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"Up the road, in his shack, the o1d man was sleeping
again. He was still sleeping on his face and the boy was

sitting by him watching him. The old man was dreaming
about the lions. "

Ernest Hemingway

TO THE LIONS
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ABSTRACT

The development of a semiclassical model for atomic
and molecular collisions is discussed. The model treats
the interaction forces explicitly so that no resort to
model potentials need be made. using this model a

description of the collision throughout the entire region
of interaction is possible. The equations of the model

are solved numericalfy.

Preliminary calculations have been carried. out on the
simple system consisting of a proton colliding with a

hydrogen atom. Studies were made at both low and high
energies" At low energies, the moder casts considerable
doubt on the validity of the adiabatic approximation, and,
in fact¡ on the assumption of any static model potential
to describe a dynamic process such as a corrision. At
high energies, the model gives excelrent agreement with
experimental charge exchange cross sections, and adds to
the controversy over an appropriate basis set for the
description of high-energy p - H scattering.

The model is also applied to the "reverse" collision,
the photodecomposition of 

"r*. 
This al-rows an estimate of

the lifetime of the excited intermediate state due to photon
absorption and of the probabílity for decomposition.

The model is shown to be capabre of generalization to
many-centre reactions .
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INTRODUCTION
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The study of chemistry is largely the study of molecular

interactions, and molecular interactions may be described

mathematically by the formalism of collision theory.

Consequently one might expect, and indeed would find, that
a good deal of research into the theoretical aspecLs of

atomic and. molecular processes has involved this formalism

as a starting pointf (1). Such approaches undeniably have

proved fruitful in disctosing certain aspects of reactive

molecular encounters, but they come no where near prescribing

a "mechanism" for the reaction of interest. That is to
sây, although one may employ the results of collision theory

to describe a given chemical reaction, the extent of our

knowledge of the reaction is essentially limited to the

calculation either of asymptotic fi-nal states or some

perturbative expansion of the initial state into the

interaction region. Neither of these pieces of information

is too useful to the understanding of chemical reactions,

the former because the asymptotJ-c final states will tell
one Iittle of what occurred during the interaction in the

way of rearrangement processes, and the latter because a

perturbative expansion to any finite order is really an

"initial value solution" only and this solution is therefore

valid only when the initial conditions are maintained to

f*.f"r"rr"" 1 contains a select.ive sampling of such research.
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a high degree throughout the process (Z) , a situation
obviously atypical of chemical reactions. Thus, from such

approaches, one has no picture of the causar evolution of
the reacting species, of the complexity of sub-processes

which may constitute a chemj_ca1 reaction.
Because of these difficulties recent years have seen

a swing to what perhaps could be called "more realistic
models" (3). Although the basj_c aim of these models is
the understanding of the physical- mechanism of chemical

reactions, the impetus has been provided by the need. for
interpretation of molecul ar beam stud.ies. Typical calculations
of this type include the following two steps as a main

framev¿ork:

1) the assumption of some potential energy surface

describing Lhe interaction between the species, and,

2) some form of trajectory calculation which is
carried out to evaluate the angular distribution
of products, cross sections for various processes,

and the Iike.

Now the idea of a trajectory implies a semiclassicar mod.eI

in which the atoms or molecules move along classical
trajectories determined by some potenti aI (step I) .

Presuming that such a potential can be found, step 2 requires
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the solution of the classical many-body problem which is
quite feasible by present computer techniques. Now although

the internal electronic structure of atoms and molecules

certainly must be treated quantum-mechanically, there can

be little argument with the treatment of the positions and

momenta of an atom or molecule, as a whole, classically.
Consequently such models have led to a simplification of
the problem in this sense. The quarrel that the present

author has with these "more realistj-c models" is that they

have treated step 1 completely unrealistically.. For example,

coilrmon approaches to potentials are as follows:

if the system is sufficiently simple (for example,

atom-atom collisions) the potential surface may be

taken , for Lhermal collisions, to be the static
(velocity independent) ground state potential energy

surface or some analytic approximation to it.
for more complicated cases, some model potential
(4) , or even set of model potentials (5) may be

assumed. the general characteristics of the process

being described by this potential.

rt is difficurt to see how one can, if he accepts the iclea

of a model potential, achieve any more understanding of the

details of a given process than he puts into the model

1)

2')
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potential. Furthermore, the non-uniqueness of the resul-ts

obtained by suitably choosing a variety of parameters is
scarcely satisfactory and the assumption of a static potential

energy surface as an interaction potential is unquestionably

questionable.

It was this discontent wíth these semiclassical

approaches to atomic and molecular collisions which initiated
the research d.iscussed in thís manuscript" It \,ras felt
that a model could be developed which was capable not only

of describing the state of the system completely throughout

the interaction region but also of ireating the inl-eraction

forces explicitly, with the result that the model would be

entirely dynamic and no resort to static potential energy

surfaces would be necessary. In this dissertation the

development of such a model is discussed. It is important

to note that although the model is developed in terms of

a semiclassical picture, it is easily generalized to a fully
quantum mechanical model by the use of some practical

method to treat the various classical modes quantum

mechanically (for example, a wave packet treatment of the

translational states of the atoms). It is, however, also

important to realize that a semiclassical picture of aLomic

and molecular collisions is quíte justified due to the

large masses of the interacting species"



Chapter II

A BRIEF DISCUSSTON OF THE FORMAL]SM OF THE EVOLUTTON OF

+A QUANTUM SYSTEM TN TTI{E'

t rh" ideas discussed in this chapter are essentially
those of reference 6 "
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In attempting to obtain a model for molecular collisions
which is useful at all stages of the interaction, one is
in fact trying to sorve the time-depend.ent schrodinger

equation at all times t. For this reason, a brief
discussion of the formalism used in treating the time

development of a quantum system is worthwhile as an

orientation to the problem and to the futility of using

conventional techniques such as time-dependent perturbation
theory to obtain a solution. since the development of the

model in the following chapter is carried out in the

Schrodinger picture, this will be the only mode of
description discussed here.

The observable d.ynamical quantities of a quantum system

are the expectation values of the various observables

(n)= <*lnlù (rr . 1)

The Schrodinger picture assumes that the form of Èhe

operators CI remains unchanged in time (unless A has an

explicit time depend.ence) and that the state vector I v)
bears the time d.ependence. rf the system is not subjected

to observation during the time interval (tort), the state
at time L, ¡Vf tl), is exactly specifi-ed by the state
of the system at time to, ¡VftoD. ThÍs specification
is made more precise by the postulate that the 1inear
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superposition of states is preserved in the course of time.
consequently there j-s a linear correspondence between

lv(to)) and lvttÞ which defines a time-translation operator

u(trto):

lY (t> = u (t,to)lY (to)> . (rr.2)

This operator is most corunonly known as the evolution
operator. obviousry it satisfies the initial condition

u(to,to) = 1 ,

where I is the unit operator, and it also obeys the group

property

U(t,to) = U(t,tI)U(tl,to) (rr.4)

The evolution operator can be shown to be unitary as

follows. From the group property it. is apparent that

u(tort1)u(t'to) = 1 t (rr. s)

(rr. 3)

oYt

u(tl,to) = u-l(tortr) . (rr.6)
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Sínce, in the course of time development of the system, the

normalization must not change,

ot,

(vrtl ¡vttl) = <y(ro) lut(t,ro)u(r,rol lvrtoÞ = <v(ro) lv(ro> ,

ut(t,to)u(t,to) = 1 (rr.7)

(rr. B )

Now multiplying (ïI.5) from the left by ut(to,tl) and

usÍng (II.7) , one obtains

u(tr,to) = ut (to,tr)

Comparison of (Iï.6) and. (Iï.8) shows that

u-l(to,tr) = ut(to,tr) , (rr. 9 )

which is the desired unitary property of U.

To obtain the differentiar operator equation satisfied
by the evolution operator, one uses the group property in
the form

U (t, to) = U (t, t-ôt) U (t-ôt, to) , (rr.10)
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where t-ôt is a time moment immediately

small ôt, U(t,t-ôt) is an infinitesimal-
and denoting its generator by H (t) , one

preceding t. For

unitary operator,

can writef

ðtH (t) (rr.11)

Substitution of (II.11) into (II.l-O) yields

u(t,to) u(t-6t,to) -i H(r)u(r-ôr,to) ,
l'r

i
fr

ôt

which, in the limit as 6t + 0, becomes

-iñâru(r,to) + H(t)u(t,ro) = 0 (rr.12)

To make contact with the usual schrodinger picture in terms

of the state vector, it is only necessary to apply the
operator equation (II.12) to the state vector lV ttol) to
obtain

iñarlvttl) = H(tl lvtt), (rr. 13)

t on infinitesimal unitary transformation T may be written
as ! = I + ieG, where G is the generator and e is a real
parameter" fn equation (II.11) the parameter is _ôt, and

the factor ñ-1 ensures that H has the d.imension of energy.
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which is the familiar time-dependent schrodinger equation,

the g'enerator H(t) being known as the Hamiltonian

Thus to be j-n a position to calculate the various

observables of the quantum system at any time t, it is
necessary to be able to solve the time-d.ependent schrodinger

equation at a] 1 times. This is equivalent to a knowledge

of the evolution operator U(trto) for all times t.
conventionally, solutions of the time-dependent schrodinger

equation are approximated by perturbation theory. This

theory supposes that the Hamiitonian H is susceptable to
resolution as

H(t) = Ho(t) + V(t) , (rr. r4)

where H_ may be regarded as ttre Hamiltonian of a knowno-
approximate solution to the full problem, and V may be

considered as a small perturbation. rn such cases it is
useful to set

U=UoU, r (rr.15)

where U^ is the (known) solution of the operator equationo

iñAtuo = HoUo, Uo(to,to) = 1 (rr.16 )
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substitution of equation (rr.15) into the differential
equation (II.12) for the full evolution operator, and

multiplication of the resultíng equation from the left
bv uf vields- o"

iñôrur = uj {uuo iñaruo) ur (rr.17)

ul is the solution of thís equation satisfying the initial
conditior Ul(torto) = 1. Thus, if one could obtain an

expression for Ur, the ful1 evolution operator U would be

known. However, from the resolution of the Hamiltonian

as in (II.14), equation (II.17) may be written as

iñatuï = {ulvuo) u, , (II.1B)

and since v has an explicit dependence upon time, a closed

solution for U, is, in general, impossible. The solution,
however, may be obtained formally by iteration. Recasting

equation (rr.18) as an integral equation incorporating the

boundary condition, one obtains

uï(t,to) = 1 + (in¡ uf tr,to) v(r) uo (r, to) ur ('r,ro) .

(tr. le )

'/.j.
o
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The zeroth approxi-mation to u, is then ur(t,to) = 1. This

leads to the first approximation

ft
uï(t,to) = 1+ (inl-lat ujft,ro)v(t)uo(t,ro) .

tto

To obtain the second. approximation, the first approximation

is substituted for u, ('r, to) in the right-hand side of (rr.19)
and so on to higher orders. This results in the following
expansion for UI (trto) :

-', fL= 1 + (in¡ *l utt
JL

L_o

-of' f'2 .L'Jru"1ru..' u'o.''
oo

Then from (TI"15) and (Ir.20),

is given by å

u(t,to) = uo(t,to) + (rñ)-/;
¿L

-"fL fz 
o

+ (in¡ 
ltu"1tu" 

uo (t
oo

uï (t,to)

+ (in)

ul t r' to) v (tr) uo (t' ro)

, to) v(tr) uo (. 2,to) uj (.r' ro)

v(rl)uo('r'to)

(rr. 20 )

the fulI evolution operator

uo (t, tr) v (tr) uo (t' to)

o(, 2,'rr) v (tr) uo (tr, to)

tl

¡'t)v(rr)v

t (rr.21)
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Suppose nov¡ that Ho is time-independent. This is
usually the case for chemical collision problems, Ho then

corresponding to the various asymptotic channel Hamiltonians.

since H^ is not dependent upon time, the solution of equationo

(II"16) is simply

uo (r, ro) = exp [-iHo (r-ro ) /T'tf . ( fi.22)

Assuming that the state of the system at time to is known,

to find the value of the observable 0 on the system at time

t it is necessary to use U(t,to) as given by equation (II.21)

to evolve the state of the system from to to t. A simpler

example as far as notation is concerned is that of the

transition probabiliÈy. Suppose Lhat a complete set of
eigenvectors of Ho is the d.iscrete set lù , l¡) r ..., lt<) ,

..., and that the corresponding eigenvalues are n!, Eo
' 

!b, ...,

E;, " Allowing the system to be in the eigenstate l")
at time to, the probability of finding the system in state

lU) at time t is given by

wa*b = l(u¡u(t,to) lÐ12 (rr.23)

Since H is still explicitly dependent upon time, it is
necessary to resort to the expansion (fI.21) to obtain

U(trto). The successive contributions to the transition
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amplitude are as follows:

(n¡u{ol 0,

(in¡

(II.24a)

d.l "-i"i(t-tr) 
/ñ (alv{tr) la) *

lù=

' 1,'"
(olu(1) lÐ =

(u¡utzl -z¡
k

lÐ=

(r<lvrtrl(ulvttr)

.-iul k r-:-] /h (rr.24b)

I,'"
(in¡ d.r, "-iEf 

tt-. 2) /r1

lo) .-t"flt.r-. r) /n lù "-inlttr-to)
/T'r

*,l""o'

(Ir.24c)

and so on. These increasing ord.ers of approximation to the
transition amplitude may be interpreted as follows:

to zeroth order there is no coupling and the system

remains in the eigenstate lù"
to first order (equation(II "ZAb)) , the system. can be

regarded as propagating from time % to .r, under the

inf luence of the evolution operator Uo(t,-c1) , its
srare ar rime .r, being làe-iE: 

(rr-Lo) /h. Ar ,1 rhe

perturbation y(t1) causes transition to state tU).

1)

2l
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From rl to t the system remains in state lu), evolr¡ing

according to Uo "

3) to second order (equation(II.24c)) , there is a

transition at time .r, from l) t" an intermediate

state lr<), and again at time .r, from l:<) to lf). At

all other times the system evolves under Uo.

4) by now it should be apparent that the third order

contribution involves two intermediate states lk) ana

I L>. Similarly the n-Lh order contribution involves
(n-1) virtual states.

Diagrammatically, these contributions to the transition
amplitude may be depicted as shown in Figure 1.

The purpose for labouring through the above discussion
was to indicate the extent of the valiclity of a perturbative
sorution to problems of chemical reactions. physicalry

this may be most easily understood by considering the

general molecular reaction A + B + C + D, as depj_cted

schematically for the centre of mass frame in Figure 2.

According to first-order perturbation theory, only the

initial and final states are coupled by the interaction
causing the reaction. However, in a chemical reaction,
not onry are the initial and. final states usually spatially
separated, but they are also frequently extremely d.issimilar.
consequently, the overlap charge density between these states



Figure I

Diagrammatic representation of the contributions to the
transition ampliLude in perturbation theory.
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Figure 2

Schematic representation of a rearrangement collision
in the centre of mass franre.
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is negligible, and the coupling (tluli) = 0. Second-order
perturbation theory couples the initial state to some

intermediate state, and that state to the final state. The

only states which will couple signifícantly to the initial
state are those with neighbouring nuclear configurations
and similar electronic states, but these same states will
couple only negligibly to the final state for the same

reason as initial-final state coupling. similarly, states
which couple strongly to Èhe final state will not couple
significantly to ihe initial state. since chemical

reactions are processes of large transition probability,
or, equivalently, of strong couplingr ân adequate description
of the process can be achieved only with a sufficient number

of intermediate states. rn terms of the diagrammatic

representation of perturbation theory used earli-er, this
would appear as shown in Figure 3 " obviously the requirecl
number of intermediate states ís effectively infinite.
This presents a completely intractable calcuration.

Mathematically, the validity of the approximation of
equation (II.15) can be seen from equation (II.17) which
is

iñarur = ul {uuo ihâruo) ur

Recall that uo is the solution to the equation iña-u = H^u^- Ë o o-o



Figure 3

Diagrammatic representation of the perturbation theory that
would be required by a process of strong coupling.
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COIlTINUUM OF RTAC TION

PROCESSËS



(1e)

For the approximation to be justified, u, must be an operator
changing slowly with timer âs is evident from equation (rr.17)
since in that case (HUo iñatuo) is smaIl. However for
any process of strong coupling, the right-hand side of
equation (rt.t7) wi]1 be smaIl asymptotically only, this
region then being the only region in which a perturbative
treatment may be used with any validity. when the colliding
species are in the region of strong interaction, the right-
hand side of (rr"17) is large and the evolution operator ur,
and conseguently u, changes rapidly in time. Thus, it is
again apparent that a perturbative approach to processes

of strong coupling wourd necessarily have to be of effectively
infinite order to account for the rapid, significant changes

occurring within the system. As a result, to solve the
quantum mechanical equations for a moclel which purports
to describe a system throughout the interaction region, it
will be necessary to employ some method for solving the
fuI] differential (or integral) equation completely.



Chapter IIT

DEVELOPMENT OF THE GENERAL]ZED TMPå.CT PARAMETER MODEL
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In developing the generaS-ized

within a semicl-assical picture it
the general two-centre reaction

impact parameter model

is enough to consider

A+B->

where¡ ât presentr no specific statements need be made about

the products of this reaction. suffice it to say that there
exist a variety of exit channels such as elastic scattering,
charge exchange, molecular rearrangement, etc. Having

obtained the equations of the model, one can easily show

that it is capable of generarization to reactions involving
three or more centres. This approach was thought to be the
most straightforward since it was felt there would be no

point to complicating the derivation of the basic equations
by variables cue to extra centres, especially since the
equations for the two-centre process embody all the details
of the model.

