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AB8TR"åEf

þJe havc s€e¡d.teð ûÌne an&xferromagnebÍe subåæêÈtree
mæ€meË1øaÈton fon 1ang@ epnn regton by means ofl Èhe @@yx*

wenË1ona} flçrmu1abton of spÍ.n weve Ëtreor3n* Spf.n w&vc tn$cr_
aeËåosee heve beere üaken tnüo aeeoum€ wtÈ&rxsr Ê&ae Mrehelå.Eac
Bloeh @ppr@xÍmeÈtora whteh glvee ühe lead.nng f.rabeæae&5.o¡a

effeeËeu The proeed¡¡rc ad,opÈed tm Èhe e3.aee$.een Xlmlt (S -*oo¡
fç$noecs eloee&y tÞre reeenü søork on bhe eraeåogous ferromegneëte
probnem by Loly* The reeulÈe ctmpntfy eometderab&y aø 3.n &heg*m'*er fernomegneü'e @ea@ en* &he need,.ng Èerms have &þae E&m@
üemperaëure dependeraee for Èhe mægmebløagåon, vahtreh å"s Í.m
eon8rae& üs ühe reeunËe for emaån epfue*



CTÍAPf EB ONE

Intnodueütr om bo Èhe Heteev¡berg Mod.el of Magne'b:lee

We lnwee€trga&e a physneæ} 6y8Ëem @f 3.n&eneeütng eplne

qpeupytrsg s1Ëee of a eubl.e erysteL 1eËt3-ee'

The strong mægraeftlsm of eontde te d'ue Èe epttte of parÈ1y

f$ååed lnner eleebnon3.e ehenle of e€omsE We shal} @86um@ bhaü

b*eh an InÈeraeË1on be&weeEe $he eXeebrome and. onblÈe& momem&e

of bhe eneetnons ane neg3"ågflble, The energy @f st¿eh ø cysËem

te deeentbeð by bhe exehænge l{e1eenberg HamllÈonlan 1*3

fi=-X zJ^ gng"* 
r(T^t ßn*

where Jr*o Lu exettange tnüegral (of üem the

Jr,^,=Jn,^¡2lwutween Ë, a,raa Ê,* sxees e*ro 3¿

(n.t)

deftsrtÈi"on 1e eleo
+

and So.ere eptn

çpera&ors @Ex Bheee ne,&Ètee sttee* Tþ¡e e$¡i"n opeæaÈore of eaeÞ¡

elte ane onny dyyramlea} varteb&es [se (&'n] e1stee €he df.e&&n@ee

bebween gptne are. known*

lçeeX & f3.ret expre€s€d Bhe posstbå&tty &ï¡eb Bhe negøÈtve

etgn of bhe exehænge lnfiegral eousd leed Èo'e stete trvt whl'eh

ðtfferenü euþleBbteee of eptne Ln a ergsËa& eey a'lî.gn themeelves

anelparelneXu Sneelr ord.ere.d mægme8te @rr@agememü' of sublatb1eess

eaeh posseselng unåform magm'@83"øa€1onø w&s ne€er eeLned avaÈX*

f enromagneÈten:;*

Here rv'@ &re XnÈea.eeted tn Èhe eharae8er of emergy

epeoüg"1¡n !?@@.r e@ bhe grousrd. e€ate of magmeä$e ey'sËem" For
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stBplgelËy we ehall @88ume €hat Ëhere øre omxy ewo egulval"enë

e*¡bl"atgt@@Be @Bx@ tne1&e thie oÈþrere trepresen€Lmg æn l"so€rople

erysüe1, Sueh a^vt an€lferr@m@g3lette süaÈe wae &aken &s a flreü

reasonable approx$.maËtoct tn Bebhe us 5 asrd }eüer tn HulËþ¿em'e 
6

eeXer¡}c$$on of ÈÞre exaeü ground ß&eüe f,or one dlmcneloneX anü[*

fernomagneb. Ïfotøeveru tn ëhe Ëhree*ålmenelonal 9mülfesroBa8neËt

no exae& Ëheony cxLeËs eÈ T = O'K (groured s&aëe).

F,onËwraüe1y we Ïaavø sptn w@ve theory', wltlo&e te onc of bhe

mog& useful sorsemes for approx$.mat3-ltg; t&ee eheraeËer of energy'

speeËrum ne&a €o bhe SrocÀP1ð eëa€eø The enenenftef$r exetüablone

of etr øn€tferronagneËîe epln sys€em fnom an ordered erfey of

eIÈenraa€eny pol¡ab3.ng eptrne, whxeh ts eeeumed 8o be a reasonable

eppr@Kteaü1on of Èhe grsund. state, have a wævenlke fonm and

&r@ ean1eð epln w@v@sø

The eneeslean dtsperelon law 1e eetlefas&Ory for epLn

!ø&ve6ø b@@aus@ bhe quanbum and enessleal equabS'one of, mobtr'on

&r@ tråesrÈ3.eølg &s o!1@ een pr@ve by me&3xs of tbae eornm¡¡Èa&tr'on

Fules fon eï¡1n opena&ors" o¡Ae @@.ffi Ptr@v€c aneos ÈhaÈ 1n

equlnlbrtr¡m ëÏ¡e @mergy of €hc anëtfenrønagneË ehouåd' be

mtntr"mt¡mu SueÞ¡ en€lfenromæryueÈ1e gnounå e€eËe oostftrg¡¡raËLons 7*L?'

