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Abstract

Regression models can exhibit considerable variability in their predictions when fitted

using limited training data, leading to unstable predictions. This study combines Ranked

Set Sampling (RSS) with bootstrap aggregating (bagging) to improve the predictive

power of regression models trained on limited data. Three strategies are examined: (i)

classical bagging under Simple Random Sampling (SSB), (ii) rank-wise bagging with

RSS training data (RSB), and (iii) retrospective SRS-RSS bagging via bootstrap (SRB).

Theoretical results establish the unbiasedness of the proposed predictors and derive closed-

form expressions for their conditional and unconditional variances. Variance comparisons

explicitly demonstrate that using rank information leads to provable variance reduction

of bagged models relative to their SSB counterparts, while the proposed SRB framework

closely approximates the efficiency of RSB without requiring an RSS training sample.

Proposed methods are evaluated using extensive numerical analyses across multiple

linear and nonlinear associations between the response and covariates, under paired and

residual bootstrap settings. Linear mixed models, LASSO regularization, ordinary linear

regression, and spline regression are employed as base learners within the proposed

rank-enriched bagging framework.
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Chapter 1

Introduction

This chapter introduces the motivation and objectives of the thesis. It gives an overview

of ensemble learning and its key theoretical properties. Particular attention is given

to bootstrap aggregating (bagging), including its theoretical foundation and practical

significance. We study the unbiasedness and variance of bagged predictors in both

conditional and unconditional settings. These results are first established for mean-

type functionals and are subsequently extended to regression functions of the form

m(x) = E(Y | X = x) at a fixed point x. The chapter concludes with an outline of the

thesis.

1.1 Motivation

Machine learning techniques are often data-hungry and require substantial training

data to make accurate predictions and capture meaningful patterns (Adadi, 2021).

Without sufficient data to represent the underlying distribution, these models suffer

from overfitting, in which they may memorize the limited training data rather than

identify underlying patterns (Ying, 2019). Data scarcity can also lead to high variance,

where small changes in the training dataset cause significant fluctuations in the model’s

predictions (Alzubaidi et al., 2023). Moreover, insufficient data may lead to fitted
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models that generalize poorly to unseen test samples (Aliferis and Simon, 2024). These

issues tend to produce unreliable results and degrade performance (Aliferis and Simon,

2024). However, obtaining large datasets is often expensive, time-consuming, or even

impractical, particularly in domains such as medicine with rare diseases (Shaikhina and

Khovanova, 2017). Clinical trials are costly and slow, and ethical constraints often limit

data sharing due to concerns about patient privacy. In fields like agriculture, experiments

often require substantial time and resources, and samples show high natural variability

due to weather patterns and soil conditions (Le et al., 2025). Financial datasets are

strictly regulated and sensitive, further restricting sample availability (Wang and Tsai,

2022). In ecological studies, long-term observations may take decades to generate

datasets of meaningful size (Le et al., 2025). The development of new algorithms and

accurate prediction models for such problems represents significant methodological

challenges across many scientific and industrial domains.

Modern statistical learning strategies address these issues by employing or developing

models tailored to limited data, including ensemble learning techniques, which are

particularly effective at mitigating high variance and improving predictive stability.

Ensemble learning performs prediction by fusing the outputs of multiple base classifiers

(Dietterich, 2000). In small sample scenarios, individual models often fail to capture the

underlying data-generating structure. The core principle behind ensemble learning is

the “wisdom of the crowd”, the idea that aggregating decisions from a diverse set of

models leads to better performance than relying on a single model (Hastie et al., 2009).

This principle is particularly important in settings where individual complex models

often exhibit high variance. In such contexts, constructing a diversified ensemble of

simple base models is often more effective than using a single complex model (Wang

and Yao, 2009).

One of the most influential and classical ensemble techniques is bagging (bootstrap
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aggregating), introduced by Breiman (Breiman, 1996). Bagging constructs multiple

base learners by training them on different bootstrap samples of an available training

dataset. The final prediction is obtained by averaging over the outputs of the base

learners. Bagging is particularly effective for high-variance, unstable learners, because it

substantially reduces variance without increasing bias (Breiman, 1996). However, the

reliability and performance of bagged models depend on the variability among the base

learners and the degree to which bootstrap samples are representative of the underlying

population (Bühlmann and Yu, 2002). Although bagging has shown promising results

on large datasets, its performance on small datasets poses unique challenges (Bühlmann

and Yu, 2002). For example, if bootstrap samples fail to capture sufficient variation

or structure in the original data, the ensemble may exhibit poor generalization. This

limitation motivates our thesis question: whether we can make the sampled data itself

more informative before applying bagging. Our proposed framework in this thesis

provides a solution to this problem.

Bootstrap sampling, introduced by Efron in 1979 (Efron and Tibshirani, 1994), has

become a foundational resampling technique that helps researchers approximate the

sampling distribution of estimators of population parameters. However, on average, only

about 63.2% of the original observations are included in a given bootstrap sample, while

the remaining 36.8% are excluded. As a result, each bootstrap sample reflects only a

partial view of the complete dataset, which may limit the representativeness of learners

trained on it; this issue is exacerbated when the dataset is small (Tibshirani and Efron,

1993).

On the other hand, there are well-known advanced sampling methods that have been

developed to address the limitations of Simple Random Sampling (SRS), such as stratified

sampling (Neyman, 1992), multi-stage sampling (Kuno, 1976), systematic sampling

(Madow and Madow, 1944), and the quasi-monte carlo method (Hastings, 1970). Among

these methods, Ranked Set Sampling (RSS) (McIntyre, 1952) is particularly appealing
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when measuring the response variable is costly, time-consuming, or resource-intensive,

while ranking units (via expert judgment, visual inspection, or a concomitant variable) is

inexpensive. In such scenarios, RSS yields substantially more informative samples than

SRS. RSS has been shown to outperform SRS in population mean estimation (Wolfe,

2004), kernel density estimation (Chen, 1999), distribution function estimation (Stokes

and Sager, 1988), and hypothesis testing (Öztürk, 2002). Moreover, RSS data lead to

higher Fisher information (Hatefi and Jafari Jozani, 2013) than their SRS counterparts.

In this thesis, we build on these advantages by developing RSS-based bagging frameworks

that integrate rank information directly into the resampling and model training stages.

In many machine learning applications, the potential value of domain expertise is

often underutilized. Integrating such expert knowledge through judgment-based ranking,

or consideration of concomitant variables, can yield more representative samples and

enhance model performance, particularly when training data are scarce (Zhang, 2023).

In practice, such ranking information can arise from many sources, like previously

developed predictive models in the literature, lagged observations in longitudinal or

time-dependent data, or expert judgment in fields such as medicine, cancer diagnosis,

and other domain-specific applications. RSS naturally incorporates this kind of expert

knowledge into sampling through a ranking process. To obtain an RSS sample, units are

first randomly drawn from the population and partitioned into sets of equal size. The

units within each set are then ranked using the available auxiliary information or expert

judgment, after which one unit from each rank is selected for full measurement. This

process is repeated over multiple cycles to produce a balanced RSS sample. A detailed

description of the RSS sampling procedure is provided in Chapter 2.

Although RSS has been used to improve the quality of training data, comparatively

few studies have explicitly examined how to incorporate it into model training. Faraji

et al. (2022) demonstrates one such case, showing how multilevel regression models can

be adapted to the structure of RSS data. A primary practical challenge in RSS involves
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efficiently integrating rank information into regression models, particularly when the

auxiliary rank information is imperfect. This gap motivates the proposed framework in

this thesis, which asks how ranking information can be used when RSS training data

are unavailable and we only have access to SRS training data.

Regression analysis under an RSS framework was first introduced by Muttlak (1995),

who investigated simple linear regression using ranked set samples. He showed that the

resulting parameter estimates are unbiased under both perfect and imperfect ranking,

and that the estimator variance is smaller than that of SRS-based estimators when

ranking quality is reasonably good. Barreto and Barnett (1999) further derived best

linear unbiased estimators (BLUE) under simple linear regression and showed that

RSS yields substantial efficiency gains under normality. Muttlak (1996) extended these

results to multiple linear regression, again showing that RSS improves the efficiency of

regression estimators relative to SRS. These findings demonstrate that RSS enhances

regression estimation by leveraging additional information embedded in the ranking

process, thereby extracting more information from each sampled unit

In our proposed RSS bagging framework, we embed rank information directly into

resampling and model training using RSS training data to improve predictive accuracy

and stability, particularly in small-sample settings where traditional SRS-based bagging

often performs poorly. By incorporating a ranking structure at each stage, this method

is expected to enhance both the efficiency and robustness of the resulting regression

models. The second framework addresses the more common practical limitation in

which RSS training data is unavailable. Here, rather than requiring RSS training data

from the outset, we ask whether partially available ranking knowledge can be integrated

directly into SRS training data to create a more informative learning process. We

focus on settings where some form of domain expert knowledge exists. Our approach

leverages this by introducing one or more rankers that transform SRS data into a more

informative RSS structure via judgment post-stratification (MacEachern et al., 2004),
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thereby enriching the SRS sample with ranking information to improve representativeness

and learning efficiency. Together, these frameworks form the core thesis contribution:

they use ranking information to strengthen the learning process whenever it is available,

in full or in part. Unlike classical RSS, this framework is considerably more practical

for real-world applications, as the original sample remains SRS.

1.2 Ensemble Learning

Ensemble learning methods train multiple base learners on a training dataset and combine

their predictions to produce a final model. These base learners are constructed using a

base learning algorithm, such as a regression model, a decision tree, a neural network,

or another machine learning technique. When all base learners are generated using the

same learning algorithm, the resulting ensemble is known as a homogeneous ensemble.

Conversely, when different learning algorithms are employed to create the base learners,

the ensemble is referred to as a heterogeneous ensemble. Ensemble methods typically

exhibit stronger generalization capabilities than single-model approaches because they

combine the strengths of multiple learners. A major motivation behind ensemble learning

is the ability to transform a collection of weak learners, models that perform only slightly

better than random guessing, into a highly accurate predictive model.

The development of modern ensemble learning rests on three major paradigms:

combining classifiers, ensembles of weak learners, and mixtures of experts (Zhou, 2025).

The practice of combining classifiers, also known as “classifier ensembles,” has evolved

into a significant discipline (Kuncheva, 2014). This paradigm originated primarily within

the pattern recognition community, where researchers integrated the outputs of multiple

classifiers to enhance predictive accuracy and robustness (Zhou, 2025). At a broad

level, classifier ensembles are located at the intersection of engineering, computing,

mathematics, and statistics. At a more detailed level, their development is driven
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by advances in pattern recognition, machine learning, and data science. This line of

research led to the development of influential ensemble methods, including Bagging

and AdaBoost, and offered theoretical insights into the relationship between weak and

strong learnability (Breiman, 1996; Freund and Schapire, 1997). The mixtures-of-experts

paradigm was developed largely within the neural network community and is based on a

divide-and-conquer strategy, in which multiple expert models are trained jointly and a

gating mechanism determines how their outputs should be combined to solve a problem

effectively (Jacobs et al., 1991; Jordan and Jacobs, 1994).

Hansen and Salamon (1990) demonstrated that combining predictions from multiple

classifiers often yields greater accuracy than relying on the best single classifier. Schapire

(1990) established that weak learners can be boosted to form strong learners. Because

strong learners are highly desirable but challenging to construct, while weak learners

are readily available, this finding has opened a promising avenue for generating strong

learners through ensemble techniques. Depending on how base learners are generated,

there are two approaches to ensemble methods: sequential ensembles, in which learners

are created sequentially, and parallel ensembles, in which learners are created in parallel.

The primary motivation for sequential methods is to leverage dependencies among base

learners, as the overall performance can be boosted by reducing residuals. In the parallel

setting, those methods exploit independence among the base learners, since the error

can be drastically minimized by aggregating them. In this thesis, we primarily focus on

bagging, a parallel ensemble method. As the name suggests, the two main components

are bootstrap and aggregating.

1.3 Bootstrapping

Bootstrapping belongs to a broader class of resampling methods that generate repeated

samples from the observed data to assess the variability of statistical estimators. Resam-
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pling techniques have a long history in statistics. The jackknife method was introduced

by Quenouille (1949), while permutation methods originated from the work of Fisher

and Pitman in the 1930s (Fisher, 1949; Pitman, 1937).

The bootstrap was formally introduced by Efron (1979), who unified these earlier ideas

into a general and practical framework for statistical inference. Efron’s nonparametric

bootstrap generates repeated samples of the same size as the original dataset by sampling

with replacement from the observed data, thereby allowing one to approximate the

sampling distribution of a statistic without relying on strong distributional assumptions.

In contrast to classical inferential methods, which often depend on asymptotic theory or

analytical variance formulas such as the delta method, the bootstrap approximates the

sampling distribution directly from the data through resampling. For each bootstrap

sample, the statistic or predictive model of interest is recalculated, producing an empirical

distribution that can be used to estimate standard errors, bias, confidence intervals, and

prediction error (Tibshirani and Efron, 1993). As a result, bootstrapping has become a

standard tool in regression analysis, classification, machine learning, survival analysis,

and other predictive modeling applications (Davison and Hinkley, 1997).

For predictive modeling with samples consisting of covariates x and a response

variable y, several bootstrap methods have been developed, each based on different

assumptions about the underlying data-generating process. The choice of bootstrap

procedure depends largely on the statistical model and the objectives of the analysis.

Since this research mainly focuses on predictive modeling, we consider the two commonly

used approaches discussed in Freedman (1981), paired and residual bootstrapping.

8



1.3.1 Paired Bootstrapping

Consider a predictive modeling problem based on a training sample {(x1, y1), . . . , (xn, yn)}.

The paired bootstrap proceeds by drawing bootstrap samples

(x
(b)
i , y

(b)
i )

i.i.d.∼ DU{(x1, y1), . . . , (xn, yn)}, i = 1, . . . , n,

where DU{·} denotes the discrete uniform distribution over the original sample. Since

each bootstrap pair is selected with equal probability (i.e., with replacement) from the

original sample, it is easy to see that:

P
(
(x

(b)
i , y

(b)
i ) = (xj, yj)

)
=

1

n
, j = 1, . . . , n.

Then we refit the model on the bootstrap sample {(x(b)
i , y

(b)
i )}ni=1 to obtain f̂ (b), and

compute the bootstrap fitted values ŷ
(b)
i = f̂ (b)(xi), i = 1, . . . , n.

1.3.2 Residual Bootstrapping

The residual bootstrap is based on the fixed-design assumption of the regression model

by holding the covariates xi fixed and resampling only from the residuals. We first fit

the model on the original sample {(x1, y1), . . . , (xn, yn)} to obtain fitted values

ŷi = f̂(xi), i = 1, . . . , n,

and compute the corresponding residuals

ei = yi − ŷi, i = 1, . . . , n.

For each bootstrap replicate b = 1, . . . , B, we then proceed as follows:

(i) Draw bootstrap residuals e
(b)
i

i.i.d.∼ DU{e1, . . . , en}, i = 1, . . . , n, and construct

bootstrap responses y
(b)
i = ŷi + e

(b)
i , i = 1, . . . , n.
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(ii) Refit the model on the bootstrap sample {(xi, y
(b)
i )}ni=1 to obtain f̂ (b), and compute

ŷ
(b)
i = f̂ (b)(xi).

1.4 Bagging

The term ”Bagging” is derived from the abbreviation for Bootstrap AGGregatING.

Bagging utilizes bootstrapping to generate diverse base learners. Specifically, it applies

bootstrap sampling (Tibshirani and Efron, 1993) to obtain data subsets for training

the base learners. Figure 1.1 provides a visual representation of the bagging procedure.

Starting from a population D = {(Xi, Yi)}Ni=1, a training dataset DS = {(Xi, Yi)}ni=1

is obtained using SRS. If a single predictive model is fitted directly to the training

sample DS, the resulting estimator may exhibit high variance and poor generalization,

particularly when the underlying learning algorithm is sensitive to changes in the training

data.

To address this issue, bagging generates B bootstrap samples, D∗(1),D∗(2), · · · ,D∗(B),

by sampling with replacement from the original training dataset DS. Each bootstrap

sample has the same size as the original training sample, but some observations may

appear multiple times while others may be omitted. A separate model is then trained

on each bootstrap sample, producing fitted functions f̂ ∗
1 (X), f̂ ∗

2 (X), . . . , f̂ ∗
B(X). For

regression problems, the final bagged predictor is obtained by averaging these fitted

functions

f̂bag(X) =
1

B

B∑
b=1

f̂ ∗
b (X). (1.1)

Hence, for a new observation Xi,new, b-th model produces the prediction Ŷ ∗b
i = f̂ ∗

b (Xi,new)

and, the final bagged prediction is Ŷi,bag =
1
B

∑B
b=1 Ŷ

∗b
i .
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Figure 1.1: Illustration of the standard bagging procedure. Multiple bootstrap samples
are generated from the original SRS training dataset; separate models are fit to each
bootstrap sample, and the resulting predictions are averaged to obtain a more stable
and accurate predictor.

Theorem 1.4.1 (Variance of bagged predictors). Let f̂ ∗
1 (x), f̂

∗
2 (x), . . . , f̂

∗
B(x) denote

predictions obtained from B bootstrap trained base models at a fixed input x. Suppose

that each predictor has variance σ2 and that the average pairwise correlation between

any two distinct predictors is ρ. Then the variance of the bagged predictor (1.1) is given

by

Var
(
f̂bag(x)

)
=

σ2

B

[
1 + (B − 1)ρ

]
.

Proof. Assuming that Var(f̂ ∗
b (x)) = σ2 for all b and that Cov(f̂ ∗

b (x), f̂
∗
j (x)) = ρσ2 for

b ̸= j, it is easy to see that

Var

(
B∑
b=1

f̂ ∗
b (x)

)
=

B∑
b=1

Var
(
f̂ ∗
b (x)

)
+
∑
b̸=j

Cov
(
f̂ ∗
b (x), f̂

∗
j (x)

)

= Bσ2 +B(B − 1)ρσ2.
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Accordingly

Var
(
f̂bag(x)

)
=

1

B2

[
Bσ2 +B(B − 1)ρσ2

]
=

σ2

B

[
1 + (B − 1)ρ

]
.

In the case where bootstrap predictors are uncorrelated (i.e., ρ = 0), the variance of

the bagged estimator would be Var(f̂bag(x)) = σ2

B
. However, bootstrap predictors are

typically positively correlated (ρ > 0), in which case Var(f̂bag(x)) exceeds σ2

B
. The

magnitude of the variance reduction depends on the number of bootstrap replicates B,

the variance of the base learner, and, critically, the correlation among the bootstrap

predictors. As B increases, the variance reduction becomes more significant, and the

smaller the correlation among the bootstrap predictors, the greater the gain achieved

through bagging. In fact, as B → ∞ one can see that Var(f̂bag(x)) → ρσ2 < σ2.

Bagging works well for regression problems under squared error loss, as averaging

reduces variance while leaving bias unchanged.

Theorem 1.4.2 (Expected prediction error of bagging under mean squared error

(MSE)). Let f̂ ∗
1 (x0), f̂

∗
2 (x0), . . . , f̂

∗
B(x0) denote B predictions using base learners trained

on bootstrap resamples of a training dataset {(x1, y1), . . . , (xn, yn)}, evaluated at a fixed

input x0, where the observations are generated i.i.d. from a joint distribution FX,Y .

Under squared error loss, the expected prediction error of f̂bag is always less than that

of each f̂b for any b = 1, . . . , B, that is

EX,Y

[
(y0 − f̂bag(x0))

2
]
≤ EX,Y

[
(y0 − f̂ ∗

b (x0))
2
]
.

Also,

EX,Y

[
1

B

B∑
b=1

(f̂ ∗
b (x0)− f̂bag(x0))

2

]
= σ2B − 1

B
(1− ρ),
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where σ2 is the variance of an individual bootstrap predictor and ρ is the pairwise

correlation between distinct predictors.

Proof. For a new observation (x0, y0), the prediction error under squared error loss is

∆(f̂bag(x0)) =
1

B

B∑
b=1

(f̂ ∗
b (x0)− f̂bag(x0))

2 =
1

B

B∑
b=1

(y0 − f̂ ∗
b (x0))

2 − (y0 − f̂bag(x0))
2.

Taking expectations,

EX,Y [∆(f̂bag(x0))] =
1

B

B∑
b=1

EX,Y [(y0 − f̂ ∗
b (x0))

2]− EX,Y [(y0 − f̂bag(x0))
2].

Since all bootstrap models are identically distributed:

EX,Y [(y0 − f̂ ∗
b (x0))

2] = EX,Y [(y0 − f̂ ∗
b′(x0))

2] ∀b, b′ ∈ {1, . . . , B},

and ∆(f̂bag(x0)) ≥ 0, we conclude:

EX,Y [(y0 − f̂bag(x0))
2] ≤ EX,Y [(y0 − f̂ ∗

b (x0))
2]. (1.2)

Without loss of generality, let E[f̂ ∗
b (x0)] = 0. Since

Var(f̂ ∗
b (x0)) = σ2, and Cov(f̂ ∗

b (x0), f̂
∗
j (x0)) =

{
σ2, j = b,

ρσ2, j ̸= b,

the expected prediction error decomposes as

EX,Y [∆(f̂bag(x0))] = EX,Y [f̂
∗
b (x0)

2] + EX,Y [f̂bag(x0)
2]− 2EX,Y [f̂

∗
b (x0)f̂bag(x0)]. (1.3)

Note that

Var(f̂bag(x0)) = EX,Y

[(
f̂bag(x0)− 0

)2]
= EX,Y [f̂bag(x0)

2] =
σ2

B
(1 + (B − 1)ρ) .
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Also,

EX,Y [∆(f̂bag(x0))] = σ2 − Var(f̂bag(x0)) = σ2B − 1

B
(1− ρ).

Using these, one can easily see that

EX,Y [f̂
∗b(x0)f̂bag(x0)] =

1

B

B∑
b=1

EX,Y

[
f̂ ∗b(x0)f̂

∗j(x0)
]

=
σ2 [1 + (B − 1)ρ]

B
.

Substituting these into (1.3) gives the desired result:

EX,Y [∆(f̂bag(x0))] = σ2 +
1 + (B − 1)ρ

B
σ2 − 2 · 1 + (B − 1)ρ

B
σ2 = σ2B − 1

B
(1− ρ).

Under squared-error loss, bagging never increases the expected prediction error; for

unstable learners like regression trees, it typically reduces the MSE. The improvement

comes from reducing variance while preserving bias (as shown in the previous proof). It

is clear that for large numbers of bootstrap samples, B →∞, the factor (B − 1)/B → 1

maximizes variance reduction. Unstable base learners, characterized by high variance σ2,

benefit the most from bagging under MSE. Furthermore, diverse bootstrap samples that

induce low or even negative correlation ρ among base learners yield greater improvements.

The expected mean squared error can be decomposed into irreducible error, the bias

in the fitted value, and the variance of the fitted value as

EX,Y

[
(Y0 − f̂(x0))

2 | X = x0

]
= σ2

ε +
(
EX,Y [f̂(x0)]− f(x0)

)2
+ EX,Y

[(
f̂(x0)− EX,Y [f̂(x0)]

)2]
.
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The irreducible error (σ2
ε) denotes the variance of Y0 around its true conditional mean

at x0, which cannot be reduced, as it is an inherent part of the data-generating sys-

tem. In more complex models, a higher number of degrees of freedom typically re-

sults in lower squared bias
(
E[f̂(x0)]− f(x0)

)2
and likely results in greater variance

E
[(

f̂(x0)− E[f̂(x0)]
)2]

(Berk et al., 2008). Bagging effectively addresses the trade-off

between bias and variance under squared loss. By averaging across multiple bootstrap

samples, bagging yields a more stable set of fitted values than those derived from a

single sample, for any given level of bias. This approach substantially reduces variance

without increasing bias, thereby yielding more reliable and consistent predictions.

Remark 1.4.1. Equation (1.2) implies that under squared-error loss, the bagged

predictor cannot, on average, perform worse than an individual bootstrap predictor.

However, the result in (1.2) does not generally extend to other loss functions, such as

the 0-1 loss used in classification problems. Unlike squared-error loss, the 0-1 loss does

not admit an additive bias–variance decomposition. Therefore, in classification settings,

bagging does not necessarily guarantee improved performance. For classification, bagging

a good classifier can improve it, but bagging a bad classifier can worsen it.

In the next part of this chapter, we focus on the unbiasedness of the bagged SRS

mean estimator and derive the corresponding expression for its variance.

1.5 Bagging with SRS (SSB)

We first state the problem in a general setting for estimating means and then show

how these result extend to regression settings. Suppose DS = {Y1, . . . , Yn}, is an

SRS training data of size n from F with the empirical distribution function (EDF)

Fn(y) =
1
n

∑n
j=1 I{Yj ≤ y}. Our objective is to estimate µh = EF [h(Y )], where h(·) is a
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suitable function of the response variable. This formulation satisfies many commonly

used population parameters.

