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ABSTRACT

This thesis studies the subject of numer"ical integration

with attention being focused on the concept of an optimal quadrature

rul-e. Some cha::acteristics considened to be desirable in a quadna-

frrre ruì e alle Dr?esented and the classical quadl?ature rules which

adhere to these Þroperties alre identified. The undesíi:able ti:aits

which often accompany these quadlrature rules al?e al-so noted. A defi-

nition of an ontìmal nuadr.atrrr"e :?ul-e is then fonmulated and an
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CHAPTER ]

INTRODUCTION

l-.1 Appnoxímate integnatíon of functions of a single va::iabl-e

Restnicting attention to Riemann-integ::able functions of a

single va:riabl-e, quadnature becomes the plrocess of eval-uating nume:r-

ically integnals of the fonm

llar t ã hl
)4 )v / w(x) f(x) dx ( 1.1)

whei:e x is the independent vaniabÌe, w(x) is the weight function,

a and b ane the integnation l-ímits, and w(x).f(x) is the

integ:rand. The integral in (1.1) may be improper. and,/o:: indefinite

and may or may not have an explícit sol-ution obtainable by applica-

tion of analytic methods. If an analytic sol-ution cannot be found

on easily deter-mined, o:: in fact even when one is not desired,

app:roximate methods for eval-uating (1.1-) must be used.

The most common methods for- appr-oxímation of (l-.1-) use

for-mulae.which express the integr.al- as a weighted sum of val-ues of

the integnand and íts de:rivatives at a finite numbe:: of abscissae.

In thein most genenal for.m the appr-oximatíons a::e

I(wrf,arb) aikf¡fk) (x.. )- lK
(r.z¡

hr-=l
é

nm
FFLL

l=U k=0

with the set {",¡}

beinø the sner'-ifigfl*-*'*Õ

being the assigned weights and tha aal- {- }- "'jk'
nodes. Foir fixed n and m, the weights and



abscissae are conside::ed to be pa:rameters of (I.2) with the only

restr-iction being that the abscissae are not to be located'outside

the inter.val- of integration. In most cases, the quadratune weights

ar"e determined uniquely by the quadr"atu::e abscissae. Ìfhen quad::ature

foirmulae of tlie,form (1.2) a::e used to approximate (l-.1) ttre process

is sometimes called mechanical quadratu¡e. Specific fo::ms of (f.2)

and the class of functions fòr'which these quad?átune rulös arerappli-

cabl-e aire discussed in subsequent ehapters.

Ideatly a quad::ature fo::mula as given by (L.2) shoul-d be

appl-icabl_e to al_l_ integnabte functions, be easily evaluated, and

have a high degnee of accurlacy. The quad:rature fo::mulae developed

to date fail- to satisfv the above cniteiria with most beíng applicable

to a ::estnicted cl-ass of functions [37]. Often sever:al- methods a::e

avai.Iable fo:r integ::ating functions of a particul-ar type. In such

ínstances someone choosing a quadi:atui:e fo:rmula is faced with the

problem of detenmining which appi:oximation shoul-d be used fon the

pa::ticulan function or cl-ass of functions being consíde::ed. Hope-

fully the sel-ected quadnatur'e nufe would be optimat in some qénse

for the øiven nnoblem.

L.2 Histor.ical development of quadratu::e techniques

Histor.ically quadnatu:re oniginates with the Gr.eeks and

theiir study of the pnoblem of squa::ing the ci::cle. In attempting to

solwe the nroblem, the method of exhaustion'i was devised wheneby an
7 "' -

assemblage of non-ovei:lapping elementar"y figu:les is used to exhaust

the airea of the main figure. This method :repnesents the first

example of a l_imiting pnocess fo:: integnation and is limited to



approximating areas of suffíciently ::egula:r closed cul?ves. It was

fÍr,st ¡sefl bv fl¡fìnhnn ( oa- 430 R î I :nd lefer" applied to othe::
¿ M L uuvu vJ ¿¡r¡ LIP¡IVII \ eq '

plane curves by Ar:chimedes (ca. 297 B.C.) tl 1. fn the ensuing

centur.ies other- geometnical techniques fo:: quadr.ature r¡Iere developed

(cf. Montucla [36]).

The onigins of analytical methods for. integration a::e

associated with Cavalie::i (fSgA-fO+7) and the method of indivisibfes

t 61. Cavafier:its method constituted a nudimentany fonm of integnal

cal-cul-us and because of its non-::igorous nature, the method fell- in-

to d.isfavou::. A varíation of the method of indivisibles l^ias pre-

posed by Newton (L647:L127) in his method of fluxions. with

Newtonts method of diffenentiaf cal-culus and Leibnizts notation,

fha nr.esent form of íntesral ca]-cul-us has pnoved to be the most success-LIrs I/I çovrr L

fut method for. integ:ratíon even though Riernannrs definition of inte-

gration as a definíte .l-imiting pnocess pl^ovides an intuitive

app:roach to the Problem.

The finst numenical- integration foirmulae o::iginated with

Newton when he used interpolation to effect quadr:atune of plane

curves tZS]. Using Newtonrs nesults, Cotes devised inter"polatory

quadr.atu::e fonmufae using up to e.l-even abscissae. About a century

later. Gauss used the propenties of orthogonal polynomiafs to establ-ish

r--rna n€ -uadnatu::e fo::mufa. Gaussf s quadi:ature:f,ormulaeì, whichcl r-tc w Ly Pç vr I

a::e al-so inte::polatory, inc::ease the pirecision of the :rule without

inc::easing the number of quadr.atu::e nodes. Modifications to

Gaussfs method wene faten made by Lobatto and Radau. Mone necently,

quad:rature fonmul-ae fo:: specific applications have been developed

with Filonrs metho¿ tfTJ being an example. Since the development



of digital computers and high-level p::og::amming languagesr inte::est

in quadr:atune has been directed to developing ?lautomatic integrato:tsrr'

These quadnature schemes are eithe:: adaptive iterative on non-itera-

tive algorithms based on the cl-assicaf quadr-atune ::ules and ar"e

meant to be used fon integrating a bnoad class of functions. In

thei:r ideat for.m these automatic quad::ature methods would have the

integnand, integ::ation limits, and ernor tolei:ance fevef Serve as

input and an approximation and associated ernor constitute the

output.

l-.3 C::iteria for optima.l- quadnature fonmulae

It was mentioned pneviously that the quadnature weights

and abscissae in (I.2) ane panameters and that their specífication

deter.mines a unique appnoximation to (l-.1-). The fact that there

exist infinitety many choices for the weights and abscissae with a

coll?esponding nuinbe:: of calcufable appnoximations then raises the

question as to how these parametel?s are to be deteirmined. Fo:r

whatever. method is used to establísh these panameters ' a non:nigorous

approach is unfeasibl-e because no definite concfusions can be drawn

as to the quatity of the nesufting app::oximation [t+, p.160]. The only

al-tennative then is to set fonth criteria"which cha::acterize an

optimal approximation fo:: (l.f).

The need fon the definition, classification, and develop-

ment of optimal quadnatu::e fonmufae is i:ealized when the following

facts are considered. Firstrit has been noted by Oliven t37l that

fon any quadr-ature foirmul-ara pathological function can be found. such

+l-+ -ñ -^^'ì'i^-finn af fhc n¡laflr,atllpe'r.tlle ín OUeStiOn tO SUCh aLl.l.d. L d.Il cpp¿ruo Lf vll vr L¡¡u Yusur



function yields an unfavorabl-e elll?olô in the r.esulting appnoximation.

On that basis it can be said that centain types of quad::ature rules

a::e applicabfe to a i:estricted c.Iass of functions. Secondly it is

to be noted that ther-e exists an ove::lapping of ai:eas fon which

diffe::ent famii-ies of quadrature rul-es al?e applicable and that each

method of quad::ature has distinguishable advantages and disadvantages.

T"nn avemn] a hnfh Gaussian and Newton-Cotes quad::atu:re nul-es can be--- 1----

used to jntesrate functions which have continuous high-oi:der dei:iva-

tives but each has diffe:ring intrinsic cha::acte::istics. Finali-y

there is the obse::vation that approximate integration is used in a

wide range of disciplines wíth the people using the known quadratune

¡rr'1 oq h:rzr'no r¡er.r¡ino deør.ces of fami I iar.ìtv with -t^ -'-Li ^^+ ^,, * -.. tne suDl ec-E . 1\s

a consequence, it is quite common fon someone who has access to a

compute:: to use a standard library progl.am without giving sufficient

consideration as to the usefulness of the method for- his particular

p:roblem. If a chanactenization of each type of quadiratune rul-e is

made availabl-e"then it would be easier fon the users of quad::atune

nul-es to evaluate theiir sel-ection of apÞr'oximation. Additlonal

benefits of such knowledge would be the inc::eased confidence in the

approximation and the asce::tainment of whether- the approximatlon

is overcomputed o:r unde::computed.

The study of optimal quad:rature fonmulae began only ::ecently

with the i:esul-ts of Sa:rdts investigation of rrBest appi:oximate integ::a-

tion formulastr being the first publication on the subject. Since

then peopl-e such as Davis, Mein and Shar.ma, Ba:rnhil-l and other-s

(see [ts], [4.L], t30l) have considered the pr-oblem with some



having different objectives in mind" Thiroughout all- of this work,

however, a consistent theme of imposing ::estnictions on the quadna-

tune ::ul-e is evident with either minimal- or: maximal pr-oper:ties for

the auadr"âtìlï'e rule heinø sousht" In some cases the specified restric-

tion(s) define the quadnatur:e :rule uniquely'

Fon the majonitY of

ntl:rl¡rtrr¡a fnnml''ì ¡^ ¡l-l-an{-r'nn
- -- ---Jfdg, OL Lç¡I L JU¡!

T which is :rel-ated to the
0:0

+l--+LIIE L

suggested qual-ities of an optimal

is focused on the truncation ei?ror

integral appr-oxirnation to the extent

nmII
j =0 k=0

t
I

o

b t(*) f(x)dx =
tvl

a.. ft"'(x.. )+T (f). (1.3)
lK lK D¡il

Its dependence on the integr:al and quadrature fot'mul-ars para-

meteï-s is r"eal-ized in its integ:ral- representation as detenmined by

Peano r s theoirem [ 12 0 p. T0J. r.,Jn, a more abstract sense T- * Ís eonsideired
n rrn

as a l-inear functionaf with the integral sign being an operatorl

defined over a functíon space. In othen ínstances, consideration is

given to the r.oundoff error which is associated with the calculat-

tion of the sum in (1.2). Specifically, for- the family of functÍons

F for which the app::oximation (t.Z) is to be applied, an optimal

quadratur-e formulae has been chanacterized as one in which a choice

of abscissae and/o:: weights ::esults in eithe::: (i) the bruncation

error bei-ng proportional- to some ordên of the deirívative of f on

/* \
the interval [aobl (i"e. Trr.r(f)=K'f\ir'/(E) for the largest possible

integei: n and for some E, a.g.p¡o(ii)the quadratr:r'e::ule having the

least square ::oundoff e?roraÞ(iii)the quadratul'e irul-e providing the

least upper bound tr"uncation errol?r(iv)the tr"uncation erlror having



â mìnr'mum nôr^m- lw)thc nn¡rir,¡tu'r.a r.llle beinø best in the sense oft \ v / ulrv

Sard (viz. minimization of the squalre integral of the Peano kennel :

\ Tr ^ -^ìfunction) LI2rp.76J, or (vi)the sum of the absol-ute val-ues of the

cuadr.atrlre wei p-h+^ L
a___- Lù Uç¿rré où ùllloJI éò lJuòòfufc. f

{-í) is usually referuÊd to as the pnecísion of t}re quad::ature rule

with the quad:ratune rul-e (f.Z) having a pnecision of degree n if

for some constant K, Tn.*(f)=K,f("+1)(E).

I LI An ¡nn¡n= nlr¿.T n¡¡ ayprvo-,, to the subject of quad.r.atu::e

In view of the foregoing discussion on the significance of

a comparative examination of quadrature rules, one of the objectives

nf r-h i < qf rrdr¡ r' q-- to present an overview of the subject of quad::atuire

based on the notion that the criteria for: an optimal appi:oximation

dafr'na ¡ qnpnifr'n nrredn:frr¡a ¡rrla- Se¡nnd'lrz- r'n y'eâlizinp- theu ayçvrr¿e Yqqur

importance of the digital computeir as an aid in numerical integr:ation,

consideration is given to some of the pi:oblems associated with the

design of automatic integrators.

The extent to which the above obiectives are fulfill-ed is

established on the basis of the fotlowing methodofogy. Fi:rst a

crr'ter.ion fo'n ontimalitv is introduced and the unde::lying mathema-

ticaf theory is discussed. Then the derived quadratu::e rul-es alre

identified with known quad::atu:re fo:rmul-ae. Possible vairiations and

extensions of the basic type of quadratr.r:re are investigated and

theìr' nee.u'ì iarities discussed. Fínally, some t'successfulrt computer

alsorithms are onesented and their com¡utational limitatíons noted.



CHAPTER

Const:rained Quadnature Rules

I]

with Maxinum P:recision

2.r Introduction

It was mentioned. in the last chapter that a defining charac'

tenistic of an optimal quad:ratr:,::e approximation is the extent to which

+ha nnadr,ãtìr.ee rri'la intesrates functions exactly. This quality of
LIIU qUOUr o L qr v

exactness is referred to as the precision of the quadnatr]::e rule with

one quadr.atune ::ule being said to have a higher degree of precÌsion if

it can integrate exactly a lange:: class of functions. In orde:: to

gene::ate quadratu:ne fo::mulae which have some measure of precision it

is common practice to choose a set of basís functions which generate

a function space and fonce the quadr.ature rul-e to integnate these

functions exactly. Usually, the function space considered is the

ôñã^ôafnn.lr¡nnmiafsforwhichaquad.ratr:r'enuleissaidtohaveaùPquç vf yv+J r¡v¡

precision of degree n if it integrates atl polynomials of deg::ee

<n¡

In considering the actuaf use of appnoxÍmatl.ons of the form

(1.2) the::e exist two distinct possibílities, namely; ci) the function

being integ::ated is known analytically and (ii) only vafues of the

function f(x) and its denivatives al?e given fon a specified number'

of abscissae. This chapten concentrates on the development of quadna-

tu:re rufes which have maximum pr.ecision subject to the nestrictlon

imposed by situtations such as in case (ii). Initially, emphasis is

placed on those quadratur.e r:ules which do not involve derivatives of

f(x) " The above considerations then nesult in an applloximation of the

for-m



a.f(x. )
ll

Q.I)

with the abscissae a < x^ < x,-0ln

n*l nrrad'attl¡e weights a' (j = 0, t, " ', n) being var"iable'

To d.ete:rmine quad.:ratu:re approximations of the form (2.1-) having max-

ìmrrm nrecr'sion ít is nec.essatîv to choose the weights so that!¡!lu¡¡r P!

lD
I w(x)f(x)dxä

ID

I r^rtx.)ï(xrox = a.f (x. )+T (f )lln

N - v9 r' ...t ¡¡

n
\'AJL

J -v

n
T
L

J-v

(2 .2)

(2.3)

, n)

with

2.2 Der:ivation of quadratune rufes with maxi4!I-Pl9!i9l-9!

Because there are n*I degnees of freedom associated with

fhc nrredratlne s.'- r'o I ì i+ .'- ^ossible to impose a conresponding
-ulll \¿.r)t JL rù PvÐù¿urv

number of conditions on the quadrature r:ule so that both the quadra-

ture weights ar.e detenmined uniquely and the quadratune rufe is of

maximum precision. Indeed, if a set of n+l- linearly independent

r / \ ^ /-ì - fv)Ì ar.e chosen as a basis for aunctf ons tg0 (x., : 81\x/ : 8ra\x./ t dL'c çtruùe

function subspace and the quantities

T(f)=0
n

fon as lange a cl-ass of frrnctions as possible '

]-
¡U

u,. = | w(*)Bi.(x)¿x
r\ J-

d

alle cafculated then

fon (2.2) establ-ish

the conditions Trr(gt) = 0 (k = 0, l,

a system of ntl- equations

n
T
L

J-v

ujgt(*j) = uk ^ - v , 4 , . . . ) Lt e.4)



10

for the unknown quadrature weights. By writing the system (2.4) as

a matrix equation Ga = u with a - (Btn)=(g..(x. )),d=[.0,ât,...,.r)
.Tano u =\u^ rur :... :trI- ) tne independence of the basis functions guan-: u- l- - n

antees a ìtnr'cue non-tniviat solution. Moreover, fon any function f

which is an element of the subspace spanned by the basis functions,

we have frr(f) = O. The fact that an enforcement of a langer number

of conditions on Q.2) will generate an ínconsistent system of

enuations detenmines the maximum degnee of precision fo:r Q.2) to be

n.

Some possible bases for derivation of quadrature rules of
ôñ

maximum pr.ecision are the set of monomia.Ls {f , x, xt, ..., x"}, the

^^+ ^r ^-.^^*^-+; - r - r t ^x ^2x -rlXr -r¡ì fhc qef q of tr '
ùsL vr ç^'.vr¡çlru¿ê-LS 11, ê , e ', ..., e""], and the SetS Of tfigOnO-

metnic functions {r, sinx, " ', sin inx'}: {1' cosx' ' " t cos 'nx' }'

etc. For each casera panticular. quadratune rule wift be estabfished

with ìfs nr.ee.isinn heino dcfinerl in terms of the chosen basis. WhenwrLtl f Lo lJr

the monomials up to degree n are chosen rthere is a coirrespondence

with the theory of interpol-ation and some common quadrature :rules.

If a quadratuue::ufe of the fonm (2.2) is considered within

the l-imitatíons mentioned in sec . 2.I then it can be shown that the

nuadr.etrrr e rule with maximum precision oveir the set P- of all---"- r--- - n

potynomials of degree (¡ is interpolatony. fn fact the following

theo::em lzs, p.801 is true.

Theonem 2.1. The quadrature rule given in (2.2) is interpolato::y

if an¿ only if it is exact for all ploynomial-s of

Although the above theorem shows that quadrature

n Fr"e ìnter"nolatnrn¡ 'if rìoes nôt assert that such

'degnee ln .

fnnmrrl ec of nt ee-ision

formul-ae have the



l-1

highest pirecision. However, the quadnature fonmula (Z.Z) has a de-

-¡aa nf -na¡iq-i^- ^€ r* ma¡r- - fnr, î f if ^+ ç^- ^^l-'-^mialsF- --*---II (JJ dL lll():j L l.t , f U! II IL wç! ç ç^qvL f ut Pvf,Jr¡v

nf dcor,ae n+l , then it would contradict the interpoÌation theonem"' - J ""-'-

oi¡¡en br¡ Chenerr I I ] which states that the inte:rpolating function is

rrninre- Therefov.e for nrrarir'ãtrìre for.mulae based on n+l- nodes?ur¡r\{uv

fhe h''iøhest desree of n'necision that can be obtained is n..Y---*-*-^-

Since Ít is assumed thåt no function derivatives ane to

appear in the quadrature approximation, the intenpolatory quadrature

rul-es must be based on a Lagrange intenpolation of the integr"anc.

Tf the crradrature nodes x^. x-. . .. . x ane prescribed then the--0'--l'-'''n

integrand f(x) is appnoxímated by a collocating polynomia.l- such

that

f(x) l,n(x)f(1) + r,.(x)

with r_ (x) being the ti:uncation
n

tion. Now multiplying both sides

and intesr-atins over the inter.val-

as Q.2) is obtained with

and

From Weierstrassrs theorem on

the accuracy of the integrand

eruor associated with the intenpola-

of (2.5) by the weight function w(x)

[arbJra quadratune fo::mulae such

w(x)9. (x)dx
l

j = o(r)n

(2.6)

w(x):rrr(x)dx

n_r-L
k=0

n
¿ 1.,\ - rr¡k\À// - i!

j/t

(x*x. )l
(x. -x. )Kl

(2.5)

rY
I

rb
-l

NJ
o

polynomial appnoximation we know that

app::oximation and hence quadratur"e



L2

applloximation usually impnoves as the number. of nodes íncneases and

in any case is exact for" al-t functions f(x) which are polrrnomials

of degnee n on Less

The-calculatåeÊ of the quad:ratune weights %(k = 0, 1, ..., n)

by means of equation (2.6) is r¡.nsuitable becauserthe addition of new

points to the quad:ratune formula necessitates the ne-eval-uatíon of á1I

+1-^ "^-'^1^+- Â mote annronriate method is to use divided differences.Lrle WËf,BIl Lò. Ã rr¡v!

By using Newtonts divided-difference intenpolation formul-a (which is

eguivalent to tag::ange ínt€npolation) it is Possible to corpute the

weights only onee even though points may be appended later to'the

quadrature fonrnuJ'a [23]. Such a schene i.s advantageous in developing an

:l o¡nithm fnr. :dantr've nuadt-atlr:ne ìrst'ns intennolatíon formulae.

2.3 Newton-Cotu" Qt"d".tt""" f"o*t

Interpolatory quadrature fo:rmufae ane applieable to both

rnr'fnr.m'lr¡ an¿ì nÕn-ìrniformlv distributed nodes in the intervalu¡r¿! vr ¡rrf y

t a -h I - However. - r:onven i ent nuadr:ature nules ane obtained when
LqtvJ. ¿¡vÍrvYvr t

x -x^,
nodes are equidistant (t... *i-*í-f=h, i=l(t)n, n= #) and

sue.h cases the auadnatuire foirmul-ae are cl-assifed as being of the

Newton-Cotes type. The Newton-Cotes formulae may use both endpoints,

in whích case they are called closed formufae, on they may have all

nodes in the interioir of the intenva.l- [a,b] in which case they aire

refenred to as being open formulae. Other quadratui:e formulae using

only one of the integration limits ane al-so possible. In the de:riva-

tion of these quadnatune formufae, the weight function w(x) is

assumed to be a constant fr.:nction.

the

in

For the case of a constant weight function, the weights
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for the Newton-Cotes formulae are cal-l-ed Cotesian numbers and the

methods used in obtaining their values ane varied [25 ]. One appnoach,

however, leads to an asymptotic repl?esentation for la:rge val-ues of

n. By a change of notation foi: (2.2)rwe can wr-ite for 1¡s cl-osed

Newton-Cotes rul-es.

forr*la* = Pnlo .r,ur(xo+kh) + r,r(r)

k = 0, n

(2.7)

(2.8)

(t-n )¿t

(2.s)

(2.10)

wher.e

e- = ,=D a

nk (Þ-a.l

n
and p(x)= II"n j=o

r b nrr(x)

J.(fix
(x-xo-jh ) "

f (t+f )r (n+I-t )sinnt,*
@

Then substituting X = x^ + th (0 < t < n) we get

r . rD-K fn\--L'' L t(t-r) ... (t-t+r)(t-t-r).ã.,k = LrG:t[ o

/ - \^(-t)
= l.¡I;;k): t

with t(z) being the Gamma function. Now l-etting the integnal in

(Z.lo) be a sum of thnee integrals (wittr limits 0 < t < 3,

3 <t <n-3, and n-3 <t ln respective-Ly)randestimating each

infaon:.1 for, ler.^^ r,-r..^- ^€ ñ T¡rê ohtain flg-o.86]lliLËB|o¿ fvt fqrBe Vdfusù Vf ¡¡J wç LLr)y

(

=(

t

r_l-: Ll-+0( -
lõg., ¡ 1og:

r-l

t-r, /n\.---.7'l'I
-/ \Wl

LJog nJ-

)l
n

-nk

[*.q*] [*.#,ì]
l-<kcn*f

. (2.Lr)
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Hence by using equation (2.9)?the coefficients ank can be computed

and their limiting va.l-ues estimated by equation (2.fl). The computed

weights foi: smafl values of n(n = 1(1) 10) are given in tabl-e 2.1.

