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ABSTRACT

Non-linear effects in solids due to interaction
of moblile carriers with an external electromagnetic
field are investigated, using the hydrodynanical
approcaches In the case when he‘conduqtion or valence
band is non-parabolic, nonelineayr effects arec also
observed. It 1s shown that in nonélinear effects due
to none-parabolic bands in indium antimonide and
gérmanium. the generation of even harmonic components
"in the currentc density can be achieved by imposing an

external dc electric fleld.

Some of the results in this thesis are in the.

process of publication.
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CHAPTER I

INTRODUCTION

When electrons and ions in solids are subjected
to-an external electromagnetic field, their states of
motion are changed, resulting in two phenomena. One is
that the ions and bound eiectrons are relatively dise-
placéd. producing a net dipole moment.per unit volume.
The net dipole moment per unit volume is called the
polérisation. The other is that the mobile electrons
are:affected to produce a ne? current density. The
curreht density have a component oscilleting with the
frequency w of the incident field, but there are aléo
present components’which'oscillaﬁe with frequencies
2Wy 3W eevccase These compohents are the harmonics
of" we If the incident field contalins more than.one
- freguency component, say Wy and Yol there would be
present in the polarisatioﬁ and currént density mixed
frequency components like Wi T Wpe 2wy k£ Wp, Wy * 2Wp
tsecsseavsons The generation of harmonic‘and mixed
Vfrequency components as a resu1t of electrons in a
solid interacting with the incident fileld will be called
nen=linear electronic effects in solids in this thesis.
-Non-linearveffects due to the interaction of the inci-
dent with ions and bound electrons have been reviewed

be'Pe A. Frahken (;963);' In the band theory of solids,a

mobile electron is not the only kind of current carrier.;
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curreht is also carried by holes. Thus nonelinear
erffects can also be observed in the interaction of

- electromagnetic field with holes. It is the purpose
of this thesis to investigate the mechanism of non-
linear effects due to the interaction of the incident
- field with mobile electrons and holes, and the ncn-
linear effects produced when the sdlid is under forces

such as dc electric and magnetié fields.

Nonhlineér effécts are described by non-linear

- equations. Non-linear equations have the following
'propérty: if 81 and S, are separateiy sclutions of the
egquation, Sl + 32 is not a sélution of the equation.
The eguation |

ay o )
x Ty=0 . (1.1)

is linear while

& tvi=o @)
is noh—linear. If yq end Yo are two solutions of these -
two equations, v 4 jz.isla,solution of Eq.(l.1) but not
a solution ofEg..(1.2).In general, non-linear egquations |
contain terms quadratic or of highexr power in the unknown,
or 1T there are two'eQuations in two unknowns x and Vo
tne équations con?ain produet of powers of X and y, i.e.

x11 ylZ“ where 1, 1. are integers.
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The hydrodynamical equations will be used to

describe the interaction between the external electro=
nagnetiec field an& tne current carriers. Using the
rerturbation techpiéue to solve these equations, explicit
_ expressions for the harmonics and hiied frequency com=
ponehts are'obtained. 'For‘current carriers whosé velocity
is not.proportidnal to'ﬁhé nomentun, which is true when
the conduction or valence band.of the solid is‘non-

parabolic, non-linearity is also introduced.

It is characteristic 6f'non-linear phenomena that
‘they have steady state solutions only for a finite
interval of time. This thesis is only concerned with

the steady state solutions,

A1l calculations‘are carried out in the Gaussian

system of units.
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CHAPTER II,

THE HYDRODYNAMICAL APPROACH

The bvehaviour of an ionised medium wnder an applied
electromaghetic field can often be described by a fluid
model, rather than by the trasjectories of individual
particles. This fluid is made up from two electirically
charged compohents. one being the gas of electrons and
the 6ther the gas of positive ions,. Each component is

described by the following set of equationss

o vxE=- E o | .
. .
v :-B = O (2:2)
c 2t c o : e
V.D= Mne(n-noﬁ - | (2.4)
% . N . —» .
>V - - , = . > v | BnkT
2 (TNT = & [Bevp] w8 - I - Ly\InkT
T TV V)v' £ {_E v;&] - V&B], - nV[m ]

| Sieeeenenees ou(2.6)
where D = EOE ’ B = M, i1 e E and being the incident
| electric and magneﬁlc fleld intensity respectively;
€, and M, Bre the dieleétric constant and per-
meability éf ffee space and are therefore both
numerically equal to unity. |
n is the derisity of électrons(ionS)
1 V is the average'velocity of electrons(ionsg)
" m is the mass of electrons(ioné)

n is the density of electrons at equilibrium which
o . o
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is egual to the density of ions at equilibrium

{at equilibriunm méans in the absence of applied

field and temperature gradient)

¢ 1s the velocity of light
Tis ﬁhé rélaxation time of a particular collision
process“ |
'k is the Boltzmann constant
T is the temperature in degrees Kelvin.
¢ is an effective potential determined via poisson®s
“eguation Vz¢ =~-#ne(neno). by the deviation of
the.elecﬁrbn'(ion) density from its equilibrium
- value. |
| Equations(. 2. 1)-(?2, é)are célled hydrodynamical
" equations. | | | '
”In.the case of-soiids;‘thé ions are much less mobile
than the‘electrqnsvand theﬁf'motion cah be neglected.,
Another situation where.the motion of the ions can be
neglected is when they are heavy. _

The first four equations are just the Maxwell elec=
'trodynamic equations. whexre At is recognised that the current
density. J =,nev;‘ | '

. Equations(I2, 5) and (i3, 6) can be derived from the Boltz-
manh ﬁransport équationo(Appendix?A)'Eq. (2.5), oalled the
. continulity @quatibn,_exprésses the conservation of the nun-
bexr of'eleqtrons {1ons) Eq. (2.6) eipress the conservation.

of momentum of. electrons (ions), Eq. (2;5) and (2.6) can be
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obtained by teking first and second veloclty moments of
the Boltzmann equatioh, if certaiﬁ'approximations and
assunptions are madé. v then is the veloclty of electrons
'(ions)averaged over the steady state solutlion of the Boltz-
mann equatioﬁ.“ In the case of electrons in solidé. m must
be replaced by ﬁ*. the conductivity effective mass of the
electroné. |

In equation (:2, 6). zv:# (3.9)% is just the
‘average acceleration 4V  %tof'the charged particlé;

dat

VA is a function of position and time i.e. v = ﬁ.(x,j.z.t)

But

2 3w 0 22 oy
st T x5t Ty T 5p e
So  a® _ 3% _ o .o
. _: ' .
e [E + ¥xB J is the force on the charged particle due
m C

to the external applied fieid; e( -V¢ ) is the force on

the charged particle due to the internal field'-‘7¢,

'

describes the effect of collision and scatter—

al<s

“ing processés;"There are electron=electron collisipns and

electionwion collisionéi Electron=ion collisions may be
elastic or inelastic. Inelastic collisions result: in
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ionisaticn’and recombination processes. Electrons in
solids may also be scattefed by iﬁpurities. crystal de=-
fects and lattice vibfations. To this day, there exists

noe rigorous theory %to account'fof the effect of collision
Proceszsses on motion of charged particles., The intrcduce
tion of &Trelaxation time < is just aun atiempt in this
endeavou% and represents no more than an approximation.
Purthermore, it is not possible to define a‘unlversal T
foxr all collision processes. The total effect may_be,given
by a .*t where

+-L+ —l- + e nners 000000 s .

|

Lo
"t_
n,EJQ..;....being the relaxation time of different collision
- processes under consideration.. Depending® on the

particular collision process concerned,- may or may not

depend on the velqéity v.

