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Abstract 

Industrial robots are widely used in manufacturing operations such as drilling, 

welding, and painting. In recent years, robots have gained significant attraction for aerospace 

machining (material removal) as well. Compared to conventional CNC machine tools, robots 

have higher versatility and a lower cost. However, robotic arms suffer from low structural 

stiffness, which leads to deflection errors under machining loads, as well as vibrations during 

high speed motions of the arm. To tackle these issues, this thesis presents a systematic 

framework for the prediction and pre-compensation of positioning errors to improve the 

accuracy of machining robots. 

The kinematic and compliance models of a Stäubli RX-90 industrial robot are first 

formulated mathematically. In the developed model, it is assumed that the links of the robot 

are rigid, and therefore all flexibilities originate from the joints. A cutting force model is 

developed to predict the machining forces exerted on the robot’s end-effector (i.e. milling 

tool) during 3-axis milling operations. The predicted forces are combined with the 

compliance model of the robot to determine the structural deflections during machining. 

In order to reduce the residual vibrations of the robot in high speed motions, the 

concept of input shaping is introduced. It is shown that input shaping can distort the reference 

toolpath, which leads to the deviation of the actual machining path from the desired 

trajectory, also known as contour error. 

Finally, a systematic framework is proposed to predict and compensate for 

positioning errors in robotic machining. The developed model can determine the contour 

errors caused by both cutting force-induced deflections and input shaping distortions. The 

model then adjusts the joint commands to compensate for the predicted errors. The entire 

framework has been programmed in MATLAB, and simulation results prove that the 

proposed framework can significantly reduce contour errors in robotic machining. 
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1 Introduction 

 Over the past few decades, computer numerical control (CNC) machines have been 

extensively used for industrial machining operations such as milling, drilling, and grinding. 

However, despite their high accuracy and stiffness, CNC machines are not always the best 

option since they are expensive to operate and have a relatively small workspace. Industrial 

robots have gained attraction for machining soft materials due to their cheaper price and 

larger workspace. The advancement in technology has led to increased mechanical 

capabilities and faster production rates of industrial robots, which has resulted in a worldwide 

growth in the use of robotics in automotive and metalworking industries.  

One of the main advantages of machining robots is flexibility and versatility. It is 

easy for a robot to switch from one task to another, e.g. drilling, trimming, etc. Various 

operations can be conducted using the Tool Center Point (TCP). Machining robots can 

operate with multiple serial axes and thus have a larger workspace than CNC machines. A 

medium-sized machining robot, for example, has a working volume of 7 to 8 cubic meters. 

These strengths enable machining robots to process items of almost any size and complexity. 

Furthermore, lower costs, greater work volume, various add-on functions such as computer 

vision systems, all make industrial robots a more attractive option. 

However, there are several fundamental challenges in robotic machining operations. 

One major difficulty is that the achievable accuracy and tolerance of final parts are limited. 

Robot accuracy is affected by many elements. In robotic machining applications, in 

particular, there are many sources of error that can be categorized into two major groups: 

geometrical errors and non-geometrical errors.  

Geometrical errors, commonly known as metrology errors, are caused by the 

discrepancy between the nominal and actual dimensions of a robot's structural components 

(e.g. links). Assembly errors, e.g. in the form of misalignments of components, may also lead 

to positioning errors at the TCP. Geometrical errors stemming from imperfections in link 

dimensions and joint misalignments can typically be reduced by amending the model 
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parameters used in the controller. There are many calibration methods that can directly detect 

and correct the difference between the actual and theoretical geometric parameters. 

Non-geometrical errors originate from many sources. For example, external force or 

moment applied to the end-effector during contact tasks such as machining can result in 

significant deformation of robot joints and thus deflection errors at the TCP. The interaction 

between the machining tool and workpiece causes so-called compliance errors, which are the 

most common reason for the violation of part tolerance in robotic machining. Compliance 

errors can be larger than 1 mm in machining metals with industrial robots, which violates 

typical part tolerance (<0.2 mm). In order to improve the accuracy and quality of robotic 

machining operations, this thesis focuses on the modeling and compensation of compliance 

errors as one of the dominant sources of positioning errors in robotic milling. 

Compliance errors depend substantially on the configuration of the robot. The size of 

the errors is related to the stiffness of the robot and the magnitude of the external forces 

exerted on it. The stiffness of commonly used articulated industrial robots is significantly 

smaller than 1 N/µm, and varies considerably in the workspace as a function of pose and 

reach. This thesis assumes each joint of the robot as a linear torsional spring since the 

flexibility of robots stems from the compliance of the gear reductions in the joints. Since the 

reflected force and torque on each joint depends on the kinematic chain, the deformation of 

each component varies in the workspace even for constant TCP forces. In machining 

processes, cutting forces change considerably along the machining toolpath due to variation 

in chip thickness (removed material). These factors complicate the compensation procedure 

significantly. 

Another category of non-geometrical errors is the errors caused by the control system, 

e.g. due to the tracking errors between the commanded and actual joint angles. High speed 

industrial robots exhibit large vibrations during rapid movements. To reduce residual 

vibrations, reference joint commands are typically shaped (filtered) to avoid the excitation 

of the structural modes of a robot. However, in a path following task, filtering methods distort 

the nominal reference trajectory and lead to deviations between the actual and desired path. 
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This thesis proposes a method for modeling and pre-compensation of contour errors induced 

by command shaping methods.  

In present-day research, there are typically two strategies for compensation of 

compliance errors in machining robots. If the compliance error is not very large and the robot 

controller is accessible with the software, the compliance error can be compensated through 

modifying the robot model as shown in Figure 1.1. This is a methodology for the on-line 

reinforcement of the requisite model. 

In the actual motion of the robot, the conversion from the joint coordinate frames to 

the global Cartesian space is a rough approximation due to uncertainty in kinematic 

parameters. Therefore, the theoretical kinematic model and the stiffness matrix applied in 

the robot controller need to be fine-tuned to more accurately match the actual machining 

scenario. This approach is difficult to implement in practice because most robot controllers 

for commercial industrial robots have a closed architecture and do not allow modifications. 

 

Figure 1.1: Robot Model Modification Method 

Another option is to pre-compensate for contour errors by adjusting the input 

commands for the machining trajectory. This approach prior to the compensation involves 

some offline computation, as depicted in Figure 1.2. In the Cartesian space, the intended 

trajectory is interpolated into separate reference coordinate points. Before inputting the 
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reference coordinates into the robot controller, the path is corrected by the appropriate 

contour error prediction and compensation model, which then brings the actual output 

trajectory closer to the desired trajectory.  

 

Figure 1.2: Input Trajectory Modification Method 

This method is centered on the prediction of the deviation between the desired and 

actual path, which is the so-called contour error along the trajectory. The stiffness matrix 

describing the distribution of stiffness properties in the workspace, as well as the predictive 

model of the cutting forces applied to the end-effector during machining, are important 

factors in predicting profile errors. Both the aforementioned can be derived from algorithms 

in a specialized machining process. 

The noticeable strength of the technology is that it can be used to compensate for all 

types of robotic contour errors, including geometric and non-geometric errors. Hence, it is 

very appealing for industrial purposes. To efficiently implement this method into robotic 

machining, this thesis presents substantial modifications to this technique, enabling it to 

effectively compensate for cutting forces as well as other sources of contour errors. The 

compensation methodology proposed in this thesis follows the approach shown in Figure 

1.2, i.e. by modifying the path and correcting the input commands. 

The chapters of the thesis are organized as follows: Chapter 2 reviews related 

literature and prior research on the modeling and error compensation of robotic machining 
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systems. The kinematics and compliance modeling of industrial robots are presented in 

Chapter 3. Chapter 4 develops a systematic model to predict positioning errors in robotic 

machining. The proposed method for pre-compensation of contour errors is presented in 

Chapter 5, and the conclusions and possible future directions are provided in Chapter 6. 
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2 Literature Review 

2.1 Overview 

 Since the invention of robots in the 1940s, the field of robotics has been constantly 

growing. After several decades of development, robotics has now become an essential part 

of industrial and personal environments. Robots are able to replace humans in dangerous, 

tedious, and boring jobs. Machining applications with industrial robots such as milling, 

drilling, and grinding are not uncommon nowadays. Industrial robots have some unique 

advantages over traditional machining systems. One robot can do various kinds of machining 

by simply replacing the end-effector with different tools, which is cheaper and more energy 

efficient. Robots are capable of working tirelessly and can be used in dangerous conditions 

with no concern for life safety. These advantages allow machining robots to work with items 

of almost any shape, size, and complexity.  

However, the low stiffness compared to conventional machine tools will result in 

positioning errors. The usage of robots in many areas is limited due to their poor accuracy. 

The long kinematic chain and structure flexibility of robots are mainly responsible for the 

inaccuracy. In addition to the existence of contact forces during operations that can cause 

deformation of the robot structure and loss of positioning accuracy, there may be critical 

low-frequency chatter during robotic machining like milling and deburring, which is more 

likely to occur due to low stiffness. Moreover, when machining parts with complex curved 

surfaces, the depth and width of the cut are non-uniform, resulting in large variations in 

cutting forces, which will produce uneven deformation.  

This chapter briefly reviews the state-of-art technologies and remained challenges in 

modeling and compensation of deflection errors in robotic machining. Section 2.2 lists the 

methodologies of modeling robot kinematics and compliance. Section 2.3 focuses on various 

sources of positioning errors in the machining process. Estimation and compensation 
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approaches for improving contouring accuracy are presented in Section 2.4. A brief summary 

is presented in Section 2.5 at the end of the chapter. 

2.2 Robot Kinematics and Compliance Modeling 

The low stiffness of robots causes numerous challenges when it comes to performing 

machining operations, therefore, the stiffness of a robot must be studied and analyzed to 

improve its machining capabilities. Robot stiffness describes the ability of a robot to resist 

deformation in response to an external force.  

It is important to determine which parts of the robot cause the most deformation. 

Since the Cartesian stiffness matrix at the end-effector varies with the robot's pose, it cannot 

be modeled as a fixed matrix. Instead, the stiffness matrix must be expressed as a function 

of joint stiffness and robot pose, and thus the kinematics of the robot must first be modeled. 

Kinematic modeling and model identification are important topics in the robotic 

theory and have been widely discussed in the literature. Denavit and Hartenberg [2] 

introduced a systematized representation of the kinematic chains that are well known as the 

D-H convention, which is a comprehensive description of the kinematic properties of robot 

mechanisms provided by specific equations and matrix algebra.  

Models based on the D-H parameters are quite intuitive and commonly used in the 

rigid kinematic analysis of robots. Simulation software can be developed based on the 

solutions of forward and inverse kinematics derived through the D-H convention [3]. 

