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ABSTRACT

Parameter estimation is one of the major tasks for a statistician. An efficient esti-

mator is always desired. For the same parameter, there are usually several possible

estimators. Some estimators may be mo¡e efficient than other estimators in one situa-

tion, but less efficient in another. For example, in the context ofthe random intercept

statistical model, or the nested-error regression model, one estimator may be more

efficient if the intracìass cor¡elation is small and less efficient if the intraclass corre-

lation is large. In the ideal case that the intraclass corr.elation is known, the choice

is obvious. However, life is full of uncertainties and in most ca.ses, the true values of

the variance components are not known in advance. This thesis intends to provide a

cutting-edge technique for estimation. The pr.oposed approach makes use of a com-

posite estimator that is a linear combination of two estimators, one that is believed

to be more efficient for a small intlaclass correlal,ion coemcient and the other more

emcient for a large intraclass correlatiou. In the case of a small intraclass correlation,

the estimator that is more efficient in that situation would be dominant and when the

intraclass correlation is large, the other estimator becomes dominant. This approach

XVI
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is applied in two important fields of applied statistics: small-area estimation in survey

sarnpling and intraclass correlation estimation in statistical genetics. In both frelds,

the proposed estimator is compared to the existing estimators including the maximum

likelihood estimators under the normality assumption. The comparisons are based

on four very common distributions of the ¡andom effects: the double exponential

distribution, the exponential distribution and the unifo¡m distribution in addition to

the normal distribution. Through Monte carlo simulation studies for the full range

of values of the intraclass correlation, the proposed estimators are more efficient than

their competitors. This is the case especially when the intraclass cor¡elation is small.

Fol large intraclass correlation, the estimators have similar performances. Although

in the case of the normal distribution, the restricted maximum likelihood estima-

tor and the ordinary maximum likelihood estimator may be slightly more efficient,

the advantage of this is offset by the computel intensive nature of the calculations,

Therefore, the proposed estimators are prefered.



Chapter 1

IT\TRODUCTION

1.1- Introduction

Life is full of uncertainties. we ale living in a world full of random events or risks. It

happens everyday to evetyone and the¡e ar.e absolutely no exceptions. Some people

treat them positively as exciting elements of their lives. Some st¡ive to avoid them,

however, without success. No matter what, it cannot be denied that these random

sparkles are important elements in our lives. Human beings learned this a long long

time ago. Plediction has a long history; it has been ongoing since men existed. Of

course, prediction in ancient times would ¡.ot have been scientific in terms of present

day standards. Loosely speaking, fortune telling was a kind of prediction. Ancient

people still believed iu their predictions or.at least they tried to do so although they

did not have accurate predictious. Moreover, there may not have been tools to verify

the validity of theil methods of predictions. some of them were also impossible to

verify. Perhaps nobody rvanted any solid proofs at that time. They may not have



been interested in the accuracy of the predictions because,in their point of view, a

prediction, Iike fortune telling, was more a kind of consolation more than a scientific

study of the association of events. Norvadays, statisticians in some ways predict the

future events as did people in ancient times. However, the methods of predictions

or estimations are so much more advanced and have scientific support as a result of

many years of research.

statistics is about working with data, whether in the data collection stage o' data

analysis stage. A sound design in survey sampling or an appropriate design of an

experiment increases the precision and accuracy of the information derived from the

data. statistics is also concerned about techniques to extract information from data

scientifically and systematically so that it provides a solid supporting a.rgument to in-

terpret the data. It could be as simple as describing the data set by a single value such

as a sample averâge or a sample median, However, when more technical mathemati-

cal and statistical theories are applied to study the validity of a hypothesis about a

paÌameter, the statistical methodology becomes more complicated. Estimation plays

a very important role in statistics. when interested in a par.ticular characteristic of a

population, a parameter used to describe that characte¡istic would be estimated by a

statistic based on a random sample drarvn from the same population. For example,

if the average income of the canadian population is of interest, the sa.mple mean



of a random sample drawn from the population of Canada is a natural estimate of

the average income of the Canadian population. In many situations, va.riance com-

ponents and intraclass correlation coefficients are among the important parameters

of interest. In others, these are merely nuisance statistics that complicate infe¡ence.

statistics can also be used to do prediction based on existing information. one of the

most common examples is weather forecasting. It uses current weather conditions and

other auxiliary weather related information together with dynamical and statistical

models to predict the weathe¡. When responses are observed, together with measure-

ments of some ¡elated factors, statistical prediction of the responses could be made

for different levels of the related facto¡s. suppose the yield of a certain crop is related

to some factors including the moisture level in the soil, the amount of fertilizer used

and the average daily duration of sunlight. It is possible to predict the yield of the

crop with new data on the levels of these factors.

One of the commonly used techniques to study the relationship of a response with

its auxiliary variables is multiple linear regression, which assumes additive effects of

the factors. By linear model, this means that it is linear in the variable coefficients

that ale considered to be parameters in the model. The factors themselves can be

nonlinea¡. Linear models are widely used in many research areas and practical studies

because of their capability to describe the relationship between the response and the



effects. The interpretation is not always so simple. when all the efiects are assumed

to be consta¡ts, the model is called a fixed effects model. On the othe¡ hand, if all

the effects are considered to be random, the model is a random efiects model. The

linea¡ mixed model is a general model in which the parameters a¡e a mixture of fixed

and random.

L.2 Fixed Effects Models

There is a wide variety of applications for linear models. Linear models are used in

situations where a variable is thought to be related to other variables in a study or

an experiment using a linear function. one example would be to use the information

on age, weight and skin-fold thickness to estimate a person's free fatty acid level.

Another example would be the prediction of the class average score ! based on the

abilities of a teacher to present course material ø1 and to stimulate students' inte¡est

c2 in that course. For the ith student, the relationship between the dependent variable

which is his sco¡e in the class and the independent valiable which is the abilities of

the teacher can be expressed as

At -- s¡ 0úv* þtÌz¿ * e; (1.2. i)

where a and B¿ are unknown but assurned to be fixed constants. one objective would

be to estimate these constants such that the model best describes the relationship

of the va¡iables based on the information extracted from the data. On average, the



class aveÌage is gq for a teacher who has abilities î1¿ and û2¿ to present the course

material and to stimulate the ith students respectively. Therefore, the expectation of

equation (1,2.1) is given by

Elyol:"*þtxutþpz¿ (1.2.2)

provided E[e¿] : 3. The deviation e¿ which is a random error defined in (1.2.1)

represents how much an observed score g¿ difiets from its expectation E[g¿]. Usually

the random elror 6r is assumed to follow a normal distribution with expected vaiue

zero and va.riance ø.2 and the covariance between €¿ aud e¡ is zero for z I j. Suppose

there a¡e 1/ observations with k covariates, a general matrix representation of the

model can be expressed as

y:xB+e (1.2.3)

where y : (Ar...,an)', þ: (a,&,...,þ¡)'is a È* 1 vector, e : (er,...,e¡), and

X is a .ly' x (,b + 1) matrix where the first column has elements all equal to one and

the jth column is (r1¡,. ..,xw¡)'f.or j:2,...,k+ 1. Suppose the €¿'s have common

varia¡rce o! and are independent, the least squares estimator of B is

B: 1X'X¡-lX'y (1.2.4)

assuming the invelse of X/X exists. This result does not require the normality as-

sumption.of e¿. Usiug the generalized least squares regression approach, an estimator



of B is given by

þcrc: (x,v-1x¡-1 x,y-r" (1.2.5)

where V is the variance of y (or. e since ¿11 regr.ession coefrcients are constants). If

V is known, i1.", i" also the best linear unbiased estimato¡ (BLUE) of B, Again

if the e¿'s have common variance ol and are independent, the general least squares

estimator ofB in equation (1.2.5) reduces to equation (L2.4). Il the random term is

also assumed to follow normal distribution with mean zero and variance o!, it is well

known that the maximum likelihood estimator of B is also given by equation (1.2.4)

when the variance of e is o.2I. The predicted response !. is simply given by

j, : xþc"s (1.2.6)

in general, which is the best linear unbiased predictor. (BLUP). The model in equation

(1.2.3) is called a fixed effect model where all the regression coefficients are assumed.

to be fixed constants with only one random term e¿.

1.3 Random Effects Models

Fixed effects models have been widely used in many disciplines of research. In elemen-

tary statistics coutses, statistical linear models are mainly ûxed effects models, The

simple linear regression model where there is an intercept and a slope (correspond-

ing to one independent variable ø) is one of the simplest cases of the fixed models.



However, the assumption that the regression coefficients are all fixed constants may

not be justified in some situations. The fixed effects models cannot be applied in

certain situations where the efiects may not be fixed at all. consider the following

example that studies the mate¡nal ability of mice using weights of ten-day-old pups

as a measule of maternal ability, given on page 377 of sealle [b3]. The study includes

six pups flom each of four female mice. One appropriate model is given by

Aij: 11+ui+eij (1.3.1)

where g¿¡ is the weight of the jth pup from the ith sow and z¿ is the efiect due to

the ith sow, which has mean zero. The four sows represent a random sample of four

from a population of female mice. It is unlikely that these four mice were chosen

specifically for this experiment. The differences among these mice are also not of

main importance to the experiment. Howevel the maternal ability, an inherited t¡ait,

thloughout the whole population of female mice is of interest. Therefore, the terms

z¿'s are considered to be a random sample from the population of z. They should

be considered to be random and ale called random effects. Hence, the model in

equation (1.3.1) is called a random effects model. In equation (1.3.1), it is not hard

to realize that the total expectation of an observation is p and the rveights of the

six pups fi'om the same mothe' are not independent. suppose the variance of z¿ is

of;, so that the total va¡iance of g¡¡ is of,: o2,+o!. Usually, u¡ and e¿¡ are assumed

to be independent of each other and observations from different mothers should also



be independent. However, in the random effects model here, observations within the

same gloup are correlated and the covariance between Aq and yrl where j I jt is

ø]. This is related to an important concept useful in genetics called heritability. As

defined in Schefié [50], the measure of heritability is the intraclass cor¡elation p which

is the ordina.r'y correlation coefficient between any t\¡/o observations in the same group:

-2^ U,
n - oj+o!'

Note that the overall expectation of the weights is

(1.3.2)

Elv¿¡l: t¿ .

However, the expected weight within group i (given z¿) is

EIU¿¡ I "ol: ¡.t, I u.i

where the breeding value z¿ of the ith mother is unobse¡vable. When the sample

sizes of the groups are la.rge, it is possible to obtain a reliable estimate of the popu-

lation group mean. However, if the group sample sizes ar.e small, a special procedure

to adjust the estimate is needed which is conceptually related to using small-area

estimation techniques in survey sampling applications.



I.4 Linear Mixed Models

The effects in each of the models in sections 1.2 and 1.8 are all either fixed or ran-

dom. There aÌe some circumstances where some of the effects are fixed and some are

random. Such models ale called mixed models. In general, fixed and random effects

models can be regarded as special cases of linea¡ mixed models. The term linea¡

mixed model usually refers to models with the presence of both fixed and random

effects.

consider the same maternal ability example from sea¡le [ba] where three specially

prepaled diets wele used for comparison. The model in (1.3.1) can be re-written as

Aijk : tL -l u¡ -l Ó¡ I1¿¡ I e¿¡¡ (1.4.1)

where gr¿¡¿ represents the weight of the ,bth pup from the ith mother receiving diet j.

The effects d¡ for those diets are assumed fixed, The telm 7¿¡ is a gene-environment

interaction term coming from the iuteractions between the mothers and the diets, It

is reasonable to consider the interaction effects to be random too. The random effects

u¡ and y¡ are assumed to have means zero and variances ol and o2, respectively. It

is reasonable to assume that all the random efects including the e¿¡¡ are mutually

independent.
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Suppose the ¡andom efiects can be represented by a ú-vector z where f is the

number of random effects and the fixed effects by B as defined following equation

(1.2.3), a general expression of the linear mixed model can be written as

v:xP tZv + e (1.4.2)

where z for z is similially defined as x for B and y and e have the usually definitions.

Suppose the variance matrix of z is given by G and that of the e is R, the total

variance of the ¡andom obse¡vations y is given by

v: Var(y) :var(zu) +R:ZGZ'+R". (1.4.3)

Given that the variance of y is known and of full rank, the best linear unbiased

estimator (BLUE) of B and the best linear unbiased predictor (BLUP) of z are given

by

and

É: 1x'v-'x¡-1 x'v-1y

ù : Gz'v-t(y - xB) ,

(t.4.4)

(1.4.5)

respectively. If v is not of full rank, v-r can be replaced by a generalized inverse

usually denoted by V-.

The diets in the mater¡ral ability example are clearly fixed effects and the fernale
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mice are randomly chosen. In suÌvey sampling, the effect f¡om stratification in a strat-

ified sample is considered to be fixed if the obse¡vations are classified into stata based

o¡r information prior to the collection ofd¿ta. The result as to whether an observation

belongs to a statum is already known (that is, fixed). However, if the obse¡vations

are grouped together into different strata based on informâtion collected from the

survey itself, it is reasonable to believe the effect from the stratification is random.

One would not knÕrv whether an observation belongs to a certain group or strata

unless it is actually chosen. This kind of stratification is called post-stratification, or

subsetting, because the observations are classified into st¡ata after they are dlawn to

form a sample.

There are many situations in which the efects are not so easily classified. An

interesting question then alises when considering which efiects are to be frxed a¡d

which are to be considered random. Suppose there are three laboratory technicians

caring for the mice. The effects of their interactions with the mice could be consideted

to be ra¡dom when they are from a random sample of a group of technicians. But

this may not always be true. What happens if they are the only available technicians

of the lâboratory and the differences between them were of interest. In such a case,

the technician effects rvould be considered to be fixed effects according to Searle [bB].

When the efiects are hard to classify as being fixed or random, whether an effect



should be considered fixed or random, Searle.in [53] on page 383 suggested that

o¡re should be concerned about horv the data were gathered and about the source

envi¡onment:

"... when inferences are going to be confined to the efiects in the model

the effects are considered fixed; and when inferences will be made about

a population of efiects from which those in the data are conside¡ed to be

a random sample then the efects are considered as random.,'

1.5 Fixed and Random Effects Estimation with
IJnknown Variances

In estimation using equations (1.4.4) and (1.4.5), an important assumption is that

the variance components in the model are known. The estimator B and the predictor

û are best linear unbiased provided this assumption is valid as seen in the equations.

However, in many situations, the variance components are simply not known. One

simple and straightforward technique is to replace these unknown values by their es-

timates. Instead of estimating B and z by equations (1.4.4) and (1.4.5), the following

estimator and predictor are used

Ér: (x'û-'x)-'*'V-'" (1.5.1)
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and

t": ez'v-t(v -xþu)

where ê and Û are matrices with estimated components

(1.5.2)

There are many different variance estimation methods available. Some of the

commonly used ones are the maximum likelihood method, the rest¡icted maximum

likelihood method and Henderson's method. In this thesis, a new approach for es-

timating the variance components is proposed. This is based on the framework of

the weighted least-squares regression. since the goals of this thesis are to predict the

smaìl-area mean and to estimate the intraclass correlation efficiently, an approach

to shrink the mean squâre errors of the estimators will be used rvith two weighted

variance estimators. trlom Monte Carlo studies it will be shown that the proposed

estimators are easily calculated and are more efficient than existing estimators. De-

tailed diseussions of the approach will be given in the following chapters. In the

following sections, a brief introduction to small-area estimation and the estimation of

the intraclass correlation coefficient will be given.

L.6 Small-Area Estimation

small-area estimation has gained more attention in the last decade as more efficieut

estimators have been developed. A small area is not necessarily an area. It could refer
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to a group of units in the population. However, there is no universal agreement on

the size of a small a¡ea. one small areâ may contain 20 units rvhereas another small

area might contain a hundred. The size of an ârea or a gloup is considered to be small

relative to the size of the population to which it belongs. Because the sizes of the

small areas can vary, direct estimators a¡e not efficient and there is a need to improve

the efrciency of estimation within the small areas. one popular approach is to borrow

info¡mation fi'om similar aÌeas to increase efficiency. It is reasonable to assume similar

areas would have similar attributes and therefo¡e could provide certain information

about the primary area of interest. under the linear mixed model context, small.-area

meâns can be estimated more efficiently using BLUP. Henderson [23] has shown that

fo¡ known valiances, the best linear unbiased estimator of p : lt p * m/¡z is given by

þa : l'þ+m'î,

: l' þ + m,cz,v-t (v - XÞ) (1.6.1)

based on the model in (1.4.2) with B from equation (1.4.4).

As rnentioned previously, the variance compotìents are usually unknown and need

to be estimated. with the estimated variance components replacing the variance

components in equation (1.6.1), an empirical BLUP, or EBLUP, is given bv

þø:l'i|e*rn'î.tø. (1.6.2)
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This estimated predictor' ¡is is derived from a purely ptactical point of view. It is

unbiased for the small-area mean r¿ as p in equation (1.6.1) provided the variance esti-

mators are unbiased, t¡anslation invariant ¿nd the variance matrix of y is symmetric.

However', with the estimated paramete¡s, no statistical rationale such as minimum

variance has been established for the small-area mean estimators (McCulloch & Searle

[35]). Moreover, the unbiasedness of EBLUP does not guarantee that it should be

a best linear unbiased predictor. It is possible that there exists an unbiased predic-

tor of the small-area mean ,¿ more efficient than þB with variance estimators using

conventional methods such as Henderson's method of fitting constâ,nts. This thesis

suggests that the small-area mean can be estimated more efficiently in two steps. The

proposed estimator is a shrinkage estimator combining two ELBUPs with the same

form in equation (1.6.2). The variance components in each of the two EBLUps a.re

estimated by weighted least squa.r.es. Detailed discussion on the estimation method

will be given in chapter 2.

