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ABSTRACT

The scalar and dyadic Green's functions for cavitiles
and waveguides of various cross-sectlions are determined by
the ray-optical technique. Simple ray tracing diagrams
for parallel plate, rectangular and triangular waveguides
and cavitles are presented. The contributions due to all
rays passing through an observation point are systematically
summed and formally converted to a series of normal modes
by the Poisson sum formula which is extended to two and
three dimensions. The required Fourler transform of the
ray field is evaluated by the statlonary phase method of
integration and the resulting Green's functions are shown
to be in exact agreement with available results based on
more complicated methods. This agreement is discussed
with particular reference to the saddle point method of
integration. It 1s also shown that the results for
triangular waveguides, whose corner angles are integral
submultiples of w , cén be obtalned by superposition of
solutions for two rectangular waveguides. Finally, 1t is
concluded that the ray-optical technique may lead to
exact solutions for a more general class of wavegulde
structures and offers a physical insight into the
mechanisms of wave propagation in waveguildes of various

cross-sections,
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CHAPTER I

INTRODUCTION

The Green's function is important in the study of
boundary value problems in electromagnetics in the presence
of an excitation system. Knowledge of this function leads
easily to the solution for the electromagnetic field. This
thesis is concerned with detailed applications of the ray
and mode techniques for finding the Greent's function in
rectangular structures. The salient features of these
methods are presented and their inter-relations discussed.

The investigation is restricted to cases in which
the image method is applicable but the techniques used
could easily be extended to include more complicated cases.
Only rectangular coordinates are employed in the examples
but the analysis applies to problems expressed in other
coordinate systems.

The ray theory and mode theory solutions are related
by the Poisson sum formula. This formula has been used by
other authors(l’ 2, 3) to convert from rays to modes and
vice-versa. In this thesis, the Fourier transform involved
in the Poisson formula is evaluated by asymptotic methods
and agreement with mode theory solutions is obtained in all
cases. This agreement is exact when dealing with the
complex amplitudes of the transverse modes regardless of

the asymptotic approximations involved.




CHAPTER TII

DETERMINATION OF GREEN'S FUNCTIONS

One of the most powerful tools for solving boundary
value problems involving excitation systems is the Green's
function for the geometry of the problem. Two different
methods for determining these functions are outlined and

evaluated in this chapter.

2.1 Green's Functions

In this section, the Green's function due to a delta

source, 6 (p-F ), where r and r_ correspond to the vector

O 0

positions of the observation and source points respectively,
is considered. For scalar problems the scalar Green's
function, G(r,ry), is used while for vector problems the
dyadic Green's function, ég(?,?b), is used. These functions
are obtained from the following forms of the Helmholtz
equation:

(v2 + k2) G(F,To) = -4T O(F-F,) (2.1)
(72 + kR) §(F,7,) = -hnd §(T-Tg) (2.2)

where«j_is the unit idemfactor or dyadic analogue of unity
(i.e. F « A = A where A is any vector), V<2 is the Laplacian
operator, k is the wave number (27/A), and N is the wave-
length in the medium concerned.

The above equations are used to solve for the Green's

function subject to certain boundary conditions dictated by




3.
the geometry of the problem. In order to simplify the solu-

tion for the fields, convenient boundary conditions on the
Green's function are used, depending on the assumed boundary
conditions for the field and the type of source.

A typical application of this function is the problem
of determining the vector potential K(f) from an arbitrary
current distribution 3(50) located in a volume V bounded by

a surface S. A(r) is a solution of
V2 h + kR A= uJ(Tp). (2.3)

Using the dyadic Green's function of equation (2.2) it is
shown by Collin ,(A) and Morse and Feshbach(5) that the

solution for A(F) is given bys

i(7) = ff/; PRCSERICENERD

+ L {0 (a3 s GxVoxh):d
L S

e

(BN ) - (B9 - B)] dso- (2.4)

Here n is the inward normal to the volume and the integration

is carried out over the source coordinates. Once the condi-

tions on A over S are known, the surface integral can be

eliminated by assuming convenient conditions on J over S.
If the tangential electric field is zero over S it is easily
shown that A x A and Vo ° A are both zero there. When the

A -
conditions Vg ° Y =0oand x ¥ =0 over S are specified,




equation (2.4) simplifies to:

A(T) =f// « J(Ty) - _f—](’f;fo) dv, . (2.5)
v b

The electric and magnetic fields (E,ﬁ) are easily

derived from the vector potential through the relations:

= -Jwh + v( V- 4) (2.6)
Jwm €

=
|

m=f]
i

1 vxA. (2.7)
M

Here s and € are the permeability and permittivity of the
medium involved and « is the radian frequency.

The free space Green's function may be applied to
solve for the field in regions with complicated boundaries.
When the boundaries are at infinity and a time dependence
of exp(jwt) is assumed, the free space scalar Green's
function; Gy (r,ry), is easily determined as shown by Morse
and Feshbach. (6)

For waves extending outward from the source

these functions are:

T "Jklr-rol
G (r,7) = e ____ _ in three dimensions, (2.8)
G (F,Tg) = jN'HO(Z)(kIF-fOI) in two dimensions,(2.9)
o - ik | x-x%,|
G (F,7g) = ZEi e in one dimension. (2.10)

The free space solution of equation (2.2) is
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determined from the scalar solution by using the relation-

ship:

gk(.r-,fo) = Gk(f’fo)jO (2-11)

2.2 Image Method

"The image method is a method for constructing a
Green's function for a part of space bounded by planes in
terms of the corresponding Green's function for the full
space.® This is shown in an article(7) by J. Be. Keller who
has determined all the regions, equations, and boundary
conditions to which the image method may be applied.

