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The purpose of this paBer is to survey some of the
lnportant iliscoverles nad.e in ühe studty of alternative rings
and. algebras. The study of rings and al,gebras Garl be dlv-
id.ed fnto four cases: (l) rlngs with ehain eonditions,. (å)

finlte illnensionar al-gebras, (E) rtags without ehain eon-

dftlons-, (4) lnfinlte dinensfonal- algebras. rn each case

the radlcal, senl-sLmpLlctty, âûd sinpl-ictty of the set is
consldered. The assoeiatlve structure theory is essential-ly
conBlete. an equivalent alternative struetu.re .tåeory has

been attenptect, but nany gaps stir-r renaln. we have shown

fn this srrvey, the reLati.onshlps between tJre associative
ancl alternative theories and. pointed out the problens in
alternative theory whíoh are stil-l r¡nsoLvecl. sinoe üany

difficuLties arise'when the assoelative Law of nultipl.ication
1s repl-aced by the aLternative raw, some authors have ctevel-

oped new and interesting tecbnlques. we have attempted to
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point out and discuss sone of then.

. For assocÍative rings and. algebras nany lnpcrtant

defíaitions of the radical have been obtaÍned. for the four

cases. nVe have shovun where sone equívalent radicaLs have'

been cleveloped. for alternative rlngs and, a]gebras. Theså" ,

radicals have nany simiLar properties to those of the
r1

assseiatlve ease. In assoelative t'heory, lacobson was able

to obtain the rel-ation between the ¡egular naxÍnaL rigbt
ld.eal-s of a ring (wlthout chain condltlons) and. lts radlcal.

No para.l-lel to this relation has as yet been sho$¡n fcr an

alternative ring.
For ease (1) the semi-sl-npllclty and the sinplfcity

have been stuclled by Zorn with the resul-t that: A seml-

slmple alternatlve rlng $Éth chaln cond.itions (such a rlng
is ca1led a, hyperooø.plex rlng) on nodul-es fs a dtÍr ect sum

of simpl-e hyperconplex rings. which are 1n turn either

assoolative, alternatfve field.s or CqÅey Algebras¡ Tbe

ehaln eondlltions pJ.aeecl on the nod.ules are very eonBlicatecl :

and we therefore wond,er if tt fs not posstbLe to obtafs the

fraÄe süructure theory usiag a weake¡ hypothesÍs. The nethscis

used for ease (1) ea¡r be useil aLso for ease (A) yÍeJ-ting the

saße regults.

The structure of associative divlsion ¡in€s is stiII
r¡,neLassifiecl. Eov'ievei, f o[ an alternative tlivislon ring

Hruck and Kleiaflel-d itlscove¡ed that an al-te¡natlve dlvlslon
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ri:rg is either (f) a field or skew field, (¿) a Cayley

.A.tgebra over its centre. Since an atternative d.ivision

algebra eontains a unity its strueture is Írnmediately

determi.ned by the preeed.ing results. I:ad.ependent investi-
gatlons have also been mad.e by Zorn and Schafer with the

same results,

SÍnqlle alternative rings wlth no ehaj-n eonditions were

stud.ied by.A.lbert. .&.Lthough no author has ae yet beea able

to ol¡taín a structure for arbitrary sÍmple rings, .A.Ibert was

able to ob'tain one by assi.mÍng only the exlstence of an id.em-

potent. Suery sinple alternative ring whicll eontains an j-dem-

potent not its unity is either associative or a Oayley.fiIgebra.

The strueture of an erbitrary serai-simple al-ternative

rj-ng with ao chain eond.itions is Etill unk&ovrn. Sniley was

ab,le to obtain s structure for semi-simple alteraative rings

which he calls speeial. A Special alternative ring has

z.ero Jacobson redj.cal íf and. onl-y if it is a sulrd.j-reet s um

of speciatr primitive alternatÍve rÍ.ngs. For a much more

geaeraliaed radieal Brown and. Metoy were able to obtain

a strueture for an arbitrary semi,-simple ring. Tfhen this
partieular raôical j.s' z;ero the ring is a subd.ireet stm. of
rings eaeh of rshieh is ri-ght prímitive. However the struct-
ure of prfuri-tive alternative ri-ngs Í.s not knotrv¡r. Kaplansky

was able to obtaiu a structure for semÍ -simpte 7 regular

rings. (A 7f regùar ring is one in n¡þieh, for €ver$ ttstt
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there exists an ttxt! and an integer frnlr sueh that anran=an)

A seni-slnBle f regaLat aLternative ring 1s a subd.irect

sun of rings, each of which fs (I) a divislon ring, (Zl a

CqÄey rnatrlx ring over a field or, (5) a ¡rrlnitlve associative

ring. Kaplansky suggests that when the theory of arbltrary
rlngs is worked out the se three wlLL eomprise preeisely the

prÍnltive rLngs. Ehis wiLl- paral-IeJ- Íacobsonrs strueture
theory for arbltrary assoeiative rings.

$ineeZ regular rLngs oontaln aLl algebraic al-gebras, the

structure of seni-sinple algebraic algebras to conpare with
Jacobsonfs theory for the assoclative ease is now eo&prete.

ì.:::.:i::,r:
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TT{TROÐI]CTTON

The Burpose of this paper is to surlrey some of the

important d.iscoveries sade Ín the stuily of alternative
riags and. algebras. Aa alternative ring (or atgebra) is
the sane as an associatj.ve ring except that the associative

law of nuttiplication (ab)a= a(bc) is replaced by the alter-
native law:

a(b¡)= (aulb; a(ab): (aa)¡ for every a' b of the ring.
fhe structure theory of semi-sinBle and simple associative

rings and. algebras is essentially conplete.. One exception

being that assoeiative division rings are still not class-

ified. An equivalent theory for alternative rings ancl

algebras has been attempteö, but many gaps still remain.

We will show, in this survey, the relationships between

the associative and. alternatlve theories and point out the

problems in alternative theory rplrich are stilt unsolved..

Many difficulties arise wlth the use of this weaker form of

nultiplÍcation. Some authors have d.evelopeil new and. inter-
esting technlques to overcone these difficultj-es and we

vrill attenpt to polnt out and diseuss sone of them.

The aLterraüive law was first d,iscovereit by J. Kirmse

ia the forn (ãa)b= ã(ab) and u(Eb) = (ab)E where a, b & ã are

Cayley nunbers and ã is the conjugate of a. The naffIe nalter-

nate Iaw" is d.ue to Zorn fle:l f aoa is d.erived from the fact
f T nunber-in square brackets ¡ ¡ refers to the bibliography.
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that the associator (a,b,c)= (ab)c - a(bc) is an alternating

function of its arguments. ToÖay, the colrunon form of the

alternative law for a not necessarily associative ring C is
(ab)¡= a(bþ) and a(ab)= (aa)b for all a, b of C. To overcone

Eany of the difficulties of using this law, and. to serve as

a tool for replacing the associatlve Iaw, Artin has dis-

covereä the very important and. mueh used. theoren:

rrEvery two elements of an alternative ring generate
an assocÍative subrlng.tr

The proof of this can be found in Zorn [fe]. The

nethod used to Brove this is to show that the associator

KD+B),\D+ B), (D* B))-- O where(o*B) is the ring

generated by two A-rings D and. B of an alternative ring C.

(g is an A-rlng of .C if (B,B,C)= 0)

Most of our knowledge of finite dimensional alter-
rative algebras can be founil in Schafer ffe] and Ðubisch

anil Pert:-s fz]. A dj-scussion sn the Dubisch and. Perlls

raclical can be found in Chapter I. Max Zstn, [ft], f19],

IrO] studieil an alternative ring with chain coniLitions on

noilules. These nodules were d.efinecl to replace the notion

of a right ideal in associative theory. There is a close

Barallel between Zornt s structure theory for semi-sinple

and. sinple alternative rings with chain conili.tions on

moclules:

'.:,:.::^---
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'r.â senl-sinple alternative ring is a d,irect sun
of.sÍnpJ-e rÍ.ugs, where the sinpte rings are(I) associative, (Zl alternative fietds, (i.e.
alternative zer@ d.ivisor free rings with unit
element in vrhich âx = b and. xa= b are solvable ) ,.(5) Cay1ey algebras over a fie1d..r

anil the llledderburn-Artin sÈructure theorens for semi-simple

and. simple rings with chain cond.itions on Íileals:
ia semi-slnple associatf.ve ring with chain conilitions
on iÖea1s is a illrect sun of simple rings, which arein turn vector natrix riags over d.ivision sings.tt

A more detailed. dlscussÍon of this point can be founit in
chapter rr. zornrs structr¡re theory for aLternative rlngs
with chain conditions on nodures is true also for finite
climensional alteraative algebras, slnce semi-simple anif

sinple alternatlve algebras have a uniüy and. therefore
iileals in the algebra become icteals in the ring.

The structure of alternative fields or alternative
division argebras has beea studÍed by zorn [rg] and schafer

tfe]. Their resutts inpty that:

'ÎAn alternative, not associative, eentral division
algebra over a field F is an algebra of d.egree å and.
order I over F.n

After studying a d.ivision algebra of degree 2 Schafer con-

clud.ed that:
lrAn alternative, not associative Algebra A, over anarbitrary field F is central sinple, if aná only if
A is a Cayley Dickson Algebra over F.rt

The structure of finite dirnensional alternative
algebras ancl alternative rings with chain eond.itions is
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conplete. Much progress has been rnad.e in the stud.y of
alternative rings without chain coaditioas to parallel
Jacobson's theory t8] t l for associatfve rings that:

1r.4. semi-sinple associative ring is i.sonorphic to a
subring of the compleüe d.irect sum of primitive
rings where a prinitive ring is isonorphic to a
d.ense ring of linear transfornations ia a vector
space over a division ring. ?r

Sniley in [fO] shows that Jacobsonrs definition of the

rad.ical as the Joln of all quasÍ-regular left ideals of an

associative ring also applíes to an aLternati-ve ring. A

cliscussion of this radical can be found in Chapter I.
Although Sniley did not succeed in finding a parallel for
Jacobsonts structure theory for arbitrary alternative rings,
he was able to do so for rings which he ca1ls special (i.e.
an alternative ring where the set (1-a) A is a right ideat
of A for elrery 'rar in A) . Smileyrs results were [f+]:

n.A. special alternative ring has zero Jacobson railical(i.e. is semi-sinple) if and only if it is a sub-
äirect stuü. of speeial prinitive alternative rings.tr

He also showed that the Jacobson raclical- of a special alter-
native ring is the intersection of the regular naxinal right
id.eals. This is a result which is true for all associative

rings but às yet has not been proven true for all alternative
rings. Special alternative rings include all d.j.rect sums

whose surnm.and.s are assoeiatÍve rings, alternative division
rings¡ or alternative radical rings, but the Cayley Diclcson

algebra is not includ.eil.
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Brown anci Me0oy have enJ-arged ühe Jacobson racllcaL

so that 1t wlLl yiel-d, a certaln tyBe of structure theory

for arbitrary non-associatÍve ringr [n] to paral-1eL

Jacobsonts theory for associatíve rings. They clefine the

radical Nn as the set of all eLements [a'? of a ring A for
rruhich every elenent rrbrl in (a) ((a) is the ld.eaL generatecl

by a) is such that the riebt ldeaL generated by the set
(l-U)A is A. Brown has reBlaeecl Jacobsonts quotient (f :¿)

of a right ideal f of A by the largest Ídeal fr contained,

in A. ïf I is a regular right idea\ f '= (ï:A), lf (ï:A) is
an Ícleal of A. It can be shown that R=N¿ for special

aLternative rings. The dual-ity of the PerLis-Jacobson

raclícal of an alternative ring wÍth respect to rigþt and.

Left nultlplieation is lost in tiris process of generalization.

A consequenee of this rnore general- formulation is the fact
provecl by Brown anci Mecoy that every alternatÍve ring has

a greatest regul-ar l-d.eal.

Brown proves that rynM' as M ranges over the reguLar

maximal right icleals of A. When &=0, A 1s a subdlrect sna

of rlngs each of tú'ich 1s riglit ¡¡rimltive (1.e. contains a
moctular marlmal rieht ideal M with ¡f '= O. ) The nain probten

whieh stiLl- exists is that of finding a structure for a

prinitive alternative rÍng,
Kaplansky EO] made a stndy of seni-s1mpl-e altænatlve

rings uitltout chain cond.ltions h¡t vùlth a suitabLe hypotheses
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to provid.e a suppì-y of ldenpotents. TIe defined a Zorn ring
to be an al-ternative ring for which every elenent ttarr is
either nilpotent or has a right multipl-e trabri vhich is a

non zero ld.enpotent. For a Zorn ring he provecl that the

radlcaL (defined by Jacobson) is the intersectfon of the

regular maxinaL right id.eals and that it coincid.es wtth

the set of properJ-y nil-potent elements. Kaplansky was

r¡nable to obtain the structrue of an arbitrary senl-sinpLe

alternative ring, but for a ríng which he caLLs Tt- regular
(i.e. for every ttatt there exists an ttlcft anä an integer ttnn

such that anratr=an) he showed:

rrA seni-sÍmBle Tr regular alternatíve rlng Ís a subdi¡eot
su& of rings each of which 1s a ilivision ring, a Cgley
Matrix ring over a fielcl, or a primitive assõciatlve
ting. tt

rt see&s possibre to expect thåt when the theory of arbitrary
rings is worked out, t'trese three types wil-l- conBrLse pre-
cisely the prinitive rings. -tr regul-ar rings do not forn a

duly restrietive elass slnce tbey incLr¡d.e ar-l flnite rings
anil al-gebraie al.gebras, A d.iscussion of Kaplanskyrs work

can be fou¡ril 1n Chapter Y.

"Althoueb assoeiative clivislon rings are stil_t not

eJ.assiflecl, R. II' Bruck anit. Erwin KLeinfierd ts] [o] have

shoun that:

"Every al-ternative division ring of characteristie not
two is assoeiative or a C$.ey Matrix Alþebla. "

and Kleinfield has shown that¡

"4-
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'rEvery alternative, not associatlve division ring of
characteristic .2 1s a Cqiley Dickson d.ivlsion a}gebra
of order I over its centre.rr

A diseusslon of thelr nethods and. results ean be founcl in
Chapter III. These result s have answered sofi.e very lnport-
ant questions in the fietds of geonetry and topology as

they apply to alternative theory.

A. A. Albert cliser¡ssed. slnpLe alternatlve rings (see

Chapte'r IV) with no chaf¿ condltlons but rrylrleh contaÍn an

ldenpotent ele¡nent. IIe was abLe to show that:
ItEvery si"mple alternadive rlng uhich contains aa
iilenpotent not its unity is eÍtI.er assoeiatj.ve or
a CqF-ey Algebra. "

A structure th.eory for arbÍtrary al-ternative rÍngs fs not
yet availabl-e.