The model does not assume a static potential energy

surface as an interaction potential. The atoms are

considered as following classical trajectories determined

by the interatomic potentialr '¡yhich is a dynamical variable
in that it depends upon the internal states of the atoms,

these states having an implicit dependence upon the

velocitíes of the cl-assical nuclei through their explicit
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dependence on the time-dependent interatomic separation
R(t). The interaction between the atoms in this trajectory
is the time-dependent coupling which leads to the various
excitation and exchange processes constítuting the

mechanism of the reaction. Thus, all the changes occurring
within the system are coupled. The derivation is carried
out in atomic units in which the values of the electron
mass and charge, and ñ are unity"
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A. The Quantum Mechanical Equations

rf one does not suppose that the system is initially
and finally in the same channel, the electronic Hamirionian

for the colliding species is capable of several resolutions
of the form

according to which channel is occupíed. since here the

only resolutions of H considered will be those correspond.ing

to the physical partitioning of the system, the Hamiltonians

H: are the asymptotic channel Hamiltonians, whose eigenvalue
problems are presumed to be known,

H=Hc+vc
o

(rrr.1)

(ITI.2a)

(rrr.2b)

Hi I xj)= "j I xj)

(*ilx;>= ô..-lK

The internal spatial coordinates of the asymptotic channel

eigenfunctions I Xj) have been omirted to simplify the

notation. Assuming that the state of the system can be

e4ganded in terms of the complete sets of eigenfunctions
of the asymptotic channel operators, one obtains
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lv) = f t .J rtl l*j>.-iui tcj
(rrr. 3)

rncorporation of the phase factors into the stationary
eigenfunctions yields

(rrr"4)

where the time-dependent coefficients are given by

(ITI.5)

The operator

TLlv) = "Jttl lojro) ,

ejto = (*ito lv).

cl

(rrr.6)

does not represent a resolutj-on of the identity since,
although the sets {OJttl} are complete and orthonormal

within their respective channels, the union of these sets,
which is Lhe basis on which the collision is being

projected, ís overcomplete and non-orthonormal. As a
result, it is necessary to normalize the expansion (rrr.4)
such that o

@ = Ð Ð tojrt¡(ojro lc)'

lvrn,t)) = ñ(R,.,Ð 
ç";(r) lo;(r)> . (ïïr.7)
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The dependence of the normalization N on R and t can easily
be shown as follows:

(v t*,r) lv (R,t> = :- = *'Ð 
Frrtio(oiir) lo; rt).J rtr

(IIT. B)

and denotins (Oiitl lOjtt) o, *íî(R,r), rhe expression
(Irr.8) becomes

:. = *'ILr;ionij(R,r).Jro
c'rc i, j

(rrr.9 )

oÍt in matrix terms,

(rrr . 10 )

Thus, it is apparenL that

(rrr. 11)

To keep the notation as simple as possible, the

normalization Ñ(n,t) may be incorporated. into the coefficients

"Jttl to yield

I v rn, tt) = f t {ñ(n, r) a! (r) } I oj rt)
cjJ

= Ð E uJ rn,.r I oj (r)> (ïrr. 12)
C J -' J
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The normalization requirement now becomes

b(R,t)N(R,r)b(R,r) = 1 (rrr. 13)

It is important to notice (as equation (III.13) shows) that
normal-ization of the expansion only rescales the basis
vectors; they are stilI non-orthogonal. This diffulty will
be discussed in more detail at a later stage.

The purpose now is to obtain a sorution to the time-
dependent Schrodinger equation,

(rrr.14)iârlY(R,r)> - Hl Y(R,r)>

To this end, the expansion (III.l_2) for the state vect,or

ís substituted into (IfI.14) to obtain

ia"F 
Çt;(R,t) loito) = n F çuJrn,u loïctD

(rrr . 1s )

Çarrying out the differentiation, one has

tF F{a.u1(R,r)}lo;(t)) + tf EuJrn,r)arlojtt)cJ"cjr

= Ð çujrn,r)Hlojru),c7'
(rrr.16)



oEt

tI F{arr9(R,r)}lo;(r)> = [ Ðnjrn,r){H - iar}lojro)
CJ--Cj"

= [ t u! rn, t) {ir E:} l oî ru) (rrr.17)
c j J I "l

(26)

Multiplication across from rhe lefr by the bra (oittl I

yield.s

t I E(*;ir) I o; (r> { r.oï (R, r) }
cJ

= L t (oiit) I H - rj I oj tt)uj (R, r) (rrr.18)
cj

Def ining the matrix iI (R, t) by

nfJ r*,.1 = (oiit) ln l oj rtl) , (rrr.le )

the set of coupled equations (III.18) becomes

olt
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The matrix E is diagonal with its non- zero elements being

the possible energy eigenvalues of the asymptotic channel

states

From the possible resolutions of H, one can write

(r]I.22)

V. is the matrix of the various channel perturbations

between the various basis states. rt is irlustrative to
write V as follows:

Vcre Vdß VcÍy

v-
vß0 vß ß

VYO

(rrr.23

The various sub-matríces of v can then be interpreted as

follows:

1) a given diagonal block represents the perturbation

within that channel coupling the states of that
channel-, for example, Voo represents the perturbation

Vo within channel cr coupling the states of channel a,



(28)

vlJ tn, tl = (oi (t) lvo I o j ttt ) . rhe diasonal blocks

are thus responsible for transitions occurring within
the channels.

2) to interpret the off-diagonal blocks, consider a

specífic one such r" Voß. This represents the

perturbation vß of channel ß coupling the states of
channel ß to the states of channel s,,

vf! tn,tl =(oi(t)lvßlo! rtl). rhus, rransirions
between the channels are determined by these off-
diagonal blocks.

Now using (III.22), equation (III.21) becomes

At this point it is worthwhire Lo digress in order to
consider the rerationship between the above equation for
the coefficient matrix b(R,t) and the evolution operator
formulation of the problem. The coefficients in the

expansion of the state vector are given by

Arb (R,t) : -iI-1 (R,r)v(R,t)b (R,r)

uJ tn, tl =

(IIr. .24)

(rrr.2s)(oi(r) lY(n,t¡)

Since the derivation has been in
one can write

the Schrodinger picture,



(2e)

(fiT .26)

Using this, the expression (III.25) for the coefficients
becomes

lvtn,tD = u(r,ro) lvtn,.où.

rJtn,t) = (rT(t) lu(t,ro) lv(n,t )>

= <o;(t) lu(r,ro) I F f uf;in,ro)loiit"l)

= Ð f <o;(t) lu(r,rol loiito)nflin,tor

(rfi .27 )

Thus a solutiom of the partial differential equation
(rfi"24) for the coefficient matrix b(R,t) at all times t
would be equivalent to a determinatíon of the matrix of
the evolution operator of the fuIl system, as long as the
other variables upon which b depends have no time

dependence.

since, in the present formulati.on, the interatomic
separation R is time-dependent, the partial differential
equation (ttt.za) must be replaced by the total differentíal
equation

drb (R, t) = âr9(R, t) + { A¡Þ (R, r) } (anrz¿t) (rïr. 2B)



(30)

The partial derivative of the matrix b with respect to R

is easily obtained as follows:

aRb(R,t) : aR{ñ(R,t)a(r)} = {ôRñ(R,r)}a(r)

- { a* ã (t) N (R, r) a (r) -7/2}a (r)

= -4{ã(t)I(R,r) a( Ð}-3/2{ã(r) (â-n¡ a(r) }a(r)

(fir.29)

â'-N can be obtained from the matrix elements of N, and-t(-

dR/dt is simpry related to the classical vel_ocities of the
atoms.
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B. The Classical Equations

The classical equations of motion are most conveniently
derived ín the laboratory frame, in which the coordinates
of the atoms may be denoted. (xr,yyzr) and (x2,y2,r2) . To

obtain these equations one makes use of Hamiltonrs canonical
equations (7) ,

and

år = ðtL/ðpn ,

ð:. = -a'!L/aqr< ,

( IrI . 30a)

(rrr.30b)

where pO and qO are, respectively, the gener,alized

momentum and coordinate for the k-th particle, and [L is
the total Hamiltonian function for the system. W is
defined by

z

= t pllz^. + E- (R, r) , (rïr. 31)
-i-1 J )
J-L

where E(nrt) is the mean quantum mechanical energy given

by

n (n, t) = <* (R,r) lH lv (n, t))

= Ë(n,r)H(R,r)b(R,r) (rrr.32)
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The fluctuations in E are assumed to be small. Thus,

Hamilton's equations become

and

å. = o./m.'l -f' J

p* : - â8,/ðq-,
JJ

(III.33a)

(rrr. 33b)

Thus, the mean quant.um mechanical energy E(nrt) is the

interatomic potential energy which determines the trajectories
of the atoms. It is readily apparent that E is a dynamical

variable since, through its dependence on t(re coefficíents
UJ{nrt), it has an implicit dependence upon the velocities
of the classical particles.



Chapter IV

THE METHOD OF SOLUTION OF THE EOUATIONS



Having now

only remains to

consisting of

(33)

deveJ-oped the equations

obtain a solution to the

of the mod.el, it
set of equations

and - anlaq . .'-l (rv.3)

since it was desired to obtain a solution which was free
of the previously mentioned faults of perturbation theory,
it was decided to solve the equations numerically using
the Runge-Kutta method (B). This method generates a fourth_
order solutÍon to a total differential equation. The

computer progtr*f was written to solve the equations

simultaneously with momentum and total energy (classical
plus quantum mechanical) conservation. unitarity of the
solutíons was ensured by normalizing after each cycle of
the Runge-Kutta process. Thus, from the initial positions,
momenta, and state of the system, one obtains the inítial

db/dL = ðab + ä*þ (dR/dt) ,

qj = Pj/^j ,

+
' The computer program is given in Appendix Iï in
that it was set up to treat the specific physical
discussed in the following chapter.

Þ. ='l

(rv.1)

(rv.2)

the form

examples
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potential and kinetic (and therefore the total) energy;

using this potential energy, the positions, momenta, and

the coefficj-ent matrix b(R,t) may be obtained at a time

^t 
later, this information then defining a new potential

and kinetic energy. Proceeding in this iLerative fashion,
one may thus obtain all- these quantities throughout the

interaction region.

The accuracy of the calculations was controlled by

using a variable step size 
^t 

such that the total energy

at a given iteration was equal to the total energy at the

previous iteration within certain limits (which were

varied according to the energy of the collision being

consid.ered). In all cases, energy conservation was

sought to at least three significant figures. Further
details of the numeric solution of the equations are to
be found in the documentation within the program in
Appendix II.

It perhaps should be mentioned here that equation
(IV.3) presents no difficulty since, for example,

P*. = - âE/ðx,
I

can be written as

r)='*l - ( an,zan) ( ðR/äxr) ,



( 3s)

and,

ð*E = aR(qgþ)

Ë(a-u)Þ + {ñH1¡-5¡ + (a-ñ)Hu} (rv.4)r(- -t(- i<-

â-H can be obtained from the matrix elements of H and the}(_

gradients of b with respect to R are obtained numerically

within the computer program. Since

ft = {(x, - *r)2 + (yr - yr)z + (zt =r)2}\ ,

(rv. s)

one may calculate ðR/âxrr and therefor" n*,



Chapter V

APPLTCATION OF THE GENERALTZED IMPACT PARAMETER MODEL

TO SOME PHYSICAL SYSTEMS
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For the initiar application of the generalized impact

parameter model to physical systems it was thought best to
choose simple systems. By simpre systems it is meant

systems for which the asymptotic channel eigenfunctions
are known exactly so that the required matrix elements may

be evaluated analytically. rn this way one need not worry

about numerical errors introduced through approximate

evaluations of such matrix elements. Furthermore, simple

systems have few degrees of freedom and, as such, give

one some insight into the possibilities of applying the

mod.el to more interesting processes involving complex

molecules and sustaining various possible exit channels.

For these reasons, the collision of a proton with a

hyd.rogen atom was chosen as a reasonable system on which

to test the model.

since one's first interest as a chemist lies in low

energy processes (iro ev), a variety of calculations on

proton-hydrogen atom scattering at low energies were

performed. As an offshoot of thisr â study was made of
the photodecomposition of the simple molecule nr*.
Fina11y, recent years have seen considerabre activity in
high energy (that is, in the KeV range) scattering of a

proton from a hydrogen atom. Thus, because we sought to
compare the calculations of the model developed here with
calculations performed by others and with experimental
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results, a set of high energy calculations were obtained.
Before one proceeds to a discussion of these various

calculations, a short orientation to the proton-hydrogen
atom system is in order. To evaluate the matrix elements,
a molecular coordinate system fixed on the nucrei was

chosen. This coordinate system is shown in Figure 4. The

problem reduces to two dimensions because of the symmetry

about the internuclear 1ine, and to one dimension for zero
impact parameter corlisions. since the formation of three
unbound particles is un]ikely, the Hamirtonian for the
system may be considered as capable of populating two exit
channels. ïn the non-rearrangement channel (which is
identical Lo the initial channel), the electron remains
bound to the proton of the targeL atom (proton A). Denoting
this channel as channel s., one has

+v0 , (v.1)

(v.2)

and V0= (v.3)

H=H0
o

H0 = -Lv2
2

-1 |ra

1-l ,
Rrb

fn the rearrangement channel (channel ß),
bound to the projectile proton (proton e)

the resolution

the electron

. This leads

is
to



Figure 4

The molecular coordinate system used in the evaluation

of the matrix elements.
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(3e)

with

"="3+vß |

"!=-1'-L,2tb

(v.5)

(v.6)

and (v.7)
a

These two channels include the possibility of the
formation of Hr+ âsr for exampre, in a spiralling collision.

- For either channel, the set of eigenfunctions for the
asymptotic channel Hamiltonian is the set of eigenfunctions
for the hydrogen atom. Thus the union of two such sets is
used as the basis on which to expand. the state vector for
the collision. The matrix elements of N and v were

evaruated by conversion to elliptic coordinates in the
usual manner. From these matrix elements, the matrix
elements of H can be obÈained, and it, is only straight-
forward differentiation to obtain the erements of the
derj-vative matrices à*N and ônH. These matrix elements

are given in Appendix I.

Vß=1-l ,
Rr
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since our present interest is in collisions at l_ow

energies (¿10 ev), it was considered that the hyd.rogenic

orbitals {Isr2s,2pr} on each centre would be a suffi-ciently
large set for this purpose. The orbitals 2p* and ,n" on

each centre may be omitted by symmetry considerations.
rt ís well known from the general theory of scattering

that the Schrodinger equation (or the corresponding

integral equation) describing the scattering process may

have several sorutions d.epending upon how one chooses the
asymptotic boundary conditions. This is borne out by test
calculations which were carried out with the generalized
impact parameter model largely to check the computer

program. For example, if the initial asymptotic state is
chosen to be the antisymmetric morecular function 1or*,

Y (R=-,t=o) - (Ð''r{ols (A) ots (B) } ,

and the atoms are directed toward each other
incident energy corresponding to 4 eV, ít is
the wave function Y(R,t) always maintains the
character with which it started. The dynamic

energy surface for the collision turns out to
as the static potential energy surface of the

(v.7)

with relative

found that

antisymmetric

potential

be the same

1o * molecularu

Proton- Scatterin



state. This is easily understood in terms of the static
molecul-ar potential energy surfaces which are shown in
Figure 5. (These surfaces were obtained by solving the

time-independent schrodinger equation on the above basis. )

since only antisymmetric states can contribute, it, follows
that the only potential energy surfaces which could

influence that due to the 1o.r* state would be those due

to the oLher antisymmetric states, all of which lie at
sufficiently high energy to make a negligible contribution.

Similar results were obtained by starting out with a

symmetric asymptotic molecular state,

Y (s=-¡ t=Q) = (Ð-4{Or= {a) + Ots (B) }

(4r¡

(V. B)

In this case, Y(Rrt) retains its symmetric character, the

dynamic potential energy surface correspond.ing exactly
with the static Ion molecular potential energy surface,

this being expected on grounds analogrous to those applied

to the antisymmetric collision.
The collision of a proton with a hydrogen atom

corresponds to an asymmetric asymptotic state in which

the electron is initially in, sây, the ls Ievel of the

target system" Therefore one might expect "conservation"
of asymmetry in the process. In particular, since the

asymptotic atomic state Or"(a) r sây, can be regard.ed as a



Figure 5

The molecular potential energy surfaces for Hr+.
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linear combination of symmetric (v. g) and antisymmetric
(V.7) molecular states,

_L
0r= (a) : (2) -'{Ion(R = -¡ + lor* (R = æ) } , (v.g)

one should expect static potential energy surfaces due to
both ton and lo.rn to contribute. Equation (V.9) also
suggests that caution should be exercised in choosing the

initiar state (R = finite) for numerical calculations since
even smalI errors in this choice would cause the system

initially to propagate along an erronious potentÍal energy

surface" rn practice this difficurty was overcome by

minimizing the initial state of the target system with
respect to energy and repeating the calculations using

increasing values of the initiar separation until the

dynamic potential energy surface became independent of this
separation. For these p H corlisions it was found. that a

suitable initial separation was in the range of 150 to 2oo

atomic units, and that at these separations the minimization
process was essentially meaningless, the electron being
effectively in the ls leveI. confidence in the validity of
the results obtained was also reinforced by verifying the
invariance of the calcurations to time reversal. rn this
respect the accuracy proved to be remarkabl_e in view of the
extremely complicated behaviour of the erectronic wave

function, a point which wilI be discussed shortly.
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The contribution of both 1on and lo,r* states to the

scattering process is borne out by our calculations.
Figure 6 portrays the dynamic potentiar energy surfaces for
a variety of zeîo impact parameter collisions. As the

incident energy decreases, the d.ynamic potentiar energy

surfaces correlate more closely with the ton state.
However, even for thermal (0.02 eV) and sub-thermal collisions,
the dynamic potentiar energy surfaces are still significantly
different from the static ton surfacer âs indeed one might

expect from the above symmetry conservation arguments.

