
APPROXIMATE ANALYSIS OF OPEN QUEUEING
NET\ i ORKS WITH BLOCKING

by

Elias Yannopoulos

A Thesrs

Sul¡mittecl to the Faculty of Gracluate Studies

in Paltial Fulfillment of the Requirernents

for the Deglee of

DOCTOR OF PHILOSOPHY

Departrlelt of Mecìlanical and Inclustrial Etgineering

University of Manitoba

Winnipeg, Manitoba R3T 2N2 Canacla

@ August, 1993



Ë*ã |,*îå!'Jo,"o
Acquisitions and
Bibliographic Services Branch

395 Wellinolon Slreet
Ottawa. Oñtario
K1A ON4

Bibliothèque nationale
du Canada

D¡rect¡on des acquisitions et
des services bibliographiques

395, rue Wellington
Otlawa (Onlario)
KlA ON4

The author has granted an
irrevocable non-exclusive licence
allowing the National Library of
Canada to reproduce, loan,
distribute or sell copies of
his/her thesis by any means and
in any form or format, making
this thesis available to interested
persons.

The author retains ownership of
the copyright Ín his/her thesis.
Neither the thesis nor substantial
extracts from it may be printed or
otherwise reproduced without
his/her permission.

rsBN 0-315-8610i-0

Où ite Notrc.étércnce

L'auteur a accordé une licence
irrévocable et non exclusive
permettant à la Bibliothèque
nationale du Canada de
reproduire, prêter, distribuer ou
vendre des copies de sa thèse
de quelque manière et sous
quelque forme que ce soit pour
mettre des exemplaires de cette
thèse à la disposition des
personnes intéressées.

L'auteur conserve la propriété du
droit d'auteur qui protège sa
thèse. Ni la thèse ni des extraits
substantiels de celle-ci ne
doivent être imprimés ou
autrement reproduits sans son
autorisation.

Canadä



NOME €LIAt YANNOPOULO'
Disserlolion Abslrocls lnlernolionolis orrsnged by brood, qenerol subiect coteqories. Þleose select lhe one sub¡ecl which most
neorly describes lhe contenl of your disserlo'iion. Ênter rhe ãorresponding lou"ãigit code in the spoces provideà.r" tffir u.M.l

SUBJECf CODEo f o1 co( C-È{"¡1ø¡-S Rrsë'/{ft'üt/

.. .0422

....03ì8

....0321

....03r 9
...0320
...0322
...o469

3H€ SGIEI{€E5 Â$TD ENGINEER¡¡\¡G
8l0t0GlGt 5(ltN(tS Geodesy.............................. 0370 sDe€(hpo.hooov...............0¿óo Enôinêe,inôAq¡iculture Geofesi................ .......0372 rö-icolooy......1:........ ..03ãa - "ô;;;,J . ...... .... ...........afi7

îgfil?tln;;; '" ff¡,"?"Ëðr 3??9 pHysr(Àlscrlcrs âg[ïli::' ..:::. : 3!i3
oÌå'ji5ç;i; 3Xlå Ë31ä!."jîîå 32t2 pure sciences uo¡nedic., ó5¿i

i"#'s;r;;i#xå *'" þ;iätiiäJ üiä .r"41ä,"- 0,,, !ii"l':l - 3!Í3
Technoloov................... ..035e Poleozooloiv......................0e85 9!191L1:: i 949: el*r,."i.'."J Èiäii:läl.. õ5¿i¡"1ãìii-JiYvüiiir:il õiiá Þ;iñìä;:1 üãi Ae'irur'u,or 07¿e ilïlond Th",-oduno.i.. o3¿B

,"s"#:*ff:r¡öl::::::::::Btn iít:iëiï:ïi_'*'""",," [îv'i,î,,,1,,,,,,,,,,,,,,åíii ilsï'3r+'*: :::::::::åiii"'äJ"",o'........ 0¡o¿ lyitt:l;:ll'"*"' a768 rr¡nót - õira ü:;i", . o55r
Anoromv.......................0287

ili;--Joo;. . .. ..:. . ...... oãsá Educorion 0350 o:î:1-.:.:::;i oeoó o.Jä[ia*,.... ............. o42B

ffiiå',Ë#1,',,,''''.'''',',',''''8i8i Ë:*î'#:¡:8:;:li 3í33 ^fr[f11, 9,*, öl:,iÌì;ri'T"1;"" öiéå
;ii:;;bixl; .... .....ð;iã lmmu¡oroqy.......................0e82 a

Neu,osc;e.ce ...................... 03r 7 Meñ.otHeot.h :' 9?42 Êi"lii"ìiil å,ij ËËo,iiiy ..... õåõi psy(Ho1gGy
d;;;;;;i;.. . . ... . . õ;i; Nußins........................05óe Ete.ren.orv porrrcres ond ;....i
h:åì;ì:;:i.............. . . õäii cbsrerrics ond cynerotocy ..0380 Ft

i:,::;'4"':"'::""'-' i,äi ïhê,ônv 035¿

Bioohvs;ci opiitiälíill"qi .............. . .õããi n*'r'i'""rol o¿,4

rÁRrH scrrN(rs iiiii.¿'.j1,i.11, 
, , ,,, Bl9å ìiriå,;;;;,"; u4ôr 

Ë:Í:|:h:l:pl 
: : : : 

8åål

@



Disserlolion Abslrocls lnlernolional esf orgonisé en colégor¡es de sujels. Veuillez s,v.p, choìsir le suiet qui décrit le mieux volre
lhèse et inscrivez le code numêrique opproprié dons l'espoce réservé ci-dessous.

|-|-l-n {JM.I
SUJET

Cotégories por suiets

H¡'!AñA¡{¡IÊS ET SGIEN€ES SOGIAIEs

CODE DE SUJII

SE¡EN€85 ET INGÉNIER¡F

1ecrure.....................................0535
Molhémorioues.................... 0280
Musioue .1.. os22
O¡¡eniorion êr conr!ho1ion....... .05ì9
Philosoohie de l'éducotion ......... 0998
Phvsio,ie 0523
P¡óq¿mme! d érudes êr

enseionemenr .. .. 0727
Psvcho!ãoie os25
5crences .................. ....... . .. . (J/ l4
Sciences so<ioìes....................... 0534
Sociolooie de l'èducorion........... 03¿0
Technofôsie............... ......... .. 07ì0

I.ÂNGUT, TIflÉRAfURT Tf
UNGUT5Í0Ut
to¡gles. ,. _trenerolrlê! .................... .. .uôly

Ancieññes.... .... .................0289
1inouis|ioue...................... ..0290
Mo?erne!.................. . 029t

Litlérolure
Gênêrolirés..................... ...0401
4nciennes........................... 029¿
ComDorée ..........................0295
Medíévo|e.... ......................02e2
Moderne.............................0298
Alricoine ............ .. .. . .......031ó
A¡éricoine ......................... 0591
Anolôise....................... .. . 0593
Asi¿lioue.-............. 0305
conoúenne lAnoloisel ........ 03s2
conodrenne lfronco,sel . ....0JJ5
Ge¡monioue 03ì ì
torìno om'áricoine................ 03l 2
Moyen.or;e.role......... .. 03r5
Romõne 0313
Slove êl €t.europænne .....0314

Çèolçie. . . 0372

Hvd;ol6oiå. ... o38sMi',¿¡olåoie or'ì ì
Ocèonosiophie physique . ... ....0415
P.lèôhôrõ¡idL,ê O3¿5
Poleðko|ooii........................ ..0¿2ó
P.lÉÒ¡r.ld:è or'l8
Polèozooloäie...........................0985
Polynolosie-........... .. .... ......... 0427

s(lt (ts Dt ta saNli It Dt
rrNvtR0 Ntft$Nr
Économie dome!rioue............. .. 038ó
5c ences de I envroñnement 0/óa
Sciences de lo sontê

Générolirés .........................05óó
A¿minislrorion des hìóitôux O7ó9
Alimenrôlionelnukilitn . ..0570
audiolø;e.... . o3oo
chimiôrÊ'érÒôie o99)
Dênriterie..:...... .. ........ .....05ó7
Déveloooementhrmoin 073A
Enseioååmenr................ .. . 0350
l.-,;"|""i. oga?
1or5rrs.................................(J5/5
Médecine du hovoilel

thérôó;e 035¿
Mede¿ile er ¡hnu¡oie 05ó¿
Obsréhioùe er ovñËcôlôôiê 0380
oohrolmhlôore:i........ .:...... 038ì
Ohhoohonie-.. .... .. . .... Oaóo
Porhofooie O57l
Phormocre .................... .....u5/2
Pho¡mocolooie . .... .. . .... . .0a19
Phv<iorhé¡oàie 0382
RôiliôlMiÞ o57À
Sonré mËnrol-" . .... .... .........0347

5orn5 nlrrmreß ...............U5óv
loxicologie . .... ..................0383

4ncienne...................-........ 0579
Mediévo|e...... .... ...............0581
Moderñe.......... .. ..........0582
H¡roire des ¡oir'.... .... . .0328

Conodi€iñe........................033¿
8rors.Unis ............... .......... 0337
Eurooèenne 0335
Movån-orienrole 0333
Loti'no ornéricoiñe.... ........... 033ó
Asie, Aurrolie et Océonie....0332

Hisroire des sciences... 0585
Loisìrs...................... . ........081¿
Plonilicorion urboine ei

- régionole ........... .. . ....A999

çenero rles ..... ........ . uô l5
Adrni¡irroiionÕuhlioùe 0617
Droil et relôrio;!

internorionoles .............. ..0ól ó
Sociolôo;e

Génirolites............... a626
Aidê er bien.òrre sociol........ 0ó30

élobli";menis
oénitenrioire3 O6t7

DémooroÞhie.......... .... ......0938
Erudeidd l' indi"id, er

- de lo fomi |e........... .. .. ...0ó28
ErL:des des relotions

inierethñ;ôùe3 er
des relorions rocioles 0ó31

Slruclure et develoooemenr
so<iol.............11........ ozoo

Théorie er mérhodes ...........03¿¿
TrovoileÌ relorions

industrie|jes......................0ó29
Tronloorls ... . ..... 0709
Tro'oìlsociol.................... 0¿52

Bioméd]co|e........... .. ..... .. 05al
Choleur ei ther

modvnomioue.......... . .. .03¿8
Condirìonne"i.*

{Embo |oqel .....................05¿9
Gèñie oèroiooriol ...... . 0s38

Génie civil .:................... ...05¿3
Génie élecìronioue et

elê(k;a!e . . .054a
Génie inJurriel..... .. 05¡ó
Gènie mèconioue................05a8
çenenucleorre........... u5ll
Meconroùe ¡ôvôlê l)5Á/
Mèro lurbie . .. .. o7Á3
Science ðes rnorériou^ .... ....079a
Technioue du oèlrole . a765
le.hnr.re mrnrÞrê (ì551
Ìê.hni;1,ê( (ô.ir^i,êr pt

muni¿iooles.. .... .... . oss¿
T€chnoloiie hvd¡oLJlioue.. . osa5

Mèconiouê ôåôliiuéê o:]r'¿,
Céorechnoìosii . .......... O¿28

fTê¿h""!"l,i.l a7e5
Recheiche ooé¡ãtiónnelle. . .. .. .079ó
Tenieserris!us (Tech¡olosie) ....079¿

PSY(H0t0GtI(Jenerolrles |J621
Pe¡sonnoliré............ .................0ó25
Psvchobiolooie.... o3¿9
Psicholøie-cl;nioue aó??
Psicholdie d! c¿moo¡remenr o3B¿
Pricholoãie du dev¿lÒóóéñênr 0ó20
P!;choloãieexoérime;iirle.. 0ó23
Psicholoðie in¿ur,ielle .. o62a
PsicholoËie ohvsiolooioue........ 0989
Psicholoãie lo.iole .: .:. . o¿51
Psichom5r,ie .... .. ............ oó32

@

...0422

...........03r 0
.........0454

...........0770

..........0272

..........0338

..........0578

o473
0285

S(IINCTS PHYSIOUTS

Sciences Pu¡es
Chìmie

Genê¡ol'rés....... .................0¿85
Biochimie . ............... .. ¿87
Chi¡nie ooricole..... ....... . 07a9
Chimie oñol¡io¡e 0Á86
Chimie min¿'rolå........... .. . O¿8e
(hrm e nucl-ÀoÍe ... . O/34
Chim;e o¡oonioue ............... 0490
Chimieohãrmoceurioue. 0491
Phvsiouå... : oÄ9a
PofvmCres ............. .... .. .0¿95
Rodrolron.. .. . O/54

Molhémo1ioues..................... .. 0¿05

' c¿nè,olirés .........................oóos
AcoulioLre.............. O98ó

orroohvlioue.-..... 0ó0ó
Elecrroniqire èr élecrricir€ ...... Oó07
rru des el Dlosmo......... . .. ..o/5y
Méréo¡olobie . ....... . ...qéaq
upnqu€,.,, -........................u/J2
Porlicules {Phy!iquenucleonel.... ........0798
Phvsioue orôñioùe 07 Ág
Phisiciue de l étår solide oól I
Phísiciue moleculoire ........ .. oó09
Pl,i¡iciuenuclæire.... 0ólo
Roijioi;on....... . .......025ó

Sloliliques ......................... .. . 04ó3
5ciences Appliqués Et

1nformorioJe........................ . .098¡
lnqè¡ie¡ie

(Jenerolrles.. l)t.l/
Asrico|e ................. .. .......0539
Aulomobile . . 05r'O



APPROXI}',ATE ANALYSIS OF OPBN QT'EI]EING

NETI,¡ORKS WITE BLOCKING

BY

ELIAS YANNOPOI'LOS

,â' Thesis submitted to the Faculty of G¡aduate Studies of the University of Ma¡dtoba in partial

fuEill-s¡ent of the .r€qui¡e-E¡enb fo¡ the degree of

DOCTOR OF PEII.OSOPEY

@ 1993

Pernission h¡s been granted b the LIBRÄRY oF TIIE I'NTVERSITY oF ¡vlANrroBA to tend o¡

3€u copi€s of this thesis, to the NATIoNAL LrBRÂRy O¡ CåÀÍADA to miaofiIm rhis thesis and

to lend or s€ll copies of tlle 6lm, and UNTyERSffY MIG,OEn ¡\fS to pubtish an abstsact of rhÈ

the3is.

The autho¡ rese¡¿es other publications riglts, a¡d neithe¡ the thesis nor extersive exËacts Êom it
may be printed or oiherwíse ¡epmduced without the auiho/s perrr.issioru



Abstract

The analysis of procl.ctiorr syste'rs using clueuei.g tech'iques has r.eceivecl con-

siclelable attention iu lecent yeals. Plocluction systerns can be lepr.esented as c¡ueue-

i'g uetrvo.ks. trla.y queuei.g netrvo.ks a.e a'alysecl usi'g sinulatiou. Holever',

tlie linitations of simulatioll have t'esultecl in the cleveloprnent of clueueing niethocls

rvhich a.e rnuch fastel than simulatiol arrd give reaso'ably goocl r.esults. The ol¡-

jective of this thesis is to clevelop nerv arcl implovecl approximation methods for. the

estiuation of system peLfomralce nìeasul.es fol queueing networks.

Real life systems colsist of arbitlary colfigurations of tauclerl, split, ancl uer.ge

queueing netwolks. The non-expolentiallity of tlaffic and selvice plocesses ancl

bufiel capacity colstlaints rnake tlie alalysis of real life systerns clifficult. Existing

methocls rvolk only fol specific arbitlary systens. An apploximation method, whiclr

can be usecl to model any type of a.bitraly configulations is Presented. Existing

apploximation methocls for the analysis of tandern, split, ancl rter.ge systems, ar.e

usecl as components of the proposecl approxination. The method was tested in the

moclelling of a pa.t of a couveyo. syste.r installed in a rna'ufactur.i'g compa'y. It

is shown that the ¡r::oposed lnethod gives good l'es*lts for lorv and rnocler.ate tr.affic.

Florn this analysis, the liuitations of existing methocls for the moclelli¡g of the

three basic queue configurations (tanclem, split, and rne'ge) becanre eviclelt. Nerv

apploxirlation methocls a::e neeclecl, rvhicll rvill l¡e more acculate, sirnpler., faster.,

artcl capable of modelliug a rvider variety of tanclem, split, and melge systems, thau

the existing methocls. In tliis r.espect, trvo apploxirnations ale clevelol¡ed.

i) A. approxir:ratio' r'ethocl for the aualysis of expore.tial tanclern networ.ks

is presented. It is shorvn that it gives irnp'oved results rvhen comparecl rvith those



obtained lry othel existing uethods. This rnethod p'ovides the joint queue length

plobability clistlibutions fol tliplets of acljacelt nocles info¡¡ation u,hich ca¡ ¡ot be

obtaineil l;y othel existing nethocls.

ii) A sirlple, an<ì quick appr.oxiruatiol method fol' tanclem, split, ancl rnelge

systems is clevelopecl. This is the fir'st rnethod to lePolt r.esults fo. split, ancl rner.ge

configulations corsisting of nore thar thlee nodes (rr'ith general allival and ser.-

vice tines). This 
'ietho<l 

is a 
'ery 

useful tool rvhe. used as pa.t of o¡rti'rization

plocedules for rvhich execution tirne is very irnportant,
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CHAPTER 1

Introduction

1.1 Analysing Production Systerns using Queueing Techniques

The impoltance of analysing pr.oduction systerns usilg queueing tecluriqr:es, ancl

the tlifficulties encouutelecl il the analysis ale cliscussecl in tliis section.

1.1.1 The fmpoltance of Analysiug Production Systems

Pl'oduction systems constitute the l¡asic courpouelts of any industlial activity. The

role of ploductio. systerns is to process rarv material in ol'cler to procluce finishecl

itetls. A procluction system consists of a set of workstations linked by a ntatelial

halclling system arrd a numbel of stolage areas. items (custorners) al.ive at the

systern fronr outsicle, r'eceive selvice (get processecl) at tlie wolkstations, ancl flnally

clepalt from tlie system.

In this highly conpetitive global economy, a rnanufactuling comparìy can only

sulvive if it is eficient. This thus calls for the optirnal design ald operation of

its prorluctiol system. An item can be pr.oduced by ernploying many clifelent

combillations of clesign paranetels (pa'-'ametels s.ch as lvolkstations corfigu'ations,

availal¡le stolage space, ptocessilg rates, etc.). The engineer. is the' faced lvith the

follorving (among other) ploblens:

o Which is the best systern design arnong a large nurnber of alter.uatives ?



o \4¡hat is the effect of a change in the plocessing r.ates or the pelforniance o{

the system '?

Thus the p.oblem is to fincl the optirnal conbinatior of the design palaureters to

minirnize the opelating cost of the system.

Consiclering the high costs associatecl rvith modern autolnatecl procluction sys-

terns, a slight improvernent in efficiency cal lesult in siglificant lecluctions i¡ total

costs. Thus, thele is the need fol the developrnent of techniclues rvhich can be usecl

fol the optirlal design and coutl'ol of production systems, We should be able to use

these techrriques for: i) estirnating the pelfolmance of the systeur ancl ii) pr.ovidi'g

arswels to the "rvhat-if" questions (such as rvhat is the effect of a specific systetn

parautetel on the system pelfolrnance ?), These techniques can then l¡e usetl as

cornl>onents of optimization plocedures in olcler. to filicl the optirral design of the

systetr.

The objeciive of this thesis is to clevelop nerv ancl irnprovecl methods for. pre-

clicting the systeu pelforrnarìce rreasures (such as avelage sojourn tirne thlough the

systern, avelage inveltoly levels, etc). All the ruoclels developed in this thesis ale of

the alalytical types basecl ou queueing theor.y.

t,L2 Replesentation of Production Systerns as Queueiug Networks

Evely plocluctiort systeur can be vierverl as a queueing netrvolk, rvhele machines ancl

itells loutes ale representecl by nocles arrcl arcs, r'espectively. Queueing networ.ks

consist of a lluntbe. of nocles/queues linkecl togethe. to forur tancle'r, split, ancl

Drelge configuratiolls rvhere iterns/custoners travel through the netrvolk Ìeceiviug

service at all ol' sorle of the service facilities. Plocessilg tirnes at ilcliviclual nodes



carì be coustânt ol can lìave arìy type of plobability dist.iì:utions. Each item has its

orvrr loute thlough the netlolk and its orvn processing times. Buffer.s with liurited ol'

unlimited ca1>acities fol ternpolaly stolage of unprocessed items ale locatecl behind

each node. Queueing letu'olks are generally classified into trvo types i) opel and ii)

closecl netrvorl<s. In opel netlor.l<s items elrter. the systenr at sotne s1;ecific points

ancl aftel they leceive selvice, they clepar.t fiorr the tetwor.k at sot¡e s1;ecific exit

points. hi closecl netrvolks a fixed ancl flnite nurnbe. of items are consider.ecl to be

in the system ancl are tlapped in the system in the sense that lo other.s rnay entel

ancl none of these may leave.

Il this lesealch rl'e consirler. open queueing netwolks, ancl assuule that each

nocle is attenclecl by a single selver ancl that al1 iterns belong to the same class.

Open queueing rretworks cal be consiclerecl as consisting of four classes of queue

configurations. These foul' classes of netrvorks are:

r Talclem letwollts. Taudeur rretworks consist of queues in tancletr (Figur.e 1.1).

Bufels (for temporaly storage of items) rvith lirnited ot unliuited capacities

ale placecl behincl each nocle. Iterns (fi.om outside) ar.r.ive only at the fir.st

nocle, r'eceive selvice at all rocles of the system ancl finally cle¡rar.t fr.om the

last n ocle-

M

{]1}G* ffi {ItrO*
Figure 1. I : Queues in Tancletn

Split configulations. Queueing netrvorks consistilg of a single lode (fir'st level)

linkecl to rz palallel single nodes (second level) are callecl split configur.ations

i+1



Flrst Level second Level

spllt conf igurat.ion

Merge conf igurat ion

Figure 1.2: Split and Melge Configurations

(Figure 1.2). ltems alrive at the fir'st level node ancl then proceed towarcls the

second level nodes which a'.'e tlie cleparting points of the systern. Buffer.s ale

placed behincl each node ancl can have lirnitecl or utliuitecl space.

lVlerge colfigulations. À4erge configuratiotrs consist o{ n 1>alallel fir'st level

single locles linked to a single seconcl level node. Iterns a::r.ive at the fir'st level

Dodes ard tlepalt fi'orn the seconcl level nocle (Figure 1.2). All bufels calì Ita\¡e

Iimited ol unlinited size.



Albitlaly colfigurations. Arbitraly configur.ations ar.e the netivorks that calt

not l¡e classifiecl a.s 1>ure tanclen, split, or. merge systems but consist of cor¡-

l¡inatiolls of the fir'st tlil'ee classes of netrvorks. Ole ar.bitraly configulation is

shorvn in Figure 1.3.

Figule 1.3: Albitrar.y Configulations

Queueing netrvolks calt furthel be categorize<l acco.-cling to the nature of their

trafÊc ancl service plocesses. Thus, networks with exponential selvice pr.ocesses and

Poisson external allivals ale called exponential uetwolks, and net\\'olks cousisting of

alty types of queue configuratiotis with selvice tirnes arid intelalrival times follorviug

general tlistlibutions ale callecl genelal lletworks.

1.1,3 DifiEculties Encountered in the Analysis of Queueing Networks

Queueing netwolks are often vety clifficult to atalyse, especially in those cases wher.e

a large numbel of locles ale involved and aÌrival ancl ser.vice processes have genelal

clistributions. To analyse a queueiug ltetwoÌk one has to cotìsidel' the follorvilg:

o The blocking phenorneuon. Blocking occur.s wlìen ther.e is an inten q:tion of

the flori' of items fi'on one nocle to the next one as a r.esult of the clorvnstr.eatn



Ì:uffer being full. Diffelent plocessing r.ates at clifer.ert nocles ancl lirritecl

stolage s1;ace at intelrnediate bufels ale the main r.easols fol the occrLlence

of blocking. \4/hen a uode is blockeil it can not process arìy nerv items. The

trvo most comnìon types of blocking are: i) manufactur.itg type of blocking

ancl ii) comrnunicatiol type of ì:locking. Accorclilg to the manufactuling type

clefirrition of blocking, node i (Figure 1.1) gets bìoched rvhen an item that has

just cornpleted its selvice at nocle i fiuds ihe buffel of nocle i * 1 full. Il tliis

case, the blockecl iten is folced to rvait in fr.ont of node i, and nocle i cau not

pÌocess arìy uerv iter¡s. In the second type of blocking nocle i gets blocked

rvhen the downstleanr buffel becolnes full. Node i is lot allowecl to serve nel

itelns for as long as the clownstream buffer is full. The detailetl cliffel'erces anrl

analysis of the cliferent types of blocking mechanisms ale rvell discussed by

Onvulal ancl Pel'r'os [:]9]. As a result of blockilg we need to levise the selvice

tirnes in oldel to inclucle possible aclclitional clelays the itertrs may have to

undelgo because of blocking. The proceclure of efectively revising the ser.vice

tines is one of the key aspects in the systen modellilg of queueing uets'olks.

The selection of appropriate interarlival ancl selvice tirnes clistlibutions. Ver.y

o{ten intelall'ival tintes ancl/ol selvice tiues of iteuls ale clistr.ibuted accolcling

to ernpilical distlil¡ut,ions for rvhich the rnathenatical formulas that describe

then ale not knolvl. To deal ivith this, plobability distr.ibutions such as the

Erlang ancl the Hypelexpoleltial falnilies of distlibutiols ale used, ol for clis-

tributiors u'ith rational Laplace transfouns the Coxian fatiily of clistr.ibutions

can be usecl. In recent yeals, the Phase type distr.il¡utions (ivhich ale the gen-

elal forn of the above mentionecl distlibutions) have l¡ecorne vely popular.



NIore al¡out Phase type distlibutions ca.n be found in Neuts [38]. It is obvious

that inapropriate apploximations of ernpir.ical clistl.ibutiols ntay leacl to poor.

apploximation of the systeru per.for.rnauce.

o The nonlenew¿l nature of most stocltastic processes. All existing approxima-

tion lnethods assume that all stochastic plocesses (tlafic ancl ser.vice plocesses)

a¡:e lelewal processes. This assunption is macle il ol'clet to simplify the an¿l-

ysis. Neveltheless, oftel this assurnptiou is not tlue, and as Patuwo et al. [40]

shotvecl, it usually Ìesults ilì the unclelestirnation of the system pelfolntance

rneâsules.

L.2 Techniques used for the Analysis of Queueing Networks

There ¿re two solution approaches used for the analysis of queueing netrvolks.

Tliese trvo apploaches ale:

¡ Simulatiol. Simulatiot has been used {or the aualysis of queueing rìetworks for

the last thlee tlecacles. Holever', the appearance of uelv sirnulation packages

rvith anirnatiou capabilities togethel rvith the availability of personal cornput-

els velsions lnacle the use of simulation veïy popuÌar in r.ecent yeat.s. This

is because anirnation (with its polver.ful visual effects) helpecl nianager.s to

understancl ancl trust the simulation moclels.

r Alalytical methocls. These are mathematical models which use {ol¡rulas or

algolithms, ilepencling on the type of application, fol the estimation of the

system pelfolmaDce treasLttes.



Sirnulation is 
'sed Plima'ily fol the a'alysis of cornplicatetl networks fol rvhich an-

al),tical rnethocls can not be enployecl satisfactolily. Although sirnulation is a vely

useful attalJ'sis tool, it is time consumilg ancl hence is not vely suitable for.inclusion

in optirnization ploceclules. Furtheluole, sinulation models ale susceptible to sam-

plirg eu'ols. Neveltheless, as it rvas notecl before, sirnulation is I'ely suitable for. the

analysis of vely courplicated lletworlts ancl also fol the evaluatiol of apploxiuration

rnethods.

Analytical r.nethocls cau be groupecl into tlvo classes. The filst class of nietllods

yielcls exact I'esults fol the systern analysecl. These methocls rvor.k for lelatively

sirnple netrvolks (for exarnple trvo nocle systenrs) fol tvhich cornputer nlernor.y ancl

corlputatioual time requiremelts ale not very high. The fir'st step of analysis of

the exact uethocls, is to use an appr.o¡rriate systern state clescliption tvhicll rvill

allow the systerr to be solvecl as a trall<ovial systen. Then, if rve lvor.k in cliscr.ete

(continuous) t,il.re the tlansition probability matlix P (infinitesimal gelelator I4l)

is developed. The systeti is solved using the knowl for.mulas ll : llP fol cliscrete

time and III4/ : 0 fol coltinuous tirne whele II is the steady state pr.obability 
'ectol

and f; II.¡ = 1. For mole cletails the leacler shoulcl refer to Kleinr.ock [31] antl Cìr'oss

ancl Halris [22]. The secolcl class of methocls can be {urthel classifiecl into two

subclasses. TIle rnethocls of the frrst subclass provide tlie upper. ancl lower. bounds

ol system pelfolmance measures. The rnethods of the seconcl subclass do not give

exact lesults but give estilnates (apploxirnations) of the per.for.mance rneasul.es of the

system. Apploximatioll uethods ale usecl in problems tvhele exact analysis is ver.y

clifficult. The approxirlatiol methods relax the assurnptions for. soure of tlte systenr

palarnetels and cleconpose the netrvolk into inrliviclual nodes ol pails of uocles.



The focus of this thesis is in the cleveloprnent of nerv and irlpr.ovecl appr.oxir.natiou

niethods.

1.3 Major Contributions of this Research

Thlee approxirnation rnethocls for the analysis of i) real life systerls ii) expo-

nelti¿l tanclern letrvolks ancl iii) tanclern, split, ancl rnelge netrvorks rvith gener.al

au ival ancl selvice processes ale pleseltecl in this thesis. The rnajor contributions

of this lesearch can be listecl as foìloivs:

o For leal life systems:

- an approxirnation nlethod fol the analysis of r.eal life systelns is cleveloped

and it is appliecì to the rloclelling of a conveyol systen. The rnethocl

contains, as its cotl polelts, existing altploxiuations for. tanclem, split,

rlelge, ancl single nocle systems.