Sicliano and Khatib [4] provide the latest knowledge on different aspects of rapidly evolving 

robotics, as well as the comprehensive methodology of the D-H convention and mutations 

of it. Different D-H convention variants are compared in the studies of sizing mechanical 

constraints guiding the system in the book by McCarthy and Soh [5].  

Research on robotic machining was first reported in the 1990s. Although there has 

been continuous research on robotic machining all over the world since then, poor accuracy 

is still the key constraint for the widespread use of robotic machining [6]. As stated in [7], 

the stiffness of the robot is determined by the compliance of the joints, actuators, and so forth, 
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which is not time-dependent. To keep the computation simple, it is commonly assumed that 

the linkage is rigid and considering only the joint stiffness since most robots have greater 

joint flexibility relative to the links.  

Abele et al. [8] describe how to model the robot structure and identify its parameters 

by focusing on the stiffness of the system; they presented a method for computing Cartesian 

stiffness on account of the combination of polar moment of stiffness and Jacobian matrices. 

The Jacobian matrix represents the interrelationship between joint velocities and Cartesian 

velocities of the end-effector [9].  Several enhanced stiffness models that contain passive and 

active stiffness are proposed for flexible joints and rigid link robots [7][10]. The regular 

stiffness formula is improved by considering changes in the configuration of the robot and 

the resulting active stiffness. 

Compliance is the inverse of stiffness, which refers to flexibility and suppleness in 

robotics. Both the terminology is intended to describe the compliant or non-stiff 

characteristics of robots. The Cartesian space stiffness matrix is usually used to define the 

industrial robot compliance model, which can be calculated by loading the robot in the 

desired configuration [11]. Optimization techniques based on static and dynamic stiffness 

models are introduced in [12]. The difference between the static and dynamic stiffness is 

whether to take the inertial and viscous effects of mass and damping components into account.  

Bruder et al. [13] proposed a compliance identification method based on the 

Koopman operator theory. This method does not need the manual tuning of training 

parameters. Enhanced accuracy is achieved by using deflected circular trajectories to analyze 

the joint compliance [14]. 

The most commonly used analytical method for deducing the Cartesian space 

stiffness matrix is by calculating the Jacobian matrix [15], which can analyze the compliance 

effects of each joint. It is also possible to determine the stiffness parameters of the robot 

experimentally using static or dynamic loading [16]. 
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2.3 Positioning Error Sources in Robotic Machining 

There are two major sources of error in robotic machining: cutting force-induced 

errors and motion errors [17]. Typical motion errors are, for example, kinematic and dynamic 

errors, intrinsic to the controller of the robot. Cutting forces in excess of hundreds of Newton 

may easily lead to errors larger than 1mm, especially in milling operations [8]. As opposed 

to motion errors, machining forces only produce errors in contact cases and are a major 

contributor to surface errors. When robots are required to perform accurate operations such 

as machining, the positioning accuracy can be severely hampered by the deflection errors. 

Any deformation of the robot's articulated joints will result in deviation of the robot's 

end positions. Even if the same force is applied, the robot tool tip displacements are varied 

based on the compliance model in different workspace positions. In addition to static 

deflections, robots may exhibit low- and high-frequency vibrations as well [18]. The 

displacements and oscillations are even more pronounced at high speeds, making the robot's 

trajectory accuracy worse. 

The cutting force in industrial machining cannot be determined by a single formula, 

as it is not a fixed value. Its variation can be analyzed by modeling of the machining process. 

The final form of cutting force prediction models in different operations is introduced 

systematically in Altintas’ studies in metal cutting mechanics [19]. Nikolaos and Aristomenis 

[20] proposed a computer-aided-design (CAD) based simulation method to calculate the 

cutting force of each edge in the machining process.  

Cutting force prediction models have been extensively used and improved in today's 

research, e.g. in electrochemical machining [21], drilling [22], grinding [23], turning [24][25], 

and milling [26]. Both static and dynamic deformations in machining have been modeled by 

the mechanistic model proposed in [27] and [28].  

Besides deflection errors generated by machining forces, contour errors caused by 

command shaping (filtering) are also considered in this thesis. These errors are caused by 

trajectory distortions due to a time delay in shaped reference commands. Input shaping is an 

efficient method first presented by Singer and Seering [29] to reduce inertial vibrations by 
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creating a command signal that cancels its own vibration. Therefore, the vibration excited by 

the latter part of the command signal can cancel out the vibration of the former part. Input 

shaping filters have been successfully applied to the input commands to avoid residual 

vibrations in CNC machines [30] and industrial robots [31]. 

Input shaping is achieved by convolving original joint commands with a sequence of 

self-canceling impulses, called an input shaper. Input shapers effectively block the harmonics 

of the command that coincide with the structural modes of the robot. The derivative 

constraints used for zero-vibration-derivative (ZVD) shaper are derived mathematically in 

[32]. Input shapers avoid exciting the structural natural frequency, but they may distort the 

reference toolpath [30]. The length of the shaped command is not the same as the length of 

the original unshaped command. This time delay may cause contour errors in multi-axis 

toolpaths, which is one of the sources of positioning errors compensated in the thesis. 

2.4 Contour Error Estimation and Compensation 

  The purpose of robot error compensation is to compensate for contour errors, taking 

into account all aspects of the process to improve actual manufacturing accuracy. Estimation 

of contour errors is a key factor in compensation. The calculation is either from the polar [33] 

or the Cartesian coordinates [34]. In either coordinate system, the deviation between the 

actual path and the desired path can be computed simultaneously and accurately to obtain an 

array of contour errors along the path.  

Cheng and Lee [35] put forward a real-time algorithm for the calculation of contour 

errors in XY planes using the line-segment approximation. The estimation of spatial contour 

errors is more sophisticated. An iterative approach to calculate three-dimensional contour 

errors of an arbitrary smooth path is introduced by Khalick and Uchiyama [36]. This 

algorithm also works for complex contours with large curvature. 

Many researchers have tried to compensate for the various errors in industrial 

manufacturing processes and have achieved great results. A motion control strategy that 

incorporates a combination of vibration avoidance and friction compensation technologies is 
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introduced in [37], while sliding mode control (SMC) can be implemented to compensate for 

disturbances and significantly reduce tracking errors in machining [38].  

Another option to compensate for friction characteristics is to use feedforward 

friction compensator, which is discussed both analytically and experimentally in [39]. 

Friction and torque are modeled in the compensator with simple numerical modeling, and 

the calculated friction torque is added to the command [40]. Moreover, a method based on 

the tool dynamics that can eliminate the intrinsic contour errors induced in the coordinate 

frame transformation is proposed in [41].  

To compensate for machining errors, Huang et al. [42] proposed a dynamic method 

on the basis of the coarse-to-fine principle, which can track the path at high speed. 

Khoshdarregi et al. [43] correct the axis commands to pre-compensate the predicted contour 

errors in conventional CNC machines. Similarly, the deviation of the tooltip is also pre-

compensated in [44]. Zeng et al. [45] proposed a positional error compensation method that 

does not require identification or modification of the kinematic parameters. The exact 

amount of compensation of each joint is calculated using a body frame in [46]. 

Schneider et al. [47] introduced a modular approach that can be applied for 

compensation both offline and online. To improve the efficiency of compensation, a new 

method that contains two-dimensional manifolds is proposed [48]. The two-dimensional 

manifolds can reduce the workspace’s dimensionality. An artificial neural network is used 

by Nguyen et al. [49] to compensate for the non-geometric errors in robotic machining. 

Although various compensation methods mentioned above are efficient, most of them 

are applied to conventional CNC machine tools. There is still a need to develop compensation 

strategies for robotic machining systems. This thesis provides an analytical method for pre-

compensating contour errors, which can be utilized to compensate for various sources of 

error in robotic machining. 
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2.5 Summary 

A brief review of the topics of modeling and compensation of positioning errors in 

robotic machining is presented in this chapter. Several methodologies are proposed to 

develop the kinematic and compliance model of industrial robots. Various sources of 

positioning errors are discussed, in which cutting force-induced errors are most significant. 

Command shaping techniques for vibration avoidance are reviewed; such techniques lead to 

a considerable delay to the path, which also induces contour errors. To estimate such errors, 

prediction models for cutting forces and tooltip displacements in real-time are introduced.  

This thesis proposes an integrated technique to compensate for contour errors due to both 

forces induced deflections and trajectory distortions caused by commands shaping 

techniques. 
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3 Modeling of Robot Kinematics and Compliance 

3.1 Introduction 

Robot kinematics is the study of the movement of the multi-degree of freedom 

structure of the robotic system. By applying geometry methodologies to the robot, the 

dimensions of the kinematic chain can be related by a set of kinematic equations, which is 

significant in planning and controlling robot movement. The positioning accuracy of 

industrial robotic manipulators depends upon a kinematic model that describes the robot 

geometry in a parametric form [50].  

Besides the kinematic model, the compliance model of the industrial robot is also a 

key factor in the accurate prediction of the end-effector coordinates. Compliance is opposite 

to stiffness; compliance model of a robot is a numerical reflection of the flexibility and 

suppleness of the robot, and can intuitively and reliably predict the deformation of the robot 

structure under any external force. 

This chapter is organized as follows: Section 3.2 briefly introduces the configuration 

of a Stäubli RX-90 industrial robot studied in this thesis. Section 3.3 develops the forward 

and inverse kinematic model of the robot and provides validations. Section 3.4 derives the 

compliance model of the robot with some assumptions: The links of the robot are assumed 

as infinitely stiff and the joints are providing pure rotation. The investigations presented in 

this chapter are summarized in Section 3.5. 

3.2 Experimental Platform: Stäubli RX-90 Industrial Robot 

In this thesis, modeling and analyses have been performed based on a Stäubli RX-90 

industrial robot shown in Figure 3.1. This robot has 6 rotary joints and is a typical example 

of 6-degree of freedom robotic manipulators used widely in the industry. 
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Figure 3.1: Configuration of Stäubli RX-90 Industrial Robot [51]. 

The nominal payload is 6 kg and the maximum payload is 11 kg. The arm assembly 

has a reach of 985 mm with a repeatability of 0.02 mm. The overall dimensions of the Stäubli 

RX-90 industrial robot are shown in Figure 3.2. 
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Figure 3.2: Overall Dimensions (mm) of Stäubli RX-90 Industrial Robot [51]. 

3.3 Kinematic Modeling 

An industrial robot is made up of several linkages, which are joined together by a 

series of joints. If a coordinate system is fixed to each link, a homogeneous transformation 

matrix can be used to relate the positions and orientations between these coordinate systems. 

This transformation matrix is commonly used to solve kinematic problems in industrial 

robots. 

