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ABSTRACT

The tinte*oi-rtimal control processes are considered for

a class of Líriear tine- invariant systenis lvhj.ch are singular.

It is shorvn that s ingularity occurs rvhen there is a

cancellation in the sysít enì transfer function. For single-

input sy'stenis, a unique solution exists rvhich is bang-bang if

tl're controllable stâtes are constrained. A generalized non-

unique bang -bang control laiv is shotn'n to exist f or nulti -

input systems.

For fuel-optinral control processcs, it is proved that

for linear tine-invariant systems, singular controls cannot

be optimal" In the case of non-linear dystems¡ oPtimal singular

controls may occur quite often, it particttlar, rvhen the

problems con-sidered are subjectecl to non-linear friction

force s .

Conditiolts characterizing singular problems ¿ye derived

and several examples are presented.
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Çili:l_rfli 1.,

GFili:iì.ir,l, I \r'f R0lluCTi 0¡ì

T'itc str-ui'tti;-e ancl s,øn'thcsis; of clttjnlal conti:ol processes
I

is the sirl; j ect cf ¡r.r.rcii cr¡T'-t'ünt r¡:sea-r'cll. '1'he I:,orrtt,i.íi iit.ti';
l.!axiinuiii (i'linir;ii;lJ i:r:il.ic i1:ic IP¡1-P) [¿8 j ]i¿Ls been one of the

main tcols i-n thcsc:cludie.s" T'his l;r'inciple nakes it possi.ble

to firtd opt:rral contrci stet',riilS. f-.rircti<.¡t't5 :{+l a lvi.cle class

of optimr'r1 prúccslcrs i¡r tcrns oF a liirear dif ierentia-1 equ;r,tion

ca-11ecì the acljoir;t sy'steni of tirc original- systeni equátiori.

A diÍ:i'ic.Lii ty a::ises i{lìcn i:ìle control var j.ab1e enters

liriearl¡' jn thc systern equ¡)tior: oi the j.ridex of perfoïmance.

Iir sucli problcns, si.tiraiio;ts lìtay occur r.,rhen pMp tail s f e

provicle ef'Êectir¡e optii:ri+J j.tv concl j tioils" The corïesponding

Iiam i l tonian func i j oll ceasc s tc bc aiÌ e xpl ic it function of the

control varialtles ancl thus viei-<1s no infornration about the

desirecl optirrial coirtroi-" lfhlLs class of prol>1ems js referrecl

to as "singular" problenis or "non-ncrrna1" problerns , in the

sense of LaSa11c.

In tliis thesìs, the neces*car)r and sufficient (if
possil.rle) con.litions ¿r1e est¿rÌl1i sìrcci for the existence of
singular probl em.s. The optirlization under study is time-optimal

fuel-oirtinal and tii-ne-rvcigl^,tecl {'uc1-optjnal prohlems.
I rrj:ìrì]:ì

i¡::::fil:]l

( -:r:{<lì
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In thc eal-l-ier riter-'¿ltrr:re of the calculus of
variations, cr.lr\f..;s r'¡ith sj-rrgular si¡barcs receivecl 1ittle
analytj'cal. atî:entj.olr cxc.cpt to bc explicitly excl-udeclfrom the
hypothesis of nost oir thc e:;tab1j shecl theor:ems. I:'vídently the
concept "singular ct)ritï o1t, is cf e veï)* ï.ecent origin"

Lasalle[20] (L9ó0) obseïves the coì'putationaL
cliff icul ties iri consl-ruc.ting- o1-.,ti.ma.l solutions i3 a class of
time-opti¡la1 problcnr.s, lo:: rr.hich therc cxist marLy control
1a-rr,s, each equal ly optinal " IIe establ j she s a set of theorems
tn'lrich chalacterize a rìoi'iïel- a¡ld a pïopeï- systenì.

At this staÊe , a ca::el'u11y expre sserl de:f ínition of the
term ttsingular" extrenrai,.s ilclcs ¡'rot a jrpeaï to ex j st in the
literattrre. ITaynes ancl I:ci'irics [13] (l9ó3) put for"r.'arcl a general
definition of the sin.ciuli:r problen using the associated pfaF-fian

system approach. 1'lrc1 are ccncerned onlv rçith probi-ems r,;hich

are mi1d1y nonlilrear"

Follorr'inc their ir,orl<s, a number of contributi.ons (Ke11y

[t6 , tz 1, snoi'¡ [so J, I(opp and rioyer [18 ], Johnson et a1. [14r1s],
Athans ct a1. [40 5], Th¡iii Isi], ancl Gorr Ig, g] ) have appearecr

rvhich throlu considerable light on the clifficr-rities of these

probLens.

Ke11y Irz] nroduces a set of necessar:], conclitions for



singuS-a:: arcs vi a t

miiiimizetl" Tilis set

ClebscÌi (Legend::c)

(1.1) -L¡ ut', q-aJf" ) lâu dt^ äu

t3l
hc secol'rd rrariatíon of the functi.o:r to'oe

of necess¿rry conrl itions is the genera lized

necess¿r jry concliti on:

í.i4.É3q

:;:,:):::'

1- _ n Â

Kopp and l.loy* rlsr "..:;;;';;;, 
";.,;;;';, 

cúi,sicrc.r-

ing a specia-1ly chosen class of per"ttrr'bations on the singula::

control u^n 'lhey harrc shorvn that, for a special class of
S

piecersise continuous perturbations the second variation of the

index of perfornairce (TP) along singul a:: arcs j s strictl1,
positive jf ancl only if tlie inequalitl, in (1"1) holcis a1on5¡

the si-rgular aïc.

Johnson et a1 r*ork out a class of singular probler'.rs to

illustrate the signif icanùc of singu.l-ar solut ions.

Goh extends the test of singuiar extremals for conventional

Bol za problems. In a series of papers he in<licates the

procedures for the derivation of singulai' extremals.

Ilosc of the r.:orks mentioned above consicter problems in
rshi ch the IP i s quadrat.ic

The rvorks 'of Thau, Srrorr' and Athans et a1, are closest

to the material pr:esented in this thesis . Sone of their

theorerns are disctrssecl, ar,rplifiecl, and extcnded to cover

the problerns considei'ed here.

l.ir'. -'l :.:.
¡. ..
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CF OPTIII¡\L CO¡JTììOL

The main obj ective cf this chapter is to revieiv ancì

cliscuss the funCrarnenta.l relationships existíng betrr'ee¡r the.

extren¿+1 o{ P}.lPrthc solution of tlre acljoj.nt systerr equation

induced b)' Pl'{P ancl the nax 01' min l-lamiltonian scalar function 
"

During the course of discr-rssion a schenie is sriggested. f.csr

classiff i¡" extrenals of P¡{P"

It is noirT necessar,v to forrnulate the control process

to establish' a quantitative basis for discu.ssion of the

rnate'tía7. to fo11or,¡.

The dynarnical sys tem rvhich i s co¡rtro 11ed i s a s sunccl

to satify the follorving vector differential equation

i, : -:.;:
;.. it_. .

i:: ::: l,

(2.t) *(t) =f [x(t);u(r) ]

w here x (t) is a vector rvith n comporients 1'c¡r'ese nting the state 
,,,,

of the s1'sten at i:ilne t, and g(t) is a vector lrrith T components 
"'

t,..:

.representingthecontro1inputtothesysternattimetanc

f[x(t);u(t)] is a function of xft) and u(t). For the remajndei:

of thjs thesisuv' 3n¿ u'or other symbols are functions of t
expl icitly unless otherrr'ise stated.

Fo-¡ Teasons of mathenratical expediencyo it is as sumed

that

;':r:.i+'l
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(a) tltc {unc-i:ioii _f j:; cr¡nt-lnirorrsr

(b) for c.,.ir f i;r*ci (t,g) tlre frinction { is

diffe-r'ctrti.¿ibl c ¡rncl i ts cicrivatir¡e5i arc cont-i¡-rrrous 
"

'i'he ir:"eci:;c :;i¿.;1-e;;r en'i. of (rp-uii;i iz,a-tion js as fol1o1\'s: i .' ,'i,,'.

Gir¡c:.. tlic .s;\,sioi.r {:l.f), i-he 1-,olirlclar'1, conclitions I(to),
the constr'¿ii:1t set 0(1.;iie;::c çt, i.:; t s(:r- of r-dinensj-ona1 spacr)

of thc: cont.r'ci- va.'-tiiil:its u, t-istta-l 11' ciosc,-l , bouirciecl ancl conl¡ex), ì,,,.:; i.,;¡-,,.;.,,

iì!'j''": ;ìr-';':;' :r'l

the t:+r'gei sct S arlri tire IP ' ; '
',,t,'.,,. 

' ',
.f i t.. ;, .,.., , 

,,'

(2.2) J(:l)= / ï,(L,,|:) rl
to 

i

then fj.nil the controi Li tii¿¿t 
i

(a) s¡tti sf j es tJ,re constrairrt !¿ e CI

(b)'[r¿l.ns{'ers the state oÍ tire systern fron {(to)
of (2 

" 1) to å(T) so that j:(l:) e S ancl j n so do ing-

(c) n jniniz,es tl¡e ïP (2,2)

Tlie searcil for tìre o,ir.tinal control- Ll^' is faci ]-itaicecl v j.a

the PliP lr'Jri cli r.,r'1-i- be staìed 
"

Pqiì{IUåç_IJl.ti*IJ}ig,y_*QYlÌiålg:i)*rr'!II!_uåu

If :*- is the optimal control altd -,x* i.s the generatecl

optinial trajectory, thcn corresponcling to u* anri x'1 thcre

exists a co-stat-c (adjoi:it) vecior p,? ,r-,.tr*that tî" follor.ring

relationships hold

(a) Canon ical equations

]r':.:':ii] ' ]: :: ':

(2"3) -.. _ air
4t' 1 ðpi

tf
" ¡ri

rr =_ 
¡5-'r â_..:
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t6l
where Fl is the llani:lltc;niarr funct ion g írren b)'

II(å,t,.H) = L(ä,g) *'.ru f (¿,ll)>

anð. lx. rlle ans the: partial de rivatir¡e s mnst bc evaluateci at. the

optinral ì¡altres 
"

(b) Bot¡n<1ar'¡' concl it j oirs

{'r (to) = g

5"(T) e S

lr'(T) --J.-s
(c) Mj¡iirn i.zatian of the l-tanil.ton jan

(2"4) f{o =lin^fl(åo,r¡r,r-t] ) = Il(åorIårr,!É)Í ¡¡{,,,.Årp*,tr)
ue s¿

for evl]"I t, toÉtsT ancl V u.

Tire prooí of the lrt,lP can bc found in I Zg] .

The conclitiorrs providerÌ by P¡,{p are local in natuïe

and in general not sufficient"

Athans and Falb t4] have shoiçn for u =<1 and x* ði^l =_q_' o'
ancl {*(T) =0 the optinal control 1ai,¡ is girren by

(?, .5) g* = - SGIí+ { nTgn 1

= -sGN {g*}

(2 ,6) g* = -Dþ,Zt { nT¡* i

= -DEZ {g* } for fuel-optimal
'I'hese equations provide a unique solution to tirne-

or fuel- optimal prol-rlems if cl / 0 in time-optimal ancli ,f l if t
)

in fr-re1-optinal problems over any finite interr¡a1 of positive
length. Such problem-s are ca11ed normal. If , hoivever, qx= 0 in
f i'hç sigirt-rni and deadzone functions are defined in pp, 380 and
438 of A.;ha::s and Falh [4],

f or t ine -opt imal

l1'.;:
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tirne-optiril¿l- ", i,tîir 1in fucl-opti*a-1 p'ob1c,ms oveï some
]'

f iilite intert¡r-.i r-.,il irosi tive letigtir, thc signtrm ancl the

clep,cîzc:rc f,¿:,-,tijlils ¿ìït not clcfinccl, aircl accoÏdi:rg1y an arb*

itt'ary l:rl 1i l,:i..î -i srrLisfl,' PìrlP. l'lie ccntrol i:rol-'iens are ca11ed. ' l

riofr*riüt"nìaì in tile sciìsc of LaS,atTe,o't tota111' sir-rgular" 
:

llii tÌ-r t.irs:L-1 pïe':,i ir,.Lnar;,- f aci s ilr rtind, ar cl-ear*ciii

cìefi.nitj.otr of sii',giilality f.or a cl.ass of control' processes i.,,.,:
i,;.a'i

i s eclr.¿tnccci -

ßefcre lr'í-tciii¡r'ting tlt:is, tÌr,: fol.lorvin¡¡ def jnitioil atrd

t-liecrerlr Ûf Lt-. 1,r-'sËi 11e )lleasLire are revi-e¡r.¡e cl ,

UJ:J"IT Tji-ii"i
süppose lr a Tìr , Ry î). Lehesg'Ìje) covciing of, a. set ì'{, jt

i.s nleaiìt a cr-lrint¿ii:l e secr'.teirce T ={ I1 , 'l 

z, . "'. .'} of opcn

irrf.erv'¿Is r.,,hich coveïs ir'f. If L(Tl.) is the length of Ik,

{:oïcrii.r'¡ L'iÏ) is clefj¡rcc1 to l:e thc numl;cr

i'(I) =,.': -,1'(Ik)
Jr'-' ¡

rvhenever tlie scr i e s on tl-re r ight conVer"g eS " The nurnlier

nr (11) = inf { l,(I) | r i.s a l,el:esg*e covering of ì'1}

is cal1ed tlie Lebesgue neasurc of l{.

l{hen ll is i;cundcd, sa)' }{ = [ a, b] , then

0 -1 ni(tl) 5 b-a

Ifm(}i)=0,¡fissaid.|obeaseto-[measuÏezeÏo.

TtuloRI:]l 1.

If F is a *suiitable cÇi'l-ec'-ii'¡n ¡f sets in E1 say



ts l

such that:

then m (l'T)

DIIFIÌ'1ïTI0l'j

F ={F1 , FZ,

lrtll:, I =(J for' .t('

j\l =' Ü F,-
k= t '.

1

each )ir 1et

Fr.T]J

and denote

r

Iror cacli r¡alue i, i--lo2soonoo,.Te clesignate
n

Q==I Ii: b..'Ji"¡^r l''l
to clefine a. srtitcliing functioll ancl denote the set

r (li) = lg,I lq k =Q (time-optimaL) or

lq 1]-i =Q (fueL-oPï-ima1) )

Lr;r T the s; et
1"

=Ut(k)
k='l

then an extr:erla"l (erI) girren on an interval I is ca11ed "tota11y
singular" if the set

ß =. t t I t e I ancl prT e f i
have positive Lebesgue measure in I, whele T denotes the t r¡tie

interval ItorT]
In other r\'ords, a totally singul,ar arc or sul-'arc

occurs lvhener.et' the inequality in (2,4) becomes an equality

over a finite interval of time and I{ thus becomes independent
rFIof u . If for examnle fl is linear in un, 
,OO 

vanishes over a

f inite interval i the Pìr'lP f ail s to select the optimal control

in this case " It is cl ear that if a Lr* exi,"î:r , it must

satisfy the requirement that the systen,reniains on a path

[ì:¡1 ¡::;

:

'::-.1

iì l::: ,r
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tel

Xrr.'f Isuclì tii¿t -n"' -C.
o uii

In tcrìillai, tllr: cleterr,-ìjnatio¡i of lvhcther or not a

t-ol,;:-Ilj, jiir.;¡';1.. rlo¡iIrcj sai-isf ies l.Ìle ncce ssaï,v- ctritl,.iticns of
¡' 

'1..;;:;- 
'

P¡iP js 'it.Jt ?L tlj í.rlicu.11 t-eisil; the clil';ticult,v js to pïove 
r":: 

"

thet tirir; û,ì:L1"i:ìiìr3-1. i.q oprl itriil-l .

ïn î:hjs lires;iso a ciistiircticn .i-s made l;etr,iei:ii a 
-,,,,,,,,.

: : -:. r..'
sírrg'*1ar an<i ¿'i 'i-ot¿i11i'sìr:¡¡rri¿¡i- Jll"otrlenr," Ìlv total singlrla.rity " ;,.,i,:l.,

it i..; mÐ+ni 'tirat 'clie I)r\'11) Íails to l.rr"orrirJe ani, in{ornation , ,..