- tllis method can be usecl in systeurs witli gener.al tr.affic ancl set'vice tirnes

and finite l¡ufels. It provitles estimates o{ tlie avelage sojouln time

thlough the systern arid the average queue lerrgths behiucl each u'or.k-

station.

- the rnoclellilg of the conveyol systern r.eveals the lirnitations ancl iveak-

nesses of existing altproximation rnethods, thus proi'icling clirections fol

future lesearch.

Fol'a tandem systen with exponential selvice tirnes, Poisson extelllal arr.ivals,

ancl finite bufe¡'s:



- a rew implovecl apploxirnation llethocl is clevelopecl ald it is sllorvn that

it gives implovecl ;:esults rvhen courpar.ecl rvith those ol¡tairrecl by other

existing methods,

- the methocl plovicles the joint queue length probability distributions fo,-

tliplets of acljacent nocles inforrnation which can not l¡e obtainecl by other.

existing methods.

Fol tandem, split, ancl rterge systelts rvith genelal arlival ancl selvice pr.ocesses

and finite buffers:

* a sirnple ancl quick approxirnation methocl is developecl for.tandeur, split,

and rnelge systerns. This rnethod is a vely useful tool rvhen used as palt

of optirnization plocedures fol lvhich executiot time is ver.y irnpor.tant.

- the nethod is the first to present results for split, and rnelge configur.a-

tions consisting of rnole than three llocles (rvith general alrival and selvice

tirnes).

- the method has a vely sirnple stluctule antl therefor.e is ver.y easy to use.

- the lnethocl can be usecl to recluce a large number of altelnatives ; then

more accurate methocls can be usecl to firrd the best altelnative.

- there ale lo limitations on the type of the probabilit¡' distr.ibutiols used

fol the tlafÊc ancl service plocesses.

10



L.4 Organization of this Thesis

The lest of this thesis is or.ganizecl as follorvs:

Chapter Two is the Litelatule Reviel,. The rnost r.ecent rvor.ks iu the ar.ea of

analysis of queueing letrvorks a'-'e bliefly cliscussecl.

Chapter Three ltlesents an approximation lnethocl for. real life systems. The

methocl can be usecl to moclel albitrary configurations of queues with fllite buffels,

traffic ancl selvice processes having geleral distlibutions, aud blocking. The ap-

ploximatiorr rvas appliecl to the analysis of a palt of a conveyor system installecl in

a rnanufactuling cornpatìy.

Chapter Four presents an approximation lnethocl fol queues in tande¡r. Ser'-

vice titnes and extetnal interallival tirnes liave exponential clistlibutions alcl fiuite

buffels ale placecl in betrveen adjacelt nocles. The method is l:asecl on the rvolk of

Brandwajn ald Jow aùcl it consists of an itelative scher¡e.

Chaptel Five pleserts a sirnple, alcl quick apploxination algor.ithm fol the aual-

ysis of talclerl, split, and rlelge colfigurations with tlaffic ancl selvice processes

havirrg genelaì d istlibutions.

Chapter Six plesents the concluding r.erlar.ks of this thesis, anrl a br.ief discus-

sioll of this tliesis' topics. Also, possible futute resear-ch possibilities are given.
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CHAPTER 2

Literature Review

2.L fntt'oduction

The litel'ature is quite extelsive in the ar.ea of the analysis of open queueing

netwolks. Sevelal exact anil approximation methocls have been clevelopecl. Systerns

consisting of two ltocles ale solved exactly, because in most cases the state space is

of leasonal¡le size thus alloiving the nullelicaì solution of the system to be feasible.

As the network becomes lalger' (mot'e than trvo nodes in the system) appr.oxiutation

llethods l¡ecolne rrore attt active as exact methods becoure numerically infeasible. In

this litelatule levierv, exact and approximation metìrocls for single selver open finite

queueiug systetus ivill l¡e cliscussed. Etiphasis will be on the apploxirnation methocls.

A l¡rief revieiv of papels for closecl queueing netrvolks will also be pr.esentecl.

2.2 Classiffcatio¡r of Open Queueing Networks

The litelatule is gloupecl into t,hlee parts: i) the first par.t consists of those

papels tirat deal with tanclern netrvorks ii) in the second ¡ralt, the rnetho<ìs developed

fol split ancl rlelge configulatious rvill be levietved ancl iii) irr the thircl palt rnethocls

cleveloped for albitraly configulations rvill be revierved.

t2



2.2.I Tandem Conffgurations

Hunt [27] was one of the fir'st Lesealcher.s to explore the efect which tìre bufer. size

has on the efficielcy of a plocluction line. A line consistirg of trvo machilles/nocles

lvas consicleled and the lnaximum possible utilization rvas calculated. Selvice tinies

are exponeltially distributecl aucl exter.nal ar.r'ivals ale Poisson. Four. cases rver.e

consiclelecl in it: i) bufers rvith unlimited capacities, ii) no queues allolvecl u'ith the

exception that the fir'st nocle rray have an infirite queue, iii) l¡ufels lvith limitecl

capacity placecl betrveel acljacent nocles with the exception that the first uocle rnay

have infirtite n'aiting space, ancl vi) no queues ancl no vacant facilities alloiverl lvith

the exceptiol that the filst nocle may have an iufinite clueue ; the line moves all at

once as a unit. The results obtainecl for the {out' cases weÌe compared rvith eacll

other'. This u'olk becarne the basis for lesealch by other. people in the yeals that

followecl. In this revierv, our attention ivill be focusecl on the wol'ks publishecl during

the last fifteen yeals.

(ìershrvil and Beltnau [19] considered a systern that consists of trvo rnacliines ancl

one bufel rvith limitecl capacity placecl l¡etlveerr the machines. It is assumecl that the

fir'st rnachine is nevel stat'vecl alcl the secontl lnachine is nevel blocked. Plocessiug

tirnes, tiues to bleakcloivns, alcl r.epair. tir¡es at both nachines ar.e exponential

rarrdorn variables rvith palameters p¿,p¿ and r;, i : T,2, tespectively. Each ntachine

can l¡e il one of trvo states: operational or under. repair'. The binaly var.iable c¡

denotes the status of urachine i. If a¡ = 1, machiue 1 is opelational ancl if a¿ : Q,

rnachile i is unclel lepair'. The state of the systen is denotecl by s : (rz, o1, a2) rvher.e

n (0 < rz < lV) is the nuurber of itetns at the ì¡ufel ancl at ntachine 2, The states

of the s¡,sfsm ale distinguishecl in intemal ancl bounclary st¿tes. Lrter.nal states ar.e

13



the states fol rvhicll 1 ( ¡¿ ( jV * 1. The lest ale the bounclary states. A solution

of the form

P(rt,a1,a2) : cxn\/a1Y42, I ( z ( 1ú - 1 (2.1)

is proposecl fol the inter'¡al states. X, Y1, ancl Y2 ale palarneteLs to be cleter.mined,

ancl lrave no physical tleâning. It is shown tha|, X,Y1.,Y2 rtust satisfy the folÌorving

thlee nonlineal equations:

f@uu-'o)=o

,,(+ - r): (1t1Y1- i'rXl + å)
pz(X - r) : (pzYz -?'rX1 + +)I2

Equatiorrs (2.2) (2.4) leacl to a fourth cleglee polylornial in Yr. This lesults in

triples (X;, Y1;, Y"¡),, j :7,2,3,4. Thus (2.1) can ì:e wlitten as :

4

Pþt,a1,a2) :Ðcjxl'YfìY.;i, 1 ( n < 1v - 1

(2.2)

(2.3)

(2.4)

foul

(2.5)

wlrele c¡, j : 1,2,3,4 are computed {r'oll the bounclary equations.

Altiok ancl Sticlham [7] solved a ptoblem sinilal to the above but they considelecl

a line ivith ¡role than two machines, The assurnptions are the same as the oles in

[19]. Thus, selvice times, repail a.lcl failure times ar.e ex¡:olentially distr.ibutecl for

a1l rnachines. Buffels with limited capacity ale placecl betu'een machines anrl it is

assumecl that the fir'st selver is always busy. The effective service tirle of nocle i is

exltt essecl in telms of its Laplace transfolrn. It is shown that the Laplace tt'ansforn

has a lational folm. In ordel to transform the systeu to a Markovian one, the

Coxiarl-2 distlibution is usecl to expless the effective selvice times of each machi¡e.

It is knorvn that the Coxian clistribution is usecl fot the representation of gelei'al
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clistl'ibutions lvith lational Laplace transfoln. The states of the systern are clefinecl

usilg a vectol of the folm

æ : (tr;1 , s1; l;2, tt2, s2i rL3, ?23, "s3; ...; k¡1,t-,,¡,7)

lvlìeÌe

f o ,r ru" ith srarion is irlle
I

n'¡ : i I if the selvel is in fictitious stage I

I

I Z if tl. selver is in fictitious stage 2 (i - 2,..., M)
(

| 1 if the statior ìs blocked

[ 0 othorwir" (i:1,...,M _ I)

rz; is tlre nurrl¡el of ite¡ls at uachirie i (both in the l¡uffer ancl in selvice) i : I, ..., ful .

The solution is straightfonvald. The infinitesimal genelatol rnatrix Ç is constructecl

arrcl tlre ecluatiorc QTp :0, ep : 1(rvhe¡e p, a¡cl e a¡e the steady state probability

colu¡n vector, a'cl a row vector rvith ¿ll its elerne'ts equal to i, respectively) neecls

to be solvecl. This ¡retliocl canuot be applied to long lines with rnany nodes because

the nunbel of states becornes so lalge that the construction of the gener.atol mat.ix

l¡ecornes cu¡rl¡elsorle.

Clelshwin and Schick [20] obtained exact solutions fo,-. queueing networ.ks rvith

queues in tanclern altcl blocking. Ttvo netrvorks wer.e consicler.ecl: i) a trvo nocle sys-

teu aucl ii) a three locle system. Theil lnethod can be applied to the analysis of

lolgel lines but the gleat dimensiolality of the resulting Malkov cllain lirnits the

applicability of theil urethocl. The systeurs corrsicleled consist of machiues in tanclem
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separated by bufers rvith lirnited capacity. The follorving assumptio's aLe rracle:

The first se.ve. alrvays has larv rnatelial available fol processing, p'ocessiug times

ale constant and equal fol all machines, rnachines fail only rvhen they oper.ate olì an

itern, aud tilnes betu'ee' succesive failures a.cl repails are geornetrically clistributed.

The state of the systerl at tirue f is clefinecl as:

-s(l) : (21(l), ..., rz¡_1(i), a1(t),..., 
"o(¿))

rvhere rr¡-1 is the nulubel' of items at buffer. l; - 1, a¡ is the state of machine À

(al : 0, 1 if ntachine À is undel repair or.operational, respectively), ancl f is the time

in ¡rachine cycles. The p.oposecl method clecreases the numbel of linear equations

that have to be solved in olclel to calculate the steacly state probability dist.ibution

of the system. It is shown that it is possible to find I vectors that satisfy at least M*/
tlansition equations (M is the number of the systen's states). The real contlibution

of this rnethocl is in the recluction of the computations lequirecl {ol the solution of a

syster.n rvith ,44 lirleal' equatiotts. The solutiol analysis is conceptually the sa¡re orre

used in Gershwin and Belrnan [19]. The system's transitions equations are groupecl

i.to illtelnal a'd bouncla.y equations alcl a solutio. in Plocluct form is found that

satisfies the i'ternal equations. The', with the use of the boulclary equatious au

easy ancl efÊcient ivay is foulcl fol calculatirg the steady state pr.obability vector'.

The drarvback of this rnethocl is that the nunLrer of couputations clepencls ou the

dimensionality of the systeu. Thus, {or long lines and large bufers the method is

inefficient. Horvever, the solutions of the three ancl trvo nodes netrvolks cal be usecl

as building blocks for other ap¡rroxirlation techrriques.
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Altiok i2] considelecl plocluction lines ivith Phase-type processing aud lepair.

titnes, ancl finite buffels. Machines ¿r'e in tandem ancl the tirre urrtil a breakclorvn

occuls is exponentially distlibuted. It is assurned tllat the fir'st ser.vel alrvays lias

itelns available fol plocessing, The system is clefined using a r.athel cornplicated

desclil>tion ancl the steacly state plobabilities ar.e obtaitecl solving the equations

QTp: O, ep : 1 (rvhere Q, p, a;rr:l e ale the generator r.natlix, the steady state

plobability colunu vector, alcl a Lolv vector. with all its eler:rents equal to 1, r'e-

spectively). The drawbach of this approach is that it cannot be used for. long lines

because the lumbel of states becomes ver.y lar.ge. The method rvas appliecl to a trvo

nocle, one buffer production systern,

A1l approximation methods cal be classified into two categor.ies. In the frr.st

categoly, the systern is clecomposecl into inclividual nocles. The alr.ival ancl se¡vice

plocesses of individual nocles aLe rnoc{ifiecl il orcler to ilclude the influence of the

othel parts of the netrvol'k on the analysecl nocle. Then, in{olnation obtainecl from

the alalysis of the individual nocle is userl in the analysis of the rest of the netrvor.k.

Altiok [1] developed an apploximation rnethocl for. the analysis of an opeu let-

rvork that consists of M servels iri tandem. Bufers rvith lirnitecl capacity ale placecl

betrveen adjacelt nocles. Selvice processes have exponential distr-il¡utions ancl ex-

telnal allivals occul at tlie first node and have Poisson clistr.ibution. Selvice times

are revisecl to inclucle the efect of blocking olt the tirne that an itel¡ speuds at each

node. Ðach se::vice plocess is apploxiruatecl by a Coxian-2 distlibution. An iteni at

node i flr'st leceives expouential service ivith rate pr, arìd then rvitli plobability ø¿11

it leceives an additioual exponential service rvith parameter' ¡-li+1. We <lefine c¡11

as the plobability that upon sen'ice cornpletion at uode i, the c¡ueue of uocle i + I
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is full. Trvo assunrptions are macle: i) the input process to each queue is a poissou

plocess aucl ii) a queue nray gei blockecì only by the inlretliate successor. queue.

The netrvorli is deco'rposed iúo Ìvllc2lrlN queues a'cl the iudiviclual queues a.e

solved using the ernbecltìecl fularkov chain ap1>r.oach.

Pellos and Altiok [41] consicler.ed a tancleur queueing netrvorh where selvice

titnes at all queues ale exponentialll' cìistlibutecl ancl exteural a.r'ivals occu. at the

fir'st uode accorclittg to a Poisson clistributiou. Because of tlle liulitecl l>rrflel spar:e

betrveen srrccesile uocles, blocking occurs. Nocle i ntay get blocliecl by any norle j,
i<j < ll (M is the last node). In this case, all nocles I (i <È< j) ale bloclietl.

This assu¡rPtion is an extension to Altiok [1] rvìrele it u'as assurred that nocle ¿l can

get blockecl onl¡' by its itnmediate sLlccessol nocle i + 1. An itern tlìat star.ts its

selvice at nocle i u'ill fir'st leceive an exponential service rvith palanletel p;. Then

rvitir plobabìlit1, 1 - a;6 it rvill .eceive an aclclitional delay clependiug on tlre st¿r.tus

of the tlorvnstleanl tlodes. Let us assrrme that at the moment of service coml>letion

at nocle z, uocles ¡+ I to i1k ar.e bjoclied rvhile node j*,1 {1is ser.ving. The

adclitional tìelay that the blocked itent rr,ill undergo is the lesiclual service time of tlle

i+À+ 1 nocle plr.rs an adclitional clelaS'in case tllat this nocle upon selvice conrpletion

n,ill get blockecl. Thus node i is modelled as art M f C¡¡_¡¡rlIlN¡ ¡ 1 queue. The

ploposetl algolithÙr sta|ts a alysiDg the last nocle of the tarrdem netrvork as aD

À4 l^[lllNM f 1 queue. IJsing infolnration obtained frour the anal¡'5ls o¡ the À,1rl¿

norle the algo.ithm p.oceeds to the analysis of nocle lvl - 1. The aualysis pr.oceecìs

baclcval'ds and stops rvhen it t.eaches node l.

Altiok [13] consitlelecl a tandeur queueing networ.k rvith phase type ser.r,ice tiutes

ancl blociting. The fil'st selver nìay alrvays be busy o. custourels may auive acr:or.cl-
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ing to a Poisson al.ival process. The netu'olk is cìecornposed into in<liviclual queues

with revisecl se.r,ice ti¡res but the assumptiol that tlle allival plocess at each nocle

is a Poisson Plocess is 
'ade. Assu're that the se'vice tinre Y at .ode i has a phase

type clistlibution characterizecl by the pair (a,,9) rvith lf phases. If nocle i gets

blocked then the blocked item at nocle i rvill have to ivait fol the rernaining ser.vice

tinie of node i + I rvhich is of the phase type. Let us clenote by V the peliocl of

tirre that nocle i is blockecl. Then, the clistlibution of the variable 7 is characte.ized

b), u ,rho." type clistlibution desclibed by tlie pair' (8, B) rvith or.iler -L. Thus, the

effective selvice tiute at nocle d clenotecl by Lr is given by:

,, *í, rvithplobability 1-Í.
' - 

1 "*V 
ivithplobabiìity r

rvhele n is the plobability that upol ser.vice completiol at nocle i the bufer. of

lode i + I is full. Each queue is analysecl in isolation usilg the m atlix-georletlic

tlethocl of Neuts. The algolitlun starts ivith the last node ancl ptoceecls backrvalcls.

This plocess is lepeatecl sevelal tirnes until it aclequately approximates the thr.ough-

put of the systetn, The steacly state probability distlibutiol of the nu¡rbet'of ite¡rs

at each nocle is conputed.

Anothel approxirnation fol tandem queueing netrvolk ivith blocking, was clevel-

opecl by Jun aud Pellos [29]. It is assumed that all service processes have Coxian-2

distlibutions and the arlival plocesses at each queue, except the flr'st one, is a

Coxian-2 distril¡ution. Buffers rvith limitecl capacity a::e placed l:etrveell acljacent
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rìodes. The approxilnatioD algolithn r.evises the ser.vice and ar.r'ival pr.ocesses at

each nocle in olcler to accornodate the effects of blocking. Then each clueue is anal-

ysed in isolatio:r, as a. C2fC2f7 /jV queue. Fol the analysis of the silgle CrlCrlllN
queue the iterative plocedure of Yao and Buzacott [55] is usecl. It was shown that

it gives significantly bettel r.esults rvheu compalecl to lesults obtainecl by Altiok's

[3] apploximation. Cases u'ith filite ol iufinite fir'st uodes rvere consider.ecl.

In the second categoly of apploxirnation rnethods, the analysis consider.s cells

that consist of pairs of queues with l'evised all'ival and service processes.

Cìelshrvin [16] extelctecl the rvork of Gelshwin and Schick [20] to include systeus

consisting of mole than thlee nocles in sel'ies. The assun'rptions about the rnodellecl

netrvolks characte::istics are exactly the s¿me as the ones colsiderecl in (lelshrvin

alcl Schick [20]. Consitlel a line .L that colsists of I; r.nachines iu selies alcl l. - 1

buffels (each bufel is placecl betiveen a pail of rnachiles). The line tr is decorlposecl

into À. - 1 sul¡liles consisting of two lnachines each. Denote by I(z) the trvo rrocle

line that corrtains a buffer B¡ rvhich has the same capacity ivith the buffer B; in the

original line tr. Both machines in the trvo node lines have a geometlic rvolking time

clistlibuiion arlcl theil repait'times are also assutlecl to be geornetlically clistributetl.

Machine U¡ (D¡) rnatches the line upstr.eam (dorvnstleam) the l¡uffer i in the or.iginal

line ,L. The late of florv into the buffel B¿ in the I(i) approxirnates that of bufer

B; in lite tr. The probability of lesumption of flow into ancl out of buffel B; in line

I(i) in a time unit after tlie pe::iod cluling u4rich it rvas interrupted is cÌose to the

probability of the cou'esporrling evert in .L. Let us denote by 1t"(i), and 2,7(i) the

palarnetels of the rvolking time distlibution fol machiles fl¿ a:n<l D; r'espectively.

Also, let r'.,(i) and r'¿(i) be the palarneters of the r.epail times for. machines U¿ and
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Ð¡, respectively.

rt Pt

'"(1) p"(r) ¡r1 r¿(1) p¿(1)

r. D' 
^/^Figure 2.1: The line.L of

Line I(1)

r"(2) p"(2) N,

ra-l Pt-1 1{¡_r
machines in se¡iesK

r¿(2) p¿(2)

Line I(2)

Liner(,b-r) tr€€
r"(,1 _ 1) p"(k _ r) rf¡_r

Figure 2.2: The decomposed line .[

Then, a system of equations relates these parameters ivith the corresponding pa-

¡ameters of neighboring sublines and rvith the corresponding parameters in the orig-

inal line tr. A total of a(,b - 1 ) equations in a(fr - I ) unknorvns r 
"(i), 

r ¿(i), p,(i), p¿(i)

for i = 1,2,...,,t describe the system. The system is solved using an iterative proce-

dure' The trvo node sublines a¡e evaluated using Gershrvin and schick's [20] method.
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The algolithm is lelatively cornplicated ancl il some cases cloes lot conver.ge. Horv-

ever, foL the cases leportecl, it gave good lesults.

Choong an<l Gelsllvin [13] extencled the rvolk of Clershrvin [16] to include lauclom

processirg tilnes. It is assurnecl tliat plocessing tirnes, failur.e, aucl lepair tintes have

exponential ilistl'il¡utions. lrr this rvor.k, lnaclìiùes may have clifer.ett pr.ocessing

tirnes as rvell as cliffelent mean times to lepail arlrì failure. The analysis is similal'

to the one in (ìelshrvin [16]. The tivo nocle sublines ar.e solvecl usiÌìg the urethocl of

Gelshwin and Bel-rna [i9]. The algorithm yields goocl r.esults although it does not

always converge.

Dallely, David, ancl Xie [14] simplifiecl the algorithm proposed by Cìershu'in

[16] by replacing sorne of the origiual equations rvith equivalelt ones. The lerv

algolithm is rnuch sirnplel ancl fastel than Ger.shrvin's, aucl conveLges for.all the cases

consiclerecl. From the expelinents perfonnecl it was founcl that the new algor.ithm

in sorne cases was ten times faster thal the one ploposecl by Gelshrvil.

Blanchvajl and Jolv [11] considerecl a tanclem queueing netwolk rvhel.e all ser.-

vice plocesses ale exponentially clistributecl. Trvo cases wer.e considelecl: i) ar.r'ivals

occur at the first node and are Poisson ptocesses and ii) the first ser.r,er.is assuuecl to

ahvays have larv ruatelial available fol plocessing (i.e the flr.st selveL is never.idle).

Buffers ale placed betrveen adjacent norles ancl have linited capacities. Service lates

al'e allowecl to be state clepenclent. The approxirnation rnethocl consiclels subsystems

of trvo acljacelrt nocles ard it courputes equivalellt allival ancl clepaltule lates fol' eacll

subsystem. The systerri is lnodellerl in continuous time and it is definecl by the rrunr-

ber of items at each clueue. Tlte approximation method stalts rvith the development

of the balance equations of the system, aucl then the balalce equatiols ale rnoclified
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.siug conditio'al plobabilities fo' nocles i ancl i + 1. The lesulting balance equatious

are consiclel'etl to be the balartce equations of an ecluivalett systeur that consists of

the two finite queues i and z + 1. Applying this pr.oceclur.e the line is decomposed

iuto suÌ:systems consisting of pairs of locles rvith levisecl Poisson allival plocesses

and revised expo'ential se.r'ice times fol the seconcl rocles of eacli subsystern. The

algolithrn stalts with the fir'st pair of todes ancl it proceeds tor.war.ds the last pair'.

The steady state plobabilities fol each subsystern are nurnelically calculatecl. Thel,

the analysis ploceecls to the next pail of nocles ancl, using inforlnation obtailecl fi.om

the pleviously analysecl pair', the new pair of nocles is solved. The algor.ithm stol;s

rvhen a convergence criteliorr is satisfied. The r¡ethocl gives good results rnaiuly

because it gives a goocl reptesentation o{ tlie blocking withir each pair.of uocles. For.

a tanclern netrvolk of ly' lodes, Iy' - 1 solutions of tlie two nocles subsysteurs have

to be solved at each iter-ation. The appr.oxilnation method was cornpar.ecl with the

methocl cleveloped by Pellos ancl Altiok [41] ancl it rvas sholvl that it gives rnor.e

acculate lesults.

Altiok and Ranjan [6] clevelopecì an apploxitnation methocl for. a queueiug net-

ivorh rvith queues irr tandern usilg a two-node clecomposition ap1>r.oach. Selvice

times have phase-type distributions and buffels between adjacent nodes have limit-

ed capacity. The first selver is assumed to have an unlillited supply of lalv matel'ial.

The solution apPloach is vely similal to the oue il [16]. It rvas shorvl that the trvo

node clecomposition apploach gives bettel estinates of the system's pelfolr'nance

measules (fol indiviclual nocles) u'hen cornpared to estimates obtainecl by Altiok [:i].

Gull ancl N4akorvski [24] developecl an apploxirnation trethocl fol the evaluatio¡

of the pelforniance nìeasLrÌes of a tancleln queueing uetrvol'lç rvith blocJ<ing. service



times ale allori ecl to be of the Phase-type and the first seÌveL tlaJ¡ alrvays be busy or.

it can be allorvecl to generate a'r'ivals acco'cliug to a Plìase-type clistribution. The

blocking uechanism cousicleled here is of the cornmulication type, that is the nocle

i gets blockecl at a time of selvice completion if the buffer of the successive nocle

i * 1 becornes full as a lesult of tliis selvice co'rpletion. The analysis of the system

is cau'iecl out in clisclete tiure ancl ¿ trvo lode clecomposition apploach is acloptecl.

A line that consists of 1v .odes, is cleco'rposecl ilto 1{ - 1 trvo nocle subsysterns.

Each subsyste¡r consists of a bufer having the same capacity rvith the couesponcling

buffer ili the original line, ancl an upstleam ancl a clolvnstleau nocle. The upst¡ea¡r

ancl clownstlearn 
'odes 

have 
'evised 

selvice times in orcler to inco.polate the efects

of iclling ancl blocking, r'espectively. To illustl'ate the uethod consider. uocle z + 1

at seÌvice coupletion tirne. Node i * 1 is either blocked rvith probability Wi+1 ol

rvitlr probability 1 - Wi+l it star.ts ser.vice on a nerv item. If rocle i { 1 is blockecl,

assurnethatnoclefu(i+1<À<j) is blocked and nocle j is ser.r'iug and is in

plrase / (1 < I < m¡) u'hele rru,7 is the numbel of tralsient phases of the Phase-type

distribution of the service time of nocle j. Thus, the efective sel'vice time of node

? + 1 is tlìe remaining service time of nocle j and the su¡r of selvice corlpletions

at nodes À,. Thelefole, if nocle i { 1 is blocked, then its service tirne is ilitializecl

rvith¿*1<Æ<jaleblockecl) ancl transitions occur.il the set,5'¡ (wher.e,5'; is the

set of states of the Phase selvice distribution for. node j ) with matlix Ç; (rvher.e

the matlix Ç¡ is usecl fot tlte replesentatiol of the PItase type selvice of rrode j).

Upou selvice completion (at node j), nocle (j - 1) initializes ser.r'ice accor.cling to

ct¡-r, thus causing a transition froln the set ,9¡ to the set ,9¡-r in the replesentation
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of the i + 1 nocle. This ploceclule is lepeatecl rnoving upstream fi'orn locle j to nocle

i 1 1. Hence, the efective service tilne distr.il¡ution of the seconcl node of the trvo

ruocles suì:systern can be leplesentecl by the pair- (a2(i 1 t), 8r(i + l )) *h"r."

Pi+1

¡"

QzG+1)= r2(i+1):

2N¿!N-1 ÇJV ol"

rvhere 22(i * 1) is the column vectol of absorption plobabilities

given by:

a2(i + I): ((1 - Wi+1)¿y t¡r,14/i+t,i+" ,..., I4z;+t '*,

Enploying a sirnilal analysis, the efective selvice tilne of the first node is der.ivecl.

The system is solvecl using an itelative rnethod. Fol the analysis of each pail ofuodes

the two node analysis of Gun alcl Makowski [25] is usecl. Infor.rnatior obtainecl fol

a pail of nodes is usecl for the analysis of the next one. The algolithrn stops rvhen a

colìvelgence critetiou is satisfied. Results ol¡taiued fi'o¡r this methocl wele cotrltalecl

rvith lesults ol¡tainecl by the rlethocl of Jull ancl Pellos [29]. The trvo uethocls seenr

to be of abor¡t the sane accurate but Jun ancl Pelros's algor.ithrn is 2-iJ tilnes faster.

tlian of Gun and Makowski.

Another apploximation is that of Gersliivin [18]. Gershrvin appliecl Daller.y,

Davicl ald Xie's [14] moclifications to the rvor.k of Choong ancl Ger.shrvin [13] and

this resultecl in a fastel ancl sim¡:lel algolithm.

Q;+t

P;+¿d¡+t Q¡+z

and a2(i 1 1) is
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2,2.2 Split and Melge Configurations

Very ferv papels have appealecl clealing ivith the rnodelling of split and rnerge col.r-

figulations. Boxrna anil Konheiur [9] rvere the first to clevelop an apploxirnation

n.rethod fol the analysis of such systerns. This method rvor.ks fol trvo-¡rocle tan-

derl systems, split systems rvith tlo seconcl level locles ancl for.rler.ge systerns rvith

tlvo fir'st level nocles. Selvice times ancl external intel'alrival times have exponential

distributions. Buffels ale fitite. The authors ltloclucecl tesults fol a lalge nulnl¡el

of these thlee types of ltetwolks. An extension of this methocl rvas ploposed fol the

analysis of arbitlary configuratious of queues. Horvever', r'esults rver.e ploviclecl orrly

{or a tluee-nocle tanclern systern.