(i) If h(y) = y, then µh = EF (Y ) is the population mean.

(ii) If h(y) = y2, then µh = EF (Y
2) is the second population moment.

(iii) If h(y) = I{y ≤ t}, where t ∈ R is fixed, then µh = EF [I{Y ≤ t}] = F (t) is the

CDF evaluated at t. The corresponding SRS estimator is the EDF,

µ̂h,S = Fn(t) =
1

n

n∑
j=1

I{Yj ≤ t}.

(iv) If h(y) = (y − µ)2, where µ = EF (Y ), then µh = EF [(Y − µ)2] = Var(Y ) is the

population variance.

The SRS estimator of µh is the sample mean of h(Y ),

µ̂h,S =
1

n

n∑
j=1

h(Yj).

Now we generate B bootstrap samples D∗(1), . . . ,D∗(B), each of size n, by sampling with

replacement from DS. Denote the i-th observation in the b-th bootstrap sample by Y ∗b
i .

For the b-th bootstrap, define the bootstrap sample mean as

µ̂∗b
h,S =

1

n

n∑
i=1

h(Y ∗b
i ). (1.4)

Accordingly, the bagged estimator of µh is

µ̂h,SSB =
1

B

B∑
b=1

µ̂∗b
h,S =

1

Bn

B∑
b=1

n∑
i=1

h(Y ∗b
i ). (1.5)
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Conditional on DS, each bootstrap draw takes the observed value Yj with probability

1/n, so for any fixed b and i,

P
(
Y ∗b
i = Yj | DS

)
=

1

n
, j = 1, . . . , n.

Proposition 1.5.1 (Unbiasedness of the SSB mean estimator). Conditioning on DS,

EFn

[
h(Y ∗b

i )
]
= µ̂h,S,

where EFn is conditioned on DS. Also EF [µ̂h,S] = µh.

Proof. By considering the definition of µ̂∗b
h,S in (1.4),

EFn [µ̂
∗b
h,S] = EFn

[
1

n

n∑
i=1

h(Y ∗b
i )

]
= µ̂h,S.

Similarly, using the definition of µ̂h,SSB in (1.5), it is easy to see that,

EFn

[
µ̂h,SSB

]
= µ̂h,S. (1.6)

Finally, we have

EF

[
EFn

[
µ̂h,SSB

]]
= EF

[
µ̂h,S

]
= µh. (1.7)

Proposition 1.5.1 establishes the unbiasedness of the SSB estimator, both condition-

ally on the observed DS and unconditionally with respect to the underlying population

distribution.

Theorem 1.5.1 (Variance of SSB mean estimator). Let µ̂h,SSB be the bagged estimator

defined in (1.5). The conditional variance of µ̂h,SSB given DS is

VarFn(µ̂h,SSB | DS) =
n− 1

Bn2
s2n,h , (1.8)

where s2n,h = 1
n−1

∑n
j=1

(
h(Yj)− µ̂h,S

)2
.
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Proof. Since the bootstrap samples are independent given DS, the variance of the bagged

estimator is

VarFn(µ̂h,SSB | DS) =
1

B2

B∑
b=1

VarFn(µ̂
∗b
h,S | DS)

=
1

Bn2

n∑
i=1

VarFn

(
h(Y ∗b

i ) | DS

)
.

As Y ∗b
i ∼ Fn given DS, one can easily show that

VarFn(h(Y
∗b
i ) | DS) = EFn [(h(Y

∗b
i )− EFn [h(Y

∗b
i )])2 | DS]

=
1

n

n∑
j=1

(h(Yj)− µ̂h,S)
2 =

n− 1

n
s2n,h.

Therefore,

VarFn(µ̂h,SSB | DS) =
1

Bn2

n∑
i=1

(
1

n

n∑
j=1

(h(Yj)− µ̂h,S)
2

)

=
1

B
· n− 1

n2
s2n,h.

For the unconditional variance, applying the law of total variance and obtain

VarF
(
µ̂h,SSB

)
= EF

[
VarFn

(
µ̂h,SSB | DS

) ]
+ VarF

(
EFn [µ̂h,SSB | DS]

)
= EF

[
1

B
· n− 1

n2
s2n,h

]
+ VarF

(
µ̂h,S

)
=

1

B
· n− 1

n2
σ2
h +

σ2
h

n

= σ2
h

(
Bn+ n− 1

Bn2

)
,

which is (1.8), where EF

[
s2n,h
]
= σ2

h = VarF
(
h(Y )

)
and VarF

(
µ̂h,S

)
=

σ2
h

n
.

This concludes the analysis of the conditional and unconditional variance of the SSB

mean estimator.
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1.6 Regression Estimation with SSB

In Section 1.5, we developed the bagging methodology for estimating a broad class of

mean-type functionals and established its unbiasedness and variance properties. Now

the objective is to estimate a conditional mean function rather than a population mean.

Let (X, Y ) be a pair of random variables with joint distribution F , whereX ∈ X ⊂ Rp

and Y ∈ R. We are interested in the regression function

m(x) = E(Y | X = x),

at a fixed prediction point x ∈ X . In this section, the effect of the bagging is studied

under SRS training data DS = {(Xi, Yi) : i = 1, . . . , n}. The extension from mean

estimation to regression is based on the observation that many regression procedures

admit a linear smoother representation.

1.6.1 Linear Functional Representation of Regression

Estimators under SRS

We view a regression procedure as a map that, given training data, returns a fitted

regression function. Under SRS, for example, we start with DS, and the procedure

produces a random function

m̂S(·) : X → R,

which, when evaluated at a new point x ∈ X, yields the prediction m̂S(x).

In many important cases, the fitted regression function is linear in the responses.

Specifically, for each fixed prediction point x, m̂S(x) can be expressed as a finite linear

combination of the observed responses with data-dependent weights. This motivates

the following definition.
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Definition 1.6.1 (Linear smoother representation). Fix x ∈ X . Under SRS training

data DS, we say that the regression estimator is a linear smoother if,

m̂S(x) =
n∑

i=1

Wni(x)Yi, (1.9)

for some (random) weight functions

Wni(·) : X → R, i = 1, . . . , n,

which are measurable functions of x and depend on the training data DS. Equivalently,

defining pseudo–responses

Zi(x) = nWni(x)Yi, (1.10)

we can write

m̂S(x) =
1

n

n∑
i=1

Zi(x). (1.11)

The above expression is analogous to the SRS estimator of µ̂h,S = 1
n

∑n
j=1 h(Yj), where

the pseudo-response Zi(x) serves as h(Yj).

In this setting, the family of functions x→ {Zi(x)}ni=1 encode the fitted regression

function through simple averaging representations. This formulation emphasizes that

the regression procedure first constructs a fitted function x→ m̂(x), and only then is a

prediction obtained by evaluating this function at a new point x.

In bagging, we generateB bootstrap samples, fitB regression functions m̂1(·), . . . , m̂B(·),

and define the bagged estimator

m̂bag(x) =
1

B

B∑
b=1

m̂b(x).

If each m̂b(x) admits a representation of the form (1.9), then m̂bag(x) also admits such

a representation, with weights averaged over b. In all cases, the plug-in prediction at x

is obtained by evaluating the fitted function at x.
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Example 1.6.1. Consider SRS training data DS and the Nadaraya–Watson estimator

at x,

m̂NW(x) =

∑n
i=1 Kh(Xi − x)Yi∑n
i=1 Kh(Xi − x)

,

where Kh(·) = K(·/h)/hp is a kernel with bandwidth h > 0 on Rp. Define the normalized

kernel weights

Wni(x) =
Kh(Xi − x)∑n
i=1 Kh(Xi − x)

, i = 1, . . . , n.

Then

m̂NW(x) =
n∑

i=1

Wni(x)Yi =
1

n

n∑
i=1

Zi(x), with Zi(x) := nWni(x)Yi.

Thus, equations (1.9) – (1.11) hold with these weights. Here, Wni(·) is a function of x

constructed from the observed covariates X1, . . . ,Xn.

Example 1.6.2. Suppose we fit a linear model

Yi = X⊤
i β + εi, i = 1, . . . , n,

with Xi ∈ Rp, by ordinary least squares (OLS). Let X ∈ Rn×p be the design matrix

whose i-th row is X⊤
i , and let Y = (Y1, . . . , Yn)

⊤. The OLS estimator is

β̂ = (X⊤X)−1X⊤Y,

and the fitted regression function is

m̂OLS(x) = x⊤β̂ = x⊤(X⊤X)−1X⊤Y =
n∑

i=1

WOLS
ni (x)Yi,

where

WOLS
ni (x) =

(
x⊤(X⊤X)−1X

)
i
, i = 1, . . . , n.
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Defining Zi(x) := nWOLS
ni (x)Yi, gives

m̂OLS(x) =
1

n

n∑
i=1

Zi(x),

so OLS fits into the linear smoother framework.

Example 1.6.3. Consider a regression tree fitted to SRS training data DS by some

recursive partitioning algorithm (e.g., CART). Let the terminal nodes (leaves) be

L1, . . . ,LM ⊂ X , and let L(x) denote the index of the leaf containing x:

L(x) ∈ {1, . . . ,M}, x ∈ X.

The usual regression tree prediction at x is

m̂tree(x) =
1

NL(x)

∑
i:Xi∈LL(x)

Yi, with NL(x) = #{i : Xi ∈ LL(x)}.

Define the weights

W tree
ni (x) =


1

NL(x)

if Xi ∈ LL(x),

0 otherwise,

and the pseudo-responses Zi(x) := nW tree
ni (x)Yi. Then

m̂tree(x) =
n∑

i=1

W tree
ni (x)Yi =

1

n

n∑
i=1

Zi(x),

so (1.9) – (1.11) again hold. Here, the functions x 7→ W tree
ni (x) are determined by the

fitted partition built from the full sample (X1, Y1), . . . , (Xn, Yn).

Example 1.6.4. Consider a random forest constructed fromB regression trees m̂
(1)
tree, . . . , m̂

(B)
tree,

each fitted on a bootstrap (or subsampled) version of DS with random feature splits.

The forest prediction at x is

m̂RF(x) =
1

B

B∑
b=1

m̂
(b)
tree(x).
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Each individual tree admits a representation

m̂
(b)
tree(x) =

n∑
i=1

W
(b)
ni (x)Yi,

with weights W
(b)
ni (x) defined as in the previous example, but for tree b. Averaging over

trees yields the overall forest weights

WRF
ni (x) =

1

B

B∑
b=1

W
(b)
ni (x),

so that

m̂RF(x) =
n∑

i=1

WRF
ni (x)Yi =

1

n

n∑
i=1

Zi(x), with Zi(x) := nWRF
ni (x)Yi.

Thus, random forests also satisfy the linear smoother representation (1.9) – (1.11), with

x entering only as an argument of the weight functions.

The examples above show that the representations (1.9) – (1.11) cover a broad class

of regression estimators. In all such cases, our SSB bootstrap constructions and the

associated variance expressions apply pointwise in x via the pseudo-responses Zi(x).

1.6.2 Linear Smoother SSB Regression Estimator

We now extend the SSB results in Section 1.5 to the regression setting by applying the

corresponding resampling scheme. Throughout, we assume that the regression estimator

admits the linear smoother representation introduced in Section 1.6.1.

Definition 1.6.2 (SSB Regression Estimator). Fix x ∈ X and let Zi(x) be as in (1.11).

For b = 1, . . . , B:
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(a) Draw bootstrap indices I∗b1 , . . . , I∗bn i.i.d. from {1, . . . , n} with replacement, corre-

sponding to an SRS bootstrap sample of size n from DS.

(b) Define the bootstrap pseudo-responses Z∗b
i (x) := ZI∗bi

(x), i = 1, . . . , n, and the

bootstrap regression estimator at x by m̂∗b
S (x) =

1
n

∑n
i=1 Z

∗b
i (x).

The B-replicate bagged SRS bootstrap estimator is

m̂
(B)
SSB(x) =

1

B

B∑
b=1

m̂∗b
S (x). (1.12)

In terms of the pseudo-responses Zi(x), this construction is algebraically identical to the

bagged bootstrap estimator for mean-function estimation in (1.5), with h(Yi) replaced

by Zi(x). This establishes a direct connection between the theory developed for SSB in

Section 1.5 and the regression setting.

The expectation and variance results derived for the mean-functional estimators in

Section 1.5 depend only on the averaging structure of the estimator and not on the

specific form of the transformation h(·), therefore these results carry over immediately

upon replacing h(Yi) by Zi(x) in the SSB setting. In particular, the unbiasedness

properties, conditional and unconditional variance expressions, and variance-comparison

results established for SSB remain valid for any regression estimator that admits a linear

smoother representation.

1.7 Research Statement and Thesis Outline

Bagging is a widely used ensemble learning technique that enhances prediction accuracy

and stability by aggregating multiple bootstrap-based estimators. Conventional bagging

methods, however, primarily rely on SRS and do not utilize auxiliary ranking information

that is often available in practical applications. RSS has demonstrated greater efficiency
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than SRS in various statistical contexts, yet its integration into ensemble learning and

bagging methodologies remains largely unexplored. This thesis addresses this gap by

developing novel RSS-based bagging frameworks for both mean-type functionals and

regression estimation. The theoretical properties of the proposed estimators, including

unbiasedness and variance behavior, are established. The methodologies are further

extended to weighted least squares and mixed-effects modeling frameworks, and the

performance of the developed RSS-based bagged regression models is evaluated through

extensive simulation studies and real-data applications.

The structure of this thesis is as follows. Chapter 2 introduces the fundamentals of

RSS and develops the RSS Bagging (RSB) methodology for both mean-type functionals

and regression estimation. Key theoretical results, including unbiasedness and variance

properties, are established, and the framework is extended to Weighted Least Squares

(WLS) and Linear Mixed Models (LMMs). Chapter 3 addresses practical limitations

of RSB by proposing a novel rank-informed bagging framework constructed from SRS

training data, along with its theoretical properties and comparisons to existing bagging

approaches. Chapter 4 presents an extensive simulation study and real-data application

to evaluate the performance of the proposed methods under various ranking structures,

bootstrap schemes, and regression models. Chapter 5 summarizes the thesis’s main

contributions and discusses potential directions for future research.
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Chapter 2

RSS Bagging

This chapter presents a comprehensive overview of ranked set sampling (RSS), its basic

properties, and its applications in the statistical literature. We then develop the RSS

bagging methodology, first for general mean-type functionals and then for estimating

the regression function m(x) = E(Y | X = x) at a fixed point x. Theoretical results

for the proposed estimators include unbiasedness, expressions for the conditional and

unconditional variances, and comparisons of variances with classical bagging procedures

based on simple random sampling (SRS). We develop RSS-based predictive models using

weighted least squares regression and multilevel modeling techniques.

2.1 Introduction

The effectiveness of bagging depends primarily on the quality of the training data and the

representativeness of the training sample of the underlying population. Because bagging

generates bootstrap samples directly from the observed training data, any deficiencies

in the original sample are propagated through the resampling process. Consequently,

the resulting ensemble is constrained by the information in the initial training sample.

This issue is especially noticeable in small-sample settings. When training data are

limited, bootstrap samples contain many repeated observations and are often highly
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correlated. As a result, diversity among bootstrap learners may be reduced. For complex

predictive models, this lack of diversity can lead to overfitting, increased instability, and

reduced predictive performance. Although bagging generally reduces variance, its ability

to improve prediction accuracy is limited when the original training sample does not

adequately capture the target population.

Ranked set sampling (RSS) offers a promising approach to mitigating these challenges.

By incorporating ranking information into the sampling process, RSS produces samples

that are often more representative of the population than those obtained through simple

random sampling (SRS) alone. In this chapter, we study bagging predictive models

using RSS training data.

2.2 Ranked Set Sampling

RSS was first introduced by McIntyre (1952) as a more efficient alternative to SRS for

estimating mean pasture yields. Measuring the yield of pasture plots is labor-intensive

and time-consuming, as it involves cutting, moving, and weighing hay from each sampled

unit. However, McIntyre observed that an experienced observer could rank a set of

plots by their approximate yield without physically harvesting them, which forms the

conceptual foundation of RSS.

RSS emerged as a direct response to the limitations of SRS, particularly in small-

sample settings where obtaining large samples is impractical due to time-consuming

and/or costly restrictions. SRS often disregards the underlying population structure

and, especially in small samples, may yield observations clustered in a single region

of the distribution, leaving other regions underrepresented. RSS addresses this by

introducing a two-stage data collection mechanism that improves the representativeness

of the sample, reflecting the true distribution of the population. The basic idea of RSS

is that a small collection of sampling units drawn from the population can be ranked,
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visually or otherwise, with respect to the variable of interest without actually measuring

them.

To obtain an RSS sample of size n = mk, we proceed as follows. First, a simple

random sample of k units is drawn from the population, and these units are ranked

with respect to the variable of interest, Y , without measuring it. This can be done

using auxiliary information, expert knowledge, or any other inexpensive way. From

this ranked set, only the unit assigned rank 1 is retained for final measurement, while

the remaining k − 1 units are discarded. This selected observation, denoted by Y[1],

corresponds to an observation from the smallest judgment-ranked unit in the set. A

second independent simple random sample of k units is then drawn and ranked in the

same manner. This time, only the unit assigned rank 2 is measured, and the remaining

units are discarded. This now corresponds to the second-smallest judgment-ranked unit

in the set, and the resulting observation is denoted by Y[2]. The process continues until

the k-th sample, at which point the unit assigned rank k is selected for measurement.

This yields the observations Y[r] for r = 1, . . . , k, and forms a balanced RSS data of size

k, containing exactly one observation from each rank. Repeating this cycle m times

yields a balanced RSS of size n = mk, denoted by Y[r]j, r = 1, . . . , k, j = 1, . . . , n. More

generally, the number of observations selected from each rank need not be equal. Let nr

denote the number of observations measured from rank r, where r = 1, . . . , k. When

the values n1, n2, . . . , nk are not all equal, the resulting design is called unbalanced RSS,

denoted by Y[r]j, r = 1, . . . , k, j = 1, . . . , nr. The total sample size is then n =
∑k

r=1 nr.

Balanced RSS is obtained as the special case where n1 = n2 = · · · = nk = m, whereas

unbalanced RSS allows certain ranks to be sampled more heavily than others, providing

greater flexibility in study design and estimation.

RSS has been widely used in the statistical literature to address a variety of estimation

and inference problems. Early contributions focused primarily on the estimation of the

population mean (McIntyre, 1952; Wolfe, 2004). Subsequently, the RSS methodology
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was extended to the estimation of distribution functions (Stokes and Sager, 1988),

the development of nonparametric testing procedures (Bohn and Wolfe, 1992, 1994),

and the construction of statistical quality control charts (Muttlak and Al-Sabah, 2003;

Jafari Jozani and Mirkamali, 2010, 2011; Asghari et al., 2018). In contrast, relatively

little attention has been paid to regression analysis using RSS data. Among the early

contributions in this area, Muttlak (1995) considered the estimation of regression

parameters in a simple linear regression model using median and extreme RSS designs.

Later, Barreto and Barnett (1999) developed best linear unbiased estimators for the

parameters of simple linear regression under the RSS. Further development along this

direction of research was carried out by Öztürk (2002) and Murff and Sager (2006).

More flexible modeling approaches, including spline and polynomial regression models

fitted to RSS data, were investigated by Algarni (2016) and Al Kadiri (2017).

Despite these advances, most existing approaches treat RSS primarily as a data-

collection strategy and do not explicitly incorporate the ranking information of RSS

data into the parameter estimation process. Faraji et al. (2022) developed a new method

for regression modeling using RSS data through weighted least squares (WLS) with

adjusted responses and multilevel modeling techniques, and provided efficient methods

for incorporating rank information of RSS data into model fitting. More recently, RSS

has been incorporated into ensemble classification methods using bagging (Wang et al.,

2023). Although this represents an important step toward integrating RSS with modern

predictive modeling techniques, RSS’s role remains largely confined to the sampling stage.

The ranking information itself is not directly incorporated into the model estimation

or prediction procedures. This limitation provides the key motivation for this chapter.

Specifically, we extend the weighted least squares and multilevel modeling approaches

proposed by Faraji et al. (2022) to ensemble learning via the bagging framework, allowing

the ranking information inherent in RSS to contribute not only to sample selection but

also to model fitting.
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2.3 RSS for Estimating Population Means

Let Y1, Y2, . . . , Yk be i.i.d. continuous random variables drawn from a population with

CDF F (·) and PDF f(·), respectively. Suppose ranking is perfect and Y(r) is the r-th

order statistic of the sample. The PDF of Y(r) denoted by f(r)(y) is given by,

f(r)(y) =
k!

(r − 1)!(k − r)!
f(y)[F (y)]r−1[1− F (y)]k−r, (2.1)

with CDF

F(r)(y) =
k∑

j=r

(
k

j

)
[F (y)]j[1− F (y)]k−j. (2.2)

Theorem 2.3.1. The PDFf(·) and CDF F (·) of a continuous random variable can be

represented as an equally weighted mixture of the PDF and CDF of order statistics:

(i) f(y) =
1

k

k∑
r=1

f(r)(y),

(ii) F (y) =
1

k

k∑
r=1

F(r)(y),

(2.3)

where f(r)(y) and F(r)(y) are the PDF and CDF of the r-th order statistic of a sample

size k from a population with PDF f(y) and CDF F (y), respectively.

Proof. Using (2.1), it is easy to see that:

1

k

k∑
r=1

f(r)(y) = f(y) [F (y) + (1− F (y))]k−1 = f(y).

(ii) is trivial by integration.
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The empirical distribution function (EDF) for an RSS sample of size n = mk is,

Fn,R(t) =
1

mk

m∑
j=1

k∑
r=1

1(Y(r)j ≤ t)

=
1

k

k∑
r=1

{
1

m

m∑
j=1

1(Y(r)j ≤ t)

}

=
1

k

k∑
r=1

Fm,(r)(t),

where Fm,(r)(t) =
1
m

∑m
j=1 1(Y(r)j ≤ t) is the EDF for the r-th order statistic using m

observations {Y(r)1, . . . , Y(r)m} obtained through m cycles of the RSS design.

2.4 Ranking Mechanisms

In RSS, the ranking mechanism is said to be perfect if the unit assigned judgment rank

r corresponds exactly to the true r-th order statistic for all r = 1, . . . , k. When an error

exists between the assigned rank and the true rank, the ranking is said to be imperfect.

While perfect ranking is rarely achieved in practice, many results established under

perfect ranking continue to hold under imperfect ranking, provided that the ranking

mechanism is consistent.

Definition 2.4.1 (Consistent Ranking Mechanism). A ranking mechanism is said to be

consistent if

F (y) =
1

k

k∑
r=1

F[r](y), for all y ∈ R,

where F[r](·) denotes the CDF of Y[r], r-th judgment rank order statistic.

A widely used model for generating imperfect rankings in simulation studies was

proposed by Dell and Clutter (1972). Let R = Y + ε, where ε ∼ N(0, σ2
ε) is independent
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of Y . Ranking is performed using R rather than Y . The correlation between Y and the

ranking variable R is

ρ =
σY√

σ2
Y + σ2

ε

=
1√

1 + σ2
ε/σ

2
Y

,

which decreases as σ2
ε increases. Consequently, larger ranking errors result in poorer

ranking quality. In the simulation study presented in this thesis, the Dell and Clutter

(1972) model is used to generate rankers with varying levels of correlation between Y

and the ranking variable R. Note that this ranking model is only useful for simulation

studies.

Under perfect ranking, Y[r] = Y(r), where Y(r) denotes the r-th order statistic from a

SRS of size k. Perfect ranking satisfies the consistency condition. Several important

imperfect ranking mechanisms are also consistent, as shown below.

(i) Imperfect ranking based on the variable of interest: Bohn and Wolfe (1994)

considered a ranking mechanism in which prs denotes the probability of true rank

r is judged as rank s, for r, s = 1, . . . , k. Under this model, the distribution of the

judgment order statistic Y[s] is given by

F[s](y) =
k∑

r=1

prsF(r)(y).

Ranking mechanism described above is consistent whenever
∑k

r=1 prs =
∑k

s=1 prs =

1.

(ii) Ranking based on a concomitant variable: In many applications, ranking is

performed using a concomitant variable X, and measurements are obtained only

for the selected units on Y . Let X(r) denote the rth order statistic of X and let

Y[r] denote the corresponding induced order statistic of Y . If fY |X(r)
(y|x) denotes
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the conditional density of Y given X(r) = x and f(r)(x) denotes the density of X(r),

then

f[r](y) =

∫
fY |X(r)

(y|x)f(r)(x) dx.

Ranking based on a concomitant variable produces a consistent ranking mechanism.

(iii) Ranking based on multiple concomitant variables: When multiple con-

comitant variables are available, ranking can be performed using any function of

these variables. Such procedures often improve ranking accuracy and consequently

increase the efficiency of RSS estimators. Under suitable regularity conditions,

these ranking mechanisms also satisfy the consistency property. Additional details

regarding the ranking based on multiple concomitant variables can be found in

Chapter 6 of Chen et al. (2003).

