5
 0 -0.0976 0 0 0.2491 0 

1.5 0 -0.1030 0 0 0.2411 0 0 -4.9x10
5
 0 -0.1030 0 0 0.2411 0 
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Table 2.3: First longitudinal mode of a silicon nitride cylinder with   = 1.0 and 

0.02R   

Thermoelastic Cylinder Elastic Cylinder (i.e., without temperature effect) 

r  
ru  u  

zu  T  ru  u  
zu  

R  
I  

R  
I  

R  
I  

R  
I  

R  
I  

R  
I  

R  
I  

8 0 
-0.0020 

0 0 
0.3333 

0 0 -0.0004 0 -0.0133 0 0 0.3331 0 

0.625 0 
-0.0022 

0 0 
0.3333 

0 0 -0.0004 0 -0.0135 0 0 0.3330 0 

0.75 0 
-0.0023 

0 0 
0.3333 

0 0 -0.0004 0 -0.0136 0 0 0.3330 0 

0.875 0 
-0.0025 

0 0 
0.3333 

0 0 -0.0004 0 -0.0138 0 0 0.3330 0 

1 0 
-0.0027 

0 0 
0.3333 

0 0 -0.0004 0 -0.0139 0 0 0.3329 0 

1.125 0 
-0.0028 

0 0 
0.3333 

0 0 -0.0004 0 -0.0141 0 0 0.3329 0 

1.25 0 
-0.0030 

0 0 
0.3332 

0 0 -0.0004 0 -0.0143 0 0 0.3329 0 

1.375 0 
-0.0032 

0 0 
0.3332 

0 0 -0.0004 0 -0.0144 0 0 0.3328 0 

1.5 0 
-0.0033 

0 0 
0.3332 

0 0 -0.0004 0 -0.0146 0 0 0.3328 0 

 

Table 2.4: Nondimensional wave numbers of thermal modes at low and high frequency 

level 

At Low Level Frequency  (0.4 Hz) At High Level Frequency (1.2 MHz) 

Mode Number 
Real Wave 

Number 

Imaginary 

Wave Number 
Mode Number 

Real Wave 

Number 

Imaginary 

Wave Number 

1 0.697 0.697 1 381.4302 381.4285 

2 0.172 2.817 2 381.4253 381.4335 

3 0.087 5.603 3 381.4099 381.4488 

4 0.057 8.500 4 381.3832 381.4756 

5 0.040 12.283 5 381.3318 381.5269 

6 0.031 15.555 6 381.2724 381.5864 

7 0.024 20.100 7 381.1661 381.6928 
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Table 2.5: First longitudinal mode of a composite cylinder with   = 1.0 and 0.030R   

Thermoelastic Cylinder Elastic Cylinder (i.e., without temperature effect) 

r  
ru  u  

zu  T  ru  u  
zu  

R  
I  

R  
I  

R  
I  

R  
I  

R  
I  

R  
I  

R  
I  

0.5 0 -0.0016 0 0 0.3335 0 0 -0.0004 0 -0.0016 0 0 0.3335 0 

0.625 0 -0.0019 0 0 0.3335 0 0 -0.0003 0 -0.0019 0 0 0.3335 0 

0.75 0 -0.0023 0 0 0.3334 0 0 -0.0004 0 -0.0022 0 0 0.3334 0 

0.875 0 -0.0026 0 0 0.3333 0 0 -0.0003 0 -0.0025 0 0 0.3333 0 

1 0 -0.0029 0 0 0.3331 0 0 -0.0004 0 -0.0029 0 0 0.3331 0 

1.125 0 -0.0031 0 0 0.333 0 0 -0.0004 0 -0.0031 0 0 0.333 0 

1.25 0 -0.0034 0 0 0.333 0 0 -0.0004 0 -0.0033 0 0 0.333 0 

1.375 0 -0.0036 0 0 0.3329 0 0 -0.0004 0 -0.0036 0 0 0.3329 0 

1.5 0 -0.0039 0 0 0.3329 0 0 -0.0004 0 -0.0038 0 0 0.3329 0 
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Chapter 3 

Transient Thermoelastic Waves in an Infinite Cylinder 

3.1 Introduction  

 This chapter presents a theoretical study of transient ultrasonic guided waves 

generated by concentrated heating of the outer surface of an infinite anisotropic cylinder. 

Generalized thermoelastic theory proposed by Lord and Shulman (1967) (LS) is used to 

model the response of a circular cylinder due to a pulsed laser focused on the surface of 

the cylinder. Zhuang et al. (1999) and Bai et al. (2004) studied Green’s functions for an 

isothermal composite cylinder and a piezoelectric cylinder, respectively due to a steady 

state concentrated force with the SAFE method. A Semi-Analytical Finite Element 

(SAFE) method was employed, in Chapter 2, to obtain the guided thermoelastic wave 

modes in free cylinders. These modes are used here to construct the frequency response 

functions due to the laser excitation. Using integral transform techniques, the modal wave 

forms are obtained in frequency and wave number domains. Time histories of the 

propagating modes are then calculated by applying an inverse Fourier transformation in 

the time domain. Numerical results are presented for dispersion curves, frequency 

displacement response spectra and transient wave forms. Convergence and accuracy of 
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numerical results at high frequencies are also discussed in detail. The emphasis here is on 

propagation of longitudinal and flexural wave modes that are generated by the laser 

pulse. Many previous studies of ultrasonic waves in plates have shown that the 

propagating modes can be used to characterize their anisotropic properties (see Datta and 

Shah, 2009, Ch. 4). Recently, Gsell et al. (2000) and Gsell and Dual (2004) have used 

guided wave modes in composite hollow cylinders to measure the anisotropic properties 

of the material. As mentioned above, our attention is focused here on the characteristics 

of the guided modes generated by a concentrated heat source modeling a laser pulse. 

Transversely isotropic silicon nitride tube (Si3N4) is considered for numerical 

calculations. 

3.2 Description of the Problem 

 Consider an infinite transversely isotropic cylinder of inner radius 
ir  and outer 

radius 
or  

in the cylindrical coordinate system ( , ,r z ) shown in Fig. 3.1.  

z

x

y

ro
ri θ

Hr

H
ea

t S
ourc

e

x

 

Figure 3.1: Geometry of the cylinder 
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The cylinder is initially in the undisturbed state with uniform temperature
0T . The inner 

and outer surfaces of the cylinder are traction free and the heat flux vanishes at the inner 

and outer surfaces in the radial direction. The cylinders outer surface is subjected to a 

concentrated heat source in the form of a focused laser beam.  

3.3 Governing Equations 

 The generalized LS governing equations of thermoelasticity, in the presence of 

body force and heat source, are given by Al-Qahtani et al. (2005) as, 

 
,ij j i if u    (3.1) 

 
0 ,i iT Q q     (3.2) 

 ij ijkl kl ijC T     (3.3) 

 
0

E
ij ij

c
T

T


     (3.4) 

 0 ,i i ij jq q k T    (3.5) 

Various physical quantities and material constants appearing in the above equations are: 

ij , the components of the stress tensor; 
iu , the components of the displacement; ij , the 

components of the strain tensor; ijklC , the elastic constants; 
iq , components of the heat 

flux vector;  , the mass density; 
0T , the reference temperature;  , the entropy density; 

T , the temperature change; 
Ec , the specific heat at constant deformation; 

0 , the thermal 

relaxation time; ij , the thermal coefficients; ijk , the coefficients of thermal 
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conductivity; 
if , the body force per unit volume; Q , the heat source. In the above 

equations, the superposed dot indicates the derivative with respect to time.  

A set of normalized quantities is presented here and they are given by 

 

* * * * * 0
0

* * * * *

* * * * *

0 0

, , , ,   

, , ,    , ,

, , , , Q

i i
i i

ij iji E
ij i ij E

E

ij ij ijkl

ij ij ijkl

r u TT v
r u T t t T

H H T H T

q c
q c

c q c

k c v q
k c Q

k c H H



  
  

  


  



    

    

    

 (3.6) 

where 

 , , , , E

c kT kT c k
v q c

Hvc H T vH


 

 
      (3.7) 

Two more nondimensional quantities are defined: the wave number 
* H  and 

frequency * H

v


  . Here , , ,k c H and T  are the basic normalization quantities and the 

rest can be derived from them as shown above. Note that, , ,k c and T can be taken 

suitably depending upon the material properties of the cylinder. For convenience, the 

superscript (*) will be dropped.   

