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Abstract

An important research area in space physics and astrophysics is the transport

of energetic, charged particles, such as electrons, protons, and muons, in magnetic

turbulence, with active research in this field going back to Jokipii (1966). For example,

the magnetic turbulence in the solar wind, arising from the combination of the motion

of the solar wind plasma and the Sun’s magnetic field, deflects energetic charged

particles away from their initial trajectories. These particles may have originated

in the Sun (solar energetic particles), or from sources outside the solar system such

as supernova remnants (galactic cosmic rays) or active galactic nuclei (extra–galactic

cosmic rays). Regardless of their origin, these high energy particles will be deflected in

the heliospheric magnetic field, with transport being described by diffusion coefficients

parallel and perpendicular to the local mean field. Research over the years has shown

that the perpendicular transport needs to be described by theoretical models that

are highly non–linear. Test–particle simulations performed using various analytical

turbulence models have allowed these theoretical descriptions of particle transport to

be improved by providing numerical results to compare with theoretical predictions.

In this work, a test–particle code has been developed using a new trajectory solver

that allows for better energy conservation and position accuracy. This is then used

in simulations performed to test the predictions of theory in the limit of small Kubo

number turbulence.
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1Only applies to the MHD equations at the start of Chapter 2.
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K Kubo number
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Chapter 1

Introduction

When considering the objects that make up the universe, some of the first things

that come to mind are galaxies, stars, and planets. Other objects such as black

holes and nebula may also be thought of. While these objects are separated by

large distances, the space between them is not empty, but is instead filled with a

combination of dust, gas, and plasma that is collectively known as the interstellar

medium (ISM) outside the solar system and the interplanetary medium (IPM) within

it. Embedded within these media are electromagnetic fields that influence the motion

of charged particles, such as electrons, protons, and alpha particles that move through

them. Some of these charged particles are part of this medium in the form of a

plasma and coupled to the electromagnetic fields present as described by the laws of

magnetohydrodynamics (MHD). Other particles have been injected into this medium

after being accelerated to high energy by various processes such as diffusive shock

acceleration in supernovae and supernova remnants (Malkov and Drury, 2001) or

from active galactic nuclei (Kronberg and Lovelace, 2015, Pierre Auger Collaboration

et al., 2007). Known as cosmic rays or energetic particles, the paths of high energy

ions is influenced by the medium they are moving through and the fields embedded

in it.
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1.1 The Astrophysical Environment and Energetic

Particles

1.1.1 The Solar Wind

Filling our solar system is the solar wind: an outflow of plasma from the Sun.

Using observations of the motion of comet tails Biermann (1951, 1952, 1957) suggested

that there must be a gas flowing away from the Sun with a velocity between 5 · 107

to 1.5 · 108 cm s−1 and a density near Earth of around 500 hydrogen atoms per cubic

centimetre. Today, we know from measurements performed by the Ulysses spacecraft

in the 1990s that the solar wind has a velocity of approximately 4 · 107 cm s−1 near

the Sun’s equator and approximately 7.5 · 107 cm s−1 outside the equatorial region

(McComas et al., 2003). Near the L1 Lagrange point, the solar wind speed has

an average of around 4 · 107 cm s−1 and an average density of around 3 protons

per cubic centimetre (NOAA, 2024). Data from Voyagers 1 and 2 show that the

electron density between 80 to 90 AU1 is between 0.0012 and 0.0044 electrons per

cubic centimetre, which then increases at the heliopause (around 120 AU) to between

0.039 and 0.055 electrons per cubic centimetre (Gurnett and Kurth, 2019).

1.1.2 Heliospheric Magnetic Field

Utilizing the observations of Biermann, Parker (1958) predicted that the outflow

of plasma from the Sun will drag the Sun’s magnetic field out into the interplanetary

space, forming the heliospheric magnetic field (HMF). The field lines in this model

take the shape of what is now referred to as the Parker spiral. Measurements from

the L1 Lagrange point give a field strength of between 10 to 100 microGauss (µG) at

the L1 point (NOAA, 2024).

As noted by Parker (1958), the resulting spiral pattern for the magnetic field is the

result of an idealized model of the solar wind. In reality, fluctuations in the solar wind

alter the shape of the magnetic field, leading to non–linear effects such as magnetic

turbulence. The magnetic field can be modelled as2

~B(~x, t) = ~B0(~x, t) + ~δB(~x, t) (1.1)

1An Astronomical Unit (AU) is the mean distance between the Sun and Earth.
2This can be applied to any magnetic system, not just the solar wind.
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Figure 1.1: Contour plot of the magnetic correlation function for the solar wind
by Matthaeus et al. (1990). Data is plotted as a function of distance parallel and
perpendicular to the mean magnetic field, with units of 1010 cm. Reprinted with
permission from The American Geophysical Union–Matthaeus et al. (1990).

where ~B0(~x, t) is the background field and ~δB(~x, t) describes the distortions in the field.

As discussed in Matthaeus et al. (1990), the two perspectives on dynamics of the HMF

can be summarized as either the view that the fluctuations are due to “significant non–

linear interactions” or that they are the result of the “superposition of noninteracting

MHD modes,” which at that point were modelled as Slab or Isotropic fluctuations.3

Regardless of the cause, Matthaeus et al. (1990) used data from the ISEE 3 spacecraft

to calculate the two–dimensional correlation function4 for magnetic field in the solar

wind (see Figure 1.1) as a function of the distance parallel or perpendicular to the

3See Chapter 2 for a definition of the models.
4Also defined in Chapter 2.
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mean magnetic field. This analysis showed that the HMF could not be described by

either purely slab or isotropic fluctuations, but rather that it also contained “quasi–

two–dimensional, nearly incompressible fluctuations.” Based on this, Bieber et al.

(1994) proposed that the HMF be modelled as a combination of slab modes and a

new 2D model in which both the magnetic field and corresponding modes are confined

to the xy plane.

In addition to correlation functions, there is also the related correlation length

scale: the distance that two points can be separated by and still have the turbulence

be correlated. Wicks et al. (2009, 2010) found that the correlation length scale of the

solar wind magnetic turbulence at around 1 AU is on the order of 0.01 AU.5

1.1.2.1 Very Local Interstellar Medium Data

Even after exiting the solar system, the Voyager spacecraft have continued trans-

mitting data back to Earth. Reported in Burlaga et al. (2015), Voyager 1 observed

that the magnetic turbulence in the very local interstellar medium (VLISM )6 was

dominated by compressible fluctuations with a Kolmogorov–like spectrum (k−5/3).

Three years later, Burlaga et al. (2018) reported that the magnetic turbulence ob-

served by Voyager 1 had transitioned to be nearly incompressible with a similar

Kolmogorov–like spectrum. Furthermore, Burlaga et al. (2018) reported that the

average magnetic field was 4.4 µG and that the ratio between the fluctuations and

the average field was 0.02. Zank et al. (2019) showed that this transition from com-

pressible to incompressible turbulence is a result of three–wave interactions in fast

magnetosonic waves which converts the turbulence to Alfvén waves and zero frequency

two–dimensional vortices.

1.1.2.2 A Note on Compressible and Incompressible Turbulence

When describing turbulence, there are two broad categories: compressible tur-

bulence and incompressible turbulence. Compressible turbulence is defined as hav-

ing a component of the turbulence parallel to the background mean field, such that
~B0 · ~δB 6= 0. This turbulence is termed compressible. On the other hand, incompress-

ible turbulence has its fluctuations confined to the plane perpendicular to the mean

field with no density perturbations.

5The theory and importance of correlation scales is discussed in Chapters 2 and 3, respectively.
6Defined by Zank (2015), Zank et al. (2017) as “that region of the interstellar medium surrounding

the Sun that is modified or mediated by heliospheric processes or material.”
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1.1.3 Energetic Particles

The first part of this section is a summary of the 1936 Nobel prize in physics award

ceremony speech, given by Professor H. Pleijel on December 10, 1936. (Nobel Prize

Outreach, 1936)

By the year 1911, scientists knew that ionizing radiation could be found anywhere

on Earth. At the time, the source of the radiation wasn’t known, although it was

thought to be the breakdown of radioactive elements in the Earth’s crust. In 1911

and 1912, Victor Hess made measurements of the ionization rate in the atmosphere

by taking electroscopes up in hot air balloons. While his measurements showed a

decrease in the ionization rate up to around one kilometre above ground level, which is

consistent with ground based sources, the ionization rate increased above this altitude

such that at five kilometres the ionizing radiation was double the intensity at ground

level. Further measurements by other researchers showed that the radiation intensity

at just over 9 kilometres was about 40 times that at ground level. From this Hess

concluded that the radiation must be coming from beyond Earth’s atmosphere. By the

time Victor Hess was awarded half the Nobel prize in physics in 1936 for his research,

it had been found that this radiation (named cosmic rays or cosmic radiation) was

reaching Earth from every direction. The second half of the 1936 Nobel prize in

physics went to Carl Anderson for the discovery of the positron by observing cosmic

rays in a cloud chamber. These observations also showed that cosmic rays consisted

of charged particles, not just high energy photons.

Cosmic rays can be classified based on the amount of kinetic energy they possess.

The lowest energy particles are solar energetic particles (SEPs), sometimes referred

to as solar cosmic rays, with kinetic energies between 10 and 109 eV (Shalchi, 2009).

These cosmic rays were first indirectly detected by Forbush (1946) and have been

determined to come from the sun. At 106 eV are anomalous cosmic rays, named due

to their composition of elements that are difficult to ionize. Produced when neutral

particles are ionized and accelerated at the boundary between the solar wind and

ISM, the particles are thought to originate between 75 and 100 AU from the sun

(Shalchi, 2009). Galactic cosmic rays are energetic particles originating outside the

solar system but within the Milky Way, with energies between 109 and 1015 eV (1–

105 GeV). Particles of these energies can be produced via diffusive shock acceleration

(Malkov and Drury, 2001, Ackermann et al., 2013) in supernova remnants, such as
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the Crab Nebula (Sekido et al., 1951). Ultra–high energy particles, with energies

greater than 1015 eV, have been shown to come from active galactic nuclei using both

observation (Pierre Auger Collaboration et al., 2007, Kronberg and Lovelace, 2015)

and theory (Honda and Honda, 2004). These particles are also referred to as extra–

galactic cosmic rays, since their origin is outside our Galaxy. Table 1.1 summarizes

this classification of energetic particles.

Particle Energy Particle Type Source Example

10–109 eV Solar Energetic Particles The Sun
106 eV Anomalous Cosmic Rays ISM/IPM Boundary Shock
109–1015 eV Galactic Cosmic Rays Supernova Remnants
≥ 1015 eV Extra Galactic Cosmic Rays Active Galactic Nuclei

Table 1.1: Summary of the classification of energetic charged particles with source
examples.

When these particles move through a magnetized plasma, such as the interplan-

etary medium, their motion is affected by both the plasma and the magnetic fields

embedded in said plasma. Parker (1965) describes what is now known as the Parker

transport equation, which describes the motion of energetic charged particles in a

magnetized plasma. This equation is given by

∂f

∂t
= ~∇ · [¯̄κ · ~∇f ]− ~u · ~∇f +

1

3
[~∇ · ~u]

∂f

∂ ln p
+ S, (1.2)

where f = f(~x, p, t) is the distribution of the particles as a function of position ~x,

momentum magnitude p, and time t; ¯̄κ is the tensor of diffusion and drift coefficients,

~u is the bulk plasma velocity, and S describes any sources or sinks present. The terms

in the equation describe various transport processes: ~u · ~∇f describes the convection

of the particles by the background plasma travelling at speed ~u, 1
3
[~∇·~u] ∂f

∂ ln p
describes

the adiabatic change in energy, and ~∇ · [¯̄κ · ~∇f ] describes the diffusion and drift of

the particles due to the magnetic field (Engelbrecht et al., 2022).

Related to the diffusion coefficients is the mean free path (see Chapter 3.3.2 for the

relation), the average distance a particle travels before scattering. In 1982, Palmer

(1982) published a review of observational data and concluded that at 1 AU, the

parallel mean free paths of particles with magnetic rigidity between 5·105 and 5·109

V (0.5 MV to 5 GV) was between 0.08 and 0.3 AU. The magnetic rigidity (RB) of a
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Figure 1.2: Cosmic ray mean free paths as a function of rigidity (MV). Filled symbols
are electron results, while open symbols are proton results. Actual values are denoted
with circles, while triangles represent data where only the lower limit is known. The
shaded band in the middle is the “consensus range” detailed by Palmer (1982). The
dotted line is the prediction of standard quasi–linear theory using a magnetostatic,
dissipationless slab geometry (Jokipii, 1966). Reprinted with permission from The
American Astronomical Society–Bieber et al. (1994)

particle, which can be viewed as the resistance said particle has to being deflected by

a magnetic field, is defined (in cgs units) as

RB =
pc

|q|
, (1.3)

where p is the momentum of the particle, q is the particle charge, and c is the speed

of light. This result has since become known as the Palmer consensus range. Bieber

et al. (1994) revisited the results, distinguishing the observation by both particle

type (electrons and protons) and whether the mean free path was an actual value or

just a lower limit. The resulting analysis (see Figure 1.2) demonstrated that at low

rigidity, electron and proton scattering are fundamentally different and have a speed

dependency, not just a rigidity dependence at small values of RB (Bieber et al., 1994).

Beyond their use in the transport of energetic particles in the solar system, diffu-

sion coefficients of energetic particles are required in the exploration of other astro-

physical fields, such as the timescale for particle acceleration in perpendicular shocks

(Zank et al., 2004) and the acceleration of particles in supernova remnants (Berezhko
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et al., 2002, Berezhko and Völk, 2007) and active galactic nuclei (Honda and Honda,

2004).

1.2 Theoretical Background

The scenario assumed in this work is as follows: charged energetic particles are

moving through a magnetized background plasma. Based on the solar wind density,

it is assumed that the particles do not interact with each other or the plasma itself,

only the fields embedded in the plasma. Furthermore, it is assumed that the particles

are moving fast enough relative to the background plasma that the temporal changes

in fields can be ignored. This assumption can be justified using the data presented for

the solar wind. To do this, however, several quantities need to be defined. Already, the

magnetic rigidity has been defined in (1.3). An alternative definition of the magnetic

rigidity is

RB = BRL (1.4)

where B is the magnetic field strength and RL is the Larmor radius. In this work,

we define a unit–less rigidity as

R =
RB

B0`0

=
RL

`0

=
pc

qB0`0

(1.5)

where `0 is a characteristic length scale for the turbulence the particle is moving

through and we have set B = B0.

Next, consider the solar wind data from the L1 Lagrange point (NOAA, 2024):

the average speed of the solar wind is around 4 ·107 cm s−1 and the average magnetic

field7 is about 52 µG. Using a value of 0.01 AU for `0, so that it is approximately equal

to the turbulence correlation length, the unit–less rigidity for solar wind protons at

1 AU is approximately 5.4 · 10−4. For electrons with the same velocity, the unit–less

rigidity drops to 2.9 ·10−7. In the VLISM, the unit–less rigidity becomes 6.3 ·10−3 for

protons and 3.5 · 10−6 for electrons, assuming a similar correlation scale and particle

speed.

Finally, consider the Alfvén speed (Alfvén, 1942) of the solar wind,

vA =
B0√
4πρp

, (1.6)

7Including both mean field and turbulence.
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where B0 is the mean field in Gauss and ρp is the thermal proton density. Using the

data from NOAA (2024), at 1 AU the Alfvén speed is approximately 6.5 · 106 cm s−1;

while in the outer heliosphere it is around 6.3 · 106 cm s−1, assuming that the proton

density is the same as the reported electron density (Gurnett and Kurth, 2019) and

a magnetic field strength of 1 µG. Both of these velocities are smaller than the solar

wind speed (NOAA, 2024).

In this work, unit–less rigidities considered are all greater than the computed

values for solar wind protons and electrons. Therefore, the particles considered are

moving much faster than any changes in the background medium, and the time de-

pendence of the fluctuations can be ignored.

1.2.1 Particle Motion

As mentioned, the scenario assumed in this work is that the charged particles of

interest are collision-less and therefore only interact with the electromagnetic fields.

The motion of the particles is therefore described by the Newton-Lorentz equation,

which, in cgs units, is

d~p

dt
= q

[
~E(~x, t) + ~β × ~B(~x, t)

]
. (1.7)

Here, ~x is the particle position at time t, ~β is the particle velocity (~v) divided by the

speed of light (c), ~p = γm~v is the relativistic particle momentum, γ is the Lorentz

factor, q is the charge on the particle, and ~E and ~B are respectively the electric and

magnetic fields. A common assumption is that the electric and magnetic fields can

be split into a mean field component, ~F0, and turbulent component, ~δF , such that

~F (~x, t) = ~F0 + ~δF (~x, t) (1.8)

where ~F is the field in question. The mean field component, ~F0, is an externally

imposed field, while the turbulent component, δ~F is derived from a combination of

models based on magnetohydrodynamics and observational data (such as data from

the DISCOVR spacecraft (NOAA, 2024)), and has a volume average of zero. As

the plasma has a high conductivity, we assume that the mean electric field is zero.

This allows the coordinate system to be orientated so that the mean magnetic field

is parallel to the z axis. The Newton-Lorentz force is therefore

d~p

dt
= qB0

~β × ẑ + q
[
~δE(~x, t) + ~β × ~δB(~x, t)

]
. (1.9)
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In the absence of any turbulence, the energetic particles undergo helical motion

around the mean magnetic field. Due to the presence of magnetic turbulence, the en-

ergetic particles are slowly but surely deflected from their original trajectory. Electric

turbulence results in a similar deflection, along with a spread in the velocities of the

ensemble. These processes are known as spatial diffusion and momentum diffusion,

and are described using diffusion and drift coefficients. Magnetic turbulence leads

to spatial diffusion, while electric turbulence leads to both spatial and momentum

diffusion. While the drift coefficients may be of interest in some applications, they

are not significant in transport theories considered in this work, and are therefore

assumed to be zero. Furthermore the turbulence models considered here do not have

an electric field component, and therefore only spatial diffusion is present.8

1.2.1.1 Particle Motion in Magnetic Turbulence

In the absence of electric fields, the Newton-Lorentz force becomes

d~p

dt
=
qB0

c
~v ×

~B

B0

. (1.10)

Since the magnetic force conserves the kinetic energy of the particle, the force can be

further rearranged to read

d~v

dt
=
qB0

γmc
~v ×~b, (1.11)

where

~b = ~B/B0. (1.12)

Furthermore, the ratio qB0

γmc
can be identified as the unperturbed synchrotron frequency

(Ω).

In numerical work, it is common to scale the equations being solved in a way that

renders them unit-less. There are several advantages in doing so, with a primary one

being that it becomes possible to see general effects more easily. Another advantage

is that the scaling can be done such that physical values are no longer required, only

the ratios of them are. For a particle in a magnetic field, there are several ways to

scale the equations, each one relating to how the synchrotron frequency is handled. In

this field, the common method for scaling the equations is to absorb the synchrotron

8The electric fluctuations in Alfvén waves are proportional to the magnetic fluctuations by the
ratio of the Alfvén speed and the speed of light. As will be shown in later in this chapter this ratio
is much less than one, and therefore the electric fields can be fully ignored.

10



frequency into a unit-less time by the relation

T = Ωt. (1.13)

Having scaled the time by Ω and the magnetic field by B0, the only remaining quantity

required is a length scale. There are two possible ways to obtain this: the length scale

can be set by scaling the position directly or the velocity can be scaled directly and

the length scale calculated from the ratio of the velocity scale and the time scale.

In this field, the common method is to scale the position by a characteristic length

scale `0 of the magnetic turbulence the particle is moving through. For example, when

solving analytical theory the equations for the mean square displacement along a given

axis are often scaled by the length scale of that axis. The scaled equations of motion

are therefore

d ~R

dT
= ~R×~b( ~X, T ), (1.14a)

d ~X

dT
= ~R; (1.14b)

where ~b = ~B/B0 = ẑ+ ~δb is the scaled magnetic field, T = Ωt is the scaled time, ~R is

a vector version of the unit–less rigidity (1.5) and is used as the scaled velocity, and

~X =
~x

`0

(1.15)

is the scaled position. The scaling of quantities is further discussed in Chapter 5.3

The exact solution of (1.14) can be found by first defining the matrix

¯̄bij = εijkbk (1.16)

so that the acceleration can be expressed as

~̇R = ¯̄b ~R, (1.17)

which leads to (for example see Boas (2006))

~R(T + T0) = exp

 T+T0∫
T0

dT ′ ¯̄b( ~X(T ′), T ′)

 ~R(T0). (1.18)

11



Next, by defining

φi(T ) =

T+T0∫
T0

dT ′bi( ~X(T ′), T ′) (1.19)

the velocity can be written as

~R(T+T0) =

[[
1− cosφ(T )

] ~φ(T )⊗~φ(T )

φ2(T )
+ cosφ(T ) ¯̄I + sinφ(T )

¯̄φ(T )

φ(T )

]
~R(T0) (1.20)

where ~φ(T ) ⊗ ~φ(T ) is the outer product of ~φ(T ) with itself and ¯̄I is the identity

matrix. Although (1.20) gives the exact solution, it is not necessarily an analytical

one. With the inclusion of turbulence, the trajectory (T , ~X(T ), ~R(T )) of any given

particle depends on both the initial conditions and the field configuration, making

the trajectory in phase space unique.

While the trajectory of a particle is unique, the displacement of the particle is not:

two particles may have different starting conditions, but have the same displacement

along a given axis. A perfect example of this is particle motion in slab turbulence

(defined in Chapter 2.2.1): two particles can have the same initial velocity and z-

coordinate, but have different starting points in the xy plane. Since this form of

turbulence depends only on the z coordinate, the displacement vectors of the two

particles are identical for their entire trajectory. From this example it can be seen

that if provided with the velocity and position of a particle, it is possible to determine

the unique trajectory. However, if the displacement is provided instead of the position

it is not possible to determine the trajectory. In terms of correlation functions, it

would be said that the particle displacement has become decorrelated from the initial

conditions.

When describing the motion of an ensemble of particles in magnetic turbulence, it

is often convenient to do so via statistical theories rather than an actual ensemble of

particle trajectories. Examples of such theories are the Quasi–Linear Theory (QLT,

Jokipii (1966)), the Non–Linear Guiding Center (NLGC, Matthaeus et al. (2003))

Theory, and the Unified Non–Linear Transport (UNLT, Shalchi (2010, 2017), Lasuik

and Shalchi (2017)) Theory (see Chapter 3.3 for a description of these theories and

others). These theories employ various correlation functions in the calculation of

important quantities, such as the spatial diffusion coefficients.
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1.2.2 Particle Diffusion

Spatial diffusion is defined by

κii = lim
t→∞

1

2

d

dt

〈
(∆xi(t))

2〉 , (1.21)

where 〈(∆xi(t))2〉 is the mean square displacement of the system along axis i. When

comparing analytical calculations to results from test particle simulations, a quantity

called the running diffusion coefficient is used since it is not possible to run simulations

for an infinite amount of time. The running diffusion coefficient is defined as

dii(t) =
1

2

d

dt

〈
(∆xi(t))

2〉 (1.22)

so that the diffusion coefficient is then

κii = lim
t→∞

dii(t). (1.23)

As previously mentioned, in the absence of turbulence, particles undergo helical

motion. In this case, the particle trajectories can be parameterized as
x(t)

y(t)

z(t)

 =


v
√

1−µ2

ω
cos(ωt+ ϕ) + x0

−v
√

1−µ2

ω
sin(ωt+ ϕ) + y0

vµt+ z0

 (1.24)

where ω is the gyro-frequency, ϕ is the initial phase of the velocity, and µ is the cosine

of the angle between the velocity and the mean magnetic field. Referred to as the

pitch angle cosine,

µ = vz/v (1.25)

is an important quantity in the transport of particles.

1.2.2.1 Diffusion Regimes

When considering the motion of an ensemble of particles, it is often assumed that

the mean square displacement is proportional to time by〈
(∆xi(t))

2〉 ∝ tσ, (1.26)

and therefore the diffusion coefficient has the proportionality relation

dii(t) ∝
σ

2
tσ−1. (1.27)
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The motion parallel to the mean field is ballistic in the absence of turbulence. Mag-

netic turbulence deflects the particle motion parallel to the mean field, scattering

them. The possible behaviour resulting from this scattering is summarized in Table

1.2.

σ Diffusion Regime Diffusion Coefficient

σ = 2 ballistic motion linear

1 < σ < 2 super-diffusion monotonically increasing

σ = 1 normal diffusion constant

σ < 1 sub-diffusion monotonically decreasing

Table 1.2: Classification of diffusion regimes (Shalchi, 2009). Reproduced with per-
mission from Springer Nature.

Often, a system will start in one regime and then at some point transitions to

another. As seen in Figure 1.3, the ensemble motion in slab turbulence9 in both the

parallel (1.3a) and perpendicular (1.3b) directions starts off as ballistic motion, and

then respectively transitions to normal diffusive or sub-diffusive motion.

(a) Running parallel diffusion (b) Running perpendicular diffusion

Figure 1.3: Example of diffusion in slab turbulence. The turbulence energy fraction
is (δB/B0)2 = 1.0 and the particle rigidity is R = 1.0.

While using (1.21) and (1.22) as the respective mathematical definitions of the

diffusion and running diffusion coefficients is useful in analytical theories, it is numeri-

cally problematic. The reason for this is that numerical data is often noisy, and taking

9Details on the slab model can be found in 2.2.1.

14



a derivative numerically will only amplify the noise. As a result, it is convenient to

define the running diffusion coefficient as

dNii (t) =
1

2t

〈
(∆xi(t))

2〉 (1.28)

when analyzing simulation data. If the system becomes diffusive, both definitions

will converge in the limit of t→∞.

1.2.3 Accuracy In Numerical Methods

Anytime numerical work is compared to analytical work, a primary concern is

the accuracy of the numerical calculations. Ideally, the only error present would by

systematic errors due to floating point truncation, which can be minimized by using

floating point data types that have a higher number of bits. Practically, there is also

an error in the final results due to the type of numerical method utilized, although

this too can be minimized by a proper choice of numerical method. For example,

when using Runge–Kutta (RK) methods (such as the methods of Fehlberg (1969),

or Dormand and Prince (1980)) the accuracy can be improved by decreasing the

size of the step in the independent variable or increasing the order of the method

used, or a combination of both. Unfortunately, the price of increasing the accuracy

in this way is that the number of times the differential equation must be evaluated

also increases, resulting in a longer run time required to find the solution. Adaptive

Runge–Kutta methods attempt to solve this by estimating the local truncation error

and then taking as large a step as possible while keeping the local error below a given

threshold.

In physics, there are often various conservation laws that can be taken advantage

of when checking the accuracy of a numerical solution. For particle trajectories, some

examples of this would be conservation of angular momentum in central potential

problems or conservation of momentum in elastic collisions. For a particle in a mag-

netic field, the applicable law is the conservation of kinetic energy. Unfortunately,

solutions from explicit RK methods often do not obey the applicable conservation

laws. A prime example of this is the RK solution for a simple harmonic oscillator

(SHO), which suffers from unidirectional energy drift (see Appendix A for a deriva-

tion). Furthermore, as the error in the RK solution is proportional to current energy

and the step size used, adaptive RK methods only amplify the energy drift by taking

as large a step size as possible.
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As the velocity differential equation of a particle in a magnetic field is similar to

the SHO differential equations, it too suffers the same unidirectional energy drift.

Worse still, this energy drift will alter the change in position of each step, which

will feed back into the acceleration if the magnetic field is a function of position.

Depending on the form of the magnetic field, this has the potential to lead to the

solution becoming wildly inaccurate in a relatively short time. Furthermore, since

it is expected that the scattering of the particles by the magnetic field is governed

by resonance interactions between the particle velocity and the wave modes of the

magnetic field (see Chapter 3), changes in the magnitude of the velocity will change

what interactions are possible.

1.3 Thesis Goals
The goals of this work are to use the noisy slab and full 3D turbulence mod-

els (Chapter 2) to study the behaviour of the diffusion coefficients in turbulence

with low Kubo numbers (defined in Chapter 3.2.4.3) and compare the results with

time–dependent analytical theory (defined in Chapter 3). To that end, a numeri-

cal method for calculating particle trajectories in magnetic fields is developed and

presented (Chapter 4) which has superior phase and position accuracy compared to

existing methods. The method for generating the magnetic fields, which is based off

of the method used by other researchers in this field, is discussed (Chapter 5) along

with the methods used to solve the equations provided by analytical theory for par-

ticle transport. Results are then presented and compared with the analytical theory

(Chapter 6).

1.3.1 Related Publications

In addition to being presented here, some of the results and methods have also

been published in the following articles:10

Chapter 3 A. Shalchi and V. Arendt, On the Relevance of Magnetic Correlation Functions

in Energetic Particle Transport Theory, Brazilian Journal of Physics, Volume

54, Issue 4, article id.126, August 2024.

Chapter 4 V. Arendt, Numerical methods, energy conservation, and a new method for

particle motion in magnetic fields, Mathematics and Computers in Simulation,

Volume 205, p. 142-185, March 2023.

10Articles are listed in the order of the chapter they are first used in.
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Chapter 6 V. Arendt and A. Shalchi, Detailed Test-Particle Simulations of Energetic Par-

ticles Interacting with Magnetized Plasmas II. Three-Dimensional Turbulence

with Small Kubo Numbers, Advances in Space Research, 2025, In Press.

Simulations for Shalchi and Arendt (2024b) and Arendt and Shalchi (2025) were

performed by V. Arendt, at the direction of A. Shalchi. Analysis by both V. Arendt

and A. Shalchi. Manuscripts prepared by A. Shalchi with contributions from V.

Arendt.

1.3.2 Other Publications

Publications with results not presented in this work:

• A. Shalchi and V. Arendt, Distribution Functions of Energetic Particles Expe-

riencing Compound Subdiffusion, The Astrophysical Journal, Volume 890, Issue

2, id.147, 13 pp, February 2020.

• V. Arendt and A. Shalchi, Detailed test-particle simulations of energetic par-

ticles interacting with magnetized plasmas I. Two-component turbulence, Ad-

vances in Space Research, Volume 66, Issue 8, p. 2001-2023, October 2020.

• A. Shalchi and V. Arendt, Simulations of field line random walk in noisy slab

turbulence, Advances in Space Research, Volume 74, Issue 9, pp. 4238-4249,

November 2024.
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Chapter 2

Describing Magnetic Turbulence

There are multiple different approaches for describing magnetic turbulence. The

primary one is using the equations of magnetohydrodynamics (MHD): a system of

non-linear equations describing the coupling of various fields such as density, pressure,

velocity, and electromagnetic fields. In cgs units, these equations are:

∂ρ

∂t
= −~∇ [ρ~v] ; (2.1a)

ρ

[
∂~v

∂t
+
[
~v · ~∇

]
~v

]
= −~∇P + ρe ~E +

~J × ~B

c
; (2.1b)

η ~J = ~E +
~v

c
× ~B; (2.1c)

~∇ · ~E = 4πρe; (2.1d)

~∇ · ~B = 0; (2.1e)

~∇× ~E = −1

c

∂ ~B

∂t
; (2.1f)

~∇× ~B =
4π

c
~J +

1

c

∂ ~E

∂t
. (2.1g)

Here (2.1a) is the mass continuity equation, where ρ is the density of a given fluid

and ~v is the velocity field for said fluid; each fluid present requires its own continuity

equation. The second equation, (2.1b), is Euler’s equation, relating the change in the

velocity field of a given fluid to the gradient of the pressure P and the force density.

In MHD this force is the Lorentz force, where ρe is the charge density, ~E is the electric

field, ~J is the current density, ~B is the magnetic field, and c is the speed of light. Here

it has also been assumed that the viscosity is negligible. The third equation, (2.1c), is
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Ohm’s law, relating the current density to the electric, magnetic, and velocity fields

via the resistivity η. The last four equations are Maxwell’s equations, relating the

electric and magnetic fields to the charge density and current density, respectively,

as well as to each other. In addition to the above equations, the equation of state

relating the pressure to the density is also required.

Alternatively, one can use statistics to define various turbulence models. While

this approach doesn’t directly give the turbulence field for all positions and times, it

does allow for the grouping of fields based on common properties and configurations

which is ideal when examining statistical processes such as diffusion. The mathemat-

ical quantity commonly used in this approach is the two-point, two-time magnetic

correlation tensor:

Rnm(~x, ~x0, t, t0) = 〈δBn(~x, t)δBm(~x0, t0)〉 , (2.2)

which describes the relation between the magnetic turbulence field component δBm at

position ~x0 and time t0 and the magnetic turbulence field component δBn at position

~x and time t. The angle brackets, 〈· · ·〉, represents the averaging operator; in this

case the quantities being averaged are any variable that is allowed to take a random

value.

2.1 Statistical Description

2.1.1 Magnetic Correlation and Spectral Tensors

Often it is assumed that the turbulence in question is both spatially and tempo-

rally homogeneous (Shalchi, 2020), meaning that the components of the correlation

tensor (2.2) can be written as

Rnm(~x, ~x0, t, t0) = Rnm(~x− ~x0, t− t0). (2.3)

For example, Matthaeus et al. (1990) computed the static two–dimensional correlation

tensor R(r‖, r⊥) for the solar wind, as discussed in Chapter 1. If the magnetic field

is represented using a Fourier transform,

~δB(~x, t) =

∫
d3k ~̃δB(~k, t)ei

~k·~x, (2.4)
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then the correlation tensor components become

Rnm(~x, ~x0, t, t0) = 〈Bn(~x, t)Bm(~x0, t0)〉

=

〈∫
d3k

∫
d3k′ δ̃Bn(~k, t)δ̃B

†
m(~k′, t0)ei(

~k·~x−~k′·~x0)

〉
.

(2.5)

The temporal behaviour is left as part of the Fourier amplitude ~̃δB, which allows for

various temporal effects to be included other than just undamped Alfvén waves. Addi-

tionally, since any ‘random’ variables present are contained in the Fourier amplitude,

the components of the correlation tensor can be written as

Rnm(~x, ~x0, t, t0) =

∫
d3k

∫
d3k′

〈
δ̃Bn(~k, t)δ̃B

†
m(~k′, t0)

〉
ei(

~k~x−~k′~x0). (2.6)

If the turbulence satisfies (2.3), then the Fourier amplitude correlation is given by〈
δ̃Bn(~k, t)δ̃B

†
m(~k′, t0)

〉
= Pnm(~k,∆t)δ(~k − ~k′), (2.7)

where ∆t is the time interval between t0 and t, and Pnm is what is referred to as

the spectral tensor which is required extensively in the theory of both field line and

particle diffusion. Using (2.7) in (2.6) and (2.3), the magnetic correlation tensor is

given by

Rnm(∆~x,∆t) =

∫
d3k Pnm(~k,∆t)ei

~k∆~x (2.8)

from which it can be seen that Pnm is the Fourier transform of Rnm. Alternatively,

the spectral tensor can be calculated by

Pnm(~k,∆t) =
1

(2π)3

∫
d3xRnm(~x,∆t)e−i

~k~x (2.9)

if the correlation tensor is known.1

2.1.1.1 Temporal Behaviour

In general, each component of the spectral tensor can have different temporal

behaviour. That said, it is commonly assumed that all components have the same

temporal behaviour (Bieber et al., 1994). In this case, the spectral tensor is written

1Here, the variable transformation ∆x→ x has been used.
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as

Pnm(~k,∆t) = Pnm(~k)Γ(~k,∆t), (2.10)

where Pnm(~k) is the static spectral tensor and Γ(~k,∆t) is what is called the dynamical

correlation tensor. In magnetostatic turbulence Γ(~k,∆t) = 1, while for undamped

shear Alfvén waves Γ(~k,∆t) = e±ivAk‖t. A discussion of dynamical turbulence can be

found in Shalchi et al. (2006).

2.1.2 Spectral Tensor

If the magnetic turbulence has the same spatial behaviour along all axes, the

spectral tensor can be split using

Pnm(~k) = g(~k)ϕnm(~k), (2.11)

where g(~k) is what is called the spectral function and ϕnm(~k) is a tensor describing the

relation between the orientation of the Fourier wave mode, k̂ and orientation of the

magnetic field, ~̃δB(~k, t). For incompressible axi-symmetric turbulence, the spectral

function can be written as

g(~k) = g(k‖, k⊥), (2.12)

while ϕnm takes the form

ϕnm(~k) =


δnm k⊥ = 0;n,m 6= z

δnm −
knkm
k2
⊥

k⊥ 6= 0;n,m 6= z
(2.13)

such that the spectral tensor can be written as

¯̄P (~k) = g(k‖)

1 0 0

0 1 0

0 0 0

 (2.14a)

if k⊥ = 0 or

¯̄P (~k) = g(k‖, k⊥)

 1− cos2 kφ − cos kφ sin kφ 0

− cos kφ sin kφ 1− sin2 kφ 0

0 0 0

 (2.14b)

otherwise.
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2.1.2.1 Power Law Spectra

Figure 2.1: Power law spectrum for the Bz component of the solar wind at heliocentric
distance of 0.30 AU (left) and 0.98 AU (right). The relation between frequency and
wave number is discussed in Bieber et al. (1996), and are proportional to each other.
The prediction of Kolmogorov (1941) that the inertial range spectral index is s = 5/3
is close to the measured value of s = 1.7 seen in the spectrum (mid–frequency range
in figure). This figure was originally published in NASA Conference Publication –
Denskat and Neubauer (1983). Reused under public licence.

A commonly used spectral function is that of a power law (for example, see the

models defined later in this chapter), given by (Shalchi and Weinhorst, 2009)

g(k) = N(s, q)δB2`

[
k`
]q[

1 +
[
k`
]2] s+q2

(2.15)

where s and q are what are referred to as spectral indices, ` is the length scale of

the model, δB2 is the mean square magnetic amplitude, and N(s, q) is the normaliza-
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tion function for the model. The behaviour of this function falls into one of several

categories depending on the value of k` (Zhou and Matthaeus, 2005). Small wave

numbers (k`� 1), corresponding to large scale structure, form what is known as the

energy range, so named because it is the scale at which energy is injected into the

turbulence. In this region, the spectra scales as

g(k) ∝ kq (2.16)

which is why q is referred to as the energy spectral index. Normalization considera-

tions,

∞∫
0

dk N(s, q)δB2`

[
k`
]q[

1 +
[
k`
]2] s+q2

= 1, (2.17)

require that the spectral index q be greater than negative one in general (Zwillinger,

2012), although some models may restrict this value further.

Figure 2.2: Power law spectrum for various values of q, with s = 5/3.

Large wave numbers (k` � 1), corresponding to small scale structure, form the

inertial range. In this range, energy is transferred to progressively small scales (larger

wave numbers), and is unaffected by the dynamics of either ultra small scales or large
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scales. The spectrum in this regime goes as

g(k) ∝ k−s, (2.18)

with normalization considerations requiring that s is greater than one. In most mod-

els, the value of s is set to 5/3 based on the work Kolmogorov (1941) and results from

various spacecrafts, such as the Helios 2 spacecraft (Denskat and Neubauer, 1983)

shown in Figure 2.1. Figure 2.2 shows the spectra for s = 5/3 and integer values of

q from zero to four. While not present in (2.15), there is also the dissipation range

which occurs at small scales. This range is so named because it is the scale at which

energy is dissipated from the system, and is important for solar energetic particles

(Bieber et al., 1994). The dissipation scale is not considered in this work.

2.1.2.2 Power Law Spectrum Integral

The general integral of the power law spectrum is given by (for example see Grad-

shteyn and Ryzhik (2000))

G(x, s, q) =

x∫
0

dx′
x′q[

1 + x′2
] s+q

2

=
xq+1

2F1( q+1
2
, q+s

2
; q+3

2
;−x2)

q + 1
(2.19)

where 2F1(a, b; c;x) is the Gaussian hypergeometric function. This function appears

in several diffusion theories (see equation 4.32 of Shalchi (2020) for example). If the

spectral index q is odd, then there is an analytical solution given by

G(x, s, q) =

[1 + x2
]− s+q−2

2

(q−1)/2∑
n=0

anx
2n

− a0 (2.20)

where the coefficients an are calculated via the relations

a0 = −
Γ
(
q+1

2

)
Γ
(
s−1

2

)
2Γ
(
s+q

2

)
an−1 =

2n

s+ q − 2n
an,

a(q−1)/2 =
1

1− s
,

(2.21)

where Γ(· · · ) is the gamma function. If the spectrum is normalized, the equations

becomes

GN(x, s, q) =

[1 + x2
]− s+q−2

2

(q−1)/2∑
n=0

a′nx
2n

− a′0 (2.22a)
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with coefficients

a′n =
an
|a0|

. (2.22b)

These equations will be used in 5.1.4 when calculating the wave amplitudes in the

test–particle simulations.

2.2 Synthetic Turbulence Models

Presented here are various theoretical models of magnetic turbulence. Not all the

models discussed are used in the simulations done for this work; some are simply

presented for comparison. The spectral tensor and function for each of the models

are initially given as they appear in literature. Section 2.2.9 discusses an alternate

form of the spectral tensor that is useful in both analytical theory and simulations.

The figures shown in this section are maps of the variations in the magnitude of the

turbulence for an example instance of each model. The description of how an instance

of a model is created can be found in Section 5.1. The parameters in these figures

are derived from those used in the simulations detailed in Chapter 6 and Shalchi and

Arendt (2024b).

2.2.1 Slab Turbulence

One of the simplest models of incompressible magnetic turbulence is the slab

model, which has been used in particle diffusion research since Jokipii (1966). The

corresponding spectral tensor is given by

P Slab
nm (~k) = gSlab(k‖)

δ(k⊥)

k⊥
δnm (2.23)

where n,m 6= z. The spectral function proposed by Bieber et al. (1994) and used in

this work for this model is

gSlab(k‖) =
C(s)

2π
δB2

Slab`‖

[
1 +

[
k‖`‖

]2]− s2
, (2.24)

with normalization constant

C(s) =
Γ
(
s
2

)
2
√
π Γ
(
s−1

2

) . (2.25)

Figure 2.3 shows the variation in magnitude of a possible slab turbulence field con-

figuration.
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Figure 2.3: Variations in magnitude of a sample slab turbulence field. All axes are
scaled by the parallel length scale.

