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To Lucdle

14 T am inclined Lo suppose that a mouse has come into being
by Apohxaneoué generation out of grey rags and dust, 1 shall de well %o
examine those raqs verny closely to see how a mouse may have hidden 4n
them, how it may have got thene and 40 on. But L§ 1 an convinced that a
mouse cannot come Lnto being from these /thiﬁgzs, then this investigation
will perhaps be superfluous, o
| L W,




Preface

The wonk neponted in this thesis is fo be viewed as a prelim-
Lnany Lnvestigation, An collaboration with R, Wallace, B. Kuppers, and
W, Conn&gaﬁﬂ, designed %o eAiabKLAh methoab 04 practical | as opposed %o
formal ) Amportance in the theatment of collision theonetical models.
Within a distinction among classical, seniclassical, and quanium mechan-
Leal eiwnénté 04 these models, this report focuses on the finst. This
concentration was considered Lo be essential but 4s recognized as having
Little value in itself. The Lncorporation of Zechniques developed foxr
the classical elLements into a semiclassical scheme has been the subject

04 furthen effort and appears to be of considerable value.




Abstract

This document describes how ithe dynamics of some chemical and
physical processes are embodied in sets of coupled integral and differ-
ential equations. The genenal ( formal | featurnes of these equations are
discussed and a review 04 cwvient methods of approximate solution L5 pre-
sented. 1L 48 argued zthat nunerical techniques adapted to high-speed dig-
ital computations provide the mosit penetrating attack on such problems,
This is presented wihin the context of a study designed zo establish a
| method 4on caleulating muﬂté-pantidﬂe trhajectonies.

/
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SECTION 1: INTRODUCTTON

A purely quantum mechanical theorny of molecular collisions
has as its distinguishing featunes: |
1} zthe electronic, vibrational, and rotational wave
functions hepresenting the intennal states of the molecules;
| ?7) a wave-Like descripiion of the nelative motion of
the molecules; and
3) the Schrodingern on Lippmann-Schwinger equation o
thace the dynamics of the collision from an Lnitial to a final state.
At present, computations within this scheme are prohibitively complex
except fon verny asdmple models.
~ The {nability to do practical caloulations within such a
framework has provided the impeitus forn a seniclassical approach which
employs :
1) the internal Aiaie wave functions;
2) classical trajectonies o nepresent the relative
motion; and
3) standand perturnbation zhéony to caleulate trhans-
ition phobabilities, '
This has proven to be a very useful scheme which, howeven, obviouéﬂg.
sufferns from the Limitations Lmposed by 2) and 3), The most serious 0§
which is the. assumpiion of small transition probabilities implied by
the use of ( wsually firnst onden ) peﬁzunbatéon theony.
A thind frame o4 reference can be built around a purely
classical model, provided caution L& exercised in establishing Lts

Legitimacy, This method consists of:




1) the description o4 the system by a classical Ham-
LLtonian; ‘

2) dntegrnation of the classdcal ( Hamilton ) equations
of motion from an indtial to a final conﬁigum,téon;' and

3) analysis of the resulting phase-space mulii-
particle Inajéctonieb. |

These descriptions all suffern from the Lack of detailed Linfonr-
mation concerning the Antermolecular forces responsible forn the revelant
thansitions. The excessive complications Ln ab Anitio caleulations of
intemmolecular potentiaks necessitates the application of heunistically
nationalized model potentials.

Ultimately, one would Like to develop collision theoretical
techniques o the point of rendening feasible the caleuwlation o4 quant-
ities, such as hate constants and yields, by way o4 Lnvestigations of
the microdynamics of phenomena such as energy thansfen, bond §ission,
and internal rotation, However, typical chemically &eactiue collisions
Anvolve myriads of particles, éhannaZA, and related coupled equations,
In view of the cmnpﬁicated nature of these equations, the difficulties
in detfermining molecular wave functions, and the Linability to make a
quantitative specification 04 the relevant intermolecular interactions,
even modenate success would appear £o be neserved fon the fairly dis-

tant future. In the meantime, piecemeal approaches are necessardy,
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SECTION IT: REVIEW

et b Y e

Al Fommal Quantum Mechanical Coflfision Theory

There are several excellent books which deal with the {crmal
basis of collision theony (1,2,3,4,5). In the following, definitions and
questions of rlgour ane heferned to the comprehensive discussions Lo be
found theredin.,

Dinect | Elastic and Inelastic ) Collisions

Considen a generalized nonteaurtangement collision as follows :

B i
internal internal
'5;(:(1;&7,’ VCCALOR) e Relative Coondinate .]5\ ............. bddate vecton

ReY State Vector of Relative Motion |k)

Internak - : Intesnal
Coordinate %y Coondinate 1,
- MokLecule 1 . MoLecule 2
Figure 1
Define hy = Hamiltonlan of free molecule 1
hg = Hamiltonian of free molecule ?
K = operaton of helative kinetic enengy
Hp = hyp + hg + K= h+K
M= full Hamiltondlan of the 4yston
V = tnteraction potential = H - Hy
. B = Zotal enengy of the sysiem

The initial state vecton |k;d) = |R;iq,49) evolves into a vector with
outgoing stationarny wave boundany conditions |k;4i*) acconding o the

Lippmann-Schwingen equation ( 5, Part 2 ):



| Rsé*) = [Rzé) + Lém (€ + de = H )7TV|Fz4)

e»0" AlT)

|B34). + Lim [ E + dc - #y )7 VIR;%)

e0%

The Lime+0" is taken aften the nelevant integrations have been perfomn-
. . . $ . .
ed and will be omitted f{rom the subsequent notation., Also, E is defin-

ed by EY = E + 4e and the Lippmann-Schwinger equation becomes
|Rsi") = - LET -y )TTVIRSAT) Al2)

An anbitrhany final sitate iﬁ;ﬁ) will oceurn Ln the outgoing solution with
amplitude
RIRN = (GRIB T A(3)

That 48, in the coorndinate representation the outgoding wave function

can be expanded in the complete set o4 internal wave functions accord-
ing to the equation
vH(R,R) = s R e (R) | Al4)
) J
i)
whete ¢j(ﬁj = (Rl 42
=<7L],7LZ!_{7,1‘2>
= R 1§ X, [ £0% = 6. (R)e. (%
11171 g2 = o (Ry)e (g)

and h1¢ (&7) = (%1)

Jl JI

Ilzd)jz()z'z) = (/12) .

tia%is
The scalan product of both sides of the Lippmann- Schuingen

equation AlZ) with an arbitrary final state vecton (6;§l gives




sRIRs Ay = Q3R R3AY + fsRIET-H ) TTU(R,R) [R347)

RIENAIEY + (FICRIE =H) TV(RIRY) [R5 47 )

Now  (R|R) = eR°R (1LY = I and the spectral nesolution of

(E"-Hy) =T
| (E*-Hg) =T = £IE ~E;-K) T ¢j]
§
are Ansernted into this equation.

GRRsdhy = e FRe v s RIET-E )T GIVR R 1) 1R3E)

§
Define  VgiR') = (fIV(R',R')|f)
- - f¢2(i¢)V(ﬁ',ﬁ')¢j(a')dé' Al5)
and the Green’s function Gy(R,R') according zo i
G} (R,R"). = (RIE"-Eg-K)TT|R"). O AL8)
Thus ,
{65RIR3ATY = e‘a'Raéi : f;(ﬁl(e*-E64K)"lﬁ'>vﬁj(ﬁ')<ﬁ'l<le;£*>di'
& ;
- ¢¢ﬁ.né&é + f§<i|(5*-56-k)-7lé'>v5j(ﬁ')<j;ﬁ'IE;L*)dﬁ'
and {inally, | |
TR = 'LE'-R ] +(p Dt APV E (DY AD?
FolR = e Rs o I§GOCR,R Vg i (RIF (R R A7)

This equation nepresents a set of coupled equations gor the amplitudes
0f the internal states included in Zhe expansion of the outgoding soluiion

to the Lippmann-Schwingen equation in the coondinate representation. 1%

.
See Note at the end of Appendix I.
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L8 penhaps more often en_coumte/zed as the equivalent differential equation
{ Appendix T ). |
x ~E-KIF((R) = 5V (RIF (R o AT
(E E6 K)Fﬁ(R) ?Véj(R)Fj(R) (7")

Boxan Senies

The Neumann series | 6,page 288 ), the simplest iternative s0k-
wtion to equation A(7), 4s commonly /Leﬁejmedio as the Bonn Approximation.
The elements of this approximation are outlined 4in the following:

Zeno onden;

- AR R o

Finst onden;

- j.hR'f' /(.IZR AR
F6(R) | e 6"- + f§G (R R )V6 (R e deR

SRR, SO R R e R Ry AL9)

4

Second onden;
e‘;h' Rs

i

L1}

+ SIG}(R, RV RN (et deR's

F,(R)
§ i ji

164 (R, RV, (zz")e"2 ‘R R
= eié‘ﬁa o+ IG+(ﬁ,?')V ,(pv)eiéii'dpp "
f4 0 it A(10)

1736} (R, R')v6 [R")G) (R, R")V (e iReR" o
§

Highen onden temms can be derived by an obvious extension of this Ltenr-
ative procedure. Howeven, in pracitical teams, A(9) nrepresents the usual
Limit of such calewlations. Specific Born sernies should be examined in

Zerms of their convergence propenties (7).