âre g@v@rneð hy the stgns en& values @É- &he exøhenge 3"n8cgrale

3"n vartque envttr@nmen€e æ^r¿d geomeër3.ee sf Ëhe erye&&1 ÏaÈÈ3.ee*

These ere onlg &wo posstble z*euh3.a€€tee erren8ements for et¿båe

eny,e6al Ïø&b1eea, reamex¡r bhe Ï{acn ( elmpLe er¿b1e } arEd cec}

(body eengred eubte) sÐmÃeÈuress føee ec¡rÈred euble magmeüto
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&aËÈtee eannoË h.e repreeeraËed a,€ en essemb1y çf Èsso 1åentf.ea1

euble 1aÈÈf.eee wlbh opposlbe sþlrne 7 u8 . îhe eublaëbLeee of

bhe NaÇL end GeÇ} etrueËure laav'e eymme&ny of, f,@o@o ånd. so@ø

}eÈ&L ee u# trespeeÈ Í.vely'

The lowes€ ewergy e€aËe of an antlferuo&agneË must be a

slngleb sbate 13 s arxd, Shi¡c hawe no dtreeü1onstr elsaraeËer, bhaÈ

[Bc have êotel S eque1 Ëo sero* Howev@r, ü]re df"ree&X.on sf €he

reeul8t¡eg an€3.pæra1}el megn@b1@ momen8e of the &wo euble&Ëleec

te erb3.tr@ryg so &ha& €he ground e€a€c le deger¡ere.be. Thle

degenere@$r e@"rlm@b be remowed. by an exëerna1 fne&d^, For a no&

6oo trengc exËennæ} f5.e1d* È&ae sÞSne wou1d. @rre,nge themeelvee

f,u}}y tn a p1a¡re perpevad1en¡}ær &o Èhe esËennan f1e1dr buË the

dlreebton of €he epS.rae 1n bhe ple¡re vrould. eblÏ} be anbl.Ërery 6 
'Ll.& @

In eny real a¡rülfers"omagneË$.e enye&al" ûhts degeraenaey

ås nemowed by È&re real antes8hopyu An evrS.sobrspy ean be

tn&rodueed. ln the form of en ef'f,eebtve anlsçÊr@py f$"eXd eueh

ËhaÈ È&ae epåne osr subla&&*ee X are pref,erenÈla1}y orlenteå Xn

Èhe+r d.lreeËton, segø end. &hoee on eublsÈ&l.ee 3 Ln Èhe-Z dtreeütrorz

by' lntrodue&ng a hypo€heb1ea3" fÍ.end, hr and hr e trespe@ü1v'e1y"

Tlre He,mllto¡rlan (n"&) €hen beeomee

|.t-=ztltZ 3'L*h,f sf *hrã ?

-rr¡ I (nrp)

wþ¡ere I truas ower el1 €h¡e a€gme on eubla8ü1ee år @FÀd.,m,@v@r

8Ìaose on eub3"e€Blee 2,8 J 1s Èhe negaË$.ve eoneÈanÈ of Èhe

lsobropS.e am8lferr@m@ga@et@ 1n€eraeëton"

# See .Appenð1x 3
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F@rf'fy1j"'be v.,::".r;r¿u+g ofl Þ,, and. h* t&re gnourad. e€aËc of (1rZ)

br¿rne oub bo hc osaly enrehbry d.ependeraü on €heee væÏuee ae

}øng ae ho le raoÈ smalner Bhsn, of orden g , where M j.s ühe
lv

Èeüæå mumber øf abome lra the erywËen å5*

We æeeondfmely deflme Êhe anblfernomegmeÈåe elrsusrd eüaüe

CIf (1"1) @orresp@nd3.vrg te Èhe aesumed. &wo eubj"eËÈåoe s&rtaeËtare,

ae Èhe ntml0txrg 6neunð eÈa&e of (t*A) for ftneË N eendg.Erg t@

ïmf$,raj.By ased Èhen ho ana hn Ëcnd.xng Èo z@w@@ ghse doee noB

dåffer frCIm ühe eom$i1eÈely ondered. 6üeÈe ohffælreed. by LcÈËtyag

h, øsrd h, eemd@g üø tnf1mtfry n5- Sueh a eompneËely ord.ered.

eÈe&e beeomee ådenü[ean Ëo &haÊ of Èhe ¡elsag æpproxlmætnora L6*L8

and $.e 1s ueed. ae the tm5.btan sfræË,e xm ë&ae sptzr w&ve Bheory of
enËlfennomagmefrs u

Thc ambïfennomagneüto eptvr w@v@s &tr@ sveësodueed Ëo

&eeertbe thc emenl devløü$ome øf 6he cta&e of &he BÞ1¡r syebem

from Èhts eompS.eüe&y ond.ened eüete* The moet fnulÈfr¡L
€heore&1eæl eÞProaehes havø trnvelved €he uee of boeom modells

for epxss w&veg, fhe f&reË euep¡ t,heory wæe preeemêed by

Ho&eüe1m and Prtmækotrtr 39 tm åg¿+O for ühe ferro ees@ @Ï3d

øppnteð Ëo enþtf@rr@megaeë$.sm Lw L?SE bg, Ktabo %ffi, who oæn*

eulaëed 6@me Èhcnmo&ynamåe EuærablËÍ.ee æc1d ground etæte for anüt-
ferromagaaeü$.e eubte 1e&È&ee* Ander*o* 21, who pr.esen&ed. a

elmå.nær b¡¡& eemåeleseloæX Ëheory of ænËlferromegraeÊu eerefully
examnmcd, Ëhe %@y@ po$.sEfi @n@rgy end. showed. ËhaÈ grouird eËæÈe

1tee beêween frlae låmr&e Ntlla S¿ end N []lesz( I * S I



pr@dl@b@d by Ïrts var1æËtona& meühodø Devte 22 ueed.