2.2.2 2D Turbulence

The 2D turbulence model is similar to the slab model in that it is a reduced

dimensional model of incompressible turbulence. In this model the wave vector is

confined to the xy plane, giving this model the transverse complexity that the slab

model lacks. The spectral tensor describing this model is

P 2D
nm(~k) = g2D(k⊥)

δ(k‖)

k⊥

[
δnm −

knkm
k2
⊥

]
(2.26)

where n,m 6= z. Shalchi and Weinhorst (2009) proposed

g2D(k⊥) =
2

π
D(s, q)δB2

2D`⊥

[
k⊥`⊥

]q[
1 +

[
k⊥`⊥

]2] s+q2

(2.27)

as the spectral function, where D(s, q) is the normalization function given by

D(s, q) =
Γ
(
s+q

2

)
2Γ
(
q+1

2

)
Γ
(
s−1

2

) . (2.28)

Comparing (2.25) and (2.28), it can be easily seen that C(s) = D(s, q = 0). It should

be noted that the spectrum can only be normalized for q > −1 and s > 1. Figure 2.4

shows the variation in magnitude of a possible 2D turbulence field configuration.
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Figure 2.4: Variations in magnitude of a sample 2D turbulence field. All axes are
scaled by the perpendicular length scale.

2.2.3 Two–Component Turbulence

Figure 2.5: Variations in magnitude of a sample two–component turbulence field.
The z axis is scaled by the parallel length scale, while the x and y axes are scaled by
the perpendicular length scale.

As the wave vectors in the 2D model are orthogonal to those in the slab model, it

is possible in linearized MHD to construct a turbulence field that is the linear com-

bination of the two.2 The result is known as the two-component model or composite

model, and is often used as a model for the solar wind (Matthaeus et al., 1990, 1996,

Zank and Matthaeus, 1993, Oughton et al., 1994, Bieber et al., 1996). Furthermore,

2See Chapter 1 for a brief description of how this model came about.
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the use of the model for the solar wind is supported by data from the ISEE-3 (or

ICE ) spacecraft (Matthaeus et al., 1990). The spectral tensor in this model is given

by

PComp
nm (~k) = P Slab

nm (~k) + P 2D
nm(~k). (2.29)

The magnitudes of the slab and 2D models are often given in terms of the total

magnetic field energy density, with solar wind observations giving an energy distribu-

tion of δB2
2D = 0.8δB2

Total and δB2
Slab = 0.2δB2

Total (Bieber et al., 1994). Furthermore,

as this is a linear combination, the length scales and spectral indices need not be

the same in each model. Figure 2.5 shows the variation in magnitude of a possible

two–component turbulence field configuration.

2.2.4 Standard Noisy Slab Turbulence

Figure 2.6: Variations in magnitude of a sample standard noisy slab turbulence field.
All axes are scaled by the parallel length scale.

Proposed by Shalchi (2015), the Noisy Slab Model is as its name implies: a noisy

version of the slab model. The noise is added by allowing a small range of wave modes

perpendicular to the mean field. The form of the model used in this work is

P SNS
nm (~k) = gSlab(k‖)

2`⊥
k⊥

Θ(1− k⊥`⊥)

[
δnm −

knkm
k2
⊥

]
, (2.30)

where n,m 6= z as in the slab model, as proposed in Shalchi (2015). Here, Θ(x) is
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the step function, given by

Θ(x) =

0 x < 0

1 x ≥ 0,
(2.31)

gSlab is the regular slab spectrum as given by (2.24), and `⊥ is the perpendicular

length scale. In the limit `⊥ = ∞, the regular slab model is recovered. In this

work, the noisy slab model is used to explore particle transport in turbulence with

low Kubo numbers.3 With the introduction of variations for the noisy slab model,

this particular version will be referred to as the Standard Noisy Slab model or SNS

model. Figure 2.6 shows the variation in magnitude of a possible standard noisy slab

turbulence field configuration.

2.2.5 Noisy Reduced MHD Turbulence

Figure 2.7: Variations in magnitude of a sample NRMHD turbulence field. All axes
are scaled by the perpendicular length scale.

The Noisy Reduced MHD Model (NRMHD model), proposed by Ruffolo and

Matthaeus (2013), is the noisy version of the 2D model, leading to some calling

it the Noisy 2D Model. As with the noisy slab model, the noise in this model is

introduced by including modes that are not present in the regular 2D model. The

resulting spectral tensor is

PNRMHD
nm (~k) = g2D(k⊥)

`‖
2k⊥

Θ(1− |k‖`‖|)
[
δnm −

knkm
k2
⊥

]
, (2.32)

3See 3.2.4.3 for a discussion and definition of the Kubo number.
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where g2D(k⊥) is the spectral function for the regular 2D model, which is recovered

in the case `‖ = ∞. In this model, the wave numbers are reversed compared to the

noisy slab model, making it an ideal model to explore particle transport in turbulence

with large Kubo numbers. Figure 2.7 shows the variation in magnitude of a possible

NRMHD turbulence field configuration.

2.2.6 Modified Noisy Slab Model

Figure 2.8: Variations in magnitude of a sample modified noisy slab turbulence field.
All axes are scaled by the parallel length scale.

The Modified Noisy Slab Model (MNS model) is a more general version of the

standard noisy slab model first introduced in Shalchi and Arendt (2024b) for the

purpose of studying the effects of the perpendicular correlation function on particle

transport (see Section 2.3). The modification in this model affects the perpendicular

component, and is done by using the replacement

2`2
⊥ [k⊥`⊥]−1 → 2 [2 + p] `2

⊥ [k⊥`⊥]p . (2.33)

Normalization of the spectra gives the constraint of p ≥ −2. The spectral tensor for

this model is therefore given by

PMNS
nm (~k) = gSlab(k‖)

[
2 [2 + p] `2+p

⊥ [k⊥`⊥]p Θ(1− k⊥`⊥)
] [
δnm −

knkm
k2
⊥

]
. (2.34)

The standard noisy slab model can be recovered by setting p = −1. Figure 2.8

shows the variation in magnitude of a possible standard noisy slab turbulence field

configuration.
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2.2.7 Gaussian Noisy Slab Model

A second variant of the noisy slab model introduced in Shalchi and Arendt (2024b)

for studying the effect of the perpendicular correlation function, the Gaussian Noisy

Slab Model (GNS model) does away with step function by replacing it with a Gaussian

function:

2`2
⊥ [k⊥`⊥]−1 Θ(1− k⊥`⊥)→ `2

⊥ [k⊥`⊥]2 e−
1
2

[k⊥`⊥]2 . (2.35)

The resulting spectral tensor is given by

PGNS
nm (~k) = gSlab(k‖)

[
`2
⊥ [k⊥`⊥]2 e−

1
2

[k⊥`⊥]2
] [
δnm −

knkm
k2
⊥

]
. (2.36)

While the small scale perpendicular complexity is no longer limited by the step func-

tion, the spectra still rapidly decays as k⊥ increases. While this limits the amount of

variation in the magnetic field on small scales, it eliminates long range correlations

that will be explored in the next section of this chapter. Figure 2.9 shows the variation

in magnitude of a possible standard noisy slab turbulence field configuration.

Figure 2.9: Variations in magnitude of a sample Gaussian noisy slab turbulence field.
All axes are scaled by the parallel length scale.

2.2.8 Full 3D Turbulence Model

Introduced in Shalchi and Arendt (2024b) with the modified and Gaussian noisy

slab models, the Full 3D Turbulence Model (F3D model) is so named because the

spectral tensor uses the full range of all possible wave modes. The spectral tensor for
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Figure 2.10: Variations in magnitude of a sample full 3D turbulence field. All axes
are scaled by the parallel length scale.

this model is given by:

P F3D
nm (~k) = gSlab(k‖)

[
2
`⊥
k⊥
h2D(k⊥)

] [
δnm −

knkm
k2
⊥

]
(2.37)

where

h2D(k⊥) = 4D(s, q)

[
k⊥`⊥

]q[
1 +

[
k⊥`⊥

]2] s+q2

. (2.38)

In this work it is assumed that the spectral index s is the same in both gSlab(k‖)

and h2D(k⊥), with a value of 5/3 motivated by the work of Kolmogorov (1941) and

solar wind observations. Figure 2.10 shows the variation in magnitude of a possible

standard noisy slab turbulence field configuration.

2.2.9 Different Forms of the Spectral Tensor

While the forms of the spectral tensor and spectral function listed for each model

are usable as is in theoretical calculations and numerical simulations, it can be con-

venient to rearrange them into the generic form

Pxx(~k) =
1

2
δB2`‖`

2
⊥ g‖(k‖) g⊥(k⊥) gφ(kφ) (2.39a)

or

Pxx(~k) = δB2
x`‖`

2
⊥ g‖(k‖) g⊥(k⊥) gφ(kφ), (2.39b)
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Model g‖(k‖) g⊥(k⊥) gφ(kφ)

Slab 2C(s)
[
1 + [k‖`‖]

2
]− s

2
[
k⊥`⊥

]−1
δ(k⊥`⊥)

1

2π

2D δ(k‖) 4D(s, q)
[k⊥`⊥]q−1

[1 + [k⊥`⊥]2]
s+q

2

1

π
sin2(kφ)

NRMHD
1

2
Θ(1− |k‖|`‖) 4D(s, q)

[k⊥`⊥]q−1

[1 + [k⊥`⊥]2]
s+q

2

1

π
sin2(kφ)

Standard
Noisy Slab

2C(s)
[
1 + [k‖`‖]

2
]− s

2
[
k⊥`⊥

]−1
Θ(1− k⊥`⊥)

1

π
sin2(kφ)

Modified
Noisy Slab

2C(s)
[
1 + [k‖`‖]

2
]− s

2 [2 + p]
[
k⊥`⊥

]p
Θ(1− k⊥`⊥)

1

π
sin2(kφ)

Gaussian
Noisy Slab

2C(s)
[
1 + [k‖`‖]

2
]− s

2
1

2

[
k⊥`⊥

]2
e−

1
2

[k⊥`⊥]2 1

π
sin2(kφ)

Full 3D 2C(s)
[
1 + [k‖`‖]

2
]− s

2 4D(s, q)
[k⊥`⊥]q−1

[1 + [k⊥`⊥]2]
s+q

2

1

π
sin2(kφ)

Table 2.1: Alternate forms of the spectral tensor component Pxx(~k). Equation (2.39)

has been used to rearrange Pxx(~k) such that each component is normalized to one in
cylindrical coordinates.

using the fact that δB2 = 2δB2
x. In this form, g‖(k‖), g⊥(k⊥), and gφ(kφ) are defined

by

∞∫
−∞

dk‖ `‖ g‖(k‖) = 1, (2.40a)

∞∫
0

dk⊥ k⊥`
2
⊥ g⊥(k⊥) = 1, (2.40b)

and
2π∫

0

dkφ gφ(kφ) = 1, (2.40c)

respectively. The form of g‖(k‖) and g⊥(k⊥) are especially useful when generating

wave amplitudes in numerical simulations. Table 2.1 lists the alternate form for each
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model discussed.

2.3 Characterizing Turbulence Models

Besides the parallel and perpendicular length scales (`‖ and `⊥), there are several

additional length scales that can be used to characterize magnetic turbulence mod-

els. The ones discussed here are the integral scales and the ultra scale. The latter

scale is important in theory of field line random walk (see Matthaeus et al. (2007),

Shalchi (2020)) while the former, when combined with the perpendicular magnetic

correlation function is important in the transport of particles in the turbulence. These

characteristics are summarized in Tables 2.2 and 2.3.

2.3.1 Magnetic Correlation Functions

The magnetic correlation functions Rc,ri(ri) are related to the magnetic correlation

tensor (2.2) in that they quantify the correlation of the magnetic field between two

points. For axi–symmetic, homogeneous, and static turbulence, this relation is given

by4

Ri,c(ri) = Rxx(ri) =

∫
d3k Pxx(~k)eikiri , rj = 0, j 6= i; (2.41)

where ri is the distance along the axis the correlation function is being calculated

on. If ri = z the function is referred to as the parallel magnetic correlation function,

while if ri = x or ri = y the function is referred to as the perpendicular magnetic

correlation function. These correlation functions often involve special functions such

as Bessel or hypergeometric functions (Shalchi, 2020).

2.3.1.1 Parallel Magnetic Correlation Function

By using (2.39) to write the spectral tensor, the parallel magnetic correlation

function becomes

R‖,c(z) =
1

2
δB2

∞∫
−∞

dk‖ `‖ g‖(k‖)e
ik‖z (2.42)

while the perpendicular correlation function becomes

R⊥,c(x) =
1

2
δB2

∞∫
0

dk⊥ k⊥`
2
⊥ g⊥(k⊥)

2π∫
0

dkφ gφ(kφ)eixk⊥ cos(kφ). (2.43)

4This is a generalization of the forms used in Shalchi and Arendt (2024b).
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Model R‖,c(z) R⊥,c(x)

Slab δB2

Γ( s−1
2 )

[
|z|
2`‖

] s−1
2
K s−1

2

(
|z|
`‖

)
1
2
δB2

2D 1
2
δB2 δB2

Γ( s−1
2 )

[
x

2`⊥

] s−1
2
K s−1

2

(
x
`⊥

)
NRMHD 1

2
δB2 sin(z/`‖)

z/`‖

δB2

Γ( s−1
2 )

[
x

2`⊥

] s−1
2
K s−1

2

(
x
`⊥

)
Standard
Noisy Slab

δB2

Γ( s−1
2 )

[
|z|
2`‖

] s−1
2
K s−1

2

(
|z|
`‖

)
1
2
δB2

1F2

(
1
2
; 2, 3

2
;−
[

x
2`⊥

]2
)

Modified
Noisy Slab

δB2

Γ( s−1
2 )

[
|z|
2`‖

] s−1
2
K s−1

2

(
|z|
`‖

)
1
2
δB2

1F2

(
p+2

2
; 2, p+4

2
;−
[

x
2`⊥

]2
)

Gaussian
Noisy Slab

δB2

Γ( s−1
2 )

[
|z|
2`‖

] s−1
2
K s−1

2

(
|z|
`‖

)
1
2
δB2 e

− x2

2`2⊥

Full 3D δB2

Γ( s−1
2 )

[
|z|
2`‖

] s−1
2
K s−1

2

(
|z|
`‖

)
δB2

Γ( s−1
2 )

[
x

2`⊥

] s−1
2
K s−1

2

(
x
`⊥

)
Table 2.2: Parallel and perpendicular magnetic correlation functions for various mod-
els. Results summarized from Shalchi (2008) and Shalchi and Arendt (2024b).

If the model has a power law spectra for g‖ with q = 0, the parallel magnetic corre-

lation is

R‖,c(z) = 2C(s)δB2

∞∫
0

dk‖ `‖
cos(k‖z)[

1 +
[
k‖`‖

]2]s/2 (2.44)

which has solution (see Shalchi (2008))

R‖,c(z) =
2
√
π

Γ(s/2)
C(s)δB2

[
|z|
2`‖

] s−1
2

K s−1
2

(
|z|
`‖

)
(2.45)

where Kν(x) is the modified Bessel function of the second kind. Expanding C(s)

allows the result to be rewritten as

R‖,c(z) =
δB2

Γ
(
s−1

2

) [ |z|
2`‖

] s−1
2

K s−1
2

(
|z|
`‖

)
. (2.46)
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2.3.1.2 Perpendicular Magnetic Correlation Function

For models with a power law spectra for g⊥, the perpendicular magnetic correlation

is

R⊥,c(x) =
1

2
δB2

∞∫
0

dk⊥ `⊥ 4D(s, q)

[
k⊥`⊥

]q[
1 +

[
k⊥`⊥

]2] s+q2

2π∫
0

dkφ
1

π
sin2(kφ)eixk⊥ cos(kφ)

= 4

[
x

`⊥

]−1

D(s, q) δB2

∞∫
0

dk⊥ `⊥

[
k⊥`⊥

]q−1[
1 +

[
k⊥`⊥

]2] s+q2

J1(k⊥x) . (2.47)

If we restrict q to 3, the result is (see Shalchi (2008))

R⊥,c(x) =
2δB2

Γ
(
s+3

2

)D(s, 3)

[
x

2`⊥

] s−1
2

K s−1
2

(
x

`⊥

)
(2.48)

which can be further reduced to

R⊥,c(x) =
δB2

Γ
(
s−1

2

) [ x

2`⊥

] s−1
2

K s−1
2

(
x

`⊥

)
(2.49)

which is identical in form to the parallel magnetic correlation function for a power law

with q = 0. Table 2.2 summarizes the magnetic correlation functions for the models

discussed in Section 2.2.

2.3.2 Integral Scale

The general form of the integral scales for axi-symmetric, magnetostatic turbu-

lence is given by5

δB2
xLri =

∞∫
0

driRxx(~r), rj = 0, j 6= i; (2.50)

where Lri is the integral scale, Rxx is the xx component of the magnetic correlation

tensor (2.8), and ri is the axis for which the scale is being calculated. Effectively, the

parallel and perpendicular integral scales are the integral of the respective magnetic

correlation function. Given that the correlation functions involve modified Bessel or

generalized hypergeometric functions, the integral scale is more easily calculated as

δB2
xLri =

∫
d3k Pxx(~k)

∞∫
0

dri e
ikiri . (2.51)

5This is a generalization of the equations given in Shalchi (2020).
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Using (see Zwillinger (2012))

∞∫
0

dri e
ikiri = πδ(ki) (2.52)

the integral scales become

L‖ = π

∞∫
−∞

dk‖ `‖ g‖(k‖)δ(k‖) = πg‖(0)`‖ (2.53a)

and

L⊥ = π

∞∫
−∞

dkx

∞∫
−∞

dky `
2
⊥ g⊥(k⊥)gφ(kφ)δ(kx). (2.53b)

For the perpendicular integral scale g⊥(k⊥) and gφ(kφ) need to be converted from

cylindrical to Cartesian coordinates. For the slab model this becomes

L⊥ =
1

2

∞∫
−∞

dky `⊥ g⊥(|ky|) =∞, (2.54a)

while for the other models the equation is

L⊥ = `⊥

∞∫
−∞

dky `⊥ g⊥(|ky|) = 2`⊥

∞∫
0

dky `⊥ g⊥(ky) (2.54b)

where we have taken advantage of the symmetry of the spectrum. The computed

parallel and perpendicular integral scales for the models considered in this work are

listed in Table 2.3

2.3.3 Ultra Scale

The ultra scale LU is defined (Matthaeus et al., 2007) by

δB2
xL

2
U =

∫
d3k Pxx(~k)k−2

⊥ . (2.55)

Using (2.39) to replace the spectral tensor allows the ultra scale to be written as

L2
U = `2

⊥

∞∫
0

dk⊥ `⊥ [k⊥`⊥]−1 g⊥(k⊥). (2.56)
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Model L‖ L⊥ LU Restrictions

Slab 2πC(s)`‖ ∞ ∞ NA

2D ∞ 2Γ(q/2)Γ(s/2)
Γ([q+1]/2)Γ([s−1]/2)

`⊥
√

s−1
q−1

`⊥ q > 1

NRMHD π`‖
2Γ(q/2)Γ(s/2)

Γ([q+1]/2)Γ([s−1]/2)
`⊥

√
s−1
q−1

`⊥ q > 1

Standard
Noisy Slab

2πC(s)`‖ ∞ ∞ NA

Modified
Noisy Slab

2πC(s)`‖ 2p+2
p+1

`⊥
√

1 + 2
p
`⊥ p > 0

Gaussian
Noisy Slab

2πC(s)`‖
√

π
2
`⊥

1√
2
`⊥ NA

Full 3D 2πC(s)`‖
2Γ(q/2)Γ(s/2)

Γ([q+1]/2)Γ([s−1]/2)
`⊥

√
s−1
q−1

`⊥ q > 1

Table 2.3: Integral scales and the ultra scale for turbulence models discussed in this
work. Originally published in Shalchi (2020) in Space Science Reviews (Springer
Nature). Reproduced under CC BY 4.0 licence. Updated with data from Shalchi and
Arendt (2024b).

For an example of the ultra scale, consider a power law spectrum for g⊥, such as that

used in 2D turbulence (2.27). In this case, the equation for the ultra scale is given by

L2
U = 4D(s, q)`2

⊥

∞∫
0

dk⊥ `⊥

[
k⊥`⊥

]q−2[
1 +

[
k⊥`⊥

]2] s+q2

(2.57)

for which the result is

LU =

√
s− 1

q − 1
`⊥. (2.58)

Table 2.3 lists the ultra scale for the models discussed in Section 2.2.
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Chapter 3

Diffusion Theory

Throughout the years, various theories have been proposed to explain the motion

of charged, energetic particles in astrophysical magnetic turbulence. The earliest of

these was Quasi-Linear Theory (QLT ), proposed by Jokipii (1966). While effectively

a perturbation theory, QLT showed the need to distinguish between motion parallel

and perpendicular to the mean field. The QLT description of parallel scattering is

that the particles scatter off of specific parallel wave modes, which are given by the

resonance equation

k‖vµ± nΩ = 0 (3.1)

where v is the particle velocity, µ is the cosine of the angle between the velocity and

the mean field (called the pitch–angle cosine), Ω = qB0/γmc is the gyro frequency

associated with the mean field, and k‖ is the wave mode the particle is scattering off

of. Equation (3.1) can be rearranged to read

k‖RLµ = ∓n (3.2)

where RL is the Larmor radius of the particle. Perpendicular diffusion in QLT is

tied to the random walk of the magnetic field lines, leading to the prediction of an

energy independent perpendicular mean free path.1 Overtime, several short comings

of QLT became apparent, such as the inability to describe scattering when the particle

velocity is perpendicular to the mean field (for example, see Shalchi (2005b)), and

that the predictions for perpendicular transport did not match the results of test

1The relation between mean free paths and diffusion coefficients is discussed in 3.3.2.
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particle simulations. This led to the proposal of other theories, such as:2

• Non–Linear Guiding Center (NLGC) Theory of Matthaeus et al. (2003)

• Unified Non–Linear Transport (UNLT) Theory

– Diffusive UNLT Theory (Shalchi, 2010)

– Time–dependent UNLT Theory (Shalchi, 2017, Lasuik and Shalchi, 2017)

• Field Line – Particle Decorrelation (FLPD) Theory. (Shalchi, 2021)

3.1 General Calculations of Diffusion Coefficients

As discussed in Chapter 1.2.2, the diffusion coefficients are calculated using equa-

tions (1.21) and (1.22). While these are specifically for particles, the equations can

be generalized to any quantity as

d(λ) =
1

2

d

dλ

〈
(∆x(λ))2〉 (3.3a)

and

κ = lim
λ→∞

d(λ) (3.3b)

where λ is the dependent variable. In the context of particle transport, λ = t and

the diffusion coefficients have units of length squared per second; while for field line

diffusion λ = z and the diffusion coefficient has units of length. The problem in both

cases is to either determine the mean square displacement as a function of λ from

theory and then take the derivative, or to take the derivative and then determine the

resulting function from theory. In the case where the distribution function is known,

the diffusion coefficient(s) can be directly calculated as

d(λ) =
1

2

d

dλ

∫
d∆x (∆x)2ρ(∆x, λ) (3.4)

where ρ(∆x, λ) is the distribution function at ∆x and λ. A variant of this method (see

(1.28)) is used when analyzing numerical data. In analytical theory, the primary tool

for dealing with this is the Taylor–Green–Kubo (TGK) formulation (Taylor, 1922,

Green, 1951, Kubo, 1957).

2There are other theories that were proposed besides those listed here. However, they are not
relevant to this work.
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3.1.1 TGK Formulation

The essence of the TGK forumation is that the displacement, ∆x(λ), can be

written as

∆x(λ) =

λ∫
0

dλ′
dx

dλ
(λ′), (3.5)

meaning that the equation for the running diffusion coefficient can be written as

d(λ) =
1

2

d

dλ

λ∫
0

dλ′
λ∫

0

dλ′′
〈

dx

dλ
(λ′)

dx

dλ
(λ′′)

〉
. (3.6)

Then, if the correlation function〈
dx

dλ
(λ′)

dx

dλ
(λ′′)

〉
(3.7)

is homogeneous in λ, only the difference in λ matters. In this case, the running

diffusion coefficient can be written as

d(λ) =

λ∫
0

dλ′
〈

dx

dλ
(λ′)

dx

dλ
(0)

〉
(3.8a)

and the diffusion coefficient as

κ =

∞∫
0

dλ′
〈

dx

dλ
(λ′)

dx

dλ
(0)

〉
. (3.8b)

A particle specific derivation of (3.8) can be found in Shalchi (2009).

As a final note, (3.8a) combined with (3.3a) can be used to relate the second

derivative of the mean square displacement to the correlation function by

d2

dλ2

〈
(∆x(λ))2〉 = 2

〈
dx

dλ
(λ)

dx

dλ
(0)

〉
, (3.9)

which is used in analytical theory to calculate the running diffusion coefficient when

the correlation function as a function of λ can be defined, such as in time–dependent

UNLT theory (see Section 3.3.6.2) and FLPD theory (see Section 3.3.8).

3.2 Field Line Diffusion

Field line diffusion, more commonly referred to as Field Line Random Walk

(FLRW), describes the probability of finding a field line at a given point in space
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after travelling a certain distance along the z-axis. As such, the independent vari-

able here is the position along the z-axis, rather than time as in the case of particle

diffusion, and therefore the field line diffusion coefficient has units of length.

3.2.1 Diffusion Coefficient Derivation

To derive the running field line diffusion coefficient, first consider the field line

equation:

dx

Bx

=
dy

By

=
dz

Bz

, (3.10)

which can be rearranged to read

dx

dz
=
Bx

Bz

(3.11a)

and

dy

dz
=
By

Bz

. (3.11b)

Using (3.11) in (3.6) yields

dxx(∆z) =
1

2

d

dz

z∫
z0

dz′
z∫

z0

dz′′
〈
Bx

Bz

(~x(z′))
Bx

Bz

(~x(z′′))

〉
(3.12a)

for the x component and

dyy(∆z) =
1

2

d

dz

z∫
z0

dz′
z∫

z0

dz′′
〈
By

Bz

(~x(z′))
By

Bz

(~x(z′′))

〉
(3.12b)

for the y component. If the turbulence is axi–symmetric about the z axis, then there

is only one field line diffusion coefficient:

dxx(∆z) = dyy(∆z) = dFL(∆z). (3.13)

Furthermore, in incompressible turbulence the z component of the magnetic field

consists of only the mean field and can be removed from the integral, which leads to

the equation:3

dFL(∆z) =
1

2B2
0

d

dz

z∫
z0

dz′
z∫

z0

dz′′ 〈δBx(~x(z′)) δBx(~x(z′′))〉 , (3.14)

3In theory z0 is generally set to zero due to the assumption of homogeneous turbulence.
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with an associated mean square displacement calculated by (Shalchi and Kourakis,

2007)

〈
(∆x(z))2〉 =

1

B2
0

z∫
z0

dz′
z∫

z0

dz′′ 〈δBx(~x(z′)) δBx(~x(z′′))〉 . (3.15)

Finally, if the field is represented as a Fourier transform, as per (2.4), the equation

for the field line diffusion coefficient is written as

dFL(∆z) =
1

2B2
0

d

dz

z∫
z0

dz′
z∫

z0

dz′′
∫

d3k

∫
d3k′

〈
δ̃Bx(~k)δ̃B

†
x(
~k′)ei(

~k~x(z′)−~k′~x(z′′))
〉
. (3.16)

For any field with transverse complexity, this equation is non-linear, while for those

fields that lack transverse complexity it can be solved exactly.

While (3.16) calculates the field line diffusion coefficient directly, it is often more

convenient to take the second derivative with respect to z and express the result as

a second order, non-linear equation for the mean square displacement. In this form

the equation is

d2

dz2

〈
(∆x)2〉 =

1

B2
0

d2

dz2

z∫
z0

dz′
z∫

z0

dz′′
∫

d3k

∫
d3k′

〈
δ̃Bx(~k)δ̃B

†
x(
~k′)ei[

~k~x(z′)−~k′~x(z′′)]
〉
.

(3.17)

The field line diffusion coefficient can be found from the result by either using (3.3)

after solving for the mean square displacement, or by integrating (3.17) with respect

to z.

3.2.2 Field Line Diffusion in Slab Turbulence

An ideal example of a turbulent field that lacks transverse complexity and has an

exact field line diffusion equation is the slab turbulence model discussed in Chapter

2.2.1. For this model (3.16) can be reduced to

d2

dz2

〈
(∆x)2〉 =

1

B2
0

d2

dz2

z∫
z0

dz′
z∫

z0

dz′′
∫

d3k

∫
d3k′

〈
δ̃Bx(~k)δ̃B

†
x(
~k′)
〉
ei[k‖z

′−k′‖z
′′]. (3.18)
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As the slab model is being considered, the magnetic correlation can be replaced by

the xx component of the spectral tensor using (2.23), resulting in

d2

dz2

〈
(∆x)2〉 =

2π

B2
0

d2

dz2

∞∫
−∞

dk‖ g
Slab(k‖)

z∫
z0

dz′
z∫

z0

dz′′ eik‖(z
′−z′′). (3.19)

Integrating over z′ and z′′ yields

d2

dz2

〈
(∆x)2〉 =

2π

B2
0

d2

dz2

∞∫
−∞

dk‖ g
Slab(k‖)

eik‖z − eik‖z0
ik‖

e−ik‖z − e−ik‖z0
−ik‖

(3.20)

which can be rearranged to read

d2

dz2

〈
(∆x)2〉 =

4π

B2
0

∞∫
−∞

dk‖ g
Slab(k‖) cos(k‖∆z). (3.21)

Finally, the field line diffusion coefficient is found by integrating with respect to z

and taking the limit of z →∞:

κSlabFL = C(s)
δB2

B2
0

`‖

∞∫
−∞

dk‖
[
1 + [k‖`‖]

2
]− s

2

∞∫
z0

dz cos
(
k‖∆z

)
. (3.22)

Note that here (2.24) is taken as the spectrum of the turbulence. In order to deal

with the z integral, the relation

∞∫
−∞

dz ei(k−k
′)z = 2πδ(k − k′) (3.23)

is used (Zwillinger, 2012), for which a change of variables from z to z′ = ∆z is

required. This leads to the diffusion coefficient being given by

κSlabFL = πC(s)`‖
δB2

B2
0

∞∫
−∞

dk‖
[
1 + [k‖`‖]

2
]− s

2 δ(k‖) (3.24)

As pointed out in Shalchi (2005a), taking this equation at face value is problematic:

there is no energy in the turbulence at k = 0. However, the Dirac delta came about

from using the limit z → ∞, which is not physically permitted. As such, the in-

terpretation is that the function is evaluated in the limit k‖ → 0, which results in
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κSlabFL = πC(s)`‖
δB2

B2
0

(3.25)

for a spectrum given by (2.24).

3.2.3 Field Line Diffusion in 2D Turbulence

If the slab model is an ideal example of turbulence without transverse complexity,

the 2D model (see Chapter 2.2.2) is the opposite: the spatial dependency of this

model is entirely in the xy plane. As with the slab model, the starting equation

used here is (3.17), except here there is no explicit dependence on z on either side

of the equation. Furthermore, the orientation of the field amplitudes δ̃B are coupled

to the orientation of the wave vector ~k. This can be overcome, however, through

the use of Corrsin’s Independence Hypothesis (Corrsin, 1959) (also referred to as

Corrsin’s approximation), which is known in other research fields as the random

phase approximation. The derivation contained here follows that of Shalchi (2020);

an alternate derivation can be found in Shalchi and Kourakis (2007).

Using Corrsin’s approximation allows for the complex exponential to be split from

the Fourier amplitude correlation, resulting in〈
δ̃Bx(~k)δ̃B

†
x(
~k′)ei[

~k~x(z′)−~k′~x(z′′)]
〉

=
〈
δ̃Bx(~k)δ̃B

†
x(
~k′)
〉〈
ei[

~k~x(z′)−~k′~x(z′′)]
〉

(3.26)

which allows us to write (3.17) as

d2

dz2

〈
(∆x)2〉 =

1

B2
0

∫
d3k Pxx(~k)

d2

dz2

z∫
z0

dz′
z∫

z0

dz′′
〈
ei
~k
[
~x(z′)−~x(z′′)

]〉
(3.27)

using (2.7) to replace the Fourier amplitude correlation with the spectral tensor. To

proceed, the Leibniz integral rule is employed:

d

dz

b(z)∫
a(z)

dt f(z, t) = f
(
z, b(z)

) d

dz
b(z)− f

(
z, a(z)

) d

dz
a(z) +

a(z)∫
b(z)

dt
∂

∂z
f(z, t). (3.28)
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Using a(z) = z0 and b(z) = z, the first derivative is found to be4

d2

dz2

z∫
z0

dz′
z∫

z0

dz′′
〈
ei
~k
[
~x(z′)−~x(z′′)

]〉

=
d

dz

z∫
z0

dz′
[〈
ei
~k
[
~x(z′)−~x(z)

]〉
+
〈
ei
~k
[
~x(z)−~x(z′)

]〉] (3.29)

which can also be written as

d2

dz2

z∫
z0

dz′
z∫

z0

dz′′
〈
ei
~k
[
~x(z′)−~x(z′′)

]〉
= 2< d

dz

z∫
z0

dz′
〈
ei
~k
[
~x(z′)−~x(z)

]〉
. (3.30)

Next, it is assumed that the function being averaged on the right hand side depends

only on the difference in z, allowing us to use

z∫
z0

dz′
〈
ei
~k
[
~x(z′)−~x(z)

]〉
=

z∫
0

dz′
〈
ei
~k
[
~x(z′)−~x(0)

]〉
. (3.31)

Finally, (3.28) can be applied a second time to find

d2

dz2

z∫
z0

dz′
z∫

z0

dz′′
〈
ei
~k
[
~x(z′)−~x(z′′)

]〉
= 2<

〈
ei
~k∆~x
〉
. (3.32)

3.2.3.1 Characteristic Function

Before continuing, the quantity being averaged and integrated needs to be defined.

Called the characteristic function,〈
ei
~k∆~x
〉

=

∫
dk ρ(∆~x)ei

~k∆~x (3.33)

is the Fourier transform of the distribution function for the quantity in question. For

a Gaussian distribution function given by5

ρFL(x, y) =
1√

2π 〈(∆x)2〉
e
− x2+y2

2〈(∆x)2〉 (3.34)

4A variable redefinition of z′′ → z′ has been used in the second term on the right.
5A Gaussian distribution is often used for both particles (for example, see Matthaeus et al.

(2003), Shalchi (2017), Lasuik and Shalchi (2017)) and field lines (see Shalchi and Kourakis (2007)
for example). Lasuik and Shalchi (2018) considered the effect of non–Gaussian distributions in
particle transport theory, showing that there was only a minor effect on the resulting diffusion
coefficient.
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the characteristic function is

ρ̃ = e−
1
2〈(∆x)2〉k2

⊥ . (3.35)

3.2.3.2 Solving the Equation for 2D Turbulence

Combining (3.27) with (3.32) and (3.35) and using (2.26) for the 2D spectral

tensor yields

d2

dz2

〈
(∆x)2〉 =

2π

B2
0

∞∫
0

dk⊥ g
2D(k⊥)e−

1
2〈(∆x)2〉k2

⊥ . (3.36)

As per Shalchi (2011), this equation can be solved first by defining σ = 〈(∆x)2〉 and

multiplying both sides by σ′ to get

σ′σ′′ =
2π

B2
0

∞∫
0

dk⊥ g
2D(k⊥)σ′e−

1
2
σk2
⊥ (3.37)

from which we find

d

dz
(σ′)

2
= − 8π

B2
0

∞∫
0

dk⊥
g2D(k⊥)

k2
⊥

d

dz
e−

1
2
σk2
⊥ . (3.38)

Integrating both sides with respect to z and assuming that σ � 1 in the limit of

z →∞ results in6

lim
z→∞

(σ′)
2

=
8π

B2
0

∞∫
0

dk⊥
g2D(k⊥)

k2
⊥

(3.39)

from which we find that field line diffusion coefficient for 2D turbulence is

κFL =

 2π

B2
0

∞∫
0

dk⊥
g2D(k⊥)

k2
⊥

1/2

(3.40)

by using the relation from (3.3b). Comparing this to the ultra scale (Chapter 2.3.3),

it can be seen that the field line diffusion coefficient for 2D turbulence (2.27) is equal

to

κ2D
FL =

√
2
δB2

B2
0

LU =

√
2
s− 1

q − 1
`⊥
δB

B0

. (3.41)

6This simply corresponds to the assumption that the field lines are diffusive in the limit z →∞.
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3.2.4 General Field Line Diffusion

In general, the turbulence wave vectors are neither completely parallel to the mean

field nor fully confined to the xy plane. For these models, we go back to (3.32) and

consider the right hand side of it. For the cases of incompressible turbulence, such as

those considered in Chapter 2, we can break the characteristic function into parallel

and perpendicular components, such that〈
ei
~k∆~x
〉

= eik‖∆z
〈
ei
~k⊥∆~x⊥

〉
. (3.42)

Note that since ∆z is the independent variable in this case, there is nothing to average

over.

Using this with (3.27) and (3.32) and assuming a Gaussian field line distribution

function yields

d2

dz2

〈
(∆x)2〉 =

2

B2
0

∫
d3k Pxx(~k) cos(k‖∆z)e−

1
2〈(∆x)2〉k2

⊥ (3.43)

for the field line diffusion equation, as per Shalchi and Kourakis (2007). If the spectral

tensor can be expressed by (2.39), then (3.43) can be written as

d2

dz2

〈
(∆x)2〉 =

δB2

B2
0

∞∫
−∞

dk‖ `‖ g‖(k‖) cos(k‖∆z)

×
∞∫

0

dk⊥ k⊥ `
2
⊥ g⊥(k⊥)e−

1
2〈(∆x)2〉k2

⊥ .

(3.44)

We will now apply this equation to the noisy slab model and the full 3D model defined

in Chapter 2.

3.2.4.1 Field Line Diffusion in Noisy Turbulence

Using the noisy slab model, (2.30), in (3.44) (see Shalchi (2019a)) results in7

d2

dz2

〈
(∆x)2〉 =

δB2

B2
0

∞∫
−∞

dk‖ `‖ 2C(s)
cos(k‖z)[

1 +
[
k‖`‖

]2] s2
×
∞∫

0

dk⊥ `⊥Θ(1− k⊥`⊥)e−
1
2〈(∆x)2〉k2

⊥ .

(3.45)

7It has been assumed here that z0 = 0.
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As a starting point for solving the equation, we define

kz = k‖`‖, kr = k⊥`⊥,

z′ = z/`‖, σ2
x =

〈
(∆x)2〉 /`2

⊥

(3.46)

which allows (3.45) to be written as

d2σ2
x

dz′2
= 2

`2
‖

`2
⊥

δB2

B2
0

∞∫
0

dkz 2C(s)
cos(kzz

′)

[1 + k2
z ]
s
2

1∫
0

dkr e
− 1

2
σ2
xk

2
r , (3.47)

Integration over kr yields

d2σ2
x

dz′2
= 2

`2
‖

`2
⊥

δB2

B2
0

[√
π

2σ2
x

erf

(√
σ2
x

2

)] ∞∫
0

dkz 2C(s)
cos(kzz

′)

[1 + k2
z ]
s
2

. (3.48)

It is important to note that the quantity in brackets ([· · · ]) goes to one should the

length scale corresponding to the noise go to infinity, which recovers the equation for

the regular slab model. The remaining integral for the noisy slab model has been

solved in Chapter 2.3, resulting in

d2σ2
x

dz′2
=

4

Γ
(
s−1

2

) `2
‖

`2
⊥

δB2
x

B2
0

[
|z′|
2

] s−1
2

K s−1
2

(|z′|)

[√
π

2σ2
x

erf

(√
σ2
x

2

)]
. (3.49)

The relation δB2 = 2δB2
x has also been used. Neither of these equations can be solved

analytically.

3.2.4.2 Field Line Diffusion in the Full 3D Model

The field line diffusion equation for the full 3D model (2.37) is

d2

dz2

〈
(∆x)2〉 = 2

δB2

B2
0

∞∫
0

dk‖ `‖ 2C(s)
cos(k‖z)[

1 +
[
k‖`‖

]2] s2
×
∞∫

0

dk⊥ `⊥ 4D(s, q)

[
k⊥`⊥

]q[
1 +

[
k⊥`⊥

]2] s+q2

e−
1
2〈(∆x)2〉k2

⊥ .

(3.50)

Integrating over k‖ leads to

d2σ2
x

dz′2
=

16D(s, q)

Γ
(
s−1

2

) `2
‖

`2
⊥

δB2
x

B2
0

[
|z′|
2

] s−1
2

K s−1
2

(|z′|)
∞∫

0

dk′⊥
k′⊥

q[
1 + k′⊥

2
] s+q

2

e−
1
2
σ2
xk
′
⊥

2

, (3.51)
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where (3.46) has been used. As with the noisy slab model, this equation cannot be

solved analytically.

3.2.4.3 Introducing the Kubo Number

A common feature in (3.49) and (3.51) is the presence of the product of the square

of the length scale ratio and field energy density ratio. This ratio is the square of

what is referred to as the Kubo number (Kubo, 1963), which is defined as

K =
`‖
`⊥

δBx

B0

(3.52)

and is important in diffusion theory for both field lines and particles. In general, the

Kubo number is one of the few variables that cannot be scaled away by combining it

with other quantities, and therefore it controls the behaviour of the diffusion coeffi-

cients. Given the equation for the Kubo number, any quantity that is a function of

the magnetic turbulence strength can be rewritten as a function of the Kubo number.

For example, the field line diffusion coefficients for Slab and 2D turbulence (3.41) can

be written as

`‖κ
Slab
FL

`2
⊥

= πC(s)
`2
‖

`2
⊥

δB2

B2
0

= πC(s)K2 (3.53a)

and

`‖κ
2D
FL

`2
⊥

=

√
2
s− 1

q − 1

`‖
`⊥

δB

B0

=

√
2
s− 1

q − 1
K. (3.53b)

respectively. From these equations, it can be seen that the field line diffusion in slab

turbulence is proportional to the square of the Kubo number, while for 2D turbulence

the proportionality is linear. In Chapter 5, the Kubo number will be used to replace

the magnetic field strength in the equations used to analyze simulation data.

