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The purpose of this paper is to survey some of the
important discoveries made in the study of alternative rings
»and algebras. The study of rings and algebras can be div-
ided into four cases: (1) rings with chain conditions, (2)
finite dimensional algebras, (3) rings without chain con-
ditions, (4) infinite dimensional algebras. In each case
the radical, semi-simplicity, and simplicity of the set is
considered. The associative structure theory is essentially
complete. An equivalent alternative structure theory has

been attempted, but meny gaps still remain. We have shown

in this survey, the relationships between the associatiﬁe
and alternative theories and pointed out the problems in

alternative theory which are still unsolved. Since many

difficulties arise when the associative law of multiplieation
is replaced by the alternative law, some authors have devel-

oped new and interesting techniques. We have attempted to



point out and discuss some of them.

Fof associative rings and algebras many impar tant
definitions of the radical have been obtained for the four
cases. We have shown where some equivalent radicals have -
been developed for alternative rings and algebras. Thessf;

radicals have many similar properties to those of the

K4

associative case. In associative theory, Jacobson was éble
to obtain the relation between the regular maximai right
ideals of a ring (without chain conditions) and its radical.
No parsllel to this relation has as yet been shown far an
alternative ring.

For case (1) the semi-simplicity and the sihplicity
| have been studied by Zorn with the result that: A semi-
simple alternative ring with chain conditions (such a ring
is called a. hypercomplex ring) on modules is a direct sum
of simple hypercomplex rings‘which are in turn either
associative, alternative fields or Cgley Algebras. The

chain conditions placed on the modules are very complicated

and we therefore wonder if it is not possible to obtain the
same structure theory using a weaker hypothesis. The methods
used for cese (1) can be used also for case (2) yielding the
same results.

The structure of associative division rings is still
unclassified. However, for an alt ernative division ring

Brueck and‘Kleinfield discovered that an alternative division



ring is either (1) a field or skew field, (2) a Cayley

Algebra over its centre. Since an slternative division
algebra contains a unity its structure is immediately
determined by the preceding results. Independent 1lnvesti-

gations have also been made by Zorn and Schafer with the

same results.
Simple alternative rings with no chain conditiouns were
' studied by Albert. Although no author has as yet been able
to obtain a structure for arbitrary simple rings, Albert wes iﬁ?
able to obtéin one by assuming only the existence of an idem-
potent. Every éimple-alternative ring which conteins an idem-
potent not its unity is either associative or a Cayley 4lgebra.
The structure of an arbitrary semi-simple alternative
ring with no chain conditions is still unknown. Smiley was
able to obtain a structure for semi—simple alternative rings

which he calls speeisl., A Special altermative ring has

zero Jacobson radicel 1f and only if it 1s a subdireect s um

of special primitive alternative rings. For a much more
generalized radical Brown and McCoy were able to obtain

a struecture for an arbitrary semi-simple ring. When this
particular radical is zero the ring is a subdirect sum of
rings each of which is right primitive., However the struct-
ure of primitive alternative rings is not known. Kaplansky
was able to obtain a structure for semi-simplé 77 regular

rings. (A 77 regular ring is one in which, for every "a®
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alxall=alt)

there exists an "x" and an integer "n" such that
A semi-simple 7/ regular alternative'ring is a sdbdirect

sum of rings, each of whieh is (1) a division ring, (2) a
Caley matrix ring over a field or, (3) a primitive associative
ring. Kaplansky suggests that when the theory of arbitrary
rings is worked out these three will comprise precisely the
primitive rings. This will parallel Jacobson's structure
theory for arbitrary associative rings.

Since 77 regular rings contein all algebraic algebras, the

structure of semi-simple algebraic algebras to compare with

Jacobson's theory for the associative case is now complete.
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INTRODUCTION

The purpose of this paper is to survey some of the

important discoveries made in the study of alternative

rings and algebras. An alternative ring (or algebra) is

the same as an associative ring except that the assocliative
- law of multiplication (ab)c= a(bc) is replaced by the alter-
native law:

a(bb)= (ab)b;‘a(ab)=.(aa)b for every a, b of the ring.

The structure theory of semi-simple and simple assoclative
rings and algebras is essentially complete. One exception
being that associative division rings are still not class-
ified. An equivalent theory for alternative rings and
algebras has been attempted, but many gaps still remain.

We will show, in this survey, the relationships between

the associative and alternative theories and point out the
problems in alternative theory which are still unsolved.
Many difficulties arise with the use of this weaker form of

multiplication. Some authors have developed new and inter-

esting techniques to overcome these difficulties and we
will attempt to point out and discuss some of then.
The alternative law was first discovered by J. Kirmse

in the form (aa)b= &a(ab) and a(bb) = (ab)b where a, b & & are

Cayley numbers and a is the conjugate of a. The name "alter-

nate law" is due to Zorn [18]1 and is derived from the fact

1 A number in square brackets [ 7] refers to the bibliography.
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that the associator (a,b,c)= (ab)e - a(be) is an alternating
function of its arguments. Today, the common form of the
alternative law for a not necessarily associative ring C is
(ab)b# a(bb) and a(ab) = (aa)b for all a, b of C, To overcome
many of the difficulties of using this law, and to serve as

a tool for replacing the associative law, Artin has dis- |
covered the very important and much used theorem:

"Eyery two elements of an alternative ring generate
an associative subring."

The proof of this can be found in Zorm [18]. The
method used to prove this is to show that the associator
D+ BY,(D+ B), (D+ BY)= 0 where{ D+ B) is the ring
generated by two A-rings D and B of an alternative ring C.
(B is an A-ring of C if (B,B,C)=0) | |

Most of our knowledge of finite dimensional alter-
native algebras can be found in Schafer [12] and Dubisch
and Perlis [7]. A discussion on the Dubisch and Perlis
radical can be found in Chapter I. Max Zorn, [18], (19],
[2@] studied an albternative ring with chain conditions on

modules. These modules were defined to replace the notion

of a right ideal in agssociative theory. There is a close

parallel between Zorn's structure theory for semi-simple
and simple altermative rings with chain conditions on

modules:




"A gsemi-simple alternative ring is a direct sum
of simple rings, where the simple rings are

(1) associative, (2) alternative fields, (i.e.
alternative zero divisor free rings with unit
element in which ax= b and xa= b are solvable),
(3) Cayley algebras over a field."

and the Wedderburn—Artin‘Sirueture theorems for semi-simple
and simple rings with chain conditions on ideals:

"A semi-simple associative ring with chain conditions

on ideals is a direct sum of simple rings, which are

in turn vector matrix rings over division rings."
A more detailed discussion of this point can be found in
Chapter ITI. Zorn's structure theory for alternative rings
with chain conditions on modules is true alsc for finite
dimensional alternative algebras, since semi-simple and
simple alternative algebras have a unity and therefore
ideals in the algebra become ideals in the ring.

The structure of alternative fields or alternative

. division algebras has been studied by Zorn [ié] and Schafer
[12]. Their results imply that:

"An alternative, not associative, central division

algebra over a field F is an algebra of degree 2 and

order 8 over F."
After studying a division algebra of degree 2 Schafer con-
cluded that:

"An alternative, not associative Algebra A, over an

arbitrary field F is central simple, if and only if

A is a Cayley Dickson Algebra over F."

The structure of finite dimensional alternative

algebras and alternative rings with chain conditions is




complete. Much progress has been made in the study of

alternative rings without chain conditions to parallel
Jacobson's theory [3][§] for associative rings that:

"A semi-simple associative ring is isomorphic to a

subring of the complete direct sum of primitive

rings where a primitive ring is isomorphic to a

dense ring of linear transformations in a vector

space over a division ring."
Smiley in [l@] shows that Jacobson's definition of the
radical as the join of all quasi-regular left ideals of an
assoclative ring also applies to an alternative ring. A
discussion of this'radical can be found in Chapter I.
Although Smiley d4id not succeed in finding a parallel for
Jacobson's structure theory for arbitrary alternative rings,
he was able to do éo for rings which he calls special (i.e.
an alternative ring where the set (l-a) A is a right ideal
of A for every "a" in A). Smiley's results were [14]:

"A special alternative ring has zero Jacobéon radical

(i.e. is semi-simple) if and only if it is a sub-

direct sum of special primitive alternative rings."
He also showed that the Jacobson radical of a special alter-
native ring is the intersection of the regular maximal right
ideals. This is a result which is true for all associative
rings but és yet has not been proven true for all alternative
rings. Special alternative rings include all direct sums
whose summands are associative rings, alternative division

rings, or alternative radical rings, but the Cayley Dickson

algebra is not included.
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Brown and McCoy have enlarged the Jacobson radical
so that it will yield a certain type of structure theory
for arbitrary non-associative rings [4] to 'parallel
Jacobsop's theory for associative rings. They define the
radical,Nh as the set of all elements "a" of a ring A for
which every element "b" in (5) ((a) is the ideal generated
by a) is such that the right ideal generated by the set
(1-b)A is A. Brown has replaced Jacobson's quotient (I:A)
of a right ideal I of A by the largest ideal I' contained
in 4, If I is a regular right ideal,Il=(I:A), if (I:A) is
an ideal of A. It can be shown that R=N, for special
alternative rings.’ The duality of the Perlis-Jacobson.
radical of an alternative ring with respect to right and
left multiplication is lost in this process of generalization.
A consequence of this more general formdlation is the fact
proved by Brown and McCoy that every alternative ring has

a greatest regular ideal.

Brown proves that NEI\M‘ as M ranges over the regular
meximal right ideals of A. When N0, A is a subdirect sum
of rings each of which is right primitive (i.e. contains a -
modular maximel right ideal M with M= 0.) The main problem
whiech still exists is that of finding a structure for a.
primitive alternative ring. - 0=
Kaplansky [10) made a study of semi-simple alternative

rings without chain conditions but with a suitable hypotheses
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to provide a supply of idempotents. He defined a Zorn ring
to be an alternative ring for which every element "a" is
either nilpotent or has a right multiple "ab" which is a
non zero idempotent. For a Zorn ring he proved that the
radical (defined by Jacobson)} is the intersection of the
regular maximal right ideals and that it coincides with

the set of properly nilpotent elements. Kaplansky was

unable to obtain the structure of an arbitrary semi-simple

alternative ring, but for a ring which he calls TT regular
(i.e. for every "a" there exists an "x" and an integer "n"

such that afxa®-al) he showed:

"A semi-simple 1T regular alternative ring is a subdirect
sum of rings each of which is a division ring, a Cgley
Matrix ring over a field, or a primitive associative
ring." :
It seems possible to expect that when the theory of arbitrary
rings is worked out, these three types will comprise pre-
cisely the primitive rings. 7 regular rings do not form a

duly restrictive class since they include all finite rings

and algebraic algebras. A discussion of Kaplansky's work
can be found in Chapter V.
Although associative division rings are still not

classified, R. H. Bruck and Erwin Kleinfield [5][6] have

shown that:

"Every alternative division ring of characteristic not
two is associative or a Cagley Matrix Algebra."

and Kleinfield has shown that:



"Every alternative, not associative division ring of
characteristic 2 is a Cgtey Dickson division algebra
of order 8 over its centre."

A discussion of their methods and results can be found in
Chapter III. These results have answered some very import-
ant questions in the fields of geometry and topology as
they apply to alternative theory.

A. A. Albert discussed simple alternative rings (see
Chapter IV) with no chain conditions but which contain an
idempotent element. He was able to show that:

"Every sfhple alternagfve ring‘which contains an
idempotent not its unity is either associative or
a Cagiley Algebra.”
A structure theory for arbitrary alternative .rings is not
yet available;:

Certain topological methods have been applied as a
means of studying alternative rings. The main results are
those of Albert, Jacobson, Taussky and Kaplansky. Kaplansky
was able to prove that "A compact semi-simple,alternative
ring is a complete direct sum of finite simple rings;" It
has been suggested by Saunders Maclane that a cohomology
theory exists for alternative rings and that this might be
helpful in the study of primitive alternative rings. We
will not discuss topological results in this peper but

mention them only as a point of interest.




The main body of the thesis is divided into six

chapters. |

- Chapter I - We discuss equivalent definitions of the radicals
defined in associative theory, for alternative theory.

Chapter II - The structure of semi-simple and simple alter-
native rings with chain conditions on modules and how

this compares with the structure of semi-simple and

simple associative rings with chain conditions on ideals.

