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ABSTRACT

l,lon-}1near effeets ln sol-1cls due to S.nteractlon

of moblLe carrlers v¡tt,h an external electror¡agr:etic

fLeI<i are lnvestlgated, us5.ng ihe h¡rdrod¡manf.cal

aicproach. fn the câse when the conductlon or valence

band Ls non-paraboIlc, nt¡n-}å-nea:r effects are also

observed. IË ls silortr¡ thet In non-Li.near effects due

to non-parabollc bands l-n j.ndj.um antlnonLde and

germanl,ur¡, the generatlon of even harraoalc conponents

Ln the current dens3..ty can be acirieved by lnposÍ.ng an

externel dc electrle fleLrl".

Sone of the results 1n thls thesls are ln the

process of publlcatton.
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CHAPTER T

INTRODUCTTON

tr'¡'hen electrons and Lons Ln sollds are subJeeted

to an externar erectromagnetlc fLe1d, thelr states ot
motlon are changed, resultlng ln telo phenomena. One is
tnet' the lons and bound electrons are rel-atLveLy dls-
p3-aced, prociucLng a net dtpoLe moment per uni.t volu¡re.

?he neÈ dlpole moment per unlt voluroe ls called tine

po3.artr satlon. îhe other 1s thai the moblIe eLectrons

are.affected to produce a net current density. ihe
curuent densl.ty have a conponent osclllatlng wl.th the

frequency vr of the lncldent fi.eld, but there are also
present components whlch osci,ll-ate lvi,th frequencles

2w, 3rv ..¡.e or. These co¡Bponents are the harmonlcs

of w, ïf the Incldent fLeld contalns more thanrorl€

frequency component, say wl and !í2e there vrould be

present Ln þhe polarLsaÈlon ancl current denslty rnixed

frequency coroponenbs Lf,ke *1 t wZ, Zrv, È wZ, tu1 È Z*z

òro¡....ù.... the genetatÍ-on of ha¡monlc and mtxed.

frequeney componenüs as a result of electrons Ln a

sol-ld. lnteractlng v,ilth Èhe lncldent fleld v¡t1l be called
non-lLnear electronl,c effects i.n solLd.s ln thl.s thesls.
Non-llnear effects due to the lnteractlon of the tnci-
dent wlth lons anri bound eleotrons have been revlerved.

by Po Ao Franken (1963) " In the band theory of soll,ds,a

mobLre electron ls not the onry klnd of current carrLer,;



(2)

current Ls also camled by holes. Thus non-lLnear
effects ean aLso be observed !.n the lnteractlon of
electroreagnetf.c fleld wltl¡ holes. rt Ls the purpose

of 'thls thesls t,o tnvosÈlgaÉe the mechanlsm of non-
li.near effec.Ès due to the i.nteracti.on of the Lncldent
lleld wlth moblle electrons and holes, and ihe non-
lLnear effects produced when the sorLct i.s under forces
such as dc eleetrlo and rnagnetlc fleLds.

r\on-lÎnear effects are descrl'oed. by non-ilnear
equatl-ons. Non-llnear equatlons have the fo1lowLn6

propertys lf s1 and, s2 are separately solutlons oî the
equatlon, S1 + SZ ls not a soLutlon of the equatton.

Tkle equatf.on

'dv
'-i +JI=0dx

1s lÍ-near whLle

å+ lrz= o

(1.1)

(t "2)

ls non-Ilnea-r. ¡1 vl and y2 are two soluÈr.ons of these

two equatlons, y1 + yzLs a soluÈlon of Eq.(l.x) but not
a sol,utlon of EQ." ( 1.2) .ïn general¡ y¡orì-llnear equatlons

conËaln Èerms quadiarli or of htgher poner ln the unknoTÂ¡n,

or lf f,here are tv;o equatlor.ts j,n two unknov¡ns x and, y,
Èhe equatlons contaln product of powers of x and y¡ 1"€.

"11 yrz' where ILr.,Iz are tntegers,
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The hydrod¡rna¡'¡lcal equa'cions wLlI be used to

descrlbe the lnteracLlon betu¡een the exf;ernal electro-
rnagnetle fLeld p^nd. the cument caml€ïse Usl.ng the

pe::turbatlon technlque to soLve these equatlonso expli,cLt

expresslons for the harznonLcg and ¡rrlxe<l frequency con-

ponents are obtal,ned, For cu-¡rent carrlere whose velocLty

!o not proporÈ3.onal to tho reo¡aentuae lvl'¡l-ch ls tn¡e when

the conductlon or valence ba¡:d of tire soLld ls non-

para'lcoLlc, non-Ilnearl-ûy Í.s also lntroduced.

It 1s characterlstic of non-llnear phenomena that
Ëhey have steady state solut:-ons only tot a finlte
Lnterval of tlrne" ThLs thesls ls only conceri?ec1 **lth

the steady state solutlone.

AlL cal,culatlons are carrled out ,ln the Gausslan

system of unf,ts.
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cnaptnB rI.
THE HYDRODYNAMTCAL APP¡OACH

The behavlour of an Lonf.sed. mecli.um under an ap¡.rl3.ed.

electromagnetlc fleld ce.rL often be d.escrlbed by a f1u3.d

modeL, rather ihan by the trajecËorLes of lndLvlduaL
partlcles. îhle fluld, Íe made up fron trvo electrlcarly
charged. components, one belng tho gas of electrons and.

I;he o'bher the gas of posltlve lons. Each comporrent ls
d.escrllced by the follovrl,ng set of eqr.la.tLonss

vxË'=.-ltF (2.7)
e. àt

v:.È = o

_ 1, ¡ü 4n "._-+-, vX !{=ËiÉ*}t-neu (2.3)

v.d=4¡e(n-no)'' (z'+1

àn-:-=.¡ v.1n7) = O)t, vo(rrv) = o (2.5)

* +(ü.vri = fi Ld-or1 * fu[r- ËJ - Ë - *"Pp-]
å3ee.........' ..(2.6¡

v¡here d = EoÊ, Ë = p,È., Ë ana É u*trrg the tncldenÈ

electri.c and magnetLc fl.eld f.ntenslty respectiveiy;
. to ¿¡.nd /r. are the dtelectrlc constant and per-

Lllty of free space and. are therefore both

numerlcally equaJ" to unlty.
n ls the densLty of electror:s ( j.ons)

I ¡.s the average veloclÈy of electrons(lons)
: n i.s the mass of eleetrons(long)

ïl- 1s the clenslty of eleetrons at equlll,brLum r^¡hlch
o
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ls equal bo the d.enslty of tons at equf.lÍbrtum

(at equf.Lf.brlur¿ means ln.the absence of appl3.ed,

fLetd. and. temperature gradtent)

c ls the veloclty of llght
¡ú f,s the reLaxatlon tlme of a partlcuJ.ar collj.slon

procesa

k 1s the BoIËzma,YLn constanË

l, f.s th,e temperature ln d,egrees Kelvln.

f Ls an effectlve potentS.aL determf-ned, vta potssor2.es

equatl'on o'É =- -4æe(n-ng)" by the devi,atlon of
the electron (fon) denslty fro¡e lts equllf.brl.um

val,ue.

6)are called. hydrodynanlcalEquatlons(: 2. J.)-(:' ¿.

equatS.ons.

In the case of soltds, the lons are much Less moblle

than the eleetrons and thetr tnotlon can be neglecteo.

Another sltuatlon rvhere. the motlon of the f,ons can be

neglected f.s when they a:re heavy"

The fLrst four equatLons are Just the lrÏaxwell, elec-
frod¡mamlc equat'lons. where lt Ls recognÍ.sed .that the current

+-¡denslty. J '= neur

Equatlons(i 2. 5, and (;21 6) ean be derlved from the Boltz-
mann Ëransport equatlon. (Appendf.xl¿.) Eq. (2.5), called the

contlnu3,Èy equatf.on, expresses the conservatlon of, the frü.!r-

bor of erectro¡¡s (lons) Eq. (2.6) express the conservatlon

of rnonentr¡m of. eloctrons (tons). Eq. (2.5) and (2"6) can be
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o'otatned by takf.ng flrst and second veloclty rnoments of
the Bolt zriert7r7. equatf.on .. Lf certaln approxlmatlons and,

assuiaptlons are made. I their Ls the vel-ocf.ty of elecirons,
(Lor.s)averaged over the steacly söate solutlon of the Bol-tz-

rûann equatlon., In the case of electror¡s f.n soIld,s, m must

be replaeed, by m*, the cond.uctlvlty effecttve mass of the

eleetrong.

In equatlon (: Z; 6). òi o (i.v)d f.s Just the
F'\v.v¡,

average acceleratlon d+ of the charged. partlcLe.
õE

i f.s a functlon of posltlon and tf.me 1.ê. + = ?" (r, y,z,t')

d3 àü >ü ax lü >v )ü >z
--=dt ¿E 7x àt >y àt àzàË

so gü - r.i - ¡r-.ÐdE.=ñ*(v.v)v
þ

9 f; - ü* B' I rs the force on the charged partlcLe due
ñ (o - --)

to the exterraal applled fleld; e( -V þ ) fs the force on

tlte char6ed. partf cle due to the lnteraal fleld - v f .

