
;riTl{t¡}S 0}- S0LVII']G Il$.1 C0I{DUCTIO}I PROBL¿I'iS,
rrjiTFI Fi'F,TïCUI"{R itiFjItElíCE T0 FROZäN DtuUS

ALLAN C. TRUPP

Thesis submitted in partlal fulfil-nent

of the requirements for the degree of

f.iaster of Sclence

the FacuJ-ty of Gradr¿ate Studies and Ë,esearch

De¡nrbrnent of Mechanlcal Sngineering

University of l{anit oba

ìüinnipeg

Ivlarch 19ó4

by

Á{u¡lturRsi¡ì\
$3"t\



l,L

ABSTl.ACl

The various nethods of solving heat conduction problens

are lhorou-gh1y reviervecl, foll.owecl by the application of several of

these r:iethodls to solve a series of thernal problems associ¿¡ted r¡ith

the design and constnrction of a potential }Ïe1son River frozen

dike. The soiutions to these problens are presented in detail. The

nain results were obiained using a finit,e-di.fference approacn vrith

ti-:.e numerical iterati-ons carried out on a cligital computer. General

o'ose¡r¡a,tions an,C eone] usions cn +-he frozen <iam heat transfer stucìy

are given. The methods of solving heat conduction problerns are sum-

narizecl, ancl recomnendations are made regarding sel-ection and best

use of the various rnethods. The important matter of fo¡rnulating the

¿cl¿al- probJ.vin iE iiisqusseg.
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METHODS O}' SOLVII{G HBAT COI'iÐUCTION PROBLEI.ÍS,

IJITH PAN.TICULAR REFI'IiENCE TO FROZBN DA},ÍS

. I TNTRODUCTION

This thesis primarily concerns rneLhods of solving heat conduc-

Lion pîoblems, ancì is {he result of an extensive study of heat conduction

in a frozen dam. The presentation consists essentially of a review of

melhoCs of solving heat conduction problerns, folJ-owed by the application

of several of these method.s to determine the lhermal regime of a frozqn

cÌike.

The mathematical theory of heaL conduction is outlined in

Sectron II. This is prerequisite to the resume of the various methods of

soiving heat conduction problems wfiiån follows in Section III. For the

pu-{pose of presentation, the nrethods considered have been categorized as

analytj-cal, finite-difference, analog and experimental-. Although basically

acade¡.ric in nature, this survey has considerable practical value since

the enphasis in dealing with the various methods was not only to indicate

the physical basis of each method, but also to d.iscuss the practical as-
ìpects of application ancl utilit¡r.

The frozen dam thermal problem is introduced early in Section

IV" The solution of the thermal regime was obtained through a simplified

heat conduction mod.el. The solutions to six specific problems issociated
i

wilh the d.esign and construction of frozen dikesr are presente'd. The

solrrtíons to these problems have been used in a feasibility ltudy of the

hyclro-electric power developmenL of the Lower Nelson River. BoLh anâlytical
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orl.r d.rreio[{ rneLnoos l^rere used to determine the steady state so}ulions. The

''
fini'ie-dif f'erence approach was used exclusively to soLve the cyclic

probje¡rs involrring phase change. The,na.ture and size of these periodic

heat concÌuction probl-ems required the use of a digital compuLer to carry

cui t,he nurnerical- iterat,ions. General obserr¡ations and conclusions on the

frczen dem heat lransfer sLudy are gj-ven.

The methods of solving heat conduction problems are sumniarized

in Seclion V. Recomrnenciations are incl-uded regarding selection anrì best

use of lhe various methods. The important natter of suitable formulation

of an acL'¿¡al hea'b concluel,ion problem based on theoreticaL and practical

considerations, i-s discussed"

tì

!

I

Ì

i
I



II CONDUCTION HEAT TRANSF'¡]R THEORY

. lleaL transfer by conduction takes place in both solids and

fìuj-ls prorriCing temperaLure differences exist. For the case of fluids,

heal transfer by convecti,on ancl/or radiaLion wilL frequently occur

s.imultaneous v¡ith conduction. The treatment of heat conduclion as the

sole means of heat transfer Lherefore implies the mediurn uncier con-

sideralion is or acts as a solid. Accordingly, heat conduction may b,e

consid.ered. as a process of redistribution of inlernal energy in a medium

without measurable displacemenL of rnass. Il is conventional !o use the

term rheat flowr when referring to the actual physical process of

Lransferring internal energy. This tern used qualitatively is often

accompanied by a statemenl as to Lhe general direction of the rflowr.

. The mathematical Lheory of heat conduclion treabs malter ês

beirig conti-nuous, and is based on a general-ized macroscopic anaÌysis of

lhe Lransfer of energy in a solid.. The fundamenLal law of heat conduc-

tion r,¡as deduced from a study oi the results of experimenls on the

Iinear flow of heat through a slab perpendicul-ar to the faces. Thel

quantity of heat (Q) per unit area (.q) transferred from one face to the

oNher during an arbitrary period of time under conditions of sLeady

temperalure was found to be directlf proporLional- to the thennaf con-

duclivity (k) of the slab material, the temperature difference (At)

beLrveen the two faces, and lhe duration of the time interval (lt), and

inversely proportional Lo Lhe distance between the two faces (¡x). tfr:.s

l-aw was described by Biot in 180{, and was first used as a fundamental
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nalheiptical equation by Fourier in 1822 in

heei. In differenNial forrn, the fundamental

f ò -

his analybical'theory of

equation of heat conducti.on

odt
b. \L\-

',,¡he:'e e: dQ/ar is the heat flov¡ (or raLe of heat flow) corresponding

t o ihe instantaneous rate of transferring energy across a defined surface.

The rninus sign is required in keeping vrith a convention that dx be

'cosiiive in the d.irection of heat flovr, whereby dt must be negative

since heat must flow in the direction of decreasing temperatu¡'e. The

Cerivative dt/dx is d.efined. as the temperature gradient in the x-direction,

or 1aore generally as the grad.ient of the tenperature field. The quantity

ou/lt ts called, the heal''fl-ux. l

Equation (f) is completely general for unidirectional heat

flow, and srmply sLates that the heat flux at any point at any instant is

proportional to t,he temperature gradienl at the point at the instanL

unCer consideration. The constant of proportionality is the thermal con-

d.uciivity rvhich is a properiy of the material. The equation applies to

any point in the continuum, and at any point, dt/dx (or more specifically,

d.i) may vary with tÍme. The heat flux at a point in a region is a vector

rr,hose direction indicates the d.irection of heat flow and whose magnitud,e

cor¡esponds to the quantity of heat per unj.t time crossing a unit area

normal lo the vector at the point. 
.

2.1 GeqeIaI Heat Conduction Equation .'l

The oeneraL heat conduction equation togeLher with equatioh (t)
t.

¡ ¡¿v bv^¡v ^

consÌ;itute the basic mathematical relations involved. in the theory of



heai conduction. l,lhereas equaiion (t) gives the heat flux in terrns of

-tì:e ihe¡xal, concluctivity of the rnediun and the temperature gradient,

the gei-.eral heai conductibn equa^uion describes the dependence of tem-

peraiure on ihe spatial coordinates and time in the presence of heat

souÍ'ceo/'sinks. In view of the inporiance of the general heat cond.uction

eo,uaiio,-l, Lhe derivation for a Cartesian coordinate system is given in

clet ail.

*;"--+'

SOL/D

The physical mod.el- shor,;-n i" " Or""llelepiped having ,dimensions

Itx, Ay and Az, subject to transient heat conduction and interrral heat
ì

generation. For the immediate pur¡pose, lhe medir:m is taken to be homo-

geneous and isotropic, the lherrnal conductivity is independent of

lr,eÌnperature, and the rate of heat generation is uniform. 
,

i : f(xryrz &. r)

Hea*" in is the s'"unmation of the heaL flows into the element through the

I

^,r l

t.+A



x, yt & z faces. Heat out is the sur¡nat,ion of the heat flol'¡s out of the

el-e:-nenN through ihe x * Ax, X Ì- AT, and z t Az faces..

By the larq of conservation of energy:

I{eat in * heat generation - heat out : ti¡ne rate of change of internal

ân â ì^rr':r

Tìre raie given by (q in - q out) may be positive or negative. Internal

heai generaLion is positive for a heat source or negatJ.ve for a heat

sink" For a heat source, using l,J to denote the heat generation per unit

time and. voh:-,ne, the heat generated. l¡ithin the element per uniL time is

lir(Ax.Ay.Àz). The time rate of change of internal energy of the element

is the rate of heat storage if positive or the rate of heat rel-ease if

negative. Ð<pressed. in terms of the t,irne rate of change of the average

iernnerature of the element, the time rate of change of internal energy
lr-

is p O (¡x.¡y"¿r)j.Y, r,uhere density (p) and specific heat (C^) are' -C' òf ' -----Ú ' y

assu¡;red constant.

For the heat flov¡ int,o the

conciuction (q = -**), the

face (area Ay" Àz) is:

ei., * : -i<(Av"¡") *l*,!r¡9Ã

\ivu .

'.vhere T: l__ denotes the ternperature gradient with nespect to x at theox'x 
:

x*face,

Similarly, the heat flow out of the element through the x * Ax- face j.s:

. .òt
Q^._, _-.^-_ = -t(Ay. ¡")ãilx+ax .-ouî,, K1-ax - "¡ ' f(TfJX

!.n e;<pressi-on for #;"* in temrs "f * l* can be obtained by e>çand,ing

'.: -

,ir
.'. t.ll,

'

j

l

i,ì

elenent, from the fundanental Law of heat

heat fl-orv into the element through the x-
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the ienperature gradienL at ihe x-face in a Taylorrs series as follows:

Èr : Er -rèiSr', o*,,-9. /Èt \g+ ...-.
òi l:-&: òx k òx \ òx kr' -'-' ò* ( òx *) 2t

.' eout,ri^x- -k(Ày"az)i*ç. * (*ç) o** $(*ù #. "'J

The d.ifference betv¡een i,he two'heat flov¡ rates is:

qin,,- qoui,x*ax : -[-k( Lv'Lz)i* (* [)o* " #(* ç) F * '"] i

: + k(ax.ay.az) [*,f*[) . *(*ù #" ""]

Parallel expressions may be developed. for the y and. z pair of faces.

lhese-benns, d.ivid.ed by the volume, are designated as Y & Z. Now apply-

ing "rhe heai; rate balance equation as previously written and dividing

by the volume (¡x.¡y.Az), gives:

,-l-¿ /òL|\,-ðz /èL,\o¡*.."1 +y+z+lnl: ocòt".,niã*\õ;ç) *¡;"(5;kl 2:*""1 ¡¿'u ¡,, '-p-F
L

Nor"l- let Ax, Ày and Az*0, i.e. approach point A.

ði, - òtr òt+ i *þ- + l^ or simply =r- at a pointdxli dxA dx ' :

Also i^--* tn or t at a pointr tr u

The general equation becomes

tc l- ò2t ò2t ò2t J I^J òÈ

;d-lær#+Ðtl+-þ:#' ' c (z)
,--p L - p

This l-inear second. ord.er parbial differential equation is the general

heai conduction equation writt,en in Cartesian coordinates for a homo--
1

geneous and isotropj-c solid whose thernal conductivity is i,ndependent of

rì.1
!l
I

'i .

.

i

i.l



teni:ei"ature, If the raediurn is heterogeneous or homogeneous bu', aniso-

+ufopic, equation (2) beconres

1 ; , ò2t òzir ò2t 
--j .ri òt

ÞC* ' "x òx" ' "y èf ' "z ò2" ) pC* òrpp

If k varies wiLh te:nperatuie, equation (2) writt,en quite generally

]¡onn'n.¡o

+--L /u is\ +L lu È\ * L iu:s)1" q- : *tc òt\^ò?,,èt\^at,' d.z\..òzl-l' pc òrp- p

l,.lriiiieg the equaiion to incorporate the relationship k : f(t) nakes the '

equatioi-: non-Iinear. Carslar., and J."gu"I give the equation for the case

of k varying with temperature but i-nd.ependent of position (for whi-ch an

exac'¿ solution is possibì-e) as: '

]

k "ò2i; ò2t ò'tl ,'[{ òkf /èt\"*/òt\'-lòb\"-1 ]- =Èoc ãF*ãF*ã;ä-.i *;c -'õrL lã;/ -\ãti -.l,ã;/ , Þc, òr",1 - t-p -vL P
,

Alihough ùhe ther,nal conductiviLies of sol-ids generally vary

l,rithierrperaj;ure,equation(2)isfrequentIyusedinengi.neeringpractice

using k equal to the average k for the temperature range encountered, in
':

a pi.oblen. This procedure l^riIi give results which are usually within the l

required degree of accuracy.

/^\Equation (e) nay be derived in a similar nå.nner for cylindri-

ca1 or spherical polar coordinates. The equation in cylindrical co-

orCinates (rr0rz) corresponding to equation (2) will be used later and

i s given as foLlo':'¡s for reference

k i-att 1òt I è?t ¿2tl r/i òt ,,o\
oC -ãr_ã -r.ã; -r?aãêã=æl *ãõ] ã;. c . . \r/'p p

i:'
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2"2 T:¿pe of Problerns

Bquation (e) or its equivalent in other coord.inate s;rsfs¡s

I'iIi generally be the {ornr of the general heat conduction equaLion used

in ihis i;hesis, i.e. krp, and C* are constant and independent cf
p

i;en'¡ei'aiure and. position. In solving ihe pari;ial diffgreniial equation

corresoonCing to a pariicular problem, in ord.er to deterinine the exact

soluiion, cerLain information associa|ed vrith the problem must be known

which can be applied to eval-uate the constants of integration. Accord.-

ingl¡r, problems in heat conduction fall into a class of problem.s Lernred

initial and boundary value problems. Boundary conditions are the values

of t,he required. solution (usually Lernperature) at the bounding surfaces

of lhe geomeiry. Bound.ary con,Cition temperature values may be constant

or vary lr¡ilh time in a prescribed manner. 0ccasionally, the heat flux at

a surface provides a boundary condition. For unidirectional heat flow,

given Lhe heat flux at a surface and the thennal conductivity of the .

ned,i-,rre, 'rhe ternperature grad.ient at the surface may be calculated. using

equation (I).

Similarly, as the name i:nplies, initial conditions give the

val-ues of tenperature foi the probJ-em at ti-ne, r = O. Hence, initial

condiLions are required for transient heat conduction problems where it

is required. to solve for temperature for particular values of r > 0.

Initia] conCilions are the base values of temperature from which a tran-

sienL departs, For nany practical problems, the initial conditions are

i;ha'u i;he material is isothermal.

Regarding'equation (2), if Lhe temperature at a given point

in lhe mediurn varies with time (or alternatively, if tempera.tur varies
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r,¡iNh boih tirne and posii;ion) the process is called conduction in the

unsteady siate or t:'ansient heat. conduc'i:ion. 0n the other hand, if the

tempcra.iure at each point in Lhe continuum d.oes not vary ruiih',,ime, i'e.

òt/a'r : O, the process is cal-led conduction in the steady sLate. For

this case, Nhe tenpei'ature fieid. is consi:an!; hence for constant k, the

heai fluxes are also constant'and i-ndependent of time.

The general heat conduction eo*uation applies to all heat con-

duction problems --- heat floLr in one, ttrto or three dimensions, in

steaciy or unstead.y states, with or without internal heat generation. The

equa"i;ion is linear, and in rvriting the equation appropriate to any

particular situation, certain terms in the equation may equal zero. For

exainple, fol lwo-dimensional transient heat flow without internal heat

gene ration:

k I ¿2r ¿ztl òr
oC | ò;3 òv, J òt

P
l

The ii+o di-:-rensions x and y are required to describe the temperature dis-

'bribu'bion at any iime, T. For any given value of r, aII sections through

ihe three dimensional geometry in the xry plane have identical tempera-
:2r >+

t,ure fields, trence ftå : O, and in fact ff = const:0, i.e. lhere

are no tem.perature gradients in 1che z directron.

2"2.t Steady State Problems

For steady sLaLe situations, the problem i-s generally that of

deieräiining the temperature distri-bution and/or the heat flow; The two

specia-L casesr wriLten using all three coor¡dinates, are as follorvs:

Sùead.-r sraLe temperaúure fr-cl-ds !ÈlLhegt heat soureep

ò¿t èFt ì èt,:òt' ðz') òr
_-_Ã_ ì

O'U
P

oL =0



íìj 
-^o

).¿ :- :d r :iJ ¿ri t v v . L' L,.-;è>:' òl òz'

Using ihe symbol V

¡OarûrÍeier oi l, the

ì..'\
^ñ / v2
'Ð

11

þ
t (tne Laplacian) for the second-order ciifferential

equation is

V'i : 0 (Laplace eo.ualion)

Fro;l the Laplace eogation, since the t,ernperalure distribution is inde-

pencien'L of any thermal property of the medium, if is apparent that for a

given ge3netry and set of boundary conditions, different malerials will

have ihe sane tenperature distribution. The actual heat flows for

dlffe:'ent, rnat,erials wil-I of course vary ,Cepending on the therrnal conduc-

-biviiy cf Lhe material. In addition, for this type of problem, i,t ehould

'ce re¿l-j-zed 'r,hat certain heat sources/sinks must be physically involved

in ihe situaiion in order io maintain sieady lemperature conditions.

Theee heat sources/sinks brist at or beyond. the boundaries of the problem,

ani lheir effect,s are inciuded in the specifications of the boundary

conclil,ions 
"

Stead../ state Lenperature fields with uniforra heat sources

k i ¡'t , ò2t ò2t -j lI èii
;-jãF--rãF-ræJ 'roc ãfpp

ì, i: è'¿t è2 t \d

ãF-r ã7 - æ -k

or

'7 ?t : const (Poisson equation)
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2.2.2 Tiansieni Frob j erns

For ordinary lransient problens, it is usual,ly reqrrired to

ceierni:Lne ihe ternperature Cistz'ibutions for various values of t,ime. In

scr¡e cases the inst.antaneous heai fluxes or the integrated heat, flov¡s

ct,ei'cc¡'i:ain tine in'Lerwals na;r be of i-::apo-r'-'ance. A special- case in-

'l.rolving iransieni hea't conduciion is thal for which the Lenperalure

bounCa:"¡' concÌiiions change i.¡iih time in a periodic manner. The required

solul.ion for this Ì;ype of problem is usuall-y the steady periodic solu-

Lion for which the Lemperature fiel-ds for the medium vary in a

reirer;'ilious cyciic nenner with the bounclary conclitions. Perio.fic heat

conCuciion is discussed. in detail in section 3.1.2 b) since it is the

nain-i:;'peofprob}eminvoIvedinthefrozendamstudy

Frorn equation (Z), ttre equation for unstead.y state heat con-

CucLion r,¡ithout inl,ernal hea-b generation is:

t. 
^'' 

+

^ô i >..rUV 'JA'Ð-
. òzt, ò=t ì òt:' òy, ' òzo j èr

'''pC ): o, the thennal diffusivity, is containecl in the'ihe o,uentrty (1{/ p. .erÍlar q'Lrrus¿vrL

equaLion. the actual transient behaviour depends on the therrnal diffu-

sivily rthj-ch may be considered as a form of reciprocal time ccnslant.

This concept r"nay be illustrated by consideri-ng the case of a sinal-I peIlet

oÍ und.efined. geornetry having a temperature t, which is suddenl.y irunersed

in a J-arge bath of ternperature L¡.. It is assuned that the conrr'ecLive

heat transfer coefficient is infinite, and. the surface of tkre pellet

all,ains a ternperaiure t, lnsNantaneously upon immersion. Using the
I

differenlial operator p- o(=) , as a result of equation (f)r,v-, dt

a-L i;he inslant of i¡rnersion:



t3

.L+
:-, : :t ì "", forir)Lr-,'rL

-u,-he¡e 1,,-Lhe'i,ì '-i¿i resistance, j-s of the fon:r # .v¡ith units of

ìii*f-b*tri; .i- 'hr-oF
ru-i--Btu- A ¡-1" Btu "

By ';ne 'l¿',.,r 6f conservation of energy;

iieei i nput : time rate of heat s',,orage i-n the pe]-Iet

' *l'' al^ +
" " þq, \¡J l,o q

r^¡he:'e C is ihe ì;hermal capacity of the peIlet, i.e.

c - Í(v,p,c-) r.rith uniis fL= x lbm BLu qlu
p ',.r].'ün u.niÌ,s r L- x TIr x IÇo¡, : -,T;

EQuaiing lhe two expressions for pQ:-

a;
U. -' L^-14^-L

: uP',z

,- '- a- l^^+trl vp tL¿yue

a.r¡cÈqnÈ /h-. \t, : (f + fO ) t" where T l= RC is the tiroe constant (frrs.).

The iime constant of a system is a measure of the speed of response. If

T is snall, the pel-Iet temperature tr-oLr relatively quickly. Converse-

ly, if T is large, more time is required for the change to occur. Now

'l : lìC : + VpC where x, V and A are cornponents of the geometry.1{A p

Hence for a given geometry, a large value o.f ø : 
h- gives a sroall T

p:
an.i hence a short iransient period. Accordingly, thermal diffusivity is

a measure of the thermal sensitivity of a rnaterial - the tirne response

oí a naNerial to a te,:nperature disturbance. The units of the¡rnal-

diffusi'.'ity.are: 
',

òi , òzt, oF f-bz fï¿c¿::;i 5;ã + : h* x f : -n,
u ¡ uj;i -[ "'



IfI i'ETliODS 0Ì¡ SOLVIIiG Ht{T CûÌ''¡}UCTIO¡I PP,OBL¡I'iS

0f the numerous methods available for solving heat conduction

n:'cl:l-e:ns, in generaÌ, each method has a fairly definite range of appli-

c¿lion l¡Ìrich is ei1:her inherent in the rnelhcd or due to nathernatical

colrL,iie;ii;ies. For example, free-hand flux ploi'uing nnay be used only for
'L'r'.,c dinensional sieady siaLe problems. For any given problem, usually

:rore than one meLhod can be employed, and any one of these methods will
-Lend 1,o have certain advaniages and d,isadvantages compared to ihe others.