Chapter III - The structure of alternative division rings
and the discussion of some very spgcial technigques used
by Bruck and Kleinfield in obtaining the structive
theory. |

ChapterIV - The structure of simple alternative rings with-
out chain conditions but subject to the condition that
the ring contains a non-zero idempotent. (as given by

~ atbers [21)
Chapter V - We discuss semi-simple alternative rings with-

out chain conditions but with a suitable supply of

idempotents, and show the parallel between the structure

theory of semi-simple TT regular alternative rings and
semi-simple associative rings.

Chapter VI - Contains conclusions of the preceding chapters

and an indication of the gaps which still remain in the

theory.



NOTATION:

Thé chaptefs are numbered I II ..... etec.

The subsections are numbered (1), (2), (3}, (4).....

A number (%.3) in front of a statement means subsection
X numberﬁ . ]

The letter L indicates a lemma.

The letter D indicates a definition.

The letter T indicates a theorem.

These letters will be used for ease in reference.




CHAPTER I
THE RADICALS OF ALTERNATIVE RINGS AND ALGEBRAS

In associative theory, certain elements were fo@nd
which- complicated the study of the structure of rings and
aigebras. These elements farm an ideal which is called the
radical. When the radical was removed from the ring (or
algebra), it was possible to develop a structure theory for
the ring (algebra). We assume, therefore, that in alter-
native theory the first important concept %o considef'is

the Radiecal,
SECTION I, IDENTITIES

We need now introduce certain important identities
which will be used throughodt the discussion of the radical.
D (1.1) The associator (a,b,c) is defined to be

(a,b,c) = (ab)o - &A(be)
The importance of the associétor“is noted in the fact that
it is a measure of the lack of associativity. When itris
an alternating function of its arguments for every element

a,b,¢c in a ring, the ring is called alternative. Zorn [18)

discovered the following identities about the agsociator for

- alternative rings:

(1.2)  (ab,c,d) - (a,be,d) + (a,b,cd)sa(b,c,d) + (a,b,c)d

(105) (a:a’b)= (aabsa) -.-(b,a,a): 0; (a,b,c)= (b,d,&): (G,é,b)’- -(c,b,a)
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(1L.4) (a,ba,c)= -a(b,a,c)
(1.5) (ab,a,c) = (a,b,ac)=0
(1.6) (ab,a,c) + (ba,a,c)-(b,aa,c)=0

The commutator (a,b) is defined to be (a,b)= ab-ba

D (1.7) The quasi sum is defined to be aob=a+ b +ab.

If a+ b+ ab =0 then we say a is right quasi regular (abbreviated

r.q.r.) and b is the right quasi inverse, r.q.i., of a.

Smiley [16] developed the following identities:

(1.8) ao(boc)-({aob)oec =(a,b,c); (a+b)oc ;(aoc)+~(boc)-c
c(aob)-{coa)b =(c,a,b)+ ca-ab

(1.9) If (aob)=0 Then (a,b,c)= 0

(1.10) If (aob)= (coa)= 0 Then ab=ca and b=c¢c

(L.,11) If a+ab=0 and b is r.qg.r. . then a=0

(L.12) 1If e¢A is a non zero idempotent, then -e is nbt r.qg.r.

(L.13) If ab is r.q.r. then ba is r.q.r.

The importance of these identities is their use in develoﬁing

a radical for the alternative case which parallels that of

Jacobson [9] for the associative case. The technique used

in‘proving these identities is that of using the relation-
ship between the quasi sum and the associator. For example
consider the proof of 1l.13. |
Proof: If ab is r.q.r. then there exists an element ¢ such
that (ab)oc =0. If we let (a,b,c)=« then
bd = bla,b,e) = (ab,b,c) :0 by (1.9). Similérly;x'a::o,
and therefore (b,q,a)=0. NOW, since abt+ ¢ +(ab)e=0

then A4 = (a,b,-(ab)ec) = (a,b,d~-a(be))= =(a,b,bc)a= -«ba
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Therefore of{bt« bab=0 and«b=0 by (1.11) and. « =« ba = 0.~

Consider now (ba)o(Qba—bca): -b({ab)oc)a=0.

Then ba is right quasi regular.
SECTION 2., EXISTENCE OF THE RADICAL

The study of the existence of the radical will be
divided into four cases: (1) Rings with certain chain
conditicﬁs, (2) finite dimensional algebras, (3) rings with
no chain conditions, (4) infinite dimensional algebras.

CASE (1): The existence of a radical for rings with certain
chain conditions was discussed in detaii by Zora [lé]. The
chain conditions of Zorn are not of the usual kind used in
associative theory. The introduction of certain modules in
an alternative ring, which become right ideals in an
assoeiative ring, provide a necessary equivalent for the
right -ideals in an associative ring.. These modules are not
right ideals in an alternative ring and therefore chain
conditions on righﬁ ideals is not sufficient. When the
following finite chain conditions are placed on the modules
the ring is called hypercomplex.

The modules’were defined as follows: A I-Module of
R is a module aR for a in R; it consists of all elements of
the form ax where x runs over all elements of R. A II-Module
A'= o/a consists of all elements which would be left annihil-

[}
ated by an element "a" of the ring; aA = a.q=0.
' @
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(2.1) The chain conditions placed on these modules are:
(1) Every descending chain a S>a S ... is finite.
(2.) Every ascending chain 0/a¢ is finite (i is a power of a)
(3) Every descending chain 0/a, is finite (i is a subsecript)
To construct an ideal N which would be the radical
of the hypercomplex ring R, Zorn first established a Peirce
decomposition for Rl.. For a finite set of idempotents
€5 vee , ©,, Where g, ¢ = O for ik we can find a direct
sum S:ZS%; i,k=0 ... n, where the S are modules consisting
of elements x. and e X =Jy Xy ; Xy 8 =dt; xip
The component of x in S,z is e xe, for ifOfk.
This Peirce decomposition looks exactly like the one
for the associative case [_SJ They differ only in certain

multiplicative properties.

(2.3) e = f e,

<=1 '
(2.4) 84S4,C8,,; 84S~ 84, all other products S.4Sg4, are
zero. In the associative case Sy §;,= \0; 8,5, = S,
(2.5) If N;, is a module contained in Sc¢y and if igk, then
NSy = SNy |
(2.6) The product of three factors (X3 40)2c., is associat-
ive except for a product of the type (x. y.. )Z...

(2.7) (X%Yz@)zq for itk retains its value when the factors

are permuted cyclically.

1 Albert [2] discusses this Peirce decomposition. His
techniques are more simple and will be found in detail in
Chapter IV.
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The power formulae (2.8) and (2,9) will be used not only to
establish the existence of the radical, but will be of
special use in semi-simple systems.
(2.8) (a,, x)m: (a,; x, A‘)m:_'é 8 Xy for itk
(a4~kx)m = (a x4, )m‘;ijb a,, x,g/ +lagxy)layxy;)
(8, x) €, (agx, )™

D

For this Peirce decomposition the modules S, and S., for i=0 ... n

‘consist of all properly nilpotent elements. (A properly

nilpotent element a is one whose multiples ax are all nilpotent
and therefore all xa are nilpotent.)

A Zorn primitive ring is one which contains a unit
which is the only idempotent of the riné% Zorn showed that
a primitive ring contéins a radicél which is a 2 ideal
consisting of all the properly nilpotent elements. ’He also

shbwed that the S.. are hypercomplex (2.9) and primitive

.'fbr (i=1 ... n) their respective unit elements being the
idempotents e ,. This corresponds to the associative case.

The idéél N which is the radical of the hypercomplex

ring is defined to consist of all those elements whose
components are singular (Qéé is singular if all elements

a Sﬁz are nilpotent, otherwise afé,is regular). If a, 4 is

2 Zorn's primitive ring is not the same as the one discussed
in the introduction. That primitive ring is one which con-
tains a maximal right ideal I whose quotent ideal (I:A)= 0
(The correspondence a—a is a homomorphism between A and A
where a maps x+ I->xa +I. The kernel of this homomorphism is
called (I:A)). Zorn's primitive ring is now obsolete.




15

singular then also all Sg.a,, are nilpotent. The ideal N
is taken to be equal tojflgé(i,kz:o ... n), where Ny are the
set of all singular elements in S.z . The N.y were shown to
be modules [2@], and by the use of certain multiplicative
rules of the Peirce decomposition, N is shown to be a two-
sided ideal., To be more explicit, Zorn developed the
following:
(2.10) Ny S < N and S, N < Mgy by the definition of Neg .
(2.11)  (NgS.)8¢,< Nog (by 2.6); (Ng;S4,)5,,€ N, (by 2.7)
(Se N p)Sg, = Nog (by 2.7); (Sg,N; )8, < New (by 2.7)
Then NS=5 N, 45 5,7 = Nx_/%-,@i NS (1,3,k=0 ... n,ifk) and
by the above conditions thisC N. Similarly SNcN and N is a
two sided ideal. Zorn went on to show thaﬁ N consists
entirely of nilpotent eleménts, and therefore the radical

exists for every hypercomplex ring.

CASE (2): The existence of the radical for a finite dimen- -
sional alternative algebra has been discussed in detail by

R. Dubisch and S. Perlis [?]. They considered four radicals
of an alternative algebfa to correspond to specific radicals

already defined for an associative algebra.

The first radical is the R radical:
D(2.12) It is defined for an alternative algebra A with unity,
as the totality of elements r of A such that g+r is regular

whenever g is regular. (A regular element is one that has
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a two sided inverse.)
This radical was characterized in the associative case by
S. Perlis. The "Theorem of Artin" discussed in the intro-

duction is used in proving that the R radical is an ideal.

In order to show the extensive use of Artin's Theorem we

will state this proof as in | 7].

LEMMA 2.1 A productkof regular elements of an alternative Efﬁi;
algebra is regular. Conversely if g,gz'is regular so are o
g, and g,. |
Proof: The element g;lg;z.A(g,gl%>==A§g,gl7; By Artin's

theorem this is associative. Therefore g.'g7 is the

inve¥se for g, g, . Conversely if g g, has an inverse g,

we know that geAg, g > and therefore (g,g.)g-g,(g.g)- 1=

(gg,)g,. Therefore g, and g , have inverses.

LEMMA 2.2 If an alternative algebra A has a unity and the
base field F has'at least three elements, every element of

A is a sum of regular elements. (Shoda's theorem)

To show that the R—fadicalvis_an ideal:
If g and g, are regular in A, then
g4+ 8,T= gé(g;’g.+r) is regular by (L 2.1).
Therefore g reR. But every acl is=;§7g£ by (L 2.2).

Therefore arc¢R. Similarly racR. Therefore R is a

two ideal of A.
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The next radical defined is the Q radical:

This is the sum of all quasi regular right ideals of A (right

~ideals whose elements are all quasi regular). This radical
is equivalent to the Jacobson radical [9] deflned for arbit-
rary associative rings. In associative theory thls radical
is very important, since, when it is removed from the ring
a complete structure theory can be‘found for the ring. By
a proof again using the theorem of Artin, the Q radical of
an alternative algebra with unity over an arbitrary field F,

is found to be a quasi regular right ideal of A.

The third radical - the N radical —‘is defined as in Case I:

It is the set of all properly nilpotent elements and the

element 0.

The S radical of A is the intersection of all ideals B of A
such that A-B is a direct sum of simple aléebras. This
radical was defined originally by Albert in his study of
non-associative algebras. The existence of the N and S
‘radicals is establlshed by the fact that Q=R=N=S for an
algebra with unlty. [7]

CASE (3): The radical of an alternative ring with no chain
conditions was defined by Smiley [16]. The right ideal r(a)

generated by acA consists of the totality of elements of A

3 See section 3.
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of the form a, +2aU}', where i is an integer énd I.} the product
of a finite number of right multiplications Ry; aRx= ax.
D(2.13) The right radical R,(A) is defined as the totality
of elements acA for which each r(a) is a right quasi regular
right ideal. The left radical Ry(A) is defined similarly.
Both radicals are defined in an equivalent manner to the

Jacobson radical [9] for the associative case. Namely that

the radical of a ring A is the join of all the guasi regular

(left) right ideals of A. The technique used in proving that

~ the right radical R,(A) is a right ideal, is a manipulation.

of the relations between the quasi sum (aob) and the

associator (a,b,c) as follows:

LEMMA 2.3 If aeR/L(A) and b is right quasi regular, then

a+b is r.q.r. |

Proof: Let boc=0 for some ced, then a+ acer(a) and therefore
(a +ac)od =0 for deA.

