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t-blocking sets and semiovals in the 
Witt designs 

Xiaomin Bao 

Department of Mathematics 
University of Manitoba 
Winnipeg, Manitoba 
Canada R3T 2N2 

ABSTRACT 

We andyze the Witt designs and ohtain a numhrr of new results 
çoncrming their structures. We charactrrizr al1 t-blocking sets and 
semiovais in the Witt designs. and determine the possible sizes of a 
t-blocking .set. çlitssifying thrm hy their frequency vectors. We prove 
that thtxt: are only t h m  types of semiovals in S(3.6.22). one of thrm 
has s i x  nine, the other two have s i x  ten; S(5.6.12) and S(4.7.23) each 
have only one type of semioval: but both S(4.5.11) and S(5.8,24) have 
no serniovai at all. 

l Y 9  1 Muthumcitics Subj~ct Ckussifcution. 05B05; 5 I E2 1. 
Key words und phruses. t-design. Steiner systm. Witt Qsigns. 
blocking set. t-hlocking set. xrnioval. 
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1. INTRODUCTION 

First o f  al1 w introducr some terniinology and notations wiiich will be useci in 

the sequel. 

Definition 1.1. -4 t -d f i szgn V is it pair (V .  5). wherc V ts ;t 1:-sct of ekments calleci 

points. O is ii frimily of k-sets of  L' cttlled blocks. such that an? Lued t-set of V is 

contained in csactly X elements of  B. CVe d s o  srly that  27 is a t - (L' .  k .  A )  clcsign. 

LVhcn X = 1. the  design is calleri a Steiner system and is written S(t .  k .  L ' ) .  

X t-design is &O a s-design for s < t i.56. pp. 21. 

Let b denote the  niimber of blocks in i i  t-design. Then for ariy ?-design we have 

r 5 h (Fisher's inequality i.56. pp. 4j). 

.4 design with c = b is called a symmetric design. 

Suppose D is a t - (1 . .  k. A )  design with blocks BI. Bi. - . - . Bb. The ntiniber 

:B,  5 B, j. r = j .  is called an zntclrsection nurnber of 27. .lssiiriie that  1 1 .  r;!. . - - .x, 

are the distinct intersection nurnbers of V. The 1 , ' s  and the number s sometinies 

provide very useful information abou t  the design. 

.\ symrnetric 2-design can be characterized by the property that  the design has 

precisely one intersection number [13. pp. Si ' ! .  

A quasi-sqmnretn'c design is just  a design with at most two intersection numbers 

x and y (x < y). 

Definition 1.2. Let r be a finite graph on c vertices. The degree or   rat en cg of a 

vertex x is the nuniber of edges on x. If each vertex r has the  same degree d. then 

the graph is said to  be regular of degree d .  
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Let I: be a regdar graph of degree d. nith i *  v~rtices. If 

1. an? two adjacent vertices are simrrltaneoiislv adjacent to n other vrrtices. 

2. any two non- adjacent \-ertices are simultan~orisly iicijacent to b other vertices. 

then ï is calied a stmnglg ~ g u l a r  .graph with parameters i r , .  h .n .d .  

Definition 1.J. Let D be a design. and V and L3 be the  point set and hlock set of 

2) respective!:;. Let 1 5 V .  Define: 

5, = {B - {r) * r  E B . B  E S}. V ,  = ~'n( U .Y'). 
.YC G , 

The pair (V,. l3,) is caHed the contraction of D nt I: anri w~ cfenofe it by Dr. 

If 23 is a t-design. and ; is a ( t  - l !-desiqn such thiit 2 Dr. then D is ca l l~d  

an extenston o f  ;. 

Suppose V is a design. B is a block of 27. Detine: 

D' = ( V -  B . B -  ( B ) )  

where B - { B )  := (-4 - B I -4 f 5 ) .  v B  is called rhr rps~drrnl of D wirh rrsprct r o  

the block B. If V is a design. and V 2 v B. c hen V is saict to be rmhedded in P. 

Suppose 27 is a quasi-symmetric design n-ith m m  intersection nurnbers r and 

9 (1 < yj .  The hlock gmph of V is the graph whose verrices ;ire the blocks of D: 

two vertices are adjacent xhene\-er the correspondhg blocks intersect in y points. 

The following five Steiner system are called Ctltt deszgns: 

Q ï t t  designs rire v e n  important in cornbinatorial design theory They provide 

good examples of the extensions of designs. quasi-spmetric designs. and strongly 

regular graphs. 
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Example 1. i.52. pp. 3.5; S(3 .6 .22)  w an P_ttenszon of P G ( 2 . 4 ) .  Si:3.6.23) rs a 

Exarnple 2. :52. pp. 3-51 S ( 4 . 7 . 2 3 )  LS a n  eztensron of S( 3.6. '22 

fold ~xtenszon of P C ( 2 . 4 ) .  It L.S n qrrasz-.sqmmetnc deszqn. rrzth x 

By theorem :3.2 in Il31 m-e know that both the hlock qrnphs of S(3 .6 .22)  anri 

S(4 .7 .23)  are strongly reguIar graphs. 

CVitt designs also procide examples of Steiner systems nl th r 3 4. Brsicie the 

CVitt designs. there are only eight known examples of S tctiner systems wit h t > 4: 

S(5.6.24). S(.5.7,28).  S(5.6.48). S(5 .6 .84) .  S(5.6.13). S(.5.6.108).S(-5.6.1:32) 

and S(5.6. 168) :22i. LÏp to now there are no cxamples of Steiner systerm with t 2 6 

:l3]. Froni i29. 37. 171 FCP knom- that the only non-trivial quasi-syrnmetric 4-tlesiqns 

are S(4 .7 .23 )  and its comptement. S hrikhande ;md Sane -521 conjwtiired t bat the 

only non-t ricial qucsi-symrnet ric 3-designs ( ot her t han t hr Hadamitrd 3-tlesigns ) 

are the 3-designs reIated to the iVitt designs or their complements. Witt ciesiqns 

have close relation Ftith g o u p  theory. The automorphkm Sroups of S(4. .5. L 11. 

S(.j.ti. 12).5(3.6.22). S ( 4 . 7 . 1 3 )  and S(5. S. 24 )  iue the farnoris l la thieu groups .\ILI. 

-11 12. .\k2. .\[13 and -I lr4  respectively. The iive Mathieu groups were the tirst [fis- 

covered sporadic simple groups. Historically. statisticians were the first to make 

a systematic and exhaustive study of bIock designs. pirrticularly from the point of 

view of construction. In Shrikhande and Sane's words i.52; "From the combinat* 

r iakt 's  point of view. a substantial portion of the research work in design t h e o n  

centers around cxrious characterizations of the Clïtt desigris by their properties." 

The attempt to prove the e-uistence and uniqueness of the Cl-itt designs produced 
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mnny techniques and methods. which d s o  enhanceci the theory of cmmbinatorial 

designs. 

The  U7itt ciesiqns were c~onsicicreci tci lw first constriicterl t ~ y  IYitt .Si'! ;inci 

Ciirmichael :L 1 T. 

Witt constriictcrl the tive R'itt designs €rom the five '\Iathieir qroiips. He prov~t l  

that . \ f i l .  Jf ,". Jk2. and . r i z 4  .ire the ~~utornorphism groups o f  S'(A. 5.  1 1 1. 

S(5.6. 12).  S (3 .6 .22 ) .  S (4 .7 .23 )  ;incl S(5 .  S. 24) rrspectiwiy IL-itt 58i ;ilso p r o v ~ d  

the  irniquenesç o f  t hese designs. 

To const riict S( 5.6 .  12). CiirmichaeI considerecl the lincar frrtct ional qo i i p  C; 

niodulo 11 of order 12-  11 .5 = 660. G is ,i iloiibiy rransitivc qroirp of  (ieqrce 12 on 

S = { x. O. 1.2. . - - . 10). Select B 1 S. BI = ij. siich tliat B is traiisforrnecl into 

itself by jtrst ti\.e ekments  of G. Let 

theri BI = 132 anri iS.13) is;iii5'(5.13.12). Let 23, = { . 4 -  (x) x f -4 1 U) .  

then ;B,, = 66 and (S  - { x ) . D , )  k ;in s'(4.5. I I ) .  

3ow let G 1~ the linear fractional groisp modulo 23 of orrier 24 . 23 - 11 = ri073 

and let S = { x. O. 1.2. . + . .2). G contnins i i  suhgroup H of order 3. such t tiat 

h ( B )  = B for ;il1 h E K. where B = (x.0.L. 12. 1-5.21.22). Let 

Then (S. 13) is an  S(5.8.L-l). 

In 1969. Liinebiirg j47] constructecl the Witt designs by extenciing known strrrc- 

tures. Ili his proof. Lüneburg considered the geo ine tv  of the affine plane over 

G F ( 3 )  (for S(4.5.11) and S(S.ci.13)) and the geometry of t he  projective plane 
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over G F ( 4 )  (for S(3.6 .22) .  S(1.1.23) and S(5. S. 24) ) .  Other proofs of t h e  irnique 

ness of S(3.6.22). S(4 .7 .23)  and S ( 5 . 3 . 2 4 )  were qiwn by .ionsson :40! and Iwmiiki 

'39!. .J6nsson's proof tir;t~ baed  on  the gmmerric aspect of :in elementiiry ;ibelian 

stibgroilp of order 16 and r i  knowledge of the  zeornetries itr;soçiated wlth crWitin 

siibgroups of the alterniiting group .-lu. I ~ ~ i i k i ' ~  proof was baseri on the fiict r h x  

any tm-O blocks intersect in O or 2 points. in 1 or 3 points o r  in O. 2 11r 4 points. 

respectively. From this the blocks c m  lit-. rletermined explicitiy. 

Before Lüneburg. L..J.Paige [50! constriictd S(4.1.23) iind S(4. Z. 11 1. HLS con- 

struction of S(4.1.23) is as t'ollows. 

Let. C'(Z3) be i t  vector spacc! of dimension 2 3  nver G F  ( 2  1. k t  

vi = i l .  1.0.0.1.0.0.0.1.1.1.0.i1.0.0.0.0.1.0.l).0.0.0). 

Vil = (O. 1.0.0.1.1.I.L.0.0.1.0.0.0.0.0.0.0.0.0.0.2.0). 

v;z = (0.0.1.1.1.0.1.0.1.0.1.0.0.0.0.0.0.0.0.0.0.0.1). 



l e t B =  { H ,  v < T .  H,, = 7 ) . L ' = { l , Z . . - -  . X i ) .  Tl ien iL ' .B) i s ; inS(4 . i .23~ .  

S(4.5.11) can bc c:onstrricted simiiarl~. by consicfering C'i 11 ) o w r  G F (3) .  

In order to prove tfie existence of S(5. S.24). Ciirtis . '26; . c:onsiclerccl the  p o n - ~ r  

set P (  f2) of ;i 24-set fi' ;LS i l  linear spaw of tlimension 24 owr G F ( 2 ) .  whcre t h e  

sum of two stihsets is definecl to !le tiieir ';ynimetric clifferencc. Clioose i i  sirbspacc 

i'climension 13) ; of P(f2). sudi  r h t  the smallest i:arciiniility o f  the tblements in 

; is 8 i Ciirtis (.alleci this kind of eiement ;in octad w d  ; (.mitains txnctly 7.59 

octads. T h ?  set of ;il1 cictacls is the set of blo<-ks of 5'(5, ,+.?A). 111 iiis papcr Ciirtis 

;tlso introdiiccd the ..;O (:allecl *.SLiracfe Octad Genc~rntor'- o r  M O G  . The 1IOG 

provicietl a c:cim.eriient compiitational clthvice for tiriding the tiloc-k c.oritairiinq iiny 

fiw points. 

.4roiincl 1980. starring from the clesigns Li 1 mt l  L i 2  ;~;sociatcd tvith the 

Haclamard m a t r ~ x  of order 12. Hughes I34l c.oristriictcd 5'( 4.5. 11 ) iirid S(5. t j .  12 

by ;in elementnry tediriique. Beforc? long. liaseci on Huqhes' ideas. Beth Il lj gave 

r i  sirnpier methocl ro constrrict S(5.6. 12). he iiiso gave ii  proof o f  the  iinicpieness 

o f  S(5.6. 12). In 1981. Beth arid .Jiingnickel [12! gave iiriother methot1 to construct 

S(4.5.11) i d  S(5. tj. L'L). 

Cameron using some of the properties of S(4.1.23) iirid S(5. S .  24). proveti 

the uniqueness of these two clesigns. 

Cameron and Van Lint i20] discussed the structures of S(5.G. 12) and >'(S. S. 24). 
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Using the bina- code of P G ( 2 . 4 ) .  Lander 1431 constructecl S(:3 .6 .22) .  then From 

S(3 .  G .  2 2 ) .  constructed S(5 .8 .24 ) .  

To study a design V by specifying sonie of t,he intersection niimhers s , ' s  or the  

nurnbcr s of V is an interesting research direction in design t h e o .  LVP already han- 

that if s = 1. then D is a symrnetric design; if s = 2 .  then D is a. quasi-symmetric 

design. Calderbank and SIorton j 171 ctassified ail qucasi-synimetric 3-rlesigns mit h 

two intersection numbers 1. y and x = L.The only nontrivial exampIes arc S(  4.7.3.3) 

and its residuai. a S ( 2 2 . f .  4) design. Ionin and Shrikhande :36! %ot the following 

characterizations of S(4.7.23) and S(5. Y. 24): 

1. A (2s - 1)-design with s intersection numbers is S(.5.8.24) if ;inri only if .s > 3 

and r, 5 s ( s  - 1). 

2. .A 2s-design with s intersection nurnbers is S(4.Ï. 23 j if and orily if s > 2 and 

r, 5 s'. 

The usuai geometric construction of S(4.7.23) starts from PG['I. 4) .  Starting 

froni P G ( 3 . 2 )  Baartmans [l] constructed S(4 . Ï .  33) .  

Let G = PSL(2 .q )  with q = 11 or 13. In-nsaki [38! considered the action of 

G on ii set P. and took al1 G-images of a subset -4 in P as bloclil;. To construct 

S(5.6. LI). he sclected -4 = 4 := {z' x E CJF(11)).  Tu constriict ~ ' (5 .S .24) .  he 

selected -4 as the symrnetric difference of the sets Q. Q - 1 ancl Q - 4 in GF('23). 

Lenz [45] gives a short uniqueness proof for S(5. S. 24). which irnmediately gives 

the order of 1If24. 

Let PSU6('>" act on the unitary polar geometry consisting of 693 points. 6237 

totally isotropic lines and 891 totally isotropic planes. JSnsson and 1Icktiy [ l l j  

proved thst  AIT2 ti a subgroup of PSU6(?') leaving invariant sorne configuration of 
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22 planes iinu two liwing a point in common. no t h rw  hat-ing a point in cammon. 

S(3 .6 .22)  is obtained from this configuration of 22 planes as ;i set of 7'7 ot.her 

planes calleri \docks. it block being i~rilleci i~icicient to one o f  the 22 p l m m  if the 

corresponding planes have a line in cornnion. 

The rnonographs :13. 35. 521 al1 Iiaw crornpletr. self-contnineci ilisci~ssions <if II-itt 

designs. 

in :42! r he action of the Slrrthipii groiips .\In. n = 9 . 2 3 . 2 4 .  on tlw p o n w  sets o f  

the point set of respective \17itt tlesigns i i i t~e  heen stiiciied. The urbits of al1 point 

subsets of S ( 3 . 6 . 2 2 ) .  S(4 .7 .23)  and S(.5. S. 24) togcther &<th the numbers t ,  o f  

blocks which meet i l  point subset in ;t oribit iit i ( 0  5 1 5 5 )  points in S'(5. S. 24) mci 

the formiilCu ro c-alrulatc these niirnbers for the orbits in S(3.ti.23) anci Si4.7.23) 

hitw hem given. The  vectors ( t , , .  . - - . t k  j .  c:alled tfeqiiency L-~r tors .  for 3'13. ti. 23). 

S(4.1.231 and SiS. S. 24) ;ire listeci i r i  iippendis .A. B and C. r ~ s p e c t i w l -  

LVitt tiesigns ;~Iso ha\-e relations with other iriteresting objects. sirch ;is Gd-  

codes and the Lwch lattice. .Ji.ist as Hughes anci Pipcsr [35i 1lescribc4. t tiey "iirr i t  

fundamental featiire o f  combinatorics i d  iilgebïr\". 

Let F be ;L finitc tielcl. 

-4 code C is ;i subset of  Fn. the vectors ici C ;Ire t:dled vodewods .  If C is ;i 

siibspace of climension k. then C is crilled a li~rmr :n. ki r*ode.lf F = G F i 3 ) .  rlien 

C is callecl a bznaq  code. if F = G F ( 3 ) .  then C is cnlled ;t t e m a n )  i:odc. The 

(Hamminy) iuezght of ;i vector v in Fn. clenoted hy i ~ (  v 1. is the riurnber o f  non-zero 

coordinates of v. The ( Hamrntng) distance d (x. y )  I~etween two cocleworcis x iiad y 

is the number of coordinate positions in which they differ. Let C he an !n .  ki cocl~. 



The (Harnmzng) distance ri  of the code C 1 s  

An :n. ki code with distance ri will be cienoted hy [n. k. d ! .  The s u p p o r t  o f  ;i 

codeword is the set of roordinate  positions wliere its mtries are non-zero. 

C l ï t  h t hese tletinitions can s e  t hat Paige-s mnst rriction o f  S( 4 . 1 . 2 3  ) rncn- 

tioned above is actiially to use the supports of t h e  cm& T to ~mnstriict the  hlocks 

o f  S(4 .7 .23) .  

Let. he r he code generated bv t h e  rom. 1-wtors o f  t ht. miitrix :I l? .  BI :331. 

where Il:! is the  12 hy L2 identity rnrrtrk. ;ind 

L L O O O I O l  I O  L 1  

1 0 0 0  1 0  1 L i )  1 1  1  

Let EZ3 h e  the code generated 1- the row vectors of the m a t r ~ ~  [ I i r .  B!. where 

B is the matrH obtained fiom B by deleting the last column of B. 
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Let Ç12 he the code generated hy the row wctors of the matriv [IF;. C] I.561. where 

Is is the 6 by 6 identity matrix. and 

Let Ç i l  be the code generated by the ron- vecrors of the rnatrk :Io. CI. rvhrre 

is the matriv obtained from C bu cfeleting the last cohmn of C .  

. 3 

The codes Gr.* and Ç2s are binary 21. 12. '3; and ;23. 13.7; CO&S respectively -33;: 

the codes Çi2 and Ç l i  are ternary Il?. 6.6i and 11 1.6. .5! cocles respecthdy -561. 

The codes G2.4 and G12 are ciilled Extended Colni,  codes. %hile Ç2:i and Ç1 1 ;ire3 

called Golay codes. Golay codes Ça and Çi nwe iiiscovered by Golay ::J 1:. Golay 

codes are ver? important. They have far-reaching implications for s p h e r ~  pacliinq 

and simple groups. The extended Golay code GZ4 m s  used in the  Voyager spacecraft 

program to transmit the colour pictures of Jupiter and Saturn. 

The close relation between CC'itt designs and Golay codes can be iUust rated bu 

the foiiowing facts: 

r Let A be an incidence matrix of S(5 .d .  24). Then is a generating mntrix 

for &.i[35. pp. 222-2293. The supports of the codewords of minimum weight 

(weight 8) of Ç24 form an S(5.8.24)[48. pp. 6341. 
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The supports of the codentorcis of mininium wight  in-eight 7) of &:3 forni a n  

S(4 .7 .23) .  Ç2:{ rn- be obtaintd hy ildet ing ariy coordinatc of Ç2.& i ls. pp. 

634-6353 

O The supports of the cod~words of rriininiuni wight  ( wight Ij o f  Ç12 forni i\n 

S(.5.6. l2)[-4S. pp. 6351. 

0 Tlic supports of the codeworcis of minimum wiglit (w igh t  5 )  of ÇI 1 form a n  

S(4.5.11 )[-M. pp. 6351. 

The Leech latticc . tienclteci bu .12., . consists of the wctors (251 

as real 0's and 1's) and x. y i 2". saris& C r, O(rnod2) .  y, 5 l ( n i o d 2  j. 

The Leech Iattice .li.i n;as discovered by Leech in 196.5 I4-lj. The L e c h  latt ice 

.13.4 has a c'ignificant impact in the theory of finite simple groups. Conwriy 231 

constructed three simple groups Col. Co2 and Cori by using the L e c h  latticc. 

Coi. Coz and CoI3 iUe al1 subgroups of Coo. the group of autoniorphisrns of the 

Leech lattice , la".  The Leech lattice also provides a lattice packing in R'". n-hich 

still stands as the densest known packing in R24 12.51. 

The purpose of this thesis is to charncterize al1 t-blocking sets (see definition 3.1) 

and al1 semiovals (sec definit ion 4.2) in the Witt designs up  to the frequency vectors. 

In chapter 2 w obtain some resuits which correct some mistakes in [7.8]. L'e  also 

improve the resuits in (91. In chapter 3 we thoroughly determine the structure of 

a Fano set - a fundamental structure used to characterize blocking sets. t-blocking 
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sets and semiot-als in S(3.6.12). and ohtnin ii constrtiction methoci for ii Fano set. 

Thcn wc characterize the t-blocking sets in CVitt designs. Cie determine the  possible 

size of n t-blocking set. classi&-in,a them by their trequency wctors. LVe iilso iiniilyzr 

the LVitt dcsigns and obtain ii nurnber of new resillts. In chapter 4. tw characterize 

;il1 'iemiovals iri the LVitt desiqns. CVe prove thkir; t h e r ~  iire only t h r w  types of 

semiovals in S(3.6.22).  one of them h a  size nine. the other two ~ ~ ' L V P  sim 'nn. one 

of them is ais0 a t-blocing set: S(5.6. 12) m d  SI4.7.23) eiich hiwe oniy one type 

of serniotd. which are also t-blocking sets: but  hoth 5'(4..5.1 I ancf Sc i,. 5.  '74 1 hiiw 

no semioval at ,211. 



2. NOTES O N  S(3 .6 .22 ) ,  S(4.7.23)  AND S(5.3.24) 

2.1. Sorne definit ions and notations. 

Defirrztion 2.1. .-\ set o f  points of i i  Stt.incr systeni is c;illecf ;r hioc:ktng s ~ t  if it 

cnntiiins no block. but intersccts wery  black. 

Definition 2.2. -4 biocking set C is said to he of  i n d a  t if C is containtd in t blocks. 

but  cari not be contriincd in t - 1 blocks. The index of C is ricnoted by i(C).  