The sel-ection of a meihcd to solve a particular problem within the re-

quireii c'legree of accuracy with a rn-inimum expenditure of time and effort

5-s iargel-y a matNer of engineering judgnent. The lack of suit:ble

Íaciliiies/apparatus may, in many cases, rul-e out the use of certain

me'¿hods (particuiariy analog rnethods). I rinite-difference approacl: to

a Iarge-scale problem by numerical iieration may be impractical by hand

conputa'r,ion, vrhereas the solution may be readily obtainable through the

use of an el-ectronic digitaì- computer after only a few hours of pro-
:,

grc3lnring and computer operation. ',

For the purpose of presentalion, the various methods of

soh'i-ng heat, conduction problems were arbiLrarily classified :rs analytical,

:lini'ue-dif ference_ (Uottr graphical and numerical), analog and gæerj¡renlal.

The objeclives in dealing, with each rnethod were to present ils physical

basis and to discuss ùhe practlcal aspecls of its appllcation and utility.

The survey was by no means exhaustive; new nethods/techniques within a

nelhod are being d.eveloped continually, In this respect, the em.phasis

r,.,es in dealinrg r.¡íi;]: -ii;, older and beLter knoln methods which have been
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of use" Cei'tain sol-uNion aeihcds ,.'rer"e treaied

^" --ì ^ T - *^ ^-ù of ihese cases f 1e11 g;¡':'rnì pqgr--:-..,.1-Lç. *:r j-.U) v 9! UllçÞç Ud.ÞVÞ, u:iw urÉ..i.JreÐ

on -uh€ f tozert da-m probi ern"

r-nalyricâ1 rile-,.,ho,i.s oí solvi¡rg heet conducLion problerns ccnsisi

essenLiaÌ-Ly of sr,):aighi solulio:ls of the pert,r-a} differenlia'l equarion of

heat conducii-on, i "e. maihenaircel scluì,ions to equation (Z) i.¡r-illen to

corresÐond io a given probleÍij wilh the constents of iniegrarion eval-ua-

ted ihi'ough 'i,he use o-i boundary condiiion Caia. Follo'niing sel-eciion of

a sui-i::ble coc¡'dina'ce sysiein, ¿he '¡¡"ol¡len is íirs'u forinulaled by vr:':t,ing

-uhe ¿¡o::opriate d.iffereniial equ¡ficn ¿nd the inifial ancÌ boundary

conCiiionse anC by specifying the neiure of the reouireo soluiion" The

prcblen then becoroes stricily nai;henaiical-, and nay be subjected to any

na-bhe¡ta"uicaÌ ""echnicue tc obiain a p¿ii.'ui-cu1ar soluuion. In theory¡ any

heai conducticn problen can be sol-veê anelfi,i calIy" In pracLise, even if

the p:'obl-eín can be successfuliy foni:uiated, the solution may be in-

deienninaie due Lo the inl¡"icate ra.a-uhemalics invol-ved.

3.I"I lieai Conduction in a Sinåie Independenì; Variable

,- is one-di¡nensional sleady state heal con-

r:.uction with or without iniernat heal gene:"aiion. (The case of i: f(r)

al-one is no longer a heaL conduclion probien since zero tenpe:'ature

gradieni;s pieclude conduction of heaL). fne three basic geoneiries are

*.he rjane rrall, hollorv cylinder'(tu¡e) and holiorv sphere. The pJ-ane r.+all

or a-ì aie has finite thickness, hoivever iLs pa:'all-el bounding surfaces ei"e

infinite in exlent. The hol-Ìo"*'cylinder is infj-nit,ely long. The bound.j-ng
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sìrriecesl for aII llrr:ee geonietries are isolhe:mal- anC at different

'r,eiiiper'¿.1,ures. Heat flot"s from one surface through the. nediurn 'uo t,he

o'¿her'sìrrface in a direction';¡hich is no¡'n:al- to Lhe surfaces.

I'fany heaL lransfer situalÍons encounlered in engineering

ni'icì:'j cer approach unid.irectional sieady slate heat conduetion. E:carnples

r';i lhout inie¡'nal heat generation are lhe v¡alls of a ref rigerator, a cir-

cuÌer insul-ated stean piperetc" App1i cations involving internal- heat

generatir-on aay include el-eci;ric heating elements, nuclear fúels, curing

oÍ conc::ete, etc. For the refrj-gerator vra1l for exarnple, heat flow will

be pi:eCor:inai,ely unidirectional on a surface area basis. T¡o or three

coordin:¡.tes r,.¿i11 be required. to specify the temperalure dist,ribut,ion at

tne ecÌges and coi'ners" If the surface area i-s relativel-y large compared

to iÌre thickness of the rvaì-l, edge effec'bs will tend to be negligibl-e,

anC the enlire v,,all may be treated. to a very good. approximation as a

case of one-dimensional heat flow

In view of the importance of unidirectional

in hea-¿ conduclion analysis, two cases are considered

plane r.¡all u'ithout heat sources and the cyÌinder with

heel generation,

a) Plane I,rIatI (VJ : 0)

equation (2),

0 and since t, : f(x)

heat flow relations

in detail - the

uniform inLernal

!

t.

^¿ìAL
ì

r

From

r- /:2.e\l{ / v u\
:l-l :

cC i òx"/

À2L
-11 U^

¿ ro:Ìe . =-; : u
t A\reu^

I

L^
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.rcr ';, 2 Ln q is es shor*n end x increases in the sane directi-on es q..

-:t + r¡
1j.^ 

^ 
(ll,,rì:-;u ;ï- : 0" - 

: C" a consi;ani.ñ:r - ' (\'!

Le'u the boundary conditicns be

't : i1 a'Lx:xt, end

* : -! -l-e 94 GU Á 'Þ.

Scl ¡¡ing f or C and D from t,hese boundary conditions gives an eqrielion for
*,,he tenperature distribut,ion (Iinear). Heat flov¡ is unid.irecl:i-onal, and

fci'equation (1), an expression for d.t/dx can be obLained by differen-

iiating the temperaLure distribution equation with respect tc x. The re-

sul*"ing he¿"i: flow equation is:

(¿)

I-ience the heat flux (for k independ.eni of t) is simply the product of the

Lhe:¿aI conduciivity and the ratio of temperature difference to wal-I

* l-ri r,ì-ncecu¡f Jv::rrvu9.

t- /, \(Fquzr'iion (4) might have been derived more readily by integraling

ecjuai,j-on (l-) over the l-imits given by the boundary conditions. This

sshoricu'br rnethod is possibl-e only because unidirectional heal flow is

involved for r¡hich equation (f ) is applicable). ì,,,

If thermal conductivity varies linearly with temperature, for

a 'l,e:iaperaiure range bounded. by tr and te, it roay be shor.,n2 that the l

:'
niean therinal conductivity val-ue suitable for use Ín the heat flow i

equation is k at t: å(tr + t"), i.e, k at the average temperature of the
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r:..¡lgc. The aciual- ie:rperaiure distri'ou'i;ion tui]l deviale fron a straight

li¡:e ¡'el-a'uionship" TÌre posii,ion of na:¡jriuin iemperature. devialion from a

I ine:.r ii::rperaiure disiribuiion occurs at ihe value of x for v¡hich

.,- 
- 

tlt _.- I \u - :;\!", , vç. ) " The general- expression for mean ihermal conductivity
'l+

(incl-uding k non-Iineai' in tence::ature) is k" :t4 ["u k.d'1" Icf(t)
'I - La 'tt

The nultilayer l"all- is an obvious exlension to the case of

s'ieacì.y siate unidirectional heat flo'r¡ through a plane r^¡a11. The

nul li-leyer r¡all- consists of uniform layers of different materials of

either equal or unequal l.¡id.ths. .A. trr¡o layer vrall is first considered,.

al¡

The usuaL problein is to "uf..trf"t" 
the heat fl-ow through the

co;airosite wal-I. Temperatute L, being an inLerior temperature, is usually

not fino-u..rn" UnCer steady temperature conditions, there can be no heat

slorage or release for the medium, hence the heat flov¡ through each layer

::nust be ihe sane. Assuming no contact resistance between the two layers,

i"e" no temperaiure d.iscon'r,inuity at the interface, from equation (f),

Íor unii ai'ea:

¡- lt ¿ \
-i.tür - U^,

cÃJ-

k, (-1" - l. )

¿lJi^

Solvi-ng for t, in terrns oi tr, t3 and the thernal- resistances, and sub-
!IU1 - t.:l

Àx, 
^x"Itt 'E

sNiNu',,ing for t, in the heat fiow equaiion, leads to q =



'la

'.,Ç -

-tv

'-l:--j r su.r'face. area ,

inci,'.rc-bion, f or a l*alJ of tnr ì-ayers:

-ir -i- n-il
per unit surface area.

The condition of no conLacL resistance ir.lplies a perfect thermal

boncÌ belxeen Nhe maierials, In practice, some Lemperature drop r^riIl occur

at an inlerface due i:o a finite contact resistance. If 'r,he ihe¡n¿.I re-

ej-sr¿rnces oî ihe rnaterials are large and i;he materials are rvel} íitted,

negì esiing contact resistances may not cause significani error in tne

ccin¡,u'ed hea'b flow" 0n the other hand, if the rcaterials are gocd thermal

conduciors and the layers are rel-aiively thin, the contact resistances

nay very weì-I govern the heat, flor,u"

An estj¡¡at,ion of the ma.gnituce of contact resisiance for a

give;: pi'oblem ùends t,o be a rather complicated r¡atLer even if ÐaralneLers

such as surface roughness and inLerfacial pressure are accurately knovrn.

Theci"ies of real contact area beti^reen plane surfaces in conlact and of

consN¡.icLion resisiance have beefi esLabl-ishud3, ho*"ver there is still

relaiively }iltle dala pubJ-ished. on the subject.

U) Cylin¿er (i,'i = const. )

A sol-ici generating heat unifornJ-y on a volume basis and of ,

long sLraight cylindrical geometry, is consldered. The situation night,

for example, represent the ideal case of a wire carrying electric current

v¡ith no skin effec+-s and electrical resistance independent of temperature.
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Since radial heai flor+ is involved, equation (:) i" cylindrical coordi-

l:rì.ies :ì-s applied, i"e.

J,'- iË= -i-rÈl +å : o.oU 4r* r cri 0U-pp

Sir,cet:f(::)onty,

(,2'u 'l i.t tl ^c:¿ ' r ciz' k ve

Subsiiiuting S : $f tgradient) anC multiplying through by r dr results in

liI
rcÌS*Sor = -irdr whereL.H.S. : d(rs).

'i'.,.,o successive integrabions lead.s tJ
*rJ f.i. : - e-- -l- Cl !'nr*Czv õ1. a

The consiants of integration rûay be evaluated by applying knov;n boundary

corici.iiions. The cylinder dissipales heat by convection to its surround-

irgs, hence

-, 13+: -k+l - w(+ . ).j: - n *I r:R ll\t'? - t'6o ,r"
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e: - C bY s¡rnnetry* ,,vhich ::equires C, : 0,

Ì-_ a?::- . ::- -:- n -.no the ii¡.st B.c. resulis in2'--: 2 Ç

¡.:¡2il¡- t- Zl<.r¡ ! + 

-l
1,1¡ \¡ '.'lJ

exÐression ío¡' ternperaiure disil"ibution beccnes

u{a

r.;rt?jJ.'ii /¡ , iir-r_{
/,1^' la?j'
L2. L

U U.

n^,-* --,-r çi.:iio .1U

c¡õ,,-.- ^ -:-
t v:lliJr ú u

l,'-^ ì-

T.T

--"-¡v L',.r+.!
(ó)

axis (r0) : j;r

s'ùrface (=3) i ip : t." "#
ì"'-

-i-s s::"-:ec'ced, ul:e tenper"a'r,ui"e 'ì evels in 'che so tid depend. on Lhe arnbienL

-benoera'Lu.re (i.") and the convective hea'L Lransfer coefficieni; (n). file
*r,enìlelraiure difference (itì - i"), ho'rrever, d.epend.s only on internal

íaciors; being d.ir'ec'bly ÐlîolJot"iioneL to i^i anC f , ani inversely propor-

'¿ional to the '¿he¡'¿¿rÌ conduc-rivity oi "rhe nediu¡¿" IJote, es Long as sieady

';ei:ile:.ature conCiilions p::evaiJ-, ihe heat floi.,' for the problen sinply

decends on ',ri, i,e. q. = r-,Hz\l BL,¿,/hr'. per f-i:" of cylinder lengih. The

su:iece heat fÌ,.::i, | : i'*:: Eiu/hr-lt2 .
-1

One pariìcular ¿3¿lyilcal appr"oach to one-dimensional sLeady

state Þrobl-eÌ-lìs l.,,'arranls speciel- r.rention" This approach is to r+rite oui a

hea¿ balance equaLion on an increnental el-erent of the geonelry, ihereby

cap'i-¿¿l!2ing on lhe facL that heat fLovr is unidirectional. Tiris approach

rr"as used to specify one of the boundary conditions of ihe preceding

cylinde:' problern. It is also cotffnonly empioyed in anal-yzing extend.ed

surfeces ',.¡hich are used in many applications Lo increase the heal dissi-
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ira-licn caÐabiliiJr oÍ a s'Lr"uci;ure. If lhe Íin dianeter or widlh is small

cc;p:'rcC ic iis length, con¡,'ection iends lo conirol'Lhe heal flov¡ - Lhere

1l'¡r :ì ri -, tvi l ì iannpz.rtllFê dì-.ôìi an* c '¡.¡:.r.:rra¡ caaii n-.o -n-t^.'l +c¿v rêr¿,u c*er ì;enper'a'bure gr'edienís, hot¡ever seciions norll¿1, tc, lhe

lonåii,ucìinal- a,ris are essentialJ-y isother¡'na1 - hence one-dinensional

siea.cilr siate heaL conducl,ion" The heai ::ale balance equetion is:-

l'jeaj: in by cond. : HeaL oul by cond. + conv.. ]oss at ùhe perimeter.

I'or a fin elenent of'lengLh dx (x in the arial direction), applying

equaiion (1) of lhe fonn q : -k A(x) ff, rnd expanding'uhe theat outl

teni j n e Tayl 6¡ series esi:tg t,he first tl^¿o tenns as a reasonable ap-'

nro:¡-iinaiion, Ieads to :

-r< r(x)S: -r< -4.(x)* " fu i-- /'(")*iì d),-,.- h(cdx)(t - t* ),
r¿her'e C: ivei-bed perimet,er and h and too are as defined. earl-ier.

', t !- i^f"l *j \,.. : h c dx (t - t* )

J J- ¡r-ì ì-n
and A=ia(>:)ff1 : ï(t-t-) " (Z)

For L i ndependeir,l of x,

-r2 -. r^^L-r/M/r-_,_\^
-:*; - ì-;- \{, - ucô ) - U,
l:J" l(A

r.,.'hich has a general solution of Nhe for¡r

^ rDí ^ -n:.- \-hc-ü - L::,: : Ul e -- ì- U2 e uhere m : l;i- '

À -l 
^ --lr Ló.Lse amount of 'bheoreiical inforraation and data is available

to t,he cìesigner/anelyst invol-ved in a fin problem; both in heat lransfÇr

.r -..-r. ^!lr5 ^.^^ .,-\- - -^*^-^ì ì:¡ ^*^+ 
A

!er.-';s - ana rne general lilerature. Gardner" gives curves for fin

eí'fi-ciencies of several vari-eties of straight fins, annular fins and
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The prececing iiiustrates tÌre general anaì/¿ical ap,:-'roach io

iie¿ii ccircj.uciion in a si-n6ie independei:l variable. ì:'ia.-he¡ratically, these

proble,ls ienci io be ele¡leniary in naiure since formul ation involves an

orii¡:¿::y differenÍ:ial eo,uaiion" Ðue Lo eese of hand.ling, anal¡'tical .

üeihcis a::e useC al-nosi exciusivel-y i-ir sol.ving p;'obl,cir.s of this ca'r,egory.

t.L.2 lJea'i; Conduclion in Tr,rro IncÌepei:clent Variables

Heat conduci;ion in trvo independ.ei'lt variables may be eilher two-

diilensional steady state or one-di-mensional transient. These Nv¡o cases

¿:-re ccnsidered. separaLely in the above ment,ioned sequence. The presence'

cf n¿ai sources/sinks v¡iihin the LernperaLure fields is exclucied ùhrough-

oul 'Lhis section"

a) T\.ro-Ðj-nensional Stead)¡ St,a't e Problems

Fron equaiion (2) since "r : f(xry), the temperature field is
.t^-^-iì^^^ l^*--ssJU! rusu uJ .

^4+- 1. v u
--:-c- ¡

! 

^a-v^

L)t

-r-:u " (e)

As usual, for a given geometry and set of boundary conditionei, i;he re-

quired solu"'ion to the problan is either the heat flow at a particular

suríace or the tenperature field. If the forrner is the requirernent, iL is

necessery usually to solve first íor the spatial distribuiiorr of tempera-

iur-e. Several anal¡rLical raeLhods are available; the main ones are reviewed

¿s .f ol-lorr's: ì

L) luleihod. qi Sepaqq.ti-on of Variables (Prod.uct I'Íet.l-:od)

The solution of part,ial differential equations b¡' separation

of varj-ables consisì5basically of reducing t,he parlial differ:ent,ial
I

eclualion lo one invo.l-ving the proCuct of two (or more) ordinary differenlia]



)),

equ¿.'Ljons" Success in obtaining the final solut,ion justifies 1'he assump-

iior ihat, the d.epenCent variabl-e ean be expressed as 3 proc';ci. of func-

iiorrs of different, independ.eni variables. A separaLi-on cons'r'artl' j-s

inr¡oivec. (see example fol-lor.ring), and occasionally i;he bourrcìa:y conCi-

'L!o:s l:eciuii"il i;ìris pararr.eier io assurne ceriain dj-:cl';"'e cYJ1l?':ieristic

vaiues (eigenvatues) for Lhe problen. In this case, unless -Lhe sol-ution

can be expressed. in closed form or tabular data is available, numerical

eve.ll'",ation of terûpe:.ature as a function of a suln of eigenfunciions may

be sonei¡hat Ledious. In general-, however, the product melhod is an ex-

trenely powerful and useful mathemaLical rool-. ForLunately, many partial

difíeren'uial- equations d.escribing heat conduction belong to the cl-ass of

separable d.omains, and the niethod is frequenily used' wit,h success'

A secondary advantage associated v¡ith the method involves the

fact t,hat boundary cond.itions are ofien specified for consLanl values of

a geoure,cric coordinaie. The nethod of separation of variables permits

<iireci: applica|ion of the boundary conditions, thereby facilitating

eval-uation of the const,ants. The methcd is illustrated by the following

^---.**t -(jiLèU.l!lr-Lç c

I(f

,J
i-- = CO/?s-J.

\./
-/- -',a-..

-_ 
t--

_ ì>_*-

\
ÕJ

Cr



25

The geomeiry shorvn is a cross-secLion fhrough a long r,';edge

r,¡hose bounriing surfaces are isothermal- and al different tenpet:tLures.

For pracLrcal purposes, the tenperature at the apex may be considered

as +-he average of the trto boundary temperatures. The situaiion might

re¡resenL a Cike r¡it,h its sides exposed to r¡aier aad ai.nosphere resÐect-

ively, where the inlerejt is in temperature for values of radius suf-

íicienLly small that the l-ength of the slope appears to go to infinity

befr::.e breaking horizonlall-y.

A cylindrical coord.inaLe system is used with references as

indj-cated. From the boundary conditions (t constant for al-l values of r),

it is suspected that an equation for t might be written in t,er¡ns of 0

alone. This is in fact true, and a short derivation would be:

"l â2+
t - f(0),andþ &= 

: 0

Hovrever, to illustrate the product nethod, temperature is considered as

being dependent on both radius and angle, i.e. t - f(rrO). From equation

(¡ ),

:2 ¡-

--i.
or€

Assume

r òt, I ò2t ^ ò'¿t 
^;ã.*ira0" = o t æ u'

i: R&: where R : f(r) alone,

and ø = f(0)aIone"

Substitution into the Laplace equation gives

-dan Ø¿n , R dtØø# {- i* + ? æ# : 0, and therefore

-r" l^d'R 1 dR I l- ^ dzrr
?iAF- + ; äiJ : à. fu? : s, the separation constant.

The two sides are functions of differenl independent variables and can

be equal only if each is equal to a constant. This separation,constant is
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an inleger which may be positive or negative. Since the problern has been

over-'-formulated.; try S : 0.

' o"(i
I a¿ v, A

:

0

à(Âhence +
d'U

'J'aø

Ø

^r? nuIL
A-Lso -:-rr -þ

UI

d"H
Fr=

rd(å*)

Alde

AO+B

IdR 
=rdr

ldR
rdr

'. dr
,J r

¿¿.,S : - 4nrt 2nC or@'-"" dr dr

'dR
,J'

R

.." r = eØ : (CIn r+D) (Ae+e)

Now C: 0, since in order to match the boundary conditions,

conslant for a given 0 for aII values of r.

,..1 : (AD)o+(BD)

: Eg+F

Nolr,t=t--af e - 0rhenceF = q.,w'w
and the equation becomes t : E e + tw

AIso t : t^ at Q : P, and substitution yieldsa 
t -tt : EÊ+t--whereE: a v¡aw-F-

/+ - + \
"".t:{"u 

-*)e+t
\g/w

or f oi' L > t.wa

:gr

-^ndr-t'J;-

- C .Lnr t D

t must be
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lL -t\+ : + -iV¡ alâ
tr\þ/

On1y one coordinat,e is required to specify temperaLu-re in the

final- expression which makes the problem one-di¡nensi,onal steady state.

If the problem were exLended to include a dike plus foirndalion, a

Carlesian co-ordinate system nrighl very wel-I be used due to foundation

considerations. For this case, two space coordinates would be reo¡rired

to specify temperature within the dike proper. The point then is that

;;Ìie coordinate system has a bearing on the dimensionality of the probJ-en.