¿itolrt. trll t"i;c cûi¡i:'f:J. '"'Ílïial:, 1cs- if. ü:rlü ûi'litÐi'e riont.:Ìj',:),L 
i::"r'''

va.r:iaLbJ-rs ri-r-'c ri,:f ;l*du r:lle r tiie lirubleri is sai,J to be sinqular'" ì
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l,Ì"illliåii.l

'I i Ì'iir = o1''r" i"i'l"å.,i:l_:ji:n:ill. J'.tllijJi"L
5i l,. i..-,l-

It is r.:c1l I'n¡r',¡l'l i-i-.;ti; i't a coi;ti=o j sysilcri i s tc be

opera-tec.l f::cll a I inrii-cil .soì-'ìi L:.r ti llr-ri1¡ùi:, arrcl j,l, t[ir: 'i:r:ajÌs; jt jrríì

tinic fron súl^rc ilitial statc i-o sûlîc ,finril sta-t.e ís to l--.e

mini¡nun, t-hen thc coirtrcl. st.r'aa(ìey js io utilize ai1 ar¡aiJ¿i1;lc

por\fer" This h¡,pot.lics:i s i.Zt] j * c¡rl lccl 'rT'iir ila-llçr-F,arig, Pr inci-p1.c," 
"

For" it noÌ"In¿ìl t jnt-opiilt¿''J iriclil-ci;r tirç; c.o¡rt::oi iiit,; i;l uiri.cltr<;1t'

c'Le¡!ined by'chjs hvirct-hcsjs" irc,',,evcï" if the pt'oÌ;1r:n js

.singrrl.ar:, the r.¿r1j"c',-L j;i' of tll.l:; iL';'r;i-,tiir¡;Í s j s ci'aôll to con iecl't:r.l-l'e.

Ì.loreover.', t}'re tiilre-o;:tii:i¿-ri --,iìii;t. ion i:;; _r,: r'torì*unirlue ei'Èrj i{

tJre soLr.rti cn (s) el:ists. l:t i s f ¡;rrni tirrit rìir(icï c.eri:¡li.¡l

coirclitions and rest;"ictjriilr-,-; ? !ícrìùl'¿Ì-ljzcd "ßang-ì9elrg Pi'inci¡;ierî

may be establisirecl ri'ith I'c¡¡i-L;.j t-+ i-iie sin¡t'.i1a:' p::<;l:l cn,

92, Thc 3ii..rit"!¿rr Projtl-enr

The plobl en i':osecì. i s tc rìeieLniiie the contr:o1 i-ar'i lr.iricll 
.-,,, ,,.,,r.
-.j'.i:::_::ìrrl

steers tlle syste¡i frc,n sonic:,.riiiai 5r-íLte to soïrìe fi¡r¿il- ste,tc

åf ( in particr-r1a-rnthc origi;r !") in i,'i.ini;¡iu:t tjme satlsfyirig
:the dynarnical .s\¡steÍì of iite.i'o-nl

i:'iì]lil:::tlr: .iii(3.1) I = i\I ' Bg ::

y=c:r

: :: . :,,'..'



[1i]
rr'here A i.s an nì{r-r alti Ii is an nKr cotìstai-¡t matri:': , rçith u

corlstraiiieil in nilgiijtutle by tl're rclatio¡r

(s "2) li.r.1 <1
J

Treating the prolilent r¡ia'the P:\.íP ¡lethocl of optinizatiorin

thc FÌa¡rril to;lial i s

(3"3) ft(ä,!rg) ,*1 +<t,Ax>'..!,8*t

wlrere g ir the c.o*s tate vectó:: satisff ing the canonical

equ.at ion

(3'4) t 
= ]3i;'.,- r\!_

and thc control larv is given by
.T¡(5.s) * 

= :::ì::,r,
rr,hich can be r,'rr.ra"î in coniponent :torni as

n
(3.6) Lr.i= -sglì{I b;.p.}

J i=1 r-j r

= -sgn{ oj i
The conclition for totally singular control

occrir:. rvhen nT! ;0 V te ltrrtrì e[0 ,T] ; then u is arbitrary ancl

may be optimai if lul<1. If for some j, i=I12¡ '....r¡ a¡=0 \¡t

¿ lt.-rtZ ] e [0r1'] then the probleär is said to be singular,

I'iith these preliminaries the follorr'ing def inition.s are nade.

DEF INì iT ï0Ì.Í 3 . Norrnal t ine - opt imal problem

If for a1l j, j=1r2r...".r, qj f 0 except at l= a 
rj

,-:. ¡. ...r:: i : .;

I-_:

:

rçhere a.,, j is a coun-uable set, of timet a1j , t rj, a 
r_i



ts
vJ

[0, r]

the¡l thc problen is said to bc

11 2l

Y=lr2r.."."n
: -1 a
J=Lrle.,.".T

norrnal t jr.re-opt jrQa,f .

Iíì:i II

HIlI"lïjå "i. S ing u J- o r t i m e - op t j n s l pro l-r l erir

Suppcse in tlre¿ inten¡al I= [0 r T] there j s one or niore

proper subinterval lL1.rt27 r n It1rt77.e [0rT] such that

oj=o for all t e ltr,'t11 l"u ,"; r;,rl iu then thc protrtcm

is saicl to be singular time*optinal If. the condition holcls

for a1l- j thcn thc problem is totally sing¡uJ-ar.

s 3 . Ëpngry*il e,,Þj] :!_y_ er4 ]lx j ste¡q!i_of Og!-i,na1

Controi

It has been shorun t4] that a nece.ssary and

cond it ion that a l ilrear system def ined by (S . 1) be

controllable at tinre t > to is that the n¿l-trix

(3,7) Ç= [ R, AB, 1r2p,r............nn-lg] has a

for all

sufficicnt

compl etely

rank n

t>t
o

Thi.s condition can be shoh,,n to

nt that tlie matrix [28]
tl rn

'lf (to,t1) ={;a (to,t) BB' o (to,

t ivc clef in it e f or some t ime t
1

T deirotcs the tt'anspose of th

) is tire fundanrental transitio

stateme

(3.8)

be posi

scr ipt
0(t, to

be equivalent to the

t)r dt

> t , where the super-o'
e matrix, Thc matrix

n natr ix o f (3 . 1) rçith



[13]

the fcl 1 or.',j ng Irt-oltert ì es ¡

(3. 9) [ ¡t, to) = Ao (r, ro)

o (tor an)= I thc iclcnti ty' *otrix

o (r, to) o (to, a) - I

and conseeuentl¡r 0(tort) satisfies the equation

(3.10) o(to,t)= -o(ro,r)A

From linear algeìlra., ir orcler that the natrix IV(tort1)

be posi tive clcf ini te at time t1 , tire quadratic f orrn

(3.11.1 /ft'(to: tùL (r,,here z is a constant r¡ector) rnust

be greatel th¿t zero for all L 10,

Substitutc (3.1,1) into (3.8) this condi t jon can be

rr'ritten as
fLa(s,rz) ¡-tl'.(t^,r¡nnTo¡to,.t)Tå dt > 0 v zl0t

Not,, partitlon the B natrix into coltrmn vectors, i.e.
B = [þi -Þz . .Jrr]

OT

ancl

BT=

bl--l-

,1'D¡'L

BBr=.í-urHT
1=I

reduces to

T.I
t)*l'

/ 
t1r'l'. 

(t
tot

-1

and (3.72)

(3.13) r
Ii 't)bil

2 d,, > o Yzf0

Y.æ,¿
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lJote this co¡rditjon ini¡:1ies that
rI"

(3,I4) J,.'Õ(to,t)lli i=1,

are not- i<1entica1l-y' zero o\rer thc

time inr¡ariant s1'sterr there is no

and t. =J "I

La-ca11e IZO] in his .treat¡nent of tine-olttirnal control-

systerns discusses the concept of normal system arrd p-roper

system. In the notation of the present formulation the

follorr'ing clef init ions aïe nacle.

DEFINTT'IOT{ 5.

A systen j-s cal1ec1 pr"oper

of positive length ín1i1.ies z =0,

DEIìIN].TION 6.

A system is callecl noïna1 if for each i, ZT Q(0 rT)!i =0

on an interval of ¡Ðtl-'zeîÐ lenqtI irnplieS z= 0 E-,¡ì Ê'lnag iitÊex'vai.,

otherv¡íse i t is non-no:::naL or singular 
"

From thesc clefinitions it i.s obvious that every normal

systen is proper, but not e\¡ery proper system is normal. Thus

a proper system is equivalent to complete controllability of

the system [20].

)r..t....er,

irrtet'va7 [tortl]. For linear

loss of generality if to =0

íf z'0(0rT)B =0 on an interval

otheyr.:j.se it is improper.

clef init ion of norrrìa1i ty of a l inear system

a nornal time-optimal control problem,

(3.14) to obtain

_-n

To relate the

to the definition of

take the transpose of

l¡i':,.r:
i,,,:ì;
i'.,+,',:":
¡

(3.1s) IrTo(ct,T)Þ.]
].



[1s]

Sincc z is :).li\¡ ¿i:r'l-,i-tîü:i'r, \'aÌctot', z. iÍiít-j/ Ì:e vi el.icd as the

initial co*.statc'\rûc1.ûì'il- i,liich i:; :rlsc ¿rr-'biti'n11' ¿iti rtill- be

shortn i¿rte:" i:r t]..is cÌiitrr.cL.

Thus tlie ¡-;i:5i-¿1ri 1¡ciil.q lùi:I'1.i11 is ecluivaielt tc the

noïIn¿l 1.i ty o{ f.i;ri,i--,,,rÐi-'ìrriiili n:-:irJr:ni ,

l\ ct.'i'i:cr ì.i:it .i-'t ¡ tr st i ri¡: a j i;ie¿::" S-y'str¿ri-r cicsci"ibe c'l b)'

(3.f ) t.ú be si;r¡1u1 iir ûi'irf*i:ili'- sjnqLil¡,r' is ç,,ìven lrf the

fo11ot.'ing thcoraÌTis 
"

THTìORllif ] .

Tile tjält,:-'.;¡..'Li::t;,ì i.¡ol.ielri js tg-i-ili1.;" Singular: if alid

only if the s-ir{ riÌjiì is ltoi corìtj)ictc11' coi-rtr:o11ah1e 
"

ProoÍ': i'\ssÌ.lllc the si"stern j s ¡iot coml-rie te11" control-1ah1e;

then the i¡atrjx r.ir:fined b)'{J.7) h¿rs ¡l ranlc less tlia.n no It,
follorr,s tila'r thel;e exists ¿'r non-zeïo vcctor z si.lch tli¿¿t

(3.1ó) ,TC = oT

z,T û, ,\Ìj * ,tn-1Rl =ûT'

oï

By the Cay'ìe;"-llei-rr.ri.,.cl:'i h¿*ìi;rii Ììì::?,r-,i.::i i sí¿i.iiii.l.g,s i'ts Çi1{1ì

cltar;¡.r: t,;i.i -,1 t :c t:+,,iat j-oii." i . .r,

n*1
;\.n = f ,: .,t 

j

i=0 l

for cert¿lj-n t'ea1 nuriìrelsci5 j. = 001r.. ,"n-1.
Thus T -n-iz'.\.ilB = rT- i. ;\iB = oT--i=ö i

lr'.:.

t....



i1óJ

Iiy
,.. ,I.

,".Jil j,î, --lì,\ l) ' Lr

't.¿, ¿",i I T-r.-,l i,"

f or a l.l lci¡ i i.

Since z is lori-:.c1'o
rtr 

^snI"*,..\1, ={j

't'R'P *fl.

[-lence tl.rc tirl*-r)f,1::iill::l ¡'; trbieil js i-ot¿l-lir¡ singu ia'r"

Assuiii¡: tJle Liiuc-oiiL.iiri¡Ll. pr:olrlerrr to hc tota-1.1,v s;iri¡..iiÌ.ar"

By clefjnjtion

(3.18j 'ï'q- tj ll''- ^ 
\t f r- ^ 1(,, \: L U lL. tr 2j). .-

ailcl it-ç Íir':;t n*; 'i:-i r;ri <ici"i.i':r¿.ii'¡::; ü.i'i..r ,r,r.;,r-i)It follot¡s tiiat

i"e,

inciut:t i oli

{

Ììid:È'ii7_åf.éHg{së

Therefolc

(3 
" 1."i ) r't c"'A t îl '' r't' i T çT

2i

(.i. I i] :irillrl ie'.'' Lii¿¡'¡

ol'

(l

(3"1e)

Denoting G

rsritten a-i

(3.181

n'l',.Dl,

otnhi.,
v=

T 'f¿
n',\' rat'

:_;
BT,\T

BT]\.T" '

_ \J

--ô- (,

- r'ì
- t,

Ì:l -.0

-nil - \ j

:-,.

as tlie natrix clefincd. (3.7), (3.19) can bc

\/ t E It1,t27

^l(-, l)

Sincc l,.l C, ii +i-^ s1'stc;:i ji; 1:ñconirol-iai:i c"



liil
!t, cÕn j cri: i-',¡ re tlia.t onc might be ternptecl to inal<e j.s tha,'c

j-ir i-l're sy'stc;i:t i:; cûîrìp1etc-1i, con'tloiierblc, tlrcn it ac"nj-us rìc

"cctüi i,v s ingi:-iei 3]f^ii'cna-"i-s. l'irj..: js not true as shorçl'¡ il',

J:x:ti;iÌrlir 2, i:crie i"ri', j t xi¿r)' l;e asseltcel t.Ìlat to;:al1), singular , ...

e.':.t.:i'clr':i.l :: c¿i¡::,oi ì,1. cìii:iii:.il . Tiris is Lrecausc C has a r¿ltll= ilå

irr r''i:icll c¿::;c z 1''i¡,s to Ì,.e: :i.:Ì"J"Iìu'r hy Plíp, thc extlcnal-s Ítrc-;

Il0t oi;t iriri: i "

Tn ol'cJ,cl t-o irt:o'.-e tlrc ne;,¡t theorcno it is assu:lled that

'Èl:e," nr¡t-.i'i.:; is al :;iirpJ-e sr-.rl¡ct.ure [33].ln otller ltorcls, ttre

cigoitr.re c.tors íislscc':ì a'telci rr'i tii each eige i''.value o:f A ?,Te 1-i-:rearly

inclcpen.deirt, l Ê Å iias dis¿inct eìgenr.rali-res or if A il¡rs: iridi stinct

e i-.gen'r,'a1-r:cs i'ihjcir ca:rl;e 1ínked ín a Jor<lalt cirai:r, then their

ei.genvectoïs aj:e linea;:if irclcircnclerit, a¡rc1 they cotlstj-ttrte

a lras is for tire .stãte sp ace .

TIIï;OiìË:i : 
"

1æg

.:.9

Assi-ime ,\ -is of sinrple structui:e . Tile time-optirnal

proirlem is sir-iguli:r if and only if for sonìe j, j=7r22.n...r

the rnatrix girrcrri by

(3.21) g= [,, .\1,. ... a ¡.. o G r "..4n-1-þ,]j --i -) -J'
is silgular 

"

Proof: l,'ecr:ssity-1.1j-nic tìre i,.roof of Theoren l using

(3.1S) ancl ïe-1^,'ïitiirg it as

(3 "22) ll_. =..Þ.,û = 0rJ
to shol', G. i",", a ranir less til¿rn n.

J

i.,::::"::



--ffi*.1

l18l

is tf sini,'1c -strilctureu CSr-i J- f. i c i c rì Lt \' : S i-i',r- ,: ,\

t,jlrittcll iis l?r:1

('5.23) l- I lr
l: I

i,:lii:r'cÀ i-.; tlie l;t
1-t\

(s.?4)

ineo

t. -.

À,.i)'r-'r.,j"", (4"À1. I)tt*t t,,,r,

ìqc;i."i1i.;c tj'Li1 l1= ir7.r, n anci

can be

r ¡-'l
n

ijr.,' i:; tllt: i'iji CC.'ìiioiríjij t- (, i: tliC Colri"ill I

i,J , ;l LjlL Lull'll'liÌ \'L:LL(IJ "i o

Siltce G. lle-s ¿-: i'alll,: lcss 'rhall fi¡i it inir lics that thcle c)tist
J

CCftein l:CAl lllin,l-. i':T', Ç-i-, 1..0, i. ." ø .J e e ërn-1 -such tllr¿t

og'(A-ÀnIi
rr-1-¡..". ...fc .(A-À.,I)"'lh-.,ir,I' Ir ' ) nl

By assu.ïrirtion o tìrc ni¡tttíccs (r1-f i I) to i=Cirlt . " " n o nr'ì-1 ar

lj.near1y incle¡-endcnt, t'-hr: cnefÍji:ii'i,i';; arc uniqr,rely Ceterni

uni-quc i lr thc setlse that. n - 1 o f thell can be solttecl itr terln.s

Èhe I€a¿Àiriing cirïee

The n eqtiatjons l27j t'hich cletelnine tJre coefficients c. can
1

be rçritten in n¿tt::ix fcrn as

hT
LO

=Q

t.j

ne c1¡

o.f

-c -lol
cl 

l= o.t
I

Ic -l_ n-11

^T-t. n-1t,2

'll

I

I
I

i

=j
i

i

IL

-Âc

J.F 
(À 1)

I

lF(ir)t"

I

Ln 
(t,,)

i'(). )

1

i

Àt

x?

a\L,*1

a\L

^2(3.2s)

n ^¿n

OT



'¡

1!. !