3.2.5 Diffusive Approximation

One possible simplification of (3.43) and (3.44) is to assume that the field lines

are immediately diffusive. In this case the field line mean square displacement is〈
(∆x(z))2〉 = 2κFL|z| (3.54)
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where κFL is the field line diffusion. With this approximation, (3.43) becomes8

κFL =
1

2
lim
z→∞

d

dz

〈
(∆x)2〉 =

1

B2
0

∞∫
−∞

dz

∫
d3k Pxx(~k) cos(k‖z)e−κFL|z|k

2
⊥ (3.55)

Solving the integral over z results in (Kadomtsev and Pogutse, 1979, Matthaeus et al.,

1995)

κFL =
1

B2
0

∫
d3k Pxx(~k)

κFLk
2
⊥

k2
‖ + κ2

FLk
4
⊥
. (3.56)

If the spectral tensor can be expressed using (2.39), then the field line diffusion can

be calculated by

κFL =
δB2

x

B2
0

∞∫
−∞

dk‖ `‖ g‖(k‖)

∞∫
0

dk⊥ k⊥`
2
⊥ g⊥(k⊥)

κFLk
2
⊥

k2
‖ + κ2

FLk
4
⊥
. (3.57)

3.3 Particle Diffusion

When considering the diffusion of particles the TGK formulation, (3.8), becomes

dii(t) =

t∫
0

dt′ 〈vi(t′)vi(0)〉 (3.58)

where we have used λ = t. Likewise, the equation for the mean square displacement,

(3.9), becomes

d2

dt2
〈
(∆xi(t))

2〉 = 2 〈vi(t)vi(0)〉 . (3.59)

In both cases, the averaging operator 〈· · · 〉 is an average over a two–point, two–time

phase space distribution function

ρ(~x, ~x0, ~v, ~v0, t, t0). (3.60)

The equations can therefore be written as

dii(t) =

t∫
0

dt′
∫

d3x

∫
d3x0

∫
d3v

∫
d3v0 viv0i ρ(~x, ~x0, ~v, ~v0, t

′, 0) (3.61a)

8A secondary assumption here is that z0 = 0. This can also be done with a change of coordinates.
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and

d2

dt2
〈
(∆xi(t))

2〉 = 2

∫
d3x

∫
d3x0

∫
d3v

∫
d3v0 viv0i ρ(~x, ~x0, ~v, ~v0, t, 0), (3.61b)

respectively, where we have used the assumption t0 = 0. As mentioned in Chapter

1, while the trajectories in phase space are completely unique, the displacements are

not, and it can therefore be assumed that the initial spatial distribution of particles is

unimportant for calculations involving the displacement. The equations can therefore

be written as

dii(t) =

t∫
0

dt′
∫

d3x

∫
d3v

∫
d3v0 viv0i ρ(∆~x,~v,~v0, t

′) (3.62a)

for the TGK formulation and

d2

dt2
〈
(∆xi(t))

2〉 = 2

∫
d3x

∫
d3v

∫
d3v0 viv0i ρ(∆~x,~v,~v0, t

′), (3.62b)

for the mean square displacement.

3.3.1 Quasi–Linear Theory

The first theory to describe the motion of charged particles in astrophysical turbu-

lence was the Quasi–Linear Theory (or QLT ) of Jokipii (1966). In QLT, the equations

for the diffusion coefficients are evaluated using the trajectories of the particles cal-

culated as if there was no turbulence, making QLT a first–order perturbation theory.

Unfortunately, parallel diffusion coefficients calculated from QLT theory do not agree

with the results from test particle simulations for most turbulence models, while the

perpendicular diffusion coefficients are incorrect for all turbulence models (see Tautz

et al. (2008), Shalchi (2009) for examples). Despite this, the equations for parallel

diffusion will be discussed in the next subsection.

While the theory fails in the calculation of the diffusion coefficients, one impor-

tant result that comes from this theory is that there is a sharp resonance condition

that affects the scattering of charged particles (Teufel and Schlickeiser, 2002). The

resonance is given by

k‖vµ+ nΩ = 0. (3.63)

where n is any positive or negative integer. In terms of the unit–less quantities given
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in Chapter 1.2.1.1, this condition can be expressed as

k‖`0 = − n

Rµ
. (3.64)

Given the inaccuracies of QLT, it is expected that the real resonance condition is

broadened (Shalchi, 2009).

3.3.2 Fokker–Planck Equation

As mentioned at the start of this chapter, there are multiple different paths that

can be followed when calculating particle transport parameters. The Fokker–Planck

equation is an equation for calculating the particle distribution as a function of po-

sition, velocity, and time. While the full Fokker–Planck equation contain terms for

describing additional effects such as stochastic acceleration and perpendicular trans-

port (see Schlickeiser (2002) for a discussion), it is the two–dimensional Fokker–Planck

equation that is often used to calculate correlations used in other theories. The two–

dimensional Fokker–Planck equation is given by

∂f

∂t
+ vµ

∂f

∂z
=

∂

∂µ

[
Dµµ(µ)

∂f

∂µ

]
(3.65)

where f = f(z, µ, t) is the particle distribution as a function of position z, pitch–angle

cosine µ and time t. The quantity Dµµ(µ) is the diffusion coefficient for µ, referred

to as the pitch–angle Fokker–Planck coefficient, and can be calculated by

Dµµ =

∞∫
0

dt 〈µ̇(t)µ̇(0)〉 (3.66)

using the TGK formulation. The pitch–angle coefficient can be related to the parallel

diffusion and mean free path (Jokipii, 1966) by the equation

λ‖ =
3

v
κ‖ =

3v

8

1∫
−1

dµ
[1− µ2]2

Dµµ(µ)
. (3.67)

The relation between the parallel mean free path and the diffusion coefficient will be

discussed in the next section.

3.3.2.1 Running Diffusion Coefficient

One of the applications of the Fokker–Planck equation is in the calculation of the

running diffusion coefficients. By assuming an isotropic pitch–angle Fokker–Planck
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coefficient (Shalchi et al., 2009),

Dµµ = D
[
1− µ2

]
(3.68)

where D is a function of the turbulence and particle physical properties but not µ,

Shalchi et al. (2011) derived an equation for the running diffusion coefficient. The

derivation was done by first transforming the Fokker–Planck equation into Fourier

space, such that

f(z, µ, t) =

∞∫
−∞

dk‖ F (k‖, µ, t)e
ik‖z (3.69)

and

∂F

∂t
+ ivµk‖F = D

∂

∂µ

[
[1− µ2]

∂F

∂µ

]
. (3.70)

The function F was then expanded using Legendre polynomials Pn, so that

F (µ, t) =
∞∑
n=0

Cn(t)Pn(µ). (3.71)

On using (3.71) in (3.70), Shalchi et al. (2011) derived the recursion relation for the

coefficients

Ċn = −Dn[n+ 1]Cn − ivk‖
n

2n− 1
Cn−1 − ivk‖

n+ 1

2n+ 3
Cn+1 (3.72)

with

Ċ0 = −1

3
ivk‖C1. (3.73)

By using a two–dimensional subspace approximation (Cm = 0 for m ≥ 2)9, the

function F can be expressed as

F (k‖, µ, t) = C0 + µC1 (3.74)

while (3.72) and (3.73) combined to read

C̈0 = −2DĊ0 −
1

3
v2k2
‖C0. (3.75)

9Lasuik and Shalchi (2019) also examined the one– and three–dimensional approximations and
found that the one–dimensional solution was not useful while the three-dimensional was too complex
to be of use.
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With the ansatz

C0 = beωt (3.76)

and initial conditions z(0) = 0 and µ(0) = µ0, Shalchi et al. (2011) found that

ω±(k‖) = −D ±
√
D2 − 1

3
v2k2
‖ (3.77a)

and

b±(k‖) = ∓
ivk‖ + ω±

2π [ω+ − ω−]
, (3.77b)

which means the function F can be expressed as

F (k‖, µ, t) = b+(k‖)e
ω+(k‖)t + b−(k‖)e

ω−(k‖)t

− 3µ

ivk‖

[
ω+(k‖)b+(k‖)e

ω+(k‖)t + ω−(k‖)b−(k‖)e
ω−(k‖)t

]
.

(3.77c)

Having obtained these results, Shalchi et al. (2011) were able to obtain equations

for the particle distribution’s characteristic function (3.33)〈
e±ik‖z

〉
Particles

=
ω+(k‖)e

ω−(k‖)t − ω−(k‖)e
ω+(k‖)t

ω+(k‖)− ω−(k‖)
(3.78a)

and the pitch–angle correlation〈
µµ0e

−ik‖z
〉

=
1

3

ω+(k‖)e
ω+(k‖)t − ω−(k‖)e

ω−(k‖)t

ω+(k‖)− ω−(k‖)
(3.78b)

which is required in perpendicular transport theories (see 3.3.6). Furthermore, (3.78b)

can be used to derive an equation for the parallel velocity correlation (Shalchi et al.,

2011)

〈vz(t)vz(0)〉 = v2 〈µ(t)µ(0)〉 = v2
〈
µµ0e

−ik‖z
〉∣∣
k‖=0

=
v2

3
e−2Dt. (3.79)

Given that the integral of the velocity correlation is equal to the diffusion coefficient

as per the TGK formulation, the parameter D is found to be

D =
v2

6κ‖
=

v

2λ‖
, (3.80)

where the relation

λ‖ =
3κ‖
v

(3.81)

has been used to relate the parallel mean free path and diffusion coefficient. With
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this definition of D, ω± can be expressed as

ω± = − v

2λ‖
±

√[
v

2λ‖

]2

− 1

3
v2k2
‖. (3.82)

Integrating (3.79) the running parallel diffusion coefficient is found to be

d‖(t) =
v2

6D

[
1− e−2Dt

]
. (3.83)

Using (3.80), the running parallel diffusion coefficient can also be written as either

d‖(t) =
vλ‖
3

[
1− exp

(
− v

λ‖
t

)]
(3.84a)

or

d‖(t) = κ‖

[
1− exp

(
− v2

3κ‖
t

)]
. (3.84b)

By integrating (3.3a), the parallel mean square displacement is found to be〈
(∆z(t))2〉 =

2

3
vλ‖t−

2

3
λ2
‖

[
1− exp

(
− v

λ‖
t

)]
(3.85a)

or equivalently〈
(∆z(t))2〉 = 2κ‖t−

6κ2
‖

v2

[
1− exp

(
− v2

3κ‖
t

)]
. (3.85b)

The application of these equations in analysis of test particles simulations will be

described in 5.4.1.

3.3.2.2 Theoretical Parallel Diffusion Coefficient Calculation

As will be discussed in detail in Chapters 5 and 6, the parallel mean free path

for the simulations perform for this work is computed via fitting (3.85) to numerical

data. However, it is possible to use QLT to make a prediction for the parallel mean

free path by combining (3.67) with an equation for Dµµ. The equation used for Dµµ

(see Teufel and Schlickeiser (2002)) is

Dµµ =
πΩ2 [1− µ2]

2B2
0

∞∑
n=−∞

∫
d3k δ(vµk‖ + nΩ)

×

J
2
n+1

(
k⊥v⊥

Ω

)
PRR(~k) + J2

n−1

(
k⊥v⊥

Ω

)
PLL(~k)

− Jn+1

(
k⊥v⊥

Ω

)
Jn−1

(
k⊥v⊥

Ω

)[
PRL(~k)e2ikφ + PLR(~k)e−2ikφ

]


(3.86)
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where kφ is the cylindrical coordinate angle for mode ~k and the spectral tensor has

been computed using the left– and right–handed components of the magnetic field.

These are related to the Cartesian components by

δBL =
1√
2

[δBx + iδBy] (3.87a)

and

δBR =
1√
2

[δBx − iδBy] (3.87b)

By using (2.7), the components of the spectral tensor for the left– and right–handed

field decomposition are

PRR(~k) =
1

2

[
Pxx(~k) + Pyy(~k)

]
,

PLL(~k) =
1

2

[
Pxx(~k) + Pyy(~k)

]
,

PLR(~k) =
1

2

[
Pxx(~k)− Pyy(~k)

]
+

1

2
i
[
Pxy(~k) + Pyx(~k)

]
,

PRL(~k) =
1

2

[
Pxx(~k)− Pyy(~k)

]
− 1

2
i
[
Pxy(~k) + Pyx(~k)

]
.

(3.88)

Slab Turbulence Example

For the slab model, this reduces to

PRR(~k) = PLL(~k) =
1

4π
δB2`‖`

2
⊥g‖(k‖)g⊥(k⊥)

PRL(~k) = PLR(~k) = 0
(3.89)

where the alternate form of the spectral tensor has been used (see Chapter 2.2.9 and

Table 2.1). Therefore, in the slab model, the pitch–angle diffusion coefficient is

Dµµ =
πC(s)`‖Ω

2

4

[
1− µ2

] δB2

B2
0

∞∑
n=−∞

∞∫
−∞

dk‖ δ(vµk‖ + nΩ)
[
1 + [k‖`‖]

2
]− s

2

×
∞∫

0

dk⊥

[
J2
n+1

(
k⊥v⊥

Ω

)
+ J2

n−1

(
k⊥v⊥

Ω

)]
δ(k⊥),

(3.90)

where the integral over kφ has been performed. Integrating over k⊥ gives

∞∫
0

dk⊥

[
J2
n+1

(
k⊥v⊥

Ω

)
+ J2

n−1

(
k⊥v⊥

Ω

)]
δ(k⊥) =

{
1 n = ±1

0 otherwise
(3.91)
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such that the equation for Dµµ becomes

Dµµ =
πC(s)`‖Ω

2

2

[
1− µ2

] δB2

B2
0

∞∫
−∞

dk‖

[
δ(vµk‖ + Ω) + δ(vµk‖ − Ω)

][
1 +

[
k‖`‖

]2] s2 (3.92)

Using (see Zwillinger (2012) for example)

δ(ax) =
1

|a|
δ(x) (3.93)

and the symmetry in the spectrum, the pitch–angle diffusion coefficient for the slab

model is finally found to be

Dµµ =
πC(s)`‖Ω

2

v|µ|
[
1− µ2

] δB2

B2
0

[
1 +

[
`‖Ω

v|µ|

]2
]− s

2

. (3.94)

This equation can be rearranged to find (Shalchi, 2009)

Dµµ =
πC(s)v

`‖

δB2

B2
0

[
1− µ2

]
|µ|s−1 Rs−2

[1 + µ2R2]
s
2

(3.95)

where we have used the unit–less rigidity, (1.5), to remove v/`‖Ω.

Turbulence with Transverse Complexity

For the non–slab models discussed in the previous chapter, (3.88) becomes

PRR(~k) = PLL(~k) =
δB2

4π
`‖`

2
⊥g‖(k‖)g⊥(k⊥)

PLR(~k) = P †RL(~k) = −δB
2

4π
`‖`

2
⊥g‖(k‖)g⊥(k⊥)e2ikφ ,

(3.96)

and (3.86) becomes

Dµµ =
π`‖Ω

2

4

[
1− µ2

] δB2

B2
0

∞∑
n=−∞

∞∫
−∞

dk‖ δ(vµk‖ + nΩ)g‖(k‖)

×
∞∫

0

dk⊥ k⊥`
2
⊥

[
Jn+1

(
k⊥v⊥

Ω

)
+ Jn−1

(
k⊥v⊥

Ω

)]2

g⊥(k⊥)

(3.97)

where the integral over kφ has been performed. Using (see Boas (2006) for example)

Jn+1(x) + Jn−1(x) =
2n

x
Jn(x) (3.98)
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and integrating over k‖ yields

Dµµ =
π`‖Ω

2

v|µ|
[
1− µ2

] [`⊥Ω

v⊥

]2
δB2

B2
0

∞∑
n=−∞

n2g‖

(
nΩ

v|µ|

)

×
∞∫

0

dk⊥ k
−1
⊥ J2

n

(
k⊥v⊥

Ω

)
g⊥(k⊥).

(3.99)

This can be further simplified by using v2
⊥ = v2[1− µ2] and x = k⊥`⊥ to find

Dµµ =
π`‖`

2
⊥Ω4

v3|µ|
δB2

B2
0

∞∑
n=−∞

n2g‖

(
nΩ

v|µ|

) ∞∫
0

dk⊥ k
−1
⊥ J2

n

(
k⊥v⊥

Ω

)
g⊥(k⊥). (3.100)

If the parallel spectrum is symmetric, then the sum over n can be reduced to

Dµµ =
2π`‖`

2
⊥Ω4

v3|µ|
δB2

B2
0

∞∑
n=1

n2g‖

(
nΩ

v|µ|

) ∞∫
0

dk⊥ k
−1
⊥ J2

n

(
k⊥v⊥

Ω

)
g⊥(k⊥). (3.101)

At this point, a model needs to be specified in order to solve the equation.

Full 3D Turbulence

For the full 3D turbulence model, the pitch–angle diffusion coefficient can be

written as

Dµµ = 16πC(s)D(s, q)
v

`‖

`2
⊥
`2
‖

δB2

B2
0

|µ|s−1Rs−4

∞∑
n=1

[
n2

[n2 + µ2R2]
s
2

×
∞∫

0

dr J2
n

(
r
`‖
`⊥
R
√

1− µ2

)
rq−2

[1 + r2]
s+q

2

]
,

(3.102)

where the unit–less rigidity, (1.5), has again been used to remove v/`‖Ω, and the

variable substitution r = k⊥`⊥ has been used. Solving the equations for Dµµ and λ‖,

(3.67), were done numerically by A. Shalchi at this point.

3.3.3 Compound Sub–Diffusion

When discussing diffusive particle transport, what is generally being referred to

is normal diffusion, as defined in Chapter 1. Another important type of transport is

what is called compound sub–diffusion (see Shalchi (2020) for a review). In this state

of transport, the perpendicular scattering of particles is suppressed by the parallel

scattering. The physical picture of this type of transport is that the particles are

bound to the magnetic fields lines, and are unable to ‘jump’ to another field line. As
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a result, when the particles scatter, they reverse direction along the field line and

retrace their path. While parallel scattering in this proceeds as normal diffusion,

perpendicular transport is now sub–diffusive, described by (see Webb et al. (2006),

Shalchi and Kourakis (2007))〈
(∆x)2〉 = 4κFL

√
κ‖t

π
(3.103)

such that the running diffusion coefficient is

dxx(t) = κFL

√
κ‖
πt
. (3.104)

Using (1.28) to define the diffusion coefficient for simulation data yields

dxx(t) = 2κFL

√
κ‖
πt
. (3.105)

This type of perpendicular transport is primarily seen in turbulence that lacks trans-

verse complexity, such as slab turbulence (Jokipii et al., 1993, Jones et al., 1998).

3.3.4 Guiding Center Coordinates

One of the common features in particle transport theories is the use of what

are referred to as the guiding center coordinates, as opposed to the actual particle

position. The reasoning behind this is that the particle motion can be broken into two

components: the motion of the center of rotation, called the guiding center, and the

orbital motion around it. In both NLGC theory (Chapter 3.3.5) and UNLT theory

(Chapter 3.3.6), the guiding center position is defined in cgs units by (see Schlickeiser

(2002))

~XGC = ~x+
γmc

q

~v × ~B0

B2
0

(3.106)

where ~B0 = B0ẑ. The velocity of the guiding center is the total derivative of the

position,

~V = ~v +

[
~v × [ ~B0 + ~δB]

]
× ~B0

B2
0

, (3.107a)

which can be expanded using the triple vector product to read

~V = vz ẑ + vz
~δB

B0

−
~B0 · ~δB
B2

0

~v. (3.107b)

62



If the turbulence is incompressible, then the third term on the right vanishes, resulting

in

~V =

[
vz
δBx

B0

, vz
δBy

B0

, vz

]
(3.108a)

or equivalently

~V =
~v · ~B0

B2
0

~B (3.108b)

where ~B = ~B0 + ~δB. Using the guiding center coordinates filters out the orbital

motion of the particle, while giving the motion across the mean field as a function

of the parallel velocity and the turbulence field. Figure 3.1 shows an example of a

particle trajectory in slab turbulence, accompanied by the guiding center position.

Figure 3.1: Example of guiding center coordinates in slab turbulence. The blue line
shows the particle position, while the blue–green arrows show the particle velocity.
The thick red line is the guiding center position, as defined by (3.106).

3.3.4.1 Validity of the Guiding Center Coordinates

A question that can be asked is “how valid is the use of guiding center coordinates

instead of the particle position?” This was explored by Qin and Shalchi (2016) using

the two–component model (2.2.3) as the test model and computing the following
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quantities from test–particle simulation data:

κPxx =

∞∫
0

dt
〈
vx(t)vx(0)

〉
, (3.109a)

κGCxx =

∞∫
0

dt
〈
Vx(t)Vx(0)

〉
, (3.109b)

DP
xx(t) =

1

2

d

dt

〈(
∆x(t)

)2
〉
, (3.109c)

DGC
xx (t) =

1

2

d

dt

〈(
∆XGC(t)

)2
〉

(3.109d)

Equation 3.109(a) is the diffusion coefficient as defined by the TGK formulation for

the particle velocity, while 3.109(b) is the same but with the guiding center velocity.

Equations 3.109(c)-(d) are the running diffusion coefficients using the derivative of the

mean square displacement for the particle and guiding center positions, respectively.

From these results Qin and Shalchi (2016) calculated the ratio of the particle and

guiding center results:

a2 = κPxx/κ
GC
xx , (3.110a)

b2 = DP
xx(t)/D

GC
xx (t). (3.110b)

The simulations Qin and Shalchi (2016) performed involved varying both the amount

of energy in the slab turbulence component relative to the total energy and the

particle energy. What Qin and Shalchi (2016) found was that both a2 and b2 were

both approximately one across all considered particle energies and turbulence energy

distributions. These results are important in the context of both the non–linear

guiding center theory and the unified non–linear transport theory, which are discussed

next, since they show the validity of using the guiding center coordinates.

3.3.5 Non–Linear Guiding Center Theory

The first systematic theory for perpendicular diffusion was the Non–Linear Guid-

ing Center or NLGC theory of Matthaeus et al. (2003). The premise of NLGC theory

is that the particle velocity used in (3.8) can be replaced with the velocity of the guid-

ing center which is assumed to follow the magnetic field lines. In Matthaeus et al.

(2003) the guiding center velocity ~̃v is expressed as

Vx = avz
δBx

B0

, Vy = avz
δBy

B0

, Vz = vz, (3.111)
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where the parameter a is an unknown value determined by comparing the results of

the theory to numerical simulations. Given the results of Qin and Shalchi (2016),

non–unity values of the parameter must be the result of the approximations used

in computing the resulting correlation functions required by the TGK formulation

(Shalchi, 2020).

Using (3.111) in the TGK formulation yields

κ⊥ =
a2

B2
0

∞∫
0

dt
〈
vz(t)vz(0)δBx(~x(t), t)δBx(~x(0), 0)

〉
, (3.112)

to which NLGC applies a series of approximations and assumptions to make the

theory tractable. The first of these is that the fourth order correlation is equal to the

product of two second order correlations, so that

κ⊥ =
a2

B2
0

∞∫
0

dt
〈
vz(t)vz(0)

〉〈
δBx(~x(t), t)δBx(~x(0), 0)

〉
. (3.113)

Next, NLGC assumes that the velocity correlation can be modelled using a decaying

exponential〈
vz(t)vz(0)

〉
=
v2

3
e
− vt
λ‖ , (3.114)

which, at the time, was based off the earlier work of Bieber and Matthaeus (1997). The

magnetic correlation function can be identified with the xx component of the magnetic

correlation tensor (see 2.2). By using a Fourier representation of the magnetic field,

the equation becomes

κ⊥ =
a2v2

3B2
0

∞∫
0

dt

∫
d3k

∫
d3k′ e

− vt
λ‖

〈
δ̃Bx(~k)δ̃B

†
x(
~k′)ei[

~k~x(t)−~k′~x(0)]
〉
. (3.115)

As with field line diffusion, the positions here are not arbitrary coordinates; rather

they are the position of the particles. This means that Corrsin’s approximation (see

(3.26)) must be used, and the equation becomes

κ⊥ =
a2v2

3B2
0

∞∫
0

dt

∫
d3k

∫
d3k′ e

− vt
λ‖

〈
δ̃Bx(~k)δ̃B

†
x(
~k′)
〉〈
ei[

~k~x(t)−~k′~x(0)]
〉
. (3.116)

Next, the magnetic amplitude correlation is replaced with the spectral tensor as per

(2.7) and the equation is integrated over k′ so that the diffusion coefficient can be
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calculated by

κ⊥ =
a2v2

3B2
0

∞∫
0

dt

∫
d3k e

− vt
λ‖Pxx(~k, t)

〈
ei
~k∆~x(t)

〉
. (3.117)

The final quantity in (3.117) can be identified as the characteristic function associated

with the particle distribution. To proceed, Matthaeus et al. (2003) assumed that the

system was instantaneously diffusive, which allowed for the particle distribution to

be modelled as a Gaussian with σ2
i = 2κiit. Furthermore, Matthaeus et al. (2003)

assumed that the dynamical correlation tensor (see Section 2.1.1.1) could be modelled

as

Γ
(
~k, t
)

= e−γ(~k)t. (3.118)

Integrating over time therefore results in the non-linear equation

κ⊥ =
a2v2

3B2
0

∫
d3k

Pxx(~k)
v
λ‖

+ κ⊥k2
⊥ + κ‖k

2
‖ + γ(~k)

. (3.119)

If Pxx(~k) can be expressed using (2.39), then the NLGC equation can be written as

κ⊥ =
a2v2

3

δB2
x

B2
0

∞∫
−∞

dk‖

∞∫
0

dk⊥
k⊥`‖`

2
⊥g‖(k‖)g⊥(k⊥)

v
λ‖

+ κ⊥k2
⊥ + κ‖k2

‖ + γ(~k)
. (3.120)

For static turbulence, γ is equal to zero.

3.3.5.1 NLGC Application: Slab Turbulence

One of the known short comings of NLGC theory is its prediction of diffusive

perpendicular transport in slab turbulence (Giacalone, 2013), compared to the sub–

diffusive behaviour observed in numerical simulations (Giacalone and Jokipii, 1994,

1999, Qin et al., 2002, Arendt and Shalchi, 2018). For this model of turbulence, the

NLGC equation becomes10

κ⊥ = a2v
2

3

δB2
x

B2
0

∞∫
−∞

dk‖ `‖ 2C(s)
[
1 + k2

‖`
2
‖
]− s

2

[
v

λ‖
+ κ‖k

2
‖

]−1

. (3.121)

As the integrand is positive for all values of k, its integral will be non-zero. There-

fore, the resulting non-zero perpendicular diffusion coefficient must be interpreted as

normal diffusion. Since there is no transverse complexity (k⊥ = 0) in the slab model,

10This calculation assumes the spectral function is given by (2.24).
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the perpendicular distribution of the particles is not required in the calculations and

the equation is linear. This means that the incorrect result must stem from one of the

assumptions made to simplify the correlation function, not the particle distribution.

3.3.6 Unified Non–Linear Transport Theory

The Unified Non–Linear Transport, or UNLT, theory can be split into two cat-

egories: the diffusive version of the theory (Shalchi, 2010) and the time–dependent

version (Shalchi, 2017, Lasuik and Shalchi, 2017). The theory begins with the same

assumption of NLGC: particle coordinates can be replaced with the guiding center

coordinates. Where NLGC and UNLT begin to diverge is in the simplification of the

perpendicular velocity correlation:〈
vz(t)vz(0)δBx(~x, t)δBx(~x0, 0)

〉
=

∫
d3k

∫
d3k′

〈
δ̃Bx(~k)δ̃B

†
x(
~k′)
〉

〈
vz(t)vz(0)

〉〈
ei[

~k~x(t)−~k′~x(0)]
〉

NLGC〈
vz(t)vz(0)ei[

~k~x(t)−~k′~x(0)]
〉

UNLT
, (3.122)

which leads to different equations for the perpendicular diffusion coefficient. Further-

more, while UNLT theory uses the Fokker–Planck equation to derive an equation for

the velocity–phase correlation, the results depend on whether the diffusive or time–

dependent version of the theory is being used. It is important to note that, like NLGC

theory, both versions of UNLT theory require the introduction of the factor a2 for

some turbulence models.

3.3.6.1 Diffusive UNLT Theory

Diffusive UNLT theory is so named as it is based on of the assumption that the

system is immediately diffusive in all directions. The derivation used here is based on

the derivation in Shalchi (2010). To begin, the Fokker–Planck equation is modified

to include the effects of perpendicular diffusion:

∂f

∂t
+ vµ

∂f

∂z
=

∂

∂µ

[
Dµµ

∂f

∂µ

]
+D⊥

[
∂2f

∂x2
+
∂2f

∂y2

]
. (3.123)

What is needed is an equation for the time integral of the velocity–phase correlation

function:

T (~k) =
1

v2

〈
vz(t)vz(0)ei[

~k~x(t)−~k′~x(0)]
〉

=
〈
µµ0e

i[~k~x(t)−~k′~x(0)]
〉
, (3.124)
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such that the perpendicular diffusion coefficient for homogeneous, static turbulence,

(3.122), is

κ⊥ =
a2v2

B2
0

∫
d3k Pxx(~k)<

[
T (~k)

]
(3.125)

where the Fourier amplitude correlation has been replaced with the xx component of

the spectral tensor. In order to solve (3.125), UNLT theory uses the Fourier transform

of (3.123) to derive an equation for T (~k):

T (~k) =
1

3

1

v
λ‖

+ 4
3
κ⊥k2

⊥ +
[vk‖]2

3κ⊥k
2
⊥

. (3.126)

Therefore, the UNLT equation for the perpendicular diffusion coefficient is

κ⊥ =
a2v2

3B2
0

∫
d3k

Pxx(~k)

v
λ‖

+ 4
3
κ⊥k2

⊥ +
[vk‖]2

3κ⊥k
2
⊥

. (3.127)

If the spectral tensor is expressed using (2.39), then the diffusive UNLT equation

becomes

κ⊥ = a2v
2

3

δB2
x

B2
0

∞∫
−∞

dk‖

∞∫
0

dk⊥
`‖g‖(k‖) k⊥`

2
⊥g⊥(k⊥)

v
λ‖

+ 4
3
κ⊥k2

⊥ +
[vk‖]2

3κ⊥k
2
⊥

. (3.128)

3.3.6.2 Time–dependent UNLT Theory

The derivation of time–dependent version of UNLT theory starts off in a similar

manner compared to the diffusive version with the guiding center velocity correlation

being calculated via (3.122). Unlike the diffusive version of the theory, however, the

time–dependent theory utilizes an additional approximation for the velocity–phase

correlation function:〈
vz(t)vz(0)ei[

~k~x(t)−~k′~x(0)]
〉

=
〈
vz(t)vz(0)ei[k‖z(t)−k

′
‖z(0)]

〉〈
ei[

~k⊥~x⊥(t)−~k′⊥~x⊥(0)]
〉
. (3.129)

As a result, the mean square displacement along the x axis for homogeneous turbu-

lence can be expressed as

d2

dt2
〈
(∆x)2〉 =

2a2

B2
0

∫
d3k Pxx(~k)

〈
vz(t)vz(0)eik‖∆z(t)

〉〈
ei
~k⊥∆~x⊥(t)

〉
. (3.130)

The equation for the first correlation in (3.130) is found using the Fokker–Planck
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equation as shown in Section 3.3.2, with solution

ξ(k‖, t) =
〈
vz(t)vz(0)eik‖∆z(t)

〉
= v2

〈
µ(t)µ(0)eik‖∆z(t)

〉
=
v2

3

ω+e
ω+t − ω−eω−t

ω+ − ω−
(3.131)

where ω± is defined by

ω± = − v

2λ‖
±

√[
v

2λ‖

]2

− 1

3

[
vk‖
]2
. (3.132)

The second correlation can be recognized as the perpendicular characteristic function,

the Fourier transform of the particle distribution in the xy plane, as per (3.33). If the

particles have a Gaussian distribution in the xy plane, then
〈
(∆x)2〉 can be calculated

by the second–order non–linear equation

d2

dt2
〈
(∆x)2〉 =

2a2

B2
0

∫
d3k Pxx(~k)ξ(k‖, t)e

− 1
2〈(∆x)2〉k2

⊥ . (3.133)

Using (2.39) for the spectral tensor allows the equation to be written as

d2

dt2
〈
(∆x)2〉 = 2a2 δB

2
x

B2
0

∞∫
−∞

dk‖ `‖ g‖(k‖)ξ(k‖, t)

×
∞∫

0

dk⊥ k⊥`
2
⊥ g⊥(k⊥)e−

1
2〈(∆x)2〉k2

⊥ .

(3.134)

In order to compare to the diffusive version of UNLT theory, consider a scenario

in which the perpendicular motion is immediately diffusive. In this case (3.133) can

be rearranged to read

κ⊥ = a2v
2

3

1

B2
0

∫
d3k Pxx(~k)

∞∫
0

dt
ω+e

ω+t − ω−eω−t

ω+ − ω−
e−κ⊥k

2
⊥t. (3.135)

Solving the time integral yields

κ⊥ = a2v
2

3

1

B2
0

∫
d3k

Pxx(~k)

v
λ‖

+ κ⊥k2
⊥ +

[vk‖]2

3κ⊥k
2
⊥

(3.136a)
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or equivalently

κ⊥ = a2v
2

3

δB2
x

B2
0

∞∫
−∞

dk‖

∞∫
0

dk⊥
`‖g‖(k‖) k⊥`

2
⊥g⊥(k⊥)

v
λ‖

+ κ⊥k2
⊥ +

[vk‖]2

3κ⊥k
2
⊥

. (3.136b)

which is slightly different from the diffusive UNLT equation (3.128). The reason for

this difference is that diffusive UNLT takes into account the pitch–angle by averaging

over it, while time–dependent UNLT ignores it (Shalchi, 2020).

3.3.6.3 UNLT Application: Slab Turbulence

Consider the application of UNLT theory to perpendicular transport in slab tur-

bulence. Using the spectral tensor as defined by (2.23) and assuming that a2 = 1,

diffusive UNLT yields

κ⊥ = 4π
v2

3

1

B2
0

∞∫
0

dk⊥

∞∫
0

dk‖
gSlab(k‖)δ(k⊥)

v
λ‖

+ 4
3
κ⊥k2

⊥ +
[vk‖]2

3κ⊥k
2
⊥

. (3.137)

Integration over k⊥ results in a 1/0 in the denominator, which means that the right

hand side is zero. Diffusive UNLT therefore predicts a perpendicular diffusion co-

efficient of zero, in line with numerical simulation showing sub–diffusive behaviour.

Time–dependent UNLT yields

d2

dt2
〈
(∆x)2〉 = 2

v2

3

δB2

B2
0

∞∫
0

dk‖ `‖
2C(s)[

1 + [k‖`‖]2
] s

2

ω+e
ω+t − ω−eω−t

ω+ − ω−
(3.138)

which can be rearranged to read

d⊥(t) =
v2

3

δB2

B2
0

∞∫
0

dk‖ `‖
2C(s)[

1 + [k‖`‖]2
] s

2

t∫
0

dt′
ω+e

ω+t′ − ω−eω−t
′

ω+ − ω−
, (3.139)

again assuming a2 = 1. Solving the time integral results in

d⊥(t) =
v2

3

δB2

B2
0

∞∫
0

dk‖ `‖
2C(s)[

1 + [k‖`‖]2
] s

2

eω+t − eω−t

ω+ − ω−
; (3.140)

and with < (ω±) ≤ 0, the running perpendicular diffusion coefficient is therefore

monotonically decreasing, as expected for sub–diffusion.

3.3.6.4 UNLT Application: Noisy Slab Turbulence

Having considered the application of UNLT theory to perpendicular transport in

slab turbulence, now consider its application to transport in noisy slab turbulence.
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In this scenario, the UNLT equations are

κ⊥ =
v2

3

δB2

B2
0

∞∫
0

dk‖ `‖

1/`⊥∫
0

dk⊥ `⊥
2C(s)

[
1 + [k‖`‖]

2
]− s

2

v
λ‖

+ 4
3
κ⊥k2

⊥ +
[vk‖]2

3κ⊥k
2
⊥

(3.141a)

for diffusive UNLT and

d2

dt2
〈
(∆x)2〉 = 2

δB2

B2
0

∞∫
0

dk‖ `‖
2C(s)ξ(k‖, t)[
1 + [k‖`‖]

2] s2
1/`⊥∫
0

dk⊥ e
− 1

2〈(∆x)2〉k2
⊥ (3.141b)

for time–dependent UNLT. Unfortunately, neither of these can be solved in the general

case. That said, it is possible to simplify the time–dependent UNLT equation by

solving the integral for k⊥. This results in

d2

dt2
〈
(∆x)2〉 =

2

3
v2 δB

2

B2
0

√
π`2
⊥

2
〈
(∆x)2〉 erf

√〈(∆x)2〉
2`2
⊥


×
∞∫

0

dk‖ `‖
2C(s)[

1 + [k‖`‖]
2] s2 ω+e

ω+t − ω−eω−t

ω+ − ω−
.

(3.142)

As with the regular slab model, it has been assumed here that a = 1.

3.3.6.5 UNLT Application: Full 3D Turbulence

Finally, consider the application of UNLT theory to the full 3D turbulence model.

Here, the UNLT equations are

κ⊥ =
v2

3

δB2

B2
0

∞∫
0

dk‖ `‖
2C(s)[

1 +
[
k‖`‖

]2] s2
×
∞∫

0

dk⊥ `⊥4D(s, q)
[k⊥`⊥]q

[1 + [k⊥`⊥]2]
s
2

1

v
λ‖

+ 4
3
κ⊥k2

⊥ +
[vk‖]2

3κ⊥k
2
⊥

(3.143a)

and

d2

dt2
〈
(∆x)2〉 =

2

3
v2 δB

2

B2
0

∞∫
0

dk⊥ `⊥ 4D(s, q)
[k⊥`⊥]q

[1 + [k⊥`⊥]2]
s
2

e−
1
2〈(∆x)2〉k2

⊥

×
∞∫

0

dk‖ `‖
2C(s)[

1 +
[
k‖`‖

]2] s2 ω+e
ω+t − ω−eω−t

ω+ − ω−

(3.143b)
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for diffusive and time–dependent UNLT theory, respectively, where it has again been

assumed that a2 = 1. Neither integral can be solved analytically.

3.3.7 General Features of NLGC and UNLT Theory

At this point consider NLGC thoery and both forms of UNLT theory from a

general perspective. In essence, both theories can be summarized as follows:

1. It is assumed that the guiding center coordinates, as defined by (3.106), can

be used instead of the particle coordinates when calculating the diffusion coef-

ficients.11

v(t)→ V (t) = a

[
~v · ~B0

B2
0

]
~B = avz

~B

B0

2. Using the TGK formulation (see (3.8)), the diffusion coefficient is calculated via

the velocity correlation.

d⊥(t) =
a2

B2
0

t∫
0

dt′
〈
vz(t)vz(0)δBx(~x(t), t)δBx(~x0, 0)

〉
κ⊥ = lim

t→∞
d⊥(t)

3. The magnetic field is described via a Fourier transform. Corrsin’s approximation

(see (3.26)) is used to separate the magnetic Fourier amplitude from the rest

of the correlation, breaking the fourth order correlation into two second order

correlations.〈
vz(t)vz(0)δBx(~x(t), t)δBx(~x0, 0)

〉
=

∫
d3k

∫
d3k′

〈
vz(t)vz(0)δBx(~k, t)δB

†
x(
~k′, 0)ei[

~k~x−~k′~x0]
〉

Fourier

=

∫
d3k

∫
d3k′

〈
δBx(~k, t)δB

†
x(
~k′, 0)

〉〈
vz(t)vz(0)ei[

~k~x−~k′~x0]
〉

Corrsin

4. The magnetic amplitude correlation is replaced with the spectral tensor as per

11As discussed in Section 3.3.5, the parameter a should have a value of 1, with non–unity values
due to approximations used in the next steps.
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(2.7). The Dirac delta function is dealt with by integrating over k′.∫
d3k

∫
d3k′

〈
δBx(~k, t)δB

†
x(
~k′, 0)

〉〈
vz(t)vz(0)ei[

~k~x−~k′~x0]
〉

=

∫
d3k

∫
d3k′ Pxx(~k, t)δ

3(~k − ~k′)
〈
vz(t)vz(0)ei[

~k~x−~k′~x0]
〉

Spectral Tensor

=

∫
d3k Pxx(~k, t)

〈
vz(t)vz(0)ei

~k∆~x
〉

Integral

5. The fundamental difference between these two theories is in how the velocity–

phase correlation is handled.〈
vz(t)vz(0)ei

~k∆~x
〉

= F (~k, t) Theory dependent

6. With the velocity–phase correlation function computed, the diffusion coefficient

can be found.

d⊥(t) =
a2

B2
0

t∫
0

dt′
∫

d3k Pxx(~k, t
′)F (~k, t′) General

κ⊥ =
a2v2

3B2
0

∫
d3k

Pxx(~k)
v
λ‖

+ κ⊥k2
⊥ + κ‖k

2
‖ + γ(~k)

NLGC

κ⊥ =
a2v2

3B2
0

∫
d3k

Pxx(~k)

v
λ‖

+ 4
3
κ⊥k2

⊥ +
[vk‖]2

3κ⊥k
2
⊥

UNLT

d2

dt2
〈
(∆x)2〉 =

2a2

B2
0

∫
d3k Pxx(~k)ξ(k‖, t)e

− 1
2〈(∆x)2〉k2

⊥ UNLT

An alternative way of writing the general form of the diffusion coefficient is

d⊥(t) =
a2

B2
0

t∫
0

dt′
∫

d3k

∫
d3k′ Pxx(~k, t

′)δ3(~k − ~k′)F (~k′, t′).

The Dirac delta in the equation describes the coupling between the velocity–phase

correlation and the magnetic field: the velocity–phase correlation couples to the mag-

netic field at equal scales. The final perpendicular transport theory considered in this

work, the Field Line – Particle Decorrelation (or FLPD) theory of Shalchi (2021),

results in a coupling between Pxx and F which is not described via a Dirac delta
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function. Instead a resonance function is introduced by considering the decorrelation

between the magnetic field lines and the particle trajectories.

3.3.8 Field Line – Particle Decorrelation Theory

The Field Line – Particle Decorrelation theory of Shalchi (2021) can be derived by

first considering the phenomenon of compound sub–diffusion. This occurs when per-

pendicular diffusion of the particles is suppressed by their parallel diffusive motion,

resulting in sub-diffusive transport in the perpendicular direction. From a physi-

cal perspective, this occurs when particles are bound to a given field line. Webb

et al. (2006) presented a description of this type of motion based on the Chapman–

Kolmogorov equation (for example, see Gardiner (1985)):

f⊥(x, y; t) =

∞∫
−∞

dz fFL(x, y; z)f‖(z; t) (3.145)

where f⊥(x, y; t) is the particle distribution in the xy plane as a function of time t,

fFL(x, y; z) is the field line distribution in the xy plane based on the position along

the z axis, and f‖(z; t) is the particle distribution along the z axis as a function time.