Cross Sections

The differential scattering crhoss section d“i+5 45 given by
o

o - (w?ramn?) |7 ) ALTT)

whehre dai+5 {8 the numben of events {+f scattered Linto the element 04
s0fid angle do per unit time and per undt Ancident §Lux, w 44 the reduc-
ed mass of the sysitem, and the elements of the thansition matrix are
STt
Tﬁi = {{RIVIR; L) A{12)
In the coordinate nepresentation this expression 4is (Appendix 11)
T AR) = TV, (R)F.(R Al13
64( ) y 61( ) J(’) . (13)
Successive approximations to the T5L are obtained by Ainserntion of Zthe

Boan expansion for ithe Fj(ﬁ) into A(13).

D) = =) AR R D D P! D1 R' )
TeolRl = V(R f§V6j(R)65(R,R Vi (RN AR+

1 (303 oy BB 2

r V,. ! .. "G oMYy, (RN " pt
+ highen onden tenms A(14)

The significance of the tewms 4in this equation can be vivedly demon-

strated diagrammatically as shown Lin the accompanying figure.

.................. j
.................. j
................. 6
IVM ,
----------------- 4‘
Fiuwt Onden | Second Onden Third Onden

Figune 2




§
These diagrams also serve to point out the main inadequacy of
of this description. Unless the nelative kinetic energy of the collbision
partnens £s very wuch Largern than the enengy trhans ferred durning the
c0llisdion, the intenmediate states cannot be expected to propagate as the
plane wave initial state. The Bomn senies is thus intrinsically a high

enengy approxdmation.

Distonted Wave Approximation

Considenable improvement can be achedived in cases whene the

interaction potential V(A,R) can be partioned as
V(%,R) = U(R) + W(R,R) , < A(15)

where W(%,R) represents a small addition to U(ﬁ), the main contribution
to U(i{ﬁ), Since it depends on the internal coondinates, W(k,R) is nes-
ponsible for inelastic events; whereas U(R) nesults in elastic collis~-
<ons only.
| Recall the coupled equationé forn the amplitudes A(7)

+ D Dt D APy D!
;GO(R’R )VAJ(R )Fj(R.)dR

F(R) = QLE’ﬁG -
g i< * F

whene

Vﬁj(P) f¢6(i)V(ﬁ,R)¢j(ﬁ)dR

u(ﬁ)séj\+ wéj(ﬁ) .

ThM - ,(',E-R . - - -
- 4 ! ! ! '
FolR) = &8s o+ JGHIR,RIIURYF (R dR!
. o _ - - . Al1s)
' N L Lt !
f?%(RR)wM(R)Q(R)dR .
The Distonted Wave Approximation procedes on the assumption that the

coupling terms wéj(i) are smakll enough such that the solutions to the

uncoupled equations | pure elasitic scattering ),
Fﬂ(R) = ot Se¢ * JGy(R,R'UIR'VFY(R' )R, A(17)
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the so-called "distonted waves", are good candidates for substitution Lin-
Zo the night hand side of the coupled equations A(16) ., Clearly, this Aib
appropriate only fon collisions in which the internal sitates of Zhe mol-

ccules are not appreciably perturbed.

Pentunbed Stationany Sitates Method

When V(n,R) is strong enough to severely penturb the internal
states, the expansion of ¥'(%,R) is best effected in tenms of the adia-
batic eigenstates xj(i,ﬁ) 0f the quasi-molecule fonmed by the colliding
systems™,

vH(R,R) = 2RIy IR, R A(18)

_ k) .
Considered in this way VIZ,R) is an intramofecular potential since it i4

contained in the HamiLtonéan H, = h + V[R,R) which generates the states

xj(i,ﬁ). The helevant Lippmann-Schwinger equation L4

[R34™) = |Rsd) + (E*-Ha)'7K[E;i+) , , A(19)

where it is to be recalled that K 4is the operaton of helative kinetic

enengy and
Ho= Hy + V(n,R) = H, + K .
Analysis exactly analogous to fhe derdivation of equation A{7)
Leads %o
' Py o= LReR . +15 D DI DIy 4D
AA(R) e 66& + fﬁGa(R,R )Kﬁj(R )Aj(R JdR' , . A{20)
wheke |
GHIR,R') = (RI(ET-H ) | R") Al21)

* S
14 the xj(n,R) nepresent electronic states of Ldentical nuclel,

v*(7,R) must contain symmetric and antisymmetric components (1 chpt.15 1.
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and

AR} = fx§(z,§)KXj(ﬁ,ﬁ)dz Al27)

K
f4

Transitions are thus the nesult of perturbation of the moleculan eigen-
states by the nelative mofion of Zhe collision partners,
The xj(ﬂﬁﬁ) are frequently expanded in terwms of the eigen-

states of the isolated sysitems;

VLR = 2 B (R o (R A(23
xR i jir(Rlegtnl | (23)
in which case
» * =% - - o
/ = . < " 4 .. ‘ , /
i\M(R) IZZBM'(P)q)_f'(}L“/Bjjn(R:(i’jn(fL)d/L

g’B2jy(§}KBjjv(ﬁ) . A(24)

The wsual approach { 1 chpt. 15 , and (8) ) to the sofution
of Al20) 45 fo assume that all non-diagonal tenms other than dinrect

-

couplings K (R) can be Lgnoned, Leaving
4i
AYR) = eik°R56£ + IGZ(ﬁ,i’)Kéi(ﬁ’)A%(ﬁ')dﬁ' . A(25)

The evaluation of the coupling Lemms 48 not an easy task and must be
approached with caution { 5, page 175 ). However, the method of pertunr-
bed stationarny states Ls particularly suitable fon sLow collisions (9);
fakes account of the consdiderable distontion of the relative motion
( 5, page 177 ); and allows for the description of eﬂectnon-exchange

rearrangement collisions | 1, chpt, 15 ).

Genenal Rearrangement ColLisions

A general rearnangement collision 45 an encountern during
which the collision partnens exchange one on more particles | 10 page
333 }. Chenicak neactions are molecular rearrangement collisions for

which the exchanged particles are constituent atoms. Fowmally, the
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pPossLbiLity of rearrangement collisions a@ééeé frnom the non-uniqueness
04 Zthe nesolution of the full Hamilionlan H = H, + U(E,ﬁ). That 45,
VIR, R) &5 chosen acconding to the behavion of the molecubes for |R|=+ .
Forn elastic and even inelaslic collisions, R can be taken as the separ-
ation of the centres of mass of the moLecules and V(Z,ﬁ) 45 effectively
wulque., A rearrangement collisdon nesults from The fact that the final
state nelfative coa&d&ﬁaﬁe can differ from that of the initfiak state.
The varnious counses the collisdion can take are called channels ( 2 ).
In this sense, a collision 44 elastic, 4nelastic, or hewuviangement
according to whethen the collisdion paitnens remain in the same infernal
state of the same channel, change intewnal states o4 the same channel,
oh enter a difjerent channel.