L.7 fntraclass Correlation Coefficient

The intraclass cor¡elation coefficient defined in equation (1.3.2) is an ordinary corre-

lation coefficient between any two observations in the same gr.oup. It is commonly

used in genetics and epidemiology to measure the degree of resemblance within the

same farnily rvith respect to some biological or physiological attribute. It is also used
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in aglicultu'e in the analysis of experiments and in survey sampling to assess homo-

geneity of clusters. The intraclass correlation is often estimated directly by replacing

the variance paÌameters with their estimates. usually, the estimation of the vari-

ance components assumes a one-\¡/ay random effects model similar to equation (1.3.1)

where covariates do not exist. In such a case, the estimation of the varia¡rces is purely

based on the observed values of the responses. Many forms of estimators of intra-

class correlation have been suggested. Pearson [3g] proposed the pairwise intraclass

correlation. Fieller & smith [11] generalized the ANovA estimator of Fisher [12] to

the unbalanced situation. Karlin et al. [27] suggested a weighted product-moment

estimator. srivastava & Ng [65] suggested a weighted sum of two estimators in an

intercept-free regression model. More recently, Keen [28] introduced a method of

combining pairs of weighted estimators of intraclass correlation that is fully efficient

over nearly the complete range of values of the intraclass parameter. However, none

of these estimators, except the weighted product-moment estimator suggested by Sri-

vastava & Ng [65], adjust for the covariates although they may have a certain impact

ou the response.

This thesis proposes a cutting-edge approach to estimate the intraclass correla-

tion in the pÌesence of the covariates. similar to the procedures used in small-alea

estimation, the intraclass correlation coefficient estimation uses the same variance

estimators developed based on the weighted least squares regression method and the



optimal estimator is constructed by a convex combination of the two estimators of

two separate weighting schemes. Detailed discussion of the procedures are given in

Chapters 2 and 4.



Chapter 2

VARIOUS ESTIMATORS IN
SMALL AREA AND
INTRACLASS
CORRELATION PROBLEMS

2.L Introduction

Linear mixed models have numerous applications in many research areas including

genetics, genêtic epidemiology, biological sciences and survey sampling. Unknown

intercept and regression coefficients in the models are always of interest. Given the

estimates of these unknown parameters, the response could then be predicted for

different levels of the covariates. These parameters can be estimated by different

methods. oldinary least squares regression and generalized least squares regression

are two popular ones. However, when the variance structure of the responses is not of

an identity matrix form, that is when it is not ø2I, the best estimators of the regression

coefficients in the models are weighted functions of the variance components, which

18
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are usually unknolvn. For example, the generalized least squares estimator of the

coefficient vector B in model (1.a.2) is given by

Ê: 1x'v-'x¡-1 x'v-1y (2.1.1)

where the variance v of the response vector y usually involves unknown components

that need to be estimated. In linear mixed models with the presence of the ran-

dom group efects, the variance V can also be expressed in terms of the intraclass

correlation.

This thesis focuses on a two-stage estimation procedure. The first stage is the

estimation of the variances components in the linear model. The second stage is the

estimation of linear functions of the regression perameters of interest in which the

estimators of the regression pârametels a¡e functions of the variance estimators. The

estimator of the regression coefficient is a weighted estimator based on the ordina.ry

linear reglession model. The proposed estimator is a shrinkage estimator that com-

bines trvo estimators of the same folm. one of these two estimators makes use of one

weighting scheme for the variance estimator that is known to be efficient for small

intraclass co¡relations and the othe¡ one uses another weighting scherne k¡own to be

efficient for large intraclass correlations.
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2.2 The Linear Mixed Model

Conside¡ the linear mixed model as in equation (1.4.2)

y:xP *zu + e (2.2.1)

where y is an n-vector of observations, X is an n x (k + 1) matrix of known covari-

ates. Usually the elements in the first column of X are equal to 1 and there a¡e ,b

conco¡¡ittant valiables, or covariates. The unknown but fixed parameter vector B is

a (fr + l)-vector represents the fixed effects. The first element of B is the intercept

in the model and the othel elements are the regression coefficients. In the second

term of (2.2.1), Z is an n x ú known matrix and the random vector z is a Í-vecto¡

of random effects. The error term e is an ¿-dimensional random vector as defined

in the ordinary regression models. The random effects z and the error te¡m e are

assumed to be mutually independent ¡/(0, G) and lf(0, R), respectively. Therefore

the variance of y is simply

Y:ZGZ,+R (2.2.2)

In the following sections, trvo popular methods fo¡ the estimation of the variance com-

ponents, Henderson's method 3 and the maximum likelihood method, will be studied.

A proposed method for estimating the variance componeuts based on ordinary least

squares regression is also presented.
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2.3 Henderson's Method

Henderson's Method 3, also called the "method of fitting constants,', is useful in

finding the estimators of the variance components namely, ø.2 and of;. It makes use of

the difference in the ¡eduction in sum of squa,r'es of full models a¡rd reduced models to

estimate the va.riance components. Consider the same linear mixed model in (2.2.1)

with va¡iance-covariance matrix in equation (2.2.2) assuming G : of;I and R: o3I,

the variance of y can be expressed as

v:o1zzt+o?l (2.3.1)

For simplicity, let M : (X Z) and B' : (þ',u'), the mixed model in equation (2.2.1)

can now be expressed as

y:MB+€. (2.s.2)

Let R(B) be the reduction in sum of squares based on treating the random effects as

if they were fixed effects in the full model; it can be represented by

R(B) : v' lvl lvr'vr)- vl'] v

Hence, the sum of squares of error is

(2.3.3)

y'y - R(B) : y'y - y' 
llul lrvt'nr¡- vr'] v

y'[I - M(M'M)-M',]v
tni

DDe?' (2.3.4)



rvhere ê¿¡ : Aij-ûij, with irj : MB rvhere B is the ordinary least regr.ession estimator

of B based on the full model in (2.3.2).

The expectation of the sum of squares of error is

(2.3.5)

where r(M) is the rank of M and ¿ is the total number of observations in all i areas

or subgroups. Equate (2.3.4) and (2.3.5) after substituting o2, lor o.2, and we obtain

an estimator of ol:

_, _ y'[I-M(M'M)-M'] y
" n - r(M) (2 3'6)

Norv, consider the expectation in the reduction in sum of squares of the full model;

f ¿ n¡ I
E lttêil : ":" lt-*(M'M)-Ml

L i=r j=r J : 
"? l" - '(M)l

EIR(B)l : tr[(M'M)E(BB')] +o.2r(M)

:,,. i/x'x *,2)"r,r1+ 
o.2r(M)

L\z'x z
(2.3.7)

The reduction in sum of squares of the reduced model with B only and ignoring the

pÌesence of the random effect z is given by

R(B) : v' lx{x'x)-x'] v (2.3.8)

with expectation

EtR(B)l : tr fvt'x1x'x)-x'M E(BB')] *o.2r(X)

l/x'x\ 'l

: 
" L(;;/ 

(x'x)- (x'x x'z) E (BB')l + ofr (x) (2.3 e)
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where r(X) is the rank of X. Since X(X'X)-X,X : X, this expectation becomes

ErR(B)l: 
" l(;; ,,x(l:)-*,r) u{"',¡] +":.rx¡ (2 310)

The reduction in sum of squares of the conditional model based on z given B already

in the model is

H("t'þ) : n.(B)-n,(B)

: y'M(M,M)- M,y - y,X(X,X)-X/y

= 
"l lt 

- x(x,x)- 
",] " 

- v, [r - rvr 1vr,vr)- M,] v
ltuitni: DDa],-DI,i (23.11)

i=1 j=I ¿=t j:1

where !j=, ü:rA'?, : y' [I - x (X,X)- Xl y which is the sum of squares of rhe

residuals of an ordinary least squares regression of y on X based on a reduced model

without Z. The expectation of the reduction in sum of squares is

o[n(zlB)] : E[R(B) -R(B)]
: ft [(ztz - z,x(X,x)-x, z) E (vu,)] + o., [r(M) _ L(X)]

: ft [(z,z - z,x(x,x)-xz)) ol + ": h(M) - r(x)] . (z.3.rz)

Equate the reduction in sum of squares of the conditional model rvith its expectation

after substituting õl for o2,, af; for o2, , and (n - r(M))ã! for !j=, Di'=re?,, u;rra

rearranging the terms, we obtained an estimator of oj :

(2.3.13)



Note that for the nested-error regression model whe¡e Z : diag(Lr,

estimator of of; can be reduced to

1,,,), the

(2.3.14)

(2.4.2)

2.4

-, - DÍ=, Di:rt'?t - (n - r(x))ø!",_@.

Maximum Likelihood Approach

The maximum likelihood approach is another popular rvay to estimate the variance

components. Suppose the variance of the random vector y in model (2.2.1) is given

by (2.3.t). It is possible to write the variance of the response as a function of two

parameters 
"?: o? -l o2, and p: o?,/o?. With this parametrization, the likelihood

function given the observations y¿ and the covariates X¿ in the zth area is given by

*o 
{- (v, - x,B)' v;' (v, - x,O) ¡z)L,("",p,p):#. e.4.1)

t'l
The total likelihood is then

tr : llt,("?,B,p)

_ *p {- D:=, (", - xnÉ)'v, '(v, - *,8) p}
_

In Appendix 4.16, it is shown that the derivatives of -2bgL with respect to of; and

to p are, respectively, given by

ô(-2tosL) ¡/
õ2---aT- _ D:=' ss4 L p + ss¿ t, ,1 2\

(t - p)ol' G - ò"ï 4-1 t + (n, - t) p \''a'o)



ô(-2logL) N-¿,\i n¡_ L ti=,SSl---ãl- - - t - p - Z---' t + (nt - r)p- e.p)2or,

i ss¿ 
[1 

+ @t - lp,]

l"
(2.4.4)

(2.4.5)

Setting equation (2.a.A) to zero, and replacing of by its maximum likelihood esti-

mator ôf in (2.4.5), we obtain an expression for the estimating equation for p as in

where,5S1¿: (", - X,þ)'I^,(v, -x,O), SSJ¿: (y¿_ xuþ)'J,,(vn-X¿B) with

'l-n, an n¿ x n¿ identity matrix and Jn, an n¿ x n¿ matrix of 1,s. Setting equation (2.4.3)

to zero, an expression of the maximum likelihood estimator of ol is given bv

,?: 
'i=aiþ'n ¡ø:*l

equation (4.16.10) in the Appendix:

"lÐ(rr, )l 
': 

Ð(,".-ss¿[r+("'-r)P']),,.r ,=,\ [r+1rr,-r¡pl')
_ $ n¿(n;-l)p _nL_rL+(n¿-L)p-"'

F)'om this estimating equation, the maximum likelihood estimator of the intraclass

correlation p does not have a closed form. To obtain an estimate of p, we can solve

the above estimating equation numerically. One of the commonly used method is

Nervton-Raphson's method, rvhich is introduced in the Appendix 4.17.

(2.4.6)
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2.5 Restricted Maximum Likelihood (REMI-,)

one major criticism of the maximum likelihood estimator is that it is not unbiased.

when estimating the va.riance components, it does not take into account the loss of

degrees of freedom fol the estimation of fixed effects in the model (Mcculloch & searle

[35], Smyth & Verbyla [SS]). Therefore, there is a preference for the modified maxi-

mum likelihood procedure introduced by Patterson & Thompson [32] which attempts

to account for the loss of degrees of freedom by maximizing the likelihood of linear

independent combinations of elements of the responses y. This modified maximum

likelihood is also called 
'esidual 

maximum likelihood because it can be presented as

the marginal likelihood of the lesidual contrasts or error cont¡asts, A contrast is de-

fined to be a lineal function of the parameters with the sum of the coefficients equal

to zero [31]. suppose the contrasts among responses can be divided into the contrasts

between the treatments totals and the contrasts with zero mean which a.re the called

en'or contrasts; the contrasts between the treatments totals can then be excluded

from the likelihood because they provide no information on the errors as long as the

treatments effects are considered to be fixed [32].

The residual maximum likelihood is also known as the restricted rnaximum likeli-

hood (RtrML). According to searle et al. [55], the term ¡esidual maximum likelihood

is more popular in Europe. For estimating the variance components, the restricted



maximum likelihood procedure (REML) maximizes the likelihood of linear combi-

nations k/y of the elements of the response vector y such that the expectation of

k'y : 0. This is the case when k/X : 0 which means k,y does not contain any of

the fixed effects in B. The maximum number of linearly independent error contrasts

k'y is lf - r(X) whele ly' is the total number of observations and r(X) is the rank of

the matrix X. A particular set of linearly independent erÌor contrasts is K/X where

K : (Lt,...,k¡v-<x)). The one used in Patterson & Thompson [37] is a special

case in which K : I - X(X'X¡-1¡'. Given that the ¡andom effects are normally

distributed, that is y - ¡/(X,6, V), with K'X : 0, consider the REML function used

by McCulloch & Searle [35]:

ts: cr - ]loglx'vKl -|v'vv (2.5.1)

wherep : V-r_V-tX (X,V-1X)-1 X,V-l : K (K,VK)-l K/, and V : Dî=ro?Lfilt

Note that

!:',,:doí

ryf : -v-tziz.v-'ooí

atgslvl :t(v-tz¡zi\
ooí
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Ôo?: -PZrZiP

and

uryY* :K'ziz:K.
ooí

Now differentiating the likelihood in equation (2.5.1) yields:

# : -],, [{x'vx)-' x'z,ztx] + }v'PzfiiPy
: -)t ezftit)+|v,pzfl,*y. (2.5.2)

Harville [t8] gave another expression of the REML function:

'I 11t¡t: cz- f roglvl- iloglX,v-rXl- 5{v -XB),y-r $ _xþ) . (2.5.3)

Note that

(y -Xþ)'Y-'(v -xþ): (y -xl)'v-lvv-' (v -xþ): y,pVpy: y,py .

(2.5.4)

The derivative of the likelihood by Harville in equation (2.b.3) is given by

H : -|t 1v-'z,z;) + jt, [qx'v-r¡¡-r¡';v-r2 ú'J'x'l
1-llY'PZiZ"PY

7 rt_,: -it [(r-' - v-lx (x,v-1x¡-' x,v-') 2,2,,]

1.

+ rv'PZ&lPv . (2.b.b)
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The first derivative of the likelihood functions (2.b.1) and that of (2.b.3) with respect

to ol ate identical and therefore either likelihood function gives the same set of

solutions for the variance estimates.

2.6 Variance Estimation: An OLS Regression Ap-
proach

one focus of this thesis is to design a shrinkage estimator that can efficiently estimate

the small-area means and another focus is to design a shrinkage estimation of the intr-

aclass correlation coefficient in terms of their mean square errors. In both small-area

estimation and intraclass correlation estimation, shrinkage estimâtoÌs are weighted

linear functions of two estimators involving the variance estirnators. Therefore, the

variance estimation, or rather the ratio of variance components, has a direct impact

on the second stage estimation of the parametets. Consider the random intercept

model with random intercept, a;, for the ith small area, or small group:

A4 : a¡*r¿ 0t l...lr¿¡¡B¡le¿¡, i,:1,...,t, j :1,...,n¿, (2.6.7)

where g¿¡ is the obselved response for the jth sampÌed unit in the ith group, ø¿¡¿ is

the ltlr covariate and B¡ is the lth unknown regression coefficient for l: 1,...,È.

There are I gloups, or small areas, and for the ith group, the sample size is n¿. The

total numbel of observations in the sample is .n/ : fl_, n¿. The ra¡rdom efects {a¿}

are identically distlibuted with mean o and variance oj, the randorn err.ors {e¿¡} are



identically distributed with mean 0 and var.iance o2, with {a¿} and {e¿¡} mutually

independent. Let 0 : (h,. .. , þ¡, at,. .. ,dr)', € : (.rr,.. ., e¿,,,)/, and

Xo:

x;111 ry¡k 1 0 ... 0

: .. : ; : .. :

Ilni ". Ìtnl< 1 0 ... 0

rd2tt r21k 0 1 ... 0

: . : : : .. i

l2nzt ..' Í2nzk 0 1 . 0

: .. : : i ,, :

3dtlt Ìúb 0 0 ..' 1

: .. : i : ,, i

Itni r¡nr¡ 0 0 .' 1

(2.6.2)

the above model can be expressed in matrix form:

Y : X.e+e. (2.6.3)

Let Do : (0r,* | Ir) with 0¿¡¿ a matr.ix of zer.os and f¿ a (l x f) identity matrix.

Fo¡ the model in (2.6.3), the expectation ând vaÌiance of the response vector y a,re,

respectively,

E(v) : X"o,

and

Var (y) : o?I + ,?X"D1¡,X2 (2.6.4)
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where do : (þt,. . . , þt,aL')'. It can be shown that this va¡iance is the same as the

variance in equation (2.3.1).

The parameter o! can be estimated by an unbiased weighted estimator, using

ordinary least squa.res, based on the random intercept model. Let â¿ be the ordinary

least squares estimator of o¿ for the rith a¡ea and ô: N;lll=ru¿ã¡ where ø¿ is the

weiglrt associated for the zth group and .Iy', : Dlu=r rn. Taking the expectation of

this weighted sum of squares with some algebraic manipulation, an unbiased weighted

estimator of of; can be expressed as

with

^z _ v'lr - x" 1x;x")-'x:,] v". : 

-N:i{xJ-
(2.6.6)

where c,," : (at,u2,... ø¿), O : diag(a1,u2,... r".t),, û : ¿-tDl=, u;, s2, : (t-

1)-t Dl=r(r¿ -õ)2, and r(X") is the rank of Xo. In Appendix A,.1 and 4.2, both



estimators s! and s2, are shown to be unbiased and their variances are given by

I 
tt (a -Éll-'var(sj) : 

L(r_ .f tûl )

, { 2"5, (fn - N;t utu, )D "(x:x") 
- rD;)'?

t
+aor,"lt (1a - Nltuu,)2D..(xlx")-rDi) esl)

+2o!ft(n - N;'-.')'

+var(sl) þ. (tn - N;rt.^,;,)D*(x1"")-'o;) 
]' )

and

vaL(sf): 

"+,respectively. The value of s] can be adjusted through the weights ¿.r, : (q,a2,. . . u¿).

The estimation of s] can be more efficient with weights thought to be best for a certain

value of the intraclass correlation coefficient. The uniform weighting scheme where

{rn : 1} is thought to be best for a large intraclass correlation p and is shown to

be such in Keen [28] in a similar situation but without covariates, The weights {ø¿}

equal to z¿(n¿ - 1) in a pairwise weighting scheme that is thought to be best for a small

int¡aclass correlation p, based on the simulations in Keen [28] rvithout cova¡iates.

2.7 Small-Area Mean Estimation

There are three major groups of small-area estimatols, namely, direct estimatols,

indirect estimato¡s and model-based estimators. Au example of the direct estimator.