This is quite interestirg, since frequently 1ow energy atomic

and molecular collisions are approached theoretically via
the adiabatic approximation (9). The heart of this
approximation is that for 1ow energy processes the colliding
systems perturb each other so slowly and to such a sma1l

extent that their elect.ronic wave functions go over

smoothly into the static morecular eigenfunctions for the

complete system. The potentiar energy surface for the

interacting species is then taken to be the static molecular
potential energy surface corresponding to the molecular

state into which the system is assumed to go. From the

results displayed in Figure 6, it would. appear that this
approximation really becomes valid only in the limit of
an infinitely slow collision, in which the static and

dynamic problems become equivalent.



Figure 6

The dynamíc potential energy surfaces for the p - H

collision.
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The differences between the static and dynamic

approaches are even more obvious in the wave functions, or,
more conveniently, in the electron densities. rn the

symmetric and antisymmetric collisions the electron
density in one channel is the same as that in the other
at any instant of time. on the other hand, the density
for the p - H collision oscillates rapidly in the
interaction region (resonant charge exchange) as depicted
in Figure 7 for the rearrangement channel in a collision
of typical energy

A variety of calcurations were carried out for non-

zero impact parameters. The dynamic potential energy

surfaces for these collisions were similar to those for
zero impact parameter. The trajectories for these

calcurations are of interest, however, as they indicate
the ability of the model to handle trajectories which are

far from the usual linear-trajectory approximation

normally employed in an impact parameter treatment. A

typical trajectory is shown in Figure B corresponding to
an impact parameter of I a.u. and incident energy of 0.5 ev.
The coordinates refer to the laboratory frame. rt can be

seen how the initial and final interactions are attractive
(corresponding to the outer region of the d.ynamic potential
energy surface), the intermediate interaction being

repulsive (corresponding to the inner region of the



Figure 7

Exemplary behaviour of the electron density during the

collision.
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Figure I

A typical trajectory produced by the general-ized impact
parameter model in low energy scattering. The coordinates
refer to the laboratory frame.
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potential energy surface) .

The results that have been obtained here are especially
simple, and, in general, one woul-d not expect the same

results for more complicated systems. For example, the

dynamic potenLial energy surfaces shown in Figure 6 have

the static 1on and 1oo* as lower and upper bouncls,

respectively" consequently, it appears that, according to
the generalized impact parameter model, iL would be

impossible to form ,r* o, a 1ow energy zero-impact parameter

collision. However, for more complicated systems, there

may be several molecular states lying at low enough energy

so that the dynamic potential energy surfaces cross these

stationary molecular levels. rn such a case a collision
can then be responsible for taking the system from one

molecular level to another either in the same morecule or

in a different molecule. The investigation of such collisions
by the generalized impact parameter moder shourd provide

some interesting features of such processes as Ievel
crossing. some possibilities for such an investigation
will be discussed in Chapter VI.
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B. Molecular Photodecompos ition

In our treatment of 1ow energy collisions, a discussion

\,vas made of symmetric and antJ-symmetric collisions. It
should be realized that although these processes do not

correspond to physical collisions, the antisymmetric

collision, at least, is not entirell' unphysical since it
is closely equivalent to the reverse of the photo-

decomposition of ur+. The realization of this prompted an

application of our model to this photodecomposition

process, the idea being to calculate the probability for
molecular decomposition and the lifetime of the excited

state resulting from photon absorption, both these

quantities being unobtainable by time-dependent perturbation

theory. )

Using formal collision theory and partitioning the

overall photodecomposition process into the constituent

sub-processes of photon absorption and decomposition, it
has been shown (10) that the transition probability for

the complete process can be expressed as a correlated product

of transition probabilit,ies for these sub-processes r âs

follows:

I l(r' rr lr ta""ompl lù l 
2 lG lr t.¡"1 l i) 1 

2 
,

(E.-E 12 + r 2/a
'aa'a

(v. 10 )

wi*f yf 2 
= ¿''6 ("i-"rr-"rz
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T being the scattering operator. To use this expression,

it is necessary to be in a position to calculate separately.
the probability for phoron absorpri-on, lGlr(abs) tù1,, for
molecular decomposirion,l(f r ,f 2lT 

(decomp) Iù12, and the

lifetime t. = (f.) of the intermediate state. t{hereas

the first of these may be evaluated by time-dependent

perturbation theory, the last two cannot, since time-
dependent perturbation theory is, as ít has already been

pointed out, applicable to processes of smalr probability
on1y. However, the probability of rnorecular decomposition

from an unstable state may be close to unity.
To apply the generalized impact parameter method to

the photodissociation process it is necessary to know the
state la) to which the molecul-e is excited by photon

absorptíon. rn practice, la)is a continuum eigenstate,
and, strictly speaking, one should include arl such states
allowed by energy conservation. Iíowever, the sum over

all such excited states may be approximated by the

wavefunction for the antibonding molecurar state if one

invokes the Franck-condon principle, which assumes that
the nuclear configuration after excitation is the same as

that just before. The application of the impact parameter

method developed in this manuscript to the photodissociation
process is equivalent to following the evolution of a

system whose electronic state is initially the antislzmmetric
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molecular state 1o.,, corresponding to the nuclear
coordinates Ro, where Ro is the equilibrium separation of
the nuclei in the Hr+ morecule. The asymptotic states
resulting from the decomposition correspond to either 1=o

or 1"g since the energy of the molecular state forr* is
insufficient to permit the formation of excited atomic

states. using the previously obtained solution of the
stationary eigenvalue problem for Hr+, the equilibrium
nuclear configuration Ro and the eigenfunction of the
state 1o..r* corresponding to this equilíbrium separation
were obtained (in the notation of Lhe generalized, impact
parameter model this eigenfunction is b(Ro(to),to=O) ).
using this information as input for the computer program,

the evolution of the molecular decomposition was followed.
rf the lifeLime of the state 1o,r* is defined as the

time during which the interaction between the fragmenting
atoms is significant, this lifetime may be inferred from

Figure 9 which shows the conversion of internal (or quantum

mechanical energy) into the translational energy of the
fragments. The lifetime of the state 1o,r* turns out to be

of the order of 10-14 seconds. since decay by decomposition

is much faster than alternative reraxation processes such

as spectroscopic emission, the probabirity of decomposition

will be approximately unity



Figure 9

conversion of the internal energy of the molecule Hr+ into
the translational energy of the fragments.

1 a.u. of time = 2.419 x 10-17 seconds
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The internal energy as a function of internuclear
distance is shown in Figure 10. vüithin numerical accuracy
the curve corresponds to the static internal energy of
the 1o'r* state. This is to be expected from the symmetry

arguments of the previous section, the evolvíng state of
the molecule remaining as the lorr* state since it can

correlate only with antisymmetric states, of which there
are none close to the lorr* in energy. As in the case of
molecular collísions, one wouta not expect that the
photodecomposition of more complex molecules, or, for
that mat.ter, asymmetric morecules, would be this simple.



Figure 10

The internal energy of the ttr+ morecule as a function of
the interatomic separation.
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C. High Energy Proton-Hydrogen Atom Scattering

As was pointed out in the introduction to this chapter,
there is currently quite considerable theoretical interest
in high energy proton-hydrogen atom scattering. such

interest derives from the d.esire to be abl-e to reproduce

experimental observables for such collisions, specifically
to be abre to carculate accurate cross sections and

exchange probabilities for such coll-isions. An application
of the generalized impact parameter model to high energy

proton-hydrogen atom encounters therefore allows comparison

of this model with both experiment and. models used by

others.

At low relative velocities of incidence the
translaLional energy of the electron can be neglecLed.

However, for high energy encounters, the translational
motion of the electron becomes quite significant.
For example, at high relative velocities between the proton

¡ and the atom, the usuar erectronic eigenfunctions for .'he

hydrogen atom do not satisfy the time-dependent schrodinger
equation even asymptotically. This was pointed out by

Bates and Mccarroll (rr¡ " These workers showed that the
correct form for the basis set must be
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lxt)""nt-i tej * "'*i +
-ã-

x exp (f iv*j*/2) exp (liv"iy/2) exp (l.iv rrz/2) ,

. (v.11)

, . C.where txrt is the set of stationary state eigenfunctions
for the hydrogen atom and vxj, ryj , urj are the translational
velocities of the electron in the x, y, z directions in
state j. rn practice, the subscript j on these velocities
refers to the atomic centre on1y, but the above notation
is simpler and results in the same interpretation. Actually
the expression (V"ff) is specifically for the centre of
mass frame, which is the reference frame used for the high
energy calculations reported here. The centre of mass

frame was chosen because all other recent calcurations of
p - H scattering have been obtained in this reference frame.

centre of mass corlisions are easily accomplished in the
generalized impact parameter model by starting the classical
particles with equal and opposite verocÍties toward each

other "

The only change that the modification (V.11) of the

basis set makes, other than in the matrix elements, is
that equation (rrr.24) for the partial derivative of b v¡ith
respect to time becomes

u2. + v2.)tÌyl zf'-E- -E-
loj to) =
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(v. rz)

where the matrix v is diagonal with its non- zero elements

being urz/e, where v. is the translational velocity of the
electron in state j.

Current research on the proton-hyd.rogen atom

scattering system has been principally concerned with the
search for a basis set appropriate to describe the collision.
The reason for this Èrend is apparent from a short history
of the research. Four years â9o, wilets and Gallaher (L2)

used a hydrogenic basis set modified in the manner of
Bates and Mccarroll. Their calculation used a linear-
trajectory, constant-velocity approximation in which the
classical particles particres vrere constrained to move in
linear trajectories throughout the interaction, and the
velocities of these particles \,vere assumed to be constant.
rn comparing their calculated total electron exchange

probabilities with the experiments of Helbig ang Everhart
(1r¡, they found that the oscillations in theír exchange

probability as a function of energy were incorrect in both
magnitude and phase. sínce the validity of the linear-
trajectory approximation had been investigated by Mittleman
(r4) and was found to be good down to about 2oo êv, wilets
and Gallaher concluded that the errors in their calcul-ations

were clue to the choice of the basis set. For this reason,

òrb (R, t) = -t lU 
t (R, r) v (R, r)L_L ,rlu (n, t) ,

-J-
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they repeated the carculation using a sturmian basis set
(15) " This basis set, which purports to take account of
the continuum, yielded total exchange probabilities which

were in excellent agreement with experiment. various
cross sections were also reproduced quite well. However,

the sturmian functions were found. to have poor convergence

properties and did not represent the 2s level of hydrogen

weI1. The search for a basis set continued. cheshire (16)

used a hydrogenic basis with variable'nuclear charge,

and subsequently Cheshire, Gallaher, and Taylor (17) have

used a basis set consistì-ng of both hydrogenic states and

pseudo states (these pseudo states give strong overlap
with the intermediate states of ttr+ and as such simulate
the molecular features of the collision at small atomic

separations. )

It was felt by thís author that perhaps all this
investigation into the basis set could in fact be labelled
as barking up the wrong tree, and that possibly the error
in the original work of lvilets and Gallaher was indeed due

to the assumption of linear trajectories and constant
velocities in the interaction region" For this reason,

it was'thought worthwhile to perform some calculations
of high energy p - H scattering using the same hydrogenic
basis as Wilets and Gal1aher, namely, the set {Isr2s r2pz}
on each centre, but without the restriction of the linear-
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trajectory, constant-velocity approximation. The

generalized impact parameter method is ideally suited to
this calculation.

rn the way of practicalities, it should. be noted that,
at high energies, the classical particles approach each

other quite closely in a zero impact parameter collision.
This results in a very smalI step size Ät being necessary

for energy conservation, and conse{ueni-ly in extremely

long times for the calculations. Thus, some a priori
decision is necessary as to what calculations would be the
most useful. ft was decided to choose some representative
energy and perform a set of calculations over a range of
impact parameters at this energy. This allows a

determination of cross sections for the various processes

occurring at this energy. rt arso allows one to obtain
some idea of the variation of total electron exchange

probability as a function of energy from calcurations at
some reasonably finite impact parameter and stil1 compare

with Èhe experimental results of Helbig and Everhart (whose

data is for scattering angles of the order of a degree).
rn this way the required computer time is minimized while
very useful results are still obtained.

Thus, a series of calculations were performed over a

range of impact parameters at 20 Kev. A plot of electron
exchange probability versus impact pararneter for 20 Kev

is shown in Figure 1r. From this figure it is seen that



Figure 11

charge exchange probability versus impact parameter at 20Kev.

The scattering angle may be obtained from the asymptotic

momenta after the collision. The scattering angle o is
given below for several impact parameters:

p-1.0a.u. O-0.0360
p=1.5a.u. @=0.0120

p = 2.0 a.u. Q = O.O04o

p - 2.5 a.u. Q = 0.0010



(6r¡

Ii.{CIDENT II\ERGY
zc K.Ë.\"r.

* ["o
J
rt
rno 0"8
CT
û_

t
(.} ¡/\ /^
¿. \-/ô\r

'"t"
(J
X
uJ o"4
LlJ
(-)
E.f o.z
(J

J4
P/ÀRiThJT ËT ER (A"U)

2
IhI PACT



(62¡

the total exchange probability does not realry become

independent of impact parameter, but rather that the

variation of these probabilities with impact parameter

at small impact parameters becomes quite smal1. Exchange

and excitation probabilities between various states at
20 KeV are shown in F5-gure 12.

From Figure 11 it is apparent that one would have

to use very smaIl impact parameters to obtaín scattering
angles of the order of degrees, and that the total exchange

probabilities at these small impact parameters would not
be significantry different from those at larger impact

parameters as long as one is still working at a region

where the rate of change of total exchange probability with
impact paramter is small. Thus, a series of calculatj-ons

at 2, 4r 8, I4; and 20 KeV were performed at reasonably

small impact parameters (0.25 to 0.50 a.u.). The size of
the impact parameter at a given energy was determined by

repeating the carculation with decreasing impact parameters

until the totar exchange probability changed only slightly
with impact parameter. The total exchange probability as

a function of energy is shown in Figure 13. Also displayed
in this figure are the experimentar results of Helbig and

Everhart. and. the results obtained in the original
calculations of wilets and Gallaher using the hydrogenic



Probability

parameter at

Figure 12

multiplied by impact parameter versus

20 KeV for the following processes:

2p exchange

2p excitation

2s exchange

2s excitation

impact
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Figure 13

Electron exchange probability as a function of incident
proton energy:

- - o - - curve through the experimental points of
Helbig and Everhart (1S¡

the calculation of Vüilets and Gallaher (12)

X the generalized impact parameter calculation
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basis set. The tremendous improvement of our results over

the lj-near-trajectory, constant-velocity approximation is
obvious. since our calcurations have used the same basis

set as the wilets and Gallaher calcul-ation, one is at first
led to the conclusion that the linear-trajectory, constant-

velocity approximation is not valid. Ilowever, our same

calculations indicate that not only are the trajectories
effectively linear but the velocities along these

trajectories are insignificantly different from their
asymptotíc values. Assuming that the numerical accuracy

of the original Wilets and Gallaher calculation was sufficient,
the only concrusion one can draw about the difference
between the results of the linear-trajectory, constant-
verocity approach and the generalized impact parameter

approach lies in the difference in the physical natures

of the two approaches. The linear-trajectory, constant-
velocity approach is of course not an energy conserving

approach, sincer âs the atoms approach, Lhe inLernal energy

of the atoms increases through excitation and exchange

processes, the potentiar energy increases due to increasing
interaction, but the kinetic energy of the atoms remains

constant. However, in the generalized impact parameter

approach the changes in the kinetic energy are coupled

to the internal and potential energies (that is, to the
quantum mechanical energy) so that there is overall energy.
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-J

conservation. Now although the changes in the kinetic
energy represent only a small percentage of the total
energy, the improper coupling of the various energies

could still possi-bly be the proverbial straw that broke

the camel's back.

The cross section for a given excitation or exchange

process from the level i to the level f is defined as

Õi*f = 2r.f*d.p opi*f (p,EK) ,

where Pi*f (prEr<) is the probability of excitation or
exchang'e to the level f from the initial Ievel i. This

probability is defined as

Pi*f = lultn = *) 12 ,

and is a function of impact parameter p and the incident
proton energy E*. u!rn = -) is the asymptotic coefficient
of level f. in channer c after the collision. From the
20 Kev calculations, cross sections for 2s and 2p, excitation
and ls, 2s, and 2p, exchange from the ls level of the
target atom were obtained. These are given in Table 1 along
with other evaruations of the same quantities and

experimental results. rt is seen that our results are as

good âsr and in some cases, better than those obtained



Tab1e 1

Excitation (D) and Charge Exchange (E) Cross Sections in Units of 10-17 .ro2.

Process

2s (D)

2p r(o)
ls (E)

2s (E)

2p r(n)

Linear-Traj ectory Approxima

r\
\0

Hydrogenic
Bas j.s (LZ¡

I.07 6

1.816

38.730

3 "327

1.085

Pseudo-state
Basis (17)

The values for t'he hydrogenic and the pseudo-state bases are from a tabulation in
reference 17; t'he experimental values are from the work of Stebbings et al (lg) ,

except, for the value for 2s(E) which is from Figure 4 in reference 12"

0.943

3"425

41.400

3.760

1.633

t.ion with
Sturmian
Basis (15)

1.3

4.6

40.0

3.6

3.2

Generalized
Impact Parameter
Model

3.400

3.577

47 .950

4.002

2.531

Experiment

4.5

4"2

3.1
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using hydrogenic functions, Sturmians, etc., with the

linear-trajectory, constant-vetocity approximation.