Ì.: :.

[1e]

Tllcre Forc
"l

(3 " 26) 9- i-. (À )
n* -[-1\ \' .1 -.Sincc c*"= ) ; j 

^', 
tltc cocf f jc.icl:i-.ç s. ir'r'c

ilo ' '_n I
c: lrlletl one ccriiptltcs e " þ;' Si'lrrcstc:-ts Theorenl

1 ..4Í- T *Ât.
TÌrris c ""b; =0 ar¡rl fol ¿iny' non-z,a;l'Ð !.*r 'a c 

_b)*)
Therefore tlre tiiiie -o])'tina1 prt-:blem i s .singular.

lJotc that thc abor¡e p1'ooil uses the fact titat the eigenrraules

are distinct" The s;aiìte result can be obtainecl iJ' the

eig.cnrralries are inclistiiict, l-ìrovjdeci tJrat they can be linked

i n 'd Jc::dan chai.¡:

I.'or ¡ro¡rer:tics of natrix,A othcl than that Â i:; of sinple

structurc , (3.27) iso in general, instrffj.cíent to gltarautee that

t¡e tj.¡ne-optinai. irroblerir is singuiar. Ilr sttch probl.ens(e.g. A is

singuiar) , there cxi st some initial state-s for rvhich the

time-optinral is norirtztl, t'rhile for other initial. states, jt is

s ingular .

The f.act that G or aj is inclcpendent of I_, p. ,tlr ancl t

irnplies that a ti.i're-optimal probl em is singtrlar or totally

singr-rlar V t, te It1rt21 e [0rTl o thcn it is singular or totally

singular for all t, t >0. The r¡crificatioll of thi-s statement

na)¡ be rnade 1,)' jirr¡ohing the l-rinc.inle of 0¡:timality [4], r"hich

states that an)¡ portjon of the op'r,iirrzì1 lrirjector)'i-s also opti.nal."

Regarclíng the existence of s:ngular optimal control, a

ferç facts ancl tlie terninolog,v of linear algebra are tisecl to

pl'ovide îL frari'ier.;orli to discilss the resu,lts rr'hicli are to fo1lort.

piÈ[::ic7\' 'ihcse

Lz6l .

,= 0Vte [t.'rr.]l



----1",r,1¡'+Ë¿i:";r;4

[20]

A1:peircli-t -\ i:; clsi,'o'r,,-:cj tc lrasjc,ir:íinit;¡;ls ¡n.i cle:::l¡ation of

tÌtc fluld:.Llttei,'t-íi,.1 i'csii-i ,:;'i.o i,c t,scr.l in this cliaÐ'ter"

'l'llc <,1¿fi,l.,.i r'íi:,ri oi doir¡i ìn of ccnt,r"ol l¿¿'l,i.1i t;r' [2a ] i s

gífren jiCl Oi.r 1-:-, f f:,::- ',i :.Ì-¿:., :,, '.l j:;Ci.lS:i,iOn O1t ti: r,' e:':.j StCllìCe Of ,'.. .,.,,l.:,.1r.:.:.:-:::

s irtgtil l l t-r-,¡'i ;-i'l s .

r];}till-li.{}ì].-'
Thc cloirt¿,ij.n l;.1: llr-r-i.i cülii.iti.'11a1;-i1it1' 1' Í-oi: tl¡e ciiÍfere¡-Liiai ;1,;,,::.:.:: .:'. :

1 r'-- t..1- ^ ..:-. -- c---,..i"4- ..-^r- a) -î. .!nfinnrlequarlo:¡ tr"rj iinii lor the ¡;i.,'r':t'r coilstr¿ijlt set fl is clefinecl ' ::

la con:i:i st oÍì ¿ll-1 pOjl-its ì!-¡ ¿ i'111 f o:r: lth jCh there eXj-sts a '"--'''"'"
._:: :.; r

I!ìeaSul:a.h..]e}:L(|)Êíì(c1eliiniii1Oilscl,ì1.*f.i;.'j-t.cjnteÏ]¡¿Li)r.''lrich

stccl"s -\ to tlic o;:ì.5 iii Ü " 
i

-.-o l

l

Lee ê-ntl lÍai^i':ir:; l Zii 1 ir i"¡vç iìl¿l t i f t l"le systen of 
i

i

(3.1) i s c.onp1ctcir.. cûì11-i'Lr j.1¿,ilil.c end tÌre eigenl'a1ucs of 
i

Ì

A halre nûgatíï ¿ r'i.,¿ri lìiri-i-:; rvitlr the assullnt jon that 
i

j

u =0 lies in the jntr:rjci: oí. 1,, tÌ'.cn thc donain of nu11 
:

ni
controllaì>i1ii¡'T is thc t,'ho1c stâti: späce R

Contr:o1141:i.J-ity c1- a s.r;'stenl cl-s forniulatcd iibor.'c is 
'1,,,._,.¡..,:,;1,i :. ': '','l'

sL¡f f ic j ent to ellsut-e tlte existence of aìl input g on the interval ;,,,,,r.',,,
l'.:.:::.::r'

[0rT] to reglrlatc t]ie cut.i)r.lt to the oï'-iSiir . Flot',ever, this ,"'""':'j':"-'

p1-opcït1.r cei'[¿rinlv c].oc..; rot repîesent a neccssa-ï]'conclition. Tt

is ol:sert¡ecl 'tli¿it i. .rcl,e' i.o :regulatc tlie oill-pLit, it suf f ices 
¡.¡:¡:1::..;1¡,;1,

to f incl a co¡trol i-i. I'or i > T :ìi¡.r'.lr that the soltrt ion of (3 .l ) ii....*'.''.

clenoteci b1':! fol" -¿ ) T s¿tisÍ ie:ì ".he ec¡itation

f'? 'rï\ - c:t = Q V t > 1'tJ..1j ) ),



_r,,<sP-:þid
t1:'a\
t.

L'211

ír.ii I f:r i.'iiic]i ¿r contt-o1 can be foullcl

t.c.¡ g" lí tl'ic 51'stert is 'control1al-.1e tlr.:¡rt

fcllind " IIot*cver, thc s1'stern rìra\¡ not-. be

is cúr-rc.oir¡¿iì;1e tha-i: a control c¿rn be

x to û. Foi.'il:is thc fo1lor.,ing clefinitjon
--o

Dcrrote Î tiic set of

to clrirre ti:e s.\,stilììì

¿l !l c.crtainl v c¿ril bc:

controllables i'Gt ìt

found That wi 1.1 i'c;ice

is essential.

i]EFINITlOi,i 8

cont;'.o 1 l. ¿'Lì.'l e

t-. ) I.

tJrere exisis a Lr such

of this tllcorcn

st¡ite-s tir¿rt tirc

l spa"ce of a7l c

is rr such th¿l

filst ::r \:ecto

ntailt:i, 1¡1' oncs co

C I'y li(G).

hasis cho-seû¡

itcd titai
-ì

^t 
I"r r I^-l
| , lt.llc.
i

^l 
;t'22'

A stati: Io
that.:(T) =fl fcir

ïJILLç-BI[-:" "

A st¿lte .i s

range of G.

Tlle Proo -li

Theoren 3

by R(G) is tirc sLr

dimension of R(G)

^ -nbasis for lì". Thc

anci thc (n-r') rc

space of G denote

In the rìerr;

prinic. It is as.se
t-(3.28a) ln'\-.---., 
1"11

Â'=l
I

Lo

ts
.ì1't
cL ). -t-

A.

notccl

R(G)

nul1

contloll.airle if a¡rcl only if it is jn thc

dcnotc nari'ices b,v ¿t

i s J)i'e,ic¡rteci iir ;\':peiitl j x

rä ngc o.[ the mat r ix G de

ontrollal;1e states. If th

t rt < n , one can pick a

rs const itr-rte a l-.asi s f or

nstitr-rte a basis for the

P 
L:l

.il
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As-suine A is staÌ-r-l.e i"e Re À <0, *i(0)=A and xl e R(G)

ancì U. =0 is i¡r tiie inteljo:: of A , then tJrere exists a control

l"l f1. nhich stceïs x , to thc origin. If g sa-uisf ies thc llllP
J-

thcn g is ¡r nrillinlal tiine controilcr

Proof : B1' Theorcìn 3 a.ncl Ilef initio n 7 , the c.lona in o Ê

nn11 controll.abilit¡, I' is the sulrspac " X-i =Q. Thus there exists

alu,l <1 rr,hicir steers xr to 0 j.n lniltil:rtuli tjme. If u satisfies.J,:
PlvfP tiren there exi.sts an optinal controller g on the interr¡al

[0á t S tu : H steering 1 to the cr."ir¿i,ri

The existence of an optimal control for completely

controllable :;y,stens has been protred b,)' Pontryag in et a1 [ 28 ] .

l2sl

for the e;t j.stctii-".e o.[ ai] optinial. control y for singular problein
-:*

is establ.ishecl "

COROLL¡,iìY i

5 4 . rhe_ Ql.n_t}9::j,_9j:S_lleil]er pp_! tre!*!slt3rgl-:

The synthcsis of oFti;na1 controls for singular time-optimal

probleins is nohr considered.

In sorne cases, it is possib'l.e to use the transversality-

conclition to rule out the existence of singular aïcs in the

opcimal strategy,. In time-optilnal prolilen.s hor.,e\rer, additional
difficulties spring frcm the fact that aiong an extremal the

Ilanilto¡rian scalar function is constant for both norrr.al t4]

and singular extrernals. The constant i-s zero by the transversal- itv
, conclition

, i::,:-i
lì.r':,:i::
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For linear tj¡te-jnyariant systems, the ilanjltonian for

a totally singular tjrne-optintal prol:1en is constant along any
l:i'r.,.

I . .:. ..:totally singular arc" The constant js zero

proof : ll* - I -', .llorAå,''r (tota111, singular condition)

Differentiat.e i-{dj r.¡itil respect to tíne to obtai¡r
' i"""-"

HrÁ -a!t , Ax:'r > + ..nu' 
u AIU't ..r.1, .

Since AI* -- *n' - Bu a-ncl , .,,.

å* 'f 
'""

J: A'Jr*

Sutrstituting these ecìuatiolrs into t,t', o11e 1r'ou1cl obtain [2S]i'
¡-f

IIf, _ $-..nr.rrp,) u
dt

The totally singular condit-.i-oir È> <,ilr'rß> -0. Thercfore 
I

II* = constant ¿0 . Ilor,'eveï, at t=J:ï, Flr:(f:t) =0 => fl*' =Q 
.

i

V t Ê[0,T*].

I

5 4.1 Single- input Systerrs

For single-input s,vstcÌns, natrix B is a colunn vector

rrith n roiïs. ftlore u is a *sc¿r1a,r funct jo,r. The condition for

singularity may' be re-cxpressccl in the next theolern.

Ëruåill_:
Thc tine-optinal prol-'1en is sing:iil¿1 if and only if

<Prx> -0.

Proof : Assttnre the protrlem is -.ingu1ar. The solution

to (3.1) is

'i The proof Ìrc1ds if tr is i iecernise constant ancl reference
,.ZS; proì¡es that Ii is õontinu'otrs ancl constant for thc qcneral.
case

Ì rir:



LL.i*,ærÅ

l1¡i-

[2s]
t

(3.30) l(t) = Õ(t,r)x(t) +f 0(t,À )Btl(À) dr
T

For somc T ancl fo:: alr adnissible u(tr) l0 t < tr < T rvith

{.(T) =0,(3'30) re<1uces to
T

(3.31) ¡_('t) = -/ o(r-,À)B*(À) dÀ
T

rrhere t is sofire initial tirne.

Therefore

(s.sz) .l(r),T_("i)> <Õ(t,À)-p(t) ¡R> u(À) dÀ
i.: .:: ,

i::: iì:
: : :. -:.::

T
= -i

T

T

1
.p(À),8>u(À) dÀ

T
since ^E = -A p

s ingul ar cond i t iorr=0
The proof of rif I part is trir¡ial. since u(t) f0 ,(3.32)
necessarilf ir",rplies tÌre problem to be singular it <p(t)rx(r)r=0.

Note that (3.32) iniplies that
(3.33) <n,!.) =fl

By Lemma 1 in Appe ilclix A, there exi sts a rea1, skerv-symnetric

IU such that

(3.34) r =l!g lvhere r\l is non*unique.

For f=7, l,l is of the J'orm:

(3.3s) to -11ttI'l =+-t 
J 

kisaconstant>0

It can i;c shor*n that the hyperplane def ined b), (3.32) is in

the range of G and hence at least one of the states is
controllaÌr1e.
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THEOREI..{ Ó

For single-input systemsr if A is stable i.e. Re ), < 0

and (3.32) ho1ds, then the singular tirne-optimal control

is uníque

Proof :Partition the state equation to obtain (3.2S)

and constrain the controllable states to the hyperplane

defined by (3.32).Therefore n-rt components of the vectors

may be .eliminated fron the state equation to obtain.

(3.36) l; = Ai1 ri "Ri u

The natrix G I associated rr'ith this equation is of rank r'

which is precisely the dinension of thc state equation (3.36),

Thus Gr is non-síngular in the nerv basis ancl an

optimal control is uniqu.ely given by

(3.37) u,r =- sgn{ .Bi ,p't }

It is the intent here to show that the singular

problen arises because the systens l'rave the property that their

transfer function contain zeros, vrith at least one zero

cancelling a pole"

Consider again the system equation(3.1). Taking the

Laplace transforn of (3.1) and solving for X(s) one obtains

(3.38) X(s) =(sI-A)-1 (X^ +BU(s))
o

Y(s) = CX(s)

Since the transfer function is the Laplace transform of the impulse

response of the system. i.e. the zeTo state Tesponse of (3.1)

.. .::l

ir..



ro 6 (t)
Z (s) of

(3.3e)

Ltlithout

where ri, i=1,

As surn ing

less than n.

constantr ai,

and L{ ô (t) }

the system i

z(s)=Q(

loss of gene

Z(s) = (sI

1,27l

it fo1lol'¡s that the transfer function

Y(s)=X(s), then

are polynomials in s.

is singular implies G has a rank

of G is less than nrthen there exist
i= 0r 1. . . . .n- 1 such that

+c -An-1Bl =Qn-l

=1,

S

sI-A

ra1 i

-A)

1

) -1 B.

ty assume

-1s

l:;:,1

L:;,J

(sI- A)

2, n,

the problem

If the ran]<

lc B +c-AR +'o I
J= (sf -A)-1fDef ine

Thus

(3.40)

For s

Us ing

n-1
I crAt(sr-A)J =

+. i=0 r
<:

such that lsi-nil 0,

n-1
I c 1A1J =Q

i=0
the identities

J=J
AJ =sJ-B

=) B =(sI-A)J

(s I -A)

(3.40)

c.AlJ =[
1

es that

n-1
I

i=0

impli

t:

t'

nl-1.1 =rt-1J -At-28 -rAn-38



one obtains

[28]

-sn-2c B
n-1

n-1
fct:o

. n-l
. A].J= Tr i=0

n-1-I
i=1
¡

--sn-3

..riJ
1

n-1
c.Ri-ig-s I c.Ri-2g

I :!-t ]-
L_L

n-1
) crAi-n+28

1=fl- J

.iAi-j -1n

-- - l,l/. þYA-L:¿t+-;r
ta:-1::.:':j

i::jl'

r l.l
: tì'

Hence,

or

(3.41)

where v.
J

(3 .42)

-0
n:I ì
) c; s^J

i=0

n-Z :D-1"l-ri" - .i,\i-j-1e
J = j=0 i=j*l

n-2 n-l
nlF=L¿

j =0 i=j +1

n-1

I .iri
i=0

The denoninator of (3.41 ) indicates that a cancellation

occurred, beca.use it is of degree one

Noru assume J has a cancellation. By
n-l n
I tj I "iAi-;-1nJ- j=0 i=l+j

ancl def in ing oiAi-j -1n

less than n.

express ing J as follorr's:

(a =11'n

and one câlt trr'rite,l as f o 11or,¡s :

n
I ot tt

i=0

1S an

l-

n
v=I:u¡ i=1+j

nxr rnatr
n-1 -i

I t"i
'i;tl

ix, i:ì:ìÌ,:: .t.:t jr.;:ì,;. 1 '
Lliìta:, :.iar.l:._:rl

n;
-I) o,-s

i=0 r
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suppose that J lias a cailcellation. Then the numerator of the

right hand side of (3.42)must have rhe fo11or,,'ing form:

n- 1 n-2(3.43) I rjv;= (s-sr-) f sjru-jlo i K- j3o J

where sk is an eigenvaluc of A. By ec¡uating

si ,i=0 rLr2.....il-1 of both sides of (j.43)
of

(3.44)

V0 = - S¡1v6

tl= ruO -tku'1

V Z= tn'l - S¡I"I2

\tn-1= ltn-2
-',i:.:

V0 * SkVl * .........*tt-ttrr-,

= - (sku,g) * (s1,rr0 -tî, r.r1) * ¡sflr,,11 sflr,,r) *.