Vi ( 3nkT )is the pressure force arising from the
m

'thermal motion of the charged particles,

The terms in Bqg. (2.5) and (2.6) responsible for

production of non=linear effects are nv ,(¥.v) ¥ .
" ¥xB " and possibly ¥ if ¢ 4is a function of Y.

g
- To illustrate how quadratic terms like n¥ give rise to

harmonic cdmponentsof'input frequency, consider an applied

Zoiwgt

field in the form Eqe As a Tirst approximation,

n and'? will separatelyhave a time dependence of eiwkt
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- ' W

nv therefore contains terms of time dependence 821 1¥,
-

It follows that n and ¥V should also separately contain
terms of time.dependence of ellwit, Repeating the argu-
ment, higher harmonics of w3y are also present in n and
- . .
V.

Congider & non-uniform applied electric field E:

CIf the field variation 1s along the direction of tne

elc¢tric field* the charged particles are exposed to a

o

field orf varying amplitudeQ This effect is included in

the tern (V.V) v . which generates harmonics

of the input frequency, Wl. B in this case ig not time

dependent explicitly, for v x B = 0 so that - é%‘g

On the other hand, if the electric fieid Varies in anpli-

tude“in a direction perpendicular to the field, 9X B # 0
anéd there is an explicitly time dependént nagnetic field

"associated with it. This mugne lc Tield interacts with

ﬁhe moving electrons via the Loxentz force EELEL_ s
- which produces harmonics of the input frequencgob Thus
any non—unifdfmity of the applied electric field produces
harmornic components of input frequency in the electron

- velocity.

Even if the applied electric field is uniform, harmo-

nic generauion can still be produced by the spatial varige

tion of the static charged particle density. The movement

* It is to be noted that the hydro=dynamical equations
~apply to any external electromagnetic field, not
necessarily transverse fields. '
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of electrons from a region of high density to a region
of lower density under an oscillating electric field gives
rise to a net oscillating charge demsity, Tor ¥ .(n%)# 0

-~
The product nv of this charce
o

s

‘SO that i + 0 .

density with the velocity therefore generates harmonic

ot

- components in the current density 3 = nev .

There are numerous reports, both theoretical and
‘experimental, on research done on non=linear effects due
to {he mechanisms discussed above. Many of them start
from the Boltzmann equation, which 1s theoretically more
rigorous=but mathematically more involved. In the next
Chapter, a review of theoretical calculations of non-linear
effects due to these mechanisms will be presented, using
the leés rigorous but simpier hydrodynamical equations
{2 . 5) and {(2.. 6). But before these calculations are
presentédB something must be said about the range of vali-

- dity of the hydrodynamical equations.

The hydrcdynanmical equations are derived ffom the
Boltzménn transport equations, So the first queétion is
under ﬁhat'conditions is the Boltzmann transport equation
‘valid. To answer this question, one would have to stard
fron guentum statistics and follow the arguments hich

lead to the Boltzmann transport equation. It is unfortunate
q

that no review pertaining to thses arguments is available

- s - . [
. A
H A I . LR
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in the literature and the author does not intend to give such
a review here. Howevér, 1f one adopts the one-electron
approximation.(Reitz,1955)‘for describing the electrons in
solids, then provided that theexternal field is not too strong
lahd not too ﬁigh ih fréquency, the Boltzﬁann equation 1is
applicable to regions 1arger‘than'oné within which thére may
be deviétion from charge peutrality in the absence éf external
field( Ziman,1960§.Luttinger,1951; Adams, 1952,1953; Feuer, 1952;
Kittel & Mitchell, 1954; Luttinger& Kohn, 1955; Adams & Argyres,
1956; Linhart, 1960 )The dimension of a region within which
such a deviation may occur 1is the Debyevlength (Appendix B).
So the smallest length of interest L must be greater than the
Debye lengfh h).»The smallest length of interest is the
wavelength.of the applied. field. Eqs (2.5) and (2.6) are
therefore>applicable when the wavelength ) of thé applied
field 1s greater than the Debye 1engt@. ‘he criteria x>,
‘was discussed by Rostoker(1960), Balescu (1960% ‘and some
others. _‘ i | |

Assuming the validity of the Boltzmann equations,
”there is still one restriction on the épplicability of'Eq&
(2.5) and (2.6). Since Eqs.(2.5)and (2:6) are hon~re1ativi§tic 
equations, the eleotfon ﬁelocitj must be very much smallerw |

than the velocity of light,
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CEAPTER IJI

CALCULATION OF NON-LINEAR EFFECTS IN THE

" HYDRODYNAMICAT, EQUATIONS

In this chapter, the continuity equation ( 2. 5)
and the equation of motion (2 . 6) will be solved exw-
piicitly with~the ainm of obtaining an expression foxr
the curréht dehsity- 7 = nev , where n is the electron
density, e is the electronic charge and ¥ is the average
veloéﬁty of electron defined in chapter II.‘ The egqguations
will be solved first in a simple case in which the inci=~
dent electric field -% is.sinuéoidal_» and tﬁe,electron
density is sssumed constant. Later in the chapter, the

following more compiicated situations will be counsidered.

l) g with moré than one frequency component
2) E in the presence of ah external d.a; magnetic
field |
3} Elin the pfeéence of aﬁ external d.c., electric field
L} variation.of n 1is taken into account

5) the relaxation time % depends on the magnitude

of the average electron velocity.

Except in case 4), n is assumed to be equal to ng
the value of the electron density at equilibrium. This
assumption is made in order to avoid methematical intrie

cacies, so that the features of the solution %to the
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hydrodynamical equations in the various cases can be

brought out in a simple way.

-
3.1 _E  sinusoidal ', n = n,

A~ aau

H

Let - E’ Eleiwlt-{‘ %’:’;{eiwlt ; N | o (3.1)

B =3B,e 1W1t+B elwit  (3.2)

~where Wy 1is the frequency‘of the incident field and

E and B are connected by

, .
2 _ _ 18"
E = c 2t

The equation of motion becones

(30T = *[E -V BB _ g_%v(&f_{;} (3.3)

<4

2

m*c

A
ct

where —vsﬁ‘ is an internal static electric field which
[ o

.may be'present.“

Throughout the calculations in this chapter,  the
. term E'V<?£§2-> will be neglected. This'is‘equiva—
'.lent t:.assi;ing that the ordered m;tion of the electrons
caused by the electromagnétic férces predomihates over
the randombmotion caused by the thermal and pressure

effects, -Thissassumption.is valid at a sufficlently

low temperature. -

- A method of obtaining’a‘genefal solution to Eq.{3.3)

is not available. Usually a perturbation technigue is
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used. In this technique, it is assumed that the inci-
- ‘ - -

dent fleld E 1is of sufficiently low amplitude such
that V ocan be expanded in a rapidly converging power
series.

? = Vokw 2 EBeijwlt + compléx conjugate (3.4)

J=1

where v1>>v2>>v3 >> erevesesan vy denoting the

magnitude of 33, )
Putting ff.EqS'. (3'1)’ (302) 8.1’1(1;(3.[,}) into (393)w,
- and equating coefficients of corresponding powers of

eiwlt » the following set of equations is obtained:

= e = v
1v1 s T (3.5)
-5 - - ' ,
Ziwl?ézw(?i.v) ?& + i%zﬁgél - %2 (3.6)

- In the above set of equationé. terms of oxrder higher
than j'are neglected in an equation for ?} . For
example, in the equation for %%’ terms- like (¥,*.9) Vs
( ¥%.v) ?7'3 coseorccss and __s__ ( 'x?lx-é’z*) are
neglected. Terms containing ;b ma;e also neglected
because ¥ is theaeiecfroh velocity in the absence of

0
applied field and is very small under the assumption that
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thermal motion is negligible.