As a general conclusion, it would appear that a

hydrogenic basis is quite adequate for the description of
the p - H collision at high energies, provided that the

coupling is treated properly" Furthermore, since the

basis set. used is quite smaIr, it would seem that the

high energy levels (both dj-screte and continuum) of
hydrogen contribute to a small extent only to the

evolution of the collision system. one should perhaps

point out that the ability to follow the evolution of
the collision throughout the interaction is also useful
at high energies. For example, the charge density as a

function of interatomic separation does not, at high
energies, show the oscillatory behaviour which was seen at
1ow energies. This indicates why simple perturbative
approaches such as the Born approximation may be

successful occasionally in the description of high energy

processês, buÈ certainly not in similar low energy reactions



Chapter VI

GENERALTZATTON OF THE MODEL AND A SURVEY OF POSSTBLE

APPLICATIONS TO PROCESSES INVOLVING COMPLEX MOLECULES
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Although the generalized impact parameter model has

brought forward several interesting features of the
systems to which it has been applied in the. research reported
here, the real promise and purpose of the model lies in
dealing with reactions of complex molecul-es. Because such

reactions usually involve more than two centres, it is
important to illustrate how easily the model may be

generalized to many-centre reactions.
To this end, consider the application of the model

to a general three-centre reaction. From such a discussson
the extension to processes involving more centres is
straÍghtforward. For a three-centre reaction the inter-
atomic separations may be denoted as in Figure L4. The

only change that the extra centres wil-l make in the quantum

mechanical equations is in the evaluation of the required
matrix elements. For three centres, the matrix elements

may possíbly be obtainabre analytically, but for reactions
involving more centres these elements will require numerical
evaluation, unless the interactions can be treated pairwise,
as will be illustrated in an example below. rn any case,
the matrix elements can be expressed in terms of the
R**ts. For the three-centre reaction, there are threeL)

dynamic interatomic potentials which govern the classical
motions of the atoms, just as the single potential does in
the two-centre processes



Figure 14

The coordinate system for a three-centre reaction.



(70)



( 71)

In an attempL to indicate the power of the model,

several possibilities for research will be discussed here,

the emphasis being on the ability of the mod.el to predict
a mechanism for a reaction. Although the required
calculations may take large amounts of computer timer ërs

a chemist one is more interested in the processes

occurring durÍng a specific collision than in obtaining
macroscopic observable quantities, such as cross sections,
which require a set of carcurations. consequently, onry

a few calculations may be need.ed. to envisage a general

mechani-sm. rn any caser â single calculation would

provide a vast amount of information as to electron
densities and bond rearrangements occurring during the

evolution of the collision. such information could

c-onceivably indicate why certain areas of a molecule are

so-called "reactive sites" while others are not, why

certain groups are eliminated during a reaction, etc..
The model should also be useful for studying hinderecl

internal rotations wíthin molecules, vibrational energy

transfer, and so on.

As was pointed out in the discussion of low energy

collisions in chapter v, more complex reacting species,
and indeed even simple asymmeLric moleculesr, wirr show

more complicated sub-processes in the course of their
interactions. As an example, the phenomenon of level



crossingi was cited as a means for the collision to carry

the system from one molecular state to another. This is

certainly one possibility for study, and ít could be

accomplished using as simple a system as the collision of

a proton with a beryllium atom,

rf
H' + Be -+ H * Be'

Still another interesting possibility for study is the

intramolecular rea.rrangement reaction

which is a symmetry

mechanism for such a

. The conventional

HHH

(7 2)

conservr_ng process

process is

To apply the impact parameter model

o-bond framework could be set up in

to such a process, the

the following manner.
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A basis set of hydrogenic orbitals consísting of 2s, 2p*,

,rO' 2P, (possibly with variable nuclear charge) could
be chosen on each of the carbon atoms A, B, ct and D. The

coefficients of such a basis set would init.ially correspond
)to sp- hybridization. The c-H o-bond framework would then

aríse from overlap of one of the sp2 orbitals with a ls on

the hyd.rogen. The r-bonds would be set up by overlap of
the p" orbitals " The atoms would all be treated classically
and interactions such as those between neighbouring Ii atoms

could be specified by some potential function. The

calculation would then simpry consist of feeding energy

into the molecule and following the rearrangement. Before
such a study could be attempted, it would be necessary to
ascertain that the model courd handle reasonably well
changes in hybridization such as those occurring on centres
A and D.

of course, one could talk for great lengths about
possibre applications of such a model. Those d.iscussed

above are two of the more interesting of the possibilities
which are planned for sÈudy by the research group this
author has had the pleasure of working with for the past
year and a half

As a general concl-usion to this manuscript. it is only
fair to mention the major drawback of the moder, since
this also suggests possibitities for future research in
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this field. of course the model is subject to the usuar

approximation of molecular quantum theory, namely, that
the erectrons are described by some truncated basis set.
This is not a serious diffulty, howeverr âs one can usually
choose a sufficiently large basis and still remain within
the realm of practical calculations. This has been borne

out by the high energy calculations discussed in chapter

V. These calculations gave very good agreement with
experimental results with only six states. The semi-

classical approximation is also justifiabre for atoms and

morecules. The most serious approximation of the model is
that which assumes the union of the asymptotic channel

eigenfunctions as a basis set for the collision.
Although these functions are renormalized, the set stilr
remains overcomplete, and, in fact, can become grossly so

in the regions of strong interaction when the particles
are spatially in close proximity. This overcompleteness

of the basis set results in the difficulty that, in general,

the coefficient matrix b is not unique. The sorution to
such a problem would be to project the collision on the

eigenfunctions of a given channel of the reaction. As yet,
howeverr rro simple and satisfactory means has been found

to accomplish this.



Appendix I

T.HE MATRIX ELEMENTS REQUIRED FOR THE PROTON-HYDROGEN

ATOM COLLTSTON
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The matrix elements \,rere evaluated by conversion to

the elliptical coordinates (À,U,0). With reference to

Figure 4, these coordinates are defined as follows:

f, = (r. + rO)/R t

u - (ra r)/R ,

and 0 is the azimuthal amgle round the axis AB. The

ranges of these three variables are

]-(|-(oo,

-1 <u-<l t

and 0<012r"
Tn atomic units, the basis functions are as follows:

and

0r" (a) = (r¡-\ exp (-r.) t

0r= (a) = (32n'¡-" (2 r.) exp (-r u/2) ,

-,q2pz(A) = (32n) ' ra exp(-ru/2) cos0
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since the basis functions are orthonormal within the

channels, only the cross-channel elements of the matrix
N need be evaluated. These elements are as follows:

(-s(a) lr=tel) = (1 +R+ p2/s) 
"-R

(zs (a) lzs te) = e + R/2 * *2¡tz * *A¡zdo) e-R/z

Qnrtal lzpz(eÞ = (-r R/2 a2¡zo + a3¡øo * n4¡zao) e-R/2

(rs (e) l'2" tsl) = c{ (-G4/n + 22 3R) + (64/n + 10) e-R/z}e-R/z

(rs (a) lzp" (eÞ = c{ rcq/nz + 32/R - 16 + 3R) + ?e q/nz 64/R

- 8) e-R/Zle-R/Z

(zs (a) I zp" (eÞ = - 1n3 ¡tzo + o4 /zao) e-R/z

where C is a constant whose numerical value ,= 
;3
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For the matrix V, the elements within the channels

are as follows:

(rs(a) lvlr=ta) = (1 + L/R) "-2*

(zs(a) lvlzsta) = Q/n + 3/4 + R/4 + n2/e) 
"-R

Qnr(A) lvlzpr(aD = -r2/s.3 + {tz¡a3 * tz¡*2 * 7/n + Lr/A

+ 3n/4 + sz/e) "-R

(rs(a)lvlzsta) : D(2 + 3R) e-3R/2

(rs (a) lvlzp" (aÞ : D{ aa/g*2 + (-64/gn2 32/3R - 8 - 3R) e-3p*/2}

(zs (e) lv l zp" (a)) = s/s2 * (-z/s2

where D is a constant whose numerical value is -2(Z)4/Zl
The cross-channel elements of V are as follows:

(r= tal lvl rs tel) = (1,2n - 2R/3) 
"-R

(zs(a)lvl zstel) = G/p. + L/4 R/24 * xz¡za - *3/rc0) e-R/z

Qrr(a) lvl zp"(sÞ = (-1,/R - r/4 + 3R/40 + *2¡øo - *37rao¡ "-R/z

(rs(e)lvl zsta) = c{ eaq/s2 * s/R) + rcq/*2 * 24/n + rs/4) u-R/z}

x 
"-R/2



(rs(a) lvlzste) = c{ (-64/n2 + 32/R -

= c{ ßa/n3 + qa/R.2

24/R -

(rs (e) lv I zp, 1a)

(r"tal lvlzpr(eÞ = c{ (a+/n3 + za¡a2 * L2/R + 6 - sr./B)

+ çøq/s3 sø¡^2) e-R/2\e-R/Z

(zs (a) lv I zp" (aÞ = 2s (A) lv | 2p" (e)

(-R/24 la2 ¡z+o * n37roo ) e-R/Z

The matrix elements of H are obtained from the

relation

H=NE*V

where E is the matrix

33/4 + sR/B) + (ød/nz) u-R/z j

-P./2xe

- B/R) + Gad/n3 eo/*2

3) e-R/Zle-R/Z

0

"0.125
0

0

0

0

(78)

0

0

-0 " 125

0

0

0

0

0

0

"0.5
0

0

0

0

0

0

-0.125
0

0"5
0

0

0

0

0 l,,,]
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The matrix elements of the derivative matrices ân\

and A-H are simply obtained by differentiation of the
R_

elements of N and H with respect to R.



Appendix II

THE COMPUTER PROGRAM
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C TI:.Sî HlIi.''Iji;1, TI:l- CO.ii:'lIICIilìt? lÂTl-ìf;: Iíj j'.;l¡Lt ¡,1 JJ¡.ï-r, Ci C¡.I,CIji,-:\:,-_-,' C (Bl: i1 V-À?.ri:','IOil;1L Þ]ìOCIDU'..:l üC n]t¡1ï)l Ä ljIì{IIitlll Il.1I-rì.Ct:f Slti:fl .r..fjC ?illl ¿l.SrlI.llTOl'IC Sir\?L).
c

Iìij¡-rD (TR.L¡\D, 1 3C) ¡rilÀDrTIì:jl
IF (.l.lc.j'.liìitÀD) co To 20

C

C TIiE Ccril]ltrICI;iii'j'S l'.iùl .iti--:l.D ll:1,-flillL','ir¡-ll Il.rlT:rlc CiTLCULÄ.IL-]]-:'IìIS fiC l-rs]ìl) lO CCiít'fi;tÌ'ri À CÀlCllL¿:,!rICÌ'1. fT IS r',f,Sn Fn¡:5ïiì¡,.- i'Cì COti:.I:;LI -:c cirr,cu].i:Tfoli .T¡Fìcli .1 I)rsI:. illìrÏiì Üp oF lliÌt i.lECrss;rF--r.' Ðì..i:.-.
C



( ar¡

I.'J]jAD (rilClliì, 9iì) (.4(r, 1 ),T=1,5)
GO TO 5C

2C tìiiiv=1.I)CA/DÍ"??'!,((n:;(1r1)-lì,.i(:r1)):it!,:')-¡(ìli(1r',l )-i..1:(rì.,1) ):r:i:?r(l:(i,:
lí) -lì.2 (: r 1) ) 'r':'l)

C

C RIÌ.J\.T TS JUÍJT 1/1?.
C

cl
C !àI.IAT:l-Ol;¡.i, PP.OC:iiìt]¡Jl fS i,S:llD -1lO OÐir¡,l.ii i'irl: l:frilirllij ilil;.?.CY
C ÂS\ii'j?'JCIT'IC Sl|'ÃT'I.
C

li(i)=-'5)0C
Iì(2)=C'D0C
il(3)=-'i25lr0C
Ii ( t¡¡ =- . 7 ll ¿t Î3 5 53 9 C,2(, C,Û 6DC C'l;ìrii\.¡':'iìl-ì'lv
tl ( 5) =3 . DCC{:P1:1¡¡:ir¡1i'iY
ij ( 6) =-1:. D00{'F.ritr.'./t:P.I};r7*F.ii;\/-. 1 :5llCn
c¿lrl,r, Di,-rciiil (li,Iì\,/i:c r 3 ,0)
EIC=iI ( 6 )

c
C trIc IS lliX nICt; 'i ]lil.lìll.Gl,I oF lIiil iiIÌlIl:IZilD ¡S-\ll:r:l01.IC S:-4.:--i.
C
C
C i'ìIE COI!I]-ICIIÌiiTS OF TIIIì Cz-,LCUI,?LTID .AS-JlÍPTOTl-C S'r.¡lillr z'-Lll ì¡OPi:J'-i,f ir'--,
C

/tiiORll-0 . D0 C

Ð.) 30 f=1 13
.T=Il-6
A (I,1 ) =trr'zi'g 1¡¡

3 0 .I:ìiCPi'i=ÃiiOP.i,l{-iVIC ( J ¡':";' 2
ÄilOFJ i= D S ?nf.' 1 ¿r-¡¡¡ Ot t,
DO ¿i0 f-1r3

C
C TiIlÌ iloitl*.tÀLIÍiI:lD .liLl-\II.PTOTiC STU''I'il IS
c

t!0 å.(I,1
.iì(4ri
i"(5r1
À(5,1

=.1, (r,1)/.x!loxJ.i
==(0.DC0r0.D00)
=(c.Dc0r0.D0c)
=(0.D0c,0.D00)

50 IfRITIj (iJIrRT) Jll2rliCl'FYr.'lTT:S!ri,CrTI,,lirfr,rrìLT-r'iTTTOCI,RGTTCOS;i
u
C LìO IS Tliiii ]llii:llr.GY C¡1,LCULliTiill Ol¡ TiiI- iïnS! Ii-Itr-lTlICìI' DIi,?ÀT IS TII:
C STiIP SIZj.j El¿ rii:iICli TIIiI TIliil IS IìiCPi::'11ì'lTlill.
C

!,tP.rTn (i¡],,1.ì.T) zrPl
tiP.rTE (il:;lìT) zi
TI.lD FIiT TTI';P.T

LdIìIî]t (I"tltli'ijr7C) ljO¡lARTri-ìil,lÀl., (rr!l:(rrJìi),I",'(IrJi:) ,'r (I,,Tll),
)íïl a.s sj ( I ), rr-': ( r r.Tii ), P.Y ( l, Jli ), Ìî ( r r.lìl ), T= 1, ilo,?,' :[ìT' )

iJF.rl'r (ri;Rrui; ,1Sct) (r,1,(r ,1) ,r.=1 ,6)



(82)

IF ( . ilor.lpjt;:,D) IirR't-TjÌ (Il:ltl'i¡:r, 1 40) ITG
Ì.Iìl-:.'lil (IliIìITIt, 1 î:A)
GC) TO 10

60 C7:\Li, IüIlr
llJrl'j'i.Iiìi'i

7A FCP.I'!zYJ (1|i1 
'2Û,''i,tTiilj fìiIi.'I;ìL D;r.TÀ FOIì l'IiI; SEltïCLÀSSjIC^]. SC-¡rirülltlire

xoFI,15,t llircl,ÏjI t/1li ,31j.i,'Il.il:ilrrr]. .jt-lilu Ij\íTì1jl.r1..L LrÍjrri) I:J TÌll.; cÀI-,
xCLlr,A?rcrli rslr rD:10.10, r^.Lt.t ////1:,i ,53){, rrilrt-'rAi, D¡.iììTrcr,| phlì_Àì,i]-iil]l
)<St////11: ,r:I)/f-i)-l'Icl,lli,:.t r€,.1:-rtr))irr5l.:rt':,r,,r rC)irr'Þ1'rr5),:rr,l,{.t tc:irrÊ:it r5::.rtV.'t¡)::l 1.,.- lr.rii\.. ,J¿\, -i.r1SSlr5)ir'!,,'? rr6l:r,?:t tr5):rr>:::3 l r(:.)l¡t Ll{rr5yrt rk*,f rC}trr?.i,.t,5:i.,
)(t * r / (1u tz:i,r!;,2:<r71115. c) )

80 foiur;\Î (I5,it2c. 1 0)
90 FCil rÀT ( ¿tc2 o. 1 0 )

1 00 ]loruÍ/\T (Il(;2C .10//3G20. 1 0)
110 l'oIùiyi (1il ,7Lr|,)
1?.i! Fol)-it4ÀÎ ( 1I.iC , 'îiiIS truit FIi;istìiii)' )'i30 FOI-ULI'J (L1 ,t¡:"C2A.10)
1 4C ]lOIìi'lz-,T ( 1 t;O, t Ttilì Elcijtl ljt¡iì;tGlJ I.1ÃS, rG.2C. 1 0)
150 FCIì-ìi¿:i',l (1il ,37:ir, *t ,1 5iír t;l :?.Tjì.Il:r ,15:,: ,t,it ,/ (1,:í ,32.::_tT.S r?.G?¡.10) )lì hT i\ùLI U

C
C
C

c-------
C
C TiÌfS i'P'OG1ìÀli SOLVïSl fiii-i OLtzrl'lîi.ill Ìrj'iCÍl¡.ìifCÃ.L, 

^ìlD 
Îtìä CLÄSSIChi,

C EQUr\'I'TOilS OF 'iIlI:l C.liìll'F,\LI?;I:D I¡lllACT 'nAR ìii.j,r:;Ìì. ¡iODlli,.
(1

c-------
C
c
c

ALIìllA, BETA' r1I'TD Ar\iliìI]j À.RE COllSTAllllS FOIì Ti-jE RUijclt-IttjTTA piìOCäSÍ1,
DIrLP)i, DELII)¡r ÀìlD DTII'PZ 1:Iìl-ì EFFÌ::Crjlrl.¡Ër-'v Iiniili.l-'1.i1 IìlC]r-llltjjl"j?:j, l.iji)
T'ijji IÜ1vlTi'riJEiì oP 'JiiL lllsoVtr CIil\P,-ACliEp.S ¡lìi' ItìIì.ôIì TtiI¡',tS ltllì îilii
iìUi'ici.-liuf i'Ã PlOCr.jg S .