Let the nesclutions — H = HE + v (5,R)
Ho= 18+ VBT

and H

n

Hy + VY (%, R)
denote the Lniiédﬁ, a 4inak, and an arbitrany channel respeciively.
The internal states are wrnitien as IjY> and g%ﬁﬁ have continuous as
well as dischete behavion. The Lippmann-Schwingen equation analogous 2o
equation A7)

1Bsily = [Rsdgy + (EX-Hy) Tvo Rl Al26)
nep&ebenté a complete dynamical desciiption of the collision, The foll-
owing mantpulations convert A(26) into a form which indicates the pres-

Cence of rearranged tesms,

i

(E*-HF)

(E7-1g) |R; 44 Ridyy + Vo|R;42)

(E*-HG-Vo) [R;4%)

(E*-HE) [l

H

(EY-H) |Rs4) (E¥-H3) |R; 400
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sdnce Hgl&;ia>= Elksiy ,
(E*-H) |Rs4%) = delbsdy)
(E¥-Hp-V®) |B54l) = delRidy)

B4y = (E*-HD) Tie|Rsdyy + (E-HE) TR |Rsily Al27)

The amplitude of the internal state |{fg) at relative separ-

ation R can thus be written as
(fgsRlRs ) = (iRl (ET-HG) "Tiellsdg) + {fasRI(E -HG)TVP Rs)

The compﬁeteneéé** of the (5B;R| and the spectral decomposition of

(E+--H0)"7 allow this to be written as
‘ (‘58;T21 Ridl) = f(ﬁlie(E*-Eﬁ-K)"I R KfgsR" Rs4g)dR" +

SEQRIET-Eg-K) TR (g [VR(R!,RY) [ )< giR" |RsdG) dR"

j

The definitions FER) = (fasRlRidgy
L (R,RY) = (Rl __de _|RY)

(E*-E¢-K]

B+ = = _ .

G (R,R') = (R| —1___|RY ,
0 <l(E*-—E6-K)l )

VBLR) = glVBR, R G

and 8B (RIetRR o (foa) R R

result in the following equations forn the amplitudes ,

- - - - a1
IR = 8RR (R R KR

szE*(ﬁjz')vij-(i')z-‘f.(ﬁ')di' Al28)
Y This 44 perhaps a Less necondite statement of the L.-S. equation (11).

** The summation includes integration over the continuous part.
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CLearly zhere exists such a set 04 equations for an arbiltrary channel vy.

As in equation A[13), the amplitudes relate to a T - operator

acconding to Zhe equation

TR = LRIV A0
= VB (RIFE(R) . A(29)
§ 49 J

Howeven, £t 48 not necessany to intrhoduce the state amplitudes L4 the
Lrnansition amplitudes are all that 4is de/.s,éned*, since A(27) and A(29)

ane sufficient Lo detemnine an integhal equation for the Tgi(é)°

TR AR = (fgsR(VPRs40)
= (hgsRIVBIE -Hy) e lRsdy) + (fgsRIVBIET-H)) T TVR | Rs4% )
IRl Pl (E7-E k) "L [R) (g R [Ridg) R+
7RI (45 1V8] ) (E7-E =) 7T RO (g RY | VB Rs kg oR?
J .
(R) = fsz.(Tz')LB*(fz,ﬁ')sﬁ.m')e*"z"—z'dﬁ' +
m P 0 1« A(30)

- - B - .
. fzvéj (R')G5* (R,R")T ¢ (R")dR"

Equations A(28) and A(30) contain the dynamics of the state and thansition
amplitudes during a collision. They are rathern abstruse and not readily
applied without considerable simplification. The nonorthogonality of the
states of differnent channels, giving nise to the S?L(i) Lerms, 45 one
complicating feature, A thorough discussion of this point and hearrange-

ment collisions in genenal can be found Ln reference 4 , chaptens 4 & 5.

¥ The transition amplitudes alone detennine the differential cross-

section | see fon example , 13 page 142 and 14 page 235 ).
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As these equations suggest, Lt 4is possible Lo construck Born
series, distonted wave approximations, and perturbed stationary states
caleulations fon nearwnangement problems | 10 and 12 ). Howevern, successd
has been Limited. The Boan approximation 4s unsatisfactory even at high
enengies | 13 page 149 ). The P.S.S. method has been successful with
elLectron-exchange between simple atoms because moLecular eigenstates de-

Localize the electrnon oven boith centres.,

Numenical Inteqration

Johnson and Secrest (15) have developed a numerical method
fon the Qoﬁuiion of the coupled equations A(7) for elastic and inelastic
processes based on the introduction of what they called " amplitude den-
84ty éunct&onb", which are simply expneééed by equation A(1Z).
LERIVIRLR') [Rs4TY A(12)

T (Rl |
Zvéj(R)F (R) _ Al13)

Equation A7) for the F (R) neAuZIA in

oY . ¢E .. Atp Py, DIVT .. DIy AD!
Tﬁi(R) = Zvﬁj(R){ j& + f?;Go(R,R)ij,(R )Fjr(R JdR'}

iReR et pIVT. . (D1 D!
+ fgvéj(R)Go(R,R )TjL(R )dR . .A(37)

Vi (R)e

( This equation can be denived Lmmediately grom the operatorn equation
T=V+ UGT . ) |
Briefly, the method consists of treating the complete problLem
as the sum 04 weaken interaction potentials and replacing Ihe'inzegnaﬁ
in A(31) with a quadrature sum | trapezodld on Simpson’s rule ).
, ~ Dedistlen and McKoy ( 16 and 17 ) have developed a scheme us-
ing the finite difference method whiéh LA applicable Zo excnange reacs

tions as weld as elastic and inelasiic phocesses.
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Gordon (18) has recently presented a method forn construceting

plecendise analytic solutions %o A(7').

A Few Applications

The Bomn approximation provided Zhe finst means ¢f examining

the elementany collision process ( 19 and 20 )

H+ it > Hr+ 1,
Although all choss section calewlations tend toward the Born approximation
nesulits, this convergence occurs at energies typically of the onden of
100 keV { 14 page 169 ). This method is not adequate in the intermed-
Late to Low eneagg~nangef-Diacuoéionb 04 the Born approximation can be
found in the articles by Bransden | 12 and 13 ) and Holt and Modlsewitsch
(7).

The distorted wave approximation, on the othen hand, has been
extensively applied in the intemmediate and Low energy nanges; partic-
wlarnly 4in studies of rotation and/on vibrational inelastic collisions
between simple molecules ( 21, 22, and 23 ). Jackson and Mott (24) pres-
“ented Zthe 4insit complete caleulation of tnaﬁaZaiionaﬁ-vibnatianaﬂ enengy
exchange between a hawmonic diatomic mofecule and a coﬁﬁinéan atom expon-
entially nepelled by the nearen atom of the molecule., Thein fomnulae have
béen used repeatedly Ain discussions on mofeculan energy inanzﬁen { 25 and
26 ), The Jackson and Moitt approach 4s equivalent to a §inst ornder iten~.

* The following classification has been adopted in this document.
i { Chemical Enengy < 10eV } |
Low Enengy < 100eV
Intemwedéaté Enerngy  100eV lzo 100keV
High Enengy  100keV o 1MeV
{ ReLativistic Enengy > TMeV }
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ation 04 equation A(16). Highen onder tewms have been considered by
Thiele and Weare {27). Such considerations are necessarny in orden o
discuss muﬂt&pﬂe—quantumbtnanbiiionb and the convengence of Zhe Litera-
tion. Recently, Robents and Ross (28) have investigated the iterative
solution forn the case of rhotational inelastic scatterning. |

» The distonted wave method was emplLoyed by Mies (29) 4in an
dnportant study of translational-vibrational enerngy thansfer in He-Hgp
collisions, a case fon which the exact interaction potenﬁiaﬂ has been
caleulated (30). The results of that study are rathen unsettling, 1t
would appear zhat_the decomposition of the intewmoleculan potential Lin-
Zo the sum of paimuise iteractions | the so-called dunb-bell model )

L5 not satisfactorny and that the importance of the collinear configur-
ation -has been ovenremphasized.

The perturbed stationany states method has met with Little
application outside of its semiclassical Lmpact parameten version { see
Section 1T B and (8) ). A discussdion o4 the differential eq@azian
equivalent to equation A(20) can be found £n [31).

Johnbdn'and Secrest have applied thein method of amplitude
density functions ( see page 14 ) Lo the collinear collision of a part-
icle and a hawmonic oscillaton (32) and rotational inelastic He-Hy col-
Lisions (33). Penturnbation approaches such as those of Thiele and Weare
(27) and Robents and Ross (2§) aﬁe compared to those of Johnson and Se-
crest, which are considened Lo be exact. Evidently, the immediate nune/-
ical integration of the coupled equations ié superion to conventional

' ¥*
pertunbation expansions, at Least in the cases discussded.