perÈurbaù1on expansløn for ühe gnewrd e€e€e @elesgy vshere ëhe

off dtagos?a& pert of anbtf@rr@megnebte exehexage Í{emtlÈonf.ase 1e

treæëed. ee perÈurbetloEa-*Èh1e wee sleo ewalusted. uelm6 a

d3.egræm &eehntqu@ by Boon 23" Th$"e üneasmenË g$.vee €he eptyt

w&v@ gnourad. ebaÈe æboufr 93Ø eompleteåy ordcned.o 1e@* bhe

eubleÈË1øø'¿*@@ffiÞ@!x@zaÈ øf spler 1s 93ø @f f"&e mextmum wæluen

One of Ëhe eÞraree$er1sbteæ of ühc eplve weve epproxlmeÈ9.on

$s Èhe fæet ÈÞûâg eb eufflotenü1y low €emperafiuree €he $"mfnuemee

of the lm,bepaoblon between the splm d"evåa€lons m@Jr be negneefted.ø
aln

D¡rsore ary lnvenÈed feg the ferromægneÈSe eese e generø1 Èheory

of sptm wev€ tn€eræeülons* He defsnee €wo k3.mde ef 1nëerae8tomee

Oseø te &he klxremaËnea1 lntenaeÈ1@sã $shå@h snïeee from ü&ae feeü

bhæü m@r@ €ham 2S+1 unlûe of reveneed. splre eænnot be eËgaehed

Èo Èhe a@me eüom etmulbeneoueny, where Ê 1e the magmÍ"ür¡d.e of
a€omlo spÍn 1n unlbc of fi* The oüher Xs Ëhe dpnamleøX tntør*
aøüÍost whnela r@pres€srbs €he nondlagonæl par& of T{am3.å&sru1an 3.se

åÈe beste eeÈ oS cÈebee,

Slseee Ëhe boeon eppr@eeh repleees Ëhe 25+1 ebabee of
eee&a spln by a syebem wlgh æn lnfl¡rlbe yrumber of eüstee 1n a

form of qraanbum h¡ætrmonå.o æsenllabor whoee noweeË 25+l egæBee

@@rresp@nd qgwoÈ}y'8o €hose of the ep1nø Èhe reeÈ of ühe eBaÈee

&T@ gp¡.¡rtous s€eües eausång Ëhe klnemabte 1nËeraeülome ÐMwors

&eæe ehown Èhat tþue klraemafråo effeeB wae xreg1åg&b1e fær T( T.

and. gave e low Èemperæbure resuL€ whteh 1.s eee¡rmpboËj.caåIy.
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exe@fr @s T -¡ 8@K,

CIgtreh1 25 *u*d. Èhe Ho1egella*Pråmekoff bræsaeforma€lott of,

sptn openæ&ors Èo bosone and. h3.e regt¡nt wæe $.n øSreemenB wÍ€h

æ stgnlf,5.eant parÈ of Dyeonee resulb, eorree€ bo ond,er å @8

w&s r@ee¡tÈ}y ehom ?6 go eesc of megtteÈ1zab3.on" Ogn¡eh[ eleø

Tås@ glmtner proeedune for emËsferromegneëe

The &lff,XeuXÈy øf eeÈ1meË1ng ühe k$nematLe effeo& eavr

be removed 1n e, epeel.e1 @ese SsgvceüSgated. jusÈ reeeea8S"y by

toly 27 f*r fernomaglaeËle probneme end. furÈhermore ft&re boumd.

sba€ee u r*hoee effeeÈ 3.e aneo d&ff 3.çr¿LÈ &o eet[ma&e 28 u &r@

øbeent 1n ÈhÍe @a,6@**&h16 Xe Ëhe eeee of 1nfLn1&e sptm or

eneesleal HeS.senbcrg mod.e1' toly hæs lmprov'ed. reeul€e ofl eome
9Q 9Q

at¿Ëhore éQeø'7 for large S @@se e¡'ld aehlewed a eonsåd.eneble

exËenslon of the reeu}ü g$"ve¡n by l{e}1c4" end Kramcrs 30,

PresereÐ work åeals wlbþ¡ etmtnar probJ"em for an$Xferromagnebtr e

euble oryeÈæ}s æåomg €he llxaee of Ogueht 0 s Èreabmexr& f or anËn*

fernomagneü buË r¡etng &he eenf ço¡rstcëerstly nenormel1eed. form

of ep3.ra Tø&ve **uugy 3& for &hermodyraamS.c eæ}e¡¿åe€1onø



EHAPTER TWO

An&tferremagerette $pnn Wave Hamtl&oyaÍ.an ayrd. Ir{agne€XzaÈlon

Afber È&ae e@mm@a red.ef3"nåtÍ.on of Èhe eptre operatoe"

i = ( sj, Sl, SÍ ) rne* bhc eo*eaxleð proJ@eerCIn fotrm,

S¡=(S;,S;, Srt) u wherc Si-= Sj+ iS..v end Sj= Srî-isry
the eptn Ï{am3.L€ontan {L,2} beeçmee

Ho= zlll E {å( sn*s,^ nsi si) + sf så I +(t¡*') * 
+h,fsrs-h; ãs:' 

(2"1)
p,ã

Fo1lownmg HoLeüetm end Pntmakoff 190 w@ esglr@ss the

aÈom3.e epln operaÈone of blae eubXeÈÈtee n Ín Èhe form

I

, So = (2S)z '^Afsi = tasf f;sr o, ajfrtsl , sT = s \&a4ì

I

wþ¡ere Ëhe opera$or {-tsl re d.ef,lned ae fo}}owe ftt) =tt - fr, )J
+ 

a'r J&- '
tu.= QXQ, 1s s eptm devåetLon operaÈor of, g€ eomponenü

from 3.be maxl¡nen velr¡e 5 ælone; the + E ex3.s lyr unåËe of f.¡ , frl
tre the numbes. operaBon w1ÈÏr a&Xowed. veluee 0e &u p, ð@é c

Leb ue d.ef tne @@rresp@nd tngly bhe epflm dev3.aÈn on

operabor for the e¡¿hlattS.ee ZÞ ae fo}lows F*.= S - t-Sål .