2.5 Estimation of Means using RSS

Consider a measurable function h(·) with finite mean. Let µh = EF [h(Y )] be the target

parameter of interest. Suppose that {Y(r)j : r = 1, . . . , k, j = 1, . . . ,m} represents a

RSS of size mk.

Theorem 2.5.1. The RSS estimator µ̂h,R = 1
mk

∑k
r=1

∑m
j=1 h(Y(r)j) is an unbiased

estimator of the population mean µh = EF [h(Y )] with variance

VarF (µ̂h,R) =
1

mk2

k∑
r=1

VarF
(
h(Y(r))

)
= VarF (µ̂h,S)−

1

mk2

k∑
r=1

(
µh,(r) − µh

)2
, (2.4)

where µh,(r) = EF [h(Y(r))], and µ̂h,S is an estimator of µh based on an SRS of size n = mk

from the underlying population.
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Proof. As observations obtained from m cycles are identically distributed, we have

EF [µ̂h,R] =
1

k

k∑
r=1

EF [h(Y(r))]

=

∫
h(y)

[
1

k

k∑
r=1

f(r)(y)

]
dy

=

∫
h(y)f(y)dy = µh.

Since Y(r)j’s are independent across cycles, and observations from different cycles are

identically distributed:

VarF (µ̂h,R) =
1

mk2

k∑
r=1

VarF (h(Y(r)))

=
1

mk2

k∑
r=1

(
EF [h

2(Y(r))]− E2
F [h(Y(r))]

)

=
1

mk

(
1

k

k∑
r=1

EF [h
2(Y(r))]−

1

k

k∑
r=1

E2
F [h(Y(r))]

)
.

Note that 1
k

∑k
r=1 EF [h

2(Y(r))] = EF [h
2(Y )] = mh,2, the second moment of h(Y ). Let

EF [h(Y(r))] = µh,(r), and note that 1
k

∑k
r=1 µh,(r) = µh. Then

VarF (µ̂h,R) =
σ2
h

mk
− 1

mk2

(
k∑

r=1

µ2
h,(r) − kµ2

h

)

=
σ2
h

mk
− 1

mk2

k∑
r=1

(
µh,(r) − µh

)2
.

As
σ2
h

mk
is the variance of µ̂h,S the moment estimator of µh based on a SRS of size mk,

Theorem (2.5.1) implies that µ̂h,R has a lower variance than µ̂h,S given equal sample

sizes.
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Theorem 2.5.2. Let µ̂h,R = 1
mk

∑k
r=1

∑m
j=1 h(Y(r)j) and s2h,R = 1

mk−1

∑k
r=1

∑m
i=1(h(Y(r)i)−

µ̂h,R)
2 respectively. Then

EF

[
s2h,R

]
= σ2

h +
1

k(mk − 1)

k∑
r=1

(µh,(r) − µh)
2.

Proof. Using the definition of sample variance, we have

s2h,R =
1

mk − 1

[
k∑

r=1

m∑
i=1

h2(Y(r)i)−mk µ̂ 2
h,R

]
.

One can easily show that

EF [s
2
h,R] =

1

mk − 1

{
k∑

r=1

m∑
i=1

EF ((h
2(Y(r)i)))−mk EF (µ̂

2
h,R)

}
.

Since EF [h(Y(r)i)] = µh,(r) and VarF
(
h(Y(r)i)

)
= σ2

h,(r) then EF [(h
2(Y(r)i)] = σ2

h,(r)+µ2
h,(r),

k∑
r=1

m∑
i=1

EF (h
2(Y(r)i) = m

k∑
r=1

(
σ2
h,(r) + µ2

h,(r)

)
.

Also EF (µ̂
2
h,R) = VarF (µ̂h,R)+µ2

h = 1
mk2

∑k
r=1 σ

2
h,(r) +µ2

h. Substituting these expressions

gives

EF [s
2
h,R] =

1

mk − 1

[(
m− 1

k

) k∑
r=1

σ2
h(r) +m

k∑
r=1

µ2
h,(r) −mkµ2

h

]
.

Since σ2
h = 1

k

∑k
r=1 σ

2
h,(r) +

1
k

∑k
r=1(µh,(r)− µh)

2, then
∑k

r=1 σ
2
h,(r) = kσ2

h−
∑k

r=1(µh,(r)−

µh)
2, and

∑k
r=1 µ

2
h,(r) − kµ2

h =
∑k

r=1(µh,(r) − µh)
2. Therefore

EF [s
2
h,R] =

1

mk − 1

[
(mk − 1)σ2

h +
1

k

k∑
r=1

(µh,(r) − µh)
2

]

= σ2
h +

1

k(mk − 1)

k∑
r=1

(µh,(r) − µh)
2.
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2.6 Bagging with Ranked Set Sampling (RSB)

Suppose we have an RSS training sample of size n = mk denoted by DR = {Y(r)j : r =

1, . . . , k, j = 1, . . . ,m}. RSS data can be written as a collection of samples from rank

strata D(r), where D(r) = {Y(r)1, . . . , Y(r)m}, r = 1, . . . , k.

We saw that Fn,R(y) = 1
k

∑k
r=1 Fm,(r)(y) where the EDF for rank r data D(r) is

given by Fm,(r)(y) = 1
m

∑m
i=1 I{Y(r)i ≤ y}, and the rank-wise sample mean given by

µ̂h,(r) =
1
m

∑m
i=1 h(Y(r)i). The RSS estimator of µ is then the average of observations

across all ranks and is given by

µ̂h,R =
1

k

k∑
r=1

µ̂h,(r). (2.5)

Having access to D(r)’s, one can easily perform bootstrap resampling within each rank

stratum. This is the main idea of the proposed RSS bagging methodology. Rather than

resampling from the pooled sample as in conventional SRS-based bagging, resampling is

performed separately within each rank, thereby preserving the rank structure inherent

in the RSS. Consequently, when we construct RSS bootstrap samples from the fully

observed DR data, the imperfection of the original ranking only affects the distribution of

DR, not the bootstrap data. Taking B bootstrap samples by resampling independently

within each rank, for each bootstrap b = 1, . . . , B, for each rank r = 1, . . . , k, and for

each cycle j = 1, . . . ,m, we draw Y
∗∗(b,j)
(r)

i.i.d.∼ Fm,(r). The bootstrap sample mean for

the b-th bootstrap replicate is given by

µ̂∗b
h,R =

1

mk

k∑
r=1

m∑
j=1

h
(
Y

∗∗(b,j)
(r)

)
. (2.6)

Averaging over all B bootstrap replicates yields the proposed bagged RSS estimator of
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the mean-type functional, defined as

µ̂h,RSB =
1

B

B∑
b=1

µ̂∗b
h,R =

1

Bmk

B∑
b=1

k∑
r=1

m∑
j=1

h
(
Y

∗∗(b,j)
(r)

)
. (2.7)

Now we outline the main theoretical properties of the proposed RSS bagging estima-

tor. In particular, we focus on the unbiasedness of the RSB mean estimator and the

corresponding expression for its variance.

We note that conditional expectation given the observed RSS data DR, for any fixed

rank r, bootstrap b and cycle j, the resampled observation equals one of the observed

rank-r values with probability 1/m, i.e.,

P
(
Y

∗∗(b,j)
(r) = Y(r)i | DR

)
=

1

m
, i = 1, . . . ,m.

Lemma 2.6.1 (Unbiasedness of the RSB mean estimator). Conditioning on DR,

EFn,R

[
h
(
Y

∗∗(b,j)
(r)

)]
=

m∑
i=1

h(Y(r)i) · P
(
Y

∗∗(b,j)
(r) = Y(r)i | DR

)

=
1

m

m∑
i=1

h(Y(r)i) = µ̂h,(r).

Considering the definition of µ̂∗b
h,R in (2.6), the expectation of the b-th bootstrap RSS

EFm,(r)

[
µ̂∗b
h,R

]
=

1

mk

k∑
r=1

m∑
j=1

EFm,(r)

[
h
(
Y

∗∗(b,j)
(r)

)]

=
1

mk

k∑
r=1

m∑
j=1

µ̂h,(r)

=
1

k

k∑
r=1

µ̂h,(r) = µ̂h,R.

As EFm,(r)

[
µ̂∗b
h,R

]
does not depend on b, taking the average over b = 1, . . . , B and using

the expectation using the definition of (2.7), results in
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EFn,R

[
µ̂h,RSB

]
= µ̂h,R. (2.8)

Finally, we have,

EF

[
EFn,R

[
µ̂h,RSB

]]
= EF

[
µ̂h,R

]
= µh. (2.9)

Lemma 2.6.1 establishes the unbiasedness of the proposed RSB estimator, both

conditionally on the observed DR and unconditionally with respect to the underlying

population distribution.

Theorem 2.6.1 (Variance of the RSB mean estimator). Let µ̂h,RSB be the RSB estimator

defined in (2.7).

(i) The conditional variance of µ̂h,RSB given DR is

VarFn,R
(µ̂h,RSB | DR) =

m− 1

Bm2k2

k∑
r=1

s2h(r), (2.10)

where s2h(r) =
1

m−1

∑m
i=1(h(Y(r)i)− µ̂h,(r))

2.

(ii) The unconditional variance of µ̂h,RSB is given by

VarF
(
µ̂h,RSB

)
=

σ2
h

mk

(
Bmk +mk − 1

Bmk

)
− 1

mk2

(
1− 1

Bmk

) k∑
r=1

(
µh,(r) − µh

)2
.

(2.11)

Proof. (i) The variance of the RSB estimator is

VarFn,R
(µ̂h,RSB | DR) =

1

B2

B∑
b=1

VarFn,R
(µ̂∗b

h,R | DR)

=
1

B2mk2

B∑
b=1

k∑
r=1

VarFn,R
(h(Y

∗∗(b,j)
(r) ) | DR),
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because of the independence across bootstrap samples. Also, it is easy to see that

VarFn,R
(h(Y

∗∗(b,j)
(r) ) | DR) =

1

m

m∑
i=1

(h(Y(r)i)− µ̂h,(r))
2 =

m− 1

m
s2h(r).

Therefore, the conditional variance of the RSB estimator is obtained as follows

VarFn,R
(µ̂h,RSB | DR) =

m− 1

Bm2k2

k∑
r=1

s2h(r).

(ii) Using the Theorem 2.5.2, the unconditional variance of the RSB estimator is

VarF
(
µ̂h,RSB

)
= EF

[
VarFn,R

(
µ̂h,RSB | DR

) ]
+ VarF

(
EFn,R

[µ̂h,RSB | DR]
)

= EF

[
m− 1

Bm2k2

k∑
r=1

s2h(r)

]
+ VarF

(
µ̂h,R

)

=
mk − 1

Bm2k2
EF

[
s2h,R

]
+

(
σ2
h

mk
− 1

mk2

k∑
r=1

(
µh,(r) − µh

)2)

=
σ2
h

mk

(
Bmk +mk − 1

Bmk

)
− 1

mk2

(
1− 1

Bmk

) k∑
r=1

(
µh,(r) − µh

)2
,

where EF

[
s2h,R

]
= σ2

h +
1

k(mk−1)

∑k
r=1(µh,(r) − µh)

2.

Once the conditional and unconditional variances of the RSB estimator are obtained,

its variance is compared to that of the conventional SSB estimator. The subsequent

proposition illustrates the variance reduction achieved by the RSB estimator relative to

the SSB estimator.

Proposition 2.6.1 (Variance comparison between SSB and RSB estimators). For the

SSB and RSB mean estimators with B bootstrap replicates, set size k, and cycle size m:

(i) The conditional variances satisfy

VarFn,R
(µ̂h,SSB | DS) = VarFn,R

(µ̂h,RSB | DR) +
1

Bmk2

k∑
r=1

(
µ̂h,(r) − µ̂h,S

)2
, (2.12)
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and thus

VarFn,R
(µ̂h,SSB | DS) ≥ VarFn,R

(µ̂h,RSB | DR). (2.13)

(ii) The unconditional variances satisfy

VarF (µ̂h,SSB) = VarF (µ̂h,RSB) +
1

mk2

(
1− 1

Bmk

) k∑
r=1

(
µh,(r) − µh

)2
, (2.14)

and hence

VarF (µ̂h,SSB) ≥ VarF (µ̂h,RSB). (2.15)

Proof. (i) From the sample variance definition and by rearranging the data into a matrix

of size n = mk, we have

s2n,h =
1

mk − 1

[
k∑

r=1

m∑
i=1

(h(Y(r)i)− µ̂h,S)
2

]

=
1

mk − 1

[
k∑

r=1

m∑
i=1

(h(Y(r)i)− µ̂h,(r) + µ̂h,(r) − µ̂h,S)
2

]
where µ̂h,(r) =

1

m

m∑
i=1

h(Y(r)i)

=
m− 1

mk − 1

k∑
r=1

s2h(r) +
m

mk − 1

k∑
r=1

(µ̂h,(r) − µ̂h,S)
2,

where the cross product term is zero due to
∑m

i=1(h(Y(r)i)− µ̂h,(r)) = 0. Also, under the

usual SRS bagging approach we have

VarFn(µ̂h,SSB | DS) =
n− 1

Bn2
s2n,h

=
mk − 1

Bm2k2

[
m− 1

mk − 1

k∑
r=1

s2h(r) +
m

mk − 1

k∑
r=1

(µ̂h,(r) − µ̂h,S)
2

]

=
m− 1

Bm2k2

k∑
r=1

s2h(r) +
1

Bmk2

k∑
r=1

(µ̂h,(r) − µ̂h,S)
2.
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From (2.10), we have

VarFn(µ̂h,RSB | DR) =
m− 1

Bm2k2

k∑
r=1

s2h(r).

Therefore,

VarFn(µ̂h,SSB | DS) = VarFn(µ̂h,RSB | DR) +
1

Bmk2

k∑
r=1

(µ̂h,(r) − µ̂h,S)
2

≥ VarFn(µ̂h,RSB | DR)

Proof of part (ii) follows from (2.11). Note that

σ2
h

mk

(
Bmk +mk − 1

Bmk

)
= VarF

(
µ̂h,RSB

)
+

1

mk2

(
1− 1

Bmk

) k∑
r=1

(
µh,(r) − µh

)2
.

Hence

VarF (µ̂h,SSB) = VarF (µ̂h,RSB) +
1

mk2

(
1− 1

Bmk

) k∑
r=1

(
µh,(r) − µh

)2
≥ VarFn(µ̂h,RSB | DR),

and this completes the proof.

Proposition 2.6.1 demonstrates that the RSB estimator achieves greater variance

reduction compared to the SSB estimator. This result highlights the potential advantage

of incorporating RSS into the bagging procedure to improve estimator stability.

2.7 Regression Estimation with RSB

In Section 2.6, we developed a bagging methodology for general mean-type functionals

for RSS data, similar to what we did in Chapter 1, Section 1.5, for SRS training
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data, we extend our results to regression estimation under RSS with imperfect ranking.

Specifically, our goal is to study the effect of bagging on estimating the regression

function m(x) = E(Y | X = x), at a fixed prediction point x.

Let (X, Y ) be a pair of random variables with joint distribution F , whereX ∈ X ⊂ Rp

and Y ∈ R. Suppose the training data are obtained using RSS with imperfect ranking,

DR = {(X[r]j, Y[r]j) : r = 1, . . . , k, j = 1, . . . ,m}, where n = mk, and (X[r]j, Y[r]j)

denotes the observation selected with nominal rank r in cycle j. Thus, the RSS sample

consists of k rank strata, each containing m observations. Moreover, when we construct

RSS bootstrap replicates, any imperfections in the original DR do not affect the bootstrap

ranking itself.

2.7.1 Linear Functional Representation of Regression

Estimators under RSS

We view a regression procedure as a map that, given RSS training data, returns a fitted

regression function. Under RSS, we start with DR and the procedure produces a random

function

m̂R(·) : X → R,

which, when evaluated at a prediction point x ∈ X , yields the fitted value m̂R(x). This

construction is analogous to the SRS case in Section 1.6.1. Specifically, for each fixed

prediction point x, the fitted value m̂R(x) can be expressed as a finite linear combination

of the observed responses. This representation motivates the following definition.

Definition 2.7.1 (Linear smoother representation). Fix x ∈ X . Under RSS, training

data DR with n = mk observed pairs. We say that the regression estimator is a linear

smoother under RSS if, for each x,

m̂R(x) =
1

k

k∑
r=1

m̂[r](x) with m̂[r](x) =
m∑
j=1

W[r]j(x)Y[r]j (2.16)
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for (random) weight functions W[r]j(·) depending on DR. Equivalently, defining

Z[r]j(x) = mW[r]j(x)Y[r]j, (2.17)

we obtain

m̂R(x) =
1

k

k∑
r=1

m̂[r](x) =
1

k

k∑
r=1

1

m

m∑
j=1

Z[r]j(x). (2.18)

Under a consistent ranking mechanism, the results established for perfect ranking

extend naturally to the imperfect-ranking. This representation is identical in form to

the RSS estimator of a mean functional Equation (2.5),

µ̂h,R =
1

k

k∑
r=1

µ̂h,[r] =
1

k

k∑
r=1

1

m

m∑
j=1

h(Y[r]j),

with the pseudo-responses Z[r]j(x) playing the role of h(Y[r]j).

In the RSS setting, the collection of functions {Z[r]j(x)}r,j determines the fitted regres-

sion function through a linear combination of the observed pseudo responses. This

representation emphasizes that the regression procedure first constructs the fitted regres-

sion function m̂R(x) and predictions are then obtained by evaluating this function at

the desired prediction point x. The examples in Section 1.6.1 illustrate that the linear

functional representation applies to a broad class of regression estimators. Since the same

representation holds under RSS, the RSB bootstrap construction and the associated

variance expressions extend directly and can be applied pointwise in x through the

pseudo-responses Z[r]j(x).

2.7.2 Linear Smoother RSB Regression Estimator

We now extend the finite-sample RSB bootstrap theory developed in Section 2.6 to

regression estimators admitting the linear representations described above. We work
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point-wise in x, treating the corresponding pseudo-responses Z[r]j(x) as the observations

to which the bootstrap procedure is applied.

Definition 2.7.2 (RSB Regression Estimator). Fix x ∈ X and let Z[r]j(x) be as in

(2.17). For each rank r = 1, . . . , k and bootstrap replicate b = 1, . . . , B:

(a) Draw rank-wise bootstrap indices J∗b
[r]1, . . . , J

∗b
[r]m i.i.d. from {1, . . . , n} with

replacement, corresponding to an SRS bootstrap sample of size m within rank r.

(b) Define the rank-wise bootstrap pseudo-responses Z∗b
[r]j(x), j = 1, . . . ,m, and the

rank-wise bootstrap estimator m̂∗b
[r](x) =

1
m

∑m
j=1 Z

∗b
[r]j(x).

The full RSS bootstrap estimator at x for replicate b is

m̂∗b
R (x) =

1

k

k∑
r=1

m̂∗b
[r](x),

and the B-replicate RSB estimator is

m̂
(B)
RSB(x) =

1

B

B∑
b=1

m̂∗b
R (x) =

1

Bk

B∑
b=1

k∑
r=1

m̂∗b
[r](x). (2.19)

In terms of the pseudo-responses Z[r]j(x), this construction is algebraically equivalent

to the RSB estimator for mean estimation described in Section 2.6, with h(Y[r]j) replaced

by Z[r]j(x). Under this representation, the theoretical results established in this chapter

for mean functionals are not restricted to the sample mean setting. The unbiasedness

properties, the conditional and unconditional variance expressions, and the variance-

comparison results derived for the RSB estimator can be transferred directly to the

regression framework through an appropriate linear representation of the fitted regression

function.
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Figure 2.1: RSB resampling and prediction procedure for RSS data with set size k under
paired bootstrapping.

Depending on the type of bootstrap used within the RSB procedure, the overall

resampling and prediction workflow can be viewed from two main perspectives. To aid

understanding of the RSB resampling and prediction procedure, a visual illustration of

paired bootstrapping is provided. Figure 2.1 illustrates the complete workflow of the RSB

prediction procedure under paired bootstrapping. Starting from the RSS training sample,

bootstrap samples are generated independently within each rank stratum by sampling

with replacement from the m observations belonging to that rank. For each bootstrap

sample, we fit a single regression model and use it to obtain k rank-specific predictions

at the target point x. We then aggregate these predictions across the B bootstrap

replicates to form bagged rank-specific predictors. For a new SRS test observation, the

judgment post-stratification (JPS) procedure estimates its rank distribution, and we

then combine the rank-specific predictions through a weighted aggregation scheme to

obtain the final RSB prediction.

A more comprehensive algorithmic description covering both paired and residual

bootstrapping is provided in Chapter 4.
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2.8 Modeling Approach

In this section, we extend the approaches presented in Faraji et al. (2022) to estimate

the relationship between X and Y using RSS data by incorporating bagging. To this

end, we first provide a brief overview of the results in Faraji et al. (2022). Consider RSS

data DR = {(X[r]j, Y[r]j) : r = 1, . . . , k, j = 1, . . . ,m} from the underlying population,

with the model Y[r]j = X⊤
[r]jβ + ε[r]j, where r = 1, . . . , k and j = 1, . . . ,m, which can be

represented in matrix form as:

Y[RSS] = X[RSS]β + ε[RSS], (2.20)

where

Y[RSS] =


Y[1]

Y[2]
...

Y[k]


mk×1

,X[RSS] =


X[1]

X[2]
...

X[k]


mk×(p+1)

,β =


β0

β1
...
βp


(p+1)×1

, ε[RSS] =


ε[1]
ε[2]
...

ε[k]


mk×1

.

HereY[r] = (y[r]1, . . . , y[r]m)
⊤ and ε[r] = (ε[r]1, . . . , ε[r]m)

⊤. TheX[r] matrix is constructed

by stacking the m× (p+ 1) covariate rows corresponding to rank r (Faraji et al., 2022).

The true error structure of y[r]j is modeled assuming that, for fixed r (Tiku and

Akkaya, 2004),

ε[r]j
i.i.d.∼ fε[r](t) =

k∑
i=1

prifε(i)(t), (2.21)

where pri denotes the ranking error probability matrix and fε(i)(t) is the pdf of the i-th

order statistic in an SRS of size k from fε(·):

fε(i)(t) =
k!

(i− 1)!(k − i)!
fε(t)Fε(t)

i−1 [1− Fε(t)]
k−i, for i = 1, . . . , k. (2.22)

In many practical applications, ranking information may be available from multiple

concomitant variables. To estimate the ranking accuracy for each ranking variable, we
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adapt the bootstrap procedure of Nourmohammadi et al. (2015) to the multiple-rankers

setting. Suppose that L ranking variables R(1), R(2), . . . , R(L) are available. For each

ranking variable, a separate rank-confusion matrix is estimated as follows.

(i) Fit a regression model to the training data and obtain the fitted values and

residuals. If response-based ranking is used, this step is omitted.

(ii) Draw a bootstrap sample of size k with replacement from the available data.

(iii) For the selected observations, determine the “true” ranks using either the response

values Y or the residuals from the fitted regression model.

(iv) Independently rank the same observations according to the ℓ-th ranking variable

R(ℓ).

(v) Compare the ranks from step (3) with those from step (4) and record the corre-

sponding rank assignments in a k × k confusion matrix.

(vi) Repeat steps (2)–(5) a total of B times and compute the average confusion

matrix. The resulting matrix, P(ℓ)
k =

(
p
(ℓ)
ri

)
, provides an estimate of the ranking

probabilities for the ℓ-th ranking variable. The p
(ℓ)
ri = P

(
ε
(ℓ)
[r]j = ε(i)j

)
represents

the probability that an observation assigned rank r according to the ℓ-th ranking

variable belongs to the i-th true rank. Here, 0 ≤ p
(ℓ)
ri ≤ 1, with

∑k
i=1 p

(ℓ)
ri =

1, r = 1, . . . , k.

After obtaining P(1)
k ,P(2)

k , . . . ,P(L)
k , the individual matrices are combined to form an

overall rank-confusion matrix Pk.

To incorporate information from multiple ranking variables, weights are assigned

based on the strength of association between each ranking variable and the response
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variable. An aggregated ranking error probability matrix is then constructed as:

Pk =
L∑

ℓ=1

wℓP(ℓ)
k , (2.23)

where wℓ ≥ 0 and
∑L

ℓ=1wℓ = 1. In this study wℓ is calculated as;

wℓ =
|ρℓY |∑L
j=1 |ρjY |

, ℓ = 1, . . . , L, (2.24)

where ρℓY denotes the correlation between the ℓ-th ranking variable and the response

variable Y (Hatefi and Jafari Jozani, 2017).

The resulting matrix summarizes the ranking uncertainty across all ranking variables.

The key limitation of the residual-based approach is that the estimated Pk matrix depends

on the regression model used to obtain the residuals. In contrast, the response-based

approach does not depend on model fitting and is computationally simpler. Empirically,

both approaches often yield comparable relative efficiencies, although response-based Pk

matrices may introduce a small bias in parameter estimation.