Failure to choose the tbestr coo¡dinate system may compli.cate a problem

neeClessl-y by requiring an extra inciependent variable.

ii) Conformal Mapping

In the theory çf functions of a complex variable, the tenn

tmappi-ngt refers to the transforrnation of points in the z-plane

(, : * -ts iy) into correspond,ing poinls of the w-plane (t : u * iv) ac-

cording to their functional relationship w = f(z), where w(a second

com.olex variable) is a function of the complex variabl-e z within a de-

fined. domain. If the function is analytic and. has non-vanishing deriva-

iives, the mapping is conforrnal, i.e. the transformabion preserves

angles, hence in parbicular orthogonal curves are tnapped into orthogonal

ôr1Êrôêvgr v v9.

Any function that has continuous partial derivatives of the

second ord.er and Lhat satisfies the Laplace equation in two independent

variables is called a harmonic function. Both the real and imaginary

parts of an analybic function of a complex variable are harrnonic fqne-

tions. This may be shown as follows:
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èu òr' , . òu -òv<- : :i- ano l= : -î by the Cauehy - Riemann conditions.c-'i dy dy dx

è2, òzv ò2u _àrv
Flence õp- : aIãfl and ã'' : 

ã",o

For well behaved. functions u and. v, the order of parbial is imnaterial;

¡r*l ò(tl
and in particular -5f,Ë : -6#

" ò2u òav à2v -ò2u .
:

.æ- : òõ : ãþx : -ãf ;

l:on r+hich

Ël*+*=0.dx" oy-

Similarly,
\6 \D ì'

o'v , d"v ^rì-" -r- <--E- O.
I ä. \-J

The functions u and v are called conjugate harmonic functions. In general,

if a harmonic function is given, it can be shown that its harrnonic conju-

gale exists, ancl the latter can be calculated to within an ar'ciLrary con-

stant. In potential theory, the harmonic conjugates are referred to

generally as therpotential function' (ø) and the tstream func-rion' W).

An furporbant characteristic of conjugate harmonic funcùions

is that the cu'rves u(xry) = C!, a constant, and v(xry) : Ca âr'e mutually
':

orLhogonal. In order f,or the curves to be perpendicul-ar at the- point of

intersection, the slope of one curve must be the negative reciprocal of
\

the sJ-ope of the other curve at the point of intersection.

For u(x,y) : Cr, 
l

. -^-èu r-- + S dv ldu: U: ãl qx ðy ur

v¡hence å* f" : - (HÆ) proviains $ I o-
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Similarly, for v(xry) : Ca,

dv , / èv/àx\
4t : _ t 4_t

dx 'v | òv/òy I

" dy , òu/ò., ^,--- ñJ'" #1.,, = 5;/Ë , by substitution from the Cauchy-Riemann conditions.

-1
= òu/ìl

òu/òy

The temperaLure function, t : f(xry), and lhe tenperalure

gradients for steady state heat conducti-on are conlinuous throughout a

d.omain consisLing of the inLerior of the solid under consideration. Hence

since equation (g) is a Laplace equation in two dimensions, temperature

(t) is a har:nonj.c function of x, y. Il follows, Iines t(xry): Cr are the

i-soLherms. Furbhermore, from equation (1), lines orbhogonaL to Lhe iso-

lherrns (the con¡ugate harmonic, say S(xry): C*) must be heat.flou, Lines
:

sj-nce Lhe heat flux vector is in the direction of the temperature gradient

which is perpendicul-ar to the isotherm al each point

The preceding coupled with one imporLant theorem associated

with conformal mapping, form the basis for Lhe use of conform¡rI mapping

in solving two-d.imensional steady staLe heat conduction problems. This
,7

lheorernr sLates - 'rEvery harmonic function'of x and y transforms into a

harmonic function of u and v under the change of variables * 
I 
* . iy :

f(u + iv) where f is an analybic functiontr. Accordingly, under,conformal

transfor¡¡ations, equation (S) applies (with appropriate independent

variables) to tfre transfo¡rned geometry as weLl as the original geomeLry.

. The general technique in solving ùwo-dimensional steady state

heal conduction problems via conformal rnapping is to locate tþe geometry

in lhe xry'pIane, and seek a transfornation which will provide a geometry

-1-_-: qyr
dx'u

at the same point (xry).
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in lhe ü r v plane which is amenable to solution. Problems of' boundary

concLilions of either prescribed. temperalure (Oiricnteþ) or specified

normal temperature gradient (Neumann) can be handled. Tabl-es of trans-

fon.raLions are available8. Fo* a given problem, an explicit equation for

lemperature can generally be obtained by writ,ing the temperature re1ation

in the u, v plane (usually by inspection), and substituting the trans-

forrnation function to obtain temperature in ter¡ns of the coordinates

(*ry) of the actual geomelry. (ttote, locating the geometry in the urv

plane and workj-ng in reverse i.s pennissible providing the inverse func-

tion (analytic) is single-valued.) The application of this mathernatical

tooIisiI1ustratedbythefo11owingsimpleexampIe

The problem is a long pipe wilh an eccentric bore of geometry;

O.D. : Z.O,,r I.D. : I.Z5i, and eccentricity, e = O.25tt. The temperaLure

field is steady, ad the boundary conditions are that the constant

temperatures of the inner and outer surfaces are t. : 16OoF and t^ : 6OoF.
]-0

]t is required to compute the heat loss from the pipe. The average

thermal conductivity of the material for the temperature range involved

is k--- = r.o gtu/hr-ft-or.
ov

A transfonnation was found9 (ti*. 1) which maps the region into

a concen¡ric cylind.er, geometry for which the heat flor.r equaf,ion is weII

known. No scale change is involved. The inner radius of this new cylinder

is I"O inches, and an .qo"tio., is given for the outer radius (Ro) whictr

r¡as calculated to be 1.42 inches. Usi.ng a cylinder length of I ft', and

so1vingdirect1yinthetransfornedp1ane,r"esu1tsin

1?90 Btu/irr. per ft. of length.: ÆÊk LL : en(100)
r

^oi'ñ
r.

L

l.l+2
1.0.Ln
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An explicit equation for heat fl-orr¡ exists

of Lhe acLual geometry. The Lirne required

is about the sa¡ne for both methods given

for this problem :-n terrns

obtain a. numerical result

formula or the Lransfor:n.

10

to

the

iii) Frux Plo!

Freehand flux-plotting may be used to solve tv¡o-dirncnsional

(Cartesian) steady state heat conduction problems in a rapid lhough ap-

proxinate manner. Although graphical in nature, Lhis method i:; incLuded
,

in this section for the sahe of continuiLy since its basis is rel..ated to

the principles of conformal mapping. As previously outlined, in two-

d,imensional stead.y state iteat flow, the isotherms and heat fl<>w 1ines

inLersect at right angl-es. Heat flow lines are adiabatic in the sense

that heat rvill not flow across such a Iine. If a grid of isolìrerrns and

heat fl-ow lines is constmcted so as Lo provj.de orbhogonaliLy, lhe region

bounded by Lwo adjacent adiabatic lines constituLes a heat flow lane.

If in add,ition, the lines- of the grid, form curvilinear squares (average

length of the sides opposj-te each other are equal), the temperature

difference between a gj.ven isotherm and its two neighbouring itotherns is

the same.

A?,

ot2g
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In finile-difference form, for a length '9'of the cross-section (see

ske'cch ) ;

^^ 
k(yú) Ar, : k(y,¿) Atu

oq.1 x1 xã

since the sarne heat flows t,hrough each element under steady.temperature

conditions.

Nov.r, y, : x, and. ya = xe frorn the construction, hence Atr : At, = Ât..
L

To solve a two-dimensional steady state problem, the geomeLry

is firsi, examined for s¡rmmetry. This.generally leads to isolation of a

component region. which i-s bounded by two isotherms (at different tempera-

tures) connected by two adiabatics. The procedure now is to skeLch a

flux plot for this region by forming a grid of curvilinear squares. When

compleLed, the number of temperature intervals (N) an¿ the number of

heaL flow lanes (¡n) are counted. The heat flow for the region is the

sum of the incremental heat flows of each heat flow lane between the

boundary isótherms, i.e.
Mq = X Ao.-I^I

.M: kI t At., since Àqe : k .e, Aür = 6gi
1*

:kLMAtl

Now At1 : At" = Àt. : ¡t in, general.
l- 

:-
tn - to

Á,Iso At : ^ ' 
o where t. and t, are

N

Hence by substituLion for At, = At
',i

the boundary condition temperatures.

( ro),q: -rf$) (to-tr) ,. ,, .,. c

The ratio M/N : S is called the shape factor.
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The iolal heat flow and over-all shape factor for the geomeLry are q or

S times the number of synmeLrical sections respectively.

Accordingly, flux-plotting both allows an estimate of the

heat flow and provides information as to the location anC value of the

isotherms. Accuracy depends on the degree of refinement of the netuork.

Increased accuracy can be achieved by decreasing the size of lhe grid.

This technique is illustrat,ed by solving the previous problem of the

pipe wilh an eccenLric bore (fig.. Z), tile geonetry is s¡rmmetrical in

two halves. From the solution by conf'onnal mapping, the exacL'value of
2ß ìrthe shape factor is S - + = ffi, 

: I? .9. The value obtained

2no
"i

by fÌux-plotting (s = I?.5) 
. 
is only approximately 2fi in error.

Values for the shape factors (or equivalence) of variations of

several geometries have been published; in particular for insulation

d.""ig""rr and buried heat 
"o.,,".""rr2r13 

th" latter including Lhree

dimensional effects.

iv) Method of Fictitious Sources a4d hoages

The method of fictitious sources and images, originated mainly

by Lord Kelvin (1S80), has proven extremely useful in solving certain

heat conduction problems having non-Iinear boundary conditions. Probabl-y

the best known solut,ion in heaL conducti-on by this method is Lhat for

the two-dimensional steady state problem of a buried cable dissipating

hea¡ to its surround.ings. The boundary conditions for this probl-em are:

1) a linear isotherrn bounding the roediurn (semi-infinitely

exbended.) surrounding the buried cable, and

2) a circular i-soLherm located in the nedir¡n, representing

the constant surface temperature of the buried cable.
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jv.^-- jc:...u-:"-i::; tr:e bcu:,1: *:r 3¡¡ji:-ons ío:' any o:ìe coorC;:-a"e sysLçrr

'."-il 
j ieni io iisuaCe air,e:lp-Ls io soi'¡e -vhe pro'cl-en using the usual analy-

i.ic¡ri ¿ÐÐj'ûech. Tne Ðrocedur:e then is "o l-ock ic¡- a conbinati-on oí

Íic¡--rious r,eai scui-ccs/sirlts '.rhich -';iij produce Lhe boundary tenipera-

i,ui'es. ?his aÐpí-c:cr,;r'zy b; uscd. becau;e ihe general- heat conciucf,ion

equaiÍon is Ìj-near, aili ihe nei efiec'L on a poir:i j-n ihe gecne-ury due io

eilher ficij-iious or: aciual heai scur-ces/sinks, nay be de'Lenirined by

ihe pi'irrciple qf supe n:osi'¿ion" The cornbinalion i,,:rich gi-ves ihe boundary

conjiiions for''t,he bur"ied c¿ble j-s a heai sink which is a nlrror ínage

of lhe heai sou::ce, and rn ioing so, 'rhe surroundings becon:.e infinit,ely

ex¡ecdec and ihe actuai hea'L scurce (buried cable) becornes 'Iiner. The

de:=ils oi -che so'jui'i on are civen in several heai *r,ransfer iext,s inclu-
tt

^- r,ñ ^-. U]]AKe

Tìre neLhod of -fic';iiious sources anci images rîalr be usei íoi'
ìÃ

eilher sieady or unsieady s-t,e;e problerns. Jakob'/ deal-s v¡rlh both j-n-

sianlaneous and con',,i-nuous poin! sources, and itiih instantaneous }ine

and plane soui'ces. The case of a poini source (sphere) located in an in-

finile mediurn, all at uniíonn initial iernperaiure, insLantaneously brought

'r,o ¿ fixed higher lemper-ature al " - Or becornes a LransienL heai conduc-

iion problern whose analysis l-eads io lhe fund.amenLal sol-ulion for ternpera-

ture for heat conducii on in -Lhree d.inensions. Carsfaw anC Jaege"l6 gi,r"

several cases oÍ heat conCucij-on solved by this melhod.
.a

Incidenially, buried cabl-e theory raay be used Lo soh'e ihe

probiein of t,he pine with eccen¿ric bo::e - lhe surface Lemperalures beco;r,e

isorhenns surrounC,ing lhe buried line heal source. The soJ-uiion, hovrevei',
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invol-ves a trj-aL and error approach which is time cons'i:ming. A further

analybical solution is given by EI-S"d"nl7

described

' :2, \,
Lr Ul

cv I -z"lau,\.l

b) One-Dirnens.ional Tra.nsient Problens

From equation (2) since t : f(xrr), the tenperature field is

by:

òrk= õî , d :;F ' '
p

Since onÌy one space coordi-nate is required to speclfy temperature at

any given time, the geometrj.es are the infinile slab, the infinitely long

cylinder anC the sphere.

Problems of this type may be classified as either pure transient

or sLeady periodic. Pure transiênt,s basically entail moving from one

steady sLate condition ùo another d.ue to a change of a boundary condition

temperature. The boundary temperature may change from one temperature,

leve] to another either instantaneously or over a period of tine. Heat

vrill be stored or released from the nrediun depending on whether the sur-

face temperature change causes the body to be heated or cooled.

On the other hand, the boundary condition temperature may vary.

conLinuously in a regulai periodic manner. After a suitable period of ti-me

with the boundary eonditions having been applied for several cycles, the

transient involved in moving from the initiat temperature conditions wiII

pass, and the temperatures of points in the medium wiII vary in a repe-

titious cyclic nanner in response to the periodic boundary conditions.

The heat conduction process at this stage is calledtsteady peri-odicr or

tquasi-steadyt. Alternate heat storage and release takes place. AJ-though

't,he initiaÌ conditions togesher with the thermal diffusivity of the
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naterial, deLermine lhe duration of the transient to when a steady

periodic condiLion is abtained, the steady periodic pêttern depends only

on the boundary conditions. Hence initial condiLions are not required

to solve for the steady periodic tenperature regime. Actually, the usual

problem is to solve for temperature under steady periodic conditions.

The requireinent here is to solve for the ternperature hisLory over the

iime period required. to complete one cycle. The temperature of any in-

terior point of the geonetry which is influenced by the boundary con-

Cit,ions, will Iag the surface temperature by a certain time irrterval. The

time intervals for various poj.nts may be of interest particularly for

cases having long cycle times.

i) Pure Tra4sèe4! ÞelqtleqÞ

Various netallurgical and mrnufacturing pr.ocesses approach uni-

clirectional- transiena heat conduction. A typical example is a heated plate

(length and breadth >> thi-ckness) suddenly immersed in a quenching bath.

HeaL leaves from both sides of the plate by convection. If the initial

cond.ition is that the temperature is uniform or the distributron is s¡rm-

metrical aþouL tne midplane, the temperature hlsaory wlll be the samc

for each half of the plate, i.e. the uLidplane is adiabatic. Hence the
'I

half geometry is effectively infinite slab - one face insulatpd and the

other losing heat bY convection" 
l

The general classical solution t,o this tXpe of problem is re-
I

viewed. first, Tollowed, by a discussion of the use of charbs.l Applica-

tion of the method. of separation of variables (described earlier) to
ii

equaLion (ff) or its equivalent in olher coordinate systems,, reduces the
t',

problern to ordinary differentiaL equations in the space and; tlime domains"
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CarLesian Coordinates

Assuming t = XT where X: f(x) alone and T = f(r) alone, jncl substi-

tuli.ng into equation (1I) resutts in:

t d2x : r . qr = i(, the separation constant.X aF õ'o"

",[gL: oKl'drTJ

LnT: cYKr+ÊnA

' cv'Kt1- Ae

As .r --*.-o , T---ç-oo fOr Jr¡e K, henCe t : XT -Þoo since x is bounded. This

is of course not possible as t must'remain fi.nite. Therefore K < 0; and'

leb i( = -^2
a 

^2¡T : Ae

] dzx \?1\or\r x.dpi -A ,

hence # +À2x = o (rieurrrottzrsequation).

The solutj-on is

X : Bcos àx + Csin À,f .,

!: XT : A e-d o"" (B cos Âx * C sin Àx). (fZ)

The constants are evaluated by applying the boundary conditions' Notet

lhe solution to the Helmholtz equation for the rectangular coordinate

system involves sine and cosine tprms - oscillating periodic functions

of constant amplitude. 
,

'

Cvlínd rical Coordinates

From equation (3), the equation equivaÌent to equation (l-t) is:

i-aat r òtJ òra i+; += ¡çj : F ,Ldr r 
:

i
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.lssuring I : RT leads to

r l;2' ! dRJ _ I . gL : K, Lhe separation gonstanLr 1*å'+2 , À-& ; d"J - ãl- ' ¿r '-' -t-------"
:L 

- 
U- I s¿ J \'À

Again K must be negative, and letting K : - À? results in T : A' 
"-o 

2P'.

dzR - | gE + Raz = O (UeUrrrottz)i\.lCW --ï- Iûrror
or

dzR+ÀdR+R:O
a(¡ r)' ' (À r) ¿( ¡ r)

This is Besselrs equation of zero order; Besselrs equation of orderInl

being in general :- :

g1Y + I r-- -e r¡:ô n=onnqt-,cx, )i #"Cr-;r)y:0, n=const.

The solution, a Bessel- (cylind.er) function, to the Helmhol-tz equation is

R: BJ(àr)+gro(Àr), I ,

o' o-'

where J - Bessel function of the first kind, zero order, an'i,o
Y = Bessel function of the gecond kind, zero order. i

ì'o.,

'")] 
(13)."L - nI - Ã v '^rJ

Agai-n the constants must be'determined by the boundary conditions. The

so}utiontotheHe1mho1tzequationthisti¡neinvo1vestwooscilIating
. ìA

functions whose amplitudes decrease as r i.ncreases. The soluLionrö to j

. the Helmholtz equation in a spherical coordinate system contains ;!
sin( À r) and þ "ou 

( ¡ r) tenns which are again osciltating functions

l¡hose amplitud.es decrease as r increases at a rate even faster Lhan the

Bessel functions

cownon situation for unidj-rectlonal bransienù heat, conduetion

j-s sudden change of either the boundary tenperature of.the Uody or ihe
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temneraiure of a fluid surrounding bhe body. The tenrperaLure and heat

flov¡ solutuions for these and oLher simi-lar problems fr"q,.,"rltly involve

the sum of a convergent series or the sum of the rooLs of a Lranscendal

equation. IL follows, obtaining a numerical result rnay be a Lime-consun-ing

pt'oposition. For this reason, various authors have prepared charLs for use

in solving transient problems. Heisl""I9, for exanple, gives data for

t,he sudden temperature change of bhe environment of bodies of initial

uniform temperature. His charts may be used to deLermine the Lemperature

histories at the surface and center of a semi-infinite plate, and at

the surface, ienter and. half radius of an infi.nitely long cylinder or

sphere. In a recent publication, Schneider2o presents approximately fift¡

graphical solutions for a variety of one-dimensional constant-property

transient problems for various geometries and boundary conditions which

include both changes in surface temperature and surface heat flux. In

general, temperature history,charLs are ploLted in terms of dimensionless

groups making up lhe theoretical relations, thereby making the daba

,rnirr""""L in application. The usuaL pararneters used' are:
:1,'

f) Nei : hL/k,(Bj-ob moduLus), an index of the relative
.

resistancerrof the medium to that of the convective sur-
,

roundings. (tfre synbol rZ'r designates the thickness of

the iniinite plate or radius of the cylinder or sphere)

2) Nfo : d t/.Lz (Fourier modulus), a dS.nensionless time and

measure of t,he response.

3) Various dinìensionl-ess position and temperature; ratios.

ii) Steadv Periodic Solutions

The boundary condition temperature is periodic, and; since any

'

I



40

ì-reirio:'lic f'urciion can be exc:e:j:ed i:;cjails of a Four.ier se¡.ies) Lhe

su:"iacc,;r;.rera--u:e (-¡^ : Í(r)) can'r:'..;-":L¿¿n es
U

1¡- ' h: :.4.

i^ : C^+ )i .{i cos nuJ'i + Z i sinnc.:T,o o i::i n :=l- n

'r,'he¡'e ¿he varicus consianis ¿re delerinined by the usual nroceeures cf
'nc'¡^-¡.,¡i ¡ -,-¿ì .¡-i,.cr.:,v-;-u e.,c:y ors. By r;cr.kirg îr'om eûua'uicn ( l-1 ) via ihe procÌuci raerhoC,

and'¿¿ì<:-r:,5 lhe se.oara-;icn ccÍtsiant ,c're ::n i:ra¡i-:r-:1'r;:ber, .he general
)1

solu-bion-' ccrresponcÌing to equarioa (iZ) nas r,he f orn:

; - ¡- e- "x/ut 1 B "o" 
(7,tn, -7x/:z'; -.C sin (r?r ^, ->:4-2)'*

'* ..: 
^ 

l.,t +\¡.¡ crr*f"^oì.---V r- - \J \du t/ljs ÞUl..LcL;Ë/;

i: Lo: D cos v,zo r -l- E s1:: *,2{v r , :;hei'e D anci Il ar.e arbiir-¿r.v ccns-Lanls,

he¡:ce nalching Lhe bcunoary condiiiorr i s siraighlfonvani since ihe ecua-

'".icn cornf,ares cl-ose}y io ihe iro-ririer series expression.