Certain topologieal nethocls have been appl"ied as a
means of stuôylng al-ternative rings. The main resurts are

those of Arbert, Jaeobson, Taussky and KapJ.ansky. Kapransky

was able to Brove that nA compaot seni-sinpJ.e alternative
rlng is a eomplete di¡ect sum of finite sinple rings.'r It
has been suggested by saund.ers Macr.ane that a cohonoLogy

theory erists for al-ternative rings ancl that this nlght be

hel-pful 1n the study of prÍnitive alte¡native rings. we

w111 not discuss topoLogical ¡esults in this Bqper but

nention them only as a poínt of interest.
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The naln body of the thesls is divided into six

ohaBters

Chapter I - We dlscuss equival-ent tlefinitlons of the radicals
deflned in associative theory, for aLternative theory.

Ohapter rr - The structure of semi-sínple and. slnple arter-
native rings wit'h chain conilltlons on s.od.uLes and, how

this eonpares with the strucüure of semi-sinple and 
,,,),,,,

sinpJ-eassoeiativer1ngswittrcha1ncond'itionson1dea]-s.

Chapter IfI - The structrr¡e of alternative divlsion rlngs ,;',',,'

and. the discussion of sone very speclal technlques used

by Bruck and Kleinfierd in obtainlng the structlve
theory.

chapterrv - The strueture of simple arternative rÍngs wÍth-
out chain cond,itlons but subJect to the eondition that
the ring contains a non-zero idem.potent. (as given by

At-berr tal )
Chapter V - Tfe éliscuss senl-sinBle alüernative rfngs with 

::,.,,,,,out ehain conditions but wfth a suitable suppl_y of ,,,.

ldenpotents, anct úsr,r¡ the parallel between the structu¡e t..,',

theory of seni-sfunBle Tfregular alternatlve rings and.

semi-simple associatlve rings.
chapter vr - contains ooncrusisns of tbe preceding ehapters 

,,,,,, ,,ancl an incllcatio¡r of the gaps vhioh sËirl remain in the
theory.



NOTATTON:

The chapters are nunberecl I fI ..... eto.

The subsectf ons are nr¡mberecl (t), (?l , (51 , (4).....
A number (q.(3') in front of a statenent mea¡rs subsectíon

Ì)
ø( numÞef P .

The i-etter L lndlcates a l-e.m.ma.

The Letter D lndicates a definition.

The letter T lnd,icates a theoren.
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CEAPTER I

ÍEE RADTCATS OT' ALTERNAT]VE RTNG9 AND ALGEBRAS

fn assoeiarive rheory, certain eLeneats vrere for¡nd.

which'conBlieatecl the stutly of the structure of rings and

argebras. These erements f orn an id,ear whieh is carle d the

raclieaL. TVhen the radÍea1 was renovecl fron the rtng (or

algebra), it was posslble to develop a strueture theory for
the ring (al.gebra). T[e assu¡ne, therefore, th,at in a]-ter-
natlve theory the first inBortant concept to considter is
the Railieal,

SECTION T. TDMITTTTES

we ¡eeeil now Íntrociuce certain inportant identÍtles
whloh wiLL be used tfiroughout the discussion of the radicar.
D (f . f ¡ The associator (arbrc) is defined to be 'ü

(a,b,c)= (a-o)e - Ubc)
the importance of t,he associator is noüed in the fact that
it 1s a ¡neasrre of the l-ack of assooiativity. wÏren it, is
an aLternating functÍon of Íts arguøents for eve¡y eleneaË

a,b,c Ín a ring, the ring is called. aLternative. Zorn [fA]
cliseovered the following id.entities about the assoeiator for
alternative rings :

(l.e) (abrcrit) - (a,bcril) + (ar-Dreel).a(brcrd) + (a,brc)d

(1.5) (ar&,b)= (arbrâ) =(U,ara)= 0; (arbrc)= (brcr8)'(cràrb)= - (c, bra)
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(t.+¡ (a,ba,c): -a(b,â,c)
(1.5) (ab,a,c) = (arbrac) = 0

(r.6) (ab,à¡e) + (ba tã,e)-(¡raa,c)= 0

The connutator (arb) is d.efinod to be (arb)= ab-ba

Ð (L.7) tne quasl sum is clefined to be aob= a+ b +ab.

ff a+ b + ab .0 then we say a is right quasi regular (abbreviated

r.q.r.) anit b is the right quasi ínverse¡ r.Q.1.¡ of a.

Smiley [16] developed the following ideatities:
(I.8) ao(boc) -(aob)oc = (a,b,o); (a + b)oc = (aoc) + (boc)-c

c(aob)-(coa)b =(c,ârb) + ca-ab

(1.g) rr (aob)= o rhen (arbrc): o

(1.I0) If (aob) = (coa)= 0 Then ab= ea and' b= c

(1.11) ff a+ ab = 0 and b is r.Q.r. then â= 0

(}.Ie) ff e(A is a non z,eTo idempotent, then -e is not r.![.r.
(1.19) ff aU is r.e.T. then ba is r.Q.r.

The importanco of these identities is their use in iteveloping

a radlcal for the alternati.ve case which parallels that of

JacoUson IO] for the associative case. The technique useil

in proving these identities is that of using the relation-

ship between the quasi su¡o and. the assoeiator. For example

consid.er the proof of 1.1õ.

ProOf¡ If ab is r.q.r. then there exists an element c such

that (ab)oc = 0. If we let (a,h.,c)= 4 then

b4 = b(a,b,o) - (ab,b,c) =0 by (t.s¡. Similar1y d a =0,

and üherefore (brdrâ)= 0. Now, since ab+ c + (ab)e= 0

then 4= (â,br-(ab)c)= (a,b,4-a(oc¡¡= -(a,b,bcla: -4ba
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rherefore dtbr{bab= 0 and, db-- o by (r.1l) and .,.e1 =4ba= 0.
Consiiter now (¡a)o(-ba-bca)= -U( (ab)oc)a= 0.

Then ba 1s rigþÈ quasi regular.

SECTION A. ffiISTENCE OF THE RADTCAT,

. The stucly of the existence of the rad.ical wirr be

divided into four eases: (r) nings wlth certain chaln
coniLitions, (¿) finite ilimensional algebras, (5) ríngs with
no chaln oonclitions, (41 infinite dinensional algebrag.
gasE (r): lhe existence of a railicar for rings with certai.n
chain conditions was diseussed in detail by zora [tt]. The

chain conditions of zorn are not of the usr¡al kind used. in
associative theory. fhe introäuction of certain moilules ia
an alternative ring, ririhich become right id.eals j.n an

assoeiative ring, provid,e a necessary equivalent for the
right ideals in an associative ring. These modules are not
righÈ iilears i.n an arternatÍve ring and theref,ore chain
conditions on right id.eals is not sufficient. vrlhen the
following finite ehain conditions are placed. on the modules

the ring is ealleit hyperconploxo

The nodures:were d.efineit as follows: A r-Moitule of
R is a mod.ule aR for a in R; it consisüs of all elenents of
the forn ax where x runs over all erements of R. a rr-Modure

I
A,'= o/a consists of all elenents whieh wourd. be left annihil-
ated by an element nan of the ring; aA'= u.å=0.
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(e.I) tne chain conditions placed on these modules are:
(f ) Every ilescencling chain a S>a¿S .. o is finite
(A) Every ascend.ing chain O/a. j-s finite (i is a power of a)

(5) Every cieseending chain o/an is finite (i is a subscript) -,,;: ,:

To construct an ideal N which wourcl be the rad,ical

of the hypercom.plex ring R, zovn first established a peirce

clecomposition for Rl. For a finite set of idenpoÈents 
.

or, ... , ên, where e¿?.-= 0 for ifk we can find a d.irect , :

sum S=25'ø; Í.rk= 0 o.. 11, where i,lne S¿p are modules consistiag '. ",,
of elements x^.p and. eq'x..t7= [/¿ *r/ i *r/./ =á+ try.
The component of x in S¿¿ is e..xeU tor i/O/k.

This Peirce deeo.npositÍon rooks exactly like the one

for the associative case t5J. They differ onry in certaia
nultiplicative properties.

nL(z.s) e =7en
1=t

(2.41 S;A_Slrc Sn¿ i S'.ßS¿LLS4, aLL other proctuets S-45¿,^ are

zero. In the associative case S"4S¿r= ,O; S-2S¿Q,= Srâ".

(2.5) f.f N2¿ is a module contained in Sa¿ and if ilk, then ;':;""':'

.',..,.
:", ':.: -.'
r:'.'.a.'N¿øSaA= S¿Å.N¿â..

(2.6) fne product of three factors (x¿¿yanlza- is associat-

ive except for a proiluet of the typu (xr.¿ y;; )z¿;.
(2.7) (x¿øli¿lz4 for ifk retains its value when the factors , r .

are pernuteil cyc1ieally.

t Albert [_eJ discusses thls Peirce deeonposition. His
teehniques are ßore sinplo and will be founil in detair in
Chapter fV.



L4

toThe power formulae (2.8) and. (2.9) ïrill be useä not only
establish the existence of the rad.icaI, but will be of
special use in semi-sim.ple systems.

(¿.8) (a.., xlm = (an x, ,^ 'rä a¿. x ¿l

(ao.hxl^ = (anh*¿¿')' 
à a.øx?

(q6*f ..= {a¿u*4,í^

for Lfk
4-'

+ (a¿'øx ¿¿ | (a¿¿x4¿l

For this Peirce il.eeomposition the mod.ules Sr, and. S;o for i=0 ...
consist of all properly nilpotent elements. (A properly

nilpotent elem.ent a is one whose multipl-es ax are all nilpotent
and. therefore all xa are nilpotent. )

L Zorn'prinitive ring is one which contains a unit
which is the only idempotent of tfre ringl Zorn showed that
a prinitive ring contains a raitieal which is a 2 ideal
consisting of all the properly nilpotent elenents. IIe also

showed. that tbe S¿¿ are hypereonplex (Z.g) aaa prinitive
for (i = t . o. n) their respective unit eLements being the

ÍÖenpotents ai. This eorresponds to the associative ease.

Ihe iöeäI N whleh is the raitieal of the hypercomplex

ring is d.efineil to consist of all those elenents whose

components are si-ngular (Uø is singular if all elements

ar¿Sa; are nilpotent, otherwise a +¡ois regular). 11 an¿ is

Z Zotnts prinitive ring is not the same as the one iliseussed.
Ín the introd.uction. That prinitive ring is one which con-
tains a naximal right ideal I whose quotent ideal (l:¿)= 0
(Tne correspond.eace a->ã is a hononrorphisn between .4, and Ã
where a tnaps x+ I+xa +-I. The kernel of this homomorphism. is
ealled (f :A¡¡. Zoynts prim.itíve ring is now obsolete.
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singular Ëhen also aLL S¿l a"¿ are nilpotent. The ideal N

is talren to be equal to 2 N¿¿(i.rk=O ... n) , where N,.¿ are the

set of all slngular elements in S;4. The N*¿were showa to

be noilul"s faO] , and. by the use of certain nultiplicative
rules of the Peirce decomposition, N is shown to be a two-

sided ideal. lo be more explicit, Zora d.eveloped the

following:
(2.10) N*¿SÅ-.c Nä and. S¿r. ty*-t¿ W¿ by the definition of N4 .

( 2. tt ) (m;¡ S¿:¿lStré N,'¿ ( by ?.6 ) ; (N¿; S¿¿l3trz N¿-. ( by 2.? |

(Sr¿'NaÅ.lS.e¿' &.¿ (by ?.7); (S¿;N¿¿lS¿rz N¿.' (ny z.z)

Then ws= 2 ñ.12 s, 
^= 

2 Nrso øfN¿llr¿.(i, j,k = o . .. n,i-f:K) ana

by the above conilitions thisçN. Sinilarly SNcN and N is a

two sided ideal . Zotn rr¡ent on to show that N consÍsts

entirely of nilpotent elements, and. therefore the rad.ical

exists for every hyBerconplex ring.

CASE (Z)z The exístence of the railical for a fÍnite dimen-

sional alternatÍve algebra has been d.iscussed in detail by

R. Dubisch and S. Perlis ftl . They considered. four radicals

of an alternatÍve algebra to correspond to specific radÍcals

already d.efineit for an associative algebra.

lhe first radical is the R radical:
D(2.14) ft is d.efinecl for an alternative algebra A with unity,
as the totality of elements r of A such that g+r i.s regular

whenever g is regular. (.4 regular elenent is one that has
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a two sided inverse.)

This radical was characterLzed in the assocÍative case by

s. Perlis. The *lheorem of Artintf discussed in the intro-
d.uction is usecl in proving that the R radical is an idear.
rn oriler to shor¡¡ the extensive use of Artinfs Theoren we

will state this proof as in [ZJ.

r,trilllMA e.r ^å, proüuct of regurar elenents of an alternatlve
algebra is regular. Conversely if gr go. is regular so are

g I anil þ..
Proof: The element e,'e,2 A(e,e.I) = A(g, gol . By Artinrs

theore¡a this is associative. Therefore gr'g,' is the

inverse lor g, gr. Conversely if g, grhas an inverse g,

we know that seA(e, q¡ and therefore (g,g-) g=g,(g.g)_- l=
( BB, ) B,-. Therefore I r anil I , have inverses .

LEMMA.e.e rf an arternative argebra A has a unity and the

base field F has at least three elenents, every element of
A is a sr¡m. of regul-ar elements. (Shod.ars theorem)

To show that the R-radical is an icleal:

If g and g; are regular in A, then

B+ g¡T = g¿(el e +rl is regular by (L 2.1).
Therefore grreR. But every aeA is =f g..by (L Z.Z¡.
Therefore âreR. Similarly raeR. Therefore R is a

two ideal of *d.



L7

The next radical d.efiaed is the Q rad.ical:

This is the sun of all quasi regular right iileals of A (riebt
idears whose erenents are all quasi regular). This radical
is equivalent to the Jacobson rad,ical [S] aeffned for arbit- 

,,,,.,., ,

rary associatlve riags. In associative theory this railieal
is very inportaat, since, when it 1s renoved. from the rlng
a complete stru.cture theory can be found for the ring. By , : .1,:...,

a proof again using the theoren. of Artin, the Q radical of ,',','"

an arternative algebra with unity over an arbitrary field. tr', , ':::,,

is found, to be a quasi regular right ideal of A.

The third radieal the N rad.ical is d.efinecl as in Case I:
ft is the set of all proBerly nilpotent elements and the

element O.