On examining equations (2.9) and (2,LI)2sevel"af cha:racten-

istics fo:: the Cotes numbens a::e evident. The weights are

ln l
sr¡mmetr.ie. with a. = d , 1\ fo:: 0 < k < l;l . Al-so al-l- the"r.,"^'" nk n(n_k ) -- L2l
weights are rational- numbens with the denominator increasing non-uní-

formly as n incneases and the numerator increasing as k approaches

tnl
l* I . A check of the weights given in table 2.1- shows that al-l
Izl

weights ar:e positive foi: odd values of n l-ess than el-even and even

val-ues of n l-ess than eight. For large n, there exist both posi-

tive and negative weights which exceed in absofute va.Lue any ai:bitnarily

l.anoc numher.- Moreover.- the fir'-- -: -L+- a - and a ^ al?eJOr'Ëç llqrruçr'. trv! uv vvr , u¡¿v r¿¡ 5 L LWU WUIËI]Lù 
nI n¿

-ì"'-"ô ^^-i+;-'^ with each successive weight up to "* ["] alternatingd.r-wd.yò PUùrLrvs wrL¡¡ sqvfr -" 
läl

in sign. Finally, in view of the fact that the Newton-Cotes nules

are interpolatory they must integrate a constant function exactly
n

and so r^re must have I - , = rÌ.
klo to

The pneceding characteristics of the quadnature weights

appfy only to those interpolatony quadrature rul-es having a constant

weisht function. Since it is usually quite difficul-t to cal-culate

the weights associated with non-constant weight fr:nctions ' someone

who is intent on using this type of quadnatui:e wifl, if necessary,

modify the integrand in Q.Z) to change the pnoblem to one of inte-

gr.ating with respect to a constant weight function. ' In some instances such

an approach:wi'll ''have hairmfuf effects. It has been shown by

Kaplan lZlf tnat whenever there is a singulanity in the integnand,



# of intenvals
n

1"

coefficient
H

1-ñ
I -t \ r ,, \'

J f(x)dx = H , ¿^ ar,U f(a+ktr) + Trr(f )
A K=U

h
2

h

3h
Õ

2h.-
45

288

h
140

7h
r7280

4h
1l+175

th
öVbUU

5h
299376

A-nnv r'_

añn

a

a

Drf

n 
" 
n-l-

d

a
LltLl-Z

4

,J

32

75

216

3571

5888

7

19

4l-, .

75r_

989

e
rr, v

*n.n-3

10

a

a

no4

- 
* ll

Il.It-a

I2

50

t_32 3

-928

10 B0

-485 2 5

a

a

2857 t5 741-

16067 106300

ñq¡r t v

n.n-5

llrr:d¡:frrnc Ër.r.nn
l- \

T (f)=Cf','(E), a<E<b
n

Tabl-e 2.1 Low-or.den cfosed Newton-Cotes quadratulse fonmulae

ztz

29 89

t-0 49 6

t9 344

?h" =( 2) ,.,
T1 ' \Ë/

q
h" _(4),,.
-r 

t¡,
YU

q
3h" _(4),,,

- 

1- t¡,ô^tlu
'7th' _(6),_,

-r 
(¡,

945 -
./

275h' -( 6 ),. , .,

r2o% I \q'l
o

th" _( 8),,,
T- (¡ |

1400 - \Þ7

gl_83h" -( 8), _.,
51g4OO 

r \ç',l
't1 /ì^\zJoön ¡\IU,l¡_.¡

467715 r (c/
'ì 'ì

173h-- _(10 ),,,T. t¡l14620 - \ >/
1?

1346350h-" -{L2¡, _,
32691-859 2 -

-4540

5778

272400 -260550 427368



Ì6

those quadrature rul-es based on weight functions

(plO ) produce better approximations than those

conventional Newton-Cotes formulae.

of the form w(x)=xP

obtained from the

Alsorit is to be noted that equations Q.7) and (2.9) apply

only to closed Newton-Cotes quadrature foirmulae. Calculation of the

weights for open-type fo:rmulae i:equires the changes

L -. -L L - - r L - 
b-a ^n -¡.lr¡t +ha n:noa of r'ntoor,¡f íon,(O-drrr, ^ïf-u-rr, and h = ffi so that the range of integration rn

e.g) becomes -l < t < n*I. The quadr.atune rule is now of the fonm

with

nÏ
La

k=0

" nfl-
I

I
I

-T

I
a

1-
f1 \

f(XJOx = -:--rr-r z

n -l¿,' r \¡¿ r\
t-l ,

A=
NK K¡(N-K/:

r (f)
n

nur(a+ (i+å) (b-a)) + r,.(r) (2.12)

t(t-r). . . (t-t+r). (t-n)¿t k=0,1,. rrl

and

In view of the fact that a diffe::ent intenpolating polynomial is

used to obtain (2.L2), the truncation error associated with open

Newton-Cotes for:mul-ae wi]-l not be the same as that obtained fon the

closed-type quadratune rules. A comparison of both open and cl-osed

fr¡nc r.rrlcs usìns ãn cnuivalent number of abscissae will show that theLJPç !

]atten invaniabl-y has a 3m4,11s¡ qu:.d::ature en?o? This dnawback

has :resulted in the infrequent use of the open-type fonmulae in

genenal integ::ation pirobJ-ems. Neverthefess ' 
oPen-type formulae have

been used successfully as predictors in pnedicton-cor.recton methods

assocíated with obtaining numericaf sofutions of or"dinary diffe::ential

^-,.-+-'^-^ f rôlËqudLaur¡ù LLv J.

l-

-t-J
a

r. (x)dx
n
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fon Newton-Cotes for"mulae2.4 Rep::esentation of quadrature en::o::s

For the genenal inte:rpolatoiry quadnature rule

and (2.6) there is an el?ror i:.(x) associated with the

of the integr:and f(x). By using divided differences a

Fon ^ ¡,¡rìL¿J ) p.++ )

r"rr(x) = prr(x)f[x',*],. . .,xn,x]

given by (2.2)

intenpolation

¡annaqontati nn

can be denived wher:e

differ-ence fon f(x)

(x-x. ) .
a

(2.13)

f[x^,x- ,. . . rX- rX] lrepnesents the divided
UIII

over the set of points {xorxrr... r"r} and

'l'lra qrrhqanrrenf inf eo,ï':tì on
v svrr L

w(x)lrr(x)fIxo,Xl,. . . ,Xn,x]dx (2.1-4)

p(x)=-n

r (f)
n w(x)nrr(x)dx

lì
-l-)

a

n
I

h('*
-l-t

Ia

yields the t::uncation el?ror of the associated quad::atune rul-e. To

¿e¡iwe mô1,e ânnïìonpiete ¡enr.esentations fon T (f) it ís convenient-n'

(and sometimes necessary) to make the foflowing assumptions. First,

r ^+ -'+ r-^ --^"ñ^: +L-+ t-n(n+2) l--''r
!ç L rL !ç oÞùu'¡sd. tfLâï r€u [arb] where Ct"'" [arb] denotes

the cl-ass of all functions having continuous denivatives of order'

ni-2 or less on the intepval [aobJ. Secondlyesuppose that the weight

function w(x) is constant over the entíre inte::vaf [arbJ. 0n the

basis of these assumptíons, the following theo::em is tr"ue"

Theor:em 2.2

Fon the closed Newton-cotes quadnatuire fo::mul-ae having an

even numben of equal inte::vals on [a,b], the error T-(f) can be
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expr.essed by

where

v
" /- ' n \

T-(f)=7r+',f\n+z'(n), a<n<b (2.15)
n \nt¿) !

aK -l x p (x)dx
n | .. rñ

o

P::oof : In the dei:ívation of (2.15) some pr.elimina::y nesul-ts at?e l?e-
.x

nrrr'r-ed - Firsr o.onsid.en the function g (x)= i l- ( E )ag where6n\Ã/ Ja,,
p (x) = (x-x^)...(x-x ). Bv def'*-'+':^* - ¡-\ - 0 and because n is-n u n - f,rrrLf,urr Ën\d'' -

even- n lf ) is antisr.rnmetrie- about the midnoint of the inter.val-y- \ Þ/
/x^+X \ /x^+X \\

l-a-bl (i.e. o ('= t + r)= -o ('. I - Ë)) Hence we also haveLsruJ \f.v. yn\ 2 ,/ tn\ 2 9//

gn(b) = 0. Also, because *0, *l_, ..., xn a::e the only zeiros of

^ 1*l r.,ô h3r,â p_(x) > O fon x^ < x < Xr sg fh=f o lw) dôes-Yn\"/ rÌì.-. U -L ""*

not chanse sisn for x < x < x-. But ¡n_1g+tr) l< lp (E) | fon"0-'^---l- u '-n
x^ < E + h <x0 t xn , Elx; (j=Orlr..,,n) and consequently g-(x)>o for'

v ----:--
¿

x-rxx^<x < --0 nu --- By the antisymmetric p::ope:rty of prr(x) we

al-sohave g-(x)>o for *0**r, <x<x . Thenefore

-.;-_n¿

-/.-\ .:- ^ç ^^..âfånt sion in tho inteTw¡l [¡-hl-ó\^,/ Iù VI çUItè Lq¡¿ ¿¡¡ u¡¡ü ¿lILeI vql Lqtul.

Now conside::íng the second integ:ral- in (2.I4) we have

ir
Ìe )- /--\

T*(f) =/ ogn\x) ffx^,x.e...1X_,xldx (2.10)
11 t----?--v-LrtquÃ

I

It can be shown [ 29., p.4f] that þ ft"n:Xr !..,ex^rXJ is continuous andoxuln
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/-¿o \ ,7

f\rr'¿'(q(*)) = * f[x,^,, ..., x-, x] with E(x) ¡eing dependent on x
---7-=î-- u^ v ^'(nrz J I

and a<E(x)<b. Hence by integr:ating (2.rc) by par"ts once and usinø rho

fact that g(a) = g(b) = 0 we obtain
l- l'^+O \

f u €\¿rr¿l/r/.,\\r (f) = -l e (x)' , ,=\?,^,, d* (2.r7)
J on'--' (n+2 ) I

a

By assumption, r(t*2)(*) is continuous on [arbl and as ea::lie::

pr.oved Srr(x) does not change sign on the inte::vat [a,b]. An applica-

tion of the second mean value theonem fon integr.al-s now gives

Fin:t trr- notinø 1-hc nr.one¡f ies of o lx) and .in.tegnating (2.f8) byMIoIrJ t IrvL¿¡¡6 Þn \../

parts we get

't-

/ e (x)dx = xs (x)J "n' -n
a

rb
The theopem is ¡r,orred hr¡ lettinø K = -/ x p (x)dx.
I¡tç Ltrçv!çlrr ro ¡/rvvvv !J ^n 

J_'- 
an.--

n))(
I

Z

2

-f

:f
n

n

(

(
f

ri

L
/l)t.I g (x)dx. â ( n < D . \'2.Ló)J-n

a

b.b"fb
_ I * ï_ e (x)dx = - / x p (x)dx.

J " dx Òrì\'-l*^- J4
aa

The above theoi:em gives the fol.lowing co:rollany.

Co::ol-larv 2 .l-æ

Fon the closed Newton-Cotes formula defined by (2.2) and

( t 
^\ 

rhe er.r,or" fo:: the case of an even number n of intenval-s is\L.vJ t ur¡v

given by

K -n+3
rn(f) = }$fr(t*2)(n), h = T, a'< n < b (2.1-e)
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rn
where K = I t(t-1)...(t-n)¿tN 

'O

Pr.oof : In this case w(x) = 1 and the fact that g -(x) > 0 onn
rb

r - k-lLatuJ érvçù t.r--Ju 6r\^./uA

x = x^ + th (0 < t < n) gives (2.19).
U

By following the same Pi?ocedur:e as given in theonem 2,2 and

nnr.nl lantr ) -l thc followinø theorem can be shown to be tr:ue.

Theorein 2. 3

If f(x) has a continuous denivative of o:rdei: n+l on

F- t--l --r +r-^ -,,mbep n of eclual_ interval_s is odd then the cl-osedLq )U J qIIu LIIç ¡¡urr¡lu! I¡ vr uYqu

Newton-Cotes quadr-ature for-mula defindd by (2.2) and (2.6) has an

el?ror of the foi:m

K .nt2
Tn(f) =#fff\n+-Ll(n), â < r'ì < br e.2o)

L.

fl'=- n

rn
whene K = I (t-1)ft-z)...(t-n)dt < onto

In the case of open-type New-ton-Cotes quadr:atune fo::mul-ae

the ernors ane

M hn+f
rn(r) = î"-rr,r('*') cgl e.2r)

a<6<b

. n*l
M = l t(t-f ).,. (t-n)dt > 0
nJ1

when n is even and
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-'ô. lrf¿
IVJ Nm,c\_'n r(t*t)(g), â(E<b e.22)'Inrr) = Tffiti--

" 
nfl

u = I (t-1)(t-2)...(t-n)¿t > 0
n J1

-I

when n is odd.

2.5 Colrposite Newton-Cotes rul-es

For Newton-cotes :rules based on a large number of abscissae,

the characteristic high d_egree of precision is offset by the p::e-

sence of non-uniform and negative weights which induce a possibly

signifieaatlroundoffé::norinthequadnatr::reapp::oximation"In

eontr"ast, the truncatíon eruor1 associated wíth the fow-or:der: r:ul-es ne-

stricts their use to problems requir"ing only a i-imited deg::ee of accur-

acy. The problem of oveircoming these l-imitations has been r-esolved by

thc rievelonmenf of comnosite Newton-Cotes rules which maximize the

desir"abl-e char:acteristícs and minimize the undesi:rabl-e qual-ities of

both the l-ow-order and high-onde:: fo:rmul-ae. The techniques used to

sene'nate sl:eh formrrlee rsual lr¡ involve takins 'l inean combinations of

the simnie Ncwto¡-Cotes irul-es anò/ot" addins a hie'h-order difference toslvu sr¡u/ vr

one of them so that the leadins term of the tnuncation errol? is ei-imi-

nated on e.l-se some weiqhts vanish.

I

For example, taking * times the Newton-Cotes fonmula for"40
'l

n=2 and - i= tímes the ¡uls f9¡ n=3 end snhsenrentlv addins fhem fosether"-
JU

we get Weddl-ers ::ul-e [gg] where

f (xldx = !f (fo+5fr+fr+6f3+f4+sfs+fu) - f* ttor(6){nr)nsil2r(8)(nr) ) t2,2s)
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-¿^ ñ <h and f-.=f(a+ih)rCi=0, Ir...r6rn=Ip-1.d - Ill: ,r2 I -

This rul-e has a highen deg::ee of pnecision than d.o both simpsonrs

three-eighths and one-thi:rd rule. Al-so Weddler's nule has simple

coefficients which makes it usfui- for integrating functions when

hand calculations are involved. Anothe:: notable quadnatu:re formula

is Har.dyrs ::ul-e

h-e a.',+ +r rô€ +arr +lr.t l* th7 l"a(6)r. l- t lAì
f(x)dx = ffi (14f0+81f1+110f3+81f5+14f6,. t4oo.-- ..,1, -h'f'"'(nr)) (2.24')

r*-4 ,16+ to weddretswhich is obtained by adding the differ?ence - äO - - O

r"rrte- Bv arldins this difference, the number of function evaluations

has dec::eased to five while the truncation eÌâlror remains of the

same olrder of magnitude. Othe:: modified Newton-Cotes fo::mulae of

hnl-l-r.l-ha nnan:ná r, losed twDe can Ïre rìc¡r'werl bv theSe methods. InuvLI¡ Llrç vlrur¡ u¡¡u ulvùEu LJyv vs¡¡

generalo fo:r N=(2j+l-) (Zi+Z) nodes the quadrature nule obtained by el-imi-

--#"'-n +Ì.^ 1^=â.'¡s term of the truncation error between the pairs ofIld LlliB Lllç !çour

Newton-Cotes for.mulae using 2J+L and 2a+2 te:rms represents a family

of quadratune fonmul-ae of precision N-2j. They have less precision

than the conresponding Nth o"d." Newton-Cotes formulae but thei:r par:ti-

cular structure makes them more suitabl-e fo:r calculating quadratu::e

app::oximations .

Anothen class of quadratune formu.Iae based on the simple

Newton-Cotes for.mu]ae ane the so-cal-l-ed compound r-u1es. If we

conside:: a Newton-Cotes cl-osed fonmula using n nodes ovei: the

inter"val [a -hl then the r.esu]tins comno¡nj i"¡i e wilf be that for.mul-a, g4 Lsr!J

obtained by applying the simple r"ule to m (m>1) equal subinte::vals"
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In total- there

+-:^--'*^ l-- l--lLf,UIr¿rlË Lor!1.

wil-l- be mn+l nodes and

The most commonly used

i ntei.va I s nart i.-

rufes an"e

mn onll:l

comPound

frl.l I
¿ \! / ¡--;- 

|'l

<F<

I:
[cz- r m-]-

r(x)dx = nlf+ ¡ f(atjh)+
L - j=t

ô

_ tÞ-a_l_ +l¿)(r\?.\Þ/
r'2m

t--

'm

(2.25)

which is based on fhe tranezoidal- ::ule and

¡b
J f(x)dx =

h

[tt"rnu

m-f
L

l=u

m-l I
f(a+(2j+l-)h)+2 I f(a+2jh)+f(l) |- i=r I

a<f,<brh=*

(D-4, ç(+/lr)1,> 
"Âlq-

90(2m)-

a¡=l'1 r¡ â ^^ññ^1ìnd rule usjns m subintervals and based On a

Newton-Cotes fonmula having n+l nodes has an erlrolr of the fonm [2+]

/]-'-= ìMr" */,.fì n+C fn+? )
H,,,-f.,,,-,(E) n:even, H =

which is based on Simpsonfs one-thi::d

(Z"ZS) the truncation erllor decneases

and fon (2.26) tt're error? decreases in

f, t+l-

mrnr-L

(b-a)M
n

-----'Ãc(n+r)!n..'-
Hn+rfn+Ð(g )

The convergence of the

integrand is a bounded'

rule. For the case of equation

-* - '.a*a ^S 
nn¡-aT a raLe or PluPolctlonal tO -T

m

ã T^rå\/ n¡nnn¡tiñn.al- to L--. Gen-
,^ t 5
lzm )

(2.27 )

't- -n:odd. H = =-:-nm

L.D-d

n*

compound trules is gua::anteed wheneve:: the

Riemann-integrable function and the simple
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quadrature rule integrates the constant function exactly [t+, p.25]. The

---'- -r-,-¡#¡rn ^f fhese r,.omnosite ï.ul-es is that a high deg::ee ofllld.JII d.uvdllLéËç vr L!rçùç

acculracy can be obtained fo:r integ::al-s even though the integrand may

not have continuous high order derivatives.

An extension of the p:rocedure used fon gene:rating eompound

::ufes yields another family of quadi:atune formufae which are based

on the Newton-Cotes for.mulae. Sta:rting with an initial- sequence of

approximations based on a simpl-e Newton-cotes formularthe Richardson

extnapolation procedur"e is used to generate a sequence of highe::

order fo:rmufae. In the l-imit,each sequence of app::oxímations for a

<nanifin nrder. D c-ônvetcg'e ¿¡fl fhe senttenc.e obtãìñôâ 1- r¡ nnnqi¡e:ring
*-_- LIlÇ ùsYusl¡ee vu uqÀ¡¡vu !J

onlv the o=t (" = 0, f, ..., P) approximation of each orden also

converges.

Historically, a r:ecur.sive algonithn for. genenating the

sequences of fo::mulae based on a Newton-Cotes rule was first devised

by Rombe::g [f4, p.l66J. Stai:tÍng with a sequ.ence of app::oximations

,k_.,
T.,. n = h (+ *'I - 

r(a+jrr)+rár)), h = 2-k (2.28)
' -1 

= |

l_
fo:: the integr:aÌ I =/ f (x)dx, sllccessive highe:: or:der appnoxima-

o

tions ane obtâlnäd fnom the -formula

1,il,r.
K +_L -m-1 '1-

^ -llll- f
n-

km m
Ir_-_ f

the nesnltins cuadllatul?evus+Þ+¡+Þ asWhen m=.L and m=2 appi:oximations

(2,29)
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r'ôr"'nêsnônrì to fhe eômTloìtnd e-losed Newton-Cotes :rules for n=3 ano

n=4 nodes r-esnectiwelr¡- The ahowe nr ocedrrre ctener-âJ-ês : sanrrcnnq gf

quadr?ature appl?oximations r,¡hich rnay be arranged in a tr-iangular array

T-0,0

TT^0,1 -fr0

::
TT'or* *f 

,il . Tu -J\ , r¡r

The n.ninr..jnle ernnr' êl¿n.nêssion fo:: T. -- increases its Powell of 2
¿ tIç y! f,rrurl/le u! I vr - k ,m

e¡oh fime rÁre so one column to the r.Íght whil-e h itsel-f hal-ves

each row downwa:rd. If f(x) is a bounded, Riemann-integrable

r,rnnr-r'nn ^- f ô r I <rrnh rh:t f .a.2m+2fo-11 then each cofumn and eachIUIIULfV¡i vll LvrfJ ouvrr utruL Lvr+r j -"-'-

diagonal of the given arlray converges to I and for: any app::oximation

T-k 
rm

Itu,r - tl (2.30)

n<.r<1v->-È

where B2m+2 is the (zm+2)tn Bernoul-fi number satisfying

(2.31)

n > l, Br= -L/2

Other sequences of app::oximations have been obtained [t4, p.tO7]'tl'Lren the

initial appnoximations are of the fonm

B2m+2 
-(2m+2),-,

-+ 

\Þ/

(2n+z)!2tz**tn/\m+zJ
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kilt<

ñ:w

ls - rl<l-krm -l-

K
I 1.f rh l +t. - \J_t-¿

J -!

e.32)

n,K+l--i:- > I .
ri"

K

n<r<l
v-Þ--

f(0)
2-f

¡2. r IrLf/ |

)l-l
I

l_=-.n-
K

]^

^

Mnøa na¡anflrr hnr¡erzar,- modific-ations to Rombengts method have beenIIU!'ç ! çuçII LrJ t er , r¡¡vurr

considered wheneby the ::ate of convengence is acce[enated with the

use of high-or"der Newton-Cotes foirmul-ae fo:: the initial- approximations.