For a region D bounded by planes on which homogeneous
boundary conditions are specified, G(Tr,ry) is given in terms

of Gy (r,rq) by forming the sum:

6(F,Fy) = 2o (£) Gu(F,50"). (2.12)

rote S(f‘o)

Here S(ro) is a set made up of the source, its images, and
the multiple images in the bounding planes of D. The posi-
tive and negative signs in equation (2.12) correspond to the
Neumann ( 8G/ dn = o) and Dirichlet (G = o) boundary condi-
tions, respectively.

The conditions and regions to whie¢h the image method
may be applied are as follows:

(1) S(¥,) has only one point, Ty itself, in D.
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(2) Only those fundamental domains of discrete groups
of reflections for which the angle between any two bounding
planes is of the form 7/m, with m integral, can be admissible
regions.

(3) The angles between planes on which the Dirichlet
condition is imposed and those on which the Neumann condition
is imposed must be even submultiples of rr.

(4) V2 + k? is a valid operator for the image method.

The preceeding method can be extended to determine
the dyadic Green's function for a vector current source in
an arbitrarily bounded region. It can easily be shown that
the conditions on.'S(E,FO) preceeding equation (2.5) imply
an image diagram as shown in Figure 2.1 for the specific
case of a vector current source 3(?0) located in the
presence of a perfectly conducting plane.(h) Here it is
noted that the component of 3(?0) parallel to the plane has
a negative image and the perpendicular component has a
positive image. In general, to find the field due to an
arbitrarily oriented source, 3(?0), is decomposed into its
components parallel and perpendicular to the boundary and
scalar theory is used for each component and its images.

The principle of superpositionis invoked to determine the
dyadic Green's function. Once 25(5,50) has been found, the
fields are given by equations (2.5), (2.6), and (2.7) for
an arbitrary current source.

The image method may be used to construct ray
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diagrams in geometrical configurations where the location
of the source and nature of the scattering boundaries are
given. Viewed in this way, the method of successive images
can complement the ray technique by Keller(8) and provide

a solution to fields within such boundaries as specified by
the scope of the image method. Since it may be shown that
diffraction losses are not present in the particular
configurations under consideration, Keller's technique
reduces in such cases to the classical geometrical optics

method.

2.3 The Eigenfunction Method

Tt is well known that a series of eigenfunctions can

be used to represent the solution of boundary value problems.

In general, eigenfunctions are solutions of differential
equations containing a separation constant and satisfying
simple boundary conditions related to the independent
variable. The values of the separation constant for which
the boundary conditions hold are called eigenvalues. While
the solution of boundary value problems can be written as
a series of such functions, the difficulty still lies in
finding the coefficients of the series. The constants in
the series are usually determined using the orthogonality
property of the eigenfunctions. This leads to integrals
which may be evaluated exactly only for specific problems

with simple geometries.



The applicaticn of vector eigenfunctions to the

determination of dyadic Green's functions has been considered
extensively by Morse and Feshbach.(5) Briefly the technique
consists of expanding éﬂf,?o) for the interior of a closed
boundary in terms of eigenvectors. It can be shown that the

following relationship holds:

. (2.13)

Here Fn is an eigenfunction solution of the homogeneous
vector Helmholtz equation satisfying the same homogeneous
conditions as 15(?,?0), ky is its eigenvalue, N is a
normalizing constant, and ?n* is the complex conjugate of
Fn. The product F *(F) Fn(fo) results in a dyadic.(9)
The eigenfunction Fh can be expanded as a sum of

longitudinal and transverse modes in the form:

The functions in, ﬁh, and ﬁn are determined from
eigenfunction solutions of the corresponding scalar equation.
These functions have been derived for various sets of
boundary conditions by Morse and Feshbach and are used to
find the Green's function for a rectangular cavity in

Chapter IV.



CHAPTER ITI

RAY THEORY VS. MODE THEORY

Tt has been shown that the ray and eigenfunction
methods can be used to solve boundary value problems. The
methods differ greatly in their application and the form in
which the final solution appears. The relative merits of
the two techniques and the conversion from one form of

solution to the other are discussed in this chapter.

3.1 Rays and Modes

The Green's function defined in Chapter II can be
expressed in two distinct ways, either as a sum of normal
modes or as a sum of rays. In general, the normal modes
are determined by solving the appropriate partial differen-
tial equation while the ray solution is formed using
Keller's geometrical theory of diffraction. The eigen-
function method is applied easily only to those coordinate
systems in which the differential equation is separable
and the boundaries coincide with coordinate surfaces. The
ray method does not have this restriction but it yields
only the first term in the asymptotic expansion of the mode
solution. The accuracy of this approach improves as the wave
number k and the distance of the observation point from the
source increase.

The total field due to all the modes present in a

system is asymptotically equal to the total field on all




11.

the rays provided that the field is time harmonic. The
exception to this, as will be shown later, is the case where
the image method applies and the ray solution for a point
source bounded by perfect conductors is exact. Here the

ray and mode representations are equivalent and one form

can be converted to the other by various mathematical
techniques. The transformation of modes to rays and vice-
versa can be done for the general case as well, but the

agreement is only an asymptotic one.

Hamid(l) has used both the Poisson sum formula and
the Fourier-Bessel series to express asymptotic ray fields
as a series of wave functions in the solution of near field
transmission problems. Brekhovskikh(10) and Pekeris(z)
have used the Poisson sum formula in the form derived by
Titchmarsh(11l) to change the normal mode solution into the
ray solution. Their work has been confined to media with
infinite parallel boundaries. Brekhovskikh was able to
transform from rays to modes by expanding the term
exp(jkR)/R in a contour integral form and then using the
residue theorem. The procedure is quite complicated and so
far has only been applied to the parallel plate case.