Now (a+ b)o(cod)= ((a +b)oc)od +(a +b,c,d) (by 1.8)

= (a+ac)od + (a+Db,c,d) = (a,c,d).
And also (a+ac,c,d)=0. If {=(a,c,d) then
«+ck =0 and =0, (by 1.11)

Therefore a+b is r.q.r.

LEMMA 2.4 The right radical Ra(A) is a right ideal.
This is easily proven by L (2.3) considering r(a+b) where

a,beR,(A). To show that the right radical R,(A) is a left
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ideal a similar technique is used but the manipulations are
slightly more complex. In this case r(ba) is considered
where acR4(A) and beA. It can then be computed that baeR,(A).
Therefore it is concluded that R,(A) is a left ideal. |

The right radical can easily be shown to coineide with
the left radical, and the radical is then defined as

R(A) = RajA)=-R1(A) (a two ideal of A).

CASE (4): The existence of the radical of an algebra of

possibly infinite order over a field F can now follow immed-
iately. An ideal of the algebra A is an ideal of the ring A
that is invariant under the scalar multiplication x—>xx for
A in F. If A has an identity:then x(1oA) = (lg}x = Xof, and so
any ideal of the ring A is an ideal of the algebra A. The
preceding discussion for an alternative ring without chain
conditions is then wvaliad fop an arbitrary alternative
algebra A with unity. The radical of the algebra A is then
defined as the totality of elements a for which each r(a)

is right quasi regular (similarly left quasi regular).

SECTION 3. RELATIONS BETWEEN THE RADICALS

RELATION 3.1 The N radical of casé 2 is equal to the R

- radical. The proof of this can be found in [7]. No special
techniques are used there except perhaps another application

of the important theorem of Artin.
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Note: This establishes the existence of N, since N is now

an ideal it is therefore a nil ideal.

RELATION 3.2 The Q radical of Case 2= R radical =N radical

for a right alternative algebra A with unity.

RELATION 3.3 The S radical of an alternative algebra A with

unity =R =Q=N. The proof is given in [77 as follows:

Proof: We know that A-N is a direct sum of simple algébras
(Zorn [18]). Therefore ScN. Since 1 is not in N,
A>N2S. Now A-S=B®B,& ...® B, where the B,
are simple with unity e, . Each element x¢N corresponds
to a coset [x]= X ]+ oot [xh] where [x,7 in B, are
properly nilpotent in B, and in A-S. As );_'xj varies
over N, [x,;] varies over the ideal N, of B..

Therefore N,=0 or N;= B.. In the latter case
e; €Ny, but e is not nilpotent.

Therefore N¢=0 and N-S=0 or N¢S<N or N= S,

RELATION 3.4 The Q,N,S radicals also have meaning for an

alternative algebra A, without unity. If Qo N, ,8, are the
corresponding radicals for A, it can be shown [‘7_] that they
equal Q,N,S respectively for the algebra AF (Ao,(l) and that

Q,N,S are identical.

RELATION 3.5 If we apply Zorn's chain conditions to the

ring A, we find that the radical R(A) coincides with Zorn's
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radical. The proof of this is elementary and can be found
in [16].

SECTION 4. PROPERTIES OF THE RADICAL

PROPERTY 3.1 The radical of A/R is zero for the radical R

defined in case 2 sec. 2, The proof is simple using no
unusual techniqﬁes.

The following four properties of the radical of an
alternative algebra defined in case 4 sec. 2 are exactly
the same as those for an associative algebra [ﬁ]. This is
true since we know that if aob= O then (a,b,c)= 0 for every'

cech.

PROPERTY 3.2 If,A* is anAalternative algebra with unity, and
containing A, such that.Afz A+ (1) (where (1) is a subring
of AT generated by 1). Then R(4)= R(A*)AA. If also
AN(l)=0 and (1) is isomorphic to the ring of integers

then R(A) = R(a¥).

PROPERTY 3.3 R(A-R(A))=0

PROPERTY 3.4 If I is a right ideal of A and if each element

of I is nilpotent then I ¢R(A).

PROPERTY 3.5 If B is a subset of R(A) closed under mult.

and if b ¢B, then for every positive integer n

n-I

n n
b B> Bor b = 0.
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There are some very important properties which can be
proved for an associative ring but cannot be proved for an.
alternative ring. In the associative case Jacobson [:9]

proves certain important relations between the radical and

the intersection of the maximal right ideals. To do this
he makes use of the fact that{x«(—ax} is a right ideal. We
 cannot prove this for the alternative case simply because

{x-l- ax} is not a right ideal. We can however, prove that

a is right quasi regular if and only if every element of A

has the form ax+ x for some X & A.




CHAPTER ITI-
THE STRUCTURE OF SEMI-SIMPLE AND SIMPLE HYPERCOMPLEX RINGS
SECTION 5. THE STRUCTURE OF SEMI-SIMPLE HYPERCOMPLEX RINGS

An associative semi-simple ring with descending chain
conditions on ideals contains only a finite number of simple
ideals within it, and is a direct sum of simple rings. In a
like manner Zorn has shown that a semi-simple hypercomplex
ring (i.e. an alternative ring with chain conditions on
modules) is a direct sum of simple hypercdmplexl rings.

D (5.1) We define a semi-simple ring as Zorn did [18] to be
a ring which contains no properly nilpotent elements (i.e.
no radical elements). This definition is the same as that
fof the associative ring.

The procedure used by Zorn in the d ecomposition of a
semi-simple hypercomblex ring is very similar to that used
for the assocliative semi-simple ring. The important except-
‘ibns to the procedure are the use of modules (D 2.1) instead
of ideals, and the use of the theorem of Artin to repléce the
associative law.

Following Zorn we have:

1 This use of the word hypercomplex has no relation to a
hypercomplex system.
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IEMMA 5.2 If M is a module and x an element such that
xMsM is a hypercomplex system, then ther;e is no m# O such
that zm= O,

We will Show this proof as an illustration of the extensive

use of the theorem of Artin.

Proof: _Since XM =M then ="M= M by theorem of Artin. Now
if xm =0 for mTO and meM, then for }any integer n
there exists an element y, of M such that xhﬁgzn.
Then'xnﬂy;= x(x ya.) (by Artin's theorem)

=.xm= O,
Then y, is not in the II module 0/x" but it is in
0/x™'. This leads to a contradiction by the v
second chain theorem of hypercomplex rings‘and
therefore xm# 0.
With the use Qf this theorem and again the use of

the theorem of Artin We can prove:

IEMMA 5.3 If aeC is not nilpotent then the I module aC
contains an idempotent.

This is equivalent to proving that in an associative ring

if a left ideal is not 'nilpbtent it contains an idempotent.
Therefore we see, that if a hypercomplex ring is not nilpotent
(we know it then contains a non nilpotent element [20]) it

contains an idempotent element.
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D (5.4) Principal Idempotent -- an idempotent e is
principal when the corresponding IT module o/e contains no
other module O/e' as a proper subset (where e'= (e’)lf 0).

- That is, e annihilates as little as possible.

THEOREM 5.1 If the hypercomplex ring C is not nilpotent

then it contains a principal idempotent e. In the Peirce
decomposition with respect to e, C= Cy,,+ C,o+ Co,+ Cop e

w 3Ce; »Cos are radical

All the members $ 0 in the modules C

elements,

This proof closely parallels that for the associative
case, the major difference being the use of modules rather
than ideals. Zorn makes use, also of certain power formulae
(2.8), and as a special illustration of this we will skétch
the proof;

Proof: By L 5.2 we see that C contains an idempotent. By
chain conditions for modules it must be a principal
idempotent, call this e.

Refer to the Peirce decompositionz. C=0C +CetCp,tCsp

The module 0/e is minimal and = Cy,,+Cos. The
module C,, does not contain an idempotent e . If it
did, we could construct e":.e+-e', where e” is an

idempotent and 0/e" € 0/e is a proper subset. This

2 We refer here to Chapter IV where all the identities are
proven for this particular Peirce decomposition. We will use
them without further reference.
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would contradict e as principal idempotent. Now C,, + G,

does not contain an idempotent. (This caﬁ be shown easily

by known relations of Peirce decomposition.) |

We see that Co. CC O/e, therefore for every S, , SesC CCoiF* Coge
If s,, is not nilpotent s,,C contains an idempotent (L 5.3)

and this is a contradiction. Therefore all-elements of C;é
must bé nilpotent.

The power formulae (2.8) become:

(50:2) = (80, X0 ) (8,0 %0 )+ (S0,%10)  (Sor (Keit Xpo))

h n-!
(8p0X) = (8o Xos) SepX

(50 X)™'5 (850 Xip )81 o) F (81 Tos ) (8,4 (X0, + Xoo))

n-1

. n
Since s, x,,€6C,, and (s, x,,) = s, (% ,5,) %

.. » We can

sSee immediately that the mbdules’coo,cw ,Cps consist only
of radical quantities and zero.
From this theorem it is immediately true that a

semi-simple hypercomplex ring contains a principal unity.

THEOREM 5.2 4 semi-simple hypercomplex ring is a direct

sum of simple rings.

Proof: This proof parallels the éssociative case as follows:
A two ideal of a hypercomplex ring is again a
hypercomplex ring since the chain conditions hold
easily. A radical quantity "a™ of ideals A is
also a radical quantity of C, since if xe¢ C is

2
arbitrary, zaxe¢ A and a.xax =(ax) (by Artin's theorem)
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Therefore ax is nilpotent and a is radical in C.
If the whole ring is semi-simple, then every
two ideal is semi-simple. The ideal A then contains

a principal unity e, for which e,CcA and Ce, ¢ A.

Bm;%C)QAzAzAQch,1mmmﬂmee£=A=Cq.
So, for arbitrary x of C

e, X =(e,x)e, = e, (xe )= xe,.

That is, e, is in the centre of C. Since 1 is in the

centre e, = l-¢, is in the centre.
The idempotents e, and €, are orthogonal 1dempoten@€
with a correspondlﬁg Peirce decomposition:
C=0y +C,+ Cup+Cot Gy, + Cio+ Coz+ Caot Cop e
The only non zero modules are C, and Clz_for a
semi-simple ring.

Therefore C is a direct sum of different ideals.,
There can only be a finite number of these because
of the chain conditions. Therefore, a semi-gimple

hypercomplex ring is a direct sum of simple rings.

SECTION 6. THE STRUCTURE OF SIMPLE HYPERCOMPLEX RINGS

An associative simple ring is a total matrix ring

over a division ring. A hypercomplex simple ring can be

one of three things: (1) Associative, (2) Alternative field
(this is a zero divisor free ring with a unity element,

in which the equations ax= b and xa=b with a;f 0 are
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solvable, (3) Vector matrix rinés or in other words Cayley
algebras.

The procedure in studying the structure for the alter-
native case will need to be different from the procedure
for studying the associative case. We will give a short
summary of Zorn's results {is], pointing out where the

alternative case presents new difficulties.

THEOREM 6.1 Every non-nilpotent ring C has a Peirce decomp-

osition made up of n orthogonal idempotents e, ... e,
whose sum is a principal idempotent, where none of the e,
can be éxpressed as the direct sum of two orthogonal
idempotents (these ey are called primitive as in the
associative case).
Proof: This is similar to the associative case., The proof
is established easily by the construction of a
module chain which does not break off. This provides
a contradiction to the fact that e has no decomp-
osition into primitive idempotents.
Consider now a semi-simple system C, with a principal
unity 1, and the following decomposition:
l=e,+e,+ ... e; where e, are primitive.
The C ., of this decomposition are semi-simple and even simple.

This is true since if G, contained a proper ideal it would
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contain an idempotent prinecipal unityqb e .
‘Tt is at this point that the greatést deviation is

made from associative theory, for we must now consider three
cases for the simple ring: (l)'n::l, i.e. where the simple .
ring"ébntains only its principal unity as an idempotent

element, (2) The case n>2, (3) The case n=2 i.e.

e=e+ e . In associative theory these cases need not be

considered.

CASE (1): C contains only its principal unity as an idempotent.

LEMMA 6.1 Every non-nilpotent element a of C has an inverse
a' for which ag'- a'a=1.

This proof is obvious by L 5.2.

LEMMA 6.2 In general (a,dJ,C): 0 and a~'is uniquely defined.