Meir. and Shanma [33] show that for the case of initial approximations Sr- 
^K.U

based on the closed Newton-Cotes formufae for. n=3 nodes , i.e.

I
f(2ih)+f(1) |-t

I+ fr,or"L

1-V
nN"ô'tl
¿_IL-L

-L r T +f (t;+1 )h) + ? I\\¿J '¿l¡¡l L
i -^ .l -1I-U J-J

(2.33)

then the errgr in +ha :nnnnvìm:tign, St., iS

B2rn*+( 
'-r-2m-L, 

r(2tn4) (E )

(m+j- ) (m+2 ) ( 2m+g ) [ ( 2m++ ) ¡ ] (m+t ) ! J,
(2.34)

+h
with B^ being the (2m+4)"' Bernoull-i number satisfying (2.31).

zmt+

The onfv other quadrature nules which ane of the Newton-

Cotes type are those whích have been developed for: specific applica-

tions. fn pairticula:: conside:: the problem of appi:oximating integnals

of the form
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LÈîD r"
r(f ) = / w(x)f(x)dx =J cos mx f(x)dx. (2'35)

J
ào

?he integrand f(x)cas(mx) in genenal oseillates with the weight

function w(x) = cos(mx) changing sign over the interval [a'b]'

Comrnon guadrature r:ules (i'e. Newton-Cotes on Gauss rules)

requi:re the weight function to be of constant sìgn over" the interval

of integnation and consequently application of such ::ules to appnoxi-

mate (2.35) necessitates the pa::titioning of [arb] into many sub-

intervals. The resulting quadratu:re formula will- then involve an

excessive number- of function evaluations. This problem can be ovela-

come bv usins Fil-onls fo:rmul-a.*-*^_Ò - -

If the intenval_ [arb] is par"titioned into 2n equal sub-

inte::vals then Fil-on I s formula is

t-
I -,I f (x)cosmx rox = h[cr,(f(a)cosam - f (b)cosbm[$S+yTl+ T.*(f ) (2.36)

'¿Tr

where S = -f(a)sinram-f(b)sin bm+2 i r(a+znr)sin(am+2kmh), h = 
b-a

k=0 
-'-""-' 2 -- 2n

n
T - | r{a+(2k-r)h)sin(am+(zk-r)mh)

N-t

I sin(20) 2sin2a ^ - *Lcr= o- n2 
-;ã-, u=1¡rn

^ 1+cos20 sin20rtr=----t- - ---T-
0- 0-

, lsino .o"g I- -lj]JLut o2 I

and r^-(r) = 
(?;u) nt ft - t rl "t"å r(a)(g)¡a o g < b.2rr r¿ [ r0"""ft J z
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is smafl- q, ß, Y have exÞansions of the foi:m

2 ^3 2 ^5ñ--n
lrtr - ôlq -
+J ¿LJ

24
^^1 l^

LTV
IÐ JUC

,l+tâ" )ãIt/" -:---+ --
fs 270

2^7
+3 Z3

h
fl;=-30 /

v

-+

'ì'l Clr^Y=

These powen series expansions ane required in o:rder to avoid loss of

sisnificant fisures due to cancell-ation when using the tnigonometric

r.e¡resentations fo:r Crrß, and Y. For smalf 0 a connection between

Fil-onts formula and a compound Simpsonrs:ru1e is obtaÍned by ignoning

nowe¡s of 0 ereater than the fi:rst in the pohlel? sel?ies expansíons for'

0,ß, and y. When 0 is large, a modification to Simpsonrs rul-e

is obtained if the Simpson coefficients f/3 and 4/3 a::e ::eplaced by

ß and y respectively and an appnopniate multiple of

f(a)cos (am) - f(b)cos (bm);is -added.

c 
^ 

Tnl-aon:tinn of anbitr^arr'1v ---^^i r-+-
!.tJ rrrLeÉ!uulvtr Ut 4Uf L!qr ff-V >!'dUËU UqLq

AII of the above quadnatune rul-es nequire that the nodes be

uniformly distributed within the intenval- of integ::ation. If the

nodes aï,e not equally spaced then it is possibl-e to aPPfy Ínte::pola-

tion techniques using all the gi.\¡en nodes. In additíon to the difficulty

^-F aona¡=+ì-o nrr¿flratì.re fo:rmul-ae based on dir"ect Lagrangian inter--uI Ës¡rçr'a L ¿rró Yu

nnt¡t.ìon- h jsh order. formul-ae are discou:raged because they magnify

any ert?ol?s which may be present in the function val-ues. The method

of ¡'ntcr,nol atins to find the values of the function at the nodes of
uvr l/v+ge+¡¡Þ
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known quad::atur.e r"ules and the subsequent use of such fonmul-ae is

al-so not encounaged because of ttr.e compoundÌng of errors. A possible

recourse is to use l-ow onder interpolation based on the given abscissae.

A method for integrating functions specified at ar"biti:ai:i1y

spaced nod,es'has been suggested by Hennion t231" Thås method is based

nn di-ner.aholic interpol-ation. If â = Xr.,, ( xl ' "o' 
( x- = bf ----- u l_ .¿ tr

ara tha or'r/ên no¿es ^ cliradff atlg in+annn1 ¡tr'no ¡1¡l rrnnmr'=1 c
. --- ---uçù t Yuuu! uL!v !¡¡Lçr yvrsurr¿5

tp. (x) = a.N¿ i b-.x f c-. (i = 7, 2, ... o n-1) alle constr"ucted whe:re
!r' 1 f l-

a. - b. and c. aire suitable scalars such that P.. (x. ) = f (x¡ ) for
-; r i ì .l- J JI¿

j = i-t, i, i+1. Then fo:: i = Ir 2, ..., n-2 the quad::ature approx-

imations are of the fonm

f irr
J

a

rxi..l
f (x)dx x I/2 |-x.

[1;r(x) + Prnr(x)ldx

, ('4'-lþ#) - (+*) (*inr-*i)'(2'37j

For the first and last intervals

Pt(x)dx

and

the approximations are

h tóJ-t(xr-xo)" + ¡: (xr-xo)' + cr(xr-xo) (2.38)/"t ,,*,u* * ["txo to

*l

J

"X-I lr -z r 'I r(x/ox
¡f-r

r.espectively.

^x o3. ^ b

=fto _(x)dx=_t-1. '3 n-r 'J .n-.r if (xr.-xr.-r)- + 
"-:- 

(xn-xr,-t)' n 
"rr-1(*r,-*rr-1 )

-xn-r (2' 39 )

rb
The aoor.oximating value for the integnal J f(x)dx¡ ¡rv *rr- 

2
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-'- ^1-+--'-^,r r--- -llmmr'ns the va'l ues r-omnuted hw êauations (2.37) toIò LJU Ld.rrlgu UJ ù-..-..---o ---- . *---ù evu¡yuLqu uJ qY

(2.39). When a does not comespond to any of the abscissae (say

x_. ( â ( X_.,, (f < i < n^2) then the appnoximationa rtl.

f(x)dx ¡c [lr(x)+p.*r(x)Jax

.'-,,-^.1 rç v <e<¡.' orif ã<}. thentheappr-oximationfù uùgur fr 
^0 - o - ^_L 

v! ¿r q

.x.
- ,^ I l_+l_tt¿ J

a

rX. . -, rrr
J
a

^X' "X "lLtr
I t (x)ox ri 7 Pr(xlox
'a
a

is made. Similar apÐ:roximations are obtained fo:: cases whene

x. < b < x... (f < i < n-2)n x . < b < x , ol? x < b.ii+]-/n-ln-n

A defect of Hennionts algoi:ithm is that it fails to provide

any indication of the quad::ature errolî, which, in the absence of any

knowledge of the behaviour. of the integrand, lresul-ts in the quadra-

l-rrnê znnrnw.im:tr'nn hoinø nf I .imì+^,r ,,^^ À- rl -or"ifhm bv Gi I I andLeU UÞç ' ÃlI eJóvt f Lrrr¡¡ uJ

Mii_len [ 2]-l attempts to measure the iref iability of a quadratr.nle

approximation obtained fi:om a piecewise inter.polato::y scheme by app::ox-

imating the theo::etical- derivative ter:m in the quad::atune ercol1 by

a divided difference based on the given abscissae. Fo:r the case of

quai:tic intenpolation, thei:: numerical- exper.iments show that such an

e.nt.ôr estimate sives a favour.abl-e indication of the tnue quadrature

ellror.

Another approach to the problem of integnatisn of, a:rbÍtnanily

spaced data t¡as been suggested by Secrest [47], If one eonsiders ttie

set of evaluation points (x-, f..) (i = A) 2, ..., n) and defines
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-L . anomln
to be tire minimum and maximum vafues of tlre integral

n r(*)d* (2.40)

for a restnieted class of fimctions passing th:nough the evaluation

pointsrthen a reasonabJ-equadnatune approximation is

^xIT -l't
--t

r. = I/2 (I__-_+I_-_).best max ml-n

This is p::ecisely the most desirable approximation proposed

Associated_ with the quadnatur.e appr.oximation (2.4I) is the

boundrt

) .7 onaclratrr.e for-mulae with multiple nodes

Up to this pointu the quadrature fo::mulae have

linean combinations of de::ivatives of the integrand' It

Ebe"t = L/2 (rt.*-rtirr) (2.42)

lr.)
Fo:: the case of funetions in the space L)'', the determination of

the quadratur-e approximation lbu"t and its associated ennor- esti-

mate a:re dependent on the knowledge of bounds fo:: the o.t deniva-
lt- \

tive of the integrand. lihen the space t';' is consídet-ed, a

matrix-o::ientated algoríthm is used to genenate lb."t and Ebest"

By this latter method, bounds on the de¡ivatives of the integ::and

ai:e not nequired although a knowledge of such bounds could give

betten estimates of the quadratune erlrol?"

(2.+r)

1- r¡ Qa¡na<f

rrbest erroll

not included

J-ù PUùÞr!!s ?
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howewcr'^ to hewc nrarìrailrr.o fnnmrrl:o lis¡'no da¡r'rz:tir¡aq lrr¡ nnnqr'drrvwu v ur t Lv rru v e yÉgs! ----***ef l-ng

oscul-ating pol-ynomial-s. The most common intenpolation of thÍs type

is Her.mite interÞolation. SuÞpose that the fir.st der.ivatives of

f(x) a-r.e given at n(0 < r I n-t-l-) of the nodes

t = *0 . *l- . . *rr_r . *rr < b and define

n
P (x) = ¡1 (x-x. )-n a

l?
p (x) = II (x-x.)ì'

J -v

n lx )rn \-- /

(x-x. )pr (x. )I -n l
L) ..., l¿

p (x)
-lî

=-(x-x. )pt (x. )
I -1â l

l¡L) ... t r

0, -_:_ (x) =

J - v,

J-

J 't

Then the Her.mite interpolation fonmula fon f(x) l_s

T
ïL

J -v

v. (x)f 1(x. )ll +e (x)nr ( 2.43 )

'ìî
L) ... 

' 

¡

u.c ¡ Íl

where v- (x) = (x-x. )l,. (x).t. (x)
lltnlr

u. (x) *
l

(x)n. (x)
-l?1

_: r-_^ I _ .-!(x, ) =Jr^_v2r¡rrrgtt *] 
K

r=lì | h. k=lì I n
J")-'...'l'+,...,¡¡

in the internolation is

f{a-,---, I irj,,{*, r*rjor*, n} r¡"
¿'

{.ur"t.'ffi,

j = o,

j = :r + f ,

and u. (x. )
lK

v. (xO)

JJ(
0 j=0r1r...rn; k=0r1r...rr

"j 
("u)=6¡t j,k=0,r,...,7

aq nanrri¡a¡l Tha annnnse ¿ vYs¿r eu.
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Now muftiplying each side of (2.a3) by w(x) and integ::ating over-

F¡ h-l r^ra oat
L'4)YJ

/,_\ pr,(x)po(x), .(t +r+2), _,e rro(x) = 6ffi- ft^''- -'(E(x)) 
'

a<ã(x)<b (2.44)

I

yì'l

=and I (ïl
m?

whene %: =/'b*{*)u.(x)dx 
j = o, 1, ..., n

d

dx.

Since the interoolation fonmul-a (2.+g) is exact fon all polynomials

of degr.ee (n+r.+l-) o:r less we have that the quad::atr.¡r'e formul-a

(2.45) is also exact fon afl polynomial-s of degree (n+::+l-) or

l-ess. Fon the case of formulae with derivatives of ai:biü:airy

orden, the pr.ecision of the quadratu.r"e rul-e is di::ectly p::opontionat

to the number and oi:der of the multiple nodes. As in the case of

fhe standerri nuadratu::e rules of sections 2.2 and 2.3, the quadna-

tur"e nule (2.+S) is also of maximum pnecision.

h

= | w(x)v. (x)dx
JIa

t-
r^I(xlÐ (x)p (x-n -r

I = u, 1, ...e 1?

l'n+n+C \)f"''-'-'1q(x))
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ff deriyatives of the integr:and ar.e ei.ther given at the

endpoints of the inte::val of Íntegr:atÍon or else ape eoûyenÍ.ent to calcu-

r-+^ +L^- -'+ ':^ nossible to øenerate famil-ies of simnle hish-otoerroLç) Lllçl¡ IL fù t/vuurlre Lv Surreld-Ltr] f,d.lll-LJJe:¡) U-L ^^*Þ-- ,-J

quadrature rul-es without using the technique of inte::polation. The

develonment of such criradratunê l.ufes is based on the fact that an

arbitrany function having continuous der.ivatives of a specified orde:r

on the finite interval- [arb] can be irepresented thei:e in te::ms of the

Hêrn^,rrrr n^rrznn¡¡i¿ls. The Bernoul-l_i polynomials B*(x) (n > 0)¡rvufrr yvrJ ¡¡vr¡¡¿q- 
,a

are defined bv the seneratins firnction text i , tn*"-- "J

^t r 
- 

-L^ 
on\^/ il

C -f II-U

Given the function f(x) with continuous derivatives of

o¡|e.n n- ifs ¡annacanf=J-i^n ^\zê1. [¡ _hl in fefms Of the Be:fnOUl]_iY ) LqrvJ

t )u 
^^ 

| | |
PUfylrurlrofò aù L¿J, çrr. JJI

. nD V-L rÃ-I

r(x) = J- t r(t)¿t + 
-I (o-:]" - B. /=) ¡ç(k-r)(¡)-r(k-1)(")l-l-r-: I - L Lt "L \ï'-=/

" " 4 1-_1 r\. l\ \!-elq 
^-r

^fì-\ U-I . D(b-a)t ' I- lnl tc /v-+r :! /v-:\¡ f \v/trl rR /-) - B^ (ä) l¿tp! ¿ - --p \1,--r p \u-a/
o

(2.46)

$ss
where S(x)=B-(x) fo:: 0<x<l- and B(x+l-)=B(x). Bvn n n- n-

considening a quadnatur.e nule

LrÐ n
P -z/ w(x)f(x)dx= ¡ a.f(x.)+T(f¡=S +T(f) Q.+7)¿ ."- I I n n n

- f 
= 

|o J-r

havinø a nree.ision of deoree m - ':+rruvr¿¡6 uu6r uç r¡r : !L Iù PVòòIU¿È Lv olry¿J \a.av/

ohtain fhe arradr"ature ru.l_e
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I
Ia

where

p

w(x)f (x)dx = S- + In 1--^
curr(t*k) ç5¡-rc**u) (,r)r * o*,otr) (2.48)

and

.pfh-rì
ñ /c\ 

- 
\v e/

-r\ \f,/ - - 1-'hopt*' (p+1) !

rX, -â r

=R lK )
K m+r+l_ \ b-a/

(H) -'l-'(H):u'u"

a

ñ+r
( l-r-: I

ært!
1-

f D /! -\| / \^ I u s I/ w(t /b*, -. , . lf-= JJ LltlJ_-r-L \U-(1 /a

Ll-rJ) r fu/ ,tm+P+'2 ) r_t I\.'/ IJJ
q

n
r
L

N-f

Km(t ) [B

whenever f(x) has a continuous deirivative of ordei: m+p+2 on [arbl.

Thc f¡ncf ion K l+l í< r-hê kcnngf function of the quad¡ature el?l?ol?rìr\ u /

associated with the quadratu::e:rule given in (2.47) and as such ís

rlananrlant nn tha -^^^;Fi^Å ntt=è,T'âfìlï'e weìohts and abSCiSSae.UEPçIlUsrrL vrl LrrÚ òPgçf,f,!çu \-,|uaulqL|! e vYsf6r¿LÐ Ç

Those quadrature ::ules which a:re of the form (2.+g ) ai:e

Cal.l-ed Euler-Maclaurin for"mulae. The chai:acteristic advantagerand

in some sense optimal quality of these ru.les over other interpolatory

quadratu?e ::uleso is that a aequeTlce of incneasingly high-onden

for:mulae ar^e obtained without increasing the numbeir of quadratune

nodes. In additíon, if the integiration limits and quadratì.re weights

and nodes in (2,47) ane rational nurnbers then the coefficients ci

will- ai-so be national numbei:s. This fact combined with the r-esil:icted

sel-ection of mul-típl-e nodes nesults in the prese:rvation of the simplí-

city of the quad:ratgr.e irules. A third advantage sometimes enjoyed

by the Eufei:-Mac.l-aunin for.mulae is the ease with which an accut-ate

elrnol? estimate can be calculated. Foir a wide va::iety of the quadna-
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tu::e nules given by (2.47) the comesponding coefficients C.. in

(2"+g) al-tennate in sign. Hence foir those integr.ands having

successive derivatives of similar. sign over. the interval- [arb], the

Euler-Maclau::in fonmul-ae are par"tial- sums of an altennating se::ies.

In such instances the quadi:ature error wíl-l be less than the fi::st

neslected tei:m in the series. Such an elrrolr estimate wii-l- often be

easier to obtain than that of catculating shar"p bounds foi: R (f)
m¡p

ín (2.48).

The most commonlv used Euler-Macl-aurin for.mul-a is the

modified tnaoezoidal rul-e

È
I -,, ï(xJdx = 5

,n
a

n-l_
whene S- = h[ f (a)/2 + I f(a+i}r)+ f (b)/21, hn i=r

+h
the 2k"" Bernoulli number satisfyinC (2.31-).

continuous on [arb] the truncatinn êar¡ñY1 R'm r2P

p-l- .2k
- "T- !:='., B tr(2k-r)(b)_f(2k-r)(a)J+R*,ru(f)

t1r (zt): "2k'- \u/ L 

(2.49)

]i 
-- ": . and B^r_ is

n'zx
/^^\

For- f"P'(*)

(f) can be w::itten

.2p+I
as R-D^(f) = -*+Br-f\'¿p)(E) fo::some{ ¡ â( g <b. rf

tLL)Ly \LÍ'/. Lt'

S nannesenfs the compound Simpsonts nul-e (Z.ZO) then the connespond--2n

ing Euler:-Maclaurin formula is

,[or,*ru* = ,rr,. 
oi, # (L-2-2k+2)B2klf(2k-1)(b)-r(2k-r)(a)] +

a

p ff)"2m,2p+2'-' (2.50)

foi: all- functions f(x) having continuous derivatives of order 2Pt2
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on [arbl. In such instances ttr-e quadnatule er]rQl? haç, a definite

for.m

,',.(2n)2p+2 rr-o-2prp *(2v+2),r, --L--^- . - b-â
R2mrp+2(f) = ffi (r-2 -')o2p+2' \ç/ wnene ^ = 7;'

Othe:r Euler.*Maclaurin expansions can be dete::mined for both higher-

o:rder Newton-Cotes nules and Gaussian quad.r"atu::e :rules (cf . IZgrch.

lrl ).

When the derivatives in (Z-+A) ane difficult to deter:mineg

it is stil-l- possible to obtain quadlrature :rul-es with improved

2îîlrfalî\f Ìl\¡ ¡nnr^.'í--+-'-- +'lì^ 'r^¡iyatives with finite diffe::ences.*rr-'ur{'-Lllld LlrrË Lllç uç

Thc nr.ae-tir:alitv of such a method, howevei:, is limited to those cases

whene the undertying quad:ratu::e rul-e (2.+l ) is based on unifor"mly

distr"ibuted abscissae. If such a pr:ocedui:e is usedrthe de::ivative

appnoximations are usually based on the Newton-Gregony intenpolating

polynomíals, that is,

f(x) = f(a+th) = fo n t¡f. + ... - !9# Àkro + .."
/ô trr \
\Z.JL)

fon values of x close to a and

+¡/+rl \ /++l¿ì k
f(x) = f(a+th) = fn n tÀfr._l- + ... * =ff a'-fr,-k + ...