The S railicaL of A is the intersection of aII iileals B of A

such that A-B is a direet srrn of simple algebras. llhis
raclical was d.efined. originally by Albert in his stud.y of

,.1' non-associative algebras. [he existence of the N anil S

,: radicals is established by the fact that Q = R= N = S for an
4

algebra with unityl [tJ

CASE (5): The raitical of an alternative ring with no chain

conil.itioirs was d.efinect by Sniley [fO]. The right.ideal r(a) 
,:,,,,

generated by a6A consists of the totality of elements of A

s--:Sãã-ffion 5.



18

of the form. a¿ +2aï¡' t where i is an integer and. ü7' the prod.uct

of a finite number of right nultiptications Rr; aR¿¿= âx.

D(e.15) The right radical R¿(a) is itefinect as the totatity
of elements aeA for whích each r(a) is a right quasi regular
right idear. The teft rad.ical RL{-!-) is defined simirarry.
Both raclicals are itefined in an equivarenü manner to the

Jacobson railical [g] for the associative case. Nanely that
the radlcal of a ring A is the join of all the quasi regular
(left) right icleals of a. The techníque useil in provlng that
the right raclicar R-(A) is a right iileal, is a manipuration

of the relations between the quasi sum (aob) and the

associator (arbrc) as follows:

Ï,EMMA e.5 If aeR¿(A) and. b is right quasi regular, then

a+b is r.q.r.
Proof: ret boc = 0 for sone ceL, then a+ ac¿r(a) and therefore

(a +aclod =0 for deA.

Now (a+ b)o(cod) = ((a +b)oclod + (a + b,e,d,) (by I.B)
: (a + ac)od + (a + b,c,d) = (a,cr0).

And. also (ar-acrcrd)= 0. If "(,: (arcrd) tnen

"1 + c'.=0 and ø{=0. (by 1.Il)
Therefore a+b is r.q.r.

LHúIMA 2.4 The right railical R¿(¿) is a right ideal.
Íhis is easily proven by I. (2.3) considering r(a+b) where

a,beR^(.A). To show that the rå,ght raclical R¿(A) is a left
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lcLeal a similar technique is used bgt the nanipulations are
slÍghtty nore complex. In this case r(ba) is consld.ereil

i,uhere a¿R¿(A) and beA. rt can then be computed that baeR¿(A).

: Therefore it i-s conclud.ed. that Rà(A) is a left ideal. ..::...:
':.1.:.:.:: 

The right raclical can easily be shown to eoineid.e with
the left railical, and the railical is then ilefineit as

R(A)= R¿(A) = R.¿(A) (a two ideal of A) .

t 
...',t'

:: cAsE (+): [he existence of the railical of aa algebra of 
,,j:,::,,::,.:.-poss1b1yinfiniteorderoveraf1etdFoannowfo1Iow1nned-

iately. A,n ideal of the algebra A is an id.eal of the ring A
that is invari.ant und.er the scalar multiplicatiott t-2r¿. for
4 in F. If A has an ittentity then x(l¿)= (lr<)x= Íd, and so

. any ideal of the ring A is an ideal of the algebra A. The

preced.ing d.iscussion for an alternative ring without chaln

eonditions Ís then valid fsr an arbj-trary alternative
algebra A with unity. Íhe radical of the algebra A is then

;,. clefineit as the totatity of e1e¡¡ents a for which each r(a) -::..:.::

-i-l^+ ^..^-; -^---ì-- 
l-!.-:a^-ì-- t^ã! -----! r I 

;:t:::: ls right quasi regular (sinilarly left quasi regular).

SECTION 5. REI.ATIONS BETU¡:EM\T TNE RADICALS

RELAIION 3.1 The N railioal of casé Z is equal to the R

railical-. The proof of this ean be fouad in [Z]. No speeial

techniques are used Ëhere except perhaps another apprication
of the inportant t,heoren. of Artlno
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Note: This establishes the existence of N, slnee N is now

aa id.ea1 it is therefore a nil id.ea1.

RELATION 5.e rhe Q rad.ical of case 8= R radicar =N radicar 
i

for a right alternative algebra A with unÍ_ty. :

RELATT0N 5.9 rhe s radical of an alternative algebra a with
unity=R :Q=N. The proof is given in [Z] as follows:
Proof: lfe know that A-N is a ilirect sr¡m, of sinpre argebras

(Zorn [fe]). Iherefore S<N. Since I is aot la N,

A2N>zS. Now A-S=8,@)B^þ ... O Bh where the B¿

are sinpre with unity e;. Each element xeN corresponds

to a coset ["]= t*,]* ...] t-;] whore Frl in B_ are

properly nllpotent in B; anil in A-S. As fxJ varies
over m, F;] varies orer the ideal N¿ of B;.
Therefore N¿ = 0 or N¿ = fi . Ia the Latter case

o¿ é N,r,¡ but e¿ is not nilpotent.
Therefore N¿= 0 anil N-S = 0 or NgS lN or N= S.

ttr:;t'rt,

REr,arioN 5.4 The QrNrs rad.icars also have meaning for an 
,,,¡,,

alternative algebra Ao without uni.ty. If eorNorso are the :,'.:

corresponding rad.icars for Ao it can be shown þJ tnat they
equal Q,N,S respectively for the algebra A; (Aorl) and. that
QrNrS are identical. j.,

, ,.,.....

RELATION 5.5 If we apply Zornts chain cond.itions to the

ring .4., we finä that the rad.icar R(A) eoincides with zornts
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rad.ical. The proof of this is erenentary and. can be found
rln L16J.

SECTION 4. PROPERTTES OF THE RADTCAL

PROSERTT 5.1 The rad,icar or a/R is zero for the rad.ical R

iLefiaed in case 2 sec. Z, The proof is simple using no

unusual teohniques.

The follovrlng four properties of the railisar of an

alternative algebra defined. in ease 4 sec. 2 are exactly
the sane as those fsr an associative argebra fe_]. This is
true since we know that if aob: 0 then (arbrc)= 0 for every

cê4,.

PROPERTY 5.e rf A* i" aa alternative argebra with unity, and

containiûg A, such that A+= A+ (l) (where (1) is a subring
.X rof A' generated. by 1). Then R(A)= R(A*)â A". If also

A4(1) = 0 and (f) is isomorphÍ-c to the ring of integers
then R(A) = R(A*).

PR0PERII_5_._õ R(A-n(A)) = 0

PROPERTY 5.4 rf r is a right ideal of a anil if each element

of I is nilpotent then I ÉR(A) .

IR.OPERTÏ 5.5 If B is a subset of R(A) closed under mu1t.

and if b e3, then for every positive integer n

bn-'B>bnB or b^= o. .
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lhere are so&.e very inportant properties which can be

proved for aa assoeiative ring but cannot be proveil for an

al-te¡native ring. In the associative case Jacobson l-g-ìLJ
proves ce¡tain inportant relations between the radÍeal ancl

the lntersection of the maximal rieht iileals. [o cl.o this
he nakes use of the fact that [*+""] is a right ideal-. We

eannof prove this fo¡ the al-Ëe¡naËive case siaply because
r,ì
{ x* ax\ is not a right lcleal. I[e can however, prove thatL.'

a is rieht quasi regular if and only if every elenent of .A

has the form. ax* x for some x é Á.

li': :l:ì.ì
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CEAPTER II

Tm STRUCTIIRE 0F SEMI-SIMPLE AI{D SIMPLE HTPERCoMPI,EX RINC.S

SECTTON 5. TETE STRUCfTIRE OF SEMI-SIÑIPI,E H}?ERCOMPT,EX RTNGS

An associative semi-sinple ring wlth d.escend.Íng chain

conditioas on id.eals contains only a finite nunber of sinple

icleals wiühin it, anil is a äÍrect sum of sinple ¡ings. Ia a

Like manneî zorn has shown that a semi-slmple hypercomplex

ring (i.e. êrr alüernative ring urith chain cond.itions on

moilules) is a direct sum of simple hyperconplexl rings.
D (5.1) We iteflne a semj--sinple ring as Zorn dict [tt] to be

a ring which contains no properly nitpotent elenents (i.e.
no rad.Ícal elenents ) . fhis d.efinition is the same as that
for the associatÍve ring.

The proced.ure by Zorn in the d econposition of a

semi-simple hyperconplex ring is very sinilar to that used

for the associative semi-sinple ring. The important exceBt-

ions to the procedure are the use of mod,ules (D Z.L) instead

of iileals, and. the use of the theorem of Artin to replace the

associative law.

Following Zorn we have:

T-TñETE of the word hy¡rercomplex has no relation to a
hyperconplex systen.

',.:' :.- l-:.'. , '--:.a.:::":::,:i.,;jli . ...'



T-${UIA 5.2 If M is a moilule and x an eloment such that

xl,{:M is a hypercompJ-ex system, then there is no n/O such

that xÉ= 0

.,. lVe wilt show this proof as an iLLustration of the extensive

use sf the theoren of Artin.
Proof : Since xlr[ = M then xnM = M by theorem of Artin. Now

if xn= 0 for B/0 and. neM, then for any integer n
'' ^ã ìr 

'lthere exists an element Jt' of M such that x fn= m.

,,, Thea 
"n*'y,n= 

x(xn yr, ) (¡y Artinis theorem)

= XlO= 0.

Then y, is not ín the If module o/xn but it is in
O/xn'. This leails to a contradiction by the

second chain theorem of hypercomplex rings and

therefors xm y' 0.

With the use of thls theoren and. again the use of

the theorem of Artin we can Prove:

,,t,),, LEMMA 5.5 If ae0 is not nilpotent then the I mod.ule aC

contains an iclempotent.

' This is equivalent to proving that j-n an associative ring

if a left ideal is not nilpoüent it contains an idempoüent.

Therefore we see, that if a hypercomplex ring is not nilpotent
tr,: (we knorn¡ it then contains a non nilpotent element L?OJ) it
contains an iilenpotent element.



D (5.4) Principal Id.empotent -- an id.empotent e is
principal when the corresponding If module o/e contains no

other module O/e' as a proper subset (where e'= (e')-f O).

That is, e annihilates as little as Bossible.

EEOREM 5.1 If the hypercomplex ring C is not nilpotent
then it contains a princÍpal iitempotent e. In the Peirce

d.econposition with respect to e, C= C,, + C,o* Co, * Coo.

Atl the members f 0 in the mod.ules Crc r}o¡ rÇoo are radical
elenents.

This proof closely parallels that for the associative

case, the najor ilifference being the use of mod.ules rather

than ideals. Zorn makes use, also of certain power formulae

(e.8), and. as a specÍal illustration of this we will sketeh

the proof.

Proof: By I 5.2 we see that C contaj-ns an id.enpotent. By

ehain conditlons for moilules it must be a princípal

iilempotent, oall this o.

Refer to the Peirce d.eeomposition?. C = Cr r + C, or Cor rCoo .

fhe moöule 0/e is minirnal and. - Cu,t}oo. The

nod.ule Coo does not contain an idempotent e' . If it
clicl, we could construct ert= e * at, where "" í" uo

iilenpotent'and. O/e" C 0/e is a proper subset. This

Z We refer here to Chapter IV where all the identities are
proven for thís particular Peirce deconposition. lltle will use
them wíthout further reference.
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rvould eontraclict e as prineiBal iäempotent. Now Co, f Aøu

does not contain an idempotent. (This can be shown easily
by known relations of Peirce d.ecomposition. )

We see that Çoo1c 0/e, therefore for every,%o r sooc êcÞt+ Coo. 
,,i,,,,

If sro is not nilpotent soo0 contains an idenpotent (t, S.f¡
anil this is a contrad.ietion. Therefore all elements of co6

nust be nilpotent. , :: ;

The power formulae (¿.8) become. ,'' ,

n n-n n-l
(so¡ x) = (so, To,) (s' x,o l" +- (s.,rxr, ) (so, (x,, -¡- xpol ) 1 ,,

(ss"x)h = (s* xo¿ )n soox
, rntt .4t{o x,) : ls¡o x,, ) (sro x o,)" * (s,, xr,)^ (s,o (xo,f xoo) )

Since so¡ xrrÉ Coo anä (s,o xr, )n= s,o (%,s,o)^-'xo, , we can

see irnm.ediately that the mod.ules C 6¿tcto ¡aot consíst only

of radical quantities and zero.

From this theoren it is lmmediately true that a

semi-si.np1e hypercomplex ring contains a principal unity.

TffiOREIû 5.e A seni-slmple hypercomplex ring is a d.irect

sun of simple rings.
Proof: This proof parallels the associative case as folLows:

A two id.eal of a hypercomplex ring Ís again a

hypercomplex ring since the chain conditions hold

easily. A radical quantity 'rart of id.eals A is
also a radical quantity of C, slnce if xe C is
arbitrary, xaxé A and. a.xax = (ax)t (¡y Artints theoren.)
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t'tTherefore ax is nilpotent and a is radical in
ff the whole ring is semi-simple, then every

two ideal 1s semi-simple. The idear a then contaÍns

a principal unity e, for wtrich e¡CcA anä Ce, ¿ L.
But etC) e, A: A = Ae, cÇe,, therefore e¡C = A:Cer .

So, for arbitrary x of C

ê¡ x = (e,x)€, = g, (xe, )- xe, .

That is, er is in the centre of C. Since I 1s in the
centre €¿= 1-êr, is in the centre.

fhe idenpotents er and e¿ are orthogonal idennotentrf

wlth a corresponaifrs*'peirce decomposition:

C = Cl, * C,r, + C¡. -l C¿-+ C,r, { C,o # Co¿* Cao* Coo .

The oaly non zero modules are Crr anil Ca .,fot a

semi-sinple rÍng.

Therefore C is a dlrect sun of d.ifferent iileals.
Ehere can only be a fÍnite num.ber of these becauge

of the chain eonditions. Therefore, a semi-ginple

hypercomplex rÍng is a d.irect sr.m of simple rings.

SEOTION 6. TEE STRüOTURE oF STMPIE E-ÍFEROOMPIEX RTNC"S

An associatlve slmple ring is a total matrix rlng
over a d.ivÍsion ring. A hypercomplex simple ring can be

one of three things: (1) Associative, (?) ¿Iternative field
(this is a zero divisor free ring with a unity element,

ln which the equations âx= b and. xa=b with a/0 are
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solvable , (3) Vector rnatrix rings or in other word.s Cayley

algebras.

The procedure in stud.ying the structure for the alter-
native case will need to be different from the procedure 

,

for studying the associative case. l\Ie will give a short

sunmary of Zorn's results ttt], pointing out where the

alternative case presents new difficulties.
,.

fEEORzu 6.1 Every non-nllpotent ring C has a Peirce decomp- 
.

osition maile up of n orthogonal idernpotents e, ... e4

whose sum is a prineipal idernpotent, where none of the ey

oan be expressed as the d.irect sum of two orthogonal

iclempotents (these ey âT€ called primitive as in the

assoeiative case).