The right hand side of the equation is a convolution of the field line distribution and

the particle’s parallel distribution. As noted in Shalchi (2021), modelling the parallel

distribution is not trivial due to the fact that the particles are not instantaneously

diffusive in the parallel direction (see (3.85) for example). The particle mean square

displacement along the x axis can be calculated from (3.145) by

〈
(∆x(t))2〉 =

∞∫
−∞

dx

∞∫
−∞

dy x2f⊥(x, y; t)

=

∞∫
−∞

dx

∞∫
−∞

dy x2

∞∫
−∞

dz fFL(x, y; z)f‖(z; t)

=

∞∫
−∞

dz
〈
(∆x(z))2〉

FL
f‖(z; t)

(3.146)

where
〈
(∆x(z))2〉

FL
is the mean square displacement of the field lines along the x

axis as a function of z. An underlying assumption in (3.146) is that the initial particle

distribution is a delta function.

As with the previously discussed theories, the preference is to work in Fourier
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space, which can be accomplished by defining

f‖(z; t) =

∞∫
−∞

dk′‖ F (k′‖; t)e
ik′‖z. (3.147)

The particle’s perpendicular mean square displacement can therefore be calculated

as〈
(∆x(t))2〉 =

∞∫
−∞

dz
〈
(∆x(z))2〉

FL

∞∫
−∞

dk′‖ F (k′‖; t)e
ik′‖z (3.148a)

or equivalently

〈
(∆x)2〉 (t) =

∞∫
−∞

dz

∞∫
−∞

dk′‖ F (k′‖; t)
〈
(∆x(z))2〉

FL
eik
′
‖z. (3.148b)

Next, the complex exponential is expressed as

eik
′
‖z = − 1

k′‖
2

d2

dz2
eik
′
‖z (3.149)

so that (3.148) can be written as

〈
(∆x(t))2〉 = −

∞∫
−∞

dz

∞∫
−∞

dk′‖ F (k′‖; t)k
′
‖
−2 〈

(∆x(z))2〉
FL

d2

dz2
eik
′
‖z. (3.150)

Using integration by parts twice, the derivative can be transferred from the complex

exponential to the field line mean square displacement, so that

〈
(∆x(t))2〉 = −

∞∫
−∞

dz

∞∫
−∞

dk′‖ F (k′‖; t)k
′
‖
−2

eik
′
‖z

d2

dz2

〈
(∆x(z))2〉

FL
. (3.151)

To proceed, FLPD theory uses the results of Shalchi and Kourakis (2007) (see (3.43)),

in which an equation for the second derivative of the field line mean square displace-

ment was derived:

d2

dz2

〈
(∆x(z))2〉

FL
=

2

B2
0

∫
d3k Pxx(~k) cos(k‖z)e−

1
2〈(∆x(z))2〉

FL
k2
⊥ . (3.152)
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Therefore the particle mean square displacement is

〈
(∆x(t))2〉 = − 2

B2
0

∫
d3k

∞∫
−∞

dk′‖ Pxx(
~k)F (k′‖; t)k

′
‖
−2

×
∞∫

−∞

dz cos(k‖z)e−
1
2〈(∆x(z))2〉

FL
k2
⊥+ik′‖z.

(3.153)

By using the diffusion approximation for field lines,〈
(∆x(z))2〉 ≈ 2κFL|z| (3.154)

the z integral can be solved to find

2π

2π

∞∫
−∞

dz cos(k‖z)e−κFL|z|k
2
⊥+ik′‖z

= 2π

[
1

2π

κFLk
2
⊥

(k‖ + k′‖)
2 + κ2

FLk
4
⊥

+
1

2π

κFLk
2
⊥

(k‖ − k′‖)2 + κ2
FLk

4
⊥

]
= 2π

[
R+(~k, k′‖) +R−(~k, k′‖)

]
= 2πR(~k, k′‖)

(3.155)

where the resonance functions

R±(~k, k′‖) =
1

2π

κFLk
2
⊥

(k‖ ± k′‖)2 + κ2
FLk

4
⊥

(3.156a)

and

R(~k, k′‖) = R+(~k, k′‖) +R−(~k, k′‖) (3.156b)

“describe the coupling between particles and magnetic field lines” (Shalchi, 2021).12

Note that here the resonance functions have an additional factor of 1/2π in them,

as compared to how they are defined in Shalchi (2021). The particle’s perpendicular

mean square displacement can therefore be calculated via

〈
(∆x(t))2〉 = − 4π

B2
0

∫
d3k

∞∫
−∞

dk′‖ Pxx(
~k)R(~k, k′‖)F (k′‖; t)k

′
‖
−2
. (3.157)

In order to find an expression for F (k′‖; t), recall that it is defined as the Fourier

transform of the particle distribution along the z axis by (3.147). As discussed in

Section 3.2.3.1, the result of the Fourier transform of a distribution function is its

12The resonance functions can also be written as R(k‖, k⊥, k
′
‖).
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associated characteristic function. Using

F (k‖, t) =
1

2π

ω+e
ω−t − ω−eω+t

ω+ − ω−
(3.158)

for the characteristic function, (3.157) becomes

〈
(∆x(t))2〉 = − 2

B2
0

∫
d3k

∞∫
−∞

dk′‖ Pxx(
~k), R(~k, k′‖)

ω+e
ω−t − ω−eω+t

ω+ − ω−
k′‖
−2
. (3.159)

Recalling that the mean square displacement can be related to the velocity corre-

lation via (3.9), the second derivative of the function is taken to find

d2

dt2
〈
(∆x(t))2〉 =

2

B2
0

∫
d3k

∞∫
−∞

dk′‖ Pxx(
~k)R(~k, k′‖)

ω+ω−

k′‖
2

ω+e
ω+t − ω−eω−t

ω+ − ω−
. (3.160)

Using (3.82), ω+ω− is found to be

ω+ω− =
1

3
v2k2
‖ (3.161)

and (3.160) becomes

d2

dt2
〈
(∆x(t))2〉 =

2

B2
0

∫
d3k

∞∫
−∞

dk′‖ Pxx(
~k)R(~k, k′‖)

v2

3

ω+e
ω+t − ω−eω−t

ω+ − ω−

=
2

B2
0

∫
d3k

∞∫
−∞

dk′‖ Pxx(
~k)R(~k, k′‖) ξ(k

′
‖, t).

(3.162)

The final step in the derivation of FLPD theory involves taking into account the effect

of the transverse complexity of the turbulence on particle transport. Shalchi (2021)

accomplishes this by including the factor e−
1
2〈(∆x)2〉k2

⊥ , so that the equation of FLPD

theory is

d2

dt2
〈
(∆x(t))2〉 =

2

B2
0

∫
d3k

∞∫
−∞

dk′‖ Pxx(
~k)R(~k, k′‖) ξ(k

′
‖, t) e

− 1
2〈(∆x)2〉k2

⊥ (3.163a)

77



or equivalently

d2

dt2
〈
(∆x(t))2〉 = 2

δB2
x

B2
0

∞∫
−∞

dk′‖ ξ(k
′
‖, t)

∞∫
0

dk⊥ k⊥`
2
⊥ g⊥(k⊥)e−

1
2〈(∆x)2〉k2

⊥

×
∞∫

−∞

dk‖ `‖ g‖(k‖)R(k‖, k⊥, k
′
‖).

(3.163b)

It should be noted that while the resonance function R±(~k, k′‖) depends on k⊥, the

actual resonance is between k‖ and k′‖. As such, there is no k′⊥ in FLPD theory.

3.3.8.1 Diffusive FLPD Theory

Shalchi (2021) also considered the application of the diffusive approximation,〈
(∆x(t))2〉 = 2κ⊥t, to FLPD theory. Integrating (3.163) over time and using a

diffusive approximation yields

κ⊥ =
v2

3B2
0

∫
d3k

∞∫
−∞

dk′‖ Pxx(
~k)R(~k, k′‖)

κ⊥k
2
⊥

ω+ω− + [ω+ + ω−]κ⊥k2
⊥ + κ2

⊥k
4
⊥

=
v2

3B2
0

∫
d3k

∞∫
−∞

dk′‖ Pxx(
~k)R(~k, k′‖)

κ⊥k
2
⊥

v
λ‖
κ⊥k2

⊥ + κ2
⊥k

4
⊥ + 1

3
[vk′‖]

2
(3.164a)

=
v2

3B2
0

∫
d3k

∞∫
−∞

dk′‖
Pxx(~k)R(~k, k′‖)

v
λ‖

+ κ⊥k2
⊥ +

[vk′‖]
2

3κ⊥k
2
⊥

. (3.164b)

Alternatively, (3.164) can be written as

κ⊥ =
v2

3

δB2
x

B2
0

∞∫
−∞

dk‖

∞∫
−∞

dk‖
′

∞∫
0

dk⊥ k⊥`
2
⊥`‖

g‖(k‖) g⊥(k⊥)R(k‖, k⊥, k
′
‖)

v
λ‖

+ κ⊥k2
⊥ +

[vk′‖]
2

3κ⊥k
2
⊥

(3.164c)

if the spectral tensor is written using (2.39). This can be compared with the equation

for diffusive UNLT, (3.127): if there is no transverse complexity, (3.164) reduces to

(3.136) rather than (3.127), as the pitch–angle averaging is not taken into account.

3.3.8.2 FLPD Application: Examples

Consider the application of FLPD theory to slab turbulence. Using (2.23) and

(2.24) for the spectral tensor and spectral function respectively, the equation of FLPD
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becomes

d2

dt2
〈
(∆x(t))2〉 =

δB2

B2
0

∞∫
0

dk⊥ δ(k⊥)e−
1
2〈(∆x)2〉k2

⊥

∞∫
−∞

dk‖ `‖
2C(s)[

1 + [k‖`‖]2
] s

2

×
∞∫

−∞

dk′‖R(~k, k′‖) ξ(k
′
‖, t).

(3.165)

Using the relation

lim
γ→0

1

π

γ

x2 + γ2
= δ(x) (3.166)

the resonance functions become

R±(k‖, 0, k
′
‖) =

1

2
δ(k‖ ± k′‖). (3.167)

Since the integrals are symmetric in both k‖ and k′‖, after integrating over k⊥ the

resonance functions can be written as

R(k‖, 0, k
′
‖) = δ(k‖ − k′‖). (3.168)

As a result, upon integrating over k′‖ the FLPD equation becomes

d2

dt2
〈
(∆x)2〉 =

2

3
v2 δB

2

B2
0

∞∫
0

dk‖ `‖
2C(s)[

1 + [k‖`‖]2
] s

2

ω+e
ω+t − ω−eω−t

ω+ − ω−
, (3.169)

which is exactly the same as (3.138), the time–dependent UNLT equation for slab

turbulence.

Now consider the application of FLPD theory to the noisy slab turbulence and

full 3D turbulence models. In this case, the FLPD equation becomes

d2

dt2
〈
(∆x)2〉 = 2

δB2
x

B2
0

1/`⊥∫
0

dk⊥ `⊥e
− 1

2〈(∆x)2〉k2
⊥

∞∫
−∞

dk′‖ ξ(k
′
‖, t)

×
∞∫

−∞

dk‖ `‖
2C(s)[

1 + [k‖`‖]2
] s

2

R(k‖, k⊥, k
′
‖)

(3.170)
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for the noisy slab model and

d2

dt2
〈
(∆x)2〉 = 2

δB2
x

B2
0

∞∫
0

dk⊥ `⊥4D(s, q)
[k⊥`⊥]q[

1 + [k⊥`⊥]2
] s+q

2

e−
1
2〈(∆x)2〉k2

⊥

×
∞∫

−∞

dk′‖ ξ(k
′
‖, t)

∞∫
−∞

dk‖ `‖
C(s)[

1 + [k‖`‖]2
] s

2

R(k‖, k⊥, k
′
‖)

(3.171)

for the full 3D model, neither of which can be analytically reduced. As can be seen

from these examples, FLPD theory provides the same result as UNLT theory when the

turbulence in question doesn’t contain any transverse complexity and gives different

results when the turbulence has transverse complexity.
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Chapter 4

Instantaneous Rotation Matrix

Methods

Copyright Permissions

The contents of this chapter were originally published in Numerical Methods,

Energy Conservation, And A New Method For Particle Motion in Mag-

netic Fields in the journal Mathematics and Computers in Simulation (Arendt,

2023). The journal publishing agreement allows the author to reuse the contents

of the article in this thesis. As the sole author of the article, no other permissions

are required. The body of the article has therefore been reproduced here, while

the appendices of the article have been reproduced in Appendix A and Appendix

B. Due to differences in page formatting, figures and tables may not appear in the

same locations in the text or be formatted the same compared to the original ar-

ticle. Cross–referencing between figures, tables, chapters, sections, and appendices

was also updated to be consistent with the rest of this thesis. Additionally, several

typographical errors have been corrected, with a full list at the end of the chapter.

On Mathematical Notation and Scaling

The mathematical notation and scaling of quantities used in this chapter are the

same as used in Arendt (2023), which is not the same as that used in the rest of

this work. The article was written with generic use in mind, and therefore scaling

anything outside of the magnetic field was avoided if possible. Conversions between
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Quantity Arendt (2023) This Work Relation

Time t T T = Ωt

Position ~x ~X ~X = ~x/`

Velocity ~v ~R ~R = ~v/Ω`

Magnetic Field ~ω ~b ~b = ~ω/Ω

Table 4.1: Conversion of quantities found in Arendt (2023) and this section and those
in the rest of this work. The quantity Ω is the relativistic gyro-frequency as defined
in 1.2.1.1

the quantities found in Arendt (2023) and the rest of this work are shown in Table

4.1.

Abstract

This article mathematically examines the energy conservation of explicit Runge–

Kutta methods and basic symplectic integration methods for a simple harmonic oscil-

lator and a particle in a magnetic field. With the demonstration of the failure of these

methods to conserve the energy of a particle in a magnetic field, a new integration

method is presented for this type of system where energy conservation is dictated by

the type of floating point variable used, not the size of the time step or the method

order. Higher order versions of the method improve the accuracy in the calculation of

the particle position and allow for more accurate calculations of the velocity in a spa-

tially varying field. Furthermore, the new method is demonstrated to have improved

phase accuracy when compared to several common implicit methods.

4.1 Introduction

When solving the equations of motion for a particle or system of particles numer-

ically, a common issue is ensuring that the total energy of the system is conserved by

the solution. One of the simplest systems to consider is that of the one-dimensional

simple harmonic oscillator. Unfortunately, common explicit Runge–Kutta methods

do not conserve the total energy of this simple system, although the energy con-

servation can be improved by decreasing the time step. Of course, this leads to a

competition between how accurate the results need to be and how long it takes to

obtain the results. Using adaptive Runge–Kutta methods doesn’t improve the result,
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as taking larger time steps increases the energy drift. Alternatively, symplectic inte-

gration methods (Ruth, 1983, Yoshida, 1990) can be used to achieve greater accuracy

without requiring as small a time step, with the energy oscillating around the initial

value.

In astrophysics one problem is the motion of charged, energetic particles in a

variable magnetic field. Theories that calculate the properties of an ensemble in these

fields (see Shalchi (2009, 2020) for a review) are often compared with test particle

simulations, and therefore accuracy in the calculated trajectories is required. For

example, one of the primary quantities of interest in these theories are the spatial

diffusion coefficients, for which these theories assume a pure magnetic system (no

electric fields). Since the electric field is absent and particle-particle interactions are

neglected, the particle energies in any test particle simulation must be conserved

for comparisons with theory to be valid. As with the simple harmonic oscillator,

using explicit Runge–Kutta methods to solve the equations of motion for this system

will result in energy drift. Unfortunately, applying the same symplectic methods as

used for the simple harmonic oscillator to the system also results in energy drift,

albeit of a much greater magnitude, as these methods were designed for systems

where the Hamiltonian is separable. To address this, implicit methods that conserve

energy have been developed over time (see Ripperda et al. (2018) for a recent review).

Unfortunately, while these methods conserve energy, the error is shifted onto the phase

of rotation.

In the following, the simple harmonic oscillator and a particle in a magnetic field

are considered as test cases (Section 4.2) for energy conservation in explicit Runge–

Kutta methods (see Section 4.3 and A) and basic symplectic methods (see Section

4.4 and B). Then, having shown mathematically why and how these methods fail for

a particle in a magnetic field, a new class of integration methods is presented (Section

4.5).1 It will be shown that this new method provides superior energy conservation

compared to common explicit Runge–Kutta and symplectic methods for a particle in

a magnetic field, and superior phase accuracy compared to several implicit methods

that have analytical forms.

1This method was briefly described in Arendt and Shalchi (2018), where it used inverse trigono-
metric functions to calculate rotation matrices. In this article, the use of inverse trigonometric
functions has been replaced in favour of projection matrices calculated directly from the compo-
nents of the magnetic field vector in Cartesian coordinates.
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4.2 Test Cases: Analytical Solutions

In the analysis of the energy conservation of Runge–Kutta and symplectic integra-

tion methods two test cases will be considered: the simple harmonic oscillator (SHO)

and a particle in a magnetic field.

4.2.1 Test Case: Simple Harmonic Oscillator

The first case being considered is that of the one-dimensional simple harmonic

oscillator with the form

E =
1

2

[
p2 + q2

]
, (4.1)

where E is the total energy, with equations of motion

q̇ = p, (4.2a)

ṗ = −q; (4.2b)

where p and q are respectively unit–less momentum and position. The well known

solution for these equations is

q(t) = q0 cos(t) + p0 sin(t) (4.3a)

p(t) = p0 cos(t)− q0 sin(t), (4.3b)

or equivalently

q(t) =
√

2E cos(t± τ) (4.4a)

p(t) = −
√

2E sin(t± τ) (4.4b)

where τ is the initial phase of the oscillator.

4.2.2 Test Case: Particle in a Magnetic Field

There are two formulations of a particle in a magnetic field: the Newtonian for-

mulation and the Hamiltonian formulation.

4.2.2.1 Newtonian Formulation

The classical Newtonian formulation in cgs units of a charged particle interacting

with a magnetic field is given by the Lorentz force:

~F =
d~p

dt
= q

~v

c
× ~B(~x, t), (4.5)
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where ~p is the relativistic momentum, ~v is the particle velocity, ~x is the particle

position, q is the charge on the particle, c is the speed of light, and ~B is magnetic

field. Although the equation here is in cgs units for relativistic particles, the results

are generally applicable. Equation 4.5 can be rearranged to read

d~v

dt
= ~v × ~ω(~x, t), (4.6)

where ~ω is defined in cgs units as

~ω(~x, t) =
q ~B(~x, t)

γmc
. (4.7)

It should be noted that since there is no electric field in this system, (4.5) can also

be written as

d~p

dt
= ~p× ~ω(~x, t) (4.8)

since the velocity and momentum are related to each other by ~p = γm~v.

If the magnetic field is uniform and static, then |~ω| is the gyro–frequency for non–

relativistic particles or synchrotron frequency for relativistic particles. In component

form, 4.6 can be written as

dvi
dt

= εijkvjωk(~x, t), (4.9)

from which the quantity ¯̄ω can be defined as

¯̄ωij(~x, t) = εijkωk(~x, t) (4.10)

such that the change in velocity is

d~v

dt
= ¯̄ω(~x, t)~v, (4.11)

yielding the solution

~v(t+ t0) = e
¯̄ωt~v(t0). (4.12)

Several properties of the matrix ¯̄ω will be used throughout this article: first, that the

matrix is anti–symmetric; and second, that since ~v × ~ω = ¯̄ω~v, then (~v × ~ω1) × ~ω2 =

¯̄ω2 ¯̄ω1~v.

85



4.2.2.2 Hamiltonian Formulation

The Hamiltonian for a non–relativistic particle in a magnetic field in cgs units can

be written as

H =

[
~p− q

c
~A(~r, t)

]2

2m
, (4.13)

where ~p is the canonical momentum given by

~p = m~v +
q

c
~A(~r, t). (4.14)

The equations of motion are

~̇r = ~∇pH =
~p

m
− q

mc
~A(~r, t), (4.15a)

~̇p = −~∇rH =
−1

2m
~∇r

[
~p− q

c
~A(~r, t)

]2

. (4.15b)

In the analysis of numerical methods, the canonical momentum and Hamiltonian

will be redefined as a quantity per unit mass. The first step is to define

~A′(~r, t) =
q

mc
~A(~r, t) (4.16)

so that

~∇× ~A′(~r, t) = ~ω(~r, t). (4.17)

Next, the canonical momentum is redefined as

~p = ~v +
q

mc
~A(~r, t) = ~v + ~A′(~r, t) (4.18)

and the Hamiltonian, 4.13, becomes

H ′ =
H

m
=

1

2

[
~p− ~A′(~r, t)

]2

. (4.19)

With this transformation, the equations of motion become

~̇r = ~p− ~A′(~r, t) (4.20a)

and

~̇p = −1

2
~∇r

[
~p− ~A′(~r, t)

]2

. (4.20b)

Using the identity

1

2
~∇ [~u · ~u] = ~u×

[
~∇× ~u

]
+
[
~u · ~∇

]
~u (4.21)
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the change in the canonical momentum can be written as

~̇p =
[
~p− ~A′(~r, t)

]
× ~ω(~r, t) +

[[
~p− ~A′(~r, t)

]
· ~∇
]
~A′(~r, t). (4.22)

If the magnetic field is constant, then the magnetic potential can be expressed as2

~A′(~r) =
1

2
~ω × ~r, (4.23)

and the Hamiltonian as

H ′ =
1

2

[
~p+

1

2
~r × ~ω

]2

. (4.24)

The change in canonical momentum and position become

~̇p =
1

2

[
~p+

1

2
~r × ~ω

]
× ~ω (4.25a)

and

~̇r =

[
~p+

1

2
~r × ~ω

]
, (4.25b)

respectively. Alternatively, (4.10) can be used to write these equations as

~̇p =
1

2
¯̄ω

[
~p+

1

2
¯̄ω~r

]
, (4.26a)

~̇r =

[
~p+

1

2
¯̄ω~r

]
, (4.26b)

which is the form that will be used during analysis in this article.

2This isn’t the only way the vector potential can be expressed, however, this expression readily
allows the results to be expressed in a vector format.
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4.3 Explicit Runge-Kutta Methods

4.3.1 General Form

The general form of an explicit Runge–Kutta (RK ) integration method with N+1

intermediate steps can be expressed as:

y′ = f(y, λ)

k0 = f(y0, λ0)

...

kn = f

(
y0 +

n−1∑
i=0

anikih, λ+ cnh

)
...

kN = f

(
y0 +

N−1∑
i=0

aNikih, λ+ cNh

)

y(λ0 + h) = y0 + h
N∑
n=0

bnkn

(4.27)

where λ is the independent variable, h is the current step size, and ani, bn, and cn are

the coefficients of integration. Adaptive step size methods include the error estimator

step

y∗ = y0 + h
N∑
n=0

b∗nkn. (4.28)

The coefficients for these methods can be conveniently expressed via a Butcher-

Tableau (Butcher, 1964):

¯̄c ¯̄a
¯̄b
¯̄b∗

=

0 0 · · · · · · 0

c1 a10 0 · · · 0
...

...
. . . . . .

...

cN aN0 · · · aN,N−1 0

b0 · · · · · · bN

b∗0 · · · · · · b∗N

(4.29)

Here, ¯̄c is a column vector containing the coefficients for calculating the time at each

intermediate point; ¯̄a is a square matrix containing the coefficients for calculating the
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intermediate points from previously computed intermediate function evaluations; and
¯̄b is a row vector containing the set of coefficients for calculating the updated point

from the computed intermediate function evaluations. Adaptive methods also use ¯̄b∗

for calculating an alternate solution that is used to estimate the truncation error of

the updated solution. The results of expanding the updated point for the considered

test cases can be found in Appendix A.

4.3.2 Energy Conservation

As already mentioned in the introduction, explicit RK methods do not conserve

the total energy of a simple harmonic oscillator or the kinetic energy of a particle in

a magnetic field. The derivation of this violation is found in Appendix A, and the

results are summarized here.

4.3.2.1 Simple Harmonic Oscillator

As per (A.14), the energy drift per step of a RK method for a SHO is

E(t+ h) = E(t)

[
1 +

M∑
m=m0

α2mh
2m

]
(4.30)

where m0 is the index of the first non-zero α term. The total energy drift after time

T =
∑

i hi is therefore

E(t0 + T ) = E(t0)
∏
i

[
1 +

M∑
m=m0

α2mh
2m
i

]
. (4.31)

Of note is that the direction of the energy drift depends only on the RK method used,

not the step size; and that using larger step sizes increases the energy drift rate. This

is where the trade off between the number of steps required and the desired accuracy

comes in: doubling the the step size will halve the time required to complete the

calculations but will increase the energy drift by a factor of 4m0 . Conversely, halving

the time step will double the time required while reducing the energy drift by a factor

of 1/4m0 . For the fourth order RK methods considered in Appendix A.1.4, the first

non-zero α term is α6, meaning that energy is conserved to sixth order.
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4.3.2.2 Particle in a Magnetic Field

As shown in Appendix A.1.3, both the Newtonian and Hamiltonian formulations

of a particle in a uniform, static magnetic field have the same energy drift per step

of

E(t+ h) = E‖(t) + E⊥(t)

[
1 +

M∑
m=1

α2m|~ωh|2m
]

(4.32)

as per (A.21). This results in a total energy drift of

E(t0 + T ) = E‖(t0) + E⊥(t0)
∏
i

[
1 +

M∑
m=m0

α2m|~ωhi|2m
]

(4.33)
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Figure 4.1: Energy drift in Runge-Kutta methods for a particle in a uniform magnetic
field.

From (A.21) the energy drift in the Newtonian formulation for a spatially or

temporally varying field has the same base energy drift per step as in a uniform static

field, plus additional terms for the variation in the field at the intermediate points

kn. With the values of α2m being the same as those for the SHO in the fourth order

methods considered in Appendix A.1.4, the kinetic energy is conserved to sixth order.

Figure 4.1 shows the resulting energy drift in the RK methods considered in Appendix

A.1.4 applied to the scenario defined in Section 4.5.5.1. For comparison purposes, the

step size has been held constant.
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4.4 Symplectic Methods
Symplectic integration methods are a set of differential equation solvers based on

Hamilton’s equations of motion (for example, see Ruth (1983), Yoshida (1990)):

dpi
dt

= −∂H
∂qi

(4.34a)

dqi
dt

=
∂H

∂pi
, (4.34b)

where H is the Hamiltonian of the system, and qi and pi are respectively the gener-

alized position and momenta of the system. These equations can be expressed with

matrices and vectors as either

d

dt

[
pi

qi

]
=

[
0 −1

1 0

][
∂pi
∂qi

]
H (4.35a)

or

d

dt

[
qi

pi

]
=

[
0 1

−1 0

][
∂qi
∂pi

]
H. (4.35b)

If the Hamiltonian can be expressed as

H(p, q) = T (p) + U(q) (4.36)

where T (p) is the kinetic energy of the system and U(q) is the potential energy, then

the equations of motion can be written as

dpi
dt

= −∂U(q)

∂qi
= Fi(q) (4.37a)

dqi
dt

=
∂T (p)

∂pi
=
pi
m
, (4.37b)

where Fi(q) is the force along axis i resulting from the potential and pi
m

corresponds

to the velocity along the same axis.

4.4.1 General Forms

Unlike Runge-Kutta methods, symplectic integration methods do not update all

elements of the solution simultaneously. Instead, these methods alternate between

updating the position and the momentum/velocity of the system. This leads to two

possible forms of the integration method, depending on which quantity is updated

first. Hereafter, methods which update the momentum first will be referred to as

momentum-position or PQ methods, while methods that first update the position
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will be referred to as position-momentum or QP methods. Specific examples of these

methods can be found in Appendix B.1.1.

4.4.1.1 Momentum-Position Methods

The form for momentum-position methods can be expressed as

~pn = ~pn−1 + PnF (~qn−1)dt (4.38a)

~qn = ~qn−1 +Qn
~pn
m

dt (4.38b)

with ~p0 = ~p(t) and ~q0 = ~q(t). Quantities Pn and Qn are the integration coefficients.

The updated quantities are ~p(t+ dt) = ~pN and ~q(t+ dt) = ~qN where N is the number

of intermediate steps.

4.4.1.2 Position-Momentum Methods

The position-momentum form of symplectic integration can be expressed as

~qn = ~qn−1 +Qn
~pn−1

m
dt (4.39a)

~pn = ~pn−1 + PnF (~qn)dt, (4.39b)

with integration coefficients Qn and Pn.

4.4.2 Energy Conservation

4.4.2.1 Simple Harmonic Oscillator

As shown in B.1.4, the energy drift in symplectic methods for the SHO is domi-

nated by a phase dependent fluctuation, with a constant energy drift only appearing

at higher orders. Furthermore, both components of the energy drift decrease as the

method order increases. For example, the fourth order methods considered both have

a fifth order phase dependent energy fluctuation and a tenth order constant energy

drift. This can be compared to the fourth order Runge-Kutta methods which had a

constant sixth order energy drift.

4.4.2.2 Particle in a Magnetic Field

While symplectic methods have a smaller constant energy drift for the SHO com-

pared to Runge-Kutta methods, they are worse for a particle in a magnetic field.

As shown in B.1.5, specifically Table B.21, the symplectic methods have a constant

second order energy gain regardless of method order and which formulation of the

equations of motion is used. Figure 4.2 demonstrates the violation of energy conser-

vation. The physical scenario used here is defined in Chapter 4.5.5.1.
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Figure 4.2: Energy drift in Symplectic methods for a particle in a uniform magnetic
field. Method coefficient sets are defined in Appendix B.1.3.

4.5 Instantaneous Rotation Matrix Method

4.5.1 Basics

With the failure of both explicit Runge-Kutta methods and standard symplectic

methods to conserve the kinetic energy of a particle in a magnetic field, it is clear

that additional numerical methods need to be developed for this type of system. As

previously stated, the approach used here is to develop a set of methods that take into

account the physics of the system. The starting point for developing this new class of

methods, hereafter called Instantaneous Rotation Matrix Methods (or IRM Methods),

is to consider the instantaneous solution for a particle in a magnetic field. On a short

enough time scale, the magnetic field can be approximated as a constant. Therefore,

on this time scale, the solution is that the velocity vector will be rotated around

the magnetic field vector by an angle equal to the product of the magnitude of the

magnetic field and the step size. This rotation is done by decomposing the velocity

into three orthogonal vectors using projection matrices derived from the orientation

of the magnetic field.

To begin constructing the projection matrices, define orthogonal vectors ~r1, ~r2,

and ~r3 as either

~r1 = (−ωx,−ωy,−ωz), (4.40a)
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~r2 = (ωxωz, ωyωz,−ω2
x − ω2

y), (4.40b)

~r3 = (ωy,−ωx, 0) (4.40c)

or, if ω2
x + ω2

y = 0, as

~r1 = (0, 0,−1), (4.41a)

~r2 = (1, 0, 0), (4.41b)

~r3 = (0,−1, 0). (4.41c)

These vectors have the following dot and cross product identities:

~ri · ~rj = 0 if i 6= j, (4.42a)

~r1 × ~r2 = |~r1|2~r3, (4.42b)

~r2 × ~r3 = |~r3|2~r1, (4.42c)

~r3 × ~r1 = ~r2, (4.42d)

which will be used later. Next, define the series of matrices

¯̄Rij =
~ri ⊗ ~rj
|~ri||~rj|

(4.43)

where ~ri ⊗ ~rj is the outer product between the two vectors. In the case where i = j,

the resulting matrix is a projection, and, by definition, the sum of all the projection

matrices is equal to the identity matrix. Having defined ~r1 = −~ω, the change in

velocity can be written as

d~v

dt
= ~r1 × ~v. (4.44)

Since the magnetic field is assumed to be constant over the interval, the matrices
¯̄Rij are also constant, and therefore the relation

d

dt

[
3∑
i=1

¯̄Rii~v

]
=

3∑
i=1

¯̄Rii
d~v

dt
(4.45)

can be used to split the force equation into three components.3 This decomposition

of the force yields

¯̄R11
d~v

dt
=

d~v1

dt
= ¯̄R11 (~r1 × ~v) = 0, (4.46a)

3The requirement for this is that the total time derivative of the matrices is negligible. Addi-
tionally, since the result is still in the initial basis, it can be shown that sum of the derivatives must
cancel as the derivative of the identity matrix is zero.
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¯̄R22
d~v

dt
=

d~v2

dt
= ¯̄R22 (~r1 × ~v) = −ω ¯̄R23~v, (4.46b)

¯̄R33
d~v

dt
=

d~v3

dt
= ¯̄R33 (~r1 × ~v) = ω ¯̄R32~v, (4.46c)

where the triple scalar product has been used to remove the cross product. The

solution to first order for each velocity component is therefore given by

~v1(t+ dt) = ¯̄R11~v(t), (4.47a)

~v2(t+ dt) = ¯̄R22~v(t)− ωdt ¯̄R23~v(t), (4.47b)

~v3(t+ dt) = ¯̄R33~v(t) + ωdt ¯̄R32~v(t). (4.47c)

As the known solution for charged particle moving in a static, uniform magnetic field

is helical motion, the solution can be re-written as

~v1(t+ dt) = ¯̄R11~v(t), (4.48a)

~v2(t+ dt) =
[
cos(ωdt) ¯̄R22 − sin(ωdt) ¯̄R23

]
~v(t), (4.48b)

~v3(t+ dt) =
[
cos(ωdt) ¯̄R33 + sin(ωdt) ¯̄R32

]
~v(t), (4.48c)

such that the full equation for the velocity after a time interval with duration dt is

~v(t+ dt) =

[
¯̄R11 + cos(ωdt)

[
¯̄R22 + ¯̄R33

]
+ sin(ωdt)

[
¯̄R32 − ¯̄R23

] ]
~v(t). (4.49a)

By integrating the velocity, the change in position is found to be

~x(t+ dt) =

[
ωdt ¯̄R11 + sin(ωdt)

[
¯̄R22 + ¯̄R33

]
+
[
1− cos(ωdt)

] [ ¯̄R32 − ¯̄R23

] ]~v(t)

ω
+ ~x(t).

(4.49b)

Using the relation between the projection matrices and the identity matrix, and the

fact that ¯̄R32 − ¯̄R23 can be reduced to ¯̄ω/ω, the velocity and position equations can

be rearranged to read

~v(t+ dt) =

[[
1− cos(ωdt)

] ¯̄R11 + cos(ωdt) ¯̄I +
sin(ωdt)

ω
¯̄ω

]
~v(t) (4.50a)

and

~x(t+ dt) =

[[
ωdt− sin(ωdt)

] ¯̄R11 + sin(ωdt) ¯̄I +
1− cos(ωdt)

ω
¯̄ω

]
~v(t)

ω
+~x(t), (4.50b)

respectively. For convenience in the following sections, the matrices ¯̄M and ¯̄M ′ can
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be respectively defined as

¯̄M(~ω, dt) =
[
1− cos(ωdt)

] ¯̄R11 + cos(ωdt) ¯̄I +
sin(ωdt)

ω
¯̄ω, (4.51a)

¯̄M ′(~ω, dt) =
[
ωdt− sin(ωdt)

] ¯̄R11 + sin(ωdt) ¯̄I +
1− cos(ωdt)

ω
¯̄ω. (4.51b)

4.5.2 Method Construction

Having derived a general solution for an arbitrarily orientated magnetic field that

is both uniform and static, methods to solve the equations of motion for a varying

field can be derived, keeping in mind that the step size must be small enough so that

the field can be approximated as constant over the interval (Section 4.5.3.3).

4.5.2.1 Euler Step Implementations

The simplest implementation of this method is an Euler step type method. In this

method there are no intermediate steps, making it relatively fast for a single step.

As an added benefit, the position and momentum can be updated simultaneously

using (4.50). The disadvantage of this method is that the step size dt must be set

quite small for spatially or temporally varying fields in order to maintain the required

approximation.

4.5.2.2 Higher Order Implementations

Higher order methods can be derived with an implementation scheme similar to

that used by symplectic methods. The reasoning behind this is that to perform

consecutive rotations, the matrices must be multiplied rather than added. This is

readily accomplished in the uneven consecutive intermediate points of symplectic

methods compared to the averaging of Runge-Kutta methods. However, while the

way that the intermediate steps are calculated in symplectic methods is ideal for

using rotation matrices, the rotation methods requires using the particle velocity or

momentum rather than the canonical momentum.

As with regular symplectic methods, there are two forms that can be used for

implementing higher order rotational methods: either the momentum-position form

or the position-momentum form. The equations for the intermediate steps in the

momentum-position form are

~vn = ¯̄M(~ω(~xn−1, t), Pndt)~vn−1 (4.52a)

~xn = ~xn−1 +Qn~vndt, (4.52b)
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or

~xn = ~xn−1 +Qn~vn−1dt (4.52c)

~vn = ¯̄M(~ω(~xn, t), Pndt)~vn (4.52d)

for the position-momentum form, where Pn and Qn are the integration coefficients.

The updated velocity will always have the same form:

~v(t+ dt) =
N∏
n=1

¯̄Mn~v(t), (4.53)

where ¯̄Mn is the rotation matrix from the nth step. From an analytical perspective,

this will perfectly conserve the energy of the system, however, due to the way that

floating point numbers are represented computationally, there can be a small error

introduced into the system via truncation of the floating point values. This will be

further addressed in 4.5.3 and then shown in 4.5.5.3.

On the other hand, the equation for the updated position depends on the form

used, with the momentum-position form yielding

~x(t+ dt) = ~x(t) +
N∑
n

Qn

n∏
m=1

¯̄Mm~v(t)dt (4.54a)

and the position-momentum form yielding

~x(t+ dt) = ~x(t) +
N∑
n

Qn

n−1∏
m=0

¯̄Mm~v(t)dt (4.54b)

where ¯̄M0 = ¯̄I. The advantage of using higher order methods is that the step size can

be increased, equivalent to allowing the magnetic field a larger degree of change in

the same interval. The disadvantage is that the updated position is no longer given

by an exact equation. Before giving examples for this method, error analysis needs

to be performed.

4.5.3 Error Analysis and Coefficient Derivation

There are three primary sources of error in the results of this type method: errors

from the step size not being small enough (εI), errors from the truncation of float-

ing point numbers (εF ), and truncation errors from the method order (εO). While

these sources of error are common to all numerical methods and can never be truly

eliminated, what needs to be examined is where these errors are occurring and what
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quantities are effected by them. This will be done here by looking at the velocity and

position solutions.

4.5.3.1 Velocity Solution

As mentioned earlier, the solution for the velocity perfectly conserves energy from

an analytical perspective. This means that for the motion of a particle in a uniform,

static field the velocity solution is also the exact solution. In this case, the only

source of error comes from the floating point calculations, in contrast to Runge-

Kutta and normal symplectic methods where the energy change is coming from the

truncation due to method order. For a floating point value of type double (C++) or

equivalent, this error should be on the order of εF ≈ 2−52. For systems with spatially

or temporally varying fields, the energy is still conserved, but there is now an error

in the velocity related to how much the field changes over the interval. Furthermore,

there is the question of how time is updated at the intermediate steps: in the methods

described by (4.52), time is held constant over the interval. This goes back to the

approximation that the magnetic field is constant over the interval and the way that

the position and velocity are updated. As such, this type of method should not be

blindly applied to systems where there are abrupt, large changes to the field. Instead,

such systems could potentially deal with this by adjusting the interval length so that

the constant field approximation is still valid over said interval.

4.5.3.2 Position Solution

While the error on the velocity is due entirely to floating point truncation and

interval size, the error on the position comes from a combination of these and the

truncation error resulting from the method order. The error associated with this

last term can be calculated for a uniform, static magnetic field by Taylor expanding

the rotation matrices. For a uniform, static magnetic field the product of rotation

matrices can be written as
n∏

m=0

¯̄M (~ω, Pndt) = ¯̄M

(
~ω,

n∑
m=0

Pmdt

)
, (4.55)

where P0 = 0. In order to simplify the analysis, define

dφ = ωdt (4.56a)

98



and

ξn =
n∑

m=0

Pm. (4.56b)

In momentum-position methods the index of ξ runs from 1 to N , while for position-

momentum methods it runs from 0 to N − 1. The numerical solution for the position

in momentum-position methods is therefore

~x(t+ dt) = ~x(t) +

[
N∑
n=0

Qn
¯̄M (~ω, ξndt) dφ

]
~v(t)

ω
. (4.57)

Comparing (4.50b) with (4.57) combined with (4.51a) and (4.55) with (4.50a), the

following conditions for the coefficients in momentum-position methods are found:4

N∑
n=1

Qn = 1, (4.58a)

N∑
n=1

Pn = 1, (4.58b)

N∑
n=1

Qn cos(ξndφ)dφ ≈ sin(dφ), (4.58c)

N∑
n=1

Qn sin(ξndφ)dφ ≈ 1− cos(dφ). (4.58d)

The reason for conditions (4.58c) and (4.58d) being approximations is that the sine

and cosine functions can be expanded into an infinite sum, leading to more equations

than there are terms. As such, the chosen coefficients should satisfy

(2m− 1)
N∑
n=1

Qnξ
2m−2
n = 1 (4.59a)

(2m)
N∑
n=1

Qnξ
2m−1
n = 1 (4.59b)

for as many values of m > 1 as possible. After a brief examination of the equations,

it can be seen that they can be combined to read

m′
N∑
n=1

Qnξ
m′−1
n = 1 (4.60)

4The conditions for the position-momentum methods can be found by replacing ξn with ξn−1.
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where m′ is the order of the term.5 The lowest value of m′ for which the chosen

coefficients do not satisfy (4.60) is the order of the error in the position.

4.5.3.3 Temporal Updates

The last item of method construction to be addressed is the size of the time step

used in this method. Due to the nature of the position solution in (4.57), the change

in phase must be less than one. Furthermore, the ideal step size would be such that

all terms in the Taylor expansion of sin and cos after the N th term are effectively

zero. This condition on the step size can be expressed as

ωdt� 1. (4.61)

A separate condition on the time step comes from (4.45), which requires that the

total time derivative of the projection matrices ¯̄Rii be negligible:

d

dt
¯̄Rii ≈ 0. (4.62)

This is equivalent to requiring that the direction of the magnetic field varies over

timescales greater than the size of the time step.