Definztion 2.3. .A blocking set C is said to b~ tmdumble if for any 1: E C. the set 

C - {s) is not i i  blocking set. Otherwise. C is siiid to be mdunhlr . 

Definitzon 2.4. Let .Y bc a set of points o f  S ( t .  k. i l  1. let t ,  be the niimber of blocks 

t hat are t-secint to S. r = 0. 1. - - . . k. If { i 1 . .  . . . r ,  ) is the set of ;il1 t hose 

i , 's  ( O  < r ,  5 k )  such that  t , ,  f O and O 5 i l  < i2 < - - O  < i,,. then we s:- that S 

is of type ( i l .  i2. - . . . i n )  and cal1 ( t o .  C i . .  - - . tr, j t h r  frepenc?] ilector o f  S. rienote 

it by FI,'(S). 

Definition 2.5. Let ,Y and 1' be two point subsets of S ( t . k .  Y ) .  If .YI = ll-1 and 

FC7(.Y) = FV(I7) .  theri WC say that .Y and k' rue the srime type.  

In the sequel discussion. S will be used to denote the point set of S(t .  k. L I ) .  Given 

any t points p l . .  - .  . pt in S. the unique block B which contains Pr. - - . p t  is a k o  

refered t o  as determined by p i .  . - . . pt . 

Let r , ( s  = 0.1. - - - . t )  be the nurnber of blocks containing a fked  s-set. then 
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We have the following identit ies: 

If B ' B" = O. rhen rtie type o f  B , B' is (2 .4 .  li) witti 

1. There esist rwo t~locks Si. 3'2 which arr 2-secmt to B - B' iit i r  iincl h. 

3. For w2ry x 5 Si (or S).  wit h 1: + IL. il. r he two hiocks E,. E, of t: t hroiigh x 

have the other cornmon point y on S2 (or  SI). 

3. One of the two points outside B ti; B' ;A E, i; E, is in S1 arid the  othcr in 5'2. 

Result 2.4 18. result 2. l] Every bIock in S(1.7.23) is n 7-set of type ( 1.3.7). 
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Result 2.5. [Y. lemma 2.5; Let B. B' he two blocks of SI 1.7 .23)  wit h B - B'! = ;3. 

FLu r t B - B' iiriti y 5 B' - B. There are t ~ a c t l y  t hree blocks D I  . D7 itnci D.% 

intersecting B u B' only at x and y. ~ l o r e o v ~ ~ r  Di  eq D2 - D3 = (1. y). 

Berardi j7. S ]  clcf ned the following sets: 

1. Use the same notations of resiilt 2.3. Fk IL r B - B' iinci let s hcb the  only 

point of S2 outside B u B' LJ El IJ E?. Define 

.\il := ( B  u B' - {a. h. u ) )  :-J {r. r). 

2. Let B. B' and B" be three btocks in S(3 .6 .22 )  n-ith . B  " B' - B" = 1. Fiu it 

point 2 of B" - ( B  c Br) .  let y bc one of the joint points of the  tm-O extcrnal 

biocks to B u B' 1-1 { z ) .  Define: 

3. Eo := S -  

P. B'! = 

(BAB'). where B and B' arc tn-O hlocks of S(4.Ï. 2 3 )  n-ith 

1. 

4. E := ( B  - (1)) c ( B r  - ( y )  IJ { n . h ) ) ,  where B and B' are two blocks of 

S(4 .7 .23)  with IB B'I = 3. x E B - B'. y E Br - B anci 

here Dl.  D2 and D3 are the  three bloclcs intecsecting B L' B' only at r and JI. 

5. El := B u B' - {o. UV). where 8 and B' are two block of S(1.7.23) n-ith 

B f l B f =  { O )  and w f  B ' - B .  

Berardi jÏl proved that .VI and .% are the only blocking sets of size nine in 

S(3.6.22) .  It is also irnplied that XI and ;Vo are different types of blocking sets 

in S(3 .6 .22) .  In [8] Berardi proved that Eo. E and EL are blockirig sets of size 
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eleven in S(4.Ï. 23). He aiso ciaims that Et). E ancl El are thrw rliffcrcnt tqpm 

of blocking sets in S ( J . Ï . 2 3 ) .  Hew we prow thrit .Vl ;incf .\; ;irtb the  same t'pe 

of blocking set in S(3 .6 .22) :  xhilc E and EL ;ire thch snme type of hlocking set in 

S ( 4 . Ï .  23).  

For conwnicncr. n-P will usc .Y = 1- to rlmotc .Y and k' are the skinle type. 

2.2. The proofs of .VI = .Vo and E = E l .  

Pmof. Let B = {o .r .  1.2 .3 .4) .  B' = { a . r . c ~ . h . c . d ) .  B" = ( o . 4 . c l . z .  IL. c ' ) .  

El = { ~ . y . n r . n . p . q ) .  E2 = (x.y.s.rr.c.rr): then 

-vO = [(B :J B.) - B"] (y. 2) = (r. 1.2. :I, a. h i : .  y. z ) .  

It is not difficult to  prove the following conclusion: 

Let -4(i. a) be the blocks deterrnined by { ! j .  t .  c l ) .  wherc 1 < 5 3. n -C { a .  6. r ) .  

If one of 4.d is in .A(1.c1). then the other one LS &O in . 4 ( t . a ) .  

Suppose there is no block which is 5-secant to then .A( 1. a )  # .-l(l. 3)  if 

o = 3. so each one of { O ) .  { r  ) and (4. d )  is contained in exact ly one of .A( 1. tr ). 

.-1(1.6) and .-l(l. c) .  IVit hout loss of gcneralit. n-e m e  issume { O )  c .A( 1. a ) .  

{ r }  C -A( 1.6) and ( 4 . d )  c --l(l.c). Since .A(2.c) f .A(l.c) f -4(3.c) and 

4 . d  6 . - l (L.  c)u-4(13. c). then either O E .A(?. c). r E -4(3. c) or r E .A(-. c). O E .A(& c ) .  

If O E --l(2. c ) .  r  E .4(3.c). then since .A(?. b) f .A(l. a ) .  A(1. h). .4(l.c), .4(2.c). 

o.r.a,c.d # .4(2.b). therefore [,A(2.b) n B'1 = I(b)l = I .  which is a contradiction. 

If r E A(2. c)  and O E 4 3 .  c ) .  simiiarly we can also get a contradiction. O 
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I t  is not. difficiilt to prove tlint a blocking set of s i z ~  '3 in S(3. ci. 23) lias ;tr most 

one 5-secant tilock 17. pp. 391. Bv lemma 2.1 iinci the  proof of 1~rrini:t 5.6 of :71 LW 

can prow 
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By lemma 2.4 in 181. there is a hlock L; through u. 2 iintl (1 such thrit 

Cr n ( B  u B') = (11.2). Since ti n -4 = { I L .  :.a).  WC have h . ~  $ C'. Ttierefore. 

( D I  - {r. y. 6.c.  ) ) I  = 1 or 3 .  so IL; r! D2i = '1 or D:{l = 2 .  ;L contradiction. 

So l(.-1 - { r . a .  b . c } )  n (B' - B)I = 3. Tlier~forr~ i.4 r: El = 5 .  .A B = (x} and 

E = (.-lu B )  - {x.~.). n 

Bu reniark 2.8 in 181 and theorem 2.2 w know thiit Eo iintl El are the only 

tm different types of blocking sets of sizc eltwm in S(4 .7 .23) .  So thcre iire four 

difkrent types of blocking sets in S (4 .7 .23 ) .  not six as intlicnted in [dl. 
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2.3. Notes on S(S.8.24). CCé use the same notations i d  terminologies ;w in .9i. 

Let B. B' bc~ two blocks in S(5.Y. 24)  wîth lB r. B'I = 2.  havc 

n -he r~  t r  e B - B'. tt E B' - B. n < BAB'.  z r B ,- B' = (1. !,) 

In [91 the folIon-ing theorern hirci becn provrd: 

Theorem 2-3. Let C be a blockzng set ln S(5.8. '24). Thfin 1 1 < Ci < 13. .\lor~.- 

over. 

1. ICI = 11 implitis that C = .\Io and t( . \ ln) = 2- 

2 .  ICI = 12 and C imducible  ~ m p l y  that C = 1 and i(Ij = 2 .  

3. [Cl = 12 and C r ~ d u c i b k  implg that C = J10 - (1). 1 4 .\Io. .Ilomocer. 11 

i (C)  = 2. then either C = .\I or C = R. 

4. ICI = 13 ~mpl ies  that C 1.5 mdumhle and C LS the mniplerrient of .\1,). .\[OR- 

ouer, tf i (C)  = 2 .  then C = B il B' - { a ) .  whem B .  B' crw ttro blocks 1 ~ 2 t h  

iB ri B'I = 2 and n E B 1" Br. 

In this section we prove the foflon-ing theorcm. which hiis iniproved the  results 

in t hc above t heorem. 

Theorern 2.4. Let C be a blocking set ir i  S(5.8.2-I). Then 11 <_ Ci < 13 and 

i (C)  = 2 .  Moreover. 

1. If ICI = 11. then C = -\Io. 

2. If ICI = 12 and  C is irreducible . then C = 1. 

3. If ICI = 12 and C is reducible . then C = -11 or R. 

-1. If ICI = 13. then C = S - Jh = B U  B' - {=) is; reducible . where B. B' are 

two blocks with lB n B'I = 3, and 2 E B n Br. 
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2.3.1. Some known results on S(5.3.24).  In the  case of S ( 5 . 3 . 2 4 ) .  if E is ;i 

blocking set. t h m  ( I ) implies: 

The following tenimas are quoced from [S.  Cl!. 

Lemma 2.2. [9] Let B. B' he two bloc& Ln S(5. S. '24). Then 

1. The t p e  of B is (0 .2 .4 .8)  mth 

to = 30. t 2  = 448. t ,  = %O. t s  = L. 

2. IflBri B'l = 4. then BAB' is a block. 



:3. If B - B" = 2. then JI = BCB' 1 s  r~ set o f  t?jpcr I 2 .4 .6 )  iuzth 

r,, = I. t , = NI. t,; = 4-18. t ,  = : i ~  

5. Let E hfi (1 .set. Then S - E ~.s cr blocik i f  rrnti onhj ~f E = B -. B'. B -  B' = C.1. 

6 .  Let F bci a 4 - s e t .  F - B = (n: t h m  t h e v  r n s t s  u block B' sirch that F Ç B' 

crnd B -  B' = u9. 

By 1. 3 anif 4 of lc~mrna 2.2 WP qet the tollominq corollnries. r~spectiv~l': 

Corollary 2.1. .Vo h1oc:king .set can hc irontuznetl rn one hlo(:k. 

CorolIary 2.3. Let C t~ I L  hfoc:X.-xn!g .set. If C B , B'. thrin B ' B" = O. 

FLu i i  point 2 in S( t .  k. r i ] .  thecontracrioilof SIt. k. 1 - t  . ~ t  1: is a 1 1  ~ ' ( t  -1. k-1.  il- 1 ) .  

For S(4.1.23) we hiive 

Lemma 2.3. ;S!  Let B .  B' he two blucks ln S(4.7.23) itr& B ' B' = {r). tiwn for 

an?/ tr f B - B' und c 5 B' - B.  them r3nsts  IL block B" ln b'(4.7.1'3) .such thut 

8'' f ( B  ù B') = {IL. c). 

Coroilary 2.4. Let B. B' be two bloclis tn S(.5.&24j iuith B B' = (1. y )  und let 

u E B - B'. c E B' - B. Then ( B  L B') - {y. u . u )  is not n blocLing set, 
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2.3.2. Proof of the theorem 2.4. Froni now on. C d l  he iiscci to clenote i l  

blocking set in S(5. S. 24). 

Lenimii 2.4. proposition 2.1. proposition 2.2 and proposition 2.3 hncl bccn prov~cl 

in it)]. wc quote theni here for our convenience. 

Lemma 2.4. 11 5 1C1 < 13. 

Propositi~a 2.1. If ICI = 11, theti C = .\Io und C has no 7-secant block. 

Proposition 2.2. 1 is an imducrble blocking set. 

Proposition 2.3. R is a rriducrble hloclnng set. 

By ( 2 ) .  if ICI = 12. then 

The following proposition plays a crucial rote in our proof. 

Proposition 2.4. Let ICI = 12. 

1. If C has a 7-secant block. then C = R o r  I .  

2. If C has no 7-secant block. then C = M. 

Proof. Let B be a block 7-secant to C. B' he a biock containin=; the fiw points in 

C - B: then ! B  r: B'l = 2. Let B n B' = {x. IJ). Sincc B n Ci = 7. (x. y )  r C f (d. 

If L E C. y $ C. then C = R. If L. y E C. then C = 1. 

If C hcas no 7-secant block. t hen by (4). C is of type (2.4.  C i ) .  Let B be a block 

6-secant to C. let five of the six points in C - B be contained in block B': then 

B' contains another point in C. We clah that this point must be the remaining 

point in C - B. Suppose this point is in B: then by lemma 2.2.1, 1 B n B'I = 2. 
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L ~ ~ B ~ B ' = { I . ~ ) . x E C . ~ ~ C . ~ ~ G B - B ' . I * E  B ' - B . W E C - ( B ; ~ B ' ) .  

Since C is of type ( 2 . 4 . 6 ) .  thc set C - { I L * )  = (13 u B') - {.y. I L .  r - )  ti a lilocking set.  

n contradiction. So B. B' are blocks 6-secant to C and C = BAB' = .\1. Cl 

Proposition 2.5 and proposition 2.7 iirr provcld in i9i. I,iit iising proposition 2.4. 

n-e c m  simplify the proofs. 

Proposition 2.5. If !CI = 12 and C rs rmdirnble.  t h m  C = 1. 

Proof. Since C is irreducibie. t i  = t I  > 12. B y  proposition 2.4. C = 1. 

Proposition 2.6. If Ci = 12 and C ~s wdtrrrrble. t h ~ n  C = .II or R 

Pmof. If C hcas ii 7-secant block. theri C = R: if C bas no 7-swint hlock. thtm 

C = .\f. D 

Since -\Io has no 7-secant block. WC have 

In theorem 3.11 n-e n-il1 prow t hat R bas eleven 7-secant blocks. so 

FC'(R) = (O. 11.66.16.5.275.165.66. 1 1 . 0 )  

From the fact that 1 is an irreducible blocking set wcl h o n -  that I hi; at letsr 

twelve 1-secant blocks. Checking the appendiv C ive know that 

FV(1) = (O. 12.60.l80.355.180.60.12.0). 

Lemma 2.2 telis us that F V ( J 1 )  = (0.0.132.0.-495.0.133.0.0). 

Proposition 2.7. Let -4 be one of the l',-.sets I .  .\I und R. Then S - -4 = -4. 
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Proof. Let A = .Il. Since .LI is of type ( 2 . 4 . 6 ) .  so is S - -11. Bq. proposition 2.4. 

S - X I  = M. 

Let -4 = R = B A  B I -  { : . a } .  where B," B" = 2. a 5 BLB'mt f  z f B - B'. 

Sincr R hcas i l  7-secant block anci R , ( ( 1 )  is A hiocking set. 5 - R is rwii~ciblr iinri 

dso hczs a 7-secmt block. hy proposition 2.6 iinti proposition 3.4. S - R = R. 

Let -4 = I .  Suppose S - I is reciucihlc: t h m  S - 1 = R. fmt S - iS - I i  = 1. so 

1 = S - R = R. a i:ontradict.ir>n. Therefore S - I is irreduciblt iind S - I = I .  CI 

Proposition 2.8. If C' = 13. then C = S - .\In = B , B' - { z )  1s wduclhie. rrherp 

B. B' um blockx mth B Br:  = 2 and 2 g B - B'. 

Proof. Since ,S - C = I l .  we have S - C = But .\-If) hi* no 7-sec;inr block. 5 0  

C hcls no 1-secant block. This means thiit C is reducible . 

The fact that Mo hi= a 1-secant block means rhat C hiu i - ~ ~ c i i n ~  hlricks. Let 

B be a 7-secant block to C and let tive of t h e  six points in C - B be c.onriiinrci in 

block B'. 

Cté claim that the remaining one point IL- c C - B is istill in B'. 

Suppose IL* 4 Br: n-~i may assume that B " B' = ir) 1 lf B - B' = d. rhen B' 

contains three points in S - (CL. B ) .  Since there are six b l o c k  that contain five 

points in C - B. any two of these only intersect at four points in C - B. and there 

are only ten points in S - (C L B) .  so at least one of these block n-ill iritersect B: 

m-e can label this block as B r . ) .  Then B î1 B'I = 2. Let B - B' = (1. y ) :  since B is 

7-secant to C .  {r. y )  r! C + id .  

If x. y E C. then C - {u) = 1. But on the other hand. Mu u ( w )  is reducîble. so 

S - I = .Ilo u {UT) = R. a contradiction. 



From time to rime WP iipply results of  '7. '3. !)i in ttiis ttwsis. I n  orrtvr to  rnstirc. 

otir proofs 'ire nat aifecteci by rhe errors in 1. '3. 91. thos(. LW lise I i r r c x  I l i i t ' ~  b e r 1  

t horoughly checked. 



1%. !-BLOCKING SETS IN THE WITT DESIGNS 

3.1. Preliminaries. 

Our definition of t-blacking set is ciiffermt froni that in :14!. Here n-P reqiiire rhnr 

iit Imst one block m e t s  CI in esiictIy t points. tvhile in T14i rhis is not r~qiiireri. 

In recent years. more and more papers cieiiling with f-blocking sets ~ V P  h w i  

pubiished. 'ior. only is the t-blocking s'et of t h m r ~ t i c  import;ince by itself Ise~ 

-3. lt;!). it ;rlso hi* irpplicittions in othrr ;ireas . For rsaniple. it is known that 

there is ii tink betwwn optimal linear c d e s  anci t-l>lo<:kriiq sets i r i  ;L pro j w t i v ~  

' - 1  plane :2!. Biittm .LI! bas pointed out that criticai systenis are c:onnectecI with t -  

hloclung sets and Biitten [6i hiis pr~senteri i k  private key c.ryprosysti.ni whic-11 is 

= sets. baseci on  t-hlockin, 

The auromorphism groups of the Lbïrt ciesigns Si4.3. 11 1. s( 5. r i .  12 1. S( 3. ti. 2). 

S(4.Ï. 23}  and S( 5.  S. 24) itïe respectively l~lathieii's tiw spornciic simple qroiips 

-LIl1. JIl2. .112?. and -\fi.,: the hlathieii groups .\Il 1 .  -\I12. ancl art- 

the automorphisrn group of the Golav codes Gr 1. Ç12. & irnd Ç2., . r(~spectiwly ,56. 

pp. 1 11- Il'!. In : f .  $. 9. 101 Berardi. Eiigeni and Ferri ciiarircterized r he blocking 

sets in Witt designs. In this chapter tve chriracterize al1 t-h1oc:kirig sets in Witt 

designs. 

3.2 .  t-blocking sets in S(4.5.11) and S(5 .6 .  II)). 

32.1. t-blocking sets in S(4.5.11). 



Theorem 3.1. Let Ct hp a t -hlmkzng s ~ t  ln S(1.5.11) . 
3 

L. If t = 1. then 5 5 Cl j < 7 .  and If C, = 1 - t .  i = 1.2.3. thm we h a w  

Ct = B , ,Y. whem B t.9 a hlock. .Y 1~ an ( r - 1) - . w b s e t  of S .such that 

Proof. Since the type of the block in S(4.5. i 1) is ( 1.3.:1..?) ancl nny &set ti con- 

tain~ci in exactly one block. WP conclude that 5 .I Cl 5 7 .  

Because S(4.5.11) does not h ; n ~  an- blocking set. CI contains ,i biock B. If 

,Cl; = . 5 .  t h e n C l  = B: if Cl: = 6 .  then Cl = B d  (1). n - h e r e x i  5:  if CL = 1. 

then Ci = B L (1.4). whcre i. y B. 

It is easy to pr0c.e that if .5 > t > 2, then CL = S. where -y ir ( 6 - t )-subset 

of S. The frequency vector can be  obtained by letting tc1 = 11 nnd solt-e the linear 

system (1) J 

3 2 . 2 .  t-blocking sets in S(5.6.12). 

Theorem 3.2. Let Ct be a t-bloçhng set in S ( 5 . 6 .  12). 

1.  I fCr does not contazn any block. then t = 1. ;Clj = 6 and Cl = (8 - { a ) ) ~ ( x )  

and FC'(C1) = (O.6.3O.6O.3O.6.O). uihere B is a block and u E B.  s 5 B. 
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2 .  If  Ct contazns a block. then Ct = B J .YL. r ~ h e r ~  B 1 s  a block and .Yt LS n t-set  

.strch that ,Yt r B = fl. The frquencr!, L ' P ~ ~ O T . P  ~ T P :  

Prnof. T ~ P  tl-pe of a block in S(5.6.12 1 iç (0.2.3.4.6).  Xoticiny; rhr  fact that ;inv 

five points are contained in exactly one block we ran easily prow this theorem. 3 

3.3. Some known results on S(:3 .6 .22) .  The foIlowing reul t s  are  qtiot~ri from :i: 

for our reference convenience: 

Resdt .Y. 2 .  Let B and Br he two blocks in Si3.6.2) n-ith B -' B' == 2 .  Let r b e  

i i  point with r 9 B 'J B'. Then the set B - B' , {x) hiis rwo ~xterniil blocks. 

Result 9.2. Let B and B' be tn-O blocks in S(3 .6 .22 )  n-ith B ' B' = 2 .  Dtmote by 

LC' the point set of the cornpiement of B u BI. and by R the set of externid bIocks 

of B L' Br. Then the pair ( i l :  R) is ir 1-1 12.6.2) design. 

Result 3.3. Each point in S ( 3 . 6 . 2 2 )  is on 21 blocks. each pair of points is on  5 

blocks. 

3.1. The structure of a Fano set in S(3.G. 22).  

Definition 9.2. A Fano set in S(3 .6 .  '12) ti a 7-set F of ttpe ( 1.31. 

The frequcncy vector of a Fano set F is (0.42.0.35.0.0.0). Fano sets played a 

very important role in Berardi's characterization of the blocking sers in S(3.6.22). 
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LVe wi11 ako iise Fano sets in our characterization iind caiculation o f  the freqtiency 

vwtors. So in t his section we stiidv r he striictirrp of ;L Eino set tlioroiighly. m d  

qive a constrirction method for n Fino set. Our main rmilt is rrhmreni J.3. 

Definition .l..l. Let B br  a biock in S(3.tj.Z')). we c i ~ f i n ~  R (  B )  ro lw the set OC 

hlocks which are disjoint frroni B. 