Så.nee we d.ef nra@ &*. &€ @ spln devf"aËf.çE? @p@reton of
.7bleomnoneraÈ from î.Ès mexx.mæn vaxue 5 aLong Ëhe -ã ax&sø &he

pno$ee&1on sptm @@mpon€wËs for &he euhlaÈbtr"ce z beeome



ôo

_l . l

s* =(zs)u t f-,ttl-, sl = egu Í:s) b-, (p.3)

sj^=-$+-or. )

w&aere elm3.lerly ae nn bhe @&8e of eubla€&lee I Èhe openæ&or

f-.t s) te def,$"vred by

J^ts) = ( I - fr ¡È, ,.,-mn-- ul" u^
lfhe tnbegere CIe L, 2u ur,,?3 ane clgeyt-vanues of the

sp5.n d.ev3"aëtosr operæëotre 
^ß=5-srfuu 

ñ--= S * S:, ,

Stnee $se åre ðealtn8 w1&&r B¡se eq¡b&e&Èlees we have

fonmed. tsçCI lvaåeperadenb þoeon Bpe@es eøeh @@rresp@yrdtsrg Èo one

e¡¿b&eËü1ee *

An al"terrtaüXve approaeh le ühe Dyeoya-l{aleenr meühod u

wh1eh 5"s eoneeptuenng €$ff$.euå0ø þr¡t has eer&a3.n advarrbages

from mÕr@ r3.Eonque treatment ø "Àe fær @g w@ @tr@ e@n@erned, for
Èhe pnesenb pnårp@se w'e w131 uee Èhe Ï{o}süeln*Prtmakoff

tnanef ormøBlo¡r*

The openaÈors ¿, b* and a, b ane deflned by €he

eommu€aË!.on runee

[.^i, o;l= 4.e, L b¡, bl^l = [¡n,'.,
Lar,b:l= [6.i ,b.*l = Lol, b,*.1 -- la'i , bll: o

-f (-
(ó¡^and. ð¿¿ ere Kroneekerue deü8as )

amd are €o be regerd.ed ae the 'øyeøELøm,'and ænnåhtLe8løn

openøüore of bhe ep1n dewle&l@Eå'' @@trrespondån8ny"

By r¡elng &hese Bose operaËotre bÏ¡e Hamålbocaåan {2-t} een

be tqr3.€&en &s folnovse



@saoç44ølEns @qA J@ daqøwuÁe TB{À@TA@Ts(ffiJA @qA J@ @sn@Õ@g

' { = S.g Ænleoçgoquds @E EÆTêÂlqoãdsa.x

u tytr @âTqa@TqRs @qa e{@ s.xoqq8gara +s@Ã@êEA rT@E{a TT€ pu@

t d1¡l t T æogq&@Tqns @qA J@ s#@?a@Â uaoç4çeod @qq s@A€oTpr.{T d pEÃB Í
, (t*"a ".þ %þ,, n,rT, u-\p 

" 
n*!5""I, *

(oT'4, 
* "*"q r+q*þ:, * r*\ ,oor1".þ 

liÉ_ =(r,H

'ß*íq'*o -t*'q'ofÅ+*
(6ra ) 6,.0 6+r .z 6!r Ì y f.

+'.oq t:q ('$* t fK -'oþ('y - r ) å J s r Lt.. z=,,,1-{

@s

" -g Ã@på@ ðqq oq s@ÆðA TTB dn pa4ogd @"ÀBr{ ae spÃo*A +ri@"x@JJTp
,

0{T #o Eugesgw @Æ€ s"x@Aesødo e{@s@q @Ã@m pu@ g qaTe suü@q aeaEee

(g'a)

wt@$ @q+ s€r{ t¡@TEÃ@4TTu@H @E4 [Ãêq&

(,/".e) ..,_qg_qzt 7S¿e ål_f =(rlf ,Ç T-;tr-'-
tsl f t@Ji Eã@ssuedxa T€TwouTq

asn @8a da+s ax@ra @r4+ 4v os"xeqq86@EÃ 4s@å6@u Jr@ ðaqunEÄ 8T z pEÃ@

(9'a) !!ß =¿.,, å!Ê!.1Z. =,.1, (tlt* rl{- I )uslt,l zN -=ro,H ovl at rr \ rr' \l , ,2. tLl-_, 
**u**

, 
[*q 

*.q,rþ? 
--f T îq ]o *-qoo-] I ii! llr Z*

(Ç'a )

+ L*qîq i (":1n 1'¡ * Ïulzå,'¡-r )J s ltt tz*,o,H = H
21ru zls

trlH 
*rrrl-l o 

to,H = H



{n

1€ 3"e eoreweyzleylt to meke a

operaeon- .þr a¡, bå , bÃ
oä ,oa , bå , bË elerlned. hy

n* -r¿rl$" -i¡<[ + 'N/3 iì..erk-rN, ?¿'"-a; , â*=(å)tF" e! 
r

bl =(+)ä ä.t-:þ: , b* = (t,u X ;tk^b,-.
out

where we have xef&Yt,he veebor slgn for hogh }aËêxec

d, fi amd. reeÍ.proeal l-aËt1ee veetor Ê fnom Èhe f,treÈ
gôn@ 

@

CçmmuÈaËlonr m¡Xee for theee n@sq @petratore e.re

øe fonS"ows

b;l = Err-ril

lol , bÈl = lai ,

T
l<

r*Ê") b;bn.

al b;. )l
{ å*t 3)

tr -ã-,FJ 
(kJ 5 tKz +kr - k, - k, ) bn, b*. b*, rno *

+ ¡ (v',) å(o'- r(¿ -k¡ * k+) oi bl" {. b** 'þ

+ ¡ [x") 5tx,-kz +ke -kr) *i, b:" \ o*n *
+¡(x1) 5t r,-ì<z_-k, tk¡) o**, ^*ro*r tn* {-

* l* tr 
(k,-kz) å (k, -k¿ -k, *r.n i .;: "*, ,,1,

( 2"1¿e )

b** I r

[o*,o;,1=[b,.,

Io*,b;,]
Then

H 
t"= 

2 ¡ lll S

and

Htt'= -

= [c.*, b*,1 =

[{ r -Ê,)

*T*
ol,.o* * (

(4".b* +

Fol¡,r1er tnareeformaÈi.on from ü&re

to bhc sÞ1n w@v@ v'artr ablee

( 2"Xn )

,

veetone

Bnnlloutra

bosonlf.keø

( 2,'L3,')

b*11= o o

*ePnoof trn Appendls X



€4

where A.