There are two cases of kinematic problems: forward and inverse kinematics. A 

forward kinematic problem computes the position and orientation of the end-effector with 
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known joint parameters of the robot. Forward kinematics is typically straightforward for 

serial robots and leads to a unique solution for the end-effector position given a set of joint 

angles. 

An inverse kinematic problem is to compute the angles of each joint that achieve a 

specified position and orientation of the end-effector with knowledge about the dimensions 

of the links. Inverse kinematics is typically more complicated than forward kinematics for 

serial robots. General robot configurations with rotary and translational joints normally 

require cumbersome numerical solutions. However, there are certain robot designs that have 

analytic inverse kinematics, although these robots still face multi-solution problems, which 

require further validity checks and optimization. 

3.3.1 Transformation Parameters and Matrices 

The study of the robot's posture and motion is key to the overall kinematics of a robot, 

which is closely related to the length of the links, their interrelationship, and the motion types 

of each joint. Therefore, when investigating the position of the end-effector related to the 

base, it is necessary to analyze the interaction between the two connected joints, that is, to 

attach the reference coordinate frame to the links of a spatial kinematic chain. 

A common convention for selecting reference frames in robotics is the Denavit and 

Hartenberg (D-H) convention, which was introduced by Jacques Denavit and Richard S. 

Hartenberg [2]. 

The reference coordinate frames of Stäubli RX-90 industrial robot are laid out as 

provided in Figure 3.3, which follows the D-H convention. Z1 …… Z6 are the axes of 

rotation for the joints, within which Joint 2 rotates perpendicular to Joint 1. Joint 4 intersects 

with Joint 5 and Joint 6 to form a “wrist” at the end of the robot arm. 
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Figure 3.3: D-H Convention Frame Layout for Stäubli RX-90. 

The following four transformation parameters, known as D-H parameters, are used 

to translate the coordinates from one link to the next: 

𝑑𝑖: link offset. The distance along the common axis. 

𝜃𝑖: joint angle. The amount of rotation about the common axis. 

a𝑖: link length. The length of the common normal. 

α𝑖: twist angle. The amount of rotation about the common normal axis. 

Eighteen parameters are required to completely establish the transformation frame of 

a 6-joint robot. The D-H parameters of the Stäubli RX-90 industrial robot are provided in 

Table 3.1, where 𝑖 = 1,2, . . . ,6 is the number of links. Table 3.2 provides the constant values 

of the non-zero link lengths and link offsets. 
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Table 3.1: D-H Parameters of Stäubli RX-90 Industrial Robot 

𝒊 𝒂𝒊−𝟏 [deg] 𝐚𝒊−𝟏 [mm] 𝒅𝒊 [mm] 𝜽𝒊 [deg] 

1 0 0 d1 θ1 

2 -90 0 0 θ2 - 90 

3 0 a2 0 θ3 + 90 

4 90 0 d4 θ4 

5 -90 0 0 θ5 

6 90 0 d6 θ6 

 

Table 3.2: Constant D-H Parameter Values 

Parameter d1 a2 d4 d6 

Values [mm] 420 450 650 85 

 

The coordinate transformations along a serial robot consisting of n links form the 

kinematic equations of the robot. According to the modified D-H convention, the 

transformation matrix is given by the following order of operations [2]: 

 

1 1

1

1 1

1

1 1 1 1

1 1 1 1

( ) ( ) ( ) ( )

      0

                     

                 

0 0 0 1

n n n n

n

x n x n z n z n

n n n

n n n n n n n

n n n n n n n

nT Rot Trans Rot Trans d

cos sin a

sin cos cos cos sin d sin

sin sin cos sin cos d cos

  

 

     

     

− −

−

− −

−

− − − −

− − − −

=   

− 
 

− −
 =
 
 
 

 (3.1) 

This matrix represents the pose (position and orientation), where the first three columns 

describe rotation and the last column represents the translation of a frame. Once the 
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transformation matrix is determined by known parameters, the D-H notation gives a standard 

homogeneous transformation methodology to derive the kinematic equations of the robot. 

 0 0 1 2 3 4 5

6 1 2 3 4 5 6* * * * *T T T T T T T=  (3.2) 

Eq. (3.2) is the required forward kinematic equation. The final expression of it is a square 

matrix of size 4 as follow: 

 0

6

0 0 0 1

x x x x

y y y y

z z z z

n s a p

n s a p
T

n s a p

 
 
 =
 
 
 

 (3.3) 

The forward kinematic equation is composed of three-unit vectors n, s, a that describe 

the tool orientation in the so-called approach, sliding, and normal directions. The last column 

is the position vector p, which presents the end-effector coordinates in the robot frame. 

3.3.2 Forward Kinematic Model 

According to Eq. (3.1) and the D-H parameters in Table 3.1, the transformation from 

each coordinate system to the previous coordinate system of Stäubli RX-90 industrial robot 

can be described as follow: 
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1 1 2 2

1 10 1

1 2

1 2 2

3 3 2 4 4

3 32 3

3 4

    0 0 cos 0 0

    0 0 0 0 1 0
               

0 0 1 cos sin 0 0

0 0 0 1 0 0 0 1
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0 0 1 0

0 0 0 1

cos sin sin

sin cos
T T

d

sin a cos sin

T T

   

 

 

   

 

−   
   
   = =
   −
   
   

− − − 
 

− −
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 
 
 

4

4 4

5 5 6 6

64 5

5 6

5 5 6 6

1

0 0

0 0 0 1

    0 0 0 0

0 0 1 0 0 0 1
             

    0 0 0 0

0 0 0 1 0 0 0 1

d

sin cos

cos sin cos sin

d
T T

sin cos sin cos

 

   

   

 
 

−
 
 
 
 

− −   
   

− −
   = =
   − −
   
   

 (3.4) 

The D-H parameters of the Stäubli RX-90 industrial robot presented in Table 3.2 are 

substituted into the above matrices. 𝑇6
0  is then formed by the multiplication of all individual 

transformation matrices as shown in Equation (3.2). The final expression of the forward 

kinematic model in Eq. (3.3) is then: 

( ) ( )

( ) ( )

( )

( ) ( )

( )

1 4 6 4 5 6 1 23 4 6 4 5 6 23 5 6

1 4 6 4 5 6 1 23 4 6 4 5 6 23 5 6

23 4 6 4 5 6 23 5 6

1 4 6 4 5 6 1 23 4 6 4 5 6 23 5 6

1 4 6 4 5 6

           

         

   

         

   

x
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z

x

y

n s c s s c c c c s s c c c s s c

n c c s s c c s c s s c c c s s c

n s s s c c c c s c

s s c c s c s c c s c c c s s s s

s c c c s c s s

 = − + − − + 

 = + − − + 

= − −

 = − + − + − 

= − − ( )

( )

( )

( )

( )

( )

1 23 4 6 4 5 6 23 5 6

23 4 6 4 5 6 23 5 6

1 23 5 23 4 5 1 4 5

1 23 5 23 4 5 1 4 5

23 5 23 4 5

1 23 4 6 5 2 2 6 23 4 5 6 1 4 5

1 23 4 6 5 2 2 6 23 4

   

   

   

   

 

 

 

z

x

y

z

x

y

c s c c c s s s s

s s s c c c s c s s

a c s c c c s s s s

a s s c c c s c s s

a c c s c s

p c s d d c a s d c c s d s s s

p s s d d c a s d c c

 + − 

= + +

= + −

= + +

= −

 = + + + − 

= + + + 5 6 1 4 5

1 23 4 6 5 2 2 6 23 4 5( )z

s d c s s

p d c d d c a c d s c s

  + 

= + + + −

 

(3.5) 

where 𝑐𝑖 = 𝑐𝑜𝑠 𝜃𝑖, 𝑠𝑖 = 𝑠𝑖𝑛 𝜃𝑖 , 𝑐𝑖𝑗 = 𝑐𝑜𝑠(𝜃𝑖 + 𝜃𝑗), 𝑠𝑖𝑗 = 𝑠𝑖𝑛(𝜃𝑖 + 𝜃𝑗). 
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When ∀𝜃𝑖 = 0 (i=1, 2…6), the end-effector position and orientation of Stäubli RX-

90 industrial robot can be computed by Eq. (3.5) as 

( )0

6

1 0 0 0

0 1 0 0
0

0 0 1 1.605

0 0 0 1

iT 

 
 
 = =
 
 
 

 (3.6) 

The developed forward kinematic model has been validated by comparing the results 

against those given by MATLAB’s robotic toolbox. In this case, every joint is set to 0, and 

the visualization of the graphical robot is shown in Figure 3.4. 

 

Figure 3.4: Visualization of the Robot at ∀𝜽𝒊 = 𝟎. 
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The end-effector position and orientation are provided on the output interface: End-

effector coordinate is (0, 0, 1.605) and pitch, roll, and yaw angles are (0, 0, 0). Hence the 

tool orientation and position vectors given by the MATLAB robotic toolbox are as following: 

( )0

6

1 0 0

0 0 1 0

0 0 1

iR 

 
 

= =
 
  

 (3.7) 

( )0

6

0

0 0

1.605

iD 

 
 

= =
 
  

 (3.8) 

It is obvious that Eq. (3.7) and Eq. (3.8) equal to Eq. (3.6) at corresponding columns and 

rows. Therefore, the derived forward kinematic code of Stäubli RX-90 industrial robot is 

validated. 

3.3.3 Inverse Kinematic Model 

Inverse kinematics is the problem of solving for the joint parameters given a known 

pose at the end-effector. In this section, the inverse kinematics of the Stäubli RX-90 industrial 

robot is investigated. A closed-form analytic solution exists in this case. Therefore, pure 

algebraic analytical methods are used instead of numerical methods; this greatly simplifies 

the computation. 

