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Abstract

This thesis focuses on the dynamical and numerical analyses of some quasi-
linear partial differential equations (classified as reaction-diffusion equations)
arising from the mathematical modelling of real-life phenomena in engineer-

ing, science, economics and medicine.

Local stability theory is used to investigate the qualitative behaviour of the
associated ordinary differential systems (in the absence of diffusion and con-

vection terms).

In order to circumvent the contrived numerical instabilities (such as oscil-
lations, bifurcation, chaos or convergence to spurious solutions) associated
with the use of standard explicit numerical methods (such as forward Euler
and Runge-Kutta methods) for solving the aformentioned models, new and
competitive finite-difference methods are constructed. These robust schemes,
mostly "non-standard” in nature, have the same stability properties as the

corresponding original ODE systems.



Chapter 1

Introduction

Non-linear partial differential equations (PDEs) of reaction-diffusion type
arise in many application areas including developmental biology, ecology,
physiology, finance and so on. With such a wide variety of applications, the
choice of what to include in this thesis is a difficult one. Topics have been
included both as typical models and as illustration of the robust numerical

techniques which may be used to solve such systems.

Because of the non-linear and (at times) multi-dimensional nature of these
models, their closed form solutions are usually difficult or impossible to find.

Consequently, numerical schemes are employed to approximate these solu-

tions.

The efficient numerical integration of systems of non-linear differential
equations over long time intervals necessitates the use of time steps which
are the largest possible bearing in mind accuracy and stability. Standard nu-
merical methods (mostly explicit in nature), such as Euler and Runge-kutta
(RK) methods, are widely used to solve systems of ordinary differential equa-
tions (ODEs) [19, 24, 34]. These methods, however, may not always be suited
to solve the aforementioned non-linear problems. The reason being that they
tend to induce contrived chaos and oscillations in the numerical results when
certain parameter values and step sizes are used in the discretization (since
these scheme-dependent instabilities are not a feature of the differential equa-

tions nor of the physical processes being modelled) [19, 24, 25].

To avoid contrived chaos, while retaining accuracy and stability, implicitly-
designed methods should be preferred to explicit numerical methods. This

is due to the well-known fact that implicit methods have superior stability
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properties in comparison to standard explicit schemes [2, 19, 20, 24, 29]. The
methods to be developed in this thesis, although implicit by construction, are
applied explicitly. Therefore, while they enjoy superior stability properties
in comparison to explicit schemes (because of their implicit nature), the new
schemes also exploit the ease of implementation of explicit methods. These
methods are adapted and extended for use to solve quasi-linear partial dif-

ferential equations.

In this thesis, some robust finite-difference methods, mostly ” non-standard”
by construction, will be designed for the solution of some real-life models.
Although our main purpose is to consider reaction-diffusion and reaction-
diffusion-convection PDE systems, cases where there is no diffusion and con-
vection (ODEs) will be considered first of all. Linearized dynamics analysis
will be carried out to gain deeper insights into the qualitative behaviour of
these associated ODE models. Competitive finite-difference methods, having
the same qualitative features as the model, will then be constructed. These
methods are theﬁ adapted and used to solve the corresponding reaction-
diffusion and reaction-diffusion-convection cases. This idea will be employed
in subsequent chapters (except Clhapter 4) of this thesis in ways which permit
the numerical solutions of the associated ODEs to be determined explicitly.
In Chapter 4, the Black-Scholes reaction-diffusion-convection model, aris-
ing in option pricing, is solved via the Method of Lines semi-discretization

technique involving the use of a sub-diagonal Padé approximant.

The numerical methods developed in this thesis are implemented using
the C programming language on a UNIX platform at the University of Man-
itoba. Graphical and symbolic softwares such as Gnuplot and Maple are
used to plot the figures and carry out symbolic computations. The thesis is

written in Latex.

‘The outline of the thesis is as follows: some basic concepts about differ-



ential equations and finite difference methods will be reviewed in Chapter 2.
This introductory material provides useful background needed for the more
specific topics in the later chapters. In Chapter 3, a reaction-diffusion model
with a cubic reaction term is considered. Its diffusion-free equivalent is stud-

ied first of all, where a competitive finite-difference method is designed and

analysed.

In Chapter 4, the Black-Scholes reaction-diffusion-convection model is
considered. An Lg-stable scheme, based on Padé approximation, is de-
signed for its solution. A two-dimensional predator-prey reaction-convection-
diffusion model with non-monotonic functional response is considered in
Chapter 5. An SEIR model for disease transmission with a non-constant
population size is studied in Chapter 6. In Chapters 3-6, the robust numeri-
cal schemes constructed are compared with standard numerical methods to

verify their competitiveness. Conclusions are given in Chapter 7.



Chapter 2

Mathematical Tools

In this chapter, a brief review of some of the important mathematical
concepts discussed or used in the thesis is given. The main components of
the thesis are centred on the theories of partial differential equations, finite-
difference methods, and dynamical systems. Detailed discussion on these

topics can be found in the given references.

2.1 Partial Differential Equation

A differential equation in which there is only one independent variable is
an ordinary differential equation. While a differential equation that contains
at least two independent variables together with one or more partial deriva-
tives of the dependent variable is called a partial differential equation. In

general, a partial differential equation may be written in the form

f(xaya"':uau:vauya'"auzmauyy)"')=07 . (21)
involving several independent variables z,, - --, an unknown function u of
these variables, and the partial derivatives u,, Uy, ** *, Ugg, Ugy, + + - Of this fune-

tion. Equation (2.1) is considered in a suitable domain D of the n-dimensional
space " in the independent variables z,y,---. We seek one or more func-
tions u = u(z,y,---) which satisfy (2.1) identically in D. Such functions,
if they exist, are called solutions of equation (2.1). From these many possi-
ble solutions, we attempt to select a particular one by introducing suitable

additional conditions, called initial and/or boundary conditions.

The order of a partial differential equation is the order of the highest-

ordered partial derivative appearing in the equation.
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A partial differential equation is said to be linear if it is linear in the
unknown function and all its derivatives with coefficients depending only on
the independent variables; it is said to be quasilinear if it is linear in the

highest-order derivative of the unknown function.

The general quasi-linear second-order partial differential equation in one

dependent variable u, and two independent variables z,y, may be written as
Atgy + Bugy + Cuyy + Dug + Euy + Fu = G, (2.2)

where the coefficients are functions of z and y; and A, B and C do not vanish
simultaneously. We shall assume that the function u and the coefficients are
twice continuously differentiable in an open set in ®2. A PDE is said to be

hyperbolic, parabolic, or elliptic at a point (z¢, 1) accordingly as

B?(20,0) — 4A(20,%0)C (0, Yo) (2.3)

1s positive, zero or negative respectively. If this is true at all points in some
domain, then the equation is said to be hyperbolic, parabolic, or elliptic in

that domain.

This thesis will focus on a specific family of second-order quasi-linear
parabolic partial differential equations that involve reaction and convection

terms.

2.2 Reaction-Diffusion Equations

Reaction-diffusion systems are usually coupled systems (multiple number)
of parabolic partial differential equations. They have a wide application in
many areas. Some of them are models for pattern formation in morphogene-
sis, for predator-prey and other ecological systems, for conduction in nerves,
for epidemics, for carbon monoxide poisoning, and for oscillating chemical

reactions [4, 7, 8, 11, 12, 27, 28, 34, 36]). The equations in their simplest form

11



are written as

ou o*u

where u = u(z,t) is the vector of dependent variables, f(u) is a non-linear
vector-valued function of u (the reaction term), and D is the diffusion coeffi-
cient. The reaction term arise from any interaction between the components
of u. For example, u may be a vector of predator-prey models, when f(u)
represents the effect of predator-prey interactions, competition or symbiosis.
The diffusion terms may represent molecular diffusion or some "random”

movement of individuals in a population.

The reaction-diffusion system may be extended to reaction-diffusion-convection
type given by
ou o%u ou

where C' is the convection coefficient [13, 32].

2.3 Reaction-Diffusion Equations and Dynamics

It is known that for reaction-diffusion systems (2.4) (involving reaction
terms), the numerical treatment of the reaction terms is influential on the
numerical results [20]. It is therefore important to consider the behaviour
of the reaction term (given by D = 0 in (2.4)). The resulting ODE system,
C;—ltl = f(u), is often autonomous, non-linear, and therefore not always easy
(or feasible) to solve analytically. Thus, in addition to carrying out dynamical

analysis for such systems (to understand their qualitative behaviour), we need

to design robust numerical procedures for their solutions.

Generally, real-life models contain system parameters. For different values
of these parameters, the behaviour of the solutions can be qualitatively very
different. Consequently, studying the changes of the nature of equilibrium

solutions (equilibrium points) and branching of solutions when a parameter

12



passes through a certain value, called bifurcation, is crucial.

2.3.1 Stabiltiy of Linear Systems
Consider the linear differential equation, written as

%‘:x:Ax, x € R", (2.6)

where A is a n x n matrix with constant coefficients. A general solution

of (2.6), with the initial condition x(0) = x,, is

x(t) = etx,. (2.7)
The system (2.6) has n eigenvalues \;,- - -, \, associated with the matrix A,
and n eigenvectors ey, -+, e,, which may either be real or complex. More

specifically, a general solution to (2.6) can be obtained by taking a linear su-
perposition of the linear independent solutions determined by an exponential
motion along the real eigenvectors or a spiralling motion in a plane spanned
by the real and imaginary parts of the complex eigenvectors. The stabitilty
properties of the system are then determined by the signs of the real parts

of the eigenvalues as follows [38]:

(1) if all the real parts are negative, then the solution is asymptotically

stable, and the motion will converge towards the origin.
(2) if at least one real part is positive, then the solution is unstable.

(3) if the eigenvalues are distinct and their real parts are all zero, then the

solution is not asymptotically stable.
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2.3.2 Stabiltiy of Non-linear Systems
In the case of the diffusion-free model, we typically need to investigate a
first order autonomous non-linear ODE system of the form

dx

- = f(x), x € R", (2.8)

where f(x) are non-linear functions.

For non-linear differential equations such as (2.8), one can only make
very general statements concerning the behaviour of their solutions. The
best way to start is the determination of possible equilibrium points, which

are stationary solutions of (2.8), determined by setting its right hand side to

zero. That is,
f(x) =0. (2.9)

It should be pointed out that, even this (calculation of equilibrium solu-
tions) can sometimes be a complicated task. However, once the equilibrium
solutions are obtained, we can then use the principle of linear stability to
characterize the behaviour of the system near such (equilibrium) point. The
time evolution of a small perturbation ¢ around an equilibrium point xq is

§ = x — xg. Thus,

dé .

Pl
= f(x),
~  f(xq) + J(x = xg),
= J¢,

where a first order Taylor expansion of f(x) about X, is used to obtain a
linear approximation of 5 . The matrix J has entries

_0fi

Jij ==,
J aCj

(2.10)
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and is called the Jacobian of the given system. This matrix determines the

local behaviour of the solutions around the equilibrium point.

The advantage of the linearized system is that its behaviour turns out,
in most cases, to provide very significant information about the behaviour of
the original non-linear system. The stability of the linearized model around
the equilibrium points are analogous to that described in subsection 2.3.1.
In particular, for the cases (1) and (2), there exists a topological equivalence
between the linearized system (2.6) and the full non-linear system (2.8). That
is, if J has no eigenvalues with zero real part, then the stability is determined
by the linearization [38]. On the other hand, if any of the eigenvalues has zero
real part, then the stability cannot be determined by the linearization [38]
and, consequently, the equilibrium point is structurally unstable (since its
properties are likely to change qualitatively on the action of an arbitrarily
small disturbance).

An equilibrium solution is said to be globally-asymptotically stable if all
solution trajectoriés are attracted to it [38]. The Lyapunov theory is widely
used to establish global stability of equilibrium solutions by constructing

suitable Lyapunov functions [38].

Lyapunov Function

Definition. Let x = f(x) be a differential equation on R" and a unique
equilibrium point p. A real valued C! function L is called a weak Lyapunov
function on an open neighbourhood U of p provided L(x) > L(p) and L(x) <
0 for all x € U\{p}. The function L is called a Lyapunov function on an
open neighbourhood U of p (or strong, strict Lyapunov function) provided it

is a weak Lyapunov function which also satisfies L(x) < 0 for all x € U\{p}.

Theorem If L is a (strict) Lyapunov function on the neighborhood U of p
for the differential equation, then p is globally asymptotically stable [41].

15



2.3.3 Bifurcation Theory

If the non-linear ODE depends on a parameter u, then we have
x = f(x,u), u € R. (2.11)

One can say that as long as all the eigenvalues ); of J satisfy Re();) # 0,
the equilibrium point xo will be a smooth function of 1 (Implicit Function
Theorem [41]). But as soon as at least one eigenvalues ); satisfies Re()\;) = 0
for some value of . of u, there exists a bifurcation or singular point [38]. In

addition, the exchange of stability of 2 requires the criteria

dA;

It is important to note that bifurcations are associated with non-linear equa-

tions only.

There are several types of bifurcations (with qualitatively different fea-
tures) namely: saddle-node bifurcation, pitchfork bifurcation, period dou-
bling bifurcation, Hopf-bifurcation etc. The reader is referred to [38] for

detailed discussions on non-linear dynamics.

2.4 Finite-Difference Methods

As stated earlier, analytical methods for differential equations are limited
to certain special forms of equations. It is difficult to find analytical solutions
for most non-linear differential equations. Numerical methods, on the other
hand, have (in general) no limitations to only ”special” forms.

The fundamental principle of numerical methods is the reduction of a
differential equation to an approximation in terms of algebraic equations 2,
19, 24, 29, 35]. The finite-difference method proceeds by first identifying a
finite number of discrete points within the domain of interest. These points

are called nodes, and it is at these locations that approximations to the true

16



solution are computed. This is the discretization step. Next, the differential
operator at the nodal points are replaced by discrete difference approxima-
tions. This is the approximation step which produces a set of algebraic equa-
tions with discrete nodal values as unknowns. The final step involves solving
the algebraic system of equations. In this manner, a discrete approximation

to the solution of the original differential equation is obtained.

Different approximations to derivatives lead to different finite-difference
methods. In general, finite-difference methods are categorized into explicit
and implicit methods. Although explicit methods are easier to be imple-
mented (because they do not involve the solution of algebraic linear equa-
tions at each step size), they (standard explicit methods) are known to have

very poor stability properties [2, 24].

2.5 Finite-Difference Methods for ODEs

To explore all the finite difference methods used in the literature is a
daunting task. Instead, I will concentrate on the standard Euler and Runge-
Kutta methods applied to first-order ODE systems. These two traditional
methods are used extensively in this thesis for comparison with the new
robust methods I have developed. These novel methods, standard or ”non-

standard”, can be extended to systems of higher-order differential equations.