-ù
)L descrlbes the effect of colllslon and. scatter-f.

lng ^urocesses. There are electron*electron coLllsLons and.

electron-lon co1llslons¡ Electron-lon coLllslons may be

elastlc or lnelastlc. Inelastlc colll.sl.ons resulÈr Ln
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loni,saÈion s¡id, reeomblnatlon processes. ElecÈro¡rs f,n

sollds nâ;' also be scat'cered by f,mpurLttes, eiirstai de-

feci;s and iaÈtlce vlbratlons. îo thts d"yr'there exlsts
no rlgorous theory Êo accor¡nf; for the effect of co1U.sLor¡

processes on motf"o¡r of ehargod partÍ.c1"e8, The f.ntrodue-

tlo¡r at a relaxaÈion t5.ne a 3.s jl¡st erl aËterapt ln thf.s

eadeavour and. represer¡te no more than aï, approxLmatl,on,

F'urÈhenaore, X.i Ls noÈ posslble to .defLne a r¡tlversal, r.

for alL colli,sLon processes¡ Th€ total effeci rnay be glven

by a ^c where

l-=.j. + -L * J + ..---r o...o...
f, ft ' TL' z3

?, rEj T4t t.....belllg the relaxaÙlbn tlne of d.lf ferent coI1lslon

processes under conslderatlon.- Depend.lng' on the

partlculâr col].tslon process conceïrled, . may or may not

depend on the velo.clty ?.

v(\
themaL mo

The te¡ros ln Eq. (2..5) and. (2.6) responslble for
produetton of non-Ilnear effocts are n?",(ü,v) È g

è-à\rxB

3nkT \
m/

tlo¡r of
ls the pressure force arlslng from Ëhe

the charged partlcles.

and possLb3,y iv f.f Í ls a functlon of ?,
To llLustrate horç quad,ratle terms llke nT glve rlse to

harmonlc componentsof lnput frequency, conslder an applled

fLeld La the forr Êr"l*tt " AE ar flrst approxlnatJ-on,
'sç

n anO ü i,¡11.1 separatelyhave a tlme d.ependence oí .1w1Ë
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nv therefore con'bar.ns terms os tr.me dependonce 
"Z|vr'1,t.rt fol-lows that n and 3 shour.d. also separately conta.Ln

teräis of Ël"me,dependêrrcê o¡ *21w1t. F,lepeaitrng ihe a:cgu_
i¡e¡rt, hlgher ha¡monlcs of vrtr are aLso present in n and
-Ðv.

conslcler â xroh-unLf,o¡m apprled eloctri.o f,i.eld Ë.
rf the fleld varlatlo¡r i.s along the d,irectl.on of the
elec.?rLc fleld.*, the charged. lrartLcles are exposecl to a

fierd of varyS.ng amplLtude. ThLs effect ls f.r:eluded ln
,-) . -ù(v.V) v , whl"ch generates h,araonLcsthe. ter¡a

of the fnput frequency. *1o Ë r¡n thrs case ls not tlrce
dependent ex^oLf.cf.t1y, for v x É = 0 so that-IÐf

c ãT
on the other haad, xf the eleetrre fi.eld va.rres rn arnplf.-
'bude Ln a clLreetlon perpen<iLcuLa:e to Èl'ie fleld, e x Ë * o

and there l.s an expllcLttr-y bf.ne áependent mag-neËLc fleld
associated wlth lt. Thls nagneiÍ.e fLeid i.ntez.ac.i;s v¡L.Lh

'che ¡novå.n.8 electrons vla the Lorentz force ix B r
cwhtch produces harmon1es of the lnput frequency" Thus

âny non-untfowrlty of the applLed. erectrlc fi.eld. prod.uces
harmonlc components of r.nput frequency !n. the electron
velocl ty.

Bven Lf the eppl-f.ed eLectrlc field is unlformrh:rrno-
nlc generu.'ulon ea.n stlLl be ¡lroduced by the spatlal varla-
tLon of the staùte charged. partlcle dens3,ty, The ¡novement

f' rt ls to be noted thab the hyclro-dynamrcal equattrons
apply to any extei^:eal eleetronagnetlc.fleld, not
neÇessarLly transverse flelds"
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of eLectrorrs from a regi.on o:fl h3.gh denslty bo a region
of Lovier densLËy under ar: osclrlabLng ereetrlc fLercl gives
rise to a neÈ osclllatlng charge clensi.tyu for V . (n3) + O

so that 
H + o . The produc*, ",3 of thls charge

de¡:sLby wiüh the veloclty bherefore generates harinc¡nLc

conponent,s trn the current denslty i = neî .

There are numeroÌ¡s reports, both theoretlcar and

ex.oerinental" on research d.one or¡ r1011-11near effects due

to ';he aecheml,sms dLscussecl above. Many of then start
fro¡n 'i;ire BoLtzrøJlyl equatlono whleh i.s tk¡eoretl.calIy nore
rf.gorous'bui mathematlcally more lnvolvedo rn the nex,s

Chapter' a revl,ew of theoretl.cal calcu1a.Ëlons of non-lJ.near
effects d,ue io Ëhese mechanl,sms will be presented, usf.ng

the less ri-¿<orous but sf,mp3.er hydrodynantcal equatS.ons

{2 - 5} and (2." 6)' BuË beÍore these caieul"atlons are
presentedu somethlng mus'c be sald, about the ranße of va1!-
dnty of i;he hyclrodynamf.cal equatJ.ons,

The hydrod¡rnamLeal equatlons are clerlved fron the
BoL'bzmann ùrarrsport equatlons" so the fj.rst questloa ls
under what cond3.tlons Ls the Boltzmann transport equatlon
va1ld. îo aåar'¡er Ëhls questlone oile 'rnrould have to starÈ
frora que.ntu"n siatrsttcs and follow tìre arguments whlch

leac] to Ëhe Boltzmann transport equailon" rt 1s unfortunate
that no revlew pertalnlng to thses arguments ls avallable

j 
-.i- . ,!.,,
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ln the llterature and the author ri.oes not lntend to glrre such

à review here. Ho'hrever, 1f one adopts the one-electron

approxlmat,lon (nef tz,L)JJ) for descrl'blng the electrons ln
sollcts, then provlded that theexternal fleld ls nor too strong

and not too hlgh ln frequency, the Boltzmayvr equatlon ls
appltcable to reglons larger than one wlthtn whtch there may

be devlatlon from charge peutrallty ln the absenrye of external
fleld.( Ztman,Lg6O; LuttlnS€T, L95I; Adams, 1952,1.953; h-euer, L952;

K1tte1 & Mltchell , 1954; Luttlnger& Kohn, L955; Adams & Argyres,
) ^,-/I9 5b; t rnha-rc, J.yo0 ) I ne d

such a clevlatlon may occur ls the Debye length (Append,tx B) ,

So the s¡nallest length of lnterest L must be greater than the

Debye length \n . The smallest length of lnterest 1s the

wavelength of the applled fleLd. Bqs. (2"5) and (2"6) are

therefore appllcable when the wavelength à of the applled

field ls grea.ter than the Debye lengtrh. 'fhe cr1terla. à t ÀD

was dlscussed by Rostoker(L960), Balescu (L960).'and some

others.

Assumlng the valldlty of the Boltzmann equatlons,
'there ls stilI one restrlction on the ápp1lcablIlty of EqS.

:

(2.5) and (2"6) . Slnce Eq$. ( 2"5)anð, (2.6) are non-relatlvls.tlc

equatlons, the electron veloctty must be very much smaller

than the veloclty of 11ght.
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CHAPTER TIT

CALCULATION OF i\ON-LINEAR EFFECTS IN îiiE
HYDRODYNAMICAL EQUATTONS

In thts chapter, the conËl.nulty equatlon (',.2, Sl

and the equatLon of moti.on (e. 6) rulrÌ be solved, €x*
pij.clt1y l,"!.th the af.m of, obtaLnl"ng ar? exSlressïon for
the current densl.ty I = r.? , rvhere n ts the eleetron
denslty, e 3.s the erecÈ:ronlc charge and + rs the average

veì-oc5.ty of electron deflned Ln chapter rr. The eouatlons
r¡l1L be solved flrst 1n a slraple ease j.n v¡hlch.the lncj,-
d.ent electrlc fleld. Ë ls slnusoLd.al and the.electron
densS,ty Xs assumed constalrt. Later f.n the chapÈer, Ëhe

follor¡tng more compllcated. si.tuatlons wLlL be conslderecl.

I
E r.¡lbh nore than one f,requeney cori¡ronent
â
E ln the presence of an external d.e- magnetlc

fl eld
4
E in the presence of an external- doc. electrlc fleIc1

varLatlon of n l,s taken f.nto aceounË

the relaxatlon tf.ne a depends orl the magnltude

of the average electron veloclty,

Except Ln case 4), n Ls assumed. to be equaJ. to trO o

the value of the electron denslty aÈ equ3.1Íbr1r:n. Thts

assumpùlon ls mad.e Ln order to avo5.d. mathemablcal j.ntrl-
cacLes¡ so .;bta? the features of Èhe solutlon Ëo Èhe

1)

2\

))
t+,

5l
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hydi'odynaml.caL equatlons Ln the varLous cases can be

brought out Ln a s5.mpIe tüâ¡rc i

-à
..3., 1 E sl_nusoldal n = n-

Let Ê = Ëi" "1w1t* ff"lw1t'1_" ¡J1v (3.1)

- - îru1*Lt*$*"1w1t (),2)D - -1o - ïo1c

v¡here îr Ls the frequency of the lncldenË fleld and.

E and B are connected by

The equatlon of mo'clon becones

H+(ü.v)ü = F,iË -"/,þF"+ - å -*"f$j c.))

r¿here -\ ö Is a¡r lnterrear statlc electrlc fLeld whlchIÞ

¡nay be present.

'Ihroughout the calculatlons tn thls chapter, the
tern I V(3:!if-) wtll be neglecred, rhj.s ts equÍ.va-, n'\m* /
Lent to assunf.ng that the orclered. motlon of the electrons
causecl by the elecÈromagnetlc forces pred.omLnates over
Èhe random motl.on caused. by the therual and pressure

effects, ThLs a,ssumption 1s valld at a sufficlently
lbr^r tenr-perature-

E a general- solutlon to Eq".( 3"3)
1,s not avallable' usually a perburbaÈlon techntque Ls

? = 1 bË
còt



used" ï¡¡ thls technlque, 1È ls assuiûed tl'1â"t the tncL-
I

den'ç fleId E ls of sufflcf.ently low amplltude suoh

EneE i ca¡r be expanded 1n a rapLdly convergf.ng power

serl.es

.à*$I = io " .à ij"tJwtt + compJ-er conJugate (J.¿l)
J-¡

v;here vj,rlu?>>ij >> .,rÞrr..oe tJ denotlng the

rnagieitüd.e of 7,

Pr¡ÈtLng

and ec¡uai5.ng

^1w1 t -',^av-tV¡Ig

.lt
1w1v1 =

'ò -)
zLwLSz:-( f1.v) 71 + _:*I4å1-m*c

( 13)

iEqs. (3.1), (3.2) and,(3"&) lnto (3"3),

coeffLofents of correspond$.ng poivers of
foLlow3.ng seÈ of oquatf.ons 1s obtaS.ned.¡

^+
=E
¡¡1*t

v
I

+

-lz
T

(3"5)

(3"6)

trza the above set of equatlons, tenns of order hlgher

than J are negJ-ected ln an equation for 3* . For

example, tn þhe equati.on for ?1, terms fri" (?g,-".9) ?r"

{ ft.v) i3 .eö.c..o.o and. +- { îrxã"r") are
mt'c

neglected.. Terms containl "Ðng trO are aLso negleeted

because 3^ i.s the,elecÈron veloclty trn 'che absence of
L)

applLed fleld and ls very.sn-all under the assulnptLon thaÈ



( 14)

therinal ¡aotlon Ls negI1gLb3.e.