The position of the origin of the wrist frame relative to the base, i.e. 𝐷𝑤 , can be 

determined as 

 

6 6

6 6

6 6

xw x x x

w t

yw y y y

zw z z z

p d a p d a

D p D d a p d a

p d a p d a

−     
     

= = − = −
     
     −     

 (3.9) 

where the parameters are defined in Table 3.2 and Eq. (3.5). 𝐷𝑤 represents the position of 

the wrist origin, which coincides with the origin of Link 4. Hence it can be written as the 4th 

column of the 𝑇4
0  transformation matrix, i.e. 
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4 1 23 2 1 20
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d c s a c sp

d s s a s spD
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   

 (3.10) 

To solve the inverse kinematics, first pre-multiply Eq. (3.2) by 

( )

1 1

1
1 10

1

1

0 0

0 0

0 0 1

0 0 0 1

c s

s c
T

d

−

 
 
−
 =
 −
 
 

, the positional equations associated with Stäubli RX-90 

industrial robot can now be obtained as 

 ( )
1

1 2 3 1 0

2 3 4 4 4 4 1[ * * ] [ ] *
1

wD
T T T T T

−  
= =  

 
 (3.11) 

Equating the left-hand side and right-hand sides of Eq. (3.11) yields  

 

( )
( )

1 1 2 1 22 4 3

1 1 2 1 24 3

1 1

( )

( )

0
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xw yw zw

xw yw zw

yw xw
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p c p s
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   −
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    

 (3.12) 

Similarly, by pre-multiplying these terms with ( 𝑇2
1 )−1  and ( 𝑇3

2 )−1 , and following 

trigonometric relationships, 𝜃1, 𝜃2, 𝜃3 can be solved as 

 

2 2

1

  
2 2

0

yw xwxw

yw

p pp
Atan Atan

p


   +−
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 (3.13) 
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 (3.14) 
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( )

( )

22 2 2 2 2 2 2
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4 [ ]
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xw yw zw

xw yw zw

a d p p p d a d
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

  − + + − − − 
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 (3.15) 

Both 𝜃1 and 𝜃3 give dual-valued functions, so there will be 4 different combinations of 𝜃1 

and 𝜃3. Hence 𝜃2 also leads to 4 different values for any desired wrist position. 

To solve for the final three joint values, i.e. 𝜃4, 𝜃5 and 𝜃6, the four distinct solutions 

obtained for the first three joints are represented by their corresponding matrix, ( 𝑇3
0 )−1, i.e.  

 ( )

1 23 1 23 23 1 23 2 3

1
1 23 1 23 23 1 23 2 30

3

1 1 0 0

0 0 0 1

c c s c s d s a s

c s s s c d c a c
T

s c

−

− + 
 
− − − +
 =
 −
 
 

 (3.16) 

Since 

 ( ) ( )
1

0 0 3

3 6 6 4 5 6* , ,T T T   
−

= , (3.17) 

substituting Eq. (3.16) into Eq. (3.17) yields 
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 
 
 
 −
 
 

 (3.18) 

The left-hand side of Eq. (3.18) is known based on the previously derived equations. 

Therefore, the wrist angles can be obtained as 

 
1 1

4 4

1 23 1 23 23

2  and 180
y x

x y z

c a s a
Atan

a c c a s c a s
 

 −
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 (3.19) 
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1 23 1 23 23

6 6

1 23 1 23 23

2  and 180
x y z

x y z

c s s s s s c s
Atan

c s n s s n s n
 

 + +
=   
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 (3.21) 

4 , 5  and 6  provide dual values for any given 1 , 2   and 3  but not independent of one 

another. If 4 , 5  and 6  represent one solution, then 4 180   , 5−  and 6 180    will 

represent the ‘flipped’ solution. In summary, the inverse kinematics, i.e. i s, can be 

computed by Eq. (3.13)-(3.15) and (3.19)-(3.21). 

To validate the developed inverse kinematic equations of the Stäubli RX-90 industrial 

robot, a MATLAB code was developed to solve the inverse kinematic equations. It is worth 

noting that in the code, the end-effector is assumed to be perpendicular to the ground to 

represent 3-axis robotic milling. In this case, joint 4 remains zero in all solutions. As a test 

point, joint variables  ( )70  20  60  0  50  100 1,2, ,6i i =       =   were first substituted into 

Eq. (3.5), leading to 0

6T  as: 

0

6

0.8872 0.3797 0.2620 0.2716

0.4417 0.5355 0.7198 0.7461

0.1330 0.7544 0.6428 0.9557

0 0 0 1

T

− 
 
− −
 =
 − − −
 
 

 (3.22) 

The inverse kinematic model was then used to determine the joint variables. The given 

solutions are shown in Table 3.3. There are two possible solutions in the workspace. 
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Table 3.3: Joint Variables Solved by Inverse Kinematic Model 

 𝛉𝟏  𝛉𝟐 𝛉𝟑 𝛉𝟒 𝛉𝟓 

1 70   20  60  0  100  

2 -110   -20   -60  0  -100  

 

From Table 3.3, it can be seen that the first solution is the same as the given joint angles. The 

other solution can be tested by substituting Eq. (3.5), which also gives a square matrix that 

is consistent with the given pose. This suggests that the derived inverse kinematic model is 

correct. 

3.4 Compliance Modeling 

There are two values that depict the machining performance of an industrial robot, 

pose repeatability, and pose accuracy [52]. Pose repeatability describes a robot's ability to 

return to the same posture, while pose accuracy describes the capability of a robot to precisely 

reach an ideal position in three-dimensional space. Nowadays, many industrial robots 

commonly have excellent pose repeatability, but poor accuracy. 

For industrial robots with large driving torques, the geometric and elastic 

deformations of the system render it difficult to achieve high positioning accuracy. The 

deformation of the robot, when subjected to external loads, is mainly due to the link's lack 

of rigidity. There are many parameters that determine the stiffness of an industrial robot, e.g. 

compliance of its joints, geometric and material properties of the links, etc.  

Normally, deformations caused by joint compliance is the most dominant type of 

deformity in robotic machining due to the long kinematic chain. Therefore, the following 

analyses of the robot compliance model consider only joint compliance, and the links are 

considered rigid. 
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3.4.1 Jacobian Matrix 

When the joints of the robot move with certain known velocities, the velocity of the 

end-effector can be determined based on the kinematic model. Jacobian matrix provides a 

relationship between the joint velocities and the Cartesian velocities of the end-effector. In a 

6-axis industrial robot, the Jacobian matrix has six columns. There are a variety of methods 

for deriving the Jacobian matrix such as differential and vector methods. By definition, the 

Jacobian matrix contains the first-order partial derivatives of a vector-valued function. 

Consider a set of equations with n variables 1, , nx x , written as: 

 

( )

( )

( )

1 1 1 2 3 4 5 6

2 2 1 2 3 4 5 6

6 6 1 2 3 4 5 6

, , , , ,

, , , , ,

, , , , ,

y f x x x x x x

y f x x x x x x

y f x x x x x x

 =


=


 =

 (3.23) 

Eq. (3.23) can be written in the vector form as: 

 ( )F F X=  (3.24) 

Taking the differential: 

1 1 1
1 1 2 6

1 2 6

2 2
2 1 2 6

1 2 6

6 6 6
6 1 2 6

1 2 6

2

f f f
Y x x x

x x x

f f
Y x x x

x x x

f f f
Y x x x

x x x

  
   

  

 
   

  

  
   

  


= + ++




= + ++





= + ++


 (3.25) 

which in the vector form can be expressed as: 

F
dY dX

x




=  (3.26) 
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Jacobian matrix is the 6x6 partial derivative matrix 
𝛿𝐹

𝛿𝑥
 in Eq. (3.26). Hence the above 

equation can be rewritten as: 

( )dY J X dX=  (3.27) 

Dividing both sides of the above equation with a time differential 𝑑𝑡 yields: 

( )Y J X X=  (3.28) 

Eq. (3.28) gives the relation between velocities in the X frame and velocities in the Y frame. 

Note that the Jacobian matrix is a time-varying transformation. 

In robotics, the Jacobian matrix helps to determine the velocity of the end-effector 

when the joint velocities are known. Based on Eq. (3.28): 

( )X J q q=  (3.29) 

where 𝐽(𝑞) is the robot’s Jacobian matrix, and 𝑋̇ and 𝑞̇ are column vectors representing the 

end-effector and joint velocities, respectively. The end-effector velocity comprises two parts: 

linear velocity (𝑉𝑡) and angular velocity (𝜔𝑡). Hence the above equation can be expanded as: 

 

˙

1

˙

2

˙

6

t

t

J



 





 
 
 

 
 = 
  
 
 
 

 (3.30) 

The Jacobian corresponding to linear velocity, i.e. 𝐽𝑣 , is the first derivative of the position 

functions for x, y, and z of the end-effector, and can be derived as: 
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1 2 3

1 2 3

1 2 3

    

n

v

n

n

x x x x

q q q q

y y y y
J

q q q q

z z z z

q q q q

   

   

   

   

   

   

 
 
 
 

=  
 
 
 
 

 (3.31) 

In the kinematic model of Stäubli RX-90 industrial robot derived in the previous section, let 

the transformation between frame 𝑖 and the base be described as 

0 0 0 0

0

0 0 0 1

i i i i

i

i j k p
T

 
 
 =
 
 
 

 (3.32) 

The number of columns in the Jacobian matrix is equal to the number of joints of the robot, 

i.e.  

( )  61 2      J J J J =  (3.33) 

The column vectors are stated as [57]: 

( )0 0 0

1 1

0

1

i n i

i

i

k p p
J

k

− −

−

  −
=  
  

 (3.34) 

Substituting the vectors from Eq. (3.32) into Eq. (3.34), the column vectors of the Jacobian 

matrix 𝐽𝑖 , 𝑖 = 1,2, … … ,6, are obtained as 

( )

( )

1 23 4 6 5 2 2 6 23 4 5 6 1 4 5

1 23 4 6 5 2 2 6 23 4 5 6 1 4 5

1

 

 

0

0

0

1

s s d d c a s d c c s d c s s

c s d d c a s d c c s d s s s

J

  − + + + − 
 
  + + + − 
 
 =
 
 
 
 
 

 (3.35) 
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( )

( )

( )

1 23 4 6 5 2 2 6 23 4 5

1 23 4 6 5 2 2 6 23 4 5

23 4 6 5 2 2 6 23 4 5
2

1

1

 

 

 

0

c c d d c a c d s c s

s c d d c a c d s c s

s d d c a s d c c sJ

s

c

  + + − 
 
  + + − 
 
− + − − =

 
− 

 
 
 

 (3.36) 

( )

( )

( )

1 23 4 6 5 6 23 4 5

1 23 4 6 5 6 23 4 5

23 4 6 5 6 23 4 5
3

1

1

 

 

 

0

c c d d c d s c s

s c d d c d s c s

s d d c d c c sJ

s

c

  + − 
 
  + − 
 
− + − =

 
− 

 
 
 

 (3.37) 

( )
( )

6 5 1 4 1 23 4

6 5 1 4 1 23 4

6 23 4 5

4

23 1

23 1

23

d s s c c c s

d s c c s c s

d s s s
J

s c

s s

c

 +
 

− 
 

=  
 
 
 
  

 (3.38) 

( )
( )

6 1 23 4 5 1 23 5 1 4 5

6 1 23 4 5 1 23 5 1 4 5

6 23 5 23 4 5

5

1 23 4 1 4

1 23 4 1 4

23 4

( )

d c c c c c s s s s c

d s c c c s s s c s c

d c s s c c
J

c c s s c

s c s c c

s s

 − −
 

− + 
 − +

=  
− − 

 − +
 
  

 (3.39) 
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6

1 23 5 1 4 5 1 23 4 5

1 23 5 1 4 5 1 23 4 5

23 5 23 4 5

0

0

0
J

c s c s s s c c c s

s s c c s s s c c s

c c s c s

 
 
 
 

=  
− + 

 + +
 

−  

 (3.40) 

Substituting Eq. (3.35)-(3.40) into Eq. (3.33) provides the Jacobian matrix of Stäubli RX-90 

industrial robot. 