Substituting Eq.(3.5) into Eq.(3.8), end using the

(Z.B) = (R.9) B+ @B 0E+ExoxB) + Bx(vxZ) (3.7)
and using the relation ( % Eﬁ% =9xE )
-p _ 4‘0
Bl = TVX El _ (3'8)
. 1 e? 1 .
%:- . V(El E;) (3.9)

e
2 m¥ (21w1+ )(iw1+ =)

2

jth

v, is of second order in Ej, and in generalvj is of

or@er in Ej.

In order that Vod< Vi o Ey and Wy, should satisly

the inequality

. o

2 ' - ‘
e e
== B > —y \V(ELED | ~ (3.10)
m*wl . m Wl . ‘ )
: 2
By > h’l\VEl\
m¥ w% :

if ﬁa is a plane wave, the magnitude of v El is
: -
El-& where -4 1s the propagation vector and is equal to
w1/¢ o Thereforethe condition for vp<«vy  becomes

Mo > L C(3.11)
e wq
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Consider now the time indepcndent equation obtained

from Eg.(3.3)

> ~yi
m¥c

[ ﬁB{+ﬁyB](3J2)

using Eqs.. (3.5),(3.7)and (3.8), one gets

V(B BY) = - = (3.13)
m¥*2 we + 4 m#*

Thus if Ej is @ plane wave, V (E,;.EYf )=0and ¢4 =0 ,

v (L) s omegii-

gible holds. This simple conclusion seems to have been

provided the assumptlion that

overlooked in the 1itera£ure._

. .
3,2 5 with move than one frequency component, n = n,

-y
Suppose B has two frequency componentss

E = gleiwlt -+ ﬁ;eiwzt + complex conjugate(3,14)
and B = gleiwlt + gzeiWZt + comvlex conjugate(B;ls)

The calculation cah be carried out in exactly the
samé manner as in the previous case, bué there is one very
important difference: 'besides harmonics of wl‘and Vo
there are present in the solution for ¥ components at
mixed frequencies Jj Wy + Jjp Wy, where jj3, Jp can take
positive or negative integral values. The mixed frequency

components arise because of the nonelinear interaction of

the compbnents Ei elW1t gang Eé elvat,
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The Tirst Tour time dependent teryms of ? are
2 dwit o 2 Awat 1 (wqtwo) t 1 (wq-m5)t 16Y
vietT1t + v,et 2 1—v1 elt\WitWo +-V21e 1=%2 (3.26)

d .. s . -» '
V, 1in this expression is not the same as Vo in E¢.(3.6)

~

- - )
Vg and Vg are obtained by substituting Eq«{3.14) and

Eg. (3.15)into the equation of motion
—-—

- b g =
r(F9)¥ = 2 B4+ XXB - X

2t m¥# c

with the result that

g
1wpTom &v Bp - L2 (3.18)
mi T
B e (¥.xB, VoxB 7
i(Wl*Wz)V12+( 1.v) 2+(V2.V)§11:::K}1 2.422% %].. 2 (3.19)
mE ) C c T
e [ VpE3]_ ¥ou (3.20)
1w, w )v +H T ) vE = S| - .
2/ Vo1V - S po
Substituting Egs. (3.17)and (3.18) ; into Eq. .(3.19)
and Eq..(3.20hnd using - — 2’-%- - vxB, one gets
2 >
=N 1 . 1 ~ V (E,.E,) (3.21)
1(wWikwo) + -;:—:- m* (1W1+-,’E-)( wat=t) |
o 2 '. - -
V.~ ! c 1 V (E;.E¥) (3.22)

21 T
1(wl 2)#-—L 2m# 2 (1w +s )(iw2+ -)

It is to be noted that when El is pexrpendiculayr to

-~
E2 Y ?l 2 afﬂd V2 1 Vani Sh.
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—
3:3 E in the nresence of a d.c. magnetioc field, n=n,

Conslider a de magnetic field go being applied in the
z=direction, in addition to'ﬁi ahd 51- (There is no loss
of generality in assuming that B, is poilnting in the
positiveFZudirectionf One then has:

= = eiwlt -»*éiwit

BE = Eq + Eq (3.1)

(3.23)

Vyelwit o VéeZiwlt +oeewes . roOmplex coniugate

<4
li
S
+
<,
.y
0]

After substituting Eqs..(3.1), (3.23) and (3.4)

into the equation of motion, the following equations are

obtainsd:
e . - \_r’ XE’ —\? '
iwlvl A —— El + 1 0 - -""];' (3.214')
. m¥ c T :
d e 7 —B° v B’ {’
Plwgv, + (V.9)¥) = = |ZBC1 5 D2X20f U T2 (3 5
m¥ c c T

DO € L T i D S S - o axr oun G e e o e s > .

L D N 0 L D G B G O e S - - o 0

Eq.(3.24) is equivalent to the following three equations:

_ . v
WA Va - — = V4.W. = —dX 3,26
1Vix - 1x 1y%c ) : ( ),
: ' e -' . Vi ’
iw, v - —— = WV, W e el 2
171y m¥e LY 1x"c 2 (3.27)
e hta
iw.v - i B, = e sz : s
171z o lz - (3.28)
e ' -
whexre W, = BO « These three equations have
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the solutions:

1
e (Lwq+=)E{,~w . Eq,

v T — - T - & - ' ' .-2
B e W u? e 2im 1 (3-29)
c 17 == ﬁgz
. | . ’h. '
v1 - ._e. (in]‘f‘-::n—-)h—ly‘f'WnIL']v (3‘30)
oo o2 2 2iw . 1 '
v m VJC —W1 -+ = _—-:5-2'
e 1 - V
¥ 1wyt =
Usuaily -~ is very much smeller than wy. 8o that
> e IwWq - >yl - e E W :
Y e e E-=CF, 1 o — —-——£— (3.32)
1m 22 2 1273 o w2 2
m WC—Wl Wj m C-Wl

- ,
where , 13 is the unit vector in the positive z-direction

— e -
and w - B

m¥c

Thus vy afttalns its maximum when the applied fTield
. -
has a frequency Wy = W,. ( Vq , however, will not become

infinitely large because of the presence of the terus
2iw 1 , o
. 11 4 ) - in Egs..{(3.29) and (3.30) , which have

been neglected in Eq. (3.32)3. This phenomenon is called

cyclotron resonance, and W, is called the cyclotron fre-

quency.
Considexr now an eguaticn in Vj « The terms con-
-t .
taining vy ‘dn this equation are 13w1 j and
-
e . —> o~ V4 3 v -
vj><Bo 11 — is neglected. Writing
m¥c ‘ v .
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LW vy + WV = F (3.33)
1wy, - wcij = G (3.34)
13w, v = H ‘ .
AR . (3.35)
where F, G,H are terms not containing vj. The soiution
1
forx v, therefore contalins the factor > - v
S ‘ we =(Jwyg)

" Moreover, to get the right time dependence, E,G, H nmust
-» ‘ -

contain terms which are fuancticuns of v v v, 5 »
3=

J=1
: - - Y o < I
ssvocosees Vi o 4Lt can Therefore be concluded that

« - > - 2
cyc.LoiTTon regonance - for VJ occurs at JI’\T] = W’c.
( § e 3.) w = ?529 (j > 2) ‘\:’fl = ch seeassovee V‘l = W’co

_ N _
Consider an external dc electric field Ey being

. BTN
spplied in addition o Ep and B, i.e.