A^('.) =Tn=+ F e'*e

If the eryøt&3" i'n eovaetderaüIon hes a eenËer of eSrrnmeÊr3n, È&aen

f,tr) = xa(-x) e

To eanny out &h¡e dS.agoraalÍ.øa€3.on cf Ë&re Hami-}ton1an,
to@e €o geË rf-d. of sueh €crms ae 4*b*r..., bl,b*"dkrb*¡*r_..
**Ëetrm$ where &he two boeo¡e subepeees er@ mnxlngø we tnanef,orm
bo nerø boeon operaËoru 

"(.1 ¡ dx ¡ el , p* eueh Ëhet the boeos?

eommuta&1on ruLes rcmæ1n ei"mllar fon bhe new @pere&oreo å.ø@ø

[¿*, "¿;, J = [pn, Ê|,tr = 6 (r<-{)
t , rt 1 Í + ^¡1 r -rr Ë L (2"r5¡
L oÅx, F*,1 -- ["], p:,1 -- L**, [t;,J. [*l , (3*,1-- o .

The new opera€ors &r@ deftncd hy a Eranefonma&tron ofüen
eell.ed. Bogolyrabøv 39 tnaneformaÈj.on :

++d,; -- ".* o - F*r d.¡( -- d* u - Ígl "r+ - á;Þ + (2"16)b*=-**V "p;" bx=-"lr *p**
whene u and V ane eerÈatn fluneütons of Ëhe wave veegor Ê e* nu
d,ef tneds'"

T&aen Èhe Hem3.xftonnan {zuL) een be rørlgben*r ae

l-{ = H" + Ð ( Al,^* * Al -,* ) +
h tl K t?'z?'

. .4 [dtttfr,ß¿ *d, ^;) r Btt',r.,^.,, I ìRrk¿ ' É

#See Âppendlx X



L2
where &k = *J *" evrd d* = p: p_ @re oeeupa&1on number
operators 1n Ëhe frret subepaee end. eeeond. subep@@ee reepeeËtvexyg

Ho = 2zu l s{- åsN (2D- r) - T t( D'_ y?tí _ Dl _

- +lrr P;?'t ., - r ll'] 
(2'18)

and ZsN . ?. cuÇ{jå - r

D--1-+"+ î

Èhc eoeffi.erenbs f.n the ftree boson pasË of Hamt&Êon$.an

+

A; = Lærlr s [r ut- fllå t ] t h', * d* )

ffi, rTtffir-t)l í?'2û:

{artg')

@re

- _l_
SN

Ëwo body tsateraettrovre are d.cserlbcd by ehe eoefsnelemte B(r) **d
B(¿l*luu*e we have Èaken on aeeo¡¿mb osnly dj.agonal el.emenËe, whle&l
ts sr¿ffteten& for blte nenosmal'uab**Er @f cneg:g'r*s

bt'':-#t.i-** P-;eL, r),(Dz- tr?,\u 
t?,,plr

t,

B(')= - zrj4( D - fl*¿, _Þ_- rl,--T'.ffit.çibå+ 1,). eE€å

hapÈer
##rve Appendf.x å ^we lxnueËreËe f.sr a m@re detslned example how@ne erur bnansfonm HamnLÊonten (ã"pi-ã*-Èh_-ö;;*-äF*t 

?,*L"?,1 
"



fon

Ëhe

r3
uef.ng üÞre abov'e reeurËE we s{Í.l.L 4er3.vc @n expresst@s1

blae anËtfernomegneËte red.ueed. eubla&&1@e m@gn@ttsaËi.oye tn
@&s@ of h, = [a:, I , deftned. as quanbum staÈtettean @ver@ge

L('
rnr ( rl = ( *1^i'lr_) {?,,23'}

N/zs
sshere eplm B*@@ffiÞorr@ffiË of bhe f,tree et¡blabÈLee i.e

cz = t5o^r,= + b* --i5-LLtot-
AfËer Ênamefonmstton of SL 1nÈo ¡rew boeon wartøþnee

and negS.eeÈlng Ëwo nond.tagonaÏ &crms nc? r€hteh ghe new boeon

etabepaees &r@ m3-xtrag and wtXI vamteh under ghe &hermal- Èraee

we ge& fon (2,23) formula

rf, we er¿bsbS.bute lmËo Èhe LaeÐ eqr"aaêlore flìte expreeetone u(r<1

and. v t ì() dcn$"ved lre Appcndtx I ø w@ ohbellt foc Èhe red.t¡eed

euI¡}aÈt$"ee megnetl"set Í.oEt

x
k

I l^ âpt

(^x) ( t - trl )-T, 
\üo&2 !

ø

T

frn, ( T)

where lA -T 
T]L( t - Ti,) " -

The elaenaetenteÈte feafrure of üÏr1s bheony ts $he fe@t Ë&aaü ehe

euhløBÈ1e@ m@gm@t1e momecxb eü T = 0@K ne rsog equal Èo bhe
s&..Æ- N -ruè46sÀ.¡. IrtÄt¡.€ 

T > "

,-g -2, 23 SN

c'=+X
!(



EHAPTER îHREE

Sptn Weve Renormalløætlon i.n ÂnÈf.ferromegneÊ

Keeptng the HeS.senberg Ham3.}üon3.an up &o bhe dLegona3.