The case oí a slab (rnfiniie i-n exLeni) extending fron the

suríace x:0 io x:*¡ subjecied tc one-diriLensional unsieady staie heal

coniuction by a periodic surf¿ice teränereiure, is nor"¡ consÍdered. Ií

;^(bcunciary LernperaLure ei x: O) vai"ies in a sirnple harmonic raanner be-o'

î,h'êcn - t and -¡'r,^,_ such tha'L ì; : *r,-.. Cos oT¡ ihen it can be shown
Om OIir O OIû.

itic L

Àx -- - /...-- ^ --\ --, ---- -, -=r,L : L e ccs (*" - 7 x) vrhere ì. :': 
"l ,cn vÈe

i-s Lhe soluiion to equaiion (ft) "

òi I -- ì..¡ \ - -ìx . / ,-:+ : t- I -'Ae- "^ cos(or - Z, x) + àe ''- sin(or - à x) i"o,'i Oll , 
I

:?¡- -

-: r. .'7" --..X / .\ \^¿ ^-VX ^..,il? - "o=- ,r.' e '-- ccs(or _1.),1 _,\ s b:il(o"r _ix)

- 7r" e- t' * ,irlr-r - z,x) - 7." 
"- 

i" * cos(,or - ; *) f;
^ ^2 - Àx . /: - 2?r'torn " 

"^ sin(or - 7.x).
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òt -ãx . ,=r: : - o t e-/t^ sin(ulr -Âx).oT Om

Substituting into equation (1I) results in

2ctV=:.,, or O=Jr#

Àiote also, at x
¿-¡-+UUV oom
Several irnportanL

ture equation

Q. E.D.

=0t

cos (l)T'as required.

observations can be made by inspection of the tenpera-

E F y-'1ã -¡
L - tò* eI2e cos | ,r - jF j.

m¡rchine

1) For a particular depth x, the maximum temperature (amplitude)

occurs when the cosine term has a value of unity, i.e. when
4 

--
. i_qxa I 'l

,t - J ft' : o. Hence the time lag is Ar : Uñ The Iag

increases with depth; ùhe temperature variations at certain

depths will be in phase with the surface temperature variations.

e) tne temperature variation at any depLh has the same periodicity
'

as the surface temperature variation, however the amplitude de-

creases exponentially with depth. The dept,h of zero amplitude

occurs where the temperature variatfons are considered (specified)

negligibly snall.'At "titt greater clepths, the surface tempera-

ture has no influence oLher than thaL of establ-ishing the steady

temperature level. 
' 

e

3) tne damping factor contains t¡- the higher the frequency of the

thermal oscilÌation, the less Lhe penetration. 0n the other hand

the greaLer the thermal diffusivity, the deeper Lhe penetration.

Heat conduction under steady periodic conditions occurs j-n

operabions and verious induetrial processee involving thennal.-
,, ..rv e nir-i;;a"
/ \) .â\
ç *.0**^**- Þ

QaønæeeÇl
-ÞèE@4é-
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cyclirg. In addition, quasi-steady heat conduct,ion takes place on a very

large scale in naLure with the surface of the earLh being L¡eated and

cooled by the atmosphere both on a daily and annual cycle basi-s, The

preceding slab anaÌysis applies (with appropriate surface temperature

c¡¡cie) to tne lemperature variations in the ground, as well as Lo several

other situations such as the penetraLion of temperature inLo 1,he walls

of a cylinder of-,an internal combustion engine. In general, Fourier anal-

ysis is widely used in solving problems of this type.

3.I.3 Heat Conduction in Three or Four Independent Varigþ}es

Heat conduction in three and four independent variabl-es encom-

passes lhree-dinensional steady state and two- and three-dimensional

Lransient. These constitút,e the complex cases of heaù conduction. Un-

fortunalely, an analyticaÌ solution to any given problem of this t¡pe may

not be practical or even possible due t,o mathematical difficul-Lies. This
l

is soi,newhat ironical sd-nce sol-ids undergoing heat conduction are always

finite in size, hence an exact solution for Lemperature requj-res its

specification using t,hree coordinates. For many practical cases, however,

end effects are suffici-ently localized that a soLution suitabl-e for the
)

butk of the geometry can be obtained by considering temperaLure to de-

pend. on only one or two space variables. McAdamsz2 gir.t empirical

equati-ons to solve for three - dimensional stead.y heat flow får rectangu-

lar boxes of uniform waII thicknoss with isothermal inner and.louLer sur-

faces. Sinrilar equations have been publishedÐ fo, rectangular blocks,

square pJ-ates, etc. Morse and. Feshbach2À give sol-utions to several- cases

of the Laplace equaLion i-n three dÍmensions, ho*,rever, they poinù ouL.

that the Laplace equation separaLes in only a few coordinate systems, and
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t,he lhree-dimensional solutions nearly always turn ou+. Lo be infinite

series or integral-s which generally do not converge rapidly. Regarding

25Lransient problems, the product superposition principle due to Newman-'

can be applied to solve certain l,wo - and three-dimensional transient cases

(finit,e cylinder, brick-shaped objectsretc) using unidirecLional Lran-

sient solutions (charts) - the solutions for these cases being the product

of two or three solutions each in one-dimension.

A number of soLutions to specific problems of the types under

consideration have been published over the years. For example, Dicker and

26Friednan-" give the solution to the transient heat conduction equation

for two-dircensional convex quadrilateral and three-ditnensional convex

hexahedral domains (non-separable) using Galerkinrs method in conjunction

with Lhe Laplace transform. the examples given in their paper are for

uniform inilial-,temperature with lhe boundaries subjected to sudden change

of lemperature. Steady state soluLions as r -¡. ê5 are included. Although
:

lhese värious solutions are available in the literature, their values

are IargeJ-y academic since they are intended basically to demonstraLe

particular analytical techniques. The final results generally have no

direct application, i.e. Lhe chance of having the boundary condiLions of

a reaL problenr match those of a published solution is quiLe remote. Any

real- probl-em wilL.Lend to be.unique in at least certain aspects, hence
l

an analyLical solution must be approached frorn basic fundamenlals.
:

To summarize, solutions to heat conduction problems 'in three

i

or four independent vari-ables by pureJ-y nathe¡natical methods, even if

lheoretically possible, are subject to l-imitatidns which depend both on
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ihe conplexity of the problem and on the niathematical ability of ',,he,

anal¡r51. The current restrictions on analytical meLhods of so}uLion,

however, are being continually removed by advances in mathemaLics. In

this respect, the more modern mathemati-cal techniques - operational

calculus (in parLicular, the laplace transfonn to take care of the tine

variable), integral transforms, matrix formulation, eLc - are meeting with

inc¡easing popularity and success.

3.2 Fini'be - Difference Methods '

In the finite-difference approach to solving heat conduction

problems, the geometry is subdivided into a number of regions; the thermal

rel-ations for each region (zone) being represented by its central point

(node). Temperature is conputed for each node, i.e" aL discrete points

inthegeomeLryratherthanatanypoinlasinanalyLica1so1uLions"

The basis an'l procedu.re for Lhe rnethod is given for the case of one-

dimensional transient heat conduction - this case is relatively simple

but general in that il involves both space and tine increments.

The geometry is as shown in the following diagram. The initial.

conditions (r : 0) give Lhe true initial temperature distribution as indi-

cated. by chain line. The geometry has been subdivided, and attention is

focused. on the shaded zone abcd. The temperatures at points 0 and I are

joined. by a straight Iine, from which the teurperature gradient at plane

+ -t.
ad is approximated by (å};j). Si-nifarly, the temperature ,gradient at

,t. '
prane bc is approximât"a uvftf). rt ad'dition, the tenperature at

plane 1, i.e" t1, approximates the average temperature of the zone'
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From Lhe general heat conduction.equation for a homogeneous

isot,ropic med.ium with constant thermal properties. and W : 0;

[a'tl &':
\{l\'J;\

Ldx-j dr
' -,òLr

The ter¡r in brackets +F is the slope of the temperature gradient.

becomes

l-¡,tr I At
"¡toÐ"_i = ã1

L^

t)-_=-|*-

+
;,

è(*) 
^zr 

r [ (to - !'ì (t, - t" ) ]
)üow --¡f *tnep : I* L 

--f - ¡* I

t_-2tì¡tz

òr 
^tArso ç * 
Ãî

h'here t.rt : is the

incre¡nent At.

( Ax)"

= t{ -tr
Ar'

future temperature

for plane I

( zone 1);
rl
'I

ì,
l

i

at point 1 at the ti¡ne
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cÌlto-2tr+tojr tl -tl(Y i*G)-J : ff

ro - 2rl + r? : i*tr{] f.t - t)
Defining a moduIus, M : (¡x)z /an¡, gives

to - 2L1 + t2 .: Mtl - Mtr

llence arr explicit equation for ti becomes

! _ to +(M-2)tl +tztrrr

Ir
tr+(vt-2)t,+¡.

(15)

Simil,arl.

rl

From the preceding, if the true temperature distribution is

non-Ii-near, it is obvious that ttre fi-ner the geonetric subdivision (i.e.

the smaller Ax), the more closely the finite-difference formulaüion

approaches the partial di'fferential equaLion.

Equalion (t5) can be d.erived in another manner which sheds

more light on the nature of the approximations inherent in the nrethod.

Fo:' the. alternative approach, a heat balance is set up on the elernen!

abcd which has a volume (1. ¡*), where A is t,he cross-sectional area in

plane 1.

Simplification and substitution for M leads to equation (15). ft is noted

that the initial temperature gradients are used to compute the heat flows

during the time interval. This indicaües - the smaller Ar, the better the
'.t:

i: ' i'' ;

HeaL in Heat out : Heat stored or released

i--m(u- - t,) tl(tr - t")l,',).ft. -" - 
^* 

j: (a¡x)oco(t'r-tr)
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accurecy.

3.2"L Transient Numerical Solubione

the general procedure can be amply illustrated by considering

the previous development to represent an actual problem. TemperaLures

to and ta are given by the boundary conditions. Knowing Ax from the

const¡uclion, a suitable Ar could be selected based on convergence

cri"r,erion (to Ue covered. J-ater), ad hence M could be calculabed. Now

knor.ring t1 and Ls frorn the initial conditions (r = O), values for tl

and t'" can be calculated from the derived equations, t,hereby soLving for

the temperature distribution at r = O + Ar. Using tr1 and tt" as the new

base values and the appropriate speci-fied boundary temperatures, the

procedure is repeated to solve for tenperature at r : 0 * Ar J-.Ar : 2Ar.

Etc.

The nu¡nerical method for transient heat conduction can accom-

mocl¿rle practically any type of surface condiLion, incLuding the case of

a variable convective surface which is of considerable practical impor-

tance. If a boundary condition varies with time, the relaLionship is

handled numerically by a series of snall- step changes. Dusinb""""27

gives a number of rules and suggestions regarding subdivision of the

geomeLry to suit the boundary conditions, and handling of the various

surface condi-tions.

The matter of convergence is considered next' For unidirectional

transient heat conduction, Lhe convergence criterion is * = ,i. No

tl

for,nal justification will be given, however several facùs are noted.
\

Fron the definition of Mf for M ( 2, Ar must be relatively t]q'rge which

implies pooraccuracy. Regarding equation (12), if M < 2, temperature tl



l+8

depends on t1 in a negative sense. This suggests convergence l¡i]l be

oscillatory if at all possible. Establishrnent of a convergence criterj.on

rvas j-nitia1ly found necessary by experience - using a val-ue of M Loo

small resulted in the calculated numerícal answers oscillatÍng and

finalty diverging as time became large. The convergence criterion vras

subsequently set by a combination of empiricism and intuitive argumenl.

At least one mathematical investigation of convergence has been made.

28 rJ-rJ.^-¡ !---^- ^f ^^-..¡-Fowler-" recognizes and discugbeg two distinct types of convergence;

firstly, the convergence of mr¡ierical solutions as time becomes large, and

second.ly, the convergence as time and space incremenLs go to zero of Liie

numerical solution becoming identical with the corresponding analytical

soluLion. Hj.s invest,igaLion using a gne-dimensional slab of inilially'

unifonn Lemperature includ.es several types of boundary condibions' The

various soluLions are expressed in terrns of a set of polynonials or finite

Fourier series. The meLhods used for establishing convergence of Lhe se-

cond kind can be extended to two and three dimensions with arbitrary

iniiial temperature distribution

can be put into a more useful fonn.

of Dusinb.rr.27'29. surr""al equations

result.

tl : tt> r" . (Y) t' t (*) t2, or as

t,i : (For)to + (Fu) tr + (F2t) te ;

a tweightingr procedure where the values

the correspondence.

The convergence criterion

Thi-s is done follor^ring the procedure

useful for setting up a calculation

Equation (f5) roay be written as

of the F factors are defined bY
.i

i

a

;

!

,j
..1

I
J'
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lior¿ EF : 1 since * - (Y) " fr : L.

¡r.ìc^E, :r. =]: cy/lf - kA" . . A : KAr'Arso'or: t2r:fr : (¿*)' -tEGf A -il'
ir

kA Bluwnere n:ñ ¡ sêy tnñ;oF

and c : (¡..¡x) g0p, say in Bbu/oF.

HenceingeneralrF = H (16)

NorvF,. : I -(f'Or+far)l-1 UJ- ¿L'

= r -tHingeneral" 
i

Convergence requires F* to be zero or positive, i.e. negative coefficienLs

musL be avoided.

EKAI '
Hence

This relationship can be rewritten to fo¡m the general convergence cri-

terion which is given by

.C¿'
^r t (rZ)¿lr s 

,K 
. e o

The preced.ing may be readily extended Lo tno and three

d.imensions. For the two-dimensional- transient case, the simplest sub-

d.ivision of geometry is a network of squares as indicated in the following :

diagram. Setting up a heat rate balance on Zone/node l; for ur¡it area:-

1¡ r {t^ - t. )+rt,' -t 'ì - axoco(t'r - tr)
+ ) (t" - tr)+(t3 - tl)+(t+ -tr)+(ts -tr) I = 

- 

oAXL J AT

Again leüting M : ## , leads to

t?+t3+t4 *tE -4tr : M(ttt -tr) or

_ _ Ln + t.,, + t¡. -t- t- +(u - 4)tr
't4
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SALI D

The convergence criterion is M > 4. The general equaLions (fó) an¿ (fZ)

apply. Dusinberru2T diu",rsses various lrays of subd.ividing a cylinder,

anC provides usefu-l- data on sqì.rares, rectangles, annular segments and

triangles as elements of an area. 
r

the basic relations for a three-dj¡rensional transierrt systen

can be d.erived. in a similar fashion. The sonvergence criterion for a

solicì sectioned into cubical regions is 14 > 6.
l

The basic ideas of the finite-difference nu:nerical approach
l

are sìrmnarized .at this point. Às ouLlined, the procedure is essential.ly .

t,hat of a heat balance. The future temperature of a node depnnds on the

temperatures of Lhe surropdins nodes (heat flows) and iLs own present

temperature (heat storage or release). For heat capacity purpbses, the
: ,,

mai,erial in a zone is effectively lunped at the node. The lines connect-

ing adjacent nodes may be consid.ered as heat flow paths. Internal heat
I

generation can be handled by including the heat generation term in the

iniLial heat bal-ance.
!.

I

lt
I
!

basic principles of the mefhod are
,i:

' li . ì , .':
rlllÌiI

tiir;rl
i1r'

,z

Ì- ,.1

--:''-
I

I

,Þ

;

I

'+
I

In general, although the
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-'ì Jl:: ---'tL':./, a ceí':ein eji,c:ìrir c j'' ei::.C.-'rjlce i.s :ccuif'ed :n o:cu: fof t he

.r.ü i.í.J-r :c; ':e en:ii¿iÌ nosi eii¿c ¿ivc j -r - Ti-e :.-¿in co::ce:n :n using rhe

;.:e':l'.c- is ihe cucsiio:: ol ¿.cJu:¿cy- J:--i:, t:uilca¿ion crrcrs in:isr-arice

¿ni '¿ile ei'e air.,ays i nh.r-¿r-: i-: t,hs ::e'Lhci.. I;r r+r-r:,i-¡ r,he s.l,;ll-er. lhe

sr)ace ircre.-len:s (:.'rr: Lccc::!:.::t-i':r:g s:.:-l- ec L\:'.¡ , i::c betie r -.-.e eccurecy.

A sielpeC subij-v sio: !e--;i cui:-r'J-y near bounCaries is cÍien ad.vaniasecus.

The de¿ree oi ¡'eíineneri'r, oí'Lhe subeivisior: depend.s on t,he accuracy

soughr, ','¡hich in iurn has a bear-ing on Lhe sot-u¿ion use an,l lhe accurac;;

cf "t i';e i::"obJ-en daia. -tccutacy -for. i--us or,rt sake i s ¿i, "t,he exÐei-rse oÍ' i;:_¡ne

and efíort" There å:'e no sil¡r'o'ì e ri:hu:d¡¡'u1es íor: es'LinaiinS ihe ecc,¿racy

^.1-+..i - jJ j .^ ^^1,,-i -^ ^ -i ..^.^ -.^^ruuurirrcq rir uur,ring a given p:'oblen uis'in€; a given subdivision oi'geo¡ír.e-Lry.

rf':. check on ail or part, of ihe calcuia'¿ion is noi nossible by an

"nai-v'iical ¡aethc.dr the inaccurecies can usuail-¡¡ only be discussed q,:aii-

iaiively. Accordingly, nrej:a:'ing a oroblern for soluiion recuir.es a Íair

am.ounl of engineering juigine:i" In orde:: io ensure suj-table accurê.c]¡, ii
-i s i:enerally necessâ4,' ic use eilher a rerativeiy fine subdivision of

geornetry rr,iih ihe coï.resconCin.q near inaximurn Àr, or a line increneni which

is subsLanl"ialì_y less rhan lhe maxi¡ruir. Ì.e:.rnissible Ar as given by the con_

vergence criterion. in anl' ev€û-u, ihe conput,at,ion usual-l¡r i¡r¡e]_yçs 3

I ar"ge anounl of ar-iihriletj-c which tend.s t,c make lhe nrethod tedious and.

ii.rr.e ccnsuir-ring. This disacvaniage can be ovei'co,re by using a digiial
co¡nnu'ter. This net,hoC of connuiati-on is very precLical since the calcu-

iaiion proceCure consists of a ¡'epe;':icus íj-:red seqrierrcc oí ar.i¿i:¡le¡ic

cpeia;ions i'.'i.ich can be r-eai:iy- pr-o::i:::ed"

The fin:-*ue-diÍference nu-n¿r'; cal apc:'oach coupl-ed ivith nodern

conpuiaiional faci-li'ties, l_eads to an exii'erieJ_;' versatile and por,rerful
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mel"hod of solvj-ng lransient heat conduction problems. The methoC is

most advantageousLy used for solving problerns with geometries such as

an assernbly consisting of several different materials. Here wiùh judi-

cious subdivision, the different material properbies can be readily

transfonried inLo appropriate F factors. The time increment is set by

Lhe governing node(s). Instantaneous heat flows between any tv;o noCes

for any case at any tirne can be obt,ained by applying equation (r-) in

finite difference fonn i.e. q : 
H tt" - tntl). co"." of variabl-e

themaf conductivity or other material properties can be handled by ap-

plying suitabry altered F factors as the cornputation progresses. The

method can be used for the more complex transient heat, conducLion prob-

lems such as with moving heat sources or phase change. The IaLter wilr

be oiscussed. later in this thesis.

The method under consideration can be used for both pure tran-

sier:t and steady periodic problems. For the steady periodic ca,se, the

computatj-on procedes from assumed initial temperature conditions to the

fÍnal repetitive state by a process of iteration. The cycle ti¡re is

divided into a nurnber of equar tirne steps (ar) in keeping with the con-
:

vergence criterion. Iteration nay sirqilarly be used to obtain;a steady :

slate solution, i.e. if a problera having constant boun,Cary cond.ilions is
1,

set up as a transientr.given sufficient time, the process rvilÌ move from
i.

Lhe initial- conditions to steady temperature conditions. The lgstriction
here is that the heat conduction medir¡m must be homogeneous., 

i

'l

The finite-difference nunerical nelhod described is,cal-Ied
I

i,he texplicitt method.due to the fact the equations give futurg, tempera-

ri

I
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iure in terrns of the present (tnown) temperature. An alternative

numerical- method uses the temperature gradients aü thç end of the time

inci'emer+t in conjunction with fhe heat stored or releasecl during the tirne

interval. îhis fornulation is caIled the Liebur.rrrr3o meLhod, and has no

apparent restriction on the value of the nodulus, M. NeverLheless, even

though the calcutation is always stable regarding convergence, using a

large Ar indiscri¡.inately can result in a solution which may be substan-

tially in error. This method is rimplicitt in that the equations contain

a}l- future (unknown) temperatures except for one present temperature.

Hu,r"" solving for tempe."turuì al each time step involves the solution of

a set of simultaneous equations. Compared to the explicit method, the

advantage achieved by removing'Lh" restriction on Lhe magnitude of Ar

tends to be offset by the more conplicated calculation.

3 "2.2

From equat,ion (r)), for.Plu= 2r the expression for future tem-

perarure is:

ur:å(to+t")

This equation for one-dj-mensional transient heat conduction can be easily

solvecl graphically. Equation (15) is based on a geometry such as a plane

wal-l subdivided into several layers of unifonn thickness (Àx). Hence, if

temperature'versus position is plotted to scale, since tl is the average

of to and t", the graphieal'solution for tr1 is the ùemperature corres-
l

ponding to the point of intersection of a st'raight line JoinÍng t,o ernd t"

and plane 1. This meLhod of solving one-d.imensional üransient;problens is
t.

generally referred to as t,he Schmidt plot. Since M = 2, frorn ühe defi-
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nition of l.I, the time interval is given by Ar : (t:x)" ¡Za. This

eouaiion shows the fixed relationship belween subdivision of the geo-

nelry and the time step. The selection of a suitable Àx fcr a given

prcblem depends ,on the nature of the required solution. The choice of the

sÌlace increneal", however, rreeri noL remain r'ixed for the compleLe graphical

const¡uction, but rather can be varied as desired. The Schrnidt plot can

be used for constant or variable boundary temperatures or heat flux, and

for conveclive surfaces. this method can also be used. for multi-Iayer

ivall problems. For this case, the space increments for the different

rnaterial-s are proportional- such that the same Àr applies throughout.
?l

Jakob/* describes other graphical methods for solving tran-

sient prob)-ems involving cylinders and spheres. As in the case: of the

Schmidt plot, these methods are limited by their nature to one-dimensional

he¿ir flov¡. The main feature of a graphical solution is that il provides

a picture of tenperature change wifh ti-me.

