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Abstract

Simple random sampling (SRS) is the most commonly used sampling design
in data collection. In many applications (e.g., in fisheries and medical research)
quantification of the variable of interest is either time-consuming or expensive but
ranking a number of sampling units, without actual measurement on them, can be
done relatively easily and at low cost. In these situations, one may use rank-based
sampling (RBS) designs to obtain more representative samples from the underlying
population and improve the efficiency of the statistical inference. In this thesis,
we study the theory and application of the finite mixture models (FMMs) under
RBS designs. In Chapter 2, we study the problems of maximum likelihood (ML)
estimation and classification in a general class of FMMs under different ranked set
sampling (RSS) designs. In Chapter 3, deriving Fisher information (FI) content
of different RSS data structures including complete and incomplete RSS data, we

show that the FI contained in each variation of the RSS data about different fea-

tures of FMMs is larger than the FI contained in their SRS counterparts. There
are situations where it is difficult to rank all the sampling units in a set with high
confidence. Forcing rankers to assign unique ranks to the units (as RSS) can lead to
substantial ranking error and consequently to poor statistical inference. We hence
focus on the partially rank-ordered set (PROS) sampling design, which is aimed at
reducing the ranking error and the burden on rankers by allowing them to declare
ties (partially ordered subsets) among the sampled units. Studying the information

and uncertainty structures of the PROS data in a general class of distributions,



in Chapter 4, we show the superiority of the PROS design in data analysis over
RSS and SRS schemes. In Chapter 5, we also investigate the ML estimation and
classification problems of FMMs under the PROS design. Finally, we apply our
results to estimate the age structure of a short-lived fish species based on the length

frequency data, using SRS, RSS and PROS designs.

Keywords: Finite mixture models; Ranked set sampling; Partial ranking; Latent
variables; Expectation-Maximization algorithm; Classification; Fisher information;

Entropy; Age structures of Spot fish.
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Chapter 1

Introduction

Rank-based sampling designs and finite mixture models are two important statistical
tools in data analysis. Rank-based sampling designs, such as ranked set sampling,
partially rank-ordered sampling and some of their variations, have attracted the at-
tention of many statisticians and practitioners in the past few years. Finite mixture
models as convenient and flexible statistical tools, have been extensively employed
in not only mainstream statistical literature but also in various scientific disciplines.
Considering these two statistical tools, this thesis studies the problem of finite mix-
ture modelling under rank-based sampling designs. In this chapter, we provide an
overview of rank-based sampling designs as well as finite mixture models. To this
end, we briefly describe the ranked set sampling design and some of its variations.
The partially rank-ordered set sampling design is introduced as a generalization of
the ranked set sampling technique. Then, we present finite mixture modelling as a

flexible tool in statistical analysis. Finally we give an overview of the thesis.



1.1 Ranked set sampling

Simple random sampling (SRS) is the most commonly-used probability sampling
design in data analysis; in many applications, however, the actual measurement
of sampling (experimental) units is very difficult to obtain, in the sense that mea-
surements are costly, time-consuming, invasive or even destructive. Despite this
difficulty in data collection, a small number of sampling units may be easily ranked
through visual inspection, judgment ranking or available auxiliary variables without

actual measurements of the variable of interest and this can be done at low cost.

Ranked set sampling (RSS), as a powerful and cost-effective sampling design, can
be employed as an alternate to SRS in these sampling situations. The RSS design
was introduced by Mclntyre (1952) to estimate mean pasture yields. He argued
that quantification of pasture yield plots is a costly and time-consuming process
(e.g., requiring mowing and weighing the hay); however, an experienced person can

fairly accurately rank a small number of plots without actual measurement.

To construct a ranked set sample of size nN with replacement, we proceed as
follows. First, we take a simple random sample of size n, say Xi11, ..., Xi1, (called
hereafter a set of size n), from the population of interest. Using a ranking operator,
say O,(-), we rank the sample as O,(Xi11,...,X11,) = (Xp,..., X}p)) from the
smallest to the largest. Note that this ranking may be done using any means other

than the actual measurement of the variable of interest. RSS selects the item with

the smallest rank, denoted Xy, from this set for full measurement. We then take
another independent random sample of size n from the population; perform ranking

and choose the unit with the second smallest rank, denoted X[oj;, for measurement.



