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Abstract

Comprehensive elasto-acoustics investigation of submerged and buried shell structures is the
main objective. Analyses are carried out in frequency and time domains under a generalized
loading condition and various material configurations for different constitutive rules. Major part
of this study is performed analytically within the linear domain. The last chapter on cubature
formulae, however, is a prelude to numerical analysis when nonlinearities of various types are
introduced into the problem.

Primarily, an exhaustive comparative study is carried out on the performance of the most
popular shell theories in modelling the elasto-dynamics of a fluid-filled, submerged shell structure
subjected to a transient excitation. These models approximate the exact local theory of linear
elasticity on the modal components. Consequently, a discontinuation in their application, under
a general nonstationary excitation, is strongly recommended, henceforth. Subsequently the total
responses are considered when a centrally symmetric excitation is applied. The corresponding
numerical experiments convey practically significant implications.

A more general situation for a buried shell structure, rather than a fluid submerged case, is
considered next. The exact local theory of linear elasticity is applied to the both of elastic media
whilst the linear acoustical theory for compressible fluids is utilized. Both of generalized traction
forces and waves being incident upon a shell’s either surfaces are considered as the excitation’s
sources. Incident waves of shear and compressional nature are included. Origins of these sources
are located within the encompassing elastic medium, shell’s material or the contained fluid. Ex-
tensive sets of numerical examples are performed by using special visualization techniques after
which different limiting situations are studied.

The Hook’s law for the elastic, isotropic material is considered as constitutive rule in full-
space configurations in two previous parts. A generalized Hook’s law along with generalized
linear piezoelasticity for anisotropic materials, on the other hand, is considered subsequently for
the shells submerged in an acoustical wedge medium rather than a full-space configuration.

Analytical solutions are developed for linear domain in previous parts. The last chapter, how-
ever, is a prelude of numerical analysis dealing with nonlinearities associated with the kinematics
of finite deformation or constitutive rule such as elasto-plasticity, super-elasticity or discontinu-
ities due to a strong shock. Quadrature formulae are presented and implemented numerically for
circular cross-sections as it appears, for instance, in spherical and cylindrical shells or inclusions.
These integration schemes can be used within a mixed finite element framework or a meshless
approach.

Keywords
transient diffraction of elastic and acoustical waves, shell theories, focusing mechanism, cav-

itation, method of images, addition theorems, acoustical wedge, composites, anisotropy, layered
structures, triclinic, spherical incident waves, piezoelasticity, generalized Hooke’s law, quadrature
integration, cubature formulae, degree of exactness, computational complexity, meshless method
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Nomenclature

φ nondimensionalized longitudinal displacement potential

ψ, χ nondimensionalized secondary (transverse) displacement potentials

cp =
√

(λ+ 2µ)/ρs, primary (longitudinal) wave speed

cs =
√
µ/ρs, secondary (shear) wave speed

ui nondimensionalized displacement elements where i = r, θ and ϕ

vi nondimensionalized velocity elements where i = r, θ and ϕ

t∗0 time reference

r nondimensionalized radial distance from the center of the shell

r∗ radial coordinate

δ(t) Dirac delta function

GLµ µ-Gauss-Lobatto rule GLµ

Gµ µ-Gaussian quadrature rule Gµ

H (t) Heaviside function

ωi quadrature weights

erfc(x) complementary error function

ζi quadrature nodes

in(z) modified spherical Bessel function of the first kind of nth order

kn(z) modified spherical Bessel function of the second kind of nth order

NOPT
(k) minimum number of nodes for exactness degree of k

N∂Ω number of points on the boundary

Pmn (z) associated Legendre function of nth order

αi c∗i /c
∗ where i = ex, in, s, p

σ0 ρ∗exc
∗
ex

2 as a reference stress

σij nondimensionalized stress elements where i, j = r, θ and ϕ

εij Green-Lagrange strain tensor

vii



Abstract

ci speeds of sound where i = ex, in, s, p

p nondimensionalized pressure

ex total wave field within the external fluid field

inc incident wave

in internal fluid

sc scattered or radiated wave

p compressional wave

sh elastic shell

s shear wave
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Preface

The mathematics of the full treatment
may be altogether beyond human power in
a reasonable time; nevertheless . . .

Oliver Heavisidea

a [Heaviside, 1893, p. 324]

An overall overview of the current work along with the adapted thesis structure are given briefly
here. Comprehensive elasto-acoustics investigations of submerged and buried shell structures is
the main theme. The particular situations considered here have been subjected to a growing
interest since the mid-twentieth century because of their extensive applications in diverse fields
such as seismology, structural and nuclear engineering, petroleum industry as well as biomedi-
cal engineering in both diagnosis and treatment stages. Analytical analyses are carried out in
frequency and time domains under the most generalized loading conditions and various material
configurations. Major part of this study is performed within the linear domain where closed form
solutions are developed. The last chapter, however, is focused on the quadrature integration over
circular domains as a precursor to the nonlinear numerical analysis. Besides, these quadrature
formulae are applied in the second chapter where a Hertzian load distribution over an impacted
spherical shell is treated.

More than 20,000 lines of efficiently parallelized codes are developed in Mathematica©

and Matlab environments for both stages of the main computations and post processing of
the raw results, respectively. Significant amount of time is dedicated to produce high definition,
vector quality figures and illustrations. The presented mathematical developments and associated
numerical results are less than a quarter of the actual achievements during this PhD program.
The remaining research works will be the subject of the future communications. An extensive
list of references is included here. Book chapters, reports and articles are cited, only, if they have
been actually read thoroughly and the corresponding mathematical formulations are re-derived
meticulously to ensure their credibility and accuracy. Furthermore, computer codes are written
to reproduce the existing pertinent numerical results based on their original solution methods in
addition to current proposed approaches. The specific adapted presentation structure is explained
next.

Major developments and findings are accumulated in seven chapters corresponding to four
main steps. Each chapter is in the style of a stand alone journal paper which includes an abstract,
a literature review, an explanation of the problem’s state of art, mathematical developments,
numerical results and finally the concluding remarks. Part of the mathematical developments
which are common among some chapters, are given, more conveniently in the corresponding
appendices. They are presented in a way to be helpful for the better understanding the solution
procedures. Key findings of the presented works, brief descriptions of the works in progress as
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well as the suggestions for the future researches are given at the end. A brief outline of those
seven chapters is given next.

• Chapter 1 On transient elasto-acoustics of a spherical shell: shell theories versus exact
theory of linear elasticity

An exhaustive, comparative study is carried out in chapter 1 on the performance of the
most popular shell theories which approximate the exact local theory of linear elasticity
when the shell is excited by a transient source. Effects of shell’s relative wall-thickness,
frequency content and the excitation’s source and the mode number are studied thoroughly
on the accuracy of these approximate theories. It is well demonstrated that these approx-
imate models under a general nonstationary excitation may underestimate or overestimate
the exact theory. Consequently the exact local theory of linear elasticity is recommended
strongly to be used, henceforth. Besides, the main reason of using these approximations is
not justifiable easily anymore, especially when current advances in the computing technology
is considered.

• Chapter 2 Transient acoustic radiation from a spherical shell filled with and submerged in
compressible fluids subjected to a centrally symmetric impact

The comparative study in chapter 1 is performed on individual modal components. Subse-
quently, total responses based on the exact linear theory are considered in when a centrally
symmetric excitation is applied. A Hertzian distribution of contact forces rather than com-
monly used assumption of a uniform profile is considered in chapter 2. Such a situation
can be a reasonably idealized model for number of significant practical configurations such
as head injury and high intensity ultrasound surgery. This loading configuration leads to
omission of asymmetric modes leading to a very strong focusing of acoustical energy at the
center of the shell. It is demonstrated both quantitatively and qualitatively that under spe-
cial arrangements, the focal pressure can be magnified, for example, by more than ten folds.
Such findings convey practically significant implications in various disciplines.

• Chapter 3 & 4 A comprehensive, time-domain elasto-acoustics study of a fluid-filled spher-
ical shell embedded in an elastic medium I & II: Analytical formulations and validations &
Numerical results

Subsequently, chapter 3 and chapter 4 are dedicated to a comprehensive investigation on
the transient waves propagation through a coupled elasto-acoustic system of a fluid-filled,
thick-walled spherical shell embedded in an elastic formation. The exact local theory of
linear elasticity is applied to the elastic formation and shell whilst the linear theory of an
acoustical phenomenon within a compressible fluid is applied. Both of generalized trac-
tion forces and waves being incident upon the shell’s either surfaces are considered as the
sources of excitation. Extensive sets of numerical examples are carried out by using special
visualization techniques after which different limiting situations are studied.

• Chapter 5 & 6 A Comprehensive study on elasto-acoustic of fluid-filled anisotropic FGM
cylindrical shell in an acoustical wedge with anisotropic piezo-FGM coatings I & II: Formu-
lations & Numerical results
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The Hooke’s law for an isotropic material is considered as the constitutive rule in three
previous chapters. The generalized Hooke’s law, on the other hand, is applied to anisotropic
elastic and piezoelectric materials in chapter 5 and chapter 6. Analytical solutions are
given a fully coupled an electro-elasto-acoustic system of a multi-layered, piezo-composite
cylindrical shell filled with compressible fluid and freely submerged in an acoustical wedge
medium rather than a full space fluid medium. Plane incident acoustical waves as well as
traction forces on either surfaces of the shell are considered as the sources of excitation. The
proposed mathematical developments are capable of treating the most general from of ma-
terial anisotropy, various wedge angle configurations and different piezoelectric polarization
orientations.

• Chapter 7 Quadrature formulae for a circular domain

Analytical analyses for developing the closed form solutions within the linear domain are
investigated in previous chapters regardless. The last chapter (chapter 7), however, is a pre-
lude to nonlinear analysis which is motivated by finite kinematic assumptions as well as the
inherent nonlinearity with constitutive laws such as elasto-plasticity, super-elasticity or dis-
continuities due to a strong shock. Quadrature formulae are presented and implemented for
circular domains. These integration formulae are used to integrate the weak forms through-
out circular cross-sections of cylindrical and spherical shells. These integration schemes can
be used, for instance, in a mixed finite element framework or a meshless technique. The
particular emphases are on the construction of quadrature rules with a prescribed exactness,
having a quasi-uniform distribution of the points within the integration domain which can
provide a given number of nodes on the boundary. Several schemes are investigated and
numerical experiments are conducted on continuous and discontinuous functions to assess
their performance.

The analytical developments given in this work can be used as a benchmark for similar situ-
ations when different numerical and experimental methods are employed. In other words, these
solutions can be used to calibrate, for example, a FEM model or an experimental set-up. The
applications are quite broad: ranging from bio-medicine to NDT (Non-destructive Testing) and
seismology. An appropriate output format of these formulae can be used depending on the mea-
sured variable. Few common practical examples are as the following. The displacement response
is needed to be calculated if geo-phones or laser measurement devices are used. Furthermore, the
surface strain or stress responses can be utilized if a conventional ultrasonic probe is used to pick
up the system’s response. Moreover, the pressure response must be considered if the pulses are
recorded by using hydrophones.

The current extensive numerical experimentation indicates significant practical implications
in various situations. For instance, special geometrical and material configurations have demon-
strated a significantly high level of focusing capability of the acoustical energy of an incident wave
which can be used in the design of the acoustical and ultrasonic focal lenses. On the other hand,
different kind of arrangement have shown to be highly dispersive which can be used in the design
of shock resistant structures.

The outcomes of this research have been disseminated as follows.

• Bahari A., Popplewell N. (2015). Comment on “Transient response of an acoustic medium
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by an excited submerged spherical shell”. The Journal of the Acoustical Society of America,
137(5), 2966-2969.

• Bahari A., Lefeuve-Mesgouez G., Mesgouez A., and Popplewell N. (2016). Transient Re-
sponse of a Fluid-Filled, Thick-Walled Spherical Shell Embedded in an Elastic Medium.
E3S (Vol. 12, p. 06004). EDP Sciences.

• Bahari A., Popplewell N., Karimi N., On transient elasto-acoustics of a spherical shell: shell
theories versus exact theory of linear elasticity, Journal of Sound and Vibration, Under
review.

• Bahari A., Lefeuve-Mesgouez G., Mesgouez A., and Popplewell N., A comprehensive, time-
domain elasto-acoustics study of a fluid-filled spherical shell embedded in an elastic medium
I: Analytical formulations and validations, Soil Dynamics and Earthquake Engineering, The
revised version is submitted.

• Bahari A., Lefeuve-Mesgouez G., Mesgouez A., and Popplewell N., A comprehensive, time-
domain elasto-acoustics study of a fluid filled spherical shell embedded in an elastic medium
II: Numerical results, Soil Dynamics and Earthquake Engineering, The revised version is
submitted.

• Bahari A., Rabbani V. and Popplewell N., A Comprehensive Study on Elasto-Acoustic of
Fluid-Filled Anisotropic FGM Cylindrical Shell in an Acoustical Wedge with Anisotropic
Piezo-FGM Coatings I: Formulations, Submitted to Journal of Sound and Vibration, Under
Review.

• Bahari A., Rabbani V. and Popplewell N., Elasto-Acoustics of a Fluid-Filled, Anisotropic
FGM Cylindrical Shell in an Acoustical Wedge having Anisotropic Piezo-FGM Coatings II:
Numerical Results, Submitted to JSV, Under Review.

• Bahari A., Calabrò F., and Auricchio F., Quadrature Formulae For a Circular Domain,
Journal of Applied Mathematical Modelling, Under Review.

• Bahari A., Karimi N., and Popplewell N., Transient response a spherical shell filled with and
submerged in compressible fluids subjected to a centrally symmetric excitation, Submitted
to ASME Journal of Vibration and Acoustics.

Hence that the volume of the presented numerical results and the level of the details in theoretical
developments are more extensive in the thesis compared to the corresponding submitted papers.
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Chapter 1

Transient Elasto-Acoustics of A Spherical Shell,

Exact Theory of Linear Elasticity versus Shell Theories

Transient radiation and scattering of acoustic waves are considered from a spherical shell
subjected to an incident acoustical perturbation or traction force(s) on either of its surfaces.

The shell is submerged fully and filled with compressible fluids which are both assumed to be
inviscid. An exact linear acoustic wave equation is employed to describe isentropic, isothermal
perturbations of an acoustic phenomenon. The elastic shell, on the other hand, is modelled by
taking two different categories of kinematic assumptions whereas the generalized Hooke’s law for
an isotropic elastic medium is applied regardless. A linearized Green-Lagrange (GL) strain tensor
is employed first as the exact kinematic description of the local theory of linear elasticity. This
exact solution is taken as the reference. Then the two most commonly used shell models (known
as four - and five- mode shell theories) are considered. Their kinematic assumptions are based on
midsurface displacements where the radial strain and stresses are neglected. The Green-Lagrange
kinematic assumption leads to the Navier equation where a Helmholtz decomposition is utilized to
describe the displacement field from a set of decoupled compressional and shear wave equations.
On the other hand, shell theories are applied directly through the decoupled equation of motion
which depends only on the radial element of shell’s midsurface displacement. Modal expansions of
all the field variables are undertaken in terms of Fourier-Legendre polynomials. The corresponding
unknown modal coefficients are found by satisfying continuity boundary conditions in the exact
linear theory within the Laplace space. However the implementation of continuities of the fluid
fields and elastic shell is undertaken differently. A modification is proposed here to standard
practice by considering the pressure difference between the shell’s inner and outer surfaces rather
than at the shell’s midsurface. Then transient, modal components of the fields’ responses are
retrieved by applying an appropriate Laplace inversion procedure. The validity and robustness of
the current solutions and their associated computer codes are checked against available data from
the literature. Numerical cases are selected carefully to examine thoroughly the performance of the
shell theory approximations against the exact linear theory. The impact of different parameters are
investigated within the internal and external fluids and the shell’s material for different excitations
and their sources, shell thicknesses and mode numbers. In general, shell theories may overestimate
or underestimate unpredictably.

1.1 Introduction
Transient interactions of an acoustical medium coupled with an elastic structure exposed

to a mechanical or acoustical excitation, have attracted great attention from the middle of the
twentieth century. See, for instance, [Perlman, 1941,DuMond et al., 1946,Primakoff and Keller,
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1947,Arons and Yennie, 1948,Anderson, 1955,Payton, 1960,Huang, 1969,Geers, 1972,Gaunaurd
and Wertman, 1991,Huang and Mair, 1996,Zakout, 2001,Leblond and Sigrist, 2010,Hasheminejad
et al., 2011]. This extensive attention has been created by the following problems’ widespread
practical applications.

• Diagnostic ultrasound uses such a solution as an accurate forward kernel in a wave field
inversion scheme for imaging cysts and other anomalies ( [Grandjean and Leparoux, 2004,
Wirgin, 2016]).

• Nondestructive testing in ultrasonic immersion testing of submerged structures such as off-
shore oil and gas containers ( [Drinkwater and Wilcox, 2006,Krautkrämer and Krautkrämer,
2013]).

• Underwater acoustics and target identifications used in active and passive sonars ( [Weston,
1959,Gaunaurd and Wertman, 1991,Gaunaurd et al., 1995,Bucaro et al., 2008,Fischell and
Schmidt, 2015]).

• Interactions of a shock wave and shell structures are needed to be considered for safe designs
( [Geers, 1972,Sprague and Geers, 1999,Leblond and Sigrist, 2010]).

• Head injuries are studied by approximating them as a doubly impacted, fluid filled shell
( [Engin, 1969b,Firoozbakhsh and DeSilva, 1975,Bandak, 1997,Zou and Schmiedeler, 2008]).

A numerically efficient approach in modelling such interactions, however, remains problematic.
See, for example, [Leblond and Sigrist, 2010,Hasheminejad et al., 2011, Bahari and Popplewell,
2015]. Theoretical investigations of the transient elasto-acoustic behaviour of a spherical shell can
be categorized broadly as numerical and analytical studies. Specific numerical methods have been
developed for this type of interactions in preference to conventional FEM and BEM approaches.
For example, the DAA (Doubly Asymptotic Approximation) was proposed and refined by [Geers,
1972,Geers, 1978,Geers and Zhang, 1994, Sprague and Geers, 1999]. Alternatively [Leblond and
Sigrist, 2010] applied a boundary integral approach in conjunction with a shell’s in-vacuo eigen-
vectors. This review, however, is restricted to analytical or semi-analytical solutions which have
been proposed mostly with the use of Laplace or Fourier transforms. Analytical inversions of
the transformed solutions are usually challenging and they have been limited to relatively sim-
ple, approximate shell theories. Three such models have been used to describe these coupled
elasto-acoustics interactions. They are known as “three-”, “four -” and “five-” mode theories which
are distinguished here by 3M, 4M and 5M. See, for instance, [Leissa, 1973,Qatu, 2004]. These
particular names relate to the number of independent kinematic variables required to describe
the strain fields in a nonaxisymmetric situation. They should not be mistaken as conventional
vibration modes. [Lamb, 1882] initially proposed the 3M shell theory for a closed spherical shell in
which solely a membrane effect was incorporated. Half a century later, the 4M model was devel-
oped by [Federhofer, 1937] based on the general theory of [Love, 1920] by also including bending
moments in addition to membrane forces. Subsequently, [Prasad, 1964] proposed a 5M theory by
accommodating an additional shear effect in the form of an extra kinematic, rotatory variable.
The corresponding general theory was given earlier in [Naghdi, 1962]. Shortly afterwards, [Wilkin-
son and Kalnins, 1965] improved this 5M model by including rotary inertial coupling terms. This
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approach is similar that of [Naghdi and Cooper, 1956] for cylindrical shells. A brief review of the
transient elasto-acoustic analyses of a spherical shell is given next in which all these approximate
shell theories are outlined.

[Milenkovic and Raynor, 1966] investigated the scattering of a transient plane wave incident
on a spherical shell by using the 3M theory. This paper is one of the few studies in which the 3M
approach was used to investigate the nonstationary, elasto-acoustics of a spherical shell. [Diercks
and Hickling, 1967] is among the earliest authors who utilized the 4M theory. He modelled an
incident pressure pulse acting upon a submerged, spherical shell filled with fluid. The temporal
response was estimated by integrating the system’s harmonic response over a range of frequencies.
Huang and colleagues ( [Huang, 1969,Hsu and Dranoff, 1987,Huang and Mair, 1996]) also inves-
tigated the transient interaction of incident pressure waves with a submerged spherical shell by
employing the 4M model. A Laplace transform was used to find the exact modal displacements
created by an incident step pulse as well as an exponentially decaying wave. However a Volterra
integral was needed to numerically compute the modal pressure histories. This work was extended
to include a spherical rather than the former planar front of an incident pressure wave [Huang
et al., 1971]. The scattering of a transient, incident pressure pulse from a system of two concentric,
spherical shells was considered subsequently in [Huang, 1979]. [Tang and Yen, 1970] considered a
similar configuration as [Huang, 1969] but used the 5M theory of [Prasad, 1964]. An early time,
asymptotic solution was developed for a plane acoustical step pulse by using the Watson trans-
form. [Engin, 1969a] investigated the dynamic response of a fluid filled, spherical shell subjected
to a local radial impulse to represent an impacted human head. A 4M model was utilized to deter-
mine the axisymmetric stress and strain fields by using a Laplace transform approach. [Lou and
Klosner, 1973] also employed the 4M theory to study the radiated pressure from an empty spher-
ical shell excited by a Heaviside or Delta Dirac impulse. They compared their results with both
plane and spherical wave approximations. Later, [Menton and Magrab, 1974] applied a Fourier
transform to find the transient, far field pressure radiation from a submerged, fluid filled spherical
shell by using the 5M model. Variable frequency increments were used to numerically invert the
Fourier transform. [Zhang and Geers, 1993] considered a fluid filled, spherical shell subjected to
an incident, step plane wave. The 4M theory was applied with a residual potential approach to
retrieve the temporal response. [Chen and Stepanishen, 1994] proposed a generalized approach for
thin shells of revolution by using in-vacuo, modal eigenvectors having time dependent coefficients.
They analyzed the transient radiation from a fluid loaded, empty spherical shell subjected to an
axisymmetric impulse by using the 4M model. Later, [Zakout, 2001] gave an interesting closed
form reformulation of the work of [Lou and Klosner, 1973] for a distributed Heaviside excitation.
several discrepancies in the numerical results given in [Zakout, 2001] were rectified by [Bahari and
Popplewell, 2015]. They also computed the impulse response in the time domain of the radiated
field in terms of a Green function.

[Hasheminejad et al., 2011] considered the nonstationary scattering of an acoustical wave by
a submerged spherical shell filled with fluid. They applied the exact theory of linear elasticity in
conjunction with a Helmholtz decomposition. [Hasheminejad and Mojahed, 2016] analyzed, more
recently, the transient acoustical radiation from a hollow sphere located in an acoustical wedge.
However, an approximate transfer matrix rather than an exact approach was taken. Except for
two more recent publications of [Hasheminejad et al., 2011] as well as [Hasheminejad and Mojahed,
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2016], a spherical shell’s transient response has been investigated by using approximate shell theo-
ries rather than the exact kinematic assumptions of the local theory of linear elasticity. Although
these approximations are more computationally efficient, they are most likely to be less accurate.
However a comparative study has to be performed still because of the continuous, extensive use of
the shell theory approximations. Therefore the main objective here is to reassess comprehensively
the accuracy ranges of shell theories given today’s significantly improved computer technology.
Specific highlights and novelties of the current study are listed next.

• Truly comprehensive, comparative evaluations are performed on the performance of approx-
imate shell theories for transient elasto-acoustic interactions.

• The transient acoustical radiation from a spherical shell caused by traction forces is described
by employing exact elastic wave equations and solved by using the Helmholtz decomposition.

• The scattering of nonstationary acoustical waves arising from a spherical shell filled with
a compressible fluid are evaluated by employing the refined, 5M theory of [Wilkinson and
Kalnins, 1965].

• The kinematic continuity of the radial displacements between the interacting elastic shell
and both fluid fields is enforced at both surfaces of the shell rather than artificially at its
midsurface.

• Universal solutions are given for both the 4M and 5M models and, separately, for the GL
approach when mechanical or acoustical excitations are applied.

• The singular point which occurs at the sphere’s center and within the encapsulated fluid is
accommodated.

The organization of this paper is outlined next. The following section, which gives the mathe-
matical developments, starts with the problem’s description followed by the rationale for selecting
the particular Laplace inversion procedure which was adopted. Two types of excitation sources
are described mathematically subsequently. They include mechanical traction forces as well as
incident acoustical perturbations. Acoustical phenomena generated within the internal and exter-
nal fluid fields are discussed afterwards. The elastic shell domain and its interaction with the fluid
media is described first by using the exact local theory of linear elasticity. The shell’s dynamics
which includes its interactions with fluid fields are described later by using the shell theories.
Exact and approximate approaches are compared and fundamental differences are noted. The
validity of the all the solutions found currently and the associated computer codes is checked
rigorously with published data. Then a truly exhaustive set of carefully selected numerical cases
are evaluated. The results presented here are a tiny fraction of those produced and not included
here due to space limitations. On the other hand, numerical results are given for four shell wall
thicknesses, three shell materials, two types of enclosed fluids, six excitation functions having dif-
ferent frequency spectra and three different sources. The latter category includes two mechanical
traction forces, one at each of the two shell’s surfaces, and an incident plane wave. Time histories,
which include modal pressures and particle displacements, are calculated for the first forty modes
which is more extensive than previously.
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Figure 1.1: Showing the problem’s geometry and different excitation sources including traction force(s) and
plane incident waves. Azimuthal angle ϕ is perpendicular to the illustrated plane.

1.2 Mathematical Formulations

The choice of an efficient Laplace inversion procedure is described in this section after which
the adopted conventions are given. Then a linear acoustical phenomenon is considered that can
occur within each of the fluid media. Subsequently, excitations are introduced in the forms of
surface traction forces and acoustical incident waves. Finally, a shell’s dynamic responses to each
of these excitations are described by using two different approaches, the exact theory of linear
elasticity and the class of approximate shell theories.

1.2.1 Problem’s Definition

Assume that a spherical shell (denoted by subscript s) is filled internally (in) with a fluid
and it is submerged externally (ex) in the same or a different fluid. The fluids are considered
to be inviscid but isentropically compressible. The shell itself is subjected to a surface traction
force or an incident plane wave both of which are transient. These loading configurations are
illustrated in Figure 1.1 along with the shell’s dimensions. Excitation amplitudes are always
sufficiently weak that the assumption of linearity is reasonable. Consequently wave phenomena in
either fluid medium is characterized by an unperturbed mass density and sound speed which are
denoted, respectively, by ρ∗f and c∗f where subscript f is in or ex. The elastic shell has dimensional
inner (outer) radius of r∗in(r∗ex) and it is assumed to be homogeneous as well as isotropic. Its mass
density and Lamé constants are ρ∗s and µ

∗, λ∗, respectively. These and all the other parameters are
nondimensionalized appropriately. Lengths, which include the displacements and distances from
the sphere’s center, are taken with respect to r∗ex. Furthermore, stresses and pressures are given
relative to {σ∗0 = ρ∗exc

∗
ex

2} whereas time t∗ is nondimensionalized with respect to {t∗0 = r∗ex/c
∗
ex}.
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The following dimensionless variables (which have no star superscripts) are used throughout

t =
t∗

t∗0
, r =

r∗

r∗ex
, α =

c∗ex
c∗
, ρ =

ρ∗ex
ρ∗
, p =

p∗

σ∗0
, σij =

σij
∗

σ∗0
, ui =

u∗i
r∗ex

, vi =
v∗i t
∗
0

r∗ex
(1.1)

where i, j = r, θ and ϕ. The t∗, r∗, v∗i and p
∗ denote the real time, radial coordinate, fluid’s particle

velocity and pressure whilst u∗i and σ
∗
ij refer to displacement and stress components, respectively.

Details of the algorithm used to numerically invert the Laplace transform are presented next.

1.2.2 Laplace Transform

The pertinent literature indicated that the Laplace transform is a versatile tool in analytically
treating transient wave interactions with a structure. For example, [Huang, 1969], [Zhang and
Geers, 1993], [Huang and Mair, 1996] as well as [Bahari and Popplewell, 2015] employed this
approach to solve the transient acoustical scattering or radiation from a spherical shell. Conse-
quently the one-sided Laplace transform is applied here to all temporal quantities. A Laplace
transform for an arbitrary function, Λ̃(t), exists if |Λ̃(t)|< +∞ as t → +∞. This transform and
its complex inversion are defined, respectively, as

Λ(s) =

∫ ∞
0

Λ̃(t) e−s tdt and Λ̃(t) =
1

2πi
lim
η→∞

∫ γ+iη

γ−iη
Λ(s)es tds. (1.2)

where η is an arbitrary real number which is greater than the real parts of all the singularities of
Λ(s). The analytical inversion (in the context of the current problem) has been limited previously
to simplified shell models as in [Huang, 1969], [Tang and Yen, 1970] and [Bahari and Popplewell,
2015]. However [Hasheminejad et al., 2011] and [Hasheminejad and Mojahed, 2016] concluded
that it is essentially impossible for more realistic models to perform an analytical inversion so
that a numerical inversion algorithm is required. Of the many numerical methods suggested,
the one proposed by [Durbin, 1974] has been selected here because it was shown by [Naeeni
et al., 2015] to be stable and reasonably accurate. This algorithm uses a Fourier series based
approach in conjunction with a trapezoidal integration rule. Then the exact inversion integration
in Equation 1.2 becomes

Λ̃(t) = lim
Nd→∞

ΛNd(t, a,Nd, T0) +

∞∑
j=1

e−2j(a T0)Λ̃(2jT0 + t), t ∈ [0, 2T0] (1.3)

in which the second term on the right is the discretization error. The Nd, a, and T0 are the
truncation number, a free parameter (to be assigned) and an arbitrary time instant, respectively.
The main deficiency of all Fourier series based approaches, however, is their slow convergence and
the presence of nonphysical oscillations known as the Gibb’s phenomenon. However a filter %(j)

can be applied to mitigate these difficulties. Subsequently the truncated estimate, Λ̄Nd(t), of the
inversion Λ̄(t) becomes

Λ̃Nd =
eat

T0

(
Λ(a)

2
+

Nd∑
j=1

%(j)
[
Re
{
ðj(t)

}
cos bj(t) + Im

{
ðj(t)

}
sin bj(t)

])
(1.4)
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Chapter 1. Exact Theory of Linear Elasticity versus Shell Theories

where

ðj(t) = Λ
[
a+ i bj(t)

]
, bj(t) =

jπ

T0
t, %(j) = sin

(
jπ

Nd

)
/

(
jπ

Nd

)
and t ∈ [0, 2T0].

The %(j) is the filter proposed by Lanzcos. As discussed by [Honig and Hirdes, 1984] the optimal
choice of the free parameter {a T0} occurs when the absolute values of the discretization and trun-
cation errors are equal. [Durbin, 1974,Honig and Hirdes, 1984,Valkó and Abate, 2004] suggested
5 ≤ a T0 ≤ 10. The choice of 5 ≤ er ≤ 6 meets this criterion and provided reasonable results in
our preliminary tests. The different excitation sources considered are formulated next.

1.2.3 Excitation Sources

Two kinds of excitation sources are considered. The first kind is a traction force which is
normal to either the shell’s inner or outer surface; the other is a travelling plane wave which
impinges on the shell’s outer surface. Regardless, the temporal origin is adjusted so that it always
coincides with the initial interaction between an excitation and the shell. The general vector form
of a traction force is

f̃ i ≡ f̃ i(θ, ϕ, t) = f̃ ir(θ, ϕ, t)er + f̃ iθ(θ, ϕ, t)eθ + f̃ iϕ(θ, ϕ, t)eϕ (1.5)

However, if the traction force is axisymmetric as well as normal to a shell’s surface, Equation 1.5
simplifies to

f̃ i ≡ f̃ i(θ, t) = f̃ ir(θ, t)er (1.6)

which is independent of the azimuth coordinate (ϕ). As the traction force is presumed to be time
and spatially separable, the radial traction force can be expressed as

f̃ ir(θ, t) = ηi(θ)g̃(t), i = in, ex. (1.7)

The ηi(θ) in this equation can be expanded in terms of the orthogonal Legendre polynomials
Pn(cos θ) as

ηi(θ) =

∞∑
n=0

ηinPn(cos θ) (1.8)

where ηin is the nth modal component of ηi(θ) that is given by

ηin =
2n+ 1

2

∫ π

0
ηi(θ)Pn(cos θ) sin θdθ. (1.9)

By combining Equation 1.7 through Equation 1.9, the Laplace transform of f̃ ir(θ, t) becomes

f ir(θ, s) =

∞∑
n=0

ξinPn(cos θ), where ξin = g(s)ηin. (1.10)

7



1.2 Mathematical Formulations

The ξin is the nth modal component of f̃ ir(θ, t). The other excitation source, an incident plane
wave, is considered next. It takes the mathematical form

P̃ incr (r, θ, t) = σ0g̃(r cos θ − 1 + t)H (r cos θ − 1 + t) (1.11)

where H (t) is the Heaviside unit step function. The P̃ incr (r, θ, t) can be expressed in terms of
spherical harmonics by using the translational addition theorem detailed in [Hasheminejad et al.,
2011]. Then

pinc(r, θ, s) =

∞∑
n=0

pincn (r, s)Pn(cos θ) (1.12)

where

pincn (r, s) = (2n+ 1)g(s)esin(rs) (1.13)

and in(rs) is the modified spherical Bessel function of the first kind. Of course, the superposition
principle can be applied straightforwardly if multiple excitations happen simultaneously. The
total pressure at any point in the fluid medium surrounding the sphere is the sum of the incident
component, given by Equation 1.12, and a scattered component. The scattered component as well
as the pressure radiated from the shell into the internal fluid are described next.

1.2.4 Fluid Media
The acoustical pressure perturbation, p̃(r, θ, t), generated within an internal or external fluid is

governed by Equation A.3 which is given more conveniently in Appendix A. The Fourier-Legendre
expansion of this acoustical pressure in the spherical coordinate system illustrated in Figure 1.1
becomes

p̃(r, θ, t) =
∞∑
n=0

p̃n(r, t)Pn(cos θ) (1.14)

Inserting Equation 1.14 into Equation A.3 leads to

d2pn

dr2 +
2

r

dpn
dr
− n(n+ 1)

r2 pn = α2
i s

2pn, i = in, inc, sct, ex (1.15)

in the Laplace domain where pn ≡ pn(r, s) is the nth modal component of the acoustical pressure.
Solutions of Equation 1.15 must be bounded as (i) r →∞ for the scattered or radiated pressure
field in the fluid surrounding the shell (psct) and (ii) as r → 0 for the radiated or refracted pressure
into the contained fluid (pin). See, for example, [Junger and Feit, 1986] as well as [Bahari and
Popplewell, 2015]. Consequently

pinn (r, s) = An(s)in(αinrs) and psctn (r, s) = Bn(s)kn(rs) (1.16)

in which the in(x) and kn(x) are the modified spherical Bessel functions of the first and second
kinds, respectively. The An(s) and Bn(s) are the unknown nth modal coefficients which are
determined when the required boundary conditions are specified and satisfied. The total acoustical
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Chapter 1. Exact Theory of Linear Elasticity versus Shell Theories

pressure in the fluid surrounding the shell, pex, which arises from an incident wave, is the sum of
the pressures generated by the incident and scattered waves. They are given by Equation 1.13
and Equation 1.16, respectively, so that

pexn (r, s) = Bn(s) kn(αinrs) + (2n+ 1)g(s) esin(rs). (1.17)

The corresponding fluid’s particle velocities, which are represented by vector v, are determined
in the Laplace domain by substituting the acoustical pressure found from Equation 1.16 and
Equation 1.17 into Equation A.1b. Then the nondimensional radial component of v within the
internal and external fluids, respectively, become

vinr,n = −An(s)
ρinαin
s

[
in+1(αinrs) +

n

αinrs
in(αinrs)

]
(1.18)

and

vexr,n = Bn(s)
1

s

[
−kn+1(rs) +

n

rs
kn(rs)

]
+ vincr,n (1.19a)

where

vincr,n = −(2n+ 1)g(s)
es

s
[in+1(rs) +

n

rs
in(rs)]. (1.19b)

The modal pressure and velocity of the hypothetical internal fluid particle located at the center
of the shell can be shown by using Equation 1.16 to become indeterminate. This singularity is
treated separately for n = 0 and n > 0. The well known ĺ Hôpital ’s rule is applied once for n = 0

as r → 0 which leads to

pin0 (r, s)|r=0 = lim
r→0

An(s)
sinh (αinrs)

αinrs
≡ An(s) (1.20a)

and

vin0 (r, s)|r=0 = lim
r→0

An(s)ρin
−rsαin cosh (αinrs) + sinh (αinrs)

αin(rs)2

≡ −An(s)

2
ρin lim

r→0
sinh (αinrs) = 0. (1.20b)

By using the limit form of in(z) given in §10.52.1 of [Olver, 2010] when n > 0, the pressure and
particle velocity the sphere’s center respectively become

pinn (r, s)|n>1
r=0 = lim

r→0
An(s)in(αinrs) ≡ An(s) lim

r→0

(αinrs)
n

(2n+ 1)! !
= 0 (1.21a)

9



1.2 Mathematical Formulations

and

vinn (r, s)|n>1
r=0 ≡ − lim

r→0
An(s)ρin

n in(αinrs) + αinrs in+1(αinrs)

rs

≡ −An(s)ρinαin lim
r→0

(rsαin)n−1

(
n

(2n+ 1)! !
+

(rsαin)2

(2n+ 3)! !

)
= 0. (1.21b)

An immediate physical interpretation of Equation 1.20a through Equation 1.21a is that the breath-
ing mode (n = 0) is the only nonzero modal contribution at the center of the shell. This observation
is expected due the complete symmetry about this center. Couplings of the fluid media to the
elastic shell are addressed next.

1.2.5 Elastic Shell

The dynamic response of a shell can be described by the exact theory of linear elasticity or
by approximate shell theories. Each of these approaches involves different kinematic assumptions.
Furthermore they each require an individual treatment to define the fluid-shell interactions.

1.2.5.1 Kinematic Assumptions: Green-Lagrange Strain Tensor

The equation of motion (E OM ) of an elastic body which is based on the local theory of linear
elasticity is described by using the exact Green-Lagrange (GL) kinematic assumptions. It was
formulated first by Navier. However the derivation is outlined for completeness in Equation B.1b
through Equation B.2. For zero initial conditions and no body force, the Navier equation is

Lu = ∅ where L = −µ∇×∇×+(λ+ 2µ)∇∇.− ρss
2 (1.22)

in the Laplace domain. In spherical coordinates

u ≡ u(r, θ, ϕ, s) and ∇ ≡ ∂

∂r
er +

1

r

∂

∂θ
eθ +

1

r sin θ

∂

∂ϕ
eϕ

are the displacement vector and gradient operator, respectively. The er, eθ and eϕ are the unit
vectors in the radial, angular and meridional directions, respectively. The solution of Equation 1.22
is reduced to finding the three dimensionless displacement potentials, φ(r, θ, ϕ, s), ψ(r, θ, ϕ, s) and
χ(r, θ, ϕ, s) by using the Helmholtz decomposition given explicitly in Equation B.3. These poten-
tials are governed by

∇2φ = ssα2
pφ, ∇2ψ = ssα2

sψ and ∇2χ = ssα2
sχ (1.23)

where αp = cex/cp and αs = cex/cs whereas cp =
√

(λ+ 2µ)/ρs and cs =
√
µ/ρs are the

compressional and shear wave velocities, respectively. For a configuration having axisymmetric,
non-torsional traction boundary conditions, these displacement potentials are independent of the
azimuth coordinate, ϕ, so that χ = 0. The two remaining wave potentials are expressed in the

10



Chapter 1. Exact Theory of Linear Elasticity versus Shell Theories

following Fourier-Legendre series

φ(r, θ, s) =
∞∑
n=0

φn(r, s)Pn(cos θ) and ψ(r, θ, s) =
∞∑
n=0

ψn(r, s)Pn(cos θ). (1.24)

The substitution of the φ and ψ from Equation 1.23 into Equation 2.22 leads to

d2$n

dr2 +
2

r

d$n

dr
− n(n+ 1)

r2 $n = s2α2$n (1.25)

where $n and α are respectively the abbreviated versions, for convenience, of φnand αl as well as
ψnand αs. Then the succinctly written solution of Equation 1.25 is{

φn(r, s)

ψn(r, s)

}
=

{
Cn(s)in(αlrs) +Dn(s)kn(αlrs)

En(s)in(αSrs) + Fn(s)kn(αSrs)

}
. (1.26)

Six independent boundary conditions (BCs) are required to find the six unknown coefficients An(s)

through Fn(s) used in Equation 1.16 and Equation 1.26. The BCs are formulated most readily
by employing the continuity of two sets of vectors which need to be evaluated at both surfaces of
the shell. One vector relates to the traction stress, t, and the other vector to the velocity v ≡ su
in the Laplace domain. Vector t is determined by projecting the Cauchy-Green stress tensor, σ,
in the direction of en - the unit vector normal to a given traction surface. Consequently

t(i) ≡ σ.en, i = in, ex. (1.27)

As the centres of the spherical coordinate frame and shell coincide, en ≡ er so that

t(i) = σrrer + σrθeθ + σrφeφ. (1.28)

In an axisymmetric configuration, however, the normal component of t(i) (i.e. σrr) and only
one shear component, σrθ or σrφ, are needed, in addition to the radial component of the surface
velocity, vr, to satisfy the BCs. By substituting Equation 1.26 into Equation B.8 it follows that


vr(r, θ, s)

σrr(r, θ, s)

σrθ(r, θ, s)

 =

∞∑
n=0


vrn(r, s)

σrrn (r, s)

σrθn (r, s)
∂

∂θ

Pn(cos θ). (1.29)

Corresponding expressions for the modal components vrn ≡ surn(r, s), σrrn ≡ σrrn (r, s) and σrθn ≡
σrθn (r, s) are detailed in Equation B.9 of Appendix B. As the fluid is assumed to be inviscid, both
the shear stresses, σrθ and σrφ, vanish at the traction surfaces. Consequently three independent
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1.2 Mathematical Formulations

scalar equations of continuity are produced at each traction surface so that

σrr|r=1+psct|r=1

σrr|r=rin+pin|r=rin
σrθ|r=1

σrθ|r=rin
vsctr |r=1

vinr |r=rin


=



−pinc|r=1+fexr

−f inr
0

0

−vincr |r=1+s u|r=1

ρins u|r=rin .


(1.30)

A fluid’s acoustical pressure pi and the corresponding radial component of the particle velocity, vir
where i = {inc, sct, in}, are found by using Equation 1.16 through Equation 1.19a. The resulting
set of linear equations can be written more succinctly as

Γnωn = ξn (1.31)

for each mode n. The Γn is a 6×6 matrix whose six unknown modal coefficients ωTn and the
excitation vector ξn are ω

T
n = {An(s), . . . , Fn(s)} and ξTn = [ζexn (s) ξinn (s) 0 0 0 0] where

ζexn = ξexn (s) + (2n+ 1)g(s)esin(rs). The ξexn and ξinn are given in Equation 1.10.
The following subsection outlines two of the most commonly used shell theories which ap-

proximate the previously described GL approach. These approximations, however, require the
interactions between a shell and fluid to be treated differently.

1.2.5.2 Approximate Shell Theories

A major difference between the shell theories and GL approach arises from their kinematic
assumptions. A midsurface based displacement assumption and conjectured zero radial strains
and stresses are employed invariably in all the shell theories. Consequently the first branch of the
dispersion’s frequency spectrum found from the GL approach is highly unlikely to be captured.
See, for example, [Prasad, 1964] and [Qatu, 2004] § 2.34. Therefore the E OM in a shell theory is
independent of the radial coordinate, r unlike the GL based Equation 1.22. As a result, an E OM

for all shell theories can be written generally as

Lū = f where ū ≡ u|r=rmid and rmid =
1 + rin

2
(1.32)

in the Laplace domain when initial conditions are zero. The linear operator L is independent of the
radial coordinate. The detailed expressions of L are given in Appendix C. Moreover the loading
vector, f , used in Equation 1.32 represents all the traction forces which include the mechanical
surface forces and those fluid pressures which act on one or both of the shell’s surfaces. Therefore

f |r=rmid∼= f in|r=rin+f ex|r=1+(pin|r=rin−p
ex|r=1)er (1.33)

defines a general inviscid, fluid-shell interaction. Such interactions are implemented through
Equation 1.33 by including the contributions of both the internal and external fluid pressures at
each surface of the shell, i.e. r = rin and rex. This approach is contrary to the common practice of
taking pressure values at an imaginary midsurface, r = rm. See, for example, [Huang, 1969,Huang,
1979,Geers and Zhang, 1994,Bahari and Popplewell, 2015]. This apparently small modification
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Chapter 1. Exact Theory of Linear Elasticity versus Shell Theories

noticeably improves the performance of the shell theories especially for higher wall thicknesses.
The fluid-solid interaction, however, is described more rigorously in the GL approach by applying
continuities at all the traction boundaries. Moreover, approximate shell models always assume
that the fluid particle velocities at adjacent traction surfaces are identical to that at the imaginary
midsurface. Kinematic compatibility and continuity conditions at the inner and outer surfaces of
the shell require that

s ur|r=rmid∼= vinr |r=rin , s ur=rin
∼= vexr |r=rex (1.34)

in which the modal components of vex and vin are given in Equation 1.18 and Equation 1.19a for
the adjacent, inviscid fluid media. The unknown coefficients An and Bn in the previous equations
are determined from Equation 1.34. Moreover, Equation 1.32 infers that f acts only at the
shell’s imaginary midsurface so that time delays are ignored for those elastic waves which travel
repeatedly between the two surfaces of the shell. Consequently shell theories do not distinguish
whether a traction force is applied at the shell’s inner or outer surface.

The two most commonly used approximations of the GL are known as the four mode (4M)
and five mode (5M) shell theories. The 4M model, proposed by [Federhofer, 1937], accounts for
membrane and bending effects as a thin shell approximation. It has been the most popular choice
for elastoacoustic problems. See, for instance, [Huang, 1969, Lou and Klosner, 1973, Zhang and
Geers, 1993], [Chen and Stepanishen, 1994] as well as [Zakout, 2001] and [Bahari and Popplewell,
2015]. On the other hand, the 5M theory for a spherical shell was developed first by [Prasad, 1964]
and was then improved by [Wilkinson and Kalnins, 1965]. It lies within the category of so called
thick shell theories as it includes shear deformation, rotary inertia terms as well as membrane and
bending effects. For instance, [Tang and Yen, 1970] used the variation of 5M proposed by [Prasad,
1964], whereas [Menton and Magrab, 1974] utilized the one of [Wilkinson and Kalnins, 1965]. The
terms four - and five- modes also refers to maximum number of required independent kinematic
variables. These names, also, corresponds to the maximum number of branches can be predicted
by these shell theories in their associated dispersion curves. The latter 5M model is the one
considered currently.

The displacement field, u, is defined as a function of the midsurface’s displacement, ū, and
the radial coordinate, r, in a shell theory. Consequently

u(r, θ, ϕ, s) ≡ u(ū(θ, ϕ, s), z(r)), −h/2 < z < h/2 (1.35)

where z ≡ r − rmin. Equation 1.35 in conjunction with Equation 1.32, implies unrealistically
that any variation in displacement vector u across a shell’s thickness happens spontaneously.
The foregoing approximation of Equation 1.35 is obtained from a Taylor’s series expansion of
displacements elements in terms of a thickness coordinate, z, by neglecting terms of order z2 and
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higher, such that

u ≡



ur(r, θ, ϕ, s)

uθ(r, θ, ϕ, s)

uϕ(r, θ, ϕ, s)

βθ(r, θ, ϕ, s)

βϕ(r, θ, ϕ, s)


=



ūr(θ, ϕ, s)

ūθ(θ, ϕ, s)

ūϕ(θ, ϕ, s)

β̄θ(θ, ϕ, s)

β̄ϕ(θ, ϕ, s)

︸ ︷︷ ︸
ū

+z



0

β̄θ(θ, ϕ, s)

β̄ϕ(θ, ϕ, s)

0

0


, −h

2
< z <

h

2
(1.36)

where β̄θ and β̄ϕ are the midsurface rotations. The β̄θ is assumed to be zero in the 4M theory.
It is inferred from Equation 1.36 and zero radial strain assumption that frequency spectra of 4M
and 5M have only four and five branch for each n, respectively. This is in contrary to GL which
predicts infinite number of branches for each mode n. In an axisymmetric, shear-free loading
situation, β̄ϕ and ūϕ are zero and response is independent of azimuthal angel ϕ. Furthermore the
traction force load on shell simplifies to

f = [%r(θ, s), 0, 0]T (1.37)

where

%(θ, s) = f (in)
r (θ, s)− f (ex)

r (θ, s) + p(in)(r, θ, s)|r=rin−p
(ex)(r, θ, s)|r=rex . (1.38)

Consequently Equation 1.36 is reduced to
ur(r, θ, s)

uθ(r, θ, s)

βθ(r, θ, s)

 =


ūr(θ, s)

ūθ(θ, s)

β̄θ(θ, s)

+ z


0

β̄θ(θ, s)

0

 , −h
2
< z <

h

2
. (1.39)

Equation 1.39 indicates that while the radial displacement remains constant across the thickness
in both shell theories, the 5M theory conversely allows the meridional component to vary linearly
in radial direction z. Irrespective of the adopted shell theory, the radial displacement can be
written in terms of a Fourier-Legendre expansion as

ūr(θ, s) =
∞∑
n=0

ūrn(s)Pn(cos θ). (1.40)

By using the expansion given in Equation 1.40 and the compatibility conditions of Equation 1.34,
the unknown coefficients An(s) and Bn(s) in Equation 1.16 become

An(s) =
−s ūrn(s)

ρinαin[in+1(αinrins) + n
rinαins

in(αinrins)]
(1.41a)

and

Bn(s) =
s ūrn(s) + (2n+ 1)g(s)es[in+1(s) + n

s in(s)]

−kn+1(s) + n
s kn(s)

(1.41b)

regardless of the shell theory. Subsequently the closed form expressions of the midsurface’s radial
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displacement, ūrn(s), can be deduced from Equation 1.32 and Equation 1.41, such that

ūrn(s) =
An(s)

Bn(s)
, (1.42)

where

An(s) = âinn

[
âscan (ξnetn + p̂incn )−âincn p̂scan

][
c3(ν − 1) + λn(b3 + b4 − 2ksb5

+ 2ksλn)− (b3 + b4 − 2ksb5)ν
]

(1.43)

and

Bn(s) =âscan p̂inn s
2
[
c3λn(b3 + b4− 2b5ks + 2ksλn)− c3ν + (b3 + b4 − 2b5ks)λnν

]
+ âinn

[
ascan h(1− ν)(c3(2 + k1s

2α2
Lsh + 2ν)− λn(c2 − c1λn + λ2

n))
]

p̂scan s2
[
c3(ν − 1) + λn(b3 + b4 − 2b5ks)ν

]
(1.44)

in which λn = n(n + 1) and ks = 6/5. Expressions for {p̂scan , p̂inn , p̂
inc
n , âscan , âinn , âincn , ξnetn } in

Equation 1.43 and Equation 1.44 are

p̂scan = kn(s), âinn = −ρinαin
[
in+1(αins) +

n

αins
in(αins)

]
,

âscan = kn(s), âincn = (2n+ 1)g(s)
[
in+1(s) +

n

s
in(s)

]
,

p̂inn = in(αins), p̂incn = (2n+ 1)g(s)in(s), ξnetn = ξinn − ξ
ex
n . (1.45)

The remaining of parameters and constants in Equation 1.43 and Equation 1.44 are given in
Equation C.1 and Equation C.2 of Appendix C. However Equation 1.42 is developed for 5M, if
ks = kr = k2 = cr = 0, the same equation represents ūrn(s) in the case of 4M. Some computational
details and validations of the current approach is discussed next.