The next step il the analysis of split ancl melge configuratiols is to consiclel'

netu'olks that consist of rnore than thlee uodes. The fir'st 1:aper. was published by

Altiok ancl Peu'os [4]. All service times are exponentially clistlibutecl ancl extelnal

arlivals occur accolding to a Poisson fashiol. The idea is to frlcl an efficient rvay to

t'eplace the actual service tirles ivith effective selvice times ilt olcler to accolnoclate

the clelays that the iterns might uncle,,-go <lue to bìockilg. Then, the systern is

clecornposed into iuclividual clueues ancl each queue is stucliecl il isolation. Let ns

first consiclel the split configuration. Iterns that have conpletecl selvice at the fir.st

level nocle join the secolcl level queue i with probabilities q;. If the buffer. of the

seconcl level clueue i is full at that tirne the item has to wait in flout of the first level

lode. It is assurnecl that each secoucl level ¡ocle cannot get blocked. The locle is thus

vien'e<l as a ÀllAIlllN¡ {l queue. Thefirst level queueis moclellecl as e, M IPH¡,ll
queue, aucl the effective selvice time has a Phase tvpe clistr.ibution. Considel uorv

the merge configuration. Trvo ol rnoLe queues lìtetge into one queue. Whel an iterl
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coûrpletes its selvice at tlle ill¿ fil'st level queue it nay have to uudergo an aclditiolal

delay clue to t'he fact tliat the buffer of the second level queue is full. The d,r'¿tion of

the additionaì clelay clepe'cls on horv many othel ite.rs ar.e alreacly blockerl. Thus,

a blockirrg line is fo.r¡ecl co'sisti,g of all the blocked iterns. A FIFo (fir.st co're,

first se.r'ecl) r'elease .ule is assu'red for. the blocking line. The seconcl le'el queue

cloes not get blocked ancl is moclel]ed as a MlMlllN +n queue. Eaclt first level

clueue i can be vielecl as a AIf PH¡,f I queue. For. the alalysis of ilte Mlf,H¡,lIlI
queue the matlix-geouretric method of Neuts is employetl.

Lee and Pollock [3a] developed al algorithrl for the alalysis of the same ruer.ge

corfigulations consicleled by Altiok ancl Per.ros [a]. Lee and Pollocl<,s algolithm

apploxirlates the steacly state plobabilities for. each queue of the systen. The

ntetltocl decotnposes the netlvolk into iuclividual queues ivhich ar.e theu anal¡,s661 ¿.

^'IlMlllN 
ot ArllGlllN queues in isolation. This method is similal to the one

ilevelopecl by Altiok ancl Per'.,-os l¡ut diffels iu that it clescr.ibes the state of the

rnelgecl clueue by cousiclering the sequence (r'athei: than only the nurnber.) of blockecl

units. This algorithrl seeurs to give better results ivhen cornparecl rvith the lesults

obtaiued by Altiok and Pelr.os.

I(el'bache ald Smith [30] presented au approxirnation ntethocl that can l¡e used

fol the approxir¡iation of tander:. , split, ancl merge queueing networ.l<s. The rnethod

is callecl Cleneralizecl Expansio' Methocl ancl it is a' extensio' of the Expansion

N4ethotl rvhich u'as de'elopecl fo. exponential .et*'orks. The GÐM is sa'e i' p'i'-
ciple as the apploxirnation methotls ploposed by l(uehn [32] ancl Labetoulle ancl

Pujolle [33]. The GÐN4 is basecl on the assurnptions that all plocesses ale reuew-

al processes ancl it uses the first two moments for. the clescription of probability
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clistributions. The l¡asic iclea of the GEx4 is to place an altificial nocle betri'een acl-

jacent .ocles i and j to collect all items that upon their selvice cornpletion at nocle

i fincl the buffel of nocle j full. The GEM consists of thr.ee rlajol stages ; netrvolk

leconfiguration, palarnetel estirnation, ancl feeclback elimination.

1. Netrvolk lecoufiguration. Fol each node j rvith lirnitecl rvaiting space, an alti-

ficial node of the type GI lGlu: is placeil between lodes i a¡cl j to collect all

blocked items. A blockecl itern rvill leceive service at the ar.tificial node arcl

then it will tly to join the queue of node j. If the bufiel of nocle j is stitl full,

the itern rvill receive an adclitional selvice at the altificial nocle.

2. Parametel estimatioll. At this stage all palametels ale evaluatecl usiug existilg

techniques. The selvice tirne at the artificial nocle is taket to l¡e the lernaining

selvice tirue of nocle j. Fol the appt'oximation of perfoulalce rneasures of

silgle queues existilg urethocls for.general queues ate usecl. That is, if nocle j
is of the GlGlIlN type, Labetoulle ancl Pujolle's [33] ol Yao alcl Buzacott's

[54] rnethods can be used for the estination of silgle queue palarneter.s such as

plobability that the queue is full. Also, for the apploximatiol of the squar.ecl

coefficient of r'¿r'iatiol of the departur.e process fi.orl nocles of lhe G f G f1 lype,

Malshall's [37] formula can be used.

3. Feedback elimination. Becauseofthe r.epeated visits (feedback) to the altificial

nocle, thele is stlorrg dependence il the arrival processes. In ol'rler. to elitninate

tlrese clepenclencies, it is assumecl that each iteln receives all its selvice duriug

its fir'st ¡rassage. Thus, the service rate and the squarecl coefficiellt of valiatiolt

ale levisecl.
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A systeti of simultaneous ronlinear equations neecls to be solved fo¡ tlie {eter.¡ri-

lation of the systen.rs palametels. The GEN4 was tested fo. the three .ocle split,

three nocle melge, ancl ttvo nocle talcleur configulations rvith Er.lang-2 (Er) and

Hypelexponeutial-2 (H2) selvice tines ancl Poisson extelnal alrivals. It gives good

apploximatiols for as long as the tr.affic intensity is less tìtan 0.70. The r.esults

obtailed ale iu the folrn of the average sojourn time in the system.

2.2.3 Ärbitrary Configurations

I(uehn [32] consicleled open queueing netrvorks rvith general selvice and allival times,

infinite buffers, ancl feedback. All processes (selvice and ar.rival) ar.e consiclelecl

to ì:e lenewal processes ancl are repr.esented by their' fir'st trvo rrontents. I(uehn

provides folrnulas for the clecornposition ancl super.position of I'enewal processes and

a1:1:roximates the mean rvaitilg time at each queue. TIle alr.ival plocess at eaclt

queue is levisecl in olrler to accomoclate the feedback problern. Finally, the expected

netrvork flow times at'e calculatecl.

Labetoulle and Pujolle [33] developerl the isoÌatior nethod fol the analysis of

genelal open queueing nettvorks rvith finite buffers. As was the case in l(uehn [32],

they colsideled olly the filst trvo lllornents of each general pr.ocess and assumed

that ¿ll pLocesses are renerval plocesses. Tlie an'ival ancl ser.vice plocesses wele

revised in olilel to accornrnoclate the phenornenon of blockilg. Then, the netlvo::lr

rvas clecomposecl into iuclividual queues and each queue was analysecl in isolatiou.

The infounation lìecessary fol the analysis of the inclivi<lual queue i can be ol¡tainecl

only through the analysis of the other queues that aLe connectecl to queue i. An

iterative scheme is developed for the calculatioll of the pararneter.s of the systen.r.
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Theil rnethocl rvas tested fol a cornputel netlolk rvith a palticulal stlucture aucl it

rvas founcl tltat it gives good results.

Takahashi, Miyahala, ancl Hasegarva [47] colsiclered an opetì queueing uettvork

rvith exponential serrrels, Poisson all'ivals ancl finite l¡uffers. The systeur t'as cle-

corlposecl into incliviclual queues *'ith r.evised arr.ival ancl selvice plocesses. Eaclr

incliviclual queue was analysecl as a MlMlT queue. They assuntecl tllat the r.evisecl

service plocess at each clueue is still exponentially distr.ibuted and tbat the levisecl

arrival plocess to each locle is a Poisson pr.ocess. The desirecl par.aneter.s of the

system are obtailecl fi'otn the solution of a system of simultaneous equatiols. The

nethod seems to yield goocl a¡rproximations of quantities such as l¡locking ploba-

bilities ancl or:tput rates. TIle methocl was tested fol a netwolk cousisting of thr.ee

nodes ald fot a tantleln networh of foru' llocles. TIle amount of calculatiols iucleases

only linearly ivith the nurnbel of nodes.

Altiok ancl Peltos [5] stuclied two arbitr.ar.y configulations of exponential queue-

ing networks with blocking. Tìre first configulation is of the tr.ialgle type ancl the

secolcl configulatiol consists of foul nodes. The set'vice tiues at all nodes for. l¡oth

configuratious ale exponentially clistlibutecl ancl the extelnal arrivals occur.only at

one node of each configuration allcl the ar.r'ivals occur accor'ding to a Poisson distr.i-

bution. Bufels with limited caltacities ale placecl in between nocles, but the nocle

rvhich leceives extelnal allivals can have l¡ufel rvith lirnitecl or unlirnitecl size. The

ploposecl algolithnt cleconposes the netrvol.k into inclividual queues, tvhich ar.e then

analysecl in isolation as MlPHlllK queues. The selvice tirres ale cousicler.ecl to

be of the phase-type in ordel to acconoclate the effects of blocking. This urethocl

u'as shorr'l to give goocl results but its extension to netlor.ks ivith a lar.ge trumber
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of rìocles is a dilficult task. This is because the pliase-type mechanisrns become vel.y

lalge arrd thus the repeatecl analysis of lUIlPHlllK queues nìay lequile a lot of

cornputational time. The algolithm gives the malgilal queue length distributions

of incliviclual nocles.

Pellos ancl SnydeL [42] pr.esentecl a cornputationally efficient ver.sio¡ of tlle Al-

tic¡k ancl Peu'os [5] methocl. Pel.os and Snycle. consicle.ecl the sarne ar.bitlaly con-

figulalion that Altiok ancl Pellos had exauilecl. The diffelence l¡etrveen tliis nerv

algo'ithm aucl the 1>revious one is that the incliviclual uodes (aftel the netrvor.k has

beerr clecornposecl) ale not treatecl as MlPHlllI{ queues but rather as MlCrlIlK
queues. More specifically, orce all the palarneter.s of the phase type distr.ibutions are

l<lor'v., the phase type dist.ibutions a.e collapsecl to two phase coxian clistr.ibutions

rvith pararnetels cleteluinecl by the method of mornelts. It ivas shorvn that this

methocl hacl the sarle accuracy ivith the rnethocl of Altiok ancl Per.l.os but it rvas

rnuch faster ancl now lalgel networks coulcl be analysecl.

Alothel papel in this area of lesealch is that of Jun ancl Per.r.os [28]. Jun ancl

Perros corsiclelecl the syster.n of Altiok ancl Perros [5] but *'ith cleacllock. Deacllock

lìlaJ¡ occul as a lesult of the arbitlar.y iutelconnectiol of nocles. Srqtltose nocle i

is blockecl by node j, alcl an item in uode j, rq;on selvice conpletion, chooses to

go to nocle i. If node i is full at that tirne, ¿ cleacllock occuls. It is assumed that

a clearllock is resolvecl by simultaneously exchanging blocking units between nodes

i aucl j. The algolitlun cleveloped clecomposes the netrvorl< ilto incliviclual queues

rvith revisecl service processes. The service processes are chalacter.izecl by phase type

tlistributions rvhose palametels ale obtainecl ite.atively. Results rver.e obtained fo'

trvo netrvorks consisting of thlee alcl five nocles lespectively. The results rye::e shorvn
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to be goocl. Horvever', this uethocl r.equir.es the constluction of ver.y detailed phase

type nrechalisms rvhich is time colsuning.

Cìelsllil'in [17] analysed ttee-stluctuled asseubly/clisassernbly letrvolks rvith fi-

lite bufel's aucl unrelial¡le machires. This nethod is an extension of the tr.ansfel

line algoritlrrn of Cìelshrvin [16]. Machines ale assumed to spencl a lanclom anlourrt

of tirne plocessing each itern clue to the failures and lepair.s of machines. An a1;-

¡rtoxirnate clecotnpositior ¡rethod fol the evaluation of the pelfolmance measur.es of

the system is ilevelo¡tecl ancl it is shown that gives goocl results.

\4/lìitt [48] developecl a softu'are package called QNA (Queueing Netrvor.k Ana-

lyzer') to analyse open queueiug netrvolks rvith rnultiselvel uodes tvith the fir.st-corne

fil'st-selvecl cliscipline and no capacity constraints. Selvice ancl extelnal irtel'a¡riyal

tirnes can have general distributions. All stochastic ptocesses are assuured to be

rereu'al processes. The analysis approach uses ouly two pararneter.s to character.ize

the allival ancl selvice pLocesses. These two palarneter.s clescl.ibe the r.ate ancl the

valiability of each of the processes. The nodes ar.e analysecl as G1/lJ/nz queues

each, aucl apploxirnatiols of the congestiotì lueasur.es of tlte system ale obtainecl.

QNA is a vely useful tool for the alalysis of queueing netwolks and it rvas shorvn

that it gives goocl lesults. However', its applications are lirnitecl to the netrvorks lvith

l¡ufers with unlirnited capacities.

Pourbabai ancl Sonden.nal [45] developecl an approxirnatiol rnethod fol the anal-

ysis of a stochastic tecilculatior systen rvith landomly accessecl multiple heteloge-

reous servels. The items are assignecl to one of the sel'vels upon alrival r.anclornly.

All service tirnes ale expouentially clistributecl and ther.e is lo rvaiting space. Items

rvhich find all sei'vers busy, recilculate inio the system and folm an over'flow process.



The ovet'florv processes combine ivith the extelnal arrival plocess to for¡l the lleri'

ilPut into the system. Tlvo parameter.s ar.e usecl to represent tlaffic plocesses: the

rnean aucl the squalecl coefficient of valiatior (scv). Each workstation is tleaterl as

a GI lM lt lt queueing system ancl the algor.ithrn pr.ovicles estirnates of the lates and

scvs of all tlaffic plocesses of the systern.

Poulbabai [43] cousiclerecl a systern sillilar. to the Jrlevious conveyol systern.

Incorling iterns entel the system ancl tlavel tori,ards the fil'st rvolkstation. ]f the

rvol'kstation is not full, iterns receive selvice alcl then depalt fiorn the systern. Il
case the workstation is full, the iterns bypass it and alrive at the seconcl wolkstation.

If the items find the secold rvor.kstation full, they bypass it ancl rnelge ivith the

extelnal allival process to folln the new ilput pr.ocess to the systeur. The model

can be gelelalized to iuclucle 1f ivol'kstations. Each lvorkstation is rlodelìed as a

Gf lM l,Sll( queue ancl two 1>elfolmance measures are calculaterl: the efficiency of

each ivorkstation and the avelage congestion along each couveyor.

The same analysis approach rvas appliecl by Pour.babai [44] to analyse a slightly

diffelent cotìveyot system. The system consists of tr workstations. Items are fir'st

going towarcls the (i)lå rvolkstation. If the (i)llz wor.kstation is {u11, then the ite¡.r

is loutecl towalds the (i 1 l)sl rvolkstation, for i = 1 to L * 1. It is assuned that

tbe (L)th rvolkstatiol has a vely lalge bufiel to accomoclate all iterns that u'ele

not processecl at the other' ,L - 1 rvorkstations. Each ivolkstation is n.rodellecl as a

GI lÀ4 lNll{i queue. Approximations of the server utilization of each rvolhstation

ancl the average congestion along evely conveyor of the rnatelial lianclling systen

ale provìclecl.
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2.3 Closed Queueing Networks

(Jlosed clueueing letivorks ate let*'olks in *'hicli a fixed and finite nurlbel of

custo¡nels are consiclelecl to be in the system. No custoltels ar.e allorved to entel

into the netrvolk alcl none of the custouers illside is allowecl to leave the netwolk.

Closed loop rlìatelial hancllilg systeurs (rvhere tlanspoltation carriels, r'athel than

plo clu cts/iten.rs, are vie*'ecl as customers), ancl systems of oper.atilg machines-repair.

facilities ale ttvo examples of closecl queueing netrvorks applications.

Clor'don ancl Neivell [21] clelived the equiliblium distlibution of custornels in

a closed queueing netlork with exponeutial selvers ancl infinite buflers. Let us

considel a lettvork *'ith ,41 nodes alcl ly' cilculating customeLs. The state of this

network can l¡e desclibecl by the vectol n : (ntrnz,...,rz¡4) rvhere rz¿ is the numbel

of custornels at the ith nocle aucl ÐYrr¿ = lV. Denote by p¡, ancl p;¡ the selvice

t'ate at nocle i and the plobability a custoneL will go to the jth nocle after completes

its selvice at nocle i.

The equilibliuu distlil¡ution of custonels in the netwoll< is given as:

p(r21,, n2, ..., n ¡a) .= 
å nf r,*r"'

ivlrele (X1, .,.,X¡a) is a leal positive solution to the equations

¡"¡x¡:fpnx,ru¡, rSj<M

ancl G(1ú) is a lolrnalizing colstaut given as

c(^/)_ t ilg,(x,)','
r¿ €,s(N, À1)

M
,g(N,M) : l(r,4,n2.,...,n¡a)lln;: Iy' alcl n¿ > 0 ViÌ
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The development of au efficient cornputational algolithrl by Buzen [12] foi tlte
calculation of G(l/) rnacle Gorclol and Nervell's rnethod easy to irnplement. Baskett,

Cha'cly, Mu.tz, ancl Palacios [8] extended Cor.clo' and Newell's rvolk to inclucle

closecl netrvolks with different classes of custorners. They assumed selvice tirnes

ìraving plobability clistlibutiols with lational Laplace transforms. They de¡ived the

equiliblir.uri distlibutioll of states of a rnoclel rvhich consists of foul cliffe'-ent types

of selvice centels and .,? diffelent classes of custorreLs.

Golclon ancl Neweìl's lesult rvas usecl in the rvolk of othel lesear.chels. Two

of theses rvolks ale those of Cìross, Miller', ancl Soland [23] aud Maclu [35j. Gloss,

Miller', and Solancl studietl a tlulti-eclielon system in rvhich a finite ¡ulnber.of itenls

is clesilecl to be operational at any given tine, ancl in which queueing may occur at

the lepail facilities rvhen all chaunels -filiite in lullber'- ale busy. Theil aim was to

cletemriue the optimal spares levels ancl r.epair capacities of this system.

Madu usecl Gordon alcl Newell's fol.rnula and Buzen's algorithm to analyse a

tnailtenartce network with loaded-inclependent selvels. Tlie problem is to cletelmine

the rnailtenance float neetletl to support an opelating systern rvith lf cilculating

units. When a unit fails, it is sent into the ser.vice facility fol lepair.. The failur.e

and repail tiules distlibutions are assurnecl to be exponentially distlibuted. This

closed systern is a special case of a Jacksonian (an exponential netwolk rvith no

buffel capacity constlaints) netrvork. The nur¡l¡el of units to maintain in standby

status in or'der to rnaxinize the system availability is easily obtainecl using Go'clon

and Nervell's fomrula.
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2.4 Conclusions

Open queueing netrvolks have l¡eet analysecl by a var.iety of appr.oximation al-

golithrns over the Past fifteen years. Most of tllese approximations are specialisecl

to *'o.k only fo. specific clueuei'g configu'atio.s a'd ca''ot be,secl to solve other.

different systems. Floln tlie above cliscussion (Sections 2.2.1, 2.2.2, and 2.2.:Ì) it

can be seen that the uajolity of the existing methocls wolk fol tanrlem queueiug

netrvolks. This is paltly, because plocluction lines are rnodellecl as tanclerl netlvorks

ald partly because it is not vely difficult to analyse tanclent configul'ations. Al-

though, thele are rìaDy algolithrns designed to work for tauclern systems, still t|e¡e

is rootr fol itnptoveuent. The irnplovernent in these methocls can corìre fi'on trvo

clirections: i) to develop uethods which ar.e as acculate as the l¡est of the existing

ones but ale fastel ancl ii) to clevelop algoritlilns which give rnole acculate results

when cornpatecl to resu]ts ol¡tailecl by existilg methotls.

The plogless in the lesealch fol the alalysis of split and merge systems, as it

rvas cliscussecl in Section 2.2.2, is far. behincl when cornparecl with the uurlber. of

papeÌs apPeat'ed that deal with tanden systeurs. Approximation nethocls fol split

ancl rnelge configulatiols rvith geler.al allival an<ì service plocesses aucl consisting

of rnole than thi-ee notles have uot leceivecl much attelltion. We urust also acld that

fol exponential split and rnerge configurations, only tluee paper.s (t91, t4], [34]) have

been publishecl. Thelefore, futule lesearch il this alea shoulcl be focused fir'st on

the implovemeut of the existing nethocls fol exponential letrvolks ancl seconclÌy in

tlte clevelo¡rnelt of appt'oxiuratious for netrvolks rvith genelal allival a¡cl se¡r'ice

plocesses.

Most of the algorithtns that have been clesignecl to anal¡'ss ar.bitr.ar.y couigur.a-
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tions rvotk only fol these specific configurations antl theil' genelalizatiou to inclucle

a n'iclel vatiet¡, of systems is clifficult. Whitt's QNA is a rnethocl that ca¡ be usecl

fol the alalysis of any type of netrvor.k configurations but it lequiles l¡ufer.s u,ith

unliuited storage space. Thus, thele is the need fol the clevelopmeut of methocls

rvhich are desiglecl to u'olk fol any type of queueing netrvorks without any capacity

ol othel constlaiuts.

As rvas rnentioned ea'-'lier, exact analysis is ver.y clifficult fot systerns with vely

lalge state spaces because of the lalge anount of required cornputatiolal efol.t. On

the other hancl, altpt'oxiuration methods ale much rnore siuplel ancl fastel. Never'-

theless, there ale cases whele approxitration lnethocls require a consicler.able alnouut

of computel menìoly alcl couputatiolal tirne. The use of phase type clistlibutions

to lepresent the "effective" selvice times, although it helps fol the cìetailecl descr.ip-

tion of the effects of blocking, it is tirne consurning. This ploblent becotnes mor.e

obvious rvhen optimization is involvecl, Thus, thete ale tirnes, the engineel woulrl

like to have in his use simple aucl quich appr.oxirnation methocls. These methocls

coulcl be used in optiuizatiou ptoceclules and in cases whele it is clesilal¡le to leduce

a large varietv of alternatit es befol'e more accur.ate methocls coulcl be used.



CHAPTER 3

An Approximation Method for Real Life Systems

3.1 fntroduction

fulost real life systerns are albitlary configur.ations of queues rvith gener.al alr.ival

and service plocesses ancl finite l¡ufer.s. As was pointecl out in Chapter' 2, such

systems have not leceivecl n'ruch atteutiol in tlle liter.ature. Albitlaly configulations

have beet stucliecl but the rnethods clevelopecl are clesigned to rvork fol the s¡recific

systens studiecl, r'atller thal fol any gener.al systern. Thus, in this chapter', our.

efo.t is focused on the clevelopment of a' approximatio' methocl whicli can be

appliecl to any leal life systen.r indepenclent of the configulation. The pr.oposed

rnethocl is clesigned to work for systerns with genelal alrival ancl seLvice processes

ancl finite l¡uffers. The apploxiuation nethocl is appliecl to the rroclelling of a par.t

of a colveyor systern ald the lesults ol¡tainecì ale compalecl to simul¿tioll r.esults. lt
is shorvn that the apploxirnation pelfor.rns rvell for light and nocler.ate traffic. The

algorithrn gives estirnates of pelformance ûìeasutes of the system suclt as aver.age

sojoulr time through the netivork aucl avel'age clueue lengths at each r.r'olkstatio¡.
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3.2 The Approxirnation Method

3,2.1 ModelAssumptions

Let us consiclel' a.y albit'a'y configu.ation of queues. se'vice ti'res a.cl exter.nal

intelallival tirnes have gelelal dist.ibutions, ancl buffe.s rvith finite caPacities a'e

placecl behind each nocle. Buffel capacity constlaints leacl to l¡locking. Blockiug

occurs lvhen an iterl that has just completecl its seÌvice at node i tÌies to joirr node

j ancl finds the bufel of nocle j full. The itern is forcecl to rvait at nocle i until space

becor¡res available at node j. Meanwhile node i can not plocess any nerv items.

3.2.2 The Basic Concepts of the Approxirnation Method

As rvas mentio'ecl in Section 3.1 rnost of the existilg methocls work fo. sPecific

systerns (fol example tandem, s1>lit, mer.ge, exponential etc) and their gener.alization

to inclucle othel systems is very clifficult. The approxirnation methocl pr:esentecl in

this chaptel cleals with this plobletl. This rnethocl can l¡e usecl to analyse any

type of systeru. The nretllocl is conceptually ver.y sirlple. We rnust flucl a rvay to

tlansform the system stutliecl into a nerv equivalent systern which rvill be easier.to

analyse. This nerv equivalent system will not have buffer capacity co'str.aints, arcl

the selvice tities of all nodes rvill be levised in oldel to include aclclitional clelays

the iteurs rlay have to ulclergo clue to blocking. Hence, the ploposed apploxitnation

collsists of trvo passes. Ill the flr'st pass the efective rates ancl efective var.iances of

the service tirnes of all lodes ale clerived. In the second pass the efiective lates a'cl

effective variances a.e usecl as rates ancl variances of the service times of all nocles

and then 1ve assume the tetu,ork is free of blockilg. Finally, using a single locle
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apploxiDrâtion rnetlìod ancl Little's lesult rve estinate the pelformance rrleasures of

the entile systern.

3.2.3 The First Pass

Ll the fir'sf pass we have to use an apll'oximation methocl to analyse tanclem, split,

ancl melge systerns. I(elbache and Suith's 130] Genelalizecl Expansion lVlethocl

(GEM) is the only existing ruethocl that can l:e usecl to r¡oclel tanclem, split, ancl

rnelge systems rvith genelal stochastic processes.

The Filst Pass consists of trvo Steps.

o Step 1. The CIENÍ is fir'st appliecl to ihe Ìast rrode(s) of the system. To do

this rve ltust first apploximate the arrival plocess to the last node(s) of the

systern. It is assunecl that all stochastic processes are Lenewal ptocesses, ancl

trvo parametels (rnear ancl scv) are usecl to lepreselt probability clistlibut,ions.

The folloiving folrnulas (W1ìitt [48]) give the rate ancl scr, of the tlaffic plocess

lvhich lesults fiorn the super'1:osition of r.enewal traffic processes. The r.ate )¡

of the al'r'ival plocess to node j is given as:

rvltere À¡¡ is tlle total extelnal ar.rival rate to nocle j, lij is the r.outing pr.ob-

ability frorr nocle i to nocle j, rz is the lrumbel of str.eams that mer.ge, and À¡

is tlte late of the zth rnelging stleam. The scv cj of the pr.ocess that t.esults

floln the supelpositiol of r¿ strear¡rs is giver as:

À¡:)o;*IÀo.1ri
i=1

' - 21)';lÐ ru)"?
i=1 À=1
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rvhele l;, ancl cf ale the late ancl scv of the ith melgitig str.earr, r.espectivelv.

If a tlafÊc plocess rvith paLamete;:s À and c2 splits irìto fr str.earrs, rvitll each

being selectecì i'cle¡re.dently according to pr.obabilities ?r, tlìerì the ith stl'ea'r

obtained fronr the splitting (\ /hitt [48]) has rate À¡ ancl scv cf given by

À¡ : Àl¡¡

cl=7t¡c2 lI_ p¡

(3.r)

(3.4)

\Ve also need to apploxinlate the scv of the clepar-tule pr.ocess fi'orn nocle i

Malslrall's [37] folmula gives the scv of the intelclepar.ture tirne cl it a G I I G l1

queue:

cl: cf;+2p2c!-2p(t - p)pEW (3.5)

rvhere p is tìre traffic intensity of nocle i, cl is the scv of ser.vice tinres of node

z,, cl is the scv of the au'ival process at node i, p is the selvice late of nocle i,

a¡cl EIU is the nlean waiting tirre in the queue of rode i.

In ordel to approximate the allival process to the last lode(s) of the systent,

we clo not levise the service times at each of the nodes of the systern. We use

folmulas (3.1) (3.4) to approxinate the processes that result fi.om the rner.ging

and splitting of tlaffic processes. To calculate the average rvaiting time in the

queue (which is reeclecl in Marshall's founula) we use a GlGlIlN silgle lode

approxirnation methocl. We use Mar.sliall's for.rnula to approximate the scv of

tlre <lepaltule plocess fi'orn GI lGlllN queues. The rate À,¿ of the depar.tur.e

plocess fi'on nocle i is giveu as

À¿:).(1-P)
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rvhele Ào is tlle late of the all'ival plocess at nocle i, ancl P is the plobability

that nocle i is fuìl.

r Step 2. Havilg apploxim¿tecl the alr.ival plocesses of tlle last nocle(s) o{

the system, ive apply the GEN4 to calculate the effective ser.r,ice tilnes of the

nocles rvhich ale linkecl to the last nodes of the system. lt is assurnecl that the

last nodes of the system caruot get blockecl. Using norv the efective selvice

tir:- es as service times fol the nodes tliat rvele alreacly analysecl, the methocl

applies the GÐM to tlle rrodes that ar.e linkecl to the ah'eacly analysecl nodes.

By the end of the flr'st pass the efective ser.vice tirles of all nocles have been

calculatecl.

3.2.4 The Second Pass

In the seconcl pass, it is assurnecl the network is fiee of blocking. This is now equiv-

alerlt to a netlolk with no buffel capacity colstlaints ancl rvith selvice times which

have been leplaced by the efective selvice times calculated at the Fir.st Pass. Whit-

t's forrnulas are usecl to a¡rploxirnate the plocesses that lesult from the tnelging and

splitting of tlaffic ptocesses. Malshall's folrnula is usecl to calculate the scv of the

departule plocess ft'om each llocle. The single lode apploximation metllocl of l(r'ae-

rnel arrd Langelbach-Belz (Whitt [48]) is usecl to analyse each of the GI lGlllæ
queues. The nìean queue length Mlf of nocle i is given froni Little's I'esult as

MN-p¡+^"MW

MW : r¡p;(c|+ c!)s lz(r - p;)

(3.7)

(3.8)

whele
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s,liere MI4l is the nlean rvaiting tirne in the queue of nocle i ancl g is clefinecl as

o: { 
*or-u$P E#)' '? " (i.e)

I r, cå>L

rvlrere À", cl a'e the l'ate ancl scv of the ar.r.ival pr.ocess, r.espectively, p;,r;,c7 are the

tlaffic inteusity, rnean, ancl scv of the service tilte of nocle i, r.espectively.