2.5.1 Forward Euler Method

Consider the first-order equation of the form

z—g: =y = f(z,9), y(z0) = vo. (2.13)

‘The method is based on expanding the solution y(z) of equation (2.13) in

Taylor series about the point z,. Suppose we choose a step size h (the interval

17



beyond z¢ where we evaluate the series) small enough that we may truncate

the series after the first derivative term. Then,

y'(©)
2

In using this equation, the value of y(z,) is given by the initial condition and

y(zo + h) = y(zo) + Ay (z0) + h?, zg < € < zo + h. (2.14)

y'(zy) is evaluated from f(zg,yo), given by the differential equation dy/dz =
f(z,y). It is of course necessary to use this method iteratively, advancing the
solution to z = zo+2h after y(zo+h) has been found, then to z = z¢+3h, etc.
Adopting a subscript notation for the successive y-values, z, = zo+nh, y, =
y(zn), and representing the error by the order relation, we may write the

algorithm for the Euler method as:

Yn+1 = Yn + hyl, + O(K?), (2.15)

Tn = 2o + nh, Yy, = y(z,).

2.5.2 Runge-Kutta Methods

A further advance in accuracy can be achieved by using a group of meth-
ods due to the German mathematicians Runge and Kutta (see [19]). In
particular, the fourth-order Runge-Kutta method (RK4) is widely used to
integrate differential equations. Using the notations of the last subsection,

the fourth-order Runge-Kutta method is given by,
1
Yn+1 = Yn + g(kl + 2k2 + 2]63 + k4), (216)

where

kl = hf($n7yn))

1 1

k2 = hf(.’L‘n + '2“h'7 Un + Ekl)a
1 1

ks = hf(z,+ —z'h, Yn + §/€2),

ks = hf(zn+ by, + k3).

18



2.6 Finite-Difference Methods for Parabolic PDEs
2.6.1 Method of Lines Semi-discretization
The Method of Lines (MOL) semi-discretization approach is often em-

ployed to solve parabolic and hyperbolic partial differential equations [15,

17, 20]. Consider the one dimensional heat equation

Oou 0%u

together with the boundary conditions

u(Xo,t) = u(X1,t) =0, t >0, (2.18)
and initial conditions

u(z,0) = f(z) ; Xo<z<X;, (2.19)

where f(z) is a given continuous function of z and it is not necessarily speci-
fied that f(Xo) = 0 nor that f(X;) = 0. Thus, discontinuities between initial
conditions and boundary conditions may occur. The interval X; <z < X] is
divided into N + 1 subintervals each of width A so that (N +1)h = X; — X,
and the time variable ¢ is incremented in steps of length £. The open region
2 and its boundary 9 consisting of the lines z = Xo, £ = X; and the axis
¢ = 0 have thus been covered by a rectangular mesh, the mesh points hav-
ing co-ordinates z,, = Xy + mh and %, = nf where m = 0,1,.., N+ 1 and
n =0,1,2... . The space derivative in (2.17) is replaced by its second-order

central-difference approximation given by
75 = P [u(z — h,t) — 2u(z,t) + u(z + b, 1)] + O(h?). (2.20)

Equation (2.17) together with the boundary condition (2.18) are applied to

19



all N interior mesh points at time level t =nf (n =0, 1,2,...) to give

T h=2[0n(1) - 204(2) + Ua(e)
al, —2
—r = W(UL(8) = 2Ua(t) + Us(2)]
dUs -2
— = h7[Ua(t) — 205(t) + Ua(#)]
: (2.21)
dUm -2
~ = WUt (1) = 2Un(8) + Uy (2)]
:dUN—l —2
& = W [Un—a(t) — 2Un-1(t) + U (2)]

where Up,(t) is the (semi-discrete) solution of (2.17) when z = z,, for any

¢t > 0. The equations in (2.21) may be written in the form

d—tg_t) = AU(t) ; U(0) =f, (2:22)

where U(t) = [Uy(2), U (%), ..., Un(t)]T, T denoting transpose, is the vector of
approximations to the solution of the PDE (2.17) at t = ¢, = nf and f is the

vector of initial conditions. The Nth-order tridiagonal matrix A, given by,

-2 1 0

A=h2 : (2.23)
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has real negative eigenvalues [17, 19]
As = —4h 7 %sin’[sm/{2(N +1)}], s=1,2,..., N. (2.24)

"This method of transforming the initial/boundary-value problem (2.17) into
the initial-value problem (2.22) is known as the Method of Lines (see [19, 20]).

The solution of the system of first-order, linear, ordinary differential equa-
tions (2.22) is
U(t) = exp(tA)f, (2.25)

which satisfies the recurrence relation

U(t+4) =exp(lA)U(t) ; t=0,£,2¢,32, .. (2.26)

2.6.2 A Family of Numerical Methods

The development of a family of numerical methods will be based on mak-
ing rational approximations to the matrix exponential term in (2.26). A

commonly used family of approximants is [33]
exp(LA) = [I — 9LA)™ I + (1 — 9)£4], (2.27)

in which 0 € § < 1 is a parameter and I is the identity matrix of order V.

Putting (2.27) in (2.26) leads to the family of methods
(I —-0LA)YU(t+£) =[I+ (1 - 0)LAJU(2) . (2.28)

The three well known methods for solving (2.17) are obtained by setting
6 =0,1and %

21



2.6.2.1 An Explicit Method

Writing 6 = 0 in (2.28) gives
U(t+4) = (I+¢A)U®), (2.29)

which, when applied to the general mesh point (z.,,t,), gives the four-point,

two-time-level explicit scheme

Uptt = pUZ_, + (1 = 2p)UR + pU~_, (2.30)

where p = o M= L,2,..,Nand n =0,1,.., and U? is the fully discrete

solution of {(2.17), (2.18), (2.19)} at the general mesh point. Clearly, U™ is an
approximation to up, = u(Tm, t,), the theoretical solution of {(2.17), (2.18), (2.19)}.
This method is O(h® 4 £) and requires p = £/h? < 1/2 for stability [33].

2.6.2.2 A Fully-Implicit Method

Writing, next, § = 1 in (2.28) gives
(I -2A)U(E+¢) =U(1), o (231

which, when applied to the general mesh point (z,,, %), gives the four-point,

two-time-level, fully implicit scheme
—pUpts + (1 + 2p)URH — pUnH = U, (2.32)

This O(h?+£) method requires the application of a tridiagonal solver at each
time step. Furthermore, it is Lg-stable (and, therefore, does not suffer any

stability restriction) [33].
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2.6.2.3 The Crank-Nicolson Method
Putting 6 = 1 in (2.28) gives the well-known Crank-Nicolson method [19,
33]
(I _ -;-EA) Ut +4) = (1 + %m) U@ (2.33)

which, on application to the general mesh point (z,,,t,), leads to the six-

point, two-time-level, implicit scheme

Y4 D.n D L
"iUr?:ll + (1 +p)Uptt — §Um-—'—l-ll == '2'Ur71—1 +(1-p)Up + §Um+1- (2.34)

X1

This O(h? + £2) method requires r = ¢ < —;)& for stability for problems

h
with discontinuities between initial and boundary conditions.

In summary, the best method (in terms of stability) associated with the
use of (2.27) in (2.26) is the fully-implicit method (arising from using § = 1
in (2.27). Although the fully implicit method has superb stability property
(due to its Lo-stable nature), it is only first-order accurate in time. Thus,
there is a clear need to design Ly-stable numerical schemes for solving PDEs

to higher-order of accuracy.

2.6.3 Padé Approximation

In order to achieve higher-order accuracy in time and desirable stability
properties (Lg-stability), Padé approximants [15, 30, 37, 43] are often used

to approximate the exponential in (2.26).

A Padé approximation, R,,;(Z), to an analytic funtion f (Z) in a region

of the complex plane containing the origin Z = 0 is given by

Rpi(Z) = gz((zz)), (2.35)

where P;(Z) and Qm (Z) are polynomials in Z of degrees k and m respectively

having leading coefficients unity, and k, m are non-negative integers [37]. For
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each pair of m and k, Px(Z) and Q,,(Z) are those polynomials for which the
Taylor series expansions of Ry, x(Z) about the origin agrees with the Taylor
series of f(Z) for as many terms as possible [37].

Because the higher order Padés have complex poles, their use in approx-
imating matrix exponentials enable the solution of the associated models
to be computed in parallel (using complex arithmetic) via a partial-fraction
splitting technique [15, 17].

In particular, the explicit method (6 = 0 in (2.28)), fully-implicit method
(0 =11in (2.28)) and Crank-Nicolson method (8 = 1/2 in (2.28)) correspond
to the (0,1), (1,0) and (1,1) Padé approximations to exp(¢A) in (2.26) re-

spectively.

2.6.4 Ay- and L,-Stability

The methods discussed earlier using MOL are of the form

U(t +£) = RUA)U (1), (2.36)

where R({A) is known as the amplification matriz. For example, the ampli-
fication matrices for the explicit, fully-implicit and Crank-Nicolson methods

are (I +£A), (I —£A)~! and (I - %ZA)“l(I + %EA) respectively.

Definition: If U(t + £) = R((A)U(t), where A is a symmetric matrix of
order N with negative, real eigenvalues (), s =1, 2,.. .), then the resulting

numerical method is said to be Ag-stable if
|R(£A)| < 1or|R(¢A,)| < lor|R(-2)| <1, (2.37)

where R(£A) or R(—2,) is the amplification symbol of the numerical method
and —z, = —£), > 0 [19, 33].

24



Definition: An Aj-stable method for which, additionally,

lim R(-z) =0, (2.38)

Z—00

is called an Lg-stable method.

An Lo-stable method has the advantage of damping all components of

the numerical solution to zero as t — co. For the Crank-Nicolson method,

for instance,

1— =2
R(-z) = —2-, (2.39)
1+ -2-2’
so that,
1
1—-=2
|R(-2)| = |—2-| < 1. (2.40)
1 + §Z
Thus, the Crank-Nicolson method is Ag-stable. However, because
1
1-— 52
Lim R(-2) = lim T =-1#0, (2.41)
1+ :—Z-Z

the Crank-Nicolson method is not Lq-stable.

It is easy to show that the fully-implicit scheme (2.32) is Lg-stable. Gen-
erally, an important property of a sub-diagonal (m, k) Padé approximation,
where m > k, is that it leads to Lo-stability. Thus, all frequency compo-
nents and instabilities are not propagated from one step to the next. When
m = k (diagonal Padé approximation), on the other hand, the corresponding

numerical method is only Ag-stable.

2.6.5 Local Truncation Errors

The local truncation error of a finite-difference scheme at a mesh point
(mh,nf) is the difference between the finite-difference scheme and the dif-

ferential equation it is replacing. The difference between the theoretical
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solution of the differential and difference equations is called the local dis-
cretization error and is represented at the mesh point (mh,nf) by u® — Un
where up, = u(mh,nf) is the theoretical solution of the partial differential

equation.

A difference equation is said to be consistent if the local truncation error
tends to zero as the mesh is refined. That is, as h,¢ — 0 simultaneously.
Consider, by way of example, the general finite-difference method arising

from the family (2.28). It can be seen that the method takes the form

Un+1 —_yn 0 . ) .
T = hB(URY, - U5 + URE) + (L= O) (U, — 207 + Up.y)]
(2.42)
0
from which it follows that the left hand side approximates ou while the right

ot
52
hand side gives a weighted approximation to 7% Thelocal truncation error

oz?’
of (2.42) is given by
u(z,t + £) — u(z,t)

L{z,t) = 7
_0{u(z —ht+0) - 2u(z,t+0) +u(z + h,t + £)}
12
(1 - 6){u(z — h,t) — 2ulz, ) + u(z + h, 1)} (2.43)
- - h2 .
L@
ot  0z2’
The Taylor series expansion of (2.43) about u(z,t) leads to
1 0% %y O3y
=(——p22 " — =+ . 4
L(z,1t) ( 12h 5 T Cyl 5z ) T Cyi1l 55 (2.44)
1 1 8 ou %
v;ilere C’qaj Co = 56—3 f and gzﬁ_l =(C3 = 5§ o Note that, 5 = 32 =
U U U u : .
58 = 95751 and B = 5a2oE The term in the parentheses in (2.44)
is called the principal part of the local truncation error. The component
1 4
—Ehzgﬁ— is due to the space discretization and the use of (2.20) in (2.17).

This term will always appear in the principal part of the local truncation

error of every method arising from (2.28) in which 0 < 6 < 1.
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The term C, in (2.44) is the time error constant of the method. For the
explicit scheme (2.30), 6 is set to zero giving the time error constant Cy = 3
while for the fully implicit scheme (2.32) § = 1 giving C, = —3; thus the two
methods are both first-order accurate in time. As for the Crank-Nicolson
method (2.34), § = 1 causing C; to vanish and the time error constant
is consequently given by C3 = {5 . Thus, the Crank-Nicolson method is
second-order accurate in time and therefore more accurate. From (2.44), it
can easily be seen that L(z,t) — 0 as h, £ — 0 simultaneously. Therefore,
every finite difference method arising from (2.28) with 0 < 6 < 1 is consistent

with the partial differential equation (2.17).
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Chapter 3

Generalized Nagumo reaction-diffusion equa-
tion

Reaction-diffusion equations are known to feature in the mathematical mod-
eling of many real-life phenomena such as celestial mechanics, electric im-
pulses along nerve axon, population biology etc [7]. For example, the well-
known Nagumo reaction-diffusion equation, which has applications in nerve

conduction, is given by
Uy = u(u - CL)(]. - u) T Ugg. (3'1)

The Nagumo equation is a simplification of the Hodgkin-Huxley equation for
nerve conduction [7]. Reaction-diffusion models generally involve non-linear
reaction terms, making them difficult to be solved analytically. Thus, there

is a need to construct competitive numerical methods for their solutions.

We consider a generalized version of the model in (3.1) 1nvolv1ng control

parameters ¢, § and D given by

%?— = DgZZ + cu — Bud. (3.2)
Since it is well-known that for the reaction-diffusion problems such as (3.2),
the numerical treatment of the reaction terms is crucial in the long term
dynamics of the solution (see [34]), the diffusion-free equivalent of (3.2) (ob-

tained by setting D = 0 in (3.2)) is studied in detail below.
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3.1 The Diffusion-free Case
3.1.1 Dynamical Analysis
Consider, first of all, the diffusion-free case

z—z = aqu — fud. (3.3)

‘The aim here is to carry out a detailed qualitative analysis of the equilibrium
solutions of (3.3). The equilibria of (3.3) are obtained by setting its right
hand side (RHS) to zero. That is, the equilibria of system (3.3) satisfy

ou — Bud = 0. (3.4)

This yields one trivial equilibrium ug = 0 and two non-trivial equilibria

ut = £y/a/B (for ¢/F > 0). The Jacobian of the RHS of (3.3) is given by
J(u) = a — 36u2 (3.5)

Bifurcation occurs when J(u*) = 0, where u* denotes any of the equilibrium

point. Substituting u* = 0 into the Jacobian gives
Jw) =a. (3.6)

Thus, the only eigenvalue associated with u* = 0is A = . It equals zero

only when o = 0. Note that when o =0,

dA
—=1#0. (3.7)

Based on the bifurcation theory discussed in subsection 2.3.3, it follows that
« = (0 is the only bifurcation point for the equilibrium point u* = 0. Similarly,
substituting the equilibrium points u+ = +/a/B into the Jacobian (3.5)
gives J(ux) = —20. The eigenvalue A = —2a is zero if and only if o = 0.

