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Abstract

Multiple myeloma (MM) is a cancer of plasma cells in the bone marrow, where abnor-
mal plasma cells overproduce a harmful antibody, M protein, leading to conditions
such as bone lesions, renal dysfunction, and hypercalcemia. Although incurable,
controlling M protein levels can reduce complications and extend patients’ lives. A
previous ODE model examined M protein, CTLs, NK cells, and regulatory T cells
in the MM microenvironment to analyze steady states (SS), time to steady state
(TTSS), and parameter sensitivity. However, that model lacked experimental data
and realistic calibration. To address these limitations, we incorporated new clinical
datasets showing patients’ initial conditions and longitudinal M protein levels after
CAR-T cell treatment. We developed a reduced ODE model with the same four
variables but included effects of anti-PD-1, elotuzumab, and daratumumab thera-
pies. Our model reproduced similar SS and T'TSS distributions as the previous one,
while mathematical and bifurcation analyses identified four non-negative equilibria
and showed that varying regulatory T cell and CTL homeostasis rates can shift dy-
namics from a single stable state to oscillations. After calibrating both models to
clinical M protein data (Group I: remission; Group II: relapse), Akaike Information
Criterion indicated that our model better fits both datasets. Parameter distributions
from calibration revealed potential biomarkers for predicting patient outcomes, and
sensitivity analysis suggested possible therapeutic targets to lower M protein lev-
els. Combination therapy simulations showed that daratumumab benefits all relapse
patients, whereas anti-PD-1 is only effective for specific cases. The general model
instead predicted benefit from elotuzumab or anti-PD-1 at higher doses or longer
durations. Finally, identifiability analysis by using profile likelihood found that key

parameters are structurally identifiable but practically non-identifiable with current



data, emphasizing the need for additional experimental measurements to improve

parameter estimation.
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Introduction

1.1 Multiple Myeloma

Multiple myeloma (MM) is a cancer of plasma cells. Plasma cells are commonly found
in the bone marrow. (25;39). Plasma cells produce antibodies called immunoglobu-
lin, including Immunoglobulin (Ig) G, IgA, IgM, IgD, and IgE, which have different
functions in various parts of the human body to protect from antigens via binding to
the antigen (48). Moreover, plasma cells can also produce another type of antibody
called light chain proteins, either lambda (LAM) or kappa (KAP), where the light
chain proteins are used to aid in the binding to antigens by immunoglobulins (53).
Disease progression toward MM begins when plasma cells mutate, creating ab-
normal plasma cells called myeloma cells (25; 39). These cells divide uncontrollably
to take over the bone marrow and lead to the precancerous state called monoclonal
gammopathy of undetermined significance (MGUS), resulting in an overproduction
in an abnormal immunoglobulin or light chain protein in the bloodstream called mon-
oclonal protein or M protein (21}, 25} 28; 39). When at least 10% of the plasma cells
in the bone marrow are myeloma cells, the disease progresses to an asymptotic state

called smoldering multiple myeloma (SMM) (21}, 25; B9)). When patients with SMM



become symptomatic, the disease progresses to MM (21; 25; 39). These symptoms
are known as CRAB conditions, with CRAB standing for: (C) hypercalcemia or
an increased blood calcium concentration, (R) renal impairment or impaired kidney
functions caused by M protein, (A) anemia or a decrease in the number of red blood
cells, and (B) bone lesions called plasmacytomas (39). The M protein produced by
myeloma cells can have different immunoglobulin types: IgG, IgA, IgM, or rarely
IgE or IgD (21; 25; 34; B9) and alternatively, M protein can also be a light chain
protein, either KAP or LAM (39). The M protein stands for the total amount of
these immunoglobulin and light chain protein types. Since M protein is positively
correlated with the amount of myeloma cells in the bone marrow (12), M protein
can be an alternative way of measuring tumour burden in MM. Moreover, M protein
is a more convenient and less invasive way to measure tumour burden, as it can be
measured via blood collection and /or urine samples (21} [39)). The disease progression
from MGUS to MM is shown in Fig. [I.I} The disease progression of MM can be
summarized in different stages, going from stage 1 to stage 3, shown in Table
There are several different stage systems for disease progression; however as the stage
increases, worse symptoms appear (21}, 25} [34} [39)). The rate of progression differs for
MM, compared to other cancers, as the rate of development to MM is 1% per year
(21; 25; B9). Additionally, the Mayo Clinic observed, in 241 referral patients, that
the range of time between MGUS recognition and MM diagnosis was 1 to 32 years,
with a median of about 10 years (29). Thus, it is important to study the long-term
dynamics in the MM microenvironment.

MM has many ways to be diagnosed. Blood collection is one way, as red blood
cell, calcium and M protein levels can be checked (21} 89). Another way is through
urine tests (21} 39), as M protein may appear in urine when symptoms have presented
(21)). Bone marrow biopsy is a critical test which can be done to test for the number

of myeloma cells in the bone marrow (21} 34; 39). Imaging techniques (34)), such as



No CRAB conditions No CRAB conditions CRAB conditions
M-protein< 3 g/dL M-protein= 3 g/dL M-proteinz 3 g/dL
Myeloma cells<10% Myeloma cellsz 10%, Myeloma cells210%

—

Figure 1.1: Disease progression. Disease progression of MGUS to MM, adapted
from Table 1 in (21).

Table 1.1: Definitions of stages 1-3 MM, as shown from column 2 of Table
4 in (39).

Stage Criteria
1 Hemoglobin > 10 g/dL
Serum Calcium < 12 mg/dL
Absence of bone disease or solitary plasmacytomas
Serum paraprotein < 3 g/dL (IgA type) or <5 g/dL (IgG type)
Urinary light chain excretion < 4 ¢/24 hours
2 Not stage 1 or stage 3
3 Hemoglobin < 8.5 g/dL
Serum Calcium > 12 mg/dL
At least 2 lytic lesions
Serum paraprotein > 5 g/dL (IgA type) or > 7 g/dL (IgG type)
Urinary light chain excretion > 12 g/24 hours

X-ray, magnetic resonance imaging (MRI), computed tomography (CT) scans, can

be used to detect bone problems, such as plasmacytomas.

1.2 Treatment Options

Due to the nature of the mutation from plasma cells to myeloma cells in the bone
marrow, MM is ultimately incurable (21} 28)) and thus, treatment efforts are instead
focused on reducing the number of myeloma cells in the bone marrow and /or reducing
the M protein amount in patients so that patients can be in a controlled disease state.
A challenge for MM is choosing if a patient with SMM needs immediate treatment,
which can be determined through assessing a patient’s risk level for MM (namely,

Box 5 in (28))). Thus, one of our goals is to identify biomarkers to predict a patient’s



M protein level and to select an optimal treatment, by using mathematical models.
Additionally, another challenge for MM is determining scheduling and dosage for
treatment of patients with relapsed/refractory MM, as patient factors are necessary
to consider for the timing and type of treatment (21; 25; 28). Thus, another goal
of our work is to indicate potential treatment combinations, along with dosage and
schedule, that could be effective for a patient in relapse.

There are several treatment options for MM including immunotherapy. Im-
munotherapy regulates the immune responses and reactivates the immune cells.
There are several methods in immunotherapy, including immune checkpoint in-
hibitors, cytokines, oncolytic virus (OV), and chimeric antigen receptor (CAR)-T
cells (56; 57). Cytokines are proteins, and can be categorized as pro-inflammatory
which activates anti-tumour reactions and anti-inflammatory which activates pro-
tumour reactions. Cytokine treatment involves the use of cytokines to either boost
pro-inflammatory reactions or reduce anti-inflammatory reactions (7). OV infects tu-
mour cells and this infection triggers the innate immunity that brings in macrophages
to eat the infected tumour cells, and hence provide an additional killing of tumour
cells beyond the adaptive immunity by T cells (26). In CAR-T cell treatment, T
cells are taken from the patient and are genetically engineered to express chimeric
antigen receptors that allows the T cells to specifically recognize the target tumour
cells and hence increases the killing rate of tumour cells. Then, these engineered
T cells are cultured and expanded in a large population and then are infused back
into the patient (36). CAR-T cell therapy has shown great success in hematological
tumours (36; 52). In (37), the authors applied BM38 CAR-T cell therapy to patients
with MM at different dosage levels. They found that the treatment induced several
anti-myeloma activities, increased the median progression-free survival, and reduced
the number of relapsed cases. Moreover, even one year after the treatment was

withdrawn, a high percentage of patients still exhibited detectable BM38 CAR-T



cells.

Immune checkpoints are molecules expressed on the cell membrane, and they
can inhibit the target cells. For example, Programmed Death-Ligand 1 (PD-L1),
which is the immune checkpoint, is mostly expressed on activated T cells and some
is expressed on cancer cells. Its receptor, Programmed Death 1 (PD-1), is mainly
expressed on activated T cells (33). When PD-1 and PD-L1 bind to form the PD-1-
PD-L1 complex, it generates negative signals to deactivate the target immune cells
(33). For the PD-1-PD-L1 complex, the immune checkpoint inhibitor treatment is
to block the complex formation by occupying either the receptor (PD-1) or ligand
(PD-L1) through the antibody, anti-PD-1 or anti-PD-L1, respectively. This method
also enhances the adaptive immunity, as it keeps more activated T cells present and
thus enhances the killing of tumour cells (33)).

There are two additional treatment methods for MM that target certain mem-
brane protein on myeloma cells. CD38 is a transmembrane protein expressed on
myeloma cells, lymphoid cells, myeloid cells, and regulatory T cells (42)). CD38 is in-
volved in triggering the activation of certain cytokine production, such as Interleukin-
6 (IL-6) and Interleukin-10 (IL-10) (42). These cytokines are involved in anti-
inflammatory activites in the tumour microenvironment and thus result in the re-
duction in the immune response (42)). The high expression level of CD38 makes the
monoclonal antibody, daratumumab, targeting CD38, as a potential treatment
option for MM (42)). Experimental results suggest that daratumumab induces cell
death of myeloma cells through multiple mechanisms and reduces the activities of
CD38 (42). Moreover, daratumumab could act as an immunomodulator to deplete
the number of CD38+ regulatory T cells and to enhance T cell expansion (42).

SLAME7 is another cell membrane protein that is expressed on myeloma/plasma
cells and natural killer cells (NK cells). SLAMFE7 is part of the signaling lympho-

cytic activation molecule (SLAM) family of cell membrane receptors (54). For NK



cells, the role of SLAMF7 depends on the presence of EWSFlil-activated transcript-2
(EAT-2). If EAT-2 is present and it binds to SLAMF7 on NK cells, then SLAMF7
promotes the functions of NK cells. Otherwise, SLAMET inhibits the functions of NK
cells (54). SLAMF7 is important for the adhesion between myeloma cells and bone
marrow stromal cells (BMSC) and for the activation of certain cell pathways that pro-
mote survival of myeloma cells (54). The monoclonal antibody, elotuzumab, binds
to SLAMET on myeloma cells to activate NK cells, and hence mediates the antibody-
dependent cell-mediated cytotoxicity (ADCC) to inhibit myeloma cells (Figure 1 in
(54)). Thus, targeting SLAMF7 via elotuzumab promotes and activates the functions

of NK cells in the treatment of MM (54)).

1.3 Previous Mathematical Modeling Results

There are a few modelling works related to MM. In (19)), the authors created an ODE
model, including variables M protein, NK cells, cytotoxic T lymphocytes (CTLs),
and regulatory T cells, without any treatments, to investigate how the parameter
values affect the steady states of the model and model calibration. Because the
level of M protein can be used to determine the disease state, namely, patients are
in MGUS when M protein is lower than 3 g/dl and are in SMM or MM when M
protein is higher than 3 g/dl, the authors used 3 g/dl as a threshold of M protein to
distinguish patients into two groups: the patient is under control when M protein is
lower than 3 g/dl, whereas the patient is in a severe case when M protein is higher
than 3 g/dl. Then, the authors mainly studied the properties of their model in these
two groups. Due to the lack of data, they randomly generated parameter sets and
used numerical computation to find the corresponding steady states evaluated from
random initial condition, then studied the distributions of these steady states (SS)

and time to steady state (TTSS) to predict the disease onset time. They also applied



global sensitivity analysis to identify significant parameters to the model outcome,
then performed identifiability analysis on these significant parameters to investigate
the uniqueness of parameter values from data fitting.

Next, in (I8), the authors performed mathematical analysis on the model created
n (19). The populations of NK cells and regulatory T cells do not vary heavily among
patients in different disease states, so the authors assumed that the populations of
NK cells and regulatory T cells are constants and then reduced their model to two
variables, M protein and CTLs. The authors found that the reduced model had two
types of non-negative equilibria, Ef := (M*,0) and Ej := (M*,T{) and established
conditions for their existence and local stability. First, for the trivial equilibrium
EY, the model either has a unique equilibrium which is locally asymptotically stable,
or three equilibria: a stable one with a low level of M protein, a stable one with a
high level of M protein, and an unstable one with an intermediate level of M protein.
Second, for the positive equilibrium Ej, their numerical test identifies a potential
bifurcation parameter could induce bistability. As the parameter value increases,
the model dynamics shifts from a unique stable Ej with a high level of M protein
to three EJ that only the equilibrium with medium level of M protein is unstable,
then to a unique stable Ej with a low level of M protein. Therefore, a treatment

that targets this parameter could efficiently change the disease severity.

1.4 Summary of This Work

In this work, we modify the ODE model presented in (19) into two versions, a
general model and a simplified model, that incorporate the effects of anti-PD-1,
elotuzumab, and daratumumab treatments to investigate how these three therapies
influence model dynamics and disease progression. Both models still include the

variables: M protein (M), CTLs (T¢), NK cells (N), and regulatory T cells (Tg).



Because the disease progression of MM is much slower than that of most other cancer
types, the steady state of the model serves as an ideal target for investigating the
onset of MM. Therefore, most of our analysis focuses on the steady states. Similar
to (19)), we use 3 g/dl as the threshold of M protein to classify cases into two groups:
a low M protein group with levels below 3 g/dl and a high M protein group with
levels above 3 g/dl. For these two models, we first generate numerical solutions
using random parameter values and initial conditions, then collect the steady states
and record the convergence time to each steady state. This information is used to
investigate how the treatment effects of anti-PD-1, elotuzumab, and daratumumab
influence the distributions of steady states and convergence times for the low and
high M protein groups. We then compare our findings with those reported in (19).
Notice that, different to (19), our initial conditions of M protein are based on clinical
data in (30).

We next analyze the basic dynamics of the simplified model without any treat-
ments to determine its positive invariant set, establish the existence of nonnegative
solutions, and derive the conditions that guarantee the existence and local stability
of four types of nonnegative equilibria: X = (M*,0, N*,0), X5 := (M*,0, N*,T}),
X5 = (M*, T, N*,0), and X] := (M*,TE, N*,T}). Based on these conditions,
we examine the distributions of parameter values that lead to locally asymptotically
stable equilibria with low or high M protein levels. These distributions help identify
potential biomarkers for predicting patient outcomes. Note that Xj and X3 repre-
sent the worst and best patient cases, respectively, while X{ and X} correspond to
the second best patient state and an uncertain patient state, respectively. Therefore,
we also perform global sensitivity analysis to explore the correlations between param-
eter values and the magnitudes of these four equilibria, aiming to identify strategies
that reduce the M protein level at steady state and thereby mitigate disease pro-

gression. For instance, whether a patient in the X state develops MM depends on



the M protein level; thus, analyzing parameter correlations can help determine effec-
tive ways to lower M protein levels even under the X condition. Furthermore, our
analysis indicates that the homeostasis rates of CTLs and regulatory T cells act as
potential bifurcation parameters. Accordingly, we present two bifurcation examples
to investigate how variations in these homeostasis rates influence the dynamics of
the simplified model.

Finally, we investigate the treatment outcomes of combining CAR-T cell ther-
apy with one of the treatments, anti-PD-1, elotuzumab, or daratumumab, using the
CAR-T cell treatment data provided in (37). In (37), all patients received CAR-T
cell therapy at the beginning of the study, and their M protein levels were mon-
itored over an eighteen-month period. We first organize the M protein data into
two groups, remission and relapse, and calibrate the control case of both models to
these two datasets using an evolutionary algorithm. For each model, we then collect
the parameter sets that yield good fitting results for both data groups and apply
the Akaike Information Criterion (AIC) to identify the more plausible model for the
remission and relapse groups. Next, we analyze the distributions of the collected pa-
rameter sets to identify potential biomarkers to predict patients’ disease progression:
remission and relapse. We also perform global sensitivity analysis to examine the
correlations between M protein levels and the collected parameter sets, aiming to
identify effective treatment targets and optimal treatment timing for patients with
remission or relapse outcomes following CAR-T cell therapy. Next, we study how
the combination therapy between CAR-T cell treatment and one of anti-PD-1, elo-
tuzumab or daratumumab treatment can be used to improve the relapse issue, by
using both models. The CAR-T cell treatment is assumed to be given once at the be-
ginning, while the additional treatment (anti-PD-1, elotuzumab or daratumumab) is
given under different treatment schedule and effect. Based on the numerical predic-

tions for each treatment setting, we then propose recommended treatment protocols



for patients experiencing relapse. Finally, we perform identifiability analysis using
the maximum likelihood function on the selected parameters for both models. Our
analysis identifies structurally identifiable and practically non-identifiable parame-
ters. We then further examine the dynamics of the model solutions associated with
these practically non-identifiable parameters to propose additional experimental data
that could improve their identifiability to a practical level.

The thesis is organized as follows. In Chapter 2] we introduce and explain the
model created in (I8} [19) and our own model. For simplicity, we call them as the
general and simplified models from now on. In Chapter [3| we explain the methods
used in this work. In Chapter 4] we study and compare the distributions of SS and
TTSS for our models under different initial condition ranges for M protein, under
one of the monotherapies anti-PD-1, elotuzumab, and daratumumab. In Chapter
bl we analyse the basic dynamics of our simplified model, apply global sensitivity
analysis to investigate how the parameter values affect the equilibrium value, and
provide two examples for bifurcation analysis. In Chapter [0 we calibrate both
the general model and simplified model to CAR-T cell treatment data provided in
(37), compare both models by using Akaike Information Criterion, perform global
sensitivity analysis on both models to investigate how the parameter values affect
the M protein amount at different time points. Furthermore, we study both models
under the combination therapy of CAR-T cells and one of anti-PD-1, elotuzumab,
or daratumumab, for patients with a relapse issue, to compare their predictions, and
perform identifiability analysis on a subset of parameters. A discussion comparing

the results of the two models will be given in Chapter [7]
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Mathematical Models

2.1 General Model

We modified the model developed in (I8} [19) to include the anti-PD-1, elotuzumab
and daratumumab treatments and refer this model as the general model. The system
network of the general model is provided in Fig. [2.1], the parameter values are listed

in Table [2.1 and variables for the model are as follows:

M(t):  Density of M protein at time ¢, with unit g/dL,
Te(t): Density of CTLs at time ¢, with unit g/dL,
N(t):  Density of NK cells at time ¢, with unit g/dL,

Tr(t) :  Density of regulatory T cells (T,,s) at time ¢, with unit g/dL.

The following show the explanations of the equations for the general model,
modified from (I8} 19).
M protein (M(t))

The dynamics of M protein is described by the following:

11



Figure 2.1: System network for the general model. NK cells and CTLs col-
laborate to deplete the production of M protein, and this depletion is inhibited by
M protein and regulatory T cells. The M protein also promotes the homeostasis of
CTLs and regulatory T cells. CTLs and NK cells promote each other. The anti-PD-1
treatment (F}) enhances the homeostasis of CTLs indicated by the blue arrows, the
elotuzumab treatment (F,) promotes the homeostasis of NK cells indicated by the
green arrows, and the daratumumab (F}) inhibits the homeostasis of regulatory T
cells indicated by the red arrows.

aM M anu N aculc
Sy Ty 1—— M—(SMM—dM — P —
dt —— Ky —— bvv + N ben + To
Source \ -/ Decay ~— ~——
home.‘;tasis Depletion by NK cells Depletion by CTLs cells
N Tc anm M armIr
acNm x | 1— - M. (2.1.1)
bNM—i-NbcM—i-Tq N by + M bRM+T1%J
Depletion by cooperati;; of NK cells and CTLs Inhibition by M:rotein and Tregs

The first term represents the constant source term for M protein (I1)). We assume
that M protein grows logistically, which is expressed by the second term (19)). The
third term represents the decay of M protein. The fourth, fifth and sixth terms
represent the depletion of M protein by NK cells (4; Bl 10; 27), CTLs (10; 27 55)
and the cooperation of NK cells and CTLs (31; 50), respectively, which are expressed
by Michaelis-Menten type reactions. The three terms are inhibited by M protein
(3; 16} 20) and Tyegs (65 225 B8 51)).

CTLs (T¢(t))
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Table 2.1: Parameters of the model (2.1.6). The first, second, and third columns
list the parameters, description, and the range, respectively. The ranges come from

(19).
Parameter | Description Range
Sm Constant source for M protein 0.001 g/(dL day)
T Homeostasis rate for M protein [0.004,0.5] day™*
Ky Carrying capacity for M protein [7,15] g/dL
O Death rate for M protein [0.001,0.1] day~ !
aN M Maximum loss rate of M protein by NK cells [0,20]
by Threshold for increase in loss rate of M protein by NK cells [0,6.5 x 1072] g/dL
acm Maximum loss rate of M protein by CTLs [0,20]
bom Threshold for increase in loss rate of M protein by CTLs [0,0.15] g/dL
aAcCNM Maximum rate for NK cells efficacy from CTLs [0, 20]
anM Maximum value M protein decreases NK cells and CTLs efficacy | [0,1] (apns + agar < 1)
by Threshold for M protein decreasing NK cells and CTLs efficacy [0,15] g/dL
ARM Maximum value Tiegs decreases NK cells and CTLs efficacy [0,1] (aprar + apar < 1)
brym Threshold for Tiegs decreasing NK cells and CTLs efficacy [0,1.2 x 1072] g/dL
ro Homeostasis rate for CTLs [0.01,0.5] day71
Keo Carrying capacity for CTLs (6,1 ] x 1072 g/dL
dc Death rate for CTLs [0.01,0.5] day ™!
apc Maximum activation rate of CTLs by M protein [0,10]
byre Threshold for activation rate of CTLs by M protein [0,15] g/dL
anc Maximum activation rate of CTLs by NK cells [0,10]
bne Threshold for activation rate of CTLs by NK cells [0,6.5 x 1072] g/dL
fq Effect from anti-PD-1 treatment [1, 0]
SN Constant source for NK cells [1072,5] x 10~* g/(dL day)
TN Homeostasis rate for NK cells [0. 017 5] day !
Ky Carrying capacity for NK cells [3,6.5] x 1072 g/dL
On Death rate for NK cells [0.01,0.5] day~*
acn Maximum activation rate of NK cells by CTLs [0,10]
ben Threshold for activation rate of NK cells by CTLs [0,1.5 x 1071] g/dL
fe Effect from elotuzumab treatment [1,00]
TR Homeostasis rate for Tyegs [0.01,0.5] day I
Kgr Carrying capacity for Tyegs [6,1 ] x 1073 g/dL
OR Death rate for Tyegs [0.01,0.5] day™!
aMR Maximum activation rate of Tyegs by M protein (0,10 ]
bymr Threshold for activation rate of Tyegs by M protein [0,15] g/dL
fa Effect from daratumumab treatment [0,1]

The equation of CTLs is described by the following:

dTC TC a MCM a NCN
di TcTC 1 KC 1+ bMC M + bNC N X Fq 5CTC .

— ~— Anti-PD-1 Treatment  Death
N g ) Promotion by M protein  Promotion by NK cells

homeostasis

(2.1.2)

We assume that the CTLs grows logistically (19) which is shown in the first term.
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The second and third terms express the promotion of CTLs by M protein (9; 40} [55)
and NK cells (I} [43; [49)), respectively, which are shown by Michaelis-Menten type
reactions. The last term represents the death of CTLs. The parameter F| represents
the effect from anti-PD-1 treatment. We consider Fj, > 1 with the control case
occurring when Fy, = 1.

NK cells (N(t))

The equation for NK cells is as follows:

dN N ac NTC'
—= sy +ryN|1—— 1|1+ —— |x E — 0NN .
dt — Ky ben + Tc R/c;’ ~——
Source ~— Elotuzumab Treatment Death
N ) Promotion by CTLs

R
homeostasis

(2.1.3)
NK cells are differentiated from naive T cells (24)), so we assume there is a constant
source for NK cells, as shown in the first term. We assume that NK cells grows
logistically, which is expressed by the second term (19). The third term shows the
promotion of NK cells by CTLs (I; BI; 49 50), described by a Michaelis-Menten
type reaction. The last term expresses the death of NK cells. The parameter F,
represents the effect from elotuzumab treatment. We take F, > 1 with the control
case occurring when F, = 1.
Tyegs (Th(t))

The equation of T,gs is given as below:

dTR TR aMRM
—=7rgIp |1 —— |14+ —r— X F, — 0pTR. (2.14
dt S Kg bur + M N L ( )
——— Daratumumab Treatment Death
\ ) Promotion by M protein

g
homeostasis

We assume the growth of T,es is logistic, which is expressed by the first term
(19). The second term describes the promotion of T,e.s by M protein (8; [14; [15} [16),

expressed by a Michealis-Menten type reaction. The last term expresses the death
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of T\egs. The parameter F,; represents the effect of daratumumab treatment, used to
deplete the number of T\es. We consider F € [0, 1] with the control case occurring

when Fy; = 1.

