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"ABSTRACT

This thesis studies the subject of numerical integration
with attention being focused on the concept of an optimal quadrature
vule. Some characteristics considered to be desirable in a quadra-
ture rule ére presented and the classical quadrature rules which
adhere to these properties are identified. The undesirable traits
which often accompany these quadrature rules are also noted. A defi-
nition of an optimal quadrature rule is then formulated and an
attempt is made to identify known quadrature rules which best conform

to the proposed definition of optimality.
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CHAPTER I

INTRODUCTION

1.1 Approximate integration of functions of a single variable

Restricting attention to Riemann-integrable functions of a
single variable, quadrature becomes the process of evaluating numer-

ically integrals of the form

b
I(w,f,a,b) :,[ wix) f(x) dx (1.1)
a

where x 1is the independent variable, w(x) 1is the weight function,
a and b are the integration limits, and w(x):f(x) is the

integrand. The integral in (1.1) may be improper and/or indefinite
and may or may not have an explicit solution obtainable by applica-
tion of analytic methods. If an analytic solution cannot be found
or easily determined, or in fact even when one is not desired,

approximate methods for evaluating (1.1) must be used.

The most common methods for approximation of (1.1) use
formulae which express the integral as a weighted sum of values of
the integrand and its derivatives at a finite number of abscissae.
In their most general form the approximations are

n m .
I(w,f,8,0) ® § ] a, gl (1.2)
=0 k=0 Tk
with the set {ajk} being the assigned weights and the set {Xjk}

being the specified nodes. For fixed n and m, the weights and



abscissae are considered to be parameters of (1.2) with the only
restriction being that the abscissae are not 'to be located-outside

thesinterval ofr integration. In most:icases, the ‘quadrature-weights

are determined uniquely by the quadrature-abscissae.  When quadrature

formulae of the form (1.2) ape used to approximate (L¢l) the process

is'sometimes called mechanical quadratupe.’ Specific forms ‘0f2(l.2)
and the class of functioéns for which:these guadvatire rules arve appli-

cable are discussed in subsequent chapters.

Ideally a quadrature formula as given by (1.2) should be
applicable to all integrable functions, be easily evaluated, and
have a high degree of accuracy. The quadrature formulae developed
to date fail to satisfy the above criteria with most being applicable
to a restricted class of functions [37]. Often several methods are
available for integrating functions of a particular type. In such:
instances someone choosing a quadrature formula is faced with the
problem of determining which approximation should be used for the
particular function or class of functions being considered. Hope-

fully the selected quadrature rule would be optimal in-some sense

for the given problem.

1.2 Historical development of quadrature techniques

Historically quadrature originates with the Greeks and
their study of the problem of squaring the circle. In attempting to
solve the problem, the method of exhaustions was devised whereby an
assemblage of non-overlapping elementary figures is used to exhaust
the area of the main figure. This method represents the first

example of a limiting process for integration and is limited to



approximating areas of sufficiently regular closed curves. It was
fiprst used by Antiphon (ca. 430 B.C.) and later applied to other
plane curves by Archimedes (ca. 287 B.C.) [ 71. 1In the ensuing
centuries other geometrical techniques for quadrature were developed

(cf. Montucla [36]).

The origins of analytical methods for integration are
associated with Cavalieri (1598-1647) and the method of indivisibles
[ 6]. Cavalieri's method constituted a rudimentary form of integral
calculus and because of its non-rigorous nature, the method fell in-
to disfavour. A variation of the method of indivisibles was pre-
posed by Newton (1647-1727) in his method of fluxioms. With
Newton's method of differential calculus and Leibniz's notation,
the present form of integral calculus has proved to be theimost success-
ful method for integration even though Riemann's definition of inte-
gration as a definite limiting process provides an intuitive

approach to the problem.

The first numerical integration formulae originated with
Newton when he used interpolation to effect gquadrature of plane
curves [25]. Using Newton's results, Cotes devised interpolatory
quadrature formulae using up to eleven abscissae. About a century
later Gauss used the properties of orthogonal polynomials to establish
a new type of quadrature formula. Gauss's quadrature: formulaey which
are also interpolatory, increase the precision of the rule without
increasing the number of quadrature nodes. Modifications to
Gauss's method were later made by Lobatto and Radau. More recently,
quadrature formulae for specific applications have been developed

with Filon's method [17] being an example. Since the development



of digital computers and high-level programming languages, interest

in quadrature has been directed to developing "automatic integrators'.
These quadrature schemes are either adaptive iterative or non-itera-
tive algorithms based on the classical quadrature rules and are

meant to be used for integrating a broad class of functions. In
their ideal form these automatic quadrature methods would have the
integrand, integration limits, and error tolerance level serve as
input and an approximation and associated error constitute the

output.

1.3 Criteria for optimal quadrature formulae

Tt was mentioned previously that the quadrature weights
and abscissae in (1.2) are parameters and that their specification
determines a unique approximation to (1.1). The fact that there
exist infinitely many choices for the weights and abscissae with a
corresponding number of calculable approximations then raises the
question as to how these parameters are to be determined. For
whatever method is used to establish these parameters, a non-rigorous
approach is unfeasible because no definite conclusions can be drawn
as to the quality of the resulting approximation [1k4, P.160]s~ The only
alternative then is to set forth criteria:which characterize an

optimal approximation for (1.1).

The need for the definition, classification, and develop-
ment of optimal quadrature formulae is realized when the following
facts ave considered. First,it has been noted by Oliver [37] that
for any quadrature formula,a pathological function can be found such

that an application of the quadrature rule in question to such a



function yields an unfavorable error in the resulting approximation.
On that basis it can be said that certain types of quadrature rules
are applicable to a restricted class of functions. Secondly it is
to be noted that there exists an overlapping of areas for which
different families of quadrature rules are applicable and that each
method of quadrature has distinguishable advantages and disadvantages.
For example, both Gaussian and Newton-Cotes quadrature rules can be
used to integrate functions which have continuous high-order deriva-
tives but each has differing intrinsic characteristics. Finally
there is the observation that approximate integration is used in a
wide range of disciplines with the people using the known quadrature
rules having varying degrees of familiarity with the subject. As

a consequence, it is quite common for someone who has access to a
computer to use a standard library program without giving sufficient
consideration as to the usefulness of the method for his particular
problem. If a characterization of each type of guadrature rule is
made available,then it would be easier for the users of quadrature
rules to evaluate their selection of approximation. Additional
benefits of such knowledge would be the increased confidence in the
approximation and the ascertainment of whether the approximation

is overcomputed or undercomputed.

The study of optimal quadrature formulae began only recently
with the results of Sard's investigation of "Best approximate integra-
tion formulas'" being the first publication on the subject. Since
then people such as Davis, Meir and Sharma, Barnhill and others

(see [15], [41], [301)- ' have considered the problem with some



having different objectives in mind. Throughout all of this work,
however, a consistent theme of imposing restrictions on the quadra-
ture rule is evident with either minimal or maximal properties for
the quadrature rule being sought. In some cases the specified restric-

tion(s) define the quadrature rule uniquely.

For the majority of suggested qualities of an optimal

quadrature formulae, attention is focused on the truncation error

T o which is related to the integral approximation to the extent
-
that
n m
[P we seoan = § ] 2 £ G M (). (L.9)
a j=0 k=0 J ’
It5 ~dependence’ on the integral and quadrature formula's para-

meters is realized in its integral representation as determined by
Peano's theorem [12, p.70]. wIn:a.more:.abstract sense Tn;m'~is;considered
as a linear functional with the integral sign being an operator
defined over a function space. In other instances, consideration is
given to the roundoff error which is associated with the calculat-
tion of the sum in (1.2). Specifically, for the family of functions
F for which the approximation (1.2) is to be applied, an optimal
quadrature formulae has been characterized as one in which a choice
of abscissae and/or weights results in either: (i) the truncation
error being proportional to some ordér: of the derivative of f on
the interval [a,b] (i.e. Tn’m(f)=K'f(n)(€) for the largest possible
integer n and for some £, a<&<p),(ii)the quadrature rule having the

least square roundoff error,(iii)the quadrature rule providing the

least upper bound truncation error,(iv)the truncation error having



a minimum norm,(v)the quadrature rule being best in the sense of
Sard (viz. minimization of the square integral of the Peano kernel
function) [12,p.76]1, or (vi)the sum of the absolute values of the
quadrature weights being as small as possible. The characterization
(i) is usually referred to as the precision of the quadrature rule
with the quadrature rule (1.2) having a precision of degree n if
for some constant K, Tn’m(f)=K.f(n+l)(g).

1.4 An approach to the subject of quadrature

In view of the foregoing discussion on the significance of
a comparative examination of quadrature rules, one of the objectives
of this study is to present an overview of the subject of quadrature
based on the notion that the criteria for an optimal approximation
define a specific quadrature rule. Secondly, in realizing the
importance of the digital computer as an aid in numerical integration,
consideration is given to some of the problems associated with the
design of automatic integrators.

The extent to which the above objectives are fulfilled is
established on the basis of the following methodology. First a
criterion for optimality is introduced and the underlying mathema-
tical theory is discussed. Then the derived quadrature rules are
identified with known quadrature formulae. Possible variations and
extensions of the basic type of quadrature are investigated and
their peculiarities discussed. Finally, some "successful' computer

algorithms are presented and their computational limitations noted.



CHAPTER II

Constrained Quadrature Rules with Maximum Precision

2.1 Introduction

I+ was mentioned in the last chapter that a defining characr
teristic of an optimal quadrature approximation is the extent to which
the quadrature rule integrates functions exactly. This quality of
exactness is referred to as the precision of the quadrature rule with
one quadrature rule being said to have a higher degree of precision if
it can integrate exactly a larger class of functions. In order to
generate quadrature formulae which have some measure of precision it
is common practice to choose a set of basis functions which generate
a function space and force the quadrature rule to integrate these
functions exactly. Usually, the function space considered is the
space of polynomials for which a guadrature rule is said to have a
precision of degree mn if it integrates all polynomials of degree

< n.

In considering the actual use of approximations of the form
(1.2) there exist two distinct possibilities, namely; (i) the function
being integrated is known analytically and (ii) only values of the
Function f(x) and its derivatives ave given for a specified number
of abscissae. This chapter concentrates on the development of quadra-
tupe rules which have maximum precision subject to the restriction
imposed by situtations such as in case (ii). Initially, emphasis is
placed on those quadrature rules which do not involve derivatives of
f(x). The above considerations then result in an approximation of the

form



b n
L w(x)F(x)dx ~ ) a.f(x.) (2.1)
2o 33
j_
with the abscissae a < x; <X, < ... <x, = b being fixed and the
n+l quadrature weights aj (3 =0, 1, ..., n) Dbeing variable.

To determine quadrature approximations of the form (2.1) having max-

imum precision it is necessary to choose the welghts so that

n
fb WR)E(R)Ax = ) a.E(x, )T (£) (2.2)
a =0 3 J n

]

with Tn(f) = 0 for as large a class of functions as possible.

2.2 Derivation of quadrature rules with maximum precision

Because there are nt+l degrees of freedom associated with
the quadrature sum (2.1),it is possible to impose a corresponding
number of conditions on the quadrature rule so that both the quadra-
ture weights are determined uniquely and the quadrature rule is of
maximum precision. Indeed, if a set of ntl linearly independent
functions '{go(x)i gl(x), ...,_gn(x)} are chosen as a basis for a
function subspace and the quantities

b

:.[ w(x)gk(x)dx k=0,1, ..., n (2.3)
a

My

are calculated then the conditions Tn(gk) =0 (k=0,1, ..., nn)

for (2.2) establish a system of ntl equations

E

ajgk(xj) = Wy k=0,1, ..., n (2.4)

=0
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for the unknown quadrature weights. By writing the system (2.4) as

a matrix equation Ga = p with G = (gij):(gi(xj)),§?=(ao,al,...,an)
and E?=(uo,ul,...,un) the independence of the basis functions guar-
antees a unique non-trivial solution. Moreover, for any function f
which is an element of the subspace spanned by the basis functions;
we have Tn(f) = 0. The fact that an enforcement of a larger number
of conditions on (2.2) will generate an inconsistent system of
equations determines the maximum degree of precision for (2.2) to be
n.

Some possible bases for derivation of quadrature rules of

. . s . : 2 n
maximum precision are the set of monomials {1, x, x7, ..., ¥ }, the

set of exponentials {1, eX, e2x, cees !

, and the sets of trigono-
metric functioms {1, sinx, ..., sin mx}, {1, cosx, ..., COS mx'},
etc. For each case,a particular quadrature rule will be established
with its precision being defined in terms of the chosen basis. When

the monomials up to degree n are chosen,there is a correspondence

with the theory of interpolation and some common quadrature rules.

If a quadrature rule of the form (2.2) is considered within
the limitations mentioned in sec. 2.1 then it can be shown that the
quadrature rule with maximum precision over the set Pn of all
polynomials of degree =n is interpolatory. In fact the following

theorem [ 29, p.80]:ds true.

Theorem 2.1. The quadrature rule given in (2.2) is interpolatory

if'and only if it is“exact for'all ploynomials of degree sn .
Although the above theorem shows that quadrature formulae of precision

n ave interpolatory it does not assert that such formulae have the
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highest precision. However, the quadrature formula (2.2) has a de-
gree of precision of at most n, for if it were exact for polynomials

of degree ntl, then it would contradict the interpolation theorem
~given by Cheney [ 9 ] which states that the interpolating function is

unique. Therefore, for quadrature formulae based on n+l nodes,

the highest degree of precision that can be obtained is n.

Since it ‘is-assumed that no function derivatives are to
appear in the quadrature approximation, the interpolatory quadrature
rules must be based on a Lagrange interpolation of the integrand.

If the guadrature nodes Xys Ko veen X are prescribed then the
integrand f(x) is approximated by a collocating polynomial such
that

(x-x.)
]

n n
f(x) = z Qk(x)f(xk) + rn(x) . zk(x) = 1 (2.5)

k=0 j=0 (% -%.)
7k
with rn(x) being the truncation error associated with the interpola-
tion. Now multiplying both sides of (2.5) by the weight function w(x)

and integrating over the interval [a,b],a quadrature formulae such

as (2.2) is obtained with

b
2, =]a WG GOdx ] = 0(Dn

(2.6)

b
T =J. w(x)r (x)dx
noJ n

From Weierstrass's theorem on polynomial approximation we know that

the accuracy of the integrand approximation and hence quadrature




approximation usually improves as the number of nodes increases and
in any case is exact for all functions f£(x) which are polynomials

of degree n or less,

The -cakcutatien of the quadrature weights ak(k =0, 1, «c., 1)
by meams of equation (2.6) is-unsuitable because:the addition of mew
points to the quadrature formula necessitates the re-evaluation of all
the weights. A more appropriate method is to use divided differences.
By using Newton's divided-difference interpolation formula (which is
equivalent to Lagrange interpolation) it is possible to compute the
weights only once even though points may be appended later to the
quadrature formula [23]. Such a scheme is advantageous in developing an

algorithm for adaptive quadrature using interpolation formulae.

2.3 Newton-Cotes guadrature formuale

Interpolatory quadrature formulae are applicable to both
uniformly and non-uniformly distributed nodes in the interval
[a,b]. However, convenient quadrature rules are obtained when the

X_-X
nodes are equidistant (i.e. x,-%, ,=h, i=1(1l)n, h= nn ) and in

such cases the quadrature formulae are classifed as being of the
Newton-Cotes type. The Newton-Cotes formulae may use both endpoints,
in which case they are called closed formulae, or they may have all
nodes in the interior of the interval [a,b] in which case they are
referred to as being open formulae. Other quadrature formulae using
only one of the integration limits are also possible. In the deriva-
tion of these quadrature formulae, the weight function w(x) 1is

assumed to be a constant function.