Proof: 1If ay= 0 for arbitrary y, then
(a,y,ax) = (aa,x,y)-ala,x,y)= -(aa,y,x)+ ala,y,x) =0.
'‘Then (a,y,a(a™)*) = (a,y,a") = O.

Therefore y= (a~a)y= a ' (ay) = 0. Therefore there are

no divisors of zero.
Since (a,ba,x)= a(a,b,x) (by 1l.4), let b=a ' and get

~i N e s
a(a,a ,Xx) =0. Since a is not a divisor of zero

(a,a”,x)= O.

LEVMMA 6.3 C contains no nilpotent elements different from zero.

Proof: This is trivial using L 6.1.
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From lemma's 6.1, 6.2 and 6.3 we can now state:

THEOREM 6.2 A semi—simple ring C with a primitive principal

idempotent is an alternative field. (An alternative field

is an altermative ring with a unity, in which every element
has a unique inverse, the elements are not divisors of zero
and every equation ax=b or xa=b for a#0 is uniquely

solvable.)

CASE (2): This is the case of a simple ring with the Peirce
decomposition.01=é304£. and a principal unity l=e, + ... + e,,
where n7 2, o
LEMMA 6.4 The C.c of the decomposition are division rings.
Proof: The C.. are alternative fields (T 6.2). By using

the multiplicative properties of the modules Cek

it can be shown that (C.¢,C.¢,Ccc)=0, i.e.

C.. are associative.

LEMMA 6.5 If C,,+#0, C., and C,y are isomorphic.

- The isomorphism is represented by:

Tixic) = op xioqs Mlmy )= ey my ey,

THEOREM 6.3 If n »2 in the Peirce decomposition then the

.8imple system 1is associative.
Proof: This particular Peirce decomposition differs from
the associative one in the following places:

(see Chapter IV)
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(QZ = 0 is not necessarily true;
(X0 3V 206) 5 (X T 2i0) s (X.ps¥ep 2Bcc) s (Xgs ¥ 4 5%42)
Since we have L 6.4 we need only prove that sz? 0
to make the ring associative.

The technique of proving G;Z = 0 is rather
original. Two new idempotents are created for which
we get a Peirce decomposition of 4 modules which
contain the original modules. To be more explicit
the proof gees as follows:
Say there exists two elements esy and eg, for which

e 04, e,and g e ,% e,.

Let E, = e, + e, and El;é;f,.' |
Let 1=E, + E, be a decomposition of 1 into
orthogonal idempotents to which the Peirce decomposition
C=0, + EJ:;, + 8; + —5“ belongs. E,‘ contains
Cuoc +Copt+ Cp + Céi' GQ, contains in particular C, .

It can be shown that (3, ,by») (G, Gup)= O VA«
Therefore for V-1 and _4=2, 3,,: ey and b, = 84 .
We know that (e&-&,eﬁ ) = e, -¢y, then (e, -e, )-(§,§, )= 0,

~ e -~
i.eo e“(c‘z‘ CJ: )= eé(czl G&l )1 O.

e N ~4
Therefore (e¢.+eé)(0‘u ¢, )=¢C,C,= 0, and therefore

o
q& = 0.

CASE (3): When n=2, a simple alternative (non-associative)
ring is a vector matrix ring over a field. (These are Cayley

algebras.)
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A vector matrix system is a set of elements (g 2)
where « and[} are elements in a field K and A,B are vectors

of a 3 dimensional vector system with co-ordinates in K.
( A _(vw' A+A?
The sum is defined as (ﬁ 5) o )- B+p B p!

The product is defined as( A ’) (““'-HB' aA +BXB+A6
| 3Be B«'+pR4AXA'  p B'-.BA’

The scalar product is AB and the vector product is A X B.

Every vector matrix can be built up linearly from 8 basal

- (vo -foo V_ (o4 v oo) '
elements e,= (‘oo> €, (o-) 1€, ° (00),%,_ el ? ¥ modulo 3,

with coefficients in K. (The i, are orthogonal unit vectors.)

Where: e e/ 2def e e -e/‘-&: e g&—_- 4£, ex 2= e e =0,
VoY v u+\ \f+-

ep eu_ 0, e, e, = e/p eL_ eL. , ez‘ & él-’/‘e“
for i,j,k= 0,1, i#k and 4 ymodulo 3.

The simple ring With n=2 becomes decomposed into
4 modules C,l 1€ ,2+C,, 40, It can be shown that C,, and Co=
are commutative and therefore are commutative fields
isomorphic to each other (L 6.5).

The field K consists of elements

° x _ o *
a,‘+ a" = a“ ] aaa."" a&;,‘ a&g_ )
o ) [v]
where a, = ey a, e, and a,,-= €2 222821 o
H
The field K is isomorphic to both C. , where a_, —> a,. .

Then K lies in the centre of C. In particular we know that
o X
(a,pbg )= (by a ,U (by L 1.1, Chapter IV)

.
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IEMMA 6.6 Two elements 34;5_:134;@ i4 k are linearly dependent
- w.r.t. K if and only if their product a,y b,y vanishes.
To set up the 'vector matrix unities assume first two

. . ] 2 3
linearly independent elements . 1€ of C,, and an e,

Y

2 3

l 2 3 t
such that (e,, e, )e,’= =-e,. Therefore e ,e,, ,e. are

linearly independent.
v
Then also (e,r e,;' )e,’i“':: -e, for ¥ modulo 3
4
S ~-¢, . From e,, construct 3 linearly

ta
; v 4 Pl P+l
independent vectors e,, of C,, . Set e, = e,, e, and

and e,:, (e,v:'
get ez efi: -4y & . Symmetrically we get e = & e,

The elements e, ,e,, ,elj ,e,\v, generate a hypbercoﬁlplex
system C.+ over K, whose structure is completely determined by:
e & = aQ;'e,‘~,e4-e¢f’L = e:‘,,%: ej&,ej& eﬁi = e:-)é e, =0 and efé e;;= 0.
(i,j,k=1,2;i# k;’v modulo 3), Therefore these elements form
a system o~f vector matrix unities,

Thé ring C can now be expressed as é linear combination

of e, and eVA with coefflc:l.ents in K as follows:

%= x” e, ',,%53‘/* eff ).* “ Z(X,z, e 2 )’( +— X.r en.
We can now say that_ for n= 2 a s1mple_alternative (non assoc.)
ring is a vector matrix ring over a field. |

The theory used in obtaining the structure of a semi-

simple and simple hypercomblex ring can be used in obtaining

the same structure for a semi-simple and simple finite

dimensional algebra, since these algebras contain a unity.
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0.

ALTERNATIVE DIVISION RINGS

An associative division ring is a ring which has a

unity, and inverses for all non zero elements. An
alternative ring is a division ring if the equations
ax=b and ya =b have unique solutions x,y for at O'..,

The methods used by R. H. Bruck and Erwin Kleinfield

[ﬁ][ﬁj in studying the structure of an alternative division
ring are new as will be seen in the following discussion. |
Associative division rings are as yet not classified. The
main results for alternative division rings found in
Sections 9 and 10 are: An alternative division ring is
either (I) a field or skew field or (II) a Cayley Dickson

algebra over its centre.
SECTION 7. LINEAR FUNCTIONS AND IDENTITIES

The commutator (x,y)= Xy-yx has already been introduced.

Two very important and easily calculated identities needed
for future computations are:

(7.1)  (zy,2)-x(y,z)-(x,2)y = (x,y,2)~(x,2,y) + (2,x,¥)
(7.2)  (xy,z)= x(y,z)+ (x,2)y +3(x,y,2)

A very curious linear function f(w,x,y,z) is now
introduced as follows:

(7.3) (wx,y,2) = (x,y,2)w+x(w,y,2) + £(w,x,y,2)
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- If the ring were associative it is immediately obvious that
f(w,x,y,2)= O. We see that this function is non trivial
for an alternative ring but does’not exist for an associative

ring.

We will follow Bruck and Kleinfield [5]vin stating

some important identities about this function.

IEMMA 7.1 In an alternative ring R the function f is skew
symmetric (i.e. if any two of w,x,y,z are equal then f= 0)

and satisfies the identities:

(7.4) 3f(w,x,y,2z) =(w,(x,y,3))-(x,(y,z,w)) + (y,(z,w,x))-(2, (w,x,¥5))
(7.5) £(w,x,y,2)= ((wx),y,2)+ ((y,2) ,w,%) |

The first part is easily proven using (1.2) substituting {7.5)

into this, then permuting the elements cyclieally."The second

part of the proof consists of an easy computation using (7.3)

and (7.4).

LEVMMA 7.2 For all x,y,z of an alternative ring we have:

(7.86) (ﬁi,y,z);:x(x,y,z)rf(x,y,z)xv |

(7.7) (x,xy,z): (x,7,x2) = (x,y,2)X%

(7.8) (x,yx,2) = (x,y,2x)= x(x,¥y,2)

(7.9) * zy.zx=x(yz.x)
(7.10) x(y.xz) = (xy.x)z; {zx.y)x= z(x.yx)

The equations (7.6), (7.7), (7.8) can be proven by easy

substitution in (7.3). The equation (7.9) can be proven by -

using (7.8), and (7.10) by using (7.9).
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We will show the proof of (7.6) to illustrate the usefulness -
of the function f(w,x,y,z).

Proof: In (7.3) let w- X and get

(xx,5,2) = (x,¥,2)x+ x(x,y,2)+r f(x,x,y,2)

But r(x,x,y,z) =0, therefore we have proven (7.6).

. A new operator g(u,v,w,x,y) is now defined for all
a,v,w,x,y of R by: |
(7.10) f(uv,w,x,y)= uf(v,w,x,y)+ £(u,w,x,y)v+ (u,x,y) (v,w)
+ (0,w) (v,x,5) + glu,v,w,x,3)
The linear funetion g(u,v,w,X,y) is again zero for ﬁhe

associative case.

LEMMA 7.3 The funetion g(u,v,w,x,y) is skew symmetric in
u,v,w and in x,y. Equivalently:

(7.11) f(uv,u,x,y)= uf(v,u,x,y)+ (u,x,y)(v,u)

(7.12) f(uv,v,x,y)= £(u,v,x,y)v+ (u,v)(v,x,y)

for all u,v,x,y of R.

The skew symmetry in X and y is obvious by definition.

Equations (7.11) and (7.12) can be proven by easy computations

beginning with equation (7.5).

LEMMA 7.4 For all x,y,z of an alternative ring R,

(7.13)  ((x,y,2),%,¥) = (xy) (x,y,2)= -(x,y,2)(x,y)
(7-14) ((X’y’z)zsx,y): 0 |
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We will state this proof as an interesting illustration of

the manipulation of the associator.

Proof :

LEMMA 7.5 Let x,y,2z vbe any elements of an alternative ring

Let u= (x,y,:z) and v= (x,y).
Let p = (x’“,y,z_y): x(x,7,2y) + (x,¥,zy)x  (by L 7.2)
= X.yu+yua.x; and similarly p= y.xu+ y.ux.
Therefore O= x.yu-y.xu + (y,u,x) = xy.u-(u,x,y)-yx.u
'+é(y,x,u)+ (y,u,x)= (x,y)u-(u,x,y)
and (u.',x,y):"'vu. Similarly (u,x,y)= -uv

and (u*,x,y)= u(u,x,y) + (u,x,y)u= u.vu-uv.u= O.

R then (i) ((x,y,z)“x)z 0, (ii) If (x,y,z) is not a divisor

of zero ((x,y,z)z,x)z 0.

The proof of lemme 7.5 is very complicated but since it is

a good illustration of the use of the Tunction f(w,x,y,z)

we will display it as in [5].