Morse and Feshbach(lZ) used a slightly different form of
the Poisson sum formula to convert from an image formulation
for a line source between parallel plates to the mode form.
The form of the Poisson sum formula used by Morse and

Feshbach is used in this thesis to determine the mode
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solution from the ray fermulation for sources located inside

rectangular waveguides and cavities.

3.2 Poisson Sum Formula

The Poisson sum formula has been widely applied to
convert one infinite series into another. It is most
useful when one transforms a slowly converging series to a
more rapidly converging one. It was derived for a single
infinite series but it can be extended to deal with double
and triple summations as is shown in Appendix A.

The Poisson sum formula applied to a single infinite

series is given by:

> tem) = 1 > m) (3.1)
m=-

n=-w w fed}
where
® - jmt
F(m) = 1 f f(t) e dt. (3.2)
V2T

An extension to three dimensions as in Appendix A
results in:

:E: :E: :gz f(2mn, 2mp, 27q)
b

q

® @®

- 1 .
ij Zs S; (203 /// F(e1,%2.%3)

s oo -

-j{mtqy + sto + ut,)
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where the summation signs extend over the infinite ranges
of n, psy 9, m, s, and U.

When equation (3.3) is applied to ray and mode
representations of fields, the left hand side is the sum of
the ray fields due to a triply infinite number of images
and the right hand side represents the sum of all the
possible modes which can exist to make up the total field.
Each mode has associated with it one value of each of m, s,
and u while the values of‘n, ps and g are identified with
the source and all of its images.

The main difficulty in applying this method is the
evaluation of the Fourier transform of the ray fields.

The single integral transform has been done exactly by
Morse and Feshbach(3> for the case of a line source
exciting a parallel plate system by expressing the
integrand in an integral form and then using the residue
theorem. The case of a point source between parallel
plates was done in a similar manner by Brekhovskikh.(lo)
The application of the Poisson formula to more complicated
problems is possible since the Fourier transform can be
evaluated using the principle of stationary phase method of
integration. The result obtained by this technique is
normally the first term of the asymptotic expansion of the
exact solution. Under certain conditions the method does

result in exact solutions and these cases are the subject

of later chapters.
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3.3 Principle of Stationary Phase

The principle of stationary phase asserts that as k
goes to infinity, the dominant terms in the asymptotic

expansion of the integral

f‘” jke(t)
e £(t) dt

where g(t) is real, arise from the immediate neighborhoods
of the points at which the phase kg(t) is stationary. The
method was first used by Lord Kelvin and later by numerous
authors such as COpson,(lB) Erdelyi,(lh) and Felsen and
Marcuvitz(l5)‘ The method is developed in great detail by
these authors and hence only the results are presented here.
The formula which applies to the cases dealt with in

this thesis is?

o0

j jke(t) 1/2 jke(to)E 3
| f(t) e dat = [ 2 J fltg) e I
oo k,gltitcsl
+ 0(1). (3.4)
k

The stationary phase point, t, is found by setting g'(ty) = o
where the prime denotes differentiation with respect to t.
The plus and minus signs in the exponent hold for g"(ty) > o
and g"(ty) < o, respectively. If g%(t,) = o the form of
the approximation is changed and equation (3.4) is invalid.
The product of k times the remainder in the expansion is

bounded by a constant.
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For multiple integrals equation (3.4) can be applied

successively.

In general, for a double integral the

following formula has been derived as shown by Born and

Wolf(16) and can thus be applied directly to the problem

as shown in Chapter IV:

" jke(x,7)
fx,y) e dxdy ~ i O o
To e [P?_XZHsz,
Jkg(x5,¥0)
flx5,¥0) & 7o
k
where
+1 4B >¥2, «{ >0
o = { =1 “ﬁ >)2, oL < 0
-j ﬁ8<:32
Y= 42

X

]
Qo
A

_J2
ﬁ J}-’-% (XO’YO)

%g = ég = 0 at the point (xo,yo).
X oy

(305)



CHAPTER IV

SOLUTION FOR GREEN'S FUNCTION
IN RECTANGULAR STRUCTURES

The techniques described in Chapters II and III are
easily applied to wave propagation in rectangular structures.
We assume that all bounding planes are perfectly conducting
so that simple image diagrams result. The image method is
used to find the ray fields from a point source in a
parallel plate waveguide, a rectangular waveguide, a
shorted waveguide, and a rectangular cavity. In this order,
the formulation varies from the simple case of a single
infinite sum to the rather more lengthy triple summation.
The ray fields are expressed in terms of mode fields by
using the Poisson sum formula discussed previously. These
examples require the use of the one, two, and three
dimensional Fourier transform of the ray fields. The
evaluation of these integrals is done in all cases by the
principle of stationary phase. The results are found to be
in exact agreement with available solutions for most cases

considered.