* This numenicaﬂlapp&oach Lo the theony of transition amplitudes
can be generalized (34). |
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The preceding examples Lypify the cunrent Level of sophisti-
cation of quantitative accounts of "real" collisdions. That L8, model
caleulations are rarely presented for anything more complicated than
diatomic molecules. Howeven, the foamal apphoach of multichannel collis-
Lon theony offens qualitative Linsight into some general phenomena , such
as nadiative and collisional recombination and wuimolecular decompos=
Ltion. Notable in Zhis regand are thg works of Levine { 5 and neﬁe&ehceb

therein ), Hall and Levine (35), Coulson and Levine (36), and Mies ( 37

and 38 ).
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Section 11 B) SemiclLassical Collision Theory

Atoms, and even protons, are sufficiently massive such that
the motion of thein centres of mass can be accurately described by class-
ical trhajectonies at energies above the Low chemical range. This sdmpli-
fication invokes a picture of scatiering phocesses in which transitions
are induced among the enengy Levels of the collision partnerns by a time-
dependent potential following the classical trajectory of their nelative
mozion. |

Impact Parameter Method

The inditial unpertunbed system of figure 1 Section 1T A} Ls

here descnibed by the equations 2y
L E-
. . . - L7 .
Ho l) = E¢16) ad  [y= ©F T 8
and the collision evolves according to the time-dependent Schrodingen

equation _ '
{ Hy + VIR,R) .} |¥y = 4r2 I¥) B(2)
ot :

whene |¥) 44 expanded in the eigenstates of the free mokeeules

l¥) = za;lt)]f,2) = ;aj(z)a"'%'Eftlf> . B(3)
§ §

Substitution of B(3) into B{Z) and use of B{1); and the scalar produck
with an arnbitrany state vecton (ﬁ,ti Lead %o the equation

aglel = (iﬁ)-J?aj(t)exp{%'_(Eé-Ej)I}VM(é) 5(4)

where the Véj(ﬁ) ane as in equation A{5). The classical equations gon
the nelative motion must be solved to detenmine the trajectory R(z).
The integnation of the resulting set of coupled finst order diffenen-
tiakl equations

ay(t) = (i)

;Zaj(t)pr%}(Eé—Ej)»t}Véj{ﬁ(t)} B(4')
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plus the classical equations ( see Section I1 C) ), subject to the in-
itial conditions aj(t) ='6j4 and a suitable nelative configuration, 4is
the fundamental problem of the semiclassical procedure, since Zne prob-
ability of the state § aftern the collisdon 4is P5 = 1a6(1+w)|2. Equation
B(4') 4is general in the sense that the internal wave functions can rep-
resent elfectronic, vibrational, orn notational states.

An analogous set 04 equations can be derived within the method
0§ pertunbed stationany states. R(t) is consddered to be a slowly varying
function, 40 that one can use the zero ordern W.K.B. solutions forn the

electronic moleculan wave functions { & page 453 ).

L.e,

x 1%, Ri) 54} xj{i,ﬁ(t)}exp{-%jEj{ﬁ(t')}dt'} B(5)
where - Haxj-(z,fe) = Ej(ﬁ)xj(i,fz) ' B(6)

genenates ithe familian sitates forn fixed relative separation. The com-

plete wave function L8 then expanded as in B(3).

v{7,R(2);¢} = z_bj(t)’xj{fc,fz(z)}exp{-%fﬁj{ﬁ(z')}d,t'} B{7)
V.
H Y7, R(2) 2} = 4hy v{x,R(%);4} Bl&) -
oL ~ :

Proceding as in the derivation of equation B(4'), one obtains ithe follow-

ing set of equations;

i

subfect o the initial conditions bj(to) = 6]& .

byiz) = -;bj(zz)fx‘g{'z,ﬁ(z)}Jq{fl,ﬁ(::)}dﬁexp{-%/wj{é(z')}-Eé{fz(z*)}}dx'«} B(9)

Equations B(4') and B(9) are difficult to solve and condequent-
Ly they are commonly decoupled via a §inst order perturbation approxima-

Zion in which only direct coupling between the indtial and {inal states
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s consddened ( see § and 39 ). However, as Auggebiad by the discussions
in Section 11 A}, numerical computer integration techniques can be adap-
Zted to these baobﬂmné. The nesults of Rapp and Sharnp (40) Andicate that
the inclusion of more states in equation B(4') and thus the possibity of
multiquantum thansitions can have a considerable effect on the thansition

probabilities,

Trajectondies

An impontant aspect of the semiclassical analysis is Zhe
approximation emplLoyed fon the funciion R(Z). Until hecently, the
nythaight Line approximation' has been almosit universally adopted. 11
consisits of assuming that the projectile passes the tanget with constant
velocity and at a 4ixed Ampact parametern, This approximation appears 2o
be vatid fon nelative kinetic energies 04 the onden of a few hundred
electron volts in the case of proton - hydrogen atom scattering (41).
Anothen approach consists of s0lving t@e cLassical equations fon the
nelative motion nesulting from a specified intemmolecularn potentiak.
Howeven, this is Lnadequate Zo the extent that the intesmmolecularn poit-
ential depends on the internal states of the collision partners and
conéequehiﬁg changes with the occurrence of inelastic events, A proce-
dure that takes account of this difficulty is being developed by W. Con--
rigalld and R, Wallace,"

Eilkonal Method

The simplest elhonal model nesults from assuming the f§orm

J
forn the amplitudes in equation A(7'), where u L& Zhe neduced mass of the

F; (R} = axp(ihjz)F}(R) = exp(%pvjz)F}(R) B(10)

¥ Fon anothen approach to this problem see ( 42 and 43 ).
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system, the z axis 48 specified by the initial relative velocity, and

W2l = 1wl = E-E. . | B(11)
—7;d va J J

Equation A(7') here becomes

{qu6 - K - Vﬁé(R)}exp(%yvAz)Fk(?) jzﬁ iy R)F'(R)QXP(%pV :z)
{iﬁvég_ - K - Vﬁﬁ(n)}Fk(ﬁ) = j;évﬁj(ﬁ)exp{%y(vj-vﬁ)z}F}(R) . B(12)

The problem can also be formulated from the viewpoint of the pertwribed

stationany states method (44).
| Within the eihonal approximation, equation B(12) is simplified

by omitting K = -ﬁzAR , the assumption being that u»= (45). Equation
B(12) Zhen becomes

thégfg(ﬁ)v= §Vﬁj(ﬁ)exp{%y(vj—vﬁ)z}F}(ﬁ) B(13)

The similanity of this equation with equation B(4) L& obvious. Indeed,
they can be made identical if certain assumptions are adoped ( Appendix
111 ). |

| ‘An elaborate discussion of mone exact elkonal techniques that
makes extensive uAe.og P.S.S.-type expansions can be found in Zhe recent

work of K.M, Watson and coworkers ( 46,47, and 4§ ).

A Few Applications
Lichten (49) has given an {LLuminating discussion of resonant
change exchange in which he employed the impact parameten version of the
pertunbed stationany states method to obtain qualitative agheement with
the rnesults of Lockwood and Everhart (50) on electron capture probabl ity
Ain proton - hydrogen atom collisions at intermediate energies. An essen- .
ally similan but more detailed calculation has been heported by Bates

and Williams (51),
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Helbig and Everhart (52) nreponted accurate differential meas-
wrements of the electron dapture probabillity in proton - hydrogen atom
collisions. These data have provided a valuable gauge fon comparing Zhe
various theoretical attempts to deal with this problem. At present, Zhe
most accurate caleulations are those of Wilets and Gallaher | 53 and 54 ),
who applied a numerical integration scheme Zo the coupled equations B(4').
Thein calewlations (54) assume the strnaight Line approximation and employ
a basis set of trhavelling Stwumian functions, a feature which exposes
the importance of the hydrogenic continuum, The nesults of (52) and (54)
ane compared in flgure (3).

Similarky, direct numerical attacks on the coupled equations
0f the semiclassical approach to the theory of collisdions of small mol-
ecules are becoming common 4in the Literature. Representative of these
are the pubﬁicatidnb of Locken and Endnres (55) and Locker and Wilson (56)?
They employed the method of Hamming and Hollingswonth (57) %o integrate
a set of equations consisting of seven coupled amplitudes ( equation
B(4') ) and the classical equations of motion for the atom - diatomic
mofecule collision model described previously ( page 15 ). Locker and
Endres accounted fon the anhawmonicity of the molecular vibration by us-
ing a Morse function, whereas Locker and Wilson used a hawmonie hodeﬂ.
The difference is significant even fon states o4 Low quantum nunbern,
These studies also indicate the Lmportance of multiple quanium trhansitions
and the effect of the phase of the classical diatomic vibnation on the

transition probabilities .

* (56) contains a fainky complete 2441‘05 neferences Lo previous semi-
classical work in this ared.
** See also ( 58,59,60,61, and page 31 of Zhis document ).