IUÃL* 4 TìiIitT , TCi)u , Ti iT1?j Í, Tì j_Àccl I

Ti{T}I'r', TCpti, T¡iTpii, /\tíl) Tl.,¿ccIi Ap,E
CPU Tfliii CP 'r'Ii]. C¡,LCLI].ÃTIOll..jilE PIiYSfC¡\L t'r,-'1ll COì;.:P.OL fS:t It'i Tii.Tj

Tliil lLñTIl lllìOGPvli". Dlì¡-LS i10ÍiT-ï-,\a t'lITl; ill'iL CltliSqICI'L itOirlrit.,t.Cì.iSj.

IltPLrcr.J l?ji^L'r g (¡-1.1, o-z )
f'l]¡¡':'3 XlLRoR>I (2) ,ijl.ttro]ìl: (2) ,l-ìl).iì.ôlìz (2) ,itÌr,ra(2) ,Ittr)-.a (2) ,ttìt)z (2) ,Dill"l-x(2),Dnl,pY(2) ,DtiLl,7,(2) ,.¡lLpj-iÀ (Lt) /.5t)00,.292s9321?,s13jt53D0n,

x1 .7 c71067311t6:l¿1D0c,.165(5í;C.(.Gr-.G55ic7ucc¡/,nr:i?,(L!) /.5r)Ct-.,

_;l;â3i::;33)="s3Dcc,1.7 
071c(,7s1185s¿!7rorr- (nnô./ 7r,,T:iíri (Lt) /2.D0c,:r'r,

C
c
c
C
c
C

C
C
C
C
c



(sr¡

1-ÌQLIVAL,I.;1.;iil:- (J,': , I )

DÀîp, Ii'OOl,RLt ¡'t'OOSi:ì/1 . l)- 0 
-Ì ,1 .D-A9 ,/

DÀÎÃ. ÌlLll j:i(l , l':Oi']¡.Rll/ 1 C , ?. /
DirîA f--',jT',T'iii/ 6 /
CCj.irlri:ì,..I'¡ 16 È,r)?IÌt rraSl,r,/,r:ì (6) ,¡.COrry ( 6) ,lj]lIì.Ot¡ ( 6) ,:l:-::¡-:':

C
C triì-F,Oll-1-, IS Ai\ LIìP.Oir. 'Lrli:i': FCi.ì illill iìllilrl.-'¡-l(Uî!.':r- DIìOCr.SiSì.

LOGIC¡,T,':' 4 t::ii]ST, LrI LS'.;]

CI

c Tlocl,iìij hijL) TCosii r.lìi irslÌt) 1'o T;sli'Àlli,I5Ìi Ti;irl Ìl,olrllDS oii L,illil?.G.i'
C COi'l5j:-lIì.VÀT':iOìì.
C

coi!t'ro:.J 7'col,ì.i)FPr/:rÐ:(2r3) ,IÌli(213) t!Ìz(2r3),r-il(2r3) ,ñ',,| (?.r3)rn:: (2.,?,) ,
xrr;i\ss ( 2 )

coìIj,Iot.] ,/ti¡/i;olitll'tr?iÍI]tTrllc'I'til{crlliiTll.i'lfTìiACCl:rilc¡i-
C

C ì.jOFtUÌi iS Tii¡-: ìltjlii'rliir OF ALLOIil;D lill]l.\ilIOl;íj. llr^\Tijl.iC Iî ¡l DÏ-iiir1'rI

C ra'iì.GUìllll;T l.illICII lil.COlEiS A IìJ-ì;-IL åF.GUillr:l:l 'fiiIìOUfTi !l;:iì ClOlilor- ¡I,.C,:Î
C OI.¡ SL;llI),OUTIiilìS tJÀD 

^ÌjD 
i'¡jìI?11.

c
CO-tliO¡: ,/iti'it\'::R>'-/ir ( G ,3 )

C
c Ttill Ii.iI1'I¿-.1, p¡.Iinj.i[T|p.s ¡i.:!.]t }loLl iì_r_,j;-:D ijl¿ slÜIjltoijT:l.ìt:l F ,.l.iì.
c

10 c¡\Ll, FJiÀll(ÐiiLîA'1"ì,icT!.YrTIÌ:i;rìilllìI'-r'rill'1-lÍ-:;lì.'rJli2rI-,'.-.r,"'rT'L:,Ìil.rr!.'(-r1;Lì-'.G,
X.r.OOS:'t)

c
C TlÌ¡:D IS Aii llliD PAPJIIiiTiiiì Oil Ti:F:l I'Tl'Iì T'iiT-; CtìLCitiLÀ'I'ÏOìt lriiìl!l'.
c

llCOUiriil=0
(-

C TIIST fF TI;II Cz--rl,CLiL¡\,îTOì'T IS TO Ei CO::T'IÌiLlLD IrROÌ'i P i--IÍ:;ì'. D¡1.','l S-'-; I-
c ¡to1', sTilp T'c Ä. s?7.iR.ïIi;G S]'oct: (1,À]l:jT, 5Ô) ill:rci: i:sl.s i'I:r P.ullGl,-
C KLI'JT¡1 PP.OCI,SS fi; À SPI;Cllril F.f\-SiiICil FOR Tlin fTIìIìÄ.i'IC)113.
I

rF ( "i':or.ilTrlsr) co '1'0 5c
Jl'li ="Til2*1
rF (JHt .GT.3) .li:Ji=1
Jli=Jli 1 * 1

IF (Jii. GT . 3 ) 'ri.l= 1

c¡tr,l, iiovi:jc (¿r:orl¡ ( 1 ), 96,À ( 1,Jìl) )

GO I'O 70
c
C ¡lOVtrC .Ai\-Ð IiI{CLOR ¡ILl :L¡¡'i .¡SS1)-ì'lill-'iji. l?.O11?-Ilìl:S
c 1 ) ìiovEc (rilTo,i,Llltic rltRoì;) ìlcvrs 'ilr.iiì,ic ' :JliTEs lP.oli sL-/ì.iÌ-ir:-'-
c iìYTlj t llP.o]It .Itiïo s1'¿rlì-T-l.t,Tf: ll':iîll t Ïi'li'o t .
C TIIIS IS USI..D TO llCvil ÀRF3,Y CIIT-iììi:iS.
c
c 2) E>{CLOit (IN'iO rÌi],iìlic, T'P.CI1) E)(CLUSfVli OR I S t F.r.¡: : I Oii-rlO



(84)

c ¡ riJT'o I r¡oR 
^ 

s'tnnJ(ì ' iiI,jii.rc ' Ririll;s r,oi.Ìc.. Tllrs rs USIID TOC ZERO r-, Ìi¡_r.l'P.Il(.
c
C
C Tlill TIi'lir :[]:iTEFI/ÄL fS SFiOiì:ili:lÌriilLr IIr Tii]] ERIìC)R Iìr TIiI:t I-i,I;tìG\a f,1 TOO
C L¡1.1ìGts
c

2 0 L'Ii liìi=Trili--DILi'A'I'
llOi¡lR]1=ìJOi].ì-L- 1

L-tlILTÀT-ÐIILT¡,'j":. . 5DC C

I\iORU)i = 2 * iJOIìUIJ -Ì ; CT lìy
I,IIìIij; ( fi,inlillj, 1 C D) nlll.rtl, lto.i.r,ì\,',Ì:ÌOIìU;l
ilîi-lST= . I¡l.LSi:i
IF (LlllL?lÀT.LT,1 .t'-C7) CALI_, ll){fT

c
C Tlifrl FUIì1'ÌiLS'r.' l-lzaCK ITLiì;ITIO):l (Sll]lP JL'12) IS LO¡.DIill Fotì T;¡il
C I'OSITIOi]S(Ir1), TI;il llOld:titT,A(f r'i), ti.lt) T'Fiiì COI¡ITr_L-CIIì;':'t._;ì,Ttp.I;:.(Ir'i )c .ro it-ES-l_'^itT TIiIt Iìuìtc;:-I(LrTTn pjì,oci:tss.
c

ïP (Jil?. Eo. 1 )
C*ILL ¡iOVLC ( Iì,\i (

CliLL l161i¡1ç ( p.t.

C7\LL tirJVI,iC ( IìZ
C/:LL ìlCVl;C (Iì,'..
C;\l.L :,io\¡iic (PY
CÀLI, I,iO\./LC (I'i
c¡,.r,L ÌIovilc (A (

GC TO 50

lt0 irj?rTIt ( Ir:RI.j'I;
i'IîiÌ Sll= . F¿r,I,Sil .
rF (Jii1 .EQ. 1 )
CÀLL rtlOVXC ( PJ(
CÀLL :'{OVl:lC (RY
cÀLL l.,rovljc (iìz
cr\LL Ì,iovrc (11-:

Cil.j--'L ¡;oi./ljC ( ¡)\:
cÀLL :.lO\.¡:rc (?:;
C^LL ilOVllC (i, (

GO T'O 50
1 ,1) ,l;r,ri'lc , p;i (

1 ,1) ,iil,ltj:lc, p.y

1r1)rl.lJ,j.ll.lrìrRz
1 ,1) ,illxl;c, Ì't{
1r1) ,lìLIiÌ:ìGrP)I
1,1) ,ìll,ijìtcrl)z
,1) ,96r¡1.(1t,Jil.z

1 , Ji.l3 )
1 t,Jii?,)
i , Jl:rl2 )
1 , Jt.l2 )
1 ,..it'T? )
1,Jit2)

C

C Tlili TIÌlI Ii:lTlIl'.VÀL fS l,ilì'CTlii;ì'iilD IT¡ !lllX Fì.iI-;P.CY COtigiLvri:tfOt, I:lC GFJÀ-JIriì TIiAil FJIílUIru',D. lIjE l',Às'r rï::iiua.TIoì; (S1-'l:p JÌt) fii LltlLDii) ,io
C PJIST¡i.I'l' TI,îl RU-ilGi,l-IíUTl'Ä PROCI-ISS. ¡lCTtil.l,LY Ti-.i: .Tit1 I!'l,.Rrr-!]-o:t Ií:iC LC-'\i)riD SiIirCli lliil-l T1'lli'ì¡TIOi: POf:']ll:lIìS ii¡,VI .lLPJt¡ì.Ðl,i IiL]rl; liCr,IED.
ci

3 C Dii.r_,Tur.i'-l)i,L?¡_..T* 2 . D0 0
i.IoRLTìi= ( ; ¡Cp.U: l-ri: joT' IÌl¡ ) /:

1 i. C) DI::L'i-4.ll rl'loîll-la r)iCnUì¡

GO TO 5C
1, 1 ),N],Eì.IG, R){ ( 1,,f¡il
1, 1 ),lll]l,ic, Iì\I ( l rJiÌ1
1, 1 ),i;i,Ij¡.G, F.z ( 1 r,lÌt1
1, 1 ) rill-rtiic, ?:'i ( 1 r.-Ill1
1 , 1) ,; lll'ile , r..' ( 1 , Jll1 )
1 ,1) ,Ìii,ili:G ,Ð7 (1rJI.;1 ) )
,1)rgcr^(1r,-n.1))

c
c Tiili iì.ui;Gij i-ilr?:,1À ii].ocìi Fo,r,lo,,rfì
C

5C Jìi2=1



(8s)

Tlrl -. Tfl,)t-¡i1 ¡-Lrl¡-'-
Tì. f -.1

C^-T,L i:{O\¡i'ìC (ÀCOilY (i )
GO TO 7C

6 C Ll3ÌìllV-il

,9(.,I ( i ,J--r2) )

C
(,

IIr (;JO!:r,li.IìÇ. 0) cO
6 5 lio'ilrì]1-ilOTlììi+ 1

.Tll 1 == 2
T:,1 

- 
?UT\I_J

ìl!ll; l-ji.'= . ? ]ìtiii .
co 'Jo 90

Tilli ili..ìIli).C;)I 'r.il ST I NOl'Rlf== 0

C
('

6 7 T'OOLRC--i)ir.liì 5 ( i'Golilll'l.il )
TOOSi i=D¡ilìS ( 1()oSg i I )

TOOLP.G ÀiIIl TOOSìi ÀPJ Tliii ¡a.C'j'tlAL tOt.'ilÐS

v,rp.ITt,, (It;p.I.iti'j , 17 c ) E , Tocr,iìc , Toost j
co To 65

C
C tll'il. I-¡iRÍ;Î S.}iÌP-'ilI':L Illì[iQ]1 /ljlFÀ.,lS ÀRjl rì{Iii,.l.Ài_,f Z]i.ll Tir Zi:ltO.
C

TO

c
C

c

70 CAII L ;liaci,OlÌ (lli.ÌiìOrì1.
cF.LL E,\ICLOP. ( li RIìOIì]¡
CÀLf ' LXCLO1ì (IlIìi).Oir.:l
CA]-L IÌüCLOIì (iii)_Ðii ( 1

CALL I:;{C]-,OR (EP,Pl¿ ( 1

C/',LL Fl;íCLOiì (liRpZ ( 1 )
CÄl,L iIXCLOIì (llF.IìOFÀ (

IP ( . ì;OT .1,n.'tisT') Go

¡ lilÍ,Ììi(l ,IPIìOF)r
, i;]'i:l¡c , t'iìP.Crl,)1

, l.llli jÍc, lì Rir.oF..î
, I'l],lillc, t.rlrril ( 1 ) )

, äLi,ìi{r:, I:lI'ìD}l ( 1 ) )

,ììL.ljilc, rIlf,,Ðz ( 1 ) )
1 ) ,96,ERI,.OPÀ (1 )
TO 90

(1

c
c
c

1

1

¡fotijjj.;:'¡

80

90

Ti:iii POÏÌi'¿'l-,1ìS FOÍ?. Tlii:l llOSISlIOì,,S ¡}lÐ

IIiOLD=Jll2
.Tì{2 =,fl i 1

rl ;J l=rJI'l
Jli=IliOl,i)
CA.LL :iOVrC (IUi ( 1

CALL i 1O!TìC ( Rtr (
CALL I'IOT/i:C ( IìZ (

C¿\LL ilO\/XC (Ðli
CÀL]I I'O\'¡rjc (l)]: ( 1

C¡\T,L ì1OVF:C (IlZ (1

, iili,lic, Ìì.x ( 1

,lÌLr:l.lG, F.l{ ( 1

,lii.ì,llr: ,?z (1

r:tiLIlì'lGrl':-i ( 1

,liI.ItilcrPl,'(1
, Ìtrf,Ilíc , !z ( 1

,Jii)
,Jì:)
,Jll)
,,)l.t)
,iÌ.])
, Jlt)

r J;:J 1

, '.rii 1

,JÌ.ì1)
,Jll1)
,J:.i1)
,,Tti 1 )

C
trïlìST=. TRUili.



C

(86)

DO 1tl0 l.ji=lr¿l
IP (i:Ii. Eir. i.: . op.. I(Ií. lJo. ¿+ ) .i I:.i.ti=..u_T.ìl1t.r-. 5Dc 0 *DI]¡,TÀI'
ti=t-xi ( 1, Jli) -PJl ( 2, Ji,:)
Y=F.lí ( 1, Jir) -lìl/ ( 2,,fii)
Z=P.il, (i ,JI;)-iìZ (2,Jit)
R= DSì OiìT ( )i'1. )i-i-ì,f 'l ll -t i:,3'1, )
RIi{\¿=1.!>0A/n.
PliI=F)r ( 1, Jil) r/-','liìSS ( 1 ) -r;: (2 r,fÌ.j ) /lTlì.ÀSS (2)
PYI=P]I ( 1,.-iii) /T\ )I'.ss ( 1 ) -l,f ( 2,,ri,t) /T]!7]SS (2 )
P Z I=P Z ( 1,,TÌ:t ) /TI LÀSj S ( 1 ) -p Z ( 2,,jit ) t'.i,t-û,-s í; ( 2 )
D jìT- ( ;i'þ F I ; f +]l,k p 

-\i. :[ + ä :., ? Z, I_ ),:, Iì I :,j¡./

DiìT f fl i'Iir DIiF'rvÄ'ilrvil oF R IiTrrti iìEsiÞrc? To rrr,jE.
C
C
C
C
C
C
C

c
C
c
C

TIII;Íl;:l QUIìI{TI?IiiS i'iê-\¡Iì i'O DO l:;fTII îilli TlrÄìiSL¿1t'fCi.t¡,L EltilIÌG}' Oi_r T';;;-ì
I¡].i-lCTRtlil AìlD APJa P..IQUIjIùD FOiì ilfGïi-IlÌ..iÌRGlí CjALCULÃîfO::S e.'ìi,_.1.

VlSC= (rt)((1 rJii)'l :;:2-t-pry:(1 ,JÌ_l):l::1,24¡t (1 ,JÌl) >ir:2) /T:1ASS (.1 )::,,3r
V2Sç=(Pii(2rJÌ.l)':.'l Zl-P\f (2rJL,r);:,:!f-i-Þ[(2r.']:.T)'j.'r2)/:i:L"rss (27,r,'.,2
\,,Íjut.I)i=O.5nc0r,.(nli(1r.ril)/Tli¡.ss(1)+pli(2rJH),/ïl,ri¡sft (2))
vsullY-0.5D06':. (p){(1 ,Jt.I) /T't,t,::s (1)+l:l(2,,Tìt),/T-'il"¡\fìsj (:) )vsur.lz-c.5D0c* (Þij (1 ,Jjì) /t:ii?_sÍ:) (1) +p:1 (2,Ji,t)/rÌ1¡,ss (2) )
\ 7C \r-\ I ( I T:\.t\.' rr. :.V rr/\-- / ¡.) U¡ 11\ ' 1.-

VSll=VSUliY'!Y
VSZ=VSUI'IZ':'Z

c.r{f'r, ouÂllîi1(TrrîjriìrACopyrlsÀrJJlrDl:l;rDIìTr:frijr..nriìs.¡rì/1 sr,ìr\t2s.rlr\zsI':-.!ì,.,
);VS;Ul:l:,VStTjlZ,\.¡S)1,\¡S1'r \.'ÍiZ r:: rY t Z)

D:jJ.P)a ( 1 ) --l::;' ¡;lT ::' P.Jii\.,
DIjLT'ìa ( 1 ) =-i";' ¡ll'i''3 iìTrI\.¡
DIILPZ ( 1 ) =-i':'DiiT::'RTÌIV
DI]LPX ( 2 ) --1r,13 DET'r lìl:llV
DXLPIa ( 2 ) =l¡'¡na?':' iÌf :l!'
DIIIPZ (2) =f, 'i'I)iI-"¡ IlTiiv

TIil.l ill;lìiìG\a IS C¡-iLCIILê.Tiii)
f S LO¿-r.DIID II;TO l,\(1 ,Jti1) .

