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511J,ü{A"RÏ

fn the usuaJ. discussíon of relativigbic ryave fieLds ¡¡ith variationa-l

pr5-aciples, orrLy tho fi el-d. ec¡rations are obtained frc¡¡¿ the v¡Lriatiov¡al
-r..* ,1 ¿-,,e

gríilcl,plo. It ís shown, in this investigaticn, i hat t hev bouild ary

oonditions as rqel1 nay be ôbta¿ned. :Sro the action-principle for these

fields. !hê boundary conditions rvhich aro alLowod depemd on tho forr¿

of the T,agrarrgian denslty whish is usêd Ín the action-p::íncåpL e¡ fte

scalar field, the rector field and tho Dirac field a:'e Ciscussed. Tho

usua:. LagrangÉan densitíes, for those fiolds, do not cont ain ãocÕnd

derivatíves. By generalfzing the fonn of tho Lagraagiar: density,

for the sca.lar and vootor fialdsr'. *o contain socon¿ dorivativos, ít

is showll that r¿ore bounclary conditl"ons aro aLl owed t han in the usrraL

f,orrm.rLation. In partloular, the use of tho generalÍzed LagraJrgier¡

cìensity a.l-Losg the possibílity of línear horrogene,üs boundary conditions.

??xis gëleralizstion alÊo ürodifíss the defínition of the coniugate ¡¡onontum

fields, the stress-enerry tensor and the eirarge-current voctorr fi!¡s

tho conjugate mo¡rentur fioLds for the voctor fiel-d are defined so that

the time cospoaênt 6 of those fields do not vaIåsh identicaLlyr A

sJr@et ry in for¡ulation }et¡¡oon tho scaLar arid tl¡s vector fields is ob* ain ad¡

the classical (rmquantizad) forzaulatioir for tire seal-a¡ anil tho vec*or

fielde is conpleted v¡ith ti':e ¡rodified field quaatitíes"
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L"l I'íoId Sheories and Varíationàl ÞIethod s

The nótions of rsa.ve fields are usltally described- by variationaL

nethods. These are arralyti ca1 methods in vhích the fíerd ís represent ed.

by a fmction - ca11ed the Lagraago fu¡rction - whioh ís ennpi.oyed i:r

å. ¡¡ariet i onal prinoipler Tf thê L,egrazrgo functioi: and tho principle

are propô"Ly chsson they aay d.escribe the notion of the field cor¿pl et ely.

ï¡r relativistic field theoríes v/ê discrrss physical- systøns r¡hi ch

consist of fíeld functions d.efined irr givea regiôrrs of space-iine.

The defiai'Lions of theso field funciioas are steLted icj tho fonn of
pariial- dífferentÍal equatíons vhich mrst be satÍsfied. by the field
fr¡nction s at every poí:lt of their space-tioe regionso The solutions

of these díffersntial squations are rostricted by coridiiåon s exisbing

at the spaco-time bou:rd.ari es of tho fields. Since, Ín describing

the rnotion of the systøø, çe are usualLy iyrt erost od in the progression,

'¿hrough tirae, of the ;ohy sícal syst€rn, it is customary to specify that

th6 spaco-time region fo¡ tho fi el-d be op en r,cith regard tc tho ti¡ro

co-ordinåt e. The¡¡ tho fiel-d_ is given oeaning j:¡ the fo]Ior¡ing l.jay. Ee

soek those solutions of -bhe differentíal equation of the fi eld r¡¡l:i oh ca¡:

be seperat ed. into a produ.ct of tr;o ter&s, one of v¡h-i ch is tiae-depondenÈ

only and thê othor space-d. ô;o ôndent orrly. ?hen ï7ô require that ."he spaco-

d-ep endent pa-r'ö of thees solutio¡e satisfy, for all values of time,

cerbain conditi.ons v¡¿i eh we specífy at the boundary. rf tì.ie fiold. region

is finite the solutíons of ths fi e1d. equaiion forrn a d. enun e"ably i-nfinít e
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set, ihe so-called nÕrsaL nodes of the s_rlst €@. glle equations of motion

for the field ara the set of equations of motion for these noruaå mod_es.

ïf a variational principle is to describe a relatividcic vave fieLd ¡rs

ask that it gÍve aea¡fu1g to this field, i;hat is, re ask that one princ:..ple

be a u::if¡{ng basi s froa r,-;irich the ontire de¡rur¡orably infiy}it e sei; of

eqtations of mótiôn for thê ¡rorr¡al ood.es folLoçs directly.l ïhis ís
equival enå to saying that the varie.tional princíir16 be reo,uired to yi.old

the dífferen*ial equation of the field a¡d tba conditions t¡hich are to

hold at iha spa.ce boundary of thô fíôld.

I¡ the discu-ssion of fieLd theoríes by variatåonal principLes the

bou&dary cond-i*ions ere no'ü usua}ly recognized as a consequeþce of tho

principle. '-lbo variational- nethod usuaily involves a fu.:¿dannent el_

qu-a:xtity cal-leó tactiont a¡d the principlo asscdai ed. r,¡ith i;he nei;hod

is tl:en tl:e st at emsnt that tlj-s àctiôn is sta.tionary,. îire c1i scussion

above has siror¡:. th¡.t if this actí on..principi"e is to rloscríbe a.ny vavô-

fíelc1 congLete1y we will r'6quire flre.t it yíold tile par.tial diff,erentía1

eo.uatíons of the fieLd a¡d. also thê spåce bouncary ccnd.iti.o¡s l,rhich:nay

açoonpa&y these field equa.*ions. fts mar¡n o¡ in r,¡hi sh tl:o actj- o:r-

prínciplê ðoos ihis is rsadíly seer íf vs elia¡ai.¡ro the va:"iatién¿¡-l neihods

applied io a sinpl o vravo fie1d, tbe ¡eal_ scalar field.
lfe assuæe tha* r¡e have a fisld fr.mctíoi: I äofined in a region ( ,

.Jin spaco-timen 'L is to be a cylintÌer v¡hich is open in the dírection
of the tino-co-ordiilat e, ¿a (= ict). The int ersoction of any x4 E consbð¡t

plano and Î, for¡rs a voluro, v, in tho three d.inensional zub-space d. efj_n ed

by the spatiai co-ord,ínatoé, &, x2r x3. ìle requiro that this voluÃ,e

1- Variatíonal pritlcillcs :.ro di scusseC ver.l Eêne:.aLly in ,, .;ìe -,.ari3tiond"

Principl-os of 
'{och:uricsrr 

by cornelius Lar¡czos (unirrersíty of îorcnto press}.
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bo fixed for ai1 r'aluos of tho ti¡re :o-ordinal; e xlr Lët tho tr.¡o-

dÍocnsiori:I surÍ1ce, ítr (r.1r x2¡ ::3): irlai ch erx3loscs T, ie S. i is

tho space boimdary sf il1e fj.eld a:rd is fixed ior all v¿1'L¿es of tiiee.

ïe re.oresent t.hs ficld ì:1' a. Lagrrnge frur c iion, d , .rìúch rtro

cal-L the Lagraðg-ian Censityo ï is a i'unciion of / e&c1 iis spacê-

derivaii';es a.:rd 'ci,:re-á erivaiive s. Tt çL1i be sho-,m:, iþ a Lat er sectioil,

-iha,t relativistie c on sid. ora-iio¡ s restrict thô for,'r of tÌre d,e.oaacìe:rco of {,
os Y ¡ io tho folioving:

{ = Y ( v, ,o. Y, å"ð". v) oç = t.tr3r4-

r,'¡her e

anð

d.=$
ðX o(

¿<J4Y

,xlr rä, x3 are úart osíaf,1 spr'rc s-co-ord j-a€it ês

= 1'* r- 4"T i- år + d"v
d *,* d X"' d¡u. ¡ï7

illô nôtatitn, above" fcr tho ee¡-orr:Lina¡es âåd fo:' derj-vp"iiv--s irith rospect

to co-orôiy¡at es v¡Í1"1 be usod *hrougl:out tLis íñvestigatiûn. ü-he dtntny

i¡adax eonventíon fcr ihe surì¡netion over rêll e.rt ed. inoicos, as in d< ð< $
abovo¡ will alvays be usad. ur:lcss otlter,:Éso statod. d".J"çY is frequerc-ily

r¡ritt on E* asl¿ ca-11ed tho Ð ¿lôúb srt åãs of V.
Tn order *o discuss the notíon of tho fiel-d r'¡i,ti: tl;e a.id of a

yariaticnal principle, vê d.efine tho actioa, f¡ for ti:ro fíeld, in thô

fo11o;dng r,ray:

" 
X'u r

ri I lYrl.t rr\" - ) xon t, { \'¿l

^luhore x] and xf, are tflo values of x¿

anC df ís tha f cur-C.imen ¡i cnc.l- els;ro¿i of vol-"t:io.

lhe âctir;1 .princi¡:l-o nory slaåo¡ tha.t, fo:' a.rbit r:ry ,.! n re *|, the :.ction.

p.s dafi¡raå i¡r the ¡rbove nê:rne¡, is et a-ti ona,4r in the fal-l-or¡i:rg set:'=e.

"*sstrlte a variatlcn, 6 Y, in ihe functíônâl ceirendence of f on its
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ra.riablês. l,etJf ¡e colrplet e1y arbi* rary except at xf ærd { virere

it v'aai shes, and oa S shere it is consístøtt lîi*h *he boundary oo¡cditio¿s

f,or the fieldr ìlot oaly the varia*ions S* ¡ut aLso tho varia*i olrs åào¿É

.ô.1v;rr- so ar x4 ano x4r ::o$ei¡err onLy the -ì¡a¡i s?¡futg of J* a¡zd J)y *r a¿ x;

uaa {, rq'iLl be reo¡ired in the varia*ioaaå procotlure. If ðf is ths

variation in the action¡ I¡ cõrrosponding to the variati on J* ån f ,

*hæ the acii on -principl e :nay be rlated¡ o:<pliÈitLy: for Áf çlÉch are

varia*ions about the cÕrrôet fuac'bi oaal depørds¡cs øf þ an its varíabl eg

the correspond:¡g Áf valLsb,es¡ That i.s,

txi t t^J to= áf =áJ"lxar= f.ft*tr (z)
\; J '\;r

If the variatiør, ÁÉ r ís strall we may expand 54 i¿ a Tayl"orr s seríos,

Àisrègar¿ing higher powers tn 5/ ttran the firsg.

J*-, I* ' " ' 
lf

rh6ri sf -- in ** + jñ))"s/ *rr*O, å*)'*5?

If this is substituå êd into tho actíon prlnciflo *he t orus ånvolving

JJ..& f) and J¿(JÉ) nay bo int egrai ed by part s to obtaia:

o = Áf Ë1{,ås*+#.r))-rv-}".# 
itio*ashx,

, ,.'¡i"{- J* È{. *JJ* 4 .f star+ 
J " I ¿r, dê*Él à¿)ù)rl; I*í t)

'whero hn is tbe rmit*nor:aal to S"

Si.:rce Áf ís corçlet eLy arbíi rary for thè whol e regier¡ V - S f,or all

lalues of Xn bei;veør xf erå {, ure aay write:
)É , If,__rÀ.r. +{ -0- d'ol -:----.- * c*"¿ è"r .-* \ = v
àY "* ù(J".t) ' .¿-q 

JtùÀ*)
s¡?Lich is the Eut 6r-I,agrånge èquation for the fisld¡



I'l1cn tlxo a.cticrn.Þr'inriplÕ for i;he íioLd e3.i/ be çriti en:

rl<'.r.o : sr = l;l t fr|, s" *,,fr) ," t" - *ff;,*,s v) vr* ,\s &*
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u.l-
:.'rd r boc 'use x¿ ':td xz, are enti-rely rrÏii,ri.ry,

. - ÍF"s" *d#"Dåxsv -þ.¡å*¡,) svln" as (3b)

,- \¿i¡ô require that ( be of sueh a fo¡Ìf t ìrat the !u16r-La.éj ranga eo¡ael,íor,,

a,bove, is thê difforential equati on for the fíeld fuyletion Y . iïe Eay

the.n reo¡ríro, in a.ddítíon, t]:at *he info¡:ca-tion about t]1o boru:darl' conrií'iio;rs

t"r'hích acconpe.ny tkis Euier-Lagr?rlge eciua-ti on bâ yióldsd by tl:e surface

int êgra.]- *.bovo. In this invostig¡Jion ihe foru of this su:'face cÕndition,

as it aríses in v¿rioüs va.ve fieli.s, r"¡LL1 t,e o:ra11's eil.

?h.o attítuclo, in tl:e Literatur"2r?r4r5, is tû reo,uire *hs.t the action

principle yi r:li tho fi eLd. eo,ua.Ì;i on s rzhl-L e tho boundery cond-å*ioz:s aro

add ed to tho forual-ism¡ in a:: hôc üaftl sr, r-¡hen evor reo,uíred, Thus, íor

axãnple, tho bounde-ry íz¡t egrs.l in tho pfecsd,itxg exampl e is disnissed by

requiring that 6Y 
= 

O or¡ 6. ft is p oint ed. ôuJ that various other aspects

of the doscriptíon of a fÍeld, e. g. the conservation theorens3, arise as

a consequence of thê vari å.ti onal prínciplo. F,oTrôvor, ít ís not recognized.

that the variational- pr{neíple for a uave field describes the ¡cati on of

the u'ave fiold ooml:1et eJ-y ín the sensð that ít descråbos the motion of,

oach of thô norrûaL nodes for the fieLd. If this is requi:'ed of the actio::.

prjrbðiple fÕr vavo fiôlds and íf tÌrls is recognízed in il:e results of the

action. grirrcipl e tha'r the principLe has g-iven meaning to tho l'ave field

and has yieldêd all" the inforaation ve cs.n req[ire of it. ?he results a.re

lç. lïentzel, tQuantun fheory of Fields'r (Intorscience Pub.), Chapt er I.
"8. 1,. ttitl, Revi eBs of Ir¡Iod or11 Physícs, Vo1. 23, pg.253-260, (195L).
¿+T. Pauli, Rel¡iol]s of lrîode¡¡ Physícs, lIo1. L3, pg.2o3-232, (1941)'
btaaczos, (page 68, ref.l), d.oos montion t ha'È the bcundary conditions ariss
from the variational principle for a particular problen in elassical mecha¡:ice.
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f",,n .Ç Èhe

the dífferentiaL equetion of. the .,ra-ve fåold aad thevbourd-ary concìitions

Ì?hich acccmpa¡y this. This information, obtained. f¡on *ho actior: priaciple,

iaplies all the other info:satiûn çhish !7e nay obiaill fros the prí:rciple.

Thus $ô are ied to assrihe to a par-tícu1ar physí ca_ì. systan a p a,--Li cular

Lagraylgê fu:¡ction for r¡hi ch the conservation thsorm,s are a naturùl co¡1-

soqu6acê. The pu,rpose of this iuves'uigation is to sho.w, for soveral .raye

fial.ds, that the boulrd ary condj-tiotls which accompany tho field equations,

as wo1I as the fi eld. eo¡ations thel!'selves, are a cônsôquence óf the action

prjseípl-es fo" those fields. Îhis discussion 1êads to a particul a{j.zatiorL

of the Lagra.rÌge functíon tqhich ie to b6 assosíatôd rith a gívolx vave fie1d.