We use the following formulas to non-dimensionalize the variables and parameters

M = M/My,Te = Te/Ty, N = N /Ty, Tr = Tr/To,t = t/,
{§M,fM,SM,fC,SC,§N,fN,8N,fR,$R} = T{SM/MOaTM75M7r07507SN/T())TNadNaTRa(SR}a
{boars b, brar, Ko, bes Ky, bow, Kr} = T{bCMJ)NMabRMaKCabNCyKN7bCNaKR}a
0
1

{}?MngMa [;MC7BMR} = M{KM7bMM7bMC7bMR}7
0

{CLNM, acm,ACcNM,MC, ANC, ACN, CLMR} = {CLNM, acp,ACNM, ANC, ACN, AMR), aMR}7

with

My =3 g/dL, Ty = 0.1 g/dL, and 7 = 30 days. (2.1.5)

Dropping the symbol '*’, the non-dimensionalized model is the following:
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dM
dt

dle
dt

dN
dt

dTr
dt

M

M

ource \ ~/
S ~~

homeostasis

SMm +7”M<1—>M—(5MM—5M
—— K ——

decay

anpy N acmTc
by + N boyv +Tc
— —

Depletion by NK cells Depletion by CTLs cells

N TC Ay m M ARM TR
+ acnm - - M
bNM-i-NbCM-i-Tg N by + M bRM—FT@
Depletion by Cooperati; of NK cells and CTLs Inhibition by M::rotein and Tyegs
7 1 TC 1 a MCM a NCN P
rete | 1——— + PR q
K¢ bye + M bve + N
H/_J g_\/__J Anti-PD-1 Treatment
N Promotion by M protein Promotion by NK cells
homeostasis
—ocTc
—
Death
N ac NTC
sy +ryN|1—— 14 — | x F, — OyN
~— Ky ben + T ~— ~——
Source —— Elotuzumab Treatment Death
N ) Promotion by CTLs
~-
homeostasis
TR apr RM
TRTR 1—— 1+ FEEE— X Fd _5RTR~
Kr byur + M —— —
N— Daratumumab Treatment Death
Promotion by M protein
~—
homeostasis
(2.1.6)

Remark 2.1.1. The dimensional and non-dimensional forms for the general model

take the form of model (2.1.6)), so when model (2.1.6)) is referenced, it could mean

either the dimensional or non-dimensional general model.

2.2 Simplified Model

Due to the complexity of model (2.1.6)), we construct a simplified ODE model based

on the model (2.1.6). The system network of the simplified ODE is provided in Fig.

2.2 the parameter values are listed in Table [2.2] and the model variables are the
same as they were defined for model ({2.1.6)).
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Figure 2.2: System Network of the simplified model. Both NK cells and CTLs
deplete the production of M protein, and this depletion is inhibited by regulatory
T cells. The M protein promotes the homeostasis of CTLs and regulatory T cells.
CTLs promote the homeostasis of NK cells. The anti-PD-1 treatment (F}) enhances
the homeostasis of CTLs indicated by the blue arrows, the elotuzumab treatment
(F.) promotes the homeostasis of NK cells indicated by the green arrows, and the
daratumumab (F}) inhibits the homeostasis of regulatory T cells indicated by the
red arrows.

The following explanations provide an interpretation for each equation for the
simplified model.
M protein (M (t))

The equation for M protein is shown below:

dM M 1
—— = Sy +rm 1—— | M- 5MM— (CLNMN + CLCMTC )
dt —— Ky ~—— —— ~—— 1+ TR
Source Decay Killing by NK cells Killing by CTLs N——
Inhibition by Tregs
~

homeostasis

(2.2.1)
Comparing to Eq. (2.1.1)), for simplicity, we removed the term representing the
killing by the cooperation of CTLs and NK cells and replaced the Michaelis-Menten
terms by linear terms. Furthermore, since the M protein promotes T,gs, we combined
the inhibitions from M protein and T,ees by adding an indirect inhibition by T,egs.
CTLs (T¢(t))

The dynamics of CTLs are described as follows:

dTc Te
—=rcdc|1—— 1+ apycM X Fq — ocTc . (222)
dt K C —— ——
Promotion by M protein Anti-PD-1 Treatment Death

homeostasis
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Table 2.2: The parameter ranges for model (2.2.5). The first, second, and
third columns list the parameters, description, and the range, respectively. With the
exception of axy, acwm, ance, acy and aprgr, we take 0.5 to 2 fold of the parameter
ranges from Table to obtain the ranges for the simplified model For a;,
i€ {NM,CM,MC,CN, MR}, we took the upper bound of the range for a;, from
Table 2.1, and divided it by the value of b; in Table to obtain a new upper bound
for a;, a;, and we took 0 to be the lower bound of a;. For ay,s, and acys, we further
modified their upper bounds by multiplying ayys and acp; with the upper bound of
dn provided in Table 2.1} Finally, to obtain the upper bounds of a; as shown, we
took 2 fold of the new upper bounds, a;.

Parameter | Description Range

S Constant source for M protein [0.0005, 0.002] g/ (dL day)
T Homeostasis rate for M protein [0.002, 1] day™*

K Carrying capacity for M protein [3.5,30] g/dL

om Death rate for M protein [0.0005,0.2] day™!

an Loss rate of M protein by NK cells [0, 266. 6] dL/(g day)
acm Loss rate of M protein by CTLs [0,106.66] dL/(g day)
re Homeostasis rate for CTLs [0.005,1] day "

K¢ Carrying capacity for CTLs [0.03,0.3] g/dL

ayc Activation rate of CTLs by M protein | [0, 6. 666] dL/g

dc Death rate for CTLs [0.005, 1] day™*

fq Effect from anti-PD-1 treatment [1, 0]

SN Constant source for NK cells [5x 10781 x 1073] g/(dL day)
TN Homeostasis rate for NK cells [0.005, 1] day !

Ky Carrying capacity for NK cells [0.015,0.13] g/dL
acn Activation rate of NK cells by CTLs | [0, 533.334] g/dL

on Death rate for NK cells [0.005,1] day "

fe Effect from elotuzumab treatment [1,00]

TR Homeostasis rate for Tiegs [0.005,1] day "

Kpg Carrying capacity for Tiegs [3 x 1073,0.024] g/dL
aymr Activation rate of Tees by M protein | [0, 6.666] dL / g

or Death rate for Tiegs [0.005, 1] day ™"

fa Effect from daratumumab treatment | [0, 1]

Table 2.3: Base values of by, boys bucs bon, and by g from Table 2 in (19).
The first row lists the parameter. The second row displays the base value as given
in Table 2 in (19).

Parameter

by bom

buc bon bur

Value

1.5 x 1072 g/dL | 3.75 x 107% g/dL

3 g/dL

3.75 x 107% g/dL | 3 g/dL

In the general model (2.1.6), CTLs and NK cells have a positive forward loop

to promote each other, and then both CTLs and NK cells deplete the M protein.
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Because M protein is the major component to determine the MM status, we keep
the depletion terms by CTLs and NK cells in Eq. and remove the promotion
by NK cells in Eq. to simplify the model. Thus, comparing to Eq. ,
we only keep the promotion by M protein and replace the Michaelis-Menten term by
a linear term.

NK cells (N(t))

The equation for NK cells is given as follows:

dN N
—= sy +ryN|1—— 1+ acnTc X F, — 5NN .
dt —— Ky — —— ——
Source Promotion by CTLs Elotuzumab Treatment Death
~

homeostasis

(2.2.3)
Comparing to Eq. , for simplicity, we replace the Michaelis-Menten reac-
tion, expressing the promotion of NK cells by CTLs, with a linear term.
Tregs (Tr(1))

The dynamics of Tigs are described as follows:

dTr Tr
—_— = TRTR 1—— 1+ CLMRM X Fd — 6RTR . (224)
dt Kr ~— ~—— ~———
Promotion by M protein Daratumumab Treatment Death
~~

homeostasis

Comparing to Eq. (2.1.4)), for simplicity, we replace the Michaelis-Menten reac-

tion, expressing the promotion of Tezs by M protein, with a linear term.
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The following is the dimensional simplified model:

dM M

— = o [ 1= — | M= sy M -

dt LT Ky =
Source Decay

homeostasis

1
(a NM N  + ac MTC )
—— ~—— 1+Tg
Killing by NK cells  Killing by CTLs S~——
Inhibition by Tregs
dle Te
— = rcdc |1 — — 1+ apcM X Fq — 5CTC
< dt K C N—— —— S~——
Promotion by M protein Anti-PD-1 Treatment Death
~—
homeostasis
dN N
— = sy +raN|1—— 1+ acnIc X F, — 0NN
dt —— Ky —— —— ——
Source Promotion by CTLs Elotuzumab Treatment Death
home‘o’stasis
dlgr Tr
— = IR |1—— 1+ aprM X Fy — 0gTR .
dt Kp —_— —— N
Promotion by M protein Daratumumab Treatment Death
~~
\ homeostasis

(2.2.5)
We use the following formulas to obtain the non-dimensionalized variables and pa-

rameters

M = M/My,Te = Te/Ty, N = N/Ty, Tr = Tr/To,t = t/,
{fM,SM,nySCnyaSNafRng} = 7{rum,0n,7c, 0, TN, ON, TR, OR},
J 1 N .
{SM;KM} = M{TSMaKM}a {aMCyaMR} = MO{CLMCaaMR}a
0

P ~ ~ 1 R N R
{KC>SN7KN7KR} = ?{KCSTSNaKNaKR}) {aNMaaCMaaCN} = TO{TGNM,TGCM,CLCN},
0

with My, Ty and 7 are defined as in Eq. (2.1.5).

Dropping the '*’ for convenience, the non-dimensional simplified model is shown
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below

dM M
— = sy +ry|l——|M—- ouM —
Source Decay
home:stasis
10
((I NM N + ac MTC ) O — M
Killing by NK cells  Killing by CTLs N~——
Inhibition by Tregs
dle Te
— = rcdec |1 — — 1+ apcM X Fq — 5CTC
{ dt K¢ ~—— —— S~——
Promotion by M protein Anti-PD-1 Treatment Death
~—
homeostasis
dN N
—_ = sy +ryN|1—— 1+ acnIc X F, — OyN
dt — Ky —— ~—— ~——
Source Promotion by CTLs Elotuzumab Treatment Death

home‘o’stasis
dlgr Tr
— = IR |1—— 1+ aprM X Fy — 0gTR .

dt Kp —_— —— N
Promotion by M protein Daratumumab Treatment Death
~~
L homeostasis

(2.2.6)

Remark 2.2.1. Model ((2.2.5)) refers to the dimensional simplified model and model
(2.2.6) refers to the non-dimensional simplified model.
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Methodology

3.1 Least Squares

In this section, we will explain the method of least squares (LS), which can be used
to find the optimal parameter values for a model that minimizes the error between
model output and a considered data set.

Given a data set {(t;,y;)}, and a differentiable model f(¢, P) which depends on
time ¢ and the vector of parameters P = [p1, pa, ..., |7, the residual sum of squares

(RSS) function, i.e. the error between the data and model output, is defined as

n

RSS(P) = > (yi — f(t:, P))*. (3.1.1)

i=1

The optimal parameter set Py, is defined as
RSS(Pyest) = minp{RSS(P)}. (3.1.2)

The solution of Eq. (3.1.2), Pyest, can be found by differentiating Eq. (3.1.1]) with

respect to each parameter p;, 1 < ¢ < k, and setting the equations to zero, i.e.

solving the system
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Z f(t;, P))=—=0,1<i<k,

with condition
2T H(Pyest)z > 0,2 € RF — 0,

02RSS(P)

where H(P) is the Hessian matrix of RSS(P) with (4, j)-entry A
piop;

1<i,j<
3

Consider an initial value problem (IVP)

dy

= = 90yt P).y(to) = (),

where ¢ is the independent variable, y() is the state variable vector in R™, yq is the

initial condition in R™, and P is the vector of model parameters. Given a data set

{(ti, y2(ti)) hr<icne 1<o<ng 1<e<n.» the RSS for the IVP is

RSS(P i Z Z Wi (Y2 (t:) — o (ts, P))?, (3.1.3)

e=1o=11i=

where n, is the number of experiments, n¢ is the number of observables per experi-
ment, n;’ is the number of data points for experiment e. Furthermore, for experiment
e and observation o, y2(t;) is the measured data at time ¢;, w;"’ is the weight for ¢;,
and g (t;, P) is the model output under the parameter set P. When all w;” = 1, we
call Eq. ordinary LS. Otherwise, we call Eq. weighted LS.

An optimization method, evolutionary algorithm, will be discussed in the next

section, to find the parameter set Pys that minimizes Eq. (3.1.3]), namely, Eq.

(3.1.2) with RSS(P) as defined in Eq. (3.1.3).
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3.2 Evolutionary Algorithm

In this section, we will explain the evolutionary algorithm, based on the algorithm
shown in (I7). This method can be used to search for the parameter set that results

in the minimum of RSS(P) defined as in Eqs. (3.1.1]) or (3.1.3). Here are the steps:

1. The algorithm contains M generations. Each generation starts from p pa-
rameter sets, called parents. Each parent generates ¢ parameter sets, called
children, where p and ¢ are positive integers. In the first generation, the p

parents {P;}}_, are randomly generated from considered parameter ranges.

2. In each generation, a percentage, u, is chosen such that up parents are randomly
selected to undergo a macro-mutation, namely, applying a random perturbation
from an uniform distribution on the interval [0,n], n € RT, to the selected up
parents. Macro-mutations are done so that the algorithm can search a wider

area of the parameter space and potentially find a smaller minimum of RSS(P).

3. Each parent generates ¢ children via a micro-mutation, which will apply a
random perturbation in the parent’s parameters. The children are generated

as follows
Ciy =P - (T+M6—05-1)), 1<i<p 1<j<e,

with P; the i¢th parent, C;; the jth child of the ¢th parent, A being called the
maximum possible percent change of a parameter, 5 being a random vector
with entries chosen from an uniform distribution on the interval [0,1], I being
a vector with 1 as all its entries, and “-” represents component-wise multipli-

cation.

4. For the p parents and pc children, the fitting scores are denoted by €2; =

RSS(P;) and §;; = RSS(Cjj) respectively, with 1 < ¢ < pand 1 < j < ¢,
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where the RSS is defined as in Eq. (3.1.3)).

5. A percentage s, 0 < s < 1, is chosen, which dictates how many parents of
the next generation will be chosen from {P;}!_; of the current generation. sp
parents with the smallest fitting scores €; are chosen out of {P}Y_,. (1 —
s)p children out of {C;;}1<i<p1<j<c are chosen using a select probability 6;; =
e~ where $ is the effective energy. The smaller €, is, the more likely child
C;; is chosen as a parent for the next generation. After p new parents have

been chosen, repeat steps 2 to 5 until generation M is reached.

3.3 Akaike Information Criterion

In this section, we will explain the Akaike Information Criterion (AIC), as shown in
(45). The AIC is a method of analysing which model is more plausible for a given
data set, by taking into account both the goodness of fit and number of parameters.
For a collection of r models, if P, represents the best fit parameter set for model i,

i€ {l,2,...,r}, for a given data set y, the AIC for model i is defined as

AIC; = =2In(L(Ply)) + 2K, (3.3.1)

with £(P|y)) as the likelihood function evaluated at the parameter set P; for model
1 for a given data set y and K is the number of estimated parameters including
the variance (the bias correction term due to measurement errors). The likelihood
function L£(P|y) represents the probability of observing the parameter set P given
the data set y. Setting N to be the number of data points, if K < N/40, Eq.

can be used. Otherwise, the corrected AIC is defined as

2KN

(3.3.2)
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The term —In(L(B;|y)) can be replaced in two different ways. If each data point
was measured independently, with the measurement error normally distributed with

the same variance (i.e., Eq. (3.1.3) with all weights w;” = 1), then

N N [RSS(P)\ N

—In(L(Py)) = (@) + Sin | ——— |+ < (3.3.3)

Otherwise, the following can be used to replace —In(L(P|y)) (i.e., Eq. (.1.3) with

some weights wi™® # 1):

e,o

R N ne ng 1y 1 R
—In(L(P]y)) = 5 In(2m) + in(] | 07°) + SRSS(P), (3.3.4)
e=1o0=1 i=1

with 07" as the standard deviation of the measurement error at time ¢; for experiment
e and observation o . In weighted LS (i.e., Eq. with some weights w;™® # 1),
the weight w{® at time ¢; can be set as 1/(0;?)?. Thus, if K < N /40, the following
formulas for the AIC of model i using Egs. and can be obtained:

RSS(P)
AIC; = Nin(27) + Nin —~ |t N + 2K, (3.3.5)
AIC; = Nin(27) + 2In( 09°) + RSS(P) + 2K, (3.3.6)
e=1o0=1j5=1

and if K > N /40, the following formulas for the AIC of model ¢ using Egs. (3.3.3)
and ([3.3.4) can be obtained:

RSS(P) 2K N
AICc¢; = Nln(2m) + Nin | —— |+ N+ ————— 3.
Ce; In(27) + Nin N tN+ (3.3.7)
ne ng " ) 2K N
AICc; = Nin(2m) + 2 @0 P)+— 3.
C¢; = Nin(27) + ln(ggﬂ% )+ RSS(P) + (3.3.8)
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Then the AIC difference for model 4, i € {1,2,...7} is defined as
j

where AIC; could be either the AIC or the corrected AIC. A; can be interpreted as
the loss of information when using model 7 to fit the given data set y rather than the
model with the minimum AIC and a less plausible model 7 is associated to a higher

A;. Next, the AIC weight w; for model i is defined as

exp(—A;/2)
2o exp(—A;/2)

(3.3.9)

w; =

w; can be thought of as a probability that model i is a best fitting model to fit
the considered data and thus, a higher w; indicates model 7 is more plausible. In

particular, model 7 can be taken as the best model if w; > 0.9.

3.4 Identifiability

In the previous sections, we introduce the least squares method and evolutionary
algorithm for optimization problems. However, these optimization methods may
have a lack of identifiability, namely, optimal parameter values are non-unique. Thus,
in this section, we introduce identifiability and the approaches of evaluating it.

There are two types of identifiability:

i. Structural identifiability: used to determine whether the parameter value can
be uniquely determined when the model is calibrated to the data without any

noise.

ii. Practical identifiability: used to determine whether the parameter value can

be uniquely determined when the model is calibrated to the data with noise.
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First, for structural identifiability, we consider the following ODE model:

’IJ = f($7t7 u’ P)

y = g(x,t,P)

, (3.4.1)

with

t : time,
u : experimental input function(s) (if it exists),
P : vector in the parameter space R",
P : an arbitrary point in R,

p and p : an individual parameter in P and P, respectively,
y : n,-dimensional vector of output(s) without any measurement error,

f and g : rational polynomial functions of their arguments,

u,x,y : arbitrarily differentiable.

Definition 3.4.1. (13) For a given ODE model 2’ = f(z,t,u, P) and output y, a pa-
rameter p is uniquely (or globally) structurally identifiable if the equation y(z, t, P) =
y(x,t, P) implies p = p, for almost any P and almost all initial conditions. A param-
eter p is said to be non-uniquely (or locally) structurally identifiable if the equation
y(x,t, P) = y(x,t,P) implies p has a finite number of solutions, for almost any P
and almost all initial conditions. Similarly, a model ' = f(x,t,u, P) is said to be
globally structurally identifiable for a given output y if every parameter is globally

structurally identifiable.

Next, let us consider the output function with noise, namely, considering the
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following ODE model:

v = f(z,t,u,P), 2(0) = x, (3.4.2)

Yy = g(.l’,t,P)-i-E(t),

where €(t) represents the measurement noise and it is assumed to be normally dis-
tributed, and the other components have the same definitions as Eq. .

Similar to the setting used in Chapter E, we set P = (ﬁl, e ,ﬁ’k) to represent
the best fitting parameter set for the considered model 2’ = f(z,t, u, P) for the data
y with noise €, and denote Fj;(P) := minp{RSS(P)}. For normally distributed noise
¢ ~ N(0,0), then we have Eq. which implies

Fs(P) = constant — 2In(L(Ply))), (3.4.3)

and P is the maximum-likelihood estimator for £(P]y). We now discuss the notion
of a confidence interval for a parameter ]5i, which determines the region where the

true value P lies with a confidence level (i.e., probability) a.

Definition 3.4.2. (2;/47) Finite sample confidence intervals: Let £*(P;) denote
the maximum likelihood when the i-th parameter is fixed to value ]31-, and call it the
profile likelihood of P;. Then, the likelihood-based confidence interval for P; at level
of significance « is the set of values of P; for which the relative negative log-likelihood

at P; is less than a threshold determined by «, namely,

{P,: In(L(P)) —In(L*(P)) < A,}, where 2A, = x2(a, df),

namely  {P,: Fio(P) = Fio(P) < x*(a, df)}, (3.4.4)

where x?(a, df) is the chi-squared distribution with « quantile and a number of de-

grees of freedom (df) equal to the number of parameters (for simultaneous confidence
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intervals) or equal to 1 (for pointwise confidence intervals).

Therefore, the profile likelihoods are computed by fixing the value of one pa-
rameter at different values within an interval and finding the optimal negative log-
likelihood with respect to the remaining parameters. Denote A as the set of pa-

rameters for model (3.4.2), in which a subset B < A is chosen to determine their

likelihood-based confidence intervals, given the data y, and here are the steps:

i. Determine £(P) (or Fi4(P)), where P is the best-fitting parameter set for the

data y.

ii. For each P; € B, an interval [min P;,max P;] is selected, about the best-fit
value P, in which values are chosen for testing.

For each value of P; € [min P;, max P;],

1. Determine £ (or Fj;) by estimating the best-fit estimates of P; € A\{P;}

and record the best-fitting parameter set.

2. Find the likelihood-based confidence interval by using {P; : In(L(P)) —
In(£(P)) < A} or {Ps 2 Fis(P) = Fis(P) < x*(a, df)}-

Based on this procedure, we summarize the criteria and properties of structural and

practical identifiability:

1. A parameter P; is structurally non-identifiable if the profile likelihood
L*(P;) has multiple global minima in logarithmic parameter space. Then
the value of parameter P; can not be uniquely determined when the model
is calibrated to noise-free data. Examples of profile likelihoods indicating a

structurally non-identifiable parameter P; are shown in Fig. B.1[A)-(C).

2. A parameter P; is structurally identifiable if the profile likelihood L£*(P;)
has a unique global minimum for this parameter. Then the value of parameter

P; can be uniquely determined when the model is calibrated to noise-free data.
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Examples of profile likelihoods indicating a structurally identifiable parameter

P; are shown in Fig. 3.1(D)-(G).

3. A parameter P, is practically non-identifiable, if the likelihood-based con-
fidence interval has an infinite upper bound or a negative infinite lower bound.
Then the value of parameter P; cannot be uniquely determined when the model
is calibrated to the data with noise. Examples of profile likelihoods indicating

a practically non-identifiable parameter P; are shown in Fig. |3.1(D)-(F).

4. A parameter P; is practically identifiable if the likelihood-based confidence
interval for P; has finite upper and lower bounds. Then the value of parameter
P; can be uniquely determined when the model is calibrated to the data with

noise. An example of profile likelihood indicating a practically identifiable

parameter P; are shown in Fig. 3.1(G).

Relative NLL

o)

Figure 3.1: Explanation of Profile likelihood curves. (A)-(G) display the pro-
file likelihood curve L£*(P;), shown as the blue curve, for the parameter P;, under
various settings. The horizontal and vertical axes represent the values of P; and the
relative negative log likelihood (NLL), respectively. The red dashed line represents
the threshold, as defined in Eq. (3.4.4). The yellow star in (D)-(G) indicates the
best fit parameter P;. (A)-(C): Structurally non-identifiable. (D)-(F): Structurally
identifiable but practically non-identifiable. (G): Structurally and practically iden-
tifiable.
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Simulation Results

In (19), the authors studied the dynamics of model (2.1.6]), under the control case
(that is, F, = F. = F; = 1), randomly generating approximately 10,000 parameter
sets (each parameter set includes 30 parameters and initial conditions of 4 variables)
from Table 2 in (19)). Figure 2 in (19)) shows the steady state distribution for each
variable, when the model is simulated for 6000 days (~ 17 years). The M protein
distribution was skewed to the right, while the CTLs, NK cells, and T,e.s distribu-
tions had two peaks, one near zero and the other at a higher steady state value. The
authors found that the mean for the M protein, CTLs, NK cells, and T,egs distri-
bution was 2.31 g/dL, 616 cells/uL, 260 cells/uL, and 32.2 cells/uL, respectively,
consistent with the experimental data in (23} [44]). Figure 3 in (19)) displays the distri-
bution of the time to steady state for the same parameter sets, using a log scale. The
authors found that about 25% reached steady state in 3 months, about 50% reached
their steady state in 6 months, and about 75% reached their steady state in 1 year,
out of their 10000 parameter sets. The authors also found their distribution, under
a log scale, was unimodal with a mean of 194 days and a median of 161 days. Figure
4A in (19) shows the boxplots of the steady state distributions from Figure 2 when

parameter sets were separated by the threshold of M protein at 3 g/dL. The authors
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found that T had wider variance in the high M protein case, and a high M protein
can be linked to a lower N and higher Tx. Figure 4B in (19)) shows the distribution
of the loss-related term in Eq. at the steady state values. The authors found
that a low M protein level is more associated with higher killing by both NK cells,
CTLs, consistent with experimental observations in (44)). Additionally, the authors
found that there were lower M protein and T,ess inhibitions for the low M protein
group, indicating that a decrease in Tcss was more associated with a low M protein
level, in the absence of treatment.

In this chapter, we will study the different dynamics between the general model
and the simplified model, namely, the dimensional general model and simpli-
fied model for the parameter ranges in Tables and respectively. We
do this in two ways: (i) the general model under random initial conditions of
M protein, and (ii) the general model and the simplified model under

initial conditions of M protein from the experimental data shown in Figure 1 in (30).

Table 4.1: Initial conditions for the general model and the simplified
model (2.2.5). The initial conditions for T (t), N(t), and Tg(t) for the general
model and the simplified model , where the range in the third column
comes from Table 2 in (19).

Initial Condition | Description Range

TS Initial condition range of CTLs [4.8,88] x 1072 g/dL
NO Initial condition range of NK cells | [8.6,36.8] x 1072 g/dL
Ty Initial condition range of Tyegs [1.6,6.8] x 1073 g/dL

For both (i) and (ii), we use the initial condition ranges for T (t), N(t), and Tx(t)
as shown in Table[4.1] as they were the ranges used in (19). For (i), we use the initial
condition range M (0) € [0.5,10] g/dL, listed in Table 2 in (19). For (ii), we take the
initial condition of M protein from Figure 1 in (30]), which shows the distribution
of the initial levels of M protein of MGUS patients, ranging between 0 and 3 g/dL.
Since 3 g/dL is the threshold for M protein that separates patients with MGUS and
MM and we are considering M (0) € [0.5,10] g/dL for (i) and M(0) € [0, 3] g/dL for
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(ii), it is important that we consider (i) and (ii) separately to compare any differences

in their conclusions.

4.1 Model (2.1.6) Under Random Initial Conditions

In this section, we study model under random initial conditions from the
ranges shown in Table [4.1| for T(t), N(t), and Tg(t) and M(0) € [0.5,10] g/dL, as
given in (19). We will analyze how the distribution of steady states changes as we
consider the monotherapies of anti-PD-1, elotuzumab, and daratumumab.