1.3 Validations
The current solutions are implemented in Mathematica© environment. The code is made

parallel by using Wolfram’s Kernel Technology with a high level of computational effi-
ciency. The objective here is to examine the validity of these solutions and their associated
computer codes under a general loading situation. This goal is fulfilled by performing numerical
comparisons against the multiple cases of published data to ensure the validity and numerical
robustness of the current computer codes. The results from the existing cases are reproduced first
by using the original methodologies. Then the outputs of these codes are compared with those of
the current work. However only three representative cases are presented next.

(i) The scattering of a plane incident wave from an empty spherical shell
[Huang, 1969] studied the scattering of an incident transient plane wave from an empty steel

shell submerged in water. The 4M theory was used with h = 0.01 and ḡ(t) = H (t). Figure 1.2c
is a reproduction of Figures 2 and 3 of [Huang, 1969] in which the modal components of the radial
displacements, unr , were given for n = 0 and 2 ≤ n ≤ 7.
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Figure 1.2: Time histories of the (a) shell’s modal displacements, ūnr , 0 ≤ n ≤ 7 at r = 0.99; (b) shell’s total
displacement at θ = π/2 as well as the average value for the apex and tail in comparison to the breathing mode
displacement (the late time static asymptotic deflection). The water submerged, empty steel spherical shell has a
nondimensionalized thickness of h = 0.02. It is subjected to a plane incident pressure wave with Heaviside time
dependency. (c) inner and outer surface pressure time histories at a spherical shell’s apex (θ = 0) and (d) its center
point (r = 0)(c) Center point, r = 0, pressure history when in the later configuration, the shell is filled with water
and the thickness reduces to h = 0.01.

(ii) The scattering of an incident plane wave from a fluid filled spherical shell
[Zhang and Geers, 1993] studied the scattering of an incident transient plane wave from a

water filled and water submerged, steel spherical shell. A four-mode shell theory was considered
for h = 0.01 and ḡ(t) = H (t). Surface pressure histories of the internal and external fluid
media are shown in Figure 1.2a as well as the pressure at the sphere’s center, r = 0, as given
in Figure 1.2b. These figures agree very well with Figures 5 and 16 of [Zhang and Geers, 1993],
respectively. Barely visible differences, however, are observed by comparing these results with
those of the 5M and the GL solutions.

(iii) The transient acoustical radiation from an empty spherical shell
The transient acoustical radiation from an underwater, empty steel shell caused by a surface

excitation was studied by [Chen and Stepanishen, 1994], [Zakout, 2001] and [Bahari and Pop-
plewell, 2015] who all used the 4M theory. [Chen and Stepanishen, 1994] considered the Dirac
impulse (ḡ(t) = δ(t)) as the time dependency of the force located at the outer surface of the shell.
The transient response was retrieved by using in vacuo eigenvectors. On the other hand, [Zak-
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r=1.0 n=0

r=1.5

r=3.0

0 2 4 6 8 10

-0.2

0.0

0.2

0.4

0.6

nondimensionalized time, t

n
o
n
d
im
en
si
o
n
a
li
ze
d
p
re
ss
u
re
,
P
0

Dimensionless Time, t

(c) zero modal pressure for ḡ(t) = H (t)

r=1.0 n=2

r=1.5
r=3.0

0 2 4 6 8 10

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

nondimensionalized time, t

n
o
n
d
im
en
si
o
n
a
li
ze
d
p
re
ss
u
re
,
P
3

Dimensionless Time, t
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Figure 1.3: Time histories of the modal pressure at different nondimensionalized distances from the sphere’s center
(r = 1.0, 1.5, and 2) for (a) breathing mode n = 0 and (b) second vibratory mode n = 2 where an Dirac impulse
ḡ(t) = δ(t) applied at the shell’s outer surface. Time histories of the modal pressure at different nondimensionalized
distances from the sphere’s center (r =1.0, 1.5, and 3) for (a) breathing mode n = 0 and (b) second vibratory mode
n = 2 where an Heaviside pulse ḡ(t) = H (t) applied at the shell’s inner surface.

out, 2001] used the Heaviside excitation whereas [Bahari and Popplewell, 2015] considered both
a Heaviside and a Dirac impulse acting on the inner surface of a shell for which a direct Laplace
transform approach was adopted. It should be remembered that shell theories do not distinguish
an inner or outer loads except for a sign difference (Equation 1.38). The pressure histories of the
zero and second modes are given at different distances from the shell’s center for both the impulse
and Heaviside loads considered in Figure 3.8. A fairly good agreement between Figure 1.3a and
Figure 1.3b is observed with the corresponding Figure 10 and Figure 12 of [Chen and Stepanishen,
1994], respectively. Furthermore, Figure 1.3c and Figure 1.3d agree well with Figure 7 and Figure
2c given respectively in [Zakout, 2001] and [Bahari and Popplewell, 2015]. An extensive set of
newly conducted numerical tests are presented next.

1.4 Numerical Experiments
The main objective of this section is to examine thoroughly the range of validity of two

shell theories in comparison to the data from the GL model for a shell which is subjected to
a general transient excitation. This objective is achieved by performing a truly exhaustive and
diverse set of carefully selected numerical experiments. The main computations of the modal
components are performed in the Mathematica© environment as noted in 2.2. An extensive
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set of Matlab codes are developed for the post processing and automatic plotting of the outputs
of the Mathematica© code. These Matlab codes automatically plot several thousands of
comparative cases to produce high quality figures. The subplots are arranged in a way to maximize
the data in the least possible space. Moreover the limits of a vertical axis is set exactly by using
the global maximum and minimum values among all the 4M, 5M and GL data. A typical run-time
using this hardware for each set of 40 modes takes around 7 hours for each shell theory and an
hour extra for the the GL code. Such a difference is almost inconsequential. The results presented
here are a tiny fraction of thousands of cases.

1.4.1 Configurations of The Case Studies

air cin = 340 m/s and ρin = 1.225 kg/m3

sea water cex = 1500 m/s and ρex = 1000 kg/m3

steel ρs = 7800 m/s, ν = 0.3 and E = 207 Gpa

aluminum ρs = 2700 m/s, ν = 0.32 and E = 69 Gpa

pyroceram glass ρs = 2700 m/s, ν = 0.3 and E = 69 Gpa

shell’s thickness h = {0.001, 0.04, 0.1, 0.2}

Table 1.1: Material properties and shell’s thicknesses.

The case studies are selected so that the most effective factors are incorporated in the de-
termination of the accuracy of the two shell approximations. The following investigated factors
include: the relative shell wall thickness (h), mode number (n), time dependency of an excitation
(f(t)), the source of excitation (an incident wave and a surface traction force) and the relative
acoustical properties of the interacting media. A steel shell is submerged invariably in water and
it is filled with either water or air. Four relative shell wall thicknesses are used to encompass very
thin and thick shells. Aluminum and pyroceram glass are chosen to be compared with steel for
the material of the shell. All the material properties as well as the shell’s thicknesses are given in
Table 1.1.

Individual modes represent a specific physical motion. The zero (n = 0) and first (n = 1)
modes give rise to a breathing deformation and a rigid body motion, respectively. All other
higher mode numbers, n > 1, on the other hand, are known as labour nontranslational modes
relate to different symmetric and asymmetric vibratory modes. See, for example, [Zakout, 2001].
The breathing mode refers to a symmetric vibratory motion in which that any given circular
cross section of the shell remains circular as the shell’s radius changes uniformly. This motion
corresponds to the long term asymptotic response is the static deflections when the rigid body
motion is omitted. These three categories of modes are considered in the current numerical
experiments.

Different excitation functions g̃(t) are chosen to represent various types of frequency spectra.
The time dependencies of these functions and the corresponding closed form expressions in the
Laplace and Fourier ğ(ω) domains are given in Table 1.2. The Dirac delta δ(t) and Heaviside H (t)

pulses represent ideal excitations which have been previously used most extensively. A response
to a general excitation can be found by simply employing the convolution or Duhamel’s integral of
responses to Dirac or Heaviside functions, respectively, because of the complete system’s linearity.
See, for example, [Tang and Yen, 1970,Huang, 1969,Zhang and Geers, 1993,Zakout, 2001]. The
δ(t) provides a uniform frequency spectrum whereas the Heaviside function gives more weight

18



Chapter 1. Exact Theory of Linear Elasticity versus Shell Theories

Excitation Pulses

Ricker
g̃(t) =

[
1− 2

(
t− tr0
trω

)2
]−( t−tr0

trω

)2
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Table 1.2: Mathematical Expressions of excitation in time ḡ(t), frequency ğ(ω) and Laplace g(s) domains where
erfc(x) denotes the complementary error function.

to the lower modes. The mathematical expressions of these two functions are very simple in
the Fourier and Laplace spaces. Consequently they are better suited for analytical developments
which explains their popularity. The pulse created by an explosion is considered for its obvious
practical application. Furthermore Ricker, Gaussian as well as the modulated Gaussian pulses are
employed. As an example of their practical usefulness, such pulses are used widely in conventional
ultrasonic testing (UT). Three frequency ranges, a narrow - and broad - broad as well as a band in
the UT range, are chosen. A broader frequency band corresponds to a sharper temporal behaviour.
Their associated non-dimensional parameters are given in the last two rows of Table 1.2. The
time histories of these functions are given in Figure 1.4 along with their corresponding frequency
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Figure 1.4: Shows the normalized time histories and corresponding frequency spectra of (a) and (b) the Narrowband
(NB) as well as (c) and (d) the broadband (BB) excitations, respectively.

spectra. The frequency spectra illustrated in Figure 1.4d have a ten times broader frequency ranges
in comparison that of Figure 1.4b. See also the corresponding time histories given in Figure 1.4a
and Figure 1.4c. Both the Gaussian pulse and its modulated version, unlike the Ricker pulse,
have symmetrical frequency spectra. Moreover a larger modulation frequency ωm leads to a more
oscillatory behaviour in time as well as a spectral shift towards higher frequencies. This situation
is illustrated in Figure 1.4c and Figure 1.4d. The Gaussian pulse, on the other hand, allocates
the highest weight to the lowest modes. See, for example, Figure 1.4d and Figure 1.4b.

All plots include the time histories for the 4M, 5M and GL approaches. The majority of
the results presented here are in the form of figures which contain 12 subplots for a given mode
number. These figures are composed for four shell thicknesses and three different excitations.

1.4.2 The Mode Number Effect
Figure 1.5 gives the pressure time histories of different modes at the outer surface of a water

filled shell submerged in sea water where h = 0.10. The shell is excited invariably by the NB
Ricker pulse in the form of a traction force at the outer surface of the shell. A higher mode
number leads to a greater error in results of the shell theories. Compare, for example, n = 0 and
n = 1 with n = 10. Two other important observation can be made from this figure which are
unexpected. First, the 5M approach does not give better results in comparison to the 4M theory.
See, for example, n = 6 and n = 8 in Figure 1.5. Consequently there is no universal certainty
that the 5M produce better than 4M. Moreover noncausal perturbations may appear for the 5M
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Figure 1.5: Modal (n = 0, 1, 2, 6, 8, 10) time histories of the external pressure field at the outer surface of a water
filled, steel shell submerged in water when it is subjected to a traction force at its outer surface. The shell wall
thickness and the excitation’s time-dependency are invariably h = 0.1 and the NB Ricker pulse, respectively.

theory (n = 8 and n = 10). The shell theories underestimate the GL results for the lower modes
(n = 0, 1 and n = 2). The 4M and 5M overestimate the GL results in the higher mode numbers
(n = 6 and n = 8).

Pressure histories at external surface of a water filled, steel shell are given in Figure 1.6 and
Figure 1.7 for the mode numbers n = 10 and n = 20, respectively. Three excitations are applied
including Dirac delta, Heaviside and explosive pulses along with four shell wall thicknesses. Both of
the shell theories demonstrate significant errors in the thinner shells when mode number increases,
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invariably. Furthermore the amplitudes of the results remain a significant level at these higher
mode numbers, especially, in the case of the Dirac delta. Combination of the last two observations
has an important practical implication: superposition of considerably higher mode numbers are
required to accurately predict the complete response. Consequently deviations of the shell theories
from GL in total responses are expected to be even more. The other crucial observation is regarding
resonance like behaviour in shell theories, which becomes more significant by increasing the mode
number. The shell theories and GL for n = 10 and h = 0.06 stay at almost the same amplitude
with a slight phase difference, whereas they start diverging significantly in both the trend and the
amplitude for n = 20.

1.4.3 The Sources of Excitation

The next objective is to investigate the role of an excitation source. Two different configura-
tions are selected to meet this objective. Each configuration is subjected to both of an incident
acoustical wave and a surface traction force on the external surface of the shell. Then the response
to these two sources are compared. Four shell wall thicknesses, six excitation functions, two types
of the contained fluids and two different modes are considered. The pressure at the external sur-
face of a steel shell whose interior is filled with air is the first configuration considered. The Dirac
delta, Heaviside and explosive pulses are applied separately. On the other hand, the pressure at
the inner surface of a steel shell which is filled with water is selected as the second configuration.
This shell is subjected the Narrowband Gaussian, modulated Gaussian and Ricker pulses. The
results of the first configuration are given in Figure 1.8 for the n = 2 and Figure 1.9 whereas those
of the second configuration are illustrated in Figure 1.10 and Figure 1.11 for n = 5.

1.4.3.1 Traction forces versus plane incident acoustical wave

Figure 1.8 and Figure 1.9 demonstrate the results for the first configuration. The sources
of excitation are an incident plane wave and a direct mechanical traction force acting on the
shell’s outer surface, respectively. Clearly the deviations of the shell theories form the GL model
are significantly higher when the surface traction force rather than an incident wave is applied
invariably. These deviations are more noticeable in the case of the Dirac delta and explosion.
A phase difference can be seen at h = 0.2 when an incident wave is applied. The discrepancies
become significant at h = 0.1 and h = 0.2 for both of the explosion and delta Dirac pulse in
Figure 1.9. The initial peaks are underestimated and high frequency contents are missing at early
time. Conversely, the shell theories’ responses become overestimated as well as completely out of
phase at later times. The encapsulated fluid field, however, behaves noticeably differently when
the source of excitation is an impinging incident wave.

The second configuration is illustrated in Figure 1.10 and Figure 1.11 for the fifth mode of
the pressure histories at the internal surface of a water filled, steel shell. The shell is subjected to
an incident acoustical wave and a traction force at its outer surface, respectively. The following
general and important observations are made by comparing the first and second configurations.
These behaviours are not unique to these two configurations, similar situations have been observed
in the several hundreds of other cases. A considerably higher level of discrepancies is observed
within the encapsulated fluid field compared to the external fluid when an incident acoustical wave
is applied. The pressure histories of the contained fluid, however, show lower level of erroneous
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results when an incident wave rather than a traction force is applied. Besides the 4M approach
produces slightly more accurate results than the 5M in both configurations.

Figure 1.12 and Figure 1.13 give the time histories of the radial displacement of an air filled,
steel shell at its external surface where n = 5 and 10, respectively. The shell is excited by an
incident plane acoustical wave having the Narrowband frequency content. Interestingly, unlike
the external pressure field, the accuracy of the shell theories is quite sensitive to an increase in the
mode number and wall thickness. In other words, errors grow for the shell theories as the n or h
increase. The 4M approach performs better in n = 5 whereas the 5M model gives better accuracy
for n = 10.

Deviations from the GL approach generally increase, regardless of the approximate model,
as the wall thickness or mode number grows. However very few exceptions have been observed
but only within the external fluid medium when an incident acoustical wave is applied. See, for
example, Figure 1.14 which gives the tenth modal pressure component at the external surface of
an air filled, steel shell. When this shell is subjected to an incident plane wave, errors in the
resulting responses increase as the thickness grows from h = 0.01 to h = 0.10. However the
error diminishes when the thickness increases further to h = 0.20. This discrepant behaviour
occurs invariably for all three excitations considered. Following the previous trend, the Heaviside
function produces the highest errors. Figure 1.15 illustrates an even more interesting behaviour.
Figure 1.15 has the same configuration as Figure 1.14 whereas for n = 20. The discrepancies
almost disappear significantly for two highest thickensses whilst slight deviations are introduced
for h = 0.01 and h = 0.06. Surprisingly it can be concluded that an increase in mode number as
well as the thickness can lead to higher level of accuracy.

Generally, it would be a fair conclusion to say: the shell theories demonstrate notably higher
level of accuracy in the external fluid field in comparison with the contained fluid field or the shell
surface displacements.

1.4.3.2 Traction forces at the inner- versus outer- surface
The shell theories, regardless of their type, do not distinguish whether a force is applied at a

shell’s inner or outer surface. (See Equation 1.32 and the subsequent discussion.) The objective
here is to examine the performance of the shell theories when an identical force is applied on either
surfaces of the shell. A water filled, steel shell is excited by the BB modulated Gaussian pulse in
the UT range where h = 0.10. Figure 1.16 gives the time histories of the shell when the traction
force is applied on the shell’s inner (left column) and outer (right column) surfaces for n = 0. The
inner and outer surface pressures are given in the first and second rows, whereas the displacement
at the shell’s outer surface is given in the lowest row. First the results of shell theories stay the
same regardless of whether the loading at the inner or the outer loading surfaces. Interestingly, all
the responses from shell theories approach become almost completely out of phase with respect to
their GL counterparts when a traction force applied at the inner rather than outer surface of the
shell. This type of deviation is enhanced by the increasing shell wall thickness. This statement
stays correct based on similar comparisons for several other cases.

1.4.4 The Breathing Mode, n = 0

The radial displacement’s time-histories of the shell’s midsurface is given in Figure 1.17 when
excited by a traction force at the shell’s external surface for n = 0. Both shell theories demonstrate
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very comparable results in all three excitation functions and thicknesses. The discrepancies are
mostly from the phase difference kind. Heaviside shows the highest level of errors. The total static
displacement constitutes solely by this breathing mode when the excitation’s time-dependency is
the Heaviside.

Figure 1.18 and Figure 1.19 show the pressure time histories of water filled steel shell at the
outer surface of the shell in response to an incident wave and a surface traction force, respectively,
for n = 0. Both shell theories demonstrate an acceptable performance when the incident wave
is the source of excitation. The traction force, conversely, leads to significantly higher level of
discrepancies even in thin shells. In terms of the excitation functions, Gaussian pulse leads to the
least level of error whereas the modulated Gaussian pulse depicts the highest level of discrepancies.
Shell theories underestimate the pressure peaks and jumps except for very thin shells.

The pressure at center of the shell is caused solely by the breathing motion. The corresponding
time histories are given in Figure 1.20 when the shell is excited by a surface traction force at the
shell’s outer surface. The instant arrival time of the wavefront is predicted well in all cases in both
figures. The time-intervals between two successive deeps and peaks is about ∆t ≈ 2 in h = 0.01

and h = 0.06 which is as expected. Both of the shell theories show a good performance in the
two lowest thicknesses, however, they deviate from GL significantly in h = 0.10 and h = 0.20.
The discrepancies are higher in the case of surface traction force. The errors are the least where
a Heaviside excitation is applied. The 5M time histories overestimates or underestimates the GL
results from case to case. Furthermore, the 5M completely fails at h = 0.1 when the shell is
excited by a surface traction load.

1.4.5 The Rigid Body Motion, n = 1
Figures Figure 1.21 and Figure 1.22 depicts the rigid body motion of an air filled, steel shell

due to an incident wave and a surface traction force, respectively. Common observations from
the two figures are given next. Trends are very similar in all cases as expected because there
are no shell deformations in a rigid body motion. Both shell theories always underestimate the
GL approach. The differences between corresponding displacement profiles caused by an incident
wave and a traction force are explained next.

A Heaviside traction load is essentially a constant force. This generates a second order
(parabolic) displacement profile history which leads to a constant acceleration of the shell Fig-
ure 1.21. The incident wave, on the other hand, produces an initial parabolic and subsequent
linear motion. The shell moves initially with a constant acceleration which leads to a parabolic
profile of the motion until the wavefront reaches the middle of the shell at t = 1. Then a force
starts to progressively counteract the shell’s movement as the wavefront moves further so that
the shell’s acceleration decreases. The net force and the shell’s subsequent acceleration eventually
become zero after the wavefront completely engulfs the shell at t = 2. Consequently the profile of
the shell’s motion becomes linear which corresponds to a constant velocity over time. The case of
for both the explosion and Dirac delta pulse are discussed next.

The shell’s motion initially increases sharply due to the rapidly rising force acting over the
shell. Subsequently the motion’s profile becomes linear in the case of the traction force after the
excitation pulses die. Similarly, the shell accelerates initially when an incident wave is applied
until the wavefront reaches the middle of the shell at t = 1. then the shell starts to decelerate
after t = 1 and subsequently essentially comes to a complete halt after the wavefront passes the
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shell and applies a strong decelerating pulse. It should be remembered, however, that in the real
world all rigid body motions eventually come to rest due to the viscosity of the external fluid.

1.4.6 The Labour Modes, n > 1

Figure 1.23 and Figure 1.24 depict the radial displacement of the shell’s external surface when
a traction force is applied at its outer surface for n = 5 and n = 15, respectively. The amplitudes
are pretty comparable and they stay almost in phase for the n = 5. However an interesting
situation occurs in h = 0.2 where there are a vertical shifts in long term asymptotic of values of
GL, 5M and 4M. The same issue appears at a relatively thinner shell’s wall-thickness of h = 0.1 as
depicted in Figure 1.24. Furthermore the amplitudes of radial displacements stay at the same level
even for higher mode. Overall the 5M shows a better performance compared to the 4M in this
case. This situation, however, occurs only when a traction force on the shell’s surface is applied.
If the same configuration is subjected to an incident acoustical wave these offset displacements
do not appear in the Heaviside excitation. See, for example, the plots given in Figure 1.25. The
error of shell theories in results associated with all the excitations increases in higher thicknesses,
whereas the 5M demonstrate considerably better accuracy. It almost consistently produces slightly
overestimated results compared to the GL case.

1.4.7 Narrowband versus Boardband Excitations, f̄(t)

The aim here is to investigate the effect of the frequency shift of an identical functions but
having different frequency ranges. Three excitation suctions are considered having three different
level of frequency content, ranging from relatively narrowband (NB), broadband (BB) and even a
higher broadband case at Ultrasonic Testing level (UT). It is reminded that the levels are changing
by factor of ten. Consequently the results are ploted in different time spans in order to actually
being able to see the curves. The pressure histories corresponding to the breathing mode at the
external surface of a water filled, steel shell is considered. This shell is subjected to a traction
force at its outer surface whose having three time dependencies of Ricker, Gaussian and modulated
Gaussian pulses.

Figure 1.26, Figure 1.27 and Figure 1.28 are time histories associated with excitations at BB,
NB and UT levels, respectively. Generally the level of deviations from the GL approach increases
significantly as the bandwidth increases in all cases. The results for the first three lower shell wall
thicknesses remain pretty comparable with the GL responses in the NB range. The 5M completely
diverges at h = 0.20 for the Ricker and Modulated Gaussian pulses. It fails to capture the GL
trend and shows some noncausal results as well. The 4M in case of this NB excitation shows a
better performance than the 5M model. The level of the erroneous results at h = 0.06 for Gaussian
pulse in the UT range becomes much higher than the BB range. Furthermore the magnitudes
of the deviations even at h = 0.01 becomes noticeable when the UT range excitation is applied.
Basically the nature of these high frequency peaks and deeps at the BB and the UT ranges are
due to the multiple reflections within the shell wall thickness that can not be captured in the
shell theories. Generally a broader range of excitation associated with higher level of deviations
where it becomes more significant at a thinner shell wall thicknesses. The modulated Gaussian
and Gaussian pulses lead to the the most and the least level of discrepancies, respectively. These
observations remain valid throughout for hundreds other cases of comparative case studies.
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1.4.8 Shell’s Material
The aluminum and pyroceram glass are chosen as the shell material in comparison with the

steel shell. The rationales of the these choices are explained as follows. Both of the aluminum
and pyroceram glass have comparable wave propagation velocities with respect to the steel. For
example, the speed of compressional wave in steel and aluminum are 5700m/s and 6400m/s,
respectively. However the density of glass and aluminum is almost a third of steel. Consequently,
their effective impedance is significantly smaller than steel. Lower impedance leads to lower
capacity in holding acoustic energy within the shell. Glass, however, has a higher Poisson’s ratio
than aluminum whereas its Young modulus and density are almost identical with the aluminum.

Inner and outer surface modal pressures of the breathing mode are given in Figure 1.30. In
these comparisons the effect of these properties are intended to be investigated. The shell theories
introduce a higher level of error at an earlier time in the case aluminum and glass compared to
steel. The first set of these sharp peaks and deeps are associated with the initial interaction. The
subsequent peaks and deeps correspond to the strong triple points’ superposition and the arrival
of the primary focal wavefronts. The magnitude of these sharp deeps/peaks in the aluminum
and glass shells are almost three time of those occurring in the steel shell. The order of error
in estimating these significant maximum values in shell theories are higher in aluminum and
pyroceram glass compared to steel. On the other hand they have better performance when the
wave is damped. In general it can be concluded that the lower impedance values when the wave
celerity are at the same level leads to higher errors in the predicting the absolute maximum values.
The Poisson’s ratio, however, seems not to be an important factor in the performance of the shell
theories. The conclusions and closing remarks are given next.

1.5 Conclusions
Transient elasto-dynamics of a fluid filled, spherical shell are investigated when the shell is

submerged in an acoustical medium. The shell is subjected to a general excitation source which
include the surface traction forces as well as incident acoustical waves. Universal solutions are
found for two of the most popular shell theories and one solution is based on the exact local
theory of linear elasticity. Theoretical comparisons are made between the approximate and exact
approaches in which fundamental differences are highlighted. Corresponding computer codes are
validated meticulously for their accuracy and robustness by using comparisons with published
numerical results. Moreover an extensive set of numerical experiments have been conducted to
determine the most effective parameters which affect the approximations’ accuracies. They include
the effect of a shell’s relative wall thickness, mode number, time dependency and frequency of the
excitations, the source and form of an excitation, and each shell’s acoustical properties. Numerical
experiments are performed for four shell wall thicknesses, surface pressures and displacements of
the first fourty modes, six excitation functions in the form of traction forces acting at either one
of a shell’s surfaces, the type of incident wave, three frequency bandwidths (the NB, BB and UT
ranges), two encapsulated fluids (water and air) and three shell materials (steel, aluminum and a
pyroceram glass). The main observations are summarized next.

• Performances of the shell theories generally declines as:

– the mode number or a shell’s wall thickness increases;
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– an excitation’s bandwidth is broadened;

– a traction force rather than an incident acoustical wave is applied;

– the impedance of either a shell’s material or a contained fluid is lowered leading to,
specifically, a larger level of error in predicting the peaks and deeps;

• Exhaustive comparisons between the 4M and 5M approximations result into the following
observations;

– These shell approximations under- or over- estimate results from the exact model and,
more importantly, such discrepancies are unpredictable;

– However results from both of the approximations agree well when a shell is thin and
an applied excitation has a Narrower bandwidth;

– Deviations between the results from the two approximate theories stem commonly from
phase differences. They arise because the 5M model involves two different wave speeds
rather than the single one of the the 4M model;

– Interestingly 4M approximation produce more accurate results compared to the 5M in
multiple cases;

– The major source of inaccuracy in the shell approximations is likely rooted in their
indifference to wave motions within a shell’s wall and their associated mode conversions
at both shell’s surfaces;

– The 5M theory occasionally produces noncausal responses as well as unrealistic reso-
nances and beating like behaviours. These surprising anomalies arise most likely from
the assumption that every wave travels instantaneously across a shell’s wall;

• The excitations are an important factor in determining the performance of the approximate
shell theories. For example:

– Shell approximations are more accurate for an incident plane wave in the external fluid.
However errors in the responses which occur elsewhere are most likely much higher.

– Shell theories do not distinguish whether a force is applied at the inner or outer surface
of the shell.

– A traction force applied on a shell’s inner surface produces the most inaccurate results.

– The amplitudes of the modal responses remain comparable even for very high mode
numbers when they are given rise to by a broadband excitation, especially, in the
common industrial frequency range of ultrasonic testing.

– The responses given rise to by the explosion or Dirac delta produce very similar trends.
The amplitude of responses, however, are significantly different.

– Unlike the Dirac delta, the magnitudes of responses decline considerably with the
increasing mode numbers when the explosion is applied.

– The amplitudes of individual modal components produced in response to the the Dirac
delta and Heaviside functions have been shown to be comparable well beyond those of
the first ten lowest modes. This observation suggests that significantly higher mode
numbers need to be considered when constructing a corresponding total response.
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Chapter 1. Exact Theory of Linear Elasticity versus Shell Theories

It has been demonstrated clearly that a shell’s wall thickness, the mode number and the
excitation’s configuration are the main factors in determining the accuracy of the two shell theories
considered here. These shell theories may noticeably over- or under- estimate the modal responses
given by the exact linear theory. The 5M approximation does not necessarily produce more
accurate results in comparison to those of the 4M model. The principal advantage of the evaluated
shell theories is their twenty or so percent lower computational demand. Overall, however, the
exact local theory of linear elasticity is recommended strongly, henceforth.
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Figure 1.29: Showing modal time histories of the internal (first row) and external (second row) radial displace-
ments of a water filled steel shell submerged in water when subjected to a traction force at its outer surface for
n = 10. The shell wall-thickness is h = 0.1 and the excitation’s time-dependency is a broadband Ricker pulse at UT
testing range with central frequency of (first column) ωr = 2000 and (second column) ωr = 6000.
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Figure 1.30: Showing the modal pressure histories associated with the breathing mode at outer (left column) and
inner (right column) surfaces for a steel (first row), aluminum (second row) and pyroceram glass (third row) when
filled with and submerged in water subjected to a traction force at its outer surface. The shell wall thickness and
the excitation’s time-dependency are invariably h = 0.1 and the NB Ricker pulse, respectively.
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Chapter 2

Transient acoustic radiation from a spherical shell filled

with and submerged in compressible fluids subjected to

a centrally symmetric impact

Transient response of a spherical shell subjected to a centrally symmetric impact on its either
surfaces is treated analytically. A Hertzian distribution profile of the loading is assumed,

in addition to the commonly used uniform assumption. The shell is submerged in and filled
with compressible, isothermal and inviscid fluids. Exact linear theory is applied to isentropic
and isothermal acoustical perturbations. The exact local theory of linear elasticity, rather than
approximate shell theories, is further applied to the shell leading to Navier equation which is
reduced to a set of wave equations by using the Helmholtz decomposition. Modal expansions of all
field variables are carried out in terms of Fourier-Legendre series. Modal responses are realized in
closed-form in terms of the modified spherical Bessel functions in the Laplace domain. A Cesáro
summation approach is taken into account to alleviate the slow convergence rate of Fourier-
Legendre series. Special visualization techniques are subsequently employed to further illustrate
the wave propagation and its associated physics. A number of remarkable acoustical phenomena
are observed having significant practical importance. The likelihood of cavitation occurrence, for
instance, is investigated. This situation is associated with the strong focusing of acoustical energy,
in absence of anti-symmetric modes, within the contained fluid which is capable of amplifying the
initial pulse by several folds.

2.1 Introduction
Over the last century, a great deal of interest has been shown in better understanding the cou-

pled interaction of a transiently excited elastic structure within an acoustic medium. This is due to
the wide range of applications from ultrasound imaging and nondestructive testing to underwater
acoustics. However, a computationally efficient approach for modeling of the underlying acousti-
cal interactions remains an impediment, see for example, [Perlman, 1941,Huang, 1969,Huang and
Mair, 1996, Leblond and Sigrist, 2010, Hasheminejad et al., 2011, Bahari and Popplewell, 2015].
Applications of such modeling approach are quite wide and include the followings.

• Head injury is approximated by a doubly impacted fluid filled shell ( [Engin, 1969a]).

• A fluid filled spherical shell has been utilized as an approximation of human eyeball ( [Navarro
et al., 1985,Von Ramm et al., 1991,Shih and Guo, 2016]).

• Diagnostic ultrasound uses such solution as a highly accurate forward kernel in a wave
field inversion scheme for imaging of cysts and other anomalies ( [Grant and West, 1965,
Grandjean and Leparoux, 2004,Wirgin, 2016]).
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• Nondestructive testing in ultrasonic immersion testing of submerged structures such as off-
shore oil and gas containers ( [Krautkrämer and Krautkrämer, 2013]).

• Underwater target identifications in active and passive sonars ( [Gaunaurd et al., 1995]).

• Shell structure under impact and shock to be accounted in their safe design ( [Sprague and
Geers, 1999]).

Theoretical investigations can be categorized broadly into numerical studies and analytical
solutions. Some specific numerical methods have been developed for this type of coupled elasto-
acoustic problems in lieu of conventional FEM and BEM. For example, Geers developed Doubly
Asymptotic Approximation (DAA) in [Geers, 1978,Geers and Zhang, 1994] or [Leblond and Sigrist,
2010] applied a boundary integral approach in-vacuo eigenvectors were used. The current review
of literature is, however, restricted to the analytical or semi-analytical solutions that have been
carried out almost exclusively by using integral (Laplace or Fourier) transform(s). For example,
Ref. [Engin, 1969a] investigated the dynamic response of a fluid-filled spherical shell subjected to
a localized radial impulse in order to model a human head exposed to an external impact. Since
numerical accuracy of external and internal fluid fields’ responses highly depend on the accuracy
of the shell model, a special attention is given to this aspect of the problem. An idyllic four-mode
shell theory was used in conjunction with the linearized acoustic wave equation to which a Laplace
transform was introduced to obtain the head’s axisymmetric, transient response. (It is worth
recalling that the conventional terminology of four- and later five-mode shell theories should not
be confused with the number of the modes used in the summation of the modal expansion. Four-
mode shell theory refers to the classical bending model whereas, if rotary inertia and shear effects
are also included at the shell’s mid-surface, it is termed the five-mode shell theory. Details may
be found in the work of Leissa [Leissa, 1973]). Lou and Klosner [Lou and Klosner, 1973] studied
the radiated acoustic pressure from a transiently excited spherical shell and compared both the
plane and spherical wave approximations with the exact solution. They employed the same shell
theory by Ref. [Engin, 1969a] to determine the transient response produced by a concentrated load
having a Heaviside or Delta Dirac impulse time variation. Later, Menton and Magrab [Menton
and Magrab, 1974] applied a Fourier transform, in conjunction with a five-mode shell theory, to
find the transient, far-field pressure radiation from a submerged, fluid-filled spherical shell. A
variable frequency increments was utilized in their numerical inversion procedure of the Fourier
transform as an important feature of their inversion procedure. Ref. [Chen and Stepanishen, 1994]
proposed a method by using an in-vacuo modal eigenvector expansion of field variables having
time dependent coefficients. Based on the four-mode shell theory, the transient acoustic radiation
was investigated for a fluid-loaded, empty spherical shell excited by an axisymmetric, impulsive
load. Later, Zakout [Zakout, 2001] gave an interesting closed-form reformulation of the work
of [Lou and Klosner, 1973] for a distributed Heaviside load. More recently, some discrepancies in
the numerical results of Zakout [Zakout, 2001] were rectified by Bahari and Popplewell [Bahari
and Popplewell, 2015], who also computed the impulse response of the radiated field as the Green’s
function in the time domain. [Hasheminejad et al., 2011] investigated the scattering of a transient,
incident acoustic wave by a fluid-filled, spherical shell using the Laplace transform. An exact
3D elasticity model was utilized for the shell and the inversion of the Laplace transform was
performed numerically. Ref. [Hasheminejad and Mousavi-Akbarzadeh, 2015] recently analyzed the
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transient acoustic radiation from an eccentric sphere and a spherical shell in an acoustic wedge,
respectively by employing the numerical inversion procedure detailed in Ref. [Hasheminejad et al.,
2011]. However, the previously slow convergence rate was improved here by using the σ-factor
filter, which is due to Lanzcos ( [Laverty and Gazonas, 2006]).

This review of literature indicates that so far there has not been any study on a doubly
impacted fluid filled and submerged spherical shell in time domain. The closest work is [Engin,
1969a] where a fluid-filled but in-vacuo thin shell was used to model a head injury. An approximate
thin shell theory known as the four-mode was employed in which the bending and membrane
effects were included. In the current work, however, an exact local theory of linear elasticity is
applied to the shell leading to significant improvement in the accuracy of the fluid field responses.
The effects of external fluid on the physics of the problem are investigated as well. Further,
Hertzian distributions of the surface traction forces are considered in addition to the commonly-
used uniform profile.

The order of the organization of this chapter is as follows. The mathematical formulation
section starts by applying the exact isothermal, inviscid linear wave equation both fluid media
to describe acoustical perturbations. The Navier equation is employed to elastic shell as the
consequence of exact linear theory. Fields’ modal responses are realized for elastic and fluid media
in closed-form in terms of the modified spherical Bessel functions. After evaluating the inversion
of the Laplace transform, the total responses are obtained by superposing the modal components.
The current solutions and the associated computer codes are compared against the available data
obtained from the pertinent literature. An extensive set of numerical experimentation is carried
out by considering different types of excitation and geometrical parameters. Special visualization
techniques as well as quantitative presentations of the field responses are then used to provide an
in-depth description of the physics of interactions.

2.2 Mathematical Modelling
The wave propagation in shell’s elastic medium is described by shear and compressional wave

equations after the reduction of Navier equation by using the Helmholtz decomposition. The
coupling of internal and external fluid fields is obtained by continuity of Cauchy traction stress
vectors and particle velocities at the shell’s either surfaces. A Fourier-Legendre modal expansion is
applied to all field variables and corresponding unknown modal coefficients are settled by satisfying
the boundary conditions at traction surfaces. The total solution is achieved through the modal
summation, where a matrix summability method is applied to enhance the convergence rate of the
associated Fourier Legendre series.

2.2.1 Preliminaries
Let’s assume that a spherical shell (later labelled with subscript s) is filled internally (in) with a

fluid and is submerged externally (ex) inside the same or a different fluid. The fluids are considered
to be respectively inviscid and compressible. The shell itself is subject to a surface traction force or
an incident plane wave both of which are transient. This configuration is illustrated in Figure 2.1
These excitation amplitudes are sufficiently weak that the assumption of linearity is reasonable.
Consequently, wave phenomena in either fluid medium is characterized by an unperturbed mass
density and sound speed denoted, respectively, by ρ∗f and c∗f where f = in, ex. The elastic shell
has an inner (outer) radius of r∗in(r∗ex) and it is assumed to be homogeneous and isotropic. The
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Figure 2.1: depicting the problem’s geometry and the double impact excitation. Azimuthal angle ϕ is perpendic-
ular to the illustrated plane.

mass density and Lamé constants of the shell are ρ∗s and µ∗, λ∗. These and other parameters are
nondimensionalized. Hence, length parameters including the displacements and distances from the
sphere’s center, are taken with respect to r∗ex. Further, stresses and pressures are given relative
to {σ∗0 = ρ∗exc

∗
ex

2} whereas time t∗ is nondimensionalized with respect to {t∗0 = r∗ex/c
∗
ex}. The

following dimensionless quantities, with no star superscripts, are used throughout the current
study. They are the same as those given by Equation 1.1 in § 1.2.1.

A Laplace transform is applied to all time dependent field variables. The Laplace transform
for an arbitrary function, Λ̃(t), exists if |Λ̃(t)|< +∞ as t→ +∞. This transform and its complex
inversion are defined respectively as

Λ(s) =

∫ ∞
0

Λ̃(t) e−s tdt and Λ̃(t) =
1

2πi
lim
η→∞

∫ γ+iη

γ−iη
Λ(s)es tds. (2.1a)

where η is an arbitrary real number greater than the real parts of all the singularities of Λ(s).
An algorithm based on a Fourier series and trapezoidal integration rule is utilized for the inverse
Laplace transform. Subsequently, the estimated inversion integration in Equation 2.1a becomes

Λ̃Nd≈
eat

T0

(
Λ(a)

2
+

Nd∑
j=1

Ξj(t)

)
, t ∈ [0, 2T0] (2.2)

that

Ξj(t) = %j

[
Re
{
ðj(t)

}
cos bj(t) + Im

{
ðj(t)

}
sin bj(t)

]
, (2.3)
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where

ðj(t) = Λ
[
a+ i bj(t)

]
, bj(t) =

jπ

T0
t,

in which %j , a filter due to Lanzcos, is %j = sin

(
jπ

Nd

)
/

(
jπ

Nd

)
.

2.2.2 Excitation Source

The traction force, f̃ i ≡ f̃ i(θ, ϕ, t), which is normal to either the shell’s inner or outer surface,
generally takes the vector form of

f̃ i = f̃ ir(θ, ϕ, t)er + f̃ iθ(θ, ϕ, t)eθ + f̃ iϕ(θ, ϕ, t)eϕ. (2.4)

Assuming that the traction force is time and spatially separable, the radial traction force can be
expressed as

f̃ ir(θ, t) = f ir(θ)f̃t(t), i = in, ex. (2.5)

The f ir(θ) in the last equation can be expanded in terms of the orthogonal Legendre polynomials
Pn(cos θ) as

f ir(θ) =

∞∑
n=0

f inPn(cos θ), (2.6)

where f in is the nth modal component of f i(θ) that is given by

f in =
2n+ 1

2

∫ π

0
f ir(θ)Pn(cos θ) sin θdθ. (2.7)

By combining Equation 2.5 with Equation 2.7, the Laplace transform of f̃ ir(θ, t) becomes

f ir(θ, s) =

∞∑
n=0

ξinPn(cos θ), (2.8)

where ξin = f inft(s). The spatial distribution of an axisymmetric, double normal impact on a
shell’s either surfaces, as illustrated in Figure 2.1, according to the Hertz elastic contact theory
reduces to

f ir(θ) =
3

2π

√
1−

(
ri
rc

sin θ

)2


1 −θc ≤ θ ≤ θc
0 θc ≤ θ ≤ π − θc
1 π − θc ≤ θ ≤ π + θc

(2.9)

where the contact angle, θc, and the radius of the contact circle, rc, are

rc =
3

√
3Fri(1− ν

2)

4E
, θc = sin−1

(
rc
ri

)
,
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in which F , E and ν are the resultant contact force, shell’s Young modulus and Poisson’s ratio,
respectively [Sneddon, 1965]. Only even modes stay nonzero due to a central symmetry of loading.
Consequently, Equation 2.8 becomes

f ir(θ, s) =
∞∑
n=0

ξi2nP2n(cos θ). (2.10)

An assumption of constant distribution of contact forces over contact surfaces,

f ir(θ) =


1 −θc ≤ θ ≤ θc
0 θc ≤ θ ≤ π − θc
1 π − θc ≤ θ ≤ π + θc

, (2.11)

is very common due to its consequent considerable simplifications in calculating the modal com-
ponents of a load. [Zakout, 2001, Bahari and Popplewell, 2015]. The modal component of this
uniform loading by using the integration given in Equation 2.7 becomes

f in =
1

2

(
Pn−1(−1)− Pn−1(1)− Pn−1(−β) + Pn−1(β) + Pn+1(−β)− Pn+1(β)

)
, (2.12)

where β = cos θc. The integration given in Equation 2.7, however, is required to be taken numer-
ically when a Hertzian distribution is assumed. A quadrature integration of Gaussian-Legendre
kind is utilized such that

fn ≡
∫ b

a
gn(θ)dθ ≈ b− a

2

m∑
j=1

wG
j gn

(
b− a

2
tGj +

b+ a

2

)
(2.13)

for gn(θ) = (2n+ 1)fr(θ) sin θPn(cos θ)/2 where

Pm+1(tGj ) = 0 and wG
j =

2(1− tGj )

(1 +m)2(Pm+2(tGj ))2
. (2.14)

The wG and tGj are the corresponding weights and nodes. It provides an exactness degrees of
2m− 1. Satisfactory results are obtained by using m = 5.

2.2.3 Fluid Media

Let’s assume p̄∗, v̄∗ and ρ̄′ are fluid’s acoustic perturbations of pressure, particle velocity and
density, respectively, from the equilibrium condition in a stagnant uniform fluid in the absence of
a body force. By omitting ρ̄′ and v̄∗ in Equation A.1a by using Equation A.1b and Equation A.1c,
the nondimensional form of wave equation (Equation A.2) for an acoustic phenomenon emerges
as [Rienstra and Hirschberg, 2017]

∇2p = α2
f s

2p, (2.15)

in the Laplace domain with zero initial conditions. The acoustical pressure perturbation, p(r, θ, s, ),
generated within the internal or external fluid is governed by Equation A.3. The solution is found,
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by using a Fourier-Legendre expansion, to be

p(r, θ, s) =
∞∑
n=0

pn(r, s)Pn(cos θ), (2.16)

where pn ≡ pn(r, s) is the nth modal component of the acoustical pressure. Substitution of
Equation 2.16 into Equation A.3 yields

d2pn

dr2 +
2

r

dpn
dr
− n(n+ 1)

r2 pn = s2α2pn. (2.17)

Solutions of pn ≡ pn(r, s) must be bounded as (i) r →∞ for the scattered/radiated pressure field
in the fluid surrounding the shell (psct) and (ii) as r → 0 for the radiated pressure in the contained
fluid (pint). Consequently

pinn (r, s) = An(s)in(αinrs) and psctn (r, s) = Bn(s)kn(rs) (2.18a)

in which in(x) and kn(x) are the modified spherical Bessel functions of the first and second
kind, respectively. A rigorous treatment of the singularity at the sphere’s center is given by
Equation 1.20a through Equation 1.21b. The An(s) and Bn(s) are the unknown nth modal
coefficients determined in where the required boundary conditions are satisfied.

2.2.4 Elastic Medium

The Generalized Hooke’s law as the constitutive law with the kinematic assumption of the
small displacement and conservation of linear momentum, in the absence of a body force leads to
the well-known Navier equation such that(

−µ∇×∇×+(λ+ 2µ)∇∇.− ρss
2
)
u = ∅ (2.19)

in nondimensionalized form with zero initial conditions in the Laplace domain. The displacement
vector can be decomposed into two elements as

u =∇φ+∇×ψ iff ∇.ψ = 0. (2.20)

∇φ is longitudinal, irrotational displacement (P -wave). However, ∇ × ψ corresponds to equiv-
olume, transverse shear displacement (S -wave) which is in a plane normal to longitudinal dis-
placement vector. This procedure is known as the classical Helmholtz decomposition in which
the solution of Equation 2.19 is reduced to finding three dimensionless displacement potentials,
φ(r, θ, ϕ, s), ψ(r, θ, ϕ, s) and χ(r, θ, ϕ, s), which are governed by

∇2φ = ssα2
pφ, ∇2ψ = ssα2

sψ and ∇2χ = ssα2
sχ (2.21)

The αp = cex/cp and αs = cex/cs in which cp =
√

(λ+ 2µ)/ρs and cs =
√
µ/ρs are the compres-

sional and shear wave velocities, respectively. In an ax-symmetric, non-torsional loading case, χ
vanishes. Then two remaining wave potentials, similar to Equation 5.24, are expressed in terms
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of Fourier-Legendre series, such that

φ(r, θ, s) =
∞∑
n=0

φn(r, s)Pn(cos θ) and ψ(r, θ, s) =
∞∑
n=0

ψn(r, s)Pn(cos θ). (2.22a)

Substituting φ and ψ from Equation 2.21 into Equation 2.22 leads to

d2$n

dr2 +
2

r

d$n

dr
− n(n+ 1)

r2 $n = s2α2$n (2.23)

where $n and α are the abbreviated versions of φn and αl as well as ψn and αs, respectively. The
solution of Equation 2.23 is{

φn(r, s)

ψn(r, s)

}
=

{
Cn(s)in(αlrs) +Dn(s)kn(αlrs)

En(s)in(αSrs) + Fn(s)kn(αSrs)

}
. (2.24)

By substituting the last equations into Equation 2.20, displacement vector is obtained. Then
the stress tensor is determined by inserting the displacement vector into ??. Six independent
boundary conditions (BCs) are required to find the six unknown coefficients An(s) through Fn(s)

as discussed next.

2.2.5 Fluid-Solid Interaction

Continuity of two sets of vectors at the shell’s surfaces are needed to be satisfied. One vector
relates to the traction stress, t, and the other vector to the velocity v ≡ su in the Laplace domain.
Vector t is determined by projecting the Cauchy-Green stress tensor, σ, in the direction of en
which is the unit vector normal to a given traction surface. Consequently,

t(i) ≡ σ.en, i = in, ex. (2.25)

As the centres of the spherical coordinate frame and shell coincide, en ≡ er, hence,

t(i) = σrrer + σrθeθ + σrφeφ. (2.26)

In an axisymmetric configuration, however, the normal component of t(i) (i.e. σrr) and only one
shear component, σrθ or σrφ, in addition to the radial component of the surface velocity, vr, are
needed to satisfy the BCs. The stress components σrr and σrθ as well as radial velocity vr ≡ sur
are needed to enforce the BCs at shell’s traction surfaces. The implementation of these BCs are
described in § 1.2.5.1 (Equation 1.29 through Equation 1.31).

2.2.6 Construction of Total Response

A linear superposition of the modal time histories are required to produce the total tempo-
ral responses of fields’ variables through a Fourier-Legendre series. However, this series shows
relatively slow convergence and even in high mode numbers leads to a superfluous oscillations
known as Gibbs phenomenon [Zhang and Geers, 1993,Hasheminejad et al., 2011]. This deficiency
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is addressed by using a procedure known as modified Cesáro summation, such that

Λ̄(r, θ, t) ≈
NCS∑
n=0

ΞnΛ̄n(r, t)Pn(cos θ) (2.27)

where

Ξn =


0 if 0 ≤ n ≤ 2
NCS + 1− n
NCS + 1

if 2 ≤ n ≤ NCS

(2.28)

for 0o ≤ θ ≤ 10o and 170o ≤ θ ≤ 180o, whereas

Ξn =
NCS + 1− n
NCS + 1

0 ≤ n ≤ NCS (2.29)

in which 10o ≤ θ ≤ 170o and NCS is a chosen truncation number.

2.3 Results and Discussions
Validity of the current approach and the associated computer codes were examined through an

extensive comparison of the numerical results against the pertinent published literature. However,
for the sake of conciseness, only three cases are presented here. A selected set of case studies are
considered next. Two steel spherical shell is selected having two thickness. The shell assumed
to be fully filled and immersed in water. The mechanical properties of the steel, air and water
are given in Table 2.1. Temporal, Laplace and Fourier expressions of various excitation functions
used in the validations and the subsequent case studies are given in Table 1.2. Effect of different
frequency contents of the excitation are investigated on the dynamic response of the system.
Truncation numbers are chosen as Nd = 400 and NCS = 50 based on a similar error analysis given
in [Hasheminejad et al., 2011] and the fact that the temporal response vanishes as t→∞.

water cf = 1.5 km/s, ρf = 1000 kg/m3

air cf = 0.34 km/s, ρf = 1 kg/m3

steel ρs = 7.8 kg/s, ν = 0.3, E = 207 Gpa

h 0.01, 0.03, 0.06, 0.10, 0.20

θc π/3, π/2

Table 2.1: Material properties and geometrical specifications.