3.4.2 Compliance Formulation 

The Jacobian matrix relates the Cartesian and joint velocities as shown in Eq. (3.29). 

Multiplying both sides of Eq. (3.29) yields: 

( )dX J q dq=  (3.41) 

where dX  is the vector of infinitesimal displacements at the end-effector, and dq  is the 

corresponding joint displacements. If   represents the vector of joint torques, the 

relationship between the torques at the joints and the joint displacements can be stated as: 

dq C =   (3.42) 

where 𝐶 𝜃 is the constant joint compliance matrix of diagonal form as follows: 

1

2

3

4

5

6

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0
=

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

C

C

C
C

C

C

C















 
 
 
 
 
 
 
 
  

 (3.43) 

where iC , 1, 6i = are joint compliances. 
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Similarly, the relationship between the Cartesian external static force F  and the end-

effector displacement is denoted as 

( )xdX C F=   (3.44) 

where ( )xC   is the Cartesian space compliance matrix. Substituting Eq. (3.42) and Eq. (3.44) 

into Eq. (3.41) yields 

( )( )xC F J q C  =    (3.45) 

During the robot movement, the work in all coordinate frames has to remain the same 

for all dq . The differential work in Cartesian terms, xW , and the corresponding work in 

Joint terms, 
qW , can be written as: 

T

xdW F dX=       ,       
T

qdW qd=  (3.46) 

Equating the work terms in Eq. (3.46) and substituting dX  from Eq. (3.41), after transposing 

both sides, yields 

( )
T

J q F =   (3.47) 

Substituting Eq. (3.47) into Eq.(3.45), the Cartesian compliance matrix finally equals 

( ) ( )( )
T

xC J q C J q =    (3.48) 

Eq. (3.48) is significant for the establishment of the robot compliance model since it is able 

to convert the joint compliance C  into the Cartesian compliance ( )xC   without calculating 

the inverse Jacobian matrix. 

As defined in Eq. (3.43), constant joint compliance matrix C  is diagonal, thus each 

element of the Cartesian space compliance matrix ( )xC   can be rewritten in a generalized 

form as: 
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𝐶𝑥(𝑖, 𝑗) = ∑ 𝐽𝑛,𝑖

𝑁

𝑛=1

⋅ 𝐶𝜃𝑛 ⋅ 𝐽𝑛,𝑗 (3.49) 

where N is the total number of joints, and 𝐶𝜃𝑛 is the compliance of the 𝑛th joint. 

Methods for identifying joint stiffness can be divided into two categories: static load 

tests [54] and dynamic load tests [53]. The static load test is conducted by measuring the 

static deformation of the end-effector under a constant external load while the robot is in a 

fixed posture. The joint stiffness parameters are then calculated based on the relationship 

between the external load and the resultant deformation. Dynamic load experiments are 

performed by applying dynamic forces to the robot ends to measure and process vibration 

signals, and then calculating dynamic parameters such as robot inertia and stiffness. 

In this thesis, the joint compliance values of the Stäubli RX-90 industrial robot have 

been adopted from [54] and are provided in Table 3.4. The identification method used in [54] 

is based on static loading tests. 

 

Table 3.4: Joint Compliances of Stäubli RX-90 Robot [54] 

Joint number 𝟏 2 3 4 5 

Compliance iC [rad/Nm]∙ 10−7 9.03 11.17 14.74 27.65 97.58 

 

Hence the constant joint compliance matrix C  is given as below: 

7

9.03 0 0 0 0

0 11.17 0 0 0

=  100 0 14.74 0 0

0 0 0 27.65 0

0 0 0 0 97.58

C

−

 
 
 
 
 
 
  

 (3.50) 

As mentioned in the previous section, the Jacobian matrix is pose-dependent and not 

fixed during the movement of the end-effector. Therefore, the Cartesian space compliance 
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matrix ( )xC   expressed in Eq. (3.49) is a function of joint angles and related to the 

interpolation of the path.  

3.5 Summary 

This chapter starts with a brief introduction of the general structure of the Stäubli 

RX-90 industrial robot, as well as the description of the coordinate frames attached to the 

joints and their corresponding transformation parameters. The kinematics of the robot is 

analyzed in terms of homogeneous transformation matrices. A forward and inverse kinematic 

model of Stäubli RX-90 industrial robot was developed following the D-H convention. A 

simple validation of the derived kinematic model was also provided. 

Joint flexibility is the dominant factor that affects the positioning accuracy of 

machining robots. Therefore, a Cartesian compliance model of the Stäubli RX-90 industrial 

robot was developed and the parameters of the model were introduced. An analytical study 

of the Jacobian matrix was performed, and the Jacobian matrix of the Stäubli RX-90 

industrial robot was derived. The developed kinematics and compliance models provide the 

theoretical basis for the deflection prediction and compensation models presented in the next 

chapter.  
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4 Prediction of Toolpath Distortion in Robotic Machining 

4.1 Introduction 

The kinematic and compliance model of the robot was obtained in Chapter 3. The 

most significant factor contributing to errors in robotic machining is the low stiffness of robot 

joints. When cutting forces are exerted on the robot, the robot's joints will deform, resulting 

in the deviation of the end-effector from the desired path (i.e. contour errors). When 

machining forces and the stiffness model of the robot are known, the resultant contour errors 

can be predicted. The accuracy of machined parts can be improved considerably if contour 

errors are compensated ahead of time. This chapter predicts cutting forces during sample 3-

axis milling processes and analyzes the deflection caused by the flexibility of the Stäubli 

RX-90 industrial robot. 

In addition to deflections, joint compliance in robots leads to large structural 

vibrations at the end-effector during high speed movements.  Vibrations must be avoided as 

they can cause inaccuracy and damage to manufactured parts. Input shaping of reference 

commands can significantly reduce vibrations, but it may distort the toolpath. This chapter 

predicts and compensates for the distortions caused by the input shaper.  

The chapter is organized as follows: Section 4.2 develops a prediction model of 

cutting forces with given operation parameters. Section 4.3 estimates the tooltip deflections 

due to the cutting forces. Section 4.4 introduces the technique of input shaping for vibration 

avoidance. Section 4.5 predicts trajectory distortions caused by input shaping. The works of 

the chapter are summarized in Section 4.6. 

4.2 Modeling of Cutting Forces in Robotic Milling 

Milling is one of the most commonly used operations for machining custom parts [55]. 

There are many factors that affect milling forces, e.g. the material of the workpiece and the 
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geometry of the tool. Consider an endmill with no helix angle. For a differential element at 

the cutter-workpiece interface, the local tangential, radial, and axial cutting forces can be 

obtained as [56]: 

t tc

r rc

a ac

F k h a

F k h a

F k h a

 = 

 = 

 = 

 (4.1) 

where 𝑘𝑡𝑐 , 𝑘𝑟𝑐 and 𝑘𝑎𝑐  are cutting force coefficients, and a  is the differential height along 

the tool axis. h  is the local chip thickness and can be obtained as a function of the angle of 

immersion 𝜙 and feed rate 𝑐: 

sinh c =  (4.2) 

Based on the equilibrium diagram shown in Figure 4.1, local forces can be projected onto 

the tool coordinate system as: 

cos sin

sin cos

x t r

y t r

z a

F F F

F F F

F F

 

 

 = − −

 =  −

  = 

 (4.3) 

 

  

Figure 4.1: Local Cutting Forces in the Milling Process. 
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Summing up the local cutting forces contributed by all active edges and all elements along 

the tool axis gives the total forces in the tool coordinate system: 

( ) ( ) ( )
1 1 1

,  , 
N N N

x xj j y yj j z zj j

j j j

F F F F F F  
= = =

= = =    (4.4) 

where 𝑗 denotes tooth number and 𝑁 is the total number of flutes on the endmill. Finally, the 

instantaneous resultant cutting force on the cutter, cF , is obtained as: 

2 2 2

c x y zF F F F= + +   (4.5) 

Figure 4.2 shows a sample simulation of half-immersion down milling operation with 

the following parameters: 

Cutting Conditions: 𝑎 = 10 𝑚𝑚, 𝑐 = 0.1
𝑚𝑚

𝑟𝑒𝑣
𝑡𝑜𝑜𝑡ℎ⁄ , 𝑛 = 4000 𝑟𝑝𝑚. 

Tool geometry: 𝐷 = 10 𝑚𝑚, 𝑁 = 4, 𝛽 = 30°. 

Cutting constants: 𝑘𝑡𝑐 = 1800 𝑁 𝑚𝑚2⁄ , 𝑘𝑟𝑐 = 540 𝑁 𝑚𝑚2⁄ , 𝑘𝑎𝑐 = 800 𝑁 𝑚𝑚2⁄ . 

 

Figure 4.2: Sample Simulation of Instantaneous Cutting Forces. 
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For predicting robot deflections during machining, it is sufficient to consider the 

average of cutting forces. The mean values of cutting forces for the simulated case are 

denoted as xmF , ymF  and zmF , and are shown in Figure 4.3.  

 

Figure 4.3: Mean Cutting Forces. 

The quasi-static external force vector F in Eq. (4.6) is used in the next section for the 

prediction of tooltip displacements induced by cutting forces: 

xm

ym

zm

F

F F

F

 
 

=
 
  

 (4.6) 

For the simulated case, the force vector F is  
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302.9372

1071.9 [ ]

509.3078

F N

 
 

=
 
  

 (4.7) 

Measurement of the cutting force allows for the estimation of the tooltip deflections in 

the machining process. However, it is worth noting that the elements in vector 𝐹 in Eq. (4.6) 

are represented in the tool frame; further coordinate system transformations are required 

before using the force vector in the deformation prediction model. This is studied in the next 

section. 

4.3 Prediction of Tooltip Displacements Due to Cutting Forces 

The relationship between the Cartesian force vector F  and the deflection of the end-

effector X  is given by 

( ) ( ) ( )FxX t C t =   (4.8) 

where ( )xC   is the Cartesian compliance matrix and derived in Eq. (3.48) as: 

( ) ( )( )
T

xC J q C J q =    (4.9) 

Here, 𝐶𝜃 is the diagonal matrix of joint compliances. Hence the tooltip displacement can be 

presented in a more intuitive form by combining the above equations as: 

( ) ( ) ( )
xm

T

ym

zm

x F

y t J q C J q F

z F









   
   

=   
   
      

 (4.10) 

Since the Jacobian matrix is dependent on the robot pose, the deflection of the tooltip 

is different across the workspace. During a milling operation, the direction of machining 

forces also varies as a function of the machining path. Therefore, the machining model 

developed in the previous section must be combined with the compliance model presented 

in Chapter 3 to determine the instantaneous deflections of the robot. 
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Figure 4.4 illustrates the composition of tooltip displacement X . x , y  and z  

are the projection of X in the robot’s coordinate system. 