Proof:

(7.15)
(7.16)

Let u=(x,y,2);v=u",w =f(x,v,2,v). Then
f.(xv,x,y,z)-_-.' xf(v,x,y,2) + (x,y,2)(v,x) (by 7.11)

= -xwe u(v,x)
Therefore u(v,x)= xw+ f(xv,X,y,z) and similarly
(v,x)uzwx 4 f(vx,x,y,2). |
Now £(xv,y,x,2)= xf(v,y,x,2) + (x,y) (v,x,2+e(x,v,y,%,2)
and (v,x,z)=0 by (7.14), therefore |
f(xv,x,y,2)+ xw=2g(v,x,y,x,2). Similarly
f(vx,x,y,2)+ wxz -g(v,x,y,%x,2), therefore

u(v,x)= -{v,x)u. (by (7.15) and (7.16))
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Now f(x,y,xv,z)= (xy,xv,z)-(y,xv,z2)x-y(x,xv,2) by (7.3)
and (x,xv,z)= O. Therefore f(xv,xX,y,z)=(xv,y,2)x-(xv,xy,2).
Also (xv,y,z)= (v,¥,2)x+ v(y,2,x)+ f(x,v;y,z):,vu+-w and

(xv,xy,z) = (v,xy,2)x+v(x,xy,2) + £ (x,v,xy,2)

=(xy,z,v)x+ v.ux-f(xy,x,z,v) by (7.3 and (7.8).
Therefore f(xv,x,y,z)= (w=-(xy,z,v))x+ f(xy,x,z,v). Now
(xy,2,v)= ¥(X,2,V) + (¥,2,V)x+1(X,¥,2,v) =f(%X,7,2,v)= w by (7.14)
and f(xy,x,z,v)= x£(y,%,2,v)+ (xz,v)(y,x)s -xw by (7.3) andr(7.14).
Therefore f(XV,X,¥,2)= =-xW and»u(v,x): (v,x)u=0 by (7.15),(7.16).
If u is not a divisor of zero then (v,x)=x 0 and (ii) is true.
Also((uq,x)z.(vl;x)= v(v,x)+(v,x)v =0 by (7.2) and (i) is

true.

SECTION 8. NUCLEUS AND CENTRE OF AN ALTERNATIVE RING

D(8.1) The Nucleus of an alternative ring R is defined aé
the set of all n such that (n,R,R)= O.
D(8.2) The centre C is the set of all ¢ of R such that
(¢,R)= (¢,R,R)=0
In an associative ring the nucleus of course is the whole
fing and the centre is the set of all ¢ in R such that (¢,R)= O.
The significance of introducing the nucleus as well as the

centre will become apparent in the discussion of an alternative R

ring without divisors of zero, where the nucleus will equal

the centre or will be the whole ring.
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We will discuss the various properties of the nucleus

and centre as Bruck and Kleinfield did in[5].

LEMMA 8.1 Let R be an alternative ring with centre C. Let

S be a generating subset of R (i.e. no proper subring of R

contains S). Then an element pe¢ C if and only if

(p,8)= 0=(p,S,S) and C is a subring of R.

Proof:

If pe¢ C, then obviously (p,S)= (p,S,3) =0.
Conversely let (p,S)= (p,S,S)=0.

The technique used in proving the converse is to
let X be the set of all x in R sueh that (p,S,x)= 0
and show that X= R, Similarly let y be the set of
all y in R such that (p,y,R)= 0 and prove Y= R.

Let z be the set of all z in R such that (p,z)= 0
and prove Z=R. The computations are simple

manipulations of some of the identities in section 7.

LEMMA 8.2 If R is an alternative ring with nucleus N and

if a,b are elements of R such that (a,b,R)= 0, then

(i) (a,b)e N, (ii) If (a,b) is neither zero or a divisor

of zero then a,be N, (iii) If ne¢ N is neither zero nor a

divisor of zero nx ¢N implies x¢ N.

The prbof of this is an easy computation again meking use

of the linear function f(x,y,z,w).
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THEOREM 8.1 If R is an alternative ring with no divisors

of zero, then if the nucleus is N and the centre C, then
N=R or N=C,.
Corallary If (R,R,R); 0, then (a,b,R)= 0 implies (a,b)= O.
The proof is straight forward using L 8.2.

The followiné lemma will play an important role in
proving the main theorem about the structure of division

rings of characteristic # 2. ' o

LEMMA 8.3 Let R be an alternative ring in which (x,y)= 0
if and only if (x,y,R)= 0. Let R contain elements a,b such
that (a,b)“is neither zero nor a divisor of zero. Then a
necessary and sufficient condition thét the element k of R
belongs to the 6entre C of R is that (k,a) = (k,b)= 0.

The computations for this proof are heavy bﬁt the
method is interesting. It is very similar to the method
used in proving L 8.1. We will therefore sketch the proof

as given in [5] leaving out most of the computations.

Proof: Let K be the set of all k in R such that
(k,a) = (k,b)= 0. Let.S be the set of all s in R
such that (K,s)= 0. Since C¢ XK and a,be¢ S, then
(K,3,R) =0 by hypotheses and f(X,S,R,R)= 0 by (7.3).

_ Then (K,(S,S,R))= O by (7.4) and therefore
(8,8,R)¢ S and 88<S by (7.2).
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By the above facts we can compute ((X,R,R),S,S)= 0

and (X,R,R)(S,S)= 0. By hypotheses (a,b) is not a

divisor of zero, therefore (K,R,R)= 0. Since

(x,y,R) =0 implies (x,y)= 0, then (E,R)= 0 and Kz C.
Therefore K= C.

SECTION 9. ALTERNATIVE DIVISION RINGS OF CHARACTERISTIC NOT 2.

Every alternative division ring of characteristic not

2 is either (i) a skew field or (ii) a Cayley Dickson algebra
over its centre. To prove this Bruck and Kleinfield [?] have

proven something even stronger.

THEOREM 9.3 Let R be a non-associative alternative ring

without divisors of zero and of characteristic not 2. Then
the centre C of R contains a non zero element and R may be
embedded in R//C which is an alternative division algebra of

order 8 over its centre F=C//C.

D (9.1) R//C is defined as the set of all formal fractions

x/c for x¢R and c¢ C, ¢# 0, where: (l)..x/c:y/d if and only

if dx= ey, (2) (x/c)+ (y/d)= (dx+ ey)/ecd, (3) (x/c)(y/d)=(xy)/(cd).
The proof of theorem 9.3 raises no new difficulties

and in some cases is even simpler than the’proof for a division

ring alone. This is true especially in the use of ordinary

subrings rather than division subrings. We will proceed as

in [5].
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LEMMA ©.1 Let R be an alternative ring with no divisors of

zero and of characteristic not 2 generated by three elements -

X,y,2z such that (x,y,z)# 0. Let C be the centre of R, then

2 : .
(1) px -qx+r= 0 for p,q,r in C and p# 0, (ii) (x,y)# O.

lemmas

of the

The proof of lemma 9.1 is a good application of
7.4, 7.5 and 8.1. It alsd shows why the characteristic

ring must be different from 2. To illustrate these

pointé we will sketch the proof briefly.

Proof:

Let u=(x,y,2), v= (xz’,y,z) = ux +xu, w=(x,xy,z)= ux,
then u*x -(uv)x+wt=0,

We must show that ul,uv, and w & C.

If we let S= tgy,z} then S generates. R and L 8.1

can be applied. By L 7.4 and L 7.5 e C.

We can compute_vg'to lie in the centres of the sub-

rings generated by x&,y,z; X,Xy + YX,2; X,¥,XZ+ 2X,

‘and therefore that v e C. |

Similarly (u+ v)ae- C and therefore 2uveC,

i.e. 2(uv,R) = 2(uv,R,R)= 0. But the characteristic

is not 2 and therefore uve C.

By direct computation we can find w? C. This

completes the proof of (i).

We may note here that this part can be proven for

characteristic 2, but the computations are very involved.

Proof (ii): This part of the proof illustrates why the

characteristic cannot be assumed to be 2,

e,
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Let y,2,x and Xx+y,y,2 generate R. Then we can get

px¥-qx+1=0, p_y'i-q_' y+ 7= 0 and p(x+yJ -q"y+ = 0

for p,q,r,q ,T ,q",r" in C and p3¥ O.

Then p(xy +yx)-sx-ty+c¢=0, for s,t,c in C.

Assume (x,y)= O,lthen sx~c =2pxy-ty, and

0 =(sx-¢,2z,Xx) =(2pxy—ty,z,x)==2p(y,z,x)x-t(y,z,x)

= u(2px-t). Since u+0 then 2 px= t.

But then 0= (%t,y,z) = (2px,y,2) = 2pu.

This is a contradiction since p# O and the ring is of

characteristic not 2. Therefore (x,y)t O.

This proof obviously fails for characteristic 2.

Also (x,y)# O is not true for characteristic 2, since every
Cayley Dickson division algebra of characteristic 2 can be

generated by three pairwise commutative elements.

THEOREM 9.1 Let R be a non associative alternative ring with

no divisors of zero and of characteristic not 2. Then if C is
the centre of R, every element x of R satisfies a quadratic

<
equation px -qx+r =0 with p,q,r in C and p#;o.

The proof of this is an easy argument using T 8.1, L 9.1 and L 8,3.
The R//C of D (9.9) is an alternative ring with c/c as

unity and centre Fz:O//G. The mapping x—>(c¢x)/c is an

isomorphism of R onto R//C and R may be imbedded into R//C

by making the identification x =(cx)/c.
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Corallary +to Theorem 9.1: Under the hypotheses of T 9.1,
R//C is a non-associative alternative ring with unit, without
divisors of zero, of characteristic not 2 and with the field
F=GC//C as centre. Also every element of R//C satisfies a
quadratic equation xl—qX4-ﬁ= O with «,8¢F.
We insert T 9.2 which was proven by A. A. Albert and

can be found in [l].

THEOREM 9.2 Let R be an alternative ring with unit containing

in its centre a field F of characteristic not 2 such that, if
x is in R but not in F, x generates a quadratic field F(x)
ovér F. Then R is an algebra of order 1,2,4,8 over F, order 8
corresponding to the case that R is not associative.

The set R//C satisfies the hypotheses of T 9.2 and
therefore R//C is an algebra of order 8 over F. Also R//C
has no divisors of zero and is therefore.a division algebra.
This proves T 9.4. An immediate result of theorem 9.4 is
that if C is a field, R is a Cayley Dickson algebra over C.
The main result follows at ohce.

BEvery alternative division ring of characteristic

not 2 is either (i) a field or skew field or (ii) a

Cayley Dickson algebra over its centre.

Note: An interesting consequence of theorem 9.4 is that every

ordered alternative ring is associative.
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SECTION 10. ALTERNATIVE DIVISION RINGS OF CHARACTERISTIC 2.

Every alternative, not aésociative division ring R
of characteristic 2 is a Cgley Dickson division algebra of
order 8 bver its centre. This was proven by Kleinfield[:éj.
His methods are the same as those already discussed in
sections 7, 8, 9. For“tnis reason the outline of Kleinfield's
proof will be very brief.

In an alternatiye (not associative) division ring of
characteristic 2 there are eléments X,y,z such that (x,y)= O
and (x,y,z)= v#0, If we let x-a,y=Db and vz=c, then
(a,b)= 0,(a,c)= 0, (b,e)})=0 and u=(a,b,ec)# O,

. Let S= S [a,b,é] be the subring of R generated by a,b,c,
and let K be the set of all k in R such that (k,S)=(k,S,5)= 0.

LEMMA 10.1 If pe R and (p,a,b) = (p,a,c)= (p,b,6) =0 then pe K.

' This lemma which can be found in [6] is provén by an extensive
use of the iinear funetion f(p,a,b,c) and the fact that the
characteristic equals 2.

It ;s easily verified that'ai,ﬁk,éb,ué-K. Furthermore,
identities like (a,b,¢)=u, (ab,ac)= O and others obtained
by permutations of a,b, and ¢ permit us to set up a
maltiplication table for the elements l,a,b,c,ab,ac,be,a.bec,

which will show that these elements behave like basis elements

of the Cagey Dickson algebra of characteristic 2.
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LEMMA 10.2 K is a field.

Proof:

To prove that K is a field it must be shown that K

is closed under multiplication, inverses exist, and

K is associative and éommutative. This proof is

again a direct computation using f(a,b,c,d). For .
example, to prove that K is closed under mult.

Let k,k'e K, then (kk',a,p)= f(k,k',a,b) by (7.3)

but f(k,k ,a,b)= ((k,a),k',b) +((k',b),k,a) by (7.4)

= 0 by definition of K. ‘
Therefore (kk' ,a,b)=0, and by L 10.1 kk'¢ K and
K is closed under multiplication.
The remaining computations are similar manipulations

of the function f(a,b,c,d) and its identities.

LEMMA 10.3 If (d,a)= O =(d,b) then

d= op+ Xatd,btuzc + p(ﬁb, for some oA,...ay4 in K.