Here,
d\

o o= =2 0. (38)
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Consequently, bifurcation only occurs when o = 0. Clearly, J (0) = « in-
dicates that the trivial solution ug = 0 is locally-asymptotically stable (un-
stable) when o < 0(> 0), and J(u+) = —2¢ indicates that u+ are locally-
asymptotically stable (unstable) when o > 0(< 0). The bifurcation diagram
is depicted in Figure 3.1, where a solid line represents a stable solution while
the dotted line indicates an unstable solution. It is clear from Figure 3.1
that for values of o € (—o0, 0), the trivial equilibrium point ug = 0 is stable.
However, the moment « crosses zero (the bifurcation point), two new stable
equilibrium points u+ = :i:\/ETﬂ_ are formed (and uo loses its stability). This
type of bifurcation is called supercritical pitchfork bifurcation (see [1, 38]).

In addition to establishing the local stability of the equilibria of (3.3), I offer

A
u
u+,u—
stable
u=0 unstable _
X
stable 0

Figure. 3.1 The Diagram of Bifurcation

the following results on the global dynamics of the equilibria of (3.3).

Theorem 3.1: The equilibrium u* = 0 is globally-asymptotically stable if
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a<0,8>0.

Proof: We have shown above that the equilibrium solutions u+ = +y/a/B
are locally unstable for @ < 0. For the equilibrium solution u* = 0, we

construct the following Lyapunov function
L(u) = v (3.9)

It is easy to see that L(u) > L(u*) =0, u # 0, and
dL(u) dL(u)du _
dt  du dt

Thus, L(u) is a Lyapunov function for the equilibrium solution u* = 0.

2(cw® — Bu) <0, if o < 0,8>0, and u 0. (3.10)

This means that u* = 0 is globally asympotically stable when o < 0,8 > 0.
Consequently, all solution trajectories will be attracted to u* = 0 when o < 0

and § > 0. For the case o < 0 and 8 < 0, I offer the following theorem.

Theorem 3.2: The equilibrium u* = 0 is globally-asymptotically stable on

the interval u® € (—\/a/ﬁ,\/a/ﬂ) fa<0,8<0.

Proof: Using the same Lyapunov function for the equilibrium point u = 0,
it is easy to verify that when u? < /8
dL(u) _ dL(u)du _
dt du dt
whenever @ < 0 and 8 < 0. These theoretical results are summarized in
Table 3.1.

2u(ou — fu’) = 2u’(a — Bu?) < 0, u#0, (3.11)

Table 3.1 : Stability of the equilibria of the Diffusion-free Model

o B | Equilibrium points Stability

<0|>0 0 globally-asymptotically stable
>0|<0 0 unstable

<0|<0 0,%4/a/B ++/a/f unstable, 0 stable when u® < §
>01>0 0,+y/e/B 0 unstable, 1/c/8 stable
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3.1.2 Numerical Methods

Having determined the qualitative features of the diffusion-free model
(Figure 3.1 and Table 3.1), the task ahead is to construct discrete models,
for solving (3.3), having the same stability properties (as the model (3.3)).
An important fact to consider whilst designing these discrete schemes is that
they must satisfy the "positivity” property of the original (nerve conduction)
model. Clearly, such a model requires the dependent variable (u) and the
parameters (e, 3, D) to be non-negative. Schemes that fail to preserve the
positivity properties of the model generally tend to induce scheme-dependent
(contrived) numerical instabilities (such as chaos, bifurcations, spurious zeros
etc) [4,5,6,7,8,9).

The development of numerical methods is based on approximating the

derivative in (3.3) by its first-order forward-difference approximation given
by
du _ u(t+4£) —u(t)
dt ¢
where £ > 0 is an increment in time (time-step). The interval ¢ > 0 is dis-

+0(), (3.12)

cretized in the usual way at the points t, = nl (n =0,1,2,....). The solution
obtained by a numerical method at the point #, will be denoted by U,,. Dif-
ferent numerical schemes are constructed depending on the approximations

for the reaction terms on the right hand side of equation (3.3).

Method 1

For comparison purposes, the traditional explicit forward Euler method
for solving (3.3), obtained by approximating the reaction term in (3.3) at the

base time level ¢,, is presented. It is given by:

Un+l - Un

7 = al, — BU3, (3.13)
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so that,
Uni1 = Uy + £(aU, — BU,%). (3.14)

The associated local truncation error of Method 1, denoted by L{V[u(t), 4], is
obtained from (3.14). It is given by:

LPu(t), €] = ult + £) — u(t) — olu(t) + lBu(t)?, (3.15)
from which it follows (using Taylor series expansion of u(t + £) about £),

LO[u(t), 4 = (%u) 2400, (3.16)

Since the principal part of the local truncation error in (3.16) is of order 2,
Method 1 is first-order accurate (note that prime represents differentiation

with respect to t).

Note that Method 1 (given by (3.14)) has a negative term (—8(U,)%) on
its RHS. This clearly imply that Method 1 fails to preserve the ”positivity”
property of the model (3.3). Because of such failure to satisfy the ” positivity”
property of the model, standard schemes (such as Method 1 and Runge-Kutta
methods) generally tend to induce scheme-dependent instability when certain
parameter values and step-sizes are used. Such instabilities include contrived
oscillations, bifurcations, chaos or convergence to spurious (false) steady-
state (see [19]). If a numerical scheme is unstable, a small change in the
initial condition may lead to chaos or overflow. To circumvent such contrived

numerical instabilities, the following new robust scheme is proposed.

Method 2: Non-standard finite-difference method

The aim is to construct a numerical scheme that satisfies the ” positivity

property” of the model. To do so, the derivative in (3.3) is also approximated
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using forward-difference and the reaction terms are approximated as follows:

Un+1 - Un

7 = a(2U, = Uny1) = BUR2Upo1, (3.17)

so that

(420U,

T 14+l + BUE
Note that in order to preserve the positivity property of the model, the

n+1 (318)

following "tricks” have been used:

(i) the linear term, cu, in (3.3) is approximated using a non-local implicit

discretization namely: au — (20U, — U,y1).
(ii) the cubic term in (3.3) is approximated as follows: —fu® = —B(U,)2Upn4.:.

These two approximations ensure that all the U, terms in the RHS of (3.17)
are negative; and consequently, become positive when taken to the left to
solve for Uy explicitly (3.18). Clearly, equation (3.18) shows that the novel
non-standard method (Method 2) satisfies the positivity requirement of the
model if @ > 0 and 8 > 0 (since no negative term exists on the RHS of (3.18)).
That is to say, using any initial condition U(0) > 0, the solution generated
using Method 2 will remain positive. For many real-life systems, such as
the model of nerve conduction (3.3), population dynamics or concentration
densities, the dependent variables must be non-negative. Consequently, non-
negative initial and boundary data evolve into non-negative solutions at later
times (using Method 2). Mickens [25] showed that any discrete model that
admits negative terms will exhibit scheme-dependent numerical instabilities.

Similary, the associated local truncation error of this method is obtained

from (3.18), and is given by

LPu(t),q = (%u" + ou' + ﬁuzu'> 2+ 0. (3.19)

Thus, Method 2 is also first-order accurate.

34



Method 3: Second-order finite-difference method

The aim here is to design a finite-difference scheme with similar stability
properties as Method 2, but of second-order accuracy. A new technique,
based on using linear combinations of first-order method, is proposed as

follows. Consider the following numerical schemes for solving (3.3):

MA : Un+1 - Un + E[aUn+1 - ,B(Un)3], (320)
Mp : Uny1=Up + E[aUn - ,B(Un)2Un+1]7
Mg : Uny1 = Up + £laU, — B(U,)3)].

The associated local truncation errors of these schemes are, respectively,

Ly: ($u"—ow) 2 +0(8), (3.21)
Lp: (%u” + ﬂuzu’) 22+ 0(£3),
Lc: (3u") & + o).

Thus, these three methods are all first-order accurate. It can be seen that

the linear combination

1
Leomp = 'Z'{LA +3Lp — 2LC’]7 (322)
gives
1
Lcomb = 5 [U” - au + 3,371/2“’] EQ -+ 0(53) (323)

Differentiating the differential equation in (3.3) reveals that the coefficient of
£ in (3.23) vanishes. Thus,

Lcomb = 0(53) (324)

This implies that a novel second-order finite-difference method for solv-

ing (3.3) can be constructed by taking the linear combination s(My+3Mp~
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2M¢) and is given by

[L+ ol + 384U, )% U™
T+ L36(Tn)? ~ o

Upir = (3.25)

This method is denoted as Method 3. Note that, like the Euler method
(Method 1), this method has a negative term (—1af) on its RHS.

3.1.3 Stability Analyses of the Numerical Methods

The aim here is to investigate the stability properties of the three nu-
merical methods constructed in subsection 3.1.2. In particular, we want to
determine which of the methods has exactly the same stability properties as
the original continuous model (3.3) (depicted in Figure 3.1 and Table 3.1).

The numerical methods constructed in subsection 3.1.2 are of the form
Up1 =9(Un); n=0,1,2, ..., (3.26)

where g(U,) represents the RHS of the numerical method. To analyse the
fixed points of a numerical method, the associated equation U = g(U) is now
considered. In line with the Fixed Point Theorem [10], a fixed point U* of
a numerical method is said to be stable if |¢'(U*)| < 1 and to be unstable

otherwise.

Stability of Method 1

It can be seem from (3.14) that the fixed points of Method 1 are U* =0
and U+ = i\/%‘. For this method, g(U) = U + £(aU — SU?). Thus,

g(U) =1+ at — 30803, (3.27)

so that ¢'(0) = 1+ of. Using the stability criterion above, it is clear that
the fixed point U* = 0 is locally-asymptotically stable if and only if —2 <
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af < 0. Similarly, ¢'(U+) = 1 — 2af. Thus, the fixed points U=+ are stable
if 0 < af < 1. Clearly, it follows that for values of e, ¢ outside the interval
—2 < of < 1, this method (Method 1) will not converge to any of the fixed
points (U* = 0 or U% = :}:\/g) Thus, the method will fail (diverge or

overflow) in these cases.

Stability of Method 2

This method has the same fixed points as Method 1. From (3.18)

(1+2a)U
= 2
9U) = T s (3.28)
so that
, (1+2af) 2(1 + 2a) p2U?
= — . 3.29
U = s xalt BLU7)? (3.29)
At the fixed point U* = 0, .
, 1+2af
= . 3.
19’ (0)] Il+a€ >1 for af >0 (3.30)

Thus, U* = 0 is locally-asymptotically stable for o/ < 0 and unstable for
af > 0. At the fixed points U+ = +4/(a/ ),

g (ﬂ: (Ot/ﬂ))' = ’ !

14204
This implies that the fixed points U+ = i\/% are always locally-asymptotically

stable provided o/ > 0. Since the time step, ¢, is always postive, it follows

<1 for ol > 0. (3.31)

that Method 2 is unconditonally stable for o > 0.

Stability of Method 3

Here, too, the fixed points are the same as the original diffusion-free
Nagumo equation. And, from (3.25),

o) = (14 ol + LBUAU
1+ 243802 — o]

(3.32)
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Thus,
al+2+38U°%  6AU(2 + ol + BLU?)

"U) = 3.33
() 2 +4(38U2 - @) 2+ £(38U2% — a)]? (3:33)
At the fixed point U* =0,
, 24 af
= .34
1g'(0)] l2_ag>1for al >0, (3.34)

so that U* = 0 is locally-asymptotically stable for o/ < 0 and unstable for
af > 0. At the fixed points U+ = +,/a/8,

g’(:i: a/ﬂ)tzll-—aﬁ

1 f . 3.35
1+a£< or e >0 (3.35)

Thus, Method 3 is also unconditionally stable (to U4) for o¢ > 0. In conclu-
sion, the two new finite-difference methods (Method 2 and Method 3) I have
constructed are both unconditionally-convergent for all values of the model

parameters and step size.

3.1.4 Numerical Experiments

To verify the convergence properties of the methods constructed in section
3.1.2, numerous simulations are carried out to solve the model usihg various

initial and parameter values as follows:

3.1.4.1 Effect of Time-step /£

The effect of time-step was monitored by carrying out numerous simu-
lations for each method using @ = 1, 8 = 1 and different values of £ with
Up = 0.5. RK4 simulations were also carried out for further comparisons.
The result obtained, tabulated in Table 2, clearly confirm the unconditional-
stability property of Method 2 and Method 3. Figures 3.2, 3.3, 3.4 and 3.5
depict the solution profile generated using Method 1, Rk4, Method 2 and
Method 3 respectively for o = 8 =1, Uy = 0.5. For these values of & and B,
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the correct steady-state solutions are U+ = +/a/f = +1. It was observed
that while Method 1 gave profiles that show contrived oscillations (Figure
3.2), the RK4 method converged to false steady state U* = 0.82 (Figure 3.3).
Since values of U < 0 are biologically meaningless for the real-life model be-
ing considered, it follows from Figure 3.5 and Table 3.2 that the second-order
unconditionally-stable scheme (Method §) converges to a biologically unreal-
istic (albeit theoretically correct) steady state U* = —/a/8 = —1 < 0 for
certain initial conditions and step sizes. Method 2, on the other hand, always
gave solution profiles that converged to the correct and biologically realistic
steady state U* = 1.0 (see Figure 3.4 and Table 3.2). The Euler method
(Method 1), like the RK4 method, also converged to spurious solutions for
certain values of o and f (see Figure 3.6). Figure 3.7 shows the case where

the RK4 method exhibits chaotic dynamics.

Further additional simulations with various combinations of «, 3, £ and
U® were carried out. In all these simulations, unlike the other three meth-
ods, Method 2 gave solution profiles that always converged to the correct
(biologically meaningful) steady’ state U+ = \/;/_B for « > 0. In other
words, Method 2 (although only first-order accurate) has the same stability
properties as the original population model (3.3) (in the biologically-feasible

range).
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Table 3.2 : Effect of time step,{, usinga =1,8=1 and U, = 0.5

Notation:

£ | Method 1 | Method 2| Method 3 RK)
0.05 c—1 c—1 c—1 c—1
0.5 c—1 c—1 c—1 c—1
1.0 chaos c—1 c—1 c—1
1.5 chaos c—>1 |oscc—1]|c— 0.82
10 | overflow c—1 ¢ — —1 | overflow
1000 | overflow c—1 ¢ — —1 | overflow

(i) "¢ — +1” means monotonic convergence to U* = =+1.