4.5.4 IRM Method Coefficients

Next, consider two different types of coefficients: the coefficients from the symplec-

tic momentum-position methods and coefficients derived from (4.60) for the momentum-

position form. The advantage of using the symplectic coefficients is that for the second

and third order methods the coefficients are rational, thereby reducing the number

of floating point errors that enter into the final result. The coefficients derived from

(4.60), on the other hand, allow for better accuracy in the position calculations.

4.5.4.1 IRM Methods with Coefficients from Symplectic Methods

The coefficients taken from the symplectic methods are found in Tables B.2a

(second order), B.3a (third order), and B.4a (fourth order). These are still referred

to as second, third, or fourth order coefficients, as they satisfy (4.60) to that order,

as shown in Table 4.2.

4.5.4.2 Derived IRM Method Coefficients

Using (4.60) to derive the coefficients for a two step method results yields a single

set of real coefficients, while the three step method has two possible solutions. These

5The error will never be less than second order, since for m′ = 1 (4.59) is equal to (4.58a).
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(a) Second order (b) Third order (c) Fourth order

m′ m′
∑N

n=1 Qnξ
m′−1
n m′ m′

∑N
n=1Qnξ

m′−1
n m′ m′

∑N
n=1 Qnξ

m′−1
n

1 1 1 1 1 1

2 1 2 1 2 1

3 3
4

3 1 3 1

4 1
2

4 101
96

4 1

5 5
16

5 475
432

5 280−5·21/3

288

Table 4.2: Results of (4.60) to fifth order for the coefficients from symplectic methods.

n Qn Pn ξn

1 3
4

1
3

1
3

2 1
4

2
3

1

Table 4.3: Coefficients for the two step IRM method (IRM2).

are summarized in Tables 4.3 for the two step method and 4.4 for the three step

method.

(a) First coefficient solution for the
three step method (IRM3a)

(b) Second coefficient solution for the
three step method (IRM3b)

n Qn Pn ξn n Qn Pn ξn

1 16+
√

6
36

4+
√

6
10

4+
√

6
10

1 16−
√

6
36

4−
√

6
10

4−
√

6
10

2 16−
√

6
36

−2·
√

6
10

4−
√

6
10

2 16+
√

6
36

2·
√

6
10

4+
√

6
10

3 4
36

6+
√

6
10

1 3 4
36

6−
√

6
10

1

Table 4.4: Coefficients for the three step IRM method.

4.5.5 Test Particle Results

To demonstrate the effectiveness and accuracy of the IRM method, a simple phys-

ical scenario will be presented (Section 4.5.5.1), to which the IRM method will be

applied with the coefficients detailed in Section 4.5.4. Analysis will look at the result-

ing numerical energy conservation (Section 4.5.5.3), the difference in phase between
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the analytical and numerical solution (Section 4.5.5.4), and the displacement between

the numerical and analytical solutions (Section 4.5.5.5).

4.5.5.1 Physical Scenario

With the accuracy of an individual step considered, the next step is to look how the

total error behaves over time. To do this, the following scenario will be considered: a

particle moves through a static, uniform magnetic field, where ~ω = π/3 ẑ, with initial

(unit-less) momentum γ~v/c =
√

3x̂ and initial (unit-less) position γ~x = 3 · 31/2/π ŷ.

In this scenario, the orbital (Larmor) radius, R, of the particle is R = 3 · 31/2/π, the

orbital period is T0 = 6, and the system is simulated out to T = 6 · 104. Finally, the

time step size used in this example is dT = 0.01, and therefore a single orbit takes

600 steps. The type of floating point variable used is a 64-bit precision floating point

variable, equivalent to the double variable type in standard C and C++.

4.5.5.2 Analysis: Theory

In the following subsections, the results of applying the IRM method to the sce-

nario just described will be analyzed. To perform the analysis, first define the general

function

δ(T ; f) =
fN(T )− fA(T )

f0

(4.63a)

for scalar quantities and

δ(T ; ~f) =

∣∣~fN(T )− ~fA(T )
∣∣

f0

(4.63b)

for vector quantities, where f is the quantity being analyzed as a function of time T .

Here, the quantity as calculated by the numerical method fN(T ) is compared to what

it should be as per the analytical solution fA(T ). This result is then normalized to

some value f0 intrinsic to the quantity. An example of the use of the scalar function

is calculating the energy drift, which is the first quantity that will be examined. In

some cases, due to fluctuations in δ(T, f), the result is averaged over the last period

worth of time T0:

〈
δ(T ; f)

〉
=

1

T0

T∫
T−T0

dT δ(T ; f). (4.64)

This is used in the analysis of the phase drift and solution displacements.
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4.5.5.3 Analysis: Energy Conservation and Drift

When considering the energy error (energy drift), the function δ(T ;E(T )) can be

written as

δ(T ;E) =
E(T )

E0

− 1, (4.65)

where we have used f0 = E(T = 0) = E0. Alternatively, the function can be expressed

as

δ(T ;E) =
p2(T )

p2
0

− 1 (4.66)

with p(T ) being the magnitude of the momentum. While the IRM method conserves

energy from an analytical standpoint, numerically there will always be error due to

the truncation of floating point values, as can be seen in Figure 4.3.

0 1 2 3 4 5 6

10 4

-1

-0.5

0

0.5

1

10 -9

Energy Drift: IRM Methods

Particle in a Uniform Magnetic Field

IRM - IRM2

IRM - IRM3a

IRM - IRM3b

IRM - PQ2

IRM - PQ3

IRM - PQ4

Figure 4.3: Energy drift in the IRM method due to floating point truncation.

4.5.5.4 Analysis: Phase Drift

When considering error in the phase of the solution (phase drift), the position

phase needs to be considered separately from the momentum/velocity phase due to

how the updates are calculated for each. In general, the change in the momentum

phase φp is a weighted average as per (4.53) and (4.55), while the change in position
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phase φx is a result of (4.54). The general error function here is

δ(T ;φ) =
φN(T )− φA(T )

2π
(4.67)

where we have chosen to use f0 = 2π. This results in (4.67) giving the total number

of cycles that the numerical solution is out of phase by.
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Position Phase Error: IRM Methods
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Figure 4.4: Position phase error for coefficients from the third order symplectic
method. The phase error continues the oscillations shown here for the entire solution
with a constant magnitude.

Figures 4.4 and 4.5 show the position phase error for the three step IRM method

with the PQ3 (see Appendix B.1.3.2) and IRM3a (Table 4.4a) coefficient sets, respec-

tively. Figures 4.6 and 4.7 show the period averaged position and momentum phase

errors for the coefficient sets listed in Section 4.5.4.2.
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Figure 4.5: Position phase error for IRM3a coefficients.
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Figure 4.6: Period averaged position phase error for coefficients from Section 4.5.4.2.
Not shown is the period averaged position error for the PQ2 coefficient set, which
oscillates between ±10−8. Coefficient sets IRM3a, IRM3b, and PQ4 all have period
averaged position phase errors on the order of 10−12.
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Figure 4.7: Period averaged momentum phase error for coefficients from Section
4.5.4.2. The coefficient sets from the symplectic methods have an average momentum
phase error of the same magnitude as the ones in the figure.

4.5.5.5 Analysis: Solution Displacement

The last quantities to be analyzed are the solution displacements: the magni-

tude of the difference between the numerical solution and correct analytical solution.

When analyzing the solution displacements, first consider the form of the position

and momentum solutions:

~x = r(T )

sinφ(T )

cosφ(T )

0

 (4.68a)

and

~p = p(T )

cosφ(T )

sinφ(T )

0

 , (4.68b)

where φ(0) = 0, r(T ) is the Larmor radius, and p(T ) is the magnitude of the particle

momentum. In the analytical solution r(T ) and p(T ) are constant, while in the

numerical solution they are not necessarily constant, which constitutes an error in

the solution. From (4.67), the phase of the numerical solution can be written as

φN(T ) = φA(T ) + 2πδ(T ;φ). (4.69)
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This allows the error function (4.63b) to be written as

δ(T ; ~x) =

√
1 +

r2(T )

r2
0

− 2
r(T )

r0

cos(2πδ(T ;φx)) (4.70a)

for the position and

δ(T ; ~p) =

√
1 +

p2(T )

p2
0

− 2
p(T )

p0

cos(2πδ(T ;φp)) (4.70b)

for the momentum.
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Figure 4.8: Momentum error for all considered coefficient sets.

Given the size of the phase errors shown in the previous section cos (2πδ(T ;φ)) ≈
1, which means (4.70) can be written as

δ(T ; ~x) =

∣∣∣∣r(T )

r0

− 1

∣∣∣∣ = |δ(T ; r)| (4.71a)

and

δ(T ; ~p) =

∣∣∣∣p(T )

p0

− 1

∣∣∣∣ = |δ(T ; p)| (4.71b)

respectively, where δ(T ; r) is the error function for the gyro-radius and δ(T ; p) is the

error function for the magnitude of the momentum. Furthermore, the momentum
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error function can be related to the energy drift function by

δ(T ; ~p) =
∣∣∣√1 + δ(T ;E)− 1

∣∣∣ . (4.72)

Since magnitude of the energy drift is much less than one (Figure 4.3), (4.72) can be

Taylor expanded to

δ(T ; ~p) =

∣∣∣∣12δ(T ;E)

∣∣∣∣ . (4.73)

Figure 4.8 shows the momentum error for all considered coefficient sets, from which

it can be seen that the momentum displacement is roughly half the absolute value of

the energy drift, in line with (4.73).

The position error at early times for coefficient set PQ3 in Figure 4.9, while the

period averaged position displacement for all considered coefficient sets is shown in

Figure 4.10. The oscillatory pattern in Figure 4.9 suggests that the orbital radius

oscillates around the correct orbit at half the frequency of the orbital motion for set

of physical parameters used.
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Position Error: IRM Methods
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Figure 4.9: Position error for coefficient set PQ3. The pattern seen here repeats for
the entire particle trajectory.

4.6 Comparison to Implicit Methods
Over the years, implicit methods have been developed specifically for particles in

electromagnetic fields that analytically conserve energy. A recent review (Ripperda
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Figure 4.10: Period averaged position error for all considered coefficient sets.

et al., 2018) of these methods considered the resulting trajectories from several im-

plicit methods compared to the results from fourth order RK methods for systems

that included both electric and magnetic fields. Here, the second order methods of

Boris (1970), Vay (2008), and Higuera and Cary (2017) will be considered in the

forms given in Ripperda et al. (2018), although in cgs units instead of SI units.6

4.6.1 Analytical Equations for Implicit Methods

As discussed in Ripperda et al. (2018), the form that the considered implicit

methods take is as follows:

~xn+1/2 = ~xn +
1

2

~un
γn

dt (4.74a)

~un+1 − ~un
dt

=
q

m

[
~E(~xn+1/2) +

1

c
〈~v〉 × ~B(~xn+1/2)

]
(4.74b)

~xn+1 = ~xn+1/2 +
1

2

~un+1

γn+1

dt (4.74c)

where ~u is the momentum per unit rest mass, given by

~u =
~p

m
= γ~v; (4.75)

6The other two implicit methods considered by Ripperda et al. (2018) do not have analytical
forms for the change in velocity/momentum.

109



γ is the Lorentz factor, given by

γ =

√
1 +

u2

c2
; (4.76)

and 〈~v〉 is an average velocity whose form is method dependent. The momentum

update is performed by inverting (4.74b), which requires that the average velocity be

specified. Since the implicit methods considered here evaluate the fields at ~xn+1/2,

define

~En+1/2 = ~E(~xn+1/2) (4.77a)

and

~Bn+1/2 = ~B(~xn+1/2) (4.77b)

to simplify the analysis of the methods.

4.6.1.1 Method of Boris

In the method of Boris (1970), the average velocity formula is

〈~v〉Boris =
~un+1 + ~un

2γn+1/2

. (4.78)

This leads to the following inversion:

~u′ = ~un +
1

2

q ~En+1/2

m
dt (4.79a)

~u′′ = ~u′ +
2

1 + |~b|2
[
~u′ + (~u′ ×~b)

]
×~b (4.79b)

~un = ~u′′ +
1

2

q ~En+1/2

m
dt. (4.79c)

Here ~b is given by

~b =
1

2

q ~Bn+1/2

γ′mc
dt =

1

2

γ0

γ′
~ωdt (4.80)

where γ0 is the Lorentz factor evaluated at the initial time, γ′ is the Lorentz factor

evaluated at ~u′, and ~ω is defined as per (4.7).

In the absence of any electric field, the momentum update for this method can be

reduced to

~un+1 =

[ [ 1
2
ω2dt2

1 + 1
4
ω2dt2

]
¯̄R11 +

[
1− 1

4
ω2dt2

1 + 1
4
ω2dt2

]
¯̄I +

[
ωdt

1 + 1
4
ω2dt2

]
¯̄ω

ω

]
~un, (4.81)
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where ω is defined per (4.7) and evaluated at ~xn+1/2. As the energy is conserved by

(4.81), γ can be removed from the equations by absorbing it into ~ω and ~x. This is

the form that will be used in comparisons to the IRM method.

4.6.1.2 Method of Vay

The average velocity formula for the method of Vay (2008) is

〈~v〉 =
1

2

[
~un
γn

+
~un+1

γn+1

]
, (4.82)

for which the inversion of (4.74b) is

~u′ = ~un +
q ~En+1/2

m
dt+ ~un ×

q ~Bn+1/2

γnmc

dt

2
(4.83a)

~un+1 =
1

1 + |~b|2
[
~u′ + (~u′ ·~b)~b+ ~u′ ×~b

]
. (4.83b)

The additional quantities required in these equations are

~a =
1

2

q ~Bn+1/2

mc
dt =

1

2
γ0~ωdt; (4.84a)

γ′ =

√
1 +

[
~u′

c

]2

; (4.84b)

σ = (γ′)2 − |~a|2; (4.84c)

γn+1 =

√√√√√σ

2
+

√√√√σ2

4
+

[
|~a|2 +

[
~u′ · ~a
c

]2
]

; (4.84d)

~b =
1

γn+1

~a =
1

2

γ0

γ′′
~ωdt. (4.84e)

For pure magnetic systems, γn+1 reduces to γn, and the equations for ~un+1 can be

reduced to

~un+1 =

[ [ 1
2
ω2dt2

1 + 1
4
ω2dt2

]
¯̄R11 +

[
1− 1

4
ω2dt2

1 + 1
4
ω2dt2

]
¯̄I +

[
ωdt

1 + 1
4
ω2dt2

]
¯̄ω

ω

]
~un, (4.85)

which is exactly the same as the method of Boris. The difference therefore between

the method of Boris and the method of Vay is in how they are implemented and how

they handle the electric field.
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4.6.1.3 Method of Higuera-Cary

In the method of Higuera and Cary (2017), the average velocity is

〈~v〉 =
~un + ~un+1

2

√
1 +

∣∣∣~un+~un+1

2c

∣∣∣2 (4.86)

and the resulting inversion is7

~u′ = ~un +
1

2

q ~En+1/2

m
dt (4.87a)

~u′′ =
1

1 + |~b|2
[
~u′ + (~u′ ·~b)~b+ ~u′ ×~b

]
(4.87b)

~un+1 = ~u′′ +
1

2

q ~En+1/2

m
dt+ ~u′′×~b. (4.87c)

The additional quantities required in this method are

~a =
1

2

q ~Bn+1/2

mc
dt =

1

2
γ0~ωdt; (4.88a)

γ′ =

√
1 +

[
~u′

c

]2

; (4.88b)

σ = (γ′)2 − |~a|2; (4.88c)

γ′′ =

√√√√√σ

2
+

√√√√σ2

4
+

[
|~a|2 +

[
~u′ · ~a
c

]2
]

; (4.88d)

~b =
1

γ′′
~a =

1

2

γ0

γ′′
~ωdt. (4.88e)

In pure magnetic systems, the equations for ~un+1 reduce to

~un+1 =

[ [ 1
2
α2ω2dt2

1 + 1
4
α2ω2dt2

]
¯̄R11 +

[
1− 1

4
α2ω2dt2

1 + 1
4
α2ω2dt2

]
¯̄I +

[
αωdt

1 + 1
4
α2ω2dt2

]
¯̄ω

ω

]
~un, (4.89)

7The author suspects that there is a typo in Ripperda et al. (2018) in the equation for ~un+1

(equation 21 in Ripperda et al. (2018)), as energy is not conserved for pure magnetic systems for
the equations in Ripperda et al. (2018). The equations as listed here do conserve energy in pure
magnetic systems.
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where α is given by

α =
γ

γ′′
=


[
1− 1

4
ω2dt2

]
+

√[
1 + 1

4
ω2dt2

]2 − [~un×~ω
γc

dt
]2

2


−1/2

(4.90)

and γ = γn = γn+1. The form of the solution is similar to that of Boris and Vay,

however the effective rotation angle is altered, which changes the period of rotation,

although the energy of the particle is still conserved. If γ′′ is externally set to one,

the result is identical to that of Boris and Vay, meaning that any differences in results

come from the implementation of the method.

4.6.2 Analysis of Implicit Method Results

4.6.2.1 Implicit Method Energy Conservation
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Figure 4.11: Energy drift in Implicit methods for a particle in a uniform magnetic
field.

While the considered implicit methods conserve energy analytically, when actually

running the calculations numerically there will always be errors due to floating point

truncation, as shown in Figure 4.11. Differences between the results here and those

in Ripperda et al. (2018) are due to how the method was implemented: the results

here are from using (4.81) and (4.89). The energy drift is calculated as per (4.65).
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Figure 4.12: Position phase lag in Implicit methods for a particle in a uniform mag-
netic field.

4.6.2.2 Implicit Method Phase Error

As the equations for the momentum updates in the implicit methods are not true

rotation matrices but rather approximations of them, the phase is not expected to be

completely accurate. Figures 4.12 and 4.13 show the resulting error in φ for both the

position and the momentum.

The Boris and Vay methods have a relatively small phase drift, being less than one

rotation out of phase after 104 cycles for the given input parameters. The Higuera-

Cary method, on the other hand, is drastically out of phase with the analytical

solution, due to the modified rotation angle. It is important to note that for the given

parameters, the particle rotates counter-clockwise, and therefore φ is a decreasing

function. This means that a positive phase error corresponds to the numerical solution

lagging behind the analytical solution.

4.7 Conclusions

Having shown that neither Runge-Kutta nor basic symplectic integration schemes

can conserve the kinetic energy of a charged particle in a magnetic field, the In-

stantaneous Rotation Matrix Method (IRM Method) is introduced and described.

Analysis of the new method using a uniform, static magnetic field reveals that, for a
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Figure 4.13: Momentum phase lag in Implicit methods for a particle in a uniform
magnetic field.

given step size, the IRM method conserves energy (Figure 4.3) better than common

Runge-Kutta fourth order methods (Figure 4.1). Furthermore, compared to common

adaptive fourth order Runge-Kutta methods (see Appendix A), the three step IRM

method still performs better with a constant step size as the adaptive method require

six or more intermediate steps to calculate the updated trajectory points compared

to the three steps required by the IRM method. To match the total number of field

evaluations required, adaptive methods would have to on average use double the step

size, which would have the effect of increasing the energy drift by a factor of at least

32 based on the equations in Appendix A.8 Conversely, to obtain a similar error

adaptive Runge-Kutta methods would need to settle on a time step that is smaller

than that used in the IRM method, which would mean that the total number of field

evalulations for the Runge-Kutta method would be more than double that of IRM

method.

Also considered were several implicit methods, which conserve the kinetic energy.

For pure magnetic systems, these methods are similar to the IRM method in that

the momentum update has a similar form and the particle energy is analytically

conserved. Figure 4.14 shows the energy drift of the IRM method as compared to

the implicit methods and Runge-Kutta methods of Dormand and Prince (1980) and

8Based on the assumption of a uniform distribution of step sizes around the average. In this case
the energy drift could increase by as much as a factor of 585.
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Figure 4.14: Comparison of the energy drift between the Runge-Kutta, Implicit, and
IRM methods using a constant step size.

Cash and Karp (1990). Implicit methods, however, use an approximation of an

actual rotation matrix, meaning that the phase of the numerical solution drifts away

from the analytical solution phase (see Figures 4.12 and 4.13). In constrast, the IRM

method conserves the phase to a much higher accuracy, with the phase drift primarily

occurring in the position (Figure 4.6), not the momentum (Figure 4.7). Therefore it

can be concluded that the IRM method is superior to both Runge-Kutta methods

and implicit methods for a particle in a magnetic field.
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The following is a list of corrections made when reproducing Arendt (2023):

• Fixed caption for Table 4.4b: designation of coefficient set is IRM3b, not IRM3a.

• Fixed Implicit Method Phase Error (4.6.2.2) so that it is a sub-sub-section.
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• Fixed the caption on Figure 4.3: it is floating point truncation not floating point

trunction.

• Fixed a typo in Section 4.5.5.2 where the word “method” was missing in “nu-

merical method”.

• Removed the final sentence from Appendix B.1.2.2 as it was redundant.
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Chapter 5

ACEPTS

In order to perform the particle trajectory simulations discussed in Chapter 6,

a C++ program was developed to generate magnetic turbulence based on param-

eters contained in an input file and then propagate particles through this turbu-

lence. Named the Astrophysical Charged Energetic Particle Transport Simulator or

ACEPTS, the program takes advantage of several aspects of object orientated pro-

gramming to allow the equations used in the program to appear almost exactly as

they would if written normally. Combined with object inheritance, this allows for

easier modification of the code should changes need to be made, such as adding in

additional turbulence models.1

A single ACEPTS simulation consists of a group of particles moving through a

turbulent magnetic field. As particle–particle interactions are ignored, particles are

simulated sequentially. A data set is a collection of simulations run in parallel, each

with the same inputs but different realizations of the magnetic field. A parameter set

is a collection of data sets with the same physical parameters such as the turbulence

energy density or particle rigidity, but different internal parameters such as the num-

ber and range of wave modes or the maximum simulation time. Described in this

chapter are the methods used to numerically represent the magnetic field, calculate

the particle trajectories, and analyze the results.

1Simulation source code available by contacting the author at arendtv.physics@gmail.com
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5.1 Numerical Representation of Turbulence

As already discussed in Chapter 2.1, the models of turbulence considered in this

work are defined in Fourier space via a spectral tensor and spectral function. Ana-

lytically, the magnetic field is defined by (2.4), which can also be expressed as

~B(~x, t) = B0ẑ +

∫
d3k Ã(~k, t)δ̂B(~k, t)ei

~k~x (5.1)

where Ã(~k, t) is the complex amplitude associated with wave vector ~k and δ̂B(~k) is the

orientation vector of the wave field. Given that the magnetic field needs to be real at

all points in physical space and that the turbulence is axi–symmetric in Fourier space,

the complex amplitude and orientation vector must satisfy the following relations:

Ã(~k, t) = Ã(kz, kr, t) axi–symmetry, (5.2a)

Ã(−~k, t)δ̂B(−~k, t) = ±Ã†(~k, t)δ̂B(~k, t) real valued. (5.2b)

With these relations, the integral defining the turbulence can be expressed as∫
d3k Ã(~k, t)δ̂B(~k, t)ei

~k~x

=
1

2

∫
d3k

[
Ã(~k, t)δ̂B(~k, t)ei

~k~x ± Ã†(~k, t)δ̂B(~k, t)e−i
~k~x
]
.

(5.3)

As a complex scalar, Ã(~k, t) can be expressed as

Ã(~k, t) = A(~k, t)eiφ(~k) (5.4)

where φ(~k) is the angle between the real and imaginary components and A(~k, t) is the

absolute value of the amplitude. The turbulence can therefore be expressed either

~δB(x, t) =

∫
d3k A(~k, t)δ̂B(~k, t) cos(~k~x+ φ(~k)) (5.5a)

or

~δB(x, t) =

∫
d3k A(~k, t)δ̂B(~k, t) sin(~k~x+ φ(~k)). (5.5b)

It should be noted that the only requirement on the angle φ(~k) is that φ(~k) = φ(−~k)

in order to satisfy (5.2b). Once the field is written using either (5.5a) or (5.5b), φ(~k)

120



can be given by a random value, such that φ(~k1) and φ(~k2) are completely unrelated.

5.1.1 Numerical Fourier Transforms

When using a superposition of waves to create synthetic turbulence numerically,

there are two general approaches, each with its own advantages and disadvantages.

The approach that most people would be familiar with is to use a Fast Fourier Trans-

form (FFT ), which uses (5.1) as its starting point. In this approach, the wave modes

in each direction are evenly spaced with

∆ki =
2ki,max
Ni − 1

(5.6a)

for waves modes running from −ki,max to ki,max or

∆ki =
ki,max
Ni − 1

(5.6b)

for wave modes running from 0 to ki,max, where Ni is the number of wave modes along

axis i. Once both the grid of wave numbers and wave amplitudes have been created,

the FFT algorithm is used to switch from Fourier space to physical space, and the

field is then found by interpolating between points. The advantage of this method

is clear: the transformation from Fourier space to physical space needs to only be

performed once and calculation of the field at a given location can occur quickly by

interpolation. On the other hand, the disadvantage comes from the number of wave

modes needed to properly represent the turbulence.

Consider the maximum wave number required: large wave numbers represent

small physical scales, and therefore any interaction with the particles moving through

the turbulence will be noticeable sooner and have a greater overall effect. Ergo, the

question that needs be asked is: “How large a wave number is needed?”, and the

answer can be found by considering the wave spectrum (see Chapter 2.1, Figure 2.2).

Figure 5.1 shows the integral of the spectrum from 0 to k, from which it is easy

to see that the majority of the turbulence energy is in waves with wave numbers

between 10−3 and 104. When using a FFT this presents a problem: the smallest wave

number is equal to both the wave spacing and the inverse of the length of the ‘box’

the particles are contained in. Using a maximum wave number of 104 and a wave

spacing of 10−3 would require 107 waves along one axis and the ‘box’ length would be

103 length units. Increasing the ‘box’ length to 105 (∆k = 10−5) would require 109
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Figure 5.1: Integral of the power law spectrum from 0 to k, using s = 5/3 and integer
values of q. For odd values of q, the integral was calculated using (2.20); for even
values of q, the method described in Section 5.1.4.1 was used.

wave modes per axis (1027 wave modes for the full 3D model).2 If the wave modes are

stored as standard 8 byte floating point types (C, C++ double), using the slab model

with 109 wave modes requires approximately 22.4 gigabytes of memory for the array

of wave modes and associated amplitudes.3 While this may not seem like much for

modern HPC facilities, the memory listed is per instance of the simulation; if multiple

instances of the the simulation are run at once with each simulation having a unique

field configuration, multiple allocations of memory will be required.

The second approach, initially formulated by Giacalone and Jokipii (1999), is

to represent the field using logarithmically spaced wave modes, calculating the field

at the particle position exactly rather than via interpolation. The advantages and

disadvantages of this method are opposite that of the FFT and interpolation method:

the memory requirements are drastically lower but the computation time is increased.

The turbulence field in this method is calculated using the discrete version of (5.5a)

or (5.5b). While both forms are equivalent, the discrete version of (5.5a) is the form

2Reduced dimensional or noisy full dimensional models (ie: the noisy slab model) can ignore
wave modes for which the spectrum is zero, thereby reducing the required number of wave modes.

3The slab model has the minimum memory requirements. Since the wave modes are only along the
z axis and the field is confined to the xy-plane; all three quantities (k, δBx, δBy) can be represented
as one dimensional arrays.
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that is used in this work. The turbulence is therefore calculated using

~δB(~x) =
N−1∑
n=0

Anδ̂Bn cos(~kn~x+ φn) (5.7a)

for reduced dimensional models and

~δB(~x) =
N−1∑
n=0

M−1∑
m=0

Anmδ̂Bnm cos(~knm~x+ φnm) (5.7b)

for full dimensional models.4

5.1.2 Wave Number Range

There are two mathematically equivalent ways to calculate logarithmically spaced

waves numbers. The first method (see Hussein et al. (2015) for example) is

kn = kmin e
n

N−1
log

(
kmax
kmin

)
(5.8)

where N is the total number of waves being used and n is the wave index running

from 0 to N − 1. The spacing between the wave numbers is

∆kn =

{
dk+

n = kn+1 − kn = kn (c− 1) (forward spacing)

dk−n = kn − kn−1 = kn
(
1− c−1

)
(reverse spacing)

(5.9)

where

c = e
1

N−1
log

(
kmax
kmin

)
. (5.10)

The alternative method is to rearrange c so that

c =

[
kmax
kmin

] 1
N−1

(5.11)

and

kn = kmin

[
kmax
kmin

] n
N−1

. (5.12)

A variation of (5.12), given by

kn = kmin10
n

N−1 , (5.13)

4Since the models described in Chapter 2.2 are all static, the time component has been left out
of the equation here.
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is useful when the range of wave numbers needs to be extended while holding constant

the number of waves per order of magnitude. In this case N is the number of waves

per decade (order of magnitude), and kn+N−1 = 10kn. If the minimum and maximum

wave numbers are held constant, (5.13) will result in only one additional wave mode

compared to (5.12).

5.1.2.1 Minimum Wave Number: Box Size

As mentioned in the introduction to this section, the size of the box the particles

are in is proportional to the inverse of the smallest wave number when using a FFT.

This is because all wave numbers are integer multiples of this value. When using

logarithmically spaced wave numbers, however, any two consecutive wave numbers

will in general not be integer multiples of each other. Consider (5.9): if kn∆x = 2πm,

where m is some integer then kn+1∆x = 2πmc. Unless c is a rational number, there is

no distance ∆x at which all waves will be in the same phase at points x and x±∆x.

Therefore, there is no true boundary to the box. In the simulation results presented

in this work the minimum wave number was set to k0 = 10−5 in order to provide

large scale structure to the turbulence and be consistent with earlier works such as

Hussein et al. (2015).

5.1.2.2 Maximum Wave Number

While increasing the maximum wave number does not cause the same drastic

increase in array size and associated memory usage in a logarithmic spacing scheme

as it would in a linear one, there is still the question of how large does the maximum

wave number need to be. To begin with, consider the particle rigidity ~R: to first

order, the change in position is given by

∆ ~X = ~RdT, (5.14)

meaning that the change in the phase of any given wave in the field is

dφ

dT
= ~k ~R. (5.15)

As such, the waves that meaningfully contribute to any change in the magnetic field

are those that have a component parallel to the direction of motion and for which
~k ~R is not negligible. This means that, at minimum, the magnitude of the maximum

wave vector should be

kmax ≥ 1/R. (5.16)
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At the same time, there is also the resonance condition from (3.64) to take into

consideration. With this condition, the maximum parallel wave number needs to

follow

k‖,max ≥
1

R|µ|
. (5.17)

Unfortunately, µ is a continuous variable; however, it needs to be kept in mind that

the resonance condition was derived using QLT, which does not accurately calculate

the parallel and perpendicular diffusion coefficients. There is also the spectrum of

the turbulence to consider: for wave numbers with kp`p � 1, where kp is the primary

wave component for the model and `p the associated length scale (see 5.1.4 for a

definition), the spectrum follows (2.18) which goes to zero as the wave number goes

to infinity. Therefore, it should be expected that at some value there isn’t enough

energy in the waves the particle is resonating with to have a discernible effect on the

particle orbit. That said, the key words here are ‘discernible effect’: just because

there is no immediately discernible effect doesn’t mean that there isn’t a cumulative

effect resulting from multiple interactions. As such, while it is much easier to use a

common minimum wave number, the maximum wave number required needs to be

verified as other parameters are changed.

5.1.3 Calculating Wave and Field Unit Vectors

In Tautz and Dosch (2013), a method for generating isotropically distributed wave

vectors was described. In this method the orientation is a function of two quantities:

η, the cosine of the angle between the wave vector and the z axis; and φ, the angle

from the x axis. The wave vector is then constructed by the equation

~kn = kn


√

1− η2
n cos kφn√

1− η2
n sin kφn

ηn

 (5.18)

where kn is the magnitude of the wave vector. To achieve an isotropic distribution,

the values of η and φ are each taken from a uniform random distribution given by

−1 ≤ ηn ≤ 1 (5.19a)

and

0 ≤ kφn < 2π. (5.19b)
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The equation for the field unit vector δ̂B associated with the wave vector ~k is

δ̂Bn =

− sin kφn

cos kφn

0

 cosαn +

 ηn cos kφn

ηn sin kφn

−
√

1− η2
n

 sinαn (5.20)

where αn is a model dependent angle. Non-isotropic distributions can be obtained by

changing either the distribution range or the distribution shape, or a combination of

the two. Comparing this to the turbulence wave vectors in Chapter 2, it can be seen

that

k‖n = knηn (5.21a)

and

k⊥n = kn
√

1− η2
n. (5.21b)

The method used in ACEPTS to generate the field unit vectors is similar to that

just described, except rather than a general set of equations used by all models,

the generation mechanism has been tailored for each model. This is done by taking

advantage of various aspects of object orientated programming, specifically the use

of object inheritance and function overloading.

As the field is confined to the xy plane in incompressible turbulence, α = 0 and

therefore δ̂Bn can be written as

δ̂B(~k) =
~k × ẑ
k⊥

= k̂⊥ × ẑ, (5.22)

which is how the field unit vector is calculated in ACEPTS. The exception to this is

the slab model as the wave modes are parallel to the mean field. In this case either

(5.20) or

δ̂Bn =

cos kφn

sin kφn

0

 (5.23)

can be used, with the angle in the later being equal to the former plus a shift of −π/2.
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5.1.4 Turbulence Amplitude Calculations

The final component in the creation of turbulence is the calculation of the field

amplitude. To derive an equation for the amplitude, first consider the magnetic

correlation tensor (2.2) for both the analytical (2.4) and numerical (5.7) forms of the

turbulence:5

RA
ml(~x, ~x0) =

〈∫
d3k

∫
d3k′ ~̃δBm(~k) ~̃δB†l (

~k′)ei[
~k~x−~k′~x0]

〉
, (5.24a)

RN
ml(~x, ~x0) =

〈∑
n

∑
n′

AnAn′ ~δBm,n
~δBl,n′ cos(~kn~x+ φn) cos(~kn′~x0 + φn′)

〉
. (5.24b)

Next, set ~x = ~x0 and average over all space to find

1

V

∫
dVRA

ml(~x) =
〈∫

d3k

∫
d3k′ ~̃δBm(~k) ~̃δB†l (

~k′)δ3(~k − ~k′)
〉
, (5.25a)

and

1

V

∫
dVRN

ml(~x) =
1

2

〈∑
n

∑
n′

AnAn′ ~δBm,n
~δBl,n′δnn′

〉
. (5.25b)

respectively, where 1
V

∫
dV is the volume averaging integral. Here the relations

1

V

∫
dV ei(~k−~k′)~x = δ3(~k − ~k′), (5.26a)

and

1

V

∫
dV cos(~kn~x+ φn) cos(~kn′~x0 + φn′) =

1

2
δnn′ (5.26b)

were used to calculate the integrals. This allows the results to simplified to

1

V

∫
dVRA

ml(~x) =

∫
d3k

〈
~̃δBm(~k) ~̃δB†l (

~k)
〉
, (5.27a)

and

1

V

∫
dVRN

ml(~x) =
1

2

∑
n

〈
A2
n
~δBm,n

~δBl,n

〉
. (5.27b)

respectively.

5Here it has been assumed that the turbulence wave modes are written with a single index n.
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Given that (5.27a) and (5.27b) both represent the same field, they should be equal

to each other:

1

2

∑
n

〈
A2
n
~δBm,n

~δBl,n

〉
=

∫
d3k

〈
~̃δBm(~k) ~̃δB†l (

~k)
〉
. (5.28)

The right hand side of the equation can be recognized as the spectral tensor (2.7) for

a static field and decomposed into the spectral function and orientation tensor via

(2.11) so that

1

2

∑
n

〈
A2
n
~δBm,n

~δBl,n

〉
=

∫
d3k g(~k)σml(~k). (5.29)

Since the turbulence being considered is axi-symmetric and incompressible, the ori-

entation of the field must be independent of kz and kr while the spectrum needs to

be independent of kφ. This allows the right hand side to be written as∫
d3k g(~k)σml(~k) =

∞∫
−∞

dk‖

∞∫
0

dk⊥ k⊥g(k‖, k⊥)

2π∫
0

dkφ σml(kφ) (5.30)

and the left hand side as

1

2

∑
n

〈
A2
n
~δBm,n

~δBl,n

〉
=

1

2

∑
n

A2
n

〈
~δBm,n

~δBl,n

〉
. (5.31)

In these forms, it can be seen that

〈
~δBm,n

~δBl,n

〉
=

2π∫
0

dkφ σml(kφ) (5.32a)

and

1

2

∑
n

A2
n =

∞∫
−∞

dk‖

∞∫
0

dk⊥ k⊥g(k‖, k⊥). (5.32b)

By using (2.39) to write the spectral tensor, it can be seen that

σxx(kφ) = gφ(kφ) (5.33a)

and

g(k‖, k⊥) = `‖`
2
⊥g‖(k‖)g⊥(k⊥). (5.33b)
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Models kp G′p(kp) ks G′s(ks)

Slab k‖`‖
[
1 + k2

p

]− s
2 k⊥`⊥ δ(ks)

2D k⊥`⊥
kqp[

1 + k2
p

] s+q
2

k‖`‖ δ(ks)

NRMHD k⊥`⊥
kqp[

1 + k2
p

] s+q
2

k‖`‖ Θ(1− ks)

Standard
Noisy Slab

k‖`‖
[
1 + k2

p

]− s
2 k⊥`⊥ Θ(1− ks)

Modified
Noisy Slab

k‖`‖
[
1 + k2

p

]− s
2 k⊥`⊥ kpsΘ(1− ks)

Gaussian
Noisy Slab

k‖`‖
[
1 + k2

p

]− s
2 k⊥`⊥

1

2
k3
se
− 1

2
k2
s

Full 3D k‖`‖
[
1 + k2

p

]− s
2 k⊥`⊥

kqs

[1 + k2
s ]
s+q

2

Table 5.1: Primary and secondary wave modes and spectral functions for the models
discussed in Chapter 2.

Before proceeding further, define

k⊥g(k‖, k⊥) = N(s, q)δb2G′p(kp, s, q)G
′
s(ks) (5.34)

where N(s, q) is the spectrum normalization as determined by the model, δb2 is the

turbulence energy density relative to the mean field, G′p(kp, s, q) is given by

G′p(kp, s, q) =
kqp[

1 + k2
p

] s+q
2

, (5.35)

and G′s(ks) is model dependent. The quantities kp and ks are respectively the primary

and secondary wave numbers multiplied by their corresponding length scales. The

primary wave number is the component of the wave vector on which the turbulence is

primarily dependent, while the secondary wave number is the component of the wave

vector which is either absent from the model (ks = 0) or provides the noise component

of the turbulence. For example, in the slab and noisy slab model, the parallel wave

number is the primary, while the perpendicular wave number is the secondary, whereas

in the 2D and NRMHD models the wave number roles are reversed. For the full 3D
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model we use the same definitions for primary and secondary wave modes as the noisy

slab model. Table 5.1 summarizes the functions G′p(kp) and G′s(ks) for each of the

models listed in Chapter 2.

Next, consider the combination of (5.32b) and (5.34):6

1

2

∑
n,m

A2
nm = N ′(s, q)δb2

∞∫
0

dkpG
′
p(kp, s, q)

∞∫
0

dksG
′
s(ks), (5.36)

where N ′(s, q) is the normalization factor N(s, q) multiplied by the results of inte-

gration over kφ. At this point, the integral on the right hand side is broken up into

a sum of integrals by

∞∫
0

dkpG
′
p(kp, s, q) =

∑
n

kn+dk+
n∫

kn−dk−n

dkpG
′
p(kp, s, q) (5.37a)

and

∞∫
0

dksG
′
s(ks) =

∑
m

km+dk+
m∫

km−dk−m

dksG
′
s(ks, s, q) (5.37b)

such that

1

2

∑
n,m

A2
nm = N ′(s, q)δb2

∑
nm

[[
Gp(kn + dk+

n , s, q)−Gp(kn − dk−n , s, q)
]

×
[
Gs(km + dk+

m)−Gs(km − dk−m)
] ]

(5.38)

where Gp(x, s, q) is defined as per (2.19) and Gs(x) is the integral of G′s(x). From

this it can be clearly seen that the amplitude Anm is calculated by

Anm =

√√√√2N ′(s, q)δb2

[[
Gp(kn + dk+

n , s, q)−Gp(kn − dk−n , s, q)
]

×
[
Gs(km + dk+

m)−Gs(km − dk−m)
] ]

. (5.39)

Therefore, the analytical quantities GA
p (kn, s, q) and GA

s (km) can be defined as

GA
p (kn, s, q) = Gp(kn + dk+

n , s, q)−Gp(kn − dk−n , s, q) (5.40a)

and

GA
s (km) = Gs(km + dk+

m)−Gs(km − dk−m) (5.40b)

6Here we assume that the amplitude has two indices, n and m, with n being for the primary wave
modes and m being for the secondary wave modes. For slab and 2D the index m can be dropped.
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respectively. Note that at this point dk±n and dk±m have not been specified, and

therefore (5.40) is a general definition.

While (5.39) can be considered the ideal calculation of the wave amplitude, there

are several problems when it comes to implementing it: the first of which is that

G(x, s, q) does not have general analytical form. The second problem is that the

range of wave numbers used does not extend to infinity.

5.1.4.1 Numerical Implementation of the Integral

As noted in 2.1.2, outside of odd values of q, the power law spectrum G′p(x, s, q)

does not have an analytical form. As such, the integral needs to be calculated nu-

merically, for which there are multiple methods. A common approach (for example,

see Giacalone and Jokipii (1999), Tautz and Dosch (2013), Hussein et al. (2015)) is

to calculate the integral using a basic Euler step method:

GN
p (kn, s, q) = G′p(kn, s, q)dk

±
n , (5.41)

where GN
p (k, s, q) is the numerical approximation of the integral and dk±n is defined

by (5.9). Unfortunately, this method is extremely inaccurate, even after normalizing

the result. Forward Euler integration ends up with a reduced amount of energy at

small wave numbers and excess energy at large wave numbers, while backwards Euler

integration reverses this effect.