. , -fr-Z_ n-l . n-l+ [sk l"n_S - Sk -ttII-2) * rk 't{n_Z

=Q

ies that

nn
I o.A1-18 * s, I .r.Ri-z¡ * .,....*rt-lo B-
i=l r I<i!2 i - n
be r,;rítten as

the coefficients
one obtains

Then

(3"4s)

which inpl

(3.46)

rvhich can

(s .47 )

rvhere,

n-1
r
L

i=o
¡<.AiB = 0l-

ii::.-,:-iÈn-i-1
K.i = lej=o

-1i+j +1 'k

of ;\n-1

lai,:t:14

t.'

Since the coefficient R is r,,_1=o_= L, [28], (3.47) inplies' 11-r n



[2e] B

tlrat the vectors R, AB, . .An-1n are linearly dependent.

llence tlie rank of G is less than n and the problem is
s ingul ar .

F,xanple 1is chosen to illustrate the techniques

discus sed abol'e 
"

94.2. An Example

IIATruå*i.
Consicler tÏie control system shorsn in Fig. 1. Assume

there is no input to the system and the systen is subjected

to only ini Lial conditions

The problern to be solr'ed is to determine the control

u(t) rr'hich lvi11 steer the systen from xo to íl in ninirnum

time, subjectecl to the rnagnitude constraint l"l :-1.

The equivalent equation for the nornal case (the

zero(s-1) is absent) , is

*1 =*z

; =zx -x +u212
The tlamiltonian is

H= 1 + pI*Z* pr?xr - DZ*Z* p,u

The co-state equation is

D=-2n
t¿

P2=-P1 *Pz

Fäi9-":l

Therefore



liiiditidi##-i

tlr
:]

3eL L

o1 is

gn{ p

Itr s

L=l
I

l,:r /
optimal contr

u* = -s

15 Unlque.

aL L

eLL +7/3 e-L

[30]

t'L/3 e-t

given by

]

-2/3 e7t* Z/3 e

2/3 u}t* I/3 e

and

Fig. 2A is a state plane diagram shol"ing the saddle

point, Separatrj.ces ancl several trajectories correstrlond to

u=1 . For: u= - 1 the state plane is iclent ical to the f orego ing

except it is shifteci to the right'by 1unit, The domain of

nul1 controllabí.1ity T is the region bounded by selaratrices

ancl II as shorsn in F ig . 2R. The opt inal paths are sholr'n f or

initial conditions in T . For initial cotrditions exterior

to T, nc solrrtions exist.

Norv corìSider the non-normal case in r.'hich the zero

(s-I) is prcsent.

The ecluivalent system equat ion is

The

where yL=

= Yz*u

= 2y 
r-Y ,-?.tt

andy2=x-u

:'
y2

x

The problem is singular because G ls singular.

The Flamiltonian is

FI= 1+ PtYz -PzYz* TPzY, n (Pt -LPz )u



[31]

Tire optimal control js
?ttr* = -sgn 1p1 ?yt"\= - sgnrInr-rr, ]e--]

If n 
r=Zn rrthen the control is r:n<1ef inecl. Fronr (3. 34)

+ F - +?F- tZ - L\2 
1

rvhich is just a straig)rt line passing through the origin with

slope = -2. Graplricall¡' it :lay bc se crì that the tl,io separatrices

I and II approacÌì one another resulting in a singular probleni.

Becausc the zero is non -ninimrin llhase the target set is the

origin in the 1'-p1ane t4l.
fnt¡estigations into the existence of optimal sol.utions

rvith I , I < 1 shor'' that the target rr'i11 never lle reacherl . The only

optimal solution is found for initial states constrained in
tlre hypcrplane <p¡x> =fl (r,rhich is the line y?=-2yr)v,rith

l" I =]. The optinal strategy is depictecl in Fig, 3.

1:j'i:;lti:
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lì i ,.¡ , ÊlocI: <iiaigran fronr Exarirple 1

Fi 1R Block diagraÍi for Example 1.

l:,¡ir¡¡1
i:.:ii.:':
i:Ì'¡r:.¡ì1

ílontrol l c

ldcrnia i case

onirolie

Non-normal case



f.í-4f¿+1Y*Ï5-'F*41.t?ç,*i*i#4*Ë";:q!Ï

i:i,' 'Ir¿ìjectcries . For u = 't'i

l'",1;

f:.;:

Ontin¿rl tra_j cctorie:; Í:or norFì¿ì1
t ine-optimal prohl cnr.
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s;L.ji.l,l e! i,,J-int for

po'in't for Lr=

u= +1

li :.:,!.
i' '

Itig.3 S:ìiiilr..rier c¡tina1
l¡¿1¡¡i1:ie 1

controls for

.i
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In gencral , the optirnal solution to singular multiple

irrput systems is non-unique. Thau tSf ] has repo rteð. a technique

by lvliich a unique tirne-optimal may be obtained. FIe reformulates '-tttt

the problerns using the resert¡e force approach. Ije assumes that

the sy-stem (3"1) is nori-nornal rvith <b. ,n> -C ancl ui ,ilj are-) I ' 
::

then uniquei,v ciet-ermiried by (3.6).TÌ¡e coiÌtro1 u.is found such that 
i:i:ii.,,:. ;...

(a) x (0) is brought to Q it nininun tir¡e r :,,.,,

(1.'; r-r(t?),t Stt STo is chosen so that ur(t') 3c, for t> t' 
r'':r'¡'

ancl c is the smallest positive real- number possible for the given x (0)

Conclition (b) requires that at each instant, the j th 
',

component be chosen so that in the renaining control interval
i

the naxinum magnitucle i.s as snall as possible. The result 'of I

l

l

this suppos ition is that a un ique control lai.' can be der ived. 
i

The problens .hc co¡tsiderecl are systems rr,ith ReÀ .0¿ (,stable1 . 
i

The smallest possible value for c in this case is 0. Thus i

.

in the singular region an analogous minimum time-mininum i,,,,.,,,
:':l;: : ::

. i.::'r: ' :

fuel solution exists rvhich 1"i11 drive the system to the origin. 
i,'.,,1

.This approach must be usecl rr'ith çaution because in some cases ' ' l

it fails to account for optimal solution j.n certain regionr âS

rvil1 be clemonstrateC in Example Z, 
''

:

It will be shorvn that a generalized non-unique "Bang- ffiì..
Bang Principle" may be derived rqhich is applicable to singular

problems.
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The set R(t) is defined bY
t -1(3.48) I{(t)={x(t): x(t)= Õ(t){xo + [ o-'(s)Bg.(s) ds]
0-'

lr.. l.l , i=1r2r.... rr] "''"-)
h'here F.(t) is the set of all points to r,'hich x.ì can lte transferreci

in t seconcl usi:rg an aclnissible control.

Thau 131] has shorvn that for a non*normal problem'rit' x(0) .,: i,.,,
t¡. _;r,.,, ,,1.:1;:

can re ach 0 in tine t b¡"it not at eny tirne prior tÐ t, then 0 is : . ,

on tlie bcuirclary of lt(t) . The opiimal control 1aH, is not unique. ;.'".''.""'

Consicler florr, the s),sten equation (3.1) and assuLrìe A -is 
l

]

of simple structuîe. The solution of the acl j oint systern is i ,
I

- nTt a --.-^1-- Ip"=e r. If the prohl em is non-noTmal o namely f or some

initial conclitions, .]:j,*-^tfir=0 on Otån"r interval lt1,t2), 
i

I

then the optimal control uî ît not unique on t1 StS t2rwhere 
IJ_

the P¡.fP fails to select an optinal u.. The optirnal control 
I

):
t|, oi¡tside It1rt)f is given b)'
)n

(3.49) "T = -sgn{[tr rn., ] , j=I ,2' ..... ,r i ,r:, :J i=OtJ L 
, r,¡han nll 

l, ,,, i,, ,.,.

It is clear that the singularitl' conditions occur lt¡hen all 
i,:,,,,,,,,,

. b. or r; is zero. Def ine ãntÞ' =h (t) ' I f h.(t) i 0, then 0 ' ''"". '-ij "1 "J
on R(t) can be reached with an arbitrary uj, l":l s1. Assune

I(t) l0 and consider tno controls "; 
and ,] 'r,r.t that on

Ittrtzl i u;=n and 1"1 l:r. These tl,ro controls are uniquely 
i-æ

def ineci by (3 .4 9) out s ide ltrrt r) , and they 1eacl to tl.o

points on R(t), xr(t) and xr(t) respectively in the interval

t.<t<t^.Clear1Y¿t
aI(t) = x. (t) -r:r (t) = {..!(t, 

s) ur (s) ds and

lurlsl on [tl,tz]. 
-l ':':'

J_
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For all i.'=I <1s x(t) is not zcL-o, The assr.irTtlrtiorr that h(t)/0' 'ì'

inplics tlrat ,"r.=0. 'îlhen ¿ì.rì ortircgonal natrix P exists suclt

that the F j i',s I rr conìncnt:nt:; of the coltltln \¡(rctor Ph(t) arc

non-zcro, allcì th.; rerli.iirijr:r: :l-rt coinpotr?t'lts ¿'Lre zero. Denote'

the f ir:i{: Ti cìú¡rìt--(lrìcnt:i oi- r'1](t) Ì:}' hï(t), then t.he control

uI is gi."'e-ri trv
J ^1,(3.50) ,,î = -,,fl,i í<l'¡r-,, e*" ir,ri on It1rtr].

Sinc¡: ¿i iilohJc','l i:; sil',¡ir.rlar- J.o:: ¿¿11 tç: [0rT] n then

a non-uniciiic Iläii.ì-iÌr:;i¡l irrinc,i¡1r: cxjsts f'or all t- e [0rT],

L¡-iS¿rl.l r:'s 'Fztti¡ì-Rnn¡; I)rinc j çl c [21] j s gctl.{.)ral_iz.eð to

extencl to sìngli.'i,¿:r.i,.roì.Lcr,r-s b;r Ìi¿ilJiili [10] rrjth tlie addit.jolral

assullìi)tions tii¿lt ¿l ì-.an!;*hi¿:r.-.. stccri ng fltnct jon lre ltiecet'¡ise

contìi"ruous, 'i .f:- coilf- j ¡lrioirs ¿ii- al l lrut a f inite nllnl--rel" of

point:;, Ila11, jn jli'cvc:ì :

TiIECIìTIÏ 7 If r,.f a1l iricc-elr'isc conti,nlrous ìran.q-h,ang steering

functions, tÌ:crc is .1,n optinitl rc'l¿ttive to CIt( l'here ot is the

set cf nl1 ¡riccci,,,i se coì'ls;t:.;rt Ìia;rq-1:an.t stcer inq .f ur¡ctions) ,

then it is o¡tirtal re1¡rtivc: -r-o A.

TIIEOîì"llil 8. T í thcrc is í.rn ontimal stcerinq fuirction tliere is

alrr'a1's a ¡riece'.,:ise e ,Jnuint¡ct¡s l:an..q -hang control that is optirnal .

IIalkin's l¡sr-r,! ts can -lrc sltl:lIìrarizeC a-s Jlollor':s:

Anytltin,:: ih¿rt c¿r.n i'e clone l.ith an ¡,rhitl:ary control cal't

be clonc r.:itlr ¿Ì rclrv ccntrcrl uith r finitc nLrnbcr of switchi.ng

t i..le s .

I''lrilc i-¿rSa.l-Lc [31] atl\'tlù;Ìto:. tlr¡it ¡1tr ¡1¡¿il¡rEot-ts lr;in.r.-
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bang pi'inciplc iioLCs fcr a i)col)er system, he can on1y assert

that:

TIIEORE'f 9
t.ll :1r:;':
!::l'-t.-

If a control svsterir js Ðroner ancl jf 0 is a boundecl .l

con\¡eXset,tllctlt]rc:o¡tiiliii]*steer.lngfunctionhas\¡a1ueSon

tile bouncla rl' csf Ç1, a¡rd rncïe l)i'cc ì se1,v i f g.* is opt imal , then
¡,..]i.1..:;:q* cannot l¡c in thc interior of g foi: a positir.e interyal of tjne. i,..,::i.,,,

TëEQ3U"lg i¡ì.-,,,,.r
ì: ., .:.,.: 

.

If the systcm is pl'opcl', tlien the optimal steering

function for the sfecj¿r1 problenl (i.e. tlic target set j-s tire

origin) has r¡al-iles on tlre iround ary o F f¿.

To shov,,that:Êor solne s¡'stenis hrhose eigenvectors do

rrot span tlie state spacer (3.21) is only a necessal')* c.ondition, 
,

denote K to consi.st of aI1 initial statcs lvhich are singular 
i

and L to consist of all- initiaL -st¡ites r',hich ¿rre non-si¡rgu1ar"" i

I

It is clear that

la) I(nL =+ (the eìÌìptr,r sct) ,.,.
::,:,:;',:¡

(b) KLil, -S the errtire space. i,,':i':,'

(c) L is a closed sul-.set of S (possibly the enrpty set) 
:':'-:'¡.:'t:r:'

(d) K is an open stibset of S (possiblv the en¡rt1'set)

Consíder further the set T (Ìr) such that a¡ 10. Note 
!.¿n,rf:¡*:i

that T(k) is tl-re conplcmcnt of set f(k) of Definitj.on 2, i.e. ¡,'t''.'l¡
:

T(k) = {(ir,x)l q}_ rC} = C(f (k))

then
"l' :

T' = - il T(k) = c{r)
l-- Ii'=¡ 

:'' -' '
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If T c 7,n aild f =i(, then the sct f ¡ L nay be non-empty. If
this ís the case, tlrc problem ma1' be normal.

The non-urìi c1're noss of the controt rj in (3.50) may be

be dccluccri f ror¡i tiie relat ion t4]

(l_. si) <I ,lr=.onstantì o

Ily Lemna 2 of \1r:r'-:r:ilix A, there exi sts a real, sker,,t-syminetr jc

D such tìr¿rt

(3.52) I =[ßI + Iljå t'iiere 8= const-ant/lltll2 anrl D is not

un iquc .

It appçiars th¡rt n câil be chosen arb j trat'iIy as long as (3 "SZ) j s

sat i.sf iecl. The rlon -un iqueness of (3 . 50) fol loivs . f rorn the

non-uniqueness cf Ij.

In gcncral, there cxist no analytical techniques for
synthesizing nultiplc-inpi-rt tine-optimal problems. All that

is knolvn is that there exísts a non-unique bang-bang control

rvhich is tinie-r:ptina1. The synthesis ncthods are, in most

cases, by neans of graplrical procedures rather tlian by

anal-ytíca1 techniques 
"

The techniques are illustratecl in Examples z anð.3 in
ihe next section.

94.4 Further Exanrples

E,TA¡,r3r[ ?_

Consicler the fo11or*ing second orcler linear tjme-Ínvariant
sy s tern tr'he re

.ria:i

-,' 
j
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and 'fl:]f-' ' IA =l., 
,.J

Since A js diagonalizaL'le, then the conditions of Theorem 2 are

satisfied and the problem is singular time-optimal. The

control problen ther: consists of deriving a control. latv u*

that tlansfers an)' initia1 state 5 to the origin, in minimnm

tine, snbjected to the constraint Iu. I 51, j=1 and 2.
J

The ti;rre-optinal prol-rlem is tota111' singtrlar because

Gt and G Z aye si.ngular matrices. liote that the system is

proper.

The

g

1

2

v,'here
P=

For

normal. Bec

soluti rn t"h

ontheY a'+
s ingu 1ar . II

t1-rere rnLlst

Flence this

Ifr'-
l-

s ign, anci Lr

via the PiiP is given by

the solution is

exists no normal

to 9unless L is
em is totally

for optimality

co-state equation.

state vector nf 0,

hange sign, there

the system from *o

or n=0 , the protrl

l4l asserts that

o soli¡tíon o:[ the

iinpossible.

en u, is constant
I

Since thc s)'stem

for:ma1 solution

-sgn{ f1* pZ}

-sgn{ pz }

["t o 
-l

I tl n

Lo e-J

any in it i.a1 co -

ause u cannot c

ich r"i11 steer

nc1 y_ curves. F

o1..'cverr thc Pl''IP

e,xist a non-zcr

case (r =0) is

f0 ancl ,2=0, tlr

_ is ai'bitTarr'.
2

and cannot change

is proper, by Theorem
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10 , the rìossj.bl-e vaiues of u aïe restricted to +1 altcl -1.