L.l Ray Solution for a Parallel Plate Waveguide

The simplest case to discuss first is that of a point
source between parallel plates located at x = o0 and x = a
in the y - z plane of a rectangular coordinate system as

shown in Figure L4.1l. The source and observation points are
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located at (x5, Vo, Zo) and (x, y, z), respectively. Appli-
cation of the image method to the determination of the
scalar Greent's function, G(r,ry) for the boundary condition
G=o0at x = 0,2 results in the image diagram also shown

in Figure L.l. There are positive images at Rn%t =

{[x - (2na + x5)JR + r?} 1/2 and negative images at
Rn~ = { [x - (2na - XO)J2 + r? }1/2, where n varies from
minus infinity to plus infinity through integer values and
where r?2 = (y - yo)2 + (z - 25)2. Adding the contributions
from all the images yields:

-3ikRn* - jkRn~
G(r,ry) = > { e -8 } (4.1)
Rn™t Rn~

Equation (L.1) is the basic solution for the problem
by the ray method. In order to convert the sum of rays into
a series of normal modes the Poisson sum formula is used in
the following manner. Rni is first written as a function
2mn or t and equations (3.1) and (3.2) are applied to
equation (L4.1). The Fourier integral to be evaluated is
given by:?

o«

j‘ -ik[r? + (x ¥ x4 -
e

[1"2-{-(}(4}{0-

)Zill/z-jmt

ta
Fi(m) = T dte (Le2)
ta
™

1
g )2 ]1/2

The expression for the Green's function is thus given
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-}

G6(F,70) = 2. _1 {F*‘(m) - F“<m>}. (4.3)
m= - o
Since the integral in equation (4.2) is rather
difficult to evaluate exactly, an asymptotic approach is
used. The application of the principle of stationary phase

to the integral results in a stationary phase point at

0 -

t. = T z—x ¥ X, - r g. (Lok)
a [(1%%)2_ 1}1/2

Using the formulation given in Chapter III the

+
expression for F~(m) is thus:

-jmm(x ¥ x) - jﬁr - T

F(m) = i) e & © > (4o5)
a (ﬁr)l/2
where ﬁ’z = k2 - @’3)2 . (Lo6)
E .

After some simplification, the Greents function is

found to be:

ao

_ -jpr + jm
G(r,ry) ~ - 2i1 > [ 2 ] 1/2 ¢ F T sin max o
a m=1 e T a
sin mmxy . (L4.7)

a

A similar formulation of this problem was done by
Pekeris.(Z) He was able to evaluate both the ray and mode

solutions exactly and convert one to the other using
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integral forms of the functions involved and the techniques

of contour integration. His mode solution is given by:

oo

Glr,ry) = -2j @ :E: HO(Z) (Fr) sin mrx sin mrx, . (4.8)

a m=1 a a
The right hand side of equation (4.7) is the first term in
the asymptotic expansion of the exact solution given by
equation (4.8). This result is expected since the principle
of stationary phase yields the first term in the asymptotic

expansion of the integral to which it is applied.

L.2 Rav Solution for a Rectangular Waveguide

The response of a waveguide to a current source can
be easily determined by the method outlined previously.
For a current source the Green's function corresponding to
the vector potential A must be found. From this the
electric and magnetic fields are easily derived. The image
method is used here to find the ray solution in the same
manner as in the parallel plate case.

For the sake of simplicity we assume & y - directed
infinitesimal current element located at the point (x5, Vo,

Z.) in a rectangular waveguide of dimensions a and b as

o)
“shown in Figure L4.2. There is no loss of generality in this
assumption since any arbitrary orientation of a current

source can be handled by superimposing the effects of three

component sources along mutually perpendicular axes. For
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FIGURE 4.2

CURRENT ELEMENT IN A RECTANGULAR WAVEGUIDE
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the condition of zero tangential electric field at the guide
walls, the Green's function for the y - directed current
element must satisfy the Dirichlet boundary condition (G = o)
in the v - z plane and the Neumann condition (JG//n = o

in the x - z plane. Using the image diagram shown in

Figure 4.3, the solution for G(¥,r,) is easily written as:

® i -jkR - JkR -JkR ~ JkR
=20 2 e e ° 4 e 3. e (.9
n=-o p=-o| Ry Ry R3 RL&

R1% = (x - x5 - 2na)? + (y - vo - 2pb)2 + (z - 20)2

Ro* = (x + x4 - 2na)? + (y - vo Zpb)2 + (z - zo)2

2

ona)® + (y + yo = 20b)° + (2 - 3z,)

b=y
W
N

]

»

1

24
o
!

N
]

(x + x5 - 2nal)? + (y + Yo 2pb)2 + (z - zo)z.
When the Poisson sum formula is applied to convert
this to a mode solutinn a double integral of the following

form resultss

c[ j“ -Jk[-x+xo-2na + (y—T—yO—ZPb)2 + (z-zo)zjl/2

foo e x*x -2na)? + (y—?yo—Zpb)2 + (z-zo)z)l/2

~-j(mtq+st,)

Application of the stationary phase formula given in
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equation (3.5) results in the following expression as shown

in Appendix B:

(=4

© _,j - l
O(F,50) = —ami O O, €g o of2lTmEol
ab S=0 m=1 /62

sin mmx, cos $myo sin mmx cos sy (4.11)
a b a b
where
G;S _ {'l s =0
2 s # o
2 _ .2 2 2
= k* - mm*~ -~ (sm)° .
£ (@ © - ()

In order to compare with available results, the
electric field is calculated using equations (2.5) and (2.6)
for a current element of length b exciting the TEpg modes.
The electric field determined in this manner is:

"jfaiz“zol

Ey = - wu ;Ej 1 sin max sin mmx, e (L.12)
a  m=1 ‘ZE a a

o

Since the only possible solution for such a current
element corresponds to s = o, the expression for f% is then

given by:

2 _ 2 _ 2 ]
Fo =k () (4.13)

Equation (4.12) agrees then exactly with Collin’s(l7) result
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for the same problem.