(2.6.8)



of the small-a.reâ, mean p, of the zth area is its sample counterpart t"["^) : Tu :

-1 \-n¡n¡-' L'j|tg¡, which is conditionally unbiased for a non-empty area ivith fixed size n¡.

Indirect estimators include synthetic estimato¡s that borrow strength from related

small areas using supplementary variables with known mean totals. For example,

a ratio synthetic estimator makes use of the assumption that the population ratios

across different groups aÌe constant and can be estimated bV A : p/z so that the

estimato¡ of the ¿th small-area mean is given by îrl"o") : ÊXrln,. However, the

estimator can be heavily biased when the population ratios are diferent, rvhich is

nearly always the case. Another example of an indi¡ect estimato¡ is a composite

estimator which is a weighted average of two estimates given by, for example, irl"-"r) :

au¡tl"^) +çI-ar¡pl"t'). Model based estimators such as empirical best linea¡ unbiased

predictor (EBLUP) assume the existence of a statistical model that includes random

area effects. Rao & choudhry [46] compared the average relative efficiencies of the

direct estimators and the indirect estimators, such as one suggested by prasad &

Rao [a1] and showed that the EBLUP is significantly better than them in terms

of the mea¡r square erroÌs. This thesis focuses on the development of an efficient

estimator that is indeed a combined indirect model-based estimator and has a better

performance profile than the existing EBLUP of the small-area mean. Regarding

the model-based estimator, it means that the estimation is done entirely based on

a statistical model without considering the sulvey design. Therefore, design weights



are not used in any stage of the model-based estimation.

As mentioned before, the best linea¡ unbiased predictor (BLUP) of p, : lt B ¡ ^r,
is given by

tt: r,þtm,GZ,y-t(v_xO) e.T.t)

Note that the random intercept model in equation (2.6.1) can be written as

Au : xirB+ui+eíj,

where x¿¡ : (7,x¿¡t,. ' ,r¿jt)' is a (fr * l)-vector of corresponding covariates and

þ : (a,h,'.. , þ¡)' represents a vector of unknown but fixed regression coefficients

and ¡z the random elements from the intercept. Fo¡ the nested error regression model

in equation (2.7.2), the small-a.rea mean for the ith area is

p; : Xi þ+"¡ (2.7.3)

where X¿' is the vectol of known means of x¿¡ for the rith group and the sample mean

vector X; : nut DiLrx¿¡.

Unfortunately, for the small-ar.ea mean estimator vector in equation (2.7.1), the

variance parameters are nearly always unknown. Usually, the EBLUp tvould be used,

which is given by an equation similar.to (2.7.1), but with the variances replaced by
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their estimators. That is, the variances of; and o! inV and in fi in (2.2.1) would

be estimated. Because the variances are unknown and estimated, the optimality

property of the EBLUP that it is the most efficient estimator with the smallest mean

square error among all linear estimators is no longer.true. Moreover, the efficiency

of the EBLUP depends on the choice of estimators for the variance components. To

assure efficient estimation of the small-area mean, a shrinkage estimator is proposed

that is a convex combination of two ernpirical predictors (EBLUPs) of the same

expression in (2.7.l) with different estimators for oj given by sl, and sfl, each with

its own weighting scheme as outlined in section 2.6. Therefore, the small-a.rea mean

estimator for the ith small-area mean can be expressed as

t"i: 0-")î'Í'\+o,tl') (2.7.4)

where, pll) is an EBLUP for the ith small-area mean simila¡ to the zth small-area

mean estimator in equation (2.7.1), wiih s!,, and. pj2) similarly defined. The two

weighting schemes for small and large intraclass co¡relations used for estirnating øl

are thought to be useful for estimating the small-area mean with pti in (2.7. ) because

rvith the proper choice of a¿, the estimator ¡zf would be nearly uniforrnly efficient for.

small or large intraclass correlations. The choice of o¿ is one such that the mean

square error of pf would be minimal. It is shown in Appendix A..3 that the value of
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a¿ for the ith small-area mean estimator is given by

MsE(ÊÍ')) _ n(føÍ') _ uu)@lÐ _ u,))
,)' MSE(¿Í')) + rusnlp{a¡ - zn({øÍ') - p,)G,!,) _ r,))

where MSE(pjt)) and MSE(¡zj'z)) are the mean square errors of ¡jt) und ¿j') ruspec-

tively and n(tø[t\ - uù@lÐ - u)) is the covaria¡ce of ¡rji) and pj2) around ,ø¿. Hence,

the mean squaxe erÌor of pf is given by

MSE(r,i): 
tt"'{1i,')tt"'{Èf' 

(2.7.6)
MSE(ÈÍ'))+ MSE(/ìÍ,)) _ zn(tr,Í') _ p)G,lr) _ r,))

Since the value of ¡r¿ is not known, the value of a¿ would be estimated by the ap-

proximated values of MSE(¡rj')¡, tusnq¡jrl¡ 
""a o({øÍ') - t"u)(i,,lr) - ø)) siven tn

Appendices A'.6 and 4.7. The value of a¿ is bounded between 0 and 1 inclusive so

that the estimates of ¡,t¿ by pf is bounded to fall between pjl) and pÍ4 . Wh"n ou: O,

pj1) gets all of the weight and pi is equal to ¡j1). On the other hand, when ø¿ : 1,

pj2) gets all of the weight and ¡.rf is then the same as pj2).

The estimator pi is also an indi¡ect estimator. When the sample size of a group

is large, usually the palameter can be efrciently estimated based on the responses

of the group alone. However, the problem arises when little is known about the

group because of the small sample size. Direct estimation using the responses of

the small sample always produces unsatisfactoly ¡esults with large standard euols.

In such circumstances, the efficiency can be improved by estimating the para.meters



indirectly rvith additional information from other groups with similar characteristics.

Tìre estimato¡ pf is one such estimato¡ which uses information from other gÌoups to

estimate the parameters for more efficient esti¡nation performance.

2.8 Intraclass Correlation Estimation

our focus is on the random intercept model in (2.6.1) , and its special case: the nested-

error regression model in (2.7.2) - which follows directly from the more general case

of the random intercept model. For either model with varia¡ce V in (2.6.4), the

intraclass correlation p is equal to oll@l + o!). A technique similar to small-a.r'ea

estimation is used for the estimation of the intraclass correlation in animal breeding

experiments, for example. The variance components o! and o2, ale estimated using

equation (2.6.5) and (2.6.6). suppose 11 denotes an intraclass cor¡elation estimator

by direct substitution with sl and s! using the uniform weighting scheme and 12 is

similarly defined using the other weighting scheme where {ru} : ru(nu - 1), that is

(2.8.1)

t2-
s?,

4r+ tt,
(2.8.2)
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As in the small-area estimation, a shrinkage estimator is proposed to estimate the

intraclass correlation efficiently and it is given by

r.:(7-a)r1 + a12. (2.8.3)

As expected, the choice of ¿ would be important for the efficiency of r". It is chosen

so that the mean square error of r" is minimal and it is a function of the mean squa.re

errors of 11 and 12 given by

(2.8.4)

such that the mean squate erÌoÌ of r" can be written as

MSE[r1]MSE[r,f - (nlfn - p)(,,- Ð])'
MSE[r"] : 'r/,. (2.8.b)

MSE[r1] + MSE[r2] - zn 
f(rr 

_ p)(r, _ p)] \ 'a'u)

Because the true value of p is not known, MSE[r1], MSE[rr] a"d E l(r, - p)(r" - p)]

will be replaced by their approximations given in Appendix A'.10.



Chapter 3

APPLICATION IN SMALL
AREA ESTIMATION

S.L Introduction

small areas have existed for a long time and so have small-area data. The earliest

small-area data can be traced bâck to 1666 in Çanada [a0]. The interest in small-area

estimation has been growing for the last decade. As economic and social developments

have changed drastically, there is an increasing governmental concern with issues

of distribution, equity and disparity, especially in Canada [+O]. Some regions or

subgroups of the population do not keep up with the average and there is a need to

identify these areas. Moreover, at the provincial and local levels, governments may

want to obtain data of their own al'eas for the purpose of planning and administ¡ation

within their jurisdictions. Politicians find statistical information about their regions

useful for assessing the impact of proposed policies or legislation, Therefore, the

demand for small-area data and analysis is grotving.
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Attempts at small-area estimation using direct survey estimators are not success-

ful because small sample sizes yield considerably large standa'd errors. one way to

approach this problem is to attempt to inclease precision by borrowing information

ac¡oss similar small areas through indirect estimation. However, some of these esti-

mators can be heavily biased in the design-based framework for some of the a¡eas.

So there is a demand for unbiased estimators with better efficiencv.

All small-area models can be considered as special cases of a general mixed linear

model with both fixed and random effects. small-area means are then expressed as

functions of these effects. These small-area means can be efficiently estimated by

best linea¡' unbiased predictors if va¡iance-component parameters are known. More-

over, these estimators have the smallest mean square error among all linear unbiased

estimators. These variance components can be estimated by a number of methods

including the method of moments, the maximum likelihood method, the restricted

maximum likelihood method and the method of fitting constants. prasad & Rao

[41] studied estimators in the context of the nested-error regression model, rvhich

estimates variance components by the method of fitting constants-also known as

Henderson's method 3 [22]. The small-alea means are then estimated by empirical

best linear unbiased predictors [23] with the variance-component estimates replacing

the parameters.



4l

In section 3.3, a weighted unbiased estimator of small-a¡ea means is developed.

To improve the efficiency of estimating the small-area means, a two-stage small-area

estimator that is a linear combination of two small-area estimators with difierent

weights for the estimato¡ of the group effect is presented. It is also an indirect esti-

mator by a combination of two EBLUPs. A formula for its mean square error is also

given' Monte carlo simulations for a variety of distributions typically encountered

in survey sampling are presented in section 3.4 fo¡ the situation of known covariate

means. The results of a Monte carlo study on their relative efficiencies with respect

to the rnaximum likelihood estimator, in terrns of meau squate ertots, a.re reported

in section 3.4 for the normal distribution. Novel compa.risons are presented in sec-

tion 3.5 when the population means of the covariates are not known. Compa.risons

of different small-area meân estimators to the maximum likelihood estimator with

Monte carlo simulations have never been studied befo¡e. Novel comparisons with

the corresponding maximum likelihood estimators, assuming normality, are given in

section 3.6. conclusions and possible future di¡ections are considered in section 3.2.

3.2 The Models

Consider the random intelcept model with random intercept, a;, for the ith small

area, or small gloup as defined in equation (2.6.1):

9¿j : a¿lx¿jtþt1...l r¡¡¡B¡ I e¿¡,
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Note that the random intercept, ar, car be considered as a sum of a fixed efiect,

a, and a random group effect, z¿, rvith zelo mean, that is o¿ : a + ui. The random

intercept model in (3.2.1), can be written as the nested-error regression model with â

single random efrect, u¿, for the ith small area, or small group, âs studied by Battese

et al. [4] and by Prasad & Rao [4r]:

9;i : x'¡¡Ê I u¡* e¡j,

wlrere x¿¡ : (7,r¿jt,'.. ,x¿jr)' is a (,b + 1)-vector of corresponding covariates and

þ : (o, h,' ' ' , þr)' is a (,b * l)-vectol of unknown regression coefficients. The group

effects {ru.¿} are distributed with mean 0 and variance-covariance matrix G : ø3I.

Note that {z¿} and {e¿¡} are mutually independent. For convenience, define matrices

X': (x¡, ...,xtn,) andZ: diag(l,,,, . . . ,1n,) where 1,., is a n¡vector with a value

of 1 for each element. Let )Ç' be the vector of known means of x¿¡ for the zth group

and let the sample mean vector x-i : n¿l Diltx¿¡. This assumption of a known X¿'

matrix is reasonable because small-area estimation is mainly used in survey sampling

and, most of the time, the population info¡mation is available through census data.

Define p to be the vector of small-area means in the population with component

¡,r¡ : 7i B+r¡ (3.2.3)

for the zth area. Henderson [23] suggested an unbiased estimator of p¿ given by

7iþ +r"!ncz'v-' (v - xÉ) (3.2.4)
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lvhere mr is a ú-vector of zero with the ith element equal to 1. Note that p is always

a function of the unknown pa.rameters o2, and o!. It is natural to replace them with

corresponding unbiased estimators. Prasad & Rao [41] suggested

t",:l.iFt +rn'uíz'y-t (v - xø) (3.2.5)

rvhere the unknown va.riance components in G, V aud B are estimated with Hender-

son's Method 3 as outlined in Chapter 2. Equations (8.2.4) and (3.2.5) are basically

trivial applications of (E)BLUP theory and Henderson,s method 3.

3.3 Estimation Of The Small-Area Means

In most cases, the variance pata.metets in a regression model are unknown and need

to be estimated, An unbiased weighted estimator of øj is developed, using ordinary

least squares, based on the ¡andom intercept model. Let â¿ be the ordina'y least

squares estimator of o¿ for the zth area and ô : N;lll=ru"d¿ where ø¿ is the weight

associated for the ¿th group and ¡i, : Di=, ø¿. The weighted sum of squares of the

a¡'s and ô should be chosen to capture the valiability of z¡ to a certain extent. Taking

the expectation of this weighted sum of squares rvith some algebraic manipulation,

an unbiased weighted estimator of of; can be expressed as

with

(3,3.1)
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(3.3.2)

whete ¿¿' : (ut,uz,...rr), Q: diag(u1,a2,...at),d: t-rDl=trn, s?": (t-
i)-t ll=r (ru - a)2, and r(X") is the rank of Xo. In Appendix (A.2) and (A.1), it is

slrown tlrat both sl and sl are unbiased estimators of of; and, ol, respectively.

Regarding the choice of weights, for example, with an appropriate adjustment of

the weights {ø¿}, areas with a single observation may be excluded so that their effects

can be limited.

unde¡ the random intercept model of equation (3.2. i), the estimato¡ sl in equation

(3.3,1) has a.n advantage in that the weights {a,,¿} can compensate for differences

among the small areas or equivalently the effects of the random intercept estimators

{â¿}. The efficiency of small-area mean estimation can be further improved with

a convex combination of two different estimators of oj, namely sl, and s!, with

difierent weights, {øjt)} ana {u,,j2)}, respectively, as in equation (3.S.1). Note that

the true value of oj and o! are not known and neither. is the intraclass correlation

coefficient. The composite estimator has an advantage in that rvhen the intraclass

couelation is large, it puts more weight on the small-area mean estirnator using

., _ v' [r - x" 1x1x.)-'x:,] v"' - -- N--.(xJ-



valiaÌrce estimator s2" with {o¿} appropriate for large intraclass col¡elation coefficient.

If the intraclass correlation is small, it then puts more weight on the sl, which uses

the set of {ar¿} appropriate fol small intraclass correlation coefrcient. The usual

small-area mean estimator has only one øf estimator and makes no adjustment for

difierent intraclass corlelation coefficients. An estimator of the mean of the ¿th small

alea by this approach is

i,t?, : (L - o) ttlt) + ou t"l') (3.3.3)

where ¡1ji) and, þ12) are estimators of ¡r¿ using s2,, and, s2,, respectively. Obviously the

choice of ø¿ affects the value of the mean square error of !f. An efficient estimator of

p¿ is the one with the smallest mean squate enor. The minimum mean square erroÌ

or i4

MSE(pf) - 
usnrpÍ'))lrsn(,¿Í')l-- 

lB((¡,Í') - ¡,,X¡Í') - p,))]] 
t8.3.4)

MSE(pÍ')) + MSE(pÍ,)) - zø(tø|,) _ u,)fulq _ u,))

is attained when

" _ r,rsB(øÍ')) - s((¡,Í') _ ¡,,XøÍr) _ ¡.,,)) 
/a a <\' MSE(ÊÍ')¡ + rr,lsel¡j,)¡ - zn(tr,Í,) - p)G,!,) _ r,)) \u u'ul

Ttre expressions for MSE(pjt)), MSE(Êj'z)) u"a n((lrÍt) - t",)Ir[r, - ø,)) .." given in

Appendices A..6 and 4.7.

Among many variance estimation methods, Henderson's method B was used by
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Prasad & Rao [41] for the estimation of ol and øj in the nested-error regression

rnodel. The estimators by this method are given by

,z _ y' [I-M(M'M)-M'] y
"' - ----N-(ivÐ '

z2 - Di=, Di:' û'!t - (n - k)o!
"r-@

(3.3.6)

(3.3.7)

where M : (X I Z), r(M) is the rank of M and Di=rDi:rû7¡ : y,[I - X(X,X)-X,] y.

It is possible lot õf; and s] to be negative; therefole, it is common practice to take

instead max(O, ãi) and max(0, s]) as estimatorc of of;. Nevertheless, as sarnple sizes

increase, both õl and sl tend to be non-negative almost surely,

3.4 Monte Carlo Study With Population X¿

A Monte Carlo simulation that mimics the data set of Battese et al. [ ] under the

nested-error regression model with a single covariate, Aij : a + þx¿¡ * u¡ + 6,i, was

conducted to study the relative efficiency ofthe two-stage estimator. combining sl, and

s], rvith respect to the one tvith õf;. Let y¿¡ equal acreage of corn cultivation and z¿¡

equal the number of pixels of corn cultivation for the jth unit of county ¿ from satellite

imagery. The three counties with only 1 unit rvere pooled together as done in prasad

& Rao [4f]. The nurnbel of small areas f lvas increased to 20 from 10 by duplication
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as also done by Prasad & Rao [41]. The value of the inteÌcept o and the slope B rvere

set to the estimates obtained by Battese ei al. [4], that is, 5.b a¡d 0.388, respectively.

Ten thousand independent sets of z¿ and e¿¡ with zero meâns and different intraclass

correlation p:"31þ|*ol) from 0.00 to 0.95, at increments of 0.05, were generated

to obtain 10,000 sets of y¿¡ using the covariate values of Battese et al. [4] for each of

4 distributional assumptions: normal, double-exponential, exponential and uniform.

In Prasad & Rao [41], the simulation was done based on 10,000 independent sets

of variates e¿¡ (with o! : Z0Z¡ and z¿ (with o3 : 6a) with the intercept and the slope

equal to 5.5 and 0.388 respectively for each of the fou¡ distributions above. In other

words, the Monte ca¡lo simulations in this thesis have a more complete coverage for

different combinations of ol and ol and lot the domain of the intraclass co¡relation

coefficient p. With o? : 292 and of; : 64, the intraclass correlation coefficient is

equal to p : o?/(o3 + 
"?) 