Lemma 3.1. The pazr iS - B. R( B ) )  1s IL 24 l f j .6 .2 )  dt~stqn. 

Lemma 3.2. Let B trnd R(  8 )  be cu. nbove. let B' = {IZ. h. r ' .  Z. II. F )  m d  

Cc = {o.  a. h. IL.  I * .  IL') htl. ~ I L ' O  ~fi.stin~t tdernents of Rf B). Le t  I,: IF- r HI BI k the other 

hlocks o n  ( o .  rt ) anri {o .  b } . m.spet:fz~rd?/. If Cc - B' = {IL. I: ) . then II - - Br = { h. r . )  . 

Pnof .  By lemma 3. L wp only n t 4  to prow thxt the t)loc:k .Y ~Iertmuined t)y { b. ( m .  O )  

is in R( B )  . 

Suppose S 3 R( BI: then S - BI = '2. Let B = {x. y. 2 . 3 .  ! j .  51 ; m l  

-y = (o .  b. ri. 1 . 2 .  II). let B,, = { o .  6. d. g. !j. e ) 11tl the lilock ciet~rrnirieti in- {o. h. !/). 

let Bz = { o .  h. 6. z .  5. f) be  rhtz biock cletermined hy {o. 6. z } .  The11 r t i r  t>loc:k Br' 

cletermined by {o. b. c)  would tie in R( Bi.  -;O k t  B" = {o .  b. r'. p. q.  r 1. Bec:aiise 

I/- y C- = {o .  u ) .  C- ' .Y = {o. c) .  _io IL. 1:. I C .  tl 3 b-. .Cs o E L- .- Br'. so 1,- wntiiins 

only one of p. q ancf r .  b-e rnav assume thiit p r Ce: then G- = { o .  rt.  C. C .  j. p ) .  

By lemma 3.1 there esists a block .4 < R( B )  on {o. c }  srich t h t .  -4 r I,-. Then 

a. b. e. f $ -4. so (r. 6 F -4 and i-4 î B': 2 3. il contradiction. O 

This lemma guarantees thnt o is uniquely determined hy a. b. t r  iind iiny twc) of 

Cr. Cr. CF-. 
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Use the notation of lemma 3.2 and let I: E B. Let Bi. B2 and BI be t h e  hlorks 

rietermined by {o. a. 1). {o. h. x )  and (o. c. 1). respectiwly. Then B, r BI if I r j 

(othtrwke B, woirld be one of 15:. L'. L i ' .  irnd B, E W B )  1. Let 

BI - B - {r) = (i). B2 .- B - (2) = ( 5 ) .  B., - B - (r) = ( z ) .  

B I - B I -  { a )  = (6). B 2 -  B r -  ( h }  = ( l ; } .  B-, - B ' - I r )  = ( r ) .  

These protiuce partitions of B and B" into t.wo parts. sily (S. ! j .  : ) . ( 2 .  !/. 5) ;incl 

- 
{a. h. c } .  { G .  h. F } .  

Lemma 3.3. The nbo-cc partition does not Repend on the chmce of x. that LS for 

an!) elemcnt of B.  WC get the same partztion of B. 

In the same wq-. the blocks .Ai. ,A:,. .4> cietermined by (a. h. x ) .  ( a .  c. 1). { h .  c. J ) .  

respectic-el! also praduce ri partition of B. It can be  provoti that r hk  partition c1oc.s 

not depend o n  .r eit her. The next lemma ';hum-s r hat thew a r e  iict iially t h e  ';;imç. 

partition. 

Prnof. I t  suffices to  show (-4, - (1)) { r . y . r )  = 0 for I = 1 . 2 . 3 .  

Let L:. I.' a n d  F I -  be as in lemma 3.2. 

Sow n-e prove ( - A i  - {x)) :7 {r. y. z )  = O. Suppose (.-Il - {z)) r {x. y. z )  = O: 

then =tI?B = {x.cr). wherecu E (y.:). Let -4 be the bIockcietermined by {o.c.tr): 

then From 
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and result 3.1 m-e know t hat a. b. x 4 A and ,-l n ( u' - B r )  1 = 3. Frorn a. h 5 -4 ive 

knon- thnt  .-Il 71 (15: - B') = (n. Therrfonl. .4 ri -41 = ( O } .  contradicting resiiIt. 13.1. 

T ~ U S .  ( A 1  - {I}) n { x . ~ .  Z }  = fl. 

That (.4? - (1)) n (1. g. 2 )  = 0 and (.A.i - { J I )  Î (S. y. z }  = (n t'an be p r o v d  

similarly. I l  

For t tie remaindcr of this section. we assume 

and (1 is as above. 

Lemma 3.5. Let Di .  D2. DI E R(B) he the hlocks on { f i .  h } .  {il. r i } .  { h .  F } .  m s p r -  

tivel!y. und Dl # B'. i = 1.2.3. Then O E DI. 1 = 1.2.3.  

Proof. If O 4 DL. t hen Dl woulci be disjoint froni one of C*. Le. CI 

the union of the two disjoint b lock  D, ;inci L' woiild have an 

contradicting result 3.4. 

'. sty C-. iind then 

csternal block B. 

cl 

Lemma 3.6. .Any block determined hl/ t h e  pomts /mm (ü.6. F. r. 0 . 5 )  ïontazns 

exactly three points of this  set. 

Proof. Suppose there exists a block -4 contnining four points from { f i .  &. C. 2 .Q.  f ): 

then -4 contains tn-O of i. y. 2. say 5. ÿ. Then one of the blocks on a. ij would contain 

two points a. 3 E ( a .  6. c ) :  consequently. one of the blocks on  {a.  3 )  st-ould contain 

two of x. y, z .  which is a contradiction. 

Lemma 3.7. =In9 block determined by thme points h m  either {a.  6 .  c. 1. y. z ) o r  

{a. 6. £. 5. Q ,  5 )  does not contain o. 
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Pmof. Since three points uniquely ci~termine ;i block. ttiis lernrnn is jiist a (-onse 

quence of lemm'zs 3.1. 3 . 2 .  3.4 and 3.5. 3 

Lemma 3.8. Let .Y. 1: Z < R( B'1 - { B )  he t h ~ e  blocks on {s. g). {r .  z )  (lrld 

{y. : ) , n s p c t z ~ : ~ 1 1 ~ .  .q. Y. 2 e R( Br! - { 8 )  th rpr bloch on {Y. } . { T. 2 )  . { g. 2 } . 

~.spectzvei?j. T h ~ n  r ,  < S ' Y ' Z - s - - 2. 

Proof. Sirice e;ich block rneets B B'. ,irici tlierc ;irr totally 2 I t11ot:ks on o. the 

conclusion is ohtninect by iising the iibow It~rnniis tc, c-ount t he  hlor.ks mhich ( 1 0  not 

contain o. 3 

Theorem 3.3. Let F h~ ct 7 - w t  of the polnt s ~ t .  S of S(;i. 6.22). Then F 1 s  ir Funo 

s'et ~f und onl71 tlf no block dr t~rmtned  btj t h r r p  polnt.9 f n r n  F r.ontain.s rnorr thurt 

thm: poznts f n m  F .  

Then F = { n . b . c . ~ . y . z . o )  is a Fano set. 
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Example 3. Let the poznt set of S(3 .  f i .  32) h~ { 1.2. - - - - 2 3  ).  th^ blockg h~ th os^ 

listed on the n a t  page -71. Let (L = 10. h = 11. r .  = 13. 1: = 4: th,en, 

Br = (10. 11. 13. 16. 1S.20). .%tu W P  c.h,oo.s~ B = (4.21.22.5- 17. 13): thrn 

C = {10 .11 .9 .12 .14 .3} .~ '  = { 1 0 . 1 3 . 1 . ~ . ~ . 3 } . 0  = 3 . B l  = {lO.11.4.2..3-ti}. 

B2 = {10.13.4.7.9.19}. B.% = {11.13.4.$.14.L7}. { x , ! j . z }  = {4.21.22} m d  

F = (3.1.10. 11.13.21.22) 1 s  a Fano set. 

.Lrote 3.1. In the iihoVe mentioned c*onstriiction. t here Cire six c-hoices o f  B. t)ut some 

of t hem producc the same Fano set. For instance. in r tie iibow t~xample. if we rhoose 

B = (4.3.21.2.S.3):  then Ci = {IO. 11.1.;. 17.221. 1' = (10.13.5. 14. l.5.27} .ind 

O = '12. { r. y. z ) = (4.3.- 1). and WP $et the same Fano set AS in t ht. ;ibovr tbxamplt.. 

It crin be prowtl r hat t tiere are two iiifferent Fario sets which (untain { ( z .  h. c. 1). 

Theorem 3.4. Let F he ri Fano sel: then t h e r ~  (LW t r o  ( i ~ ~ j o z n t  hloch B'. B" rrnd 

rr pmnt o G B ;, Br such that F rs just the set whzch ronsrsts of thrw po~nt.5 from 

rach of B'. B" und o. 

Proof. Let F = { L .  y: z .  (L. b, r:. O ) :  !et B. B' Iw the blocks cletermined hy {r .  y. z } 

and {a .  b. c). respectively Then B r B' = 0. I l  

The  Fano sets  d l  I i i t~e L'requency ~ c t o r  ( O. 42.0.35.0.1). O ) .  In i ippendk -4 t here 

are t xo  orbits mhich have the sarne frequency vector as a Eino set. This rneans 

that the Fano sets are dividecl into two orbits iirider the action of -\I.r.>. 



The hlacks of S(3 .6 .23) .  

- - 

3.5. t-blocking sets in S(3.6.33)- 

3.5.1. 1-blocking sets in S(3 .6 .22 ) .  In this section <ve characterize the 1-blocking 

sets in S(3.6.23). 
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From the definitions of blocking set and  t-hiocking set we know tha t  n hlockinq set 

is a f-blocking set with t > 1, which contains no block. Henct.. when charncterizing 

t h e  t-blocking sets. R-e can make ilse of  t h e  resiilts in 71. Let C be ,i blockinq set 

in S(3.6.23): then t h e  type of C ciin b e  determinecl bv checking thc  resrilts in 7 

when ICI f 9. 10. 12. 13. 

In orrfer to rlç.tcrmine the  types of  other  blocking wts. IL-P ncerf w m e  more (le- 

tailed rcsults. LVe first consider t h e  blorking sets with ten points. 

Lemma 3.9. The hloclnng .set F J {n. r:. I L * ) .  rihem F r.s a Fano .wt. 1. ! j .  2 ? F 

and the block detcnnrned h:g { u .  c .  r r )  1.s 1-sncant to F .  has t h r ~ ~  5-sscnnt hlocks. 50 

FL-(F.L { u .  1:. I L * } )  = (0. 11.21.26. 16.:3.0). 

Proof. Let F = (1. y. z .  a .  h. r. O ) .  let Br' be t h e  hIock cfetermined bu ( ir. 1 . .  ri:). iind 

o G B". O n  B" - {u .  t:. IL*. O )  there  a re  four blocks besicles BIr. so shere exists i l  hlock 

B on B" - {il. r * .  w . 0 )  such t h a t  B contains ;it least rwo points in {r. y. z .  a. h. r r } .  

say 2. i/. Since F is a Fano set.  v.-P h a w  B - F' = 3 .  Therefore. B wntit ins m o t h e r  

point in {r. y. 2. a. 6. c } .  Say z .  Let Br b~ the  hlock rierermineri by ( c i .  b. r i :  ehen 

BI-! B = 0 = B' -  B". 

By lemma 3.1. thereexist  three  blocks C*. IV and I F -  on  { u .  1 . ) .  { c .  IL.} and  {il. t r } .  

respec t ive l~  such tha t  L- = B". I.' f B". I F -  + Bu. L - .  L e  and L i -  ;ire disjoint 

From B'. By lemma 3.2 n-e know ttiat L- - I' " li-' = 1. Since B B' = 0 iind 

( L r  u t' a II.') '7 B' = 0. we have 

But it is easÿ to see that O + C' 2 I' J IL'. so 



{ rr. c.  rr) and t h r w  points in F .  of which one is from ( ( 1 .  h. r * ) .  r w  iiïr froni {r. y. z ) .  

So it must be one o f  -4 1. .A2 and --L-{. 

The ktct tha t  F , (IL. ir. i c )  is a I~locking set means tiiat tti = f , ;  = O. Su 

FL' (F  1 (il. v .  ru) )  = (O.  11.21.26. 16.3.01. Cl 

The prooi of the above lernma actiiallv gives out ;t rnethod to find the rhrec! .5-secant 

blocks of F L' {u. c .  tu). 'iow we consider the blocking sets with eleven points. 
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Lernma 3.10. The hlochng set C = D, ( t r i .  ruhew D = ( B  - { r ~ ) i  - (B '  - ( 1 . ) ) .  

B and B' nrp rizspznt hlocks. rL E B. t e  r B' rrnd r i 1  < B B'. h m  .su: 5--wcunt 

blocks. and FC'i C', = i O. fj.20.25.2O.ti.O~. 

Pmof. L\*e (.;in rionstriict ;t Fano -;et F h i ~ ~ d  on B ;uid B' ..;iic:h t h t  I L .  t e .  11. 4 F. 

.An? 5-5e~1nt t~lock of C twsides B and B' (mnr;iins I C .  rneets B - ( rr ) . trid B' - ( r 7  } . 

So it contains ri:. one point in B - F - { r ~ )  ;inci one point in 13' ' F - { i * ) .  But 

Lemma 3.11. The hlor:kmq .set F , .-t - { IL  ) . i~hem F I.S I r  Frrno set. -4 ~ . s  r i  hiork. 

-4 - F '  = 1 anci rr 4 -4 - F. has seum 5-secrrnt blocks. 50 r t s  f7pqrwncil i:fictor ,.s 

( O .  7 .  1 6 . K  16.7.0). 

Pmof. Let F = {s. y. 2. LI). r . .  o ). -4 = ( o .  I L .  r l .  p.  (1. r. .< ) il% ( x i  properly (.hoose 

nt.o disjoint hlocks B md B' such rhnt B - F' = .i = B' ' F'. {.c. !/. z )  1 B. 

{a.  b. r . )  1 B' <ind B - -4 = { IL. I - ) .  LIsing the mer hoti used in r h~ proof o f  lemma 3.9 

T e  clin prow thitt on .iny two points in {p. q.  r ). r h e r ~  t2msts ontb 3-seciint block to 

F , -4 - { rr } .  Sow we consider the blocks -A,, . .Ah m d  -4,- ckterrninvtf by {p. r l .  (1 ). 

{ p .  1 . .  h )  and {p. 1 . .  r ) .  r~spectiveiy. I t  is otwious rhirt o. r L  i .A,, , -41, - .A,-. If r t i t w  

exists a 1 {a. b . c )  such tha t  -4, FI = 1. then -4, contains the unique point ;ri 

B - {x. y. z .  u. 1 : ) .  SO there e-xists ;it most one block of this kind. tlierefor<. two o f  -4,. 

.Ah and -4,. say -4, and .'lb. contiiin one point in {x. y, z } .  r~spectively. Tfierefore. 
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So -4, = -qh. and ;.-Ir, - t F d  -4 - { t t ) ) !  = 5 .  

LVP c m  sirnilady provcl that  there e'tist a. hlock rletermind hy q.tW anri a point 

in (a. h. c ) .  ii  hlock determined by r. r g  iind a point in (a. b. P )  .ii~rh t hat t hese rwo 

blocks are hoth .%secant to F , -4 - ( r r  ). 

.-\nu .j-aecant block to F , .-1 - {IL). other than -4. meers F ;it r h r w  points. 

therefore contains tn-CI points in .4. So it: must be one o f  the h o v e  rîl~ntionerl 

blccks. a n d  so FL'IF -4 - ( 1 1 ) )  = (0.7. 16.31. 16.7.0). Il 

Lemma 3.12. Let C = F j (L, y. z .  i r ) .  rrhcni F ~ . s  rr Fano s e t .  r. y. r. rr z" F .  m q  

hlock determlned h;i/ thrw poznts rn (2. y. z .  rc:) u 1-.srr:ant to F .  I j  {I- y. 2. FL:} L.S 

not containcd ln a n y  hlock, t h e n  C has . s u  5-sccant ? l o c h  rand  th^ fnDpen(:7/ wrtor 

of C t s  cO.6.20.2.5.20.tj.O). 

Pmof. It is e u y  to sec thitt C is .L blocking set. ?;on; we only n e r l  to provçi thirr. 

C h a  six 5-secant hlocks. But t his cari ht proverl hy lemma 3.3 ;incl the f~)Llowinq 

fact: 

Let u.  z: be tn-O points not in the union of r w  disjoint blocks B iinrf B': r hcln 

t here esists only une bluck B" on { u. 1: } such that B" - B' = 2 = B" - BI. J 

In the blocking sets in lemmn 3.11 and lemma 3.12 are considered the same 

type. but are different from the  blocking set in lemma 3.10. Kere WP see chat rhe 

blocking set in Iemma 3.12 and lemma 3.10 are the  same type: &-hile t h  blocking 

set in leoinia 3.1 l is ii different type. 

Let C be a blocking set with ten points: then 

Lemma 3.13. Let C be u blocking se t  tn S(3 .6 .21)  urtth !Ci = 10. Then t ,  < .5. 
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Pmof. Suppose t: > 5.  let B. Br be two 5-secant blocks to C. Then B " Br f ib 

(ntherwise t ,  = 2 )  and B 3 B' z C(otherwise C ;k.oitld have tm-CI externiil block.5). 

SO IC - ( B  cj Bf)l = 2. Let C - ( B  IL B') = {r. y). hy resiilt :3.2 t h ~ r e  iiïe t.nm hIoc.ks 

.-I and .-If such thrit 

So y E .1 r? .If. Let Bi. B2 and B1 be iinother three 5-secant hlocks to C. Then 

If?, fl [( B IJ B f )  r Cl/ = -4. r = 1.2.3. Hence B, contains either r or y. 50 one o f  J. 

ancl y. SI 1. k containecf in at leiut two of Bi. Bi and B<. Say Br.  B2. Therefore 

Bi  "I B2i 3 3. this is a contradiction. Z 

By lctmma 3.9 we know t tmt the t y p c x  of C is i 1 .2 .3 .4 .  .5 ) :  r herefor~ the t>-pe of 

S - C is also ( 1 .2 .3 .4 .5 ) .  This strengthens the result o f  :l,. The k,Ilon-ino; theorem 

is a slight irnproc-ernent of the results of '7'. 

Theorem 3.5. I f  CL does not contain an!) hlock. thrn 1 5 Cl  5 13. and 

1. If ?Cl ;  = 7.  then  Ci = F and F \* (F!  = (0.42.0.3.li.O.O.01. ~ r h e m  F 1 s  n 

Fano set. 

.> -. If !Cil = S. then Ci = F .L {r) and F t - ( C l )  = (0.2s. i4.2d. 1.0.0). whcm F 

is a Fano set and r 4 F .  

3. If = 9. then CL = F..J {r. y )  and F'I'(Ci) = (0. 1$.20.26.12.1.0) .  w h e m  

F is a Fano set, and x. y 4 F .  

4. If \Cl j = 10. then Cl is one of the follo~u~~ng: 

(a) Ci = D := (B - { u ) )  u ( B f  - { c ) )  and FC.'(D) = (0.10..'.5.'LO.20.2.0). 

whem B. B' are two blocks utlth B rl B' = a. u E B.  12 E B f .  
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( b )  Ci = F u { x . y . z )  and FC'(Cl)  = (0.11.21.26.16.:3.0). w h ~ m  F 1.5 u 

Fano set. x. y. z 4 F and the hlock tletennined h y  (1. ! j .  2 ) t s  1 -.wcnnt to 

F. 

5. I j  Ici 1 = 11. then Ci rs one oj the foliowmg: 

( a )  Ci = ( F  ci B )  - {r). F\-(Ci) = (0.11.0.5.5,0.11,0). r~hcm F w a Funo 

set. B r.s a block and F n B = {.LI. 

( h )  Ci = D 1: { I L * }  ( ~ n d  FC'(Cl ) = ( O .  6.20.25.20.6. O). whem D LS def ind ns 

rn 4 and B U  B. 

{(:j CI = F 1-1 -4 - {u). F V ( C 1 )  = (0.7.16.31. 16.7.0). tcherri F 1s a Fano 

set. .4 is a blnck and /=ln FI = 1. [LE -4 - F -  

6. If ? C L  I = 12. then Ci i . ~  one of the /ollorutng: 

( a )  Ci = S ' - ( F L J { . ~ . ~ . Z ) )  and FI,'(Cr) = (0.3.ltj.26.21. 11.0). t ~ h e m  F I.S 

a Fano s e t .  r. y.: eFj F. and t h  block determzned b~ {x. y. 2 )  t.s 1-sccant 

to F. 

(bj CI = S - D and Fb ' (Cr )  = (0.2.20.2O.25.10. O). 

7. If ;CL/ = 13. then Cl = S - ( F  LJ { x . y ) ) .  w h e ~  F is a Fano set. r . y  F .  

and F L e ( C l )  = (0.1.12.26.30. lS.0). 

Pmof. Let C he a blocking set: then 1 < ICI .I 15. 

1. if 1 Cl = 7. t hen the type of C is ( 1.3). Solve the linear ststeni 1 and let 

tO = t 2  = t 4  = t 5  = t6  = O. we get t l  = 42 and t s  = 35. So we have 

FV(C)  = (0.42.0.35.0.0.0). 

2. If ICI = 8. then the type of C is (1 .2 .3 .4 ) .  FV(C) = (0.2s. 14.213.7.0.0). 

3. If !Cl = 9. then the type of C is (1.2,3.4.5). FV(C)  = (0.18.20.26.12.1.0). 

4. If ICI = 10. then the type of C is (1 .2 ,3 .4 .5 ) .  



5.  If !C1 = i l .  then the t y p e o f C  is (1 . :3 . .5)or (1.2.3.4.5).  

6. If iC[ = 12. then the type of C is (I.2.O.4.5). 

7. if .Cl = 13. then the typeof C is (1.2.:3.1..4). 

3. If 'Ci = 14. then t h e  type of C is (2.3.4.5).  

3. If C1 = 15. then the ttpeof C is i:3..;). 

Since Cl rfoes not contain an>* block. it is a hlocking .;et. By krnmas 3.10. 3-11. 

3.12 and theorem 7.4 in Iïj the  theorem is prowd. 3 

Theorem 3.6. If Ci contatns at least one block. then IO < Ci <_ 1'7. rrntl 

1. If CI = 10. then CI = F , ( 1 . y .  z ) .  FI'ICI) = iO.12.13.2Y. IS .0 .  I ) .  r ~ * h ~ w  

F w a Fano ,et. x .  y. z tA F .  and  th^ hlock d e t e r m m ~ d  by {x. y. 2 )  LS 3- semnt  

to F .  