Furthermore, when the set size k is large or complex machine-learning models are

employed, residual-based rankings can become unstable, leading to less reliable estimates

of the ranking probabilities. For this reason, response-based Pk estimation is often

preferred in applications involving high-dimensional predictors or flexible prediction

models.

With the use of (2.21) the expectation and variance of ε[r]j can be calculated as

scaled mean a[r] = 1
σ
E(ε[r]j) and scaled variance d[r] = 1

σ2Var(ε[r]j). It is easy to

show that Cov(ε[RSS]) = σ2C and E(ε[RSS]) = σA, with scaled mean matrix:

A =
(
a[1]1

⊤
m, . . . , a[k]1

⊤
m

)⊤
(2.25)

and covariance matrix:

C = diag (d[1]Im, d[2]Im, . . . , d[k]Im) (2.26)

48



The inverse matrix C−1 provides the weights used in the weighted estimation procedures.

Given Pk, we compute the mean shift parameters a[r] and variance inflation factors d[r]

as:

a[r] =
k∑

i=1

p̂ri

∫ 1

0

Φ−1(w) Betai,k−i+1(w) dw, (2.27)

d[r] =
k∑

i=1

p̂ri

∫ 1

0

[Φ−1(w)]2 Betai,k−i+1(w) dw − a[r]2, (2.28)

where Φ−1(·) is the cumulative distribution function of the standard normal and

Betai,k−i+1 is a beta distribution with parameters (i, k − i+ 1) (Faraji et al., 2022).

Equations (2.27) and (2.28) indicate that the error terms associated with ranked set

samples generally do not share a common variance, and their means are not necessarily

equal to zero. Consequently, standard regression procedures suggested by Muttlak

(1995), may fail to fully account for the distributional characteristics induced by the

ranks. To address this issue, we extended two main approaches presented in Faraji et al.

(2022), incorporating these features into the estimation of the relationship between Y

and X in the bagging framework. The first approach is based on adjusting the response

variable to account for ranking effects, whereas the second employs a multilevel modeling

framework to explicitly accommodate the rank-specific error structure.

2.8.1 Weighted Least Squares with Adjusted Response Variable

using RSB

Building upon the weighted least squares (WLS) approach to RSS proposed by Faraji

et al. (2022), this method is extended to support bagging. The proposed framework

repeatedly fits the RSS regression model on bootstrap samples and combines the resulting

estimates, thereby reducing estimator variance while preserving the efficiency gains
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associated with ranked set sampling. The main idea is to apply the bias-adjusted WLS

estimation procedure to each bootstrap replicate of the RSS dataset and then aggregate

the results.

Following the single RSS framework presented in Faraji et al. (2022), the underlying

model is first adjusted to have zero-mean error terms for each order statistic y[r]j and its

concomitants. We correct for the bias in ε[RSS], assuming σ is known (later estimated

via a plug-in method). By adding and subtracting σA to the model (2.20), we obtain

Y∗
[RSS] = X[RSS]β + ε∗[RSS], (2.29)

where ε∗[RSS] = ε[RSS] − σA, E(ε∗[RSS]) = 0, Cov(ε∗[RSS]) = σ2C, and Y∗
[RSS] =

Y[RSS] − σA. The weighted least squares estimator for a given dataset is then

β̂(σ) =
(
X⊤

[RSS]C−1X[RSS]

)−1X⊤
[RSS]C−1Y∗

[RSS]. (2.30)

Now, consider a bootstrap RSS sample D(b)
R , b = 1, . . . , B, drawn from the original RSS

dataset. For each bootstrap sample b ∈ {1, . . . , B}, we apply the WLS estimation above,

producing

β̂
(b)
(σ) =

(
X(b)⊤

[RSS]C
−1X(b)

[RSS]

)−1

X(b)⊤
[RSS]C

−1Y
∗(b)
[RSS]. (2.31)

When the number of predictors is large or variable selection is desired, the WLS estimator

is replaced by a weighted LASSO estimator. Specifically, the coefficient vector is obtained

by minimizing

β̂
(b)

= argmin
β

{(
Y

∗(b)
[RSS] − X(b)

[RSS]β
)⊤

C−1
(
Y

∗(b)
[RSS] − X(b)

[RSS]β
)
+ λ

p∑
j=1

|βj|

}
, (2.32)

where λ is selected using cross-validation. In the implementation, a five-fold cross-

validated LASSO procedure is employed to determine the optimal penalty parameter.
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Applying either WLS or weighted LASSO, this yields B bootstrap-specific parameter

estimates {β̂(1)
, . . . , β̂

(B)}, each accompanied by order-specific bias corrections. Finally,

the bagged estimator is then obtained by averaging the bootstrap-specific estimates:

β̂bag =
1

B

B∑
b=1

β̂
(b)
. (2.33)

Similarly, rank-specific parameter estimates (indexed by r) are aggregated across boot-

straps, resulting in r parallel regression models that share the same slope but have

distinct intercepts and bias adjustments for each order statistic:

β̂bag,[r] =
1

B

B∑
b=1

β̂
(b)

[r] , r = 1, . . . , k. (2.34)

As in the single-RSS case, when σ is unknown, we follow the plug-in approach of Tiku

and Akkaya (2004), replacing σ with its estimate σ̂. Let Y
∗∗(b)
[RSS] = Y

∗(b)
[RSS] − σ̂(b)A, and

obtain the parameter estimates

β̂
(b)

=
(
X(b)⊤

[RSS]C
−1X(b)

[RSS]

)−1

X(b)⊤
[RSS]C

−1Y
∗∗(b)
[RSS], (2.35)

for each bootstrap replicate b. The bias-corrected fitted values for replicate b are then

Ŷ
(b)

[RSS] = X(b)
[RSS]β̂

(b)
+ σ̂(b)A. (2.36)

To estimate σ, we use the method of Stokes (1980),

σ̂2 =
1

mk − 1

m∑
j=1

k∑
r=1

(
y[r]j − µ̂

)2
, µ̂ =

1

mk

m∑
j=1

k∑
r=1

y[r]j, (2.37)

which is asymptotically unbiased.
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Remark 2.8.1. The estimation procedure described above applies to both bootstrap

schemes. For paired bootstrapping, X(b)
[RSS] and Y

(b)
[RSS] are obtained by resampling

observations from the RSS dataset. For residual bootstrapping, X(b)
[RSS] = X[RSS] remains

fixed and only the response vector Y
(b)
[RSS] is replaced by the bootstrap generated

responses.

2.8.2 Multilevel Modeling Approach toward Regression

Analysis with RSB

RSS data inherently display a clustering structure due to the way observations are

collected. Observations within the same rank are typically more similar to each other

than to those from different ranks. Therefore, observations can be considered as

clustered by rank. To address this dependence structure, the linear mixed model (LMM)

framework proposed by Faraji et al. (2022) is extended by incorporating bagging. In

this approach, the total variability was decomposed into between-rank and within-rank

variance components.

Following Faraji et al. (2022), we use the random-intercept LMM

Y[RSS] = X[RSS]β + Zu+ ε⋆, (2.38)

with E
[
u
ε⋆

]
=

[
0
0

]
and Cov

[
u
ε⋆

]
=

[
G 0
0 R

]
where uk×1 = (U1, . . . , Uk)

⊤, Rn×n =

σ
(2)
ε⋆ In,Zmk×k contains the rank-specific random effects, u ∼ N(0,G), and ε⋆ ∼ N(0,R).

For the j-th observation at rank r, the error

ε[r]j = u[r] + ε⋆rj,

splits into a rank-specific random effect u[r] and pure residual ε⋆rj. G represents the

variance-covariance structure per rank group, which can be written in the form

Gk×k = diag(σ2
[1], σ

2
[2], · · · , σ2

[k]),
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and Z is the random effects design matrix in the form

Zmk×k = diag(1m×1,1m×1, · · · ,1m×1).

For the random-intercept model

y[r]j = X⊤
[r]jβ + u[r] + ε⋆[r]j, r = 1, . . . , k, j = 1, . . . ,m.

Consequently, E(y[r]j | u[r]) = X⊤
[r]jβ + u[r] and Var(y[r]j) = Var(u[r]) + Var(ε⋆[r]j) =

σ2
[r] + σ2

ε . The covariance matrix of the response is V ≡ Cov(y) = ZGZ⊤ + R. Suppose

that G and R are known, to estimate the β we can use

β(V) =
(
X⊤

[RSS]V−1X[RSS]

)−1 X⊤
[RSS]V−1Y[RSS]. (2.39)

To predict the random effects u we can use

û(V) = GZ⊤V−1
(
Y[RSS] − X[RSS]β̂(V)

)
. (2.40)

Since G and R are unknown in practice, their parameters must be estimated from the

data. Following Ruppert et al. (2003), this can be done using either Maximum Likelihood

(ML) or Restricted Maximum Likelihood (REML) estimation. Once estimates G and

R are obtained, they are substituted into equations (2.39) and (2.40), yielding feasible

estimators for the fixed effects β and the random effects u. Unlike the adjusted-response

WLS approach, the LMM framework directly models rank-specific variability via random

effects and therefore does not require estimating rank error probability matrices Pk.

Let D(b)
R =

(
X(b),Y(b)

)
denote the b-th bootstrap replicate. For paired bootstrapping,

both predictors and responses are resampled from the observed RSS data. For residual

bootstrapping, the predictor matrix remains fixed, and bootstrap responses are generated

as Y
∗(b)
i = Ŷi + ε

∗(b)
i , where ε

∗(b)
i is sampled with replacement from the fitted residuals.

When the number of predictors is large, variable selection is performed before fitting the
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mixed model. For each bootstrap replicate, a LASSO model is fitted using the bootstrap

response vector,

β̂
(b)

= argmin
β

{(
Y

∗(b)
[RSS] − X(b)

[RSS]β
)⊤ (

Y
∗(b)
[RSS] − X(b)

[RSS]β
)
+ λ

p∑
j=1

|βj|

}
, (2.41)

where the tuning parameter λ is selected using five-fold cross-validation. Only predictors

corresponding to non-zero LASSO coefficients are retained for subsequent mixed-model

estimation. For each bootstrap replicate, the selected predictors are used to fit the

random-intercept LMM

Y
∗(b)
[RSS] = X(b)

[RSS]β
(b) + Zu(b) + ε⋆(b). (2.42)

Similarly, for each bootstrap sample, rank specific random effect estimates are obtained

û(b)(V) = G(b)Z⊤V(b)−1
(
Y

∗(b)
[RSS] − X(b)

[RSS]β̂
(b)
(V)
)
. (2.43)

The bootstrap LMM procedure produces {β̂(1)
, . . . , β̂

(B)} together with the correspond-

ing random-effect estimates
{
û(1), . . . , û(B)

}
. The bagged fixed-effect estimator is

β̂bag =
1

B

B∑
b=1

β̂
(b)
, (2.44)

while the bagged rank-specific random effects are

ûbag,[r] =
1

B

B∑
b=1

û
(b)
[r] , r = 1, . . . , k. (2.45)

The resulting prediction for an observation belonging to rank r is

ŷ[r]j = X⊤
[r]jβ̂bag + ûbag,[r].
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In practice, LMM can be fitted to RSS data using the nlme package in R and the

statsmodels package in Python. The primary functions, lme in nlme and mixedlm in

statsmodels, support random intercept models and, allowing the residual variance to

differ across rank groups, directly accommodate the heteroskedasticity that arises from

the order-statistic structure of the sample.

The performance of the proposed RSB methodology is evaluated in Chapter 4 through

extensive simulation studies conducted under both linear and nonlinear regression

settings, considering a range of ranking accuracies, set sizes, and bootstrap schemes. In

addition, the practical applicability of the proposed framework is demonstrated through

a real-data analysis using the Body Fat dataset. Numerical results for the proposed

RSB regression framework are presented in Chapter 4.

2.9 Summary and Conclusion

In this chapter, we first discussed the limitations of classical bagging, which relies on

SRS for bootstrap resampling. To overcome these limitations, we introduced ranked

RSS and reviewed its fundamental properties before developing the RSB framework,

which extends classical bagging to the RSS setting. By generating bootstrap samples

independently within each rank stratum, the proposed resampling scheme preserves the

data’s ranked structure while exploiting the greater efficiency of RSS.

The theoretical properties of the RSB estimator were first established for general

mean-type functionals and subsequently extended to the estimation of the regression

function m(x) = E(Y | X = x). It was shown that the proposed estimators are unbiased,

and explicit expressions were derived for both their conditional and unconditional

variances. Furthermore, by expressing regression estimators in terms of the linear

smoother representation, these theoretical results were shown to hold for a broad class of

regression estimators, thereby establishing the corresponding unbiasedness and variance
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properties of the RSB regression estimators.

The chapter then extended the RSB framework to predictive modeling through

weighted least squares regression and multilevel modeling. To enhance its practical

applicability, the ranking mechanism was further generalized to accommodate multiple

ranking variables. Finally, the RSB prediction methodology was presented under the

paired bootstrapping framework to illustrate the complete resampling, model fitting,

and prediction process. Overall, the proposed RSB framework provides a theoretically

rigorous and practically effective approach to bagging that leverages the efficiency of

RSS when complete ranking information is directly available from the population.
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Chapter 3

Rank-Informed Bagging

This chapter addresses the practical limitations associated with the RSS bagging (RSB)

methodology developed in Chapter 2. We propose a novel bagging framework based

on rank-informed samples generated from the simple random sample (SRS) training

data. The proposed methodology is first established for general mean-type functionals

and then extended to estimate the regression function m(x) = E(Y | X = x) at a fixed

prediction point x. Theoretical results are derived for the proposed estimators, including

unbiasedness, conditional and unconditional variance expressions, and comparisons of

variances with both classical SRS bagging (SSB) and RSB. In addition, the proposed

framework is evaluated within the weighted least squares (WLS) and linear mixed model

(LMM) settings presented in Chapter 2.

3.1 Introduction

The theoretical developments in the previous chapter and the numerical results in

Chapter 4 demonstrate that RSB can achieve substantially greater variance reduction

than SSB, highlighting the potential benefits of using ranking information within the

bagging framework. However, these advantages come with limitations. The practical
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implementation of RSS relies on the availability of RSS training data. In many real-

world applications, training datasets are typically collected using SRS, and RSS is rarely

available. Constructing an RSS requires either direct ranking by domain experts or

accurate concomitant variables or predictive models that reliably rank units without

measuring the response. Despite more information being contained in RSS data, working

with RSS data is limited to situations where rank-informed models are available, and

this limits application of RSS data.

This limitation motivates the development of an alternative strategy. Rather than

replacing the original SRS design entirely and starting with RSS training data, we work

with SRS data and aim to enrich the observed SRS training data by incorporating

ranking information when available. The objective is not to reconstruct a full RSS design,

but rather to utilize partially available ranking knowledge to improve the quality of the

resulting bootstrap samples. This ranking information can come from several sources,

such as a previously developed predictive models in the literature, lagged observations

in longitudinal or time-dependent data, or expert judgment in areas such as medical

problems and other domain-specific applications. The central idea is that even partial

or imperfect ranking information can provide valuable structural insight into the data

and should therefore be exploited to strengthen the learning process.

These considerations motivate the rank-informed bagging framework proposed in

this chapter. The methodology combines the practical simplicity of SRS with the

efficiency gains associated with ranking information, thereby providing a flexible and

implementable alternative to both SRS bagging and proposed RSS bagging.

3.2 Bagging under SRS-RSS (SRB)

Suppose DS = {Y1, . . . , Yn} is an SRS training data of size n = mk with EDF Fn(y) =

1
n

∑n
j=1 1{Yj ≤ y}. Here, we draw an RSS bootstrap sample of size n with set size k
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and cycle size m from DS. For the b-th bootstrap and j-th cycle, we have k observations

Y
∗(b,j)
1 , . . . , Y

∗(b,j)
k ,

where Y
∗(b,j)
1 , . . . , Y

∗(b,j)
k are i.i.d. from Fn. After ranking them, we get

Y
∗(b,j)
(1:k) ≤ Y

∗(b,j)
(2:k) ≤ · · · ≤ Y

∗(b,j)
(k:k) .

Here, ranking is perfect across all observed Y
∗(b,j)
i . One can also use ranking variables to

obtain imperfect bootstrap RSS data. However, we restrict our result to perfect ranking.

We retain the r-th order statistic Y
∗(b,j)
(r:k) as the judgment observation for rank r in that

b-th bootstrap and j-th cycle.

For b-th bootstrap and j-th cycle, let P b,j
k,n(r, s) be the probability that the r-th

observation of RSS bootstrap sample of size k equals the s-th order statistic of the DS

of size n. In other words:

P b,j
k,n(r, s) = P

(
Y

∗(b,j)
(r:k) = Y(s:n) | DS

)
, r = 1, . . . , k, s = 1, . . . , n.

One can easily show that P b,j
k,n(r, s) can be expressed as

P b,j
k,n(r, s) = I s

n
(r, k − r + 1)− I s−1

n
(r, k − r + 1),

where Ix(a, b) is the incomplete Beta function given by

Ix(a, b) =

∫ x

0
ta−1(1− t)b−1 dt

B(a, b)
with B(a, b) =

Γ(a)Γ(b)

Γ(a+ b)
.

Some basic properties of the P b,j
k,n(r, s) are stated below.

Lemma 3.2.1. (i) For each fixed r = 1, . . . , k in bth bootstrap and jth cycle

n∑
s=1

P b,j
k,n(r, s) = 1. (3.1)
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(ii) For each fixed s = 1, . . . , n in bth bootstrap and jth cycle

k∑
r=1

P b,j
k,n(r, s) =

k

n
. (3.2)

Proof. (i) Using the telescopian properties of P b,j
k,n(r, s), we have

n∑
s=1

P b,j
k,n(r, s) =

n∑
s=1

[
I s

n
(r, k − r + 1)− I s−1

n
(r, k − r + 1)

]
= I1(r, k − r + 1)− I0(r, k − r + 1)

= 1

(ii) Let Ms be the number of times Y(s:n) appears in a bootstrap sample of size k. Since

each bootstrap draw picks Y(s:n) with probability 1/n,

Ms | DS ∼ Bin

(
k,

1

n

)
.

Let

I(Y(r:k)=Y(s:n)) =

{
1 if Y(r:k) = Y(s:n),

0 otherwise.

Then

k∑
r=1

1(Y(r:k)=Y(s:n)) = Ms,

since each appearance of Y(s:n) in the bootstrap sample occupies exactly one rank position

in the bootstrap RSS sample. Taking conditional expectation

k∑
r=1

P b,j
k,n(r, s) = E [Ms | DS] = k · 1

n
=

k

n
. (3.3)

60



The bagged predictor under the SRB setting is defined as

µ̂h,SRB =
1

Bmk

B∑
b=1

m∑
j=1

k∑
r=1

h
(
Y

∗(b,j)
(r:k)

)
. (3.4)

We now investigate the unbiasedness of the SRB estimator. The following theorem

shows that the SRB estimator is unbiased both conditionally on the observed data DS

and unconditionally with respect to the sampling design.

Theorem 3.2.1 (Unbiasedness of the SRB estimator). Let µ̂h,SRB be the SRB estimator

defined by (3.4). Then µ̂h,SRB is an unbiased estimator of µh;

EF

[
µ̂h,SRB

]
= µh.

Proof. Taking the expectation

EFn [µ̂h,SRB] =
1

Bmk

B∑
b=1

m∑
j=1

k∑
r=1

EFn [h
(
Y

∗(b,j)
(r:k)

)
].

But for fixed indices b, j, r

EFn

[
h
(
Y

∗(b,j)
(r:k)

)
] =

n∑
s=1

h
(
Y(s:n)

)
P
(
Y

∗(b,j)
(r:k) = Y(s:n) | DS

)

=
n∑

s=1

h
(
Y(s:n)

)
P b,j
k,n(r, s).
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By substituting:

EFn

[
µ̂h,SRB

]
=

1

Bmk

B∑
b=1

m∑
j=1

k∑
r=1

n∑
s=1

h
(
Y(s:n)

)
P b,j
k,n(r, s)

=
1

Bmk

B∑
b=1

m∑
j=1

k∑
r=1

n∑
s=1

h(Y(s:n))P
b,j
k,n(r, s) (since independent across b)

=
1

mk

m∑
j=1

n∑
s=1

h(Y(s:n))

[
k∑

r=1

P b,j
k,n(r, s)

]

=
1

m

m∑
j=1

[
1

n

n∑
s=1

h(Y(s:n))

]
.

Note that 1
n

∑n
s=1 h(Y(s:n)) =

1
n

∑n
j=1 h(Yj) = µ̂h,S. We get

EFn [µ̂h,SRB] =
1

m

m∑
j=1

µ̂h,S = µ̂h,S.

Finally, we have

EF

[
EFn

[
µ̂h,SRB

]]
= EF

[
µ̂h,S

]
= µh.

Theorem 3.2.2 (Variance of the SRB mean estimator). Let µ̂h,SRB be the bagged SRB

estimator µ̂h,SRB defined in (3.4).

(i) The conditional variance of µ̂h,SRB, given DS is

VarFn(µ̂h,SRB | DS) =
1

Bm3k2

n∑
s=1

h(Y(s:n))
2 − 1

Bm2k2

k∑
r=1

(
n∑

s=1

h(Y(s:n))P
b,j
k,n(r, s)

)2

.

(3.5)
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(ii) The unconditional variance of µ̂h,SRB is given by

VarF
(
µ̂h,RSB

)
=

1

Bm2k

(
σ2
h + µ2

h

)
− 1

Bm2k2

k∑
r=1

n∑
s=1

n∑
s′=1

P b,j
k,n(r, s)P

b,j
k,n(r, s

′)EF

[
h(Y(s:n))h(Y(s′:n))

]
+

σ2
h

n
,

(3.6)

where

E[h(Y(s:n))h(Y(s′:n))] =

{
Var(h(Y(s:n))) + E2

F [h(Y(s:n))] = (σ2
h + µ2

h) s = s′,

Cov
(
h(Y(s:n)), h(Y(s′:n))

)
+ EF [h(Y(s:n))]EF [h(Y(s′:n))] s ̸= s′.

Proof. (i) Conditional on DS

VarFn(µ̂h,SRB | DS) = VarFn

(
1

Bmk

B∑
b=1

m∑
j=1

k∑
r=1

h
(
Y

∗(b,j)
(r:k)

)∣∣∣∣∣DS

)
.

As bootstrap samples are independent across b = 1, . . . , B and cycles are independent

across j = 1, . . . ,m, we have

VarFn(µ̂h,SRB | DS) =
1

Bm2k2

k∑
r=1

VarFn

(
h
(
Y

∗(b,j)
(r:k)

)∣∣∣DS

)
.

Then, the variance for a fixed rank r is given by

VarFn

(
h
(
Y

∗(b,j)
(r:k)

)∣∣∣DS

)
= EFn

[
h2
(
Y

∗(b,j)
(r:k)

)∣∣∣DS

]
− E2

Fn

[
h
(
Y

∗(b,j)
(r:k)

)∣∣∣DS

]

=
n∑

s=1

h2(Y(s:n))P
b,j
k,n(r, s)−

(
n∑

s=1

h(Y(s:n))P
b,j
k,n(r, s)

)2

.

Therefore,

VarFn(µ̂h,SRB | DS) =
1

Bm2k2

k∑
r=1

 n∑
s=1

h2(Y(s:n))P
b,j
k,n(r, s)−

(
n∑

s=1

h(Y(s:n))P
b,j
k,n(r, s)

)2
 .
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Then using Lemma 3.2.1, we have

k∑
r=1

n∑
s=1

h(Y(s:n))
2P b,j

k,n(r, s) =
n∑

s=1

h(Y(s:n))
2

k∑
r=1

P b,j
k,n(r, s) =

k

n

n∑
s=1

h(Y(s:n))
2.

Finally

VarFn(µ̂h,SRB | DS) =
1

Bm2k2

k
n

n∑
s=1

h2(Y(s:n))−
k∑

r=1

(
n∑

s=1

h(Y(s:n))P
b,j
k,n(r, s)

)2


=
1

Bm3k2

n∑
s=1

h2(Y(s:n))−
1

Bm2k2

k∑
r=1

(
n∑

s=1

h(Y(s:n))P
b,j
k,n(r, s)

)2

.

(ii) To obtain the unconditional variance µ̂h,SRB, we use the total law of variance to get

VarF
(
µ̂h,SRB

)
= EF

[
VarFn

(
µ̂h,SRB | DS

) ]
+ VarF

(
EFn [µ̂h,SRB | DS]

)
= EF

 1

Bm3k2

n∑
s=1

h2(Y(s:n))−
1

Bm2k2

k∑
r=1

(
n∑

s=1

h(Y(s:n))P
b,j
k,n(r, s)

)2
+

σ2
h

n

=
1

Bm2k

(
σ2
h + µ2

h

)
− 1

Bm2k2

k∑
r=1

EF

( n∑
s=1

h(Y(s:n))P
b,j
k,n(r, s))

)2
+

σ2
h

n

=
1

Bm2k

(
σ2
h + µ2

h

)
+

σ2
h

n

− 1

Bm2k2

k∑
r=1

n∑
s=1

n∑
s′=1

P b,j
k,n(r, s)P

b,j
k,n(r, s

′)EF

[
h(Y(s:n))h(Y(s′:n))

]
.