3.4 Semi-Analytical Finite Element Formulation 

In this method, the radial dependence of the displacement u  and temperature T is 

approximated by one dimensional isoparametric finite elements. The total thickness of 
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the cylinder H  is composed of cylindrical layers and each layer can have distinct 

thermoelastic properties and thickness. By using the SAFE method, the thickness of the 

cylinder is discretized into N  laminas. Quadratic interpolation polynomials are used to 

approximate the displacement and temperature field over each lamina in the radial 

direction. 

The displacements and temperature of the k
th

 lamina are expressed as 

 
     

     

1

2

, , , , ,

, , , , ,

e

e

r z t z t

r z t z t

  

  





u u

T N T

N
 (3.8) 

and 

  2

er  N R  (3.9) 

Here 

      
1 2 3

1 1 2 3 2 1 2 3

1 2 3

0 0 0 0 0 0

0 0 0 0 0 0 ,

0 0 0 0 0 0

n n n

n n n n n n

n n n

 

 
 

 
 
  

N N  (3.10) 

 

 

 

 

1 1 1 2 2 2 3 3 3

1 2 3

, , , , , , , , ,

, , ,

, ,

Te

r z r z r z

Te

T
e

b m f

u u u u u u u u u

T T T

R R R

  





u

T

R

 (3.11) 

In equation (3.10), the shape functions are 

    21 1
1 2 32 2

1 , 1 , 1 , 1 1n n n               (3.12) 

where 

 
2

                ( )
b f

b f

f b

r R R
R r R

R R


 
  


 (3.13) 
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In equation (3.11), the nodal displacements , ,rj j zju u u , and temperature 
jT ,  where j = 1, 

2, 3, are taken at the inner surface  br R , middle layer   / 2m b fr R R R   , and 

outer surface  fr R of the k
th

 lamina. 

The strain tensor and temperature gradient are expressed as

 

 1 2 , 3 ,

e e e

z  ε D u D u D u  (3.14) 

 
'

1 2 , 3 ,

e e e

z  T B T B T B T  (3.15) 

The stress vector is given by 

  1 2 , 3 , 2

e e e e

z   σ C D u D u D u βN T  (3.16) 

Matrices ε, σ, C, β , B1, B2, B3, D1, D2 and D3 are defined in Appendix A. The variational 

principle of thermoelasticity, Al-Qahtani et al. (2005), is 

     
1 1

0 0

' ' '

0

t t

T T T T

t V t V

dVdt dVdt            ε σ T KT T q q u f u  (3.17) 

The first term in the left hand side of equation (3.17) is  

 

   

   

 

1 1

0 0

1

0

1 2 , 3 , 1 2 , 3 , 2

11 12 21 , 13 31 ,

22 , 23 32 , 33 ,

01 02 , 03 ,

t t
T

T e e e e e e e

z z

t V t V

e e e

z
t

eT e e e

z zz

t z e e e e e e

z

dVdt dVdt

d dzdt

 


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



   

 

      
 

    
 

     
 
    

   
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ε σ D u D u D u C D u D u D u βN T

K u K K u K K u

u K u K K u K u

K T K T K T

(3.18) 

The second term is 
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   
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1 1

0 0

1

0

' '

1 , 2 , 3 1 2 , 3 ,

11 22 , 33 ,

t t

T eT T eT T eT T e e e

z z

t V t V
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eT e e e
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dVdt dVdt

d dzdt

 
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

   

 

    

  

   
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T KT T B T B T B K B T B T B T

T g T g T g T

(3.19) 

The third term is 
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(3.20) 

The right hand side of equation (3.17) has the form 

    
1 1

0 0

t t

T eT e e

t V t z

dVdt d dzdt


         u f u u f Mu  (3.21) 

The element matrices appearing in equations (3.18) - (3.21) are defined in Appendix A. 

Equating the coefficients of eu in equation (3.17) to zero gives the following equation 

 
 

   

11 01 12 21 , 02 ,

13 31 , 03 , 22 , 23 32 , 33 ,

e e e e e

e e e e e e

z z z zz

 

 

    

       

Mu K u K T K K u K T

K K u K T K u K K u K u f
 (3.22) 

Similarly, equating the coefficients of eT in equation (3.17) yields 
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0 1 0 0 0 2 , 0 3 , 1 0

2 , 3 , 11 22 , 33 ,

e e e e e e
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e e e e e e

z zz
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 
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     

f u m T f u f u f u m T

f u f u g T g T g T Q
 (3.23) 

Combining equations (3.22) and (3.23), and assembling the element matrices into global 

matrices lead to the following governing equations of motion,  

 
1 2 , 3 , 4 5 , 6 ,

7 8 , 9 , 10 , 11 , 12 ,

z z

z z zz

 

  

    

      

H V H V H V H V H V H V

H V H V H V H V H V H V F
 (3.24) 

where  1, 2,...,12i i H  are the global matrices, given in Appendix A, V is the global 

nodal displacement and temperature vector  and F  is a load vector defined by  

 

e

e

 
  
 

f
F

Q
 (3.25) 

Traction free boundary conditions on the surfaces of cylinder require that the stresses at 

the inner and outer surfaces of the cylinder are zero  

 0 at andrr r rz i or r r r        (3.26) 

Thermal boundary conditions are considered as 

 , 0 at andr i oT r r r r    (3.27) 

Thermal boundary conditions imply that heat does not flow into or out of the system via 

the boundaries. Initial conditions are specified as 

 0 at time,  0t  V V  (3.28) 
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3.5 Solution Procedure for Steady State Loading 

 In equation (3.25), the force vector F and the response V are assumed to be time 

harmonic with frequency  .  The   dependence of the load and response can be 

expressed in Fourier series as: 

 

     

     

, , ,

, , ,

n
i t i t in

n

n

n
i t i t in

n

n

z t e z e z e

z t e z e z e

  

  

 

 


 




 



 

 





F F F

V V V

 (3.29) 

Substitution of equation (3.29) into (3.24) yields a system of ordinary differential 

equations with Fourier coefficients 
nV  in terms of z. For each circumferential wave 

number   ,n
 
we obtain 

 
 

     

2

12 , 3 6 9 11 ,

2 2

1 2 4 5 7 8 10

n zz n z

n n

i in

in i in in n

 

 

     

       
 

H V H H H H V

H H H H H H H V F
 (3.30) 

The following Fourier integral transform pairs are used to treat the z-dependence in 

equation (3.30) 

        
1

2
n nik z ik z

n n n n n n nk z e dz and z k e dk


 


 
  V V V V  (3.31) 

Application of Fourier transformation to equation (3.30) yields the algebraic equation in 

terms of the transform parameter  nk  

 2

12n n n B n A n nk k   H V H V H V F  (3.32) 

where 
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3 6 9 11

2 2

1 2 4 5 7 8 10
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i i n

in i in in n

 

 

    

       

H H H H H

H H H H H H H H
 

Equation (3.32) is the governing equation for the thn circumferential harmonic in the 

transformed domain. Note that for a free cylinder without body forces and heat sources 

the right hand side of equation (3.32) will be zero. Then, the homogeneous equation 

(3.32) leads to the eigenvalue problem for the determination of the dispersion relation 

between the frequency   and the axial wave number 
nk  for a fixed circumferential 

integral wave number n.  

The solution of equation (3.32) will be obtained in the form of an expansion in 

guided wave modes in the z-direction. For this purpose, the homogeneous equation, 

which is a three parameter algebraic eigen system in , ,n and 
nk  is considered. If 

nk

serves as an eigenvalue for given values of   and n , equation (3.32) gives a quadratic 

eigenvalue problem. Equation (3.32) can be converted into first order equation in the 

form 

  
12

00 0

0

n n

n n n n

nA B n n n n

I I
k k

k k

        
            

        

V V
A B U P

FH H HV V
 (3.33) 

If the dimension of the displacement and temperature vector nV  is M , then the 

dimension of 
nU in equation (3.33) becomes 2M . A non-trivial solution to the 

homogeneous form of equation (3.33) in terms of 
nk  yields 2M roots, denoted by .nmk

 

They represent axial wave numbers which can be real, purely imaginary or complex. A 
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real wave number represents a propagating wave and purely imaginary or complex wave 

numbers represent non-propagating (evanescent) waves. 

