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ABSTRACT

A Finite Formulation technique, the Cell Method, is developed in the framework of an
incentric dual mesh and applied to the general problem of guided wave structures. Cell
Method is a numerical technique which uses a primal-dual mesh complex and global
(integral) variables instead of field variables (densities). In the Cell Method, Maxwell’s
curl equations are exactly discretized as topological relations. Constitutive relations, on
the other hand, are approximately discretized by the use of a proper dual mesh. The
common choice for construction of the dual mesh is the barycentric scheme which
produces non-diagonal constitutive matrices. A new time-harmonic finite formulation
using a non-orthogonal dual mesh is presented which is based on choosing incenters of
primal triangles as an alternative to barycentric dual points. In the incentric formulation,
diagonal constitutive matrices are obtained which result in a symmetric positive deﬁnite
eigenvalue problem in the first step (zero-order approximation).A minimization
procedure is then utilized to take into account the non-orthogonality of the dual mesh and
efficiently improve the accuracy of the zero-order solution. An eigenvalue system with
symmetric positive definite constitutive matrices assures the stability and convergence of
the solution while being computationally inexpensive.

In this thesis, the finite formulation for time-harmonic electromagnetic is described in
detail. This is followed by a comprehensive theoretical explanation about the proposed
incentric scheme. Several examples of electromagnetic problems including multi-scale
geometries and inhomogeneous media are presented. Results of applying the proposed
numerical technique are compared with the results obtained from a Finite Element

Method. Analytical solutions are also used for comparison wherever possible.
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Chapter 1- Introduction

1.1 Background

Observation of electromagnetic phenomena and consistent experimental results are the
starting point for the formulation of “electromagnetic laws”. As in the case of all fields of
science, the results of real experiments are usually expressed in terms of measurable
(global) variables (charge, magnetic and electric flux and current). While the physical
law itself describes a unique relationship between global variables, there are different
ways for expressing the law. In almost all fields of science and engineering, the dominant
tool for formulating physical laws is differential calculus. The basis for differential
calculus is performing a limiting process on spatial (x,3,z) and temporal () dimensions
and producing infinitely small objects (dx, dy, dz, df). Utilizing this procedure, the
physical law is applied on infinitesimal objects and the result is the “differential
expression of the physical law”. The common use for differential calculus and the strong
ties between physics and mathematical tools, however, make us believe that the
differential expression is in fact the physical law itself. The following example explains
the journey from a physical law to its differential expression. Consider the electric
Gauss’s law:

“The total electric flux leaving a closed surface is equal to the total electric charge
enclosed by the surface.”

The above physical law is exact for any closed surface, regardless of dimensions,

material properties and the metric chosen. In differential calculus, however, we apply the
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law on an infinitesimal volume as shown in Fig. 1-1.

Sy
Ss 2
3. S,
Y
dz| 4
dy |ss

Figure 1-1:  The infinitesimal volume, ¥, with dimensions dx, dy, dz is enclosed by surfaces S-S5 and

is used to derive the differential expression of Gauss’s law.

By assuming the total charge inside the volume is Q(¥) and the total electric flux

leaving ( with respect to the volume) the surfaces of the volume is:
F=H(S)+ PSP+ F S+ H(S)+ H(So+ (S,
where W(S) is the total electric flux leaving the surface, S.

We can now express the law in an exact form as Q(F)=\¥. Introducing the field
variable D=D,4,+D,4,+D,4,, electric flux density, for infinitesimal surface, dS, we have
¥(dS)=DyldS| where |dS] is the area of surface dS and D, is the normal (to the surface)
component of D. Therefore:

Q(V)=(Dy+ax dydz - Dy dydz)+( Dysay dxdz — Dy dxdz)+ (D44, dxdy — D, dxdy).
Dividing both sides by |Vj=dxdydz gives
Qo —é— p=dDy/dx+dDy/dy+dD,/dz
where p is the electric charge density. The familiar expression in the right hand side of
the above definition is in fact divergence operator, V-D.

In this journey, we departed from physically meaningful global variables (total charge,



Q, and total electric flux, ') and used field variables (charge density, p, and electric flux
density, D) instead. We also lost the geometrical objects associated with the global
variables (volume for charge and surface for electric flux) and instead obtained functions
defined on every spatial point. The advantage of using differential calculus is presumably
the “accuracy” of an exact solution function, f{x,y,z,2). It is yet to be investigated and
determined how necessary and worthy this journey is in reality when an exact analytical
solution does not exist. Even when an analytical solution exists, the accuracy of the
obtained solution is restricted since calculations need to be truncated at some point.
Fortunately, there are also other approaches developed for solving physical problems.
The practical answer to the significant problem of solving differential equations with
no analytical solution is “Numerical Techniques™. In these techniques, the spatial (and/or
temporal) domain is divided to many small (non-infinitesimal) elements (Fig. 1-2). The
linear system of algebraic equations obtained from discretization of domain is then solved

for a finite number of unknowns.

Y
Infinite number Firite number [n)
of unknowns at of pnkngwns for
(x.y) points, small elpments.
£f(x:y)=g(x'y) Lnxn'FnX 1=Gs ax|

Figure 1-2:  Left: Differential representation of a 2-D physical problem. Differential operator, £,
unknown solution function, £, and the source function, g, are all defined on infinite number of points (x,3).
Right: Numerical representation of the same problem. Matrix operator, L, unknown column vector, F, and

the source vector, G, in a matrix relation.



Experimental laws and relations in a physical field often result into one final equation
to be solved. Numerical techniques are developed to find an accurate approximation to
the solution of this (often differential) equation which is called the “fundamental
equation”. A question might now arise: is a differential formulation the best basis for
starting a numerical technique? Finite Formulation or Finite Integration Techniques (FIT)
are a successful NO answer to the above question. Starting from Maxwell’s equations in
their differential form is the basis for differential-based numerical methods such as
Finite-Difference-Time-Domain (FDTD), Finite Element Method (FEM) and
Transmission Line Matrix (TLM). Finite Volumes also uses differential equations in a
conservative form. Starting from the integral or finite form of Maxwell’s equations is the
basis for Finite Integration Techniques (FIT) and the Cell Method.

Cell Method is a numerical technique based on exact discretization of physical laws
and on using global (integral) variables. While the field variables are a result of
performing a limiting process and defined at every point of the spatial domain, global
variables are defined and measurable on their corresponding geometrical elements. For
example, when describing “current”, it is completely necessary to relate the concept to a
“surface” through which the current passes.

Cell Method is categorized as a Finite Integration Technique with respect to its use of
global variables. Some attractive features of a Finite Formulation as compared with a
differential formulation are its simple basis, separation of topological relations and
material and metric dependent (constitutive) relations, natural continuity of global
variables over material discontinuities and less spurious solutions.

Fig. 1-3 expresses a basic comparison between Finite Formulation and differential
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formulation in [1] where the important bases for the Cell Method are stated as follows:

e Physical laws are topological relations and can be applied directly and exactly

on any discrete domain by using proper global variables.

e Material and metric dependent relations, constitutive relations, can be

approximated over the discrete domain.

e Discretization of constitutive relations can benefit from the use of a dual mesh

either explicitly (e.g. in the Cell Method and FIT) or implicitly (e.g. in Finite

Elements or Finite Volumes methods).

Physical problem:

Observation and experiment,

laws and relations.

oy

Cell Method:

Primal and dual meshes,
global variables,
topological laws,

constitutive relations.

Infinitesimal calculus: rarely Analytical
. . W e ) SOIutIOn
differential equations

mostly

Differential-based
numerical techniques

Finite set of algebraic
equations

Figure 1-3: Cell Method as a direct path from the physical problem to the final discrete matrix equation.

An important fact should be mentioned here: discretization of constitutive relations is

the only place that approximations are applied in all numerical techniques [1-3]. Practical

differences between numerical techniques arise from the way that these relations are

approximated and constitutive matrices are built. This fact is clearer in the Cell Method

as topological and constitutive relations are distinguished by their different nature.



The objective of this thesis is to:

e Explain the theory and attractive features of the Cell Method by utilizing the
method in modeling some applied electromagnetic problems

e Investigate the role and importance of having a dual mesh and the relation
between the dual mesh and interpolation or so called shape functions

e Propose a new scheme (Incentric Cell Method) for construction of the dual
mesh emphasizing its advantages over the existing schemes

e Report the results of applying the new scheme on some real complex guided
wave structures

e Compare the results of the proposed scheme with the results obtained from

other well known numerical schemes to show its effectiveness

1.2 Review

The term “Cell Method”, as referring to a computational technique to solve physical
problems, was first originated in Tonti’s publications on the use of direct discrete
formulation in electromagnetics [1,2]. The concept, however, was based on a long time
study of similarities between physical laws in different fields of science (see references to
Tonti’s earlier publications from 1972 in [1,2]) which resulted in a functional
classification of physical variables and definition of two kinds of orientations (inner and
outer) for physical variables as given in [1,2]. The similar idea of applying algebraic
topology to the analysis of other techniques, such as Finite Element Method, FEM, and
Finite Volume Method, FVM, was addressed by Mattiussi [3]. Bossavit’s research on a

discrete Hodge operator and reinterpretation of FEM [4,5] also reveals the same concept



of different numerical treatments for topological relations and constitutive relations.
Finite Integration Techniques, FIT, although not under the same name, was introduced by
Weiland for solving Maxwell’s equations as early as 1977 [6]. His more recent
publication, including all details about using Finite Integration Technique in time-domain
for structured grids [7], is usually considered as the original reference for FIT in
electromagnetics. The results of applying FIT to a wide range of electromagnetics
problems including S-parameters computations and time-domain applications validates
FIT and its accompanying code named MAFIA [7]. Schuhmann and Weiland introduced
Finite Integration Technique on non-orthogonal grids with triangular fillings [8] and its
application to eigenvalue problems later [9]. Volume 32 of PIER, Progress In
Electromagnetics Research, Monograph Series on “electromagnetism and geometry”,
includes many papers on discrete electromagnetics, Finite Formulation, and geometry and
topology related considerations in computational electromagnetics.

When Tonti first presented Finite Formulation or the Cell Method [1], many
similarities with FIT put the Cell Method under FIT category of numerical techniques.
Bossavit uses the term, Yee-Like-Schemes, as referring to a category of numerical
techniques in which two meshes, dual to each other, are used to solve Maxwell’s
equations [10,11]. The concepts and methodology of the Cell Method have been also
compared with, or explained in the context of, some other less familiar techniques such as
Domain-Integrated Field Relations approach [12] where it is concluded that the main
difference between the two techniques is the approach taken in the modeling of the
constitutive relations. Repetto and Trevisan have used the term “Global Formulation” as

referring to the same concept as Finite Formulation [13]. Comparisons between the



results obtained from a Finite Formulation and a Finite Element commercial code are
given in [13] for two magnetostatic examples.
The majority of the literature on the Cell Method concerns:
e The concept and fundamental theory
e Numerical issues: stability, accuracy, convergence and numerical expense
e Comparisons with other numerical techniques
e Variations and hybrid algorithms
e Applications
The essence of the “Cell Method” is to provide a direct discretization of field laws
without requiring a differential framework. Based on the frontier publications on Finite
Formulation and the Cell Method technique [1-3, 12, 14], the computational procedure
can be summarized in the following steps:
¢ Discretization of the spatial domain (primal mesh)
e Definition of global variables on oriented primal geometrical objects
e Applying the proper physical laws directly on the finite cells in the primal mesh
e Construction of the dual mesh and definition of the global variables on the
oriented dual geometrical objects
e Applying the proper physical laws directly on the finite cells in the dual mesh
e Discretization of constitutive relations as the link between primal and dual
variables

o Solving the final set of algebraic equations

Although the Cell Method is categorized as a Finite Integration Technique, it does not



employ the integral of field variables as it is done in FIT. Instead, the Cell Method uses
global variables which are measurable physical quantities. The attempt to avoid the use of
field variables sometimes fails because constitutive relations are often stated in a point-
wise form compatible with differential formulation. It is also important to note that in all
numerical techniques and only in the discretization of the constitutive relations, we use
approximations (interpolation or shape functions, even uniform ones) either explicitly or
implicitly. In our recent work [15] we discuss the finite framework for discretization of
constitutive relations. The premise is that constitutive relations are usually obtained based
on experimental data and measurements on global variables and hence can be expressed
in a finite framework.

While the first publications on the Cell Method [1-12] mostly consider fundamental
concepts and the philosophy of the Cell Method, later works addressed important
computational issues such as the construction of proper constitutive matrices which
guarantee consistency, convergence and stability of the technique.

As was mentioned earlier, the Cell Method utilizes a primal-dual mesh framework.
The explicit use of a dual mesh enables one to properly define electromagnetic variables
on their corresponding geometrical objects. It also defines a robust geometrical base for
interpolation and averaging schemes. Characteristics of the dual mesh are directly
employed in the construction of the constitutive matrices, therefore, a good knowledge
about the construction of the dual mesh seems necessary. In almost all related
publications, a barycentric dual mesh is considered. Delaunay-Voronoi, as an orthogonal
primal-dual mesh complex is a good choice with the advantage of producing diagonal

constitutive matrices, however, it is not always possible to achieve a Delaunay-Voronoi



tessellation especially in complex geometries and inhomogeneous media [16].

The most challenging issue in all numerical techniques is building proper discrete
constitutive matrices, discrete Hodge operators, [4,5]. The order of accuracy in a
numerical technique, convergence, stability and consistency issues depend solely on the
properties of the constitutive matrices. It is only in the process of discretizing constitutive
relations that we need to apply approximations and interpolation schemes. A major
portion of research on the Cell Method has been carried out so far on the properties of the
constitutive matrices derived from different dual mesh construction schemes used and
different approaches to derive proper constitutive matrices. It has been proved that a
sufficient condition for a computational scheme to be consistent is to have symmetric
positive definite constitutive matrices [17-19]. Microcell Interpolation Scheme, MIS, for
building constitutive matrices on a barycentric subdivision was proposed by Marrone [6]
soon after the first publications on the Cell Method [1,2]. Constitutive matrices derived by
MIS, in general, are non-diagonal and asymmetric. The results of applying MIS to solve a
resonant cavity problem show good agreement with an FDTD solver [6]. Later on, a new
consistent way to build symmetric constitutive matrices for 2-D grids called symmetrized
MIS, SMIS, was proposed by Marrone [20]. The results reported in [20] show better
accuracy in comparison with MIS when applied to the 2-D Laplace equation and a 2-D
circular cavity. In a further theoretical study on the properties of constitutive matrices
[21], Marrone investigated constitutive matrices for electrostatic and magnetostatic cases
and stated that these properties can be used to provide an alternative sufficient condition
for the stability of a generalized hybrid FDTD algorithm. Two generalized hybrid

algorithms based on the Cell Method formulation were presented by Marrone and Mitra
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for 2-D [22] and 3-D [23] multiscale problems. The two algorithms were validated by
providing numerical examples and were compared in terms of accuracy and
computational efficiency.