2 .  If Ci = 1 1 .  then CL LS one of the folloi~mg: 

1 a) CI = B , ( B f  - { a ) ) .  I L ' ~ C T P  B.  B' r ~ m  ~ I L W  bloch.  B ' B' = t/). I r  < Br;  

Fl'(Cl) = (0..5.'25,1.5.30.1.fi. 

( b )  Ci = ( B  B' - { a )  i , { u .  1 . ) .  Ft'(Cr) = i 0.7. 17.17.22.3. 1). wnew B. 

Bf  am tu70 hlocks. B - B' = 2 .  a E B' - B. IL  < B , B r .  1 .  rs onr of the 

two jomt p n t s  of the two ( . x t ~ r n a l  bloc& t j f  B -. B' , {IL). 

3. If Cil = 12. then CI ts one of the jollotrmy: 

( a )  Ci = B ,  B 1 - ( u . c ) .  FL*ICti = (0.4.L4.24.29.4.2).wht>m B r ~ n d  B' UT 

blocks. B TI B'j = 2. u B id Br. c LS one of the two p ~ n t  potnts of the 

two ezternal blocks of B , B' { u ) .  

(b) Cl = B c; (B' - ( u ) )  G {x). FI.'(CI) = (0.3.11.32.27.7.1). t~there B. B' 

aE displnt blocEu.. u f B' and 1: 4 B u B'. 
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( c )  Cl = B IJ (B'AB" - { I L .  a .  ut}) u (11. F V ( C i )  = (0.4. 13.78.23.8.1). 

rrhev B. B' and B" are hloch. B r B' = B n Br' = u3. IL?' B"1 = 2. 

IL .  I * .  IL* F B'' - B' and r $ B u B' (J BI'. 

id) CI = F , B IJ B' - { O ) .  FC'(C1)  = (0.6..'j.40. 15.10. 1). trrh~rr F LS u 

Fano .wt. B.  B' are hloch. F B r? B'I = 2 rrnd o 5 B' F - B.  

4. If 'Ci j = 13. then C l  rs one of thr follormng: 

( a )  CI = B u 8' LJ { u . L ~ .  I L ' ) .  F\'(C,) = (0.2. 12. 16.40.:3.4). whem B. 

nrr tu70 hloch. 1 B n B'I = 2 and u.  r .  rL1 cf B u B'. and L I ,  i ~ *  a m   th^ lo tnt  

pclznt.9 of the tuvu external blocks of B CI B' J { u ). 

( b )  C l  = B U  B'U { u . c . w ) .  FL'(Ci) = (0.~.10.24.2Y.11.2). whem B. B' 

aw tu10 hloch. i B r BI1 = 2 and it. Y. rr 4 B u B'. l e  and I I *  arp contatnd 

zn the the ~ I L W  ~z ternal  biocks of B i: B' 'J { u ) .  but only anp of r * . w  rs Ln 

the jo2n. 

( c )  C L  = B c~ B' { u .  1 0 .  IL ' } .  FCv(Ci ) = (0.3. Ci. 30.24.1.). 2 ) .  w h e r  B. B' (LW 

two bloch. 1B f~ Br\ = 2 and u. 1 . .  IL. $ B c; BI. rnch of the two P Z ~ P T ~ L I L ~  

b10ck.s of B u B' IJ { u )  contazns onir/ one of LI and IL* und t ~ .  c crnd IL? am 

contazned tn a n  external block of B I.J Br.  

(c i )  Cl = BL' [ ( B ' u  B") - {a ) j .  FL'(C1) = (0.1.13.22.26.14.1). w h e n  B .  

B' and B" ure biocks unth B ri B' = 8. ! B r  n B"! = iB n B"' = 2 and 

a E B' ri BI'. 

S. If ICi] = 14. then CI w. one of the follamng: 

(a) Ci = S - [ ( B U  BI) - { u .  v ) I .  whez B and B' are two bloch. 1 Bn B'I = 2. 

u  f B - B' and u E B' - B.  F V ( C L )  = (0.2.3.24.30.14.4). 

( b )  C l  = S - [ ( B  LJ B') - {x. u ) ] .  whem B and B' are two I>loch. x E B fi B' 

U T Z ~  u € BAB': FV(CL)  = ( O .  1.7.18.34.13.4). 
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(c )  Cl = S - [ (BU B') - {r. a. h. c ) ] .  tuhem B and B' rrre tmo d i spzn t  hlocks. 

x F B and n.h.c E B'; FVF(Cr) = (0. 1.6.22.213. 17.3). 

6 .  If ICI = 15. then CI = iS - ( B  cl { a .  h ) ) ]  Ci 

a n d a b  @ B: FL'(Cr) = (0.1.2.11.32.19.6). 

7 .  If \Cl = 16. thcn CI = IS - ( B ii {a))/ IJ (x) 

z d  BI FL'(Cl) = (0.1.0.10.35.21. 10). 

Pmof. Checking the ripptinci~x X we obtnin thnt LO < !Ci i 5 17. 

Let B be  n black and B Z Cl. 

1. If !CL[ = 10. let Ci - B = { r r .h . rs .o ) .  let B' be the block determineci by 

{a.  h. c ) .  Since Cl is i i  1-blocking set. WC have B' fl B = (d. =\ccording to our 

construction rriethod for a Fano set in section 3.4. we only need to prow tha t  

if BI. B2 are two blocks on {o .a)  n-hich are disjoint froni B. then h 5 B I .  

c E B2 or r E Bi. h E B2. 

Suppose B' = {a, b. c. d. e .  f ). Since on each of (d. e ) .  (d.  f )  and { e .  f )  

there are two blocks respectively. which arc disjoint froni B. anci B' is one o f  

these. let Cr. C'. CV be the other ones on {d. e ) .  {d.  f )  and { e .  f ). respectivel~.. 

Because Cl is a 1-blocking set. so O E U. C: Ct*: t lm-efore. either b f BI and 

c f  B2 or C C  Br  and b E Bz. 

Et is easy to  s e  that  Cl has only one block, and hczs no 2-secant block. So 

FV(Cl )  = (0.12.18.28.18.0.1). 

2. If IClj = 11. Iet Cl - B = { a . b . c . d . e ) .  
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If (a. 6. c. d. e )  is contained in a block B'. then B' r B = 0 ;incl Ci kas  five 

1-s~cant blocks. So Cl = B IJ B' - (1). ;mci FVIC, ) = (1). 5 - 2 5 .  15.130. 1. 1) .  

where r E Br. 

If { a .  h.c. d. P )  is not contained in an? block. then LW clairn that there ~x î s t s  

;r block Br such that B' is determineci by three points from (rr. h. r .  d. e )  and 

p ' l - 1  B( = 2. 

If t here exist four points from {a. h. c. ri. e ). s q  a.  h. c. ri. which ;lie cont ained 

in c i  block 8". t hen Bu n B = 0. Since t here arc only tm-O hlocks on {a. P ) 

which are disjoint from B. one of the blocks determinecl by ( a .  h. e ). {a. c.  P ) 

and {a. d .  e ) .  respectively meets B. Let  B' be t his block. 

If no four points frorn { a .  h. C. cf. e )  are contained in any block ancl suppose 

the block determined by {a. b. c )  cioes not meet B: then one o f  the blocks 

cietermined hy {a .  h.d)  and { a .  h . ~ ) .  respectively rneets B. Let this block h e  

Bf . 

LiÏthout loss of generality W F ~  may ,usurne B' is rietermincd bu { a .  b. ( - 1 .  

Since B Y B' L {ri) h<as two external blocks. e niust bc in the intersection of 

the two external blocks. 

It not difficult to prove that on each of d itnd e there exists only one 

block which is 5-secant t o  CL. So Cl hie, three 5-secant blocks. Therefore. 

FL'(CI) = (O. 7.17.27.22.3.1). 

3. Let ICI 1 = 12. First we consider the case n-hen CL contains another block B'. 

In this case ( B n  B'( = 2. Let Ci - ( B u  8') = { u . c ) :  then c must lie on 

the intersection of the two external bloch of B c 23' c { u ) and CI has four 

5-secant blocks. So FZ/'(Cl) = (0. -4.14.24.29.1.2). 
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Now suppose Cl contains no hiock other t han B: then Cl lias more thiin 

tRio 5-secant blocks. hence there esists i i  block .-1 siich t h t  -4 is .5-s~cant to  

Cl and B -  -4; = 2 .  Let. Ci - ( B  -41 = ( a .h . r ) .  

If the block -4' cletermined by {a .  h . c )  is nor. disjoint froni B , -4. rhen 

t h e r ~  ~xists ;i block B' disjoint from B n-hich contains iit 1e;wt two poinrs in 

{a. b. c )  and meets -4 ar the two points in -4 - CI. 

If B' " (a.h.c)  = 3 .  then Cl = B (B '  - { I L ) )  ; (11. w h e r ~  IL r BI. 

1 4 B , B'. It LS easy fin see that Cl has three L-seciint hIoc:ks. So we h i i ~  

F b v ( C l )  = (0 .3 .17 .22 .27 .7 .1  ). 

lf B' - { I I .  b. r : ) ,  = 2. then the block B" f Br ,ln B' - Cr.  which is (lisjoint 

f-rom B. contains only one of t he  tnw points in CI - i B Br') iofiherxist. CI 

n;ould contain at least t . w  hlocks I .  so CI = B , i B'LB" - { I L .  1 . .  : i * }  i - {s). 

where u. 1 . .  IL* f B" - 8' and x t. 4 B' - B". 

From the structure of a Fano set we cari set! ttiat Cl bas four 1-secitnt 

biocks. therefore FC'( CL J = 10.4. I3.2Y.23. S. 1 ) .  

Xow suppose -4' Is disjoint from B 2 ,-i. LI-e niau t-.vFtn ;issii~ne thar  ;in'- 

block disjoint from B on two points in { a .  b. c )  (:ontains rhti irniqire point in 

-4 - Cl iotherwise. n-e would have ;i block whicti miitains Fo~ir points in CI 

iuid is disjoint fiom B)  . Then the three points in { a .  h,  r * )  ; m i  t.he point in 

A - Ci Form a Fano set F with three points in B. The block on tnro puints 

in -4' - {a. 6 .  c )  which is disjoint h o m  B is a 1-secant block ri, Ci. There iire 

three of tkis kind of 1-secant blocks to Ci. Fur ;iny point 1: f { a .  h. c ) .  wct 

have three different blocks on x and a point in -4' - {a. h. c )  which are disjoint 

from B. But only one of thern is disjoint frorn -4. so it is a 1-secünt block 
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to Cl. There ;ire three of this kind of 1-secant blocks to C i .  So Ci h c s   si^ 

1-secant blocks. F V ( C I )  = (0.6.5.40.15.1O.I). 

4. Let ICI ( = 13. If CI contains a n o t h ~ r  block B'. then :B 7 B'! = 2 ancf 

Ci = B iJ B'IJ  { r r .  r * ,  I L * ) .  w h e r ~  u $ B ~1 B' iind eéich of thc tn-O t~xtcrrial blocks 

El itncl Er of B u B' 9 ( i r )  contains iit least one of c. IL I .  

If 1:. ru c El  ri E2. then the two externnl block9 E:{ ancl E., of  Bm., Br n-hich 

contain u arc! t he  only two 1-secant blocks of Ci .  B ;ind Bf  ;ire twn of t hc 

four esternal blocks of u E.,: the other tmo d l  rontain ( 1 : .  t r ) .  30 they arc 

contained in Cl. thus FV(CL) = (0.2.1'L.lG. 40.3.4).  

If i v  E El n E2. IL' Ç ElAE2 .  then Cr hcas only two 1-secant blocks and 

contains only two blocks. So F1fiT(Ci ) = (0.2. 10.24.28.1 1 .2) .  

If r 8  E Ei - E2. IL* E E2 - EL. we can even ;issunie t ha t  i r .  I *  and IL- irïe 

contained in another  external block of B ci B' (otherwise. WP reduce the case 

to the above case). then Ci has only t,hree 1-secant blocks. and contains orily 

two blocks. So FLi(Cl) = (0.3.Ci.30.24.12.2). 

Sow suppose Cl contains only one block B. thcn there exists a block Br 

which is 5-secant t o  CI. So B fi B' = a. Let Ci - ( B  L Br) = { I L .  c )  and 

n f Br - Ci: then  t he  block B" determineci by { t r .  n. c )  nieets B (otherwise. 

Ci m u l d  contain another block). So Cl = B u [(B' L B") - { a ) ] .  It is easy 

to  prove that  B is t he  only bIock contained in Cl: the block n-hich contains 

Br' fî B'. and is disjoint from B. is the only block which meets Ci at one point. 

So F V ( C I )  = (0.1.13.33.26.L4.1). 

5. Here we only prove the case of jCiJ = 14: the other cases c m  be proved 

similarly. 
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Since Ci is a 1-blocking set. there ~xists a block B such thnt B is 1-secant 

ta Cr. Let x E BnCl.  S - (Cl L' B )  = S. and let B' ha the hlock determinecf 

by .Y. If B' 5 B # (d. then t h  four rxternal blocks of B L Bi are thc only 

blocks containecl in CI. If 1: @ Br r7 B.  t hcn B anci B' iirc t hc only 1-secant 

hIocks of Ci. so FL'(CI ) = (0.2.:J.24.30.14.4): if J: f B' " B. t hcn B is t hr 

onIy 1-secant hlock of CL. FCP(C,) = ( O .  1.7. 18.34. 13.4).  If U r  T; B = g. thcn 

; B i  n Cl 1 = 3. The t h r w  blocks which contain two points in Bi 71 Ci ;incl are 

disjoint from B are the only blocks contained in CI: B is the only 1-sccant 

block of Cl. So FV(Ci) = (O. 1. Ci. 33.38. 17.3). 

3.5.2. 2-blocking sets in S ( 3 . 6 . 2 2 ) .  

Lernma 3.14. Let B he a block ln S ( 3 . 6 . 2 2 ) .  x. y E B. nnd .4,, r = L. 2 . 3 . 4 .  he 

another four blocks on {x. y) .  Let a .  b E .AI - B. and let LV1. C:, f .-IL be another 

two blocks on { a .  h )  u~hzch meet B .  Therr L-1 meets one of -4,. 1 = 2 .3 .1 .  and rf 

UI 11 --Il # 0. then LZv2 n .-Il # tl and (Lri  9 -4,) u (L*? 3 -4,) = -4, - {I. y). 

Proof. Because :Cr ri BI = 2 .  'J -4- u -43 u -44 u BI = 23 and Cl ;  = 6 .  so L-I 

m e t s  one of .A2. -43 and -44. Suppose LIi II .A2 f a. Since fi ako meets one 

of -4-. =L3 and _Li4, if fi n ,A3 = @. and U2 m e t s  one of .-13. .-l.,. say -43. then 

Il/:' n .A31 = 3. Let VI. V2 be the two blocks on (a.6)  n-hich do not meet B: 

then neither VI nor fi can meet both .A2 and --13. while both I/; and C:l can only 

meet two of .-î2. .A3 and &. Suppose vl 17 -4- # G?. 9 -44 # G?. 1.: f7 f (n. 

V2 ri .44 # 0: then (VI n A )  u (Ul n .Li2) = .A2 - B. (K n -A3) u (& n -A3) = --13 - B 

and (Vl u V2) n A4 = .& - B. Now consider r12 u B. The block bb is externa1 to 

-4- !J B and a f V2. Let Ct' be another external block to -A1 U B which contains a: 
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then CC' contains iit most. one point in each of (V2 r? il:%) IJ ( L i  ri .-Li ). I;; ? .-Ll. G2 in: .A.%. 

respectively. so I C '  meets .A:{ !J '44 in a t  most t hree points. Thris. LC* ron ta in s  at 

tnost fiw points. which contriiciicts ilt'l = 6 .  So Crll- .q2 f i1. Since {a. h )  .C -C-, 

and Lrl # Cr2. WP must haw ( L w i  ~ . 4 2 ) o . ~ ( C ~ r r ~  -42) = .A2 - ( x . 9 ) .  3 

Lemma 3.15. Le! B. x.!y. --it. 1 = 1.2.3.4. hc as cn I~rnrna . ' / . I d .  k t  

a. h. f -4, - {x. y ). and k t  f;. I/: I F -  be hlocks on  {a. h )  . {a .  r )  crnd {h .  c) . rpspc- 

tzvely. whzch meet B. Thpn 

Proof. Suppose U I? - - II  # fl.  1.' 7 .J2 # 8: then by lemma 3.14. n woultl lie on i i t  

least four ext.erna1 blocks of .& ~i .A4. which contradicts r o s d t  3.2.  3 

Lemma 3.16. Let B and B' k t ~ c o  d q a z n t  hlocks. E a 13-suhset r~.zth 8 z E crnd 

IE n B'I = 5 :  then E rs not a 2-hlockzng .set. 

Pmof. Let E - ( B  u B') = { u .  L ' ) .  B' = {a, b.r.d. e . ~ ) .  where C L .  h.r.d.e 5 E and 

x +! E: let r be the  number of the b lock  on an? one of {x. u ). ( 1 . t :  ). a-hich are 

disjoint From B. Then by lemma 3.1 r < 4. Becaiise the five hlocks on {r. a ) .  

{z. h ) .  (x. c ) .  {z. d )  and {ï. e ) .  respectively which are disjoint from B and are riot 

equal to  B'. are al1 clifferent. so a t  le,îst one of them contains neither u nor c .  mci 

t his block is 1-secant to E. Therefore E is not a 2-blocking set. Cl 

Sirnilady WC can prove 

Lemma 3.17. If B .  B' are two disjoint bloch. E is a 12-subset. B c E and 

4 5 lE n B'\ 5 5 .  then E is not a 2-blockiny set. 
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Lemma 3.18. Let C2 he n '2-hlwktng set ln S(3 .6 .72 ) .  B. C .  5- be blocks .such 

that O f 15- r. B = V - B 1 B.  If B 1 C2 and C2 çnntnzns nt kaq t  fiw poznts rn 

~ a c h  o f and C'. then CI ciontazns n hfock B' such thnt B' - B' = 2 .  

Pmoj. This ïs a consequence of lemmas i3.14 anci 3.15. 

Theorem 2.7- Let C2 be n 2-hlocktng set  ln Sr3.6.22 1 .  

1. If does not contnzn an?, hlock. then :ci = 11 and C2 = 5 - i F , { x ) 1. 

FLSIC2)  = (0.0.7.23. 14.253.0). whem F LS a Fano .$et and L 2 F. 

2. If C2 contams a hlock. then 12 5 C2:  < 1s. 

(a! If C21 = 12. then CL = B , B'. F f - ( C 2 )  = i O.O.:lO.O. 45 .0 .2 ) .  tchen, B .  

B' are hlocks and B - B' = id. 

( h i  If CC' = 13. then C2 = B B' , ( x ) .  FLm(Cilj = iO.0.  1s. 12.36.9.21. 

irhcre B  rrnd B' am ttco dis~oznt  b f o c h  and 2 f B , B'. 

i c ) If C2 = 14. then C2 ti o.ne of the follo~i~mg: 

! i )  C2 = B ., B' , B". F t ' ( C 2 )  = 10.0. 14.0.56.0. i i .  i~ht>m B.  Br (mi 

B" are bloclu. urzth . B l' B' - Bu ' = 2. 

( i i )  C2 = B t B' '- Bu. F f  ' (C?)  = i O. O. 10.16.32.16.3). ichev B .  B' rrnd 

B" ure bloc&. B r B 1  = 2 = . B  ' - B " ' .  and ( B p B ' ) " ( B f " B " )  = rd. 

(ui )  C2 = B ,d Br L (Br' - { U ~ J  ,d {L}. F L F ( C 2 )  = ~ 0 . 0 . 9 . 2 ~ . 2 6 . 2 0 . ' 2 ~ .  

u h r e  B. B' and B" cm bloch tctth B - BI! = 2 = B' - B"' . 

( B r . B ' j r . ( B t Y B " )  =@.  u c  Btr - B r  a n d 1 2  B -  B ' -  BIf. 

(d) If jC21 = 15. then CI LS one of the following: 

(i) C2 = S - [ ( B A B ' )  - ( u ) j .  FI - ( - )  = (O.O. 7 . 7 .  12. 14.7). whem B 

and BI are blocks. u G B A  Br. 
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(ii) CL = S - [( F - { O ) )  u (IL)!. FI.-(-) = (0.0.4.19.24.2ti.  4 ) .  ruhep F 

1.9 a Fano set.  o E F and 11 4 F .  

( i i i )  Cr = S - [ ( F  -   o.^)) u { I L .  L * ) ] .  Ft,-(C2) = (O. O .  5 .  l5.:3O. 22 .5) .  

I L ~ ~ C T Y  F LS a Fano s ~ t  o. 1 L- F .  t r .  r: 4 F .  

(c) If lC21 = 16. then C2 t.7 one of  th^ fc~llot~'~ng: 

( i )  C2 = S - ( BAB' - { I L .  I V ) ) .  F i r ( - )  = (0.0.3. Y .  :J3.24.9). t ~ ~ h p r ~  B 

and B' a m  t t~w bluckq. : B  ri B'l = 2 and I L .  I *  E Br - B. 

( i i )  = [S - ( B  u B' - { u .  1 : .  r rv .o ) ) ] .  FV(C2)  = (0 .0 .2 .  12.27.28.3). 

i~rhem B and Br aw two bioch. ; BnB'l = 2.  O 5 BCB'. I L .  1 -  f Br - B  

and )L* c B - B'. 

( f )  If JCrJ = 17. t h ~ n  C2 = S - ( B A B '  - { i r .  c. i r } ) ,  und 

FI.'(-) = (0.0.1.6.ZG.31.13).  W ~ P R  B and Br a m  two h1o~k.s 1~2th 

1Bn B'I = 2 und U . L ~ . I L ~ E  B' - B .  

(g) I j  IC?/ = 18. t h rn  C2 = S - ( B  - { u .  Y ) ) .  F V ( C 2 )  = ( O . O , l . 0 . ~ - 4 . 3 ~ . ~ 0 ) .  

t~qhem B LS a block and u.  c E B. 

Proof. tYe prove the theorem case by case: 

1. Since & does not contain an" block. & actuatly is a hlocking set. By checking 

the type of the blocking sets -ive obtain JC2j = 14 and 

C2 = S  - (FU (x}). where Fis a Fano set. ~r $ F .  

2. Let B C C2 be a block. By checking the appendiu A. n-e c m  obtain that 

12 5 !C21 5 18- 

(a) 1C.l = 12. 