We generate 25000 parameter samples using latin hypercube sampling (LHS) of
the parameters listed in Table [2.1]and initial conditions of 4 variables, which followed
the condition aypr + aryr < 1 (used in (I8 19)) and treat each parameter set as a
virtual patient.

We simulate model , using the virtual patients, under different monother-
apies. In particular, we consider the treatment parameters F, € [0,1] and Fy € [0, 1]
equally divided into 11 subintervals and F, € [1,10] equally divided into 10 subin-
tervals. Note that F, = 1, F, = 1, F;; = 1 represents the control case. Notice that,
in Chapter 2 we define the anti-PD-1 effect F;, > 1 to represent the promotion of
CTLs homeostasis by anti-PD-1. In this Chapter, for simplicity, we set F}, € [0, 1] to
consider how the variation on CTLs by Fj, affects the distribution. For the considered
treatment combination, we generate the solution of model for each parameter
set for the period [0,6000] days to collect both the steady state and convergence

time, if possible. We compute the convergence time as the time t such that

Y () =Y (=1
1Y (¢ =1

<1078, (4.1.1)

where Y (t) represents the considered model solution at time ¢. We discard the
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parameter sets which their model solutions do not satisfy condition at any
time ¢ shorter than 6000 days for some treatment combination. We will refer to these
collections of parameter sets for each monotherapy as the whole group. When we
later divide the whole group into two groups, based on of the M component of the
steady state, we will refer to the parameter sets with M* < 3 (resp. M* > 3) as the

low (resp. high) M protein group.
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Figure 4.1: Boxplots of SS for model for the M protein initial con-
dition range in (19), under anti-PD-1 monotherapy. (A)-(D) displays the
steady state boxplots for M protein, T,es, CTLs and NK cells, respectively, as the
value of Fj, changes, from 0 to 1 incremented by 0.1, from left bar to right bar. The
vertical axis represents the value of the steady state, with the red line representing
the median. The thick and thin blue lines represent the interquartile range (IQR)
and the data range within 1.5xIQR. The blue dots represent the outliers.

Figs. show the steady state boxplots for model (2.1.6) under the single

effect from F, (i.e., F, € [0,1] and F, = F; = 1), elotuzumab monotherapy (i.e.,
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Figure 4.2: Boxplots of SS for model for the M protein initial con-
dition range in (19), under elotuzumab monotherapy. (A)-(D) displays the
steady state boxplots for M protein, T,es, CTLs and NK cells, respectively, as the
value of F, changes, from 1 to 10 incremented by 1, from left bar to right bar. All
symbols and definitions (vertical axis, lines, IQR, and outliers) are the same as in

Fig. 1.1}

F. € [1,10] and F, = F; = 1) and daratumumab monotherapy (i.e., F; € [0,1] and
F. = F, = 1), respectively. Fig. displays that the median of the M protein
and Tezs boxplots slightly decrease and the median for CTLs and NK cells boxplots
significantly increase when Fj, is small and then slightly increase when F is large, as
F, increases from 0 to 1, namely, the inhibition from PD-1-PD-L1 on CTLs decreases.
This indicates that increasing the effect of anti-PD-1 may help boost CTL and NK
cell responses and reduce M protein and T, responses. Fig. shows that the

median of the NK cells boxplot are slightly increased as F, increases from 1 to 10,
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Figure 4.3: Boxplots of SS for model for the M protein initial condi-
tion range in (19), under daratumumab monotherapy. (A)-(D) displays the
steady state boxplots for M protein, T,ees, CTLs and NK cells, respectively, as the
value of Fy changes, from 0 to 1 incremented by 0.1, from left bar to right bar. All
symbols and definitions (vertical axis, lines, IQR, and outliers) are the same as in

Fig. [L.1]

namely, the effect of elotuzumab increases. The median of the M protein, CTLs
and Ti.s boxplots do not significantly change. This indicates that despite the effect
on NK cells as the effect of elotuzumab increased, the effect on M protein is not
significant. Fig. displays that the M protein, CTLs, and NK cells boxplots do
not change significantly and the T,.ss boxplot has its median decrease as F; decreases
from 1 to 0.7. This indicates that the daratumumab treatment has a strong effect
on T,ees for high values of Fy.

Fig. displays the boxplots for the time to steady state (TTSS) of the three
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Figure 4.4: Boxplots of TTSS for model ([2.1.6])

condition range from (19).

parameter F,, F, or F,; increases. The black boxplots display the TTSS distribution
for all parameter sets. The red and blue boxplots show the TTSS distribution for

the parameter sets separated by M* < 3 and M* > 3, respectively. The vertical axis

represents the value of TTSS, on a log scale. The black dot inside the white circle

represents the median and the thick and thin blue lines represent the interquartile
range (IQR) and the data range within 1.5xIQR. The blue/red /black dots represent

the outliers.

considered monotherapies, for the M protein initial condition range from (19). For

each monotherapy, we first show the boxplot of TTSS for the whole group as one of

the treatment parameters F,, I, or F; changes, which is shown in the black boxplots

in Fig. [£.4] Next, we display the boxplots of TTSS for the low and high M protein

groups and their boxplots are the red and blue bars in Fig. [£.4] respectively. For the

whole group boxplot (i.e., the black bars in Fig. 4.4]), the median for the anti-PD-1
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monotherapy decreases from 95.6 days to 77.8 days (i.e., on a log scale, 1.9805 to
1.8909) as Fy increases and the median for the daratumumab monotherapy increases
from 55.5 days to 68.2 days (i.e., on a log scale, 1.7442 to 1.834) as F, increases.
For the elotuzumab treatment, the median is roughly the same for all values of F,
at roughly 100 days (i.e., on a log scale, 2). Among these three treatments, only
anti-PD-1 significantly prolongs the disease progression duration. Moreover, under
the monotherapy of anti-PD-1 or elotuzumab, the patients with low M protein have
a longer disease progression duration than the patients with high M protein, at
any effect of treatment. However, under the daratumumab monotherapy, as Fjy
decreases (namely, the effect of daratumumab increases), the disease progression
duration of patients with high M protein changes from shorter than the ones for the
total population to longer than the ones for the total population.

Note that our result qualitatively agrees with the ones shown in (19), as the
boxplots corresponding to no treatment (i.e., F, = F, = F; = 1) have similar
features. The main difference comes from time to steady state distribution, where
the authors recorded a median of 161 days, compared to our median of roughly 100
days. This difference could be explained by the differences in sample size, as the
authors in (19) used 10000 parameter sets and we used at most 25000 parameter

sets.

4.2 Model (2.1.6) Under Specific Initial Conditions

In this section, we study model under random initial conditions from the
ranges in Table 4.1| for T=(¢), N(t), and Tg(t) and the data from (30) for M (t). We
generate 25000 parameter sets, using the same settings as Chapter The main
difference from Chapter is the different initial condition range found from (30]).

The data in (30) shows the distribution of patients’ initial M protein level. According
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o (30)), 24% of the patients were initially between 0 and 0.5 g/dL, 19% of patients
were initially between 0.51 and 1 g/dL, 33% of the patients were initially between
1.01 and 1.5 g/dL, 18% of the patients were initially between 1.51 and 2 g/dL, 5%
of the patients were initially between 2.01 and 2.5 g/dL, and 1% of the patients
were initially between 2.51 and 3 g/dL. Thus, we use these proportions for each
subinterval to generate M (0). Table 4.2 shows the number of M (0) located in each
range. We apply the same simulation work for these parameter sets used in Chapter
[4.1] to understand how the monotherapies affect the steady state and TTSS boxplots
and compare them to the conclusions of Chapter to see how the different options
of initial conditions affect the results.

Table 4.2: M protein initial condition ranges from (30). The first column
displays the range of initial condition of M protein. The second column shows the
proportion for each interval. The third column shows the number of M (0) generated
for each range.

Range Percentage (%) | Number of M (0)
[0,0.5] g/dL 24 6000
[0.51,1] g/dL 19 4750

[1.01,1.5] g/dL 33 8250
[1.51,2] ¢/dL 18 4500
[2.01,2.5] g/dL 5 1250
[2.51,3] g/dL 1 250

Figs. display the steady state boxplots for model (2.1.6) under the anti-

PD-1, elotuzumab and daratumumab monotherapies, respectively, for the new initial
conditions. We have the same conclusions as observed from Figs. with
the median values changing slightly. This finding suggests that the range of initial
condition does not significantly affect the steady state boxplots.

Fig. displays a similar boxplot for the TTSS as shown in Fig. [£.4] for
the initial condition of M protein range from (30). The main difference is that
for daratumumab, the patients with low M protein have a longer disease progression

duration than the patients with high M protein, at any effect of treatment. Moreover,
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Figure 4.5: Boxplots of SS for model for the M protein initial con-
dition range in (30)), under anti-PD-1 monotherapy. (A)-(D) displays the
steady state boxplots for M protein, T,ees, CTLs and NK cells, respectively, as the
value of F}, changes, from 0 to 1 incremented by 0.1, from left bar to right bar. All
symbols and definitions (vertical axis, lines, IQR, and outliers) are the same as in

Fig. [L.1]

as the effect of daratumumab decreases (i.e., as Fy increases from 0 to 1), the disease
progression duration of patients with high M protein changes from similar to that
of the total population to shorter than that of the total population. Otherwise,
we have similar conclusions when comparing to Fig. [£.4. Comparing these results
with the ones in Chapter [£.1], the range of the initial condition of M protein does
not significantly affect the distribution of steady state and TTSS, hence we only

consider the M protein initial condition range from (30) in the steady state boxplots

for model ([2.2.5)).
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Figure 4.6: Boxplots of SS for model for the M protein initial con-
dition range in (30), under elotuzumab monotherapy. (A)-(D) displays the
steady state boxplots for M protein, T,ees, CTLs and NK cells, respectively, as the
value of F, changes, from 1 to 10 incremented by 1, from left bar to right bar. All
symbols and definitions (vertical axis, lines, IQR, and outliers) are the same as in

Fig. [L1]

4.3 Model (2.2.5) Under Specific Initial Conditions

In this section, we apply the same process done in Chapter on model , with
initial condition generated from Table for M(t) and from Table for Te (1),
N(t), and Tg(t). We generated 25000 parameter sets containing the parameters
from Table [2.2] and the initial conditions for 4 variables, using the LHS method. We
will then compare and contrast the conclusions of this section to the conclusions of
Chapters [4.1 and [4.2]

Figs. display the steady state boxplots for model under the anti-
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Figure 4.7: Boxplots of SS for model for the M protein initial condi-
tion range in (30), under daratumumab monotherapy. (A)-(D) displays the
steady state boxplots for M protein, T,ees, CTLs and NK cells, respectively, as the
value of Fj changes, from 0 to 1 incremented by 0.1, from left bar to right bar. All
symbols and definitions (vertical axis, lines, IQR, and outliers) are the same as in

Fig. [L.1]

PD-1, elotuzumab, and daratumumab monotherapies, respectively. We have similar
patterns and conclusions as for Figs. and Figs. [4.7] with slightly different
median values.

Fig. shows the TTSS boxplots for model under different monother-
apies. Comparing to Figs. [{.4 and 4.8 we find that none of the monotherapies can
make significant changes on the medians of TTSS for the whole group or separated
groups, suggesting that none of the monotherapies can improve the disease progres-

sion duration and there is no significant difference between patients with low or high
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Figure 4.8: Boxplots for TTSS for model (2.1.6), using the M prote

(A)-(C) display the boxplots for anti-PD-1, elo-

tuzumab, and daratumumab monotherapy, respectively, as the respective treatment

condition range from (30).

parameter F, F, or Fy increases. All symbols and definitions (boxplot, vertical axis,

median, IQR, and outliers) are the same as in Fig.

M protein.
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Figure 4.10: Boxplots of SS for model for the M protein initial con-
dition range in (30), under elotuzumab monotherapy. (A)-(D) displays the
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Mathematical Analysis

In (I8), the authors analyzed model (2.1.6)), under the control case (i.e., F, = F, =
F; = 1). They reduced model from four to two variables, M (t) and T (t),
using the assumption that N(¢) and Tr(t) were constants due to the experimental
data in (44). They showed that the reduced model had two types of equilibria, Ef :=
(M*,0) and Ej := (M*,T{). For the equilibrium EY, there was a critical M, M.,
such that EY is unstable if M* > M., whereas EY is locally stable if M* < M.. For
the equilibrium E7, the authors demonstrated that 7 > 0 in the region {M > M.}
and proved a sufficient condition for the local stability of EJ.

However, in (44]), there is not enough evidence to support that N(¢) and Tg(t) are
constants. The experimental data in (44)) is cell population across different disease
states (e.g., healthy, MGUS, symptomatic MM) at one time point. In particular, NK
cells and T,egs had similar distributions across the different disease states. Therefore,
we keep all four variables in our analysis for model to better study the possible
dynamics of multiple myeloma.

In this chapter, we analyze the dynamics of model . We will show the
positive invariant set and boundness of solutions, existence and local stability of

different types of equilibria. We then provide some numerical testing for bifurcation

49



analysis based on these dynamics.

5.1 Existence of Solutions

In this section, we demonstrate the existence of solutions by the following two propo-

sitions.

nonneg

Proposition 5.1.1. Rj = {(z1, 22,3, 24)|x; = 0,1 = {1,2,3,4}} is a positive

invariant set of model ([2.2.5)), if (M(0),Tc(0), N(0), Tr(0)) € Ry,

Proof. First, we consider the case that (M (0),T¢(0), N(0), Tr(0)) € Ry, where R =
{(z1, e, x3,24)|x; > 0,7 = {1,2,3,4}}. Assume that there is a time 74 > 0 in which

any component reaches zero. If that component is M, namely,

Then, M (t) stays nonnegative for all £ > 0. If that component is T, then %(ﬁ) =
0. By existence and uniqueness of solutions, T = 0. However, this is a contradiction
to the assumption that T¢(0) > 0. Thus, T (¢) > 0 for all ¢ = 0. Similar arguments
can be made to show that N and Ty are nonnegative if (M (0),7¢(0), N(0),Tr(0)) €
Rf. A similar argument shows that if the initial condition of any component is zero,

the solution is nonnegative for all ¢ > 0. O

We next show the solutions of model ([2.2.5)) are bounded.

Proposition 5.1.2. The solutions to model (2.2.5)) are bounded, if the initial con-

dition is in Ry,

Proof. First observe that for Eq.

d M-y M N 1 ! M M =F, (M
—_ = 1 - — — — < 1 - —— = ,
i SMtTM K M (anmN +acum C)l tTh SMATM K 1(M)
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due to the positivity of solutions. We analyze the behaviour of the solutions of

4 — Fy(M) by looking at the stability of the fixed points,

rar /13 + drarsa /Ko

M* = M, =
* 2T‘M/KM

Since F1(M)>0if0< M < M, and Fy(M) < 0if M > M,, the only positive
fixed point M, is asymptotically stable. Hence M(t) < M, + € =: By, for all
€1 > 0, when ¢ is large enough. Therefore, M (t) is bounded.

For Eq. (2.2.2), due to a similar reason, we have

dTCTchl M) - 80T, TlTCA Fy(T,
v - _ < - — ,

I rclc Ko (1+apcM) —écTe <rcTe Ko | »(To)
where Ay = 1+ ayeBy and M < By, when time is large enough. Fy(T¢) is the
logistic equation, so all solutions are bounded by K¢ + €5, for all e > 0, when time ¢

is large enough. Thus, T(t) is bounded. A similar argument leads to the boundness

of N(t) and Tg(t). O

5.2 Existence and Local Stability of Equilbria

In this section, we consider model under the control case, ie., F, = F, =
F; = 1. According to Egs. and (2.2.3)), the equilibrium values M* and N*
are nonzero; Thus, we find different types of nonnegative equilibria: (M* 0, N*,0),
(M*,0,N*,TF), (M*, T4, N*,0), and (M*,T¢g, N*,T}) with the condition for their
existence and local stability. For simplicity, these four equilibria are named type 1,

type 2, type 3, and type 4, respectively.

Proposition 5.2.1. If TS = Ty = 0, model (2.2.5) has the equilibrium X; :=
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(M*,0, N*,0), with

N —5]\[ + \/(TN _5N)2 +47“NSN/KN

N* =
2TN/KN ’

and

M —(SM —aNMN* +\/(7"M—5M—OJNMN*)2 +4T'MSM/KM

M* =
QTM/KM

Proof. When Tg = T} = 0, the equilibrium (M*,0, N* 0) satisfies the following

equations

M*

MIZSM+TM<1* )M**(SMM**GNMN*M*ZO, (521)
K

/ ® N* *

N =sy+ryN 1+ —dyN* =0. (522)
Ky

Eq. (5.2.2) leads to

N* N, — N —(5]\[ i\/(TN—dNP +4T'NSN/KN
* 27’N/KN ’

and we set N* = N, > 0. Solving Eq. (5.2.1)) for M*, we obtain

v — (SM — CLNMN* + \/(TM — (SM — (INMN*>2 + 4T’MSM/KM
QTM/KM ’

M* = M, =

and we set M* = M, > 0. O]

Proposition 5.2.2. If

6 _

Tg = O, M* > n TR,KM(—(SRKR +7rr + KRTR + CLMRM*TR -+ CLMRKRTRM*) # 0,
TRAMR

KM((SRKR — (1 + KR)’I“R>SM < 0, (523)
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there exists at least one nonnegative equilibrium X3 := (M*,0, N*,T}), where

?”N—5N+\/(TN—5N)2+4TNSN/KN T _ KRéR—T’R—CLMRTRM*
s+t R — T

N* =
2TN/KN TR 1 -i-OJMRM*

and M* is a positive root of the following polynomial
F(M) = CY3M3 + CYQM2 + OélM + o,
with

Q3 = TM(l + KR)’T’RCLMR,
Qg = —(SRKRTM + (TM + KR'T’M + CLMRKM((SM + (SMKR + CLNMN* — (1 + KR)’I”M))T’R,
a1 = KM(éRKRTM + CLNMT’RN* + 6M<—6RKR + TR + KRTR) — (1 + KR>TR(TM + CLMRSM)),

Qg = KMSM((sRKR - (1 + KR>TR)'

Proof. When T¢ = 0, the equilibrium (M*,0, N*,T}) satisfies the following equa-

tions:

M*

N*
M/=8M+7’M<1—K anM

1+ T

M* =0, (5.2.4)

)M*—(SMM*—
M

N*
N’ = sy + ryN* (1 + ) —dyN* =0, (5.2.5)
Ky
/ * TE * *
TR = T’RTR - Ki (1 + apyrM ) - 6RTR =0. (526)
R

N* is derived from Eq. (5.2.5)), as stated in Proposition [5.2.1]
Eq. (5.2.6) provides

KRTR_5R+GMRTRM*

5o —
>0, due to M* > =& iy (5.2.7)

TF =
R TR 1+CLMRM* ap RTR
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Substituting Eq. (5.2.7)) into Eq. (5.2.4)), we get

« « I8V 12 CLNMM*N*
—(SMM +’I“MM—7(M) — K +8M=O
(br—rr—aprM™) )
K 1+ RTRIEIJF‘I:MRJY\/[ITK)
namely,
P(M¥) Y
KM(—(SRKR +7rRp + KRTR + (IMRM*TR + (ZMRKRTRM*) -
where
F(M) = asM?® + ayM? + oy M + ay,
with

3 = TM(l + KR)T'RGMR,
Qg = —(SRKRTM + (TM + KRT’M + OJMRKM(dM + (SMKR + GNMN* — (1 + KR)TM))TR,
a1 = KM((SRKRTM + CLNMTRN* + 5M<_5RKR -+ TR + KRTR) — (1 + KR)TR(TM + CLMRSM)),

Qg = KMSM((SRKR — (1 + KR>TR)-

By condition ([5.2.3)), we only consider F/(M*) = as(M*)3+ao(M*)?+ay M*+aq = 0.
Since a3 > 0 and ag < 0, we have F'(0) < 0 and limy; ., F'(M) = oo, due to
condition ((5.2.3)). Thus, by the Intermediate Value Theorem, there is at least one

positive root of F(M), called M*, such that there is a nonnegative equilibrium

(M*,0, N*, T%). 0

Proposition 5.2.3. If T = 0 and M* > (SACI;TC then there exists at least one

aycre’

nonnegative equilibrium X5 := (M*,T¢, N*,0), where

KC(TC — dc + aMcTCM*)
Tc(l + aMcM*)

Te = TH(M") =

)
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N* = N*(M*) is a positive root of the polynomial

sy +rnN(1 = N/Kn)T(M*) — 0nN,

with T(M*) =1+ acnTE(M*), and M* is a positive root of the function

G(M) := spr + 1M (1 — M/Kyp) — 60 M — (anarN* (M) + acarTE(M)) M.

Proof. When T} = 0, the equilibrium (M*,T¢, N*,0) satisfies the following:

M*
M = 1—
5M+TM( Kns

—(CLNMN* + CLCMTS)M* = 0,

)M* — oy M*

*

T
Té = Tchv (1 — KCC) (1 + (ZMcM*> - §CT§ = 0,

*

Ky

N' = sy +ryN* <1+

Eq. (5.2.9) leads to

TE(M™) = > 0, due to M* >

Tc(l +aMcM*) apcTrc

Kc(Tc—50+aMcToM*) 5C_TC

(5.2.8)

(5.2.9)

) (1 + (ICNTgv) — dNN* = 0. (5210)

(5.2.11)

Set T(M*) = 1+ acnT5H(M*). Substituting T'(M*) in Eq. (5.2.10) and expanding

out in powers of N*, we have

N P(MF)YN*2 — (P T(M*) — 6x5)N* — sy = 0.
Ky

(5.2.12)

Since I%’VT(M*) > 0and sy > 0, Eq. (5.2.12)) has at least one positive root N*(M*),

by the Intermediate Value Theorem. Next, we analyze the behaviours of T¢ (M),
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T(M) and N*(M) as M — oo. We obtain that

limyr o TE(M) = Ke > 0,
e TE(M) ¢ (5.2.13)

limp; o0 T(M) = 1+ CLCNKC > 0.

Eq. (5.2.13) implies that limps . N*(M) is a positive, finite constant as (1 +

acyKe) > 0 and sy > 0. Set limp; oo N*(M) = Ny, 0 < Ny < 0.
Finally, from Eq. (5.2.8)), we obtain the following equation:
P(M*) =0, (5.2.14)
where

P(M) = Sm —|-7‘MM(1 +M/KM) —(5MM— (aNMN*(M) +CLCMT5(M>)M

When M =0, P(0) = sy, > 0. By Eq. (5.2.13))

lim P(M) = lim M?

syt — oy —ayu N1 —acu Ko M\ .
M—0 M—o0

M?2 M Ky
(5.2.15)

Thus, by the Intermediate Value Theorem, we have at least one positive root M* of

P(M). Thus, (M*,T#, N*,0) exists. O

0 0 P 50—7‘0 5 —T _ _
Proposition 5.2.4. If M* > maz{;¢=¢, (B8} and Kp(rp — 6r) > —Tg, then

there exists at least one positive equilibrium X := (M*, T, N*,T}), where

" " " Kc(rc—dc+aMcrcM*)
Te = To(M7) =

, T = Tr(M™) =

KR(’I“R — (SR + aMRM*rR)

Tc(1+CLMcM*) TR<1 +CLMRM*>

and N* = N*(M*) is a positive root of the polynomial

SN +TNN(1 —N/KN)T(M*) —5NN,
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with T(M*) =1+ acnTE(M*). Additionally, M* is a positive root of the function

(CLNMN*(M) + (ICMTé(M))M

Proof. The equilibrium (M*, T, N*, T}) satisfies the following equations:

M*
M':5M+7"M(1_ )M*—éMM*—
Ky
1
N* T5)———|M* =0 5.2.16
[V + aen e o [ M =0 (5:2.10
T
Té = T’CTS <1 - KC) (1 + CLMcM*) - 50T5 =0, (5217)
C
*
N' = sy +ryN* <1 4 > (14 aonTE) — dyN* =0,  (5.2.18)
N
/ * Ty * *
TR = TRTR <1 — K ) (1 + apyrM ) — 5RTR = 0. (5219)
R

Egs. (5.2.17) and (5.2.18)) lead to Egs. (5.2.11) and (5.2.12)), given M* > (¢ —

ro)/apcre. Thus, Eq. (5.2.13]) holds.
Solving Eq. (5.2.19)) as a function of M*, we obtain

KR(’I”R — (SR + CLMRTRM*)

T* M* _
R( ) TR(1+CLMRM*)

> 0, due to M* > (0r — rgr)/arMmRTR,

and we have
d]jf%< . KRa'MR(SR
dM* B TR(].+CLMRM*)2.

Hence, Tj(M*) is increasing as M* increases.

For Eq. (5.2.16|), we have, replacing M* with M,

Pu(M) = sy +ragM(L+ M/Ky) — 63 M — (C”VMN (M) + amTC(M)) M =0.

1+ T5(M)
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When M =0,

aNMN*(O)+a MT*(O)
Pl(O)st—< 1+T;;(g) ¢ >><O.

Since Kr(rg — dr) > —rg, we have T};(0) = Kgr(rg — 0r)/rr > —1. Since Tj(M)
is increasing, Th(M) > —1 for all M > 0. Thus, 1/(1 + T/(M)) is defined for all
M = 0. Thus, P,(M) = sp; > 0. Additionally, limy;_,. Th(M) = Kg > 0 and thus,

lim P (M) = lim M?

M—0 M—0

M? 1+ Kp)M K

(SM TM—5M—GNMN1—GCMKC_ TM)__OO

Thus, by the Intermediate Value Theorem, there exists at one positive root M* of

Py (M) and (M*,Tg, N*,T};) exists. O

Table 5.1: Conditions for existence of X, XJ, X3, and XJ. The first column
lists the equilibrium. The second column displays the conditions for existence, as
shown in Propositions [5.2.1} [5.2.2] [5.2.3, and [5.2.4]

Equilibria Conditions
X5 N/A
Sn —
X3 Tr =0, M*> R 'R

TRAMR
KM(—éRKR + TR + KRTR + CLMRTRM* + CLMRKRTRM*) #* 0

KM((SRKR — (1 + KR)TR)SM <0

dc — e
X3 TE =0, M* >
apcrc
dc —rc Op — TR
X5 M*>maa:{ )
aypc’c AGMRTR

KR(TR—(SR) > —TR

Table summarizes the conditions for the existence of Xj, X5, X3, and X}.
Consider the biological meaning of the equilibria. In all four types, M* and N* are
always positive, showing that M protein and NK cells are always present. CTLs
inhibit M protein by killing myeloma cells (L10; 27; 55) and Tiegs promote M protein
by inhibiting the killing of myeloma cells by CTLs and NK cells (6; 22 [38; 51).
Therefore, the equilibrium X5 = (M*,0, N*,T};) is the worst case for a patient and

the equilibrium X5 = (M*, T4, N*,0) is the best case for a patient. The equilibrium
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X§ = (M*,0,N*,0) is the second best case for a patient, as there are no Tyegs
but there is only NK cells present, as compared to CTLs and NK cells present for
X3. The equilibrium X = (M*, T4, N*,T}) could be good or bad for a patient,
depending on the balance of T4 and 75 and the level of M*. Thus, we need to
consider the local stability of each type of equilibria so that we can find potential
strategies or reactions that could change a patient’s disease outcome.