3.2.3 Stead.y State Numerical Solutions '

The two main methods of solving sûeady state heat conduction

problems by the finite-difference approach are the iùeration and reÌæ<a-

tion methods. Both method,s can be used Lo solve problems in one, Lwo or

three d.imensions with oi' without, internal heat generation. The bases for

both meühods are essentially identicat; the nethods differ only in pro-
ìl

cedure. As in the transient numerical method, the geometry is subdivided

Ínto a number of sinllar regions. ÀctualLy, ùhis subdivisl-on can be made

using practicaÌly any type of element, however the usuaL (and sinpl-eqt)

procedure for two and three-dimensional cases is to use a netrçork of
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sguares or cubes respectively. By virtue of steady temperar,ure con-

ditions, there can be no heaù storage or release, hence the emphasis is.

on ihe hodes (noints of j-ntersection of the grid) and the lines connect-

ing the nodes (heat fJ-ow paths).

The basic equation is now derived for the two-dimensional

steady statè case'with no internal heat generation using a square grid.

2l
I

-1.

r. I

I

-l_
I

I

Â

3

t_

I

-LI

4r

I

I

I

¡

,. 1 .A.ì¿ ' ArÈ

For a homogeneous isotropic material, by a heat rate balance on nod,e 1;
''

H f(." - rr) +(rs - rr) + (r+-,tr) + ltr- tr)l : o
axi-l

i

,i""" H I o,

tp+t3+t4+ ts -4t1,= o ô c c o c: (1S)

arþ

A+

It can be sho,n¡n32 th.t this equation is a solution to the Iaplace equa-

tion in two dirnensions to within good accumcy.

a) Iteralion (Gauss-Seide1) Method

tontinuing w-ith tne preceding development using the

nomençlature, the baslc oquaLion cån bg kept genaral by writi

KzL(Lz-rr )+K3r(r"-tr )+K4'(t+-tr )+K5r(rr-tr ) = 0

or

KZLL" *!rt.+K4It++Kr1ts-ÐKtl = 0.

Dusinberre

ng as¡
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etc, Ìeads to:
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.

by EK and assigning Fr factors such as Fl, : KZL/DK,

Får t' o tjr- tu o FÅrt*+Fftts:tt c . (le)

Here again EF: 1.

Similar equations can bb written for all the nodes, and the

first step is to assume a temperature at each node based on al-I ava-ilabIe

infomation. The procedure is now by iteration whereby a nen tenpetti'ure

at each node in turn j.s cornputed based on the tentative temperature of

surround.ing nodes, i.e. using equation (19) explicitly. The proced.ure is

convergent since the fixed boundary temperatur€s are contínualIy averaged

in on the provisional unknown temperatures. At the final stage, the same

temperatures repeat throughout the field which is equivalenL to all-

equations being solved simuLtaneously. The better the initial guess on

temperature distribution, the fewer the number of iterations required.

Dusinberr"e suggests if the final temperature dlst,ribution is difficult to

predict, it is usually worthwhile to solve the problen first using a

course network. The initial temperature distribution for a finer network

is Lhen based on this sol-ution. Unon solvine the problem, if desired, the

isother:rral field can be plotted by interpolation.

Since the iteration procedure entails-a fixed repetitious

sequence of operati-ons, the method can be readily adapted to digital cort-

puLer coriputaùion. ini;ernat- heat generation can be handLed by lhe itera-

tion method. by including the heat generation tem in the heat, balance

used to d.erive the workirf equation.

bhe
22

The nnethod of squa rrn1tt can also be used to solve Laplace
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and Poisson equations in two dimensions. The basis of this method is

identical to the iteration method; the procedure differs in that the

final tenperatures are obLained by a process involving d.ifferences which

is used. to rnodify t,he initial guesses of tenperature. The advantage of

ihe method is speed of soLution. This method can also be prograruned for

a digital computer.

b) Relaxation Method

For the purpose of the nethod, equation (fg) is writter¡ os

t2 + t3 + t4 + ts - 4tr = R, a residual which of course musi, be zero

at the solution. As for iteration, the first step for the relaxation

method is to assume a temperaLure for each node. The inifial residuals

are calculated. The, procedure then is to adjust, the temperatures of the

varj-ous nodes so as to make the residuals zero everXrwhere. Thr: sequencç

of the relaxation is arbitrary; as a general nrle, the larger residuals

are relaxed first. The amount of temperature adjustrnent at an;¡ stage

is based on the relaxation pattern, i.e. for the Iaplace equation in two

dimensions using a square nebwork, from equation (I8) it can Pe seen

that a change of one unit of temperature at t1 changes the residual by

;4r whereas the-same change in tenperature for any one of the adjacent

nodes causes a residual change of only tl. I¡t general, the rel-axation
i

paLtern for the nodes near the boundaries will be differentr, and depend

on the boundary conditions. As with iteration, the better the initiat
li

gucs$, Lne sooner the solution is reaChed.. Þ<perience is .r"'c"""ury in
i'

order for the method to be used efficiently. Over-relaxation jearly in

thú¡ lrrÞçødura is¡ êfüBn sÉlveÌÀt*gøouÞ ln reduetng t'he time for isolution.
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' ','

The relaxation met,hod is best known as a method for solving

the Laptace and Poisson equat,ions in two dj-mensions. The method can be

extend.ed to three-dimenslonal problems, however the procedure becomes

complicated due to the add.itional two(or four) relaxation possibilities.

It is generally easier to use the iteration nethod for this case.

7-2-L Steadv State Granhical Solutions

The only graphical method of any imporbance is the freehand

flux plot used to soLve two-dimensional steady state problens' This

methocl v¡as d.escribed and discussed in Section 3.L.2. a) iii).

1.2-5 Heat-Balance Integra1 Method

The heat-balance inLegral- method for solving one-dimensional

transient problems is included in this section for two reasons - it is

semi-nr¡rnerical and approximate; the latter due both to a finite-difference

approxi.rnation and an assumpLion regarding the temperature profile.

The basic netr¡o¿ is illustrated using an example given by

Gooa*ar,34 in which a semi-infinite.sIab at uniforru temperature (To), is

subjected at the surface x,= 0 to

t=0.

a

Ej

constant heat fh¡x (F) start'ing at

///
TEfulP
PROFI!-E

=o)f-
7

C

t=ã ÉlT
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The boundary condition is

àr
. vL
I(.=-, = -l'o* Þo

forr)0

From equation (2), for lri = 0 and

' À2 ¡'. \¡o#' : + forr>Oand.5>x>0,o{'i oT

where Á is the thermal Layer and a function of time. The concepl of a

thermal layer is analogous to the larninar boundary layer Lhickness in

convection heat transfer, except that ùhe thermal layer thickness increases

with lime. At any time, for x

ternperature since there is no heat conduction beyond x: 5 . The heat-

bal-ance integral is obtained by multiplying both sides of the heat con-

ducLion equation by dx and integrating over the the:maI layerr, i.e.

.5 À¿ r ,.E òt : (zo)cvi # dx : I ¡j dxdo d>f .¡O Of

In order to solve this equation, the

rvithin the thermal Layer is assumed

polynoniial in x, i,e.

| : a*bx+cn3, hence

i'"- b*2cx.
OX

d : 
4' 

the governing equation j-s

shape of the temperature;profile
I

to be represented by a second-degree
'))jil

l

¡

:

il
l;l

Fron the boundary condition, * tO : - t = b.

trso*l - =QdX )Fð there is no heaü transfer beyond x

0
t^+ 2cb , whence

., 
'1 

'

i;

-,i a
Ilj'

,i:,'lrìl
' 

,t :':r
li,i
il.{
ii:
tlr,ir.
\)ltl,,l
,1,

lr1.:

^=F*2kE'

gance

F
k
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Novl | - T^ at x=5, hence
o

T : a*b6+cf ora: T -bá-cå2oo

: r *FJ _F6 = T +r_€-'o' k-'2k ^o 2k

(NoLe, the coefficienLs a and c depend on 5 and hence on time).

Using this eÈpressign for tt

I . F62l'" t dx : r ô +æ.Jo o þK

.{]so, using a finite-difference approximation for the change of slope of

the ùemperature gradient, the average # over the boundary layer is:.

èdt, 1l-at, òt, -l
ãFb"=llEÞr - æ',*oJ

-d

i(

òt,
òx leO

F: .d-
k

(zo)) gi

f,,1 :... " t'# dx r "[*t, - *
"inc"Sl ^:0.OX)Fb

Subsliùuting into the heat-balan

. F ò f 's r dx _ T slcv[ : æL Jo r'ox-'o"J 
:

: ò (Fs"\ .

ðr \ 6X ,, ,

o ! ¡"a" = ll ,(ä#)k .Jo

F. F52,1 F5'" ,

cYi.r: l6t<lo= ñ,,
whence8= Jffi.

ce inLegra

.:

)

...
.

f,

equation
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The surface temperature a'L any time is given by

F,.ñ :q. -L:--:: X -0's^o2kt

r' I':ro*þ(óar)z

Goodman points out lhis solution for surface temperature is

9% in emor compared to the corresponding analybical solutioni. This error

can be reduced 
.!o 

,% by using a third-degree polynomial in x Lo approxi-

mate the tenperature profile. 
l

The heat-balance integral method appears to offer gooC accuracy

coupled with solution times comparable to anal¡óica1 nethods. The method

is relabively new and stilI under development. Yang35 outlines an improved

integral procedure.

3.3 Analoe Met4ods

The solution to a heat conduction problem by an analog nethod
i

involves the measurement, of variables i-n a system which obeys an equation
,j

indentical in fo¡m to that which governs the heat conducbion; Although
l

several non-electric analogs (ny¿raulic, soap filn, etc) have been used

to solve the heat conduction equaLion, ortly electri.c analogs will be

considered since these are by far most ext,ensively used due to their

speed, accuracy and ease of constn:ction and operation. The general ùech-

nique, foJ,Iowing selection and programming of an appropriate,analog sys-

tem, is to inpose analogous boundary,/initial conditi-ons and measure or

record the perbinent electrical-,quantit,ies. An important feal,ure of the

electric analog nethod is the ease at whieh boundaryr/initial conai,tions

and./or the equivalent themral diffusivity can be varied in the ha¡d.Iing of
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transienL heat conduction problem. Hence if desired for the purpose of

design optimization or other reason, ühe solution to a problem can be

readily investigated over a range.

3.3.I Steady State Problens

Unidirectional steady state heat conduction problerns a:'e best

soLved by analybical methods; however, 
,a 

simple thermal-electric analog
t.1

exists which àn occ"sions is useful for heat flow computations. The

equations

q : /;kAr ) (tr-tr) and' .ghmr.s law, ï = (È) E, are similar; the analogous^ \xe-xr / '

quanLities being:

1) (tt - tr ) and E (potential)

2) q aniil (ftor.)

Ð (r-,i *r) and R (resistance)-'\ kA /
Two and three-dimensional steady state heat conduction problems

with or withoub internal heat generaLion, under conditions already men-

tioned, fonn reøpectively Poisson and laplace equations. In a much,

broader sense, the Laplace equation governs fields having no internal

excitation, whereas the Poisson equation perbains to fields wiùh distri-

buted internal excitation. The Iaplace equation in two dimensions, for

example, descri-bes the vètocity poLential in two-d^inensional irroLational

fLow of an ideal" fluid, and the two:.dimensional dist,ribution of electric

potential in a region of constant resistivity. The latter of course forrns

thebasisfortheeIect,rica1cont,inuoust,ypegeometricana1og

The dry paper type of field plotter, commonly referred to as the

:
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analog field plotler, is a very useful tool for solving two-di.mensional

Laplace problems having inLricate geomeLries. The required apparatus

consisLs essentially of a DC power supply, voltage divider, hi-gh sensi-

tivity null detector and marking stylus. The general proced.ure is to

draw the geometry to scale on Teledeltos paper (a conducting sheet having

uniform resistance and thickness characteristics), paint (si1ver, copper,

etc) in the boundary lines, and apply an electrical potenùialracross the

opposing boundary strips. If temperature is the rnain interesl,, specific

isoLherms can be plotted using the stylus-voltage divider-detec+-or cir-

crút: Alternatively, it is more usual to plot the isothennal field using

equal increments of tenperature (potential) drop. The flux ploL described

iñ Secùion 3.I.2. a) iii) ean be completed by sketching in the heat fLow

lanes, thereby;-errritting evaluation of the shape facto:: anrl hence the

heat flow for the problem. Shape factors may also be determined dire "tlf6
i

by conrparing the voltage drop across an unknown shape to that for one of

known shape factor. 
:

The Poipson equatioa in Lrro di¡re¡reions can also oe solvec oy
'
t'

the analog field plotter by employing a change of varj-abIes whi-ch trans-
2?t

foru.s'' the Poisson equation Vzt = c into a Laplace equation ly"tt = 9. :

The lransforrned boundary conditions are fairly difficult to apply but

are nunageable. t 
,

;

McDonald and. Nikifo*¡J6 estimate ühe limit of accuracy for

the conducting sheet anaì.og to be about 2 per Çent. The wet,t¡rpe of eon-
1

tinuous medium, i.e. the electrolybÍc tank, 1s capable of even better

accuracies. Using the saJne baeic procedure as for the analog field plotter,
:

'

i

I.
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the electroÌytic tank can be used to solve two-and cerbain three-

dimensional sùeady state problems.

3.2.2. Transient Problems

The two mai-n electric analog methods for solving transient

heat conduction problems are the resistance - capacitance (t¿-C) analog

com¡:uter and, the etectror;c analog computer. Both systems perforro by re

placing the continuous rnedium by luoped networ*s which is equivalent to

using a finite-difference approximation.

' a) R-C Analog (Beuken Model\

The analog can be shown by considering the one-dimensional

transient equation (diffusion equatJ-on) replaced by the follor.ring partial

finite-difference êquation :

The geonetric subdivision togeiher with the anâIogous R-C network is,

jillustrated in the following sketch.

ôRotR?â-
t\ rvooE t_L^

T9¡
l_:

According to Kirchhoff I s

vicinity of node I is¡

v^-vr vu-vr
L- r :

Roq

I

l

the electric potential in thecurrent law,

t"

dV.
^ ---2tl dT
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Hence for Ro = *:Ù¿ = R t

dV,
Vo-2Vt+Ve = RCtãf. . . .

which is analogous to the tenperature equation. The capacitor is the

analog of the heat storage capacity of the element of material, while

the resistors represent the thersral resistances; 
,

i.e. RC1 -ø P' = (#)f to"'ot oto] 
:

Similar analogs for two-and three-dimensional transient heat conduction

can be devised using R-b netwo"k"39.

A transient heat conduction problem can be prograrnmed for an

R-C network analyzer by choosing scale factors which perrLit suit,able.

capacitor.and resistor settings (or selection) and establish the relation

between network tine and problen time. The initial and boundary conditions

establishing the voltage range, are applied; and the transient voltages

at the various nodes are record.ed. In addition to trrncation errors due to

the finite-difference approximation, R-C networks are subJect to errors

due to capacitor leakage and inprlt-output equipment.

b) Analog Cqmputet-(q!üglential Anafvzer) i' 
'

The finite-difference approach for analog eompuLer simulation

is necessary due to the fact the analog conputer can continuously integrate

with respect to only one independent variable at any given time. Equation

(Zf) re¡rritt,en as

cY ,.f,r,1 : dÐ" j.'(to-ztr++tr)dr . . . o

forms the basic oporating equatlon.

(23)
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employing a coefficient setter is as follows:

eo
ue

As for the R-C analog, prograrnming a transi.ent heat conduction

probJ-em involves the use of apprçriate time scales, and the selection of

scal-e factors relating computer and problem variabl-es. A wide variety of

transient problems can be handled, including periodic ternperature boundary

conditions. The size of the problen that can be handled by any particular

analog computer depend.s on it,s number of amplifiers. Other than errors

due to the discretized model, the accuracy of an analog computer depends

on the quality of its components.,'Amplifier drift is a typical source

of error. Freed and Ra11is40 rutirnabe the accuracy of typical heat cond'uc-

tion solutions to be approximately 2 to I per cent.

To sururerize, ther^e is little doubt that analog methods are

capable of solving heat conduction problens in an efficient marrner with

accuraci.es within nornal engineering requirements. Although usualJ-y

reserved. for the more complex heat conduction situations, analog melhods

al-so compare favourable with analybical and nu¡nerical methods for the

solution of routine prroblems. Both analog field plotters and electronic

analog computers are available conmercially. These devices rnay of course

be used to'so}ve problems j,n other fields. Under cerbain circumstancest

the design and constn¡ction of a special pulpoee analog system may be
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üIarranted. A number of schemes, both electric anJ non-electric have been

repor+r,.ed in the liLerature. For examole, Paschkis4l describes a conbined

geometri-c and network method. for solving three-dinensional transient heat

flow problens (continuous resisùance with lurnped capacitors).

?. L iìrnerimental Methods

Heat conduction!situations arise occasj,onally for which the

required soluti.on cannot be'obtained with sufficient accuracy by the

methods aLready outlined. For these cases, it is necessary to use exper:L-

nenlal, rnethods in order to determin"'th" requJ-red. information. In generaÌ,

the solution to a heat conduction problern is obtained experimentally only

as a last resorb due to reasons of cost and time.

Two methods are distinguished for the experùnental invesriga-

rron of a heat conductron problera - the direct approach characterized by

field testing, or the nore indirect laboratory type method involving the

use of modeLs tested under controlled conditions" In design work, the

former generally consists of building an instrumentednock-up of a tentative

design followed by a series of tworst conditionr, etc, tests. Although 
.

I

boundary conditions may be simulated, actual service environmenLal con-

ditions are usually used. If bhese conditions tend to vary at random, rel-a-

tively lengthy test periods are necessary in order fh¿t i¡¡berpretaüir;n o1'

results be conclusive. Prototype test,ing is generally fairly expensive.

fn fact, the nature of the problen roay be such that the cost of a fuII

scale replica is prohibitive.

Size reduction alone through the use of models tends to reduce

i

the cosü of an e:çerimental solution. Other featu¡res of the model approach
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i-.,::i ccnriuc"uio¡i, The r-oder r,usL onir/ be georiretr"ica-jfrr si.i¡-ì 'l¿:- --o .-he Ðf-oio-

ì --^

The ,::.¡'¿::e i,ei-s invol '¡.i in icsl¿;:ring a ¡,lod.e j f or hear, conCuc-

ì;'! cn i:.::rtose-q íìis sir¡,-na:-izeC as Íol_l_orgs:
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The sibscriris ii an'i P denoie inoiel ani proioiy:ce respec¿ively, L is a

cji¿r¿cLe r'.eLic cinensioÍì) and h is t,he sui'face convective/radialive heai

ir-ans-fer coeÍ'íi cient" All grour)s are d:-nens-ì onless. Eqr,ai;ions (25) an¿

(Zó) trave been de::ived. by Jakob42 by -t,he applicar.ron of'Nhe principte o-f

similarily io unidireciional- heai conduc-bion. Using his f'rocedure,

equa-ui-cn (24) may be der-ivecl as follc',.,s:

For s'ueâdy siaie heat flol^¡, lhe equaiions for two systens l- anC 2 ere

j\,t¡'' : " (aJ
+i

l/ l\':
"v2 /, \<-írir r'? -¡r- - ,. . \D)

,,.'here I denoles Lhe heai íIux q/A"

I:i or"ier' Íor ihe heai Íl-ol,,s fcr ihe i',.¡o sysLenns io be sinilar', a nu.li:bËr
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of similarity fâctors must apply which can be written as

F. = C-F^
E4

k. = C.k^tKø'

Ätr : CtAt?

Ax, = Côu<^tx

Substituting into' equation,(a) gives

(c,-!% )(c*Àte )ûFF=ffi'
By comparing with equatton (b),

c..Ç,îI(ttF n- r,, 'l
-x.',

Substiùuting for the Crs in thls equation gives
I

/r'n*\ - /ra*\
Iu*/, \n¡Eir'

NowF, = þ,nun"eF1Ax1 = +3 = frr, 
l
:

4r

where Ia = Ar/Aocr is a characteristic lengüh'

Similar1y FaAxã = qa/l-e, and equation (24) fo[ows. l

:, The model theory as outlined pr^ovides a means of exÙrapolating

data from a calsulation or protoùype/nodel test, to nev¡ tempeiature con-

d.itíons. g"*n43 in hie paper describing nodel tests on a buried pair of

insulated pipes and on a basementless building, demonstrates the calcula-

tion of heaü flows for different steady state boundary conditions. The

Fl:kr"S.!Þ
F? ig Àta Ax1

or
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equations for both steady state and transient models also show Lhe

niaterial of construction is optional.

A nain advantage of the use of models for transient heaL con-

<iucùion investiqations lies in the choice of a suitable tfune scale

through appropriate selection of model scale and materials. I'or the frozen

dam'problemr. for example, assuming the actual naterial is required due to

the phase change aspect, a simple cal-culation shows that a I/3O scale model

will coqpress ühe aruir¡al cycJ-e into a test cycle of ).J hours. Depending

on the size of the dike, even this ecal-e may be too large for pract,ical

purposes, however the cycle tj-me would appear to be fairly convenient even

though it would be necessary to operate the model eontinuously for several

days in order to achieve steady periodic conditions. This is not to inply

bhat mod.el testing of a frozen d.am is feasible. A cursory exanination in-

dicates a nu¡nber of problems other than boundary condition simul-ation. A

main purpose of such a study would be to examine aspects such as moisture

migration a¡rd its associated heat transfer - a phenomena which involves

physicat pararueters other than those used for the heat conduction theory

of models. The point nevertheless rernains that ¡nodel tests would permit

the required data to be ottained in a relatlvely short period of time com-

pared to field testso



IV FROZEN DAI.Í HEAT TRANSFER STUDY

Feasibility süudies recent,ly carried out by ManitoUa Hydro on

Lhe hyd.ro-electric power development of the lower Nelson River, included

l,he possioility of using frozen earth materials for the constmction of

dams in areas where pernafrost exists. The Department of Mechanical

Engineering of the University of Manitoba with assistance from ì'ianitoba

Hydro underbook a heat transfer study concerning the thermal aspects of

such structures. The rnain parb of this study consisted of solving a number

of heat conduction problems associated with the design and construction of

frozen dikes. The author was involved in the calculations for these

problems; the solutions and the methods used form the body of this part

of the thesis

l

4.1 General- ¡qq\g-round 
:

Permafrost researCh over a period of many years has prod'uced

a vasL lit,erature containing its own set of ter:ninology&. Permanently

frozen ground or pe¡rnafrost is any earth naterial in which a temperature
l

below freezing has existed continually for many years. The surface material

which thaws annuaì.Iy is called the active layer. This deplh of ttr¡*w
|-, 

l

locates the permafrost table-. The thickness of the pe¡rnafrost belt depends

on many fac¡ors including the geothermal gradient, i.e. heat fj-ow from the
I

interior of the ealth. The condition of temperature equilibriu¡n,beùween
,:

the permaf,roet and the surfaoe, ie referred to generally as the !þç-ryê]
ri

regime. This tenn irnplies sùeady periodic temperature conditloþ". Other

terrns used in connection with lhe f rozen dan are self-exp]anatbry. The

term nzone of alternate freezing and thar'ringr has been borroweil frorn the

t,
, \.
.l

ili
i)
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Russian literature45.