E = Eg + Eqet 1% 4 Bye~iwit (3.36)
; - -’); T -
B = Bleiwlt + Bie iwit (3.2)

The important point in this case is that V; depends

-
on Eye The equation in vy is

(VAT + 2~ S F .
0 0 = — o (3.37)

—

hang -
The larger E5 is, the larger’vb - becomes. Whenk,
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_ _ -
is suificlently large, terms containing Y will pree—

donminate over those which do nov.

3.5 E sinusoidal , n deviates from Rg
The sguations inn and Vv are
- - .
> . v e =2 . e - -
2V (F9)T 4+ o = &L E -9 ]--—-<'vx 3]=O .38
>t T m¥ ? m¥c (3.38)
31 > |
e + 9 (nT) =0 (2.4)
2t :
Vg = - Une(n-no) : (3.39)
- :
- -2 = vx E (2.1)
c 2 .
These axre in fact just the hydrodynamical and Maxwell
eguations in Chapter IZ. Also E,ﬁ;ﬁ are given by:
- A L
e E eiuit - E 1w1t (3.1
: 1 1€
B = Bet"t +'§§"1w1t (3.2)

v ='VO + vleiwlt 55621W1t+ ee....+complex conjugate
_ ) - , (3.
For the same arguments by which Vv can be expanded gn

a power series; n can be expressed as the power series.

LA

n=n 4->nleiW1JC + n?e21W1t+,...+complex conjugate (3.40)

0

An eguatlon inm ny can be obtained in the following

-

way: from Eq. (2.4), one has:

dL

novn’z’l =0 S (3.b1)



Differentiate Eq.(3.41) with respect to time L.
3%n 2l |
°t 0" " 2 ¢ :

From Eq. (3.38), one gets

-y
v
2V . Yy & §1+ £_ (coefficient of et™1? invg) =0
2t © m¥ m¥ :
(3.43)

Take divergeance of Eg. (3.43)
- N . .
Vi V.V e - e _ .
<. 2___1___,? =1 -wv.nl-e--— (coefficient of elvWitiy v"ys)=0
2t T m¥- m* '

) uoooooooco"oo'..-- (3.44)
Frowm Eq. (3.39)., one obtains

(coerricient of o™ inv'p) = ~lyen, (3.45)
. Substituting Eqse.. (3.41), (3.44) and (3.45) into
Eq. (3.42), the result is:

2 ‘

¥ n on Lne? ‘ e '

==L L 2% . ngn, = -— V.E (3.46)

2t T ¢ m¥* v m¥ :

->
“Por a transverse incident field ,(v.E =0)this is simplified-
to 2n, 1 : ‘
A _ §~m% 2o 281 4 wng =0 (3.47)
2t T 2t o
where
2 _'Unez
wo = - ng

Eg. (3.47)in general describes a system osclllating
with frequency wp in tne absence of a driving force and
demped by Ffrictionm. In this case, the equation describes

the fluctuation te First oxder of the electron density

from eguilibrium value, damped by collisicns, W, is called
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the plasma freguency. In the steady state, the fluctuation
15 reduced to zeyo by damping. Therefore np = 0 in the
steady state.

?1can now be solved from Eg.(3.43)., giving

BN IR S T1= 2l E
1v1 - - N 1
m’N‘
- e E :
m¥ iw 4 ==
1 <

In exactly the same way, an equation f{or n, can be
set up. It turas out to be

}1 1 » 2 - .
Do 4 2,280 o wPn. =n.V.A : (3.48)

Yt* T 3t p2

0

. -» - Y —p -
where A = (VloV)vl- —?— (vix By)
' m*c

In thesteady state,'the solution for ny is

n -2 -
n2 .‘:-".‘ Q vovA. (3"“’9)
p 1 T

A Yesonance occurs at42W1= wp for noe

. -> . -
It should be noted that J being equal to nev, its
frequency components have contributions both fxom n and

g ‘The third oxder current density, for example, is
nyevy # nyev, + n,evy o n3§vo is small com=

pared with these three terms).



3.6 Whern T depending on magnit

(23)

ude of wveloclty v

A 4is a coustan®

Suppose T =d v2 . Where [
having dimension time « Since

-
v

- - Y —°
{In this case, it is more convenient to write Vv

veloczuya
.éOeQ.t'..

2 Jiwit oz 2iwgt
2

without

adding the coumplex conjugate). ve is giﬁen by

2 —)—9*
Ve = V.V
. V2 & 2% - - 2 - :
= Vg Vpevicos(wyt)+vy +2V1.vzcos(2w1t) +.e0.(3.50)
where vO o Vi v2 sooossooeas Nave been taken to
be real for mathematical convenience. . SO0 one has
v _ 1 g '
_—= (3.51)
v + 2+2v v cos(w t)hv2 2v v (2w, t
O o V1 . lT 2cos W1 Jteeon

T
<Ll

Yo

) al<5 Q-

g
(¥

[

he absence of a strong ext einal decs electric field,

1 compared with vy, and vy > ’v,) >> 'v3 > esses

s smail
(3.51) can therefore be expanded in a binomial series:
v% v% )
L [ 747 otWit,y J2iwt |2V T
- % 0 1e 2 Feoew - > COS(Wlt)
vy .
) 2V, . 7. ’
-_«-l§.2 cos(Ziwlt)~°°.,.. ] (3. 52)
v — e d
The factor . gz@i;%-cos(wlt)vle '%n the
Vi
iuct gives the second harnonic of wy and the factox
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N _
[ SO R ;
o YiaVoy e1W1toos(2w1t)gives the third harmonic of

ner factors in the product give: higher harmonics

As a specific example, harmonic generation due to
the presence of an electron density gradient and ionising

collisions has been discussed by Chiyoda. (1967)

A1l calculations in this chapter alsoc apply .- to
the interaction of electromagnetic field with holes, with

two wmodificationss

(i) holes carry a positive charge which has the
‘ same magnitude as the electronic charge.
{(i1)  Tholes in general have a different effective

\ mass from that of nmobile electronse

Experiments on non-linear effects arising from the
mechanisms discussed in this chapter have heen performed

and the results studiéd by'many authors ( Whitmer and -

-Barrette 1961; Proceedings of the Conference

-on the Physics of Quantum Electronics,l1965) Extensive
references can also be-fouhd in the paper by Bioembergen,
(1966).The experimental resﬁlts and the theoretical
vredictions agree within the uncertainties due to the

experimental errors,

S
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CHAPTER IV,

NON-PARABOLIC CONDUCTION AND VALENCE BANDS

in the hydrodynamical eguations, 1t was assumed
that the average vélocity 3 is proportional to the
average momentum ”5 {see a?pendifo) Whether this is
true depends on the structure of the conduction and vae:
lence bands of the soiid° {(Interaction of conduction
and valence band with higher or lower bands cen usually
be négiected.) It électrdns are the current carriers,

reindence is on the structure of the conduction band.

or

LS

»

&

o

Q]
g

IT holes are the current carriers, the dependence is on

.

the structure of the valence band.