 

Figure 4.4: Illustration of Deflection Errors at the Tooltip. 

As shown in Figure 4.5, the cutting force vector F obtained in Eq. (4.6) is expressed 

in the tool frame {𝑇}. The origin of the moving workpiece frame {𝑊} is at the end of tool 

tip. Robot reference frame {𝑀} coincides with the robot base frame {𝑋0 𝑌0 𝑍0}. Coordinate 

systems {𝑊}  and {𝑀}  are assumed to be parallel to each other, so the cutting force 

expression in the {𝑋𝑊 𝑌𝑊 𝑍𝑊}  directions of frame {𝑊}  is the same as in {𝑋𝑀 𝑌𝑀 𝑍𝑀} 

directions of frame {𝑀}. Green solid circle in Figure 4.5 is the desired circle and the dash-

line is the actual trajectory after taking deviation into account. 
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Figure 4.5: Tool Frame {T}, Moving Workpiece Frame {W}, and Robot Reference 

Frame {M}. 

The cutting force vector F in the frame {𝑇} with respect to the frame {𝑀} is given by [57] 

    ( ) ( )
m mZ i ZF M F T Rot Rot =    (4.11) 

where angle 
2

i i


 = −  as defined in Figure 4.1, is the complementary angle of the 

immersion angle   of the tooth i, and   is the angle between {𝑋𝑤} direction and cutting tool 

feed direction. 

The sample milling forces simulated in the previous section are assumed to act on the 

tool during milling of a circular path with a diameter of 300 mm and a feed rate of 100 mm/s. 

The cutting forces are transformed into the robot reference frame by Eq. (4.11) as shown in 

Figure 4.6, where the projected forces onto the frame {𝑀} are denoted as    , x yF M F M  
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and  zF M . Note that cutting force vectors in robot frame are time-varying even when 

machining forces are constant. 

 

Figure 4.6: Cutting Force Vector in Robot Reference Frame. 

The following procedure has been developed to calculate tooltip deflections under machining 

forces (Figure 4.7):  

Step 1: Extract the desired end-effector coordinate from the programmed trajectory. 

The coordinate vectors are expressed in the robot reference frame {𝑀}.  

Step 2: Calculate the vector of joint angles, 𝜃, from the inverse kinematic model 

developed in the previous chapter. If there are multiple solutions, choose the one closest to 

the joint angles at the previous pose. 

Step 3: For the calculated joint commands 𝜃 at each point, obtain the robot’s Jacobian 

matrix 𝐽𝜃.  

Step 4: Calculate the Cartesian space compliance matrix using Eq. (3.48) . 
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Step 5: Calculate the external cutting force vector F  in the tool frame {𝑇} using the 

machining model. 

Step 6: Find the cutting force vector in the robot reference frame {𝑀}. 

Step 7: Determine the linear deflection along the axes of the industrial robot’s tooltip 

[ ]T

x y zX   =  induced by cutting force F . 

 

Figure 4.7: Procedure for Prediction of Tooltip Displacements due to Machining Forces. 

Figure 4.8 shows the simulated deflections at the tooltip for the case study presented 

in Figure 4.6. In this simulation, the milling tool travels along a circular toolpath as shown 

in Figure 4.5. 

Get desired end-effector coordinate: [𝑋𝑚 𝑌𝑚 𝑍𝑚]

Using inverse kinematic model obtain joint 
commands: [𝜃1, … , 𝜃6]

Find Jacobian matrix:  𝐽𝜃

Calculate Cartesian compliance matrix: 

𝐶𝑥 𝜃 = 𝐽𝜃 ∙ 𝐶𝜃 ∙ 𝐽𝜃
𝑇

Predict cutting force in 𝑇 frame: 
𝐹 = [𝐹𝑥𝑚 𝐹𝑦𝑚 𝐹𝑧𝑚]𝑇

Derive cutting force vector 𝐹 in 𝑀 frame

Predict tooltip displacement in 𝑀 frame: 
𝛿𝑋 = [𝛿𝑥 𝛿𝑦 𝛿𝑧]𝑇= 𝐶𝑥 𝜃 ∙ 𝐹
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Figure 4.8: Tooltip Displacements Due to Cutting Forces. 

During the simulated operation, the mean displacements are 1.6 mm, 1.5 mm, and 0.6 mm 

in ,  X Y  and Z direction, respectively. Max displacements are 2.8 mm along X  axis, 3.1 

mm along Y  axis, and 1.4 mm along Z  axis, respectively. 

4.4 Input Shaping for Vibration Avoidance 

Due to their long kinematic chain, robots experience large vibrations during high 

speed movements. Input shaping is a command modification technique that alters reference 

joints commands of the robot to avoid the excitation of structural modes. Consider a flexible 

system with 𝜔𝑛  as natural frequency and 𝜁  as damping ratio; the second-order transfer 

function of the system can be written as: 
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Apply an impulse with the magnitude of 𝐴1 to this system at the time 𝑡1; the system 

will vibrate at its damped natural frequency 𝜔𝑑 = 𝜔𝑛√1 − 𝜁2. Then apply a second impulse 

with the magnitude of 𝐴2  to this system at the time 𝑡2 . Theoretically, if the time and 

magnitude of the second impulse are properly chosen, the second impulse can completely 

eliminate the vibration induced by the first impulse. Such a sequence of zero vibration 

impulses is called an input shaper and is illustrated in Figure 4.9. 

 

Figure 4.9: Two-Impulse Sequence with Self-canceling Vibrations. 

Input shaper design is the process of determining the magnitudes and time locations 

of the sequence of impulses, which depend on the system parameters: natural frequency and 

damping ratio. The most commonly used input shaper is the three impulse sequence known 

as Zero-Vibration and Derivative (ZVD) shaper. The amplitudes and time locations in a ZVD 

shaper can be obtained as [30]:  
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 (4.13) 

where 𝐾 = ⅇ−𝜋𝜁∕√1−𝜁2
 and 𝑇𝑑 = 2𝜋/𝜔𝑛√1 − 𝜁2. 

It can be shown that if an input shaper is mathematically convolved with any 

reference command, the so-called shaped command will not cause any vibrations. For 

example, assume 𝜃(𝑡) is the original unshaped command for a joint of the robot, and the 

designed ZVD input shaper is 𝐼𝑛𝑆ℎ𝑝(𝑡) = 𝐴1𝛿(𝑡) + 𝐴2𝛿(𝑡 − 𝑡2) + 𝐴3𝛿(𝑡 − 𝑡3) . The 

shaped command 𝜃𝑠ℎ𝑝(𝑡) can be derived by: 

( ) ( ) ( ) ( )

( ) ( ) ( )2 3

,1 ,2 ,3

1 2 2 3 3

shp shp shp shpt t t t

A t A t t t t A t t t t

   

  

= + +

= + − − + − −1 1
 (4.14) 

where 1nt t− =1  at 𝑡 ≥ 𝑡𝑛  and 0nt t− =1  at 𝑡 < 𝑡𝑛  for  𝑛 = 2,3. 

For example, the Stäubli RX-90 industrial robot has a dominant natural frequency at 

about 18 Hz with estimated damping of 0.1 [31]. Given the system parameters: 𝜔𝑛 = 18 and 

𝜁 = 0.1, a ZVD input shaper is designed with magnitude and time locations given by Eq. 

(4.13): 

1 2 3
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 (4.15) 

The designed shaper is mathematically convolved with a step joint command at joint 1, i.e. 

𝜃1(𝑡) = 1 rad. The original and shaped commands are shown in Figure 4.10. Note that the 

shaped command has 0.35 s time delay with respect to the original step command. Such 

delays can distort the trajectory in multi-axis toolpaths. It should be mentioned that this thesis 

focuses only on the modeling and compensation of distortions caused by input shaping. 

Detailed analysis of robot vibrations and the effect of input shaping in vibration suppression 

have been studied by Newman et al. in [31]. 
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Figure 4.10: Original and ZVD-shaped Reference Commands for : 𝝎𝒏 = 𝟏𝟖 and 𝜻 = 𝟎. 𝟏. 

4.5 Trajectory Distortion Caused by Input Shaping 

As can be seen in Eq. (4.14), the ZVD input shaper shifts the reference commands in 

time, causing a delay equal to the length of the shaper, i.e. 𝑡3. In robotic machining tasks 

involving several joints, the added time delay will lead to considerable path distortions even 

if all joints are shaped with the same shaper. 

For example, consider the circular toolpath generated in Section 5.2. Assume that 

Stäubli RX-90 industrial robot is to contour this path while the end-effector (tool) is always 

in the vertical (Z) direction. Figure 4.11 shows the unshaped and ZVD-shaped joint 

commands for contouring this circular path. It can be seen that the shaped commands have a 

small delay with respect to the original commands. Small differences in the commands of 

each joint will eventually accumulate to a large shift in the end-effector position. 
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Figure 4.11: Original and Shaped Reference Commands. 
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In order to determine the geometry of the shaped toolpath, the shaped joint commands 

are given as inputs to the forward kinematic model developed in Chapter 3. The original and 

shaped toolpaths are shown in Figure 4.12. It can be seen that there are some deviations 

between the original (desired) and shaped toolpath. These deviations are called contour 

errors. Modeling and compensation of contour errors are presented in Chapter 5. 

 

Figure 4.12: Trajectory Distortion Caused by Input Shaping. 

4.6 Summary 

There are many sources of positional errors in robotic machining operations. This 

chapter focuses on the positioning errors that arise from cutting forces and input shapers. 

Cutting forces are always present in robotic machining processes and cause deflections of 

the arm. Input shaping is a widely used method to reduce vibrations, but it can cause delays 

and path distortions. Prediction and compensation of contour errors is the most important 
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step for improvements of accuracy in robotic machining. This task is investigated in the next 

chapter. 
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5 Compensation of Positioning Errors from Different Sources 

5.1 Introduction 

The purpose of positioning error compensation is to correct for contour errors to 

improve the machining accuracy of a robot. Many factors can contribute directly to 

positioning errors in robotic machining, such as deflections, input shaping delays, 

environmental effects, etc. This chapter proposes techniques for the compensation of contour 

errors caused by cutting force induced deflections and input shaping. The compensation 

model is designed to correct for the predicted contour errors and to improve robot accuracy 

by adjusting reference commands prior to machining. 