In this work, the integral is calculated using a split trapezoid method, which is

done by first writing the integral as

kn+ 1
2

dk+
n∫

kn− 1
2

dk−n

dkpG
′
p(kp, s, q) =

kn∫
kn− 1

2
dk−n

dkpG
′
p(kp, s, q) +

kn+ 1
2

dk+
n∫

kn

dkpG
′
p(kp, s, q). (5.42)

Next, the integrals on the right hand side are calculated using a standard trapezoid

method and the results combined so that the integral is approximated as

GN
p (kn, s, q) =

1

4


G′p

(
kn −

1

2
dk−n , s, q

)
dk−n

+G′p

(
kn, s, q

)[
dk−n + dk+

n

]
+G′p

(
kn +

1

2
dk+

n , s, q
)

dk+
n

 . (5.43)

The final point to consider when calculating the wave amplitudes is that the wave

numbers used in the numerical simulation are not between 0 and infinity, but rather

131



between kmin and kmax, which are non-zero and finite. As a result, the total energy

contained in the turbulence will not be equal to δb2 if the normalization factor N(s, q)

is used. To rectify this, the amplitude is calculated as

Anm =

√√√√2δb2
GN
p (kn, s, q)GN

s (km)∑
n,m

GN
p (kn, s, q)GN

s (km)
. (5.44)

This has the effect of slightly increasing the energy of all wave modes, regardless of

the integration method used.

Figure 5.2 shows the relative error on the amplitude for the Euler and split trape-

zoid integration methods. By using q = 1 and q = 3 for the comparison, (2.19) can

be used to calculate the exact value of the integral. The 128 wave modes used were

generated according to (5.12).

(a) q = 1 (b) q = 3

Figure 5.2: Comparison of amplitude calculated via Euler and split trapezoid inte-
gration methods with energy spectral indices q = 1 (left) and q = 3 (right).

5.2 Trajectory Calculation and Basic Analysis

5.2.1 Trajectory Calculation

Once the magnetic field has been generated, the next step is to compute the

particle trajectories. Each particle in the simulation is placed at a random position
~Xp within a sphere of radius r centered on the origin and with a randomly orientated

rigidity (velocity) ~Rp of constant magnitude. An isotropic distribution is used for

both the position vector and the rigidity unit vector, using (5.18) as the base for the
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unit vector orientation of both. The use of an isotropic rigidity distribution ensures

that the assumptions on the initial velocity distribution made in Chapter 3.3 are

correct. The random initial position means that the particles don’t necessarily all

start at the same point, and therefore the starting magnetic field is different for each

particle. The simulations discussed in this work all used a unit-less distribution radius

of r = 10.

Once a particle has been initialized, its trajectory is then calculated using the IRM

method described in the previous chapter using the third order symplectic coefficients.

The coefficients can be found in Table B.3a while Table 4.2b shows the accuracy

calculations. The reason for using these coefficients instead of those specific to the

IRM method is the method was originally developed by modifying the symplectic

integration method. As the third order coefficients from the symplectic method are

both rational and result in third order accuracy in the modified method, they were

kept and used in the author’s previously published work. It was only during the

generalization of the method to any order that the IRM specific coefficients were

derived.

In particle transport theory, the diffusion coefficient κii is the value of running

diffusion coefficient in the limit of infinite time, as discussed in Chapter 1. That said,

particle trajectories cannot be simulated for an infinite amount of time, since the

simulation would never finish. Instead, the particles are simulated for a duration of

time, Tmax, typically in thousands or tens of thousands units of time, with the units

given by (1.13). The physical argument for this is that in space, particles don’t have

an infinite amount of time either, and therefore the mathematical limit of t→∞ can

be viewed as being in the regime of very long periods of time.

The maximum value of Tmax is limited by several constraints, the first of which

is that the calculation of an individual particle trajectory must finish within the

time allocated for the simulation by whatever server it is running on. For this work,

all simulations were run on servers provided by Compute Canada (now the Digital

Research Alliance of Canada). As these servers are used by researchers across the

country, a maximum run time of 7 days (168 hours) is imposed on all submitted tasks.

For its part, ACEPTS is designed such that it writes data to file only at specific points

in the simulation, one of which is whenever a trajectory has been fully calculated. It

can therefore be restarted from the last finished trajectory calculation, but not from

in the middle of a calculation. As a result, the trajectory calculation must finish
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within the allocated time, or no results will be kept.

The second constraint relates Tmax to the number of particles per simulation and

the desired accuracy of the results. From statistics, it is expected that noise on the

final calculated quantities (ie: the diffusion coefficients) will decrease as the total

number of particle trajectories used in the calculation increases. However, increasing

the number of particles per simulation will increase the required run time. Therefore,

in order for a simulation to finish in a reasonable amount of time, both the number

of particles and Tmax must be considered.

As an example of these constraints, the noisy slab simulations for parameter sets

with R = 0.01 and Tmax = 106 required around six days per particle. With six

particles per simulation, the total time for each simulation in each parameter set

was a minimum of six weeks. Given that normal diffusion was never observed in the

perpendicular direction and the first constraint had been reached, it made no sense

to further increase the maximum time, as the simulations would not finish within the

physical time constraint.

5.2.2 Basic Analysis

Figure 5.3: Comparison of the running parallel diffusion coefficient calculated using
(1.28) (black) and a numerical derivative (blue).
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After all simulations in a parameter set have been completed, the results are an-

alyzed and the running diffusion coefficients computed. As was noted at the end of

Chapter 1.2.2.1, taking the time derivative of the mean square displacement analyt-

ically or numerically amplifies any noise in the signal. Therefore, (1.28) is used to

calculate the running diffusion coefficients. Figure 5.3 shows the results of the two

different definitions, demonstrating the need for using (1.28).

5.3 Scaling of Quantities in Simulation

Before discussing the methods used to solve the equations for various transport

theories, the scaling of all quantities used in simulation and theory needs to be dis-

cussed. As already discussed in Chapter 1.2.1.1, basic scaling can be derived from

the equations of motion, the results of which are summarized in the first four lines

of Table 5.2. From this starting point, it follows that the wave vector in simulations

must be scaled as

~kS = ~k`0 (5.45)

so that the wave phase

φ = ~k · ~x+ φ0 = ~k`0 · ~x/`0 + φ0 = ~kS · ~X + φ0 (5.46)

remains unchanged. As a direct result of this, the parallel and perpendicular wave

modes have the same scale.

When it comes to calculating the amplitude of the waves, the use of a single

length scale presents a minor problem in that the turbulence has its own set of length

scales. For turbulence in which there is only one relevant length scale, such as the

slab model (parallel wave number) or the 2D model (perpendicular wave number),

this can easily be overcome by setting `0 equal to the characteristic length scale of

the model. On the other hand, for turbulence which has multiple length scales the

question becomes “Which length scale should be used?”. From the original way `0

was defined in Chapter 1.2.1.1, `0 should be equal to the primary length scale of the

turbulence, which was defined in Section 5.1.4 as the length scale corresponding to

the wave number on which the turbulence is primarily dependent. As also stated in

Section 5.1.4, this corresponds to the parallel length scale in slab, noisy slab (includ-

ing variants), and full 3D turbulence, and the perpendicular length scale in 2D and

NRMHD turbulence.
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Quantity Unscaled Scaled Scale Factor Scale Name

Time t T = Ωt Ω = qB0

γmc

Synchrotron
Frequency

Position ~x ~X = ~x/`p `p
Primary Charac-
teristic Length

Velocity ~v ~R = ~v/Ω`p Ω`p = qB0`p
γmc

Magnetic Field ~B ~b = ~B/B0 B0 Mean Field

Turbulence
Energy Density

δB2 δb2 = δB2/B2
0 B2

0

Mean Field
Energy Density

Wave Vector ~k ~kS = ~k`p `p

Parallel
Wave Vector

k‖ kS‖ = k‖`p `p

Perpendicular
Wave Vector

k⊥ kS⊥ = k⊥`p `p

Running Diffusion
Coefficient

dii(t) =
〈(∆x(t))2〉

2t
dSii(T ) = dii(t)

Ω`2p
Ω`2

p =
qB0`2p
γmc

Table 5.2: Summary of quantity scaling used in simulations. For the slab and noisy
slab models `p = `‖.

From this, it therefore follows that the running diffusion coefficient calculated by

the simulation using (1.28) has the form

dSii(T ) =

〈
(∆Xi(T ))2〉

2T
(5.47)

and is related to the physical running diffusion coefficient by

dSii(T ) =
dii(t)

Ω`2
p

. (5.48)

Table 5.2 summarizes the scaling of quantities used by the simulation. Since this

work focuses on the noisy slab and full 3D models, the primary length scale in the

result is the parallel length scale.
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5.4 Solving Equations From Theory

In this section the unit–less versions of the equations for describing field line diffu-

sion and particle transport (see Chapter 3) will be discussed. Additionally, alternate

parameterizations for several of the equations will be introduced. In the analysis of

simulation results the equations discussed here were solved using MATLAB, so that

the results could be compared visually.

5.4.1 Parallel Transport Equations

As was discussed in Chapter 3.3.2, the equations for the parallel mean square

displacement
〈
(∆z(t))2〉 are given by (3.85):

〈
(∆z(t))2〉 =


2

3
vλ‖t−

2

3
λ2
‖

[
1− exp

(
− v

λ‖
t

)]
Mean Free Path

2κ‖t−
6κ2
‖

v2

[
1− exp

(
− v2

3κ‖
t

)]
Diffusion Coefficient

where v is the particle velocity, λ‖ is the parallel mean free path, and κ‖ is the parallel

diffusion coefficient, with λ‖ and κ‖ being related to each other by (3.81). In Arendt

and Shalchi (2018), a unit–less version of the running parallel diffusion equation was

derived by defining

T = Ωt R =
v

Ω`‖
K‖ =

κ‖
Ω`2
‖

D‖(T ) =
d‖(t)

Ω`2
‖

(5.49)

and combining the parallel mean square displacement equation with the numerical

definition of d‖ to find

D‖(T ) = K‖ −
3K2
‖

R2T

[
1− exp

(
− R2

3K‖
T

)]
. (5.50)

In order to find a unit–less version of the equation using the mean free path, define

Λ‖ =
λ‖
`‖

(5.51)

so that the unit–less equation is

D‖(T ) =
RΛ‖

3
−

Λ2
‖

3T

[
1− exp

(
− R

Λ‖
T

)]
. (5.52)

In addition to the two forms of the parallel mean square displacement described

in (3.85), there is a third form of the equation. To derive this form, first define the
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parallel scattering time, τ‖, as

τ‖ =
λ‖
v

=
3κ‖
v2

. (5.53)

Writing the mean square displacement in terms of τ results in〈
(∆z(t))2〉 =

2

3
v2

[
τ‖t− τ 2

‖

[
1− exp

(
− t

τ‖

)]]
. (5.54)

To make this equation unit–less, define

σ2
z =

〈
(∆z(t))2〉

`2
‖

(5.55a)

and

τ ′‖ = Ωτ‖ =
Λ‖
R
, (5.55b)

such that the equation becomes

σ2
z =

2

3
R2

[
τ ′‖T − τ ′‖

2

[
1− exp

(
−T
τ ′‖

)]]
. (5.56)

With this form of the mean square displacement, the running diffusion coefficient is

D‖(T ) =
R2

3

[
τ ′‖ −

τ ′‖
2

T

[
1− exp

(
−T
τ ′‖

)]]
. (5.57)

5.4.1.1 Summary and Numerical Implementation of Parallel Transport

Equations

In the analysis and results presented in Chapter 6, (5.56) is used to determine

the scattering time, while (5.57) is used to plot the diffusion coefficient. The parallel

scattering time is determined by using MATLAB to fit (5.56) to the numerical data.

Table 5.3 lists all the quantities discussed and the scaling used for each, while Table

5.4 shows the conversion between simulation and theory scaling. Conversions for

the parallel diffusion coefficient, mean free path, and scattering time are not listed

as these quantities are not computed directly in the simulation. Furthermore, the

results presented in Chapter 6 are plotted using the theory scaling, not the simulation

scaling.7

7Technically, the theory and simulation scales are identical for the noisy slab and full 3D models.
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Quantity Unscaled Scaled Scale Factor Defined in

Time t T = Ωt Ω = qB0

γmc
(1.13)

Particle Velocity v R = v
Ω`‖

1
Ω`‖

= γmc
qB0`‖

(5.49)

Parallel Mean Square
Displacement

〈
(∆z)2〉 σ2

z =
〈(∆z)2〉

`2‖

1
`2‖

(5.55a)

Parallel Running
Diffusion Coefficient

d‖(t) D‖(T ) =
d‖(t)

Ω`2‖

1
Ω`2‖

= γmc
qB0`2‖

(5.49)

Parallel Diffusion
Coefficient

κ‖ K‖ =
κ‖
Ω`2‖

1
Ω`2‖

= γmc
qB0`2‖

(5.49)

Parallel Mean Free Path λ‖ Λ‖ =
λ‖
`‖

1
`‖

(5.51)

Parallel Scattering Time τ‖ τ ′‖ = Ωτ‖ Ω = qB0

γmc
(5.53), (5.55b)

Table 5.3: Summary of scaled quantities used in parallel transport equations.

5.4.2 Perpendicular Transport Equations

Before deriving the scaled versions of the various theoretical equations for cal-

culating the perpendicular diffusion coefficient, first consider the common functions

and quantities. For analysis purposes, the xx component of the spectral tensor is

written in the form given by (2.39). The functions and quantities that need to be

considered are therefore the wave numbers k‖ and k⊥, the spectral functions g‖(k‖)

and g⊥(k⊥), and the perpendicular diffusion coefficient κ⊥ itself. The perpendicular

diffusion coefficient can be scaled similarly to (5.49) by

K⊥ =
κ⊥

Ω`2
⊥
. (5.58a)

Alternatively, the unit–less diffusion coefficient can be defined as

K ′⊥ =
τ‖
`2
⊥
κ⊥ =

τ ′‖
Ω`2
⊥
κ⊥ (5.58b)

such that

K⊥ =
K ′⊥
τ ′‖
, (5.58c)
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Quantity Simulation Theory Conversion

Time T S = Ωt T T = Ωt T T = T S

Particle Velocity RS = v/Ω`p RT = v/Ω`‖ RT = `p
`‖
RS

Parallel Mean Square
Displacement

[σ2
z ]
S =
〈(∆z)2〉

`2p
[σ2
z ]
T =
〈(∆z)2〉

`2‖
[σ2
z ]
T =

`2p
`2‖

[σ2
z ]
S

Parallel Running
Diffusion Coefficient

DS
‖ (T ) =

d‖(t)

Ω`2p
DT
‖ (T ) =

d‖(t)

Ω`2‖
DT
‖ (T ) =

`2p
`2‖
DS
‖ (T )

Table 5.4: Conversion between simulation and theory scales for parallel transport.

where τ‖ is the parallel scattering time defined in (5.53).8

Given (5.58) and the form of the parallel and perpendicular spectral functions in

Table 2.1, the natural scaling for these functions is

gz(kz) = g‖(kz/`‖) (5.59a)

and

gr(kr) = g⊥(kr/`⊥), (5.59b)

respectively, where (3.46) has been used to scale k‖ and k⊥. This scaling is used when

solving the equations for all analytical theories used in the analysis of simulations in

Chapter 6.

5.4.2.1 Time–Dependent UNLT Theory

In the time–dependent UNLT theory, the equation for perpendicular transport is

(3.134):

d2

dt2
〈
(∆x)2〉 = 2a2 δB

2
x

B2
0

∞∫
−∞

dk‖ `‖ g‖(k‖)ξ(k‖, t)

∞∫
0

dk⊥ k⊥`
2
⊥ g⊥(k⊥)e−

1
2〈(∆x)2〉k2

⊥ ,

a non–linear, second–order differential equation, with

ξ(k‖, t) =
v2

3

ω+e
ω+t − ω−eω−t

ω+ − ω−
,

8The reason for using this definition of the unit–less diffusion coefficient is so that the scaling is
consistent with that used for the time–dependent UNLT equations.
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ω± = − v

2λ‖
±

√[
v

2λ‖

]2

− 1

3

[
vk‖
]2

as per (3.131) and (3.132), respectively. As with the parallel diffusion coefficient, there

is more than one way to scale the equation. To derive the parameterization used in

this work, first consider the equation for ω±. The common component in each term

is the velocity, and one possible way to parameterize the equations is to use t′ = vt,

which removes any direct reference to the particle energy. In the method used in this

work, both the particle velocity and the parallel mean free path are factored out of

ω±, so that

ω± = − v

2λ‖
±

√[
v

2λ‖

]2

− 1

3

[
vk‖
]2

= − v

2λ‖

[
1∓

√
1− 4

3
λ2
‖k

2
‖

]
= − 1

2τ‖
ω′∓, (5.60)

where ω′± is defined as

ω′± =


1±

√
1− 4

3
λ2
‖k

2
‖ Unscaled

1±
√

1− 4

3
Λ2
‖k

2
z Scaled.

(5.61)

Additionally, for reasons which will be made clear shortly, define

ω0 =
1

2

[
ω′+ − ω′−

]
=


√

1− 4

3
λ2
‖k

2
‖ Unscaled√

1− 4

3
Λ2
‖k

2
z Scaled.

(5.62)

With this parameterization, the equation for ξ(k‖, t) can be expressed as

ξ(k‖, t) =
1

3

λ2
‖

τ 2

ω′+e
−
ω′+t
2τ − ω′−e−

ω′−t
2τ

2ω0

(5.63)

with (5.53) being used to replace v. As a result, the differential equation becomes

d2

dt2
〈
(∆x)2〉 =

2

3
a2
λ2
‖

τ 2

δB2
x

B2
0

∞∫
−∞

dk‖ `‖ g‖(k‖)
ω′+e

−
ω′+t
2τ − ω′−e−

ω′−t
2τ

2ω0

×
∞∫

0

dk⊥ k⊥`
2
⊥ g⊥(k⊥)e−

1
2〈(∆x)2〉k2

⊥ .

(5.64)

While it is possible to apply the same scaling used for in parallel transport and
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diffusive UNLT at this point, there is one additional step used in this work: define t′

as

t′ =
t

τ‖
=
T

τ ′‖
, (5.65)

such that ξ(k‖, t) becomes

ξ(k‖, t) =
1

3

λ2
‖

τ 2
‖
ε(k‖`‖, t/τ‖) (5.66)

where

ε(kz, t
′) =

ω′+e
−
ω′+t
′

2 − ω′−e−
ω′−t
′

2

2ω0

. (5.67)

As a result, the differential equation can be written as

d2

dt′2
〈
(∆x)2〉 =

2

3
a2λ2

‖
δB2

x

B2
0

∞∫
−∞

dk‖ `‖ g‖(k‖) ε(k‖`‖, t
′)

×
∞∫

0

dk⊥ k⊥`
2
⊥ g⊥(k⊥)e−

1
2〈(∆x)2〉k2

⊥ ,

(5.68)

and the fully unit–less form is therefore

d2σ2
x

dt′2
=

2

3
a2Λ2

‖K
2

∞∫
−∞

dkz gz(kz)ε(kz, t
′)

∞∫
0

dkr krgr(kr)e
− 1

2
σ2
xk

2
r . (5.69)

where σ2
x is defined using (3.46).9

There are two points to be aware of when evaluating the parallel integral in (5.69),

both related to (5.67). The first point is that ω0 is equal to zero at kz =
√

3/2Λ‖,

meaning that there is a potential singularity at this value. The second is that ω0

becomes complex for values of kz greater than
√

3/2Λ‖. The latter issue can be

solved by writing the function in terms of sine and cosine functions for kz >
√

3/2Λ‖;

while the former can be solved by taking the limit kz →
√

3/2Λ‖. The equation is

9In this case the mean square displacement is that of the particles.
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therefore numerically evaluated as

ε(kz, t
′) =



ω′+e
−
ω′+t
′

2 − ω′−e−
ω′−t
′

2

2ω0

kz <
√

3/2Λ‖

e−
t′
2

[
1− t′

2

]
kz =

√
3/2Λ‖

e−
t′
2

[
cos

(
ω0t
′

2

)
− 1

ω0

sin

(
ω0t
′

2

)]
kz >

√
3/2Λ‖

. (5.70)

Writing ε(kz, t
′) in terms of hyperbolic trigonometric functions for kz <

√
3/2Λ‖ is

problematic as it results in a 0 · ∞ for t′ � 1, which is numerically undefined.

When using the noisy slab model, the integrals can be partially solved as per

(3.142), for which the unit-less version is

d2σ2
x

dt′2
=

2

3
Λ2
‖K

2

√
π

2σ2
x

erf

(√
σ2
x

2

) ∞∫
−∞

dkz ε(kz, t
′)

2C(s)

[1 + k2
z ]
s
2

(5.71)

where erf(x) is the error function. On the other hand, the UNLT equation for the

full 3D model,

d2σ2
x

dt′2
=

2

3
Λ2
‖K

2

∞∫
−∞

dkz ε(kz, t
′)

2C(s)

[1 + k2
z ]
s
2

∞∫
0

dkr 4D(s, q)
kqr

[1 + k2
r ]
s+q

2

e−
1
2
σ2
xk

2
r , (5.72)

can not be simplified at all. The method used to solve these equations is discussed in

Section 5.4.2.4.

5.4.2.2 FLPD Equations

For FLPD theory, both (3.163)

d2

dt2
〈
(∆x(t))2〉 = 2

δB2
x

B2
0

∞∫
−∞

dk′‖ ξ(k
′
‖, t)

∞∫
0

dk⊥ k⊥`
2
⊥ g⊥(k⊥)e−

1
2〈(∆x)2〉k2

⊥

×
∞∫

−∞

dk‖ `‖ g‖(k‖)R(k‖, k⊥, k
′
‖)

and (3.57)

κFL =
δB2

x

B2
0

∞∫
−∞

dk‖ `‖ g‖(k‖)

∞∫
0

dk⊥ k⊥`
2
⊥ g⊥(k⊥)

κFLk
2
⊥

k2
‖ + κ2

FLk
4
⊥
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need to be made unit–less. To start, consider the field line diffusion coefficient equa-

tion: by using (5.58), the equation can be written as

κFL = K2

∞∫
−∞

dkz gz(kz)

∞∫
0

dkr kr gr(kr)
κFLk

2
r

k2
z +

`2‖
`4⊥
κ2
FLk

4
r

(5.73)

To determine the ideal scaling for the field line diffusion coefficient, next consider the

resonance function (3.156a),

R±(~k, k′‖) =
1

2π

κFLk
2
⊥

(k‖ ± k′‖)2 + κ2
FLk

4
⊥
.

By working through the units of each quantity in the resonance function, it can be

seen that R± has units of length. As there is also an additional integral involving k′‖,

the ideal length scale for R± is `‖, so that the integral can be transformed from k′‖ to

k′z = k′‖`‖. By combining this with (5.58), the resonance functions become

R±(~k, k′‖) =
`‖
2π

KFLk
2
r

[kz ± k′z]
2 +K2

FLk
4
r

= `‖R
′
±(kz, kr, k

′
z) (5.74)

were the field line diffusion coefficient has been scaled as

KFL =
`‖κFL
`2
⊥

. (5.75)

Alternatively, the same scaling can be derived by considering the original definition

of the field line diffusion coefficient:

κFL = lim
z→∞

1

2

d

dz

〈
(∆x)2〉 . (5.76)

Using (3.46), the equation becomes

κFL =
`2
⊥
`‖

lim
Z→∞

1

2

dσ2
x

dZ
(5.77)

which can be rearranged to find

`‖κFL
`2
⊥

= lim
Z→∞

1

2

dσ2
x

dZ
= KFL, (5.78)

yielding the same scaling as in (5.75).

Using (5.58) and (5.75), the scaled resonance functions can be written as

R′±(kz, kr, k
′
z) =

1

2π

KFLk
2
r

[kz ± k′z]
2 +K2

FLk
4
r

(5.79a)
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and

R′(kz, kr, k
′
z) = R′+(kz, kr, k

′
z) +R′−(kz, kr, k

′
z). (5.79b)

Therefore, the scaled field line diffusion coefficient equation is

KFL = K2

∞∫
−∞

dkz gz(kz)

∞∫
0

dkr kr gr(kr)
KFLk

2
r

k2
z +K2

FLk
4
r

, (5.80)

while the scaled FLPD equation is

d2σ2
x

dt′2
=

2

3
Λ2
‖K

2

∞∫
−∞

dk′z

∞∫
0

dkr

∞∫
−∞

dkz ε(k
′
z, t
′)gz(kz)R

′(kz, kr, k
′
z)kr gr(kr)e

− 1
2
σ2
xk

2
r . (5.81)

Applying the field line equations to the noisy slab and full 3D models results in

KFL = 2K2

∞∫
0

dkz

1∫
0

dkr

[
KFLk

2
r

k2
z +K2

FLk
4
r

][
2C(s)

[1 + k2
z ]
s
2

]
(5.82)

and

KFL = 2K2

∞∫
0

dkz

∞∫
0

dkr

[
KFLk

2
r

k2
z +K2

FLk
4
r

][
2C(s)

[1 + k2
z ]
s
2

][
4D(s, q)

kqr

[1 + k2
r ]
s+q

2

]
(5.83)

respectively.

Given that the integral over kz in the FLPD equation does not depend on any

quantities related to the particles, such as the particle velocity or mean free path, it

can be performed independently of any simulation by defining

f(kr, k
′
z) =

∞∫
−∞

dkz gz(kz)R
′(kz, kr, k

′
z) kr gr(kr). (5.84)

With this, the scaled FLPD equation can be written as

d2σ2
x

dt′2
=

2

3
Λ2
‖K

2

∞∫
−∞

dk′z

∞∫
0

dkr ε(k
′
z, t
′)f(kr, k

′
z)e
− 1

2
σ2
xk

2
r , (5.85)

where all information on the spectrum is contained in f(kr, k
′
z). For the noisy slab

model, (5.84) becomes

fSNS(kr, k
′
z) =

∞∫
−∞

dkz R
′(kz, kr, k

′
z)

[
2C(s)

[1 + k2
z ]
s
2

]
Θ(1− kr), (5.86)
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whereas for the full 3D model it becomes

fF3D(kr, k
′
z) =

∞∫
−∞

dkz R
′(kz, kr, k

′
z)

[
2C(s)

[1 + k2
z ]
s
2

][
4D(s, q)

kqr

[1 + k2
r ]
s+q

2

]
. (5.87)

It should be noted that f(kr, k
′
z) is related to the field line diffusion coefficient by

KFL = 2πK2

∞∫
0

dkr f(kr, 0). (5.88)

5.4.2.3 Compound Sub–Diffusion Equations

The last set of equations for perpendicular transport that need scaling are those

for compound sub–diffusion (3.103):〈
(∆x)2〉 = 4κFL

√
κ‖t

π

and (3.105)

d⊥(t) = 2κFL

√
κ‖
πt
.

Since these equations do not need to be solved, as they have no unknowns and are just

overlaid on the simulation data, the scaling that is applied to the UNLT and FLPD

equations for time is not used here. Instead, the equations are scaled using (5.49)

for the parallel diffusion coefficient and (5.75) for the field line diffusion coefficient to

find

σ2
x = 4KFL

√
K‖T

π
(5.89a)

and

d⊥(t)

Ω`2
⊥

= 2KFL

√
K‖
πT

(5.89b)

for the mean square displacement and running diffusion coefficient, respectively.

5.4.2.4 Summary and Numerical Implementation of Perpendicular Trans-

port Equations

Having scaled all the equations used in the analysis of the results presented in

Chapter 6, a brief summary is discussed here. The time–dependent UNLT theory
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equation for noisy slab turbulence (5.71) is

d2σ2
x

dt′2
=

2

3
Λ2
‖K

2

√
π

2σ2
x

erf

(√
σ2
x

2

) ∞∫
−∞

dkz ε(kz, t
′)

2C(s)

[1 + k2
z ]
s
2

,

while the equation for full 3D turbulence (5.72) is

d2σ2
x

dt′2
=

2

3
Λ2
‖K

2

∞∫
−∞

dkz ε(kz, t
′)

2C(s)

[1 + k2
z ]
s
2

∞∫
0

dkr 4D(s, q)
kqr

[1 + k2
r ]
s+q

2

e−
1
2
σ2
xk

2
r .

Here ε(kz, t
′) is given by (5.70):

ε(kz, t
′) =



ω′+e
−ω′+t′/2 − ω′−e−ω

′
+t
′/2

2ω0

kz <
√

3/2Λ‖

e−t
′/2

[
1− t′

2

]
kz =

√
3/2Λ‖

e−t
′/2

[
cos

(
ω0t
′

2

)
− 1

ω0

sin

(
ω0t
′

2

)]
kz >

√
3/2Λ‖

.

The scaled quantities ω′± and ω0 are respectively given by (5.61) and (5.62):

ω′± = 1±
√

1− 4

3
Λ2
‖k

2
z ,

ω0 =

√
1− 4

3
Λ2
‖k

2
z .

The noisy slab and full 3D field line diffusion coefficient equations, required for FLPD

theory, are respectively given by (5.82) and (5.83)

KFL = 2K2

∞∫
0

dkz

1∫
0

dkr


[

2C(s)

[1 + k2
z ]
s
2

][
KFLk

2
r

k2
z +K2

FLk
4
r

]
Noisy Slab[

2C(s)

[1 + k2
z ]
s
2

][
KFLk

2
r

k2
z +K2

FLk
4
r

][
4D(s, q)

kqr

[1 + k2
r ]
s+q

2

]
Full 3D

while the FLPD theory equations are (5.85)

d2σ2
x

dt′2
=

2

3
Λ2
‖K

2

∞∫
−∞

dk′z

∞∫
0

dkr ε(k
′
z, t
′)f(kr, k

′
z)e
− 1

2
σ2
xk

2
r .
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The function f(kr, k
′
z), given by (5.84), is

f(kr, k
′
z) =

∞∫
−∞

dkz R
′(kz, kr, k

′
z)


[

2C(s)

[1 + k2
z ]
s
2

]
Θ(1− kr) Noisy Slab[

2C(s)

[1 + k2
z ]
s
2

][
4D(s, q)

kqr

[1 + k2
r ]
s+q

2

]
Full 3D.

as per equations (5.86) and (5.87).

A summary of the quantities appearing in these equations is found in Table 5.6,

while the conversion between simulation and theory scaling can be found in Table

5.5. Note that the parameters derived from the parallel transport (τ ′‖, Λ‖) don’t need

to be re-scaled for use in the perpendicular transport equations.

Quantity Simulation Theory Conversion

Time T S = Ωt T T = t/τ‖ T T = 1
τ ′‖
T S

Perpendicular Mean
Square Displacement

σSx =
〈(∆x)2〉

`2p
σTx =

〈(∆x)2〉
`2⊥

σTx =
`2p
`2⊥
σSx

Perpendicular
Running Diffusion
Coefficient

DS
⊥(T ) = d⊥(t)

Ω`2p
DT
⊥(T ) =

τ ′‖d⊥(t)

Ω`2⊥
DT
⊥(T ) = τ ′‖

`2p
`2⊥
DS
⊥(T )

Table 5.5: Conversion between simulation and theory scales for perpendicular trans-
port.

When it comes to solving the equations describing perpendicular transport, there

are two solution methods needed. First, the equations for field line diffusion coefficient

and diffusive UNLT theory need to be solved using either an iterative method or with

a root finder. The iterative method has the potential to be faster than the root finder,

provided it converges. The root finder, on the other hand, should be more robust than

the iterative method. Unfortunately for both methods, the equations have at least

two positive roots, one of which is zero. That said, it was found that so long as the

initial guess isn’t zero, the iterative method will converge to the non–trivial value.

The second solution method needed is an ODE solver for the time–dependent

UNLT and FLPD equations. In this work MATLAB’s ode45 solver, the fourth order

Runge–Kutta method of Dormand and Prince (1980), is used to solve the equations.
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Quantity Unscaled Scaled Scale Factor Defined in

Time t t′ = t/τ‖
1
τ‖

= v
λ‖

(5.65)

Particle Velocity v R = v
Ω`‖

1
Ω`‖

= γmc
qB0`‖

(1.5)

Parallel Mean Free Path λ‖ Λ‖ =
λ‖
`‖

1
`‖

(5.51)

Parallel Scattering Time τ‖ τ ′‖ = Ωτ‖ Ω = qB0

γmc

(5.53),
(5.55b)

Turbulence
Energy Density

δB2 K2 =
`2‖
`2⊥

δB2

B2
0

`2‖
`2⊥

1
B2

0
(3.52)

Spectral Normalization
Factor

C(s), D(s, q) C(s), D(s, q) (2.25)

Parallel Wave Number k‖ kz = k‖`‖ `‖ (5.58)

Perpendicular
Wave Number

k⊥ kr = k⊥`⊥ `⊥ (5.58)

Field Line Diffusion
Coefficient

κFL KFL =
`‖κFL
`2⊥

`‖
`2⊥

(5.75)

Perpendicular Mean
Square Displacement

〈
(∆x)2〉 σ2

x =
〈(∆x)2〉

`2⊥

1
`2⊥

(3.46)

Perpendicular Running
Diffusion Coefficient

d⊥(t) D⊥(t′) =
τ ′‖d⊥

Ω`2⊥

τ ′‖
Ω`2⊥

=
λ‖
v`2⊥

(5.58)

Perpendicular Diffusion
Coefficient

κ⊥ K⊥ =
τ ′‖κ⊥

Ω`2⊥

τ ′‖
Ω`2⊥

=
λ‖
v`2⊥

(5.58)

Table 5.6: Summary of scaled quantities used in perpendicular transport equations.
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Chapter 6

Results

Statement of Originality

This chapter contains both figures (6.1a and 6.4) and variations of figures (6.1b

and 6.3a) for particle transport in noisy slab turbulence that were originally published

in Shalchi and Arendt (2024b), Brazilian Journal of Physics, Volume 54, p. 126, 2024

by Springer Nature. They have been reproduced under the publishing agreement with

Springer Nature. Figure titles and axis labels have been modified to be consistent with

the rest of this work.

The analysis figures for parallel and perpendicular transport in full 3D turbulence

are a variation of figures set to appear in an upcoming article (Arendt and Shalchi,

2025), which has been submitted to Advances in Space Research. Figure titles and

axis labels have been modified to be consistent with the rest of this work.

As the name of the chapter implies, the results of the noisy slab and full 3D model

simulations performed for this work are presented here, along with the corresponding

analysis. The parameter sets (see the beginning of Chapter 5 for a definition) used

in this work are summarized in Table 6.1. In order to limit the number of internal

parameters that need to be determined, a set of guidelines were used. These guidelines

are:

• Each simulation consists of the trajectories of at least six particles. A data set

is, at minimum, one thousand simulations (each with a unique field) for a total

of 6000 particles per data set.
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• The initial sphere that all particles are created within is set to a radius of r = 10.

This allows for variation in the field due to both parallel and perpendicular

Fourier mode components.

• The integration time step size is set based on the particle rigidity.

dT =

{
0.01 R ≤ 1

0.001 R > 1

• The data is output at an interval given by

∆T = max

(
5,
Tmax
2000

)
.

This reduces the number of points that need to be stored and later analyzed to

a manageable amount.

• As stated in Chapter 5, the minimum Fourier wave number is set to 10−5. More

specifically, the minimum Fourier wave number is set to 10−5`p/`i, where `p is

the primary length scale and `i is the length scale for the direction in question.

This means that the minimum perpendicular Fourier wave number is 5 · 10−6

for `⊥ = 2`‖.

• The maximum Fourier wave number, which needs to be determined, is set to

ki,max = 10n, where n is an integer greater than or equal to 3 and i is the Fourier

wave mode axis.

– For the noisy slab model, the maximum perpendicular Fourier wave num-

ber is k⊥,max`‖ = `‖/`⊥.

• The number of parallel (N) and perpendicular (M) modes used is given by either

a power of two or a sum of two powers of two. Equation 5.12 is used to generate

the Fourier modes both when determining how many modes are needed and for

the final simulations. Equation 5.13 is used when varying the maximum mode.

– To simplify the analysis and reduce the number of data sets needed, it

is assumed that the required values of N and M are independent of one

another.
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Parameter Name Parameter Symbol Parameter Value(s)

Particle Rigidity R 0.01, 0.1, 1.0, 10.0

Field Energy Density δb2 0.2, 0.5, 1.0, 2.0

Primary Length Scale `p `p = `‖

Secondary Length Scale `s `s = `⊥ = 2`‖

Kubo Number K 1
2
√

10
, 1

4
, 1

2
√

2
, 1

2

Table 6.1: List of physical parameters used in this work. Altogether there are 16
parameter sets examined per field model, one for each combination of the field energy
density and particle rigidity. The Kubo number is calculated as per (3.52).

With the goal of studying the predictions of analytical theory in the limit of small

Kubo numbers, Hussein et al. (2015) was chosen as a baseline when selecting model

parameters, as it contained data regarding the diffusion coefficients for various particle

energies for a single Kubo number for noisy slab turbulence. For this work, the range

of Kubo numbers was expanded from a single value to four different values, with four

particle rigidities per Kubo number (see Table 6.1). Using Hussein et al. (2015) as a

starting point meant that the number of parallel and perpendicular modes used in the

noisy slab simulations should be N = 32 and M = 256, respectively, and a maximum

time of tmax = 105. The influence of the number of parallel and perpendicular modes,

as well as the maximum parallel mode, were investigated using field energy density

ratios of δb2 = 0.2 and δb2 = 2.0. What was found was that the number of parallel

modes needed to be increased to 256, while at low particle rigidities (R < 1) the

number of perpendicular modes could be reduced to 16. At higher particle rigidities

(R ≥ 1), the number of perpendicular modes needed to be increased to at least 64.

The maximum parallel mode had negligible effect at low turbulence energy densities,

whereas at higher energy densities it needed to be increased by at least an order of

magnitude. Details on the calibration of the turbulence parameters, using R = 0.01

as an example, can be found in Appendix C.

One of the difficulties encountered with low rigidity particles was that, compared

to theoretical predictions and simulations with R = 1, the system took much longer

to transition from a state of compound sub–diffusion to a state of normal diffusion in

the perpendicular direction. Specifically, the simulations with R = 0.01 and R = 0.10

were still in a compound sub–diffusive state at a maximum times of T = 106 for the
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former and T = 105 for the latter. Compounding this was the fact that the simulations

were reaching the maximum run time allowed on the computational servers being

used. In order to be able to perform the simulations with an increased maximum

time, several changes to the simulation parameters were made. First, the integration

method was changed from the three–step, third–order IRM to the single–step exact

method (see Chapter 4). Secondly, the number of parallel modes was decreased from

256 to 128. Finally, the step size used in the integration method was increased from

dT = 0.01 to dT = 0.02.1 The combination of these changes allowed for the maximum

time to be increased to Tmax = 107, where normal perpendicular diffusion was found

using particles with rigidity R = 0.10 in noisy slab turbulence with δb2 = 1.0. The

reason for this delay in the transition from compound sub–diffusion to normal diffusion

is discussed in Shalchi and Arendt (2024b), where it is shown that the long–range

correlations in the magnetic field are the cause of the delay. As a result of this, the

majority of the low rigidity noisy slab simulations are not used in this work outside

of Appendix C, where the R = 0.01 simulations are used as an example for the

field calibration. Only the noisy slab simulation used in Shalchi and Arendt (2024b)

is shown in this chapter, as it shows that the system does reach a state of normal

diffusion in the perpendicular direction.

With this in mind, the simulations were repeated with the same physical param-

eters (see Table 6.1) using the full 3D turbulence model, as it does not have the

long–range correlations that the noisy slab model does. Unlike the noisy slab model,

the full 3D model did not go through the same calibration process for N , M , and

kmax. Instead, these values were determined in simulations of the field line random

walk performed by A. Shalchi, and as a result this data is not presented in this work.

The simulation results for the full 3D model can be found in Section 6.2, while the

noisy slab results are discussed next.

1The number of particles used in the simulation was also decreased to 2000. Since particles are
simulated and written to file sequentially, this didn’t affect the run time per particle. Rather, it
decreased the number of times the simulation needed to be repeated.
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6.1 Noisy Slab Model Results

Rigidity Field Energies N M Kmax Source

0.10 1.0 128 16 103 Shalchi and Arendt (2024b)

1.00 0.2, 0.5 128 64 103 This Work
1.00 1.0, 2.0 288 64 104 This Work

1.00 0.2, 0.5 256 64 103 This Work
1.00 1.0, 2.0 320 128 105 This Work

Table 6.2: Noisy slab model parameters per rigidity and field energy.

(a) Parallel transport (b) Perpendicular transport

Figure 6.1: Running diffusion coefficients in the noisy slab model with R = 0.10 and
δb2 = 1. Shown is the data from Shalchi and Arendt (2024b). As can be seen, the
system does transition to normal diffusion in the perpendicular direction. Reproduced
with permission from Springer Nature.

The field parameters used in the simulations presented here are listed in Table

6.2. Figure 6.1 shows the results published in Shalchi and Arendt (2024b) without

the accompanying analysis, from which it can be seen that although the system is sub–

diffusive for a large period of time initially, it does in fact transition to normal diffusion

in the perpendicular plane. Figure 6.2 shows the results of simulations without any

accompanying analysis, such as parallel curve fitting or theoretical predictions for

perpendicular transport.
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(a) Rigidity = 1.00, Parallel Transport (b) Rigidity = 10.0, Parallel Transport

(c) Rigidity = 1.00, Perpendicular Transport (d) Rigidity = 10.0, Perpendicular Transport

Figure 6.2: Parallel and perpendicular running diffusion in noisy slab turbulence.
Colour coding by turbulence energy: δb2 = 0.2, δb2 = 0.5, δb2 = 1.0, δb2 = 2.0.
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6.1.1 Parallel Transport Analysis

(a) Rigidity = 0.10

(b) Rigidity = 1.00 (c) Rigidity = 10.0

Figure 6.3: Parallel running diffusion in noisy slab turbulence. Shown is the sim-
ulation data (solid lines) and fit of the theoretical equation (dashed lines). Colour
coding by turbulence energy in sub–figures (b) and (c): δb2 = 0.2, δb2 = 0.5, δb2 = 1.0,
δb2 = 2.0.

Λ‖ = λ‖/`‖
Field Energy Density

0.2 0.5 1.0 2.0

Rigidity
1.00 20.08 8.397 4.077 2.175

10.0 366.6 149.1 76.46 39.30

Table 6.3: Parallel mean free path in noisy slab turbulence.