(ii) ”osc ¢ — £1” means oscillatory convergence to U* = +1.
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Figure 3.2 Profile of U using Method 1 with o =1,8=1,Uy =0.5 and £ = 1.5
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Figure 3.3 Profile of U using RK4 method with o =1, =1,Uy =0.5and £ = 1.5

41



2
19 ¢
18
1.7 +
18
1.5
14+
13 F
12
11 F

1k
09
0.8 H
0.7
0.6
05
04 ¢
03+
02 p
01
0

1. 1 1
0 50 100 150 200
Time-step |

Figure 3.4 Profile of U using Method 2 with ¢ =1, =1,Uy = 0.5 and £ = 1.5
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Figure 3.5 Profile of U using Method 8 with =1, =1,U; = 0.5 and £ = 10

3.1.4.2 Effect of Initial-condition (U;)

The effect of initial value Uy was monitored by carrying out numerous

simulations using different set of parameter values namely oo = 2 and g = 1/2.
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Various values of Uy are then used in the simulations with ¢ = 1.0. These
simulations are important because methods (or models) that exhibit great
sensitivity to initial data are often associated with chaotic dynamics [1]. The
results obtained are depicted in Table 3.3. It is clear from Table 3.3, that
for negative initial values (although biologically unrealistic), Method 2 and
—/Ja/B = =2.
Similarly, for all positive initial values, the two methods converged to U+ =
WE = 2. This confirms that the fixed points, U+ = :EW , are locally-
asymptotically stable. For large initial conditions (in magnitude), Table

Method 3 gave solution profiles that converged to U— =

3.3 shows that the RK4 and Euler methods fail (diverge). It is also worth
mentioning that when £ is large (e.g. £ = 10), with positive initial conditions,
Method 3 converges to the biologically unrealistic fixed point U~ = —2.
Method 2, on the other hand, always gave profiles that converge to U+ = 2
forall £ > 0 and Uy > 0. These results confirm the superior stability property
of Method 2 over the other methods.

Table 3.3 : Effect of Uy using a =2,8=1/2 and £=1.0

Up | Method 1 | Method 2 | Method 8| RKJ
-10 | overflow | ¢ = -2 | ¢ — -2 | overflow
20| ¢c—>2 c—=-2 | ¢c—>-2 |c— -2
05l c—=»-2|c—=-2|c>-2|c—-2
05| c—2 c—2 c—2 c—2
20 ¢c—» -2 c—2 c—2 c—2
10 | overflow c—2 c—2 | overflow

3.1.4.3 Effect of o

'To monitor the effect of the parameter o on the various numerical meth-
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ods, we simulated the four methods using £ = 0.5, Uy = 0.5 and 8 = 1.0. The
results generated by the methods are compared in Table 3.4 below. These

results also confirm the robustness of Method 2 over all the other methods.

Table 3.4 : Effect of @ using Uy = 0.5, =1 and £ =0.5

o} Method 1 Method 2 Method 8 RK/Y
c—Ja/f |c—aJa/B| c—=/a/f | c—4/a/B
L5 c—=y/a/f |c—o/a/| c—o/a/f |c—4/a/B
2 loscc—=Ja/flc—y/a/f| c—Ja/B |c—4/a/B
4 overflow c —y/a/B | osc c = 1/a/B | oscillation
5 overflow c—=Ja/f| c—= —/a/p chaos
10 overflow ¢ —/a/B | oscc —4/a/B | overflow
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Figure 3.6 Profile of U using Method 1 witha=2,8=1,U; = 0.5 and £=0.5
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3.2.1 Numerical Methods

In this section, a new finite-difference scheme is constructed for the full
Nagumo reaction-diffusion model (3.36) (« > 0,8 > 0, D > 0). The interval
0 < z £ L is divided into N + 1 subintervals each of width h, so that
(N + 1)h = L. The notation U" is used to express the solutions of the

numerical method at the point (t,, zn).

3.2.1.1 Standard Explicit Method (Method A)

A standard explicit scheme for solving (3.36) can be constructed by ap-
proximating the diffusion term in (3.36) with its explicit central-difference
approximation (CDA) given by

%y ~ Up_1 =203 +UR
012 h? ’
and the diffusion-free part by the forward-Euler method (Method 1). This

(3.37)

gives

Unt' ~Un _ Uy —2Us+Un

14 h?

=+ aly, - B(UR)° (3.38)
Thus,
Uptt = (1+af— BLUL)? — 2DP)US + DPU,, + DPU™_,,  (3.39)

with P = £/h® As will be shown in the simulations section, this standard
scheme fails when certain discretization or model parameters are used in the

simulation. An alternative (more robust) scheme is constructed below.

3.2.1.2 Implicit Method (Method B)
52
Here, 8_:;26 is approximated using the implicit CDA given by
OPu  Upti =20t + Uphl
ox2 "~ h? ’

(3.40)
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and the diffusion-free part is approximated by Method 2. This gives

Us = Un _ Usth —2Uz + Unid
; h?
+ a(2UT — U™ — BUR )2, 3.41
m m m m

so that
—DPUZ ~ DPURT, + 140+ BL(UR)*+2DPIUR = (1+2a)U™. (3.42)

Clearly, Method B requires the application of tri-diagonal solvers at every

time-step.

3.2.2 Stability Analysis

In order to gain some insights into the stability of Method B (Method A
can be analyzed in a similar manner), the matrix method of stability analysis
(see [19, 34, 37]) is employed. Note, first of all, that the von Neumann
stability analysis is not feasible here since it only applies to linear, constant

coefficient, finite-difference approximations.

Method B can be written in matrix-vector form as:
ArU™t = BUR, (3.43)

where A" is a tri-diagonal matrix given by,

d» ~DP 0 0
-Dp d} -DP
an_| 0 -DP d, -DP | (3.44)
0
-DP d* -DP
0 .. 0 -DP d |
with
Ay, =1+l +BLUR)?+2DP; m=1,2,...,N. (3.45)
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In (3.43), B is an N-dimensional vector given by

B=[1+204,1+2a4,...,1+ 20,1+ 2, (3.46)

and
Ut =[Up,...,Us_,, UYT. (3.47)

‘The matrix method requires (see [36))
I(4")7"Bl|s < 1 (3.48)

for stability (with S denoting the spectral norm). And this localized condi-
tion must be satisfied at every time step. The inverse matrix (A™)~! can be
determined using, for instance, NAG (Numerical Algorithm Group) routine
FO1ACF, following which its spectral norm may be calcuated using NAG
routine F024FF.

3.2.3 Numerical Simulations

For simulation purposes, the numerical methods (Method A and Method
B) are used to solve (3.36) subject to the boundary conditions u(—1,t) =

u(1,?) = 0 and initial conditions u(z,0) = f(z) = sin(nz).

3.2.3.1 Effect of Step-size ¢

In order to monitor the effect of £ on the convergence properties of the
two methods, the methods were simulated using o = 8= D = 1, h = 0.05,
with various values of £. The results, tabulated in Table 5.5, show that whilst
Method A suffers from scheme-dependent instability (it fails for certain values
of £), the novel Method B always gave solution profiles that monotonically

converge to the correct steady state solution (U = 0).
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3.2.3.2 Effect of Diffusion Coefficient D

In these simulations, the parameters o and 8 were assigned the value
unity. The results generated by the two methods, using £ = 0.001, A = 0.05,
and various values of D, are shown in Table 5.6. This table, like Table 5.5,
confirms the roubustness of Method B over Method A. Figures 3.9, 3.10, 3.11
and 3.12 depict the solution profiles generated using Method B at t = 0.5 for
various values of D. The profiles of U at various times are depicted in Figure

3.13.

Additional numerical experiments, with numerous combinations of pa-
rameter values, further confirm the superior stability property of Method
B. These findings are consistent with the fact that implicit methods, such
as Method B, are more suitable for solving non-linear problems as against

explicit ones (e.g. Method A).

It should be mentioned that when D = 0 (the diffusion-free case), Method
A and Method B behave like Method 1 and Method 2 as expected.

Table 5.5 : Effect of diffusion coefficient D with ¢ = 0.001

Method A Method B

overflow | convergence

D
1 | convergence | convergence
2
)

overflow | convergence

10 overflow | convergence

100 | overflow | convergence
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Table 5.6 : Effect of time-step £ with D =1

¢ Method A Method B

0.001 | convergence | convergence

0.01 overflow | convergence
0.1 overflow | convergence
1 overflow convergence
10 overflow | convergence

L 1
-1 -0.5 0 0.5 1
X

Figure 3.9 Profile of U at ¢t = 0.5 using Method B with o = 1,8 =1 and D = 0.
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Figure 3.10 Profile of U at ¢t = 0.5 using Method B with o = 1,6=1and D =1.
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Figure 3.11 Profile of U at ¢ = 0.5 using Method B with o = 1,6=1and D = 2.
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Figure 3.12 Profile of U at ¢ = 0.5 using Method B with @ =1, =1 and D = 5.

Figure 3.13 Profiles of U using Method B with « = 2,8 =2 and D = 1.



Chapter 4

European Option Pricing Model

4.1 Background

As financial markets have become more sophisticated, more complex con-
tracts than simple buy/sell trades have been introduced. Financial deriva-
tives (such as options) can give investors of all kinds a great range of oppor-
tunities to tailor their dealings to their investment needs [39]. Option prices
generally respond in an exaggerated way to changes in the underlying asset
price and they depend on many factors, such as asset price, ’randomness’ of
the asset price (volatility) and interest rate [18]. Option pricing is considered
to be among the most complex problems in mathematical finance because

they need intensive application of stochastic calculus.

Since the introduction of the Black-Scholes model in 1973 [5], option
pricing has received increasing attention from financial institutions. The
Black-Scholes model, which deals with option valuation, can generally be
transformed to the simple heat equation (for which well developed solution
schemes are available) for simple option problems [18]. It should be men-
tioned, however, that it is often difficult to reduce a complex finance model

to simpler forms.

The need for accurate and efficient numerical schemes for use to solve op-
tion pricing problems (so that the option price can be accurately predicted
at a reduced computation cost) cannot be over emphasized. The three most
widely-used numerical techniques in option pricing are Finite-difference, Lat-
tice and Monte Carlo methods. The first two methods usually need more

computations for complicated models [39]. A drawback of the Monte-Carlo
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method is that it cannot be used to price options which are continuously
early-exercisable (the option can be exercised before maturity) [18]. That
is, this method is not suitable for pricing certain types of options such as
American options. Although Lattice methods are perhaps the most popu-
lar numerical methods in computational finance, they are (in fact) simple
explicit finite difference schemes. It has been demonstrated that standard

Lattice methods are not suitable for a number of option pricing problems [39].

Various explicit and implicit schemes were used to solve models of option
pricing [6, 16]. Courtedon [9] developed a second order accurate finite dif-
ference method for valuing options. Recently, Mayo [23] developed a fourth
order method in the log of asset prices to evaluate American options. The
focus of this chapter is, therefore, to develop and implement a new, stable,
second-order, computationally-efficient, finite difference method for solving

the Black-Scholes equation.

4.2. Discretization

In this section, a method based on the use of Padé approximation will
be constructed and used to solve the vanilla European Put option, which is
modelled through the use of the Black-Scholes equation. A put option is the
right to sell the underlying assets (such as stocks) with a fixed price at a
certain time (maturity). Suppose the maturity of the option occurs at time

t =T. Then, the partial differential equation for a Put option is given by [18]

Ou  o025? 0%y Ou
5t 2 am TS5 =0 (1)

subject to the boundary conditions

u(0,t) = Ee~"T—)] (4.2)

51520 u(S,t) =0,
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and the terminal condition
u(S,T) = max(E — S,0), (4.3)

where u is the option price, ¢ is time, ¢ is volatility, S is the asset price, 7 is
the interest rate and E is the strike price. The B-S IBVP (4.1)-(4.3) will be

discretized as follows:

A finite number of different, equally spaced times between the current
time (t = 0) and the maturity of the option, (¢ = T) are chosen. That
is, At = T/N and the total of N + 1 times are considered. Similarly, a
finite number of different, equally spaced stock prices are also chosen. We
suppose that Smax is a stock price which is sufficiently high that, when it
is reached, the put has virtually no value. We define AS = Smax/M and
consider a total of M + 1 stock prices. One of these is assumed to be the
current stock price. Then, by the above discretization, a grid consisting of
a total of (M + 1)(N + 1) points is constructed. The mesh point (3,4) on
the grid is the point that corresponds to time ¢Af and stock price jAS. The

variable u;; is used to denote the value of the option at the (3, j) mesh point.
2
u

Using central difference appfoximation for 5—;- and 357 givén respec-
tively by . _
Ou _ uit] —ult] (4.4)
oS 2A8 '
- - ™
Oty by~ 20 (4.5)

052 AS? ’
the Black-Scholes equation is written in discrete form (using the Method of
Lines) as

dU

—= =AU+ C(). (4.6)

In (4.6), the solution vector U is given by
U” = {u},ul,...,ul,} for n=0,1,..., N. (4.7)
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And C(t) arises from the use of the non-homogenous boundary conditions

in (4.2), it is given by
C(t) = [alu(O’ t)a 0, Yy O]Ta (48)

A is a tridiagonal matrix given by

b]_ Cy 0 0
(15)] b2 Ca
A= 0 |, (4.9)
ay-1 bm-1 cm-1
o --- 0 bM CM
where
2.2
r] 07]
a; = -2- - T, (410)
b; =%+, (4.11)
and
. 2.2
-Tr] 0]

Letting £ = At and h = AS, it can be shown that the solution U(¢) of (4.6)

satisfies the recurrence relation [33]
o,
Ut +£) = U (1) + / eBH-IAC(s)ds, £ =0,6,20,...  (4.13)
t

It should be mentioned that the option pricing model is always associated
with the terminal condition (condition at the maturity (¢ = T')) instead of
the initial condition (¢ = 0). Therefore, in solving the difference equation,
we should do a backward iteration instead of a forward iteration. Thus, by

replacing £ with —£, equation (4.13) is rewritten as
-
Ut — 0) = e AU() + / et-9AC(s)ds, £ =0,£,20,...  (4.14)
t

56



The integral term in (4.14) can be approximated, to second-order, using the

trapezodial rule to give

t—2
/ e(t—t—s)AC(s)ds ~ __g [C(t — 0+ e—fAc(t)] , 1=0,4,2¢,... (4.15)

t

Using (4.15) in (4.14) gives
Ut —¢) =e t4U(t) - g [C(t -4+ e-‘AC(t)] ,t=0,4,2¢,... (4.16)

‘The development of numerical methods for solving the Black-Scholes IBVP,
consisting of equations (4.1)-(4.3), is now based on using appropriate approx-
imation to the exponentials in (4.16). To achieve O(h?+ £2) and Ly-stability,
the (2,0) Padé approximant, given by,

-1
e (I +{A + %ew) + O(%), (4.17)

will be used to approximate e~%4 in (4.16). This gives

?

BU(t—4) = U(t) - -

[BC(t—¢) +C(t)] t=0,¢,2¢,..., (4.18)

where B = (I 4+ {A+ $¢>A?) is a quin-diagonal matrix. Thus, the solution of
the Black-Scholes equation can be obtained using an O(h? + £2) scheme that
involves the application of a quin-diagonal solver (to solve a linear algebraic
system) at each time step. Although the Lg-stable algorithm (4.18) is of
high-order accuracy in comparison to the traditional first-order explicit and
implicit methods (based on (0, 1) and (1, 0) Padé approximants respectively),
its sequential implementation may incur substantial computation costs (re-
quire the use of quin-diagonal solvers at each time step) and storage. A

technique for circumventing this drawback is discussed in section 4.4.
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4.3 Transformation to Simple Heat Equation

The PDE in (4.1) is a reaction-diffusion-convection equation with non-

constant coefficients. Furthermore, the equation is clearly in ”backward”

form, with final data given at ¢t = T.