Once the wavenumbers and wave functions are found from equation (3.33), the 

response due to the thn circumferential mode in the Fourier series representation of 

applied loads can be obtained by modal summation. Associated with each eigenvalue, 

there are right and left eigenvectors, R

nmΦ  and L

nmΦ , respectively, and they satisfy the 

equations 

 
  0,

0.

R

n nm

T T L

n nm

k

k

 

   

A B Φ

A B Φ
 (3.34) 

The right and left eigenvectors also satisfy bi-orthogonality relations 

    ,
T TL R L R

nm np nm nm np nm nmdiag B diag k B Φ BΦ Φ AΦ  (3.35) 

where, diag ( ) denotes a diagonal matrix. The eigenvectors can also be partitioned into 

the following upper and lower halves represented by subscripts u and l , respectively. 

 ,          
R L

R Lnmu nmu

nm nmR L

nml nml

   
    
   

Φ Φ
Φ Φ

Φ Φ
 (3.36) 

The solution of equation (3.33) is expressed by summation of right eigenvectors as 

 
2

1

M
R

n nm nm

m

U


U Φ  (3.37) 

Coefficients 
nmU  are calculated by substituting equation (3.37) into equation (3.33) and 

using the bi-orthogonality relations (3.35). Then, the solution vector 
nU
 
is written as 
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 

2

1

TLM
Rmn n

n nm

m nm n nmk k B





Φ P

U Φ  (3.38) 

The solution vector 
nV  in equation (3.33) , occupying the upper half of ,nU takes the 

form 

 
 

2

1

TLM
Rmnl n

n nmu

m nm n nmk k B





Φ F

V Φ  (3.39) 

The inverse Fourier transform of equation (3.39) gives the response,   ,n zV   of the thn

circumferential harmonic in the spatial domain 

  
 

2

1

1

2

T

n

LM
ik zRmnl n

n nmu n

m nm n nm

z e dk
k k B










Φ F

V Φ  (3.40) 

In the above equation, , ,L R

n mn nmF Φ Φ  and 
nmB  are independent of wave number

nk , so that 

the application of the Cauchy residue theorem yields the modal response  n zV  in a 

straight forward way. The eigen data can be divided into two groups for travelling or 

decaying modes from the origin in z directions, respectively. Therefore,  n zV can be 

expressed as summation of motions in positive and negative directions as 

  
2

1 1

,

T T

nm nm

L LM M
ik z ik zR Rmnl n mnl n

n nmu nmu

m m Mnm nm

z i e i e
B B

 

  

   
Φ F Φ F

V Φ Φ  (3.41) 

The response in the time domain is now obtained by applying an inverse Fourier 

transformation to equation (3.41) and is calculated numerically as 

    
1

, ,
2

i t

n nz t z e d 






 V V  (3.42) 
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3.6 Heat Source Representation 

The heat input due to the laser pulse is assumed to be of the form 

        0 r zQ I f t g r g z   (3.43) 

where 
0I  is the energy of the laser pulse. The temporal profile  f t is assumed as 

   0

2

0

t

tt
f t e

t



  (3.44) 

where 
0t  is the pulse rise time. The spatial profile  zg z  is assumed to have a Gaussian 

profile in the z-direction, 

  

2

21
z

a
zg z e

a



  (3.45) 

where a  is the radius of the laser beam. The depth dependence,  rg r , of the pulse is 

taken as, 

    0r r

rg r e
r

  
  (3.46) 

where   is the extinction coefficient.  

Once the fundamental response functions ( )zΓ  are constructed due to 

       0 rQ I f t g r z   , the response due to the heat source Q , represented by 

equation (3.43),  can be calculated as 
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    0 0( ) zz z g z z dz



 v Γ  (3.47) 

In the present work, only the thermal load is considered for constructing the response 

function. Spatial representation of heat source along the radial profile in frequency 

domain is  

      0 0I f z   Q Q  (3.48) 

where  0 1 2 2 1, , . . ., , . . .,
T

k NQ Q Q Q Q and 
kQ is the value of ( )rg r at the 

thk  node using consistent load formulation. The solution procedure involves expansion of 

    in a Fourier series. It is well known that the Fourier series representation of  

function does not converge. Hence, it is necessary to replace the point source by a 

uniform spatial pulse of intensity 
0q  over a circumferential distance

02 or . For 

equivalence of a unit concentrated source, 
0q  is given by 
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1

2
o

o

q r d or q
r











   (3.49) 

Therefore, the θ-dependence of Q  in equation (3.48) is represented by a Fourier series 

expansion in circumferential direction as 

 
n

in

n

n

e 







 Q Q  (3.50) 

where 

    0
0 0

0
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2
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o

n
I f z

r n



 

 
Q Q  (3.51) 



54 

 

The Fourier transform of 
nQ  in the z-direction is 

  0
0 0

0

sin1

2
n

o

n
I f

r n





 
Q Q  (3.52) 

Since a mechanical load is not considered here, the load vector in equation (3.32) 

becomes 

 
 0 0

0

0

0 sin

2
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n o

I f n

r n

 

 

 
  
 

F F
Q

 (3.53) 

where  0 00
T

F Q . Note that Zhuang et al. (1999) considered the isothermal problem 

due to a mechanical point load. Substitution of equation (3.53) into equation (3.41) and 

considering propagation only in the z directions yields the thn circumferential mode 

displacement and temperature response functions as 

  
 0 0 0

10

sin
,

2

T

nm

LM
ik zRmnl

n nmu

mo nm

iI f n
z e
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
 

Φ F
V Φ  (3.54) 

Using (3.54) in (3.50), we obtain 

  
 0 0 0

10

sin
, ,

2

T

nm

Ln M
ik zin Rmnl

nmu

n mo nm

iI f n
z e e

r n B

 
 

 



 


  

Φ F
V Φ  (3.55) 

where  f   is the Fourier transform of temporal profile ( )f t . Equation (3.55) is used in 

the following section to calculate the vector V at a given location (θ, z) for different 

frequency . Applying an inverse Fourier transformation to the above equation (3.55) 

yields the time transient response. 
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3.7 Numerical Results and Discussion 

 For Numerical results, an infinite cylindrical tube with thickness 1 mm and inner 

radius 1.5 mm is considered. Thus, the nondimensional inner and outer radii are, 

1.5 and 2.5,i or r  respectively. The material of the tube is taken to be silicon nitride 

(Si3N4), whose properties are listed in Table 2.1 (see Al-Qahtani et al. 2005). The 

symmetry axis of the material is aligned with the axis of the cylinder. A schematic 

representation of the pulse and the frequency spectrum of ( )f t  are shown in Figs. 3.2(a) 

and 3.2(b). Here, the nondimensional frequency, * / .H    Figure 3.2(b) shows that 

the frequency content of the heat pulse is confined in the interval (0,4) MHz . The pulse 

rise time 
0t  

in equation (3.44) is taken as 1 s  and the extinction coefficient   appearing 

in the expression for 4 1( ) is taken as 10  mrg r  . To calculate the response due to the 

source given by equation (3.43), ( )zg z is first replaced by the impulse function ( )z . 

Once the response due to this source is found, the response due to any other function 

( )zg z can be evaluated by convolution (Eq. (3.47)).  

For the purpose of nondimensionalization, normalizing velocity  is chosen to be 

0.25 km/s. Furthermore, the normalized density * is taken to be 1. Then, the 

nondimensional material properties of the tube are given by 

* * 7

0 0

* * *

* * * *

1.0,  1.081 10  

70.03, =70.03, 83.21

0.0785,  =0.0785, 0.1, 967.50

  

 

rr zz

rr zz E

T

k k k c







  

  

 

  

   

Also, the nondimensional elastic stiffness tensor is given by 
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*

2165 975 635 0 0 0

975 2165 635 0 0 0

635 635 2870 0 0 0

0 0 0 540 0 0

0 0 0 0 540 0

0 0 0 0 0 595

 
 
 
 

  
 
 
 
 

C  

As mentioned previously, the homogeneous solution of equation (3.33) yields 

dispersion curves for thermoelastic waves in a cylinder. These curves for different 

circumferential modes (n = 0, 1, 2, 3) are computed and presented graphically in the form 

of 3-D plots shown in Figs. 3.3(a) and 3.3(b). These modes are labeled as L(0,1), L(0,2), 

F(1,1), F(1,2) etc, using the convention employed in Alleyne et al. (1998). The series 

representation in equation (3.55) involves double summation: one over the number of 

axial modes M for a given circumferential mode n and the other over circumferential 

modes n. The first one is determined by the number of finite elements Ne used to 

discretize the thickness of the cylinder. 
0 , appearing in equation (3.49) has been chosen 

as 0.01 radians. 