Foxr éolids with an inconpletely filled band, the
depeﬁdenée of velocity on momentum is determined nainly
by the bard structure up to the level to which the band
is Tilled, Sodium, for exanmple, except near'the'edge of
the Brillouim zones, has energy bands of the form {Smith,
1959)

2

£ = = ~ o (4,1)
‘ 2m*

—pp .
where is the wmomentum of an electron and ¢ is the

1o

¢

energy with the zero of the energsy taken at the bottom of
- A
the partially filled band. The velocity u averaged over

~a unit cell of the solid is given by:

2=V & = - ' » (bo2)




-~ g . 2. A -> 2 .

LIt is important to note that U is not the saume as
= NS i & 3 S @ 5 }/ £n o
V., winich Ls the velocity averaged over the solution of

The Bolizmann equation.

' - . -
The velocity u 1is proporticnal to the momentum D

{and thercfore as shown in the appendix, the average

<

-
is proportional to the average momentwa Q )
for moblile electrons in sodium. Energy bands which give

ise to a linear relationship between velocity and momen=

=2

tum sald to be parabolic., Energy bends which give rise
to nonlinear relatiounship between velocity and womentunm
are said to be non-parabolic.

Scdium crystals have cubic symmetry, and that is why
the coastante-energy surfaces are spherical in momentum

space. There arve energy bands which are not svherical

o
Ct

o

u

still parabolic. Enerzy bands with ellipsocidal cone-

N

stant=energy surfaces of the form

2 2 ) ‘
' p-« p!—v p>v . ‘v
L s . : (&4.3)
- 2m% 2m* m¥*
le 5 2 3
where m? ,mg and m% are effective masses in x, y and

z directions respectively, so that

© ) .
u, = —= , u,, Py ,ou, = Dz (L. k)
m3 m* me
1 2 3

are parabolic. Energy bands with ellipsoidal constante



Cn 2 .2 > ' ~
Dy D D .
A - T (t.5)
i m¥ 2mE
where Pe 12 a coustant, so that
Dy o ' D
Uy = :..X_..P.Q.. R uy = 2¥e u, = o (4.6)
m¥ m¥* me
1 3

are alsc parabolic. In general, an energy vand is parae

the energy ¢ is a quadratic function ¢f the

2
<

momenvtum P ®

For semliconductors which have filled valence band

-

nd cupty conducticn band at zero temperature, the rela-

]
(<3

Tionshlip between veloclity and momentum is deternined

the conduction band. {There may be more than one MAX] -

mum oy minimud. )

Valence band or the lowest minimum of The conduction band:

at X = 0. '(Vhéze ﬁ'is the propagation vector of ihe current'
carrier,) IT in addition the corresponding bands are
non=degenerate, the energy will be a quadratic‘function

N _
near X = 0 and the bands are therefore parabolic.

Indium antimonide has an outstanding band structure,.
2



tne conduction and valence bands, however, are degenerate,

o
<
M
fot
]
o]
o
0]

ticn of the band gap between the conduction an

oands, the conduction band becomes non=parabolics
| | %
2
: E_2 p?
£ =[(==8) + ( ) E

2 2m% G (%.7)

) 2 A3 g > ’. U]
whers hG iz vhe band gape U is therefore given by
% 2 - —4— .
g 2
- ' D 2 '
uo=y_ g o=Bal1 - 2B (L,8)
, b m¥ m*E

Because of the small band gap, the nou-parabollc nature
2

of the conduction band will be ifmportant st high temperae

ture oxr high electron concentration

Calculations can be simplified somewhat while keeping
the non-parsbolic nature of the cenduction band by not

<. al

considering explicitly the terms due to the filling of
to the Fermi level. Then for current carriers
near the edge of 4 nongaraool*c band, the energy expanded

to the fourth order in momentum is:
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L

. .
¢ o~ B - R ' (4.9)
2m* hm*E ' :
= D p? |
and L et - *2 jo ‘ (h.10)
m¥  m¥ EG

An exeunple ¢f non=parabolic valence band is the valence

band of - germanium,

el , .
av X = o, but the valence band 1s degenerate. The cone
. - _
stant energy suvrfaces near X = 0 are warped and hence

noveparabolic (Smith,1959) .. In particular, for heavy

the energy-nomentun relation of

32 2 n2
¢ = ..._]*.O.._a;a Lo B¥ 2% (4.11)
2m¥ e ‘
‘where
Lo A s (2% L 02)1/2]
2m? 2m b

X
|
Q
o
~
J}.-\‘
ON
=4
tw
D
+
[y
Q
[\
B =
~
\S—

£y By C are stendard energy band notatioms (Smith,1959)

and A is @ mezsure of the warping. The velcelity is

' I
. DD .
u, = X+ 8 Sy (4.12)
. m D
| L
u =2 4 g pﬁp" ' (4,13)
y m . :
. ; P
- U. = 0 ' (b4, 14)
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NON»LINEAR EFFECTS DUE TO NON-PARAROLTC BAWDS
= =4 2 el - . . -
Let & = «lelwit v Eye LW, t be ta¢e Incident

neglecting the comparatively wesk magnetic forces,

Ihe solution of Eqo (5.1) is

7 t  eRmy 1wt
P =3 4 ekt elT1t_ Sk (5.2)
iw:L wq

. Substituting Eo. (5.2) into the'velocity-momentum
relations Egs. (5.10),(5.12) and (5.13) @mives the

2 » 2 s -2
Corresponding expressions for velocity 4, The

s -

g1 4

O ‘9 . -
current density J is then obtained by averaging 1
over the Permi distribution function and multiplying
by the electronic charge e ({positive for holes,
g -
Pg is neglegible, this

by the carrier density

-4
&

D

5.1 NON=PARABOLIC CONDUCTTON BAND IN INDIUM ANTIMON

Case (1)

Setting §b=o,vsubstitution of Eq.(5.2)into Eq.(5.10)

&
&)
g}
)

e

sinusoida’

gA1—3}(\,ne,g;:li(Q;ible




Zives the velocity

— . .-
> 1 eE, iwqt 1 63 2-_?7" = -2% s iw4t
U T e L e 1Y« ‘-"-—3- Elw +2(L‘Ll.ﬁ1)El e 1
& ¥EA
m¥ iwy M¥E; 1wy
R wﬁi BL2R. gliwyt thelr complex corjugates ,
o I R
mﬂbG iwl ‘
QO'O.O'O..~0040-GQQ-(5g3)
It is seen from Eq.(5.3). that apart from the
fundamental frequency, the third harmonic of Wy in

2 l=f] (5

G ~

s 1 o~ Co1l }ibe, EG o~ 1@’\7, El ~ 1
- . . : e "’8 -~
volt/em, this ratio is of the order of 10™°, If the

ke

incident wave is cirvcularly polarized i.e. Elv = i “qy,
P b

For the purpose of this thesis, it sheould be noted

from Eq.(5.3Fhat no second harmonic component: of Wy
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-lp
¢ s - vy s oo 1emy . - - - ~
CASE {33y 70 CONTATNG NORE THAN ONE FRECURENCY COMPONENT,
- .
WITNIT T NPT T TR
PG NEGLIGEERLE

Lw’}&'f '3 - > s v
1W1L+Elelwlt - elNZt

)

— -
Let E 'begiven by Eje

“‘31.:2' "‘: > L
+Hye lWZ?Q then one has:

- > [ _iwit =% —iwqt > [ 2E_~iwot
3 = ¢ (?le 1t g iwlj+ ~E—Egeiw2t—E§e 1w2u]
o iw
2 000.00{...000(5.5)
. A 2 .
The velocity 1 4is given bys