Table 1.1: An example of RSS sample

cycle set ranking the units within the sets Observation
1 { X1, Xu12, X1} = { Xy, X2, X3}

1 X[l]l
2 {Xia1, X2, Xuo3} — {Xpp, Xp25, X1} X
3 {Xis1, Xise, Xuss} — {Xpp, X1, X} X3t
2 I {Xou, Xowg, Xows} — { Xy, Xpop, X3} Xj2
2 {Xogr, Xoog, Xoos} — { X7y, X2, Xig} X2
3 {Xosi, Xosa, Xogs} — {Xpp, X1, X} X[3)2

Finally, for the n-th independent SRS sample of size n, the item with the largest
rank is measured and it is denoted by Xp,;. This whole process is referred to
as a cycle. We repeat this process for N cycles deriving the total number of n/N
observations from the population. This is called a balanced RSS of size nN. In this
setting X,); denote the measured value of the r-th ordered unit in the i-th cycle.
We call X}); the r-th judgment order statistic in the i-th cycle. Our measured
balanced RSS is then given by {Xyy, 7 =1,...,n;7i =1,..., N}, based on the set
size n and N cycles. The construction of a balanced RSS design is shown in Table
1.1 with set size n = 3 and N = 2 cycles. Once the items are judgement ranked
from the smallest to the largest within each set, the boldfaced items are selected
for full measurement. The measured balanced RSS, in the example, are denoted
by Xpi, 7 = 1,2,3 and ¢+ = 1,2. One can similarly construct an unbalanced RSS
sample of size > | N, say { Xy, 7 = 1,...,m4 = 1,..., N, }, where N, stands
for the number of times the r-th judgment order statistic, namely X, has been

selected for full measurement from the sets.

The essence of RSS is conceptually similar to the stratified sampling technique.

The RSS technique uses inherent heterogeneity among the sampling units through a



ranking process to create artificial strata. One can consider RSS as a stratification of
the units during the sampling process based on their ranks in the sample, although
balanced RSS requires identification of Nn? units from the population but only n.N
of them are actually measured. Note also that in SRS, observations are independent
and identically distributed (7.7.d) and each of them represents a typical value from
the population and there is no additional structure imposed on their relationship
to one another. In RSS, however, additional information and structure has been
provided through the ranking process. Since all the units selected for the final
measurement in our sample are obtained from independent sets, the order statistics
are mutually independent, however, they are not identically distributed. On the
other hand, samples with judgment ranks have the same distribution, provided
that the ranking procedure is consistent within the sets. If the ranking process is
perfect (i.e. no ranking error), then the distributions of the measured judgment order
statistics agree with those of the usual order statistics. Therefore, Xp1,..., Xpn
are independent judgment order statistics and each of them provides information
about different aspects of the population. Indeed, it is this extra structure that
allows RSS data to provide more representative samples from the population than

SRS data with the same number of measurements.

RSS has many applications in industrial statistics, environmental and ecological
studies as well as medical research. For example, in analysis of environmental risks of
hazardous waste sites, measuring toxic chemicals and assessing their environmental
impact requires substantial scientific processing of materials and, consequently, high
cost. However, Barabesi and El-Sharaawi (2001) show that the hazardous waste

sites can be easily ranked according to their contamination levels by utilizing a



visual inspection of defoliation or soil discolouration.

Another setting where RSS is found to be useful is medical studies. Biomark-
ers such as polyphenol DNA adducts, micronuclei and sister chromatid exchanges
play important roles in the assessment of lung cancer status. Measurement of these
biomarkers involves expensive and time-consuming laboratory investigation; how-
ever, ranking the sampling units according to their smoking exposure levels can be
easily done, for example, using the records of smoking exposure in pack-years. Using
the association between smoking exposure and three carcinogenic biomarkers, Chen
and Wang (2004) explored the properties of RSS protocols in the analysis of lung
cancer. Some other examples of applications of RSS include estimating phytomass
(Muttlak and McDonald, 1992), stream habitat area (Mode et al., 1999), mean and
variance in flock management (Ozturk et al., 2005) and the mean stock abundance
of fish species using the catch-rate data available from previous years as a concomi-
tant variable (Wang et al., 2009). Moreover, there are many applications of RSS in
agriculture (e.g., Halls and Dell, 1966 and Cobby et al., 1985) and in environmental

studies (e.g., Johnson et al., 1993 and Patil et al., 1994).