To test the convergence of series at high frequency * 100.0   (~4 MHz), 

numerical results were calculated for different mesh sizes with Ne taken as 10, 25 and 50 

keeping n fixed at 20. Figures 3.4(a) and 3.4(b) show the variation of displacement, 

temperature, stress, and radial heat flux through the thickness with the number Ne. It is 

seen that convergence of displacements, temperature, and the stresses are achieved with 

25 elements whereas, convergence of heat flux is achieved with 50 elements. As the 

accuracy is also related to the number of circumferential modes, the response was 

calculated with different n  values of 5, 10 and 20 and shown in Figs 3.5(a) and 3.5(b). It 
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was observed that with Ne = 50, numerical results converged with 10 circumferential 

modes at an observation point  0 and 100 .z H    The heat flux distribution through 

the thickness of the cylinder shows sharp drops near the inner and outer surfaces of the 

cylinder (boundary layer like behavior) and more elements are needed near these surfaces 

to capture this behavior. In the 50 element model, the thickness is divided into 20 layers 

(10 at the outer end and 10 at the inner), each of thickness 0.0015, and 30 layers of 

thickness 0.0023 mm in the middle whereas, in the 25 element model, the shell is divided 

into 25 uniform layers of thickness 0.004 mm each.  

In this chapter, the main emphasis is on the characteristics of longitudinal and 

flexural modes (in addition to the total response), as these modes have received a great 

deal of attention in nondestructive evaluation of materials (see Rose, 2004). In the 

frequency range 0 and 4.0 MHz, where the dominant contribution of the laser pulse 

considered here is limited, primarily the longitudinal modes [L(0,1), L(0,2)] and the 

flexural modes [F(1,1), F(2,1), F(3,1)] are excited.  Group velocities of these modes were 

computed and are shown in Figs. 3.6(a) and 3.6(b).  Figure 3.6(a) shows that at low 

frequencies L(0,1) mode propagates at much higher group speed than at high frequencies. 

It is interesting to note the speed of L(0,1) mode drops sharply to 0.97 km/s at a 

frequency 0.835 MHz. This frequency is very close to that of the zero group speed of the 

L(0,2) mode, which is 0.85 MHz. 

As seen in Figs. 3.6(a) and 3.6(b), maximum group speeds of the L(0,1) and 

L(0,2) modes are almost the same, which is 12.80 km/s, and are attained below 4.0 MHz. 

Furthermore, the F(1,1), F(2,1), and F(3,1) modes propagate with the same maximum 

group speed of 5.70 km/s, which is attained at around 4 MHz. Also, these modes are 
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fairly dispersive at low frequencies. Figure 3.7(a) shows the frequency response spectrum 

of the radial displacement of the outer surface of the cylinder associated with the L(0,1) 

and L(0,2) modes at 0 , 100o z H   . Sharp resonances are seen at 0.835 and 0.85 MHz. 

Frequency resolution of 2.0 kHz was used to compute the frequency response spectra. 

Frequency spectra of flexural modes are presented in Fig. 3.7(b). Sharp resonance peaks 

are found to occur for the F(2,1) and F(3,1) near their cutoff frequency points. 

Figures 3.8(a) and 3.8(b) show the transient radial displacement responses of 

longitudinal modes at two observation locations, 0 ,  100z H   , and 

0 ,  200z H   . As mentioned above, both longitudinal modes propagate with almost 

the same highest group speed of 12.80 km/s. Therefore, the arrival times of these modes 

at the first and the second locations are about 7.8 s  and 15.6 s , respectively. It is 

observed that the L(0,1) mode shows higher amplitudes than the L(0,2) mode.  

Transient displacement responses of flexural modes at the same observation 

points, mentioned above, are shown in Figs. 3.9 and 3.10.  Since these modes travel with 

almost the same group speeds of 5.70 km/s, they arrive at the first location in about 17.54 

s  and the second location in about 35.1 s . It is evident from Figs. 3.8(a), 3.8(b), and 

3.9, 3.10 that the peak response is dominated by flexural modes when compared to that of 

longitudinal modes.  

In order to see the difference between the response of the cylinder due to the 

Gaussian profile of ( ) zg z and that due to ( )z , transient response of the L(0,1) mode 

due to the Gaussian profile is computed at observation location, 0 ,  100z H   , and is 
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compared with that due to ( )z in Fig. 3.11. Comparison of these two wave forms does 

not show significant differences. Figure 3.12 shows the dispersion curves for all the 

propagating modes within the frequency range 0 to 3.0 MHz. The time history response 

due to each propagating mode was computed and summed up to obtain the total response 

history shown in Fig. 3.13. Clearly, the total response is dominated by the flexural waves. 

As mentioned before, the focus of the present study has been on the 

characteristics of the guided waves modes in the cylinder due to concentrated heating by 

a laser source. For this purpose, the cylinder is assumed to have no defects. Once the 

modes are calculated, they can be used to study reflection and transmission of these 

modes when there are localized defects like cracks, joints, corrosion pits, and others. 

References to such works can be found in Rattanawangcharoen et al. (1994) and Zhuang 

et al. (1997), Bai et al. (2001, 2002) (see also Datta and Shah, 2009, Section 6.3).  

3.8 Concluding Remarks 

 Transient analysis of thermoelastic waves in an anisotropic circular cylindrical 

shell excited by a focused laser beam has been studied in this chapter. The heat input is 

assumed to be that due to a pulsed laser beam focused at ,  0,  0or r z   , with a 

radial dependence that decays with  decreasing r , and is assumed to act on a small 

circular arc, 02 ,or  along the circumference. The pulse has a Gaussian distribution in the 

axial direction. The solution can then be used for more general dependence on z and θ. 

Pulsed laser heating generates thermal waves as well as (primarily) elastic waves. The 

former are strongly attenuated as they propagate along the cylinder whereas, the latter 
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have very small attenuation and are weakly dependent on the temperature. Thus, the laser 

generated elastic waves provide an efficient means of ultrasonic material 

characterization. They can also be used for ultrasonic NDE of defects in the structure. In 

this chapter, attention has been focused on the frequency and time-dependent 

characteristics of the guided elastic modes of propagation.   

The dispersion curves and transient wave forms of propagating longitudinal and 

flexural modes in a silicon nitride (Si3N4) tube are computed numerically. Longitudinal 

modes travel faster than the flexural modes, the latter having larger amplitudes than the 

former. The transient wave forms presented here are for dominant propagating modes and 

the total response is found by summation of all the propagating modes in the frequency 

range of the pulse. It is found that the response is dominated by the flexural modes. The 

Semi-Analytical Finite Element (SAFE) method that has been used here can also be used 

for other anisotropic materials and for different thicknesses of the cylinders. It also can be 

used to calculate the transient displacement response at multiple locations on the 

cylinder. The results can be used along with experiments to characterize the anisotropic 

material properties. 
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Figure 3.2(a): Temporal and spatial profiles of the heat source 

 

Figure 3.2(b): Frequency spectrum of f(t) 
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Figure 3.3(a): Frequency wave number plots for a silicon nitride tube when n=0 and n=1 

 

Figure 3.3(b): Frequency wave number plots for a silicon nitride tube when n=2 and n=3 
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Figure 3.4(a): Comparison of displacement components and temperature distribution for 

a silicon nitride cylinder at * 100.0  (~4 MHz) with different number of elements (Ne) 

at an observation point, θ = 0 and z = 100H 
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Figure 3.4(b):  Comparison of stress components and temperature gradient for a silicon 

nitride cylinder at * 100.0  (~4 MHz) with different number of elements (Ne) at an 

observation point, θ = 0 and z = 100H 
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Figure 3.5(a): Comparison of displacement components and temperature distribution for 

a silicon nitride cylinder at * 100.0  (~4 MHz) with 5,10 and 20n  at an observation 

point θ = 0 and z = 100H 
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Figure 3.5(b): Comparison of stress components and temperature gradient for a silicon 

nitride cylinder at * 100.0  (~4 MHz) with 5,10 and 20n  at an observation point θ = 

0 and z = 100H 
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Figure 3.6(a): Group velocity diagram for n = 0 

 

Figure 3.6(b): Group velocity diagram for n = 1, n = 2 and n = 3 
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Figure 3.7(a): Frequency displacement response spectra of a silicon nitride cylinder for 