The chapter is organized as follows: Section 5.2 presents a numerical method to 

model contour errors caused by different sources. Section 5.3 introduces a compensation 

model to correct for contour errors induced by cutting forces and input shaping. Section 5.4 

proposes a unified framework for combining and compensating both errors in a single step. 

A brief conclusion of this chapter is summarized in Section 5.5. 

5.2 Estimation of Contour Errors 

To present the contour error prediction and compensation model, a sample robotic 

milling task is studied in this section. As shown in Figure 5.1, the trajectory of machining is 

a three-dimensional circle with a radius of 300 mm and with its center located at the origin. 

The normal vector of the plane of the path is [0.2 0.3 0.5]. 
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Figure 5.1: Spatial Circular Toolpath Used for Contour Error Analysis. 

To generate the machining trajectory, a systematic model is developed as shown in 

Figure 5.2. This model is able to generate reference commands for each joint of the robot for 

the smooth contouring of linear and circular segments. First, the path is interpolated at 1 ms 

time intervals using a trapezoidal velocity profile with the maximum velocity and 

acceleration of 100 mm/s and 200 mm/s2 respectively. This step considers the motion along 

the path regardless of its shape, and outputs the desired location of the tool along the path at 

each interpolation time. Figure 5.3 shows the time-stamped location of the tool in the 

Cartesian space for the circular toolpath shown in Figure 5.1. 



Chapter 5. Compensation of Positioning Errors from Different Sources 

53 

 

 

Figure 5.2: Algorithm for Trajectory Generation and Path Simulation. 

Reference trajectory

Interpolate the path with a velocity profile

Generate coordinates array along the path at each interpolation time: 
[𝑋, 𝑌, 𝑍]

Calculate joint commands using inverse kinematic model: [𝜃1, … , 𝜃6]

Simulate actual response
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Figure 5.3: Time-Stamped Cartesian Coordinates of the Tool Along the Circular Path. 

Figure 5.3 provides the Cartesian coordinates of the end-effector at each interpolation 

time. The corresponding joint commands ( i ) obtained from the inverse kinematic model 

(Chapter 3) are shown in Figure 5.4. 
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Figure 5.4: Joint Commands of Joint 1,2,3 and 5. 

After generating the reference trajectory, the next step is to model the deviations of 

the robot from the desired path, also known as contour errors. At each point along the 

machining path, contour error is defined as the shortest distance between the reference and 

the actual trajectory. In Figure 5.5, the desired and actual contours are represented by solid 

and dash lines, respectively. At the time t , the desired location of the tooltip is 

[ ]r r r rP x y z= , while the actual position is [ ]a a a aP x y z= . The tracking error is 

defined as follows: 

[ ]r a r a r a r ae P P x x y y z z= − = − − −  (5.1) 
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Figure 5.5: Definition of Tracking Error and Contour Error. 

Let [ ]c c c cP x y z=  be the point on the reference trajectory closest to the actual position 

aP . The distance between cP  and aP  is contour error  , which is a spatial vector defined as: 

[ ]c a c a c a c aP P x x y y z z = − = − − −  (5.2) 

Tracking error is a time-dependent variable whereas contour error is a purely geometrical 

parameter representing the accuracy and tolerance of the machined part. 

 In Chapter 4, tooltip deflections due to cutting forces were calculated (Figure 4.8). 

Figure 5.6 shows the corresponding three-dimensional visualization of the deflection errors 

in the robot reference frame {M}.  
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Figure 5.6: Three-Dimensional Plot of Tooltip Deviations Due to Cutting Forces. 

From the predicted tooltip deviations, it is possible to determine the actual tool 

coordinates ( , ,xa ya zaP P P ): 

a

xa xd

zdza

ydy

P

P

z

P

P x

y

PP







= −


= −
 = −

 (5.3) 

where ( , ,xd yd zdP P P ) are the coordinates of the desired path at any given moment t, and x , 

y  and z  are the tooltip displacements obtained from the prediction model (Figure 4.7). 

Figure 5.7 compares the desired and actual toolpath for the sample circular milling operation. 
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Figure 5.7: Reference and Actual Trajectories Subject to Force-Induced Deflections 

The zoomed view in Figure 5.7 clearly shows the distance between the actual path 

and the desired path. As explained previously, cutting forces generated by the contact 

between the workpiece and the tool during the robotic machining process contribute to this 

discrepancy. 

Using the definition of contour error presented in Figure 5.5 and Eq. (5.2), contour 

errors for the path shown in Figure 5.7 have been obtained. Figure 5.8 presents the 

instantaneous contour error due to cutting force-induced deflections.  
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Figure 5.8: Cutting Force-Induced Contour Errors. 

The mean value of the cutting force-induced contour errors is 1.6 mm, and the 

maximum value is 2.5 mm. Simulation results show that, as stated in [57], cutting forces can 

result in contour errors greater than 1mm, which is one of the major sources of positioning 

errors in robotic machining. Such large errors may violate the required tolerance for 

machined parts and thus must be prevented. This is studied in the next section (5.3). 

In addition to cutting forces, path distortions caused by input shaping can also 

contribute to positioning errors as investigated in Section 4.5. Figure 5.9 shows the calculated 

contour errors caused by the implementation of the ZVD input shaper defined in Eq. (4.15). 

Contour errors have been calculated based on the original and shaped trajectories simulated 

in Figure 4.12.  
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Figure 5.9: Contour Error Caused by Input Shaping. 

The mean value of the input shaping-induced contour errors is 0.1 mm, and the 

maximum value is 0.16 mm. Compared with cutting forced-induced errors (>1mm), this 

distortion is much smaller. Nevertheless, achieving the required part tolerance in aerospace 

machining (<50 micrometers), requires compensation of both types of error. 

The predicted positioning errors induced by cutting forces and input shapers can be 

avoided to a great extent. A systematic framework for the compensation of contour errors in 

robotic machining is presented in the following section. 

5.3 Compensation of Positioning Errors 

As shown in Figure 5.10, there is an acceptable tolerance zone around the desired 

machining path (solid blue line). However, the actual trajectory (the red circle marker line) 

may land outside this tolerance band due to positioning errors caused by cutting forces and 

input shaping. 



Chapter 5. Compensation of Positioning Errors from Different Sources 

61 

 

 

 

Figure 5.10: Acceptable Tolerance Zone Around a Machining Toolpath. 

In order to bring the actual trajectory inside the tolerance zone, the deviation is 

estimated and compensated by adjusting the desired toolpath. Figure 5.11 illustrates the 

general idea of the developed compensation method. Assume that the black dash-dot circle 

is the desired toolpath. Due to structural deflections and input shaping distortions, the actual 

response (red dash-line) will deviate from the desired path. However, as illustrated by the 

green solid line, the reference path can be modified according to the predicted deviation such 

that the actual response of the system follows the desired path (i.e. exact circle). In this case, 

the actual response will be closer to the desired circle even though the compensated reference 

path is not a perfect circle. 
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Figure 5.11: Illustration of Contour Error Compensation. 

The flowchart of the developed contour error compensation framework is presented 

in Figure 5.12. Given a desired toolpath for robotic machining, the path is first interpolated 

at 1 ms intervals with a trapezoidal velocity profile (Figure 5.3). The inverse kinematic model 

of the robot is then used to determine the corresponding joint commands that put the tool at 

the desire location at each time step (Figure 5.4). The error prediction model introduced in 

Section 4.3 is used to determine the tooltip deviations (Figure 4.7), and the actual tool 

trajectory is determined accordingly (Figure 5.7). The resultant contour errors between the 

desired and actual trajectory are calculated, as shown in Figure 5.8 and Figure 5.9. 
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Figure 5.12: Procedure for Contour Error Compensation. 
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The compensated reference path can be obtained as follows. Assume 

 
T

M M MX Y Z  is the interpolated coordinates of the desired trajectory (black dash-dot 

circle in Figure 5.11), also called the original reference path. The path can be compensated 

by correcting for contour errors, i.e. 

compensated M x

compensated M y

compensated M z

X X CE

Y Y CE

Z Z CE

     
     

= +     
         

 (5.4) 

where 
T

compensated compensated compensatedX ZY    are the coordinates of the compensated path 

(green solid line in Figure 5.11) in the robot reference frame {M}, and 
T

x y zCE CE CE  

are the contour errors along the robot axes (Figure 5.8 and Figure 5.9). 

After obtaining the compensated path, the corresponding joint commands are 

calculated using the inverse kinematic model developed in Chapter 3. The actual response of 

the robot to the corrected joint commands is then simulated using the forward kinematic 

model. The new contour errors are calculated; if the after-compensation contour error meets 

the final part tolerance requirements, the compensation procedure is completed; otherwise, a 

new compensated reference path based on the new contour errors is generated. It's worth 

noting that in the proposed compensation technique, all of the calculations are carried out 

offline before sending commands to the robot controller. Processing contour errors in 

advance makes the real-time operation more efficient by avoiding extra computational 

burden on the controller. 

5.3.1 Compensation of Cutting Force-Induced Errors 

To verify the effectiveness of the presented error compensation method, a set of 8 

observation points have been selected randomly along the simulated milling toolpath (Figure 

5.7). Table 5.1 provides the joint angles and the tooltip positions (in the robot reference frame 

{M}) for each of the observation points. 
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Table 5.1: Desired Joint Angles and End-effector Position for Observation Points 

Point 𝛉𝟏[rad] 𝛉𝟐[rad] 𝛉𝟑[rad] 𝛉𝟓[rad] X[mm] Y[mm] Z[mm] 

1 1.4698 1.6581 1.5244 -0.0410 42.5149 419.5080 -268.7108 

2 1.4798 1.6558 1.5259 -0.0401 38.3769 420.5603 -267.6869 

3 1.4898 1.6534 1.5274 -0.0392 34.2230 421.5832 -266.6391 

4 1.4998 1.6510 1.5289 -0.0383 30.0534 422.5764 -265.5672 

5 1.5098 1.6485 1.5305 -0.0374 25.8680 423.5398 -264.4710 

6 1.5198 1.6459 1.5321 -0.0365 21.6668 424.4728 -263.3504 

7 1.5298 1.6433 1.5338 -0.0355 17.4501 425.3751 -262.2051 

8 1.5398 1.6407 1.5355 -0.0345 13.2178 426.2464 -261.0350 

 

The corresponding contour errors projected along the X, Y, and Z axes of the robot 

reference frame {M} are shown in Table 5.2. The fourth row in Table 5.2 is the total contour 

error. It is seen clearly that considerable errors (>1 mm) exist at each observation point along 

the path. 