2

The norì-uniqire Ì:ang-bang conr*ro1 is shotçn to be optinal jn

Fjg. 4-.- {'or F,* in tirc region l;ourr,:lcd by the cul}"e* y* t ,( 
_

l:n,.l f l.-. ¡r-'i. \- =lì(r¡r\; Liiu (¡.,\.!J ,r2=a "

On the ctliei rìaflC , i{ n'= -T Z , then u, is arbitrar), a,nd uZ

e arÍìùr ciran.g;; sign " Tjlc noll-ullìqueness o I bang-U,nnt control

i.s shorrn to bc oi-.tirnal- in Itig. 5, for å in the rergion boul-rcied

b1' the axis:lr=0 al.lC t.Jle cui\¡es y_ ancl yo

lJsing Thau t s ncthocl, one rr.ot.llcl consider the reduced

slzsteia equation

I=v
.t '2
v =-\/ +Ll'2 '.z, 2

h'herc I = å-ì)o arcl ão corrcsponcls to the tra j ectcr)' liav j ne uZ=0.

'1'l:e Ì-.ïot;l en is tlren recluced to cle.t:ernine uZ so tllat I=0 in

mininun tine or ecìirival"entl)' l=[o in rnininttrn tinre. From 4,I

the states ¿ r.rhicii ¿1rc controllable (i.e" ai1 those tr'ith I1=C)

corresponcl tc thc'sc states for rr'hicir thc rnininiun tine conditi.on

is insufficiont to cietermine ,rZ uniriuell'. Clcarly in this
, t.context uZ= -sgn ,n r" 

j

Thi-s metirocl fails to account for a solution in the

state plane exterior to the crtrvet y* ¡ \ _ and o , since in

these regions u cannot change sign. (see Fig. 6)

The curvc ','+ ("r_) is def ineci as the locus of all points

rvhich can be fcrced to ! by tire control Lrl=uZ=+I

(ti =ìÌ =-'l I :,nd the cirrl,"e .l is sinil-ar'1v clef ined l-.ut for u = +L
\sr LJ ç -1L¿

arrd Lt,=¡ '- :."'
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respectively stich that 4(T) =g. Then tlie union of sets X* and

X consists of alL initial states rvhich or" singular (see Fig.7) .
+

The set of singular states is open. ft is clear that the

complenerit of the singular region is thé non-singular region

which is closcd.

The optimal control larn's are illu.strateC in Fig.8. The

solutions in X*UX_ are singular solutions and they are non-

unique, bang-bang stccring functions. The solutíon exterior

to X+UX_ is unique.

i.:.:'.:,:, ::

l:.'. :,:.1.:

i:r,:,.,
ì ."::.:,
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CIIAPTER 4

S IT{GUL,\R FUEL -OPTIIIAI, PN-OBLEJ\'{S

51. Introduction

Singular fuel-optimal problens arise quite frequently

in optimal contïo1 processes. Investigat j.ons into the nature

of singularity in the formulation of fuel-optimal problens

have been carr ied ortt by several atrthors ( Snow LST) , Athans

and Falb t4I ) . The c1j rection this chapter rvi 11 take is to

examine the general solutíon if it exists, to a class of

fuel-optinal problems, A necessary conditjon for singularity

to occuï is establishcd in a manner like that of Âtlians

ancl Falb t4]. It is shor,,n that for linear time-invariant

systents, singular controls ca¡lnot be optinal. Florr'ever, for

time-invariant non-liiiear systems, singular controls rray be

op t imal .

52. Choice of Index.of lrerformance

There is at present a rvide choíce of performance

criteria for fuel optimization. The particular chioce of

performance criterion rests r,vith the des igners. In this paper

thefollowing cost functions are used.

(4.1) r I
J (u) = [ I I "i I dt T may be free or fixed

o j;1 't

(4.2) T r
0 j=1 )

'. 1'' . ir":
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h,liere ,1, uZ, ,. ". ".rlr, are components of vector u ancl q e 0.

A for¡rrulaticn of the fucl-optjnial problei'r involving

(4.1) 1..¡itlì no ïesi:rictions ¡ilaced on the response tirle T often

results in unclcsir'ahle tran-sition ti';e. On the other hancl, if

T is f ixecl a prio;"i, (4"1) allorvs the minin ization of fuel
on1,"- for sone initi¿l conditioi'.s less than soine naxinum. This

Lin¿ittractiveness c-,f fuel optinriz:ation of (4.1) is overcome

by defining the periot'mancc inrlex as a r^reilqìrtecì suiìi of tine
a;ii f uel . Such a f ornulati.on al lorvs f uel to be ni.ninni zed for

all inj.tial statos )zet trouncls the response tj.:re. Totr,ards the

latter half of tiri.s chapter, thc cost function (4 "2) is usecl

entirely.

g 3. The -cingular l)roblen for a class

of I-inear Tirne - f nvariant Systems

Consider thc 1ii'Lear time-invariant s,r'sten described by

(4.S) 1=i\x +lJu lu. I < 1rj=1 ,2r.,...r'i'
It is clesirecl to find a q which steers the system from an

arbitrary state to the origin and in so doing minimj.zes either
(4 .1 ) or (4 .2)

The l:Íamiltonian for fuel optinization is either

.:: :.r: 'l'

(4.4) r
I{=p^I1".,

"j =1 J

(4.s)

*<Ir,'\x+Bu>

lr. I )+ <p, Ax+3u>
J_

.1) or (4,2).

I

r
i
=1
(4

or

H = iro( l: +

for the cost function -'l
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The canonical equations are icientical with those of the

minimum time problem. The foimal solution via the PI'IP j.s given

by

(4 .6)

i::.': :- :

i:':r-:l
:.-_.L

!..'.: ..

i.'-..'

ui = -dez {<b.,rp*>}J_J

= -de, {o j} i =T,2 '........r.
he cleaclzone function is def ined as fo1lotrrrs !

f t if q > 1

I

l-r ir q <-1
dez q= I

| 0 if ltl. I
t.
I undefinecl if iql= 1

imal control ut must satisfy the condition

rf
.il"il" .!.*, Ax*+Bur'> s .lj"rl * .!.*, Af*g1t
j=l J' J=I r

aämissible u ancl for all t- e[0rT] and * denotes the

soltttion, and po =1 hy Pl'ÍP l2l
:

The condition for singularity occurs r.'hen

l.br rpnt l =1 for some j and_J

inite interval of tine , i.e. v t eItrrtrl e [0rT].

i 0l', 9

t

t

1

_t

f

T

r,,,']re r e

The op

(4.8)

for aI

' optima

(4 .e)

for a

DEFINÏ

Tu* = -Í)EZ {R^p''. 1

= _DF,z {go i
or in component form

(4 .7)

suppose that in the interval [0rT] or in the interval

[ 0,Tf ] f or f ixeci tirne case, there are one or more sulrinterl'a1s

ir':. :::t:ri!ia:;
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It j rt?1 j slrch that for al1 i
(4.r0) l,i, l= I ancl V t e [tl,tZi j, j=\,?¡.......r.

then a tota11;- si.ngular fuel*optinral pi"ol-riem is saicl to er¡ist. 
i,:r,,:,:.

If (4.10) holcls fcr sonìú jrj=7r2,....r, then tlre problerir is ::

said to l;e singrrl ar fucl -optjnr¿i1

Tlie inrpi j.cation of this conclition abolit the st.ruc-urii:e
.t., . 

'of the system mây be ull.Jerstoocl br* proceecling along thc l ines ,':,,'.,,'1'

as in the tine-optjnial c¿ise. By rc¡rcatcrl tínc clifferentiation ;.: ::;

of {3.9) a¡rcl using tj:e fact tit¿tL ù=-^tn, Âtìrans Í2] ol:ta:i¡rs ,

(4.11i Cl'¡\T-'= 0 V t e ItlrtZ] oï in colllro,lent foln 
ì

G.rAr;= o v [tr,trJJ*-:
rvhcre G aild G are the sane natriccs as the ones risc<l i:r the r

J

tjn¡e-optirnal proìi1-em in Chapter 3.

The next theorcin pîo\¡es thc necessar)/ conclit j on 'For

fuel-optinraL prohlem to be singul ar oi totally singular.

TTTE0RETT I [4]

A necessary condition f or the fr.rel-opt inal to be i.,:,,.,.

singular (tota11y singula.r)is that either C, (G) and/or Â is ,.,,
irt,.',,,'r,

singular matrix.

Proof: l,r¡l=t v t e [.1,.2] --> p 10, then (4.iI)

implies that

det GJ:iT(cTlT;=g implies that either

a j (C ) and /or A nust be a singu.J.ar natr j-x

fo:: all t e [t ,t ].
T2
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Thus, j f the sy-sten is non-norÍìal or coltp1ete11,

uncontrollahle, then the problen'. js neces-saîiIl, singular. Horvcver,

if the conclition cf normalitf is assrure cl, j t is sti1l possible

to have a singular problem if A is singular.
It lviIl be shot"n that if A is a non-singulal matrix ancl

if G- (G) is singriLar, then there arc no singular (tota1r.v
I

s ingular) control s for the fuel -opt imal proì_,i. em . So the

problem is normal.

If det A 10, then there cxists a non-singular ¡ratrix
P such that

^- 
p-I-qp

iFor sirnplicitvr assume the eiqenvalues are djstinct . The :

ì

solution to the acljoi-nt systen is j

:nT-g= e-"- L

The cornponents of p are either monotone incrcasi;-ig or 
i

lclecreasing.i'Th"r*rl-r" there are no initjal co-state vect,oïs
I

I sotisfying the singularity condition for any linear 
ìu,;:

combination of pi . Flence the prohl em is norrnal . This proof i,.','.,

can be extendecl to any non-singular matrix A, but the ste1i. "';""

involved rr'i11 be lengthy and cumbersome 
"

ThEoREir Z l?l
If thc problen is singular (total11. singular) y t e

ttrrtrl , then it is singular (tota11;z sinqular) v t e[0rT].

.Proof : Let a3 be any tirnc such tJrat 0 . tS5tf ,

Then for eveï)¡ t e I t1rt2J the solution of the acl j oint syster,r

j' The cigenvalues of A are asslrmed to be real.
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is

p =e_A1'(r _ts) p(ts)
Substituting in (4.11) .one obtains

.Tnt(crnr)"-At(t -ts)p(tr) = Q Vte It rrt zl
andSince the matrix n T an<l exp (-.*t Ca -t ) ) commute,

T3
exp (-¡.^ (t -tr) ) is non*singular, it follorr's that

clar'(cT'ar, p(r ) =o
J ' i!'- 3'

tvhich im.pies that p (tS) belongs to the nu11 space of GTAT (GTÂT)

This Tneans that the problem is singular (tota11y singular) for
all tS e [ 0, r1J

Sinilar rcasoning can be used to shorç that V t 4 € [t2 uT j ,

g(t.trl alse beloür;s ti: the ni¡i-i. sp¿ice 'of ClaT(CTAT) u henee the

probLeni is still síngular{tota1.1y singular) 
"

Since ihe suËficiency condition implies the existence of

a solution, the lacli of it in the formulatjon of fuel-optimal
presents additional computational an<l theoretical diffictrlties.
It is conj ectureC that, if there exists a non-empt,v set *
(of positive nrcasure) such that !eli, then the extremals

are normal even tlicugh A is singular, To s]rotv this , \¡ is
denoted to be the set of all admissible extremal controls, i.e.

\/= {u.(t): -1 < u.(t)
J _J _

In vierv of Theorent 2, the extrcmal control is singular
V t E [0rT'] . Ry denoting \r*. and \r- the sets of extremal

controls that satisfy

t. :
l. ii r.
f.ljr.:

l::.:; t.

l:1..: - t;:! r.'



0 Su.(t) 5. +1
)

-1 Su.(t) 5 0

or nore pïeciscly

\t* ={ u(t):

\¡_ ={ u(t):

0

-1

+l r

0,

Is3]

u (t)
u(t)

rvhen

when

a.=-1,J

q.=+1
l

te

tE
[ 0,r] i
[0,T] ]

one n¡.ay shois tila t
(4.12) \tr.UV_e\¡ and

V-(V+U\¡-) I þ i.e V*U\¡_ is a propeï s.ubset of \¡.

)'lote that \r+llv- is the subset of all singular controls" :

The general solution of (4.j) is
t

(4.13) I(t)= eAt IE * ¡ "-AtBr¿(t) .lt ]0--
Norr'define the set of al.l. initial states that c¿rn be forcecl to 0 bv

T
X ={ E_: _E_= - t "-At Br-r(t) dt, u(t) e \¡ }

0

x.={ E: E= } "-Atr3u(t)dt,u(t)ev*i+ : -? 0 - 
, -, :.\-/ - '+

T
x-={ E_: g= - | e-At Bg(t).lt, u(t) e v }0-

It c¿ln be sjroivn fron (4.I2) that
^¡r - x-(.\uK) l0

Thus the interior of X+UX- is the region of all singular states.
The same reasoning holcls also for tota111' singular problems.

A similar tlteoren to Theoren 5 of Chapter 3 is
e stabl ished for the fuel - opt inal tota111' s ingular probl ern .

This theorem mav be used to relate tlle initia1 co-state vector I
lo'itli the initial state vector 6, It should b,e noted the this
tireorenr is on1], î nscess¿Ll'v conclitic¡t.

r;¿=::,iÌ¡l:lÍ'ìì
'tÌ:.iiÈ
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TIIEORE}.f 3

If the fuel-optim.a1 problen is totally sing.ular, then

<P, AA> =0

Proof: The solution to (4.3) can be expressed as

(4.14) r
T(t) = Q(t,r)å(r) + .fo(t,À)Bg(,t) dÀ

r^,,here t is arbi trary in the whole interval [ 0, T] . If f or
T and for an adnníssible u(t') 10, t 5 t's T, T(T)=0, the¡r

(4.I4) reduces to
(4.1s) r

x(r) = -I ó(t,À)lig(À) dÀ
1

Premultiplying (4.15) by A and tatr:inrg the scalar product of

the re sul t ing equa t ion r" j th p (t ) one r¡ou1d obta in

T<I(r¡, A1(t)>= -! <p(t), A0(t,À)Bg(À)>dÀ
T

TTT_f .0, (r,À)Â'g(.),Bu(À)> dr
,TTT

Since 0^ (t,À) and A' commute, (4.16) can be written as

(4.I7) T ñ

T
Us ing (3 . 9) and (3 .10) , (4 . 17 ) may be rel^ir itten in a s inpler form

(4.18) T ,r

.

T TT- -Í <B'A'¡(À) ,g(À) > dÀ

llor,¡ !(À) = -ATI(À)

There for e

(4 
" 1ó)
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For single-input systems, the assurnption that the systeÍl

is comi)1ete1y controllabl e is asserted for the material to

be presentccl in this section. The conclition that the prol:1em

is singular reduces to A being a singular mat¡ix. A convenient

characterization of the admissible control can be clerived in

terms of the initial states [4]rby clenoting

(4.?0) T
F(!.)= / u(t) dt

0
T

lrtq)l=l/ u(t) dtl
0
T

lrfåll: ¡ lu(t)l ¿t = r(u)
0

ruith u(t) e Q.

,t . i..,.:;'

r [ss]
RIIS = + Í <Iì1'p(À),q(À)> dÀ

T

).'= si.ngui"zrr condition irnp15.es that

F1

nlpf ;,r 
*l I 

over the whole intervat (by 1'heorem Z)

il
FI

g* (Brp(À)) =o
clÀ

right hand si<1e of (4.18) is
T

RIÌS= + ,f < 0 r3(À) r clÀ -0 0r
T

<p(t) , A¡(t) >= 0 over the rvhole interval [ 0 rT] .

hcoren is provcd.

The re fo re

FIence the

(4.ie)

T'hus the t
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This rneans that. tlle'fue1 re..luircc'l to force Ç to 0 cannot be

snallcr rha¡: lt'(E) lsincc .l(u) ì lr,Cål l,,.,otc letil lgives a

1or,:er ticund íor J(.Lr) for a girren initial statc. If a control u

can be foun<l rr'liicii f,orces: å to C- rvíth fuel lF (E) L then

this control is .incleccl optiirra.l. Though lf fål i<locs not guarantee

t jrat it is the greate-st 1c1.,e¡ borinC for the fuel consunption,
jt is inCeed soras slia11 be Ccnonstrated, 1ater.
ri¡EqlEI t. tsol

An aclnissiLic cc,ii-ro1 u in i¡ is oritimal if it cloes nct
change s itn .