For the local stability, we compute the Jacobian matrix of model at the

considered equilibrium (M*, Tg, N*,T%):

Jiu Jie Jis Jua
Jor Jap 0 0

J = ,
Ju 0 0 Jy
with
Y (CZNMN* + CLCMTg«) M*
Jin =T — 2L M — by — Jig = —Aon
1n=Tm Ky M 1+ T y J12 CLCM1 i TE’
M* (CLNMN* +aCMTék<)M* Tgf
Ji3 = —any———, Jia = Jo = 51—
13 aNMl TE 14 (1+ Tp)? » J21 = apmcTedc K )
N*
Jog = (1 + aMcM*) ro — QETE‘; — ¢, J3g = acntNN* (1 — ,
Kc Ky
* N Ars * TE
J33 = (1 + aCNTC) N — 2—N — 5]\7, J41 = OJMRTRTR 1-— ,
KN KR

J44 = (1 + CLMRM*) <TR — 27NRTE) — 5R'
The characteristic polynomial for J is

P(A) = X+ SIA° + SA% + SA + Sy,
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with

S1o= —Ju—Jun— Jzz3— Ju,

So = Jsgus + J11Jos + J11Jus + J11dss + Joodss + Joodyy — JynJisg — Jor 1o,

Sy = JudszJy + Jiadoody + JiodorJug + JiodorJsz — JooJszJus — Ji1J33 44
—J11Joodyy — J11J29d33 — J13 01 J39,

S4 = J11J22J33J44 + J13J21J32J44 - J14J22J33J41 - J21J12J33J44-

By using Routh-Hurwitz criterion, we have the following theorem for the local sta-

bility.

Theorem 5.2.5. For model (2.2.5)), the considered equilibrium (M*, T, N*,T}) is

locally asymptotically stable if and only if

D1 = Sl > 0,D2 = 8132—83 > 0,D3 = 518233—S§—512S4 > 0, and D4 = S4D3 > 0.

Now, let us consider a special case of Theorem [5.2.5] when we have T¢% = T} =
0. By substituting the equilibrium values shown in Proposition [5.2.1) we have the

following result:

Corollary 5.2.6. For the equilibrium X in Proposition let r¢ = cdc and

rr = 1rig, then X{ = (M* 0, N* 0) is locally asymptotically stable if and only if

1 1

r<——andc< ————. 5.2.20
14+ apyrM* 1+ apcM* ( )
Proof. The Jacobian for X7 is
TM—QIT(IXI{M*—(s]V[—aNMN* —aCMM* —aNMM* aNMN*M*
7 0 (1+CLMCM*)TC*50 0 0
1:=
0 aCNrNN*(l—%) TN(l— QII(V:)—(SN 0
0 0 0 (1+aMRM*)7’R*5R
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where the eigenvalues are the diagonal entries. Substituting the exact values for M*

and N* of Xj from Proposition nto ry — Q%M* — 0y —any N* gets

—\/(T’M _5M —CLNMN*)2 +4T’MSM/KM < 0.

2N*
Kn

Similarly for ry(1 — £2=) — dn, we get

—\/(TN — (SN>2 + 4TNSN/KN < 0.
For the other two eigenvalues, we have
(1+ apyeM*)re — dc = dc(c(1 + apyeM™) — 1) <0,

and

(1 + CLMRM*)TR - 5R = (53(7’(1 + CLMRM*) - 1) < 0,

due to the condition ({5.2.20]). Since all eigenvalues are negative, X7 = (M*, 0, N*,0)
is locally asymptotically stable under the condition ([5.2.20)).
Next, if (M*,0,N*,0) is locally asymptotically stable, the eigenvalues of J; are

. . . 1 1
negative. From the above equations, we derive r < Tran il and ¢ < Tran ol - O

Remark 5.2.7. In the treatment case, the treatment parameters F,, I, and Fy
result in a change in parameter values for r¢, 7y, and rg, respectively. Therefore,

the above analysis holds for the treatment case.

5.3 Numerical Testing

In (18), the authors showed that changing the parameter acyys for model (2.1.6)),
under the control case (i.e., F, = F, = F; = 1), can affect the model dynamics.

Using a particular parameter set, the authors showed that for a sufficiently low value
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of acnar, there is only one stable equilibrium with a high M protein level and for
a sufficiently high value of acnys, there is only one stable equilibrium with a lower
M protein level. Furthermore, for a moderate value of acyyy, there were two stable
equilibria, one with a lower M protein level and one with a higher M protein level
and the basin of attraction increased for the lower M protein equilibrium as acys
increased. Finally, for a particular parameter set, it was found that a sufficiently
high M protein initial value led to a significantly higher M protein level compared to
a lower M protein initial value. In (19), the authors found a parameter set for which
different initial values of M protein lead to two different long-term behaviour. It was
shown that a sufficiently high M protein initial value led to a significantly higher
M protein level, as compared to a sufficiently low M protein initial value which led
to a low M protein level. Additionally, small changes to the homeostasis rate or
degradation rate of M protein can lead to different steady state values of M protein.

In this section, we only consider the parameter sets of model used in
Chapter . We focus on model and investigate the relation between the
long-term behaviour of solutions and the parameters. We first study the distribution
of parameters that induce different types of equilibria and their local stability. We
then perform global sensitivity analysis to study the correlation between parameters
and stable equilibria. Finally, we use bifurcation analysis to study how the parameter

values change the local stability of equilibria.

5.3.1 Parameter Distributions

In this section, we use the parameter sets generated in Chapter to generate
the parameter distribution of each type of equilibrium. For each parameter set,
we use the symbolic toolbox package in MATLAB to algebraically generate all its
non-negative equilibria and then calculate all the eigenvalues to determine the local

stability of each equilibrium. Notice that the parameter set may induce multiple non-
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negative equilibria, because X{ always exists. Based on this result, we categorize
these parameter sets into four groups that these four groups represent the parameter
set induces the equilibrium X7, X5, X3, and X, respectively. Moreover, in each

group, we further categorize the parameter sets into the following four subsets:

(i) L4S: the equilibrium is locally asymptotically stable (due to the negative real

parts of all eigenvalues) with M* < 3,

(ii) L+US: the equilibrium is unstable (due to at least one eigenvalue having a

positive real part) with M* < 3,

(iii) H+S: the equilibrium is locally asymptotically stable (due to the negative real

parts of all eigenvalues) with M* > 3, and

(iv) H4US: the equilibrium is unstable (due to at least one eigenvalue having a

positive real part) with M* > 3.

Figs. display the distribution of these four groups for each type of
equilibrium. First, Fig. [5.1] shows the distribution for type 1 equilibrium X7 =

(M*,0, N*,0) and have the following observations:

(i) The values of r¢ and rg are relatively lower when X7 is stable than the ones
when X7 is unstable. This suggests that a lower homeostasis rate of C'TLs and

Tregss may lead to elimination of CTLs and Tegs.

(ii) The values of aysc is relatively lower only for the H+S group, indicating that
a low promotion rate of CTLs by M protein may lead to severe MM and

elimination of CTLs and Tiegs, namely, X with M* > 3.

(iii) The values of d and 7, are relatively lower when M* < 3, suggesting for X7
that a lower death rate of NK cells or a lower homeostasis rate of M protein

may lead to low M protein in the long term.
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Figure 5.1: Parameter boxplots for Xj. Each subfigure displays the boxplot of
parameter values inducing equilibrium X7 in L+S, L+U, H+S, and H4U, from left
to right boxes.

(iv) The values of 6 and dp are relatively higher when X7 is stable, so a fast death

rate of CTLs or T,ees may lead to the long term behaviour of X7.

(v) The value of ayys is relatively lower when M* > 3, indicating that a slower

killing rate by NK cells may lead to severe MM.

Fig. displays the result for the type 2 equilibrium X35 = (M*,0, N*,T}) and

we have the following observations:

(i) The value r¢ is relatively lower and the value of ¢ is relatively higher when
X5 is stable. Thus, a slower homeostasis rate or fast death rate of CTLs may

lead to elimination of CTLs.

(ii) Similar to the (ii) of X7 that low promotion rate of CTLs by M protein may

lead to severe MM and elimination of CTLs.
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Figure 5.2: Parameter boxplots for X;. Each subfigure displays the boxplot of
parameter values inducing equilibrium XJ in L+S, L+U, H+S, and H4U, from left
to right boxes.

(iii) The value of ry is relatively higher and the value of J is relatively lower when

M* < 3, indicating that growing NK cells may control the disease progression.

(iv) The values of ry; and dg are relatively higher when M* > 3, suggesting that a
faster homeostasis rate of M protein or faster death rate of T,.s may lead to

severe MM.

Fig. displays the result for the type 3 equilibrium X3 = (M*, T4, N*,0) and

we have the following observations:

(i) The value of r¢ is relatively higher when M* < 3, suggesting that a higher

homeostasis rate of CTLs may lead to a low M protein in the long term.

(ii) The value of 7 is relatively low and the value of dg is relatively high when X3

is stable, indicating a slower homeostasis rate or a fast death rate of T\.ss may
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Figure 5.3: Parameter boxplots for XJ. Each subfigure displays the boxplot of
parameter values inducing equilibrium X3 in L+S, L+U, H+S, and H+U, from left
to right boxes.

lead to elimination of T\egs.

(iii) The values of ayr and aps¢ are relatively lower only for the H+S group. This
suggests that a low promotion rate of T,es or CTLs may lead to severe MM

and elimination of Tigs, namely, X3 with M* > 3.

Fig. displays the result for the type 4 equilibrium Xj = (M*, T, N*,TF).
We have the observation that the value of r¢ is relatively higher and the value of ¢
is relatively lower for the L+S group, indicating that a high homeostasis rate and a

lower death rate of CTLs may lead to a long term behaviour of X} with M* < 3.

Next, we redisplay Figs. 5.4 by comparing four types of equilibria, and only
consider the stable cases in Figs. [5.5 and [5.6] as the unstable cases would not be
observed numerically. Since by Proposition that X = (M* 0, N* 0) always
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Figure 5.4: Parameter boxplots for Xj. Each subfigure displays the boxplot of
parameter values inducing equilibrium Xj in L+S, L4+U, H+S, and H4U, from left
to right boxes.

exists for model ([2.2.5)), we only consider the equilibria X5 = (M*,0, N*,T}), X5 =
(M*,TE,N*,0) and Xj = (M*, TE, N*, T}). Recall that X3 and X} represent the
worst and best case for patients and X is the uncertain case.

Fig. [5.5 shows the parameter boxplots for the L+S group and we find that:

(i) The values of rys, 7o, On, and dg are lower for X35 and higher for X7, hence
higher production of M protein or CTLs, or death rate of NK cells or Tiegs

could control the disease progression at a low level of M protein, and vice versa.

(ii)) The value of d¢ and ry are higher for X3 and lower for Xj, hence lower
death rate of CTLs or homeostasis rate of NK cells could control the disease

progression at a low level of M protein, and vice versa.

(iii) The higher value of rg or lower value of 0 could lead to Xj. Hence, the disease

progression highly depends on a patient’s condition (namely, the parameter
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Figure 5.5: Parameter boxplots for low and stable equilibrium. Each sub-
figure displays the boxplot of parameter values inducing M* < 3 for the stable
equilibrium X7, X5, X5, and X}, from left to right boxes.

values) when the homeostasis rate of T,es is high or the death rate of Tyegs is

low.

Fig. [5.6] shows the results when the equilibrium is in the H+S group and find

that:

(i) The values of ayys, and dg are lower for X3 and higher for X3. Hence, higher
killing rate of M protein by NK cells, or death rate of Tiegs could control the

disease progression at a high level of M protein, and vice versa.

(ii) The values of K¢, ayc, acn, Tr and apypr are higher for X3 and lower for
X3, hence lower carrying capacity of CTLs or promotion rate of CTLs by M

protein, promotion rate of NK cells by CTLs, and the promotion rate of Tiegs
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Figure 5.6: Parameter boxplots for high and stable equilibrium. Each sub-
figure displays the boxplot of parameter values inducing M* > 3 for the stable
equilibrium X7, X3, X5, and X}, from left to right boxes.

by M protein could control the disease progression at a high level of M protein,

and vice versa.

(iii) The higher value of ap;¢ and rg could lead to X, hence the disease progression
highly depends on a patient’s condition (namely, the parameter values) when

the promotion rate of CTLs by M protein or homeostasis rate of Tigs is high.

5.3.2 Sensitivity Analysis

Next, based on the four groups of parameter sets for the four types of equilibria

that we found in Chapter [5.3.1] we perform the global sensitivity analysis outlined
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in (35) to study how all parameters listed in Table [2.2] affect the equilibria X7, X,
X5, and XJ. Because the size of parameter sets for the four types of equilibria gen-
erated in Chapter [5.3.1] is not large enough to analyze the correlation, we perform
latin hypercube sampling (LHS) to generate 200000 parameter sets using the ranges
listed in Table 2.2 and then perform the same analytical process used in Chapter
to categorize parameter sets into four groups that these four groups represent
the parameter set induces the locally stable equilibrium X7, X5, X3, and X}, respec-
tively. Next, we compute the Partial Rank Correlation Coefficients (PRCCs) and
p-values of the parameters with respect to the components of the stable equilibrium.
In doing this, we had 29198 samples for stable X7, 32363 samples for stable X,
40000 samples for stable X3, and 58556 samples for stable X}. A parameter with
a positive PRCC indicates increasing the parameter value increases the considered
model output, while a parameter with a negative PRCC indicates that the opposite
relation. Tables|5.2H5.5| show the PRCCs for the parameters to the components M*,
T¢, N*, and T% under different types of equilibrium, respectively.

Let us first consider the M* component for each equilibria in Table The
parameters dy, sy and 7y, are positively correlated to all types of equilibrium,
where 6y is much stronger than sj; and sp; is much stronger than r,;. Thus, the
reduction of M protein is most sensitive to the decreasing of the death rate of NK
cells, is minor sensitive to the decreasing of the constant source of M protein, and
less sensitive to the decreasing of the homeostasis rate of M protein. The param-
eters ann, v, Kn, Sy, Op, Tr and ro are negatively correlated to all types of
equilibrium, where an;, vy and Ky are much stronger than sy and sy are much
stronger than d,; and rg. Hence, the reduction of M protein is most sensitive to the
increasing of killing rate of M protein by NK cells, or homeostasis rate of NK cells
or carrying capacity of NK cells, is minor sensitive to the increasing of the constant

source for NK cells and less sensitive to the increasing of the degradation rate of M
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Table 5.2: PRCCs of the parameters in model with respect to M*.
The first column lists the parameters. The second, third, fourth and fifth columns
display their PRCCs to the M* of the equilibria X7, X5, X3, and X}, respectively.
All PRCCs have p-value less than 0.05, except those marked with a superscript =.

Parameter X{ X5 X3 X5

SM 0.3985 0.3513 0.5268 0.4318
"M 0.1197 0.1995 0.07202 0.1097
Ky —0.006166* -0.01343 | —0.000693* | —0.00361*
oM -0.04348 -0.04881 -0.01879 -0.02228
anm -0.6337 -0.6188 -0.6214 -0.5586
acm 0.002228* | —0.001441* -0.3641 -0.3069
rc -0.01545 -0.0964 -0.4139 -0.5504
K¢ 0.007307* | —0.005784* -0.4068 -0.3347
ayc —0.006443* -0.06424 0.01631 -0.04416
dc 0.01123* 0.05082 0.6246 0.6705
SN -0.09526 -0.1252 -0.02202 -0.05379
TN -0.6626 -0.674 -0.321 -0.3484
Ky -0.4786 -0.4321 -0.4842 -0.4012
acn 8.88 x 107°* | 0.00893* -0.1875 -0.1825
on 0.8018 0.8044 0.238 0.2531
TR -0.01613 -0.0638 -0.02356 -0.06008
Kgr —0.006169* | —0.0034* | —0.003388* | —0.004896*
apmR —0.01059* | 0.008391* -0.01959 0.004143*
Or 0.01315 0.06109 0.006056* 0.06366

protein or homeostasis rate of T,egs. Moveover, r¢ has a weak effect on X{ and XJ
and a strong effect on X3 and X, so increasing the homeostasis rate of CTLs may
weakly improve the worst case X; for patients and strongly improve the best case
X3 or the uncertain case X for patients. The parameters acy, K¢ and acy are
negatively correlated to the equilibria X3 and X, where acy and K¢ are stronger
than acy. Hence, the reduction of M protein is most sensitive to the increase of
the promotion rate of CTLs by M protein or carrying capacity of CTLs and less
sensitive to the increase of promotion rate of NK cells by CTLs for the equilibria X3
and XJ. The parameter ¢ is positively correlated to M* for the equilibria X5, X7
and X, indicating that the reduction of M protein in X3, X3, and X is sensitive

to a decrease in the death rate of CTLs. Moveover, dc- has a weak effect on X3 and
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Table 5.3: PRCCs of the parameters in model with respect to T/.
The first column lists the parameters. The second and third columns display their
PRCCs to the T¢ of the equilibria X and X7, respectively. All PRCCs have p-value
less than 0.05, except those marked with a superscript =.

Parameter X3 X5

SM —0.005648* | —0.0008234
"M 0.0187 0.07139
Ky 0.003633* 0.0204
oM —0.0007574* | -0.01572
anm 0.02903* -0.01037
acr -0.04206 -0.1027
rc 0.6291 0.6274
Kc 0.7286 0.6113
anc -0.01342 0.01232
dc -0.8424 -0.8161
SN -0.01315 -0.00836
TN 0.0195 —0.0032*
Ky 0.008753* 0.005381*
acn —0.0039* -0.0169
on -0.02718 -0.02423
TR 0.007436* 0.008281
Kpr 0.001457* 0.003179*
amMR —0.001885* | —0.002622*
Or —0.003912* | —0.008088*

a strong effect on Xj and X, and hence decreasing the death rate of CTLs may
weakly improve the worst case X5 and strongly improve the best case XJ and the
uncertain case X for patients.

Consider the TF components for the X3 and Xj equilibria in Table The
parameters K¢ and r¢ are strongly positively correlated to X3 and the parameters
ry and ry are weakly positively correlated to X3. These results suggest that, when
the patients are in the best situation X3, an increase in CTLs is more sensitive to an
increase in the homeostasis rate or carrying capacity of CTLs and less sensitive to
an increase in the homeostasis rate of either M protein or NK cells. The parameter
dc is strongly negatively correlated to Xj and the parameters acy, anc, sy, and

Oy are weakly negatively correlated to Xj. Hence, when the patients are in the best
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Table 5.4: PRCCs of the parameters for model with respect to N*.
The first column lists the parameters. The second, third, fourth and fifth columns
display the PRCCs to the N* of the equilibria X7, X5, X5, X[, respectively. All
PRCCs have p-value less than 0.05, except those marked with a superscript =.

Parameter X7 X5 X3 X5

SM —0.004534* | —0.001565* -0.01228 —0.007912*
87 0.1147 0.09075 0.01615 0.01578
Ky —0.0006833* | 0.01066* | 1.54 x 107°" | 0.005677*
Om -0.01711 -0.02719 0.005248* | —0.004428*
anm -0.07258 -0.06047 | —0.002111* | -0.02341
acm —0.001603* | —0.003003* -0.03218 -0.05119
ro —0.002968* 0.04948 0.2764 0.3914
K¢ —0.001991* | 0.001359* 0.1949 0.1541
ayc 0.001869* 0.003338 -0.02501 0.01443
dc —0.007931* -0.03142 -0.4272 -0.4885
SN 0.1299 0.1978 0.03821 0.09906
TN 0.7526 0.7805 0.4938 0.5298
Ky 0.6488 0.6049 0.7862 0.6977
acn —0.00375* | —0.01001* 0.3441 0.3228
on -0.8767 -0.887 -0.3746 -0.3896
TR 0.01201 0.03502 0.02034 0.0425
Kgr 0.00829* 0.002221* 0.009527* 0.003293*
amR 0.005762* | —0.002132* 0.01448 -0.008129
Or —0.009037* -0.03324 | —0.003539* -0.0475

situation X3, an increase in CTLs is more sensitive to a decrease of the death rate
of CTLs and less sensitive to a decrease in the killing rate of M protein by CTLs,
the promotion rate of CTLs by M protein, the carrying capacity of NK cells or the
death rate of NK cells.

The parameters rc and K¢ are strongly positively correlated to X and the
parameters rys, ayc, rr and Ky are weakly positively correlated to Xj. These
results hint that, when the patients are in the uncertain situation X, an increase in
CTLs is more sensitive to an increase the homeostasis rate or carrying capacity of
CTLs and less sensitive to an increase in either the homeostasis rate of M protein, the

promotion rate of CTLs by M protein, the homeostasis rate of Tiegs, or the carrying
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Table 5.5: PRCCs of the parameters in model (2.2.5) with respect to T7}.
The first column lists the parameters. The second and third columns display their
PRCCs to the T} of the equilibria X5 and X, respectively. All PRCCs have p-value

less than 0.05, except those marked with a superscript =.

Parameter X5 X5
SM 0.00508* | —0.002635*
"M 0.1557 0.05096
Ky -0.03553 0.0167
om -0.02989 -0.01649
anm -0.101 -0.06025
acmr 0.006101* -0.0171
ro -0.1639 -0.3234
K¢ —0.005865* | -0.02413
amc -0.1195 -0.08611
dc 0.07876 0.2743
SN -0.06087 -0.01925
TN -0.1648 -0.08292
Ky -0.03141 -0.01259
acn 0.008763* -0.01851
N 0.1936 0.06246
TR 0.4235 0.4251
Kp 0.7183 0.7288
amr 0.04087 0.0779
or -0.7441 -0.7425

capacity of M protein. The parameter dc is strongly negatively correlated to X
and the parameters sy;, 0y, ann, acy, Sy, acy and oy are weakly negatively
correlated to Xj. These results indicate that, when patients are in the uncertain
situation X, an increase in CTLs is more sensitive to a decrease in the death rate
of CTLs and less sensitive to a decrease in either the constant source of M protein,
the death rate of M protein, the killing rates of M protein by CTLs and NK cells,
the constant source for NK cells, the promotion rate of NK cells by M protein, or
the death rate of NK cells.

Consider the N* components for the equilibria, shown in Table The parame-
ters ry, sy, T, K and rg are positively correlated to all types of equilibria, where

Ky and ry are much stronger than r,;, sy and rg. This suggests that an increase
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in NK cells is most sensitive to an increase in the homeostasis rate of NK cells or
carrying capacity of NK cells and less sensitive to an increase in the homeostasis
rate of Tees, homeostasis rate of M protein or constant source of NK cells. The pa-
rameter acys is negatively correlated and the parameters K¢ and acn are positively
correlated to the equilibria X3 and X, where K¢ and acn are much stronger than
acy in magnitude. This suggests that an increase in NK cells is most sensitive to
an increase in the carrying capacity of CTLs or the promotion rate of NK cells by
CTLs and less sensitive to a decrease in the killing rate of M protein by CTLs. The
parameter r¢ is positively correlated and the parameter d¢o is negatively correlated
to the equilibria X5, X3 and Xj. This indicates that an increase in NK cells is
sensitive to an increase of the homeostasis rate of CTLs or a decrease of the death
rate of CTLs. Moreover, r¢ and d¢ have a weak effect for XJ and a strong effect
for X3 and Xj. This suggest that changing either the homeostasis rate or the death
rate of CTLs has a weaker effect on the worst case X; and has a stronger effect
on the best case Xj and the uncertain case X for patients. The parameter dy is
negatively correlated for all types of equilibria, suggesting that an increase in NK
cells is sensitive to a decrease in the death rate of NK cells. Furthermore, dy has a
stronger effect on X and X3 and a weaker effect on X3 and XJ. Hence, decreasing
the death rate of NK cells has a strong effect on the worst case X5 and has a weaker
effect on the best case X3 and the uncertain case Xj.

Consider the T} components for the equilibria Xj and X}, shown in Table [5.5]
The parameters ry;, dc, dn, Tr, Kg and ap/r are positively correlated both types
of equilibrium, where rz and Kr are much stronger than ry;, dc, oy and ap;g. This
indicates that the reduction of T,.s is most sensitive to a decrease in the homeostasis
rate or carrying capacity of Tess and less sensitive to a decrease in the homeostasis
rate of M protein, death rate of CTLs or NK cells or the promotion rate of T,egs

by M protein. Moreover, r); and dy have a weaker effect on X and a moderate
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effect on X, indicating that decreasing the homeostasis rate of M protein and the
death rate of NK cells may improve the worst case Xj more than for the uncer-
tain case X for patients. Additionally, dc has a stronger effect for X compared
to X5, indicating that decreasing the death rate of CTLs may weakly improves
the worst case X and strongly improve the uncertain case Xj. The parameters
om, anm, To, Gve, Sy, Tn, Ky and 0r are negatively correlated to both equilib-
rium, where 0 is much stronger than ry and ayys, and ry and ayy, are stronger
than dys, any, amce, 7o, Sn, v and K. This suggests that the reduction of
Tregs is most sensitive to the increase in the death rate of T,egs and moderately
sensitive to an increase in either the homeostasis rate of NK cells or the killing rate
of M protein by NK cells. Moreover, ro has a weaker effect on XJ and a stronger
effect on X7, indicating that increasing the homeostasis rate of CTLs may weakly
improve the worst case X and strongly improve the uncertain case X for patients.
Furthermore, ry and sy have a stronger effect on XJ and a weaker effect on X,
suggesting that increasing either the homeostasis rate or constant source of NK cells
may strongly improve the worst case X5 and weakly improve the uncertain case X .

The parameters acys, Ko and acn are negatively correlated to the equilibrium
X}, indicating that increasing the promotion of CTLs by M protein, the carrying
capacity of CTLs, or the promotion of NK cells by CTLs may lead to a reduction in
Tregs. The parameter K is negatively correlated to X5 and positively correlated to
X}, suggesting that the carrying capacity of M protein could be used to determine

a patient’s long term disease progression.