In describing !,Eve fíelds rd.th aetion.prj¡ciples it ís possible to

ÉhÕIy *hat a c ertain arbitra,ríness ô:ri,st s in the i1.pe 6f taêra.'lge functio¡

v¡lri ch v¡ill yieLd, at le:"si, tho differeniial equa-üion of tho field¿ ?hu s

for sor¿e fiolds ï¿i'iich are d.oscribsd by a fíoi.d equation containi:rg seco3rd-

ordor tiûô- a¡d spaco-derivatives, thê tê.grarrge functíon may bó ä, furetion

of: (a) the fiôLð fllnctíon end its fírst order tine- ar:d spaco- dorivatives

onLy i (b) *he fåeId fu¡ction al¡d its seoorld.-ord.ör ti¡ce- and spaco- d erív-

atil¡es oTllyi (c) the fieLd f1¡nction and its firsi-orôer ârd- secor¡å-ordê¡

timo- and Ëpaco- d erivatives. Each of these types of, Lagrallgo fu$ctio¿s

may be assûcLated with an action -prínciple a$d íf one requires a Ereåní1¡gfuL

deseríptíoa from each sucb ection,-pr.incÍp1e then each type ?¿lso yiolds a

sot of boundary eondi*ions to ac corrpany tiìeår con!.on field equation.

Erón tilough tile three types of tagrango functions aeutioned abovo havo a-

somlon EulBr-Lagrarge oquation thoy do rxot nocessarii-y al.l Load to tho sams

seÌ; of boundary ßond-i'Lions. Beca.use of the u sual å,ti;itu.de, ia the lit erature,

torvard iho varíational- pri:rciplos fo¡' ro;ave fielCs, í. e. the f¡:iLure to

rôsogllize the bor.md.ary coyrdåtions as a consêquence of thô variationa-l

princíp1es fo¡ the f,ieJ.ds, the ta€ireJ¡go fr¡netions of t1.i:os ta), (b) s$d
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{c) are usual.ly regardeð as sqììÍvaIônt in the disctrssion of l¡ave fi old-s.

Thenr because of the s5-nplicity in the variatio¿al ¡rethods af type (a) ¿¡¡rd

bêcausê of apparent difficulties5 in iho erüended lor¡raii sr of typas ib)
.iad i c) 1 it ís cusi; ona¡T iô ènplóy oniry La,g"ange frmctions oí tl.pe (a).

líovevör, a d.iscussion of the Lagrange fr.:ir. cti on s of types (a), i¡) and (ci

- for the roal and corêpl-6:r scalar fieLds and for the ¡ea"L and eolrpl ex

vector fields - and the rècognÍiion of iÌ:e boimda.:-w co¡ditions r.:]ú cjr

occur fôr each of 'bl:.ese types, suggests tbal in general only Lagrange

fu¡ctions of typâ (b) - rather therr type (a) - should be used sf¡d that

ín somo particular cases the uso of iypes (a), (¡) a"rd (c) are oqrdval_ent

in all respec* s.

Sínco the discussíon of 'uirs boundary eondiiions arising fro¿ tho

acti on-p rincipl e - for the scalar a¡,ld vector fiel-ds - suggest ed ihe

use of Lag¡anga functiozr.s involv:ing socond. ordsr tine- a:rc1 space- d.orivatives,

it ís necessary to shov,r thåt no difficultios õccur ín i;ho fí elcl theory

for¡:a]-í sa for zuch tagraage furctioos. Thu s Ít is necessary to constr¿ct

a l{s¡xilt onian funct io¡r in a natural ua¡uaer aud, to ob'b¿uin the equations

of motion as the canonical equatiÕns fo¡ this l{aflil"i o11ie3. One ::rust

also be abiô to set up the oonservaiioir theorems, that is, to define a

suitabL e súress-e4ergy iensor and a charge-currefit îector vhose co4poaents

enter into the reo-uíred conservation thsore¡ls. The Ínvesiigation d.iscusseÉ

tho mayìner in ìrhich this aspect of the formali sl is congLructed. for the

gene::alized Lagrange fu¡ctíons whose use is í:lpli ed by tire acti on-.princíple.

Tho.result is a satisfactory farmatí sn vhích possessss soma advantages ovor

tliat vhich is usuaLly developed¿ ¡I discussio¡. of the differencos i:l the

formd.i sra for different Lagrange fu¡ctions leads *o a closer id.entificaiioa
of the fom of the tagra::ge functíon s¡Íth the bsha¡riou¡ of tire vave fielC at

its boundary. The Lagraragia^n de:rsiiy ¡¡ust doscribe the bou::d;ry cond.itions

g ë. 1Íertzel, (roferonce ?), page J-6.
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ås i?è11 as thÕ fíe1d if ihe action Þrinciple for tl:e fi ej_d is Ì;o y¿ old.

the bôr;Ildary co:rd-ític:rs as vêll ns tho fl" old. ec.uationsn

Lrâ 1:he Ra!a:ü,iris!ic-'¡¡ave trie1du

?hö relâfir¡istic';¡::"ve fiôlds i?i'i Õh are consi-dered in this discussion

are the rsal and coaplex scalar íield.s, iho real aad, ccmplex veetôr fieids,
a¡rd the Ðirae fiel-d. l7e shall be co:rs er:?ed iri*h the notion cf theso

fåeLôs in a vã.ôulrÐ, that ís, r¡itìrout ílrieraction., siaco int oraction ¡¡il-1

not be consldored the pseud.o-scalar and ps*rclo-ïeotor fieids -¡rill not be

díËct1Ësed.. ra a vãou,r& these fíeLds s.:*isfy exact]-y tlle s¿ßo êcuatiû¡rs å.s

tho scalar a.nd vector fíe1ds resped*iveLyc

tr'o¡ the con:plex Écalar fi oi-d the fÍeld functioa f ,ìj1d ¿ts complex
)t

c onju.gat o Y ,arst satÍsfy the foLlo*i-ng dífferêntial eç¡;.ãtioxrs ir¡ tile
space:tÍne region of the field:

J<d.Y = kY

d* dny* -- Kt* (1)

rrÌ:ero (is a positive constarrt.

lor tke real scalar fåol-d ve have only the fieLd fu¡ctíon * and tha

fírst of equations (l_).

Fór th6 coaapl ex vocto¡ fiold Y an¿ Y* ôacb havô four compo:ront si

rhatås, v - (t,*.,Y,,9*)
y* = ( *,*, Y"", +"* *r* )

and i;he fíeld. ecr,r¡a*ions are tho set

d<d< Vo = l( 96
' * '- 't-* 

<'ß ' l'¿''+
J¡J<*o' = KY," (z)

lli.th thê auxílí:rry relations - tho torentz conditions

*
JoVn É o d"Yr. = o ( 2a)
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'i;iong are eoniai-ned i¿The fíeLd ôquatíôi1s as çell- ae the L,orent z conclí

thê foliowiv¡g ao¡rations :

d.1a"vo -dF*.) = kY'"

d., ( J* vo* - dp vj) ' k v^" (3)

for if ç¡e take the derivative, r,zitl: respect to xu of ihe firsi Ôf

equaiions (3i, for axa,apl e, ihen ¡re have

Jêd4(d<*r, - ðn9") =KdaY'r

t]ìat is, cJ¡ dada Yé - ¡<Jp ¿/. V< ' K åo*n 
{'4)

But 'ÊÎa also heve
. ' dadpd,"*a = Jltdu(J" Yo Sy ínt erchenging du¡ûly Í:rdicoe'

ConsequentLy, (A) naY be vritton¡

Kdu*¿= o k*o

rv?::i.ch ís tho Lórent z êôndition.

i'irorofore equatíons (a) are oc¡uiva1ørt to the se* (2) and t2a)e If the

EuLer-Lagra-rgo oo¡a.tions fcr the vecior field e.rs obtained in tho fo¡n

i¡), ttre¡¡ the ïaríational principle for thie fí e1d has protideè not on1¡'

the fíe1d equations but also tho Lörentz condítion.

Th6 3¿râc çave field ¿s definêd by a set of field oqÌ¡atioa s vhich

involvo onLy first-order deri¡ratives¡ ?he f,ield equatiôss s,ro:

* 4" " 
tf l-+"*.^!"" - t"c" +rt f3rn= o f ' ?1a""\" <onu'l x--!

c, ¡ , r,2'3f,

++
K ' r,r,a (5)
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1o3 Tke },g.eraaee Fu4ctiqns 4of *he_g3.we Fietdq

'Ihe scalar field eo¡ations e¡d tho vector fi el-d oo¡ations are linear,
honogen9ous, and. of seoond order. ?heir fúïrq is also iirvariayrt u¡.d. or

Lor",/ttz t ra¡sfolÞat ion s o 1'he :rl1er-Lagraage equatíons, resu-l.Ling froro

the action pr'ínciple for these fields, is l_in ear arid homogongous in { I

the tagraag:ian donsity for tho fiolds. ?.re ord.er, il { , óf the

Eul. er-Lagrang e oqu"ation i6 tho saaô as ihe irighost order cleråvative

occurring ío f . This EuLôr-Lagrango oquation is reqrl:ïred to be the

wave ôquation for *he fi eJ.d desccibed by { ¡ Sínco the vector and.

scalar fi e1d equatíons ars of second. ord. er the I-,agrange fi.rnction for these

fieLds cazrnot bo of higher order thar¡ thê socond; sinco tho field ec,uations

are homo6a:%u s a:rd linear, { m¡st bo homogon€oue a:rd quadratio; si:rce

the iravo eo¡ations are ívrvar:ia¡t ín forr. under Loreiltz t rayr sforaatíoasi

{ mrsi bo invaríart (the necessity for tl,le invaråasc o in íonn, of
rô.¿(. s j-s d-iscussed and. qualifi ed in Appendix II)o Consoquen,cly ro

only possíbIo iorr¿ of thô LagriÌz.lge functióas for -bhose fields is give¡¡

by: a-
"L

t
7 ( A 9' t Bt¡*v)0"*) + c*J.^)*e)

(1)

fôr the real scalar field;

f = Avf't t ß(à'*){}*f r) + |(*X*,y *y1".)*ti lz)
for tho conplex sc*lar field;

{ - A*rfu{ + ß (}*f¡.-l.f*)(¿J/i-Jrrå)

+ : Lfi, t¡.I..*i - J*),,e1) + tf t)'I.'tu iìi " 
tJ]

virere ,å., B, c ar6 """"*",1îi lË"":"i::.ä"ï;:";""ï;:iårry a.,rd isoirop], of
---^¿ - *'-r-mo,

iirdices rr!11 be usod -bo run "i;hrougi: tl:s -¡,,-lu.es lràr3rr! vhile L:-tin ind.ices
nilL íadicrie only ii:e !, 2, 3 couponen-b s.
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fhÕ Ðir:ar squð.ti c:l j.s of :i:'Êi; -ôr"clûr'" î::ô Lae râ.nge functiô:1 íûr
ìiris lield ís tjierefors fínítoå to fi;-st-o¡rtor dsriv¿¡.tives a:rd il:e¡efcre
iÌd; íi el-d i;ilL be aisctissed rlore ¡r"i€fly ih.¡ìil *lìe seêll-¿.1, 

"'lrd. 
vec¿ôr

fields' lixÕ taEra,.siâ¡ riansity fo¡. the Iri-::ac fi er.cl vlLl b€ 3ivo:: ír: .!r:o

di- scr¡.ssion of, tlúc fisLd.

1.4 J1:e gouaCa:v Gcnditionq fo-{ t1.lpjtev9._ILg14g

I'he doiioì:! of a i;s"ve fi el-d ås dis¿*ssed. i-,. t6nís oi th¿ no,-aL ::iodos

for the fielde lheså norn:rl modos are â sot of so}¡tic¡s of tllc ficld
ec,¡uati"ons in '¡erms of ril¿aL :ur arbitra_ry func"iion !¡ey bê e:cp e¡d. ecl a lie

l:a,ve ju sc di scr'ssed tho differentirL equaticns for veråous relatívisiis
rn.'.ve field-s. i'i1ê ¡lonîal i,'od.ðs i:rit]" ã.rise iB a. natural- l¡r,:l¡ler frÕ,o thô

êolu-Lio:is of these field, ôqãatioís if c erüain c oxrd,i.ti. o& s e¡ci si at tho

spa"ce bouad.a.ry of th6 r.,:.ve fiold* l,.e sl'la1.l axa¡cinc thê fi. old equations

'bo dei; ercín * sÕðo êf the bould.r¿ry cÕnd.i'lions that s-i].L yielc:toraal

¡:odeg. Iirlving identi-fied tho 'oound;ry co¡:¡i.itior:s afid having rocognizorl tha-t

these ecnditiûns arê necessary :n dêscríbirg 'ciro motåon of the yrave fiald
rrs shaål expect tha.t a::y va"rí ati oa*l princiirle r¡hich cioscribes ihe notion

of, the field rril-1 yie1d, at 1east, somo o.f ihese bounda.ry conoÍiío:rs.

the nÕrüaL nocles, {,*,,.* nte thoss soLutions af the fieid oo¡ratioes
'r"rlich may bs r:¡iti en in the f orr¡

.L i ø¿.t
Th ¡ € ,1)^L^,rtz,fr)

*n* = e't^tuÍ tì, ) 
ï,, ïs)

lrhore ûJ", tr\ lrrg con sta.nt s,

¿nd í:r torras of ¡rldch an1'arbítrary soÌ-utåons, * , **, cf the field
oquations nay ba arya,r:ded. in tho foL3.o*ring nay r

f = 1r^+^
fx = ¿ cl*j

rjhore c- a:rá ç are efi1staÐts.

(¿)
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Ïf this c::r ìre dono for a;ry er'ôítrary 9, 9* -ihen ihe ,4^ rll^* w;,sl

fórm à conplate ortho8onâL set of fu¡c-ôions.

:,'iher the solütions (i.) aro s¿lbstitut od ínto -iha fi elci e o,uaÉ i. o:,'r s

these equ:tions bocone parlial. differe::tial equations íô¡ i11e lln , ]f, ̂ *
i$volv:i.ng the d¡ , {/,... That is" the equations 1.2{1)r 1.2(¿) ¡:ay

b e '¡rrítt on ¡

à¡)¡, rt'. * (S - t) .n" -- o

)'.),.",,t*{ +(S'1.),u-{ = cl 
(3)

t'!7e reqr.r-ire tirai ,ùt" r ¿h' sa.tisfy tilo conditions e:risling a.t the boui:darX' s.