Special visualization techniques are employed to better understand the dynamics of wave prop-
agation through this coupled and complex system of fluid and elastic fields. It is advantageously
carried out through depiction of total fields’ response by using a series of consecutive snapshots
illustrating pressure and stress responses. To have a better physical sense of these, all data are
normalized to [−1, 1] such that a constant color remains as the representation of zero value. Subse-
quently, brighter or darker colored regions correspond to positive or negative values, respectively.
Further, to study the surface waves, a number of time-angle contour-plots are considered with the
same normalization concept at a constant radius.

Darker colors corresponds to negative pressures and compressional stress whereas the brighter
regions represent the positive gauge pressures in fluids and tensile stress within the shell’s material.
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Figure 2.2: External acoustical pressure histories for an empty (air-filled), steel spherical shell with h = 0.01 at
its apex when subjected to (first row) a Dirac delta pulse, δ(t) (see Figures 10 through 12 in [Chen and Stepanishen,
1994] and Figure 3b in [Bahari and Popplewell, 2015]) and (second) Heaviside pulse, H (t) (see Figures 7 and 8
in [Zakout, 2001] as well as Figures 1c and 3b). The first three columns from left gives modal components, whereas
the last column illustrates the total responses when the spatial distribution is described by θc = π/3.
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Figure 2.3: Acoustical pressure history at the inner surface of water-filled, steel spherical shell with h = 0.10 and
0.20 when subjected to a broadband modulated Gaussian pulse with θc = π/3.

The order of snapshots is from left to right and top to bottom.

2.3.1 Validations
Transient acoustic radiation from an empty steel shell was studied in Ref. [Chen and Stepan-

ishen, 1994, Zakout, 2001, Bahari and Popplewell, 2015] where the shell’s wall thickness was
h = 0.01. A thin shell theory known as four-mode was applied invariably to approximate the
coupled elastic medium. Ref. [Chen and Stepanishen, 1994] considered a Dirac delta excitation,
f̄t(t) = δ(t) at shell’s outer surface. A in-vacuo eigenvector expansion with time-dependent coef-
ficients were utilized to retrieve a transient response of shells of revolution submerged in a fluid
medium. The method was originally given in [Stepanishen, 1997] for a general thin shell of rev-
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t = 0.1 t = 0.3 t = 0.5 t = 0.7 t = 0.9 t = 1.1

Fig. 4a: A series of internal pressure’s successive snapshots (0.1 ≤ t ≤ 1.1) in response to an exponentially decaying excitation with θc = π/3
where (first row) h = 0.01 and (second row) h = 0.03 in which the Hertzian distribution profile is assumed.

t = 1.5 t = 2.2 t = 2.6 t = 2.9 t = 3.1 t = 3.3

Fig. 4b: A series of internal pressure’s successive snapshots (1.5 ≤ t ≤ 3.3) in response to an exponentially decaying excitation with θc = π/3
where (first row) h = 0.01 and (second row) h = 0.03 in which the Hertzian distribution profile is assumed.

t = 4.1 t = 5.0 t = 5.1 t = 6.2 t = 7.0 t = 7.1

Fig. 4c: A series of internal pressure’s successive snapshots (4.1 ≤ t ≤ 7.1) in response to an exponentially decaying excitation with θc = π/3
where (first row) h = 0.01 and (second row) h = 0.03 in which the Hertzian distribution profile is assumed.

highlights the higher speed of compression waves, which
is more than four times larger than the speed of sound
in internal fluid. Further, the negative pressure is a vac-
uum like due to the shell’s positive (outward) displace-

ment, ur, whereas right below the impact zone, an initial
negative (inward) displacement compresses the adjacent
fluid. Once an acoustic perturbation initiates perme-
ation, it keeps propagating normal to its wavefront with

Figure 2.4a: A series of internal pressure’s successive snapshots (0.1 ≤ t ≤ 1.1) in response to an exponentially
decaying excitation with θc = π/3 where (first row) h = 0.01 and (second row) h = 0.03 in which the Hertzian
distribution profile is assumed.
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Fig. 4a: A series of internal pressure’s successive snapshots (0.1 ≤ t ≤ 1.1) in response to an exponentially decaying excitation with θc = π/3
where (first row) h = 0.01 and (second row) h = 0.03 in which the Hertzian distribution profile is assumed.

t = 1.5 t = 2.2 t = 2.6 t = 2.9 t = 3.1 t = 3.3

Fig. 4b: A series of internal pressure’s successive snapshots (1.5 ≤ t ≤ 3.3) in response to an exponentially decaying excitation with θc = π/3
where (first row) h = 0.01 and (second row) h = 0.03 in which the Hertzian distribution profile is assumed.

t = 4.1 t = 5.0 t = 5.1 t = 6.2 t = 7.0 t = 7.1

Fig. 4c: A series of internal pressure’s successive snapshots (4.1 ≤ t ≤ 7.1) in response to an exponentially decaying excitation with θc = π/3
where (first row) h = 0.01 and (second row) h = 0.03 in which the Hertzian distribution profile is assumed.

highlights the higher speed of compression waves, which
is more than four times larger than the speed of sound
in internal fluid. Further, the negative pressure is a vac-
uum like due to the shell’s positive (outward) displace-

ment, ur, whereas right below the impact zone, an initial
negative (inward) displacement compresses the adjacent
fluid. Once an acoustic perturbation initiates perme-
ation, it keeps propagating normal to its wavefront with

Figure 2.4b: A series of internal pressure’s successive snapshots (1.5 ≤ t ≤ 3.3) in response to an exponentially
decaying excitation with θc = π/3 where (first row) h = 0.01 and (second row) h = 0.03 in which the Hertzian
distribution profile is assumed.
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Fig. 4a: A series of internal pressure’s successive snapshots (0.1 ≤ t ≤ 1.1) in response to an exponentially decaying excitation with θc = π/3
where (first row) h = 0.01 and (second row) h = 0.03 in which the Hertzian distribution profile is assumed.

t = 1.5 t = 2.2 t = 2.6 t = 2.9 t = 3.1 t = 3.3

Fig. 4b: A series of internal pressure’s successive snapshots (1.5 ≤ t ≤ 3.3) in response to an exponentially decaying excitation with θc = π/3
where (first row) h = 0.01 and (second row) h = 0.03 in which the Hertzian distribution profile is assumed.

t = 4.1 t = 5.0 t = 5.1 t = 6.2 t = 7.0 t = 7.1

Fig. 4c: A series of internal pressure’s successive snapshots (4.1 ≤ t ≤ 7.1) in response to an exponentially decaying excitation with θc = π/3
where (first row) h = 0.01 and (second row) h = 0.03 in which the Hertzian distribution profile is assumed.

highlights the higher speed of compression waves, which
is more than four times larger than the speed of sound
in internal fluid. Further, the negative pressure is a vac-
uum like due to the shell’s positive (outward) displace-

ment, ur, whereas right below the impact zone, an initial
negative (inward) displacement compresses the adjacent
fluid. Once an acoustic perturbation initiates perme-
ation, it keeps propagating normal to its wavefront with

Figure 2.4c: A series of internal pressure’s successive snapshots (4.1 ≤ t ≤ 7.1) in response to an exponentially
decaying excitation with θc = π/3 where (first row) h = 0.01 and (second row) h = 0.03 in which the Hertzian
distribution profile is assumed.

olution. Ref [Zakout, 2001] studied a similar situation as [Chen and Stepanishen, 1994] where
a Heaviside function, f̄t(t) = H (t). Both of these excitations were considered in [Bahari and
Popplewell, 2015]. A direct Laplace transform approach was utilized in [Zakout, 2001,Bahari and
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t = 7.4 t = 7.6 t = 7.8 t = 8.0 t = 8.2 t = 8.4

t = 8.6 t = 8.8 t = 9.0 t = 9.2 t = 9.4 t = 9.6

Fig. 5: A series of successive snapshots of internal pressure which are evenly spaced in time, ∆t = 0.2, from t = 7.4 to t = 9.6 in response to an
exponentially decaying excitation with θc =π/3 when h = 0.01 in which the Hertzian distribution profile is assumed.

constant speed until it reaches the shell’s inner surface.
This simple point is very useful in better understanding
the wave propagation mechanics in all subsequent snap-
shots.

A strong primary focusing of the initial wavefronts
starts forming around t ≈ 1, see, for example, t = 0.9 and
t = 1.1 in Figure 4a. This focusing results in both pos-
itive and negative peaks in gauge pressures. The neg-
ative pressure, specifically, are of interest because they
provide the information about the cavitation likelihood.
If the resulting absolute pressure becomes close to the
thermodynamic saturation pressure of water in its cur-
rent temperature, that region indicates a high probabil-
ity of cavitation to occur. There is a delay in this process
in the case of h = 0.01 compared to h = 0.03. This is
basically because of the difference in the wave’s required
time to travel the shells’ inner space. Hint that the inner
radius is ∆r = 0.02 smaller in the thicker shell.

Initial wave fronts pass each other after superposing
at the primary focusing and keep propagating towards
the shell’s inner walls. See, for instance, the snapshots
at t = 1.5 and t = 2.2 given in Figure 4b. Once starts in-
teracting with the shell’s surface, part of it transmits to
the outer fluid through the elastic shell. The reflected
waves from the walls keep moving towards each others
to form a secondary focusing around t ≈ 3. See the corre-
sponding snapshots at t = 2.9 and t = 3.1 in Figure 4b. As
it can be seen, the effect of shell’s thickness on the fluid
field becomes more conspicuous as time goes on. Wave
fronts, for instance, are sharper and more focused in the
shell with lower thickness and, consequently, easier to
distinguish. This is basically due to larger amount of
shell-born waves forming in the elastic field in a higher
wall-thickness. Figure 4c shows the next two major fo-
cusing mechanisms around time t ≈ 5 and 7. However, as
it can be seen in, for example, t = 4.1 and t = 6.1 they are
secondary, tertiary and so on wave fronts leading to other
focusing mechanisms but with smaller amplitudes. The

formation of those corresponding triple points in t = 4.1
and t = 6.1 are distinguishable easily.

Figure 5 is dedicated to only one shell thickness,
h = 0.01, so that, some subsequent triple point forma-
tions and the associated focusings can be followed eas-
ier. Another major focusing can be observed around
time t ≈ 9. Multiple triple point formation can be de-
tected effortlessly at t = 8.0,8.2,8.4 and 8.36. In general,
the intervals between successive primary focusings stays
about constant value of ∆t ≈ 2.

Another visualization technique is applied in the
form of time-space contour plots as in Figure 6. A care-
ful arrangement is made so that for each shell’s wall
thicknesses, external fluid medium comes first at the
top, which is followed by shell’s radial displacement and
then the internal fluid field at he bottom. Acoustical en-
ergy density is considered at the shell’s both surfaces to
have a better understanding of energy communication
rate from the shell and its encapsulated fluid to the infi-
nite fluid medium. The rate of acoustic energy transfer
from the inner fluid largely depends on the shell’s thick-
ness where both fluids are the same. One should be re-
minded that total acoustic energy density is the sum of
its corresponding potential, Ip and kinetic, Iv energies
as

I ≡Ip +Iv =
1
2
ρ f v2

f +
p2

2ρ f c2
f
= p2

ρ f c2
f

. (38)

Indeed the potential energy and kinetic acoustic energies
are converted to each others and they have a π/2 phase
difference because of the first time derivative from p to v.
A quick comparison between first and second columns of
Figure 6 clearly demonstrates that the acoustical energy
density becomes far more concentrated and localized in
smaller shell’s wall thicknesses. Furthermore the sur-
face acoustical energy dissipates faster to infinite fluid
medium in a thinner shell. This is due to the lower ca-
pacity of a thinner shell structure in maintaining acous-

Figure 2.5: A series of successive snapshots of internal pressure which are evenly spaced in time, ∆t = 0.2, from
t = 7.4 to t = 9.6 in response to an exponentially decaying excitation with θc = π/3 when h = 0.01 in which the
Hertzian distribution profile is assumed.

Popplewell, 2015]. A five-mode shell theory are considered in addition to the four-mode model.
Multiple results from these references are reproduced in Figure 2.2 where a high level of agreement
is observed regardless.

The total responses given in the last column of Figure 2.2 are due to a centrally symmetrical
load at the shell’s inner surface was considered which is similar to the loading configuration
described in Equation 2.11. Equation 2.12 provides the corresponding modal components of this
loading in closed form. Rigid body motion is not possible due to central symmetry of loading.
Furthermore, the odd modes’ contribution to a total response remains zero when a centrally
symmetric excitation applies. This level of agreement is achieved by considering a similar number
of modes, i.e. NCS = 12, without using the Cesáro summation.

Hence a significant level of discrepancies, however, appears when higher relative thicknesses are
considered. Figure 2.3, for example, gives the pressure history at the inner surface of shells with
h = 0.10 and 0.20 when subjected to a broadband modulated Gaussian pulse. The approximate
shell theories demonstrate considerably high level of error in comparison to the exact theory of
linear elasticity. Consequently this suggest the necessity of using the current approach versus the
commonly used shell theories. A selected set of case studies are presented and discussed next.

2.3.2 Case Studies
Amore qualitative presentations of numerical results is taken initially through the visualization

techniques, which was described earlier at the beginning of this section. Quantitative discussions
follow afterwards. various choices of material, geometrical and loading configurations are given
in Table 2.1. The shells are subjected to a centrally symmetric double impact at shells’ either
surfaces.

A series of pressures snapshots for the contained fluid field is given in Figure 2.4a through
Figure 2.4c for two wall thicknesses of h = 0.01 and h = 0.03. Figure 2.5, however, is dedicated
only to h = 0.01 with constant time steps of ∆ = 0.2. These shells are excited by an exponentially
decaying excitation as described in Table 1.2. Its spatial distribution is specified by θc = π/3

according to Equation 2.11. At the beginning of the interaction, such as t = 0.1, 0.3 in Figure 2.4a,
positive pressure regions appear right below the impact zones while a negative pressure starts to
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Fig. 6: Contour plots of total field response to an explosive pulse (Table 2) applied over the region specified by θ0 = π/6 for two shell’s wall
thicknesses of h = 0.01 and h = 0.06. (1st row) acoustical energy’s density; (2nd row) radial displacement and (3rd row) acoustical energy’s density
at the shell’s entire outer, mid- and inner surfaces, respectively.

tical energy. The focusings are clearly tractable in all
contour plots. The intervals between successive focus-

ings are ∆t ≈ 1.98 and ∆≈ 1.94 for h = 0.01 and h = 0.03,
respectively. A major negative (positive) peak forms in

Figure 2.6: Contour plots of total field response to an explosive pulse (Table 1.2) applied over the region specified
by θ0 = π/6 for two shell’s wall thicknesses of h = 0.01 and h = 0.06. (1st row) acoustical energy’s density;
(2nd row) radial displacement and (3rd row) acoustical energy’s density at the shell’s entire outer, mid- and inner
surfaces, respectively.

propagate from the vicinity of regions not to the impact. This observation has two implications.
First, it highlights the higher speed of compression waves, which is more than four times larger
than the speed of sound in internal fluid. Further, the negative pressure is a vacuum like due to
the shell’s positive (outward) displacement, ur, whereas right below the impact zone, an initial
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Figure 2.7: Contour plots of density of acoustical energy in response to a broadband modulated Gaussianpulse
(t0 = 1/200, tG = 1/2000 and ωG = 600 ) applied over the region specified by θ0 = π/6 for two shell’s wall
thicknesses of h = 0.1 and h = 0.2. Load is applied on the shell’s external surface in the (1st row) and (2nd row)
whereas the shell’s inner surface is excited in (3rd row).

negative (inward) displacement compresses the adjacent fluid. Once an acoustic perturbation
initiates permeation, it keeps propagating normal to its wavefront with constant speed until it
reaches the shell’s inner surface. This simple point is very useful in better understanding the wave
propagation mechanics in all subsequent snapshots.
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Figure 2.8: Successive snapshots of total field response from left to right in response to a broadband modulated
Gaussian pulse with t0 = 1/200 and tω = 1/2000 when θc = π/3 and h = 0.1. Each snapshot contains internal and
external fluid fields’ acoustical pressures as well as the shell’s radial displacement ur.

Fig. 8: Successive snapshots of total field response from left to right in response to a broadband modulated Gaussian pulse with t0 = 1/200 and
tω = 1/2000 when θc =π/3 and h = 0.1. Each snapshot contains internal and external fluid fields’ acoustical pressures as well as the shell’s radial
displacement ur .

Fig. 9: Contour plots of total field response to a Heaviside excitation, f̄ t(t)=H (t), applied over the region specified by θ0 =π/6 for a shell filed
with (a) water (b) air where h = 0.06.

response (t = 0+) right below the applied force, alter-
nates between positive and negative from the shell’s in-
ner to outer surface pressure. This is can be easily ex-
plained as follows. The inward (outward) radial displace-
ment of shell leads positive (negative) gauge pressure at
the shell’s inner (external) surface. Interestingly, shell’s
maximum inward or outward deflections does not hap-
pen at early time. For example, they occur around t ≈ 7,9
when h = 0.01. These moments, however, are shifted to
earlier times as the shell’s wall thickness increases, as
illustrated in Figure 6. Intensity and number of head
waves within the shell’s material increases considerably
as h increases. See the second row of Figure 6. Distin-
guishing these waves, however, becomes more difficult
in displacement field within thicker shells. This diffi-
culty can be managed by referring to the internal and
external pressure fields because the shell born waves
eventually are transmitted to the adjacent fluid medium

through the traction boundaries. Different waves are
distinguished most clearly within the internal fluid field.
The time and angle of the primary focusings can be seen
in all the contour plots of Figure 6. The maximum pres-
sures and deflections occur around the center of the ap-
plied loads.

Figure 7 demonstrates surface pressure contour
plots for two higher thicknesses of h = 0.10 and 0.20
when shell is excited by a broadband modulated Gaus-
sian (Table 2) with θc = π/3. Top two rows are responses
when shell excited at its outer surface whereas the bot-
tom row is due to an excitation at the shell’s inner sur-
face. The most conspicuous difference between this fig-
ure and Figure 6 is in the presence of multiple focal
wavefronts in higher thicknesses and broader frequency
content of excitation. These wavefronts are formed be-
cause the excited wavelengths are partially smaller than
shells’ thicknesses. The interval of these wavefronts in-

Figure 2.9: Contour plots of total field response to a Heaviside excitation, f̄t(t) = H (t), applied over the region
specified by θ0 = π/6 for a shell filed with (a) water (b) air where h = 0.06.

A strong primary focusing of the initial wavefronts starts forming around t ≈ 1, see, for
example, t = 0.9 and t = 1.1 in Figure 2.4a. This focusing results in both positive and negative
peaks in gauge pressures. The negative pressure, specifically, are of interest because they provide
the information about the cavitation likelihood. If the resulting absolute pressure becomes close to
the thermodynamic saturation pressure of water in its current temperature, that region indicates
a high probability of cavitation to occur. There is a delay in this process in the case of h = 0.01

compared to h = 0.03. This is basically because of the difference in the wave’s required time to
travel the shells’ inner space. Hint that the inner radius is ∆r = 0.02 smaller in the thicker shell.

Initial wave fronts pass each other after superposing at the primary focusing and keep prop-
agating towards the shell’s inner walls. See, for instance, the snapshots at t = 1.5 and t = 2.2

given in Figure 2.4b. Once starts interacting with the shell’s surface, part of it transmits to the
outer fluid through the elastic shell. The reflected waves from the walls keep moving towards each
others to form a secondary focusing around t ≈ 3. See the corresponding snapshots at t = 2.9 and
t = 3.1 in Figure 2.4b. As it can be seen, the effect of shell’s thickness on the fluid field becomes
more conspicuous as time goes on. Wave fronts, for instance, are sharper and more focused in the
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Figure 2.10: Pressure histories at the shell’s center when θc = π/3. The excitation are the narrowband Ricker
pulse and Heaviside for the external surface pressure and the pressure gradient across the shell’s wall, respectively.

shell with lower thickness and, consequently, easier to distinguish. This is basically due to larger
amount of shell-born waves forming in the elastic field in a higher wall-thickness. Figure 2.4c
shows the next two major focusing mechanisms around time t ≈ 5 and 7. However, as it can be
seen in, for example, t = 4.1 and t = 6.1 they are secondary, tertiary and so on wave fronts leading
to other focusing mechanisms but with smaller amplitudes. The formation of those corresponding
triple points in t = 4.1 and t = 6.1 are distinguishable easily.

Figure 2.5 is dedicated to only one shell thickness, h = 0.01, so that, some subsequent triple
point formations and the associated focusings can be followed easier. Another major focusing
can be observed around time t ≈ 9. Multiple triple point formation can be detected effortlessly
at t = 8.0, 8.2, 8.4 and 8.36. In general, the intervals between successive primary focusings stays
about constant value of ∆t ≈ 2.

Another visualization technique is applied in the form of time-space contour plots as in Fig-
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Figure 2.11: Internal pressure histories at the shell’s center when θc = π/2 for four excitations and four shell
wall thicknesses.

Figure 2.12: Successive snapshots of total field response to a concentrated (fθ = δ(θ)) narrowband
Ricker pulse with t0 = 1/5 and tω = 1/20. Each snapshot contains internal and external fluid
field’s acoustical pressures. The radial stress, σrr is selected as the representation of the elastic
shell’s response.

ure 2.6. A careful arrangement is made so that for each shell’s wall thicknesses, external fluid
medium comes first at the top, which is followed by shell’s radial displacement and then the in-
ternal fluid field at the bottom. Acoustical energy density is considered at both shell’s surfaces
to have a better understanding of energy communication rate from the shell and its encapsulated

43



2.3 Results and Discussions

fluid to the infinite fluid medium. The rate of acoustic energy transfer from the inner fluid largely
depends on the shell’s thickness where both fluids are the same. One should be reminded that
total acoustic energy density is the sum of its corresponding potential, Ip and kinetic, Iv energies
as

I ≡ Ip + Iv =
1

2
ρfv

2
f +

p2

2ρfc
2
f

=
p2

ρfc
2
f

. (2.30)

Indeed the potential energy and kinetic acoustic energies are converted to each others and they
have a π/2 phase difference because of the first time derivative from p to v. A quick comparison
between first and second columns of Figure 2.6 clearly demonstrates that the acoustical energy
density becomes far more concentrated and localized in smaller shell’s wall thicknesses. Further-
more the surface acoustical energy dissipates faster to infinite fluid medium in a thinner shell.
This is due to the lower capacity of a thinner shell structure in maintaining acoustical energy.
The focusings are clearly tractable in all contour plots. The intervals between successive focusings
are ∆t ≈ 1.98 and ∆ ≈ 1.94 for h = 0.01 and h = 0.03, respectively. A major negative (positive)
peak forms in each focusing which is followed immediately by a positive (negative) peak. This
order is inverted in the subsequent focusing. These wave trends are very well distinguished they
are readily traceable at the shell’s inner surface (the third row of Figure 2.6), whilst they are not
easily differentiated at the shell’s outer surface (the second row of Figure 2.6).

It can be noted easily that the initial pressure response (t = 0+) right below the applied
force, alternates between positive and negative from the shell’s inner to outer surface pressure.
This can be explained straightforwardly as follows. The inward (outward) radial displacement of
shell leads positive (negative) gauge pressure at the shell’s inner (external) surface. Interestingly,
shell’s maximum inward or outward deflections does not happen at early time. For example, they
occur around t ≈ 7, 9 when h = 0.01. These moments, however, are shifted to earlier times as the
shell’s wall thickness increases, as illustrated in Figure 2.6. Intensity and number of head waves
within the shell’s material increases considerably as h increases. See the second row of Figure 2.6.
Distinguishing these waves, however, becomes more difficult in displacement field within thicker
shells. This difficulty can be managed by referring to the internal and external pressure fields
because the shell born waves eventually are transmitted to the adjacent fluid medium through the
traction boundaries. Different waves are distinguished most clearly within the internal fluid field.
The time and angle of the primary focusings can be seen in all the contour plots of Figure 2.6.
The maximum pressures and deflections occur around the center of the applied loads.

Figure 2.7 demonstrates surface pressure contour plots for two higher thicknesses of h = 0.10

and 0.20 when the shell is excited by a broadband modulated Gaussian (Table 1.2) with θc = π/3.
The top two rows are responses when the shell is excited at its outer surface whereas the bottom
row is due to an excitation at the shell’s inner surface. The most conspicuous difference between
this figure and Figure 2.6 is in the presence of multiple focal wavefronts in higher thicknesses and
broader frequency content of excitation. These wavefronts are formed because the excited wave-
lengths are partially smaller than shells’ thicknesses. The interval of these wavefronts increases as
higher thicknesses are considered. The primary focusings occur at t ≈ 1.8 and t ≈ 1.6 correspond-
ing to h = 0.1 and h = 0.2, respectively. Higher thicknesses results in a way slower decaying of the
acoustical energy in the contained fluid because the shell can sustain higher amount of acoustical
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energy. Excitation at the shell’s inner surface results into dominantly positive gauge pressure in
the external fluid (third row) which is in contrast with the results for the excitation on the outer
surface (second row).

Successive snapshots of the total field response are given in Figure 2.8 when a shell with
h = 0.1 is excited by a broadband excitation which produces wavelengths comparable to the
shell’s thickness. This figure helps to better understand the wave’s mechanics of the contour plots
given in Figure 2.7. The first row shows the superposition process of multiple radiated wavefronts
at the shell’s center. These multiple wavefronts are the results of successive mode conversions
at the shell’s either surfaces which gradually transmits its energy into the contained fluid. After
superposing at the shell’s center these wavefronts keep travelling back and forth from a shell’s
inner surface and again towards the center of the sphere. Strong negative gauge pressures are
formed within the external acoustical field occurs later after completion of the first and second
primary focusings corresponding to the snapshots in the second row.

Figure 2.9 aims to briefly investigates the effect of the enclosed fluid on the external pressure’s
wave dynamics. The contour plots are the system’s responses when shell is filled with water
and air, respectively, from left to right when the shell is excited by Heaviside pulse invariably.
Arrival of the successive focusing wavefronts from center to the shell’s inner surface with ∆t ≈ 2

are detectable when the shell is filled with water. They, however, are missing in the contour
plot associated with the air-filled shell. This is due to the insignificant value of air’s impedance
compared to water. Furthermore, formation of major higher pressure regions on the shell’s external
surface is delayed in the shell filled with water in comparison to the air-filled shell.

Figure 2.10 has a similar objective as Figure 2.9 but with a quantitative rather than a qual-
itative approach. Pressures at the shell’s external surface are slightly larger than when the shell
is filled with air rather than water. The response dissipates quickly in the case of air-filled situ-
ation specially for very thin shells. This observation can be explained by the energy capacity of
the overall structure, shell and its contained fluid. Significantly higher impedance of the water
makes the shell filled with it more capable of holding larger acoustical energy in comparison to
the air-filled shell. The difference between the shell’s inner and outer surfaces at apex is given
when a Heaviside excitation is applied. In complete contrast to the P ex|r=rin, the ∆p dissipates
significantly faster at higher thicknesses. It is more conspicuous when the shell is filled with air.
The initial peak values of ∆p are considerably less sensitive to the increase in the shell’s thickness
when filled with water. Compare, for example, h = 0.01 with h = 0.1 and h = 0.2 in Figure 2.10.

From all previous snapshots and contour-plots, we have a qualitative feeling that the mag-
nitudes of the focused pressures at the shell’s center are significantly higher than other regions.
Figure 2.11 is to quantitatively study the center point pressure. The effects of the shell’s relative
wall thickness and various excitation are investigated. The breathing mode, n = 0, is the only
contributing mode at r = 0 due to its geometrical symmetry. The modal expression of the load-
ing, fn, for a uniform distribution is given in Equation 2.12 which reduced into f0 = −2 cos θc for
n = 0. Obviously this modal coefficient is maximized (f0 = −2) when θc = π/2. In other words,
the maximum values of focused pressures occurs when the load is applied to the entire shell’s
surface. One should be reminded that center-point’s pressure for a general value of θc is obtained
simply by multiplying the values due to π/2 by 2 cos θc.

General observations from Figure 2.11 are as follows regardless of the excitation. The peak
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values decrease by the increasing shell’s wall thickness and as time goes by. The successive peaks
alternate between positive and negative values. The intervals between successive peaks are reduced
by increasing h. A better energy preservation behaviour is observed in consecutive pressure peaks
and troughs for the thicker shells. This can be physically explained by noting that energy can be
better sustained in a more rigid container. These observations are in complete agreement with
observations on the previous snapshot series and contour plots.

Specific observations to each excitation are given next. The narrowband Ricker pulse remains
with single focal peak at regular intervals of ∆t ≈ 2rin for all thicknesses through out. This time
is required by a surface wave to travel between shell’s inner surfaces to reach the center with a
sonic speed. However, multiple secondary focused peaks appears at h = 0.2. They become very
significant in cases of the Dirac impulse and explosion. These secondary peaks are due to multiple
reflections within the shell’s thickness when the wavelengths become comparable to the shell’s
thickness. See, for example, the snapshots given in Figure 2.8 and contour-plots of Figure 2.7.
The Heaviside pulse converges to its long term asymptotic (static values) quickly when h = 0.01.
Interestingly the first peak values in Ricker (Heaviside) pulse reaches 12 ( 12) and -10 ( -5) times
of the original excitation. The Dirac impulse, on the other hand, leads to the highest amplitudes
by several folds compared to other excitations. The explosion leads to a very similar trend but
about 100 times lower in value. Hence other three pulses covey a higher practical importance
whereas the Dirac pulse has theoretical significance because of its frequency content. Especially
the negative peak values are a useful indication in predicting the likelihood of cavitation. Finally
an important concluding remarks can be made by comparing Figure 2.11 and Figure 2.10: the
values of the surface pressures are significantly lower than those peaks forming at the center of
the sphere.

At last, a case of concentrated load, fθ = δ(θ), on the apex of the shell is considered in
Figure 2.12, which is not centrally symmetric. The corresponding modal coefficients become

fn =
2n+ 1

2
. In such situation, unlike former case studies, the rigid body motion, n = 1, and

other anti-symmetric modes, n = 2i + 1, persist and have nonzero contribution. A narrowband
Figure 2.12 pulse is applied. This case was chosen as it is in contrast with of double impact.
A very different focusing mechanism happens in the internal fluid medium, which leads to the
development of smaller amplitudes in comparison to a centrally symmetrical loading situation.
Triple points and focusing of the internal fluid are formed through a different mechanisms rather
than those discussed in Figure 2.4a through Figure 2.5 as well as Figure 2.8. This is basically due
to the contribution of odd modes. The formation of the symmetric and asymmetric Lamb and
head waves in both external and internal fluid media can be effortlessly followed and distinguished.
Formation of the triple points and the associated primary and secondary focusings are detectable
most readily. The further analysis of this kind of loading, however, is beyond the main objective
of this work.

2.4 Conclusions
Transient acoustic radiation from a fluid filled elastic spherical shell due to a double impact on

its either surfaces is investigated analytically. The shell is fully submerged in a compressible fluid
medium. Internal and external fluid fields were governed by the exact linear theory of an acoustic
phenomenon. An exact local theory of linear elasticity is employed to describe the elastic shell.
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A Helmholtz decomposition was applied to elastic shell to resolve the displacement field vector.
The complete closed-form modal solutions are obtained for elastic and fluid media in terms of
the modified spherical Bessel functions in Laplace domain, which are then numerically inverted
to time. The coupling between fluid fields and elastic shell is enforced through the continuity
boundary conditions. Finally, total responses were achieved by a linear superposition of modal
components through the associated spherical harmonics after numerically inverting the Laplace
field responses back into the time domain. A Cesáro summation approach was taken to alleviate
a relatively slow convergence rate of Fourier-Legendre series.

After validating the current approach and associated computer codes against related litera-
ture, several numerical case-studies are considered. Special visualization techniques were applied
to better understand the wave propagation phenomena of a coupled nature. A variety of wave phe-
nomena were observed and discussed. More specifically, different focusing behaviour is observed
within the internal fluid medium. Strong amplification of the internal pressure as high as twelve
and ten folds of the loading’s amplitude is observed for positive and negative gauge pressures,
respectively, when a Heaviside excitation or a Ricker pulse is considered. This is an important
indication of cavitation likelihood which, for example, can be taken into considerations in a safe
design of the underwater shell structures.
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Chapter 3

A Comprehensive, Transient Elasto-Acoustics Study of

A Fluid Filled Spherical Shell Embedded in An Elastic

Medium I:

Analytical Formulations and Validations

An exhaustive study is carried out on the mechanics of waves travelling through a coupled
elasto-acoustic system of a fluid-filled, thick-walled spherical shell embedded in an elastic

formation. Important but previously untouched aspects of this classical problem are addressed
rigorously. An exact local theory of linear elasticity is applied to the elastic formation and the
shell, whereas the linear theory of acoustics for compressible fluids is utilized. Two sets of exci-
tation sources are considered: (i) either incident compressional or shear waves, and (ii) a general
traction force acting on either one of the shell’s surfaces. The origin of the incident waves can be
point sources of stress waves positioned within the infinite elastic medium, shell’s material or an
eccentric pressure source located within the encapsulated fluid. These point sources give rise to
spherical wavefronts impinging on shell’s either surfaces. A plane wavefront is the limiting case
of a spherical wave if a point source within the infinite elastic formation is located far from the
shell. Translational addition theorems are modified accordingly in the Laplace domain. They are
employed advantageously to unify the description of various incident waves in terms of a common
set of spherical harmonics having their origin coinciding with the shell’s center. A rigorous cross
check of the current approach is performed meticulously against multiple existing limiting cases
taken from the pertinent literature where the relevant mathematical and physical aspects are dis-
cussed accordingly. The comparisons lend credence to the current approach and the associated
computer code developments. Then a brief overview is given of the unifying physical aspects. An
extensive set of carefully selected numerical case studies are presented in a companion chapter
where more general configurations are discussed.

3.1 Introduction
Investigations of spherical wave scatterers have practical relevance to electromagnetism, op-

tics, acoustics, bio-medical imaging, seismology and ultrasonics. The particular problem consid-
ered here is the elastodynamics of an embedded, possibly fluid-filled spherical shell or an elastic
inclusion. It has been a subject of interest since the mid-twentieth century [Knopoff, 1959]). In
the particular case of mechanically generated waves, a spherical scatterer has applications in di-
verse fields such as geology, civil and nuclear engineering as well as the petroleum industry. For
instance a spherical geometry reasonably approximates a range of actual objects and anomalies
like oil trapped in an underground cavity. Moreover, analytical solutions for a complex system of

49



3.1 Introduction

multiple spherical scatterers can be built from the response of a single spherical obstacle. See, for
example, [Ávila-Carrera and Sánchez-Sesma, 2006,Grandjean and Leparoux, 2004,Martin, 2006].
Another example is in nuclear waste management. Underground spherical waste containers are
usually preferred to those above ground for reasons of safety, [Reddy and Kierans, 1976]. A more
intricate design however requires a better understanding of the dynamic behavior caused by a
seismic or shock load. Furthermore, a computationally efficient analysis of wave scattering from
a buried spherical obstacle having known properties may help to inversely define an unknown
scatterer. The additional complexity likely requires a greater computational efficiency however
which leads, in turn, to the need for a more precise forward solver. Practical examples requiring
similar forward or corresponding inverse solutions are listed next.

• Diagnostic medical ultrasound (i) to detect a tumor or cyst as well as to monitor a cancer
growth in lymph nodes or a thyroid gland [Norton and Linzer, 1981,Wirgin, 2016]; (ii) to
enhance ultrasound imaging through double-scattering in a nanoparticle such as a rattle-type
Mesoporous Silica Nanostructure or MSN [Zhang et al., 2015];

• Geophysics related to oil and gas exploration in which underground anomalies and cavities
need to be discovered. Then mechanical wave techniques are preferred in comparison to
electromagnetic conduction and induction based methods because elastic waves are more
likely to produce direct and less ambiguous results [Grant and West, 1965,Grandjean and
Leparoux, 2004]; Oscillations of earth have been approximated by a spherical shell with a
fluid core [Satô et al., 1963].

• Ultrasound in non-destructive testing (NDT) used to detect welding cavities in steel struc-
tures or voids in the base material [Darmon et al., 2003, Krautkrämer and Krautkrämer,
2013].

• Safe design of Underground Structures such as nuclear disposal containers against natural
and human induced seismic activities [Reddy and Kierans, 1976].

The focus of this particular chronological review is restricted to purely analytical or semi-
analytical studies. Among the earliest publications, [Ying and Truell, 1956] investigated the
steady-state scattering of longitudinal plane waves by a spherical obstacle such as a cavity, rigid or
elastic sphere within an isotropic, elastic medium by using the classical Helmholtz decomposition.
By employing the Fourier Transform, [Eringen, 1957] analyzed the dynamic behavior of an infinite
elastic medium containing a spherical cavity when exposed to a general surface traction force.
Later, [Einspruch and Truell, 1960] determined the steady-state scattering of an incident plane
wave impinging upon a spherical obstacle filled with an ideal, inviscid fluid. They compared the
responses caused by separate incident transverse and longitudinal waves and noted significant
differences. Three years later, [Pao and Mow, 1963] revisited and extended the work of [Ying and
Truell, 1956]. They incorporated the rigid body motion of the spherical obstacle by appropriately
modifying the boundary conditions. Moreover they also showed that a spherical obstacle whose
inside is empty, rigid or fluid-filled are different limiting cases of an elastic inclusion. These
results were also reported in a later monograph ( [Mow and Pao, 1971], 6.2). [Satô et al., 1963]
considered transient wave propagation due to an impulsive torsional disturbance at the surface of
an elastic sphere in which the sphere had a fluid core. The corresponding wave mechanics is a basic
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model for seismology applications and earth dynamics. A complete normal mode approach was
utilized based on the Helmholtz decomposition. Subsequently [Yeh, 1964] developed an interesting
analytical solution by differently treating an incident plane wave as a load moving over a spherical
cavity’s surface. [Murthy and Reddy, 1967] applied the latter technique to a similar geometrical
configuration but with an additional spherical shell lining. However a thin shell theory rather
than a more universally applicable kinematic assumptions of Green-Lagrange strain tensor was
utilized to approximate an underground, spherical contaminant container exposed to a seismic or
shock wave. A closed-form solution was derived for the dilatation mode. The approach adopted
by [Yeh, 1964] was used in a subsequent short note of [McLeary, 1969]. Reasonable numerical
convergence was achieved with the lowest 25 modes describing the scattering by a spherical cavity
of a slowly (as opposed to sharply) rising incident wave. In two companion chapters, [Chadwick
and Trowbridge, 1967b,Chadwick and Trowbridge, 1967a] studied the vibrations of a rigid sphere
embedded in an infinite elastic medium due to harmonic and impulsive forces by using a Laplace
transform approach. First, a pure troupe was applied so that merely torsional modes were excited.
These waves travel at the speed of a shear wave. Both dilatational and transverse modes were
excited to study rectilinear oscillations by applying a normal traction. These waves, however,
travel at two different speeds. [Moon and Pao, 1967] and subsequently [Moon, 1972] showed that
the spatial distribution of both the steady-state stress and scattered energy caused by plane and
spherical incident waves are very different.

In a benchmark paper, [Nussenzveig, 1965] investigated the high frequency, steady-state behav-
ior of a totally reflecting spherical inclusion in response to an incident wave. A modified Watson
transformation was used, in conjunction with appropriate near- and far- field asymptotes, to study
the formation of various wave phenomena formed in different spatial regions. Afterwards, [Nor-
wood and Miklowitz, 1967] presented analytical solutions for (1) elastic waves radiated from a
cavity caused by the impingement of a transient point source excitation located on the cavity’s
internal surface, and (2) diffracted elastic waves due to a nonstationary plane dilatational incident
stress pulse. A Watson transform successfully mitigated the slow convergence associated with the
higher frequency components in the early time response. Their method, however, is valid only
within the so called shadow zone - a region which cannot be connected to the source of distur-
bance by straight line rays. About two decades later, [Wijeyewickrema and Keer, 1989] gainfully
applied the same procedure to a similar configuration except that an empty cavity was replaced
by a rigid spherical inclusion. By using the same approach as [Nussenzveig, 1965] in the frequency
domain, [Datta and Shah, 1970] investigated the diffraction of SH waves originating from a point
source that acts on a sphere having a rigid or fluid core. The medium outside the cavity was
assumed to be spherically isotropic so that the motion stayed independent of the longitudinal
wave and no radial displacement occurred. [Iwashimizu, 1972] considered the scattering of shear
or longitudinal incident waves in an elastic medium from a rigid sphere. He studied the differences
between the scattering by a movable rigid sphere in comparison to an immovable one, especially
in the Rayleigh limit.

The Watson transform was shown to be equivalent to the Poisson summation which was
popular until the early 1970s. See, for example, [Nussenzveig, 1965]. This popularity can be
attributed to the slow convergence of a Fourier series type summation leading to a relatively high
computational cost in the context of a limited computing technology of the time. This transform,
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conversely, enabled a temporal response to be estimated by using few algebraic terms (e.g. [Nor-
wood and Miklowitz, 1967]). However, the latter extreme computational efficiency came at the
expense of a very limited range of applicability. An analytical evaluation of a Watson transform
(integration) usually requires several asymptotic limit cases such as a very high frequency eval-
uation of the one corresponding to early time response and specific spaces within, for example,
so-called shadow zone. On the other hand, the recent dramatic rise in computational capabili-
ties, apparently, has been the major factor in the significant discontinuation of using the Watson
transform in favour of Fourier series like approaches.

[Huang and Wang, 1972] employed a Laplace transform to study the transient, stress wave
diffraction from a spherical cavity due to an incident longitudinal, plane step wave travelling
within an elastic medium. An analytical expression was derived for the elastic wave potentials by
using a truncated Legendre Fourier series. They claimed that a sufficient convergence was achieved
generally in a temporal response by employing only the first two modes. However, up to the first
six modes were required in the immediate region of the scattered field near the cavity. It was
conjectured plausibly that this still fast convergence happened because the cavity’s smooth (free)
boundary did not produce a sharp stress jump immediately after the incident wave’s arrival. [Jain
and Kanwal, 1980] required few terms to approximate the harmonic scattering of plane waves by
an empty or fluid filled cavity by utilizing an asymptotic expansion for low frequencies.

[Zhao and Harkrider, 1992] considered the interaction of an explosively generated wave with
a solid sphere embedded in an elastic medium. A numerically evaluated inverse Fourier transform
was employed. Later [Lebedeva, 1994] determined the displacement of a rigid sphere embedded in
an elastic medium that was caused by a transient longitudinal, plane wave. A Laplace rather than
a Fourier transform was used. [Akkas et al., 2000] investigated the transient radiation emanating
from a spherical cavity, with and without a shell lining, that was initiated by an axisymmetric
surface load. They essentially used a Laplace transform approach to solve the linear spherical wave
equation with a procedure known as the Residual Variable Method (RVM). However a four-mode,
thin shell theory approximation modelled the embedded body. [Zakout et al., 2000] applied a RVM
to obtain the transient response of an infinite elastic medium containing a spherical cavity due to a
torsional surface loading. Only the torsional (second class vibratory) modes were excited because
this traction force does not lead to mode conversion in a purely uniform torsional traction. A
similar geometrical configuration to that examined by [Akkas et al., 2000], but with a completely
symmetrical (1D) surface load, was investigated by [Gan-bin and Kang-he, 2005], [Dwivedi et al.,
2013] and [Xu et al., 2015] in which different constitutive relations, such as viscoelastic and porous,
represented the surrounding soil. More recently, [Schwartz et al., 2016] developed a solution for
the steady state, axisymmetric scattering of an incident cylindrical wave by a spherical inclusion
located within a viscoelastic, isotropic medium. A multipole expansion technique was employed
so that the incident and scattered wave fields could be defined in either cylindrical or spherical
coordinates. This duality permitted the boundary conditions to be enforced exactly. However the
procedure involved an infinite number of integrals which were evaluated numerically.

This aforementioned review indicates so far that there have been numerous studies of the
transient scattering of elastic waves from spherical cavities and inclusions but without a shell
lining ( [Yeh, 1964, Norwood and Miklowitz, 1967, McLeary, 1969, Wijeyewickrema and Keer,
1989,Huang and Wang, 1972, Zhao and Harkrider, 1992,Lebedeva, 1994, Schwartz et al., 2016]).
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On the other hand, there have been far fewer cases involving the transient elastic wave radiation
from an embedded shell in which a surface load rather than an incident wave has been considered
(e.g. [Eringen, 1957,Rice et al., 1978,Duffey and Johnson, 1981,Akkas et al., 2000,Zakout et al.,
2000,Gan-bin and Kang-he, 2005]). To the authors’ knowledge, there have been very few studies of
the non-stationary scattering of an incident elastic wave by an embedded spherical shell. [Murthy
and Reddy, 1967] considered one example of an empty shell but a simple, thin shell theory was
employed. Indeed, a transient elastoacoustic analysis of a thick-walled, fluid-filled spherical shell
embedded in an elastic medium remains unaddressed. Consequently a comprehensive and detailed
formulation of this problem is given here based on the exact theory of linear elasticity. Different
excitation sources are considered in the time domain. These include plane and spherical waves
arising from various origins as well as surface traction forces. The following companion papers
give comprehensive numerical case studies from which general themes may be observed. Specific
highlights and novelties of the solutions given in the first companion paper are summarized next:

• (i) transient scattering of spherical incident, elastic waves (shear or longitudinal) which
originate from within the shell’s material are investigated for the first time;

• (ii) transient diffraction and refraction of a pressure wave stemming from an eccentric point
source located inside the enclosed fluid medium are considered;

• (iii) exact theory of linear elasticity rather than a simplified shell theory represents a shell
which transiently scatters or refracts plane or spherical stress waves originating from a
surrounding infinite elastic medium;

• (iv) effect of an encapsulated fluid is included in the non-stationary elasto-acoustics of an
embedded, thick-walled spherical shell;

• (v) transient radiation from a thick walled spherical shell is presented by using exact linear
theory when the shell is subjected to the most generalized form of traction force(s).

Number of key observations within the numerical experimentation of the second companion paper
having significant practical implications are listed next:

• (i) different focusing mechanisms are noted within the contained fluid, the shell’s material
and its surrounding elastic formation;

• (ii) various configurations of the geometrical and relative material properties are identified
being able of concentration the acoustical energy into a very small region;

• (iii) specific material arrangements are tested which lead to a significant damping of the
impinging shocks.

• (iv) situations prone to a damaging cavitation within the contained fluid are investigated.

The order adopted for the following presentation starts with a generalized mathematical formu-
lation (§ 3.2) whose results are compared with a wide variety of previously published data (§ 3.3).
The mathematical developments begin with preliminaries, terminologies and the problem’s def-
inition. It is followed by a detailed description of the excitation sources. Wave propagation in
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elastic media (shell and external elastic formation) and the internal fluid medium is formulated
subsequently. This is followed by implementation of appropriate boundary conditions. This sec-
tion ends by constructing total solutions form corresponding modal components. Finally, the
current solutions are compared meticulously with multiple existing published limit cases to vali-
date the current approach and associated computer codes (§ 3.3). A comprehensive set of general
circumstances are considered in a companion chapter.

3.2 Mathematical Formulations
The choice of an accurate and numerically efficient Laplace inversion procedure is considered

in § 3.2.1. The problems’ overall geometry and relevant nondimensionalized parameters as well
as terminologies and conventions are given in § 3.2.2. Then detailed descriptions of different
excitation sources are considered in § 3.2.3. A generalized description of a traction force acting at
either surface of the shell is given first. Next, a unified description is outlined for various incident
waves which include spherical and plane stress waves generated by a longitudinal or shear origin
located at a point in the infinite elastic medium and the shell’s material or an eccentric pressure
initiated at a point within the internal fluid. When translational addition theorems are used,
their derivations are summarized briefly and consistently in Appendix E in a novel way to gleam
their relevance. The 3D description of an elastic wave propagating through an elastic medium
and a linear acoustical phenomenon occurring within a fluid medium are discussed in § 3.2.4 and
§ 3.2.5, respectively. Continuity boundary conditions are applied subsequently at a shell’s traction
surfaces before a solution is completed in § 3.2.6. Details are provided later in the Appendices
when difficulties require more explanation.

3.2.1 Laplace Transform
The earlier literature review indicated that the Laplace transform is a versatile tool for solving

dynamic problems of the Newman-Dirichlet type. Particular examples of interest here include
the elastic and acoustic wave equations. See, for example, [Huang and Wang, 1972,Akkas et al.,
2000]. Therefore the one-sided Laplace transform operator is applied invariably to all the time
dependent functions. Then the Laplace transform and its inversion (to time) are respectively

Λ≡Λ(s) =

∫ ∞
0

Λ̄(t) e−stdt and Λ̄≡ Λ̄(t)=
1

2πi
lim
η→∞

∫ γ+iη

γ−iη
Λ(s)estds. (3.1)

However an analytical inversion is often challenging. Consequently, it has been limited largely to
simple expressions of Λ(s). See, for example, [Akkas et al., 2000,Bahari and Popplewell, 2015].
Consequently an efficient numerical inversion method has been found necessary for more physically
realistic models such as [Hasheminejad et al., 2011]. Different numerical algorithms have been
proposed but few have been shown to be reliable ( [Hsu and Dranoff, 1987,D’amore et al., 1999,
Abate and Valkó, 2004,Cohen, 2007]). [Naeeni et al., 2015] recently compared the performance
of several numerical inversion techniques for typical engineering problems which included elastic
wave propagation examples. They concluded that methods based upon a Fourier series, such as
the one proposed by [Durbin, 1974], were generally the most reliable and numerically stable. Our
preliminary numerical investigations supported this contention. The major drawback, however,
is that the convergence is slow. Therefore [Crump, 1976] applied the ε-algorithm to mitigate this
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deficiency. More recently, the Lanzcos filter was utilized in conjunction with the Durbin approach,
by [Laverty and Gazonas, 2006] and later [Keles, 2016] to enhance the convergence rate. Just as
importantly, superfluous Gibbs oscillations especially in the neighbourhood of a discontinuous
wavefront were alleviated. This modified form of the Durbin approach is used here. It is outlined
next.

The trapezoidal rule is applied, in combination with a trigonometric Fourier series expansion,
to the inversion integration of Equation 3.1. Then the exact value of this integration is restored
as

Λ̄(t) = lim
Nd→∞

ΛNd(t, a,Nd, T0) +

∞∑
j=1

e−2j(a T0)Λ̄(2jT0 + t)︸ ︷︷ ︸
**

, t ∈ [0, 2T0] (3.2)

where ∗∗ is an error arising from the discretization. Here Λ̄Nd , Nd , a, and T0 are respectively
the truncated estimate of the inversion, the truncation number, a free parameter (to be assigned),
and an arbitrary instant. Then the modified Durbin approximation of Λ̄Nd ≡ Λ̄Nd(t, a,Nd, T0) for
Λ̄ ≡ Λ̄(t) is expressed in the closed form

Λ̄Nd =
eat

T0

(
Λ(a)

2
+

Nd∑
j=1

%(j)
[
Re
{
ðj(t)· cos bj(t)

}
+ Im

{
ðj(t)· sin bj(t)

} ])
(3.3)

where

ðj(t) = Λ
[
a+ i bj(t)

]
, bj(t) =

jπ

T0
t, %(j) = sin(

jπ

Nd
)/(

jπ

Nd
) and t ∈ [0, 2T0].