(2.52)

for. val-ues of x cl-ose to b. The notation used ín (Z'51-) and

(2.5Ðis f.=f(a+ih),Af_.=f -ç f =f(b), and
r- - r -i+J ti ' -n

Af -f -f " whene ¡-5=- n-l- n-]-+I rì-I n

By differentiating both (2'51) and (2'52) withrespect to
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r and settins t = O and t = n fof th-e ¡espectiVe de.nivatiYes,

accu.i:ate approximations to the derivatives of f(x) at x = a and

x = b can be obtained. If al-l the differences beyond the fir"st

+êrm ãrê naørccf^r +r^^- +L^ .^^¡oximations hkf(k)(a) s 
^kf^ 

andLçr'l¡t or ç t¡e5rev utiu, LLlEjIl Llrç oPyr vÂ!¡¡tqLlv¡¡ 0

'L ll¿l k
hof \*/ (b) = A^f are obtained. When the app:roximations a::e

n-k

used. in the modified t::apezoidal- rul-e (2.49) the ::esulting quadrature

r.ul-e. is

¡fo,,*,u* = sr, - n 
u!r_ 

cu[lkr,r-u+(-r)k¡kro]+R,,0(') (2.53)

(-] )k r L

whene C. = ), il - | x(x-f ). . . (x-k)dx. This quadnatu¡:e app::oximation
K (K+r- / ó

is cal-led Grego:ryts for:mula. A convenient representation for

R (f) in (2.53) is difficult to dete::mine and as such p?esents
nrp

¡ hanrì.ir,.an for. the uSe Of Gr.egOrytS formula. HoWever, When the

successive terms ín the expansion of (2.53) alternate in sign, a

suitabfe bound for the eruor can be computed.
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CHAFTER ]II

QUADRATURE RULES !.IITH THE H]GHEST DEGREE OF PRECISION

^-''^^ -'--^ -''-r-ature rulesuquòèrqrr Yuau!

In the previous chapte:: it was shown that for a given set

nOdeS {X^. X-. -- ' .* r- È-l = nrr:¡l¡:trrna f6¡¡¡gf¿. U- _L- 
."r Ãrr-l lll Lé:ul, q YueurqLq!ç

w(x )f (x )dx .jr(*j ) + \(r)

coul-d be constructed such that (3.1) has a degree of pnecision of

at least n. The resul-ting quadnatune formul-ae are based on

T.:on:nor'¡n inf or.nol nf ion enrì ane onf imal jn the sênse of havinø theyurqLrvrr Qr¿u @ E vyLf¡¡¡q¿

si.eatest orecision. If the abscissae aue not fixed then it is to

hp e¡¿nenfcd fhat e irrrìiciorrs e.hoice of nodes in the intervaf [arb]!v v¿:t/çe u

could increase the precision of the quad::ature formula. This is

indeed possible and quadiratu-?e formulae of the form (3.1) can be

deríved so that they have a degree of pr:ecísion at most 2n*1. These

formul-ae ar:e also of the interpolatoi:y type with the weights

-j (j = 0, l, ..., n) being uniquely defined by the integ::ation

1.:--'+- ,,^,'^l^+ €rrnntr'on - and choSen abSCiSSae.f Irll¿ LÞ t wglË¡i L r urru Lrv¡r t qr¡u ul¡v

Quadr.ature foi:mulae denived by choosing the abscissae so

that a maximum degree of precision is obtained a::e call-ed Gaussian

(or. Gauss-Jacobi) quadr.ature formulae. These quadr-atr::re formulae

are related to the theory of o::thogonal polynomials and as such

have diffeï-ent names attached to families of quadratui:e rules with

each name depending on the weight function and the coi:nesponding

qat nf nr.fhrlson: l nol r¡nomi a l s -vr L ¡¡v6v¿¡u

l-

I

J
a

s=L
-: -rrJ-v
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If w(x) is an a::bitrary integrable weight function of

a¡¡or-¡nr -i-- nn [arbJ then a set of poJ-ynomials {p-(x)} oirthogonalUUIIùLOIIL ù1611 V¡I LA)UJ Lf¡U¿I g

with :respect to w(x) on the inter.val [arb] can be constructed by

using the Gram-schmidt method [3]. These orthogonal polynomials

satisfy the ::ecu:rrence ::el-ation [51, p. 42f

ln*r(x) = (A'nr" + Bn+l)Pr,(x)-cr,*1Pn-t(*) (3'2)

tt - L) z) ut

wher.e the cuantíties A - " B -. C are cons*-*+^ --r ^Lrru yqq¿¿ Lr 
n+l - . ntl - ntr 

Létr Lù arru ^n+l t

C - > 0. If the coefficient of the highest power of x in
nfl

D - (x) is denoted bv k we have-n+f. nfl

|.
. n+l-A=--n*l- k (3.3)

n

Since p . " 
(x) ís an orthogonat polynomial of degnee n+l- it has

- nfr

n+l ¡eal- noot" *0 . *l_ .

intenioi: of the intervaf [a'bJ and if X . = a and X*-r - b
-r nfJ

then each interv-' l--' I v =-1 o 0o ..., l:r contains s¡Sntlrror ,^v, ^v+I, v =-1 , O, ..., n contains exã.-'-J

one ze::o of Þ . ^(x).'n+¿

By considering the orthogonal polynomial p--.' (x) of- nt_L

degnee ntl, a Gaussian quadr-ature fonmul-a having preeision of

degiree 2n+L can be constnucted. The existence and actuaf construc-

tion of the Gaussian quad::atul-e rules a:re estabtished on the basis

of the following theoirem



4l

Theo::em 3. f :

The nradratrlre r^ule¡¿¿v Y

(3.4)

is exact fo:r all polynomiafs of deg::ee 32n+I iff (3.4) is inter-

nol af o'r-v and x < x-'-0 --1 n

nolvnomial o -lwì nf dasnae n+1. The weights a. (j = 0, 1, ..., n)yn+l ..- / v- --o-- - 
J

:¡a oir¡an Ïrr¡

-,nI l-) \- -z rI w(x)r(xJdx = ) a.f(x.J
tufì'd l=u

rb w(x)p--., (x)
a. = L T'- ,, , dx (3.5)
I l_ (x-x.Jp ;(x.J
' - d I -ñ!r -IIII J

Pnoof

Let f(x) be an arbitrary pofynomial of degree <2ntl-

and l-et x^ < x.U_LN

p ."(x). As previously mentioned, the roots are real- and are focated
- nft
in the interior. of [arbJ. Const:ructing the Lagrangian interpola-

tion polynomial- L(x) of degiree n fon f(x) and the poínts

x^. x- " ... " x we have\)'L'-n

n n p ."(x)
L(x)= f r{x.)øi(x)= [ r{*=l#-^-tz;; (s.9)

j =O I J jlO I (x-x' /Pn+f\*j )

Since L(x-:) = f(x*) (j = 0, I, o.., n) then f(x)-L(x) = P--r(x)ir(x)I I -ntl

wíth i"(x) Ïreinø a nolvnomial of des.nee (n- Hence mulfin'l vínp both

^-'r^^ L-- --l--\ anrì intesratins We haVeòf ucò !y w \ Ã//
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r.l)
I

t-

b(
\
-d

L1D
It- w(x)f(x)dx = w(x)L(x)dx + *(")prr+t(x)r(x)dx (3.7)

n
fw(xJL(xJdx - L

I -rJ

w(x)p .. (x)
- nt-L j =o (1)n (3.8)

(x-x¡ )1.*.i (x-' )

The see-ond intesral- on the right side of (3.7) vanishes because of

the assumed orthogonatity of lrrnt(x). Therefo::e (g'+) is exact

for al-l f (x) of degree <2n+l-. Then (3.4) is exact for al-l poly-

nornial-s of degnee <r¡ and by theorem (2.f) it must be interpolatory'

conve:¡sely, assume that (3.4) is exact for all polynornials of degree

Éhrt+I and let f (x)= (x-x' ) (x-xr)' ' '(x-xrr)=[(x)n(x) where i:(x) is of

degnee ln. Then f(xO)=0 (k=o(t)n) and J_ "(")l(x)r"(x)dx=g
q

so that [(x) = K'pn+l(x) foi: some eonstant K' Therefore

*o '*l

So far the onty :requirements fo:: the weight function w(x)

are that it be integnable and be of constant sign ove:r the interval-

[a,bJ. If w(x) does change sign in [arbJ then o:rthogonal Pofy-

nomial_s for w(x) may not exist and even if they do, the t'oots may

be complex or l-ie outside the" interval of integration.' Theirefoire

Gaussian quad:ratr:.ire rules are derived only for weight functions of

constant sign in the interval- of integnation. For such weight

functions, we obtain quadrature rul-es of maximum precision as indi-

cated in the following Theorem Dgrp'1021

ît)
I
It-

oit \^j / ,
JJ

,.b
I

Jo



43

Theorem (S.Z):

If w(x) does not change sign on [a,bJ then no matte:: how

we choose x- and â., equation (3.4) cannot be exact for al-l- Pofy-ll
nomial-s of degree 2n+2. Therefore Gaussian quadrature rules ane

optimal in the sense of having the maximum possible degree of p::eci-

sion when the choice of quadratune abscissae is un::estnicted.

The weiehts a. (i =*l

cal-l-ed Chr"istoffel numbeirs and

theorem

Theorem. (3.3):

Ir I

\Ia/

'l
J

0, l, ..., n) given in (3.4) a::e often

ar:e char.actenized by the following

w(x)dx (3.e)

The Chiristoffel numbens er.e nos i f 'î ve - and
l

n
F)ã

J-v

The following representations hold;

= [b
I (x-x¡ ) tl*., (x.)

J -- 
- J

p .-(x)
IIT -L

=l
I

j
-ì

(+)

n+l- . \ô? / , ;\z) lp. (x.Jlþ t-'t 1 I
.. 

-^ 
\ - J '

2

w(x)dx

p (x. )p' . . (x-: )-n -l -n+t I

J - v, ¿t ...t ¡r ,

k -.k as sivenn+I- n
. /^ ^\aII çrluqLrvl¡ \u.v,/

J - v, ¿t . c. t rr

( 3. roa)

( 3.10b )

(3.10c)a. =l

a0rrr+2+" ' "+ak ,nr2 
< a0rn+l+'" "+akrn+l-

k=011ro"o2¡ (3.11)
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where {a-, -,. }-: are fhe Chri.stoffel numbers fo:r (3"4) having n*l nodes
c Jrrrr-L J-0 t'*--

. n+l-and {a- -,"}i-; ar-e the Chnístoffel numbers for. (S.+) having n+2 nodes.
J t¡¡r ¿ J-v

On the basis of theonems (3.1) and ß.2) and equation (3"2),

n-"-^-'-* -"-'r¡'+ure ::ules can be const:ructed for any anbit::a::y\fd.uö5rdlr quou! qL

weight function w(x) having the pireviously mentioned restrictions

and fon any degree of pirecision. In practice, howeven, only certain

weight functions have been chosen for^ devel-oping Gaussian quadratur"e

r.ules. These weight functions genelrate sets of classicaf o:rthogonal

polynomials whose behavioun and cha:racteristics a-ì'e wel-l known

([]]rtSl]). A]so the known quadrature r"ul-es sefdom have lar"ge

number of abscissae because much computational- effort is ::equi::ed to

n:lnrrlafe the nlrerìr'ettlrne weiphts and nodes.uQtuu¿u Lç L¡¡ç \asssr

Tables3.]-and3.2givethenamesandprropel:tiesof

€---'r;^- ^€ -,,=4r.atune rules for the mol?e commonly used weight func-
I d.llll-LIçò uf, quq(

tions. Gaussian tJ¡pe quadratune nules for. the weight functíons

w(x) = Æ' and w(x) = * have been discussed by Ìc,ylov [51] and

¡r,oner.ties for cnr¡rìr,¡trrr.e formul-ae with weight functÌons w(x) = -1og x
Prvye! LrçD rvr

(o < x < t) and w(x) = *n n ) 0, _f 2 x ) I have been investigated

by Andenson [3] and Rothman [42] r"espectively'



Name of Quadratute
RuLes

Gauss-Her.mite

Gauss-Laguerne

Weight Function
w(x)

a
-x

Gauss-Jacobi

Associated Orthogonal Polynomials

of Degnee n

o, -x
,0>-f

Hennite Polynomials

r¡¡ìtît , -.k,^ .n-2k, \' (-.t/ (zxl¡ln\x, = nj ¿ T.ï.-2k)T-"k=

Laguerne Polynornials

-l¿i /n+a\ ( -x)''Lo-r\*r = .l- t"-t/ -TT-

(r-x)d(r+x)ß

a, ß > -1

Recu¡rence Relation fon Orthogonal
Polrmomials

Jacobi Polynomials

ej"'ß)r*) = _i, L(:lî)fi')

(+)-(+r 
-]

Ho(x)=1, Hr(x)=x

¡n
Table 3.1 Farnílies of Gaussian quadratu:re nutes / w(x)f(x) = f a,. f(a, )J ,-. K K

A K=J.

Hr,(x) = 2x Hrr_r(x) - 2(n-1)H',-r(x), n > L

L^ 
^(x) = 1, l,^ .,(x) = -x + o + I

qtv út*

rto,rr( *) = ( -x+2n+a-1 )l,o,rr-r( x) -(n+o'-I )Lo,rr-r( x )

n>I

p5û'ß)(x) = I , pla'B)(*) = \(o.+g+2)x + k(a-3)

2n(n+e+Ê) (2n+a+ß-2)rlo'g)i*) = (2n+a+ß-r) 
{

(2n+a+ß)(2n+c+ß-2)x * @2-82) | rjt;u)r*l
) "'

-2(n+o-r)(n+Ê-i-)(2n+o+B)P::;ß)("), D > I

(n



Name of Quadratu:re
KUtes

Gauss-Hermite

Gauss-Laguer::e

Gauss-Jacobi

Integr^ation Limits

riv

KN

b=-

+]a
denotes the k-" lar"gest

¡b=-

Quadratu:ne Weights

k-1

-t-
- 

ñ+l
nt {r 2"'-=-fHrr.x \ì2

- f tn*o*fl
-r,, Fi r r.. ra2"'^knt"cr¡\^¡. r'r

Â¡Q¿l
= 2-' -' *f (n+c+1)I(n+ß+1)

n!r(n+a+ß+t){r-*fl )tr(o'ß)' {*u )1,

rÐot of the associated orthogonaJ- poJ-ynomial_ of degr.ee n

k

Quadratune Er.non
a<n<b

n!ñ r(2n¡r-,,\rtl
2" (2n) !

fnlf *(2n),-,(2n)J ' \'r'l

Table B.J_ (continued)

F
o)



Gauss-Legendre
(a = g = 6¡

Gauss-Chebyshev
(c=ß=I/2)

l,teight Function I Associated Orthonormal Polynomials,,¡/.,\ |w\x,, I of Degree n

Gauss-Chebyshev
G=9=t/2)

Gauss-Jacobi
d=B=a/2

Legendre polynomials
ln P.l r :D ô -

2"n! dx"

Chebyshev polynomials of Ist kind

^(a.ß), (2n-1)r

" 2'tt-¿nl (n-1)! n

Tr.,(x)=cosn0rx=cos0

Chebyshev polynomials of 2nd kind

o(c'B)/.,\ - (2n+l-)!.^, - --";- u*(x)
" 2"'nl(n+t)l "

. lwl = 
sin((n+1)0)

N SINU

x=cos0

Jacobi poJ-ynomials

(r+x2)r/2

Recu:rnence Relation fon Onthogonal
Polynomials

PO(x)=1: P(x)=x
(n+l )Pr.,*, ( x ) = ( 2n+1 ) P,., ( x ) -np,.,_, (x ), n>1

TO(x)=1, Tr(x)=x

Trr*a(x)=2xTrr(x)-rrr_r(x) ¡ n>l

o(o,ß)r*l = fSrlL 
-- n 

22n (n,. )2

lable 3.2 Families of Gauss-Jacobi quadr"ature nules J '
¿l

UO(x)=1, Ur(x)=x

Un*r(x)=2xUrr(x)-Un_r(x), n>I

sin((n+I)0,/2)
sin(0/2)

x=cos0

p(t/ z,-t/z)(x)=to r(r/2,-r/ 2) tx¡=*

2n (n+] ) Pill2' -r / 2) 
7*¡ =2¡¡(n+1 ) x

xp(r/ 2,-r/ 2) (*)- (un'-rrf L!2,-r/ 2) G), n>1

n
w(x)f(x) = . I- .k f(xu )

k=1

+\]



Gauss-Legendre
(o = 3 = o)

Quadrature Abscissae

Gauss-Chebyshev
(a=ß=I/2)

Gauss-Chebyshev
(o=ß=I/2)

Gauss-Jacobi
(a=-ß=I/2)

xt
K

4È

=1-ã;îtF-;_.-. * . 
"k

'2t:2\
= *+=- (r* to,n-, \ /' \

4n+2 \- tr('-Ð,.t(;ti

=.""ffi*),)

'k

''k

"i^ 
'- denotes the kth largest z'oot of Besserrs function of the 1st kínd of orden o.

Table 3.2 (continued)

x,
X

¡ì<r r
= cos f"!: I

\n+a/

- ^^_ /2kr \- """ 1¡ffiiJ<

Quadrature Weights

K

-k

Qu¿Cnatu::e Enr.on
-f.n.l

l(

s}(ëÐ,)'r(2n)(n)

- l¡ 2/k¡\t-ln+l --" \n+l/

llr D tv* \
= ã;ã.sia- (¡;¡.f-k.

fT ftñl--i-ì-¡---tn.l
2-" -(2n) !

n 1c-\€\-^" /-\a- * \¡tl
2'"(zr-)t

T fo*\-r--- f.'", (n)
2-"(zn) t

r
co
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A variation of the Gaussian quadrature rul_e (3.1_) is the

combination of both fixed and var"iabl-e abscissae. Fon such r:ules a

set of abscissae ' 'J[ìtxr¡li'=1 in [a,bJ ane preassigned and a set of

parametr"ic abscissae {"rrL}l=, in [a,bJ are to be detenmined so

that the quadnature nu.l_e

I u f \ -/I W(X.'rtX)OX=
I
o

m
f
)
L

J -r

n
\- f(x .) +vl b.f(x-.) + I (f)

I rl frril

( 3.12 )

has maximum precísion. In the case of (g.fZ)rthere ar.e 2n + m pana_

meters X-,irâj (j = f, ..., n) and b. (j = f, ..., m) so thatVJ J ]

the maximum possibJ-e degree of pr"ecision is 2n + m-l_. rn deriving

the quadr-ature rute (3.1_2) an inte::polating polynomial g(x) of

deg:ree <2nÍm-l- is constnucted from the conditions

g(xfj) = f(*rj) = j = t, ..., m

(3.13)
s(x-)=flx )-et(x.)o.'-vk, *..'rak,r _ vK = fÎ(x , )VK

l-rt ...t r¡

By multiplying the inte::polating polynomiar by the weight function

w(x) and integnating over the intenval [a,b] the quadratu:re rufe
(s.+) is obtained with

h
--lo_;-l
J ra

w( x)c¿( x) ß ( x)
mdx j=i,

vJ vJ vl
,n
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, I b w(x)a(x)ß(x)ok=J- mGX K=l-' ""m
I^ IK IK

. (2n+m)r-r.b ô
E- -(f) = #l w(x)cr'(x)ß(x)dx a < n < b

r¡¡tr¿ \4¡¡ | tttl. I

and wher.e g(x) = iI (x - **,*) , ß(x) = il (* - x'.',-). TheV KI =_L - K=I

ahse-issee x l¡ = 1, ..., n) correspond to the ::oots of the 1.rth"vk"

degree polynomial p'..,(x) which is onthogonal- to wk)ß(x).

Fon the sneeial cases of m = l-, X - = a and m = 2. x - = a.' --vl -' --vl

x,,^ = b the nesu.l-ting quadr?atuile rul-es a:r,e cal-led Radau and Lobattovl

nlr:rln:J-rrnêe rêañêaf r' rza'l ¡¡

Calcul-ation of the Gaussian quadrature weights and

abscissae invar-iably depends on the existence of polynomial-s ontho-

gonal with nespect to the weight functíon w(x) and any method fon

ca.l-cu.l-ating the par-ameters of the quad::atu:e for"mul-ae will- explicitly

or implictly use the orthogonal polynomiafs and thein associated

pnopenties.

Dinect cafcu.Iation of the quad:rature weights and nodes can

be accomplished by using equation (3.2) fon genenation of the

onthogonal pol5momia1s, equation (g.tOc) fo:: cal-cul-ation of the

weights, and Newtonrs method on a modification.'theneof[f4rp.45] fo::

dete::mination of the abscissae. From the nestíng property of the

zeros of successive orthogonal polynomials, accunate initial app::ox-

imations fon thein roots can be obtained so that few itenations of

Newtonrs method are nequiired. This dinect app::oach is useful only
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when the expticit form of the recui:l?ence rel-ation (3.2) is knornrn and

gene:ration of the orthogonal polynomia.l-s is easily accomplished.

For non-standar-d weight functions giving non-cfassical-

or.thogonal polynomials it is often advísabl-e to use indir-ect methods

foir accui:ate dete::mination of the quadnature nodes and weights.

Sevenal- such methods have been p::oposed by various authors [+Sr1, [f8],

[19], [+01, 1221. The method suggêsted by Rutishauser" [43] uses a con:'

tinued fracti-on ì:t exÞansion'.l.

xkw(x)dx

(3.14)

( 3.]s )

| 't"r_ ¿*=lL_þL :t_L-Pl þ" z - x lz lr lz lr lz

R

Fon the successive convergents #3n
tn tha o¡thnonn:'l nnlrrnnmi:l of deør'ee

of the convergents give the abscissae

fnom the identity

R (z) n \^r,nFKn

--uurlòL.t-

5 (zl ... z-x.,-n K=_L Krì

the weights and abscissae can be uniquely deter.mined when a modified

n'otr.ent_¿iffer_ence alsonithm [41,r ;^ -^^.ì.i^,] +^ (S.fS ). The d::aw_\luvL¿sr¿L u¿rre!e¡+-- $*Þ- L,+J JÞ éPPf¿su LU

back of this method ís that numer'ícal stability is not always

guananteed [14, p. 481 .

If neithen the moments

^€ l" 1?l R f zì nn¡r,osnonds
\v.¿¿l, v-\!/

n on [a,b]. Hence the poles

of the cuad'r.atur.e for.mul-ae and

¡1'_ Iu
u,_ - |l(,

(3.10)
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nor the l?ecurnence relationships (3.2) for gene::ation of the orthogonal

polynomials to w(x) ane known, then an indirect method due to

Gautschi can be used for calculating the quadratu:re weights and nodes.

Gautschirs ;,, algorithm [18] and ALGOL 60 pr.ocedure [34] generate the

abscissae and weights by making the inner" product which defines the

or:thogonal polynomials a disc¡:ete inne:: pnoduct. The desined abscissae

and weights a]"e then approximated by the zeros and weight factor"s of

the orthogonal polynomial-s of a discirete vairÍable. This discr"etization

is made so as to enabl-e the cal-culation of the coefficients A . Bn' n-
C" in the ::ecu:rrence nelation (3.2) to be made. Havíng obtained these

coefficients the quadratune abscissae are deter.mined by applyíng

Newtonrs method to the orthogonal polynomial-s. The quadnature weights

ane subsequently cal-culated using equation (S.fOc). Pnovided that

anv sinsti'l arities for" the weiøht function a::e simn'l e end locaferl at---J

the endpoints of the intenval- of integr.ation, convelrgence of the

method is obtaíned when the numbeir of points used in the díscnetiza-

tion becomes infinite.