C6nvêrsê1y, lve rêo¡íre th¿t tho bounCary s oild-ít i oí. s arè such that a)^

üay assutre only a Ciscroto se¿,, of vatues a¡td tha.t t?re lan t h,Ì bol-onging

to various such {rr,. , Non t forn a complate sot of orthcBoireå f¡u¡cticns.

lor L.r¡ *.+. we mr sb thon havo,

(
) *^u*n âv = o (4)

V

'slúoh is the orthóßonaLíty corì¿i-i; í o¡r. If various ,ct Îs bolong to the

sace oJn thên those ca¡ bo ¡rad o oîthogortal by a Schmidt procêssr

gsíng thê fiold equ-atíons (S) the ort?rogônality condítion (¿) ¡¡ay ¡o

wrå*t en:

([,,,à¿rn _¿-{1il¿s =oJ I'*" àfr ¿n ) (s)
s

vnere $ ís the n6rûa1 d.erívativo on Sr

For the vector fields r)L4¿(tn,,À,,n,Anr,4^,¡) and ,rf"f - ('ad, u4,ui,¿":)

so that the orÈhogonality conditío3r na]' ba srríttôn:

( r .* àu,,, _ L1- J.,r"lu i *s : o
I 1 

4,,, ãyr - 
,*'F -ãñ-'' t *' (6)

in vrhith there ís no sr¡¡¡lation on F
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Bôis:Cary condit:onÉ vhich satisfy (S) or {O), ior tl¡e sc"l::r a"nd

vsctor fi elcì s respoctívefy, aj:e:

åfd à+ -^
ò¡ròn

6r *nr P =o
o, *,*x poriodåc

on ö.

CÐ S¡

on õ.

(7)

For *tre vecio¡ fiold þ. L\,*r,f",*r\ *rd út+) *.*, \',{rr) . Each

of ths components has the bor.mdary cond.itiôns abóvër

Tflese are the bormdary conditlons vhich aro usually ere¡rloyed in the

discuesion of the scalar and vector fialcls. Thêy $:ill be roforrad. to
as ths tusual botü¿dery conditionst throughou* tllis ír¡vostigetion.

rn àóditionr 1ínoar honogezrgous bound ary cor,d-itío¡, s sati'fy s ond.iti o11s

(5) and ( 6). L'h.ar iÉ,

A =r* j
èx

ü* . o*n o., S

dn (8)

vhere f is a coy¡stãtt

and f; (v,,{.,*,,*r) , **. Lf,"v,lrr,hlr*rho voctor fiol-d..

aro boú¡dary co.ndítåons wki-ch yiald tho non¡.al øodos¡ The Ecalar a¡¡d,

vector fields uil1 be tllscussod tô shov¡ horz both of the conditions (7)

ar¡d (B) aríse from the Lagra?¿ge fu¡ctioas rlhi ch a¡e orpLoyêd ån the

varie.tional principles for thêse fields. lhon this has besn d.ono ve

she,lL be able tc say that tho vari at i or'al pri::cipLos d.escribe all iilose

notions of the'"'¡ave fields for v¡hich ths bormdary cendítions aro givol
by aither (z) or (e),

?ho nethods €@plc]'ed in tha d.iscussion of the vector and scalar

fíe1ds - ir:íih Lagrange f¡.æction s - may bo in-broducod by a siepL o



' 1-+ -

o7,â¡tplêe ?he vibr¿tions ôf a streij clr.ed siring cÕÐstitüte a tíie1d

p¡obl-eut .;bich may be solved. t¡i¿b âå action.¡rrinci"ol_e. ?irs aothod

6f âra1l¡så s of ihis sinpJ_ e fieLdn as devol_oped in the nôxt soetion, r,rii_L

indicate the ma:urer in rr¿hích'úhô scÞ.Iar and vector fiokls ûay bô

díscussod ald the ,,?ay in lrhích tho resuLt s fo¡ these fÍe1ds nay

ia'c orpret od,

L. 5 the Vibra.ti_qns of a llaïlq¡n Stratched Sirinc

- íng oi1 tho x-aj(i s bêtsroen
v

)lfr J¿¡

à¿+F'

¡qv
ãî.
)Ì*
ãE'

¡ e 4o ârld. x = x1o Tf p is
the uriforn Linea¡ density of *he

string ¿nd if P is the tensioa

in tleo string, tho oquation af

motion e¡rcÌ be sho,mrr to be;

(r)
=P
*L' 1lv

F1/Frrhôre 1, =

lïe díscuss the motion of th-is sbring in *enîs of ths motio¡r cf íts nori¡a1

moC.es. ì7o assrelo that

t = ï^tþ\ ¿t" (x)
(2)

satísfies eo¡ation(Li. Then equa*íon (I) **v bê nriitens

try =+ )_&=¡.s¿'
, . T-I' - utln ;¿. 'n, "& (B)

T{e seek ai-l the )ln ccrespondíng to Àh aLloûed by the bormdary conriítions.
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ihei1, for tr.*)n r.re have

å 1¿.,,

à¡2
å2¿¿," _ l_ J¿,
æ

Tf ne ffúltiÞly the first of these by ¿t.. and the second of tl:ese by .1,Ç

subt:'act -bhe rosult for ihe sesond from the resuii for the fír,st, and

int egrat e the dÍfference over the 1ôngth of thê string, r¡e obt aj:r:

{)'!,^ *i - o.l*l*^ = tà..- v) þ^o^ a^

For thê llorual modes the orihogonal.ity cordítion must hold., that is¡
/1,
I o^u^ Jr :Ò
xr>

vihi ch ¡ûay nov¡ be r"ri-Lt er¡

l*'l o.^iä " '^"''#lú'
{o

or r I*,, )o",.\ lx' - ,.\la" 1; - a" a; J lx,

r ), .åtn

lL\

Condition (4) is the orbhógo''alíty Goncìitíon whi cÌ: mrgi be satisfied
if v¡e are to have zroraal üodes for the ;orobJ_ eo of *ho siretched etríng.
1To l¡ould expect that a variatåonaJ. principLe r¡hich describes ihe motion of
the sbrotched sbring lc ]. also yíeld boundary colrditions r,ririch satíefy (4)ç

iT6 vílL nor¡ discuss tr.,o v¿riational- principles, both of ri.ri ch yielc
tI:e d-esirecl equatÍon of motion for tho sbr:ii:g. ?rre varist i onaL pråncÍpJ.os

díffsr in the Lagr:*:gíair d.ensity viúch they enç]oy. i¡¡e d.afine
v ' P ¿È1* P u¿j!.(, - î rJx_ -.ZrTE.

t. =-l r*)' *{.{*)' (5)

¿:rd tirer: ve defí:re th6 e.rtíon, I, botveon +6 and t1 ,

lr -
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?he act icn-princi-ples aro i he¡r defined in i or.ics of the va.z.iat i- ô& s j.¿

the funô'¿ionìL deÞeûd.ence ol P on iis va-:"iables. I¡a¡ is, if áf is
iire varí3J i- o!3 in T corres,ronding io thê vìrj-ation df in t;re ftncÌ;1onaJ.

.t,
.'o rr: oi f , -Lhe ê-ctiojî )rincilLes for iie tvo L:;range fi;:rc-;io:r;, { :arì

*¿,{¡. : fÍe rGs:ec-[ ì.veJ-:.:

åï, =o

$I- =o
(?)

vho:'e, for arbitro-ry io a::d t1r the åf arô varia.tions a.'¡oçL 'L¡e

correct fornr of f . u." 6É v¡.¿ish at t : to, t = t1 :u:d ¿re con si s'¡ ent

u'ith 'lhe bounC"ary cc¡ditions for the prcbleør

1Ì.ê actiÕn-princí.c1es nay be wiÉtt en:

't' '^' g!., ,&* eto = Jr, J'"

, ' f,:' t',:' 
&t,ax ¿t

õinco ^o 9 r ,. ùrY )'É \X, = J,(7: ãî"r 5Èr)

tllenr for s¡':eLl 5f ¡r., à{ .è:! dJ,

5f, = ffi' rt +rÇ$¡ò rx! - ,(3Ð)

= å(H')'*-ÉtË'16**9*

à'f
Ã ã?"

)r(J-y) þ. ,'c[*)
F - tY T-¡'.

]he firsi of e-uf,.ti..rns (L) m:y be v'riit o1t:

o = 
{"' {.^'{i(?H' 

-Ìi!.¡*' 3n'# - !*'ff)Ja^at (e)

I:tt egr.Jting bóth ôf öhe Lasl ir¡o "t er¡rs by pa.rt s tuico, r,re obi...::l:

Õ s {"' f * *#"' - -E f r+f i*'eu 
- 

{" lf *¡-- l*,å'-if' e'

+ {''{*'{r*';n" -/iåÌ s*¿txnt
tbùtxo ú

*¿ r"o* t¡i"l f *" -f Ël = n :s tlie ruLer-ta3r¿:1so
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Tho rusua1 boundary conditionst for this problom are:

*:ô atxr){oa x= *i

àf (13)
or 5-,. :Þ atx=xorxsxf

or V is períodic r"{-thín xo-¿ xÉ x1 , rnith per:iod t - xo .

^{11 of these eonditions satisfy bo¿h: (11) aæd (12) a.ird the¡efore the

va.riatioraL principle fôr eithêr Y, o" l. alto,;¡s the lusual bouncì r:y

cond itionsr n

But the linear, honog enæus boundary sondition

à+ -\L
I; =tI at x . xor * = x, ,J4)

where F ís a, eonstant,

satisfios (L1) but not (1C). Therefsro a sysiem involvÍng a ¡¡:ibfatiag

string rrith linoar, trorrogoneúæ boundary conditions aay bô ôescribed

only by ã tagrangi¿rrÌ dansity cf îo:ra ¡f, ¡ not b¡r one of fana f. "
It c ìn be shorv-n ( see App en<i.ix I) that ihe lit:eaÌ' honos -,nêû.1¡s bou.ndary

con¿itíon ås the only cond-ition of the fcir¿

* i.s a Ír,l:rètion or !+ ot ï = lËo ¡ x = :çl

ihat s¡-t j-sfies conditi-on (1-1) . î:kus {. generalizes tÌ:e a.lipii si:.i i on s

of the ¿ction Þriiìciplê to iaclude those systems for r¡hi ch the bounclary

conditions:re linear honogenñrs one so

In ordor -to const:'uct ¿ l&:::rilt onia:: froin tho fieid fr¡tci;ion s i"L is
riocoÉ.s.ary fÍrst to d-efi::e a ¡ao¡ientir¡ii fielc:, ,f , çhich ís con jrigrrù e to
* . Ìho c oi: jug..-t e no:lel¡rim fielC is cìefíyr.ed¡

,r = # (15)

'j¡d. tl.en îho I bJLi Iï o'1i r.i? dcnsitf, ff , i" C.¡jí'rr:cì :rs

4 - 7rP *J [re)

lor .f, , as defined above, ve obtaiþ:

r = f* (1?)
,| ¿



ð1C ccrl iieo;uon-ll]¡

a =+i,+;(g),"z ¿

Ior Iiasí ii o:ria-n denoitias r¡hi ch c o::t ain fi.rst order o:' second er:tier

deriv¿tÍ'¡es of the fiei¿i fu-¡rcii on tl:s c¡¡onical e quo-iioi'r s are defínerl

íir tems of functíozral Corivativos of fl . l'.nu.s if rle define the

-'unciiÕr'ìal C.erivì,ivo, $ , au o=

# = # -*#, 't u*,, (3e)

the cirloní cJ oo-u:iio:rs of no-ticn are:
stdTT -*F

. e"ltV (zo)

TlLi s fôr& of ihe ca$onícal equ.iions u¡ill not bo clerirred here" iire

derivation nould procoed. frora ¡i-.e use ot f irx a îati:tional prír:cipie.

Sírrilar ea::onical, e!,lratíons r'¿i,11 be cli scussed. ta't: 'chø scalar a¡rd vector

fi e1d- s.

.lt'l1a flay oe r/l:l-'6-È en

t. t -r, P¡U\'
1,4r"çTr. rît¿x,/ (21)

-l'-on the caironical- eluriions, (20), ¡reta:
.a*

: - p{
llz ' ^ Jìt , viúch is the c ru:rtiolr of nc.l,io:r, (l).

" i.;a¡rd T , ¿ìr id.entityr
I

fhuE 4. *d V are con;'ugr.te eith ilL as their I'.arrilt oni ar <ic.n;ity.

Tbo energr, E, of the îib¡at iEg siring oå¡1 be sl'Ìoçql to be:

, 'xrr,l¡J\¿+plH)'l¿xF =J j jf LJ.l r-L¿¡t ler Gz)L l<o t 
'lr \

ll¿i s ís identica-l vith the i:rt eg:'at eC |ia:ai Lt oni a:¿ c', ensity *-(= { ,illl\''z\ / "z- )'- ,lø
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lhus *he i"la.uj-lt oyriu¡r ô,ørzsi-r,V, /4, , t" id-entified ,,-åt h tire en eîgJ¡ clêtrsity

of T.r1ê vL tJr'-r-t ríg s-c!'L!19.

1?e no'bi.ce tirai {, does not conLaín Ç anC. thereí'ore {
rot be defineC. ia the s¿ìrire nay as Ìf:¿ . Hoi:e,rer, -,re tleÍine:8

T' € f I p rì*a."ð. lJ, = ç*" -å*n'
t13\

.DJ¿É
=*rn'*å*rÏ'

Tlre canonica.L equations for fl âre identical u:ith those tor fl r tnú
is, ve obtain a¿ i¿entity and the eopa*i.on* of aotion. fherefo¡e 4 a¡rd

V are conjugat e.

ïIc shalL discu.ss nor¡ the way in,:,t\:iu.cin fl, roay bo ideniified. råth the

en ergy of the víbrating string.
/ \rLer ll = I "1,1, a*

''l Jx"

ìîê obsarve that

i"',* #' + tS)') **

'+ 
l\'* i; l\" (24)

For tho rusuaL bounda,ry cond.itionst l-1, =¡J.:f atd therefore for systacs

uith these boundary cond.iiions ld, r"" be identified vith the energy

density of the string. But if è*f . ¡* at x : xor x = i1¡ vhoro
.rf

T is a con sta¡rt vrhieh oay be dífferont for x : xo and x = :1, then

þ1, - ll. ' å tn *'{¡n) - ¡' *túr')) 
(as¡

shich ís not necessarily zaro. li¡e shall iCeniify this difference,

H, - ij" r r*ith the energy wh:ich ve a*t ribu-t e to the U¡ear¡ honogen%us
¡* . ¿

bouxdary condition *- : fI

Ç r*ll.diiy "f tlús definition, for tho ecaiar and vector fi ol"d., is
d.iscussed in Appendíx II .

3
2

g
L
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If i*e say the-t iîe have the línear hoaoge:fous bour:dary coi:ditio::s, (14),

for the problen cf tl:e vibr¿tirig. sti-etcired_ string, *.1:i s is e c¡ivaie:t to

s3yillg -i]'la.t ve at"lach 'che foli-or::_ng iço n¿.ssl¿ss springs to ti:e string:

lThere ðhe force con st;int of t;re

sprin5 ai x < z" is roP ,
arrd 'uho force Ëonsiami of 'lhe

strring ¿* x < a is -ürf .

'r'he ver*ical íorce exert ed

,lle verti c;J- fo-rcê. o.--ürb e(i

Tho verti c¿rl fcrce orerû cd

The verti¿al fÒrce 6x6r'ú Gd.

Thsn, for equilíbr:ium,

r" F*

or lf
ðì(

-å*s]1cl san1l"3rl-l. ñ

by thè spring at

by ihe sprihg ,ìt

þy "ile SrrLng !.¡

by -;¡e strinE at

_Þ)+ ¡Þ
rrX

¿: tror

'. I ¡b

x = ito is -foÌ* .

x-- x1 ås rr PP

x. =xÕ ;s f ð*

x = x1 is -P )j¡ '¿x

x ' Xr

'X:ereforþ i1:e s1'6¿6a of 'L!:e nassless Êpri."rg s a¡d- tho vibr':.,.ti:rg s-lring

is aquival ont to e. sysi o:: rf â. r¡ibrå.iiag strii:g a.ed linear horroge*ous

bôurdal'y conclitions.