As discussed in Section 5.4.1, (5.55a) is fitted to the simulation data to determine

the parallel scattering time τ ′‖, which is combined with (5.55b) to get the parallel

mean free path. Figure 6.3 shows the resulting theoretical functions overlaid on the

simulation results, while the computed parallel mean free paths are listed in Table
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6.3. Parallel transport is seen to be well described by the theoretical equations in

Chapter 3.3.2.

6.1.2 Perpendicular Transport Analysis

Figure 6.4: Comparison of simulation results and analytical theory in noisy slab
turbulence for R = 0.10. Originally published in Shalchi and Arendt (2024b).

Figure 6.4 (originally published in Shalchi and Arendt (2024b)) contains the results

for perpendicular transport in noisy slab turbulence with B2
0 = B0 and R = 0.10. In

addition to compound sub–diffusion, UNLT theory, and FLPD theory, Shalchi and

Arendt (2024b) also considered several other methods of calculating the perpendicular

diffusion coefficient. The composite formula referenced in the figure is an equation

derived from heuristic arguments in Shalchi (2019b):

κ⊥ =
`2
⊥v

2

16κ‖

[√
1 + 8

κFLκ‖
`2
⊥v
− 1

]2

. (6.1)

Also considered was a modification of UNLT theory, where “delay” factor γ is intro-

duced into the equation via〈
ei
~k⊥~x
〉

= e−
1
2
γ〈(∆x)2〉k2

⊥ . (6.2)

The standard UNLT equation can be recovered by setting γ = 1. Shalchi and Arendt

(2024b) found that a delay factor of γ = 0.04 could reproduce the results for the noisy

slab model and its variants better than standard UNLT or FLPD theory. This was

not found for the full 3D model however. In the figure it can be seen that the system is

in a compound sub–diffusive state till between T = 104 and T = 105. The noticeable

divergence from compound sub–diffusion and transition to normal diffusion occurs for
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(a) δB2 = 0.2B2
0 (b) δB2 = 0.5B2

0

(c) δB2 = 1.0B2
0 (d) δB2 = 2.0B2

0

Figure 6.5: Comparison of simulation results and time–dependent analytical theory
in noisy slab turbulence for R = 1.00. Colour coding: simulation, compound sub–
diffusion (dashed, diamond markers), UNLT (square markers), FLPD.

T > 105. This can be contrasted with the results for R = 1 (see Figure 6.5), where

the system is in normal diffusive state by T = 105, and with the results for the full

3D model with R = 0.10 (see Figure 6.13), where the system is in a normal diffusive

state by T = 5 · 104.

Figures 6.5, and 6.6 show the time–dependent UNLT and FLPD theoretical pre-

dictions for particles with R = 1.00 and R = 10.0, respectively. In both figures it can

be seen that FLPD theory results become equal to UNLT theory results in the limit

of small Kubo numbers for the noisy slab model. Comparing the ratio of the FLPD

theory prediction to the simulation results shows that the theoretical predictions are

with an order magnitude of the simulation results (see Table 6.4). The simulation
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(a) δB2 = 0.2B2
0 (b) δB2 = 0.5B2

0

(c) δB2 = 1.0B2
0 (d) δB2 = 2.0B2

0

Figure 6.6: Comparison of simulation results and analytical theory in noisy slab
turbulence for R = 10.0. Colour coding: simulation, UNLT (square markers), FLPD.

results are calculated by averaging the last 50 data points, whereas the FLPD result

is the value obtained from theory at Tmax.

λFLPD⊥ /λSim⊥
Field Energy Density

0.2 0.5 1.0 2.0

Rigidity
1.00 3.192 3.016 2.716 2.630

10.0 0.896 0.891 0.914 0.888

Table 6.4: Ratio of the predictions of FLPD theory and simulation results for noisy
slab turbulence.
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6.2 Full 3D Model Results

(a) Rigidity = 0.01 (b) Rigidity = 0.10

(c) Rigidity = 1.00 (d) Rigidity = 10.0

Figure 6.7: Parallel running diffusion in full 3D turbulence. Data is colour coded
based on the magnetic field energy density δb2 = 0.2, δb2 = 0.5, δb2 = 1.0, δb2 = 2.0.

As was mentioned at the start of this chapter, the internal field parameters (N ,

M , kmax) were determined in simulations of the field line random walk performed

by A. Shalchi. These parameters were set to N = M = 128 and kmax = 103, with

each simulation using the same parameters. The results of the simulations are shown

in Figures 6.7 (parallel transport) and 6.8 (perpendicular transport). In Figure 6.8

it can be seen that system does not fully reach a normal diffusive state within the

time frame considered for R = 0.01; however, it will be shown in Section 6.2.2 that

the system is not in a compound sub–diffusive state either. Due to the fact that the
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(a) Rigidity = 0.01 (b) Rigidity = 0.10

(c) Rigidity = 1.00 (d) Rigidity = 10.0

Figure 6.8: Perpendicular running diffusion in full 3D turbulence. Data is colour
coded based on the magnetic field energy density δb2 = 0.2, δb2 = 0.5, δb2 = 1.0,
δb2 = 2.0.

total number of wave modes used for the full 3D model is four times greater than

that used in the noisy slab model, extending the maximum time was not much of an

option. Therefore, the diffusion coefficient for these data sets can be viewed as an

upper limit.2 It is also possible that normal diffusion has already been reached and

is just obscured due the definition of the diffusion coefficient being used (see Chapter

1.2.2.1).

2Longer times could be simulated by switching the integration method to use fewer intermediate
steps, such as the single step version of the IRM method, as was used for Shalchi and Arendt (2024b).
However, in order to be consistent, this was not done.

162



6.2.1 Parallel Transport Analysis

Λ‖ =
λ‖
`‖

Field Energy Density
0.2 0.5 1.0 2.0

R
ig

id
it

y 0.01 2.918 0.977 0.452 0.204

0.10 7.156 2.629 1.209 0.575

1.00 37.17 14.45 6.950 3.307

10.0 1769 695.3 335.7 169.5

Table 6.5: Parallel mean free paths in full 3D turbulence.

(a) Rigidity = 0.01 (b) Rigidity = 0.10

(c) Rigidity = 1.00 (d) Rigidity = 10.0

Figure 6.9: Parallel running diffusion in full 3D turbulence. Data is colour coded
based on the magnetic field energy density δB2/B2

0 : δb2 = 0.2, δb2 = 0.5, δb2 = 1.0,
δb2 = 2.0. Solid lines are the simulation data, the dashed lines are the result of fitting
the theoretical equation.
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(a) Parallel mean free path as a function of
rigidity for constant Kubo number.

(b) Parallel mean free path as a function of
Kubo number for constant rigidity.

Figure 6.10: Parallel mean free path in full 3D turbulence as a function of rigidity
(left) and Kubo number (right). Results are colour coded by the variable that is held
constant in each figure.

Figure 6.11: Parallel mean free path comparison between simulation results (solid
circles) and QLT predictions (lines). Data is colour coded based on the magnetic
field energy density δB2/B2

0 : δb2 = 0.2, δb2 = 0.5, δb2 = 1.0, δb2 = 2.0.

As with the noisy slab model, (5.55a) is fitted to simulation data to determine

the parallel scattering time, from which the parallel mean free path and diffusion

coefficient can be calculated. The computed parallel mean free paths for particles in

full 3D turbulence are summarized in Table 6.5, while the theoretical parallel running

diffusion coefficients are compared to simulation data in Figure 6.9. As was found
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for the noisy slab model, the theoretical equation for the running parallel diffusion

coefficient readily describes the simulation behaviour. Figure 6.10 shows the parallel

mean free path as a function of particle rigidity (left) and Kubo number (right).

Figure 6.11 shows the comparison between simulation results and QLT predictions.

The ratio of the QLT predictions and simulation results are given in Table 6.6. The

QLT calculations were performed by A. Shalchi for Arendt and Shalchi (2025), and

take into consideration finite gyro–radius effects. From the figure and table it can

be seen that as the rigidity increases the agreement between simulation and theory

increases.

λQLT‖ /λSim‖
Field Energy Density

0.2 0.5 1.0 2.0

R
ig

id
it

y 0.01 1.774 2.120 2.294 2.543

0.10 1.736 1.890 2.055 2.160

1.00 1.362 1.401 1.457 1.531

10.0 1.131 1.150 1.191 1.180

Table 6.6: Ratio of QLT predictions and Full 3D simulation results.

6.2.2 Perpendicular Transport Analysis

In the introduction to this section, it was mentioned that the perpendicular trans-

port for a rigidity of R = 0.01 does not reach a normal diffusive state within the time

frame simulated. What can be seen in Figure 6.12 is that while the system is not

in a normal diffusive state,3 neither is it in a state of compound sub–diffusion, and

therefore the perpendicular diffusion coefficient for R = 0.01 can be taken as upper

limits. For rigidities of R = 0.1 (Figure 6.13) and R = 1 (Figure 6.14) we find that

the system is diffusive within the time frame considered, with almost perfect agree-

ment between FLPD theory and simulation results for R = 1 and δB2 = B2
0 . At a

rigidity of R = 10 (Figure 6.15), analytical theory predicts that the system becomes

diffusive much faster than it actually does. However, at this particle energy finite

gyroradius effects are present, especially at lower turbulence energy densities (sub–

figures (a) and (b)). Finite gyroradius effects are due to the fact the magnetic field

at the particle location is not the same the magnetic field at the particle’s guiding

center. For low energy particles, the difference is negligible, but as the energy of the

3It is easier to see that the system is not diffusive in Figure 6.8(a) due to the range on the y–axis.
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(a) δB2 = 0.2B2
0 (b) δB2 = 0.5B2

0

(c) δB2 = 1.0B2
0 (d) δB2 = 2.0B2

0

Figure 6.12: Comparison of simulation results and analytical theory in full 3D tur-
bulence for R = 0.01. Colour coding: simulation, compound sub–diffusion (dashed,
diamond markers), UNLT (square markers), FLPD.

particle increases, these effects become important (see Neuer and Spatschek (2006),

Shalchi (2015, 2016) and Qin and Shalchi (2016)). Figure 6.16 shows the signature

oscillations in the running diffusion coefficient of finite gyroradius effects for R = 10

at early times. It can be seen in this figure that these oscillations are present for

all turbulence energy densities considered, with the effect being stronger for weaker

turbulence.

Figure 6.17 shows the perpendicular mean free paths (see Table 6.7) as a function

of rigidity (left) and Kubo number (left). The value of the perpendicular mean free

path from simulation data is computed by averaging the last 50 data points and using

(3.81) to relate the diffusion coefficient to the mean free path. Figure 6.18 plots the
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(a) δB2 = 0.2B2
0 (b) δB2 = 0.5B2

0

(c) δB2 = 1.0B2
0 (d) δB2 = 2.0B2

0

Figure 6.13: Comparison of simulation results and analytical theory in full 3D tur-
bulence for R = 0.10. Colour coding: simulation, UNLT (square markers), FLPD.

ratio of the perpendicular and parallel mean free paths as a function of rigidity (right)

and Kubo number (left). In addition to the simulation results, the figures also show

the FLPD and UNLT theory predictions. In Figure 6.18a it can be seen that the

agreement in the mean free path ratio between simulation and theory increases with

increasing rigidity for constant Kubo number, with the agreement between UNLT

theory and FLPD theory also increasing. This can also be seen in Figure 6.17a, as

well as Table 6.8, where the ratio of the FLPD theory predictions to simulation results

is listed. Figure 6.18 shows that the mean free path ratio (simulation data) converges

with increasing Kubo number for low rigidity particles.
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(a) δB2 = 0.2B2
0 (b) δB2 = 0.5B2

0

(c) δB2 = 1.0B2
0 (d) δB2 = 2.0B2

0

Figure 6.14: Comparison of simulation results and analytical theory in full 3D tur-
bulence for R = 1.00. Colour coding: simulation, UNLT (square markers), FLPD.

Λ⊥ = λ⊥
`‖

Field Energy Density
0.2 0.5 1.0 2.0

R
ig

id
it

y 0.01 0.0120 0.0160 0.0197 0.0227

0.10 0.0213 0.0352 0.0507 0.0670

1.00 0.0390 0.0948 0.1757 0.2961

10.0 0.0576 0.1351 0.2705 0.5393

Table 6.7: Perpendicular mean free paths in full 3D turbulence. The value of Λ⊥ for
the R = 0.01 are upper values.
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(a) δB2 = 0.2B2
0 (b) δB2 = 0.5B2

0

(c) δB2 = 1.0B2
0 (d) δB2 = 2.0B2

0

Figure 6.15: Comparison of simulation results and analytical theory in full 3D tur-
bulence for R = 10.0. Colour coding: simulation, UNLT (square markers), FLPD.

λFLPD⊥ /λSim⊥
Field Energy Density

0.2 0.5 1.0 2.0

R
ig

id
it

y 0.01 1.890 1.904 1.818 1.686

0.10 1.625 1.594 1.432 1.317

1.00 1.481 1.177 0.983 0.840

10.0 1.390 1.270 1.105 0.935

Table 6.8: Ratio of QLT predictions and Full 3D simulation results.
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(a) δB2 = 0.2B2
0 (b) δB2 = 0.5B2

0

(c) δB2 = 1.0B2
0 (d) δB2 = 2.0B2

0

Figure 6.16: Close up of the finite gyroradius effect for R = 10.0 in full 3D turbulence.
The oscillations in the running perpendicular diffusion coefficient at early times for
high rigidity particles is the signature of the effect.
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(a) λ⊥ as a function of rigidity for constant
Kubo number.

(b) λ⊥ as a function of Kubo number for con-
stant rigidity.

Figure 6.17: Perpendicular mean free path in full 3D turbulence as a function of
rigidity (left) and Kubo number (right). Simulation results (solid circles) are plotted
along with FLPD (solid line) and UNLT (dashed line) predictions. Results are colour
coded by the variable that is held constant in each figure.

(a) λ‖/λ⊥ as a function of rigidity for con-
stant Kubo number.

(b) λ‖/λ⊥ as a function of Kubo number for
constant rigidity.

Figure 6.18: Ratio of λ⊥ to λ‖ full 3D turbulence as a function of rigidity (left) and
Kubo number (right). Simulation results (solid circles) are plotted along with FLPD
(solid line) and UNLT (dashed line) predictions. Results are colour coded by the
variable that is held constant in each figure.
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Chapter 7

Conclusions

7.1 Numerical Method and Simulation Summary

Presented in Chapter 4 was a new method for calculating the motion of a particle

in a magnetic field. Named the Instantaneous Rotation Matrix Method, the method

was based on the idea of using an exact infinitesimal rotation rather than an approx-

imation. As shown in Chapter 4 it produces results with increased accuracy in both

the position and velocity phase compared to not only Runge–Kutta method but also

single step implicit methods such as those of Boris (1970), Vay (2008), and Higuera

and Cary (2017). Expanding the method to include electric fields for both relativistic

and non–relativistic particles would allow the IRM method to be used as a replace-

ment for other implicit methods in various applications, such as in particle–mesh

particle-in-cell simulations.

7.1.1 ACEPTS Summary

Chapter 5 introduces the Astrophysical Charged Energetic Particle Transport Sim-

ulator code, abbreviated as ACEPTS. A copy of the source code for ACEPTS can be

obtained from the author at arendtv.physics@gmail.com. This simulation code was

designed to compute the trajectories of energetic and electrically charged particles

in magnetic turbulence, with the aim of minimizing numerical errors in the calcula-

tions whenever possible. To that end, the particle trajectory is calculated using the

numerical method presented in Chapter 4, which has the advantages outlined above.

The same philosophy of numerical error mitigation applies to the calculation of the

amplitudes of the magnetic field Fourier modes. Rather than following the common
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approach of using an Euler integration method for the field amplitudes (see Giacalone

and Jokipii (1999) or Hussein et al. (2015) for examples), ACEPTS calculates the

amplitude using what is referred to as a split trapezoid method. While this method

does not remove the numerical error completely, it does greatly minimize it as seen

in Figure 5.2. The dominant error in this calculation is now due to the fact that

the spectrum is re-normalized for the range of wave numbers used. Furthermore, by

determining the magnetic field model to use at run time, the simulation code does

not need to be recompiled whenever the model or model parameters are changed.

The greatest weakness of the ACEPTS program comes from flip side of one of its

strengths. The goal of minimizing numerical error was extended to the calculation

of the mean square displacement and the related diffusion coefficients. Since one of

the greatest sources of fluctuations in statistical calculations comes from the number

of sample points, ACEPTS was designed such that additional particle trajectories

could be added to the simulation in order to increase the number of sample points.

As part of the implementation of this, the simulation is incapable of extending the

maximum time of previously computed trajectories. The result of this is that the

trajectory calculation for a single particle must finish within the allotted time when

running on high performance computing facilities. This was a major constraint for

the simulations of low rigidity particles in noisy slab turbulence, and is the reason why

particles with a rigidity of R = 0.01 were not done for a maximum time of T > 106.

7.1.1.1 ACEPTS Future Research

There are several improvements that can be made to ACEPTS as part of future

research, either professional or personal. The first of these is the modification of how

particle trajectories are written to file so that the maximum time the trajectory is

calculated for can be extended. This would allow for ACEPTS to be used to study

particle transport in magnetic fields that require long time frames for the ensemble of

particles to reach a state of normal diffusion, such as that seen in the simulations of low

rigidity particles in noisy slab turbulence. Another important upgrade is improving

the procedure for adding new magnetic field models. The current procedure requires

directly modifying the source code; ideal improvements would allow for custom field

models to be compiled as a separate library that is then imported into the simulation

at run time. This type of improvement would simplify the work needed to be done to

add new models, and also reduce the amount of source code the researcher would need

to be familiar with. A third upgrade to ACEPTS would be to update the numerical
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method to be able to handle electric fields. This would allow ACEPTS to be used in

the study of momentum diffusion, rather than only spatial diffusion.

7.2 Conclusions Concerning Particle Transport

In Chapter 6, the results of particle transport simulations in noisy slab and full

3D turbulence were presented. These simulations were performed using the three–

step, third–order IRM method presented in Chapter 4. The noisy slab simulations

for R < 1 demonstrated that it takes a long time for the particles to transition from

a state of compound sub–diffusion to a normal diffusive state in the perpendicular

direction, but that this transition does occur (Figure 6.4). For particles with R ≥ 1

normal diffusion in noisy slab turbulence was reached within the simulated time frame.

Comparison of these results to FLPD theory shows that the theoretical predictions

are within an order of magnitude, with the predictions for R = 1 being roughly

three times larger than simulation and the predictions for R = 10 being roughly 10%

smaller than simulation.

For particle motion in full 3D turbulence, it was found that systems with R ≥
0.1 are diffusive in the perpendicular direction within the time frame considered

in simulations. Systems with R = 0.01 were not found to be diffusive within the

considered time frame, but at the same time are not in a compound sub-diffusive

state. As a result, the listed perpendicular diffusion coefficients for the full 3D model

with R = 0.01 can be taken as upper limits. For parallel transport in the full 3D

model, QLT predictions are shown to give more accurate results as the particle rigidity

increases. For perpendicular transport, the Field Line – Particle Decorrelation theory

predictions were closer to the simulation results than those from the Unified Non-

Linear Transport theory. Furthermore, the FLPD result for full 3D turbulence with

δB2 = B2
0 and a particle rigidity of one is a near perfect match with the simulation

results. At a rigidity of R = 10 the system experiences finite gyro–radius effects which

are not accounted for in the theoretical equations being used. Despite this, FLPD

theory results are still closer to the simulation data than UNLT theory. This reinforces

FLPD as a superior theory to UNLT, although there is still room for improvement.

7.2.1 Considerations for Future Research

Based on the results of this research, there are multiple considerations for future

research with the models used here. For the noisy slab model, two options that need
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to be considered for future research come from Shalchi and Arendt (2024b), either

“Our existing theories for perpendicular transport are incomplete since they work only

for a certain family of turbulence models, namely models for which the magnetic cor-

relations decay exponentially. Therefore, such theories need to be improved so that

they can be applied for any possible turbulence model,” or “One is only interested

in turbulence models for which the correlation function is exponential or something

very similar. This is, for instance, the case for commonly used models such as the

slab/2D model with dominant two-dimensional modes. The latter model is often used

to approximate solar wind turbulence. An improvement of existing theories for per-

pendicular diffusion is not required because such theories only fail for academic cases

which have not much to do with real turbulence. However, any model which is used in

particle transport theory needs to get tested to explore whether the correlation function

decays exponentially or not.” If the second option is true, then the noisy slab results

can effectively be ignored in future research. On the other hand, if the first option is

true, then based on the results presented here more work is required to explore the

parameter dependence of the observed effects.

As noted in Arendt and Shalchi (2025), the full 3D model can be considered to

be “a three-dimensional version of the slab/2D model often used to approximate solar

wind turbulence.”1 In theory, therefore, the full 3D model has the potential to be

used as an alternative to the slab/2D model in solar wind studies. In order to do

this, however, future research would need to compare simulation results using the full

3D model to data from the solar wind to determine the validity of this replacement.

Furthermore, for large studies, it would need to be determined if this improvement

in replicating solar wind data is worth the increased computational cost of the full

3D model, since it requires many more wave modes than the two–component model.

If the improvement is large enough to warrant the increase in computation costs,

then the full 3D model could be used instead of the two–component model in both

simulations and analytical theory calculations for the solar wind.

1The two–component model (see Chapter 2.2.3) is also referred to as the slab/2D model.
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Appendix A

Analysis of Runge-Kutta Methods

Statement of Originality

The contents of this appendix were originally published as Appendix A in Nu-

merical Methods, Energy Conservation, And A New Method For Particle

Motion in Magnetic Fields in the journal Mathematics and Computers in Simula-

tion (Arendt, 2023). The journal publishing agreement allows the author to reuse the

contents of the article in this thesis. As the sole author of the article, no other per-

missions are required. The first appendix has therefore been reproduced here, while

the body of the article has been reproduced in Chapter 4 and the second appendix in

Appendix B. Due to differences in page formatting, figures and tables may not appear

in the same locations in the text or be formatted the same compared to the original

article. Cross–referencing between figures, tables, chapters, sections, and appendices

was also updated to be consistent with the rest of this thesis.

On Mathematical Notation and Scaling

As in Chapter 4, the mathematical notation and scaling of quantities used in this

appendix are the same as used in Arendt (2023), which is not the same as that used

in the rest of this work. Conversions between the quantities found in Arendt (2023)

and the rest of this work are shown in Table 4.1.
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A.1 Analysis of Runge-Kutta Methods

Here we consider the application of explicit Runge–Kutta methods as described

by (4.27) to the test cases outlined in Chapter 4.2 and the resulting energy drifts.

First though, we consider the general application to particle motion.

A.1.1 Particle Motion

If the differential equations being solved are equations of motion then y is a 2DM

element vector, whereD is the number of dimensions per particle andM is the number

of particles in the system. In these situations the independent variable is time t, y

can be expressed as y = (~x,~v), and the function f(y, t) = (~v, ~F (~x,~v, t)) where ~F is

the force per unit mass (acceleration)1. The intermediate times tn and points yn can

be calculated via

tn = t0 + cnh, (A.1a)

yn = y0 + h
n−1∑
i=0

aniki. (A.1b)

The intermediate position and velocity of individual particles can be expressed as

~xn = ~x0 + h
n−1∑
i=0

ani~vi

= ~x0 + ~v0h
n−1∑
i=0

ani + h2

n−1∑
i=0

i−1∑
j=0

aniaij ~F (~xj, ~vj, tj), (A.2a)

~vn = ~v0 + h

n−1∑
i=0

ani ~F (~xi, ~vi, ti), (A.2b)

and the final position and velocity is then

~x(t0 + h) = ~x0 + ~v0h
N∑
n=0

bn + h2

N∑
n=0

n−1∑
i=0

bnani ~F (~xi, ~vi, ti), (A.3a)

~v(t0 + h) = ~v0 + h
N∑
n=0

bn ~F (~xn, ~vn, tn). (A.3b)

1This notation is used to prevent confusion with the integration coefficients aij
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A.1.1.1 Taylor Expanding the Solution

If ~x, ~v, and ~F (~x,~v, t) vary slowly enough, the force can be Taylor expanded to

first order such that

~F (~x+ δ~x,~v + δ~v, t+ δt) ≈ ~F (~x,~v, t) + ∂t ~F (~x,~v, t) δt

+
[
δ~x · ~∇x

]
~F (~x,~v, t) +

[
δ~v · ~∇v

]
~F (~x,~v, t).

(A.4)

From (A.1a), the first order change in time is δtn = cnh, while the intermediate

position and velocity are respectively

δ~xn = ~vh
n−1∑
i=0

ani (A.5a)

and

δ~vn = ~F (~x0, ~v0, t0)h
n−1∑
i=0

ani. (A.5b)

as found from (A.2). The assumption used here is that the force at intermediate

points is approximately equal to the force at the initial point. In practice, this can be

used either for systems in which the force varies slowly or by setting the step size such

that the force changes little. If the Runge–Kutta method being used has coefficients

that satisfy the property

cn =
n−1∑
i=0

ani, (A.6)

then the force per unit mass can be approximated as

~F (~xn, ~vn, tn) ≈ ~F (~x0, ~v0, t0) + cnh
[
∂t ~F (~x0, ~v0, t0)

+ (~v0 · ~∇x)~F (~x0, ~v0, t0) +
[
~F (~x0, ~v0, t0) · ~∇v

]
~F (~x0, ~v0, t0)

]
≈ ~F (~x0, ~v0, t0)

+ cnh
[[
~v0 · ~∇x

]
+
[
~F (~x0, ~v0, t0) · ~∇v

]
+ ∂t

]
~F (~x0, ~v0, t0)

≈ ~F (~x0, ~v0, t0) + cnh dt ~F (~x0, ~v0, t0). (A.7)
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With this, the final results of a single step can be approximated as

~x(t0 + h) ≈ ~x0 + ~v0h

N∑
n=0

bn + ~F (~x0, ~v0, t0)h2

N∑
n=0

bncn

+ dt ~F (~x0, ~v0, t0)h3

N∑
n=0

n−1∑
i=0

bnanici,

(A.8a)

~v(t0 + h) ≈ ~v0 + ~F (~x0, ~v0, t0)h
N∑
n=0

bn + dt ~F (~x0, ~v0, t0)h2

N∑
n=0

bncn. (A.8b)

While this is only an approximation, it can be used in some situations to provide a

simple analysis as to whether or not a specific method is suitable for the problem at

hand. Furthermore, the expansion will be used later when considering particles in a

magnetic field.

A.1.2 Test Case: Simple Harmonic Oscillator

When numerically solving the equations for a simple harmonic oscillator using

explicit Runge–Kutta methods, both the intermediate steps and the final updated

point can be recursively expanded to find the exact numerical result. The expansion

of the intermediate steps yields

qn = q0 + p0cnh− h2

n−1∑
i=0

i−1∑
j=0

aniaijqi

= q0 + p0cnh− q0h
2

n−1∑
i=0

anici − p0h
3

n−1∑
i=0

i−1∑
j=0

aniaijcj

+ h4

n−1∑
i=0

i−1∑
j=0

j−1∑
k=0

k−1∑
l=0

aniaijajkaklql

= · · ·

(A.9a)

pn = p0 − h
n−1∑
i=0

aniqi

= p0 − q0cnh− p0h
2

n−1∑
i=0

anici + h3

n−1∑
i=0

i−1∑
j=0

j−1∑
k=0

aniaijajkqk

= · · ·

(A.9b)
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while the updated step becomes

q(t+ h) = q0 + p0h

N∑
n=0

bn − h2

N∑
n=0

n−1∑
i=0

bnaniqi

= q0 + p0h
N∑
n=0

bn − q0h
2

N∑
n=0

bncn − p0h
3

N∑
n=0

n−1∑
i=0

bnanici

+ q0h
4

N∑
n=0

n−1∑
i=0

i∑
j=0

bnaniaijcj + · · ·
(A.10a)

p(t+ h) = p0 − h
N∑
n=0

bnqn

= p0 − q0h
N∑
n=0

bn − p0h
2

N∑
n=0

bncn + q0h
3

N∑
n=0

n−1∑
i=0

bnanici

+ p0h
4

N∑
n=0

n−1∑
i=0

i−1∑
j=0

bnaniaijcj + · · ·
(A.10b)

The results can be simplified by defining the following quantities:

β1 =
N∑
n=0

bn (A.11a)

β2 = ¯̄b¯̄c (A.11b)

βm = ¯̄b¯̄am−2¯̄c m ≥ 3 (A.11c)

where ¯̄b, ¯̄a, and ¯̄c are the matrix representation of the integration coefficients as per

the method’s Butcher-Tableau. With this, the results of a single step can be written

as

q(t+ h) = q(t)
[
1− β2h

2 + β4h
4 − β6h

6 + · · ·
]

+ p(t)
[
β1h− β3h

3 + β5h
5 − β7h

7 + · · ·
]
,

(A.12a)

p(t+ h) = p(t)
[
1− β2h

2 + β4h
4 − β6h

6 + · · ·
]

− q(t)
[
β1h− β3h

3 + β5h
5 − β7h

7 + · · ·
]
,

(A.12b)

where q0 and p0 have been replaced with q(t) and p(t), respectively.

Having derived an exact equation for the updated position and momentum in

terms of the state at the start of the step, the step size, and the integration coefficients,

it is now possible to calculate what the energy of the system will be after a single
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step. The result is

E(t+ h) = E(t)

[ [
1− β2h

2 + β4h
4 − β6h

6 + · · ·
]2

+
[
β1h− β3h

3 + β5h
5 − β7h

7 + · · ·
]2
]
. (A.13)

Given the nature of the result, all terms will be of even order in respect to the step

size. As such, the energy at the end of each step can be written as

E(t+ h) = E(t)

[
1 +

M∑
m=1

α2mh
2m

]
, (A.14)

where M is the total number of terms, given by M = N + 1. From this it can be

seen that, regardless of the step size or step direction, there will be a unidirectional

change in energy as all terms are of even power with respect to h. The direction of

this change is determined by the sign of the first non–zero α term, with a negative

value leading to a exponential decrease in energy and a positive value leading to an

exponential increase in energy. In adaptive methods, the goal of taking as large a

step as possible will only amplify the violation of energy conservation.

A.1.3 Test Case: Particle in a Magnetic Field

A.1.3.1 Newtonian Formulation

The expansion of the solution given by explicit Runge–Kutta methods for the

Newtonian formulation of a particle in a magnetic field is rather straight forward. To

begin, define

¯̄ωn = ¯̄ω(~xn, tn) (A.15a)

≈ ¯̄ω(~x0, t0) + cnh

[
∂

∂t
+ ~v0

~∇
]

¯̄ω(~x, t)|~x0,t0

≈ ¯̄ω0 + cnh ¯̄ω′0, (A.15b)

so that the intermediate velocities can be written as

~vn = ~v0 + h
n−1∑
i=0

ani ¯̄ωi~v0 + h2

n−1∑
i=0

ani ¯̄ωi

i−1∑
j=0

aij ¯̄ωj~v0 + · · · (A.16)

and the updated velocity as

~v(t+ h) = ~v(t) + h
N∑
n=0

bn ¯̄ωn~v(t) + h2

N∑
n=0

n−1∑
i=0

bnani ¯̄ωn ¯̄ωi~v(t) + · · · . (A.17)
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Uniform Static Field For a uniform, static field ¯̄ωn = ¯̄ω and the solution becomes

~v(t+ h) = ~v(t) + ¯̄ω~v(t)h
N∑
n=0

bn + ¯̄ω2~v(t)h2

N∑
n=0

bncn + · · ·

=

[
¯̄I + ¯̄ωh

N∑
n=0

bn + ¯̄ω2h2

N∑
n=0

bncn + · · ·

]
~v(t) (A.18)

where ¯̄I is the identity matrix. The coefficient on each term can be identified as βn

from the result of the simple harmonic oscillator, and the entire solution can therefore

be written as

~v(t+ h) =

[
¯̄I +

∑
n

βn ¯̄ωnhn

]
~v(t), (A.19)

with energy

E(t+ h) = ~v
ᵀ
(t)

[
¯̄I +

∑
m

(−1)mα2m ¯̄ω2mh2m

]
~v(t). (A.20)

As with the SHO, the system energy is not conserved, although in this situation it is

the kinetic energy of the particle coming from motion perpendicular to the magnetic

field that is affected. The velocity of the particle parallel to the field will not be

affected and therefore the energy change can be expressed as

E(t+ h) = E‖(t) + E⊥(t)

[
1 +

N∑
m=1

α2m|~ωh|2m
]
, (A.21)

taking into account the fact that ~v
ᵀ
(t)¯̄ω2m~v(t) = (−1)m|~ω|2mE⊥(t) where |~ω| is the

magnitude of the field.

Non-Uniform Non-Static Field If the field varies with either space or time (or

both), the field can be expanded using the same technique from (A.7) so that the

result can be written as

~v(t+ h) = ~v(t) + h
N∑
n=0

bn [ ¯̄ω0 + cnh ¯̄ω′0]~v(t)

+ h2

N∑
n=0

n−1∑
i=0

bnani [ ¯̄ω0 + cnh ¯̄ω′0] [ ¯̄ω0 + cih ¯̄ω′0]~v(t) + · · · .

(A.22)
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Expanding each term leads to

~v(t+ h) =

[
¯̄I +

∑
n

βn ¯̄ωn0h
n

]
~v(t) + ¯̄ω′0~v(t)h2

N∑
n=0

bncn

+ h3

N∑
n=0

n−1∑
i=0

bnani

[
cn ¯̄ω′0 ¯̄ω0 + ci ¯̄ω0 ¯̄ω′0 + cncih ¯̄ω′0

2
]
~v(t) + · · ·

(A.23)

It can already be seen that the energy will, at minimum, follow the same trend as if

the field was constant.

A.1.3.2 Hamiltonian Formulation

For the Hamiltonian formulation of a charged particle in a magnetic field, consider

the case of a uniform field as per (4.19) and (4.26). Expanding the intermediate

evaluations (kn) of f(y) leads to

~̇pn =
1

2

[
¯̄ω + ¯̄ω2h

n−1∑
i=0

ani + ¯̄ω3h2

n−1∑
i=0

i−1∑
j=0

aniaij + · · ·

]
~̇r0 (A.24a)

and

~̇rn =

[
¯̄I + ¯̄ωh

n−1∑
i=0

ani + ¯̄ω2h2

n−1∑
i=0

i−1∑
j=0

aniaij + · · ·

]
~̇r0, (A.24b)

where ~̇r0 =
(
~p0 + 1

2
¯̄ω~r0

)
. Since the Hamiltonian is independent of time, it must be

conserved by the solution. Furthermore, it can be seen from (4.14) and (4.20a) that

the Hamiltonian is equal to the kinetic energy of the particle, and that ~̇r is the particle

velocity. Therefore, after calculating the updated position and canonical momentum,

the updated particle velocity is

~v(t+ h) =
[
¯̄ω + β1h ¯̄ω + β2h

2 ¯̄ω2 + · · ·
]
~v(t), (A.25)

which is the same result as for the Newtonian formulation, and therefore the energy

drift is given by (A.21).

A.1.4 Analysis of Select Fourth Order Runge–Kutta Meth-

ods

Next, several Runge–Kutta methods will be examined for energy conservation in

the context of the presented test cases. The methods considered are: the “standard”

non–adaptive fourth order method, the fourth order adaptive method of Fehlberg
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(1969), the adaptive method of Dormand and Prince (1980), and the adaptive method

of Cash and Karp (1990).

A.1.4.1 “Standard” Non–Adaptive Method

The Butcher Tableau for the “standard” RK4 method and the resulting SHO

coefficients are shown respectively in Tables A.1a and A.1b.

0

1
2

1
2

1
2

1
2

1 1

1
6

1
3

1
3

1
6

(a) Butcher Tableau for the “standard” non-
adaptive 4th order Runge-Kutta method.

m βm

1 1

2 1
2

3 1
6

4 1
24

(b) Resulting SHO coefficients βm.

Table A.1: Butcher Tableau and the resulting SHO coefficients for the RK4 method.

The energy change with this method for the SHO and a particle in a magnetic

field are respectively

E(t+ h) = E(t)

[
1− 1

72
h6 +

1

576
h8

]
(A.26a)

and

E(t+ h) = E‖(t) + E⊥(t)

[
1− 1

72
|~ωh|6 +

1

576
|~ωh|8

]
. (A.26b)

This means that energy is continuously bled from the system for both the SHO and

a particle in a magnetic, regardless of the step size or sign.

A.1.4.2 Fehlberg Method

The Butcher Tableau for the 4th order Runge–Kutta–Fehlberg method and the

resulting SHO coefficients are shown respectively in Tables A.2a and A.2b.

The energy change with the Fehlberg method for the SHO and a particle in a

magnetic field are respectively

E(t+ h) = E(t)

[
1 +

17

9360
h6 − 7

12480
h8 +

11

374400
h10 +

1

4326400
h12

]
(A.27a)
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0
1
4

1
4

3
8

3
32

9
32

12
13

1932
2197

−7200
2197

7296
2197

1 439
216

−8 3680
513

− 845
4104

1
2
− 8

27
2 −3544

2565
1859
4104

−11
40

16
135

0 6656
12825

28561
56430

− 9
50

2
55

25
216

0 1408
2565

2197
4104

−1
5

0

(a) Butcher Tableau for the adaptive 4th order
Runge-Kutta-Fehlberg method.

m βm β∗m dm

1 1 1 0

2 1
2

1
2

0

3 1
6

1
6

0

4 1
24

1
24

0

5 1
120

1
104

− 1
780

6 1
2080

0 1
2080

(b) Resulting SHO coefficients
βm, secondary solution (y∗) co-
efficients β∗m, and error estimate
(y − y∗) coefficients dm.

Table A.2: Butcher Tableau and the resulting SHO coefficients for the 4th order
Runge-Kutta-Fehlberg method.

and

E(t+ h) = E‖(t) + E⊥(t)

1 +
17

9360
|~ωh|6 − 7

12480
|~ωh|8

+
11

374400
|~ωh|10 +

1

4326400
|~ωh|12

 . (A.27b)

The energy change for this method is opposite that of the “standard” method, al-

though the direction of the change is also independent of step size and sign. However,

this energy change is amplified when using an adaptive step size, as the method tries

to take as large a step as possible.

A.1.4.3 Dormand-Prince Method

The Butcher Tableau for the 4th order Dormand–Prince method and the resulting

SHO coefficients are shown respectively in Tables A.3 and A.4.

The energy change with the Dormand–Prince method for the SHO and a particle

in a magnetic field are respectively

E(t+ h) = E(t)

[
1− 1

1800
h6 +

1

1600
h8 − 1

14400
h10 +

1

360000
h12

]
(A.28a)
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0

1
5

1
5

3
10

3
40

9
40

4
5

44
45

−56
15

32
9

8
9

19372
6561

−25360
2187

64448
6561

−212
729

1 9017
3168

−355
33

46732
5247

49
176

− 5103
18656

1 35
384

0 500
1113

125
192

−2187
6784

11
84

35
384

0 500
1113

125
192

−2187
6784

11
84

0

5179
57600

0 7571
16695

393
640

− 92097
339200

187
2100

1
40

Table A.3: Butcher Tableau for the adaptive 4th order method of Dormand and
Prince.

m βm β∗m dm

1 1 1 0

2 1
2

1
2

0

3 1
6

1
6

0

4 1
24

1
24

0

5 1
120

1097
120000

− 97
120000

6 1
600

161
120000

13
40000

7 0 1
24000

− 1
24000

Table A.4: Resulting SHO coefficients βm, secondary solution (y∗) coefficients β∗m,
and error estimate (y − y∗) coefficients dm for the Dormand–Prince method.
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and

E(t+ h) = E‖(t) + E⊥(t)

1− 1

1800
|~ωh|6 +

1

1600
|~ωh|8

− 1

14400
|~ωh|10 +

1

360000
|~ωh|12

 . (A.28b)

The energy drift for this method is similar to that of the “standard” method, although

at a slower rate. As with the Fehlberg method, using an adaptive step size has the

potential to amplify the energy drift rate.

A.1.4.4 Cash-Karp Method

The Butcher Tableau for the 4th order Cash–Karp method and the resulting SHO

coefficients are shown respectively in Tables A.5 and A.6.

0

1
5

1
5

3
10

3
40

9
40

3
5

3
10
− 9

10
6
5

1 −11
54

5
2
−70

27
35
27

7
8

1631
55296

175
512

575
13824

44275
110592

253
4096

37
378

0 250
621

125
594

0 512
1771

2825
27648

0 18575
48384

13525
55296

277
14336

1
4

Table A.5: Butcher Tableau for the adaptive 4th order Cash-Karp method.

m βm β∗m dm

1 1 1 0

2 1
2

1
2

0

3 1
6

1
6

0

4 1
24

1
24

0

5 1
120

10517
1228800

− 277
1228800

6 1
800

1771
1638400

277
1638400

Table A.6: Resulting SHO coefficients βm, secondary solution (y∗) coefficients β∗m,
and error estimate (y − y∗) coefficients dm.
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The energy drift with the Cash–Karp method for the SHO and a particle in a

magnetic field are respectively

E(t+ h) = E(t)

[
1 +

1

3600
h6 +

1

4800
h8 − 1

28800
h10 +

1

640000
h12

]
(A.29a)

and

E(t+ h) = E‖(t) + E⊥(t)

1 +
1

3600
|~ωh|6 +

1

4800
|~ωh|8

− 1

28800
|~ωh|10 +

1

640000
|~ωh|12

 . (A.29b)

The energy drift for this method is similar to that of the Fehlberg method, although at

a slower rate. As with the Fehlberg and Dormand-Prince methods, using an adaptive

step size has the potential to amplify the energy drift rate.

A.1.4.5 Summary of Fourth Order Methods

In each of the methods analyzed, the energy drift is sixth order for the SHO and

a particle in a magnetic field. For these methods, the energy conservation to the first

non–zero term can be written as

E(t+ h) = E(t)
(
1 + α6h

6
)

(A.30a)

for the SHO and

E(t+ h) = E‖(t) + E⊥(t)
(
1 + α6|~ωh|6

)
(A.30b)

for a particle in a magnetic field.

Method α6 Energy Drift Trend

“Standard” − 1
72

Energy loss

Fehlberg + 17
9360

Energy gain

Dormand–Prince − 1
1800

Energy loss

Cash–Karp + 1
3600

Energy gain

Table A.7: Summary of the analysis of various fourth order Runge–Kutta methods
to first non-zero term.