Proof:Thisissimi1artotheaSsociativecase.Theproof
is established. easily by the construction of a

moäule chain whieh d.oes not break of 1. This provièes

a contrailiction to the fact that e has no decomp- ,
. .t-'

osition into primltive iilempotents. 
...

Consicler now a semi-simple syste& C, with a prlncipal
unity 1, and. the following decomposition:

I=er$ê¿t ..o eh where 9;âreprirnitive.
The Ç ¿¿ of this decom;oosition are semi-simple and. even simple. '

This is true since if Ç.;n'coîtained a proper id.eal it lvould
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contain an id.enpotent principal unityf ê; .

ft is at this point that the greatest cleviatÍon is
mad.e from associative üheory, for we &ust novu consider three

oases for the sirople ïing: (t) n= t, i.e. r,ùere the simple

ring cbntains only its principal unity as an iitenpotent

el-enent¡ (Z) The case î) ?¡ (g) gne case n=? i.e.
ê = €,* €¿. fn assoeiative ùnuory these cases need. not be

conslderecl.

CAS,E (1) | C contains only its prineipal- unity as 8n lilempotent.

r,EtrÍMA g.l- Every non-nil-potent erement a of c has an inverse
u-tfo" which a{'. d'a= l-.
Thls proof is oþvious by L 5.A.

LI,UM4 g.å In general (ur.-'r0) = 0 and. a-'is trniquely äefinecl.

Proof: ff ay= 0 for arbitra¡l Xr then

(ary,ax) = (aarxrÍ)-a(arxry¡= -(aarfrx)+ a(ary,r) = 0.
'Then (aryra(a-')t)= (ary,u,t) = 0.

Therefore Y= (a-'a)y= d'(ay) = 0. Therefsre there are

no divisors of zero.

Since (a,barx)-- a(arbrx) (by I.4) r Let bF a-r and get

a(ara-'rx) =0. Since a 1s not a iLivisor of zero
(ara-'rx)= o.

Lf,lryA 6.5 C eontains no nilpotent elenents ilifferent fron zeïo.
Proof: This ís triviaL using L 6.1.
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From lemnars 6.1, 6.8 and. 6.5 we can now state;
(

lHEoRmd 6.4 a seni-sinple ring c with a prinitive principal
idempotent is an alternative field. (An alternative field 

:::::isanaIternativer1ngwithaunity,inwhicheveryeIement
has a unique inverse, the elements are not dÍvisors of zero

and. every equation axÊb or xå = b'for af O is unlquely
so1vable. )

OASE (e): This is the case of a sinpre ring wíth the peirce

clecomposition c--ic"l ancl a prÍncipar unity l= o¡ + ..o * €n,
¿'tß¿o tL

where n7 å.

lEMMA, 6'.4 Tjne C¿+ of the ilecomposition are division rings.
Proof : The c i+ â,îa alternative field.s (T 6.e¡. By using

the multiplÍcative properties of the rnoilules Ç¿K

it can be showa that (Ç¿¿ ,Ç;¿ ,Ç.... 1= O, Í.e.
C¿; an"e associative.

trm flA 6.5 If C;s+O, Ço. and. Ç4¡ are isomorphic.

The isomorphis¡l is represented by:
À, \ ^-r¡l' (,x¿¿ I = a¡¿x^n e..L; ] (y¿A \ - e..t, y4L oûr. .

IHEOREM 6.5 rf n >2 in the Peirce deconposition then the

simple system is associative.
Proof: This particular Peirce deeonposition itiffers from

the associative one in the following places:

(see Chapter fV)
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,.; -- o i.s not necessarily true;
(x;; ,Yi¡ ,z¿;l ,Gi/, tynl tznll ,(x.'¿rY¿4 tz¿¿l ,(x.'LrY¿;rzlil .

Since we have I 6.4 we need. only Brove that c¿l= O

to make the ring associative.

The technique of proving Cri = 0 is rather

original. Two new iilemBotents are created for which

we get a Peirce ilecomposition of 4 mod.ules which

contain the original nodules. To be more explicít
the proof goes as follows:

Say there exj-sts two elemenËs eìg aud. e&¿for which

ênl"A-i., = ê ¿ anð. e4.. Q*'¿= 8¿.

Lot E, : ê.* e¿and E.=LP,,.
J r")L

Let I = E, {- E^ be a äecomposition of I into

orthogonal ictempotents to whlch the Peirce d.econposition
.\, .\J .\/ --\, -aJ

C = C, , + C,, + Cr, + C.r, belongs. C,, contains

C,;¿ + C¿Ê.+ Ç4rr* QþL. C", contains in particular Ç¿;.

It can be shown that (it \rrÍWirrl= o ¡fu
Therefore for /= I and. ./t'?r 1,,= e¿|, and. ì',, = e¿).

IVe know that (e¿L,eç¿l = c.--ê¿, then (e^.-.e/.) (ã",{, )= O,

i.e. ". (õ, 4, ) = e/.G, A, )= o.

Therefore (e¿ t "¿l(8, õ., ) =ir,õ", = o, and therefore

C(r.* = O.

CASE (5): When n= ?, a simple alternative (non-associative)

ring is a vector matrix ring over a field. (Tbese are Cayley

algebras. )
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A vector narrix syslem is a set of etenents (ä ?)
where D( andp are elements in a field K and ArB are vectors

of a 5 ilimensional- vector systen. with co-ordinates i-n K.

rhe sum is .efine d as (i ä) - 6: î,' ) = (äï; , o;l;,)
The product is clefÍne d. as(a ÊVt: Q:\=l*':âB' aâ'+exBrAÉ)

13 P 4p' P')-\&at+pb\âxû', p F'-.BA\J
The seaLar prodtlet is Sts ancl t$e vector Brod.uct is AXB.

Every veetor rnatrlx ean be built trp linearJ-y fron I basal

elenenrs 
',= llî),"r=81) ,",j = f"':),"!,=(:;") , emocrul-o 5r

with eoefficients il K. (tne iy are orthogonar unii; vectors.)
ïthere ? e¡.r=f,i¡ 

";',".é)'r= .), V= "l¿, "*"!n= e]^ e¿= o,

"h"jr= o, 4r"'Å'= -.ä 1r= J;', ")r"fi= - 5rr".,
for irjrk= 0r1, Í*k and y't,t)moduLo ã.

The slnple ring with n = 2 becones ileeonBosed into
4 nodul-es Att rOrtr1¿, r0*r. ft can be shown that C,, ancl C¿z-

are cornnutative anil therefsre are commutatlve fields
isomorphle to eaeh other (L 6.5).

fhe fiel-d K eonsists of el_em.ents

arr * ai = "i, , âa.t a*I = "*f ,
,OÞwhere âlr = êat&tr €la_ anct âa¿= €la â*.ê;,r .

The fiel-d K is lsonorphic to bo'ûh Ci;, where u¿, -> *1^ .

Then K lies in the centre of c. rn partieurar we know that
.¿.X*(ao4b¿r;)= (b¿^.a¿¿)' (by L L.L, Chapter fV).
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lEMMA 6.6 Two elements %:¿rb¿ÊLl k are linearly d.epend.ent

w.r.t. K if anil only if their proiluct a¿tb¿á vanishes.

[o set up the vector matrix unities assu.ne first two

linearry initepend.ent elements 
",1 ,u,l of c,. and an e,j 

,.1,

such that (" , J e,: 't.,] = -ê¿. Therefore u,.i , ",.i ,u,'o are

linearly lndepenäent.

Then also G,! 
" ,ur*' )u,It= -e- for ¡r nod.uro s

i ,+l p+¡, r y
anilaÈ,(e,'"::,l-.et.Froße,oconstruct5Iinear1y
inclepenclent vectors "i of cr, . Set .!, = .l!,' .1,*' aoa ' ;,

Û 
"1 " swmmof.æi aa'l'l tr -'-- - 

') ãr.+t o Ngeb e¿g eg¿= -ùr, u¿. Synnetrically we get e; = -e, -rr .

The elements êf- rorr ,u,', ,u^1 generate a hypercomplex
-l(-

system C. over K, whose structure is completely determined. by;
(. _ ù ,J ü ) , _ ^ p t) ^e; er. = ò¿je4rê;ar; = ê¿&aL= 

""Lrê-¿ 
ê;¿ = e¿Le¿. :0 and ej4e..¿ = O.

(i, jrk =l r?;í* k;''V moclulo 5),. Therefore these elenents form

a systen of vector matrix unities.
The ring C can 

,now 
be expressed as a línear combination

of e¿ anä .1ø with coefficÍents in K as follows:

-+- 1t Ár4 '¿a 1t ltrla 4 :r ""rr= 4,' ", -ZII,¿ o^, ) u,; -È#r, eiìY e^l ¡ x*i e¿-. ,,,.,

We ean noüt say that for n= â a sinople alternative (non assoc. ) ', ,'
'..:.:.j:

ring is a vector matrix ring over a fieLd.
The theory used in obtaining the structure of a sèmi-

simple ancl sinple hypercomplex ring ean be used in obtaining 
,.,.-.:.

the sane structure for a semi-simple and. simple finite '.:t''

d.imensional algebra, slnce these algebras contain a unÍty.



CHAPTM III

AI,TERi\IATIVE DTVISTON RTNGS

An associative d.ivision ring is a ring which has a

unity, and.. inverses for a1t non zero elements. An

alternative ring is a division ring if the equations

ax= b anil ya =b have unique solutions xry for a/ 0.,

The methods useil by R. H. Bruck and Erwin Kleinfleld
r-ì f- ì -l5l f 6l in stud.ying the strueture of an alternati.ve d.ivisionuJI_-¿

ring are new as will be seen in the following discussion.

Associative division rings are as yet not classified. The

main results for alternative division rings found. in
Seeti-ons 9 and 10 are: An alternative division ring is
either (l) a fielit or skew fielit or (ïï) a Cayley Dickson

algebra over its centre.

SECTION 7. I,INEAR T'T]NCTTONS AND f DEI\]rIITTES

.,ì ,

The commutator (rry)= xy-ylc has already been i-ntroducecl. '''"'': ¡'

',., . . -.

Two very important anil easily calculated identities need.ed i . ,,;

for future conputations are:

(?.1) (xy,z)-x(yrz)-(x,zly = (x, y,z)-(x, z,y) + (tz,x,Í)

(v .z) (xy,z)= x (y ,z) + (x ,zly + 5 (x ,y,z) 
.,.j,r;,,

A very curious linear function f (wrxryrz') is now

introiluceil as f,o1lows:

(7.3) (wx ty tz) = (x ty,z)w+x(w,y ,zl + f (w, xry rz)
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ff the ring were associative it is lmmediately obvious that

f (wrxrïr ù= A. We see that this functÍon is non trivial
for an alternative rfng but iloes not exist for an associative

ring.

T¡[e will fotlow Bruck and Kleinfietd [S] in stating

sone lorBcrtant identitÍes about this f rrnsliss.

LEfifltrûA 7.1- In an alternative ring R the function f is skew

syø.netric (i.e. if any two of wrxr¡r rz are equal, then f = 0)

anil satisfies the identities:
(?.+) 5f (wrx ty ¡z) e (w, (xry ,zI)- (x, (y, z,w) )+ (y , (zrw,x) )- (2, (w,x,f ) )

(?.ö) f (w,x,y,zl= ((rq¡r) ,yrl.l+((y,z),w,x)
The first part is easily proven rr,slng (I.Z) substitui;ing .(Z.g)

into this, then perm.uting the elements cyel-ically. The seconcl

part of the proof cossists of an easy conpotation usÍng (7.3)

and. ('l .41.

LEIIMA 7.2 For a]-1 x ty¡z of an al-ternative ring we haves

(7 .ö) (# ty tz) = x(xry ,z) +(x,y ,:.lx
(7.'l) (xrxyrzl= (xryrxz) = (xryrz)x
(V.g) (x tyxtl-) - (x ¡l tzx)= x (xry,z)

(7.9 ) xy. zx =x.(yz.x)
(7 .LQ ) x (y.xz) : (xy. x)zi (zx.y\x= z(x. yx)

The equations (7.6), (7,v), (7.8) ean be proven by easy

substituüion in (1 .61 . the equation (Z.g) can be Broven by

using (7.8), and (7.10) ¡y usíng (?.9) .
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Tfe will show the proof of (7.6) to ill-us'i;rate the usefuLness

of the function f (wrx ,Trz)',

Proof : fn ('1 .3) Let w: x anö get

(xxry rz) = (xry,zlx+ x(x ryrzl+ f (rrxry,z)

But f (xrx tYrz) = 0, therefore we have proven (Z.O).

A new o¡nrator B(r¡rvrwrxry) ls now defi¡led for all
nrvrwrxrÍ of R by:

(7.1-0) f (uvrw,xrII): uf (v,wrxrn) + f (r,l.,wrxrÍ)vf (orxrI) (v,w)

+ (u,w) (vrx,l)+ g(u,v,wrx,Í)

The l-inear funetion g(urvrwrxry) Ís again zero for the

associative case.

LÐût\{A 7.9 The frr¡ction g(u,vrwrxrl) is skew synnetric in
urvrw and in x¡lI. Equival-ently

(7.LL) f (uvrurxrX) = trf (v, urx,¡l) + (urx,I) (v, u)

('7.L2) r(uvrvrr,y) = f (Brvrx,I)v + f urv) (vrxrJr)

for all urvrxry of R. :

::: .:'

The skew synmetry in x and y is obvious by definiti on. ':'1'

,:..:l

Equatlons (7.11) ann (?.Lz) can be proven by easy computatlons ;,,,.,

beginnÍng with equatlon (1 .51 ,

LEMMA_7.4 For all x ¡y tz of en alternative ring R,

(7 .Lg) ( (x ty ¡z) ,x, y) = (:çy) (x, y, z)-- - (x, y,zl (x, y)

(7 ,L+) ( (x, y, z)L ,x,y)= o



g7

We w111 state this proof as an ini,eresting 1l-l-ustration of \

the manipulation of the associator.

Proof : T,et u= (rry¡z) ana v= (xry).

Let p -- (xa, y,zy}= x(*,i ,zyl + (x,y,zy\x (by I, ?.2)

: x. yu + yu. x; anil similar ly p: y. xtt + y. ux.