Sínce nc nå.õg is tìirecfl,:r

ent j.x'ely poi entio3 or1ergc ':\e
*L'(o)/ , .\ -is -{(-r,P*)d9s

It
tkr")' o

a.tiacl¡ed 'ð o 'ii:e so;.i..ngs ì;i¡ei:. enorgy is
pot enÌ;iaL enei'ô; of t,re s::r'in; at x: ::o

:- p T'(rr").L

õiniJ-;rl¡' 'i; he il:e ,ooteciial. ôner3j¡ oí ì;iro apring a_t xa ís

illre t o-t ¿,,1 energ]¡, ai ì;.1e bou¡:darr., fôl. tl1e s¡rst enr ís

P fo.*21n"¡ - n*'c^'r) -= H, -l'l¿
L

r:P*î,,,
a
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Tr.lere,'crî :-o :lcc ú_._--,, ::n _,L1 c..;ls IL1 C.",:l:i'rc^ '.', c cî.3r':: o- "..e ¡i.. s:c,1

sl¡s¡$a -.ra.b¡'¡;l.ich iù is ¡-sroc.ì. -"t e¡1. 11, ís ¿.ì1e ê!1orgy de:så-öy of '¡.;re

s]¡Ét ø{ nût c1ll-y for -tite string beti'rsen xo anå }il ¡ut aisó ai 'ii:o borr::d.:ry.

ilro h:¡,ve êeåx th&t â -¿irysi cät SyF l€rtl irlrl:i c,: ihe Ìiôrl:ld"irli eo::tl-iti-ols

t ]'ler¡s olve s cûn*siÍ o:: ergy ås Cesc¡ibed. ô¿l-l¡ }1,' such Laeir?:l3¿e.l dânsitios

aç leed to llseilt oníæx dÊt:Éi'iriê6 çldchr a-i the bcl:rC,ar1;, .'-nelude tlle

Õnor8y of -!ho ì:oru'ic1ar3, conrì.iiions. In cti seussing the sca.1:.r e¿d- vecto::

field oo¡rations r;e sheLl proceecl. in a. æanner l¡iri-ch is qu-ít e siidLar

to tha* fol-1.or,red- in thc ei-:np1e e:<*1pl e above. i7e she1l require tiie-t {
yield. 'i;he boLndary co31ditiors as irêll as *he fi el-å squatj.ons¡ ?hen l,'e

shs,ll" expoct tberi; tlTe lhidlt orli eril fr:::.ctiono àssotir-t sii. r:-;-th ¡l , doscri.ires

th¿ eil ergl' of "i;hese bouncla,ry co¡cli*íoi:s e.s r¡e.l1 as tìre energy of illa

rest of il:o fieldo
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C,1-¡PAjì fI

ir-E stÁI,i1 r:I;lÐ

2r1 llhe, tlstion: E-få:fqtp¿€_ ÉQJ_l¡c- ôêa1ar Fiel.d

:ä16 ve-ri:rtional princípio for th€ i'c¿f,. scAle-¡ íield r¡as discussed.

as ar¡ ex.c,spl- o (o:: po-ge 2J. 'l]1o rasults obt a-ined for *his fiol-d are

aI:ra¡rs a special cf.s6 6f the resr¡-l-t s for the con:lex scalar fietd.
gonÊec:uentLJ¡ o::ly tita i_attor r¡i1l be d.i scussed l¡r deiail".

It was shoirr {aa6e 1C); for the complex seal-ar r¡a'¡e fíeicl, tbai ihe

. onll¡ forr: of the Legrir.Ðãial ô.ensity r:hi cl^. z'so_uirod òonsid.eration vzs givcrr

b)"

I : Af**. i B(J**XJu*t+ Ç¡*;..r*r*rYl'J*É) 
(r.

'I'be act¿o$ integral, I¡ for this fi eLd- is d efi::ed by:

.x,] ,'r - f !f*r (z), - lxro I 
**' t¿)

wlere ü, /5 X,,0, xrr are ¿-s dsfíyled- ot? pages I and 3.

.l,ssuee thet S*, &** tr" sma1l v,rriatio¡rs in tl:e fu¿ctionaf

tlcpend ærce of É , * * or, theír v:ri.abtes. f f ifli, I *,*if.ü.orri 
"fr 

at x*", xe'

¿u:.d are co31êistênt r,rth the bcund.a.ry eo:rdj.iio¡rs ón S, a31d. if $/ is the

varía-tíoe ín I corresponding to sueh å*,J**, t}-r en the actíor, principle

nay be siated iy¡ tho follor¡irlg vayz for arbi-t rai-y verj-ations Sf , êF* il
t.

abou+ thêcorrect fo¡¡r of Y , *i ¡ åf va,ni. stios fôï arÌii-i;l'ary x," arrd x,/ . :'

llJøU¿È'lT-:o
r¿ - (3)

:

l'his pr¿ncipla describes i;he r1ótiÕn of tl:e complox Écalar field ccúplet s1y.
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lo,uaii ørr {:) uay aLso bê ïrritte¡:

, x,l t
t1 = | lSy¿v

": 
J (4)

a,rd I -- J L*,**,J*f, J"P*, JÀ11*l***)

ff the $ va:'iations are âlraL1 eirov.gh ve røay oxpand d{ ¡y u. Taylorr s

soriêg å,s

)y , àj 
^r* 1 3å ¿*sf I )J ¡*.s*{)åf

+ l1 ,, )..^)¿ r f + JL-. 
)",)",ú 9*'JC)Êà*/ 

J(àrbà**)

= ( Ae* * ,-'J*)o**)5* + (Àt * !à¡**)¿*^* tr¿¡**)ü'5Ð tsl

+ B tå**) (Jasr) * 
'=ÉT*)u 

5r + å fåJ*l/{

Substítut e (5 ) iÐi; o (4). fhea, int egratfu€ the t oïïro Góntai¿íag lrs**,
J¿åf , onco by parts, a:rd thô têrus oontain¿ng J* 5"¡ 5* , t'.lo! 5/ É t.r..i o u

by parts a^nCr making use of *ha fact that Jf , JlP'i va¡u:i sh at Äro, X"', (4¡

may be v;ritt en;
rtl ..

ô = | ilafu-tf ¡v t t¡t)¡tl +; [-tl**X** - o'*lÁ * + vÐ*:* +*J"' 5 n \l'""Ar'
""d'

+ i'*'i ff1at.nt.-,:)¡*¡***]sr +[r* *t'-r)ùl' *] s*{ ær 
{6)

'^i r/ '
i{hêTe S is the space surface encLo síyrg V

and Tlo ås the u¿åt nórûaL to the surface S.

ile reo¡iro that the varia.tíonel pcinciple, i¡ the fon:r (6),, yi e1d, both

the compì-ex scaLar field oquations and the boundary condÍtions r"hich nay

acccupany these,



the a;'bÍtrârj-ness of tbê variatj-ons J9 ,åf*¿¿ thu entire regi. on

V - S gives us the fcllolring i¡uler-Lagraixgo e c.n"e.ti on s ¡

A*i + {c-e)}*}**{ =o

Â* *cc*Ê)J*i**=Ô (?)

ÀIf ve write k- ,-a then these a¡e ídeniice]-ly the co:opJ-e¡ scalar'

field equa'i;ioris 1.2 (1). uíth tliesê equations, the pri-ncíple in tho

rorn ( 6) then requires ihat thê *i¡oe-surfaco in+qr*, f,l; f r ba
"r5

aLso sot oquaL tc zaro. Sínce *ro aad X.i are complet ely ârbit rary iro
,..

nay sot I I ¡ts'o. :h¿t is,
5 -')

* = /tß !il*þ** l0**1å*l *f [:r:***)st -9"!*)!**+Pd"!à*+*'r.rrJf na ds (B)

TÌús squation shoui.d yí eld aJ-l the boundary oonditions wh¿th msy aceolnparry

the scalar f,iold equations. s:.nc e n*Jr.$ , the norual d erivatåve on Ê¡

(e) may be vritt en

/ ( r. àf* r'l ¿ r .l*,:¡r{ l¡s
o -- I lru- 51fl t* + (r-i) üs** +! *å* t;Y sèn | *- (e)

s
IÐspection of {9) sho',:s that alL the rusual boundary oonditionst l. 4 t7}

satisf! (gi a¡:a oonsoquently !ì¡s.y acsoapa$y tho scalar field equations.

In additionr the línoar, homogorÉous bou:rdary condítions 1.4 tS) .satisfy

(9) if and only if B =O . T'he proóf of this, as s¡eLL as a. discussi.on

of 'thê eanner in çhi oh {9) favou¡s tho línoar forrn, is given in Âpp øedix L

2.å The Êsne¡aLi z ed. tagra?¡g:ieã Ðeasity for the Scalar Fíold.

The fo:r of thê tagrälg:ia¡r donsity 4.1 (1) foï th€ comp3.ox scalar

fioLd nay now ba furthe¡ restrictedr fhe di'soussíor¡ of those rootions

of the vave fi o1d fórl,rhich the field has línear homog errçou s borurdary

condåtione requires B = O in J ç Ere stipulation, B: Û, íx1 f



-å6-

Coos noi, izr atry vay, lirdt the usefulness ôf { in describing ì;he

Iðotion of wave fieic_s but rather it aLlovs us io include, in tha action

Þri-ncipl-e, a J-argÞr m.¡mber of casôs of such notion. If B = 0 in T

tl,en tho tusuaJ. boundary cor:ciiiionSr are aLLolfed. ihese are a.loong the

eonrìitio¡rs rrhr ch give us the nornal nod.ês for the sca.l-a¡ fÍe1c but theso

conditioÞÊ are r.lso allor¡ed if r¡ê sÕt B - o atxd in ihè Latter case 1in ear
a

honogerlous boundary conditio¡.s ars also allorred. lherofcre, in discusrsing

tÌre scal-ar vave fields ûitb ên actior.princíplo of re folE ?.1 13) i the

r-,agrsì.ngiarì densitios nl1i ch mr.sl be used to describe re largeså r:irinber

cf cases of tl:o motioa cf tl:i s field ara of -i;hs f orat¡

X.Åfr*'t+ft*l*U**¡fiJ*J**) (1)

for the comÈlex scalar fíe1d, aaC. sixåLar1.y

Í - j A'/a rlr* ).,5o*

for the reaS ssala¡ field.. Thôde E-ill be rsforred to as the
tgeneraliz ecl Lo.grar:giar:, densitiest .

ËcãjÌ,ar çr"¡"ve fiold s aro rrsual.ly di scus sed.l,rith La¿:.ang-ia.yi d orsi.ii es

of the fo¡u .* : +y,t* - ¿ {¿*¡) G",**)
"{z

fo¡ *he conplex scalar fisld

f, -- l4*- - j I ú;.,t)c;,r; (3)

for the roa-l scalar field.
ra flrtu¡e discuEsions r:e shaLl fofer to those as the rusual L,agre;:giiur

d.ensítíesr. In illa use of these i,agîa::gíârr densítieg tlto bo,;:rdary

condiiion Í-nt egral ?.f. (9) is usua.Ily díer:issed by requinfulg ¿¡¿1 él , Sl+
r¡¡r:í sh on 5 sr that * ,**o"u periodic on 3. iïe sar¡ thai; these vere

ãmong thê I usua-1 bou-rdc-ry côncìitioitsi for,;ho scalc.i fieicl. ¡,Õr: âi-l

(2)
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thê usual bcuïìd3ry covrditions thô usê of *he tgone:'alízed Ï,aêrangíar

der:eityt is oquinal ent *o the use of the tus¿al- tagrang:iai? dersityr "

fåê reasûn for tiris equivalence, in the action princåple¡ is aasily

shü,mo Tho act¿ ôí iniegralr Ir r?âs dÕÍined!

¡ = J*r lx e"r

.)Ler Í. = ll' {t A fy,r + ! (1l",1***r*{l*l,V)f arrr _ ht r,lL

íð \shi eh tho tganoraLized l,agra:igian densityt ås asedo l.

and r.or r, = Lt/{**vn 
- c (}*r)(J* *tN a'v

ín niaich the ru sual tâ6rù1gian densi*yt is used. 1?o nay write

11 in tho fontr . I

,. = [^tfto*Y*- c(J*{)(J*/t) +ç.ù(*J'P*}r*J"f)f ¿r
' í;ú'

The int egral of the divargence tenas, in I1r nay bo'ørifto¡r as ini egrals

ovôr the spaeo-tino surface lo"hieh ancloses * hat parb of t lying bøtveær

o.i-X4 and X4c rllar L s.t--+ 
;, = t:{tAv}*-cê*txr"'\* "["lt|v¡nt*+*+J.'r] 

n¡,,!rx,

+ .l? {+¡***+**Jvvì l_i *t tr LL
vhoro ú¡ Ls il:o u¡¡í*-no¡aal t+ 5,

TherêfÕra t'l [, .

5J, = 5 J,,"JlAv 
vr - '¿¡.1ye'rdlf 

ar ¡ ¡ {r|;t-t*- 
t*i**in¡ lslr'

I Á ll1*',"* **)u*ì l;; "tv"
Tlìs åctí o&*pïirrcipLs states "L he* Át , Áf* ,S¡r* rS:r*Í va¡i irh at d *e 4.
Thorefore

* li{v¡,** r vs*l I:; " =a

v
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Also¡ for alL the rusuaL bor::rd.ary con<lLtioas¡

,xJ t- l'-t -, " ì
6 j Jli*¡¡x ***J*f'lvrat:&\t =Ô

,^ì 
i 

LL

Cor:sequeûr*1y, for the acticm principle runier thoso boundary conditions

år, = t 
{rt'/{aorr-ç{;*ûúl**t{/r 

ã 5r"

?hi s ê4}laånË the equívaleorco of the tgeneraJ.izad Lagrangian denr eityt

a¡d the tusual Lagra.ngían tlørsity! for a ccopl ex scaLa¡ fi êId rritir the

rusual. bound ary condítionsl.