L(0, 1) and L(0, 2) modes at an observation point, θ = 0 and z = 100H 

 

 
Figure 3.7(b): Frequency displacement response spectra of a silicon nitride cylinder for 

F(1, 1), F(2,1) and F(3,1) modes at an observation point, θ = 0 and z = 100H 
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Figure 3.8(a): Displacement response time history of the L(0, 1) and L(0,2) modes at an 

observation point, θ = 0 and z = 100H 

 

Figure 3.8(b): Displacement response time history of the L(0, 1) and L(0,2) modes at an 

observation point, θ = 0 and z = 200H 
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Figure 3.9: (a) Displacement response time history of the F(1, 1) mode; and (b) F(2,1) 

and F(3,1) modes at an observation point, θ = 0 and z = 100H 

 

Figure 3.10 (a): Displacement response time history of the F(1, 1) mode at an observation 

point, θ = 0 and z = 200H 
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Figure 3.10(b): Displacement response time history of the F(2,1) and F(3,1) modes at an 

observation point, θ = 0 and z = 200H 

 

Figure 3.11: Comparison of time history responses due to δ(z) and that due to a Gaussian 

spatial distribution of gz(z) for L(0,1) mode at an observation point, θ = 0º and z = 100H 
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Figure 3.12: Propagating modes within the frequency range 0 to 3 MHz 

 

Figure 3.13: Total transient response of the cylinder at an observation point,                      

θ = 0º and z = 100H 
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Chapter 4 

Thermoelastic Waves in Finite Cylinders 

4.1 Introduction 

 Cylindrical shells are frequently used in aerospace, submarine and offshore 

structures, chemical and gas pipelines, civil engineering structures, and other industrial 

applications. Therefore, it is important to know their dynamic and vibration 

characteristics for practical design. Since exact analytical solutions for a finite-length 

vibrating cylinder cannot be obtained in general, several approximate solutions have been 

proposed to estimate natural frequencies of finite isotropic circular cylinders by 

McMahon (1964, 1970), Hutchinson (1972), Gladwell and Tahbildar (1972), and 

Gladwell and Vijay (1975).  

 If the material of the cylinder is anisotropic, the solution of the free vibration 

problem becomes more complex. Lusher and Hardy (1988) used separation of variables 

technique used by Morse (1954) to study the axisymmetric vibrations of transversely 

isotropic cylinders and presented experimental results for sapphire rods. Heyliger (1991) 

estimated natural frequencies of axisymmetric modes of finite length transversely 
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isotropic cylinders by applying the Ritz method. Chau (1994) and Honarvar et al. (2009) 

studied axisymmetric and asymmetric vibrations of a finite transversely isotropic cylinder 

using potential functions and compared their results with the experimental observations 

of Lusher and Hardy (1988). Chen et al. (1996) studied free vibrations of finite 

orthotropic thin cylindrical shells by employing shell theory. Liu and Qu (1998) studied 

analytically the two-dimension problem of guided circumferential waves in a circular 

annulus.  

To our knowledge, propagating and evanescent modes of circumferential waves 

in a finite transversely isotropic cylinder have not been studied in the past. As mentioned 

before, finite sized cylinders are common structural components in practical applications. 

The safety of these structural components must be assessed regularly for their continual 

usage or for their repair. In order to monitor the health, it is necessary to detect critical 

cracks or defects. Guided ultrasonic waves have proven to be very efficient for structural 

health monitoring (SHM). In recent years, laser based ultrasonic techniques for material 

property measurements and defect characterizations have proven to be very reliable. The 

coupled theory of thermoelasticity must be used to find complete solutions for the guided 

waves generated by pulsed lasers. 

 In this chapter, propagation of thermoelastic waves in a circular annulus and in 

finite length circular cylindrical shells have been studied in the context of LS (Lord and 

Shulman, 1967) generalized theory of thermoelasticity. A semi-analytical finite element 

(SAFE) method is employed to study characteristics of guided wave modes in the 

cylinder. The dispersion equation governing the modes is obtained in the form of an 

eigenvalue problem. Solutions obtained by the SAFE formulation are validated by 
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comparing the numerical results for finite length transversely isotropic elastic cylinders 

(isothermal case) with those published by Chau (1994) and Honarvar et al. (2009). 

Results obtained for the (plane strain) circumferential wave propagation problem are 

shown to agree well with those published by Liu and Qu (1998) for an isotropic 

(isothermal) case. Numerical results are presented here for both propagating and 

evanescent modes in a transversely isotropic silicon nitride cylinder. 

4.2 Description of the Problem 

 Consider a finite length transversely isotropic circular cylinder of inner radius 
ir  

and outer radius 
or  

in the cylindrical coordinate system ( , ,r z ) shown in Fig. 4.1. The 

cylinder is initially in the undisturbed state with uniform temperature
0T . The inner and 

outer surfaces of the cylinder are traction free and the heat flux vanishes at inner and 

outer surfaces in the radial direction. The ends of the cylinder are insulated thermally and 

also constrained by frictionless rigid walls. 

z

L

θ  
ri

ro

H

 

Figure 4.1: Geometry of the cylinder 
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4.3 Governing Equations 

 The generalized LS governing equations of thermoelasticity, in the absence of 

body forces and heat sources, are given by Al-Qahtani and Datta (2004) as, 

 
,ij j iu    (4.1) 

 
0 ,i iT q    (4.2) 

 ij ijkl kl ijC T     (4.3) 

 
0

E
ij ij

c
T

T


     (4.4) 

 0 ,i i ij jq q k T    (4.5) 

Various physical quantities and material constants appearing in the above equations are: 

ij , the components of the stress tensor; 
iu , the components of the displacement; ij , the 

components of the strain tensor; ijklC , the elastic constants; 
iq , components of the heat 

flux vector;  , the mass density; 
0T , the reference temperature;  , the entropy density; 

T , the temperature change; 
Ec , the specific heat at constant deformation; 

0 , the thermal 

relaxation time; ij , the thermal coefficients; ijk , the coefficients of thermal 

conductivity. In the above equations, the superposed dot indicates the derivative with 

respect to time.  

Nondimensional quantities used by Al-Qahtani and Datta (2004)
 
and many others 

are only suitable for the single layer cylinder since equations of motion have a different 
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form after normalization. A set of normalized quantities is presented here and they are 

given by 

 

* * * *

* * * * *

* * * * * 0
0 0 0

, , , ,

, , ,    , ,

, , , ,

i i
i i

ij iji E
ij i ij E

E

ij ij ijkl

ij ij ijkl

r u T v
r u T t t

H H T H

q c
q c

c q c

k c Tv
k c T

k c H T



  
  

  


  



   

    

    

 (4.6) 

where 

 , , , , E

c kT kT c k
v q c

Hvc H T vH


 

 
      (4.7) 

In the sequel, two more nondimensional quantities are defined: the angular wave number 

*k kH and frequency * H

v


  . Here , , ,k c H and T  are the basic normalization 

quantities and the rest could be derived from them as shown above. Note that, , ,k c and 

T can be suitably taken depending upon the material properties of the cylinder. This non-

dimensional scheme yields all dimensionless equations in the same form as their 

dimensional counterparts. Therefore, this normalization could be used to solve multilayer 

cylinders.  

 Using equations (4.1) to (4.5), the equations governing coupled thermoelastic 

deformations can be written as 

 , ,ijkl k lj ij j ic u T u    (4.8) 
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0 0 ,(1 )[ ]ij ij E ij ijT c T k T

t
   


  


 (4.9) 

Writing these equations in terms of the nondimensional quantities defined by (4.6), the 

following are obtained 

 
* * * * * *

, ,ijkl k lj ij j ic u T u    (4.10) 

 * * * * * * * * * *

0 0 , , 0* *
(1 ) (1 ) 0ij i j ij ij ET u k T c T

t t
   

 
    

 
 (4.11) 

Equations (4.10) and (4.11) have to be solved using some numerical techniques for a 

generally anisotropic medium. In the following, the SAFE method is used to solve the 

problem. For convenience, the superscript (*) will be dropped in the sequel. 

4.4 Semi-Analytical Finite Element Formulation 

In this method, for a finite cylinder of length L, the radial dependence of the 

displacement u  and temperature T is approximated by one dimensional isoparametric 

finite elements. The total thickness of the cylinder H  is composed of cylindrical layers 

and each layer can have distinct thermoelastic properties and thickness. By using the 

SAFE method, thickness of the cylinder is discretized into N  laminas. Quadratic 

interpolation polynomials are used to approximate the displacement and temperature 

fields over each lamina in the radial direction. 