3
fl

m* {iwg iws
3 -
_ 1 _ e 325 eBiwlt_ e EZE» 3iwpt
> "'3 1~1 3 272
meEg [ iy vz

3 ' - =
- = (E§§é+2§10E2E1)ei(2W1+W2)t

.i'WiWZ ]

b (Efﬁg+2§1,.ﬁ2§l)ei(2W1-w2)t_
2
1W1W2

el 2 -~ - i(W;;ZW t
-~ ﬂmezmmp (E231+2E19§2E1>9 '-Lr 2)

. 1.'[&71'%7’2

N

S

LR i(wy=2w,)t
5 ‘o pteEGEE,)entHITEN,
1W1W2

+ their compler conjugates (5.6)



t harmonic components in w3 and W, in

s
the product 32 P are neglected in comparison with

- -
1 k] e . w s t
pa Loq elW‘] [V - L?J ele
g’&q r

ition to third hsrmonics

£

Ecs.(5.6) reveals that in ad
of wi and Wos there are nixed freguency components at
2&1 F Wpe Wy ¥ 2Wo0 2ug = Vpy Wy = 2 I{f the inci-

dent waves are circularly polarised; one has

E

=N

= 2:
E2 0

=
=
Hi

1°%5 IL:LXEZX - Elyﬁzy . (507)

E E . Lk ¥

i

t

=0

and the components at frequencies 2w, + Wy and wy + 20,

o

will be absent.

NE
! oo

.

No components at fregquenclies 2w, 2wWpe Wy ¥ W,

and w3 = Wy are generated.

CASE(iii) B in thepresence of a d.c. magnetic field,

. -3
Suppose a de.c. magnetic field DBy is applied in
' -~
the posgitive z=direction in addition to E. The equa-

tion of motion beconesg
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-

- . — .
do_ - o ( Eleiwlt + e iwlt) . Tx €80
dt | ¢
= e ( B etWlty B¥e-iwlt y o (1 _ 22 ) P« W
1 m*EG
..."............(5.8)
s : -
where W, = ~&.Bg
: m¥*c

Eq.(.5.8) is a non-linear equation. Using the
perturbation technigue outlined in Chapter III P is

assumed to be expandable in a converging series

D = 3leiwlt'+v§é921W1t+ oesss * complex conjugate
.......-....-o~-~(599)

where Pl >> Pz > PB D2 evessveesscsocsase

- .

Py 1s given by the equation:

- . ~» . ' . . : :
1w1p1:-eE1+ Py x W, | | . L (5.10)

2 - ‘ ' ‘ |

terms in ==t P being negligible. = Solving this
’ m¥E o - o

equation, one ’gets

pl - egwr';EEr - iW’]}:_t x)

X L2 2
’ WC'WI

. ~e(iw(E +w_,E_) ’ -

Py, = -z o (5.11)
y WZ WZ
c "1

. -
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Resonance occurs at Wy = Wge

> o o
P, 1s giveu by the equation

21?152'” Box W, | (5.12)

Writing out in cartesion co-ordinates: one gets

2iw1p2X =p2ywc

24w, p, =P, W, (5.13)
pZZ
This is a system of homogeneous equations in P, and
szﬁA non-trivial’ solution of these equations deter-
mines the magnitude of Eé only up to an arbitary'
constant which is independent of E. This is physically
'inédmissible. ;é must therefore be equal to zero.

Similar arguements show that all even harmonic compo-

ﬂents PL"’ P69 P8 s o0 muS;b VaniSh.

3} is glven by the equation

31w133¢15'3x7¢' - ._..:L_ Bixw, (5.14)
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Solving this equation, the result is

P3x

P3

= p% we {chix*Biwlply]
R |
~ o W | : (5.15)
b3y = % , c; EBiwlplx"'woply S '
.m*EG W ‘9W1
=0
z .

Resonance occurs atWy = W, and W, = 3W3.

In general any odd harmonic component 33 is given

by an equation of the form:

]

X<, o (5.16)

. -

" where X are the terms in the product P2 P which have

' tiwit 7 |

a time dependence of elJWit, ¥ therefore is a function
- - : = > ' .
of Pj_p » Py_y > sosce PB’ Py, so that resonance is

exhibited at Jwy = wy, (J=2) wy = wy, (Jj=4) 'wl = w,

. sosccoensves 3Wl = ‘ch ‘ql = T‘Jc‘

Conslder now the velocitys
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Since P contains only odd harmonic components, p2 P
will also contzin only odd harmonic components., Hence
it can be concluded that X contains only odd harmonic

J

. components and the odd harmonic component «U; exhibitsA
resonance at frequenoiesijwl = Wee (j-z)wl = Woseweoes

3Wl = Woe Wy = Wee The expression for the third

c
velocity harmonic component calculated by Lax and

Zawadzki (196?) is in agreement with this conclusion.

Case {(1iv} P, large compared-with_eEl/wl

Solution of equation df motion ‘Eg..{5.1) is

-

iwgt | eBj -iwit

~ =
D= 3O+ eEy o
in in

- Substituting into the veloci ty-momentum relation

W= 2w B

m¥ m#* EG j

1t is seen that the second harmonic components in

-
P2 P is given by

) ez N - . .
.E : it

G w1

However, if this is integrated over the equilibrium

distribution function to obtaln the current density,
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the integral vanlishes because in the absence of an
applied field, there is no preferred direction of.
electron motion. Thus'only 0odd harmonic components

are generated in the current density.

542 Non-pérabolic valence bgnd in germanium

The velocity-momentum relation is

o
il

bPx + 8o DxD
m o o)

| Y
8- + 8 xix
m p

Il

iy

1y

: -
Case (1) E' sinusoidal, . P, negligible

The’solution of the equation of motion 1s:

Ly
eiwlt _ B iwy

x iwg iwg

where Ex and E., are the cartesian components of E&..

y
in the x and y direction respectively.

Consider incident waves which are plane polarised.

It Ex=Ey=O. ux=uy=0. If Ey=Ez=O.ux=px/m, uy=O. If

=E_= = =p./
Ex=E,=0, uy=0, u, by M.
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No non-linear effects can be observed.

Consider incident waves which are circularly

polarised. Without loss of generallity, let E_ be

. y .
real and for circularly polarised wave Exy = 4 Ey.' Thus
px - eEX eiwlt 4 eE e-iwlt |
= 2 Pcos(wqt) ' o (5.18)
p = _e_@a eiw_lt _ eBEy e-iwlt
' o iw1 1w1
= 2 Psin(wyt) ' (5.19)

where (P is defined to be the real gquantity eEy/W1 .

From E‘qs.,(5_. 18) and. (5.19), one obtains

p* = ( pf{,-'- pf, )2 = 16 P¥ : | (5420)

pi’ = 160’40084<W1t) ‘ ,
= 201; cos(4wqt) + Lcos(2wyt) "“3]" (5.21)

b Ly 4

P, = 166 sin " (wyt)

gl

2 pl‘b@os(bwl‘c) - Ll-c;,os(2w1t) + 3] (5.22)
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Substituting Egs. (5.20).(5.21),(5.22) into the velocity

momentumn relation'(4.lo), the velocity is.given by:

1]

u

. (%—4# Zd)?cos(wlt) - 3&?008(3W1t)+df¢03(5wlt)‘

...,..f..(5.23)

]

(ﬁ" + 2o)Psin(wit) + 3dPsin(3wyt)+elPsin(5wqt)

X . 0000-..0(5024)
The velocity contains third and fifth harmonic come

Yy

ponents. No even harmonic components are present.