IF (.HOT.l-rR.ST) CC T'O
I'i(=C.D00
DO iC0 I-'l rÌ]Ot-,ÀRil

1 00 T]i=5'ii* (?li (r rJitl ) *,:.2+Pll
' x-PI]l+Trí+ (DCO]ìJG (lCOp.l

XDCOIÍJC (¡ICOPY ( 3 ) )':,2-rCOPt¡
)iDCOilJG (¡Coli: (5 ) ) toaCo¡:¡

,Jì,1) ,:<:l::+'pz (l:rJit1) *"s?),/ (2.]l0c*Tr1¡,ss: (I) )
)'l';:,coPY ( 1 ),,-itCotrJC (\cjcDl- (2) )'r¡cc:i: (2) +
) ':'v1Si):< . 5DCC-r- (ncei:,rc (.tcor-l ( tt ) ) ::.rìcn-,\' (t: ) -F

{-DCO:'IJC (¡,COo'¡ ( í ) )'i,¡,.COl\' ( 6 ) )':\,':S,1,,:, . 5r0 i

1C:

r
1
aJ

5
c

, ?II IS TIII Qlri'.ìiTir,1I lülCi.t.¡,liifCz-1.L EÌ.lIÌìCy,¡ì.lD



c
C

(87)

iÌ IS Uiitr TOI]ÀL iti!EP.c,\l.

II¡ (.ÌtOT.)Tir.äSt') C;O TO 110
Czr,l,J, .llOV],Ci (1',(1 rJti1 ), 96,¡COll]: ( 1 ) )
ll lìROII=Dl',i I S ( lrl l); ìl :','-l_l )
ILr (îr].ìtìrlîl.G.i'..:'oci,iìG) Go îo 20
f il (Il;ì.ROll. L'-L' .llooí-lì l. ¿.1i1.D. Dl-i,!_';.-1' .T,.:: . ?,f . Ll01 ) GC lio 3 C

IìPlli;i./=il

Tiiti ¡ilii; DCSÏli'IOi:iS 
^.i¡D 

l,oì1tlll':'Ii OI' ¡ pÀi:ITIC-tti]-.\.it f i'IliÌA-TtIi-ìì.t AFi.ì
C¡\LCLrlz'r.:..:lD .

1 1 0 /Llll-ÀLi:'iiA (l.l:i)
Äptr=3 . l)C C,i.¿L.f,F

3¡,;1.=þji.i1\ (it].)
Ãir:UI f =/riiU rliii ( jii Ii )
DC) 12C T=1 tÌ.JCPr:iP,T
Tì'?.ìSS ¡-ll:'rr,S S ( I )

PXI=P]((frf,)
pyI=py(Irr,)
P7,1=i?7,(ïrl,)
>iii=P;íIl.j;i¡,s s;I
DRI-ÌOlì=l:iIìRCP.,: ( I )

Iì{ (I ¿J_,) -n','(I,L) -{-ÂLp}:, (:.íIi-/-:ìru}1':,lllì}ìojì.) ':iLìIì-r..jÄ.ü
EP,IìrJRii (I) =¡¡r.11-giì+Àlp,:. ().lr;.-;1ÌiLi\i::.Iip-iÌOJì) -irlìT,r)ili
Di:lLI?=Di,l-t,PX ( I )
ERI?=ERP;i (I)
P)i ( I r r, ) =P jí I *l-iLP'3 ( D¡; Lr, -¿-. I jI Ii i,i lì iìp )'i, D;l I,T7i:'
ERP)i ( I) =ünl+ÄP¡?'1. (DitLp-r1Iii;, Í'::ij jìÐ) -IjlìT':,Dtl].p
YK=?YT/:]¡A.SSI
ÐIì1..ìOF.=IIIìIìOIìY ( I )
RY (I rL) =nr¿ ( f ,L) +r-\Lp,:, (llii-Ä.ijliìri,3j;p,lìr,\Iì) ,:,DEl,T/\i..
EiLROlìll(t)=;l.r.nQjì*ltPP':'(Yi1-;:r;tUÌi'l.ilil.RO:tì)-:liT,:,Y;..
Dr:lrÞ-tìi;Lpy ( I )
IlRP=XiìP\i ( r )
PY ( I r L ) ="p1¡ t *^I'r:rr ::r ( DI:Lp -;..i]'.ri 1': i RP )'t i)ilL!¡::'
E Iù? Y ( I ) =¡ 1¡r¡ aÀP I ti ( r-U. Lp -ÀliuÌ irr ;j R.t ) -Il,r:..¡:,:, DI Ln
Zii=PX I/Tl"úrSSI
I RLLOR-It.,ìIìOP,Z ( I )
F.Z ( I, L) =1?.2 ( ï, i., ) *?_r,p'k ( u ll-r-.}:ul i'i Ii F.F-o jì ),:. D:tL!t/.\T
E RiìOIìI ( t ) =¡¡ ¡...p.¡ ]ì*lrpp {, ( Il i I -Ãì ; tjÌ, I* ii RR o t ) - B:t T,:. ii 1.,

DIiLP=LlilLPZ ( I )
ERP=Ëi-ìPZ (I)
P Z ( I, !,) =? ilf +i\L'p'1, ( Di_r Lp -Àì jl-ll i'1. I ; Iìp ) * ¡ rr r,'¡rr.','
E itP Z ( t ) =i ili,+-.-:p -ì-, d, ( Dil L p - ¡!ì lLil i,;< il l?,1ì ) - t j: T * Dij j.i)

120 COiiTTÌ.lUir
C

C Tlíli i'í!,i''I COI,IFI¡ICIEIÌT li\'-l-IìIli T¡CIì A P¡.]ìîICr.tLAt. ITI:F,lT-tOì,ì ISC CÀI,CUI,;\T']:I).
c

C
c
C
c



(88)

DO i 30 I-1 ,6
I'81ùi=ALP':, ( llSjryit ( r ) -;,i;l;.,i'ii.F,RoR_Ir ( _t_ ) )
¡.C OP 1,1 ( I ) = ¡ ç 6 ir Y ( T ) -FT' J-j F.ì l'i' Dll l, :i.1'.'i'

13C ERIìOÎÀ. (I)=IjÌlIìOÌrÀ (I) +3. D00:k?r.'ìIìtìl-rjiìT':.AS;r:-ì.41 (I)
FIlìS'l--. F;{i,SI:.

140 COli'fIì.lUIl
IF ( . itcT .l\iÏljs'j ) cil To 6 0
ìiO'f i ìl{=}iO'J:' iìl'l{- 1

ñ-nìnTll f
l--I\,,'LJ

cÄLL l)l'p'::il ('r')
C
c $TPT'rì; STOpS TliË CpI.i TIiil-lR.
C

IF ( (?-T':.inCCIi) .L,T.lt;lrìiT..¡,ljD.ììlorj,j,ì.,\:.i.i.ilotllil) co !o 150
r:r¡'7. rìriì-Í-rn¿ r. ./-ru Ll'j- f

CALL ÌiOViC (À(1,JH) rg6,.r..Copy(1 ) )
Cz\LL IvF.'iDli(i'JCT'RYrTIi:ilrl;T!Si'¡J!'t2rJil1 ,EpFi:;vrDIlr,T¡,.TrIlrTiìrr,:ii.trTt^'or,l_G,

)iToosi.ir610)
1 5 0 IF (TIt.iX . Li' . TI:lljD) co To s c

Ì'Ì COLII]T= :'lC Otii¡ T + 1

TF (l.iCOUllT. L'i'.l'ltlRf T) C,O TO 3 0
cA].l, I{iì.IT.li (ì.io'jlR}a, Tf lijl , Jiil , Dil,i}_".,.r. , | , lliì ,.Ix )
l{COUì:ill= C

GO TO EO

16C FOPiiz:'.Î (1II0rtîTìÌil IiiTi:iìvz\L cjii^itchiD Tot rG15.?rt u.,'I ;qi:'xÌ)trT3rr ljl-lr..l:_-
)iR oI¡ P,Ull.s rs r ,r10)

17A FOPJ'1Ã'J (1iI , r Iì;ITrl--rL iì};ll;ìc:i f S | ,D?.0.10,t 1^TITII r_rpp¡R 'JCI_,1.ìt1r.ìtCj.; ' ,
xc2 0. 1 0 r 

"}i.;D 
LO?iXR TOLI]IìAI:CI_] 

" 
GzC .1A ,' Cìl Ûi.ltRc.)¡ r //)

Ti]D
sL'iIlRoullfi.iij ouÀi.;.i'i.:(i'rlìrBrDlj?r¡.IìGrDL:".riirl¡Ttìí15"r\i1sQ,\.t?-sçr\,7s1;].:r,1,

)fl/S Ul ,ilf , VS tir'iz r',zsl j,í r \i S Y, \.r l, 7,, :.<, y, 7, )
c
C TIifS SLrBIìOUTIìill pllilFOItiS iiOST Ol.¡ TitI CAI,CULÀilIO:iS FilOUft;ri) tiy .itI_.,
C OUÀili'IJi1 lti:Cii¡\i'iTC:riL I!ôUt--._1'IOÌ],S.
(\

ïr11pï,1ç11' COi:plL.)í,! 1 6 (:ì.-ti, o-x )
F"IIÄL':"c TrF'rn'IljVr¡-1.ilof,l:ir]j){]ì.r.r-ìiiR2r}ÌiijLilrDElir'rDCoSrilSTÌirDR:,trTR'ir}-lì.G

lr\l1S(.-t rt¡2.SçìrVDI.l¡ r\/Sljlliir\,rSUjil¡r\¡SLj:Iil ,\/S)irVSlir\.rSI r li.r,! rZ rVSIItÌlrVÄl-Ì
D;..1'A Ir.DTii/6/
coi!:ilI,ltli'i.16 I!'aG/ (0.n011,1.nc0) /,\(6,e) rt_rtsulT (6,a),p,(1) ,tìt,.,il (1) ,".t._)((6),iiril\.i (5rc) rll(6,5),n].Ì';lì((,6) rìt],(G,6),\.¡Iìc'i(5)rD?(6),ni-.p,1.1(6),Tr,)t:ì(

x6,6)
EÇUïV/,Lili:iC,-:l (iiE (1,i ) ,ì.lI_ .rrl(1 ,1),nDllit(1r1) )
LOGIC;,,-L'l Ii Ì.rIF,ST
TiirrcliP.'i ri oilii/ 1 /

C 'i]iilSil PIrÀSIl FÀCTOI,S 
^nI 

USiID ILi TiìE I'IICil-IilIl'.GL- C¡l.f,Cijl¡ïJr':t. nltL.:.
\711 l' 1-\¡c.r'¿1:(t\t-r l zÕ r,v !-.\j: .- v .,i:+Ì.;!jY'l-\./S::
VDTF-T,'3 (V1Sí)-V2S' ) ': .1?.j1, 0C



(as¡

?ll-DCOS I 
-.zl-. I li ) - Il :,^C'k D 3 Iì : I tzr; t'.',

Pt)= tco s ( \iD r | ) +. r :¡ c,:, :-r | ¡. ¡¡ ( r r;,r r -: ¡
Pi il-)cofl ( \./fìIiìi) {- I. 1¡ c':. DS IiI (ri51'. I ¡
Pl:ìi--DCO fì ( VS U,. I ) - Tì l7\c':' i) S Il I ( VSUtt¡c-------
Pt:POS-ìlCOf; ( . .375D0C':.T) i-It ãÇ'kiiSf: i ( . 3 75trC'û':.T)
Iriii::ií_;-DCOS ( . 3 7 I 1) C 0':, T ) - f ¡1¡,C':, DS Ii t ( . 3 7 J il C f ,:. :t )

R_-.'lt¡= 1 .':^,i) 1r/ iì-
1l)íIÌi,=Dt"líP ( -. 5DC 0':.i()
If (;l)ilÌ;.LT.1 

" i)-lC) t::nt;=e. t00
_ i-)Ilì.-)¡;íP ( -I:)

fF (ts;,Iì. i,-j. 1 . D-3l-ì ) EliP,=C. D00
ij¡'iiì2 =DJ)ï? ( - 2 . fr 0 0,:, ir.)
IF (r:.iir2.i,T'. 1 .Lt-20) I:iIì:j--1. D0c

C
C f ijil ì:^.].'iìIl( ¡l IS Cê_LCLLrr-.iti.,I-t.
C TLji ì1/rTR-i){ l:i i?ilPlì.iiSrlìtTS O\il,iiìL.¡iÐ il-L-ü'1ifl, :itill l:illri.:it.l,il TIi:; CIt,'r.tiìi;.,S.C I^jI!.'i.I-ii i'i:.Ll :'ilO CÌi.¡\lllljl] Sì ìl IS Tl::il fD;ìili'I'-.'.a Sft Ci T'Lìi- i-ils-tS
C liuì'rc].'foilS ¡-i).1- OR:.'iioilOrn*r-^L rlIïtlilii TIiIi l.Jl¡,r.CTIOi; Cit¡il¡.Il.g.

cÀr,L lilicl,ot (i:t (1, 1),5'i,a,lt (1, 1 ) )
DO 1C I=irG

i0 lI(r,r)-1.ifr-l0
li(1,t¡
t't(4,1

-Ij )íL>:: ( 1 . D 0 û +¡-.+_i',{, lì'i. . 3 3 3 3 3 j 3 3 3 3 3 3 3 3 3 D 0 0 )
-ìl (i , ¿l)

TpJ.l==C.03ûtr52¿tg13t_r0C>:<iilíiì.ii*(-3.D0c't,t_i.3:.t,C0_írl .D0C/?.4- (1C.DC0+a!:.Dq.,.,
)(.î.) d'i";i't' ¡
lì ( tL, 2 ) =TìF.r.friÏ)l'JliiiG
ll ( 1 ,5) =i.; (Lt ,2)
Ì{ ( 2, li ) ='r¡¡t;l:PI'iPO5l
ìi(5r1)=ì'l(2,t+)
l'Iìii=0.û3òû-r24913D0c':.il:itii*(3.D0c':,1ì_.i i;.rîû+32.Dçû/!1!16¿: .1)0cl/(î,:,1Ì)+(_

x8 . D00-6¿!. Dc0i. ( 1 . DCC-i-1 . D00,/n) ,/n) ,:i,;;x;tti)
i'l ( 4, 3 ) =11*-t ;¡ PÌlì'lllG
I,j(1r6)=t:(rtr3)
l¡ (3 , lt ) =T'Iìì'!r¡PI:¡-,OS
¡l(6'1)=l';(3,¿i)
ì.i (2 r 5) =f-j)il:'.{l* (i . Dcc+R.',:,.5Dc0+i-"¡R':. C8333333333333 j_rOrì+1,:'r.ll'r

X. C0 4 1 6 6 6A, C,'Ç66 6 67D0C )
lI(5,2)=ir(?r5)
tl ( 3, 5 ) =- !.{: lì.* R,:. ( ? " D 0 0 +I¿ ) >:{ I :)ilrTi :¡ 

" 0 0 rl 1 6 6 6 6 6 C G 66 6 7 D 0 C

li(5r3)=i'¡(3r5)
ti(2,6)-Ì;(3,5)
I.l(6,2)-li(3r5)
l'l (3 r r3) =iliflil*'(-1 . Dcc-n'i .5DC0-.15D0C't Ìì,:.rìJ-r':.p.:i,F_{.. c 16(.(,16,:,(,(.,í(,c.,7}Al+_-

)i:::'l:¿l'¡. 00 !11C,6 5CL:6 6C,(t67DC0)



(e0)

iri(6¡3)=l;(3rG)
DO 15 I=1 t3
DO 15 J=4rú
l{ ( I r J) -ll ( f r':) :3¡:P:i'PjiP

i 5 ll (J, I) =il (J, I)'3?;i,:.ilÌ;i'l
I¡' (.Ìio?.FIRS'J) cO TO 35
DO 2A Í.-1 , C

2A -BT ( I) =DCollJG (¡ ( I) )
C
c cDGiiPD(ÀrBrCrDll.il ,llIii2ritIiÍ3) r.'uI,1'l-':'I_,IIlS iîr.,Tiìl_.:.t A(1i..1 ,DIt12) ill:c l'rATlìrl{ B (Drti2 , r)f i13 ) ro crvi t]ÀtRr)i c (Drri1 , Dri13 ) .
c

CALL CDGìrÍi?D (i¡, ;'i r\/ICT' rijDIiirilDIÌi, Oilljl)
CzILL CDG;:,illD (¡T , VIÌCit , Ei.lOP.ì I, Ot'jil ¡ rTDTt i, O::Ttì )

C
c t{oPi'I;\LIzAi'Ioii
C

?rllOiù.i=Bi;Oi?.1.1
Aiio PJ{= ir s t Ììil ( a;.;o nr,t )
DO 3C I=1 ,6

3C, ä (r) =B (I),/-¡.11.loi-.ii
c
C TliË iÍ'\TnTli E rg EV;\LUlì.li'ED. Ffl).ST lIiE COLILO¡ill Iii'i;GRALS iiFJC OilTA.IlíED' Tlili:l T'Iili lj7\TP,I>i liIJ ¡.iÌD TI.IIì Ii{TIiPJiUCLI'I¡LR P¡:Plt-r,íjrCii
C AP.II ItlCl,LJD.jlD fi,' llill ¡'!nT'It.I)( li.
c rlir'l lir.ilI.rl.lii'ìs l^lr?iiri:i ?IIi: cilÂÌtî;Ilr,s ¡,p,E ¡s lrol,T,ôt.iíl:
C