Since both BuB'u{u. u )  ,and ( B u B f - { x ) ) u { u .  v .  ut). where IBnB'] = 2. 

L € B' - B,  u. v. w $! BU BI. are riot 2-blocking sets. any block determined 
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hy three points in Cz - B = {a .  b. c. d.  P. f )  is disjoint h m  B. Let B' be 

the block cletermined by {a. h. r ) :  WP daim that. r1.e. f r B'. Otherwise. 

by lcrnrna 3.17 d. e .  f 9 B' êuicl one of the blocks clet~rmineti by { e .  d.  f ). 

{ ~ . d . a ) .  { c . t i . h )  anci { e . d . c )  muid  m e ~ t  B. Thus C2 = B J B' ancl 

B n  B' = @. It is ezsy to see that C2 contains only two blocks. so wcf have 

F I ; ( C 2 )  = ( O .  0.30. O. 45.0.2). 

(1))  iC21 = 13. 

If C-, contains mot her block BI. then B " B' = id. Ot hem-ise encti of t h e  

four external blocks of B id B' would contain at least two of the rh rw  

points in C2 - ( B  ii BI): this is not possible since rach point outside of 

B i: B' lies on exactly tm-O of the  four cxternal blocks. So B ' B' = 0. 

Let {x) = C2 - ( B  z B'): then we are clone. 

Sow we prove that C2 does really contain iinother block. 

Suppose C2 does not contain another block. 

It is not difficult to prove that there exists a block B" n-hich is 5-secant 

to C2. By lemma 3.16 1 B !- Bu: = 2 .  Let B" - B = { a .  b. c. O ) .  where 

( ~ . h . c  E C2 and O 4 C2. Let I L . L * . Z . ~ J  ; C2 - [ B ,  B") and let E L .  E2 b e  

tnto externat b1ock.s of BL B"c: { u ) .  Then each of E l .  E2 contains at least 

two of L'. z and y: therefore El 1: Ei contains at  leCasr one of 1:. r and y. 

say C- Since in R(B) there are two blocks on {r. y) .  one of them. S a y  C'. 

meets B" at  two of a. b and c. say n and 6 .  Let C.' be the block determined 

by {u.  ~9.0): then V E 9 ( B )  and ~ t ' r  B"; = 2 .  Since by lemma 3.16 there 

is no block in R(B)  which is 5-secant to C2. {x. y )  is not contained in b'. 

If Vn B" = {c, O). t hen C'ri V contains a point (L. 9 C2. Then the  block in 

R(B), which goes through { W .  O) and is different from V. can not contain 
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IL. L*. (3 and contaiM at most one of a. h. x. y. So this block contains at  

most one point in C-. If C' n B" = { a .  O ) .  let V' E R(B) be the other 

block on { t ~ .  1 7 ) .  Then b.c E I" anci thcrcfore by lernmn 13-16 1. y 4 C". 

So there are two points p. (1 c Cr' sitch that p. q $ C2.  p E V' - C- anci 

q f Lw' - U.  The second hlock in RIB) which goes throirgh ( p . q )  can 

not contnin u, L*.  h. r: and contains nt niost one of s. y. r r .  so this block 

contains at most one point in G. 

( c )  IC21 = 14. 

tVe prove tha t  C2 contains two blocks -4. -4' such that ;.4 1- -4'' = 2. 

Let T be a block which is 2-secant to C2. let C2 ;1 T = ( z . ! j )  and 1t.t 

-4, ( i  = 1.2.3.4) be the other four blocks on { x - y ) .  

If at  least two of -4, ( i  = 1.2.3.4) arc containeci in C2. t hen nic are clone: 

if onIy one of thern is contained in G. tfien two of the rcst are 5-secant 

to C2. and so lemma 3.18. the conclusiori is also t rue. 

If /T r7 Bj = 2 .  then m-e are done. 

If IT 5 BI = O we m q  even assume that none of .A, ( i  = 1.3.3.4) is 

contained in C2. so -4, ( i  = 1.2.3.4) ikre al1 5-secant to C2.  and one of 

-4, ( i  = 1 .2 .3 .4 ) .  say -4,. is disjoint from B. Let a. b and c be the three 

points contained in C2 - i B u T U  .Ar ): let L'. Cr i~nd T i '  b~ the other t h r e  

esterniil blocks of T u  .A1. a f C; ri V .  

( i )  IF U n  V c C2. then the block determined by (St'n B) u { a )  contains 

Li' n L'. T n -4, and CV n B. Let this block and B be -4 and -4'. 

respectively: then we are done. 

(ii) If U n  V is not contained in C2, then 6.  c E iV. If 6.  c E U or b. c E C*.  

then the block determined by (8 n V )  u { b )  or ( B  n U) w ( 6 )  contains 



5 3  

C' Cl/' and T î -4 or V -l [V and T " -4 t .  Let t his block itnd B hp -4 

iind -4'. respectiwly: then WP ;ire cione. If h c CI. r* f L'. then C' - 11' 

cnntains a point u 3 C2 iind C' - IV contitins ;i point t V  L C2. Som 

iI- is i t  block on ( u. ( 1 )  mtiich cfoes not nieet -4,. Let B" hr the c~tiier 

hlock o n  (u. r * )  which cioes not meer .-LI: t1it.n (15- ' Z2-'I - B" = v). '.;O 

B" vontains one point in each o f  L- ' B <ind b- " B. m d  tw-~ points 

in T - -4 1 .  and B" " BI = 2 .  S o  m v  are done. 

Let -4. -4' be two blocks container1 in C2 ii~id -4 - -4': = 2:  r lien 

C2-(.4~.4') l  = 4, Let C.,-( .4~.-1': = { c t . b . c . f l ) .  Sincc*C2 is t i  2-blocking 

..;Pr. ~ a c t i  of  the four esterniil blocks o f  -4- -4' contains eswtly r1t.o of ri.h.c. 

;tnd cl. Now \t.e consider the bloc-k -4" (ietrrmined h'v { t r .  b. (.). -4" wntiiins 

iinother point ourside -4 , -4. If (1 < -4". then either -4 ' -4' 1 -4" or -4" 

mectts onlv one of -4 iind -4'. If -4 - -4' 1 -4". tiien C2 = -4 , -4' , -4" m c l  

C2 contains seven blocks;. so FbeiC2) = i 0. O. 14. O. 56. O. 7 ) .  If .Af' ttiwrs 

only one o f  -4 iind -4'. s a y  -4'. t hen C2 = -4 -4' - -4". -4" - -4 = fl. Iii t hk 

(:;~stf C2 contains only rhrw hlocks. 50 F I * (  C-,) = ( O. O. IO. 16.32. ltj. 3 ) .  

If d 2 -4". then -4" meets only one of -4 iind -4'. sy -4'. t r i  this case C1 

çontains only m o  bloch. so FL'(C2) = 10. O. 9.70.2ti. 20.2). 

( d )  C2i = 1.5. 

Let B be a block which is 2-aecunt tii C-. let B' ht! the hlock ileterniined 

by the  three points in S - (C2 ; B ) :  then eitiier B' - ( B  - C2)  t In o r  

Br?# B = a. If B ' " ( B n C 2 j  = (6. w may everi assurne thut B::C2 c B' 

(ozherwise it could reduced to the otiier case). then C2 contains seven 

blocks. So FL'(C2) = (0. O. r .T.- I2.14.7).  If B 1 n  B = 8. then we choose a 

point O in Cr such tha t  {O} G( B' - G) iud a point in B - & Form a Fano 



set F. If F contains no point in B n C2. then C2 = S - i (  F - ( O ) )  L ( r r ) j .  

where rr @ F. From the structure of a Fano set we know t hat 6 c o n t i n s  

four hlocks. So FV(C2)  = (0.0.4.19.24.26. -1). If F contains one point 

I: in B fl C2, then C2 = S - [(F - {o.z}j  IJ { u . t * ) i .  whcre 0.1 E F. In 

this c i s e  & contains five blocks. So FVIC?) = (0.0..5.1.5.30.32. .5). 

(P) /C2/ = 16- 

Let B be a block which is 2-seciint to C2. then IS - ( B I J  C2)1 = 2 .  Let 

B' he  a block determinecf by S - ( B  i! Cs) and one point in B &. If 

B' contains the  other point in B n C2. then C2 = S - (BAB'  - { u .  1 : ) ) .  

where u. 1: E B' - B. It is easy t o  sec that contains nine blocks. So 

F V ( 6 )  = (0 .0 .3 .8 .33 .34 .9) .  If B cioes not contain the  other point in 

Bn- .  then Cz = [S - ( B u  B' - {u. i:.  IL*.^})]. O t B r l  B'. U. I '  e B' - B 

ancl tC E B - Br.  It is erisy to see that  there exist only two 2-secant biocks 

to fi. So FC;(C2) = (0.0.2.12.27.213.8). 

The  cases of 1-1 = 17 and IC2{ = 18 can be proved s imi la r i -  

3.5.3. 3-blocking sets  in S(3 .6 .22 ) .  

Theorem 3.8. CVe have 15 < !C3J 5 19. 

1. If \C3) = 1.5. then C3 = S - F .  FV(C:]) = (0.0.0.35.0.42.0). whem F 1.9 a 

Fano set. 

2. If j-1 = 16. then C3 = (S - F )  u (1). FV(C3) = (O.O.O.~O.l5.36.6). whem 

F is a Fano set and z E F .  

3. If !C3 ( = 17, then C3 = (S - F ) ( x .  y) .  FV(C3) = (0.0.0.10.20.35.12). where 

F is a Fano set .  x .  y E F. 
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4. If ]C3j = 18. then C:% = (S - F )  u {x. y. 2). FI.-IC3) = !0.0.0.1. l8.X. 19). 

~ U ~ C T P  F 1.7 a Fano set. x. y. 2 5 F .  

S. [fjC31 = 19, then CÎ = (S - F ) I J  { x . ! j . z .  1 ~ 7 ) .  FV(CI) = (0.0.0.1. l2.:36.23).  

whev F LS a Fano s ~ t ,  r. y. z .  IL- E F .  

Proof. Let C = ( B U  8' - -4) ld *Y, where B. B' are bloch .  B -  B" = 2 .  .4 1 B' - B. 

0 < 1-41 5 1. ;,YI = 4 + :Al. S ( B  IJ B') = a. Since B B' has four external blocks. 

it is not ciifficuit to  prow tha t  C is not ir :%blocking set. 

Let C = ( B  L B' - -4) u .Y. where B. B' are t xo  disjoint blocks. -4 c 5'. 

O < -41 5 3. /,YI = 2 - 1-41. ,Y r ( B  z BI) = @. If 1-41 = 3. let a. b f -4. let B" bct 

anot her block on ( a .  h )  which is disjoint from B. If B" fl S' -2 3. t hen at leiut one 

of the four external blocks of B'' ,L B' contains no mort than rwo points from C. 

so C is not a 3-blocking set. iVhen :.-II = 0. I or 2 .  we can siniiiarly provp that  C 

is not a 3-blocking set eit her. 

So 1.5 5 IC:Ij. It is easy t o  s e  that  1C.3j <_ 13. 

Suppose jC:jJ = 15: then C.{ = S - F. where F = { n . h . c . s . y . z . o ) .  Since C,$ 

is a 3-blocking set. any block determined by three points of F contains exactly 

three points of F. Let B and B' be the bloclis deterrnined by {x. y. 2 )  and {a.  h. c). 

respectively: then B ri B' = ib (otherwise two of the bIocks determined by {r. y. a ) .  

{x. y .  6 )  and {x. y .  c )  n-otild be  the sarne block. and this block would contain four 

points from {a. 6 .  c. x. y )  c F ) .  So F is ta Fano set. 

Now suppose lC31 = 15 + r. 1 < r 5 4; then C3 = S - ( ( a .  b. c )  v -4). where 

/A(  = 4 - r. -4 n {u .  b.c)  = rd. Let B' be the block determined by 1a.b.c). let 

B E R(Br) be a block on A (if -4 = rd: then let B E 'R(B1)) .  let x E A (if -4 = O: 

t hen choose any point I: E B). Denote by Bi,  B2 and B3 the blocks deterrnined by 



.5 6 

{ n . b . x ) .  { n , c . x )  and ( h , c . x } .  respectively: then B, f BI if z + j .  Let 

rE B i r B - { ~ } .  y 5  B ? : - B - { r ) .  Z E  B 3 ~ B - { . r } a n d  { x . g . : }  = 8-(.F.rj.5}: 

t hen any block determineci bv t hree points from {a. h. r .  1. y. 2 ) contains exad-  

three points in {a .  h. c. r. y. z } .  B y  theurem 3.3. therc exisrs i i  point O such that 

F = { n . h , c . ~ . y . ~ . o )  is n Fano set. Let ,Y = F - i (n .h.c)  - -4): ehen .Y = r nnc1 

C3 = (S - F )  L *Y. a 

3.5.4. t-blocking sets, t = 4.5 .  in S(3 .6 .22) .  The followinq theorem is easy ro 

prove. so we omit the proof. 

Theorem 3.9. C t  = S - (1. y). FCm(Ci) = (0 .  O.O.O. 5 .  X?. -LOI: Ci = S - (2). 

FL7(Cï) = ( O .  0.0.0.0.21.56). 

3.6. t-blocking sets in S( 4.7.23). 

3.6-1. Some known results about S( 4 . 1 . 2 3 ) .  FYe recail the following: 

Result 3.4. !-IO. 5.5! Ewry block in S(4 .7 .23)  is of t'pe i 1.3.:). 

Check the appendix B we bon- that the fiequency wctor of a block is 

(O. 112.0.140.0.~.0. 1). 

Result 9.5. (L. Bernrdi [SI lemma 2.3.) Let B. B' b e  two bloclcs in Si4.7.23) with 

lB n B't = 3. Then FV(B u Br) = (0.12 4s. 7.5. SO.36 .0 .2) .  

Result 3.6. [o. lemina 2-41 Let B. B' be trvo blocks in S(4 .7 .23)  with ! B n  B f (  = 3. 

F k  x f B - B'. y E B' - B and u $ B u B'. Tben there e-uists a t  least one block 

through x, y. u intersecting B u B' only at r and y. 
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Result 3.7. [a. lemrna 2-51 Let B. B' be two blocks in S(4.7.23)  with : B r. Br!  = :3. 

Fiu 1: E B - Br iind y E Br - B. There are exactly three hlocks E l .  E-2 ;ind E.{ 

intersecting B LJ B' only a t  i and y. 1Ioreover. Er r E2 E3 = {x. y). 

Result .jl.b. [S. lemma 2.7) Let B. B' be tn-O hlocks in S(4.7.23) st-it h B ' Br' = 1. 

The symmetric difference BAB' is a 13-set of type  (2 .4 .6) .  so it is a rrclucible 

blocking set. FV( BAB' )  = (0.0.66.0.165.0.22.0). 

Result 3.9. [S. lemma 2-10] Let B. B' be two blocks in S(4 .7 .23)  wit h . B r  Br'  = I .  

Then FV( B u B') = (0.0.36.30.120.45.20.2). 

Result 3.10. i8. lemma 2.1 1j Let B. Br he two blocks in S(4.7.33) wit h Br  B" = 1. 

Fk x E B - Br and y E B' - B. There e-uists exactly one block Br' intersecting 

B U  B' at  x. y exactiy. 

Result :1.11. [S. 2.17i Let B. Br be two hlocks in S(4.1.23) with B r  B' = ( I L . ) .  Fiu 

1: E B - { I L * ) .  y E Br - ( w )  and z 4 B u  B'. Then the block B" that is 2-secant to 

B {J B' at x. y contains : iff : is on a block through x. y and &c;ecant to B , B'. 

Here we use the same terminology and notations as in [Y \ .  Let B and B' be two 

blocks. Define: 

Eo := S - ( B A B r ) ,  where iB n Br\ = 1; 

E t : = B u B r - { x . u ) . n - h e r e B n B r = { x ) n n c l u ~  B r - B .  

By [$] and t heorem 2.2 we have 

Lemma 3.19. Let C be a blochng set in S(4.7.33): then ICI = 1 1 or 12 and 

1. zfIC( = 11, then C = Eo or Et; 

2. zfICI = 12, then C = S - Eo o r s  - El.  
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Lemma 3.20. Let B bc cr block nt S(4.Ï. 2 3 ) .  and 1. 1.2.3.4 five points not tn 

B. Then then! ~s rr block B' .such that B' contaîns ut least four of 1. 1.2.3.4 rrnd 

B " B'; = I .  

Pmof. I f  x. 1.  2 .3 .4  ~ t r e  contained in ,i block. rhen WP ,irr donr: otherwise rhc  t i v ~  

r i i f f~rent  C d x e t s  of (1. 1.2.3.4) ciererniinc tiw cfiff~rent hlorks. m t i  'ir least four 

of thern meet B t i t  only one point. 

Let B and B' he two blocks in S(1 .7 .23)  mit11 B ' B" = 1. ;inci let 

B - B' = { n i .  a?. n:i. cl. c i 5 .  ( 16 ) .  J: B' - B. D~nott* by C-, the  ilnique hlock that 

intersects B i, BI only ;tt: { x . ~ , ) .  t = 1. .  . - -6.  

Pmof. 1. Suppose CVl r Ci < 3: rhen L'l " I>. = 1. henct* C.-,; <_ t;. 

2 .  If there esists IL? E S - ( B  BI) such rhut rc m CVL ' L-: - C'.! " C'I. tlien orle o f  

15-,. 1 = 1. . . . .6 ,  contains a t  most SLY points. 

If any point in S - ( B , B') Iies cm one or t tw cif L', . L = 1. . . . . ti. t hen t here 

rnust exist another point which Lies on four or more tlian four blocks. 

Let n.b f S-(Bt 'B ' ) .  Supposeu lieson Cc1.L'2 iind C-.{. Since S - (  BL B') I  = 10. 

and a is the only point in S - B ij B' that lies on Ci Lv2 mn Le:%. Since 



there are t hree points in 

PL-taru one of n-hich Iics o n  tn-O of Crt.  t = 1.2.3: each one of the  reniainin% points 

lies on  oniy one of L-, . 1 = 1.2.3. Thrrefore 

and b lies on one of L i , .  c = 2.2.3. 

Let B and B' be tn-O blocks in S(1 .7 .23)  with B r. Br = { a .  h. c ) .  

Lernma 3.22. Them are exactly thnie hlocks T I .  f i  and  Tl on {a .  h . c )  such that 

Tt ? ( BC B')  = (3 for i = a.  b. c. 

Pmf. There are five blocks on {a.  b. c } .  B and Br being two of t hem. So the 

remaining three can not contain an? point in BAB' .  O 

Lernrna 3.23. For r E {a .  b. c ) .  there are ezactly four bloch T,, ( j  = 1 . 2 . 3 . 4 )  

such that T,, 9 ( B L Br)  = { i  } . !TI, fi Tlk = 3  and each point in S - ( B L' B') lies 

on only tu70 of them. 

Proof. There are twelve 1-secant blocks to BL B'. so each one of them rneets BU B' 

a t  one point in B r i  Br. If there is a point x E S - (B u B') such that  1: lies on 

three blocks TIL. Tt2 and Tt3. which meet B u B' at i.then one of T,L. Ti2 and Tt3 

would contain a t  most six points. a contradiction. So the twelve 1-secant blocks to 

B tl B' can be divided into three groups. each group with four blocks. al1 of which 
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meet B P B' at the same point: each point in S - i B 1 B') lies on  cxnctly nvr) blocks 

of t h e  group. Let Tl,  ( j  = 1 . 2 . 3 . 4 )  be t h e  four blorks which mcet B ' B' at z. 

t 5 { a .  h. c ) .  Then !Tt, - T,k i = 3 .  3 

Lemma 3.24. Fu t 5 { a .  b. c ) .  For an?! 1 < {a .  h. r . }  ire haw T t ,  - -ri - ( t  ) = 2 

( J  = 1 .2 .3 .1 )  and ezther 

TI, - {1} = Tlk - z - { i l  

Pmof. If IT,, C Tl - { t ) !  f 2 .  then Tt, f i  - { t )  = O and one of the blocks Tt,  

(J f k E ( 1 . 2 . 3 . 4 ) )  n-ould contain at most five points. 

If there exist J .  k 6 ( 1 . 2 . 3 . 4 )  and j f k such thar. 

then I(T,,nq - { i } ) r ( T i k ~ ~  -{il)/ = 1. Let (T,,-.Ti - { i ) ) : ' (TLk'I j  -(l]) = {r} 

and Tl,  17 Tzk - { i . ~ }  = { a } .  where n E Tm. nl f I .  Then the  block deterrnined bu 

(Tt, LJ T t k )  C Tl and  Tl, ? Tm - {a. i )  would either not meet rit leut one of B and 

B' o r  meet one of them at two points. a 

Fiu u E B - B', L* E B' - B. Let B" be the  bIock deterniined by ( 1 . ; .  u. r ) .  

where i . j  E { a .  6 . c ) .  

Lemrna 3.25. 1. j[B" - ( B  ~i BI)] f i  Tl[ = 1 for 1 = a.  6 .  c. 



Proof. The resrrlts are r h e  coriseqtience of lenirnii 3.29 ,ird r lit. hc:t  r h i i r  ;iny two 

blocks meet, either at one point or three poirits. 3 

Lemrna 3.26. Lot -4, ( z  = 1.2.3) he thr. thve  hlor:k.s 1~1hzr:h m w t  B , Br oni~y ut 1: 

and r s .  ruhem L r B - BI. 

1. I f x  = IL. then 

Pmuf. Since -4, - i B - B'I , = 5 .  -4, rnerrs one of TL - {(i. 6. r : }  . - { a .  h. I : )  iind 

T1 - {a .  6. c }  iit three points. and m e t s  eacli of  rlie rernnininq t w  at ont. point. 

Let 

T; = { r r . U . ( : . r ~ . J . - : . # )  

T2 = {a .  h. c. x. y. 2. lu}  

Ti = {a. h . c . p . q .  s . t )  

a d  B" = {a. 6 .  u. u .  a. x.p) 
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1. If J: = I L .  then from u.  LI E -4, ri B" FC'P know that irl, ri ( B" - B1J B ' ) I  = 1 for 

t = 1.2.3. 

In order to prove (.-Il i~ .-î2 ~i -4:)) fi (Br' - B ii 5') = Bf' - B ~LJ B'. n-e only 

neetl to prow that -1, C ( B u  - BL; B') # -4, n ( B" - B q ;  B')  if z + 1. S ~ i p p o s e  

,4117 ( B" - B iJ B') = .4? ( B" - B ~i B'), wit hout loss of  gmorztlity WC? assirme 

-4, n ( BI' - B 1 . ~  B'I = {c t  ). The11 one of ,A1 iind -4- nipets one of TL - {a. h. c) 

ancl TI - { a .  h. r r )  iit three points. say ,-II metlts f i  - {a.  h. n )  ;it three points. 