The displacements and temperature of the k
th

 lamina are expressed as 

 
     

     

1

2

, , , ,

, , , ,

e

e

r z t Z t

r z t c t

  

  





u u

T N T

N
 (4.12) 
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and 

  2

er  N R  (4.13) 

Here 

 
 

   

1 2 3

1 1 2 3

1 2 3

2 1 2 3

0 0 0 0 0 0

0 0 0 0 0 0 ,

0 0 0 0 0 0

n n n

n n n

n n n

n n n





 
 


 
  


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N

 (4.14) 

 

 

 

 

1 1 1 2 2 2 3 3 3

1 2 3

, , , , , , , , ,

, , ,

, ,

Te

r z r z r z

Te

T
e

b m f

u u u u u u u u u

T T T

R R R

  





u

T

R

 (4.15) 

and 

 

0 0

= 0 0

0 0

c

c

s

 
 
 
  

Z  (4.16) 

where    sin ,  coss pz c pz  , 
m

p
L


 and L is the length of the cylinder and, m is 

axial wave number.  

In equation (4.14), the shape functions are 

    21 1
1 2 32 2

1 , 1 , 1 , 1 1n n n               (4.17) 

where 

 
2

                ( )
b f

b f

f b

r R R
R r R

R R


 
  


 (4.18) 
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In equation (4.15), the nodal displacements , ,rj j zju u u , and temperature 
jT ,  where j = 1, 

2, 3, are taken at the inner surface  br R , middle layer   / 2m b fr R R R   , and 

the outer surface  fr R of the k
th

 lamina. 

The strain tensor and temperature gradient are expressed as

 

 1 2 ,

e e

 ε D u D u  (4.19) 

 
'

1 2 ,

e e

 T B T B T  (4.20) 

where  

 
1 11 12

2 21 22

c s

c s

 

 

D D D

D D D
 (4.21) 

 
1 11 12

2 21

c s

c

 



B B B

B B
 (4.22) 

The stress vector is given by 

  1 2 , 2

e e es  σ C D u D u βN T  (4.23) 

Matrices , , , , , and
1 11 12 2 21 1 11 12 2 21 22

ε σ C,β,B B ,B ,B B ,D ,D ,D ,D D   D  are defined in 

Appendix C. The variational principle of thermoelasticity, Al-Qahtani and Datta (2004), 

is 

     
1 1

0 0

' ' '

0

t t

T T T T

t V t V

dVdt dVdt            ε σ T KT T q q u u  (4.24) 

The first term in the left hand side of equation (4.24) is  
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eT e e e e e e e

t

dVdt s dVdt

d dt

 

  



  

 

    
 
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   

 

ε σ D u D u C D u D u βN T

u K u K K u K u K T K T

(4.25) 

The second term in equation (4.24) is 

 

   
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1 1
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 (4.26) 

The third term in equation (4.24) is 
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T q q q q

β ε β ε
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(4.27) 

The right hand side of equation (4.24) has the form 

    
1 1

0 0

t t

T eT e

t V t z

dVdt d dzdt


         u u u Mu  (4.28) 

The element matrices appearing in equations  (4.25) to (4.28) are defined in Appendix C. 

Equating the coefficients of eu in equation (4.24)  to zero gives the following equation 
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  11 12 21 , 22 , 01 02 , 0e e e e e e

        Mu K u K K u K u K T K T  (4.29) 

Similarly, equating the coefficients of eT in equation (4.24) yields 

 0 1 0 0 0 2 , 1 0 2 , 11 22 , 0e e e e e e e e

           f u m T f u f u m T f u g T g T  (4.30) 

Combining equations (4.29) and (4.30), and assembling the element matrices into global 

matrices lead to the following governing equations of motion,  

 1 2 , 3 4 , 5 6 , 7 , 0         E V E V E V E V E V E V E V  (4.31) 

where  1, 2,...,7i i E  are the global matrices, given in Appendix C, V is the global 

nodal displacement and temperature vector  

Traction free boundary conditions on surfaces of cylinder require that the stresses at the 

inner and outer surfaces of the cylinder are zero  

 0 at andrr r rz i or r r r        (4.32) 

End boundary conditions of the cylinder are 

 0      at    0,z rz zu z L      (4.33) 

Thermal boundary conditions are considered as 

 
,

, 0 at 0,

0 at and

z

r i o

T z L

T r r r r

 

  
 (4.34) 

The solution of equation (4.31) is assumed as 
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 ( )

0

i n te  V V  (4.35) 

where 0V  is the nodal amplitude vector and   is the nondimensional circular frequency. 

For waves propagating in the   - direction, ine  is defined as ( )oi krine e
  , where k  is the 

wave number defined as, 
( )o

k
c r


 . ( )c r is the phase velocity of the circumferential wave 

travelling along the surface at a distance r . 

Substitution of equation (4.35) into equation (4.31) results in a set of linear homogeneous 

equations 

  2 2 2

1 2 3 4 5 6 7 0( ) 0in i n in n          E E E E E E E V  (4.36) 

For integer values of m, two eigenvalue problems can be obtained depending on 

whether n or ω is chosen as the eigenvalue. If n serves as the eigenvalue with assigned 

values for ω, equation (4.36) gives a quadratic eigenvalue problem:  

  2

7 0 0B An n   E E E V  (4.37) 

where  
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2
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 

 

   
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E E E E

E E E E
 (4.38) 

Equation (4.38) can be converted into a first order equation in the form 

 
0 0

0 7 0

00

0
A B

II
n

n n

      
     

       

V V

V E VE E
 (4.39) 

Solution of the generalized eigenvalue problem (4.39) gives the dispersion relation for 

guided circumferential thermoelastic waves in the cylinder.  
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On the other hand, for given integer values of m and n, equation (4.36) gives the 

frequencies of free thermoelastic vibration of the shell.  

In Appendix D, relevant dispersion equations for the plane strain case are presented. 

4.5 Numerical Results and Discussion 

 In order to validate the SAFE formulation, guided circumferential waves for the 

isothermal plane strain problem are obtained. Liu and Qu (1998) presented exact 

analytical solutions for this case. Geometry and material properties of the circular 

annulus considered by Liu and Qu (1998) are, 

2
,   ,   0.2817,   3200 m/s,   5660 m/si

o i s T L

o

r
H r r c c

r

  
 

 


         

Here, H  is the thickness of the annulus; 
s  is the shape factor;   is Poisson’s ratio; 

 and T Lc c are shear and longitudinal wave velocities, respectively. The nondimensional 

wave number, *k , and nondimensional frequency, * ( )  , are defined as 

* * and 
T

Hk kH
c

  , respectively. Figures 4.2(a) and 4.2(b) show the comparison 

between SAFE results and those obtained by Liu and Qu (1998) for 0.1 and 0.5s   . 

These figures show excellent agreement between the results obtained here by the SAFE 

method and those presented by Liu and Qu (1998).  

As further validation of the SAFE method, the three dimensional problem of 

vibration of a finite transversely isotropic cylinder was also considered. Calculated 
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frequency spectra for axisymmetric (n = 0) and asymmetric (n = 1) modes for a sapphire 

solid cylinder (isothermal case) are shown in Figs. 4.3(a) and 4.3(b). Also shown in these 

figures are the results presented by Chau (1994) and Honarvar et al. (2009) using 

analytical methods. Material properties of the sapphire solid cylinder having radius 

1.4986 or cm and length 2.97815 ,L cm  are (see Chau (1994), 

11 2 11 2 11 2
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Figures 4.3(a) and 4.3(b) show excellent agreement between the results presented in this 

study and those obtained earlier by Chau (1994) and Honarvar et al. (1999). They 

confirm the validity of the SAFE formulation employed in this chapter. In the following, 

thermoelastic waves in a circular annulus and in a finite cylindrical tube are discussed.  

A cylindrical tube with thickness 1 mm and inner radius 1.5 mm is considered. 