35 i-l( 1 ,1) =-RIilV{- (1.DC¡+P.:lÌi\.¡)':'I;)iiì2
H ( lL , tl) =i, (1 ,1)
1!(2r2)--I-IìIV+.25D00)::(¿l.DC0'i.IIÌl\.r-t-3.D00+rì+.5D0n,::p:i:lì)':,ii:R
H(5r5)=ll(2,2)
I1(3r3)=-Lli1t7-12.D00':,lLÏÌ.1\.¡,i.*3*((7.nOO+(12.D00-t-1?.D0C*p.fi:V) :::RI'-rj):r:

:iRIi'iV-F2 . 7 5 DC 0+ "7 5D0 0,þ!.+ . 1 2 5D0 0 r,:i-ì>i,R) ,:.iÏ:R.
11'(6,6)=lI(3r3)
Tlìi=-" 1 cr+75c5ôc17 579¿+D00* (2. Dc0+3. D00,:.iì) ':.jj;iF.':,]l;.:plj
H
H
H
}I

1, 2 ) =Pit',,-I'l G'i' T'N I
ll r 5):t'i (1 ,?)
2 r 1) =n¡;oOS'l.TRI.I
5¡4)=1;(2,1)

Trfì.Í=-.10¿t75655C17 573¿lDC0"r (7 .11111111111111Dn0::.iìJìl\,r;:.p,rl:\r_F (_ (
xi0.6(.6666c665657D0c+7 "11111111111111ucc'rRriÌ\/)''rRriJ\.¡-i.DnC-3.Dtf;Ì<li);l:
XE)'IR':'ijLíF.ii)

H (1 ,3 ) -?Iiii]lC':'Tll:1
'rI(Lr, ,6) =Tl (1 ,3 )

li ( 3, 1 ) --Pirlìos'I TIII
6ril)=¡i(3r1)
2r3¡-3.1100':'iìflìV':'RIll\./+(-(3.Lì0C+3.D0C)::Iì.Ji:\",),:,p.:t_t\.'-i.5DCC-.a25)Ci,i?_-

>i.125D0 C '!R'l p.) ':.Ii;:R
Ii(3,2)=?t(2,3)
I'i(5,6)=il(2,3)

H
TI



(gr)

T: (5 | 5) =Il (2 ,3)
C
C TIi]j CF.CSS.I-CI!Àl:ÌlilL I:lr,Iil,.ll,l?S 

^i:[i 
¡S FCT,LOiiî:

c
Ti (t¡ ,1 ).=- (ilr-i . D00) ,r.;1:1D

Ii ( 1 ,ll) =il (Ll ,1)
!i ( 5 ,2 ) =- (P.':, . 1 ?5òC 0+. 2:DC 0- .l lt1 í56C6ô 6 5 6 r-, C7n0C'i.Iì,¡R+

l<. C 1 C ¿l 1 6 C 6 6 (, 5 6 ú 6 7 I) 0 C il Ìì,:3 iì>:r lì)':.lt i:-iì.; i
Ií(2'5)=1¡(5r:)
II(6r3)=-.Ci1251100:i,Þ{:¡::Ir:i. (.333333-?33333333j)OC-li.lcf *i1_1-1,,'.r:;,Rrij\.'-1.Ð0íj

)i':' iìÌTi i-,¡,:.,¡ -; ) * Llll:i :

Il(3rL')=i;('í'3)ñìñ:-- '3?C52Liii13D0C,i(5.?51ì00+1¡"tlOC>:<J).T]T\¡'::(-1 .l',nC-l-U)llìIj)-1.1iI,101,:,ll)J-1-\i:--. Ò.

x':.,'i)ilìli
li ( I¡ ,2 ) =PÌIÌìllG':.:¡.'-rìi,',
H(1'5)=I'(4r3)
Ttììi--. tì33c5i't.43i 3D00* (_3.Il0c+1¿i.llc,1i,F.rl.,¡_r- (_3 "7 5D00_1tl. tncrjRIl.-\¡) ::.

Xl:ìl'P.L ) *l:<P;¡
TL (2 , /t ) =PiiPOS *T¡U,i
H(5r1)=l;(2,!+)
TIù'.1=-.33805:ì¿l'.ì13D00'1.(1.125D00':.R-l .I)01+(il.nCC+A.I_.00''¡F.:[ì;',¡),:,'ìIj.iÌ/-

)(8. i)CC':' (1 . DCC-l-lÌl:l¡\.i ) *Rril\.¡>:,llli1ì.It) t,l:;rir-ii
-PII. iL{l':".r1t'*ì I
=l-i (tl ,3 )

Titìi=-. 83 û jtZli 81 3L'l0n'l ( 3 .110 0-3 . Ð00':,Iìil:;r,z'i. ( 1 " DCt+2 . 10 0'rr:.r. ''\.') {- ( 3 . IìC C+
,'i1 6. D0C'3Ii i¡iv'i (1 . D00+ìr.l.ji\.r) ) ':,I;:jij:) ':,i.,iliìii

Ii ( 6, 1 ) ='J;ìi,l)::DijilOS
Iì(3,¿l)-]Ì(5rt)
H(5r3)=-.C15ír23D00>:,1ì>:.1ì>:< (1.33333333333333D0C+2.(.(.16a,6(.e Ci(,lC7DC0':.

,.íF rÌ.tv- . t, 6 c 6 6 6 C 6 6 fi 6 5 6 5 7 D C 0':: F.) >i iì ):Jt!i
Ii(6r2)=li(5r3
ir(3r5)=ii(5,3
ii(2,5)=li(5,3

C

C ?I1Il t'IÄÎ!ìfi: !.,i-tl IS C¡f.LCIiLi.T,l,tD.
c

DO 4C I--1 ,e
Nll (I, i ) =-l.l (I, 1 ) *. 5DC0
I¡l:i (I,2) =-l,i ( T- 12) r,,.1 25D0C
NLì (I r3) =-Ii (f ,:) 'i'.125110C
¡JlJ (I, Il) =-ì; (I, ll ) *. 5l)00
¡iil ( I, 5) =-il (f , 5) ;.' . 1 25D00

40 ìll: (f , €,) =-ÌI (I, 6)':'. 1 i5D0C
c
C lJOi,' 'i'ijE ?O1-AL i.ÀTRI)l I'i fS C¡-TICULÀTID.
c

D() 37 I=1 r3
DO 37 .T=4 r 6
Il (I rJ) =Il (I r.T) '!PP*:iif'

37 ii (JrI) =ll (¡, r) +Pi.i:i3'DI:ì:

II(i¡,3
11(1 , 6



DO 50 f-
DO 5C J=

50 Ii(rrJ)=i'-i

(e2)

::,\,
,6
I rJ)+;l:l (I r;r)+ì; (I,J) '!iirr''y

C,I¡.LL llo\¡ic (.ql;¡i.¡ ( 1 , 1 ) t516 rl: (1 ,1 ) )

CALL CÐjilìl\./ (i;ILÌV rllDI; :, IIDIIÌ, ÐrlT)
c
C CDl.iIij\,'(/i,DIli,llIri,D]ÌT) fli\"-i:P.ÎS ;-,. Sl)llÀlìil ì:A!lIì.Ili ¡ OI Ilr.ìl:liiSI.ìl D:r ri
c ÀllD LOÀDS TIì;'i liìsu].'i.' r}l ¡,.
C
C
C TitE P¡\P.?T¡r.1, Lrill-T\¡¡r'1'-[Vi:: OIt TI]I: COiiFl"fCIIli jT l.i¡.?IÌI]l E IÍIi.']ì llïlSpl;C:a
C TIO TIiil: IS C¡r-LCUL:r.Tiii). IT ISi DIiilOTlD llDIi'J.
I

CALL CDf-;ì lil D ( i¡ li'lt¡ r li r iì-Ti StlL!l r llD I ì'L r Ì:lD I l'l r i'll,l f l i )
pJtsuLT (1, 1 ) =!jlsur,i.' (1, 1 ) l-. 5Dc0-. 1 25i)00'¡v1 st
IU,j,9U1,T (2 ,2) =F..'lSi-l],ll' (2 ,2) + .12 5D0 0- . 1 2 5D0 C t'V1 Sr.
p.ji sul,Tl ( 3, 3 ) = P.,=:l Íiiir,T ( 3, 3 ) + . 1 r::; i) 0 0 - . 1 2 5 D 0 fl :k\/,1 $r,l

FI¡;SLTLT ( 4, ¿l ) =JLî- Silji,'I ( l!, l] ) {- . 5D 0 C- . 1 2 :-) D 0 0'¡V2 SQ

RäSULTI (5, 5) =IìISUf,T (5, 5) +.1 25D0C-. 1 25ll0C*V2Sl
Rij SUL'i' ( 5, €' ) = Iìi. I'j'ilf' ( 6, 6 ) 1' . 1 ?.5 Il C 0 - . 1 25 Ii Û 0':'\/ 2 S tì
cz\LL CDGiI;ìir (l:ìLisLILT, IÌ,, Fi)tj!,ilÐIl i,ilDri:, olll )

DO 50 I-1 ,6
6C PDirT (I) =-Ili¿G'l'l?DilT (I)

c
C TI'iI] QUA¡ì?llli iillCiiÀllICÀ]. I,.l,:liÌGY IS CALCI-;-Lr',TIìD. I1' ÏS
C DIÌì.IOT}]D Pf T.
C

DO 7A I-1 rG
7 A BT (I) =DCol'lJG (Û (I) )

rF(.r.ioî.FÏRST) GO 1'O 75
C;\LL CDG¡'IPD (ii,D,\/nCT rìIDïl1rll1)Ii t,CìrE)
CALL CDGIiPD (DT,VlìC:l, PrE,Oi'itr,i.lDr;:,OilE)

c
C TFIIÌ P¿IIìTIA-L DEIìI\,'/ÄTIVE OF I'jill l1?i',1'I?.T)í 1l !'7I'IIì lìESPIICT TO R IS
C CIILCUL.IITED. ï'i:' IS DiillOTIlD PDìiïì.
c

75 C¡-'J,L illCr,OF.(PDilR(1,1) ,57G rpDÌlF.(1r1) )
pDüjì ( 1 , ¿t) =-Ijl.iR'| .333333333333333DQQ'l (R+.1ì*R)
PDìÌlì ( ¿i, 1 ) =FDtlFì ( 1, 4)
PDNFÌ (2 r 5) =-E)íp.tj'1 .8333333333333331,.-01 {.( 1 . D00+ ( .5nC0+ (-.2DCC+. C25DCa

x'riì) *R) :'.:p) :!¡1

PDìiIl (5, 2) =l?Dlliì ( 2, 5 )
PDì.JR(3,6)=ii)ip.rl*.05D00'þ(3.D0c+(1"5DC0+(.166Ce,(î,6((,e6e57Ð0n-

x. 4 1 6 GC56G6,C6( 6,r7D-C 1':.n) .i,n)'Ì.R)'klì
PDi'Iiì ( 6, 3 ) =PDi'iR (3, 5 )
n1Ðì\4- e"8052¿tBi3D0orÉll)iFJI*(1.5D00:3R-1¿i.D00+p.rir1rr::(32.D00+6rl .l-'1c'tI.'.1_ilI-)J-lllji-. uJ

)i-Ij).ílìi.i,l. ( 1 0. D0c{-Rrìlv*64. D0¡'i, ( 1 . Dc0+trl.;v) ) )

Pt)NFl ( 1, 5 ) =llillllG'¡'ilìi'I
PDÌ;R (L',,?)=PDìli:- ( 1' 5 )
PDI'rlP, (2, t| ) =Dll?OS':'TI'ji l



(e 3)

PDilP. (5, 1 ) =Pl)ìlR (2, ¿!)

Tp.¡r=.33fjû52¿!313DC0;!¡;;;¡¡¡::: (-1 .5I)0C':.rì.F11 .l)10_15. DCî{.ÞTì-\rd. (i .D0C+ (
ií4. D0û{-3. i--ì00':'Rri;v) ';,iìrïtv) +i;:;IÌii':.8. Dc0rr ( 1 . Ðnc+ilrìtv,rg. Dcc,: (1 .;100+ (2. nln
)i+?. . D00':.Iìl:j jr/) >::¡r,1¡¡r7¡ ¡ ¡

PDJ:P. ( 1, C ) =Pi'-iirG':i:'¡;'i
PL)ìilì ( ¿1, 3) =Pl)li1ì ( 1, 5 )
PDlln ( 3, l! ) =PlìPCS':Tiil
Pl)iilì. ( 5, 1 ) -Þr-lriiì ( 3, ¿i )
PDliP.(2,6) =-.41CC(.a1'CC,C66[67])-0:'::l-l.1ilì.lj':,(6.ìt0O-!-3.1lCC':.1ì-.5)0,j>i:¡:¡,i'.) 'i¡¡,:.:i
PDIiR (3, 5) ==PDì,Iì (2, C)
PDlilì ( 5, : ) =llDllL (?, 6 )
PDI;Iì. ( 6 ,2 ) ==PDil!. (2 ,6)
DC 7'l I=1 ,3
DO 77 J=llr 5
PDlllì ( I, J) -DDìlL ( I r,l) i'pP'l'¡iIP

7 7 Plll.iR ( J, I ) = jl-Diil'. ( ;, f ) >i<r:i i ::: ¡>Ì, tI
y¿q=:\zg ui iii ;3 Jì/ )i+\,s t, _. iz ot 

?, / z
Îìat -l<\ T-.1 1L:\i l9 -L-ltJ

Dc 73 "T=l¡r¡;
PDilP. (I,J)=DI)llP. (r rJ) J-f ::¡C:Ì<Vri.iì):.lrir (I r,T)

7 B pDlJiì (.Tr I) =PDllR (.r, r¡ -rIì^Gi..\¡¡.R'i lt (.f r I)
c1\LL CDGÌ{I'D (pDt;p.rR r\/ECT,}iDrl.t,NDIi,i, 1 )
CALL CDG¡1IID (3T rr¡lcnriujs, l rljDI.ì,1, 1 )
ÐO 30 I=1 ,(¡

c
C TiiE P¿'iIìi'ri\I., I)lllìIV;!TrI\iii C)Ir Tl1l.; l'¡,1'llf ;: ti ItI:til l'i;iSitr:-'CT T]ô n ïSlC Cr-:\LCUir\'.r-'iiD. IT' IS DI_;ìJOï}iD pÐUit.
C

PDÚt ( I ) =- . 5DC C':'lU.ì.',j';'ii ( I )
(-

C Tiii i:'C'-L'i\I'Di-ìlìl:VÀ'iIlil,l OF'i-'ll]: ilhl'lìL'i B I:Il.'l Filg,)!lCill TO.i-r..ltl fSC C^LCULÀT'lil). fT f S Dililcl.i¡,D Di'.¡.
C

B 0 DIIT (r ) =PI)rJiì ( i ) ':'DF.T+?D,iT (I )
c
C T]]JJ PÀIìi'TA], DIINI\./A.r.T\,'Iì OF TIJT' ¡3.-J'P.IiI Ìi I,I:tTii ¡'¡]ìS-JD,iJCl' T'C) iì. TS
C C¡r,LCUL?!?r;). fi' fS DL-'IOTXD ÐDIII)..
C
C
c rliti LLLIiEIJTS III'i'i.rii 1'iii: cIi¡l.ll.'I-LS z1R¡ì ¡.s rrol,r,oiis:
C

PDirlì. ( 1 , 1 ) = (JìIllV':ritIìlv-illii-,,?* (?.. D00+rìL.:rz,i. ( 2.l-)CO+i'.flj\.¡) ) )
PDIiP.(4' 4 ) =?DIliì (1, 1 )
PDIIL(2,2) -l?.1-irv>::R-lii\.¡-.35D00i,]i)iF.'l(4.D00:i:iìrì:r,"/,;.(1.1-.0C*i-rt.ir)-F:.ilCaj-t-¡Ì':,rl,i

)i. 5i)C,0 )
PDIIR (5, 5) =PDI¡iì (2, 2)
PI)IIP.(3 r3) =I?.Ti;\.¡::'RTliV':'(1 .D00-t-3C.DC0':.p.Ti¡\./>:.p_ril\/) - ( (7.lCC+ (1g.lìrjC-'- (

x36.D00+3,5.Lr00r.'Rrìjv)':'Rril\,')::!p,rìi\./)':,iì.i:.jr.'-t-2.Dc(ì+iì':..5D00+.1:51,\01.!t::,n):!
)(t)aiì

trDiiR ( 6, 6 ) -l?Diiiì (3, 3 )



C

C
C

(e 4)

T liï I= . Il 7 1 3 0 Li 5 2 07 9 1 C3 3 D 0 C':< jt::! U iirì,:< ;)iru i

PD;IR (1 ,lt) =P]riji;G'þ!:ïìll
PDirR (¿l, 5) =Plriiir. (1, ?.)
PÐriIì (2 ,1) =PiiPr,)í'-j *TIì1
PDUIì (5 ; ¿i ) =FDi.i1r (2' 1 )
Tiìl-i=-.1C/+7565CC17 57Él1lD06'Ì,(11,,?-222?.222222211Crr::irrrn\-ii.'t,3'r(-'1 .DnC+il)ttì*

xil;iRii)*(Ìuir\z':'(i6.nc0+F.rì.tr,/':.21.3333333333333Df 0)-Fg.D0c+¿t.5Dcc:Ì:'lì.) >:<t:r,:Q:::

i\!.1!:-\jir,f

PDitIì (1 ,3 ) =I?liii:G':"iFi:i
PDIIR ( li , 6 ) =?l-ri iIì ( 1 , 3 )

Pi)liP. ( 3, 1 ) =llliPOS':'1nl I

F'}DliIì (6, 4) =}Di-P, (3, 1 )
PDIIF.(2r3) --5.D00'i.R.T,.,V:k:!.3+((3"ilnC+(C.DO0-t-6.D00,:.¡ì_Iì;y) -:,i'.I:l\.') ::,Rl-iìr,i+

x. 875i)CC+. 3 75I.)0 C 
j¡R+. 