The {%(j)} is termed the Lanzcos filter. [Durbin, 1974] as well as [Honig and Hirdes, 1984]
suggested that the relative discretization error tolerance level of 10−er can be met by choos-
ing {aT0 = (er ln 10)/2}. [Honig and Hirdes, 1984] argued that the choice of the free parameter,
{aT0}, is optimal if the absolute values of the discretization and truncation errors are equal. From
the examinations by [Durbin, 1974,Honig and Hirdes, 1984,Valkó and Abate, 2004], 5 ≤ a T0 ≤ 10

has been suggested. Accordingly the choice of 5 ≤ er ≤ 6 is adopted here so that reasonable results
are expected ( [Laverty and Gazonas, 2006]).

3.2.2 Definition of The Problem

Consider the elastic spherical shell surrounded by the infinite elastic formation illustrated
in Figure 3.1. The shell and formation are distinguished invariably by subscripts sh and ∞,
respectively, or more succinctly by the subscript k = {sh or∞}. By following this convention
{µk, λk} and ρk are the Lamé constants and densities, respectively. Furthermore the corresponding
longitudinal (p) and shear (s) wave speeds are respectively

cp,k =

√
λk + 2µk

ρk
and cs,k =

√
µk
ρk

(3.4)

The sphere’s interior, on the other hand, is filled completely with an inviscid, compressible fluid
(denoted by subscript f) having density ρf and sound speed cf .
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Figure 3.1: Depicting the problem’s geometry and different excitation sources including incident waves and traction
forces. Azimuthal angle ϕ is perpendicular to the illustrated plane.

The fixed origin, O, of the principal spherical coordinate frame (r∗, θ, ϕ) shown in Figure 3.1
coincides with the center of the spherical shell when at rest. The different excitation sources
considered are located at points O∞, Osh or Of which are in the infinite elastic medium, the
shell’s material or internal fluid, respectively, as shown in Figure 3.1. Corresponding distances
from the global origin, O, of these excitation positions are r∗∞, r

∗
sh and r∗f . Moreover this figure

indicates that r∗in and r
∗
ex are the shell’s internal and external radii, respectively. The following

nondimensionalized parameters (which, contrary to convention, have no ∗ superscript) are always
used. They are defined by

t = t∗/t0, r = r∗/r∗ex, ūi = ū∗i /r
∗
ex, v̄i =

v̄∗i
cp
, σ̄ij =

σ̄∗ij

σ∗0
,

p̄ = p̄∗/σ∗0, αm,k = cp/c
(k)
m , αf = cp/cf and γf = ρ∞/ρf (3.5)

in which i, j = {r, θ, ϕ},m = {s, p}, cp = c(∞)
p , t0 = c(∞)

p r∗ex and σ∗0 = λ∞ + 2µ∞. In addition,
t, σij ≡ σij(r, θ, ϕ, s), p ≡ p(r, θ, ϕ, s), ui ≡ ui(r, θ, ϕ, s), and vi ≡ vi(r, θ, ϕ, s) are the dimension-
less time, Cauchy stress tensor, acoustic pressure perturbations, displacement and velocity of
material particles in a Lagrangian description, respectively. All the excitation amplitudes are
considered sufficiently small that the superposition principle and reciprocity theorem apply.
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3.2.3 Excitation Sources
A unified description is formulated first for different incident waves originating from various

excitation sources. A source can be located at a given point within the encapsulated fluid, the
shell’s material or its surrounding elastic medium. Regardless, the temporal origin, t = 0, is
always taken to coincide with the first instant when an incident wavefront or a traction force
impinges upon the shell’s inner or outer surfaces. Solutions prior to this instant are usually
uninformative. Not only radial but generally oriented traction forces are considered next. The
magnitudes of the stress and pressure arising at a specified position from an incident wave or
a traction force are normalized with respect to the σ∗0 defined immediately after Equation 3.5.
The superposition principle can be applied, of course, when multiple excitation sources exist
simultaneously. Moreover, f̄(t) is always taken to represent the time dependency of an excitation.

3.2.3.1 Incident Waves

The incident waves considered are categorized and described mathematically next. The fixed
main coordinate frame centered at O is chosen, without loss of generality, so that the azimuth
angle, ϕi where i = {f, sh,∞}, of a point source located at Oi is zero. A disturbance at Oi
at a given instant produces a propagating spherical wavefront which eventually collides with the
sphere after time ti. This incident wave is described by employing the convolution of the full-space
Green’s function, Ḡ(t|ti, r|ri), and a specified excitation whose time variation is f̄(t). The ti is
the initial arrival time of the wavefront at one of the shell’s surfaces. The derivation of Ḡ is given
explicitly in Appendix D. Subsequently a general temporal description for an incident spherical
wave becomes

Λ̄(inc) =
r′′

r′
f̄(τ)H (τ) and τ = t+ τ ′, (3.6)

where Λ̄(inc) ≡ Λ̄(inc)(r, θ, ϕ, t) may correspond to either the displacement (potentials), stress,
pressure or particle velocity. Furthermore H (t) is the Heaviside function whereas

τ ′ = α(r′′ − r′) with α ≡ αf , αs,k, αp,k and k =∞, sh. (3.7)

As depicted in Figure 3.3, r′ is the distance between A (a representative point on either a
plane or spherical wavefront) and an excitation source located at point Oi. Furthermore the r′′

is the normal distance between a source and either surfaces of the shell which is closer. These
situations are depicted in Figure 3.2. From the geometry given in the aforementioned figure

r′ ≡ |r − ri|=
√
r2 + r2

i − 2 ri r cos γ and i =∞, sh, f. (3.8)

The corresponding expression for r′′ depends whether the source of the excitation is located
within (i) the shell’s interior, (ii) the shell itself or (iii) its exterior, as illustrated in Figure 3.1
and Figure 3.3. Equations are given next for each of these possibilities.

(i) A source positioned at point Of within the encapsulated fluid leads to

r′′ = rin − rf . (3.9)
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Figure 3.3: Illustrating an arbitrary point A on a spherical wavefront originating from a source’s location, Oi
in which O denotes the center of the spherical shell. Oi may denote an excitation originating within the elastic
formation ∞, the shell’s material sh or encapsulated fluid as shown in Figure 3.1. The ri, r and r′ are relative
distances of O, Oi and A as depicted. If the distance between shell’s center and wave’s origin becomes very large,
ri →∞, a spherical incident becomes a plane wavefront.
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This situation may represent an internal explosion or a a probe pulse for an ultrasonic
immersion test.

(ii) The source’s location at Osh within the shell determines if the elastic wavefront of the gen-
erated stress produced by a single excitation first touches the shell’s inner or outer surface.
The demarcation between these two possibilities is given by

r′′ =

rsh − rin, rsh − rin ≤ h
′

1− rsh , rsh − rin > h′
(3.10)

where h′ = (1 − rin)/2. This situation may arise, for example, from a deep seismic activity
where the earth is approximated as a mantle and a liquid core. See, for instance, [Satô et al.,
1963]. Another example for this configuration is the initiation of a hydrogen induced crack
in a carbon steel pipe or pressure vessel containing natural gas. This configuration, also, can
be an approximation of the earth and its liquid core where a deep seismic activity occurs.

(iii) A s- or p- wave may be initiated in the surrounding infinite elastic medium by a source
located at O∞ where

r′′ = r∞ − 1. (3.11)

An underground explosion or an earthquake are particular examples of this situation.

An appropriate value of r′′ in conjunction with r′ found from Equation 3.8 are substituted into
Equation 3.6. Then the Laplace transform is applied to produce

Λ(inc) = r′′ f(s) eα s r
′′

 e−α s
√
r
2
+r

2
i −2 ri r cos γ√

r2 + r2
i − 2 ri r cos γ


︸ ︷︷ ︸

∗

(3.12)

in which the ∗ expression is considered by itself later. The spherical wavefront becomes plane as
r∞ →∞, so that, r′ → r∞ and, by using Equation 3.11, r′′ → 1. As a consequence, Equation 3.6
turns into

Λ̄(inc) = f̄(τ)H (τ) where τ = t+ α(z − 1) and z = r cos γ. (3.13)

Substituting cos γ obtained from Equation E.1 of E into Equation 3.13 produces

Λ(inc) = f(s) e−α s e−α s r(cos θ cos θi+sin θ sin θi cosϕ)︸ ︷︷ ︸
∗∗

(3.14)

in the Laplace domain. The θi (γ) is the angle between the incident wave’s direction (vector
#    »

OA in Figure 3.3 which defines the receiver’s position at point A) and the z axis. Alternatively,
Equation 3.12 reverts to Equation 3.14 after applying L’Hospital’s rule to the term marked by the
∗ in Equation 3.12.

The next goal is to express the incident wave Λ(inc) from Equations 3.12 and 3.14 in terms
of the spherical harmonics, Ym

n , and of Legendre polynomial Pn(cos θ) for 3D and 2D cases,
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respectively. The Y m
n ≡ Y m

n (θ, ϕ) signifies the normalized spherical harmonics, details of which
are given more conveniently in B. Then these equations take the respective forms

Λ(inc) =
∞∑
n,m

Λ(inc)
n,m Ym

n and Λ(inc) =
∞∑
n=0

Λ(inc)
n Pn(cos θ) (3.15)

in which
∞∑
n,m

≡
∞∑
n=0

+n∑
m=−n

whereas Λ(inc)
n,m ≡ Λ(inc)

n,m (r, s) or Λ(inc)
n ≡ Λ(inc)

n (r, s) are the modal

components of the incident wave. These modal components are determined by expanding the ∗
and ∗∗ expression indicated in Equations 3.12 and 3.14, respectively. This task is performed by
using two translational and Legendre addition theorems which are detailed in Appendix E. The
expansion of the ∗ expression in Equation 3.12 is determined by applying the addition theorem I
through Equation E.8, such that

Λ(inc) =
2 α s r′′

π
eα s r

′′
f(s)

∞∑
n=0

(2n+ 1) in(α ri s) kn(α r s)Pn(cos γ), r < ri

(2n+ 1) in(α r s) kn(α ri s)Pn(cos γ), r ≥ ri
. (3.16)

Furthermore the Legendre polynomial Pn(cos γ) is expanded by applying the Legendre addition
theorem given in Equation E.2. Then Equation 3.16 becomes

Λ(inc) = f(s)
2 α s r′′

π
eα s r

′′ ∞∑
n,mSnm in(α ri s) kn(α r s)Pmn (cos θ)eimϕ, r < ri

Snm in(α r s) kn(α ri s)P
m
n (cos θ)eimϕ, r ≥ ri

(3.17)

where Snm = (−1)m(2n+ 1)P−mn (cos θi). Subsequently modal components of the spherical inci-
dent wave in Equation 3.17, according to the definition given in Equation E.4, become

Λ(inc)
n,m = 8f(s) α s r′′ eα s r

′′

in(α ri s) kn(α r s) Y̆ m
n (θi, 0), r < ri

in(α r s) kn(α ri s) Y̆
m
n (θi, 0), r ≥ ri

. (3.18)

For an asymmetric configuration cos γ = cos θ because ϕ and θi in Equation 3.8 are zero. The
modal components of a spherical incident wave are determined by using the 2D version of the
addition theorem I given in Equation E.8. Then

Λ(inc)
n = f(s)

2 α s r′′

π
eα s r

′′
(2n+ 1)

in(α ri s) kn(α r s), r < ri

in(α r s) kn(α ri s), r ≥ ri
. (3.19)

On the other hand, the plane incident wave expansion used in Equation 3.14 becomes

Λ̄(inc) = f(s) e−α s
∞∑
n,m

Znm in(α r s) Pmn (cos θ)eimϕ (3.20)
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where

Znm = (2n+ 1)
(n− |m|)!
(n+ |m|)!

Pmn (cos θi)

by applying the addition theorem II given in Equation E.9. Modal components of an incident
plane wave, by incorporating Equations E.4 and E.3 into 3.20, become

Λ(inc)
n,m = 4 π f(s) e−α s in(α r s) Y̆ m

n (θi, 0). (3.21)

The last equation is simplified for an asymmetric configuration when θi and ϕ in Equation 3.14
are zero. Then, ∗∗ is expanded by using 2D addition theorem II as given in Equation E.10.
As a result, the asymmetric (2D) modal components of a plane incident wave in an asymmetric
configuration become

Λ̄(inc)
n = f(s) e−α s(2n+ 1)in(α r s). (3.22)

A general description of a mechanical traction force applied on the spherical shell is given next.

3.2.3.2 Surface Traction Forces

The next objective is to give a succinct, universal description of externally exerted trac-
tion forces (per unit area) which may act on either one or both of the shell’s two surfaces.
For instance, these excitations can be a representation for an impact load or an implanted ul-
trasonic probe on either of the shell’s surfaces. Externally employed surface traction forces,
t̂ ≡ t̂(θ, ϕ, s) = (t̂r, t̂θ, t̂ϕ)T , correspond to the Cauchy stress vector, t ≡ t(θ, ϕ, s), which is
determined by projecting the Cauchy stress tensor, σ, in the direction of en which is the unit
vector normal and outwards to a given traction surface. Then

t(i) ≡ σ.e(i)
n on ∂Ω (3.23)

where Ω = {(r, θ, ϕ)|, rin ≤ r ≤ 1} and i = in, ex. From the shell’s perspective, if its centres
center coincidences with that of the spherical coordinate frame, O, (as illustrated in Figure 3.1
e(ex)
n ≡ er and e(in)

n ≡ −er. Hence,

(k)t
(i)
j (θ, ϕ, s) = σ

(k)
rj (r, θ, ϕ, s)|r=ri , (3.24)

in which

k = inc, sc and j = r, θ, ϕ, whereas i = in, ex.

Expansions of the t components in terms of spherical harmonics reveal that t(i)r depends only
upon Y m

n . On the other hand if a nonzero shear component t(i)θ or t(i)ϕ exists, both Y m
n−1 and Y m

n

are present. However, a generalized traction force vector, F (i), can be defined by following the
procedure suggested by [Eringen, 1957] whose general Fourier-Legendre expansion was rewritten
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solely in terms of Y m
n . Then

F (i)(θ, ϕ, s) =



t(i)r

∂(t
(i)
θ sin θ)/∂θ + ∂t(i)ϕ /∂ϕ

−n(n+ 1) sin θ

∂t
(i)
θ /∂ϕ− ∂(t(i)ϕ sin θ)/∂θ

−n(n+ 1) sin θ


=
∞∑
n,m


amn (s)

bmn (s)

cmn (s)


(i)

Y m
n (θ, ϕ) (3.25)

in which (amn , b
m
n , c

m
n ) ≡ (amn (s), bmn (s), cmn (s)) are the modal coefficients of F ’s expansion in terms

of normalized spherical harmonics. These coefficients can be found by using the orthogonality
properties of Y m

n given in Equation E.3 of Appendix E. Subsequently


amn (s)

bmn (s)

cmn (s)


(i)

=

∮
∂Ω

F (i)(θ, ϕ, s) Y̆ m
n (θ, ϕ)dΩ (3.26)

where Y ∗mn is the complex conjugate of Y m
n and dΩ = sin θ dθdϕ in which ∂Ω = {(θ, ϕ)| θ ∈

[0, π] ∧ ϕ∈ [−π, π]}. The particular representation given in Equation 3.25 is useful when a shear
or torsional traction force exists. It is needed later in § 3.2.6 where the boundary conditions are
defined and applied.

3.2.4 Elastic Media

The next aim is to determine the displacement field vector of the elastic media. This vector is
governed by the Navier equation which is given in Equation B.2. By superimposing the Hansen
vectors of Equations B.5 into B.6, the displacement field becomes

ū =∇φ̄+∇(rψ̄)× er +∇
(
∂(rχ̄)

∂r

)
− r∇2χ̄ er (3.27)

where er and ∇ are the radial unity vector and the Nabla operator, respectively. The φ̄ ≡
φ̄(r, θ, ϕ, t) (longitudinal) as well as ψ̄ ≡ ψ̄(r, θ, ϕ, t) and χ̄ ≡ χ̄(r, θ, ϕ, t) (shear) are displacement
potentials. Consequently the solution of the Navier Equation B.2 is reduced to finding φ̄, ψ̄ and
χ̄. In the Laplace domain these potentials must satisfy

∇2φ = s2 α2
p,k φ, ∇2ψ = s2 α2

s,k ψ, ∇2χ = s2 α2
s,k χ (3.28)

for zero initial conditions. Three dimensional solutions of Equation 3.28 for the shell and the
encompassing infinite elastic medium are found by using a standard separation of variables ap-
proach. The response, however, must satisfy Sommerfeld ’s radiation condition i.e. the solution
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must be bounded as r →∞. Consequently

φ(∞)

ψ(∞)

χ(∞)

φ(sh)

ψ(sh)

χ(sh)


=
∞∑
n,m



Amn kn(r s αp,∞)

Bm
n kn(r s αs,∞)

Cmn kn(r s αs,∞)

Dm
n in(r s αp,sh) + Emn kn(r s αp,sh)

Fmn in(r s αs,sh) +Gmn kn(r s αs,sh)

Hm
n in(r s αs,sh) + Imn kn(r s αs,sh)


Ym
n (3.29)

where {in(z), kn(z)} are modified spherical Bessel functions whose character can be found in
[Olver, 2010, § 14.30(iv); 10.47(ii)]. Furthermore Amn ≡ A

m
n (s) through Imn ≡ I

m
n (s) are unknown

coefficients. They are determined by applying boundary conditions which are formulated and
detailed later in § 3.2.6. By incorporating the given solution in Equation 3.29 into the Hansen
vectors described in Equation B.5, the displacement field turns into the compact vector form

u∞

ush

 =

∞∑
n,m


Amn

∞
kL

m
n +Bm

n
∞
kM

m
n + Cmn

∞
kN

m
n

Dm
n
sh
iL
m
n + Emn

sh
kL

m
n + Fmn

sh
iM

m
n

+Gmn
sh
kM

m
n +Hm

n
sh
iN

m
n + Imn

sh
kN

m
n

 (3.30)

To expand Equation 3.30 into a more tractable form, another set of orthogonal vectors {L,M,N}
are required. Introduced originally by [Morse and Ingard, 1968, § 7.2.32] for the spherical har-
monics Y m

n , these vectors are

L(θ, ϕ) = er Y
m
n , M(θ, ϕ) = r ∇Y m

n , N(θ, ϕ) =∇× {er r Y
m
n }. (3.31)

By inserting the vectors of Equation 3.31 into Equation 3.30, the displacement field becomes

u∞

ush


=

∞∑
n,m



Amn [∞kϑ
a
r L

m
n +∞kϑ

a
θ M

m
n ] +Bm

n [∞kϑ
b
ϕ Nmn ]

+Cmn [∞kϑ
c
r L

m
n +∞kϑ

c
θ M

m
n ]

Dm
n

[
∞
iϑ
d
r L

m
n +∞iϑ

d
θ M

m
n

]
+ Emn [∞kϑ

e
r L

m
n +∞kϑ

e
θ M

m
n ]

+Fmn [∞iϑ
f
ϕ Nmn ] +Gmn [∞kϑ

g
ϕ Nmn ]+

Hm
n [∞iϑ

g
r L

m
n +∞iϑ

h
θ Mm

n ] + Imn [∞kϑ
i
r L

m
n +∞kϑ

i
θ M

m
n ]


. (3.32)

The coefficients j
kϑ

1
r ≡

j
kϑ

i
r(r, s, n) with {i = a, b, ..., i} and {j = ∞, sh} are given in F. After

algebraically manipulating Equation 3.32, the components of the displacement vector ui become
u(∞)
r

u(sh)
r

 =

∞∑
n,m


Amn

∞
kϑ

a
r +Bm

n
∞
kϑ

b
r + Cmn

∞
kϑ

c
r

Dm
n
sh
iϑ
d
r + Emn

sh
kϑ

e
r + Fmn

sh
iϑ
c
r

+Gmn
sh
kϑ

g
r +Hm

n
sh
iϑ
h
r + Imn

sh
kϑ

i
r

Ym
n (3.33a)
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as well as
u

(∞)
θ

u
(sh)
θ

 =

∞∑
n,m


Amn

∞
kϑ

a
θ + Cmn

∞
kϑ

c
θ

Dm
n
sh
iϑ
d
θ + Emn

sh
kϑ

e
θ

+Hm
n
sh
iϑ
h
θ + Imn

sh
kϑ

i
θ


∂Ym

n

∂θ
+


Bm
n
∞
kϑ

b
θ

Fmn
sh
iϑ
f
θ

+Gmn
sh
kϑ

g
θ


imYm

n

sin θ
(3.33b)

and 
u(∞)
ϕ

u(sh)
ϕ

=

∞∑
n,m


Amn

∞
kϑ

a
ϕ + Cmn

∞
kϑ

c
ϕ

Dm
n
sh
iϑ
d
ϕ + Emn

sh
kϑ

e
θ

+Hm
n
sh
iϑ
h
ϕ + Imn

sh
kϑ

i
ϕ


imYm

n

sin θ
+


Bm
n
∞
kϑ

b
ϕ

Fmn
sh
iϑ
f
ϕ

+Gmn
sh
kϑ

g
ϕ


∂Ym

n

∂θ
. (3.33c)

Corresponding stress elements can be found by using Equations B.1b and 3.33. However only the
radial σrr and shear stress components {σrθ, σrϕ} are required to enforce the boundary conditions.
These components are

σ(∞)
rr

σ(sh)
rr

 =

∞∑
n,m


Amn

∞
kς
a
r +Bm

n
∞
kς
b
r + Cmn

∞
kς
c
r

Dm
n
sh
iς
d
r + Emn

sh
kς
e
r + Fmn

sh
iς
f
r

+Gmn
sh
kς
g
r +Hm

n
sh
iς
h
r + Imn

sh
kς
i
r

Ym
n (3.34a)

and 
σ

(∞)
rθ

σ
(sh)
rθ

=
∞∑
n,m


Bm
n
∞
kς
b
θ

Fmn
sh
iς
f
θ

+Gmn
sh
kς
g
θ


im

sin θ
Ym
n +

∞∑
n,m


Amn

∞
kς
a
θ + Cmn

∞
kς
c
θ

Dm
n
sh
iς
d
θ + Emn

sh
kς
e
θ

+Hm
n
sh
iς
h
θ + Imn

sh
kς
i
θ


∂Ym

n

∂θ
(3.34b)

whereas
σ(∞)
rϕ

σ(sh)
rϕ

=
∞∑
n,m


Amn

∞
kς
a
ϕ + Cmn

∞
kς
c
ϕ

Dm
n
sh
iς
d
ϕ + Emn

sh
kς
e
ϕ

+Hm
n
sh
iς
h
ϕ + Imn

sh
kς
i
ϕ


im

sin θ
Ym
n +

∞∑
n,m


Bm
n
∞
kς
b
ϕ

Fmn
sh
iς
f
ϕ

+Gmn
sh
kς
g
ϕ


∂Ym

n

∂θ
. (3.34c)

Hence the modal terms corresponding to n = 0 in shear stress components of Equations 3.34b
and 3.34c are zero. The j

kς
1
r ≡

j
kς
i
r(r, s, n) are given in Appendix F. Super- and sub- scripts in

these coefficients’ notation are: upper-left specifies the shell (sh) or the infinite medium(∞); the
lower-left denotes whether the coefficient is a multiplier to in(z) or kn(z); the upper-right (m)
and the lower-left (n) state the mode numbers; the upper-right {a, b, ..., i} indicates the multiplier
of {A,B, ..., I}; and the lower-right gives the {r, θ, ϕ} directions. Wave propagation in the fluid
contained in the sphere is addressed next.
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3.2.5 Fluid Field

A linear acoustical phenomenon happens when a density fluctuation, ∆ρf/ρf , and its asso-
ciated change in the fluid’s particle velocity (∆v/v), are very small. See, for example, [Rienstra
and Hirschberg, 2003, § 2.1]. Then the conservation of mass and linear momentum for a stagnant
fluid (i.e., one having zero mean velocity) leads to

1

γf

∂v̄(r, θ, ϕ, t)

∂t
+∇p̄(r, θ, ϕ, t) = 0 (3.35)

in the absence of body force where the p̄ ≡ p̄(r, θ, ϕ, t) represents the acoustical fluctuations
from the static pressure. The fluid particle’s radial displacement, ur, is derived straightforwardly
in the Laplace domain from Equation 3.35. Thus the radial component of the fluid’s particle
displacement in a Lagrangian description becomes

ur(r, θ, ϕ, s) =
−γf
s2

∂p(r, θ, ϕ, s)

∂r
(3.36)

for zero initial conditions. Combining the acoustical constitutive relation p̄ = ∆ρf/αf with the
conservation law of Equation 3.35 leads to the acoustical wave equation

∇2p(r, θ, ϕ, s) = α2
fs

2p(r, θ, ϕ, s). (3.37)

The solution for p under the constraint that it is bounded at vicinity of the sphere’s center, as
r → 0, is

p(r, θ, ϕ, s) =
∞∑
n,m

Jmn (s) in(αfrs) Ym
n (θ, ϕ). (3.38)

The corresponding radial component of the fluid’s particle velocity is obtained simply by inserting
the latter equation into Equation 3.36 so that

vr(r, θ, ϕ, s) = γfαf

∞∑
n,m

Jmn (s)

(
in+1(αfrs) +

n

αfrs
in+1(αfrs)

)
Ym
n (θ, ϕ). (3.39)

However Equation 3.37 suggests that the corresponding modal pressure is indeterminate. This
singularity has to be treated separately for (i) n = 0 and (ii) n > 0. First, the well-known
L’Hôpital’s rule is applied once as r → 0 for n = 0 which leads to

p0
0(r, s)|r=0 = lim

r→0
J0

0 (s)
sinh (αinrs)

αinrs
≡ J0

0 (s) (3.40)

Then by using the limit form of in(z) given in [Olver, 2010, § 10.52.1] when n > 0, the pressure
at the shell’s centre becomes

pmn (r, s)|n>1
r=0 = lim

r→0
Jmn (s)in(αinrs) ≡ J

m
n (s) lim

r→0

(αinrs)
n

(2n+ 1)! !
= 0 (3.41)

A similar procedure can be used to show that the fluid’s particle velocity is zero at the center.
An immediate physical interpretation of Equation 3.40 is that the breathing mode, n = 0, is
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the only non-zero modal contribution at the center of the shell. The Jmn = Jmn (s, n,m) used
in Equation 3.38 is an unknown coefficient, which together with the unknown coefficients of the
elastic media {Amn , ..., I

m
n } are determined next by applying the appropriate boundary conditions.

3.2.6 Boundary Conditions

The boundary conditions are formulated most readily by employing the continuity of two sets
of vectors at both surfaces of the shell. One relates to Cauchy traction stress vector, t, and the
other to the particle displacement vector, u, in a Lagrangian description. Complete continuity
of all traction stress vector components is required on the shell’s external surface. Consequently
enforcing equilibrium of the traction forces, t ≡ 0 leads to

t
(ex)
i = σ

(∞)
ri + t̂(ex)

r − σ(sh)
ri = 0, on ∂Ωex where i = r, θ, ϕ (3.42a)

by using Equation 3.23. The Ω = {(r, θ, ϕ)| rin ≤ r ≤ 1} and ∂Ωex = {(θ, ϕ)| r = 1} specify
the shell’s domain and its boundary at the shell’s external surface, respectively. In addition, the
continuity of all surface displacement components is required to be satisfied so that

u
(∞)
i − u(sh)

i = 0, on ∂Ωex where i = r, θ, ϕ. (3.42b)

On the other hand, the inner traction surface has to be treated differently because the contained
fluid, unlike the external elastic medium, cannot sustain any shear stress. Continuity of only
the radial component of the displacement vector, ur, meets the required kinematic compatibility
conditions in an inviscid interaction. Consequently,

t(in) ≡
(
p+ t̂(in)

r − σ(sh)
rr

)
er +

(
t̂
(in)
θ − σ(sh)

rθ

)
eθ +

(
t̂(in)
ϕ − σ(sh)

rϕ

)
eϕ = 0 (3.43a)

and

u(f)
r − u

(sh)
r = 0, on ∂Ωin (3.43b)

where ∂Ωin = {(θ, ϕ)| r = rin} denotes the boundary at the shell’s inner surface. The definitions
of stress, displacement and fluid’s pressure components used in Equation 3.42 and 3.43 can be
found in Equations 3.34, 3.33, 3.36 and 3.38, respectively. Hence these fields’ variables (i.e. σij , ui
and p) are composed implicitly of two parts. One part corresponds to a wave which is incident on
the shell, the other part relates to waves scattered by or refracted through the shell. These parts
are denoted by

Λ = Λinc + Λsct (3.44)

where superscripts inc and sct denote the incident and scattered components, respectively, whereas
Λ can be any one of the p, σij , ui, φ, χ or ψ. The incident component is detailed in § 3.2.3 whereas
the scattered or refracted parts have been described in § 3.2.4 and § 3.2.5. Equation 3.42 and
Equation 3.43 provide ten independent equations. Addition theorems required in the expansion of
spherical incident terms lead to two various expansions corresponding to the two spatially different
regions. See, for example, Equation 3.17. A similar structured formulae shall be considered for
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the scattered and transmitted (sct) terms as well. This important point, however, is commonly
overlooked. By separating the scattered (or radiated) terms (sc) which are unknown on one side,
from the incident terms (inc) and external surface forces (t̂) which are known on the other side,
the resulting equation system of equations become

∞σscrr|r=1−
shσscrr|r=1
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︸ ︷︷ ︸
δ
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︸ ︷︷ ︸
ξ

. (3.45)

The δ is a vector containing all unknown terms whereas ξ is a vector which represents excitation
with known values. Constraints arising from Equation 3.45 provide ten independent modal equa-
tions for each set of (n,m). They correspond to the ten unknown coefficients of Amn (s) through
Jmn (s) in the Laplace domain. This system of linear equations can be written succinctly for each
(n,m) as

δmn ≡ Γmn ω
m
n = ξmn (3.46)

where Γmn , ξ
m
n and ωmn = {Amn (s), ..., Jmn (s)}T are respectively a 10×10 matrix of known modal

values, a 10×1 vector containing the unknown modal coefficients and the modal components of
the excitation vector. However there are only seven independent equations in an axisymmetric,
non-torsional situation because one of either the σrθ or σrϕ requirements as well as both uθ and
uϕ conditions become redundant.

It can be inferred straightforwardly from the boundary conditions given in Equation 3.42a
and Equation 3.43a that a shell’s surface may act as a wave conversion mechanism. If, for ex-
ample, a plane p-wave is incident on the outer traction surface, the scattered field consists not
only of p-waves but also s-waves. (It would be remembered, however, that the procedure given in
§ 3.2.3.2 may be followed when a combination of shear and normal traction forces exists simulta-
neously.) Next step is to retrieve the transient modal responses by using the inversion algorithm
detailed in § 3.2.1. Construction of total temporal responses from the computed time-domain
modal components are discussed next.
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3.2.7 Construction of Total Responses

A linear superposition of the modal time histories are required to produce the total temporal
responses by using an infinite Fourier-Legendre series. However not only the convergence of such
a series is known to be slow, but also superfluous oscillations known as Gibbs phenomenon may
appear when higher modes are included. See, for example, [Zhang and Geers, 1993,Hashemine-
jad et al., 2011]. This deficiency is effectively overcome here by employing the modified Cesáro
summation in the form of

Λ(r, θ, ϕ, t) ≈
NCS∑
n=0

Ξn

+n∑
m=−n

Λmn (r, s)Y m
n (θ, ϕ). (3.47)

The NCS is a chosen truncation number and

Ξn =


0 if 0 ≤ n ≤ 2
NCS + 1− n
NCS + 1

if 2 ≤ n ≤ NCS

(3.48)

for 0o ≤ θ ≤ 10o and 170o ≤ θ ≤ 180o, whereas

Ξn =
NCS + 1− n
NCS + 1

0 ≤ n ≤ NCS (3.49)

in which 10o ≤ θ ≤ 170o. Hence the breathing mode, n = 0, contributes only to the radial
displacement, umr,n, whereas the summations for umθ,n and umϕ,n start from n = 1. Computational
details and numerical validations are presented next.

3.3 Numerical Procedure and Validations
Calculations are divided between two programming environments. Computations of the tran-

sient modal responses are performed Mathematica© environment; whereas the total solutions
and post-processing are carried out with Matlab© 2015b. The truncation number Nd in Equa-
tion 3.2 is set to 400 by trial and error. This gives a smooth and reliable convergence in extensive
numerical experiments. A higher numerical efficiency is achieved by using Lanzcos summation in
comparison to the classical summation which its numerical convergence is discussed in [Durbin,
1974,Honig and Hirdes, 1984,Naeeni et al., 2015]. This technique is implemented in Equation 3.3.
Truncation number NCS in Equation 3.47, generally, is set to 120 modes for a smooth convergence
in all the case studies given in the second part. Hence that the choice of NCS varies in the this
part depending on the limiting case. Computational cost rises as higher modes are incorporated
into the calculations. This rise is associated primarily with the corresponding increase in the order
of the Bessel functions.

The associated Mathematica code is parallelized by using the Wolfram’s Kernel technology.
These temporal modal components are imported into Matlab environment and, then, integrated
into the total solutions in time-domain by using the modified Cesáro Mean summation as applied
in Equation 3.47. A typical run time for 2000 data points in the time domain reaches the order
of 100s where 120 modes are incorporated. Limiting cases of the general configuration illustrated
in Figure 3.1 are discussed next.
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3.3.1 Descriptions of The Limiting Situations
The current mathematical developments and its corresponding computer cross checked rig-

orously against numbers of previous publications. These comparisons are the limiting cases of
the configuration given in Figure 3.1. These situations pertain essentially to limit cases of an
elastic medium which can be fluid, rigid or vacuous. More general situations are considered in a
companion chapter. A succinct conceptual discussion of some general limiting situations is given
next.

3.3.1.1 An Elastic Medium Transformation to a Fluid Field

An elastic medium effectively behaves as an inviscid fluid if only compressional waves (φ)
are sustained. Shear waves cannot propagate, i.e. χ = ψ = 0, and, subsequently shear stresses
cannot be produced so that σrθ = σrϕ = 0. In other words, the shear modulus of elasticity
vanishes as µ → 0. Hence, by using generalized Hooke’s law, Equation B.1b, and the Helmholtz
decomposition, Equation B.3, the hydrostatic stress tensor and the associated displacement field
vector respectively become

σ̄ij = −p̄ δij or σ̄ii = −p̄ ≡ λφ̄,ii (3.50a)

and

ūi = φ̄,i. (3.50b)

The δij and φ are an identity tensor and a compressional wave potential, respectively. Conserva-
tion of linear momentum, Equation B.1c, by using the latter stress tensor turns into

σ̄ij,j ≡ −p̄,i = ρf
∂v̄i
∂t
. (3.51)

This last equation is identical to Equation 3.35 where v̄i = ∂ūi/∂t represents a fluid particle
velocity with a Lagrangian description, which is identical to Equation 3.35. The wave equation for
an acoustical phenomenon emerges (Equation 3.37) by combining Equation 3.50 and Equation 3.51
where cf ≡ (λ/ρf )1/2.

The radial stress is the only nonzero element of Cauchy stress vector and shear components
are relaxed at the traction surfaces,

ti = σirer, so that σrr = −p and σrθ = σrϕ = 0. (3.52)

Furthermore, solely the continuity of the radial component of the displacement vector, ur, is
enforced although the circumferential displacements (uθ, uϕ) may become discontinuous at the
boundary due to the zero viscosity assumption. This analysis agrees with [Einspruch and Truell,
1960,Pao and Mow, 1963].

3.3.1.2 An Elastic Medium Transformation to a Rigid Body

Necessary kinematic assumption for a rigid body situation is

εij = 0, or ui,j = uj,i (3.53)
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where εij is the Green-Lagrange strain tensor for infinitesimal displacement field ui which is given
in Equation B.1a. In other words the relative displacement of any given two points of the medium
must be zero. Furthermore, the kinematics of a rigid material can be also expressed in terms of
Green-Lagrange tensor Cij as

Cij = δij (3.54)

where the Kronecker delta δij is the manifestation of a rigid body motion. From the material
properties’ point of view, the Lamé constants of a rigid body must correspond to µ → ∞ and
λ→∞. These assumptions leads to an infinite rigidity or Young’s modulus E→∞ because

E = µ
3λ+ 2µ

µ+ λ
. (3.55)

For instance consider a rigid inclusion within an elastic medium. The inclusion has a unit radius
and it is subjected to an incident stress wave travelling in x direction. (See, for example, [Mow,
1965] or [Mow and Pao, 1971, § 6.2]). The translational displacement of the inclusion uinx must
satisfy the conservation of linear momentum, so that,

∂2ūinx

∂t2
=

3

4πρ

∮
∂Ω

(σ̄rr|r=1cos θ − σ̄rθ|r=1sin θ) ds, (3.56)

where ∂Ω = {(θ, ϕ)| r = 1} and ds = sin θdθdϕ. It can be shown straightforwardly that only
n = 1 is the nonzero contributing mode in the latter integration. This observation is a consequence
of the orthogonality of Legendre polynomial Pmn (cos θ) in the expansion of the stress components.
See, for example, Equation 3.34a and 3.34b. Consequently the compatibility boundary conditions
between the rigid sphere and the elastic medium at r = 1 become

u∞r ≡ u
in
x P1(cos θ) = uinx cos θ and u∞θ ≡ u

in
x P

1
1 (cos θ) = −uinx sin θ (3.57)

in which the ux is given in Equation 3.56. Furthermore it can be inferred straightforwardly from
Equation 3.56 that the rigid body motion vanishes uinx → 0 if ρ→∞, so that

u∞r = u∞θ = 0. (3.58)

However it should be noted that the traction stresses can be nonzero in such a situation.

3.3.1.3 Cavity

A medium behaves effectively as an empty space if the density ρ→ 0. This condition applies to
both a fluid or an elastic medium. In this situation traction boundary conditions includes complete
relaxation of Cauchy stress vector while there is no constraints on surface the displacement vector.
hence

σrr = σrθ = σrϕ = 0. (3.59)

The following numerical comparisons have been selected from various results published previously.
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3.3.2 Numerical Comparisons
3.3.2.1 Limit Case I an empty spherical shell embedded in an infinite elastic

medium
[Reddy and Kierans, 1976] studied the response of an empty spherical shell having thickness

h = 0.019 and embedded in an infinite elastic medium. A plane, compressional incident wave with
ḡ(t) = H (t) impinged on the shell. An analytical expression was given for the radial displacement
of the shell’s mid-surface. It is illustrated in their Figure 3 but only for the dilatational (breathing)
mode, n = 0. A three-mode, thin shell theory was employed so that only membrane effects
were considered. The aforementioned figure is reproduced here in Figure 3.4a with the same
identifications. It predicts correctly that the total displacement converges quickly to the late time
asymptotic, ≈ 2.8 static response. This behaviour is not surprising because n = 0 breathing mode
is the sole contributor. It is worth mentioning however that a considerable difference was observed
in the higher modes n > 1 for a three-mode shell model.
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(b) vr for a relative density of γin = 1

Figure 3.4: (a) illustrates the radial displacement of a buried, empty steel spherical shell’s mid-surface due to a
Heaviside incident compressional wave where the shell’s thickness is h = 0.19 ( [Reddy and Kierans, 1976]) (b)
rigid body radial velocity of a spherical rigid inclusion subjected to an explosive compressional incident wave for
different decaying constant where the density of inclusion and elastic formation is the same ( [Mow, 1965]).

3.3.2.2 Limit Case II a rigid spherical inclusion in an infinite elastic medium
The configuration of Figure 3.1 effectively becomes an elastic inclusion in an infinite elastic

medium if the internal radius becomes very small, rin → 0. Then a similar arrangement as the
one considered by [Mow, 1965] for a plane compressional wave impigement and elastic properties
of the inclusion chosen according to Equation 3.55. The rigid body motion, u∞x , can be deduced
form Equation 3.56 or, equivalently, by considering only the n = 1 translational mode such that

uinx = uinθ sin θ + uinr cos θ at r = 1 (3.60)

where θ = 0 or π. Afterwards, Figure 3.4b illustrates the normalized radial particle velocity of
the elastic formation at the inclusion’s surface created by an exponentially decaying excitation
having a general temporal form ḡ(t) = H (t)e−αdt. Different values of the decaying rates αd
are tested where the inclusion and elastic formation have an identical density. Incident particle
velocities due to various values of αd are shown. There is very good agreement initially between
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(b) Circumferential stresses, σ̄nrϕ|n=3
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(c) Circumferential stresses, σ̄nrϕ|r=1.1
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(d) Meridian displacements, ūnϕ|r=1.1

Figure 3.5: A spherical cavity subjected to an asymmetric Heaviside torsional loading is considered as the one
of [Zakout et al., 2000]. Modal circumferential stress components of σ̄nrϕ for (a)n = 1 (b) n = 3 (c) n = 1 − 14
and r = 1.1 (d) modal circumferential displacement components for n = 1 − 14 and r = 1.1. Hence, the stress at
r = 1 is the applied actual stress.

Figure 3.4b and Figure 5 of [Mow, 1965]. a slight but increasingly noticeable disagreement can
be observed after the full engulfment of the inclusion, i.e t > 2. The inclusion velocity catches the
incident wavefront and slightly passes the current figure whereas in the original one they seems
to be completely simultaneously.

3.3.2.3 Limit Case III an empty spherical cavity in an infinite elastic medium

If both the shell’s thickness and the relative density of the internal fluid become very small,
i.e. h → 0 and γin → 0, the conditions for § 3.3.1.3 are met for a spherical cavity. Furthermore
if the shell and surrounding elastic medium have identical material properties and the contained
fluid has zero density, the situation effectively reverts to that of the cavity. The two examples
considered by [Zakout et al., 2000] and [Blake Jr, 1952,Goldsmith and Allen, 1955] are chosen for
this limiting case situation.

[Zakout et al., 2000] developed a closed-form solution for an asymmetric response of an elastic
cavity to a purely torsional, transient excitation applied at the cavity’s surface. The excitation’s
time variation is ḡ(t) = H (t) again. This loading is treated according to § 3.2.3.2. A torsion alone
excites only the ψ shear potential. Moreover there are no mode conversions at the inner surface
and the n = 0 breathing mode does not come into play. The ensuing circumferential stresses of
the first and third modes are plotted in Figure 3.5a and Figure 3.5b at various radial distances.
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(a) Radial stress σrr where ḡ(t) = H (t)
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(b) Radial displacement ur, ḡ(t) = H (t)
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(c) Radial velocity vr, ḡ(t) = H (t)
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(d) Radial velocity vr, ḡ(t) = e
−αdt .

Figure 3.6: A spherical cavity’s response histories to a symmetric pressure which is known a priori as a traction
force, at different distances from cavity’s surface, r, (a) radial stresses σrr (b) radial displacements ur and (c) radial
particle velocities vr time histories are due to a Heaviside H (t) excitation while (d) depicts particle velocities due
to an explosive excitation e

−αdt with a decaying constant of αd = 2× 10
−6
s
−1. See [Goldsmith and Allen, 1955].

They correspond to Figures 2 and 4 of [Zakout et al., 2000], respectively.

It should be noted that the response at r = 1 is the actual traction force and it is useful as
a simple reference. The agreement in the n = 1 mode is seen to be excellent. However more
noticeable differences can be observed for the n = 3 mode, especially around the peak responses
and as the distance from the cavity, r, increases. Figure 3.5c and Figure 3.5d which correspond
to Figures 5 and 8 of [Zakout et al., 2000] respectively, illustrates circumferential displacements
and stresses at r = 1.1 for n = 1−14. Excellent agreement is seen again, particular at the earliest
times and for the lowest modes. Even better agreement occurred when Figure 3.5 was reproduced
by applying a higher numerical precision in the RVM approach used originally by [Zakout et al.,
2000]. The dynamic response of a spherical cavity induced by a uniform transient pressure was
considered as early as [Jeffreys, 1931]. Closed form expression were derived for a spherical cavity’s
radial displacement and stress produced by a uniform pressure having a uniform Heaviside pressure
in Equation 21 where the Lamé elastic constants were assumed to be equal in value, λ = µ. Later
on [Blake Jr, 1952] provide a similar solution for an exponentially decaying excitation and general
Lamé constants. Next, [Goldsmith and Allen, 1955] performed a rigorous set of numerical case
studies on the Blake’s solutions. Only dilation (breathing) mode n = 0 is excited by this symmetric
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(d) shell’s displacements where rm = 0.99

Figure 3.7: (a) inner and outer surface pressures at a spherical shell’s (b) apex (θ = 0), (c) tail (θ = π) and (c)
its center-point (r = 0). This spherical steel shell is filled and submerged in water which is subjected to an incident
plane pressure wave. (d) shell’s displacement at θ = π/2 as well as the average value between apex and tail in
comparison with breathing mode displacement as the late time static asymptotic deflection where h = 0.01 [Huang,
1969].

excitation. Consequently, Equation B.4 and Equation B.1b turns into

∇2φ ≡ 1

r2

∂

∂r

(
r2∂φ

∂r

)
φ = s2φ, 1 < r <∞ (3.61a)

σrr ≡
∂2φ

∂r2 +
2λ

λ+ 2µ

∂φ

r∂r
= g(s), r = 1 (3.61b)

where ḡ(t) = H (t)e−αdt is an exponentially decaying function. The closed-form temporal re-
sponse of Equation 3.61 to a Heaviside excitation, αd = 0, becomes

φ̄H (t) =

(
ω1e
− 2µ

2µ+λ
(t−r+1)

(cosω0t+ ω2 sinω0t) +
1

2

)
H (t− r + 1) (3.62)

in which ω0 = 2

√
µ2 + µλ/(λ + 2µ), ω2 = µ/

√
µ2 + λµ and ω1 = (λ + 2µ)/(4µ). Response to a

general excitation is simply retrieved by using the Duhamel ’s theorem, such that

φ̄(t) = φ̄H (t)ḡ(t)|
t=0

++

∫ t

0

dḡ(t)

dt
|t=(t−τ)φ̄H (τ)dτ (3.63)
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where φ̄H (t) is given in Equation 3.62. Figure 3.6a illustrates the time history of the radial
stress at r = 2 and r = 3 within the surrounding elastic medium caused by Heaviside force
applied at the cavity’s surface, r = 1. Corresponding radial displacements and particle velocities
are depicted in Figure 3.6b and Figure 3.6c, respectively. Moreover particle velocities at various
distances from cavity’s surface in responses of an explosive excitation are depicted in Figure 3.6c.
This corresponds to Figure 3 of [Goldsmith and Allen, 1955] where an excellent agreement is
met. Furthermore, the late asymptotic stresses and displacements in Figure 3.6a and Figure 3.6b,
respectively, agree completely with the corresponding static values.
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(a) loading I, ḡ(t) = δ(t)
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(b) loading II, ḡ(t) = δ(t)
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(c) loading I, ḡ(t) = H (t)
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(d) loading II, ḡ(t) = H (t)

Figure 3.8: Time histories of the total pressure at the shell’s apex (θ = 0) and different nondimensionalized
distances from the sphere’s center (r = 1.0, 1.5, and 3) for (a) the loading case I and Heaviside excitation
ḡ(t) = H (t) (b) the loading case II and Heaviside excitation ḡ(t) = H (t) (c) the loading case I and Impulse
excitation ḡ(t) = δ(t) and (d) the loading case II and Impulse excitation ḡ(t) = δ(t). The loading case I allows
the rigid body motion while the loading case II does not. These results correspond to Figures 2(b,c) and Figures
3(b,c) of [Bahari and Popplewell, 2015] for loading cases I and II, respectively.

Limit Case IV a spherical shell filled with and submerged in compressible fluids

The configuration of [Zhang and Geers, 1993] is reproduced if the procedure outlined in § 3.3.1.1
is applied to the external elastic medium and the acoustical properties of water are adjusted
appropriately. A plane, Heaviside compressional wave impinges on the water filled shell having a
thickness of h = 0.01. Figure 3.7a and Figure 3.7b illustrate the internal and external pressure
histories at the head and tail of the shell. These figures demonstrate a fairly good agreement with
figures 6 ad 7 of [Zhang and Geers, 1993], respectively, where a truncation of NCS = 9 is made.
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Cf § 3.2.7. Moreover, center-point pressure in Figure 3.7c is perfectly consistent with Figure 16
of [Zhang and Geers, 1993].

More obvious differences, however, can be observed at the tail of the shell when (i) t � 1

and (ii) t ≈ 2 around the shell’s full engulfment by the incident wavefront. Besides, a stronger
negative external pressure deep at the tail point is observed in Figure 3.7b. These discrepancies
seem to be caused by the errors introduced by the application of the approximate four-mode shell
theory in [Zhang and Geers, 1993] versus the exact Green-Lagrange kinematic assumptions used
here.

Limit Case V an empty spherical shell submerged in a compressible fluid

The configuration of [Huang, 1969] is replicated if the internal fluid is treated as explained in
§ 3.3.1.3 in the previous limit case and h = 0.02. Figure 3.7d illustrates the radial displacement
time histories which are fair good reproduction of Figures 2 and 4 of [Huang, 1969]. The rigid
body motion due to n = 1 in the Figure 3.7d is taken out. Consequently the long term asymptotic
response of radial displacements are expected to be the same as static response in which zero’s
mode is expected to be the only contributing mode. Accordingly both total displacements oscillate
around the zero’s mode (unr (r, s)|n=0

r=rm
) in Figure 3.7d.

If the source of excitation is an axisymmetric surface load at the shell’s inner surface, the
configuration matches the one of [Zakout, 2001, Bahari and Popplewell, 2015]. Two types of
excitation function as delta Dirac impulse and Heaviside are considered along with two spatial
distributions of the surface loading. The rigid body motion in the loading situation I exists while
it is suppressed in the loading case II. Figure 3.8a, Figure 3.8b, Figure 3.8c and Figure 3.8d are
fairly accurate reproductions of Figures 2(b), 2(c), 3(b) and 3(c) of [Bahari and Popplewell, 2015],
respectively.

Limit Case VI buried elastic inclusion

An elastic shell buried in an elastic medium is a limiting situation of the configuration pre-
sented in Figure 3.1 when the internal radius vanishes as r∗in → 0. This case has many potential
applications such as ultrasonic imaging of the lesions within human tissues. This situation is
discussed and studied by using some numerical experiments in the following companion chapter.