3.2.5 The Generalized Expansion Method

The basic idea of the fieneralizecl Expansion Method (GEM) is to acld an altificial

node to each capacitatecl clueue to collect any blockecl customels (see Figure 3.1).

It should be notecl that the GEM uses only the flrst tli'o utolneuts of the alr.ival ancl

selvice processes for the estirnation of all othel par.arneters of the systeu. Il case

that nocle j is full the l¡locked customeL of nocle i rvill be louted to the ar.t,ificial

node rvith plobability P¡ (rvhele l{ is the maxirlurn number.of customer.s at no<[e

j ). After the customel teceives service at the ar.tificial nocle lie/she tlies again to

rejoin riode j. Thele is a plobability Pi, the customel has to stay at the ar.tificial

nocle fol ore moLe selvice. The altificial nocle is rnodelle à as GI lGlæ queue, The

probability Pi, is calculatecl using the approximation pr.oceclure of Lal¡etoulle ancl

Pujolle [33].

To cletet'mine the selvice late of tlie altificial lode å the follorving folmula fi'ol¡t

Kleinlock [31] (page 173, equation (0.16)) is usecl

rlt" : (2tL j) lQ + p'¡o?) (3. 10)

rvhere p¡ and oj ale the selvice tate and var.iance of the service tinle of the blocking

nocle, r'espectively.



M/G/I/N GI/G/ o.
GI/G/L/N

1* P"

Figule 3.1: The GÐl\4 for a tandeu systern

Il oldel to calculate the C)2¿ which is the squared coefficient o{ variation (scv) of the

departule plocess frorn node i, we use tlle following for.rnula fi'orr Mar.shall [37]

cì,: c:30 + zpt!c'!, - 2p¡(r - p;)piwq; (3.1r )

rvlrele Cl¿ is the scv of the allival process at nocle i, p; is the ser.ver.'s trafÊc intensity

of nocle i, C"'?¿ is the scv of selvice tinte of nocle i, p; is the ser.vice r.ate of locìe i,

a:nd IMq; is the expectecl rvaiting tin.re in the queue at node i.

To clete'-nine the squared coefficient of var.iation Cl, of ù,e allival ptocess at

the artificial nocle Ä, it is assurnecl that the clepaltute pr.ocess fi'om node i splits into

two ¡:r'ocesses. The first plocess is the anival process o{ nonblocked custornels at

nocle j ancl the secolld plocess is the ¿r.rival 1:r'ocess o{ l¡lockecl custornets at ¡ocle

l¿. The scv ó'¡2¡ is given florr the follorving for.mula (Whitt [48])

C?t": P¡¡Cï; + 1- PN (3.12)

The squalecl coefficient of valiatio¡ of the alrival plocess of nonblocked customels

at node j is given by

c'l¡:Q-P¡¡)Cl¡1P¡v

44

(3.13)



The squalecl coeffcient of valiatiol of the service tirne of the altificial nocle /¿ is

cletermiuecl usilg the follorving for.mula flom l(leinlock [31]

nz(s") : [z(s"+l)]/[(rz + t)z(s)] (3.14)

rvhere rrz(s") is tlle n-th moment of the renainitg selvice time, and z(.s,,+1) is the

(n+l)th rronleut of the selvice time.

Iu general, rnost non-negative clistlibutions rvhose coefÊcient of var-iation is less

than one can be approxirnated by an Erlang clistr.ibution, atcl rnost nor-negative

distlil¡utiols ivhose coefficient of val'iation is gleatel than 1 cau be apploxi¡rateil by

al Hyperexponential distribution. The Ellang-2 (Er) clistlibution is a special case

of the more general Ellang-k family of pr.obability clistlibutions (see Appenclix A).

The thild ulontelt of tlie Erlalg-2 r{istr.il¡utiol is given by

z(-s3): e¡1¡r¡a (3.15)

whele 1/p is the rr. ean service time.

The thilcl rnomert of the Hypelexponential-2 (112) <ìistribution is given by

u (.s3) : 6(¿rlp3 + azlpS)

The scv of the sel'vice time of the altificial rode is

(;1.16)

C)') : lm(s') - (1 I p,,)"1 lU I fu ,")'l (3.17)

It is assutnecl that the custornel r.eceives only one selvice at the artificial node. The

levisecl selvice late of the artificial node is given by (Whitt [48])

ph: lt - yN)t1h
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and the tevised sc\¡ of tlte selvice tille is

c'!,":Pi+0-PÐc;i

The effective service tir¡e at nocle i that pr.ececles nocle j is

(3.1e)

lr4t,, : Ir;' + PNp't,t (3.20)

A systeru of rlonlineal' equatiors in al eclual nutlbel of unknorvus needs to be solvefl

to cletermire the values of the pa'-a¡retels of the system. The numbel of ecluations

clepends on tìre type of the queues arrcl ol the approxiruations that ale used fol the

estirnatiot of sorne of the palameters of the system.

3.3 A,pplication of the Approximation Method to a Real Life Systern

The approxirnation methocl rvas applied to tlle l¡odeÌling of a real life systent.

The systenr is palt of a conveyor installed in a uanufactur.ing cor4any. This con-

veyor- systern is a typical example of naterial hanclliug system. Matelial handling

systerns costs in the rnarrr.rfactulilg inclustly collstitute about 30% - 80% of typical

opelating costs (Hill [26]). Material hanclling systerns (MHS) integr.ate the plo-

cluctiou system, by ntoving items/customer.s through the lvorkstations. Conveyot

systems, are veÌy colrlnlon MHS in rnalufacturing alcl tlie neecl for. their analysis

alises evelyclay. The analysis of matelial hanclling systerns lvitll the interrt of a1:-

plyilg rnethocls that optimize the oper.ation of MHS play a hey r.ole in the effor.t to

inclease the plocluctivity of the rvhole production facility. Thele ale urany cliffelent

types of N4HS. The most corrllon ones ale: manually cìr.iven carts, for.klifts, cr.anes,

A(ìV's, r'obots, alcl colveyor. systems.
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The flolv of rllatelial tltrough the plocluction line can be studied as a stochastic

plocess in a netlvoll< of queues. The output fiou a specific rvolkstation is the

inPut of anothe. rvol'kst¿tion. The plesence of blocking at the nocles and the .on-

ex¡rolential rratule of the distributions of the service times at the lodes ntake tlle

analysis clifficult. The conveyol systern uutlel stucly, rnoves/tlansfers the par.ts to

be ptocessecl thlough several rvol'kstations. Thele are bufels rvith liurited caltacities

l¡etrveerr rvolkstations ancl each rvolkstation has its owu ser.r,ice tirne clistr.ibution.

The conveyol system uses calriers {or. the tlansportation of the palts tlu'ough the

line. The whole system is a closed uets'olk, if lve cousicler. the transportation uuits-

caLliers as custorneLs. Ther.efor.e, the rvhole corìveyor. system is a closed queueing

netwo-,-'k witll a fixecl nuubel of carriels. The analysis of the conveyor. systenr rvith

aualytical urethods is ver¡' cliffiçr1tr. Fol this reason, a paLt of the systent rvas isolated

and it rvas exar:rinecl as an operì queueing retwor.l<. Analysilg tlle isolatecl uetwor.k

as ân opelì queueing netrvolk, we can rnake infelences about the saÌre system rvhen

it opelates as a part of the closecì netwolk. The analysis rvill give us the aver.age

queue lengths l¡ehincl rvolkstatious antl coutrol points and the avelage sojour.u time

thlough the uetwolk. These results rvill be cor.parecl rvith results obtainecl fi'o¡r

sirrulation.

3.3.1 The systern

The systern to be moclellecl is Pa't of a large. colìveyor syste'r. The whole couveyo'

system is a painting line wliich integ.ates the plocluction departnents rvith the

assernbl5' line. This painting line (see Figule 3.2) corsists of six colveyor.s rvhich

run thlough the follou'ing areas: i) the loading alea ii) the shot blast iii) the rvashel
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Figure 3.2: Diagrammatic representation of the conveyor system
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iv) the splay booth v) the oven ancl vi) the ulloading ar.ea. The loacling alea

consists of tel loatling stations and tìle ulloading alea consists of foul unloadiug

statiolls. The'e al'e Points in the painting line that ale called sToPS rvhich are usecl

fol the loaclilg, unloacling alcl contlol of the movernelt of the tlansportation units

s'hich ale callecl calriels. The tlauspoltation units-can iels al'e loadecl with parts au{

cilculate thlough the pailting line movilig fLorn ole conveyoÌ to the othel ancl from

one rvotkstatioll to tlie next one. The loacling and unloacling statious are consicleled

to l¡e s'o'-kstations aucl their.selvice tilues have gener.al clistlibutiols. Evely STOP

has a lirnitecl space fol il'aiting catriels, thelefole each STOP is consiclerecl as havi¡g

a bufer with lirnitecl capacity. The six conveyors run inclepeldently of each othel

ancl can have cliffelent speecls. The rvhole system is a closed netrvo'-k and the nurnl¡er.

of the cilculating calliers-custor¡els is fixed. Yanlopoulos, Jenness ancl Hawaleslika

[53] tlevelopecl a simulation rnoclel using the lalguage PCMODEL to analyse tliis

closecl netwolk painting line. l(nowing the limitations of simulatiorr rnorlels s,e

atternpt here to develol: an analytical rnodel for the satne problem. The analysis of

the closecl system rvith analytical 
'rethods 

is very clifficult because of the complexity

of the systern. Fol this teason we isolated a palt of the conveyot' systern ancì aftel

some sitnplifications rve analysecl it as an open queueirrg uetrvolk rvith gener.al ar.r.ival

aucl selvice processes. The ilput to the systern to be moclelled is known flom the

sirnulation noclel of the closecl netrvolk and tlle results flom the analysis r,vi[l be

coÌrpalecl lvith the lesults obtailed from another simulation Ùrodel of the open

netrvolk clevelopecl in palallel lvith tlie analytical moclel. The analysis of the isolated

open netrvolk rvill give us estirnates of the pararnetels of the closecl network ancl also

it is possible to make inferences about the behaviou. of the same part of the closed
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corÌveyoL system. By solving tlìis isolated part of the largel colveyol systent, rve

shorv tliat it is possible to use queueing techniques to analyse real life systerns.

The rvhole closecl systern can be analysed by clecomposing it into sualler. net-

rvolks rvhich rvill subsequently be moclellecl as open queueing rìetwoÌks. These srnall-

el netrvolks rvill be analysecl in isolation by consicler.ing the output of one networ.k

to be the iriput of the next one. The systern to be rnoclellecl consists of five STOPS

ancl trvo conveyoÌs (see Figu.e 3.3). More specifically in the system to be moclellerl

thele ale thlee STOPS that selve as loading stations (STOPS ff3,1{4,a1ã f b) alcl

tlrere ale hvo STOPS (STOPS ft|,alxl ll2) that selve as contlol points. The selvice

times have genelal clistlibutiols alcl theil ernpilical clistlibutions ale known fr.orn

histolical clata. The systern operates uncler. the following r.ules:

- STOP#I sencls calriers alterrately torvalcls STOPS#2, and f3. If STOP#2

AND STOP#3 ale full then STOP#1 gets blocked. In case that one of the trvo

STOPS is full, then STOP#1 sends carlier.s towar.cls the STOP rvhich is not full.

We pen.nit seven calriels to accurtrulate behind STOPf l. In other.rvor.ds, STOPf I

is a coutlol poini irr llle line.

-STOP#2 r'eleases calriels torvalcls STOP#4, rvhen STOPf4 is not full. if
STOP#4 is full, then STOP#2 gets blocked. We permit sever caLrieLs to accu-

mulate behind STOP#2.

-STOP#3 is a loacling station. Aftel the cornpletion of the service the car.r.iel is

routed towalcls STOP#5, If STOP#5 is full, STOPf B gets ì:ìocked. We per.mit

ten car'-,-iels to accurnulate behilcl STOPf3.

-STOP#4 is a loading station. Aftel the completion of the loacling, the callier.

is releasecl ancl exits the system. Tlvo cal.iers are Permittecl to acculu*late behind
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sToP#4.

-STOP#5 is a loacling station. Aftel the service, the car.r.ier exits the systern. Two

ca'-'r'iers ale pelmittecl to accunrulate behincl STOPfS.

The clistances betrveen acljacelt STOPS in the ìine are l<norvn.

-Extelnal allivals occul only at STOPf 1.

sToP #3

Figule lÌ.3: The systerr

3,3.2 The rnodel

The systern is modellecl as arì open

(STOPS) rvith geleral service tirnes.

queueing netrvolh that consists of five selver.s

The allival plocess to the system at STOPf 1
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follolvs a genelal clistlibutiou ancl all clueues have limited capacity. All stochastic

Plocesses aÌe t'epreselted by trvo ltalatletel's: the rnean and the scluatecl coelficient

of val'iation rlefirecl as lhe variance divided by the sclualed rreau. ln the fir'st Pass of

the apploximatiol urethocl the effective rates ancl effective va¡ia¡ces of the ser.r,ice

times at all nocles ate de'-ived using tlie GEM of l(elbache alcl Srnith. In the secoucl

pâss we use the effective lates aucl efective valiances as rates alld valiauces of the

service tirnes at all nocles and then assume tliat the netrvork is fi'ee of blockilg. Thel

usiug the apploxirnation lnethocl of Klaelne. and Lange'bach-Belz rve estinate the

c¡ueueing pelfolrnance llteasul.es of the system.

3.3.3 The System as a Queueing Network

AII STOPS ale leplesented by their collesponcling nocles (see Figule 3.4). The

STOPS are nodelled as follows:

-STOP# 
1 is uoclelled as G I G ll l7 queue (Node 1).

-STOP#2 is niodellecl as GlGlllT queue (Nocle 2).

STOP#3 is moclellecl as GlGlIll0 queue (Node 3).

-STOP#4 is modelled as GlGlt12 queue (Node 4).

-STOP#5 is n.roclellecl as GlGll12 queue (Nocle 5).

Travel titnes between uocles are estimatecl as rvaiting tiues at sorre iniaginar.y nodes

that are placed betrveen the trvo leal rrocles. These imaginaly locles ale moclellecl

as GlDlæ queues rvhele theil ser.vice tirnes ar.e cleter'¡rinistic ancl equal to the

collesl>oncling tlavel times. More specifically:

The travel times flom STOP#2 to STOpS4, fi.orn STOpfB to STOpfS, fi.orn

STOP#I to POINT1, fi'on POINT1 to STOPf2, and from POINTI to STOp#J,
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a,re obtailìe(l as tlìe \\'aiting tirne at the GlDlcn queue type, at uodes 13,14,10,11,

ancl 12 r'espectively.

All altificial nocles aLe rnoclelled as G/G/co queues.

Node [1 collects blockecl callie,-s rvhen STOP#2 is full, nocle lr2 collects blockecl

calriels l'heu STOP#3 is full, node lz3 collects blocked can'ier.s u'hen STOPf4 is

full, an<l node À4 collects blocked cauiers rvhen STOP#5 is full. Throughout the

lest of this chaptel the follorving lotations rvill be used

Notatioll Descliption

^., 
C? allival rate, and squaÌed coefficient of valiatiol of the

external art'ival process, r.espectively

À;rCl , r'ates, aùd squalecl coefncients of valiation of the pr.ocesses

that lesult from the splittilg of the exteual a'-r'ival plocess,

lespectivel)¡, i: ó,c

À;j, the conpolent of the cleparture pLocess fi'oln node i (whiclr

preceecls tocle j) that goes clitectly torvar.ds nocle j,

i:1,2,3, i :2,3,,4,5

Àn,, r'ate of the auival process at the altificial locle /r,¡,

j :1'2'3'4

P¡,j,, plobability of liaving i custorners at queue j, i :2,7,10

j :7'2'3'4'5

À,r1,12, z auxillialy variables

Pi,¡,, probability a calliel to fincl the jlå queue full having stayecl

at the altificial nocle at least orrce, i = 2,7,10 j == 7,2,3,4,5



Clr, squatecl coefficient of valiation of the allival pr.ocess at

nocle i, i -- 2,3,4,5

Cl¡;, squated coeficient o{ r'aliatiou of the arlival pr.ocess at the

altificial nocle å¡, j :1,2,3,4

C?¡, the squaled coefficient of variation of the componerrt of tlle

depat tur.e 'pr.ocess fron nocle i (ivhich prece(les node j) that

alrives dilectly *'ith plobability 1 - PN at node j,

i:1,2,3 j = 2,3,4,5

Ci1n,, the squared coefÊcient of variation of the rleparture process

fi'om the altiîcial nocle /z;, i:1,2,3,4

Ph¡, traffic iutensity of artificial rocle l¿i, i:7,2,:J,4

p¡, auxillialy val'iallles, i : 1.,2,,3,4,5

IIh¡, r'evisecl se-,-'r,ice late of altificial nocle /z¿, i: lr2riJr4

C)i,, scv of the service time of the altificial node l¿i,

i, :7,,2,3,4

C!n,, revisecl scv of the selvice time of ar.tiflcial nocle li,¡,

i : I,2,J,4

C?, scv of the selvice time of rocle i, i : 1,2,3,4,5

lrh¡, service late of the artificial node Ä.¡, i :7,2,:J,4

ll¿t selvice rate of locle i, i: 1,2,3,415

Pi, tlaffic intensity of uocle i, i : 7,2,3,4,5

IUqt, rlean rvaiting tirre in the queue at node i, z : I,2,3,4,5
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ll/;,

À¿;,

rrrearr rvaitirrg tinle at locle i, i = 1,2.,3.4r,,t

late, ald scv of the departule process fi'on nocle i,

lespectively, i = 7,2,3,4,5

valiarrce of tlre selvice time of nocle i, i: I,2,;3,4,5

effective selvice late of nocle i, i = I,2,i],4,5

efective variance, and efective scv o{ the selvice time

of riocle i, r'espectively, i: L,2,3,4,5

,.1'2

o'!,

IIí.t t ,

o?u,, (7)t.,,,

3.3.4 The Analysis

\A/e rvill shorv the applicatiol of the appr.oximation methocl at the par.t of the line

that consists of the rocles I,I0,I2, h2,3,14, /¿4 and 5. The analysis of the pa;:t of

the line that consists of the noiles 1,10,11,h1,2,13, /¿3 ald 4 is calliecl out in the

salle ntaììner.

First Pass

\4/e rvill apply the CIEM sta,-ting {rorn the last nocles of the networ.k (nocles 4 and

5) and then the analysis rvill move backrvarcls. The airn is to estilnate the efective

selvice lates ancl efective variances of the service titres of all nocles.

Step 1. In this step we calculate the clepar.tule pr.ocess frotn node lJ. We assunte

that locles 1, ancl 3 do lot get l¡locked and also that all traffic ptocesses ale r.ellewal

plocesses. The selvice tilre of nocle I is zel'o. The ar¡:ival plocess descr.iberl by ì",llj
to ltode 1 is kuorvn and because of the zelo selvice tirne the clepalture plocess fionr

nocle t has the sane )", (Ìj. The queueing nodes of the type G lD læt do not afect

the traffic plocesses. Point 1 is a splitting point for. the process clescr.ibed by À",C'|.

The component processes that result fioln the splitting have par.arneter.s that ale



given flonr the follorvilg folr¡ulas

À¡:05)"

À" - 0.5)"

ci:0.5c:+1-o.b

C::o.sC:+1-0,5

(3.21)

(:t.22)

(3.23)

(ì1.24)

The above equations (3.23) and (3.24) ar.e valicl when tlie splittirrg of the pr.o-

cess clesclibecl by À",C! is clone laldornly. When carLieLs ¿r-e split alte.nately, the

squaled coefÊcients of the cornponent pr.ocesses are 0.5 of the squared coefficient of

the À., C.2 plocess. In oul ploblern, the carriers are split alter.nately olly rvhen both

buffers of nocles 3 antì 2 ale .ot full. When one of the trvo buffers is full, the ca;:r'ier.s

ale not split alteurately but ale loutecl towards the node which is not fulì. Thus,

we assume that oul splittilg process is closel to a randorn process than an alteruate

plocess as traffic intelsity iucleases.

The GEM has not been applied yet, therefore, noile ñ.1 cloes not exist yet. The

lrrocess with rate l" alcl scv C"2 r'eaches node 3 which is rnoclelled as a GI lGlllß
queue. Tìre cliffusion approxirnation of Yao ancl Buzacott [54] togethel rvith Mar.-

shall's fo'-'luula ale usecl to apploximate the departur.e process fi.om nocle 3. Using

the clifusion approxirlation rve obtain the plobability Pro,¡ ancl the mean queue

lerrgth. Tlie rate of the cìepaltule plocess is

À¿e: À"(1 - Pro,:) (3.25)

I(norving the mean queue length, the mea¡ rvaiting timein tlie queue can be ol¡t,ained

from the formulas

lV" : ¡ ¡¡"
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GIIG/ca

GIDI,æ

Figure 3.4: The reconfigured netrvo¡li

whele ./ is the mean queue length and

lV6-W-Iluz (3.:7)

The squared coefficient of variation of the cleparture process is given by

CL - C: +2(À"lps),Ci - 2(^"1ù0 - À.lpz)psWos (t.28)

Having obtained ¡he rate and the scv of the departure process f¡om node i lve are

ready to apply the GEùl to node 5.

Gt/Glæ

(; r /c; /L /7
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Step 2. We ¡rorv apply the GÐM to locle 5 (see Figule:3.4). The service r.ate

and the scv of the selvice time of nocle 5 are hnorvn. The sel'vice rate of tlie al'tificial

rìocle /¿4 is given by

p¡,,: (2p5)lQ + p?"?)

The tlaffic intensity of node 5 is

(3.2e)

ps = À¿s I þs (3.30)

In oldel to estirnate the squaled coefñcielt of valiation C¡20 of the se,-'vice tilne of

the altificial nocle lza il'e approxirnate the selvice tirles clistlibution of uode 5 as

E2 ot H2 deperrrling on the value of C!. To calculate the values of the lest of the

palarnetels we have to solve the follorving systern of nonlinear equations

À¿a=À:s*)i, (3.31)

ìss: À¿s(1 - P2,s) (3.32)

) : À:s - )/,, (1 - P;,5) (i.83)

P"s : l(p" + t'n,) I 0,n,)) * (r('3 - r'l) - (r, - r)) I (pn,(rî-'î) - ("3 -'i))l-'
(3.34)

z -- (À + 2pt,,)' - 4À¡r¡n (3.35)

11 : () 1 2trt,n - ,t/\l(2pt,) (J.36)

?', : (À + 2p¡., ¡ z1/2)f (2p¡,) (B.BZ)

P2,5: fp5(r - pu)ll?,;' - p?) (3.38)

Þ¡ : ""p{-2(1 
_ P5)lØ5C:5+ C?)} (3.3e)

Cln^= P¿,tC1"tr - Pz,s (3.40)
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cj, : (1 - P,,u)Cì"+ Pr,"

c:5 : (\5cì5 + 
^h,c'it,) 

l(h5 + 
^r,,)

C?,n, = Clnn+2p1,,C1,,

tt'¡,: (r - Pi,)t un

Cluo : Pr,u + Q - P;,s)Ci:,

p¡. : À¡, I rt¡^

ui!,,:uil +Pz,stl'¡n

o3",¡:oZtP],ro!,,,

-2 /''2 ..1-2u"l,a - wshalJha

(3.41)

(:t.42)

(3.43)

(3.44)

(3.45)

(3.46)

Solving the sirnultaneuos systeur of the lollinear. equations (3.31)-(3.46) we obtain

P2,5,Pi,r,¡,,'¡o ald C!¡,n. It is low possible to calculate the effective ser.vice time ancl

effective valiarrce of noile 3 usirrg the following expr.essions

rvhele

(3.47)

(3.48)

(3.4e)

To solve the silnultaleous system of lotrlileal equations, rve usecl the rnulti-

valial¡le Neu'tou rnethocl [49] (see Appenclix B). Usilg the efective service late and

the effective variance fol node 3 t,he analysis r¡oves bacl< one node ancl applies the

(ìENI to node 3. Follorving exactly the same ap1:r'oach we can cletenuine the efiec-

tive sen,ice late anrl efective variance of lode 1. By the end of the fir.st pass lve

have estirnatecl all effective selvice tirnes ancl effective variances of the nodes of the

system.
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Second Pass

Ill the secolcl pass, we assurne that no blocking is taking place, thelefor.e rve

consiclel the effective selvice lates arrcl the efective val'iances as ser.vice lates antl

valiances {ol the nocles of the system. This is nolv equivalent to a systerr consisting

of infinite capacit¡' queues. The levisecl netrvolk (see Figule 3.5) is a queueing

netrvolk that consists of infilite capacity queues rvith geleral ser.r'ice times and

general extelnal anival process. To calculate the r¡rean queue lengths, ive apply

the altploxiltat'ion method of ](raemer ancl Langenbaclt-Belz. It is assu¡lecl that all

tlaffc plocesses aLe lerelal processes.

GI/c/1/o)

Figr,ue 3.5: Systern configulatiol at the secolcl pass

cI/c/L/cn
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Tlre extelnal allival pr.ocess clescribecl by À",Cl ald tlle fil'st trvo r¡ornelts of

the selvice times clistlibutiol of nocle 1 ale knorvl. To fincl the rneaìr queue length

of node 1 I'e apply the follorving founulas l¡ased on the appr.oxirnatiol methocl of

I(raerner ancl Lalgenbach-Belz

EW : np,(C? + C?)s l2(1 _ pt)

rvhe'-'e EW is the rnean r.vaitilg time at tbe queue ancl y is clefinecl as

(i].50)

(3.51)

The rnean lurnl¡el of calliels at node 1, Ely' is obtained from Little,s for.nula

EN:pt+^"EW (3.52)

The i-ate of the depaltule process fiorn lotle 1 is ).. To calculate the squar.ecl

coefÊcielt of valiation of the depar.tur.e pr.ocess we use Malshall's fonnula. Point

1 is a splitting point fot' the deltartule pr.ocess frorn notìe 1. Applyin¡1 the above

analysis we ale al¡le to apploxinate the tnean queue lengths of all the queues o{ the

netrvolk.

3.3.5 Numerical results

The lulnbel o{ calt'iels that cir.culate through the real system (closecl queueiug

network) can ì:e valiecl. The lelationshi¡r betrveen the thr.oughput of the systeur ancl

the number o{ óalliers is of the hysteresis type, i.e the throughput of the systern

incleases as the nurlbel of caniels inc.eases but past a point the throughPut sta.ts to

clecrease as the tuurl¡er of catriels incleases. We selectecl eight sets of clata that wel'e

.,: J "*r,(-aäp ffi1. c:. t

" [', c:>1.
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Table 3.i: External At'r'ival Plocess

\,ase I Case 2 Case 3 ( la.se 4 Case 5 Case 6 Case 7 Case 8

)" 0.r44 0.248 0.510 0.623 0.720 0.760 0.770 0.770

C: 0.627 0.536 0.420 0.2i3 0.194 0.1 00 0. i35 0.180

collected wher tlìe closecl systerr rvas opelating with 105,110,120,12b,1J0,185,140

ancl 150 calliers, r'efen'ecl to as Cases 1,2,3,4,5,6,7, and 8, r'espectively. It shoulcl be

lìotecl that the leal closed systenì is set up to run with a minirnuur of 10J cal.r.iels.

The extenal atrival tiures distlibutions ancl selvice tirnes distril:utions for. nocles

3,4, and 5 ale given in T¿bles 3.1 arcl 3.2 respectively. The r.ate of the al.r'ival

process Ào is explessecl in catliels/nin alid the nean seLvice times ale ex¡rlessed i¡
rnilutes.

Two ¡>erfolrr. ance rneasules are calculatecl. These ar.e the avelage sojour.n tirle

through the netrvolk ancl the avelage queue lengths at eacli node. Both these per.for'-

ûìaDce measures ale very impoltant in the efÊcient clesign of the system. Knowing

the ave-,-age sojoutn tirre, tlte clesignel is able to select the comÌ¡iltation of the sys-

teu <lesign Pa.amete.s that imp.oves the syste'r efficiency ; the seconcl per.for.mance

rneasure indicates the rvolk-in process levels, infoluation that can be used to prevent

high inventoly costs aud to leduce the congestiou alolg the conveyor. The r.esults

ol¡tainecl fron the method are then cor:rpalecl ri'ith those obtainecl by simulation.

For the coupalisols u'e use the rnitlpoints of g5% corrfidence intelvals obtaine<l from

five simulation runs (for each case).
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Table 3.2: Mean ancl Valiance of Selvice Tiues

Node 1 Nocle 2 Node 3 Node 4 Node 5

Mean Var Mearr Val N4 ean Val Mean Var Mean Var'

Oase 1 0 0 0 0 2.15 1.43 1 .100 0.700 0 0

Cjase 2 0 0 0 0 2.75 1.43 1.100 0.700 0 0

Case 3 0 0 0 0 2.75 1.43 1.390 0.890 0.425 0.330

Oase 4 0 0 0 0 1.43 1.580 0.970 0.660 0.453

( iase l) 0 0 0 0 1.43 1.884 t10 1.060 0.610

Case 6 0 0 0 0 7.43 2.030 1.1i0 1.200 0.593

Case 7 0 0 0 0 2.75 1.43 2.210 1 .150 1.530 0.515

Case 8 0 0 0 0 2.15 t.43 2.230 1.040 1.600 0.486
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Average Sojourn Times

The p.oposed algo.ithrn gives good estinates of the ave.age sojou'n tirne fo' the

fil'st six cases ancl poor estimates fol the last trvo cases u'hen the syste'r oper.ates

unclel heavy tlaffic. Ave'age sojo.r'l tiure is clefined as the avelage time a car.r.ier.

spencls in the systeni. Fo. each of the eight cases colsicle'ecl, trvo ave.age sojou.'

tirnes ale calculatecl ; one fol the can'ie.s that travel through P¿rt I of the systen.r

ancl one fol the calliel's that tlavel through Palt II of the system. Palt I consists

of nocles 1,3, ancl 5 and Par.t II consists of nocles 1,2, aucl 4. Bot,h the sojoull

times (ST) ancl "nou-tLavel sojourn tirnes" (NTST) ar.e calculatecl. The sojour.n

tir¡re calculatecl is the actual time it takes fo. a carliel to tlavel through the system.