Estimation problem of population mean p can be considered as an example of
statistical inference using RSS data. An intuitive estimator for y under balanced

RSS is the average of the RSS observations given by

1 N n
firss = S X

=1 r=1

which is an unbiased estimator of x and is always at least as precise as the SRS

estimator based on the same number of measured observations. For more details, see



Chen et al. (2004) and Patil (2006). There are a number of factors influencing the
superiority of RSS over SRS in different inferential problems (e.g., estimation of the
population mean). A key factor here lies in the ranking step of the sampling process.
If there is no error in ranking of the sampling units within each set, which results in a
perfect RSS, the efficiency (e.g., precision in the estimation of the population mean)
of statistical inference gained in RSS is very high. In many practical applications,
however, ranking error is inevitable which results in an imperfect RSS. Minimal
ranking error may not cause an excessive decrease in the superiority of RSS over
SRS, but an increase in the ranking error reduces the efficiency of the RSS technique.
In the worst scenario, where ranking is done by chance, RSS and SRS techniques lead
to the same statistical inference about the population. Hence the more accuracy in
the ranking within each set, the more efficiency is gained (e.g., Barnett and Moore,
1997; Chen, 2000 and Barabesi and El-Sharaawi, 2001). Throughout the thesis, the
square brackets are used to show the possibility of ranking errors; hence imperfect
RSS data is denoted by {Xpj;,,r = 1,...,n;¢ = 1,..., N}. If there is no ranking
error, square brackets are replaced with round ones so that the perfect RSS data

are represented by { Xy, r=1,...,mi=1,...,N}.

As noted earlier, for balanced RSS we measure the same number of observations
N (i.e., cycle size) from each judgment ordered statistic; however, if we measure
a different number of observations from each rank, the resulting sample is called
an unbalanced RSS. In unbalanced RSS, the units are allocated unequally to the
ranks. We still sample n independent sets of size n units each from the population
and perform the ranking of the sampling units within each set as before; however,

we measure [NV, units with the r-th judgment rank so that the total number of



measured units is then » ", N,. There are many variations of RSS. For more details
on them, readers are referred to Takahasi and Wakimoto (1968), Dell and Clutter
(1972), Muttlak and Mc Donald (1990), Ozturk and Wolfe (2000), Jafari Jozani and

Johnson (2011) as well as Jafari Jozani and Perron (2011).

RSS was initially introduced and explored in various aspects of nonparametric
inference. For example, see Bohn (1996), Presnell and Bohn (1999), Ozturk (1999),
Barabesi (2001) and references therein. On the other hand, parametric inference
based on RSS has attracted a lot of attention, for example, Sinha et al. (1996), Tarn
et al. (1998) and Barnett (1999). The focus of research on parametric problems is
mainly placed on different aspects of the best linear unbiased estimator (BLUE)
(e.g., Kim and Arnold, 1999 and Lavin, 1999) and theoretical analysis of the effi-
ciency of RSS with respect to SRS (e.g., Stokes, 1995; Chen, 2000; Barabesi and
El-Sharaawi, 2001 and Chen et al., 2004). For an overview of the theory and appli-
cations of RSS and its variations, readers are referred to the monographs of Chen

et al. (2004) and Wolfe (2012).