Î?re tgeneralízed Lagrangia¡ deørsityt, howerer, allows øore bounria.:ry

condltions tha¡¡ the rueual Lagrazrg:ían clarsityr. Eki s aêans that lts use

in the actíon princLplo constitutes a nora gd.eral doscnïptíon of the

øotion of the scelar f,ield¡ Thís suggest s that *he theory of scalar

¡nave fi a1ils Ébou1d bo ilevolopêd çith the ¡ geæ erall' z etl I.,aerattgian

densityr. St¡ch a äevelop eoenrt is discuesed in tho nexå sectío¡rr

2.3 lhe Generalized Fieilè 'Quantitíes fo¡ the Soala¡ Fí oLd

À coasiêera*ioø of the bouatiary ooaditions ari slng f,¡om tho actåoa-

priacf,ple fcr corq:Iox scalar fielôs yieLded the rosult that the rao så

g€tlora.l atescríptioa of the llotíon of the fí el<t is ob*air¡ed såth a tagre¡g.iar

deneity of, tho f,ozn 2.2 (1). tË ças shqn?, in tho precedi:rg seotíons,

that this Lagrange funciion led to a desoription of tho nation of.the

r¡ave fiê1d ía t erus of, the motion of tLe no¡mal modes of, the fíeLdo

I¡¡ additioa 5't ís required of ar¡¡r useful Lagrang¿aü ddrsity that ít yíeltl

ot?rer flelê fund¿ionE and. other aspects of the uo,tion. 3t Ls ê:ç)êct€d

that a Lagrangia¡ de[rsi*y øí11 lead¡ in a natu¡al Éannorr to thê

e onsüructio¡ óf a Eo*i ltorr¿an fuction azrd the oqpressions for the



rrornentuInr anglrla" nomentum and charge density of the field. Ehese funct io¡s

shoulè di* er inLo the Eo¿servatíon theor@s associatêA with *he sotioa of

the wave fielâo Xt can be shotr¡,9 that these f,ieltl qr:antiti es and thoir

conservatior¡ thooræs nay be derived froú the u$¡a1 f,egraxgia¡ d err¡ sitieso

T1re discussion ía this section rrill develop this aspàct of the classicaL

{ur¡qr:artttz ed ) thoory f,or the getlor¿Låzed lagrangian density.

We defi¡e tho momentu¡a f,ielôs r a¡rd 1I* aonjugate to * *rrd Pt ,

ar¡d the warnÌ ltonían density, "/l ¡ for these fíelils by:

î=S, l* c =vd"{l'b\r

"r= F"i
fl : o*i vrrx*t - 5'i i4 -4*r* - 

'Ç 
cPi*)oP*+ **J''Jþ*'i

. (r)

= !;;+ *4*r*-! c*i-4**¡f*Jr'Jr'*J

-,q'¡p* * .ç {*J*J. *'$ È 'PTJx JF f.)

it ls shown, ír App endix II, that tho dêfinít¿ons (1) are tnat¡¡ralr for

those fLelti s whí ch are doscribed. by ¿he garoraLizêd Lagrangian dend^tyo

lit will bo ehorÌú¡ here tlrat 1j' aad î't are coaJugat o to * and gx

rospoctiYèly a¿d that "l,t aay be idørtifí€¿t erith the €s¡ergy densif,y

for the cou¡r1ox scal,a,¡ glôLil.

Tho Fa¡eLIt oniar clonsity is genera.lLy corlEtr:l¡dt eal f,rø the tusual

Lagray¡giar¡ dørsítiest. For these tagrangiaa dear sití os the conJugato

mcæqrtr¡ø, fiel.ds 'li'n aní. lí.fr, and the IIæi1t oaian ileosi*y¡ f{ , a¡€

Jf, = rq- +*

7Í,ñ = 2";

= { rrnx

defined:

9 Cr tr'{mtzel, (ref,arenco ¿), shapt€r T¡
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,' - sf¡Y-:-
5fr
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,i,*x -*tvh +c û.tX.¡**i)

î --- lf
Á*

"ix--5få*'(

, thltse oquations aro:

f¡ * ='i
e& íôenti¿y

Ar,, +!)."tr**r !)o)" v*

L
eZ

& coøparl soa wlth *he så¿ilar fi¡nctions d ef,i¿ed for tho tgeareralized

Lagrang:ia¡ tlorsLtyr it is seeú that the cærjug¿t e ¡roüeot a are d efinod.

i:o era'ctLy tho same way for both types ót ¡,aerarig:iá¡t iløcsÍtles, { and

la i wh e *ho tvo He¡riltonía¡ ttecrsitÍos, * "oa 
,l!, , ttiffer only

in theír ryace-cterivative * o¡a,Er Tf-, atú. Tf> Ì sfll be caLled ths
tusual conjugat e aome¡¡t ar wfrife /d, rnilÌ be the rusr¡a^l T*ârôi lto!åa¡l
dendtYr.'

lhe ci*rioalcal êquatt ürE ûrr tho generaJ.í z ed rrar¡J lt oyrianr d ensity

are ths equatlons of motf,on f,or tho vave f,l o:Ldr In order to olta¿[ sush

canonåcal equations we rtefiao fulrctl o&a-l derivativee, 
# , #. , # *U

,*i- , oî H in the iollowlns Eav:

s'14 * )4/ J14

,* = tí r ¿iòi ¿t+1,Ð (3)

Eíth EÍntlar ile*inftíons ,* #, g* , #. t
ihan tho canonioa.l equatíons óf notioa are:

(+)

.i ,t = tl!Y tntl

ûsing tho d efi.nitlon of fl

p:
I

i:

Sfi c"
? 

=-å?î €

_Å3-
L*-

sù:ich Ls tho fieLd oquatíon fór 9)t.
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Sid.1ar1y, tho oth er two ca¡coniaal equation s yf.eld aa id @rt ity and

A* -cJ*L* . Ó

tho other úavê f,íe1d equationr

I:r order to ídeatif! fl wittt the eerorry d€ürsity for tbê oæp}ax

scalar f,L elal a¡d ín order to obt aln sonoof the othæ fieltl quantítiee

for thls vave f,ield, a Ebress-enarry tæsor @:ill be d of,ineê¡ ihe
rgenoralS,zeil HanLLt onlan itolrsltyl f,ór ü:a colrpl ox scalar f,i old wag

show¡e to be:

| * Af*x - ;tC*l*.)r** r*'rJkJÀPJ

tqi¡g the sca"lar vave f,ie1d equations thís nay be wríttæ:

14 = -c cJ*y)tJy*{) * å{*¡,)r**#r}rL,*) (5)

It ís daEired to constnrct a tdlsor, lu t at Eêcond rá,!¡k pho6e

4-4 cc¡roponeat t qg| ís *he negative of y'f . lhat íe

8,.-14. (6)

Suoh a tqedor i6, oblñiously,

Tf- -= ï [ ct^*) ¿¡"* *) ¡cl,*)eJ"*r) -ç"r--*þ"drzl

ff tlri s :ís the correct fo:m of 1i^" +n* po shalL erçr ect that some of,
tho coneorvatåon theorøs for ths conplax scalar fí'eSil oEJ¡ be $¡¡¡!ari z ealby:

i-#J* 7-., : o
/.(s)
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ï'o el;elioil (C) lo1:.o',;s frcn iho c'eÍi-ni-,'.c¡r of ,/^u , 0) :¡C. ilc

scri;r fiald rqrì:,i j-.,a s, fôr

t rTr" = fffr,ç*)úè,r') I (èr*)(¡r¡'t*) È {Jr}"f){'ÀrP*)

+ (5"É)¿Ð-årf '1\ -(Jr*)LÅrJ,*') - *JrJrà'Y4

- **), å¡w - ¿J¡v*xlr)"t)ï

-- åit**')t¡1"+ -â e) + t)"fì(årL+--i*41

3a
In the for¡uiatio¡ of '¿he -<c¿laf field theorl' .,¡ith thc tu.sr.;L

!,agra::gim d.oirsitios¡, tire etrcss-ene:'¡¡r ten:or, 
Çu , 

:", <Ìe jincd ;

Tt-- = cfc|-*)(bPtJ tô,v)Ç*if r-{s""
l,*u= o .t*¡ (e)

;l t.f
Tld- È is cc:rsistent rii'¿h i; l-.re dcfin:i¿iôr: of the ¡usu;L ir,¡¡i-'rt o:ri¿¡ densi*yt¡

Tt vili be o'ose¡"vee1 tha* { ciocs not óccur erq:li citl",' i:r our cicfj.lii;ion
Íal I ¡"rt as it Coas irltlne c cirvolr t:l c¡¡al f or¡luhti cn ¡

If i;e i,eiiiro St " * Tt+ k r 1r2r3

. * irsr ti:o * ine- ccrrp on o¡rt irr-- 4) of (S) i.s

bJ + àos* = ôJI

r,'ìåcll i.s e continuity equa.bion ior- tl:c or: c:.¡¡l oÍ tlte cc-ar:lo; sc:J,.r i:.e1ci.

'il is *han íô-entified,l-.1-!]r the on3ra¡. d. o1¡ sitl' oÍ :o ss:J,lr fj. e1d. ::rd

SU '.;itl il:c enora' flux rJ:nsitye
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Sxcept for Iånoar honoge,n%us uoundery conditíons, *he tota-1 anerry

Ilr of tno field, ls g:iven by A . 1.4 ¿V r Md is identical nit¡r
the total en orgy r*ti ch ís ot¡L:uined for tne u sual. Høt-i Ii; onia.n doasity, /C. .

Lêr il = {.un¿ - I '¡+z ¿tv
v

rren H - F¡ = - cf{i*)"}.*x+.r$*)**) $ry)0i*rÌlv
v (11)

=- c if*J.**r**d*f "* *s
s

r,*Ìere S L s tho su¡faco *rcic¡ sing v

a:ril ** is the unít nornajl to S.

?Ïrorefore, for aII the uouaL bormila4r co¿ditior¿s H = % . That i's,
the total onergy for the fíeld und.er- ti¡ese bo,ncazy co¡¡ditions r.s oqua¿

to the usual d-efinition of the totaJ. en êï,eyo Fcr li&oar homogerfou s

bormd-ary co¡ditíor¡s '¡,1:o d.ifference i:r onergyo H - ä2, na¡, be attríbut ed

tó tho energy of tho boundary conditíons thonsoS,vesç thå s ves d.one for
the motion of the stretcheê str:ing (see page 21).

Co¡rve¡tionaf,.l v ß, it idontified r¡ith the ezr ergy density of the

fie1d. Fôr tho usual boundary conditions the id entíty of E wi*h H2

aLLovs us to identify {. aJ.so çrith tho energr density of the fíeld.
In erd or to do this for 7d rrrld.êr li¡rea^T homogen%us bounciary conditíons,
vo defínô a surface ar erry don sity tS so thrt

fu 5 - c i-t)*** l**Jtv) nt
(rz¡

lhecr we lray r¡rit e equatlon (11) in t!¡e forn

r-l- 
J Çu as
s

{
¡
V

4d av -- Í 44,ev
V

(r:)
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rl*: fl is cloarly ihe cllcr'¡y cleil sitl¡ not oliiy 'jthiir i¡ bgt also Íor

*,1:e boand.ary conrìiii c,¡rs or: sn d is tlle ei: crgy d-ensit; fcr tìre i;l:e.l-e

sy ri, o-;rr Tho ea crg' of thc boti:ä::r;i cc:rc1,itio::sn (f¡) r-,i11 not, iri

3cre:'a1, rg.t.--j-:r cor:::::rL i:t -!i::.t¡ îr ll ::.j, 1"Ì e--cJ,- j1:rÕ ol c.te,''--' rril-i

occur bet:;¡er t]¡e field ¿¡.¡:tl, tho bou-ncì.:;:;;r l:os€vor', tl:e c or't ilui-i1'

oquatio;r fûi Òn er*.- hold-: at cvcry ir oi.n'u if thê iieid roSior:" lror:l it

r¡e si:ouid cx¡-, eci t irat i5o tot:f ener¡y of tl.re qr st ec is censerved¡ Tilc

:: st flux of or:ergr frc¡': *i:e com"cirr ed- sysiø of fiel* ptr"us bôuna!ãry i.s

r1
sÍ./sn r,],¡ / s*n"es = / ; ?{,r*or**)+ 

êe*)(),.*,t)-fà}hft -*åìrJnúi n* a s

" 
=u=lt ¡g -i#--*#:***SSf as (14)

s
= 0 for e.L1 tiro usual bcrurd.a:X' c or:d.i-t i oi: s eild for

linôar ho!ìrôãônoous bcÛ:rcl.ery conditions.

'ì1ur.t1on (1û) r-ilo": u: to .;r'it:

-/s*n*os = lllru) ¿v = ,l ,4. o, + / $€" as
g v v -'
so that ji,, st as y'{ i* t¡" energy Consity fc¡ tl'ro îi ek1 a:rcl for t}:e boruri¿r:'.

acnditi-o:rs, SO ís the ener¿y f1u-x vector for the field onergJ. åJ?ô ío:' *he

borurô.rry otlerg o ?Lei'efore r."¡e havc shor',tr tlai tì:e :;ctr1 enorgy of ',,he syst an

is cor:sorvoe1. i{oi-rever, êilerg¡ r¡&y fl-órr fram *he Íie1d into or or¡t of the

bou:rds,r1'" tr s s oi:tial"l¡r the genoraliaation of tho !*gra¡g:]a:r deneity ]ras aj.lor¡ed

us to uso the action princi-¡l!"e í¡ tile dj. scussion of a sa-vo fi- old for. ri:i clt

the ort cr¿-,' i: not ccnscrv¡i. It l:--- d.cn¿ t'És li; 1rlo. irrg r ;r rl,icuì.'.r

il¡le oi eno!'gy soìlree ã! tirc bounci¡:-ry of t,iie Íi eLû.

ll:o . rl:r',;ì'"-.1ì c: +l:: '..':ta Íi:i,' ,.'' ^.1 - ì,1 .ci=:.'.; !t"-. ':l c d;:-.;s-

energy tensor¡ :l¡o rlefino *]:e i'ro-u.er:',;um ciensi*y of tl:e scal:r fi o1<ì by:

^ -1"tj'r. -fiç i,
=k 

E - ltáts

"orhe::s G¡ is the k-scûponeilt of nc,ns¡xtrnû t1o:rsityu

(15)
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then the k-componeot of tha getreral cont inuity eqr¡atåo!, (e), :.s the

conservation thaorem fo¡ the k-component of the ûoucedrtim of the fåe1d.

T?re conÉervatio¡ theorøa for angular mome¡rtum folloÉs from the

defiaitLon of T¡u if rve defíne tho a:rgu3.ar uomentr¡u tø"oJon Mr" 
^

r/ = 
-Ty, x, * 7¡r T, 

(r.6)fvt¡v r r-

. \ ,\ *Ënh.., - I.',o
the¡r àrtlyrt= L\rT")r, t/,¡, -ii't

s ìl.¡' -7,à if, 3,-Ç' = o

Trus since T*. ie slwnetz{.c, tha"t is lf " ' Tuy , ," h=""

L^ l4a-r =Q
(1r)

î?re angular momøtu¡ deneíty of the ecala:r fi e1d is d efí:led as harñÍ.ng

eonçonent s ff+ar, þ+sf, #+fe . Equatío¡ (1?) theo e8crosses tho

consorçati oa of, a*guLar mocar¡tr¡m.

Tf *he f,ield has Linear honogonlus bounilary coadítio¡rs an exchange

of ¡¡orentr¡n or angular uomentt¡m may occur betvean tho fl eLd and tho

boundary. lho fi¡r¡ctío¡rE ilefíned hsre ínclu¿l e *he mouesrtrm o" uneul*"

noøesrtum of both the iíeld and tho boundary, flot'evor, c ontinuíty

equatior¡s hoLô f,or *he l*rol.e sye*:en, The rgøreralízed.t sbress-energr

tongor has Led to ai.l the eo¡sorvatio¡ thoorer¡ra expected fron it. It
ræaln s to be shos¡ that a charge coaservatíon thôor@ ca:r be set up

f,or the rgenoraliz od¡ forttrLatÍon.