SubstltuÈX.ng Eq , ( ?. 5) f.nio Eq. ( J.6) , o.irrl using the

vector identlí;y

(f"Ël = (i.v) Ë +(Ë.o)ioËxfuxE) + Ëx(vxl) ().?)

¿ 1.a-Ë=vxË )and us5.ng the relaf;lo¡r (. c à t

B1 = VX E1l-g
w1

( ztwt+l¿) { i*t
ord.er In 81.

(3.8)

(3 "9)

generaS.v, fs of

safl sfy

'+ 1- eZ
Y^ 

-L 2 mt*

v^ f.s of second')

3t; oraor ln E1"

v (Ër.Ë")
n L\2

and ln

u El and ll1" shouldIn order that uZ11 uL

bhe f.nequallty

e
l!1

t**1
or

^2
E1

m* TfÏ

Tf El Ls a pLane tlave' the magnj.tude of
-t

Ef 4, where Å, ls tho propagatlon vector and.

w1/c o Thereforethe condltlon for v2(<v1

goc- t, , E,
ew1

ozr++t

iq \o(nrnr) t
(3.10)

v il ls
ls equal- to

becornes

(3,11)



( 75)

ConsS.dcr now Èhe tline lndepcndent equatLon obtai.ned

f ¡rcn Eq. ( 3.3)

liu.vlti çili'.v¡71 = -åq/o * å[fr*dT*
¡¡1tï IA*tC \

uslng Eqs.. (3.5),(3./)and (3.8), one gets

e l- -v(É'.'Ër) = - e

m{.2 *? * !.2 t m*

-)+'Jo"irB rJ (3 . L2)

(3.73)

thus rf Ê1 ls a pl.ane ïraver v tËr.Ê'i )=0 and. 9 f"= o ,

provtdea the assumptlon that V (FJ ' j.:s nesi- t-
gLble holds" thls slmp1e conclusf.on seeme to have been

overlooked. ln thê llterature.

â'3^? ii wtth fiìove than one freeuen-cl¡ eonponent

Suppose Ii has tv¡o frequency componentsr

' Ë=Ë1ul*1t+ lr"L"'Tt ¡complex conJuga.te()"11t)

r -- !anð B = * lwrt ;f lw-tÉre'^1" ¡ Bre-nZu + comolex conJugate(3.I5)

The calculatlon can be ca:irled out l.n exactly Èhe

sane naru3er a6 3.n the prevloUs cage, bUi there ls or¡e very

irc;cortant d3-fference¡ besloes han'aonles of w, anci w'

there are present Ín the, soLuti.on for + copponents at

nL:red frequencles J1 w1 .'r J2 \t2, where .31' JZ oarl talte

posf ti.ve or negatlve lntegral values'' The mlxed frequency

conponents arlse because of the Do11-llnear Lnteracti,on of

the coraponenÈe il1 .1*1t ana É2 ,Lo,zt.



(r6)

'fhe ff-rst four tlne ,repencrent Èer¡as of t are

lr.1rr1 t 1 ízurr2t *írz"t(rv1+w2) t + ízrel(r'i1-v2)L 13.t.6)

íZ ln this expresslon Ls not the same as ïZ in
Ð+ì,rn.' snd \'21 êrE obtaXlred, by subst,ltutlng llqr{l.fJ¡)
Eq", (3,1s)Lnto the equatíon of motlo¡a

f-r(?.v)ü= -e-f* 7*Ê -üàt ¡¡if c f'

wlth the result tha.t
.+e=1,
r w1v1 oñ* ur Ë
ivt2io2= L È'z !2

m¡r L

(3.L7)

(3.18)

- y2 (3.L9)

(3 .20)

þ--q. ( 3.6)

and

(3.2t:¡

(3.22)

Substj.tu-r,i.ng Eqs., ().tT)and (3.,18)

ancl Eq.- ,( 3. zo hna uslns 1 ìF = vx Ë,c )t

, lnto Eq.,(3.I9)
one gets

-)v L2- e2 l- v {Ër.Ër)

v
2,L

1 ( w¡-w2) + -LT m*2(1*1J.f ){rw2+f)

1.e?1
i(wf*r) +f zmxz (rwi+1")(rwr+{)

I't, Ls to be noted. that when f1 f s
'à--àvLZ and vZL vanlsh.

v C Ër.i¡ I

perpendtcular to
82"



(!7)

u- Ê ln the pre-senoe of a d.c. ma,qnetrc fler.d, n=n

cci:sLcer a èe. na8íeÈLe field Ê^ bej.ng applx.eir i.r¡
z-d;irectLon, ín ad.cri.tton to d, ana É1. (There Í.s no

of generalåty ån assunrng that Ëo f.s porntr,ng f,n the
posltlve z-dl-rectLon) One then has:

ì? :? I wr t ç:È*;i vri t.c; = $1€ r' + -r-.

Ë = Éc o Ërul*r.t u Ëfu-i*rt

? = üo + ü1e'wt t + r2e21w1t *o..... .*co^plex coniugate

Afier substltutlng Esso . (3"1) , (j"23) and ,\?;j'
into ühe equati.on of motion, the fol-loirring equatf.ons are
obta1r¡ed.c

the

lose

tw1i1 =

Ztwri, o (it.v)ür 
=

e (-,

- 1ts. +
p*r L'

ilxBel ?i

-l 

-'ec)r

e f-r,*Ë,' fugoll-t6+íL c c 
J

(3,1)

(3.2,3)

(3.24¡

(3 "25)
-t\r2

a

Eq. ( 3 "2t+¡ i.s equtvaJ,eni to the foLlow1ng

5:.
.1.

three equatlonst

(3 "26¡

(3.22)

( 3 .287

These three equatlons have

i w1vi,

lrrr- v-lry

1\\!^v"ILZ

r^lhefe wc

ê

- 
llr __

., ¿JL
mIf

e

- 
it_

mrå rY

e
') 1 -

miå 
L L'

e

m+t c

= t1t*"

=-V.W-Lx c

Vr

I

v1 .,,

z

D
L'a

U
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the sol.utlons:

eL
=- 

-L-

LZILZ' ¡if 1W1+ -:-
Usually Ls very much slt1e.l1

? e rw1 [* *7.ñ ?].tr-îñ 
{o- z¿trrjlm'r W"-wl L wl. )

irir.re , ?3 i-s Èhe ¡¡nlt veeior 5,à

^hå -+ ec'¡^L¡wc=-ts.
mtåc

e(io'rfu (i.zg)vLx= 1ffi¡¡*iw"_w'i+?*7

vr,.= j(lwr+*)E1.,'Ívr,^llr..- (3.30)ÀJ 2 2' Zi'l; t 1,¡ìíVrc-w1 +?+nL

(3.3L)

er than i'i1. 8o tha"t

+-+
e E xi^r^L -:-:-l¿- l? 

"ô\-22mrtr WC-WI_

the posltLve z-dÍ.rec'¿lon

Thus v1 attaLns lts maxlntlm vlhen the applLed fLelci

has a frequency !ì¡I = l^Ic. ( ?i , horvevetr, v¡lL1, not beco¡ae

lnfini-teiy 1arge because of the presence of the tenns
Ziwt i
--::.t- + *- Ln IIqs. . (3"29) and (3.30) ," vrhf-ch have'c TL
been neglected ln Eq" (3'.32)) 

I Thi.s phenonenon 1s called

cyclotron resoiaance, and. i{" !s caIled. the cyclotron fre-

0rllQ/lc)l c

Consf.cler not¡ an eciuatlon ln ü, " The tor¡as con-
-Ð -)talnLng .'J Ln thl.s equablon are l jwrv, an<i

S- f .;., * e''o I lf þ å.s neg3.ected,. Il'rl'clng
m+çc LJ ) 'Ë,



ouÈ 'bhis equaif.on f.n eariesLan eo-ordlnates,

three e'qua.tLcris are obËei.ned.¡

i iwlv jx + r"tJy = F

l j wlvrU

1jw. v .tJz

w^v*., = G

(19)

-1w1t

,

the folici+lng

(3.33)

(3.3t+)

(3.35)

belng

(3.36)

( 3.2)

ls that io depends

3.37)

becomes" t+heu ig

r,¡he re F, G, H a.re i;erns not contalnlng =r.j. Tlte soiutlon

fo:¡ ?. Uherefore contaåns 'bhe factor oj r.Iõ -( jt+r)
Moreovero to get Èhe riéjht '¿i-r-¿e d.ependence, R,G,, H' musÍ;

contaLrl Èerr¿s v¡hlch are funci;lons of ?r-, ' í 
r-, ,

cùooooe coo ü1 " It cÉì.s1 therefgre be concluOe¿ thaü

cycioiroll ïesonance for t. oceurs at jtul = tr*r

( j - i) \rZ = r¿rle (J ?) t'å = *r, ..c..o.r.. Ìíi = wc.

Ð
3.J E in ihe presene.e of a d" c., e,l ectr:lc fleld, n=nn

. Consl-der ¿rn external de eleetrlc field

ai:plf.ed, ln aCdX.ti.on to Ë1 anA Ë1¡ 1.€.

+
rlg

.-Ð
IDÐ

t¡rh 
^iIIç

tÕ1rrr¡l JIO c

Ë ^lwj.t o l.*^-1w1tu,ì - | !)1e

lraportant potnt Ln thls case

Tlre equatlon ln 30 5.s

-+{\Inêâ(vO.V)vO + . È 1EO¡*s

ihe iarger do ls, ühe J.arger io



(zo¡

å
i.s sufîlcicntly ì.a:'geo terns eontalnlng t0 v;i.lL Pre-

ricnina'ce over Èhcse uhich d.o noË,

3.5 ;: slnrrsoi rlal , n cìe__q1_;i!gg___l-qga_jio

The equatlons ln ¡r and Ç are

# " (i.v)? + + - ft [f "t'] - É [v " ÈJ=o ().38)

' )n +v"(n?r) = e (2"4)
at

v'f = 4¡e(^-no) (3.3g)
+

1282
-:-= vXE (2.t7c >t

These ,are i.ii fact iust the hydrodyna:lleal and MaxwelL

equaËions 5.n Chapter TI. ALso Ë,Ê,1 ."u glrren by:

î=Ërolt^tlt*!*iu-iwrt (3"!)