1.2 Partially rank ordered set sampling

In RSS, if the within-set ranking process is accurate, there will be a big separation
among strata (judgment classes) and the inference based on RSS could be highly
efficient. On the other hand, error in ranking reduces the efficiency, and may also
produce invalid inference. In RSS, rankers have to declare unique ranks for each
unit inside the sets. There are many situations where it is difficult to rank all

of the sampling units in a set with high confidence, particularly when subjective



information is utilized in the ranking process. Forcing rankers to declare unique
ranks can lead to inflated within-set judgment ranking error and consequently to
invalid statistical inference including tests with inflated type-I error rates, confidence
intervals with incorrect coverage probabilities and biased estimates. For this reason,
it is desirable to have a sampling design that is less sensitive to within-set ranking
error. The partially rank-ordered set (PROS) sampling design is a generalization
of RSS, due to Ozturk (2011), which is aimed at reducing the impact of ranking
error and the burden on rankers by not requiring them to provide a full ranking of
all the units in each set. Under the PROS sampling technique, rankers have more
flexibility by being able to divide the sampling units into subsets. These subsets
are partially rank-ordered so that each unit in subset h has a rank smaller than the
rank of the units in subset A’ for all A* > h. An observation is then collected from

one of these subsets in each set.

Let D = {dy,...,d,} denote a partition of the integers {1,...,S} into n mu-
tually exclusive subsets d,., each of size m, where d, = {(r — I)m + 1,...,rm},
r=1,...,n, and m = S/n. To construct a PROS sample from the population of
interest, we first select a set of S units. Then, a ranker is asked to assign these
units to subsets d,.,r = 1,...,n. This assignment can be made based on the visual
inspection, concomitant variables or any other means that does not require a full
measurement of the variable of interest. We note that the subsetting process does
not require a full ranking of all units, since there is no need to know the ranks of the
units in the subset d,. From the subset d;, we select a unit at random for full mea-
surement. The measurement from this unit is denoted by Xj4,;. We select another

set of size S and again assign the units into the subsets d,.,» = 1,...,n. This time



we select a unit at random from the subset dy for a full measurement and denote it
by X{4,;1. We continue this process until we obtain X[, ); as the final measurement
from the subset d,,. These fully measured observations, Xg,j1, ..., X4,)1, constitute
the PROS sample obtained from the first cycle of the sampling. In order to increase
the sample size, this process can be repeated N times to generate a PROS sample of
size nN denoted by {X4 ;7 =1,...,n;4=1,..., N}. Throughout this thesis, we
only focus on balanced PROS sampling design in which the number of observations
in each judgment class is the same; however, with slight modifications the results
can be obtained for an unbalanced PROS data. Note that, for the special case with
m = 1, this design reduces to a balanced RSS design with the set size n = S, and
when S = 1 it results in the usual SRS design. On the other hand, it should be
noted that there are different variations of PROS sampling design in which the sub-
set sizes and even the number of subsets involved in each set may not be necessarily
the same from set to set and cycle to cycle. For more information about the other

variations of the PROS sampling design, readers are referred to Ozturk (2011).

The construction of a PROS design is illustrated in Table 1.2 when S = 9,
n = 3 and the cycle size is N = 2. In this example, the design D = {d,ds,ds} =
{{1,2,3},{4,5,6},{7,8,9}} is used to generate the data. Each set contains nine
units, which are placed into three subsets with partial ranking information. The
partial ranking information indicates that the units in d; have the smallest three
judgment ranks among the nine units, units in subset ds have judgment ranks greater
than the judgment ranks of units in d; and less than the judgment ranks of units in
ds. The partial ranking process dose not assign any ranks to units within subsets.

These units are equally likely to take any rank in that subset. One of the units in



Table 1.2: An example of PROS sample
cycle set Subsets Observation

1 Sl D1 - {dl,dg,d:;} — {{1, 2, 3},{4,5,6},{7,8,9}} X[dl]l
SQ DQ - {dl, d27d3} - {{1,2,3}, {4, 5, 6}, {7,8,9}} X[d2]1
Sy D3 ={dy,dy,ds} = {{1,2,3},{4,5,6},{7,8,9}} Xiaan
2 Sl D1 = {dl,d27d3} == {{1, 2, 3},{475,6},{7,8,9}} X[dl]g
Sy Dy ={dy,ds,d3} = {{1,2,3},{4,5,6},{7,8,9}} Xida)2
Sy Dy ={dy,ds,ds} = {{1,2,3},{4,5,6},{7,8,9}} Xdy)2

each set is selected at random for full measurement, from the bold faced subsets in

Table 1.2. The fully measured units are denoted by X4}, r =1,2,3 and i = 1, 2.