The aforementioned limiting case studies demonstrate the correctness and robustness of the
proposed approach. Significant wave phenomena, however, are disregarded in these limiting situa-
tions. Multiple reflections and refractions of different types of waves at shell’s surfaces occur along
with the associated mode conversions. Elastic-elastic or elastic-fluid interfaces are associated with
some specific features of wave propagation. A more accurate prediction of different body or surface
waves’ formation and propagation requires the consideration of the general configuration depicted
in Figure 3.1. Some specific examples of these waves are asymmetric p-/s- waves, symmetric and
asymmetric Lamb types and head waves. Numerically capturing these physical features of waves
is vital, for example, in ultrasonic A-scan testing of structure having such an internal anomaly.
A set of meticulously selected situations are investigated numerically in the follow up where spe-
cial visualizations techniques are used to better comprehend the physics involved in the wave
propagation’s associated phenomena.
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3.4 Conclusions
A comprehensive, detailed study on a elastodynamics of an embedded elastic shell, filled with

a compressible fluid is performed with a semi-analytical approach. Two general categories of ex-
citation sources are considered: incident waves impinging on the shell’s either surfaces as well as
directly applied traction forces. A unified mathematical description is given for incident waves of
various origins by using an associated time-domain, full-space Green’s function. Incident sources
stemming form either elastic media, the shell or infinite formation, may have an origin of a purely
equivoluminal shear nature, an irrotational dilational motion or a combination of both. Further-
more, an eccentric pressure pulse within the encapsulated fluid, also, is included. Appropriate
translational addition theorems are developed and applied to all incident terms to express them
in terms of spherical harmonics of a frame whose its center coincides with the sphere’s center. An
exact linear theory of local elasticity in conjunction with Helmholtz decomposition is employed to
describe elastic fields in terms of orthogonal Hansen vectors. A linearized acoustic wave model is
utilized to describe the acoustic phenomenon within the contained fluid medium where a singular-
ity at the sphere’s center, r = 0, is handled accordingly. The boundary conditions at either shell
surfaces are applied including: (i) kinematic continuity with a Lagrangian description; and (ii)
continuity of Cauchy traction stress vector. Finally, the total fields’ responses in time-domain are
retrieved by superposing the transient modal components after performing a Laplace transform
inversion algorithm. A relatively slow convergence of the associated Fourier-Legendre series is im-
proved by employing the modified Cesáro summation. It should be reminded that any combined
loading situation can be retrieved simply through the application of the superposition principle.

Validating the current approach and associated computer codes are performed by a rigorously
cross-checking against multiple sources from the relevant literature as different limiting cases.
Discussions on the mathematical and physical interpretations of these limiting cases are proposed,
accordingly. The comparisons have confirmed the accuracy and the reliability of the current
approach. Important physical features of the interaction, however, are missing in the limiting
cases. Specific examples of such physical characteristics are simultaneous mode conversions at an
elastic-elastic interface occurring for both reflected and refracted waves. These conversions affect
the formation and physics of symmetric and asymmetric Lamb’s waves, head waves and creeping
waves. A fluid and elastic interface, on the other hand, do not convert modes. Limiting case of
thin shell theories, for instance, completely overlook the body waves’ propagation and reflections
within a shell’s wall. A completely rigid inclusion, as another example, simply does not exist in the
nature and every materials can sustain and transmit mechanical wave propagation. An incident
wave with a shear origin compared to compressional source leads to significantly different stress
and pressure concentration patterns. The companion chapter is focused on the study of features
of this kind through a number of carefully selected case studies.
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Chapter 4

A Comprehensive, Transient Elasto-Acoustics Study of

A Fluid Filled Spherical Shell Embedded in An Elastic

Medium II:

Numerical Results

An analytical approach was taken principally in the previous companion chapter to describe
the transient elasto-acoustics of a spherical shell buried in an elastic formation. Validations

were performed successfully for existing but relatively simple, limit cases taken from the literature.
More general situations that emphasize important physical features are considered here, which
were overlooked previously. Accordingly, case studies are chosen to represent different geometrical
and material configurations when subjected to excitation sources having various origins. The ef-
fects of the relative acoustical properties and shell wall thicknesses are shown to be very essential
in predicting the physics of interaction. Focusing within an encapsulated fluid or an elastic inclu-
sion, for instance, is determined mainly by the relative celerity of the interacting media, to a lesser
extend, by a shell’s relative thickness. This has practical significance in predicting the likelihood
of cavitation in the fluid field as well as the determination of the dynamic stress concentration.
Several other important observations are made which have significant practical implications, for
instance, in design of shock resistance configurations, producing highly focused ultrasonic pulses
for the non-destructive testing or ultrasonic cleaning purposes and structural integrity considera-
tions. The numerical experiments are centred around an incident plane wave of a compressional
type. Brief comparisons are made when the shell is excited by other sources. Detailed numerical
investigations of the other sources of excitations, however, require to be addressed later.

4.1 Preliminaries
Mathematical developments are being detailed and validated for the existing simple limit sit-

uations in the first companion chapter. More complicated situations are investigated numerically
here whose organization is described next for a fluid filled, spherical shell embedded within an
infinite elastic medium. A brief comment is made on the treatment of incident terms of an exci-
tation by demonstrating the corresponding procedure in three specific examples. Configurations
of the case studies are specified and the rationale of their choice are given next. An extensive
set of numerical experiments are performed in the next section to investigate the dynamics of the
interactions between the physical components of interest. The most important observations and
their associated practical implications as well as concluding remarks are given finally.
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4.1.1 Material and Geometrical Configurations
Extensive preliminary computer experiments suggested that the relative acoustical properties

of interacting elastic media and an enclosed fluid field are the main factors which govern the
physics of the interactions. Granite and steel are taken as principle choices for the surrounding
elastic formations and shell, respectively. The choice of granite and steel are based on essentially
two reasons. They have a very comparable elastic wave celerity and they are encountered widely
in different industries. See, for instance, [Reddy and Kierans, 1976] who justify the use of steel
for nuclear waste containers or in natural environments. Another example can be a very Low
noise underground experimental complex known as LSBB (Noise Inter-Disciplinary Underground
Science and Technology) in southern France whose its test facilities are buried deeply within a
mostly granite formation 1. However, other sets of materials are considered in order to examine
the influences of their relative mechanical properties on the dynamics of the interaction. Hard
clay, for example, as an external elastic formation with a steel shell is tested for its practical
importance. Furthermore this configuration provides significantly high level of contrast in the
acoustical properties. Pyroceram glass, for example, is taken as an external elastic formation in
which steel shell resides due to its significantly lower acoustical impedance (density) in compar-
ison to granite whilst their wave velocities are very similar. Moreover an aluminum shell being
embedded within a pyroceram glass formation is also interesting as their Young’s modules and
density are identical whereas the Poisson ratios are 30% different. Water is taken invariably as
the contained fluid. Relative shell thicknesses range widely from h = 0.02 to h = 0.98. The
h = 0.98 , essentially, represents a limiting situation of an elastic inclusion which is mentioned in
§3.1 as the Limit Case VI. All material properties and shell’s relative wall thicknesses are given
in Table 4.1. Comments on the description of the variously chosen incident excitation sources are
given next.

sea water cex = 1500 m/s and ρex = 1000 kg/m3

steel ρs = 7800 kg/m3, ν = 0.3 and E = 207 Gpa

granite ρs = 2700 kg/m3, ν = 0.26 and E = 78.8 Gpa

hard clay ρs = 2000 kg/m3, ν = 0.15 and E = 0.1 Gpa

aluminum ρs = 2700 kg/m3, ν = 0.32 and E = 69 Gpa

pyroceram glass ρs = 2700 kg/m3, ν = 0.2 and E = 69 Gpa

shell’s thickness h = {0.02, 0.04, 0.1, 0.2, 0.4, 0.8, 0.98}

Table 4.1: Material properties and nondimensionalized shell’s relative thicknesses, h.

4.1.2 Excitation Sources
The excitation’s time dependency, f̄(t), is chosen mainly as the Ricker pulse as it describes

real signals such as seismic pulses and usually leads to a stable numerical behaviour. See, for
example, [Gholamy and Kreinovich, 2014]. An explosion is considered occasionally but only in
one case as its practical importance is limited essentially to a blast wave. Closed form expressions
for these excitation functions in time (f̄(t)), frequency (f̆(ω)) and Laplace (f(s)) domains are given
in Table 4.2. Pulses’ parameters are chosen so that their dominant wavelengths are comparable
to the thinnest shell’s relative thickness.

1http://lsbb.eu/
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Excitation Pulses
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trω = te = 1/100, tr0 = td = 1/10

Table 4.2: Mathematical expressions of the Ricker pulse and explosion in time, f̄(t), frequency, f̆(ω), and
Laplace, f(s), domains where erfc(x) denotes the complementary error function.

Different excitation sources which include plane and spherical incident waves having various
origins as well as a traction force are formulated in the first part. Then incident terms and
their corresponding modal expansions are given in § 3.2.3 of the first companion chapter where
the required addition theorems are applied. These incident terms are derived directly from the
pressure in the contained fluid or displacement potentials within elastic media before the modal
expansions. Examples of these procedures are given next for the sources originating from internal
fluid, within the shell material and infinite elastic formation.

A general, unified formula for a spherical incident stress wave and eccentric pressure pulse are
given in Equation 6 of the previous part whereas the corresponding formula for a plane stress
incident wave is presented in Equation 13. The eccentric incident pressure pulse is expressed as

p̄inc(r, θ, t) =
r′′

r′
f H (4.1)

then the corresponding particle acceleration of the wavefront becomes

āincr (r, θ, t) =
γfr
′′ (r − rf cos θ

) (
αinr

′f + f
)

r′
3 H (4.2)

where H ≡ H (τ(t, θ)) and f ≡ f (τ(t, θ)) are the Heaviside function and the excitation’s time
dependency, respectively. Furthermore τ ≡ τ(r, θ), r′ ≡ r′(r, θ) and r′′ are given in Equations
Equation 3.6 through Equation 3.11 whereas f ≡ df(z)/dz. Similarly, elements of displacement
and Cauchy stress vector at the wavefront due to a compressional plane incident wave originated
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within the infinite elastic formation turns into, respectively,

ūincp (r, θ, t) ≡


ūincr,p

ūincθ,p

 = αp,∞f
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and

t̄incp (r, θ, t) ≡


σ̄incrr,p

σ̄incrθ,p

 = α2
p,∞


(λ+ µ+ µ cos 2θ)f

−2µ

(
f cos θ + 2f/(rαp,∞)

)
sin θ

H (4.4)

where f = d2f(z)/dz2. On the other hand, if this compressional incident stress wave happens

to have its origin at r = r∞, the elements of displacement and the Cauchy stress vector at the
spherical wavefront becomes, respectively,

ūincr,p

ūincθ,p
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where r′′ = r∞ − 1. A spherical incident wave generated from a shear source originating within
the shell’s material leads to the following radial component of displacement at its wavefront as
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Shall note that various excitation configurations gives rise to different dynamics of interactions.
For instance, dynamics stress concentration pattern created by an eccentric pressure source is
essentially different from the one given rise to by a point source within the elastic formation.
The focus in this paper, however, is on compressional plane stress wave as the main source of
excitation. The rationale for the choice of materials is given next.

4.2 Numerical Experimentation
A series of extensive numerical experiments are undertaken to determine and investigate some

important physical aspects of the interactions. An incident plane stress wave is taken as the prin-
cipal source of excitation which has the Ricker pulse time dependency. Two different approaches
are taken in illustrating the dynamics of the system: qualitative and quantitative. Successive
2D snapshots of the total field’s response along with the 2D time-space contour-plots are used in
the wave motions’ qualitative descriptions. Note that the term total field ’s response refers to the
stress and pressure states within the entire elastic shell and its encompassing formation as well
as the contained fluid. Distributions of maximum absolute values of the pressure and stresses,
temporally as well as spatially, are considered as quantitative descriptions of the interactions.

Complete field response snapshots are depicted in a series of consecutive 2D snapshots which
includes internal fluid pressure and radial stresses within the shell’s material and elastic formation.
The incident term is omitted in the snapshots so that the scattered wave components are more
visible and details have a higher discernibly. Illustrations are normalized between [−1, 1] in gray
level color to insure that any given color represents a fixed normalized value throughout. Each
positive gauge pressure and tensile stress is divided by its corresponding maximum positive value
whilst the negative gauge pressure and compressional stresses are normalized with respect to
their corresponding maximum absolute values. A brighter color corresponds to a higher positive
gauge pressure or tensile stress value whereas a darker region signifies a negative gauge pressure or
compressional stress value. Consequently the gray level color assigned to the zero value remains the
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same throughout. Each snapshot comprises 216000 data points including 300 radii and 720 angles
in r and θ directions, respectively. These visualizations are performed in Matlab© environment.
The 2D space-time contour-plots are normalized in the same way as stated before unless mentioned
otherwise. There are several general comments on the dynamics of wave motion which remains
valid throughout. Some of presented 2D time-space contour-plots are used to depict the maximum
values of the pressure and stresses. They are colored rather than the gray scale. These contour-
plots are normalized between either [0, 1] or [−1, 0] which are mainly colored in blue or red.

Effect of relative material properties of three interacting media is studied after which the im-
pact of the geometrical parameter of structure is investigated thoroughly. Subsequently effects of
different excitations in terms of the time dependency as well as their origin are briefly addressed
briefly. Two different excitation functions as well as two incident sources rather than plane lon-
gitudinal type are compared in their effect on dynamic stress and pressure concentrations. They
are mentioned briefly next as they are essential to the understanding of the nature interactions.

4.2.1 General Comments

An incident p-wave is susceptible to a wave mode conversion upon each contact with a shell’s
surface. In other words, an incident p-wave is converted at boundaries to reflected as well as
refracted shear and longitudinal waves. This behaviour is due to the Cauchy traction boundary
conditions and it is explained in §2.6. However the shell’s inner surface behaves differently. Once
any wave arrives in the contained fluid, it is transmitted only in the form of pressure waves as the
fluid is assumed to be inviscid. The easiest way to distinguish a shear wave from a longitudinal
motion is based upon their different speeds of propagation. For instance, the speed of longitudinal
wave is almost twice that of the shear deformation in a carbon steel. This considerable difference
helps to visually distinguish p- (primary) and s- (secondary) wavefronts. Furthermore, head waves
arise from the tangent transition between shear and compressional wave fronts. Different types of
surface waves, such as creeping, Lamb, Love and Franz waves are specific examples of superposition
of these body waves. The next subsection is dedicated to analyzing the effect of a shell’s relative
thickness on these dynamics of the interactions.

4.2.2 Effect of a Shell’s Relative Thickness

Figure 4.1a through Figure 4.2b give successive snapshots of a water filled, steel shell embedded
in a granite formation and impinged upon by a plane compressional wave having a Ricker pulse’s
time history. The first to fourth rows are the results for relative shell’s wall thicknesses of h =

0.02, 0.04, 0.20 and 0.40, respectively. Incident waves are omitted in these figures for a better
visibility and differentiation of various waves. Specular reflections are generally the dominant
scattered waves, initially, as expected. See, for example, t = 0.3 given in Figure 4.1a. The
sharpness and contrast of these specular reflections become stronger as the relative thickness
increase. This is simply because of the overall rise in the collective acoustical impedance of the
shell as its thickness increases. A specularly reflected shear wave in addition to the compressional
one is produced initially through the mode conversion at the shell’s external surface. Generally
these two waves are more distinctively visible as the shell gets thicker. See, for example, the
snapshot at t = 0.7 when h = 0.4 where the longitudinal and transverse wave speeds of granite
can be estimated simply through the normal separation distance of these two reflected wavefronts.
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Smaller and larger curvatures correspond to the specularly reflected longitudinal and transverse
waves, respectively.

Waves other than those reflected specularly start to appear in the external medium at very
early time for h = 0.02 and h = 0.04, the thinnest shells. See, for example, t = 0.3, t = 0.4 and t =

0.5. These are given rise to by multiple reflections which occur between two surfaces of the shell.
They are mostly Lamb wave in the thinner shells. Symmetric Lamb waves are more dominant for
h = 0.02, whereas asymmetric Lamb wave are stronger and hence more distinctly visible when
h = 0.04. Antisymmetric Lamb waves appear significantly stronger by a slight increase in the
shell’s thickness. Compare, for example, h = 0.02 with h = 0.04 in Figure 4.1b. This is expected
as the Lamb waves are highly sensitive to the overall impedance of the structure. See, for example,
Figure 7-d given in [Hasheminejad et al., 2011] and its corresponding discussion. Antisymmetric
waves become significantly more dominant in a higher acoustical impedance through an increase
in the shell’s thickness.

Further significant increases in the shell’s relative wall thickness to h = 0.20 and h = 0.40,
however, change the nature of the scattered field from the Lamb wave types to more pure body
waves and their corresponding head waves. See the snapshots given in Figure 4.1a and Figure 4.1b.
A higher mechanical energy can be sustained in the shell as its wall thickness increases. Conse-
quently the shell is able to re-transmit stronger waves back into the external elastic formation. See,
for instance, t = 0.5 to t = 0.8 in Figure 4.1a as well as the entire snapshots given in Figure 4.1b.
The waves rather those specularly reflected do not appear effectively in the elastic formation until
t ≈ 0.50 and t ≈ 0.90 when h = 0.20 and h = 0.40, respectively. See the corresponding snapshots
given in Figure 4.1a and Figure 4.1b. This is simply the approximate time required for the trans-
mitted compressional wavefronts to travel from the shell’s outer surface to the inner surface and
the way back.

Overall, the multiple reflections and secondary refracted waves into the external formation
are significantly smaller in amplitude in comparison to those of specularly reflected initially for
the thinnest shell, h = 0.02. Initial compressional and shear specular reflections, for instance,
remain highly distinct and relatively strong within the granite formation when h = 0.02 for the
snapshots given in Figure 4.1a through Figure 4.1c. These amplitudes, however, become more
comparable for higher shell’s wall thicknesses. See, for example, the snapshots given in Figure 4.1b
for h = 0.04, 0.20 and h = 0.40.

In the meantime, a clearly visible straight (plane) wavefront in the shell’s wall appears in the
thickest shells arising directly from the impinging incident plane wavefront in the snapshots given
in Figure 4.1a and Figure 4.1b at h = 0.20 and h = 0.40. The plane geometry of the transmitted
wavefront is due to almost identical longitudinal waves’ velocities within granite and steel. These
transmitted plane wavefronts behave analogous to plane incident waves impinging upon the shell’s
inner surface. See, for instance, snapshots t = 0.3 to t = 0.7 when h = 0.20 and h = 0.40. Specular
reflections occur at the shell’s inner surface similar to those happening at the outer surface. The
reflected waves split into compressional and shear wavefronts. This can be observed the best by
following the snapshots at t = 0.70 through t = 1.06 which are given in Figure 4.1a to Figure 4.1b
for h = 0.40. The wave dynamics occurs in the response of this transmitted flat wavefront which
incident at the shell’s inner surface is analogous to those happening at the shell’s external surface.
See, for instance, all the snapshots given in Figure 4.1b for h = 0.40.
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Formations of multiple triple points and their subsequent mode conversions are easily de-
tectable at the shell’s surfaces through the snapshots given in Figure 4.1a to Figure 4.1c in both
of the thickest shells. A clear, comprehensive discussion over the triple points on circular reflectors
can be found, for example, in [Sun and Takayama, 1996]. Developments of multiple triple points
within the shell’s wall at both inner and outer surfaces are clearly tractable by the snapshots pre-
sented in Figure 4.1a through Figure 4.1c when h = 0.20 and h = 0.40. For instance, triple points’
formation are clearly detectable at the shell’s inner surface for the snapshots given in Figure 4.1a
at t = 0.50 and t = 0.80 when h = 0.20 and h = 0.40, respectively. These triple points keep
superposing with each others while new triple points are created as time passes. These can be
traced more readily in Figure 4.1a through Figure 4.1c for h = 0.20 and h = 0.40. A set of Franz
waves of compressional and shear types appears in thinner shell, h = 0.02 and h = 0.04. See, for
example, t = 2.30 through t = 3.60. For h = 0.2, on the other hand, there are multiple secondary
Franz type waves along with other creeping and surfaces waves created as depicted in Figure 4.1a.
See, for example, [Nussenzveig, 1965].

Waves reflected from the shell’s inner surface form spherical wavefronts act as spherical incident
waves impinging upon the shell’s outer surface. This procedure is depicted distinctly through the
same snapshots in addition to those at t = 1.05 and t = 1.25 which are given in Figure 4.1b
for h = 0.20 and h = 0.40, respectively. The interactions of this secondary spherical wavefront
with the shell’s outer surface lead to full mode conversion. See, for example, snapshots t = 1.05

through t = 1.55 given in Figure 4.1b for h = 0.40. Both sides of the boundary can sustain shear
waves in addition to compressional deformations unlike the inner surface. Formation of the head
waves as well as the associated secondary s- and p- wavefronts are easily traceable within granite
formation. See, for example, the snapshots t = 0.6 through t = 0.8 given in Figure 4.1a along
with all the snapshots given in Figure 4.1b for h = 0.20 and especially h = 0.40.

The incident wavefront faces the shell’s concave surface until it travels halfway in the shell
at time t = 1.0. Main components of the scattered field are the specular reflections up to this
instance. See the snapshots given in Figure 4.1a. However, the nature of the scattered field
changes to creeping waves within the shadow region, the second half of the shell (1 < t < 2). See
the snapshots given in Figure 4.1b. These creeping waves start to appear at (θ = π/2, r = 1) and
continue to travel along the shell’s circumference while they radiate into the granite formation in
a tangential direction. This continues until the incident wavefront passes the shell as illustrated
in Figure 4.1b at the interval 1 < t < 2. These creeping waves, however, keep travelling in the
opposite direction afterwards. Figure 4.1c starts with t = 2.0 which is exactly when the incident
wave completely engulfs the shell. Strong transmitted creeping waves into the elastic formation
are observed in the vicinity of the tail region at time t = 2.20. These wavefronts are the result
of superimposing of the surface creeping waves. The features of these strong, flat wavefronts are
quite similar regardless of the shell’s thickness because they mainly depend on the shape of the
reflector’s geometry.

Waves transmitted into the internal fluid have to pass through the shell’s inner surface which
permits the passage of longitudinal waves because an inviscid fluid is able to sustain only the
compressional waves and shear stresses vanish at the shell’s inner surface. These transmitted
pressure waves propagate normal to their original wavefront with a constant speed which is the
speed of sound in the water. This simple but important point is the key in understanding the
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formation of the subsequent wave geometries within the encapsulated fluid. All transmitted
pressure wavefronts into the contained fluid are highly concave regardless of the shell’s thickness.
This can be observed easily within all snapshots given in Figure 4.1a through Figure 4.1c. This
curved geometry of the wavefront is simply because of significantly lower speed of sound in water
compared to the compressional wave’s celerity (propagation velocity of the incident wavefront) in
the granite (and steel) by more than twice. This concave shape leads to a very strong focusing
mechanism that we talk about more in the following paragraphs. These initial wave fronts from
h = 0.02 to h = 0.04 gets stronger. Once the shell’s relative wall thickness increase to h = 0.2

and h = 0.4, the internal space of the shell decreases significantly. Consequently the pressure
wavefronts require less time to travel through the inner space of the shell. Consequently these
wavefronts’ curvatures increase as the shell becomes thicker. This leads to faster focusing process in
the thicker shells. See, for instance, the corresponding snapshots given for h = 0.40 in Figure 4.1b
through Figure 4.1c.

87



4.2 Numerical Experimentation

t
=

0
.3

t
=

0
.4

t
=

0
.5

t
=

0
.6

t
=

0
.7

t
=

0
.8

F
ig
ur
e
4.
1a

:
A

se
ri
es

of
to
ta
l
fie
ld

su
cc
es
si
ve

sn
ap
sh
ot
s
of

a
w
at
er

fil
le
d
st
ee
l
sh
el
l
em

be
dd
ed

in
gr
an

it
e
in

re
sp
on

se
to

a
pl
an

e
co
m
pr
es
si
on

al
in
ci
de
nt

w
av
e.

R
el
at
iv
e
sh
el
l

w
al
l
th
ic
kn
es
se
s
fr
om

to
p
to

bo
tt
om

,
re
sp
ec
ti
ve
ly
,
ar
e
h

=
0
.0

2
,0
.0

4
,0
.2

0
an

d
0
.4

0
.
T
he

ti
m
e
de
pe
nd

en
cy

of
th
e
ex
ci
ta
ti
on

,
f̄

(t
),

is
th
e
R
ic
ke
r
pu

ls
e.

T
he

vi
rt
ua

l
ca
m
er
a
zo
om

s
ou

t
as

ti
m
e
pa
ss
es
.
In
it
ia
l
sp
ec
ul
ar

re
fle
ct
io
ns

an
d
he
ad

w
av
es

ar
e
de
pi
ct
ed
.

88



Chapter 4. Embedded Sphere: Numerical Results

t
=

0.
90

t
=

1.
05

t
=

1.
25

t
=

1.
3
5

t
=

1.
6
0

t
=

1.
8
5

t
=

1.
9
0

F
ig
ur
e
4.
1b

:
A

se
ri
es

of
to
ta
l
fie
ld

su
cc
es
si
ve

sn
ap
sh
ot
s
of

a
w
at
er

fil
le
d
st
ee
l
sh
el
l
em

be
dd
ed

in
gr
an

it
e
in

re
sp
on

se
to

a
pl
an

e
co
m
pr
es
si
on

al
in
ci
de
nt

w
av
e.

R
el
at
iv
e
sh
el
l

w
al
l
th
ic
kn
es
se
s
fr
om

to
p
to

bo
tt
om

,
re
sp
ec
ti
ve
ly
,
ar
e
h

=
0
.0

2
,0
.0

4
,0
.2

0
an

d
0
.4

0
.
T
he

ti
m
e
de
pe
nd

en
cy

of
th
e
ex
ci
ta
ti
on

,
f̄

(t
),

is
R
ic
ke
r
pu

ls
e.

T
he

vi
rt
ua

l
ca
m
er
a
zo
om

s
ou

t
as

ti
m
e
pa
ss
es
.
T
he

fo
rm

at
io
n
of

cr
ee
pi
ng

w
av
es

in
sh
ad
ow

re
gi
on

is
il
lu
st
ra
te
d.

(c
on

ti
nu

ed
)

89



4.2 Numerical Experimentation

t
=

2.
00

t
=

2.
20

t
=

2.
30

t
=

2.
5
5

t
=

2.
8
5

t
=

3.
00

t
=

3.
2
0

t
=

3.
6
0

F
ig
ur
e
4.
1c
:
A

se
ri
es

of
to
ta
lfi

el
d
su
cc
es
si
ve

sn
ap
sh
ot
s
of

a
w
at
er

fil
le
d
st
ee
ls
he
ll
em

be
dd
ed

in
gr
an

it
e
in

re
sp
on

se
to

a
pl
an

e
co
m
pr
es
si
on

al
in
ci
de
nt

w
av
e.

R
el
at
iv
e
sh
el
lw

al
l

th
ic
kn
es
se
s
fr
om

to
p
to

bo
tt
om

,
re
sp
ec
ti
ve
ly
,
ar
e
h

=
0
.0

2
,0
.0

4
,0
.2

0
an

d
0
.4

0
.
T
he

ti
m
e
de
pe
nd

en
cy

of
th
e
ex
ci
ta
ti
on

,
f̄

(t
),

is
R
ic
ke
r
pu

ls
e.

T
he

vi
rt
ua

l
ca
m
er
a
zo
om

s
ou

t
as

ti
m
e
pa
ss
es
.
C
re
ep
in
g
w
av
es
’
su
pe
rp
os
it
io
n
an

d
th
ei
r
m
ov
em

en
t
to
w
ar
ds

th
e
he
ad

re
gi
on

(c
on

ti
nu

ed
).

90



Chapter 4. Embedded Sphere: Numerical Results

The 2D time-space contour plots presented in Figure 4.3 are used in conjunction with the
snapshots given Figure 4.1a and Figure 4.2b to understand better the focusing mechanism within
the internal fluid field. As seen by the consecutive snapshots in Figure 4.1a through Figure 4.1c
the pressure wavefronts move towards each other and subsequently become superimposed as time
passes as illustrated in Figure 4.1a and Figure 4.2b. The first row of Figure 4.3 shows the temporal
gauge pressure at the entire shell’s internal surface. The transmitted surface pressure waves start
to appear in the internal fluid at the sphere’s head area, θ = 0, and start to fade more quickly
in the thinner shells. A general observation is that the surface acoustic energy becomes more
distributed as the shell’s thickness increases. Stronger head waves appear in the internal shell’s
surface as the shell gets thicker. This behaviour can be seen more clearly in the first row of
Figure 4.3 between 0 < t < 5. Furthermore, multiple focal points appear at the tail area, θ = π,
as the shell gets thicker at 2 < t < 5. These high pressure spots are the ones in vicinity of the
triple points forming within shell material at inner surface of the shell. See, for example, t = 2.20,
t = 3.00, t = 3.60 and t = 4.50 when h = 0.40.

The second and third rows of Figure 4.3, on the other hand, present the maximum absolute val-
ues of all the positive and negative gauge pressures, not only at the shell’s surface, but throughout
the entire contained water. Their negative values, for example, has a significant practical impor-
tance because they can indicate the likelihood of possible cavitations. Indeed once a corresponding
absolute (summation of the acoustical and stagnant pressures) pressure at a given temperature
reaches a saturation pressure of the fluid, possible trigger point for cavitation becomes feasible.
Maximum positive pressure is also important in structural integrity’s considerations. The second
and third rows in Figure 4.3 suggest that the primary focusing of the internal pressure field happens
around t ≈ 5 when h = 0.02. However this behaviour occurs sooner when the shell gets thicker.
For instance, it occurs as early as t ≈ 3.5 when h = 0.4. Also stronger secondary focusing points
happen at larger thicknesses. In general as the shell’s thickness increases, higher distribution of
high acoustical energy also happens. High intensity pressure wavefronts keep travelling towards
the shell’s tail region to meet its inner surface after which the primary focusing is completed.
Arrivals of these strongly focused wavefronts to the shell’s inner surface at tail region occur at
t ≈ 8, 7.75, 6.5 and 5.0 corresponding to h = 0.02, 0.04, 0.2 and 0.4, respectively. Following the
snapshots after these times reveals an interesting common phenomenon: shells’ prior stress state
become insignificant compared to those given rise through these high intensity pressure wave-
fronts. These newly induced stresses keep travelling circumferentially through the shell material
whilst they give rise to create new set of high intensity of body wave and their associated head
waves as well as Lamb waves. Only one pair of easily distinguishable shear and compressional
waves are created when h = 0.02. See the corresponding snapshots at t > 8 for h = 0.02. However
the transmitted waves to the elastic formation become multiple strong wave fronts of body and
Lamb types when h = 0.04. The Lamb waves become insignificant in comparison to the body and
head waves where h = 0.20. See the corresponding snapshots at t > 6.5 given in Figure 4.1a and
Figure 4.2b when h = 0.20 . The rate of elastic energy emission into the infinite elastic formation,
on the other hand, decreases significantly when h = 0.40. In other words, the strain energy is
trapped within the steel and its contained water for a longer time. Besides considerably fewer
waves are transmitted to the external medium when h = 0.4 compared to h = 0.20 because of
longer times of flight through the shell’s wall. Formation of the secondary focusing processes are

91



4.2 Numerical Experimentation

initiated after which the primary focusing wavefronts meet shells’ inner surfaces at the tail region.
These secondary focusing sequences are higher in intensity for thicker shell because the shell has
higher capability in trapping the energy within its contained fluid.
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Figure 4.4 provides a very helpful qualitative overview of the entire interaction in a single
figure for the radial stress concentration. The maximum values of tensile (top row) and compres-
sional (bottom row) stresses correlate although the compression shows slightly higher distribution.
Furthermore, the stress concentration due to radial stress keep being more distributed within the
entire shell’s material as the shell’s thickness increases. The early high intensity stress regions
at the head region (around θ ≈ 0) is very focused in a short period and a small space. The
stress concentration, however, grows as the shell’s thickness increases. The first focal region at
the tail area happens around t ≈ 3 is a single spot when h = 0.02 but its intensity is not com-
parable to the initial one occurring just after t = 0+. The first focal spot at the tail region is
a consequence of superposition in the stress waves which travel the shell’s wall towards the tail
region. Its relatively weak amplitude for h = 0.02 is due to its relative smaller energy carrying
capacity of shell as larger dominant wavelengths in comparison to the shell’s wall thicknesses are
involved. However these focal spots created by the stress waves’ superposition increase in both
number and intensity as the relative thickness increases. In the later time, the stress jump due to
internal focal pressure wavefronts at tail region is visible in all thicknesses and increases in higher
thicknesses. Furthermore the initial occurrence of these spots is shifted to earlier times in the
larger thicknesses. For instance, these highly focused stress spots occur around 2 < t < 4.5. The
next high intensity region relates to the arrival of the focused pressure wavefront to the shell’s
inner surface at the tail region. The arrival time ranges from t ≈ 8 to t ≈ 4.5 when h = 0.02 and
h = 0.40, respectively. Only one major high intensity fringe is formed when h = 0.02, whereas
multiple ones are created in higher thicknesses corresponding to consecutive reflections between
two surfaces of the shell. The time differences between these fringes become larger as h increases
simply because more time is required for a wave to travel the shell’s thickness. These observations
are better understood if Figure 4.4 is considered along with the corresponding snapshots given in
Figure 4.1a through Figure 4.2b.

The first row of Figure 4.5 illustrates the development of stress history at the entire shell’s
external surface. It should be recollected that a wave’s group velocity is simply the tangent to the
corresponding fringe at any given point in an angle-time contour plots. Dynamics of the external
surface pressure, for example, mostly constitute of the initial interaction when h = 0.02. The
interaction starts with a high group velocity (compressional) and as time passes it slows down
(0 < t < 3). Other fringes appear as the h increases which correspond to different group velocities
at early time around head region. They have different ranges of the group wave velocities relating
to various wave types including the body waves and their corresponding head waves. This feature
can be used to categorize and specify the kind of the wave motion which occur. Furthermore
significantly stronger creeping waves and their corresponding focal regions appear in the tail
region for higher thicknesses.

The second and third rows of Figure 4.5 present the time histories of the maximum absolute
tensile and compressional stresses. Observations which are common to all thicknesses are given
next. Stress concentration area are mainly the head and tail regions. The stress concentration in
the head region decreases dramatically compared to the tail area as the shell’s thickness increases.
Furthermore the head region associated with high stress concentration becomes narrower. Highly
focused stress amplitudes at the tail region corresponds to the strong creeping waves around
t ≈ 2. This can be best observed in conjunction with the snapshots correspond to t > 1.60
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in Figure 4.1b and Figure 4.1c regardless of the shell’s thickness. Theses strong creeping waves
occupy larger surface before meeting each other at t = 2.20. This keeps to travel with a flat wave
front geometry afterwards as presented in Figure 4.1c. The sudden discontinuity in this highly
focused stress wavefronts at tail region after t ≈ 7 is simply because of the spatial limitation in our
selected radial domain of computations to r ≤ 6. No new phenomenon or significant observation,
however, can be made if a larger domain is selected anyways.
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Figure 4.6 and Figure 4.7 give a quantitative presentation of the pressures and radial stresses’
maximum absolute values in time and space, respectively. Figure 4.6 gives the maximum absolute
values through the entire spatial space for any given moment in time. Figure 4.7, on the other
hand, gives the polar distribution of the absolute maximum magnitudes by searching through
entire time and radial domains for each angle. Both figures have one thing in common: the trend
in absolute maximum values of negative and positive pressure and stresses closely correlate in
time as well as in their spatial angle location.

The first row of Figure 4.6 illustrates the time-history of maximum absolute values of positive
and negative gauge pressures. Obviously the maximum peaks corresponds to each primary focal
point within the internal fluid regardless of the shell’s thickness. A primary focal point migrates
in time from t ≈ 5 when h = 0.02 to t ≈ 3.5 for h = 0.4. The reason for this change has been
discussed previously. See the snapshots given in Figure § 4.2.2 and Figure 4.2b along with their
corresponding discussions. The peak magnitudes increase generally for higher thicknesses when
the internal radii is the same. There is a slight decrease, however, from h = 0.2 to t = 0.4. This
is basically due to considerably smaller mass of water in the shell by h = 0.4 compare to h = 0.2

when the external rather than internal radius is fixed. A smaller fluid mass has obviously less
capacity in absorbing acoustic energy. There are some secondary focusing peaks around t ≈ 9

and afterwards when h = 0.4. The pressure peaks around 4 < t < 6 are related to triple points’
superposition at the shell’s head region. See the corresponding snapshots given in Figure 4.2b.
The polar plots given in Figure 4.7 correspond to those temporal curves given at the first row of
Figure 4.6. These figures reveal an interesting common point: the absolute maximum pressures
are very directional and they occur at the shell’s tail region regardless of the thickness. The
following differences, however, are observed when the shell’s wall thickness increases. First, the
absolute maximum value of the negative gauge pressure is higher than the corresponding positive
gauge pressures when h = 0.02. This difference decreases, however, when h = 0.04 and even the
order is reversed for h = 0.2 and h = 0.4. The stronger peak gauge pressure at the shell’s head
region relates to the superposition of the triple points meeting at the shell’s inner surface around
θ = 0 when h = 0.4. These quantitative observations complement those of the corresponding
snapshots.

The second row of Figure 4.6 gives the absolute maximum amplitudes of the stress generated
within the shell’s wall. The initial peak increases slightly from h = 0.02 to h = 0.04, and then
remains constant at next two higher thicknesses. However the peaks get delayed in travel time as
the shell becomes thicker. This delay is related to a longer time required for a wave to through
the shell’s thickness. Furthermore there is a smaller jump before the initial main peak. Maximum
positive values are higher than negative ones except for h = 0.02. The initial strong peak relates to
the formation of triple points at the shell’s inner surface after which the transmitted wavefronts
travels the shell’s wall thickness and meets the inner surface. There is also a slight increase
in the amplitudes as the shell gets thicker. Secondary, but weaker, peaks relate mostly to the
superposition of Franz waves at the shell’s tail region when h = 0.02 and h = 0.04. See the
corresponding snapshots at t = 2.86 given in Figure 4.1c. The secondary peaks when h = 0.20

and h = 0.40, on the other hand, are given rise to by the multiple superposition of those triple
points formed on both surfaces of the shell. See the corresponding snapshots after t > 2 when
h = 0.20 and h = 0.40. Number and magnitudes of these secondary peaks increase as the shell
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gets thicker. This trend is excepted due to higher capacity of the shell’s greater mass to trap
mechanical energy. The next set of, even smaller peaks, are created by the interaction of the
internal focused wavefronts with the shell’s inner surface at the tail region. These peaks are
separated distinctly from the previous ones in thinner shells.

The third row of Figure 4.6 gives the absolute maximum amplitudes of the stresses generated
within the entire granite formation but without the incident term. The compressional stress
peaks remain superior after the initial interaction throughout. The pattern for all the thicknesses
are very similar. However the initial positive and negative peaks decreases with the increasing
wall thickness of the shell. These changes in amplitudes relate to the increase in structural
overall impedance as the shell gets thicker. Initial phase difference between compressional and
tensile peaks increases for the higher thicknesses. This phenomenon relates mostly to the different
required travel time through the shell’s wall as well as the wave mode conversions at the interface
with the shell.
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Figure 4.7: Polar plots of the absolute positive and negative gauge pressures throughout the entire spatial domain
of a water filled steel shell embedded in granite. Responses are created by a plane compressional incident wave for
different thicknesses. The time dependency of the excitation, f̄(t), is the Ricker pulse.

Figure 4.8a through Figure 4.8d give full size (i.e. 0 ≤ r < 6) snapshots for configurations as
before but with two significantly higher thicknesses of h = 0.80 and h = 0.98. Furthermore the
first row of Figure 4.9 shows the radial stresses’ history of the entire granite-steel interface whereas
the second and third rows of Figure 4.9 illustrate the maximum tensile stresses generated over the
entire granite and steel material, respectively. The water filled steel shell is embedded in the same
granite formation. It is subjected to a plane incident compressional stress wave with a Ricker
pulse time dependency again. These values of h are close to limit case of an inclusion within an
elastic formation. The thick hollow sphere (h = 0.80) and the spherical inclusion (h = 0.98) are
simply called “hollow sphere” and “inclusion”, respectively. This limiting situation has not been
discussed in the first companion chapter. Such a configuration represents, for example, a cysts in
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a human tissue.

The scattered fields are identical in trend and amplitude upto t ≈ 1.60 when the waves
scattered from the inner surface reaches the sphere’s outer surface of the hollow sphere. This
includes the formations of easily distinguishable, specular shear and compressional reflections upto
t = 1.0. See the corresponding snapshots given in Figure 4.8a. The nature of the waves alternates,
however, to creeping waves afterwards until the incident wave engulfs both spheres completely by
t = 2.00. See the corresponding snapshots given in Figure 4.8a and Figure 4.8b. The strong
creeping wavefront has a more straight and broader geometry for the inclusion. Interestingly
this wavefront, however, is noticeably stronger when the hollow sphere is the scatterer. See the
corresponding snapshots at t = 2.50 given in Figure 4.8b. This phenomenon can be observed with
an overall overview through the contour plots given in the first and second rows of Figure 4.9.
Dynamic stress concentrations within the elastic formation occurs at head and tail regions for the
inclusion and hollow sphere, respectively. These high intensity stress regions relates to the initial
specular reflections from the inclusion whereas it corresponds to creeping waves from the hollow
sphere. Consequently a hollow sphere, unlike an inclusion, acts as an acoustic lens in focusing
the incident wave’s energy. This observation has a significant practical implication. Scattering of
the transmitted waves from the hollow sphere’s inner surface causes these differences in scattered
fields within the granite formation, an aspect which is discussed next.

The initially refracted wavefront into the inclusion is as straight as the original plane incident
wavefront as the propagation velocity of the compressional waves are almost identical. This
transmitted wavefront itself acts like an incident wave upon encountering the inner surface for the
hollow sphere. Scattering from the hollow sphere’s inner surface initiates around t ≈ 0.90 and this
refracted wavefront passes the inner fluid inclusion by t ≈ 1.35. This processes is similar to those
from the sphere’s external surface. Longitudinal and transverse specular reflections constitutes
the scattered field upto t ≈ 1.15, whereas the creeping waves start forming after this moment until
t ≈ 1.35. These creeping waves travel towards the sphere’s tail region after which they superimpose
into a strong wavefront. See, for example, the snapshot at t = 2.00 given in Figure 4.8b. A part of
this wavefront is transmitted into the external elastic formation in the case of the hollow sphere.
This effect is so strong that the stress intensity around tail region becomes noticeably stronger
than the initial specular reflections for the hollow sphere. Compare two snapshots at t = 2.5 given
in Figure 4.8b.

The flat geometry of the refracted wavefront into the steel leads to a different focusing mech-
anism within the internal medium in comparison to those explained previously. The focusing
initiates with formation of triple points over the steel-granite interface after which the transmit-
ted wavefront passes both sphere’s center around t ≈ 1.15. These points grow stronger as they
approach the tail region. The triple points on both sides of the refracted wavefront start forming
exactly after t = 1.0, once the reflector become convex. They meet and superimpose in magni-
tude afterwards. See the corresponding snapshots between 1.25 < t < 2.5 given in Figure 4.8b
and Figure 4.8c. These triple points after superimposing each other, continue to travel in the
opposite direction. These lead to formation of a convex wavefront travelling toward the head
region. This wavefront goes through a similar focusing procedure in the head region which leads
to a secondary focusing. Subsequent multiple secondary focusings are formed likewise. See, for
example, the entire snapshots after t = 2.50 given in Figure 4.8b through Figure 4.8d. This
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mechanism occurs when a flat or convex wavefront meets a circular concave reflector. A detailed
discussion on this subject can be found in [Sun and Takayama, 1996] regarding the focusing of
the compressional (pressure waves). The first focusing of the compressional wave, however, is
followed by another focusing created by the shear waves. See the contour plots given in the third
row of Figure 4.9. The primary focusings of the compressional and shear waves approximately are
completed at t = 2.65 and t = 2.35 for both of the sphere and inclusion. Interestingly focusing the
shear waves is stronger compared to the longitudinal one. The formation of the triple points for
the first secondary focusing can be observed in the snapshots at t = 4.0 and t = 4.5. The following
secondary completed focusings occur around t = 5.00, 6.50, 7.00 and t = 7.5 given in Figure 4.8d.
The amplitude of the secondary focal points are weaker for the hollow sphere compared to the
inclusion. Both of the hollow sphere and inclusion demonstrate a similar pattern of the maximum
compressional stress within steel as it is shown in third row of Figure 4.9. The inclusion, however,
shows slightly higher distribution. Those two high intensity stress points at the tail region at
approximately around t ≈ 2.65 and t ≈ 3.35 are associated with the compressional and shear
focal points, respectively. A short comment on the observed Franz waves are given next.

The Franz waves start forming at the tail region within the external medium. See, for example,
both the snapshots at t = 2.50 given in Figure 4.8b. These waves keep travelling on opposite
directions over the surface. See the corresponding snapshots in at t ≤ 2.50 given in Figure 4.8b
and Figure 4.8c. The Franz waves forming around the hollow sphere’s inner surface, on the other
hand, are more visible compared to those on the sphere’s external surface. This is because of the
presence of the associated quasi-incident (transmitted) wavefront, unlike the external medium.
Compare, for example, the snapshot at t = 1.5 for the hollow sphere given in Figure 4.8a with
both snapshots at t = 2.50 given in Figure 4.8b.

Figure 4.10 gives polar distributions of the absolute maximum tensile and compressional
stresses. The first row relates to the stresses within the steel in which both of the hollow sphere
and inclusion show a comparable trend, especially, at the tail region. The distribution patterns,
however, are somewhat different at the head region. This difference is due to the specular re-
flections from the hollow sphere’s inner surface. Both of the tensile and compressional stresses
have quite similar patterns whereas the amplitudes are higher about 10% for the steel inclusion.
The dynamic stress concentrations within the granite formation, however, are quite different in
both trend and amplitudes at the tail region. The hollow sphere creates higher level stresses at
its tail region by four folds compared to the inclusion. Furthermore the pattern is more focused
to a narrower region in the hollow sphere. The reasons for such behaviours are explained earlier.
The inclusion, on the other hand, demonstrates a higher stress concentration at the head region
in comparison with its tail area. This pattern at the head region is identical with those of the
hollow sphere exactly. Because the peak stresses are given rise to the initial specular reflections
which are the same in both cases. See the snapshots upto t = 1 given in Figure 4.8a as well as
the contour plots given at the second row of Figure 4.9. Effects of the relative material properties
are considered next.
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Figure 4.9: Radial stress contours of a water filled steel, hollow sphere (h = 0.80) and a steel inclusion both
embedded in granite in response to a plane compressional incident wave: (1st row) radial stress at the shell’s entire
inner surface (normalized); maximum of (2nd row) tensile and (3rd row) compressing stresses of all radii at each
angle within the infinite granite formation. The time dependency of the excitation, f̄(t), is Ricker pulse.

4.2.3 Effect of Relative Material Properties
The amplitude of the stresses and pressures are proportional to the acoustic impedance of a

medium whereas the wave motion’s dynamics is mostly a function of the relative wave celerity.
Three different material arrangements of the shell and elastic formation are considered next.
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Figure 4.10: Polar plots of the absolute maximum values of tensile and compressional and negative gauge pressures
through the entire spatial domain within (first row) steel and (second row) granite formation in response of a
compressional plane, incident wave having the Ricker pulse as its time dependency.

Figure 4.11a and Figure 4.11b give snapshots of a water filled shell in response to a plane
compressional incident wave with the Ricker pulse time dependency. The first and second rows
correspond respectively to steel and aluminum shells embedded within an exterior pyroceram
medium whereas the third row shows the results for a steel shell buried in a hard clay formation.
These three cases are addressed simply as configurations “I”, “II” and “III”. The rationale behind
these choices have been discussed in § 4.1.1. Major differences appear in the wave’s dynamics
between the steel shell embedded in the hard clay and two other configurations even from the be-
ginning of the interaction. Significantly lower body waves’ celerity within the hard clay compared
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to the corresponding ones in the steel shell and contained water is the main contributing factor.
The compressional and shear wave velocities within steel are higher than those of the hard clay
by approximately 26 and 13 folds. The ratio of the sound propagation’s speed within water with
respect to the hard clay’s compressional wave is more than 6. The wave celerities within steel
and aluminum, on the other hand, are pretty comparable to the corresponding ones in pyroceram.
This leads to a completely different dynamics of the interaction in configuration III compared to
the other two cases. Refracted wavefront into the shell has not reached to the shell’s inner surface
by t = 0.20 in the first two configurations whilst the transmitted wavefront has covered already
around three quarters of the contained water when configuration III is considered. Compare the
corresponding snapshots given in Figure 4.11a.

The transmitted waves into the contained water for configuration III at t = 0.20 given in
Figure 4.11a have two major components. A wavefront refracted directly from the head region
having a positive gauge pressure (brighter color) with a convex wavefront. Such a geometry of
the wavefront leads to an internal focusing mechanism within the diffracted pressure waves which
is similar to the one explained previously for the inclusion. Weaker wavefronts can be observed
which have a negative gauge pressure (the darker colored region). These head waves are created
ahead the main convex refracted wavefront when the speed of the sound in the contained fluid
is equal or higher the celerity of external medium. The compressional wave velocity in the shell
material must be higher than the enclosed fluid’s celerity. See, for example, [Sun and Takayama,
1996] and [Hasheminejad et al., 2011].

Formation of relatively weak multiple focusing mechanisms are identifiable throughout the
successive snapshots given in the third row of Figure 4.11a and Figure 4.11b for the configuration
III. Such a significant level of the contrast in the relative wave celerities, however, leads to a highly
dispersive response. Amplitudes of focal pressures, for example, become considerably weaker
compared to other two configurations. This observation has important implications, for instance,
in the design of shock resisting shell structures because acoustical energy is distributed as being
focused into small regions in other two configurations.

The first two rows of the snapshots given in Figure 4.11a are associated with configuration I
and II, respectively. The refracted wavefronts in these two configurations are concave in contrast
to the plane wavefront refracted into the steel shell when embedded in granite. This difference is
due to the higher compressional wave speeds in steel or aluminum relative to that in pyroceram
whereas granite and steel have almost identical compressional wave speeds. Specular reflections
are stronger and sharper in the steel shell because its impedance is almost three times of the one
of aluminum. Furthermore the shear wavefront of the specular reflection is stronger in the steel
shell compared to that in the aluminum shell. See, for example, the snapshots at t = 0.5 given in
Figure 4.11a. Shear and compressional specularly reflected wavefronts are easily distinguishable
in case of steel shell embedded in clay. The specularly reflected compressional wavefront closely
followed by the shear one because the propagation speeds of s- and p- waves are closer in the hard
clay in comparison to those of the pyroceram formation. See, for instance, the snapshots given in
Figure 4.11a at t = 1.0.

Figure 4.13 depicts contour plot time-histories of the inner and outer surfaces of the shell for
the aforementioned three material configurations. The surface stresses for steel and aluminum
shells buried in pyroceram formations are given in the first two rows, respectively, whereas the
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case of steel shell in a hard clay formation is illustrated at the last row. Time history of the inner
surface stress (surface pressure) clearly depicts multiple, succeeding focusing processes in which
the stress concentrations occur around head and tail regions where they are expected. Multiple
mode conversions and evolution of the associated head waves are easily distinguishable.

Moreover the steel shell (first row) shows multiple triple points at both of the shell’s surfaces
which have relatively comparable strengths. The aluminum shell, on the other hand, gives rise
to only one major, secondary triple point on its external surface. These observations can be
confirmed by considering Figure 4.13 in which wave conversions associated with the triple points
are depicted clearly at both shell surfaces. Compare, for instance, the wave dynamics at the head
region at both traction surfaces of the steel and aluminum shells during 0 < t < 2 through the
contour-plots given at the first and second rows Figure 4.13, respectively.