Thus, the nondimensional inner and outer radii are, 1.5 and 2.5,i or r  respectively. The 

material of the tube is taken to be transversely isotropic silicon nitride (Si3N4), whose 

properties are listed in Table 2.1 (see Al-Qahtani and Datta, 2004). The symmetry axis of 

the material is aligned with the axis of the cylinder.  
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 For the purpose of nondimensionalization, normalizing velocity  is chosen to be 

0.25 km/s. Furthermore, the normalized density * is taken to be 1. Then, the 

nondimensional material properties of the tube are given by 

* * 7 * * *

0 0

* * * * * 11
11

* * * *13 3312 44
12 13 33 44
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The plain strain problem of circumferential guided waves is considered first. For a 

fixed real   the wavenumbers 
* * * (= )R Ik i  are calculated and presented graphically in 

Fig. 4.4(a). Figure 4.4 (b) shows group velocities, respectively, of the circumferential 

propagating modes at the outer surface. From Fig. 4.4 (b), it is noticed that, the first 

propagating elastic mode tends asymptotically to a straight line at high frequencies with a 

group velocity 5.75km/s, indicating that it becomes non-dispersive.  It is also observed 

that the influence of temperature change on circumferential propagating modes is 

negligible.  The second mode has a low cutoff frequency 21.40  and travels much 

faster than the first mode at low frequencies. Note that it reaches the first plateau at the 

velocity 6.37 km/s and both modes approach the Rayleigh wave velocity 5.40km/s at 

high frequencies. 

 A finite cylindrical tube of length 15 mm with inner and outer radii of 1.5 mm and 

2.5 mm, respectively, is considered here. Thus, the nondimensional length is 15 and, 

nondimensional inner and outer radii are, respectively, 1.5 and 2.5i or r  . As 

mentioned previously, equation (4.39) yields dispersion curves for thermoelastic waves in 
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a cylinder of finite length. The curves (see Figs. 4.5 (a), 4.6 (a), and 4.7 (a)) for mode 

numbers (m = 1, 2, 3) in the z direction are obtained by keeping 
*  ( )   real and 

angular wave number 
* * * (= )R Ik i   complex. Group velocities of the circumferential 

waves when m = 1, 2, 3, are computed at the outer surface of the cylinder and shown in 

Figs. 4.5(b), 4.6(b) and 4.7(b), respectively. From these curves it is observed that first 

two modes are almost non-dispersive at high frequencies and approach the Rayleigh 

wave velocity. It is found that elastic modes are not much affected by the thermal effects 

within the frequency range considered here. Thermal modes are found to have very high 

attenuation when compared with elastic modes. Higher order thermal modes originate 

with high imaginary values of the wave number when * 0  . It is also found that the 

higher order thermal modes approach the first thermal mode as the frequency increases. 

This is evident from Table 4.1. 

 Natural frequencies of the finite cylinder depend on the geometry ratio 

*( )L L H  and the material properties of the cylinder. To study the dependence of   on 

geometry ratio, frequencies are obtained as functions of *L  from 0 to 150 and presented 

graphically. The frequency spectra for axisymmetric modes (n = 0) with the first three 

longitudinal modes (m = 1, 2, 3) are shown in Figs. 4.8, 4.9 and 4.10, respectively. Also, 

frequencies for the first asymmetric modes (n = 1) with three flexural modes (m = 1, 2, 3) 

are presented in Figs. 4.11, 4.12 and 4.13, respectively. In Figs 4.9 to 4.14, thickness of 

the cylinder H = 1 mm is fixed with a varying value of L. For n = 0, the longitudinal and 

torsional modes are uncoupled and it is evidenced by the intersection of the torsional 

modes with that of the longitudinal modes which are shown in Figs. 4.8 to 4.10. From 
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Figs. 4.8 to 4.13 and Table 4.2, it was observed that the lowest frequency is not an 

axisymmetric type for all geometry ratios  *L of the cylinder.  

Natural frequencies for the first axisymmetric (n = 0) and asymmetric (n = 1) 

modes with axial mode number (m = 1) are also obtained for a composite cylinder which 

are shown in Figs. 4.14 and 4.15, respectively. The inner and outer layers of the 

composite cylinder are zinc and silicon nitride, respectively. Both layers of the cylinder 

are bonded perfectly with each other and the thickness of each layer is 1 mm. The inner 

radius of the cylinder is 1.5 mm. The length of the composite cylinder is 15 mm and the 

material properties of silicon nitride and Zinc are listed in Table 2.1. 

4.6 Concluding Remarks 

 The natural frequencies of vibration of finite length cylinders and circumferential 

waves in such cylinders have been studied in the context of the L-S generalized theory of 

thermoelasticity. The proposed SAFE formulation is validated by comparing predicted 

numerical results with those obtained in earlier investigations by Chau (1994), Honarvar 

et al. (2009) and Liu and Qu (1998). Frequency spectra obtained for the first three 

longitudinal and circumferential modes (m, n = 1, 2, 3) for a silicon nitride cylinder are 

also presented here. Frequency spectra with n = 0 and n = 1 show that the lowest 

frequency corresponds to first asymmetric mode for all L H ratios of the cylinder.  

Thermal modes have much higher attenuation than the elastic modes and the influence of 

thermal effects on elastic modes is not significant. Circumferential guided waves for a 

plane strain case for silicon nitride cylinder are also presented in this chapter. It is found 

that first mode is non-dispersive at high frequencies. The guided waves studied in this 
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chapter can be used for detecting cracks predominantly in the axial direction in finite 

cylinders. The semi-analytical finite element (SAFE) method that has been used here can 

also be used to calculate dispersion relations for other isotropic and transversely isotropic 

cylinders with and without a thermal coupling effect. 

 

 

 

 

 

 

 

 

 

 



90 
 

 

Fig. 4.2(a): 2D view of propagating modes for  = 0.1s  (Liu and Qu, 1998, fig. 2(a)) 

 

 

Fig. 4.2(b): 2D view of propagating modes for  = 0.5s  (Liu and Qu, 1998, fig. 2(b)) 
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Figure 4.3(a): Frequency spectrum of a sapphire cylinder for n = 0 and m = 1, 2, 3 (Chau, 

1994, fig. 1 and Honarvar et al. 2009, fig. 2) 

 

Figure 4.3(b): Frequency spectrum of a sapphire cylinder for n = 1 and for m = 1, 2, 3 

(Chau, 1994, fig. 2 and Honarvar et al. 2009, fig. 3) 
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Figure 4.4(a): 3D view of frequency – circumferential wave number plots for the silicon 

nitride cylinder for plane strain problem 

 

Figure 4.4 (b): Group velocity of a silicon nitride cylinder for plane strain problem 
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Figure 4.5(a): 3D view of frequency – circumferential wave number plots for the silicon 

nitride cylinder when axial wave number, m = 1 

 

Figure 4.5(b): Group velocity of circumferential propagating waves of the silicon nitride 

cylinder when axial wave number, m = 1 
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Figure 4.6(a): 3D view of frequency – circumferential wave number plots for the silicon 

nitride cylinder when axial wave number, m = 2 

 

Figure 4.6(b): Group velocity of circumferential propagating waves of the silicon nitride 

cylinder when axial wave number, m = 2 
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Figure 4.7(a): 3D view of frequency – circumferential wave number plots for the silicon 

nitride cylinder when axial wave number, m = 3 

 

Figure 4.7(b): Group velocity of circumferential propagating waves of the silicon nitride 

cylinder when axial wave number, m = 3 
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Figure 4.8: Frequency spectrum of the silicon nitride cylinder when n = 0 and m = 1 

 

 

Figure 4.9: Frequency spectrum of the silicon nitride cylinder when n = 0 and m = 2 
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Figure 4.10: Frequency spectrum of the silicon nitride cylinder when n = 0 and m = 3 

 

 

Figure 11: Frequency spectrum of the silicon nitride cylinder when n = 1 and m = 1 
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Figure 12: Frequency spectrum of the silicon nitride cylinder when n = 1 and m = 2 

 

 

Figure 13: frequency spectrum of the silicon nitride cylinder when n = 1 and m = 3 
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Figure 4.14: Frequency spectrum of the composite cylinder when n = 0 and m = 1 

 

 

Figure 15: Frequency spectrum of the composite cylinder when n = 1 and m = 1 
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Table 4.1: Nondimensional wave numbers of thermal modes at low and high frequency 

level 

At Low Level Frequency  (4.0 Hz) At High Level Frequency (20 MHz) 