Figune 3

A comparnison 04 fheoneticaﬁ and experimental
 detenminations o4 electron capiure probabil-
Ly PO as a function of relative kinetic en-
engy 70 ( in keV ) fon proton - hydrogen atom

collbisdions,

Cincles -=-=-- Data of Helbig and Everhart (52)
504(30 scattening ‘
Line =====mn-== Theony of Gallaher and Wilets (54)
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Section 11 C) Classical Collision Theonry

The final 41mp£i5ication £o be made hesulits from the treatment
of the dynamical problem of collisions completely by the methods of class-
Leal mechanics. This has been attempited for cases in which classical con-
ditions are expected to be a good approximation to the thue siate of af-
fains, in which classdical enerngy thansfen can be nelated to quantun mech-
anical transition probability, and even 4in which classical mechanics Ls
customaily consddered Zo be Lnadequate.

The method consists o4 numerical Lnteghation of the classical
equations of motion a given queﬁ ( that 45, a chosen potential function |
and subsequent analysis o4 the mulii-parnticle zﬁajeczonieé Lo detenmine
the behavion of dynamical properties such as the partitioning of energy
anmong the various degrees of freedom. One of the main features of this
approach £8 £ts contingency upon computer technology. That is, the cal-
cwlations ane exact within the coniext 04 the model but Limitations enten

Lhrough consdderations such as storage space and processing time,

Equations of Motion

A genenal potential function forn a system of N parnticles 4ib
hene given zthe form | where the notation 4is meant to Leave understood

that no two indices are even equal )

N N ,
Virng,ng,oee,iy) = VI{Rg}) = i )+ %v i#? V&j( Rghg) +
- N
I LV, A c1
_3_! ,('_?lj‘#h '(—j (,(_’ J’)L[Q) + ( )

The "self-enengy" temms qé(ﬁé) arne omitted, Leaving the Linteraction
potential.



N N
VIt d) =1 58 Vg lngng) + 1 82 sV plag,ng n) # oeeeee o C(2)
S T 7T R B VI PPl

The classical Hamlltonlan can then be wiitten as

N
H{pgds{ng}) =5 1 peep; + VI{A;}) C(3)
A A ,(',77)1—'_&& A

A

on

pro g
n o
[atl =

2, . 7,. 7., . '
T {py (L) + prld) + po (L)Y + Viixg,yz,2;3) . C(3")
on X | Y z Lo ILr el

The particles move acconding to Hamiltonss equations (62), which are
hene wnitten with nespect to an arbitrany Cartesian coondinate system.

i = of g o= o z; = aM
3py (4] 3p, (<] 3pz ()
X Yy ‘ c(4)
pyld) = -ai pyld) = -3t pzld) = =3
Xy L 9Z;

The fomwand integration of the 6N coupled equations from an initial con-

flguration traces the multi-particle thafectonies.

Numerical Integration

Forn N>2, the integration of equations C(4) must be carwidied out
numesically. The Runge-Kutta numerical integhation procedure has been
adapted by GALL (63) %o use on a digital computern { see §4 fon details ).

The object 48 2o solve a sysitem of finst onden ondinary diff-
erential equations of the the general form | |

S = g lz58(4) g (L)oo, 8, (4]} = (65 {8:(2)}) C(5)

subject to a given set 04 initial conditions (IO;{A&'(IO)}). The Runge-
Kutta-Gill procedune consists of the following iterative prescription,
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h} s Afﬁj(to;{bg}) A} = é? * %}f;~2q?)
h? = Atﬁj(t0+§§.;{biﬁ) | A? = 4} + {1~ /2)( -~q )
i = atg (0t sl SRRy RN IR
ef = atg;(elear 5057)) 8 = &f ¢ LiG-a))
q}'= q? + g}h;¥2q§) - %@7
& - q} ; 3(7~/2)(h§-q}) - (1-/2)h§ "

e gl 3 (1ev2) (oY) - 3
;= a4+ 3(1+ 2)(hj qj) (7+/2)hj

4 3 39

. P -
@ = a; {k 2 qu)} Ih

|
6 '7

AL 48 the Lncrement in Z, [j i85 a dev&ca fon keeping thack of the chan-

‘ ges in the vaniable 5 ;, and zthe ;5 are introduced to control the

j"
growth of round-of4 ernon. The superscnipts denote the onden of the
Lteration. This scheme L5 desdigned Lo be equivalent to the truncated

Taylon expansion

0 _ 0 Z Z
Aj(i +at) = Aj(i )+ {%xéj(t)}to{At} + %q{%xzéf(i)}io{At} +

1 1d s (213 00061 + 1 1d? s A8 oty )

3 gs 7! az4

However, the method does not involve the evaluation of derivatives high-

er than the §inst,

Analysis of the ennron inherent in the truncation of the Tay-

Lon serdies 48 verny difgicult, A commen method of ernor conthol in thajec-
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torny caleulations consisits of monitorning constants of the motion, such
as total enengy and Linear and angularn momenta, and adjusting AL 50 as
to keep them within a given Zolerance of Zhein initial values.

The outstfanding adbantage 04 the Runge-Kutta-GLLL routine 4Ls
s featurne of self-stanting. 1t can procede directly frnom the specdf-
Leation 04 the initial conditions. A discussion of othern methods of num=-

ernical Lntegration can be found Lin (65),

Molecular Models

A classical model 48 distingudished by 4ts chanactenibzic in-
Zeraction potential V({n;}). For example, a system of charged particles
nesults an a sum of Coulombic tesrms,
. N
Vi{n;}) = I! i%i QLQJI/L’("-/LJ-‘ , | - c(e)
wheie 2% A8 the change of parnticle L. .

A useful model for molecular motion ( and hence molecular
collisdons ) can be constructed by extending Lhis approach via the ex~
pansion C(2) fon V({Ex}). In ihié case, the particles arne atoms in the
colliding moﬂecuﬂe#. V({n;}) 48 wnitten by selectively retaining terms
in C(2) which will account fon known effects. The geometry <is most eas-
Ly visualized in tenms of bond distances, bond angles ( the "valence
coaﬁd&nazeA" (66) ), and intewnolecular separations.

Bonded-pain interactions are assumed Zo be adequately hepres-

ented by the empinical Monse function (67).

ARt e

V?j(’%"‘j) = D&j{] - K&jQX-P('BL

K«f.j

exp(Bleﬁg-Z?l)
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|7g-r)| = equibibriun bond distance

]

8.. = nange parameten

)

g

bond dissociation energy

Non-bonded intemmolecularn pairwise interactions are assumed

%o be Monse on Lennard-Jones (6,12) potentials (68).

)

Uﬁj‘zi'ij) 4€4j{(04j/lzi'ﬁj|)72’(°4j/lix'ijl)6} c(10)

L1

whene €{§ depth of attractive well

2 91/6150_50
0"-2/1’1,(’”'1

]

position of the mindmum in the attractive well

14 atoms £ and k are bonded to atom § , a potential crudely

nepresenting a bending mode of the molecule can be wiitien as 50220w¢:

e - 16 0. 2
Vi Ocge) = 104ik10 0 k) c{11)

whene Gljk = bending force constant
Oijh = bond angle
02 jk = equilibaiun bond angle .

That this 4is a three-particle interaction as defined by equation C(Z)

can ‘be made evident by the following Lransformation,

S - o0 2
ViiRlOggp) > Ve liesty iy) = Fagplore coslhy ) - 0% i} c(12)
’ | |2il | 7 g
whete ;Lj'(— = 71.,('-/-1.1- and. ,—ij. = ?L[Z"/-Lj .
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1t {8 funther assuned that there are no intermolecular three-atom Linter-
actions, but that akl Lnié&moﬁecuﬂan forces anise as a nesult of pair-
wise Linteractions | see page 16 ).

In species such as NO; there 46 a hindrnance to out-of-plane
 bendéng due to the m-electron structure. This can be hepresented in teams
0f a four-atom interaction by an extension of the scheme presented for
the bending modes. Howevenr, the resulting equations o4 moiion are very
’cwnbe&Aome.

In sunmary, the model emenges as a classical dynamical pic-
ture 0f moLeculan translations, vibrations, and hotations based on model
potentials., Ostensibly, it was designed to provide a means by which en-
ergy transfen processes could be siudied.

| The equations of motion corresponding to the various inter-

actions are documented Ln Appendix IV.