The no'-travel sojourn time is the actual sojourl tirne rninus the travel clelays clue

to the conveyors (the time it takes for a canie. to travel from one node to the next

one). This was clone as a lesult of oul' introduction of the GIDIæ type of queues

(rvhich moclel the travel times on the conveyor). It gives exact lesults fol' the palt

of the sojourn tirne that colsists of the travel clelays on the conveyor'. Thelefore,

t'e felt that rve should plovide estiurations fol tlle times that the carliels speucl

rvaiting at the queues plus the service time at the nocles i.e the "non-tr.avel sojouln

tirnes". Thus, the actual sojouln ti're consists of the t.avel delays plus the tirne

spent rvaiting to leceive service at each rode plus the sel'vice time at each nocle.

Tables 3.3 and 3.4 illustlate the ave.age sojourn tirnes (in urinutes) obtained fion
the apploxilration ald fion siltulation for. Palt I, and Palt II, r.espectivelv. All

pelcent relative ellols (% RE) ar.e absolute relative er.r.ors.

As obse.ved in Tables 3.3, a'cl 3.4 the appr.oximatio' pr.ovicìes good esti'rates

for the actu¿l ST alcl for the NTST for the first six cases and pool estilnates fo. the
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Table 3.ii: Avelage Sojouln Tirnes (Par.t I)

Approx Sirnulatioll

Case ST %Rtr NTST %RE ST NTST

10.02 2.t 9.8 9.81 + 0.10 2.14 + 0.10

2 10.20 3.0 2.53 Ì ó..) 9.90 + 0.08 2.23 + 0.08

1 1.66 7.0 3.99 10.90 + 0.11 3.23 + 0.11

4 12.68 8.4 5.01 ¿+, 't 11.70 + 0.08 4.03 + 0.08

5 14.90 10.1 15.71 + 1.06 8.04 + 1.06

6 16. 15 20.5 8.48 33.0 20.32 + 1.68 t2.65 + 1.68

7 t7 10 38,7 9.43 t).1.4 27.90 + 3,59 20.33 + 3.59

I -t t.40 44.5 9.79 58.8 31.44 + 2.08 23.77 +2.08
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Table 3.4: Average Sojouln Tiues (Part II)

Applox. Sir:. ulation

Case ST %RE NTST %RE ST NTST

I 7.2r 1.15 17.2 7.45 + 0.08 1.39 + 0.08

2 7.26 3.6 1.20 18.4 7.53 + 0.07 r.47 +0.07

3 7.88 0.1 7.82 0.5 7.89 + 0.04 1.83 + 0.04

44 8.35 2.0 t ,) c) 7.5 8.19 + 0.03 2.13 + 0.03

5 9.54 4.8 3.48 14.5 9.10 + 0.06 3.04 + 0.06

6 10.35 0.7 4.29 1.6 10.42 + 0.21 4.36 + 0.21

7 t2.10 42.4 6.04 59.5 20.99 + 4.64 14.93 + 4.64

I 12.38 46.3 6.32 62.8 23.06 + 2.87 17 + 2.87

DO



Table 3.5: Avelage QLreue Lengths of Nocles 3 antl 2

Nocle 3 Nocle 2

Ciase A'¡r1>r'ox %RE Simulation Applox. %Rtr Simulatiou

0.17 I ù..) 0.15 + 0.02 0 0

2 0.31 0.30 + 0.02 0 0

J 0.90 a,), ò 0.73 * 0.06 0.01 0

4 18.8 1.12 + 0.07 0.03 200 0.01 + 0.01

5 2.14 26.2 2.90 * 0.40 0.07 22.2 0.09 + 0.02

6 2.66 47.5 5.07 + 1 0.11 78.4 0.51 + 0.16

7 2.84 63.5 7.79 + 1.18 0.16 96.5 4.59 +1.64

8 2.9:l 67.1 8.89 + 0.46 0.16 97.2 5.64 +0.74

last trvo cases. The quality of the appr.oximation is sirnilai- for Par.t I ancl Par.t Il.

The reason fol the pool perforrnance of the algolithru in the last trvo cases is that

the systern operates uncler heavy traffic (see Table 3.7).

A.velage Queue Lengths

Norv rve compate the avelage queue Ìengths at the nocles as obtained by the ap¡l.ox-

imatiol method a.cl by sirl'lation. Table 3.5 illust.ates the ave.age qr.reue ìerrgths

fol' nocles 3 ancl 2 ¿nd Table 3.6 illustlates the average clueue leugths for. nodes 4

and 5.

lVe obselve that t,he lesults fi.om our algolithr.n fol lodes 3 and 2lnatch those

fi'otr simulation for the first three cases u'hen the netrvo;:k opelates uncler light traffic
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Table 3.6: Average Queue Lengths of Nocles 4 ancl 5

Nocle 4 Node 5

Case Approx. %RÐ Siuulatiorr Applox. To RÐ Sirnulation

I 0.08 0 0.08 + 0.02 0 0

2 0. 15 t).zi) 0.16 + 0.02 0 0

3 0.46 t5 0.40 + 0.02 0.72 t4.3 0.14 + 0.01

4 0.69 13.1 0.6 r + 0.03 0.23 14.8 0.27 +0.02

5 i.18 19.2 0.99 + 0.03 0.46 20.7 0.58 + 0.08

ll 1.52 18.8 1.28 + 0.03 0.57 b.b 0.61 J 0.03

7 2.11 29.9 r.67 + 0.07 0.79 8.1 0.86 + 0.02

8 t ,)1 34.3 r.69 + 0.03 0.84 :1.4 0.87 + 0.03
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(see Table 3.7). As the numl¡et of calliers in the system is incleased ancl the tlaffic

intensity increases (cases 4 to 8) the algolithm tencls to rLnclelestimate the queue

le.gths (as corrPalecl rvitli the sirnulatiort results). NIo'e s1:ecifically, fo. .ode 3, the

algolithu cleteliolates âs we go frorn case 1 to case 8. In general, the algor.ithrr gives

vely goocl estirnates rvltile the tlaffic iutelsities of nocìes 3 ancl 5 ale not gleater than

0.55 ancl 0.11 r'espectively, and pool estimates as the tl'affic intensities of nodes ij

ancl 5 sta't to exceecl 0.83 ancl 0.59 respectively. Tliis same behaviou' is ol¡selved fo.

node 2. The algolithm gives good lesults as long as the tlaffc ilteusity oT rrocle 4 is

less than 0.68. As the tlaffic intensity tencls torvalcls the value of 0.86 the algor.ithu

fails to give acceptable lesults.

As we can see fi'om Table 3.6, the algolithm gives goocl estimates for the avelage

queue length behincl nocle 5 and good estimates for the avelage queue length behincl

nocle 4 fol the fil'st four cases and it overestimates the average queue length fot'node

4 in the last four cases. The ultdelestination of the queue length for nocle 2 is paltly

clue to tìte fact that the algorithrr over.estintates the queue lelgth for. nocle 4 (in the

last foul cases). Thele ale nìalìy reasons fol the algolithrr.r's poor'pelformalce unclel

heavy tlaffic, They ale as follorvs:

r The assunrption tltat all tlaffic pÌocesses are renewal ptocesses is lot lealistic.

¡ The use of ouly two palatletet s (mean alcl squalecl coefficient of valiatiou) fol

the descliptiol of genelal tìistributions is an oversirnl¡lificatioll. It is known

that it is possible for trvo cornpletely difrerent prol:ability clist,r.ibutions to

have the sallìe ltìeâ,rì ancl scv. Ther.efole, usilg only two par.ametels u'e lose

sorne of the distlibution's characteristics wlìicìr Ìlìay cause deviations fi.orn our.

estiuations.
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Table 3.7: Tlaffic Intensity

Case Nocle 3 Node 4 Nocle 5

1 0.16 0.08 0

2 0.27 0.14 0

3 0.55 0.35 0.1 1

4 0.67 0.49 0.21

5 0.77 0.68 0.38

t) 0.82 0.77 0.46

7 0.83 0.B5 0.59

8 0.83 0.86 0.61

The behavioul of the GEM itself unclel' heavy tlaffic is alother. factor'. Ker'-

bache and Srrith tested the GEM for three topologies (serial queues, rnerging

queues, aud splitting queues) alcl used two types of ser.vice tines distl'ibutiots

(82 ard ãr). They also, assuurecl that the an.ival process to the fil.st ¡ocle

is Poissol clistlil¡utecl. Theil lesults ilclicate that the (]ÐM unclelestinates

the siuulation lesults as the tlaffic intensity of the seconcl node incr.eases to-

rvalds unity (lalge cleviations frorn sirnulation results ale obselvecl lvheu the

traffic intensity becornes greater than 0.70). Li oul ap¡tlication, all the allival

plocesses have general clistributions aud the selvice tirles have also gener.al

distlibutions. The netwotk opelates undel heavy tlaffic il cases 5-8.

e The approxirnations that have been usecl have pt.oduced er.r.or.s that accullll-
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late. 4orespecifically:

Malshall's folrnula estimates the scv of the depalluÌe process fiour a

G f I G lt I cn type queue. In oul application Mar.shall's forrrula is useil for. tÌre

estirnation of tlle scv of the cle¡:ar.ture pLocess #on a GI f()f7 /1y' type queue.

The use of \4¡hitt's folmula fol the approximation of tlie scvs of the ltlocesses

that result fi'on the splittilg of a renerval ptocess, also adcls sorne ellols to

the aheacly assumption that all the tlaffic plocesses ar.e r.enerval ptocesses.

o The moclel assurìles that nocle 1 sercls altelnately carliels torvalcls lodes 2 ancl

3. But in leality this is not the case, because only when both nocles 2 aucl iJ

ale rot full locle 1 sends altelnately car.riels towards locles 2 aurl iJ. When

one of the nocles 2 ancl 3 is full, nocle 1 sencls carriers torvarcls tlle node rvhich

is not full.

e Approximating the general selvice ti¡re distributions ivith ,E2 or I12 also con-

tlil¡utes erlors to the analysis.

The time lequileil for the execution of the approxirnation methocl cannot be

corlpalecl to the sirnulation lurr time because of the diferent types of conputels

usecl. The progÌanì of the apploxirnatiorr urethod was I'utì otì a Sut rvorkstation ancl

the simulation pÌoglanì was 1un on a PC 386 computer.

3,4 Surnmary

In this Chaptel an approxirtration urethod for the aualysis of r.eal life system-

s rvas presented. This method can be used to rnoclel arbitrary colfiguratiols of

queues rvith genelal stochastic plocesses and filite bufels. The method tr.ansforllls
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the exauined systern iuto a nerv equivalent system. The uerv systern is assuned

to be free of blocking ancl the ser.vice times of all nodes ar.e l.evised to iucolpolate

adclitional cìelays the itents rlay have to urclergo clue to blocking. The rnethod rvas

applied to the rloclelling of a leal ltr.oblem. A conveyor. systen.r rvith general tlaff c

ancl selvice processes, limitecl buffer capacities ancl splitting of the tr.affic pr.ocess

ri,as consiclelecl. The approximation urethocl cleveloped seems to yielcl good lesults

wlìen tlìe pelfo'malce ¡ìeasuÌe of intelest is the avelage sojoulu time thlouglr the

system. On tlle othel hand the method cloes not seelt to yiel<ì as acculate r.esults

rvhen the perfolruance tneasut'e of interest is the aver.age queue lelgths. Thus, this

algolithm caìt be very useful fol systerns that opelate untlet light ancl modelate

tlafÊc (tlafÊc intensity < 0.70) ancl rvhen a good estirnation of the sojouln time is

more irnpoltant thal the acculate estilnation of the avelage queue lengths. N4or.e-

over', by developing a methocl for real life systems, we plovicle a solution apploach

that cau be ernployecl in the analysis of any arbitraly systeru. It is also expected

that by irnproving the approximation rnethods that wel'e usecl as components of the

algorithm, the pelfoulance of the whole algor.itlun rvill irnpr.ove. It should be uotecl

that this approxirnation r:tethocl is the first to ap¡rear. that was tested fol a r.eal life

systenì. The lesults of this Chaptel rvele subtnittecl fol publication to tlle .Jour.nal

of Manufactu¡:irg Systelis (Yannopoulos ancl Alfa [50]).

We low 1;r'oceecl to develop impr.ovecl moclels for subsysteurs of genelal configu-

tatiolts i.e. tantlem, split, ancl uelge. Because tauclen is the lnost cotrmon system,

rve attach urol'e effort to that.
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CHAPTER 4

An Approximation Method for Queues in Tandem with

Blocking

4.L Introduction

Queueing netrvorks ivith queues iu tanclem apl:ear fleclueutly in rnanufactru iug

ancl in communicatiol tetrvolks. The analysis of clueues in tandern is not an easy

task rvhen thele is blockilg. Blocking occurs when thele is al ilteu.uption of the

florv of items from olle nocle to the next tocle. Different plocessing lates at clifer.ent

uocles ancl liruited stolage space at intelmecliate bufels are the maiu leasons fol the

appealarìce of blocking. When a locle is blockecl thel it can not process any new

items.

Nurnelous papers have clealt ivith the ploblem of analysing tandern queueing

netil'orks rvith blocking. Exact analysis is possible only for small colfigur.ations (2-3

nocles). Fol lalger netrvorks, the state space becornes very large, ancl cornputation-

ally ultnauageal¡le. This thus calls fol the clevelopment of approximation nletllocls

that estimate the pelfolrnauce lueasures of the system. Al1 existing approxinatiou

techniques have limitations in the arlount of infor.rnation that they provicle and in

the accr:lacy of theil lesults. For instance, most of the appr.oxintations give us es-

tiuates of the pelfolrnance lleasutes of individual uodes, but they do not give the

steady state infoluatiou about groups of uocles (2-3 ol n.ror.e nocles). In aclclitiou,
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rìrost of the apploxirnations lterform \¡et'y well for lines that have a rnocler.ate num-

bel of queues (;Ì-6) and lorv plobability of blocking. HorveveL, in leal life ther.e ar.e

cases wllet'e liues *'ith clueues iu uranufactuling ol comrnurrication rnay consist of a

lalge numbel of nocles (10-20) rvith lorv or high probabilities of blocking corÌrbined

rvith lalge bufel sizes. The goal in this chapter, is to provicle iufolrnation about

the steacly state of glorqrs of lodes (gloups of three nocles) ancl at the same time

to give bettel estimates of the pelfolmance ììteasures of queues that belong to long

lines ol belong to lines rvith high blocking pr.obabilities ancl rvith lar.ge bufel sizes.

The price that rve pay, horvever', is an ilclease in the computational efor.t. Thus,

there is a tlacle off betrveen cornputatiolal effort and itformation obtained.

In this lesearch, we cleal rvith a tanclem queueing netrvolk. Buffels with linlited

stolage space ale locatecl betrveerr adjacent nocles. Exter.lal ar.r.ivals occul olly at

the first nocle and follorv a Poisson clistribution. Ser.vice times at all locles are of

the expouential type. The alalysis is based on tlle work clone by Br.anclwajn atcl

Jorv [11]. Brauchvajn alcì Jorv's rnethocl is built upon the ideas of equivalence and

decomposition, the trvo steps involvecl irr the arralysis of quer.reing systems (Brand-

rvaj n [10]). At the first step (equivalence) the state equatious for. a chosen malginal

probability ale obtained ancl at the seconcl step (decompositiol) the conditional

probabilities introclucecl through the equivalence are cornputed. N4ole specifically,

Branchvajl aud Jorv obtailecl the state equations for the nalginal joiut probabilities

of the queue lengths of all possible pairs of acljacent nodes ancl they apploxirnated

the conclitional probabilities iutroducecl through tlie equivaleirce. These pails of

norles ¿r'e usecl as buil<ling blocks in the analysis, and their solutions (numer.ically

or rvith the use of otliel cornputing techniques) generate infornation that is sub-
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sequently userl in tlìe ana,lysis of tlie next pail of nocles. Tlleil rr.retliod plovicles

estimates of the pelfolrnance rìleasul'es of inclividual nodes and ap¡rr.oximations of

the joint queue lengtli plobability clistribution for pails of leighboling nocles.

Theil rlethod seells to yielcl good estitìates of the ¡re;:folrnauce rneasules of the

systerìl rvlÌen conU)arecl lvith othel a1;ploxirnations ancl sinulatiol. Tlie objective of

this study is to clevelop a rnetlìod based on the rvolk of Blandwajn ancl Joiv, which

rvill give rnore accul ate lesults and rrole infor.mation about the joint steady state

plobability distributiols of the queue lengths.

We consicler cells that consist of thlee nocles with r.evised anival ancl ser.vice

plocesses. We provicle the joint queue length pr.obability distr.ibutions fol tr.iplets

of acljacent nodes and we conìpal'e oul results to those obtainerl by Blandwajn ancl

Jorv ancl those ol¡tainecl by sirnulation. Each cell of tlilee nodes at each step of the

recursive sclìette developed is solvecl nurrerically. This method allows the selvice

lates to be state clependent (clepenclent on the nurnbel'of custolltets at each nocle).

In or:r analysis rve ltave assurlecl comrnunication type of blocking, however, the

rÌetlìod can be modifiecl to include manufacturing type of blockilg.

4.2 Equivalence and Decornposition

i\tlany of the techniques developetì for the analysis of queueing nettvor.l<s consist

of tu'o main steps: i) ecluivalence arrcl ii) clecomposition. \4/hat these techniques ltave

il common is the leltlacement of the solutiou of a single systerl by the solutions of

simpler subsystetns ancl then to colnbine these solutiolis of the subsystents to solve

the rvhole system.

Branrlwajn [10] tried to put the solutiorì rnethods of these techniques ultdeÌ one
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ullifie(l apploach. This unifiecl approach consists of trvo steps: The fil'st step is le-

felled to as equivalence. In this step, the or.iginal state clescr.iption is r.eplaced by

a suitably choserr rnalginal plobability. In the second step r.efer.r'ecl to as clecomlto-

sition, the conclitiorral plobabilities introcluced in the fir.st stel> ale computed. The

two steps ill more details are plesentecl in the follotving trvo subsections.

4.2.1 Equivalence

Srq:pose that lve have clevelopecl the state equations for our system using the state

clescliptiol .s : (s1,...,s¿,...,s¡). The next step is to colsider a nralginal state

descliption s": (sr,...,s;) which contains a subset ofs. Let 3: (,s¿+r,..., s¡). The

equations fol the leduced state.s* cau be obtained by summing the oliginal state

equations over all values of 3:

ancl

so that

ancl

Dp(¡l".): !p(sls.): 1

3.e
If ø(.s) is the coefficient of p(s) in the oligilal state equations, it rvill be r.eplaced by

!a(.s)p(.sl.s.)
3

as a corlespondirrg coeficient foL 2(.s.) ir the r.eclucecl set of equatiors.

p(s) : 2(s-)p(sls.)

p(s) : p(s.)p(31s.)

p(".): Ðp(,)
,1
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4.2.2 Decornposition

Branclrvajn usecl the telm clecornposition to lefer to all those techniques that ale usecl

to delennine sirlplet (clecornposecl) systerns fi.orn the or.iginal single complex sys-

tem. BlanclwajD pl'oposes to vieiv these clecourposition methocls as rvays to evaluate

approximately the contlitional plobabilities p(.ô 1.s.). Sone of these clecornposition

rlef hods are cliscussecl in Br.aldrvajn lt0l. These methods cliffel in the rvay that

ap¡loxiuate the conditional probabilities p(.îls-).

4,3 The proposed method

Let us considel the clueueing netrvork that appeals in Figure 4.1. The queueing

luetlvork consists of 1l queues in tancleln tvith buffer.s of lirnited space placed betrveen

acljacent nocles. Denote by M¿ tlte rnaxirnurn numl¡er.of itenis (inclucling the one in

selvice) that can be storecl in the buffer of nocle i.

Figule 4.1 : Queues il Tan<lem

Alrivals occur at the first nocle of the network accolcliug to the Poisson pr.ocess

rvith rate À(rz1) rvhich clepencls on the nurnbel of items cu.r'ently at the fir'st nocle.

When the first node is full the soulce that generates alrivals shuts dorvn antì it

stalts again as soolì as the number o{ items at the fii.st nocle drops belolv M1. Thus,
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À(rz1) : 0 if rl1 = ,4'1. The service tirnes at all nocles have exPoneutial distlil¡utions

rvitlr lates p;(n ¡, tt¡*t). The selvice late at node i clepelcls on the nuruber.of itenls

culrently at nocle ri ald i * 1. Il this study rve eurploy the conrnuuication type

of blocking, that is ¡r¡(rl¿, nt+r) : 6 if n¿-¡1 : M;11, rvhe¡e r¿i derìotes the cru'r.ent

rrutrrl¡el of iterls at ltode i. Also, ¡t;(rz¿,t¿¿+r) : 0 if n¡ : 9.

The systeur is completely chalacter.izecl by its steacly state probability clistlibu-

tion p(r21 , n2, ..., rz¡) of the liuurbel of itelns at each uode. The balance ecluations for.

this lletrvolk ale as follorvs:

{ ) ("r ) + Ðf=l F, (rr u, rrt*r) -l p ¡ þ. a)} 7 @ 1.J ... 1 rr i, r¿ i+7, 71 í+z t ..., n. ¡) :
)(n1-1)2(n1 -l)...,ni,r1;+1)t¿¿+2,...,r't¡)¡¡r.¡(n¡l-1)p(nr,...,rri1t¿i+1.,ni+2,...,nt*1)-ì-

Dl=] pn(rro { 1,rr.;..1 - 1)p(r,, ...,n¿!I,n;¡1 -I,n¡¡2,...,n,¡)
Let us consiclel the thlee lodes i, i-f 1, i{2 ancl let us denote by p(n¡,tr¡'1,,tt¿¡.2)

the steacly state plobability clistribution of the nurnber.of items at each of these thlee

nocles. We can expr-'ess this probability in telms of the joint probability clistr.ibution

of tlle nrunbel of iterns at each of tlie nocles by writing

p(Ìri1zri+l,ni+z):Dj+t,;+.t,¿+zDf;i=oUþrr,,...),rri,,,r¿i+j,ni+2,...,DÀ).

The joilt steady state plobability clistlil¡ution of the number.of items at each node

calr be wlitten as:

p(n1, ..., n,¡) : Pr {r\,.,. t r¿i-l,,ni+3,... r Trklnij tri+t 1,tr4z}p(n;, n;¡1, n¿¡2)

Pelforming the sumnation

çr .-try',
Z- j+i,i+1,i+2 ¿-iL)=o

ol the balalce equations, we get

lt4 ¡

t f, ! À(n1)Pr{n1 )...,'nklÌrijniq,?rí+2} +
i+i,i+1,i+21t j=o

M;T'
j+i,i+1,i+2l|j=o
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14t

p-r(n1.,rt2)Pr{n1,...)?utllu,r¿¿+t)r¿i+2} + t D Ltz(n2,rr."¡
i+i'i+1 ,i+2 'LJ=o

Mi
Pr{tt1,...,n¡ln;,?¿i+1,?¿i+2}+...+ t \ tut(n¡_1,r"¡)

j+i,i+1,i+2 nj=o

M¡
Pr{n1,...,n¡ln¡,tr¿¡1,rr;¡2}+ Ð | pt(rz;,n4r)

j+i,;+1,i+2 .¿j=o

À4¡

Pr\n1,...,rt.¡lrt¡,,n¡¡1,n¡¡2j+ Ð D [tt+t(r¿¿+t,t'¿¿+z)
i#i,i+1,¿+2 tLi=o

M¡
Pr{n1,...,rz¡lrt,;,n¡¡1,'n;¡2}+ I Ð p;+z(n¡¡2,,";*"¡

j +i ,i+1 ,i+2 1r j =o

M¡
Pr{n1,...,rt¡ltt¿,tr¡¡1,n¡¡2} + D I lrla (rzr13, rz;1a)

j+;,i+1,i+2 rrj=o

M¡
Pr{n1, ..., n¡ln¡,ni+l,ni+2} + ... + t I p¡("¡)

i+;,i+1,i+21|j=o

Pr\n4 r ..., n¡lrt¡ I r¿i+1r.¡t i+2jlp(Ìr¡,tt ¡41, rr¡¡2) :
M¡

t D f (nt -'t)Pr{n1 - 7,...,rlklrLi)n;¡t111;42}p(rz¡,ni+l, ?¿¿+2)+

i+i,i+1,i+21¿j=o

M¡

Ð Ð rrlrrt ll,nz_ 1)Pr{n1 !l,t't2 -7t...,nklr¿i,nitt)rzi+z}j*i,itl,i*2 tt ¡=0

M3

p(tt¡,tt,¡¡1,n;¡2)¡...¡ t D ttr-r(rro-r{ 1,n¿-1 - i)
jti,;+1,i+21|j=0

Pr{n1,,.,,r't¡-2 { 1, n¿-1 -7r,..rr¿klni)rti+1),n,i+2}p(Ì¿i)t¿¿+1,1¿¿+2)+
M¡

Ð D rr-t1ro-t ! 7,n'; - 7)Pr{ry,...,tlt-t I l,...,n¡lrz¡ - I,rt;4,,n,;¡2}
j+ì,i+1,i+2 D j=o

M¡

1t(t4 - 1,n;¡1,n;a2) J t Ð r01,", -l- 1, n¿11 - 1)
j+i,i+1,i+2 1Lj=o

Pr{n1,...,n¡ln¡ f 1,rz¡11 -I,n;¡2}p(tt; f 1,rz;11 -l,rt.;¡2)!



M¡

Ð Ð #t*t1tI,,*r lI,n';¡2 - 1)Pr{n1, ...,nklrli.liLi+l l1,rz¿¡2_ I}
j+i,i+1,i+21r j=o

p(ìrí,tl;+l 1l,n¿12 - 1)* t f ,o*"1rrr*"{ i,n.¡13 - 1)
j+i,¿+1,i+2 1L j=o

Pr{n4,...,12¡43 - 71...),nklr¿¿)ni*r, n.;*2 + 1)*
Mi

Ð D Pt*.(t"*.f 1,n¡1a-1)
i+i,i+1 ,;+2 lLj=o

Pr{ï\, ..,,t'Li1¿ ! 1, n4a * l) ...1rLLl.ir;t lzi+l1tri+z} p(,¡z;11r,i+1, nr+2) + ...+
M¡

t D ro 1"u f I ) Pr'{n1,'.', tt'¡ } Lln'¿, n¡¡l,'tzi+2} p(Izi,, n,i+l I r¿i+2)
j+i,i+7,i+211j=o

The al¡ove explession can l:e tvlitten as

le¿(ni)ni+l.,ni+z)tp;(n¿,,n¡*t)*lu¡¡1(n¿¡1,,12;.-.2)lu;¡z(n¿,rt,;a1,tt;¡2)l

p(n ¿, tt;¡1,rz¡¡2) : t,,t(¡t; - 1,,n ¡41, rt,¡¡2)p(tzi - I,t¿i+7jt¿i+z) -l p¡(rr,; { 1, z¡.,.1 - 1 )

p(tr,¿ { 7,n;¡1 - 7,n¡¡2) I ¡r,¡a1(n¿¡1 } l,n;¡2 - l)p(n,¿,n¡¡1f 1, n;a2 - 1)*

uí+z(ni )'rri+l) r ¿i+z lL)p(rr,¿rn;¡r, n¡+z * 1)

wlìel e

-z

I r, ro,,*r,r*, DYI=. uu -', (rn-r,," o)t"'
a¡(rr¡,Ìu¡a1,rz¡-¡2) : { fr{nr, ...tt.,kln¿)n,í+1,ni+2}, i=2,...,1{

I

I r("0), i: r

and
(

I 
li+u,o*,,,*, D{¡'=o p ;¡, (, ¡¡r,, n ; ¡")

ur+2(?ri,?¿r+11?¿i+r) : { Pr.{"r,...,nkltri,,yri+l)ni+2}, i:I,,.,,K
I

I ro("r), i-I{



f rfl-;:, ¡r*r (rzi-r)
I

a¡(rt';,t241,t,.r*r): { Pr{n¡aln¡, n;¡.t,r¿¿+z}, á = 2,,...,1( -2
I

I r('')' i: I

Ì,; : Q,..., A4¡ - 1 ; ?¿i+i = 0, ...,M;+t ; 7ri+2 : 0,..., M¿+,

The contlitional plobability Pr{rt4,...r2¡ln¿,tz¡¡1,t1¿a2]¡ can be rvr.itten as

P r {n1 r ..., n ¡ln ¡,,rri +1 ),tri+2} :

Pr{tt;aln;, n;¡1, r't,¡¡2} Pr {t21, ,,.),n klrril ) rr¿ ) 7ri1t ¡ r}taz }

P r {n1,,.., n ¡lrt¡ r,¡¿;+1,, tLi+z} :

Pr {?¿¡43 l?¿¿, rz¡11, rz¿12 } Pr. { r21,,,. ),¡¿ kl,¡¿ i ) tr i +1 ),t¿ ;¡2, rt ; ¡s}

Substituting tlle above expressions into n¡ aucl ur+2 we get

ui +2(Iz i ) lli +1 I 7I i +2) =

-M¡+r-1Ln,*"=o lJ;+zçn;¡r 1

Pr {n;"6lrt¡, tz;¡t t tz¡+z} t i, :7,...,1{ -3

ILk(rri), i:I(
n¡ : 0.,..., M¡ , tt,;¡1 : 0r,.,, M¿+-t ; ni+2 : 7, ...., M¡+,

Tlre cell that consists of the three tìodes i,i + I,i + 2l¡ehaves as the tancleu

systern in Figule 4.2 ivhere the exter.nal ar.r.ival plocess has a state clepenclent late

oi(ni,lli+t 1rri+2) and the setvice rate of the third nocle is u¡12(z¿, r¿,+1, ?¿¿+2). Tlìe

capacities of the bufels placecl betil'een the thlee nodes in the cell ale the sarne ivith

tlre ores in the oliginal systern. If s'e knolv the equivalent tates (ri(tri, rL¿+1) r¿i+2)

an<l z¿12(n¿,rz;1ttni+z)t we are able to solve the tandet¡r systerrì o{ Figure 4.2 usiug

a numelical methocl. Once rve have solved the thlee node systern we can compute
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tlre joint steacly state pr-obability p(n;,,n¡¡1,n;¡2). So far', the apploach that we have

folloil'ed is an exact solution \\,ithout auy approximations. The ap1;r'oxinr ation el-

ernent is norv eltering oul analysis. We have to apploxinate the ec¡uivaleut r.ates

ancl to clo so u'e assuute that

Pr{n ¿-1ln;,nia1,n ¡¡2} = Pr{n¿-1 In¡,n¿-¡1}, i:2,.,.,K -I ar¿

Pr {n¡¡3ln¿, n;¡r, r¿¡+z} : Pr {tt,;¡¡þ'r;¡1,, n¿¡2}, i. : 1, ..., I{ - 3

e, ,(n,,nr*,,n,*r) TI tl r*r(n ,,n,*, ,n *")

Mrn, M,*"

Figure 4.2: Equivalelt thlee lode cell

'lJsing tlre above apploxirnations the equivalent rates nol become

M.

ai(iri )'¡r i +1,'¡L i+2) = cti (rt ¡, tz ;¡) :

= 0, ..., Mi - 1 1 n¡¡1 : 0,,.,,, M¡+-t

i:2,...,1( -2 (4.1)

i--1

I r*t_;:' tti-r(n¡-,)

I P,,1u,-, ¡,,', ,,0*, 1,

l^,",,'
; 'Iri+2 : 0,,..., M¿+,
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u¡.,.2(rt;, tt¡-¡¡, Ì?i+2) : ui*.r(rr;.,.1, ri¡12) =

D,i,*:o F;azþt¡¡,)

Prln¡pln¿¡1,ni+2j., i = 7,..., K - :l

Hr(n¡), i : I{
(4.2)

?¿i : 0, ..., ful; I rz¡¡1 : 0, ..., M;+t i n;+z : 1,,..., M,¡+,

The solution cell (the cell ihat consists of nodes i,¿ + 1,i, +2 rvith levisecl allival

and seÌ'vice processes) in Figule 4.2 is now being transfonned to the cell that is

illustlatecl in Figule 4.3. The proposed method begins the analysis of the queueing

netrvorh fi'orn the fir'si tliplet of lodes ancl ploceecls to the next cell of three nodes

until it leaches the last cell. The analysis consists of successive itelations thlouglr

the netwolk. Each iteratioll stalts at the first cell of nodes ancl encls at the last celÌ

of nocles. At each itelation the arl'iva1 alcl service processes of each cell ale levisecl

using the updated information. At each iteration of the algolithm l( - 2 cells

liave to be solved numerically. The upclated infolrnation about the joint probability

clistribution of the queue lengths of the rocles of a cell is usecl as an iuput to the

analysis of the next cell. The resulting joint probability clistr.ibution of a triplet of

norles is usecl fol the evaluation of conclitional plobal:ilities that ale then usecl in

the analysis of neighboring cells.