For the case of a constant weight function, the weights

12



for the Newton-Cotes formulae are called Cotesian numbers and the
methods used in obtaining their values are varied [251. One approach,
however, leads to an asymptotic representation for large values of

n. By a change of notation for (2.2),we can write for the closed

Newton-Cotes rules,

~[bf( _ (b-a) 5
x)dx = } a. f(x tkh) + T (£) (2.7)
n & nk 0 n
a k=0
where
,,,,,, b o ()
_ n n
R Y fa (X5, KR )p, (i FI) dx (2.8)
n
and p (x) = I (x-x,-jh) .
n 320
Then substituting x = %, + th (0 < t £ n) we get
n-k n
a . = _};%%D—,- Jé t(t-1) ... (t-k+1)(t-k-1)...(t-n)dt
(2.9)
k
_ (-1 Jn T(t+1)T (n+l-t)sinmt
S HCES) Gy at (2.10)

0

with T(z) being the Gamma function. Now letting the integral in
(2.10) be a sum of three integrals (with limits 0 <t < 3,
3<t<n-3, and n-3 <t <n respectively), and estimating each

integral for large values of n,we obtain [29,p.86]
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Hence by using equation (2.9)9the coefficients a, can be computed

and their limiting values estimated by equation (2.11). The computed

weights for small values of n(n = 1(1) 10) are given in table 2.1.

On examining equations (2.9) and (2.11),several character-
istics for the Cotes numbers are evident. The weights are

symmetric with a

n
= < < —_—
- an(n—k) for 0 £k < [ ] . Also all the

2

weights are rational numbers with the denominator increasing non-uni-

formly as n increases and the numerator increasing as k  approaches

{%-] . A check of the weights given in table 2.1 shows that all

weights are positive for odd values of n less than eleven and even
values of n less than eight. For large n, there exist both posi-

tive and negative weights which exceed in absolute value any arbitrarily

large number. Moreover, the first two weights aq and a are

2
in sign. Finally, in view of the fact that the Newton-Cotes rules

always positive with each successive weight up to an{n} alternating

are interpolatory they must integrate a constant function exactly

n
and so we must have Z a =10,
k=0 nk

The preceding characteristics of the quadrature weights
apply only to those interpolatory quadrature rules having a constant
weight function. Since it is usually quite difficult to calculate
the weights associated with non-constant welght functions, someone
who is intent on using this type of quadrature will, if necessary,
modify the integrand in (2.2) to change the problem to one of inte-
~grating with respect to a constant weight function;+-In some instances such
an approach will-have harmful effects. It has been shown by

Kaplan [ 27] that whenever there is a singularity in the integrand,



b n
j’ F(x)dx = H ) a_, f(a+kh) + T_(£)
a k=0 nk n
# of intervals | coefficient adrature Error
@,n  %n,1 4,2 2,3 2L 20,5 Qu o)
n H . o - ; , T_(£)=Cf PJl(gy, a<e<b
n,n n,n-1 n,n-2 an,n—S an,n—u an,n—-S
3
h h™ _(2)
1 5 1 —l—é‘f (&)
2 h 1 i IS
3 30
5
3h 3h™ _(4)
3 ' 1 3 _80——f (g)
7
2h sh' _(6)
b I 7 32 12 5T £ ()
7
5h 275h (6)
5 558 19 75 50 75095 £77(8)
9
h , %h (8)
6 ST ul-. 216 27 272 iﬂﬁB’f ()
g
7h 8183h~ _(8)
7 T7555 751 3577 1323 2989 Ei@ﬂﬁa-f (g)
11
Uh 2368h (10)
8 IS 989 5888 -928 10496 -4540 e f ()
11
gh 173h (10)
g 55650 2857 1574l 1080 19341 5778 e f ()
13
5h 1346350h (12)
10 559375 16067 106300 -48525 272400 -260550 427368 56918555 £ (g)

Table 2.1 Low-order closed Newton-Cotes quadrature formulae

ST



those quadrature rules based on weight functions of the form w(x)=x
(p#0) produce better approximations than those obtained from the

conventional Newton~Cotes formulae.

Also,it is to be noted that equations (2.7) and (2.9) apply
only to closed Newton-Cotes quadrature formulae. Calculation of the

weights for open-type formulae requires the changes

XO:a+h, xn=b—h, and h = gig— so that the range of integration in

(2.9) becomes -1 < t < n+l. The quadrature rule is now of the form

b n
f f(x)dx = (2;2) ) a_, flat (E%—) (b-a)) + T_(£) (2.12)
a k=0
(_l)n—k n+l
with a1 = o J +(t-1)...(t-k+1)...(t-n)dt k=0,1,...,n
! v
b
and Tn(f) =J. rn(x)dx

In view of the fact that a different interpolating polynomial is

used to obtain (2.12), the truncation error associated with open
Newton-Cotes formulae will not be the same as that obfained for the
closed-type quadrature rules. A comparison of both open and closed
type rules using an equivalent number of abscissae will show that the
latter invariably has a smaller quadratuve error , . This drawback
has resulted in the infrequent use of the open-type formulae in
~general integration problems. Nevertheless, open-type formulae have

been used successfully as predictors in predictor-corrector methods

associated with obtaining numerical solutions of ordinary differential

equations [20].

16
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2.4 Representation of quadrature errors for Newton-Cotes formulae

For the general interpolatory quadrature rule given by (2.2)
and (2.6) there is an error rn(x) associated with the interpolation

of the integrand f(x). By using divided differences a representation

[29, p.uk]
rn(x) = pn(x)f[xo,xl,...,xn,x] (2.13)
can be derived where f[xo,xl,...,xn,x] represents the divided
difference for f(x) over the set of points {xo,xl,...,xn} and
n
pn(x) = Il (x—xi). The subsequent integration
i=0

Tn(f) = L% w(x)rn(x)dx =ib w(x)pn(x)f[xo,xl,...,xn,x]dx (2.14)
yields the truncation error of the associated quadrature rule. To
derive more appropriate representations for Tn(f) it is convenient
(and sometimes necessary) to make the following assumptions. First,
let it be assumed that feC(n+2)[a,b] where C(n+2)[a,b] denotes
the class of all functions having continuous derivatives of order
n+2 or less on the interval [a,b]. Secondly,suppose that the weight
function w(x) is constant over the entire interval [a,b]. On the

basis of these assumptions, the following theorem is true,

Theorem 2.2

For the closed Newton-Cotes quadrature formulae having an

even number of equal intervals on [a,bl, the error Tn(f) can be



expressed by

() = ey £, a << (2.15)
b
where K, :J; % pn(x)dx

Proof: In the derivation of (2.15) some preliminary results are re-
X
quired. TFirst consider the function gn(x)ff pn(i)dg where
a
pn(x) = (x—xo)...(x—xn). By definition gn(a) = 0 and because n is

even, pn(g) is antisymmetric about the midpoint of the interval

<xo+xn (XO+Xn
La,b] (i.e. PA—F— ¥ g>= P\ T - g)) . Hence we also have
gn(b) = 0. Also, because XO’ Eys vees X, are the only zeros of
pn(x) we have pn(x) >0 for =, <x<x 80 that gn(x) does
not change sign for x, < x < x,. But ]pn(g+h)|< ]pn(g)] fop
Xy < £ + h <30 TR . g#xj (j=0,1,..,,n) and consequently gn(x)>0 for
2
X, < =% < XO i Xn .
0 5 By the antisymmetric property of pn(x) we
; X+ X
also have gn(X) > 0 for 0 n < x < Xn . Therefore
2

g(x) is of constant sign in the interval [a,bl.

Now considering the second integral in (2.14) we have

X 3K

0 ;..,xn,x]dx (2.16)

.b
Tn(f) :jv dengx)"f[ 1

a dx

It can be shown [ 29, p.41] that %;—f[xo,xl,,.,,xn,x] is continuous and
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d .
f(n+2)(€(x)) = a;-ffxo, o5 X, x] with &(x) being dependent on x
(n+2)!

and a<f(x)<b. Hence by integrating (2.16) by parts once and using the
fact that g(a) = g(b) = 0 we obtain

£(0%2) (£ (1))
(n+2)1

b
T_(£) = -ja g (x) ax . (2.17)

By assumption, f(n+2)(x)

is continuous on [a,b] and as earlier
roved g (x) does not change sign on the interval [a,b]. An applica-
p n P

tion of the second mean value theorem for integrals now gives

f(n+2)(n)
Tn(f) = - ngn(x)dx, a<n<=>b. (2.18)

Finally, noting the properties of gn(x) and integrating (2.18) by

parts we get

b b b a ~[b
/ﬂ gn(x)dx = xgn(x) —-[ X a;-gn(x)dx =-J), % pn(X)dX.
a a "a
b
The theorem is proved by letting K = —jﬁ X pn(x)dx.
a

The above theorem gives the following corollary.
Gorolliary 2.1

For the closed Newton-Cotes formula defined by (2.2) and
(2.6), the error for the case of an even number n of intervals is
given by

K
hn+3

‘n f(n+2)(n) . h = ~—— , a’< n < b (2.19)

Tn(f) = (n+2)! n
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n
where K = /ﬁ t(t-1)...(t-n)dt
)

Proof: In this case w(x) = 1 and the fact that g n(x) >0 on

b
[a,b] gives Kn;-j' gn(x)dx < 0. Then making the substitution
a

x =%yt th (0 £ t = n) gives (2.19).

By following the same procedure as given in theorem 2.2 and

corollary 2.1, the following theorem can be shown to be true.

Theorem 2.3

If f£(x) has a continuous derivative of order n+l on
fa,b] and the number n of equal intervals is odd then the closed
Newton-Cotes quadrature formula defined by (2.2) and (2.6) has an

error of the form

K n+2
_nh (n+1)
T8 = 7 £ (n), a<m<b, (2.20)
ho= 22
n
591
where Kn :‘f (t-1)(t-2)...(t-n)dt < 0

0

In the case of open-type Newton-Cotes quadrature formulae

the errors are

M hn+l
_'n (n+2)
a<g¢<>b>b
n+l
M =j” t(t-1)...(t-n)dt > 0
R |

when n 1s even and




M hp+2
= B (n+1) <b (2.22)
Tn(f) = ZE;EST—'f gy , a<g=«
n+l
M :f (t-1)(t-2)...(t-n)dt > O
noJa

when n is odd.

2.5 Composite Newton-Cotes rules

For Newton-Cotes rules based on a large number of abscissae,

the characteristic high degree of precision is offset by the pre-

sence of non-uniform and negative weights which induce a possibly

significant: roundoff error in the quadrature approximation. In

contrast, the truncafion error associated with the low-order rules re-
stricts their use to problems requiring only a limited degree of accur-
acy. The problem of overcoming these limitations has been resolved by
the development of composite Newton-Cotes rules which maximize the
desirable characteristics and minimize the undesirable qualities of
both the low-order and high-order formulae. The technigques used to
generate such formulae usually involve taking linear combinations of
the simple Newton-Cotes rules and/or adding a high-order difference to
one of them so that the leading term of the truncation error is elimi-

nated or else some weights vanish.

For example, taking %6- times the Newton-Cotes formula for

n=2 and - ;—-times the rule for n=3 and subsequently adding them together,

30
we get Weddle's rule [39] where

> 7
- (b—a) - h (6) 2 (8)
F(x)ax = Lbza) Cier ~
.g (=)ax 55 (fo+5f1+f2+6f3+fu+5*5+fe) Thog (A0f " “(n,)+en’s (“2)) (2.23)
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o N _(b-a
a<nl, n2<b and fi:f(a+lh)g (lzoa l: oo 6;h=’("—é'_)")o

This rule has a higher degree of precision than do both Simpson's
three-eighths and one-third rule. Also Weddle's rule has simple
coefficients which makes it usful for integrating functions when
hand calculations are involved. Another notable quadrature formula

is Hardy's rule

(8) 2.(8)
ibf(x)dx 555-(1uf +81F, +110£ +81F +1hE, )+ EEEB{Qf (n ) n’s (n )y (2.28)

(b-a)

which is obtained by adding the difference - 550

ABfO to Weddle's
rule. By adding this difference, the number of function evaluations
has decreased to five while the truncation error remains of the
same order of magnitude. Other modified Newton-Cotes formulae of
both the open and closed type can be derived by these methods. In
general, for N=(23+1)(2j+2) nodes the quadrature rule obtained by elimi-
nating the leading term of the truncation error between the pairs of
Newton-Cotes formulae using 23+1 and 23+2 terms represents a family
of quadrature formulae of precision N-2j. They have less precision
than the corresponding Nth order Newton-Cotes formulae but their parti-
cular structure makes them more suitable for calculating quadrature
approximations.

Another class of quadrature formulae based on the simple
Newton-Cotes formulae are the so-called compound rules, If we
consider a Newton-Cotes closed formula using n nodes over the
interval [a,b] then the resulting compound rule will be that formula

obtained by applying the simple rule to m (m»1l) equal subintervals.,

22



In total there will be mn+l nodes and mn equal intervals parti-

tioning [a,b]l. The most commonly used compound rules are

b

m-1 3
[ ftoax - h[féa) ¢ 7 Eargmyr ER2| L (bma) £2@)  (2.29)
a j=1 12m

b-a

a<g<b, h-= -

which is based on the trapezoidal rule and

b m-1 m-1 5
/ f(x)dx=%{f(a)+u I £ar(2ivne2 ) f(a+2jh)+f<b)] S e £y (0.6
a 520 j=1 90(2m)

_ b-a
a<f<b,h-= 5m

which is based on Simpson's one-third rule. For the case of equation

(2.25) the truncation error decreases at a rate of proportional to if
m

and for (2.26) the error decreases in a way proportional to =
(2m)

erally, a compound rule using m sSubintervals and based on a

5 Gen-

Newton-Cotes formula having n+l nodes has an error of the form Loy ]

(b-a)M
o Hn+2f(n+2)(£) n:even, H = b-a
(n+2)!nn+3 nm
T, o1 F)" (2.27)
(b-a)M -
e Hn+l%n+b(£) n:odd, H = b-a
(n+l)!nn+2 nm

The convergence of the compound rules is guaranteed whenever the

integrand is a bounded, Riemann-integrable function and the simple
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quadrature rule integrates the constant function exactly Dﬁ,'p.QSJ. The
main advantage of these composite rules is that a high degree of
accuracy can be obtained for integrals even though the integrand may

not have continuous high order derivatives,

An extension of the procedure used for generating compound
rules yields another family of quadrature formulae which are based
on the Newton-Cotes formulae. Starting with an initial sequence of
approximations based on a simple Newton-Cotes formula,the Richardson
extrapolation procedure is used to generate a sequence of higher
order formulae. In the limit,each sequence of approximations for a
specific order p converge and the sequence obtained by considering

h

only the rt (r =0, 1, ..., p) approximation of each order also

converges.

Historically, a recursive algorithm for generating the

sequences of formulae based on a Newton-Cotes rule was first devised
by Romberg [1%, p.166]. Starting with-a séquence of ‘approximations

Qk—l

= )
k,0 2 S5

-k

Flatin)+igt)), h = 2 (2.28)

for the integral I =jl f(x)dx, successive higher order approxima-
8]

tions-are:-obtainad from the:formula

m
T R,
T = k*-l»l;“"l km=1 (2.29)
’ T

When m=l and m=2 the resulting quadrature approximations
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correspond to the compound closed Newton-Cotes rules for n=3 and

n=4 nodes respectively. The above procedure generates a sequence of

guadrature approximations which may be arranged in a triangular array

0,0
To,1 T1,0
T T

The principle error expression for Tk n increases its power of 2
2

each time we go one column to the right while h itself halves
each row downward. If f(x) is a bounded, Riemann-integrable
function on [0,1] such that feC2m+2[O,l]j'then each column and each

diagonal of the given array converges to I and for any approximation

Tk,m
. i I] B2m+2 _f(2m+2)(£) (2.30)
k,m (2m+2)!2(2k+m)(m+2)
0 £E <1
. th . . .
where B2m+2 is the (2m+2) Bernoulli number satlsfy;ng
n n n _
L (7)) B v (5) Byt e (2,) By =0 (2.31)
n> 1, Bl = -1/2

Other sequences of approximations have been obtained [14, p.167] when the

initial approximations are of the form
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£(3h, ) +'f§l) (2.32)

1
hk T on, °

More recently, however, modifications to Romberg's method have been
considered whereby the rate of convergence is accélerated with the

use of high-order Newton-Cotes formulae for the initial approximations.
Meir and Sharma [33] show that for the case of initial approximations Sk,o

based on the closed Newton-Cotes formulae for n=3 nodes , i.e.