The steel shell has an obviously greater capacity to sustain strain energy because of its higher
density. This factor is the reason for stronger secondary waves emitting from the shell into the
external elastic formation in steel shell (first row) in comparison to the aluminum shell (second
row) in a pyroceram formation. See, for instance, t = 1.0 through 4.0 of the first two rows in
Figure 4.11a and Figure 4.11b.

The subsequent multiple, high intensity stress regions appear at approximately 2.5 < t < 5

around the tail region in the case of the steel shell embedded in a pyroceram formation. These
points are associated with the triple points generated at the inner and outer surfaces of a shell
which meet eventually and are superimposed at the tail region. These high intensity pressure
points associated with triple points do not appear in the aluminum shell. See, for example,
snapshots given in Figure 4.12a.

The contour plots of the absolute maximum amplitude of the pressure and stresses time-history
are useful in this case. Multiple focal regions are visible around the tail area (θ ≈ π) in third
row of Figure 4.15. At the same time, high negative pressure concentration spots are detectable
around head regions (θ ≈ 0) are visible which are corresponding to secondary focal regions as well
as the triple points developments. Corresponding quantitative plots in Figure 4.16 and Figure 4.17
show clearly way higher distribution over time and as well as space. Accordingly Figure 4.16 and
Figure 4.17 demonstrate much smaller amplitudes up to ten folds for the clay embedded steel
shell as expected. The main conclusion from these comparisons is that a much higher distribution
acoustical energy forms when the shell is subjected to an incident plane stress wave if a high
contrast of wave celerities exists. This has an immediate, obvious practical implication for shock
resistant designs of the buried shells so the transmitted energy to the contained fluid does not get
focused and amplified but rather distributed and damped more safely. Similar observation can be
made in Figure 4.14 about occurrence of a higher distribution of the tensile stress within the steel
shell buried in the hard clay.
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4.2 Numerical Experimentation

Figure 4.13: Contour plots of the surface pressures (first column) and radial stresses (second column) of a water
filled shell with the wall thickness of h = 0.24 due to a plane compressional incident wave: (1st row) a steel shell in
an pyroceram formation; (2nd row) an aluminum shell is embedded in an pyroceram formation and (3rd row) steel
shell embedded in hard clay formation. The time dependency of the excitation, f̄(t), is Ricker pulse.

Strong focused pressure wave front of the internal fluid reach the shell’s inner surface slightly
after t ≈ 5.5. This then creates a high pressure wavefront which is transmitted into the material
of the shell repeated reflections occur between the two surfaces of the shell leads to the formation
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of multiple triple points. See Figure 4.12a and Figure 4.12b when t > 5.5 in conjuction with the
first two rows of Figure 4.13. Two main points can be made by comparing the wave dynamics of
a steel and an aluminum shell after which the focused pressure wavefront meets the inner surface
of the shell by following snapshots given in Figure 4.12a. First, the aluminum shell can store
considerably less energy than steel due to its much lower density and, hence, lower acoustical
impedance. The stronger wavefront is transmitted from the aluminum shell into the pyroceram
compared to the steel shell. This observation is even more conspicuous in the snapshots given
in Figure 4.12b compared to those given in Figure 4.12a. The primary specular reflections and
creeping waves are out of the snapshots’ rendering domain. The steel shell, on the other hand,
releases the acoustical energy into the external medium in a more comparable steps. It should
be noted that the triple points and their associated surface waves move slightly faster in the
aluminum shell because of having a higher longitudinal wave speed.

Figure 4.17 shows that the material configuration considerably alters not only the intensity but
also the distribution of the maximum tensile and compressional stresses in the shell’s thickness.
The maximum tensile stresses at the head region is almost twice of the corresponding compres-
sional ones in the configuration I, however, they are very comparable in other two configurations.
The peak values happening around θ ≈ π/2 and θ ≈ 3π/2 in only the configuration II. These peaks
are basically due to the formation of strong triple points at both shell surfaces. The significant
effect of different excitations is considered next.

4.2.4 Effect of different excitations
The objective here is to demonstrate briefly the significant effect of various excitation sources

on the wave’s dynamics described. These sources are formulated in §2.3 of the first companion
chapter. The effect of the time-dependency of an excitation, f̄(t), is tested first by comparing two
functions. Various sources of excitation are compared to the plane, compressional incident wave
next. They are incident waves of a compressional spherical, a plane shear as well as an eccentric
internal pressure types. A water-filled, steel shell with h = 0.2 which is embedded in granite is
considered regardless.

The system’s response to an incident plane compressional wave to an explosion is compared to
that of Ricker pulse whose characteristics are given in Table 4.2. These characteristics are chosen
so that they have very similar temporal shapes and effective duration. Figure 4.18 illustrates the
spatial and temporal distributions of the resulting negative and positive gauge pressures.

The time and angle of occurrence of the extreme values are similar in the tail region. Ricker
pulse, however, incites amplitudes which are almost twice of those produced by the explosion.
Besides, the difference between negative and positive pressure exterma increase when an explosion
impinges the shell. The timing of the focal pressure formations are identical in Figure 4.18 as it
depends solely on the material and geometrical configuration. Figure 4.19 depicts spatial and time-
history distributions of the maximum absolute values of tensile and compressional radial stresses
happening within the shell. The dynamic radial stress concentration occurring from the Ricker
pulse are compared to those from the explosion pulse is approximately 65% higher. Furthermore
the maximum tensile and compressional stresses are not in phase for the explosion unlike those
for the Ricker pulse as illustrated in the second row of Figure 4.19.

These exterma are the result of primary and secondary triple points being individually super-
imposed as well as those given rise to by the focal pressure wavefront at the inner surface. The
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4.2 Numerical Experimentation

Figure 4.14: Contour plots of the maximum absolute value of negative gauge pressure of a water filled shell
with the wall thickness of h = 0.24 due to a plane compressional incident wave: (1st row) a steel shell in an
pyroceram formation; (2nd row) an aluminum shell is embedded in an pyroceram formation and (3rd row) steel
shell embedded in hard clay formation. The time dependency of the excitation, f̄(t), is Ricker pulse.
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Chapter 4. Embedded Sphere: Numerical Results

Figure 4.15: Contour plots of the maximum stresses within the shell material of a water filled shell with the
wall thickness of h = 0.24 due to a plane compressional incident wave: (1st row) a steel shell in an pyroce-
ram formation; (2nd row) an aluminum shell is embedded in an pyroceram formation and (3rd row) steel shell
embedded in hard clay formation. The time dependency of the excitation, f̄(t), is Ricker pulse.

amplitudes, however, are at different levels.

Figure 4.20 compares the results for incident compressional waves whose fronts are plane or
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Figure 4.16: Absolute values of positive and negative gauge pressures through the entire spatial domain for a
water filled shell (h = 0.24) in response to a plane compressional incident wave: (1st row) a steel shell embedded
in an pyroceram formation; (2nd row) an aluminum shell is embedded in an pyroceram formation and (3rd row)
steel shell embedded in hard clay formation. The time dependency of the excitation, f̄(t), is Ricker pulse.
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Chapter 4. Embedded Sphere: Numerical Results

spherical. The origin of spherical wave is located at r∞ = 1.5 measuring from the shell’s center.
The first and second columns from the left are the responses to the plane and spherical wavefronts,
respectively. The maximum absolute positive and negative gauge pressures in the first and second
rows show a completely different patterns and intensities. The plane incident wave creates a
much more directional and focused pattern within the internal pressure whereas the spherical
wave shows larger distribution of the acoustical energy. Conversely, the exterma of tensile and
compressional stresses within the shells material becomes more directional for the case of spherical
incident. See the second row of Figure 4.20. Furthermore the maximum tensile stress at the head
region of the shell is about twice that of its compressional counterpart.

The effect of shear rather than a compressional incident waves are presented in Figure 4.21.
The first and second columns in this figure correspond, respectively, to the compressional and shear
incident waves with a plane geometry. The shear wave clearly leads a more focused acoustical
energy in a narrower region. Its wavefront intensifies the pressure exterma much higher in the
tail region where the negative gauge pressure dominates. Conversely the maximum positive gauge
pressure is higher than the negative one when a compressional wave is impinged upon the shell.
This observation has a significant practical implication: the likelihood of a cavitation occurrence is
considerably greater when a shear wave is applied. Furthermore, it is more focused spatially with
a higher intensity so that shell’s integrity may also be of concern. The duration of the focused
region on the internal pressure field is delayed in the case of shear incident due to a lower speed
of a shear wave in a granite formation compared with the compressional wave.

The traction stresses of the inner and outer surfaces of the shell are illustrated in the first row
of Figure 4.22 in response to a plane incident wave (the first row) in comparison to an eccentric
pressure source within the encapsulated fluid at rf = 0.4 from the center of the shell (the second
row). These two sources lead to very different wave dynamics at the shell’s surface. The associated
focusing mechanism of the internal pressure is completely different for the eccentric pressure
source. See the contour plots in the first column of Figure 4.22. For example, no significant head
wave formation occurs at the initial interaction unlike the plane compressional incident wave.
Furthermore the associated mode conversions follow different paths in these two cases. The stress
concentration associated with the focusing mechanism within the encapsulated fluid occurs at the
tail region has a much higher intensity for the eccentric pressure source around t ≈ 7. A much
higher stresses concentration, however, happens in the head region when the plane, compressional
wave is the incident. See the contour plots in the second column of Figure 4.22. The concluding
remarks are given next.

4.3 Conclusions
An extensive set of numerical experiments are performed in the this part. A plane incident

wave of longitudinal type is chosen as the main excitation source with a Ricker pulse time de-
pendency. Especial visualization techniques are used through 2D snapshots as well as time-angle
contour plots to better understand the complex nature of the interaction. These qualitative pre-
sentations are followed by a specific set of quantitative arrangement of field’s responses. The effect
of the geometrical parameter, the relative shell wall-thickness, is investigated first. Comprehensive
comparisons are performed for h = 0.02 through h = 0.4. Juxtapositions between h = 0.8 and
h = 0.98 are considered next which are basically a migration to the limiting case of elastic inclusion
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that is not considered at the first part. The significant effect of the relative material properties
of the interacting media is studied subsequently by choosing three different configurations. The
impact of the relative celerity and acoustical impedance are investigated accordingly. Dynamics
of the system in response to an explosive load charge is compared with a Ricker pulse with similar
parameters. Finally brief comparisons are made between different sources of excitation on one
hand and the plane longitudinal incident wavefront on the other hand. These cases includes a
spherical wave of the compressional type, a plane shear wave and an eccentric internal pressure
pulse. The main observations and the associated concluding remarks are listed next.

• Generally absolute maximum value of either negative or positive internal pressure occurs at
the tail region.

• Generally maximum absolute values of the negative gauge pressure is higher than its corre-
sponding positive ones.

• An increase in relative shell wall-thickness leads to a higher intensity of the focal wavefront
in the internal fluid medium if a similar mass of the contained fluid is considered.

• As the shell wall-thickness increases multiple focusing processes occur in the contained fluid.
This is basically due to stronger triple point formation at the inner surface of the shell
transmitting stronger wavefronts into the enclosed fluid.

• Primary focusings of a diffracted wavefront into an inclusion with a flat geometry leads to
two focal points: one with a compressional origin which is followed by a stronger shear type.

• A small fluid or vacuum inclusion within an elastic inclusion acts as an acoustic lens and
focuses the incident waves at the tail region.

• Highly contrasting acoustical properties of the interacting media produces lower level of the
maximum amplitudes of pressures and stresses and, hence, increases the shock resistance
properties of a buried, fluid-filled, spherical shell.

• Presence of small fluid inclusion within a buried hollow sphere leads to a considerably higher
concentration of the refracted acoustical energy in comparison with the solid sphere. This
point can be used in the design of the acoustical lenses within an elastic matrix.

• Shell materials, having higher impedance, release energy more slowly into the contained
fluid, which makes it safer environment for an enclosed instrumentation.

• Similar compressional and shear wave speeds of a shell and its encompassing elastic formation
which are higher than the speed of sound in the shell’s contained fluid can lead to very highly
focused pressures. This phenomena maybe used, in a controlled fashion, to remotely clean
the inner surface of of the shell or for non-destructive testing purposes.

• Large amplitude, negative gauge pressure may be used to forecast the likelihood of damaging
cavitations.

• Incident waves of shear type, generally, lead to a much higher level of acoustical energy
concentration compared with the longitudinal incident waves.

124



Chapter 4. Embedded Sphere: Numerical Results

The high intensity focused pressure regions have obvious destructive potentials, especially due
to likelihood of cavitation occurrence. The consequences, however, can be constructive if it is
used in a controlled way. A focused wavefront can be used, for example, as a remote cleaning
tool for the inner surface of a shell without direct access to the shell’s inside. Furthermore, this
phenomena can be used as a focusing mechanism of ultrasonic beams for the nondestructive testing
applications. Higher impedance of the structure leads to a higher capacity in absorbing acoustical
energy. See, for example, the steel shell in comparison with the aluminum one has considerably
higher strain energy. The best choice in distributing the internal energy happens when the wave
propagation speed within the internal fluid medium is higher than the wave celerity of the external
elastic formation. This situation results in no significant focusing in the wavefronts transmitted
into the external formation as well.
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Figure 4.17: Absolute values of positive and negative gauge pressures (first column) and radial stresses (second
column) within the shell material through the entire spatial domain for a water filled shell (h = 0.24) in response
to a plane compressional incident wave: (1st row) a steel shell in an epoxy formation; (2nd row) an aluminum
shell is embedded in an epoxy formation and (3rd row) steel shell embedded in hard clay formation. The time
dependency of the excitation, f̄(t), is Ricker pulse.
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Figure 4.18: Absolute values of positive and negative gauge pressures through the entire spatial domain for a
water filled steel shell (h = 0.2) embedded in granite in response to a plane compressional incident wave where the
time dependency of the excitation, f̄(t), are (1st column) a Ricker pulse and (2nd column) an explosive load.
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Figure 4.19: Absolute values of compressional and tensile stresses through the entire spatial domain for a water
filled steel shell (h = 0.2) embedded in granite in response to a plane compressional incident wave where the time
dependency of the excitation, f̄(t), are (1st column) a Ricker pulse and (2nd column) an explosive load.
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Figure 4.20: Absolute values of positive and negative gauge pressures through the entire spatial domain for a
water filled steel shell (h = 0.2) embedded in granite in response to a (1st column) plane compressional and (2nd

column) spherical compressional incident wave with r∞=1.5 where the time dependency of the excitation, f̄(t), is a
Ricker pulse.
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Figure 4.21: Absolute values of positive and negative gauge pressures through the entire spatial domain for a water
filled steel shell (h = 0.2) embedded in granite in response to plane (1st column) compressional and (2nd column)
shear incident waves where the time dependency of the excitation, f̄(t), is a Ricker pulse.
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Figure 4.22: Contour plots of the surface pressures (first column) and radial stresses (second column) of a
water filled shell with the wall thickness of h = 0.2 due to a (1st row) plane compressional incident wave and (2nd

row) eccentric pressure pulse in granite formation. The time dependency of the excitation, f̄(t), is Ricker pulse.

131





Chapter 5

On elasto-acoustic of a fluid-filled anisotropic FGM cylin-

drical shell in an acoustical wedge having anisotropic

piezo-FGM coatings I:

Formulations

Fully coupled elasto-acoustic responses of a thick-walled, multi-layered piezo-composite cylin-
drical shell is treated analytically where it is filled with fluid and freely submerged in an

acoustical wedge medium. Plane incident acoustical waves as well as traction forces on either
surfaces of shell are considered as the sources of excitation. The exact theories of linear elasticity
and piezoelectricity are applied to the shell’s material. Acoustic perturbations within internal
and external fluid media are modeled for a compressible fluid within linear domain. A classical
T-Matrix (Transfer Matrix) technique applied first by enforcing the continuity traction boundary
conditions between adjacent assumed sub-layers in a full-space configuration. Subsequently the
global T-Matrix is constructed. The solution to the resulting state-space form are retrieved by
applying a Taylor’s series expansion. Then the classical method of images is utilized to satisfy
exactly the boundary conditions in an acoustical wedge domain. In this process, a translational
addition theorem due to Neumann is required to be applied to cylindrical wave harmonic expan-
sions in terms of Hankel and Bessel functions of the first kind. Two sources of excitation are
considered: an external traction force of either surfaces of the shell as well as an incident plane
acoustical wave. Finally a general solution procedure is used to assemble the global solution. It is
important to note that the current approach is applicable to any fully anisotropic material as well
as radially, axially and circumferentially polarized piezoelectric configurations. The validations
and numerical case studies are given in the companion paper.

5.1 Introduction
Diffraction of waves by cylindrical and spherical objects have been topic of interest of scholars

from the late nineteen century within different branches of fundamental and applied physics such
as electromagnetism, quantum mechanics, geology and acoustics. See, for example, [Rayleigh,
1896,Morse, 1936, Beranek, 1940, Junger, 1952, Knopoff, 1959, De Branges and Rovnyak, 1966,
Balanis, 1999,Faddeev, 1995,Chadan and Sabatier, 2012,Kahnert, 2003,Colton and Kress, 2012].
Applications of acoustic and ultrasonic based methods, however, have been receiving a growing
interest due to their non-ionizing radiations along with the capability of working with significantly
short wavelengths. Practical examples requiring such a forward solver in an acoustical field are
listed below.
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• Medical ultrasound imaging is frequently used in monitoring the growth of a tumor and
soft-tissue organ containing a cyst ( [Foiret et al., 2012,Potsika et al., 2014,Wirgin, 2016]).
This requires a solution to serve as a forward solver kernel of an inversion algorithm, such
as Born approximation. See, for example, ( [Robinson and Greenleaf, 1986]).

• Sonars and underwater acoustics have many applications in fishery. It requires a scattering
analysis of plane waves from a cylindrical body as a forward solver for the corresponding
inversion scheme ( [Clay, 1991]). Design of hydrophones is an area that continues to be using
analytical methods in, for example, configuring effects of nearby baffles on the directional
characteristics of arrays of projectors ( [Gustafson III and Stepanishen, 1981]).

• NDT (Nondestructive Testing) is applied extensively in inspecting pressure vessels and
pipelines through variety of UT (Ultrasonic Testing) techniques such as A-scan, phased
array’s C-scan and guided waves ( [Amir, 2013,Krautkrämer and Krautkrämer, 2013]).

There are many situations which require considering acoustical propagation rather than a full-
space configuration. Exterior acoustic problems are frequently referring to propagation of sources
in half-spaces. Such problems are, for instance, encountered in environmental acoustics design
of noise barriers and require the handling of particular boundary conditions along the related
half-plane. If this plane is either a rigid boundary which enforces a zero normal velocity or a
soft boundary which requires a zero pressure (normal stress) condition ( [Coyette and Van den
Nieuwenhof, 2000]). Large number of studies have been reported on acoustical scattering from
a submerged cylindrical object, however, the current chronological literature review is mostly
focused on analytical or semi-analytical approaches. A brief review is given next on the most
pertinent studies.

[Skidan et al., 1974] utilized the Helmholtz integral approach in conjunction with Fourier
transform to study the harmonic response of an infinite cylindrical shell submerged in an acoustical
medium bonded by an elastic half space. Following, [Shaw, 1975] utilized the boundary integral
equation technique to investigate the scattering of transient acoustical plane waves from a cylinder
with a Gaussian distribution of boundary impedance. Next, [Gustafson III and Stepanishen,
1981] presented a solution for the acoustical multiple scattering of two infinitely long cylindrical
hydrophone bounded by a planar baffle, excited by a harmonic incident plane wave. Later, [Huang,
1981] employed the method of images in the Laplace domain to study the transient scattering of
an incident shock from an elastic shell near a hard surface under a plain strain condition. It
was concluded that the effect of the hard surface is insignificant when the incident wave is of
long duration (narrow-band). Shortly afterwards, [Varadan et al., 1982] used Half-space Green’s
function along with Helmholtz integral to study the effect of acoustical multiple scattering of
submerged objects close to a rigid wall. Furthermore [Alemar et al., 1986b] investigated the
acoustical scattering from a cylindrical fluid obstacle in a denser and a lighter fluid such as water
and air to estimate the attenuation and obtain dispersion curves. Subsequently they considered
the inverse scattering problem of the same configuration to obtain the orientation, dimensions
and material properties of the scatterer in [Alemar et al., 1986a]. [Doolittle et al., 1988] used the
experimental data of the east Australian continental shelf to check the reliability of analytical
method of three dimensional refraction from a wedge shaped acoustical medium in shallow waters
when subjected to a line source parallel to the wedge.
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Boundary Integral Equation (BIE) technique by using a modified Green’s function was ap-
plied by [Seybert and Soenarko, 1988] to investigate the three dimensional radiation and sound
diffraction from arbitrary shape bodies immersed in an acoustical half space. Integrals on the
infinite plane were removed by using a modified Green’s function associated with the Helmholtz
integral. Thus, all discretizations and numerical approximations are confined to the body or ob-
stacle. [Chandra and Thompson, 1992] studied the acoustical scattering from a fluid cylinder with
high compressibility contrast by utilizing the Padé approximates method to speed up the Neu-
mann series’ convergence. Boundary element method (BEM) was employed by [Li et al., 1994]
to study the sound radiation and scattering from an arbitrary shape body in vicinity of infinite
plane with global boundary conditions by using a half-space Green’s function.

An exact solution is proposed by [Buckingham and Tolstoy, 1990] to determine the transmis-
sion loss due to a point source of excitation within an ideal acoustical wedge with pressure release
boundaries. later [Bishop and Smith, 1997] proposed a null-field, T-matrix method to investigate
the acoustic scattering from a motionless elastic cylindrical shell submerged in an isotropic, homo-
geneous acoustical half-space in the vicinity of rough elastic-fluid interface. Concurrently, [Norris
and Osipov, 1997] utilized Sommerfeld integral transform to study interactions between two di-
mensional acoustical waves and semi-infinite wedge shaped elastic plates under the weight of an
ideally compressible fluid. Next [Osipov and Norris, 1999] proposed a solution for the wave scat-
tering within an acoustical wedge when it is subjected to an incident plane wave with arbitrary
impedance boundary conditions. A Sommerfeld integral and the crucial nullification theorem
based on the Malyuzhinets approach was used. Later, The conjugated infinite element and its
associated Green’s function are utilized by [Coyette and Van den Nieuwenhof, 2000] to study the
acoustical phenomena in half-space domains.

[Costa et al., 2011] used BEM and the Method of Fundamental Solution (MFS) to study
the acoustical wave propagation due to a point source within different boundary conditions. The
Green function is defined by utilizing the method of images and normal mode approach to simu-
late different seabed and free surface interface configurations. The 2.5 and 3 dimensional Green’s
functions are used by [Tadeu et al., 2013] to initiate acoustical wave propagation near two di-
mensional acoustical wedges. The applicability of the image source Green’s functions was tested
through numerical case studies involving three-dimensional wave propagation situations. Later,
an exact analytical solution has been presented by [Wen-Yu and Ren-He, 2015] to determine the
three dimensional pressure field excited by a point source in an acoustical wedge shaped medium.
Rigid wall boundary conditions were utilized to approximate the sea floor. [Fawcett, 2014] used
Boundary Integral Equation Method (BIEM) to study the acoustical scattering from a finite, rigid
cylinder near an interface.

The aforementioned literature review, however, suggests that the acoustic scattering of a fully
anisotropic piezo-composite cylindrical shell which is freely submerged in an acoustical wedge is
yet to be addressed. Subsequently, specific highlights and novelties of the current work are listed
next.

• (i) scattering and radiation of acoustical incident waves from a fluid-filled and submerged
shell which is located within an acoustical wedge is considered for the first time with the
exact theory of linear elasticity;
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• (ii) Fully coupled piezoelectric coatings with exact theory of linear piezoelasticity are in-
cluded in this configuration.

• (iii) The proposed method is capable of handling full anisotropy of the shell’s elastic core
and its piezoelectric coatings.

• (iv) Any radially functionally graded profile of the shell’s core materials can be treated
accordingly.

• (v) Different piezoelectric orientations including radially, axially and circumferentially po-
larized are within the scope of the proposed approach.

The main objective of the current work is to investigate an analytical solution procedure for
three dimensional sound radiation and diffraction from an arbitrary thick-walled, fluid-filled piezo-
composite layered cylindrical shell submerged in an acoustical wedge-shaped medium. Two sources
of excitation are considered which are an oblique incident plane wave and a normal traction force
on the shell’s either surfaces. The solution is obtained by using a transfer matrix technique along
with the method of images. The developed procedures can be utilized as a reliable benchmark to
validate the accuracy of other semi-analytical or numerical techniques.

The specific organization of this paper is outlined as follows. The mathematical modelling
section is developed based on the theory of linear piezoelasticity and acoustical phenomena. This
includes the constitutive relations, kinematic assumptions, conservation laws, traction boundaries,
solution assembly and ultimate transfer matrix in solid media. The method of images is employed
so the shell’s traction boundary conditions can be satisfied exactly after which the excitation
source are described. Assembly of the ultimate solution are given lastly. The validations of the
current work and numerical results for different configurations are given in a companion paper.

5.2 Mathematical Developments
A detailed description of the problem for the associated general configuration of interest is

given first. The coupled electro-mechanical domain solutions is performed first in a full-space
configuration. The full-space solution, then, is extended to a generalized wedge domain by using
the appropriate translational addition theorems.

5.2.1 Problem Description
A three dimensions schematic of a three-layered, hollow FGM cylindrical shell is depicted in

Figure 5.1 subjected to traction forces and oblique incident waves. The shell composed of an
anisotropic FGM core layer with overall thickness of hel = ra − rs which is perfectly connected
to its inner and outer FGPM (functionally graded piezoelectric material) sensor/actuator layers
with total thickness of hs = rs − rin and ha = rex − ra, respectively. This composite shell
is assumed to be plunged into a perfectly compressible wedge-shaped acoustical medium with
the density and sound velocity of ρex and cex, respectively. The shell is filled with another
compressible fluid having density and celerity of ρin and cin, respectively. This structure is excited
by an arbitrary non-axisymmetric, radial mechanical forces at its internal fin and/or external fex
surfaces. Furthermore this system can be subjected to an oblique incidence plane wave with an
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Figure 5.1: Problem Configuration.

arbitrary angle of α as illustrated in Figure 5.1. A Fourier transform is applied invariably to all
time variables Λ̃(t) throughout, such that

Λ(ω) =
1√
2π

∫ ∞
−∞

Λ̃(t)eiωtdt

where the Λ and ω denotes the Fourier transformed of Λ̃ and circular frequency, respectively.
Furthermore i =

√
−1.

5.2.2 Structural Modelling: Elasticity and Piezoelasticity
5.2.2.1 Constitutive Relations

Anisotropic constitutive relations for piezoelasticity within the linear domain is ( [Chopra and
Sirohi, 2013])

σpzij = Cpzijklε
pz
kl − eijkEk, (5.1a)

Di = eiklε
pz
kl + κijEj (5.1b)

where eijk is third order dielectric permittivity tensor having upto 18 independent components.
Moreover Cpzijkl and κij are the fourth order stiffness and second order dielectric permittivity
tensors, respectively when the permittivity is measured under a zero strain and electric fields con-
dition. They can have maximum of 21 and 6 independent parameters in a triclinic orientation. The
number of the associated independent constants, however, are reduced to 9, 5 and 3 correspond-
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ing to the fourth order elastic, third order piezoelectric and second order dielectric permittivity
tensors, respectively for an orthotropic arrangement. The number of independent constants of an
orthotropic piezoelectric material are reduced further to 4, 3 and 2 , respectively, in a plain strain
situation. The expanded matrix form of Equation 5.1 for an orthotropic orientation are given in
Equation G.1 and Equation G.2. Furthermore, the σpzij and εpzij denote the Green-Cauchy stress
and strain tensors whereas the Ei and Di specify the electrical field and electrical displacement
vectors, respectively. The electrical field Ei can be defined by using an electrical potential, φ, so
that

Ei = −φ,i (5.2)

where ,i ≡
−→
∇ is the forward gradient operator in cylindrical coordinates which is given in

Equation H.1. The constitutive relation of a purely elastic material, on the other hand, can be
deduced from Equation 5.1a, such that

σelij = Celijklε
el
kl (5.3)

where Celijkl is the fourth order elastic tensor with 21 independent parameters in a triclinic crystal.
An orthotropic material, however, is specified by only 9 independent constants. This number
is reduced to 4 for a plain strain situation. The expanded matrix form of Equation 5.3 for an
orthotropic elastic orientation is given in Equation G.3. Kinematic assumptions are defined next.

5.2.2.2 Kinematic Assumptions

The Green-Cauchy strain tensor εij is

εij =
1

2
(ui,j + uj,i + ui,j uj,i) (5.4)

where ,i ≡
−→
∇ and ,j ≡

←−
∇ are the forward and backward Nabla operators. This tensor is

linearized if the third term in Equation 5.4 is neglected for infinitesimal deformations ui, such
that

εij =
1

2
(ui,j + uj,i). (5.5)

Hence, the εij represents both of εpzij and εelij . The expanded matrix form of Equation 5.5 is given
in Equation H.2. The necessary conservation laws are employed next.

5.2.2.3 Conservation Laws

Conservation of linear momentum in the differential form is

σij,j + fi − ρüi = 0 (5.6)

where fi, ρ and üi are a body force, unperturbed material density and the Lagrangian particle
acceleration, respectively. The first term, divergence of stress tensor which is determined by inner
product of the second order stress tensor with the cylindrical gradient operator. This is given
in Equation H.1. This equation remains valid for both purely linear elastic and piezo-elastic
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materials. In other words, σij denotes σ
el
ij as well as σ

pz
ij and similarly ρ specifies ρel and ρpz. The

expanded form of Equation 5.6 can be found in Equation I.1.
The electrostatic charge equilibrium of a piezoelectric material can be expressed as

Di,i = Qf (5.7)

where Qf is the free charge density. Hence the equilibrium conditions for a piezoelectric material
are satisfied by implementation of both of Equation 5.6 and Equation 5.7. The expanded form of
Equation 5.7 is given in Equation I.2.

5.2.2.4 Traction Boundaries
Continuities of traction force (ti) and displacement (ui) vectors are required by mechanical

boundary conditions. The traction force can be defined as

ti = σijnj (5.8)

where ti and ni are the Cauchy stress vector at a traction surface and unit-length direction vector,
respectively.

The mixed electrical and mechanical boundary conditions, when perfect bounding is assumed,
require the continuities of displacement ui, traction force ti, electric potential φi and the electrical
displacement Di. The en ≡ er if the z-axis and the shell’s centre-line coincide. So that

t = σrrer + σrθeθ + σrzez (5.9)

where en is the unit vector in the normal direction to a traction surface.

5.2.3 Solution Assembly in Solid Media
The field’s variables can be expanded in terms of trigonometric functions in the circumferential

θ and axial z directions in a cylindrical coordinate, such that

Vi =

∞∑
n=−∞

Vi
ne
i(ωt+nθ−kzz), i = pz, el (5.10)

in which Vel ≡ Vel(r, θ, z, ω) and Vpz ≡ Vpz(r, θ, z, ω) are spatial state vectors associated with
the purely elastic and piezoelectric layers, respectively. Furthermore ω, n and kz are angular
frequency, circumferential and axial wave number, respectively. In the plain strain case, however,
kz = 0. The components of modal state-space vectors of Vel

n (r, ω) and Vpz
n (r, ω), are

Vel
n (r, ω) =



uelr,n(r, ω)

uelθ,n(r, ω)

uelz,n(r, ω)

σelrr,n(r, ω)

σelrθ,n(r, ω)

σelrz,n(r, ω)


and Vpz

n (r, ω) =



upzr,n(r, ω)

upzθ,n(r, ω)

upzz,n(r, ω)

σpzrr,n(r, ω)

σpzrθ,n(r, ω)

σpzrz,n(r, ω)

Dr,n(r, ω)

φn(r, ω)



. (5.11)
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Hence the variables in the z direction vanish in the case of a plain strain situation. After performing
monotonous algebraic manipulations associated with substituting modal expanded forms provided
in Equation 5.11 into the Equation 5.1, Equation 5.2, Equation 5.3, Equation 5.5, Equation 5.6
and Equation 5.7 along with the employing of the trigonometric functions’ orthogonality in the
absence of any electrical charge density or body force, fi = Qf = 0, modal components of the
state space become

dVel
n (r, ω)

dr
= Gel

n (r, ω)Vel
n (r, ω), n = −∞, ...,−1, 0, 1, ...,+∞ (5.12a)

dVpz
n (r, ω)

dr
= Gpz

n (r, ω)Vpz
n (r, ω), n = −∞, ...,−1, 0, 1, ...,+∞. (5.12b)

The Gel
n (r, ω) and Gpz

n (r, ω) are 6×6 and 8×8 modal coefficient matrices whose elements are given
in, respectively, Equation J.1 and Equation J.2. In the plain strain situation, however, Gel

n (r, ω)

and Gpz
n (r, ω) are 4× 4 and 6× 6 matrices.

A closed form solution of Equation 5.12 is intricate as the material property varies radially with
a general profile. Alternatively an assumed laminated model is used to approximate the continuous
variations with small step changes. See, for example, [Ding and Chen, 2001]. Accordingly each
elastic and piezoelectric actual layers are assumed to be composed of nel, ns and na perfectly
bonded sub-layers with equal thicknesses of ĥel = (ra − rs)/nel, ĥs = (rs − rin)/ns and ĥa =

(rout− ra)/na, respectively. Each sub-layer is assumed to have constant values at its mid-surfaces
r̄k = (rk + rk−1)/2. This is a reasonable approximation when sub-layers are taken to be very thin,
ĥ� 1. Consequently the solution of Equation 5.12 for each sub-layer, simply, turns into

Vel
n (r, ω) = e

(
(r−rk−1)Gel

n (r̄k,ω)
)
Vel
n (rk−1, ω), rk−1 ≤ r ≤ rk (5.13a)

rk−1 = rs + (k − 1)ĥel , rk = rs + kĥel k = 1, 2, ..., nel,

Vs
n(r, ω) = e((r−rk−1)Gs

n(r̄k,ω))Vs
n(rk−1, ω), rk−1 ≤ r ≤ rk (5.13b)

rk−1 = rin + (k − 1)ĥs , rk = rin + kĥs, k = 1, 2, ..., ns,

and

Va
n(r, ω) = e((r−rk−1)Ga

n(r̄k,ω))Va
n(rk−1, ω), rk−1 ≤ r ≤ rk (5.13c)

rk−1 = ra + (k − 1)ĥa , rk = ra + kĥa, k = 1, 2, ..., na.

The last equations for the kth sub-layer becomes

Vel
n (rk, ω) = e

(
Gel
n (r̄k,ω)ĥel

)
Vel
n (rk−1, ω), (5.14a)

Vs
n(rk, ω) = e(G

s
n(r̄k,ω)ĥs)Vs

n(rk−1, ω) and (5.14b)

Va
n(rk, ω) = e(G

a
n(r̄k,ω)ĥa)Va

n(rk−1, ω). (5.14c)

Global T-matrices are achieved, subsequently, when the continuity of the sate-space vector Vi
n is

satisfied for all actual and imaginary interfaces. Then, global transfer matrices relate the Vi
n at
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the outer and inner surfaces, Tn. Thus

Vel
n (ra, ω) = Tel

n (ω)Vel
n (rs, ω), (5.15a)

Tel
n (ω) =

nel∏
k=1

e

(
Gel
n (r̄k,ω)ĥel

)
, (5.15b)

in the core elastic layer, whereas

Vs
n(rs, ω) = Ts

n(ω)Vs
n(rin, ω), (5.15c)

Ts
n(ω) =

ns∏
k=1

e(G
s
n(r̄k,ω)ĥs), (5.15d)

Va
n(rex, ω) = Ta

n(ω)Va
n(ra, ω), (5.15e)

Ta
n(ω) =

na∏
k=1

e(G
a
n(r̄k,ω)ĥa), (5.15f)

for the piezoelectric coatings in which Tel
n (ω), Ts

n(ω) and Ta
n(ω) are 6×6, 8×8 and 8×8 matrices,

respectively. However, Tel
n (ω), Ts

n(ω) and Ta
n(ω) are 4× 4, 6× 6 and 6× 6 matrices, respectively,

when a plain strain assumption is made. In the next section the assembly of the ultimate transfer
matrix will be discussed.

5.2.4 Assembly of The Ultimate Transfer Matrix

The elastic core and the piezoelectric layer are assumed to be perfectly bounded such that

uelr,n(rk, ω)

uelθ,n(rk, ω)

uelz,n(rk, ω)

σelrr,n(rk, ω)

σelrθ,n(rk, ω)

σelrz,n(rk, ω)


=



ukr,n(rk, ω)

ukθ,n(rk, ω)

ukz,n(rk, ω)

σkrr,n(rk, ω)

σkrθ,n(rk, ω)

σkrz,n(rk, ω)


where k = s, a (5.16)

Field’s variables in the z direction can be taken out for an axisymmetric situation. A modal
8 × 8 transfer matrix, Sn, is emerged by applying the perfect bonding conditions at both core’s
interfaces with FGPM coatings, r = rs, ra, such that

Van(rex, ω) = Sn(ω)Xn(ω), (5.17)

in which

Sn(ω) = [Ta
n(ω)(:, 1 : 6)Tel

n (ω) Ta
n(ω)(:, 7 : 8)],
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and

Xn(ω) =


Vel
n (rs, ω)

Da
r,n(ra, ω)

φan(ra, ω).


The Ta

n(ω)(:, 1 : 6) contains only the first six columns of Ta
n(ω) whereas Ta

n(ω)(:, 7 : 8) includes
only the last two columns of Ta

n(ω). Similarly, the ultimate transfer matrix,Wn(8×8), is obtained
by enforcing the traction boundaries at the inner and outer radii (r = rin, rex) with the contained
and containing fluids, such that

Yn(w) = Wn(ω)Rn(ω), n = −∞, ..., 0, ...,+∞ (5.18)

where

Wn(ω) =

(
Sn(ω)(:, 1 : 6)Ts

n(ω)(1 : 6, :) Sn(ω)(:, 7 : 8)

Ts
n(ω)(7 : 8, :) 02×2

)
,

Yn(w) =


Va
n(rex, ω)

Ds
r,n(rs, ω)

φsn(rs, ω)


and

Rn(w) =


Vs
n(rin, ω)

Da
r,n(ra, ω)

φan(ra, ω)

 .

Hence, the Ts
n(ω)(7 : 8, :) contains only the last two rows of Ts

n(ω).

Distribution of material properties through the thickness of a FGM is given by so called
Combination Law. See, for example, [Jiangong et al., 2009]. Accordingly an effective material
property, k%st, at k−th layer can be defined with respect to the layer’s mid-surface at r = r̄k.
Such that

k%st = kV st
(
in%st

)
+
[
1− kV st

] (
ex%st

)
, st = {el, s and a} (5.19)

where

k%st ≡ %st|r=r̄k ,
in%st ≡ %st|r=rin ,

ex%st ≡ %st|r=rex ,

in which kV st is a volume fraction whereas % can be any of Cstij , ρ
st, eij or εij . Mathematical

descriptions of the various loading sources are given next.

5.2.5 Excitation Sources

The excitation sources are divided to the oblique incident plane waves and the traction forces.
The plane incident wave is discussed first.
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5.2.5.1 Oblique Incident Plane Wave

An acoustical incident plane wave with an arbitrary angle α impinges on the infinite cylinder
depicted in Figure 5.1. All derivations, hence forth, are carried out in the cylindrical coordinate
(r, θ, z). An arbitrary incident plane wave is expressed as ( [Huang, 1970])

p̃inc(rj , θj , zj , t) = g̃

(
rjcosθj − rex

cex
+ t

)
H

(
rjcosθj − rex

cex
+ t

)
(5.20)

if it strikes the vertex of the shell at (r = rex, θ = 0) first. The j = 1, 2, ..., k, and k is the
number of imaginary sinks and sources. Furthermore g̃(t), H (x) and cex are a harmonic function
of excitation, Heaviside function and the speed of sound in the external domain, respectively. The
Fourier expansion of this incident wave is

pinc(rj , θj , zj , ω) =
∞∑
n=0

pincj,n (rj , ω)ei(ωt+nθj−k
ex
z zj) (5.21)

in which its modal components, pincj,n , are

pincj,n (rj , ω) = p0i
nJn(kexr rj) (5.22)

that

kexr = kexcos(α), kexz = kexsin(α) and kex =
ω

cex

where p0 and α are the incident wave’s amplitude and the angle of the incidence with respect to
zj axis. The traction forces are discussed next as the source of excitation.

5.2.5.2 Traction Forces

The normal loads applied at the inner or outer surfaces of the shell are expanded as

f jk(θ, ω) =

∞∑
n=−∞

f j,kn (ω)einθ, at r = rk (5.23)

where

f j,kn (ω) =
1

2π

∫ π

−π
fk(θ, ω)e−inθdθ

in which k = in, ex. Acoustical phenomena within the fluid media is addressed as follows.

5.2.6 Fluid Media

The acoustical pressure perturbation, p(r, θ, z, ω), generated within the internal or external
fluid is governed by Equation A.2 of Appendix A. Its solution by using a Fourier expansion
becomes

p(r, θ, z, ω) =
∞∑

n=−∞
pn(r, ω)ei(ωt+nθ−k

i
zz). (5.24)
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Inserting Equation 5.24 into Equation A.2 yields

d2pn

dr2 +
1

r

dpn
dr
− n2

r2 pn = α2
i pn, i = in, sct, inc, ex (5.25)

where αi =

√
k2
z − (ω/ci)

2 and pn ≡ pn(r, ω) is the nth modal component of the acoustical
pressure. Hence, the wave number in the z direction in both internal and external fluid domains
shall be matched, kz = kinz = kexz , because all travelling waves are driven by the plane incident
wave. See, for example, [Yuan et al., 2012]. Moreover in, sct, inc and ex refer to internal, scattered,
incident and total external pressures, respectively. Solutions of Equation 5.25 must be bounded
as (i) r →∞ for the scattered/radiated pressure field in the fluid surrounding the shell (psct) and
(ii) as r → 0 for the radiated pressure in the contained fluid (pin). See, for example, [Junger and
Feit, 1986]. Consequently

pinn (rj , ω) = P inj,n(ω)Jn(kinr rj) and (5.26a)

psctn (rj , ω) = P sctj,n (ω)Hn(kexr rj) (5.26b)

in which kinr =

√
(ω/cin)2 − k2

z and cin is the speed of sound in the encapsulated fluid. Moreover
Jn(r) and Hn(r) are Bessel and Hankel functions of the first kind, respectively. The P inj,n and P sctj,n

are nth unknown modal coefficients determined by applying the appropriate boundary conditions.
The total acoustical pressure within the containing fluid, pex, is the sum of the incident term by
generated scattered waves. They are given by Equation 5.22 and Equation 5.26b, respectively.
Then the external pressure is

pexj,n(rj , ω) = p0i
nJn(kexr rj) + P sctj,n (ω)Hn(kexr rj). (5.27)

The corresponding fluid’s particle displacement, u, are determined by substituting the acoustical
pressure found from Equation 5.26a and Equation 5.27 into Equation A.1b in the frequency
domain. Then, the radial component of u within internal and external fluids becomes

uij,n(rj , ω) =
1

ω2ρi

∂pij,n(rj , ω)

∂rj
, i = in, ex. (5.28)

Subsequently the modal components of the internal fluid’s particle displacement by substituting
Equation 5.26a into Equation 5.28 turns into

uinj,n(rj , ω) =
P inj,n(ω)J ′n(kinr rj)

ω2ρin
(5.29)

where “ ′” indicates differentiation with respect to the radial coordinate system. Hence these
solutions are valid only for a full space configuration with the coordinate centered at Oj . However,
the surrounding fluid field in presence of wedge’s walls shall be treated differently. A translational
addition theorem is required to be applied within a method of images to take into account for the
exact effects of the walls.
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Figure 5.2: Shell position, loading configuration, and measurement points.
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Figure 3: Illustrating description of an arbitrary point A with respect to a coordinate
origin at Oj and Oλ where dλj is the distance between to centers. The z axis coordinate

distinguished by j is translated to the one of λ by using the vector rλj ≡
−−−→
OjOλ(|rλj | =

dλj), while all the axes remain parallel. z axes are perpendicular and outward with respect
to the current plane.

parallel. Then the Fourier expansion of each incident and scattered values
in terms of cylindrical harmonics of λth frame are expressed in terms of the
harmonics of the frame centered at Oj by using a translational addition the-
orem in three dimensional. The corresponding geometry of this translational
addition theorem is depicted in Figure 3.

Hence all compensatory imaginary sources must be placed outside the
real domain of (lO′m′) as as specified in Figure 2. A mirror image is consid-
ered at a same distance from a wall as its real source. One should note that
a sink or a source are chosen when the wall can be assumed as compliant or
rigid, respectively.

Cylindrical wave functions must be expressed in terms of multi-cylindrical
coordinate systems of (rλ, θλ), λ = 1, 2, 3, ..., k before applying boundary
conditions at wall surfaces. In other words, any expansions of a quantity
at A shall be expressed in terms of cylindrical harmonics with the its ori-
gin at Oλ as illustrates schematically in Figure 3. This task is possible
through the application of the Numman’s translational addition theorem in
frequency domain for Hankel fuction of first kind, such that

Hn(krλ)einθλ =
∞∑

m=−∞
Jm(krj)Hn−m(kdλj)e

i[(n−m)θλj+mθj ] (λ 6= j) (30)

where θλj is the angle betweenOλOj and the xλ which is the axis of Cartesian

18

Figure 5.3: Illustrating description of an arbitrary point A with respect to a coordinate origin at Oj and Oλ where
dλj is the distance between to centers. The z axis coordinate distinguished by j is translated to the one of λ by
using the vector rλj ≡ OjOλ(|rλj |= dλj), while all the axes remain parallel. z axes are perpendicular and outward
with respect to the current plane.

5.2.7 Wedge Domain: Method of Images
An analytical description of total field responses requires an appropriate treatment of exact

boundary conditions at the wedge’s surfaces through the classical method of images. This tech-
nique uses imaginary sinks and sources within the imaginary acoustical field to satisfy boundary
conditions at the wedge surfaces. Accordingly an imaginary out-of-plane source is assumed at
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an equal distance from a wall as a real source. Such a situation is illustrated in Figure 5.2 for a
wedge angle of π/4. First an appropriate configuration of images shall be chosen. A coordinate
frame is allocated to each imaginary shell at its center in a way that the axes of all correspond-
ing Cartesian frames remain parallel. Then the Fourier expansion of each incident and scattered
values in terms of cylindrical harmonics of λth frame are expressed in terms of the harmonics of
the frame centered at Oj by using a translational addition theorem. The corresponding geometry
of this translational addition theorem is depicted in Figure 5.3.

Hence all compensatory imaginary sources must be placed outside the real domain of (lO′m′)

as as specified in Figure 5.2. A mirror image is considered at a same distance from a wall as its
real source. One should note that a sink or a source are chosen when the wall can be assumed as
compliant or rigid, respectively.

Cylindrical wave functions must be expressed in terms of multi-cylindrical coordinate systems
of (rλ, θλ), λ = 1, 2, 3, ..., k before applying boundary conditions at wall surfaces. In other words,
any expansions of a field variable at A shall be expressed in terms of cylindrical harmonics with
its origin at Oλ. This situation is illustrated schematically in Figure 5.3. This task is possible
through the application of the Numman’s translational addition theorem in the frequency domain
for Hankel function of first kind, such that

Hn(krλ)einθλ =

∞∑
m=−∞

Jm(krj)Hn−m(kdλj)e
i[(n−m)θλj+mθj ] (λ 6= j). (5.30)

The θλj is the angle between OλOj and the xλ which is the axis of Cartesian coordinate with
the origin at Oλ. Furthermore dλj is the absolute distance between origins Oλ and Oj . These
geometrical parameters are illustrated in Figure 5.3. See, for example, [Olver, 2010, § 10.23.2]
and [Ivanov, 1970]. Subsequently the cylindrical wave harmonics of outgoing reflected pressure
waves in the coordinate (rλ, θλ, zλ) can be expressed in terms of those in (rj , θj , zj), (λ, j =

1, 2, 3, ..., k;λ 6= j) coordinates. Consequently Equation 5.26b turns into

psctλ,j =ei(ωt−k
z
z)

∞∑
n,m

P sctλ,m(ω)

Hm−n(kexr dλj)Jn(kexr rj)e
i[(m−n)θλj+nθj ], dλj > rj

Hm−n(kexr rj)Jn(kexr dλj)e
i[(m−n)θj+nθλj ], dλj < rj

(5.31)

with application of Equation 5.30 in which piλ,j ≡ piλ(rj , θj , zj , ω) where i = sct, inc, ex, in and
∞∑
n,m

≡
∞∑

n=−∞

∞∑
n=−∞

. Furthermore P sctλ,m(ω) is the modal coordinate associated with cylindrical

coordinate “λ”. A similar procedure can be found in [Ivanov, 1970] and [Hasheminejad and
Alibakhshi, 2006].

Moreover the λ-th incident wave corresponding to the λ coordinate system is required to
be expressed in terms of the cylindrical harmonics at j-th coordinate system. Consequently,
by Neumann’s addition theorem for Bessel functions of the first kind as given in [Olver, 2010,
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§ 10.23.2], any real or imaginary incident wave turns into

pincλ,j =
∞∑

n=−∞
inJn(kexr rj)e

−inβλe−ik
ex
r dλjcos(βj−θλj)ei(ωt+nθj−k

in
z z) (5.32)

in which

P incj,n = inJn(kexr rj)e
−inβλe−ik

ex
r dλjcos(βj−θλj) (5.33)

where j, λ=1,2, and β1 = ψ+ π, β2 = −ψ, ψ is an incident angle as shown in Figure 5.1. The θλj
is the angle between OλOj and the xλ whereas dλj is the absolute distance between origins Oλ
and Oj . Obviously dλj = 0 if λ = j. See the schematic presentation given in Figure 5.3.

Hence the total acoustical pressure at any given point within the acoustical wedge medium
is the summation of all scattered and incident terms due to all real and imaginary sources and
sinks. See, for example, Figure 5.2. Thereby, the total external acoustical pressure, in terms of
(rj , θj , zj), becomes

pexj = psctj,j +
k∑

λ=1,λ 6=j
psctλ,j +

k∑
λ=1

pincλ,j (5.34)

in which

psctj,j =

∞∑
n=−∞

P sctj,n (ω)Hn(kexr rj)e
i(ωt+nθj−k

ex
z zj). (5.35)

The corresponding modal components of the total external pressure given in Equation 5.34 turns
into

pexj,n(rj , ω) = P sctj,n (ω)Hn(kexr rj)+

k∑
λ=1

inJn(kexr rj)e
−inβλe−ik

ex
r dλjcos(βj−θλj) +

k∑
λ=1,λ 6=j

∞∑
m=−∞

P sctλ,m(ω)

Hm−n(kexr dλj)Jn(kexr rj)e
i[(m−n)θλj+nθj ], dλj > rj

Hm−n(kexr rj)Jn(kexr dλj)e
i[(m−n)θj+nθλj ], dλj < rj

(5.36)

by using Equation 5.33 and Equation 5.31. Fluid particle displacements are deduced from the
corresponding acoustical pressures simply by using Equation 5.28. So that

uexj,n(rj , ω) =
1

ω2ρex
(P sctj,n (ω)H ′n(kexr rj)+

k∑
λ=1

inJ ′n(kexr rj)e
−inβλe−ik

ex
r dλjcos(βj−θλj)) +

1

ω2ρex

k∑
λ=1,λ 6=j

∞∑
m=−∞

P sctλ,m(ω)

Hm−n(kexr dλj)J
′
n(kexr rj)e

i[(m−n)θλj+nθj ], dλj > rj

H ′m−n(kexr rj)Jn(kexr dλj)e
i[(m−n)θj+nθλj ], dλj < rj

(5.37)

Application of the pertinent boundary conditions at the shell’s inner and outer surfaces is presented
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next.