The barycentric subdivision, as the most common choice for the construction of the
dual mesh in Finite Formulation, has been extensively studied. Bossavit discusses
Whitney Forms (node elements, edge elements and face elements) along with some
concepts of differential forms in [10]. Microcell Interpolation Scheme, MIS, has been
used for the construction of the constitutive matrices with FIT [19] and the Cell Method
formulation [20-25]. Other general approaches to build constitutive matrices for a
barycentric dual mesh have been also proposed, investigated and applied to some
electromagnetic problems [26-31]. In [26], different shapes of primal cells, oblique
parallelepipeds or oblique triangular prisms, are considered with a barycenteric
subdivision. Novel discretization of constitutive relations has been deduced and
symmetric positive definite constitutive matrices are obtained. The proof of symmetric
positive definiteness is given. Numerical examples in the frequency-domain show an
expected O(h?) error behavior. Comparisons between the results obtained from the
proposed scheme and the analytical solutions (or the results obtained from MicroWave
Studio) show good agreement.

The finite set of algebraic equations resulting from Cell Method formulation has been
compared, in different ways, to that obtained from other numerical techniques, FEM in
particular. It has been proved that the final coefficient matrices are the same for The Cell
Method with a barycentric subdivision [1,3,17,21,27] or a Voronoi dual mesh [15,17],

and FEM with linear shape functions. The source vector (RHS vector), however, can be
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different depending on the discretization of source functions.

Another major portion of research on the Cell Method is the application of the Cell
Method to different electromagnetic problems. Trevisan and other researchers have used
the Cell Method formulation in different electrostatic [32,33], magnetostatic [34], 2-D
and 3-D Eddy-Current problems [35-37]. In [32] two kinds of primal cells, triangular and
quadrilateral, are used to calculate the capacitance of a simple 2-D geometry. The results
are close to each other and to those obtained from FEM. A Delaunay-Voronoi cell
complex has been used in [33] to implement finite formulation for the computation of the
electric potential in a 2-D electrostatic problem. A barycentric dual mesh has been
considered in [34] and the problem of a ferromagnetic sphere in a uniform field is solved.
The results show good agreement with the analytical solution.

While there is a considerable number of publications on the application of the Cell
Method in electrostatics, magnetostatics and time-domain problems, frequency-domain
problems are studied only in a few publications. Marrone applied the Cell Method
formulation to the analysis of 2-D photonic crystals [24] and compared the results to
those obtained from FEM. The comparisons show very good agreement. Application of
Finite Integration Technique to solving 3-D resonator problems and comparisons given in
[26] also validates the formulation in the frequency-domain. Marrone, Grassi and Mitra,
have used the Cell Method with MIS for calculation of the propagation constant of
inhomogeneous filled waveguides [38] where less accuracy for the barycentric Cell
Method, compared with FEM, is reported.

Application of the Cell Method to a wide range of electromagnetic problems and

comparisons with other numerical techniques, demonstrates the abilities of the Cell
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Method in accurately modeling electromgnetics problems with complex geometries,
inhomogeneous and anisotropic media in both time and frequency domain .

Recent related research on the Cell Method includes extensions of the meshless
approach on Cell Method [39], implementation of different open boundary conditions
such as Perfectly Matched Layer, PML, [30], boundary integral formulation [40] , and
surface impedance boundary conditions [41]. It is concluded in [40] that the proposed
procedure for implementation of the boundary integral formulation in Cell Method
converges to the exact solution (of the discussed example) even for coarse meshes. It is
also shown in [41] that very little computational effort is needed to find a very good
approximation of simple Surface Impedance Boundary Conditions, SIBCs, and that such
approximation is easily fitted into existing Cell Method codes.

The review of the research carried out about finite formulation suggests that this
framework is an easy to implement, effective and robust alternative to differential

framework.

1.3 Contribution and outline

In the new world of computational power and super fast computers, and in the era of
complicated applications requiring electromagnetic analysis, it is quite reasonable to
choose numerical techniques over analytical approaches because we often have to (as
analytical solutions do not exist for the majority of realistic problems).

Differential-based numerical techniques use a framework which is based on a limiting
process and point-wise approaches. A reasonable, attractive and natural choice to avoid

the unnecessary limiting process would be a Finite Formulation. In Chapter Two of this
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thesis, we explain Finite Formulation and compare it in detail with the Differential
Formulation using an electrostatic example.

Cell Method formulation for general 3-D time-harmonic electromagnetics is given in
Chapter Three. The discussion is then narrowed to the case of waveguide structures with
an extruded 2-D primal mesh. The final eigenvalue problem is derived for this case. In
the last section of Chapter Three we investigate the role of the dual mesh in the
construction of constitutive matrices. Two common choices for the dual mesh on a primal
triangulation, Voronoi dual mesh and the barycentric dual mesh are introduced along
with their characteristics, advantages and weaknesses. An interesting discussion is carried
out on the accuracy issue and how the order of accuracy is determined in the Cell Method
through discretization of constitutive relations. We also discuss and answer the question:
where is the dual mesh in other numerical techniques, e.g. Finite Element and Finite
Volume, and what is the relation between shape functions and the dual mesh?

Since there are only two schemes mainly used for the construction of a dual mesh,
Chapter Three leaves one with the question: Are there any other schemes available for the
construction of a dual mesh? To have a positive answer to this question, we have
proposed a new dual mesh construction scheme, Incentric Cell Method. The attempt in
this scheme is to retain the orthogonality of the primal-dual complex as in the case of an
orthogonal dual mesh while making it possible for arbitrary primal triangulation
including possible obtuse triangles. The proposed scheme is explained in complete detail
including simplified schemes for Transverse Electric, TE, Transverse Magnetic, TM, and
Hybrid cases in Chapter Four of this thesis.

Waveguide structures are a very common configuration in electromagnetics. The
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analysis of these structures is both interesting and useful because of their wide range of
application in common systems and circuits. Waveguide structures are a good choice for
applying and examining a new numerical scheme as the analysis can be carried out in a
simplified 2-D extruded geometry.

A common issue in the analysis of unbounded problems in electromagnetics, e.g.
microstrip transmission lines, is the treatment of open boundaries. Chapter Five of this
thesis discusses the treatment of boundary conditions, particularly transverse open
boundaries, in the Incentric scheme .We introduce an adaptive mesh open boundary to
truncate the computational domain. An asymmetric coplanar waveguide is considered as
a numerical example to validate the adaptive mesh open boundary condition.

In Chapter Six, a variety of complex waveguide structures are examined. We present
the results of applying Incentric Cell Method scheme and comparisons are made with a
FEM solver, Comsol Multiphysics. The results are also compared to the available
analytical solutions, empirical formulations or the reported results of applying other
numerical schemes, e.g. barycentric subdivision, whenever possible. Explanations are
given on the results obtained from applying the Incentric scheme.

Results of applying the Incentric Cell Method to the problems in Chapter Six and
comparisons with other numerical techniques and analytical solutions validate the
accuracy and effectiveness of the proposed scheme. It is concluded that this scheme can
be effectively applied to complex multi-scale problems in electromagnetics. Chapter
Seven concludes the thesis and discusses some open areas of research on the related

topics.
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Chapter 2- Finite Formulation versus

Differential Equations

Physical laws are the result of consistent observations and experiments. The great
similarity between physical laws in different physical fields is an important fact
supporting the idea: discovering a physical law requires finding, defining and fitting
proper physical variables to a topological relation which by itself does not involve
any specific physical quantity. Due to the historical evolution of physics and
mathematics, topological relations have been expressed in a differential-integral form
(e.g. Stokes and Divergence theorems), however, they can be expressed directly and
exactly in a finite framework [1-7]. For a brief description of finite topological relations
consider Fig. 2-1 and the following notation and definitions for directed three
dimensional geometrical objects:

I- ¥y is an arbitrary volume in the spatial domain and its boundary is a closed
surface, S: 9(V;) = S, 8(S) =0. We can define a direction for V, arbitrarily as
being either a source (outward to its closed surface) or a sink.

2- Sp is an arbitrary surface in the spatial domain and its boundary is a closed line,
L: 3(Sp) = L, (L) =0. We can define a direction for Sp arbitrarily along its
closed boundary.

3- L is an arbitrary line in the spatial domain and its boundary is a set of two
directed points, P: O(L,) = P, d(P) =0. We can define a direction for L,

arbitrarily from one boundary point to the other.
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4- P; is an arbitrary point in the spatial domain and we can define a positive

direction for P; arbitrarily as being either a sink or a source.

Figure 2-1:  Geometrical objects and their closed boundaries.

Now we define the following generic global variables as linear functions operating on
the geometrical objects: K (¥,) on volumes, ® (Sp) on surfaces, V (L) on lines and ¢ (P;)
on points. The linearity property, F(aX;+bX))=aF(X;)+bF(X)) , where F is a global variable
defined on the geometrical object X, and a and b are scalars, allows us to add global

variables on the corresponding geometrical objects and define topological relations.

2.1 Topological relations

Topological relations linearly (e.g. up to a scaling factor) relate the global variable on

any geometrical object (except points) to the global variable defined on its boundary as

V(L) = ag §(0 Lo), (2-1.2)
D(Sp) = ac V(0 Sp), (2-1.b)
K (Vy) = ap © (077), (2-1.0

where ag, ac, and ap are scaling factors. To illustrate the three relations in (2-1), consider
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the following examples.

2.1.1 Gradient relation

Given the global variable on points as shown in Fig. 2-2, we can define the global
variable on lines as in (2-1.a) with ag=-1:

V(L) == (=¢(R) +¢(R))
V(L) = ~(=0(R) +¢(H))
V(L) = ~(0(R) - ¢(B))

orv=-G-¢, (2-2.a)

where ‘-’ denotes matrix multiplication and V and ¢ are column vectors. Matrix G is
the finite equivalent of the gradient operator and represents the topological relation

between directed points and lines as
0 ;ifpointiis not a face of line o.

1 ;ifpointiis a face of line o with
the same direction. >
-1 ;ifpointiis a face of line o with
the opposite direction.

Gy =

where a “face” for a line is any of its boundary points.

o(Pr)

O(P2)

Figure 2-2:  Topological relation between lines and points.
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2.1.2 Curl relation

Given the global variable on lines as shown in Fig. 2-3, we can define the global
variable on surfaces as in (2-1.b) with ac=1:

OS,) =V(L,)— V(L) + V(Ly)
q)(Sz) = _V(Ll ) - V(L4) "‘V(L5)

or ®=C-V, (2-2.b)
where @ is a column vector. Matrix C is the finite equivalent of the curl operator and

represents the topological relation between directed surfaces and lines as

0 ;ifline a is not a face of surface B.

Cp=< 1 ;iflineaisa face of surface p with
the same direction.
-1 ;ifline ais a face of surface § with
the opposite direction.

where a “face” for a surface is any of its boundary lines.

V(Ly

Figure 2-3:  Topological relation between surfaces and lines.

As an exercise, we can start from the values on the points in Fig. 2-2 and obtain the

finite equivalent of the vector analysis identity (V x (V) = 0) as

V=-G-§,0=C.V=D=-C-(G-$)=0, C-G=0.
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2.1.3 Divergence relation

Given the global variable on surfaces as shown in Fig. 2-4, we can define the global

variable on volumes as in (2-1.¢) with ap=1:

K1) =0S)+®(S,) ~WS3)+WS,)

or K=D -0, (2-2.¢)
where K is a column vector. Matrix D is the finite equivalent of the divergence operator

and represents the topological relation between directed volumes and surfaces as

0 ;if surface f is not a face of volume y

D= 1 ;if surface  is a face of volume y with
the same direction.
-1 ; if surface P is a face of volume y with
the opposite direction.

where a “face” for a volume is any of its boundary surfaces.

D(Sa)

N
CD(SZ) K\( Vl)

Figure 2-4:  Topological relation for volumes and surfaces. The surfaces are arbitrarily directed as:

81(1,2,4),55(2,3,4),53(1,3,4),54(1,3,2). The volume is directed as a source.

As an exercise, we can start from some values on the lines in Fig. 2-4 and obtain the

finite equivalent of the vector analysis identity (V-(Vx A) = 0)as
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®=C-V,K=D-®=K=D-(C-V)=0, D-C=0.

Relations 2-1.a, 2-1.b, 2-1.c, are the finite equivalents of the “Fundamental Integration
Theorem”, “Stokes Theorem”, and “Divergence Theorem”, specified by the incidence
matrices, G, C, D, respectively. They do not contain any material and metric information.
To solve a physical problem, in addition to topological relations, we also need “physical
links” between variables which contain medium and metric information. These links are

usually called “constitutive relations” [3].

2.2 Constitutive relations

Having the spatial domain divided into a (primal) mesh consisting of geometrical
objects, proper global variables can be defined and topological relations stated. To use
global primal variables to describe a real physical system requires defining a set of “dual”
variables and forming a physical-based relation between primal and dual variables. For
example, the variables defined on surfaces (fluxes) are related to the variables defined on
dual lines (voltages). This relation is where all material and metric-dependent information
appear. To formulate constitutive relations, we need to define a dual mesh. The minimal
requirement to construct a dual mesh is:

For any primal (dual) volume, V, (V), there is one and only one dual (primal) point,

157 (Py). For any primal (dual) surface, Sp (S.), there is one and only one dual (primal)

line, Ly (L,).

The correspondence between primal and dual variables can be described as

~ ~

oV L eSB,S

Y B

N

oL, V,eP

a
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The dual geometrical objects for the primal mesh in Fig. 2-1 are shown in Fig. 2-5.

Figure 2-5:  Dual geometrical objects for primal geometrical objects in Fig. 1. The dual volume for

the primal point (P)) is not shown.

With the given definition for duality, it is easy to show the following relations between

incidence matrices for primal and dual meshes:
G=-D', C=C' , D=-G'
where superscript t denotes the transpose operator and G, C and Dare Gradient, Curl

and Divergence incidence matrices for the dual mesh. The same topological relations as

(2-2) are also valid for the dual geometrical objects as

F=G-N, (2-3.2)
¥ =C-F, (2-3.b)
0-=-D.7, (2-3.c)

where N, F, ¥, Q are the column vectors containing the global variables defined on the
dual points, lines, surfaces and volumes, respectively.
With definition of eight global variables on primal and dual geometrical objects and

six topological relations (2-2, 2-3) we still need two more relations to be able to solve for
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any global variable.

The link between the variables for the primal lines and the variables for the dual
surfaces (and vice-versa) embody the physical system they are used to describe,
and are called constitutive relations.

Constitutive equations can be approximately expressed as a mapping from the space of

V to the space of ¥, and from the space of F to the space of ®@ as

F(S5)=M,V(L),
D(S)=M,F(L),

(2-4)
where M, and M,, are constitutive matrices.

In contrast to the exact and physically independent nature of topological relations,
constitutive relations (and therefore constitutive matrices) are dependent on the physical
properties of the media, construction of the dual mesh, metric and directions chosen. In a
physical link between global variables (as scalar numbers) all the above information are
included in the constitutive matrices. The results of experiment and measurement on a
defined physical system must be fit in the finite matrix forms of (2-4). In (2-4), global
variables defined on surfaces (fluxes) are considered as scalar numbers with an implicit
direction given to them as the normal to the surface. It is based on the physical concept of
“passing through a surface” which automatically includes only the normal component of

a directional flow. The above concept is mathematically expressed using field variables

(e.g. magnetic flux density) as the inner product of a flow and the normal to the surface
(eg. ”B-ds).

Specific choices for the dual mesh might result in simple mapping functions from the
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primal variables to the dual variables. For example, if the physical link is a relation
between fluxes (which implicitly means normal flux) through the primal surfaces and
voltages on the dual lines in an isotropic linear media, an orthogonal dual mesh (if
possible) results in diagonal constitutive matrices. For a non-orthogonal dual mesh,
knowing the value of the flux through a primal surface is not enough to obtain the voltage
on the dual line and an averaging procedure is needed using the neighbor fluxes. The
resulting constitutive matrix is therefore non-diagonal.