üerm of founÈh ord.er tn spln Þr&v,@ openeÈons, {p*L?}, tÞae

€em@cra&une d.epend.enee of frhe ep3.r¡ @av@ @Bx@rgy, ËogeÈher wtb&r

Èhe suhneËb$.ee megnebtøæB1on, ea:l be etudted by a eeLf*eor¡e1e&enÈ

SneaÈmemÈq

Tlrls approxlmetnon hee beeya Sour¡d very r¿eefuÏ lza

1nÈerprebS.ng ex¡lernmenteL daüa 33*35 fon tþ¡oee magneËte

ttteuneÈore wh$.eh seem bo þe føXrly s{e1n deeerlbed hy fr}te
ÏÍclsenberg mod.el* In bh3"e formallern €he dtspensf.on re&abåora

eppeers to have ëhe seme form ae for fnee sptrn wev@g, apant

fnom a ëcmpereÈure*d.epend.erab renormslløeÈton faebon6((T), rÈ

was foun6 33't36 ÈÞae& no soltåÈton for o((T) exgeËe ebove a

méstmtåm &empere&tnre T,,- whteh ts cloee &o Ëhe Neel bempenatune

{ Ln ferronagneÈ1e @ês@ 8o Ëhe Çwrle temperaÈure ), Arr tnfiereeËf.yrg

fcøÊure of bhe c/ tT) $"s 1ëe lradepend.ene@ of R, øË XeæeÈ for ühe

eubte naüÈlees*

In ebsenee of an anteoÈropyu X"€a 1f D=LrCne o(* and

þ*moåes are d.eges¡ereüe" Sheref,ore wrtËtrng /r1K---'* , bhe

Hanlltonlan {2.L7 ) red.ueee to

{3*1)
Ho= Eo * ZTAî^* " ã,(2ts: 'B; ) ^*^o, ,



s€hee"e

fo=-ztllSN(s
.0ClA*.=€o(foisi

R:=--1lJl[('-utNL

+c"É

, €*=
I

rilã ( t

), Q=

2ælllS

Ti'la

XLt

-ri
rl

rità 7-[ t -

I
ìut

-L
N

(I

crxcrgy of .8þ¡c sysüem le en

@@eupeyley Lß .a F- 
= r-l

?( r'.q) v

TnveetS.gattr.on of &he Helmholts free energy of our eysËem

deÈerm3-nes e:r@tr&ge @@@nrpane$.es (ex) ae fonløsøs,

fhe free emergy ls glven 'bY

F = ( þ{u} - T-S ,
{3 "2}

whene

S=-ks z
l(

[(^*).0^(,nro] -((,nn) + ll %((^^* > * f )J

and k* ås bhæ Bsl"Ëøm@n eemefte¿ea&' T&ae eond$.t$.on bhæ& free

esÈremum wsÊh neepeet to Ëhe ever@g@

&û rø@ çbtatn

(nn) =try pl( L.7s) 6x-
whes"e tøe hsvc ra'sæd eqilal$"t$.es

2Bi nbî = - fu- é*€*,
aQand An=án(r*å).
'fhås nce"*.L* ncad.e €o the

numbe:¡l ?ie"s a Bçse*Elcaete$"r¡ form

d.epera*eni el'l*rgg

lç
ffi-s, * nna*,4"".*)1

, $ç= þ
^B'

ïïl

*oyee3'"rø:l*r¿ *hsÐ bþe oeetapeblove

valtlr & g"êraÕy:.fi *,3-3"n*å. ÈemperaÈune

€\(T) -- d.(r) éx e
( 3"r+)



x6

wher€ d{T)aattsflee Ë}re tmp1åe1b equa€3.ora

o((r) = | " fr - fr-I t r- tr:,)å<^*,) 
i:'=-íi

emd, - f(rnr,)=(exape*,(r) t)
Before eo1vtng cqua$tovt (3*5 j we have €o evaluaëe bþle eummaÈl.on

3.n (3.5) anå @o onee Ts@ @re æü bhe sÈage to eænerj.LaÈe eueh

eoeff tr e$.enË qr thoee eomf.ng from the tempena&n¡re de¡lend.enee of,

mægmeËtuebtost, {2nå6}' we hawc €o d.can wå&h d3.fflteuXe Í.n&egrans

d,epesrd lng on &he erysbar e&nueüure oÉ" Bhe ma€erger ln
eone$.d.eratloct' Sueh lnbcgral"e through ftnet Bntå1or¡tn u@Ïr@

have eos¡s1derable lnflt¿emee on the BÏrermodynamte oøneu1ættoyr

ered g'egu&Ès*

Leb 'øe 11e8 them f,or a eonv,ezrlen@eå

2 Yrñ-+it-(1-ñÈl=c
K

åy, -t
N ,.L( 1- A'*\'- t I = iK /ã d\

\JèI'l

2Yt^ \r I t ¡ l
ñ 4 1rn*) ( L - 2"* ) "

c -L¿ t( ^ro) 
( r - rif z 

.Na
The 3æ.eb ëwo lntegrele depend. eva üempersËu¡.e bhror¿glt

Boee-Elnsüelniïfnlne&ton (^*) and. üheneflore 1n ord,er &o e¡ra1uaÈe

üheee Ësso lnÈegrals we @re n¡suer]"y' deanf.ng wtüÏr temperaüure

exparaslon of (^*) Ln eerbaå.n ËempeneÈure regtore"



&eÈ us wrtÈe dom quallÈeb5.vely &he o(T) glvcsa

e&sc by severeL aE åÛ r 32 auËhore

o('= do - d'r T'*- "' ,

nry

1m f1n1ëe sptm

wþ¿ere do, d. ere eorae€en€s depcndtng on s end par6$.euterly
do = I " å * ïn Âppe¡rdlx ? ere xf.sted ksrosssl var.uee of c
amd' Ct ealøuåaôed hy' dtfferenb eu8Þrore for ühe &wo eubj.e Laêü$.eee*

By raslng €he eÞ1m w&vc reseormælnee€lon meehod we obbaÍst
blae s@me ree¡¿}€ ag tn CIgueht's æraswer for magraeË$,seüton

rrn(rl = lv'.o-ñtTz -ffi2.T+- ^rTb-...-
-ln,T6-... (3"8)

wlaene Mrrmz, ^g ¿ nr er@ eøns&øcxÈs dependtmg on ûhe
atomS"e spån amd lngegneÏ c " stnee &he leadtng bempereËure
term f.n equaelon {p,zil næe frhe form eoyeet . E)t u sixhsÈtÈ¡¿ttoc}
CIf equaü1en {3r?) tnto Èhx"e term gtvee €he flret bersr srom €he
sPtn w&ve nnterae€1ons, 