The values of α6 for the methods considered are summarized in Table A.7, along

with the direction of the energy drift. From the table it can be seen that for a given

step size, the Cash-Karp method has the lowest energy drift rate. This is offset,
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however, by the fact that Cash-Karp method is adaptive and will therefore attempt

to use as large a step as possible (or allowed if there is an upper limit).
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Appendix B

Analysis of Select Symplectic

Methods of Various Orders

Statement of Originality

The contents of this appendix were originally published as Appendix B in Nu-

merical Methods, Energy Conservation, And A New Method For Particle

Motion in Magnetic Fields in the journal Mathematics and Computers in Simu-

lation (Arendt, 2023). The journal publishing agreement allows the author to reuse

the contents of the article in this thesis. As the sole author of the article, no other

permissions are required. The second appendix has therefore been reproduced here,

while the body of the article has been reproduced in Chapter 4 and the first ap-

pendix in Appendix A. Due to differences in page formatting, figures and tables may

not appear in the same locations in the text or be formatted the same compared to

the original article. Cross–referencing between figures, tables, chapters, sections, and

appendices was also updated to be consistent with the rest of this thesis.

On Mathematical Notation and Scaling

As in Chapter 4, the mathematical notation and scaling of quantities used in this

appendix are the same as used in Arendt (2023), which is not the same as that used

in the rest of this work. Conversions between the quantities found in Arendt (2023)

and the rest of this work are shown in Table 4.1.
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B.1 Analysis of Select Symplectic Methods of Var-

ious Orders

Here we consider the application of explicit symplectic methods to the test cases

outlined in Chapter 4.2 and the resulting energy fluctations and drifts. First, the

test case solutions will be examined fo both the momentum–position form (4.38) and

position–momentum form (4.39) using generic coefficients.

B.1.1 Test Case: Simple Harmonic Oscillator

The equations for an intermediate step in a symplectic integration method for the

simple harmonic oscillator, as defined in (4.1) and (4.2), are either

pn = pn−1 − Pnqn−1dt (B.1a)

qn = qn−1 +Qnpndt (B.1b)

for momentum–position methods or

qn = qn−1 +Qnpn−1dt (B.2a)

pn = pn−1 − Pnqndt (B.2b)

for position–momentum methods.

One of the simplest ways to analyze the energy conservation of symplectic methods

for this system is via recursion relations. The first step in this analysis is to assume

that the solution after a pair of intermediate steps can be written as

qn = q0

[
1 +

n∑
m=1

(−1)mAnmdt2m

]
+ p0

[
n∑

m=1

(−1)m−1Bnmdt2m−1

]
(B.3a)

pn = p0

[
1 +

n∑
m=1

(−1)mCnmdt2m

]
− q0

[
n∑

m=1

(−1)m−1Dnmdt2m−1

]
; (B.3b)

where Anm, Bnm, Cnm, and Dnm are the coefficients that need to be found. The

resulting recursion relations are shown in Table B.1.
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Momentum–position methods Position–momentum methods

An,m
1 m = 0

An−1,m +QnDn,m m ≤ n

1 m = 0

An−1,m +QnDn−1,m m < n

Bn,m Bn−1,m +QnCn,m−1 m ≤ n Bn−1,m +QnCn−1,m−1 m ≤ n

Cn,m
1 m = 0

Cn−1,m + PnBn−1,m m < n

1 m = 0

Cn−1,m + PnBn,m m ≤ n

Dn,m Dn−1,m + PnAn−1,m−1 m ≤ n Dn−1,m + PnAn,m−1 m ≤ n

Table B.1: Recursion relations for coefficients in the solution the SHO via symplectic
methods.

The resulting energy after a single step is

E(t+ dt) = E(t) +
N∑
n=1

(−1)n
[
DN,n −BN,n

]
q0p0 dt2n−1

+
N∑
n=1

(−1)n
[
AN,nq

2
0 + CN,np

2
0

]
dt2n

+
N∑
n=1
m=1

(−1)n+m
[
CN,nDN,m − AN,nBN,m

]
q0p0 dt2(n+m)−1

+
N∑
n=1
m=1

(−1)n+m

[
AN,nAN,m

2
q2

0 +
CN,nCN,m

2
p2

0

]
dt2(n+m)

+
N∑
n=1
m=1

(−1)n+m

[
DN,nDN,m

2
q2

0 +
BN,nBN,m

2
p2

0

]
dt2(n+m−1).

(B.4)

Alternatively, the change in energy can be expressed as

∆E(t+ dt) = E(t+ dt)− E(t)

=
2N∑
n=1

[
λnq

2(t) + γnp
2(t)
]
dt2n + q(t)p(t)

2N∑
n=1

σndt2n−1, (B.5)

where λn, γn, and σn are the coefficients resulting from (B.4). Without specifying

the terms Qn and Pn, it is not possible to fully examine all terms; however general

outcomes can be considered.

For terms of odd order, there are two possible cases: either σn is zero or it isn’t,
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with a non-zero value meaning that there is a phase dependent change in energy. For

terms of even order, there are multiple cases to consider:

• If λn = γn = 0, then there is no change in energy

• If λn = γn 6= 0, then the change in energy is constant.

• If λn = −γn, then the change in energy is phase dependent.

• In all other cases, there will be a combination of a constant change and a phase

dependent change.

If the numerical solution is a close enough approximation to the analytical solution,

then the frequency of the phase dependent energy changes will be double the frequency

of the oscillator and will average to zero over the cycle. As such, the average change in

energy per step occurs at the order for which λn + γn 6= 0. For the sets of coefficients

analyzed in B, the energy fluctuations are dominated by phase dependent fluctuations,

with the steady energy drift only occurring at higher orders and therefore with smaller

amplitude.

B.1.2 Test Case: Particle in a Magnetic Field

Technically, the symplectic methods described previously are designed to handle

separable Hamiltonians (Yoshida, 1992), and the Hamiltonian for a charged particle

in a magnetic field is nonseparable. Although there are methods for splitting nonsepa-

rable Hamiltonians (Tao, 2016b), and other methods have been specifically developed

for this type of system (Qin et al., 2016, Xiao et al., 2015, Tao, 2016a), the analysis

of this system will be done with method forms described in (4.38) and (4.39).

B.1.2.1 Hamiltonian Formulation

One of the simplest adaptions of integration equations is

~pn = ~pn−1 − Pn~∇qH(~rn−1, ~pn−1)dt (B.6a)

~rn = ~rn−1 +Qn
~∇pH(~rn−1, ~pn)dt (B.6b)

for momentum–position methods and

~rn = ~rn−1 +Qn
~∇pH(~rn−1, ~pn−1)dt (B.7a)

~pn = ~pn−1 − Pn~∇qH(~rn, ~pn−1)dt (B.7b)
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for position–momentum methods. Using the form of the Hamiltonian from (4.19),

the intermediate points can be expanded to

~pn =

[
¯̄I +

1

2
Pndt ¯̄ω

]
~pn−1 +

[
1

4
Pndt ¯̄ω2

]
~rn−1 (B.8a)

~rn =

[
¯̄I +

1

2
Qndt ¯̄ω +

1

4
QnPndt2 ¯̄ω2

]
~rn−1 +

[
Qndt ¯̄I +

1

2
QnPndt2 ¯̄ω

]
~pn−1 (B.8b)

or

~rn =

[
¯̄I +

1

2
Qndt ¯̄ω

]
~rn−1 +

[
Qndt ¯̄I

]
~pn−1 (B.9a)

~pn =

[
¯̄I +

1

2
Pndt ¯̄ω +

1

4
QnPndt2 ¯̄ω2

]
~pn−1 +

[
1

4
Pndt ¯̄ω2 +

1

8
QnPndt2 ¯̄ω2

]
~rn−1 (B.9b)

depending on the method used.

An interesting aspect of this problem appears if the particle velocity is considered

after a pair of steps have occurred, calculated by

~vn = ~pn +
1

2
¯̄ω~rn. (B.10)

The velocity is found to be given by

~vn =

[
¯̄I +

1

2
(Qn + Pn)dt ¯̄ω +

1

4
QnPndt2 ¯̄ω2

]
~vn−1 (B.11)

regardless of which method is used. This means that the velocity at t + dt is given

by

~v(t+ dt) =

[
¯̄I +

2N∑
n

βndtn ¯̄ωn

]
~v(t) (B.12)

where βn is the set of coefficients calculated from the product of (B.11) over all values

of the index n. The energy will therefore change in a similar fashion to that described

in equation (A.21).

B.1.2.2 Newtonian Formulation

While symplectic integration methods are designed to solve Hamilton’s equations

of motion, the Newtonian formulation of a particle in a magnetic field will be con-

sidered for the purpose of of comparing with the Hamiltonian formulation and with

Runge-Kutta methods. However, only the case of a time independent field will be

considered.

First, define the matrix ¯̄ωn as per (A.15a), so that the numerical integration
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equations are either1

~pn = ~pn−1 + Pn ¯̄ωn−1~pn−1 dt, (B.13a)

~rn = ~rn−1 +Qn ~pn dt; (B.13b)

or

~rn = ~rn−1 +Qn ~pn−1 dt, (B.14a)

~pn = ~pn−1 + Pn ¯̄ωn~pn−1 dt. (B.14b)

The final, updated momentum/velocity of the particle is

~p(t+ dt) =
N∏
n=1

[
¯̄I + Pndt ¯̄ωn−1

]
~p(t) (B.15a)

for momentum–position methods and

~p(t+ dt) =
N∏
n=1

[
¯̄I + Pndt ¯̄ωn

]
~p(t) (B.15b)

for position–momentum methods. The solution is of the same form as that of the

Hamiltonian formulation although here the magnetic field is no longer constant.

In the case of spatially varying field, the intermediate position ~rn to first order is

~rn ≈ ~r0 +
n∑

m=1

Qndt ~p0, (B.16)

regardless of the method used. If the magnetic field varies slowly enough, it can be

approximated as

¯̄ωn ≈ ¯̄ω0 +
n∑

m=1

Qndt ¯̄ω′0, (B.17)

similar to (A.15). This means that the change in momentum can be approximated

as either

~p(t+ dt) =
N∏
n=1

[
¯̄I + Pndt ¯̄ω0 + Pn

n−1∑
m=1

Qndt2 ¯̄ω′0

]
~p(t) (B.18a)

1As noted earlier, for a system in which there are no electric fields, particle momentum and
particle velocity are interchangeable.
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or

~p(t+ dt) =
N∏
n=1

[
¯̄I + Pndt ¯̄ω0 + Pn

n∑
m=1

Qndt2 ¯̄ω′0

]
~p(t), (B.18b)

depending on the method used. If the field is also uniform, then the change in

momentum can be calculated by setting ¯̄ω′0 = 0. In this case, the momentum can be

written in the same form as (B.12), with the coefficients calculated similarily.

B.1.3 Symplectic Methods of Various Orders

Given that the energy fluctuations and violations cannot be as neatly summerized

for symplectic methods as they can for Runge-Kutta methods, the listing of the

methods and their analysis are split. Listed here are symplectic methods of second,

third, and fourth order. Analysis of these methods can be found in B.1.4 for the SHO

and B.1.5 for a particle in a magnetic field.

B.1.3.1 Second Order

The second order method Ruth (1983), also referred to a leapfrog method, is setup

such that the one of the quantities (momentum or position) is only updated once,

while the other is updated using the average of its derivative evaluated at the initial

and final points of the first quantity. This can be seen from the coefficients in Table

B.2.

(a) Coefficients for the second order
momentum-position method (PQ2)

(b) Coefficients for the second order
position-momentum method (QP2)

n Qn Pn n Qn Pn

1 1 1
2

1 1
2

1

2 0 1
2

2 1
2

0

Table B.2: Second order symplectic integration method coefficients.

B.1.3.2 Third Order

The third order method analyzed here, first discovered by Ruth (1983), involves

both forward and reverse intermediate steps (see Table B.3). Ruth (1983) specifically

formulated the coefficients for the momentum–position form; others, such as Yoshida

(1992), use them for the position–momentum form.
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(a) Coefficients for the third order
momentum-position method (PQ3)

(b) Coefficients for the third order
position-momentum method (QP3)

n Qn Pn n Qn Pn

1 2
3

7
24

1 7
24

2
3

2 −2
3

18
24

2 18
24

−2
3

3 1 − 1
24

3 − 1
24

1

Table B.3: Third order symplectic integration method coefficients.

B.1.3.3 Fourth Order

Coefficients for a fourth order symplectic integrator were discovered by Forest

and Ruth (1990), while Yoshida (1990) showed that higher order methods can be

constructed via compositions of lower order methods, provided the method order is

even. The fourth order coefficients are shown in Table B.4.

(a) Coefficients for the fourth order
momentum-position method (PQ4)

(b) Coefficients for the fourth order
position-momentum method (QP4)

n Qn Pn n Qn Pn

1 2·21/3+22/3+4
6

2·21/3+22/3+4
12

1 2·21/3+22/3+4
12

2·21/3+22/3+4
6

2 −2·21/3+22/3+1
3

2−22/3−2·21/3

12
2 2−22/3−2·21/3

12
−2·21/3+22/3+1

3

3 2·21/3+22/3+4
6

2−22/3−2·21/3

12
3 2−22/3−2·21/3

12
2·21/3+22/3+4

6

4 0 2·21/3+22/3+4
12

4 2·21/3+22/3+4
12

0

Table B.4: Fourth order symplectic integration method coefficients.

B.1.4 Analysis of Symplectic Methods for the SHO

Here, we present the results of the analysis of the considered symplectic methods

for the simple harmonic oscillator. Results are grouped by order method with a

summary included after (Section B.1.4.4).

B.1.4.1 Second Order Methods

Table B.5 shows the resulting coefficients for the solution to the SHO, while Table

B.6 shows the coefficients for the energy. The resulting equation for the energy after
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(a) SHO solution coefficients as per
the second order momentum–position
method.

(b) SHO solution coefficients as per
the second order position–momentum
method.

n A2,n B2,n C2,n D2,n n A2,n B2,n C2,n D2,n

1 1
2

1 1
2

1 1 1
2

1 1
2

1

2 0 0 0 1
4

2 0 1
4

0 0

Table B.5: Solution coefficients for the simple harmonic oscillator using the second
order methods.

(a) SHO energy coefficients as per
the second order momentum–position
method.

(b) SHO energy coefficients as per
the second order position–momentum
method.

n λn γn σn n λn γn σn

1 0 0 0 1 0 0 0

2 −1
8

1
8

1
4

2 1
8

−1
8

−1
4

3 1
32

0 −1
8

3 0 1
32

1
8

Table B.6: Energy coefficients for the simple harmonic oscillator using the second
order methods.

a step has been completed is

Epq(t+ dt) = E(t) + q(t)2 1

32
dt6

+ q(t)p(t)

[
1

4
dt3 − 1

8
dt5
]
−
[
q2(t)− p2(t)

] 1

8
dt4

(B.19a)

for the momentum–position method, or

Eqp(t+ dt) = E(t) + p(t)2 1

32
dt6

− q(t)p(t)
[

1

4
dt3 − 1

8
dt5
]

+
[
q2(t)− p2(t)

] 1

8
dt4

(B.19b)

for the position–momentum method. By assuming that q(t) and p(t) are accurate

representations of 4.4 and any affect of the energy drift on the phase of the oscillator
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is negligible over a single oscillation period, the energy drift can be written as

Epq(t+ dt)

E(t)
= 1 +

1

32
dt6

+ sin(2φ(t))

[
1

4
dt3
] [

1− 1

2
dt2
]

− cos(2φ(t))

[
1

4
dt4
] [

1− 1

8
dt2
] (B.20a)

and

Eqp(t+ dt)

E(t)
= 1 +

1

32
dt6

− sin(2φ(t))

[
1

4
dt3
] [

1− 1

2
dt2
]

+ cos(2φ(t))

[
1

4
dt4
] [

1− 1

8
dt2
] (B.20b)

where φ(t) is the phase of the oscillator at time t. From (B.20), it can be seen that

the constant component of the energy drift is the same for both forms of the second

order method, and is given by and is given by

E(t+ dt)

E(t)
= 1 +

1

32
dt6. (B.21)

Comparing this result to the various fourth order Runge-Kutta methods, it can be

seen that the second order symplectic methods have the same order for the average

fractional change in energy per step. What is not taken into account with this com-

parison is effect of the lower order terms on the energy as a function of time. These

terms result in a fluctuation in the energy, where the frequency of the fluctuations

is double that of the oscillator. Furthermore, the lower order terms will dominate

the change in energy with a relative amplitude of 1/4dt3 compared to the relative

magnitude of the constant increase at 1/32dt6, assuming a step size that is less than

one.
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B.1.4.2 Third Order Methods

(a) SHO solution coefficients as per
the third order momentum–position
method.

(b) SHO solution coefficients as per
the third order position–momentum
method.

n A2,n B2,n C2,n D2,n n A2,n B2,n C2,n D2,n

1 1
2

1 1
2

1 1 1
2

1 1
2

1

2 5
72

1
6

1
72

1
6

2 1
72

1
6

5
72

1
6

3 7
1728

1
72

0 7
1728

3 0 7
1728

7
1728

1
72

Table B.7: Solution coefficients for the simple harmonic oscillator using the third
order methods.

(a) SHO energy coefficients as per
the third order momentum–position
method.

(b) SHO energy coefficients as per
the third order position–momentum
method.

n λn γn σn n λn γn σn

2 1
36

− 1
36

0 2 − 1
36

1
36

0

3 − 1
48

1
48

113
1728

4 − 23
10368

13
3456

7
384

4 13
3456

− 23
10368

− 7
384

4 − 23
10368

13
3456

7
384

5 − 1631
5971968

1
10368

197
124416

5 1
10368

− 1631
5971968

− 197
124416

6 49
5971968

0 − 7
124416

6 0 49
5971968

7
124416

Table B.8: Energy coefficients for the simple harmonic oscillator using the third order
methods.

Table B.7 shows the resulting coefficients for the solution to the SHO, while Table

B.8 shows the coefficients for the energy. The resulting equation for the energy after

a step has been completed is

Epq(t+ dt) = E(t) + q2(t)

[
1

648
dt8 − 1055

5971968
dt10 +

49

5971968
dt12

]
+ q(t)p(t)

[
113

1728
dt5 − 7

384
dt7 +

197

124416
dt9 − 7

124416
dt11

]
+
[
q2(t)− p2(t)

] [ 1

36
dt4 − 1

48
dt6 +

23

10368
dt8 − 1

10368
dt10

] (B.22a)
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for the momentum–position method, or

Eqp(t+ dt) = E(t) + p2(t)

[
1

648
dt8 − 1055

5971968
dt10 +

49

5971968
dt12

]
− q(t)p(t)

[
113

1728
dt5 − 7

384
dt7 +

197

124416
dt9 − 7

124416
dt11

]
−
[
q2(t)− p2(t)

] [ 1

36
dt4 − 1

48
dt6 +

23

10368
dt8 − 1

10368
dt10

] (B.22b)

for the position–momentum method. As with the second order method, (4.4) is used

for q(t) and p(t) to find

Epq(t+ dt)

E(t)
= 1 +

1

648
dt8 − 1055

5971968
dt10 +

49

5971968
dt12

+ sin(2φ(t))

[
113

1728
dt5
] [

1− 63

226
dt2 +

197

8136
dt4 − 7

8136
dt6
]

+ cos(2φ(t))

[
1

18
dt4
]1− 3

4
dt6 +

31

288
dt8

− 2207

331776
dt10 +

49

331776
dt12


(B.23a)

and

Epq(t+ dt)

E(t)
= 1 +

1

648
dt8 − 1055

5971968
dt10 +

49

5971968
dt12

− sin(2φ(t))

[
113

1728
dt5
] [

1− 63

226
dt2 +

197

8136
dt4 − 7

8136
dt6
]

− cos(2φ(t))

[
1

18
dt4
]1− 3

4
dt6 +

31

288
dt8

− 2207

331776
dt10 +

49

331776
dt12


(B.23b)

As with the second order method, the constant energy drift component is the same

for both methods:

E(t+ dt)

E(t)
= 1 +

1

648
dt8 − 1055

5971968
dt10 +

49

5971968
dt12. (B.24)

Comparing this result to the various fourth order Runge-Kutta methods, it can be

seen that the constant energy drift component for the third order symplectic methods

is smaller than the Runge-Kutta methods, provided the step size is less than one. That

said, the phase dependent fluctuations dominate the change in energy compared to

the constant component.
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B.1.4.3 Fourth Order Methods

Tables B.9 and B.10 shows the SHO solution coefficients, while Tables B.11 and

B.12 show the coefficients for the energy when using either the momentum–position

method or the position–momentum method, respectively. For these coefficients, the

lowest order change in energy is fifth order, and the average change per cycle is tenth

order.

n 1 2 3 4

A4,n
1
2

1
24

−5·21/3+4·22/3+6
288

0

B4,n 1 1
6

−4·21/3+3·22/3+4
144

0

C4,n
1
2

1
24

−5·21/3+4·22/3+6
288

0

D4,n 1 1
6

−21/3+22/3

144
−20·21/3+16·22/3+25

1728

Table B.9: SHO solution coefficients as per the fourth order momentum–position
method.

n 1 2 3 4

A4,n
1
2

1
24

−5·21/3+4·22/3+6
288

0

B4,n 1 1
6

−21/3+22/3

144
−20·21/3+16·22/3+25

1728

C4,n
1
2

1
24

−5·21/3+4·22/3+6
288

0

D4,n 1 1
6

−4·21/3+3·22/3+4
144

0

Table B.10: SHO solution coefficients as per the fourth order position–momentum
method.

B.1.4.4 Symplectic SHO Analysis Summary

In each of the symplectic methods analyzed, the energy drift is dominated by phase

dependent fluctuations while the constant component of the energy drift is several

orders higher. Table B.13 shows the results to lowest order for each component.
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n λn γn σn

3 3·21/3+2·22/3+4
288

−3·21/3+2·22/3+4
288

−3·21/3+2·22/3+4
144

4 14·21/3+12·22/3+17
3456

−14·21/3+12·22/3+17
3456

−2·21/3+4·22/3+1
1728

5 −16·21/3+13·22/3+20
13824

20·21/3+16·22/3+25
10368

17·21/3+14·22/3+21
3456

6 54·21/3+43·22/3+68
165888

92·21/3+73·22/3+116
165888

−74·21/3+59·22/3+93
41472

7 504·21/3+400·22/3+635
1990656

0 −373·21/3+296·22/3+470
497664

Table B.11: SHO energy coefficients as per the fourth order momentum–position
method.

n λn γn σn

3 −3·21/3+2·22/3+4
288

3·21/3+2·22/3+4
288

3·21/3+2·22/3+4
144

4 −14·21/3+12·22/3+17
3456

14·21/3+12·22/3+17
3456

2·21/3+4·22/3+1
1728

5 20·21/3+16·22/3+25
10368

−16·21/3+13·22/3+20
13824

−17·21/3+14·22/3+21
3456

6 92·21/3+73·22/3+116
165888

54·21/3+43·22/3+68
165888

74·21/3+59·22/3+93
41472

7 0 504·21/3+400·22/3+635
1990656

373·21/3+296·22/3+470
497664

Table B.12: SHO energy coefficients as per the fourth order position–momentum
method.

Form Order Phase dependent drift Constant drift

PQ 2 +1
4
dt3 sin(2φ(t)) 1

32
dt6

QP 2 −1
4
dt3 sin(2φ(t)) 1

32
dt6

PQ 3 + 1
18
dt4 cos(2φ(t)) 1

648
dt8

QP 3 − 1
18
dt4 cos(2φ(t)) 1

648
dt8

PQ 4 −3·21/3+2·22/3+4
144

dt5 sin(2φ(t)) 32·21/3+25·22/3+40
41472

dt10

QP 4 +3·21/3+2·22/3+4
144

dt5 sin(2φ(t)) 32·21/3+25·22/3+40
41472

dt10

Table B.13: Lowest order terms for the energy drift in Symplectic integration methods
for the SHO.
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B.1.5 Analysis of Symplectic Methods for a Particle in a

Magnetic Field

Next, we present the results of the analysis of the considered symplectic methods

for a particle in a magnetic field. As with the SHO analysis, results are grouped by

order method with a summary included after (Section B.1.4.4).

B.1.5.1 Second Order Methods

The velocity and energy coefficients for the Hamiltonian formulation of a particle

in a magnetic field are shown in Table B.14. The coefficients are same for both forms

of the method, as per (B.11), since the coefficients are swapped between forms. The

results for the Newtonian formulation are shown in Table B.15.

n βn α2n

1 1 3
8

2 5
16

9
256

3 1
32

1
1024

4 0 0

Table B.14: Solution (β) and energy (α) coefficients for the particle in a uniform, static
magnetic field using the second order methods and the Hamiltonian formulation.
Since the method forms swap coefficients, the results are same for both forms.

(a) Particle in a magnetic field so-
lution and energy coefficients as per
the second order momentum–position
method.

(b) Particle in a magnetic field so-
lution and energy coefficients as per
the second order position–momentum
method.

n βn α2n n βn α2n

1 1 1
2

1 1 1

2 1
4

1
16

2 0 0

Table B.15: Solution (β) and energy (α) coefficients for the particle in a uniform,
static magnetic field using the second order methods and the Newtonian formulation.
Note that unlike with the Hamiltonian formulation, the coefficients are not the same.

The energy drift, to lowest order, of the Hamiltonian formulation for this these
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methods is therefore

E(t+ dt) = E‖(t) + E⊥(t)

[
1 +

3

8
|~ωdt|2

]
, (B.25)

while the Newtonian formulation has an energy drift of

E(t+ dt) = E‖(t) + E⊥(t)

[
1 +

1

2
|~ωdt|2

]
(B.26a)

for the momentum–position method and

E(t+ dt) = E‖(t) + E⊥(t)

[
1 + |~ωdt|2

]
(B.26b)

for the position–momentum method. Note that the energy drift is second order for

both methods regardless of the formulation used.

B.1.5.2 Third Order Methods

As expected, the third order methods fail for a particle in a magnetic field re-

gardless of whether the Hamiltonian or Newtonian formulation is used. As with the

second order methods examined, the energy drift is of second order and positive, as

per Tables B.16 and B.17 leading to an exponential increase. To lowest order, the

energy drift is

E(t+ dt) = E‖(t) + E⊥(t)

[
1 +

731

1152
|~ωdt|2

]
(B.27)

for the Hamiltonian formulation, while the Newtonian formulation has an energy drift

of

E(t+ dt) = E‖(t) + E⊥(t)

[
1 +

187

288
|~ωdt|2

]
(B.28a)

for the momentum–position form and

E(t+ dt) = E‖(t) + E⊥(t)

[
1 +

17

9
|~ωdt|2

]
(B.28b)

for the position–momentum form.

B.1.5.3 Fourth Order Methods

Table B.18 show the solution and energy coefficients for the particle in a uniform,

static magnetic field using the fourth order methods and the Hamiltonian formulation.

Note that since the methods swap coefficients, the results are identical. To lowest
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n βn α2n

1 1 731
1152

2 421
2304

261203
1769472

3 − 185
2048

47562769
3057647616

4 − 11021
331776

78094609
110075314176

5 − 383
165888

524819
55037657088

6 7
110592

49
12230590464

Table B.16: Solution (β) and energy (α) coefficients for the particle in a uniform,
static magnetic field using the third order methods and the Hamiltonian formulation.
Since the method forms swap coefficients, the results are same for both forms.

(a) Particle in a magnetic field solution
and energy coefficients as per the third
order momentum–position method.

(b) Particle in a magnetic field solution
and energy coefficients as per the third
order position–momentum method.

n βn α2n n βn α2n

1 1 187
288

1 1 17
9

2 101
576

16249
331776

2 −4
9

88
81

3 − 7
768

49
589824

3 −4
9

16
81

Table B.17: Solution and energy coefficients for the particle in a uniform, static
magnetic field using the second order methods and the Newtonian formulation. Note
that unlike with the Hamiltonian formulation, the coefficients are not the same.

order, the energy drift for the fourth order methods and Hamiltonian formulation is

E(t+ dt) = E‖(t) + E⊥(t)

[
1 +

17 + 11 · 21/3 + 9 · 22/3

24
|~ωdt|2

]
. (B.29)

Tables B.19 and B.20 show the solution and energy coefficients for the particle in

a uniform, static magnetic field using the fourth order methods and the Newtonian

formulation. Note that unlike with the Hamiltonian formulation, the coefficients are

not the same. The energy drift with the Newtonian formulation is given by

E(t+ dt) = E‖(t) + E⊥(t)

[
1 +

3 + 21/3 + 22/3

6
|~ωdt|2

]
(B.30a)
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n βn α2n

1 1 17+11·21/3+9·22/3

24

2 7−11·21/3−9·22/3

48
666+518·21/3+413·22/3

1536

3 −34+43·21/3+35·22/3

192
9606+7604·21/3+6039·22/3

73728

4 −524+526·21/3+431·22/3

9216
243396+193091·21/3+153266·22/3

14155776

5 76+42·21/3+29·22/3

18432
50840+40347·21/3+32023·22/3

56623104

6 65+50·21/3+39·22/3

36864
14961+11874·21/3+9424·22/3

1358954496

7 −25+20·21/3+16·22/3

221184
635+504·21/3+400·22/3

16307453952

8 0 0

Table B.18: Solution (β) and energy (α) coefficients for the particle in a uniform,
static magnetic field using the fourth order methods and the Hamiltonian formulation.
Since the method forms swap coefficients, the results are same for both forms.

n βn α2n

1 1 3+21/3+22/3

6

2 3−22/3−21/3

12
10+6·21/3+5·22/3

96

3 −21/3+22/3

24
6+4·21/3+3·22/3

1152

4 2·21/3+22/3+4
576

4+3·21/3+2·22/3

55296

Table B.19: Particle in a magnetic field solution (β) and energy (α) coefficients as
per the fourth order momentum–position method with the Newtonian formulation.

for the momentum–position form and

E(t+ dt) = E‖(t) + E⊥(t)

[
1 +

7 + 5 · 21/3 + 4 · 22/3

3
|~ωdt|2

]
(B.30b)

for the position–momentum form. As with the second and third order methods, the

fourth order method does not conserve the kinetic energy of a particle moving through

a magnetic field.

B.1.5.4 Symplectic SHO Analysis Summary

As has been demonstrated here, none of the symplectic methods considered con-

serve the kinetic energy of a particle in a magnetic field, with the energy drift being
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n βn α2n

1 1 7+5·21/3+4·22/3

3

2 −4+5·21/3+4·22/3

6
56+44·21/3+35·22/3

12

3 −6+5·21/3+4·22/3

6
116+92·21/3+73·22/3

36

4 0 0

Table B.20: Particle in a magnetic field solution (β) and energy (α) coefficients as
per the fourth order position–momentum method with the Newtonian formulation.

Form Method Order Hamiltonian α2 Newtonian α2

PQ 2 3
8

1
2

QP 2 3
8

1

PQ 3 731
1152

187
288

QP 3 731
1152

17
9

PQ 4 17+11·21/3+9·22/3

24
3+21/3+22/3

6

QP 4 17+11·21/3+9·22/3

24
7+5·21/3+4·22/3

3

Table B.21: Lowest order terms for the energy drift in Symplectic integration methods
for a particle in a magnetic field.

second order regardless of the method order. Moreover, the energy drift rate increase

with method order, as can be seen from the increase in the value of αn as the method

order increases. Results are summarized, to lowest order, in Table B.21.
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Appendix C

Noisy Slab Field Calibration

As discussed in Chapter 5, the determination of the number of waves modes and

range of wave modes required for a given parameter set needs to take into account

the particle energy due to the parallel resonance prediction of QLT. Furthermore,

it is reasonable to assume that the strength of any resonance is a function of the

energy contained in the wave with which the resonance is occurring. As a result,

stronger turbulence should have stronger parallel scattering, leading to a lower parallel

diffusion coefficient. This is readily demonstrated with the results presented here and

in Chapter 6.

Two basic questions that arise from this are “How many Fourier modes are

needed?” and “How large should the maximum mode number be?”. The first ques-

tion is related to the distribution of energy among the wave modes. Since the total

energy in the turbulence is fixed, the total energy between wave modes k1 and k2 is

also fixed; increasing the number of modes between k1 and k2 means that the energy

in each mode will decrease. This decrease in energy will reduce the strength of the

resulting scattering when a particle interacts with a particular mode. Opposing this

reduced scattering is the increase in the number of potential scattering interactions

resulting from the increase in the number of modes. Therefore, what the first ques-

tion is fundamentally asking is this: “How many modes are required such that the

combination of decreased scattering per mode balances out the increase in potential

scattering interactions, resulting in a stable diffusion coefficient?”. Given the QLT

parallel resonance, it can be expected that for a given model the number of waves

required is primarily dependent on the particle energy.
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The second question is related to the amount of energy contained in wave modes

with large wave numbers. Using the general spectrum given by (2.15), the energy per

mode goes to zero as the wave number k goes to infinity. While the implications of

this were discussed in Chapter 5, it was left open as to how large a maximum wave

number is needed for a given parameter set. To address this, consider the following:

as the turbulence energy density (δb2) increases, the amplitude of all the waves used

increases. As it is expected that the scattering is a function of the energy (amplitude)

of the mode the particle is interacting with, this increase in amplitude should increase

the strength of the resulting scattering. Conversely, decreasing the turbulence energy

density decreases the wave amplitude, lowering the scattering strength. Based on this

reasoning, it should be expected that if there is a difference in the required maximum

wave number for the parameters considered, it will be most obvious when comparing

δb2 = 0.2 and δb2 = 2.0.

C.1 Rigidity: R = 0.01

The running diffusion coefficients for R = 0.01 and turbulence energy density

ratios of δb2 = 0.2 and δb2 = 2.0 are shown in Figures C.1 and C.2, respectively,

for various values of N and M . It can clearly be seen that the results for the lower

turbulence energy density are more dependent on the number of parallel waves than

the higher turbulence energy density.

Averaging over the different values of M (sub–figures (c) and (d) C.1 and C.2)

used indicates that for the low turbulence energy a minimum of N = 256 parallel

modes are needed. For the higher turbulence energy density, the parallel results are

not as clear due to the fluctuations in the N = 128 results. In the perpendicular

data however, values of N > 128 produce nearly identical results. As a result, it was

determined that the minimum value of N = 256 would be used in further simulations.

Having established the number of parallel waves needed, the next step was to

determine the required number of perpendicular waves. From sub–figures (e) and (f)

in C.1 and C.2, it can be seen that the value of M has very little effect on the results.

The apparent difference in effect on the perpendicular transport can be attributed to

noise in the results, due to the fact that the effect reverses itself between the high

and low energy fields.1 Based on this, the number of perpendicular waves to be used

1The effect could also be real, although it is quite small compared the effect of the number of
parallel modes.
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(a) Parallel transport: raw data (b) Perpendicular transport: raw data

(c) Parallel transport: averaged data,
parallel wave mode density

(d) Perpendicular transport: averaged
data, parallel wave mode density

(e) Parallel transport: averaged data,
perpendicular wave mode density,
N = 256

(f) Perpendicular transport: averaged
data, perpendicular wave mode density,
N = 256

Figure C.1: The effect of wave number density on the running diffusion coefficients
for particles with R = 0.1 and δb2 = 0.2. Colour coding: sub–figures (a)–(d), number
of parallel wave modes; sub–figures (e)–(f), number of perpendicular wave modes.
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(a) Parallel transport: raw data (b) Perpendicular transport: raw data

(c) Parallel transport: averaged data,
parallel wave mode density

(d) Perpendicular transport: averaged
data, parallel wave mode density

(e) Parallel transport: averaged data,
perpendicular wave mode density,
N = 256

(f) Perpendicular transport: averaged
data, perpendicular wave mode density,
N = 256

Figure C.2: The effect of wave number density on the running diffusion coefficients
for particles with R = 0.1 and δB2 = 2.0. Colour coding: sub–figures (a)–(d), number
of parallel wave modes; sub–figures (e)–(f), number of perpendicular wave modes.
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(a) Parallel transport (b) Perpendicular transport

(c) Parallel transport (d) Perpendicular transport

Figure C.3: The effect of the maximum wave number on the running diffusion coeffi-
cients for particles with R = 0.01 and δb2 = 0.2. Results are colour coded based on
the maximum wave number. Top: Tmax = 104. Bottom: Tmax = 5 · 104.

at this rigidity was set to 16.

The final quantity that was determined is the maximum parallel mode required.

While the number of parallel and perpendicular waves needed are assumed to be

independent, the same assumption cannot be applied to the the relation between the

number of parallel waves and the maximum parallel mode. For simplicity, in this

work the assumption that is made in this work is that the required number of waves

per order magnitude is constant, such that

Nd =
N − 1

log10

(
kmax
10−5

) , (C.1)

which allows for N and kmax to be determined independently. From the initial value

of kmax = 103 and 256 parallel modes, the minimum mode density is 31.875 waves
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(a) Parallel transport (b) Perpendicular transport

(c) Parallel transport (d) Perpendicular transport

Figure C.4: The effect of the maximum wave number on the running diffusion coeffi-
cients for particles with R = 0.01 and δb2 = 2.0. Results are colour coded based on
the maximum wave number. Top: Tmax = 104. Bottom: Tmax = 5 · 104.

per order magnitude. Using the previously listed guidelines, the number of waves per

order magnitude used is Nd,used = 2ceil(log2(Nd)) + 1 = 33. Figures C.3 and C.4 shows

the effect of increasing the number of modes. Unfortunately, due to a calculation error

at the time, the Fourier mode density for the lower energy turbulence (Figure C.3)

was set to Nd = 17, not Nd = 33. Since there is clear separation between the parallel

transport results for kmax = 103 and kmax = 104 for the higher energy turbulence

(Figure C.4), the maximum Fourier mode at low particle energies (R = 0.01, 0.1)

was set to kmax = 104 with N = 288 parallel modes for higher energy turbulence

(δb2 = 1, 2).

Once the initial calibration of the field has been completed, it does not need to be

redone in its entirety when changing the particle energy. Rather, it simply needs to
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be verified for each new rigidity, which can be done using fewer data sets. Table C.1

shows the calibration results for the noisy slab turbulence model, and is an extension

of Table 6.2.

Rigidity Field Energies N M Kmax Source

0.01 0.2, 0.5 256 16 103 This work
0.01 1.0, 2.0 288 16 104 This work

0.10 0.2, 0.5 256 16 103 This Work
0.10 1.0, 2.0 288 16 104 This Work
0.10 1.0 128 16 103 Shalchi and Arendt (2024b)

1.00 0.2, 0.5 128 64 103 This Work
1.00 1.0, 2.0 288 64 104 This Work

1.00 0.2, 0.5 256 64 103 This Work
1.00 1.0, 2.0 320 128 105 This Work

Table C.1: Noisy slab model parameters per rigidity and field energy, determined by
calibration.

A critical point to consider is that the maximum time used for the low energy

particles (R < 1) is smaller than the time required for the system to reach a diffusive

state in the perpendicular direction. This is, of course, due to the fact that normal

diffusion is not restored until a much later time (see Figure 6.1). As such, the apparent

lack of effect from the number of perpendicular modes on the diffusion coefficients is

due to the simulation time. It is entirely possible that the number of perpendicular

modes needs to be higher than 16 for R < 1 for accurate calculations, but time

required to do so makes such a determination unfeasible.

As discussed in Chapter 6, several modifications to the parameters used in Shalchi

and Arendt (2024b) needed to be made in order to make the simulations feasible.

Beyond increasing the time step and reducing the number of particles, the values of

N and Kmax were modified, as can be seen in Table C.1. This was done to keep

the maximum run time per particle to under seven days, as was required by the

computational servers used to perform the simulations for this work.

C.2 Numerical Method and Statistics Testing
In addition to calibrating the magnetic turbulence parameters, both the numerical

method and the statistical fluctuation in the diffusion coefficients were tested. To
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(a) Parallel diffusion coefficient. (b) Perpendicular diffusion coefficient.

Figure C.5: Comparison of the running diffusion coefficients from simulations using
the IRM33 and RK4 methods. As the non–adaptive RK4 method requires an addi-
tional evaluation of the magnetic field per time step (see Appendix A), it could not
be run out to as large a maximum time.

test the numerical method, the non–adaptive 4th order Runge–Kutta method was

employed using N = 64 and M = 256 as listed in Hussein et al. (2015), as well

as with N = 256 and M = 64, since it was found that the number of parallel

modes had an effect on the diffusion coefficients. Since the Runge–Kutta method

requires an additional field evaluation per time step and the simulations were done

for comparison purposes rather than to reach normal diffusion, these were only run

out to T = 104. The innate perpendicular energy loss from the Runge–Kutta method,

described in Appendix A.1.4.1, is estimated to be on the order of 10−5 or smaller,

and therefore not important in this example.2 Figure C.5 shows the results of this,

where it can be seen that there is little to no difference between the two Runge–Kutta

simulations. While the Runge–Kutta simulations have running diffusion coefficients

that are slightly larger than those computed from the IRM method simulations, this

difference needs to be viewed in the context of the statistical fluctuations on the

results.

In order to test the level of statistical fluctuations in the diffusion coefficients,

simulations with the basic slab model were performed. These simulations used 3600

particles with R = 1, moving in slab turbulence comprised of 256 modes and a

2Using dT = 0.02 and Tmax = 107, as was required to find diffusion for low rigidity particles in
noisy slab turbulence, has the potential for a much higher energy loss.
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field energy density of δb2 = 1. This was repeated 90 times in order to measure

the statistical fluctuations, illustrated in Figure C.6. The black lines are the resulting

running diffusion coefficients, while the grey lines are the running diffusion coefficients

for the 90 individual data sets. Assuming a Gaussian distribution, the expected

fluctuation level is calculated as the time averaged ratio of the standard deviation to

the mean. This results in a fluctuation level of 2.4% for the parallel coefficient and

3.7% for the perpendicular coefficient. Due to these results, the number of particles

per noisy slab and full 3D data set was set to a minimum of 6000 particles. The

reason for using the basic slab model for the statistical fluctuation analysis is that

the simulations do not require a significant amount of time to complete.

(a) Parallel diffusion coefficient. (b) Perpendicular diffusion coefficient.

Figure C.6: Statistical fluctuations in running diffusion coefficients using slab turbu-
lence. Black: average running diffusion coefficient. Grey: running diffusion coefficient
of individual data sets.
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