10 
G. î¿*trul, (roferenco 2), G'haptor r¡
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thø co34p1ox gcalar rqave fieLd ca¡¡ be in* erpret eo as a ohergo carryiïJg

fi a]d ia aã !¡nch as ít is possible to defÍne a¡¡ âlectriê chargo dansit V, f t
and. aa electric current densíty ?oêto", for wirieh ea*isfy a continuåty

equatio'- rf wo lq¿ Ë be a real constani ri:ith tho dime'siorls of eSoctrí c

charge, and aiêfine

P := - iè Ln-P :7r* 9É)

= -¿uþ Lq.ix ***+') 
(18)

s¡ô % s- *ieC(*it**-YUr*)

then, using the classÍoaL fietd equatíons 1.2 (L), ít foLl-owg that

{ + )_ 5x = *,*e 
/*J{r)t, 

ü -qL.)u***) n6u$tÅv**)
rr 

- rur¡" * +eJ.Jr ** ¡ eJ*ç)'[l **f 
(1e)

- LJ, f) lJ*r't - *'rit J' 4

j-A+*o rt+**l
€ -LE-t : ;' I

.=O
vhich elpressse the conservatíon of chargo.

SíDos the genoralíz ed conjugat e monelxtun fields are ídelrtical rrith the

usual cdnjugate monæ¡tum fields, the charge density, p t æa the curreni¡

d eu:sity¡ ftr are ldenti caL rith tl,re charge donsíty anrd. current d€nñity Ehjch

are aer¿vêd from the u6ual tagra.¿ge tu¡stío¡rsll ftrere is ¿c e:(change ef charge

bsLveen ihe fi eLê ærd tho boüdaty.

For the coroplex scalar r¿ave field, díscuosed ijx t emrs of the generatized

L,agre$g:ian donsity, al]' the classical fiêld qEsJ¡titi eð havê been defined,

11 G. wo¡r+2el, (reforeace p), chapt er ï.
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Tlro definítions of the aomá¡tun fields, T , 1fx, coajugate to the fiei.ds

Y , Y^ , anci the definitiols of charge d onsit3, É a.r¡d curreut. density,

% , are those found i:r the usual d.íscussions of this fíeld. trJvevcr,

the exp¡essions for the HaaiLt onian density, 1,1 , A.r" earerg¡i flux density,

%¡ tbe aomeutum and tho angular momentun of, the fíeLc have besr modíf,fed.

Qua:iti aatl on of the scarar vave field vould proceed dírsctrj¡ fron the
oo¡'¡u¡¡t ati on rul_ee for the quantitles ?¡hicb have betrt d efii¡ed. Thís
quantization rrill not be carried out in thís investig.ation.
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CITS?TER ITT

TIIS l¡ECTOR FTSJJD

3.1 lhe Âctionjríaciple for the Vector Í.Íe1d

nlre actíon principLe for the vector field ís qul*e analogous to tho
action principle for tho scalar field¡ 0n1y the conapl e:( vector fi el_ei

g¿iL1 be discaessd ín this sectLoa: the real vector field is alvays æ:

obr¡:ious special ca-se of the coapL ex fiolil.
It te.s shorvn, oü page 10, fi-rat *he only accoptable for¡r of the

Iagrangiær dørsity for the vesto¡ field is g-iver þ:

Y

fhs aotíon int egrùI, f, is dof¿aod by¡

" Ì''l '_{ I
_L -- I lÍ"*v

*,í 
í

a¿d tho actior princíplo nay be statod:

5f = a

nhere xf, and *u and sach ,i/p , ÁfË

which is givetr in the exaarple on pago 3.

åhe motio¡¡. of the vec*or fi o1d conpl et e1¡..

r¡z'itt en:

(3)

are arbiÉrary ín the aalrn er

!:is pråncípIo dsscríbos

Eo.uation (S) aay also be

t 
å [fo 0*:**n**L¡d)+{tu*v^ i'}ßÐ] (1]

,rí t
ô J" Il\t v

(2)

(4)



(-t
ExpanCing à{ in a ?ayiort s seríos rto may *,r5.t e:

,f = ,.f,Ë t,l "J 
-r#,le'i, trä)o,rTl) fffi/o),r*r,

ffi¡*'--a tft,l"u't *rff.*))"hs*/ (s)
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.principSe

o¡

sbitut

¡ óno

ncipl e

,Y'l

Substi

(a)' ó

prínci

CI= |

frorr

ains,

,ther

l{*,
-¡5

lr
ll(''t
!

çË

lng Í

o b't si

ítl t

1þ,

-xi t(t
,.

(t<'1
'.1

e:

'(

I
I
'ly

{,

-lI

actíon

.e acti

,*p* Jp

**)s*;

n* #5

)svA

&t

tho

s, th

XTJ"

. 
*JF

*r)T

dß

)Ï,

g [5J ].n ï

egrations,

* r ¿.-¿a)(
lt

Ð (L*n-

+l-J ¡*j

)"

J^

tí(

-Ð

;tA

u sing

iat e

+ 
LAT

(ås-Í

l5*s+

(5)

13

Í

* tr)
l, aft

) forã

+((-&r:

^^{.-a -2

=*(

(å8-

cv¡
z'l

íni o f5) *rd then

er suítabL e partiaL

tftf,¡

*et(å-[*Ë-{À+iüåf,' '

-;lcu*Ë-J^*jþln +1

*(Låtu *)pÅ/*)* f,/,u{

+Lit, ¿¿-¿r:XùJ,*p* 4l r-!iç]*r
(6)

çhero Ê is the su¡f,ace ørclosing V

ar¡c1 fl< ís the unit noruûI to Se

¡\Jlrtro Íf J" irrÉesral irl (6), sr the conpletety arbitrary i/, *a S|f,

yields the guler-Lagrarge equatíons of ths aotion of the vave field.

Slase EuL er-Lagra:rge equations are:

À*å I i'-e6f¿¡*:'*; -J*;¡u *å) - o

t,

A f,, , lc-rß) (J*J*tu - J*åF **) -- o $)

i'fi¿h K. = A / (28 - c) theee are icl ent I ca11y the f,ietd equations 1.2 (3)

fór tþe vector f,ieldo T?roy are equivalent to the equatS.ons

A *u* t (c-¿n) J.J* 9Ë = a 
(B)

A *,. + Cc-¿ BÞ"L h -- ð
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ä.:rd the torcntz eo¡rdi iio::s J pf ¡n 
-- ô

Jo"r| --o

i¡a * er¡:rs of !.lti a!.r tl:c .¡ccto:: iielrr is u $i.¿Ll¡ Ciscugsôd¡

rì¡it l: those lulor-La.gral1$e e 1uat -i- o:r s tho acticn principLe ftr tjle forr*

t6) yieil-s th: bcurC:ry conditicits jo: *rre vector ficlc :,r:-_tions.

Si.nce xf ancì { r.re en'ti-rely a.rbit r"ary, Õre Õbtrins Íroã ( 5)

lta z /f".- t"l (l* r¡ - lo*1¡stþ + ê. rs -: )o* f,. -à,É,,.) s+[

S /ôl
r c ,,,1,* /r sþ -Jus*J i 9*r.¿JKbfÅ 

-)uS*f { n* *s (e)

t t , 
13 

Lc,t. - ',, 2. ,t3 L-I. t-

.{l1 *he bourrcie.ry coi,rd-itions to bo l11ol:eC. i:¡it L tho llul erdagr¡.j16ô

ô.r'"r¡.ti-ôl; (?) ',1i11 s.r-ii sfy the corrrlitíon (9).

?heLrirry¡*zco¡rdítionsaay.l}eusedtorq.aovesogeoft1roter:¡rs

ín (9). In order to do thís vê obsorvè thr,t the Lorentz conditioils

al1oi¡ us to ç'rit o:

.t rì

O
dv

This üay bo revritt otr as a surface iy¡t egrst ovor the splce-tíme zurfaèe

v¡hich eneloses that part of î isLich }ies betr,¡een x! *ra {. fha,c is 
,

we otrtain¡ ,*j , ) ô.-

^ - f 
-'t{ 

st*l),,*r -Y^lo*¡)i n*4t Jxv
A' r*ilt

at

+ i irc*;ru*y - /u¡u*Í)l l,:t "t (11) :

V
vhere h* !s ihe unlt normal to S , _,

But *he êcticlr priacipLe states t hat *ìro varia*i cns Jfu , S fj ,Sfrf, , Sç{,
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vani sh at x! ana fu. corìsequeïrtl-y

() = { ls [vËJ].t, -Y,,ii.- Jl - r
tl

whêllce

,tl ,
c = J /ist*¡ru*.

xü .ç

pbich, for arbit rary xf ana x|,

/{ crr.t rr; * fo),= 
r*{} n *as

s'

**f)usf^fn^øs 
(re)

. rxy'v*\l I ¿V
'+ ji lv¡

^l

-tu )o*l \in* " e*, (12)

uay bo mtttan:

= 
fic1,,*f)t1.

.t

*he Left-hand sids contains onLy the vu.rintion" 5*Í
the rtght-hand sl.de co¡ctai¡e only the varietions J*
SLnce these var:iatåons aro ind op ondant eaeh sído may be

soparat eJ.y, *hat is

/Jur.r¡rç - tulusrli n*ds -- ¿i

ù

I i ou*iia*u -*r* )u s*¡ ] n * 'ut 
*- '

Î¡si¿g (14); the boundary condition (O) aay be -*Titt esr

/,
o = Jl-Írr**ål sh-iû1,.t.)sff *!*[çs*o

+ åE []Fv[ -år+f )st^ r åB0ntB * {o

F = Lr2r3r4.

equat od to zoro

tt+1
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A¿ e¡a¡ninatíon o; (fS) reveals thê folLolniag bouaêary coÈditio::s¡

u/- = ,r'Llß= I¿ :o ons. 
(ra)

or fO , f Ë periodic on s.

. p = Lr?r3r4

But¡u:rlessBË0,

àil _ åf,,
neither äf, - " TÉ' *- 

o

. ou \.

tror l$- 
"/ '#¡'"- Y**

à_n- iz 5fi' " tt

(vhere lf ås a co¡rsta¡rt depæding fu ¡g )

satísfy conditlon (15). sínce these bouadary conditions aro ery act od

of a usoful Lagrarrgían density, we ståpulaie tha* B r: O. fl:m (1S)

uey be writt en:

rr -- - f.,flo--¡lufortt.t*\srfi-f*t*o -t'rl.s{," & (rr)
CJ

çhich is setísfíed by aLI the usual bound ary conditÍo¡¡s and al'so by

Linear hoøogedous boundary conditions. the relation of tÌro rattor to
the surface coaditi on (fZ) is díscussed, iri Appendix I.

3.2 The Ssner4ízed fu¿grangia¡r DeneLty fol Voctor Fields

o shaLl, caLl.

ì

f . AyË *u r I p, tt-ur¡-luå,Yl)+ll¿à.{'/^-+ttq

thergenoraLized Lagrar:gian ci *:sítyt for vectcr fíelds. T?,.o tå€rang:ie¡l

denslty, f,a , øti"tt is usi¡a11y øployed i:r the formrlatio¿ of voctor

fí old s,¡¿q¡qÞ' 

f" = A *rj f, - S, t lyu *l*/-)(ùti '¿./i)
/. ô\\á)

(rj
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will be called tho ¡usual. tagrang;iaa densityr r lhe EulÕr,.{,agrange

equations, 3.1 (?), sho.s that both the gønora.!ízeò. e¡d the usuaf Lagre¡gia:i

d.e¡síties Leacl to the sarno fi eld equatio:rs. Eovevor, the trsual Lagrej1gía¡x

d.ensíty 6.L1orrs orlly sóEe of the u sua1. bormd ary conditicns lrhile the

g ern eraLi z ed Lagra¡tgiavì density aIloss all tho usual botrndary conditioas

and, ín adclitíon, linoar honogenåu s bormdary conditions¡ Thu s the

üsê of the genaralized tagra¡gian ðensí*y, (i.), constítu* os a generalizaiion

of the åescription of the notíon of tho voctor fi o1d. by a¡r actåon priaciple¡

I¡¡ the nexü seotio¡a the classical *heory for vector fíe1ds wÍll be

developed fo" tho general-ized Lagl'å¡¡g:isJ¡ ddrsíty (1).

3.3 Tlxe geyreralåz êd Field Qua¡rtítiee fcr the Vcn*nr, Í.i a't¡t

Fo¡ the generaliz ed tagraragia¡,I daasíty, 3.2 (¿), the :no¡s.eûitu¡r fieLds,

T,, *u ?l-,n* , conjusate to t, *a +i respêctive1y, ar¡d the

lîa:uil-t oniar¡ ilenstty, {.f , mêy bê d.efined by:

r[" = 3i;
oÅ = ?-ir

14 = t.Irl,:i,;tîi,;:i"*-" .'l

K - l, l,J

rhe fierd quaatíties, (tî; '.;iij"lved fræ rhe senerelizôd ras:ansíar¡

donsi*y, i¡x a naturaL üar1ne¡, ía Âppendåx TI¡ ?/e sha1I refar to these

quaartities as the generalized fi old quantities for ttre vector field.¡

Itx the conver¡tio¡al for¡:ulation of the nector fíe1C the fieLd

qr;.anti"Ëi es a¡e construct ed froæ the usual" tagrangiari density, fr_ .
?t1oür thê uzuat field quanrities, 

{U, , ff'l , ll. are defíned:



{t"=

7f* ã
ì3>

ü-=

'.ì:. : ,:r:j:...rr:::;:;: : : :u: _i t :-:.::: ;:..
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- à o-*; -+ri)
*å .¡*,, - +/")
Ttr,i' rrr/,,'ì{ - l" -J"4,

= C I c\:rä- Jrft)Jr'l¡t- CIy vu-ü,å)å''il - u'; t
r I a**¿ *Jo*jiG,f,, -),, /"J *)" f .

wtlero Ek ís somo vactor fu¡ctian o? tr*-r*r*r, *: *rr,t*, *rt( .
It is usuall-y asflûced *hat divergences of the forr¡r -\ F* 

"r.r, 
be add ad

to 14, arAi+rartì.y beca-use the í:ri egrated Iiâr¿ilt onían d.eirsÍty, E,

( frZ = | ,þ, åt/ ), rl:ill rÕt be affectod by theso terras íf the field
V

frr:oetions va:ri sh at the bou-ncìaryn fi, i" used onLy for thís sgocíal

boundary condítionc

It is soen, on inspoctíon tbet the generaLízed lfu , rbf nua .lë

diffor fron the usual \rrf å. ú û"o ïh par*icular, f,or *he

usue;L for¡ûrlatíon both tï, *d t l, và¡rish ¿ð ent i cally wtrire, for
the þonaral-ized fo¡sr¡lation, 'lf, a¡¡ð. Ttr* &o not vani sh ia generaJ"o

In the usua-l developement *he va¡i shÍr¡g of these tvo monent¡.s fieLd. s

íntroduces dífficultíes into ths theóry of vector fioLds. F6r exâmplo,

¿f thê ca¡onical equ-atiems from å, rlaer.ltonlan densíty, for vector fields,
are to yield the field equatíons in the forn 3.r. (g) the¡r thsse equatåoi:s

¡q: st arise for alL tho componont s of f , ** , tirat is fæ "(r*,.fr,ll,
Y*)+rrt'l'sl þrx . flo*ro?er, ç:ith the usual conjugate no¿1ørÈs. ca¡.olli cal
equ-atíons vould. have to be set up i¡lvoking *he åde¡tically va:tí shíng lÇ,
*rU 7fr:. lliis construction souLd not have aroa¡irrg. Eveb othersiso,

it is usr:al1y aêcessatlr to assume a partícular fo,rll cf, F¡ lf the reuain,i4g

si¡ eaaornical oquatloas are to bo the corrospond.iag sÍx f,ield equatåons.

s'ch difficulties are ndü èncountored wíth the generdåzod conjugate

nooaeott a.