The PROS design has been used successfully in a wide range of problems. Gao
and Ozturk (2012) developed a two-sample distribution-free rank-sum test based
on PROS data. Ozturk (2012) used a PROS sampling design to draw inference for
population quantiles. Frey (2012) studied nonparametric estimation of the popula-
tion mean with PROS data while Arslan and Ozturk (2013) developed parametric
inference for the location and scale parameters of a location-scale family of distribu-
tions based on this design. Ozturk and Jafari Jozani (2014) used the properties of
PROS sampling for estimation in the finite population settings. Nazari et al. (2014)
developed nonparametric kernel density estimators with PROS data and compared

them with their SRS and RSS data counterparts.

1.3 Finite mixture models

Due to the recent advances in simulation and computational techniques, finite mix-

ture models (FMMs) have been extensively employed as flexible and convenient

10



statistical tools in data analysis. They are used not only in mainstream statisti-
cal analysis such as modelling unknown distributional shapes, analyzing data with
group-structures, model-based classification and clustering analysis, but also in a
wide range of applications. For example, Sodium and Lithium Counter-transport
(SLC) activity in red blood cell is an important trait in quantitive genetics, since
it relates to blood pressure and the prevalence of hypertension. Moreover, SLC
activity is easier to study than blood pressure. Suppose SLC trait is determined
by the action of a single gene with alleles A and a. Using FMMs for modelling the
SLC population, Chen et al. (2012) explored the existence of a major gene and if
it exists, whether or not it is dominant. FMMs have a wide range of applications
in scientific disciplines including quantitative genetics (e.g., Roeder, 1994, Schork
et al., 1996 and Chen and Chen, 2003), medical studies (e.g., Schlattmann, 2009)
and different engineering fields, such as speech recognition, medical imaging and
pattern recognition (e.g., El Zaart et al., 2002). More applications can be found
in McLachlan and Peel (2004), McLachlan et al. (2005), McLachlan and Krishnan

(2007) as well as Mengersen et al. (2011).

Suppose X is a random variable associated with the random phenomenon of

interest and the distribution of X is a mixture of M component densities in some
unknown proportions 7 = (71, ..., my) with 7; > 0 and Z;‘il 7; = 1. Equivalently,
each observed data point X = x is taken to be a realization of a FMM with the

following probability density function (pdf)
[ W) = m fi(2s;01) + -+ -+ marfur (25 00r), (1.1)

where f;(;6;), j =1,..., M, refers to the pdf of the j-th component of the model

11



which is specified up to a vector 6; of unknown parameters, known a priori to be dis-
tinct. In this context, it is assumed that the data have come from M different classes

Ch,...,Cyn where fj(-;0;) represents the pdf of the variable of interest in the j-th
class. The vector of all unknown parameters is denoted by ¥ = (my,...,m_1,€) ",

where € = (0],...,0),)" and the superscript T refers to vector transposition.

Throughout the thesis, we assume that the number of components of the underlying

FMM, M, is known and given.

Among the various statistical inference procedures considered in the literature
for FMMs, the maximum likelihood (ML) estimation of parameters of FMM via
the EM algorithm (Dempster et al., 1977 and McLachlan and Krishnan, 2007) has
dominated the field mainly, because of its simplicity relative to other methods and
its monotonic convergence. For a review of the theory and applications of FMMs,
readers are referred to McLachlan and Peel (2004), Mengersen et al. (2011) and

Titterington et al. (1985).

1.4 An overview of the thesis

In the standard methods of inference for FMM, samples are typically drawn from
the population using SRS. There are many problems in finite mixture modelling in
which the measurement is costly, destructive or invasive; but ranking a small number
of sampling units can be done easily and at little cost; therefore rank-based sampling
designs can be used efficiently to tackle the existing problems and also to obtain
better inference about the population parameters. Throughout the thesis, we study