To understand how we can apply the discussed finite framework to solve a real

physical problem, we study the electrostatic case as an example in the following section.

2.3 Example: Electrostatic laws

Electrostatic laws are the statement of relations between global electromagnetic
quantities when /0t — 0and are known as: Faraday’s law, Gauss’s law and the electric

constitutive relation. We now study these laws in both finite and differential frameworks.

2.3.1 Faraday’s law

In its general time dependent form, Faraday’s law is a curl relation, (2-1.b), and relates
the value of changes (in time) in magnetic flux, @, for a surface, S, to the value of the
electric voltage, V, on the boundary of the surface, 8S. Since the time variation of

magnetic flux is zero in electrostatics; the electrostatic Faraday’s law states:

“The electric voltage for any closed line is zero.”
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Finite formulation:
Using global variables on the primal geometrical objects, Faraday’s law in

electrostatics is

O(Sg)=V(L)=0; L=05,. (2-5)
By defining a global variable on primal points (electric potential, ¢) it is guaranteed that
the value of @ is zero for all surfaces. This yields the equivalent gradient form of
Faraday’s law as V =—G- ¢ . The minus sign is the scaling factor in Equation (2-1.a) due

to experimental convention. Fig. 2-6 illustrates Faraday’s Law.

O L= 4P
D(S)=0

. P
V{({05p)=0

Figure 2-6:  Faraday’s law for the surface, Sp, enclosed by the line, 85 .

Differential formulation:
Differential equations are the result of performing a limiting process on global
variables and using field variables. Based on the defined global variables in (2-1), we can

obtain electric field intensity, in a specific direction, o, as

E, A Y& (2-6)

La -0 Lar

If a potential function, ¢, is defined on the points, as shown in Fig. 2-6, then (2-6) can

be rewritten as
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V(L) .. —(¢(I)1)“¢(Pz))=_va¢ 2-7)

o0 La PP, I‘PI_ 2|

which results in the definition of gradient operator,V, and differential expression of

Faraday’s law as E =-V¢.
2.3.2 Gauss’s law

Gauss’s law is a balance or divergence relation, Equation (2-3.c), and relates the value
of the charge, Q, in a volume, V;, to the value of the electric flux, P, passing through the
boundary of the volume, 8. The electrostatic Gauss’s law states:

“The electric flux leaving a closed surface is equal to the electric charge in the volume

enclosed by the surface.”
Finite formulation:

Using global variables on the dual geometrical objects, Gauss’s law is written as:
O(V)=¥(S) ; S=aV, (2-8)
or in its equivalent matrix form
3-5.7. 29
The scaling factor is equal to one in (2-3.c) due to experimental convention. Fig. 2-7

illustrates Gauss’s law.

Figure 2-7:  Gauss’s law for a volume, ¥;, enclosed by the surface, af/; states that: Q(V)=¥ (a7 ).
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Differential formulation:

Performing a limiting process on the defined global variables in (2-8), we obtain

electric charge density and electric flux density, respectively, as

A 74 A (9
p,=lim Q) ' p 2 iim ¥ | (2-10)
7,50 i S, —~0 Sa

which, referring to the example in Chapter One, on Page 2, results in the differential

(and/or integral) form of Gauss’s law:

p=V-D @ﬁD-ds=HIpdv, (2-11)

where V - is the divergence operator.

2.3.3 Constitutive relation

The electrostatic constitutive relation is a physical relation between the electric voltage
and the electric flux in a physical medium. For simple isotropic linear media [42], this
relation is described by a constant number, €, relating the electric flux density to the
electric field intensity at a point. Perhaps the most important problem in the finite
expression of constitutive relations is that these relations are available using point-wise
constants, e.g. € and yL. Since constitutive relations are found experimentally and involve

global variables, finite formulation is also a valid expression of these relations.

Finite formulation:
The electric constitutive relation can be approximated directly (not uniquely) as

¥(S,) =M, (a,a) VL), (2-12)
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where M, is a matrix factor to be found experimentally. This factor depends on material
properties, geometrical primal-dual relation and the metric chosen. For an orthogonal
primal-dual relation, as shown in Fig. 2-8, and in a simple analogy with the concept of

the electrostatic capacitance, (2-12) can be rewritten as:

5 5 ]
,ME(Q,WSH Y6 Ve (2-13)

L] V(L)
L|

where ¢, electric permittivity, is a constant solely dependent on the material’s electric

properties. It can be seen that M, depends on both material properties (through €) and

S,
metric and primal-dual mesh relation (through the termu). |4| refers to the length, area

£

or volume of the geometrical object, 4.

homogeneous
region (g)

Figure 2-8:  Electric constitutive relation for a homogeneous region.

Differential formulation:

Performing a limiting process on (2-13) and using definitions (2-6) for E, and (2-10)
for D, the differential form of the electrostatic constitutive relation becomes:
D (x,y,z)=¢E(x.y,z) (2-14)
where ¢ is the permittivity of the infinitesimal volume around the point P(x,y,z) as in

Fig. 2-8.
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2.3.4 Poisson’s equation

Using global variables and finite formulation, (2-2.a, 2-9, 2-12), we obtain the finite
from of Poisson’s equation as
G''M,-G-¢=Q . (2-15)

The differential expression of electrostatic laws (2-7, 2-11, 2-14) results in the familiar
form of Poisson’s equation as
V.-eVp=—p. (2-16)

The finite form of Poisson’s equation, (2-15), is applicable to a discrete spatial domain
directly and results in a set of algebraic equations. In cases with no exact analytic solution
(almost all cases), however, numerical techniques are needed to solve the differential
form (2-16) which, after the appropriate discretization, also lead to a set of algebraic
equations.

Differential equations are, with no doubt, very powerful tools for analyzing and
solving physical problems. It should be noted that the discussion in this thesis is not about
the usefulness of differential equations. The discussion here is about the necessity of
using differential equations while we often have to use numerical techniques for solving
real physical problems. It is reasonable to consider the effectiveness of a discrete

framework when using numerical techniques.
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Chapter 3- Finite Formulation for Time-

Harmonic Electromagnetics

Finite formulation of physical laws leads us to a computational framework which does
not require the use of differential calculus. A finite formulation can be generally applied
in both time-domain and frequency-domain analysis of inhomogeneous electromagnetic
problems with irregular geometries. In this chapter a finite formulation technique, the
Cell Method, is explained and applied to formulate a general 3-D source-free
inhomogeneous problem in the frequency-domain (time-harmonic). To establish the finite
framework we shall define and address:

1-Time-harmonic global variables and topological relations for the primal mesh

2-Time-harmonic global variables and topological relations for the dual mesh

3-Finite form of constitutive relations, the link between primal and dual variables
The third issue, without doubt, is the most important and challenging aspect of all
numerical techniques including finite formulation [1-7,10-12].

Practical problems in electromagnetics can be categorized in main classes such as:
antennas and radiation, scattering, EM imaging and detection techniques, and
transmission lines and guided wave structures. Guided wave structures are specifically
considered in this thesis because of the wide range of applications and instructive
purposes. In the numerical analysis of a guided wave structure, the 2-D cross section is
discretized and a 2-D extruded mesh is used to simplify the 3D formulations. Complete
Cell Method formulations are given for this class of problems which result in an

eigenvalue equation.
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In the last section of this chapter, construction of a dual mesh is discussed in detail.
We also briefly explain how the explicit construction of a dual mesh in the Cell Method
is related to the implicit use of a dual mesh through shape functions or interpolation

functions in other numerical techniques.

3.1 General time-harmonic electromagnetics

Maxwell’s equations are a set of four topological and material-independent laws
(Faraday’s law, Maxwell-Ampére’s law, Gauss’s electric law and Gauss’s magnetic law)
governing the behavior of electromagnetic waves. Maxwell’s equations are usually
expressed as a set of differential or integral equations in the time-domain or frequency-
domain.

In frequency-domain (time-harmonic) analysis, we assume that the variation in time
for any electromagnetic variable, F, obeys the exponential relation: F(x,y,z,t)=Fs(x,y,z)-
¢ where F, is the spatial component of the variable, F. This assumption results in time-

harmonic Maxwell’s equations and the familiar differential and integral expressions are

§E-di=—jo[[B-ds
S

VxE =-joB, L=3S |
VxH=joD+J, Li?'dl=JmJ;ID-ds+jst.ds,
V-B=0, (3-1) or ﬁB.dszo’ ’ (3-2)
V-D=p S=ov

ﬁD-dS=ﬁfp-dv’

S=aV \Y%

respectively, where E is the electric field intensity, @ is the angular frequency=2nf, j is

=1, B is the magnetic flux density, H is the magnetic field intensity, D is the electric
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flux density, J is the electric current density and p is the electric charge density. When o
is not zero and along with current continuity enforcement (conservation of charge) the
first two equations in (3-1) or (3-2) known as Maxwell’s curl equations, automatically
result in the last two equations (Maxwell’s divergence equations) and hence we only
consider the first two equations in (3-1) or (3-2) as the fundamental time-harmonic
electromagnetic laws.

Maxwell’s curl equations are mathematical expressions of topological relations
between electromagnetic global variables as
Faraday’s law

The electric voltage measured for any closed line is proportional to the change (in
time) of the total magnetic flux passing through the surface enclosed by the line.
The scaling factor for this proportionality is found, by experiment and measurement, to

be (—0/0¢) in general and (- jo) in the time-harmonic case.

Maxwell-Ampeére’s law

The magnetic voltage measured for any closed line is proportional to the change (in
time) of the total electric flux passing through the surface (including the conduction flux)
enclosed by the line.

The scaling factor for this proportionality is found, by experiment and measurement,
to be (8/0¢) in general and (jo) in the time-harmonic case.

It is apparent from the above expressions that the only geometrical objects we need in
order to apply Maxwell’s curl equations on a spatial domain are primal and dual lines and
surfaces. The lines and surfaces, however, should be members of a meaningful complete

primal-dual relation as was defined in Chapter Two.
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The first step to start a numerical procedure is discretization of the spatial domain (see
an example of mesh-less approaches in [43]). In mathematics, discretization concerns the
process of transferring continuous models and equations into discrete counterparts. This
process is usually carried out as a first step toward making them suitable for numerical
evaluation and implementation on digital computers. Different standard mesh generating
programs are available and can be used to divide the spatial domain into small elements.
The mesh can be either regular, same cell size and shape everywhere, or irregular with
different cell size and cell shape. The advantage of having an irregular mesh is greatly
appreciated in multi-scale problems when there are regions with very fine details as well
as in problems with curved boundaries.

Triangular 2-D meshes and tetrahedral 3-D meshes are the most common form of
spatial discretization. The unit cells in these meshes have the least possible number of
sides and are called simplex [10]. For a 3-D tetrahedral mesh, a simplex consists of a
volume (tetrahedron), four surfaces (triangles), six lines and four points as shown in Fig.

3-1.

SIS,
7
s
B

\

¥
Sty
"“

Figure 3-1: A 3-D irregular (tetrahedral) mesh and a tetrahedral unit cell (a 3-D simplex).

Referring to Fig. 2-1, all geometrical objects in a 3-D mesh (points, lines, surfaces and

volumes) are oriented as
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1- Points (P;) are considered as “sink”.

2- Lines (L,) are oriented arbitrarily.

3- Surfaces (Sp) are oriented arbitrarily.

4- Volumes (¥,) are oriented as “source” (i.e. their surfaces’ outwards).
Following the definitions given in Chapter Two, we can readily build the incidence
matrices (G, C, D) for the primal mesh. These matrices are utilized in the exact finite

expression of Maxwell’s equations.

3.1.1 Primal global variables and topological relations

To apply Faraday’s law on primal mesh, we define the following primal global
variables:
1- Electric voltage, V, is defined on primal lines and, based on the familiar differential-

integral point of view, can be expressed as

V(L) =[E-dl , (volt, (3-3)

where L represents any primal line.
2- Magnetic flux, @, is defined on primal surfaces and, based on the familiar differential-

integral point of view, can be expressed as

O(S) = HB -ds, (volt-second), (3-4)

where S represents any primal surface.
Using these global variables, V and @, and the definition of curl incidence matrix, C
(see equation. 2-2.b), we are able to write the exact finite form of Faraday’s law as a

topological relation
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C-V=-jod (3-5)
where V is the column vector consisting of electric voltages defined on all primal lines

and @ is the column vector consisting of magnetic fluxes defined on all primal surfaces.

3.1.2 Dual global variables and topological relations

For any given primal mesh, a dual mesh can be constructed to fulfill the minimum
requirements mentioned in Chapter Two (see section 2.2). The center of each primal
volume is a dual point. The choice of a “center” for primal volumes or surfaces is
determined by the chosen dual mesh construction scheme. The last section of this
chapter concerns the construction of the dual mesh, its effect on the accuracy of the
scheme, and its relation to the shape functions used in Finite Element Method [44]. Dual
lines connect dual points in adjacent primal volumes through their common surface and
in general do not need to be one-piece straight lines. Fig. 3-2 depicts dual geometrical
objects for the simplex in Fig. 3-1.

To apply Maxwell-Ampére’s law on the dual mesh, we define the following dual global
variables:
1- Magnetic voltage, F, is defined on dual lines and, based on the familiar differential-

integral point of view, can be expressed as

F(L)=[H-dl , (ampere), (3-6)

where L represents any dual line.
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Dual surface

Yy

(b)

Figure 3-2:  a) Dual geometrical objects for the 3-D simplex in Fig. 3-1, b) Dual surface for a primal

point in a 2-D mesh.

2- Electric flux, ¥, is defined on dual surfaces and, based on the familiar differential

integral point of view, can be expressed as

LI"(§ )= ”D -ds , (ampere-second), 3-7)
K

where S represents any dual surface.

Using these global variables and the definition of dual curl incidence matrix, C=C',
(see section 2.2) we are able to write the exact finite form of Maxwell-Ampére’s law as a
topological relation
C-F=jo¥ (3-8)
where F is the column vector consisting of magnetic voltages defined on all dual lines
and ¥ is the column vector consisting of electric fluxes defined on all dual surfaces.

The two matrix equations, (3-5) and (3-8), are the exact finite form of Faraday’s law
and Maxwell-Ampére’s law, respectively. They do not depend on material properties or

the metric chosen. To be able to solve for any unknown variable we need physical links
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between global variables defined on the primal and dual meshes. These links are called

“constitutive relations™.

3.1.3 Constitutive relations

Based on the discussion in Chapter Two, in a very general form, we express the finite

form of the electric and magnetic constitutive relations, respectively, as

¥=M,-V , ®&=M,F (3-9)
where M and M,, are square matrices dependent on the material properties and metric
and geometrical information. Fig. 3-3 illustrates how the global variables (for time-

harmonic electromagnetics) defined on primal and dual meshes are related thorough

topological (curl) relations and constitutive relations.

Dual Cell ... Primal Cell
k .............................. ZA
Electric flux (%) Constitutive relation, M, Electric voltage (V)
' '-.";‘:'._ - (-4 L'_'. :; .
Topological ] s S T opo{ogzcal
relation (CY | .7 N o T .ﬂ] relation (C)
A 4’_ e _ -- ___":__} e’ L’
Magnetic Voltageﬁ(F) Constitutive relation, M, Magnetic flux (®)
v =4

Figure 3-3:  Global variables (for time-harmonic EM) defined on primal and dual meshes are related

thorough topological relations (on the same mesh) and constitutive relations (on different meshes).
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Substituting (3-9) in (3-5) and (3-8) results in the finite form of the wave equation for
a general 3-D problem as
M;'CM;'CV = 0’V (3-10)
It is apparent from (3-10) that, in general, inverses of M, and M, are required in the
computational procedure. This raises a concern in the efficiency of the numerical
technique. These matrices should also satisfy some necessary conditions in order to
ensure the stability and convergence of the time-domain schemes [7,11,17,20-23].