The first thing to do is to get rid of S and S? in du/8S and 8%u/0S5? re-

spectively. At the same time, we seek to convert the equation to a ”forward”

form. Using the transformation [39]

S=Fe, t=T~ ;7—;— and u(s,t) = Fg(z, 1),
P
it can be shown that (4.1) becomes

o9 _ 82g

ar  oa? (kl_l)_"klg

where k, = r/%0%. Furthermore, the initial conditions become
9(z,0) = max(1 — €,0).
For some constants o and 8 (to be found), let
g = e*hFy(z, 7).

Substituting (4.22) into (4.20) gives
ov v v

v
By + o = oy + 2 ——+—+(k D(ow + 7= — k).

or 0z 0z? Oz

'The v term in (4.23) is eliminated by choosing
ﬂ=a2+(k1—1)01—k1.
It can be seen that the choice

0=2£¥+(k1—-1)

eliminates the v/0z term as well. These equations for o and 3 give

o= -3k ~1), B= (b + 1)

o8

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)



We then have

g(z,7) = ez —i 4 DPry (1) (4.27)
where,
0 o?
%:5:—5 for —0o<z<o00,7>0, (4.28)
with,
v(z,0) = vp(z) = max [e%(kl—l):v — exlki+le 0] . (4.29)

Thus, the change of variables

S=FEe, t=T— :—2, u(S,t) = Eg(z,T), (4.30)
2
with
2
g(a:, 7—) — e“%(k1—l)m—};(k1+l)27,u(m’ 7_), kl — 5__72_:, (431)

transforms the Black-Scholes model into the following IBVP for the European

Put option
dv %
— = 4.32
or 012 , ( )
subject to the initial and boundary conditions
v(z,0) = max(ezt1-1z _ i+l () (4.33)

lim v(z, 1) = ezt -Da+ikai-1)r
zr—c0

lim v(z,7) = 0.

It is, of course, easier to solve the diffusion equation (4.32) than the original
Black-Scholes equation (4.1). In other words, it is easier to numerically
solve the simple heat equation and then, by change of variables, convert the
solutions into those of the Black-Scholes model. It should be mentioned,
however, that for complicated finance models, particularly the multi-factor

models, it is not always feasible to reduce the problem to that of solving a
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constant coefficient diffusion equation. In such cases, there is little choice
but to design schemes for the generalized (full) Black-Scholes model. This
is the main reason for our elaboration on the more general non-transformed

case in Section 4.2.

A popular finite-difference method for solving PDEs such as (4.1) is the
Crank-Nicholson method [2] which is based on the use of the diagonal (1,1)
Padé approximant in (4.16). This scheme, although second-order in space
and time, is only Ag-stable. Thus, it is unsuited for use to solve problems with
time-dependent boundary conditions or problems in which discontinuities
exist between initial and boundary conditions (such as in the Black-Scholes

model).

To circumvent these drawbacks, Lo-stable methods are used (see [19, 33]
on the superiority of Lo-stable methods over Ag-stable ones). Therefore,
a balance of accuracy, stability and available computing resources dictated
my selection of the subdiagonal (2,0) Padé approximant for use in (4.16)
to solve the option pricing problem. It is easy to show that the method I
constructed, resulting from the use of the (2,0) Padé approximant in (4.16),
is O(h? + ¢%) and Lg-stable. Thus, the new method will be expectéd to have

better stability properties in comparison to the Ag-stable Crank-Nicholson

method.

As discussed earlier, the Method of Lines reduces the partial differential
equation (4.32) with the non-homogenous boundary conditions (4.33) into a

system of the form

Y= AV Clr) (4.34)
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where, now,

-2p p 0 0
p —2p p
A = oo 0 |, (4.35)
p —2p p

with p = 1/h? Cy(r) = [pv(0,7),0,---,0]T and V* = {v],v},...,v%}.
Similarly, a grid consisting of a total of (M +1)(N+1) points is constructed. If
we denote £, h as the time step in 7 and the space step in z respectively, where
0<7<T and Tpin < T < Tpax, then M x =T and N X h = ZTpax — Trnin-
Note that the terminal condition ¢ = T is now transformed into the initial

condition 7 = 0. Thus, the solution vector V(7) satisfies the recurrence

relation

T+
V(r+£) = 4V (r) + / e H-RA G, (k) dk. (4.36)

T

The integral in (4.36) is approximated using the trapezoidal rule to get
Vir+0=eAV) 1[G+ +eham]. (437
Using the (2,0) Padé approxima’tion to et gives
BIV(r+8) = V(r) + & [BCx(r +£) + Ca(r)] (4.38)

where By =1 —{A; + %22A%. Like the method in Section 4.2, a quin-diagonal

solver is needed to implement (4.38) at every time step.

4.4. Parallel Implementation

As mentioned above, the sequential implementation of the methods based
on the (2,0) Padé approximation require the use of quin-diagonal solvers.
This is, of course, computationally demanding. The situation becomes worse

if we use higher order Padé approximations (such as the (3,0) or the (4,0)
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Padé approximants). An alternative method is to employ parallel compution.
With the rapid development of computer technology, parallel computing
provides a mechanism for solving computational-intensive problems such as
those associated with computational finance. Note that (4.38) can be re-
written as
1 -1
Vir+6) = (1 — A, + 55%4%) V(r) (4.39)
+ g [C(T +4) + (I — LA + -;-ezAf)_l C(T)] :

The above equation can be expressed in partial-fraction splitting form as:

Vr+8 = [kl =)™ + k(I —rafd) ] V(7) (4.40)
-

£
[k)]_([ - 7‘1€A1)_1 -+ kg([ - 7'2-6141)_1] C(T) + EC(T + g)
where 7y = 7 = 3(1+1) and ky = k» = (1 — i) are complex constants.
Then, V(7 + £) may now be obtained in parallel as follows:

Processor 1: (I —rilA)wy =k V(1) (4.41)
(I - TzeAl)Wz = kQV(T)

Processor 2: (I —r¢A))z; =k C(1)
(I - ngAl)Zz = k2C(T)

I
V(r+4) = W1+wz+§[z1+22+0(7‘+€)]

Note that, since r; = 7, and k; = ky, it follows that (see [15])

Processor 1: (I — rilA;))wy = k'V(7) (4.42)

Q1 = 2Re(wi)

Processor 2 : (I —r144;)z; = k C(r)
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(s = 2R6(Zl)

V(ir+4 = q1+§[q2+0(7+6)]

In both (4.41) and (4.42), the solution vector V(7 +£) is computed using two
processors running currently, each of which solves a linear algebraic system
using a single tri-diagonal solver at every time step (as against quin-diagonal
solvers). Clearly, although not reported here, such parallel implementations
lead to substantial savings in computation time and computer storage (in
comparison to the corresponding sequential implementations). In summary,
the main contribution in this chapter is the design of an O(h?+£2), Lo-stable
algorithm that enables the option price to be computed (predicted) efficiently

(using parallel computing).

4.5. Numerical Verification
4.5.1 Full Black-Scholes Model

To test the behaviour of the numerical scheme (4.18), based on the use
of the (2,0) Padé approximant in (4.16), numerous simulations were carried
out using the following parameter values: T = 1 year, r = 0.1, ¢ = 0.3
and E = 100. The true value of this Put at the stock price S = 100 is
determined using the binomial tree method with up to 2000 steps, and is

given as 7.216386.

The results generated using the method (4.18) is compared with those
obtained using two well-known standard first-order methods namely: the
(0,1) Padé explicit method and the Lg-stable (1,0) Padé implicit method.
The results (absolute errors) are reported in Tables 4.1-4.3. In these tables,
nt is the number of time steps, and n.S is the number of intervals in the S

direction. We choose Syin = 0, Spax = 200.

It can be seen from Table 4.1 that the explicit method is not robust
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without transformation

enough. It diverges for certain values of the discretization parameters.

Table 4.1 : Explicit method (based on (0, 1) Padé) for European Option

Exact | Put value | Absolute error | nt | nS
7.216386 | 6.472115 0.744271 10 | 20
7.216386 | Divergence 10 | 40
7.216386 | 7.113129 0.103257 20 | 20
7.216386 | Divergence 20 | 40
7.216386 | 7.083097 0.133289 40 | 20
7.216386 | Divergence 40 | 40
7.216386 | Divergence 40 | 80

Table 4.2 and Table 4.3 show that the (1,0) Padé implicit method (which is
Lo-stable) and the Ly-stable (2,0) parallel method have much better stabil-
ity properties than the explicit method arising from the use of (0,1) Padé
approximant in (4.16). This, of course, is consistent with the well-known
fact that Ly-stable implicit scheﬁes are more robust (in terms of stability)
than explicit methods. Table 4.3 further confirm the superiority, in terms of
computational accuracy, of the O(h®+ £2) (2,0) Padé method over the other

two first-order methods.
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without transformation

Table 4.2 : Implicit method (based on (1,0) Padé) for European Option

Exact | Put value | Absolute error | nt | nS
7.216386 | 6.917384 0.299002 10 | 20
7.216386 | 7.047645 0.168741 10 | 40
7.216386 | 6.985141 0.231245 20 | 20
7.216386 | 7.112318 0.104068 20 | 40
7.216386 | 7.019024 0.197362 40 | 20
7.216386 | 7.144777 0.071609 40 | 40
7.216386 | 7.175542 0.040844 40 | 80
7.216386 | 7.183195 0.033191 40 | 160

Table 4.3 : Parallel (2,0) Padé method for European Option without

transformation

Exact | Put value | Absolute error | nt | nS
7.216386 | 7.046295 0.170091 10| 20
7.216386 | 7.170949 0.045437 10 | 40
7.216386 | 7.051226 0.16516 20 | 20
7.216386 | 7.175597 0.040789 20 | 40
7.216386 | 7.052572 0.163814 40 | 20
7.216386 | 7.176864 0.039522 40 | 40
7.216386 | 7.207325 0.009061 40 | 80
7.216386 | 7.214904 0.001482 40 | 160




4.5.2 The Transformed Black-Scholes Model

The coordinates ¢, S are transformed to 7, z respectively (4.32),(4.33). We
choose Tmin = —9.5, Trmax = 0.5, corresponding to Spin & 0, Spax = 160 with
0 < 7 < 0.045, 0 = 0.3. The new O(h? + £2), Ly-stable method designed
in Section 4.3 is used to solve the transformed Black-Scholes model. The
results obtained are also compared with those obtained using the standard

first-order explicit and implicit methods. These are shown in Tables 4.4-4.6.

Table 4.4 : Explicit method (based on (0,1) Padé) for transformed

European Option model

Exact Put value Absolute error | n7 | nz
7.216386 6.328616 0.88777 10 | 40
7.216386 | 8.664708(failed) 10 | 80
7.216386 7.050204 0.166182 20 | 80
7.216386 | Divergence 20 | 160
7.216386 6.204828 1.011558 40 | 40
7.216386 7.019965 0.196421 40 | 80
7.216386 7.188730 0.027656 40 | 160
7.216386 7.208365 0.008021 40 | 200
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European Option model

Table 4.5 : Implicit method (based on (1,0) Padé) for transformed

Exact | Put value | Absolute error | nt | nz
7.216386 | 6.007630 1.208756 10 | 40
7.216386 | 6.866610 0.349776 10 | 80
7.216386 | 6.928363 0.288023 20 | 80
7.216386 | 7.103772 0.112614 20 | 160
7.216386 | 6.124482 1.091904 40 | 40
7.216386 | 6.959040 0.257346 40 | 80
7.216386 | 7.132133 0.084253 40 | 160
7.216386 | 7.152209 0.064177 40 | 200

Table 4.6 : Parallel (2,0) Padé method for transformed European Option

model

Exact | Put value | Absolute error | nT | nz
7.216386 | 6.157258 1.059128 10 | 40
7.216386 | 6.983973 0.232413 10 | 80
7.216386 | 6.988059 0.228327 20 | 80
7.216386 | 7.159135 0.057251 20 | 160
7.216386 | 6.163922 1.052464 40 | 40
7.216386 | 6.989179 0.227207 40 | 80
7.216386 | 7.160113 0.056273 40 | 160
7.216386 | 7.179975 0.036411 40 | 200

Although the transformation to the simple heat equation greatly eases
the computation process, it is evident from Tables 4.4-4.6 that more com-

putation steps (in both spatial and temporal directions) are needed to get
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the same accuracy obtained in the non-transformed Black-Scholes equation.
In both cases (the transformed and the non-transformed), the above tables
clearly show that the two implicit methods (based on (1,0) and (2,0) Padé
approximations in (4.16) and (4.36)) are more robust in comparison to the ex-
plicit method (based on (0,1) Padé). This finding confirms the fact that the
implicit schemes (although generally more computationally involved) have
superior stability properties than explicit methods. Furthermore, the novel
O(h? + %) Ly-stable method I constructed proved to be more reliable in bet-
ter (accurately) predicting the option price. Similar results were obtained

when various (other) combinations of parameter values were used.
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Chapter 5

A Predator-Prey System

5.1 Functional Responses

A functional response of the predator to the prey density refers to the
change in the density of prey attacked per unit time per predator as the prey
density changes. The simplest model of functional response is obtained by
assuming that, in the time available for searching, the total change in the prey
density /substrate concentration is proportional to the prey density /substrate

concentration.

Hence, if z(t) represents the prey density/substrate concentration at time
i, the functional response is az(t), where a > 0 is a constant. Such a mono-
tonic response function was used by Lotka in 1925 to study a hypothetical
chemical reaction; and by Volterra in 1926 to model a predator-prey interac-

tion (see [31] and the references therein).

Further studies on predator-prey systems subject to functional responses
have been carried out by numerous authors [14, 26, 31]. In most of these
studies, it is assumed that the functional response passes through the origin
and has continuous second derivative. It is also assumed that the functional
response is an increasing and bounded function. It is easy to check that
standard functional responses such as Holling type II [14], given by f(z) =
—% _ and Ivlev function [26], given by f(z) =1—e7% (a > 0), satisfy these

1+2’
conditions.

The Michaelis-Menten response function, which features prominently in

enzymatic reactions, is given by

p(m) = a+z’ (5'1)



where m > 0 is the maximal growth rate of the species and ¢ > 0 is the

half-saturation constant [31]. The sigmoidal response function,

mz?

=a+bx+$2’

p(z) (5.2)

1s another widely-used response function. Setting b = 0 in (5.2) gives the

well-known Holling type-III function [31]

mz?

p(z) = PR (5.3)

In general, a response function p(z) satisfies the following hypothesis [31]:

e p(z) is a continuously twice differentiable function defined on [0, cc).
e p(0)=0.p'(z) >0
o lim, ,,,p(z) = M < 0.