Frozen earbh materials have much grealer mechanical sLrengths

than their Lhawed counterparLs due to the cernenting action of ice. The

acLual strength of a given material depends largely on the ice content

and the nature of the ice formations. The necessary structural stabi.lity

of a frozen dike can be achieved, in principle at least, given, a suffi-

cienL quantity of a suitable frozen maLerial. Ài'rozc¡r s<¡il is a-lso rmper-

vious to waler flow, hence a natural grout curtain tends to be autornatically

provided for protection against seepage through the dike found,ation. A

number of serious problems arise in construction in per:nafrost areas due

to the destn¡ctive action of freezing and thaw-ing, etc, however these

were of no immediate concern in the frozen dam heat transfer study.

Approxinately 45 per cent of the total land area of both Canada

ancl the U,S.S. R. is underlain by permaf"o"t46 which ranges from continuous

in the norbh to disconüinuous (sporadic) in tire more southern regions. The

Nelson River, flowing northeasterly betrveen the northern eno ol i,ake

lnJinnipeg and Hudson Bay, is situated within a band of discontinuous penna-
''

;,he Nelson River is about -

IOOO rnegawatts of which onty 1óO megawatts (ttetsey) has been developed. A

number of feasibí" po*"t sites .exist all along its 4OO mi)-e leìngth"

4.2 The Frozen Dam Problem

A theoretical solution of the thermal regine of a potential

Nelson River frozen 'dam was not posslble without sinplifying $.usumplions,

review of literature. relevan! {,s ifþe: subJeçp- indieated the thermal regime

would be influenced by a large number of'conplex inter-reLated factors.

j

r 'ti"ìt,:i]i,l:

lì,:r'
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Þ<bernal1y, several processes of energy and moisture exchange

v¡ould take place betr^¡een the exposed downst,ream slope qf the dike and its

environment. The main factors involved here are air temperaLure, wind,

surface cover (typ" and colour), insolation, precipitation, condensation

an¿ evaporat,ion. Sfunilar processes taking place at the inLerface of the

dike and the water resen¡oir would depend on water ternperaLure and seepage.,

Colleclively, these processes defined the boundary condi-tions.

.Internally, ,heat transfer would take place by conduction and'

through nass movement of water (and air) in the voids of the dike material-(s).

For a given type of earLh material, the thermal diffusivity depends largely

on the moisture content and ibs phase. The effective (neasured) thennal

conductivity reflects heat conduction through the mineral skeleton and

mixed mocle heat transfer through pores of the base material. From a broad

rrÞcroscopic point of view, the frozen or t,hawed ¡naterial of the dike could

be considered. as homogeneous and isotropic, hence equations (f) ar¡a (a)

would describe the heat conduction for either phase"

0n the other hand, the convective type of heat transfer accom-

plished by moisture movement (air èontribution is usually negtigiute4?)

was more complex. Apparently noisture nay move as eiùher a liquid or a

vapour.Vapourmigrationdepend'sontemperaturediff""",,"""48sinceit

enlails evaporation and subsequent condensation. t'{artynov4T points out that

heat transfer through vapoul nrieration is negligible in soil-s with lempera-

tures below 5OoC. This then left'liquíd-phase moisture which could be

transferred by either filtrati'on,or migration. Both phenomena depend on
, 

,. l

nts. Filtration is basically due to gravitational force,pfeSSUfe $fadJ-eiruÐ. ¡'rre^o.r]-..

whereas nigration depends on j,nùernal forces (capillary effects, etc.).

i1
I

I

I
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'i.,ile t i . e . rni-g lre-L ion vioìll i lc ,:':- l-ue:-J:a oj¡ bc--r '¿he

' .ti -:..: -:u:f :3 i';--:^i .l-':ûiu:-;. ;::lcc a:,r.jc ::3'ji.::::s

i:i -¿he s.it:i(j Qi i'ecLlon , 'u!:e il;:-:'icii\re â:Ì.J. convec'Li-Ì/e

î:Jv" :;î:! oi.ien'uai-C^1 '..'ì 1-i; tCS!JCru ig g::, gh o+-h€r.

An i-nco:'-r¿riL i'actor inllu-rl:n¿ -r.he ihe¡'na] regime renained -

nrmeiy, phase chànge. A zorte o-Í' al-ier:r¿Le îreezir¿¡ ind 1.h:',rì-ng (aciive

layer) '''.;ould exist ai ihe dc,,..nst,real': eioce. In addi--Lion, Lhe Ìlen,rancnlly

frozei:. ânC ihewe'i zcnes r..icir-L; ba sel¿:.^Lõú oy ¿ ii!oì/irrg uh.lse cnange

-5ounCary, The heai ¿ssoci a'Lec: iri'¡n pìl*s,: cj-.sjl3e 'u.'oul-d deper:d on ihe

;:roisir"^:'e conieri" r-¿ ¡-s a i::-i ¡--Ì v 1,Jel .r iíncr¡n Í-¿ci ihet al t,eilÐei'aiures

þs--ì9i"r nc¡:l-:ål ,.,r¿'i,e ;' i'reezío¿' LeL:r:eraiur'e, earih i¡e-ier.ia-ls generally coniain

soln.e ï!'rcisi,ure iha-l is not fcozeo" i,'iosi oÍ'-Lhe rnoisiure freezes at,32oF (or

a iei:rpef'alui'e stighliy Ìess), iorloived by sone of 'r,he reríain'ing rnoisiure

fieezì-r:¿ ¿s ihe 'ueir'oêrâ't,r].r"e decreases. Thereafier, d.espite ieinperaiure, a

snali cru"ntity oi llcis'Luie Ì"eï;,ins licuicÌ" i,Íar-L;'rno.r ca1ls iÌ:is lhe'firmly

bcuridîwaie¡'. It is a chsr"¿ciei"isiic oi t,he n:ieriai, r'angi-ng fron zero

foi s¿nL io :0-2C 'lg-' cer.; or higher ior cia¡rs

B:sed cn :he oreceding, Lh3 ini-,ial- i;;¿si< r,.¡as t,hal oÍ' foriru-rai.jng

-ihe í¡"oze;: da:¡. (the¡'nal-) nroblen. Alihough Lhere is no close rel-alicnshin

beiween per-rnaf rost dist,nbuLi on and ¿.ii' ie:ape"atl.r"4ó, soiì Le¡nperatures

i-n generaÌ have been closely correl:,'¿ei r.i'iih ¿i¡ tempera't,ure anC s,irrlrirel"

/,O Ã^
sunshine+t" Fearce anC Gol-ci/- r.earuï'"'d. ienneraiures and heai fl-o',ss in

cl-ay scj-Is in a noå-pe.::!.¿fi'os¿ e!¿¿) ":r:.d. using rou.i"ier anarysis, sho'.'.'eC

ihai 'Lne a¡nuaÌ tein¡erature variaNion Ín ihe soil aL va¡'ious deplhs is

r-erna:'|:abl-y consisi.ent, r,'¡iih the iheory of heai íl-ov¡ in a hontcgeneous
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.'\: ':'i 'r 7,1 l-/ :-\. \ ^'t. c't. j J;-, -:---* -,:: S:C; _C- ).1": 'J) :i " -e..'- aL-,oi.s

a:iuf:-Ji. &r sì^:¿l I ct.: i;;;hs J-r3;'il-.3'o ,1,' *': -io i:o';ùiz,¡ c':,::::.3 ;.J ihú

:'.:si: ì ; oi nhe.se chgnge. 'lbe il :::'u-esti" ,-'.: j c: ce:tâi:l'lir i-nûica;eci a

r)c:r'j-oi-ic sur'i¿ìce ie:':.pel-e'L,.l:'¿. Ûcrncei'ej ic air- ie.;rpe:r-a--ure, oLh¿r' i'ac-rol's

:;.'.-:4Y': h:.ve negiig;i'oie t-íiec¿s c:- be r.-,'*uu:tl;' conicensaiing. Condensat,ion

c:: ihe suríace oí'ire dci.,'nsil'e:¡i: sloìle oi i,he drke, r.¡ouid iend to oífseL

JvéÐoi€iicÐ" Pe.r'tu'i ar,l-on ¿.s ¿lre les,:ii, oí rainíaìI and nelting snoì',', has

.i.o
the eÍ-iec'¿ of ec¡:el izing ternÌ:eia';ures oi ihe soil- a. va:¡lin¿ d.el-Uhs*/ "

rrri e h¡,.¡,-¡r.-- '.'Oillj. be -ì ocai-i zei in i):e i'i¡-si Íei.r feei oí. .;i:e aciive..:¿v)

:'ye!. -tegal:ln; :h3 r.,ls-jaJe:-: 3-, oÐe, J¿,j'::'¿¿ :':'cn ;he v.'a-Le I îuselaroi-'

','¡c':'ia oe rn-inL:::-zei uh¡'o*:'i': clesr¡;n, l-cccrdÍ:3lit, ir aopeared noi unreal-i-s¡j-c

Lo assr¡i'e 'Lhe bc;::Car-y conii -'ions consisreC of :.i¡' i:e:noei'alure (wrih

pcssibl e aflor'¡ance for sol-ar raCiaiion) ernd reservoir r.¡at,er telnperature,

Invesiigauions concei:'ling t,he convective nechenìsn oÍ' heå.t

i¡'ans:'er in soils ai-e sii l.l in Lheir inilia] ""ug""47. Eve;i a -r,ypical- ratio

o- Í.i¿ he¿¿ Lr'*llsi'eir¿i. DJ ii¿icr tíloì1sijler.r'i. '¿o i;ha'u LransferrecÌ by conCuction
Ã^

r..'¿s noi l.:no.,"¡n" The i.,ork oÍ Pearce an,ì Gold/" s*gqesrecl this ralrc night

be slral.I. In e:r¡' eveai, si;:ce ¡noisLure rnJ-gra'Llo:: cannoL occ,-1.j" in frozen

ear'¿h nalerj-aisr p.rre concìucti-on alo:ie v¡oulci take place in the frozen core

ci ihe dike. Hence, since nosi of ihe d.ike rvas io be kept, frozen (eit,her

rr,'tu::aìIy or ariificiaily) for sir"uctural reesons, heat transfer by tr'ater

ncvenen! v¡oulo. be ¡'esir"ict,eC'uo rhe active l-ayer and io a region of un-

-:r:or.¡n size aCja.cent'to ihe water z"eserrroir'. Acco¡'drngly,'Lhe thernal re-

¿ine cl ihe í:-ozen da:n ni-ght be deiennined to ¡¡i-bhin so¡ne unknoivn er'roi-

(hopefuliy srnaii) by hea-, cond.uc'¿ion iheory alone"
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The resulting nodel for the frozen da¡¡ problem was fairly

straightforward. Annual air and reservoir water tempeqatures fo'¡:ned the

boundary conditions. Heat conduction only took place t,hroughoui. Consider-

ing a section through a long dike, the problen vras two-dimensional

transient with the cornplication of phase change. The steady periodic solu-

tion gave the thennal regime corresponding lo a dike after several years

of service.

The phase change problen ( tproblem of Sbefant) is non-linear

since the boundary between the two phases moves at a velocity which is

d,ependent on temperature. As this boundary moves a distance dxr, a heat

quantity Lpdxt per unit area is absorbed or released by the naterial which

must be provided or removed by conduction. Hence, for the diker the

veloeity of the phase change boundary was gi.ven by: 
',

e o '- (27)

v¡here L : latent heat of fusi-on of 5.ce, 
i

and p : weight of moisture per fts of soil (constant). 
i

General equations for the phase change problem have been formulated and

several anal-yLical solutions exist5ln ho"r".r"r, these solutions' are of no

great practicar'ínporuance. Numerj, 
""!52'53'3h 

and, analog54 ne¿r,oos have

been used successfully.

À.3 Prosran and Methods of Soluùion

the problerns analyzed as part of thE frozen da¡r heat
I

study, were those outlinea55 uy G.E. Crippen and Associabes tt¿
i

of Manitoba Hydro. All problems are described in detail in Seqt

't'il'

t ransfef

.i on behalf

ion 4.5
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Bhere the calculations are suninnrized and the results presenl,ed. Ti¡e

first problem consisted of determining the thermal regime of a flat por-

ti-on of ground, i.e. the cyctic condition before construction. As for the

frozen dam problem, this prroblem was sinplified to heat conduction in a

seni-infinite medium which was homogeneous and isotropic in both the

thawed and frozen phases. The problem was solved first using ambient air

temperature as the boundary condition,.and later, using modified air

temperaturç to include,insolation. The affect of the geothermal gradient

on the temperature regime is discussed. The results substantiate the quali-

taLive discusslon of Lachenbruch et 
^156,

The second problen was to determine the isotherm fieÌd for a

homogeneous fill dike on a, steady state basis. The problem was first

sol-ved for a dike of consLanL thermal conductivity using an anal-og fiefd

plotter. The basic solution for temperature for this case is given by

equation (ç). ttre'analog melhod proved an efficient means of determining

tire isotf¡ern field in the di.ke foundation region. Tlie tenpcr¿tu¡'e

supe¡position princtple5? ¡.¡as used t,o include geothermat gradient in

obtaining the final sol-utLon. The resul¡s were checl(ed by une confomral

rnapping method. Thé Schwarz-Christoffel trensfom ìdas not nanageable i

the parbial soLution obtained added little other than to indicate the ;

shape of the adiabatic lines. The problen was finally solved using two

thermal conductivity values, one for each phase.

The third problern'required the solution of the thermal regime

of a homogeneous fill d.ikeiunder'natural conditions. The problem was
.'.

solved for two sets of the¡npl'properbies which were sufficiently sinilar
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to per:nj-l certain conclustons to be rnade based on a detailed conparison

of results. The solutlon to this problen was of pr{-nne lnportance. If the

naturaÌ thermal regime was not sultable from the structural point of

vlew (tnis turned out to be the case), sufficient improvement nlght be

possible through design or cooling. Problerns 3 to 6 incl-usive wel€ con-

cernecl with nethods of lncreaslng the size of the frozen core. Frob]ø:'

[ (steady state) and, P¡oblenr 5 (cycJ-Íc) through a design incorporating

a layer of lnsutãtion-type material usecl as a liner for the v¡ater reser-

voir, and Pr^oblen 6 by operating atr coollng ducts during the winter'

Conditions of rno surface coverr were used throughout the

calculations. A1Ì steady periodie solutlons were obtained using the

finite-difference nr:merl-cal method. The iteiations ïrere caffied out using

the Universlty of lôanitoba Bendix G-150 d.igital corcputer. The ,conputation
:

was set up in the usual trulnner as outlined ln Section 3.2.L dhe frozen

state governed convergence. Phase change rvas hênclleii by the rnethod of

,try was a matter of com-

pronise. On the one hand, lt was necessary to select a geo'net'ric network
.t

sufficiently refined so that reasonable resuÌts could be obtained, how-

ever, on the other hand,, the number of nodes and hence the amount of

arithmetic involved for a solutlon, had to be kept within practical

limits. The mÂin Consideratlons lrere acculãcy and coroputer spirce a:ril

time.

L.lr. Ðata

4.4.1.

Appendfx tAt and E[g. 4, data obtained for theRefer',ence
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a) For the puryose of sirrplification, denslty (p) was taken

to be constant, j,.e" independent of tenperature and no! affected by phase

change

b) me thennal conductivity (k) values shouLd be considered

as mean values for the ternperature ranges encounteled in each specific

case. In genere-Ì, the thennal conductivity of soil increases w"ith tem-

perature, hov,rever the variation is relatÍve1y small particularly over

tlre temperature range from -20 to +25oF62. Since the thermaL conductivity

of a soll depends prf.nrarily on the water content anci uhethcr the soil is

frozen or unfrozen, the relationshlp betwe"r h¡. "tni h was esiablished

knowing the moisture content (t¿ lbs water/tts of naterial) an'1 the

thennal cond.uctivlty values for ice anC water of l-.3 and 0.343, ftr.rTttt-

ft-oF respectlvely. The ratio of ka , hf ls 1.43. This may be compared

to a value of 1.54 used ln one Russian ptpu"45 for frozen dam caleula-

tions (soil not described,). ¡¿ high moÍsture conöenüs the iire-nnal con-

ductivity of frozen soil is generally about 50% grcaler than when in a

thawecl state49.

(C ) vaLue for the fnozen state: was'-p'
Btu/lbn-oF in the thawed. stateland.

i

l

I

c) tne speclfic heat

deternined based on CO = 0"2

cn(i"u¡/cp(water) = o'5'

4.4.3,

Theheat offuslon of ice ts 144 Btu/lbm. This

f excess degreest app).ied at phase change of:

Latent heat
Av. specific heat

gave a
l

rl
it;
i'.,
ii

i¡a1'.p for
ir
1rl
i

I

= l¡+t=T o.]=ë-l?Q = B2Fo roO.I75 x I20L= freeze,' or thaw.
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L" l+.1+.

For all calculations, phase change was taken to oócur at 32oF.

In gener.aI, t he average freezlng poÍnt of a number of soils is close to

no/*9. ,tror steady sùate calculatlons in parbicular, the affect of a

fre,zing poinb less than 3Zol' (¿tasolved saltg ín ühe soilo flne grained

soiIs, ertc) is read.ily apþrent,

4"5 Calculations and Results

This section consists of r€porting on six probleras. For each

problem, a statement of the problem is given, the basic finlte-differrence

data is listed, and the results are presented.

4.5.I Cyclic Cond.ition Before Construcllon (Problern 1)

The problem was to e>carnine a flat portíon of grouncl having no

surface cover (vegetatlon, snow, etc), with its surface exposed to at-

mosphere (a1r temp. varies, B.C, # 1), and to detennine the varlatl-ons
iì

of grouncl temperature wlth denth,and ti¡ne. The soil was assumed to be

homogeneous and isotroplc ln êaçþ phaoe. The geonetry used for the calcu-

lations was as folloss;

ot

i

I'J
?'

þ* = 3.ã si.

I

2

4

5'

6

7

-+



ô.)a)

I = f(xrr)

lt4 \ ò2t
iãÇl &' = * except at locations where phase chd,nge is taking pl-ace.

d1

For the finlte dLfference calculatlons, Ax = 3.2 ft-.
l

Àr : 9L.25 hrs (- | weer<)

t1 = t6,

The tctal- number of ,lt perlod.s ln the annual cycle v¡as 96 (one cc,nputer

channel)

a) tfre first calculation neglected solar radiation and the geo-

ther,nal gradient. Temperature to eqr:aled. ambient alr temperature at al1

times" 1i'he results a¡"e ahown in.Flg. ! (curve tnt) and Fig. 6.'

1) tne permafrost table ls located at a depth of 7,.6 ft.

Temperatu¡e t^ is the average temperature of a zone which includes the'o
upper 1.6 ft of îaterlal. ?hase change associated w'ith this material rvas

neglected,, hcrwever the the¡¡ral resistance of the path O - 1,wÇs ful-ly
'|:

recognized. The assrrmption to = B.C. lÍ l generates a rninor error in the
:

calculated temperatunos; node temperature values are slightly ihigh. The
I

error in the location of the perzrafrost tabIe, however, ls relatively
l

large. The calculated temperature values apply equally weII to a geo-

metry consisting of nocles Ot, Itretc. In this case the average convective

heat transfer ûoefflclçnt (f¡) for both phases ls O.53 Btu/hr-ft2-oF. This

value is consfdered some"f,"t 1o* for a tnrl-y exposed. surface $ubJect to

natural convectÍve wlth eome wlnd. Neve¡'bheless the value is çf reasonable
.rl

orcler of magnltude conelderlng the heat flow roagnitude and the fact, that
i

the geometry durlng palt of the cy,cle is effecülvely a cooledl.flat plate
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possibly all) of Q(geothermal) uould be transmitted to this region to

influence the temperature regime ln the upper 2O fL of, ground. The affecït

hovrever, ls negllglble. The geothennal gradient of 3oC/tO0 m r,tay be con-

sirie¡.ccì equivalenÈ to a heat flux in frozen soil of 0.0165 Btri/hr-ft

along the x-arcis origlnating from a source located beneath the s1ab. Con-

parison of this value with typical instantaneous heat flor.¡s involved in

the problem, showed Q(geothen*al) to be onÌy a very smarr fraction

(* L7Ð of the no¡rnal heat flows, hence Íts affect is negligfble in naost

areas. Note, ,* Q(*"othemal-) lnfluenco r^riIl of course increase wj-th
,

depth. '

il) During the months of October to January incluslve, the

location of the permafrost table and the temperatures of the soil above

the pennafrost tabre are not affected br Qlgec,thermar) due to the tern-
1

perature profiles involved" Q(geotnermal¡' affects only the temperature
i

of the perrnafrost belt. 
:

ill,I Durlng the renaining months of the year not covered abovet

Q(geothemal) *y affect the temperature regime, but only slightly. The

temperature gradlents reverse rel¿tively quickly in the spring of the

year,henceQ(geotherre,1)1urequirredtodocons1derab1ewarroingatdepth

before it can be transnltted. to lnfluence the temperature of frozen

ground in the uppef 20 fb. ; 
i, ' 

']
l

o) ttre second calculation vfas the same as la) excep! solar

heatl-ng was lnsfuded.
)

!l

i;'
lll

I:

to = r(arulent air): + 1 9(ggr+rr , sot--aÍr tenperatu*.ii,l, 
'

, i,t !