' ? --à lwr t =* -lwr tB - g1e- "r " + Él-*^ "1" (3.2)

-t -P + { r.:¡ È + Di r,r¡ {-î = üo + llelw1t + ízu?'wLt+ . é....+com.olex conJu6¡ate

'3 "4)For '¿he seilie arguments by i'thi.ch t can be expanded.\fn

a power series, rl can be expressed as the povrer serles"

n = no + ,rr"lot1t o nr.zJ I{l-t+. 
" . o4complex conJugat.e ( 3. ¿lo )

P,n, equatlon ln n1 can be obi;elned f'n the fol1or'rf.ng

ltJay: fron Eq. (2"41 ¡ one has

4L + n6y .ü1 = Q (3.41)
vÍ



(ztl,

Ði. f f e:'en'cLe_'ie Eq . (,3 . ir.1- ) r,;L th re'spe ct t'a time È "

)¿nfr+noV.++i=o (3.42)
ÒE at

Frcr: Eq. .( 3.38,), one gets
- _à .-ààtå + 5
) t 'c ml+ ' m*?

ralre di*rergence of Eq. .(3 "4)) 
( 3 '43)

v. - "o+ - io"ir"i (coefficlenr of "ltt-trnV,p)=oZt v mt- ¡¡¡lr

...oc ........ (3.4þ)
Frors Eq. ,(3"39) r one obtalns

( coeff '¡ clen'N; of uiwlt tn vLf) = -4rien, (3 "+5)

Sr¿Ì:st!tu'bLng 8q8,.. (3"41) , (9"+4) and (3.1+5) Lnto

Eq. ( 3"42), the result ls:

)". i-Zl**llu'-ûntrr=-gy.il, (3"ty6)Èè'¡.
-2ry."0"1-à t" ' ÔN ¡ü ¡¡i?

For a transverse S.neldent ff.el$, (v. Ë =0) tirts ls slmplifled '

(3.+7)

bnoZ, ,l l,---rro
mTF

.2.^ r r-^À !!) .L ÀIl ,

=-++-" L+ woilL=0
¿ tt ^t àt 'u .*

to

r,¡here

2
p

Ec*" (3"1v?)Ln general descrlbes a sys'üem osc5.IlatLng

w3-th frequency wn ln the absence of a drtrvlng foree and.

d,anperl by frLettonn trn thls ease" the equation deeeï'Lbes

ihe fiucbuatlcn to ftrst ord.er of ihe'electron densl'cy

frorn equåLlbriu¡l value, clanped. by col-U'sLons, r5 1" called



{:
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i;he plasua frequency, In the steady st4t,e, the fluctuation

å s reduced. to zevo by ctaroplngo There fore n2 = o ln the'

sieady sbaËe.

ïrcon lrol'¡ be sol-ved from Eq. (-3.+3) , glvtng

-)i.e?lw1v1 +*=-Ef
emx

-reË.ú1 =-ft (3.47)
mx lwr+ à

In exactly the sâme î^¡ay" an' eqì¿atlon for n2 ean be

se't :.Àp. lE turns out i;o be

.a)-t* o 1- >-g * *r3r,- = r^ v "Ë ( 3.48 )

)tt E àt P ¿' u

. ,- .+ ê ,--Ð -Ð
r.rhero A = (vL"v)vf- T (vrx 81)

rn^ c

. In the stead.y s'üeteo the solt¡'bLon for n2 Ls

ßz= io .. v "Á'
(3.49)

,r2 -4u,? + 21w+
PLT

.A resoilance occulìs at.Zwy= ùp for n2"

lË should. be no'bed ÈhaÈ 3 ¡*lr"u equa)- to nef" Its

freclUeney eoir.poneilts have coiatrS.l¡uti.ons boÛh frsr¿ ¡a and'

?. The thlrcl ord,er current d.enslty, for exanPle" f.s
:' â -Ð ¡ 1^ 5's sna1l coü-n.eú, + nlev. + n2ev1 " {, .3ot0

pared. rçi.'çh bhese three terrns) c
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å
3 . 6 ;tysç__f.-4.ç¿q+llép_a ç_+__i."írni tuge_gg-Ief oqllL ú -- -.

Suppose a ='/. u2 u where & ls a constani

havi.ng d.L:ne:rslon lÐ¡G:---. SLnceff

= v3 + zio.?1cos(vr1 fl+v! +zíL.í2"os(zwtr) +.. o .(.j,50)

ithere tO , v1 , vZ .oocooooc" have been takeia to

'ù -Ð :Þ lw1 t * ¿a2lt^l1t *o " o. o. . .v=vo+tlu 
¿

(ln bhi.s ease, iÈ Ls more convenLeirt to r'¡r5.te

add3.ng the eornpl.ex eonJragaüè)" v2'ls glven by:

2 -> *lSv- = vov

be -rreai for ma'l;hematteal conveltS"etlo€e So one has

V1æ=-

The faeËor

produc'l; ¿;Lves 'bhe

ç v¡l Lhout

3.52)
the

facfor

Ån

Tr't

Eq*

TT

3. 5t)T.J2-)v qL 
"f,ozîo.lrcos(vrrt)+vl+zi,"lrcos(-2w1t)+. ...

the absence of, a 's'crong ex'cernal doc. electric fS.eldo

i,s s¡ralL eonpa:ced. w$.'ch v1e and. v1 >> 'v2>> u3r, c. '.o c

(.3"51.) ean therelore be expended 3.n a btno¡rj.al serf.es¡

I

-o(

=-l
4,

+ it - Ñntítcos( *rt) - Ti¡'i?-cos( 
2vt rt) -. . . . Jt "? 

1 v! !' 
)

[oo;r.t 
*rt+i 

r"21w1t*. . . j f ?cos( 
wrt)

ry 1os(iiwrt)-. c. o. . lv1'nr:í*-.os( 
w1t¡ rrr"1î1\.".

u1

seconù harmbnl c.of tI1 and the



(z+¡

1r -lr à i -.- !
2 '#f re'Lwl''cos(2rr'rt¡glves the tÌrlrd harr¡oni-c of

'l
i'Jtr" c-li:er íac'bors Ln the prod.ueÈ g3.ve, h1.6her ha-s1onx.ss

L,r ¡ iJI É

As a specf-fLe exampreo harraonlc generatlon due to
the l3-resence of ¿rn ereetron densj.ty gradlenÈ and lonlslng
eoilLsio¡ls has been discusseC by Chf.yoda" (Lg6?)

/L1l caLeuLations ln thås ehapter also apply to
the Lni;erao'¿lon of eleetronagnet.f.e fj.eLd, r.¡rÐr holes. wlth
'ct¡o nodlfleatlons¡

(1) holes carry a positlve charge luhich has the
' sar¿e rnagtrl-Èude as the eleoironLc chayg€r"

(1å) holes ln general hB.ve'a cllfferent. effeetLve
I\,. mâss from thaf; of, ilobi.Le el-ectronso

Erperiments orr non-l.i.near effects arlsing from the

mephanls:irs di.scussed ln thls chapter: have been performed

and the resr:.Its stuoleo by many authei's ( wnrtmer and-

Barrette t)67; proceedlngs of the Conference
on the Physlcs of euantum hllectronj_es,196il Extenslve

references can also be'found ln the paper by Bloernbergen,

(L966).tl,le expe::lmenta1 results and the theorettcal
precì.l-c-r,1ons ?¿r€t: wl.thl-n the uncertalntles due to the

exþeri-nen.tal erï'ors,
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CHAPTER IV"

I\ON-PARAROLTC CONDI]CTÏON Ai\]] VALETICE tsAN]DS

ïn the hydrodynamÍeaJ, eql¿rrÈrozlse i.t rias assumed.
'-Þ

that 'Ehe averege velocåty v $.s pr^opo:lLtonaL ,so 'cne

c-vêTû.ge :¡o¡uen'¿ue¡ -d ("o" appendixl A) 'üJheühcr ihj.e ls
Èrue depends on 'bhe süructure oi- tÌ"¡e eonciuetton B-nd, yà-

ience i:,a:ed.s of the soLi.d" (Xnteractlon of conducü1on

ai:d vaLence bartcl. rrlth l:Lgher or lorver bands eÐ-n usì-u,:l1y

be neglected..) lf eleetrons are the cumenû ca:_rrlers.

bl::E:, d,eg;cndei:ce !s oå1 ùhe sti'ue'¿r¡.re of the contlucti-on b¿rnd.

If hol-es are 'bhe curren-¡, earrLers, the dependence i"s olr

the sLlructure of the valencelbano"

For soJ-lds r,¡i.'ch an lnco¡apletely fj.Lled banC, the

dependez:,ce of veloeity oÌ1 nioürentu¡a f.s cleÈertni.ned rre5.n1y

by lihe band sÈruetune up to the level- to rvhich1:he band.

i,s :llil-eci. Sod.lum, for examÞ}eo excep'c ¡1eâr the ed.ge ol"

Lhe tsri.]l-outn zolles, he,s energy bands of the forr¡ í(Snlth,

19 59)

_2
-lJg (4.r¡

2m+'

r'rhere p i.s Èhe 'rrionentr;u¡¡ of an el-ecÈron and e i.s the

energy h'3-Èh -uhe zero of the energy taken at the bobtom of 
:

the partially ftlled band. The veioci.ty ü averaged over

a rlniÈ ce13. of the soLj.a ls glven by:

li=v*t = g-
Y ¡¡ft

( Lþ.2)



T?re veioeS.ty i f.s pro¡iortionaL to the ¡romenÈu¡¿ Ë
(and therefore as shor'¡r Ly¿ Èhe appenclf.xo the averaeje

ve]-c,c!ty ? ls proportloltal, Lo 'i;he average momentura ö¡
foz' nobile erec'brons i-n sodlum. Energy ba:rds Hhlch givè

rise 'bo a ii.ieear relei;ionsh5.p bet,,teen veloctty and noreil-
tul¡ so.i-<i. üo be pare.boilc. Energy bancis l.¡htch gi.ve rl.se

to nonlll?ear relatLonsh$.p bebr,¡een vel-ocj.ty a:rd raomentun

ale salcÌ to 'oe srsn-lxrrabollc.