. oK 1 ]
s == |£(0) +u )  F((23+L)n) + 2 )  £2ih)+E(1) | (2.33)
k,0 3 L N
J=0 j=1
h = 2—k—l
‘then the error in the approximation Sk'm is
E]
—om=1, _(2m+h
B, ., (227770 £ e
S o T|< 5| 0= 1 (2.34)
» (m+1) (m+2) (2m+3) [ (2m+4) 1] [(m+1) 1]
with B2m+4 being the (2m+4)th Bernoulli number satisfying (2.31).

The only other quadrature rules which are of the Newton-
Cotes type are those which have been developed for specific applica-
tions. In particular consider the problem of approximating integrals

of the form



I(£) =jﬂb w(x)f(x)dxrj/i)cos mx £(x)dx. (2.35)
a a

The integrand f(x)cos(mx) in general oscillates with the weight
function w(x) = cos(mx) changing sign over the interval [a,b].
Common quadrature rules (i.e. Newton-Cotes or Gauss rules)
require the weight function to be of constant sign over the interval
of integration and consequently application of such rules to approxi-
mate (2.35) necessitates the partitioning of [a,b] into many sub-
intervals. The resulting quadrature formula will then involve an
excessive number of function evaluations. This problem can be over-—

come by using Filon's formula.

If the interval [a,b] is partitioned into 2n equal sub-

intervals then Filon's formula is

fbf(x)cosmx:dx: h[a(f(a)cosam - £(b)cos bm¥BS+yT1+ T2n(f) (2.36)
a

n
where § = =f(a)sinvam-f(b)sin bm+2 Z f(a+2kh)sin(am+2kmh), h = 9%%

k=0
n
T = ) f£(a+(2k-1)h)sin(am+(2k-1)mh)
k=1
1 sin(290) 23in26
o = §-+ 5 - 3 . 6 = mh
20 8
2 .
_ l+cos' 8 sin?2g
B = 2 B 3
6 0
- 4[snle _ cosg ]
3 2
0 0
and T, (£f) = (b-a) h3 1 - R sin & f(”)(g) a<i<b ,
2n 12 6 2 7
l6cost

27
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When © is small «,8, and vy have expansions of the form

2 3 2 5 2 7

o =45 0 -5y 0 g 8 - .
2 TR
B 0° 20°' 8
B = 1/3+15 - 155 +————567 - hee

2 y 6
06% 20t g
Y EH/B -5t g S TiEno Tt

These power series expansions are required in order to avoid loss of
significant figures due to cancellation when using the trigonometric
representations for o,B8, and Y. For small 8 a connection between
Filon's formula and a compound Simpson's rule is obtained by ignoring
powers of © greater than the first in the power series expansions for
a,8, and Y. When 6 is large, a modification to Simpson's rule

is obtained if the Simpson coefficients 1/3 and 4/3 are replaced by

8 and vy respectively and an appropriate multiple of

f(a)cos (am) - F{B)cos (bm)iis-added.

2.6 Integration of arbitrarily spaced data

All of the above quadrature rules require that the nodes be
uniformly distributed within the interval of integration. If the
nodes are not equally spaced then it is possible to apply interpola-
tion techniques using all the given nodes. In addition to the difficulty
of generating quadrature formulae based on direct Lagrangian inter-
polation, high order formulae are discouraged because they magnify
any errors which may be present in the function values. The method

of interpolating to find the values of the function at the nodes of
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known quadrature rules and the subsequent use of such formulae is
also not encouraged because of the compounding of errors. A possible

pecourse is to use low order interpolation based on the given abscissae.

A method for integrating functions specified at arbitrarily
spaced nodes has been suggested by Hennion [23]. This method is based
on di-parabolic interpolation. If a = Ry < Xy <X, < ee. <X T b
are the given nodes, quadratic interpolating polynomials
pi(x) = aix2 + bix toes (i =1, 2, «.., n-1) are constructed where
a., bi and c, are suitable scalars  such that pi(xj) = f(xj) for

j = i-1, i, i+l. Then for i =1, 2, ..., n-2 the quadrature approxz-

imations are of the form

i+l *14
[H s m 172 [ o6 # By 0188
x

s i

3 3 2 2

X, b, +b Ky =K c.te,
} a;+a; .1 %5175 . ( i+l < i+l 1> + <45~¢g§g (x. .-x.).(2.37)
= 2 3 2 2 2 i+l 1

For the first and last intervals the approximations are

' j‘xl Xy ai b
T OFG)dx mf P, (x)dx = ~Z— (x =%, )2+ 5= (x Xy 3+ e (x.-x.) (2.38).
%Q v 2 3 177170
0
and
3

b4 . X a b

n . n _n-1 3 -1

£ )dx z/ (x)ax = ¢ - PRt N 2
_£n—l s an_l 3 (xn xn_l) 5 (xn Xn—l) toe l(Xn X l)
" (2.39)

respectively. The approximating value for the integral /ﬁ f(x)dx
a
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is obtained by summing the values computed by equations (2.37) to
(2.39). When a does not correspond to any of the abscissae (say

Xy <@ < X (1< i< n-2) ‘then the approximation

XK. X
f L+l f(x)dx ~ 1/2] 1l [pi(x)+pi+l(x)]dx
a a

is used. If =x, < a <zx, or if a < x, then the approximation

0 1 0
X X,
.[ * f(x)dx N,[ = pl(x)dx
a
a

is made. Similar approximations are obtained for cases where

x. < b < x, (1 £i<n2), x
1 J

< b <x or X_ < b.
i+l ?

n-1 n n

A-defect of Hennion's algorithm is that it fails to provide
any indication of the quadrature error, which, in the absence of any
knowledge of the behaviour of the integrand, results in the quadra-
ture approximation being of limited use. An algorithm by Gill and
Miller [21] attempts to measure the reliability of a quadrature
approximation obtained from a piecewise interpolatory scheme by approx-
imating the theoretical derivative term in the quadrature error by
a divided difference based on the given abscissae. For the case of
quartic interpolation, their numerical experiments show that such an
error estimate gives a favourable indication of the true quadrature

error.

Another approach to the problem of integration of arbitrarily

spaced data has been suggested by Secrest [47]. If one considers the

set of evaluation points (Xi’ fi) (1 =1, 2, «.., n) and defines

vie,
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1. and I to be the minimum and maximum values of the iIntegral
min max :

X

I :f N £(x)dx (2.40)
%1
for a restricted class of functions passing through the evaluation

points,then a reasonablequadrature approximation is

I = 1/2 (I

best max+1min)' (2.41)

This is precisely the most desirable approximation proposed by Secrest.
Associated with the quadrature approximation (2.41) is the "best error

bound"

E = 1/2 (I

best maxnImin) ’ (2.42)

For the case of functions in the space Lir), the determination of
the quadrature approximation Ibest and its assoclated error esti-

mate are dependent on the knowledge of bounds for the rth deriva-

tive of the integrand. When the space L(E) is considered, a
matrix-orientated algorithm is used to generate Ibest and Ebest'

By this latter method, bounds on the derivatives of the integrand
are not required although a knowledge of such bounds could give

better estimates of the quadrature error.

Up to this point, the quadrature formulae have not included

linear combinations of derivatives of the integrand. It is possible,



however, to have quadrature formulae using derivatives by considering
osculating polynomials. The most common interpolation of this type
is Hermite interpolation. Suppose that the first derivatives of

f(x) are given at r(0 < r < n+l) of the nodes

a < XO < xl < i.. < Xn—l < Xn < b and define
n pn(X)
pn(x) = I (x—xi) . an(x) =
i=0 (x-x.)pt(x.)
] Pn J

j =0, 1, «vey n

r pr(x)
T (x-x.) . '3
j=0 ]

~~

K

~
i

pI’(X) jr - (x—x] )pI"(Xj )

T 7 0, 1y eaey I o
Then the Hermite interpolation formula for f£(x) is

r
F(x) = ) w.(x)E(x.) + )
=0 J J

. 520

j vj(x)f'(xj) + enr(x) (2.43)

where vj(x) = (x—xj)zjn(x)zjr(x)

1 1
e IR ()40 (x.37%%. . § =0, 1, veus
{l (x xj){zjn(xj)+23P(x3}]}£3n(x)zjr(x) 3 '

u,(z) =
] P, (x)
ﬁjn(x) 'p—r"zx_j') ] = X + l, °% 08 n
and uj(xk) = Sjk J,k=0,1,..,,0 ug(xk) =0 34=0,1,...,03 k=0,1,...,1
Vj(xk) =0 3=0,14000sr3 k=0,1,...,0 Vé(xk)ZSjk J,k=0,1,00.,

as required. The error in the interpolation is
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Cp.x)p, (x)
e (r) = —m——=

(ntr+2)
() = Gy E GO

a <g(x) <bp (2.44)

Now multiplying each side of (2.43) by w(x) and integrating over

[a,b] we get

b n r
£( = F(x. (%, £ .
_é WGEGE = L aggap) ¢ ] aggfeg) ¢ T () (2.45)

b .

where any ?/ w(x)uj(x)dx 720, 1, veus 1

a
b
s =a[ EN NN N
and T (£) =/ﬁb W(X)Pn(x)pr(x)f(n+n+2)(g(x))
nr a (n+r + 2)! dx.

Since the interpolation formula (2.43) is exact for all polynomials
of degree (n+r+l) or less we have that the quadrature formula
(2.45) is also exact for all polynomials of degree (ntr+l) or
less. For the case of formulae with derivatives of arbitrary

order, the precision of the quadrature rule is directly proportional
to the number and order of the multiple nodes. As in the case of
the standard quadrature rules of sections 2,2 and 2.3, the quadra-

ture rule (2.45) is also of maximum precision.
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If derivatives of the integrand are either given at the
endpoints of the interval of integration or else arve convenient to calcu-
late,then it is possible to generate families of simple high-order
quadrature rules without using the technique of interpolation. The
development of such quadrature rules is based on the fact that an
arbitrary function having continuous derivatives of a specified order
on the finite interval [a,b] can be represented there in terms of the
Bernoulli polynomials. The Bernoulli polynomials Bn(x) (n 2z 0)

are defined by the generating function teXt § B (x) Ei .
n n!

et—l n=0

Given the function f£(x) with continuous derivatives of
order p, its representation over [a,b] in terms of the Bernoulli

polynomials is [29, ch.11]

b p-1 k-1
k=1 )

SE:EQE:i.j~b £P)ery [Bz <§ZE> _ B <§§§> lat

b —
p! A b-a p \b
(2.46)
where Bn(x),: Bn(x) for 0 <x<1 and Bn(x+l) = Bn(x). By
considering a quadrature rule
fb n
J w(x)f(x)dx = jzl a;£(x) + T (£) = 8 + T (£) (2.47)

having a precision of degree m , it is possible to apply (2.46) and

obtain the quadrature rule




b
! WGEGOEE = S+ I oo LT T @1 e v @) 2
k=0 °P

where

+1 b n X, —a
_ (p-a)" / <t-a < K >
Ci T (mti+l)! A w(t)Bm+i+l b—a) dt - z akBm+i+l b-a
and

Ry o) = E];j_;, f £MHPY2) (o )f K (t)[B LB - B; (5 )ar ax

whenever f(x) has a continuous derivative of order m+p+2 on [a,bl.
The function Km(t) is the kernel function of the gquadrature error
associated with the quadrature rule given in (2.47) and as such is

dependent on the specified quadrature weights and abscissae.

Those quadrature rules which are of the form (2.48) are
called Euler-Maclaurin formulae. The characteristic advantage,and
in some sense optimal quality of these rules over other interpolatory
quadrature rules, is that a sequence of increasingly high-order
formulae are obtained without increasing the number of quadrature
nodes. In addition, if the integration limits and quadrature weights
and nodes in (2.47) are rational numbers then the coefficients Ci
will also be rational numbers. This fact combined with the restricted
selection of multiple nodes results in the preservation of the simpli-
city of the quadrature rules. A third advantage sometimes enjoyed
by the Euler-Maclaurin formulae is the ease with which an accurate

error estimate can be calculated. For a wide variety of the quadra-
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ture rules given by (2.47) the corresponding coefficients Ci in
(2.48) alternate in sign. Hence for those integrands having
successive derivatives of similar sign over the interval [a,b], the
Euler-Maclaurin formulae are partial sums of an‘alternating series.
In such instances the quadrature error will be less than the first
neglected term in the series. Such an error estimate will often be
easier to obtain than that of calculating sharp bounds for Rm (£)

H

in (2.48).

The most commonly used Euler-Maclaurin formula is the

modified trapezoidal rule

b p-1 .2k
_ . h (2k-1) (2k-1)
~[ £(x)dx = 5 = Z i B, [f (b)-f (a)]+Rm’2P(f)
a k=1
(2.49)
n-1 _ b
where S_ = h[ f(a)/2 + ) £(a+ih)+ £(b)/2], h = === and B, is
n i=1 n 2k

the 2kth Bernoulli number satisfying (2.31). For f(2p)(x)

continuous on [a,b] the truncation error R.m (f) can be written

»2P
2p+l
_ _nh (2p)
as Rm,2p(f) = - 15537—-B2Pf () for some £ , a < £ < b. If
S represents the compound Simpson's rule (2.26) then the correspond-

2n

ing Euler-Maclaurin formula is

b D 2k
_ (2h) -2k+2 (2k-1) (2k-1)
5[ f(x)dx =8, + kZQ 30T (12 )B,, [£ (b)-f (a)] +

£
R2m=2p+2( ) (2.50)

for all functions £(x) having continuous derivatives of order 2P+2




on [a,b]l. In such instances the quadrature error has a definite

form

_ ph(2n)P1?

.(2p+2)
T 2(2pt2)! £ (&)

where h = E:i .
2n

(£)

...QP
(1-2 )B2p+2

R2m,p+2
Other  Euler-Maclaurin expansions can be determined for both higher-
order Newton-Cotes rules and Gaussian quadrature rules (cf. [29,ch.

111,

When the derivatives in (2.48) are difficult to determine3
it is still possible to obtain quadrature rules with Improved
accuracy by approximating the derivatives with finite differences.
The practicality of such a method, however, is limited to those cases
where the underlying quadrature rule (2.47) is based on uniformly
distributed abscissae. If such a procedure is usedgthe derivative
approximations are usually based on the Newton-Gregory interpolating
polynomials, that is,

f(x) = f(a+th) = fO + tAf .+ ... t t(t=1)...(t-k) Akf N

0 k! 0
(2.51)

for values of x close to a and

_ _ CE(t+l) ... (Erk) Lk
£(x) = f(atth) = £ + tAf . + ...+ oy ATE 4

l + .« 90

(2.52)

for values of x close to b. The notation used in (2.51) and

(2.52) is fi = f(at+ih), Afi = fi+l - fi . fn = £f(b), and
- _ 'b-a
Afn-i = fn—i+l - fn—l where h = = .

By differentiating both (2.51) and (2.52) with respect to



t and setting t =0 and t =mn for the respective derivatives,
accurate approximations to the derivatives of f(x) at = =a and

%x = b can be obtained. If all the differences beyond the first

term are neglectedjthen the approximations hkf(k)(a) ~ Akfo and
k(k) k . e
h'f (b) = A fn-k are obtained. When the approximations are

used in the modified trapezoidal rule (2.49) the resulting quadrature

rule - 1is
b k k., k
g{ f(x)dx = 8 - h c, [Af +(-1)"ATE J+R (£) (2.53)
n & k n-k 0 n,p
k=1
(-Df *
where C, = —————-J~ x(x-1)...(x~-k)dx. This quadrature approximation
k  (ktl) b

is called Gregory's formula. A convenient representation for

Rn (f£) in (2.53) is difficult to determine and as such presents
>P

a handicap for the use of Gregory's formula. However, when the

successive terms in the expansion of (2.53) alternate in sign, a

suitable bound for the error can be computed.
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CHAPTER IIX
QUADRATURE RULES WITH THE HIGHEST DEGREE OF PRECISION

3.1 Gaussian quadrature rules

In the previous chapter it was shown that for a given set

of nodes ’{xo, Xys eeeo xn} in [a,b], a quadrature:formula

b n
J; w(x)f(x)dx = jgo ajf(xj) + R, (f) | (3.1)
could be constructed such that (3.1) has a degree of precision of

at least n. The resulting quadrature formulae are based on
Lagrangian interpolation and are optimal in the sense of having the
greatest precision. If the abscissae are not fixed then it is to

be expected that a judicious choice of nodes in the interval [a,b]
could increase the precision of the quadrature formula. This is
indeed possible and gquadrature formulae of the form (3.1) can be
derived so that they have a degree of precision at most 2nt+l. These
formulae are also of the interpolatory type with the weights

aj (j =0, 1, ..., n) being uniquely defined by the integration

limits, weight function, and chosen abscissae.