:0,18. Theoretically speaking, in the context of cluster

sa,rnpling, this intraclass correlation coefficient is desiled to be zero which me¿ns that

the subjects within each domain in the cluster survey design of the population are

uncorrelated.

The normal distribution has a wide range of applications. It is very common

in health-related research, for instance, as in health related variables such as blood
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pÌessure (systolic or diastolic), weight, and height, etc. The exponential distribution

is another important distribution. It is commonly used in the field of life-testing to

represent the life-time or life cha¡acteristic [25]. In survey sampling, the distribution

is also used to model the income data of a population. The double exponential

distribution will also be used in the Monte carlo simulations for the study of the

small-area estimators. The double exponential distribution is also known as the

Laplace distlibution. Its tails are thickel than the tails of the normal distribution

and it has sharper peak in the center than the normal distribution. one application

of the double exponential dist¡ibution is for the strength of flaws in materials [2].

Another application could be the modelling of the difference of two independent

exponential variables, for example, two independent income variables following the

exponential distribution [2]. The uniform distribution is also known as the lectangular

distribution. It can be used to form a model of the distribution of traffic along a

straiglrt road. suppose the speed of a vehicle is constant within the road interval, its

position is uniformly dist¡ibuted ov.er the road interval [26].

The weights lrjt)l tor.the estimator' tt, in ¡tlt) a,re equal to l. This is the uniform

weighting scheme that is thought to be best for a lalge intraclass correlation p a.nd

shorvn to be such in Keen [zs] in a similar situation but rvithout covariates. The

weights {øj'z)} for the estirnator sl, in ¡,r,12) arc equal to n¿(n¿ - I) in a pairwise
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weighting scheme that is thought to be best fol a small intraclass correlation p based

on the simulations in Keen [28] without covariates. This latter scheme implicitly

deletes single-unit areas when estimating øj. Athough Srivastava & Ng [65] also

studied a class of composite estimators, they only used it for the estimation of the

intraclass cor¡elation coefrcient p which will be discussed in chapter 4.

The estimated values of the a¿'s in equation (3.3.5) presented in Table E.1 in

Appendix E based on the simulation agr.ee with this weighting scheme. When the

intraclass correlation is large, the value of ¿ is small so more weight is assigned to pj1)

which uses 1"jt)) fot the estimator slr. When the intraclass correlation is small, the

value of ¿ is large so more weight is assigned to pj2) which uses {u,,nr} for the estimator

sf;r. This is true whether the population means of the covaliates a.re known or not

for ali the small areas.

Figure 3.1 summarizes the comparison of the composite estimator pc to the est!

mator of Prasad & Rao [41] p under. difierent distributions of the random efiects z¿

and e¿¡ using the known means of the covariates, {Xu}, u" would be available from

a census) in different small areas. For the normally distr.ibution random efiects, /r,"

is relatively more efficient than ir fol estimating the small-area means rvhen the in-

t¡aclass colrelation coefficient is small. For mode¡ate to large intraclass co¡relation
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coefficient, both estimators have simila¡ efficiencies as shown in Figure 3.1 (a). This is

also the case rvhen the random effects have uniform distribution as in Figure 3.1 (d).

whe¡r the random effects have heavy tail dist¡ibutions such as the exponential dis-

tribution or the double exponential distribution, the estimator p" is also relatively

more efficient than p for a greater range of small intraclass cor¡elation coefficients.

It is also slightly more efficient than p for moderate to lalge intraclass correlation

coefficients as presented in Figure 3.i (b) and (c).

To summarize, under all the normal and three non-normal distributions, the com-

posite estimator ir." is observed to be more efficient than ¡i especially when the in-

traclass correlation is small. The relative efficiency for an individual small area can

be as high as 142% for the heavily skewed exponential distribution, 129% for the

heavy tailed double-exponential distribution and LL\% fol the normal distribution

and 110% for the small-tailed (no-tailed) unifo¡m distribution.

It is reasonable to inquire as to whether the composite estimator offers an im-

provement or whether sl alone in place of oj is sufficient for implovement. Fig-

ure 3.2 (a) and (b) show that the relative efficiency of þ" with respect to p(t) un¿

p(2) respectively. These are the extreme cases when the value of ø¿ is equal to 1 and



0, respectively. For small to moderate intraclass cor¡elation coefficient, the compos-

ite estimator p" is always more efficient than the small-ar.ea estimator F(t) ¿nd the

relative efficiency can reach as high as l28To ror random effects with exponential dis-

tlibution and r23% for random effects with double exponential distribution. As the

intraclass correlation increases, the relative efficiency of the composite estimator with

respect to p(1) approaches 1. Nevertheless, for large intraclass correlation coefficients

the composite estimator is as efficient as p(l). Although the relative efficiency of the

composite estimator with respect to ¡¿Q) i" not as dramatic as to p(1), it is always

slightly more efficient than þ(2) for random effects with any of the four distributions.

This is the case especially when the intraclass cor¡elation coefficient is moder.ate. The

proposed shrinkage estimator is more efficient than either É(t) and /r,(2) as expected.

3.5 Monte Carlo Study With Sample rq

When the population means of the covariates are neither known no¡ available from a

nearly time-coincident census, the sample means of covariates {e¿} are used in place

cies based on different distributions are depicted in Figur.e 3.3. As in the case with

{X¿}, the composite estimator !." is more efficient than the estirnato¡ p of prasad &

Rao [a1] for small intraclass correlation fol random efiects rvith normal distribution
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and uniform distribution. Although the relative efficiency of p" decreases as the in-

traclass correlation coefficient increases, for moderate to large intraclass correlation

coefficients, the composite estimator pc is always as efÊcient as the estimator. p of

Prasad & Rao [41]. These are shown in F igure 3.3 (a) and (d) The composite esti-

mator /2" is more efrcient than þ for a greater range of small intraclass correlation

coefficients when the random effects have heavy tail distributions such as the exponen-

tial distribution and double exponential distribution based on the simulation studies.

In Figure 3'3 (b) and (c), for the exponential and double exponential distributions,

the composite estimator fz" is always slightly more efficient than the estimator p of

Prasad & Rao [41] fol moderate to large intraclass correlation coefficients.

The relative efficiency of the composite estimator p" can be as high as 11g%

in some small areas random effects under the exponential distribution, 11b% under

the double-exponential distribution, 110% under the no¡mal distribution and, r0T%

under the uniform distribution. Although the relative efficiencies of the composite

estimator p" with respect to the estimato¡ fi, used in Prasad & Rao [41] decrease as

the intraclass correlation coefficient inc¡eases for all four distributions, it is at least

as efficient as p. These results are similal to those in the study with population X;

in section 3,4.



Note that p" is more efficient than p for small intraclass correlation coefficie.ts.

This is an important result. In survey sampling, stratification is set up such that

the observations within a stratum are as homogenous as possible. In this case, the

intraclass correlation is high and in a perfect situation, it is equal to 1. However, when

we use a cluster design, we deliberately set up the observations such that within each

cluster, the observations should be as heterogenous as possible. Ideally, the intraclass

correlation in this case should be equal to zero. Therefore, in the case of cluster

sampling, the intraclass co¡relation is not a nuisance parameter but it needs to be

estimated for checking the validity of the design fo' the data. If for a cluster sample, a

large intraclass correlation estimate is obtained, there might be a need to investigate

the design procedure or a redesign of the sampling scheme may be needed.

Regarding the issue of whether the composite estimator offers improvement or

whether sl alone in place of aj is sufficient for improvement, in the case of unknown

population means of covariates, Figure 3.4 shows the advantage of pc cornpared to

either p(1) and þ(2) . Note the similarity of Figure 3.4 to Figure 3.2 in the case of known

population means for the covariates. The composite estimator p" is more efficient than

¡r(t), which is designed for large intraclass correlation, when the intraclass correration

is small in the cases "f {X-r} and {4}. The degree of efficiency decreases as the

intraclass class corlelation increases. Compar.ed to ¡t(z) , the composite estimato¡
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p" is uniformly more efficient regardless of the value of the intraclass correlation

coefficient.

3.6 Monte Carlo Study of Maximum Likelihood
Estimators

It is wo'thwhile to consider the relative eftciencies of the proposed small-area esti-

mator with respect to the corresponding gold-standard, in the asymptotic sense for

nolmal data: the maximum likelihood estimator. It ca¡r be shorvn that for the ith

small alea, the maximum likelihood estimator p¿ of the small-area mean l,¿ is simply

the sample meân ti of the response variable, which does not take any covaliate in the

model into account when estimating the small-area means. If the population small-

aÌea, means a¡e of interest and the population means of the cova¡iates in the model

area are known, which is often the case in survey sampling, then /r : (t"r,. . . , îrr),

may not be a good estimator because the population means of the covariates are not

used for adjusting the estimation of the small-a.rea means. This could be a serious

problem rvhen the population means of the covariates are significantly difierent frorn

those in the sample, and highlights the limitation of straightforwa.rd maximum likeli-

hood estimation in this instance. A modification of the maximum likelihood approach

that seems reasonable in this setting is to let pv- be the BLUp in which the unknown

variance components are replaced by theil maximum likelihood estimators (N4ltr's).



55

Figure 3.5 compares the relative efficiency of the composite estimator þ. and [r, of

P¡asad & Rao [4i] with îrv* in the case of normality assuming known population

means for the covariates.

Note that fr' is more efficient than þ,v* for almost all values of the intraclass

correlation and never less efficient whereas ir is only more efficient than the MLE

rvhen p ) 0.20. It is the small values of p, as typically considered in clustel sampling

designs, for which the proper selection of an estimator is most crucial.

The unknown variance components in the BLUP can also be estimated by the

residual likelihood estimator or the restricted likelihood estimator. The empirical best

linear unbiased estimator (EBLUP) with the resid,ual maximurn likelihood estimator

denoted by Ê(s) is obtained following the approach given by patterson & Thomp-

son [37] with a special case of the error cont¡asts const¡ucted by K : I-X(X/X)-t¡r.

The EBLUP ivith the restricted, likeliood estimatol denoted by f¿(") is obtained by

the approach suggested in McCulloch & Searle [35] in which the matrix K for the

construction of the error contrasts does not have to be specified.

Figure 3.6 shows that pc is always more efficient tha¡r the trBLUp with the reszd-

øal maximum likelihood estimato¡ fz(s) especially at extrerne values of the int¡aclass
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correlation. However, p" is more efficient than the EBLUP with the restricted maxi-

mum likelihood estirnator when the intraclass correlation is iess than 0.10 with average

relative efrciency as high as 112.5%. For the intraclass correlation between 0.10 and

0.50, if is less efrcient than p(?) and fo¡ the intraclass cor¡elation gr.eater than 0,50,

both estimators have similar efficiency. Figure 3.2 shows the relative efficiency ol þ"

with respect to fi(s) uno lr(") *h"n the population mean ofthe covariates is estimated

by its sample counterpart x-¿. The composite estimator ¡.rc is still more efficient than

either f,¿(s) or ¡.c(") when the intraclass correlation is small.

In Figure 3.8, in the case where sample values {4} u." used rather than popu-

lation values, the naive maximum likelihood estimator p. is inefficient compared to

the composite estimator ir" and the EBLUP p in the estimation of small-area means.

Again ir" is superior compared to either þ or ¡t ror small values of the intraclass

correlation coefficient.

You & Rao [67] developed a pseudo-EBLUP irr" fo, estimating the srnall-area

means. The pseudo-EBLUP involves the sa.mpling weights and uses the váriance

estimators by Hende¡son's method 3 as in Prasad & Rao (1gg0). It is a linear.function

of the direct design-based estimator of the ¿th small-area mean !,¡ : Diì atiar¡,

where ø¿¡ is the sampling weight, The estimator !u- is a direct estimator fo¡ the ith
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alea because it does not involve observations f¡om othel areas. It is also a design-

based estimator because it involves the sampling weights. It converges in probability

to the population mean of the ith area. Although itp" is a design-based estimator,

Figure 3.9 and Figure 3.10 show that the composite estimator p" is more efficient than

the pseudo-EBLUP whether with population or sample mean of covariates based on

the simulation studies. In fact, it is obvious that the pseudo-EBlUp is also less

efficient that the estimator p suggested by Prasad & Rao [41]. Therefore, it is not as

competitive as other small-area estimators even when the sampling design is taken

into account in the pseudo-EBLUP estimator.

3.V Conclusions and F\rture Directions

The composite estimator þ" of the small-area mean, which is implicitly a shrinkage

approach, has more flexibility in adjusting for the impact of random efects on the

small areas by adaptively balancing two diffe¡ent weighting schemes. It is also a com-

bination of two EBLUPs and an indi¡ect estimator which improves the efficiency of

the estimation by integrating the information from other similar areas. Results from

the Monte carlo simulations show that the proposed estimator is more efficient in

small samples than the maximum likelihood estimator assurning a normal distribu-

tion. On the other hand, the small-area mean estimator, p, of prasad & Råo [4i] and

the Pseudo-EBLUP of You & Rao [67] are relatively inefficient with respect to the
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maximum likelihood estimator when the intraclass correlation is small, as is typical

in survey sampling situations, as shown in Figules 3.5 and 3.8. More importantly,

Figures 3.1 and 3.3 indicate that no matter whethe¡ the population means of the

covariates are known or not, the proposed estimator ir" is more efficient than ¡i of

Prasad & Rao [41] when the intraclass correlation p is less than 0.20 for all four dis-

tributions studied in terms of their mean square errors and always better than the

Pseudo-EBLUP of You & Rao [67]. Despite whether variation {u¿} or {e¿¡} has more

impact on the response, iz" should be the choice among the estimators studied fo¡

small-area estimation.

we further propose to extend the application of this new technique of estimating

the small-area means by convex combination of two unbiased estimators to other

mixed models, including nonlinear mixed models.
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Figure 3.1: Boxplots of ¡elative efficiencies of pc with respect to þ over 20 ar-
eas for intraclass correlation coefficient from 0.00 to O.gb with 4 distributions of
random effects assuming the population mean of the covariates in each area is known.

(a) Normal Distribution
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Figule 3.2: Ave.-rage relative efficiencies of p" with respect to ¡z(t) *n'.t, is when
@¿:0 and to p(z) *¡'.n is when ø¿:1for diferent distributions,
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Figure 3.3: Boxplots of relative efficiencies of p" with respect to þ over 20 a¡eas fo¡
intraclass correlation coefficient from 0.00 to 0.g5 with 4 distributions of random
effects. The population mean of the covariates in each area is not known a¡rd is
estimated by the sa.mple mean.

(a) Normal Distribution

0¿'l I t'r 0 r'f 90't

,{cuercr¡3 e^tleloU

o
o?
o

rr)
\o

o.

õ.o
o(d

õ
rr:,Q
$\J
,-i îi)

Ø
(d
Eog

3*c
rr)

ci

oq
O

00't

I

I

I
{

d
q

d
d
4
q
4
4
dl

d,
4
oI
ril:
ül

Fmi
f-T--lr ¡



H o (D E
¡I X o o Þ o) o

i ¡ tt I tt I 
t8

tt |å
o

: 
:Ë

 +
Ë

åå
åå

åå
,9

å 
åå

 å
ss

¡.
-*

 _

0.
00

 0
.1

5 
0.

30
 0

.4
5 

0.
60

 0
]5

 
0.

90

ln
tr

ac
la

ss
 C

or
re

la
tio

n 
p

O c! 1r
)

o c o 'õ
o

E uJ q) 'j=
 

rr
)

(ú
o

õ- É
.

o c l.r
) q o



-_
l

a) t! X l5 o C
D p aÞ o

a -å
-*

*,
-,

.=
=

åg
åå

åå
åå

gs
-

0.
00

 0
.1

5 
0.

30
 0

.4
5 

0.
60

 0
]5

 
0.

90

ln
tr

ac
la

ss
 C

or
re

la
tio

n 
p

T

tr
)

o c o) 'õ
o

i= ru c) 'r=
 

ro
(ú

O
õ- E

.

o c tr
) q o



Relative Efficiency

0.95 1 .00 1.05 1 .10 1.15 1.20

!rl--l--l-r
: 

'tü
iû
i¡
Þ

I

I
Þ

þ
I

f
I'
il,

û

ill

ü

I

Io
O

P
(Jl

o f :-

õoa.
A)

Eegò
o
Â)o
Ã' o)

=o Þ

uorînqrrlsrCl uro¡ru¡ (p)

o
\('l

P(o
o

89



69

Figure 3.4:.Average relative efficiency of !," with respect to l¿(1) which is when a¿ : I
and to p(2) which is when ø¿ : 1 for difierent distributions with sample mean of
covariates.
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Figure 3.5: Boxplots of relative efficiencies of ir." and fi, with respect to þv^ over 20
a¡eas for intraclass correlation coefficient from 0,00 to 0.gb with Normal distribution of
landom effects assuming the population mean of the covariates in each area is known.
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Figure 3.6: Boxplots of relative efficiencies of p" with respect to Ê(s) u.rd |t@) orut 20
areas for intraclass correlation coefficient f¡om 0.00 to 0.95 with No¡mal distribution
of ¡andom efiects. The population mean of the covariates is assumed to be known,

(a) !." with respect to fr(s)
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Figule 3.7: Boxplots of relative efficiencies of p" with respect to ¡t$) un¿ ¡r(r)
over 20 areas for intraclass correlation coefficient f¡om 0.00 to 0.gb with Normal
dist¡ibution of random effects. The population mean of the covariates in each area
is not known and is estimated by the sample mean.
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Figure 3.8: Boxplots of relative efficiencies of ¡1" and fr, with respect to fz over 20
areas for intraclass correlation coefficient from 0,00 to 0.gb with Normal distribution
of random efiects. The population mean of the cova'iates in each area is not known
and is estimated by the sample mean.
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Figure 3.9: Boxplots of ¡elative efficiencies of p" with Ìespect to itp" over 20
areas for intraclass correlation coefficient from 0.00 to O.gb with 4 distributions of
random efects assuming the population mean of the covariates in each area is known.

(a) Normal Dist¡ibution
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Figure 3.10: Boxplots of relative efficiencies of pc with respect to þp" over 20 aleas
fol intlaclass correlation coefficient fi'om 0.00 to 0.g5 rvith 4 distr.ibutions of random
effects using sample mean of the covariates.