Case (1ii) P, large compared with eEl/w1

Solution of the equation of motion gives:
Py = pox *20cos(wit) . s
| (5.25)

py = Pg +2@sin(w1t)

y

Pi = Pog +8pogfbds(w1t) +24p8xm20082(w1t)

#16p0, Proos (wit) +16¢Fcos (wyt)  E5.26)

vy

Py = poy_+8pgyws;n(w1t) +2up§&dﬂéin2(wlt)n
\ o " T
‘ +16pOV§Qsin (Wlt) +16¢P sin (wyt) - (5.27)
. , . S
ph = (p% + p§ )
2 2.2 2. 2
= (pg+4f) #8(p0+4¢=)pOXPoos(w1t)

+8(p§+4y?)poypsin(wlt)+24pOXpoyf%1n(w1t)coS(wlt)

+16p§xygcosz(wlt)+16p§y§@sin2(wlt) (5.28)



, 2 _ 2, 2
wnerxre po = pOX poy
Since P, 1s large, 1/p4 can be approximated bys:
i ~ E 1+LM> % 8 L + 2 ) foos(wlt)
k 4 2 ) 2 4 ) 0% 4
b Py Pg Py Po
2
+8 35 + EEL poyd’sin(wlt) +2429X£Q¥fbin(wlt)cos(wlt)
p§ P§ ) p
2 2 2 2 2 4
#1620 cos” (wyt) +16220- P sin” (wyt)|  (5.28)
Py : Po

Cohsidef now the even harmonic components of i the
velocity. .Foru_ they are produced by the term Eiﬁz— .
Even harmonic terms are terms whose time dependence
~has the form sina(wlt)cosb(wlt) where 2 and b
are Positive integers such that a + b is an even
number. When a + b is anvodd integér, sina(wlt)cosb(wlt)
- is thé time dependence of odd harmonic terms. Aﬁ in- |

specfion of Eqs°~(5.26).(5.27)4(5.28), shows that

4 L L

Py o py , 1/p° all have the following property.

Dependence on'b P “is pg ph
"Harmonic terms TO0x FOy 0x*0y

A

where g,h, are positive intergers

Even _ g#hfis even

odd . . g*h is odd

Denoting the dependence on Pox’ Poy of harmonic terms
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" v AL 81 g g2 . h2
ia 2" and 1/p °7 Pox Poy and  Dox” Poy
respectively, dependence of even harmonic terms on
Pogx Poy in Dy p/p can be obtained by:
i L
Term TBfrom Py Term T,from Dy Term T,from 1/p™
g3_h ' 81 by g2 ho
is pOX3p0y3 18 Pox Poy 1s ppk Poy
, g1+hl is even gg+h2 is even
, gith, 1is even gy*h, 1s odd
g3=0,h3=0 : —
’ gq+hy 1s odd g2+h2 is evep

Dépendence of even harmonic terms on pOX pOy in

u, = dependence on D

D of T, T T. -
X N -’

Cx* 0y 17273

e

The.above.table is/set up using the fact that even
harmonic terms can only be obtained by multiplying
Atogether two even harmonic terms or two odd harmonic
terms, and odd harmonic terms éan 6nly be obtained by
ﬁultiplyihg together one éven harmenic term and one.odd
harmonic term. The dependence of even harmonic terms

on Poys Poy in DPxPy /P 1s thus given by Pyy® P, B,
where g + h is an odd iniegar. It Will;vanish on -
averaging over the. equilibrium distribution function,

being an odd” function in poxjpoyﬁ?;iﬁ They. : do
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not contribute vo the final éxpression for current
densitye.

Again there are no even harmonic components in

the current density.

5.3, Effect of an external d.c. electric field

Calculations in sections.S;% and 52 show that
under the various conditlons specified, non-linearity
due to non=parebolic conduction band in indium anti-

.lmonide and nénnparabolic valence band in germanium
does not produce even harmonic components in the current
den$ity.. It wiil now be shown that if a strong external
dec. -electric Field is imposed, such production can

" be achlieved.

To discuss the cffect of an external d.c. electric
field, collision procesSesimust be taken into account.
The presende of collision processes 1s necessary for
the mobile current carriers to attain a steady state.
Using the hydrodynamical"approaqh presented in Chabter

II: the equation of motion is, neglecting the magnetic

4forces.
o - = | ¥ ~iws T Q .
do ="eEO.# eEleiwlt + efqe 17 - = (5.29)

at
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- -
where Q is the average momentunm, Eo is the d.c, elec=-

S btric field.

Eq.(5.29)can be solved exactly to give

- - = iwqt : ~iwst
Q@ = eEyT 4 QEle Lo e (5.30)
T 1 T

Neglecting 14  compared with W, and letting

Qo = egofc y one obtains

| : 7 1wt e BY _-iw,t
§a G+ e 17 - 2EL T (5.31)
1wy 1wq '

The average veloci y - average momentum relation .

for non=paravolic conduction band 1n indiunm antimonide

and nonwparabolic vqlence band in germanium are res-

pectively.
- Z},’ QZ -
V = wwe - ---?———-— (5'32)
mi mn¥*"E
G
L
N S .8
X m Q
(5.33)
v = -W_4g &-E%EK

. The current density is giVen by ne'?. where n,

the carrier density,is assumed to be constant.
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Three sinmple cases will be discussed to illustrate

the :Qle played by the d. c. electric field.

Case {1) Nonelinearity due to non-parabolic conduce

—
tion band in indiuvm antimonide, E sinusoli-.

dal

The velocity ¥ is obtained by substituting

> = B oH
Q = Q+ LEL ciwqto -gil e~iwlt
iwl iwq
into

2 2

V=t . 2.7
% mee
m* m EG

The mathematics is exactly the same as in case

, - -
(iv) of section 5.1, with Q replacing E’and Qo replacing

Pgye Hence the second harmonic velocity component in v

is
2 -
e
S p——— S— QO‘ 1
m*dEG w%

The difference is that the second harmonic come

ponent in the current density is just

o 23

3. - (5.38)

2
m¥ " Eas wq
which is obviously non-vanishing .except when

ind — — -3
Qo B4 =0 i.e. when Egls perpendicular to Ej.
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Case (ii) Non~linearity due toc noneparabolic conduc-—

: -
tion band in indium antimonide, E has two

frequency components

Let E = Eleiwlt+ Eéeiwzt +complex conjugate

-
Then Q becomes

5’= 66 + GVt . QzeiWZt +complex conjugate
'oooooo-o---"- (5.35)
- el q e
where Qq = L 523 2
1wy 1w,

Substitutiag ‘Eq. (5.35) into

-_q Q% =
v:.'—-fv-—
g m¥* m*ZEG

~ : -
gives the various harmonic components in v,

Comparinv with a similar case but in the absence
of Eg» i e. case (ii) of section 5.1, one finds that
in the presence of E;. there are components at the
' mixed.frequencies Wy + Wy and Wy - L) in the current
denéity. The spatialpa;tsof these frequency compo-

nents are:

- B (@B +(T. T T, (80T (5. 36)

and

-5

_ s [(Efl.‘?;")” H(Ty B BT,y Q1>Q2] (5.37)
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These two components, however, will vanish if
- - - - .
Eos Ej and Ep are mutually perpendicular, as can be

seen fyom iEqé. (5.36) and (5037)u‘

Case (1ii) Nonelinearity due to noneparabolic valence

-—
band in germanium, B :sinusoidal @ - and

civcularly polarised .

The mathematics is the same as in case (ii) of
- -
"section 5.2 with Qg replacing Poe It is seen there
that in general there are even harmonic components
in the velocity. These harmonlc components will
therefore be the even harmonic components in the

current density after multiplying by n and e.