Having established the variance properties of the SRB estimator, we now investigate

the variance gain achieved through bagging. Specifically, we compare the variance of the

bagged predictor based on the ranked-informed SRS training data with that obtained

from the conventional SRS and RSS training data.
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Proposition 3.2.1 (Conditional variance comparison between SSB and SRB estimators).

Conditionally on the SRS training data DS, the variance of the SRB estimator satisfies

VarFn(µ̂h,SRB | DS) ≤
1

m
VarFn(µ̂h,SSB | DS), (3.7)

or equivalently,

VarFn(µ̂h,SSB | DS) ≥ mVarFn(µ̂h,SRB | DS). (3.8)

Proof. From SSB estimator (1.8),

1

Bm2k2

n∑
s=1

h2(Y(s:n)) = VarFn(µ̂h,SSB | DS) +
1

Bmk
µ̂2
h,S.

Substituting (3.5),

VarFn(µ̂h,SRB | DS)

=
1

m

(
VarFn(µ̂h,SSB | DS) +

1

Bmk
µ̂2
h,S

)
− 1

Bm2k2

k∑
r=1

(
n∑

s=1

h(Y(s:n))P
b,j
k,n(r, s)

)2

=
1

m
VarFn(µ̂h,SSB | DS)−

1

Bm2k2

[
k∑

r=1

(
n∑

s=1

h(Y(s:n))P
b,j
k,n(r, s))

2 − kµ̂2
h,S

]
.

However, using Lemma 3.2.1, we have

µ̂h,S =
1

n

n∑
s=1

h(Y(s:n))

=
1

k

n∑
s=1

h(Y(s:n))
k∑

r=1

P b,j
k,n(r, s)

=
1

k

k∑
r=1

n∑
s=1

h(Y(s:n))P
b,j
k,n(r, s).

Finally, using Jensen’s inequality, we get

k∑
r=1

(
n∑

s=1

h(Y(s:n))P
b,j
k,n(r, s)

)2

− kµ̂2
h,S ≥ 0,
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and this complete the proof.

Proposition 3.2.1 shows that the SRB estimator achieves at least an m-fold reduction

in variance relative to the SSB estimator, where m denotes the cycle size. Consequently,

the bootstrap estimators generated by SRB are considerably more stable, resulting in

substantially lower variability than conventional bagging.

Proposition 3.2.2 (Conditional variance comparison between RSB and SRB estimators).

Conditionally on the training data,

VarFn(µ̂h,SRB | DS) ≤
1

m

(
VarFn(µ̂h,RSB | DR) + VarFn(µ̂h,SSB | DS)

)
(3.9)

Proof. To show the result, using (2.10)

VarFn(µ̂h,RSB | DR) =
m− 1

Bm2k2

k∑
r=1

s2h(r)

=
1

Bm2k2

k∑
r=1

m∑
i=1

(
h(Y(r)i)− µ̂h,(r)

)2

=
1

Bm2k2

[
k∑

r=1

m∑
i=1

h2(Y(r)i)

]
− 1

Bmk2

[
k∑

r=1

µ̂2
h,(r)

]
.

By changing the terms,

1

Bm2k2

[
k∑

r=1

m∑
i=1

h2(Y(r)i)

]
= VarFn(µ̂h,RSB | DR) +

1

Bmk2

[
k∑

r=1

µ̂2
h,(r)

]
. (3.10)

Summing over the same set of data points,

k∑
r=1

m∑
i=1

h(Y(r)i) =
n∑

s=1

h(Y(s:n)) =
n∑

i=1

h(Yi) and
k∑

r=1

m∑
i=1

h2(Y(r)i) =
n∑

s=1

h2(Y(s:n)) =
n∑

i=1

h2(Yi).
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These result in:

VarFn(µ̂h,SRB | DS) =
1

Bm2k2

k∑
r=1

 n∑
s=1

h2(Y(s:n))P
b,j
k,n(r, s)−

(
n∑

s=1

h(Y(s:n))P
b,j
k,n(r, s)

)2


=
1

Bm3k2

k∑
r=1

m∑
i=1

h2(Y(r)i)−
1

Bm2k2

k∑
r=1

(
k∑

r=1

m∑
i=1

h(Y(r)i)P
b,j
k,n(r, s)

)2

=
1

Bm3k2

k∑
r=1

m∑
i=1

h2(Y(r)i)−
1

Bm2k2

k∑
r=1

(
m∑
i=1

h(Y(r)i) ·
k

n

)2

=
1

Bm3k2

k∑
r=1

m∑
i=1

h2(Y(r)i)−
1

Bm2k2

k∑
r=1

(
m∑
i=1

h(Y(r)i)

)2

(n = mk)

=
1

m

(
1

Bm2k2

k∑
r=1

m∑
i=1

h2(Y(r)i)

)
− 1

Bm2k2

k∑
r=1

(
m∑
i=1

h(Y(r)i)

)2

.

By substitution from (3.10), we get

VarFn(µ̂h,SRB | DS)

=
1

m
VarFn(µ̂h,RSB | DR) +

1

Bm2k2

 k∑
r=1

µ̂2
h,(r) −

k∑
r=1

(
n∑

s=1

h(Y(s:n))P
b,j
k,n(r, s)

)2
 .

(3.11)

Let

Bm2k ·∆1,2 =
1

k

k∑
r=1

µ̂2
h,(r) −

1

k

k∑
r=1

(
n∑

s=1

h(Y(s:n))P
b,j
k,n(r, s)

)2

. (3.12)

Using Jensen’s inequality one again,

1

k

k∑
r=1

µ̂2
h,(r) =

1

k

k∑
r=1

(
1

m

m∑
j=1

h(Y(r)j)

)2

≤ 1

k

k∑
r=1

1

m

m∑
j=1

h2(Y(r)j)

=
1

mk

k∑
r=1

m∑
j=1

h2(Y(r)j) =
1

n

n∑
i=1

h2(Yi).
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Also,

1

k

k∑
r=1

(
n∑

s=1

h(Y(s:n))P
b,j
k,n(r, s)

)2

≥

(
1

k

k∑
r=1

n∑
s=1

h(Y(s:n))P
b,j
k,n(r, s)

)2

=

(
1

n

n∑
s=1

h(Y(s:n))

)2

= µ̂2
h,S.

So, from (3.12),

Bm2k ·∆1,2 ≥
1

n

n∑
i=1

h2(Yi)− µ̂2
h,s =

n− 1

n
s2n,h.

Therefore,

VarFn(µ̂h,SRB | DS) ≤
1

m
VarFn(µ̂h,RSB) +

n− 1

Bn2m
s2n,h

=
1

m
(VarFn(µ̂h,RSB | DR) + VarFn(µ̂h,SSB | DS)) .

Remark 3.2.1. From Proposition 2.6.1, we have

VarFn(µ̂h,SSB | DS) ≥ VarFn(µ̂h,RSB | DR).

Consequently, Proposition 3.2.2 yields the bound

VarFn(µ̂h,SSB | DS) ≥
m

2
VarFn(µ̂h,SRB | DS).

However, Proposition 3.2.1 provides a sharper result,

VarFn(µ̂h,SSB | DS) ≥ mVarFn(µ̂h,SRB | DS).

The following corollary combines the conditional variance bounds established in

Propositions 3.2.1 and 3.2.2, thereby summarizing the variance relationships among the

SSB, RSB, and SRB estimators.
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Corollary 3.2.1 (Conditional variance comparison between SSB, RSB and SRB esti-

mators.). The three bootstrap estimators satisfy

VarFn(µ̂h,SSB | DS) ≥ VarFn(µ̂h,RSB | DR), (3.13)

VarFn(µ̂h,SSB | DS) ≥ mVarFn(µ̂h,SRB | DS), (3.14)

VarFn(µ̂h,SRB | DS) ≤
1

m

(
VarFn( µ̂h,RSB | DR) + VarFn(µ̂h,SSB | DS )

)
(3.15)

≤ 2

m
VarFn(µ̂h,SSB) (3.16)

Consequently,

min {VarFn(µ̂h,RSB | DR), mVarFn(µ̂h,SRB | DS)} ≤ VarFn(µ̂h,SSB | DS). (3.17)

Inequalities (3.13) and (3.14) establish that SSB has the largest conditional variance

among the competing methods, confirming that both RSB and SRB provide improve-

ments over conventional SRS bagging. In addition, the conditional variance of the SRB

estimator is guaranteed to be at least a factor of m smaller than that of SSB, where m

denotes the cycle size.

Inequality (3.15) provides an important link between SRB and RSB. Unlike RSB,

which uses rank-based training data using the RSS design, SRB constructs rank groups

using only the available SRS training data. Despite relying on this weaker source of

ranking information, the variance of SRB remains bounded by 1/m times the combined

conditional variance of RSB and SSB. This result indicates that SRB captures a substan-

tial portion of the variance-reduction benefits associated with RSS-based resampling,

while avoiding the practical difficulties of working with RSS training data.

From a practical perspective, this finding is particularly important because the

availability of accurate ranking information is often the main obstacle to implementing

RSS procedures. The proposed SRB framework demonstrates that meaningful variance

reductions can still be achieved using only an initial SRS training sample. Consequently,
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SRB provides a balance between the simplicity of SSB and the efficiency of RSB, offering

considerable gains in estimator stability without requiring a fully ranked-set sampling

design.

Proposition 3.2.3 (Useful deterministic bounds between RSB and SRB). The following

inequalities hold,

(i) kµ̂2
h,S ≤

k∑
r=1

µ̂2
h,(r) ≤

1

m

n∑
s=1

h2(Y(s:n)), (3.18)

(ii)
k2

m
µ̂2
h,S ≤

k∑
r=1

(
n∑

s=1

h(Y(s:n))P
b,j
k,n(r, s)

)2

≤ 1

m

n∑
s=1

h2(Y(s:n)). (3.19)

Proof. To show (i) one can easily see that

k∑
r=1

µ̂2
h,(r) =

k∑
r=1

(
1

m

m∑
j=1

h(Y(r)j)

)2

≤ 1

m

k∑
r=1

m∑
j=1

h2(Y(r)j) (by Jensen’s inequality)

=
1

m

n∑
s=1

h2(Y(s:n)).

Also,

1

k

k∑
r=1

µ̂2
h,(r) ≥

(
1

k

k∑
r=1

µ̂h,(r)

)2

(by Jensen’s inequality)

=

(
1

mk

k∑
r=1

m∑
j=1

h(Y(r)j)

)2

=

(
1

mk

n∑
s=1

h(Y(s:n))

)2

= µ̂ 2
h,S.
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Thus we have, kµ̂2
h,S ≤

∑k
r=1 µ̂

2
h,(r) ≤

1
m

∑n
s=1 h

2(Y(s:n)).

(ii) Using Jensen’s inequality we have

k∑
r=1

(
n∑

s=1

h(Y(s:n))P
b,j
k,n(r, s)

)2

≤
k∑

r=1

n∑
s=1

h2(Y(s:n))P
b,j
k,n(r, s)

=
n∑

s=1

h2(Y(s:n))
k∑

r=1

P b,j
k,n(r, s)

=
1

m

n∑
s=1

h2(Y(s:n)).

Similarly,

1

m

k∑
r=1

(
n∑

s=1

h(Y(s:n))P
b,j
k,n(r, s)

)2

≥

(
1

m

n∑
s=1

h(Y(s:n))
k∑

r=1

P b,j
k,n(r, s)

)2

=
1

m4

(
n∑

s=1

h(Y(s:n))

)2

=
k2

m2
µ̂2
h,S,

which completes the proof.

Remark 3.2.2. The following deterministic variance bounds hold for the SRB and

RSB procedures.

VarFn(µ̂h,SRB | DS) ≤
1

m
VarFn(µ̂h,RSB | DR) +

1

Bm2k2

[
1

m

n∑
s=1

h2(Y(s:n))−
k2

m
µ̂2
h,S

]
.

VarFn(µ̂h,SRB | DS) ≥
1

m
VarFn(µ̂h,RSB | DR) +

1

Bm2k2

[
km2µ̂2

h,S −
1

m

n∑
s=1

h2(Y(s:n))

]
.
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Proposition 3.2.4 extends the conditional variance comparisons to the population

level by establishing corresponding inequalities for the unconditional variances.

Proposition 3.2.4 (Variance comparison between SSB, RSB and SRB estimators). For

the SSB, RSB, and SRB mean estimators with B bootstrap replicates, set size k, and

cycle size m,

(i)

VarF (µ̂h,SSB) ≥ VarF (µ̂h,RSB). (3.20)

(ii)

VarF (µ̂h,SSB) ≥ VarF (µ̂h,SRB). (3.21)

Proof. (i) and (ii) follow directly from Proposition 3.2.1, Corollary 3.2.1, Proposi-

tion 1.5.1, Lemma 2.6.1, Theorem 3.2.1, and the law of total expectation.

Both RSB and SRB possess smaller unconditional variances than the SSB estimator.

All three SSB, RSB, and SRB estimators are unbiased for estimating the population

means. Therefore, the reductions observed in the conditional bootstrap variances are

directly attributable to reducing overall sampling variability.

The proposition establishes that the variance reduction achieved by RSB and SRB

extends beyond the bootstrap resampling stage and reflects an actual improvement in

the estimator’s efficiency. RSB attains this gain through an RSS design; SRB achieves a

similar advantage using only information from the original SRS training sample. This

makes SRB particularly attractive in applications where direct ranking information is

partially available or costly to obtain, while still providing a substantial reduction in

overall estimator variability relative to standard bagging.
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3.3 Regression Estimation with SRB

In Section 3.2, we established the unbiasedness and derived the unconditional and

conditional variance expressions for the estimation of general mean-type functionals

under the SRB framework.

We now extend this framework to the estimation of the regression function, m(x) =

E(Y | X = x). This extension closely follows from the development in Chapter 2,

particularly Section 2.7.1, where regression estimation under RSS was formulated using

the linear smoother representation. Although SRB originates from an initial SRS, the

rank-informed sample constructed in Section 3.2 possesses the same structural form

as an RSS sample. Consequently, the regression framework developed for RSB can be

applied directly to the SRB setting. The only modification required is to replace the

original RSS training sample with the bootstrap samples generated from the SRS data.

3.3.1 Linear Smoother SRB Regression Estimator

We consider an RSS bootstrap applied to SRS training data, mimicking an RSS design

within each bootstrap replicate. Here, the ranking is performed on Y , while the regression

structure enters through the associated pseudo-responses Zi(x).

Definition 3.3.1 (SRB Regression Estimator). Suppose DS = {(Xi, Yi)}ni=1 is an SRS

sample with n = mk, and let Zi(x) be as in (1.10). For each bootstrap replicate

b = 1, . . . , B:

(a) For each cycle j = 1, . . . ,m, draw a set of k candidate indices I∗b1j , . . . , I
∗b
kj i.i.d. from

{1, · · · , n} with replacement, corresponding to candidate pairs{
(YI∗b1j

, ZI∗b1j
(x)), . . . , (YI∗bkj

, ZI∗bkj
(x)
}
.
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(b) Rank the k candidates within cycle j according to their Y -values, assuming

perfect ranking. This yields the order statistics Y ∗b
[1]j ≤ · · · ≤ Y ∗b

[k]j, together with

the associated pseudo-responses Z∗b
[1]j(x), . . . , Z

∗b
[k]j(x), obtained by permuting the

ZI∗bkj
(x)’s according to the order of the YI∗bkj

’s.

(c) Define the single-replicate SRB estimator at x by

m̂∗b
SRB(x) =

1

mk

m∑
j=1

k∑
r=1

Z∗b
[r]j(x). (3.22)

The B-replicate bagged SRB estimator is

m̂
(B)
SRB(x) =

1

B

B∑
b=1

m̂∗b
SRB(x). (3.23)

If we view {Zi(x)}ni=1 as the observations and rank them according to the associated

Yi’s, then (3.22) is structurally identical to the SRB mean estimator in Section 3.2, with

h(Yi) replaced by the pseudo-response Zi(x).

As in the RSB framework, many regression estimators admit a linear smoother

representation, allowing the fitted regression function to be expressed as an average

of rank-specific pseudo-responses. Therefore, the theoretical developments established

for mean-type functionals naturally carry over to the regression setting by replac-

ing the original observations with the corresponding pseudo-responses. In particular,

the unbiasedness properties, conditional and unconditional variance expressions, and

variance-comparison results derived for the SRB estimators in Section 3.2 remain valid

for regression estimators that admit a linear smoother representation.

Therefore, the variance reduction advantages established for SRB in the mean-

functional setting extend directly to the estimation and prediction of regression functions.

An important feature of this result is that the variance reduction gains are achieved
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Figure 3.1: SRB resampling and prediction procedure for SRS data with set size 3 under
paired bootstrapping.

without requiring the population-level ranking information assumed in the RSS frame-

work. Instead, SRB uses ranking information extracted from available SRS training

data to construct rank-informed samples, capturing the benefits of RSS-based bagging

while retaining the practical simplicity and accessibility of an SRS design. This provides

a practically attractive alternative to RSB in situations where reliable population-level

ranking information is unavailable.

In this thesis, we consider two bootstrapping approaches within the proposed SRB

framework, namely paired and residual bootstrapping. For a better understanding of

the overall SRB methodology, Figure 3.1 illustrates the complete workflow for SRB

resampling and prediction with rank k = 3 under paired bootstrapping. Starting from

the SRS training sample incorporating ranking information, independent subsets of size

k are repeatedly drawn from the SRS data. Then, within each subset, the observations

are ranked using auxiliary information or expert judgment. From each subset, only

the observation corresponding to the k-th rank is retained. This ranking-and-selection

process is repeated form cycles, yieldingm observations at each rank level. Consequently,
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each bootstrap RSS dataset has a total sample size of mk. For each bootstrap sample, we

fit a single regression model and use it to obtain k rank-specific predictions at the target

point x. We then aggregate these predictions across the B bootstrap replicates to form

bagged rank-specific predictors. For a new SRS test observation, the JPS procedure

estimates its rank distribution, and we then combine the rank-specific predictions

through a weighted aggregation scheme to obtain the final SRB prediction. A detailed

overview of SRB resampling and prediction for both paired and residual bootstrapping

is presented in Chapter 4 .

3.4 Summary and Conclusion

This chapter introduced the proposed SRB framework as a practical alternative to the

RSB procedure. Unlike RSB, which assumes that RSS are directly available from the

population, the proposed SRB framework constructs RSS from an initial SRS training

sample by incorporating ranking information into each bootstrap replicate, thereby

preserving the practical simplicity of SRS while leveraging the efficiency gains of RSS.

Theoretical properties of the SRB estimator were established for general mean-type

functionals. It was shown that the proposed estimator is unbiased, and expressions

were derived for both the conditional and unconditional variances. These results were

further used to compare the variance of the SRB with SSB and the RSB procedure. The

theoretical analysis demonstrated that SRB consistently achieves smaller variances than

SSB while closely approximating the variance reduction obtained by RSB.

The chapter then extended the SRB framework to regression estimation, focusing on

linear smoother regression estimators. By representing regression estimators through

pseudo-responses, the theoretical developments obtained for mean-type functionals

were shown to carry over directly to regression estimation. The unbiasedness, variance

expressions, and variance comparison results established for SRB remain valid for a

broad class of regression estimators admitting a linear smoother representation.
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Finally, the SRB prediction methodology was presented for both paired and residual

bootstrapping settings. A visual illustration of the paired bootstrapping procedure was

provided to clarify the complete resampling, model fitting, and prediction workflow,

while the corresponding algorithmic implementations for both bootstrapping approaches

are presented in the numerical study. Overall, the proposed SRB framework provides

a computationally practical and theoretically justified approach that combines the

accessibility of SRS with the variance reduction benefits of RSS-based bagging, making

it particularly attractive for predictive modeling when direct population-level ranking

information is unavailable.
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Chapter 4

Numerical Study

In this chapter, we conduct simulation studies and a real-data analysis to evaluate the

performance of RSS-based bagged regression predictors under both linear and nonlinear

regression models. We first study bagging linear and nonlinear models using RSS

with different ranking structures. To this end, we consider single-covariate models in

which RSS is performed using a single ranking variable and extend them to models

with multiple ranking variables in the simulation study. We then further extend the

simulation study to multiple-covariate models with multiple ranking variables to assess

the performance of the proposed methods under more complex modeling scenarios. Then,

we apply the proposed RSB and SRB methods to multiple linear regression models with

multiple ranking variables, using a real data set to predict body fat in men and women.

4.1 Data Generation

This chapter begins by describing the simulation setting and the procedure used to

generate RSS. The RSS samples are generated under a balanced design. We first

describe the construction of RSS using a single ranking variable and then extend

the procedure to multiple ranking variables by incorporating the weighting scheme in

Equation (2.24). Next, we present the bootstrap strategies applied directly to RSS data.

78



Since the proposed SRB approach relies on constructing RSS from an SRS through a

conversion process, we subsequently present the SRS-RSS conversion procedure and its

corresponding bootstrap methodology.

4.1.1 Single Ranker RSS Construction

Let the population consist of N units, each characterized by a predictor vector Xi, a

response Yi, and a ranking variable Ri, i = 1, . . . , N . Note that in practice Ri needs to

be known only for the sampling units selected in each set of the RSS design and not

necessarily for the whole population. An RSS sample of total size n = mk is obtained

by repeating the following cycle m times:

(i) Draw k SRS samples of size k without replacement from the population.

(ii) Rank the k sampled units in each set in ascending order using the ranking variable

R.

(iii) From the r-th ordered set, retain only the unit with rank r, that is, the r-th order

statistic with respect to R, for r = 1, . . . , k.

(iv) Record the predictor vector X, response Y , and ranking variable R of the selected

observations.

Repeating steps (i) to (iv) m times results in a balanced RSS of size n = mk.

4.1.2 Weighted RSS Construction for Multiple Ranks

In many practical applications, multiple auxiliary ranking variables are available. Let

R1, . . . , RL denote L > 1 such ranking variables. Rather than using only a single

ranking variable to construct the RSS sample, one can combine the information from all

available ranking variables to produce an RSS. In this section, we propose a weighted
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RSS construction procedure that integrates multiple ranking variables into the sample

selection process.

For each cycle, an SRS of size k is first selected from the population. Let riℓ denote

the rank assigned to unit i according to the ℓ-th ranking variable Rℓ, ℓ = 1, . . . , L within

the selected set. Let w = (w1, . . . , wL)
⊤ be a vector of weights as in (2.24) satisfying∑L

ℓ=1wℓ = 1. Then the weighted rank score for unit i is computed as

Mi =
L∑

ℓ=1

wℓriℓ, i = 1, . . . , k. (4.1)

Finally, order the sampled units by their weighted rank scores. As noted above, one can

use the weighted rank score Mi instead of the single rank Ri to obtain the weighted RSS

sample considering ℓ different rankers. Repeating this procedure over m cycles yields a

weighted RSS of size n = mk. The complete procedure is summarized in Algorithm 1.

Remark 4.1.1. The single-rank construction is a special case of the weighted RSS

construction corresponding to L = 1, in which the rank reduces to ri, and the associated

rank weight is w1 = 1. Therefore, Algorithm 1 can be easily applied directly to the

single-rank RSS construction.
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Algorithm 1 Weighted RSS construction (multiple ranks)

Require: Population P = {(Xi, Yi, Ri1, . . . , RiL)}Ni=1; set size k; number of cycles m;
weights w = (w1, . . . , wL)

⊤, where
∑L

ℓ=1wℓ = 1; seed s.
Ensure: Weighted RSS sample DwR of size n = mk.
1: for j = 1, . . . ,m do
2: for r = 1, . . . , k do
3: Draw a simple random sample of size k from P .
4: for ℓ = 1, . . . , L do
5: Rank the sampled units in set r according to ranking variable Rℓ.
6: Let riℓ denote the rank of unit i according to Rℓ.
7: end for
8: for each sampled unit i = 1, . . . , k do
9: Compute the weighted rank score

Mi =
L∑

ℓ=1

wℓriℓ.

10: end for
11: Sort the sampled units in set r in ascending order of Mi.
12: Select the unit having the r-th smallest weighted rank score.
13: Store its original predictor vector X[r]j, response Y[r]j, and ranking variables.
14: end for
15: end for
16: return DwR = {(X[r]j, Y[r]j) : r = 1, . . . , k, j = 1, . . . ,m}.

4.2 Bootstrapping on RSS

Once RSS (or weighted RSS) training data is constructed, bootstrap samples are

generated by resampling independently within each rank stratum r ∈ {1, . . . , k} using

the paired or residual bootstrap. This stratified resampling preserves the balanced RSS

structure across sampling cycles and maintains the order-statistic interpretation of each

rank stratum throughout the bootstrap replications.