Therefore 0= r. yLl-y,xu * (yrurx) = xy. r¡- (urxry)-yz. u

+Jy,x,u) + (y,u,x)-- (x,y)u- (u,x,Ir)

and. (urx,y)= vo. $imiJ-arIy (urxry)= -uv

and (u¿rxrn)= u'(urxrII) +(r¡rxrÍ)u= u.vu.-uv.tr= 0.
__l

LEil{MA 7.ä Let xty¡z tre any elements of an alternative ring
R then (i) ((r,y ,rl4 x)= 0r (1i) ïf (xry rz) is not a itivisor

't
of z,ero ( (xry rz)' ,x) = 0.

The proof of lemmq 7.5 is very complicated but since it is
a good lllustration of the use of the funetion f (r¡¡rx ryrz)

. rve r¡vi lt display Ít as in L¡].
proof : r,et u = 

(x ¡y tz) ;v = trzrw =f (x ,y rzrv). Then
,

f (xv¡x,l rzl= xf (vrxrf rz) + (x,y rzl (vrx) (by 7.11)

(7. I5 ) Therefore u(v,x) = rw # f (xv, xr:y rz) and sinilarly
(7. L6) (v,x)u 

= wx + f (vx ,trry rl.).

Now f (xv,y,xrz) = ïf (v,y rxt%) + (x,y) (vrx,zhg(xrv ry rx,zl
and (v,x rz)= Q by (7.LL), therefore

f (xurx tl tz)+ xw : g(v ,x¡y ,xrz) , sinil-arly
1,' f (vx¡xrJIrz) * wx: -g(vrxrJI ,Trz), therefore

u(v,x)= - (v,x)u. (by (7.L.5) and (2.16))
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Now f (xry ,xv rz) z (xyrxv ,z)- (yrxv ,zlx-y (xrxvrz) by (7.3)

and (xrxv, z) : 0. Theref or e f (xvrx¡V ,z)= (xv rT rz)x- (xvrxy, z) .

Also (xvryrz)' (vry ,zlx+ v(y, zrx)+ f (xrvrf ,z) = vu+w ancl

(xvrxy ,zl = (vrxy tz)x+ v(x ,xT tz) + f (x, v, xT ,z) . 
.,,,..,

=(xy rz¡T)x+ v.ux-f (xyrx rzrv) by (7.õ and (?.8).

Therefore f (xv,xryrzl= (w- (xy ,zrTI )x+ f (xyrx, zrvl. Novu

(xy ,zrv) -- y(x, zrvl -r- (y ¡zry)r r- f (xry ,zry\ =f (x, y ¡ztv) - w by (Z .y+l 
..,

anci f (xyrx ,zrT) a xf (yrx, zrvl + (xzrv) (yrx)-- -xw by (v.Sl and. (r.t+1. '

Therefore f (xvrxryrz)= -xw anä u(v,x) = (vrn)u= 0 uy (7.15), (?.16). ..
If u is not a divisor of zero then (v,x) = 0 and (fi) is true.
Also ,(o4 rx) = (vtrx)= v(vrx)+ (vrx)v =0 bI ft,zl and (i) is
true.

SSCTTON 8. NTICLETIS AND CU{TRE OT' Æ{ ALTERNATI\JIE RTNG

D(8.1) The NucLeus of an al-ternative ring R is ilefineil as

the set of atl- n such ühat (nrR,R): O.

D(e.Z) The centre c is the set of alr è of R such thaË 
.:...,.

(crR)= (o,R,R):O '

In an associative ring the nncleus of eourse is ùhe whole ,'..,,

ring and the cenire is the set of all c in R sueh that (c,R)= g.

The signiflcance of introducing the nueleus as werl as the

centre will become apparent in the diseussion of an alternative 
,,,i1

ring withouÈ d.ivisors of z,ero, where the nucreus will equal

the centre or u¡il-l be the whol-e ring.

e.
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lÂIe will discuss the varlous properties of the nueleus

and, centre as Bruck and Kleinfield dld in f t].

LBÍMA ,8.L Let R be an al-ternative ring with centre C. Let

S be a generating subset of R (i.e. no proBer subring of R

conüains S). Then an element pe C if anð only if
(p'S): 0 = 

(prSr$) and C is a subring of R.

Proof : ff B6 C, then obvÍousJ.y (BrS)= (pr$r$) =0,
Conversely let (p rS). (prS,S) =- 0.

The teehnique used. in Broving the eonverse is to

let I be the set of all r in R sueh ühat (BrS,x)= O

and show that X= R. Similarly let y be the set of

al-L y Ín R such that (p,y,R)= 0 and prove y: R.

Let z be the set of a LL z in R su.ch that (p rz)= 0

and prove Z= R. The eompuiatíons are sim.ple

nanipulations of sone of the fdentities Ín sectlon 7.

r,mfM4-8.e rf R is an arternative ring with nucleus N anci

1f arb are elenents of R suoh that (a,b,R): 0, then

(i) (a,b).é N,' (il) If (a,b) is neither zero or a divisor
of zero then arb6N, (iif ) ff nç N is neither zero nor a

iLívÍsor of zero nx éN inplles x€ N.

The proof of this is an easy conputation again making use

of the l1ne ar f uncÈi on f (x, y, z ,w) .
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THEOREhd 8.1 If R j.s an alternative ring with no divisors
of zero, thea if the nucleus is N and the centre C, then

N=R or N= C.

Corallary If (R,R,R)Í 0, then (a,b,R)= 0 inplÍes (a,b)= 0.

The proof is straight forwaril using L 8.2.

The following leruna will Blay an inportant role in
proviqg the naj.n theorem about the strueture of division
rings of characteristi" + 2. '

LW]MA 8.5 T,et R be an alternative ring in which (xry)= 0

if and. only if (xryrR)= 0. Let R contain elements arb such

that (arb) is neither l.ero nor a äivisor of zero. Then a

necessary and sufficient cond.ition that the element k of R

beloags to the centre C of R is that (k,a) = (krb)= 0.

Íhe conputations for this proof are heavy but the

method ls interesting. It is very similar to the method.

used in proving T, 8.1. I¡Ie will therefore sketch the proof

as given in [S] leaving out most of the conputations.

Proof: f,et K be the set of all k in R such that
(kra): (krb): 0. Let S be the set of all s in R

such that (Krs)= 0. Since Cc K and, arbeS, then

(K,S,R)=0 by hypotheses anci f (K,S,R,R)= 0 by (7.3') .

Then (K,(S,S,R))= 0 by (7.41 anil therefore
(s's'R) ¿ s and' ss a g ¡t {7 'zl 

-''"'^' '!¡"'ll"ilî''¡;'¡'*!.,.''," - ';'\
j Ì i',, ;-*'f"' Ii l. it': I
\. i , ,- 

,o.. f- .f'''''{t'''.i 
,.4- io\ \9-U'''

-., 
L 

; 
-;_.-=.=:ï;:., 

;;."
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By the above facts we can conpute ((K,R'R),SrS): 0

ancl (K,R,R) (S,S)= 0. By hypotheses (a,b) is not a

clivisor of zero, therefore (KrRrR)= 0. Since

(xryrR) = 0 inplies (x,y) = 0, then (KrR)= 0 anil K¿ C .

Therefore K= C.

SECIION 9. AI,TIRI\IAITV'E DIVTSION RINE"S OF CT{ARACTER,TSTIC NOT 
,8.

Every alternative division ring of characteristic not

2 is either (i) a skew field or (ii¡ a Cayley Ðlckson algebra

over its centre. To prove this Bruck and Kleinfield f5J have

proven so¡rething even stronger.

THEOREM 9.5 Let R be a non--associative alternative ring
without d.ivisors of zero andl of characteristie not Z. Then

the centre C of R contains a non zero element anil R may be

enbed.d.ed fu n/ /c which is an arternative d.ivision algebra of
order 8 over its centre F=C//Ç.

D (9.11 R//A is d.efined. as the set of all fornal fractions
x/c for xeR and ce C, c*O, where; (1|,x/c:y'/d if and only

if dx= cx, Ql k/e) t (v/a)= (ax+ cy)/od., '(5) (x/c)þ/a)=(xy) /(cdl .

The proof of theorem g.S.raises no new difficulties
and j.n some cases is even simpler than the proof for a divísion
ring alone. lhis is true especially in the use of ordinary

subrings rather than division subrings. We will proceeil as

in [s]. , -,..,-..
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LBÍMA, 9.I l,et R be an alternative ring with no divisors of
zero and. of characteristic not 2 generated by three elements

rrf rz such that (xryrz)f O. Let C be the centre of R, then
2(i) px -çtx*r: 0 for p,e,r in C and pf 0, (ii) (xry)+ O.

The proof of lernma 9.1 is a gooit application of
lemmas 7.4, 7.5 and. 8.1. It also shows why the characteristic
of tho ring must be clifferent fron 2. To illustrate these

points we will sketch the proof brlefly.
ì

Proof: Let u=(xryrzl¡ v= (xLryrzl=uir+xu, ytt=(xrxyrz)= u.x,

then ,f f -(uv)x + !r¿= 9.

TÍe must show that ,.,trrro, and *o6, C.

If we let S= [+r,ui then S generates.R and tr 8"1

can be applied. By L ?.4 ancl L 7,5 o*é C.

We can compute v* to .1i" in the centres of the sub-

rings generatod by *t, yrzi rrx¡r .t- Wrz; xrlr N.z+ zN,

and. therefore that o*a C.

Similarly (u+vfe C and therefore 8uvÉC,

i.e. å(uvrRl = 2(uvrRrR)= 0. But the characteristic
is not 2 and therefore uv6 C.

By direct conputation we ean find wee C. This

conpletes the proof of (i).
ItrIe may note here that this part can be proven for

characteristic Z, but the eomputations are very involved..

Proof (ii): This part of the proof illustrates why the

characteristic cannot be assumed to be 2.



43

Let ysztr aod. x*Íryrz generate R. Then we can get

px¿-qx{-r= 0, pyo-q' y+}: O and p(x+ y)t-q."y + í'= o

for Brerrret ,f 
t 
,Çl"rrt' i-n c ancl p+ o.

Then p(xy+yx)-sx-tyfG= 0¡ for s,t,c in C.

Assume (xry)= O, then sx-c =.Zpxy-ty, anaf

0 =(sx-c rz,TI -(epxy-ty,z,x) = ep(y,z,x)x-t(yrz,xl

= u(Zpx-t). Since u f 0 then 2 px= t.
But then 0= (trX, z) = (?px,y,z) = ZBu.

This is a contradiction sj-nce nf 0 and the ring is of

eharacteristic not 2. Therefore (x,y)É O.

This proof obviously fails for characteristic 2.

Also (x,y)l 0 is not true for characteristic Z, since every

Cayley Dickson clivision algebra of characteristie ? can be

generated by three pairwise commutative elem.ents.

tHE0RBg_9_r1_ Let R be a non associative alternative ring with

no divisors of zere anil of characteristic not 2. Then if C is
the centre of R, every element x of R satisfies a quadratic

¿equatlon px -qx*T =0 with prerr in C and p.7 0.

The proof of this is an easy argunent using I 8.1, L 9.1 and I 8.5.

The R//C of D (9.g) is an alternative ring with'c/c as

unity and centre F =C//C. [he mapping x->( cx)/c is an

isomorphism of R onto R//Ç and R nay be imbedded into R//C

by making the identification x = ( cx)/c.
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Corallary to Theorem 9.1: Und.er the hypotheses of T g.I,
n//C is a non-associative alternative ring with unit, without

divlsors of zero, of characteristic not 2 and. with the field
t=C//C as centre. Also every element ot A//C satisfies a

quadratic equation f -q*+þ-- O with.4.nþe,T.

lVe i-nsert T 9.3 which was proven by A. A. Albert and.

can be found in [t].

THEORI$Í 9.e Let R be an alternative ring with unit eontaining

in its centre a field F of eharaeteristic not 2 sueh that, if
x is in R but not in T, x generates a quadratic field F(x)

over F. Then R is an algebra of order Lr?,4rB over F, order I
corresponding to the case that R is not associative.

The set R//C satisfies the hypotheses of T 9.2 and.

therefore n//C is an algebra of o.rder B over F. Also R//C

has no d.ivisors of zero anä is therefore a ctivision argebra.

This proves T 9.4. An immsd.iate result of theoren 9.4 is
that if C is a field, R is a Cayley Dickson algebra over C.

The nain result follows at once.

Every alternative division ring of characteristic
not 2 is either (i) a fietd or skew fÍeld or (ii) a

Cayley Dickson algebra over its centre.

Note: An interesting consequence of theorem 9.4 is that every

ord.erod. alternative ring is associative.
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S|EOTTON ].0. ALTERNATT\TE DÏ\TTSTON R]NG$ OF CTTARACÍERTSTTC 2.

Every alËernative, not assooiative divísion ring R

of characteristic Z 1s a CqÀey Dickson ctivision a]-gebra of

orcler I over lts eentre. TbÍs was proven by Kl-elnfiefa [o].
His method.s are the sa&e as those al-reatiy cij.scussed in

sections 7, 8, 9. f'or thls reason the outline of Kleinfiel-äts

Broof.will- be. very brief.

In an alternatÍve (not associative) divislon rlng of

eharacteristlc Z there are elem.ents x¡y¡z sueh that (x,y)= 0

ancl (xryrzl= vf 0. If we Let x = ârT- b and vz- e, ühen

(a,b)= 0, (a,c)= 0, (b ral = 0 and u = (a,brol/ o.
-.f--rLet S= S LarbrcJ be the subring of R generated by a,brc,

and let K þe the set of all k in R sueh that (kr$¡= (f ,S,S)= 0.

LEMMA 10.1 Tf pe R and. (pra,b) : (pra,c): (Brb,o) =0 'i;hen pe K.

This Lenrna which can be found. in [O] is proven by an extensive

use of the llnear f unction f (Brarbrc) anil the fact that the

characterlstlc equals 2.

ft ís easily verif ied. that â' ,'bt ,ê- ,ué K. Furthernore,

identittes like (arbrc)= r, (abrac)= 0 and. others obtained

by permutations of arb, and c Bermit us to set up a

nultlpl-lcation table f or the elenents 1rârb re rabracrbc ,a. bc,

which r¡i1l show that these elements lehave Like basis elements

of the tqÊey DÍckson algebra of characteristic A.
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tmÍMA l-O,e K is a fiel-d.

Proof: To prove that K is a field it must be shown that K

is closed under multi.olicaiion, invetses exist, and

r i" associatÍve and. commutative. This proof is

again a clirect computat,ion using f(arb,c,cl). For

eramBl-e, to prove that K 1s closed rr-¡rd.er n.ult.

Let krk'é K, then (kk'rarb)= f (krk'rarb) by (z.r¡
but f (k,k'ra,b)= ((r,a) ,k'rb) +((k',0)rk,a) oy (v,+')

= 0 by definition of K.