Pinally, it is easy to sSee that the harmonic
components can be‘madé large‘byjapplying a sufficiently

strong d.c. electric field.

u_ Noh—linear'effeéts dué“£8 non-parabolic bands
ﬁas first observed only very reoeﬁtly ( Patel, Slﬁsher,
and Fleﬁry,1966) The experimental results agree |
wiﬁh the iheoretioal calculations within the 1imita; A
tions imposed‘by the  experimental error,‘which is |

about thirty percents.
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CHAPTER VI

CONCILUSTONS

Non—linéar'effectslin sélidé can be made large by
applyihg;-simultaheously with the electric fields_of the
incident electromagnetic waves, a doc.qmagnetic field of.
appropiate'sfréngth to stimulate'cyolotron.ﬂresqnance, 6r a s
sufficiently strong'd.c. electric.field..For non-linear effects.
in indium antimonide and germénium, the application of a
d.c.'electric field alsc results in the generation of even
harmonic Qomponents. No attempts have yet been‘mgde to

observe these even harmonic components.
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DERIVATION OF HYDRODYWAMICAL EQUATIONS FROM BOLTZMANN

FOUATION '

The distribution function of a system of identical
particles r(T, D, t) is defined such that (%, D, t)
dx 'dy- dz dpy dpy dp,is the number of particles which
lie within the spatial volume dxdydz, centred at T,
and. whose momenta lie within the intervals ap,., dpy'

and dpz centred at ﬁ. The eqguation describing the

.change of { under external forces is the Boltzmann

equation:
3 5 .f‘ .
2, > L7 Fi.ZE— =:<?;;§‘ (A.1)
2t in Bxi‘ 1 Bpi 2t Jecoll.

Where~1 takes the values 1, 2, and 3, with xi. X5 and
X3 representing the x,y, z co-ordinates; Dy and‘Fi

represent the 1th components of the particle momentum
' P) f)

dt/coll,
the change in £ due to collisions between particles at

and external force respectively (. represents
a fixed point”in space and time. m is the mass'of the

particle.

It is assumed that the velocity a'is proportional
: to~§; This is true for classical particles and for
conduction electrons in solids with a parabolic conduction

band.
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The particla density’ n(?,t)sandvthe average

momentum @ are defined by : '
ﬁ/ (T, D, t) dpydp,dp, : (A.2)

<’

‘Q" = /j/g f(r’g’t,) dpxdpydp / n(%,t (A:3)

In general, the mean value %E;; t) for any quantiﬁy

W (D) is defined by

G (Z.t) = jf/‘f (3)£(F.3 ,'t>dp dp.dp,/n(T,t) (4,4)

~

Vultiblyinq qu(A 1) by % n)dn dp. dp where $(3) is

v
an arbitary function of” p and integrating over all.p,

one obtains the following equations:

o 4 o : ' .
//‘-;»(10)5--t--dpxdpydpz~3—-—-t ///‘r(P)fddePydPth(n‘f) (A.5)
—Q : . -0 . ,

ol

/] 2f 7 - S,
// %(p)pi—;g{-gpxdpyd*z 3%(1 /L,('p)pi_f‘dpxdpydpz=->—£i(npitr>- (A.6)

00

O .
F ‘r, N——e a d
///k,,(p) X p)api p 4P dp,

// Fﬁ (¥,2) (f( p)] dpydpydp,

= -n S%.{(Fi%) (a7



> F
Putting 9. = 1, and noting that =1 =0

| 2 Py
for electric and magnetic forces, and the integral
of —}L—f—) over momentum space vanishes since

vt/ coll. '

collisions cannot change the total number oi‘ particles
per unit volume,Eqs.(A.5)&(A.6) - yleld the equation:

> ' a '

w——a . = A08

=t Ve(nz=) =0 ( ,_)

The equstion obtained by putting L(.(ﬁ)
-
= (nQ) + V. (nE-p— nF= ///p@%—)on dp, dp de(A 9)

The various terms can be rewritten ass

4

o

..é..-(n_é) _n.?;..@j 4 _p.._.... (A.10)
ot 2t 2t

. . _9
Defining the random wmomentum /S as

/3’ =7 - | | (A.11)
one gets
> =» = =3 Y
v.n2E5) - v a2 v.(n-%-ﬁ-)'  (A.12)
m n B

Since /G =0

Assuming épprépriate synmetry conditions such that
' 2
the tensor FF reduces to the scalar fa‘, where -—-,é-— is
‘ 2n =
just the energy due to thermal motion, .V..(nﬁ#)
becomes V (-}E—l@:——)
; -
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— i
5. Q
Expanding V.(n29.)
m

. one has

|

e}’

P, _,m=_.» & . 3nkT
Ve(n==m) = (=Q.9)Q +=2Vo(nd) ¥ V(=—=)

(A.14)
m

For the external force tern, néglecting the gravi-
tational foxrce, F . is given by

- - - .
g.ze[:§+_p_x.aJ (A.15)
m c

‘Where E and B are electric and magnetic field intensie
tiese.

For the colllision term, it is assumed that a

relaxation time T exists such that

2f . ' (A.16)
Bt Collo c . L.

Substituting Egs.(A.10),(A.14),(A.15)and(A.16)

iﬁtoqu(A09)and using the coutinuity equation:;one obtalns

38

- . - -
n2ds 2@0E = neT s @..xa.]-v<mz-> & (s
, t m : m c nm T
- .
Relating the average momentum Q

to the average
- . - fond .- -
velocity v by @ = mVv, the equation of motion (2, 6)

is obtained.
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APPENDIX B

THE DESYE LENGTH

Consider g positive ion plaéed at the origin
of the co=-ordinate system. This positive fon will
attract neighbouring electrons while at the same time
repelling other positive ions. The result is that,
) in a region Surrounding the positive ion, an excess
elecuroa:c charge will exist. ”%us within this region,
there.will not be charge neutrality, and & space charge
will be set up which is givénvby e{N, - N_) where N,
and N- are the density of ion and electrons regpectively.
This space charge will give rise to a static electric

field whose potential ¢ salisfies Polsson’s equation.

v‘¢.='—4ﬁe(N+-—N_ ) (B.1)

Now assume the ions are at rest and that N¢ is
equal to the eguilibrium charged particle density No'
wihnile within the region under consideration N_ is a

slowly var g functicon of position, Eg.(B.1) becomes
Vig= -hme [N, -N_(r)] (B.2)

Ne (r) is given by

N_(r) =, }T fdpxdo dp, - ' - (B.3)
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‘

where ¥ is the solution of the Boltzmann transport

equation for electrons at steady state. This solution

’

2
- 3/2 -»@7-_’ ,
£ = Ng(s=Bmy e “ME

2 k7

exp(E) (B.L)

where B 1is defined in Eq.(A,11).

Substituting Eg.(B.4) :into . (B.3),one gets
T

and assuming that e f << K7, one has

CON_(r) = Ng(l + £2) | (B.6)

Finally Eg. (b.9) 1is subtituted“into‘Eq. (B.2) to give

2
Loye Np

Vlfb ol

1. .
. (B.7)
T TRE |
D
3 Le?N /2 '
where J\D = <—£E__@) is the Debye Length.

is spherically symmetric about the origin and

has the solution % = —%‘exp(—ég) . - (B.8)
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.Thus in a distance from the origin large compafed

D

with A % is small so that in a region whose
dimension is large compared with 7\D" charge neutrality

ics chserved.