If the weight function w(x) in (3.1-) is not knom

explicitly but a set of 2N+i- moments a::e known then a

\tthr.ee term ::ecurnence rel-ation fon pol5momials {p',-(x)},-_^ onthogonal
A K-U

to w(x) can be deter-mined. Golub and i,'lel-sch 122) s.hoÞ¿ that the

Cholesky decompositíon of a Grammian for. the moments

rr ll¿ = ô 'i - - ,N) rrnr'nrrel-r determines the thnee term recurrencetsL vr ") L) ...) -rr / t4¿fYuv Lf¡E

o"r"arorr" fo:r a set of pol5momials {p''-(x)})-^ onthogonal to w(x).
^ ^-w

Using the generated ::ecul?rence relation, a matr"ix equation
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(3.17)

is obtained wheire T-,..", is a tridiagonaÌ matr:ix,
NXN

à , \ - r- //--\ ^ ,..,4'rT . ? - t^ ^ 
t

Ér(x) = (po(x), ..., pN-l\À// , and éN = (0, o, ...' 0, f)-' The

-rrìdiâpôna'l matirix T-,..,, is eithe:r initially s¡rmmeti:ic or else con-
NXN

verted into a s5rmmetr:ic ü:idiagonal matr.ix by applying a diagonal

simil-a:rity transformation. Since the eigenval-ues of TN*N connespond

to the zeros of P*(x) and the weights of the quad:ratui:e rule ane

cafculated firom the first component of the orthonormal eigenvector:s

lszf, an application of the QR algorithm of sack [45J p::oduces the

weights and abscissae of the quadratu::e rul-e. The drawback of this

mar-hnâ aq cnlìrh --r r^r^r -^h nni¡f 61if - is that the Gf am matf^iX
- d.lj.u vYelòçll I,Urrr u vq L , ro

usually becomes il-l-conditioned as N incneases.

To oveircome the p:robl-em of il-f-conditioning either of the

methods of Gautschi t34l o:r Sack and Donovan [46] can be used. Each

is based on the method of modified moments but the algoi:ithm of Sack

and Donovan :requir.es less storage and on the aver:age requines less

computation time. On that basis, only the latter algonithm wil-l be

consid.ei:ed her.e. Using the weight function w(x), a set of normalized

modified moments

*È*c*) = rN*N Ërc*) - 
L-ã*

"ß,,/P,-\x/w(x)ox
tk=ó, ^ )

rbn
/ pÍ (x)¿x

J -R
a

. .2n
can be constructed \^Irth tpk(xJJk=0

nanaqq:r.'l'I r¡ nr¡thnonn:l r¿ifh r"esngCtIrgUgOOq! ur¿v5vrru¿

k = 0, l¡ .".r2n (3. 18 )

being a set of polYnomials not

to w(x) on the interval



Ã,1

lcxrß].[arb]. To ensure numerical stability'fo¡ the methodrit is

suggested by Sack and Donovan that these polytromials be or.thogonal

to some rrstandandn weight function wn(x). These polynomiats satisfy

a known l?ecumence rel-ation

xp.(x) = "jpj+r(*) * ojnj(x) + c¡P¡-1(x) (3'1s)

O(")Ìi=o denotes the set of polynomials onthogonal

r^r.ith ¡esnee-t to +1-^ '.'^irh+ frrnntig¡ W(X), We haVe a lleeufl?enceLIIC Wçré11L r u¿re L

nelationship

xT. (x) = cr.T..- (x) + ß-.T.(x) + y-T". ., (x) (s'zo)
r' ' -r l-+I' I f . ]- l-r

(with ü. = Y.,. ) whenevei: the polynomials a:re orthono::mal' Fo:: com-
' r- l-tl-

^..+-+;^--1 ^^-r'enience assume that they are in fact o::thono:rmal-. AspuLdL-Lurrér uvlrv

in rhe n,evjous method ít is desined. to find the eigenvafues of the

matrix

Êo Yl

oo ßr Y2

^n
(3.21)

qn-3 ßr,-2 Yn-l-

an-2 ßrr-t
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fo:: they corl?espond to the abscissae of the n-point Gaussian quadra-

tu:re rufe for. the weight function w(x)" Since each T_.(x) can be

expressed as a l-inear combination of pol5momials p*(x), j < i

a matrix equation ;

++i(x) = Q P(x) (3.22)

is obtained,where, ,Q is an (in)finite l-owen triangular matrix with non-zel?o

+
e.l-ements and T(x) and P(x) aire (in)finite vecto:rs. The cha::acter:-

istic equation fon (3.21) ís le- - Lr- | - o and in vl,ew of (3.22)n n'

we obtain

Inr, - Àrrrl = lQr.{l,rr, - rrloll - o (e.zs)

whe:re (3. 24 )Mr, = (Ei.j ) l" nr(x)l¡ (x)dx)

and

since Q is nonsineular lu - Àr | =0= lu-'- ¡.r I "o that the-n n n' ' n n'

matrix A þ¿g +ha q¡ma or'oanrzal¡gg aS the aS5rmmetfiq matr.iX
n

-'ìN 'M - X + Y whei:e Y has nonzeiro e.l-ements in the fast columnnnnnn
only and

rN = (n..) = (lp.(x)p=(x)dx)
n fl J-r -J (3.25)
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bo "l
-o bt 

"2

I

I

n
(3. 26 )

f e âaì \

:Ïron-ó n-z n-

L*n-2 n-

From the enualitv of the trae.es T (A ) = T (X + Y ) and.r...n,.]1...nn.
cc

T (A') = r ((x + v )') we find thatT n ? n -n

ßi = r"(Aior) - rr(4.) = bi * ult*'- tllì G.27)

and o? = ,/, lrrÂ?+2) - rn(A?+r ) - ß?*rl

= a-. (c-.,. * ultn')r * uÍi*r)(¡,,.-yÍll')-uÍt*t))-". .u-!iT')r- f,-f r-r

(3. 28 )

+fi )
To find the corr:esponding components of it" we note that, constr:uction

of a matrix

c3"29)sr, = ("ij) = (/ert"ll¡(x)w(x)dx)

where

gr-ves f a "r I
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and pi"i+t,¡ - (oj-o. )s.j*"j"i,j+l+.j"i,¡_t-ri"i_t,j

fon which Qi = bi*l - oi

(3.32)

(3. 34 )

oi = -i"iri+r- + bi - "i-t"i-l-ri

a l_-l-

v.
Then firom the sta:rting values s - -=0, s^ . = +, j = 0, l, ..., n-l

-Irl - Url tO

the recui:rence re.Lation (g.SZ) yields s--- for i > jrl
(j = 0, f) ...r n-1). The components of the matnices t, are given

in terms of ,S and¡n

and

(n)
Yrr-l = an-lsn-lrn )

(n)
u;'j; = -r.-.r- ( sn-2 

,n-sn-2 ,n-tsn-t,n )

c
Hence using (s.ss) and (e.s+) we obtaÍn ßi = oi and oi = oiri+t'

Having computed the matrix A-, its eigenvalues (which eor"::espond

to fhe ouadratr¡i:e nodes) can be determined by using a i:ational vani-

ant of the QR tranfonmation with explicit shift. An A19o1-60 pro-

cedure fo:r this method has been published by Reinsch [40 ].

Extensive tabfes of Gaussian quadratur-e weights and

abscissae for. standaird weight functions have been published. In

Stroud and Sec:restts book on Gaussian quadnature nu-les ISO]' tabl-es

of weights and abscissae for Gauss-Jacobi, Legend::e, Lagueri:e,

Hermite, Radau, and Lobatto quadrature formu.l-ae of various orders
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3 . 2 Er.nor-êstimates_ fon GausSiân qrradratu::e_fo::múl-ae

Fnom the nesul-ts of theonem (3.1), eve::y n-point Gaussian

quadratur"e formula has an associated t:runcatLon erroor,rE*(f )rl s,r.h' ,

that En(f) = 0 whenever f(x) is a potynomial of degree <2n-I.

In the case of less regular integr:ands, exact repi:esentation of the

tr.uncation elrroll can be de::ived by appealing to analytical methods

of which the most common ar"e (i) use of Peanors theonem, (ii) use

^t nnmnl ov ¡¡¡¡i ¡hl a thonnrr :nd l'i i i ) rrqo of the theorv of HilbertUf, UUtrrIJ¿ç^ vet !o!¿ç Lr1çvtJ , qIIu \r!!/ J -- "*--

sneces- The r"es¡lt-ìns j"enresentations fon E_(f) are applicabl-e to-n'

a lar.ge class of functions but unfontunately involve integ::als and/on

summations which do not easi.l-Y al.l-ow neduction to a usabfe fonm.

Therefore the best that one can hope for ar"e est'imatesr 'on bounds on

the t::uncation elrror with sharp bounds being obtaÌned only Ìn special

:r'e øi rzon _ Teh'l ^^ .-L -'^L ;"-*^-+ th-OSe@ g É¿ v cll a r qlrçù wrl¿çll quÉ¡llçrr L

to the cases of othe:: weight functÌons

such as Mathematics of Computation and

Sf endards - ,Toll'r-naf of Research.

To obtain bounds for E
n

theorem the fol-Iowing :restrictions

øoar.i naè, .

(i) f(x) has a continuous

I a,bJ
l1- \

-\ zll J / \(rf) f - -(xi rs pl-ecewrse

, lr-\and (iii) maxlf'-"'(x)l . Yzrr. *alx(b

found in [SO] and extend them

harra Troan nrrhl r'shad in iorrr.nal s

U.S. National- Bureau of

on the basis of Peanofs

the integnand f(x) arae

der.ivative of onder (2n-l-) on

t1-l

f o::

continuous on [arbJ



59

Tlren under- th-e above r.estr.ictions, the erroll

associated with the Gaussian quadrature rule

has a repnesentation It+rp.109]

f-frlnnfrônã| l ti-)J q¡¿v q AV¡¡u- "n .*

'Ìì

I
I

a
w(x)f (x)dx a.f(x¡)+E(f)

lJn
¡/" etr\

n_\'-L
J -f

whei:e

Fi:om equations

nn tha r¡oiohf

*r,,-r(-) = En (:# ), {*-t)f'-'

En(r) = 

{o*r..-r(t) 
r(")(.)u.

(3.33) and (3"35)

function w(x) and

)n-1w(x)(x-t);^'*
T

I c"--,2n-1
=l

L0

(3.36)

x2t

x<t

(3.37)

the peano ker"n.eJ *rr,_r-(-) depends

K^ " (t)'¿Tr-r ( 2n-l- ) !

n,\'al¿ - )L

h

=lJ
a

2n-I
(x..-t),

l'r
l-*j (2n-l-) !

(3.38)

For. 'the caSe when the ke::ne1,'functión:ls

the application of the mean-va.l-ue theonern

of constant slgn over tarb],
foi" ínteør.als vields

r /€\ -! \J,/ -n

an ellltol? Dounc

1n
E(x-") a<g<b
n

Á.2n) , .,,r .\ q,/

þ")l-_ (3. 3e )

fo:r which

M^

lnr,(f ) | ='#r, lEn(x2n) I
(3.40)
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is obtainable by vi:rtue

the foi:m (S.eZ) for" the

tabl-es ( 3.1) and ( 3;2) .

thcn en rnner hound of

of condition (iii)"

most common Gaussìan

rr l\^ . \ L./ rrqù q¿n-r

the form

Er.'nor. e:¿n.ness'ìons of

nules ar"e ør'ven Ìn

. F- L-lvâYì\¡'ìtìp slgn ln I a.! |

l¡ fril s e- - M^r"nr*z¡ - -Zn-I'2n ZL!-L lxrr,-.(t ) lat (3.4t)

can be cal-cul-ated.

The above error bounds (S.ee) and (g.Sg) nof¿ wheneven

conditions (i), (ii), and (iii) of page 58 ar"e satisfied over the finite,

semi-finite, or infinite interval- [arb]. In centain cases' sharper

estimates can be obtained f:rom Peanors theor:em. For example, unde::

, ftnl , R

l-ess sti:ingent conditions such as lf '-"'(x) | < y"" for- * = *r,

_ , _(2d.and max lf"'"(x)l a trr., Stroud and Chen Pt9 l show that the n-point
a<x<xn

Gairss-T,asuerr¡e cuad:ratu::e formula has an erl?oll bound of the fonm

È
I

=lJ
a

ln (r)l <'n

fc
| (n: )-
LTãiT

-xl
-"' ''l] M2n+y:f ( g+t-, xr, )

r@ Q -+where l(ß+l,x ) =/ t"e "dt is the incòmpleteI-*r,

x.. is the lar-gest ::oot of the Laguerr-e polynomial

r:'esultins erl?or. hnund ennl ies to a wider class ofr vùqf ur¡¡6

practical use of their estimate depends on whether'

obtain suitabl-e ^^-^+--+- rr ^' and S for" theÇullÞLd.rrLò ,t2Tr,r\

Gamma function and

^€ r^--^^ - TheVI uçél ss IJ.

functions but the

or. not one can

enrlor bounds.

If it happens that finite bounds fo:: low-orde:: oi: even

high-or:der. derivatives of the integz'and cannot be established, then

error bounds de:rived fnom Peanols theonem al?e not useful and derjva-
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tive-fi:ee error estimates must be obtained. sucll errotr bounds can

be eal-cul-ated by using Hil-ber.t spaces. Letting Ep (O>l) designate

the ellipse having foci at z = + I and semi-maJon and semi-minor-
I

axes q = I/2(Q+L/P ) and ß = L/2(g+-') nespectivety, and tetting

A(go ) denote the famify of functions analytic on [-lrf] and contin-

uably analytic so as to be single-val-ued and :regular in the c.l-osure

of {^ , then the completion of A(g ) unde:r the nor.mu0

l lrl l = (r,r)r/2 =,l[otr")l{lld*aÐL/2 ( 3.42 )

gener"ates a Hilbent space t'(L ). An or"thonoi:mal basis for. H2G
PO

ìs fha qênììêncê of orthonoi:mal_ Chebyshev polynomials of the second

kind [I2t p. 24I]

, tp sin( (n+t-)anccos(z) )
:!

U '(z) =n ô-ot^
v r-z

(3.43)

Then fon an n-noint Gaussian

ç,.^^+; ^-.-1 . iS a bOUndedJU¡lULrvltqL þn
U

n
ïrrr f lra Qnlr¡^r=¡l-z i-^-"-'ì;+r' '.'^DJ urrs u9¡¡wq! Lá rr¡ç\luqrf Ly we

nrr:dn:frrna nrr'la nr¡an f -l I I +ha ê¡¡^r
L + 

'¿J

tlinear. functional over" H- ( ã^ ) and

-^+ F1^ ^ ôlrl-l
ÉsL L)-Zt P.zaLJ

whene llr., ll, =

lr rrll < |'n

T ¡.
¿ (K+_L l

1--a^A- ZII

lEe ll llrl
n

lEc,,(u¡) ¡z4
1T

(3.44 )

^2k+2 ^-2k-2P) - p

sin( (n+])arccoslz) )

t.,
'I-z

u*(z ) =

( 3.4s )
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T
llrll < t/2{n(p2-p-2¡ Mo(r)r l'ioCr) = ^u: lrC"ll

¿q q^

l,l (f)
p

c3. 46 )

(3. 48 )

Convenientfy the summation (3.45) ireduces to a simple

form for special cases of the weight function w(x). If the weight
1

function is w(x) = then we have a Gauss-Chebyshev quadr-atu::e
Vl--x-

of the first kind and from the results of Chawla t e l

(3. 47 )lr (r)l <

Fnn tha r^raìøht
e ¡¡v r! v ¡Ò¡¡ e

nrr:rl¡etrrne r.rr I a

function w(x)

of the second

Mp(f)

/-c
= Vl--x- , the Gauss-Chebyshev

kind has an ellror bound of the form [nl

lr,,(r) | < +

Fnt nfhcn weiøhf functions on [-frf]rthe boundedness of E" in
-n

--2, _H \q^J perml-ïs the calcul-ation of an el?ron bound of the fo:rm
P-

l3-ti4) siibiee.t to the restr.iction of Í being a member of A(g^ ).
\v. | | / e*JJJveç 

" 
_

Thenoeven though the summation in (3.45) may not be easily calculated,

appnopriate bounds on the factors can be used to obtain a bound foi:

I l¡-l l. Therefor:e,in the case of general apptications,the usefulness

of this method in obtaining an ellrolr estimate depends on the avaif-

-r-.'ì ;+.. ^ç 1-^,,-, - r--- | l- | |aÐIf l_ry or Dounc.s ïor? ¡ ¡la I I .
If

zt Jzn+zrr-p t )-!_
1-0,-u u/o 

an-o -an

t/2n+2 lp +I)
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ff bounds for th-e summation ìn C3.45) cannot be easil-v deten-

mined,then derivative-f::ee emor estimates. for" E Cf ) can be derivedn

hr¡ nnnqr'da¡r'no ¡¡nfnrrr r'ntaon:'ì nannaqant:-|r'nn nf E* (f ). TO eStab-

l-ish a contour integ::al representation for E.(f) associated with

the Gaussian quadrature rul-e

( 3.4e )

we consider a cl-osed contouf C ^^*+-contalnl-ng xl , ..., xn and the

points a and b in its interior. Then for any function f(z)

analytic in C we have [14, p. 1181

¡bn
l t F -¡ r
J w(x)f(x)dx = ) a.f (x. ) + E-(f )
- -:-t J J

't t- f (z)v^(z)
1- / -\ 

f, | I¡ .ts r r | = 
- 

| æ ^ry f e qn\"n'-' 2tri J^ p (z) \v'vvl
u -n

where (3.5r)

with p_(x) being the polynomial- of degi:ee n or"thogonal to v¡(x)
tl

on the intenval [arbJ. By obtaining upper and ]-owen bounds on

-- /-\ --r - /-) r,esnee.tìvelv- an ¡ÐDen bound fnn tr lf ) nf the fo¡mv_\L) dIlU P -\Z,t r uùyuuLrve¿J, --- -rr-- ------ -v! ! \¿ / vr L¡in -n - n

.bp(t)w(t)
v G) =l -n . dtN J Z_Í

a

lerr(r)l = *rr.-rMc(f) , Mc(f) = 
VZö, 

lr<z)l

can be established.

(3. s2 )

An example of such an estimate is considened by Kambo [ 26]

whene rÐTrê7ì anrì fowen bounds for v (z) and p (z) ai:e consÍderedn'
fo:r the case of Gauss-Legendne quadrature. By taking the cl-osed con-



64

') ñ

lp(z)l- (?n)'-= (Pl-z)P" (3.s3)¡.n, zrn(nt), (r, _ r)

.r p-(t)
¡^rhanarzo.rr z. ç F Flrrthprmnr.a- ¡ ì r - I -n

- - .ô. r u'Lrrç!¡'v!-, Ïor unlr) = J_ -fi- ot', a 1emma
' -1

proved by Kambo shows that

2n+) r)/ . \¿
l-, loll < z \n:)
l'-\.-/ | ñ tt! (2n+t)¡ p"(p--t)

tou¡ C to be the ellipse E^ given above, the ,rtn d"go"u

Legendr.e polynomial p- (z ) il ¡o,-¿"¿ be.Iow by

rì'-'r Qù! (2n+t-)¡p2t(p2-z) P

provided f(z) is analytic in the interio:: of the ellipse

E , P > 2"
p

(3.s4)

folr z € Ç. Then fnom (3.50), (3.53), and (S.S+) an eriror estimate
v

for the tnuncation erlrols associated with an n-point Gauss-Legend::e

nlrarlr.atrrre i"ule is

le- (r) | <
24t+1(n! )4 (p 2+l-)

M lf)



CHAPTER ]V

OPTIMAL QUADRATURE RULES DE|INED BY MIN]MAL PROPERTIES

4"1- Quadr"qlule fonmul-ae char"acter.ized by the minimum norm pnopenty

In the pnevious chapter it was shown that bounds for. the

erpoil functiona*. associated T^rith ce::tain Gaussian quadratì.rre :rules

can be established by consider-ing a HíIbert space f? eontaíning a13-

'#$Eetíons analytie in the inte::ior of the unit cí::cler B. By usi.ng

eithef Of the l_r'ne infaør.el ^T e:r)èA infeor.el i.ne1r pfOdUCtS

\r rél -
t^ ì^

tlÃ 'lofê 'ì.lrh/ ö \ v / vY (4.1)
-, ,2'
2rI

U

and

r.esneef iwclr¡- a bound of the form

lr-trll =.* llrll'n'n

(r,e) =/ / r(z)e(z)dx dy
IJ

llsll = (r,r)L/2

(4.2)

(4.3)

whe'e €n= llr"ll =?"å can be deter:míned such that

e;edepends only on the cloeed contou:: C oir r.egion B which

contaíns the unit intenval- [-frf]. Although bounds of the for"m

(4.3) were given only fon Çaussian quadrature :rules, such bounds

a:re obtaånable fon Newlon-Cotes type quad::atu:re nules (cf.[13]r[26]).