Quadrature formulae derived by choosing the abscissae so
that a maximum degree of precision is obtained are called Gaussian
(or Gauss-Jacobi) quadrature formulae. These quadrature formulae
are related to the theory of orthogonal polynomials and as such
have different names attached to families of quadrature rules with
each name depending on the weight function and the corresponding

set of orthogonal polynomials.




If w(x) is an arbitrary integrable weight function of

constant sign on [a,b] then a set of polynomials {pm(x)} orthogonal

with respect to w(x) on the interval [a,b] can be constructed by
using the Gram-Schmidt method [3]. These orthogonal polynomials

satisfy the recurrence relation [51, pJ u2]

(%) (3.2)

P...(x)=(A X+ B )pn(x)—c

nt+l n+l1 n+l n+lpn~l

n =21, 2, 35 4.

C are constants and A

where the quantities An+l’ Bn+l’ ntl S

Cn+l > 0, If the coefficient of the highest power of x in
pn+l(x) is denoted by kn+l we have
A _ ntl
ntl X i (3.3)
n

Since pn+l(x) is an orthogonal polynomlal of degree nt+l it has

nt+l real roots x,. < %X < ...< Xn' Fach root is located in the

0 1
interior of the interval [a,bl and if x_ = a and X1 T b
then each interval [xv, Xv+l] v ==1, 0y vee, 1 contains exactly

(x).

one zero of
Pn+2

By considering the orthogonal polynomial pn+l(x) of
degree nt+l, a Gaussian quadrature formula having precision of
degree 2n+l can be constructed. The existence and actual construc-
tion of the Gaussian quadrature rules are established on the basis

of the following theorem

4o



Theorem 3.1:

The quadrature rule

b n
|7 wengtoax = ] afe) (3.4)
a = 3 ]

j=0

is exact for all polynomials of degree <2nt+l iff (3.4) is inter-
polatory and X4 < Xy < vee < x ~are the roots of the orthogonal
polynomial pn+l(x) of degree mntl. The weights aj (3 =0,1, vovy m)

are given by

. J,b w(x)pn+l(X)
a -

dx (3.5)
(X—Xj)Pn+i(Xj)

Proof

Let f(x) be an arbitrary polynomial of degree <2nt+l

and let X < Xy < oo < X be the roots of the orthogonal polynomial

Pn+l(x)' As previously mentioned, the roots are real and are located
in the interior of [a,b]. Constructing the Lagrangian interpola-

tion polynomial L(x) of degree n for f£(x) and the points

b:4 X eees X we have
0° “1° > T

(3.6)

n p. ., ()
L(x) = z n+l1

f(xj) (Xij)pn+i(xj)

1o~

f(Xj)lj(X) =

0 3=0

3
Since L(Xj) = f(xj) (3 =0,1, ..., n) then f(x)-L(X) = pn+l(x)r(x)

with r(x) being a polynomial of degree <n., Hence multiplying both

sides by w(x) and integrating we have
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b b b
-fa w(x)f(x)d= sa w(x)L(x)dx + Sa w(x)pn+l(x)r(x)dx (3.7)

b
| 3 .
=, (L)X = jzo asFx;)
b
w(x)p_ . (x)
a. = S ntl 3=0(1)n . (3.8)
j a (x—xj )pn+i(xj)

The second integral on the right side of (3.7) vanishes because of
the assumed orthogonality of pn+l(x). Therefore (3.4) is exact
for all f£(x) of degree <2ntl. Then (3.4) is exact for all poly-
nomials of degree sn and by theorem (2.1) it must be interpeclatory.
Conversely, assume that (3.4) is exact for all polynomials of degree
£2n+l and let f(x)=(x—x0)(x-xl)-'=(xﬁxn)=£§?)r(x) where r(x) is of
‘degree <n. Then f(xk)=0 (k=0(1)n) and J w(x)8(x)r(x)dx=0

a

so that &(x) = Kﬁpn+l(x) for some constant K. Therefore

X, <X < ... <x are roots of the orthogonal polynomial pn+l(x).

So far the only requirements for the weight function w(x)
are that it be integrable and be of constant sign over the interval
[a,b]. If w(x) does change sign in [a,b] then orthogonal poly-
nomials for w(x) may not exist and even if they do, the roots may
be complex or lie outside thesinterval of integration.  Therefore
Gaussian quadrature rules are derived only for weight functions of
constant sign in the interval of integration. For such weight
functions, we obtain quadrature rules of maximum precision as indi-

cated in the following Theorem [29,p.102]



Theorem (3.2):

If w(x) does not change sign on [a,b] then no matter how
we choose Xj and aj, equation (3.4) cannot be exact for all poly-
nomials of degree 2n+2. Therefore Gaussian quadrature rules are
optimal in the sense of having the maximum possible degree of preci-

sion when the choice of quadrature abscissae is unrestricted.

The weights aj (=0, 1, .., n) given in (3.4) are often
called Christoffel numbers and are characterized by the following

theorem
Theorem (3.3):

The Christoffel numbers aj are positive, and

n
(1) ) a. = L w(x)dx (3.9)

(ii) The following representations hold;

_.[b
3ok

2
w(x)dx (3.10a)

n+l

.
[

(x—xj)”pé+l(x§

. <kn+l> 1 S0, 1 L
« ] . - LY s LI BN Y LY
J kn pn(xj)pn+l(xj)

kn+l’kn as given

in equation (3.3) (3.10b)

1 .
aj T oL 5 J=0,1, «c.5 1 (3.10c)
1=0 ]
(iii) ao,n+l+°°’+ak—l,n+1 < a03n+2+..,+ak,n+2 < ao,n+l+°°'+ak,n+1

k=0,1,.0.50 (3.11)
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n . ‘
where gaj,n+l}j=o ...are the Christoffel numbers for (3.4) having n+l nodes

d . n+l
and {a; |}

are the Christoffel numbers for (3.4) having n+2 nodes.
On the basis of theorems (3.1) and (3.2) and equation (3.2),

Gaussian quadrature rules can be constructed for any arbitrary

weight function w(x) having the previously mentioned restrictions

and for any degree of precision. In practice, however, only certain

weight functions have been chosen for developing Gaussian quadrature

rules. These weight functions generate sets of classical orthogonal

polynomials whose behaviour and characteristics are well known

([11,[511). Also the known quadrature rules seldom have large

number of abscissae because much computational effort is required to

calculate the gquadrature weights and nodes.

Tables 3.1 and 3.2 give the names and properties of
families of quadrature rules for the more commonly used weight func-

tions. Gaussian type quadrature rules for the weight functions
1
w(x) = v and w(x) = VX have been discussed by Krylov [51] and

properties for quadrature formulae with weight functions w(x) = -log x

n

(0 £x <1) and w(x) =% =n =0, -1 2x 21 have been investigated

IA

by Anderson [3] and Rothman [42] respectively.

uy



Name of Quadrature
Rules

Weight Function
w(x)

Associated Orthogonal Polynomials

of Degree n

Recurrence Relation for Orthogonal
Polynomials

Gauss-Hermite

Gauss-Laguerre

Gauss-Jacobi

=X

o -X
xe ,a>-1

(1-x)%(1+x)F

a, B> -1

Hermite Polynomials

i (-DX)" %
HG) =l b grmaor

k=0

Laguerre Polynomials

n k
2 (n+a) (-x)"

La,n(X) = o

Jacobi Polynomials

2P0 - 3)00)

) ()]

Table 3.1 Families of Gaussian quadrature rules jb
: a

Ho(x) =1, _Hl(x) = x

Hn(x) = 2x Hn-l(x) - 2(n—l)Hn_2(x), n>1

La’o(x) =1, La,l(X) = x+o+l

nLa’n(x) = (—x+2n+a—l)La,n_l(x)-(n+a-l)La’n_2(x) R

n>1

Péu’ﬁ)(x) =1, Pia’s)(}() = L(o+B+2)x + %(a-B)

2n{n+a+8) (2n+a+8-2)Pé“’B)(x) = (2n+a+8—1){

(2n+o+8) (2n+a+B-2)x + (a2—32)} Péﬁie)(x)

~2(nto-1)(n+B-1) (2n+o+8)P

a,8)
2 (x) , n>1

n
w(x)E(x) = ] a_ f(x )
ok T

Sh




Name of Quadrature Integration Limits Quadrature Weights Quadrature Ervor
Rules ) a<n<b
n+l '
Gauss-Hermite a= - ,b=w a, = 931E;2~__b _HE;ZE f(2n)(n)
1R - 27°(2n)!
(G ~kl)J
Gauss~Laguerre a=o0 b= o a = [lntg+l) (n{)2 (2n)
’ e tnr (kg )7 a7 £
kn"Ta,n Tk
Gauss~-Jacobi a=-1 ,b=1 a, = 2a+8+1r(n+a+l)r(;+8+l() . ) : 22n+a+B+lr(n+a+J.) (
1
n!I‘(n+oc+B+l)(l-xk )[Pn&,ﬁ (xk. 1 r(n+8+1)Tr(n+a+B+1)n! f(zn)(n)
T(2n+o+B+1)T(2n+a+B8+2)(2n)!

e

N denotes the kLh largest root of the associated orthogonal polynomial of degree n
*kn &

Table 3.1 (continued)
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Name of Quadrature

Weight Function

Associated Orthonormal Polynomials

Recurrence Relation for Orthogonal

Rules wix) of Degree n Polynomials
Gauss-Legendre 1 Legendre polynomials Po(x) =1, Px)=x
(o = 8 =0) n '
(o,8) _ _ 1 d 2 _\n - !
Pn (x)—Pn(x)— —;—T-——E-(x ~1) (n+l)Pn+l(x)—(2n+l)Pn(x)~nPn_l(x), n>l
2'n! dx
2,-1/2 . st .. _
Gauss-Chebyshev (1-x7) Chebyshev polynomials of 1°~ kind To(x) =1, Tl(x) = %
(o = B =1/2) (
o,8) _ (2n-1)1 - R _
P (x) = S T, Tn+l(x)~2xTn(x)—Tn_l(x), n>1
2 n!(n-1)!
T (x) = cosmg , x = cos §
2.1/2 . . .nd .. _ )
Gauss-Chebyshev (1+x°) Chebyshev polynomials of 2" kind Uo(x) =1, Ul(x) = X
(o = B = 1/2) (
0,58) _ (2n+1)t _
P (%) = 5= u,(x) Un+l(x)—2xUn(x)—Un_l(x) , n>l
2" n! (n+1)!
_ sin((n+1)9)
) = e
X = cos 8
1-x 1/2 (1/2,-1/2) (1/2,-1/2)
Gauss-Jacobi (I;;) Jacobi polynomials P0 ? (x)=1, PO ’ (x)=x
«=§=1/72 p(8:8) 4y . (20)! _ sin((n#1)8/2) (1/2.-1/2)
= O 5] [t -
n 22n(n!>2 sin(6/2) 2n(n+l)Pn+l (x)=2n(n+1)x
(1/2,-1/2) 2 (1/2,-1/2)
X = cos 8 xP_ (x)~(4n -lP)n_l (x), n>1
1 n
Table 3.2 wx)E(x) =} 2y flx )

Families of Gauss-Jacobi quadrature rules I

1 k=1

Lt




Name of Quadrature

%
Quadrature Abscissae

Quadrature Weights

Quedrature Error

Rules ~l<n<1
LE 2n+l 2
k. 2 . 2 n! (2n)
Gauss-Legendre X, Tl - a, = - ( r) £ (n)
(«=8=0) k 2n+l+£k k (l—x; )[P’(Xk )]2 (2n+1) \(2n)!
n
32 7
‘, =E_‘>’_}+<_.2_<1+M.7>+o L
n 12(n+1) n
Gauss-Chebyshev ¥ = cos «2};—;{)10 a = ;]ﬂ- - —EI%—._ f(2n)( )
(¢ = 8 = 1/2) ) 2 (2n)!
km ” 2 fknw T (2n)
Gauss-Chebyshev X, = cos (——) a_ = g (-——-—) £ (n)
(a=g= 1/2) k n+l k n+l n+l 22n(2n),
. 2k L 2 (knm (2n)
Gauss-Jacobi X, = cos (——-:—-) a, = sin (——) (n)
(a = -8 = 1/2) 13 2n+1 k. 2041 2n+1 225 (2ny1

%

. th
30,}( denotes the k

Table 3.2 (continued)

largest root of Bessel's function of the J.SJc kind of order 0.

8H
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A variation of the Gaussian quadrature rule (3.1) is the

combination of both fixed and variable abscissae. For such rules a

set of abscissae {xfj}?:l in [a,b] are preassigned and a set of
parametric abscissae {Xvk}E:l in [a,b] are to be determined so

that the quadrature rule

n m

b
f dx = . . T . E f
J; w(x)f(x)dx jzlaj f(xvj) + jzl bj (ij) + m,n( )

(3.12)

has maximum precision. In the case of (3.12), there are 2n + m para-
meters xvj,aj (j =1, ..., n) and bj (j =1, ..., m) so that
the maximum possible degree of precision is 2n + m-1. In deriving

the quadrature rule (8.12) an interpolating polynomial g(x) of

degree <2n+m-1 1is constructed from the conditions

(3.13)

By multiplying the interpolating polynomial by the weight function
w(x) and integrating over the interval [a,b] the quadrature rule

(3.4) is obtained with

L. [b w(x)a(x)8(x)
3

: dx j =1, cees I
a (x—xvj)a (ij)B&vj)
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b = P w()a(x)8(x)
k a (x—xfk)a(xfk)ﬁ'(xfk)

(anm)(n) b

Fn,nH) = ‘szm*—L WG’ (R)BG)ax  a < <>

n m
~and where oa(x) = T (x-x_.) , B(x) = I (x-x_). The

j=1 vJ k=1 £k
abscissae ka(k =1, ..., n) correspond to the roots of the nth
degree polynomial pn(x) which is orthogonal to wlx)B(x). .
For the special cases of m = 1, X, =@ and m = 2, X, = @
X, = b the resulting quadrature rules are called Radau and Lobatto

quadratures respectively.

Calculation of the Gaussian quadrature weights and
abscissae invariably depends on the existence of polynomials ortho-
gonal with respect to the weight function w(x) and any method for
calculating the parameters of the quadrature formulae will explicitly
or implictly use the orthogonal polynomials and their associated

properties.

Direct calculation of the quadrature weights and nodes can
be accomplished by using equation (3.2) for generation of the
orthogonal polynomials, equation (3.10c¢c) for calculation of the
weights, and Newton's method or a modification®thereofl[l4,p.45] for
determination of the abscissae. From the nesting property of the
zeros of successive orthogonal polynomials, accurate initial approx-
imations for their roots can be obtained so that few iterations of

Newton's method are required. This direct approach is useful only
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when the explicit form of the recurrence relation (3.2) is known and

generation of the orthogonal polynomials is easily accomplished.

For non-standard weight functions giving non-classical
orthogonal polynomials it is often advisable to use indirect methods
for accurate determination of the quadrature nodes and weights.