4.2.1 RSS Paired Bootstrapping

The paired bootstrap of RSS data resamples the observed predictor-response pairs,

(X[r]j, Y[r]j), for r = 1, . . . , k and j = 1, . . . ,m, with replacement within each rank
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Algorithm 2 RSS paired bootstrapping

Require: RSS data DR; number of bootstrap replications B; seed s;
Ensure: Bootstrap replicates {D∗(b)

R }Bb=1.
1: Partition DR into rank strata: Dr ← {(m, X[r]j, Y[r]j)}k,mr=1,j=1

2: for b = 1 to B do ▷ Parallelize over b
3: for r = 1 to k do
4: Draw m pairs with replacement from the stratum Dr using seed s+ b:

D∗(b)
r ← {SRS}wr(Dr, m) .

5: end for
6: Combine rank strata to create a bootstrap replicate: {D∗(b)

R } ←
⋃k

r=1D
∗(b)
r .

7: end for
8: return {D∗(b)

R }Bb=1.

stratum. Jointly resampling the predictor vectors and responses preserves the dependence

structure between X and Y and imposes no parametric assumptions on the underlying

error distribution. The complete RSS paired bootstrap procedure is described in

Algorithm 2, while a graphical illustration of the resampling scheme is provided in

Section 2.7.2.

4.2.2 RSS Residual Bootstrapping

The residual bootstrap keeps the predictor values X[r]j fixed, while resampling residuals

with replacement within each rank stratum from a rank-informed fitted model. This

model accounts for the order-statistic structure of the RSS through either the WLS

approach described in Section 2.8.1 or the LMM approach described in Section 2.8.2,

depending on the estimation method employed. The residual bootstrap procedure is

presented in two main steps.

Step 1: Rank-informed model fitting: A single regression model is fitted to the

DR data, yielding a coefficient matrix β ∈ Rp, and a rank-specific correction term δ[r]
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for each stratum r, defined as

δ[r] =

{
α̂[r] bias-correction (WLS),

û[r] random effect (LMM),
(4.2)

where α̂[r] is an estimated bias-correction for the r-th order statistic and û[r] is a

predicted random effect for stratum r. The fitted value and residual for observation

(r, j) are then

Ŷ[r]j = X⊤
[r]jβ̂ + δ[r], ê[r]j = Y[r]j − Ŷ[r]j. (4.3)

These will be used to perform the residual bootstrap.

Step 2: Bootstrap resampling of residuals: For each stratum k, resample the m

residuals {ê[r]j}mj=1 with replacement to form bootstrap responses, while keeping Ŷ[r]j

fixed for each resampling cycle. The Algorithm 3 describes the procedure for generating

RSS residual bootstraps.

Figure 4.1 illustrates the complete RSB prediction procedure under residual boot-

strapping for set size k. Starting from the RSS training sample, a regression model

f̂R(X), is fitted using either the WLS or the LMM approach. The corresponding resid-

uals, ê[r]j, are then computed as described in Step 1, and residual bootstrap samples

are generated within each rank stratum following Step 2. Following Algorithm 3, B

RSS bootstrap replicates are constructed. For each bootstrap sample, we fit a single

regression model and use it to obtain k rank-specific predictions at the target point x.

We then aggregate these predictions across the B bootstrap replicates to form bagged

rank-specific predictors. For a new SRS test observation, the JPS procedure estimates its

rank distribution, and we then combine the rank-specific predictions through a weighted

aggregation scheme to obtain the final RSB prediction.
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Algorithm 3 RSS residual bootstrapping

Require: RSS data DR; design matrix β with method ∈ {WLS, LMM}; number of
bootstrap replications B; seed s.

Ensure: Bootstrap replicates {D∗(b)
R }Bb=1.

1: Fit model on DR to obtain β, and {δ[r]}kr=1 as in (4.2).
2: for r = 1 to k do
3: Compute fitted values and residuals for all m:

Ŷ[r]j ← X⊤
[r]jβ̂ + δ[r], ê[r]j ← Y[r]j − Ŷ[r]j.

4: Store a[r] ← [ê[r]1, . . . , ê[r]m]
⊤.

5: end for
6: for b = 1 to B do ▷ Parallelize over b
7: Initialize bootstrap data frame as copy of DR.
8: for r = 1 to k do
9: Resample m residuals with replacement using seed s+ b:

a
∗(b)
[r] ← SRSwr

(
a[r], m

)
.

10: Construct bootstrap responses for stratum r:

Y
∗(b)
[r]j ← Ŷ[r]j + a

∗(b)
[r]j , j = 1, . . . ,m.

11: Replace Y[r]j with Y
∗(b)
[r]j in the bootstrap data frame.

12: end for
13: Compute bootstrap replicate: {D∗(b)

R }.
14: end for
15: return {D∗(b)

R }Bb=1.
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Figure 4.1: RSB resampling and prediction procedure for RSS data with set size k under
residual bootstrapping.

4.3 RSS Test Data Generation

To evaluate the predictive performance of the SSB, RSB, and SRB methods, draw an

independent SRS test sample, distinct from the training sample, from the population,

and assign ranks to it using a judgment post-stratification (JPS) approach (MacEachern

et al., 2004).

The idea of the JPS procedure is similar to the RSS design described earlier. First,

an SRS test sample of size n is selected, and the response variable is measured for each

observation. For each test observation i, i = 1, . . . , n, a comparison set of k− 1 auxiliary

observations is randomly selected from the population without replacement; the test

observation and the comparison units form a set of size k. Using the available ranking

variables, together with judgment or auxiliary information, the units within the set are

ranked from 1 to k. Unlike RSS, where the selected unit is predetermined by its rank,

JPS assigns a rank to the observed test unit after measurements are obtained.
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Algorithm 4 RSS test data generation

Require: Population D of size N with {Rℓ}Lℓ=1 with weights {wℓ}Lℓ=1; SRS test data
Dtest

S = {(xi, yi)}ni=1; number of replications B; set size k; seed s.
Ensure: Estimated rank probabilities p̂ir, i = 1, . . . , n; r = 1, . . . , k.
1: Initialize p

(b)
ir ← 0 for all b = 1, . . . , B, i = 1, . . . , n, r = 1, . . . , k.

2: for b = 1, . . . , B do ▷ parallelizable over b
3: Initialize random number generator with seed s+ b
4: for i = 1, . . . , n do
5: Draw k − 1 comparison units S

(b)
i without replacement from D.

6: for each ranking variable Rℓ, ℓ = 1, . . . , L, with weight wℓ do.
7: Ri ← value of Rℓ for test observation i.
8: {Rj}j∈S(b)

i
← values of Rℓ for the sampled comparison units.

9: C ← sort
(
{Ri} ∪ {Rj}j∈S(b)

i

)
.

10: r
(ℓ,b)
i ← position of Ri in C.

11: if r
(ℓ)
i exists then

12: p
(b)

i, r
(ℓ,b)
i

← p
(b)

i, r
(ℓ,b)
i

+ wℓ

13: end if
14: end for
15: end for
16: end for

17: p̂ir ←
1

B

B∑
b=1

p
(b)
ir , for all i = 1, . . . , n, r = 1, . . . , k

18: for i = 1, . . . , n do
19: Maximum rank approach: r̂i ← argmax

r
p̂ir

20: Full probability distribution approach: retain (p̂i1, . . . , p̂ik)
21: end for
22: return {r̂i}ni=1, {p̂i1, . . . , p̂ik}ni=1

The probability that test observation i belongs to rank stratum r, denoted by p̂ir for

r = 1, . . . , k, is estimated by repeatedly applying the JPS procedure described above over

B replications. The estimated rank probabilities are then obtained by aggregating the

rank assignments across these replications. Throughout this study, the JPS procedure

is implemented using B = 10 replications. Two rank representations are considered for

prediction.

1. Full probability distribution approach: For each test observation i, the
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estimated rank probability is

p̂i = (p̂i1, . . . , p̂ik) ,

where p̂ir = 1
B

∑B
b=1 p

(b)
ir , r = 1, . . . , k. When multiple ranking variables are

available, the bootstrap-specific rank probability contribution is given by

p
(b)
ir =

L∑
ℓ=1

wℓ 1

{
r = r

(ℓ,b)
i

}
,

where r
(ℓ,b)
i denotes the rank assigned to test observation i using the ℓ-th ranking

variable in bootstrap replication b, and wℓ is the weight assigned to ranking variable

Rℓ, satisfying
∑L

ℓ=1 wℓ = 1. Consequently,
∑k

r=1 p
(b)
ir = 1, and averaging these

probability vectors over the B replications yields the estimated rank probability

vector p̂i. The estimated probability vector is then retained and used directly in

the prediction procedure, allowing each test observation to contribute to every

rank stratum according to its estimated probabilities, thereby accounting for

uncertainty in the rank assignment.

2. Maximum rank approach: As a simplified alternative, the estimated probability

vector p̂i is first computed as described above. The test observation is then assigned

to the rank stratum r corresponding to the largest estimated probability, where

r = 1, . . . , k:

r̂i = argmax
r

p̂ir.

Thus, the assigned rank is determined from the aggregated weighted rank proba-

bilities across all bootstrap replications rather than from the most probable rank

within an individual bootstrap replication.

The complete procedure for generating the RSS test data using the JPS approach is

presented in Algorithm 4.
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Algorithm 5 SRS-RSS construction with paired bootstrapping

Require: SRS data DS, number of bootstrap replications B, set size k, cycles m, seed s
Ensure: Bootstrap replicates {D∗(b)

R }Bb=1.
1: for b = 1 to B do
2: Set random seed to s+ b
3: Generate an RSS sample D∗(b)

R of size mk from DS using sampling with replace-
ment.

4: end for
5: return {D∗(b)

R }Bb=1.

In the next part of the thesis, we discuss one of the key components of the proposed

SRB methodology, the procedure for converting the observed SRS training data into an

RSS training dataset using the limited ranking information available. This conversion

follows one of two distinct approaches, depending on the bootstrap scheme employed.

4.4 SRS-RSS Construction with Paired

Bootstrapping

Under the paired bootstrap construction of rank-informed bootstraps from SRS training

data, it closely follows the standard RSS sampling procedure described in Section 4.1.2.

The key difference is that the original population is no longer available; instead, the

observed SRS training sample is treated as a finite population from which the RSS

sample is constructed.

For each bootstrap replication b = 1, . . . , B, apply the RSS sampling procedure

independently to the observed SRS training data. Although each RSS bootstrap sample

is drawn from the same SRS training sample, the random formation of sets and selection

of ranked units produce a distinct rank-informed bootstrap sample in each replication.

The complete SRS-RSS paired bootstrap procedure is presented in Algorithm 5.

Next, we consider the SRS-RSS conversion in the residual bootstrapping scheme.

88



4.5 SRS-RSS Construction with Residual

Bootstrapping

In this section, we propose two approaches to generate residual bootstrap samples by

converting the SRS training sample into an RSS sample.

4.5.1 RSS Residual Bootstrapping Extension to SRS-RSS

LetDS denote an SRS training sample of size n. For each bootstrap replicate b = 1, . . . , B,

a balanced RSS sample of size n = mk is first constructed from DS using the ranking

procedure described in Section 4.1.2. Thus, a new RSS is generated for each bootstrap

replicate.

Once the RSS sample has been obtained, apply the residual bootstrapping procedure

developed for RSS in Section 4.2.2. Fit a separate single regression model to obtain

the fitted values and rank-specific residuals. Then resample residuals with replacement

within each rank, and generate new bootstrap responses by adding the resampled

residuals to the corresponding fitted values.

4.5.2 SRS-RSS Rank-Informed Residual Bootstrapping

The residual bootstrap procedure described above preserves the ranked structure of

the predictor variables by first constructing an RSS sample and then resampling fitted

residuals independently within each rank stratum. The residuals are used only to

generate the bootstrap responses and play no role in ranking or in assigning observations

to ranks.

In the current approach, we propose an alternative residual bootstrapping strategy

that explicitly incorporates the fitted residuals into the SRS-RSS construction. Rather

than resampling residuals separately within each rank, we first sample residuals from
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Algorithm 6 SRS-RSS rank-informed residual bootstrapping

Require: SRS data DS, number of bootstrap replications B, set size k, cycles m, seed s
Ensure: Bootstrap replicates {D∗(b)

R }Bb=1.

1: Fit the regression model to DS and obtain fitted values {Ŷi}ni=1 and residuals {êi}ni=1.
2: for b = 1 to B do
3: Set random seed to s+ b.
4: Randomly partition the observations into k rank groups, each containing m

observations.
5: for r = 1 to k do
6: for j = 1 to m do
7: Draw k residuals with replacement from {êi}ni=1.
8: Sort the sampled residuals in ascending order:

ê
∗(b)
[1]j ≤ ê

∗(b)
[2]j ≤ · · · ≤ ê

∗(b)
[k]j .

9: Assign the r-th ordered residual ê
∗(b)
[r]j to the j-th observation in rank r.

10: Construct the bootstrap response

Y
∗(b)
[r]j = Ŷ[r]j + ê

∗(b)
[r]j .

11: end for
12: end for
13: Form the residual bootstrap RSS sample D∗(b)

R .
14: end for
15: return {D(b)

R }Bb=1.

the fitted model, order them, and assign them to the corresponding rank positions. We

then form the bootstrap responses by adding these rank-specific residuals to the fitted

values. As a result, the ranking information is reflected not only through the sampled

observations but also through the residual component of the bootstrap responses, yielding

residual bootstrap samples whose error structure is consistent with the RSS framework.

The proposed SRS-RSS rank-informed residual bootstrap is presented in Algorithm 6.

In this study, all SRS-RSS residual bootstraps are performed using the SRS-RSS

rank-informed residual bootstrap method.

Figure 4.2 illustrates the complete workflow of the SRB procedure under rank-

informed residual bootstrapping. Starting from the SRS training dataDS = {(Xi, Yi)}n=mk
i=1 ,

a regression model f̂S(X) is first fit to obtain the fitted values and residuals {êi}n=mk
i=1 . For
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Figure 4.2: SRB resampling and prediction procedure for SRS data with set size 3 under
rank-informed residual bootstrapping.

each bootstrap replication b = 1, . . . , B, the observations are randomly partitioned into

k rank groups, and, over m repeated cycles, residuals are resampled with replacement,

ordered, and assigned by rank following the rank-informed procedure in Algorithm 6.

Adding each assigned residual to its corresponding fitted value yields the residual boot-

strap RSS sample. For each bootstrap sample, we fit a single regression model and use

it to obtain k rank-specific predictions at the target point x. We then aggregate these

predictions across the B bootstrap replicates to form bagged rank-specific predictors.

For a new SRS test observation, the JPS procedure estimates its rank distribution, and

we then combine the rank-specific predictions through a weighted aggregation scheme

to obtain the final SRB prediction.

This concludes the description of the training and test data generation procedures

and the resampling techniques employed by the proposed RSB and SRB methods

throughout the simulation study.

91



4.6 Estimation and Prediction using Linear Models

In this section, we present simulation results for different covariate and ranking structures.

These settings evaluate the estimation and predictive performance of the proposed rank-

enriched bagging methods, RSB and SRB, and compare them with the standard SSB

approach.

4.6.1 Single Covariate with Single Ranker

We consider a simple linear regression model of the form

Yi = β0 + β1Xi + εi, i = 1, . . . , n, (4.4)

where the random errors satisfy εi
i.i.d.∼ N(0, σ2), so that E(εi) = 0, and Var(εi) = σ2.

The regression coefficients are set to β0 = −1.121 and β1 = 0.424, corresponding to the

simple linear regression model in (4.4) derived from a bivariate normal distribution

N2(µX = 1, µY = 5, σ2
X = 1, σ2

Y = 2, ρXY = 0.6) (Faraji et al., 2022). Following Dell

and Clutter (1972), a ranking variable Rℓ is constructed such that its correlation with

the response variable Y is ρRℓ,Y ∈ {0.85, 0.75, 0.50} representing strong, moderate, and

weak ranking respectively.

We considered a population of size N = 100,000. From this population, an SRS

training sample DS of size n = 120 and an independent SRS test sample Dtest
S of

size 10,000 are selected. Balanced RSS training samples DR of size n = 120 are

also constructed using set sizes k ∈ {2, 4, 6}, following the procedure described in

Section 4.1.2.

The SRS test sample is converted into an RSS representation using the JPS procedure

described in Algorithm 4. Two prediction strategies are considered, described in

Section 4: (i) assigning each observation to its maximum-probability rank and (ii) using
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the full estimated rank probability distribution. For the adjusted-response method, the

correction terms a and d are computed using Equations (2.27) and (2.28), respectively.

For the linear mixed model approach, model parameters are estimated using the BFGS

optimizer in the statsmodels Python package, with L-BFGS and CG employed as fallback

optimization methods when necessary. Throughout this simulation study, it is assumed

that regression errors follow a normal distribution.

For each simulation setting, B = 1000 paired and residual bootstrap samples are

generated to construct the corresponding bagged predictors. The entire experiment

is then independently repeated six times. The results are summarized by the average

relative efficiencies for prediction,

RE(method) =
M̂SE(SSB)

M̂SE(method)
, REpred(method) =

M̂SPE(SSB)

M̂SPE(method)
, (4.5)

where method ∈ {RSB, SRB}.

Tables 4.1 and 4.2 present the predictive relative efficiencies under paired and residual

bootstrapping, respectively. Across all simulation settings, both rank-informed bagging

procedures generally achieve relative efficiencies above 100%, indicating that incorporat-

ing ranking information into the bagging process yields more accurate predictions than

SSB.

Under the paired bootstrap, predictive performance improves as ranking quality

increases and declines as it deteriorates, confirming that the benefit of ranked bagging

depends directly on the quality of the available ranking information. The predictive

performance of RSB and SRB is similar under paired bootstrapping. Although RSB

uses rank information directly from the population, whereas SRB constructs RSS

retrospectively from an SRS sample, both procedures yield highly comparable prediction

accuracies once sufficiently informative ranked bootstrap samples have been generated.

The residual bootstrap exhibits patterns similar to those observed under paired
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bootstrap; predictive efficiency increases. Both RSB and SRB consistently outperform

SSB. The adjusted-response approach provides stable gains across all correlation levels.

Under the LMM framework, RSB demonstrates particularly strong performance, with

predictive efficiencies generally increasing with set size and reaching levels comparable

Table 4.1: Relative efficiencies (REpred) of the fitted simple linear regression model using
the proposed RSB and SRB procedures, relative to the SSB, in the single-ranker setting.
Results are based on a test sample of size n = 120 under paired bootstrapping, with
correlation levels ρ ∈ {0.85, 0.75, 0.5}, set sizes k ∈ {2, 4, 6}, and B = 1000 bootstrap
replicates. “Adjusted” denotes weighted least squares with adjusted response, while
“LMM” refers to the linear mixed model approach. Reported values are the (mean± sd)
relative efficiencies over six independent replications.

Paired Bootstrap

Method ρRℓ,Y Set Size Adjusted LMM

Rank Prob. Rank Prob.

RSB

0.85

2 138.51 ± 2.63 140.59 ± 4.98 132.45 ± 5.27 131.05 ± 8.10

4 155.36 ± 6.08 153.34 ± 6.35 166.45 ± 4.79 172.45 ± 10.19

6 151.86 ± 2.12 149.38 ± 1.91 179.85 ± 9.04 190.94 ± 7.53

0.75

2 126.38 ± 1.43 127.41 ± 2.97 120.36 ± 4.90 119.17 ± 7.26

4 134.91 ± 4.06 133.22 ± 4.43 143.54 ± 2.28 146.85 ± 4.24

6 130.96 ± 3.09 129.25 ± 2.86 146.83 ± 6.17 152.19 ± 9.33

0.50

2 110.97 ± 1.16 111.28 ± 1.52 108.12 ± 2.24 107.96 ± 3.73

4 111.36 ± 1.53 111.09 ± 1.58 111.60 ± 2.40 112.33 ± 2.97

6 108.24 ± 3.59 107.82 ± 3.56 112.15 ± 5.27 114.74 ± 6.41

SRB

0.85

2 136.32 ± 1.86 138.80 ± 6.07 133.71 ± 3.35 132.65 ± 3.27

4 154.67 ± 6.27 153.63 ± 8.77 166.84 ± 5.27 171.51 ± 7.35

6 151.14 ± 7.94 148.71 ± 9.35 183.92 ± 6.75 191.41 ± 9.76

0.75

2 124.85 ± 2.00 126.09 ± 4.80 123.53 ± 2.39 122.64 ± 2.43

4 133.03 ± 4.37 131.78 ± 5.38 141.98 ± 3.71 143.80 ± 4.68

6 129.17 ± 4.43 127.45 ± 5.00 150.05 ± 4.13 152.64 ± 5.83

0.50

2 108.92 ± 1.23 109.44 ± 2.26 108.46 ± 1.00 108.00 ± 1.23

4 109.84 ± 1.78 109.50 ± 1.99 112.60 ± 1.16 112.99 ± 1.90

6 107.58 ± 1.72 107.10 ± 1.83 114.21 ± 1.58 114.47 ± 2.14
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to those obtained under paired bootstrapping.

Under residual bootstrapping for SRB, the probability-based prediction approach

consistently outperforms the maximum-rank approach, particularly under the LMM

framework. These findings show that the probability-based approach better captures

Table 4.2: Relative efficiencies (REpred) of the fitted simple linear regression model using
the proposed RSB and SRB procedures, relative to the SSB, in the single-ranker setting.
Results are based on a test sample of size n = 120 under residual bootstrapping, with
correlation levels ρ ∈ {0.85, 0.75, 0.5}, set sizes k ∈ {2, 4, 6}, and B = 1000 bootstrap
replicates. “Adjusted” denotes weighted least squares with adjusted response, while
“LMM” refers to the linear mixed model approach. Reported values are the (mean± sd)
relative efficiencies over six independent replications.

Residual Bootstrap

Method ρRℓ,Y Set Size Adjusted LMM

Rank Prob. Rank Prob.

RSB

0.85

2 138.85 ± 3.35 140.22 ± 5.05 132.08 ± 5.62 130.65 ± 8.47

4 155.90 ± 5.53 154.63 ± 5.63 165.69 ± 5.74 171.70 ± 11.38

6 151.16 ± 3.91 149.44 ± 3.01 178.19 ± 9.44 188.89 ± 8.25

0.75

2 126.74 ± 2.11 127.35 ± 3.19 119.82 ± 5.39 118.65 ± 7.70

4 135.13 ± 3.47 133.83 ± 3.74 142.96 ± 2.80 146.15 ± 4.90

6 130.62 ± 3.20 129.22 ± 2.86 145.10 ± 7.24 150.27 ± 10.42

0.50

2 111.09 ± 1.31 111.34 ± 1.64 107.88 ± 2.37 107.75 ± 3.90

4 111.25 ± 1.72 111.02 ± 1.79 111.19 ± 2.47 111.93 ± 3.06

6 108.24 ± 2.79 107.85 ± 2.78 112.01 ± 5.25 114.53 ± 6.49

SRB

0.85

2 130.03 ± 6.78 133.85 ± 3.80 131.21 ± 8.93 140.26 ± 8.10

4 144.69 ± 8.02 145.49 ± 6.61 146.22 ± 16.38 167.30 ± 18.29

6 143.16 ± 5.50 141.88 ± 4.80 150.80 ± 19.86 172.16 ± 22.51

0.75

2 121.45 ± 3.89 123.38 ± 2.62 121.58 ± 6.40 131.64 ± 6.15

4 129.10 ± 4.50 128.60 ± 4.07 127.56 ± 11.19 145.94 ± 12.14

6 126.46 ± 2.89 125.13 ± 2.92 128.74 ± 12.90 146.02 ± 14.11

0.50

2 108.18 ± 1.49 108.81 ± 1.67 102.50 ± 3.07 113.92 ± 2.85

4 109.44 ± 1.83 109.16 ± 1.93 96.30 ± 4.72 111.04 ± 4.60

6 107.28 ± 1.16 106.83 ± 1.32 93.82 ± 5.15 106.16 ± 5.11
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uncertainty in retrospectively constructed ranks and yields more reliable out-of-sample

predictions, even in weaker-ranking scenarios where assigning each observation to a

single estimated rank may lead to modest efficiency losses, especially for larger set

sizes. These findings suggest that the probability-based approach better captures the

uncertainty associated with retrospectively constructed ranks and leads to more reliable

out-of-sample predictions.

The relatively small standard deviations across the six independent replications

indicate that the proposed procedures are stable and produce consistent predictive

performance. Overall, both RSB and SRB provide substantial improvements over con-

ventional SSB, with the largest gains occurring when accurate ranking information is

available. The results also highlight the practical advantage of combining the LMM

framework with probability-based prediction, particularly for SRB under residual boot-

strapping, where accounting for rank uncertainty leads to the most reliable predictive

performance.