These assumptions imply that p(z) is monotonic (which is true in many
predator-prey systems). However, experimental observations indicate that
this need not always be true. In microbial dynamics, for instance, experi-
ments reveal that non-monotonic responses occur at the microbial level [14].
Such an inhibitory effect is modelled using the Monod-Haldane response func-

tion, given by [14]
(z) = mz
P = b+ 22

In this chapter, we concentrate on the dynamical and numerical analyses

(5.4)

of a predator-prey system of Gause-type [26] with a non-monotonic ” group

defence” functional response.

5.2 Group Defence Model

"Group defence” describes the phenomenon whereby predation is de-

creased, or even prevented altogether, due to the increased ability of the
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prey to better defend or disguise themselves when their numbers are large
enough [40]. For example, a single musk ox can be successfully attacked by
wolves. Small herds of musk ox (2-6 animals) are attacked but with rare

success. No successful attacks have been observed in larger herds [40].

To study the predator-prey interaction when the prey exhibits group de-
fense, Freedman and Wolkowicz [14], Mischaikow and Wolkowicz [26], and
Wolkowicz [40] proposed the following model

T = xg(x,K)—yp(w), (5‘5)
7 = y(=D+q(z)).

where z and y are functions of time representing population densities of prey
and predator respectively; K > 0 is the carrying capacity of the prey and
D > 0 is the death rate of the predator. The function g(z, K) represents the
specific growth rate of the prey in the absence of the predator and is assumed

to satisfy the following conditions (for z > 0, K > 0) [40]:

9(K,K)=0,g9(0,K) > O,éi_r)n 9(0,K) < 00,6,(z,K) <0, (5.6)
gk (z, K) > 0, g;x(z,K) > O,Kli_r)n 9z(z, K) = 0.

It is easy to see that the logistic function

g(z, K)=r(1 - E)’ (5.7)

satisfies the conditions in (5.6). In (5.5), the function p(z) denotes the preda-

tor response. It is assumed that p(z) satisfies

p(0) =0, p(z) > 0; z>0. (5.8)
P(z)>0;, 0<z<M,

P(z)<0; z>M.
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The rate of conversion of prey to predator is described by q(z). It is

assumed that g(z) has properties similar to p(z). That is,

q(0) =0, ¢(z) > 0; z>0. (5.9)
¢(z)>0;, 0<z<M
d(z)<0; z>M
Furthermore, it is assumed that the constant M holds for both functions p

and ¢ (although this may not always hold in general). We shall now study
the dynamics of the five-parameter model [31]:

. z Ty

i =hy= y(25-D).

a + x2

It is easy to see from (5.10) that the functions p(z) =

a+ z? and g(z) =
pp(z) satisfy the assumptions (5.8) and (5.9) respectively. Since all the model
parameters and variables must be non-negative (otherwise, the model is not
biologically realistic), we only restrict our attention to the dynamics of (5.10)
in the first quadrant {(z,y) : £ > 0, y > 0} in the (z,y) plane. The aim
here is to determine the qualitative features of the model (5.10) (using local
stability theory) and then design a robust numerical scheme (with the same

stability properties) for its solution. First of all, we discuss the existence of

equilibrium solutions.

5.3 Equilibrium Solutions

The equilibrium solutions of (5.10) satisfy

x Ty
_EY_ my 5.11
T (1 K) 0+ 12 0, (5.11)
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J7%;
——D) = 0
y(a+m2

Solving the second equation of (5.11) gives
pz”
a+ (z*)?

Substituting y* = 0 into the first equation gives

y*=0 or — D =0. (5.12)

*

re* (1 - %) =0 (5.13)

Thus, the two equilibrium solutions of the system (5.10) are (0, 0) and (X, 0).
Furthermore, interior equilibrium solutions (z # 0,y # 0) exist for (5.10) if
and only if

px*
a+ (z*)?

It follows from (5.14) that an interior equilibrium of (5.10) exists if

~D=0. (5.14)

D(z*)? — pz*+aD =0 (5.15)
has a positive root. The condition for this to hold is
©? — 4aD? > 0.  (5.16)

Biologically, (5.16) is necessary for the persistence (no extinction) of the
ecosystem [31]. It can be shown that the system (5.10) undergoes a sad-
dle node bifurcation [31] whenever u? — 4aD? = 0. After computing the
z-component of an interior equilibrium (corresponding to a positive root
of (5.15)), the corresponding y-component is obtained by solving the follow-

ing equation for y in terms of z*. That is, from (5.11), we have

Tz (1 - :;{—*) - ya—;% =0, (5.17)
so that .
y=r(1-%)la+ @) (5.18)
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Clearly, to ensure y* > 0, a second condition must be satisfied namely:
zt < K. (5.19)
Consequently, the phase portraits of system (5.10) can be divided into the

following three cases

e Case 1: u? —4aD? < 0. In this case, the system (5.10) has no interior

equilibria (since the roots of (5.15) are complex);

e Case 2: p® —4aD? = 0 and J5 < K. In this case, the system (5.10)
has a unique interior equilibrium (z, 1) where zo = £, yo = r(1 —

2D
2)(a + 3);

e Case 3: u? — 4aD? > 0. Here, the system (5.10) has at most two
interior equilibria in addition to the equilibria (0,0) and (K, 0). They
are denoted by (z1,y1), (z2,%2), where

_ b=y —4aD? _ T 2 -
T = 5D , yl-—r(l—E> (a—!—xl), (5.20)
_pt \/,u2 — 4gD? _ To 9
T2 = 5D ’yg*r<1"i>(a+m2)'-
5.4 Stability Analysis
It is easy to show that the Jacobian of the model (5.10) is
o= y(e-(2)) z ]
K (a+2?)? a + z?
J(z,y) = : (5.21)
yula — 27| BT,
L [a + 22]? a+ z? .
Substituting (z,y) = (0,0) into (5.21) gives
0
J(0,0) = (5.22)
0 -D
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The eigenvalues of (5.22) are r > 0 and —D < 0 (since all model param-
eters are non-negative). Thus, the equilibrium solution (0,0) is unstable.

Similarly, substituting (z,y) = (X, 0) into the Jacobian (5.21) gives

K
r a+ K?
J(K,0) = . (5.23)
uK
D
a+ K?
K
The eigenvalues of J(K, 0) are —r < 0 and - 'L_:_ el D. Clearly, the equilib-
rium solution (K, 0) is stable if and only if i o3~ D < 0. The dynamics
a

analysis of the other associated (interior) equilibrium solutions (z,,%;) and

(z2,%2) can also be examined in a similar way (see [31] for detailed discus-

sion).

5.5 Numerical Methods

The aim here is to construct a competitive numerical scheme that has the
same stability and convergence properties as the predator-prey system (5.10).
As in subsection 3.1.2, the development of numerical methods is based on
approximating the derivatives in (5.10) by their first-order forward-difference
approximations given by

dX X(t+4) - X()
dt 1}

+0(8), (5.24)

dY Y(t+4£)-Y(t)
dt ?

+0(0).

5.5.1 Forward Euler Method

The forward Euler method for solving (5.10) is given by

Xn+1 - X-n, Xn) _ XnYn

= 1-%n
? TX”( K) a+x2

(5.25)
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Yn+l_Yn — Yn( NXn —-D>

That is,

Y,
Xn+1 Egl(XmYn) = <1+T€_T£*)££_ : “ >Xn

Xn
Yn+l = g2(Xm Yn) = Yn + ZYn <CL/:[;" - D)

5.5.2 Novel Implicit Method

A novel method for solving (5.10) is:

Xn+1 - Xn
4

= rX (1 _ Xn+1> _ Xn+lYn

K a+ X2’
Yn+l - Yn S NXn+1 -D
l "\a+ X2, ’

so that,

(1+r0)X,

. Xnr 4 Y, ’
K o+ X2

l‘l‘an'*‘l Yn

a+ X2,

14 D¢

Xn+1 = hl(XmYn) =

(1 +
Yo =he(Xn,Ya) =

(5.26)

(5.27)

(5.28)

Although the novel method (5.27) is constructed implicitly, equation (5.28)

enables it to be implemented explicitly at every time-step. Since it does

not have a negative term on its right hand side, the implicit method (5.28)

satisfies the positivity requirement of the model (5.10). That is to say,

with any positive initial condition (X(0) > 0 and Y (0) > 0), solving the
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model (5.10) using (5.28) guarantees non-negative solutions (that is, X(¢) > 0
and Y'(¢) > 0 for all 0 < ¢ < 00). The standard forward Euler method (5.26),
on the other hand, admits negative terms on its right hand side. Conse-

quently, it will be expected to suffer from scheme-dependent instabilities.

5.6 Fixed Points Analyses
5.6.1 Forward Euler Method

It is easy to see that the fixed points of the Forward Euler method (5.26)
are the same as the equilibrium points of (5.10). In line with the Fixed Point
Theorem [38], a fixed point (X*,Y*) of a numerical method is said to be
stable if all the associated eigenvalues (of the Jacobian at the fixed point)

are less than one in magnitude. The Jacobian of (5.26) is

i 1t 20rX y n 2UX?%Y _ X ]
T K a+X?2  (a+X?2)? a+ X?
J(X,Y) =
b 2uX? ( pX )

i £Y<a+X2 (a+X2)2) L+t a+ X2 b ]
‘ (5.29)

Evaluating the Jacobian (5.29) at the fixed point (0, 0) gives

1474 0
J(0,0) = . (5.30)
0 1-D¢

The eigenvalues of (5.30) are 1 4+ £ > 1 (since r and ¢ are positive) and
1 — D{. Thus, the fixed point (0,0) is unstable. Similarly, evaluating (5.29)
at (K,0) gives

_ 'K -
L-rt o+ K?
J(K,0) = . (5.31)

pK )
0 1+£<a+K2 D)
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The eigenvalues of (5.31) are 1 —rf and 1 + ¢ (
fixed point (K, 0) is stable if and only if

TR D). Thus, the

K
|1 —7¢ <1 and '1+E(aiK2—D>l<1.. (5.32)

. . . 2 uK
The inequalities in (5.32) imply that 7¢ < 2 and DK -7 < o < D. Thus,
U

e < D, the forward Euler
a
method will fail to converge to the fixed point (K,0). This is not consistent

it is clear that for large step sizes, even when

with the dynamics of the original system (5.10); which has a stable fixed

. . uK
t (K,0
point (K,0) provided e

suffer scheme-dependent numerical instability.

< D. Thus, the forward Euler scheme will

5.6.2 Novel Implicit Method

It is easy to verify that the fixed points of the new implicit method (5.28)
are the same as the equilibrium points of the original system (5.10). Evalu-

ating the associated Jacobian of (5.28) at the fixed point (0, 0) gives

1+7¢ 0
J(0,0) = , (5.33)
1
1+ D¢
with eigenvalues 1 4+ £ > 1 and 1 _*_1 D Thus, the fixed point (0,0) is
unstable. Similarly, the Jacobian at the fixed point (K, 0) is
-1 K¢ :
1+72  (1+7é)(a+ K?)
J(K,0) = . 5.34
(K,0) K (5.34)
0 a+ K?
L 1+ D¢ .
K
1 tt alff K?
The eigenvalues of (5.34) are 52 < 1 for r,£ > 0 and —T+Df The
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fixed point (K, 0) is stable provided

LK
1+ ai =
This implies that (K, 0) is stable if
pK -
~—a <D. (5.36)

This requirement, for the stability of (K, 0), is exactly the same as in the
continuous case discussed in Section 5.4. Thus, the implicit method (5.28)

has the same stability property as the original system (5.10).

5.7 Numerical Experiments

To test the stability and convergence properties of the forward Euler and
the novel implicit methods constructed in Section 5.5, numerous numerical

experiments were carried out using the two methods to solve (5.10) as follows:

5.7.1 Experiment 1: Effect of the Time-Step, ¢

The effect of time-step, ¢, on the stability of the two methods was mon-
itored by simulating the methods with the following parameter and initial
values: r =0.1,D =0.1,a = 100, 4 = 1.5, k = 1000 and X (0) = 10,Y(0) = 8
and various step sizes. The results are tabulated in Table 5.1.

It is evident from Table 5.1 that the new implicit method is more com-
petitive in terms of numerical stability. These experiments reveal that, when
the time step is large, the forward Euler method ceases to satisfy the positive
requirement of the model. For instance, using £ = 100 and positive initial
condition X (0) = 10,Y(0) = 8, the forward Euler method gave negative so-

lution after one iteration; and diverges shortly thereafter. The novel implicit
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method, on the other hand, gives profiles that are always free of such numer-
ical instabilities. Table 5.2 depicts the effect of the time-step with K = 15
and p = 2.5 (retaining the other parameters and initial values as above). In
this case, the forward Euler method gave wrong (spurious) solutions for large

step sizes.

The effect of initial conditions was also monitored using the parameters
used to generate Table 5.1. Table 5.3 depicts the case where X(0) = 10 and
Y (0) = 100. Expectedly, the forward Euler method failed; but the novel

implicit method always converged to the correct steady-state solution.

Table 5.1 : Effect of time-step

¢ | Forward Euler Method | Novel Implicit Method
0.1 convergence convergence
1.0 convergence convergence
10 convergence convergence
100 overflow convergence
1000 overflow convergence
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Table 5.2 : Effect of time-step with K = 15, 4 = 2.5

¢ | Forward Euler Method | Novel Implicit Method
0.1 convergence convergence
1.0 convergence convergence
10 spurious solution convergence
100 overflow convergence
1000 overflow convergence

Table 5.3 : Effect of time-step with X (0) = 10 and Y (0) = 100

¢ | Forward Euler Method | Novel Implicit Method
0.1 convergence convergence
1.0 convergence convergence
10 overflow convergence
100 overflow convergence
1000 overflow convergence

5.7.2 Experiment 2: Effect of

The effect of 4 on the dynamics of (5.10) was monitored by simulating
the two methods with r = 0.1, D = 0.2,a = 300,K = 12, X(0) = 10 and
Y (0) = 8. Table 5.4 depicts the results obtained for various values of 4 using
£ =10.
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Table 5.4 : Effect of u

po| pu?—4aD? K Forward Euler Method | Novel Implicit Method
5 <0 converge to (K, 0) converge to (K, 0)
6 <0 converge to (K, 0) converge to (K, 0)
7 >0 K<z converge to (K, 0) converge to (X, 0)
8 >0 ;1 < K <zy | converge to (z1,y1) converge to (1, 1)
10 >0 21 < K <24 chaos converge to (z1,%1)

It is evident from Table 5.4 that, when p? — 4aD is small but positive, both
methods converge to the right steady-state solution. Furthermore, while the
forward Euler method exhibits chaotic dynamics when u becomes larger, the
novel implicit method always converges to the correct steady state solution.
We also observed that when the time step £ becomes larger, or the initial
conditon Y'(0) becomes larger, the forward Euler method fails (confirming its
well-known sensitivity to step-sizés and initial conditions). Further numerical
simulations, using various combinations of parameters, gave results that are

consistent with the above conclusions.