Several such methods have been proposed by various authors [43,], [18],
[191, [u6], [22]. The method suggested by Rutishauser [43] uses a con-.

tinued fractionivexpansione:

fz“_‘)x TL T‘L l TL rl (3.14)

R
n(z)
S (=) of (3.12), Sn(z) corresponds

n

For the successive convergents

to the orthogonal polynomial of degree mn on [a,b]. Hence the poles
of the convergents give the abscissae of the quadrature formulae and

from the identity

R (z2) n w
n

———— = const. Z — (3.15)
Sn(Z) k=1 Z_xkn

the weights and abscissae can be uniquely determined when a modified
quotient-difference algorithm[44] is applied to (3.15). The draw-
back of this method is that numerical stability is not always

guaranteed [14,p. 48].

If neither the moments

w :fb Fulx)dx k=1, 2, ... (3.16)
a




nor the recurrence relationships (3.2) for generation of the orthogonal
polynomials to w(x) are known, then an indirect method due to
Gautschi can be used for calculating the quadrature-weights and nodes.
Gautschi's . & algorithm [18] and ALGOL 60 procedure [34] generate the
abscissae and weights by making the inner product which defines the
orthogonal polynomials a discrete inner product. The desired abscissae
and weights are then approximated by the zeros and weight factors of
the orthogonal polynomials of a discrete variable. This discretization
is made so as to enable the calculation of the coefficients An’ B,

n

Cp in the recurrence relation (3.2) to be made. Having obtained these

coefficients the quadrature abscissae are determined by applying
Newton's method to the orthogonal polynomials. The quadrature weights
are subsequently calculated using equation (3.10c¢). Provided that

any singularities for the weight function are simple and located at
the endpoints of the interval of integration, convergence of the
method is obtained when the number of points used in the discretiza-

tion becomes infinite.

If the weight function w(x) in (3.1) is not known
explicitly but a set of 2N+1 moments are known-thenwa

three term recurrence relation for polynomials {pk(x)}E:O orthogonal

to w(x) can be determined. Golub and Welsch [22] show that:the
Cholesky decomposition of a “Grammian for the moments

Hy (k =0, 1, ..., 2N) uniquely determines the three term recurrence
relations for a set of polynomials {pk(x)}gzo orthogonal to w(x).

Using the generated recurrence relation, a matrix equation
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> _ > R
xPN(x) TyxN N(x) + KgReN (3.17)
is obtained where TNXN is a tridiagonal matrix,

> T > T
PN(x) = (po(x), cean pN_l(x)) , and ey = (0, 0, «vsy 0, 1)°. The

tridiagonal matrix TNxN is either initially symmetric or else con-
verted into a symmetric tridiagonal matrix by applying a diagonal
similarity transformation. Since the eigenvalues of TNxN correspond
to the zeros of pN(x) and the weights of the quadrature rule are
calculated from the first component of the orthonormal eigenvectors
[52], an application of the QR algorithm of Sack [u5] produces the
weights and abscissae of the quadrature rule. The drawback of this
method, as Golub and Welsch point out, is that the Gram matrix

usually becomes ill-conditioned as N increases.

To overcome the problem of ill-conditioning either of the
methods of Gautschi [34] or Sack and Donovan [46] can be used. Each
is based on the method of modified moments but the algorithm of Sack
and Donovan requires less storage and on the average requires less

computation time. On that basis, only the latter algorithm will be

considered here. Using the weight function w(x), a set of normalized

modified moments

3
[ 5 Goowdax
o

v, = 0, 1, «e.52n (3.18)

k 5 ;
~[ pk(x)dx
a

o
"

can be constructed with '{pk(x)}izo being a set of polynomials not

necessarily orthogonal with respect to w(x) on the interval
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[a,8]c[a,b]l. To ensure numerical stability for the method,it is
suggested by Sack and Donovan that these polynomials be orthogonal
to some "standard" weight function wo(x). These polynomials satisfy

a known recurrence relation

xpj(x) = ajpj+l(x) + bjpj(x) + cjpj_l(x) (3.19)

if {Tk(x)}§=0 denotes the set of polynomials orthogonal
with respect to the weight function w(x), we have a recurrence

relationship
xTi(x) = aiTi+l(x) + BiTi(x) + YiTi—l(X) (3.20)

(with a, = Y'+l) whenever the polynomials are orthonormal. For com-
putational convenience assume that they are in fact orthonormal. As

in the previous method it is desired to find the eigenvalues of the

matrix

A = * : (3.21)




for they correspond to the abscissae of the n-point Gaussian quadra-

ture rule for the weight function w(x). Since each Ti(x) can be

expressed as a linear combination of polynomials pj(x), jos i

a matrix equation:

T(x) = Q B(x) (3.22)

55

is obtained-where ~Q  is an (in)finite lower. triangular matrix with non-zero

-> - . « .
elements and T(x) and P(x) are (in)finite vectors. The character-

istic equation for (3.21)

we obtain

|A_ - aT_|

n n

where Mn = (Eij)
and Nn = (nij)

Since Qn is nonsingular

is ]An - AIn| = 0 and in view of (3.22)

= |o (1 _ - AI)QE{ =0 (3.23)

= (]% p; ()p; (x)dx) (3.24)

= (fp; Goop; ()ax) (3.25)
-1

]M - Al | =0= lN - Al | so that the
n n n n

matrix An has the same eigenvalues ag the asymmetric matrix

-1

N™ =X +Y where Y
n n n

n n

only and

has nonzero elements in the last column



bo ¢y B
g b9y
Xn = . . . (3.26)
an—3 bn—2 Qn—l
b
%n-2 n-1
L -
From the equality of the traces Tr(An) = Tr(Xn + Yh)' and
2. 2 .
Tr(An) = Tr((Xn + yn) ) we find that
_ _ (i+1) (1)
B, = T (A, ) - T (A) =Db, +¥, - Y3 (3.27)
2 2 2 2
and o = M2 LT (A3 ) = T(A ) - Biyyd
_ (i+2) L(1+1) (i+2) _(i+1) (i+2)
= oaglegyy TV T AT TGy Yy )Y
(3.28)

0 (1 .
To find the corresponding components.of ygj) we note that+rconstruction

of a matrix

5, = (s35) = (jgi(x)pj(x)w<x)dx> (3.29)
where Sij =0 <1 855 = 1 (3.30)
gives pfqi+l(x) = (x—Ti)qi(x)wchi_l(x) (3.31)
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and p.s. . = (b.-0.)s..ta.s. ., ‘+a’s. . .- (3.32
17i+1,7 RSt & e e UE ES B LE DS P R o RSN )
£ i . = b. - 0.
or which pl b1+l Ol
93 % @3%i,541 T P17 %a0%5a1,1 (3.93)
Tl RS
Vi
Then from the starting values s =0, 8. ., =—_,3 =0, 1, «e., n-1
-1,] 0,1 Vo
the recurrence relation (3.32) yields s.. for i > ]

1]

(3 =0, 1, «o., n-1). The components of the matrices Yn are given

in terms:-of :Sn and

(n) _
Yp-1 7 #n-1%n-1,n (3.34)

and y(n) = a (s

n-2 n-1 )

n—2,n—sn—2,n—lsn—l,n
. . _ 2 _
Hence using (3.33) and (3.34) we obtain Bi =0, and Up = piTieq
Having computed the matrix An’ its eigenvalues (which correspond
to the quadrature nodes) can be determined by using a rational vari-
ant of the QR tranformation with explicit shift. An Algol-60 pro-

cedure for this method has been published by Reinsch [401].

Extensive tables of Gaussian quadrature weights and
abscissae for standard weight functions have been published. 1In
Stroud and Secrest's book on Gaussian quadrature rules [50], tables
of weights and abscissae for Gauss-Jacobi, Legendre, Laguerre,

Hermite, Radau, and Lobatto quadrature formulae of various orders
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are giyen., Tables which augment those found in [50] and extend them

to the cases of other weight functions have been published in journals

such as Mathematics of Computation and U.S. National Bureau of

Standards, Journal of Research.

3.2 Error-éstimates for Gaussian guadrature formulae

From the results of theorem (3.1), every n-point Gaussian
quadrature formula has an associated truncation erP0r3Eg(f);~such“f
that En(f) = 0 whenever f(x) 1is a polynomial of degree =2n-1.

In the case of less regular integrands, exact representation of the
truncation error can be derived by appealing to analytical methods

of which the most common are (i) use of Peano's theorem, (i1) use

of complex variable theory, and (iii) use of the theory , of ‘Hilbert
spaces. The resulting representations for En(f) are applicable to
a large class of functions but unfortunately involve integrals and/or
summations which do not easily allow reduction to a usable form,
Therefore the best that one can hope for are estimates or bounds:on
the truncation error with sharp bounds being obtained only in special

cases.,

To obtain bounds for En(f) on the basis of Peano's
theorem the following restrictions for the integrand f£(x) are
required;

(i) f£(x) has a continuous derivative of order (2n-1) on
La,bl
(i1) f(2n)(x) is piecewise continuous on [a,bl

and (iii) maxlfCQQz(g)l Sh&zﬁ <
as<x<b o



Then under the above restrictions, the error functienal En(f)

associated with the Gaussian quadrature rule

b n
~/~w(x)f(x)dx = Z a, f(x«) + E (£) (3.35)
o ] J n
a J=1

has a representation [14,p.109]

b (2n)
E_(f) :J K, (6) £ (et (3.36)
where KQn—l(t) = En ml . x-t)} =
0 x < t
(3.37)

From equations (3.33) and (3.35) the Peano kermel K (t) depends

2n-1

on the weight function w(x) and

on-1 2n-1
b w(x)(x—t)+n n (xj—t)+
Kon-1(8) =f (20-1)1 dx - 2 %5 T(2n-1)1
a J=1
(3.38)

For the case when'the kernel’function'is of constant sign over [a,b],

the application of the mean-value theorem for integrals yields

2n) .
Ep(E) = %g’z?f)‘(“g‘)‘ E (") a<g<b (3.39)
for which an error bound
M2n 2n
|E_(£)] < T [E "] (3.40)
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is obtainable by virtue of condition (iil). Error expressions of
the form (3.37) for the most common Gaussian rules are given in
tables (3.1) and (3:.2). If KQn—l(t) has a varying sign in [a,b]

then an upper bound of the form

b
B ()] se, My 5 ey o =af K, (0)]at (3.41)

can be calculated.

The above error bounds (3.38) and (3.39) hold whenever
conditions (1), (ii), and (iii) of page 58 are satisfied-over- the finite,
semi=finite, or infinite interval [a,b]J. 1In certain cases, sharper
estimates can be obtained from Peano's theorem. TFor example, under

less stringent conditions such as!f(Qn)(x)] < YXB for x 2 x

(2n)

and max |f %x)| <M Stroud and Chen [#9] show that the n-point

2n°’
asx<x
n

Gauss-Laguerre quadrature formula has an error bound of the form

|E_(£)] < ﬁll—'f— - —anl M, +yl(B+1,%_)
n “ ] (2n!) © on" ¢ >“n

(=]
-t . . , S
where T(B+l,xn) lﬂ tBe dt is the incomplete Gamma function and

n

X is the largest root of the Laguerre polynomial of degree n. The
resulting error bound applies to a wider class of functions but the
practical use of their estimate depends on whether or not one can

obtain suitable constants M2n’Y' and B8 for the error bounds.

If it happens that finite bounds for low~order or even
high-order derivatives of the integrand cannot be established, then

ervor bounds derived from Peano's theorem are not useful and deriva-



tive-free error estimates must be obtained. Such error bounds can
be calculated by using Hilbert spaces. Letting £,(p>1) designate
the ellipse having foci at z = + 1 and semi-major and semi-minor
axes o = 1/2(p+1/p) and B = l/2(g—p—l) respectively, and letting
A(gy) denote the family of functions analytic on [-1,1] and contin-
uably analytic so as to be single-valued and regular in the closure

of %), then the completion of A(£:.) wunder the norm
p
1 ———
LE|] = (£,8) /2 _ (jl‘f(z)f(z)dxdy)l/Q (3.42)
p

generates a Hilbert space HQ(%D). An orthonormal basis for H2(%j)

is the sequence of orthonormal Chebyshev polynomials of the second

kind [12, p. 241]

2 %ii- sin((n+l)arccos(z))

U*(Z) - Y (3(48)
n ,é2n+2_p—2n~2 /l—z2

Then for an n-point Gaussian quadrature rule over [-1,1]1 the error

functional EG‘ is a bounded linear functional over H2(%5) and
n
by the Schwartz inequality we get [12, p.241]

|E ()] < [[Eg [] []£]] (3.44)
n
o IEGn(Uk)]Q
where ||E ||2 =B z (k+1) ’
Gh T y=on @2k+2_p—2k—2
(3.45)
U (z) = ‘sin((n+l)arccos(z))

I /—_l_ZQ
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ana  ||£]] £ 1/2 Vr(o®-072) M (£), U (£) = max |£C2)] | (3.146)
‘ zeap

Conveniently the summation (3.45) reduces to a simple

form for special cases of the weight function w(x). If the weight
-1

l—x2

function is w(x) = then we have a Gauss-Chebyshev quadrature

of the first kind and from the results of Chawla: [ 8]

27 \61&2(1—'974 "L

v&_g—u Véﬂn_@—un

My (£) . (3.47)

|E (8)] <

For the weight function w(x) = Vl—x2 , the Gauss-Chebyshev

quadrature rule of the second kind has an error bound of the form [8]

Vont2 (o +1)

M (f) (3.48)
e (5)] < T : .
n 2 2n+2 -2n-2
WA
For other weight functions on [-1,1],the boundedness of EG in
n

HQ(Ep) permits the calculation of an error bound of the form

(3.44) subject to the restriction of f being a member of A(gp).
Then,even though the summation in (3.45) may not be easily calculated,
appropriate bounds on the factors can be used to obtain a bound for
llEn{I. Therefore,in the case of general applications,the usefulness
of this method in obtaining an error estimate depends on the avail-

ability of bounds for IlEG;It.
n




If bounds for the summation in (3.45) cannot be easily deter-
mined,then derivative-free error estimates Ffor En(f) can be derived
by considering contour integral representation of En(f). To estab-
lish a contour integral representation for En(f) associated with

the Gaussian quadrature rule

b n
“[ w(x)f(x)dx = ) a,f(x,) + E (f) (3.49)
a =1 4 B

]

we consider a closed contour C containing x ceey X and the

l’
points a and b in its interior. Then for any function £(z)

analytic in C we have [14, p. 118]

f(z)v_(z)
_ 1 n
bp (t) w (t)
where Vn(Z) =f —-I'l—'—;—:-'_'t"—— dt (3.51)

a

with pn(x) being the polynomial of degree n orthogonal to w(x)
on the interval [a,b]. By obtaining upper and lower bounds on

vn(z) and pn(z) respectively, an upper bound for En(f) of the form

B, ()] < ey M (), M () = max |£(z)] (3.52)

can be established.

An example of such an estimate is considered by Kambo [ 26]
where upper and lower bounds for vn(z) and pn(z) are considered

for the case of Gauss-Legendre quadrature. By taking the closed con-



o

tour C to be the ellipse Ep_ given above, the nth‘degree

Legendre polynomial pn(z) is bounded below by

. . 2 n
on)! (0" =2
[pn(z)[ 2 (22) 5 (p2 Jo (3.53)
277 (n!)” (T - 1)
1 pn(t)
whenever 2z € ip. Furthermore, for vn(z) =jn - dt, a lemma

-1
proved by Kambo shows that

22n+2(n1)2

(3.54)
(2n+1)t o™ (o °_1)

lvn(z)| <

for z ¢ §>° Then from (3.50), (3.53), and (3.54) an error estimate
for the truncation error associated with an n-point Gauss-Legendre

gquadrature rule is

2Lm+l(n1)LF (02+l)

(2n)1(2n+1)1 0 2P(o2-2)

[E ()] = M (£)

provided f(z) 1is analytic in the interior of the ellipse



CHAPTER IV

OPTIMAL QUADRATURE RULES DEFINED BY MINIMAL PROPERTIES

..........................................