5.3.3 Bifurcation Analysis

Considering the importance of the parameters r¢ and rg found in the stability of X7
in Corollary in the parameter distributions and in the sensitivity analysis, we

provide two examples of bifurcation diagrams to display how the values of ro and
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rgr affect the number and local stability of equilibria. We generate the bifurcation
diagrams in this subsection using the Matlab package matcont.

Noticing that the values of r and rpy affect the stability of X7 and the existence
of X3, X¥ and X}, we set r¢ = cd¢, rr = 10g, * = 1/(1 + apyrM;) and ¢* =
1/(1 + ape M), where M is the M component in the equilibrium X7, as shown in
Corollary Then, we vary the values of rc and rgr by changing ¢ and r within
the intervals r € [0,3r*] and ¢ € [0,3c¢*] equally divided into 51 grids. In Chapter
[, we use the LHS method with parameter ranges from Table to generate 25000
parameter sets. Within these parameter sets, we select two sets that one set induces a
type 1 equilibrium X7 with its M{* < 3 and the other set induces a type 1 equilibrium

X with its M{ > 3. Table displays the values for these two parameter sets.

Table 5.6: Parameter values for the bifurcation examples. The first column
lists the parameter. The second and third columns list the parameter values where
the corresponding model generates the type 1 equilibrium X7 with M} < 3
and M7 > 3, respectively.

Parameter My <3 My >3

S 0.0007 g/(dL day) | 0.0017 g/(dL day)
' 0.356 day ! 0.7635 day !
K 29.7443 g/dL 25.4672 g/dL
St 0.151 day ™" 0.182 day "

an 59.3234 dL/(g day) | 63.7661 dL/(g day)
acm 69.7445 dL/(g day) | 88.3295 dL/(g day)
e 0.1088 day* 0.4489 day "
Ko 0.1025 g/dL 0.2096 g/dL
ayc 5.6735 dL/g 3.1256 dL/g

S 0.6767 day ! 0.586 day "

SN 0.0006 g/(dL day) | 0.0008 g/(dL day)
N 0.7875 day " 0.5429 day "
Ky 0.0874 g/dL 0.0396 g/dL
acn 480.5674 dL/g 262.6044 dL/g
oN 0.9573 day " 0.572 day "

TR 0.7715 day* 0.9994 day
Kr 0.0122 g/dL 0.0088 g/dL
amR 6.5069 dL/g 1.8308 dL/g

O 0.1267 day 0.0084 day*
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Figure 5.7: Bifurcation example with M < 3. (A) shows the bifurcation dia-
grams for X; (top left corner), XJ (top right corner), Xj (bottom left corner), and
X3 (bottom right corner), using the parameter set in the second column of Table
.6l For this example, r* = 0.0523 and ¢* = 0.0595. The horizontal and vertical axes
represent the values of ¢ and r, respectively. The value represents the stability of the
equilibria, with 1 (red) meaning unstable, —1 (blue) meaning locally asymptotically
stable and 0 (grey) meaning no equilibria. (B) shows the value of M* for each equi-
librium type in the stable regions in (A). The horizontal and vertical axes represent
the values of ¢ and r, respectively. The colour bar only represents the value of M* in
the stable regions and the black area indicates no corresponding stable equilibrium.

Fig. shows the bifurcation diagram for model with bifurcation pa-
rameters ¢ and r (namely, ¢ and rg) and parameter values listed in the second
column of Table 5.6 except for rc and rg. Due to Proposition [5.2.1] and Corollary
X7 = (M7,0, Nf,0) always exists and it is locally asymptotically stable when
0<r<r*and 0 < ¢ < ¢* and unstable when r > r* or ¢ > ¢*. The dynamics
is observed in Fig. [.7A and we find that XJ only exists when » > r* and it is
locally asymptotically stable when 0 < ¢ < ¢* and unstable when ¢ > ¢*. X3 only
exists when ¢ > ¢* and XJ only exists when ¢ > 1.138r and ¢ > ¢*. Moreover, X3
is locally asymptotically stable when ¢ € [¢*, ¢* + 0.0226] and r < 0.879¢, and X}
is locally asymptotically stable when ¢ € [¢*, ¢* + 0.0226] and r > 0.879¢. Hence,
when 0 < ¢ < ¢*, a patient’s situation could change from regular status (i.e., X;)
to the worst case (i.e., Xj) as rg increases (namely, as r increases). On the other

hand, when 0 < r < r*, a patient’s situation could change from regular status to the
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best case (i.e., XJ) as r¢ increases (namely as ¢ increases). Additionally, when c is
slightly higher than ¢*, a patient’s situation may get worse as rg increases (namely,
change from XJ to X}).

Next, in Fig. 5.7B, we further analyze how the M* value of each equilibrium
type changes as r and ¢ change, in the regions where the equilibrium is locally
asymptotically stable. For type 1 equilibrium, fixing either r or ¢ has no effect on
the value of M*. For type 2 equilibrium, fixing ¢ leads to an increase in M* (from
2.789 to 2.903) as r increases. This result suggests that decreasing rg improves
the patient’s long term behaviour from high M protein to low M protein status.
For type 3 equilibrium, fixing r leads to a decreasing value of M* as c increases.
This result indicates that increasing ro further improves the patient’s long term
behaviour by reducing the amount of M protein. For type 4 equilibrium, fixing
r leads to a decreasing value of M™* as ¢ increases, whereas fixing ¢ leads to an
insignificant increase in M* as r increases. This result suggests that, when patients
are in the certain status X, increasing r¢ improves the patient’s long term behaviour
by reducing the amount of M protein.

Next, we use the Matlab package matcont to generate the bifurcation diagrams,
Fig. , for model at different values of rr with bifurcation parameter ¢ (i.e.,
r¢) and other parameter values being listed in the second column of Table . From
Fig. 5.8 we find the following bifurcations:

(i) For r = 0.04 and ¢ € [0,0.1], we have a transcritical bifurcation at ¢ ~ 0.0595

from X7 to XJ and a Hopf bifurcation at ¢ ~ 0.08538.

(ii) For = 0.06 and c € [0,0.1], we have a transcritical bifurcation at ¢ ~ 0.0595
from XJ to X and a transcritical bifurcation at ¢ ~ 0.0643 from XJ to XJ.

Then, at ¢ ~ 0.0821, we have a Hopf bifurcation.

(iii) For r = 0.1 and ¢ € [0,0.1], we have a transcritical bifurcation at ¢ ~ 0.0579
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Figure 5.8: Bifurcation diagrams for model with M7 < 3. The bifurca-
tion diagrams of model with bifurcation parameter ¢ for cases: (A) r = 0.04,
(B) r = 0.06 and (C) r = 0.1. We used the parameter values in the second col-
umn of Table [5.6] except for r¢ and rg. The horizontal and vertical axes represent
the value of the bifurcation parameter ¢ and the value of the M* component of the
corresponding equilibrium with unit g/dL, respectively. The green, cyan, red and
blue curves represents the M* value for the X7, XJ, XJ and X equilibrium, re-
spectively; the solid and dotted line styles represent the locally stable and unstable
regions, respectively. The gray circle marked as BP represents the branch point at
(A) ¢ = 0.0595, (B) ¢ ~ 0.05913, and (C) ¢ ~ 0.0579. The black circle in (B),
marked as BP, represents the branch point at ¢ ~ 0.06822. The gray circle marked
as H represents the Hopf bifurcation occurring at (A) ¢ ~ 0.08538, (B) ¢ ~ 0.08538,
and (C) ¢ ~ 0.08365. The pink curves display the generated limit cycle after the
bifurcation point H, where the vertical distance between the two pink curves repre-
sents the amplitude of the limit cycle.
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from X3 to XJ, and then we have a hopf bifurcation at ¢ ~ 0.08365.
Combining the findings from Figs. and [5.8] it suggests that:

(i) when fixing r < r* = 0.0523, the model dynamics shift from a locally stable

X{ to a locally stable X3 to an oscillation pattern, as r¢ increases.

(ii) when fixing 0.0523 < r < 0.0753, the model dynamics shift from a locally stable
X5 to a locally stable X} to a locally stable X3 to an oscillation pattern, as

rc increases.

(iii) when fixing r > 0.0753, the model dynamics shift from a locally stable XJ to

a locally stable X} to an oscillation pattern, as r¢ increases.
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Figure 5.9: Bifurcation example with M} > 3. (A) shows the bifurcation diagram
for X7 (top left corner), X (top right corner), X; (bottom left corner), and Xj
(bottom right corner), using the parameter set in the third column of Table For
this example, we have r* = 0.0909 and ¢* = 0.0553. All symbols and definitions
(axes and values for stability) are the same as in Fig. [5.7A. (B) shows the value of
M* for each equilibrium type in the stable regions in (A). The horizontal and vertical

axes represent the values of ¢ and r, respectively. All symbols and definitions (axes
and colour bar) are the same as in Fig. .

Fig. [5.9A shows the bifurcation diagram for model (2.2.5)) with bifurcation pa-
rameters ¢ and r and parameter values listed in the third column of Table [5.6], except

for rc and rgr. The equilibria X7 and X have a similar behaviour to those of Fig.
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Figure 5.10: Bifurcation diagrams for model with M} > 3. The bifurca-
tion diagrams of model with bifurcation parameter ¢ for cases: (A) r = 0.05,
(B) = 0.13 and (C) r = 0.22. We used the parameter values in the third column
of Table , except for ro and rg. All symbols and definitions (axes, curves, and
bifurcation types) are the same as in Fig. [5.8] The gray circle marked as BP repre-
sents the branch point at (A) ¢ ~ 0.0573, (B) ¢ ~ 0.0573, and (C) ¢ ~ 0.05697. The
black circle in (B), marked as BP, represents the branch point at ¢ ~ 0.0805. The
gray circle marked as H represents the Hopf bifurcation occurring at (A) ¢ ~ 0.1025,
(B) ¢ ~ 0.1025, and (C) ¢ ~ 0.102.

b.7 except for the different values of 7* and ¢*. The equilibria XJ and X have
similar behaviours when compared to Fig. [5.7], the differences being mainly the sta-
bility region for X3 is ¢ € [¢*, ¢* + 0.0409] and r < 1.47¢ and the stability region for
X3 is ce[c*, ¢ +0.0409] and r > 1.47c. We also investigate how the M* value for
each equilibrium type changes as r and ¢ change, in Fig. [5.9B, and we have similar
conclusions compared to Fig. [5.7B.

Similar to Fig. Fig. shows the bifurcation diagrams for model ([2.2.5])
with M* > 3, and we find that

(i) For r = 0.05 and c € [0,0.12], we have a transcritical bifurcation at ¢ ~ 0.0573

from X7 to X3 and a Hopf bifurcation at ¢ ~ 0.1025.

(ii) Forr = 0.13 and c € [0, 0.12], we have a transcritical bifurcation at ¢ ~ 0.05697
from XJ to X, then a transcritical bifurcation at ¢ ~ 0.0805 from X} to X3.

We then have a Hopf bifurcation at ¢ ~ 0.1025.

(ili) For r = 0.22 and c € [0, 0.12], we have a transcritical bifurcation at ¢ ~ 0.0566
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from XJ to X and a Hopf bifurcation at ¢ ~ 0.102.

Hence, we have a similar transition of model dynamics as Fig. [5.8

We can conclude for these two examples that for a low homeostasis rate of CTLs
(r¢), we need a low homeostasis rate of Tyes (7r) to avoid the worst case X3 as the
long term behaviour. For a medium homeostasis rate of CTLs, we either have the
best case X3 for a low rr or the uncertain case X for a high rg. If the homeostasis
rate of CTLs is high, the most likely outcome for a patient is oscillatory behaviour.
Furthermore, when we consider the regions of stability for the equilibrium X3, X3,
and X}, fixing the homeostasis rate of CTLs leads to an increasing M protein as g
increases when the patient is in the worst case, i.e., type 2 equilibrium, while fixing
the homeostasis rate of Thgs leads to a decreasing M protein as r¢ increases when the
patient is in the best or uncertain case, i.e., type 3 or type 4 equilibrium. These two
examples show that depending on a patient’s long term disease progression, changing
the homeostasis rate of either CTLs or T,s can impact the long behaviour of patients

by changing the M protein level.
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Application to CAR-T Cell

Treatment

The goal of this chapter is to apply both the general model and the simplified
model to the treatment of CAR-T cells, using the experimental data from
(37), by splitting the data into two groups: remission and relapse. We define the
remission group as the patients whose M protein level at the end of experiment is
less than the M protein level right after CAR-T cell treatment, and define the relapse
group as the patients whose M protein level at the end of experiment is greater than
the M protein level right after CAR-T cell treatment. We apply the evolutionary
algorithm to both the general model and the simplified model to find
the best fitting parameter sets for these two groups (i.e., the parameter values under
the CAR-T cell treatment). We will then (i) use the Akaike Information Criterion
(AIC) to select the most plausible model, (ii) construct parameter distributions
to identify potential biomarkers, (iii) perform global sensitivity analysis to identify
potential treatment targets for patients in remission and relapse, (iv) study how
to improve the relapse issue after CAR-T cell treatment by combining with anti-

PD-1, elotuzumab or daratumumab for the general model ([2.1.6)) and the simplified
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model (2.2.6) and (v) perform identifiability analysis to determine the uniqueness of

parameter values in model calibration for both models.

6.1 Experimental Data

Chimeric antigen receptor (CAR)-T cell treatment involves enhancing T cells with
synthetic receptors and infusing them back into a patient to help train immune cells
to recognize and kill tumour cells more effectively (52)). In addition, the synthetic
receptors can be used to bind to specific antigens on tumour cells so CAR-T cells can
also kill tumour cells (36). For MM, there are some antigens used for CAR-T cell
treatment such as B cell maturation antigen (BCMA), expressed on plasma cells and
myeloma cells (41), and CD38, expressed on myeloma cells (40). BCMA-targeted
CAR-T cells have shown great effect for those patients for which other treatments
fail (1)) and anti-CD38 CAR-T cells have a strong effect against myeloma cells with
high expression of CD38 (40). Additionally, anti-CD19 CAR-T cells and anti-PD-
1 have shown to be an effective treatment for relapsed B-cell acute lymphoblastic
leukemia (32). Thus, we consider combination therapy with CAR-T cells for the
treatment of MM.

In (37), the authors made use of bispecific BM38 (BMCA+CD38) CAR-T cells on
23 patients with refractory or relapsed MM. These patients are marked by numbers
from 1 to 23. Patients were divided into different CAR-T cell doses of 0.5 x 10%, 1 x
10%, 2 x 10%, 3 x 10° or 4 x 10° cells/kg, with patients labeled 1 and 2 receiving dose
0.5 x 10° cells/kg, patients labeled 3 and 4 receiving dose 1 x 10 cells/kg, patients
5-T receiving dose 2 x 10° cells/kg, patients 8-10 receiving dose 3 x 10° cells/kg, and
patients 11-23 receiving dose 4 x 10° cells/kg. CAR-T cells were infused only once
at the start of the study. Some patients received a second dose of CAR-T cells in

a follow-up appointment and due to limitations in the general model (2.1.6) and
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the simplified model , we cannot apply this second dose within the models.
Thus, we assume all patients have CAR-T cells infused only once at the start of
the experiment. Patient responses were measured on day 14 + 2 and 28 + 2 and on
follow-up sessions, which were monthly for the first 6 months and every 3 months
afterwards, up to 2 years. Bone marrow was collected from patients to measure
both MM burden, which includes the immunoglobulins IgG, IgA, IgM, Igk, IgD,
LAM and KAP, and BCMA and CD38 expression on MM cells. The sum of all
these immunoglobulins represent the M protein level for a general patient. Since
immunoglobulin (i.e., M protein) can be measured for MM burden and acts as its
surrogate, we use their data to study the progression of MM under CAR-T cell
treatment by using the general model and the simplified model .

The authors collected data for 19 of these patients on the concentration of the
immunoglobulins IgG, IgA, IgM, KAP and LAM over several months, measured as
time since CAR-T cell infusion. For simplicity, we assume that the infusion of CAR-
T cells only changes the reaction rates in the general model and the simplified
model 7 instead of the system networks. We then calibrate the general model
(2.1.6) and the simplified model to the total amount of immunoglobulin (i.e.,
M protein) for patients in the remission and relapse groups in (37).

We extracted the data for each patient in (37) using the Matlab package grabit.
Since M protein can be any of the types of immunoglobulin (21} 25} 34} [39) measured
in (37), we add up the amount of all immunoglobulin for each patient to obtain the
amount of M protein for each patient and normalize the data by dividing by the
value at ¢ = 0 months. We further nondimensionalize the time component of the
data by using 7 = 1 month = 30 days as defined in Eq. .

Our focus is on two trends in the data, either a good response or a weak response
to the CAR-T cell treatment. Patients labeled 1, 2, 3, 8, 11, 12, 13, 15, 17, 18

and 20 have a good response to treatment, as most of their M protein data are
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below 1 across the time scale [0, 18] months and we call this group of data "Group
I”. Furthermore, patients labeled 4, 5, 7, 14, 16 and 21 have a weak response to
treatment as their M protein data increases and stays above 1 after some time. We
exclude patient 21, as their data lacked a point at ¢ = 0 months, and call this group
of data ”"Group II”. Fig. [6.1] shows the final M protein data for Groups I and II that

will be used for the model calibration of the general model (2.1.6) and the simplified
model ([2.2.6]).
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Figure 6.1: M protein data in (37). (A) and (B) display the time series data for
M protein for Group I and Group II, respectively. The horizontal and vertical axes
represent the time with unit month and M protein normalized by initial condition,
respectively. The different dot colours represent the data for different patients. The
data point at £ = —1 months represent the patient’s M protein concentration at
enrollment of the study.

6.2 Model Calibration

In this section, we calibrate the non-dimensional general model (2.1.6) and simpli-
fied model (2.2.6) to the data in Group I and Group II by using the evolutionary
algorithm. We then study the distribution of parameter sets with numerical solu-

tion close to the data to select potential biomarkers to distinguish Groups I and II.
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Finally, we will apply AIC to study which model is more plausible for Groups I and
IL.

For the initial conditions, we used the mean of the ranges in Table for T (1),
N(t) and Tg(t) (namely, Tc(0) = 4.64 x 1072 g/dL, N(0) = 2.27 x 1072 g/dL and
Tr(0) = 4.2 x 1073 g/dL). For M(t), we use M(0) = 1.5 g/dL, which is close to the
median serum M protein in Table 1 in (37).

Given there is one type of observation for each patient (namely, M protein), we

simplify Eq. (3.1.3)) and obtain the residual sum of squares (RSS) function as

RSS(P) = 303wl (uy(t) — (1, )2 (6.2.1)

p=1i=1

where n. is the number of patients, n? is the number of observations for patient
p, 1 < p < n, y,(t;) is the experimental data at time ¢; for patient p, yP(¢;, P) is
the predicted output at time ¢; for the parameter set P and w? is the associated
weight for patient p at time t;. We use Eq. to calibrate the general model
and the simplified model to all M protein data shown in Fig. |6.1]
For Group I, we take w? = 1 for all times ¢ and for Group II, we take w! = 3 for
t =12, 15 and 18 months and w? = 1 otherwise to obtain a good fitting result. For
the evolutionary algorithm, we used 100 generations with 50 parents and 10 children
each, with micro-mutation rate A = 0.25 and effective energy g = 2. For Group I,
we used a macro-mutation rate of g = 0.5 for model and p = 0.2 for model
and for Group II, we used a macro-mutation rate of ;1 = 0.3 for model
and g = 0.5 for model . Finally, for the next generation of parents, 10% (i.e.,
5) came from the parents in the current generation and the remaining 90% (i.e., 45)
came from the children.

We define the best fitting parameter set Py as in Eq. . We then generate

cohort virtual patients for both Groups I and II by selecting parameter sets P € P =
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{P|RSS(P) < 1.2RSS(Pyest)}. Tables and show the best fitting parameter
set Pyes for the general model and the simplified model , respectively,
for Groups I and II. Fig. displays the fitting results from P,y and P.

For the solutions from P, related to Group I (i.e., the black curves in Figs.
and ), both the general model and the simplified model have
a decreasing trend near t = 0 months and an increasing trend after ¢ = 2 months,
but the M protein of model flattens out while the M protein of model
slowly increases. For the solutions from P related to Group I (i.e., the multi-coloured
curves in Figs. and ), some of the solutions for model flatten out
right after a decreasing trend and some initially have an increasing trend for a brief
amount of time before going in a decreasing trend.

For the solutions from P,.q related to Group II (i.e., the black curves in Figs.
and ), we have a decreasing trend near ¢ = 0 months and a flattening
trend near ¢ = 18 months for both models. The best fits differ in how the M protein
grows after t = 2 months, as for model , M protein increases fast but has a
secondary increasing trend near t = 12 months, whereas for model , M protein
has a slow increasing trend until £ = 8 months where the M protein starts to have
a faster increasing trend. For the solutions from P related to Group II (i.e., the
multi-coloured curves in Figs. and ), they behave similarly to the solution
using Py for model and the others have an increasing trend between t = 4
months and ¢ = 6 months which then flatten out by ¢ = 8 months for model .
We find that model fits the early period better as it captures the decreasing
trend in the early period, whereas model fits the later period better as it
smoothly increases as time increases to 18 months (i.e., no sudden increasing trend).
We will further demonstrate this finding by using AIC.

To analyse the distribution of P, we generate boxplots for each parameter in

Figs. and for the general model (2.1.6) and the simplified model ([2.2.6)),
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Figure 6.2: Fitting result for the cohort virtual patients. (A) and (B) display
the fitting results for Group I and Group II for model (2.1.6), respectively. (C)
and (D) displays the fitting result for Group I and Group II for model (2.2.6)),
respectively. The horizontal and vertical axes represent the time with unit month
and M protein normalized by initial condition, respectively. The black curve displays
the solution using the best fit parameter set P,.s and the thin multi-coloured curves
are solutions using the parameter sets pP— {Pyest}, where the colour indicates the
percentage difference 100 x (RSS(P) — RSS(Pyest))/RSS(Prest), P € P — {Poegs}
shown by the colour bar.

respectively, and compare how the ranges differ between Group I and Group II to
identify potential biomarkers to identify a patient in Group I (namely, remission
after CAR-T cell treatment) and II (namely, relapse after CAR-T cell treatment).

From Fig. [6.3] we find that

(i) The distribution of parameters ayas, by, 7oy Ko, 9y anes bue, 7, bon, Tr

and aysp are relatively higher for Group I. This indicates that a patient with
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Table 6.1: Py.s; of model (2.1.6) for Groups I and II. The first column lists the
parameter. The second and third columns display the non-dimensional parameter
values for the best fitting result Py for Group I and Group II, respectively. The

last row displays the RSS(Pyes:) of model ([2.1.6]) for Groups I and II.

Parameter | Group I | Group II

Sm 0.0183 0.0361
M 0.9269 2.021
Ky 0.4236 1.2099
O 0.2218 0.8335
anM 4.2264 0.4704
by 0.4854 0.0373

acm 10.6939 | 8.5048
boy 4.2702 3.7568
ACNM 9.5447 3.9026

barar 1.8963 0.3407
aRM 0.2334 0.9664
bri 0.1177 0.3722
ro 3.619 0.1856
K¢ 0.5359 0.153
dc 6.3106 0.662

ayc 4.5084 1.4795
bare 3.4661 1.9318
anc 0.8499 1.821

byo 1.6712 0.18
SN 0.1083 | 0.0056
. 2.9626 | 1.9605
Ky 1.0531 | 1.1215
Sy 4.1563 | 7.6169
acy 21.8732 | 33.6013
bon 0.233 | 0.0675
TR 3.0302 | 3.3671
Kg 0.0759 0.17
Sn 18.634 | 45.0742
aMR 3.5658 | 0.3462
burr 1.1851 | 4.2615
RSS 4.101 1.534

a relatively higher loss rate of M protein by NK cells, or threshold for loss rate
of M protein by NK cells, or homeostasis rate of CTLs, or carrying capacity
of CTLs, or death rate of CTLs, or activation rate of CTLs by M protein, or

threshold for activation rate of CTLs by M protein, homeostasis rate for NK
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Table 6.2: P,.s; of model for Groups I and II. The first column lists the
parameter. The second and third columns display the non-dimensional parameter
values for the best fitting result Py for Group I and Group II, respectively. The
last row displays the RSS(Pyes;) of model for Groups I and II.

Parameter | Group I | Group II

Snp 10.3612 | 4.0118
M 2.2617 0.4609
Ky 79.1896 13.38

O 25.6894 | 1.8251
acm 5.5989 1.125

ro 0.2352 2.4978
Keo 1.641 0.3397
oo 0.7036 2.3193
SN 2.5429 | 97.9868
TN 0.9226 | 12.5585

Ky 42.2795 | 0.5248
acn 11.8440 | 11.6189

N 1.1391 | 10.8385
TR 65.5737 | 0.1557
Kgr 1.5702 | 14.7969
aMR 3.5912 8.0362
OR 2.89 0.2321

RSS 4.052 1.899
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Figure 6.3: Distributions of P for model (2.1.6). The first and second boxplots
in each subfigure display the distribution of the corresponding parameter of P for
model (2.1.6) from Group I and Group II, respectively.

cells, or threshold for activation rate of NK cells by CTLs, or homeostasis rate

of Tiegs, or activation rate of Tyees by M protein may stay in remission after
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CAR-T cell treatment (namely, stays in Group I).

(ii) The distribution of parameters Ky, dar, bon, aonm, Ky, and acy were rela-
tively higher in Group II. This indicates that a patient with a relatively car-
rying capacity of M protein, or higher death rate of M protein, or threshold
for increase in loss rate of M protein by CTLs, or killing rate of M protein
by cooperation of NK cells and CTLs, or carrying capacity of NK cells, or
activation rate of NK cells by CTLs may relapse after CAR-T cell treatment

(namely, stays in Group II).

Sm ) ™ Ky Su aym . SN ™ Ky acy Sy

Group ! Growp Il Groupl Groupll ~ Groupl Groupll  Groupl Growpll  Groupl Groupll Groupl Groupll — Groupl Groupll  Groupl Groupll  Groupl Groupll  Groupl Groupll

Acm . e Ke amc 8¢ R Kr MR Sr

i
[ |
Group I Group Il Group I Group Il Grouv | Group Il Group I Group Il Group I Group Il  Groupl Group Il Group I Group 11 Group I Group Il Group I Groupll

Figure 6.4: Distributions of P for model (2.2.6). The first and second boxplots
in each subfigure display the distribution of the corresponding parameter of P for
model (2.2.6) from Group I and Group II, respectively.