Therefore (kk' ,a,b) :0, and by L lO.¡ kk'¿ K and

K is elosed uniler multiplieation.
The rem.aining oonputations are slmllar manipulations

of the funetion f(a,b,G,d) and its iÕentities.

LryMA_Lo.q If (d,a)=0=(a,¡) then

if = do+' c¡(,a+4-b+d3o + agbt for sofie d,o...d1 in K.

Proof : l'irst it can be shown that (dlrc), (¿,ab), (drac), (¿,¡e)

qre elements of K by maniputating the identities in
section 7. Then forn

Id '-- d-( (d,c)u-')a¡-( (a,a¡)u ')c-( (a,ac)o-')¡-( (d.,uc)o')u.

ït can be comButed that: .

.lttrtt(d ,a): (d'rb) = (A ,c)-- (d,',ab) = (d',ac) - (d',bc)- 0.

Therefore (d'ra,b) = (dt'rarc)-- çd 
/,brc¡-- 0 by (7.2),

Therefore d 
r is an element of K by L lO. l. Therefore if

,tl
do= d' , 4=(a,bc)ui , d)=(d.rac)o-'rl5= (d.,ab )ri' ,ar-- (d,c)d/,
then d. = 4ot6, a+d¿b+arc+d4ab tor d,¡...4qin K.
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T,EMIIA ]-0.4 Any elenent d of R may be wrltten as

il = þ,*þ," , Þ.o* 0rerþtab+ p, ac +prbc+ (5,,a.be f or po ,.. (37 in K.

Proof: By direet computation we find
ct(arb,c): (a,b,clc) + (a,b,d)c, but (arb,de) and

(a,b,d) satisfy the hypot,heses of L 10.5, therefore

we get ö.u = 4of cl¡ â*'(¡b +o$ ar,(q ab+as- c+ 4¡ àc

*d,7bc*4¿cz¡41ab.Q.
since u,cté K if we nultiBly by f ', then

d= êo + 0,a+ þ^b*þgc+Brab+ prac+ êobc+(3ra.bc

þo- -. ê, ín K.

1ÍIe can shor¡v now that the eentre of R coincides with K

anit that the elements 1r&rbrcrabracrbcra.'0c are linearly
independent over K and are therefore a set of basis elenents

f or the Cq¿ey'Dickson clivision algebla R over K.

lfe concl-ucle with:

f,H'EgRB{-}0 . I Every alt ernatl ve , not a ss oc ia ti ve ilivi si on

ring R of eharacteristic Z is a Cs.ey Dlekson ilivision
algebra over its centre.
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TTAPTER IS

SIlfiPÏ,E ALTERNATIUE RINEIS

The strueture of an arbitrary sinple alternative ring
j.s as yet not known. However, Albert [e], with the aÍd of
certain ldempotents has been a-ole to prove that evetT sinpl-e

alternatÍve rlng whicÏr cont,afns an ldenpotent not its unity

is either associative or a Ca$ey AJ-gebra.

The methocl used by Al-bert is very siü.iIar to that

used. by Zorn in his study of semi-simple and simple

hypercomplex rings. Al-though their results are the saÍie,

Albertrs method.s are far more sfmple and more conBlete, and

so we wiLl- iliscuss them Ín greater cletail.

SECTTON J-I. 3ETÊCE ÐECOMPOSTTTON AT{D TDEAI,S

lÂte will assu&e throughout the d.iscussÍon that C

contains an id.empotent u nob its unity.
FolLovuing Albert I al we forn the Pefuce ,ilecomposition of C,

C = C¡, * C,ot Co,+ Coo.

This is a direct sum of modules where the Cr¡ aonsist of all
x¿7' such that o*rl = Lx;¡ ) trj o= Jxrl where i, j = 0, 1.

If x =*,, * Xlo f Xo, t Xoo, then

xlr = u(xu), tto: nx-u(xu), xot= xrl-r.l(xu), :xoo= x-xu-ux-u(xu).

This deconposition Looks exactly the sane as in the associative
ease except for certain d.ifferent murËiþricative properties
for the Ca.¡.
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These proBerties are as follovus.

Let ux'= r\x, T-rt=,//x, tr¡r =4yr Ítr = Fy ana obtaÍn:

(ry)u = (4+þ -rtàxv, r¡(xy) = (À*/ < )xy,
(yrlu=(À+/-þIw', u(yx) = (a+P -À)yx,

H-þxx = (P-ilyx.

By giving )'r/rdrP approBriate values of 0 and l- we can shou

that:
(Ll.L) Cr, and C66 âr€ orthogonal subrings of .C.

(Ll.e) cr, a,og.c,o, cruc,,= o,

C6jArrQ Cot¡' Çi,Cor=0

(11-.5) Coo0,o= O, CooAo,gC¿r,,

Ao ¡ C e6= 0, Q¡s A6oÇ Ago,

(11-.4) CtoÇo,9 C,, , Co,C,o1 Coo

The properties (11-.1) (ff .a) (11.5) (l-1.4) for. the nod r¡Ies

Car'are properties satisfied by all associatíve rings.

However the foLlowÍng three properties wilt be those

neeessary t o replace the Íctenty C,ot = Co,t = 0 in the

associative case i

(l-L.5) x,, y,o = -lrro x¡o., zor for every x¡o tyte of Cro where

zo,is in Co, .

( Ll. 6 ) xo, for = -lo¡ xô, = z to

(LL.?) r.,1= O*î
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LEMMA l-l-.f I,et xiy¡z be eLenents of the noduLes of C not

all in the sane subríng Cr;". Then (x,Ír zl= O except when

at least two of th.e elenents are in the seme ,rl.
This is a result proved. by Zorn in Lft]. TVhen at

Ieast two of ühe elements are ia the sane C¿X or aLL three

aïe in the sa&e g¿n ve can conpute the Ídentlties:
(11-.8 ) z¿;krîy¿l )= k¿rz¿i)h¡= *r/Iy;\2¡,,1
(11-.9 ) (x¿âv;¡')z^'i = (za¿x¡r)Yç ; x¡i(z¿¿ Y¿/' )

(11. t0) x n;7W4';z¡:il= ,7tk;7v,1';l- (z/:;xi/lVi
(11.11-) x i¡bo¡zr/)= z,4k;Uv4)= vi¿(z;rx;¡)
( 11.12 | (xir.yri )rrl = (r)/xi/¡y4= (v;rz;rlx;¿

These identitles can be Broven by lengtJry caLculations using

tbe foll,oroing id.entÍties uhieh we have al-read.y shown Ëo be true.

z(xy + yx) = (zx)y + ( zy)x, (xy+ rxlz= x(yz) + y(xz)

z(xy )* y (xz') = (zxly * (yx)z 
,

The proofs of thê renainÍng rel-ations necessary to give L 11.1

are quite trÍvj-al.

Coral-Lary The ring 0 is associatlve 1f and only if both C,r',

anil C' are assoclatlve and A,l = Ç] = 0. This 1s obvious.

¿e-
LEIÍMA 11.2 The nooules CrîCrl anð' C¡ C/, are ideals of

A¿; contained in tbe centre of C¿ (i,i = 0rI, i# i).
This can be proved by an easy conputation using L L1.1 and

the relatlons (11.8) - (11-. te).
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TffimflA ]-f.g If B¿ 1s an idegL ot C;;, then

Ð"'=Bi * BrCr¿ * asi Bi+ (C¡iB.lc¡l (i,i = 0,1, i * ¡)
is an ideaL of C.

The proof of this is a lengthy conputatl on wit'h a straielrt-

forwaril u.se of L ll.1 and its identÍties. Lenna l-1.5 has a

very interesting resul-t for sínpLe rÍngs, since it teLLs us

that íf C;; contains an ideaL then C contains an icleal. This

means that if C is sinBl-e C¿; is slnBl-e.

LEßMA l-1.4 rf c/l Ç,o= Q,o Ç,1 = co,' cu, = co, io: = o, then

ã ^L ^¿v= eto T .o, is a Broper 1ôeal of C.

By an easy computatj.on we see that G is an ideaL of C and

since C,,l O anct A,t does not l1e in G then G is a proBer

ideal of C.

SECÍTON IE. SIMPTfi RINE"S

t qfg Le.¿ l,et C be sinple, then C,, is a slnpl-e assoei.ative 
,,a,,.,.r..,

rlng and Co, fs elther lzero or a sinple associative ring. "

Proof I lTe can easily com.Bute that e;' C¡; is an associatlve 
,'.'.:,..

ideal ot A¿.. It follows im.oediately thaü

B= C,oCotf C,ot Qo,* Co,Ç,o is an icleal of C.

Now since C is sinple, B= 0 or B- C , 
:,,:,

If B = 0, C oo is a Broper ideal of C and therefore

t=att has u as a unity contrary to hypotheses. t'

Therefore B= C and C.¿Çþ= eni, therefore the Cn;9.Te

assoelative. They are simBle by L 11.5.
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Tfe proceeä as Albert itl¿l, t,o shovr thai; the C¿;are

fiel-ds. ltlhen C Ís sínple then G of L Ll-.A cannot be a

Broper ideal of C. Hence C is either associative or

^¿,nzr^2-Ç tu + Çôt t o, i.e. oae of the nod.r¡Ies C,u A,o t

Cof Go, ,c; C,o ,c o,Çol nust not equal- zero. r,et us

ÀJ,
C¿a.C,.-,. ¡ 0. By L Ll.e C;rC{ 1s a .rlon-zero ideal

l"/ln,
contained in the centre of A;. By L L?.L ,r/ rr, =

say

ot Q;¿

c...
.t 'L

Therefore C¿¿coíneides wÍth iffs centre and is a field. It
caa be showa easlly that C*¡ Crl I O if and only if ,Ì, tr, /t I v ¿'
and therefore that Cu and Aoo are both fielËls.

IEUIÂA ]-e.e The rings C tt andl Co,, are isonorphic fields with

unlty quantities u = ê ¡r and. êoo respectively, where

ê =-o,, * êoo is the unity of C, êt, = ê,o eu, , eócj-- oo,@to for
quantities e+, in C¿, sr¡ch that eo,= f ,ogg, and {o tg,o ere in Aro

Proof: The Broof foLLows as in [e].
We chooge fto and g,o so that x,o êo,= atl 0 is in the

field C,, . Let b, in C,, be the j.nverse of &, t

then b r(xro eo, ) = er, - (brx,o )€., = ê,o ë¿¡ . Theref ore

e,,' : ê tt (gro eo , | = (ê,, ê,o )ê,r, = (er, (eo ,êral)eor-- e,t

ani' so ê¿têtõ= €oof o. ïrre can fincr. e": -'êoo by 
îîiiË1.

Therefor ê ê,.o is .an idempotent of Coo a¡d nust be lts
unity.

Now we knorry that B¿ ¿ Ç¿¿ I O and applying L 11.5

tlte gef' Q,, Cro: Cro Aoo= Qo r Cot .Art= Coo0o, -- Co r.
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In partieular ê"obt= xot for every xot of Ao,,

simÍIarl-l Eó ê.,o= xto for every xroot Cto.

We can easily shgvl n.ow that ê = e t ¡ r e6o is the unity

quantlty of C.

Consider the maBping

N,,+xtt T= €o r(\, a,ol= (eorx t,)ê,o.
This is an ísomorphism of C ,, onto Aoo such that:

(l-e. t) Í,o (x ,,Tl = x¡1 lro
(Lå.2) (x,, Tll-ot= zot xtt f'or every x,r of C, ¡ yto of Cro,

zot of Cot . The form.ulae (LZ.L) and (Ia.z) can be

conputed easily. IIsing (te.f) and (L3.?,) we can aLso

conpute (x,, T) (F, T)= (x,, Ir, )T.

Therefctre, since Ç,, and Côo are fletds, ühis proves

that T is an ísomorphism of C,, onto Coo where the

inverse of T is given by

xt!= e,o(xr6eor) = êroïor.

:.,,,, LEUUA le.5 Jf we Leü Z be the set of aII elernents 
,,..,,:,,,i: z=zttf zttT then Z is contained 1n the eentre of C. . 

:

proof : ComnutatÍvlty of the elements cen be shown easi.ly. '::,

We kno¡¡ zyì¿= yìiz. Now zyto= z¡t yto= yro(r,, Il= !¡oz.
llherefore zS = lz f or every y of C.

,,. Associativity of the elements is shoqrn as follovs: .

'tÂfe know, since Z= Ct,* Auo, that the associators

(zrx,yl are zero except possibly when x and y are in
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the sane C¿). (by I, LL'.L) But this can easily be
0

shown by computing

((ztt *ztt T)x¿o )Yø= (2,,+ zttll(x,o,'roI.
Therefor e Z is in ihe centre of C.

lIIe have novu constructed Cr, - e,,Z anð. %o= eooZ t,o ':

be one ilimensional alge-oras over Z. By the use of otr known
.i- ::.:t.',;, rel-atlor¡.s lt oan be proven that the elements .ù' ,t+' ,8i¿- o"oey ,.,'.

:': the foll-olvÍng id.entitfes. , "':t:l
'. .r. .

( L2.31 f ,o go -- eot ¡ g¡6 eto= f ot ¡ê tofto = Bo t

(tá.ü Bo,fo,= a,orê,,,Eor= fo, rf.rgot=Bro
(Le.5) un¡"ir= t"/t/, = E,¡.8/;- e¿¿

i (LZ.6l e*¡tfi= %l !ir= t*/'e¿t'=ti U/r, 9../e.¿/' g.¿î"1= 0

liEMMA 13.4 Let h;¡hy't=ei+ sg that b¿Uh;¿= .¡l , then

*;¡hìi= 0 1f and only if xz:¡'=/hz'¡ tor a.Í-s Z.

Proof : We know that x¿r' (e;; r e/'/'l= * n'¿' =(rü'/ b¿/ lb/; * (el hi. lh.':¿ .

1î xt¡b¡¡ = O, then x¿/- =dh¿/, where Á ís in Z, i :

:-l-1:::_-'::':t I 0 o - ::.:-:;r":
Conversely, if xn/'=dh;7' then *jhr/'* nif : O. :::':'::

ImfMA .5 11 x.¿r'er'.: x¿7 f4'r= x+¡81',¿= O, then xi.'= g. 't"':

t d^ t ¿- î /^ r
P¡oof : ff x;Xb/t= 4 ê+i erLd \-tri =þeø, then

tt7',l|x'cf'hîr\ -- db¿t'= h/#"/)hl, --P n¡,.
rf hlrla then d=þ.
Novr x"7 ei/= t *¡î'(îA, g/-) by (tz.s) ana (Iz.+l

and x¿O"i/ -- ! (e¡;k;¿ f 7i)-(er^,x;¿)r7; ) oy (r1.8).
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Therefor" x../.ij= 0 anit xoi'=4 e;i lov 4 in Z by L L2,4.