In the previous chapter it was shown that bounds for the
error functioned associated with certain Gaussian quadrature rules
can be established by considering a Hilbert space { containing all
‘functions analytic in the interior of the unit circle, B. By using

either of the line integral or area integral inner products

2 . .
(F.2) = 5= [ £(e™ge™ras (5.1)
0
and (f,g) =jg[ f(z)g(z)dx dy (4.2)

respectively, a bound of the form

/2 (4.3)

where ep = 1lTnl] = ;Ug ET%EéE%TL can be determined such that
: €

ejedepends only on the closed contour C or region B which

ERCIENIEIE lg]] = 5,00

gontains the unit interval [-1,1]. Although bounds of the form
(4.3) were given only for Gaussian quadrature rules, such bounds

are obtainable for Newton-Cotes type quadrature rules (ef.[13],[26]).

By using the error bound (4.3) for a given Hilbert space
it is possible to define an optimal quadrature formula to be one for
which the error functional Tn has a minimum norm over the entire

family of functions analytic on (~1,1). Then, for fixed n, an



optimal quadrature rule would be

n
]b f(x)dx = .Z amjf(xmj) + Tmn(f) (4.4)
a J=1
such that lT (f)! < e [lf|| and e = e for any other choice
mn mn n mn

of weights and abscissae. Such a quadrature rule is said to satisfy
the minimal norm property. When the quadrature nodes in (4.4) are
preassigned, then the quadrature rule (4.4) is said to satisfy the

minimum norm property with respect to the abscissae His eees xn o

If & and L. (j=1,2, ..., n) are the weights and

abscissae corresponding to the minimal error norm e o then for all
functions f(x) analytic in fx| < 1 and square integrable on the

unit circle,

‘2'1T . [o)
and Jlg]12 =2 T et = T b |2 <

so that the error made in integrating £(x) over [a,b] = [0,1] by

using (4.4) is
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n
|t )= [t Eeoax - ] & flx

0 1=

) o o n K
lkZO bk(ﬁ;i' Z ity mj)l

R S ) o
B X=0 k+1 = m] mj
= o Igl]

Hence the minimization of e n requires the minimization of

subject to the choice of amj and ij (3§ =1, 2, eees D)o

obtain this minimization the derivatives

are calculated. Noting the identities

1 1 & -
a X
g—log 1-x z n+1
n=0
1 _ i—-lo 1 - § .an—l
and x(1~x) X2 8 7% - n+l

A
b
[k=0 K

(4.5)

To

(4.8)

(4.7)

(4.8)

the derivatives (4.6) yield a nonlinear system of 2n equations
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n o a..
1 1 mk
log Z 3=1,2,..4,0
ij 1-x K=l lnxm.xmk
(4.9)
1 log —L = IZI Tk 10
- - - - J=Ledyeasynl
xmj(l X L) 2 1 ij Kol 1 ijxmk

cees Koo The existence

for the 2n unknowns A qs e a s Xo1e
of a unique solution for the system of equations (4.9) for fixed n
has been established by Eckhardt [15]. Solutions for the system
(4.9) and values of e for n = 1(1)5 have been computed by

Eckhardt and are included in Table 4.1.

For the case of the Hilbert space HQ(B) with the area
integral inner product (4.2) and B corresponding to the unit
circle, Richter [41] extends the results of Eckhardt and shows that
for the interval [a,b] = [-1,1] the abscissae are all interior
points, the weights are positive, and .El amj < 2 if the origin
is not one of the abscissae. Under theg; conditions the resulting

quadrature rule is not exact even for constant functions. If one of

n
the quadrature nodes corresponds to the origin then Z amj =2,
n =1
z aijmj = 0, and the resulting quadrature rule is exact for all
j=1

polynomials of degree <1. For classes of functions which extend
the region of analyticity, Barnhill [ 4] shows that the limiting
case of a family of entire functions results in the convergence

of the weights and abscissae of the minimum norm quadrature rule

to those of the corresponding n-point Gaussian quadrature rule.

When the quadrature nodes are fixed in (4.4) and



Quadrature Nodes

Quadrature Weights

Minimal Error

Table 4.1,

ij amj . Coeff.

‘mn

0.68380262" 0.89648004 0.36802

0.48470056 0.83640681 0.14096

0.95579181 0.14739637

0.37187816 0.719833872 0.06276

0.88486952 0.25057401

0.99226589 0.02626972

0.30065913 0.61996725 0.03075

0.81300049 0.31438445

0.97407840 0.05915685

0.99833314 0.00567889

0.25191541 0.54068166 0.01622

0.74719512 0.35069805

0.94940738 0.09181342

0.99342517 0.01515203

0.99958104 0.00142326

Quadrature parameters for minimal norm quadrature rules
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0 =acx< Ky S eee xﬁ < b =1, the error coefficient is minimized

when the weights a1 (k =1, ..., n) are chosen to be solutions of

the linear system

. o n. .a

1 1 mk

= log = ) m———  § = 1,2,.40, Do (4.10)
xj 1 Xj =1 1 xjx1

The quadrature rule (4.4) with weights defined by (4.10) is applicable
only to those functions f(x) which are analytic on (=1,1)., For

the case of all preassigned nodes being interior to [-1,1] it can
be shown that as the region in which the integrand in (4.H) is
analytic extends to include the entire real line, the quadrature
weights associated with the minimum norm quadrature rule will

converge to those of the Newton-Cotes quadrature rule based on the

points Xys Xpy eees Koo

On the basis of the above development of quadrature rules
satisfying the minimum norm property, the question of their prac-
ticality is reflected in the significance one places in the following
facts. First, the existence and uniqueness of a quadrature satisfying
the minimum norm property is dependent on the Hilbert space being
considered. The restriction of the class of functions for which
the quadrature rule is applicable may be severe enough'to prohibit
its use in many practical problems. Secondly, the determination of
such quadrature rules for a large number of abscissae may be difficult.
If it is necessary to solve a system of equations such as (4.9) then
the effort expended to determine the quadrature weights and abscissae

would be unwarranted. There may also exist the problem of determining



||£]] if only a set of ordinate values {fixl),’.., f(xn)} is
~given. Finally, because it is known that there exists a connection

between minimum norm quadrature rules and the Gaussian and Newton-

Cotes type rules, the preferential use of these quadrature rules can

be justified.

Those instances for which it may be desirable to use the
minimum norm quadrature rules include (i) the integrand having a
small norm which is easy to calculate and (ii) the value of e is

known a priori such that !Tmn(f)| < e ]]f|| is an acceptable

value for some small value of n,.

error

For a given quadrature rule

b n
f w(x)f(x)dx = ) a.f(x.) + T_(f) (4.11)
a j=1 3 n

and an unavoidable error Ej associated with either the experimental
determination or calculation of f(xj) (§ =1, 2, «ves n), the total

roundoff error Rn(f) for equation (4.11) is

n
Rn(f) % z ajei . From the Cauchy-Schwartz inequality we have

j=1 a
< (

22 (¥ Iaj|2)l/2

IR_(£)]
n j:l

n

z le. | so that the problem of -
.2 J

J=1

minimizing Rn leads to the determination of aj (3=0,1,.4.,0)

such that

He~19

a§ = minimum . (4,12)

J=1
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If it 4is also required that the quadrature rule -(4.11) be exact for

constant functions then the added condition

5 b
z aj i[ w(x)dx (4.13)
j=1

a

is obtained. Quadrature weights which satisfy (4.12) and (4.13)

simultaneously also satisfy the system of equations

n n b
< { ) aj? -] e —f w(x)dx]}= 0 5 k=1,2,...,0 (4.11)
j=1 j=1 a

where A 1s some nonzero constant. Solving (4,14) yields

2ak -2 =0<(k=1,2,...,0) so that all the weights are equal and

in view of (4.13), a

b
K T %:/ w(x)dx. The resulting quadrature rule
a

for minimum roundoff error is

b n
Jf w(x)f(x)dx = Cn 2

f(x.) s
a J=1 J
(4.15)
b
Cn = %-i‘ wix)dx

and is referred to as being a Chebyshev quadrature formula.

The Chebyshev quadrature rule given by (4.15) is exact for
at least all polynomials of degree less than one and is defined
whenever the weight function is integrable over the interval [a,bl].
When the quadrature nodes Xj (j = 1,2,...,n) are preassigned then

it is likely that the highest degree of precision has been reached.
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On the other hand, if the n quadrature nodes are treated as parameters
then it may be possible to increase the degree of precision of the
quadrature rule to n. To obtain this level of precision the quadra-
ture nodes must be chosen such that the system of equations

b k
f (k)X K = 1,2,.0..0 (4.16)
a

X:L
1C,

I~

j=1

is satisfied,

The solution set for the system (4.16) is usually obtained
indirectly by solving for the roots of the polynomial

n
- _ .n n~1 n-2
pn(x) = 1 (x—xj) = x + Alx + A .x T oee. An. (4.17)

j=1

The connection between the polynomial pn(x) in (4.17) and the

system of equations (4.16) is that of [2u4, p. 324]

Al = —(xl + ) + oee. + xn) = --bl
A2 = xlx2 + xlx3 + co. + Xlxn + X2X3 + eee T x2xn + Xn—lxn =
- l/2(b2 + Albl)
[
R R (1,18)
L]
A = (—l)nx XA X X = - l—(b + A_b + oo + A _b)
n 17273 °°° “n-1"n n n 1"n-1 n-1"1
Tk
where bk = z Xj > (k= 1,2,...,n). Now noting also that
=1
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‘ b
bk = %—~jﬂ ka(x)dx it is possible to calculate sequentiaglly the
na

coefficients Ai (i =1,2,...,0) for pn(x). The roots of pn(x)
and hence the corresponding quadrature nodes for (4.15) can be
computed numerically by using for example either Newton's or

Bairstow's method.

For particular weight functions and certain values of n,
it may happen that some or all of the roots are either complex or
lie outside the interval of integration. In such instances,the
Chebyshev guadrature rule having a precision of order n is said
to be nonexistent. It is known, for example, that Chebyshev
quadrature formulae of maximum precision exist for the weight function

w(x) = l, R
vi-x

rules the degree of precision is in fact 2n-1. On the other hand,

1 £x <1 and for all n 2 0. TFor such quadrature

for the weight function w(x) = 1 there can exist Chebyshev
quadrature rules having only a precision of order =n = 1,2,3,4,5,6,7,

or 9.

Since there are known to be only a few quadrature rules
which are defined by (4.15) and satisfy (4.16), there have been
some attempts to expand the class of Cheybshev quadrature rules by
modifying either or both of the requirements (4.15) and (4.16).
As an example of the limitation of the defining characteristic
(4.15), the occurrence of an odd (or periodic) weight function and
a quadrature interval [a,b] = [-a,a] (or [a,b] = [o,p]; p = period
of w(x)) gives Cn = 0, This difficulty has been overcome by

defining a Chebyshev quadrature rule for an odd weight function to




be

'n

2
./b w(x)f(x)dx = S )

{F(x.) - f(-x.)} (4.19)
L 3 ] 3

1

where n is even and Cn’ Xys X cees X satisfy the system of

23
2
equations
n
2 2k+1 2k+1 n
c_ ) X = [ xT T Tw(x)dx, k = 0,1,...,5 (4.20)
n .= 7 2
J=1 a
n
2
and z X?k =0 k = 1,2,...,%- .
j=1

The precision of the Chebyshev quadrature rule (4,19) is n+l.

Alternately the requirement (4.16) often yields complex
quadrature nodes or nodes outside the interval of integration. A
slight modification to (4.16) as proposed by Barnhill et al. [5 ] is
to define a Chebyshev quadrature rule by (4.15) subject to the
requirement

E

n
(c. ) o~ —lb ka(x)dx)2 = minimum . (4.21)

k=0 M §=1 3

Although a high level of precision is not always associated with this
type of Chebyshev quadrature, it is possible to obtain fairly
accurate quadrature approximations using only a small number of
quadrature nodes. For example, the Chebyshev quadrature rule

satisfying (4.15) and (4.19) for the weight function w(x) = 1 and
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n =28, 10 and 11 exists with all quadrature nodes being symmetric
about the midpoint of the interval of integration and the midpoint
being a multiple node. For n = 8 the minimum value associated
with (&,21) is 0.79 x 10_6. The corresponding Chebyshev quadrature

rules for n = 8, 10, and 11 satisfying (4.16) do not exist.

4.3 Quadrature formulae with least upper bound error.

If a quadrature rule of the form (4.11) is being considered

for the integration of a class of functions F, then the previously
mentioned situations of (i) fixed quadrature abscissae and variable
weights, (ii) fixed weights and variable abscissae, or (iii) both
variable quadrature weights and abscissae may be encountered,
Corresponding to these three cases an optimal quadrature rule can be
defined as one in which the variable quantities are chosen such
that a least upper bound for the quadrature error is obtained with

the least upper bound for the quadrature error being defined by

T . = inf _ { sup |T_(£)]} (4.22)
Leuebe,i {a.}n FeF n
3=l
Tyuiun. 12 = inf _ {sup |T_(£)]} (4.23)
fLeuebe,ii {X.}n FeT n
3521

or

T, ss.=inf A{sup |T_(B)[} (4.24)
fLeuebe,iid {Xj}’{aj} FeT n
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respectively. On the basis of these definitions the magnitude of
the least upper bound quadrature error will depend significantly
on the specified weight function w(x) and the "smoothness" of

the family of functions being considered.

The ability to analytically measure the smoothness of
the class of functions is important,for it will often enable the
specification of the parameters which give a least upper bound to
the quadrature error. This fact has been well illustrated by the
investigations of Lebed [ 30] into the determination of optimal
qQuadrature rules which satisfy either (4.22), (4.23), or (u4,24),
The two classes of functions which Lebed consideréd are Fé and
Fé,n' A function feF6 satisfies If(x2)~f(xl)ls 8 (X2~xl) for

any x 5 ela,bl and a < x, < x. <b with §(x) being the

1° = 1 2

modulus - of continuity. The class F6 N depends on a given set of
3
< ' <

a < Xy < x2 < ees < X, = b

and feFG,n if !f(x)—f(xk)| <'§ (lx—xk|) . Bk < x = Bk+l
Xk—l+xk

(k = 1,2,...,n) and Bl =a, Bk = —— (k = 2,...,m),

abscissae {xl, Xps eees xn} where

Bn+l = b. It is noted that FG c Fé,n for any set of abscissae
and for any n. Without loss of generally it is assumed that

La,b] = [0,1].

If the modulus of continuity &(x) is known for all functions
in FcS or Fé,n then an optimal gquadrature formula satisfying
(4.22) with respect to the fixed set of abscissae '{xl,XQ,...,Xn}
can be determined. The dependence of the quadrature rule on the

weight function, modulus of continuity, and specified abscissae is

~given by the following theorem due to Lebed
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 Theorem 4.1. The optimal quadrature rule satisfying - (4.22) for the

fixed quadrature nodes RpsKpsee oK has quadrature weights

B
a =Jf KL (x)dx k= 1,2,...,n (4.25)
By
n B
~ K+l v
and Tzauobe,i = kzl.f w(x) § (fx—xkl)dx. (4.26)
By

Corresponding to case (iii) of this section, Lebed shows that the

optimal quadrature rule satisfying (4.24) with respect to the class
of functions T has quadrature abscissae X“, x",..., % which
§,n 1 2 n

minimize the function

n B
m(xl’XQ"'°’Xn) = Z .[ kel w(x) 6 (+x~xkf)dx (4.27)
k=1 Bk

and quadrature weights

8*
3, :]f Kl (x)ax K = 1,2,.0.,0 (4.28)

w

By

where Bk (k = 1,2,...,0n) 1is as defined above and 61 =a ,

\ ofa
w v

# Xk—l+X£ %
By = — (k = 1,2,.0.,1), B,.; =P. The least upper bound
quadrature error in this case is
n jﬁk+1 .
Tpeuebe,iii = L Jx WG & (frex )ax. (4.29)

k=lBk




CHAPTER V

THE APPROXIMATION OF IMPROPER INTEGRALS

5.1 Integration over infinite intervals.

A convergent improper integral having an infinite quadra-

ture interval may have any one of the forms

Il(f) :lmw(x)f(x)dx . |a| < o (5.1a)
I,(£) =]bw(x)f(x)dx » |b] < (5.1b)
or 1,(£) :] w(x)E(x)dx (5.1c)

—00

with the integrand w(x)f(x) being bounded and integrable over the
quadrature interval. Each of the above improper integrals is a
special problem in numerical integration because any numerically
computed quadrature approximation can be based on at most a finite
number of function evaluations with all quadrature abscissae being
located in a finitely bounded interval. Except for the cases of
(5.1a) with weight function w(x) = e~ and (5.1c) with weight
function w(x) = e , none of the standard quadrature methods can

~generate accurate quadrature approximations for a large class of

functions.