Then cither 1 f -Ai or x E .J2. Su cither [.A1 :-i B"I 2 4 or r? B''! > 4. 

contradiction. 

2. YOW  suppose^ f U. Then i.4, n (B"  - B U  B')I = O or 2 for t = 1.2.3.  

If ].A1 n (B" - B U  B')I = 0. siippose l.A1 r i  (Ti - { i ~ . h . r . ) ) l  = 3. then 

1-42 0 (Tl - {a .  6.c ) ) j  = 1 = 1.4.~ n (Tl - { u . h . ~ J . ) ! .  

Therefore. 

1-42 (Tl - ( a .  6.c))l = 3 = 1.4, n (TA - { a .  b.c))I 

1.4. '7 (T3 - {a. b . ~ ) ) !  = 3 = !A3 n (fi  - { c l .  b.c))t. 

=\ssume /A2  n (Tl - {a. 6 .  c))j = 3 = n (T3 - {a. 6. c))l. 

IFAzn(Ti-{a.b.c)) @ B " - B u B ' o r  .-l3ri(T1-{a.b.c)) O B f ' -  BuB ' .  

then A- n (T2 - {a .  6. c)) or Ar( f~ (Tj - ( a .  6 .c))  would contain a point in 



~ , ' = , ( . 4 ,  - B") is apartitionof (Tl -T2  d T i )  - ; B "  + { r i . h . c ) i .  LN Lk hr 

the hlock in lemma 3.25. whîch satisfies - B" - ( T , k  - { i }  

TLk - { t }  Z (Ti ,Ti , T I )  - ( B r '  - B . -  BI) 

and 

Let B and B' be two blocks in S(4.7.23) nlth ; B 7 Br: = 1. !te knon; that t here 

are twmty 6-secant blocks to B Li B'. Sloreover. WC have 

Lernma 3.27. On each point in S - ( B  C: Br) .  there are tvlo 6-secant bloch to 

B U B' and these two blocks meet only at this po.int. 
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P m f .  LVe only nred to prow the foiiowing: 

Suppose r 4 Bi! B'. If -4 is i i  Gs~ciint b1ock to  B u Br which contiiins 1. then 

{ r } ~  [ B  - B ) . J  ( B q  Br)\  c [ B r  - ( A r l  BI) J ( B ^  Br)]  is ;i hlock. 

Let -4' b~ the block detcrmined hy {x ) LI [ B  - ( -4  n B )  L ( B r; BI)].  iVt1 provr -4' 

contains B' - (-4 !' B r )  L' ( B PI B r )  j .  

First w p r o w  -4' 5'1 = 3. If '-4' n B'I = 1. thcri ( . - I r  ? B') - .4 = 0. The 

block determined by r. the point in -4' ri B r .  i i  point in -4 - B' and ;L point in 

B' - [( B ri B') c (-4 n B') L' (-4' n B')] woiild rneet B at rm points. ;i contradiction. 

If -4' 1 B'i = 3. but (-4' n Br)  n -4 Q). then 1(-4' 7 B') .-li = 2. The hlock 

determined by r. the two points in B r  - i( B r  B')c ( .4~=- l ' ) j  iind a point in .4r4'"i B' 

n-ould also rneet B at two points. 

so . qr -  BI  = BI - :(.w B I )  L ' ( B ~  B')].  

3.6.2. 1-blocking sets in S(4 .7 .23) .  

Theorem 3.10. Let Ci he a 1 -blocking set in S(1.1.23). Then 7 < :Ci i 5 II. 

1. if:C,I = 7 ,  t h m  Cl = B uvith F V ( C l )  = (0.112.0.140.0.O.O. 1 ) .  where B LS 

a block. 

2 .  If C l /  = 7 - i. 1 5 i 5 3 .  then CL = B L ,Y uith freqirency cectors 

(0.70.42.10.5.35.0.0.1). (0.43.56.91.56.7.0.1) and(O.24.5-h.S5,TO. 13. 1.1.) 

rrspectivel~: where B is a block. /.Y] = i und ,Y n 23 = @. 

3. If ]Ci 1 = i 1. then Ci is one of the follounng: 

(a) CL = Eo uith F V ( C l )  = (0 .22.0.165.0.66.0.0):  

(b) Cl = El udh F V ( C i )  = (0.11.55.55.110.11,11.0): 

( c )  C1 = B U Br with F V ( C i )  = (0.12.48.75.SO.36.0.2). u!here B and Br 

are blocks with (B n B'l = 3; 





Proof. By lemma 3.19 eve-y bloc.king set in s'(4.7.23) c-ontains iit lei-r 4 w ~ n  

points. so C l ,  > 7 .  B y  riefinition there exists ; k t  kitst one block stich thiit Cl meets 

this block a t  only one point. so CI.  5 23 - 6 = 17. 

1. If C L  = 7 .  let B be a block contained in Ci:then Cl = B. 

- 2. I f  C l, = 1 - 1 .  ( 1 2 L 5 3). let, B be i i  bloclc containecl in Ci; theri RT 

have Cl = B , .Y. where ,Y' = L ;ind ,Y B = rd. It is rasy to 5t.e rhx t  mhen 

Cl, = S o r  '3. Cl bits no 6-secant hlock. ao FC*i CI 1 = ! 0.70 .42 .  105.35. O. O. 1 

or  (O.  42..56.1)1. .56.1.0. 1 1: when CI = IO. Ci hiis only ont. tj-secitnt hiock 

and so FL'(Ci 1 = ( 0 . X . 5 4 .  S.5.10.18.1. 1 ) .  

3. Let CL,  = I l .  If Ci (:ontains no block. tlien CI is ;i hlcxking stAt. m C1 = El, 

or E l .  If CI mntains ;i block B. let B' btt the h1oi:k cltttermined II? the tour 

points o f  CI - B. then ttither B!- B" = 3 or B - B' = 1. If B - B" = 3. r h m  

Cl = B ' ;  B' with FLm(C1) = (0 .  12.48.';5.30.:Jti.O.:!): if B - B" = 1. rhttn 

CL = BL B' - (2. y}. F'C'(CL ) = i O. 13.44. 30.30.3  1. 4. 1 ). wlitw .r. y L B' - B. 

4. Let Cii = 12. If CI contains no block: then CL is a blocking set. 50 wt'e have 

CL = S - E l .  FLV(Cl) = (O.  11. 11. LlO.-55-5.5. 11.0).  

If Cl contains two blocks B. B'. then B 1' B'i = 3. Ci = B ,  B' , {(L}. 

where a 9 B IJ B'. By lernma 3.25 we know that  CI lias six 1-secant blocks. 

Since B L' Br has no 6-secant block. Cl contains only two blocks. So we have 

Fl'(CI) = (0.6. SI. i'O.85.50.6.?). 

Yow suppose CL contains only ûne block B. 



ri'; 

If there is a block B' which is 6-secant to Cl and mwts  B a t  oniv one 

point. then Ci = B U  B' - {L). whcre J. c B' - B. In this case Cl bas SLK 

1-secatit. blocks. So FLV(Ci) = (0.6.33.65.95.40. 11. 1) .  

If there is no block which is 6-secant to Ci and meets B at  one point. 

then let B' be a block such that Bi is 6-secant to Ci i d  I B' BI = 3. iind 

let x. y c Cl - ( B L B'). n E B' - CL. Let B" h~ the block on (1. y. a }  

such thnt i B" n BI = 3. LVe claim that  B" n B ,C B - B'. O t h e m i s ~ .  let 

B - B' = { u .  tl. lu. L) and B" n B = {u. u .  ut): tiicn consider the hlock -4 

on (1.  y.  z )  which rneets B' at three points. If A n B' f B' - B. then there 

wouid exist tn-O blocks on {x. y. a )  or B" - ( B  c; BI) which meet B at three 

points. this is impossible. So -4 n B' r, B' - B. Since t here are five blocks on 

(x. y. a). we have a 4 -4. So IA n BI = 1. 1.4 ri Cl 1 = 6. a contradiction. If 

( B J ' r ! ( B n  BI)( = 1. then lB"n(f3- B')(  = 2 = ;B"G(B1  - B)l. LVe consicier 

the block .Y determined by x. y and the two points in B' - ~ B L  ( B " n  B')i. S 

c m  not contain B"n( B' - B )  - { a ) .  If n E S. then S WOUICI contain a point in 

B - ~B'u(  B" n B)]. The block deterrnined by 1.y.a ancl a point in B fl B' - B". 

would contain B n B' - B" and the remaining point in B - [B' J ( B" 7 B ) i .  

So either there are only four blocks on (1. y. a )  or the fifth block on {s. y . a )  

would not meet B. contradiction. Therefore. we have 1 B" ri ( B  n BI)/ = 2 .  

<and Cl = B u Bi 6 B" - ( a .  u). where u E BI' - ( B  LJ BI). By lernrncs 3.23. 

3.24. 3.25 and 3.26 we know that for a point p in B ri B'. there is only one 

block which meets B u B' a t  p. but does not rneet Br' - (B  E B'): for a point 

q in B - Br. there is also only one block which rneets B U  B' rit q and a. but 

does not meet B" - ( B  u B' u {u) ) .  So Ci has seven 1-secant btocks and 

F V ( C I )  = (O. 7.30.7S.65.45.10.1). 
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5. Let iCl\ = 13. 

If Cl contains two hlocks B iind Br. then 

which contains one point in CI - ( B LI B') ;in 

I B fl B'I = 3, Let B" bc? a block 

d nieets B U  B' ;it B n  B'. If B" 

contains the other point in Cl - ( B  L B r ) .  then CI = B L B' B" - {x. y ) .  

where r. y f B" - ( Bk B'). By lemnin 5-24. n-e know thnt Ci hm t w  1-secant 

blocks. these are tn-O of the blocks which nieet B b B' only a t  one point o in 

Brl B'. The block determined by o. the two points in Bu-( BQ B'u{z.  y ) )  iind 

a point in B - B' can not contain itny point in S - ( B c; B' IV' B" - (x. y)). So 

it is contained in Cl. Ci-e have two of this kind of block. Any block contained 

blocks. So Ci contains in Cl other than B and B' must be one of the two 

four blocks. and F V ( C I )  = (0.2.21.60.80.7.5.& 4 ) .  

If B" does not contnin the other point in Ci - ( B 5 Br). t hen we have 

CI = B L B' B" ,I { i r )  - (1.9. y. z ) .  where x. y.= E B" - ( B  L, B'). and 

u $ Bi: B'L  B". By lemma 3.21 we c m  see that Cl hiis three 1-secant blocks 

and contains only two blocks. So FV(Ci ) = (0.3.21.60.90.60.1C.2)- 

SOW we assume CI contains only one block B. Let B' he a block which 

contains three points in Ci - B and meets B a t  three points. Let B" be the 

block on Ci - ( B  u B r )  and rneets B at three points. If B" TI B B - B'. 

then since Cl contains only one biock B. we have n E B". Consider the four 

blocks which meet B c B' at ii fived point in B f~ 5'. By lemma 3.23. one of 

t hem contains Cl - ( B u Br). So t here exist three blocks on CI - ( B ti B r )  

which meet B u B' iit one point in B fl B'. Therefore. the fifth block on 

Ci - (B u B') would contain B - (B' u B") and B' - (8 u { c l ) ) .  so it is 

contained in Ci. a contradiction. Let B" n B $ B - Br. If B" n ( B r  - B )  = 8. 

t hen lBf' ri (B f i  Br) 1 = 1. so one of the blocks which meet B u B' only a t  
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B fi B' wouid contain two of the t hrre points in Cl - ( B L  B'). Using the snme 

argument developed in the frst paragraph. -xe obtain that Ci woiild contain 

tnro hlocks. a contracliction. So B" - ( B' - B )  f fl. hencc. B" " I Br - B )  = ( ( 2 ) .  

m d  Cl = B , B' J B" - ( t r ) .  By 1~rnma.s 3-25 m d  3.26 WP know thitt Cr h* 

fiw 1-seciint blocks. TIierdorr. FITiCr j = i O. 5 .  12-75. M. tiO. :'O. 1).  

6. Let Ci = 14. Let B be a 1-secant hlock to CI: rhen S - i Ci , BI1 = 3 .  

Let B' be the  block on S - ( C l  - B )  tvhich meets B ;it ttirce points. If 

B:"Cl c B'. then Cl = 3'- (Bid  Br - {(L. I L ) ) .  mherc r i  E B r  Br. i r  f Br - B. 

By lemma 3.23 we knotv that there &st tour blockc; m-hich rneet B - B' ~t 

(L. So Ci contains four tilocks. It is pas- to see tiirit Cl hiw orilv one 1-secant 

hlock to B. Therefore. 

if B Ci ,C B'. t tien Ci  = S - i B - Br - ( i l .  1 . )  j .  n-herr rL L B - B'  id 

r 7  E B' - B. It is PZ+- to  prow r hat Ci contriiris r hrre t)loc:ks. ;incl lias tn-o 

1-secant blocks. So 

3.6.3. ?-blocking sets in S(4.Ï .  33). 

Theorem 3.11. Let C2 be u 3,-blochny set ln S(4.1.23) .  Then 12 5 !C2i < 18. 

and 
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1- If IC2( = 12. then = BAB'. FI.'(C2) = i0.0.66.0. l65.O.E. 0). i u h e ~  B 

and B' am blocks trnth ' B r  B" = 1. 

2. If 'CZl = 13. then & = B , B'. FG-(C-) = (0.0.;36.:30. 120.45.20.2). r~rhpr~ 

B and  B' am hlocks t~2th B ' 8'' = 1. 

3. If C2! = 14. then CI w one of the foilm~rlng: 

('a) C:, = B ., B' {a). FL'iGj = (0.0. 1s. 36 .96 .72 .27 .4) .  rulierr B and Br 

are block5 rutth , B ' B': = 1 and ,L S B , BI: 

( b )  C2 = B ,  B' B" - {x.y . t )  und F'I.-iC2) = (0.0. 14..36..36.112.1.S). 

whem B .  B' and B" are b h c h  ~ ~ ' t t h  B r. B' = B '- BI' = B - Bf  BI'. 

B' - B" - B  = ( x .  y }  and : 5 B" - B'. 

4. If C 2  / = 15. then C2 w one of the fdln~uzng: 

(a) C2 = S - :( B L BI.) - {x. g-  u}'. FL-(C2j = O. (1.7.:J.5.7). 98.35.3\. I U ~ W R  

B and B' are blocks rmth B ' B' = 3 .  1. y e B .' B' und I L  G BLB': 

( b )  C2 = S - .( B B') - {L. I L .  1: ):. FL-( C21 = ( O .  0. S. 30- 30. S8.40. 7.1. ruhem 

B and B' cm bloc& tmth B ' B" = 3.  r: E B - BI. rr i B - B' crnd 

c f  B I - B .  

5 .  If iC2, = 16. thm C2 = S-{a. b.c.d. e,  2- y}. FV-I C2) = [O.O.  X?O. ti5.W. 37.  12). 

whem a. h.c.d.e G B und 2.y < B .  

6-  If,C2i = 17. thenCs = S-(a.b.c.~l.e.x). FWC2) = (0.0, i.10.50.'35.i7.20~, 

uhere cl. 6. r .  d. e E B  crnd 1: 9 B .  

- 
1 .  If = 13. then C2 = S - {a .  b, c. tl. e ) .  F1/'(C2) = iO.0. 1.0. 40. S0. 100.32). 

uhere a. b. c.  d. e E B. 

Proof. Since the blocking sets in S(4 .7 .23)  al1 have size grenter than or equal to 

eleven. and the blocking sets of size eleven are di l-blocking sets. by lemma 3.20. 



1 1  

result 3.9 and result 3.10. we know :C2i > 12. By definition. & meets a blo& a t  

two points. so :C2i 5 23 - 5 = 18. 

1. Since ! C I ;  = 12. C., contains no hlock. oth~rwise C-, ciin not bc! a 2-hlockinq 

set by lemma 3.20. resiilt 3.10 and lemmn 3.21. So C2 is i i  blocking set: 

t h ~ r e f o r ~  C2 = BCBr.  FLr(C2) = iO.I).66,0. Ltj5.0.23.0). n - h ~ r e  B iinrl B' 

are blocks with 1B ,- B" = 1. 

2. If iC-1 = 13. t,hen since there k no blocking set of sizc thirtecin in S(  4.1.23). 

contains a block B. By lemma 3.30 there cuists i i  hlock Br such tha t  

i B ' z ( C 2 - B ) I  = 4 . 5 o r G a n d  B r B ' ;  = 1. If B ' " i G - B i 1  =-Lor."j. then 

C;! n-ould not be a 2-blocking set. so : B' ! C2 - B ) :  = 6. anci C2 = B , B' 

with , B  r B" = 1 and FLe(C2) = ['O. O .  ;J6.:{0. 120.45.20.2). 

3. LVhen 'C2i = 14. let B be a block. B 1 fi. 

If there exists a block B' which contains six points in C2 - B. then 

C2 = B J B' .L {a). where a f B :-. B' ;ind B - Br' = I. By lemnia 3-27. CI 

contains four b1ocks. so F\,'(Gj = il). O. 1s. 36.96.12.27.4i. 

Suppose no s ~ u  points in - B are contained in iiny block. Since C2 ti a 

2-bIocking set. no block contains only fiw points in - B. By Iemmn i3.20. 

there exists a block B' such that B' contains only four points in & - B and 

jBrnBi = 1. Let C2 - ( B L I B ' )  = (a .h .c) .  B' -C2  = (1.y). L G  prove that 

there e'cists a block B" such that 

Consider the five blocks on  {a. 6 .  c )  . One of t hem meets Br a t  t hree points. 

let B" be this block. CVe prove B" h'as the above m e n t i o n 4  properties. 
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Let B n B' = {O).  B = (O,l .? .3.  -i.Fj.6). First we p row O E B' ^ B". 

If O 4 B ' n  B". then { x . y )  c B" ri Br. Let the other point in B" B' b t  

rt. and  let B" ? B = {f i ) :  then the block determined by (a. h. u. i - ) .  w h e r ~  

11  E B' - (B" 'J B ) .  aould contain five points in & - B. 

So WC have proveti that  O E B" " Br. 

FVe claim B"r? B' - {O) = {x. y). Otherm-W WC would have 1: G Bu- B' and 

y $ B" n Bf or  x 4 B" ri B' and y E B" n Br .  In each case WP would obtain a 

block wliich coritains five points in C2 - B. Thus fi = BU B ' I J  B" - { . r .g . r ) .  

where x. y E B' n B" - B and r E B" - ( B  c; B'). 

4. When 1- j = 15. let B be a block with if3 II C2 = 2. and let 

S - (C2 L' B )  = { p .  q .  r ). WP consiricr the block B' on {p. q. r ) n-hich m e t s  B 

at  threepoints.  It i s e ~ a q t o s e e t h a t  B r " ( B ~ C 2 j  #O. If i B ' ' ( B ~ C 2 ) /  = 2 .  

then C2 = S - [ ( B U  BI) - {r. y. u) i .  where r. y E B lq B' and il f B' - B. By 

lernrna 3.23 fi contains eight blockç. So FV(C2)  = (0.0.1.35.10,98.:J.5. d ) .  

If lB1R (BCC2)J  = 1. then C2 = S - ! ( B u  B') - {r. u. c ) ! .  where 1 f B'B'. 

u E B - B' <and E B' - B. It can be proved that C2 contains seven blocks. 

So FV(C2) = (0.0.8.30. SO. 88.40.7'). 

.5. If 1 - 1  = 16. then since C2 meets a block B a t  two points. we have 

C2 = S - { a . b . c . d . e . r . y ) .  wherea.b.c,d.e E B and r . g  B.  By lernrna 

3-23 there  are  eight blocks which meet B u B' at  one point in B ri G. It ciin 

be proved tha t  on ( B r  - B) n C2 and a point in B n C2 there rire two btocks 

which meet B u B' only a t  the three points. So C2 cantains t n ~ l v e  blocks. 

and F V ( C 2 )  = (0.0.3.20,65.96.57.12). 

T h e  set S - {a. 6, c. d. e, L. y). where u. 6. c. d, e E B. and x. y 4 B. Is indeed 

a 2-blocking set. since any block B" # B m e t s  B in a t  most three points: 



in t h e  extreme case, if L. y E B". B" still bas l i t  lecst tn*o points in cornmon 

with S - ( a .  6. c .d .  e. x. y). 

ti. Similarly can prove t ha t  if 'Cl = 17. t h m  C 2  = 3' - ( a .  b. r - .  (1. c .  s ). n-here 

rt.b.c.tl.t , irein;i  block B ; ~ n d 1 : 4  B. F l w I C 2 )  =t0.0.1.10..50.95.li.20). 

- 
1 . If C2 1 = IS. t hen C;! = S - {a. b. c. d. t ). n-here r r .  h. r . .  ri. e are in ik hlock. a-d 

F L V ( C 2 )  = \0.0.1.0.40.dO. 100.33)- 

:L6.4. t-blocking sets. t 2 3. in SI 4.1.231. 

1. if C,I = 15. then C I  = 5 - ( BCiBf).  FI'(C1) = i 0 . U . O .  70.0. 168.0. 151. 

where B.  B' u n  bloc& imth I B r8 B" = 3:  

2 .  ~f ICiI = LG. then C 3  = S-( BABf-{CL)). FlviC1) = (0.0.0.35.35. 126.42. 1.5). 

where B und B' t r r e  blocks rmth B ri B" = 3 rrnd rr t B' - B: 

3. ~f = 17. then Ci = S-{a.O.c.d.c. J ) .  FIv(C'%) = 10.0.0. 1.5.40. 105.2.211. 

whew no jiw poznts rn { a .  b. c. d. r . f ) c r r e  rontazned ln cm?, hlock; 

4. rf ' C 3 !  = 18. f hen  Cj  = S -  {a.6.c..d.t.),  FIP(Ci) = i0.0.0..3.30.'30.1)5.33). 

r u h e ~  {a .  b. c. d. t. ) t s  rtot rontatned r n trnll hlock: 

5. ijIC:li = 19. then C13 = S-(a.6.c.d)  und FC'IC,i) = iO.O.0.1. lti.73. 113.53). 

Proof. First r w  prove that  -Y = S - :[ B L B') - {o. 1. y. a.  b ) ]  is; riot ;i 3-lilocking 

set in S(4.7.23) .  where B und B' are t>locks mith B ri B' = {O). 0. b < B - { O )  

and x. y E Br - { O ) .  