4.4 The Algorithrn

Consiclel a letwolh ivith l( rrocles in series. The steps of the algor.ithm cal be

clescril¡ecl as follows:
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ai(n,n,*r) F'*t

Mu, Mu,

Figule 4.13: The solution cell

STEP 1.

a. Initialize the joint plobabilities po(n¡,n¡¡1,rt¡¡¡2) fol i : I,...j K - 2,

such rhat Ðy,:. Dy;1:" DY;;,=oto1n,,,t¿11,12¿12) :1.

b. Llsilg the above joilt plobabilities compute the conclitional plobabilities

Po(n¡+rlu;, n¡1¡) Iol i :2,...,1( -2.
c. Setj:1.

STÐP 2.

At iteration j, starting fi'om the first three locles of the system, solve

1l - 2 triplets of adjacent locles (2¡, rz¡11, r¿i+2) for ì. : 1,,...,1( - 2.

Fol tlre tliplet consisting of nocles i,i + 7,¿ + 2

Calculate the late of the alrival process ¿i(?¿r, ?¿¡1r) at node i, using

Eqnation (a.1). The conclitional probabilities f (rt,;1lrz¡, tz¿¡1) involved

in Equation (4.1) computed front the joilt probaì:ilities pri (rz;-1 , rr,¡, n;11).

Calculate the rate of the service ¡rlocess of the nocle i { 2 usilg

M
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Equation (a.2). The conclitional plobabilities f -1 (n;a3ln;a1, n¡¡2)

involvecl in Ecluation (4.2) ate computed florn the joint probabilities

2j-I (lz¡11 , rr.¡12, t? ¡43).

c. Solve the tliplet of llocles nurner.ically or by using sorne othet. cornputing

nrethocl. The solution provicles the joint probabilities f (rt ¿,rt.¡¡1,n,¡¡2).

d. (Jonrlrute the conclitiorral probabilities f (n¡ln;¡1, n¡¡2) ancl

1f (n ¡¡2ln ¡, rt.¿a1) (rvhich will l¡e usecl in the solution of other.

tliplets of notles) fi'om the joint pr.obabilities f (n¡,n¡¡1,tt¡¡2).

STEP 3.

If the convergelce cliterion (a difference l¡etlveen steacly state

plobabilities of each rocle calculated at successive iter.ations less

than a prespecified value) is rot satisfiecl, set j : j { 1 ancl go to

STEP 2, othe'-rvise go to STEP 4.

STEP 4.

Plovicle the perfolr.nance measures of the sJ,steln (fo¡ exa¡rple at e¡age

queue lengtlìs).

All the exarriples ruu using this algolithrn seenì to conveÌge ancl the requir.ed corl-

putatiorìal effolt clepends on the uutnber of uocles, tlie buffel sizes, and the sel.vice

rates. The algolithrtr stops rvhel the clifference betrveen the steacly state pr.obabili-

ties of each node calculatecl at successive itelatiols is less than 10-5.
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4.5 Nunrerical results

The 1:r'oposecl algolithrn rvas testeil fol diffel'ent cornl¡inations of ¡¡¡ibe¡ of

nocles, bufel sizes, and selvice lates. The r.esults rver.e comparecl to those obtainecl

by using the trvo-node apl>toach clevelopecl by Br.andrvajn alcl Jorv [11]. \4le use

the avelage queue lengths to cornpar.e our algor.ithm's pelforrnalce against cliscr.ete

sinulation. Five sinulation ì'uns \\¡el'e pelfoulecl for each exPelilnent ancl the g5%

conficlelce iute-,.'vals wele calculaterl. Fol each simu]ation rul 35,000 itelns rvele

used. The selvice late ¡r; of uocle i is consiclerecl to be indeltendent of the numbel of

items at node i. The proposed algolithrl gives inpr.ovecl results rvhen cornpalecl to

the oles obtainecl by Blanchvajl alcl Jorv [11] especially in cases rvith lar.ge systems

(10 nodes or mole) anrl in cases where thele is a coubinatiou of lar.¡¡e bufier. sizes

ancl lalge changes in selvice lates between acljacent nocles. Mole specifically, rve

exarninecl netrvorks consisting of 5,6,10 ancl 15 todes rvith various service lates antl

bufer sizes. ln all the expeliurents we calculate the total ellol u'hich is the sum of

the absolute v¿lues of the en'ols for.the aver.age queue lengths rvith r.esl>ect to the

sirnulatiou t'esults. For the calcuìation of the elrols, the mirl¡roilts of the confidence

intelvals rvere used.

4.5.1 Small systerrs

In this section, tve perfolrn a set of expeliments fol systerns colsisting of a stlall

nurll¡er of llocles ancl srnall buffer sizes.

Expelirnent 1

\Ä/e consiclel' five nodes il taridern, ald theil bufel sizes arc A,fi == 4, Mz:5, Ms =

5,M4:4,A[s:3 rvith selvice rates pr :2.1¡,[tz:0.3,1¿¡ =2, l-¿q:1,¡rr:9.5 ou,1
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Table 4.1: Exp 1. Avelage Queue Lengths

Queue Approximate En'or' BJ Error' Simulation

I 3.6699 0.0124 3.6692 0.0117 3.6575 + 0.0053

2 4.8623 0.0027 4.8621 0.0025 4.8596 + 0.0005

3 0.2560 -0.0344 0.2359 -0.0545 0.2904 + 0.0069

4 0.7720 -0.1786 0.7564 -0.1942 0.9506 + 0.0161

5 t.1 1 10 -0.1302 1 .1080 -0.1332 1.2412 + 0.0065

Total

Elror' 0.3583 0.3961

atrival rate \ : 1.2. Table 4.1 illustrates the results of Experiraent 1. The total

elror frorr oul algorithm is 0.3583. This is less than the total et,rol of Br.andlvajn

ancl Jorv's methocl whicll is 0.3961. BJ stands fol Braldwajn ancl Jow's uethocl.

Experirnent 2

In the second expelintent rve colsicler five nodes with buffel sizes M1 : M2 = M3:
AIa: ¡4u:3 ancl rvith service r.ates ¡rr : L7,ttz:2,p3: I.5,pa == 1.7,p5 : Q.6

arrd rvith arrival late À : I.2. We obselve fi.orn Table 4.2 lltal the total erroL of our.

algolithm is 0.1811 lvhile Blanclivajn and Jorv's methocl euol is 0.2382.

Exp eriment 3

\Ve considet' five nocles ivith l¡uffel' sizes M1 : 4, Mz : ',t, Mz = 5, Ms : 4, Ms : 3

and selvice lates ¡r1 :2.I,ltz - 1.5,¿z¡ :0.9,p¿ :0.55,ps :0.7 ancl a¡r.ival t.ate

À : 2, In this exantple BJ's rnethocl yields a total er.rol of 0.0966 and our algor.ithm

yielcls a total errol of 0.i057 (Table 4.3). Thus, BJ's rnethod fol this expeliment
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Tal¡le 4.2: Ðx¡r 2. Average Queue Lengths

Queue A¡r¡rloxirrate Ellor BJ El ror Simulation

r.8882 0.0323 1.8888 0.0329 1.8559 È 0.0227

2 2.0531 0.045r 2.0673 0.0593 2.0080 + 0.0153

3 2.2939 0.0501 2.3t12 0.0674 2.2438 +0.0266

4 2.1001 0.0326 0.0498 2.0675 + 0.0357

5 2.1902 0.0210 2.1980 0.0288 2.1692 +.0.0264

Total

Ellol 0.1811 0.2382

gave better results than oul algolithrr but the clifference is ver.y small.

In expeliments foul and five we consiclerecl six nocles in tandern. Il both cases

oul algorithrn and BJ's nethod give failly similal results. Mor.e specifically, our.

algolithnt seeurs to perform bettel in the fourth expeliment ancl BJ's rnethocl seems

to per-folrn bettel in the fifth experiment. But in both cases the differences betrveen

the total ellors o{ the two rnethods are verv srnalì.

Experirnent 4

In tlris expeliuent the buffel sizes of the six rocles ate M1 : Mz : Ma : A4¿ =

M" -- Me : 4 ancl the service lates are ¡q : 2,5, ¡-t2 : 2,, l,¿s : i15, pa : 0.8,4,5 :
1.25, ¡t6 : 0.5 ¿ncl the arlival late À : 2. Our algorithm's total er.ror. is 0.0989 ancl

BJ's method total elrol is 0.1017 (Table 4.4).

Experirnent 5

The buffer sizes of the six nodes ale tlfi : Mz : À[s : Me : X,l" : ¡tr¡u: 4 alcl
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Queue Apploxintate Ellol BJ Error Siniulation

l 3.7150 0.0244 3.7119 0.0213 3.6906 + 0.0076

z 4.7319 0.0100 4.7287 0.0068 4.7219 + 0.0052

3 4.5885 0.0313 4.5852 0.0280 4.5572 + 0.0059

4 3.1463 -0.0178 3 1458 .0.0183 3.1641 + 0.0148

5 I .1715 -0.0222 I 1715 -0.0222 r.1937 + 0.0334

Total

Eu ol 0.1057 0.0966

Tal¡le 4.3: Ðxp 3. Avelage Queue Lergths

Taì¡le 4.4: Dxp 4. Avelage Queue Lengths

Queue Apploxirnate Error BJ Elrol Silnulation

1 3.6B37 0.0182 3.6826 0.0171 3.6655 * 0.0090

2 3.7601 0.0084 3.7594 0.0077 3.7517 + 0.0040

3 3.6848 0.0139 3.6843 0.0134 3.6709 + 0.0156

4 3.5368 0.0171 3.5383 0.0186 3.5197 + 0.0186

5 2.7383 0.0259 2.7410 0.0286 2.7124 +0.091i1

tl :].2251 0.0154 3.2260 0.0163 3.2097 + 0.0390

Total

Ellor 0.0989 0.1017
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Table 4.5: Exp 5. Avelage Queue Lengths

Queue Apploximate Ellor' B.l Ellol Simulation

I 0.0219 3.7308 0.0205 3.7103 + 0.0040

2 3.7959 0.0061 3.7949 0.0051 3.7898 + 0.0045

J ,), i ù,) ¡ 0.0068 3.7329 0.0060 3.7269 +0.0022

4 3.5060 0.0052 3.5075 0.0067 3.5008 * 0.0116

5 r.5972 -0.0668 1.5959 0.0599 1.6580 + 0.0706

6 -0.0507 2.3746 0.0484 2.4230 + 0.0464

Total

Error 0.1575 0.1466

tlre selvice rates aLe pr : 2.5, p2 : 2, tL,s : L25, p,a : 0.5, p5 : 1, /¿e : 0.5 alcl the

anival rate is I :2. BJ's methocl gives bettet.results than our algor.itlun and the

total elror of BJ'methocl is 0.1466 ald the total er.rol of oul algolithrn is 0.1b7b

(Table a.5).

4,5,2 Large systerns

In the next thlee experirnents we colsiclel longel liles. We colsiclel ten arrcl fifteen

locles in tanilem. Oul algolithm seenls to perform consistently bettel than BJ's

methocl although the cornputation¿l efor.t required is two to three times the effor.t

lequirecl by BJ's rnethod,

Experiment 6

Iri experitnent six rve consicler ten nocles rvith buffer sizes M1 : 3, Mz : 4, A[z :
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Table 4.6: Exl: 6. Avelage Queue Lengths

Queue Apploxirnate Er¡'ol BJ Erlor' Simul¿tion

l 2.6849 0.0108 2.6757 0.0016 2.6741 + 0.0051

2 3.6996 0.0049 3.6888 -0.0059 3.6947 + 0.0020

z. ÐÐ DJ 0.0062 2.5508 0.0007 2.5501 + 0.0122

4 1 .1968 "0.0r72 t .1872 -0.0268 1.2140 +0.01.42

ì) r.4862 -0.0709 t.4732 -0.0839 1.5571 + 0.0313

t) 1.2780 -0.0308 1.3185 0.0097 r.3088 + 0.0267

7 1..77 

'il
0.0227 1.8540 0. 1014 r.7526 +0.0:\22

8 2.8102 0.0798 2.9261 0.1957 2.7304 + 0.0573

I 1.8968 0.0623 r.9502 0. I 157 1.8345 È 0.0218

l0 1.2179 0.0182 1.2356 0.0359 1.1997 + 0.0197

Total

Elrol 0.3238

:l,,lVIA:2,Ms: 4,M6:3,M7 : if,MB : 4,A,ls : il, A4ß : 2, a¡cl se¡vice ¡ates

h = 2.7,t1.2 : L5,t4: 0.9,/¿.{ :0.75,ps : 7,tta: 7.5,p7 :1.2,ps:0.9,pe =

LI, ¡r,16 
:0.65 and the auival r'¿te ) : 2. From Table 4.6 rve see that oul algolithm

pelfolrns much bettel thau BJ's algolithm ancl the total elr.ol. of oul algolithm is

0.3238 rvhile BJ's rnethod total erlol is 0.5773.

Experiment 7

We corrsider' fifteerr nocles in selies l'ith bufel sizes M1 : At[z -- ù13: ¡¡4n: Ms:
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lVI6 : X,7, : Ms : Ms : lVIrc : fult : Mu : M.tz : A,lu : lul* = ;1 a¡cl ser.r,ice

rates p1 : 2.1, p2 = 1.5, /¿s : 0.9,1t¿ *= 0.65, ps : 1.5, po : ]15,ltt == 1.2, tt¿ :
0.9,pe : t,L, ¡t16 : 0,4, ¡t11 : 1, Lttz : 1,, p.tz : 1, þts : L, íL1s : 1 a¡cl the ar.r.ival

rate ) :2. As rve see in Table 4.7 oul algolithrn's total ellor is 0.1162 aucl BJ's

methocl total ellol is 0.1990.

Expeliment 8

In tlris expeliment rve corrsicler' fifteen locles with buffer. sizes M1 : M2: Ìvh:
M¿ : A,[s : Atle : Mz : Me : Ms : Mn : X[t : Ahz : Mß : Mu : Ms : i]

arrcl selvice lates ¡r.1 :2.ltrl¿z:2,t-¿z:7.2rpa:1.9,p5 = 2rp6:0.9,p7 :
1.3,ps:7.7,ps:1.7,,p1¡=2, lty. :0.95, pr2 : 7, ltts = L5, ¡t1n :2, Írs : 0.8 a¡cl

the anival late I - 2. As rr'e see (Table 4.8) our algolitlun gives bettel r.esults than

BJ's ones ancl more specifically the total er.r'or of our. algolithm is 0.1327 anil the

total eu'ol of BJ's ruethocl is 0.2216.

4,5,3 Systerns with high blocking probabilities and large buffer sizes

Blanclwajn ancl Jorv's metllocl telcls not to perfolrn rvell ir cases rvhele ther.e is a

lalge diffelence betrveen the service lates of adjacent llocles there by leacling to high

blocking probabilities aud the first node has a lelatively lat.ge bufer size. Thus, il
tlie next six experiments lve colsiclel lines consisting of five rrodes with the fit st nocle

havirg a lalge buffel size arcl service lates that result in higtr blocking probabilities.

Expeliment 9

In tlris experiment, we consicler'five nodes in tandern lvith buffer. sizes M1 :8, Mz:
3, Ms : 6, 

^[4 
- 3, Ms : 3 ancl selvice lates pr - 7.5,Itz : 0.7,, pz ,= 1, ps :

0.5,p5 : 1, r'espectively. The extelnal auival rate is À = 0.4. The results ale
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Tabìe 4.7: Exp 7. Avelage Queue Lerrgths

Queue Apploxirnate Ellor B,] Ðt lol Simulatiou

I 2.7758 0.0126 2.7747 0.0115 2.76:J2 + 0.0074

2.7871 0.0077 2.7863 0.0069 2.7794 + 0.0030

3 2.6813 0.0051 2.6817 0.0055 2.6762 + 0.0031

4 2.3674 0.0036 2.3721 0.0083 2.3638 + 0.0217

5 1.8629 0.0071 1.8844 0.0286 1.8558 + 0.0274

t) 2.4257 0.0037 2.4528 0.0308 2.4220 +0.0t69

7 2.6084 0.0188 2.6302 0.0406 2.5896 + 0.0093

B 2.5549 0.0108 2.5642 0.0201 2.5441 + 0.0108

o 2.3509 0.0104 2.3529 0.0124 2.3405 + 0.0086

10 2.4769 0.0098 2.4739 0.0068 2.4671 + 0.0118

Ì1 0.5777 -0.0032 0.5796 -0.0013 0.5809 + 0.0100

t2 0.5852 -0.0034 0.5860 -0.0026 0.5886 + 0.0071

13 0.5868 -0.0038 0.5860 -0.0057 0.5917 + 0.0131

t4 0.5798 -0.0108 0.5786 -0.0120 0.5906 + 0.0231

t5 0.5405 -0.0054 0.5400 -0.0059 0.5459 + 0.0121

Total

Eu'ol' 0.1162 0.1990
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Table 4.8: Exp 8. Avelage Queue Len¡iths

Queue Apploximate Ðr'r'ol BJ Ellor Simulation

I 2.5508 0.0174 2.5422 0.0088 2.5334 + 0.0138

2 2.6470 0.0013 2.6391 -0.0066 2.6457 + 0.0056

3 2.5449 -0.0026 2.5381 -0.0094 2.5475 + 0.0000

4 2.0422 -0.0105 2.0262 -0.0265 2.0527 +0.0209

5 ¿. óD 1.) 0.0026 2.iJ423 -0.0166 2.3589 + 0.0204

{) 2.5077 -0.0045 2.4897 -0.0165 2.5062 + 0.0094

7 1 .5125 -0.0159 1.4950 -0.0334 1,5284 + 0.0356

8 1.5782 -0.0042 r.5726 -0.0048 1.5824 + 0.0381

I 1.9829 -0.0028 1.9911 0.0054 1.9857 + 0.0292

t0 i.6104 -0.0066 1.631 1 0.014i 1.6170 + 0.0314

tl 2.1884 0.0022 2.1939 0.0077 2.1862 + 0.0212

12 1.5005 -0.0061 1.5016 -0.0050 1.5066 + 0.0143

13 t.0202 -0.0291 1.0239 -0.0254 1.0493 + 0.0379

1.4 I .1887 -0.0101 1.2178 0.0190 1.i988 + 0.0410

15 1.7817 -0.0168 1.8159 0.0174 r.7985 + 0.0285

Total

Ellol 0.1327 0.2216
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Table 4.9: Exp 9. Avelage Queue Lengths

Queue A1:1:r'oxirnate Ell'or' B.l Ellol Sirnulation

L.:11.72 -0.1216 0.9854 -0.4534 1.4388 + 0.0479

2 1.4056 -0.0077 1.2851 -0.1282 1.4133 + 0.0180

J ¿.41tìt I -0.0245 2.2681 -0.2275 2.4896 + 0.0252

4 1.8207 -0.0046 r.8230 -0.0023 1,8253 + 0.0040

5 0.5761 -0.0112 0.5790 -0.0083 0.5873 t 0.0015

Total

En'ol 0.1696 0.8137

illustlated in Table 4.9. we ol¡se've that oul rnethocl perfolrns rnuch bettel than

BJ's rnethocl fol tlie first three nocles. The total eLroL of our urethod is 0.1696 rvhile

the total ellol of BJ's nethod is 0.8137.

Experirnent 10

We lou' consiclel the sarne liue of Ðxper.iment g but rvith ar.rival r.ate À :0.6. As

can be seen iu Table 4.10, oul method still perfolms better.than BJ,s method l¡ut

the cliffelence betrveeu the total ellols is nol less than the clifference of the total

elr"ors il Expelinent g.

Experirnent 11

In this expeliment, u'e consiclel the saure line of Expeliurents g aucl 10 but rvith

atrival 
'ate 

À: L2. \Ve observe (Table 4.11) that the total e''or. of ou' rnethocl is

still less than the tot¿l errot' of B.J's methorì.

Next, rve consicler a line rvith five nocles rvith the fil.st ¡ocle having a buffer size



Table 4.10: Exp 10. Avelage Queue Lengths

T¿ble 4.11: Exp 11. Avelage Queue Lengths

Queue A¡rploxitnate Ðr'rol BJ Ellor' Sinulation

l 5.6318 -0.0843 5.5888 -0.1273 5.7161 * 0.0258

2 2.5343 0.0163 0.0132 2.5180 * 0.00,'12

3 4.4145 0.0167 4.4041 0.0063 4.3978 + 0.0174

4 2.2686 0.0293 2.2669 0.0276 2.2393 + 0.0060

5 0.6770 -0.0212 0.6768 -0.0214 0.6982 + 0.0040

Total

Ðll'ol 0.1678 0.1958

Queue A1>proximate Ðrlor' BJ Error Simulation

0.0595 7.4268 0.0531 7.3737 + 0.0076

2 2.6026 0.0239 2.6014 0.0227 2.5787 + 0.0078

3 4.4805 -0.0063 4.4563 -0.0305 4.4868 + 0.0153

4 2.2764 0.0484 2.2712 0.0432 2.2280 +0.0210

5 0.6785 -0.0160 0.6776 -0.0 r 69 0.6945 + 0.0154

Total

Ðl'r'or' 0.1541 0.1664
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Table 4.12: Exp 12. Average Queue Lengths

Queue Apploxirnate Error BJ Ðrlol Siuulation

0.9831 0.1224 0.7895 -0.0772 0.8607 + 0.0215

2 0.5017 0.01 r 1 0.3624 -0.1282 0.4906 + 0.0135

.) i.9293 -0.0596 1.8108 -0.1781 1,9889 + 0.0189

4 0.6754 -0.01 10 0,6644 -0.0220 0.6864 + 0.0038

5 0.5988 0.0089 0.5971 0.0072 0.5899 + 0.0026

Total

Eu'ol 0.2130 0.4067

of 10.

Experiment 12

Tlre l¡uffel sizes ancl service lates of tlie five nocles ar.e Mt : 70, M2 : i), A[3 :
4,M4:2,M8 :2 avI g : l,ltz: 5,pt = g.7,rn :7,1,,s :0.9 r'espectively. The

extelnal allival late is À : 0.4. As can be seen in Table 4.12, the ploposed metllocl

perfonns better thau BJ's r.nethod.

Experiment 13

Li this expelimett, we use the systeni of Exper.iment 12 but tvith au.ival r.ate I : 0.6.

The lesults ale illustlatecl in Tal¡le 4.13. \\¡e observe that the proPosed 
'rethod

pelfolms bettel than BJ's methocl ancl the total err.ol of our rnethod is 0.3246 rvhile

BJ's method total elrol is 0.4484.

Experiment 14

In this last expeliment rve chauge the ar.r.ival r.ate of the system of Ðxper.irnelt 12
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Tal¡le 4.111: Exp 13. Avelage Queue Lengths

Queue Apploximate Ðr'ror' BJ Erlor' Siniulation

6.6702 -0.3078 6.5903 -0.3877 6.9780 + 0.0272

2 2.1 r67 0.0006 2.0774 -0.0387 2,1161 + 0.0034

J 3.7901 0.0008 3.7859 -0.0034 3.7893 + 0.0034

4 0.9291 0.0078 0.9312 0.0099 0.9213 + 0.0022

5 0.7644 0.0076 0.7655 0.0087 0.7568 + 0.0006

Total

El'ror 0.3246 0.4484

to ) : 0.8. As rve see il Table 4.i4 the total e;:r'or.of the ploposed rnethocl is 0.1078

rvhile the total ellor of BJ's methocl is 0.1987.

4.6 Surnrnaly

From the expelirlents pelfotmed, rve conclucle that the ploposecl uethocl yielcls

lesults that shol irlplovetneut ovel the ones obtainecl by BJ's nlethorl. The trvo

methorls appear- to be ec¡ually good as lolg as the netwolk exaurilecl is of srlall size

(5-6 nocles) lvith lorv ol norlelate plobabilities of blocking ancl srnall bufler sizes, but

oul method lequiles rnole conrputatiolal effort. Fol lalger liues (10 nocles ol rrole)

a'cl for lines rvith lalge l¡ufel sizes a'd high blockitg p.obabilities the ploPosecl

¡rethocì seems to perfolm bettel than BJ's methocl. This is ulclelstanclable since,

as the line l¡ecomes larger' (more nocles il the systern), the interdependeucies betrveen

98



Table 4.14: Exp 14. Avelage Queue Lenglhs

Queue A1:1;roxir:rate Ellor B.l En or' Sirrulation

8.5646 -0.0134 8.5323 -0.0457 8.5780 + 0.0089

2 2.2169 -0.0605 2.r770 -0.1004 2.2774 + 0.0114

3.8407 -0.0209 3.8215 -0.0401 3.8616 + 0.0034

4 0.9323 -0.0094 0.9323 -0.0094 0.9417 + 0.0027

5 0.7662 -0.0031 0.7662 -0.0031 0.7974 + 0.0053

Total

Enor 0.1 073 0.1987

the nocles increase (depenclencies th¿t result frorn the ì:lockilg plocess) r'esulting iu

the allival-selvice plocesses to indiviclual lodes not being of the exponential type.

Because the proposecl nethod consiclers cells consisting of three nodes iusteacl of

tu'o, these deviations fi'om the exponerrtial assumptions ale tvell accountecl for.. As

*'as poirttecl out eatliet'the inprovement in the accuracy that lve obtainecl rvith oul

methocl, is paid fol by an inclease iu the computational effol't. As can l¡e seen in

Table 4.15 our algolithru lequiles in most of the cases 1.5 - 3 times nor.e itelatious

than BJ's r¡ethocl. Moleover, because our. algorithm solves cells consisting of th-,-ee

instead of tu'o nocìes, the tirue lequilecl to solve a cell is 1.5 times the time r.equilecl

lry BJ's rrretlrocl. On the othel hancl, for a systenr with 1l nocles, I( - 2 (K - I)

cells ale solvecl at each iteration of oul algolitlun (BJ's method). Thus, ther.e is a

tlacle off betrveelt acculacy ancl conputational efort. We slioulcl also rnentiolt that

another arlvanta¿çe of oul method is tliat it provicles the joint steady state pr.obaì:ility
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distlil¡ution of the nulnbel of iterns at each nocle fol tliplets of nocles, infolrnation

that can not ì¡e obtained by other approxinatiou methocls. Simulatiou progralls

rveÌe Ìun on PC 386 computels arrcl the prograrns of lhe approxiuation methocls

\\'ere rull on Sutt rvorkstations. Thus, comparisons of lun tirles r.equiled by the

silnulation ancl by the apploxi'ration methocls carurot be nade. The 
'esults 

of this

Chal;tel wele submittecl for publicatiol to Perfo'narce Evaluation (Yannopoulos

and Alfa [51]).
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Table 4.15: Nuurbel of ltelations

Apploximation B,I

Expelirlent 1

Ðxperiment 2 57

Expelirnerrt 3 15 6

Expeliment 4 11 10

Ðxpeliment 5 43 28

Ðx¡reriment 6 283 132

Experirnent 7 13

Expelirnent 8 194 7S

Experiment 9 ¿t I 114

Expelitneut 10 144 41

Expeliuent 1 1 l9

Expeliment 12 399 64

Experirnent 13 68

Experiment 14 B3 tt



CHAPTER 5

A Simple and Quick Approximation Algorithm for

Tandem, Split, and Merge Queueing Networks

5.1 fntroduction

N4ost of the existing apploximation methods are not vely easy to use. Im-

plemelting rrost of these apploximation algor.ithrns is very involvecl ancl r.equir.es

considelable computational efolt ancl computer lnenìory. Some of the algolithms

cotlsist of itelative ploceclures, with each itelatiol ilvolving the solution of ole ol

two uorle systetns. Othel algolithms involve solving systens of nolrlinear equations.