Proof:

First it can be shown that (d,c),(d,ab),(d,ac),(d,be)
are elements of K by manipulating the identities in \
section 7. Then form

a = a-((a,c)u")ab-((d,ab)d Je-((a,ac)d )b-((d,be)d Ja.

It can be computed that: |
. |
(d',a)= (@ ,b) =(a',e)= (d ,ab) = (d’',ae) =(a ,be)- 0.

Therefore (d ' ,a,b) =(d ,a,c)= (d',b,c)= 0 by (7.2).

Therefore a' is en element of K by L 10.1l. Therefore if
I - -1 - ‘ -/

oAp=d , q=(d{bc)u y d=(d,ac)u ,qu(d,ab)u ,d&z(d,c)u ,

then d = dot o ato broctd ab for o, seeofyin K.
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LEMMA 10.4 Any element d of R may be written as
dz B+Parpb+BorByavt Biac+B berPa.be for @ ... 2, in K.

Proof: By direct computation we find

d(a,b,c) = (a,b,dc) + (a,b,d)e, but (a,b,de) and
(a,b,d) satisfy the hypotheses of L 10.3, therefore
we get AU = obtofs 8+ A D+l C+ oy Bb+al 4 CH oy AC
2 .
+o(7 BC+(pC +o(gab.c.
' -1
Since u,cle K if we multiply by u , then

dzpf + Ba+ B, b+fyc+B,ab+ Bac+ B be+f a.be
” ‘4... &, in K.

We can show now that the centre of R coincides with K
ahd that the elements l,a,b,c,ab,ac,bc,a.bec are linearly
independent over K and are therefore a set of basis elements

for the Cqﬁey}bickson division algebra R over X.

We conclude with:

THEOREM 10.1 Every alternative, not associative division

ring R of characteristic 2 is a Cgley Dickson division

algebra over its centre.




CHAPTER IV

SIMPLE ALTERNATIVE RINGS

- The structure of an arbitrary simple alternative ring
is as yet not known. However, Albert [2], with the aid of
certain idempotents has been able to prove that eveiy simple
alternative ring which contains an idempotent not its unity
is either associative or a Cagey Algebra. |

The method used by Albert is very similar to that
used by Zorn in his study of semi-simple and simple
hypercomplex rings. Although their results are the same,
Albert's methods are far more simple and more complete, and

so we will discuss them in greaster deteil.

SECTION 1l. FPEIRCE DECOMPOSITION AND IDEALS

We will assume throughout the discussion that C

contains an idempotent u not its unity.

Following Albertijé] we form the Peirce decomposition of C,
C=C,+ Co+ Cot+ Cop.

This is a direct sum of modules where the de-consist of all

x%' such that ux%{ 2 ixA'}-; xﬁ‘u: jx,%-v where i,j =0,1.

If x =X, + X+ X5+ X0, then

x,, = a(xu), x,= uXAu(xﬁ), Xp, = Xu-u(xu), X,p7 X-xu-ux-u(xu).

This decomposition looks exactly the same as in the associativé

case except for certain different multiplicative properties

for the,04#;
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‘These properties are as follows,

Let ux= kx, Xu= MUX, uy=«Yy, yu=/6y and obtain:

(xy)u= (4 +8 -4)xy, u(xy) = (A+4 = )xy,

(yx)u= (Al -p)yx, a(yx) = (a+B -N)yx,

|- )%y = (P-Nyx.

By-giving ),/Am,ﬁ*appropriate values of O and 1 we can show

that:

(11.1) C, and C,, are orthogonal subrings of C.

(11.2) C, Cw & Cp » C,pCu = 0,
CorCu& Cots” - Cj Gz 0

(11.3)  CpaC,,= 0y  Cuo0o, € Coy s
CoiCoo= O, Cio G Cpos

(11.4) C,,Cp ¢ Cu » CoiCr ¢ Coo

The properties (11.1) (11.2) (11.3) (11.4) for the modules
04};are properties satisfied by all associative rings.
However the following three properties will be those
&

necessary to replace the identy C,*= C,% = O in the

associative case:

(11.5) X, %o = =Yo %> 2, fOT every x,,,y, of C, where
zg,is in Gy » 4 u

L
(11.7) =z f=0
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TEMMA 11.1 let X,y,z be elements of the modules of C not

all in the same subring C,, . Then (x,y,z)= 0 except when
at least two of the elements are in the same Qﬁ4;

This is a result proved by Zorn in [18]. When at

least two of the elements are in the same Céf'or all three
are in the same C, we can compute the identities:

(11.8) zé-k-(x%:»g-/-.)—; (xﬁk-z%)&;: xﬁ-}'(yx;/z/z)

(11.9)  (xe¥ig)zc = ( Z_4',,-x,.;~)y¢ s Xz L;/)

(11.10) xﬁ'(yf,‘-zi;‘): .'z/;g'(x4}-y;;b')-(z?l;x,gf‘) Ve
(11.11) x

l/(XQjZAy): Z@f‘x%%b?/): y%/(Z%¢X4%7

(11.12) (x,t}jn',,-)z,,}-_': ( ,;-J;XA}‘)%"—' (y,,}'zﬁ-)x#

These identities can be proven by lengthy calculations using

the following identities which we have already shown %o be true.
z(xy + yx) = (2x)y +(2¥)x, (xy+ yx)z=x(yz)+ y(xz)

z(xy)t y(xz) = (2x)y +(yx)z

The propfs of the remaining relations necessary ta give L 11.1

are quite trivial.

Corallary The ring C is associative if and only if both.C“f

A
and C,, are associative and C,, = Cof = 0. This is obvious.

a &L
IEMMA 11.2 The modules c/‘}'c"/ and C}; C;; are ideals of
C., contained in the centre of C. (i,j=0,1, iz i).
This can be proved by an easy computation using L 11l.1 and

the relations (11.8) - (11.12).
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IEMMA 11.3 If B, is an ideal of C, ., then

D"":Bx.'+ + C B + (Co.(,tB )C (i,j:O,l, if:j)

is an 1dealfof cC.

The proof of this is a lengthy computation with a straight-
forwarad usé of L 11.1 and its identities. ZLemma 11.3 has a
very interesting result for simple rings, since it tells us

that if C,. contains an ideal then C contains an ideal. This

means that if C is simple C, .  is simple.

SR
LEMMA 11.4 If C2 C = G, C, = G~ C = ¢, G, = O, then

10 lo Tlo (-2} O (=] dy

G= C,: + C: is a proper ideal of C.

By an easy computation we see that G is an ideal of G and

since C,l¢ O and C, does not lie in G thén G is a proper

ideal of C.

SECTION 12. SIMPLE RINGS

LEMMA 12.1 Let C be Simple, then C,, is a simple associative

ring and C,, is either zero or a simple associative ring.

Proof: We can easily compute that C, ‘%4 is an associative

ideal of C, . It follows immedlately that
B=C,C,+ C,+ G5+ Cp,C,, is an ideal of C.

Now since C is simple, B= 0 or B= C,

If B=0, C,, is a proper ideal of C and therefore
C=C, has u as a unity contrary to hypotheses.
Therefore B= C and C.Cy = C, , therefore the C, are

associative. They are simple by L 11.3.
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We proceed as Albert did, to show that the C.,. are

When C is simple then G of L 11l.4 cannot be a

proper ideal of C. Hence C is either associative or

L

C .o + Co,l# 0, i.e. one of the modules C, C, ,

Co* G,

{

,C/':' Co ,CO,C[,L must not equal zero. let us say

2 <
07' Ct:/. # 0. By L 1ll.2 04} C,,,;j- is a non-zero ideal of C, .

<L
contained in the centre of C . By L 12.1 CA/C = C. ..

"Vl— as

Therefore C, -coincides with it?s centre and is a field. It

can be shown easily that CA?,, / # 0 if and only if

65 % # O

and therefore that C, and C,, are both fields.

LEMMA 12.2 The rings C, and C,, are isomorphic fields with

unity quantities u-z-e

e:.eu

+

;. and e,, respectively, where

€., 18 the unity of C, e, = ¢, e, , €4~ e,,e, for

oo 10

quantities e, , in C , such that e, = f,_,gg and f, ,g, are in G, .

Proof:

7
The proof follows as in [2].

We choose f;, and g, sSo that X, e, = 8,z 0 is in the
field C,, . Let b, in C, ©be the inverse of a,,

then b (%, e, )=e,= (b/x,)e, = ¢, €,. Therefore
ell& = ey (,ero €1 ):: (e// €0 )eo/= (elo (iebzelo ))eo/: €y

and SO €/ €, = €, O. We can find e,; = e,, by L(lsz.ng)
’ 11.9).

Therefore e,, is' -an idempotent of C,, and must be its
unity. ‘ |

Now we know that B, = G, #0 and applying L 11.3
we get Gy €7 Cp Coy™ Go s CoyCy= Gy 0 = Copu
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In particular g, X%, = X,, for every x,, of C,,,

similarly x,, e, = X,, for every x,of C, .
We can eaéily show now that e=e,, + €44 is the unity
quantity of C.
Consider the mapping

x, %, T=e, (x,¢,)=(e,,x,)e,.

This is an isomorphism of C, onto C,, such that:
¥, (x,T)=%, Vo

(%, T)Zp, = 20, X, for every x,, of C, , y, of Cq,,
z,, of C,, + The formulae (12.1) and (12.2) can be .
computed easily. Using (12.1) and (12.2) we can also
compute (x,, )y, T)= (x,, ¥, )T.

Therefore, since G, and C,, are f‘ields, this proves
that T is an isomorphism of C, onto C,, where the

inverse of T is given by

= €y, (xooeol) =€, Yos

LEMMA 12.3 If we let Z be the set of all elements

2=2,+ %, T then Z is contained in the centre of C.

Proof:

Commutativity of the elements can be shown easil&.
We know 2y.c= Y. 2. Now 2¥,0° 2, Vo= ¥,, (2, T)= 3,4 2.
Therefore 2y = yz for every y of C.

Associativity of the elements is shown as follows:
We know, since Z=C;, + C,, that the associators

(z,x,y) are zero except possibly when x and y are in
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the same 04}' (by L 11.1) But this can easily be
shown by computing’
((Z” + 2y T)X-IO‘)y(o: (Z“+ ZI[T) (Xzoy,o)o

Therefore Z is in the centre of C.

We have now constructed C, = e, 2 and G, = e,Z to “
be one dimensional algebras over Z. By the use of our known
relations it can be proven that the elements e,‘";-,f‘}',gg' obey

the following identities.

(12'5) fla glo €0y ’g/o eIO: fo[ ’elo f,o = go,
(12.4) 8,,f,,= €,, :8,, 8,= L, sfoi€o, = 8,

2. ... = N Y - SO - W
(12.5) eueﬂ fﬁfA g?gﬁu €.y

(13.6) e)&i;-f/".= e/‘;;-g/:“: f"'}-ejl—;f";. gp“: g,‘;}e‘:/-: g,‘;-f‘;/—: 0

LEMMA 12.4 Let h,_jh;'x:ea 50 that hj‘-h.}'c &% then

x4-l-h4-/.: 0 if and only if X/t;/. :a(h,t-;' for « in Z.

Proof: We know that Xy (ece f—e;:/‘)= Xaf :(x;/' h%-/)ky;; + (x,;/ h0'i4' )hg.
If ?4}‘114; =

Conversely, if x,ty‘:o( h,‘-}' then xz)'hé/:o( h;-;z: 0.

0, then Xip :o(hﬁ', where A is in Z.

LEMMA 12.5 1If X,,,;;'eﬂ;‘.: L}ffl': X-c}g/;f.: 0, then XA:/‘:O.

Proof: If x‘j h/‘/,': oA e, éand ty;xy :ﬁe/; , then
n;',g(x4}-h 2,): o by = »(h }‘ﬁ@;‘)hﬁ :ﬂnj,g.
If hy;# 0 then d= A .

Now x,{}'e,t;/'—‘— rx,t-#'(fj;t-g;;") by (12.3) and (12.4)
and xijec ) = T (e golxey T0)-(gix i) E¢) by (11.8).
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Therefore x&/e’t‘/: 0 and Xis A evj for « in Z by L 12.4.

P R
Similarly X,L/z,g f,‘;» + If A7 0,4 e £oj=o 84*/:/3@2 =0
and g/t;-: 0 which is a contradiction.

Therefore A -0 i.e. xz/;‘ 0.