,sodL¿r¡a crysËals have cr¡ble symraetryo ancl thaf; rs why

ihe ec¡nstan'b-erxergy surfaces a:le spherf.ceL in ieolrentur¡

spâce. There are enerrsy bands r.rhich are noü s.oherS.ce1

bu'¿ sii.lL paraboS-lc" Energy baads rvi.th elllpsoå.dal corr-

siaa'b-enertj'y surfaces of 'aùe fos.rs

(26)

tr',) ls åinpcrialit to no.¿e Eyea¿

->v e ruhf-ch Ls i;he velocLty averaged

ihe ;ìoL'L ztaalÍì:it equzltX. on.

4u Ls not tlte sarne as

over the solutl"olr, of

(4"3)

ln x, y and

( 4.4)

^2^ r)-

t = .g-+
2*T

I
, P.z.l- 

-L2mX
J

tp;
F-"r2

lif¡efe mÌ. , m':-
L¿

z di-recÈions

Þ:.ll=-+
¿r

m'i:
1

a.re paråbol-3.c.

and mX e.re effectlve masses)
respeciS.veìyc so thaÈ

p-
ury

, m.f
J

Energy bands wl,th eli5.psoldaJ. oonsti,-,nt-
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eiier'¿y surfaees i:ut dlsi:Laced. f.rz i;he nomentum sÞâce of
the îay,n:¿

L = þ-,::!.I'-, å3* u P?-

. z^,\ z^ä 2*\
v¡het'e pc ås s. cor:rsÛsn'iro so t!:aü

(4.5)

D-¡lÈ þ.. 9, t t,]X= ç-L-.:,i- , üy= ---- uùZ= 
-a 

(.*"ó)n'f ni 
^3

a.z'e al-so parabo3-Lc" ïn genes'aL" atz €nergy band ls para-
i:oiÍ.c i.f Í;Ìie ene:lgy ¿ Í.s a qtiarlratrc funcüioïr of the
norrenùri¡: p o

¿1ror senf.conducÈors whxch have fi.Lled valence bancl

and. e;l¡;'l;y ccnductLon i:an¿ àt zejîo ,i:enpera.guree 
¿h,e rele.-

Èionsirl.¡: be'i;-r¡¡eei,l vel-oe1iy and ¡ncmenÈ'ts¡ i.s dete:rmf.ned

nalnJ-y' by ÈÌre eaergJ¡-aonentwq reJaüiolr a^ the hf.ghesÉ

naxån'-ua of il'¡e vale¡:,ce band eirrl .bhe iov¡es"¡; crL:tinuä of
bhe oonduction iranu" (?here r,Þy be rnore 'i3h¿:a oi:,e i:iaså-
niu-i o? ulnlr.ruu" )

l'îany sernåconductors have the hlghesÍ; reaxlmum oÍ the
val ence bai:d or the lor¿es'c ni.nlnum of .bhe soncìueti.on band.

a'ù É = o (l';here Ê is ihe propa8atS-on veetor of ,the curient,
carrLer") rf ln edcil'b10n. the correspondtng bands are
:ron-degenera?eu the encr.gy ruil-'r lce a quad.ratLc fu:rc,clon
neâi R = O anc i;he band.s are ,cherefore parabolic.

Inctiu¡n antinonlde has ¿,¡ia oiåtsictnding l¡ari.d e.L:.ucture,.



(za1

in ';ha; bcth ùhe vajei?.ce bai:d l:J-ghest ma:<li'ru¡::. a¿zd þhe

conduc:'bi-on ba:ici Loi¡es.û ¡ii::Li¡i¡-,: oecur a'b Ë - O e Baih
Lhe conducttor¿ ar:d val-ei:ce barrcso hoi,;evero are degeneraÈe"

By 'raieii:g j.ntc accorua'b f;he mn.'LuaL j.nÈereetton of Ël:e ve-
l"e:ice ei::C eol:auc'Llor:, be.nciso Eo Oo liane (Igj?j bhowed

'çh,ei for enei.6Í-es above È = e of 'che ordey ct a frae-
'i;lçn cf the b¿¡¡.d gap betrüeer? ihe co¡:d.ueÈfsn and var-en¿e

ba.ndsu the eoiadueÈi-on band loe"eones y16¡¡-paï'a.boLLca

(
t =[( E")

[:2

2r-* 'tr- |+ ( - -) E^ Izm.x- *J
(+"7)

(4"8)

r,;here EG is Ëkie ba¿:û Ea:e. i i.s -tÌzereÍore given by

f cn?
I 1 =.-t-t..*L **oG

-12.-)u=V
p

l

)

-Ð¿Ð
¿=È6

¡4*r

Beeauoe oi Èhe snalL band gâpo Èhe no:,:-para-boÌLc nature

of t'he eonductL,rn ba¡td ilri j't be i npovçai:'L a.t hf-gh f;er:pera-

Èure cr high eLeci:ron co":eenir¿lbf.on"

cs].c¿'?-l-¿iions can be slmplified somev¡hat whtle keepj.ng

'¿he noyr-para.bolf-e na'l"ure of 'bhe eonducti.on bai:cl by not
coy¡siderS-rrg expllcLtiy 'che '¿err¿s clue to '.;Ìre fj-J-i3.r:g of
the bandË up 'co Lire Fermi Ieve}. Then for current carrlers
near i;he ed6e of a nonírÐ-raboli.c bando 'fhe energy expanoed.

to 'trie four'3h oi¡d.er j.n nonerrtui¡ ls:



(?-9)

(4"9)

-+andU=
2p*;-*q

An exampS.e of non-parabollc r,'aLence ba-nd ls the tr'alence

band of ge::manium.

rri ge::naÌ:iuno the higi:esf; vaLence baizd ¡naxlnun eccurs
a'i; i = o e buü the vaLenee ba¡rd ls degeneraÈeo The coïl-

^->,sr;aTl,Ë energ'y si¡:r'faees r,e&r X = O s.re .i/..,af;cecl anC henee

vlsv¡-parebol-le (smt tL-,Lg59) . " rn pe.rticuJ.aro for hearir

hc'i-eso i;he eäer'8-y*iro:nen¿i¡¡i i.e¿ai;lon of Ëlie cegrbre seei;lon
pz: Q iu the [roo] . 

directio* *a* rre v;eli approxi,-
aaÈed by

^;2Z = -å- e 4.(
2ma

r¡rhefe

E
)

T)4

2m+k

LL_p:_
4mx-E

Lr

..>
p .+

p (¿r,10)

þ - ( s2+ I ,')t/'J4.l

2*

^2t

( 4. 11)

( 1,,. IZ)

(4"L3)

( 4" 14)

/åu Êu c s-re sts¿nda¡'d enelrgy bend nota'lions (.smltL1,tg5g)

anc "t f s a ßeesu:'e of i;he r,rarping. ,!he velocLty f.s
lL

o--n-l
+

U

lr

.+
p

o( [re't ,'o I ,'rt/'J

p-.;J+
m

Ð-,

a

lì*, =

U=v

2

úz= o
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nl^ ^ .r^ _-:'ile rüi:'egúlrrg clssi;õsirn is -ob ån.bencied to be an
c:,-::t'.:¡'i;ive c;scuss-.io:: oí il,oí.i*¡D::raOoLic coi:d.ucãioi? and.

vs--r-e::cci ì:av:.ds ôf sojids. The L;npcrtant y:oln! i.s Èì.ia.s

fc:: soLicre r'¡i'i;h Ð.oK*þeï'abor-åc cc:,-:.iusírol.À oï var.ence bertzcls,
thc. vei,¡ciuy of eurz,ent eayrle:,s !e no Lsi:ger þropûf*
i;¿cnaL to ihe uc:¡ent'irn" 'rhi.s l¡ir.i be srlo,¡*a åÉ .ûhe nexi;
cha¡:'oe't i:o bc a¡t ad.¡rj.t.!cn¡.i sourse ,pf no!:,-iineai, effectso
since the explj cli non-per.abolíc te:=as å't -.c,rte energy*
noÍleì3trånn i-elaticns d.epeads orl the aetual" belnd s.i;ructure
of ?he solidu i1: i.s no{: possi-'b]-e to perform car-cr¡ratlons
for cu::re.ti carr.ieri i.r'r a gei:erai solåd, ihe specj.ff.c
ee,$e's, i,-qs", (4"7)-(4" L4) , stre .Lherefoi.e used. to !lius_
traSç. ¡ìci:-l-j_yieer effeeÈe d,u,e to x?on-paraboLie co¡:d.uctj.o:r
e.nd. \,aLci1ce ì¡and.se
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Ci]APTF]B \r

EF'FECT,S L]IJII TO 1'" OIL-P a.B A ROLf C B Aü ÐS

f,eb -d - Ë-..i'rtt +
clectronag-nei;Í. c få eLcl 

"

. .:)ÕD -Ðd_=gE
L1 l/

negl çs¿1tt* '¿he

The srluticn of

s,:í --lït_ f_ -,:rLe I- oe E¡iù ineLdent
fhe equatLon rf noË¿on ts

( 5.t)

eompapei;lvely r+eak rúårEnetlc forces.
Eq, (5,!) rs

3 ? . d, lr^r.t oË,*f = $,-,,r' =i¿ e r- - ;-"r,- 
"-1w1tv .*L 1r1

(5"2)

, Silbsi;iüuì;lleg Eq_ (5"2) lnto the veloclty_momentum
::el-a'[ions Eqs, ( 5"tO) ., ( 5"IZ) ar:d ( S"Ij) fåves the
ccrT'espondlng ex1:ress3-ons for veloclty ü. olire

ci¿rreni; density .ï f " ihei¡ obÈa.l_ned by a.,øe::aging ii
o'c'ei" 'bhe Ferrl cris'Lrr.buÈlon funcÈLon ancÌ ¡cuLtipLyln8
bJ' Èhe er-ectronl-o eharge e (poslÈrve for holeso
negatlve for erectrons). i+hen F* 3-s iregÌ-eglbie, Èh5.s
is ecutrrelenÈ to nultl¡rlyir1g. ü by the carrLe:r densiiy
{¿ :::tCi e.