Cornputational tirne lequilernents cal sometines be excessive clepencling on the

examined systern and the apploximation technique usecl. Fol example, the clevelop-

tneut of phase-type distriÌ:utiols fol lines lvitlì maly nocles/rnachiues leacls to higher'

clitlensional phase-type distributions. This could r.equit.e prohibitive computational

time. Vely ofteu, an apploximatiol method for. evaluatiug the per.folrlauce utea-

sures of a queueing systern is used as an integral part of an optirnization pr.ocedur.e.

The efficielcy allcl effectiveness of an apploximation methocl, il telus of conputa-

tiolal lequilernents ancl qualiiy of estirnation of pe-,-folrnance measules, lvill afiect

the ovelall pelfolrlance of the optil.rization procedur.e itself.

Also, rnost of the existing methocls ale designerl to rvolk only fol specific c¡ueue

configurations (for exaniple tanclen, split or rnerge) or. for. specific pr.obability dis-
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tlibutions. Thus, a diffelelt rnethocl rnust be usecl, each tirne a differ.ent system is

exarrrinecl. As rvas ¡rointed out in Section 2.2.2, otl5, ver')¡ few pape¡s have appea¡ecl

that deal rvith split, ancl rnelge configurations. Mor-eover, r'esults fol'split, alcl nter.ge

cotifigurations consisting of rnore than thlee nocles with genelal processes have uot

been lepolted yet.

Thus, thele al'e times the analyst rvoulcl like to have a rnethocl u'hich wo¡ld l¡e

sirnple, ancl fast, rvith goocl accur.acy, tvhich could be usecl fol the analysis of a rvide

variety of queueing net*'olks. The aim of this r.esealch is to plesent an ap¡:r'oximation

algoritlu:r rvhich is vely simple, very fast, and provides reasonably accur.ate r.esults.

The methocì is clesigned to l¡e used for the analysis of tandem, split, and melge

configulatiols with genelal selvice and allival processes ancl bloching. We shorv that

the relative errors are in rnost of the cases within 10% (20T0) fu noder.ate (heavy)

ttafflc rvhen corÌpared to sinulation results. The exarnples usecl to deuronstlate the

quality of the ap¡>r'oximatioll consist of cases with external intera¡r'ival a¡cl se¡vice

tirnes having Exponential, Erlang-2, Ellang-4, ald Coxiau-2 clistr.il¡utions. This is

the first stucly to lepolt lesults fot'split, ancl uelge coufigur.ations consistiug of mote

than thl'ee nodes rvitll geuelal stochastic plocesses and blocking. The algor.ithrn

provicles estirnates of the avelage sojouln titre thr.ough tlte netwol'k.

5,2 The Basic Concept of the Apploxi¡nation Method

The ap¡rloximation methocl ploposecl in this Chaptel applies a decompositiou

appt'oach. It clecot:tposes the system into sevelal single-node cells rvith revisecl at.lival

ancl service pt'ocesses. Olrce the systeu is clecomposecl, single-lode appr.oxiruations

ale used fol the analysis of the inclividual single lode-celìs. To clevelop a rnethocl
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rvltich is sirnple aucl at the same tirne fast, we have to fiutl an efficient rvay of revising

the tl'afic and selvice processes of the ilclividual uodes. Let us consiclel the trvo

node systern in Figure 5.1. The clepar.ture plocess from nocle i (whìch is the allival

process of node i * 1) contains information about the status of node ¿ * 1. Tllis

irfolmation has to clo rvith the satur¿tioll of liocle i f 1 rvhich ruay leacl to tlte

blocking of norle i. The l¡lockecl items at nocle i in a loss system u'oulcl be lost

custotnets, but in a clela5r sys¿s1.ì (like ours) the l¡locked iterns rvait at nocle ,j until

nocle i + 1 becomes unsatulatecl. The fact that the clepar.tur.e pr.ocess front notle i

is ¡ot a leuelal plocess affects the average queue length of node i { 1 (Patuwo et

al. [40]). To deal ivith this 1;roblem, rve intr.ocluce an equivalent loss nocle ¿ * 1 rvith

levisecl al'r'ival plocess having a rate gleatel than the real one. Mor.e specifically, for

this trvo-locle systern rve assume that the an'ival late at nocle i f 1 is equal to the

extel'nal arrival rate ancl locle i * 1 is llow treatecl as a loss node rather than a clelai,

nocle.

Figule 5.1: A two-nocle system

The next step is the levision of the service plocesses of inclivictual nocles. IJsing

ilfollnation ol:tained {l'olr the analysis of norle i * 1 we revise the mean ancl var.iance

of the selvice tirnes of rode i. This is in oldel to include possible adclitional delays

fol the iteur cullently in nocle ri that coulcl r'esult if upou con.rpletiou of its (the

item's) selvice at node i, nocle i * 1 is full.

Tlte ulethod begìns frorr the last nocle(s) of the netivorl< ancl ploceecls tori,ar.cls
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the fir'st(s) uodes cleco,rposing the netrvolk, r'evisilg the arl'ival alcl selvice pr.ocesses

of each uorle at each stage using infonlation obtaineil fiorn the analysis of the last

examinecl nocle. \A/e nolv shol horv to use this apploach fol the analysis of letrvorks

il'ith queues in selies, split, and urelge colfiguratiols.

5.3 Tandem Configurations

5.3.1 Model Assurnptions

Consiclel the tanclem network shown in Figure 1.1. Ðxtelnal ar.r.ivals occur. olly

at the first node. These alrivals have general distributions with r.ate ancl squalecl

coefficient of valiation ), ancl cl, respectively. Selvice times at all nocles have geler.al

distlibutions. Let p¡, I\, cl, and À/¿ be the service late, the service tilne var.iance,

the service time squared coelficiellt of var.iation, and queue capacity (inclucling the

one in selvice) for node i, rvhele i : 112r..,, M. Departures fi'om the systern occur

only at the last nocle (nocle M). Items finding the first nocle full rq:on their ar.r'ival

are colsicleled to l¡e lost. An itertr that conrpleted its sel.vice at nocle i ptoceecls

torvalcls llode i f 1. If at time of service completion at node i, node i * 1 is full, then

the item is fo.cecl to lernain at node i until space becorres available at the l¡ufie. of

node i * 1. Duling the tirne rvhen nocle i is occupied by the blockecl itern, it caunot

plocess any nerv iterns. We assurne nocle M cannot get blockecl.

5,3,2 The Approximation Algolithm for Tandern Configurations

Corsidel the tanclern system shorvn in Figule 1.1. The method star.ts rvith the last

node,41 ancl then ploceecls tou'alds the first node. Nocle ,41 cloes not get blockecl
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so its selvice pr-ocess is Dot Ìevised. \4¡e clistinguish trvo cases: (i) "i I 1 ancl (ii)

cl > 1. hr case (i) the allival plocess at node i, (á:2,...,,44) is considelecl to

be Poisson. In case (ii) the scv of tlie ar.¡:ival process at locle i, (z : 2,..., M)

is assurlecl to be ecpral to cl. Nocle M is treatecl as a loss systern ancl analysecl

using a silgle-nocle apptoxiuratiol lnethocl. Fol lnole infolrnation al¡out singÌe-node

approxirnatiols see Sltlingel and Mahens [46]. In this stutly rve use trvo single node

apploximation methocls, ancl compa'-'e horv each one of them affects the per.forna¡ce

o{ our algorithm. The trvo silgle nocle appt.oxirnatiols usecl in this stucly ale: i)

Yao and Buzacott's [5a] ald ii) Cìelenbe's [t5]. these approxiuation methocls ale

preselted in Appendix C .

Aftel we finish analysilg node M rve proceecl to nocle M -1, The r.ate ancl

valiarrce of selvice tir¡e of node M - 7 arc r'evisecl using the follorving for.lnulas

lr(l:)',"."=( ),r¿ * P¡aElY¡1)
ILM_I TIM_7

an cl

(V¡t-r)u", : (V¡ø-t)a¿ + PhV RM

rvhele P¡,¡ is the plobability that the buffel at node M is full, E{Y¡a} and VA¡a are

the mean ancl variatlce of the lesiclual time of the selvice tirne at node M r.espectively.

The nth rroment of the lesidual tirne is given as (l(leinlock Vol I, page 123 [31])

Ef\./1t't - 
E{X';o+'}D\'^tr _ i;+r?lxÃ

rvlrele E{Xi}} is the nth rrornent of the service time of nocle M ancl E\X¡a} :
1/¡r,¡a. Thus

D( V2 1D\!\ ìrr I

2E{xM}
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Tlre valiance of the lesiclual Line V Rv is giveu as

v RM : E{Yio} - @çYu})"

rvhele

E{Y:,} =

Nocle M - 1 is aualysecl using a single-node appr.oxirnation rvith ar.r.ival plocess

lraving rate À ancl squaled coeficient of var.iation equal to cf; iÎ cf; > 1, ol equal to

1 if cf; < 1. Nocle M - 2 is then analysecl using the same idea. This pr.oceclule is

cortinuecl up to notle 2. The last lrode to be considel'ecl lvill l¡e the fir.st node of the

systern. The allival plocess of the filst nocle is not revisecl. After.we have cornputecl

tlte perfolmance measul'es of the fir'st nocle, rve then calculate the effective al¡ival

rate to the netrvolk using tlie folurula

l"rr:À(1 -Pr)

lvhele Pr is the plobability that nocle 1 is full. To fincl the average sojourn time

thlough the netwolk we c¿rt'y out alother. appr.oxirnation usiug Little's folmula as

follorvs

¡) _¿ =
Lt I Lz I '..1 Lu

À"¡ ¡
rvhele ,97, and ¿i are the avelage sojouui time through the network ancl the avelage

quer:e length of the nocle i respectively.
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The Älgorithm

Oollsidel a netrvolk ivith ,4y' (> 1) uodes il ser.ies. The algolithm cousists of the

follorving steps:

STEP 1.

Analyse the last nocle M of te systern using a single-nocle appr.oxirnation

assurning the arlival plocess having late ) alcl squalecl coefficient

of valiation equal to c?" if cf; > 1 ol equal to 1 if cj < 1.

Store the blockiug probabìlity P¡a a;nd the avelage queue leugth tr¡a.

STÐP 2.

Seti: M -1
STtrP 3.

a. Revise the selvice plocess of nocle i to take into account the blocking

phenomenon, Fol the revision of p¡ and I use the follorving folmulas:

(;)',,", : (|)'o + P¿+' E{Y+'}

arrd

(U),,"- : (Vt)a¿ + Pl+lV Ri+l

where P¡11 is the plobability lode i { 1 is full, E\Y+t} ancl V.R¡11

ale the lrean ancl var-iance of the l'esidual titre of the ser.vice tinle of

node i + 1.

b. Analyse uocle i using a single-nocle apploximation assumilg

the arrival plocess having late À alcl squaled coefficient
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of i'ariation equal to cl iÎ c! > 1 ol equal to 1 if cl < 1.

c. Stole P; am| L;.

d. If z.:2go to STEP 4 othelivise set i:i-l and go to STÐP B(a).

STEP 4.

a. Revise the sen,ice plocess of nocle 1 to take into account the blocking

phenornelou. Fol the levision of p1 arcl Vl use the follorving for.rnulas:

(i),*-: (*)r¿+ P,E{Y,}

ald

(U),,.- : (V)a¿ + Piv n,

l¡. Analyse nocle 1 using a GlGlllN single-nocle appr.oximation

rvithout levising the alrival process.

c. Stole Pr alcl trl.

d. I-lse the formula À"¡¡ : l(1 - &) to calculate the effective

auival r'ate at the first nocle.

e. Compute the avelage sojouln tirne througli the letlvol'k using the

follorvilg folmula

QT - 
L¡*LzI. ]'L ¡¡

¡eJ J
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5.4 Split Conffgurations

5,4.1 Model Assurnptions

A split configuration consists of a single node (fir'st level) linked to trvo or. nior.e (n)

nocles (second level) as shorvn in Figure 1.2. Let p;, V¿, c;2, ancl À¡¿ l¡e the selvice

late, tlte selvice tirue variance, the service time squar.ed coefficient of var.iatiou, ancl

queue capacity (ilclur{ing the one in selvice) fol node i rvher.e i : 0,1,2,..., n alcl

i : 0 cle.otes the first level *ode. External ar.rivals with rate, a'd scv 16, a'cl cl,

lespectively, occur only at the first level nocle alid the intelarlival tirues have genelal

distributions. Service tirnes at all nocles have gerrer.al clist r.ibutions. The clepar.tule

plocess frorl the first level tocle splits into stLeams which now becolne the ar.r.ival

PLocesses of the seconcl level nodes. Buffers rvith finite capacities ale placecl behincl

each nocle alcl an iteur that has just completecl its service at the fir'st level node

gets blockecl if all seconcl level nodes ale full at this instance. The blockecl iteni

is folced to rvait at the flr'st level locle (occrq:ying it) until one of the second level

nocles becornes llot full. Dulilg this tilne the fir'st level nocle canlot ptocess arìy

lerv itens. It is assumed that the clepaltule process fi.om the fir'st level nocle is

equally split into r¿ streams and that all second level nocles have equal selvice r.ates

artcl buffer sizes. Thus the application of this moclel is limitecl to the cases çvhel.e

the seconcl level consists of ruachines/selvice facilities that ar.e of the sane type.

5.4.2 The Approxirnation Algorithm for the Split Configuration

Clonsidel the split configuration showl in Figure 1.2. The method analyses the

netwolk stalting from the n seconcl level nocles aDCl tlìer ptoceeds to the fir.st level
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Dode. À4ole specifically, tlle second level nocles are treatecl as loss systems rvith

atlival Plocesses havilg rates ),, : Àol¡2. We clistinguish trvo cases: (i) cl < i anrt

(ìi) cl > 1. In case (i) the allival plocess at the secolcl level node i, (i:1,...,r)
is considelecl to be Poisson. Il case (ii) the scv of the ar.r'ival process at the seconcl

level node i, (i :1,.,., n) is assurned to be equal Lo cf;. It is assurned that the second

level uodes cannot get blocked so their setvice plocesses ale lot r.evisecl. Ðach of the

¡¿ seconcl level nocles is solved using a siugle nocle approxirnation lnethocl. The late

ancl valiance of the fir'st level nocle's selvice times ar.e r.evised using the folÌorving

folrlulas:
.1 1 1t P(-)""': (L)a¿+ Ias{x}lo lro ì= ?¡

an cl

Vo.,,",: vo.^o +i.lvn,
,án

rvhele P¡ is the probability node i is full (i : 0, 1,..., r¿), E{I{}, ancl VA¡ ar.e the

rnean, ancl variance of the lesiduaì time of the sel'vice tine of the secon{ level ¡o{e

i, r'espectively. The alrival process of the fir.st Ievel nocle is not r.evisecl and rve use a

GlGlllN apploxirnatiol to analyze the first level nocle. Then, the effective an'ival

late to the letrvork is cornputecl using the formula )".¡.¡ = lo(1 - P6) and finally

the average sojoum tirne fol each of the r¿ blanches of the netrvol'k ale calculatecl

using the folrrrula STì : (Lol^"JJ) + Lrl^" rvhele )" : À"¡¡l¡¿,,9?¿, a¡cl l¿ a¡e

the average sojouln tiure fol the ith branch of the netrvork (i : 1,2,,..., z), ancl the

avelage queue lelgth of nocle i (i : 0, i, ..., n), r'espectively.

The Algorithm

Coltsicler a split configulation with n seconcl level no<les. The algolithrl consists

of the follorving steps:
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STEP 1.

. q-+;-l

b. Analyse the ith seconcl level nocle usilìg a single node appr.oxiltatiou

assurÌring the al'r'ival pÌocess havirìg late À¡ = )6/n ancl squated

coefÊcient of valiation equal to cf; if c! > 1 ol equal to 1 if cl < 1.

c. Store P; a::cl L¡.

d. 11 á: ¡¿ go to STÐP 2, othelwise set i : i -F 1 ancl go back to

STEP 1 (b).

STEP 2.

a. Revise the selvice plocess of the first level node using the follorving

folr¡ulas

llì - /.L\ ,. r \-rÌ PiîJv.\\lo)lreu - \/¡0,/o¡d | ¿,í=t u\t1t

and

l/o,,". : Vo,a¿ + Li'=, ÏV R¡

b. Analyse the fir'st level node as a GIGlIIN queue without levisilg its

arrival process.

STEP 3,

a, C)ornpute the effective arrival late to the netrvolk using the for.ruula

À"vr:)o(1 -Po)

b, Seti=1

c. Calculate the avelage sojourn tiure thlough the netwolk for the ith

blanch using the formula
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,gTi : (Lol 
^.J 

t) + LtI 
^" 

ri'hele )" : \.¡¡ ln.

If i = n go next, othelrvise set i : i-l- 1 ancl go to STÐP 3(c)

5.5 Merge Conffgulations

5.5.1 ModelAssurnptions

Merge colfi¡¡ulations (see Figule 1.2) consist of ¿ palallel rrocles (first level) linkecl to

a single rrocle (secontl level). Let À¡, p;,V;, cl,, a;nd 1ú¡ be the allival late, the selvice

rate, the selvice tilne variance, the service time squalecl coefficient of var.iation,

ancl queue capacity (inclucling the one in selvice) for nocle i, r.espectively, n'here

i,:0,1,2,...,n, ancl i : 0 cleriotes the secolid level node. Extel.nal au'ivals occur.

only at the fir'st level rocìes and the intelalrival tirnes have genelal clisttibutiols.

Service tilnes at all nocles have general distl'ibutiols. The arl'ival plocess at tlte

seconcl level nocle colsists of the superposition of the n clepartur.e processes from

the first level rocles. All bufers ale of limited size and this Ieads to blocking. An

itern that just finished its selvice ¿t one of the fir'st level lodes lvill get blocked if

the secoucl level nocle is fu]l at that time. If thele are mole than one blockecl itenrs

at the sarre tirne, a blocking queue is fonnecl ancl the "flr'st blockecl first r.eleasecl"

lule applies. Druing the tirne of blockilg the blockecl node cannot selve nerv iterns.

Bufer sizes, seLvice lates and scvs, ancl external allival lates can be cliferent fol

cliffel'ent lodes in the system.
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5.5.2 The Approximation Algorithrn fol the Merge Configuration

Let us consiclel the melge colfigulation shoivu in Figur.e 1.2. The analysis of the

system stalts fi'om the secoucl level nocle and then pr.oceeds to the r¿ fir'st level

nodes. The seconcl level nocle is tleatecl as a loss systel.r ivith alr.ival pr.ocess havirrg

rate Às : Di'=, )i. Orrce rnore u'e distinguish ttvo cases: (i) all the scvs of the

extelnal alrival plocesses ale ¡! 1 and (ii) the scvs of tlie extelnal arr.ival plocesses

ale assumed to be eclual ancl > 1. In case (i) the alrival pr.ocess at the seconcl level

uocle is consiclelecl to be Poissolt. In case (ii) the scv of the ar.r.ival 1>r'ocess at the

second level nocle is assulned to be equal to the scv of the extellal ar.r.ival pr.ocesses.

It is assumed that the seconcl level nocle cloes not get blockecl so its ser.r'ice process

is lot levised. Using in{olrnation ol¡tained fi'ot:r the analysis of the seconcl level

node we levise the selvice processes of the first level nocles to tahe into account the

blocking efect. Having revisecl the selvice processes of the first level nodes u'e then

use tlre lesults of G lG lt lN apploxiuatiols to get the per.forltance rueasules of the

ilclividual nocles. Next, the efective au'ival lates ale couputecl using.. the folnlula

À"¡¡,¡ : )¡(1 - 4) and then the avelage sojoutn times fol each of the r¿ l:r'anches of

the netrvolk ale obtainecl using the founula

,57;: (L¿lÀ"¡1,t) + Lol(Ð^úr,t)
í=1

rvhere P¡ is tlie probability that nocle i is fuìI, ancl Z¿ is the average queue length of

nocle i (i : 0, 1, ..., r¿).

The Algorithrn

Consitler a tìeì'ge configuration rvith r¿ first level nocles. Tìte algorithu consists

of the follorving steps:
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STtrP 1.

a. Analyse the seconcl level node as a loss system witlì ar.r.ival plocess having

late )6 : !i'=, À¡ ancl scv equal to 1 if the scvs of the exter.nal arrival

processes ale ( 1. If the scv of the exte¡ral processes is gr.eater.thal 1,

then the scv of the allival plocess at the second level nocle is equal to

the scv of the external plocesses.

b. Store the values of ,Lo aud Po.

STEP 2.

- q-r ; - 1

b. Revise the service plocess of the ith flr'st level node ancl then solve this

sirrgle locle systertr using a G I G lt I N approxination. To r.evise the

selvice process of the ith rìode use the following founulas

(l)',", : (*)a¿ + Po E IYo¡

(U)'""* : (V)a¿ + P|v Ro

lvhele -E{Ye} ancl Vfi¿ ale the ruean ancl va'-iance of the r.esidual

tilne of the sel'vice time of nocle 0.

c. Stole the values of ,L; ancl 4.

d. Oornpute the efective allival late to nocle i using the folloil'ing for.nula

À"¡¡,¡=À¡(1 -4)
e. lf i:n go to STEP 3, otherivise set i:i*1alcl go to STÐI'2(b).

STEP 3.

a. Set i: 1
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b. CalcLrlate the avelage sojoull time thlough the netrvolk fol the ith

blanch rrsirrg the folmula ,gf¡ = *ii + t-{i;
I{i : n go lext, otherrvise set i : i } 1 ancl go to STÐP 3(b).

Output the lesults.

5.6 Numet'ical Results

To test tlie pelfolntance of the approxirnation algorithrn, lve consiclelecl maly

cliffelent types of netrvork configulations, bufrel sizes, ancl alrival ancl selvice plo-

cesses. The lesults obtained from the algolithrn are cornpaled rvith those obtained

by disclete siurulation. For each point four sir¡ulation r.uns totalling 60,000 iterns

rvele pelforrnecl. We constluctecl 95% conficlence intervals ancl the uidpoints of

these iltelvals wele usecl in our lesults, The lange of the [(couficlence intelval

rvicìth)/(miclpoint)]x 100 of all constructed colfldelce intelvals is 0.06%-16%. The

algolithm provides estimates of the avelage sojourn time thlough the netrvolk. It is

shorvn that the ap¡rloxiuatiol gives goocl results fol all types of netwolks examiled.

Tlre lelative errors lvere within 10% (20%) of the sirnulation lesults fol most the

experirlents rvith light to moclelate tlafflc (heavy tlaffic). Three types of letrvorks

rvele consiclerecl: tanclern, split, ancl rlelge colfigurations. We usecl Coxian-2 plob-

ability clistlibutions to leplesent clistributions rvitli squalecl coefficients of valiation

> 0.50. The Ellalg-2 antl Exponential distlibutions are special cases of the Coxian-2

clistlibution. The folmulas that give the first three rnornents of the Coxian-2 dis-

tlibution ale pleserrtecl in Appenclix A. We use Malie's folmulas (Appendix A) to

apptoxitlate the revised clistl'ibutions of the selvice tines as Coxian-2 ilistl'ibutions.

c,

d,
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In all expelirnents the two single nocle apploxirnation lÌretlìods of Yao-Buzacott an<ì

Clelellbe are usecl. AII average lelative elr.or.s (ARÐ) mentioned in the follorvirrg

sections ale absolute avelage lelatìve elr.or.s. Denote by Ap-YB alcl Ap-G fhe ap-

¡rroximation algolithrn using Yao-Buzacott's ancl Clelenbe's rnethods, respecti\¡ely.

The follotving ltotatiorìs ale usecl in the lext tables:

Ex:

Exp:

Ex. In.:

(C¿)¡(,,;¡):

(Ez)¡:

(En)0,

C" l:r¡):

Ez:

TJ
JJ4 '

exatrple nunber'

exponential

external intelalliv¿l

setvice times of node i have Coxian-2 distlibutiot tvith scr' : ¿r¿

selvice tirnes of nocle i have Etlang-2 distlibution

selvice times of nocle i have Erlang-4 clistlibution

extelnal intel'a;:r'ival tiues have Coxian-2 distlibution rvith scv: r¿r¿

exterlal irtelallival tirnes have Ðrlang-2 clistribution

external irrtelalrival times have Ellang-4 clistlibution

The scvs of the Exponeltial, Ellang-2, and Erlang-4 distlibutions ate 1, 0.5, ancl

0.25, respectivelv.

5.6.1 Tandern Conffgurations

We present tel Examples of tandelt configurations. The clescr.iptions of the ten

systems aud the avelage lelativeenols (ARtr) ar.e shorvn in Tables 5.1,alcl 5.2. The

results fol Exauples 1 to 10 are illustlated il Figures 5.2 Lo 5.fi, respectively. We

ol¡selve that the algolit,hn gives gooil estimates of tlle average sojour.n time thr:ough

the netrvolk in urost cases. The results ale vely goocl for. lorv and r¡rocler.ate values

tI7



of tlafñc intensity. As tlaffic ilcleases both Ap-YB altl Ap-Cì seern to over.estimate

si¡rulatioll lesults. The rnethocl ri'as also testecl for systems rvith plocesses rvith lorv

scvs (Exanples 5,6). As can l¡e seen in Figures 5.6 and 5.7, tlie method still gives

goocl lesults. The algolithnr does not pelfolm well in systens rvith high valiability

il selvice ancl allival plocesses ancl iu systerns rvith big difielences il tlle values of

setvice lates of succesive nocles. Tllese li¡ritatiols ale illustlatecl in the r.esults of the

Exaniples 9, ancl 10. We ol¡ser.ve that for Exarnple 9 (Figur.es 5.10), the algor.ithm

gives pool lesults fol even lou'traffic. For. the system of Exan.rl;le 10, the results ale

good for' lorv tlafÊc (fr < O.lO¡. More nuner.ical lesults ale plesentecl in Appeldix

D.
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Table 5.1: Tandeu configut ations

Ex Selvice til'res Ex. In.

Tirnes

Buffers ARE

R a,tes Distlil¡ution Ap-YB Ap-G

¡11 : ¡¿2 : Q.i) (E')n

á:r,2

E*p. /{,:8
i :1,2 10.8% 18.7%

2 Pt : 0.25, ¡.t2 : Q.)

h :0.3' P¿ : 0.25

(Eùn

i:Ito4
Ð*P. N¡:2,

i : 1,3

i :2,4 7.4% 18.4%

3 lli : u'ó

d:1to6

(8");

j:1to6
E*p. 1ú,:a

i:1to6 9.6% 12.7%

4 tt¡ :0.13443751 (û,),(1.5),

(8,),

tf N¡=4

i:1,2 11.2T0 i].9%

5 tt; : 0'2

i:1,2

(Eo)'

tE.,ì.,

E4 ¡4:5
i.:1,2 3.5T0 10.7%

t) It¡ :0.2

i.: r,2
(8");

i:1,2
E4 1{.:5

i. - r,2 5% 6,7T0
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Table 5.2: Tanclem configurations

Ðx. Selvice tirnes Ex. In.

Tirnes

Bufels ARÐ

Rates Distlibutior Ap-YB Ap-G

7 n :0.1i144:J751

Itz:0'7

(cr)¿(r.r)

i :1,2
c"l1.s) N¿:2

i. : 1,2 6.6% II,1%

B Pr : 0'1086672

pz : 0.08693376

(cr)¿(2)

i.: 7,2

c12)

i :1,2 10.2% 12.7%

I þ¿ :0'125

i:1,2
(c,)o(s) Cr(2) N¿ :2

á: t,2 10t% 4:J.5%

10 14 :0.2

lt'z : 0'l

LE"l'

i:7,2

E2 1ú,:5

i : 1,,2 24.2% 22.9%
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5,6,2 Split Conffgurations

We 1;r'eseut seven Exarnples of split configurations. The descli¡:tions of the seven

systems ancl the avelage lelative ellols (ARE) are shorvn in Tal¡le 5.ii. The lesults

fol Examples 11 to 17 ale illustratecl in Figules 5.12 to 5.18, r'es¡;ectively. \À/e

ol¡sel ve the algolithm gives goocl results fol rnost of the Exarnples. As can be seen

in Figules 5.12-5.18, the algolitlun pelfolms better for loiv an<1 rnocler.ate tr.affic. It

rvas obsen'ed that this rrethocl does uot pelforrl il'ell in systerns ivith high valiability

in theil service alcl arlival plocesses (Exarnple 17). This algor.itìln wolks fol split

systerns that consist of second level nodes that al'e of the satne type (rvhich r.esults

in the equally splitting of the clepartule ì)tocess fioln nocle 0 into r¿ str.eal' s). Also,

we have assunrecl that a blocked itent at nocle 0 is folced to rvait at node 0 until one

of the seconcl level nocles becorles not full. A rnor.e genelal appr.oach rvould l¡e to

assign each iteu to a palticular secoucl level nocle. Thus, the blockerl iteur ri'oulcl

have to rvait ¿t tocle 0 until that palticular seconcl level node becomes lot full.

This is another' limitation of this algolitlul. Only one paper. (Altiok alcl Per.r.os [4])

has appeared dealing u'ith split systerns cousisting of ntor.e than ttvo second level

nocles. Altiok alcl Peltos assurne that all selvice ancl extelnal intelallival tirnes

have exponential distlibutions. They also assign a second level noile to each item

thus folcirtg a l¡locked iteu to s'ait at nocle 0 ultil its assignecl secoucl level nocle

'I¡ecomes not full. Thus theil split system is slightly clifferent thal ouls ancl thus ¿

compalisol betrveen the ttvo algolithms is lot possible. Mole lumelical results for.

split configurations ale presentecl in Appenclix D.
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Table 5.3: Split configr.rlations

Ex. Selvice times Ex. h.