 

Table 5.2: End-effector Errors Before Compensation 

Point 1 2 3 4 

CE-X[mm] 0.4427 0.4283 0.4139 0.3993 

CE-Y[mm] 1.8274 1.8323 1.8372 1.8421 

CE-Z[mm] -0.1241 -0.1265 -0.1267 -0.1280 

CE[mm] 1.8843 1.8859 1.8875 1.8892 
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Point 5 6 7 8 

CE-X[mm] 0.3846 0.3697 0.3547 0.3396 

CE-Y[mm] 1.8469 1.8516 1.8563 1.8610 

CE-Z[mm] -0.1292 -0.1305 -0.1318 -0.1330 

CE[mm] 1.8909 1.8927 1.8945 1.8964 

 

The contour error compensation algorithm in Figure 5.12 has been used to correct for 

the errors. The corrected joint angles and tool coordinates of each observation point are 

shown in Table 5.3. The resultant contour errors at the observation points after compensation 

are also provided in Table 5.4. 

 

Table 5.3: Joint Angles and End-effector Position After Compensation 

Point 𝛉𝟏[rad] 𝛉𝟐[rad] 𝛉𝟑[rad] 𝛉𝟓[rad] X[mm] Y[mm] Z[mm] 

1 1.4692 1.6581 1.5214 -0.0381 42.9575 421.3354 -268.8349 

2 1.4792 1.6583 1.5229 -0.0372 38.8052 422.3926 -267.8123 

3 1.4892 1.6559 1.5244 -0.0364 34.6369 423.4204 -266.7658 

4 1.4992 1.6535 1.5259 -0.0355 30.4527 424.4185 -265.6952 

5 1.5092 1.6486 1.5275 -0.0345 26.2525 425.3866 -264.6003 

6 1.5192 1.6461 1.5291 -0.0336 22.0366 426.3244 -263.4809 

7 1.5292 1.6435 1.5307 -0.0326 17.8048 427.2314 -262.3369 

8 1.5392 1.6408 1.5324 -0.0317 13.5574 428.1074 -261.1680 
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Table 5.4: End-effector Errors after Compensation 

Point CE-X[mm] CE-Y[mm] CE-Z[mm] CE[mm] 

1 0.0033 0.0069 0.0060 0.0097 

2 0.0032 0.0069 0.0060 0.0097 

3 0.0032 0.0068 0.0060 0.0096 

4 0.0031 0.0068 0.0060 0.0096 

5 0.0031 0.0068 0.0060 0.0095 

6 0.0031 0.0068 0.0060 0.0095 

7 0.0030 0.0067 0.0060 0.0095 

8 0.0030 0.0067 0.0060 0.0095 

 

Time-stamped contour errors along the toolpath before and after compensation are 

compared in Figure 5.13. The blue dash-line is the contour error before applying 

compensation. It can be seen that the original path can cause contour errors larger than 2 mm. 

After compensation, contour errors have been reduced to below 0.03 mm. This clearly shows 

the effectiveness of the developed compensation method provided an accurate estimate of 

the error is known beforehand. 
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Figure 5.13: Contour Error Comparison Before and After Compensation. 

5.3.2 Compensation of Input Shaping Distortions 

As investigated in Chapter 4, input shapers allow robots to follow a path without 

significant vibrations, but the ‘shaped’ trajectory may exhibit distortions relative to the 

original path. Similar to cutting force induced contour errors, path distortions caused by input 

shaping can be predicted and corrected in advance. Figure 5.14 illustrates the framework for 

the compensation of contour errors caused by input shaping. 
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Figure 5.14: Block Diagram for Compensation of Input Shaping Distortions. 

As shown in Figure 5.14, the original joint commands θ1, θ2 … θ6 are first passed 

through the input shaping module to eliminate problematic harmonics of the reference 

trajectories. The shaped commands θ1𝑠, θ2𝑠 … θ6𝑠  result in end-effector coordinates 

X𝑠 , Y𝑠 , Z𝑠 , which can be obtained by the direct kinematic model. In the contour error 

estimation module, the desired (X𝑑 , Y𝑑 , Z𝑑 ) and shaped tool coordinates (X𝑠 , Y𝑠 , Z𝑠 ) are 

compared to find the contour errors ε𝑥, ε𝑦 , ε𝑧 induced by the input shaper. Similar to Eq. 

(5.4), the predicted contour errors are used to obtain the compensated trajectory, i.e. 

X𝑐 , Y𝑐 , Z𝑐 . The compensated joint commands θ1𝑐, θ2𝑐 … θ6𝑐  are also obtained using the 

inverse kinematic model. These commands are then sent to the robot controller. 

Figure 5.15 compares the contour errors before and after compensation for the ZVD 

shaper simulated in Figure 5.9. It can be seen that the proposed compensation technique can 

nearly eliminate all contour errors caused by input shaping.  
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Figure 5.15: Compensation of Input Shaping Distortions. 

5.4 Unified Compensation Framework for Higher Efficiency 

Compensation of contour errors caused by cutting forces and input shaping 

distortions was investigated individually in the previous section. In order to improve the 

efficiency of the compensation technique, this section presents a unified framework that 

combines and compensates both errors together. This approach enhances computational 

efficiency as well as the accuracy of the proposed compensation technique. Figure 5.16 

presents the block diagram of the unified compensation framework.  
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Figure 5.16: Block Diagram of the Unified Compensation Module. 

In Figure 5.16, the green module predicts the contour errors caused by cutting forces  

and the yellow module determines the path distortions due to input shaping. Figure 5.17 

shows the individual contour errors as well as their summation (combined contour error) that 
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is to be compensated. The trend of the combined error is dominated by the cutting-force 

induced errors; however, both errors must be compensated to achieve the desired accuracy. 

 

Figure 5.17: Combined Contour Error Due to Both Cutting Forces and Input Shaping. 

The combined contour error calculated in Figure 5.17 is imported into the blue 

module (compensation) in Figure 5.16. This module calculates the compensated path as 

presented in Eq. (5.4). Figure 5.18 compares the total (combined) contour errors before and 

after compensation. It can be seen that the contour error has been reduced from 2.5 mm to 

less than 0.02 mm, which is within the tolerances allowed by most machining processes. 
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Figure 5.18: Combined Contour Error Before and After Compensation. 

The unified compensation model predicts and compensates for both errors in a single 

step. This not only reduces the computational load but also enhances the accuracy and 

efficiency of the compensation technique. 

Finally, it is worth mentioning that the compensation model developed in this section 

is generic and can be used to compensate for a variety of contour errors caused by different 
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error sources. This compensation algorithm can be used to generate corrected reference 

trajectories to reduce both geometric and non-geometric errors, as long as contour errors can 

be accurately predicted in advance. 

5.5 Summary 

This chapter presents the modeling and calculation of contour errors with known 

reference and actual trajectories in robotic machining. A systematic compensation module 

was proposed to correct for contour errors by adjusting reference commands ahead of time. 

This compensation model works for different types of positioning errors such as cutting 

force-induced deflections and input shaping-induced trajectory distortions. The effectiveness 

of the developed compensation technique was verified through the simulation of the response 

of the Stäubli RX-90 industrial robot. 
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6 Conclusions 

This thesis proposes a systematic framework for the prediction and compensation of 

contour errors in robotic machining systems. Two representative sources of error are 

considered in this thesis: structural deflections caused by the low stiffness of robots, and the 

path distortions caused by input shapers. Kinematics and compliance of a Stäubli RX-90 

industrial robot are formulated mathematically, simulation algorithms are developed in 

MATLAB. A practical cutting force model is presented to predict the deflections of the robot 

arm due to machining forces. Contour error compensation models are developed to correct 

the deviation of the actual machining path from the desired reference. Simulation results 

show that the positioning error compensation methodology as proposed in this thesis is 

effective in reducing various contour errors in machining. 

The contributions and conclusions of this thesis are summarized below: 

(1) A brief overview of the Stäubli RX-90 industrial robot is given and its structural 

characteristics are analyzed. The D-H method is used to deduce the forward and inverse 

kinematic model of the robot. It is shown that the forward kinematic model has a unique 

solution while the inverse kinematic model can provide 6 solutions, some of which may not 

be feasible due to the configuration constraints of the robot. 

(2) The compliance model of the Stäubli RX-90 industrial robot is developed and its 

Jacobian matrix is solved. The mapping of joint stiffness at the end-effector, i.e. the Cartesian 

compliance model, is derived and simulated in MATLAB. It is shown that even with constant 

joint compliance values, the robot compliance at the end-effector varies across the 

workspace. 

(3) A prediction model for instantaneous cutting forces during robotic machining is 

discussed. Based on the estimation of the cutting force, a functional relationship between 

joint compliance and robot deformation is obtained. The tooltip displacement predicted by 

the model shows positioning errors exceeding 2 mm. It is shown that even with constant 
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cutting forces, instantaneous deflection at the end-effector varies as a function of robot pose 

and machining direction. 

(4) The concept of input shaping for suppression of robot vibration is introduced. It 

is shown that input shaping can cause path distortions leading to deviations from the desired 

machining trajectory. The predicted distortions can exceed 0.15 mm; therefore, achieving 

machining accuracy below 100 um requires compensation of input shaping induced errors. 

(5) A systematic error compensation model is developed to improve the accuracy of 

machining robots. The proposed model predicts and pre-compensates the contour errors 

caused by both cutting forces and input shaping. By adjusting the input joint commands, the 

positioning errors are corrected in advance, thus making the actual trajectory to more closely 

match the desired trajectory. 

(6) It is shown that input shaping induced errors can nearly be eliminated completely 

due to their fully deterministic nature. Cutting force induced errors, on the other hand, depend 

strongly on the accuracy and completeness of the prediction model, and are more difficult to 

compensate. 

(7) The entire framework and algorithms have been programmed in MATLAB. The 

simulation results prove that the developed error compensation model can significantly 

improve the accuracy of machining robots. 

The following research areas can be investigated in future studied: 

 (1) In this thesis, joint stiffness is represented by a linear torsional spring whereas in 

practice, wear and backlash in gears introduce some nonlinearity into the model. The effect 

of nonlinearities in joint stiffness must be taken into account to improve the error prediction 

model. 

(2) This study does not experimentally identify the real joint stiffness parameters of 

the robot but rather uses nominal parameters. Experimental identification tests can be 

designed to improve the accuracy of the compliance model. 

(3) The developed error compensation model in this thesis is for the case of Cartesian 

(3-axis) machining. The case of general 5-axis milling and the associated compensation 

models for both position and orientation of the milling tool can be studied in future studies. 
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(4) While the focus of this thesis was on offline compensation of positioning errors, 

the best results can be achieved when offline and real-time error compensation techniques 

are combined. Real-time error compensation of cutting force induced errors is an important 

direction for future research. 
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