(a) Normal Dist¡ibution

e'r ¿'l

Ácuercr¡¡3 e^llEleU

o
oì
o

r.l)
\
O

t-
õ_o
o(Ë

õ
rrr ,esf, \J
-i ú,

Lf)
(ú
C)

OS
:E

rf)

ci

oq
o

0'tt'Iþ'r

I
I
{

'lfl

'f4
@
dþ

"ilPoflþ
Fmb

'mitü+



co

U o o t! X 13 o o ID Þ
- o

Ë
f;+

+
*-

 +
+

-+
-g

g'
g€

.r
L-

o-
 c

 -

0.
00

 0
.1

5 
0.

30
 0

.4
5 

0.
60

 0
]5

 
0.

90

ln
tr

ac
la

ss
 C

or
re

la
tio

n 
p

i l. .F



Relative Efficiency

1.2 1.3 1.4 1.5 1.6

Io
O

P
(¡

f 1-

õoQ-
Ê)

8e
8ùq_
NO
Ã' O)

=o

uorÌnqrrlsrC ¡erluauodxg (c)

P{
('t

I(o
o

ç8



C
ì-

o) .g ul o 
ct

l

(d o É
.

':

i t-
t

tl tt tt I LJ
T 'n
-

tF
'

r 
E

'r
L-

--
J 

- 
-

..-
--

H
É

-_
- 

+
-+

 -;
 ï 

-:
o 
-Ë

 Ë
 ü

-t
 t

 t
+

 
¡É

 {r
-¡

--

0.
00

 0
.1

5 
0.

30
 0

.4
5 

0.
60

 0
J5

 
0.

90

ln
tr

ac
la

ss
 C

or
re

la
tio

n 
p

Ê
- a E o

oo O
J



Chapter 4

INTRACLASS CORRELATION
ESTIMATION

4.1 Introduction

Estimation of the intraclass co¡relation coefficient p has long been done in many dif-

fe¡ent frelds. It is commonly used in genetics and epidemiology to measure the degree

of resemblance within the same family with respect to some biological or physiological

attribute. It is used in ag.iculture in the analysis of variance in experiments and in

survey sampling to assess homogeneity of clusters. over the yea.rs, different forms of

estimators of intraclass correlatio¡. in the one-way random efect model have been sug-

gested. Pearson [39] proposed the pairivise intraclass cor¡elation. Fieller & smith [11]

generalized the ANoVA estimator of Fisher [i2] to the unbalanced situation. Karlin

et aI' 127) suggested a rveighted product-moment estimator. More recently, Keen [2g]
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introduced a method of combining pairs of rveighted estimators of intraclass correla-

tion that is fully efficient over nearly the complete range of values of the intraclass

parameter. However, none of these estimators adjust foÌ concommittant variables, or

so-called cova¡iates, Srivastava & Ng [65] included the covariates in their estimation

procedure with the composite estimation approach. Their estimator is not as efficient

as the maximum likelihood estimator as noted by the authors [6b]. In this chapter, a

new estimator of intraclass correlation under the nested-error regression model is pro-

posed. An approximation of the mea¡r square error of this estimator is also derived.

Monte c¿rlo simulations reveal that this estimator has a better efficiency profile than

those due to either the maximum likelihood method or the method of fitting con-

stants (Henderson's method 3) based on comparison of their mea¡ square errors for

normal, uniform, exponential and double exponential dist¡ibutions. An example is

given in which a new estimator is applied in the study of blood pressure fr.om a survey

of cardiovascular disease in 4 municipalities within the area of a study in Finnmark,

northern Norway, in 1997 as reported by Brenn [5]. In this example, the intraclass

correlation is employed as an estimator of the heritability of systolic blood pressure

after taking its linear. relationship with diastolic blood pressure into account.
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4.2 The Models

Considel the same random intercept model with ¡andom intercept in section 3.2:

Ur.¡ : a¿*r¿ þtl...lx¡¡¡B¡le¡¡, i:1.,...,t, j :L,...,n¿. (4.2.1)

The model can be written as a nested-error regression model with a single random

effect, u¡, for the ith group

li¡ : x'rrBlu¡le¡¡,

As in section 3.2 the random effects effects {u¿} arc assumed to be identically dis-

t¡ibuted with mean 0 and variance ol. 'Ihe random etrect {u¿} and the erÌor term

{e¿¡} are mutually independent. Their variances ol and o! can be estimated with the

same estimators in chapter 3 by

2
(4.2.3)

and

-2 _ y' lI - x" (xäx")-'xl,] v"' - ---- N-'QÇt- (4.2.4)

respectively. AII the notations and symbols are defined exactly as in chapter 3.

Dl=, r,(ô, - ã), - s:r'l to - N;tuu,lD"(xix")-1Di



4.3 Estimation of Intraclass Correlation

with the random intercept model (4.2.1), or equivalently the nested-error regression

model (4.2.2), the intlaclass correlation coefficient p is given by

_2

P: ;u.' ;.oí+oí

It is natural to express an estimator of the intraclass colrelation by substituting o.2

and ol with thei¡ estimators.

Let the estimators, sl, and s!,r, be of the same class as sl in equation (4.2.3)

witlr different weighting schemes, .,rr, : (u\Ð,rjt),.. . ,jt)) best for large p and

.'e) : (rÍ'),r5",. .. ,Í')) best fo¡ small p respecrively. These weights are already

defined in section 3.4. Define 11 : s?rlG7, + sf) and 12: s2,rlþ2,, + sl). A proposed

shrinkage estimator of p by an algebraic combination of 11 and 12 is given by

r. : (L- a)rt*a rz (4.3.2)

where ¿ is the weight for the combination. The choice of ¿ afiects the value of the

mean square erroÌ of r" and so a reasonable criterion would be choosing ¿ so that the

estimator of r" has the smallest mean squale error. In Appendix A.g, it is shown that

an approximation to the mean square error of r¿, MSE [r¡], for h:1,2 is given by

(4,3.1)

otYar ls?n] - z o\o?Cov [s\n, s2] + oÍvarls?I

(ol + ol)-a
(4.3.3)
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and from Appendix 4.10, an approximation to O 
f(rr - p)(rz - r)] is siven by

where Var[s!] : zoi(N - ,(x")) ,

var(sl) : 
lt,-,1(.*, -H)l'
, 

{r,:r,l | ,r, - 
w;rn uçn¡,.,t,1n, y o"r*:*"1-,] ']

+ 4o! oltr 
| 
("*, - w ;ln . ln¡.,ço¡)' o" 1x;x" ¡ 

-' o;]

+2 "!ft l(a Ø)- rr;,., *,.¿, )']

+var[s!] ("1 {",r, - N;rf,rt t¡n¡u,6¡) o*{x;x"¡-,o;]

(4.3.4)

(4.3.5)

)')

olCov lsf,r, sf;2l + ojvar þ!l - 4o2 (cov 1s7,, sll + co" þ1,, sll 
)

with
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l, ., I
a : t. 

l(nr^r 
- N,lorw 1n¡u lnr') o"{x:x"¡-'o;l

lor h : 1,2. The minimum mean squate error of r"

MStr[r"] - 
MSEh'l MSEh'2l - (El(" - px"' - p)])'?

MSE[r1]+ MSE[r,] _zøl@, _ o)@_ ù]
is attained when

" o?+õ?

The composite estimator will be compared with the estimator þ given by

(4.3.e)

(4.3.10)

(4.3.11)

(4.3.12)

where õj and õl are the variance component estimato¡s of prasad & Rao þ1] defined

in equation (3.3.6) and (3.3.7) respectively.

For normal distributed {z¿} and {e¡¡}, from the likelihood equation, an estimating

equation for p is given by

¡,rli lss¿ - P'esJi 'r-1
Ll \ 1+(n' -r)r))
* í 1""" _ SSJ¿ [1+ (n; - r)p,]\^ å \""" - -¡r+Ç:¡7- ) n*æ:o(4313)

MSE[r1]-tr1(rr - p)(rr- p)

MSE[r1] + MSE[r2] - 2E l(r1 - p)(rz - p)
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where,9Sl¿ : (h - &P)' t¿ (y u - X'¡þ), S S Ji : (y. - Xrþ)' J n (yu - I'oþ) wirh I¿ an

(i x i) identity matrix and J¿ an (z x ri) square matrix with a value of 1 for each

element. The maximum likelihood estimato¡ of p has no.closed form but the root of

the estimating equation can be solved itelatively by a numerical method such as the

Newton-Raphson method.

4.4 Results of Monte Carlo Simulations

Monte ca¡lo simulations that mirnic the data set of Battese et al. [4] under the nested-

error Ìegt'ession model with a single covariate., !¿¡ : a* Bx¿¡lu¿*e¿j, were conducted

to study the relative efficiency of the composite estimator r" with respect to other

intraclass correlation coefficient estimators, The simulations were done in a similar

fashion as for the small-area estimation. The details of these simulations have been

described in section 3.4. Ten thousand independent sets of z¿ and e¿¡ with zero means

and different intraclass correlation p from 0.00 to 0.95 were generated at increments

of 0.05 to obtain 10,000 sets of gr¿3 using the covariate values of Battese et al. [4]

for each of 4 distribution assumptions: normal, double-exponential, exponential and

uniform.

The rveights 1u.rjt)) for the estimator s], a.re also equal to 1, rvhich is thouglrt to

be best for a large intraclass correlation coefficient and the weights {øj2)} for the
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estimator sl, are equal to ni(ní-l), rvhich is thought to be best fol a small intraclass

correlation coefficient. This latter scheme implicitly deletes single-mernber families.

In the case of normally distributed ra.ndom effects, let þ* be the maximum like_

lihood estimator based on the estimating equation with r" as its initial value. A

one-step maximum likelihood estimatol p-1 is also studied under normal random ef-

fects. This is a version of the maximum likelihood estimator with only one iterative

step when solving the estimating equation (4.3.13). we examine this estimator as

well because, on the assumption of regularity conditions, it is asymptotically fully

efficient.

The estimator l¡s¡ is constructed with the va¡iance components estimated by the

resid'ual maximum likelihood estimators following the same approach as in patterson

& Thompson [37]. As described in chapter 3, the matrix K fo¡ the error contrasts

is equal to I - X(X'X)-lX'. The estimator Þ1r¡ is constructed similarly with the

restricted maximum likelihood estimators for the variance parameters following the

approach in Mcculloch & searle [35] in which the matrix K for the construction of

the error contrasts do not have to be specified. A good initial value for the maximum

likelihood estimators is irnportant. If the initial value is not at the vicinity of the

parameter, it may require more iterative steps for the maximum likelihood estimators
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to converge. In fact, there is no guarantee that the maximum likelihood estimators

will converge. In our study both pls¡ and Þrrl use rc as their initial value. The mean

square errors of the intraclass cor¡elation estimators wer.e estimated by adding the

squares of the differences of the estimates from p in all samples and then dividing the

sum by the total number of samples in the Monte carlo simulation. That is, for an

intlaclass correlation coefficient estimator p*, the mean square error is calculated by

MSE[p-] :Dy:'(4- ò', (4.4.1)

where 1ü, is the number of simulated samples, which is equal to 10,000 for our simu-

lation studies.

Figule 4.1 shows the bias of each of the int¡aclass correlation estimators in the ex-

ample ofa small sample for difierent distribution ofthe random effects. In Figure 4.1

(a) and (b), with normally distributed random effects, both maximum likelihood es-

timators þ^ and þ^1 are more biased than the other estimators which have similar

degrees of biasedness. For the double exponential distribution and the exponential

distribution which have long tails, as shown in Figure 4.1 (c) and (d) respectivelv, the

bias of the estimators attains extrema greater than those of the unifo¡m distributions

in Figu.e 4.1 (e). Nevertheless under these four dist.ibutions, þ and r. have similar

small degrees of bias. Horvever', r" is slightly better than þ when the true intraclass

co¡¡elation coefrcient is large.
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The maximum likelihood estimators þ* and þ^1 and the intraclass correlation

estimators Þ(Ð a¡rd llr¡ with residual and restricted maximum likelihood method

respectively were only calculated for the normal distribution. This is because the

likelihood function was based on the normal dist¡ibution therefore these estimators

a¡e not valid for the cases with ¡andom efiects having distributions other than normal.

Figure 4.2 shows the relative efficiencies of the intraclass correlation estimatols

with respect to p- fol different values of the parameter. For. p ) 0.1b, the estima_

tor p17¡ with the rest¡icted maximum likelihood estimation method of Mcculloch &

Searle [35] is more efficient than p*. For p ) 0.25, þ, r. and the estimator þts) with

the ¡esidual maximum likelihood estimation method of patterson & Thompson [37]

are more efficient trhan þ^. Although the efficiency of þ and þ(Ð start to drop after.

they attain their highest level around p : 0.55, the efficiency of r" continues to in-

crease as p increases. The proposed estimator r" has similar efficiency as pla¡ after

p > 0.50. However, r" is more efficient than p1r¡ and l(s) rvhen the intraclass corre-

lation is less than 0.10. In fact, over the whole simulation, r" is more efficient than

the ¡esidual maximum likelihood estimatot Þ1s¡. Compar.ed to þ and lls¡, r" has a

better efficiency profile. Figure 4.3 shows the ¡elative efficiency of r" with respect to

þ for the normal and three non-normal distributions we considered. The closer the

value of p to 0 or 1 is, the higher the relative efficiency oÍ r.. When the random
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effects have double exponential dist¡ibution or exponential distribution, r" is always

more efficient than þ. The relative efficiency was observed to be as high as 116%

and 724% at p : 0.00 under the double exponential distribution and the exponential

distribution, respectively in Figure 4.3.

Srivastava & Ng [65] also studied the composite estimato¡ that was reported to

have relatively lorv asymptotic variances for both small and large intraclass correla-

tion compared to the int¡aclass estimators developed by F\-rller & Battese [13] and

by Srivastava [60]. However, the model they studied is a no-intercept model with

normally distributed random efiects only. whereas in this thesis, the model being

studied is more general with an intercept and with the random efiects not restricted

to a normal distribution. The estimator psN of srivastava & Ng [65] is a combination

of two intraclass co¡relation coefficient estimators ús and ú1: they are supposed to

have low asymptotic variance when the intraclass correìation coefficients are p: 0

and p : 1 respectively. The estimato¡ þsN is an self-adjusting estimator because

þs* : G - ps") to + þsN h. In the perfect cases, þsN reduces to its special case ¿o or

f1 depending on the true value of p. The composite estimato¡ r" proposed here intro-

duces a cutti'g edge approach by making use of the intraclass correlation coefficient

estimators 11 and 12 which ale best for p : 1 and p : 0 r.espectively and adjusting the

combination rveight a of 11 and 12 to attain the minimum mean square error possible.
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The composite estimator þsN of srivastava & Ng [65] is not as efficient as the maxi-

mum likelihood estimator for all values of p as noted by srivastava & Ng [6b]. This

is not the case with the composite estimator r" in this thesis because, in the Monte

carlo simulation study, r" is more efficient than the maximum likelihood estimator-

when the intraclass correlation is larger than 0.30. (see. Figure 4.2.)

4.5 Example: The cardiovascular disease study in
Finnmark, Norway

Brenn [5] reports the study of cardiovascular disease in 4 municipalities within the

a¡ea of Finnmark, northern Norway, in lg77. The survey included a self-administered

questionnaire and measurements of weight, height, blood pÌessure, non-fasting blood

glucose and serum lipids.

In this study, the general population between 2J and 52 years of age as well as

a 10% random sample of those aged 20-22 were invited to participate. of the 60g7

men and women invited, 4883 actually participated. F\.om this sample, Brenn [b]

considered only selected individuals who were part of nuclear families in which the

spouse pairs, if present, aged between 42 and b2 and siblings aged 20-34 years. These

restrictions yielded 575 families with 1377 members. For our analysis, rve eliminated

the pa'ents from consideration, rvhich leaves 348 sibships comprising 6g3 siblings. we
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then eliminated any siblings without measurements for. both systolic and diastolic

pressure, with a resulting sample of 682 siblings in 348 sibships, of which 120 sibships

consist of a single offspring.

For purposes of confidentiality, the data we received. were in the form of residuals

after adjusting for the following covaliates: gender, age, age2, age3, sex x age, sex x

age2, sex x age3, time since last meal (graded 1-b with increasing time), ethnic group

origin (four dichotomous variables generated on the basis of grandparents, ancestry),

seasonality (five dichotomous variables denoting the month during which the survey

took place), current pregnancy (no, yes), and menopause started (no, uncertain, yes),

In this example, the combined estimator f" intraclass correlation is employed

as an estimator of the heritability of systolic blood pressure after taking its linear

relationship with diastolic blood pressure into account. The intercept and its standard

error â,re estimated to be -0.003 and 0.039, respectively, The slope and its standard

error are estimated to be 0.421 and 0.035, respectively. The combined estimate l" of

the intraclass correlation is found to be 0.213 for systolic blood pressure with a root

meân square error estimated to be 0.052.
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on the other hand, after accounting for the linear relationship with systolic press-

sure the combined estimate ø" of the intlaclass correlation coefficient for diastolic

blood pressure is found to be 0.194 with a root mean squale error estimated to be

0.052. The intercept and its standard er¡or is estimated to be -0.001 and 0.08g,

respectively. The slope and its standard errol is estimated to be 0.421 and 0.035,

respectively. Note that the correct estimate of heritability is very complicated. How-

ever, it can be approximated by 2 times the intraclass correlation coefficient estimate.

with the composite estimator r", the approximated heritability estimates of the sys-

tolic and diastolic blood pressures are 0.426 and 0.388, respectively. As a comparison,

the estimates reported in Brenn [5] are 0.48 and 0.3b, respectively.

4.6 Conclusion

As an unbiased estimator of the intraclass colrelation does not exist in a closed form,

all estimators of p studied here are biased. Moreover, a biased maximum likelihood

estimato¡ does not exist in closed form. The best estimator is one with smallest

mean square er¡or. under the normal dist¡ibution with small value of p, the maximum

likelihood estimator p- seems to be the most efficient one among all estimators studied

here in small sample Monte carlo simulations. Nevertheless, all maximum likelihood

estimato¡s assume rc as an initial value. Between þ and r., the estimator r" has the

preferred mean square errol profile. wren þ has the smaller mean square error in the
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simulations, as in the case for middle range intraclass correlation only for the normal

and uniform distributions, the advantage appeal's to be negligible based on the Mo¡te

carlo simulations. For small intraclass correlations with normally distributed data,

as sometimes encountered in survey sampling or more often: biology as in the study

of complex diseases in humans, the maximum likelihood estimatol with initial values

from r" is recommended. Overall, r" is a better choice over its competitors with

acceptable performance in the case of non-normality.
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Figure 4.1: Bias of intraclass correlation estimators based on random efiects with
four different distributions. (u) - (")

(a) Normal Distribution with l-, þ^1, þ and r"
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(b) Normal distribution with p1¡, þ¡7¡ and r.