A Few Applications

The success of quantum mechanics Ln dealing with a wide range
0§ phenomena resulted in the submengence of classical theonry. The appZL-
cation of classical mechanics in atomic collision work was hesurvrected
by Gryzinski (69), who drew attention o its agheement with experiments
on proton and electron dmpact excitation and iénizazéon. Trnafectony cal-
culations 4in the Coulomb moded of classical atomic collisions have re-
ceived emphasis in a heview by Burgess and Pereival (70). They stressed
the good agreement with experiment of caleulations 4in which electhons 4in
states o4 Low princdpal quantum number are represented by b&biiing
classical parnticles, The case o4 Large n can be rationalized in temns of
the cornrespondence principle | 77*and 72 ), but the assumpitions of Zhe

* This paper LLLustrates the utility of the classical moded.
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Low n caleulations are contrary to elementary notions of orthodox quan-
Lunm mechanics. Burgess and Percival (70) and Watson | 10 page 338 ) have
commented on the need for Anvestigations which will delineate the class-
Lcal theony and provide a inm basis for computations, |

Wall, Hiller, and Mazur { 73 and 73') initlated the use of
Lrajectony analysis in the theony of collisions of small molecules in
thein study of the system H + H, interacting according to the semiempin-
<cal London~-Eyring-Polanyd potential surface. The method has sdénce he-
cetved extensdve application to the study of the detailed microdynam-
ical features of molecular enengy Lhansfen, puticularly in nonreactive
collisions, | _

Benson and cowonkens ( 74,75,76,77, and 78)*have cavied out
a senies of sdmulated experiments Lnvolving atan-diaiom{cxnolecuﬁe and
diatomic molecule-diatomic molecule collisions in collinear and two-
dimensional conﬁigu&ationéf* Thein work LLlustrates the influence oﬁv
the phases of the classical osclllations on vibrational energy trhansfen
and the method of caleulating transition probabilities from classical
quantities. The probability of the thansition n » n + 1 4is

P BEy

n+] = Ep

nen+l

where AE, 48 the phase-averaged classical enengy thansfen, provided

¥ Ennons in the wonk of Benson et al. were noted in the neview by Rapp

and Kassal {23)

* The traditional method 0§ acknowledging the Limitations of using Less
than three dimensions is to multiply resuliing cross sections by a

" sternic factor” | usually 1 ).
S E
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muliple-quantun transiiions are not Amportant.

A similan study was conducted by Kelley and Wolfsberng (79).
Thein caleubations indicate that the common a/.vsumpi",éon* that zthe xin-.

ternal vibrational coordinates may be neplaced by thein equilibrium .
values in the intemnolecular potential is violated, even when the en-
engy tnans fen is small. Thein work also substantiates the cﬁa@m** zthat
anharmonic oscillations should be wsed in enengy transfen caleutations,
sdnce " 14, 4An a giuan colbision, a Monse oscillaton is substituted gon
 hamonie oscitlaton, neithen with initiak vibrational enengy, the
amount of translational eneigy trans fered to vibration often decreases,
sometimes by a facton of 10 or even more,"

In vibrational energy transfer theory, iozaiionaz enengy 48
genenally neglected since collisions ane thought Zo be completed well
within one rotational period. This point has been challenged by Razner
(80) who concluded that vibrational-rotational coupling can become quite
Large, and consequently theornies 05 molecuwlan nelaxation and dissociation
cannol be concedived An temms 04 unmixed v&bnationazland notational modes.

Reactive collisions have also been the subject of treatment
{rom the point of view 0f trhajectony analysis, most notably by Karplus
and coworkens | 81,82, and 83 ). Such caﬂculatéoﬁé are usually designed

to supplement molLecularn beam wonrk.

* See fon example | 25 page 124 )

** See page 220f this document.
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Section 11T  CLASSICAL MODEL CALCULATTIONS

A) Coulemb [ proton - hydrogen atom ) Trajectonies

The Coulombic model was ZTaken as the point of enthy An this
study. The proton - hydrogen atom scatfening suystem was chosen for L5
prama facle simplicity in ornden Lo establish a focthold on Thafectory

calounlations. Figune 4 shows the geometny of the system.

Y

. electron

projectile proton
@

ib

s
.
T

nuclean
preton ]

0y
.
~

[ YSRPRERE J. W

Figure 4

There 46 an ambiguétybin the initial conditions since the classical
electron cannot nepresent the spherical symmetry of the H(1s) state.
There 45 clearly an infinite number of Andtial conditions for the hydro-
gen atom alone. 0f them, dnﬁg cases An which ¢0 = 0 ok /2 will be con~

sidened hene: In addition, b = 0 in the examples discussed.

PLanas Oabits

When ¢0 = /2 the three-panticle trafectornies are two-dimen-
sional. Fon Low enengy protons, Lhis case exhibits an anomolous feature

which presses Lt beyond the Limits of nonrelativisiic classical mechanics.

* Abnines and Percival (84) employed a Mente Carlo procedure fo secure

an average over equivalent conflgurations,
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Typical nesults iLLusirnating this feature are shown in figures 5 and 6.
These 4iqures show how the projectile perturbs the trajectorny of the on-
bital electrnon from its initial circularn shape Zo an ellipse. The majon
axis of the ellipse renains of constant Length ( the diametern of the
cinele ), appears inditially at rnight angles to the internuclearn Line, and
slowly notates towarnd this Line. The eccentricity decreases as Lhe pro-
jectile approaches. Before the system has evolved Zo the point of maxi-
mum interaction, the electron passes 50 near the nuclear proton that Lt
attains speeds of nelativistic onden, This effect disappearns at intermed-
iate and high enengies, when the speed 04 the profectile proton L8 such
- that the onbital electhon moves verny Little in the time of zhe caﬁf&éionf
Fon examole, 4if the projectile in figure 5 has T = 17.8 keV the ginak
state consists of the three parnticles moving independently, nepnebehiing

Lonlzation,

Three Dimensional Orbits

When ¢0 = 0 the internuclean Line i8 nowmal to the plane of
the electronss dnitiak notation. In Zhis ca&e, the attractive singularity
0f the proton-electron Linteraction did not result in the complicating fea-
tune encountered in the case of planan orbits. 1t was thus possible o
sdmulate collisdons oniginating grom this geometny,

In genenal, three possible final states can be distinguished.

1} The electron continues Lo be bound-Zo the tanget
proton | dinect scattening ).

2) The electron has become bound Lo the projectile
pdoion (" exchange scattening ). |
YA 10 kev pnoton.haA a speed approximatedy %_zhaz 04 the cﬂaééicaﬂ el-

ecthon in the H{1s) system,



Figure 5

An electron bound o a proton at the origin As
being struck by a proton apphoaching from pos-
 itive z with kinetic enengy (T0) = 13.25 e,
The onbit of the electrhon was initlally a cir~
- cle of nadiws 1 au, On the nevolution follow-
ing the one shown, the electron passes 40 near
Zo the nuclean proion that nelativistic factorns

cause the caleulation to fail.
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Figure 6

This 18 as 4in fdgune 5; Zthe profectile here beding

an electron with 7O = 0.80 eV, The figure shows

Zhe Last cycle before the caleulation fails.
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3) The electrhon moves unbounded ( Lonization ).

The results for TO between 1 and 10 kel are as follows:

Relative Enenqgy | 70 hev ) | Type of Collisdon
1 dinect
J R dirnect
3 - exchange
4 S | exchange
5 . direct
6 | direct
7 dinect
8 | ) dinect
-9 exchange
10 : exchange

Although no substantiak conclusions can be drawn from L, com-
parison of These results with 5&guné 3 L8 dntenesting. The exchange scat-
Zening at 3 and 4 kel occurns at points fon which the quantum mechanical
and expenimental exchange probabilities are high; and the direct scattern-
Ang occuns at podnts forn which those quantiiies are Low. However, the 9
and 10 kel points are noxt in agreement with this Zrend. A proper compari-
son must include an average over ¢ 4fon each value of 70, This was not per-

formed because the requinred computer time was prohibitive,

B) Moleculan Thafectornies

The method developed for changed particles was extended Zo en-
clude the two- and three-parnticle potentials of Section 11 C) in orden to
simulate collisdions of small molecules,

Experdments, such as those of ubtrasonic dispersion and shock
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tube studies, neflect averages oven the following quantities:

1) dmpact pardmetens

2} nelative angulan ordentations

3} nelative phases of internal motion

4} distrnibutions of dinternal state populations and

nelative velocities.,

In prinediple, such averages are easdily obtained 4in simulated experiments.
Howevern, as 4n the case of the Coulomb model, the computer time Lnvolved

has here proved to be excessive,

Coﬁ&&siom o4 -QZ MoLecules in Highly Excelted Vibrationak States
Selection of the collinear configuration | figure 7 ) fixes
the impact parameten and the relative angular orientation of the two col-
Liding diatomic molecules, A funthen specification of the relative and
Anternal enengies Leaves only the phases of the vibrations to determine

the initial state. They are clearly somewhat arbitrhany.