5"1 ïrjÐïiii.i A¡j i,{or\

C¿-sc iÍ) .t_b.t-e

;,,,--Þòeu¡rng pO=Q, substltu-tion of Eq.(5.2)into Eq.( 5.L0)



glves the veloclty
+

? l- e-dr i'¡I" t
+È--.ç_ì-

ntí i wn
l_

(32)

1_

T1.;'E¡
. I "îf;+e 

( fr .Ëi I Érl .
II¡JI \ )

1w1 t

it is seen fi'om Eq"( 5r3) that apart from the

fw:dauental- flequerrcyo Ehe tÌ-rircl ha:':nonj c of i.r1 ln
vel-oci'l;y j,g generaied" The raLio of .;he r.,ragnLÈucle of
'chis ihircl irar¡ronåe to. that of tiie firs,ü harnonie ls

2

- vJ--I
-. I'

Foy r";l p iC'*" r¿ ¿ t"L uao Ee ry lev, Ei - J-A9

vcj'?/cm, this ra'¿to ls of Ëhe order of 1O-8, If 'jhc
',,z.cidel:t tsave is ct rcuiarl¡, pola.rieed i--e^ E- =

ry 
i u ,o¿ r'üural"l.Ji ilO¿afi SeC i- o Go blX = I Ely,

ifl-- - û sc 1;haÈ €jssentlal-J.y no ::oie-l-tyrear effects can be

observed 
"

Iror the lrurpose oi thi"s 'chesis, 1t el¡ouio be noted.

frou Éq"( 5"3þnat, no secor:,d. haru,onlc corapcnent: of vr1

i s 6enera'üeci"

( 5"4)
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ii'Ii.A:,I tiEEG,iiElrj,í;l{

Po i!Icl, f cLELli

Le,; Ë 'be gl,ven by il1"1*rtoË'i"tttrt

- i. r^lo tr. e tneT:, Õne hr:s:

= -- Ft ui v" 1 
" -r*; 

" 
- t'* t tl o *[i. t vr zt -Èäe-, w2 t liwlL ) 1w2\ )

The ve].ociû;r .t j,s 
"ro** 

l]y, 
e'occ '""(5"5)

+ ir.r t
+Ere-'"2u

-e -)l*E2e

$
Ð

1.

¡¡1ìr
[-s- Ër"ttorto " Ér"iret/
Llwr i*2 )

2l^'l--( t*i

<ni2iruzt.r.Ë';l*;) ei ( r^i, -zwù tJ

**"3ec

^3 )+
+GfÊr+zËr.Ëzdr ¡ sl( 2w1+'¡rz) t
livlw,

o?il. ^3Lwrt g]u?"*^ 
"3iwzt

r'l1r'J1E - - ^ 
(. ¿

t*'å.

I
a)

1 'r/,['l¡I
1t

a)

Il,¡1I¡7ã

?

)
LwLwz

{n?1ii+zÊi "Ëäfi ¡ si ( 2w1 'w2) t

ô

<xiir+zir"Ërdr; oi 
( '^'t+zw2) t

con¡ugates+ their cornpler (5.6)



t'Ììaó--^^ 
^Ìì 

-îi -4õ.isJ¡¿v¡U A¿¿ l4-LùV

i'.Ìe.a'.1-a¡,Ä::-.i- DZ T)vÀ¡v _v- vs u-v v ¿

(->! ljr
' Ì¡ìi f 'r w"i -"1qr

(34)

haf'rioni. e eû

are ne8iec

-È.Wr t/ l"^eÀ+
L*z

Eq. , (5"6) reveaÌs that Ln additi-on to
of r,;i eznd T;i2c thez-e s.re mL:red írequeney
ô +.r¿\.'Itr 'V \t2e r"Il + 2rt2, 2w.1 -. V:ru Ïr1 * Zit2"

oer¡,t r'iâ.ves âre circul-arì-y polartr sed, one

-t.dî=83-o

-)=E1'Ez=Ei-*E2"ouruuru

= - utuuzu o tr"uru
-0

ru1:onenis in r{} anc

tecl ån ecmpari son

.T
ot*zE I

I

)

,rîZ Ln

wlih

b,hl-rd he-ræorri-cs

conporiellfs at
ff the lncl-

ha.s

( 5,7)

applled Ln

îhe equa-

end 'bhe cor;lÞoneitis a'c frequencå.es ?-¡h -Þ w, arid rr1 + ?irz
--;îil.¿J- oe acsen'L"

No rorrlpot'têtzts at frequencies 2-r,.ri, ?w2u îli-i ¿t r;Jz

ai:.d îr1 ê uZ a'¡':e ¿enerated "

CASE(iir E j-11 t.he-F4qqq4,q_e ofa etl-c flel-cl o

+rr $e¡il r gibie¿ ñ___

.Su¡lpose å do.c" rîâJr'letic field

the pc si 'ii ve z,-.dLree'bion in acldi tlon

t,lon of ¡lotlon beconeeg

_P

_,
Eo ls

--à
t,o E"
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qg = e ( Ër"r*rt * Ëi"-1w1t, + f" t
'clu c

.+^e ( E'1"1w1t* Ë1"-r*rit ) + (1 
Ë 

) i*Ë"

+ =. 
..............-..(5.8)

where úc *j"

Eq," (.5"8.) ts a rlofr-l,lnear equatlon. Uslng the
perturbatlon technlque outllned ln chapter rrr, Ë 1"
assìraed to be expandable ln a convergLng serles

'J:t{p = Ët"twi.t + irealw.tt¡ e .r.. + eomplex conJugate

where Pl

+
Pi Ls glven by the equaülonr

, { 
--t 

-Ð .-}
1w1P1ã e¡jl+ PL X w. (5.10)

terms Ln Pz 
-m*E^

equatlon¡ ortê "gets

-e( twlE +w"E*)

+
P. bel-ng negltglble. So1vlng thls

plx = e(w.,Fr+rwrE*1
r,t¡ã-wi

Pn -- =Ly -æ

PLz=Q
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Hesonance occurs at wL = wc.

)
þZ ls glveu by the equatlon

-) -9ZLwII>2 ar P2Xw"

'drltlng out ln oartesl,ofÀ co-orcll,nates¡ one gets

2L*LP}* =P2y*.

ZLwtþzy =-Pz*wc

1 5. rZ)

( 5.13)

( 5. L4)

Þ2r=o

Thls Ls a system of ho:aogeneous equatlons ln pr* and

P2y-'A non-trlvlalr soLutlon of .Ëhese equatións d.eter-
mlnes the magnltude o* Ëe only up to an arbltary
constant whl-ch 1s lndependent or Ë.' Thls is phystcarly
lnadmLsslble. É, mu"t therefore be equar to zeîo.
s1¡aLror arguements show that alr. even harmonlc compo-

.J€+
nents F4, P6" PB. . -,.ð r r musf vanlsh.

P? ls glven by the equatf.on

4-r-)O?
J1w1P3ÊP3 X w"- -.-4.¡- Pr X w^

m*E^ 
4 v

,G
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Solvlng thls equatlon, the result ls

P3x = Pq *f'"n1**¡rwrPryl*onc w! -9wî. )

pq w... l-, ì ( 5.15)p)y =

r*Ec w! -9wî L )

p^ =Q')z

Besc¡nance occurs a;t1{1 'r,io and l,j" = 3W!..

rn general any odd har¡l'nrc co&ponent Ë¡ ls grven

by an equablon of the fonn!

. 
'',.-.- 

I - J 1 = -t .6)¡r"1í¡ = pJ wc- 
-- 

i x ñ. (5'7
t*EG

-->' where f are the terms Ln the product p2 Ë r¡hlch have

a. tlne d,ependence of elJrvlt. Ë therefore ls a functlon
of ËJ-z , fJ-U , Ð..c. Êj" tì, so that resonence ls
exhlbLted at Jw1 = wc, (J-ZJ wl = Hc, (J-4) tùl E urc

. o.. ¡ o..... lW1 = f{", 1+I1 = 1{*r

Conslder now the velocltyl

-)-
-)D''':l4+-q=--¡,

6*' mti'E_G



(38)

SLnce P contains only odd hannonlc'conponents , pZ i
wllL a1so eontafn only od.d. ha'snonlc components. Hence

lt carn be concluded that 3 contaLns only od.d hannonlc

components and t,ho odd harmonlc component üj exhLbl.te

resonance at frec¡uencles 'Jw1 
= wc, ( J-e)wl = wco......

iwt = w., ÌI1 = w"o The expresslon for the thlrd
ve1oc3.ty harmonlc eomponent calculated by Lax and"

Zawadzkl. (T96?) 1s ln agree¡nent wlth thls concluslon.

Case {1-r¡ Po large conpa::ed. v¡i';h el,1/w1

So1utf.on of equatlon of ¡rotlon :8q..,,{ J.L) Ls

Ë = Ëo* =8. "Iw1t - aÊi 
"-1w1t" 1*1 1*1

Substltutlng f.nio the veloclty-momenium relatlqn

?4DD*+
TY

¡1* m'|&-R"G

L e2 + ?
;ã % l4 oo'ut

lt ls seen thr¿t the second harronlc conponents Ln
-Ð

B¿ P Ls glven by

( 5. \7)

However, lf thLs ls lntegrated over the equlllbrlu¡n

dlstrllrutlon functlon to obtaLn the current denslty,



(3e)

ihe lntegral v¿¡.nLshes because ln the absence of an

applled fi.e1d, there ls no preferred dlreictlon of .

electron motlon. Thus only odd harnonl.c components

are generated Ln the .current denslty.

e ve]-oclty-mouentum relablon Ls

ü* - E- + Br-#
.mp

. D -tJ-'u., = ¿F + A¿ PäPU
t m p'

)
case (r) d,.srnusor¿ál, , ío n:elrslbI

The solutton of the equatlon of motlon 1s¡

êEr. -lw1tp,_= e'¡L 1*1 1*1

e8.,, ^tw1r _gI; ^-1w1rPrt=-eæ¿
! 1*, ltL

r,rhere E* and E, are the earteslan components of Ëf.

. ln the x and y dlrectlon respectl.vely.

Conslder lnclCent waves whlch are p1ane. polarl.sed.

If E*=E"=O, u*=uu=O. If E"=8"=0,üx=P*/m, ty=O. If

. E*=E"=O, t*=0, u"=P" /m.



(¿ro)

No non-llnear effgcts can be observed,

Conslder l¡icldent waves r¡ht ch are clrcularly

1*r.

r.¡here P Ls deflned to be the real quantlty eÊr/w1 .