4.3 Ray Solution for a Shorted Waveguide

As another test case, we apply the ray method to a
waveguide with a shorting plate placed at the cross section
z = 0 1n order to determine the Green's function in the
guide for z >o. The source is again located at (%55 Yos Zo)-.
The resulting image diagram is identical to the previous
case except for the additional images in the x - y plane at
z = =zp due to the shorting plate. The new images are of
opposite polarity due to the boundary condition at the plane
z = 0. The required solution is given by the difference of
two terms, each identical to the right hand side of equation
(4.11) except that the sign of Z, 1s reversedin the second

term. The Green's function for this problem is thens

G(r,ry) = =4mi :E: > €s sin mmx, cos sy, -
ab m=l s=o0 o a b

Cap Bl
oz {e 32 Iz Zol_ . if2 lz Zo!}. (1n)

After some simplification, the final solution is given

by:
oo oo
G(r,ry) = 87 ;E: :E: €, sin mmx, cos smy,
ab m=l s=o a b
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e sin /Ezz Z 2 %

sin mrx CcOs SAy
a b

o)

_j A
e /22 © sinﬁzz 7 <z (4.15)

This is exactly the Green's function derived directly

from mode theory as shown by Collin.(lg)

Lol Ray Solution for a Rectangular Cavity

The previous solutions can be easily extended to
consider the dyadic Green's function for an arbitrary
current source in a rectangular cavity. For this we obtain
a general solution of equation (2.2) with the particular
condition of zero tangential electric field on the bounding
planes.

The excitation of a cavity by an arbitrary current
element, J(¥,) can be split up into the responses due to
each of the components of J(Fo) along the three coordinate
axes. Since the final solution is obtained by superposition,
we need to consider only the response to a y - directed
current element. The image diagram is then the same as that
shown in Figure L.3. There are similar diagrams for all the
x - y planes at which z = 2qd Y Zos, Where d 1s the z -
dimension of the cavity and g is any integer. By summing
the contributions from all the images the following

expression results for the 33 companent of f?(?,?o):




R7 .

[ ] foa) 8
Vi s
p= 2 0l DL 0Ty f (4.16)

N==0 P=—o == j =] Rj
where
Rg? = (xy-2n2)% + (y,-2pb)? + (zy-2qd)?
x) = (x-x, /=1, 3,6,38
X+Xo L= 2, 4y 5, 7
v {Y"Yo J=1, 2,5, 6
VYo L= 3s by 7, 8
7y = (77 A=1, 2,3, 4
z+20 4=5,06,7, 8

A typical term in the above summation has the forms:

Z Z Z - jk [(}q-zna)2 + (y,g-zpb)2 + (zj—2qd)2]l/2
[S]
n P

[(x,-2n2)2 + (y,-2pb)2 + (z,-2qd)? ]1/2
(4.17)

Application of the Poisson sum formula of equation
(3.3) leads to the following three dimensional Fourier

integral:

f/’f -Jk[ Xx-tla)z + (yp-to b)% + (2,-t54)2 ] 1/2
(2” Xz“tl%)z + (yj-tgy;?ﬂ + (ZJ-tB%)z]l/z

oo a0 @

~-j{mty1+stot+uty)
e S dt1dtodtsy . (4.18)
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Integrals of this type may be evaluated by application
of the principle of stationary phase with respect to t1 and
t, as shown in Appendix B. This reduces the integral of

(4L.18) to the following form:

@<

-j(mrxs+smy, ) -jf2|ze=t3d | -jut
=i e A /e ﬁz’/ —71', BdtB (4.19)
e /
2 _ 1.2 2 2
where = k% - m - ST\ %,

The integration over t3 can be achieved by splitting the
range of integration as shown in Appendix C. The typical

term given by (4.17) is then written as:

o

; ; S -j(max, +smy ,+unz /)
. . sl iy (4.20)
2

2abd m=-» ST~ U=-o
_/g22

The triple sum of (4.20) may be interpreted as the
sum of plane waves which, when combined according to
equation (4.16), results in the Green's function for the
cavity. By proper substitution of the variables x,, Vs
and zy and by changing the limits of summation, the Green's

function is found to be:

Gy(f,f = 1 > > ES v

b m=1l s=0 u—l

U.7r) /52




sin mmxg
a

sin u”nz .
d

sin mnrx
a

COS STYo COS
b
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(Lo21)

The complete dyadic Greent's function is determined

by repeating the above procedure for the cases of an x -

directed and a z - directed current element and then

applying superposition

the final expression i

I

S

By symmetry it is easily seen that

el = am D 2 )

€g €y €

VAT

m=0 80 U=0 (BC{f) —/5’2

abd
[cos mrxe €O0s mrx sin
a a
+ sin mrx, sin mrx cos
a a
+ sin mnxe sin mrx sin
a a
where
Em,s,u = \1
2

51yo sin smy sin unz
b b d
STy, COs gny sin urz
b b d
Snye sin sy cos Unzg
b b d

u, s, m = o0

u, s, m# 0

sin umzgg ii

<.

sin ungz,
d

cos urz kk
d

(L.22)

Equation (4.22) is in exact agreement with the solution

based on the eigenfunction method as shown in the next

section.

|
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L.5 Eigenfunction Solution for a Rectangular Cavity

The dyadic Green's functinn is a solution of equation
(2.2) and it has been shown(5) that if Fn is an eigenfunction

solution of

T2F, + k2Fp = o (4.23)

and satisfies the same homogeneous conditions as :7(?,?0),

then 27(?,50) can be written as:

J (F,7) = L Z F % (¥) Fn (To) (Lo2k)
non, (kp<-k=)

where the normalizing constant N, is given by:
] 2 rue

v
o m#Fn . (L.25)

The total Green's function for the rectengular cavity
can be expressed as the sum of longitudinal and transverse

parts, i.e.:

G (7,70) = wZ{in’*(f) Ln(To) + fgx(F) My (Fo)
n ’\n(knz-kz) i\n'(knz"kz)

+ ﬁn*(f) Np (Fo) (L.26)
T\Htr(knz.—kZ)
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where

F=L+M+0N (L.27)

The functions L, ﬁ, and N are given by Morse and Feshbach(5)
for various sets of boundary conditions. The set of

eigenfunctions satisfying the boundary conditions
Ve F=fAxF=o0 (L4.28)

is given by the following equations:

in=;p__r_rﬁ+§_z_rv+_g_1_rw (L.29)
‘ a b d
Mpn = -un V+ sn W (L.30)
d b
ko Lo a Ky ab fnad
where

U=1U=1 cos mrx sin sny sin unz (4e32)
a b d

V=3 V=273 sin mmx cos STy sin umz (4.33)
a b d

W=£%W==% sin mrx sin sy cos umz (4.34)
a b d

kn® = @n)? 4 (em)? 4 am? (1.35)

a b d

The normalizing constants are determined by the

following relationships:
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o L d
Nn = j?waf ,Lnlz dxdydz = abd knz (L.36)
YO €meEs€y
a b d
Nnt = N\pn = j[ lNhlZ~fdxdydz
[Mn| 2

- An [1 - mmy? J : (4.37)

a

Substituting equations (4.29) to (4.37) into equation

(L.26) and simplifying vields the following result:

+ V(r) V(r,) 35 + w(z) W(Tg) Kk ] . (L.38)

The summation over n represents the triple sum over

integers m, s, and u and it can be shown that

kp? - 12 = (yd_z_r)z - £a? - (4+39)

Thus the agreement between equations (4.39) and (4.22) is

established.

L.56 0dd-Shaped Waveguide Problems

The ray method can also be used to solve for the
Green's function for waveguides with more complicated cross-

sections. The success of this approach depends on the
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abllity to write a general expression for the location of
all the images. In many cases, the image diagram for a
particular cross-section can be reduced to a superposition
of image diagrams for rectangular cross-sections which are
easlly solvable by the ray method, as shown in section 4.2.
An example of a waveguide cross-section having an
image diagram, which can be reduced in this fashion, is
shown in Figure 4.4. 1In this diagram, the source Qy is
located at the intersection of the medians of a right-angled
isosceles triangle. For this cross-section there is no loss
of generality by the assumed source location. The same
image diagram results if we consider the problem of two
sources, Q; and Qp, located inside a square waveguide as
shown by the dashed lines in Figure 4.4, This problem is
easily solved in the manner of section 4.2 and thus a solu-
tion for the right triangular cross-section can be obtained.
A more complicated example to which this approach
may be applied is the case of a wavegulde with an equilateral
triangular cross-section. The source Q; 1s agaln located
at the intersection of the medians as shown in Figure 4.5,
which 1is the complete image diagram for this problem. The
same image diagram results by superimposing the effect of
source Qo 1n the rectangular waveguide of Figure 4.6 and
sources Q3 and Qy in the rectangular waveguide of Figure

L.,7. The boundary conditinns in these figures have been
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IMAGE DIAGR‘AM FOR RIGHT *TRIANGULAR WAVEGUIDE
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assigned to give the correct signs for the images. These
two rectangular problems are easily solved by the method of
section 4.2 and thus the solution for the equilateral

triangular waveguide can be found.




CHAPTER V

DISCUSSION OF RESULTS

The results derived in Chapter IV by the ray method
have been shown to agree with those determined by -the
eigenfunction method. With the exception of the parallel
plate case, our transformed ray solutions are in exact
agreement with available eigenfunction solutions in spite of
the approximations involved. The reasons for this agreement

are discussed in this chapter.

5.1 Saddle Point Method

The principle of stationary phase is a special case
of the saddle point method of integration. These techniques
have been discussed by Felsen and Marcuvitz(ls) and their
report is applied in the following developments.

The saddle point method is applied to evaluate

asymptotically, for large k, integrals of the form?

ke(t)
I, = f £t) e dt. (5.1)
p
where f(t) and g(t) are analytic functions of the complex
variable t along the path of integration P. To evaluate
Il; the variable is changed from t to w so as to permit

an easy evaluation of the integral in the w - plane:
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where

£(t) dt (5.4)
aw

=
=
]

and P' is the transformation of P from the t - plane to
the w - plane.
For the special case in which g(t) has one first order

saddle point at tg,, i.e.:
) =o (5.5)
g"(t,) # o (5.6)

and f(t) has no singularities near t,, the pertinent change

of wvariable is

glt) = glty) -w= . | (5.7)

The given path of integration is deformed into either
a steepest descent or a constant level path through the
saddle point. For complicated forms of the function g(t)
the determination of the complete path may be quite
difficult. Only the contribution to the integral from the
neighborhood of the saddle point is considered for a first
order evaluation. For the above transformation the inte-
gration along the steepest descent path is along the real

W - axis and the integral in equation (5.2) becomes
£0

keg(ty) ~kw 2
Il = e F(w) e dw . (5.8)

-0
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If F(w) is expanded in a power series around w = o, the
first term leads to the first order asymptotic approximation
given by equation (3.4).

We are interested in the evaluation of a double
integral by this method since in all the examples the exact
solutions were produced by the asymptotic evaluation of a

double integral of the form:
o0 o« .
' kg(tl’tz)
I, = flty,tp) e dtydtz . (5.9)

Applying transformations as before, the following

results are obtained:

glty,t5) = gltyg,ty) =w? (5.10)
F(w,t,) = f(tl,tz) dty (5.11)
aw

.t oo
: kg(t10,ty) - kw?