Bias

-0.04 -0.02 0.000.02 0.04

uorlnqr.Tqslp lerlueuodxg alqnoq (c)

Þ0r



o- t5 X o (D p t-
l

0.
8

0.
4 

0.
6

ln
tr

ac
la

ss
 C

or
re

la
tio

n

$ e o C
\l c O o

u)
q

.q
o

co
C

\¡ I O I $ o ci I (o c o I

0.
2



(e) Uniform Distribution

t0'0 z0'0 00'0 ¿0'0-

se!8

t0'0-



Figure 4.2: Relative efficiencies of þ, r", Þn, Þ6¡ and p(r) with respect to p,, with
normally distributed {z¿} and {e¿¡} (a) - (b)

(a) Relative efficiencies of þ, r. and þ*1
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Figure 4.3: Relative efficiencies of r" with respect to ø with different distributions of
the random effects {z¿} and {e¿¡}
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Chapter 5

CONCLUSION AND FUTURE
RESEARCH DIRECTIONS

S.L Conclusion

statisticians ale trained to deal with uncertainties. It does not necessarily mean

that our responsibility is to eliminate the uncertainties. At least with our knowledge,

we are working to quantify the unce¡tainties. one major task of statisticians is to

formulate a statistical model for a situation or a phenomenon. The most popular

model which many people know about is the linear regression model, which to marìy

is almost like a magic that can be applied to a wide variety of occasions. statistical

models can be used for predicting or estimating the components of the situation. In

this thesis, we showed the nested-er¡or reglession model is a special case of the mixed

linear model used to describe a situation in which two, or moÌe, random components

are involved in a situation. In the situation considered, one of the random components

110
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comes fiom the global variation of the data that affects each of the individuals in the

sa¡ne way and the other comes locally rvhich affects the individuals within the same

region, areas, group ol family.

usually, a single estimator is used to estimate the paxameter of interest, in contrast

to a composite estimator, which could be a multi-stage estimator involving more

than one stage of estimation or a (linear) combination of estimators. For example,

the EBLUP small-area estimator is a linear combination of a global estimator for the

overall mean and an estimator for the local random effect. The latter is an adjustment

to the former for a more accurate estimation of the local mean. The adjustment is

only a prediction of the random effect within a local area.

The method applied in this thesis for estimation of small-a¡ea means and intraclass

correlation coefrcients is a composite estimatol that is a linear combination of two

estimators each of which can be used to estimate the palameter of interest. In the

small-area estimation, it also produces an indirect estimator through a combination

of two EBLUPs for estimating small areas. However, if this is the case, why do

we need two estimators which serve the same purpose? This approach follows a

successful approach by Keen [28], Srivastava [61], and Srivastava & Ng [65] which

used a composite estimator to efficiently estimate the intraclass correlation, The
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estimator is a linear combination of trvo intraclass correlation estimators; one is best

for large intraclass correlation and the other is best fo¡ small intraclass correlation. In

reality, it is unknown whetlre¡ the intraclass correlation is large or small. It is likely

that an estimator efficient for small intraclass cor¡elation is not efficient for large

intraclass correlation, and vice versa. one advantage of the method presented here

is that it yields an optimal estimate of the parameter by self-adjusting the weight of

the combination. The composite estimator will shift the weight to the estimator most

appropriate in the extreme case. This has been shown in the Monte carlo simulation

studies of the small-area estimation and intraclass correlation estimation.

Amoug all the estimators, the composite estimator yields a better efficiency pro-

file in terms of the mean square erro. than its competitors in small-a¡ea estimation

for all four distributions of the random effects. The composite estimator p" is rel-

atively more efficient than the estimator p of Prasad & Rao [a1] and the estimator

pP" of You & Rao [67] especially when the intraclass correlation is almost zero for

the normal and three non-normal distributions. In survey sampling, this is important

for the cluster design in which the intraclass correlation coefficient is designed to be

zero. An efrcient estimato¡ of the intraclass correlation coefficient provides a ¡eliable

check for the validity of the cluster design of the sample. when the random effects

are normally distributed, the composite estimatol ir." is slightly more eficient than
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the estimato¡ îLv^ (wlth variance components estimated by the standard maximum

likelihood estimator, which actually uses ¡i" as its initial value). This might be due to

the fact that the maximum likelihood estimatols of the variance components âre more

biased. For small intraclass correlation coefficients, fi," has smaller mean square eÌror

than the estimators with variance components estimated by the residual maximum

likelihood method, p(s), and the restricted likelihood method, É(t). For. moderate in-

t¡aclass correlation coefficients, the residual or restricted maximum likelihood method

estimators are slightly more efficient than the composite estimator ir". However, p",

Ê(") und É(t) huu" similar efficiencies for large intraclass cor¡elation coefficient. It

is important to note that ,vn , ¡t(s\ and Â¿(") al.e more computer intensive than the

composite estimator ir" and they need an accurate estimate as their initial value

which, in this study, has been the estimate by p".

For intraclass correlation estimation under the normal, double exponential, ex-

ponential and uniform distributions of the ra¡rdom efiects, the composite estimator

r" is more efficient than þ, which uses Prasad and Rao's estimated variance compo-

nents. When the random efects are normally distributed, it has been shown that

r" is also competitive to p1r¡ and þ(s). Fo¡ the other three distributions, we only

compared r" with þ because the maximurn likelihood estimators, including the resid-

ual and restricted MLEs, a.Ìe not appropliate due to thei¡ assumption of the normaì
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distribution.

This thesis provides a cohesive approach to the estimation of small-area means and

the intraclass correlation coefficient. prasad & Rao [41] focused on the estimation of

small-area means by borrowing information from other small areas while s¡ivastava

& Ng [65] makes use of a composite estimator for the estimation of the int¡aclass

co¡relation iu an intercept-free regression model. This thesis combines the techniques

of Keen [28] and srivastava & Ng [6b] for a composite estimator suitable for the esti-

mation of small-area mean and intraclass cor¡elation coefûcient. The results obtained

by the proposed estimation ¡nethod yields a relatively mo¡e efficient estimator than

that of either Prasad & Rao [41] for small-area estimation or srivastava & Ng [6b]

fo¡ the intraclass co¡relation coefücient estimation. My work here bridges the survey

sampling literature and the biometric literature.

6.2 Fìrture Directions

The composite estimation approach can be used in both small-area estimation and

intraclass co¡relation estimation to yield satisfactory results. This conclusion is based

on small sample Monte carlo simulations. usually, we are not only interested in

the biases of the estimators but also the mean squa¡e er.r.ors of these estimators.

Knowledge of the mean square erÌor of the estimator permits confidence interval
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estimation and hypothesis testing and further allows the assessment of the reliability

of the estimator itself. A la.rge mean square en'or implies that the estimator has

large variability about the t¡ue value of the parameter. Typically, the true value

of the parameter is unknown, otherwise estimation would not be needed. In this

thesis, using the delta method, we have provided the mathematical formula for the

calculation of the estimated mean square errors of the composite estimato¡s fol the

small-area estimation and for the intraclass cor.relation estimation. These formulae

provide a starting point for higher order approximation of the mean square errors.

These will be studied in the future resea.r'ch. More advanced statistical details may

be needed fo¡ these estimators to give more accurâte estimates for the mean square

errors in finite populations. This, for example, may be achieved with second-order

terms in the Taylor series expansion of the estimato¡s.

In this thesis, the composite estimator, which is a convex combination of tw<r

estimators, was applied to the nested-error regression model. The idea of the combi-

nation is to make use of two estimators to achieve a more stable and more efficient

estimation of the parameter. Each of the two estimators is known to be efficient for

extreme situations. In our case, one is good for large int¡aclass correlation and the

other fo¡ small intraclass correlation. The composite estimation method is also a

novel technique in the context of indirect estimation for the small-area mean in which
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the information from other areas â,re pooled togethe¡ for mo¡e efficient estimation.

This is particularly important when the group sizes are small. In the future research,

the same technique will be applied to more complicated statistical models such as

with non-linear models.

Most studies of the estimators Bssume infinite population size. we, however, have

expended considerable effort in studying the small sa.mpìe properties of our estimato¡s

and the estimators proposed by others. In survey sampling, the population size is

finite and we need further to consider the impact of this fact. you & Rao [62] has

introduced their estimator to achieve this objective. However, their estimator is not

as efÊcient compared to other small-area mean estimators especially the composite

estimator proposed here. I propose to develop a design-based estimator using the

composite estimator for more efficient and design consistent estimation. This is not

restricted to small-area estimation, but can also be applied to the intraclass corr.elation

in the presence of genetic heterogeneity due to finite sub-population domains.

Last but not least, a future research project will include the study of the accuracy

of estimation of the mean square eÌror itself. This is important because it will allow

us to evaluate the reliability of a mean square error estimator. with high mean

square error reliability, we rvill be able to perform reliable hypothesis testing on the

parameters.



Appendix A

TECHNICAL DETAILS

4.1 Proof of the Unbiasedness of sl

Note that the estimator of o! in equation (3.3.2) can be w¡itten as

sl : v'Av

where

A _ I_X"(XäX")-l Xl /^ 1 1\
.M - r(X") \^¡r'rl

The expectation of sl is then given by

p("3) : tr[AV] +0'oxto1lx'eo @12)

where V: Va¡(v) : 
"?f + I2,X,DLD"X,, and 0o: (h,...,þt",aL,)/. Note that

e'"J{LAX"e": 0 and

lt - "" 
(x;x")-'xl] x"D;D"xi : x*D;D"x! - x"DlD"Xl : 0 .

L17
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Hence, s! is unbiased because

tr(Av) : "3 
t'(I -oI: !*T")-'x!) : ", (A.1.3)

4.2 Proof of the Unbiasedness of s]

With the expression of sl in equation (2.6.5), the expectation of sl is given by

E G7) : 
fr, - 'r (' *)]-' {u(r,,r" - ^Y)

^ / rì
ø.'tr ((fi - 1f;'c"'c.;,)D"(x,"x")-'D:) 

] te.z.rl

because sl is an unbiased estimator of o.2. Consider.the sum

t

Ð,u@u_ 
ã)2 : y'cy

where

c : x"(xlx")-1D; (ç¿ - N.-luu,) D"(X!X")-lX! . (A.2.2)

The expectation of y'Cy is given by

t
E(Du¡r,r-ô)') : oo'x;cx,,eo+tr(cv)'=i /

: oo'D'o (d7 - N.-1uu')D,e.

+ø.2rr ((o - N,-1uu')D.(xlx")-'Dl) (A.2.8)

+o?tr(Cx"D',D"xl) .
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Note that

îo'Dl (o - N,-tuu')D.'lo : a2L, (dt - i/,-1øø,) 1 : 0

and øftr (CX"DäD"Xâ) can be written as oftr (O - N;ruu,), which is equal to

"'"Ði=r@u - alU;l) or ol(t-7) @ - Gr,/to)]. Therefore, substituring rhese resutrs

into equation (4.4) yields Ð (s7) : 03.

4.3 Optimal Choice of a¿ for Small-Area Mean Es-
tirnator [ti

Let þi: G - où t"[') + o, þl') and the mean squared error can be written as

lr 12\
MSE (P;) 

: . !ffi '::^:," ::,*:1,,),

. 
+2a¿(1- o,¡n ({øÍ') - t ,)G,,Ír) - ,ù) . (A.3.r)

Consider the derivative of MSE(¡rf) with respect to o¿,

rl

frusn (i"î) 
: -2(t- at)E(lrl'\ - ,u),) +zo,n(@Íq - un),)

+2(1 - 2at)E((t'l') - t n)(i,,Í,, -,ù) .



setting the above derivative to zero, an expression of a¿ such that the MSE[¡rf] is at

its minimum is given by

MSE(/ijl)) _ e(tøÍ" _ u,)fu|Ð _ u))
\.¿.¿)' 

MSE(/;Í')¡+ruse1¿j,)¡ _zn({øÍ') _ p)0,!,)_u,)) \Ã'u¿

^.4 
Optimal Choice of ø for fntraclass Correlation
Estimator r"

The shrinkage estimator r" defi'ed in equation (4.3.2) is (1 - a) 11 * a12 with mean

squared error is given by

MSE[r"] : 
"Ilft -a)rt+orr-o\'lL\ / J

I ". l: EL(l - o)'(r, - p)2 + a,1r, - ù2 + zalt - a)(r, - p)(r, - p)l

: (1 - ø¡,n[(ri - o)"] + ""øl{,, - o)"] (A.4.1)

+2a(t- a¡oi(r, _ p)(r, _ o)]

: (1 - o)'?Msnlrl] + ¿,Msnhrl +2a(t - o)of(rr - o)@ - o)l .

Consider the derivative of MSE[r"] with respect to o,

,1

,ause¡"1 
: -2(r - ø)o l(", - o)rf + z"nl{r, _ o)rl (A,4.2)

+2(t - 2ùEl?, - p)(r" - p)] .



setting the above derivative to zero, an expression of a such that the I\4sE[r"] is at

its minimum is given bv

(A.4.3)

4.5 Mean Squared E;rcor of lrl

Flom equation (4.3.1), the mean squared error of þi canbe written as

MSE (pf) : (1 - au¡rrilSn(¡zj1)) + øf rrlSnl¡ijr)¡

-t2a¿(r -o,¡n({øÍ') - t u)0"') -,,)) (A.5.1)

substituting the expression of ø¡ from equation (4.3.2) into equation (A.3.1), with

some algebraic ma'ipulation, the mean squared error of þl can be expressed as

MSE(pÍi))MsE følÐl _ 
fø(følÐ 

_ p,)(î,.1,) _ ø,))l 'MSE(ff): _: - ;:r "';::,.,/J-.(A.5.2)
MSE(¿Í')) + MSE(pj,)) _ zn({øÍ,) _ t,)0,Í,) _ ø;))' 

t^ " "

4.6 {RRroximation of the Mean Squared Error of
P')"'fot P:I,2

For the nested-error regression model in (2.2.2), the best linea.r unbiased estimator of

the small-a¡ea mean for the ith area

MSE[r1] - E (rr- p)(rr- p)

MSE[r1]+ MSE[r2] - 2tr1(r1 - p)(rz - p)

¡", : -1rB+r, (4.6.1)



u" : T!,þ+miGZ,y-t ("-"B)

which can be reduced to equation (3.3) of Prasad & Rao [41]:

is given by

(A.6.2)

(4.6.5)

tt, : T.nþ+to(s,-x,þ) (A.6.3)

wlrere ,y¿ : o?,("2, + o?nt1)-1 and þ : (X/V-1X)-1 X,V-1y. Let slo be similarly

defined as in equation (3,3.1) for weights {urþ)}. Thus, the trvo-stage estimator pje)

of ¡-r¿ lor the dth area is given by

t"f) : X'uþo+ iu, (ùu -uÍtr) (4,6.4)

where l¿o : s?o!|o+ s]ntr)-t and þo: (x,V;t*¡-'x,t;tv with ir;r an es-

timator of V-r obtained by replacing o2, and o! by slo and sf respectively. Note

that X is an N x (fr + 1) design mat¡ix and i;1 : diag(V,r-,..., û;t) *h"r"

ilr':t;'Inn-(n¿s!)-ti¡¿ol^,11.. For convenience, define ú;1 :In, - nitiipLnnL.'

and Ú;i : diag(Wþ{,. ..,Úr;t). Hence, the regression coefficients estimator po

can be written as

Fto : (x'w-lx)-'x,w-r,

d"l¡p _ síp/n¡ -.'lí,
õt? (sf,, + s2,/nu)z n¡s\p

It can be shown that
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and

o7¿p - s?/no 
-t?1kasr,p - (gr+e@F:;a

Also note that

'# : - (x'ú;'x)-' ("'#, (x'w-1x)-1x'w-,"

+ (x,w;'x)-'(",#, (A66)

and similarly,

æ : - (x'w;,x)-' (",#, (xw-,x)-'x,ú-'"

+ (x,w;'x)-' (",H, (A 6 7)

where

q:,-'(#,,w)
Ô"? 

: 
år,)- 

"frr,,rr,,"." 
,*r*rr,) (A.6 8)

and

*-'*(#,'W)
a'70 

: 
#o'", (*',,'r,, ,*'*'r,) (A.6 e)

The total difierential of ¡rjp) is given by

di,P : #*t*#*t, (A6.10)



wheÌe

and

ai,:') _
ðs?

(x, - iu,*,)' 
arr% 

* (v, --o,þ,) æ (4.6.11)

(A.6.12)

Replacing d by d and treating the difierential as a finite difference and evaluating the

difference about the point (ol, o!) yield

ôîr(r') t=7 - - r, ðþ,
ã4 : \r¡ - ?,px¡J uq* Q-,-U,þ,) æ

6i'9 : 
Wlrr",,u'' * Hlrr",,u'''

Note that

(op,f,)' : (w1,",.,) Q,?)". (w1,,,.,,)' {u,".,)'

- (w1,,,",,) (w1,",.,) o,? u"r, (4 6 i4)

Substituting the finite differences 6¡íù : ptnl - pt, 6s? : ,? - o? and 6s2,o : 
"2, - o?,

into the above expression and taking an expectation, leads to the following expression

for the approximation of the me¿n squared error of U!) fo, p:1,2,

naso lpjo)) : ø(føp - u,),)

È (9¡-'" \' /^-'ttl \'
\ @lrr,.r) Var(sl) + 

\wlr,'r) 
Yat(sl',)

* (w1,.,",) (w1,.,.,,) "*u,,,r,, (A 6 15)

(A.6.13)
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To simplify, let Bo,,r: ðPe/As\ and Bo,,o: õþr/asr,r. The approximation of the

mean squaled error of ¡.,,f) to, p -- 7,2 can be expressed as

lvrsE (/;f)) æ var(sl) | (& - +,,x,)' po,,o - (r, -, ^ \ 1k f'
L ' 

-*'tt') 
",t'*)

+var(sfo)I (X,-ino*), 80,,,+ (g,-Ìí8,) 4]'
L \ .tn¡sip)

+z cov(s!,s1,,){1,*,- iin*t)' Bo,,o- þ,- u,þ,) #,1
, 

| 
,* - ino*o)' þa",, + þ,- xu,) #lj (A.6.16)

A.7 Approximarion 
"r n({øÍt) - t"n)0"[t) - ,ò)

Following the similar approach in the previous section, we obtain

uol' : #l u**#l 6,?, (Az1)
" t(ol,o!\ "'t(oï,o?)

a.nd

uor' : WI uq*#l 6,?" (^72)
' t(o?d?) "" t(ol,o!)