':: ]:..- 1.-' i 
' 

.1:,:::lji:::'..:.]:i':.'j'.-ì:: ]:::

-45-

It qould be possj.tIe, r¡i*h the u sual ]jagra¡ge f,t¡nction, to define
*he usuaJ' conjugate f,ierds *o be identical rs'ith the ge'eralized conjugat o

fiêlds (1)¿: I[cøever, sr¡ch defínitions would not fol].olr naturally f¡ea
*he u flral Lagra¡rgia¡ density ( see Appelrdix fi). Tre r¿erit s of the
generalíaed fí elil quantítíes will rsceíve furÉher diecussion íå the

folLowing secÈious¡

fo obtain thè canonicâ-L equatíons of lrõtion fron the genoralizðd

Ilamiltonlan ¿ens:.tyr fl , it r,s neoêssary to defr.ne futctionar deÌieat¿ves,sld slt s4t s14

ç, ,4, **_, d;, mith respect *o f i¿ rhe fotlociïrs rr"ay:

Ill ='# riilarffi, ,'-4,.)t#J 
,a\å/r. òIt d v v\cßdk r.,'l / 'r\øá'¿d 'r ) ( 3)

wíth símit-ar defiaírions *, ,{.{ , }* and }4 "
1TÍ*h theso funotí or,ro-1 derívatives the ea¡oni ca1 eopations of rcotion aro:

- -#" (bl
-n

ts
*. = t4' /é 5îs (a)

.i* - 5#tþ- ítË (c)

(4)

:rf --5dr F á*Ë (d)

It is e¡poct ed that thess ca¡cnical oqua*ions rr.ill be the equatioas of,

motion of the vector .weve fieLdo ?iri s ís readil¡r ve¡ifieC.

(4a) yioras 9B -f¡ a¡1

(+t) y-,.etos -r \ *{ _- Ldlr{ 'P

. iden*ity, and

A*l i jl),:.*f.

+ ct 
CJþ )k+i"

- J.,lu*1.¡

* )*)F/å )

vbi ch åÉ ths fietd equation ror ff fn the fo¡:n 3.1 (?).



sirÂilarly (4c1 ærd (4d) yield, respectiveLya

i* = çn, F - ,J an idctrtit¡'

ðr¡ó ô -A*B +c(J.,),*!r-)*)ßY*)

shi oh is tho equation oí motion for ths fiera t'p .
?he ca¡roní cal- eo¡ations Òf motiôn, (4), 1e*ve aot beear del:ived hêrê

fron a variational prånciple ånvoll¡ing il1e generalized Ìi;ìrílt oni æ¡ density

fl ¡' This couLd be d.one ai.xi such a, discussion could. a.leo be ¡zsed to
çbtâi'1 the bormdary condítious to bo s-Llorged in the d oscriptíoa of the

¡rotioar One lrould proceed to d.iscuss fl * u ¡rannar ærtiroly analogous

to the way in rvhi eh f wae discussed. in the preceding sec*ions.

If tho generalized lIa¡cílt oni "i:r density v¡hi ch r¡o havo con st ¡r.:.e, ed

ig to bo entiroly sîrccâssfu.t. ia the claEsical. theory åt re¡rai:rs .io be

shornr that y'{ nay be ínterprototl as the eüre"gy rlensí*y of the vave fields
a¡d that a oontl.nuity equatíon for onergy raay bo søü up. ïn o"der to
do thls, a stress-enêrgy tensor, for the vector navo field, rcilJ. be

conEtruct otl frø the d efinition of y'l ,

Eho vector fiold equationsr 3.1 (8), lray be used to wrít e the

ger¡eralized 
.Saníltorían 

fuaction, (1), fu the fo¡B

À strees-energy tensor, T¡nu , ^uV 
norv be definod

J.

'14 . -cLJ**B)(J**Ë ) t ft*oW*i + +].JrJePÊ) cur

T*, = å f,rnuulu,*i)¡o,Í")þ{)-tu¡r,v; 
-r;}-tyrl 

(6)

Xt is soeø, o¡r lnspectio¡r, tnat f44 
= -/4 as regul.red. T¡¡e shal1
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identÍfy various field quantitÍes r,rith tho conpoa ant s of T¡v. Sorne

of the corË inuity equatioas for the vector fi er-d s¡ill be of trre for¡¡:

àrTr' = o
(?)

' Thts oquati on follov¡s ôírectly fr.oc the defínÍtion øt fi.t ( o) a.r:d

fro¡r the vectcr field equatíono B.r (?) (cf. proof of ei-nyil"ar relatioa

for tho soalar fieltin page 3â ). lhe tl:oe-codpone.nt of equation (?)

ryill bê recogtrizod as a coatinÉity oquation for er¡ergy. ThÒ d¡er6¡

, 
O"* veeêor, ft, for the vector field, ås defined by:

t = frt+ k=1.2o3 (s)

lhetr the tíme-ooøsponøt of êquation (Z) cry be wrítt.eor¡

à3 +)¡Sn = o

àr (e)

lhê goneraLlreê Ha¡rilt onian tlensity, d , * r be åd e¡rtified with the

eraorgy densíty of the vector f,i erd through a conrparíson of f $ith thê

ust¡a1 Ha¡¿iltoatan iterrsity, l{a , ffe may vrit e

. ß- A, ,- c fo,*i¡ 6*yr) * jcv*J*).*å) +j [*lJk)F*') +c$úA¡!l *qt'ilù+)

- ()ïY')t\f¡) +ó,*Ä-+riÞ,¿ + tar{ -), rJ)b/, i n"å.,

.: - c cJ*y?) Ov*i) Ì cti?*f ) {Jxfx) I br Fx.

:

' * fï)[d)-i*Yl) -|*il.t,.***#t"***)lJþ**)

lo rsduce êhj.s expression to a puro ilívergenco !¡e rø.eøber that the

Lorêr¡t z cor¡åiti.ons !ûay be çritt qrr:

, ðr** - - Jr/r J, Y i -- -J' *i



*Æ*

Thetr v¡e ex&aíne

(12)

'f i'Jr'/r1

+ f**5e ür*l)

€ e t'b.*þ )c*n f,.) - e [þv 
.tfi] r]J,wYr]

in (eo) u yre have

å J* f -*-J**J *9.,*å**< rvf )¿*r +vgJ¿*f

*"f¡")v *r* * Éä J- *vf + 3r h

{
)
l)

,r

J-

ù

This follovs

-f5*^*&s
s

ri 
{ÈbJe 

tuywä,} + zürvÍJto9") r{ ;'runP')j

whíeh ís a puro divergenee'

Tlre dífference betvoerr tho i:rt egrat ed. IrarriJ-t oníans,

'," ra Ål '' v
J- ',k æ-

$ :- f *ä )e*- r- #r Yä) *i t eniu*f I

eci"ÉäXb¿9*} +
C rl åu¿åoÉ,J

UsJ-ng (rz)

-l,l * 4,lz -:

(13)

laav - j qdu av a
rl

is therefore ail. exprossion which r.rray be evaluated. at the bou:rdary.
j

rf J fla.r¿, ís ídentífíed uith the energy of ihe wave field, then,v '¿*

for tho uore general- notions of Ì;ho vec-tor fielcl J4 æV ís ídeit-üífied
v

rrÍth the energy of not or:IY the y¡a.ve fieLrl but also tire boundary sonditíons*

The goneralized Ïlaruiltonian density wiLl ser.ve as -Lho energy d.ensity

of tho vector fíeld. íf ç¡e remenrber the.t at 'bhe bourrrlary 4t/ contains

terr¡s r¡hich doscrite a surface e:lergy d.oirsity" IToweveru the totaL enorgy

flux through the borurd.ary vairishes, that is,

frqn the definítion of ftno )s 
J 

u* f et**Ë){årËtr *cr,'/o) r3rYr,)-9rl*4li eÄJ,Jn%'¡n oas
a

-- ï i i-&,,rH'- ï. ],f *+,,$eff)-î--,îtj-P)1"'
: Õ for all the alloved- bou:rrl.sry co:rditions*

(r+)
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Therefore the total energy of the system is conserwed,. Hovever, as

for the scalar field, an excharrge of energ:y &a,1, oecur betweeË tho fi eld

and tho bounclary. The generalization of the tagraagian dersity has

ex¿ènded tho use of the aetioa,principLo to a spocial kind of nor -
conserv¿tivo veqtor fi6Ld.

The no¡.ontr.¡¡¡ Censity vector, %r for the vector f,iold aa¡, be defined:

Gt=*t+r &=1r2r3. (15)

f,¡om which it folloss that the o : k componont of the general corltinui*y
equation (7) aqrosses the con6ervation of tho k-coaponent of tho nse.entuü

of the rzave field.

4s for the scalar rs'¿ve fierd, tho conse:-vation of alrgular r¿oment¿rn

is an ì rnediat e consequenoð of ttre s¡rnnet ry.af Tyv ,

By defilring a oharge density, f , t arA a curreurt darsf.ty¡ s'.¡ in
teres of the vecto¡ fieLd, functioas, and by consÉnrctíng a continuity
equation mith f and 1 it is possibLe to ínt orpret tho vector field
as a charge carrying fÍoLdo A.s for the scalar field, ve defitre:

f = -.:e(tiFfß-oiv|) -- -ie! Upi:- *itt,)

(19)- reC (*o lr*; -0-lF) + j: is.=

where É ls L roal_ const alrå øith ihe dj:næsíons of chargê"

Then, using the voctor ííeld equaLions, it follovs ;r,r¡nediat ely t hat

)r
TJI

)¡s* '-a

vhich expresses the conservatíon of charge.

(17)
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ÊÕc-¡*rss the generali.zeð conjugate mone¡rtr¡:l fiolds, T¡=, *.* Tpx u *"
d.ifferent frc¡r those usuall-y oiaplo3red iir the 1it erature, the defi::i.lione

of cha!'gô densit¡' a:rçI eurrc.nt de::sity, give:r above, also diffcr fro¡r the

u sus.l defiixitic$s sf *hose quanti-tiesr ?aus usua-liy,

f' = -Q![+uorv¡-tu),,*i-çJ-*F +ei )F*? )

Tllen vrô llavê

f 'f ' ' e fc$lnt-- 9åÀþlY)

= ê 5IF Ûfl'*l **È *') (1e)

s.' =- -iec$u\.,,Ë- {.}¡4)f. - 'eË}r*),+YË },.'t,.) 
(1s)

sinco ip/o-o a1.ìd J¡/Ë . '

:ilho tctal charses for f and ¡' , tt** *, J pâJ "*.a f p'dv res;ectivel-y,
tlV

*he¡: diffar cr:iy by a qur,ntity vhi cl:. is evaluated a* the boundaryr ?1ú s

dj.fforonce vaí,ishos if tÌ:e field fun¿tioås v:urí sh ai tlio -oou:rcirrry 
o

Tb€ generalízed lagra:rge fnncticn for tire voctor field aLlòi";ad a

dBfiniti on cf tha conjugate nomentun fi eld. s for r.¡hich the * irae- e omp onont

of these fiel-Cs riid ¡.ot va:ri sir idoEtÍcally, f* ha.s beolx sì:c*n, in ihis
sectionr *hei alL tl:s classical field o¡:aati*ios and conservation fll.eorons

may be derived along;viih such ¿ef¿nitions of the conjugaie non"1rtum fields¡
Tho fo]'.¿ulatí cn :ia s ext onced *o i::cruð-o íieLês rdth 1in+rr hcncgonaous

bcun.l-ary conditions. lfore thaa tlrat, *he vector fioid quantåties. as



-51 -

derivad alove, pc$sêËs a renarkabL6 si,.¡-î 1ar5-tj/ i¡ form to *heir analogues

5:r tho conplex seala¡ field. As a rule, åf any generaLízed. fiald

quærtíty is defíned for tha scalar field its analogue in tl¡e vector

fi eLå follows Ínmed.iat ely bl, si.nply replacing the scaLar field functions,

* , *o , by vecior fiotd f,urctions, "1, , f; , a:rd by replaci:rg

producte df EoaLar fíeLd functlons by Ínner products of vector fi oId

fuasüíons. Tbus

,1. '---' /r
*f x **_a t

ÈJ v'n *+ üòn àn

gx.F

*;

( 20)

øt c¡

ry¡ê @ly exoeptions to this n;1e are tho Lagra¡gê functíon a¡d. the

&¡riltonia¡ fuaction¡ Theso arê logical exceptioas because ve !'oquire

that the LageangS.au d ensJ.ty a:rd also the lfunilt onial density, for thô

vector field, lead to a Lorentz cond.ition, a co¡rdítion ¡¡hich has no

analogue ín tho sea-Lar fiol.tl. lhe Ila¡rilt onÍau¡ f,unstíons and the

Lagra¡ge f,unctions for the vector fields are at varianoe r¿itÌ: the rule

above only iv¡ those terlls (that is, mixed-derivative ter:as), i.te the

vector fieLd quantitlos, Ehich Lêad to this Lorentz çoadition.

?h6 si-nrple rule given abovo, for the t¡ar¡sítlon in form fror¿ tho

scelar to th6 vêctõr f,ieLd does not apply 3or any of ths fi eLd quantiti os

in tho u sual ð ovel op e4ont of, the classical theory frf, thsse fíeLds.
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4.1 f-he lirac FieLÈ

The Ðirac fi a]-d. eo¡atíonsrl.Z (5), iavolve no derivativee of higher

o¡der tha¡r the firsÈ and consequentLy the Lagrange fuaction for thiÊ
fi eì-d nay no* be g eoreralí z ed to cont¿in socond.-older derívatíves.

Ilolvsverr å* may be show'r, for thís fi er.d. aLso, t ha* t*tÌFijlj"u"* condítions

to bo a1lowec1 in ths description of the motion of the wavo fíeld are a

direct consecuenco of -ühe actior: princírlo for this fíeLd.

Tho Lagra.ngian doasity, { , for ttte Ðirac v.ave fi eld may be choson!