~ o -

glt10,t5) = 8lty0,tp0) - v7 (5.13)
H(w,v) = F(W,t,) dt, = £(t1,6p)dty dtp (5.14)
dv dw dv

kg (£10,£20) ~ ~k (w3+v?)
I, =c¢ H(w,v) e dw dv. (5.15)

The function H(w,v) is expanded in a Taylor series
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around W = v = ¢, the first term of which is

H(o,0) = f(t10,t20) |dt1 dtz (5.16)
dw dv (W= v = 0

The integration of this term leads to exact soluticns for the
cases considered in Chepter IV. Either the sum of the
following terms or else the integral of this sum must vanish.
The determination of the higher order terms in the expan-
sion of H(W;v) is an extremely lengthy process. If a
complete general expansion of this function could be found it
might be possible to establish a set of conditions on the
functions f(tq,t,) and glty,t) for which this method would
result in exact solutions. Another possible approach would
be to find a set of conditions for which the right hand side
of equation (5.15) with H(w,v) replaced by H(o,o0) satisfies
the wave equation. All attempts to establish these condi-

tions have so far failed.

5.2 PForm of the Solution

It is well known that solutions of the Helmholtz
equation in separable coordinates can be written as the
product of eigenfunctions. The first term in the asymptotic
expansion of this solution can be found by applying ray
theory and saddle point integration techniques as discussed
previously. An illustration of this is the parallel plate

case presented in Chapter IV, which has an eigenfunction
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solution of the form:

G(F,F.) = - 27 3 :E:: HO<2)96r) sin mrx sin mmx, (5.17)

a a

QO

2]
]

| .

where

p2 =P -
a

Tt is easily seen that the first term in the asymptotic
expansion of this solution, for large kr, is the right hand
side of equation (4.7) which was derived by the ray method
as shown in section 4.l. The sine and cosine functions
remain unchanged in the expansion. For all the other cases
presented in Chapter IV, the exact solution is the product
of exponential functions and therefore the asymptotic
approach results in the exact solutions. Another example
of this is done in Appendix D where the solution for a line
source between parallel plates is determined using the
principle of stationary phase in conjunction with the image
method and Poisson sum formula. The soclution obtained in
this manner is found to agree with the exact solution
derived by Morse and Feshbach.

Thus it is seen that when the solution for a gulding
system with separable coordinates is expressible in terms of
exponential functions, the application of the asymptotic

techniques described previously results in the exact solution.



CHAPTER VI

CONCLUSIONS

A systematic procedure to evaluate the Green's function

by converting the ray field into modal form using the
Polsson sum formula has been presented. In the examples,

the ray flelds were determined by using the image method.

When this method is applicable and a point source is considered,

the ray formulation of the Green's function 1is exact. If
these conditions do not hold, then an asymptotic ray solu-
tion can be found using Keller's geometrical theory of
diffraction. In principle, the conversion from rays to modes
can be carried out in all cases by using the Poisson sum
formula. The procedure to convert into mode form requires
the evaluation of the Fourler transform of the ray fields,
as discussed 1in Chapter V, these integrals may sometimes
be difficult to evaluate but for certaln special cases they
can easlly be evaluated exactly by asymptotic techniques.
The conditions on the integrand for which the asymptotic
integration produces exact results have not as yet been
determined. A more detalled lavestigation into this
problem would definitely be worthwhile,

This thesis establishes the ray method as a technique
for determining the Green's function for guiding structures
in which the wave equation may be separated, and glves a

physical insight into the mechanisms of propagation in
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These structures. While the eigenfunction method is easier
for slmple geometries, the ray method can easily be applied
to problems involving discontinuities in the structure(l),
curvature of the walls, or bending of the axis of symmetry.
The ray field 1n a circular waveguide could be determined
by considering thé superposition of an infinite number of
wedges, for which an exact solution is known, located
around the circumference of the wavegulde. The ray method
is also applicable to solve scattering of various bodies
inside waveguldes and cavities in terms of elementary

functions.
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APPENDIX A
THREE DIMENSIONAL POISSON SUM FORMULA

For a single summation it has been shown that the

following relationships hold:(12)

f(2rm) = 1 F A.1

nz;m 2 HZ; ) ()
(m) = 1 ) (t) o (h.2)
F = f t dt. A.2
SR f ]

The Poisson sum formula can be extended to deal with double
and triple infinite sums. By a step by step application of
the above formulae to a triple sum over indices n, p, and

q the transformation to a triple sum over new indices m, s,
and u is achieved. - The new function F(m,s,u) is found to
be the three dimensional Fourier transform of the original
function f(2mm, 2np, 2rq).

Ve consider the sum over the infinite ranges of n,

p, and q:

Zn zp: ; f(2nn, 2mp, 2rq). (A.3)

Applying equations (A.1l) and (A.2) to expression

(A.3) yields the following equations:

2;: f(2m, 2mp, 2mq) = _1 :E:: FB(u) = f3(2mm, 2mp)

v2rm U
(Aok)



-jutB
Fy(u) = _1 f(2m, 2np, LB) e dts (A.5)
vamw ) o
ZE:: f3(2nn; 2ap) = _1 ZE:: Fo(s) = fy(2m) (A.6)
P N
Fo(s) = _1 fxf(2' ) o052 (A.7)
s) = ™m, t e t o7
2 iy J 3 2 2
Z fo(2m) = _1 Z F. (m) (A.8)
n ey m
” - Jjmt
Fp(m) = _1 / folty) e~ T, (4.9)
varm o
:E::fé(ZﬂH) = j{:: :E:: fé(Znn; 271p )
n n ol
==§Z: ;E:,E:: f(2nn; 2np; 2nq) | (A.10)
nop q

o it
m now

Substituting for f5(t;) and then again for
fB(tl’tZ) in equation (A.1ll) and rearranging leads to the

final result.