Diagonal constitutive matrices are the most convenient choice to ensure all computational

requirements for a consistent and efficient numerical technique.

3.2 Finite formulation for guided wave structures

Guided wave structures refer to a category of electromagnetic problems where wave
propagation in a specific direction is supported by the geometry and specifications of the
problem. Examples of this category are waveguide and multiconductor transmission line
configurations. In a guided wave problem, the transverse cross section is perpendicular to
the direction of propagation and is invariant with respect to the direction of propagation.
Consider the transverse cross section of a wave guide structure as an arbitrary 2-D
surface in the x-y plane. Variation of all electromagnetic variables with respect to z is

assumed as e and F(x,y,z)=F,(x,y) €, where F represents an arbitrary electromagnetic
variable and F; is its transverse component. Fig. 3-4 shows the 2-D cross section of the

primal mesh and an extruded triangle. A dual volume (an extruded dual surface) for a

primal point in a triangular mesh is shown in Fig. 3-5. The relation between primal and
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dual geometrical objects and incidence matrices are simplified for a guided wave

structure as:

~ ~

L. oL, , SoP , C=G', G=cC (3-11)

where G and C are incidence matrices for the 2-D primal mesh.

transverse triangular
surface

longitudinal
rectangular surface

Az

Figure 3-4:  The general 2-D geometry for wave propagation problem and a unit extruded cell showing

the transverse and longitudinal surfaces.

Figure 3-5: A dual line, L, (for the primal line, L,) and a dual surface, S; (for the primal point, P;) in the

2-D cross section of a guided wave structure.

The key to obtaining the final eigenvalue equation for a waveguide structure is to
apply topological laws on transverse triangles and longitudinal rectangles (as shown in
Fig. 3-4) separately.

Application of Faraday’s law (3-3) on primal transverse and longitudinal surfaces

results in two equations as
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CV} =—jod? ; for transverse surfaces, (3-12.a)
YVP +GE? =—jod? ; for longitudinal surfaces, (3-12.b)
where superscript p refers to the primal mesh and subscripts t or z, refers to transverse or
longitudinal components, respectively. E! is the longitudinal component of the electric

field defined on primal points.
In the same manner, application of Maxwell-Ampere’s law (3-4) on dual transverse

and longitudinal surfaces results in two equations as

G'F = jo'¥; for transverse surfaces (3-13.a)
yF +C'H! =—jo'P¢  for longitudinal surfaces, (3-13.b)
where superscript d refers to the dual mesh and subscripts t or z, refers to transverse or
longitudinal components, respectively. H. is the longitudinal component of the

magnetic field defined on dual points. Some important points in deriving (3-12) and (3-
13) are noted:
1- The final equations are independent of Az and E? ,H! are therefore field
variables (V/m and A/m, respectively). This is the result of our use of €%
function and elimination of Az in the formulation

2- G is the gradient incidence matrix for the 2-D primal mesh

3- C s the curl incidence matrix for the 2-D primal mesh
4- We have used the approximation 1—e™ ~yAz

Figure 3-6 demonstrates in detail how different components in (3-12) and (3-13) are
obtained.

For the 2-D case, constitutive relations can be rewritten as
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®° =M_F' ; electric constitutive relation in transverse direction, (3-14.a)

®° =M_H: ;electric constitutive relation in longitudinal direction, (3-14.b)
¥{ =M,V ;magnetic constitutive relation in transverse direction, (3-14.c)
¥¢=M_,H? ;magnetic constitutive relation in longitudinal direction. (3-14.d)

Substituting (3-14) in (3-12) and (3-13) and eliminating the longitudinal field
components, E7 ,H?, we obtain the final finite eigenvalue problem for the guided wave
structure as
' -(ZY,+ZC'Z,'C+GY,'GY)V! =0, (3-15.a)
for primal electric voltages or
(v’ - (Y,Z,+C'Z;'CZ, +YGY,'GY)F' =0, (3-15.b)
for dual magnetic voltages. In (3-15), Y=joM, and Z; =joM,; , are transverse admittance
and impedance matrices, respectively and Y, =joMs, and Z, =joM,,, , are longitudinal
admittance and impedance matrices, respectively.

The first term in the inner bracket in the LHS of (3-15) is related to the transverse
fields, the second term to the z component of the magnetic field, and the third term to the
z component of the electric field. Therefore, in the case of a Transverse Magnetic (TM)
problem the second term, and in the case of a Transverse Electric (TE) problem the thifd
term, will not exist in the final eigenvalue equation. It is noted that only the longitudinal
impedance and admittance matrices are inverted.

In the following sections and chapters of this thesis, the waveguide structure case with
an invariant 2-D cross section perpendicular to the direction of propagation, z, and a

triangular primal mesh is considered.

41



G'F¢ = Y,E?

primal point

......................... dual lines
Y .

Dﬁal surface

Figure 3-6:  Surfaces used to derive: a) (3-12) for primal surfaces, b) (3-13) for dual surfaces.

3.3 Dual mesh and constitutive relations and matrices

The importance of constitutive relations as material and metric dependent relations has
been extensively discussed in the literature. A major complexity in discretization of these
relations is their conventionally specified continuous (point-wise) form, D=¢E and
B=uH, which is compatible with the differential expression of Maxwell’s equations. For
any physical material (excluding vacuum) these relations, however, are usually obtained
based on experiment and measurements involving global variables. To appreciate the
importance of the constitutive relations, it seems necessary to have a more detailed
discussion on how construction of a dual mesh in FIT and the Cell Method helps in the

construction of constitutive matrices.
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The role of a dual mesh in the Cell Method can be summarized in the following

important characteristics:

1-

2.

The dual mesh defines the “center” for each primal element

The dual mesh defines the relation between primal and dual lines (in an extruded
mesh)

The geometrical properties of the dual mesh are used to average the constitutive
relations when adjacent primal surfaces have different material properties

Using the primal-dual framework and definition of the incidence matrices (G, C,
D) is convenient when assembling the coefficient matrices as well as in
interpolation schemes

The actual existence of the dual mesh makes the computational procedure more
reliable in terms of accuracy and stability

The primal-dual framework enables one to separately consider topological and
constitutive relations. This is especially attractive when we need to squeeze,

expand or scale the geometry of a problem while keeping the topology unchanged

It is assumed in this thesis that the primal mesh triangulation is always based on

considering material discontinuities. Therefore any primal volume (extruded surface) is

filled with one and only one specified material (g,11,6) while the dual volumes (extruded

surfaces) may consist of different materials.

The orthogonal dual mesh and the barycentric dual mesh, as the most common choices

for a dual mesh, are described in the following sections.
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3.3.1 Orthogonal and barycentric dual mesh

In an orthogonal primal-dual cell complex, dual lines are orthogonal to primal surfaces
and vice-versa. Consider the primal surface in Fig. 3-7 and the orthogonal and non-
orthogonal dual lines. The global variable defined on the primal surface is the (magnetic)
“flux” passing through it. This flux implicitly includes only the perpendicular (to the
surface) component and is independent of the tangential component of the (magnetic)
field. The global variable, magnetic voltage, for the orthogonal dual line is also
dependent solely on the orthogonal (to the surface, tangential to the line) component and
therefore can be related uniquely to the (magnetic) flux in a scalar relation. For any non-
orthogonal dual line the (magnetic) voltage is dependent on the tangential (to the surface)
component of the field while the (magnetic) flux is not. Therefore, for a non-orthogonal
dual line, a well-conditioned scalar relation (diagonal matrix) can not be found between
primal and dual global variables. To approximate the value of the (magnetic) voltage for
the non-orthogonal dual line, we need to use information about the neighbor primal

(magnetic) fluxes, which results in a non-diagonal matrix relation.

Ogt‘il;glci);l: 1 non-orthogonal
R dual line
£
Aal surface /
/

Figure 3-7: A primal surface and the orthogonal and non-orthogonatl dual lines.
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Examples of orthogonal 2-D dual meshes are a regular rectangular mesh and
Delaunay-Voronoi triangulation as shown in Fig 3-8. In a 2-D Delaunay-Voronoi
triangulation, each dual point is the circumcenter of the primal triangle and each dual line

is the orthogonal bisector of a primal line.

primal line

dual line = --------

(a)

Figure 3-8:  a) 2-D regular primal-dual mesh b) Delaunay-Voronoi triangulation.

A rectangular regular grid, as shown in Fig. 3-8, is not a good choice for multiscale
problems or curved geometries since the grid size can not be adjusted to match fine
details. In an irregular mesh, on the other hand, the size of cells can change to provide the
proper resolution in different regions.

While an irregular mesh in general can consist of cells with different shapes and sizes,
2-D triangular and 3-D tetrahedral meshes are especially interesting since they are
simplicial meshes [10]. Delaunay-Voronoi triangulation, is a good choice as an
orthogonal dual mesh in multi-scale problems, but it is not always possible (especially in
3-D case) to build the Voronoi dual mesh since the circumcenter of an obtuse triangle
(tetrahedron) is not inside the triangle (tetrahedron). A Delaunay-Voronoi tessellation can
not guarantee the exact reconstruction of physical boundaries inside inhomogeneous

media [16]. In the case of other arbitrarily chosen dual points, the orthogonality property
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is not guaranteed and special averaging and interpolation techniques would then be
necessary to build non-diagonal constitutive matrices.

As an example of a non-orthogonal dual mesh, a barycentric dual mesh is
considered. In a barycentric dual mesh, each dual point is the barycenter (centroid) of the
primal surface (volume) and dual lines are two-piece lines connecting adjacent dual
points passing through the barycenter of primal lines (surfaces) as shown in Fig. 3-9. A
barycentric dual mesh has unique attractive characteristics in interpolation and averaging
schemes which will be mentioned later. Barycentric subdivision is a common choice in
FIT where Whitney forms (node elements, edge elements and face elements [5,10,11])
are used in interpolation schemes. The Microcell Interpolation Scheme, MIS [6,17] has
been used with the Cell Method formulation for construction of non-diagonal constitutive
matrices in a barycentric subdivision.

primal line
dual line = = =

Figure 3-9: A 2-D barycentric dual mesh.

3.3.2 Order of accuracy and shape functions

In a real physical problem the constitutive characteristics of a physical medium are

often considered “continuous” and expressed in a point-wise format in spatial
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dimensions. We assume that a homogeneous physical media is continuous in comparison
with the resolution of the spatial discretization, even in the case of a very fine mesh.

While discretization of the spatial domain does not affect topological laws, the
discrete constitutive relations, which depend on the material and geometrical objects, are
affected by the approximations used in the discretization process. “shape function” is the
familiar name for these approximations as used in Finite Element Method, FEM.

The spatial accuracy issue arises from the fact that, in the discretization of a spatial
domain, an infinite number of unknowns associated with each cell are replaced by a finite
number of unknowns or Degrees of Freedom (DoF). The behavior of the solution
function inside each cell is approximated based on DoF. For example, if we represent
each cell by one unknown, a uniform (zero-order) shape function is obtained as the
approximation to the solution inside each cell. Consider the 1-D example of Fig. 3-10.
For the continuous function on the left, different DoF result in different approximations
to the unknown function.

Zero-order shape functions are a low-accuracy, low-cost choice but they do not satisfy
the continuity of the function on two adjacent elements. Higher-order shape functions
require much more computation, memory and time, and significantly increase the
complexity of the numerical procedure.

Constitutive relations are the only components in a discrete framework affected by
discretization. Although constitutive relations are often obtained based on experiments
and measurements, the result of these measurements on global variables is considered a

“material property” (e.g. permittivity) with a continuous nature.
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1 DoF zero-order

2 Do
first-order
/0/\_/ ...................... >
3 DoF second-order
continuous function approximation

Figure 3-10: DoF and the order of accuracy.

As mentioned previously, a triangle is a simplex in 2-D space. This means that, as a
closed curve defining a surface, it has the minimum number of sides (straight lines). The
value of an unknown function can be linearly approximated inside the triangle based on
the values of the function on the vertices of the triangle. Fig. 3-11 indicates the linear
interpolation function for a triangle. The linear approximation can not be uniquely

defined for surfaces with more than three sides.

(bl(XI:YI)

$(x2,y2) $3(x3,y3)

Figure 3-11 A linear shape function defined inside a triangle.
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Referring to Fig. 3-11, the unknown function, ¢(x,y), is linearly approximated as

ALY ) ALK, Y,) + AR(Xs,Ys)
b0xy) = A (3-16)

=00, + 0,0, +;0,,

where (x,y) is any point inside the triangle , A=A;+A,+A; is the area of the triangle and
o, are the shape functions.
Integration of a linear approximation over the triangle results in an attractive property

of the barycentric dual mesh as follows;
oty =2ty g a (3-17)
A

where M is the barycenter of the triangle. This implies that, for a linear shape function,

the primal constitutive matrix in the z direction (M, in 3-14.d) will be diagonal as

©(S) = [[ BCx, y)ds =[[uH ds =S, |H{ (B =M,) (3-18)
M, (B,8)= 5(5}%)) =us, , (3-19)
z\" B

where Mp is the barycenter of the primal surface, Sp. This however does not hold for the
dual constitutive matrix in the z direction (Mg). This matrix has to be constructed using a
zero-order approximation.

It is important to note that the numerical order of accuracy in the finite formulation
directly reveals itself in the construction of the constitutive matrices. It should also be
noted that employing a linear shape function for z component of the fields, implies a
uniform approximation for the transverse variables over their corresponding geometrical

objects.
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3.4 Finite Formulation, Finite Element and Finite Volume

Many different types of numerical techniques are available to provide accurate
approximations to the solution of physical problems. Although the results obtained using
different numerical techniques can be similar or even exactly the same, each technique
has its own attractive features or drawbacks which should be considered when choosing
the proper technique to solve a specific problem. Numerical techniques, in general, have
similarities and differences in the approach taken to model a physical problem.

In this section we

1-  Compare Finite Formulation with Finite Element Method and Finite Volume

Method in modeling a homogenous Helmholtz problem

2-  Investigate the implicit use of a dual mesh in FEM and FVM

3-  Explain why we prefer a Finite Formulation for modeling electromagnetic

problems

Finite Element Method (FEM) and Finite Volume Method (FVM) were first
introduced and applied in Computational Fluid Dynamics, CFD. Applications of these
techniques in electrical engineering began later in the 1960s for FEM [45] and 1990s for
FVM [46].

As it was mentioned earlier, Finite Formulation utilizes a discrete framework which is
not based on a differential formulation. FEM and FVM, however, are considered
differential-based techniques and do not explicitly employ a dual mesh. The word
“Finite” in FEM and FVM refers to the finite elements in the spatial discrete domain. In
FEM and FVM, topological relations are not distinguished from constitutive relations and

the fact that discretization only affects the constitutive relations is not straightforward to
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understand. Comparisons between Finite Formulation and other techniques, FEM in
particular, have been made as early as the beginning of Finite Formulation itself [1, 3, 5,
11, 15].