I = -l* {!çrt#";'bne,+**¡tr,*,Ì (,.)

which, for reasons of siüpLicit.v, íË une'&oet ri coJ iw *¡ *rr, */ , V*
tho dÍ scussiori of the a.cti on-prineipL e r¡iLl shory that tbLs e:,pression

could be easily slræÌet ri z ed. Á.s for the scalar alid. voctor fields, tho

actíon-¡¡rincil:le here aay bo r"rritt ea,r:

i*í {{) * J I xf'é¿rr I (2)
Xy, r/

îrherô the variation åt ¡têans the variations in .{ of tho
fr¡¡ctic¡al depenttonoe of, all tire fr, ,,tþ on their respectiva va¡iabLes.

f¿oee variaiions va¡ri sh at xt and {.
Esing the fon¡ of { sÍvon i¡1 (L) and perforniag pa:'iia} j¡r'¿ ograti onsr

*he u sual variational proeed.ure al-lov¡s us to q¡íte (Z) as:
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o=
r'i /"I l)-*x)*í !r Ê

¡1.,! t ^r J,.JiL+i,

It r¡il1 no¡y be Ehow,r that (4) is oquíval ent to (T) anri that (S) is
oquívale¡rt to (A). Fro@ thè aorinttions of d!! * $ as gívør

by 1.2 (5), we ray wrft e (5) as

c = 
' 

,*; ".;l I ;;' =" f ,ï ï :::,,, *.:.#]\
\ tt"*i t';t)"t 'n'rÐ |\;;;; -¿n,tl -,,n) f (8)

* f''/,'l"* ¿s.x'

- ^:*/,+,J#,!arr i**J'

,|*;:r-r +*,6*'fuJF*F)

fr. *Ë ?ï'

{3)

rhore nU: (n1¡ n2¡ n3) , the r¡nit nomal to S.

The Euler-Lagrnnge equations yisldeù by tho second. integral of (3) are

íd enticalJ.y tbe Ðirac field oqua-tions in the form I.9 (5). Tha first,

int egral., vhich is the borendary condition int egra1, aLlo-øs us to r:-¡its:

eiiher *r' -- Ô

c¡ "r4# :b
onS

ons

(4)

(5)

6" the po¡iodicity of t' o¿ S, as possible boundary eonditions.

By int erch.anging the pLacos of *¡ ura,P/ i" +,* Lagrange function (1),

one vould hâvo obtair¡od

either VL s o onS ,:(O)

tùtor n, nß, IF -' A on S (T)

or tho periodicity of fj on S.
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aad consequent}y

n, *l I i er'*'Í, +'r,*{ --

n,*un - I n. *!-n¡*I -

n *1 +, n. *1 *ht**' :
'tL

n,fî *ivl¿+f -rnr+l

The first tøo equations of (O) are tsro 1í¡l,ear hcmogenBus equations in
"þl , *! , rcho so det erxín a:rt¡ (n 2¡ nrz* nrz = I ) r does ¡ert ya¡i sh.

Consequently *I = *;f -* o

Sid1arly, f f = / { -- O frcrn the t ttl¡tl and fourÉh of (9 )

Thereforo the co¡rditicn (b) io eo¡ivalent to (6). sàll arry (4) is equiva.l eat

to (Z). Of thê usual boundary conditíons the only ones alloved by the
acti on-princíple fcr tho Ðirac fi old are the va:ri shing of the fieLd fullctiô¿s
on s o¡ their per{odicity ûn s. ?ho vani shi'g of the noraar tierivatives, orr

So cr lirear hmogon$us boundary conditions aÍe eaclud.ed as po€siblê

boturdary eo¿ditåons f,or the Dirac FLeldr

4.2 Coacl*qion

The boturdary conditío¡s for tr're aotion of the ãcar.ar field, the vactor
fi o1d and the Ðirac fí er.d havo beon shovm to be a coasequen.ce of the
action-princíplo for these fiej-ds. Ii vas shoinr, for the veeto¡ ar¡d

Ecalar fio1d6, that the use of Lagrangia¡r densitíes oon* a:¡?-ii1g second_orde¡

derivatives coa stitut ed a goneralízatíozr in tho selso that tho description
of tho ¡rotion of these wave fier-d s v,¡as ext e¡rded to i¡clude those iootions

iavolving Línear holog",fous bormdary cond,itionso This g enerailf. z at í on

modified the for:a of various fi e1d quaniities.

Tha uso of linoar honogontus boundary conditions ín tho applícati.on

of fieLd theoríes *o pþsieaL problals has not been j¡vestigat ed. It was

poíat ed out t hat such boundary conditioyts aJlowed the exchange of côrb ai¡

ô

a

(e)



field qualtitíes betsoen *he field ¡urd the boundary. i.ny pþsicat
probl €fir invcl-ving such boundary covJditions ¡¡oüld. b.a-ve to be cliscussed

çith tl:e generalized field opantiiios lrhi ch t-¿r-e d.or.iyod j:r this
i.vestigaiion. :111 the u sual fier-cä theor;. probLeas 

"uay 
bo discussed

çith 'û1:e geaeralized 'thoory .rThich has besr d.evelopod¡ For alt probler,s

the fo rr¡ulat i on for vector fielcs boca.:¡e qilit e a:lalogous iJ: fora to tho

f ornul-ati on for scala¡ fiel"ds.

T.|e rnr:dification of the fíeld quantÍties, as suggest ed_ by the

gene.alized Lagra'gia. densities, have boen carri ed. out for the classical
(unquantized) theory of the scal-ar and. vector fields¡ .4, naturaL e:rt erÌsioyl

of tl:o r¡ork in *l:is investigr-ríon çould bo the d-iscussion oí quast i. zati oï¡

vrith thô nodified fialð functions. $ucrr a¡r e:ctensíon ís cont eopLat edo

rnteractioas çere not coirsid erod. izr trús i::vestigatioao ?he bouadary

co¡ditions arising frorn. the uøe of ger:eralized L:grangian d.onsities i:r
action-príncíples fo¡ the pseudoscal.ar and pseudovsctor f,i e1d.s cou.l_d bê

discussed. rn a v*cuum *he oquati-ons for thsso f,ields are idoniical wi¡h
the sqalar and vector fields respectively. rt rzo'rd also be of interesö

to discuss the eL ect ro¡¡agn et i c field. h parüicuLar, it rrould. bo J.nporü aat

to iiscuss the possibíLiiy of definíng tho niolent a for ihis fi eld ia a

æannor anal.cgous tc the definitíons of the genoralized conjugate nononta

for the vector fi elclr

T¡ the discussion Õf field theoriôs çith variatíond. principLes it
should be røenbèred that tho veriaiio¡a1 principlo be required. to yí eLcì

all tho in fo r"r¡atí on aþóut the fieLd s¡hi ch is necessar¡r to describe tho

rsotion of the fieLd¡
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The bounCary coädition int ogral for the corrplox scø.Iar fíeld rIas

found to ¡o (Z,r (e)):

a = ff,u-i)rï-$r ieß-i)y 5*x+9,*s{lri*-ti!,la: (r.)

åmong *he bound ary cond-itions ss"tísfyi:lg this relåtiozl rvould- be t;rose

condltions which erpross e relation be¡1.¡oen the field fuactions a¡rl

theif i:onna:L d erisatives. ?hat is,

ry -,6c*)
J¡r

-)i* - ¡JC**) ons (2)

dn

It çii.l be shorm t håt (1) requíres r llat

6i*) ' t*
¡1¿y't) = y** (B)

where f ís a consüant.

Agsr¡üe the rolations (?). Thôrt by Taylorr s series expansions, for
srerr áf , &/*, ve hg.v'o

rry =d-6c* ; åYj= #rs+*"àn - ey.' t - wLL (4)

?his allor¡s us to rsiià e (1) as:

o = I f[*-:tu ,ir^fr]r* rlirv4o + ! *{]s**iæs (5)
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a¡d ei¡ce the variatio¡s åY "na å** are iroïr conpl ot e1y arlitrary
on S (thls is co¡rsis¿ eixt î¡iún {Z)), this yietds:

(s-i)n + e-f* 
"Å, = Ð

cB- :) c' * t* #rr
Theee are tço differs:¡-ùial equations which raay bo solved for H e¡1d G.

fhe first equ_atiozr of ( 6) may bo .¡-¡¡itt en:

q =-4,iCt_ ** e* (7)
lzt

-in iZ) tle Left-hand sid-e depends on qP* or¡1y lrhile the ftghrÉ-ha_rd sírle

dopezrd,s on Y onLyÐ' ?herefore each side ü.ay be equ¿rt ed. to a consta:lt,

-{ sayr Thon

6-- r*
H =- -1"** tur

*¡g-c¡')

Sj.lrílar.t.y the gecond equation of, (6) yieLd.s, for u¡otl:er arbitrary
oonsba¡rt ¡ ,

H 3\"P*
cg = - 

-.IF 
(e)

¿[õ -c/¿)

Equati¡ê ihe reEul* s of (g) and (9)r. ve cbt ain
(_

Ys-ry|
¿ß-<t¿)

c¡ --- .."....-_--:.v
z (8 -(/¿)

that is
l3-9\t - cz\_ þl 1

(1ú)

(1r.)
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.shi ch ho1ôs for tr, g nct both z610. From lkis, çit he¡ ts : t o¡

B = 0¡ Bu+ from the Eul ôr.il,ag¡arÌ6 e equatioa s Z.I (T), íf B = 0 then

* -- O eve4mhero in V.

Thereforo, for a non-tt'ilcial ryave fiold, bounåary co¡:d.i¡io¡:s or the

forn (2) requiro t hat B = Oo åJ.so thenn ¡--f a¡ed the only possÍble

f or¡¡ of the bourdary conditíons (2) aro:

\'¡* ¿ *
-Y 7

ðn

!+ (12)9-' - x*d¡

For the vector fiold, a siaiJ,ar resuLt is obtained for. eaeb component

or \ø{= 'l',.r*r,*, ,'}",1 and +* F t | '1, x, '/rx, lrl .

The conditions (2) and t ].rei¡ rostricted fom (f2) expross a reLation

wllich hoLds separat eLy for each poínt ôn the bouadaryc Thus f is
i.aê op ancl ont of time but nay bo a function of positíon on S. The Linoar

homogøreous bound-ary oondítions (IZ) are thê onll¡ possiþlê bouïÌdary

eo¡dítions wiri ch are tpointøiso$ relatÍcns in thís ¡¡ahiler.
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À flasilt oaian func,{ilon may be defined, for a r¡ave field., if bot]:

the field fu¡ctions and their conjugate ¡romenta ¡:a¡¡ be defined¡ fl.e

obta:ined, as tho generalized Lagrangia.¡ deasities¡

Í, = A*/x t ç(*JnJ.,** t.Y*J".J*{)

f , = A"lp'/ ;t f L/orr-i-*,J*)^r.*r) r$o;.¿,-r*ç*'!(t)

where f,3 is for the complex scaf.ar fi eld.

a¡0. J" fo¡ the ccmplex vostor fíe1d.

lJsnally tho con¡iugat o øouentu:r fi.elds aro defined. by

-# *r¿ iJ
/l __ --_;- tt = _ 

( Z)"þ òt, F J+*t5-Ir
ìrhore fB -- 1.2.3.4 for the veetor field

: I for *he scala¡ fieLd.

But nsither of thegône¡al"iz ed tagra:r6e ft¡nctions above contains f., or')3
Ç | erplicitLy.

ì3
Because øf the special role played by xn Í,, the action -Bri,,ciples,

a¡îy ¿o'.s in 4 o" f, iaveLviirs i * t; ( 6= t.z.s.+ for vecror

f,iolds, ¡ L fo¡ scalar fieLde) nay be repLaced by a suitable tenr
| íxi ir:rvoLv:ing Y

'ndsr 
such i J*J"-". 

";:::"-Ï::ï"tncip1e 

ræains unehaaserl

*, - '4'JS -2 o(s

. .¡ -J | (3)
"{ v .-z '* v
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whore a
Y u' = A*v* I î a9&)h*' ¡ **J¡)r v) - l(å¡*)Ûr Pd

in'=A*Fllrïg,i)*)r/,T*J¡J-*å) (4)

* 
ç *Ë t\), *o- ),,),våi - c iÀ /,, ) ¿Jv *t )

By wploying ¡].' *a Jr' i¡ the variatÍona-l procedure it íe seen

at onco that thesa tagrange fuytctions yi e1d- exactiy tho sane Eulor-Lagrange

equations a.nd exactly *ho Easo bor.rndary condition int egral as f, and fy

respectívelyr fherefore Å 
t *tA Jr'*" equlvalent to t'" *¿ V"

respoctiveJ.y, i.a tho discussion of ecalar a¿d. veetor rrave fields s¡ith

action- ¡riirciples. I¡ vier¡ of this e{uívalence dra anà XÅ nay ì:e

dafined, uneqüivoea.Lly, as

JS'
1=' ;ao

44 - 7în+:,, t rir*)! *J,

" ^lJJ
rt1= = ¿+"t .rP

( 5ì

vhore 6. lr2r3r4 for vecto¡ fields

.: I for scalar fields.

Thêse consüitute natural definitions cf the conjugate naomenta which

çr'ere statoô in the discussíon of these !,'ave fields"

It wouLd be expect ed that the Ï{aniltoal-a¡r functioa f,or tho øave f,ields

raould f,olloç froß +hat fo::r of the Lagrargiarr d.ensity whieh was ønployed

j3 defînil6 tire conjugate Bolxontum fioLds¡ Sherefore ¡ro deÍine the

ãa¡liltoaía¡r density, p ¡ãs

l.þ,

112r3r4 for ?ector fiêlds
I for eealar fielês.

f.his is th6 natural. def¿nitioa of the lïamilt onían den si*'y for those

rave fLelds qhich a¡e described by a generalized tagrat¡ge f1¡nctíon¡

Tho definitíôns 2'3 (!Jr 3.3 (L) ecrployad fuì tho discuËsioã of the 5ca1a1

arìô vêctor fields follow inrr¡ eôiai ely frou 15i a¡¡d t.6i.

3--
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The transÏo¡r::a.ticr: *1 ->$' , abovo , has trsriËlcrueó a,ll- t!:ose t eras

in fg dni.ch iavolve drrrj"vativ€s w:ith respeet to the t!îo.co-o:di.aatê.

lhis ís not true of *he transf,onnation .f, € Jr' . ïn the la*ter,
tine-derívativoÉ occu¡j¡g ia terms of the forn *Uå¡rJ.,*-l o, VË j¡J; y'*

havo not beqr t ra¿sfomred. ¿nd have not been æplóyed i¡ ihe definitLo¡l

of *he eoajugate mø¡entr¡m fiolds" In order to mrploy those tarss in
euch definitiozrs it E'ould bê necossary to define f'-:nctàonal dorivatíves

os {, rrrit h respoct to *O o" *U*. Ilowever these *erms oocur i¡
Jv only because they givà rise to the iorentz cordition. Thus those

terms havô an auxiLiary role in the variational procod.ure a.¡rd iheir use

in orL anding the dofinítion of rf, and ìrilp* neod l:ot be expect ed. It
v¡as ghoçm t irat tho c efíaltioas (s) aa¿ (o) wero con:pLet.ery sr¡ff,åcå ent

for tho construction of a Ha¡oir.to¡ía¡r'hose caronicar equatÍors are the

vector field equations ijr *ho forã w?rich includes tho Eoro¡rt z coaditioao

rn view of thíE those deffuÉtlons are not only uatu:'aL but a-1so sufficíent r

?he t ran sfarraati on s {, --*-t f.' ¡ f,, *'*-+ Jr, corresponrl

to transfonratio¿É to Lagrange funetions reiÉch a,îe not relat iri st,ical1y

i¡varia¡t. TtLiÉ is a qual.ification of the r elat i¡ri sËi c invariance of { .
It arises beoause of the special role played by the tirne-co-ordiaat e

in the ectiorfrl.ncípler The spaco-d erivatives, however, musl ø¡t er

Ín*o a gen erali z ed. { uaifoml¡r.