^,T'" For nnothe expl.$.e$.ü fonm te
I

Zvtto=l- I- ß. (3.91
Them we @@n e@n,@}*¡d.e frhaÈ eprnæ 1n an anÊåfenromagne€$.c ßub-
naÈ&1ee ætre noê, evem aü T*0@K eomplegely æålgraed*

(3,7)



EHAPTER FOUR

Iørge Spln asrd the Clees$'oel- LtmlÈ

Beeause of ëÏre dtfftetaS.üy of ceb$"ueb3.yrg Èhc ÏrtnemaÈ1e

cffeeË for &enpenabures Ëhaä are ¡aoË negxtgtbxe eompereå üo

E Ëhe renge of walxdt€y of Dgrsonos xow üemperaËure reeurÈ xs

saoË knowyr very wenl, The bou¡rd. etaÈee of Èwo eptn w@v@s te

algo dtfften¡}€ Èo esËSme8e 28,

fn ad.d.t€lott &o Bhese probleme we heve fl¡¡rÈher eompnÍeættosa

of bhe eomplexlÈy of Ëhe anÈlferromægmeÈte groured. eÈate, Tua

fenromægme€te @@se when we eÏtrml.na€c k3.yrema83.e effeet b&ee

bour¡å süatee d.1eappeare In ühe presemÈ work we fonlow €he s&B@

phtnoæophg asad. the k$-ncnabto effeeB ohw3.øtasny 1s ahsen&, tn
anelo8y" Furühen m@re 1È 5"s pÏæueLbxe bhaü üÌae bound eüæüe

a].so dtsa¡rpeare* In add.lÈ1om we ftmd a s1mptrtfleaÈlon of €he

ground. gt@&e prob3.en,

T&re ktnemaë1e ef feeÊ vanlshee tn &he l$.m$.& S - - s €Í"mee

from bhe Èopolog1eel po$nê of vfew Èk¡ene ts nø prob&em &o

represen€ Ëhe 3.raf,1nåËe spi.n by' alr lgsftntBe eys&ew of bosoEas

from H5.&berÈ sp@Ge eompne€elyo So Èhe spnarlous süe&@s wÍ.111

noü oeeur ønd thcn €he kånemaËte effeeë vamlehes" The &hermo*

dynæmle probnems m&y n@s€ be ea1øu}øüed mueh eas1etr,

tet us nook a& eome featunee of €he &arge S behavtotr"

The ßpån Ï{cml}€o¡nlan {L,?,} een be newrs&üen bo &he form
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,SC 
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2,t

(¿å"¿e)

ThIe meens theû bhe ueefuX Èemperatune renge of &ïte eonvem&1onen

reeutrt beøomee e smanlen fnceÈtora ofÏ¡ es the æptn tnere&see*

Thte ldea lras a1eo been ueed by Veks, Larktya ænd, FÍ.k1n 29 
"

To reduee Ëhe mabhemaÈ3.ee& lneonveyai.enee of Bhe I$"ml&tng

eeg@ 5 -* op s w@ 1nËrod.uee d.lmesasS.oraleee bemperaüune t def f.ned

by

Í = -5¡1l':2 t

Thte beeomee eleer stnee Ëempena&ure enters Ëhe

&?re denstêy matrtx u-ê*"

where x, = þ E (Ê) << I

Heru1}Èontayr (¿+"1 ) "

FonLos{3.rrg Ë}ae

may he r@err@nged ee

sl=l

.t
2s

¿
4

ænd E (R, ås el.genwalue CIf Ëhe sÞån

ebove dteeuseloyr Èhe erXtertosr kuT Z fs
foXlowe

(4,5)

pnobnem Èþ¡rotagh

The trenormanløa€$.ora eCIeff$.e3.enû amd Èhe euhleÈt3-oe

rnøgrue8føeÈ1on fnom the prevloue ehep&cre wXLn be t&ren glv'en for
nærge sPSn bg È&ae eelf-eone$.e€enü eEtae&1on

+å-*

++
1t, " "' '

{!e "6}

and

/rh= t
l¿¡ "T l



2L

wlzene 1nËe€pøn tr- ts deftned, ae fe&Lowe
ô1r\

Tr .:2 y 2 -/'lì (&"8)
Lnn=ñ¿d(t-TË) )

rnn" n"s an lntegetr @r e h¡aLf*1nÈegetr"

Now üekå.nag Ëhe Ïlmtt S + oo Èhe æbove equetlozas stmplnfy

Ëo ëhc t*onm

d= 1-5 (¿e,e)

anð

/h,= I - tr-r? ,

whene

lf =2lr ^-I*-t N?il-17)
l8eræbtve soår¡&lon for d n@${ glv@6

ç(= l-t Tz- o(re¡ (&"nn)

whene å"Ë foll"owe ëhat

rao'=I-T_,, X_rr"-o(r3) i (&*14)

frhe quedra&to Èerm @Hpr@ss€s Èhe spnn w@v@E tnfreræeËnon"

lË &urne ouË Ëhat for sS.mple eu.hle nabblee vøltae øf E_1

equals WæÈgoEr'e tntegral**

(4"10)

ø. eommunnøsü1on w3.bla LoXy



CONEL['STOTü

T'}ee resx¿Ibe for blee nemormalS"øaËtrosr eoeffS.eleyat d,

æcad. reLe&1ve er¡bneÈ&f.@@ megneb$.ze&ton øn,tn &he LnftnS.be eptn

n$m1€ ærc dlffereze& from &hoee for smalx epxn ¿pompane

eqr*attera (¿eutL ) e (&.gA) and {3"?'} r {3"gt/,
Bg &&ae eomparåeora of @ur res?å[&e wtÈh Ëhoee for ühe

oleeeleæ} sennomagne& gtven by Loly Bs@ 8e@ €Þaæ€ 1mp1&eït

equeü$ovas for a( are ld,enÈX.ea}, Tn ad.d.tû5"om bhe antåfenromagneô1e

eubneÈÈt@e megrå@båsaË5.om haæ que3"n &ætj"veny, ghe s&me behav$.or

as Ëhe fernomægne€1e magneÈtøeütosa lm LoLy's work 2&, br¿È for
€hc f,ernomagreeË bhe eoeffsete¡rb of boêh ühe ltnear end

quedretls Ëerms 1s }{æüsosaus ÍnÈegran $.ne€ead. of ghe 'lI4 
3.n

@utr @&ae ¿pqteat1on {Å+"L?,Ñ-

The ground eËa€e såmpntf,les etnee ln Båse tnffnl&e ep1yl

&Lm1ü eomsharyrte tn equætlone ( 3,1 ), ( 3"g ) , {&,? } of ord.er t
vanneh &¡ntplytng mæsåmum atrlgmmern&o