By using the erro:: bound (4.3) fo:r a given Hilbe::t space

it is oossible to define an ontimal auedr.efr:r.c foirmul-a to be one fo:r

which the er.noi: functíona]- T has a minimum no?m oyer the entine
n

family of functions analytíc on (-lrf). Then, for" fixed n, an
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optimal- quadtature rule woul-d be

f (x)dx .rjf (**j ) + rrr.(f ) (4.4)

suchthat lf-ffll<e llfll and e >e fotanr¡nther,.hoice- t-mn.-/l mn tt'tt n mn

of weights and abscissae. Such a quadrature nul-e is said to satisfy

the minimal- nonm pnoperty. When the quadnati::re nodes in (+.4) are

p::eassigned, then the quadratr:re rule (4.4) is said to satisfy the

minimum norm pl?oper.ty with r.espect to the abscissae xl , ..., xn

If a_-_: and x__: ( j = I, 2, ..., n) ar.e the weights andml mJ

abscissae col?responding to the minimal e:rnoir noirm a than fnn ¿ff"mn'

functions f(x) analytic in l"l < I and squai:e integnable on the

unit cincle,

n-r_L
I -rt- |

/b

J
a

f (x)
@
rn_ ) DX , l"l < I

and llrll2 =

so that the er.::or

using (4.4) is

1 r2n-l
2n to

made ín integ:rating f (x) over [arb] = [Ort] by
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l.n rçrl- lf f .r-.rr-. iI ,mr,.' ) l - 11 f (x)dx - -.ì. 
ur¡f (*n, ) 

¡

0 J-

= li b.(å- i a."k.)lK KtI ml m-l

^-v J -f

f : ', I k.2lr/2 1*,. ,r1t/'.ll (#r- I a_.x_.)-l ll l¡ul'l
lr.!o K+r j !r ml ml j lt=o r' 

J

= e llrll
mn

Hence the minimization of e--- ::equires the minimization of
mn

"2 =i (=1=-i a.*u.)' (4.5)
mn tk+l -mi- mi'K=U I =-L

srh-iec-t to the choice of a--: and x*-: ( j = l, 2) ..., n). To*m¡ 
urJ

obtain this minímization the der"ivatives

âe ðre
ilD 

- ^ 
ilD 

- ^ -: - r ô ñ (tt a\
Ã:-- v t
o o*j o Itj

a:re calcul-ated. Noting the identities

æn
I - I r X /,. -\_ l_OE :- = ) ---- \ -i. ¿' ./
v v l-v L ñ+l

I t r^- I - i n*t-l
.----=------i------:--_and x(l-x) 2 '-o I-x ?^ n+l-x n=u

(4.8)

the de::ivatives (4.6) yietd a nonlinean system of 2n equations
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I
ml

t_-2
ml

lnø
mì

n_r_L
K=I

*nk

l-x .x ,ml mK

r= f ) ^J*)",...'¡¡

(4.e)

J- L, z, . . . ,lt

for the 2n unknowns a _.mI. ' , -*rr, Xml, ..., Xmn. The existence

of a unique sol-ution fo: the system of equations (4.g) foir fixed n

has been establ-ished by Eckhar-d,t trs l. solutions for. the svstem

(4-9) and values of u*, foir n = r(.r-)5 have been computed by

Eckhardt and ane incl_uded in Table 4.1_.

For the case of the Hirbeirt space ir2(s) with the anea

integra] innei: product (4.2) and B cor-responding to the unit

cir.cl-e, Richter. [41 ] extends the i:esul_ts of Eckha::dt and. shows that

for^ the interval- [arb] = [-f ,1] the abscissae are al-l inter-ior
n

points, the weights are positiveo and. I - . < c r'r +r.o ^-.'-r- ' ar¡u 
i 4r 

ttj < z r-r Lrle orl-gl-n

is not one of the abscissae. under. theÃe conditions the ::esulting

quadratui:e r"u.l-e is not exact even for constant functions. rf one of
fho nrl:dnatrr¡a nnzlao À- +^ +L^ ^-^-'qr¿e yqqulquqr.Ç rlodes conresponds to the origin then .I_ ami - 2 ,
n l=a
Ë
/. â--X-- = 0, and the i:esuftinp cuad¡atrn e r.rrle is exact for- all

-: -"r ml ml -- ----Õ
J-r

polynomiafs of degnee <.1-. For c.l-asses of functions which extend

the i:egion of analyticity, Bar.nhill t 4l shows that the limiting

case of a famity of entir.e functions r-esul-ts in the converrgence

^€ +L^ --^-:-L¿- -Lr¡ç v{ErËrtu> ar}d abscissae of the mínimum no::m cuadï-atrlrrp rnlrlo

to those of the corresponding n-point Gaussian quadr"atule ::ule.

l_
:--7î-=----i
^mi \r-x*i 'r

l
taìor 

- 

=
m-l"_J

n a., x.,
T mKmK

Î-x .x .K=t_ ml mK

When the quadr.atu:re nodes a::e fixed in (4.4) and
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I

z

0.68380262

0.48470056

0. 95579191_

0. 37t_8781-6

0. 88486952

0. 99226589

0.30065913

0. 81300049

0. 97407840

0.9983331_4

0.25191_54f

0.747L95r2

0. 94940738

0. 99342517

0.999581-04

0.89648004

0. 83640681_

0.1_4739637

0.71983972

0. 2s 057401

0 "02626972

0.61996725

0. 3l_438445

0.059i-5685

0. 00567889

0. 54068166

0.35069805

0. 0918r_342

0. 0151s203

0.001_42326

0. 368 02

0.14096

0 .0627 6

0. 0307s

0.0L622

Table 4.1" Quadiratr:r,e parametens foi: minimal- no:rm quadtature nules

n Quadr.atu::e Nodes Quadi:ature Weights

ml

Minimal Er:r.on
uuc¿ I .

'mn
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0=a<x,
-L

,,1-^- +1^^ ..^.: ^l^+^wrrçll LrrË wçrËrr Lù

the I i ncar sr¡sf em

I - the er.r.or e.oefficient!-)

... e n) are chosen to

is ruinimized

be solutÍons of-t

<x
n

-mk (k

*mk
j = 1)2r...e n. (4.10)

f -. --

ìk

The quadi:ature rul-e (4.4) with weights defined by (+.1-0) is applicabte

only to those functions f(x) which are analytic on (-frl). For'

the case of all preassígned nodes being intenio:r to [-1r1] it can

be shown that as the iregion in whích the integ:rand in (4.4) is

analytic extends to incl-ude the entine r-eal- line, the quad::ature

weights associated with the minímum norm quadnatur.e rule will-

converge to those of the Newton-Cotes quadr.ature ::ule based on the

points x-" x^ . x.- _L' 2' ' n

0n the basis of the above development of quadr"ature rul-es

seti qfr¡r'no tha n ' antr¡ - the nrlesf í on of theil Dr.ã.'--*-_*-J ..llnfmum nonm pl?op

ticality ís refl-ected in the significance one places in the following

facts. Fir"st, the existence and uniqueness of a quadr.atui:e satisfying

the minimum rìor?m pr"oper.ty is dependent on the Hil-bert space being

considered. The rest::iction of the cl-ass of functions fon which

the quadi:ature ::ul-e is applicable may be sever.e enough to pirohibit

its use in manv nrenl-jnel nrnlrlpms- Sccondlrr- the determination ofô vvvvr¡s+J,

sue.h nladratilre r.ules for. a'ì arse numher of abse.issãe mav t¡e dìfficult.

If it is necessary to sol-ve a system of equations such as (4.9) ttLen

the effor"t expended to detei:mine the quadrature weights and abscissae

woufd be unwarranted. The::e may also exist the pi:oblern of dete::mining

'ìl
_ tôø
x . _L-2( .
ll

n.
T_L

^-J
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f l-ll - (-, \ -/ rl
I lfl I if only a set of ordinate yafues if(xr),""., f(x")Ì is

given. Finali-y, because it is known that tlrere exists a connection

between minímum norm quadratur.e rul-es and the Gaussian and Newton-

Cotes tvne rlrles- thc nr.eferentr'¡l nse nf thcse cuad.natute rlt'ì es can

be iustified.

4.2 Optimal quadrature formulae chanacter.ized by minimum roundoff

ellror

For. a siven nuadratr:.::e irule* Ò*'

Those instances for which it mav be

minimum noi:m quadrature rules include (i) ttre

small norm which is easy to calcul-ate and (ii)

knovm¡n,io,isuchthat lf (f)| <e IlflIrmn' 't mn rr rl

value for some small value of n.

desir:abl-e to use the

infesr.and havinø a

the val-ue of e is
mn

r's an ae.e.entable

a.f(x.) + r (f)
lln

(4. 11)

inequality we trave

that the or.ob'l em of

of a. (j=0r1,...rn)
J

¡b
J w(x)f(x)dx =
a

n
TL

J -r

and an unavoidabl-e en::on .i associated \^rith eithe:r the expe::imental-

d.eter-mination on cal-culatior of f (x, ) ( j = I) 2, ..., n), the totaf
J

r-oundoff error R_(f) for equation (+.ff) is
fì

R(f)* In .4-

ln (r)l < ('n

minimizing

such that

1 ¿'rl
n
f
L

J -r

R
n

. F:rom the Cauchy-Schwa::tz

õ 1 l^ n
r- r¿\!/L ,. r r_ t2\L/2
lq. | / \ t tã.| ) SO

- ,. f| '-. J

leads to the deter.mination

It) al = minimum.
.L- 1

(+.12)
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If it is aÌso required that the quadratu::e rul-e (4.1l) be exact for

constant functions then the added condition

(+.ra)

is obtained. Quad::atr:re weights which satisfy (4.I2) and (4.13)

--'-..f ¿--^^-.^ì-- -r-^ ^-+-'^€-- *L^ svstem of eouationsùfllluf Ldrreuuòfy olòu òd Lròry Lllg _J

where À is some nonze::o constant. Solving (4.f4) yields

^^ 1 - ^ "'- Ir2r...rn) so that all- the weights ane equal and¿dL - ^ - \J \Jr -

--b
in view of (4.f3), -k = *J w(x)dx. The i:esul-ting quadrature rule

a

for minimum roundoff e::ror is

(4.15)

and is r.efer.r.ed to as being a Chebyshev quadr^ature formu.l-a.

The Chebyshev quadrature rule given by (+.15) is exact fo:r

at l-east all polynomials of degr.ee l-ess than one arid is defined

whenever. the weight function is integrabJ-e over the intenval [arbJ.

T.TL^* +L^ ^,.-l--+tl11e nndcq v li - 1 ô - \ ¡na nno:qqr's¡p¡l fhanvYIrçrI LllË qudul'éLus lluuco 
^j \J - L¡ZIooo¡IJ) d- 6rreu Lrltjlt

it is likelv that the hiøhest rìeør.ee of nr-ee.ision has been:reached.

nL
\. TJJ) a. -/- w(x)dx
sfl

-a

# {i.1 -^rT ai-fb'<*la*tf =0,k=1,2,...,rt (4.r4)o'k (:!r t jlr- I '. f

ID Nt-
J I^I(x.lï(xjdx = U / t(x.) ,nLf
- ^' -:-f J
d J-a

-,b
c =!/w(x)dxn nJ

a
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0n the other. hand, if the n quad::atur-e nodes a::e treated as parameters

then it may be possible to inc::ease the degnee of pnecision of the

quadirature r.ule to n. To obtain this level- of ÐrecÍsion the cuad.na-

ture nodes must be chosen such that the system of equations

is satisfied.

The sol-ution set for the system (+.f0) is usually obtained

indi:rectlv bv so'l vins for the r'oots of the nolvnomial- " "*J "J Llrç PvfJ rr

nÈ,
F k I I- k
) "ì = Ë- | x"w(x)dx k = 1,2,...,1 (4.16)

J-r rl d

n
Pr.(x) = .n (x-x.) = *t + Arxn-f + Arxn-2 + ... * Arr. (4.17)

I'I l

The connection between the polynomial lrr(x) in (4.17) and the

system of equations (4.16) is that of I Z+, p. g24l

Al = -(*t * *2 * ... + xrr) = -bl_

A2= *I*2 * *l*3 + ... * *l*r, + *2*A + ... * *2*n n *rr_1"r, =

, 
r/2(b2 + Arbr)

c . (4.18)

^ / - 'n 
'ì

Ar, = (-l)--xrxrxu .." xn_.,_xr, = - i (br, * Al-br._l_ + ... * Ar,_tbt)

n,kwhere bk = ¿ xi , (k = Lr2r... rn). Now noting al_so that
J

J-!
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L
- ît 1.TIKb,- = i- | x"w(x)dx it is possible to cal-cul-ate s-equentially the

KUJ na
coefficients A. (i = l- r2r.".rn) foir p_(x). The 'r.oots of p-(x)L ' *n. -n

and hence the coriresponding quadratur"e nodes fo:: (4.15) can be

comnllted nìtmert'e-r r-- L-- "^"-- s^r, cxamnlc cither Newtonls on- -df,rJ uJ uòIIlé r ur' çÀqu¡PrY çr Lr¡çr

Bairstowrs method.

For. par.ticulal? weight functions and ce:rtain values of D,

it may happen that some on al-l- of the roots ane eithen complex on

l-ie outsíde the inte::vaf of intesration. In such instancesrthe

Chebyshev quad::atur"e r.ul-e having a p:recision of oi:de:: n is said

to be nonexistent. It is known, fo:l example, that Chebyshev

quadratu:re foi:mulag of maximum pr"ecision exist fo:: the weight function

w(x) = -+, f lx<l- and for.all n>0. Fo::suchquadrature/-z
v L-x

r.u.l-es the degi:ee of precision is in fact 2n-I. 0n the other hand,

for. the weíght function w(x) = I there can exist Chebyshev

quadrature rules having only a precision of order" n = 11213)41516)7,

o:: 9.

Since there ar"e known to be only a few quadrature rul-es

which are defined by (4.rs) and satisfy (+.r0), there have been

some attempts to expand the cl-ass of Cheybshev quad::atu:re irules by

modifying either or both of the requirements (4.15) and (4.16).

As an example of the limitation of the defining cha::acte::istic

(+.fS), the occurl?ence of an odd (o:: peiriodic) weight function and

a quadnatu:re inte::val [arb] = [-crrcr] (or [arb] = [orp]; p = pe::iod

of w(x)) gives C* = 0. This difficulty has been oveircome by

defining a Chebyshev quadrature nule for an odd weight function to
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be

n

"bTI t \ -/ \ ì ^ T r -¡ \
/ w(x)f(x)dx = C. ) {f(x.) - f(-x-)}

J- " -i-'ì J J
J -¿

( 4.1s )

where n is even and C o x"o x^, ...¡ x satisfv the svstem ofn, L' 2' - -. ' .-n __-_-_J

1
anrr:finnq

and

The pnecision of the Chebyshev quadrature rul_e (4.19) is n+1.

Al-ternately the requilrement (4.16) often yields complex

quadratune nodes or nodes outside the inteirval- of integration. A

slight modification to (+.fO) as pi:oposed by Bannhil-l- et al-. tS I is

to define a Chebyshev quad::atu::e rul_e by (+.1_5) subject to the

nequinement

(4.21)

Although a high level- of pr"ecision is not always associated with this

tvne of Chehr¡shev nlladr.atrlr.e- -it is nossihle fo nh.l-:r'n f:r'r'lr¡, ¿L 4u UV vv

accuilate quadratui:e app::oximations using only a smal_.1_ number of

quad::atu:re nodes. For example, the Chebyshev quadiratune ï.ule

satisfyinC (4"f5) and (+.fg) for the weight function w(x) = I and

n
2^b

n f ZK'fl _ I ¿R+I / \i - nC- l, x; = I x--- -w(x)dx, k = Orf ,... rä (4.20)
¡r -:_r J J -¿

I- I A

n
1
FZK^n

.L. *i =o k=1r2r...rï
-- |

nnþ
I u^ F K I K ,2
¿ \u- L x: -l x w(xldxJ = manl_mum

J\-v J-r é
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n = 8, f0 and 1I exists. with all- quadfature node$ being s¡i:mmetr:ic

about the midpoint of the interyal- of integr:ation and the midpoint

being a multiple node. Fo¡. n = B the minimum value associated

with ( 4.2r) is 0.79 x 10-6. The col?nesponding chebyshev quadr"ature

rul-es fon n = 8, fO, and l_J- satisfying (4.16) do not exist.

4"3 Quadratr::re fo_r"mul_ae ûitlr l_eaSt upÞèr bóúnd er::ön.

If a quadrature rul-e of the for.m (+.ff) is being considered

for the integr-ation of a class of functions F. then the p::eviously

mentioned situations of (i) fixed quadr.atu¡e abscÍssae and var.iable

weights, (ii) fixed weights and vai:iable abscissae, on (iii) bottr

vaniable quadratune weights and abscissae mav be encountened."

Cor.r"esponding to these thi:ee cases an optímal quadiratu::e r.ul-e can be

defined as one in which the var"iable quantities ar"e chosen such

that a l-east upper bound for the quadr.atur"e erlrol3 is obtained with

fha laâcJ- rrnna- bollnrì for. thc nrr¿fl¡¿l¡fre erl?orô beins defined hr¡Lr¿e yuqu|e L u ç çt t vt. !ç¿¡¡6 uçr f,¡¡çu !J

rn __ r . - JI.Lf t'{,.uoDcrf t- ìn

' j=r-

T.¿.rr.b..ii = i"f.r, {?'P lT"(f ) ll)-- {x.}" feF rr

I ;-'

rs.,,.b.,iii=ilir,r., 
r{iïF I rn(r) I }

**r lrn(f ) | ] (4.22)

(4.23 )

(4 "24)
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nespectively. 0n the basis of these definitions the magnitude of,

fha I a:c'l- rrnna- bound cllladr-.af rrre er"r,or wi I I rlanand qr'onr.f ¡'¡¡nl-lqutl.ç ç!!vr.wf,r¿ uËþ -*_*..-*y

on the specified weight funetion w(x) and the ltsmoothnessn of

the family of functions being conside:red.

The ability to analytically measu:ce the smoothness of

the crass of functions is impontant rfor" it wil_l- often enable the

specification of the parametens whích give a least uÞper bound to

the quadrature eruolr. This fact has been wel-l il-lustr-ated bv the

investigations of Lebed [ 30] ínto the deter.mination of optimal

quadr.atur"e nul-es which satisfy eitheir (+.ZZ¡ , (+.Ze ) , or ( 4. 24 ) .

The two classes of functions which Lebed considepêd ane uô and

tU,r. A function feF6 satisfies lf {xr)-f (xr) l< o (xr-xr) foi:

anv x_. x_ efa,b] and a ( x, < x., I b with ô(x) being the'I'2-l-z

modulus of continuity" The class tô.r, depends on a given set of

abse-iss¡e {v Y -'I r.rhâh^ - <\,d.rröu-L5b'd.e ln:-, n2, ...r *nJ Wnefe - a *l a *2 a a xra a b

and feF*_ if lr(")-r(",)l <ô (l*-*_ll - RO¡D ' K ' ' \l^-^Ll" r Pl < X S ß'' *, ^- +*,- K K+t
(k=1,2,...,n) and ßl_=., ßk=-S# (k=2,...rn)r
ß = b. It is nofcd th:t tr c FÂ * fon any set of abscissae'n+l_ -6 orn
and for- any n. t¡'lithout l-oss of generally it ís assumed that

Ia,bJ = [O,t]"

If the modulus of continuity ô(x) is known for^ all funetions

in FA olr F, * then an optimal quadratune fo::mul-a satisfyingo o-n
(4.22) wittr r.espect to the fixed set of ¿þssjss¿a fv - - ]r.'I).'2r.o.r^n

can be detenmined. The dependence of the quad::atu::e r.ule on the

weight function, modulus of continuity, and. specified abscissae is

given by the following theo:rem due to Lebed
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Theonem 4.1. The optimal quad:rature i:ul-e satisfying (4.22) for the

f ixed nrr:dnefrrne nodes x -:a - ^ - -f¿ h:q nrr:¿l,n:trr.rra r^raì oh+q
^It^2, . . c ^n rruo Yuqur q L|.4 v ryu¿6r¡ Lo

(4.2s)

n Å5'
^_r m _ ç f'K+J-clr.ru L^ - I IV oltoñ. ì u ,)L k=l "

Þ.
K

w(x) ô (lx-xol )dx.

a
I k+l

a.,- = I -- - w(x)dx k = l-r2r"..rn
^l

ñ

n ^ß-m(xf,x2,"..,xn) =.l_ J 
k+] w(x) ô (1.*-"ul)a*

K=I K"--k

n Éi*t= IJ,"
¿

w(x) 6 (lx-x. l)¿x. (4.29)I K,
T

v.11cño 111

(+.zo)

Co:rresponding to case (iii) of this section, Lebed shows that the

optimal- quadnatui:e r"ul-e satisfying (4"24) with ::espect to the cl-ass

aF f"--+'i ^-- F h¡s nrr:rì¡:frr¡a ¡l¡qnr'<q:a -t! 
fr :t

oT Tunctr-ons t'ôr. *__-l1e a.bscl_ssae *L, *2r... r Xra which

minimize the function

(,4 "21)

and quad::ati.r,e weights

.L
R

1 VLIa.,-=l "''w(x)dx k=1r2r...rrt (4.28)K J.,.

ß;.
^

;lwhere ß,- (k = Lr23... en) is as defined above and ß- = a ,K ' '-L
tJ.

v -Lv?t "k--t '"k :!R = .' * -" (k = .l-)2)...rn), ß_,. - b. The l-east upper bound-k 2 ' )L)"')L'/) nr-L

quadnatur"e eruor in this case is

k_fßk



CHAPTER V

THE APPROXIMATION OF I}IPROPER ]NTEGRALS

5.1 Integ:ration over infinite interval_s.

A conver.gent improper. íntegiral- having an infinite quadr.a-

tr:r'e inter-val mav have anv one of the forms

I \ t¡ |

(5.IDJ

| \ lñ |

with the integrand w(x)f(x) being bounded and integ::abl-e over the

cuadr.attlr.e interval . Each of the ehovc r'mnr.nner. integrals is av ç rr¡rl/! vysr

sneci a I nlohl cm in numerical inteøi"atì on hea'arse anv numeri e.a'l I v¿esf ¿r¡Lv5ruLfv¡r uuuquDÇ ¿vsf¿J

computed quadrature appr"oximatíon can be based on at most a finite

number of function eval-uations with arl quadr"ature abscissae being

l-ocated in a finitely bounded interval_. Except fo:r the cases of

(S.fa) with weight function w(x) = s-x and (S.lc) with weight
-_2

ç,'-^+.i ^- -,¡/ -, \ - - -xr-uiluL-Lur-L w\x./ - e , none of the standand quadr.atu::e methods can

oananato 2¡-rÌÐr+e Cl¡afii.atrlr.e ennfoximatiOnS fOf a I a¡ge cl ass ofL ¿vf ro r vr 6u vrqo o vr

functions 
"

ff any of the conventional-lrlewton-Cotes or Gaussian

clladr.atllr'.e rtlles Are to be USed to aDDroxj'mate an intesi.al hawinruruo d.I'g L(-) Ðg Ulie(1 __ _rr_ ** -^*.*_.9

infinite l-imits¡then one appi:oach is to make a t::ansfor.mation of the

r
I1(f ) =J w(x)f(x)dx , l"l < æ

a

Ï,PI)(f) =/ w(x)f (x)dx , l¡l < æ

l'*
I^(f) =/ w(x)f(x)dx

ÓJ
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independent va::iabre so that the integral wír-r- be reduced to one

having nemovab-r-e singura:rities at one or both endpoÍnts of a finite
inter"val. often many tnansfonmations can be used but the one pre-
ferned wii-l- be that transformation which nesul_ts in the integ:rand

being ]-east compricated, both computationarry and str.uctur"ally.
Fon (5.1-a) a transfoi:mation can be chosen such that

(s.2a)

whei:e v.(v) = 
É7. 'C*t) and sr(y) = r(t-"li;c'-.).