If any of the conventional Newton-Cotes or: Gaussian
quadrature rules are to be used to approximate an integral having

infinite limits,then one approach is to make a transformation of the



independent variable so that the integral will be reduced to one
having removable singularities at one or both endpoints of a finite
interval. Often many transformations can be used but the one pre-
ferred will be that transformation which results in the integrand
being least complicated, both computationally and structurally.

For (5.l1a) a transformation can be chosen such that

1
I, (£) =l; vl(y)gl(y)dy (5.2a)

e 0 = o (SR ) )

A suitable transformation for (5.1c) results in

1
I,(£) :_fl Vo (y)e,(y)dy (5.2b)
1+y? y y -
where v_(y) = W and g.(y) = £ {—<L—\ . Techniques
3 2.2 2 3 2
(1-y7) 1-y 1-y

for handling the singularities in (5.2a) and (5.2b) are discussed

in Section 5.2.

Alternately by noting that the theoretical definitions of

(5.1a) and (5.1c) are

X

Il(f) = limj f(t)dt
K->
a.
and
0 X
13 (f) = 1lim f(t)dt + limf F(t)adt

X->00- R x>0 ()
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respectively then it i1s reasonable to derive quadrature approximations
based on finite interval quadrature rules by ignoring the "tail"
of the integral. For the case of (5.1a) ,Davis and Rabinowitz

[ 14, p.90] suggest the integral be approximated by a sum of integrals

n il
I, (£) ~ I o) = .Z f f(x)dx (5.3)
i=0 ri

where {ro, r eool is a sequence of numbers converging to infinity.,

l)

In practical applications,the upper limit n is chosen such that

r
n+l
.[ f(x)dx < ¢ and the sequence {r.}n is a geometric sequence

1°i=0
b
n

such as {21+a}?

120 ° for example. For each integral in the sum (5.3),

@ closed-type Newton-Cotes or Gaussian quadrature rule is applied.

A more direct approach proposed by Isaacson and Keller [25,p.350] is
to choose some large number I such that the improper integral
becomes a sum of two integrals, one of which is proper,

(o]

Il(f) =}PL f(x)dx +~[ f(x)dx = Il,L + Il,w .
a L
The integral Il,L is approximated by an interpolétory,quadrature
rule, either of a simple or compound nature, and the integral Il,w
is transformed into an integral similar to (5.2a). The parameter
L is chosen such that the value of Il w 1s significantly smaller

>

than Il,L'

If it is known that the integrand in (5.la) is monotonic
and lim £(x) =0 - then a simple Reimann sum can be
K> :

used to approximate the improper integral. The fact that a
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Riemann sum will suffice is based on the result that the monotenicity
of the integrand gives [14,p.91]

0 < j~ f(x)dx~- h fla+kh) < h f(a) (5.4)
a k=1

for any h and f(a) = 0. From (5.4) one obtains

lim h ; f(a+kh) =jpf(x)dx.

h->0 k=1 a
Since use of this method on a digital computer will require the
Riemann sum to have a finite number of terms this method is just
another variation of the technique of ignoring the "tail" of the
integrand. The advantages of this approach, however, are that the
quadrature error is readily available and the quadrature approxima-~
tion can be easily computed. A disadvantage of the Riemann sum

method is that any sequence of quadrature approximations will con-

verge slowly,

A somewhat different and in fact more direct approach
than any of the above techniques for +the approximation of either
(5.1a) or (5.1c) is to modify the integrand so that the appropriate
Gaussian quadrature weight function appears as part of the integrand.

The required modifications could typically be

£~ w(x)f(x)dx = g. e gl(x)dx

and
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o) & “XQ
J~ w(x)f(x)dx =J- e’ -gs(x)dx

EXee]

2
where gl(x) = ®w(x)f(x) and ga(x) = " w(x)f(x). The obvious

disadvantage in using this method is that gl(x) and g3(x) will
more than likely be unbounded so that the standard expressions for

the Gaussian quadrature errors will not be useful.

A different type of improper integral to that considered
in section 5.1 involves a convergent integral for which the integrand
is unbounded at one or more points within a finite quadrature inter-
val. As noted in the last section the connection of this type of
improper integral with that of an improper integral having an
infinite quadrature interval is made through a transformation of
variables. However there is a distinction to be made in the problem
of choosing a quadrature method for the two types of improper inte~
grals. Aside from the usual question of truncation and roundoff
errors, the problem of choosing an approximation method for inte-
grals with singular integrands is compounded by the fact that the
type of singularity (either logarithmic or algebraic of a fixed
degree) affects the degree of convergence of the quadrature method
L 16]. The other consideration for approximation of integrals with
singular integrands is that some of the commonly used techniques
are theoretically unjustified, either for some particular class of

integrands or for any integrand.

A typical improper integral with singular integrand will



be of the form

b
I(£) :f £(x)dx (5.5)

a
where -» < a < b < o and f(x) is continuous for all x in either
of the half-open intervals (a,b] or [a,b) or the open interval
(a,b). If singularities appear in the interval (a;b) the improper
integral can be transformed into a sum of improper integrals with
singularities at one or both of the endpoints of the quadrature
subintervals. Without loss of generality it can be assumed that the

interval [a,b] corresponds to the interval [-1,1].

An investigation into the techniques of approximating
improper integrals such as (5.5) reveals the following methods for
handling the singularities; (i) change of variable, (ii) elimination
of singularity by subtraction, (iii) use of integration formulae
of the interpolatory type with the singularity (or singularities)
being absorbed into a fixed weight function, (iv) proceeding to the

limit, (v) removal of singularity, and (vi) ignoring the singularity.

For the first technique;an algebraic singularity is
removed by a transformation of variables,thus converting the improper
integral into a proper integral. The proper integral which arises
from the transformation can be approximated by any of the standard
interpolatory quadrature rules. Such an approach would work for

integrals of the form

~[l x—l/n f(x)dx = n Jl f(tn) tn—zdt
0 0



where 1n > 1 and £(x) has no singularities in the interyal [o,17].

The method of subtracting  out the singularity involves
choosing a function g(x) such that f£(x)-g(x) is bounded and g(x)
has a closed form integral. A frequently quoted example for this

method is

gJCOs(x) dx _-[ cos(x) 1 dx = 2 4 1 cos(x) 1 .

. cos(x)-1 . . .
The integrand % 1is bounded at the origin because

ii§+99§£%%:i- = 1. The third technique mentioned will be applied to
b

integrals of the form j. w(x)f(x)dx where w(x) has a singularity
a

at one or both of the quadrature limits. The only requirement for
the use of w(x) as a weight function for interpolatory quadrature

rules is that jb w(x)xkdx (k 2 0) must exist.
a

If the integral (5.5) has a singularity at x = a then

b
by definition 1im+ J~b fx)dx =_[ f(x)dx if the limit exists.
X3

x a
For a convergent integral with singularity at x = a a quadrature
approximation can be obtained by either truncating the quadrature
interval or else by computing a sum of integrals. For the former
approach,a sufficiently small number r is chosen such that

b T
I(f) zj” f(t)dt and /‘ f(t)dt < € for some prescribed error

r
a

level €. The integral for the truncated interval [r,b] would be

approximated by an interpolatory quadrature rule. The other approach
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n

Y |t £f(t)dt where b=r 3 v >r. > ... is
r.,

- glves I(f) ~ li:o 0" 17

i+l

a. The 1limit n is

a sequence of numbers converging to =x
r
usually chosen so that J~ Boe(e)at < €, and all integrals in the
T

n+l
sum are approximated by closed-type interpolatory quadrature formulae.
These two methods are essentially based on the idea of '"proceeding

to the limit'". Analogous procedures can be used for integrands with

a singularity at x = b,

The method of removing the singularity will be used for
integrals in which there is an apparent or removable singularity in
the integrand. The singularity is "removed" by defining the integrand
to be a finite (usually limiting) value. An example of such an

1 . .
integral is é” §£§L§) dx, where in effect the integrand f£(x) =§i§£§)

is bounded for all x because lhw§%£133: 1. By defining £(0) = 1
2>0

a closed type quadrature rule could be used to approximate the

integral.

The method of ignoring the singularity is perhaps the
simplest but at the same time most hazardous approach to generating
an approximation to an improper integral having singularities.
Essentially the method is one of assigning a finite value (usually
0) to the integrand for any singularity which appears at the end-
point of the quadratﬁre interval. Then either a sequence of open
or closed type interpolatory quadrature formulae are used to generate
a (hopefully convergent) sequence of guadrature approximations. The

reason why this method is a hazardous one,is that absurd results
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can be sometimes obtained [13]. Conditions required for the
convergence of the sequence of quadrature approximations are de-
scribed in [13], [38], and [35] with the degrees of comyvergence for
integrands having either logarithmic or algebraic singularities

for different sequences of approximations ~being given .in [16].



CHAPTER VI

COMPUTER ALGORITHMS FOR NUMERICAL INTEGRATION

8.1 The advantages and limitations in using a digital computer for

numerical integration.

The arithmetical computations required of any numerical
quadrature method may be performed by hand or else by using either a
desk calculator or digital computer. For each of these computational
methods any quadrature approximation computed by using floating-point
arithmetic = will have an associated truncation error due to the finite
representation of constants and results of intermediate calculations.
This type of error is usually several orders of magnitude less than
the truncation error associated with the quadrature rule and poses

no serious problem.

When a digital computer is used to compute a quadrature
approximation, there is an additional error, called roundoff error,
due to the representation of a decimal number in terms of a finite
binary fraction. The magnitude of the roundoff error depends on
the base of the number system, the number of bits used to store the
binary fraction, and the rounding procedure used to obtain the
binary floating-point approximation (cf. [53], [10]). If several
calculations are made,this roundoff error is magnified and can
become a problem of such magnitude as to "destroy an efficient and
sound computational procedure predicted on arithmetic in the real
number field." [ 33] The problem is further compounded by the fact
that the roundoff error for a gquadrature method cannot be computed

a priori without considerable difficulty. Thus the two factors of
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limited accuracy and uncertainty of the "correctness" of the computed
quadrature approximation present the most severe limitation in using

a digital computer for the calculation of a quadrature approximation.

A second limitation in using a digital computer for
numerical quadrature concerns the unadaptable nature of a digital
computer. In the practical use of a digial computer there can be
only a limited amount of human intervention in the computational pro-
cess. Therefore any tests for undesirable characteristics such as
growth of roundoff error,nonconvergence or even spurious: conver-
gence in the quadrature approximations must be incorporated in the
computer algorithm. Any efficiency techniques such as the use of
low-order quadrature rules for regions where the integrand is very
smooth and the avoidance of redundant function evaluations for com—
pound quadrature rules add to the complexity of a computer algorithm
for numerical quadrature. As a result the most accurate, efficient,

and infallible quadrature algorithms are long and complex.

In spite of the above mentioned difficulties,there are
distinct advantages in using a digital computer for the calculation of
quadrature approximations. The most notable advantage is the short
time in which an approximation or even sequence of approximations
can be computed. What may take minutes or even hours of human
effort to calculate a sequence of quadrature approximations may
require only a few seconds of computer processing time. Secondly,
there is little chance of computational mistakes being made when
using a digital computer. In performing arithmetical computations
by hand or else by using a desk calculator, there is a good chance of

human error due to miscalculation opr wrong entry of numbers.  Exgept
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for machine failure, such gross errors will not occur when using a
digital computer. The third advantage is that a computer algorithm
for the integration of a large class of integrals can be coded in a
computer language which is virtually machine-independent.
Therefore, there can be an almost universal implement-
ation of a computer algorithm for numerical quadrature with the
algorithm being usable by those who are either well~acquainted

or only cursorily familiar with numerical quadrature methods.

6.2 The characterization of an ideal automatic integrator

An automatic integrator is defined as being a computer
algorithm for the numerical approximation of an integral with user
input consisting of a pair of integration limits, a function routine
for the integrand or a set of function values, an error tolerance
level, and usually an integer representing some computational
attribute which, if exceeded, causes the termination of the quadra-
ture process. Output from the algorithm consists of the "best"
quadrature approximation and possibly a measure of the quadrature
error. Automatic integrators are classified as being adaptive or
non-adaptive and can be either iterative or non-iterative. For an
adaptive quadrature scheme, the quadrature abscissae are chosen on
the basis of the behaviour of the integrand over various segments
of the quadrature interval. In an interative scheme, successive
quadrature approximations are-ceomputed until two successive
approximations agree to a specified number of digits or else until

a maximum number of quadrature approximations have been computed,
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The qualities associated with a successful .automatic
integrator centre on the practical aspects of numerical integration.
One of these attributes concerns the prevention and detection of
the roundoff errors., It is desirable for a quadrature scheme to be
based on a quadrature rule or sequence of quadrature rules having
quadrature weights which are positive rational numbers,for these
rules help prevent the growth of such errors. However, as figure
6.1 indicates, the choice of such rules does not guarantee that
roundoff error will not accumulate. Therefore there also should be
a capability in the quadrature scheme for the detection of accumu-

lating roundoff error.

Secondly, in the interest of avoiding unnecessary calcula-
tions,the computer algorithm should be able to detect and report
non-convergence or even slow convergence of the quadrature approxima-
tions after calculating only a few quadrature approximations. Figure
6.2 illustrates that there is no advantage in doing more than thirty-
one or even sixty-three function evaluations,for no significant gain
in accuracy of the quadrature approximations is realized. Another
problem of this type concerns the possibility of spurious convergence;
that is, the convergence of successive quadrature approximations to
the wrong number. Although the numerical detection of this fault is
almost impossible,it is desirable for a quadrature scheme to be
based on quadrature rules which are unlikely to generate such

approximations.

A third characteristic of a good automatic integrator is

a lack of complexity. Here complexity is construed to include
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Number of
Function Evaluations Relative Quadrature Errors

3 9.2 x 107°
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Figure 6.2
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both computational and algorithmic complexity. Computational complexity
concerns the number of compu%ations required to generate a quadra-
ture approximation and the occurrence of irrational quadrature
weights and abscissée. The problem of algorithmic complexity con-
cerns the coding of the computing program. One aspect of this
problem is the avoidance of redundant function evaluations when
using compound quadrature rules such as those of the Newton-Cotes
type. The second form of algorithmic complexity concerns the
generation of successive quadrature approximations and the procedure
used to terminate the quadrature process. This type of difficulty
ranges from the simple termination after two approximations differ
in absolute value less than some specified number,to the recursive

terminating procedure proposed by McKeeman [14, p.165].

Finally, a good automatic integrator should give some
indication of the error in the resulting quadrature approximation.
The fact that a sequence: of quadrature approximations is terminated

when either

|A

e (F) - A ()] < e (6.1)

or

A1 (B) = A ()] <ea . (D)] (6.2)

sS4



for two successive quadrature approximations AmTl(fl and
Am(f) and for some preassigned tolerance level e, doeg not .guarantee

that the quadrature approximation Am (f) has a quadrature error

+1
less than or equal to €. Numerous examples ([11], [14,p.161]) can
be given to illustrate successive approximations satisfying either
(6.1) or (6.2) while in fact having errors in the approximation
several orders of magnitude greater than e. The automatic
integrator, after having terminated the quadrature procedure, should
attempt to estimate the quadrature error on the basis of theoretical
information of the integrand. One fairly successful attempt in
this direction has been the approximation of successive derivatives
of the integrand by finite differences and the use of such approxi-

mations in computing a theoretical estimate of the quadrature error

on the basis of formulae such as those given in Table 2.1.