X
R
Molecule 1 Molecule 2
Figure 7
De4ine EC1 on 2) = initiak vébrational energy of 1 on 2
ES(T on 2 ) = ginal vibrational energy of 1 on 2

Ei = Anitial nelative hinetic enengy

pE, = Ef - gt

Vv v TV
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The potential function was constructed from two intramoleculan
and four dntemnolecular Morse temwms. The Antemmolecularn Ltesms wené chosen
to be 04 Morse type because they account for Long-range attraction. In-
spite of the fact that shornt-nange nepulsion has the dominant effect An
enengy trhansden | 25 page 581 ), Long-range attraction should not be £g-
nored sincel) £t will affect the sfope in the rnepulsive nregion, upon
which the energy Lthansfen depends citically ( 29 and 1 page 689 ), and
2) it will have an {ncheasing effect on Ihe relative motion as the hela-
lve kinetic energy 44 Lowered. The depih of Zhe attrhactive well 45 known
to be of minon significance compared Zo the range parameter ( 23 ) and
can be obtained from trnanspont property data (68). The nelevant data are
Listed below.

Monse Parameters fon Op
equildbrium bond distance -- 2,287 au (85)
nange paramefer ------ 1,404 au (86)

dissoclation enengy --- 0.7917 au  (87)

Monse Panametens for Non-bonded 0 - 0 Interactions :

position 0f minimum =---=-==- 7.28 au (88)
nange paramelen -=-==-=-=--=- see following
Well depith —---m-memm- ——mm 0,356+ 1070 au (88)

In view 0§ the fact that the shape of the potential exenciéeg
sensdtive contrnol overn the collision dynamics, a quantitative statement
04 the effect of the intemnmoleculan hange parameter was sougnt. Figune
(8) Lllustrates the effect of varying B on AE, for three initial phases
and

EC(1) = ES(2) = 0.99D




Figure &

This graph shows the dependence 0f vibrational
' enenqy changes 4n 02 - O2 collisdons upon the -
range parametern in the Monse tenms of the Ln-

temmoleculan potential for three phases.

Curve 1: The phases are deteanined by the 4in-
itiak condition |ny|=|n,|= minimum classical

fuwwding point for Eﬁ(] and 2)=0.990D .

Curve T1: In this case, both molecules begin

at thein maximum classical tuwning poinis.

Curves 111 and 1V comrespond to molecules 1 and
7 in a collision in which molecule 1 began at
its maximun classical tuaning point and mof- “ 5??}5f}?

ecule 2 at Lts mindmum,
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The most signigicant energy Transfer occuns when The diatomic
moleculan vibrations ane distinetly out of phase; in which case a small
change 4in 8 can have an enommous effect on the collision dynamics. The 8

dependence 48 put into perspective when £t 48 noted that

B = 1,02 (89)
1,03 (76) » :
1,06 (90)
1.20 (§8)
1.24 (91)

have been applied to this model.,

14t would be fooLharndy Lo make any far-reaching claims based on
these data, Previows work Lin this area has concentrated on the Lower vib~
national states; studies which are Legitimized by Zhe equivalence of
quantun mechanicel and phase~averaged cﬁaééicaﬁ enengy thansfer, The dy~
nanics o0f these states £s quanium mechanical and the ability Zo Lnvoke
classical mechanies at all can only be considered fortuitous. CLassical
mechanics s presented here as glving an accurate picture of the evolu-
ion of aiéingﬁe event Lnvolving diatomic molecules et the diéébciatioﬁ.ﬂbn-
it. This claim is based on the fact that the vibrational Keveﬂvépacing o4
maétldiaiomLCA in this reglon | H, L6 an exception } 48 small compared to

typieal themmal enengies.
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C) Numerdleal Tntegration Scheme

The caleulation scheme contained aARunge-KuiiaaGiﬂﬁ Lintegration
nowtine proghrammed An Fordran TV forn use on an 1.0,M. system 360/65.* This
scheme Lncluded Zhe equaticns of motion of N paticles subject to Monse,

Lennard-Jones , and general 1/R%, and quadratic angubar destontion poten-
tiakls Ln all concedlvable combinations. An atfempt was made 1o dechease Lne
computation time by Lncorpornating a Hemming Predictorn-Conreciton houtline
Lnt& the program, but this falled as a nesull of unstable ernor growth. A
separate program using the Runge-Kutta-Gill ncutine was writien fon the
Coulonb potentiak.,

An dmportant consdderation concesns the analysis of data, The
noaw Anformation consisted qﬁ pesition and momentum coondénaieévgon each
- pawticle at each {ternation., Enengdles and geometries were extracted Arcom
these and the nelevant algebraic expressions. When the evoluticn of a
single collisicn was Lnvesiiqated, piint-outs wene obtalned at appropriate
inteavals, Fon final state configquiations, only a few print-outs at the
end of each calculation wenre necesswus, The point L8 That much progran-
ming effort went into deleamining how to obfain padiculai dynamical var-

Lables at parnticulan stages of the collisdion,

/‘{W Ul .

" The author i§ dadebted to Mr. Bruece Kuppenrs for all p&oq{Mnningrwmm
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Section 1y DISCussTon
T e Z2USSTON

The numerioqp appioach ande/cﬁy&'ng the mateniqp Cf the Pheced-
Ang sections L8 of fered s an allennative £ Zhe well-Fnown app/z_c?)@@ﬁzaj:e
analyiticap methods discussed, Ag outlined in the subsections /\Few Ap-
Pelcationg " practicat caleulationg based on huwnenscal Mﬂaﬂxon‘él-'_io Zthe
Cquations of Coupled-state amplitudes ane becmn/;ng' COmmen £ f_’ze Liton-
ature, The value of syuch an approach hayg been generally /zec.aqxvz{ééed { sce
fon example 45 page 125 ) and wiLE ddubzﬁﬁeéé Slanulate the /\wﬁdoﬁ atom-

Le and moleculan collision theony, The modef calewlations presgnted. are

a few examples from an atlempt to develop ap expertise in Thiy: hield,

we

begximz/;ng fhom q classical POLRE of Uiy,
. » Fo Ouantum 4 . ot io
Classicat, §ne_,r_ncc£axsuaav(l, and _,yawuun_/&echa{i&mcgﬁ Conﬁg{gﬁgi ons
The classiogp N-body probeem ;4 @ SLhalght forman, bt tedigug

exencise ip SZandeand numesleal Antegratsi oy, Lechniques, However, 11, fef~

PRoof has beey given, Sb-ndia/zﬁg/, Zhe accuracy of classicap !no{‘;ie,&s o4 Low

quantun uibrationayp dtates is quite enaikable ( g0, 23, 75"’ ’f’i;/_gz_;zd 78 ),

It i 2o po eMohasized Zhat CoOmMparis ony between the neAULLs

%
See also the revdew by Bungess and Percivap (70),
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L

panied by a processt of averaging cver arbilrany geometaical parametets
in the classical model.,

The semiclassical formulation, which results from the Lnclus-
Lon of quantum inteanal states and the netention of classdcal nelative
metion, i aﬁ accurate description of most molecular collisions, One of
Zthe main featunes of this method <8 Lts ability fo reveal the importance
0f fthe numbern of intemnal states requited for the eﬁﬂeciivéﬂg complete
desciiption of a collision. This number can be determined by 44inding the
point at which the addition of more states becomes superfluous. Muliti-
quantum trhansitions and collisionel selection rules are consequently
automatically taken into aécount.

The nigorows hommulation ok atomic and molecularn collisdon
Zheony s the full quantwn mechanical Zreatment, in which The nelative
motion ab well as the inte/wmal dynwnics s ascrnibed a wave-£ike behavion.
The fommakl complexity of this aoproach has hindered its application to
practical problems. 1€ Ls anticipated that proghess in this regand 45
forthcoming.

The Problem gﬁ Potentials

An accunate but workable representation of molecular interac-
- tlons 48 Zhe principle nequinement of a practical theony of mofecular
.coﬁtiéioné.'The complexity of the general problem L5, 0f course, due Lo
Lia multi-electron charactern, To those who considen this complexity io
be cvemvhelming, empirical petentials have provided an expedient means
of avolding an explictt account of the electrons. Howevern, empirical
paramelertizations of molLecular dynamicbiane o4 only teaminal vatue since
they "ztend to explain everything and predict nothing” ( 23 page 62 ).