5.8 Predator-prey Model with Diffusion

A number of authors have incorporated diffusion in modelling epidemio-
logical systems to account for the mobility (in spatial direction) of the various
populations of the model (see, for instance [7]). Consequently, in order to
simulate mobility and spatial distribution in our predator-prey model (5.10),
we consider the case where the ratio of each of the model populations (z

and y) can change at random in spatial direction. Thus, we extend the
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model (5.10) to a reaction-diffusion one given by

oz ( :E)_ Ty 0z
r K

1 —_——
ot z a + z? + 022’
oy UT ) 0%y
—_— = ———-D|+ P>
ot Y (a + 22 + 922’
where P is the diffusion constant and z is the spatial variable.

Like in previous chapters, a competitive numerical scheme for (5.37) can
be constructed by using the novel implicit method (5.28) to approximate the

diffusion-free part; and the weighted central-difference approximant, given
by

2
P [G_x] N PR lale — hyt+0) ~ 20(z, 1+ 0) + 3z + byt +£)

+
[

[z(z — h,t) — 22(2,t) + 2(z + h,1)]}, (5.38)

for the spatial derivative. In (5.38), h is the space step.

The interval 0 5 z < L is divided into N + 1 subintervals each of width A,
so that (N +1)h = L and the time variable ¢ is discretized in steps of length
£. The solutions z(t,, z,) and y(tn, Zm), are sought at each poinf (né, mz)
where m = 0,1,2,...,N+1and n=0,1,2,.... The notations X" and Y
will be used to denote the solutions of the numerical schemes. It is convenient

to define the vectors
Xt = (X5, X2, XY, X, X )T

Y* = (Y, Y, YL YR Y )T
with T denoting transpose. Using the novel implicit method (5.28) and
equation (5.38) in (5.37), we get

1 Xn+1 X"’+1Y”
M - n+1l n — no__ n _ m m
g (X Xm> r X, —rX} 7 ot (X)?
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1
+ PR3 [XnH - 20+ X0

1o, . )

+ 5 [Xn_, —2x2 + X2.]}, (5.39)
and

My - 1 (Y'n.+1 _ Yn) _ YnM__ — pyntt
Y.e m m - ma+(X,’}L+1)2 m
1
+ PO Yot -2yt + Yt
1 -

+ 5 Yo —ovr+vr,)) (5.40)

Equations (5.39) and (5.40) may be rearranged to give
1 ;1 L ? Yo 1
My : -—'-2-Png'{t1 - §P,0X:TLL__*;_1 + |:]. +TX777LLE + W + Pp| X
1 1
and
1 1
My : —gppy,;;j{ - §PpY,;:j:{ +[1+ D¢+ Pp| Yt

_lon 1o om BXRT lyn (549
——~2‘PpY —-l+—2'Pme+1+ 1—Pp+m—#}'l)—2 m ,(O. )
in which p = £/h?. In order to implement the above method {(5.41)-(5.42)},
we need to solve two sets of linear algebraic equations at each time step using

tridiagonal solvers.

5.9 Numerical Experiments

The method {(5.41)-(5.42)} was simulated using initial conditions X2 =
10sinmz, Y2 = 8sinmz (m = 0,1,..., N + 1) and Neuman boundary condi-

tions, given by

X X
500 =10 =0, (5.43)
oY 8Y

- (0:1) = —(1,1)=0.
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For simulation purposes, we use r = 0.1, d = 0.2, K = 12, a = 300, & = 5,
¢ = 0.01 and A = 0.05 with various values of the diffusion coefficient P
(namely : P = 0,1,2,5,100). The numerous numerical experiments carried
out confirm the robustness of the new method {(5.41),(5.42)}. Furthermore,
it was observed that the solution converges slowly for small P and faster
for larger P. That is, as diffusion plays a more dominant role in the model

dynamics, the method converges (to the correct steady state) faster.



Chapter 6

SEIR Epidemic Model

6.1 Introduction

Most classical models of disease transmission are of the SIR type. That is,
they monitor the dynamics of the population of susceptible individuals (S),
infectious individuals (I) and individuals who have recovered (by acquiring
permanent or temporary immunity) (R) [3, 22]. These models are based
on the assumption that once infected, each susceptible individual becomes

infectious instantaneously.

In many diseases, however, it is known that members do not pass directly
from the susceptible to the infectious class on becoming infected. They un-
dergo a latent (or exposed) period of infection instead (see [21]). For example,
in measles dynamics there is an incubation (latent) period of 11-14 days after
infection before symptoms of the disease appear. For fox rabies, the incuba-
tion period is 28-30 days. For some diseases, the incubation period may be
short enough that neglecting it does not affect the model significantly. For
example, the incubation period for influenza is 1-3 days. To model this, an
additional compartment is included in the classical SIR model by letting E(¢)
denote the number of members, at time ¢, who are exposed to the disease

(but not yet infectious). This type of model is called SEIR model.

The total population size in an SEIR type model is N(¢) = S(¢) + E(¢) +
I(t) + R(t).

6.2 Mathematical Model

The total population is divided into four subclasses namely: susceptible

(S), exposed (E), infectious (I), and recovered (R). The total infected popu-
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lation is E'(t) + I(t). A transfer diagram for the model is given in Figure 6.1

below.

bN kIS/N eE

S

E I

|

dEl dI+al

Figure 6.1 The Dynamical transfer of SEIR model

The model parameters b, d, e, k, 7, a are interpreted in Table 6.1.

Table 6.1 : Description of model parameters

Parameter Interpretation Range
b Natural birth rate be(0,1)
d Natural death rate de (0,1)
e Rate at which exposed individuals become infectious | e € (0,1)
k Effective per capita contact rate of infective individuals | k € (0,1)
T " Recovery rate r € (0,1)
a Disease-related death rate a€(0,1)

Using the transfer diagram above, we have the following SEIR model ([3]):
S' = bN —dS — kIS/N,
E' = kIS/N — (e+d)E,
I' = eE—(r+a+d)l,
R = rI-dR, (6.1)
from which the total population size N(t) can be determined by N(t) =

S(t) + E(t) + I(t) + R(t) or from the equation
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N'=(b—d)N —al, (6.2)

which is obtained by adding the four equations in (6.1).

6.3 Dynamics of the SEIR Model

In order to understand the dynamics of the SEIR model (6.1), we make
the following transformation. Let S = £,E = £, I= L and R = £ denote
the fractions of S, E, I and R in the total population N. Differentiating the

new variables and substituting into (6.1) gives the normalized system:
S'" = b—bS—kIS+alS,
E' = KkIS—(e+b)E+alE,
I' = eE—(r+a+b)+al?
R = rI-bR+alR. (6.3)

Since the variable R does not occur in the first three equations of the nor-

malized system (6.3), we study the subsystem

S =g, =b—b85—kIS+alS,

E' =g, =kIS—(e+bE +dlE,

I' =g3 =eE~(r+a+b)I+al? (6.4)
instead, and then determine R using R = 1— S —E —I. My main aim in this
chapter is to carry out a local stability analysis of the equilibrium solution(s)

of (6.4) and then construct an appropriate numerical method for solving the

model (quantitatively).
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6.3.1 Equilibrium Solutions

It is easy to see that the equilibrium points of the normalized system are:
e P, =(1,0,0): the disease-free equilibrium (E* = I* = 0),
e P* = (5* E* I*): the endemic equilibrium (where E* > 0,I* > 0).

The endemic equilibrium P* = (5*, E*, I*) could not be expressed in closed
form (using standard mathematical softwares). However, the process by

which it is obtained is shown below. Adding the equations in (6.4) gives
(b—al(1—S5*—E*=I*)=rl". (6.5)

From the second equation of (6.4), we have

5 = m (6.6)
Similarly, E* is determined from the third equation of (6.4)
| E*=r+a+eb—af*f*' 6.7)
Substituting (6.6) and (6.7) into (6.5) leads to
fUIm) =o, (68)
where
f(I)=<1_ej—b)( —T+Z+b—) <1+ ;af>’ (6.9)
and
7=t b)(]:e-l— i) (6.10)

Further details on the existence and uniqueness of P* can be found in [21).
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6.3.2 Local Stability Analysis

The local stability of the disease-free equilibrium are dertermined by in-

vestigating the eigenvalues of the Jacobian
[ 991 091 99
0S OE oI
J=| %2 992 0% (6.11)
S OFE 0I

0gs 095 9gs
L 85 OE oI

where the functions g, g2 and g3 are defined in (6.4). It is easy to show that

the Jacobian associated with g;, g2 and g3 is the matrix

~b—kI+al 0 ~kS +aS
J = kI —e—b+al kS + oF . (6.12)
0 e —(r+a+0b)+2al

At the disease-free equilibrium point P = (1,0,0), J reduces to

-b .0 —k-+a
J=| 0 —e-b k , (6.13)
0 e —(r+a+b)

which yields the characteristic equation
A+8) [N+ (r+a+2b+e)A+ (e+b)(r+a+b)—ke|. (6.14)

Since all the model parameters are assumed positive (see Table 6.1), it is
clear from (6.14) that 7 +a + 2b+¢e > 0 and b > 0. It follows, using the
Routh-Hurwitz criterion (see [19, 42]), that the disease-free equilibrium point

F, is stable provided

(e+b)(r+a+b) —ke>0. (6.15)
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Thus, bifurcation occurs at the bifurcation boundary (obtained by setting (6.15)

to zero)

ke
T A Drtath) (6.16)

The quantity o, known as the modified contact number [21], plays an
important role in the dynamics of the SEIR model. This is because, when
o € (0,1), the disease-free equilibrium P, is stable (and the disease dies out
from the community). For o € (1, c0), however, the disease-free equilibrium
loses its stability, and a new stable equilibrium point (P*) emerges. This
equilibrium point (P*) is associated with the persistence of the disease in
the population. In other words, when the model parameters k,e,b,a,r are
varied in such a way that o increases from a positive value less than 1 to a
positive value greater than 1, then a stable endemic equlibrium solution (P*)
bifurcates from the disease-free equilibrium point F,. The reverse process
(P* to By) holds when o € (1,00) decreases to ¢ € (0,1). Detailed global
stability analysis of (6.4), summarized in Theorem 6.1 below, was reported
by Li et af. [21].

Theorem 6.1 If 0 < 1, then the disease dies out, and the disease-free equi-
librium point is globally asymptotically stable. If o > 1, then the disease
becomes endemic, and unique endemic equilibrium P* is globally asymptoti-

cally stable provided that no non-constant periodic solutions exist.

6.4 Novel (Non-standard) Numerical Method

In line with the numerical schemes constructed in Chapters 3 and 5, a non-
standard numerical method that satisfies the positivity requirement of (6.4)
will be designed. Using forward Euler approximations for the derivatives

in (6.4), as before, and replacing the right hand side functions appropriately

91



leads to the following method for solving (6.4):

Mg;%(snﬂ_gn) = b—bG, kLS +alS  (6.17)

IME‘ : %(En—i-l - En) = kjn5n+1 - (e + b)En+1 + Clann

1. - - - - =
My : Z(I"H —I) = eBnpp—(r+a+blh+a(l,)?

Mg : Rm-l = 1- S'n+1 - En+1 - jn+l

The equations in (6.17) can be re-arranged to give

S b+ S, + all Sy,
nil 140l + keI,
B _ keISpi1 + En + olL By,
n+l = 1+ (e + b)g )
I— . egEn+l + I_n + ae(fn)2
mtT l+(r+a+bt ’
an_‘_]_ = 1- Sn+1 - En+1 - f’rH-l' (6.18)

Although the Gauss-Seidel-like method (6.17) (see [2, 19]) is constructed
implicitly, it can be implemented explicitly using (6.18). Thus, the solution
of the SEIR model (6.4) can be computed explicitly.

It is clear from (6.18) that this method preserves the positivity of the

SEIR model. The associated local truncation errors of this method is

1l

Lz {14 £]b+kI(5)]} 5 +8) - 5() — bt~ alL;Sy, (6.19)
Lp = {1+2[(e+D)]}E{t+£)— E(t) — keI(t)S(t+£) — all,E,,
L; = {1+¢[r+a+d)}I(t+2 I —eLE(t+£) — al(L,)?,

Lz = RE+0)+St+O)+EC+0)+It+£) -1,
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in which ¢ = t,. Expanding the functions in (6.19) in Taylor series leads to

Ly = %S’" +bS' + k.f§’] Z4+0() ast—0, (6.20)
Iy = %E’ +(e+b)E - ka”] 240 as £ =0,

Ly = :%I‘” +(r+a+b)I - eE'} 2 +0(%) as £ —0,

Ly = :%(R” + 8"+ E" + f”)] 2 +0) ast—0,

confirming that the method (6.18) is first-order accurate.

6.5 Numerical Experiments

In order to test the behaviour of method (6.18) for solving the SEIR
model, numerous numerical simulations were carried out using the following
parameters and initial values: b = 0.01, d = 0.02, £ = 0.001, a = 0.002, e =
0.001, r = 0.001, S(0) = 0.5, E(0) = 0.2, I(0) = 0.1 and R(0) = 0.2.

6.5.1 Experiment 1: Effect of Time-step, ¢

To monitor the effect of the step size (¢ > 0) on the stability and con-
vergence properties of method (6.18), the method was simulated using the
aforementioned parameter values with various step sizes. The results, tab-
ulated in Table 6.2, were compared with those obtained using the standard
explicit RK4 and Euler methods. It is clear from Table 6.2 that the non-
standard scheme (6.18) is more competitive in terms of numerical stability.
Unlike the standard RK4 and Euler methods, method (6.18) did not suffer

from any scheme-dependent numerical instability (e.g chaos, oscillations etc).

Although not proven analytically, Table 6.2 suggests that method (6.18) is
unconditionally-stable (converging monotonically to the correct equilibrium

states of the SEIR model). This is owing to the fact that the non-standard
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scheme (6.18), unlike RK4 and Euler method, satisfies the positivity property

of (6.4).

Table 6.2 : Effect of time step (£)

£ Euler RK4 Non-standard method
0.01 | convergence | convergence convergence
1.0 overflow | convergence convergence
10 overflow convergence convergence
100 overflow oscillation convergence
200 overflow overflow convergence

6.5.2 Experiment 2: Effect of the Modified Contact Number (o)

As discussed analytically in Section 6.3, the modified contact number o
plays a crucial role in the dynamics of the SEIR model (6.4). Its effect was
investigated by simulating method (6.18) with various values of o. Based on
the extensive numerical experiments carried out, we observed that for o < 1,
method (6.18) converges to the disease-free equilibra Py = (1,0,0). On the
other hand, when o > 1, method (6.18) converges to the endemic equilibrium
P*. In both these cases, method (6.18) gave results that are consistent with
the theoretical predictions of Section 6.3. These results are summarized in
Table 6.3 below. Similar results were obtained with various combinations of

model parameters.
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Table 6.3 : Effect of modified contact number (o)

E* I R* | Comment

0.0069 | 1.0 0 0 0 F, is stable
0.5 1.0 0 0 0 P, is stable
1.0 1.0 0 0 0 | B, is stable
5.59 | 0.175 | 0.760 | 0.059 | 0.181 | P* is stable
100 | 0.010 | 0.912 | 0.071 | 0.007 | P* is stable

6.6 Extention to the Reaction-Diffusion Model

As in Chapter 5, the original model (6.1) is extended to the following

reaction-diffusion system:

%tz - b_bg_kfmafgwg,_
%% = KI5 (e+dE+alE+ D05,
g—'g = eE—(T-{—a—i-d)l:—f-af_?—!—D—gg',
o 1T bfi+alfi+ D0 %, (6.21)

where D is a constant and z is the spatial variable. This system of PDEs is

to be solved subject to appropriate boundary and initial conditions.