,11
ìll

:i
I
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The values used were h : /a Btur/hr-ft2-oF, the absorptivity Ê = O.? in

sunmer and 0.1 Ín wlnter (existence of snol¿ or at least a frosted sur-

face was allowed), Ðd Q("o'.r) as per Àppendix rAr data. The values lrere

seLected so as to r^epresent the net radlatl-ve heat exehange - absorbed

insolation less surface enrission. The net effect of the above was to in-

creese t,he ne¿¡¡r anr¡ru¿l air i,eropenrture f,tom'2)./+o!'to 28.8oF. The result

i-s shown ln Flg. 5 (curve tBt). The permafroet table is l-ocateil at a

depth of 1O.l+ ft. This levo] 1s Q.8 ft. ]ower than the equivalent geo-

metry for the case of radlation neglected. Actually¡ the lowering of the

per.nrafrost table due to solar heating bV 37{' of the ord-glna1 rlepth should

be considered. as ordei of negnitude only. the result nay be considerably

in error since, for exarnple, a relatlvely large portion of the absor¡ed

sol.¿r energy tends to be d,issipated. by surface evaporatlon. Ilc+-er the

nature of Cur¡¡e lBl ln covering the entirrg cycle rnakes the very existence

of pertafrost questionabl-e.

d) The conditton of no surface cover nade the above described

calculations unique. The location of the permafrost table depends very

deftnltely on the surface cover, both as to type and colour. At Kelsey,

for instance, the d.epth of the pennafrost table has been rleporLed'64 to

vary from 2 lo 3 ft in areas of swarop and organlc cover to 5 !o 6 ft on

the more erçosed higher ground. 
,

e) The lower Nelson River region Iles within the band of dis-
i

contlnuous perrafrost where tle distrlbutlon of pernafrost te sporadlc.
')

The conditlon of no surfacf eotrgr nad.e the problem equivalent to deter -

mining the na:ctmr¡m d.epth tq the permafrost table. Considering soJ-ar heat-
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a.t about 30 roeters ( - 100 ft), ttre percentage of frozen dike stnrcture

above bedrrcck contained in a ó0 meter r¿ide section s¡rmmetrical. about the

center U-ne, falls No 3A/. for Case 1 ccmnpared lo ló/, for Case,U. ti'tu

above figuree are based. on the final lsothenûe reaulting fromtnortalr

heat flow ard the geothernral gradiant

' b) Confonnal,rnapping (Section 3.L.2 a) ff) was used to check

the result,s of Case 2 abole. The raethod an<l results are outlinecl in
,

Appendf-.c tBf . The conplete solutlon invol'res a Schwarz-Chrisloffel trans-

formation, however the method used (blased temperature) is valicl, and

a complete solution can be obtained by thÍs methocl coupled rviih free-hand

flux ptotting ln the d.ike found.ation region. A si-roplified flu:< plot

neglecting founclation <listortions is shovm in Fig. 9. the frost line

çt : oo0) is located, al þ = 98.50.

c) ffre boundary conditions used for Case 2 ave the act'rral niean

annual ternperatures for this problen" The problen was solved nexb using

these bound.ary conditlons and k = 0.? for thawed. soIL and k : 1.0 'for

' frozen soil. The locatlon of the frost line of Fig. 9 shifts tor,rards.'

the nrater side since the lol¡er conductivlty naterial is situated. on this

side. The sa¡oe heat flows through each material, and. for a flux plot this

applies for each heat flow Iane. By writirrg equation (f) for each phase

and using a common flux plot, the location of the frost llne was readily

established. The isothen¡ posltlone for each phase were then deternrined

bI'the ah*J,trtleal mothod. The eolutlon ie shown in Fig. 10. The frost line

is located. al Ø = 85.90 - a shift of 12.60 towartls tt¡e water side.

t+.5.3 Homogeneow FilI Dike - Cyclic (Problem 3)

the problem conelsted of solvlr¡g for the natural th emaL regime
'
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of a <ilke having the same cross-section as that exanined in the stea<ly

state analysis. For a long dlke, due to s¡'nrnetry, the.heat conducLion is

two-dimensional translent wlth phase change. The steady periodic solution

vras required.

t = f(xryrt).

k
;õ-.,p

taklng

noted¡

both

2¡ due

mor¡e

f- ¡'t òr J ðt
lar + ãfJ = ã1

place.

except at locations where phase change is

A flnite-dÍfference numerlcal calculation rvas set up and . "'-.'

progra¡rried uslng the geometry shown 1n Fig. lL. The downstream slope had.

no surface cover, and solar heating was neglected. The ,like surfaces

fol-lov¡ed air and. v¡ater temperatures as appl-lcabie. The node zones were

2.5 m by ?.5 m restangles. The time lncremer¡l (ar) was 365 hours (- 2 weeks)

- hence 2b br periods in the annual cycIe.

a) tf¡e prrcblem was solved using ¡¡e ¿sr.ral thertal propertiee

for the dike naterfaf (Case 1), The results are given in Appendix r0f

and Fig. !2.

. b) The problem was solved using the usual therrnal properhies

except the k values (hense,t!erya1 dlffuslvities) were halved (Case 2)

i.e. effectlvel-y OrCn and nof.sture content were held constant whl-l-e k was :

t: I

varied by a factor of two. The a and k ratios were stlll the sarlF. The

enüed in nppenaix rDr and Fig. $" ¡

c) ltre solutLone',were compared and the fo1_lovrlng points
,ri

i) ttre general- heat transfer pattern ls the sarae for
I

cases. Temperatur.e exbremes are gr"eater for Case 1 than for Case
i

to the higher thennaL dtffusivtty of Case 1, l.e. the roaterial- is
i

ì
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sensitive to the boundary conditíons. The general heat þransfer pattern

j-s il-Ìustrated in Fig" 14. the heat flow procese is rather conplex cornparecl

to the steady state concept of a uniform flow of hea.t frorn tt'.e r"¡ater sid.e

to the air slde. l{eat transfer to and fron the soll adJacent to tl":e down-

stream slope nay be considered as belng si:niIar to the Problem I slab

calculation. This same baslc pattern also holcls for the region beneath

the water slde surface. (Due to thermal )-ag, the tenpera'r,ure gradients

continued to change or¡er the period of appro:Cmately 6 nonths d.uring which

B.C. /l 2 remained constant at 32oF). the actual pattern for either one is

inf'Luenced. by the exlstence (ard nature) of the other. For fixed bounciary

conditions and materials, the lnteraction wlll be a function of the

geometry. the third heat fl-ux vector shov.rn in Fig" 14 reflects ihe basic

flow of heat frorn water side to air side, Note from Appendices r0r and

lDf the locations of the 36oF and 3/roF lsotherms (a1so the adjoining

3Zof) renain falrly constant throughout the annual cyc1e, incli cating an

al¡rost steady f1o¡ of heat into the frozen core. the central region es-

sentially floats tn equllibrfu¡n between the two sub-surface phenomena.

il) ftre depth of the zone of aÌternate thawlng an,1 freezing

beneath the downstr.eam slope averaged. about G ft for Case I cornpared
't.t

to abou| 5 ft for Case 2. This dlfference !s due agaln to therhigher

therrnal dlffusivity of Case l, i.e. deeper penetratl-on. ttre atove figures
i

for zone depth may not be taken as absolute values. Accuraci jin this

respect, as for Prtblen 1, requLred exact, application of tireli Uour,¿"O
ll

(4, Uetter'approråmation for the actual depth is given inconditiong.

P¡ob1em 6)"
r;

Furbhermor.e, there was some error ln the relative clepths for
ii,]iìi.,
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this zone since the lnherent assumption of more or less instantaneous

. , ^ - ^4 Î,Y^l ^^ EL Lt ^1 a ô.6rf^^+ -rl *Ìrarnal¡-ng/rreezf,rig of the trianguJ-ar zones of I'lodes 56r.6t+, etc, affectecl the

Iocatlon of the depth of na:<imum thaw ln slightly different ways. Both

so1utiorrs1nd1catedthedepthofthawincreasedgoingupthedownstrea¡r

slope. lidditionally, Nod.e 89 zone thawed more than Node 8I zone as sl,ould

be the case slnce the f¡eat üransfer would approach the Problem I slab

calculation hrlth lncreaslng lateral- dlstanee from the dike.m lne qlKe. 
.

i1i)tr¡eboundarybetweenperrrnanent1yfrozenandthawedsoils

forCase1waecIosertothedikecr,oss-Sectioncenter1inethanfor

Case 2 by about 2 î\. The difference j-s consldered essentially due once

a5ai-ii Èo the higher thermal d,i-ffusÍvity of Case I. FoJ-lotring the summer
.

thaw, tbhe actlve zone adJacent t,o the downstrream slope refreezes and' the 
:,

frozen core ls sub-cooled. The degree of sub-coollng depends on the
:

thennal sensitlvity of the mater{.a!. (Îhe average temperature of the

frozen core in early April,rvas 2l.8oF fo" Case l versus zlr}ol for Case 2)'

Sincethetemperaturegradi¡nt.isinthesamed'irectionacroSsthefrozen

core d.uring the pertod of, sub':coo11ng, the lower boundary tend's to,be
' :. 

: ,t

pushed out as the amor¡rt of heat extracted' increasesc ' '', 
'
'

tv) The location of the bounclary between permanentÌy frozen :
.i

anci thawed solls was practicatly fixed at clepths below about 25 ft from

the peak of the dLke, 1.e.,ttiere waa sllrost negliglble shift over 
lhê

annual cycle. For Case 1, the total swing at Node 51 was about 7 inches

decreaslng to about 2 Lnches at Nocte 54. There was some evidence of

underbhawing of the frozen'cor€, however this polnt could noti be estab-
l

lished definitely. Further'calcuLatlons using a deeper crose-section are
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heat flow) when the Lemperature of a node tends to move through l2oF

from above or belolv. In general, the tnre tenperature.of a nod.e is 32oF

when the node zone is about tråtf froøen/thawed. If the noCe ls less Lhan

half frozen, the tme temperature exceeds 32oF, and vlce versa. If a

zone undergoes conplete phase change, ioe. either freezes or thals com-

pleteþ, the net affect on the temperatures of surroundlng nodes as a

result of holding the temperature of the phase changÍ-ng node constant

al JZoFn.is more or less negllglble d.ue to the compensating chanacteris-

tic. By the sa^Ere argrrment, if a zone is about half frozen on the ave rage

thr.oughout the fuIL cycle, the error is negliglble since the vari.ations

are such that thaw equals freeze during the cycle. Unfo¡tunately, rvith

a coarse geonetry these ideaÌized. situations occurred rarel-y, ;an,l the

error present ln the flnal- solutlons 1s now dlscussed i.n some ldetail:

i) Nodes 5?.65" etc.

These nod,es thaw partially and then refreeze" Since thaw equals

freeze, frcn polnt of view of phase change thls reglon contains alternate

heat sinks and sources where sink equals source in nagnitu,'Le. Actually for

Case I (maxinurn thaw of node zones about 3t+%) *e (t" - 32). 'r lntegrals'

lch) are very nearly equal

despite the facù thaü the tn¡e average temperature of a noCe .:'ul'ili6

freezing rriJl always be Ìess then 32oF, v¡hereas the tnre aver.rge nod'e

temperatur= durlng thawing wlll be appro:d.nateIy 32oF when about 4OF of

the node zone C,g thåwed (allowLng fo¡r steeÞön t'émpqråtufe gråijiients

above the frost line tten belorr). Acco¡rlingly, the thawing and then freez-

ing action Ftarrùe heating and cooling reepectiveJ.y in more or less equal
II.
1.,
I,
lrr'
lrlr,i]:
i'l
i,l
I

i
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degrees. Ðue to this action the actual application of ts"e" # 1 loses some

of its significance slnce an overestlnate of thawlng power is offset by

an equal overestfurs.te of freezing ablì-ity, The total cycle for the nodes

nnder consideration consieted of partial thawing ar¡d refreezíng, and' ln-

cluded a period during which the region was completely frozen" Hence

conditions w.ere biased in favour of an overestinate of the size of the fro-

zen core.

ii) Nodes 50 to 54 inclusive.

since the frost line is on the alr slde of the center line,

hold.ing a node at 32oF in order to account for tatent heat of fusit¡n ¡'e-

sults in a node tenperaüure which ls less than the tnre aver€ge tempera-

ture for the zone. The affect is that opposite nodes appear colder than

they should be, hence a stightly dlstorted isothenn plcturro resulted. In

add.ition, a latenü heat balar¡ce was not possible since the heat inflow

to the zone þrês overestlmated while the heat outflo¡s was underestimated

(tnaw exceeded freeze)" In view of the fact that the frost line through

the subJect area for Case 1 shlfted onJ-y a very srnat-l anount over the

annual cycle, phase change was neglected for the Case 2 calculation.

This procedure.símFlified locatlng the frost 1ine. The amount of freezirg

/thawlng was estimated by the changes of node temperature over Lho cycle.

h,5.1+ Zonerl Fill Dlke - Steady Stete (Problen 4)

The proble¡n was to fnvestigate the affect on the temperature

regime of a dike due to a layer of lneuLatlon-t¡rpe materJ-al used as a
i

liner for the water reservoir. For conparlson pul?osesr the dlke geo-
I

raetry ueed uae tbe s{rne as for Prtblens 2 and 3¡ L.e. a I in I slope.

The nain df*e naterial was a hcnogsneous fiLl bavlng k valuesl in the
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two phases of kU, = O.7 and þ = 1.0 AUu,/frr-ft,-oF,, " The liner for the

reserr¡oir was arbitrarily chosen. to be a 3 fL thick slab consisting of

a hypothetical insulating material of k: 0.1 Btu/hr-ft-oF.

a) For the stead.y-state calculation (aurfaces at - ¡o.goÛ an¡,i

+6.1ogr)a wedge r,ras gubstituted. for the unlforrn 3 ft thiek layer of in-

sulating naterÍ-al; the wedge having the same crosa-sectlonal """. "r'ïh"
rectangular slab. Thts apprcocimation sinplifled, the solutlon since the

'i:enperature d.rop across the wed.ge is constant'

U) fne solutlop,is,the frost line ls

compared to Figure I0, a shift of I0.8o towa¡ds

Iocated at p : ?5.Io -

ternperalure drop across the wedge of insulating

t+.5.5 Zoned FilI Dlke - Cvcllc (Probl-ern ¡\

the water side. The

naterial is I"89C?

the steady perio<iic soluiioa for the ternperature regime based

on the geonetry and materials of Problem 4, was obtained. by the finite-

difference nethod usÍ.ng the geornetrÍc sub-division shown in Figure 11.

Since the insr¡Lattng rnaterial. is locateü imnrediately beneath the water

rese¡¡roir, there is no phase change involved for nodes whose zones con-

Èain the insulating rnaterial. In addS-tion, the zones of nodes l+L, 33 e|c,

contaln only a snall quantity of the insulating naterial (¡< - 0.1), hence

for calculation porpo""", the p and CO values for t}¡e i.neulating nateriaL

were taken to be the sanå Ãs tor thar+ed glacial til'I.

a) Tt¡e *ln """,rIts of the ccmputation are as follows:

i) ttre boundary between perrnanentþ fbozen and thawed soÏLe

al¡iost'cofncided rrlÈh the centerllne of the dike - the mean frtst llne

ovsr the annual cyrcle ¡sas Located Just to the left of the centerline as
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l+"5 "6 ous Fil-l- Dike - - Cooline Ducts (Problen 6

During constmction of the d1ke, a nebwork of horizontal

is incorporated i-n the dike section. During the wlnter, cold air is

pipes

d¡a'¡m aechânically through the ducts, tlereby e:cfnacting heat. The duct

cooling system is sealed during tþe swnmer months. Using natur¿r} cold

winter air nekes the method analogous to the technique of extended sur-

faces ag contragted to pure refrigeration. In pr{.nclple, t,he piping lay-

orl'* can be designed to prOvide the neCessary frozen Core s12s år,Ì tÈe'

degree of sub-coo1-J-ng. 
,

the main obJectives for the anaþsls concerning the use of air

coollng ducts, hrere to deterrnine the feasibillty of the nethod and to

provicì,o data useful for tle cooling system deslgn. The cooling ducts used

were 3 ft. di¿neter eüeel pipràs. The period ot' cooling duct operation vras

! nnonlhs, November to l4arch inclusive. Theo¡retically, an optJ-murn coollng

period. would. exist for each particular duct depending on location" In

practiso, actual weather conditions would deviate considerabÌy fron the

mean values of B.C" # 1, hence a cerbain amount of day-to-day adJustment

oí the cooling operation would be requir.ed, either nanually or autoneti-

ca1ly. llence this type of optirdzation was not conside¡.ed since it is

best carried, out on.the job.

a) ttre design for winter cooling as to mrmber and. location of

d,ucts (especialþ design optfur.ization) wouJri obviously require at least

gom,e rtrtal and errorl proeedure. Thl-e aspect led to conslderable pre-

linlnary work in developlng'a computef progran r*¡lch could be readily
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with a duct }ocai;eci in ¿¡ ¡flim'ited mass of soil using the geomei;ry of

Fignre 16.(Linitlng tenperature at the boundary was 32oF - the phase

change ternperature at the thawed front, and the maximum terrperature for

the 'frozen core). No purpose can be served ln describing the calcula-

iions in detail, hence onJ.y the nain results are noted as folloiçs:

. i) The heat f1r¡c in the irmrediate vicinlty of the duct is

apparently very much greater than the nornal heat fJ;x, The calcul-ation

f ;'cn i.hich the data used later was ext racted, lndicated the iris'Lantaneous

heat flow rates h.alf way through the period of d,uct operation (*i¿-

January) were such that the no¡:ma1 heat flux in the vicinity of Node 43

of !'igure tt (proUtem 3, Case 1) was only 2'ß of the duct heat fl:x at

the surface of the duct and about 6!% of the duct heat flux at a radius

of A.à ft fro¡n the center of the duct" This comparison gives at Ieast some

order of rglative rnagnitude ; the tnre comparlson for the purpose at ha¡rd

shoul-d of course have been between the heat'fLr.¡x due to the heat exLrac-

tion power of the duct and the heat flux due to the water resen¡oir with

the <iuct in position and operatlng.

ii) There is every indic¿rtion that the duct øone enters a

nen period, of coollng operation at a temperature very nearly 32oF. Fol1ow-

Lng 5 months of cooling duct operation, calculations showed the duct zone

temperature wouLd reLax itself to 32oF within a period of about J nonths
:

- this v¡tthout the benefit of the war':nring lnfluence of the water reservoir.

d) the value for hugg ( a l"umped Lhexms,l fsetÊts,Rêe oempoead

of the conVective heat transfer coefficient and aLl- miscellaneous therte'I

resistances assoclated roritii the duct proper) used in the duct calcul¿-
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f,ions ruas by no ¡I3ane negligible ancl had t,o be gíven due consii'eration"

In ai'riving at a realistic value for hu¡¡r the fol*lowing factors vlere

considered:

i) Irlumerous theoretical equatione and empirical correlations

are available t,o prcdj-ct lhe convective heat transfer coefficienc t'or the

inner surface of the. ciuct. These eqÌ:ations ln<Ìicated an rhr r¡al-ue of

very nearly 4 Btu/hr-ft2-oF based on an alr flow of 1500 ft/nin and using

proper*cies at -3.8oF average.

ii) tne calcr¡l,ations for the <iucb zone assumeri the cooling

medium (air) to be at the actual ambien¡ air tenperature. In practise,

with a suction syst,en, t he average temperatrrre of the cooling liiedium would

be approximately actual air temperature less half the air tenperature

rise. The allol¡able alr temperature rj.se is a variable; the value for

Atislikelytobeestab}lshed,asaconpromisebetweendesiredducta].r

length and. the pAVCp (ntur/frr-oF) prod,uct based on a knowledge of the

average heat e>ct,raction rate per unit length of cluct, i.e.

(¡tu/irr-ft of duct)"r, x length of duct' (ft)
at. :,*air 

eAVCO

Since V is likely to have a value of approxirnately 1OOO to 2000 ft/¡dn,

the oAVC value is relaiively large. Acco¡dinglfr even witir frictional,p
heatirrg,Atairis1ike1ytobeoftheorderofafewdegr"eeson1y.

Nevertheless, these conslderations j¡rdicated compensation in the for¡n of

a suital¡Ie fictitious themal resistance ïtas in order to effectively're-

.1uce the cooling air tenrperaüure by a srnall amount'
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iii) A large contact resistance could exist beLueen the duct

and ihe surrounding dike materi-aI. The thennal conductivity va-Lue for air

at the temperatures of this proble¡n is abou! 0.013 Btu/hr-ft-oF, h"'''c"

the ratio k1f"o""r, soir) to k("i") is 77' There is no literature readily

available regarxting the contact reslstance between a buried pipe ancl so!l"

(The situation Is.usually reversed in buried' pipe applications, i'e heat

loss .,o be rciniraized, and use of ineulation yields an insulation rresis-

tance.which ls }arge comparocl to the cornbined soi!. and contact resistance).