SamiLarly, optical potentials provide a useful phenomenological means of




44
analusis of scattening data. Both phgncmenoﬂogicaﬁ and empirical methods
must be supplanted by more exact Techniques.

To obtain an accurate nrepresentation of molLecular interactions,
one sl deal di&actﬁy with the electronic sthuctune and related features
such as transitions, exchange, and Lntra- and inteanolecularn correlation
ehhects. Thus , it is necessary o incorporate into multichannel collision
theony the techniques of moleculan onbital theory. Exact (ab initio) cal-
cuﬁdtéoné would cleawly be the most satishactony, but approximate (HF-SCF)
and perhaps even simple (Huckel) methods would be more penetrating than

clLassical empirical nationalizations.




Appendix

1 Coupled Differential Equations --- Conversion from Integral Foun

DY - /LE*?Z . 1D P APEVT (DY AT
FA(R} = Tt f?GO(R,R We(R )TJ(R JdR A7)

multiply both sides by (E+-E6-K)

(E+~E6~K){Fé(ﬁ)-eih'Rséé} = SE(ET-E~KIGGIR,R' IV (R Fy (R )R
‘ g

(EF-E-KIRIEF-E-0) 7T R from Al6)

"

(E*~56—K)Gg(i,ﬁ')

B)E"-E-n2k2) T (R RY) R

| 24

I(E+~E6—ﬁzg?)(E+~E4-EE£?)w7QLh-(R~R')d
2y Zu

- polhe (R g

SIE"-E k) (7

=

L

Thus

(E7-Eg-K) (Fy(RI-etRoRe 1} = szv (RYIF (RY) S(R-R") dR"

(]

J
-E ~K}{F ,(R)- ikeRg 4 Loy R)F AR
And, since
ARRL 002 (bR L (r_p y dReR
Ke 5{)/{/—%@ 5{),(’ (E [{))C 6{)’{: ’
(E—EA-K)Fé(ﬁ) = 'uﬁj(ﬁfFj(ﬁ) A(77)
i ,
on _ _ ..
{E-Eé—h—vﬁﬁ(ﬁ)}Fﬁ(R) = I Véj(R)Fj(R)

i?6
This equation can be derived directly by substituting the expansion A(4)

into the Schrodingen equation,



46

Noite:

Greenrs funclions occupy a centrhal position in the integral
equation fowmulation of scaltening theory. No elaboration of. theiln math-
ematicel propeities Ls attempted hene. A detalled account can be found

in (92) and Thein rele in scattening theony is exfensdively examined 4in

The wse of Green’s functions makes forwnal mandipulations con-
cise and very elegant, bui does not dominish the diffliculties of find-

ing solutions.,
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Appendix

11 Coonrdinate Representation of the Transition Amplitude

TM(%%) = YRIVIR R TR A1)
= TRV RN R R R AT dR!
; | |
= f)}(ﬁlmvw,ﬁ')mﬁ?.'><j,-}’z'|!'z;f>d'fz'
= f§<mv<a{,fz')U)(r’e\r‘z*)(p@jﬁ;f)dﬁ'
= f?uéj.(fz*)5(i~é')Fj(fz=)dfz'
- s AR R | Al13)

3
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Appendix

IT1 Twpact Paramter Limit of the Elkonal Method (45)

i 1 (R) = ARV FL(R) expldply - . B{13
&ﬁuéngﬁ(P) ;véj( )TJ(P)exp{%p(uj vﬁ)z} (13)
5 1
Since
E-E - %uuj , BT
(v~ 2) = 2(E ,~-E;}
v = 2 4
M
(vj—vé)(vj+v5) = Z}Eé-ﬁ,)
4 =
u(vj~v/) = EL”EfL
T(Uj’“r‘\)ﬁ)

1t 46 assumed reasonable fo defdine a mean velociiy v which can replace vy

on the Left hand s4de and J(uj+v5) on the night hand sdide of equation B(13)
?‘ i

and which alsc satisfies

z = vt i .
Equation B(13} Zhen becomes
= =1 - = ,
3 F'{R) = sV, (R)FL(R E,-E XL
52'5( ) = [(4h) ’ ﬁj( )Fj( )exp{%} 4 Ej)i} ,

which 4s Adentical in fomm to equation B{4).

* The parameten £ 45 not actually the neal time [ see 44 ).



49
Appendix

TV Equations of Motion fon Classical Mofeculan Models

Since the potential is assumed to be momenium Lindependent, the equations

1

X = 3H 1 opy (4]
ap, (L) my

y. = ol - L p,ld)
ge= 2 = Lpgld)
ap, L) mg

ane common to abl systems, In the remaining 3N equations,

Pyl = -3H = —gﬂ({ii})
) BX/C B'X/(:
py(i) = -aff = -al({n;})
oYy 3y
p, &) = -aH = -aU({r:})
’ 32/(" az&

- the gradients varny according to the model potential. The components nel-
evant to the discussion o4 Section 1T C) are tabulafed below,

(1) Coulomb Potential 0 - - -1
Vi) = 09,

=T
< 1

-~V (A E{)

"

O (xx ) | =R ™3
0.9 {x; xj) =g

i AL L

X7

~ Ci~ T . - - - -—3
3V, i) = Q0 -y ) =R
3{/&

Oyt = -3
3V ) = 0,022 1) -]

J
BZ,(: )



{2) Monse Potfential

i 5 "’ _.. -
V‘»Lj( ’/Lf) = D’('_f{] K jQX.I)( ijl a I)}
-avm (g, ;) = e D expl- [n i |11~ K cexp(-8. .|, - l)}(x
30 Veioty) = 28R i oV
/(’ .
. ) ) }
-_gg’(n/;,n{) -8, K, 0 rexpl=p; (1 Rs] ) UK gexpl- 27| 1 ¥y gy
YA

MR, R = 28 K D axa( B

/_:{ &j /(,j j 49

(3) Lennand-Jones (6,17) Potential

j|){7-K.-exp(~

12 6
vﬂj(%n) = deg oy i/ lng 1) 5= oo/ P
e ) 12 1= = 14 _
—gg { Ufzj) = 24%}'{2%1’/'/‘[’1'1' Lj/ln | }(x ~x )
X{ .
o 12 - - 14 6 .- - g
j%ﬁ-(ﬁiyﬂj) = 24€Lj{zoij/I&1~&' Gij/I@L"&jl }(UL"HJ)
Yi :
L~ - 14 = 1§
"_g-y‘ ( ’("’;Lj) = {20’ /I l - O/Lj' |/L/L /"L" (Zl{""zj‘)
i
o1 2 1L /9 ) = b AR TR
(4) Generat %ﬂ Potential ( j(h&,rj) h&jl&L &jl
Y - TR [
V() nLJ;j|/z./; /Lj‘ (xi~x;)
X
£
- s en=?
-éﬁg(n/;,/tj) = n!a&j]/%—nﬂ n (g&wyj)
3 -
L
~n~2
—aUq(¢L,n ) = nk; In njl (zé-zj)
dZ/L

The Coulomb potential is the special case n=1 , k,.=0.0.

Af LTS
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B&j‘ l’l’,(:-)l'jl ) }(Z/I;"g_j) I/‘L/(.’—/‘{_j.t
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(5) Quadnatic Anqularn Distontion Potential

. - e - - 0 .2
ik R - T8 ggrtone cos iy Rl 11l = 0,00
= 16, . {are cos (% ) - 0. }2
7 Afk - 0&1& Or j’ f Ljh
a » - 2
-3 = s{are cosd - o M=) /17 H;L |- e )//lfz A
: - 47
“3V* = s{are cosf - 00}{(%-91,)/]& ||)L AN f)()/lnﬂlz}
'5?. J
4 1
(1 - ( ) 2
-3V = §{anc cosf - @0}{(2 -z} /|n {'E. | - (z--z')4/l&'»|2
= : R S AT LTI

/ 1
-4y e

The equations fon atom k are obtained by Ainterchanging the coordinates

04 L and k on the night hand side of The above equations,
The following are all to be multiplied by

s{arnc cosf - eo}

(- 4
(gt D Vg g | B3 ) g g | U R /gy | B 1
(ot VR g g OO o) /1R 1 B0 L 1R R 1R ) ey |
l2; /l’mll’: U R /1 | =1 o V| g 0 g /g -
to obtain

~jﬂ?' ; - qv® , and ~av®
X « oy : Y2

1}

1}
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