Proo:[: The ecir-rality in (4,2a) irolcls if u does not
change sisn" .Çince lit (q) I is tlic 1or,¡cr bouncl for J (u), any such

u nust t.,e oirtinraJ-"

I f t, ¡s in thc i*ter j or of thc stil:set x+u)i_ there are

inf in itely nan)¡ cxt::enra1 controls , each cf rvhich is aclmissible
so long as tlicy satis[r- iul <1"

It has been shoi,,rn [4] t]rat the Flarniltonian along an ,,

extrcmal is zero for tjme not fixecl and is constant ¿0 for
:.

tine f ixed a priori . This transr¡ersal ity cond ition may be usecl

to rule out the possil¡i1it.¡ of singular arcs in the ftiel -optinal
probl em.

TIIl]OREI,I å
For l inear tine- invari¿rnt s;rsteias, there exist no singular

extremals foi tÌre cost functions (4.1) r.¡ith T f ixecl a priori and
,fcr (4.2) .

i- : i-: r; ,,r..ì -,ìj
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Proof : The II¿¡-niltoniens for these cost functions are

II= l"l + <p, .r\x+Ru>

(4.22) tt= k * lu| * .L, ¡\x+Bu>

tsy using the res¡-tLts of Theorcn 3 and the singularity condition
(4.2I) and (4.2?) rccluce to

(4.23)

(4.24)

II*=0 and

rj:t - l.
l: -^ respectively.

For a singular control to be extrenal, say the control given by

(4.25) ur= -sgn {nTp} v(t)
tvhere v(t) = {v(t) ; y(t) e V* and v-(t) l0}, (4 "23) must be a

corìstant I 0 ancl (4 .2r1) :.rust be zero . Tliere Fore there are no

singular extrena.ls and the pr-oblern is nornal,

This theoren indirectly proves that singular control-s

may be extrenrals jf the cost function is (4.1) rr,ith T free.
Horvever for such extrenals, ltthans ancl Falb t4] inciicate th.at

singular controls cannot bc opti;na1 .Tlie next theoren Irroves
this fact.

TI{EOREI'I 6

For linear time-invariant systems and the cost function
(4.1) r.,'ith the response tine unspecified, singular extremals

cannot be ontinal 
"

Proof: The ccntrol given bv (4.25) satisfies

ec{uation ( 4. S) . i\ssurûe it to be optimal, then by

Theoren 2 a.nci Theorent 4 , this control is an admissi l-.1e extrernal

control for all t e l0,T] anct cannot change si.cn. It should be

i:1,.',:'',-'i.
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oi¡-scr1'ecl that (,4 "25) gives the polarity of the control llut not

its inagni ttide,

Since the systeirr is linear and tjrne-invariant, the

traj ecior:ies are slnooth and r.-'e11-behavecl tor,,'arcls the origin
The optimal -con'tro1 sequence to the origin must be of the type

{ .."., +il'c'r'i ".",r-1} ol'{ ...rus}.If a control sequence

{ 0, u} is appl iec'l and the sr"ritciring occurs at the instant the

patir reaches thc y cur\¡e (rr:here y is the locus of all sta.tes

that a control Ll=+1 or Lr=-1 rvi11 force the s)'stenl to the

origin), the or"igin rr'i 11 a1i'''a.;u-s l¡e inissecl. The salÍle argunent

holds if the sr+itciring is apirlied after the pat'h crosses y.

Iïorvever:, if the control sr..itciles before .the y curve is reached,

there aïe nan)'aclrnissiblc controls rrirjch get the system to the

orig in. I f these coïìtroI s are checl:ec1 by subst itut ing into
(4.20) they are for¡ncl 'co consune more fr-rel. than the normal

control sequerìce L,e;r;¡rri.çe F''\ ís a function of E on1y.

The control u=0 rt,i11 force the -systern to the origin rvith

T = co (A is singuLar) ancl strictly speaking, such a u is not

optina.i. Thus tJre tlteorem is proved.

g5. i{u1tiple-Inrrut Systens

The nece-ssary conclition for singularity to occur in

nultiple-inpr-it s)'stet-;rs is identicai i.;ith that of the single-

input systens.

:.-...1

!.., j ,l
i: -...: r'i::.:a:;r

Theorcrn 5 na1'lre relr.crdcd to include nr-r1titr1e-input
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systenì-s. 1\ conjecture one r.ri.11 tl.alíe is that singular controls
cannot Ï¡e oi:tir:ra1. Â gencral irroof of this statcrnent is teiiior.rs

if not inposs j l-'¡1e. It is assertecl that ti¡ere aïe ,no aclj oint
injtial conditio:rs that give an o1>timun by pl,1p. ,.,.jr:,:.:l

.:,:r:.;.':¡r.,_::,

Assumc l, to h,e s i nqrrl al and in the cliagonal fbrm,
then ürie of the co-state variaìrles is constant" lioreover, tlie
conponents of L are st¡ict11' ¡onotone increasii:g oï decreasing 

.:.::._1::
:.:.:.- r' 

:.-..

ttnless the initia1 conclitions are chosen such th¿rt one o,F p,s '',:'i'.i,1i
j

is iclenticall,.,' etlual ¿¡ p1u.s or min¡s one, ancl the rerriaíning i--..,:..;..i
. l',' :::::'

pit = constant 10"

FoÏ simpl ícity, consicler a system of orcler z. In orclcr
Ito satisfy the llamiltoniart r"hich lnu-st be iclentically zero 
ialong an extrena 1, p1 and Þ 2 c¿rn only have trto valties , nancly

clT or11 iclentically.These values aïe dictateci bv the structure ,

,

of A, de¡:eircling on holr' the state rrariables are def:inec1. j

Assi¡nre B j s íuì identity natrix. rr., for example the i

i

initial conrlition.s are chosen such tha t pZ=-L an<1 pl=cl 1, 
,

then it is clear that u1 is constant ancl cannot change s ign i,-,'.'..:.r'

, , -.-.'-lt'The problen rna),' then be viel¡ed as a s ingle - input sl,sten ;,.:';,..:,;,,,
' t-t- t-";'ttlt'

lvhich has been shotvn to be non-optirnal. Iïolvever, if I ir srrch '

that the problem becones totally singular, u is arbitrary +r:

thcugh the polari'ty of the controls are knoln, ancl l,r.l <1. ., .: ,:..1j' :' ) 
' '' "i 'j =1 and 2. Ií the initial state is in the interior of x IJX i'¡¡+ì:i'¡

.+
the only o1r'ti,ma} contïo1 is 0 or l-, r'hich has at -lc-ast

thlojunps;name1ythesequences{1,0,1}or{1,0'1,0}-

To obtain tltese seouences r p, and p, would have to chang



)

[60]

the sign of their slopes at least once. This is impossible

in viehr of Theore¡n 2 and Theoreln 4 and Pl=P ?=1 . Therefore

the target 0 rvil1 never be reached. The .same Teasoning can

be applied to the case t'¡hen Pl=P ? =-1 or Pl= -P2 =+1.

Another technique, using the Plincíp1e of Optimality

êqd its geomeÉrie i.nterpret,ationu may be easíly used tc.

v,erify that singúi"ar cCIntröl-s eennct be optinal" - '

5 6 . l:\pry¡r1-e=l_qg_,!þgu1 a r -E!4-o-p!r!êl
Prohl em s

EXAI',IPLE 4

The systenì descrit'ed bv the fol lorr'ing dif f erent ia1

equation is considered for fuel optinization.

i *u*= ...

The cost function is
T

' , ¡,r; = f lu (t) ldt tvhere T may be free or f ixecl.
0

The equivalent sYsten equation is

*1 =*z
a

X? = -axy *u

The Fiamiltonian for this problem is

FI = l"l * pl*Z ' p2 axz * pzu

The co-state rrariables p, and p Z 
are the soltrti.ons of the

canonical equation

; =Q,1

PZ=-Pl *aPz

l"l s 1

iñ+
il: : .::l
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1

(l -"ot) e

1 rçliich al;so1tr

=û if llrl < 1

=-sgn{pr} if inrl t r

u5l"
u50

nlini¡rizes the Flaniiltonian

i . r.':

if p¡ = -l

il, Ð = +1'2
cur\¡e o, tìrat ¿goes through the origin is the

ex, +0. The y cllr\¡e as def ined in 94.4 is

a ftrnction of x, ancl x, and is given as follol!'s:

{ (x-,x ): x = - \r* sgn i *r} Lrlog(l+ alxri) }' :t' 2' 1 ¿ a
These crlrves are shoi''n il'r Fig. 9.

Case 1:Nornal Solution: - (T free)

A ttnique solution exists for initial states in the region

bounded b,v the curves T ancl cr (shacled area) . The optimal sequence

is {0r1} fo, *z < 0 ancl i0r-1} for *z > 0. For initial states

outside the shaded area a control sequence {-1r0} is app1iecl,

sr^¡itching at the instant the curve d, is reachecl,. Tire response

time to the origin is infinite. Strictly speaking, a fuel

optimal sollrtion cloes not exist; hol,,ever an e - fuel--oFtirnal

solution cxists.

Case ? '. S.ingular Solution -- (T free)

Since A is ¿r sin.qi-r1ar natrj:<, the ¡rroblen is ncces-sari1¡,-

s ingtilar.
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If ln. I = a ancl rr=W, rhen lnrl=1 v t e [0,T] . The control
Ioa

u defineC b-v (4.25) is a candiclate for fuel optinal control.S,

The scqLrence { 0, -sgn{ n2}r'(t1 if or x belonging to the shaded

arca rril1 take the systen to thc orígin. In fact, there

appears tjiat iitan\z aclmissibl e control s ex j st. ïnvest!.gations are

carried out to check rr,hich ccntrolra¡rong those that are

acl.miss ible ruses the least fuel . The ideal rnin inium fuel F* (x) is

l*Z* a*, l(from the systcÌn equation). It js clear that none

of thesc singular extrenal controls consunes less fuel
than the normal control. Ilence singular solutions are non-optina1.

Case 3: T fixed a priori,
The L.ossiblit,v of singular controls being extremals

has been excluded b;* Theorem 5. The puïpose of presenting

this exanple is to verif1' the theoren.

The cletailed solution to this problem is given in
snor.'fs paper 1321. Fig 10 cLepicts the optinal trajectory for
T = I seconcl. It is shorr'n that even though the trajectory
enters the siirguLar region (unshadecl area) the optimal control ,

''is uniquely definecl 
.and 

the solution is therefore essentially
normal

i'1,:r '::r,ì :.
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.u= - l

St.atcs for
¿*fuc1-oi,t
solutions

iltates ior ivhiclr
¿ - f uc1-;;Í;t ima l
solittic,,ns exist.

Itig, 9 Oi..tinal 'craj ictories
for I:;*ample 4,

i..I ¡'-,l

l rllíi,L

cxist.

:r_1

u=+1



I ir;l 1

Iri¡1 "lû 0¡iina1 fuci co;lt161 for T * 1 sec.
anii a -1. Ilnshrded reg ions are the
singul.ar stattls.

i ,-l
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l'ile syste;:'i co¡lsidered for tinre-optimal casc in Exam¡rie

3 r..'i11 Lre soivccl i'or itiel-optinal solution. Tire cost function
1'

is J(U)= {lui I *iuZD cLt ,.rith the resr)cnse tirne unspecified.
(.ì ^

The i.lamiltonian for this prol"lem i.s

Il= l,-t, I n lu2 I oplx 2, 'Þzxz* Pl.vz* Pzul

The contïo1s iuhich absolutely minimi.ze the flamiltonian

are gi.rretr l>1'

ui =-de z {p2}

.tZ =-ðez {p1}

tshere pl=r1 ancl p Z =(I-"t¡nr* ""nz
If lnf l =lrthen the problern is singular.The Iiamiltonian

must be identicalLy zero alorrg an extremal. The stibstitution

of Inrl=1 into tÌ gives

I u, l *xzsgn {p1}

ir;.

P2=
*z -u1

For ur=0, Pris i<Lentically sgn ip1) r^¡hich irnplies that the

problem is tota111, singular. Simi 7atlv, f or *1=-1 and P1=*l =;' P r=t
and for r1=*1 and p1=-1 => p?=-I, total singularity is

possible. Flor'iever, because p Z=(I-et)r, l*n Z.t, it is either
rnonotone increasing or clecreasing depencling on the signs of

n1 and rr.Therefore these sltb-cases are ir'.possible ttnless

t1- .r2= t-l- = j:or .tl_= L ancl jr1= 1rPì'il rcqìiire s F2 <-1 and

ii li i;::!:
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consriuently tlie airove ïelation requi.res that, 0 , *Z< +1 if

the necessary conCitions of Pì'{P are to be satis tiecl. For u1=-1

ancl lnrl=-1, it is rerilrired that, -1< *2, 0. Since u1 is

sr)ecifiecl a'cI is constant in this restricted region, i.e 
i,:,,.r,...,,;,,.:..,,

l*,, I <1o the problern lnay be vielved as a single-input syste¡n ":.í'ì:::::": :

, L' T

ithich is shoivn to be siirgular non-optimal in Exarnple 4"

Noivu i F- n1 =n z - +r ¡ trren thc problem becomes totally 
;:i,.:,.;:,,,:,.::,.

singular- It seems there exist man,v controls such ttratlurl S I .':,',',',,:',
:. .

and lurll t, that rr,i11 drive the system to the origin" Ilorr,ever 
i-ì'.,,.,,,-,,,: .: :.-.,.

these contlols r¡se nore fuel tl-ran the normal contlcl sequences

as shorvn in Fig" i.1. Tirus they are non.-optinal" 
l

ontlreotherhand,if1Ï1'1T2ltL,thentheso1utionis
'norì-siägular;" IT=0 yields lull +luZl onZ ttl or'uZ =0" Thus u1 
i
l

anC u Z are constant aild. canrlot change sign. Therefore, unLess i'i,
tire ini tia.l concli tions ar:e on the sl.ri tching curve corresilonds 

i

ì

to u1=rl 
Z= 

*To there exist rro controls that take the systen to g, 
i

is observed that u, can slr'itch at nost twice, for the 
i

noïma1 case rr,]rere r1/r2 ftl , The uniqueness of the nornal :i : :

,,,.',.,,,-,.,,,

solution follor,r's the conclj-tion of normali'uy l2l " ::. 1;.: ::

: 
;..r, , i r: r,.i ,;

i:¡:,: ;:',1:¡:,::.'r:::.:,.: 
:.

i,ìr:.--j,{ r. : .
i:::_r,.'1 i.a: .. '
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l-:r=U1F¿j
IL

tt1=

u2=-L
u1=+ j

uz=t

Y""1

Fig.11

ìi1:+]

u =û-)

ijuc'1 - opt iral
noriìie i ca se .

I
u2

-l
ulì-1

u2=o1

rtl=uZ=-i

solut ions f or Fxanpl.c 5 f:or

ì :r:::. jr -

:'..'
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g7 . SinÍTu1.ar_ Iqe_l_:Oltlnal probter,rs for Non-l,inear Sys!_e_m5

A character ízation of a cla-ss of linear singular fuel ,. , ,,:
'_ I " l.i

optinial problems has becn exaninecl. It has been clernonstrated

by varioi-rs examples, that for sorîe problems, though there

exist initial states for lvhicir tlle problens are essential.ly :,; ,. ,:,: ¡

singular, singular solutjon cannot be optimal. :"¡";'i"'r:.

1'his section explores sone nonlinear systems for which l:..,,:.,',.'.'r,,f..: r.. .:.:

singular extrenals trra,rr be opt;.mal . The derjvatjon of a necess-
1

ary conclition for singularity for nonlinear s¡'sterns is, in 
f

l

general, tedious and laborious. It suffices to prove here the 
i

l

neces.s¿rry condj.tion for the singular fuel-optinal problem to 
ì

l,
a class of second order nonlinear systemsrin parti.cular, one 

i

describeci l;y the Lienard'-s equatj.ont j

(4.26) ï + f (xr*)= u or equivalentll, in the state space t,

form of
' itt'; "":" " t'

i..-ìr.;::: .-i ;.,,: l(4.?7 ) xf = xZ :::i;:::;.::;:1:;.:; ;:,:.
i.:.,,,.,',,,,'],.¡,,,ir= -f(x,,x2) +u 
'.¡;;.,.,.i.i,;r,,¡:

Questions regarcling exi.stence of an optinal solutíon

for seconci order nonl inear system-s have been treatecl in detail
:

by Lee and )farkus t 25] in the j.r paper concerninq nonl ínear time- I rl

[-;;.,¡.:11.:: t':,,.:,':

optirnal problems. sonre of their theoïems are aclapted and iriri''irj:r:iì!::i;-

nodified to extencL to fucl-optimal problems.