In attempting to satisfy the above requirements for a good
automatic quadrature scheme, there has been a trend towards the
development of iterative, adaptive methods based on low-order
quadrature formulase. One reason for the selection of low-order
formulae,is that by using a high-order quadrature rule, an improve-
ment in the quadrature approximation requires the application of at
least one other quadrature rule. Since formulae of different orders
do not usually have common nodes and quadrature weights, the method
is inefficient. Even if accurate results are obtained there is the
problem of estimating quadrature errors directly when the expressions
involve high-order derivatives. Another reason for not using high-

order formulae is that such quadrature rules usually have weights and
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abscissae which are irrational numbers. In the case of high-order
Newton-Cotes quadrature rules there is the problem of negative
quadrature weights. Therefore the requirement of minimal roundoff
error necessitates the rejection of such rules. The iterative
aspect is beneficial because some information can be extracted about
the convergence of the quadrature approximations. Finally, adaptive
quadrature methods often have the ability to concentrate on regions

where the integrand is badly behaved. When the integrand has

erratic behaviour over one or more regions more accurate results

can be obtained by using adaptive methods.

Based on the reasons given above, adaptive quadrature methods
using low-order formulae are to be preferred in automatic integration.
This is not to mean that adaptive quadrature methods have to use
only low-order quadrature rules. Oliver [37] has claimed that many
of the proposed disadvantages of using high-order quadrature rules in
adaptive schemes are either irrelevant or else only of minor
significance and as such do not warrant the exclusion of high-order
formulae. Further support for his view is drawn from the fact that
there have not been any conclusive numerical experiments which

illustrate these undesirable characteristics.

6.3 Some computer programs for numerical quadrature

The automatic integrators characterized in Section 6.2
are translations of mathematically defined algorithms into computer

source programs. Usually the computer source programs are written
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in either FORTRAN IV or ALGOL 80 since these languages are well
suited for>programs involving numerical computations and to a large
extent ave machine—independent; Also, in using ALGOL Beythere is
an added benefit arising from the structure of the source program.

By using nested blocks it is possible to write a compact program

with almost no branching. This capability allows for better

program readability.

As mentioned in the last section, an automatic integrator
often arrives at an approximation to an integral when either two
Successive approximations differ in absolute value less than some
pPrescribed tolerance or else when a certain number of interval
subdivisions or function evaluations are made. Based on that
stopping criteria, the automatic integrators are function procedures
having a formal parameter list consisting of one or more of the
following entities; (i) the integration limits, (i1i) an error
tolerance level, (iii) a procedure declaration for the integrand,
and (iv) a number giving the maximum number of interval subdivisions
or function evaluations. If recursion is used op if arrays for the
abscissae and ordinate values are given then (iv) corresponds to the
maximum level of recursion or the number of elements in each array.
Some computer programs illustrating these characteristics are given

below. All computer programs are written using ALGOL W [u487,

One of the most successful and widely used automatic
integrators is that due to McKeeman [32]. The automatic Integrator
is a recursive adaptive quadrature method based on Simpson's rule

with the range (and each subrange) of integration being divided into
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subintervals of progressively smaller widths. Subdiyision is stopped
if the absolute value of the relatiye differences between successive
approximations 1is less than a specified allowable tolerance or if
the level of recursion reaches twenty; The reason for taking this
approach is that there is a minimization in the number of function
evaluations over a given subrange of integration. The minimum
number of quadrature abscissae used is nineteen and the number of
abscissae is always of the form 7 + 12k (k =2 1). The only input
requirements are the integration limits, a relative error tolerance

level, and a procedure for the integrand. A source program for this

algorithm is

REAL PROCEDURE INTEGRAL (REAL VALUFE A4B,EPS; REAL PROCEDURE FCT)
BEGIN REAL ABSAREA; INTEGER LEVEL; o
REAL PROCEDURE SIMPSON( REAL VALUE AsDAsFAFMoFB yABSAREA yEST,EPSs
_REAL PROCEDURE FCT s

jO]
3

BREGIN

“PFAL DXsX13X 2, EST15EST 2, EST3,F13F2,F3,F4,SUMyAPPROX;
=DA/3,05 X1:=A+DX; X2:=X14DX:

Ufl~r4a0%%CTLA+DX/2.C);WUF2¢?FCTJX13;

F3:=FCT(X2); F4:=4.0%FCT{A+2.5%DX) s
CEST1:=(FA+FL+F2)*DX/6.03

EST2:=(F2+FM+F3)%DX/6. 07

EST3:={F3+F4 +FB)*DX/6.0;
ABSAREA:=ABSAREA-ABS(EST)+ABS(ESTL)+ARS(EST2)¢ABS{EST2):
_SUM:=ESTI1+EST2+EST3;

LEVEL:=LEVEL+13

IF ({{ABS{EST-SUM). <= EPS*ABSAREA) AND (EST -= 1.0)) DR

(LEVEL >= 23)) THEN APPROX:=SUM FLSE -

APPROX :=STMPSCN(AsDX,FAyF1l,F2,ABSAREA,EST1,EPS/1.7,FCT)+
gzwpscmgxl,nx,Fz,FM,FB,ABS&REA,tSTz,EPS/i 7yFCT)+

B . SIMPSON(X2,DXsF3,y F4yFByABSAREAGEST3,EPS/1.7,FCT) 3

LEVEL:=LEVEL-13 -
,MAPPRCX;U“,H

END
LEVELz=13 ARSAREA:=1.0;
;égpsn»(L,a Ay FCT{A) 5400 *FFT((A+B)/2 0) sFCT(B) yABSAREA,1.0, F?SqFrT}

A non-adaptive quadrature algorith proposed by Bauer

[14, p.167] approximates .[ f(x)dx by using Romberg's method.
a



The integration procedure is términated when the quadrature error
term is of the order 2%0RD+2 (ORD = 0) where ORD is an integer
having a value specified by the user; The only other input require-
ments are the integration limits and a procedure for the integrand.
In analyzing this algorithm it has been noted that computation time
will approximately double when ORD is increased by one, that
roundoff error could become significant, and that it is not foolproof.
The conditions under which the algorithm will fail are for either

(i) a discontinuous integrand, (ii) an integrand with odd-derivatives
which vanish or else are equal at the endpoints of the quadrature
interval, or (iii) an error term which contains an odd-power of

h where h = E:E- and a and b are the integration limits. A

2
short program for this algorithm is as follows:

99

REAL PROCEDURE ROMBERG(REAL VALUE A,B;  INTEGER VALUE 0RD:

L REAL PROCEDURE FCT }s

BEGIN
CREAL ARRAY T(1::0RD+1); e e
REAL LENsSUMy,M35  INTEGER Fol,J4N3

LENs=B=-As
TEL) e={FCT{AY+FCT(RB)}/ 2

N2=13 _— »
FOR Tt=1 STEP 1 UNTIL ORD DO
L BEGIN

SUMI=0.03 Mi=LEN/(2%N)3

VEOR Ji=1 STEP 2 UNTIL 2%N-1 DO SUM:=SUM+FCT{A+J*%M);

T{I+1):=(SUM/N+T(T)) /23
Fa=13

FOR J3:=1 STEP -1 UNTIL 1 DC
: TOI) =TI+ 3+ UTLI+1I-TUI NI/ {F=-1)
o ENDs
No=2%N3

,MENﬁ;W
TO1I)*LEN

END3




When an exact formulation for the integrand cannot be
specified and all that is available is a set of ordinate values which
correspond to a set of non-uniformly distributed abscissae,then a
nonadaptive automatic integrator for the integration of arbitrarily
spaced data must be used. For such problems,either of the two
techniques of Section 2.6 can be used. If Hennion's method of
di-parabolic interpolation is used,then the input requirements for a
computer program are the integration limits, a number specifying
the number of quadrature abscissae, and two arrays; one for the
abscissae and one for the ordinate values. It is assumed that the

quadrature abscissae are in ascending order. A computer program.

based on Hennion's algorithm ds as follows:

REAL PROCEDURE AVINTI{REAL VALUZ XMIN,XMAX3 INTEGER VALUE NOP:

100

REAL ARRAY XA, YACX) )3

BEGIN
REAL CA,CBoCC,AsByCyTERML, TERM2, TERM3, SUM, SYL 5 SYU;

TNTEGER JMeJdS o JUL, T4, 183

SUM:=0.03 SYL:=XMIN; JUL:=NOP-13 IR:=2

FOR TA:=1 STEP 1 UNTTIL NOP DD WHILE XA(IA XMIN DO IB:=1B+1;
X

FOR TA:=1 STEP 1 UNTIL NOP DD WHILE XMA>

) <
< XA{JUL) DO JUL:=gul-

1;

Jut:=Jut-1;3;
FOR JM:=1B STEP 1 UNTIL JUL DO

BEGIN

TERMIz=YA(JM=1)/((XA(IM=1)=XALJMI) X (XA{IM-1)-XA(IM+1)D)s

CTERM2:=YA(JIM)/ (AXA(IMI=XA{IM=1) ) (XACIMI=XA(JM+L)) )3

CTERM3:=YA{JM#1) /LIXACIMEL) =X ALIM=1) ) ¥ {XALIM+1)-XA(JM)) )3
At=TERM1+TERM24TERM 3 ]

CBi=—(XALIM)+XA(IM+FL I IRTERMI = (XA (JM-1)+XA(JM+1) }XTER M2~

(XA{JM-1)+XA (JM) ) *T ERM3 3
C=?XA(J%1*XA(JM+1)#TERMl*XA(JM'l)*XA(JW+13*TEKM2+,

IF UM -= 2 THEN

BEGIN CA:={A+CA)/23 CB:=(B+CR)/23; CC:=({(+CC)/23 END

ELSE

RFGTN CA:=A3 CB:=B3; C(C:=C; END;

=XALIMIS

0

QUM:=SUM+CAﬂ(sYL**3‘sYL#*é)ié#tB%i'SYU##245YL**2J/2+

(CCx( syu-sYL)s

CAz=A; C8:=B3 CC:=C; SYL:=SYU3

END 3

e

HSUN+CA*(X“AX*%? SYL#%3)/ 3+CB#{ XMA Xk 2-SYL#%2) /2+CC%{ XMA X=SYL)
VENDs




Finally, for the integration of a particular class of integrals
it may be the case that a special quadrature.technique will be used.

As an example, in the approximation of integrals with weight functions

such as w(x) = sin (Tx) or w(x) = cos (Tx)

suitable quadrature technique. A computer program based on Filon's

algorithm will require for input the integration limits, a value for

T, a code indicating whether w(x) = sin (Tx)

Tilon's method is a

or wx) =

cos (Tx),

and a procedure for the integrand or else a set of function values.

A computer program for Filon's method using a set of function values

is as follows:

- . _REAL ARRAY F({*) R
BEGIN
REAL HeSeTHy AL 4 CoBEsGAsSUMeAL,SU,SUYs INTEGER I3
He={B-A)/{M-1135 TH:=TxH;
L S2=SINLTHY;  C:=COS{TH)s
AL:=1 O/ THAS %0/ TH®%2-2 ,0%S*S/ TH*%33
CBE:=(2.0+2.0%C*C~4,0%S*C/TH) /TH¥*2 3§
GA2=4 0% (S/TH=-C Y/ TH*%2 3
CSUM:1=0.03  Als=A+H3
IF KEY =1 THEN
CBEGIN. S
SUs=F (M)*SIN{BXT)~F(L)*SIN(A*T )3
SUlz= -(F(M)*COSIB*T)~F{1)*COS(A*T)}/2.05

FOR T3:=2 STEP 2 UNTIL M-1 DO
BEGIN

SUM:=SUM+F({T-1)%COS(A1%XT);
SU1:=SUL+F(T)*COS{AY*T)5

END
END

ELSE
BEGIN

Al:=Al#+H3

L Alz=Al4Hs

SU:=F (M)%COS{B*T)=F{1)*COS{A%XT);
SUL:z=—(F(M)%SIN(B*T)—-F(1)%*STN{A*T))/2.03

FOR T:=2 STEP 2 UNTIL M-1 0O
BEGIN

o SUL:=SUL+F({T)ASIN(ALI®T) S

SUM:=SUM+F(I-1)%SIN(AL*T )}

Alz=A1+H3

CAl:=Al¥H;

END
END3

Hoc { AL*SU+RE® SUL+GA%SUM)

END3
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The computer programs given above are.representatiye,of those
usually written for a digital computer: It is to be noted that these
programs fail to incorporate all of the desirable qualities of an
automatic integrator., Therefore, in selecting a program for numerical
integration, the limitations of the program and its possible effects
on the accuracy of the quadrature approximation should be taken into

account.




CHAPTER VII

CONCLUSTIONw

.......................

7.1 'The problem of defining and identifying an optimal quadrature rule

In this study an optimal quadrature rule for numerical
integration has been characterized as having the attributes of (1)
maximum precision, (ii) least upper bound quadrature error, (iii)
minimum norm quadrature error, (iv) minimum roundoff error, (v)
applicability to a large class of integrals, and (vi) suitability for
use in a computer algorithm., It is implicit in this definition that
properties (i)-(iv) could possibly have an associated constraint
such as being defined relative to a fixed set of quadrature abscissae,
a fixed quadrature weight, etc. The meanings associated with
attributes (i), (ii), (iii), and (iv) have been characterized in
Cﬁapters,II, III, and IV. Attribute (v) is intended to mean being
applicable for the integration of all functions of a particular
function space as well as being applicable to improper integrals.

For (vi), the suitability for use in"a computeralgorithme: = =
coincides with the extent to which an ideal computer algorithm as
characterized in Section 6.2 can be constructed by using the speci-

fied quadrature rule.

In attempting to assess the merits of this characterization
of an optimal quadrature rule and the extent to which known quadra-
ture rules ascribe to this characterization the following observa-
tions>are_given. First it is noted that a quadrature rule can be
constructed to satisfy a specific criterion of optimality. There-

fore the attributes given above are considered to be valid criteria
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for an optimal quadrature formula, Secondly, the criteria specified
are general enough so that almost all of the known and commonly used
quadrature rules satisfy at least one of the attributes mentioned.
Thirdly, the criteria, if satisfied; define a quadrature rule which
has sufficient accuracy for a broad range of applications. Finally,
it is noted that the criteria are restrictive enocugh to prevent most
quadrature rules from being classified as an optimal quadrature rule.
On these points,it is concluded that the above characterization of an

optimal quadrature rule is acceptable.

In attempting to isolate known quadrature rules which best
conform to the given characterization of an optimal quadrature rule,
the following observations are noted. First it is known that
Gauss-Chebyshev quadrature rules satisfy both (i) and (iv). Also,
from Chapter IV, it is kngwn that quadrature rules satisfying (iii)
converge to Gaussian quadrature rules when functions analytic on the
entire real line and variable quadrature abscissae are considered.

As yet.,no connection has been made between (ii) and Gaussian
quadrature rules. Therefore the Gauss-Chebyshev rules are likely
candidates for being called optimal quadrature rules. The only
drawback of Gauss-Chebyshev quadrature rules and Gaussian rules in
general 1s that they are not well-suited for use in adaptive iterative
automatic quadrature schemes. On the other hand, the Newton-Cotes
rules satisfy (i) and in a limiting sense also satisfy (iii). However
they do not give minimum roundoff error. This shortcoming is offset
by their suitability for use in adaptive iterative automatic quadra-

ture schemes. Most of the other known quadrature rules fail to
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adhere to at least three of the attributes mentioned here,

On the basis of the above remarks,it is concluded that
there is no known quadrature rule which can truly be classified as
being optimal for the criteria set forth; One of the reasons as to
why this is the case is that some of the attributes (e.g. maximum
precision) introduce undesirable traits in the associated quadrature
rule. In other instances the attributes are mutually exclusiye
as in (i) and (iii) for example. Therefore, unless a set of compa-
tible characteristics which satisfy the four properties mentioned in
the second paragraph of this section can be found, it is unlikely that
a truly optimal quadrature rule can be formulated. At best, some

quadrature rules are optimal only in some sense.,
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