Substituting the finite differences 6¡.t11) : r{r) - pr,6þl) : it:') - þ¿,6s?: r? - o?,

6 s2,, : s7r-oz, and 6s2,, : t?"-o| into the above expression and taking an expectation
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leads to the following approximation:

n (røÍ') - u)tu1') - u)) = #l #l var(sf)' uuê 
lç7,o7¡ "", lçg,o7¡

*gfll Wl cov(sf;,,s2,,)- aifl. " ".a'I:t \ot,o¿ ) 2 169,o3¡

, oi':')l ôi,'l')l.-ã.¡1," 
".i"îl ^ ^cov(sf'sl') 

(r'z's)
t ldr,ot ) t\oi,o: )

. w1,,",w1,",,",," ou,"r,,r,,,

which can be expressed as

e (tøÍ') - ø,)fu|Ð - u,))

n: Var(sl) 
l{*, 

-.r^*,)' U*,, - (un-.,þ,) #l
,.la" - 7n7,)'þ¿,,,- @,-"1þ,) hl
+cov(s2,r,s2,") 

f 
f* - O,=,)', o,¡ + @, --,þr) #]

" f 
,* - i,,*,)' þ0,,,* þ,-u,þ,) #] @.7.4)

+cov (sl,r, s2,)l{*, - r,u)' U *,, - @ u - -,þ r) h]
" I 

e - in Tu)' þ0,,, - @, - --,þ,) #l
+cov(s2,,, s!) 

| 
{* - *,*),U *,, - þn - "lþ,) #^l

' f 
,*, - 70,*,)' þ0,,, - (u, -"1þ) #]



A'.8 Mean Squared Error of r"

Flom equation (4.a.1), the mean squared error of the shrinkage estimator r" is given

by

(1 - ø)'zMSE[r1] + ¿,MSElrrl + 2a(1 - ø)o l(r, - o)@ - o)]

substituting the expression of ø f'om equation (4.4.3) into equation (A.4.r), with

some algebraic manipulation, the mean squared error of r" can be expressed as

MSE[%]: 
tt"r"'rtt"r"'r-(E[(?_,)(",_,)])l. 

(A.8.1)
MSE[r1] + MSEhrl _ zøl?, _ p)(r, _ p)] \^ .,"L

..A'.9 Approximation of the Mean Squared Error of
r¡, fot h:1,2

Suppose r : f (sl, s!) : (I + s!/sr")-r is an estimator of the intraclass correlation p

where s] and s! are unbiased estimators of o2, and o!. "rhe total differentiation of the

function ,: Í(r?,sl) is given by

¿, : ^!^ ¿r?,+ 9I a"?osi - dsí

: - (' " #)' i,0,, * (,. #)-' # 
o,t

: ,, (a ¿,: +"J ¿,:.\ .

\ 'i 
-' sf --'/

Replacing d with d and t¡eat this differential as a finite difference, we have

*:u(;d"z+$æ;)
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Evaluating this difie¡ential about the point (ø1, øj) yields

6r : p2 (n= u,r"#u,,")

: tue-#)
Note that

<¿.t, : "åo^ le)' -, e) (Ð .(#)']
Substituting the finite differences õr : r - O, 6s! : s! - o! and, 6sl: ,z - ol into

the above expression and takirg an expectation leads to the folloiving expression for

the approximation of the mean squared er¡or of r¡ lot h: 1,2 in equation (a.3,10):

MSEh,,l : El(ro-p)'l
o.a 

,n (va'-[s?n] _2cov[s?n,s?] _, Varþ:]\= er- \-Z- *-A- 
)

= ("2,+ 
"!)-a

* ( o2v* ¡rr,o1 - 2 ololcov fsf;^, "]l + 
"jvur¡"f1 ) . (A.e. 1)

\ 
. L-vn) --v-e--'L-vnt .J ' .')

A.t0 Approximarion of Ei(ri - o)?r- o)]

Following the similar approach in the previous section, we have

¿,,:#r,(+ #)
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and

d,,:#r'e -E)
and hence

611õ12: #rle)@-(+)e)
-(+)(#).(#)'l

Substituting the finite diffe¡ences ôr1 : y, - p, 6rz : rz - p, 6s! : s! - o!, 6sf;, :

sh - "? 
and ôsl, : 

"7, - ol into the above expression and taking an expectation

leads to the following expression fo' the approximation of u i(", - p)(r, - p)f,

of(" - p)(r, - ùf = (ol + ,?)-^ 
{":c*¡s,,,,s2,,1+ 

ofvarfs!]

/ rl
- oio! 

lcovls,^ 
, sll + Cov [s], , rr¿ 

) ] 
(A.10.1)

4.L1 Proof that sl and tr:l u¿(ã¿ - ã)2 are uncor-
related

The estimator of. o! in equation (3.3.2) can be written as

s! : v'1.y

whe¡e A is defined in equation (4.1.1). The surn fj=, a¡(ã¿ - &)2 can be w¡itten

as y'Cy where C is defined in equation (4.2.2). Note that A and C are symmetric

matrices and AC : 0 so that sl and !j=, ai(Aí - A)2 are u¡.co¡related.



A,.L2 Variance of s]

Defining A" : [I - X"(XäX")-rXi], the variance of s! can be written as

'--\-cr f 12

L¡'/ 
_ r(x")]

_ 2 ltr(A"VA"V)r+4d:XlA"VAlX"0,] /^ ro1\

fr,r - ,1x"¡]' \^ r¿ r/

Note that AoV : ø.2,4'o and because Ao is an idempotent matrix, AoVAoy : olAo

and A"VA! : o?Ao. Also note that the last term in the above expression is 0, and

hence the variance of sl is

Var'(s!) : ;-4-----;1 tr(A,)

L¡\r - r(x")l

: 
"+,

because the trace of the matrix I - X"(XåX")-rXl is equal to I/ - r(Xo).

4.13 Variance of sl

The variance of sl can be expressed as

var(sl) : 
fr' - 'r ("- *)l' {*, (i",rr -,,,)

(A.r2.2)

+var(s!) 
l 
.(,r - .M, 1øc..,,)D"(X;"")-'o;)]') 

to.rr.rl
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because Dlu=r rn(ã, - ô)2 and s! are uncorrelated. The varia¡ce of the sum in the

nume¡ator is

t

var(f ,.rr(ô, - â)') var(y'cv)
i=1

: 2tr (CVCV)2 + 4e,"x!,cvc'x.,eo (A.13.2)

wlrere C is defined in equation (A.2.2). If we expand CV, we have

cv : ø.2xo(x:x")-rDi(o - N.tuu,)D"(x;x")-1x!

+ojx"1x;x"¡-'Dl(o_À;1c..rar,)D*X! (A.13.3)

and hence, we obtain CVCV as

cvcv : 
"3x"1{x:,x")-'Dl (o - N;tutro,)n"]'1x;x*¡-'x;

+o',olx,l1x',x")-'D; (o - N;I uu,)o"]'*l

+ o? o,,x 
" 
(x!^x" ) 

- t D ; (o - N ; 1 
u; u, )2 D* ( x! x" ) 

- 1 x,"

+djx"(x;x*)-tD;(o-N;tut-.s,)2Dox,o. (A.13.4)

Aftel some matrix manipulation, the trace of CVCV can be shown as

tr(CVCV)2 : o:û((O - N;l<..'ø')D"(XlX")-1D;)'z

+2o! ojtr ((o - lr;1c.rcu,)rD" (X!x*) -1D;) (A. 13.5)

+o\fi (a - N;luto')2



Note that CVC' can be w¡itten as

cvc' : o.'x* l1x;x*¡ 
-'Di (o - w ;t uu)o 

"]2 
(xlx,)-1xl

+ o?x 
"(x:,x ")-t Dl (o _ N ; 1 u u, )2D,(XIX" ) 

- 1x; (A. 1 3. 6)

and

x'cvc,x : o?D,,(e - N;rcocot)D*(xlx")-1Dl(o _ N;Luu,)Do

+oïD'*(e - N;luu,)2Do (A.i3.z)

also

40'.x'cvc,x0o : o.

Combining these results, we obtain an expressiou of the variance of sl as

I 
Lr /- - llll-'var(sl) : 

l(r_:. , tõ) J

,. 
{ 

2"3r, (to - .t{, rc,.,c..,,)Do (x;x-¡ -1o;)'z

+4o?4ft(@-Nltuu,)2Do(x,_x")-,D!) (A.13.s)

+2oifi(n - N;1uu')2

+var(s3) lt, ((o - N,I uco,)Do(xlx")-'Dl) 
l'? Ì .

,t )
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A.L4 Covariance of s! and sf;

It lras been shown that Dlu=rrn(d, - ô)2 and sl are uncorrelated, therefore, the

covariance of sl and sl is

cov(s!,sf;): ffiu,,,",,
-zolt (la - lv; Iarc.r,)D* (x,"x*) -r Dl)

_ \^.Iï. r,,

L¡/ - r(x")l (r - i) (a- , 
"-+)

4.1-5 Covariance of sl1 and s2,2

Both s], and sl, are unbiased estimators ofoj with weights ûr1r¡l : (rÍr, ,rP ,. . . ,jt,)
and usp¡' : (r\',,r5',,...,:'r) respectively. Deñne â1o¡ : ¡v,ttyl_rrlo)ãu for

p: r,2. The sums Ðl=rr!') (au - ãç¡)'and !f_, øjr) (a¿ - ã.p¡)2 are independent

of sl and hence the covariance of sl, and s!,, can be written as

cov(sf;,,sl) : in -,¡,(,.,,- 
-) 

(-., - #)] 
'

t 
,- / t - t -\

" L.*(Ð"1') 
(ân _,i1,¡), ,Ð"f, @, _ ao), 

)

+r,r, var(si)l (A.15.1)

where Ç : tr({nrol - Nilr¡.1o¡.rrr')o"{x;x*¡-,¡l) ø' o: 1,2. The covariance
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betrveen the trvo sums can be expressed as

/t ¿

cov(t@Í,) (a, - a1,¡), ,D,f, (a, - a,r),)
\ i=l j=t /

: 2tr (CrVCzv) + 4e,.X!.C1]r'C2X.,0o (A.15.2)

where C1 and C2 are similarly defined in equation (A.2.2). The second term in

equation (4.15.2) is equal to zero because, for pt:L,2,

e'.X',Cp : 0'oD:(d16., - N,rf,ruçr¡u,¡o¡)D"(X,"X*)-1x! : 0,

and the cova¡iance of s], and sl, is then given by

Cov(sz,r, s2rr) (A.1b.3)

4.16 Maximum Likelihood Estimator of fntraclass
Correlation p

The intraclass correlation coefficient is usually estimated by its maximum likelihood

estimator. In the context of nested-errol legression model, let o? : o? + ol, the

intraclass correlation can be expr.essed as p: ol/ol. The likelihood function given

the observations y; and the covariates X; in the zth area is

(,A.16.1)



where B : (a, þt, . . ., þ*)' and V is a variance matr.ix of y¿ given by

Y¿: o?r,,-t of;J^ : t:lO - p)r,,+ pJ^,]. (A.16.2)

with inverse

v" : o#,1t"' - ¡ff-r;t",] (A'16'3)

and determinant

lv,l: þ:)"'rr -p)n,-,lr+1",-r;p] . (A.16.4)

The total likelihood is

t
r. : ffr,("i,ø,0)

i=1

"*p {- D:=, (", - x,o)'v;'(v, - x,ø) lz}_(
ptr¡nnat-,lv 

l1/'

Consider the expression ol -2lrog L:

ttt
-2togL : Nlos2n+ )ln¿logof + )_--(", - 1)tog(i - r) + Irog þ + (", - r)p]

i=1 i=l i=l

*¡ (", -*,p)'t",(", -x,p) _ $ ^(v, 
- x,f)'.r,,(v, - f,B)i=, T:õ;T__ k, ç_q*;¡¡;

: uroeo?+ (¡¿ - Ð log(1 - p) * ir", lr + 1r, - r¡p]
t=1

*-L-.------i"",' (L - p) 
"4 ?-""" - O -õ4 + 1 + @r - | p+ c



where lf is the total numbe¡ of observations in all areas and is equal to ll_rn¿,

ss¡, : (v, - xoþ)'\,(v, - x,p), ssrt : (y¿ - x,þ)' r^,(vo - x,B) wth r,, an

n¿ x n¿ identity matrix and Jn, an n¡ x n¿ matrix of 1,s and c: N \og2r which is a

constant. It is well known that the maximum likelihood estimator of B is

(A.16.6)

For the maximum likelihood estimator of ø1, consider the derivative on -2log L

with respect to of,

õ - 2tosL r" _ Ðl=,{rl + .__! . _i __gg¿_ . (A.16.2)---ae-: e- +l-p)$att\n¡-L)p

setting this partial derivative to zero and solving lor o2,, we obtain an expression of

the maximum likelihood estimator of ol,

/ t \-l ¿

B : (Dx;vr'x,,¡ Ð*ítr'",

0-2losL: _N-¿-$ n,-t _.Dl=,SS¡,dp 1- p 31 * (z¡ - t)p (i - p)2o?

1 
_ \-. 

ss¿ lr + (n, - i)p']
-î= p),4 L-¡--- ------ir-''i=l lt+(u-t)pl

(A.16.8)

For the maximum likelihood estimator of p, consider the derivative of -2log -L witìr

respect to p,

(,A.16.e)



setting this partial derivative equal to zero and replacing of by its maximum likeli-

hood estimator, the estimating equation for p is

, 
lÐ (",n _,=,", 

_ *.u"_)]' å (,,,,ïf;,:#¡
_ ¡! ¿¿(n¿-1)p _n

?t+(n¡-l)p-" (A.16.10)

Thus the maximum likelihood estimate of p can be obtained by solving this numeri-

cally, for example by Newton-Raphson method.

4".I7 Newton-Raphson Method for the MLE of p

In appendix 4.16, the maximum likelihood estimate of p is the root of equation

(4.16 10), which can be solve numerically, for example by Newton-Raphson,s iterative

method. This method involves the first derivatives of the estimating function with

respect to the variables in the function. Let f(p) be the expression on the left hand

side of the estimating function in equation 4.16.10. Now let

ó,(p) : Y( ,r,,- 
ttJ lt * t"' - t]Í] )

'=, \ [r + (nr - r)p] )

iþ"n-

(A.17.1)

ózþ) : pSSJ¡ \
t+(n,-t)p) (A.17.2)



so thât

Í(p) : N+9-ir4:l)f
óz(p) 417+(n¡-7)p

Differentiating /(p) with respective to p, we have,

r'(p):.(#W-ffiW)
_¡\ n¿(n¿ - 1)

3 þ+Ø,-1)d'

(4.17.3)

(A.17.4)

ry : kt(,,,,-'iif å:,_';;¡¡

t-t

Ð(ry
,l ¿ss¡n *u*, dP

$ ¿ss¿
/--J d n

t

-)-h+

$ ¿ss¿

?dp

d
îpY'ft * @,-Ðp'l

It+1",-gp]'
t 2SSJ,+!