5.2.8 Shell’s Traction Boundary Conditions

Continuities at traction surfaces are applied to the Cauchy stress vector tr = (σrr, σrz, σrθ)
T

and only the radial component of displacement vector ur, such that
uk,(j)r,n (rk, ω)

σk,(j)rr,n (rk, ω)− βf j,kn (ω)

σ
k,(j)
rθ,n (rk, ω)

σk,(j)rz,n (rk, ω)

 =


ukj,n(rk, ω)

βpkj,n(rk, ω)

0

0

 (5.38)

where k = in, ex and β = 1 for k = in whereas β = −1 once k = ex. Electrical boundary
conditions of being short-circuited in the FGPM sensor and actuator layers are

φn(rj , ω) = 0 at rj = rin, rs, ra and rex . (5.39)

See, for example, [Bian et al., 2006].

Finally, by direct implementation of mechanical and electrical boundary conditions Equa-
tion 5.38 and Equation 5.39 into the ultimate transfer matrix Equation 5.18, after some tedious
rearrangement, one can obtain the following matrix form for the transformed modal coefficients,
such that

Ax = B (5.40)

where

x = [..., u
in,(j)
r,−1 , u

in,(j)
r,0 , u

in,(j)
r,+1 , ..., u

in,(j)
θ,−1 , u

in,(j)
θ,0 , u

in,(j)
θ,+1 , ..., u

in,(j)
z,−1 , u

in,(j)
z,0 , u

in,(j)
z,+1 ,

..., σ
in,(j)
rr,−1 , σ

in,(j)
rr,0 , σ

in,(j)
rr,+1 , ..., σ

in,(j)
rθ,−1, σ

in,(j)
rθ,0 , σ

in,(j)
rθ,+1, ..., σ

in,(j)
rz,−1, σ

in,(j)
rz,0 , σ

in,(j)
rz,+1, ..., p

in
j,-1

, pinj,0, p
in
j,1, ...,

r=rin︷ ︸︸ ︷
Dj
r,−1, D

j
r,0, D

j
r,+1, ...,

r=rs︷ ︸︸ ︷
Dj
r,−1, D

j
r,0, D

j
r,+1, ..., u

out,(j)
r,−1 , u

out,(j)
r,0 , u

out,(j)
r,+1 ,

..., u
out,(j)
θ,−1 , u

out,(j)
θ,0 , u

out,(j)
θ,+1 , ..., u

out,(j)
z,−1 , u

out,(j)
z,0 , u

out,(j)
z,+1 , ..., σ

out,(j)
rr,−1 , σ

out,(j)
rr,0 , σ

out,(j)
rr,+1 ,

..., σ
out,(j)
rθ,−1 , σ

out,(j)
rθ,0 , σ

out,(j)
rθ,+1 , ..., σ

out,(j)
rz,−1 , σ

out,(j)
rz,0 , σ

out,(j)
rz,+1 , ..., p

sct
j,-1, p

sct
j,0 , p

sct
j,1 , ...,

r=ra︷ ︸︸ ︷
Dj
r,−1, D

j
r,0, D

j
r,+1, ...,

r=rex︷ ︸︸ ︷
Dj
r,−1, D

j
r,0, D

j
r,+1, ..., ]

T

and
B = [..., pincj,−1 + f

(j),ex
−1 , pincj,0 + f

(j),ex
0 , pincj,1 + f

(j),ex
1 , ..., f

(j),in
−1 , f

(j),in
0 , f

(j),in
1 ...]T .
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However x turns into

x = [ ..., u
in,(j)
r,−1 , u

in,(j)
r,0 , u

in,(j)
r,+1 , ..., u

in,(j)
θ,−1 , u

in,(j)
θ,0 , u

in,(j)
θ,+1 , ..., σ

in,(j)
rr,−1 , σ

in,(j)
rr,0 , σ

in,(j)
rr,+1 ,

..., σ
in,(j)
rθ,−1, σ

in,(j)
rθ,0 , σ

in,(j)
rθ,+1, ..., u

out,(j)
r,−1 , u

out,(j)
r,0 , u

out,(j)
r,+1 , ..., u

out,(j)
θ,−1 , u

out,(j)
θ,0 , u

out,(j)
θ,+1 , ...

, pinj,-1, p
in
j,0, p

in
j,1, ...,

r=rin︷ ︸︸ ︷
Dj
r,−1, D

j
r,0, D

j
r,+1, ...,

r=rs︷ ︸︸ ︷
Dj
r,−1, D

j
r,0, D

j
r,+1, ...,

r=ra︷ ︸︸ ︷
Dj
r,−1, D

j
r,0, D

j
r,+1,

...,

r=rex︷ ︸︸ ︷
Dj
r,−1, D

j
r,0, D

j
r,+1, ..., p

sct
j,-1, p

sct
j,0 , p

sct
j,1 , ..., σ

out,(j)
rr,−1 , σ

out,(j)
rr,0 , σ

out,(j)
rr,+1 , ..., σ

out,(j)
rθ,−1 ,

, σ
out,(j)
rθ,0 σ

out,(j)
rθ,+1 , ...]

T

in a plain strain situation. The solution is completed here. Concluding remarks are given next.

5.3 Conclusions
A fluid-filled, anisotropic cylindrical shell is considered which is submerged in an acoustical

wedge. The shell composed of three graded triclinic layers in which the inner and outer layers are
piezoelectric. The system can be excited with a plane acoustical wave or a surface traction force(s)
in the frequency domain. The solution to the system’s response is investigated analytically. A
classical transfer matrix approach is applied to the shell in the full-space to assemble the global
T-Matrix. A Taylor’s series approximation is applied to find a closed form solution in full-space.
The classical method of images through a translational addition theorem is utilized to enforce
the pertinent boundary conditions at the wedge’s surfaces. The proposed model is capable of
handling any wedge angle of α = 2π/n where n is a natural number simply by assuming a proper
configuration of imaginary sinks and sources. Furthermore the solution is applicable to any level
of anisotropy in the shell’s core material as well as different piezoelectric polarization of its inner
and outer layers. Numerical verification of the current solutions against FEM simulations along
with the number of numerical experiments are given in a companion paper.
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Chapter 6

On elasto-acoustic of a fluid-filled anisotropic FGM cylin-

drical shell in an acoustical wedge having anisotropic

piezo-FGM coatings II:

Numerical Results

Theoretical developments associated with elasto-acoustic of an anisotropic cylindrical shell
in an acoustical wedge is given in the first companion paper. The reliability of the pro-

posed solutions and associated computer codes are cross-checked rigorously with the results of a
multi-physics, commercial FE (Finite Element) package. Comparisons and validations are per-
formed when the shell is excited by a concentrated traction force or a plane acoustical incident
wave. Numerical case studies are carried out for an oil-filled shell which is submerged in seawater
for various FGM (Functionally Graded Material) and FGPM (Functionally Graded Piezoelectric
Material) shell’s material profiles. Effects of material properties’ profile, wedge angle as well as
the excitation’s sources and frequencies are investigated on the system’s harmonic response. The
selected excitation sources are a plane incident wave and mechanical traction forces with three
different configurations in distribution of the surface forces. Three acoustical wedge angles of π
(half-space), π/2 (quarter-space) and π/4 are examined. Specific emphasis is given to quarter- and
half- space configurations due to their wider range of applications. Moreover two arrangements of
shell’s layers are considered which includes a two layered FGPM-FGM and a three layered FGPM-
FGM-FGPM shells. Furthermore, three different graded profiles for each of the FGM and FGPM
layers are chosen. The corresponding radial variations have metal-rich, ceramic-rich and linear
profiles. Effects of this cylindrical obstacle and wedge’s walls on the spatial distribution of acous-
tical pressure field are investigated. Physical phenomena of practical importance are observed
such as the focusing of acoustical energy when a wave is incident on a shell.

Introduction
The mathematical formulations for elasto-acoustic response of a fluid-filled anisotropic cylin-

drical shell submerged in an acoustical wedge is detailed in the first part of this paper. This
part, however, has two specific objectives. The first one is to validate the proposed solutions and
associated computer codes with a commercial FE package. The second objective is about con-
ducting a number of numerical experiments for a variety of material, excitation and geometrical
configurations. Specific highlights of this part are listed next.

• High level of agreement between the results of FEM with the outputs of the current codes
are observed especially at relatively low frequencies.
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• FEM results at higher frequencies becomes very expensive and numerically unstable whereas
the proposed approach remains stable.

• Computational challenges with the infinite domains are non-existent in current analytical
approach

• The shell structure acts as a focusing lens when impinged by an acoustical wave at higher
ultrasonic frequency range.

• The spatial distribution patterns of the stress concentration mainly is a function of wedge
angle when rigid body motion is not suppressed.

• Generally a metal rich radially graded profile leads to a higher level of the stress concentra-
tion.

• The absolute maximum stress concentration accrues in direction of the wedge angle’s bisec-
tor.

An extensive series of numerical comparisons are performed first against Finite Element Method
(FEM) simulations to ensure the accuracy and robustness of the current approach (§ 6.1). Limita-
tions of the classical FEM approach are discussed briefly. Various arrangements of materials are
considered. The corresponding material properties of the shell’s elastic core and its piezoelectric
coatings as well as the acoustical properties of the containing and encapsulated fluid media are
given first (§ 6.2). Then different geometrical configurations of the shell’s relative arrangement with
respect to a wedge’s boundaries are described also in the same section. Numerical experiments
are performed for different cases and relevant physical implications are discussed subsequently in
§ 6.3. Acoustical radiation from the shell due to surface traction forces are discussed and consid-
ered after which scattering of the incident wave from the cylindrical shell is investigated. The
main concluding remarks are listed finally.

6.1 Validations
The objective of this section is to rigorously cross-check and validate the stability and accuracy

of the current 3D computer codes for different loading and geometrical configurations by making
comparisons with the corresponding Comsol Multiphysics r results. Comsol is chosen due to
its well-known capacity in handling multiphysics problems. More specifically, defining an incident
acoustic perturbation in the frequency domain is straightforward by using Comsol.

A paralleled MATLAB code is developed to construct the ultimate transfer matrix Wn(n =

−N, ...,−1, 0, 1, ...,+N) and the coefficient matrices, A and B, given in Equations 18 and 40,
respectively. This code solves Equation 40 for n = −N, ...,−1, 0, 1, ...,+N . The convergence of
numerical results is assessed through a simple trial and error procedure to determine the minimum
number of required modes. The choice ofN = 50 leads to a consistently stable numerical behaviour
for a given range of frequencies of interest.

Computations are performed on a cluster of Intelr Xeonr processor E7-8893 v4 desktop com-
puter which benefits from paralleled core technology for multi-threaded applications. This code
can exploit the full processing power of multi-core desktops through executing on 12 MATLAB
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workers running locally by utilization of MATLAB’s Parallel Computing Toolbox. Before address-
ing the numerical results we shall validate the accuracy of the proposed solution. Validations of
the current code’s results when traction force(s) are the source of excitation are given after which
the comparisons are performed for the scattering due to a plane incident wave.

There is, however, a numerical stability issue inherent with the use of FEM associated with the
mesh size relative to the smallest wave length. In other words the degrees of freedom are required
to be increased as the frequency are targeted. The subsequent increase in the computational cost
is significant. The other major problem associated with the infinite physical domain which is
required to be truncated in FEM simulations. To address this issue, Comsol uses a perfectly
matched layer (PML) which is not a boundary condition, but rather a domain that absorbs most
of the outgoing waves’ energy. See, for more details, [Comsol, 2005]. However, always a partial
reflection of waves occurs from PML layer which is mostly due to the discretization of the domain.

A PML boundary is employed in the FEM modeling of the truncated acoustic domain in
order to maximize the energy absorption of outgoing wave energy at the PML boundary, without
any impedance mismatch causing spurious reflections at the far-field boundaries. The PML is
positioned 10 meters away from the center of the cylinder. Around 3792 mapped mesh points are
used to model the PZT and elastic layers. Moreover, 22828, 261632 and 258342 free triangular
elements were employed to the internal fluid medium, external acoustic half space medium and
PML, respectively. A mesh study was conducted to achieve a reasonable accuracy in the results.

Level of errors in FEM results rises as frequency increases if the degrees of freedom remains
the same. The current analytical approach, on the other hand, does not have any difficulty in
dealing with high frequency or infinite physical domains.

Oil-filled, piezo-composite hollow cylinders submerged in seawater is considered regardless.
Acoustical properties of these fluids are given in Table 6.1.
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Figure 6.1: Shell position in the external fluid and measurement points A through D and W for
the three dimensional acoustical scattering angles are given in rads.

6.1.1 Scattering of Incident Waves
A cylindrical shell is positioned in an acoustical half space, γ = π, with rigid boundaries

d = 2.1 m subjected to an incident plane wave with ψ = α = 0; p0 = 1N . See Figure 6.1
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Figure 6.2: Showing the acoustically transmitted pressure (pa) at point, C, the radiated pressure
on the wall at point, W , and the total on-surface acoustical pressure at the apex of the cylinder.
The cylinder is the acoustic half space illustrated in Figure 6.1 and it is subjected to an external
plane wave.

and Figure 6.1 given in the first companion and current papers, respectively. The nel = ns =

na = 10 sub-layers are used to construct sub-T-matrices of each sub-layer to achieve a satisfactory
convergence stability in the shell’s ultimate transfer matrix. Subsequently the quantities of interest
are calculated at a number of given positions which are specified in Figure 6.1. They are at the
observation points

• C: transmitted acoustic pressure, pin(r = 1m, θ = 0, z = 0, ω) pa,

• W: the radiated pressure attached to the wall, pex(r = 2.1m, θ = π, z = 0, ω) pa,

• A: the total on-surface acoustic pressure located at the apex of the cylinder, pex(r = 2 m, θ =

0, z = 0, ω) pa

• B and D: the radial structural displacements at the inner surfaces of the cylinder,ur(r =

1.9m, θ = 0, z = 0, ω) m and ur(r = 1.9m, θ = π, z = 0, ω) m.

Comparisons between results from the current approach and the FEM code given in Figure 6.2
and Figure 6.3 in which a reasonable agreement is observed.

6.1.2 Traction Forces
In plane traction forces are applied leading to a plain strain (2D) situation. The corresponding

dimensions are rin = 0.98 m, rs = 0.99 m, ra = 1 m, rex = 1.01 m. The piezoelectric sensor and
actuator are assumed to be fabricated from non-graded PZT4, Vs = Va = 1, with a core layer
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Figure 6.3: Frequency response of shell’s radial displacements (µm) at the inner surfaces of the
cylinder, points B and D when the shell positioned in an acoustical half space when the shell is
acted upon by an incident plane wave.

made of homogeneous metal-based material, Vel = 1. The material properties of the host layer is
given in Table 6.4. The cylinder is positioned in an acoustical half space with d = 1.1 m, γ = π,
which is subjected to a concentrated load applied radially at the shell’s outer surface where
fex(θ, ω) = F0/[exp(inθ1)(2πrex)] with F0 = 1 N applied at θ1 = 0. This situation is illustrated in
Figure 6.4. The convergence requirements in constructing the ultimate transfer matrix is satisfied
by having na = nel = ns = 10 sub-layers. The system’s responses in the frequency domain are
given at

• O1: cylinder’s center-point pressure pin(r = 0 m, θ = 0, ω)pa,

• W ′: the radiated pressure attached to the wall pex(r = 1.1 m, θ = 3π/2, ω)pa,

• F ′ : the radiated acoustic pressure at a certain distance from the shell pex(r = 3 m, θ =

π/2, ω)pa

• D′: the radial structural displacement at the outer surface of the PZT actuator layer ur(r =

1.01 m, θ = π/2, ω) m

which are illustrated in Figure 6.4. A satisfactory agreement is observed between the results from
the current approach and the FEM simulations. Slight deviations, however, start to appear as
higher frequencies are targeted.

A shell with the same material arrangement and identical loading conditions are considered but
in an acoustical quarter space wedge (O′ : d = 1.555m, γ = π/2). See the corresponding schematic
given in Figure 6.4. The pressures are calculated at the shell’s center-point pin(r = 0 m, θ =
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Figure 6.4: Shell position, loading configuration, and measurement points. (a) Half space (180-
degree acoustical wedge) (b) quarter space (90-degree acoustical wedge) (c) 45-degree acoustical
wedge.

0, ω)pa and on the rigid wall’s surface pex(r = 1.1 m, θ = π, ω)pa corresponding to the observation
points O1 andW ′, respectively. Furthermore, the surface pressure pex(r = 1.01 m, θ = 0, ω)pa and
the radial displacement at the outer surface of the PZT actuator layer Ur(r = 1.01 m, θ = 0, ω) m

are estimated at the observation point D′. The corresponding results are given in Figure 6.6.
A good agreement between the current and FEM simulations is observed, especially, at lower
frequencies.

The same arrangement is considered again but this time in a 45o acoustical wedge (O′ :

d = 2.874m, γ = π/4) located at (θ1 = π/8). See the schematic given in Figure 6.4. The
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Figure 6.5: Pressure’s frequency responses at the shell’s center-point O1, W
′ and farther from

cylinder at F ′ as well as the radial displacement at D′ when the shell is positioned in an acoustical
half space and excited by a point load applied radially at the shell’s outer surface.

frequency response of the center-point pressure, pin(r = 0, θ = 0, ω)pa and the corner pressure,
pex(r = 2.874 m, θ = 9π/8, ω)pa are considered corresponding to the observation points at O1 and
W , respectively. Furthermore the surface acoustical pressure, pex(r = 1.01 m, θ = π/8, ω)pa and
the radial structural displacement, Ur(r = 1.01 m, θ = 0, ω) m are calculated at the observation
pointD′. The corresponding results are shown in Figure 6.7 where an excellent agreement between
the current approach and FEM results are observed. More general situations are given next.

6.2 Material Arrangements
Oil-filled, piezo-composite hollow cylinder submerged in the seawater is considered regardless.

Acoustical properties of these fluids are given in Table 6.1. Free vibration of a triclinic crystal for a
single layer piezo-composite was considered in a recent communication, [Rabbani et al., 2018], but
for a single-layer, in-vacuo shell where no fluid coupling is accounted for. An orthotropic material
orientation is used in the current work because of its wider range of applications. The solution
procedure, however, remains the same for higher level of anisotropy. Two chosen arrangements of
the layers and their material compositions are given next.

• Material arrangements when surface traction forces are applied. The shell’s core layer is
made of FGM which its properties changes in the radial direction through its thickness
(hel = 0.1 m). The material properties’ profile varies as linear, metal-rich and ceramic-rich
patterns between Zirconia (ZrO2) and Aluminum (Al). The material properties of Zirconia
(ZrO2) and Aluminum (Al) are given in Table 6.3. Furthermore interfaces between layers
are located at rin = 0.8 m, rs = 0.9 m, ra = 1 m, rex = 1.1 m for a FGPM-FGM-FGPM
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Figure 6.6: Pressure’s frequency responses at the shell’s center-point O1, W
′ and farther from

cylinder at F ′ as well as the radial displacement at D′ when the shell is positioned in an acoustical
quarter space and excited by a point load applied radially at the shell’s outer surface.

arrangement.

Volume fraction of the internal core layer varies from fully ceramic at interface r = rs to
fully metallic at r = ra. See Equation 19 of the first companion paper. The volume fraction
of the FGM layers is

Velr = [1− (r − rs)/hel]
κ.

Three distinct FGM materials are considered whose κ values are 0.1, 1 and 10 corresponding
to, respectively, metal rich (MR), linear and ceramic rich (CR) profiles. The inner/outer
piezoelectric sensor/actuator is assumed to be fabricated from a non-graded, radially polar-
ized PZT4 for which Vs = Va = 1.

The vibration modes of the shell are assumed to be axisymmetric when excited with trac-
tion force(s) in which axial modes are not excited. Required material properties of PZT4,
subsequently, are provided in Table 6.4 under a plain strain situation.

• Material arrangements when a plane incident wave impinges on the shell. The layers’ inter-
faces are located at rin = 1.899 m , rs = 1.9 m, ra = 1.95 m, rex = 2.00 m. The rin → rs

essentially is equivalent with the removal of the internal piezoelectric layer. Consequently
it represents basiclly a FGM-FGPM arrangement. The inner elastic layer is made of Steel
with thickness of hel = 0.05 m). The outer axially polarized piezoelectric layer is assumed
to be fabricated from non-graded PZT4 with V s = V a = 1.

The incident angle of the impinging wave excites vibratory modes asymmetrically. Conse-
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Figure 6.7: Pressure’s frequency responses at the shell’s center-point O1, W
′ and farther from

cylinder at F ′ as well as the radial displacement at D′ when the shell is positioned in a 45-degree
wedge-shaped acoustical medium and excited by a point load applied radially at the shell’s outer
surface.

quently material and electrical properties of the constituent materials in a three-dimensional
(asymmetric) vibration condition are provided in Table 6.2.

Seawater Oil
c (m/s2) 1500 1490

ρ (Kg/m3) 1010 960

Table 6.1: Acoustical properties of the constituent materials.

6.3 Case Studies
The chosen numerical experiments when a plane wave is incident upon the shell is given first.

These are followed by the system’s response to surface traction forces as the source of excitation.

6.3.1 Incident Wave
The selected material arrangements are given in § 6.2 when the source of excitation is an in-

cident wave. Figure 6.8 shows the total spatial distribution of acoustical pressure magnitude,
|p(r1, θ1, z1, t)| at selected plane wave frequencies (F = ω/2π) for an acoustical half-space (γ = π)

at the neighborhood of a piezo-composite cylinder. Interestingly as the incident wave’s frequency
increases the resulting acoustical pressure field becomes highly directional. For example the distri-
bution of the pressure field at the lowest frequency 5kHz barely shows any signs of directionality.
Both internal and external pressure fields, however, become quickly highly directional as frequency
increases to 10kHz and 50kHz. Further increase in frequency leads to much higher directionality
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PZT Layer Steel Layer
C11 13.9× 1010 c11 28.269× 1010

C12 7.8× 1010 c12 12.115× 1010

C13 7.43× 1010 c13 12.115× 1010

C22 13.9× 1010 c22 28.269× 1010

C23 7.43× 1010 c23 12.115× 1010

C33 11.5× 1010 c33 28.269× 1010

C44 51.2× 1010 c44 8.077× 1010

C55 51.2× 1010 c55 8.077× 1010

C66 61.2× 1010 c66 8.077× 1010

e31 -5.2
e32 -5.2
e33 15.1
e15 12.7
e24 12.7
ε11 650× 10−11

ε22 650× 10−11

ε33 560× 10−11

Table 6.2: Mechanical and electrical properties of the constituent materials in a non-symmetric
(3D) loading situation when the shell is subjected to an oblique incident wave.

Zirconia(ZrO2) Aluminum

Celij (N/m
2)

Cel11 31.86× 1010 Cel11 11.047× 1010

Cel12 12.9× 1010 Cel12 5.7× 1010

Cel22 31.86× 1010 Cel22 11.047× 1010

Cel33 18.96× 1010 Cel33 5.338× 1010

ρel(kg/m
3) ρel 5700 ρel 2706

Table 6.3: Mechanical properties of the cylinder’s constituent materials for the plane strain
case.

but only in the external pressure field. Note a highly focused pressure region between the wall
and shell’s surface in the higher frequencies.

The previous figure gives a qualitative measure of the pressure field. On the other hand,
Figure 6.9 provides a quantitative presentation of the pressure field. This figure gives polar plots
of the maximum external acoustical pressure. The pressure field demonstrates a highly depressive
behaviour at the lowest excitation frequency 5kHz. Patterns quickly start changing to a highly
direction behaviour at at 10kHz where the maximum value happens at the head region. Further
increase in the frequency to 50kHz leads to a complete shift in the maximum from head region to
the tail region. Indeed the presence of the rigid wall nearest the cylinder dominate until their effects
counterbalance. Distribution pattern interchanges between the tail and head region by a further
increase to 100kHz, however, the absolute maximum remains at the tail region. A further increase
to 500kHz and 1MHz leads to narrower but nearly equal peaks at both head and tail regions.
This figure shows that the distribution of the acoustical energy is highly frequency dependent.
Energy is more focused in a smaller region as higher frequencies are involved regardless. The focal
regions are located in head and tail regions. The numerical results for the traction forces case are
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Actuator/Sensor Layer Host Layer
ρ(Kg/m3) ρpz 7500 ρel 7000

C
ij

( N m

) Cpz11 13.9× 1010 Cel11 1.3462× 1010

Cpz12 7.8× 1010 Cel12 5.7692× 1010

Cpz22 13.9× 1010 Cel22 1.3462× 1010

Cpz33 6.12× 1010 Cel33 7.6923× 1010
e i
j

( C m
2

)
e11 15.1
e21 -5.2
e32 12.7

ε i
j

( F m

)

ε11 560× 10−11

ε22 560× 10−11

Table 6.4: Mechanical and electrical properties of the constituent materials when the loading
conditions leads to a plane strain situation.

discussed next.

6.3.2 Surface Traction Force
Configurations and material selections for the traction force case are given in section § 6.2.

Three acoustical wedge angle are considered as illustrated in the same figure. The shell is subjected
to three different loading conditions over its external surface. They are listed as

• Case I: A uniformly distributed harmonic force with the subtending angle ϕ = π/36 centred
at the cylinder’s apex (35π/72 ≤ θ ≤ 37π/72, r = rex) which can be expressed as

f jex(θ, ω) =

F0 35π/72 ≤ θ ≤ 37π/72

0 otherwise
,

where F0 is the load’s amplitude. The corresponding modal force coefficients, by using
Equation 23, turn into

f (j),ex
n (ω) = F0 sin(ϕn/2)/[e(inθ1)(nπ)],

where θ1 = π/2.

• Case II: Similar to the configuration in case I but the subtended angle is ϕ = π/6. Then

f (j)
ex (θ, ω) =

F0 5π/12 ≤ θ ≤ 7π/12

0 otherwise
,

where the corresponding modal force coefficients become

f (j),ex
n (ω) = F0 sin(ϕn/2)/[e(inθ1)(nπ)],

in which θ1 = π/2.

• Case III: A pair of equal and opposite radially distributed harmonic load are applied at
the shell’s apogee and perigee with the subtended angle ϕ = π/6. This situation can be
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F=5000 Hz F=10000 Hz 

F=50000 Hz F=100000 Hz 

F=500000 Hz F=1000000 Hz 

Figure 6.8: Spatial distributions of Total acoustical pressure, |p(r1, θ1, z1, t)|, at selected plane
wave frequencies for a half space (γ = π) acoustical medium when the shell is impinged by a plane
acoustical incident wave.
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F=5000 Hz F=10000 Hz 

F=50000 Hz F=100000 Hz 

F=500000 Hz F=1000000 Hz 

Figure 6.9: Maximum acoustical pressure within the submerging fluid, |pex(r1, θ1, z1, t)|, when the
shell is located in an acoustical half space (α = π) an it is subjected to a plane acoustical incident
wave with the selected frequencies.
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expressed as

f (j)
ex (θ, ω) =


F0 5π/12 ≤ θ ≤ 7π/12

F0 17π/12 ≤ θ ≤ 19π/12

0 otherwise

,

where F0 is the amplitude of radial harmonic load. The corresponding modal force coeffi-
cients are

f (j),ex
n (ω) =

F0 sin(ϕn/2)

nπ

(
e−inθ1 + e−inθ2

)
,

in which θ1 = π/2, θ2 = 3π/2.

The loading configuration of case III does not lead to rigid body motion whereas other two
configurations give rise to rigid body motion.

Figure 6.10 shows the polar plots of the maximum hoop stress, Max|σθθ| along with the shell’s
thickness. The results are plotted for shells with three graded profiles including a metal-rich
(MR), ceramic-rich (CR) and linear (L) compositions which are subjected to three surface loading
configurations as detailed previously. Three wedge angles are considered as α = π, π/2 and π/4.
The distribution pattern in the double sided loading (case III) shows the least sensitivity to the
wedge angle. The four loop pattern in double sided loading is inclined according to the wedge
angle of π/4. Distribution patterns, however, are significantly affected by the wedge angle and it
approaches more uniform patterns as the wedge angle decreases in other two cases of one-sided
loading configurations. Double sided loading also leads to the larger stress concentration compared
to the one-sided one. Increasing the region under the distributed loading configuration I (π/6)
and loading case II (π/6) leads to higher level of stresses whereas, interestingly, the corresponding
patterns remain the same.

It is clear that the maximum hoop stress for the acoustical half-space occurs at θ = 3π/4

regardless of loading configurations or cylinder’s material profile when the shell is located in the
half-space. This independence happens because the hoop stress is affected principally by the
acoustical pressure field near the rigid wall. The grading profile of the shell’s core material has
significant effect on the level of stresses regardless. Interestingly the order of the amplitudes
corresponding to each material profile is a function of wedge angle. The MR and L profiles show
the same level of stresses and almost twice of the one of CR in the half-space, nevertheless. Unlike
the half space, distribution patterns differ significantly for various material profiles when the
wedge angle is decreased. This is valid, however, only for one-sided loading configurations. The
90- and 45- degree acoustical wedges produce more directional maximum hoop stresses only in the
case of CR. The MR and L profiles, on the other hand, have a tendency towards more uniform
stress distributions as wedge angle decreases. Overall, the CR core lowers the hoop stress almost
invariably. Consequently it looks as a better choice from structural integrity’s point of view.

Figure 6.11 demonstrates the same arrangement of polar plots but for radial stresses Max|σrr|
rather than Hoop stresses in the previous figure. Two figures show very similar patterns, however,
the level of the stress concentrations are significantly lower in Figure 6.11. An observation common
to Figure 6.10 and Figure 6.11 is that the distribution pattern of the maximum stress has a
tendency to adjust with the bisector of the acoustical wedge. This observation is more visible
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Figure 6.10: Maximum hoop stress, σθθ, when the shell is positioned in an acoustical half space, a
quarter space and 45-degree acoustical wedge. Three surface loading configurations are considered
for three graded profile of the shell’s material.

when γ = π/4. The ceramic rich profile as the core material produces lower stress magnitudes.
Unlike hoop stresses, the absolute maximum radial stresses occur at head and tail region (θ = 0

and π). Furthermore two one-sided loading configurations produced more even distribution of
radial stresses near the wedge corner compared to the corresponding distribution of hoop stresses
when the shell is located in the quarter space, acoustical wedge.

Figure 6.12 displays the marginally different center point pressures for the three wedge media
when each one is excited by the three different surface loads. The center-point pressure is affected
only by the cylinder’s breathing mode (n = 0) so that it is not directional. First, the order of
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Figure 6.11: Maximum radial stress, σrr, when the shell is positioned in an acoustical half space, a
quarter space and 45-degree acoustical wedge. Three surface loading configurations are considered
for three graded profile of the shell’s material.

the center point pressure’s magnitudes in a descending order is, generally, as metal-rich, linear
and ceramic rich core. The lower resonant frequencies coincide, however, a phase shift start to
appear as the frequency increases. Furthermore, the resonant frequencies start by metal-rich
and it is followed by linear and ceramic rich core, respectively. As the wedge angle decreases,
progressively new resonant frequencies start showing up regardless of the core material’s profile or
loading configuration. Having an axisymmetric double-sided loading situation cancels out some
of the resonant frequencies. This may happen due to the cancellation in some of the out of phase
modes. The concluding remarks are given next.
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6.4 Conclusions
A general solution was given for elasto-acoustic response of a fluid-filled piezo-composite cylin-

drical shell submerged in an acoustical wedge in the fist companion paper. Extensive numerical
comparisons are performed between the current approach against FEM simulation results to en-
sure the validity and robustness of the current approach. These validations are carried out for
two sources of excitations as incident waves and surface traction forces. Important remarks, be-
yond the validations purposes, can be made on the limitations of the conventional FEM approach.
Hence,

• Higher frequencies produce shorter wavelengths which requires smaller mesh sizes to main-
tain a prescribed accuracy. This leads to a significantly higher computational cost associated
with the increase in system’s degrees of freedom.

• Truncation of infinite domains are usually carried out by applying absorbing boundary con-
ditions. This approach leads to a considerable additional computational cost. Furthermore,
this approach is not able to produce perfectly absorbing boundaries and there will be always
some reflections.

• The computational costs associated with modelling at frequency ranges of industrial ultra-
sonic testing methods (typically between 1 to 10 MHz) becomes extremely high so that
make it almost impractical.

• High level of contrast in acoustical properties of the interacting media makes the numerical
stability problems.

The current analytical approach, however, is not associated with these problems. The proposed
solution can be used also as a benchmark for other semi-numerical and numerical solutions.

Three different acoustical wedge angles are considered including half-space, quarter-space and
45-degree configurations. Furthermore three different profiles of FGM (functionally graded mate-
rial) host materials are investigated. In addition to the incident wave, three configurations of the
surface traction forces are tested as well. Effects of these parameters on the pressure and stress
fields are studied. The main observations from the conducted numerical experiments are listed
next.

• The shell structure can act effectively as a lens in focusing an incident acoustical wave to a
very narrow region as the excitation frequency increases.

• The stress concentration patterns in an one-sided surface loading depends highly on wedge
angel. The pattern, generally, becomes more evenly distributed in smaller wedge angles.

• Generally the stress concentration’s intensity for different FGM profiles in order from highest
to lowest is metal rich, linear and ceramic rich.

• The absolute maximum stress concentration accrues in direction of the wedge angle’s bisec-
tor.

• The resonance frequencies of the system are increased in number in smaller wedge angles
when a one-sided surface load is applied regardless of the core material’s profile.
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Numerical case studies here are carried out for orthotropic shell material, however, it should be
noted that the current solution can be applied to any fully triclinic materiel orientation. The
current solution can easily be used to determine the acoustical transmission loss when the shell
is located in an acoustical wedge such as a pipe near an oceanic slope. The proposed model can
be further developed to be applicable to active or passive vibration control for energy harvesting
purposes.
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Chapter 7

Quadrature Formulae For a Circular Domain

The present paper focuses on quadrature formulae for integration on circular domains. The
focus is on the construction of quadrature rules with a prescribed exactness, a quasi-uniform

distribution of the points within the integration domain and a given number of nodes on the
boundary. Five prominent families of quadrature rules are carefully selected based on an extensive
literature search as well as an exhaustive set of numerical experiments. Explicit formulae are
provided in each quadrature rule to calculate weights and associated nodes. Numerical experiments
are conducted next on continuous and discontinuous functions to assess their performance.

These quadrature rules are well suited in the framework of various computational tools such
as the mixed finite element method and meshless technique. These formulae are applicable to a
wide range of problems within the realm of computational mechanics when circular cross sections
are involved and boundary conditions has a significant influence. Examples range from linear
local theory to the generalized nonlocal and micropolar theories of continua. Elasto-plastic or
hyper-elastic behaviour of material, thermoacoustic instabilities in combustors, solids with strong
Cosserat effects and fluid flows with slip boundary conditions are some specific applications.

7.1 Motivations
Many applications require the solution of complex problems with tubular or spherical ge-

ometries in which boundary conditions are imposed on cylinders’ or spheres’ traction surface(s).
Examples of possible situations are listed next.

• Strong shock waves interacting with structures having circular cross section may involve dis-
continuity at the shock front which may lead to the structure’s nonlinear response [Whitham,
2011].

• Seismic, elastic and acoustical wave propagation in cylindrical or spherical domains require
integration over circular cross sections [Iwashimizu, 1972,Leblond and Sigrist, 2010,Hashem-
inejad et al., 2011]. An efficient numerical integration scheme, however, still remains prob-
lematic [Faccioli et al., 1997,Atkins and Shu, 1998,Wilcox et al., 2010].

• Fiber-based structural models in terms of resultant forces often require an accurate inte-
gration scheme, especially in the presence of a non-linear response [Auricchio and Sacco,
1999,Soydas and Saritas, 2013,Spacone et al., 1996].

• Thermoacoustic instability in turbulent combustors are shown to be inherently nonlinear in
nature [Balasubramanian and Sujith, 2008,Nair et al., 2014]. Two and three dimensional
analysis of this behaviour requires a highly accurate numerical integration scheme.
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• Numerical investigations on Navier-Stokes equations inside nanochannels with slip boundary
conditions led to unexpectedly contradictory experimental observations [Calabrò et al., 2013,
Mattia and Calabrò, 2012,Ritos et al., 2014] when usual numerical schemes are incorporated
which are meant for no slip boundary conditions [Rajani et al., 2009]. As a result, numerical
integration techniques are required having a higher degree of accuracy.

Some recent computational tools are settled more naturally within circular domains. Specific
examples are the method of finite spheres and the mixed finite element approach.

• Meshless methods in 2D problems are often based on local basis functions [Asprone et al.,
2011, Sladek et al., 2013] in circular domains [Atluri and Zhu, 1998,Wendland, 1999]. In
particular, the method of finite spheres as a truly natural meshless technique, requires
numerical integration to be performed without a mesh [De and Bathe, 2000,De and Bathe,
2001]. Obviously the quadrature rules discussed here are of utmost interest.

• An effective mixed finite element method for structural elements such as beams and frames
requires an accurate integration scheme in 2D and 3D [Taylor et al., 2003].

Consequently, the purpose of the present work is to numerically compute the following integral:∫∫
Ω
f(ζ) dζ , ζ ∈ R2 , Ω = {(x, y) | x2 + y2 ≤ 1} . (7.1)

The goal is to solve the aforementioned integration by using a quadrature rule which requires N
nodes ζi with the corresponding relative weights wi, such that

∫∫
Ω
f(ζ) dζ ≈

N∑
i=1

wif(ζi) . (7.2)

In particular global quadrature rules are considered, i.e. based on a construction involving the
whole domain. An alternative strategy, called a composite quadrature rule, is to subdivide the
domain and apply copies of a given quadrature in each sub-domain. Therefore, an assessment is
made to determine whether the introduced rules are well-suited to be used also in a composite
manner.

Quadrature rules are grouped into families. Rules within the same family are constructed by
following the same integration scheme and differ only in the number of points used. Examples
in 1D are the interpolant quadrature rules based on equispaced nodes which are referred as the
family of Newton-Cotes rules. Accordingly particular attention is given to number of parameters
in the development of the quadrature formulae. These parameters are listed subsequently.

1. Quadrature point localization property. Quadrature points are required to be localized inside
the integration domain, i.e. ζi ∈ Ω. This condition may seem trivial but in the literature,
rules have been proposed that evaluate the integration function outside the domain. Dis-
tributions of nodes only within the circle, however, are targeted here. A quasi-uniform
distribution is preferred. Moreover, there is an interest in placing a given number of points,
N∂Ω, on the boundary so that

ζj ∈ ∂Ω ∀j = 1, . . . , N∂Ω .
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2. Explicit weight computation. Weights have to be computed after which the node’s localiza-
tion is defined. The literature presents many quadrature rules with tabulated points and
weights since their calculations are not trivial to perform. Consequently, the focus is placed
on rules having explicit formulae for the computation of the nodes and weights. As an ex-
ample, formulae constructed by optimization (approximate) procedures are not considered
in this work.

3. Convergence property. A numerical study is undertaken on the performance of quadrature
rules when the number of nodes increases. This property determines the rate of convergence
with an increasing number of points when the formulae are applied to regular functions.

4. Requirement of exactness. Degree of exactness is determined according to the highest degree
of the polynomial that can be exactly integrated. Exactness is assessed in the space of
polynomials. In particular, the space of bivariate polynomials1 of degree k which is denoted
by

Pk =

 ∑
0≤i+j≤k

aijx
iyj


≡ span{1, x, y, x2, xy, y2, . . . , xk, xk−1y, . . . , xyk−1, yk} .

The quadrature rule given in Equation 7.1 is defined to have degree of exactness k ∈ N if

∫∫
Ω
π(ζ) dζ =

N∑
i=1

wiπ(ζi) ∀π ∈ Pk .

A quadrature rule is described as Optimal if it achieves the maximum degree of exactness
with a minimum number of nodes. Henceforth the number of nodes required to achieve a
prescribed exactness k is specified by N(k).

Optimality is a challenging issue for the multidimensional cases in contrast to 1D situations where
the optimal rules are, simply, Gaussian quadratures. See, for example, [Cools, 1997]. In particular,
the minimum required number of nodes, NOPT

(k) , in a quadrature rule over a circular domain with
a prescribed degree of exactness, k, becomes

NOPT
(k) ≥ (k + 1)(k + 3)

8

so that dim(Pk) =
(k + 2)(k + 1)

2
. See, for example, [Stroud, 1971,Cools and Kim, 2000]. Optimal

formulae are known only for few degrees in [Cools and Kim, 2000] whilst some of these rules require
the nodes outside the circle. See, for instance, the table given in [Cools and Kim, 2000]. The
current study, on the other hand, is restricted to those rules in which their nodes are located only
inside the disk or on its boundary.

1Notice that in several cases the tensor product space is considered alternatively.
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7.2 Literature review and preliminaries

Much literature is available regarding quadrature formulae in 2D as well as for circular domains.
Little attention, however, has been paid to the properties listed in § 7.1. See, for example, the
Stroud’s monograph [Stroud, 1971] and the review articles by Cools and co-authors [Cools, 1997,
Cools, 2003,Cools and Kim, 2000] which focus on determining optimal rules.

Five prominent families of quadrature rules are carefully selected based on an extensive lit-
erature search and numerical experiments on various quadrature rules for circular domains. The
first two selected families are due to Peirce [Peirce, 1957] and Stroud [Stroud, 1971] which are
probably the best known quadrature rules for circular domains. These quadrature families have
been used extensively although they cannot encompass points on the boundary. They, for ex-
ample, are employed in meshless methods [Babuška et al., 2003, Babuška et al., 2008, De and
Bathe, 2000,De and Bathe, 2001,Mazzia et al., 2007,Mazzia and Pini, 2010,Zhang and Banerjee,
2012]. The third and forth selections are constructed following recent developments by Vianello
and co-authors [Bos and Vianello, 2012,Da Fies and Vianello, 2012] as well as Bojanov [Bojanov,
2005,Bojanov and Petrova, 1998]. Peirce’s rules are modified to develop the third family allow-
ing simple computations in more general situations. Consequently, quadratures with points on a
boundary or quadratures on subdomains of a circle can be constructed. However the quadrature
rules from this family are not optimal with respect to the number of nodes for a prescribed degree
of exactness.

On the other hand, Bojanov [Bojanov, 2005, Bojanov and Petrova, 1998] proposed the so-
called line methods which is in a different category of multidimensional methods. This family,
straightforwardly, leads to an explicit formula for the nodes and their weights where points on
boundary can be utilized. This leads to a quasi-optimal number of points required for a given
degree of accuracy. Conversely, the formulation is not well suited for circular subdomains thus for
the use of composite formulae.

The last quadrature rule family selected is based on multivariate interpolation however it is
not well suited for high degrees of exactness. In particular, the quadrature constructed on the
star-like point distribution developed by Hakopian [Hakopian, 1982] is considered. The particular
pattern of the nodes, on the other hand, may be of interest for some specific physical problems.

For the sake of completeness, it should be noted that an automatic cubature (a quadrature in
higher dimensions) software is available [Cools and Haegemans, 2003]. This software is based on
an adaptive composite strategy in which nodes and weights are computed in an iterative process.
Such an approach is not considered as nodes are not fixed a priori and thus, it is not well suited
for the discretization of a PDE.

Necessary notations on Gaussian quadrature in 1D are given at the beginning as it provides
the ingredients for the calculation of 2D formulae. The 1D µ-Gaussian quadrature rule denoted
by Gµ is a unique rule for µ+ 1 nodes and provides an exactness 2µ+ 1. Symbols tG and wG refer
to the nodes and weights of the quadrature rule Gµ, they have the generic components tGj = tG|j
and wG

j = wG|j ∀ j = 1, . . . , µ+ 1. The calculation of the Gaussian nodes follows from evaluating
the zeros of the Legendre polynomial Pµ+1(t). This polynomial is constructed to be orthogonal
with respect to the Lebesgue measure in the finite interval of interest to the polynomial of lower
indices, Pm≤µ(t). Moreover, the weights wG can be computed by using the same polynomials
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such that

Pµ+1(tGj ) = 0 and wG
j =

2(1− tGj )

(1 + µ)2(Pµ+2(tGj ))2
for j = 1, 2, ..., µ+ 1 . (7.3)

The so-called weighted-Gaussian rules are obtained by changing the Lebesgue measure in the or-
thogonality construction of Pµ+1. Furthermore, optimal quadrature rules with several preassigned
nodes can be constructed. The µ-Gauss-Lobatto rule, however, is the only one which takes into
account two boundary (end) points. The degree of exactness is 2µ − 1 if µ + 1 nodes are used.
The nodes and weights of this rule are indicated, respectively, by the symbols tGL and wGL. The
corresponding nodes and weights are given by

P ′µ+1(tGL
j ) = 0 and wGL

j =
2

µ(µ+ 1)P 2
µ(tGL

j )
for j = 2, ..., µ

tGL
1 = −1, tGL

µ+1 = 1 and wGL
j =

2

µ(µ+ 1)
for j = 1, µ+ 1

(7.4)

Refer, for example, to [Gautschi, 1981] for a complete survey on the theory concerning Gaussian
quadrature in 1D and various extensions.

7.3 Quadrature methods
The selected quadrature rules are detailed after which being categorized into two groups as

follows.

1. Product rules. These rules are constructed in a rectangular domain, Ψ, by taking into
account the tensor product of two 1D quadratures along the two perpendicular directions.
It is well known, that polar coordinates can describe a circle in terms of variables taken
relative to a rectangle. One of the two variables in the rectangular domain always represents
the angular length. In the other direction, however, two choices are available. One is
taken along a circle’s diameters whereas the other is chosen along radii. The first choice
leads to quadrature rules which use a number of nodes close to optimal whereas the second
one, on the other hand, is well suited for composite calculations. However, all the rules
use the symmetries of a circle to generate a set of nodes which lie on concentric circles.
Thus a transfer is needed between circular (Ω) and rectangular (Ψ) co-ordinates as [0, 1]×
[0, 2π] → [−1, 1]× [−π/2, π/2]. Consequently, the quadrature in the rectangular domain is
applied to the function of concern and then multiplied by the determinant of the Jacobian,
|∂(x, y)/∂(ρ, θ)|. This is associated with transformation from circular to the rectangular
coordinates, such that∫∫

Ω
f(ζ) dζ =

∫∫
Ψ
F (ρ, θ)dξ with F (ρ, θ) = |ρ|f(ρ cos(θ), ρin(θ)) .

A quadrature formula is constructed to integrate exactly the initial trigonometric polyno-
mials in the rectangular domain to recover the polynomial exactness in the final domain.

2. Line rules. These rules consider an integral in a 2D circular domain to be a linear combi-
nation of integrals made on the chords2 of the circle. These quadrature rules, however, are

2Notice that if all the chords are taken as diameters we obtain a rule that is also a product rule.
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not well suited for composite calculations. The most commonly used line rules are derived
by using a reduction formula. See, for example, [Quarteroni et al., 2007, 9.9.1]. These
reduction formulae involve parallel chords. Subsequently the integral is written as

∫∫
Ω
f(ζ) dζ =

∫ 1

−1

∫ √1−x2

−
√

1−x2
f(x, y) dy

 dx ≈ ML∑
l=1

αlIl (7.5)

where

Il :=

∫ √1−x2l

−
√

1−x2l
f(xl, y) dy

after which nodes {xl} are chosen for l = 1, . . . ,ML.

Three families of quadrature rules are presented in the category of the product rules in § 7.3.1. The
differences are in their choice of the formulae in the radial, ρ, and the angular, θ, directions. Two
families of quadrature rules in the category of line rules are presented later in § 7.3.2. The first of
these two is an optimal choice of reduction formulae. Notice that all these rules are well suited for
the application of sum factorization techniques that are useful for the reduction of the numerical
cost of the quadratures. See, for example, [Antolin et al., 2015] for more detailed discussion.

7.3.1 Product rules
Three different cubature families within the class of product rules are presented next. These

product rules are due to Stroud, Peirce and Vianello.

7.3.1.1 Stroud’s cubature formula: the spherical product rule
The spherical product quadrature rule used here was developed originally by Stroud [Stroud,

1971]. Its construction is performed in the rectangular domain Ψ ≡ [−1, 1]× [−π/2, π/2], along a
circle’s diameters. Exactness is recovered by employing two weighted Gaussian quadratures with

respect to |ρ| and 1/

√
1− t2 in the radial ρ and angular directions θ, respectively, where t = inθ.

An orthogonal polynomial was utilized where its recursive presentation is

Qn(t) =


1, for n = 0

t, for n = 1

Qn−1(t)t− ςnQn−2(t), for 0 6 n ≤ 2

where (7.6)

in which

ςn =


n− 1

4n
, if {n = 2m+ 1|m ∈ N}

n

4(n− 1)
, if {n = 2m|m ∈ N} .

The radial coordinates of the nodes are determined through the zeros (tQi ) of the polynomial
(Qn(t)) given in Equation 7.6. Consequently the angular and radial coordinates of nodes, respec-
tively, are

θi =
2i− 1

2M
π and ρj = tQj . (7.7)
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The closed form formula for this quadrature family turns into

∫∫
Ω
f(ζ) dζ ≈

M∑
i=1

wS
i

M∑
j=1

f(ρi cos θj , ρi sin θj) (7.8)

where

wS
i = ϑ

(M)
i (−1) + ϑ

(M)
i (1)− 2ϑ

(M)
i (0) (7.9)

in which

ϑ
(n)
i (r) =

∫ r

0

|ρ|Qn(t)

(t− tQi )dQn(t)
dt |t=tQi

dt .

Analytical evaluation of this integral for individual orders of n results into a significant reduction
in overall computational complexity of the quadrature scheme. The weights are positive because
the construction employs Gaussian rules. The overall formula has an optimal exactness degree
of 2M − 1. This is obtained in the class of product rule for M points in each of the ρ and θ

directions. This cubature rule is denoted by superscript S. If k is odd3, the number of nodes
needed to achieve exactness k is

NS
(k) =

(k + 1)2

4
.

This rule, however, does not provides nodes on the boundary.

(a) The quadrature with degree of exactness k = 7, thus
with N = 16 nodes.

(b) The quadrature with degree of exactness k = 11, thus
with N = 36 nodes.

Figure 7.1: Stroud’s quadrature rule: a product rule based on weighted Gaussian quadratures, both along diameters
and angular distances. The nodes are at the vertices of regular polygons.

The localization of the nodes4 are plotted in Figure 7.1 relative to the degree of exactness k = 7

3The even cases are slightly different in all the family of formulae that we consider. In order to enable rapid
comparison and maintain simple notations we always refer to the odd cases.

4The plotted nodes are rotated accordingly in order to have some points on the x-axis for rapid comparison.
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(with 16 points, see the left panel) and k = 11 (with 36 points, on the right). The calculations
of weights are products of the weighted Gaussian 1D quadratures. They are well known but
laborious. The corresponding detailed derivation procedures can be found in [Stroud, 1971]. The
final explicit formulae, however, are given here more conveniently in Equation 7.9.