Á,t any rale, the design of the cooling sl"stem woul-cl have to be such so as

to ensure a reasonably good thermal bond between the ducts arrcl the soilt

since otherwlse, in the ti¡útr a .high contacü reeistance would tend to

uncÌermine the whole purpose of duct cooling. The use of exLended surfaces

(corrugated pipe, fins, etc) appears advantageous in this respect. In

view of the preeed.i-ng, the val-ue f or h"r, was somewhat arbitrarily taken

as h- oo = 2oO Btu/hr-ft"-oF. ' 
u

EII

e) A calculation v.ras carried. out for a single duct located ces-

trally i-n the Noce ?4 zone' The geor'retries l^Iere as shown in itigures 1!

a¡d 16. The tine interval corresponding to Figure 15 was 3ó5 hours, the

sane as for Probleßs 3 and J. For Figure l-6, ax ÌIaS 3 ft and Àr was

óO.g hrs (I/6 of 365 hrs.). Th. duct zone tenperature ÏIas the average

temperature of the naterial within a red.ius of 6.1? ft. of the duct cen-

ter. The values for duc! zone temperature are listed in Appendjx rEl'

TFr-ls appendix also contalns the boundary condition temperatures used i¡t

this problero and Probl-ems 3 and 5, fne maln results are showt'l Ín

'

I

l



IA2

Figure 17" The isotherrr field at tho end of January ls given in Figure

f) In order to fulJ-y assess the affect of the cooJ-irrg duct

operation, it was necessary to sol-ve for the initiaL conditions. This

solulion is equivalent to resolving .ErobJ-em l, Case 1, using a nell

geometry. The results are also inlicated in Figure 1?. The thickness of

the zone of alternate thawing and freezing near the downstrearû slope was

about 4 ft. This value is a better approxiJnation of the actual clepth of

this aciive zone since the geonetry perr,ritted accounting for phase 
":h"rrg"

of more of the actual material near the surface"

g) for the final solution, the tenperatures of nocles beyoncl the

neighbourhood of the duct rrere very nearly identical r'¡ith the initi¿I

conditlon temperatures. The thiclaress of the active zone al the down-

stream slope remained essentially tho sane, horvever Node 86 froze an

add.itional 11É. Nodes 76, 83 and 90 remained virbuaily constairt through-

out the cycle af 33"0oF, 32.tÞo| and 32.IoF respectivel¡". The tha'øy'freeze

varrations for Nodes 67, 73 and ?5 r,rere surprisingly sroall, hence Figure

1? shows only the nean frost line. The¡e i-s some geometry error of the

type nentioned 1n Section l+.5.3 e) 1i) which nakes the calculabion con-

servativë in that the'e>ctent of frozen material surrounding the d'uct on

the ti..ar,;e,å front tends to be unde¡estimated.

h) Regarding the cooling duct zone calculation, based on

heff : 2.O Btu/hr-fta-oF ,t,l b: 1.0 Btu/hr-ft-oF, th" average heat

extraction for the J month cooling period was about 10 Btu/hr per square

fool of Cuct surface, This rate prod,uces an ai-r te4perature rise of about
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3.6yo in 5OO feet ofcÌuct based. on a flou velocity of l-5CC ft/n1n, The

maxirnnrn heat exLraction rate ',,ras about Ll+Ofr of the average and occurred

in earl¡r January. 'This data

representative - inspection

heat exLraction rates j-s considered fairly

the isothem fleld of Fig. 18 in the

on

of

neighbourhood of the duct together wlth other lnforrnatlon incìicated the

values will tend to be slightly high due to the error resulting from the

use of the symmetrical mod.eI.

Í) In general, the usg of this rnethod of winter cooling to in-

crease the sj-ze of the frozen core, appears to be,fefinitely feasible.
:

The single duct calculation both denonstrates the effectiveness of the

methoC and provlcles info¡mation as to d.uct spacing. The results show that

the Cuct, (purposely positioned v¡ell tnto the original thawed zone) has

Èhe effect of blocking the reservoir heat flor¡, and. ís able to stancl up

to the surilner thawing action. There is every indication that a. string of

ducis could be usecl to hoIC almost any frost line withi.n U¡rits, Ai:xiJiary

ducts located in the frozen core coul-d also 'oe used for sub-cooling

purposes if <lesired. Further calculations based on specific objectives

coul-d be carried out using the comput,er program contained in Append,ix rFi.

Å'"6 General Observaticns and Conclusions

Regarding the first problem, the thickness o1'the active layer

is known lo have a strong de¡:endence on surface cover. For thé soil-

moisLure combination considered, the thiekest active layer for ihe lower

l.lelson River region (correspondi-ng to no surface cover) is esti¡rated to

average about I ft over a peri.od of several years, This result cannot be
I
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exLrapolated to other conditions. The heat flor¡¡ pattern for tire calcul"ations

l"rere such that an increase in the v¡ater content of the soil i,.-c'u-l.cl ¡recrease

the depth to the pernafrost table tlue to t,he phase change influence. On

the other hand., the cl.epth to the pennafrost table tend.s to incLrease r'¡itl¡

the '"herma1 diffusivity of the soiL. The therrnal diffusivity of a gi-ven

soil d.epends largely on the moisture content; for most soi-Is, thermal dif-

fusivity increases with moisture contenl up to a maxÍmrrm value and then cie-

/.o
creases*'. Si¡i1ar1y, moisture migration increases with increasiqg water

content to a cerLain l-evel and then d.ecreases49. ,n" actu¿.]- itoistune cori-

ten!, therefore, appears to be a very important parameter in the location

of the permafrost table. ''

The geotherrnal graCient has negligible influence on the thermal

regime of the upper 20 fI of soil. However, the geothennal grad.ient woul-d

definitely have to be included in a calculation on a deep cross-section

suci¡ as for determirúrg aire }ocatÍon o1' zero amplitud,e of the period.ic sur-

face teluperature. Such a computation v¿oul-d also deterrn-lne the thicicness of

the pennafrost belt since the rìi stance from the polnt of zero anplitude

to lhe lower borindary of the per-mafrost belt, depencis simply on the vatul

of the geothernal gradient"

tonce¡ning the dike calculations, it i-s first emphasized that

the stead.y state solutj-ons (Prob1ems 2 anct 4) have no real significance

in so far as detaj-led infornlation relating to the actual probi.en ls con-

cerned. The nain reason for this is that the boundary conditions ar:e dis-

tinctly period,ie in nature and. the temperature field ls tine dependent.
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Steady state anlysis of a problem of this kind shouJ.rì h¡e used only for

general comparison purposes such as progressively varying a bounclary tem-

peraturee geometry or therrnal conciuctivity ratio, and noting the changeg

in ',,he temperature solution. The actual solution for any p:irticular son-

figu:ration witl provide qualitative data at best. ihe discrspârtcy' b.¡Lv,sc¡¡

the location of the bound.ary between frozen and thawed nateriaL of

Figures I0 and. J-2 supports these conclusions.

The prinary solutions (Figures 12 and, 1l) of the two cases of

the natural thennal regime of a no¡oJgeneous fill dike are fair'Iy similar.

This suggests the solutions obtained nay be used as a first approximation

for a i$e1son River dike of 
,an¡' saturated homogeneous material having an

cv rai;io of about 2. The therrnal regi:ne solutions, however, tliîfer rnore in

delail. In ihis respect, the use of a high thernal diffusivity nateriaÌ on

bh= ciov¡nsùre¿m slope ol ¿he qixe to increase the size of the Írozen core

has considerable merlt. The possibl-e lateral in,:rease in the size of the

frozen core is fairly lin'riteci due to the influence of the water resewoir,

however, the verLical penetration was indicated to be quite substantiatr..

Phase change appears to be a very important factor i-n esLablish-

ing the tenperature regime of a frozen dike, It is probably suborclinaLed,

only by the boundary conditions. To simplify the situation for the pur-

pose of illustrating a point, as far as the buJ-k of the dike is concerned,

the bounclary condition at (or near) the dov¡nstrea¡l slope consists of

B.C. # L and 3eof (tne phase change temperature), each effective over ap-

proximately haJ-f the cycle. For a given soil moisture conùent, the J2oF

.tter deter¡rúnes the length

'l
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an¿ posiiion oí the 32oF perio,C. The phase change temperature lherefore

enters as a cornron d.enom-inator in the solution of the thernat regine of

any dike

The cond.ition of no surface cover on the downsLrean slope of the

d,ike is .tairly iitealized. The only improvernent 'n¡ould be to place an in-

sularing 1ayer on this surface during the srun¡ner ¡ronths (possibty vege-

tation r.¡hich is burned off in Lhe autu¡'ur). ttre i-mportance of fully

util-izing the dor,rnstrea.n slope for cooling pìrr?oses riarrants emphasis.

The 1ar5;e area involved is an indication of the evailabl-e potentla.l for

natu.ral cooling. In o¡der to capitalize on thi.s potential, iL is necessary

to reduce the surn¡ner thav¡ (pIant growth, sr:n shad.es, etc) anil provide an

exposed surface during the winter mon-uhs (in parbicular, keep insulating

snoii,of:[ the surface). Such conditions could be approxirnateci through Lhe

use of snov¡ shed.uó5 n*r"n have been used successfully in curt¿":-n Russj-an

deslgns, Under nornial ci¡'cumstances, ttre high insul-ating value of snow

conl:ared to vegetation could foreseeable seriously affect the frozen core

of the dike by inpeding refreezing of the active layer and sub-cooling"

The criterion for structural slability of a frozen dam as given

,E
by tsogoslorr"ky45 is that a mini-mum of half the ,la¡r section rnust be kept

pennanently frozen" The requirernent for a Nelson Rlver dike is stiIl to,

be established.. Using the Russia¡ rule as a tentative criterion, the

results of Proble¡n 3 (Case 1) indicate the natural therroal regime pro-

vid.es conditions which are belorv the mininum requirenent'' Artificial

neans of increasi,ng the si,ze o.f the froze¿ core are Èbelvforç r¡ecessary.
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Ls al-reaciy nentioned in conjunction r+ith Problem 5, designin,q.r clil<e tdth

an ins¿lating linez. on the upstrean slope has fair possi.bilii;r ior this

purpose, hor.¡ever the nrain problern lsoulC be l-ocating or Ceveioping an in-

sulati-ng material whj-ch is suitable and available at reasona'bl-e cost. The

''¿se oí air. cooling ciucts appear to be a nore practical method. There is

ever--\,- in,-)ication tira'r, a frozen core comprising 6Oia or more of the dike

se c',ion coul-cl be achievecl .Hlthorrt cj.ifficu-r ty through internal- cooling

using ne.tural- col,l, v¡inter air'. One possible source of trouble night well

b,e cleterioration of the qualit¡. of .the. thencal boncl betr'ieen a tj.uct anci

its surroundlng frozen soil due to cracking as the resrr-l.t of therrnal

ar¡Ì ina

A conceptual design for an internally cooled dike for the lower

llelson lliver is shown in Figure 19. Availabl-e infonaation for the Ne1son

River regi-on in¿*i""t"" a maxi.mum d,epth to bedrock of about 1OO ft. Þ<tra-

1-:oiaieci caLcutaÈions indicated four cooling d.ucts positj-oneC approximately

as shorvn, would provid.e perrnafrost con'litions to bedrcck.

The ter¡n raccuracSrr as used. in Section fII refers to the devia-
:

tion of a soluti on to a given fornrulated, problen fron the exact: analfbical
I

solution to the problenr. This usage of the term was generally, continued
;

j-n Section 4.5. The rnain q.uestion then concertis bhe formul-ation of the

frozen dam problem. Ju.st hol closety the pred,icted. thernal regime based'
, :,

on simplified models, will approach the actual- therrnal- regine,irernains to
j.

be seen. Due to tho complexiby of the real problæ, model or field tests

appeer to be necessary in order to perrrr-it even an approximate angler to

the question of the trr:e accìtracy of solutior¡. . ll



V SUI.I'IARY AlfD n;C']Ì'Lvrltì\D^¡1,TIONS

À purely nethema'r,icai approach is undoubtedly the rnost

efficierrt nethod of sol-ving rrnirìirectional steady staLe heat con,luction

nroliierrrs. The expressions for heat flow and temperature tcgether r^,i'uh

ihe nurn,.:rical answers can almost alv,rays be determinecl easil-y a¡d quickly.

In cert¿rin cases, such as a fin r,rd-th a variable convective heat transfer

coefficj.ent, a finite-difference approach nray be superior.

For two-dimensional steady staie probløns involving single

l-ionogeneou.s ynaterials and no heat sources, the anal-og field plotter pro-

vides an excellent means of obLaining a good engineering solution. Tiris

meLhocl is especial-I¡r reccrmrended. for irregular geometri-es. The concept of

a shape factor for evaluating heat flow is particularly useful. Free-h¿¡rd

f1u;< plotting may be used to obtain a rough solution as a. first approxi-

mat,'i.on, howeve:: inr¡est,ing an;.'gr"eat length of tlme to obLain an accurate

soluiion defeats the main purpose of this nethod. the possible use of

coníornaL mapping shoulci not be over-looked. This nethod can be exLrenely

powerful. As demonstrated by the sinple exarnple included in Section 3.I.2

a)ti), Lreai liow soiutions f'or the transfonned geometry lr,,ay vrell be one-

cÌjmensj-ona} " A mathematical .solution for temperature using the product

method is likely to be practical only for regular shapes. This method is
:j

best used to spct'check the; accüracy of a flux 'plot.

Either numerical itleration or relaxation is suggested for two-

dinensional stead.y state problens iåvolving heat sources erri/or hetero-

Seneous rnaterials. There is llttle to choose between these two methocls
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on rühecr.el.i-cal- grouncìs. The choice in pracLice clepends on the nature oi

il:e problern an.ì personal erperience.

For three-d.inensional steaciy state problerns, if the sliape is

fairl-y regular, ihe possibilily of using, existing publishe'1 f,oLo2z'23

shoul-d 'oe invesligaied for at least an approxinabe solution í'o-¡' heat flot"¡.

ji soiuti.on I'or temperature d.istribution may be possible through the

!-ìrincj-ple of superposition. For coraposite st,n:ctures , the problern is

best tackled by numErical iter¿¡lion. i'Le eìecLr'olyuic tarrr< or prototlæe/

rlociel tests constitu'.,e ti,e only other practical alternatives.

The choice of method for a one-dir¿ensional transj-et'rt prob3-en,

ciepencls ntostly on the nature of the required solution' If the ciepth of

.penetra,;ion of the tenperature d.isturbance versus ti¡re is of priinaíy

in'úerr's'c, the heat-balance integral method' offers fair aCcuracy and

stoeed.. In general, if only specific temperature information is required,

the analybical method is preferred since ib is capable of lrislüng exact

resuri,s quickly. similarry, chartsÌ9'2o "^n 
be used for quick solutions

l

but }ess accurate resulis. 0n Lhe oiher hanù, if general tenperature
\

fiel-ci variati-ons are reguired, a solution by the finite-difference

nunerj-eal Ì'.e+.]'lod aut,onatiCally cOntains a Complete set of tenlperature

values for discrete points at uniform time intervals' Interpolation in

space an¿ tine is rel¿.tively simple. If graphical data is desi-red, the

.tl

schnidt plot is the obvious choice. The qualitative features:of this

rrre'uiruo, l1o\vcvcjr, are parbially off,set b¡' t'he necessit¡r 9¡ har'-ing to

tr¿nslate the graphical resul'bs to numerical daba. This also applie's to
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an enalog comÐuter solution l','hich r'¡ould provide continuous terperature

variaiioirs rsiih tirrre for discrete points of the geometry.

îhe finite-cri-fference nurnerical method is exceptionall¡' versa-

tile in accommod.ating non-uniíonn initial conditions, urtusual bounc-ary

conciitions, variabl-e therriial- properties, phase change, el,c. Cor,bineC vlith

a digital conputer, this n:ethocl, is capable of solving a r^ride range of two-

anj ihree-ctimensional transient problems. As illustrated in ihe frozen

dar, heat transfer study, a steady periodic solut,ion can i:e obia.ined by

it,eraiion. In general, if accuracy is especially critical or j-f the prob-

ien cannot, be fonnulatec adeqr:ateJ-y, rnod.el experinents or fiel-C +.estç

are necedsary. The outstanding feature of the model methoci is Lhe choice

of a suitable time scale. The analog computer also perrnite selection of

a convenient time scale. Since the number of a:nplifiers avail¡¡ble U¡rits

the nurber ol nodes, thu eiieiog coliputer is best used for o.ual-itative

¿¡¿tysis of transient pröbIens involving nore than one independent space

variable. As already mentioned¡ the main advantage of electrical analog

sirrlulation lies in the ease at whlch problem parameters can be varied in

ozrler t,o investigate the solution to a heat diffusion problem over a

raqge for design work or perforlnance studies.

l,'or engineering pur?oses, the rnethoci of separation of variables

to cbtain a.n analybica-l solu'bion is more or less limited. lo trro indepen-

dent variables. For steady st,ate problems, sirople expressions can often be

cleÏiv,j.i i'or hea'b i1c¡w. The eu,uatiun¡J l,JilbrrrnperaÈure förr bÖbh sbËådy anci

uns'beady state problern*s are l¡su1l-l;r nore cüfficul-t to eva.r-ttate. A con-

sicerable amount of qualiiative information can often be deduced by ex-
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enining -,,he equations themselves, Solving the equations to nroviCe

nu:r,erical results ma;' however be tedi-ous and time consurning. In sone

ceses the use of a digitaJ- computer for this purpose may be l,¿¿rrantel."

For sueh cases, the finii;e-difference nrunerical method is probabl-y jusi

as eeoíroni.Cal.

The key to successful application of the fi¡ite-dif,ference

nurner-ical rßethod lies in the use of a digital coriputer. The me'bhod is

easy to prograrn. The progran can be checked by spot checking the compu'i,er

results usi-ng a desÌ< calculator. T¡4pe-out can be arranged to suit. For

exarncle, in the d.ike computation, a rprofiler t¡¡pe-out was used to

facili'uate interpretation of results. Fcr an iteration procedu:'e, cot'tver-

gence can be assisteC by'"he computer operator if desireq.

Heat conduction problems encountered in engineering work may

Tange from a, si-mpl-e calculati-on of the ste."-d.y state heat loss through a

pla.ne r¡aII to a problen concerning re-en+,ry kinetic heating oÍ' an ablative

nose cone of a s¡ace vehicle. For anir heat conduction problen of even

inoderaLe eomplexity, probably the most j-nportant parL of solving the

¿cti.-l probleru corlsists or' rorrnul-ating the problem. The accurâcJ¡'of the

dala available for solving the prroblem has an im¡recii-ate direct bearlng on
i

the accu::acy o.f the final so}rtion. Boundary conciitions are t:suafly diifi-

cul-i lo apply exactly. Approxime-ti-ons may be necessary regarding contaet

resistance, internal heat generation, etc - for exarcple, consid.er heatirg

due to exnonentlal attenuation of gemnta rêrys. No .¡rurpoeë cð¡n 'Þç- eerved
:,

in furiher generalizing on thç matter of fo¡rruLation since <:very problem
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is unique. The r,ain point is that approxirnations and sinplifying assunp-

tiolis are in¡J¿riabJ-y ¡,ecessaï'y in f<;r.nul-al,ing a problem, anci these in

turn generalJ-y have more a.ffect on t,he tn:.e solution accurscy than t,he

nethol used to solve the heat conduction ¡locîel.
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li0u;'{) Lll-tY COì'íDITI 0Ì'J DA'IA

i''iean ilonthly I'iean Ì,ionth1y Approx. Lverage
Air ?enoerature i^'later Ternoeraiure Insolation

( ob) ( o¡) ' (tY/aaY)'i

- t6"6
óL

r^^¡ ÉaA

+ 2O"g
t 4/-T )o "y
+ 5O"1,

+ 59.0
¡ r/ n-1- )O. U

4- l,), 2! ++e!

+ 32"O'
-t- 10"0

/n_ o"(
+ 23 "l+(-a"soc)

2,)

)¿

57

66

66

,57

l+l+

aa))

4)
/L r o\

75

160

320

l+5O

500
AIL

500

)ov
225

140

75

5O

_ra'"1 IY = 3.68 ntu/tt"
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APPENDIX IE¡

TABLE 2

BOU¡IDARY CONDITION AND DUCT ZON!] TMFERATLIN¡ DATA

Note: For actual tenperature (on) subtract lOOo

Period Endine lrlater Air Duct

Jan. 15 v l.32,O 82.5 ]:O7 "6

30 r ir 8/+"4 l-:07.9

30 r4O.O 141"7 131.8 
,

Jun. 15 ]-:55.O l¿S.O 13I'9 i;

l

30 L59 "Q L52.8 L32.O . ll

Ju1" 15 tl
3o

Aug. 15 l:67.5 157.5 , t'

30 164.5 L5l+.5 , 
i

, sep. t! 16r.0 14?.0 rr 
ll,

30 J:53.O )hJ..5 tr 
ì,

oct. 15 I W.o L3t+,2 rr 
l,

30 iJ+1.0 )2g.8 rr ,l
'i

Nov. 15 134.0 114.5 722'2 
"30 L32.O L05,5 118.9

rr 86.9 110.7
r 94.0 113,I
u 99.0 LI6.2
n 106.ó fJ9"3 :

il 116.0 127.9 ,

' n 11Z5"g L3O.7

u !J2.O L31"6

n

r 90.0 110.4

Feb, 15

30

Mar. 15

3o

Apr. 1l
30

I,fay. 15

Dec. 15

30
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G,,j,j:tOu:ì :rli,t, lIl:j1_C:CLia;-_:it[]r Iì,ir lü ûiS

noie ¡csi'¿ion iä '3irc, c:l:e cr'rr.:-s-Jc¿-i c':r" T¡rpe-cut ca::r be efiininated

ui-l 'úiic,¿'; diff i cuiiv.

/, ) '-llr-'¡a ce;.e 6f 1F I fact¿cf s arc usei i n ihe conpu'ca''r.,i c-,t'l . These coi'J-es-
-,/ 

JVVJ Vl : ILUU!- i G^ v Uú\/g *-i V--v ! 
^

Ðond'r,o iha,.¡ec, i:ote¡: c:' ph:lue c'i:L:t!Ê,rcdes" The cc:r¡u-ber h¿s a
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l]íì¿r.,¡ì ng

?re ir"¿ciion of -Lìrc vcl-un.: cf e- node zoite r^Ihich is frozen ¿'L ¿Jry ìlirne

' 'ì 'rq {-) --'¡naq .ì-ag 1. 1-¿l¡1e a.r, "Lhe 'i;:_1e .urfdei. C6nsiderâtion"
"r;2'
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OSOO = Sw
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150o = Lw
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IBOO=N t'

a
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