From Fig. we find that

(i) The distribution of parameters ry;, Ky, oy, acn, Ko, ayne, Ky, and g
are relatively higher in Group I. This suggests that a patient with a relatively
higher homeostasis rate, carrying capacity, or death rate of M protein, or killing
rate of M protein by CTLs, or carrying capacity of CTLs, or activation rate of
CTLs by M protein, or carrying capacity of NK cells, or the homeostasis rate
of Tiegs may stay in remission after CAR-T cell treatment (namely, stays in

Group I).
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(i)

The distribution of parameters ayxy, 7c, ¢, Sy, 'n, On, and Kg are relatively
higher in Group II. This indicates that a patient with relatively higher killing
rate of M protein by NK cells, or homeostasis rate of CTLs, or death rate of
CTLs, or the carrying capacity of T,egs, or the constant source, homeostasis
rate, or death rate of NK cells may relapse after CAR-T cell treatment (namely,

stays in Group II).

Comparing the distribution of similar parameters between the general model

(2.1.6) and the simplified model (2.2.6]) from Figs. and [6.4] we find that

(i)

The relative relation between Groups I and II of parameters K¢, apc, and rg
are similar between the general model and the simplified model .
Hence, no matter which model is more plausible, we can still use these three
parameters as a biomarker to predict a patient’s situation after CAR-T cell

treatment.

The relative relation between Groups I and II of parameters Ky, oy, anar,
re, 0c, Ty, and Ky are opposite between the general model and the
simplified model . Thus, when experimental data for measuring any of
these seven parameters becomes available, then these seven parameters can be

used to identify which model is more plausible.

Next, we apply the AIC method to study which of the general model (2.1.6]) or

the simplified model (2.2.6]) is more plausible for the data in Fig. [6.1, Table

displays the number of observations, estimated parameters and the RSS(Pyes) for

both Groups I and II for the general model (2.1.6) and the simplified model (2.2.6)).

Both Groups I and IT satisfy the condition K > N /40, and thus we use the corrected

AIC. In particular, we use Eq. (3.3.7)) for Group I, since we used w? = 1 for all times,

and Eq. (3.3.8)) for Group II, since we used w! = 3 for ¢t = 12, 15 and 18 months.

For the Group II data, since we used a weight of 3 at times ¢t = 12,15 and 18
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months, the substitution o7 = 1/4/3 for 3 of the ¢!’s and 1 for the remaining o?’s is

applied to Eq. (3.3.8) to obtain

ne 1 1
2l =2 | —|=in| -
n(ﬂgaz) n o n 5 |

and obtain the following AIC for the general model ((2.1.6)) and the simplified model
2.2.6):

1 2K N
Pes AT 1 40
+ RSS(Py t)+N—K—1

AIC = Nin(2 [
C n(27) + In o

(6.2.2)

where RSS(Pyes) is the RSS of the considered model.

Table 6.3: Number of observations, parameters and RSS for the general
model and the simplified model (2.2.6). The first column displays the
model. The second and third columns represent the number of Group I and Group
IT observations, respectively. The fourth column displays the number of estimated
parameters, namely, the number of parameters add one. The fifth and sixth columns
represent the RSS(Pyes;) for Group I and Group II, respectively.

Model | Group I Data (N) | Group II Data (N) | Parameters (K) | Group I RSS | Group II RSS
2.1.6 95 38 32 4.101 1.534
2.2.6 95 38 20 4.052 1.899

Using either Eq. (3.3.7) for Group I data or Eq. (6.2.2)) for Group II data and
Eq. (3.3.9) for the AIC weight, we generate Table [6.4] to display the final results of

the AIC analysis.

Table 6.4: AIC results for the general model and the simplified model
. The first column displays the model. The second and third (resp. fourth
and fifth) columns represent the AIC and AIC weight for the data from Group I
(resp. Group II).

Model | Group I AIC | Group I Weight | Group II AIC | Group II Weight
2.1.6 69.1058 4.0785 x 10711 554.4773 7.49 x 107%7
2.2.6 21.2604 1 157.8547 1

We find that the simplified model ([2.2.6)) is more plausible for both Group I and

Group II, due to it having fewer parameters compared to the general model (2.1.6))
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and this agrees with our previous observation about fitting results of the general

model (2.1.6) and the simplified model (2.2.6) with respect to Group II data.

6.3 Sensitivity Analysis

In this section, we perform the global sensitivity analysis outlined in (35) (also ex-
plained in Chapter to study how all parameters listed in Table affect
the M protein concentration at ¢t = 3, 6, 9, 12, 15 and 18 months for the general
model and the simplified model only under CAR-T cell treatment. We
perform LHS to generate 20000 parameter sets within the ranges in Table 6.5 and
compute the PRCCs with p-values of the parameters to the M protein amount. The
PRCC results for the general model and the simplified model under
CAR-T cell monotherapy are shown in Fig. [6.5] The global sensitivity analysis will
be used to study: (i) how the parameters of the general model and the sim-
plified model under CAR-T cell treatment affect the M protein concentration
after infusion, (ii) how the anti-PD-1, elotuzumab and daratumumab monothera-
pies could potentially affect the M protein value for patients, and (iii) select the
parameters for the identifiability analysis.

When considering the PRCCs for model between Groups I and II (shown
in Fig. [6.5A), we find that the sign of the PRCCs do not change across the time
scale [3,18] months and the PRCCs between Groups I and II have the same sign
for all times, for the parameters significantly affecting the result (namely, with p-
value smaller than 0.05), and the only thing that changes is the magnitude of PRCC
across the time interval [3, 18] months. Therefore, these significant parameters have
the same effect (namely, positive or negative correlation) on M protein level over
time and for all types of patients. However, the effect level by these parameters

increases or decreases as time goes on, or is stronger or weaker on patients in Group
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Table 6.5: Parameter ranges for sensitivity analysis of the general model

The first and fourth columns display
the parameters for the general model (2.1.6) and the simplified model (2.2.6)), re-
spectively. The second and third (resp. fifth and sixth) columns show the non-

dimensional parameter ranges for Groups I and II for model (2.1.6) (resp. (2.2.6)).

(2.1.6) and the simplified model ({2.2.6).

Parameter | (2.1.6)-Group I | (2.1.6)-Group II | Parameter (2.2.6)-Group I (2.2.6)-Group 11
SM [0.0023,0.0315) [0.004,0.0461] SM [5.3511,28.2095] [1.7762,32.2723]
M 0.7643,4.9325 1.2566,3.3817 Y [1.2576,15.6438] [0.136,5.8372]
Ky 0.2888,0.6111 0.7719,1.7778 Ky [12.7112,128.1547] [0.3922,27.3147)
Onm 0.098,0.3969 0.297,1.1633 Op [13.6062,80.7435] [1.0828,40.5861]
an M 1.0661,9.083 0.3445,2.327 an M [0.6667,5.8917] [2.8728,40.672]
acyM 5.3222,28.8701 [3.5494,25.1059] acm [2.4681,27.5436] 0.7445,36.5254
ro 2.1701,20.4862 [0.0317,0.1856] ro [0.0687,0.62] 1.4045,43.2527
Ko [0.3082,2.2915) [0.0994,0.5983] Ke [0.4691,8.0949] [0.0297,1.1722]
3o [1.4266,11.446] | [0.3809,0.9008] 3o [0.3671,1.5004] [0.7116,6.355]
ayc [3.7692,30.3017] [1.0173,6.2778] ayc [1.3774,12.6422] [0.122,4.9825]
SN [0.0052,0.5339] | [0.0048,0.0271] SN [0.8426,5.6866] | [2.7138,134.3022]
TN [1.8399,13.7524] [0.4873,4.0698] TN [0.495,1.7996] [4.0617,47.1008]
Ky [0.2328,1.2083] [0.2773,2.3503] Ky [11.9231,79.8028] [0.0979,1.3813]
oN [2.9033,13.4082] [2.5476,9.3554] ON [0.5345,2.1264] [4.4816,48.8648]
acn 0.9697,44.2166] | [14.4578,95.4063] | acy [5.1991,22.2219] | [1.8198,34.5621]
TR [1.4935,7.3296) [0.5841,4.6838] TR [18.7880,233.008] [0.1093,1.0624]
Kp [0.0317,0.161] [0.0392,0.3885] Kg [0.3688,3.506] [11.1514,315.7534]
or [11.7278,69.7053] | [11.4763,67.3950] OR [0.1664,3.95] [0.0587,0.8234]
aMR [2.2317,29.9832] | [0.1446,1.6433] aMR [0.6155,15.0084] | [1.6179,16.6669]
by [0.0777,0.7374] [0.008,0.0919]
bon 0.3848,5.0827 [1.5734,9.7506]

acNM 0.2077,9.5447 [3.0716,20.1037]
an M [0.0053,0.8573] [0.0002,0.14]
bar [0.722,4.9264] [0.2846,1.9673]
GRM 0.0018,0.7609 0.0035,0.9664
brum 0.0287,0.2531 0.0416,0.4919
byco [1.2864,10.2855] [0.3947,3.2657]
anc [0.6601,9.3906] | [1.2595,16.9552]
bnc [0.1659,2.1151] [0.0786,1.4897]
bon [0.194,1.7527] | [0.0251,0.1459]
byr [0.1719,1.6069] [0.3033,4.5247]

I1. For instance, 7, anar, anc and 7y have stronger negative effect on Group II than

on Group I, but the effect strength of d,; and ayy; decreases and the effect strength

of ayc and ry increases as time goes on. Hence, increasing one of &/, any, anc,

or ry could efficiently reduce the M protein level and hence reduce the relapse for

patients in Group II, but d,; and ayys work in a short time period while ayc and

ry work in a long time period. On the other hand, ry;, Ky, dc, Sy, bye and oy
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Figure 6.5: Heatmap of PRCCs for the general model and the simpli-
fied model with respect to M protein amount. (A) (resp. (B)) displays
the PRCC values of the parameters of model (resp. model (2.2.6])) in Table
[6.5] for the M protein values at ¢ = 3, 6, 9, 12, 15, and 18 months, from left to
right columns, for model (resp. model (2.2.6)) under Group I and Group II.
The vertical axis represents the parameters, where each pair of rows represents the
PRCC of the parameter under Group I and Group II. The horizontal axis displays
the time in months. The colour bar represents the PRCC value, with the gray colour
representing the parameter with p-value larger than 0.05.

have strong positive effect on both groups, but only the effect strength on Group II
changes as time goes on. Notice that ry; and s); have stronger effect on Group I
than on Group II, suggesting increases in 7y, or sy, may quickly aggravate the illness
for patients in Group I. Additionally, the effect strength of r;; and s,; decreases and
the effect strength of Ky, dc, bne, and dy increases as time goes on for Group II.
Hence, in Group II, patients with a higher ), or s); may have their disease state
worsen in a short time period, whereas patients with a higher K,;, ¢, byc or oy
may have their disease state worsen in a long time period.

Among the significant parameters mentioned above, only ayc and ry relate to
the treatment parameters, namely, ayc can be changed by F, and ry can be changed
by F.. Hence, a stronger anti-PD-1 (i.e., larger F}) or a stronger elotuzumab (i.e

larger F.) could mitigate the relapse.
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When considering the PRCCs for model between Groups I and II (shown
in Fig. [6.5B), we find the sign of the PRCCs do not change across the time scale
[3, 18] months, with the only thing that changing is the magnitude of PRCC across
the time interval [3,18] months. Some parameters affect the M protein level for
both Groups I and II the same way (namely, positive or negative correlation) but
their effect strengths over time differ. For instance, the parameters sy;, Kg, and 7y,
have a positive effect on Groups I and II. The effect strengths of sy, and ), do not
change significantly over time but they have a slightly stronger effect on Group II.
This indicates that increasing either s,; or r;; can increase the M protein amount
for either type of patient, but with more of an effect on a patient in Group II. The
parameter Kpr has its effect strength, as time goes on, increase for Group II and
decrease for Group I. Hence, for a patient in Group I, a higher Kz can worsen their
condition, in a short time period, with the opposite time effect seen for a patient
in Group II. On the other hand, the parameters d,, annyr, Kn, acy, Ko, and sy
have a negative effect on both Groups I and II, with ayys, Ky, K¢, and sy having
a relatively stronger negative effect on Group I while d;; and acys have a relatively
stronger negative effect on Group II. This suggests increasing one of ayyr, Ky, K¢,
SNy, Oar or acy can decrease the M protein level, but ayy, Ky, Ko and sy have a
stronger effect on a patient in Group I whereas d,; and acjy; have a stronger effect
on a patient in Group II. Additionally, the effect strengths of K and K¢ decrease,
as time goes on, for both Groups I and II. This suggests increasing either K¢ or Ky
decreases the M protein level of either type of patient for a short period of time.

However, there are parameters that significantly affect only one of the groups.
For instance, the parameters dc, oy, 7c, and ae significantly affect only Group
I, with dc and dy with a positive effect and ro and ayc with a negative effect.
Furthermore, the effect strengths of o, dn, ¢, and ay¢ increase as time goes on.

Hence, increasing r¢ or ay;c could reduce the M protein level for a patient in Group
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I, with the effect lasting for a long time period, while decreasing dc or oy could
reduce the M protein level for a patient in Group I, with the effect working for a
long time period. On the other hand, the parameters rg, ayr, K, 0r significantly
affect only Group II, with rg, Kj;, and ay g having a positive effect and dz having
a negative effect. Furthermore, as time goes on, the effect strengths of rr and apg
decrease and the effect strengths of K, and g increase. Thus, decreasing one of
rRr, Ay R, or K, could reduce the M protein level and hence reduce the relapse for a
patient in Group II, with the effect of rg and a,/g lasting over a short period of time
and the effect of K); working over a long period of time. Additionally, increasing dr
could reduce the M protein level and reduce relapse in a patient in Group II, with
the effect lasting over a long time period.

The parameters ry and acy affect Groups I and II differently, namely, 5 and
acy have a negative effect on Group I and a positive effect on Group II, with their
effects stronger for Group I compared to Group II. The effect strengths of r5 and
acy for both group decrease as time goes on, indicating that increasing ry or acy
can reduce the M protein level for a patient in Group I, whereas decreasing ry or
acpy can reduce the M protein level for a patient in Group II, with the effect working
in a short time period for both groups.

Among the significant parameters mentioned above, only r¢, aye, v, aon, TR,
and app relate to one of the treatment parameters Fj, F,, or Fy;. In particular,
rc and ape can be changed by F,, ry and acn can be changed by Fi and rr and
ayr can be changed by F,;. The parameters rc and ayc have a negative effect on
Group I only and hence, an extra treatment of anti-PD-1 (namely, a larger value
of F,) can benefit a patient in Group I (i.e., remission). The parameters ry and
acy have a negative effect on Group I and a positive effect for Group II. Thus, we
can suggest that an extra treatment of elotuzumab (namely, a larger value of F)

could be beneficial to a patient in Group I but not to a patient in Group II (i.e.,
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relapse). Finally, the parameters rg and ayr have a positive effect on Group II only,
indicating that an extra treatment of daratumumab could be effective at reducing
the relapse problem seen with patients in Group II.

Thus, a stronger anti-PD-1 (i.e., larger F}) or a stronger elotuzumab (i.e., larger
F.) could be effective on a patient in Group I, while a stronger daratumumab (i.e.,
smaller F;) or a weaker elotuzumab (i.e., smaller F.) could mitigate the relapse for
patients in Group II.

For identifiability analysis, we select parameters that are significant to the M
protein level. For model (2.1.6), combining our results and the identifiability done
n (19), the parameters rys, dar, anar, acar, Tcs 0c, T, and dy will be considered for
identifiability analysis for both Groups I and II. For model , the parameters
Sm, Om anwm, To, 0c, Ky, acn, Oy and 7 will be considered for identifiability
analysis for both Groups I and II.

Comparing similar parameters between the general model and the simpli-
fied model (2.2.6), the parameters Ky, rc, anc, 6c, Sn, 'y, acn, 'r, Kg, ayr and
0r have different correlation to the M protein level. Thus, these eleven parameters

can be used to further identify which model is more plausible.

6.4 Model Prediction and Treatment Design

In this section, we study how the combination therapy between CAR-T cell treatment
and one of anti-PD-1, elotuzumab or daratumumab treatment can be used to improve
the relapse issue for patients in Group II, namely, P for the general model and
the simplified model under Group II. Recall that Fy, F, and F} represent the
treatment effects of daratumumab, elotuzumab and anti-PD-1, respectively. Since
the experimental data in (37) was measured after all patients were given CAR-T

cells, we set that the CAR-T cell treatment is always there and is only given at the
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initial time and then patients were administered an extra treatment from one of the

anti-PD-1, elotuzumab or daratumumab in the following treatment schedules:

(S1):

(S2):

(S3):

(S9):

(S10):

Anti-PD-1 with Fj, = 5, elotuzumab with F, = 5, or daratumumab with F; =

0.1 is only given in [0,1] months.

Anti-PD-1 with F, = 3, elotuzumab with F, = 3, or daratumumab with Fy =

0.55 is only given in [0,2] months.

Anti-PD-1 with F, = 2.3, elotuzumab with F, = 2.3, or daratumumab with

F; = 0.7 is only given in [0,3] months.

: Anti-PD-1 with F, = 2, elotuzumab with F, = 2, or daratumumab with F,; =

0.775 is only given in [0,4] months.

: Anti-PD-1 with F, = 1.7, elotuzumab with F, = 1.7, or daratumumab with

Fy = 0.85 is only given in [0,6] months.

: Anti-PD-1 with F|, = 5, elotuzumab with F, = 5, or daratumumab with F,; =

0.1 is only given in [0,6] months.

: Anti-PD-1 with F, = 3, elotuzumab with F, = 3, or daratumumab with F,; =

0.55 is only given in [0,1] months and [6,7] months.

: Anti-PD-1 with Fj, = 1.7, elotuzumab with F. = 1.7, or daratumumab with

F; = 0.85is only given in [0,1] months, [2,3] months, [4,5] months, [6,7] months,

[8,9] months and [10,11] months.

Anti-PD-1 with F, = 5, elotuzumab with F, = 5, or daratumumab with Fy =
0.1 is only given in [0,1] months, [2,3] months, [4,5] months, [6,7] months, [8,9]

months and [10,11] months.

Anti-PD-1 with F, = 2, elotuzumab with F, = 2, or daratumumab with Fy =

0.775 is only given in [0,2] months and [6,8] months.
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(S11): Anti-PD-1 with F, = 1.7, elotuzumab with F, = 1.7, or daratumumab with

Fy; = 0.85 is only given in [0,2] months, [4,6] months, and [8,10] months.

(S12): Anti-PD-1 with F, = 1.7, elotuzumab with F, = 1.7, or daratumumab with

Fy = 0.85 is only given in [0,3] months and [6,9] months.

In the following Figs[6.6] 6.7, [6.9} [6.11}, [6.13] and [6.14] we use gray areas to indi-

cate the treatment interval. To compare all schedules fairly, we keep the total effect

for all schedules the same, except for (S6) and (S9). We also assume the maximum
effect of anti-PD-1, elotuzumab and daratumumab are 5, 5, and 0.1, respectively.

Then, we create the following formulas:

F,=1+4/N, F.=1+4/N, F;=1—-0.9/N,

with N being the whole treatment duration for the extra treatment of anti-PD-1,
elotuzumab, or daratumumab treatments, except for schedules (S6) and (S9), where
we take NV = 1 to reach the maximum effect for all treatments. We have schedules
(S6) and (S9) as a way to test the same treatment windows in schedule (S5) and (S8)

with a higher effect. Furthermore, we can categorize schedules (S1)-(S12) as such:
(i) Schedule (S1) is the extra treatment for an one-month duration.
(ii) Schedules (S2) and (S7) are the extra treatment for a two-month duration.
(iii) Schedule (S3) is the extra treatment for a three-month duration.
(iv) Schedules (S4) and (S10) are the extra treatment for a four-month duration.

(v) Schedules (S5), (S6), (S8), (S9), (S11) and (S12) are the extra treatment for a

six-month duration.

The quantity
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Mcontrol(tv P) - Mtreatment (t7 P)

RM(t,P) = =
0

, t€[0,30] months, (6.4.1)

will be used for measuring how the combination therapy between CAR-T cells and
one of anti-PD-1, elotuzumab, or daratumumab with schedules (S1)-(S12) affects the
relapse level for patients in Group II. Mcontol(t, P) represents the solution of M(t)
using the parameter set P € P only treated with CAR-T cells, Mireatment (t, P) dis-
plays the solution of M (t) using the parameter set P € P treated with CAR-T cells
and one of anti-PD-1, elotuzumab, or daratumumab, and My = 1.5 g/dL is the ini-
tial condition for M protein as given in Chapter . Note that a positive RM (¢, P)
implies the extra treatment further reduces the M protein concentration at time
t comparing to the CAR-T cell treatment alone and a negative RM (¢, P) implies
the opposite. Hence, a schedule with a longer positive duration or larger positive
RM(t, P) is recommended to mitigate the relapse issue. First, the combination ther-
apy of anti-PD-1, elotuzumab, or daratumumab with CAR-T cells using schedules
(S1)-(S12) will be discussed for the general model and then a discussion will
follow for the simplified model . Finally, a comparison of the conclusions for
the general model and the simplified model using schedules (S1)-(S12)

will be given.

6.4.1 Combination Therapies for Model (2.1.6)

In this subsection, the combination therapies between CAR-T cells and one of anti-
PD-1, elotuzumab, or daratumumab, using the parameter sets P € P for Group II
under model (2.1.6)), will be analysed using schedules (S1)-(S12).

Fig. shows the treatment outcome for schedules (S1)-(S12) for the com-

bination therapy between CAR-T cells and daratumumab and shows that for all
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Figure 6.6: Treatment outcome for combination of daratumumab and
CAR-T cells for schedules (S1)-(S12) for model (2.1.6). (A)-(L) display
the treatment outcome for combination of daratumumab and CAR-T cells under
schedules (S1)-(S12) respectively. The multi-coloured curves represent the curve
RM(t, P) = (Mecontrol(t, P) — Mireatment(t, P))/ My, as defined in Eq. , for
P e P, with Mireatment (¢, P) for the daratumumab and CAR-T cell treatments. The
horizontal and vertical axes represent the time with unit month and the value of
RM(t, P). The gray areas represent the treatment period of daratumumab.

parameter sets P € P, RM (t, P) is positive for ¢ € [0,30] months and the maximum
value of RM(t, P) for all P € P was bounded above by 4 x 1073 and RM(t, P) is
close to 0 by t = 8 months, for all schedules. This shows that the effect of daratu-
mumab cannot be maintained after treatment withdrawal and thus, not effective for
mitigating the relapse for patients.

Fig. displays the treatment outcome for schedules (S1)-(S12) for the combi-
nation therapy between CAR-T cells and elotuzumab. We find for every schedule,
every patient P € P has a positive peak at the end of elotuzumab treatment and a

positive secondary peak after elotuzumab treatment is withdrawn, indicating that
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elotuzumab induces reduction of M protein during and after treatment. It can be
seen that all schedules except for (S8), (S9), (S11) and (S12), some of the RM (¢, P)
are negative for a period of time, indicating the period that elotuzumab actually
increases that amount of M protein.

As the total treatment duration increases, the period of negative RM (¢, P) nar-
rows down from [0, 30] months to the early period and the magnitude of RM (t, P)
increases. When comparing the results for schedules (S2) and (S7), schedules (S4)
and (S10), and schedules (S5), (S11) and (S12), it shows that a higher frequency of
elotuzumab treatment induces a higher value of RM (¢, P) and hence is more effec-
tive for mitigating relapse. Additionally, we find, for schedule (S5), the RM (t, P)
and the attained maximum for the secondary peak are higher when the treatment
effect increases, due to the comparison between (S5) and (S6) and (S8) and (S9).
Therefore, elotuzumab administered with a longer duration, a higher frequency or a
higher effect can be effective at mitigating relapse in patients.

We define the time to peak, f, as maz, RM(t, P) = RM(t, P) for any time ¢ after
the extra treatment is withdrawn, for P € P. We also define the time to control,
t, if t > extra treatment withdrawn timing and is the minimal time point such that
RM(t,P) = 0. Since delaying the time to peak and time to control mitigates the
relapse and delays the relapse for patients, respectively, we show the scatterplots of
the parameter values in the parameter sets P € P versus the time to peak and time
to control for the combination of elotuzumab and CAR-T cells for schedules (S5)
and (S8) shown in Fig. and the PRCCs of these parameters for the time to peak
and time to control are shown in Table [6.6f We consider only schedules (S5) and
(S8) as schedules (S1)-(S3) have RM (t, P) that are always negative, the outcomes
of schedules (S4), (S5), (S7), (S10), and (S12) have a similar pattern compared to
schedule (S5) and the outcomes of schedules (S9) and (S11) have a similar pattern

compared to schedule (S8).
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Figure 6.7: Treatment outcome for combination of elotuzumab and CAR-T
cells for schedules (S1)-(S12) for model (2.1.6). (A)-(L) display the treat-
ment outcome for combination of elotuzumab and CAR-T cells under schedules
(S1)-(S12), respectively. The multi-coloured curves represent the curve RM (t, P) =
(Meontrot (t, P) — Mizeatment (t, P))/ Mo, as defined in Eq. (6.4.1), for P e P, with
Mireatment (¢, P) for the elotuzumab and CAR-T cell treatments. The horizontal and
vertical axes represent the time with unit month and the value of RM (t, P). The
gray areas represent the treatment period of elotuzumab.

For the time to peak for schedule (S5), we find the parameters d¢, dn, barar, and
by were negatively correlated and the parameters ¢, rn, acn, anc, GoNM, Arm
and ap;c were positively correlated. Moreover, as the treatment frequency increases
(i.e., in (S8)), the correlation among the above parameters remain similar, while be
and arys become negatively correlated and K becomes positively correlated to the
time to peak. Based on the correlation strength, increases in r¢ or sy or decreases
in 6c or oy efficiently prolong the time to peak, especially ro and ¢ (namely, the
effect on T¢). Moreover, among these parameters, ry and acy related to Fe, so

elotuzumab is recommended for reducing relapse.
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For the time to control for schedule (S5), the parameters r¢, apc, bon, bur,
Ky, anc, and ap r are positively correlated and parameters oo, Ky, and rp are
negatively correlated. As the treatment frequency increases, the correlation among
the above parameters remain similar, while K and by;c become negatively corre-
lated. Increasing r¢ or ap;c or decreasing dc most effectively prolongs the time to
control, while reducing rg is the second most effective way. However, none of these
parameters related to elotuzumab, so elotuzumab is insufficient for delaying relapse.
However, increasing daratumumab may not always delay due to the opposite effect
from a larger aj;r or a smaller by;r or a smaller rg.