Mode Number 
Real Wave 

Number 

Imaginary 

Wave Number 
Mode Number 

Real Wave 

Number 

Imaginary 

Wave Number 

1 0.6049 0.6395 1 1548.103 1548.511 

2 0.1609 2.4746 2 1583.298 1583.674 

3 0.0795 5.0143 3 1618.464 1618.892 

4 0.0469 8.0553 4 1653.618 1654.018 

5 0.0352 11.3162 5 1688.374 1688.866 

6 0.0247 14.9497 6 1721.965 1722.56 

7 0.0253 20.0187 7 1750.937 1751.312 

 

 

Table 4.2: Natural frequencies of first axisymmetric and asymmetric modes 

Axisymmetric mode (n = 0, m = 1) Asymmetric mode (n = 1, m = 1) 

Nondimensional 

length
*( )L  

Nondimensional  

frequency 

Nondimensional 

length
*( )L  

Nondimensional 

 frequency 

15 4.867 15 2.412 

30 2.433 30 0.741 

45 1.622 45 0.347 

60 1.217 60 0.199 

75 0.973 75 0.129 

90 0.811 90 0.090 

105 0.695 105 0.066 

120 0.608 120 0.051 

135 0.541 135 0.040 

150 0.487 150 0.033 
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Chapter 5 

Conclusions and Recommendations 

5.1 Concluding Remarks 

 In this thesis, a theoretical modelling of thermoelastic guided waves in a 

transversely isotropic cylinder has been presented using the Lord-Shulman generalized 

theory of thermoelasticity. This theory was the modification of the Fourier law of heat 

conduction by the inclusion of thermal relaxation time to model the finite speed of a 

thermal wave. Dispersion relations in infinite cylinders are studied first. The approximate 

dispersion equation has been formulated as a generalized eigenvalue problem by treating 

radial displacement and temperature with a one dimensional finite element model through 

the thickness of the cylinder. An analytical formulation of dispersion relation, based on 

introducing potential functions, is also obtained for an isotropic cylinder to validate the  

semi analytical finite element (SAFE) method. Frequency spectra obtained by both 

methods for an isotropic copper cylinder have shown excellent agreement with each 

other. Dispersion curves are also presented for anisotropic and composite cylinders using 

the SAFE method.  
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 Frequency spectra show that both elastic and thermal modes are attenuated; 

thermal modes have a very high attenuation when compared with elastic modes. It is 

noticed that higher order thermal modes originate with high imaginary values of the wave 

number when * 0    and these higher order thermal modes approach the first 

thermal mode as the frequency increases. 

 It is observed that the effect of temperature on elastic modes is found to be 

negligible. Therefore, materials having a small thermal coupling term can be neglected in 

the analysis.  Neglecting coupling term simplifies the analysis procedure and reduces 

computational time to obtain a frequency spectrum without noticeable effect. This is 

shown in Chapter 2. 

 The transient analysis of thermoelastic waves in an anisotropic circular cylindrical 

shell excited by a focused laser beam has also been studied. The SAFE method is 

employed to model the response of a circular cylinder due to a pulsed laser focused on its 

surface. The heat input, due to a pulsed laser beam focused at the outer radius 

,  0,  0or r z   , is assumed to decay exponentially in the radial direction and has a 

Gaussian profile in the axial direction. The solution can then be used for more general 

dependence on z and θ. Green’s functions are constructed numerically by superposition 

of guided wave modes in frequency and wave number domains. Time histories of the 

propagating modes are then calculated by applying inverse Fourier transformation in the 

time domain. 

The total response is found by summation of all modes in the frequency range of 

the pulse. Time history responses of propagating longitudinal and flexural modes in a 
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silicon nitride (Si3N4) tube are presented. Longitudinal modes travel faster than the 

flexural modes, the latter having larger amplitudes than the former. It is found that the 

response is dominated by the flexural modes. These results can be used along with 

experiments to characterize the anisotropic material properties.  

 Dispersion characteristics of thermoelastic waves in a circular annulus and in 

finite length circular cylindrical shells have been studied also. The SAFE method is used 

to simulate the guided wave modes in the cylinder. The plain strain problem of 

circumferential guided waves is studied first. It is found that the first circumferential 

propagating elastic mode is non-dispersive and approaches the Rayleigh wave velocity at 

high frequencies. Frequency spectra for axisymmetric and asymmetric modes, of a finite 

cylinder with both ends insulted and constrained by frictionless rigid walls, are computed 

and presented graphically. Frequency spectra show that the lowest frequency corresponds 

to first asymmetric mode independent of L H ratio (where L is the length and H is the 

thickness) of the cylinder. Here also, it is observed that the influence of temperature 

change on elastic modes is negligible. 

5.2 Recommendations for Future Work 

The following recommendations for future research work are suggested: 

1. Steady state Green’s functions to be formulated in a finite cylinder.  
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2. Scattering of waves by cracks predominantly in longitudinal directions in a finite 

cylinder to be investigated by wave superposition method as well as by boundary 

element method.  

3. The scope of this thesis is confined to the theoretical simulation of thermoelastic 

waves in cylinders. An experimental program should be carried out to validate the 

findings of the present study. 
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Appendix B 

Temperature gradient and Stresses: 
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The elements 
2 4 6 8,  ,  ,   ( 1 4)i i i ia a a a i   are obtained from 

1 3 5 7,  ,  ,   ( 1 4)i i i ia a a a i   by 

replacing the Bessel function of the first kind, 
nJ , by the Bessel function of the second 

kind, 
nY . 
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Appendix C 
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Appendix D 

 

Equations for plane strain problem 

The displacements and temperature of the  thk  lamina are   
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The stress vector is given by 
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The variational principle of thermoelasticity is 
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11 1 1 12 1 2 21 2 1 22 2 2,    ,    ,    T T T T

r r r r
rdr rdr rdr rdr      K D CD K D CD K D CD K D CD  

01 1 2 02 2 2,T T

r r
rdr rdr  K D βN K D βN  

The second term in eq. (d) is 

  

   

 

1 1

0 0

1

0

' '

1 , 2 1 2 ,

11 22 ,                          

t t

T eT T eT T e e

t A t A

t

eT e e

t

dAdt dAdt

d dt

 





  

 

  

 

   

 

T KT T B T B K B T B T

T g T g T     (f)

 

where     

11 1 1 22 2 2,    T T

r r
rdr rdr  g B KB g B KB  

The third term in eq. (d) is 

    

   

 

   

1 1

0 0

1

0

1

0

'

0 0

0 0 0

1 2 , 0 0 1 2 , 0

t t

T T

t A t A

t

T T T

E E

t A

t

eT e e e e e e

t

dAdt dAdt

T c T T c T dAdt

d dt 



   

   

  

      

    
 

      
 

   

 

 

T q q T q q

T β ε β ε

T f u f u m T f u f u m T

  (g) 

The right hand side of the in eq. (d) has the form 
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    
1 1

0 0

t t

T eT e

t V t

dVdt d dt


        u u u Mu  (h)  

where 1 2 1 2 0 2 2 1 1 2 2,   ,   ,   ,eT T eT T T eT e

E
r r r

r

T rdr T rdr rdr c rdr       f N β D f N β D M m N NN N  

Equating the coefficients of eu in equations (e) and (h) to zero gives the following equation 

   11 01 12 21 , 02 , 22 , 0e e e e e e

        Mu K u K T K K u K T K u     (i) 

Similarly, equating the coefficients of eT in equations (f) and (g) yields 

  0 1 0 0 0 2 , 1 0 2 , 11 22 , 0e e e e e e e e

           f u m T f u f u m T f u g T g T     (j) 

Combining equations (i) and (j) and assembling the element matrices into global matrices 

lead to the following governing equations of motion,  

   1 2 , 3 4 , 5 6 , 7 , 0         P V P V P V P V P V P V P V     (k) 

1 2 3 4

0 1 0 0 0 2 1 0 2

11 01 2212 21 02

5 6 7

11 22

0 0 0 0 0 0 0
,       ,             ,        ,        

0 0

0
,      ,     

0 00 0

  

       
          

      

     
           

M
P P P P

f m f f m f

K K KK K K
P P P

g g

 

where  1, 2,...,7i i P  are the global matrices, V is the global nodal displacement and 

temperature vector. The harmonic wave-form solution of equation (k) is assumed as 

     ( )

0

i n te  V V         (l) 

Substitution of equation (l) into equation (k) results a set of linear homogeneous equations 

    2 2 2

1 2 3 4 5 6 7 0( ) 0in i n in n          P P P P P P P V   (m) 

Solution of the generalized eigenvalue problem (m) gives the dispersion relation for plane 

strain problem. 
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