(n, -

t

-T

- 1)p'] +z@, -

o]'

(n,

1)

+Lþ

)p'
¡2_t)pl

+

+

,¡4

l¡

l+(n¿-L)p2

[r + 1",

(r -7

ldssJt
l- df ,¡rsst,]

(ru

dSSJi 
-2(n¡ 

- t)(r - p) SSJ¿]
dp -T,"_tT-j
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ry:kþç"', ##ú)
_ \\ dSS.i,, +- d pSSJ¡

,----' --i ^ 2...- .t ^ 1-'-7ì---7Í-1

t \¿ pssJ¡

3 d.p ?o¿pt+(n¡-t)p

: tq& -y- (e# + ss¡,- (,,, - r)pss4z)
?- dp f \jlla:lft-fu,_Ðr] )

- $ ¿ss¿ -i ( ,# þ * (,,, -r¡p]sstn- (,,, - r)ps,sr,\: 
k-ãp- -à 

lrro=r)p-

= tqql -¡(, o|- , * ,ro I? dp f \t+1";ID- ¡Ç,_r¡ )

The derivative of ,9,91¿, .9,9J¿ and B can be found following the procedures below

Define a variable W : diag(\Mr,..., W¿) such that V¿ : ø?\tr/¿ and

w¡l : øfv¡l : dã lt., - *fçr",] (A.17.5)

Note that the maximu¡n likelihood estimator of B is

É:1x'v-tx¡-1x'v-'y:(x,w-rx)-lx,w-ry. (A.12,6)



Replacing B by þ in,5,91¿, we have

íSSL d t ^\t/ ^\,r : oo\",-x,þ) lv,-7,Ê)

lki,- ",Ê) ] 
(v, - x,r) + (v, - ",þ)' lk(v, - x,ø)]

: - (*,4)'(", -*,þ) (v,-x"B)' (-,#)\ dP )

Similarly, the de¡ivative of ,5.9J¿ is

íSSJ' d t ^\, / ^\--¡r- : ø (t' - x,þ) J", (v' - x'B,¡

: 
lk(v, - x,o) 

] 
r,, (vu -x,É) * (vu - x,Þ)' u,lk|- 

",Ê)]: - (", #)' ,,,(", - *,B) - (", - xul)' t,, (",#)
Both derivatives of .9sd and ,95J¿ ale functions of the derivative of p with respect

to p which is

# : l*4- 1x,w-'x)-']x,w-,"+ (x,w-,x)-' lä*,*-,"]: - (x'w-lx f ' lk1x,w-'x¡] (x,v/-,x¡ -1 x,\ry-r"

+ (x'w-rx; -' 
lr4-**-'"1

Note that

h*" : kå("' - r¡#=r,-''')
: .-r-. lr,, - It *,', - r,r-lr",l(1-p), \ fr+1n,_ r)d, ", 

)



Difierentiating X'W-IX with respect to p, we obtain

f*,*-'* : X,W;IX
dp

where W, I : diag (#\Mi',.. ,kW;'). Simitarty, the derivative of X,W-ry is

given by

ll

h*'*-'" : X'w;ry



Appendix B

TABLES: BIASES OF SMALL
AREA MEAN ESTIMATES

(1) with population covariate means (from p. 143 to 152)

(2) with sample covariate means (from p. 1b3 to 162)

d¿i weight defined in equation (2.7.4)

it@t EBLUP defined in equation (2.2,4)

þ('), trBLUP defined in equation (2.7.4)

lt": composite estimator defined in equation (2.2.4)

¡t: estimator defined in equation (8.2.5)

irv*, EBLUP with M.L.E. variance estimators

it@), EBLUP with Residual M.L.E. variance estimators

p@), EBLUP with Restricted M.L,E. varia¡ce estimators

þP": PSEUDO-EBLUP bv you & Rao
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Appendix C

TABLES: MEAT\T SQUARE
ERRORS OF SMALL AREA
MEA]\ ESTIMATES

(1) with population cova.riate means (from p. 164 to 173)

(2) with sample covariate means (fi.om p. i74 to 1g3)

ai: weight defined in equation (2.7.4)

¡t(t) 1 EBLUP defined in equation (2.7.4)

it('), EBLUP defined in equation (2,7.4)

it', composite estimator defined in equation (2.7.4)

þ: estimato¡ defined in equation (3.2.5)

itv*, EBLUP rvith M.L.E. variance estimato¡s

¡r(s) ' EBLUP with Residual M.L.E, v¿riance estimators

it@) t EBLUP with Restricted M.L.Ð. variance estimators

itP"; PSEUDO-EBLUP by You & Rao
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Appendix D

RELATIVE EFFICIENCIES OF pC

(1) with population covariate means (from p. 185 to 1g4)

(2) with sample covariate means (from p. 195 to 204)

aii weight defined in equation (2.7.4)

¡t(t) t EBLUP defined in equation (2.7.4)

ir('), EBLUP defined in equation (2.7.4)

it', composite estimato¡ defined in equation (2.7.4)

it: estimator defined in equation (3.2.b)

ir'*, EBLUP with M.L.E. variance estimators

tt(s), EBLUP with Residual M.L.E. variance estimators

þ(') t EBLUP with Rest¡icted M.L.E. variance estimators

þP": PSEUDO-EBLUP by You & Rao
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Appendix E

VALUE OF ø IN SMALL AREA
COMPOSITE ESTIM ATOP' tli
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Appendix F

INTRACLASS CORRELATION
ESTIMATION RESULTS

(1) with no¡mal distribution (from p. 20g to 209)

(2) with double exponential dist¡ibution (p. 210)

(3) with exponential distribution (p. 211)

(4) with uniform distribution (p. 2t2)

r": defined in equation (4.3.2)

þ: defined in equation (4.3.12)

p-: M.L.E. estimator of p

þnpu¡,": Residual M.L.E. of p

þnøu¡,t: Restricted M,L.E. of p

207



208

Table F.1: Bias of intraclass correlation estimators with normal ¡andom effects

P r" þ þ^ þnauz" þapu¡,,
0.00 0.0385
0.05 0.0204 0.0208 0.0157 0.0204 0.0260
0.10 0.0077 0.0079 0,0018 0.0079 0.0140
0.15 -0.001i -0.0005 -0.0087 _0.0004 0.0049
0.20 -0.0071 -0.0060 -0.0164 _0.0059 _0.00i7
0.25 -0.0113 -0.0098 -0.0218 _0.0099 _0.0075
0.30 -0.0145 -0.0t27 -0.0262 -0.0127 _0.0116
0.35 -0.0169 -0.0149 -0.0290 -0.0150 _0.0148
0.40 -0.0189 -0.0168 -0.0310 -0.0168 _0.0774
0.45 -0.0203 -0.0184 -0.032i -0.0i82 _0.0193
0.50 -0.0214 -0.0197 -0.0327 -0.0194 _0.0207
0.55 -0.0220 -0.0206 -0.0327 -0.0202 _0.0274
0.60 -0.022L -0.0212 -0.0321 -0.0205 _0.0216
0.65 -0.0217 -0.02t2 -0.0309 -0.0204 _0.0272
0.70 -0.0207 -0.0207 -0.0291 -0.0198 _0.0203
0.75 -0.0191 -0.0195 -0.0265 -0.0185 _0.0187
0,80 -0.0167 -0.0i76 -0.0232 _0.0166 _0.0165
0.85 -0.0139 -0.0148 -0.0190 _0.0139 _0.0137
0.90 -0.0103 -0.0110 -0,0138 -0.0103 _0.010i
0.95 -0.0057 -0.0062 -0.0075 -0.0057 _0.0056
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Table F.5: Bias, MSE and relative efficiencies of the int¡aclass co¡relation estimatols
with uniform ¡andom effects
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Appendix G

VALUE OF a IN INTRACLASS
CORRELATION COMPOSITE
ESTIMATOR Tc
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Table G.1: The value of ø in the intraclass correlation estimator r" based on the
simulation results

p Normal Dbl.Exp. Exp. Unifor.m

0.00
0.05
0. i0
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95

0.9631 1.0000 1.0000 0.9898
0.7510 0.7994 0.8284 0.7624
0.6600 0.6841 0.7027 0.6735
0.6088 0.6105 0.6284 0.638i
0.5701 0.5571 0.5764 0.6064
0.5291 0.5t72 0.5335 0.571i
0.4836 0.4695 0.4935 0.5282
0.437t 0.4272 0.45i1 0.4752
0.3898 0.3844 0.4054 0.4200
0.3418 0.3398 0,3583 0.3633
0.2958 0.292t 0.3099 0.3063
0.2502 0.2442 0.2582 0.2496
0.2057 0.1953 0.2013 0.1937
0.1604 0.1463 0.1435 0.1385
0.1146 0.0962 0.0824 0.0843
0.0680 0.0440 0.0171 0.0310
0.0199 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000



Bibliography

[1] Anona, V. & LaHrnr, P. (1995). On the superiority of the bayesian method
over the BLUP in small-area estimation problems. rn proceed,ings of the suruey

Methotls Section. Statistical Society of Canada.

[Z] narw, L. J. & Eivcnlneanr, M. (1973). Interval estimation fo¡ the two-

parametel double exponential dist¡ibution . Technometrics 1 5, g7b_gg7.

[3] Barru, L. J. & EivcEr,HARor, M. (1992). Introd,ucti,on to probabil,ity and, Math_

ematical Statistics. Duxbury Press, 2nd ed.

[4] Berrnsn, G. E., Hanr:nn, R. M. & FullnR, W. A. (19SS). An error_

components model for prediction of county cÌop âreas using sulvey and satellite
data. Joumal of the American Statisti,cal Associ.ation gg, 2g*36.

[5] BnnuN, T. (i994). Genetic and environmental effects on coronary heart disease

risk factors in no¡thern norway. the cardiovascular diease study in finnmark.
Annals of Human Geneti,cs 58, g69-329.

[6] cnarc, A. T. (1943). Note on the independence of certain quadratic forms.

The Annals of Mathematical Sati,stics 14, lg5-792.

[7] Cunnr*cH,r,M, E. P. & He¡¡osRsoN, C. R. (196g). An iterative procedure

fol estimating fixed effects and varia¡rce components in mixed model situations.

Biometrics 24, 13-25.

2t5



2t6

[8] Dnrr,resren, A. P., Solwvn, M. R., perel, C. M. & Roru, A. J. (19g4).

statistical and computational aspects of mixed model analysis. Appti,ed stati.sti,cs

33,203-14.

[9] DoNNon, A. & Koval, J. J. (1980). The estimation of intraclass correlation

in the a.nalysis of family data. Bi,ometrics 86, 1g-2b.

[10] Fav III, R. E. & HnRnror, R. A. (1929), Estimates of income for small
places: An application of james-stein procedures to census ð,ata. Joumal of the

Atnerican Statàstical A s s ociat'ion 7 4, 269-277.

[11] FIer,len, tr. C. & SrralrH, C. A. B. (igbl). Note on the analysis of variance

and int¡aclass correlation. Annals of Eugenics 16, g7-10b.

[12] Frsnon, R. A. (1958). statistical Methods for Research worlcers. New york:

Hafner Publishing Company Inc., thi¡teenth ed. ed.

[13] Fulr,en, W. A. & Brrrnse, G. E. (i973). T).ansformations for estimation of
linear models with nested error structure. J oumal of the American stati,sti,cal

A ssociation 68, 626-632.

[ta] GHosn, M., NATARAJAN, K., SrRouD, T. W. F. & Canr,rN, B. p. (1998).

Generalized linear models for small-a'ea estimation. Journal of the American

Stati.st ical Associ,ati,on 95, 273-282.

[ff] GuosH, M. & RAo, J. N. K. (1994). Small-area estimation: An appraisal.

Stati,sti,cal Sci,ence g, 55-93.

[t6] Gnaverrr, F. A. (1969). Introd,uction to Matrices with Apptications i,n stati,s-

úzcs. Belmont, CA: Wadsworth.

[1fl Henvrue' D. A. (1969). Quadratic unbiased estimaton of variance components

for the one-way classification. Bi.ometrika b6, 813-326.



2L7

[18] Hanvrr,r,e, D. A. (1974). Bayesian inference for variance components using only

eÌloÌ contÌasts. B,iometrika 61, 383-38b,

[19] Heavrr,i,e, D. A. (1977). Maximum likelihood approaches to variance compo_

nent estimation and to related problems. Journal of the American statistical
A ssoci,at'ion 72, 320-340.

[20] HanvIlr,o, D. A. (1g85). Decomposition of predictor enor. Joumal of the

American Stati.sti,cal A s s o c,iati,on 80, 1 32-1 98.

[21] Haavrr,lo, D. A. & JesKn,,D. R. (1992). Mean squared e¡ror of estimation

or prediction under a general linear model. Journat of the American stati,sti,cal

A s s o ciati,on 87, 7 24-7 3L

[22] Hnr.roonsoN, c. R. (1953). Estimâtion of variance and covariarce components.

Biometrics g, 226-252.

[23] HeivoensoN, c. R, (1g25). Best linear unbiased estimation and prediction

under a selection model Bzometrics BL,428-447.

[24] HuLTrNc, F. L. & HARvrr,r,E, D. A. (1991). Some bayesian and non-bayesian

procedures for the analysis of comparative experiments and for small-a¡ea estima-

tion: computational aspects, frequentist properties, and relationships. Journal

of the American Statistical Associ,ation 86, b57-b68.

[25] JoHNsoN, N. L. & Korz, S. (1970). Conti,nuous (Jni.uariate Di,stributions _ 1.

Boston: Houghton Miffiin Company.

[26] JoHNsoN, N. L. & Korz, s. (rg70). continuous lJniuariate Distributions - p.

Boston: Houghton Miffin Company.

[27] Kanr,rr.r, S., C.lrvroRol, E. C. & WrllrnM, p. T. (19g1). Sibling and parent_

offspring correlation estimation with variable family size. rn proceedings of the

Nati.onal Acad,emy of Sci,ences of the \Jnited, States of Am.erica, vol Tg.



2L8

[28] Knorv, K. J. (1996). Limiting the efiects of single-member families in the est!
mation of the intraclass correlation. Biometrics 52,923-gJ2.

[29] KeuefiroRnE, O. (1957). An Introducti,on to Geneti,c Statisti,cs. New york:

John Wiley & Sons, Inc.

[SO] Xorr, P. S. (1989). Robust small domain estimation using random efiects

modeling. Suruey Method,ology '15, Z-72.

[3f] Koz, S. & JouNsoN, N. L., eds. (1982). Encycloped,,ia oJ Statistical Sciences,

vol. 2. John Wiley & Sons.

[32] Lrrrer,r,, R. C., Mrlr,rxeN, G. A'., SrRoue, W. W. & Wolrrwcon, R. D.
(1996). SlS Sgstem for Miced, Mod,els. Cary, NC. U.S.A.: SAS Institute Inc.

[33] Loi.rcrono, N. T. (1995). Random coffici,ent Mod,els. oxford university press

Inc., New York.

[34] LoNcFono, N. T. (1999). Multivariate shrinkage estimation of small-area

means and proportions. Joumal of Royal Statistàcal Society A L62,227_245.

[SS] Mccur,r,ocH, C. E. & SoaRr,o, S. R. (2001). Generali.zed,, L,inear and, M,ired,

Mod,els. John Wiley & Sons, Inc.

[36] Moune, F. A. S. & Holr, D. (1999). Small-area estimation using multilevel
models. Suruey Method,ology 25, 73-80.

[37] ParrrnsoN, H. D. & Tuol,resou, R. (1921). Recovery of inter-block inforrna-

tion when block sizes are unequal. Bi,ometrika 58, b45-5b4.

[aa] eaul, s. R. (1990). Maximum likelihood estimation of intraclass correlation

in tlre analysis of familial data: Estimating equation approach. Bi.ometrika 77,

549-555.



279

[39] PeensoN, K. (1896). Mathematical contributions to the theory of evolution-
III. regression, heredity, and panmixia. Ph,ilosophi,cal Tlansactions of the Royat

Soci,etg, Series A L87, 253-378.

[40] Pr,ernx, R., Rao, J. N, K., SÄnxoer,, C. E. & SrNcu, M. p. (1987). Smalt_

Area Statisti,cs: An Internati,onal Sym,posium. John Wiley & Sons, Inc.

[41] Pnesao, N. G. N. & Reo, J. N. K. (1990). The estimation of the mean_

squared error of small-area estimators. Joum,al of the American statistical As-

soc'iat'ion 85, 163-i71.

[42] Pnaseo, N. G. N. & Rao, J. N. K. (1999). On robust small-area estimation

using a simple random effects model. Sut"ueg Method,ology 25, 67-72.

[43] RacHuNmHAN, T. E. (1993). A quasi-empirical bayes method for small-area

estimation. Joutnal of the American Stati.sti,cal Associ.ati,on gg, 1444-144g.

[44] RAo, c' R. (1972). Estimation of variance and covariance components in linea¡

rnodels. Journal of the American Statistical Associ,ation 62, lI2-715.

[45] RAo, J' N. K. (1999). some recent advances in model-based smalr-area esti-

mafJon. Surueg Method,ology 25, L75-786.

[46] RAo, J. N. K. & CnououRv, G. H. (199b). Small-Area Estirnation: Oueruiew

and, Empi,rical Stud,g, chap. 27. Business Survey Methods. John Wiley & Sons,

Inc., pp. 527*542.

[47] RrcHenosor.r, A. M. & Wnr,su, A. H. (199b). Robust restricted maximum

likelihood in mixed linear models. Bi.ometrics 51., 7429-1489.

[48] RrvEsr, L.-P. & BEll,fonre, E. (2000). A conditional mean squared error of
small-area estimators. Suraeg Method,ology 26, 6T-7g.



[49] RoarNsoN, G. K. (1991). That BLUp is a good thing: The estimation of
random effects. Statist'ical Sci,ence 6, 15-51.

[50] ScnnmÉ, H. (1959). The Analysàs of Variance. John Wiley & Sons, Inc.

[51] seanr,u, s. R. (i95s). sampling variances of estimates of components of vari-
ance. Annals of Mathernati,cal Statisti,cs Zg, L67-179.

[52] seeni,e, s' R. (1968). Anothe¡ look at rrenderson's methods of estimating
variance components. Bi,ometrics 24, T 4g-TT g.

[53] Snanr,e, S. R, (i971). L,inear Mod,els. John Wiley & Sons, Inc.

[54] seanr,e, s. R. (ig7r). Topics in va.riance component estimation. B,iometrics

27, L-76.

[55] Soeu,o, S. R., Cesou.A, G. & McCullocH, C. E. (1992). Variance Com_

ponents. John Wiley & Sons, Inc.

[56] srwcH, A. c. & sruxol, D. M. (1ggg). Bayesian versus frequentist measures

of error in small-area estimation. Joumal oJ Royat statistical societg B 6o,
377-396.

[5[ smrnn, R. R. (1997). va¡iance estimation for the regr.ession estimator in two-
plrase sampling. J oumal of the American Statistical Associ,ation 92, Tg0_7g7.

[58] srravru, G. K. & VERBYLA, A. p. (1996). A conditionar rikelihood approach

to ¡esidual maximum likelihood estimation in generalized linear models. Journal
of Rogal Stati,stàcal Soci,ety B 58, b65-b22.

[59] snrvasreva, M. s. (1984). Estimation of intercìass correlations in familial data.
Biometrika 7 L, I77 -185.



221

[60] snrvasrava, M. s. (1987). Testing for block effects and analysis of regression

models based on survey data. Report 2, University of Toronto.

[61] snrvesrava, M. s. (1993). Estimation of the interclass co¡relation coefficient.
Annals of Human Genetics 52, 159-165.

[62] Suvasrava, M. S. & Kareea, R. s. (1gs6). comparison of estimators of
interclass and intraclass correlations from familial data. The canad,ian Jountal
of Statistics L4, 29-42.

[63] snrvastava, M. s. & KEEN, K. J. (1988). Estimation of the intercrass corre-
lation coefficient . B.iometrika 26, T3I-Tgg.

[64] Snrvasrava, M. S., KeeN, K. J. & Klraee, R. S. (19Sg). Estimation of
interclass and intraclass correlations in multivariate familial data. B,iometrics
44,74t-750.

[65] Snrvasrava, M. S. & Nc, F. K. L. (1990). Estimation of intraclass correlation
in regressin models. Gujarat stati,stical Reuiew professor Khatri Memorial
Volume.

[66] \Macr,ewrw, M. A. & Lraruc, K. ].. (1993). prediction of random effects in
the generalized linear model. Journal of the Arnerican statistical Associ,ati,on gg,

77t-778.

[67] You, Y. & Rao, J. N. K. (2002). A pseudo-empirical best linear unbiased

prediction approach to small-area estimation using survey d,ata. The canad,ian
Joumal of Stati,stics 30, 431-439.

[68] You, Y., Rno, J. N. K. & Drcx, p. (2002). Benchmarking hierarchical bayes

small-a.ea estimatols with application in census undercoverage estimatiou. In
Proceed'i'ngs of the sur,ey Methods secti,on. statistical society of canada.