Let B - { o , < ~ . b )  = {c .d .e .  f), B' - ( 0 . ~ r . 9 )  = { U . L * . W . Z ) .  Ive consider the 

blocks on ( u .  c. w )  and (11. r .  :), respectively. which rneet B - {O) a t  three points. 

One of them contains at most one point in {a. 61, so i t  meets .Y t'kt at most 2 points. 
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By lemrna 3.20 WP know that I C 3 ~  > 1.5. Ohvioiisly Cji <_ 19. 

If 'CIi = 15. let B b e a  hlock with B r C t  = {x,y. z ) .  S- ( C I  B )  = { a . b . c . d ) .  

Let. Bi be the block rietermined by { a . b . c . d ) :  then n-e have B " B' = {r.y.z). 

C 3  = S - i BCB') iind FIrfCi j = iO.0.U. 10.0.16Y. O. 15). 

If C31 = 16. let B be ,i hlock with B r C c  = { x . ~ .  z ) .  let S- (Ci- BI  = {a .  b . r )  

md B' the block on { a .  b. c )  and m e t s  B i i t  t h r ~ e  points: t hen B r  B' van iiot contain 

tn-O points in B - (x.y.2). Firrthermore. n-e (.an prove that B'" ( B - {r. y. 2 ) )  = 0. 

So B -1 B' = (x.y.z) iind C <  = S - i BCB' - { a ) ) .  n-here ( L  f B' - B. ' m i  

F I r ! C 3 )  = ( O .  O. O. 3.5.35.126.42.15). 3 .  1 m d  5 <.an be proved similady. 3 

Theorem 3.13. Let CI he u 4-hlockzng s e t  Ln ~' ( ' -1 .7 .23) :  thm C.I, = 20 (2nd 

C., = 3' - { c i . b .< - )  and F l r (C , )  = iO.0.0.0.5.4S. 120.SO). 

Theorern 3.14. Let Ci he cr 5-hlockmg s e t  tn 5'i-l. 7 . 2 3 ) :  then Ci: = I I  rrzd 

C-, = S - { a . / ) )  u n d  F I r ( C 5 )  = iO.O.U.O.i).?~.112.120!. 

Theorern 3.15. Lct CI; be u ti-hiocking set rn S(4.7.23): :hm Gji = 22 and 

Ct; = S - { a )  trnd FIr(Ct j )  = \0.0.0.0.O.U. 77.176). 

Theorern 3.16. The 7-blocking set Ln S(4.7. '73) ts S. 

3.7. t-blocking sets in S(5. S. 24) .  

3.7.1. A general result on S(5. S. 24). XOW we charncterize the t-hlocking sets 

in S(5. S. 24). ik use the same terminoloa anci notations as in section '2.3. 

First we prove the following 

Lemma 3.28. If CL contains a block. then ICt 1 > 12. 
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Proof. Let B be a block. B E Ct,  and let 1. y. z .  ri: $ B. Then there ~ x î s t s  a 

block B' such that  x. y. z .  IL' E B' and B - B' = 0. Let Bf' be the block siich tha t  

B" ln ( B  u B') = 0. If ;Ct; 5 12. then B" ' Ct = 0. rl 

3 - 7 2  1-blocking sets in S(5.8.24).  

Theorem 3.17. For the s ~ z e  of n 1-hlochng .set Ci tre hace 11 5 CL < 17. 

1. I f  'Ci j = 11. then Ci = -\ln and F1'13IO) = (0.23. 110.16.5. M O .  66.66-0.0) .  

2. If )Ci! = 12. then Ci = 1 and F L m ( 1 j  = r O. 13.60. 1'30.25-5. 180.60. 12. O):  or 

Cr = R. FV(R)  = (0.11.66.165.27~5.16.5.66. 11.0). 

3. If (CI i = 13. then Cl = B L Br - ( a ) .  iL.here B and B' are bblock5. 

B r  B'I = 2 and F' l / ' (Cr)  = (0..5.:3Ï.13.5.%45.220.!3S.21. 1) n f BLB ' .  

4. I ' iCL l  = 17 -  r .  (O < r 5 3 ) .  then 

CI = B iB' J B" - {a .h .c .de .  f . s ~ . x i . . - -  .r,). 

whem B. Br and B" are bloc&. and 

B n B ' =  B r  5" = Bt'B" =(d. { a . b . c . r l . e .  f .xo)  c Br .  {ri.-.- . x r )  c B". 

The h q u e n q  cectors of Ci are 

(O. 2. 19.96.215.250.1;J$.366 :3). 

(O. 1. O, 35.140.23 1.2.52. S. 1.5 

and 

(O. 1.0.0.140.140.336.112.30). 
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Pmof. If Ci contnins a block. then hy lemma 3.28. /Cl j > 13: if Ci does not contain 

i i  block. then CL is a blocking set. so ICI 1 > 11. Since Cl is a 1-blocking set. t here 

esists a block B such that  /Cl n BI = 1: t h c r ~ f o r ~  ?CL 1 < 24 - 5 = Li. 

1. If !Cl 1 = 11. t hen 1- lemma 3.23 Ci k a hlocking set. So 

Ci = .\ki. It is no difficult to setJ that thcre is no 7-spcant block to Afo.So 

FV(.\fo) = (0.32.110.165.330.6G. 66.0.0). 

2. If iClj = 12. then Ci is a blocking set. But in S(.5.8.24) there are three 

blocking sets of size twelvc: 1. R and JI. of whicti -11 is a 2-bloc-king set. I 

iinci R are 1-blocking sets. so Ci = 1 or R. 

Let R = Bi! B' - { = , a ) .  w h ~ r e  Bn B' = ( : . IL ' ) .  (z E BLB' .  C'onsider t h e  

contraction of S(5.8.24) at z .  By lemnia 3.27 we know that on each point in 

S - ( B  ti B').  thcr t  exists ;i block in S(.5. S. 24)   hi ch meets BLB' - {a) at 

six points. and m e t s  B n B' rit z .  \Ve have ten of this kind of blocks. By 

lernrna 2.2 we know that BU B' contains only tn-O blocks. B and B'. So R hczs 

ekven 7-secant blocks. therefore. Fb' (R)  = (0.11.ti6.165.%Ï5.16.~.G(i. 11.0). 

LVe already know that F V ( R )  = (0.11.66.165.275.16.5.66.11.0). 

3. If \Cl 1 = 13, t hen because .\Io c -11. 31 contains no 7-secrint hlock. so S - -IIo 

is a ?-blocking set. Therefore Ci contains n block B. Let B' be the block t h a t  

contains the  5 points of CL - B. Since CL is a 1-blocking set and B' 3 B $ d. 

then IBn B'I = 2. Let a E BI -  Ci: tlien Cl = B u  B f -  { a ) .  

'iow Rte prove that B u B' - { a )  is a 1-blocking set. 

Since 31 c B u B' and  the type of -11 is (2 .4 .6 ) .  every block m e t s  t h e  

set B u B' - { a ) .  Let B' - B = {a.  b.c. d. e .  J). and let B" be a block t h a t  

contains c. d. e .  f and is disjoint from B: then S - (B U B") is a block. a n d  
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this block meets B il B' only iit { r r .  h ) .  so is l-secarit to B , Br - { c i ) .  So 

FV(Ci )  = (0..5.36.135.315.220.95.'iI. 1 ) .  

4. If .Cl, = 17 - r .  O < r < 3. thcn hy lemma 3.28. tliere txxists a hlork B 

siich tlint B 1 Cl. Sincc Cl is ;L l-blocking set. there is ;i hlock B' srich 

ïhat B' - C r ,  = 1 .  Therefore. B - B' = kl ancf B" = S - B , B' is ;i hlock. 

Let  B' - C l  = { ( ~ . h . r ~ . d . ~ ~ . / . x , , ) .  B" - Ci = ( 5 ~ : - -  .L,-) ( I f  r = O.  rtten 

B" - Cl = fl):  ttien Cl = B - B' 5" - { ( ~ , h . r . . r i . ~ .  j . ~ i ) . ~ l : .  - ..r,.}.   LI^ 

B  B' = B ,- B" = B' " B" = rd. 

W i e n  :Ci; = 1-4. r = 3 i m d C 1  = B ~ B " , B ' ~ - { a . h . ~ . . ~ l . t ~ .  ~ . x ~ , . x ~ . x J . x : ~ ) .  

It (.an t ~ e  pro\.eti ttiat on (x x-,. 1: 4 } r herc ilre t h r w  1110<:ks which iirr disjoint 

from B. Sr, besiries B' t tiertx is onfy one l-secant blork to Cl. md t herc 

only two blocks wtiich are containcd in C l .  Sn 

F1/'{Ci ) = (0.2. 19 .96 .215 .30 .  l 3 8 . X .  3 ) .  Ii7hen C r  ; = 1.5. it <:an he provcrl 

thnt besicies B there ;ire SLY hlocks which arc cantain~d in Cl. Ir is msy 

ro sec! tliat B' is rlie only l-secnrit I~lock to Cl.  S o  in tiiis ( .me FI'ICI) = 

[ O .  1 .7 .63 .  175.259. lS9.58. 7 ) .  W l i k  Cl = 16 ii11d 17. t h t w  is {)111>- one 1- 

secatit block to CI, and therc is no 2-secant bIock to Cl. So rtie tfcquency x ~ c -  

tors of Ci are ( O .  1.0.35. 140.231.252. $5. 15) ;iricl i 0.1.0. O. 140. 110.33fi. 112.301. 

3-73.  2-blocking sets in S(.5.8.24). 

Theorern 3.18. For the szze of the Z-bloclnng set C2 ice huve 12 5 C2 j .I 18. 

1. IjIC2( = 12. then C2 = -\I. FV(.\I) = (0.0.132.0.195.U.132.0.0). 

2 .  IfIC2i = 13. then C2 = S - .\&, F V ( G )  = (0.0.66.66.330.165.110.23.0).  



in 

3. If = 14. then C2 = B I, B'. FL7(C2) = (0.0.30.72.240.240.135.40.2~. 

w h e v  B and B' are hlocks. , B " B" = 2 .  

4. If iC21 = 15. then & = B L B ' : J ( ~ ~ ) .  FI,'!C2) = (O.  O. 12.34. 1SO. 264. LW. 63. C i ) .  

irheni B und  B' ct.m hlocks. B r B" = 2 .  rr ), B , B'. 

.5. If ' -1  = 18 - r .  ( 0  < r 5 2 ) .  thcn C2 = S - ' ( B  ., S) - { a .  h ) ! .  rctww B 

ts a hlock. rr. h E B trnd S: = r rlnth S - B = VI. T h  fmquenq r ~ c t o r . ~  

o ~ C ?  am (0.0.4.32.130.256.22S.96.13).  ( K U .  1. l 5 .SS .  225.267.  141.25) und 

(0.0. 1.0. GO. 160.300.192.16). r~spectively. 

Pmof. By the proof of lernma 3.23 WP know t h a t  if C-, contains it t11oc.k. t hen 

C2,  > 13. By rheorcm 3-17. .\Io is a l-h1ocl;lng set. Consequently C2i > 12. Since 

C2 is a ?-blocking set. t here rxists a /dock Br ';ilch t ha t  13' ' C2,  = 2 .  t herefore 

C I ,  5 24 - 6  = 1s. 

1. If C2i = 12. then C2 = 31 ;incl FIt-(-11) = i0.0. 132.0.19:5,~. 132.U.i)). 

2 .  if C2,  = 13. then CI = S - -\lo.Fl'(C-,j = (0.0.66.66.330.  165. 110.22.01. 

3. If Gi = 14. then since therc is [rio blocking set of size 11. C'? inust (.ontain i L t  

least one block. Let B tw one of thern. Assume B = ( 6 , .  b:!. h: { .  h.l. h5. hi. br .  bu ). 

ilnd C2 - B = { t r  ,. CL?. a-3. I L I .  ~ L S .  ): let B, t>e the unique block (letermincd 

t)y (C2 - B )  - { a , ) .  i = 1:-- .ti. Ive claini that Br = . . -  = &. iis othermise 

ive woiild have ,six clifferent blocks: Bi. - - - . B6. Since & is a '-blocking set. 

iBriB,i = 2 .  But B, f B, ( i = j )  irnpliesrhat ( B r B , } r ( B r B , )  =8. ;md 

therefore B contnins at least 12 points. This contradicts t h e  fact Bi = S .  Let 

B' = B~ = . . .  - - B6; then C2 = B G B'. Since BAB' is of type (2.4.6). fi 

contairis only two blocks. So FIT(C2) = (0.0.30.72.240.240.135. -10.2). 
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1. If iC21 = 1.5. let B be a block such tha t  B 1 C2. \Ve clnim t hat there esists at 

Ieast one block Br siich that  B' contains six points in CI - B. Othenvise. let 

CI - B = {al. nr . as. a.'. a5. a. 5). Consider the sis bIocks cietermined hy the 

six 5-stibsets of (ai .  n i .  a:] .  a.,. a ; .  a ) .  ';one of these blocks contains b. while 

each of these blocks cantains only f i v ~  points in {a l .  c r - .  a . < .  n.i. (Zr,. ( 1 ) .  If iit 

leas two of these blocks do not m w t  B. chen rach of theni  twrxld contain 

three points in S - CI: the  other four blocks. each c-ontaining itt l~asi.  one 

point in S - C2. w ~ u l d  contain four points in 3' - C2: t he  six blocks wmld 

mntain ten points in S - C2. This is impossible. becittise S - & lias only 

nine points. So among the six blocks. there exists itt niosr. clne block which 

does not meet B. -1ny block which m e t s  B meers B a t  tnw points. 5 0  tiw 

hlocks would meet B at ten  points. this ;iqain is ;t contradiction. S inw C2 is ;t 

2-blocking set. w hiive B' - B' = 2 .  So C2 = B , B' - { ( L  1 .  wliere tr 2 B ', B'. 

B BI ( a )  indeed is ;i ?-blocking set. In fact . let BI' he i i  bloc:k whidi 

contains a and three points in 5' - B. ;inci is (fisjoint h m  B: t,hen S - i BL B") 

is a block which is 2-aecant to B , B' , {a). 

.3. Let B b e  ;r block tha t  rneets C2 iit tw points. itnd S = S - ; C2 - B ) :  rtittri 

Si = r iind C2 = S - ' ( B  .- -Y) - {(L. b ) ! .  where c r .  b E B .  

3.7.4. t-blocking sets. t 2 3. in S(5.LS.24). 

Theorem 3.19. Let C:j be a 3-blockzng set Ln S(5.S.24j: then ,C:{, = Id or 11). 

1. if [Ca/ = 18. then C3 = S - {a .b . c .d . e . f ) .  whem {a.b.(:.de. J)  is not 

contained in any block.and FV(C3) = (0.0.0.6.45.1SO. 285.lY8.45). 



Pnof. Since C.$ is a 3-blocking set. it, meers ;it leiut. one block iit only th rw  points: 

therefore IC:] < 24 - .5 = II). 

if 'C:{( 5 17. let (ni. a l .  a.%. al.  a.;, x.  y] 1 S - Ci. anci let B he ttie blm-k (frter- 

mined by (a . a2. n3. a., . as ). Since cl is a 3- blocking set. B contains three points of 

C:%. Let a s . n y . r z 9  be the three points. Let Bi. B2 irnci B-% bt. the blocks determineci 

by (S. y. n [ .  a?. ). ( x .  y. CL i. a:!. (1.1 ) iind (1. y. n i  . a-.  ) . respect ivdy. Since C:{ is 

;i :%-blocking set and B, h i s  at  least 3 points in common with B. ( 1  = L. 2 . 3 ) .  50 B, 

contains one of ar;, (1:. nq. .Assume a6 c BL. (1;. g B2 and (LN < B.{. The hlock B., 

determined by (r. y. (1:s. (1.1. (LT, ) has  ;if; least t h rw  points a.{. (1.1. a-, in cornmon w i r h  

B. so it must contain one iind only one of ct 1 .  (LI. (16. (17. ( L * .  If E B 1 .  1t.r -4 f)r the 

block determined by {x. y. a?. a : ~  . n.1 ) : tlien rr 1 .  trh. ri:. (15. ( 1 4  ; -4. S o  -4 - B' = 3. 

a (:ontriidiction. Therefore. a6 t B t .  Uimiliirly we ciin prow chat (17. I L . )  < Bi. 51 

B contains either n or (12.  tlierefor~? B., contains iit mosr tn-o points of C.{. r h i s  

contradicts Ci is a 3-blocking set. So C.$, > L i .  

1. If :C:il = 1s. then S-CrJI = 6. Let S-C.{ = { n . h . t r . t i . e . j ) :  tlien ( ( r . 1 1 . c . d . e .  f } 

can not he contained in il- block. 

2 .  If ;C:ji = 19, then C:, = S - {u. b.c. d. e ) .  12 

Using the same method as above. we can prove 

Theorem 3.20. Let C., be u 4-bloch~ny .set: then = 30. and 

C4 = S - {a.  b. c.d)  and FC'(C.1) = (0.0.0.5.64.210.320.130). 
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Theorem 3.21. Let C5 be a 5-blockzng set: then C-,i = 21. und C-, = S - {a. h .  (-1. 

FL'(C5) = (0.0.0.0.0. '21.168.360.210). 

Theorem 3.22. Let C6 be a 6-blockng set: thcn Ci;I = 2 2 .  und Cf; = S - { a .  b )  

and FL'(C6)  = i O. O. 0.0.0.0. 17.3.52.3301. 

Theorem 3.23. Let C;- tw a 7-blockzng .set: then Ci, = 23. m i l  C;. = 3' - ( ( 1 )  ctmi 

F\'(C7j = ((I.O.0.0.0.0.0.25:3.506~. 



4. SEMIOVALS I N  TWE WITT DESIGNS 

4.1. The definitions. 

Dejînztzon 4.1. A block B of a t-design 23 is r ë ; i l l ~ r i  i i  tangent to i i  ';et .Y of points 

of 'D if B contnins only one point in AY. 

I i  B * ,Y = {t). iw also say that  B is a tangent on I to .Y. 

Drfinztzon 4.2. -4 .sem2oual O is a set of points siich that on m e -  point of O there 

e'rists only one tangent t o  O. 

Semiovals have been studied bu many authors (see -1 5 .  30. .54j 1. But. much o f  the 

previous w r k  was focused on the semiovais of projective pianes. En this section WP 

study the serniovals in t he  Li-itt designs and characterize id1 .;erniomis in the LVitt 

designs up to the irequency L-ectors. 

4.2. Semiovals in SI 4. .5. 1 1 ) and S(.5.6. 12 ) . In S(4.5. 1 i i tt-p have 

Lernma 4.1. The type of a hlock tn S(4.5.11) ts ( l . 2 .3 . . 5 )  1~2th 

Lemma 4.2. Let B. Br be two bloc& in $(A,  5.11) mth B 7 B'; = 1. Then the 

t7se of B U Br is (3.4.5) with t g  = 12. t4 = 36. t 5  = 18. 

By lemma 4.1 and Iemma 4.2 we can prove the following 
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Lemma 4.3. Let B be a block ln S(4.5.11). r i  5 B.  Let Bi. B2 and B.$ h~ th rw 

hlocks whzch meet B onlq at a. Then IB, ri BI - ( n ) l  = 3 (i f j !  and 

BI ri BI n Bg = {a). 

Lemrna 4.4. Let B be a block ln $(A.  5.  1 I ) .  Then for P Y P ~  cr r B .  thpw ~ n s t  

~xact lg  thme blocks whidt meet B onl?/ nt a. 

Non- WP can prove 

Theorem 4.1. T h e v  finsts no scmrotd in S(4.5. 1 1 ) . 

Proof. Suppose t here rxists a semioval O in S(4.5.11). Then sincr t here is n o  

blocking set in S(4.5. 11). therc mtist exist a block B such that ritiicr B C O o r  

B r O =  M. 

If B z O. then by Iemnia 4.4. O - B f 0. Let h E O - B. By leninia 4.1 any 

block which contains b meets B. So there is no tangent on b. 

If B r !O = a. then by lemma 4.1. 01 + G and iOj > 5. So .Oi = 5 .  Let 

O 6 O ü B. let u. c.  1 ~ -  E O and let BI be the  block determined by {o. t r .  r .  I L . ) .  Then 

iB' n BI = 1. Let B' n B = { a } .  By lenima 4.3 there is a block Br' such that 

B" n B = { a )  and B" contains O and one of u. ri and W .  sa- u. There are four 

blocks on {u.o. u )  and B'. BI' are two of them. The other  tn'o can not contain any 

points in B'AB". So both of them are tangents o n  u. contradiction. 17 

In S(5.6. 12) we have 
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Lemma 4.5. The type of a hlock tn S(5.6.12) u (0.2.:3.4.G) r~rzth 

Lemma 4.7. Let B. B' be two disloint bloc) rn S ( 5 . 6 .  1'2). Thcn for  an!] jour 

points a.6.c.d E B .  fhem exist exactl?p t h r e ~  hloch -4,. -4- und -43 such that 

-41 17 B = ,Il B = fl B = {a .  b. c. d )  and (.-Il 7 B') L ( A 2 ?  B') L (.-bi r: BI) = B'. 

Lemma 4.8. The bloching set in S(5.6.12)  r s  u sernzoral. 

Pmof. The blocking set C in S(5. G. 12) has the structure C = ( B - {a)) , (1). 

where a f B and r d B. 

Let B' be a bIock disjoint from B: then r E B' and B' is ir tangerlt o n  1: t o  C. 

Bu lemma 4.5 the  other blocks n-hich contain x rneet B in a t  leiut two points. 

Let b E B - { a ) .  By lemma 4.6 there are exactiy threr blocks Bi. B2 and B:$ 

siich that B, rl B = { a .  h )  ( i  = 1.2.3) .  and r is contained in only two of B t .  B.? and 

Bs. So one of these blocks is a tangent on b to C. The  other blocks which contain 

b rneet B in at feast three points. Cl 

Theorem 4.2. If O rs a semioval in S(5.6.12). then O ts a blocking set. 

Proof. Suppose O is not a blocking set. If O contains a block -4. then any block 

which contains a point in A contains a t  least two points in -4. So O contains 

no block: therefore there exists a block B and a point x such that  B n O = 0 



and L C B u O. By lerrirna 4.G for cr t O there iiïe t h r e  tangents on ( 1  to  O. 

contradiction. CI 

4.3. Serniovais in S(3.6.72). In the sequel sometinies SF will use the  resiilts about 

S(3.t i .2) in section 3.3 withoiit tbxplicit refercnce. 

Lenuna 4.9. -4 vcomzoual rn S(3. tj. 22)  (-an rrot contazn a Fano .set. 