Lemma 12.5 implies that none of the g@;'are linear
combinations of f.y and ec; and that o(e{;‘;l foy for « in Z.
If &/ = e4~}-$ﬁ f,‘;/_‘ s, Then g/;fem-;. =t f4-;'=ﬁf4}e47 = tﬁgi}.
This is a contradiction. We see therefore that e?-,-,fg;,g?-,

are linearly independent over 2.

THEOREM 12.1 A simple alternative (not associative) ring C

is an eight dimensional Cafley algebra over Z.

Proof: We have shown that C contains an algebra D over A
with the multiplication table given by (12.3) - (12.6).
We have shown by L 12.5 tha’g e4,-/- ,ﬁ;/,g‘}' are linearly
independent over Z. It remain’s only to show that
e v}’f*} ,g,v% form a basis of 04,;‘ over Z. If we let
Xij e sA€is Xif L= B e xvﬁigﬁ-:b’eé‘@, for «,5,% in Z,
then _for YJ;‘: x,‘}'-(de,_}#B f,;/—f?’g;/) we can compute:

Y,t;' e/;-:- g =dle;7 0
(-plecc= O
(7<¥ley= 0

"

YJ} ..

[

Therefore by L 12.5 ¥ 4= 0, and Xef 2 ec}-+ﬁ £+ g4
then e,;/- ,f,,;[,g/;/; form a basis of CA‘}‘ over Z.
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Every Caglley algebra has a scaler extension which is
isomorphic over its centre F to the algebra
Cz e“ F-‘-eooF"l" G,c -+ Co(
where CJ;J': eq'F-L f,t-'}.fh- g-{/'F.

Therefore we have shown that a simple alternative (not

associative) ring is an eight dimensional Caley algebra over Z.




CHAPTER V

SEMI~-SIMPLE ALTERNATIVE RINGS

A structure theory for an arbitrary semi-simple
alternative ring to parallel Jacpbsoﬁ's {9] has as yet not
been discovered. Jacobson's results yield that an associative
semi-simple ring is isomorphic to a subring of the complete
direct sum of primitive rings»(this is a subdirect sum), where
a primitive ring is isomorphic»to a dense ring of linear
transformations on a right vector space over a division ring.
The structure of an alternative primitive ring'is completely
unknown.

The closest parallel to Jacobson's structure theory
for the alternmative case has been made by Kaplansky [;d}.

He finds it necessary to apply a hypotheses which will give

a supply of idempotents. For a 1T regular ring (i.e. a ring
for which for every element a there exists an x and anvinteger
n such that a xa' = ah). Kaplansky's results yield: A semi-
simple 1T regular alternative ring is a subdirect sum of rings,
each of which is a division ring, a Cayley matrix ring over a
field or a primitive associative ring.

We will proceed as Kaplansky did in t}d}.
SECTION 13. FPROPERTIES

The radical defined for the purpose of this study is
the Smiley radical R(A)(see Chapter I). This is equivalent
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to the radical used by Jacobson for the associative study.

For this radical it is necessary to show also:

THEOREM 13.1 If A is an alternative ring and I is a two-

sided ideal in A, then R(I)= R(A)N I.

To prove this it is necessary to prove first,

LEMMA 13.1 If A is an alternative ring and N is the set of

all x with axa=0 for all a in A, then N is a two ideal in A.
The proofs of these are straight forward using no new
concepts and can be found in [}Q].

The Peirce decomposition discussed in Chapter IV will
be needed along With the definitions,
(13.1) D=C,Cs + G Cp+ Gy, CoZ+Cp’ Co,

(15.2) F--O‘O C0l+ C]0+ co + CDI C,o.

!
We now introduce the ideal H, to be the subset of C. .

which both left annihilates C.y and right annihilates C/..

The main purpose of introducing H,/ is that it can be found

to contain all the non zero associators in C,..

(13.3) Let H=H,+ H,. Clearly H is an ideal.

Consider the mapping sending x, —»>the left multiple it effects on G%;,“

ioeo X,f_,‘ ‘-‘)X":‘x‘o;'
This provides a homomorphism of the C.. into the associative
ring of endomorphisms of the additive group of Cﬁy; (Can be

proven with the use of L 11l.1.)
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Therefore C,, modulo the kernel is associative. Since H,  is
the intersection of two such kernels C../H . is associative,
i.e. H, contains all the associators formed within C,..

It is now obvious msing L 11.1 that:

LEMMA 13.1 If C,*= Co%= 0, then A/H is associative.

This is important since we can now say that if C,% = C,}= O,
then H contains all the non zero associators of A.

It can also be easily computed that

LEMMA 13.2 The following statements are equivalent.

(a) e is central, (b) C,,= C,, = 0, (c) e is in H.

LEMMA 13.3 Suppose that A has no nil ideals, that e is non-

central and that D=0. Then there exists an ideal B in A
such that E ' does not contain e and A/H' is a semi simple
associative ring.

Proof: If e is non central, then by L 13.2 A/H contains a
non zero idempotent. If we call Hl/H the radical
of A/H then A/H' is semi-simple and H does not
contain e.

If D= 0 (D defined by 13.1), then Co*+ CZ 1is a

nil ideal of A by L 1l.4. Since A contains no nil
ideals C,*= C, = O and therefore by L 13.1 A/H is
associative and therefore A/H' is a semi-simple assoc-

jative ring.
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By a lengthy computation using the results of Section 11

it can be computed that:

TEMMA 13.4 If J,M are ideals in C,_ and I,L the ideals they

generate in A, then IL is the ideal generated by JM.

IL= JM +JMCef + Cpy JM+ Cru (JM)CJ:/;.
Egom thig we sSee that if A has no nilpotent ideals then C;.
has no nilpotent ideals and in particular the centre of C, .

has no nilpotent ideals.

LEMMA 18.5 If xé Gy ,ye Cju such that (1) xy is an idempotent
u in the centre of C, ., () yx is in the centre of C/z ,

(3) ux=x, yu=y, then xy4 yx is a central idempotent in A.

The proof is a technical manipulation of the multiplicative

properties of this Peirce decomposition found in Chapter IV.

Let us now define a Caley matrix ring. Take eight
elemsnts called Cegtey matrix units e, ,€,0:€w0 s€0r sL10 181 380¢ 350/ »
saéisfying the following rules:
€ = €., €, €0 €5 €1 So™ €y &, = €5 = O, |
f108,7 8,507 Cor1 €40 = G s Sy = O, and all other
rules derived by symmetry and cyclic pérmutation;
Let T be a‘bommutative, associative ring. Form all linear
combinations of the above Cgley matrix units with coefficients

in T to get a Cafey matrix ring over T.
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From the results of Chapter IV we can prove:

LEMMA 13.6 If A is an alternative ring with a unit 1, and

if A contains a set of Cayley matrix units with 1= e, + e, .;
and if T is the set of all elements x+ e, Xe,, Where x ranges
over e, Ae, , then T is the centre of A and A is isomorphic

to the Cayley matrix ring over T.

LEMMA 13.7 Let A be.-an alternative ring with unit, and

suppose there are elements x,y,z in C with
X.yz2=¢€, yzZ.X =1l-e,
then e, = e, e,, = l-e, g, = XL, <= V:8,,= %, €,= ¥Z,
f,, =2x, 8,,= Xy are a set of Cayley matrix units.
This can be calculated easily. This lemma will be of

important use in the construction of Cayley matrix units for

Zorn and 7Tregﬁlar rings.

LEMMA 13.8 Let T be a commutative associative ring with unit,

and let A be a'Cayley matrix ring over T. Then any right ideal
in A is two sided and consists precisely of all elements with

coefficients in a preséribed ideal of T.

Proof: Let J be a right ideal in A and I be the subset of T
consisting of all elements appearing as coefficients
in J.

We wish to show that if c eI then cle, + e,,) € 7.

For if this is true, then for any Cayley matrix unit hﬁj,
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ch(,‘}- zc(e, + eco)hg'é J, since J is a right ideal.
By a series of successive multiplications on any

Cayley matrix unit with other Cayley units we can show

that c(e,, + e,0) is in J.

J is a two ideal since: 2 ﬁ,‘; k,o;}‘_z—dgh,?':‘Z(ﬁ,(aa')k,cj'h?.
where 'Zﬂ k?'t’: A and 7 A, h<;'5 J

and [, x,€I if o/eI, since I is a two ideal, therefore

> X . . . €
7 Bida ke by € J.

We now define a Zorn ring which will supply us with
necessary idempotents. |
(13.4) An alternative ring A is called a Zorn ring, if for
every non-nilpotent element a of A there exists an element
b €A such that ab is a non zero idempotent. The Zorn ring
gets its nanme from the study Qf_the hypercomplex ring (by

Zorn) which satisfies these conditions.

LEVMMA 13.9 Lebt A be a Zorn ring in which all idempotents are

central. The radical of A is then exactly the set of all
nilpotent elements. '
Proof: Since in any Zora ring the radical is a nil jdeal, it

is only necessary to prove that the set N of nilpotent

elements is a right ideal., This proof is a simple

application of the hypotheses,
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It will now be useful to introduce the following
definitions,
(13.5) An alternative ring is said to be regular if for

every a there exists an x with axa= a.

(13.6) An alternative ring is said to be strongly regular
if for every a there exists an x with aax=a. The important

use of strong regularity is shown in L 13.10.

In order to obtain a closer parallel with the
associative case it is necessary to strengthen the hypotheses
on the ring to what we call 7 regularity. This will enable
us to identify the regular maximal right ideals.

(13.7) An alternative ring is 7 regular if for every a there
exists an x and an integer n such that a"xa'= a’\.
7 regular rings are not restricted since they consist of all

finite rings and algebraic algebras.

We see readily that regular implies 7/ regular implies Zorn ring.

ILEMMA 13.10 The following statements are equivalent for an
alternative ring A. (1) A is stfongly regular, (2) A is
regular with no nilpotent elements, (3) A is 7 regular with
no nilpotent elements, (4) A is 7 regular, semi-simple and
all idempotents are in tﬁe centre.

The proof is a simple application of the definitions and L 13.9.
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This lemma shows the relation between strongly regular,
fegular, and 77 regular rings, it will be used extensively to

prove the main theorem.

LEMMA 13.11 If A is a Zorn ring and I is a two ideal in A4,

then I is a Zorn ring. If I is a nil ideal then A/I is'a
Zorn ring.
The techniques used in this proof are not unusual.

It can also be shown that:

LEMMA 13.12 If A is a 77 regular alternative ring so is any

ideal in A and any homomorphic image of A.

B
4

IEMMA 13.13 If A ié'a strongly regular alternative ring,

then any left or right ideal in A is two sided. If M is a
maximal right ideal in A, then A/M is a division ring.
Proof: The argument goes as follows:
The right ideal K generated by a is also generated
by the central idempotent ax where aax= a.
Therefore yax= axy ¢K and K is a two sided ideal.
The ring A/M is strongly regular and therefore by .
L 13.10 A is semi simple and all its idempotents are
central. Therefore A=C,, and the only idempotents
are 0 and 1, so that if a(ax)=a, then ax =1 and an

inverse exists. Therefore A/M is a division ring.
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Lemma 13.13 is very important since in considering
the structure of semi-simple 77 regular rings the A/M of this

lemmae becomes a summand in the subdirect sum.

SECTION 14. THE STRUCTﬂRE OF SEMI-SIMPLE ALTERNATIVE RINGS

The first theorem is very important since it shows

how to build a direct summand which is a Cgley matrix ring.

This is used as lemma 13.13 is to obtain a summand in the

structure of semi-simple 4rregular rings.

THEOREM 14.1 Let A be a Zorn ring with no nilpotent ideals

‘and e an idempotent such that DF 0 (see 13.1). Then A contains
a central idempotent v such that ve +#0 and vA igs a Cgley matrix
ring over a commutative semi-simple ring With unity.

Proof: Suppose céiqﬁf#‘ 0, then quCé; is an ideal of C,
contained in its centre. By L 13.4 Q%’Céf has no |
nilpotent ideals. Choose a,,b,c in 04}'so that
é,.bc is a non zero element r. This element r is not
niipotent, therefore there exists an s in A such that
rs is a non zero idempoﬁent. Let s be the C.o
component of .s. Then rs , is a non zero idempotent u
in the centre of C, .
let a=s, ,a8,, then a.bc=u. 'Let x=-ua, y=ub and z = ue.
Tt can now be computed that x and yz satisfy the

hypotheses of L 13.5.
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Therefore v=X.y2 +yz.X 1is a central idempotent in A.
Clearly ve# 0.