Z Z Z f(2nn; 2/rp; 2mq) = Zm EHZ

n o p g

1 @
(27)°
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-j(mt1+st2+ut3)
f(tl,tz,tB) e dtydtodty (A.12)

All summations are taken over the range from minus

infinity to plus infinity.



APPENDIX B

EVALUATION OF A DOUBLE INTEGRAL BY
METHOD OF STATIONARY PHASE

In general the double integrals, which were
evaluated in Chapter IV for the rectangular waveguides and

cavity, were of the form

dtldt2

uf([’ —gk X-tla)2 + (y-tzb)2 2]1/2 - j(mtl+st2)

[(X-tla)2 + (y—tgb)z + z2]1/2

coo -~

This integral can be evaluated by successive appli-
cation of equation (3.4) or by direct application of
equation (3.5). The two methods are identical and the use

of equation (3.5) gives the following equations:

£(t1,t5) = [(x=t72)2 + (y-t50)2 + 52]-1/2 (8.1)
m w
glty,t,) = - [(x-tl%)z + (y-tg}s_)z + 22 ]1/2— rﬁ__gl-_skp_g.(B.z)

The solution of Jg/dty = Jg/Jtz = o0 gives the two

stationary phase points:

ti10 = I[X - m7 IZI} (B.3)
a F@a

t = Tt - Bo

20 B[y /%6 lzl} (B.4)




where
2 S 2

2 =
p2t =K -@mn® - em®

Evaluating the terms in equation (3.5) yields:

%= iggz = - a%ﬁé [jkz - (mﬂ)2 J
Jt1 (t10s520) 23 a
- J2 -
= 2% = 2% [/522+ (-@1‘)2]
ojt22 (t10,t20) 2gk3 a
Y= % - mss
Jtlatz (t10st20) 3
g(t10,t20) = -mm x - s y - fo 1zl

£ltypstp0) = 42 -

Therefore the double integral becomes:

~jlmmx + sgy + [z] )
- 2 7"3 ‘.! e -g_ _5. ﬁz .
abﬁz

51.

(B.5)

(B.6)

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)

The above expression is used to construct the final mode

solution for the rectangular structures in Chapter IV as

outlined there.



APPENDIX C

EVALUATION OF INTEGRAL (4.19)

The integral (4.19) which arises in the transformation
of rays to modes for the rectangular cavity is of the
follewing form:

R ~td | - jut
1= [ o o leg |- s

-0

dty . (C.1)

Splitting the range of integration yields:

L cfzg e_jLﬁzz + (u—%?b) t3]

-0

@ -3 ] - + (dfo+ u) t
+j e i /2’ ?42 : 3]dt3. (C.2)
Zn/d

dt3

By the change of variable v = t3 -~ Z7W , we gets
d

- 3Pz -J (u-d) (v+zm)
I= -e 2 J° 2 P T d gy
JBoz -] g 4d) (v +nz)
o f? f fe 3+ d T v, (C.3)

-]

Integrating with respect to v gives:

..Jujlz -jUJTZ
I= e i - + e d . (c.L)
~-J 2 u - g J 2(11 -+ d)
ﬂ ﬁz i ﬁ

Simplifying, the integral becomes:
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e T e d . (C.5)




APPENDIX D

LINE SOURCE BETWEEN PARALLEL PLATES

The method of images was used by Morse and Feshbach(lz)
to determine the Green's function for a line source between
infinite conducting parallel plates with separation h. The
two dimensional Green's function of equation (2.9) was used
and the ray solution was transformed into the mode solution
by the Poisson sum formula. The Fourier transform of the
ray fields was determined exactly by contour integration.

In this appendix an alternate way of arriving at the same
solution is presented.

The solution is formed as done by Morse and Feshbach
by imaging and applying the Poisson sum formula; resulting

in the following Fourier integral:

&

- mt
I - fe Jm l{Ho(l) [k ‘/(X"xo‘tl%)z + (Y‘YQ)Q}

-0

+ Ho(l)[k-\/(x-!‘—xo-tlh_)z + (y-yo)zﬁ]}dtl (D.1)
T

Note that Morse and Feshbach suppress exp (-jdt) and for all
other cases in this thesis exp (j«t) has been suppressed.
This difference results in the use of Ho(l)(kr) instead of
Ho(2)(kr) for this problem.

This integral can be evaluated by writing Ho(l)(kr)
in integral form and then using equation (3.5). Application

of an asymptotic method of integration to the Hankel function
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(19)

results in the first term o6f its asymptotic expansion.

When this is substituted into equation (D.l) the result is:

o

- Jjmty ~-jn Jkr jkr
I~ | e (31)1/2 e T)e t o4 2 dty (D.2)
oo Tk /2 IR
where
ry? = (X-—xo-tlﬁ)2 + (Y-YO)2
i
2 2 2
r, = (x+xo-tlg) + (y-y5)% -
v

Evaluation of the integral in equation (D.2) by

stationary phase in exactly the same manner as done for

. [ 2 2
-Jjarx + k5~ (mnm -
Jomx + 3 (mm) ly yol.(D

equation (L.2) yields:

.3)

T = b cOs mmxqy e

This result agrees with the exact solution found by
Morse and Feshbach. This is then another illustration of
the application of the asymptotic method of integration to
produce exact solutions.

It is of interest to note that the equation (D.2)
could have been produced directly by using the asymptotic
form of the two dimensional source that is used in Keller's

ray theory.
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