Tirnes

Buffels ARÐ

Rates Distribution Ap-YB Ap-Cl

1t Ito :0'25

111 
: llz:0.I

(8,)¿

i:0,1,2

Exp. 1{,
.)

i :0,1,2 7.7% 13.9va

12 Ito : 0 '25

¡t1 : ¡t2: Q.t

(E')o

i :0,1,2

Exp. Â/;:B

i - 0,r,2 6.9T0 9.8%

13 ,, tì t:
tso - u "

P¡:0'7,i:1to5

(8");

d:0to5

Exp. ¡4:3
i:0to5 17.9% 27.9To

t4 tt; : 0.2

i:0to5

(Er);

i:0to5
E"p. ¡{,:6

i:0to5 3.7% r0.6%

I5 þo :0.7344i1751

p¿ :0.05,i : 1,2

(cr).(r.5)

(82)¡,i, : r,2

Ez

i:0,1,2 7.9T0 6.9T0

16 /¿o :0 13443751

tr : 0.067218755,

i :1,2

(cr)r(r.r)

i :0,1,2

cr(1.5) N¡:4

i:0,I,2

16.5% 27.9%

17 Ito :0'125

þ :0.0625,i : 1,2

(cr:)r(5)

i:0,1,2

Cr(2)

á :0,1,2 211ù/o l0lTo
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5,6.3 MergeConfigurations

\4/e fir'st plesent sevel Exarnples of rnelge colfigulations. The clesclilttions of the

seven systems ancl tlle avelage lelative ellols (ARE) ale shorvn in Table 5.4. The

results for'Ðxauples l8 to 24 ale illustlated in Figules 5.19 to 5.25, r'espectively. As

can be seen, tlie algorithm gives goocl approximations of the aver.age sojourn tirne

{or rrrost Exanples. ]n some cases (Ðxamples 27, 23), the avelage lelative ellols

ale srnall fol eveu heavy trafÊc. Once mole, rve ol¡seLve that the uethod cloes not

pelfolrn rvell in systenis with high variability il theil allival aucl selvice pÌocesses

(Example 24).

Only two papels (Altiok alcl Perlos [4], ancl Lee and Pollock [34]) have ap-

1:eared in the litelatul'e that cleal with rlelge configurations that consist of ltor.e than

trvo first level nodes. Both these papeÌs assurne exponential selvice antì extelnal

intelalrival tirnes. Oul goal is to intlocluce a sirnple, and quick ap¡l'oximation algo-

lithln rvhich can rvolk rvith genelal clistlibutiols alcl give goocl lesults. Exponential

netrvorks is orrly a class of problerns that our algolithrn can hanclle. Neveltheless,

the perforrr ance of oul algorithrn rvill be testecl against these trvo othel rnethoils

in orclel' to see holv close our results ale to those obtained by othel rnole complex

rnethods. Fol this, three Examples taken fioln Altiok and Pelros will be used.

Filst collsiclel a ùler'ge systern with trvo fir'st level locles. The ser.vice r.ates,

allival lates, alcl buffer sizes ale Ih :5)lL2: 3,lo : 7, 
^1 

:4,À2:2, urr¿

^rr 
= a, 

^rz 
: 2, No : 4, r'espectively. The estimates fol the average sojouln tiÌle

through each l¡ralch ale shown in Table 5.5. Ap-Y, Ap-G, AP, ancl LP stancì fol

oul algolithm lvith Yao-Buzacott's methocl, oul algolithrn r,r'ith Gelenbe's nethocl,

Altiok ald Pelros metho<l, ancl Lee and Pollock method, r'es1>ectiveÌy. We see that

1:12



oul algoì'itlìur gives results that ale not too fal fi'om the ones ol¡tainecl by the other.

tlo ruethods, even thouglì our methocl is simplel ald fastel to iutplenrent and iu

aclclition able to handle rnole than exponential clistributions.

Next rve colsiclel a rÌìeLge systern rvith four'filst level nodes. The ser.vice lates,

alrival lates, ancl buffel' sizes ar.e pt : 4,¡t2 : S,pz : 6,pa : 7,Lto: 20, Àl :
2,À, =3,¡":4,À¿:5, ancl /V1 = 1\i.2 : 

^L: 
¡{4 :3,Â/o: b, r'espectively. The

tesults ale shorvn in Table 5.6. We see that our. algotithrn gives t.esr.rlts that ar.e

vely close to the lesults of the othel tlo methocls.

The thild melge systern consists of four' fir'st level nocles. TIre selvice r.ates,

altivaì r'ates, ancl buffel' sizes ale h : p3 : ì,, [tz : t14 :2,po: 8, )1 : )r :
2,À2: \o = 1, and 1úr : ¡i.¿ : ¡/3 : 1{, : 

^h 
:5, respectively. The lesults ar.e

illustlatecl in Tal¡ìe 5.7. We obselve that out algorithm gives better. estiniates fol

L¡ralches 2 antl 4 thal the othel two rnethods.
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T¿ble 5.4: Melge configuratiols

Ex. Selvice times Ex. hr.

Times

Buffels ARtr

Rates Distribution Ap-YB Ap-Cì

18 Éo : 0'3

tt¡:0.7,i:1,2,:3

(8");

i:0to3

Exlr

i:0to3 7.6Tct 12jl%

19 Fo:05

Iti:0.I'i: 1 to 4

(8")o

i:01o4
Exp.

i:0to4 12.27 10.6T0

20 Ito : 0'4

P';=0.2,i:1,,2

(Ø)o(1'5)'

(Er)i,i : r,2

.t|2 ¡/,=3

i:0,1,2 7.4% 6.2%

2I Ito :0'22

p; :0.1344i1751,

(cr)r(1.5)

i :0,7,2

cr(1.5) ¡{,:6
i:0,L,2

,7 ,)w 10%

22 Fo : 0'35

pi:0.13443751,

i -- 1,2,3

(cr)c(1.5)

i:0tolì

c,(r.5\ N¡ :2

i:0to3

i1.97 4J%

Po :0.25,

¡r¡ : 0 05,

i:71o4

(c,)r(r.r¡

i:0to4
ó'"(1.5) N¡ :2

i:0to4
2% 5.6%

24 Po :0'25

tt¿ :0.125

^-I r)

(Cr)o(s)

i : 0,7,2

CzQ)
^¡. -.)

¿ :0,1,2

78j% 28.5%
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Tal¡le 5.5: Avelage sojouln tine

Table 5.6: Average sojoull tirre

Avelage sojoul-n tirne

Blalch Ap-YB Ap-Cì AP LP Exact

I 0.83 0.84 0,87 0.86 0.88

2 0.80 0.83 0.83 0.85 0.87

Avelage sojouln tirne

Bralch Ap-YB Ap-Cì AP LP Simulation

1 0.44 0.51 0.51 0.52 0.52

2 0.46 0.46 0.46 0.46 0.41

3 0.41 0.41 0.41 0.41 0.41

2 0.38 0.38 0.38 0.38 0.38



Table 5.7: Avelage so.jouln tirne

Avelage sojourl tirtte

B l'an ch Ap-YB Ap-G AP LP Silrulatiorr

T.T4 1.06 1.15 1.51 r.77

2 7.22 1.22 1.29 1.67 t.24

.) 1.14 i.06 1.15 1.51 t.t7

.) r.22 1.22 1.29 r.67 ll24
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Figule 5.19: Results fol a rÌrerge systern with thr.ee first level nodes
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Figule 5.21: Results fol a rnelge systeu rvith trvo first level nocles

10

60

Ë,o
é
3qoô'ä

9o 30

o
ãzo

10

0
0 0.2 0.4 0.6 0.8 | r.2

Traffic intensitv at the first level nodes

Figule 5.22: Results fol a nlerge systent tvith trvo first level nodes
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5.6.4 The Efect of the Two Single Node Approximation Methods on

the Perforrnance of the Algor-ithrn

As has been shorvn tlirough many examples the perfor.mance of the pr.oposed al-

golithrl depencls on the single nocle approxirnatioll rnethocl usecl. Let us focus on

three cases: (i) All scvs of all ¡:r'ocesses are less than 1. It rvas seen that fol lorv

tlaffic (p1 < 0.5) the lesults obtailecl by the algolithrn usilg tìle tu'o single node

apploxitìations are vely close. Horvevet, as traffic ilcreases the pelfolmance of tlle

algolitlun seerns to clel:encl ou *'llich single lode apploxitration is usecl. Mole specif-

ically, rvhen Yao-Buzacott's nethocl is usecl, the algolithur seens to give leasorrably

goocl lesults. On the othel hand u'hen Gelelbe's lnethorl is usecl the algolithrn

seeltts to ovelestirnate the average sojourn tirne whel comparecl to simulation le-

sults. Tlius, rve suggest the use of Yao-Buzacott's rnethocl rvhen all scvs ale less

than 1. (ii) All scvs ale ( 2. In this case it rvas observed that in soure expelirlents

Ap-YB pelfolnrecl l¡etter than Ap-G ancl in sorne exper.irlents Ap-Cì gave better.

lesults. Horvever', the lesults obtaiued by Ap-YB and Ap-G wele close to each oth-

el fol lol ancl rnoclerate traffic. (iii) Sorne or all scvs ale gleatel than 2. In this

case Lroth Ap-YB ancl Ap-G <1o not give good lesults an<l overestirnate silnulatioll

results. Yao and Buzacott in their papel st¿ted that theil metllocl cloes lot give

goocl lesults in systems rvith high vari¿bility in their- allival ancl selvice plocesses.

lVe obselvecl tliat although Ap-(l ovelestimated simulatiorr results it gave better

results than Ap-YB il these cases.

I4I



5.7 Summary

A sirnple, and quick approximation rrethod fol the aualysis of tanclem, sltlit, and

melge configulations rvith genelal plocesses was preseutecl in this Chapter'. As rvas

statecl eallier', the r¡rotivation fol the develol¡rtent of this ruethod is to help the ana-

lyst to cleal rvith soure of the rveaknesses (i.e high computational tine ard computel

memoLy tecluilernents, complex structule) of the existilg apploxirnation nethods.

The ploposecl algolithm was tested fol many coml¡inations of plobability distlil¡u-

tions, bufel sizes, and queue configurations. TIle advaltages of the algolithm can

l¡e surnnarizecl as follorvs:

r The ploposed methocl yielcls good estilnates of the average sojourn time

tlrrongh the netwolk ancl the lelative ellors are rvithin I0To (20%) of the sirn-

ulation lesults fol rnoclelate (heavy) tlafÊc.

o It is very fast. Usually the computational tirne lequilecl by other existing

apploxirnatiou rnethods incleases rvith the inclease iu the lunibel of nodes iu

the system. Ho*'ever', the size of the systern does not seern to affect the speecl

of oul algolithm. Fot all exarnples considerecl, the requiled CPU tirne rvas less

than 0.1 seconds. The ploglarns ale wlitten in FORITRAN 77 ancl wele lun

on Sun il'olkstations.

¡ lt can be usecl fol the analysis of tandern, split, ald tnelge systems.

c Thele ale no limitations on the types of plobability distr.ibutions involvecl.

¡ It is ihe fir'st rnethocl to present lesults fol' split, and utelge systems consisting

of nlore than thlee nocles rvith general stochastic plocesses.
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The lesults of this Chaptel have been subnittecl for. publication to INFOR

(Yanuol,,oulos and Alfa [52]).



CHAPTER 6

Discussion and Future Research

6.1 Discussion and Conclusions

In this thesis, the lesearch has focusecl ol the analysis of open queueing networ.ks.

Open queueing netrvorks ¿r'e used to lepresent many inclustlial ancl setvice activities

(for exauple procluctiou systems). Exact alalysis is only possible for small, anrl

sirlple netwolks. Fol large, ancl corlplicatecl systerns, apploxirnation ltrethods ale

employed. [4ost of the exisiing apploxirnations work only for sinplifiecl velsiolls of

the actual qr:eueing systeus. The leasol is that flnite bufrets, general plobability

clistlibutions, ancl blocking urake the analysis vely difficult. hr this thesis three

apptoxitnatiou methocls were plesentecl, and sorne of the conclucling points ale listerì

below:

o Real life systems al'e conl¡inations of tauclem, split, ancl ruelge netrvolks witlr

finite buffels ancl genelal plobability distributions. One would expect to fiucl

an approximation methocl rvhicll coulcl be usecl for the analysis of auy type of

leal life systerns. But this is not the case. Most of the existing apploxirnations

ale clesignecl to wolk only fol s1>ecific types of netrvolks (for exaniple tandelr).

Fulthelrnole, the types of systerus that have been cousiclelecl ate simplifiecl

netl'orks rvith convenient assurtrptions about the nattle of the tr.affic and

service processes. Real life ploblerns have lot been alalysecl yet. Thr.rs, in
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Chaptel i3, an apploximatiou rnethocl designecl to rvolk fol the analysis of

any leal life ploblenr rvas ploposecl. The proposecl r¡ethod tl'ansfolms the

actual system into an equivalelt systern rvith no buffel capacity constlailts

alid rvith levisecl selvice times. This methocl rvas applied to the rnodelling of a

part of a colì\¡eyot systern installed iu a lalge manufactuling cornpany, It rvas

shorvn that the lesults obtainecl by the apploximatiou wele goocl for. light, and

rnodelate tl'affic. Horvever', fol heavy trafRc, tlte method gave 1;ool estimates

of the systen pelfolrnance measures.

Nurlelous rnethocls have been published dealing rvith clueues in tanclerl. These

lnethocls clifel in the types of tanclem systeurs consiclerecl ancl in tlle accul acy

of theil results. In todays highly competitive rvollcl, a slight inplovement in

eficiency can lesult in sigrificant recluction in operating costs. Tlius, thele is

the neecl fol the cleveloprnent of telv urethocls which are ¡role acculate ancl give

niol'e ilfounation for the system examinecl. The Brandrvajn and Jow' (BJ)

apploxirnation seerls to yield t,he rnost accurate lesults for exponential tanclern

netrvor'l<s. ln Cliapter'4, BJ'methocl is extetded by colsideling solution cells

that consist of tliplets instead of pails of acljacent nocles. This ueiv methocl

seems to give implovecl lesults tvhen cornparecl to the ones obtainecl by BJ's

methocl. Anothel advantage of the ploposed nethod is that it plovicles the

joint steady state plobability distlibutions of the nuurbel of itells at each nocle

fol tliplets of acljacent nocles, infoluation that can not be obtainecl by othet'

apploxirlation metliods.

Most of the existing apploxirnation ntethocls ale time consuruin¡i, have com-

plicatecl stluctules, ancl lequire consiclelable cotrputer' û]etroty space. These
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clisatlvaltages become ol¡vious rvlieu these rnethods ale involved in optimiza-

tion ploceclules fol rvhich executiol time is vely important. Also, as rvas

notetl ear'lier', rr ost of the existing nethocls cleal olly rvith specific netu,ol ks

coufigulations, ancl probability clistlibutions. Fulthelntole, r'esults fol split,

and nelge systems cousistilg of moLe than thlee nocles ri'ith genelal 1:r'ocesses

have lot been r:epor:ted yet. Thus in Chapter'5, au apploximation algolithnt

is ploposecl, rvhich is simple, quick, alcl cal l¡e usecl fol the analysis of tan-

dem, split, ancl rnelge configulations $'it1ì genelal plocesses. As was shown in

Chapter' 5, the lesults fol rnost of the experiments ale leasonably goocl. This

is the first tirne that lesults for split, antl uelge configurations rvith lnole than

thlee nocles ancl with geleral plocesses ale lepolted.

6.2 Fbture Researclr

The thlee apptoxiuration ruethocls pleserted in tllis tllesis can be extelclecl to

¡iive imploved lesults and ol to include rnole types of netrvor'l<s. NIore specifically:

¡ As was iliscussecl in CJhapter 3, the pelfolrnalce of the apploxintation

lnethod developecl fol' r'eal life sJ¡stems, clepencls on the perfolmance of sub-

approximatiols (i.e GEM, single-node apploximations) that rvele usecl as

corryolents of the methocl. lt is expectecl that by inclucling irnploved

sr:b-apploximations as cornpouents of the methocl, the rvhole apploximation

llethocl rvill give l¡ettel lesults. Another possible futule clevelopruelt, rvoulcl

be the rnoclificatioll of the rnethod to give goorl results for heavy tlaffic.
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Further inplovertent of the apploximation nlethod of Chapter'4 is difficult.

This niethod coulcl be possibly imp-,-ovecl by consicleling cells that consist of

foul acljaceut nodes iusteacl of thlee. This coulcl leacl to intltlovecl lesults, but it

would âlso leacl to excessive cornputatiolal tirne requilernents. Tliis is because,

at each step of each itelatiolt, a system of four uocles could hâve to be solvecl,

HoweveL, a possible extelsion of this method, coulcl be the developrnent of al

apploximation fol split, ancl nelge systerÌ.ts. A thlee locle solution al)ploaclì

coulcl be easily used (fol exarnple for a rnelge system, a three node cell could

consist o{ trvo first }evel nodes and tlìe second level nocle).

The a1>1>r'oximation uethocl pl'eseltte(l in Chapter'5 couìcl l¡e ntoclifiecl: i) to

give irnplovecl I'esults for cases with plobability clist::ibutions having lalge val-

ues of squalecl coefficients of valiation (scv > 2) ii) to give iuploved lesults

fol cases rvith heavy traffic iii) to give irnploved lesults in cases il'hele thele is

a big cliffelence in the service rates of successive norles iv) in oldel to be used

in the anal)'sis of a wirlel variety of queueing netwol'ks (for example albitlaly

queue configulations) v) to l¡e usecl in the analysis of multi-selvel systerns ancl

closed networl<s.
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APPENDIX A

Erlang-k, Hyperexponential-k, and Coxian-k Distributions

The Ellang-k (E¡) plobabitity distlibution cau be viewecl as the surr of k ex-

ponential distributions. Figure 4.1 illustrates an Ellaug distril¡utiol rvith k stages,

rvith e¿ch stage being an exporrential clistlil¡ution rvith palameter' fup. The cìensity

function of the Ðr'lang-k distliì:ution is given by the folmula:

k p(k p:¿)*-t 
"-t'P,.,(rl : 

(a._ 1)!

The squarecl coefficients of valiation of all Erlalg distlibutious ale less than 1. The

squat'ecl coefficielt of valiation of the Exponential clistlibution is equal to 1

Figule 4.1: A k stage Erlang distlibution

A farnily of distlil¡utiolls rvith squarecl coefÊcients of variatiou gleatel than 1 is

the Hyperexponential-k (i1¡.) farnily. The Hyperexporential-k distlibution cau be

vierved as a palallel an'angernent of k stages each having an exponential distr.ibution

(FiguLe 4.2). The clensity fuuction of the rg¡ clistribution is given by the folmula:

l:(:t) : ntpt"-r"'+ ... + ai!'ie-piî I .,. I axp*epr"
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El¿

Figule 4.2: A k stage Hypelexponential clistribution

The Coxial-k clistribution (C¡) consists of fu exponential stages rvith par.ameteLs

l¿tt..., þk. An itern leceives service at the ith stage atìd therì rvith plobability ø; r'e-

ceives a neu' selvice at t1ìe (i + 1)th stage. The Cioxian-2 distlibution is illustlatecl in

Figure A.;Ì. An itenr first leceives setvice at the fir'st stage ancl then with plobability

p leceives service at the secoricl stage.

Figure A.ii: The Coxian-2 clistlil¡utiol
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Tlre first thlee mornents 'tiz1) r'n 2)'r'n3 of the C2 clistliL¡utiou ale as follou,s (Yao

and Buzacott l55l):
1p

?l¿1 :-+-
llt llz

2 ,2P(Pt+Pr)""- p?' npà
and

n13:6f p3 +6t¡04+ prt'r+ tÐlfuip3)

The mear (p) and valiance (V) of tlie C2 clistributiol ale given as:

p:!+L
lt1 llz

ancl / : ttr,2 - m! whicli can be ivlittel as:

v:\+rtz-rt\pi p:,

The sclualecl coefficient of valiatiol c2 of the C2 is given belorv:

, pi-r p(2 - p)p?c: 
o1r+wtY

ancl

2 7*p(2-p)r'2
(1 + pr)'?

u'hele

Mariets approxirnation

To apploximate a genelal clistlibution (when only the meal ancl scv ale knorvn)

by a Coxian-2 distlibution, MaLie [36] ploposed tlie follorving folrnulas:

Iq :211, p : 0.5lcll", ILz : plp

ivhele ¡r. and c] ale the mean and scv of the genelal distlibution.
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APPENDIX B

The Multivariable Newton Method

Let us su¡rpose that u'e rvant to solve the follotving systen of sintultaneous

nonlineal equatious (see Yakorvitz anrl Szidalovszky [49]):

fr(c1,.. , ru") : 0, (, : 1,2,..',tt')

Let us introcluce the Jacobian matlix J(x), the (i,j)fÀ. eleurent of which is

tìefinecl to l¡e

J;(x) : l¡1,r,,,rr,,..,',,¡UÏj

Define JÀ : J(x{*)¡ to be the Jacol¡iat rnatrix of (.fr(*), ..., "f,,(")), evaluated at

the tr f/¿ itelation estirlate x(*). and introduce the vector'

¡(r) =

f (x{*)¡

:

/,,(xrr)¡

Then accorcling to the rlnltivaliable Neu'ton rnethod rve have:

x(À+r) _ x(^) _ (J(À))-1f(¡)

and

J(À)(x(A+l) _ *(*)¡ : -¡(,t)

lvhich is solved b¡' Gauss eliminatiol methods.
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APPENDIX C

The Single Node Approximation methods of Yao-Buzacott

and Gelent¡e

The trvo single node apploxirnatiol rnethotls of Yao-Buzacott aucl flelelbe ale

pleserrtecl. The fomrulas ale taken fiom Springer ancl Makens 146]. Delote by

k, À,cf;, ¡,t and cl the bufel size (including the oue in selvice), allival rate, scv of the

arlival plocess, selvice late, ancl scv of the selvice plocess respectively. Define

p: 
^lp

lt:^-p
a: ),.1i+ p.?

1:2ltla

The method of Yao and Buzacott

The apploximation of the plobability 26 of the system being empty is given as:

( 
'-r.kír') 

, ^ -, ,,I p(1-.3)+(.3+¡)-/e1(^-r)(p(c?+l)+(l-c?)) \t' r ! t'
I20: I
II 1 t ^ r\
I ;E----iqlr- \P - ' )
\ .á+r (.¿a+t)(.â+.4)

The apploxirnatiol of the plobability frÀ the systeùl is full is given as:

p2oer(a-l) (cl + 1)

c:+l
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The apploxinration of the rnean uurtbel l" of custoruers in the system is given as:

I 'pp"t!-il , zp¡(¡-*-*) , ,l(,-ïfiñ+ffi+nA'(Pl1)'.t
!s_\

I

| 2À{À-r)+ß(cå+.?)(c?+l) /^_r\
I ;G:I)+G3T4IGãT4*Ð \t'- t)

The method of Gelenbe

Tlte app-,-oxirnatiol of the plobability p6 is given belorv:

( -;æ=, (p # t),

P":1
I

|. ¡+¡n=izie*,¡- (P: t)

Tlre ap¡rloxinration of p¡ is give:r as:

p¡ : ppo¿(k-t\

The apploximation of ,L, is giver as:

Ii,.ør]-]r+r*(,r-j-]) , I tt' ¡l¡k (Plr)
IL": 1

I

[ ;fr (p: t)
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APPENDIX D

Additional Numerical Results

Ailditiolal uurnelical lesults fol the sirnple ancl quick approxirnation algorithm,

plesenterl in Chapter' 5, ale displayecl in this appelclix.

D.1 Tandern Configurations

We plesent eleverl rnoLe Examples for tanclern configulations. The descliptions

of these systeurs ale shorvn in Tables D.1 ancl D.2. The results for' Ðxantples I to

11 a'-.e illustlated iu Figules D.1 to D.11.
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Tal¡le D.1: Tancler:r configulations

Ðx. Selvice tinies Ðx. hl.

Ti¡res

Buffels ARE

Rates Distril¡ution Ap-YB Ap-(ì

Ltt: Pz:0.3 (Er)t

;-1.)

E*p.

i: 1,2 12.8% 12.7%

2 þ¡ :0.2

i=Ito4

(8,)¿

i.:tto4
Ðxp.

i,:lto4 9.1% 13.1%

3 Itt :0'2

i:7,2

(8,)',

(C,),Q.s)

Exp. N¿:4

i.: 1,2 63% n.1%

4 tt¿ : 0.2

i. = 1,2

(8,)',

(C,),(t.r)

E2 M-- 4

i :1,2 9.6% 10%

5 p¿ :0.L3443751

i: t,2

lc"), 11.51.

(8")"

Ðxp. N;:4

i:1,2 4To 5.6%

6 pr : 0.13443751

Itz : 0'l

(c,)r(r.5)

i: r,2

C'11.1-r) N¡--7

i: r,,2 r0.6% II.4To



Tal¡ìe D.2: Tancle¡n configrr latior s

Ex. Service tirnes Ex. ln.

Tirres

Buflels AR,E

Rates Distlibution Ap-YB Ap-G

7 /¿r:0.13443751

i : 1,3, pz :0.1

(cr)¡(l.s)

i :1,2,3

cr(l.5)

i:1,3,¡6:4 8.4% 24.i1%

8 tli:0.7:144J751

i:1to6

(cr),(1.5)

ri :1to6
cr(1.5)

i:1to6 n% 12.ITa

9 tli:0.Ii1443751 (cr),(1 5)

(Er),

G(1.5) N¿:4

i:1.,2 I0.5To 8.5%

10 It¡ :0'2

i:1,2
(8,),,

(G),(1.5)

Cr(i.5) N;: 4

i,:1,2 Lt.7% r:1.6%

l1 tt; : 0 'I25 (Ø);(s)

i = 1,2,3

Cr(2)

i : 1,2,3 80% 47.1%
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Table D.3: Split configulations

D.2 Split Conffgurations

We present eight rnole Examples for split configulations. The clescliptions of

these systerns ale shorvn in Tables D.3 ancl D.4 . The lesults for Exarnples 12 to

19 ale illustlatecl in Figures D.12 to D.19.

Ex. Sel'vice times Ðx. In.

Times

Buffels ARE

Rates Distlil¡ution Ap-YB Ap-Cì

t2 Po : 0'2

þ:p2:0.I

(8,)¡

i :0,1,2

E*p. 1ú,:3

i:0,1,2 7.\Ta 24.r%

r') po:0.73443757

tt¡ :0.05,i : 1,2

(cr)o(r.5)

(Er)i,i:1,2

E*p. ¡\ir : g

i :0,7,2 3% 9.1T0

t4 lo:03

tt;:0'725,á -- 1,2

(8,)o

(c,)t(l.5),i :1,2

Ex¡r. M

i :0,1,2 21 I% 20%

l5 lo : 0'3

Lt; :0.125,i :7,2

(8,)o

(cr)t(l.5),i:1,2

Ðz 1ú,=3

i = 0,1,2 24.9% 18.4T0
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Tal¡le D.4: Split configulations

Ðx Service tirnes Ex. In.

Tit.res

B uffers AR,E

Rates Distlibutiol Ap-YB Ap-G

16 t'to :0'45

tt; -- 0.7,i: 1 to 4

(Er);

i.=0to4

E*p. ¡4=3

i:0to4 l0.6To 27t/o

I7 &o : 0.13443751

p¡ :0.055,i : 1,2

(cr)r(r.s)

i. = 0,7,2

Cr(I.5)

i:0,1,2 18.6% :t5.6%

18 ¡¿o : 0.1i1443751

It.¡:0.05,i:7,2

(cr)o(1.¡)

(Ez)i,i: r,2

Cr(L') ¡/,:3
i :0,1,2 8.1% 14.\u/o

19 #o:03

P¡ :0.125,i : 1,2

(8")o

(c,)t1.5),¿ :1,2

cr(l.5) ¡Y::i
i -- 0,1,,2 13.6% 27.ITa
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Figure D.16: Results for a split system rvith four seconcl level nocles
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D.3 IVIerge Configurations

We present ten nìÒre Exarnples for merge configurations. The clescriptions of

these svster¡rs ale shorvn in Tables D,5 ¿nd D.6 . The results fbr Exautl>les 20 to

29 ale iliustratecl iu Figures D.20 to D.29.
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Table D.5: Melge colfigulations

Ë-- Selvice times Ex. In.

Tilnes

Buffers ARE

R¿tes Distril¡ution Ap-YB Ap-tì

tn lo : 0.3

t4 :0.12

P2 : 0.1

(8");

i:0,1,2

Exp. 1ú,=3

i : 0,7,2

I0.1To 9.5%

21 lo:uD

u¿:0'3,i :1,2

(E')¡

i:0,1,2

Exp.

i:0,1,2 9.7% 8.5%

22 lo:05

t-r¡ : 0.2,i: 1,2,3

(Er),

i:0to3
E*p. 1/o :7

¡¿ : :i,

i, : I,2,i) 1i3.9% 23.6%

l-ro:0.4,h:0.1

ttz : 0.I5, p,z : 0.2

(8,),

d:0to3

EtP. 1úo :5
N;:2,

ri :1to3 9:.% 21.9T0

24 lto:0'4

¡t'¡ : 0.2,i -- 1,'2

(Ø)o(t.s),

(82)¡,i:7,2

E*p. À/'=3

à:0,I,2 6.9% 5To



T¿ble D.6: Melge configurations

Ex. Selvice tirnes Ðx. In.

Times

Buffels ARÐ

R.ates Distlibution Ap-YB Ap-G

¿i) Po : 0.26887502

tt¿: 0.73443757

(8,)o

(c,)¡(r.¡),

i:1,2

Exp ¡ú;:3

i :0,t,2

7.8% 2.7%

26 Po :0.26887502

t¿; :0'13443751

i :1,2

(8,)o

(Cr);(l.r),

E2

i = 0,1,2

2r.1% 5To

27 Po : 0.16

Pr:0.05,

i:7to4

(cr)¡(r.s)

i.--01o4

cr(1.5) N¿:2

i:0T"o4

s.1% 4.9%

28 þo : 0'4

þ; :0'2

i :1,2

(cr)o(i.s)

(8,)',

G(15) 1ú,:3

i:0,1,2

15.4% \Ta

29 po : 0.26887502

tL.; :0.13443751

(Er)o

(cz);(r.s¡,

;-1n

c,l1.5l 1{,:3

i:0,1,2

4.r% 5.4%
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Figule D.20: Results for a nìeÌge systern rvith two first level nocles
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