7.3.1.2 Peirce’s cubature formula: equispaced angles

The second product rule is adopted from the cubature formula proposed in [Peirce, 1957].
This approach has been used extensively. See, for example, [De and Bathe, 2000,De and Bathe,
2001]. Its construction is made, as in the previous family, in the rectangular domain Ψ ≡ [−1, 1]×
[−π/2, π/2]. This quadrature is denoted by superscript P. Inside this domain there are M
Gaussian nodes in both the radial ρ and θ directions. Thus the integration formulae over a disk
with an inner radius rin, Ω = {(x, y) s.t. rin ≤ x

2 + y2 ≤ 1}, becomes

∫∫
Ω
f(ζ) dζ ≈

M∑
i=1

wP
i

4(M+1)∑
j=1

f(ρi cos θj , ρi sin θj) (7.10)

where the angular and radial coordinates of nodes, respectively, are

θi =
iπ

2(M + 1)
and ρj =

√
1− r2

in

2
tGj +

1− r2
in

2
. (7.11)

The corresponding weights, wP
i , turns into

wP
i =

π(r2
in − ρ

2
i )(1− ρ

2
i )
(
φ

(M)
i (1)− φ(M)

i (rin)
)

2(1 +M)(2 +M)

(
(1− r2

in)PM+2

(
%i

r
2
in−1

)
+%iPM+1

(
%i

r
2
in−1

))

in which %i = 1 + r2
in − 2ρ2

i and

φ
(m)
i (r) =

∫ r

0

(
r
2
in+1−2t

r
2
in−1

)
Pm+1

t− ρi
2 dt where r = 1, rin .

Analytical evaluation of the last integration for individual Ms leads to a significant reduction in
the overall computational costs. The weights can be calculated so that the degree of exactness
is k = 2M − 1. Subsequently the minimum number of nodes required to achieve the degree of
exactness, k, is

NP
(k) =

(k + 1)2

4
.

Figure 7.2 indicates that the circular boundary lacks quadrature points again. Moreover, the
overall quadrature is very similar to that of Stroud as weights are invariably positive. The num-
ber of points for the exactness requirement coincide by comparing Figure 7.1 and Figure 7.2.
Furthermore the distribution patterns of points are seen to be very similar.

Peirce’s quadrature has been used widely. This method has been extended to treat only
portions of the circle such as circular sectors. See, for more information, [De and Bathe, 2001,
Mazzia et al., 2007,Mazzia and Pini, 2010].
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(a) The quadrature with k = 7,and N = 16 nodes. (b) The quadrature with k = 11, and N = 36 nodes.

Figure 7.2: Peirce’s quadrature rule which is a product rule based on Gauss nodes positioned along the diameters
and equispaced angles.

7.3.1.3 Vianello and co-authors’ product cubature formulae
More recently, Vianello and co-authors from the Padua group have derived an elegant refor-

mulation of Peirce’s quadrature. This is to accommodate for more complicated geometries arising
from the intersections of circles and semi-planes such as lunes and lenses. See, for example, [Bos
and Vianello, 2012] for more details. Their resulting fromulation is summarized here in order to
construct a product rule in the domain Ψ ≡ [0, 1] × [−π, π]. Subsequently the overall number of
nodes are doubled when diameters is replaced by radii. This approach, however, leads a simple
way of treating subsets of the circle. We, specifically, choose the Gauss-Lobatto rule along the
radial ρ direction, ρl = 1/2tGL

l + 1/2, to obtain a rule which includes nodes on the boundary.
Consequently ∫∫

Ω
f(x, y) dx dy =

∫ 1

0
ρ

∫ π

−π
f
(
ρ cos θ, ρ sin θ

)
dθ dρ

≈
∫ 1

0
ρ
∑
j

wV
j f
(
ρ cos θj , ρ sin θj

)
dρ

≈ 1

2

∑
jl

wV
j w

GL
l ρl f

(
ρl cos θj , ρl sin θj

)
(7.12)

where

wV
j =

2

M + 1

(
υ0 + 2

M∑
k=1

υ2k T2k

[
cos

(
2j − 1

2(M + 1)
π

)])
(7.13)

in which

υk =

∫ 1

−1

Tk(x)√
1− x2

dx (7.14)
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is the so-called momentum associated with Chebyshev of the first kind Tk(x) of degree k. The tGL

and wGL
l can be obtained by using Equation 7.4. The integral given in Equation 7.14 is evaluated

analytically for individual orders of k. A detailed derivation of Equation 7.13 is given in [Bos
and Vianello, 2012] for the recursive calculation of wj when the nodes are equispaced in angular
direction, θj . Then the overall quadrature has the degree of exactness k = 2M − 1 where the
(M + 1)-degree Gauss-Lobatto rule is taken in the radial direction along with 2M equispaced
angles. It should be noted that there are N = 2M2 + 1 nodes if the center of the circle is counted
only once.

(a) The quadrature with degree of exactness k = 7, thus
with N = 33 nodes.

(b) The quadrature with degree of exactness k = 11, thus
with N = 73 nodes.

Figure 7.3: Vianello’s quadrature rule which is a product rule based on Gauss-Lobatto radial abscissae and
equispaced angles.

This quadrature is denoted by superscript V. Number of nodes used to achieve exactness
degree of k and the number of nodes placed on the boundary are, respectively,

NV
(k) =

(k + 1)2

2
+ 1 and NV

∂Ω = k + 1 .

Figure 7.3 illustrates the distribution of nodes for degrees of exactness k = 7 (left side) and k = 11

(right side).

7.3.2 Line rules

Two different quadrature families, due to Bojanov and Hakopian, within the class of line rules
are investigated next.

7.3.2.1 Bojanov’s cubature formula: the optimal reduction rule

The method proposed by Bojanov has been described previously and culminates in the class
of reduction formula Equation 7.5. The following results are deduced from [Bojanov and Petrova,
1998].
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(a) The quadrature with degree of exactness k = 7, thus
with N = 20 nodes.

(b) The quadrature with degree of exactness k = 11, thus
with N = 42 nodes.

Figure 7.4: Bojanov’s quadrature rule: a line quadrature where the lines are chosen on the zeros of Chebychev
polynomials and on the lines a Gauss-Lobatto rule is chosen.

Lemma 7.1. If xl are the zeros of a Tchebycheff polynomial of the second kind and degree n so
that

xl = cos
lπ

n+ 1
, i = 1, 2, ..., n,

and
αl =

π

n+ 1
sin

lπ

n+ 1
,

then formulae Equation 7.5 are exact for polynomials having degree 2n− 1. Moreover, if Il in this
formula are calculated with a rule having an exactness degree of 2n− 1, then the overall bivariate
quadrature also has the degree of exactness 2n− 1.

The (ML+ 1)-Gauss-Lobatto rule5 is used to achieve the maximum exactness of k = 2ML−1.
This cubature formula can be expressed explicitly as

∫∫
Ω
f(ζ) dζ ≈

ML∑
l=1

αlqrt1− x
2
l

ML+1∑
j=1

wGL
j f(xl, t

GL
j

√
1− x2

l ) (7.15)

where N = ML(ML + 1) nodes are used. Consequently the number of nodes used to achieve
exactness k and the number of points located on the boundary are, respectively,

NB
(k) =

(k + 1)(k + 3)

4
and NB

∂Ω = k + 1 .

The number of points on the boundary are identical in this cubature compared to the one of
Vianello for a prescribed degree of exactness however the overall number is almost half. Bo-
janov’s rule, on the other hand, is not well suited for composite computations because there is no

5Alternatively, applying Gaussian quadrature, for the same degree of exactness we need ML nodes at each line.
Nevertheless in this case, none of the quadrature points lies on the boundary.
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straightforward generalization for subdomains of a circle. Localization of points are illustrated in
Figure 7.4 for degree of exactness k = 7 (left side) and k = 11 (right side). The corresponding
number of points are 20 (along 4 lines) and 42 (along 6 lines), respectively.

7.3.2.2 Hakopian’s cubature formula: star-like points

(a) The quadrature with degree of exactness k = 7, thus
with N = 39 nodes.

(b) The quadrature with degree of exactness k = 11, thus
with N = 78 nodes.

Figure 7.5: Hakopian’s quadrature rule: a line quadrature based on interpolation in star-like points.

The last family of quadrature rules presented here was proposed originally by Hakopian in
[Hakopian, 1984] and then was developed further in [Sauer and Xu, 1996]. This quadrature is
denoted here by H. Similar to the product rules, the nodes are placed on concentric circles. There
are 2MC + 1 equispaced nodes of

θi =


2i+ 1

2MC + 1
π, if {MC + i = 2m+ 1|m ∈ N}

2i

2MC + 1
π, if {MC + i = 2m|m ∈ N}

which are located on MC circles with radii of

ρi =
sin π

4MC+2

sin (2i−1)
4MC+2π

.

The closed form formula for this quadrature family turns into

∫∫
Ω
f(ζ) dζ ≈

M∑
i=1

wH
i

2M∑
j=0

f(ρi cos θj , ρi sin θj) (7.16)
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where

wH
i (r) =

π

2m+ 1

∫ 1

0

(
i−1∏
k=1

x− r2
k

r2
i − r

2
k

m∏
k=i+1

x− r2
k

r2
i − r

2
k

)
dx .

Analytical evaluation of the latter integral for individual orders of m results into a significant
reduction in overall computational complexity of the quadrature scheme.

Integrations are made along chords as in Bojanov’s quadrature. The nodes’ distribution,
however, forms a star-like pattern such as those demonstrated in Figure 7.5. The degree of
exactness is k = 2MC − 1 when nodes are on MC concentric circles. The number of nodes used
to achieve exactness k and the number of points placed on the boundary are, respectively,

NH
(k) =

(k + 1)(k + 2)

2
and NH

∂Ω = k + 2 .

Figure 7.5 illustrates the distributions of the nodes for degrees of exactness k = 7 (with 39 points
lying on 4 circles, see the left panel) and k = 11 (with 78 points lying on 6 circles, on the left
and right sides). This quadrature has a number of unfavourable features despite of having a
comparable number of nodes required for a prescribed exactness to those of previous formulae.
First, nodes are not “well-distributed” as the number of nodes are increased. Indeed the circles
where nodes are taken on have radius that are far from equispaced as the center is approached.
Moreover the resulting weights are not always positive. Thus convergence is not guaranteed in
functions, f(ξ), having irregularities. These situations are discussed in the next section.

7.4 Numerical evaluations
All computations including the calculations of nodes, weights, reference solutions and cubature

integrals are made in Mathematica© environment. Relative errors are always plotted on a semi-
log scale as either (a) the number of nodes or (b) the degree of exactness increases.

Convergence plots are presented to compare the performance of the previously introduced
quadrature rules as the number of nodes increases. Examples are chosen so that the number of
nodes is related to an odd degree of exactness. Then the numerical tests are divided into the
following two classes.

1. Continuous functions. Quadrature rules invariably converge when they are applied to con-
tinuous functions which are also differentiable over the integration domain. The quadrature
rules not always having positive weights, however, do not converge when applied to contin-
uous but non-differentiable functions. generally the convergence speed (i.e the slopes in the
later plots) depend on the function’s regularity and the exactness properties of each family
of quadrature formulae.

2. Discontinuous functions. The quadrature family diverges as nodes are increased if negative
weights are involved. The cubature formulae with only positive weights achieve some de-
grees of convergence when they are used for discontinuous functions. The convergence rate,
however, is considerably slower when compared to results of continuous test functions. This
situation happens because the convergence is not always improved near a jump discontinuity
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if interpolating polynomials of increasing degrees are taken. In other words, an increasing
degree of exactness is not a sufficient condition to recover a prescribed convergence.

7.4.1 Continuous functions
Consider first the following polynomial

f(x, y) = (3x− 2y + 1)15 . (7.17)

As expected, all the quadrature families obtain the exact value for this function up to machine pre-
cision for a sufficiently high number of interpolation points as presented in Figure 7.6. Moreover,
there is no apparent instabilities as the number of nodes increases.

7.4.2 Continuous integrand functions
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(a) Convergence history: relative error against number
of nodes.
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(b) Convergence history: relative error against degree of
exactness.

Figure 7.6: Convergence histories when applying the quadrature formulae to the polynomial test function Equa-
tion 7.17 in semi-log scale. It is reminded that S, P, V,B and H denote quadratures due to Stroud, Peirce, Vianello,
Bojanov and Hakopian, respectively.

The second test concerns a regular function rather than a polynomial such as

f(x, y) = e−x
2

cos2y . (7.18)

The same comparisons are made in Figure 7.7 in the same way as the previous test functions.
Cubature rules of Stroud, Peirce and Bojunov demonstrate a very comparable behaviour. These
three families converge rapidly to a relative error of less than 10−16 and with approximately 125,
130 and 140 nodes, respectively. The other two families, however, converge with a slower pace.
Overall the Hakopian’s approach shows the slowest convergence rate.

The third test involves a continuous, but non-differentiable function such as

f(x, y) = |y| . (7.19)

convergence test histories of this function are presented in Figure 7.8. Hakopian’s quadrature does
not converge which is basically because of the presence of negative weights. This demonstrates
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(a) Convergence history: relative error against number
of nodes.
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(b) Convergence history: relative error against degree of
exactness.

Figure 7.7: Convergence histories when the quadrature formulae are applied to the regular test function Equa-
tion 7.18 in semi-log scale. It is reminded that S, P, V,B and H denote quadratures due to Stroud, Peirce, Vianello,
Bojanov and Hakopian, respectively.

well the importance of having only positive weight in the stability of a given quadrature rule. See,
for example, [Keshavarzzadeh et al., 2018]. All the other families of quadrature rules converge
similarly, but relative to previous test functions, slowly due to the function’s reduced regularity.
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(a) Convergence history: relative error against number
of nodes.
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(b) Convergence history: relative error against degree of
exactness.

Figure 7.8: Convergence histories when applying the quadrature formulae to the continuous, non-differentiable
test function Equation 7.19 in semi-log scale. It is reminded that S, P, V,B and H denote quadratures due to Stroud,
Peirce, Vianello, Bojanov and Hakopian, respectively.

7.4.3 Discontinuous functions
Two cases of discontinuous functions are considered in this part which can be a model for

heterogeneous domains such as shock wave on structures with circular cross sections, elasto-
plastic deformation, fiber structures, fouled channels in micro-fluids or particles near a boundary
in meshless methods. Although a prescribed exactness is not necessarily guaranteed, tests are
undertaken to determine also if a distribution of points is “good enough”.
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Piecewise-constant functions are considered in both examples. This can be considered as the
worst-case-scenario for a test function. A unity value and 0.1 are assumed in the two subdomains
of white and black, respectively, as it is shown in Figure 7.9. Each of these subdomains has a
different shape within an outer circle as demonstrated in the aforementioned figure.

(a) Domain with a straight cut. (b) Domain with a circular inclusion.

Figure 7.9: Two discontinuous domains are chosen for convergence history tests having a very sharp step-wise
jumps.

Convergence tests for these two discontinuous functions are given in Figure 7.10. Hakopian’s
quadrature shows a rapid convergence at the beginning however it completely fails later on in
both cases. Other cubature formulae demonstrate generally a slower convergence rate compared
to regular functions. The convergence history can behave somewhat erraticly. Relative errors less
than 1% are achieved by using around 150 nodes, almost regardless.

0 25 50 75 100 125 150
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

Number of nodes

R
e

la
ti
v
e

 E
rr

o
r

 

 

S

P

V

B

H

(a) Convergence history in the domain with cut in a
semi-log scale.

0 25 50 75 100 125 150
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

Number of nodes

R
e

la
ti
v
e

 E
rr

o
r

 

 

S

P

V

B

H

(b) Convergence history in the domain with inclusion in
a semi-log scale.

Figure 7.10: Convergence histories when applying the quadrature formulae to discontinuous function. In both
cases we plot relative error against number of nodes in semi-log scale.

Clearly composite strategies are needed to possibly improve this situation if the location of
discontinuities are known a priori.
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Conclusions
Different families of quadrature formulae suited for integration over a circular domain are pre-

sented and compared. It is found that recent developments can be used profitably to obtain simple
formulae which give a quick and accurate convergence providing (1) calculation nodes which are
reasonably distributed and ordered, and (2) negative weights are avoided. All cubature presented
formulae show a very rapid and smooth convergence for regular functions which are continuous
and differentiable over the circular domain. The Hakopian’s rule, however, fails completely when
the data is not continuous or non-differentiable. Other quadrature rules show slower but reason-
ably smoother convergence history. A summary of the main points observed regarding cubature
rules presented here are given next.

• Bojanov quadrature rule can provide nodes on the boundary. It shows a very stable be-
haviour and high convergence rate invariably. However it can not be used in a composite
approach.

• Peirce and Stroud’s demonstrate a comparably stable behaviour and high convergence rates.
Both of these quadrature rules do not provide nodes on the boundary. Peirce formula,
however, can be modified to be utilized in a composite approach.

• Padova rule demonstrates a very stable behaviour; can provide nodes on the boundary and
can be used in a composite approach. Its convergence rate, however, is lower than Peirce,
Stroud and Bojanov’s approaches.

• Associated weights in Hakopian quadrature can be negative and consequently it does not
converge for irregular functions. It has nodes on the boundary, however, this cubature
formula does not provide an even distribution of nodes, especially in higher degrees of
exactness.

A "composite" approach, such as those in Padova class, are suggested for irregular functions to
improve the convergence and accuracy.
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Conclusions

Main achievements of each chapter are given concisely in few sentences followed by a brief
description of the works in progress and suggested researches as possible continuations of the
current works.

A comparative study is carried out on the performance of the most popular shell theories
in elasto-acoustic modelling of a fluid-filled, submerged shell structure subjected to transient
excitations of various sources. Generalized unified, closed form solutions are given here for different
models considered. A discontinuation in application of shell theories under a general nonstationary
excitation is strongly recommended, henceforth. The presented study is done for the individual
modal components. Another paper with a similar objective is in progress but on the total response
rather than individual modal components. This will complement the current work. Inclusion of
viscosity in the fluid media is the next step which is also in progress. This is an important factor
in making a more realistic model, especially, when dealing with the ultrasonics frequency ranges.
This part, also, is extended to a multi-layered and FGM shell structure which will appear in the
future communications.

Subsequently, the exact linear theory is utilized to find the transient response of a shell filled
with and submerged in compressible fluids under a general centrally symmetric excitation. A
Hertzian distribution of contact forces is considered as well as commonly used assumption of a
uniform profile. Such a situation can be a reasonably idealized model for a number of significant
practical configurations such as head injury and high intensity ultrasound surgery. This loading
configuration leads to omission of asymmetric modes which consequently leads to a very strong
focusing of acoustical energy at the center of the shell. It is demonstrated quantitatively as well as
qualitatively that under special arrangements, the focal pressure can be magnified, for example,
by more than ten folds of an input load. Such findings convey practically significant implications.

Truly comprehensive investigations are performed on buried shells within elastic formations
rather than submerged ones in fluid medium where the most general form of various excitation
sources are considered and closed form solutions are developed. Numerical experiments are per-
formed when the shell excited by a general surface traction, eccentric pressure source within the
internal fluid as well as various combinations of spherical incident waves of different origin. Exact
solutions, also, for laminated spheres are developed where the production of the corresponding
numerical results are in progress. Furthermore, the effect of damping in the form of viscoelasticity
also is under investigation. A modified Biot’s constitutive model for the fluid saturated porous
formations is a work in progress. A half-space situation, rather than the current full space config-
uration will be the subject of future researches. Multiple scattering by an array of spherical shells
also will be the subject of upcoming communications.

The generalized Hooke’s law along with generalized linear piezoelasticity for anisotropic ma-
terials for shells submerged in an acoustical wedge, rather than isotropic shells in an acoustical
full space, is studied subsequently. Plane incident acoustical waves as well as traction forces on
either surfaces of the shell are considered as the sources of excitation in the frequency domain.
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Transient analysis of the same configuration is an immediate extension. Diffraction of incident
waves by multiple cylindrical scatterers is, also, a straightforward extension to an acoustical wedge
solution. Active and passive control of the pressure fields, however, can be an interesting topic
for the future research.

Scattering of elastic and acoustical waves by spherical obstacles within materials having mi-
crostructure is an area with many thrilling applications from nano- and bio- mechanics to hyper-
sonic aerospace industry. An appropriate theory of micropolars continua is required to be applied
according to the specific intended application. Number of micropolars theories are established
since the Cosserat brothers proposed their theory at the beginning of the last century [Cosserat
et al., 1909]. Even though at early stages of such an elegant and exciting research front, it looks
definitely a promising path with enormous opportunities that yet need to be explored.

Quadrature formulae are presented for circular domains being applicable, for example, to cylin-
drical and spherical shells. These integration schemes can be used within a mixed finite element
framework or a meshless technique. A study on elasto-plastic response of cylinders is at its final
stages where a mixed finite element framework is employed by using of these cubature formulae.
These approach, however, can be extended to other problems with different sources of nonlin-
earity such as large deformations kinematics, hyperelastic constitutive models and discontinuities
occurring due to the interaction of strong shock waves and structures.
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Appendix A

Acoustical Phenomena

The wave equation for a fluid medium is derived from the pertinent fundamental assumptions.
Let’s assume p̄∗, v̄∗ and ρ̄′ are fluid’s acoustic perturbations of pressure, particle velocity and
density, respectively, from the equilibrium situation in a stagnant uniform fluid in absence of
a body force. The conservation equations of the mass and linear momentum as well as the
constitutive rule in a quiescent, isentropic acoustic phenomenon are, respectively,

ρ̄
′

,t + ρf∇.v̄
∗ = 0, (A.1a)

∇p̄∗ = −ρf v̄
∗
,t and (A.1b)

p̄∗ = c2
f ρ̄
′
. (A.1c)

By omitting ρ̄′ and v̄∗ in Equation A.1a and using Equation A.1b as well as Equation A.1c, the
linear wave equation for an acoustic phenomenon emerges as

c2
f∇

2p̄ = p̄∗,tt . (A.2)

See, for example, [Rienstra and Hirschberg, 2017]. The nondimensional form of Equation A.2
becomes

∇2p = α2
f s

2p (A.3)

in the Laplace domain for zero initial conditions.
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Appendix B

Elastic Waves

The Helmholtz decomposition of the displacement field of an elastic medium and its associ-
ated Hansen displacement vectors are explained here concisely. The kinematic assumption for
an infinitesimal deformation ū∗ in the form of the Green-Cauchy strain tensor, the generalized
Hooke’s law as the assumed linear constitutive relation and conservation of linear momentum in
the absence of a body force are, respectively,

ε̄ =
1

2

(
∇ū∗ + ū∗∇

)
, (B.1a)

σ̄∗ = C : ε̄ and (B.1b)

∇.σ̄∗ = ρ∗sū
∗
,tt. (B.1c)

The ε̄ and C are a symmetric Green-Lagrange strain tensor and the fourth order stiffness tensor,
respectively. The well-known Navier equation emerges by combining the latter three equations
for an isotropic elastic medium a long with the following identity of ∇2 ≡ ∇∇.−∇×∇×, the
well-known Navier equation emerges as

(λ+ 2µ)∇∇.ū∗ − µ∇×∇× ū∗ = ρ∗sū
∗
,tt. (B.2)

The standard displacement solution of Equation B.2 is found by superimposing the longitudinal
and shear wave motions. This technique is known as the Helmholtz decomposition. Its mathe-
matical form is

ū =∇φ̄+∇× Ψ̄ iff ∇.Ψ̄ = 0 (B.3)

when it is nondimensionalized. The φ̄ and Ψ̄ are the scalar longitudinal (dilatational, primary or
the so called p-wave) wave potential and the solenoidal (shear, secondary or the s-wave) vector
potential, respectively. Obviously ∇φ̄ is an irrotational displacement vector whereas the ∇× Ψ̄

represents a equivoluminal deformation if the gauge condition ∇.Ψ̄ = 0 is satisfied. Substituting
Equation B.3 into Equation B.2 and taking, first a divergence and then a curl from both sides
of the resulting equation along with the application of the aforementioned identity, leads to a
scalar and a vector wave equations, respectively, as c2

p∇
2φ̄∗ = φ̄∗,tt and c

2
s∇

2Ψ̄∗ = Ψ̄∗,tt in which
cp =

√
(λ+ 2µ)/ρs and cs =

√
µ/ρs are the compressional and shear wave speeds, respectively.

The latter wave equations become

∇2φ̄ = α2
p φ̄,tt and ∇2Ψ̄ = α2

sΨ̄,tt . (B.4)
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when nondimensionalized. It is obvious that only two independent scalar potentials, χ̄∗ and
ψ̄∗ arise form Equation B.4 due to the gauge condition. Motion associated with the solenoidal
component can be decomposed further into two orthogonal vectors M̄ and N̄ which are associated
with two scalar shear wave potentials ψ̄ and χ̄, respectively. Both these vectors are located in a
plane normal to the irrotational displacement L̄. Then in a spherical coordinate frame

L̄ =∇φ̄, M̄ =∇(rψ̄)× er and N̄ =∇
(
∂(rχ̄)

∂r

)
− r∇2χ̄ er. (B.5)

These three orthogonal vectors are due to Hansen’s as in [Pujol, 2003, § 5.6.1] which their super-
position constitutes the total displacement field as

ū = L̄ + M̄ + N̄. (B.6)

Components of ū in a spherical coordinate frame become

ū ≡



ūr

ūθ

ūϕ


=



∂φ̄

∂r
+
∂2(rχ̄)

∂r2 − r∇2χ̄

1

r

∂φ̄

∂θ
+

1

sin θ

∂ψ̄

∂ϕ
+
∂2(rχ̄)

r ∂θ ∂r
1

r sin θ

∂φ̄

∂ϕ
− ∂ψ̄

∂θ
+

1

r sin θ

∂2(rχ̄)

∂ϕ∂r


. (B.7)

The stress components σrr and σrθ as well as the radial velocity vr ≡ sur are needed to enforce
the boundary conditions at shell’s traction surfaces by using GL in § 1.2.5.1 for an axisymmetric
situation. These components may be found in terms of the displacement potentials by using
Equation B.1b, Equation B.3 and Equation B.7 in spherical coordinate. Then



vr

σrr

σrθ


=



s

(
∂2(rψ)

∂r2 − r∇2ψ

)

2µ
∂

∂r

(
∂2(rψ)

∂r2 − r∇2ψ

)
µ

r

(
∂

∂θ

(
∂2(ψ)

∂r2 − r∇
2ψ

)
− 1

r

∂2(rψ)

∂θ∂r
+ r

∂

∂r

(
1

r

∂2(rψ)

∂θ∂r

))



+



s∂φ

∂r

λ∇2φ+ 2µ
∂2φ

∂r2

2µ

r

(
∂2φ

∂r∂θ
− 1

r

∂φ

∂θ

)

. (B.8)

Corresponding modal components for ur, σrr and σrθ are derived by substituting Equation 2.24
into Equation B.8 so their nth modal components are, respectively,

urn(r, s) = Cn(s)
{
n in(αprs) + αprs in+1(αprs)

}
+Dn(s)

{
n kn(αprs)− αprs kn+1(αprs)

}
+ En(s) {n(n+ 1)in(αsrs)}+ Fn(s) {n(n+ 1)kn(αsrs)} ,



and

σrrn (r, s) = Cn(s)

{(
(r s αs)

2

2
− n+ n2

)
in(αpr s)− 2 r s αpin+1(αpr s)

}

+Dn(s)

{(
(r s αs)

2

2
− n+ n2

)
kn(αpr s) + 2 r s αpkn+1(αpr s)

}
+ En(s)

{
n(n+ 1)

(
(n− 1) in(αpr s) + r s αpin+1(αpr s)

)}
+ Fn(s)

{
n(n+ 1)

(
(n− 1) kn(αsr s)− r s αpkn+1(αsr s)

)}
,

whereas

(B.9)

σrθn (r, s) = Cn(s)
{

(n− 1)in(αpθ s) + r s αpin+1(αpr s)
}

+Dn(s)
{

(n− 1)kn(αpθ s)− r s αpkn+1(αpr s)
}

+ En(s)

{
1

2

(
n2 − 1 +

(αsr s)
2

2

)
in(αpθ s)− r s αsin+1(αsr s)

}

+ Fn(s)

{
1

2

(
n2 − 1 +

(αsr s)
2

2

)
kn(αpθ s) + r s αskn+1(αsr s)

}
.

Equations B.9 are used to particularize the Cauchy traction boundary conditions.





Appendix C

Shell Theories’ Operators

The linear operator L ≡ L2×2 for th 4M theory is
−


(1 + β)

[
(ν + cot2 θ) +∇2

θ

]
+α2

Lsh

∂2

∂t2




∂

∂θ
[β(1− ν)− (1 + ν)]

+β∇2
θ


[
∂

∂θ
+ cot θ

]
(

(1 + ν) + β(ν + cot2 θ)− β∇2
θ

)
 −

 2(1 + ν) + β(1− ν)∇2
θ

+β∇4
θ + α2

Lsh

∂2

∂t2





where ∇2
θ =

∂2

∂θ2 + cot θ
∂

∂θ
. In the case of 5M theory, however, the enlarged operator L ≡ L3×3

becomes 



∂2

∂θ2 + ν cot θ
∂

∂θ
− csc2 θ + (1− ν)×(

cot θ
∂

∂θ
− cot2 θ

)
−α2

sh − α
2
Lsh

∂2

∂t2


{
−α2

sh

} 
(

1 + ν

+α2
sh

)
∂

∂θ



{1}



(
ν cot θ +

β

α2
sh

×

[ν + cot θ(1− ν)]

)
× ∂

∂θ
+

β

α2
sh

∂2

∂θ2

−ν β

α2
sh

csc2θ

+(1− ν) cot θ

−1− βα2
Ssh

∂2

∂t2



{
− ∂

∂θ

}


−
(
α2
sh + (1 + ν)

)
∂

∂θ

− cot θ

(
α2
sh + (1 + ν)

)


{
α2
sh
∂

∂θ
+ α2

sh cot θ

}


α2
sh
∂2

∂θ2 +

α2
sh cot θ

∂

∂θ
−2(1 + ν)

−α2
Lsh

∂2

∂t2




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in which

cLsh =

√
E

ρ
(1− ν2), cSsh =

√
κG

ρ
(1− ν2), β =

(1− rin)2

12
,

αLsh =
cex
cLsh

, αSsh =
cex
cSsh

, αsh =
cSsh
cLsh

. (C.1)

The cLsh and cSch are the dilatational and modified shear wave speeds, respectively in a thin shell.
Moreover κ is a shear correction factor and G is the shear modulus of the shell’s material. Then
parameters used in Equation 1.43 and Equation 1.44 of the man text are defined as

b1 = 1 + ν + k2αLsh , b2 = 2 + k1
ds

1 + ν
,

b3 = ε− 2ks + 2kskr
ds

1− ν
, b4 = 1− 2

ksk2ds
1− ν

,

b5 = 1− (k1 + k2)
ds

1− ν
, b6 = 1− ν − krds,

b7 = 1− (cr + kr)
ds

1− ν
, ε =

12

h2 ,

c1 = 4− 2ks(1 +ν)−[k1 + kr +
2ks

1− ν
]ds, k1 = 1 +

1

ε
,

c2 = (1− ν)(b5b6 + b1b7) + (1 + ν)c4, k2 =
2

ε
,

c3 = (1− ν)(b4b7 − b3b7), kr = 1 +
9

5ε
,

c4 = (b4b2 − b1b3 + b2b3 + b4b6 − 2ksb5b2), ds = α2
Lsh
s2. (C.2)



Appendix D

Green’s Function

The transient full-space Green’s function Ḡ ≡ Ḡ(t|ti, r|ri) for the wave equation is the solution
to

LḠ = δ(t′)δ(r′) (D.1)

where L ≡ ∇2 +α2(∂2/∂t2), r′ = r−ri and t
′ = t− ti. The r, ri and r

′ are the vectors illustrated
in Figure 3.3. The ti is arrival time of a wavefront to one of the shell’s surfaces. In a spherical

coordinate δ(r′) =
1

r2 sin θ
δ(r − ri)δ(θ − θi)δ(ϕ− ϕi). The solution of Equation D.1 is

G = e−s ti
e−s α|r

′|

4π|r′|
(D.2)

in the Laplace domain where |r′| is given in Equation 3.8. The time domain Green’s function is
found by taking an inverse Laplace transform of the last equation, such that

Ḡ =
δ(α |r′|−t′)

4π |r′|
. (D.3)

Subsequently the unified expression for an incident wave is obtained, simply, by performing con-
volution integration on Ḡ and an arbitrary excitation f̄(t) which leads to Equation 3.6. The
corresponding expression of this incident term in Laplace domain is deduced by multiplication
of f(s) with G given in Equation D.2. This is identical to the one of Equation 3.12. Hence,
the corresponding harmonic Green’s function may be found in [Ivanov, 1970, § 3.6] or [Gaunaurd
et al., 1995, Equation 5].
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Appendix E

Spherical Addition Theorems

The Legendre addition theorem is explained first after which two translational addition theo-
rems are newly derived. Suppose r = r r̂ is an arbitrary vector in which r is its magnitude and r̂
represents the associated unit vector. The Cartesian components of r̂ are (sin θ cosϕ, sin θ sinϕ, cos θ).
Thus the inner product of two arbitrary unit vectors becomes

r̂ · r̂i ≡ cos γ = cos θ cos θi + sin θ sin θi cos(ϕ− ϕi) (E.1)

where γ is the angle between these two unit vectors. Applying Legendre polynomial symbolized
by Pn to both sides of Equation E.1 leads to

Pn(r̂ · r̂i) ≡ Pn(cos γ) =
4π

2n+ 1

n∑
m=−n

Y m
n (r̂)Y̆ m

n (r̂i), (E.2)

where Y̆m
n (r̂) = Y̆m

n (θ, ϕ) is the complex conjugate of the spherical harmonics Ym
n . This equation

is known as the Legendre addition theorem The spherical harmonics,. Cf [Martin, 2006, Equa-
tion 3.20] or [Olver, 2010, § 14.18.2]. The spherical harmonics are orthonormal functions, i.e.
〈Ym

n ,Y
q
p〉 = δnpδmq, where 〈a, b〉 =

∮
ab dΩ in which dΩ = sin θdθdϕ. If Ỹ ≡ Ỹm

n (θ, ϕ) =

Pmn (cos θ)eimϕ and Amn ≡ 〈Ỹ
m
n , Ỹ

q
p〉 then Ym

n = Amn Ỹm
n where

Amn =

√
(2n+ 1)(n− |m|)!

4π(n+ |m|)!
. (E.3)

It also can be shown straightforwardly that

Y−mn = (−1)mY̆m
n and P−mn = (−1)m

(n−m)!

(n+m)!
Pmn , (E.4)

Cf [Olver, 2010, § 10.30.6;14.30.8]. A translational addition theorem is required if a coordinate
frame centered at Oi is moved to O by using the translation vector ri =

−→
OOi but with the original

frame’s axes maintaining their direction. The result of combining [Olver, 2010, Equations 10.60.1;
10.60.2], h(1)

n (ix)= jn(x) + iyn(x) and the Euler’s formula, eix = cosx+ i sinx becomes

ei z |r−ri|

|r − ri|
=
∞∑
n=0

i jn(z r) h(1)
n (z ri) Pn(cos γ) r < ri

i jn(z ri) h
(1)
n (z r) Pn(cos γ) r ≥ ri

(E.5)

for the geometry given in Figure 3.3. The {jn(x), yn(x)}, {in(x), kn(x)} are the spherical Bessel
and modified spherical Bessel functions of the first and second kinds, respectively, whereas h(1)

n (x)
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is the spherical Hankel function of the first kind. Equation E.5, subsequently, turns into

e−s α|r−ri|

|r − ri|
=

2

π

∞∑
n=0

(2n+ 1)kn(α ri)in(α r) Pn(cos γ) r < ri

(2n+ 1)in(α r)kn(α ri) Pn(cos γ) r ≥ ri
(E.6)

by using jn(ix) = i−nin(x) and h(1)
n (ix) = −2i−nkn(x)/π [Olver, 2010, § 10.47(vi)] and substitut-

ing z = iαs. An alternative derivation of Equation E.6 can be given by starting from [Martin,
2006, theorem 3.15] for the configuration illustrated in Figure 3.3, such that

h0(z |r − ri|) =
∞∑
n=0

(2n+ 1) hn(z ri) jn(z r) Pn(cos γ) r < ri

(2n+ 1) hn(z r) jn(z ri) Pn(cos γ) r ≥ ri
. (E.7)

Then simply by using k0(x) = πe−x/(2x) and substituting z = iαs, the latter equation turns into
Equation E.6. This equation is a special case of the modified Gegenbauer ’s addition theorem.
See, for example, [Watson, 1995, § 11.4.1, Equation 11] or [Olver, 2010, § 10.60.3]. Finally the
nonaxisymmetric (3D) addition theorem I emerges as

e−s α|r−ri|

|r − ri|
= 8

∞∑
n,m

in(α ri s) kn(α r s) Y̆ m
n (θi, ϕi) Y

m
n (θ, ϕ), r < ri

in(α r s) kn(α ri s) Y̆
m
n (θi, ϕi) Y

m
n (θ, ϕ), r ≥ ri

(E.8)

by substituting Equation E.2 into E.6. This addition theorem is used for expanding a spherical
incident wave. The substitution of cos γ with cos θ in Equation E.6 gives the asymmetric (2D)
version of this theorem. The addition theorem required to express a plane incident wave is deduced
next.

The derivation of the addition theorem II may start from the theorem due to Bauer which is

ei x cos γ =

∞∑
n=0

(2n+ 1)in jn(x)Pn(cos γ).

See Equation 1 of [Watson, 1995, § 11.5]. The Bauer formula turns into the nonaxisymmetric
(3D) addition theorem II as

eα [cos θ cos θi+sin θ sin θi cos(ϕ−ϕi)]r s = 4π
∞∑
n,m

in(α r s) Y̆ m
n (θi, ϕi) Y

m
n (θ, ϕ)

=

∞∑
n,m

(2n+ 1)
(n−m)!

(n+m)!
in(α r s) Pmn (cos θi) P

m
n (cos θ)eim(ϕ−ϕi) (E.9)

by utilizing Legendre addition theorem given in Equation E.2, substituting γ from Equation E.1,
jn(ix) = i−nin(x) and having x = iαsz. Cf [Olver, 2010, § 10.60.9]. Equation E.9 reduces into

eα s r cos θ =
∞∑
n=0

(2n+ 1)in(α r s)Pn(cos θ) (E.10)

by using {x = iα s r cos γ} and substituting γ with θ in an asymmetric (2D) configuration.
Cf [Olver, 2010, § 10.60.8].



Appendix F

{jkϑ
i
θ,ϕ} and {

j
kς
i
θ,ϕ}

Mathematical expressions are given here for {jkϑ
i
θ,ϕ} and {jkς

i
θ,ϕ}. These are the relevant

elements of the displacement and stress of the shell and its surrounding as they appear in Equa-
tion 3.33 and Equation 3.34, respectively. For the radial displacement, ur, they are

∞
kϑ

a
r = nkn(αp,∞rs)− αp,∞rs kn+1(αp,∞rs),

∞
kϑ

b
r = 0,

∞
kϑ

c
r = n(n+ 1)kn(αs,∞rs),

sh
iϑ
d
r = n in(αp,shrs) + αp,shrs in+1(αp,shrs),

sh
kϑ

e
r = n kn(αp,shrs)− αp,shrs kn+1(αp,shrs),

sh
iϑ
f
r = 0,

sh
kϑ

g
r = 0,

sh
iϑ
h
r = n(n+ 1)in(αs,shrs) and

sh
kϑ

i
r = n(n+ 1)kn(αs,shrs).

Corresponding elements for uθ become

∞
kϑ

a
θ = kn(αp,∞rs),

∞
kϑ

b
θ = kn(αs,∞rs),

∞
kϑ

c
θ = (n+ 1)kn(αs,∞r s)− αs,∞r s kn+1(αs,∞r s),

sh
kϑ

d
θ = in(αp,shr s),

sh
kϑ

e
θ = kn(αp,shr s),

sh
kϑ

f
θ = in(αs,shr s),

sh
kϑ

g
θ = kn(αs,shr s),

sh
kϑ

h
θ = (n+ 1)in(αs,shr s) + αs,shr s in+1(αs,shr s) and

sh
kϑ

i
θ = (n+ 1)kn(αs,shr s)− αs,shr s kn+1(αs,shr s),
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whereas for uϕ

∞
kϑ

a
ϕ = kn(αp,∞r s),

∞
kϑ

b
ϕ = −kn(αs,∞r s),

∞
kϑ

c
ϕ = (n+ 1)kn(αs,∞r s)− αs,∞r s kn+1(αs,∞r s),

sh
kϑ

d
ϕ = in(αp,shr s),

sh
kϑ

e
ϕ = kn(αp,shr s),

sh
kϑ

f
ϕ = −in(αs,shr s),

sh
kϑ

g
ϕ = −kn(αs,shr s),

sh
kϑ

h
ϕ = (n+ 1)in(αs,shr s) + αs,shr s in+1(αs,shr s) and

sh
kϑ

i
ϕ = (n+ 1)kn(αs,shr s)− αs,shr s kn+1(αs,shr s).

Similarly the elements of the radial stress, σrr, are

∞
kς
a
r =

(
(r s αs,∞)2

2
− n+ n2

)
kn(αp,∞r s) + 2 r s αp,∞kn+1(αp,∞r s),

∞
kς
b
r = 0,

∞
kς
c
r = n(n+ 1)

(
(n− 1) kn(αs,∞r s)− r s αs,∞kn+1(αs,∞r s)

)
,

sh
kς
d
r =

(
(r s αs,sh)2

2
− n+ n2

)
in(αp,shr s)− 2 r s αp,shin+1(αp,shr s),

sh
kς
e
r =

(
(r s αs,sh)2

2
− n+ n2

)
kn(αp,shr s) + 2 r s αp,shkn+1(αp,shr s),

sh
kς
f
r = 0,

sh
kς
g
r = 0,

sh
kς
h
r = n(n+ 1)

(
(n− 1) in(αp,shr s) + r s αp,shin+1(αp,shr s)

)
and

sh
kς
i
r = n(n+ 1)

(
(n− 1) kn(αs,shr s)− r s αp,shkn+1(αs,shr s)

)
.



For the tangential stress, σrθ, they are

∞
kς
a
θ = (n− 1)kn(αp,∞θ s)− r s αp,∞kn+1(αp,∞r s),

∞
kς
b
θ = (n− 1)kn(αs,∞r s) + r s αs,∞kn+1(αs,∞r s),

∞
kς
c
θ =

1

2

(
n2 − 1 +

(αs,∞r s)
2

2

)
kn(αp,∞θ s) + r s αs,shkn+1(αs,shr s),

sh
kς
d
θ = (n− 1)in(αp,shθ s) + r s αp,shin+1(αp,shr s),

sh
kς
e
θ = (n− 1)kn(αp,shθ s)− r s αp,shkn+1(αp,shr s),

sh
kς
f
θ = (n− 1)in(αs,shr s)− r s αs,shin+1(αs,shr s),

sh
kς
g
θ = (n− 1)kn(αs,shr s) + r s αs,shkn+1(αs,shr s),

sh
kς
h
θ =

1

2

(
n2 − 1 +

(αs,shr s)
2

2

)
in(αp,shθ s)− r s αs,shin+1(αs,shr s) and

sh
kς
i
θ =

1

2

(
n2 − 1 +

(αs,shr s)
2

2

)
kn(αp,shθ s) + r s αs,shkn+1(αs,shr s).

Terms for the tangential stress of σrϕ are

∞
kς
a
ϕ = (n− 1)kn(αp,∞ r s)− r s αp,∞kn+1(αp,∞r s),

∞
kς
b
ϕ = −

(
(n− 1)kn(αs,∞r s) + r s αs,∞kn+1(αs,∞r s)

)
,

∞
kς
c
ϕ =

1

2

(
n2 − 1 +

(αs,∞r s)
2

2

)
kn(αp,∞ r s) + r s αs,shkn+1(αs,shr s),

sh
kς
d
ϕ = (n− 1)in(αp,shϕ s) + r s αp,shin+1(αp,shr s),

sh
kς
e
ϕ = (n− 1)kn(αp,sh r s)− r s αp,shkn+1(αp,shr s),

sh
kς
f
ϕ = −

(
(n− 1)in(αs,shr s)− r s αs,shin+1(αs,shr s)

)
,

sh
kς
g
ϕ = −

(
(n− 1)kn(αs,shr s) + r s αs,shkn+1(αs,shr s)

)
,

sh
kς
h
ϕ =

1

2

(
n2 − 1 +

(αs,shr s)
2

2

)
in(αp,sh r s)− r s αs,shin+1(αs,shr s) and

sh
kς
i
ϕ =

1

2

(
n2 − 1 +

(αs,shr s)
2

2

)
kn(αp,sh r s) + r s αs,shkn+1(αs,shr s).





Appendix G

Axially Polarized Orthotropic Constitutive Model

As a specific case of fully anisotropic triclinic crystal, the Piezoelasticity constitutive equation
for an axially polarized orthotropic material in an expanded matrix form becomes

σpzrr

σpzθθ
σpzzz

σpzθz
σpzrz

σpzrθ


=



Cpz11 Cpz12 Cpz13 0 0 0

. Cpz22 Cpz23 0 0 0

. . Cpz33 0 0 0

. . . Cpz44 0 0

. . . . Cpz55 0

. . . . . Cpz66





εpzrr

εpzθθ
εpzzz

εpzθz
εpzrz

εpzrθ


−



0 0 e31

0 0 e32

0 0 e33

0 e24 0

e15 0 0

0 0 0




Er

Eθ

Ez

 (G.1)

and


Dr

Dθ

Dz

 =

 0 0 0 0 e51 0

0 0 0 e42 0 0

e13 e23 e33 0 0 0





εpzrr

εpzθθ
εpzzz

εpzθz
εpzrz

εpzrθ


+

κ11 0 0

. κ22 0

. . κ33



Er

Eθ

Ez

 . (G.2)

Equation G.1 and Equation G.2 are associated with those of Equation 5.1a and Equation 5.1b in
the main text, respectively. The similar procedure for a purely orthotropic elastic material results
into 

σelrr

σelθθ

σelzz

σelθz

σelrz

σelrθ


=



Cel11 Cel12 Cel13 0 0 0

. Cel22 Cel23 0 0 0

. . Cel33 0 0 0

. . . Cel44 0 0

. . . . Cel55 0

. . . . . Cel66





εelrr

εelθθ

εelzz

εelθz

εelrz

εelrθ


. (G.3)

Equation G.3 corresponds to the one of Equation 5.3. However, for a radially polarized piezo-
electric material in a plain strain situation Equations G.1, G.2 and G.3, respectively, turn into

σpzrr

σpzθθ
σpzrθ

 =

C
pz
11 Cpz12 0

. Cpz22 0

. . Cpz33



εpzrr

εpzθθ
εpzrθ

−
e11 0

e21 0

0 e32

{Er
Eθ

}
, (G.4)
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{
Dr

Dθ

}
=

(
e11 e21 0

0 0 e32

)
εpzrr

εpzθθ
εpzrθ

+

(
ε11 0

. ε22

){
Er

Eθ

}
. (G.5)

Applying a similar procedure to a purely orthotropic elastic material results into
σelrr

σelθθ

σelrθ

 =

C
el
11 Cel12 0

. Cel22 0

. . Cel33



εelrr

εelθθ

εelrθ

 . (G.6)



Appendix H

Kinematic Relations

By using the cylindrical gradient operator,

∇ =
∂

∂r
er +

1

r

∂

∂r
eθ +

∂

∂z
ez, (H.1)

the Lagranigian Cauchy-Green infinitesimal deformation tensor in an expanded matrix-form be-
comes

εrr εrθ εrz

. εθθ εθz

. . εzz

=



∂ur
∂r

1

2

(
1

r

∂ur
∂θ
− uθ

r
+
∂uθ
∂r

)
1

2

(
∂uz
∂r

+
∂ur
∂z

)

.
1

r

∂uθ
∂θ

+
ur
r

1

2

(
∂uθ
∂z

+
∂uz
r∂θ

)

. .
∂uz
∂z


. (H.2)

Equation H.2 corresponds to Equation 5.5 in the main text. The latter equations, in a plain strain
situation, are reduced to

(
εrr εrθ

. εθθ

)
=



∂ur
∂r

1

2

(
1

r

∂ur
∂θ
− uθ

r
+
∂uθ
∂r

)

.
1

r

∂uθ
∂θ

+
ur
r

 . (H.3)
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Appendix I

Conservation Laws

The expanded matrix form of conservation of linear momentum in the absence of body force
is 

∂

∂r
+

1

r
0 0 0

∂

∂z

1

r

∂

∂θ
− 1

r

0
1

r

∂

∂θ
0

∂

∂z
0

∂

∂r
+

2

r

0 0
∂

∂z

1

r

∂

∂θ

∂

∂r
+

1

r
0





σrr

σθθ

σzz

σθz

σrz

σrθ


= ρ


ür

üθ

üz

 . (I.1)

Equation I.1 corresponds to the one of Equation 5.6. The electrostatic charge equilibrium, on the
other hand, for a piezoelectric material in the absence of free charge density is

1

r

(r∂Dr)

∂r
+

1

r

∂Dθ

∂θ
+
∂Dz

∂z
= 0. (I.2)

Equation I.2 corresponds to the one of Equation 5.7. In the last two equations for an axially
symmetric (2D) configuration, all variables in z direction as well as differentiations with respect
z become zero.
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Appendix J

Modal Coefficient Matrices

Modal coefficient elements of elastic medium are as follows

Gel
n (r, ω) =

(
S(1,1)
n (r, ω) S(1,2)

n (r, ω) S(1,3)
n (r, ω)

S(2,1)
n (r, ω) S(2,2)

n (r, ω) S(2,3)
n (r, ω)

)
(J.1)

where S(i,j)
n ≡ S(i,j)

n (r, ω) are
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− in
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(
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
− in
r
−ikz

−2

r
0

0 −1

r

 .

231



Equation J.1 corresponds to the one of Equation 5.12a in the main text. Furthermore, the modal
coefficient elements of piezoelectric materials can be written as

Gpz
n (r, ω) =

(
W (1,1)
n (r, ω) W (1,2)

n (r, ω) W (1,3)
n (r, ω) W (1,4)

n (r, ω)

W (2,1)
n (r, ω) W (2,2)

n (r, ω) W (2,3)
n (r, ω) W (2,4)

n (r, ω)

)
(J.2)

in which W (i,j)
n ≡W (i,j)

n (r, ω) are

W (1,1)
n =



− Cpz12

rCpz11

− inCpz12

rCpz11

− in
r

1

r
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Cpz22 −
(C

pz
12 )

2

C
pz
11

r2 − ω2ρpz

in
(
Cpz11C

pz
22 − (Cpz12 )2

)
r2Cpz11


,

W (1,2)
n =



− ikzC
pz
13

Cpz11

1

Cpz11

0 0

0 0

ikz (Cpz11C
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pz
12C

pz
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rCpz11

C
pz
12

C
pz
11
− 1

r


, W (1,3)

n =



0 0
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− in
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,
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,
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,
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W (2,3)
n =


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0
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0
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,
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and

Equation J.2 corresponds to the one of Equation 5.12b in the main text.
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