Numerical techniques such as FDTD and Finite Integration Techniques, FIT, which
benefit from a primal-dual framework, owe their noticeable success in Computational
Electromagnetics to the duality concept hidden in the governing electromagnetic
relations. In our comparison between the Finite Formulation technique and other “finite”
techniques, FEM and FVM, we consider the role of a dual mesh in Finite Formulation
and how it is implicitly constructed and used in FEM and FVM with linear shape

functions. We use the example of the solution to the homogeneous Helmholtz wave

equation, V*y +k2y =0, (k2 =—y?), for a rectangular waveguide geometry.

3.4.1 Helmholtz equation, Finite formulation

The finite form of Helmholtz wave equation for a waveguide geometry was derived in

section 3-2 as in (3-15) and can be rewritten as

(Ce + KD VP =0, (3-20)
where Cp = Z,Y, + Z,C'Z;'C+GY,'G'Y,, k? = —y? and V? is the array of DoF for the
primal edges. In Cr , the G and C matrices are material and metric independent matrices
defined only by the topology of the primal mesh. These matrices remain unchanged when
the geometry is scaled or when the material or frequency change. k 2is found from (3-20)

as the eigenvalue of (- Cgr ).
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Geometrical characteristics of the dual mesh and the assumptions about the order of
accuracy were utilized directly in the construction of Y and Z matrices in (3-20). For an
orthogonal dual mesh and first order accurate longitudinal components, all Z and Y
matrices in (3-20) are diagonal and consequently symmetric positive definite matrices
which guarantees the consistency, convergence and stability of the scheme[10,17,20,21].
In the case of a non-orthogonal dual mesh or higher order of accuracy, the Y and Z
matrices are not diagonal in general and different approaches are used to make alternative
diagonal or symmetric positive definite Y and Z matrices or otherwise prove the

consistency of the scheme [17,20, 23, 29].

3.4.2 Helmholtz equation, Finite Element Method

In the Finite Element Method, the homogeneous Helmholtz wave
equation, V*y + k2y = 0, is solved by minimizing a functional, F. It is shown in [44] that

solutions of Helmholtz wave equation render stationary the functional
F(U)=-;—[”jVU-VU-dQ—k§jHU2-dQ], (3-21)
Q Q

provided the U functions are continuous within the problem region. The functional F in
(3-21) attains its minimum (stationary point) at Uy=y which is the solution of the
Helmholtz wave equation.

To minimize (3-21), the spatial domain, Q, is divided into many finite elements. The
solution function is then approximated over each element in terms of the unknown values

of the solution at the vertices of the elements (or more points as in higher order schemes).
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We consider the components of the functional in (3-21) for a 2-D triangular element as
shown in Fig. 3-11:

U=¢,0, + 9,0, + 0,
VU =¢,Va, +6,Va, +6,Va,, (3-22)
F(U)=(@1/2)[®;-S @, ~k;-®,-T-@,],

where S, the element stiffness matrix, T, the element mass matrix, and ®., the array of

DoF on nodes, are defined as

Sy = [ Vo, -Voyds, T;=fo, -ads , @ =[0, ¢, ¢,]. (3-23)
A, A,

Here A, refers to the area of the triangle. Minimization of the value of the functional (in
terms of ¢'s which are free to vary) over the whole region and assembling all element
matrices together, result in the following matrix equation:

SO -k TP =0. (3-24)
Equation (3-24) can be rewritten as an eigenvalue equation as

(T'S-kD)®=0 . (3-29)
This equation can be compared to (3-20) for the Finite Formulation.

We have proved [15] that for linear shape functions the matrices, S and T, which are
dependent on the shape functions chosen, implicitly define dual lines as perpendicular
bisectors and the dual points as barycenters. It is also important to note that the inverse of
T matrix in (3-25) represents the dual surfaces around primal points in the finite
formulation. The finite equivalent of the Cartesian Laplacian operator, V?* ,( Cg), is also
equivalent to the stiffness matrix in FEM when linear shape functions are used. For a

complete geometrical proof see [15].
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As a conclusion it can be stated that shape functions are needed in both FEM and
Finite Formulation. Dual mesh exists implicitly in FEM at least for first order shape
functions, and it is defined by the integral of shape functions or their derivatives over the
triangles. Having an explicit dual mesh, as in finite formulation, however, is beneficial

regarding the points mentioned in the beginning of section 3-3.

3.4.3 Helmbholtz equation, Finite-Volume Method

Finite Volume Method was originated in Computational Fluid Dynamics (CFD). In
CFD, the governing equations are often expressed in a conservative (balance or
divergence) form. The concept of control volumes was used in CFD instead of
infinitesimal volumes in order to apply the balance equation.

Finite Volume Method did not receive attention in computational electromagnetics
until 1990 [46]. Frequency-domain Finite Volume Method has received even less
attention and has not been widely used in computational electromagnetics. Finite volumes
does not offer a primal-dual framework and shape functions are not explicitly employed.
The technique, however, is extensively based on averaging and interpolation schemes.

For time-harmonic electromagnetics, Maxwell’s curl equations, which naturally
involve lines and surfaces, need to be converted to a divergence form using volumes and

surfaces. The six Cartesian components of E and H fields are lumped together in a vector
form as: U=(E, E,E H H,H,) and Maxwell’s curl equations are rewritten in a
compact divergence form as [47]

joU+V. (M .G0) =0, (3-26)
where the term, V- G(U), corresponds to the curl of E and H in the curl equations 3-D)
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and M is a diagonal matrix specifying the material parameters. Integration of (3-26) over

prisms with triangular bases (Sg) and height Az, results in

— — 3 —_— —
joU, = I_Sl][(zl M7F(i, ) U [L.|) +YMF@, )UB‘SB@ , (3-27)
piL o=

where fJB is the collocated field vector computed at the barycenter of triangle B and

F(i,)U, =G(U)i,. U, is the collocated field vector computed at the barycenter of the
edge o of triangle B. This vector is interpolated using the value of U in the two adjacent
triangles sharing the edge o as indicated in Fig. 3-12. It is important to note that the

fluxes in the RHS of (3-27) are not independent variables, DoF, as is the case in the

Finite Formulation (where fluxes associated to the faces are independent variables).

Figure 3-12  Interpolation of the field vector for the edge o shared between two triangles B1 and B2.

The field vectorU, in general, has six independent components which should be
calculated for each triangle. The FVM works better for time-domain schemes where the
field components are updated in each time step. Although the FVM does not use shape
functions, interpolation of the field vector, U, for calculating the flux on faces as in Fig.
3-12, is a poor approximation and can be improved by using more accurate interpolation
schemes (or shape functions). The FV scheme described here implicitly defines a

barycentric dual mesh with orthogonal dual lines (used to calculate fluxes).
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Chapter 4- Incentric Cell Method

The explicit use of a dual mesh is one of the important features of the Cell Method
formulation. Two different dual mesh construction schemes, Delaunay-Voronoi tessellation as an
orthogonal dual mesh and barycentric dual mesh as a non-orthogonal dual mesh, were introduced
in the previous chapter. In this chapter, we propose a new dual mesh construction scheme for an
arbitrary triangular primal mesh which can be used for solving two dimensional electromagnetic
problems and guided wave structures. This dual mesh construction scheme can be extended to
three dimensional tetrahedral meshes.

As discussed in Chapter Three, a good choice for construction of the dual mesh is a Voronoi
dual mesh, which uses the circumcenter of the primal elements as dual points. This choice
maintains the orthogonality between primal and dual geometrical objects but also imposes an
additional condition on the primal mesh. The circumcenter for any obtuse triangle falls outside
the triangle making it impossible to have a well-defined dual mesh.

The existence of a Delaunay-Voronoi tessellation for an arbitrary inhomogeneous region is
not guaranteed [16]. The interior boundaries of the region, in general, do not coincide with the
edges of Delaunay triangles or Voronoi polygons. Even for a homogenous 2-D region, building a
Delaunay-Voronoi tessellation, with no obtuse triangles, is not an easy task. In multiscale
problems when the size of cells changes drastically over the region, obtuse triangles can not be
avoided in most common mesh generation algorithms. Table 4-1 reports the percentage of obtuse
triangles in some of the examples studied in Chapters Five and Six. The meshes are obtained

using FEMLAB (COMSOL, [48]) mesh generator. Even for triangles with angles close to 90°,
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the circumcenter is very close to the longest side, as shown in Fig. 4-1, and is not a good choice

for a “center” in interpolation schemes.

Table 4-1: Percentage of obtuse triangles in different geometries described in Chapter Six.
Geometry Waveguide CPW ACPW Buried cable Microstrip
Percentage of 7 12 12 15 10
Obtuse triangles
(a) (b) (©
Figure 4-1:  a) Incenter, b) circumcenter and ¢) barycenter for a triang]e.

The barycenter of a triangle is always inside the triangle and also features interesting
properties such as dividing the area of the triangle into three equal parts as shown in Fig. 4-1.
The barycentric dual mesh has been used with the Finite Formulation using Whitney forms
[10,11,13] or with the Microcell Interpolation Scheme, MIS [17,21-24] and produces non-
diagonal constitutive matrices.

An Incentric dual mesh construction scheme is an attempt to achieve the advantages of an
orthogonal dual mesh while making it possible to use any kind of triangular primal mesh,

including obtuse triangles. This scheme is introduced and explained in detail in this chapter.
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4.1 Geometrical objects

We consider a two-dimensional triangular primal mesh as shown in Fig. 4-2, with np primal
points, P;, nl primal (straight) lines, L,, and ns primal surfaces (triangles), Ss. The dual mesh

consists of s dual points, ﬁ/;, nl dual lines, ., and np dual surfaces, S;.

Figure 4-2: A 2-D triangular mesh

Primal geometrical objects do not depend on the choice for the dual mesh and remain the
same as already explained. Dual geometrical objects, however, are introduced for the Incentric

scheme as follows.
4.1.1 Dual points

In the incentric dual mesh construction scheme, we use the incenter of primal triangles as dual
points. The three angle bisectors of a triangle meet in one point called the incenter. It is the
center of the incircle, the circle inscribed in the triangle as shown in Fig. 4-3. The reasons for this
choice are:

o The incenter of any triangle is always inside the triangle.
e The perpendicular lines drawn from the incenter to the sides are completely inside the
triangle.

e The distances from the incenter to the sides are equal.
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Figure 4-3: The incenter of a triangle, O. The radius of the incircle is r=25/(a+b+c) where S is the area of the

triangle.

4.1.2 Dual lines

In a Voronoi dual mesh, dual lines simply connect the dual points for two adjacent
triangles. In a barycentric dual mesh, dual lines are not straight lines but two-piece lines
consisting of the shorter parts of the medians in two adjacent triangles.

Incenteric dual lines, in general, consist of three pieces, two orthogonal components and
one tangential component as shown in Fig. 4-4. An important parameter in the incentric scheme
is the length ratio of the tangential portion of the dual line to the primal line.

We define the diagonal “Ratio Matrix” as

R(o,a) = IL—‘;I o=1:nl, (4-1)

2|’
where 7/ is the number of primal (or dual) lines and L, and L/, are indicated in Fig. 4-4. Mesh

generating algorithms usually avoid having “bad” triangles in the mesh and maintain the

triangles as close as possible to an equilateral triangle which results in a Ratio Matrix with a
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small norm. This diagonal matrix appears in the final eigenvalue equation and as shown later

plays an important role in the incentric scheme.

Tangential component (L")

Primal line (L)
= Dualline
—e—.  Primal line

Orthogonal components

Figure 4-4: In the incentric scheme, dual lines consist of three components: the tangential component is a
portion of the corresponding primal line and two orthogonal components are orthogonal to the corresponding primal

line.

4.1.3 Dual surfaces

Dual surfaces are the areas enclosed by intersecting dual lines and surrounding a primal point.
Fig. 4-5 illustrates a dual surface in an incentric dual mesh. We now introduce another important

matrix, Spp, related to primal and dual surfaces as
Spp(Bi)=S,NS;; for B=lims, andi=1:np, (4-2)

which indicates the portion of the primal surface, Sy, shared by the dual surface, S; as shown in
Fig. 4-5. This matrix is used in the incentric scheme in the interpolation of the z components of
EM variables. |

From the definition of the incentric dual lines and surfaces it is deduced that the global
variables defined on transverse dual lines and longitudinal (extruded) dual surfaces need to be

corrected for the “unwanted tangential component”.
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Primal surface
Seo (Bi) Ss

=== Dual line
............. Primal line
Primal point
P,' X"
“Dual surface
S;
Figure 4-5: An incentric dual surface and Spp matrix elements.

4.2 Incentric formulation

The general time-harmonic formulation for waveguide structures was given in Chapter Three,
(3-12) to (3-15). In the incentric scheme with the geometrical objects defined as in section 4.1,
special considerations are required for the proper treatment of the tangential component of the
dual lines. The global variables defined on the tangential component do not exist in the general
formulation (3-12, 3-13). In order to take into account the effect of the global variables defined

on the tangential part of dual lines, we introduce a set of two dual formulations as follows.
In the V-formulation, electric voltage is defined on the primal lines (V?,EF) and magnetic flux
is defined on the primal surfaces (®7,®7). This set of variables was previously defined and used

in the general formulation given in section 3-2, (3-12) to (3-15).

In the F-formulation, we switch the global variables defined on the primal and dual geometrical
objects. Magnetic voltage is now defined on the primal lines (Ff,H?) and electric flux is
defined on the primal surfaces (W7, 7).

In comparison with the equations given in Chapter Three, primal equations in V-formulation

remain exactly the same as in (3-12) because the primal geometrical objects have not changed.
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Primal equation in F-formulation can be also written in the same manner as in (3-12). Equations
for the dual variables, (3-13), however, need to be modified to include the tangential components
in both formulations.

Based on the assumption of linear shape functions for z components (which imply a uniform
approximation for the transverse variables), the global variables associated with the tangential
parts are proportional to the same variable defined in the dual formulation. The coefficient for
this proportionality is the coupling, CPL(a,a), as indicated in Fig. 4-6.

Electric voltage, VP (o), is defined on primal Magnetic voltage, Ftd (cr), is defined on

lines, Lo, in the V-,Efonnulation. ., duallines, Z,, in the V-formulation.

The magnetic voltage on the tangential
part of the dual line is proportional to FP(a)-

Magnetic voltage, Fl" (at), is defined on

primal lines, L,, in the F-formulation.

Figure 4-6: The coupling between dual variables in V-formulation and the corresponding primal variables in
F-formulation is taken into account through the coupling matrix, CPL. Magnetic voltage defined on the tangential

part of the dual line, L, is proportional to FP(a) 3 CPL(a, ) xFP(ct) -

The coupling is related to the Ratio Matrix, (4-1), as

R(o,a) ; casel
(4-3)
—R(a,a); case?2

CPL(a, ) = {
Here, case [ is the case when going in the direction of the dual line, the tangential part is in the
same direction as the primal line. Case 2 is the case when going in the direction of the dual line,

the tangential part is in the opposite direction of the primal line. In Fig. 4-6 case 2 is depicted

- where CPL(a,)=-R(a, ).
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Recalling (3-12) and modifying (3-13) to include the coupling, V-formulation for an incentric

dual mesh can be written as

CV!=-Z H'!

sz + GEIz) = —ZtlFtd

G'(F'+CPL-F?) =Y, E”

~7(E! +CPL-F?)+ C'H{ = Y, V? -CPL-Y,,V*

, (4-4)

where the numbers one and two in the subscripts refer to the V- or F- formulation, respectively.
F-formulation is obtained from (4-4) by changing all Z matrices to -Y, changing all F
variables to V, H variables to E and vice versa. The numbers in the subscripts change as 1<2. F-

formulation is then written as

CFP =Y,E!