SimiLarl-,*"/=f t/. If 4+O,Áe¿it f;¡--ag../ Pt.,- O

and, er.¡: 0 which is a contracliction.

Therefore /=O i,e, ,r./= O.

Lenna l-¿.5 inplies that none of the gi¡' axe linear

comblnati.ons ot ta¡- anð. e+7' and that det'l tq'tor 4 ín Z.

rf &,/' =oe;l+þ h¡, then B;¡ez¡ = t f¿l = þf g-" n/ X f e¡t.
This 1s a cont¡ad.ietlon. '!Ve see therefo¡e that 

"r:/-rf¿¡.rUr/,
are l-Ínearly ind.epend.ent over Z.

IEEOREIú_Iå.J A simple alternative (not associative) ring C

is an eigþt d.Í¡aensional C$-ey ålgeilra over Z,

Sroof: ïIe have shown that C contains an al-ge'bra D over Z

with 'bhe multiplication table gíven by (tZ.S¡ (le.ö).
We have shown by t IA.5 that ê./ rL./ rgi/l are l-inearly
Ínilependent over Z. ft remains onJ.y to show that

" r/rfrl'r9tO'fotm a basis of C¿¿'over Z. If we let
*¿/"1, =4ê¿'i, k/'t¡"= I @;i ¡ *rtVr=l ei., for d rþrX ln Z,

then f or yìl'= *;/- (dei, +A b7 +'f gill we can eompute:

yì7e¡i=,(x-4)e¡r= 0

V7t¡'.t = ff-P)e¿;= 0

Y./ ei¿ = $ -nle,';= o

Therefore by L L?,,5 I ir': O, and. x¿r'=de¿/+6 tr-rfl g--/,

then 
"¿/'rrr/.rg;¿form a basis of C,.r'over Z.
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Every Cqf,ey al-gebra has a scaler extension which is
isomorphic over its centre I' to the algebra

C=o,,T*e66F#C,o+ Cor

where C¿j= "rlu+f¿iF+ eiî.
Therefore we have shown that a si"mple alternatíve (not

associative) ring is an eight dinensional Cal-ey alge-ora over Z.



CHAPTffi. V

SEMI -S]MPIE AITERI\TATTVE RINGS

A structure theory for an arbitrary semi-sinple

alternative ring to parallel Jacobsont" Lel has as yet not

been ctiseovereil. facobsonts results yield that an associative

semi-slmple rlng is isomorphic to a subring of the complete

direct sr¡s of prinitlve rings (this is a subilirect sura), where

a primitlve ring is lsomorphic to a ilense ring of llnear
transformations on a right vector space over a d.ivision ri$g.
The structure of an alternative prinitive ring is completely

unknown.

The closest parallel to Jacobsonrs structure theory

for the alternative ease has been naiLe by l(aplansky þO].
He fincls it necessary to apply a hypotheses whieh will give

a supply of iilempotents. For a tT regular ring (i.e. a ring
for which for every element a there exi-sts an x anä an integer

n such that u^*f,= ah). Kaplanskyts results yield: .å. serni-

sinple rr regular alternative rlng is a subdirect sum of rlngs,

each of which 1s a divÍsion ri.ng, a Cayley ¡natrix ring over a

field or a primitive assoclative ring.
ìlüe witt proceed. as Kaplansky did fn þO].

SECTION 15. FR,OSERTÏES

the radical defined. for the purpose of this stucty is
the Sniley rad.ical R(¿) (see Chapter I). This is equivalent
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to the rad.ical used by Jacobson for the associative study.
- For this raitical it is necessary to show also:

TIÍEORB{ I5.1 If A is an alternative ring and I is a two-

sided. ideal in .4,, then R(I)- R(A)n I.
lo prove this it is necessary to prove first,

!'E[4UA_!õ_.I If A is an alternative ring and, N is the set of

all x wlth axa= 0 for all a in A, then N is a two ideal in A.

Ehe proofs of these are straight forward using no new '.

concepts anil can be founil t" ftO] .

Tlre Peirce iteconposition discussed in Chapter IV will
be neeiled along with the definitions,
(1g.1) D = c ,o c,i + c,: c,o * co, col + col co,

(15.4) ¡'=Cb Co,f C,o * Co,* C¿, C¡6.

iIJe now inËrod,uce the ideal H, to be the subset of C¡¿

whích both left annihilates Ci¿' and right annihilates Ç¿ic'.

llhe nain purpose of introducíng H. is that it can be found.

to contain all the non zer:o associators Ln C¿). l'

(15.5) f,et H= llrr Ho. Clearly H is an ideal.

Consiiler the napping sending x¿+the left multiple it effects on A;¡

i.e. xa¿ -)x;¿*r/
fhis proviiles a homonorphism of the C ¿. into the associative 

,.

ring of endomorphisms of the aCtditive group of A.7. (Can be

proven with the use of tr 11.I.)
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It is now obvious nslng L l-1.1 that:
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Therefore Ç¿; mod.ulo the kernel is associati-ve. Sinee f1*' Ls

the intersection of two such kernels C¿'¡E; ís associative,

!mn\lA-fÞ-'¿ If C7¿¿= Co,z= O' then l/U is associatlve.

This is important since we can now say that if Ç,o2 = Col = 0,

then H contains all- the non zero associators of A.

It can also be easily computed that

LEMMA I5.¿ The fol-lowlng statements are equS.valentl

(a) e is central, (b) Ctu= Cot= O, (c) e 1s in H.

l,Etrruð_fq:-Þ Suppose that A has no nÍl ideals, that e is non-

central and that, D=0. Then there exists an id,eal H' in A
t

such that E ' itoes not contain e and AfH' is a semi simple

associatfve ling.
Proof: ïf e is non centraL, then by T, L3.?, A/H contains a

non zero Íd.empotenË. rf we call H' ¡E tne radical 
,:,,,,,,,;.,,,;,,,;:,

of A¡E then Aftf is semi-simBle and Hr cloes not ., : ,.;

,,, 

.,';,:;':,
contain e.

If D= 0 (o aerined -oy 15.I), then aro'+ cÍ is a

nil" ideal of A by L 1L.4. Since A contalns no nil
i..:'-:-- :.t.. :

ideals C,.i= Col = 0 and. therefore by t, L6.L A/[f. is ..,'.''"¡',1',

associative and therefore a/E' is a semi-simple assoc-

lative ring.
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By a Lengthy com.putation using the results of Section l-L

it can be computed that

EßûMA fã.4 Tf t,M are icleals ín C¿¿ anil I,L the ideals they

generate ín A, then II. is the ideal generated by JM.

IL= JM +rMc4' + clt TM+ C/ì (twlc;7.

T¿orn thls we see that if A has no nilpotent ideal-s tben Q¡;

...,. has no nilpotent ideals and. in particular the centre of A¡i

., has no nilBotent ideals.

Lmryê-l5:g If xt r.tl ,le C¡i such that (1) xv i-s an idempotent

u in the centre of C¿¿, (zl yx is in the centre of C#' ,

(5) üx =xr Xu= Jf r then xy¡ yx is a centraL idempotent l-n A.

Tbe proof is a technical manipulation of the multiplieative

properties of this Pej.rce clecomposition founä in Chapter IV.

Let us now define a Cq/-ey m.atrlx ri-ng. Take eight

:, elenents cal-led CeÉey matrix rmits e,r ,€por€to re¿¡ rf¡o ,lto r8o¡ rfo, ,

-t: satÍsfYing the follor¡uing rules:
'' 

^ 
, - ¿ ^ 

:

,' 
'€il^=9t,r9lleto=elorêl¡êoo=€tt€ol=ê,ot=0t',''

f,oB,o= -Bluf,o-- 9or, 9ro9ol = 9,, t Qtofdt= 0, and all other

rul-es ileríved by sym.metry and' eyclic permutatio¡l.'

i., Let T be a'commutative, associatÍve ring. tr'orn all linear 
',.,,:

combÍnations of the above Cqiley natrix units truith coefficients

in T to get a Cqfl-ey matrin ring over T.
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From the results of Chapter IV we can prove3

LBllIÍA 15.6 If A is an alternatlve rÍng with a unit 1, anci

Íf A contaj-ns a set of Cayley matrix units with I= e,, r. oo oi

anct if T is the set of all elements x+ €e, xe¡6 where x ranges

over €,, Ae,r , then T is the centre of A and.A is isomorphic

to the Cayley matrix ring over T.

LEMMA, 15.7 tet A be an alternative ring wlth unit, and.

srlppose there are elements xtyrz in C with

T..[Z = ê, yZ.N. = l-e,

then €rr = e, êoo = 1-9, go = xrfro = yrgro= z, êot= yz,

f o,'- zN, Bu,= rcy are a set of Cayley matrix uni-ts.

This ean be caleulated easily. This lemma will be of
important use in the construction of Cayley matrix units for
Zorn anô" î regular rings.

LENIMA I5.8 T,et T be a commutative associative ring Írith unit,
and let A be a Cayley matrix ring over T. Then any right id.eal

in A is two sid.ed anil consists precisely of all elements with

coefficients in a prescribed. ideal of T.

Proof: Let J be a right ideal in A and f be the subset of T

consistÍng of all- elements appearing as coeffici.ents

in J.

We wish to show that if c e f then G(€,, + êoo ) e J.

For if this is true, then for any Cayley matrix unit h¿j',
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cb, : e(or, + eoo )h":¿'e f , since J is a right id.eal.

By a series of succegsivo multiplications on any

Cayley natrix unit with other Cayley units we can show

that e(e¡r t eoo) ls ln Í.
J is a two ideal since:

where 7 p. y;t'e A anil Z q, hç' e r
I

anil þ; d¿eL if (; eI, since I is a two ideal, therefore ::': '

',r, -',

Z Fn,e k.t h*/ é I .
_: :.i l

We now d.efine a Zorn ring which will supply us with

necessary icienpotents .

(L3.4) ¿n alternative ring A is calleil a Zovn ring, if for
every non-nilpot,ent element a of A there exists an element

b ÉA such that ab is a non zero idempotent. The Zorn ring

gets its name from the stud.y of. the hypercomplex ring (by '

Zorn) which satisfies these conditions.

lilAüA 15.9 ï,et A be a Zorn ring in which aII ictenpotents are :,.t,,

central. The raitical of A 1s then exactly the set of all
nilpotent elements.

Proof: Since in any Zornring the radÍcal is a nil icleal, it
is only necessary to prove that the set N of nllpotent

elements is a right ideal. This proof is a sinple

application of the hypotheses.
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It will now be useful to introduce the following

definitions.
(I5.5) An alternative ring is said. to be regular if for
every a there exists an IC with âxâ= â.

' j ,, itt,

(15.6) ¡n alternative ring is said to be strongly regular

if for every a there exists an n with ââx= â. The inportant

use of strong regularity is shown in I, 15.10. ,'',','

.t,.tt'

In ord.er to obtain a closer parallel with the , ,,

associative case lt is neoessary to sürengthen the hypotheses

on the ring to what we call zr regularity. This will enable

us to identify the regular maximal right ideals.
(L3.7 ) ¿n alternative ring is tf regular if for every a there

exists an rc and an integer n such that a^xan= êh.

-frregu1ar rings are not restricted. sj-nce they consist of a1l

finite rings anil algebraic algebras.

We see readil-y that regular implies TTregtLar implies Zorn ring.

LEtsûl\fiA 15.10 The following statements are equivalent for an

alternative ring A. (1) A is strongly regular, (Z) ¿ is
regular wlth no nilpotent elements, (5) g iszfregular wÍth

no nilpotent elements, (+l A is tTreguLar, semi-simple aad

all id.empotents are in the ceatre.

The proof is a sinple applieation of the d.efinitions and. L L3.9.



This Ie¡nma shor¡rs

regular, and zf regular

prove the maj.n theoren.

the relation between

rings, it will be used
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strongl-y regul-ar,

extensively to

I,E"S4MA 15 11 If A is a Zorn ring and f is a two id.eai- in A,

then I is a Zorn ring. If f is a nil ideal then A/f.is a

Zovn rÍng.

The techniques used in this proof a¡e not unusual.

It can also -oe shown that:

LEMMA L5. l-2 ff A ís a 1T regular alternative rÍng so is any

Ídeal in A and any honomorphic Ímage of A. .

üEMMA 15.15 ff A 1s a strongly regular alternatlve ring,
then any left or rieht ideal ín A 1s two sided. ff M is a

naximal right ídea1 in A, then A/U ts a division ring.
Proof: The argument goes as follows:

The right ideal K generated. by a is ai-so generateil

by the central- iilenpotenü ax where ââx= a.

Theref ore lâx = ary €K and. K is a wo sid.ed. j.cleal.

The ring a/U is strongly regular and therefore by

I L5.10 A ls semi símple and all ii;s idempotents are

central. Therefore A= At, and. the only idenpotents

are 0 and l, so that if a(ax) -u, then âx =1 anil an

inverse exísts. Therefore a/U is a dÍvislon riag.
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temma 15. l-3 is very inportant since in considering

the structure of semi-sinB1e z7-regular rings tbe A/M of this

tsmmâ becoraes a sunmand in the subdirect sutn.

SECTION L4, THE STRUCTIIRE OF' SEMT-SIMPLE ALTERNATTVE RTNGS

The first theorem is very importanü since it shows

how to build a direct sumnancl which is a CqÈey natrix ring.

Thís ís useci as lernna L3.15 ls to obtain a sr.rmmand in the

structure of semf-sinple fregular rings.

TH-EOR${ 14.1 Let A be a Zotn ring with no nilpotent icieals

anä e an ictempotent such that D+0 (see 15.1-). Then .A contains

a central ld.empotent v such that vef0 and vA is a C$ey matrix

ring over a commutative semi-simple ring with unity.

Proof : Suppose c":rc¡l * o, then C¿, a.T is an Ídeal of a;;
d'îd

contai.ned in i'i;s centre. By I, 1,5.4 e+j C¿; has no

i,''.' nilpo-tent iiteal-s. Choose &¡ rb¡G in A<¡'so i;hat

a,.bc is a non zeÍo element r. This eleroent r is not

nilpotent, therefore there exists an s in A such that

rs is a non zer.o idempotent. Let s¿- be the Ç.'r'

. component of s. Then rs;r'is a non zero Ídenpotent u

ln the centre of Q¿i.

tret a= s¿¿ãt, then a.bc = u. Let x= uâ, ï-ub and z- vc.