6.6.1 Numerical Method

In line with the strategy adopted in Chapter 5, method (6.18) will be used
for the diffusion-free component of (6.21) and the weighted central-difference

approximation is used for the spatial derivatives. This gives:
1= _ _ - -
Ms: 5 (S = 8) = b—bS — kIS + oIS,
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1= - -
+ Dh7 {3 [Snh - 255 + Syl

+ % [Sn_ — 28+ 8n 4]}, (6.22)

1. _ o _ o

ME:Z(E;“—E;;) = kInS™H — (e +b)ERt! 4+ oI E
1r- — _

+ Dh7{ [Bpty —2Bn + B

+ % [Br,_, —2Br + B2 ]}, (6.23)

Mp:Z (Is—T0) = eE' —(r+a+b)In +a(IR)?

O | -t

+ Dh‘z{% [Inth — 20t + [t
+ % In -2l + T2}, (6.24)
and
Mg : % (Rmt = Rr) = rInt — bR+ oIt 'RE
+ DhAE (Rt —2RnH 4 Aot
+ -;- |Rr,_, — 2R+ Rn )} (6.25)
The method (6.22)-(6.25) can be rearranged, respectively, to give

1 1 . _ )
Ms:  —3DpS3t — -DpSyih + [1+ b2+ keI?, + Dp| Szt

1. 1 o
= D087 i+ 5DpSps + b0+ [1 - Dp+atl}]Sr,  (6.26)

1 - 1 - i} _
Mg:  —5DpEqts — ZDpERf + [1+ (e +b)¢ - all? + Dp| B

1 - 1 - - N
= SDpE; .\ + 5DpEL,, + keIZSE 4+ [1 — Dp + alI% | E™6.27)
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1 - 1 _ _
M : —§DpI,',LLJ£11 - EDpI"H + [1 +(r+a+bf—all’ + Dp] It

1 - 1 o
= 5Dpl; . + 2Dp noa+elEP +[1 - Dp+alIR)It,  (6.28)
and
1 ~ - -
Mz : —-DpRﬂ+1 ~ 3 DpRYE + [1+ b2 — all + Dp| R

1 _ = - —
= 5DpRﬂ L+ §Dpr;;11 + I8+ [1 — Dp + alI%]R6.29)

6.6.2 Implementation
Method (6.26)-(6.29) may be applied with various initial and boundary
condition. In this study, we use the following Neumann boundary conditions:

aS aS OF oF

501 =318 =0, =(0,) = (1,9 =0, (6.30)
oI oI OR OR
7 0:1) = 5 (L:7) 10, 5 (0,1) = 2-(1,8) =0.

It is easy to see that method (6.26)-(6.29) can be implemented for n =
0,1,2,...and m = 0,1,2,...,N + 1. However, in the cases m = 0 and

= N +1 (on the boundaries), this method introduces fictitious points out-
side the mesh. To circumvent this problem, central-difference approximations
are used to approximate the zero-flux boundary conditions in (6.30). For in-
stance, on the boundary m = 0, the equations in (6.30) can be approximated
to second order (in h) using

Sp—-8~  Er-E™

o =0~ =0, (6.31)

I’g—fﬁl___o R — R,
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This leads to the approximations:

Sp=08", E}=E", I =I",, Rt = R",. (6.32)
Similarly, at the boundary m = N + 1, we have:
5'17\7+2 = 5%, EJT\Lr+2 = E}, I_zr\zr+2 = I}, —71:r+2 = Rj. (6.33)
Equation (6.26) may be written in matrix-vector form as
AP§™ =B"§" + b4 n=0,1,2,..., (6.34)

where AT and BT are square matrices of order (IV + 2) x (N + 2) given by

[ > -Dp 0 - 0o |
-3Dp 0}  —3Dp
0 -iDp al? -iD
AT = 200 G TP , (6.35)
. . 0
-1Dp a1% -1lDp
2 N 2
.0 0 —Dp allyy |
[ 1—Dp+atln Dp 0 0 ]
1Dp 1—Dp+all® iDp
. 0 1Dp 1—Dp+ alI? 1Dp
B" = :
' 0
sDp 1— Dp+ all?, 1Dp
] 0 0 —Dp 1— Dp+all? |
(6.36)
with
oly, =14+ b0+ keI + Dp; (m=0,1,2,...,N+1), (6.37)
and b is an (N + 2) vector given by
b=[bb,...,bb]T (6.38)
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Similarly, equation (6.27)-(6.29) may be written in matrix-vector form as

ATE™! 4+ CES™ = BTE™; n=0,1,2,...,

A+ CPEM = B n=0,1,2,...,

ATR™ + CH" =BIR™; n=0,1,2,....

(6.39)

where B is same as BT except that its diagonal element is 1 — Dp + afI%*1

instead of 1— Dp+afI”, and A}, A%, A% and C%, C%, C? are square matrices

of order (N +2) x (N + 2) given by

1
a2y

—-Dp 0
a2t —3Dp
—2Dp a2}
—%Dp
0
—Dp 0
a3l —3Dp
—%Dp ady
~1Dp
0
—-Dp 0
ar  —iDp
—%Dp a4y
1
—iDp
0

99

—Dp

2

13
a2¥ 1 |

~1Dp

(3
@3N 41 ]

—%Dp

n
ady ]

b

(6.40)

(6.41)

(6.42)



Cp =

in which

[ _keIn

Q
w3
il

n
a2,
3
ady,

n
a4y,

—kLIn
—keIn
—kLIn
—ef 0
—el
—ef
—ef
0 —el
—rf 0
—rf
—~rf
—rf
0 —rf

1+ (e+b)¢+ Dp,
1+ (r+a+b){+ Dp,
140+ Dp.

(6.43)

(6.44)

(6.45)

(6.46)

At each time step, a tri-diagonal solver is employed to solve for S, E, I, and
R consecutively using (6.34) and (6.39).
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6.6.3 Stability and Convergence

To analyse the stability of method (6.26)-(6.29), we consider its matrix

form

ATS™ = BTS™ + b, (6.47)
ATE™! + CpS™H = BTE",
AT + CIE™! = BT,
AJR™! 4 CJI"* = BJR™
The system (6.47) may be written as a single system of order 4(N + 2) x
4(N + 2) given by

K"Y™! = M"Y™ + /Z, (6.48)
in which ) -
A" 0 0 0
gro |G 4 00 : (6.49)
0 Cr AT 0
0 0 O} A7 |
B 0 0 0 |
0 B* 0 0
M" = ' , (6.50)
0 0 B 0
0 0 0 B
with

ve o= (&) @ @ @
vl — [(§n+l)T, (EryT (T4, (Rn+l)T]T,
z = [BY7,07]. 65)

In (6.49,6.50), O is the zero matrix of order N + 2, and in (6.51), 0 is the

zero column vector of order 3(N +2). As discussed in Chapter 3, the matrix
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method [19] requires
(K™ ™'M s < 1, (6.52)

for stability.

6.6.4 Numerical Experiments

The implementation of method (6.26)-(6.29) to solve (6.21) requires the
use of tri-diagonal solvers to solve four linear algebraic equations at every
time step. Extensive numerical experiments were carried out. 0 < z <
1, £ = 0.01 and A = 0.05 were used. And we let b = 0.01, d = 0.02,
k = 0.001, a = 0.002, e = 0.001, and r = 0.001. Initial conditions are
given by SY = 0.5sinwz, ES, = 0.2sinmz, I3, = 0.lsinmz, RY, = 0.2sin7z,
(m=20,1,2,...,N +1). The boundary conditions in (6.30) were used.

Various values of the modifiled contact number (¢) and diffusion coeffi-
cient (D) were used in order to monitor their effects on the reaction-diffusion
model (6.21). Figures 6.2-6.5 depict the profiles of S, &, I and R respec-
tively at ¢ = 5 using ¢ = 0.006993 and D = 0.001. And, figures 6.6-6.9
depict the profiles of 5, E, I and R respectively at t = 5 using o = 5.594406
and D = 0.001. In all the simulations carried out, the method (6.26)-(6.29)
gave results that are consistent with the theoretical analysis of the SEIR

model.
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Figure 6.2 Profile of S at t=>5 for ¢=0.006993 and D=0.001 with A=0.05 and ¢=0.01

1

08
08
07
06
05
04
03 |
02+

0

L 1 1 L
0 02 0.4 2 0.6 08 1

Figure 6.3 Profile of E at t=5 for 0=0.006993 and D=0.001 with h=0.05 and ¢=0.01
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Figure 6.4 Profile of I at t=>5 for 0=0.006993 and D=0.001 with h=0.05 and ¢=0.01
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Figure 6.5 Profile of R at t=5 for ¢=0.006993 and D=0.001 with ~=0.05 and £=0.01
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Figure 6.6 Profile of S at t=>5 for 0=>5.594406 and D=0.001 with h=0.05 and ¢=0.01
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Figure 6.7 Profile of F at t=5 for 0=>5.594406 and D=0.001 with A=0.05 and £=0.01
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Figure 6.8 Profile of I at t=5 for 0=5.594406 and D=0.001 with h=0.05 and ¢=0.01
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Figure 6.9 Profile of R at t=5 for 0=5.594406 and D=0.001 with h=0.05 and ¢=0.01
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6.7 Reaction-Diffusion-Convection Model

Assuming travelling wave type (disease) transmission, the SEIR model is

extended to the following reaction-diffusion-convection system:

3 = b-b5- kIS+aIS+a%S—4:D32§,

E' = kIS - (e+d)E+aIE+a%§_+D?;2;

I' = eE - (r+a+d)[+a~I +a—g~£—+DgQ£,

R = rI- bR+aIR+a%—f+D%27 (6.53)

In (6.53), « is the convection constant. A robust scheme for solving (6.53) is
constructed by using the above method for the reaction-diffusion component
of (6.53) and then use the following weighted central-difference approxima-

tion for the convection term:

35 o 1= _
a[a] R Q[S(z—i-h,t-%-ﬁ)-—S’(z—h,t—{—f)] (6.54)

1
+ 2[S(z+ht) S(z - h, t)]}
The resulting method is given by:

. 1 aE g+l AW |

+ [L+bL+keln+ Dp] S;:jl

1 o Gn 1 al

+ W +[1-Dp+ aef,’,g]s,’;, (6.55)
. 1 al\ —n 3 1 al\ =n1
Mg : <— Dp+4h>E ( Dp+4h> Eni

+ [L+ (e+0b)f+ Dp| E™H!
1 all =, 1 ol o,
= <§Dp - E) Em-—l + (EDP'T' E) Em+1
+ KeI"S™ 41— Dp+ all")ET, (6.56)
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N 1 ae n+1 ae n+1
My : ( §Dp+4h>1 < Dp +4h) It

+ [+ (r+a+Db)f+ Dp It

1 ol = 1 aE
— il » DEhatd T In

+ elE™™ +[1—~ Dp+ alI™|I7, (6.57)
and
_ . _t o\ sni1 _ al) =,
Mg : ( Dp +4h> R ( Dp+4h> Rl

+ [1+ b€+ Dp] R

1 ol An 1 ol 5

+ M4+ [1-Dp+ augjl]R;. (6.58)

The above method, consisting of equations (6.55), (6.56), (6.57) and
(6.58), proved to be robust when used to solve (6.53) subject to the bound-
ary condtions and initial conditions (together with parameter values) used

in section 6.2.
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Chapter 7
Conclusion

Inevitably, the study of partial differential equations is a large undertak-
ing and falls into several areas of mathematics. At one extreme, the main
interest is in the existence and uniqueness of solutions. At the other extreme
lies the search for useful (correct) solutions using analytical or numerical
means. In this thesis, I presented some new numerical methods, mostly
non-standard, for solving some non-linear differential equation models which
frequently feature in the mathematical modelling of phenomena in engineer-
ing, epidemiology and finance. Assuming the original mathematical models
are well-posed, my emphasis is on the design and analysis of robust numerical

schemes for their solutions.

In Chapter 3, the well-known one-dimensional Nagumo reaction-diffusion
equation was studied by, first of all, designing a competitive scheme for the
diffusion-free case. This scheme has the same stability properties as the
original (associated) ODE (resulting from rigorous local stability analysis).
The scheme is then adapted and extended for use to solve the ﬁﬂl Nagumo
reaction-diffusion model. Comparisons with standard explicit schemes like

forward Euler and Runge-Kutta methods were carried out.

L¢-stable methods, based on the use of the (2,0) Padé approximant, were
designed for the transformed and non-transformed Black-Scholes option pric-
ing model in Chapter 4. In addition to having the desirable Ly-stability prop-
erty, these methods can be implemented in a parallel architecture involving
two processors with each processor solving a single algebraic linear system

using tridiagonal solvers at each time-step (thereby minimizing CPU time).

The last two models considered in this thesis were systems of non-linear

ODE and PDE models. For the predator prey model (with a non-monotonic
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functional response) considered in Chapter 5, a new non-standard finite-
difference method satisfying the positive conditions of the model was de-
signed. This scheme, which is qualitatively equivalent to the original ODE

model, was adapted to solve the predator-prey model with diffusion.

In Chapter 6, an SEIR model for disease transmission was studied. Here,
a new Gauss-Seidel type implicitly-derived explicit method was constructed
for the associated non-linear ordinary differential systems. Extensive numeri-
cal simulation confirms that this robust scheme is chaos-free, unconditionally
stable, and converges to the correct steady-state solution of the model. In or-
der to analyse the effect of mobility (random movement) of the populace, the
SEIR model was extended to a reaction-diffusion model. Finally, a convection
term was added to the reaction-diffusion model in order to model travelling
wave-type transmission (modelling airborne spread of diseases). A robust
scheme was then designed for the resulting reaction-diffusion-convection sys-

tem.

The main contribution of this thesis is two-fold. The first is the dynamics
(local) stability analysis of the associated ODE systems (neceséary to under-
stand the qualitative behaviour o’f the models). The second is the design and
analyses of numerous robust numerical methods (mostly non-standard) for
the solutions of both the ODE and the extended PDE systems studied in this
thesis. The robust schemes, constructed in Chapters 3-6, proved to be more
competitive than the standard numerical methods that are popularly used
in the numerical analysis literature for the solution of differential equations

(such as forward Euler and Runge-Kutta methods).

Considering the fact that most of the non-standard methods constructed
in this thesis, although very robust in terms of stability and convergence,
are only first-order accurate, a significant extension of this work will be to

extend them (non-standard methods) to achieve higher-order accuracy.
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