Lemma 4.11. -4 s e r n m ~ n l  tn S(3 .  Ci. 2 2 )  van not vontazn BAB'. i c h ~ r r  B ( ~ n d  B' 

(1r-r blocks. 

Lemma 4.12. The .set D := ( B  - { I L ) )  i B' - { 1.1 1 .  rhrw B crnd B' c m  rliqornt 

b1oc.k.~. IL r B rrnti t *  5'. 1s  a w r n z o î d  

Prnof. First we provr thar. O contains iit rnost 10 points. 

Let IL.  1' f O.  let B and B' be the tangents on I L  itnd 1-  r ~ s p ~ c t i t ' d -  

If B :' B' = d.  tben the  points riot in B .J B' (:riri riot il11 ht. (.ontnineci in O. 

If there is only ont. point J: 3 0. then the nine tnngenrs or1 rhe othcr  riirie points 

not in B L' B' woiild al1 contain .r and meet 110th B arid B': cm L there are tm-dve 

hlocks which rneet oiily one of B. B'. Yone of rhese rrlrntioned 1)loc:k.s cuntniris al1 

of t r .  t ! .  1. So there ;ire at lmst tm-ent-two hiocks on J:. c-ontrndiction. 

If B n 5' # O. then consider the four esternal blocks E l .  E2: E:{ i i~id E.& of 

B u B'. B y  the proof of lemma 2.2 in 171 w h o w  that  1 Et 11 E, = '1. if i = j .  and 

( E , n E , ) C ( E k n E h )  = I I  if {i.j) + { k . h } .  Let EinE2 = (5.p). E3riE4 = { : . r r v } .  

By lemma 4.10 and lemma 4.1 1 we only need to pro= ttiat the followin,a sets are 



not semiovals. 

a. .Yl = { i ~ c ) :  Er  :J EZGd E:{ L E., - ( x . 2 . p ) .  m h e r e p ~  El E:{: 

h. .Y2 = ( u . c )  i El .i E 2 v  E3.4 E,, - {x.p.q). where p c  Et  - E,{. q L E2 - E.i: 

c. .Y.% =   IL.^) El  . J E ? ,  E:18, E t  -   S. P.^). w h e r e p r  Ei  - E.:. r i  El  - E.t. 

The set .Yl is not. a semioval. Othcmvise the t;ine;ents on the two points in E21- E l  

wotild a11 contain (1. z .  p). 

The set .Y2 is not a sernioval. Othewise the tangents on the points in E.< ' E l  

a-ould al1 contain (2. p. q ). 

Suppose -Yl is a semiot-nl. Then the tangent on the point in El - E.$ - {p) c-ontiiins 

p. but can not meet ( El , Ei E.{ , E.i) - ( El  - E r { ) .  So it meets ( BLB"! - {IL. 1 . )  

at four points. Let .-lI be the other hlock on E l  - E.< which does not nieet E2: t hen 

{u.  1 : )  C -AI anri -Ai - i BLBr)I = 4. LVP (:an similarly prove thiit r h e r ~  is i i  hlock 

.di on El - E such that -4.: - E2 = (d. ( I L .  L ? )  c -42 and -4- ' ( BLB')  = 4. Let .A:{ 

and .-Li be tht> blocks on {IL. ri) which iiïe (fisjoint kom EL; rhen 

3ow. the block -A5 determined by ( u .  c.  g )  would contain x  and rwo points in 

(BAB') - {u.  c ) .  The blocks B. B' and are t h r e  externa1 block to E:< , E.I. 

Let the forth e-xternal block of E3 ci E.1 be T:  then u. c $ T and x. E T. So  T und 

E2 are two tangents on y. 

'3ow we need to show that a semiovd contains a t  l e u t  nùie points. This can be 

done by checking the frequency vectors in appendk A. 



.; 
Let B iind B' be two disjoint blocks of S ( 3 . 6 . 2 2 ) .  1: f B :-. B'. Define 

PnmJ Let y r P. Since on { L .  y )  there are  four hiocks mhich arc iiil disjoint frorn 

B or B' and there ;ire ;i rotiil of fiw i~locks on (L. y ). rhus r h ~ r e  is i i  t~lock mi 

{x.y) wliich meets hoth B and B'. so this block is i i  rangent on .y. Ttie other 

blocks on  y ;dl contain iit l e s t  two points in P. I t  is t ~ s y  ro see tha t  B and Br 

itre the  only two blocks which (10 riot rnwt P. P contiiins no block. 30 w Iiu-r 

F V ( P )  = (2.9.:36. 12. l&[).o). 3 

Theorem 4.5. If O rs tr .semtouai of . z e  '3. ihen O = P. 

Pmof. First we p row that  t h e r ~  is no G-secant hlock ro O. 

By solving t lie lincar +-stem I 1 I WE> knoic- rhat r lit. possible \-dues for t ,ina O 

i d  4. 

If t s  = 4. let B. B' I)e rwo hiocks which iiro 5-secarit ro O: tlicri B - Bt = d. If 

B ' B' _C O ,  then O - ( B  8, B')  hi; only one point. ,ind on  this point there arc at 

le,ast nvo tangents. If B r' B' is not containecf in 0. rhen O = B t Bt - (1). tvherc 

I: E B ': Bi. By lernma 4.1 i this is impossible. 

So t5  = U 'ind therefore to  = 2.  Let B. B' be t h e  rwo blocks which do iiot 

meet O. We d a i m  thnt B t7 Br = fl. Othern-ise. consider B J B' , {J). where 

x 4 B IJ B' O. Then there are  t m  esternal blocks Lr i d  I; to  B b B' L {x) such 

tha t  Cr L V contains oniy 3 points 01 0. The other point in O would lie on  two of 

the four external blocks of 17 I; V .  a contradiction. Ttierefore O = P. 17 
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Let B = {r. y.z.2. r j .  2 ) .  B' = {a.  h. r.5. h. 2 )  hr rn-o disjoint hlocks. and let o hr 

the point stich that 

F = (a. b. c. r. y. z .  O) forrns a Fano set. Let, L' h~ the  block on 1. y which cloes not 

meet B'. Then o c Cr. LVe clefine 

Tbeorem 4.6. The set .l[ w a .semio.i:al of ..;ce 10 unth ( 1. 10. 1.3.40.;3.t5. O )  as ~ t c i  

f7-Fquenq cector. 

Pmof. U'e only need to prow that on tivery point of  JI. rhrre rsists di .  clne 

tangent. 

Let C: CC- + B be the blocks on x, z and  !,. z respecti\dy which ;ire (Iisjoint from 

B'. let 

then JI = { a . h . f - . o . 4 . - 5 . 6 . 7 . 5 . 9 ) .  

It is er-isy c o  see that L .  is CI tangent on o. 

Let -Y t L-  be a block which contains o. Then 9 - F = 1 o r  3. If ,Y - F'  = 1. 

then -Y - {a. 6 . F ) :  = '2 or .Y - {r. ij. E )  = 2 .  so S contains tnn points in 

{4.5.6,7, à. 9). Therefore. S ïs not i i  tangent to JI. If .Y - F :  = 3. then 

S - ( a . 6 . c )  = ,SI- { r . y . ~ ) ~  = 1 or S A { u . h . c )  = 2 .ind .Y - ( r . y . z )  = O  o r  

.Y ^ {a. b. c ) ,  = O and 9 7 {x. y. =) /  = 2. In the first mo cases. -Y is not ,i riingent 

to .\I. In the Iast case. -Y = CF-. so is not a tangent to .II. 

Let u E {a.  b. c). 

Consider the blocks determined by {u. 1.2). {a. 1.3} and  { u .  2 .3 ) .  respectively 

'ione of the three biocks contains any of 1. y. z .  o. So at most two of them meet C' 
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and CV iit two points in ( 4 . 5 . 6 )  and two points in ( 7 .  S. 9): t herefore a t  le'ast one 

of them. say Y. meets B - {x. y. z )  = ( 3 .  J .  2 )  at two points. So 1' is i;i rangent to  

M. 

Let -Y' 1: Y- be ;i block on I L .  If '.Y" F' = 3. rhen .Y is not ~i tangent: if S- F' = 1. 

then .Y - {L. g. 5 )  = 2 .  Since .Y = Y. thcan .Y - { 1- " C') = C3. Tliiis .Y - L' = li). so 

.Y contains two points in (4.5, tj. 7.3.9) iind is rtot a tangent to .\[. 

Let L' f (4.5.0'). 

Consider the  blocks cieterniineci by { v .  2.1 ). { tr. z. 2 )  ancl { t T .  1.3) rrspectivcly. 

Since o is not in ;Ln-- of these htock. none o f  them rontains !/ o r  z .  So at rnost t w  

of them can meet cither 1%- or {a.  b . r )  ~t tn-O points; tliercforc a t  lecast one o f  them. 

say Z. Inpets B' - {a. b. c) .  Z is 11 tangent to -11. 

Let .Y = Z bt? a hlock on r?. If S ' F '  = 3. tiien -y contains o or  ;it ferut 

one point in { a .  h. c i ) .  If S - F' = L. sincc .Y = 2. WP tim-e r 2 .Y (ot  hrrn-ise 

y. : . O  3 .Y. st> -Y ' {z. 6. F )  = C1 m d  -Y h i l ~  iit l e u t  rfirce points in cmrntnorl with 

Z. and 50 .Y = Z) .  If z f S. theri y 2 S. so S (.ontains oiic point in ( 7.  S. 9 ).  If 

: $ -Y. then ,Y contains one point in ( o .  4.5 .  i j )  - ( 1 , ) .  So in caither case -Y is rior C L  

tangent to -11. 

If u E (7. S. 9).  n-e can similarfy prove that cherc is only une tarigent on t l .  

Froni the structure of a Fano set ive can cvnclude that B is the  only hlock n-hich 

rfoes not meet J I .  m d  .\I contains no block. So FI'(.1I) = ( 1.10. 15.40.5.6. O) .  El 

Theorern 4.7. Let O he a semzovai of .size 10. If O f D.  then O = J I .  

Proof. Checliing the appendix B we can see that  there iç a block B such that 

OriB=cd. 
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Choose a point o f O and  let U be the unique tangent on  o. Then using a sirnilar 

argument =as in the third paragraph of the proof nf theorern 4.;). we c m  prove that 

U r l B  # O .  

ive daim tha t  there exists a block B' which contains three points in O anri is 

disjoint from B ci II. 

Let S - ( B 1; C; :J 0 )  = (d. e. f ). Consiticr ;Le tm-O externa1 blocks -Y. 1- o f  

B IJ U u { d ) .  By Iemmir 4-10 and Iemma 4.1 1. .Y J 1' cnntains eight points in O. 

iind (.Y Y-) n O # 0. If :(-Y 7 Y )  ' O! = 1. then suppose ~1 E iS - kvj - 0: 

then J lies on only one of ,Y and  Y. say S. In this c'ase. there exist t x o  points on 

Y' - .Y. the tangents of which would id1 contain {d. e .  f ). This ti impossible. So 

\(.Y n Y )  ri 01 = 2. The three points d. e and f must ail be contained in one of the 

other two external blocks of B ci C' (otherwise. the tangents on the two points in 

.Y r! Y would al1 contain d. e and f). Let this block be  BI. then Br " 0:  = 3 iind 

B t n ( B t i C )  = 0. 

Let B' Tt O = { a .  6 . c ) .  let V. 15' E R(B) n-ith I.' = B' = I L - .  Iw the  blocks on  

{a. 6 )  and {a. c )  respectively and let O' 5 ( Ce il-) - { a ) .  

Sow we prove O' = o. 

If O' f o. then n.e daim O' $ C-. Othernise. let L' = (1. y. o. of .  u. r ) .  n-here 

( 1 . r ~ )  = 17 n B. let b- = {a.b.o' .u. .  1.2). il- = {a.ç.o' . r* ,3.4).  Let Z f N B ) .  

Z # B'. be the  block on {b.  c ) .  Then  Z = {b.c. of.o. 5 .6 ) .  The tangent T on 5 

n-ould contain o'. u,  c. a contradiction. So O' 9 L' and therefore or E O. 

Using the construction method of a Fiino set to  o'. { a .  b.c)  and B (see sec- 

tion 3.4). we can partition B into two parts: Bi and &. Since O' + L-.  then r and 

y cannot be in the s ~ m e  part.  

Let X be a block on of ;  then IS n ({a. 6. c. a ' )  u Bi)! = 1 or 3. 
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If I d Y n ( { n . b . ~ . d } ~ B I ) I  = 1 .  then I.yn[B2i~(B'-{n.b.r))j[ = 2. So S contains 

a t  least one point in O - {a, b.c .or):  hrnce t,Y 01 2 2. 

If \.Y ( {a.  b. r .  0') u Bi ) l  = 3. then either 1.Y n { c l .  h. c)l 2 1 or .Y " Bi = 2 .  If 

!,YriBi j = 2 .  then ISrB'1 = O. so .Y contains rit k i ~ t  onc point in O -( B i  B f ' i { o ' } ) .  

So Ke have proveci O' = o. Therefore O = .II. El 

In the definition of -11. there are six choices for C'. so there ;ire s ~ u  s e m i o ~ d s  n-hich 

do  not contain B. 

4.4. Semiovals in S(4 .7 .23) .  By checking the frequency vectors in appendiv B 

we can see that  the onty set that  could be a sernioval is E l .  

Lemma 4.13. The set El  rs a senrzovul. 

Proof. By lemme 2.1 1 in [8 ]  we know tha t  on every point in B - B'. th r re  exists 

a t  l e s t  one tangent. 

Let a E Bi- {o. UT). Of the five blocks through (o. m. a ) .  onlj. three meet B - { O ) .  

so there is one which meets B c~ BI only a t  o. r c  and (1. This block is i i  tangent on 

the point a. 

Of the  fiw blocks through three k ~ e d  points in B' - {o. ut). four m w t  B - { O ) .  

so one meets B - { O )  at three points. This block is a 6-secant to  E l .  There are 

(3) = 10 of these kind of blocks. So there are a t  least eleven Gsecant blocks t o  E l .  

Let c = 11 and solve (Tl) in [8] to  get t i  = 22 - tri  SO t l  = t s  = 11 and  there are 

only elet-en tangents to E l .  Hence on eteery point of El  there is onIy one tangent 

t o  E l .  and therefore EL is a sernioval. O 

4.5. The non-existence of serniovals in S(5.8.24). In this section we use the 

same notations and terminology as in [9]. 
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By checking the  frequency vectors in appenciix C we can see that  the  only set in 

S(5.8.24)  that  could be a semioval is I .  

Lemrna 4.14. The set I Ls not a .sern~o7ral. 

Proof- Suppose I is a semioval: then since S - I is the same type of blocking set. as 

1. S - I is rtko a semiowl. Let I = ( B  - (cl)) - ( Bf  - ( r i )  1. where B anri Bf iire blocks 

witb iBri B" = 2. u E B - B'. c E B' - B and let CI be  the tangent. on  IL to S - I: 

then U is 7-secant t o  1. So iL''[B-(B", { i r ) ) j !  = 3 and -L-?,:B'-( B ,  { c ) ~ !  = 4. 

'iow jb-c BI = 4. so by lemrna 2. l (b l  in :3j. L-LB is a block. But ([-LE?' B" = 6. 

a contradiction. 3 

So we have 

Theorem 4.8. There e a s t s  no sem~ocal  ln S(5.3.74). 
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Appendix 

FVe use n to denote the size of a point su bset of S( t . k .  i p ) .  The niimber of vectors 

under each size n is the number of orbits tinder t he  action of the I>Iiithieii r o u p  

;-E] - 

.APPENDIX -4. THE FREQIrENCY VECTORS OF THE PO[?I'T SI'BSETS IN S ' ( : j . G . ' I i ) )  

n = O  

(7i .O.o.o.o.o.o) .  

n = 1 

~56.21.0.0.0.0.0) .  

n = z  

(40.32.5.0.0.0.0). 

n = 3 

(28.36. 13.1,O.O.O). 

n = 4  

(20.32.24.0.  1.0.Ui. ~1!3.36.LS.4+0.0.0~. 

- n = 3  

('16.'20.40.0.0.1.01. (1'~.3.5.20.10.0.0.0). (1'~.3.5.20. 10.0.0.01. (13.31.76.ti. 1 . 0 . 0 ~  

n = 6  

(16.0.60.0.0.0. 1).  (6.36. L5.20.Cl.O.O). (6.36. 1~5.2O.O.O.O). (LO.2L.S. 10.0. 1.01. 

(9.24.33-3.3.0.0). (S.28.27.12.2.0.0). 

- n = r  

(0.12.0.35.0.0.0). (0.12.0.35.0.0.0). (lO.tj.45.15.0.0.I). (7.  L4.42.7.7.0.0). 

(4.26.24.19.4.0.0). (4.36.24.19.4. O. O).  (6.19.31.17.2.1. O). (;5.22.30.L5.5. o. O ) .  

n = S  
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(7.0..56.0.14.0.0). (0.~8.1-1.2s.7.0.0). (0.2S.1~.78.1.O.r)).(tj.s.:~5.11.;~.0.1~. 

(4,  13.34. 1s.:. 1.0). (2.20.26.20.9.0.0) .  ( 3 .  17.28.22.6- 1.0). (3. 1'7.28.22.6. 1-01. 

(4.14.30.24.3.7. O).  ( 3 .  16.32. 16. 10. O. 0). 

n = g  

l4.3.10.16.12.2.0!.i0.1d.'l0.26.12.1.0).iO.1~,'i0.26.12.1.0~.(4.6.29.~O.li.1.1~. 

(3.9.27.23.9.O.i). ~2.1i.2S.24.10.2.~).~l.L4.26.22.13.1.0). (2.l2.24.;3Q.G.3.0).  

(2.12.24.30.6.3.0). (2.9.36.12, lS.O.0). 

n = 10 

l4.0.27.32. 12.0.2). (0. 12. 1S.B.  18.0.1). (2.4.29.24. 1-4.4.01. (0.11.21.26. 16.3-0). 

(0.11.21.2Ci.Iti.3.0). ( 3 . c i . 2 2 . 3 2 . 1 3 . 2 . 1 ~ . ( 1 . ~ . 2 4 . 7 4 . 1 9 . 0 . 1 ~ . I 1 . ~ . 1 3 . 2 8 .  13-4-01. 

(O. lO.25.20.20.2.O), (1,:. 27.22.17.3.0). (1, 10.15.40. .5. ( j .0).  ( 1. lu. 15.40. . 5 . 6 , 0 ) .  

(3.0.45.0.30.0.0). 

n = 11 

[0.6.20.25.2O.ti.O). (O.ci.70.25.20.ti.O). (3.1.1S.33. 124.2.2). (0.7. 17.2;-.22.;2.li. 

(1.3.22.27. 17.7.0) .  (O.tj.20.25.20.ti.U). (0.7.  16-31. lti.7.0). 10.6.20.2.5.2O.ti.O). 

(1.4.1~.29.1~.4.1~~(1.~.15.35.15..~.1j.~~.7.1~.~~1.~~.7.0).(1.~.15.35.15.5.1~. 

!0..5.25.15.30. 1. 1). (1.1.30. 15.25.5.0). i0.11.0.55.0. 11.0~.(0. 11.0.55.0.1I.U). 



n = 3  

(s0.120.4s.5.0.0.0.0). 

n = 4  

(52.112.72.16.1.0.0.0). 

n = 5 

(32. 100. SO. 40. O. 1.0. O). (33.95. '30.30. S. O. O. O}. 

n = 6  

( 16. cjo.60.SO.O.O. 1. O ) .  (31.73.105.40. 15.0.0.0). (20,77.3.5..50. 10, 1.0. O ) .  

n = Ï  

(0.112.0.1-10.0.0.0.1). (1.5.42.126.35.35.0.0.0). (10.66.Sl.75.20.0.I.O). 

(12.57.96.65.20.3.0.0). 

n = S  

~15.0.168.0.70.0.0.0). (0.10.42.105.35.0.0.1). (i3.35.38.ÏO.35.Ï.0.0). 

(6.-14.d3.S0.35.4.1.0). (7.40.88.80.30.8.0.0). 

n = 9  

(S.Ï.112.56.56. 14.0.0). (0.42..56,91..56.f.O. 1). (4.2ti.iÏ.S6.46. 13. 1.0). 

(3.30.72.86..51.9.2.0). (4.27.73.96.36.1S.O.O). 

n = 10 

(4.S.75.80.60.24.2.0). (0.24.54.85.70.1r3.1.1). (2.17.60.90.60.21.3.0). 

(1.20.60.SO.15.12.5.0). (2.20.45.120.30.36.0.0). 

n = 11 

(O. 12.48.'75.80.36.0.2). (2.6.50.85.70.34.6.0). (0.13.44.SO.80.31.4.1). 

(i.10.45.85.75.30.7.0). (1.11.40.95.65.35.6.0). (0.11.55.55.1ZO. 11.11.0). 

(0.22.0.165.0.66.0.0). 



n = O  

~~59.0.0.0.0.0.0.0.0). 

n = L  

(506.253. O. O .  O. O. 0. O. O. 

n=:!  

(330.352.77. O. O. O. U. O. O). 

n = 3 

(210.360.168.21.0.0.0.0.0). 

n = 4  

( 130.X?0.240,64. S. O. O. O) .  

n = .j 

(ÏS.360.3SO. L30.20. l.OOO.O)- 

n = 6  

(46.193.300.160.60.0.1.0.0). (45.198.385.180.45. Ci. O. 0.0). 

- n = i  

(30.112.336.140.140.0.0.1.0). (25,141.267.2X.55.1.5.1.0.0) 

n = 8  

(30.0.4-18.0.280.0.0.0.1). (15.85.252.231.140.35.0. 1.0). 

(13.96.228.256.130.32.4.0.0). 

n = 9  

(15.15.280.168.210.70.0. O. 1). (7.58.189.259.175.63.7.1.0). 

(6.63.180.264.180.54.12.0. O). 

n = 10 



(7.16.11S.224.'110.112.14.0.1}. (3.36. 138.250.215.96.11).2.0). 

( 2.40.135.240.240.73.30. O .  O) .  

n = 1 1  

(3. 12. 108.219.230. 14S.36.2. 1 ) .  i l .21.95.220.245.  135.37.5.0). 

(0.22.110.  165.330.66.66.0.0). 

n = 12 

(3.0.72.192. '2%. 192.73.0.3). ( 1.3.64. i3-I. 243. 134.64.3.1 j .  

i0. 13.60. 130.255. 180.60. 12.0) .  i0. LI. 66. 16.5.215. 165.66. 1l.Oi 

10.0. 132.0.49.5.0. 1:32.0.0). 
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