AP +GH: =Y, V¢

G'(V!+CPL-V?)=~Z_,H’

~ (V' +CPL-V?)+C'E! =~Z,F* + CPL-Z,F*

(4-5)

Different variables and components in (4-4), except those related to the tangential parts, were

depicted in Fig. 3-6. Fig. 4-7, in a similar manner, depicts different components in the primal and

dual equations, (4-4). . ZF cv?
~zpd -7z CPL-FP
¢ F‘ < : s S, J Z,H!
-:,4, 7 I “~ T, L e
< 1 N N .7 ’
. 7/
7’ . \ ! CH, :
7’ = \d N . : /- o,
. : P
LYV Ts o A CPL-F?
ceLp K GE’
Dual relations Primal relations
Figure 4-7:  Different components and geometrical objects used in equations (4-4).
Using the second equation in (4-5), we can simplify the last equation in (4-4) as
d
W +GH] =Y,V —CPL-(F +GH?)=CPL-Y,V® “6)

~/F'+C'H; +CPL-G-H? =Y, V?
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Similarly, using the second equation in (4-4), we can simplify the last equation in (4-5) as

V! +GE? =-Z,F' — CPL-(yV} +GE?) =-CPL-Z F’
-yV¢ +C'E{ +CPL-G-E? =-Z ,F?

(4-7)

The simplified V-formulation is then written as

CV{P = _ZZIH:

YVP+GE? =-7,F’

G'(F! +CPL-F?)=Y,E’?
~vyF+C'H? +CPL-G-H? =Y, V?

(4-8)

and in a similar manner, the simplified F-formulation is written as

CE =Y,
YF? +GH? =Y, V!

G' (V! +CPL-V?)=-Z_ H?
~yV!+C'E! +CPL-G-EF =-Z ,F°

(4-9)

The CPL matrix, represents the effect of the coupling between variables in one formulation
into the other formulation. After some manipulations, (4-8) and (4-9) result in the following final
V- and F-formulations, respectively:

(}/2 -(Y,-Z,+C'Z;C-Z,+Y, ~GY2'1‘G')) F' =yCPLG.H? +Y,GY, G'CPLF’  (4-10)
(* ~(Z, Y, +CYIC Y, +Z,,-GZGY)) V =y CPLG.E? + Z,,G.Z. G'CPLV? . (4-11)

A few important points should be noted in (4-10) and (4-11). The left hand side in both
equations is in the form of a normal eigenvalue problem as in (3-15). The CPL matrix appears
only in the left hand side of the equations. In a zero-order approximation this matrix (and
consequently the left hand sides of (4-10) and (4-11)) is considered zero which results in the

following zero-order VO- and FO- formulations :
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»*-Y,Z,-Y,GY,G' -C'Z,)CZ)F' =0 , (4-12)
' -Z2,Y,~-2,GZ,G" -C'Y,CY,)V! =0, (4-13)
respectively. Close results are expected for the propagation constant, y, obtained from (4-12) and
(4-13). We also expect that the field distribution obtained from the two formulations agree well
up to a scaling factor. These expectations are verified through examples and results given in
Chapter Six. Equations (4-10) and (4-11) can be further simplified in the case of Transverse
Electric (TE) or Transverse Magnetic (TM) propagation, respectively as explained in section 4.4.
It is noted that all Z and Y matrices in the L.H.S of (4-12) and (4-13) are diagonal and therefore
the eigenvalue problems are in the convenient form involving symmetric positive definite
constitutive matrices which guarantees stability and convergence of the scheme[10,17,20,21].

In the next section construction of Z and Y matrices in (4-10) to (4-13) are explained.

4.3 Constitutive matrices and interpolation functions

In the Cell Method, DoF are global variables assigned to edges and faces in the primal and
dual meshes. This guarantees the continuity boundary condition at the interface of different
material since there is only one number assigned to a line (the tangential voltage) or a surface
(the normal flux). Constitutive matrices are built based on this natural continuity of tangential
voltages and normal fluxes in the Cell Method formulation. In the construction of the transverse
constitutive matrices, Zy, Yu, Zp, Yn, we consider a uniform field distribution (zero-order
approximation) over primal or dual lines. Referring to Fig. 4-8, transverse constitutive matrices

are defined as follows.
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f’ 3 P i%t P E o E”tx
Fd(a)=} 1 .(D ((X)+ = .q) (a) , Z”(a,a)=jmlLal 1_1_}_*._- s
T TR T
Vi) L] ¥ (o) Lol W)
0 o +joe T, s, ’ 4-14)
jo o +jog,  |L|  o,+joe, L] (
~ ~ -1
la LZo.
Y!Z (a'a a‘) = lLu] . . s
G, +jog, O, +jowE,
TH I EETH | (o +j0)s)-ia+(02+jcosz)-f2a
Z(a,0) = joo [ s Yy (o) = ——— :
IL.| L]
Figure 4-8: A primal line, L,, is located on the interface of two different materials. Construction of the

constitutive matrices in the Cell Method is based on the natural continuity of the tangential voltages and normal

fluxes at the interface of the two materials, 1 and 2.

For constitutive matrices in the z direction, we consider a first-order (linear) approximation
for z components of the fields over triangular elements. Based on (3-19), if the barycenter is
considered, this assumption results in diagonal primal constitutive matrices in the z direction for
Z,1 and Y. In order to maintain the simplicity of the procedure, we ignore the distance between
the incenter and the barycenter in the construction of these matrices. This assumption is validated
through investigation of different triangles. The reason for choosing the incenter is that the
perpendicular lines from the incenter to the sides of a triangle are always inside the triangle
making it possible to have the incentric dual mesh for any arbitrary primal triangulation. Z,; and

Y, are then obtained as
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LB =joumfS| . Y,(B)=(o, +jog,) 8 (4-15)

For the dual constitutive matrices in the z direction, however, a linear interpolation function
cannot be defined as the dual surfaces are polygons having more than three vertices. A linear
interpolation over primal triangles also results in non-diagonal dual constitutive matrices in the z
direction. A uniform approximation over dual surfaces results in diagonal dual constitutive

matrices in z-direction as

Y, ()= Z (o5 +jogg)  Spp (B,1) ,  Q={primal surfaces sharing node i}

Pt (4-16)
Z,1)= Z (Jjoug) - Spp (B,1) ,  Q={primal surfaces sharing node i}

Be

where Spp was defined as in (4-2).

We shall now introduce two other interpolation functions that have been utilized in the
incgntric scheme. When the z components of the fields, E, or H,, are obtained (either for the
primal points or for the dual points), from (4-10) and (4-11), the value of the variables for any
point in the 2-D region can be approximated using appropriate interpolation functions. We can
approximate the value of the z components of the fields at the dual points in terms of the values

at the primal points based on a simple linear approximation as

Ef, H! =T, H?, T, =%|C”G[ , 4-17)

where E, 2 H? are column vectors containing all E, and H, components on the dual points and
E?,H? are column vectors containing all E, and H, components on the primal points. T,

represents a simple linear interpolation of the fields (E,,H, ) on three vertices of each primal

triangle to obtain a value for the fields on the corresponding dual point. Tq, is expressed in terms

of the curl matrix, C, and the gradient matrix, G, defined in Chapter Two.
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In a same manner, we approximate the value of the fields at each primal point based on an
equal weighting interpolation between all dual points surrounding the primal point. This

interpolation can be written as

E=T,E!, H!=T,H! , T,=sign(Sy"). (4-18)

Note that equations (4-17) and (4-18) also resemble a local approximate pseudo-

inversion, (T,,)" ~T,, , (T,,)" ~T,. This approximation has been validated in different

examples by reconstruction of E, and H, vectors.

4.4 Transverse Electric, Transverse Magnetic and Hybrid
Formulations

In this section we propose a scheme to solve the coupled V- and F-formulations, (4-10) and
(4-11) in the case of TE (E;=0), TM (H,=0) and hybrid (when both E; and H, exist) modes. Note
that all terms containing the matrix Y, are related to the z component of the electric field and will
be deleted in the case of TE propagation. In the very same manner, all terms containing the
matrix Z, are related to the z component of the magnetic field and will be deleted in the case of
TM propagation. Recalling (4-10) and considering the facts mentioned above, the simplified V-
formulation for the TE case is written as
b -y, -z, +CZC Z,)) F¢ = yCPLG.H? (4-19)
and the simplified F-formulation for the TM case is written as
(* ~(Z,,- Y., +C'YZC-Y,)) Vi = y CPLG.E?. (4-20)
We now explain the procedure for solving TE case, (4-19). The procedure for solving TM case,

(4-20) is carried out in the very same manner.
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In the case of TE modes, (4-19) is first solved as a normal eigenvalue problem with CPL=0. The
zero-order eigenvalue obtained as above is called, yo. In order to take into account the non-zero
right hand side of (4-19), we use the interpolation relation (4-18) and the first two equations in

(4-8) with Ef =0 as follows:

yCPLG.H? =yCPLG T, - H!

) 1, _
H! =-zCV? = (;)zz,‘cz

o . 4-21)

ti—t

t

yCPLG.H! =CPL-G T, -z, -C-Z, -F!

Al
The right hand side of (4-19) is now written in terms of the eigenfunction F*. In order to

maintain simplicity and advantages of solving the eigenvalue problem for diagonal constitutive
matrices (in the LHS of (4-19)), we use a minimization procedure to modify the propagation
constant yo as (V1-formulation)

Minimize |Al-F - Ay” -F| , AL-E!»~ Ay? -F}

[v* - (Y,Z, +C'Z;CZ)]-F' = Ay* -F° . (4-22)

[(YZ - Ayz) - (ZuYﬂ + ZtIC[Z;IIC)] : Ftd =0

Y now
The same procedure (F1-formulation) can be applied to (4-20) in the case of TM modes to
improve the accuracy of the zero-order solution (4-13). The results of applying this scheme are
given in Chapter Six, examples 6.1 and 6.2 (for V1-formiulation) and 6.3 (for F1-formulation).
In a full wave (Hybrid) analysis of electromagnetic problems, we consider both transverse and
longitudinal components of electric and magnetic voltages and fluxes. In this case, the two
coupled equations, (4-10) and (4-11) should be solved together. Since the reported results in

Chapter Six show that the propagation constant, y, obtained from (4-12) and (4-13) agree well,
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the results from one of these equations can be used to estimated the R.H.S. of the other equation

and modify the zero-order solution. This procedure is explained in Fig. 4-9.

1-Solve (4-12) and (4-13)

v
2-Use E? and H? to calculate EY and H?

\ 4

3-Usey, FPand H} to calculate RHS of (4-10)

\4

4-Minimize IRHS —A- Ftdl to obtain A

5- (72 _(Yu 'Zu +C‘Z—2-11C.Zt1 +Yt1 'GYz—ith)) de = A’Ftd
6-Modify y as: y2 =y>-A

Figure 4-9: The proposed scheme to improve the accuracy of the zero-order solution of the uncoupled
equations (4-12) and (4-13).

In the second step in the above diagram, interpolation functions are used as defined in
Equation (4-17) and (4-18). In the third step F] is obtained from the solution of (4-12) in the
first step. This value is used to calculate the RHS of (4-10). The minimization used in step four
can be the Least Squares Minimization (LSM) which results in A as a complex number, or the

backslash operator (in Matlab) which results in A as a matrix with minimum non-zero elements
minimizinglRHS -A- Vt”l . When the size of the problem is large, this minimization takes a long
time. If LSM is used, only y can be modified. The result of applying this iterative procedure is

reported in Chapter Six.
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4.5 Series Impedance and Shunt Admittance

For a transmission line configuration and the Transverse Electric Magnetic (TEM) wave
propagation, line voltage and line current are defined and definitions for series impedance , shunt
admittance and characteristic impedance are given accordingly in different references (see [42,
497). For a general waveguide structure, however, the line voltage and current are not uniquely
defined. Other approaches (e.g. quasi-TEM approximations, loss calculation and energy
approaches [49]) are then used to derive equivalent R, L, G, C, parameters for different modes in
a waveguide structure.

In a quasi-TEM approximation, the characteristic impedance, Z, (Q2), p.u.l. series impedance,

Zs(C2/m), and p.u.l. shunt admittance, ysh(Qm)", are related to each other and to the propagation

constant, y(m"l), as [42]

— fzsr z, =R+ joL
Y=42%g Y > Zy = y_ ’ { (4—23)
sh

Vg =G+joC

Matrix equations for a general waveguide structure in time-harmonic, (3-12) to (3-15), were
given in section 3.2. The following matrix relations between transverse components of the

electric and magnetic voltages can be derived from the above mentioned equations as
VP = “—l(zt +GY;'GY-F , F =—_~l(Yt +C'Z;'C)- VP (4-24)
Y Y

To obtain expressions for series impedance and shunt admittance comparable with the
differential expression, we rewrite (4-24) in terms of the transverse electric and magnetic fields

as
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_ -1
EP = 71-L;‘ (Z,+GY,'GY L, H! , H'= 7-&:; (Y, +C'Z;'C)-L, -E?, (4-25)

Zsr Ysb

where E/ , H! are transverse electric and magnetic field vectors and L, and L4 are diagonal
matrices containing the length of primal and dual lines, respectively. Note that the field
variables, Ef = L'VP , H =L|F!, are not directly dependent on the length of the primal and
dual lines. Equations in (4-25) suggest a definition for the series impedance and shunt admittance
for a general waveguide problem as

Series impedance=z_ which minimizes ‘Zer ¢z H! l , (4-26)

st

, (4-27)

Shunt admittance =ys, which minimizes lehF," b AV

Equations (4-26) and (4-27) with a Least Square Minimization have been used to obtain p.ul R,
L, G, C parameters for a CPW structure in Chapter Six, example 6-4.

The theoretical framework for the Incentric Cell Method is now completed and ready for
realization and performance test. The Incentric scheme described in this chapter is expected to be
computationally inexpensive, easy to implement, accurate and converging. The main advantage
of this scheme is to provide with an eigenvalue system with diagonal (and therefore symmetric
positive definite) constitutive matrices. These expectations will be examined in Chapter Six of

this thesis.
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Chapter 5- Boundary Conditions

Numerical techniques need to properly address the implementation of specific
boundary conditions. Dirichlet boundary condition (where the value of the unknown
function is known at the boundary) and Neumann (the derivative of the unknown
function is known at the boundary) or combinations of these, are usually straightforward
and efficiently implemented in most numerical techniques. Perfect Electric Conductor
(PEC) and Perfect Magnetic Conductor (PMC) boundary condition are examples of
Dirichlet and Neumann BCs, respectively, when the electric field is considered. A wide
variety of applied electromagnetic phenomena (e.g. antenna and radiation, scattering,
microstrip transmission lines, and overhead cables), however, occur in a physically
unbounded region, usually free space. Possible approximate analytical solutions for this
kind of problems include a condition on the behavior of the solution at infinity. This
condition (e.g. Radiation Boundary Condition [50,51] ) ensures the stability and well-
posedness of the solution.

The term “open boundary” refers to the unbounded source-free region surrounding the
“region of interest” including all EM structures, sources and excitations, as illustrated in
Fig. 5-1.