4.6.2 Single Covariate with Multiple Rankers

This setting follows the same simple linear regression model as in (4.4), with the same

population, training sample, test sample, ranking variables, and simulation specifications

as in the previous subsection. The key difference is that the available rank information

of R1, R2, and R3 is combined using the weighting mechanism described in Section 4.1.2

to construct weighted RSS training samples of size n = 120.

The SRS test sample is similarly converted into an RSS representation using the JPS

procedure in Algorithm 4, where the rank probabilities of the three ranking variables

are aggregated using the proposed weighting scheme. As in the single-ranker setting,

both the maximum-rank and full-probability-distribution approaches are considered for

prediction. For each simulation configuration, B = 1000 paired and residual bootstrap

samples are generated, and the experiment is repeated over the same six random seeds
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used in the previous subsection. In the adjusted response method, the corresponding

aggregated ranking error probability matrix Pk is obtained as in (2.23). The predictive

performances of the proposed RSB and SRB procedures are summarized using the

relative efficiencies defined in Equation (4.5). Table 4.3 presents the corresponding

results under paired and residual bootstrapping.

The proposed RSB and SRB estimators outperform the SSB, with REpred exceeding

100% in all simulation settings. Compared with the corresponding single-ranker results

in Table 4.2, using multiple ranking variables generally results in higher predictive

efficiency, highlighting the potential benefits of incorporating multiple rankers in the

proposed bagging frameworks.

Under paired bootstrapping, RSB and SRB exhibit very similar predictive perfor-

mance. The adjusted-response approach favors the maximum-rank prediction strategy,

with efficiencies generally increasing as the set size increases. In the LMM framework,

substantially larger gains are observed, particularly for larger set sizes.

Residual bootstrap shows trends similar to those under paired bootstrap. For RSB,

predictive efficiency remains stable in the two resampling schemes. The adjusted-response

approach again favors the maximum-rank prediction strategy, whereas under the LMM

framework, the probability-based prediction becomes increasingly competitive as set size

increases. For SRB, the adjusted-response method follows the same overall pattern as

in the paired bootstrap. Under the LMM framework, the probability-based prediction

strategy consistently outperforms the maximum-rank approach across all set sizes.
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Table 4.3: Relative efficiencies (REpred) of the fitted simple linear regression models
using the proposed RSB and SRB procedures relative to the SSB, using three rankers
with ρR1,Y = 0.85, ρR2,Y = 0.75, and ρR3,Y = 0.50. Results are based on a test sample
of size n = 120 under paired and residual bootstrapping with set sizes k ∈ {2, 3, 4, 5, 6}
and B = 1000 bootstrap replicates. “Adjusted” denotes weighted least squares with
adjusted response, while “LMM” refers to the linear mixed model approach. Reported
values are the (mean± sd) relative efficiencies over six independent replications.

Paired Bootstrap

Method Set Size Adjusted LMM

Rank Prob. Rank Prob.

RSB

2 139.94 ± 3.77 129.86 ± 4.68 136.14 ± 7.49 126.36 ± 7.10

3 147.21 ± 6.72 133.40 ± 5.84 159.13 ± 10.57 146.70 ± 12.76

4 148.90 ± 3.37 135.10 ± 2.74 175.62 ± 8.11 167.08 ± 13.30

5 150.06 ± 4.14 136.58 ± 4.11 188.13 ± 10.83 198.54 ± 21.05

6 143.20 ± 4.25 131.22 ± 4.51 189.39 ± 8.56 190.08 ± 14.40

SRB

2 137.39 ± 2.91 128.10 ± 4.69 138.47 ± 3.94 128.70 ± 2.50

3 148.02 ± 4.63 135.14 ± 5.43 162.24 ± 4.37 150.29 ± 4.68

4 147.70 ± 5.28 134.58 ± 5.58 177.37 ± 5.95 166.62 ± 7.00

5 146.01 ± 5.79 133.48 ± 6.00 186.95 ± 6.29 179.14 ± 8.14

6 142.48 ± 5.64 130.96 ± 5.80 193.79 ± 7.43 188.87 ± 9.79

Residual Bootstrap

Method Set Size Adjusted LMM

Rank Prob. Rank Prob.

RSB

2 140.19 ± 4.21 129.86 ± 5.02 135.60 ± 7.88 125.98 ± 7.48

3 146.86 ± 6.36 133.85 ± 5.49 158.50 ± 10.56 146.42 ± 12.99

4 148.32 ± 3.38 135.82 ± 2.29 174.39 ± 9.18 166.34 ± 14.02

5 146.78 ± 4.62 135.98 ± 4.03 186.79 ± 11.18 197.12 ± 22.23

6 141.90 ± 3.62 131.59 ± 2.96 187.59 ± 8.53 188.29 ± 14.73

SRB

2 132.18 ± 5.18 125.29 ± 2.31 137.41 ± 10.30 137.51 ± 7.17

3 140.68 ± 5.68 131.36 ± 3.22 148.26 ± 14.37 158.24 ± 13.05

4 140.98 ± 5.95 131.16 ± 3.34 150.73 ± 17.73 170.17 ± 17.19

5 139.60 ± 4.50 130.10 ± 2.41 150.33 ± 19.02 177.09 ± 20.11

6 137.22 ± 4.27 128.13 ± 2.27 149.93 ± 21.23 182.06 ± 22.78
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In the multiple-ranker setting, predictive performance remains comparable to or

better than that of the single-ranker setting, despite the inclusion of one relatively weak

ranker (ρRℓ,Y = 0.50). This is because the stronger rankers continue to provide reliable

ranking information. In the single-ranker setting, predictive performance depends

entirely on the quality of the available ranking variable and deteriorates noticeably when

the ranking correlation decreases.

4.7 Estimation and Prediction using Spline Models

In many applications, more flexible models than linear regression are required to

approximate nonlinear relationships, improve predictive performance, and obtain more

accurate estimates. In recent years, cubic smoothing spline regression models have

become increasingly popular in statistical modeling. A cubic spline is a continuous

piecewise polynomial function constructed by joining cubic polynomials over intervals

defined by a set of knots. Its first and second derivatives, as well as the function itself,

must remain continuous across the entire range of the covariate.

In general, a cubic spline regression model with Q knots {ξ1, . . . , ξQ} can be expressed

as

Yi = β0 +
3∑

d=1

βdX
d
i +

Q∑
q=1

β3q(Xi − ξq)
3
+ + εi, i = 1, . . . , n, (4.6)

where (Xi − ξq)
3
+ = (Xi − ξq)

3I(Xi ≥ ξl) denotes a truncated cubic polynomial. For an

SRS data DS = {(Xi, Yi) : i = 1, . . . , n}, the cubic spline model can be written in matrix

form as Y = Xβ + ε, where X is the design matrix whose i-th row is given by X⊤
i ={

1, Xi, X
2
i , X

3
i , (Xi − ξ1)

3
+, . . . , (Xi − ξQ)

3
+

}
, and β⊤ = (β0, β1, β2, β3, βD1, . . . , βDQ).

Under the standard assumptions for SRS data, the error vector satisfies E(ε) =

0,Var(ε) = σ2In.
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In previous studies, Algarni (2016) and Al Kadiri (2017) explored spline regression

modeling using RSS. However, these approaches followed the framework introduced by

Muttlak (1995) and did not fully incorporate the available rank information in model

estimation. In this simulation study, we consider a cubic spline regression model with

three knots with degree three. For an RSS sample DR of size n = mk, represented as

{(X[r]j, Y[r]j) : r = 1, 2, 3, j = 1, . . . ,m} the corresponding cubic spline model can be

written as

Y[r]j = β0 +
3∑

d=1

βdX
d
[r]j +

3∑
q=1

β3l(X[r]j − ξl)
3
+ + ε[r]j. (4.7)

In the nonlinear setting, the data generation mechanism of Faraji et al. (2022) is followed.

Data are generated from the nonlinear model

Y = 2 sin(X) e−X2

+ ε, (4.8)

where X ∼ Uniform(−2, 2) and ε ∼ N (0, 0.122) (Algarni, 2016). The ranking variable

Rℓ is generated following the model of Dell and Clutter (1972) such that ρRℓ,Y ∈

{0.85, 0.75, 0.50}, representing strong, moderate, and weak ranking quality, respectively.

For the adjusted-response approach, the imperfect-ranking probabilities are estimated

from the SRS training sample of size n = 120.

The simulation settings are identical to those used in the linear regression study,

except that the number of bootstrap replications is reduced to B = 500 due to the

increased computational cost of fitting spline models. Figures 4.3 and 4.4 present the

fitted spline regression curves obtained using the baseline SSB method together with

the proposed RSB and SRB methods under the paired and residual bootstrap schemes,

respectively. Although model performance was evaluated using an independent test

sample of size n = 10,000 and 500 bootstrap replicates, for visual clarity only a randomly

selected subset of 240 test observations and a maximum of 200 bootstrap curves are
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Figure 4.3: Fitted spline
regression models obtained
via the paired bootstrap
for the single-ranker setting,
using the proposed RSB
and SRB frameworks, with
set size k = 3 and ρRℓ,Y =
0.85. The top presents RSB

results, where the left, middle, and right panels correspond to the SSB estimator obtained
from SRS test data, the RSB estimator based on the adjusted-response approach, and
the RSB estimator based on the LMM approach, respectively. The bottom row presents
the corresponding SRB estimators based on the adjusted-response and LMM approaches.
Grey points denote the original SRS test observations, whereas colored points indicate
the observations assigned to each rank: blue (k = 1), orange (k = 2), and green (k = 3).
The thick curves represent the corresponding bagged spline estimators, while the faint
curves show a bootstrap spline fit used to construct the final bagged estimators. The
black dotted curve in each panel represents the SSB estimator.

displayed for set size k = 3, where the ranking variable is generated using the Dell and

Clutter model with ρRℓ,Y = 0.85.

The REpred are computed using Equation (4.5), and the corresponding efficiencies

from paired and residual bootstrapping are summarized in Tables 4.4 and 4.5, respectively,

for comparison. Non-linear REpred followed the same pattern observed for linear single-

and multi-rankers settings: all relative efficiencies exceeded 100%, demonstrating that

incorporating ranking information into the bagging procedure consistently improves

predictive performance over the SSB approach, even in the more challenging non-linear

setting.
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Figure 4.4: Fitted spline
regression models obtained
via the residual bootstrap
for the single-ranker setting,
using the proposed RSB
and SRB frameworks, with
set size k = 3 and ρRℓ,Y =
0.85. The top presents RSB

results, where the left, middle, and right panels correspond to the SSB estimator obtained
from SRS test data, the RSB estimator based on the adjusted-response approach, and
the RSB estimator based on the LMM approach, respectively. The bottom row presents
the corresponding SRB estimators based on the adjusted-response and LMM approaches.
Grey points denote the original SRS test observations, whereas colored points indicate
the observations assigned to each rank: blue (k = 1), orange (k = 2), and green (k = 3).
The thick curves represent the corresponding bagged spline estimators, while the faint
curves show a bootstrap spline fit used to construct the final bagged estimators. The
black dotted curve in each panel represents the SSB estimator.

Predictive performance increases with ranking quality and generally with larger set

sizes in paired bootstrapping. For both RSB and SRB, the strongest improvements

are observed when ρRℓ,Y = 0.85; as ranker quality deteriorates, efficiencies become

more modest. As in the linear regression setting, the adjusted-response and LMM

approaches yield comparable results, whereas the probability-based prediction strategy

outperforms the maximum-rank approach. RSB and SRB exhibit very similar predictive

performance, indicating that the retrospective construction of ranked bootstrap samples

in SRB effectively recovers most of the efficiency achieved when RSS training samples

are directly available.

The residual bootstrap exhibits similar overall trends, although its relative efficiency is

generally lower than that of paired bootstrapping. In SRB, the two prediction strategies
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are clearly distinguished, and the probability-based prediction approach consistently

outperforms the maximum-rank approach across all ranking qualities and set sizes,

particularly under the LMM framework. Overall, the single-covariate spline model with

single-rank results reinforces the conclusions from the linear regression study.

Table 4.4: Relative efficiencies (REpred) of the fitted spline model using the proposed
RSB and SRB procedures, relative to the SSB, in the single-ranker setting. Results are
based on a test sample of size n = 120 under paired bootstrapping, with correlation
levels ρ ∈ {0.85, 0.75, 0.5}, set sizes k ∈ {2, 4, 6}, and B = 500 bootstrap replicates.
“Adjusted” denotes weighted least squares with adjusted response, while “LMM” refers
to the linear mixed model approach. Reported values are the (mean ± sd) relative
efficiencies over six independent replications.

Paired Bootstrap

Method ρRℓ,Y Set Size Adjusted LMM

Rank Prob. Rank Prob.

RSB

0.85

2 116.78 ± 9.91 128.27 ± 8.14 111.98 ± 7.05 111.44 ± 7.22

4 141.44 ± 9.19 152.31 ± 8.91 135.76 ± 7.74 139.76 ± 9.70

6 146.37 ± 6.53 147.30 ± 6.44 144.91 ± 10.00 150.30 ± 10.08

0.75

2 111.93 ± 10.58 118.86 ± 9.65 108.34 ± 6.78 107.83 ± 6.81

4 125.33 ± 7.16 129.95 ± 6.65 121.46 ± 7.43 124.96 ± 10.97

6 130.80 ± 4.86 130.34 ± 4.68 128.90 ± 7.56 133.65 ± 6.69

0.50

2 103.04 ± 8.71 105.88 ± 8.30 100.04 ± 5.61 100.16 ± 5.89

4 107.20 ± 6.31 108.02 ± 6.98 104.05 ± 4.83 105.87 ± 7.61

6 109.83 ± 4.57 109.94 ± 4.66 105.59 ± 5.53 107.67 ± 4.95

SRB

0.85

2 122.41 ± 4.80 135.69 ± 6.11 116.50 ± 2.89 115.80 ± 3.25

4 143.13 ± 5.62 150.69 ± 7.86 134.20 ± 6.70 135.56 ± 8.16

6 146.68 ± 7.01 147.97 ± 8.06 144.00 ± 8.87 146.66 ± 11.26

0.75

2 116.15 ± 4.31 124.40 ± 4.91 111.81 ± 2.88 111.11 ± 3.17

4 127.16 ± 3.98 130.29 ± 5.03 121.26 ± 5.65 121.95 ± 6.88

6 127.63 ± 4.43 127.35 ± 4.62 126.21 ± 7.58 127.03 ± 8.78

0.50

2 106.19 ± 2.56 109.08 ± 2.70 104.29 ± 1.63 104.12 ± 1.87

4 109.73 ± 2.85 110.26 ± 2.70 106.70 ± 3.36 106.74 ± 3.57

6 109.00 ± 2.82 109.03 ± 2.80 107.52 ± 3.66 107.73 ± 4.02
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Table 4.5: Relative efficiencies (REpred) of the fitted spline model using the proposed
RSB and SRB procedures, relative to the SSB, in the single-ranker setting. Results are
based on a test sample of size n = 120 under residual bootstrapping, with correlation
levels ρ ∈ {0.85, 0.75, 0.5}, set sizes k ∈ {2, 4, 6}, and B = 500 bootstrap replicates.
“Adjusted” denotes weighted least squares with adjusted response, while “LMM” refers
to the linear mixed model approach. Reported values are the (mean ± sd) relative
efficiencies over six independent replications.

Residual Bootstrap

Method ρRℓ,Y Set Size Adjusted LMM

Rank Prob. Rank Prob.

RSB

0.85

2 118.17 ± 4.36 126.74 ± 7.38 112.48 ± 3.48 111.47 ± 3.73

4 137.72 ± 6.00 145.38 ± 8.10 128.15 ± 8.63 131.61 ± 10.23

6 139.29 ± 5.70 143.62 ± 6.57 139.68 ± 3.87 150.22 ± 8.63

0.75

2 112.96 ± 2.65 118.30 ± 4.41 107.74 ± 2.77 106.82 ± 3.00

4 123.54 ± 3.40 126.82 ± 3.72 118.87 ± 4.56 121.76 ± 6.64

6 122.34 ± 8.50 123.82 ± 8.40 122.46 ± 5.27 128.86 ± 6.32

0.50

2 105.33 ± 2.87 107.77 ± 2.58 102.60 ± 2.08 102.17 ± 2.08

4 106.28 ± 7.90 106.99 ± 8.19 104.09 ± 8.20 105.17 ± 8.92

6 103.22 ± 4.94 103.63 ± 5.05 102.58 ± 4.46 104.82 ± 5.18

SRB

0.85

2 104.11 ± 6.44 121.67 ± 5.52 109.06 ± 4.90 120.28 ± 4.96

4 114.54 ± 7.62 125.43 ± 7.85 109.43 ± 7.87 124.29 ± 8.40

6 120.95 ± 8.06 126.89 ± 7.79 108.72 ± 8.52 122.68 ± 9.50

0.75

2 105.19 ± 5.38 116.06 ± 3.43 105.15 ± 3.60 116.24 ± 3.88

4 113.70 ± 4.92 118.79 ± 4.93 102.85 ± 6.00 116.83 ± 6.44

6 116.99 ± 5.03 119.25 ± 4.61 101.45 ± 6.52 113.81 ± 7.15

0.50

2 102.72 ± 3.02 106.57 ± 1.27 95.60 ± 2.19 106.75 ± 1.85

4 105.84 ± 1.67 106.77 ± 1.85 88.21 ± 3.89 100.56 ± 3.30

6 106.33 ± 1.61 106.92 ± 1.47 85.18 ± 4.13 95.60 ± 4.08

4.7.1 Single Covariate Spline Regression with Multiple Rankers

In the previous section, spline regression models were investigated in the single-ranking

setting, considering ranking variables with strong, moderate, and weak ranking abilities.
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We now extend this framework to the multiple-ranking setting by generating three

ranking variables, R1, R2, and R3, such that ρRℓ,Y ∈ {0.85, 0.75, 0.50}, ℓ = 1, 2, 3, and

using them all in constructing RSS data. Balanced RSS samples are constructed using

set sizes k ∈ {2, 3, 4, 5, 6} while maintaining a fixed training sample size of n = 120.

The remaining simulation settings are identical to those used in the previous spline

regression study. In particular, we used B = 500 bootstrap replicates and repeated the

experiment with the same six independent random seeds used in the linear regression

simulations. Figures 4.5 and 4.6 present the fitted spline regression curves obtained

using the baseline SSB method together with the proposed RSB and SRB methods under

the paired and residual bootstrap schemes, respectively. Although model performance

was evaluated using an independent test sample of size n = 10,000 and 500 bootstrap

replicates, only a randomly selected subset of 240 test observations and a maximum of

200 bootstrap curves are displayed for visual clarity. The results correspond to a set size

of k = 3. Table 4.6 summarizes the average predictive relative efficiencies, calculated

using Equation (4.5), for the proposed RSB and SRB methods relative to SSB using

paired and residual bootstrapping.

Despite incorporating a relatively weak ranking variable, both RSB and SRB achieve

higher predictive gains under paired bootstrapping across all set sizes. The adjusted-

response and LMM approaches produce very similar trends, and the differences between

the maximum-rank and probability-based prediction strategies remain relatively small.

The two methods also perform almost identically throughout, even in this more complex

non-linear setting. Under residual bootstrapping, the overall efficiencies are lower than

those obtained under paired bootstrapping but remain consistently above 100%. For

RSB, predictive performance improves steadily as set size increases under both the

adjusted-response and LMM approaches. By contrast, SRB again benefits substantially

from the probability-based prediction strategy, particularly under the LMM framework.
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Figure 4.5: Fitted spline
regression models obtained
via the paired bootstrap
for the multiple-ranker set-
ting, using the proposed
RSB and SRB frameworks,
with set size k = 3 and
ρR1,Y = 0.85, ρR2,Y = 0.75,
and ρR3,Y = 0.50. The top

presents RSB results, where the left, middle, and right panels correspond to the SSB
estimator obtained from SRS test data, the RSB estimator based on the adjusted-
response approach, and the RSB estimator based on the LMM approach, respectively.
The bottom row presents the corresponding SRB estimators based on the adjusted-
response and LMM approaches. Grey points denote the original SRS test observations,
whereas colored points indicate the observations assigned to each rank: blue (k = 1),
orange (k = 2), and green (k = 3). The thick curves represent the corresponding bagged
spline estimators, while the faint curves show a bootstrap spline fit used to construct
the final bagged estimators. The black dotted curve in each panel represents the SSB
estimator.
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Figure 4.6: Fitted spline
regression models obtained
via the residual bootstrap
for the multiple-ranker set-
ting, using the proposed
RSB and SRB frameworks,
with set size k = 3 and
ρR1,Y = 0.85, ρR2,Y = 0.75,
and ρR3,Y = 0.50. The top

presents RSB results, where the left, middle, and right panels correspond to the SSB
estimator obtained from SRS test data, the RSB estimator based on the adjusted-
response approach, and the RSB estimator based on the LMM approach, respectively.
The bottom row presents the corresponding SRB estimators based on the adjusted-
response and LMM approaches. Grey points denote the original SRS test observations,
whereas colored points indicate the observations assigned to each rank: blue (k = 1),
orange (k = 2), and green (k = 3). The thick curves represent the corresponding bagged
spline estimators, while the faint curves show a bootstrap spline fit used to construct
the final bagged estimators. The black dotted curve in each panel represents the SSB
estimator.
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Table 4.6: Relative efficiencies (REpred) of the fitted spline regression models using
the proposed RSB and SRB procedures relative to the SSB, using three rankers with
ρR1,Y = 0.85, ρR2,Y = 0.75, and ρR3,Y = 0.50. Results are based on a test sample of size
n = 120 under paired and residual bootstrapping with set sizes k ∈ {2, 3, 4, 5, 6} and
B = 500 bootstrap replicates. “Adjusted” denotes weighted least squares with adjusted
response, while “LMM” refers to the linear mixed model approach. Reported values are
the (mean± sd) relative efficiencies over six independent replications.

Paired Bootstrap

Method Set Size Adjusted LMM

Rank Prob. Rank Prob.

RSB

2 220.87 ± 101.43 218.30 ± 95.91 213.23 ± 103.87 204.78 ± 97.46

3 239.21 ± 107.46 236.18 ± 104.66 227.55 ± 105.99 223.85 ± 99.44

4 246.50 ± 116.80 238.50 ± 113.87 244.28 ± 111.48 244.02 ± 104.36

5 256.02 ± 118.78 244.26 ± 114.02 266.74 ± 119.54 268.29 ± 114.66

6 244.87 ± 109.63 236.00 ± 108.14 253.75 ± 109.64 257.91 ± 112.55

SRB

2 227.84 ± 105.53 229.29 ± 109.42 212.78 ± 99.84 206.23 ± 97.61

3 247.75 ± 116.89 243.08 ± 119.45 235.77 ± 111.23 228.04 ± 109.95

4 254.53 ± 122.98 243.94 ± 120.28 252.21 ± 120.39 244.94 ± 119.68

5 255.18 ± 122.09 241.69 ± 116.88 262.79 ± 124.70 257.65 ± 126.35

6 251.00 ± 121.56 236.31 ± 114.89 270.75 ± 128.37 268.14 ± 132.72

Residual Bootstrap

Method Set Size Adjusted LMM

Rank Prob. Rank Prob.

RSB

2 122.54 ± 6.65 119.68 ± 4.47 113.58 ± 6.97 110.33 ± 6.32

3 127.45 ± 10.32 125.00 ± 8.30 122.66 ± 9.29 120.88 ± 9.16

4 134.90 ± 9.27 130.49 ± 8.63 132.88 ± 11.28 129.60 ± 9.79

5 137.84 ± 4.78 131.11 ± 3.86 144.60 ± 7.83 142.34 ± 10.55

6 128.41 ± 6.50 124.29 ± 5.55 141.97 ± 5.04 144.26 ± 9.10

SRB

2 111.72 ± 7.01 119.23 ± 3.11 111.71 ± 5.74 119.64 ± 4.58

3 117.53 ± 8.74 122.97 ± 3.87 112.09 ± 8.40 126.81 ± 7.11

4 120.51 ± 7.67 123.20 ± 4.95 109.54 ± 8.73 128.48 ± 8.31

5 122.02 ± 6.83 122.77 ± 4.35 107.17 ± 9.57 129.30 ± 9.09

6 123.32 ± 5.80 122.33 ± 3.87 105.95 ± 8.54 129.89 ± 9.39
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Comparing the single and multiple-ranker settings reveals an important practical

finding. Although the multiple-ranker framework incorporates a weak-ranking variable

with ρRℓ,Y = 0.50, its predictive performance is superior to that of the single ranker

case. This shows that the proposed weighted RSS mechanism combines several ranking

variables to integrate complementary information while reducing the influence of any

individual weak ranker. As a result, the collective ranking signal provides a more

accurate representation of the underlying ordering than any single variable alone,

yielding substantially larger gains in predictive efficiency. Collectively, these results

confirm that combining multiple ranking variables is more beneficial than relying on a

single ranker, even when some of the individual ranks are only moderately or weakly

informative.