S&re16ht forwærd es8emelon of &hese resunüs eas? be d.osre

1n eaee of Èhe anb$.ferromegmcËSe speeXfåe heeö and, suseepËtrb1&$.€y"

Ae a eemttmueËlora øf our wotrk Ëhe f,ennåmagree& ænd 1ês Èhermo-

d.ynømle properÈi.es etsoul"d be eæ1eu.&æbedo
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APPEWÐIX N

Ân Example of ühe Fo¡¡r3"en enå Bogolywbow Traneformatlott

S1vrce a HemS.ltonten opena$er F@pregenÈs enengyu whteh

ts en add$tXve quan€tÈy we eesr Ètransform S.nd.lvtdueL parÈe of a
. .(tl

ÈoÈan Hømtnton3.an eepøræÈe1yo We ehooec Ft of our bo&en

Hamlå8osr$.&no Beee1lLsmg {A'g) (for bne¡ntüv 2zl7lS=l¡

Ht" = lrr-rì,) oloo + T. t I * ÉEl g; bn*u þ

+ 
n*@ob¡.e 

*4 b*i*)

and r¿elng Fou.rlen Ënaneform ( 2@19 ) we ee,n wrl€e bhe lesÈ PerÈ

of H('l ae fonnows

åã (arb"*e+ a"; b*r) =

= T Z 5'tr.r- *,) ui 
K"9 

^*, 
bn, + 

(n ).P k,k¿

+ Z Z år x,- kr) *-Lu"^î,, bl" =

= ã t* ( o* bn * 4 t,.)t, 
*'n'

where

Srol = 5t-ol = + 4"1k4' , N)i {2}

1e de1Ëa*f,une&Í.on asnd.



_r'-
7. ¿-r

f

- d,ì b; b* +

bo + *; b,.)l
X[t t-

k

Lk€e¿
?.o

{3}T*

ts funetton depeerdlng on Bhe etsrue&ure of a gLven LøtËtee*
A&so ler e eS"mt1ar m&mner @s (g )

- 
+ S + ç ,* r _ yr+ t^ (e)

+ 4t oi, = k ** o* , k- b"*rbu*u = à b; b,.

Ie te 5.mpor$øs?È Èo pof.nË ouË Ëhaü Èhe eymhøLæ ßu !*g nepreeeieÈ

poelftlovr veeüøre 4 , Êo*g of &he øBomte eptne arzd veeüor Ë
g@cs fthrough Èhe f$.nsü Bntltoutry? sone, So FourÍ.er üraneform
gåvee

Ht" -- È,, ol &* È ( I

+ ffn 
(o*

ÇonmuËattr oyr. reLetnone fon Ëïae boeøn spf.n r6av@ {AøL?,} as.e g&veyu

by Èhe @@mffix¿Ssbåøn renæË$.osts of €he erysüa3- netbtoe boeone (A.l+)

as fpl[owe

f ^ +-l Z_ f i(x'¿ -kl'lr^ +-l r, , !Ê.\,
L4*, , ^;] -- É h,e 

'- 'Let,t&2 J = à(x-É)n"'

Stml"XarXy f,on &he reeë of (p"g2)* HæmtnËossløm (S) åe

represenfred bg the nor¿dtagonan qwadratåø fonme w-hÍ"e$a eæar be

braneforme& by Èhe truanbanSn Ènansfonmæfrton {æ"L6} go ühe dtagoEaal

form æg

u
K

+ ,.; Plp"J )

I Ê\
\-f/

H*= [*"rJ/* {'î }



?,8

Frsm (æ.L6) foLlows
¡È . .+ ;o*=*in vþu , b*=-vå;+*f3¡r

wF¡ere

ä*= *tH*,'*l =-åã *l**
k

(r..= tlH*,P-.l = f Ð x""kÊ*

ænd bhen

¿k = -+ U (x;,n do + xi v fri ),
k

By €he equa&tn6 eoeff'neXenËe 61," from (10) æmd. (gg) we geË Èwo

Þaone8ene@us equetXçtEe for Ëhe ¡¡nkylown t¡ and. V øe fo&Ïowe

[(tì,-!) * *-nl" + Tuo =o

?^n*nl(tì,-t) *f,lv =o l

whtelt ere sqluæble onl"y tf,

det
(h',- l) + xi , ?^x

Fnom ühe equæ&lons f,or b* we gee eXmåIørly

/a q \\AA /

(12)

(13)

(se)

-f** + [tr**r1 + *;lv=o



APPENDTX 2

NumertreeÏ Quentlblce for AnÈlferromagrae&

= #ãr
,=*TL

R

c r-(r-trålål
-_l

( r - lþ)'- tl

eutlaor (yeen)

bype of eÈnuebure

ïüeGXø Be0e CeClø bø€ø@,
c c' c c'

Ândetreom {L95P} o*og7 CI,156

lra* '^ l4ñÉØ\&ïÅ&¡@ \,.1Y 3i¿ i 0-ü73 o*150

Tìnçr{e 11fiÁ?'ls@vÅË tJ.:/uô, t. üT3t38 t*LL8636

H* B&ceh tfg65j 0"1n85



APPENDTX 3

Êø@e 1aËttr ee (fl.@*e' sublaÈt5-ed

b*@oou LetbLee (s'eo subtreÈ83-eee)