A suitable tr"ansfopmâl'r'nn fan /q.lc) resu1ts in

-1
r3(f) =J^ ur(y)cs(y)dy (s.z¡)- "-1

^/\
whene re(y)=r*Y'^= */--+\ and e^(v)=f /u \

(;7V - 
\;7/ 

and se(Y) = r (:?) ' rechniques

for handfing the singulai:itiel ir, (s.za) and (s.2ùt '-1" di".ussed
in Section 5.2.

Al-te:rnately by noting that the theoretical definitions of
(S.ta) and (S.tc) are

.x
ir (f) = tim I r{t)at

x+æ J

a

and

10
L (r) = .r-im [- r@dt + ti, f r(t)at
" *-t*=* x*'o
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respectively then it is ::eas_enahl-e to der"iye quad¡gtu]"e epp.l?oxiqations

based on finite interval quadratr::ce i:ules by ignor"ing the tr¡¿i1rr

of the integ::al. For the case of (5.1a)rDavis and Rabinowitz

Ir+, p.90J suggest the integral be approximated by a sum of integnals

n ¡"i+l-r.,(f)rr.,-(r¡= I / f(x)dx (s.3)
* ¿t¿¡ 'i-ô -n

a

wheire {oO, o1, ...} is a sequence of numbers conve::ging to infinity.

rn pi:actieal applications rthe upper' lÍmit n is chosen such that

rr lltlI _.,_I f (x)dx ( 6 and the sequence {i:.. }..'_" is a geometi:ic sequence- i - i=0
ïa-

such as {zt+a}1-o r. fon example. Foir each integral in the sum (5.3),

a cl-osed-type }trewton-cotes or Gaussian quadratr::le rule is applied.

A mor.e direct app:roach proposed by Isaacson and Kel-ler" IZSrp.350] is
to choose some lat-ge number T, such that the impropen integr.al

becomes a sum of two integrals, one of which is proper,

The integnal trr, is approxímated by an ínterpolatony.quadi:atu.r,e

rule, eithei: of a simpl_e on compound nature, and the integnal l'1 r*
is transfor:med into an integral simil_ar. to (5.2a). The panameter

L is chosen such that the value of f ., @ is significantly smal_ler

L rlelt f _r: l,

If it is known that the integnand in (5.1a) is nonotoníc

-^Ådnc. J-rm f(x) = 0 then a simple Reimann sum can be
x+@

used to appnoximate the improper integnal. The fact that a
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Riemann sum wil-l-

of the integ::and

suffice is based

gives [t+,p.gt]

nn l-}- a ¡aor'l+ +L-*vrr Lrlç + çòuI L Ll.tc1 L fha monnl.nni^.'-l-.'ev¡¡4ça LJ

f(a+kh) < h f(a) (5.4)
r*0=J
a

æ

rtxJdx - h ).L

for. any h and f(a) > O. Fr"om (5.4) one obtains

.l-imh I f(a+kh)
h+0 k=l

since use of this method on a digital computer- will r.equir.e the

Riemann sum to have a finite number of te::ms this method ís iust
another variation of the technique of igno::ing the iltailrr of the

integrand. The advantages of this approach, however., al:e that the

quadnatune elrlror is ireadil-y availab.l-e and the quadrature approxima_

tion can be easily computed. A disadvantage of the Riemann sum

method is that any sequence of quad::atune app::oximations wil_r_ con-

verge slowly.

A somewhat díffei:ent and in fact mor-e d.irect aÐÞnoach

than any of the above techniques for the approximation of either
(5.ta) or (5.fc) is to rnodify the integrand so that the appr-op::iate

Gaussian quadnatune weight function appeaï-s as pant of the integnand.

The required modifications could typieally be

FI -,=J ï(x)dx.
a

/ 
*w(*)r(x)dx 

= ,[ 
-.-*

00
and

8a (x )¿¡
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I - w[x)f (x)* = f " 
*' 

,r(x)dx/-

\^rhere sr(x) = exw(x)f(x) and gu(x) = ex w(x)f(x). The obvious

disadvantage in using this method is that Sa(x) and Sr(x) will
mor"e than likety be unbounded so that the standa::d exDr.essions fon

the Gaussian quadratui:e el?l1ors wil_l not be useful .

5"2 The_ integr"ation of singul_a:: integrands.

A diffeirent t5pe of impi:oper. integnal to that consíder"ed

in section 5.l- invol-ves a convel.gent integnal- for which the integ::and

is unbounded at one or more points withín a finite quadnature intei:-

val. As noted in the last section the connection of this tvoe of

impnoper integral with that of an improper" integ::al having an

infinite quadratur.e interva] is made thnough a transfor"mation of

vaniabÌes. However. the::e is a distinction to be made in the pr.oblem

of choosing a quad::atur"e method foir the two types of impi:ope:r inte-

g::als. Aside fuom the usual_ question of t::uncation and ::oundoff

errors, the p:roblem of choosing an appiroximation method fon inte-

grals with singul-air integi:ands is compounded by the fact that the'

type of singula::ity (either^ Iogar:ithmic or algeb:raic of a fixed

deg::ee) affects the degr.ee of convergence of the quad::atur.e method.

t16]. The othe:: conside:ration foi: app::oximation of integr"als with

singular" integi:ands is that some of the commonly used techniques

are theoi:etically unjustified, either. fon some particul-an class of

integnands or. fnr' ¡nr¡ r'nfao¡:nár¡¡ L vÉr qr¡u c

A tvnical imnr.oner'. infcor.al r^rifh çr'nsrrl.ar ¡'nfaor-..,r .'-: r rr¡¡ryr vpv_ u4¿ u¿¡¿ås+q! ¿arLe6! d,llLl WJ_JJ



84

be of the foi:m

r(f) f (x)¿x

where -æ ( â. < þ < æ and f(x) is continuous for all_ x in eithen

of the half-open interval_s (arbJ or [arb) o:: the open interval
r- r-\ t*- -"*-'rlarities aÐneal. in the inteirval- le.h) the imnrc\q l! / c rr òrllBL¿+w -LIt t-Ite l-nIerval \g,u / _--_ _.--r_ Jpell

intesnal can be tnansfoi:med into â sum of r'mni"oner intesi"a'ì s with-__ - -Þ- sJo vv r (

sine'ufarities at one or both of the endnoints of the cuad'natrrr.e¿¡r Lo vr

subinteirval-s. without l-oss of genei:ality it can be assumed that the

interval- [arbJ cor]responds to the inte::val_ [-f ,f ].

An investigation into the techniques of appnoximating

imp::ope:: integrals such as (S.S) reveal-s the fol-lowing methods for"

handling the singulanities; (i) change of variable, (ii) elimination

of singula::ity by subtraction, (iii) use of integz'ation for.mul-ae

of the intei:polatony type with the singulanity (or- singular"ities)

beinp-absorhed into a fìxed weìøht fnnc'fion- liw) oroceedins to theLrv¡¡, \rvl I/4

l imit. lrz) r"cmnr¡al of sinsul ar.'itr¡^ end f rzi ) r'ønnrr'nø tha qr'norrl ¡¡r'fr¡) \v/ st¿uJt qltu \vtl fËII9__--Þ _*!rLJ.

Fo:r the first techniqueoan algebraic singula::ity is

remowed hrz a tr':¡SfOf"matiOn Of Variab1 es-thlrs c'onve¡tino. the imn! çruv v cu uJ q Lloll¡jJ- ()I''llld LIOII OI V*- _-._ *...".13 OÞel?

integnal into a propel? integi:al. The p:rope:r integr.al- which arises

from the tnansfo::mation can be approximated by any of the standa:rd

interpolatory quadratuLe irul-es. Such an approach woul-d wo::k foir

integnals of the form

h
-t-l

J
a

=nI
J
0

rI
J
0

X I(X,IOX I -z ltr !!-z--f(t I t df
r\L / v
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I^rhere n > .l- and f(x) has no sj,ngular"ities in the inte:ryal lOrff .

The method of subtr"acting out the sÍnguranity involves

choosing a function g(x) such that f(x)-e(x) is bounded and g(x)

has a c.l-osed fo:rm integral . A frequently quoted. example for" this
method is

fcos(x)" f] ¿*
Á--7x 

o"=J G

The infao-r-, cos(x)-l -:^ L^-.-¿r¿e ¿¡¡Leslqr¿u 
Ë is bounded at the o::igin because

cos(x)-l-r.T+--f - l-. The thir"d technique mentioned wil-l be applied tox+u 
"bl'nf cs¡: I < nf +1r - |uro v! urre foltilì I w(x)f (x)dx wher"e w(x) has a singula::ítytu

at one or both of the quadi:atu::e l_imits. The only nequirement for"

the use of w(x) as a weight function foi: inte::polator-y quadratur.e
ì-

r.ul-es is that f r{*)"kdx (k > O) must exist.
3

If the integi:al (5.5) has a singular.ity at x = a then
L

hr¡ dafinit-i^- 't r'm f b €r*,\r., r"sçr¿¡rrurvr¡ ¿r',+ | r rx7ux = / f (x)dx if the limit exists.
x+a' J J

xa
Fon a convergent integi:al- with singularity at x = a a quad::atur.e

app::oximation can be obtained by either- t::uncating the quadiratui:e

interval oi: else by computing a sum of integrals. For the fo¡.mer

appr.oachra sufficiently smal-l- number r is chosen such that
LrD f?Tr'-tr\ - f c/r\:-r-(f) ÈJ f(t)dt and / f(t)¿t < e fon some prescrj.bed eïaro3

ï1
a

leve.l- €. The integral for" the truncated inte::val_ [r".rbJ would be

appi:oximated by an intei:polatoi:y quad.iratune i:ul-e. The other apÞ::oach
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rÌ ,r.
F ll- ^,.,-.gives I(f)^, ¿ J- f(t)dt \.rhere b=o0ìff to2t is

-i -^!-v t ¡ rf+I

â sênuên.'e of nrmbers c.onvei"øinp' to x = a. The lÍmit n is
^T

usually ehosen so that I " f(t)dt . €t and af.I integrals in the
'r

n+-L

sum are approximated by closed-type inte:rpolato::y quad:ratu::e fonmulae.

These two methods a:re essentíal-ly based on the idea of Itp:roceeding

to the l-imitt'. Analogous procedures can be used for íntegnands with

a sinsula.nitv at x = b.

The method of r"emoving the singulai:ity will be used fo:r

integi:als in which there is an apparent or removable singularity in

+l-r¿ r'¡r-aan=¡¡l Tha qinørrl:r,r'tr¡ r'ç ll¡emovefitt hr¡ (laf ininø the integ¡anrlL llç rll Lçór'qr¡u !o r errrv v uu !J uç!

to be a finite (usually limiting) value. An example of such an
'ì

integral is f 
- qidå) dx. wheire in effect the integrand f(x)

/ x 
s^' vY¡¡vr

is bounded for al-l x because 1i*'sin(x)= 1. Bv definins f(O)_. J

x->O x

a closed type quadnatu::e rul-e could be used to approximate the

an-Eegral"

q¡'nlvì

x

-¡

The method of ignoníng the singula::ity is per-haps the

simplest but at the same time most hazairdous app:roach to genenating

an apprloximation to an impnope:: integr"al having singulai:ities.

Essentially the method is one of assigning a finite value (usually

n\ +^ l-lra'inl-aa-:nd fnn:nr¡ qr'nc¡ltl:r'itr¡ r^rhinh ânTlêe.rls af the end-w ,l Lv Lllç !I¡ uç6I qllu rvr qIlJ ù!r¡óu4u¡ t LJ syyeur u q L

point of the quad::ature inter.val-" Then either a sequence of open

or. closed type inter.polatoi:y quadnatuire formul-ae are used to generate

a (hopefully convergent) sequence of quadr.atul?e approximations. The

lteason why this method is a hazar.dous one, is that absr:rd resul-ts
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can be sometimes obtained tfS]. Conditions required for. the

c.ônve7ìpene-e of the seclllence of 6rr=rlr=l-rrna :nnnnvjmatiOnS afe de-.Yqsu¿

scnibed in [rs], [38], and [35] with the deg::ees of convelrgence for

ìntaon:ndq har¡ino er'fher' l ns¡r'ithmì o nr' :'l oehne ir. sr'nørrl arr'ties

for differrent sequences of appiroximations being given in [f0].



CHAPTER VI

COMPUTER ALGORITHMS FOR NUMERICAL INTEGRATION

6.1- The advantages and limitations in using a digital- computen for
numerical integ:ration.

The aníthmeticat computations :requir.ed of any numerical

nrr:dr.:trrr.a maihnd m¡r¡ ho na¡fanmod Ïrrz h:nd nr" oI^^ L-- "^"-- ^"+L_ _ E __ -*se Dy usr-ng er-rner a

desk cal-culator- or. digital compute:r. For each of these computational

methodç :nrr nrr:dr:trrno :nnnnwim:f inn ¡nmnltfod Ìrr¡ rrqì'no fl o:f ino-nninfs}/t/r vzr¿¡¡¡q

arithmêtic wil-l have an associated truncation er"nor. due to the finite

representation of constants and ::esults of inteirmediate calculations.

This tvne of er'.r'or'. is usua'l lw several order.s of map"nitlide less than

the t::uncation error associated with the quadr"ature rufe and poses

no serious nr oh]em.

hhen a digital computen is used to compute a quadi:ature

appi:oximationrthere is an additional- eniroi:, called roundoff error,

due to the repr-esentation of a decimal nurnben in terms of a finíte

bìnarv fr"action- The maønitr:rìe of the::oundoff enroi" denends on

the base of the number svstem. the number of bits used to stoi:e the

binary fnaction, and the :rounding piroceduire used to obtain the

binar"y floating-point applroximation (cf . t Sel, I fO] ). If sevei:al

ca.lculations are maderthis roundoff error- is magnified and can

become a pi:oblem of such magnitude as to rrdest::oy an efficient and

sound computational procedur"e predicted on ar"ithmetic in the r.eal

numbe:: fie]d." [33] The pnoblem is fu::ther compounded by the fact

that the roundoff errror for" a quadnatur"e method cannot be computed

a orior.i without conside::abfe diff-ierrtfr¡- Thirs the two facto::s of
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limited accuracy and uncertainty of the rrconrectness" of the computed

quadr"atune approximation present the most severe l-imitation in usins

a digital computer for the cafcul-ation of a quadrature approximation.

A second fimitation in using a digitar computer fo'

numer:ical quadr.atur.e conceïans the unadaptab.l_e nature of a dieital

computer. rn the pnaetical- use of a digial computen thene can be

only a fimited amount of human intervention in the computational pro-

cess. Thenefone any tests for undesii:abl-e chanacter.istics such as

g:rowth of roundoff er::or,nonconveïagence olr even spur.ióus conver-

gence in the quadr"ature appi:oximations must be incor.porated in the

computer^ algorithm. Any efficiency techniques such as the use of

l-ow-ordeir quadr"ature ru]-es fo:: regions wher-e the íntegrand is veny

smooth and the avoidance of r.edundant function eval-uations for¡ com-

pound quadr"ature r.ul-es add to the comprexity of a computei: algor"ithm

fnn nrrmani n= I -'radr atur.e . As a resul_t the most ace_irr.efe _ effi ni ent -
r qLur.ç. 

^ò d I,cöu_LL LIlg InosI *__*

and infallibl-e quad,atune argo::ithms ar"e rong and complex.

rn spite of the above mentíoned difficurties.thei:e are

distinct advantages in using a digítal computei: foi: the cal-cul-ation of
quadratur"e appr.oximations. The most notable advantage is the sho::t

time in which an appr?oximation or even sequence of app'oximations

can be computed. t{hat may take minutes or even houns of human

effort to calcul-ate a sequence of quad.r.atune approximations may

nequi'e only a few seconds of computeï. pnocessing time. secondly,

thene is little chance of computationa-l_ mistakes beine made when

using a digital computer". rn pe::fonming a::íthmetical- computations

by hand on else by using a desk calcu-l-ato:r, there is a good e,hance. of
human erlrol? due to miscal-culation on wr.ong entuy of number.s. Exgept
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fo:: ¡nachine fair-une, Euch- gress epr?o-l's wir-r- not occu' wh-en uging a

digital computer". The thi.rd advantage is that a compute¡ algo:rithm

for the integr.ation of a lange class of integnal-s can be coded in a

computer language whích is vir.tually machine-independent.

Thenefonen the:re can be an almost unive::sal Írnplement_

-+-i^- ^€ -arr-on or a computer algonithm for nume::ical quadrature with the

algor:ithm being usabl-e by those who az'e either well-acquaínted

on only eunsoníly famiriar with nu:ner-ical quadr:atune rnethods.

6"2 The charactez'ization of an ideal_ automatÌc intesnator

An automatic integrator. is defined as being a computer-

algorithm fon the numenica.l- appnoximation of an integr"al- with usen

input consisting of a pair. of integ::ation rimits, a function routine
foi: the integr"and o:: a set of function va.rues, an erro:: tor-enance

level, and usuarly an integei: r.ep::esent'ïng some computational

att::ibute which, if exceeded, causes the tei:mÍnation of the quadr-a-

tune process. Output fr.om the argonithm consists of the rbestrr

quadr"atur"e appr-oximation and possibly a measure of the quadr.atui:e

er?nor. Automatic integr.ators ar"e c.l_assified as being adaptive o::

non-ada¡:tive and can be either iter-ative or non-iteratl.ve- Fnr, ¿¡

adaptive quadratune schemerthe quadr-ature abscissae ane chosen on

the basis of the behavior.u: of the integrand over- var.Íous segments

of the quad'atune inter"var-. fn an inte'ative scheme.successiye

quadrati::re appnoxirnations al?e- cQjnputed untir two successive

appnoximations agree to a specified number. of digits o:r else until_
a maximum numben of quadnature appr-oximations have been computed.
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The quarities associated r^¡ith a successfur_ automatic

integrator: cent:le on the practical aspects of numei:ical integr"ation.

One of these attr.ibutes concerans the prevention and detection of

the roundoff enror.s. rt is desjnabl-e fo:: a quadratu:re scheme to be

'l---^l 
^-^ ^ ^..-J-Dasec on a quad::atuire r^ul-e or sequence of quadr:ature r.ules having

quadratune weights which are positive national- numbers3for these

¡trlaq Ìro'ln nna"gnt the ør.ovrfh nf such ellrons. Frnr.rarra- :ô +.i -'v v er¡ L vw Lrr va ù uutl e|r.(Jl'¡i . fl()Wg VeI' , aS f agìJfe

6 .1 indicates , the choice of such ::u.l-es does not guar"antee that

roundoff ernon wil-l- not accumulate. Therefo::e thene al_so should be

a capability in the quadr.ature scheme fo:r the detection of accumu-

lating roundoff et?ror.

secondly, in the interest of avoiding unnecessany calcula-

tionsrthe computer algonithm shoul-d be abi-e to detect and nepo::t

non-convergence or even slow convellgence of the quadratur.e appnoxima-

tions after- calculating onty a few quadratune appr.oximations. Fig¡re

6 .2 il-l-ustnates that there is no advantage in doing mor:e than thir"ty-

one or even sixty-thi:ee function evaluationsrfon no significant gain

in accuracy of the quadnatune appr-oximations is r-eal-ized. Another

ñ-^l-'l^- ^€ +L:^ !---proDrem or rnr-s type concenns the possibilíty of spu::ious convergence;

that is, the convergence of successive quadrature appnoximations to

the w::ong number.. Afthough the nume:rical- d.etectÍon of this fault is

a.l-most impossiblerit is desir"abj-e fon a quadnatur"e scheme to be

based on quadrature rul-es which ar.e unl-ikely to genenate such

appr"oximations .

A thind cha::acteristic of a good automatic integnatoir is

a lack of complexity. Here complexity is constnued to incJ-ude
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number of interval-s
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Number of

Function Eval_uations

3

7

-l-5

3i-

63

L27

255

The appr.oximation

Rel-ative Quadr"ature Enr.ors

9.2 x f0 "

-?7.2 x I0 "

-?6.5 x l0 "

a
6.2 x f0 "

ô
6.0 x f0 "

-?5.9 x f0 "

ô
5.9 x t0 "

tsloìtþê h /

J-toïle
'0

.r.nl l- -r Y"l' 2Ot dx using the midpoint rule.
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both computational and algorithmíc coinplexity. Computational complexity

concerns the number. of computations nequir^ed to gene::ate a quadra-

tur:e approximation and the occurrence of irrational- quadrature

weights and abscissae. The pr.oblem of algorithmic complexity con-

celrns the coding of the computing program. One aspect of this

piroblem is the avoidance of r.edundant function evaluations when

using compound quadr"atui:e r.ul-es such as those of the Newton-Cotes

type. The second form of algoi:ithmic complexity concerns the

generation of successive quadr.ature app::oximations and the pnocedu:re

used to tei:minate the quadi:ature process. This type of difficulty

ranges from the simple ter"mination after. two appr.oximations differ

in absolute value less than some specified numberoto the necursive

tei:minating procedure pnoposed by McKeeman [14, p.f65].

Finally, a good automatic integraton should give some

indication of the errolr in the r"esulting quadratune appi:oximation.

The fact that a sequence: of quadrature approximations is te::minated

when eithei:

la ,, (r) - A*(f) l . .'mtlm

lA*+r(r) - Am(r)l =. lAm+l(r)l

\o._1.,

(6.2)
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fnr tr.rn cìr^ôôccìrza nrr:âne+rrhô =ÐpfoximatiOnS A.-,. (f ) andUU¿lv Yggu¡

Am(f ) and for. some preassigned tol-erance level €., doeç not guapantee

+tr--+ +L^ ^''-r--+rì1.ê ânnn^vì'm:fr'¡¡ A - (f ) has a clrâdrafrlre ê,.,.oïìLI¡qL LrIç qUqUlALu! u qyyr v^rltlqLru 
m+l 

uLu! u ç!r

l-ess than on equal to €. Numerous examples (lffl, lt+rp.16tl) can

be given to il-lustrate successive approximations satisfying eìtheï.

(6.f) or (6.2) while in fact having erro?s Ín the appr"oximation

sevenal ordens of magnitude gr.eaten than €. The automatic

integi:ator, after. having tenminated the quadr:atu:e pnocedu::e, should

attempt to estimate the quadiratui:e error on the basis of theor.etical

info::mation of the integr"and. One faii:ly successful attempt in

this direction has been the approximation of successive deriyatiyes

of the integrand by finite diffenences and the use of such approxi-

mations in computing a theor.etical- estimate of the quadr.atui:e erïrol

on the basis of formu1ae such as those given in Table 2.1.