= Z P sLn(wrt)

From Eqs.(5.L8) url"(5.79), one obtalns

p4= (vf,+pî)z = ßp4

eE-- lwn tp=-ëe¿
1*1

(5.18)

( 5"Lg)

p* = ú& co 4l wrt)
t

= ,Èþ"1+*1t¡ + 4cos(2w1t, * 4

= zeaþor(þwrt) -4cos(2wrt) + tl
el = ßþ stn4( wrt )

( 5.20)

( s.zt¡

po3.arI."ud. l{lthoub loss of generalLty, leü E" be

real and for clrcuJ.arly poiarlsed wava Ex - X Ey, ßhus

px = tEË- 
"1*1t + 9El'"-r*rt

wl w1

= Z Pcos(wrt)

( 5.2?)
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Subsiltutíng Eqs. ( 5,ZO),

¡ronentura relatlon (4.10) ,

2üx=tF*ZJ)?cos(wrt)

u_-=(L+
JM

The veloctty

poirents. No

5.'21) ,(5,22) lnio the

the veloclty 1s,g1ven

!(Pcos( 3wt t)+,lfcos(

..r......(

veloclty
Þy:

5w:t)

5.?3)

z'Ðesln( w1t) + 3*fsLn(1wf) +otfsln(5wrt)

....o...(5.24)
contaLns thLrd and flfth harnonlc con-

even harnTonlc components ar€ present.

Case (11) Po large r:ompared wlth eÛy/w1

So1utlon of Èhe equatlon of notlon glves:

Þx = Þ67 +20cos(w1t) 
ì

Py = nO, *Úsln(w1t)

pf; = nsf; +Bpo?P""s(w1t) +zApfigt2tot2(wrt)

.n16po* Ê "o 
31w1t¡ +16@4cos

ol = pol +anfirP"in(wrtl +zttpf;rfxsrn

-4
+ L6nOu¿É sln

2(pf + pi )-
^^2

ftfi"+ f) - *B ( nfr++ pz ) vs*F.o s ( w, t )

+B ( nfr+a ,f I oorçsln( w1t)+24p6*neup?rni wrt) cos( wrt)

LL'( wrt)
' . '':t-(*tt)

lL'( wr t)

( 5.25)

I 5.26)

( 5.2?)(wrt) +16Èsrn

L'p'=

*6vfi*f"o 
"2 

( rr t) *6v!ufs1n2 ( wrt) ( 5.28)
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.22.2v,,nere P6 = pox +poy

Slnce Po is iarge " L/

!--t-ftr.ü*up4 
'3 1\ ú)

oB l! * 4\oou
I o6 p6 )-"

*rarcffro"'( wrr
Pg

n4 can be approiirnated by:

[+.-td 1 vs*P"os(wrr)\n6 n3 I--
f sln( wrtl +z+]foxflstn( wrt) cos ( wrt)

t *rcY13 6,2 ,tnzt 'r rìl ( 5. zB)nfr -)
Conslder now the even ha:monle coraponents of , U the

veloclty. . i¡orux they are produced, by the teza t4{-- .
p

Even harmonlc terms are tern¡s whose tlme dependence

h*l the forrn slna(wtt) "o"b(wtt) where a and. b

are posltl.ve lntegers such tln.aþ e. + b ls an even

number. When a + b ls ¿rrl ocìd f.nteger, slna(*f t¡"o"b(wrt)
Xs the tlme depend.ence of odd harmonlc terus. An ln-
spectlon of Fqs. ( 5.26,) , ( 5.2?)., ( 5 ,28) shows that

L+ ^, 4 -ìì r^^-- Àr--n] , L/p- all have the following property.4px,

Harmonlc terms
Depend ence on, poJ< poy i s p$*päu

where grh, are posltlve lntergers

Even gf h ls even

0dd. g+h ls odd

Denotlng the depencience orr Po*, Poy of haræonlc Èerns
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in P"4 anci t/pu by o3'+ nåí and noft noî,
respectively, depencìeïìce of even ha¡rnonlc terms 01L

Por Poy tn px p\/p4 ean be obtalned byr

The above table is set up usir:g the fact that even

harmonLc Èelras can only be obtalnect by mu1i1plylng

ioget,her tv¡o even harnoni.c tems or tr¡o odd. haruonlc
terns, and. od.d, har¡eonlc te:ms can only be obôalned. by

multtplyl*s toge'Ðher one even harmonLc üe¡a and one odd

he.r¡eoni.c terflo The depen'ience of even harrronlc terms
4,4on po*, pou' ln Þxvj /o- Ls thus glven by po*g poyh,

where g + h ls an odcl f"n'r,egar. ït wiII vanlsh onl

avere.glng' over tkre. equlllbrlum clt strlbutlon functlon,
belng an odd: f unctlon ln pO* ,pOU. ,.' . Tkrey do

Term T3from px

g3 hq1s Po*-Poy-

Term Trfrom Þ,

rs n3* 
'3í

Term T2from t/p4
. 8c lt2ls poi poi

}j=L, n3=O
gl+h1 ls even 9Z*hZ 1s even

B1+h1 ls odd rZ*hZ 1s odd

c'^=0. h^=0") )
gl+h1 ls even EZ+bZ ls odd

81+h1 ls ocid 8Z+t1Z ls even

I
Dependence of even ha,rmonlc

üx = depenrLence on PCxPOy

terms on ÞO* p'y

of T tTZT3

TN
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not contrlbute to the fi.nal expresslon for current
d ensl'Ðy.

A¿ain '¿here are u,o even harmonlc components Ln

Lhc curren¿ denslty,

5"). Fffee'c. of qn_sibernal d"c" eLeclrle fæ1d

Caleuleùlons Ln secti-ons 5.d a;nd 5.JZ shorr' thab

under the vari-ous condltlons speclfled,r rror-llnearlty
duq to noä-parabcLic conducÈlon band ln lndj.um anþL-

rnonlde anc nsn-parâboLic vaLence band. ln gerroani-um

does not pr.:duce even harmonLe components tn the current
tiensity. It rulLl- now be sho".n¡ thaÈ lf a strong exte:maL

dnc. electr1c fl"eld l,s lmposed" such productton ean

be achleved o 
'

To dlscrrss the effecÈ of an external- d.c. electrlc
fleld, collislon procesbes mus'L be taken lnto account,

The presenc€ oî col-lls5.on processes l-s necessary for
the moblle current earrie:.s to attaln a stead.y state.
Usiràg the hydrod.¡man3..ca1' approach presented. fn Cna'pter

If " the equation of motlon ls" negl-ectlng the magreetlc

forces.

Jo * uËr"l*lt + "Ë1"-r*rt
.?

O.Lì

dr

j

o
a

( s"z9)
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-, -7where Q ls the average moreenËu¡r, Éo ls the d.c" elec-
trlc fleldo

Eq. ( 5.29) can be solved. exactly to glve

ò r uË..Itlt oËTo-Lrv1ta =e'ot. -;l-;:r ff (T'.'c)
LtLL.¿

Negl-ectlng t/z con.oared w1çh w, and lettlng
-, -t
QO = eEO'o ,' one obtalns

d È do o -9-Û"t*' 
t

lvr1 lwl-

averâge veloci:Èy - Erv€râge momentum relatlon
for non-parabolLc conductf.on band Í.n lnd.lum antlmonlrle

and non-paraboLlc valence band. 1n germanlum are res-
.t

pectlvely,

'Ðt
=ao-pï=-- --r\

ml? m*"EG

v = Q-ou*Sd
xme*

^ o4o
v = -IX-+B/ "L-Y
Yme+

( 5,32)

( 5,33)

' The current density ls glvcn by r. ?. v¡here nr

the carrier denslüy,1s assumed. Ëo be constant.
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Three sixiple câses -w111 be dlscus.sed to j.llustrp.te

tne rol-e playecl by the d.o c" e1ecLrlc fleld,o

Case { 1 ) irTon-l-Sneari'bl¡ duq_to Lo;:r-parqþo}j.c _c_cnd'!rq.-
+tLon band Ln Lnd3.uia ¿¡ntlmonlrle, E sinusol-"

rial

( 5,34)

whlch Is obvlousiy non-van!shLng i excePt when

+-a+-)
Q0, É1 = Q 1.e. when Egls perpendlcul'ar to E1"

the velocLty i i.s obtalned by substltutlng
' "¡ :l-)i

d = õr* eEt ulw1t- +Ei u-lw1t
1*1 it1

lnto

-, ?' 6? -àï= T *
¡n'lí' md¡'EG

¡

The methenai5.cs i.s e>:actly the same âa ln case

(rv¡ of sebtl on 5',!. . v¡ith q'reptrctng ñ'"na do replacLng
->P;" Hcnce tire second harmonLc veloclty component Ln i
1s

t ez: -Ð

T -7- Q6' El-
m*-,8^ r^riu¿

The dlfference ls th¿rt t,he second haruonf.c con-

ponenÈ Ln the current densliy ls Just
.)

a) -9
T T Qo'al
m*-EG wi



(+7)

Cese ( is.

Then

-l 4Let É = ÈrelwLl+ d-el'('trzT +complex conJugater "2"

becomes

õo*õ'rui*tt+drul*zt

conduc-

ha s tr'Jo

+complex conjugate

=->where a-'r=Ë,o-r=ft
SubstlÈutlng . ErI. ( 5.35) lnto

.-Ð

a

a-

-Þ
a

Ð
+O
1¡=å

'm#

c
(.1

m
L̂¡

glves t,he varlous harmonlc components

Conparlng nltln e si.mi.Lar case but j.n the absence
-,of Eo¡ 1o€" ease (lL¡ of seetlon 5.,!., one flnds Èhaü

i.n the presence 
"f E-t", there are eomponents at the

mlxed frequenc5.es ru, + w, and ïü1 - wZ ln the current
densl.ty" The spatlal parts of these frequency cornpo-

nents ares

Xn v.