It.isassumed that t(xri) satisfies the fo11or.'ing:

' (a) f(0'0) =0 , .-..: . :
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(b) fff*,;l > o and $f*,*l > o in Rz

If condition (a) is satisfi.ed, then the domajn oi nu11

controllal;ility T is an ollen st¡bset of F2, If conclitions (a)

and (Þ) are satisfieclrthen the donain of nu11 controllabiTity T

is the r*,hole state pl.ane RZ and moreover, there exists an

optinal u e CI r.vliich steers å e R2 to g. The proof of tl'rese

assertions nay be founcl in 1231 .

5 I, NecessaÐ' Conditi ons for Sfuularity

The singular fuel-optinral problern for nonlincar systens

ü¡as f irst reportecl by ;\thans an<l Canon t3] . The ir technique 
l

is extended to the probleni posed in this section

The adjoint system inclucecl b)' the Pl,{P is
. 

JU.r. ltL SysL\jlrl ) t'i't.i' l-5 
i

(4.28) pl = f*.pz
t

:,pz = -p1* t*rn,
rvhere f-- and f-- denote the part ial diff erentiat ion of f (xr rxr)*1 *Z L' z' 

i:..::.:::,¡¡ith respect to x1 and x, . " . 
,

The opt imal control rvliich absoltrtely minimiz es II is 
,::,- 

i'..

(4 ,2g) ¡-r* = -de z{p, } | p.ll I

If ln,l=f V t e ltrrt2), u* is not uniqtrely clef ined

ancl the problen is sai<l to be singular. 
i.r.Oi

¡.ssuning p.2 =1 V t e It1,t2J inplies
(4.30) -Rr* FZf*^= 0 V t e ltlrt,]- "2
Differentiating (4.30), one obtains

l

(4.51) -Ft*l..f*?* p'f* =0 Vte[tl,t,] :.:.:- '-L - . 
.;::,:,.ì-.:

LL-. i'



Substit'-rting

(4 .s2)
-Þ1

if n^f *' ¿ x2}iZ
(4.33)

tl=

If, on

(4,32)

(4 .34 )

Tak ing

1 inear

(+.ss1

[70]

(4"2'i) an<} (4.28) in (4.31), one obtajns

- . -1 - . 1 It + i)- t'l' -f. +x^f - ff I *P^f
"z 2 "1 - "?"1 "2"2

0, tlicn
1

1r-f..-l).,If: -f"- +x,f--.- -FF-, ]'L x¡L'!' x? x1 t t?.*I x2x2'

2

0 e anci

+x^ f, *211

caLrse th

corrrpact

I
rra

¿

Y]:
1-.
" n2nl

p mu-st

(3.36) j

u=0
zxz

ncl

?.

A

c¿)

0

AS

ut

sp

or inv
( ¿.36)

Tobeo

For non

be long

the other h¿r

recluces to

n-f - n'i *2

(4.30) aricl (

in n.- one nr
^ 7-'

i-r
I

l-tI x"
LL

ector forn

G(x)p =

ptimal, Pl{l

-trir¡ia1 so1

to the nu1l

inceuÍ0rthen

I =0

ese relations are

f orm , the fo1lor^:ing :

Ìr- -ì

li Prl
ltìll '-0-f il n ix'i! '2 

I.rli IJ

be a. non- zero vector.

ndicates that p must

ing that G (x) is

n^f-.t I À.X
L

1_
'-x 

zx z

l-

):_I
anci be

te in

.2J+x.
L

s that

of 1
of G(x

'PZ

tfz
"2

34)

r.¡r i

sert

ion

ace ) , imply

a singular natrix.

Suppose that the tine clifferentiations lead to an

eclrration j-n l,rl-ricl., thc coeff icient oI Lt is non- zero as assuncd

in (4.33) .I], sr-tclr cascs (4.33) provicles a necessarl,' condition

on the elitrei¡¿t1 sinc".llar control; in essence, a relation
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bettceen Lr, lr1 ,p, anù x1,):Z hes been touncl. E:i . (4"3,5.i iu

eclniissibJ.e c:i1y í:- jt st:.'Li-:;i:i.es th+ mågniti-¡cla cÐnstraint lgl S1.

In an.y given prol;1ein, all t1',e relaticns lnust be exaúined

to seer"hetheror not thev are s¿rtisfieci; if eny of the relations
are violated, the n *r-his ïepresents a violation of the necessery

conclitions, and so singul¿rr.controls cannot occur. Theorem 7

establishes the forn of the nonlinear element necessary for
singularity to occui.

TIIEORËII 7

optimal

(4.37)

where g

A necesser)¡ condition for (4.27) to be singtrlar fuel-
is that f is of the .Eorm :

f= x"x^ +pj(x^)
L¿ '¿'

(x.) is frrnct.io¡r of x^.' ¿' ¿

Froof:G(x¡ is singular implies

.38) fx - x2fx x -0
| 21

scluticn ,Lo tliis lliirÌiäi differeiitia-1 eqliation is

.39) f- xlxZ*g(xZ)

In general, it is not possihle to pr:ove that (4,37) is

also a sufficient cc;rdic-i-ctlfor the fuel-optjr¡a1 ¡rroblem to be

singular. Since suf.f iciency conditions inply the existence of

a solution, it is sti11. reoui.red to shorç that singular extrenals

exist in this for¡ntrlation cf tuel optirnizat jon. Using again

the min Ii function, a scqrience of lennas and theorens is

presented to test-jior the nossibilitv of singular c:.:irernals

to cccur foi: th¿ r*os^ù'i'i¡nct:ons (J.1) and (4.2).

(4

A

(4



1,7 Zl

LEtUt,fA 1

Assume f (x 
.-rxZ) =*r*r, then tirererexist no singular

extre¡rals for thc cost function J(u) = Íçk + l"II dt, k=c>0. :.',
0 ''::.::.i

Proo.F: The Haniltonian for this ¡-lrobien is

FI = k + lul + p_x_ -p_x x +p u'| '¡ '1 2 ^2 r 2'2
Since T is unspecif ied I1*=0 along an extrem^al..

The adjoint system is

P1 = Pz*z

P2 = -P1* P2*1

By hyl¡othesis, lnrl=f V t E [t1,t2] =rp1 = p.*lv r e [tI,tZ] l

Substituting this relation into II* , one rr'ould have
i

FI* = k> 0, a contracl ict ion 
i

therefore the problem is normal unless k -0

Lemma 1 shorvs that if k=0, then there may exist singular 
i

extrenals. To prove that such singular extrenals cannot be ì

fuel -optina1, the .to11ort'ing lemmas are verif ied.

LE),{t{A 2

If ln I =1 V t e [t-,t^], the control u d.efined hy''T', 1',2" s ',
:

(4. 25) is a cancli<1ate for fuel -oI'tima1 control .

Proof:ln,l=r=>p1=Sgn¡nz}*1vte[tt,tz].
Theiefore ll*= lv (t) | + sgn {pZ}*1*2 - sgn {Rr}x Lxz- lrr lv (t) Êii¡iffi

= 0 V t e [t1rt']
Thus the contro1 (4.25) can be extremal
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Liì)í,\f,\ 3

Denote l-o (ã IrEZ) the ¡rininun Êue1 ( j f it exists)

requirecl to sr-ccr å tn q in sone (unspecified time) T, tlien

tire nitririirl f *(g 
IrEZ) satisf ics the relation

(¿l .39) ,,,, (í.,E")L ¿. ¿ 7. '21

It fo11.or',-s ri-ilat if thcre exists a control u* (t) tliat forces

å to 
-0- 

ancl r:ecuires fr:el i!";r;i *€71 u then u* {t} is ai:ti.mal and
Lf,'"

F*(E y,€2) = li ,1* Ezl

Pr:oo{: Iiron the s)'ster¡ eeiuatiott

;, = x.
(4.40) :1 

= x2

*2 = -*1*2 + u

it is Ceclucecl tliat Lr= ;Z * *1*z

The re for c

(4.41) t 1 1 .)/u(t)dt = xz -E2. j-(xi- Eí)
0

Since at | = Trx (T) =0, it fo11o',s.s that

(4.42) r\'''-' ll rr(t),ltl =l+El *Ezl
0

T
F*(E.,,Er) = { l'(t) ldt ¿ li ,1 * ErlLLO

If this is so, it is necessar,v that

F*(E,Ez) = llrî. .Ez I roroptimalit,r,.¿-
LE}{IUA 4

Fo(;l,EZ) is the greatest lower hound on the fue1,

hence i t i s the in in inun fue 1 .

i,' : :, i: :;

lì::i..i¡;:::,1ì:i
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Proof : To c-st¿il:l j-sil this, jt is necessar,Y tliat the

minintrn fueL ss a funciion oI state is a scltltion tc the

Ilarnjlton-,lacobi caitatj.on (see A.thal'rs a.ncl Fall; i4] section

s-20).

In otl:er 1{orcls, tiie function F*(xl,*Z)= lt "i* *Z!

is a solution to

(4 .43) ?I- * lu'o (t) | .*î+; ' *î*;+i + u* (t)*i - 0
At ¿òx'i t ¿dxi o*2

I f I=0, then F* (0, 0) =0 and tr* (t1= 0, so that (4 ,4s) is

satis fieC. If xf}, then
^ñ+

( 4 .441 :.:- - 0
dL

âF* - ..r:
axï 1

S: = ssn{x'k}o*) z

u* (t; = r'(t) . ancl ur' ¡t.¡ = -sgn{xä} v (t)

Substituting .(4 ^4tl) into (4 "43) , one rvoulcl ohtain for ";' 0

l"(t)l o *T *å-rgn{xii *i xi -sgnix"j} sgn{x')} v (1) = 0

Thns it is r.,erif ie ri that F'o (x, rxr) = lt= *î * xz lis the greatest
LL2

1or.'e:: l-.ouncl oI'r. fuel encl that r-r* (t) is a Fuel -optimal solution 
"

Tlierefore , if the ini tial conditi.ons are strch that F* =0

then a control u (t) =0 is to be ltsecl to get the system to q.

If u(t) =0 V t e [0rT] , then the origin cannot l;e reachecl

except on the curve ß (t"liere ß is def inecl aS the set of al l

states satisfying the equation L "? 
* x2 =0). Fiorvever, as time

2L
progresse.s the SySte)',ì clepar:ts frolt the oriqin becattse there

are no controls that rr'i11 naintain it at the origin. This ís

obvious , by re'.\'r i't ing the eqr.rat ion as f o11o1{s i

(4.4s)
ttlr= -i{:*.I
c1x, x 

z

l.rì.,, i',i::
l.;:::...:lir



For u=0 ulrri ìi1 =X2

',r¡ i 1 1 ïìì o \¡ o ?;'.:: u.y- i i: :.ì.. ì

n in inu¡r f r-r e 1 cloc s

1)L> þ
-¿i .L¡ -i.i. -rrS Cilìl
,l-

laoa*s ,cor rr,l:icl:.

does ¡ro'l e:iist.

LEUi\å
If 11 I sÍlrì {nr}::r, then lr2l= 1 ar

times.The éí¡¡ltt cotitrol scquences

(4,46) {-li,i+li,{-1,0},iul,0},i0,-1}
{+1rou-1}

IisJ

sioire is zcrc. 'Ihus tl:e tTa j ectory

, (sce ott. 12). Therefore, a

for ril i ini ti at -states such that

f icrii ltj:,,' . 15, tht:re are aclditi.onal

.spca1<ing, a fuel -optinaL sclution

nost at t1.,'o isolated r.:i:

, { o, *11 {-lror+'1,r,

can be canclicl¿itcs for thc ftiel -o¡t jnal ccn-urc1 .

Proof :'iìre sciçr j ons o! (4 "27) , (4,Zg) and (4,?9) girre

the sc(inenccs c¡| (¿r,aú)

From 'ulie sc 1eln,r:rs, it is nch' itcssil;1e to pro\¡e tlie
statenreni tir¿rt íor the cost function (4 "?) r,:ith k =C, there

a1'e rìo s jngular crtrenals r'¡ilicll are ontinal.
rrlrpB¡lT- ,3

T
If f (x'xr) = *tr rand the cost function i-s, t lu(t) l<lt'0

rvith T unspeci Fiecl, then singr,rlar controls cannot be optimal .

Procf:i)enote tlte y+ cut\re to be the locus of all
states tr'l'riclr can 1¡e forcecl to the origin b1, the control u=+1

and also cle:rote the y_ curr¡c -eo bc tÌre locus of all states

l+hich can l,p forcccl to the ori.gi.n b,v the control u=-1, in

irositir.t ti:: ,Isee i-jg, ]5)
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Suprosc l'11 sÍin iIr" ir:r, so tlrat Lcrnna 5 lrolcls; then among

t jre control :icqlrc j_rc.s cf (4.41r) , cnl,.,. thc controL
sec.uence i+i] uill {.crcc the state ({1n62) e y+ to the origin,
If Lenn;r 2 hoicìs, thcn tl..e control ri(t) r,iust l,.e,qiven lr), (4.2s),
Further, slli)nosû tjrat xi(r) a^c, >í'(t) arc the solutj.on_c of (4.40)
r','ith the j:rjtial st¿it_e (í1nE) e y+ and. rr,jth thc control. given
b1' (4.?,5). Clcarly, frcn i,1 .1t), xt(t) can be r.¡ritten ¿ts

(4.47) x: (r) = ,:^ - lf*., r-tlz-r,?í , T [-ssn {Fr}r,(t)1a1' 2- ''2 -)-'"1 '--' 'It '0 L

IÌorr,ever, ;; x)
ancl tlicreforc xj ï!ì¿t\¡ be e;{prcs_*ed as

LT(4.48) xi(t) = r1.,(å,.) " { ,lti [-s,sn {rz}v(o)¡da
where ìf (6rrJ is soilìc functjon "? , ";U t
siniilarll' thc ïesjìonsc dlnc to.onîror u=+-1 can be i.rritten âs
(4.4eJ x, (t) = ü (8, r) . Ï ¿rÏ 1 da1' o oFron (4.4S) anti (4.49), it foi1cr,,s that

LT(4.s0) xt(t)-xj(t) = 
[ 

dt 
I tl + ssn tnr]r,(o)l ,lo ¿ 0

rvhich mcans tl,.at the tr¿ri cctor,,- gcneratecl b), the control of
(4.25) rrÍ.11 a1r',,a.,,s l,c to tlic lcft of y+ , ancl so it H,i11 mis-s

the origi.n. Ily process oF elinination, it is concluded that
u=+1 is the on1,v control sequerÌce that gets the sytscn to g
for (E1rEr) E y*. In t¡iei', of Lenmas 4 anil 5, u=+1 is the
fuel -oTrt ii'ia1 scl¡tio'

If 
_6_ i.s in the region bounded by y*and ß, there aïc

nan)¡ corìtrors sl¡ch th.¿lt, 0l u(t) S +1 rvi11 get thc s)¡sterì
to tÌie oriç:ir.-, I oir'cr,'elr ìr)' Í,elin¿i 4eone of i-Jlcso n3n,y, controls
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consunes lcss fucl tl,an the scqltonce i 0, *1 i . Thc Same is

truc for (EI,E) s y_ ancl íor (EI,E) iri the region bounded by

y_ and ß " For (.li,E) e:tterior to the regiotl i:ounclecl t,y the

crlrves y ancl ß (y=y, tiV_) , tirere e,xist no fuel -optinal soltiti ons;

horvever an Ð*optiriai solr-r'l-ion ex j sts.

The ontinral -sclution j.s shclr'n in Fig. 15. It shoul <1 be 
,,:.,,,1,,,. ,

remarkecl that the effect of tÌ'ris nonlinear elerne¡:t f (xtrxZ)= ,,,,;.'.'1;..'''
x-x^ can t¡e 1--est visrr¡-1izer-l try conparins the s),stern r.¡íth thc ,,,,..,,, ,,I ? ,-''
lineai: cloirble integrai plant :so1r'ecl jn i4].

Thu-s, í t has been-sìiorvn that -singtrlar extTenì41 contr:o1s
_t

for the cost func.tion { i"(a)l dt rtj.th T free aïe non-o1;tina1 .

0'
Lenlra t has shorin tha.t for t(xf r*2)= *1*Z and the cost

function (4.2) n singttLar extrcntals: (1o n9t exist. The next

1er,.ina proVes ri..lrr- for tlre nonli.near elenent f (x1 ,*Z)= *1*2.þi

tlie sane conclusion can be reachecl.

I,ETÍTIA 6.

If f(x'x2) = *1*Z . # *ä and the cost Function (4.2),

then thcre cxist no singular extrenrals; and so the prolllem is l

::::-a,!.-:-!

normal.

Proof: ì.linjc tl're proof of Lenma 1to shor¡ that

II*= k > 0, so the lemna i s Provecl .