In attempting to satísfy the above nequirements for a good

automatic quadr"atui:e scheme.the::e has been a û:end towards the

¿lar¡a'lnnman'l- nF ifpTr¡f jyp- arì¡nf rlVe methOds baSed On l6ç-Order

quadr.atune foi:mul-ae. One ::eason forn the selection of l-ow-o::der:

fo'nmlliae.is that bv usínø a hioh-onder" cuarìr.atrrr.e r.r'l e- an imnrove-Yusur r ulv,

ment in the quad::ature appr.oximation r.equires the application of at

l-east one other quadnatuire ::ul-e. Since for.mulae of differ.ent or"der.s

do not usualJ-y have common nodes and quad::atune weights, the method

is inefficient. Even if accui:ate nesul-ts are obtained the:re is the

problem of estimating quadrature enroras dir"ectly when the expr-essions

invol-ve high-or"den der"ivatives. Another reason for not using high-

order- formulae is that such quadr-atune rules usually have weights and
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abscissae which ai:e ii:rationar- numbens. rn the case of high_o::der"
Newton-cotes quadrature rures thene is the pnobrem of negative
quadlatur e weights. Thei:efore the i:equirement of minimal_ iroundoff
elrror necessitates the rejection of such ru.l-es. The itenative
aspect is beneficia-l- because some infor"mation can be extnacted about
the convergence of the quadnatune appr"oximations. Finar_ry, adaptive
quad::ature methods often have the ability to concentrate on r"egions
whe'e the integ::and is badry behaved. then the integ::and has

e::ratic behaviou:: ovell one ol? mol?e r.egions mol?e accur-ate ::esults

can be obtained by using adaptive method.s.

Based on the reasons given a-bove, adaptive quadnature methods

using l-ow-onde:: foirmulae are to be pr"efer.i:ed in automatic integ::ation.

This is not to mean that adaptive quad::atune methods have to use

only low-order quadratur.e i:ules. Ol_iver. ISZ] has cl_aimed. that many

of the pnoposed disadvantages of using high-or.der. quadi:atur.e rules in
adaptive schemes a'e either ir:i:elevant on erse only of minor.

significance and as such do not war"nant the excl_usion of high-order-

fo¡mulae. Fu::ther. suppont fo:r his vie¡^l is dnawn from the fact that
the:re have not been any conclusive nume:ricar experiments which

íllust¡:ate these undesi:rabl_e cha::actenistics.

Â ? Qnma ^^--,.+o. r >ome computei: pnogramS fo:: numeirícál Qúâdi:âtúr"e

The automatic integi:ators characterÍzed in Section 6.2

a:ne tr"ansl-ations of mathematically defined algor.ithms Ínto conÞutel?

solrîce pi?ograms. usual-i-y the computer. sorllrce prog?ams arre w?itten
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in either. IQRTRAN fy arl ALGOL 60 sÌ¡ce these J_anguages a::e wel_l

suited fon pr:ogr"ams invofvrng numericar- computatÍons a,nd to a rar.ge

extent ane machine-independent. Al-so, in using ALGûL 60, there ås

an added benefit anising ft"om the stnuctur-e of the source progïarn.
By usång nested blocks it is possible to urite a eompact prograrn
¡'vith almost no bi:anching. This capability alr-ows for" betten
pnogram r"eadabil_itv 

"

As mentioned in the rast section, an automatic integr"ato::
often a'nives at an appnoximation to an integna-r- when either: two

successive app'oximations diffen in absor_ute va]ue l-ess than some

prescribed tol-enance on else when a cer.tain numben of intenya.l_

subdivisions orî function evaluations alre made. Based on that
stopping criteria, the automatic integnators ane function procedu::es

having a fozrmal panameter r-ist consisting of one oïa more of the
following entities; (i) the integr"ation l_imits, (ii) an er"no::

tol-enance -l-evef , (iii) a pr-ocedr:r'e decl-aration for. the integrando

and (iv) a number" giving the maximum number. of intenvat subdir¡isions
o:r function evar-uations. rf necunsion is used or" if alrnay.s for" the
abscissae and o:rdinate va]ues al?e given then (iv) cor::espond.s to the
maximum fevel- of nec,rsion or the numbei: of el_ements in each a::ray..

some computei: prog::ams ir-rustrating these chai:acter"istics a::e gÍven

bel-ow. All computer progr-ams are written using ALGOL I,/ t48l.

One of the most successful and widely used. automatic
integi:ators is that due to McKeeman [32]. The automatic Íntegnator"
is a 

'ecur:sive ad.aptive quadr.atr-lre method based on simpsonrs .r"ule

with the r.ange (and each subr"ange) of integ:ration being divided into
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subinteryal-s of pr",ogr"essively srnall-er" widths. Subdiyision is stopped

if the absolute yalue of tlre relatiye difTenences between successiye

approximations is .l-ess than a specified al-l-owable tol_ei:ance or if

the l-evel- of necu:rsion ::eaches twenty. The :reason for" taking this

approach ís that ther.e ís a minimization in the mrmben of functíon

eval-uations over a given subr"ange of integration. The minimum

nrrmber. of ouarlrature abscissae used is nineteen and the numbe:r of

abscissae ís always of the for.m 7 + I2k (k > f). The only ínput

requirements ar:e the integ:ration l-imits, a ::elative e::ror tole::ance

level, and a pi:ocedu::e for the integnand. A sou:rce program for. this

algor.ithm is

RFÅl- PF{-}cEnljRr INrf;tRÁ.Ll8EAL vALllE ÀrT}rÉps; ¡ttsl pTioçcúùBr--rirl;'
ÞF€TN R[ÂL ÅBSÅREÁ; TNTEG,FR LEVEL;
F"FûL PRT.]CbOTJRF SIMPSNN( REAL VÅ\LtJE ÀrD,Â,FA9Ff4çFI]OAUSAREÀ'rS¡,rÞi;

nrclnt 
RçAL PIìûCEnURF FCT

REAL nX'XI oY.2r E-ST 1rËST.2E F S,3y F lrF ZsF3r F4¡SUMrÅppßCtX;
DX: =DA /-l "{); X I : =A+nX; X 2r =Xl +DX;
F-l:=4"Olkf.CT(r1+DX/2"01 ! FZ2=FCT {Xl | ;
F3:=FCT {x2t:" F4:=4.ü*FCI {h,+2.5'*nXl ; .

f STI ¡= ( FA+Fl:tF2I ÌFDX /6 ? Oi
F. ST2:= ( F2+F\'1+F 3) *D X/6. A;
f;ST3 ! = { F3 +F1 +_F 

? l* D!1610;
.åBSA RF Á: =A BS AR EA-AB s (E sT I +A Bs { E ST 1 } +A ßs ( FS T 2 }+A85 T ri r: I ;
SllM i 

=E 
ST ltES T2+FST3 ;

L,FVEL:=LFVEL+1;
i,F {{(ABS{FST SUM} (= FPS*/tBSÀFE-Al ¡lrlD (FST -= tp0}l tJR
{ r- EV Ft-

);

APPRÛX:=S f4PSCN ( Ar.Dxr FÅ? FL?F2cABSAREAT ES Ttr Êps / L.7 r Fcr l+
REAeÈST¿ r EP5 / i.i, ÈCr ¡+

iÈvrlr=levrL-TSIMPSo'N{X2?DXsF3rF4rFB'/TBSI\R'ãAsËST3-rÉPS/L'?'FCT};
. A"PPP.OX
FND;

LF.VFL,; =l ; Å Bs Â.e.FA: - I .rl ;
5Tf4'PSflNl ( A? B-A' FCT{ A } e1r"0+Fc T{ lA+8 | /z.frr eFcr{ lìl oABS¡{REilr l.oy Fps¡ FCT
Ef\lD i

A non-adaptive

[f4, p "167) appr.oximates

cruadratllr"e al sor.ifh nr"onosed hrz Bauervl/vuvu !J

| -rI t(x )dx bv rlsíns Romber'ø I g 'mcfhnrl -
tõ""'"

"a
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The integt.ation nror-.edrttc ìs fcrmìnated when fha nrr:dn:frrna onn¡L96!qL¿'vrlPlvuguu.çI.ÞLça]ll¿I¡uuvu((r¿ur¡LI19:+__'-

ter"m is af the order 2t30RD+2 (Onl > 0) where ûRD is an integep

having a va.l-ue specified by the uselî. The only'other" Ínput require-

ments a::e the integration limits and a procedu::e fon the integr:and.

In analyzing this algo::ithm it has been noted that computation tÍme

will approximately double when ORD is incneased by one, that

::oundoff elrrol? coul-d become significant, and that it is not foolpr.oof.

The conditions unde:: whích the algo::ithm wil-f fail- are for: eÍther

(i) a discontinuous integr:and, (ii) an integr-and with odd-.de::iyatiyes

which vanish or el-se a::e equal at the endpoints of the quadr"ature

interval-, or (iii) an erl?on te::m which contains an odd-powe:: of

h wher:e t-r = 
b-å and a and b ar"e the integration limits. A

2n
shont pl?ogram fon this algo:rithm is as follows:

RFÁ¡ PRocFDURË R0MBETìc{RËAL V,qLUË ÄrB; INfÈeer* ùgLue or":nl

BËGIN
REÄt ARF,AY T{1 i :f-rRD+l } í
REAL LEI\|rSUj\4rt4; INJTñGER FuIrJrNi
LENi=B:.¡.; 

"

T( t ) := {FCT(Al +r:CT(Bl | /2i
Àl . 

- I .r.l . - l- ,.

FOR Tz=l STEP I UNTIt_ ilRn Dn
RtrÊll\l

SUia:=0,0; i!tr:=LEtrj/( Z*N) i

T( I+I l : =( SUM/N+T | | l't /2'"
Fi=1i
Fntì 'J:=I STFP -l IJI\TIL 1 DC

BEGTfI F-:=4x.Fi
T {J ):=T {J+1}+{ T{ J+1}-Tl J } }/{ Ë-1.å

F!\ n;
N:=2'FN;

FNni'-
Tll)'rt"E\l
END;
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hrhen an exact fçr,¡nu'r ation fo:: the in¡egpand cannot be

specified and all that is avai.l-abl-e is a set of o:rdinate values which

cor?espond to a set of non-uniformly distnibuted abseissae.then a

nonadaptive automatic integ::ator for the integnatÍon of anbit::aníly

spaced data must be used. Fo:: such p:roblemsoeithe:: of the two

techniques of section 2.6 can be used.. rf Hennionts method of

di-par^abol-ic inter:polatíon is used rthen the input nequi::ements fo:: a

^^mñlt.J-ah -*^ +Lev¡rryuLsr yt vér'q¡¡r q!'s Lllc f,It LeBr s LD , q 
-t/__**J,ng

the number of quad::atune abscissae, and two ar.rays; one for- the

abscissae and one for the or.dinate yal-ues. rt is assumed that the

^,,-l--+,,-^ -L-qudc.r'arulre a¡scissae alre in. ascending or-derr. A cornPuten prog]:am

based on Hennionls algor:ithrn ås as foll-ows:

RFrl[- PqNC[{IUFT ,4VT\T ('ÈI.I,L VALUtr X¡4TI\J? XI"I¡Xå if\JTËüËÂ VÀLLJË I'ICP;

BEGîN 
Rf;i*L,{RRS.Y XÄry6l;¡¡

Ï NTFGFF J¡4TJS IJIJL, I¿, 1B;

FÛR TA:=1 STFP I IJNTTL NOP Di] yI"HIt-Ë XA{III) < XMII.{ DD TB:=TB+1;

JIJL:=JUL-1i

BEGIN
TERUI3=YÀ(Ji'4-t
T[R142:=YA{JM)/

/{ l xA {JM* !.} -xA{ JF} lr,. ¡ XA{JM-r I -XA( JMl r} ) l;
(XA(..'M)-XA{ JM-1} I*(XA(JM¡-XA{ Ji4+1J ) I ;

TFR¡43:=yA { JM+l ) /{ ( Xâ { JM+11-XÂ(.f F'l-l I } +(XA{JM+l )-XA {Jl.'i} } } ;
A := ïFRM L+T FRM2+TFR14 3 ;

.8i.=-tXA{Jl4l+X.-A(J.M+J'}}*TçR|4.l:(X'4{J|-.ll
( XA ( JM-I } +XA { JþI } ¡'+.T FRM3 ;

C i= X A { J t4l *ìx A { J_M + 1t + T F-RM I +X,4 { Ju: I l,rX4 I Jiu+ I ) I TERi"l?+
XÄ ( J¡4 I +XA( JM-I" } *TERM 3Ë

IF 
É:1.;;'" r.n!.liT.r; 

^t 
/?; cB:={ I +c} | / ?.; cc; ={c+cc | / z; FNID

ÊL5r
BEGThI CÂ:=Å; CB:=B; (,ç2=C; ËNDi

SYtl:=XA{JM};
St_ll4 : = SU l,iÈ C Â y¡ ( Sy U**Z -Sy L*)F3 ) / 3*C ß* { S yt,t**2-g yL**Z 1 I ? +

cA:=^; cB:=B; Cc:=C; sYL:=Sytf' 
cc#{ sYU-5YL);

EÀln.

SUM;;;j.til¿¿xii-z-SYL*+1lts+cg.+.ti|4Ài;.*,.!v|t..:.¿¡7
ENf];
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Finally, for the integration of a par"ticulan class. of integrals

if mar¡ he fhe c.¡-^ *L-+ - ^^^^;¡l nrarîr'atrrne tec'hnìrnle wi'l 'l he r:sed.rL l[qJ !ç LrrL uoùç L]!qL q èPçUrql gUqUlqLUç LççrUrrY4ç (t!rr !ç |

^^ -- ^-,-mnl^ r'n the ¡nnr.oxim¡tion of ìnteør.als wr'fh weìøht funetiOnSåÞ d.ll E:ÃdlllPfg, ¿II Ltlç qPP! v^r¡uqL!v¡¡ vf JrlLçËr'o¿ù wrLr¡ wsr6¡rL rsr

such as w(x) = sin.(Tx) or w(x) = cos (rx¡ 'Filonfs meth-od is a

srlr'tab'ì e ouadnafrrr.c fenhninne- A o.omnllter Ðrcls?am based on Filonls

:l øn¡ithm r¡i'l 'l r,on¡ír"e for. r'nnllt the jntesr.ation I imif s- a va'l lle fOt:qróv! ¡ sYurt ue5r surv¡r

T, a code índicating whethe:r w(x) = sin (T*) ol? w(x) = get (tx),

:nrl e nnor'erìrrre foi" the intesr.and or else a set of function values.

A e.omnuteyr ÐIôosram for. Fil-onts rnethod irsins a set of function val-ues

is as follows:

R[.1L pRl]CFDI,RF FILO\l{ehAL VALUF A?ßrT; INTEGER VALUE KËYrMi

nrct¡t 
R,-'^L Á'RRAY f:(*l

Rñ¡,1 flrS ?Tt.{o.Al.r Cr BErGf,rSLlt4r.4}rSUr$1,1.1 î INTFGEi{ I ;
H:=( ts-,A) /{ f"l-11 ; TH:=I*Hi
S!=STilt(rHl ; C:=tDS{TH) ;
A [. : = t . O / T ll +S * C / 1 H* *7--2 . 0 * S * S,/ T l-{ * + 3 ;
B E i = { 2 I O! 21 O*C{:C:4 

" 
0l¡S*C/TH.) { JHTt? ¡

GA: =4. 0'!{ S /I H-C t / Tlr.+t 2 "

IF K.FY =l ïHEhl
B EG I l',1

StJ: =F l14) *SI N{ BtTl -F( 1 } *S It\ ( A*1 ¡'

FOR r.t=Z STEP 2 TJNTIL M-1 Dn

SIJM:=StJt1+F{ I-11*C0S(A I'kT} ; A1:=41+H;
.SUl:.=SU1+F(I l*ÇQS{A1i.Tl¡ . 41i=ql+Hi

FI'; D
FND

FLS F

SU:=F (lt4 I *'çCIS{ ß'¡T} -F{ t) *t05 {if*Tl ;
SU1:=-l F { M }*S f f{{ 3-r T l.-F{ f }f SItl{ A'xr ¡'t 12eO;
F,!tì I ¡=7- STFP 2 UNiTf L f'¡-1 Cfl

BFGT\I
$¡-lM: =SUivl+F ( I - 1 ) *S ïl! ( A 1'ì:T ) ; A 1:=A l+il å

END
FND;

f-t* ( ¡ Lr,. 5u+sFx sl.J I +GA* s L.iM I

FN N;

);
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The e.omnlltef ofop-nams gìven abowe âl.ê Ìîênarêqantef r'r¡a nf +lr¡rv vv¡¡rlruLer ¡/+ v6r arrù. Érys¡- -.vv ! v g¡ v ¡ vp+ ..lOSe

usual-l-y r.^riritten for" a digital- computer. rt is to be noted. that these

pl?ograms fail- to incorporate all- of the desinabl-e qual-ities of an

automatic integi:ato::. Ther.efor.e, in selecting a pl?ognam for" numei:ical_

integration' the l-imítations of the pr?oglram and its possible effects

on the accuracy of the quad::atur.e appnoximation should be taken into

account.



CHAPTER V]I

C0NCLUSI0N,T

'7 1 Thá nÐ^},'l ori, :F ,r;+-';.';; "*ì identi fvinc an ontimal nliad.naflfne i:Ule|.L f 1lç l.JIu!!ç¡rr U¡ us¿¿IIIlrEì qIrU Vr¡¡Á u¡¡ ULJLIrllAf qUOUIdLL

In this study an optimal quadr-atu:re rule fon numerica.l-

integration has been chai:acte:rized as having the attr.ibutes of (i)

maximum pi:ecision, (ii) least uppen bound quad:ratune enl?ou, (iii)

minimum nor"m quadr-ature errol?, (iv) minimum roundoff eruor, (v)

applicability to a lar.ge class of integnals, and (vi) suitability fo::

use in a r-.omnufer a'l øorìthm- T-f ís r'mn]icìt ìn th-is definition thatrr¡¡y¿re+ L ¿r¡

propei:ties (i)-(iv) coul-d possibly have an associated constraint

such as being defined rel-ative to a fixed set of quad::atune abscissae,

a fixed quadrature weight, etc. The meanings associated with

attiributes (i), (ii¡, (iii), and (iv) have been char"acterized in

Chapte:rs II, III, and IV. Attribute (v) is intended to mean being

applicabte foi: the integration of al-l functions of a panticular.

fttnafr'ôn snâôê â- '-^1ì ^^ L^i--:nn'lr'n:lr'la fn'îmnnnnar intoone'lq-r - - - *ù WCII éò UCf 1lË ol,lrrluq!¿ç Lv ¡t¡¡yr vyçr lrr Leèi¡ sf o .

For. (vi), the suitability fon use ín'a compute:: algot?ithm

coincides with the extent to which an idea.l- computer: algor.ithm as

cha:racterized in Section 6"2 can be constr.ucted by using the speci-.

f i ed nlladratrrre i:ule.

In attempting to assess the merits of this cheracte::ization

of an optimal quadrature rule and the extent to which known quad::a-

tu::e nules asc::ibe to this chai:acter.ization the fol-l-owing observa-

tions a::e given. Fir.st it is noted that a quad::ature rul-e can be

constnucted to satisfy a specific criterion of optimality. Thene-

foire the attr"ibutes given above ar"e conside:red to be vai-id cr"iter.ia
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for" an optimal quadratwe formula. Secondly, the c:riter"ia specified

are genenal enough so that almost al-l of the known and commonly used

quadrature ::ul-es satisfy at least one of the attr:ibutes .mentÍoned.

Thindly, the criteria, if satisfied, define a quadi:atu:re r"ule which

has sufficient accrlnacy for. a bnoad nange of applicatÍons. Finally,

it is noted that the cr"iter.ia a:re nestr:ictÍve enough to prevent most

quadirature rul-es fnom being classified as an optirnal quadr.atr:re r.ule.

0n these points oit is concl-uded that the above char.acterization of an

optimal quad:rature rul-e is acceptabl_e.

In attempting to isolate knor"m quadrature rul-es which best

conform to the given chanacte::ization of an optimal quadnatr::ne rule,

the fol-lowing observations ar.e noted. Fii:st it is known that

Gauss-chebyshev quadiratur"e r.ules satisfy both (i) and (iv). Also,

frorn Chapter IV, it is knoun that qr:ad::ature rules satísfying (iii)

converge to Gaussian quadi:atr::re r.ul-es when functions anal.vtic on the

entir-e real l-ine and variable quadnatune abscissae are consid.e::ed.

As yetrno connection has been made between (ii) and Gaussian

quadratu::e ::ul-es. Therefoire the Gauss-chebyshev z.ules ar"e J-ikely

candidates for" being call-ed optimat quadi:atui:e rul-es. The only

dr-awback of Gauss-chebyshev quadr"atur.e r.ules and Gaussian ru.l-es in

general is that they a::e not wel-l--suited fon use in adaptlve iter.ative

automatic quadrature schemes. 0n the othei: hand, the New-ton-cotes

z'ul-es satisfy (i) and in a limiting sense al-so satisfy (iii). However

they do not give minimum r.oundoff emol?. This shor"tcorning is offset

bv their suitahif itv for use in adantive itet-atr'r¡e elrtomatì a nrr:ár.¡-_J yv 4LurqLrye quuv¡r¡qLru yuqslg

ture schemes. Most of the other. known quadratu:re r.ul_es fail_ to
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adhere to at l-east th:ree Çf the attiributes rr.rentíçned h-e:re.

0n the basis of the above remar"ks.it ís concfr:ded that

ther.e is no known quadrature r:ule which can truly be classified as

being optimal foir the cr.iteria set fo:rth. One of the t?easons as to

why this is the case is that some of the attributes (e.g. rnaxlmum

precision) introduce undesirable tnaits in the associated quadi:ature

rule. In other- instances the attr"ibutes are -rnutual-l-v exc]usirye

as in (i) and (iii) for. example. Therefo::e, unless a set of comp4-,

tible characteiristics which satisfy the fo'ur pi:oper.ties mentioned in

the second par.agraph of this section can be found, it Ís unlikej-y that

a truly optimal quadratur"e r.ul-e can be fo:rmulated. At best, solne

nrr:dr,:trrna nrrl êa âþê nnl-r'm:'i nn'l-^.ry rn some sense.
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