It can now be conButed. i;hat r and yz satisfy the

hypotheses of I 1,5.5.
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Therefore v=n.yz+yz.N. is a central idempotent in A.

Cl-early ve f 0.

ff we now drop down to the direct sr'mmand vA and. regard

v as a unit elenenü, then by l-emmas 15.6 and 15.? we

see that vA is a Cqfl-ey matrix ring over a comrnutative

associatj.ve rlng T. Since T is also a Zorn ring it
ean have no nilpotent el-ements and is iherefore semi-

sÍmple.

Jn order

the intersection
necessary first
as fol-Lows.

THE0Rmf L4.e Let a be a semi-simB}e zorn ring. There exists
(l

a wel-l ordereil ilescending chain 
lrrJ of ideals 1n A, starting

at A and ending at Ià with the properties:
(1) In I¡ all idenpotents are central.
(?,') Each l? /1f+, i" either associative or a Cqfl.ey matrir
ring over a comnutative sem.i-slnple ring.
(5) Tf q is a llmlt ordinal, ühen 14 ls the intersection
of the preceding fts.

The argument here is lnterestíng to follow. It is
divided into three eases. (1) Tn r^ al"l idenpotents are

central. (2,) All idempotents are not central and D# 0.

(5) AIl ld.empotents are not central and D= 0.

to

of

to

prove that the radical of a Zorn ring is
the regular maximal right iiteal-s, it is

construct a ilescending composition series
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CASE (1): SnBpose we have reached fpr then by I. l-5.1-

Ip Ís semi-sinple. ff all iilempotents are central thls
T

ends the consituetion. ff not, Bick a non central iclempotent

e in ïpaod form the Peirce decomposition of A relative to e.

CASE (e): Dl O. Take the eentral iclenpotent v, of T 14.1

and let K: (l-v)A. If K contaÍns fp then eê K and evs 0'

whích is a contraäÍction. lherefore K does not contain f¿.

Def ine In*î K0 L¡, then þ /þ-7 !px/K.

The latüer is an id.eaL in the Ca¡i-ey matrix ring A/R.

Then I¡ /Lp+t is a Cqf-ey matrix ring over a commutative semi-

sinBle ring (by t l-5.8).

CASE (5): D: 0. Consíder the id.eal- I1 l of I' L5.5. Tt d.oes

not contain I¿.

Define Lpn,= Ht /1 Ip, then tp/Ip*,! (n'* 1,prtr .

Therefore by L L3.5 Îp /Ip+, is a semi-simple associative ring.

HEOREIÍ 14.9 For any element a of a Zovn rÍng the follorving

three statements are equivalent. (1) The el-ement a is 1n the

raclical. (2) The elenent a is properLy nilpotenÈ. (õ) The

element ab is right quasi regular for every b.

Proof : Tfe alreacly know that (1) implies @) and (z) iraplies (5).

To show that (g) inplfes .(1) see ffOJ for a straight-
fo¡ward. proof using the clescendlng transfÍníte
composition serÍes of T L+.2.
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D (L4.1) A righi; id.eal- M is said to be reguJ-ar if there

exists an element g such that gx-x ls in M.

TffEOREXU 14.4 In any alternative ring the radical is contalned

in every regular naxj-nal- right id.eal-.

This proof is the same as the corresponding proof for an

assocj-ative ring;

The radical of an associative ring wÍth unity is the

intersection of the m.axinal right ldeals. The rad.ical of an

arbitrary associative ring is ùhe in'Lersection of id.eals

whose difference rings are prÍmitive [g].
In a sinilar nanner:

tma!¡nf lå.q The radical of a Zotn ring is the intersection
of the regular maxisal right ideals.

ThÍs is a very im,portant r,esult 1n alternative theory ancl so

the proof r¡uil-l be worth noting.

Proof : The rad.iaal- is contained Ín the lntersection of the

regular maximal righü id.eals (by T L4.41 .

Conversely, if the intersection of the regular

naximal- right id.eals is not in the radical, it eannot

be a nil ideal and so nust csntain a non zepo

iilemBotent. ïVe nust therefore show that an ídempotent

e coniained in every regular maxinal right ideal is zero.
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Assume by T,15.11 'ühat A is semi-sim.ple and forn the

Pej-rce decomposiiÍon rel-ative to e.

CASE (f)¡ Df 0. The set N is a maximat right ideal

of vA therefore N+ (t-v)A is a regular maximal rieþt

ideal and e lies in every N+ (I-v)A. Apply T 14.1.

By L 15.8 we see that 4 mts= 0, hence e e(1-v)4.

Theref'ore ev= 0, and this ls a contradiction to T 14.I.

Therefore €: 0.

CASE (Z)t If D:0, then e is non central. By

associative theory e Lies Ín the ideaL llI of L L5.õ.

This is a contradiction, Therefore e= 0.

OASE (5): Tf e is central-, üake any maxÍ.mal rlght

id.eal N in eA and observe that e is not in N+ (1-e)4,

for if it were, N would be all of A. therefore e

must equal 0. TiIe conclude then that the regular

naxinal rigþt ideals are in the railical.

In order to be able to identify the regular maximal

rigþt ideals we find it necessary at this polnt to strengthen

our hypotheses from a Zorn rÍng to a .TTTegvlar ring. ft is
necessary to construct an aseend.ing cottrposition serj.es. This

construci:ion involves the taking of homonorphíc im.ages. Sfnce

Tf xegul-arity is preserved under honnonorphisn and the Zorn

property is not always preserved, we- find it necessary to
switch ¡o îfregularity.
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ÍttrORmúf 14.6 Let A be aTl regular alternative ring. There

exists a well ordered ascending ehain of id.eals {l'r\ in -4,L'r
begÍnrring-.at 0 and. ending at I^ with trhe properties:

(1) A/f¡ ís strongly regular

(z) Each tp/tp is either nil-, associat'íve, or a C$"y matrix

ring over a commu'bative ring with unity.
(g) For each lÍnit ordÍnal4, Io. is the unj-on of the preceding Ïts. 

.

Themethodusedinprovingthisissimi1artoothermethods
in this sectlon already shown. ft will therefore be omitted..

THEOBEM l-4.? Let A be a7¡regular alternative ring and M a

regular ¡aaxinal right id.eal in A. Then either
(1) M is two sided. and A/M is a division ríng or a Cqfley

matrix ring over a field or

(?') If we write P for the set of all x wl'th Ax< M, then Pc M,

P is an ideal in A, and n/f is a primitive associative ring.

Proof : Appl-y T l-4.6. Tf M contains Ir\, then by L l-5.I5 M 
;.,::,

is a two sid.ed ideal- and A/M is a division ring. 
,'

. Otherv.rise there exists an inð.ex p such bhat M contains lt,,',

I, but not Ï¡c+t. lile will write T for L¡+r. We work nod.. T,p.

The ideal I can be (1) a niL ideal, (2) a C$-e¡' matrix

ring rruith unit, (6) assoeiative.

CASE (f): I cannot be a nil id.eal for lf ft were,

then by T L+,+ f woulo be in M and this is a

eontradiction.
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CA,SE (2')z If I i.s a Cayley matrj.x rÍng with unit then

f is a d.irect sunmand of A.

A = I@J and. M is of the form M= NOÍ
where N is a maxj-mal right ideal in I.
Then by I 15.8 N is a two sided. löeal and I/N is a

Cayley matrix ring over a fie1d. Hence M ís two sided

and A/MíL/N. Therefore *Á¡ is a Cayley ¡natrix rÍng
over a fie1ä.
CA,SE (g): Slhen ï is associativo, M+ f =¿.

All associators (xryrzleM for every rryrz< A.

For x in A let Tr be the right multiplicatj-oa effected
by x on the space of eosets modulo M.

Since all assoei-ators lie in M

x-> lr is a homonorphism of A into the

associative ring of end.omorphisns of the additive
group A/M. The kernel is P deflned in the hypotheses

as the set of all x with AxcM, and. Ã/p is associative.

CONCLIISÎON

Eheorems L4.6 anil 14.7 inply that a semi-simpLetr regular
alternative ring is a subdireet sum of rings each of which is
a d.ivision rÍng, a cayrey matri.x ring over a fÍeld or a primitive
associative ring. rt seems possible to surmise that when the

theory of arbitrary alternative rings i-s worked out these last

l -l -:.: ii.: :: :.:'. i :- : ..t ..r:..i-:^ '
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three will- eonoprise the priniiive ringsr so that a parallel
to Jacobsonts struciure theory for associative rings worrld be

avail-able. Although even if this were so primitive alternatÍve
rings are still- not classifÍed.

rt ls of interest to note here that in the topological
field, Kapl-ansky has proven that a compact semi-simple t

alternative ring is a complete äirect s'm of fintte simpl_e

rÍngs. This is equivalent to a semi-simpre hypercomprex ring
being a d.irect sum of simpre rings. rt is ur"o equivalent to
the associative structure theory for semi-simpJ_e rings using

the Brown and Mc0oy tradical.
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¡IATN RESIII.TS Ai[D GAPS TN THE THEORY

The stuity of rings ancl algebras can be d.ivid.ed Ínto
four eases. (L) Rings with chaÍn oonclitíons, (e) finite
di.mensional algebras, (5) rings with no chain cond.itions,

(4) infinite dlmensional algebras. In each case the radical,
semi-sinplicity and simplicity of the set is considered..

The associative sün¡cture theory for these forr cases is
essentially complete. The equivalent alternative structr-lre

theory still contains nany unsolved. problems.

The results of ChapÈer I yielÖ: The important

raillcals which exist for associative rings anil algebras

exist equivalently for alternative rings and. qlgsbras. Most

of the properties of the radical are the sam.e for both

alternative and assocj-ative rings (algebras). The major gap 
,,.,,,,

in the theory of the rad.ioal exists for Case (5) above. ;"

. 
tr,

This radical is d.efined by Snriley as the totality of eleneats , ,'

aeA for which each right id.eal r(a) generated by a is right

qulsi- regular. This is equivalent to the Jacobson rad.ical

for associative rings. However, Jacobson was able to study ,,

the relations between the regular maxinal right iäeals and

the rad.ical by making use of the fact that f" + u"J is a



7+

right ldeal. fn alternative theory we know only that a is
right quasi regular if and only if every element of A has

the form ax+ x for some x in A. Therefore this important

problen still remains unsolved:
. ','

Ì

QTIESTïON 1 lvhat is the reration between the radieal and the

regular ¡o.aximal right icleals of an arte¡native ring with no

chain conditionsi ,

Ohapter ff yield.s a strqcture for serui-sinple and 'i.

sirapLe alternative rings with chain cond.itlons on moilules

which is equivalent to the associative structure theory for
rings with chain conditions on ideals.

l'or associative rÍngs: A semi-slmple ring with chain

conditions on idears is a dlreot sum of simBre rings which

are in turn total- matrix rings over divlsion rings.
For alternative rings: A semi-slmple arternative ring with
chain conclitions on modrrles (tfris ring Ís call-ed a hypercomBlex ,j,l

ring) is a direct sum of simpre hypercompJ-ex rings which 'are 
,

1n turn elther assocj-ative, alternative field.s or cqÊey

argebras. The chain condÍtions plaoed on the nod.ures are

very complicated and so lve pose the problem:
t:,'

SIIES,TTON e Is it possible to o¡tåin a structure theory for
arternati.ve rings with weaker chain conditions than Ëhose

used. by Zotn?
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The struciure of semi-simple and- simple finite

di¡iensional alternative algebras foll-ows Ímmed.iately fron

the above. Semi-simple and simpl-e finite d'imensj-onal

aiternative algebras have unity elements. An ideal in an

algebra with a unity is also an ideal in the correspond'ing

ring. Therefore the tbeory of Chapter II can be applied to

finite dinensional algebras
:

Chapter TII yields a structure for alternat'ive fields

or alternative division rings. An alternative Öivision ring

of characteristic not Z ís eÍther a field or skew fÍeld- or

a CqÈey algebra over its eentre. An alternative d.ivision

ring of characteristic Z is a Ca¡il-ey Ðickson ilivision algebra

of ord.er I over its centre. Since an alternative dívision

algebra eontains a unity, its structure is j-mraediately

äetermined by the preceding results. ïndependent investig-
ations have also been made by Zorn and Schafer whose results

imply that: ^An alternatS-ve, not associative, division

algebra over a field F is an algebra of degree 2 and order I
over 1". This corresponds with the above results. ft is qf

interest to note here that associative d.ivision rings are as

yet noi elassified..

The results of Chapter IV yield a structure for simple

alternative rings without chain conditions but su'bject to the
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existence of an iilenpotent. 'tEvery simFle alternative ring
which contains an idempotent not its unity is either

associative or a Cay1ey algebra.t The following problem stilt
exi-sts.

SUESTI0N 5 Vrlhat is the structure of an arbitrary simpJ-e

alternative ring with no chain conditions?

For associative rings without chain eonditÍons

Jacobson has developed. a beauÈiful structure theory;

An assoeiative semi-simple rlng is isomorphic to a subring

of a complete direct sum of primitive rings (tnis is a sub-

ilireet sun), where a priraitive ring is isomorphic to a d,ense

ring of lj.near transfor¡rations on a rigbt veetor space over

a division ring. Chaptor V yield.s a close parallel to this
theory for special rings called Zorn rings and, T[regular rings.
I'or a Zorn ring, question I is answerecl, i.e. the radical of
a Zorn ring is the intersection of the regular naxi-ma1 right
id.eals. For a 7Íregular ring a strueture theory is clevelopeil

to parallel tacobsonrs. nA semi-simple z7- regular alternative
ring is a subd.irect su¡o. of rings, eaeh of which is a d.ivision

ring, a Cayley natrix ring over a fieldr or a primitive
associative ring. tt

Brown anä Mc0oy worked. out a structure theory for thelr
'own generalized rad.ical. They found. that a semi-simple
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' alternative ring (i.e. a ring with a zero Brown and Mccoy

railical) is a subdirect sr¡n. of right prinÍtive ri-ngs.

rt seens plausibre to expect that when the theory of
arbitrary alternative rings is worked. oqt for a Jacobson

radical, the three typos of rings in the subdlrect sun. of
semi-siraple TlregaLar ri.ngs wilr comprise precisely the
primitive rings.
This then suggests two very important unsolved probleros.

SUESTI0N 4 Ttlhat is the structure of an arbltrary semi-simple

alternative ring (w.r.t. Jacobson radicar) without ehain

eonditions? rs it a subdirect sun of primitive alternative
rings?

Probably the most inportant problem is:

SUESTION 5 V[hat is the natr¡re of primitive alternatlve rings?

Note: since z-regular rings contain all algebraie argebras,

Kaplansky has developed a structure theory which also
conpares with Jacobsonrs for algebraic algebra.
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