î9-
moZEc

,4 + .-:¡
+(Qo.Q1)Q2 5.36)+(dz.dilo.oJt[, dr"d, ) do

[tAt.-ð] 
I o'o + ( do "di I dr*( do . dr,Uä]_u9-

t*28*

i',Ion-l1-i'r eatl'i,y cju.e to yiol.t- ra-boIle

tl on band in l_nd lun a.nt"t

frecuency ccmponents

and

( 5.37 )



lhese
...t

Ee " -E1 
and

seen from

(48)

flvo coraponcn'cs u

-2E2 aTe nutualiy
^/\Eqs. ( 5"36.) and

however" wl11

perpendlcuJ-ar,

( 5,3?)'..

vanlsh lf
as ce.n be

i\iürr*},!.r¿ee: T-'l-'L¡¡ due 'Lô !rórr* bolLc valcnce

b¡¡nd I,n ç;gr,ganlgilo E ÉL+usold_a} : and

e!.rcularì lr polarised

The mathernaLS.cs is the saae as Ln case (lt) of
seetLon J..? r,if th do repLacLng p"o" It ls seen there

that ln general there are even harnioni,c eonponents

Ln the veIoclty,' These harrnontrc coaponents rvf.IL

thgrefore be the even haraonLc components ln the

current clenslty afÈer nultS.pJ-ylng by n and eo

. Fi.nal1y, lt i.s eâ.sy to sêe tiraü the harnonlc

eornpor:.ents can be made large by applylng a sufflclentJ-y
strong d.c. electrlc fleId.. -

Non-Llnear effects due to nOn-parabol-lc bands

was ft::st observed on1¡r very recently ,( prtel, Slusher,

and FIeur,v,t966) the experlmental results agree

wlth the theoretlcal- calcul-atlons wlth1n the 1tmlta-
tions lmposed. by the, experimental error, whlch 1s

about thlrty percents.
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CTIAPTER VI

CONCI,IiSÏONS

Non-ffnear effects ln sollds can be made large by

appLylng, slmultaneously with the elect:r1c flelds of the

lncldent electromagnetlc waveso a do G. ,nlâgtletlc fleld of ,

appropiate strength to .sÍimulabe cyclotron resonance, or a r v

suf flciently strong d. c. ef ectrlc. f1eld-. . For non-Ilnear eff ects..

ln lndlum antlrnonlde ancl germanlum, the appllcatlon of a

d..c. electrlc fleld also result:s ln the Seneratlon of even

harnonlc components. No attempts have yet been rnade to

observe these even harmonlc components"
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ÄPirF,Ì{ljïXj

DiiRrv/.tÏjOif cF IIYDP.oDYi'iLi,lrc¡,.L BÇu/rT roNs FROI,I BOLTZI'{AIIE

J]GTJAITON , .

The dlstrlbuttron functlon of a sysËem of ldent LcaL

perticles f(i" i, t,) i.s deftyred such that f(i, d, t)
dx dy dz dpx dpy dprtrs the number of partlcles whlch

}le wlth1n the spatlal volune d.xdydz, centred. at f.
and whose mor¿enta 15.e wLthS.n the lntervaLs ¿px, dpy

and dp" centred. at f,. The eouatLon describlng the

change of f uncler exbernel forces ls the Boltzna;yln

equatlong

'àf t Þr )f 5 ñ >f /zf \
-3a + Ê-.¡-+ + 1.,.r -!-\ (n.f;
àt 1m )*t 1 ' ¿Þ1 \¿t i coIl. '---

where I takes the values 1, ?o and 3" wli;h x1, x, and

x3 representlng the xry, z co-ordlnates; pt and. F1

represent the 1',rh conponents of' the partlcle momentun
/)f\

and exterltal force respectlvely t * j collc represents

iulne change ln f due Èo colllslons between partlcles at
a flxed polnt f.n space and. tLne. m ls the nass of the

partl cf e".

trt Ls assumecl Èhat the veloclty ü fr proporttonal

to Þn Thts is true for classlcel partLcles and for
conductlon elecÈrons l-n soLlds wlth a parabolLc conductlon

band .
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I tF,,¡ = Ill rrËl rr i,Ë, t)dp*dp ydpr/n(f , t) (e,4¡
, ,-*

The partl cla densl ty n( f , t) .iand thç average

mornentum Q are deflned by

,ln( i, t) = ril r( i, Þ', t) dp*dnudp,
ll/

1æè f lr -6 = 
JJI 

f r( i', Ë, t) dp*dp"dp 
" 

/ n(i, t) (A.3)
-é

In generaL, the nean value t(F" È) for any quanrlty

T (Ð ls defrned by

(A, 2)

r'ful-ttrpi-y.lrs. 
. 
Eq" (A. 1) uy 1(Ë)op*ùp. dp, where ç(Ë) 1s

an arbltaty fr¡yretlon ofl Ë and lntegratlng-.overall,p,
õne obtaiäs the fo1low1ng equatlons:

-6 os
f 1¿ 1¡-

Jll 'rrfl¡ 
åI-¿pxdpydp"= i JlJf 

rfr) rap*apydp,=È ( "i) ( e. 5)
Eoê -@

'' Ct¿:ir \€ 6

tíYrn) ni #f n*unuun,=È, 
lll+,urpl 

rdp*dpuun"=*Í,'qT) ( e. 6 ¡

-ú

(A.7)



( 54)

Futtlng \r. = f, ancl noting t;n.at
ò 17

- 
-\_¡,)P*

for elee'r,rl-o ar¡d mÉzgn,e'¿l-c forces, and the lntegral
of f¿I-l, \> t / co..'.otut nonentu¡c spâce vani-shes slnce

colllslons canno's change 'uhe 'cotal number of partlcles
per unlt vol-u¡ne, Eqs, (.A.5)&(9.6) yleld the equatlon:

(A.8)

l(Í) = $ ts

,þc"dl + v. ("F) -"F= JllUrr*à.rl.dp*dp ydÞz(a.e)

)n,q î

)E
v. (nþ) = Q

The equÊ'bion obiained by puttlng

varlous

è-1¡fr¡
àr

terms can be re",vrLtten as¡

>Q -¡)n
=f¡- f Q-)r )t

Ðeff.n3.ng the ranciom roo¡renüum

?+.àÍs=p-A
I

one nets

v.tr,-ü-û¡ = v; t"3 ô, +rûm
+

Since ß =Q
I

o^as

+--:

v. ( np-tê-¡
m

(a. to¡

( A.1i)

( lt,. LZ)

Assunl.rig approprlate sy-nmetry con<lltlons such tha,c

the te'nsorp|'reauces to the scafar t', wher" -lpt 1"
+{

just the errergy d.u,e to thernal rnotlon, Y..("*ål
3nkÎ \becomes V ( <r::'^=.-¡

m

,

¡.
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. ,ì. l'

( e. r61

Su"ostltuttrng Eqs".(R.¡O) ,,(4" 14)', ( A"t5) and(a.16) .

2.nþoÐq".(4,9)and usl.ng the contf.auÍ.iy equatlons,one obtalns 
-)

Expanding Y.(rrQ Q ) , one has
m

v"{r,Ë;d ) = {þd"v,d .+v.(nõ) * o(3"*t-) (¿"14)
m

For the external force term. neglectt.ng the gravl-
te,ti.onal force" F .1" given by

É"=. id* -d'il (A.15)
L m c)

-*-here E and B are eleetrLc and na6neÈ1c fle1d lntensl,-
tLe s.

".Ji* *E(d.v)d =,"[f, o fþ]-v(topl - + (a.17¡

Relatlng the averese moltentum 6 to the average

velocl.ty f UV d * nfe tho equatlon of notlon (':2 " 6j

1s obtalned.

For the collf.sloil lierinu l,ü f.s assumed tna| a
Irelaxaif.o¡l ül-ne A exlsts such that

I'

ràf\ f,-t=tl\ à t/co}l.
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APPUIIDTX B

Tr{_E ïJlìÊYiJ I,.EN C,TI-I

Consld.er & positlve f.on p3-aced a'c the orLgln
of 'bhe co-ordl.nate systen. Thls posLLj.ve lon v¡Lll -:

¿¡'bùract nelghbou:ring eiectrons ¡vhl.Le et the sene tlree

repelltrng other posltlve lons. The result Ls that,
ln a region surround.f.itg the posf.tíve lon, an ercess

elecðronl.e eharge wllL exLs'¿. tk¿üs r.;ithLn this region,,

Èhere.will riot be che.rge neutrallty, a::,cl t spa,3e chargo

wlli be set up t¡h5.ch 1s glven by e(i'i,n - IJ-) l,rhere No

a¡¡d N- are 'úhe densf.'cy of .fon and electrons redpectlvely.
Tlrj.s spece charge l'¡tLl gtve rlse to a static eleetric
ff.eld rvhose pobentiaJ- f satlsfLes Poisson0s equatlon.

v'É = -þne(N+ -N- ) (8" 1)

iVor.' assuxre the i.oits are at res'c and that N* ls
equaL to the equf.låbrium ehar6'ed. partlcle dènsl.ty No,

v¡hll-e l^rL'¿hLn tkre regLon under conslderaË1on N- ls a

slor,rly variglng functlon of posl tLoao'Eq.(8.1) Ueôones

Vtó =I

I'i-( r) ls glven by:

l¡-(r) ?,

-þze [i,ro -m-(

fdp*dp'dp"fi
-@

")]
(8"2)

(s" 3)
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r'ihere f Ls the sol-utLoyr of

equa'cion for eleetrons at

Ls

the Bol bzmc*nrL

sfeadV state,

iransport

thls solutlon

rrrb â rô Ls defi.ned ln Eq. (Á." 11) .

$ubstltutS.ng Eq, (B,4) ,1nto , (þ.3) , one gets

w-(r) = No exp tfrål

and assumh'rg thaÈ e f << I(?" one has

N-(r) ã Ns(1+ þ$l

Fl-na1ly Bq" (b" ó) 1s subtltuted. lnto Eo..

,edrexDt 
-f- 

)* 'kt' (8"4)

(8. 5)

(n.6)

(8.2) to glve

(ø.7 t

ls the Debye Length.

3/2r = No(Z#i' .

,'f = H1' f
=þø

.D

¡u"-",'j* n¡t/'

1s sphericaÌ}y

has bhe sol-uLion f =

where À- =
D

symmetrle about
e,T

- exÐ.( € )r\'
L)

the orl,gln and
. (n.B)
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.Thus Llr a ciLsÈance f'ron the origln lar.q,e conparecl

ni'¿h \ ^ ú ls silali so 'crrat- in a reglon whose
Dt /

d.inension ls large cof,i¡"ar€d r';lth ÀD , clnatge neuÈra1Lty

L s obsez'ved.. . '' 
'