4.7.2 Additive Spline Regression with Multiple Rankers

We now extend the nonlinear regression framework to the multiple-covariate, multiple-

ranker setting. Eight independent covariates, X1, . . . , X8
i.i.d.∼ Uniform(−2, 2), are gener-

ated, and the response variable is defined by

Y =
8∑

j=1

2 sin(Xj)e
−X2

j + ε, (4.9)

where ε ∼ N (0, 0.122). The remaining simulation settings, including the ranking

mechanism, sampling design, bootstrap procedures, and prediction strategies, are

identical to those described in Section 4.7.1.

Unlike the single-covariate setting, this scenario involves a high-dimensional nonlinear

regression problem in which the additive spline basis yields a large number of predictors

relative to the sample size. Each covariate is modeled using a cubic B-spline basis of

degree 3 with 3 interior knots. The spline basis is constructed to include an intercept,

resulting in a single global intercept in the final additive spline regression model. To
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Table 4.7: Relative efficiencies (REpred) of the LASSO-regularized additive fitted spline
regression models using the proposed RSB and SRB procedures relative to the SSB,
using three rankers with ρR1,Y = 0.85, ρR2,Y = 0.75, and ρR3,Y = 0.50. Results are
based on a test sample of size n = 120 under paired and residual bootstrapping with
set sizes k ∈ {2, 4, 6} and B = 500 bootstrap replicates. “Adjusted” denotes weighted
least squares with adjusted response, while “LMM” refers to the linear mixed model
approach. Reported values are the (mean± sd) relative efficiencies over six independent
replications.

Paired Bootstrap

Method Set Size Adjusted LMM

Rank Prob. Rank Prob.

RSB

2 85.71 ± 9.76 102.19 ± 12.05 103.26 ± 7.62 102.78 ± 7.44

4 107.22 ± 14.19 117.01 ± 18.47 109.77 ± 20.00 109.46 ± 20.45

6 117.64 ± 10.82 117.90 ± 12.64 113.95 ± 12.85 114.16 ± 14.10

SRB

2 92.64 ± 9.65 109.73 ± 3.42 100.52 ± 4.21 99.95 ± 4.06

4 108.42 ± 10.17 117.30 ± 2.53 102.56 ± 3.94 101.69 ± 3.68

6 116.04 ± 6.05 118.31 ± 3.48 102.62 ± 4.42 101.74 ± 4.14

Residual Bootstrap

Method Set Size Adjusted LMM

Rank Prob. Rank Prob.

RSB

2 80.12 ± 15.33 80.40 ± 17.39 106.42 ± 10.11 106.09 ± 10.13

4 108.87 ± 25.52 107.23 ± 29.13 109.84 ± 24.16 109.72 ± 24.53

6 116.37 ± 14.79 112.36 ± 16.11 113.38 ± 21.16 114.30 ± 22.82

SRB

2 93.30 ± 19.00 120.66 ± 11.80 112.64 ± 10.35 114.26 ± 8.66

4 101.77 ± 25.34 121.67 ± 18.73 113.69 ± 14.15 120.60 ± 13.11

6 110.83 ± 22.84 122.15 ± 17.33 112.53 ± 15.36 121.80 ± 15.10

accommodate this setting, we employ LASSO-regularized WLS for the adjusted response

and LMM, as described in Chapter 2. The Prediction performance is evaluated using

the relative efficiency measure REpred defined in Equation (4.5). The corresponding

results under paired and residual bootstrapping are summarized in Table 4.7.

The adjusted-response approach with paired bootstrap, combined with the probability-
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based prediction strategy, consistently provides the strongest performance for both RSB

and SRB. For both methods, REpred increases steadily with the set size. In contrast, the

maximum-rank prediction strategy occasionally performs worse than SSB for smaller set

sizes, in a complex nonlinear setting. LMM approach exhibits different behavior under

paired bootstrapping. RSB produces modest but consistent improvements over SSB,

whereas SRB yields efficiencies close to 100%.

Under residual bootstrapping, the differences between RSB and SRB become more

apparent. The probability-based prediction strategy substantially improves SRB perfor-

mance across all set sizes, while RSB produces moderate gains. Compared with the linear

regression results, the efficiency gains are smaller, and the variability across replications

is larger. This is expected because additive spline models estimate substantially more

parameters from the same sample size, making the prediction problem inherently more

difficult. Nevertheless, the proposed RSS-based bagging methods continue to outperform

classical SSB in most settings.

4.8 Real Data: Body Fat

To conclude Chapter 4, we illustrate the proposed ranked-enriched bagging methods

using a real dataset to predict the percentage of body fat (BF) in adults, an important

indicator of obesity. Accurate measurement of body fat percentage often requires

specialized techniques, such as hydrodensitometry (underwater weighing), which rely on

sophisticated equipment typically available only in clinical or research settings Johnson

(1996). Developing reliable predictive models using readily available covariates, together

with a limited number of body fat measurements, is of considerable practical importance

Johnson (1996).

In this setting, the proposed RSB and SRB frameworks are expected to yield more

accurate and stable bagged predictions than SSB based on SRS. By incorporating
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ranking information into the resampling and prediction processes, the proposed method

leverages the statistical advantages, yielding more informative bootstrap samples and

improved prediction accuracy for body fat percentage.

The dataset used in this analysis is publicly available through Kaggle (Johnson and

Zappatini, 2023). It combines data from two independent studies on body fat estimation,

comprising 252 male participants Johnson (1996) and 184 female participants Johnson

(2021), for a total of 436 individuals. In both studies, body fat percentage was estimated

from body density measured by hydrodensitometry and converted using the equation

proposed by Siri (1956), a widely accepted and accurate method for assessing body

fat. The dataset contains 15 variables, including body fat percentage (%BF), sex

(M/F), weight (kg), age (years), height (m), and 10 anthropometric circumference

measurements (cm). Although direct measurement of body fat is relatively costly and

requires specialized equipment, the remaining variables can be obtained quickly and

inexpensively using standard equipment such as a scale and a tape measure.

The body fat dataset has been widely used in the statistical literature as a real-

data benchmark for evaluating regression and resampling methodologies. Rabbi et al.

(2021) used the dataset to illustrate a paired bootstrap model selection criterion, while

Norouzirad et al. (2018) applied it to weighted least absolute deviations regression

models. In addition, Terpstra and Wang (2008) employed the dataset to investigate

confidence intervals for a single population proportion under RSS, using body mass

index (BMI), computed from an individual’s height and weight, as the ranking variable.

In this section, we treat the BF dataset as the finite population. Our objective is

to develop predictive models to estimate body fat percentage from available covariates.

As discussed previously, ranking information may be obtained from various sources. In

this analysis, we use five empirical equations reported in the literature to estimate %BF

from BMI, age, weight, and gender. The resulting estimated %BF serves as a ranking
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variables.

(i) Deurenberg et al. (1991) developed the following equation using data from a Dutch

cohort of 521 men and 708 women aged 7–83 years

%BF = 1.20BMI + 0.23 age− 10.8 gender− 5.4,

where gender = 1 for men and 0 for women.

(ii) Martarelli et al. (2008) proposed separate equations for men and women based on

an Italian cohort of 422 men and 341 women aged 11–80 years

Men: %BF =
1.407BMI− 21.389

weight
× 100,

Women: %BF =
1.9337BMI− 26.422

weight
× 100.

(iii) The following body fat prediction equation, attributed to Gallagher et al. and

reported by Bennouar et al. (2023), was derived from data collected on an American

cohort of 214 men and 290 women aged 20–94 years

%BF = 1.506BMI + 0.133 age− 11.481 gender− 11.52,

where gender = 1 for men and 0 for women.

(iv) Jackson et al. (1980) derived another equation from an American cohort of 402

men and 283 women aged 19–43 years

%BF = 1.61BMI + 0.13 age− 12.1 gender− 13.9,

where gender = 1 for men and 0 for women.
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(v) Gómez-Ambrosi et al. (2012) proposed the following equation using a sample of

6,510 white individuals (2,154 men and 4,356 women) aged 18–80 years

%BF = − 44.988 + 0.503 age + 10.689 sex + 3.172BMI− 0.026BMI2

+ 0.181BMI× sex− 0.020BMI× age

− 0.005BMI2 × sex + 0.00021BMI2 × age,

where sex = 0 for men and 1 for female.

As each above equation was derived from data corresponding to a specific age range,

the appropriate equation is applied only within its valid age interval to generate ranks.

The ranking variables were generated from the participants’ age, sex, weight, height,

and BMI; these variables were not included as covariates in the predictive models. The

remaining 10 anthropometric measurements, neck, chest, abdomen, hip, thigh, knee,

ankle, bicep, forearm, and wrist circumferences, were used as predictor variables, while

body fat percentage %BF served as the response variable. The weighting mechanism

presented in (2.24) was used to assign weights to each rank based on the correlation

between the ranking variable and %BF. The distributions of %BF for male and female

participants are presented in Figure 4.7.

Few observations were identified as data-entry errors and removed before analysis.

For example, based on the BMI distribution, two extreme outliers corresponding to

observations 39 and 42 were excluded Loewen and Jafari Jozani (2026). Similarly, obser-

vation 372 was removed because it contained implausible values, with the participant’s

age recorded as 1 year and height recorded as 1.64 m. Outliers were identified using the

interquartile range (IQR) criterion, considering the covariates listed above, and removed

before analysis.
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Figure 4.7: Distribution of body fat (%) for 252 males (left) and 184 females (right).

We consider a multiple linear regression model and randomly generate SRS and RSS

training samples of size n = 120, together with an independent test sample of the same

size. For the RSS design, balanced ranked set samples are constructed using set sizes

k ∈ {2, 3, 4, 5, 6} with cycle size m = n/k. For each setting, B = 1000 bootstrap samples

are generated under both paired and residual bootstrapping, and the corresponding

bagged models are fitted. The entire experiment is then independently repeated six

times.

LASSO-regularized fitted models are used to predict %BF for the test observations

using the two prediction strategies introduced in Section 4.3: (i) the maximum-rank,

and (ii) the probability-based approach. Model performance is then evaluated using the

relative efficiencies, RE and REpred, of the proposed RSB and SRB methods relative

to the classical SSB. For the adjusted-response approach, the average confusion matrix

P(ℓ)
k , described in Section 2.8, is estimated from the initial SRS training sample used to

construct the SRB procedure.

Table 4.8 summarizes the average estimation efficiencies obtained from the training

samples over the six replications. Whenever out-of-bag (OOB) observations are available,
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they are used to compute the training error, providing an unbiased assessment of

estimation performance. Under paired bootstrapping, both RSB and SRB consistently

outperform the classical SSB procedure, with nearly all relative efficiencies exceeding

100%. The SRB procedure consistently achieves larger efficiency gains than RSB,

particularly under the adjusted-response approach, while the LMM framework yields

the highest efficiencies for both methods. Although the improvement does not increase

monotonically with set size under imperfect ranking, the overall results demonstrate that

the proposed methods remain effective even when the ranking information is subject to

error.

Table 4.8: Relative efficiencies (RE) of the LASSO-regularized fitted multiple linear
regression models for estimating %BF using the proposed RSB and SRB procedures
relative to the SSB. Results are based on training samples of size n = 120 under paired
and residual bootstrapping with set sizes k ∈ {2, 3, 4, 5, 6} and B = 1000 bootstrap
replicates. “Adjusted” denotes weighted least squares with adjusted-response, while
“LMM” refers to the linear mixed model approach. Reported values are relative efficiencies
(mean± sd) over six independent replications.

RSB SRB

Bootstrap
Set
size

Adjusted LMM Adjusted LMM

Paired

2 118.02 ± 13.88 120.47 ± 17.57 127.17 ± 6.70 141.25 ± 10.52

3 120.68 ± 19.04 124.80 ± 26.65 132.91 ± 7.83 146.81 ± 11.46

4 123.38 ± 14.57 129.04 ± 20.31 134.61 ± 7.75 151.47 ± 12.26

5 130.43 ± 24.49 139.11 ± 23.52 134.67 ± 7.34 154.62 ± 12.22

6 111.27 ± 10.21 120.56 ± 14.58 133.76 ± 7.47 157.30 ± 12.99

Residual

2 103.89 ± 5.68 126.00 ± 16.11 72.14 ± 3.51 78.26 ± 2.18

3 101.61 ± 12.65 132.97 ± 23.74 74.01 ± 3.60 69.86 ± 2.06

4 100.16 ± 13.90 138.27 ± 19.90 75.45 ± 3.64 65.67 ± 2.09

5 104.46 ± 19.92 151.64 ± 22.00 76.74 ± 3.51 63.48 ± 2.06

6 90.17 ± 9.04 131.63 ± 15.64 77.78 ± 3.20 61.52 ± 2.07

However, residual bootstrap exhibits a different training pattern. For the residual

bootstrapping adjusted-response method, RSB provides modest but consistent improve-
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ments over SSB, while SRB exhibits efficiencies below 100% for training data, indicating

that estimating the ranking information introduces additional variability during model

fitting. However, this reduction in training efficiency does not carry over to the prediction

results. In contrast, the LMM approach substantially improves performance for both

RSB and SRB, with higher efficiency gains.

Table 4.9 reports the average prediction efficiencies evaluated on the independent

test samples across the six replications. Previous studies identified approximately

2.5% of the BF observations as influential according to Cook’s distance Loewen and

Jafari Jozani (2026), suggesting that the dataset presents a challenging prediction

problem for conventional OLS regression.

With paired bootstrapping, both RSB and SRB outperform the SSB across all

set sizes. The adjusted-response method provides consistent improvements over the

SSB, while the LMM framework produces the largest gains for both RSB and SRB.

LLM efficiency gains generally increase with set size. The probability-based prediction

strategy performs comparably to the maximum-rank approach, although neither strategy

completely dominates across all settings. Overall, these results demonstrate that both

prediction strategies provide reliable improvements over the SSB.
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Table 4.9: Relative efficiencies (REpred) of the LASSO-regularized fitted multiple linear
regression models for estimating %BF using the proposed RSB and SRB procedures
relative to the SSB. Results are based on a test sample of size n = 120 under paired
and residual bootstrapping with set sizes k ∈ {2, 3, 4, 5, 6} and B = 1000 bootstrap
replicates. “Adjusted” denotes weighted least squares with adjusted response, while
“LMM” refers to the linear mixed model approach. Reported values are the (mean± sd)
relative efficiencies over six independent replications.

Paired Bootstrap

Method Set Size Adjusted LMM

Rank Prob. Rank Prob.

RSB

2 112.86 ± 15.82 113.22 ± 16.00 114.72 ± 20.53 112.59 ± 19.05

3 122.35 ± 14.12 119.70 ± 14.99 127.92 ± 20.77 126.95 ± 20.94

4 118.07 ± 11.39 115.06 ± 12.39 121.99 ± 20.19 120.14 ± 22.61

5 115.61 ± 9.94 113.24 ± 9.59 119.82 ± 18.99 117.54 ± 18.85

6 117.97 ± 16.37 115.18 ± 16.27 123.65 ± 17.05 122.09 ± 18.64

SRB

2 114.04 ± 7.82 115.57 ± 2.65 119.64 ± 16.61 116.84 ± 14.72

3 119.02 ± 6.15 117.09 ± 3.14 126.64 ± 15.09 122.78 ± 14.16

4 118.22 ± 3.93 115.44 ± 2.46 127.68 ± 13.08 125.38 ± 14.35

5 116.92 ± 4.00 115.04 ± 3.40 130.32 ± 15.03 128.51 ± 14.15

6 115.96 ± 3.68 113.48 ± 2.02 135.57 ± 18.99 131.06 ± 15.40

Residual Bootstrap

Method Set Size Adjusted LMM

Rank Prob. Rank Prob.

RSB

2 127.02 ± 34.39 127.87 ± 34.65 143.50 ± 41.84 140.99 ± 40.13

3 127.86 ± 22.90 126.07 ± 21.84 158.45 ± 39.54 157.22 ± 38.16

4 122.86 ± 14.41 119.77 ± 13.97 150.79 ± 39.62 148.78 ± 41.87

5 123.13 ± 15.95 121.09 ± 16.54 146.51 ± 36.44 144.15 ± 36.07

6 124.43 ± 21.43 122.28 ± 21.03 151.07 ± 36.10 149.87 ± 36.81

SRB

2 100.44 ± 9.62 103.87 ± 4.77 122.20 ± 17.17 136.49 ± 11.33

3 104.02 ± 8.68 104.56 ± 6.46 120.53 ± 15.71 137.48 ± 12.69

4 105.20 ± 5.79 104.04 ± 4.80 115.59 ± 8.20 132.59 ± 10.30

5 104.75 ± 5.91 104.31 ± 4.44 113.56 ± 11.40 132.28 ± 9.90

6 105.38 ± 6.12 104.44 ± 4.31 113.84 ± 12.73 131.92 ± 9.92
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The performance of RSB under residual bootstrapping remains consistently strong

across all set sizes. Both adjusted-response and LMM approaches achieve efficiencies well

above 100%. LMM framework provides the largest improvements, demonstrating that

residual-based ranked bagging remains highly effective when the ranking information

is available for multi-level modeling. SRB procedure also performs favorably under

residual bootstrapping. Unlike the training results, both the adjusted-response and LMM

approaches now achieve prediction efficiencies exceeding the SSB across all set sizes.

Although the adjusted-response method yields more modest gains, the LMM framework

consistently achieves higher gains. The probability strategy generally performs similarly

to the maximum-rank for the adjusted-response method, while providing noticeable

improvements under the LMM. Despite the presence of influential points, both the RSB

and SRB procedures continue to improve predictive performance over SSB, with LMM

providing the most considerable improvement. This result suggests that incorporating

ranking information into the bagging process remains beneficial for prediction even

under challenging real-data conditions.

4.9 Summary and Conclusion

This chapter presented the simulation framework and resampling procedures used

to evaluate the proposed rank-enriched bagging methods. We first described the

construction of balanced RSS samples for the single-ranker setting, then extended the

framework to accommodate multiple ranking variables through the proposed weighted

RSS sampling scheme. Building on these sampling designs, we presented the paired and

residual bootstrap procedures for generating bootstrap samples from RSS data.

The chapter then introduced the proposed SRS-RSS construction, which retro-

spectively converts an SRS training sample into an RSS representation. For paired

bootstrapping, we described the direct SRS-RSS bootstrap procedure. For residual

bootstrapping, we presented two approaches: a direct extension of the conventional

119



RSS residual bootstrap and the proposed rank-informed residual bootstrap, which

incorporates ordered residuals to construct rank-informed residual bootstrap samples.

Finally, we described the overall simulation design used throughout this thesis,

including the linear and nonlinear regression models, the different covariate and ranking

structures, and the performance measures used to compare the proposed RSB and

SRB methods with the conventional SSB approach. To demonstrate the practical

applicability of the proposed methods, the simulation study was complemented by a real-

data prediction analysis using the BF dataset. Overall, these findings demonstrate the

effectiveness of incorporating ranking information into the bagging framework. Although

both RSB and SRB outperform the classical SSB procedure, SRB yields more stable

performance across set sizes and, in several cases, matches or surpasses the efficiencies

achieved by RSB.
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Chapter 5

Conclusion and Future Work

5.1 Summary

This thesis investigated the integration of RSS into bagging for regression prediction.

Classical bagging relies on SRS, but it does not use the auxiliary ranking information

often available in practice. Therefore, the primary objective of this research was

to develop rank-enriched bagging procedures that improve predictive accuracy while

retaining the desirable theoretical properties of classical bagging.

Chapter 1 established the theoretical foundation of the thesis by reviewing ensemble

learning, bootstrap resampling, and the paired and residual bootstrapping schemes

used throughout the study. The classical SSB was then formulated for general mean-

type functionals and extended to regression estimation through the regression function

m(x) = E(Y | X = x). The unbiasedness and variance properties of SSB provided the

theoretical benchmark for developing and evaluating the proposed methods.

Chapter 2 introduced the proposed RSB framework. Unlike conventional bagging,

RSB generates bootstrap samples independently within each rank stratum, thereby

preserving the ranked structure of the training data while exploiting the efficiency gains

associated with RSS. Theoretical properties of RSB were first established for general

mean-type functionals and then extended to regression estimators via the linear smoother

121



framework. Explicit expressions for the conditional and unconditional variances were

derived, and the methodology was further extended to weighted least squares and linear

mixed model estimation. To improve practical applicability, a weighted RSS construction

was proposed to accommodate multiple ranking variables.

Although RSB provides substantial efficiency gains, its practical implementation

requires RSS training samples, which are often unavailable. To address this limitation,

Chapter 3 proposed the SRB framework. Rather than assuming an RSS training sample,

SRB constructs RSS retrospectively from an initial SRS training sample by incorporating

ranking information during resampling. Theoretical results showed that SRB remains

unbiased and has lower variance than conventional SSB while closely approximating the

efficiency of RSB. These results were extended to regression estimation through linear

smoother representation, and practical prediction algorithms were developed for paired

and residual bootstrapping schemes.

Chapter 4 described the simulation framework used to evaluate the proposed method-

ologies. Balanced RSS and weighted RSS sampling schemes were developed for single-

and multiple-ranker settings. Corresponding paired and residual bootstrap algorithms

were presented for RSB and SRB, including a new rank-informed residual bootstrap

procedure for retrospectively constructed RSS samples. The simulation study considered

a wide range of linear and nonlinear regression models, different ranking qualities,

multiple covariate structures, and real-data applications based on the BF dataset.

The numerical studies demonstrated that both RSB and SRB consistently outperform

the conventional SSB approach in terms of predictive accuracy. The largest improve-

ments were observed when informative ranking variables were available, although both

methods continued to provide meaningful gains under moderate and weak ranking con-

ditions. Across a wide range of simulation settings, SRB achieved prediction accuracies

comparable to RSB’s despite requiring only an initial SRS training sample, highlighting

its practical value. Furthermore, incorporating multiple ranking variables through the
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proposed weighted RSS framework improved robustness by reducing the influence of

weaker rankers. The probability-based prediction strategy also proved particularly

effective under residual bootstrapping, especially when combined with the linear mixed

model framework.

Overall, this thesis contributes both theoretical and methodological advances to

the integration of RSS and ensemble learning. It establishes a unified theoretical

framework for rank-enriched bagging, develops practical algorithms for settings with

or without direct RSS samples, and demonstrates, through extensive simulation and

real-data studies, that incorporating ranking information into the bagging process can

substantially improve predictive performance compared with conventional SRS-based

bagging. These results provide a foundation for future extensions of rank-enriched

bagging to broader regression settings and other predictive learning problems, including

classification and modern machine learning methods.

5.2 Future Work

As discussed in Chapter 3, one primary limitation of RSS is its requirement for ranking

information. Although the proposed SRB approach can use partially available ranking

information from an SRS training sample, there are many practical situations in which

even partial ranking information is unavailable. Therefore, to overcome this limitation,

future research will focus on developing data-driven ranking mechanisms that infer

ranking from training data. Such approaches would broaden the applicability of the

proposed methodology by eliminating dependence on external ranking sources.

This thesis primarily focuses on regression problems. However, many real-world

applications involve classification rather than continuous response variables. Accord-

ingly, an important direction for future research is to extend the proposed RSB and

SRB frameworks to binary and multiclass classification problems by incorporating the

structural properties of RSS directly into the classification modeling process. Although
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recent studies have explored RSS in classification, they have largely treated it as a

sampling strategy to obtain more informative and representative samples (Wang et al.,

2023). In contrast, following the regression framework developed in this thesis, we

plan to integrate rank information throughout the classification modeling and ensemble

learning procedures, rather than viewing RSS merely as a data collection strategy. This

extension has the potential to further improve classification accuracy and predictive

performance.

Beyond traditional statistical modeling, the proposed RSS framework has the poten-

tial to benefit several emerging areas of artificial intelligence and large language model

(LLM) training. Future research will explore applications of the proposed methods in

the following directions:

(i) Reinforcement Learning from Human Feedback (RLHF): Human prefer-

ence data are naturally expressed through rankings. Embedding ranking informa-

tion into the sampling and estimation procedures used in policy optimization may

reduce estimation variance and lead to more stable learning of the reward model.

(ii) Retrieval-Augmented Generation (RAG): Retrieved documents naturally

possess varying degrees of relevance and reliability. Extending the core idea

of embedding ranking information into resampling and estimation procedures

may provide more effective weighting of retrieved contexts, potentially improving

retrieval quality, enhancing prediction accuracy, and reducing hallucinations in

large language models.

(iii) Parameter-Efficient Fine-Tuning (PEFT), including Low-Rank Adapta-

tion (LoRA): Fine-tuning large language models is often constrained by limited

labeled data. By retrospectively ranking training examples and applying the

proposed SRB framework, it may be possible to extract more informative training
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signals from small datasets, thereby reducing the variance of parameter-efficient

fine-tuning methods such as LoRA and improving model generalization.

Overall, these directions demonstrate that the proposed ranking-based bagging frame-

work has the potential to extend well beyond classical regression problems, offering

promising opportunities in modern statistical learning, machine learning, and large-scale

foundation model training.
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