Fig. displays the results for schedules (S1)-(S12) for the combination therapy
between CAR-T cells and anti-PD-1. We find that all treatment schedules do not
significantly affect M protein during the treatment period and all schedules induce
significant reduction of M protein after the treatment is withdrawn. Moreover, if the
treatment is given once, then a shorter treatment duration could include a larger
negative RM(t, P) during and after the treatment, which means that the extra
anti-PD-1 treatment could aggravate the relapse issue. However, increasing the
treatment duration or the treatment frequency could solve this problem that the
value of RM(t, P) can be dramatically increased, and hence mitigates the relapse.
Additionally, increasing treatment effect amplifies the effect on RM (¢, P), namely,
the negative values of RM (t, P) are smaller and the positive values of RM (t, P) are
larger (see (S5), (S6), (S8), and (S9)).

We also generate scatterplots of parameter values in parameter sets P € P versus
time to peak and time to control for the combination of anti-PD-1 and CAR-T cells
for schedule (S5) shown in Fig. and their PRCCs to the time to peak and
time to control are shown in Table[6.6] We consider only schedule (S5) as schedules
(S1)-(S3) can lead to severe relapse in patients and schedules (S4), (S6)-(S12) have

a similar pattern compared to schedule (S5). For the time to peak for schedule (S5),
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Table 6.6: PRCCs for the time to peak and time to control for Figs.
and [6.10} The first column lists the parameters. The second, fourth, and sixth
columns (resp. third, fifth and seventh columns) display their PRCCs to the time
to peak (resp. time to control) for the combination therapy between CAR-T cells
and elotuzumab (F.) for schedule (S5), the combination therapy between CAR-T
cells and elotuzumab (F,) for schedule (S8) and the combination therapy between
CAR-T cells and anti-PD-1 for schedule (S5), respectively. All PRCCs have p-value
less than 0.05, except those marked with a superscript =.

Parameter | Peak-F. (S5) | Control-F. (S5) | Peak-F. (S8) | Control-F. (S8) | Peak-F, (S5) | Control-Fy, (S5)
SM —0.09815* —0.09308* —0.03822% —0.1301% —0.09153* —0.09647*
M —0.02668* —0.00484* —0.02959* 0.03944%* —0.01556* 0.05505%
Kur 0.1361%* 0.2605 0.17% 0.2881 0.12732% 0.2257
O 0.05189* —0.01399* 0.05075%* —0.02351%* 0.04709%* —0.01721%
anNM —0.03246* 0.0461%* —0.1461% 0.00301%* —0.03199* —0.00073*
bnr -0.1814 —0.1096* —0.127% —0.1437* -0.1984 -0.2009
acm 0.1331%* 0.1323% 0.1726* 0.07482%* 0.1428% 0.07329*
bem —0.0579* 0.001607* -0.3148 —0.00249* —0.03289* —0.01525%

acNM 0.2298 0.1265% 0.3436 0.1016%* 0.2307 0.094*
anM M 0.2037 0.08955%* 0.3646 0.03087* 0.1968 0.09867*
barm -0.2357 —0.1121%* -0.1812 —0.139* -0.2208 —0.1296*
aRM —0.1542% —0.05697* -0.3371 0.003492%* —0.1427% —0.07401%
brm 0.0598%* 0.07381%* 0.0491%* 0.07338%* 0.0706* 0.1249%
rc 0.4752 0.6437 0.5411 0.6293 0.5091 0.6312
Ko 0.1136%* —0.1119* 0.0728% -0.2128 0.1296* —0.07692*
oc -0.6447 -0.7749 -0.5983 -0.7911 -0.6118 -0.803
aymc 0.2033 0.2906 0.2076 0.2745 0.1969 0.3455
byve —0.04539* —0.1410%* —0.00976* -0.1873 —0.05233* -0.2066
anc 0.2752 0.2256 0.4346 0.1837 0.3169 0.09251%
bne —0.02746 0.02677* —0.05346* —0.00013* —0.05993* —0.05101%*
SN 0.09194%* 0.1702%* 0.1111% 0.1125% 0.09727%* 0.1428%*
TN 0.3609 —0.02305* 0.2595 0.00837%* 0.3348 0.1249%
Kn 0.1679%* -0.2736 0.4654 -0.2527 0.1661% -0.2553
oN -0.4196 0.1585% -0.445 0.1618%* -0.3831 0.05907*
acn 0.2857 —0.04143* 0.3044 —0.02321%* 0.2904 0.07585*
bon 0.03864* 0.2755 0.1598%* 0.2931 0.07411% 0.2125
TR 0.1084%* -0.2364 0.09313%* -0.2064 0.09277%* —0.1288%
Kr —0.02757* —0.1093* —0.1498* —0.1187* —0.02458* —0.09992*
oR —0.06843* 0.1409%* —0.01519* 0.1162% —0.05767* 0.08771%
aMR 0.009769%* 0.1804 —0.02061* 0.2055 —0.03675% 0.2118
bvr 0.1264%* 0.269 0.06384* 0.2358 0.1508% 0.2633

the parameters ro, ry, ayc, acn, acnm, Gy, and ape are positively correlated

and parameters dc, Oy, baras, and by are negatively correlated. The correlation

strength suggests that increasing r¢, ry, anc, or acy or decreasing dc or oy most

effectively prolongs the time to peak. Since r¢ and anc related to [y,

anti-PD-1 is

an efficient treatment to reduce relapse. For the time to control for schedule (S5),

the parameters r¢, aye, bur, K, bon, and aprgr are positively correlated and ¢,

Ky, byo, and by, are negatively correlated. Similarly, increasing r¢, ayc, Tn, Or

acy or decreasing dc or o most effectively prolongs the time to control, and hence
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Figure 6.8: Scatterplots of the time to peak and time to control, for the
combination therapy of elotuzumab and CAR-T cells under schedules
(S5) and (S8) of model (2.1.6). The first and second rows (resp. third and fourth
rows) display the scatterplots of parameters with respect to the time to the peak
(resp. time to control) for model for schedule (S5) and (S8), respectively.
The considered parameters in each subfigure are indicated in the figure legend. The
vertical and horizontal axes represent the parameter value and the time with unit

month.

anti-PD-1 can also delay relapse.
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Figure 6.9: Treatment outcome for combination of anti-PD-1 and CAR-T
cells for schedules (S1)-(S12) for model (2.1.6). (A)-(L) display the treat-
ment outcome for combination of anti-PD-1 and CAR-T cells under schedule (S1)-
(S12), respectively. The multi-coloured curves represent the curve RM(t, P) =
(Meontrot (t, P) — Mizeatment (t, P))/ Mo, as defined in Eq. (6.4.1), for P e P, with
Mireatment (t, P) for the anti-PD-1 and CAR-T cell treatments. The horizontal and
vertical axes represent the time with unit month and the value of RM (t, P). The
gray areas represent the treatment period with anti-PD-1.

6.4.2 Combination Therapies by Using Model (2.2.6))

In this subsection, the combination therapies between CAR-T cells and one of anti-
PD-1, elotuzumab or daratumumab, using the parameter sets P for Group II under
model (2.2.6), will be studied using the schedules (S1)-(S10).

Fig. displays the treatment results schedules (S1)-(S12) for the combination
therapy between CAR-T cells and daratumumab and we find that RM (¢, P) for all
P € P are always positive for t € [0,30] months and had a significant reduction in
M protein, for all schedules. Moreover, a higher treatment effect further enhances

the reduction in M protein. This shows that, no matter the treatment duration and
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Figure 6.10: Scatterplots of time to peak and time to control, for the com-
bination therapy of anti-PD-1 and CAR-T cells under schedule (S5) for
model (2.1.6). (A)-(D) (resp. (E)-(H)) display the scatterplots of parameters with
respect to the time to the peak (resp. time to control) for model (2.1.6). The con-
sidered parameters in each subfigure are indicated in the figure legend. The vertical
and horizontal axes represent the parameter value and the time with unit month.

frequency, daratumumab is effective at mitigating relapse in patients and a higher
effect of daratumumab induces a better treatment outcome.

We generate scatterplots of P versus the time to peak and time to control for
the combination therapy between CAR-T cells and daratumumab for schedule (S1),
shown in Fig. [6.12] Their PRCCs to the time to peak and time to control are
displayed in Table We only consider schedule (S1) as all other schedules have
a similar pattern compared to (S1). For the time to peak for (S1), the parameters
Or, Kr, sy, Ky, and K¢ are positively correlated, while rg, ayr, 0y, and ry are
negatively correlated. These parameters also have similar correlations to the time to
control, while o and acy are positively correlated and sy is negatively correlated
to the time to control. Based on the correlation strength, decreasing a/gr, g, or
0y or increasing 0 or sy most effectively prolongs the time to peak and time to
control, namely reduce and delay the relapse. Moreover, rr and ay/r related to Fy,

and hence increasing the effect of daratumumab (i.e., reducing Fy) can efficiently
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Figure 6.11: Treatment outcome for combination of daratumumab and
CAR-T cells for schedules (S1)-(S12) for model (2.2.6). (A)-(L) display the
treatment outcome for combination of daratumumab and CAR-T cells under sched-
ules (S1)-(S12), respectively. The multi-coloured curves in each plot represent the
curve RM(t, P), as defined in Eq. , for P € P, with Mieatment (t, P) for the
daratumumab and CAR-T cell treatments. The horizontal and vertical axes repre-
sent the time with unit month and the value of RM (¢, P). The gray areas represent
the treatment period with daratumumab.

mitigate and delay the relapse.

Fig. display the treatment outcome for the combination therapy between
CAR-T cells and elotuzumab for schedules (S1)-(S12) and we find RM (t, P) was
always negative during and after treatment for all schedules, for all P € P and
t € [0,30] months. In particular, we find that as the treatment duration increased,
RM(t, P) decreased. Thus, elotuzumab should not be considered as a viable way of
mitigating relapse.

Fig. [6.14] displays the treatment outcome for the combination therapy between
CAR-T cells and anti-PD-1 for schedules (S1)-(S12). For each treatment schedules,
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Figure 6.12: Scatterplots of time to peak and time to control, for the com-
bination therapy of daratumumab and CAR-T cells under schedule (S1)
for model (2.2.6). (A)-(C) (resp. (D)-(F)) display the scatterplots of parameters
with respect to the time to the peak (resp. time to control) for model . The
considered parameters in each subfigure are indicated in the figure legend. The verti-
cal and horizontal axes represent the parameter value and the time with unit month.

patients (i.e., parameter sets) can be separated into two groups: one has a positive
secondary peak for RM(t, P), denoted as Ppos and one has a negative secondary
peak for RM (t, P) denoted as lf’neg. For the parameter sets P € Ppos, all treatment
schedules induce significant reduction of M protein during the treatment period, and
the reduction decreases after the treatment is withdrawn. Moreover, for the single
treatment schedule, increasing treatment duration enhances the maximal reduction
of M protein after the treatment is withdraw, but cannot change the ones during the
treatment period. Additionally, a higher treatment effect induces a higher M protein
reduction during and after the treatment, whereas increasing treatment frequency
does not improve the treatment outcome during and after the treatment. Therefore,
CAR-T cell combined with a single anti-PD-1 treatment with a longer duration or a

stronger effect could mitigate the relapse issue for patients related to the group ﬁpos.
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Table 6.7: PRCCs for the time to peak and time to control for Fig.
The first column lists the parameter. The second (resp. third) column displays their
PRCCs to the time to peak (resp. time to control) for the combination therapy
between CAR-T cells and daratumumab for schedule (S1) for patients P € P. All
PRCCs have p-value less than 0.05, except those marked with a superscript =.

Parameter | Peak-F, (S1) | Control-Fy (S1)
SM 0.2731 0.3831
M 0.1067* 0.0401*
Ky 0.1957 0.2264
O -0.4435 -0.4225

an M 0.0405* —0.1154*
acm 0.01431* 0.02217*
ro 0.1069* —0.01682*
K¢ 0.1669 0.1998
anyc 0.00851* —0.09906*
oo —0.1178* —0.0606*
SN —0.05243* -0.2404
TN -0.2709 —0.09247*
Ky 0.09087* —0.08603*
acn 0.05121* 0.1636
N 0.1315* 0.2708
TR -0.5712 -0.5575
Kg 0.3425 0.04858*
aMR -0.5323 -0.6181
OR 0.5387 0.4255

To study the biomarkers that can be used to identify if a patient may response
positively to an extra treatment of anti-PD-1, we consider the parameter sets P €
Ppos and P € Pneg for schedule (S5), due to its longer treatment duration. Fig.
displays the boxplots of parameter values in f’neg and ]Spos and we find the
distributions of parameters, s/, Ky, sy, and Ky, are significantly lower and Kg
is significantly higher for Ppos comparing to Pneg. This indicates that combination
of CAR-T cells and anti-PD-1 is recommended for a patient with a lower source of
M protein or NK cells, or a lower carrying capacity of M protein or NK cells, or a
higher carrying capacity of regulatory T cells.

Next, we consider the relationship between the parameter values in PP and the

time to peak and time to control, shown in Figs. and respectively, for
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Figure 6.13: Treatment outcome for combination of elotuzumab and CAR-
T cells for schedules (S1)-(S12) for model (2.2.6). (A)-(L) display the treat-
ment outcome for combination of elotuzumab and CAR-T cells under schedules
(S1)-(S12), respectively. The multi-coloured curves in each plot represent the curve
RM(t, P), as defined in Eq. (6.4.1), for P € P, with M eatment (t, P) for the elo-
tuzumab and CAR-T cell treatments. The horizontal and vertical axes represent
the time with unit month and the value of RM (¢, P). The gray areas represent the
treatment period with elotuzumab.

model under schedules (S1), (S3), (S5), (S6) and (S8). We only consider
schedules (S1), (S3), (S5), (S6), and (S8) as the outcomes of schedules (S2) and (S7)
are similar to schedule (S1), and the outcomes of schedules (S4) and (S10) are similar
to schedule (S3). Additionally, the outcome of schedule (S9) is similar to schedule
(S6), and the outcomes of schedules (S11) and (S12) are similar to schedule (S5).
Their PRCCs to the time to peak is shown in Table [6.§ and their PRCCs to the time
to control is displayed in Table [6.9]

We find that dp is positively correlated and ay/r and rg are negative correlated

to both time to peak and time to control. Hence, decreasing the amount of T,ees
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Figure 6.14: Treatment outcome for combination of anti-PD-1 and CAR-T
cells for schedules (S1)-(S12) for model (2.2.6). (A)-(L) display the treatment
outcome for combination of anti-PD-1 and CAR-T cells under schedules (S1)-(S12),
respectively. The multi-coloured curves in each plot represent the curve RM (¢, P), as
defined in Eq. for P € P, with Myeatment (£, P) for the anti-PD-1 and CAR-T
cell treatments. The horizontal and vertical axis represent the time with unit month
and the value of RM (¢, P). The gray areas represent the treatment period with
anti-PD-1.

by reducing the homeostasis or increasing the death rate can efficiently mitigate or
delay relapse. However, anti-PD-1 does not affect the amount of T,ees directly, so

anti-PD-1 cannot change the relapse issue directly.

6.4.3 Comparison of Treatment Outcomes Between Models

(2.1.6) and (2.2.0)

When comparing the results and predictions of Chapters [6.4.1] and [6.4.2] we find

different conclusions for the general model (2.1.6) and the simplified model (2.2.6)).
When considering model (2.1.6)), for the combination therapy of CAR-T cells and
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Figure 6.15: Distributions of Pneg and Ppos for schedule (S5) using model
(2.2.6) under CAR-T cell and anti-PD-1 treatments. The first and second
boxplot, indicated by NegDiff and PosDiff respectively, in each subfigure display
the distributions of the corresponding parameter of 15”69 and ]5,,03, respectively.

anti-PD-1, the results of RM (¢, P) show that the combination therapy is always
effective at mitigating relapse after treatment is withdrawn, with a long enough
duration or a high enough frequency. Moreover, a stronger efficacy of anti-PD-1
further improves the treatment outcome during the treatment and mitigates relapse
after the treatments are withdrawn. On the other hand, combination of CAR-T
cells and elotuzumab also induce effective reduction of M protein during and after
the treatment in all schedules. However, the magnitude of the RM (¢, P) peak for
the combination of CAR-T cells and elotuzumab is smaller than the one for the
combination of CAR-T cells and anti-PD-1. This finding suggests that anti-PD-1
could be the best option for mitigating relapse for patients in Group II. Additionally,
Figs. [6.8] and and Table [6.6] identify which parameters (i.e., reactions) could be
the key players, linked to the anti-PD-1 or elotuzumab treatment, to cause the delay
(by using time to control) or mitigation (by using time to peak) of relapse. Finally,
daratumumab cannot induce significant improvement of the relapse issue.

When considering model , combination of CAR-T cells and anti-PD-1

shows that, for each treatment schedule, patients (i.e., parameter sets) can be sepa-
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Table 6.8: PRCCs for the time to peak for Fig. . The first column lists the
parameter. The second, third, fourth, fifth and sixth columns display their PRCCs
to the time to peak for the combination therapy between CAR-T cells and anti-PD-1
(F,) for schedules (S1), (S3), (S5), (S6) and (S8) for patients P € PP° with a positive
secondary peak, respectively. All PRCCs have p-value less than 0.05, except those
marked with a superscript =.

Parameter | F, (S1) F, (S3) F, (S5) F, (S6) F, (S8)
Sn —0.2546* | —0.1088* | —0.2016* | —0.2317* | —0.1412*
M -0.3241 —0.191% —0.2345* —0.234* -0.4244
Ky 0.1814* 0.02212* | —0.07245* | —0.08655* 0.4669
O 0.05065* —0.0439* | 0.007296* | 0.02938* —0.3621*
an M 0.2875* 0.1553* 0.1158* 0.1331* —0.1249*
acy 0.1747* 0.238* 0.1976* 0.1326* 0.2827*
ro 0.3088 0.43 0.209* 0.2189* 0.2829*
Ke 0.1864* 0.1587* | —0.00113* | —0.0101* | 0.03983*
ayc 0.1772* 0.261* 0.1173* 0.1016* 0.07113*
dc 0.1098* —0.1547* | —0.03704* | —0.04682* | —0.00993*
SN 0.2698* 0.168* 0.08704* 0.07471* 0.097*
TN -0.3322 —0.06067* | 0.06731* 0.06877* 0.1407*
Ky 0.1559* —0.045* 0.2134* 0.2283* —0.0352*
acn —0.02084* | 0.1156* —0.05107* | —0.07282* 0.4905
N 0.1336* —0.1221* | —0.2641* | —0.2329* | —0.1928*
TR -0.5652 -0.6566 -0.6818 -0.7235 -0.6274
Kgr 0.1614* 0.1021* 0.0185* 0.04662* | —0.09808*
AMR -0.5216 -0.5811 -0.6346 -0.6907 —0.2513*
OR 0.6327 0.6717 0.6708 0.6758 0.6595

rated into two groups: one has a positive secondary peak for RM (¢, P) and one has a
negative secondary peak for RM (¢, P). For the parameter sets having a positive sec-
ondary peak for RM (t, P), all treatment schedules induce significant reduction of M
protein during the treatment period, and the reduction decreases after the treatment
is withdrawn. This property is quite different to the finding of anti-PD-1 from model
that all treatment schedules do not significantly affect M protein during the
treatment period and all schedules induce significant reduction of M protein after
the treatment is withdrawn.

For the combination of CAR-T cells and elotuzumab of model ([2.2.6)), all treat-

ment schedules generate negative RM (¢, P), indicating promotion of M protein dur-
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Table 6.9: PRCCs for the time to control for Fig. The first column
lists the parameter. The second, third, fourth, fifth and sixth columns display their
PRCCs to the time to control for the combination therapy between CAR-T cells and
anti-PD-1 (F,) for schedules (S1), (S3), (S5), (S6) and (S8) for patients P € PP
with a positive secondary peak, respectively. All PRCCs have p-value less than 0.05,
except those marked with a superscript .

Parameter | F, (S1) F, (S3) F, (S5) F, (S6) F, (S8)
SM —0.1887* | —0.1803* | —0.1686* | —0.06108* | —0.1673*
M —0.1272* | 0.06291* 0.1182% 0.204* 0.1565*
Ky —0.08853* | —0.1842* —-0.177* —0.1914* | —0.1365*
O 0.07401* | 0.007394* | —0.0501* | —0.04922* | —0.1019*
aNM 0.1389* 0.04413* | —0.00821* | —0.08295* | —0.06913*
acy 0.04404* | 0.17839* 0.2038* 0.09321* 0.2237*
re 0.09179* 0.2471% 0.264 0.1641* 0.3155
K¢ —0.00793* | 0.2604* 0.27 0.336 0.2922
ayc 0.02989* 0.1716* 0.1497* 0.0814* 0.1704*
¢ 0.04574* | —0.1287* | —0.1502* -0.3111 —0.2466*
SN 0.2621% 0.1869* 0.1694* 0.01719* 0.2304*
TN —0.1517* | 0.03994* 0.08813* 0.09358* 0.1618*
Ky 0.02664* | —0.1576* | —0.1887* | —0.2468* | —0.2523*
acn 0.1451% 0.1543* 0.164* 0.1897* 0.183*
N 0.04115* 0.0056* | —0.02321* | 0.01415* | —0.05634*

TR -0.4466 -0.6343 -0.6416 -0.6228 -0.6704
Kgr —0.03647* | 0.02276* | 0.06074* 0.2741 0.02246*
aMR —0.283* -0.606 -0.6108 -0.653 -0.6425
Or 0.4393 0.5884 0.5795 0.5477 0.6058

ing and after the treatment. Hence, the elotuzumab treatment should not be con-
sidered, which is very different to the finding of elotuzumab from model that
all schedules efficiently reduce M protein level during and after the treatments and
hence mitigate relapse.

For the combination of CAR-T cells and daratumumab for model , all
treatment schedules have similar results that they efficiently reduce M protein during
and after the treatment, and hence mitigate relapse, which is very different to the
finding of daratumumab from model that daratumumab can only induce
insufficient reduction of M protein. Notice that the treatment schedule and total

effect cannot significantly change RM (¢, P), so the most simplified schedule (S1) is
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recommended to patients.

For model , the significant parameters have similar PRCCs between the
combination of CAR-T cells and elotuzumab and the combination of CAR-T cells
and anti-PD-1 when considering the time to peak and time to control. More precisely,
the parameters r¢, 'y, acn, acnm, Ay, and aye are positively correlated and dc,
On, by, and by, are negatively correlated to the time to peak for CAR-T cells
combined with elotuzumab or anti-PD-1. On the other hand, the parameters r¢,
aye, bur, Ky, and ap g are positively correlated and 6c and Ky are negatively
correlated to the time to control for CAR-T cells combined with elotuzumab or anti-
PD-1. Moreover, among these significant parameters, only rc and ap;¢ related to
anti-PD-1 and ry and acy related to elotuzumab, so enhancing the treatment effect
of elotuzumab or anti-PD-1 could efficiently mitigate and delay the relapse when
combining with CAR-T cells.

For model , the significant parameters have similar PRCCs between time
to peak and time to control when considering CAR-T cells combining with daratu-
mumab or anti-PD-1. More precisely, parameters dr, syr, Ky, and K¢ are positively
correlated and ay/gr, rr, and d); are negatively correlated to the time to peak and
time to control for the combination of CAR-T cells and daratumumab. On the other
hand, parameters 0 is positively correlated and a,,g and rg are negatively correlated
to the time to peak and time to control for the combination of CAR-T cells and anti-
PD-1. Moreover, among the significant parameters, only rg and a,/r directly related
to the corresponding treatment daratumumab, so enhancing the treatment effect of
daratumumab could efficiently mitigate and delay the relapse when combining with
CAR-T cells, which is oppositive to the finding from model .

Therefore, model suggests that either anti-PD-1 or daratumumab com-
bined with CAR-T cells can mitigate the relapse issue, and anti-PD-1 is the most

efficient treatment under long treatment duration or high treatment efficacy, whereas
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daratumumab should not be used due to its insufficient treatment efficacy. On the
other hand, model suggests that either anti-PD-1 or daratumumab combined
with CAR-T cells can mitigate the relapse issue, but the combination with anti-PD-
1 may not be effective for all patients and the combination with daratumumab is

efficient for any treatment duration and treatment frequency.

6.5 Identifiability Analysis

In (19), the authors perform both structural and practical identifiability analysis on
model , under the control case (i.e., F, = F., = F; = 1). The authors used
the matlab package GenSSI to identify eight structurally identifiable parameters:
v, On, ANM, Gon, To, Oc, T, and dy, assuming noise-free data for M protein,
CTLs, NK cells and T,egs. Next, the authors used the Markov Chain Monte Carlo
method with Metropolis-Hastings sampling to evaluate the practical identifiability
on the same eight parameters, using steady state data from (44)), and found that the
eight parameters were practically non-identifiable. Due to the lack of experimental
data, in (19), the authors calibrated the model outcomes to the steady states of four
variables with mean and relatively large standard derivations. The selected eight
parameters show broad distributions and hence are practical non-identifiable to the
data of steady state. The possible reason of the practical non-identifiability could
be the large standard derivations.

In this section, we perform the identifiability analysis on the general model
and the simplified model (2.2.6)), under the control case (i.e., F, = F. = F; = 1),
using the profile likelihood mentioned in Chapter . For model , we analyse
the structural and practical identifiability of the eight parameters, ry;, dar, anas,

acu, T, 0c, TN, and 0y, selected from (19), for Groups I and II datasets. For model

(2.2.6)), based on the PRCCs and Fig. in Chapter|[6.3] we focus on the parameters
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Sm, Oars AN, To, 0o, Ky, acn, Oy and rg for both Group I and Group II data.
We apply the profile likelihood method outlined in Chapter [3.4] for the identifi-
ability analysis. We use the parameter values Py.s from Tables and for the
general model and the simplified model , respectively, to obtain the
value of ES(P> in Eq. (3.4.4), namely, the RSS values listed in Tables and .