1 25D0 0r,n.''rR),:,r):r.
PDI iP. (3 ,2) =PDilP, ( 2 , 3
PDHR(5,6)-FDilP.(2r3
Pi)lìR ( 6 ,5 ) =PÐljiì (2 ,3

PÐIIR ( i, ¿! ) =Iì'i'J.,'Xlì
PDi'IR (I!, i ) =PDi:iP. ( 1, ¿!)

PDI;R(2,5) =-.?.03333333333333D-01': (-7. i.ì0C+2.5 jl0ti'rI?.-.25ÐcCr,<tì:i:Ì.) ,tl={L.rr,:=

XR
Pl)iiIì (5,2) =PDIiR (2,5)
PDi:lR(3,6) =-.C25D-01': (i .DC0+P.':,(.5nOC-.,'ì':.. CS33333333333 j3DC0) )'::ltj.:F,i:':.;)
PDFiP. ( 5' 3 ) =PDIiiì (3, 6 )
TPJ.,I=-"838052¿1313D00'IililRiir,'R':'(.5ú25Ð00+(-3.75D00+(:.D0r-:l-1C.nCC*R.Ii:\r)

x':,I¡.Iì,iv) 'Ì:F.Iil\./-((10.D0c+10"Dc0'Ì.RrÌjV),:,RTì.:V)'iRI;]V':.r:1.pi:)
PDi-iR ( 1, 5 ) =TllilllG{"iP.}l
PDriP. (LI, 2) =PLriiil ( 1, 5 )
PDI]R (2 r4) =-PIIUCS{,. 33 80524813DC0'þIlap}:'t' ( ( 1 .51_r0 a- (1. Ð00+1ri. ctr0l':.tTiry)

>(*Rf¡iV) ,:.R-¡-jjjvl- (3.75D00+ ( 1 4. D0C+1 t+. D00'lR-!-ll\i) ';.RIììV.) ::rRIjJ\,7,::Xl.Li-) ':,¡.
PDiiR (5, 1 ) =PDI]!ì (?., 4)
T]ì.t"l=-"3330524313D00:;rl]){p.i.i,::(-.¡c25D0c{-(?..a25Dc0_(2.ncn+(s..Dc(\+16.1t}0c

x':'Rrii\/)'l.F,ri,r./) :ip.TìÌv) 'iRrriv{-9. Dc0'r. ( ( 1 .ll00+ (2. D00+2. ucc'ttrl.:\r) ,:,p.Jì;ii ) *
XRIii\¡)'i' RIiiV':'E,'(iìii ) * 1i

PÐF1R (1 ,6) =PIIÌJ]]G':'TIÌl.i
PDiIR(ii r3) =PiliiIì ( 1, 6)
PDitR(3,1-) =-pIIpOS,:..3330524S13D00'Ì,:ljïR.ii,:,((-1 .51100+(ti.ilcar+(16.10c+

x32.D00r,'iìIi.'lv),:'Rlilv) 'i IìTi:J\.i) ,'¡RIiì\.¡- (3. D00+ ( i 6. DCC+ (32. Dî l+3?.. n0C':.IÌIj'\,')':.
XRIi'lv )':' F.I t;\¡ )':' *ì-Iì.iV * i liRI I )':' 11

PDIìR (6 
'1) =lDl:iì (3,4)

PDiliì. (2 ,6) -:ì*r,)iiìrr,;3.52Cü33333333333i..-02'i.(-¿t. L-00-3 " DCC'kiìTli\,¡+A. DC0'r.t-Iì.
x{.P.)

PDIiR ( 5 ,3 ) =PÐi.F. (2 ,6)
PDII¡r. (3, 5 ) =fDIiF. (2, 6)
PDi;P. (6 ,2) -PDI:Iì (2 , 5)
Do g2 I=rr,3
ÐO 82 J=ii,6
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I-, IiiI Iì ( ï, J ) -P Dl; R ( I r':i ) ::< r)Ð l:i l:)l :P

32 PDi:P.(J, f ) -ll)iilì (J, I)'i'P:l':'l?i;ìi
DC û3 !-1 ,3
DO 33 J=Li rG
P Dll Iì ( .l- , ,l ) =P ìlI: Iì ( I r .T ) l- J' 1¡ 

'.i:: 
\ /l!¡ 'l' ;; ( -i , J )

B 3 lrDIiR (,r, r ) =PD¡ l ¡-. ( J, r ) - Tì';C.':' \.ry\Iìi' I:i (,T r T )

DO A5 !=1 rC
iìItstir,:t (r, 1 ) =- " -iDOc'l'tDllR (i,1 )

Iüf;irl,'.f (I, 2 ) --. 1 25DC0':'PI)i'i,ì. (I, ? )
FiiSUr,ï ( I' 3 ) =-.'1 2 5DC0 {<T-)Dìiìì. ( I, 3 )
iìi_r SLTLT ( I, ll ) -- . 5D 0 0'i, Piiil:l.. ( I, ll )
lìijsur,T ( r, 5 ) =-.'l :5D0ri'Ì'!DÌLl. ( I, 5 )

85 p.l:sul,l' (r, c) =-. 1 ?.5Dn0{'Pl:iP.(r, 6)
DO 90 I=1 r6
DO 9C .T=. 1 r6g0 l?DIjR(f r¡l)=l?Dìlp.(IrJ)-i'f (ir,T)'kp1¡¡r7'kIìIl:I\.¡{-rDi;ll(f ,,1) *nlliV+'lìrr-ifiiL.J(f r,r)

c
cÀLL C.DGIÍPi) (ii , ÞL).r-P. r ''/r,CT ,llDrl i ,llÐrI r , olii )

CÄLll Cl)Ci i"D (r-:t', r¡;go, FD:F.' O: :i-j'ill):r.1i, Ôìlll)
CÀLL CDGli,li) ( jlDlIt' ts, r.r¡91'ìlllIl:'lli,'Il i, Ôi'il )

CÀJ.,T., CDGÌ :? D (...ì'-ll, r.';,ç'l r l-'l S r rìl rli r llÐ f I r r OìIll )

P Dlj lì-= ir-lj s +P i)i !.+ DC oil,f G ( t'' DI I'. )

AiìG=PDtrR
c
C /\RG IS TliE PARTI¡\L DEIITV¡-Tf\,/lr. OE TI'IL IliT'llRil¡.L iJì'iji;IìcY i'il:lti
c rúìsiìxc'i' 1'o R.
L-

FJJTURi;
Eì;D
sur]]ìou,iIìlIi Fl-rÄD(n:ill¡:.irT.ioTl..,irTIl:llrlllll'.1:TrÌlTr-:sil ¡,T1::2¡lìo¡l'ìTl,'¡Ticor,l{r¡

7,"COSii)

C TiIIS SUJIF.OUT.'Iì.II ]ìJ¡.DS 1'i.I: IiITT-[.¿-II. DÀ'i'Â I¡IJ.C]I DISi: Ài:ID C-'-iTD5

C TO S1'AR'i ili:: CTLCULÀ'iIOÌr.
c

Iì'11-,LrCrî idl¡\L'¡ t (.À-Ii , C-Z )

coÌi?r,E)ir.'1Ú ¡.
RjiAL*8 ZrP 1 (3 3 )
colu,ioii /!:iLTF.:t/¡. ( 6 ,3 )

DL?l' IPJri.l.D, T\::.I\I\'E'/ 5, í /
I,I-A.j,':' 4 i'Ì i'f il t, Tl'f\Cci'i, TÌ .Tl 11' r TC: U

LOGIC/a"L* ll ].lïtrSi , S'I:1IìT,/ .T?.11r . /
coi;.ioìl /cor.lx,/i-ì,'l(2,3),l-.'.Y(2,3) rP,ã (2,3) ,Ð::(:r3),F'¡(2,3) ,r'ji',(2,3) ,

X?i:rA.SS ( : )

EQUI\¡/ILÍI.iCI (ZIr'1 (i ) rRü (1 r1 ) )

cciLt;ol I / lil::/ttoit.tiiT , TìiIi:T , Ì TiìEz', D , Tl :TiI'i, Tl'f-¿-rCCÌ,i ,1'CÞIj
rF (s'l¿'.RT) Go To 2A

1 0 P,I.¿ID ( I ill¡rD r 1 3 0 , Eìi D-7 C ) ltrOLlii:l ¡ ììP-il,r',D , ÌiI''lT1' 
' 
lll JD

PJAD (iiluiÀi)) Jii2 , ìlcifll':i, ì.:?iìsll ,Ilo , T:l: rE , DILTA:' , TOOL;IìG , TCOS:-
RE.É',|) (üR-XÀD) Z r;) 1
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FIirD (iilF',tr¡lD) A
FIAII (Ì.lR!ÀD rIìiJD=30)
ItItrT¡r ( 11;lìITll, ! 0 ) ilP.ljÀi)
GC'rO 70

2. C) CÄLL iì'JiìlÌ:i (i'Ci)U, )

C
c çinrl.i sTirF.is TIti cPU Trì'ililì.
c

Ri:l;\D (Ii.ui;\D, 8C) Tì:rÌjT' rTiiTiì11
TIIÀCCI!=C. 0

ST'IìRT'=. P^l,Sl:.
GO .iO 10

3 0 ilr (iioTRll . Gll . ìlcP.uÌl ) Go TC 1 î
IùÌt,;Ii'iD ,'ï]ìXÀD
Jii=JiJ2- 1

IF (Jì12"EQ.1) ,:ritr=3
IF ( . iloll .lJTilsl') ,rlì=JÌJ2
I'^ÍIìIT; (Il'i]ìI'iij ,12a) DELTÀ'j" (T,Þ)i (I,.Til) ,ì-'j]i (I rJii) ,]lU (I r,-l'.1) ,]li' Sii (r) ,

xp.i<(r,Jil) ,RY(rr,Tli) ,Lx (rr'Til) ,r=1 ,?)
l;RITij (rliiìrTx,1 00) (I,,'r (I,Jil) ,r.=1 ,6)
1c¡-TUiìi'í

7 O CALI, IJ).If T
RETURi]

B0 FOil:íAlr (2G1 0.0)
9 C trOru.j1\'i (

100 FOPJ.tA'.jt (

110 Foru,i.A:i (

ii , roli Ri-rÀDIrrG Dr-rTA SI'j'-nliDFII-,I:; llfflsTlÍcr rI5)
Ii, Ii,i liÂlt]ìril' / (15,2G2C. 1 C) )

Ii ,7 ?,.11)

120 I¡ORì'nï (11:1 t23)i, rgl]t;ICL.^.SSl.C¡-r-ï, SC¡-rTi'Ii.lìT:lG Oi¡ PIì.OToll-;j]'llRCCjiil S]'3'j';l
xt,it/1tr ,31).1,IIìtft'rÃL TI;ilt litïiiFì\¡/ri, usi--iil ril c¡.T,cI.rLÃ-Ti1ìl I1|,D2C.1|,
vr A.U.t///t'1ll tS3iirrIiiITIAI- Pr-:Iìl'r(lli:l r,¡:.i.ì-A-ìiITEPSt///1i1 ,rP.¡:jìl-'TCf,:
)i{,¡r6)(rrp;ir r5)r,rl'!';,, t1)irtÞlltr5}:rt'1.':.tr6l:rtlZt r5)irt,i,*t ¡31:rtT-lÀSSt r5:ir'
)ad.,þt r6)ittF"i'lrr5)irtl,,kt t6;irtRyrr5),:rr*'";rr6lirtlì:1 t r')i-r"ltr/(1Ti ,?.lt-r¡5r2)<,
x7D15," B) )

130 r¡oiui,\T (r1cr2r5rD20. 1 0)
EIiD
suiiRouT ri;r I'iF.rTI (tf oTP.Y, ? rì iiÌ, Jij, Dlì].ll¡.T, E, ?Ii, P r,rl )

Il.lPLICfl' I'-EAL*3 (l!-ii ,O-7)
R;l¡LL{'B ZIPl (38)
colitroì'T /coRDlìlt/ruí (2 r3),P.',' (2,3),?.7 (2,3),Pli (2,3) rPY(2,3) tPZ (?.,3),

xfi.!Àss(2)
nourv^LxiJcx (zr?1 (1 ),R){(1,1 ) )

r,ocrcÄL':,lt ¡jitlsî \.,

col.ÍPl,r)('þ16 ÀrPrt
col.il:lo¡I /?;"aTn>:,t^ ( 6 ,3 )

PJ¿\L'l'¿1 TllTrir".Í, Tì iÃCCÌi, TCÞU , !ì;Il.lT
DÀ.îÂ I:,ielTIj,/6// , ìiO?¡!?,T / 2./
co],iìicj.l /nt:/i:cLuì:,Tì'IIìJTril|'IFTrTi:T"r.i.*l,TlrÀccil,TC-DI-I

?.A Tf lîi=îTI IiÌ-Dll],lliiT
IVRrlit (ItrP,rTll r T 0) ìloTR'{rTIliil, (r rPli (r r;lil) ,Pì'f ( I r.Ill) ,]).-i (r ,.Ti:) , iì:i (r ,J.

)(), F.li (r,¡ll), Rz (r,Jil), I=1,:lo,?i:Fr.T)



C
C
c

(e7 )

R=:DSç_)Rri((ll:<11,JI)-Iì-ti(2r.Til) )::.::.2+(lìlt(1,Jit)-il-\i(2,ü;))'!':,î-!-(Iìz(1,J, )
)i-R:j (2,irir) ) *':'2)
IiRI'j'-l (:t-i,IRIt]ì, :;5 ) P,

)O 3û I=1,5
\â=CDi:I;S ( i, (I r Jii ) ) ':, ';,2

VA ïS T'i;-'I SQU-APJi OF :'iitr t'¡,¡¡¡,T-;S Of i'i:li Co]lillICIrliìTS.

30 r;prT!Ì (Il.¡RI:lx,ú0) rr;\(r,,rÌ.i) ,rr.4
i.r-Ð.ITl-: (Iiil),I'l'i!, 90) PTi:,1'li,l:-
IE (lioT:ìll. GIj . iroiìuì, ) GC To li û
PÍTURiì
ElrJTlì.Y IliiTlii(ì'iorRÌar:'rii-rjrilT'-r-lsTrJil2r,JrrIlo¡DI;ìi,î;",TrErliirgri,Jr.i]col,i{G,

)i?oosì'i, 'i')
IF (LiCTR}J. CIj. iIORUii) cO TO 2C

4 C T=TCPi.i
C¡\Ll, $lirr,:l ('¡ )
Ii.r ( (Ti1Trììi-T) .L1'.1 .0) CA].]- El,tIT
IrililÏ'ill"i (l.illl..-.T') J"...? ¡i;o':lRlarlìT.tlSTrj.orTr:lir!ìIT,î.r-rTri'ooL"F.Gr'rcOSl:
I.rRrTi (lììiR?) xrPi
I"/tr1Tlj (iìîÌiì'J) ¡.
EI']LI PTI.]] iII]P.T
trfRI?ll (li;Rlt:], 1 00 )
IF (t;O5t¡iy.L',J.iiotìÌ.ii¡) co To 5c
li-P.rTli ( Tr;ïF.If ii, 8 C )

RJITUP.:I 1

5 0 llilì,:if rji) lii liìT
Iìi':unti

55 FOPJ'IAT (1ii , r >lc:it:l: TI;il IiT'ii:il3*lUCl,iì¡.iì S.¡:ll-)tl?3TIO1l p. IS t rÐ2C.
XrS!1,¡\1'x * ' r16j(r f ïi I,:¡,TRI)ît ,1C:<rt 'li¡3 t rrB ¡lCDti]. IiS Sai;I,.È;jD

60 ForutÀT (1Ii,r5,3)i, 2G2n.1c,t¡;1,c20. 1 c)
7A FOFi:,ÄT (1IiO, rF.Uii lluiliiERr rrl0, I AT 1ì= |,D20.13 r' ?,.1-1.t /1

]l *1.1:,r ¡nj.l nÌ.- t:i:l 1\.. l*l 9-¡ t-T)-i,-lJ\ ,e¿-t J ¿, ,v¿.., , t!,t , 
l9t\, ,U.rf '. 

f l¿\, ', ,ú:-l J...:-

llf * t ,8):-rt lìj.:r ,3)i, I d, I ,1)i rr l,, ,9,-i, I p_j¡r, S)a ,, tt, ,1 :.:r r':.r , glir r p_I t

x ¡2,\i¡r2 t2y.t6 ( 1)1, D20. i 3 ) ) )
80 llopJL\T (1tì0, rTi;Isj p..L,ti prilrsttED .')
9C FoRi,l;\'r (1li ,10.{, I r¡:l:':. TOTÀL ÇU.,\lLTiili EÌ,lirlRcl¡ t ,2DZl.1C/11',

x IiIitETIC EìliRG:{.,L)2A.1 C,2;r-r'TO?r-.I_, E,.:EF.GII r, D2D. 1 il)
0c Folì]iA',i'( 1i.i , I TIIrj FOLLOI',IÌiC D¡\liA S]j1. .t'lF.ITT,Xr.l Oil DISÌ. ' )

END

1a/1Íi ,1i ,
'l r)

iI , 'Oli-,J.tC:'
(l\t l:': I 1 rt

f \).-, ' I t ¿\.,

,8)r-r"i't/(11.

1 i\f I :l: {< :i:t ¡ v_\t
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