When using numerical procedures, regardless of the category of the problem, the
computational domain must be finite. An infinite open boundary therefore, should be
truncated and its effect on the solution should be formulated in the form of an “Open
Boundary Condition”. The computational domain in this case is terminated by an
artificial boundary with an open boundary condition.
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Different approaches are available today for the truncation of open boundaries in EM
area in both time and frequency domain analyses. Although most boundary truncation
techniques were first introduced for Finite-Difference Time-Domain algorithms,
generalized and hybrid versions became available later and could be utilized in other
numerical techniques as well. Except for Integral Equation Boundary Condition which is
a very accurate and computationally expensive approach based on uniqueness theorem [
42], most other open boundary conditions are local discretization of the behavior of the

approximate solution at infinity.

Artificial boundary
for implementation

of Open BC.
0‘ .' .'
n‘.
Interior L H Interior :
region pitt H region :

0

o
0y
*e, o
......
L .
------------

Figure 5-1:  Unbounded open region surrounding the interior region is considered as an open

boundary condition on an artificially boundary.

In this chapter we shall discuss the treatment of boundary conditions in the Incentric
scheme. We also explain “the adaptive mesh open boundary” as our approach for the
treatment of transverse open boundaries in waveguide structures. The theoretical basis for
this approach is given and the reported results are justified in comparison with the results

obtained from the implemented PML boundary condition in COMSOL.

74



5.2 PEC and PMC boundary conditions

Recalling the incentric dual formulations, (4-10) and (4-11), PEC and PMC boundary
conditions are implemented in a dual manner. In V-formulation, electric voltage is

defined on the primal lines. The PEC boundary condition is thus implemented as

VP(a)=0;  for line o« e PEC boundary
Ef(i)=0; for point ie PEC boundary

(-1

This implementation produces a reduced eigenvalue problem where the points and lines
on the PEC boundary are removed from the original system of equations. The columns
and rows corresponding to the removed lines and points are removed in all matrices in
the LHS of (4-10).

In F-formulation, magnetic voltage is defined on the primal lines. In a very same

manner, the PMC boundary condition is implemented as

FP(a)=0;  for line a e PMC boundary
H!(@{)=0; for point i€ PMC boundary

(5-2)

The implementation of a PEC boundary condition in F-formulation or a PMC boundary
condition in V-formulation is also straightforward. Considering the half-surfaces on the
PEC boundary as shown in Fig. 5-2, all the matrices in (4-10) and (4-11) remain
unchanged. The same applies for the V-formulation and a PMC boundary condition. It is
expected that PEC and PMC boundary conditions will be implemented more accurately
within V- and F-formulations, respectively. This is because the primal point, P;, does not
represent the center for the dual half-surface on the boundary as it is assumed in the Cell

Method formulation.
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boundary

Figure 5-2  PEC boundary in F-formulation. The half-surface around P; is considered as the dual surface

and the electric voltage on the boundary lines is zero.

It is important to note that in general, the elements of CPL matrix are zero for all
boundary lines. This implies that there is no additional consideration on the boundary
conditions cauéed by the incentric scheme. General treatment of boundary conditions
used in other numerical techniques, including the Cell Method and Finite Integration

Technique with barycentric subdivision, can be utilized within the Incentric Cell Method

as well.

5.2 Open boundary condition

Open boundary conditions are often considered and utilized in solving radiation,
scattering and guided wave problems. In a guided wave problem, however, the open
boundary condition can be applied in both the direction of propagation (which is the most
common case) and the direction transverse to the structure’s cross section. In a
waveguide with PEC walls and invariant cross section, no boundary condition is applied

in the propagation direction and an eigenvalue problem is solved to obtain the
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propagation constant. If a material discontinuity (e.g. an air gap or a material change)
occurs along the line, and we investigate the behavior of the fields close to discontinuity,
we need to apply a proper open boundary condition to truncate the computational domain
in the direction of propagation.

Berenger’s Perfectly Matched Layer [52] has been the dominate approach in modeling
open boundaries since 1994. This technique is based on inserting a layer of artificial lossy
material around the region of interest to absorb an outward propagating electromagnetic
wave without significant reflections. The technique was originally introduced for finite
difference algorithms. Numerous references can be found on PML and its application in
guided wave structure [see 53 and the references therein, 54]. We shall mention the
following points about the performance of a PML especially in guided wave structure
applications:

1- PML is very efficient in absorbing normally incident (to the boundary)
propagating waves [52-55].

2- PML is less efficient in absorbing non-propagating (evanescent) waves [56].

3- PML introduces additional losses in a waveguide structure which is important
when the losses are considered (e.g. parameter extraction, attenuation constant,
finite conductivities...) [56,57].

4- PML’s thickness, conductivity profile, cell size and number of cells are important
and case-sensitive parameters which need to be determined by (performing many)
numerical experiments [56,57].

Based on the above consideration, it can be concluded that PML is not an efficient choice

to truncate the transverse boundaries in a waveguide structure.
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The use of PML has been reported with the Cell Method formulation in scattering
problems in the time-domain [25] and in the frequency domain [30].

Another interesting approach for modeling open boundaries is “squeezing open
boundaries, [58]” which is based on transformation of coordinates and an inverse
transformation for the material properties which keeps the Maxwell’s equations invariant.

In the next section we consider a guided wave structure with transverse open
boundaries (in x-y plane) and a cross section invariant with respect to z coordinate. An
adaptive mesh open boundary is introduced and its performance is compared with the

PML boundary condition implemented within COMSOL.

5.2.1 Adaptive mesh open boundary condition

The adaptive mesh open boundary is an approach similar to squeezing the open
boundaries. We consider a PEC boundary far from the structure. The region between the
structure and the PEC boundary is then coarsely meshed as depicted in Fig. 5-3. The
coarseness of this mesh and the distance between the PEC boundary and the structure are

important issues that shall be addressed.

Figure 5-3:  The adaptive mesh open boundary condition refers to a coarse mesh between the interior

region of interest and a PEC boundary placed far from the structure
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The behavior of the transverse field depends on the transverse wave number, k, .The
following characteristic equation define the relation between this number and the
propagation constant:

2, 1,2 2
ki +k; =kj (5-3)
Where k,, is the wave number of free space. If we consider a far circular boundary in free

space, the behavior of the transverse wave can be estimated by the Hankel function of the

second kind as [42]:
-7 .
__J_e“]ktf , ktl — koz _kZ ‘ (5_4)

The above wave vanishes atk,r — co. r is the radius of the artificial circular boundary.

It is clear from the above relation that for smaller values of k, (lower frequencies) we

need larger values for r to satisfy the “far enough condition in (5-4). In the common
waveguide problems solved in this thesis, k,~ B is about 2ko-8ko. In the case of k,=2.5 (as
for the example in this chapter at £=10GHz) k= -2jko. This value with (5-4) implies a
attenuating transverse wave which vanishes at approximately
ka=-j7, 1= Tk =7/ (2.5ky) =2 cm.
The above approximate calculations can be used as a guide for choosing the boundary

far enough to have an accurate solution.
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The adaptive mesh open boundary condition is suitable for techniques which use
irregular mesh. The adjustable cell size in an irregular mesh allows having a fine mesh in
the interior region and a coarse mesh in the exterior region in order to save computational
requirements. The performance of the adaptive mesh open boundary condition is

investigated through an example described in the next section.

5.2.2 Example: Asymmetric CPW structure

The structure used to investigate the performance of the proposed adaptive mesh
boundary condition is an asymmetric CPW studied in [57] where a PML is used as the
open boundary condition. The geometry and the specification of the problem are
depicted in Fig. 5-4. Details of the different study cases and the obtained results are given

in Table 5-1.
w2 2 w3

Conductors: 6=4x10", thickness=20 pm,
w1=0.3 mm, s1=0.2mm, w2=0.6mm,

§2=0.4mm, w3=1.2mm. Substrate: £=9.8, h=0.635mm

Figure 5-4:  The geometry and description of the asymmetric coplanar waveguide being studied.

The quasi-TEM mode supported by this structure is the mode with the lowest propagation
constant which is more sensitive to the boundary condition applied. Table 5-1 reports the
value of the complex propagation constant for different cases when the PEC boundary
surrounding the structure is moved further. The details about the mesh in each case is also

given. Figs. 5-4 to 5-7 depict different meshes used in the cases reported in Table 5-1.
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Table 5-1 Details about different cases studied to investigate the performance of the adaptive mesh open
boundary condition.

Case No. Dimension | Dimension No. of B (m”l) o (m—l)
(x, mm) (y, mm) elements
1 22 -0.635 <1.5 10845 2.5723 0.00236
2 2525 1-0635<25 11040 2.6582 0.00225
3 33 -0.635 2.5 10913 2.7060 0.00218
4 -4 4 -0.635 3.5 11150 2.7532 0.00215
5 S5 -0.635 5 11268 2.7738 0.00213
6 77 -0.635 — 7 11601 2.785 0.0021
7 -10 10 |-0.635 < 10 11741 2.788 0.0021
8 1515 |-0.635< 15 12570 2.789 0.0021
9 (reference) -30 < 30 |-0.635 < 30 14860 2.789 0.0021
PML(FEMLARB) 2 mm 2 mm 11378 2.954 0.026
thickness thickness
Adaptive -10 - 10 |-0.635+ 10 6747 2.791 0.0022
Mesh

R

Figure 5-5:  The mesh used in COMSOL simulation with an implemented PML.

Figure 5-6:  The mesh used as the adaptive mesh open boundary condition.
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)

Figure 5-7:  The mesh used in the reference case (case No. 9).

In table 5-1, cases 1-8 are the cases when we have increased the dimensions of PEC
boundary from 4 mm to 30 mm. Case 9 is the reference case when a very far PEC
boundary (60mm) and a fine mesh (15000 elements) is used. The propagation constant is
reported for all 9 cases as well as the results of implemented PML in COMSOL and the
proposed adaptive mesh. The PML feature implemented in COMSOL Multiphysics is an
automatic feature which does not give user many options to choose the parameters. The
thickness of the PML and the direction of the conductivity profile can be chosen by user.
A thicker PML results in better absorption and less reflection at the interface. While the
physical dimension of the problem being simulated is not an issue in a computer code, the
computational dimension is important. As it is seen in Table 5-1, the computational size
of the problem in the case of an adaptive mesh open boundary condition is almost the

same as the size of the problem when a PML is used.
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Figure 5-10: Normalized propagation constant (B/B0) of the ACPW for close PEC boundary

compared with the results of applying an adaptive mesh open boundary.

The example presented in this chapter and the reported results verify that for common
waveguide structures a “far enough” PEC boundary with a coarse mesh between the
structure and the PEC boundary (Adaptive mesh open boundary condition) works very

well without the problems of choosing a proper PML absorbing boundary.
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Chapter 6- Examples and Results

In the previous chapters of this thesis, we discussed Finite Formulation as a robust
framework for expressing electromagnetic laws. Finite Formulation utilizes a primal-dual
mesh complex and therefore requires a proper construction of the dual mesh. The most
common choice for the construction of a dual mesh is the barycentric subdivision. A
barycentirc dual mesh results in non-diagonal constitutive matrices which make the
computational procedure more complicated in comparison with having diagonal
constitutive matrices. A new scheme for the construction of the dual mesh, the Incentric
Cell Method, was proposed as an alternative to the barycentric subdivision in Chapter
Four. In order to validate the proposed Incentric Cell Method formulation and to
understand the capability of this scheme in modeling complex structures, some common
and practical waveguide structures were examined. The results are compared with those
obtained from a commercial FEM solver, COMSOL. Analytical solutions were also
presented when applicable. The reported parameter is a common expression of the
propagation constant or the attenuation constant. Field distributions are also reported
whenever it has been helpful in clarifying the comparisons.

The proposed Incentric Cell Method is expected to:
1- make the construction of the dual mesh possible for any primal triangulation

2- be computationally efficient by building diagonal constitutive matrices even

when an orthogonal dual mesh cannot be built

3- efficiently produce a fast solution for any primal triangulation. This solution can

be used as the first approximation in higher order schemes
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4- improve the accuracy of first approximation
5- be able to model fairly complex electromagnetic structures (inhomogeneous,
anisotropic and multi-scale structures)

In this chapter, a variety of examples are chosen to validate the above
expectations and to examine convergence, accuracy and efficiency of the proposed
scheme in comparison with well known numerical (or analytical) solutions.

In all examples, the mesh used for Cell Method simulations are imported from
COMSOL program in order to have a fair comparison. In general the output of the
common mesh generator program can be used as the primal mesh for Incentric Cell
Method simulations. The largest mesh size used in the Inceteric simulations is 50000

primal triangles.

6.1 Rectangular Waveguide, TE modes

A rectangular waveguide with PEC walls and dimension of a=10cm and b=20 cm is
considered. The empty waveguide geometry is chosen since it supports TE and TM
propagation and therefore is suitable to confirm the simplified TE and TM equations, (4-
19) and (4-20). In order to investigate the convergence of the scheme with respect to the
cell size, and to validate the minimization process, V1-formulation (4-22), we analyzed
the problem with 9 different meshes. The first mesh, the extremely coarse mesh, consists
of only 26 elements and the last mesh, the extremely fine mesh, consists of 21258
elements. Fig. 6-1 depicts the waveguide cross section with the two mentioned meshes.
The cell size in the first mesh (extremely coarse, Fig. 6-1.a) is about 5 cm, and in the last

mesh (extremely fine, Fig 6-1.b) is about 1 mm. The results of this study for TE;; mode
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are reported in Fig. 6-2. In Fig. 6-2 the percentage error is calculated relative to the
analytical solution for the propagation constant (Bg= 22.8231 m™").The cut off frequency
for TE;; mode is: £;=1.67 GHz and the operating frequency is considered f=2GHz

(ko=41.8879 m™).

b= 20th

a) b)
Figure 6-1: Transverse dimensions of the rectangular waveguide and a) extremely coarse mesh, b)

extremely fine mesh.

The results reported in Fig 6-2 show that the minimization process for TE modes (V1-
formulation, (4-22)) effectively improves the accuracy and convergence of the solution. It
is also observed that for coarse meshes the Incentric Cell Method scheme results in more
accurate solution compared with COMSOL solution. It is seen that V1- Formulation
gives better results for very coarse meshes compared with COMSOL, however, the
solution does not converge to a more accurate result by refining the mesh to extremely
fine meshes. It is also the case with the COMSOL solution. Cell Method shows a greater
error for fine meshes compared with COMSOL which is expected due to different order

of accuracy for the two methods.
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Figure 6-2: Relative error for zero-order solutions (V0- and F0-) and V1- formulation with respect to the
number of the elements in the primal mesh for TE;; mode in a rectangular waveguide. The operating

frequency is =2 GHz.

6.2 Partially-filled Waveguide

This example is particularly chosen to compare the results of the Incentric Cell
Method with the reported results in [38] for a barycentric dual mesh. The geometry and
the specification of the problem are given in Fig. 6-3. We consider TE;¢ mode (with
respect to z direction). In [38], the relative error is reported for the barycentric Cell

Method, HFSS and a FEM solver in comparison with analytical solution. The reported
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results show that HFSS produces the most accurate results and FEM works considerably

more accurate than the barycentric Cell Method.

b=10.33 mm
a=22.16 mm
Figure 6-3: Dimensions and specifications of the partially filled waveguide chosen as a test case for
barycentric Cell Method in [38].
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Figure 6-4: Relative error of the Incentric Cell Method solution (V1-formulation) with respect to the

COMSOL solution. The approximate reported error for the barycentric Cell Method in [38] is also shown.
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Fig. 6-4 shows that the Incentric Cell Method solution is considerably more accurate in
comparison with the barycentric Cell Method solution. This problem is discussed and the

analytical solution is driven in [42, p 158] .