We consider the confidence level v = 0.9 and set degrees of freedom (df) to be 31 for
model and 19 for model to generate the x?(a, df) for both datasets.
Then, for each considered parameter, we perform the processes (i)-(ii) in Chapter
calibrating to the Group I and Group II datasets to find the finite sample confidence
interval for the considered parameter defined in Definition [3.4.2] For simplicity, we

use the following condition

(P : Fio(P) < Fio(P) + x*(a, df)}

to identify the finite sample confidence intervals, instead of Eq. (3.4.4). We generate
the figures for the profile likelihood curves in similar figures as shown in Fig. [3.1]

The results are displayed in Fig. for model (2.1.6) and in Fig. for model
(2.2.6)). Since the curves in Fig. [6.19B look flat compared to the curves in Figs.

and [6.19)A, Table is provided for clarity.

For model , the profile likelihoods of these eight parameters all have a
unique global minimum (which is at Py highlighted by the star mark in Fig. |6.18])
for Groups I and II indicating that these eight parameters are structurally identifiable
to the M protein data (similar to Fig. [3.1[F). This finding agrees with the conclusion
made in (19) by using the matlab package GenSSI. Moreover, none of these profile
likelihoods have intersections with the threshold Fls(p) + x*(a, df ) indicating that
these eight parameters are practically non-identifiable to M protein data for both
Group I and Group II data (similar to Fig. |3.1F). Therefore, the model calibration
of model by using the M protein data (with noise) from Group I and Group
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Table 6.10: Fj4(P;) for the profile likelihood for model (2.2.6) calibrating to
Group II data. FEach pair of rows display the Fj,(P;) versus the values of the
corresponding parameter P; on a logarithmic scale. The Fj4(P;) value coloured in

red represents the global minimum of Fjs(F;) for the corresponding parameter P;.

log(snr) —4 —1.928 0.479 0.603 0.7 0.955 | 1.146 | 2.017 | 3.002 4
Fis(P) 1.808 1.775 1.93 1.8994 | 1.9053 | 1.9107 | 1.9004 | 4.2436 | 4.2435 | 4.2435
log(dnr) —4 —0.0835 | 0.122 0.261 0.451 | 0.834 | 1.072 | 2.008 | 3.001 4
Fis(P; 1.8166 1.81 1.7751 | 1.8994 | 1.764 | 2.0303 | 1.7774 | 4.2436 | 4.2436 | 4.2435
loglanar) | —2.959 | —0.157 0.756 0.826 0.886 | 1.068 | 1.223 | 2.028 | 3.003 4
Fis(P) 1.9727 | 1.8367 | 1.7804 | 1.8994 | 1.9317 | 1.8845 | 1.8882 | 1.9367 | 4.2438 | 4.2435
log(re) —4 —0.303 0.175 0.398 0.544 | 0.875 | 1.097 | 2.011 | 3.001 4
Fis(P;) 1.777 1.756 1.8392 | 1.8994 | 2.0354 | 1.9395 | 1.989 | 1.9562 | 1.9044 | 1.9227
log(d¢) —4 —0.496 0.12 0.365 0.521 | 0.864 | 1.091 2.01 3.001 4
Fi,(P) 1.9087 | 1.9283 | 2.0464 | 1.8994 | 1.7825 | 1.8968 | 2.2433 | 4.2435 | 4.2435 | 4.2435
log(Kn) —4 —-1.606 | —0.372 | —0.28 | 0.183 | 0.742 | 1.022 | 2.002 3 4
Fis(P; 1.7239 1.7346 1.9361 | 1.8994 | 1.9049 | 1.9203 | 1.7435 | 4.2435 | 4.2435
loglacn) —4 0.209 1.026 1.065 1.101 1.221 1.335 | 2.048 | 3.005 | 4.001
Fi(FP;) 1.8921 1.754 1.8088 | 1.8994 | 1.7803 | 1.7896 | 1.7837 | 1.8083 | 1.7376 | 1.8383
log(on) —4 —0.0765 | 0.993 1.034 1.073 1.2 1.319 | 2.045 | 3.005 4
Fis(P) 2.0407 | 1.6802 1.7697 | 1.8994 | 1.7236 | 1.7981 | 1.7877 | 1.7544 | 1.7662 | 1.7242
log(rg) —4 —1.254 | —0.976 | —0.808 | 0.0628 | 0.712 | 1.007 | 2.001 3 4
Fis(P;) 1.77 1.785 1.7462 | 1.8994 | 1.715 1.697 | 1.7798 | 1.7906 | 1.7829

IT cannot uniquely determine the values of these eight parameters: r,;, dy, anas,
acu, ro, d¢, TN, and dy. Notice that the practical identifiability analysis in (19))
focuses on the steady state data, whereas our analysis focuses on the M protein data
over time for patients with remission and relapse pattern. Both findings suggest
that these eight parameters are practically non-identifiable to the steady state of
four variables and M protein variation data.

Similarly, for the nine selected parameters of model (2.2.6), all profile likelihoods
have a unique global minimum (highlighted by the star mark in Fig. and none
of these profile likelihoods have intersections with the threshold Fi,(P) + x2(«, df),
for Groups I and II. Thus, these nine parameters of model are structurally
identifiable but practically non-identifiable to M protein data for both Group I and
Group II data (similar to Fig. B.1F). Hence, the model calibration of model

to noise-free M protein data can uniquely determine the values of these nine param-

eters, sy, v, anu, To, 0o, Ky, acn, On, and rg, but we lose this property when
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calibrating to M protein data with noise.

Table 6.11: Fj4(P;) for simultaneous perturbation in the practically non-
identifable parameters for model , calibrating to Group I and Group
II data. The first row displays the perturbation size on all practically non-
identifiable parameters. The second row (resp. third row) displays the corresponding
Fis(P;) of model calibrating to Group I (resp. Group II) data.

Change —0.15 —0.1 —0.05 | —0.001 | —0.0001 0 0.0001 0.001 0.05 0.1 0.15

Group I | 4.5364 | 4.537 | 4.5415 4.101 4.1203 4.07 4.5741

Group II 1.764 1.7321 | 1.7135 | 1.7087 1.5452 1.5339 | 1.5904 | 1.6485 | 1.7289 | 1.7269 | 1.7119

Table 6.12: F;,(P;) for simultaneous perturbation in the practically non-
identifable parameters for model (2.2.6), calibrating to Group I and Group
II data. The first row displays the perturbation size on all practically non-
identifiable parameters. The second row (resp. third row) displays the corresponding
Fis(P;) of model calibrating to Group I (resp. Group II) data.

Change | —0.15 | —0.1 | —0.05 0 0.05 0.1 0.15
Group I | 4.0766 | 4.0512 | 4.0552 | 4.0522 | 4.0493 | 4.0495 | 4.0631
Group IT | 2.0851 | 1.7281 | 1.7446 | 1.8994 | 1.7538 | 1.7292 | 1.7432

To improve the practical non-identifiability of the selected parameters for the
general model and the simplified model (2.2.6)), we further study how these
practically non-identifiable parameters affect the model outputs in model calibration
and then suggest extra data points to reduce the variation of model outputs. For
each model, we tie all practically non-identifiable parameters together and simulta-
neously add a small perturbation on them to find the corresponding Fis(P, - - , Py)
(Py,- -, Py are the practically non-identifiable parameters) by performing the pro-

cesses (i)-(ii) in Chapter [3.4] calibrating to the Group I and Group II datasets. Here,

A

we only consider the cases when Fi (P, -+, P;) ~ Fj(P), instead of searching for
the finite sample confidence intervals. The values of Fj(P,- -, Py) are displayed in
Tables[6.11]and for the general model and the simplified model (2.2.6)), re-
spectively. Among these cases, we only select the cases with Fis(Py, -+, Py) ~ FZS(IS)
and then use the whole parameter set producing the Fi;(Py,--- , Py) to generate the

model solution over the period [0, 18] months used in the data fitting. The model
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solutions are shown in Figs. and for the general model (2.1.6) and the
simplified model ([2.2.6]), respectively.

We then discuss the variations of all variables as follows:

(i)

(iii)

For model using Group I data (i.e., second row in Table and Fig.
6.20| (A)-(D)), we only consider the cases with perturbation sizes 0, 0.05 and
0.1. Among these three cases, there is a small variation in M protein after
six months, and negligible variations in CTLs, NK cells, and T,.s and the
levels of these three variables remain nearly constant throughout the entire
period. Thus, adding several data points of M protein after six months, or

one data point for any of CTLs, NK cells, or T,egs could improve the practical

non-identifiability for model (2.1.6)) calibrating to Group I data.

For model using Group II data (i.e., third row in Table and Fig.
6.20| (E)-(H)), we only consider the cases with perturbation sizes 0, 0.0001 and
—0.0001. Among these three cases, there is a small variation in M protein
after six months and a small variation in CTLs before six months, whereas a
large variation in NK cells before 12 months for the case with perturbation
size —0.0001 and a large variation in T,e.s after 2 months for the case with
perturbation size 0.0001. Thus, adding several data points of M protein after
six months, or CTLs before six months, or one data point for NK cells before 12

months or Te.s after 2 months could improve the practical non-identifiability

for model (2.1.6)) calibrating to Group II data.

For model (2.2.6)) using Group I data (i.e., second row in Table and Fig.
6.21| (A)-(D)), we consider all cases since all Fi,(Py,--- , P,) ~ F,(P). Among
these seven cases, there is a small variation in M protein after six months,

negligible variations in CTLs, a large variation in NK cells after two months,

and a large variation in T\ezs and the levels remain nearly constant throughout

126



the entire period. Hence, adding several data points of M protein after six
months or NK cells after two months, or one data point for T,gs could improve

the practical non-identifiability for model ([2.2.6]) calibrating to Group I data.

(iv) For model using Group II data (i.e., third row in Table and Fig.
6.21|(E)-(H)), we only consider the cases with perturbation sizes —0.1, —0.05, 0.1,
and 0.15. Among these four cases, there is a small variation in M protein dur-
ing 8 months to 14 months for the case with perturbation size -0.05, a large
variation in CTLs for the whole period (especially the cases with perturbation
size -0.05 and 0.1), a large variation in NK cells with the level remaining nearly
constant throughout the entire period, and a large variation in Tc.s after 12
months. Therefore, adding several data points of M protein during 8 months
to 14 months, or CTLs throughout the whole period, or Tigs after 12 months,
or one data point for NK cells could improve the practical non-identifiability

for model (2.2.6) calibrating to Group II data.

In summary, because the M protein is the only data used in the model calibration,
its variation is relatively smaller than that of the other variables in both models
and datasets. Moreover, when calibrating to Group I data, the model predictions
for the other three variables differ considerably. Model shows that different
parameter sets with similar RSS values can still produce significantly different levels
of CTLs, NK cells, and T,s. In addition, these levels remain nearly constant over
time, indicating that the populations of these three cell types do not change. On
the other hand, model shows that different parameter sets with similar RSS
values can yield similar behaviours for CTLs and NK cells but markedly different
levels of Tyegs. Moreover, only the T,ees display a flat pattern. Therefore, we may
need additional data for CTLs, NK cells, and regulatory T cells to improve the
practical non-identifiability of the general model , whereas additional data for

regulatory T cells alone may be sufficient to improve the practical non-identifiability
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of the simplified model (2.2.6). When calibrating to Group II data, both models
show large variations and non-flat patterns in CTLs, NK cells, and Tiegs. Thus,
additional data for CTLs, NK cells, and T,es at both short- and long-term time

points are needed to improve the practical non-identifiability in both models.
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Figure 6.16: Scatterplots of time to peak, for the combination therapy of
anti-PD-1 and CAR-T cells under schedules (S1), (S3), (S5), (S6) and
(S8) for model . From top to bottom, the rows display the scatterplots
for schedules (S1), (S3), (S5), (S6), and (S8), respectively, for the parameters with
respect to the time to peak for model (2.2.6) under CAR-T cell and anti-PD-1
treatments. The considered parameters in each subfigure are indicated in the figure
legend. The vertical and horizontal axes represent the parameter value and the time

with unit month.
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Figure 6.17: Scatterplots of time to control, for the combination therapy
of anti-PD-1 and CAR-T cells under schedules (S1), (S3), (S5), (S6) and
(S8) for model . From top to bottom, the rows display the scatterplots
for schedules (S1), (S3), (S5), (S6), and (S8), respectively, for the parameters with
respect to the time to control for model (2.2.6). The considered parameters in
each subfigure are indicated in the figure legend. The vertical and horizontal axes
represent the parameter value and the time with unit month.

130



A Group | (B) Group I1 5
(zg T zé’ Om 23 T 23 M
25 25, 22 22
6 6 5 5
SO_Q_V/-« 5 V © 4 4
©n 4- 4 E
< 3 3
3 3 )
2- 2 2
1 1 1 1
L | 0 0
L — g R N i 2 3 4 -3 -2 -1 0o 1 2 3 4 -3 -2 -1 0 1 2 3
0g (i) log(8y) log(rw) log(83)
26 Ay 26 o . T £ e 2.
25 25, 22, 22
6 6 5 5
Sp-—-—-""’_‘\v—e—c/ﬁ 5;/”‘\'?/_( 4
4
94 4 % 5
=3 3 3
2 2 2 g
1 1 1 1 |
0= -1 0 1 73 % 5 = 0 1 2 3 O3 =2 -1 0 1 2 3 Y50 1 3 4
log(anm) ]"g(gCM) log(anm) 10g(%cn4)
ze__________fc __________ 26— SN S 23 c 23 (9
25; 1 25= 22 22
6 6- 7
5 5
5+ ® 5 e
wd h! 4 ¥ 2 4 4
bl 3 3 &3 3
2 2. Zo—w\/—-‘e—e—e—-o — ——0
1 |1 1 11
o I |
-3 et R I L D% N B S e s wy s 3 4 V3372 1 0 1 2
8l log(8¢) log(rc) log(dc)
p
260 L. N S E S 26 On 23 N 23 N
25; 25¢ 22, 22}
6- 6 5 5
5
5 u’4 4
“n 4- v 4 4 1%
%] x3 3|
<3 3
2 2 R T 2o - —
1 1 1 11
0 0
=3 -2 -1 0 1 3 4 3 -2 -1 o 1 2 3 -3 -2 -1 0 1 2 3 4 9% 5 7 12 3 4
log(ry) log(én) log(ry) log(8n)

Figure 6.18: Profile likelihoods for model (2.1.6). (A) and (B) show the profile
likelihoods when calibrating model to Group I and Group II data, respectively.
The horizontal axis represents the logarithm range of the considered parameter and
the vertical axis shows the Fj;(P;) where P; is the considered parameter. The black
curve displays the profile likelihood L£*(P;), where the circled marks represent the
minimal RSS of tested parameter values and the red star indicates the minimum
L*(P;) of the considered parameter. The red dashed line represents the threshold

¥2(0.9,31) + F,(P).
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Figure 6.19: Profile likelihoods for model (2.2.6). (A) and (B) show the profile
likelihoods when calibrating model to Group I and Group II data, respectively.
The horizontal axis represents the logarithm range of the considered parameter and
the vertical axis shows the Fj;(P;) where P; is the considered parameter. The black
curve displays the profile likelihood £*(P;), where the circled marks represent the
minimal RSS of tested parameter values and the red star indicates the minimum
L*(P;) of the considered parameter. The red dashed line represents the threshold
x2(0.9,19) + F,(P).
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Figure 6.20: Solutions of M, T¢, N, Tk of model (2.1.6). (A)-(D) (resp. (E)-
(H)) display the solutions of M, T, N, Tg, respectively, along the profile likelihoods
of all eight practically non-identifiable parameters of model calibrating to
Group I (resp. Group II). The horizontal and vertical axes represent the time with
unit month and the model variable divided by its initial condition, respectively. The
legend for (A)-(D) (resp. (E)-(H)) is displayed in (A) (resp. (F)). (B)-(D),(G), and
(H) display a zoomed-in region for clarity.
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Figure 6.21: Solutions of M, T¢, N, Tk of model (2.2.6). (A)-(D) (resp. (E)-(H))
display the solutions of M, T¢, N, Tg, respectively, along the profile likelihoods of
all nine practically non-identifiable parameters of model calibrating to Group
I (resp. Group II). The horizontal and vertical axes represent the time with unit
month and the model variable divided by its initial condition, respectively. The

legend for (A)-(D) (resp. (E)-(H)) is displayed in (B) (resp. (F)).
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Discussion

In this work, we modified the ODE model in (19) to construct two models, a general
model and a simplified model with its non-dimensional version model
(2.2.6)), with both models including the effects of the anti-PD-1 (F), elotuzumab (F;)
and daratumumab (F}) treatments. Our goals are to compare the properties of the
general model and the simplified model , and to use these two models to
investigate how monotherapies of anti-PD-1, elotuzumab, and daratumumab affect
the long-term behaviour of M protein in patients.

In (19)), the authors randomly generated parameter sets and used numerical com-
putation to find the corresponding steady states evaluated from random initial con-
dition, then studied the distributions of these steady states and time to steady state.
Next, they applied global sensitivity analysis to identify significant parameters to the
model outcome, then performed identifiability analysis on these significant parame-
ters. Next, in (I8)), the authors performed mathematical analysis on model ,
under the control case (i.e., F, = F, = F; = 1). They reduced the model from
four variables (i.e., M(t), Te:(t), N(t), and Tg(t)) to two variables (i.e., M(t) and
Tco(t)) using the experimental data in (44)) to assume N (t) and Tx(t) were constants.

The authors found that the reduced model had two types of non-negative equilibria,
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Ef = (M*,0) and Ej := (M*,T{) and established conditions for their existence
and local stability. For the trivial equilibrium Ej, their analysis demonstrated that
based on the level of M*, the model has a unique equilibrium which is locally asymp-
totically stable, or has three equilibria: a stable one with a low level of M*, a stable
one with a high level of M*, and an unstable one with an intermediate level of M*.
For the positive equilibrium E3, their numerical test displayed that increasing the
value of acnys induces bistability. More precisely, a small acyys could induce a Ej
with a relatively high level of M protein representing high tumour burden. As acnas
increases, the model generates three FJ that a stable one with a low level of M
protein, a stable one with a high level of M protein, and an unstable one with an
intermediate level of M protein. If we further increase acnas, then the model only
possesses a stable EJ with a low level of M protein.

However, there was not enough evidence in (44)) to support N(t) and Tr(t) were
constants and hence we still focused model , keeping all model variables in
our study. First, our numerical study showed that, when comparing the distribution
of the steady states and the time to steady state (TTSS) for models and
(2.2.5) using one of the monotherapies, both models had similar conclusions from
random or specific initial conditions of M protein. We also found that increasing the
effect of anti-PD-1 boosts CTL and NK cell responses and reduces M protein and
T,eg Tesponses. Moreover, increasing the effect of daratumumab only decreases the
median of T,es, and increasing the effect of elotuzumab only slightly increases the
median of the NK cells. Additionally, the median of TTSS decreases as the effect of
anti-PD-1 increases and the median of T'T'SS increases as the effect of daratumumab
increases, whereas the effect of elotuzumab does not significantly change the median
of TTSS.

Second, in analysis, we found four types of non-negative equilibria for model

(2.2.5): X = (M*,0,N*,0) representing the second best case for patients, X3 =
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(M*,0, N*, T}) representing the worst case for patients, X = (M*, T, N*,0) rep-
resenting the best case for patients, and Xj = (M*, T4, N*,T};) representing the
uncertain case for patients, where X always exists and the other three equilibria
exist under certain conditions. We established conditions for their local stability and
found properties of parameters which can induce an asymptotically stable X} with
low M protein level, representing the remission of patients.

Our numerical examples showed that the homeostasis rate of TS, 75, and the
homeostasis rate of CTLs, r¢, are potential bifurcation parameters for model ,
because varying one of these values can change the number and stability of equilibria
X7. Different to the bistability property of model shown in (I8)), the numerical
examples of our model for the equilibrium with low or high M protein level
displayed that the dynamics shifts from a unique asymptotically stable equilibrium,
then to a stable oscillation pattern due to Hopf bifurcation, as r¢o increases.

In (19), due to the lack of experimental data, the authors can only use the
distribution of steady states and sensitivity analysis for the solutions from random
initial conditions, without providing model calibration to support the accuracy of
their numerical findings. Different to this limitation in (I9)), we found clinical data of
M protein level over 18 months for MM patients after CAR-T cell treatment in (37]),
so we were able to perform model calibration to the data in (37) on the general model
(2.1.6) and the simplified model , which filled in the gaps in the work from
(19), and then compared the properties between these two models. We categorized
the data in (37) into two groups, Group I for remission and Group II for relapse,
based on the trend of M protein over time. We calibrated the general model
and the simplified model , under the control case (ie., F, = F, = Fy = 1),
to find appropriate parameter sets representing the virtual cohort patients for both
groups. Our AIC result showed that model is more plausible for both Groups
I and II, even though model has a smaller minimal RSS for Group II.
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For the selected appropriate parameter sets of the general model and the
simplified model (i.e., the virtual cohort patients), we first identified potential
biomarkers to predict patients’ status, based on the distribution of parameter values
between Groups I and II. We found that the parameters K¢, ay;c, and rg have similar
distribution between the general model and the simplified model , SO
the prediction of patients’ status from these three parameters is independent of model
selection. However, parameters Ky, oy, anwm, Tc, 0c, rn, and Ky have opposite
distributions between these two models, so the accuracy of patient status prediction
based on these seven parameters relies on the model selection, namely, which model
is more plausible.

We also performed sensitivity analysis on these appropriate parameter sets of
both groups and both models to calculate their PRCCs to the M protein level over
time. For the significant parameters of model , the signs of their PRCCs
do not change over time and between groups, and the only thing changes is the
magnitudes of the PRCCs. Hence, these parameters affect the level of M protein in
the same way for all time and between Groups I and II. Moreover, some parameters
have stronger effect on Group I (e.g. 73, and sy) or Group II (e.g. Iy, ann, anc,
and ry), or stronger effect in short duration (e.g. 77, sp) or long duration (e.g.
anc, rn, Kur, 0c, byco, and dy). This observation indicates which parameters are
potential treatment target to reduce M protein level for patients in Groups I or II,
or the treatments have a better reduction of M protein in a short or long duration.
On the other hand, the variation of PRCCs of the simplified model is richer
than the ones of the general model . Similarly, the signs of PRCCs for the
significant parameters of model remain unchanged and the magnitudes change
over time. However, some parameters only affect one group (namely, d¢, oy, anc,
and r¢ only affect Group I, whereas rg, ayr, Ky, and dg only affect Group II)

and these parameters can only use to affect M protein level for the corresponding
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group. Additionally, the parameters acy and ry have different signs of PRCCs
between groups, and hence targeting these parameters in treatment induce oppositive
outcomes for patients in Groups I and II.

Next, for both models, we considered the combination therapy between CAR-T
cell treatment and one of anti-PD-1 (F}), elotuzumab (F,), or daratumumab (F})
under different treatment schedules on Group II to control the relapse issue. For
model , it suggested that elotuzumab or anti-PD-1 administered with a longer
duration, a higher frequency, or a higher effect can be effective at mitigating relapse
in patients. Notice that, for anti-PD-1 treatment, a single short administration
should be avoided because it could aggravate the relapse issue, and a high effect
administration could amplify the relapse level at the early stage. On the other
hand, an extra treatment of daratumumab cannot improve the relapse issue, so
daratumumab is not recommended. For model , it indicated that all treatment
schedules of daratumumab have similar results for all patients in Group II that they
efficiently reduce M protein during and after the treatment. However, anti-PD-1 only
works for certain patients. When anti-PD-1 works, a single treatment with a longer
duration improves the reduction of M protein after the treatment is withdrawn.
Moreover, a higher treatment effect improves the reduction of M protein, whereas
increasing treatment frequency does not improve the treatment outcome, during and
after the treatment. On the other hand, elotuzumab always aggravated the relapse
issue, so it should be avoided. Therefore, the predictions from model indicate
that a single short administration of daratumumab is recommended to all patients
with relapse, but a single longer anti-PD-1 with strong effect is only recommended
to certain patients.

Finally, for both models, we used the method of profile likelihoods to perform
the identifiability analysis of the parameters ry;, dnr, anar, aon, 7oy 0o, T, and dy

for the general model (2.1.6)) and the parameters sy, dnr, annr, 7o, 0c, Ky, acn,
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on and rg for the simplified model (2.2.6). We found that the selected parameters

for each model were structurally identifiable but practically non-identifiable when

calibrating to M protein data in (37). We then use the variations of model solutions

along the profile likelihoods of the practically non-identifiable parameters to suggest

extra experimental data for improving the practically non-identifiable parameters.

Notice that the minimal RSS for both models are close to each other, so the

reason that the AIC suggested model ([2.2.6)) is more plausible could be simply due

to the number of parameters. Our numerical predictions showed several different

outcomes between these two models, so we offer the following approaches to further

evaluate which model is more plausible:

(1)

(iii)

Based on the parameter distribution: we need extra experimental data to indi-
cate one of the distributions for K, oy, 7o, ¢, Sy, v, and Ky for patients in
Groups I and II. If Ky, 05, and Ky have relatively higher distribution and r¢,
dc, and ry have relatively lower distribution for patients in Group I, then the
simplified model is more plausible, otherwise the general model

is more plausible.

Based on the PRCCs: Because only model has parameters that only
affects one group of patients or have different signs of PRCCs between groups,
we need extra experimental data to determine the effect on M protein between
Groups I and II from one of the parameters: é¢, dn, arc, 7o, Tr, Amr, K,
Or, acn, and ry. If one of d¢, Oy, ane, e, TR, apmr, and Ky, can only affect
one group of patients, or one of ry and acy has oppositive effect between
Groups I and II, then the simplified model is more plausible, otherwise
the general model is more plausible.

Based on the combination treatment: Because daratumumab is the only in-

sufficient treatment from model (2.1.6) and elotuzumab is the only treatment
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could aggravate the relapse issue from model , we need extra experimen-
tal data to measure the treatment outcomes of combination of CAR-T cells and
daratumumab and combination of CAR-T cells and elotuzumab. If the combi-
nation of CAR-T cells and daratumumab cannot induce significant reduction
of M protein, then the general model is more plausible. On the other
hand, if the combination of CAR-T cells and elotuzumab could aggravate the

relapse level, then the simplified model ([2.2.6]) is more plausible.

(iv) Based on the identifiability analysis: When calibrating to Group I data, the
general model shows constant levels and significantly variations in CTLs,
NK cells, and regulatory T cells, whereas the simplified model only
shows constant levels and significantly variations in regulatory T cells. Thus,
if extra experimental data of CTLs or NK cells from patients in Group I does
not maintain at a constant level over time, then the simplified model is
more plausible, otherwise the general model is more plausible.

Thus, as more experimental data pertaining to parameter values and more time series
data become available, we could use that to verify our conclusions, find better fitting

parameter values, and determine the more plausible model with more confidence.
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