' ' ;:.1jr:i:i.'in.:
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- il

ra_i rr iories
ifftrrnti¿rI

Èlir. '.+l

fo r t ir,.,

eQUat it)n



r: ! /ìl' 1r:

Ll= 0

u5+1

1-o ¡: which
:ral solutions

,.fg1. il.-, lrl .ri.
+ !,.-.r?. . -, j

l: i I-:l

l.r tl:i:r tic'r,.: i::
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I 9" ll1i-tgtú 4at-i.qr1 .o,,f Ti.rte-',i'ç ig-hlqd ltUeL-

f c r l' l- an t s .Sq!:j qçI ! g.-tg-ìçgJ1¡:e--Ul:f¿C.! tg¡-Fo-t-c-ç-l

The n'iil-Lc.ría1 presentccl so far inclicatecl that singular

controls caiìnct hc optinal for plants subjected to linear

f riction forccs oï nonl inea:: clrag of the forn J:- xlx2o 1 *T.
'm.L

This section ,,1cals e:<clusively lvith plarlts subjected to

noirijncar friction torces, v;hich are pTo?ortional to velocity

on1y. In general, the motio¡i of tlie s¡'stet'r is governccl 1,," the

Cif f erenti¡rl e crriat ion

(4.51) *'*1"*=u l"l s 1

l-.rì

It is assumccl that the clrag is alrvays j"n oppûsi.t'i"on t0 the

Cirection of the i;rotion. The síngularity estahl ished in (4.35)

is autonatically sati.sfieC. It is shor';n here tliat singular

controls nay be optinal .

TriE0REi'f 9

consicicr thc control system descr ibed by (4.51) ancL the
T

cost function / ( k +lu(t) I )¿t , lr'ith T' unspecif ied and l:> 0.
0

If k : rn-1 ancl if ln2l=f v t e lty,t.J, the si.ngular control

u siven bv
S"

ku- = - -*--.- sgn {pr}s n-1
is a cancliclate for fucl-oirtinal control.'

Proof : The equivalent sy:iten for (4.52)

Xl = Xr
LL

1

(4.s2)

15

1*l+'
Ir!

(4. s3)



le r l

'l'1le IIami ltoni an ftrnction is

(4.s4) IÌ - k olul * t't*z rr*.i + pzu

The optimai contìro1 vj.a tlic Pl'{P is

(4.54 ) r,o = -ciez. {nr}

ancl the co-star:e r'¿rriablcs arc the solutions o.t tlre canonical

(4..5(r)
f)r - 0ta

;t = -Pr* tz*T-t
Singrrlarity concliiion occur.s if tirere is a subintert¡a1 t e ItIrtZ]
e l0,Tl such tTratl Irl=i.

Ässune llrl=r, v t a It1,t2J, thcn ir=0. Tl'.is irnplies

that

(4.57) ,, = Fz "i-t v t e [t1,tz]
Sinc" pl is constant, (4.57) inplies that *Z is constant ru'hich

i¡r turri inplies that *Z=C Ío:: al.L t eItr, tr]. Ïf xr=0, then

(4"53) inplie-s t1:at tlie control tt is a constant given bv

(4.s8) Lrs=å-.ä vte[t1,t21
Sr.ibstituting (4.57 ) into (4.54) , one oht¿rins

(4.59) _ro I*z = t# -sgn{PZ}lm

It follorvs then

(4.60)
us = - # ssn{ Fz i

lf u- is to l,,e a canclidatc for tr,tel-ontirral control , then
S

(4.61) 1( < nr-1.

i';t:r,'Íi:r:..S



[az]
If li > ;l-1, the singulzrr control cannot t'e optirnal because

l"l 11 rvhicir cr,ntt'¿rclicts the nagnitucle constraint on u.

The S).'nthesis p.roblein may l..e facilitatedrif one defineS ,-r,,:,,,,,

(4.62) c'r = -sgn{pr}
ln2l =1

If for exanÐ1e, ü)= 1 at every point in the state snace,

then as t increases, the control can only sr,¡itch fron u*=-1

to -Lt or to 0"If the control u* is initiall-r' lrthen no srvitch-s

ing is a11or,:e cl. Sim j-1ar rcasonin¡J holcls for ol=-1.

Athans ancl Canon t3] h.¿rt¡e provecl th:rt F2 is a continuous 
i

function V t e l0rT] anci pZ can be zero at most once. The;' 
,

also establisliecl that the optiriral sequences to the origin must 
i

i

be of the tyf'e {.n"o..'rCr1} oT o,t the tyi)e {....ôe oo...r0r-1} 
l

As a further cl.enonstration tha-t li near f ricti on force, i

i

pla,v a very insignificallt role j.n the structure of singular 
i

fuel-optimal solutions, Exanple 6 i.s presented for compariscn i

r,,'itir the exarnple solved by Athans and Canon t S] . l

In general-u the existence of singular controls for
fuel--oFtinal problens is an inherent prolerty of nonlinear

systems. It appears, therefore, that the exclusion of singular

controls in thc hyi;othesis oF the theorems is unju-sti.fiab'1e.

The possibility of singular controls rnust also he investigatecl jit::-':Ì

for any given no¡rLinear problen for fliel nininizatjon.
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910. An !:*g:ut-l-e

l:X;\llPLE 6

Consicler ihe nonlinear s1'ste¡r with linear Friction and

cluadratic c',rag. Thc c11'nani.c equation describing the systen is

xl -- xz
ttx2 = -ax2lx2l- b*2 + u Il'hereaandlr>0ancl

l"l s 1

T
The inclex of pcrfornance is J(tr) = l (k * lu(t) l)dt, k > 0 ancl

0
the terminal tinc is f,ree. Th.e onlr' dif f crence hetrve en this

problen ancl the one solveil by Athans anc', Canon [3] i-s in the

linea-r frictj.on trxr. Proc.eeclirrg along the lines as indicatecl

in T'heoren 9, the singular conclition inplies
pl =(2 ,f,ñ + b) sgn {f Z}

xz=/E ssn {r,z}

sgn {pz}= sgn {x¡}

The control corresponcls t-o singular extremals is given by.

rs= ( k . r./T )ssn {xr}

::ri, r:

Thus it is clear the

(k+ rÆ

By means of (4. 62) ,

coïrespondi;rg to

) s 1.

the state space is subdivided intp regions

ür=-sgn {i''r}l =

I

llrr l=

f -sgn {aix

[-,r" {-ul
1

l- ! I for Ìr =+1, X?

x I irt ror pz --1
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In each of thc rcgicns tire a11ol':ab1e si,:i tclri ng clirection is

unicueiy clef ined.It i s clear that if u*r --1 at any time

rr'liile the -rcjlresent¿rtiVc points are in tlie Lrpper plane *ZrA,

tlien as t increases rlr'--1, as long as *2, 0. Tn fact, this

control is r¡,aintainec'l until xr= - 5 as rnay be seen from theLa
equetion. A similar remarl; hold-s fcr tbe case u*=+1 in tl-ic

lor¿er half plane x, < 0.

The optimali ty of the f arnily of trajectories shot"n in

Fig, 20 is iclentical r*ith. tliose est¿rblished in Ij],



Tl i ,t 16 'l'i'ej ûi,"1 í\t'ie s ior
in f;<l:ir:;ric 6.

u=0

f.or r,l=-i r r)l . i

Fig, i7 T'rajcctor jes far
uc+.1- in Exan¡.1e 6

1B Tra,i cctot'i ¿,::;

i.n ll.r¿rr:i.1c 6.
i'rajcciarjes ior'
y= _fl *t'ffa) sgnix.
in ix;rnp1e 6,

Fi.g.Ztl Fir:.iy.f Sinillrll.i: irlr.l ;r,fïnai rr¡.l ectories
lxail¡rlr ii . ,1, ;..'¡:ic.:il 'l':î'i'',:ri ¡atlr is sJioÌ.,n

to r'

iil,.
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CFI,{PTIIR 5

CONCLIJST Ox*S AÌ,1Ð lìE){ARI(S

It lras beelr shorçn that for a class oI optímizalion ol'

control proces-scs, singularity is an inlierent lrolrerty of the

d1'naniical systen and ihe function or furrctional to 1;e nininízeð,.

In any ?,i\¡err probleir, the nossihility of singular solutionIs)
shoulcl alrtays be inr¡estigatecl csf ecial li' in problens tr\:here the

control variables apllcar linearl;''i.n tlìe syStem eqtration oT

the perfornance criterjcn.

The optir,ri.rn sol-utions for ninintim time prohlens are

obtaine<1. For single-input systcns, there exists no sclr-rtion

for sorrre initial states (tire uncontrol1a'l''1e states) ano if
all controllablc states eïe constrainecl j.n the hl,perplane

<pr x> =0, then a unique l-rang-hairç{ soluticlll is f ounC. T}re

existence of Set¡crai con-uro1 1ar,:s is charaCteristis of

ntultiple-input systerns l,'hen tlic s1'stens cio not satisfy the

normalit¡, conrJitions. For sone plants, th.ere exist initial
states for l'¡liich the problems are essentially nornal, in
which case, the solution is unique bang-bang control.

The consirierations given in the fr-re1-opt i.na1 problem

1eacl to tìre conclusion that for nonlinear systens, singular
optinral controls nray appear freq.uentl;' in contraciistinction
to their non-occliirence in linear tine invariant s.,'stens

lr'itlf f{"fij. ll.2¿Ìì,.,'å:,Ui,c 
------==ii:r:;îtrì i;.ir;ìii'gir ih,:¡e àî* i¡iiiia,i StCigS

;::,.i; !a:r



f{.':¿,t'þ¡; ¿¡3+1,:t*5"rÉ +!t

i87l

for which the problern iE sirrqr.ria:.-.

In conclusi.cn, j¿ i: f i:rrâ-r;.eJ ti;í:i oiìe cånnc'l state

a priori that singul arí't,t, cati,;-i'r-ion necessari,l y inipli.es that

tlre singi-r1ar arc o): s,-i'ira:c t-l¡'r,;s ã. nai:î. of tTie opl;inial solutj-on"

espec iaLLy in iuel" - optimai i:''rt; i ciirs 
"

.'::l,'lì:':.:i:
:...:.'..;:....r-.
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APPE){I)ÏX A

The purpose of this appenclix is to revier" the termino -

logy and to present a nurnl.¡er of results neces.sary for the

developm.ent of the rnaterial in the thesis.
L INEAR TRANS FORI'ÍATI O}'J

DEFINITIOIII: A linear transforrnation (L.T.) 3 is a function rvhose

donain is a l inear l¡ector space X and rvhose range is in a l inear
vector space Y such that for any x, and xrin X ancJ any scalar cr

11= !*1 -taIl = soxt

yi= 3*iri=IrZ = 3(x, + *z) ->yI * yz

For example consicler the eqtration

Ax=T

FIere X= Cn is the trsual n-d.imensional vect,or space and Y is
an n-dintensional t'ector sFacc. If m=n, Y is usually identi.fied
rvith X. In nany applications t.,hcre m<n , ^[ is consi<lerecl to

to a slrbspace of ¡.
DFFINTTTOli: The range or image of a L.T. R is the set R(R)

detined hy

P.(R) ={ yeY ly=R* for soìîe xex }

DEFIIiITION: The nu11 space or kernel of a L.T. is the set

N(R) rlefinecl by

I'l(R) ={ xex llì.x=0 }

:'. -.:. . j.., :. -.

i. :.,rr .: ¡ 
'i 

:

li::':'-::i .: :: : r -_,
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I'hc ranl: of It is ciefinecl to bc thc dincnsion of

tl:i: nrr11it1' cf P. is clerI jnecÌ to be the

or ntiJ i i ty spacc.

iunclirner-it.íì1 rel at ionship holds

uliitr'(Iì) = Dir¡cnsional (R)

tl:e n¡'rtrix equ¿'.tionConsidcr aqain

The clincn.s j on (cl!ir) of the

hono¡¡enous sys tcn of l inear e quation

numl¡er of unl<nor,'n s and r i s the ranL

Proof : Sincc Cin(lrerAj=

i ts range oil

climensi otr cril

inag c ¡Lntl

its Lcrlrel

fo11ei.:!i:q

D-^l- rn) r af.\cll^ Lr\J

n-1-.\ r ce -. = I ci(t)
: 

-^ 
II-U

The

l\x = 1,

The solutj-on of thc r-.ciuâticn na;' beviet,,'ed as the image of ,veY

uncler L.T. Frlrthcrnorc the sc,lution o:[ the associatec'l hcrrrogenous

eclr-ration Àx=0 may tc uj.er'"'ccl as the lternel of linear mapping.

TI]EORE¡J I\. 1

solution space llr of the

i\x=0 is n-T v,'hcre n is the

oF thc natrix A.

clim (A) -Rank ( (^)

n-r

l:Rg? F _0r; llu:glri i..L
Proo-f : Tlie sol-ution oI

t
x(t) = c At(X^ + ! "-A''-u 

o
At f = T*, I(T) =Q Thercfore

Tå - Arx_ = -f e "'Bu(t) ,1roo
By the Car'1.e1'=H.:inj-1tan Theorenr i261

(3.1) is
Bu (t ) d'r

-AT.emayDe expressed as

ll': '

I i,:

rl-
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Tlrus

-o
n-1
I e, (t)A

i=0

T.*

o

inu(.) cl-¡

x =--o
n-l T*
: A1B /o;(t) u(r) d1

1=t) o

4
I

uftll
.t

u(rl''i
I Cl .rt'
I

g(t)
;

prev ious

s iclentical

11y indepenclent

matrix G

f the range

in the range

I
I

1". (t)
I "-1
"U in

ia1 i

1 inea

s the

ion o

rt rs

assurlì

olynon

) are

impl ie

efini.t

1)' i f

cr, ( r)

=- t B I ARl......At-18

ï¡ natrix A is of simple structure as

clerivat ion, tlicn its characteri st j c p

with i¡5 mininal pa1;-nomia1. Since q.(,

[33], the above relation i.s true and

def inecl by (3.7) lia s a rank =n. B)' d

of a L.T., u has a solution if and on

of G.

TII.¡O LI]FÍ¡IAS ON INNER PRODUCTS

T

l¡
o

crr(t)

I

LEltì.t¡, 1

Let y and z be any th'o

z satisfics tl-re conclition

a real sl<err'-s)¡mactric, rxr

real r-vectors and

(z ¡ y>=0 if ancl only

^, 
sttch that z=^y.

assurìc yl0, Then

if there exists

l;l:1,-¡rlil
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Proo F; Suf f icicncy' is trivia1. To shou neces-sity,

let R be a rxr ol-thogona.l natrjx ancl yt be a colunin vector:

such that yu= By = col.(l lyi I , 0,0 ...0). Let z' =Rz

= col. (zl , .... rzt) rtirerc zt. is the ith component of zt .
1' ï 1

Since B is c'rtìrogc;na1, qzt v> = (-ztryt) -0 r"hich inrplies that

zl -0.I
Denote a to be

Let y and z he any trqo real r-vector and assume yl}.

Tlren, if a is any scalar, 12 r\') =cr if anC on11, if th,ere exists

a real skel^'-synnetric rxr nÌatrix A such that z= [ ßi +A] y, where

ß= "/Ily|12 
and I is the identity matrix.

Proof : ,,\s in T.enrna 1, the sufficiency conCition

follorss b1' clj.rcct evaluation. To shorç ncce.ssity, Iet z be

deconposed as z=z' +z" rrr'Ìlere 12t , y>=0 ancl ztt= .l)'r rçith y

being some. scalar

ri;]tj,l:51, :': 'l:l::

[t -z\ -z! . . .,îl
Q= I'l o o "....0 Iill';;l

Lri 0 0 ........0J
and clef ine A =sTQn/ I iyl i. since Q*QT=0, tiren A +;1.T=g=

= nT¡q*oT¡ lit-li -0. Frirther llt, lli\y=p,Tqur=BT0y' =RTllyllr'=

llyllBTRz=ll,ullr. Thtrs A is .sher,r-svmnìctric rxr matri¡ suclr that

z = Â r¡

LEr,{ì'rA 2

iìa,;i!i.::
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since 12, r,r) = d= 1zt't y> =v I lyl I 
2, It follorçs that

y = d/llylf -ß. Furthernore Lemma 1 impl.ies that z'= Ay

rvhere A is a shelç-s)¡mnetric ntatrix, so z= [gt +A] y

The Lcmnas g ive expl ic it (non -tin ique) solutio¡rs cf, tl-:re

implicit algebraic equetiÐn 1z t v> =G for ylO. lYhen )'=0

c must be zeTo for a soluti.on to exist ancl z is arbitrary in

this case. 0f course, -4. is not uniciuc.