If we now drop down to the direct summand vA and regard
v as a unit element, thén by lemmas 13.6 and 13.7 we
see that vA is a Cgley matrix ring over a commutative
associative ring T. Since T is also a Zorn ring it
can have no nilpotent elements and is therefore semi-

simple.

In order to prove that the radical of a Zorn ring is
the intersection of the regular maximal right ideals, it is
necessary first to construct a descending composition series

as follows.

-

THEOREM 14.2 Let A be a semi-simple Zorn ring. There exists

a well ordered descending chain {Iej of ideals in A, starting
at A and ending'at I, withpthe propeities:

(i) In T, all idempotentéAare central.

(2) Each IP/IF_‘_l is either associative or a Cefey matrix
ring 6ver_§ commutative semi-simple ring.

(5) If o is a limit ordinal, then I is the intersection

of the preceding I's.

The argument here is interesting to follow. It is
divided into three cases. (1) In I, all idempotents are
central, (2) All idempotents are not central and D#£.0.

" (3) All idempotents are not central and D= 0.
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CASE (1): Suppose we have reached Ip, then by L 13.1

If is semi-simple. If all’idempotehts are central this

ends the constractioh. If not, pick a non central idempotent
e in I/oand form the Peirce decdmpbsition of A relativé to e.
CASE (2): ZDf 0. Take the central idempotent v:-of T 14.1
and let K= (1-v)A. If K contains Ip then ee K and ev= 0,
which is a contradiction. Therefore K does not contain Ip.
Define I,= KN Iy, then ITp/L, = Isu/K. |

‘The latter ié an ideal in the Cajey matrix ring A/K.

Then If/Ipﬂ is a Cgley matrix ring over a commutative semi-
simple ring (by L 13.8).

CASE (3): D=z O. Consider the ideal H' of L 13.3. It does
not contain Ip.

Define Tp,= H'A Ip, then Ip/Ipf(E'+ IpYE .

Therefore by L 13.3 Ip/IﬂH is a semi-simple associative ring.

THEOREM 14.3 TFor any element a of a Zorn ring the following

three statements are equivalent. (1) The element a is in the

radical. (2) The element a is properly nilpotent. (3) The

element ab is right quasi regular for every b.

Proof: We already know that (1) implies (2) and (2) implies (3).
To show that (3) implies (1) see [10] for a straight- |
forward proof using the descending transfin;te

composition series of T 14.2.
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D (14.1) A right ideal M is said to be regular if there

exists an element g such that gx-x is in M.

THEOREM 14.4 In any alternative ring the radical is contained

in every regular maximal right ideal.
This proof is the same as the corresponding proof for an
associative ring.

The radical of an associative ring with unity is the

intersection of the maximal right ideals. The radical of an
arbitrary associative ring is the intersection of ideals
whose difference rings are primitive [9].

In a similar manner:

THEOREM 14.5 The radical of a Zorn ring is the intersection

of the regular meximal right ideals.

This is a very important result in alternative theory and so
the proof will be worth noting.
Proof: The radical is contained in the intersection of the

regular maximal right ideals (by T 14.4).

Conversely, if the intersection of the regular

maximal right ideals is not in the radical, it cannot

be a nil ideal and so must contain a non zero

idempotent. We must therefore show that an idempotent

e contained in every regular maximal right ideal is gzero.
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Assume by L 13.11 that A is semi-simple and form the
Peirce decomposition relative to e.
CASE (1): D#0. The set N is a maximal right ideal

of vA therefore N{b(l-v)A is a regular maximal right

ideal and e lies in every N4 (l1-v)A. Apply T 14.1.
By L 13.8 we see that /] N's=0, hence e ¢ (1-v)A.

Therefore ev= 0, and this is a contradiction to T 14.1.

Therefore ez O.

CASE (2): If D=0, then e is non central. By
associative theory e lies in the ideal H' of L 13.3.
This is & contradiction. Therefore e= O,

CASE (3): If e is central, take any maximal right
ideal N in eA and observe that e is not in N+ (l-e)A,
for if it were, N would be all of A. Therefore e
must equal 0. We conclude then that the regular

maximal right ideals are in the radical.

In order to be able to identify the regular maximal

right ideals we find it necessary at this point to strengthen
our hypotheses from a Zorn ring to a grregular ring. It is
necessary to construct an ascending composition series. This

construction involves the taking of homomorphic images. Since

TTregularity is preserved under homomorphism and the Zorn
property is not always preserved, we find it necessary to

switeh to 7T regularity.




70

THEOREM 14.6 ILet A be a7 regular alternative ring. There

exists a well ordered ascendigg chain of ideals [Ip§ in 4,
beginning,at O and ending at I% with the propertiés:

(1) A/Ix is strongly regular.

(2) REach §m4/1? is either nil, assbciative, or a Cgley matrix
ring over a commutative ring with unity.

(3) For each limit ordinaly , ix is the union of the preceding I's.

The method used in proving this is similar to other methods

in this section already shown. It will therefore be omitted.

THEGREM 14.7 Let A be a -7 regular alternative ring and M a

regular maximal right ideal in A. Then either

(1) M is two sided and A/M is a division.ring or a Catey

matrix ring over a field or

(2) If we write P for the set of all x with Axc M, then Pc M,

P is an ideal in A, and.A/P is a primitive associative ring.

Proof: Apply T 14.6. If M contains ;h’ then by L 13.13 M
is a two sided ideal and A/M is a division ring.
Otherwise there exists an index p such that M contains
If,but not Io. . We will write I for Ip,+:. We work mod. Ié.
The ideal I can be (1) a nil ideal (2) a Cgley matrix
ring with unit, (3) associative. |
CASE (1): I cannot be a nil ideal for if it were,
then by T 14.4 I would be in M and this is a

contradiction.
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CASE (2): If I is a Cayley matrix ring with unit then '
I is a direct summand of A.
A=I®J and M is of the form M=N®J
where N is a maximal right ideal in I.
Then by L 13.8 N is a two sided ideal and I/N is a
Cayley matrix ring over a field. Hence M is two sided
and A/M=I/N. Therefore A/M is a Cayley matrix ring
over a field.
CASE (3): When T is aséociative, M+1I =A.
All associators (x,y,z)e¢ M for every x,y,z€ A.
For x in A let T, be the right multiplication effected
by x on the space of cosets modulo M.
Since all associators lie in M

x—e>T;. is a homomorphism of A into the
assoclative ring of endomorphisms of the additive
group A/M. The kernel is P defined in the hypotheses

as the set of all x with AxcM, and A/P is associative.

CONCLUSION

Theorems 14.6 and 14.7 imply that a semi-simple 77~ regular
alternative ring is a subdirect sum of rings each of which is
a division ring, a Cayley matrix ring over a field or a primitive
associative ring. It seems possible to surmise that when the

theory of arbitrary alternative rings is worked out these last
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three will comprise the primitive rings, so that a parallel
to0 Jacobson's structure theory for associative rings would be
available. Althoﬁgh even if this were so primitive alternative
rings are still not classified. A |

It is of interest to note here that in the topological
field, Kaplansky has proven that a compact semi-simple
alternative ring is a complete direct sum of finite simple
rings. This is equivalent to a semi-simple hypercomplex ring
being a direct sum of simple riﬁgs. It is aléo equivaleht to
the associative structure theory for semi-simple rings using

the Brown and McCoy radical.




CHAPTER VI

MAIN RESULTS AND GAPS IN THE THEORY

The study of rings and algebras can be divided into
four cases. (1) Rings with chain conditions, (2) finite
dimensional algebras, (3) rings with no chain conditions,
(4) infinite dimensional algebras. In each case the radical,
semi-simplicity and simplicity of the set is considered.

- The associative structure theory for these four cases is
essentially complete. The equivalent alternative structure

theory still contains many unsolved problems.

The results of Chapter I yield: The important
radicals which exist for associative rings and algebras
exist equivalently for alternativé rings and aslgebras. Most
of the properties of the radical are the same for both
alternative and associative rings (algebras). The major gap
in the theory of the radical exists for Case (3) above. %
This radical is defined by Smiley as the totality of elements
ae A for which each right ideal r(a) generated by a is right
quasi regular. This is equivalent to the Jacobson radical
for associative rings. However, Jacobson was able to study
the relations between the regular maximal fight ideals and

the radical by making use of the fact that {i-+a;} is a
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right ideal. In alternative theory we know only that a is
right quasi regular if and only if every element of A has

the form ax+ x for some x in A, Therefore this important

problem still remains unsolved:

QUESTION 1 What is the relation between the radical and the

regular maximal right ideals of an alternative ring with no

chain conditions$

Chapter IT yields a structure for semi-simple and
simple alternative rings with chain conditions on mbdules.
which is equivalent to the associative structure theory for
rings with chain conditions on ideals.

For assoclative rings: A semi-simple ring with chain
conditions on ideals is a direct sum of simple rings which

are in turﬁ total matrix rings over division rings.

For alternative rings: A semi-simple é;ternative ring with
chain conditions on modules (this ring is called a hypercomplex
ring) is a direct sum of simple hypercomplex ringé which are

in turn either associative, alternative fields or Cafey
algebras. The chain conditions pléced on the modules are

very complicated and so we pose the problem:

QUESTION 2 Is it possible to obtéin a structure theory for

alternative rings with weaker chain conditions than those

used by Zorn?
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The structure of semi-simple and simple finite
dimensional alternative algebras follows immediately from
the sbove. Semi-simple and simple finite dimensional
aiternative algebias have unity_elements. An ideal in an
algebra with a unity is also an ideal in the corresponding

ring. Therefore the theory of Chapter II can be applied %o

finite dimensional algebras.

- Chapter III yields a structure for alternative fields
or alternative division rings. An élternative division ring
of characteristic not 2 is either a field or skew field or
a Cgley algebra over its centre. An alterpative division
ring of characteristic 2 is a Cggey Dickson diviéion algebra
of order 8 over its centre, Since an alternative division
algebra contains a unity, its structure is immediately
determined by the preceding results. Independent investig-
ations have also been made‘by Zorn and Schafer whose results
imply that:'\An alternative, not associative, division
algebra over a field I is an algebra of degfee 2 and order 8
over F. This corresponds with the above results. It is of
interest to note here that associative division rings are as

yet not classified.

The results of Chapter IV yield a structure for simple

alternative rings without'chain conditions but subject to the

-
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existence of an idempotent. "Every simple alternative ring
which contains an idempotent not its unity is either
associative or a Cayley algebra." The following problem still

exists.

- QUESTION 3 What is the structure of an arbitrary simple

alternative ring with no chain conditions?

For associative rings without chain conditions
Jacobson has developed a beautiful structure theory;
An associative semi-simple ring is isomorphic to a sﬁbring
of a complete direct sum of primitive rings (this is a sub-
direct sum), where a primitive ring is isomorphic to a dense
ring of linear transformations on a rightvvector space over
a division ring. Chapter V yields a close parallel to this
theory for special rings called zorn rings and 7T regular rings.
For a Zorn ring, question 1 is answered, i.e. the radical of
a Zorn ring is the intersection of the regular maximal right
ideals. For é 77 regular ring a structure theory is developed
to parallel Jacobson's. "A semi-simple T regular alternative
ring is a subdirect sum of rings, each of which is a division
ring, a Cayley matrix ring over a field, or a primitive
associative ring."

Brown aﬁd McCoy worked out a structure theory for their

-own generalized radical. They found that a semi-simple
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alternative ring (i.e. a ring with a zero Brown and McCoy
radical) is a subdirect sum of right primitive rings.

It seems plausible to expect that when the theory of

arbitrary alternative rings is worked out for a Jacobson
radical, the three types of rings in the subdirect sum of
semi-simple 77 regular rings will comprise ﬁrecisely the
primitive rings.

This then suggests two very important unsolved problems.

QUESTION 4 What is the structure of an arbitrary semi-simple
alternative ring (w.r.t. Jacobson radical) without chain
conditions? Is it a subdirect sum of primitive alternative

rings?
Probably the most important problem is:

QUESTION 5 What is the nature of primitive alternative rings?

Note: Since 77 regular fings contain all algebraic algebras,

Kaplansky has developed a structure theory which also

compares with Jacobson's for algebraic algebra.
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