6.3 Buried and Overhead Cable

The determination of the propagation constant and fields for systems of conductors
located above or embedded in a lossy half-space is of interest for low frequency radio
transmission and in the power engineering field for transmission line network analysis. It
is important to accurately determine the effect of the air-earth interface on the dispersion
and loss characteristics of a given geometry. Most studies still utilize Carson's quasi-
TEM formulation for overhead lines at power frequencies [59], but this becomes
inaccurate at high frequencies. Furthermore, unlike the overhead case, the behavior of a
buried cable system is more strongly influenced by the electrical properties of the earth
and approximate methods do not work as well. Exact analytical formulations for the
overhead [60] and buried [61] cases are available for simple geometries and under special
assumptions (cylindrical thin-wire approximation), but they cannot be used for general
conductor geometries or when the conductor is near the interface.

In this example, the Incentric Cell Method formulation is used to solve for the
propagation constant of the geometry shown in Fig. 6-5. A thin insulated wire located
above earth interface is moved towards the interface, passes through the interface
becoming an insulated cable and then moved to a depth of several skin-depths in the

earth.

90



h>0 O air ( gg)
O

© ]
h<0 ground (O, &)

Figure 6-5: Cross section of a thin insulated and its location either over a lossy ground or buried in

the lossy ground. The conductor can be partially buried.

We consider a thin insulated wire with inner conductivity, o, and insulation dielectric
constant, g4 To investigate the effect of the earth, we assume a perfect conductor

(o, =) and an air insulating region (g,4=1). The conductor and insulation radius are

a=5 cm and b=6¢m, respectively. The electrical parameters of the lossy ground are €=10
and 6,=0.05 (Q.m)™, typical of moist earth. The ground acts as a fairly good conductor in
the frequency range below 9 MHz and we choose f=IMHz in our example. For this case
the depth of penetration (skin-depth) is 8,=5.033m.

For the truncation of open boundary, the adaptive mesh is used (as described in Chapter
Five) which consists of a fine mesh near the conductor and a progressively coarser mesh
extending to a far (d=25m) PEC boundary, as shown in Fig. 6-6. The distance from the
center of the conductor to the air-ground interface, h, is varied from h=10m (overhead
wire) to h= -10m (buried cable). The behavior of |E,| for the case when the cable is at the
interface, h=0, is depicted in Fig. 9. Although |E,| vanishes in the earth at a distance of d
~ -10m from the interface, |E| in the air region is still significant. This suggests that the
distance to the PEC truncation boundary should be increased. Figs. 6-7 and 6-8 show that

a PEC truncation boundary with d=25m is a good choice considering the convergence of
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the calculated propagation constant with respect to the distance between the cable and the

PEC truncation boundary.

The propagation constant (¥ = « + jf), was calculated using VO- and FO- formulations
(4-12) and (4-13) as well as V1-Formulation and is reported in Figs. 6-9 and 6-10. for
varying distance from the interface.

- PEC

Figure 6-6: Geometry of the above-ground or buried cable and the adaptive mesh open boundary.
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Figure 6-7: Magnitude of the z component of electric ficld for the vertical cross section (x=0) when
the conductor is at the interface (h=0) for different distances between the cable and the PEC truncation

boundary.
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These results clearly confirm the effectiveness of F1-Formulation in improving the
accuracy of the incentric solution. In this example COMSOL uses a full-wave analysis. It
is shown that the rapid change in the propagation constant as the conductor is moved
through the interface can be accurately calculated using this technique.

To mvestigate the range of validity for available analytical solutions, the behavior of
these solutions as well as numerical solutions is illustrated when the conductor is very
close to the interface (-0.5m<h<0.5m) . The results depicted in Figs.6-11 and 6-12 show
that thin-wire based analytical approach fails when the conductor is very close to or at the
interface. The Incentric Cell Method scheme proves effective and accurate in modeling
the complex problem of overhead or buried cables close to the interface of a lossy

medium,
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6.4 CPW structure, RLGC parameters

As an example for application of the Cell Method, an inhomogeneous lossy CPW
structure is chosen. The geometry and specifications of the problem are given in Fig. 6-
13. Co-Planar Waveguide (CPW) structure is a common configuration in Integrated
Circuits technology and simulation is useful for investigating the effect of different
materials, geometries and etching profiles [62].

The propagation constant for the quasi-TEM mode is calculated and compared to those
obtained from COMSOL for the exact same geometry. A PEC box, 500 pm by 300 pm,
surrounds the structure. For the CPW geometry, three different propagating modes are
distinguished. The quasi-TEM mode (lowest propagation constant) is studied where the

fields are concentrated between the center and outer conductors.
W=9 um

B=40 um S=10 pm B=40 um
1 ] —1 |

Silicon Substrate H= 385um, =12.1
=100 S/m

Conductors (Gold)
o=4x10" S/m, Thickness=5um,

Figure 6-13:  The geometry and specifications of the CPW structure.

The calculated complex propagation constant for the CPW geometry of Fig.6-13,
obtained using Incentric Cell Method formulation (VO- and V1-formulations) is reported

in Figs. 6-14 and 6-15. It should be mentioned that having an appropriately dense mesh,
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especially in the conductor regions is necessary for the convergence and accuracy of both

methods. The

frequency range is
" 1

from =15 GHz to =50 GHz.

1 .54 | { i H i
R V1-Formulation
153} | s COMSOL i
[ e VO-formulation j
1.52
é 1.51
&
[&]
a
s 15
g
©
£ 1.49
2
1.48 .
1 '47 T, .
1485 20 25 30 35 40 45 50
Frequency ( GHz)
Figure 6-14:  Normalized phase constant for the geometry of F ig. 6-13.
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It is seen from Figs. 6-14 and 6-15 that Incentric Cell Method is capable of accurately
simulating the complicated structure of Fig. 6-13. It also shows the effect of the
minimization procedure (4-22) and V1-Formulation. For this geometry, we have also
applied equations (4-26) and (4-27) to calculate the series impedance and shunt
admittance of the CPW geometry. Fig. 6-16 depicts the results of this application. The
behavior of calculated series impedance and shunt admittance seems reasonable and in

agreement with the results reported in [62].
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Figure 6-16: Extracted series impedance and shunt admittance for the CPW geometry. Equation (4-26)

and (4-27) are used to calculate the parameters.
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6.5 Microstrip structure with a magnetic conductor

Microstrip transmission line is a common and wildly used component in
communication engineering and Integrated Circuits. In this section, we consider an
interesting application of microstrip configuration. The use of a microstrip configuration
to extract magnetic parameters of magnetic ribbons has been reported in the literature
[63-65]. In [66], we used a microstrip configuration to measure and study Giant
Magneto-Impedance, GMI, effect on Co-based magnetic ribbons in the high-frequency
regime. GMI can be explained as huge changes in the permeability of the ribbon (
resulting a change in the impedance of the ribbon) when a static magnetic field is applied
and changed [63].The magnetic material, available in the form of a thin ribbon, acts as
the center conductor of a terminated microstrip transmission line as shown in Fig. 6-18.

0CISC Zoad

Ribbon:

Width: 1.056 mm
Height: 34 mm
=58 x10° S/m

He =7
Dielectric:

Thickness (h): 0.35 mm
& =25

Hpc, magnetic field intensity:

varying from 0 to 23 Oe.

Magnefic Sample
(Ribbor) Diclectric

Ze=\ZsZoe »7 =[tanh‘1( Zge I Zoe)]

y=a+jp
Figure 6-17: A magnetic ribbon is used as the center conductor of a microstrip transmission line in

order to extract the magnetic parameter of the ribbon. The complex propagation constant is calculated

based on the given formulation using measured values for Z,. and Zoc-
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Scattering parameters of the open-ended and/or short-ended line are measured using a
Vector Network Analyzer, VNA. The measurement results are then used in an empirical-
analytical model based on the skin effect [49] to extract the equivalent circuit parameters,
R, L, G, C. The complex permeability of the lossy magnetic material is then extracted
based on the skin effect and internal impedance of the center conductor. The calculated

attenuation constant (based on measured data) for various Hpc values is reported in Fig.

6-19.
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Figure 6-18: Measured attenuation constant of the transmission line shown in Fig.6-18, as the Dc

magnetic field intensity changes from 0 to 23.6 Oe.

The behavior of the extracted complex permeability (real and imaginary parts)for the

magnetic ribbon at Hpc=0 Oe is shown in Fig. 6-20.
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Figure 6-19: Real and imaginary parts of the extracted permeability for the magnetic ribbon.

In the next step, the circuit of Fig.6-18 is simulated with the proposed Incentric Cell

Method. The specification of the mesh is reported in Fig. 6-21.

RN SN i 7 o R -
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S

Figure 6-20: The primal triangulation used to simulate the circuit of Fig. 6-18. An adaptive mesh open

boundary is used as described in Chapter Five.
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Normalized propagation constant

The extracted magnetic parameters shown in F ig. 6-20 are then used in the simulation.
The results of Cell Method simulation (V0-, FO-formulations) are reported in Fig. 6-21.

The results obtained from COMSOL and measurements are also given for comparison.
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Figure 6-21: Complex propagation constant for the magnetic conductor in a microstrip configuration.
The results of the Incentric Cell Method are compared to COMSOL solution and the measurement

results.

The Incentric CM solution in Fig. 6-21 is simply obtained by taking the average of

VO0- and FO-formulation results. It is in a very good agreement with the results obtained
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from COMSOL. The discrepancy between the measurement results and simulation results
is expectable regarding the conditions of the experiment. The magnetic material was an
unknown material and the electric parameters for that were measured for low frequencies.
The complex and anisotropic permeability is another complexity in this experiment. The
magnetic material was glued to the substrate which increases the inaccuracy of the results
considering possible air gaps. This example is an interesting mixture of measurements, a
proposed theoretical model for magnetic parameter extraction, application of a new finite
formulation scheme and is considered successful based on the results presented in Fig. 6-
21.

Different examples investigated in this chapter were meant to validate the Incentric
Cell Method formulation, its capability in modeling complex geometries, inhomogeneous
media, implementation of different boundary conditions, convergence and accuracy. The
presented results are considered encouraging and positive, however, there is still a lot to
be done. There is a possibility to construct an iterative scheme as VO- V1-V2-... to obtain
better accuracy for the Incentric solution which we did not consider in this thesis. There
were no comparisons about the time and memory use between the Cell Method and
COMSOL. This is because the code in this thesis is written in Matlab and is not
optimized for memory usage and time. The comparisons are only done regarding the type
of the constitutive matrices involved as diagonal or non-diagonal constitutive matrices.

The next chapter of this thesis, Conclusion, closes this phase of the research on the

Incentric Cell Method.
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Chapter 7-Conclusion

The Incentric Cell Method was introduced in details in Chapter Four of this thesis. The
results of applying this scheme for solving a variety of complex electromagnetic
structures were given in Chapter Six. The major motivation behind proposing the
Incentric scheme was “being able to construct diagonal constitutive matrices (therefore
an eigenvalue system with symmetric positive definite matrices) and overcome the
accuracy issue caused by the non-orthogonal dual mesh”. The results of applying the
Incentric scheme presented in Chapter Six show good agreement with those obtained
using a FEM solver and available analytical solutions. This validates the correctness and
effectiveness of the proposed scheme including the zero-order solutions and the
minimization procedure to improve the accuracy of the solution.

Finite formulation benefits from a simple but robust framework which does not use
any differential calculus or variational techniques. In Finite Formulation, we start from
the physical law and express them directly for the discretized spatial domain. This
procedure results in separate topological and constitutive relations where approximations
and discretization only affect the constitutive relations. Since the matrices (topological
and constitutive) are also built independently, changes in material properties or frequency
does not change topological matrices. In fact, topological matrices remain unchanged
even when the geometry is changed (scaled) as long as the topology of the connections
between the points, lines and surfaces has not changed. From the computational point of
view, there is no need to update all matrices when one of the changes mentioned above

takes place in the problem under study.
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Finite formulation does not require any special condition for the spatial domain (for
example rectangular mesh as in the original FDTD). In general, it is applicable on multi-
scale inhomogeneous and anisotropic problems. Another advantage of finite formulation
is implementation of continuity boundary condition. Since global variables are
continuous on their geometrical objects, this condition is alWays satisfied on the interface
(lines or surfaces) between two different materials filling adjacent primal cells.

Finite formulation benefits from the existence of the dual mesh in many ways. A dual
mesh is used to assign global variables on proper geometrical objects which is an asset as
it is seen in other staggered grid schemes like FDTD. It also allows easier implementation
of PEC or PMC boundary conditions. An explicit dual mesh provides with clear and
more understandable interpolation schemes as discussed in Chapter Three. It was also
discussed in Chapter Three that FEM formulations implicitly resembles a non-orthogonal
dual mesh. It is interesting that using a simple framework as Finite Formulation results in
the same final algebraic equations as a variational technique does after using a good
amount of differential calculus and manipulations. A dﬁal mesh is also beneficial when
introducing higher order interpolation schemes as it provides with additional points and a
geometrical projection of the interpolation scheme.

The advantage of having diagonal constitutive matrices was already discussed in
Chapters Three and Four. Having diagonal constitutive matrices guarantees stability and
convergence of the system. The time required to solve a symmetric positive definite
system reduces considerably by using previously defined functions (e.g. in Matlab). In
the Incentric Cell Method this point is considered as a great advantage for the

computational procedure.
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The dual mesh introduced for the Incentric Cell Method is not orthogonal. To take into
account the non-orthogonal components of the dual lines, we have used the variables
which are not defined in one set of formulation but in the other. Introducing two sets of
formulations (V-formulation and F-formulation) provides the opportunity to choose the
suitable formulation based on the boundary conditions or the existing field’s components
This allows us to use Maxwell’s equations (defined in the other formulation) in a dual
sense, as an interpolation tool. In a zero-order approximation the effect of the tangential
components is ignored and a simple symmetric positive definite system is solved. In the
next step, a minimization procedure (Least Squares) is used as an efficient (validated in
Chapter Six) way to improve the accuracy of the zero-order solution. In fact, a symmetric
positive definite system and an additional Least Squares Minimization are all we need to
solve instead of solving a non-symmetric non-positive definite system. Even the zero-
order solutions from VO- and FO-formulations agree well with COMSOL solutions and in
some cases this zero-order solutions can be used as a starting point in iterative schemes.

Waveguide structures are very common and practical components in communication
systems and electronic devices. Calculation of p.u.l. parameters for such a widely used
structure is always advantageous. It is often important to investigate the effect of different
parameters (e.g. losses in the ground for overhead cables, etching profile in CPW
structures) on the p.u.l. parameters of the line. An interesting advantage of using Finite
Formulation and having separate (topological and constitutive) matrices is the possibility
to define series impedance and shunt admittance as presented in Chapter Four. This
enables one to calculate p.u.l parameters for any given geometry by using the matrices

and the proposed scheme in Chapter Four.
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Although there is still a long way to go to improve and develop the proposed scheme,
the results are encouraging and positive. The advantage of this scheme may be more
appreciated when solving complicated large sized problems in 3 Dimensions and time-
domain.

The simple basis of Finite Formulation is an attractive alternative to the conventional
framework of differential equations which unnecessarily seems to be a part of any
electromagnetic analysis. This feature can also illuminate the way electromagnetic is

understood with a different light.
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