FMMs based on rank-based samples. Since our approach is model based, whenever
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we are sampling from a finite population, we assume that sampling schemes includ-
ing SRS as well as different rank-based samples are performed with replacement.
The study of statistical inference for FMMs under rank-based sampling schemes is
motivated by various applications ranging from fishery studies to medical research.
For example, estimation of the population age structure or describing the length (or
weight) distribution of an age class of fish are of high importance in stock assess-
ment and fishery management for monitoring fish populations, especially in the case
of short-lived species. The age of the fish is usually determined by examining an
individual’s growth structures in either the otoliths (ear bones), scales or other bony
parts, as there are annular rings (much like a tree) laid down in these structures
over successive years as fish grow. Age structure provides information on age at
first maturity, age of recruitment, life span, mortality, reproduction and growth in
stock composition (e.g., Summerfelt and Hall, 1987; Beamish, 1987). These kinds
of studies are not only time-consuming and costly (e.g., hiring expensive experts
and requiring substantial scientific and laboratory investigations) but also destruc-
tive (e.g., requiring dissection of fish for age determination). For more details, see
Kumar and Adams (1977); MacDonald and Pitcher (1979) and Wang et al. (2009).
The age group of fish can be estimated (predicted) indirectly by the use of the
less expensive and easily obtained length-frequency data which is often modelled
by a FMM. In these settings, rank-based sampling designs are more suitable and
efficient in reducing the cost and in providing more representative samples from the

population.

In this thesis, we study the problem of finite mixture modelling under rank-

based sampling designs including RSS, PROS and some of their variations. The
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work is aimed at getting more insight into finite mixture modelling based on rank-
based sampling techniques by developing new, more suitable and efficient statistical
methods. In Chapter 2, we study the problem of maximum likelihood (ML) estima-
tion of FMMs under different variations of RSS design. We propose two variations
of perfect RSS from a FMM, called M1-RSS as a prospective sampling scheme and
M2-RSS as a separate sampling technique. We also develop a new classification cri-

teria to demonstrate the effect of the extra information associated with RSS data.

Chapter 3 is devoted to the calculation of the Fisher information (FI) content of
RSS data about the FMM parameters. Deriving FI matrices under different RSS
approaches (perfect or imperfect), we show the superiority of RSS estimation of
parameters of FMM over their SRS counterparts. In Chapter 4, we explore the
concept of information and uncertainty structures of the PROS data as a gener-
alization of RSS data in a general class of distributions. The ML estimation in
FMM under PROS sampling design is investigated in Chapter 5. We also explore
the model-based classification method under PROS sampling. We show that the
proposed criterion results in more precise classification of the observed PROS data
than the commonly used classification criteria based on SRS data. Our results are
finally applied to a fishery study where we estimate the age structure of a short-lived
fish species based on the length frequency data. Lastly, the summary of this thesis

and future directions for research in this area are presented in Chapter 6.
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Chapter 2

Estimation and Classification for
FMM under RSS

In this chapter, we study the problem of ML estimation of unknown parameters of
FMMs based on two variations of RSS under the assumption of perfect ranking and
compare the obtained results with the corresponding ones with SRS data. We show
that, using RSS leads to better inference about unknown features of the underlying
model such as the estimation of unknown parameters and identification of unob-
served classes and their weights. Also, we explore both theoretically and numerically
the problem of classification of RSS data and show how the extra information via

the rank of each observation will lead to a more efficient classification of the data

compared to the usual one with SRS data. Due to the nature of FMM, RSS from
the FMM (1.1) can be carried out using two different approaches to be denoted
M1-RSS and M2-RSS. In M1-RSS design, the ranked set samples are obtained from
the whole mixture model (1.1) so that, within each set, individuals from different
components can possibly be involved in the ranking process. This design, which
is more practical, can be considered as a kind of prospective RSS and enables us

to make better inference on classification of the observations and estimation of the
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mixing proportions. The M1-RSS design can be used in a wide range of applied
fields such as fisheries research, health related studies, economics and environmental
and ecological studies. For example, in the fishery example, to model the age class
of a specific type of fish (e.g., Spot) by a mixture of two normal densities, we first
note that there are two subpopulations consisting of immature (0 or 1 year-old) and
mature (2 year-old or older) Spot. One can easily execute an M1-RSS design to
obtain an RSS from this population. To this end, subsamples of Spot are obtained
and the r-th shortest Spot (r = 1,...,n) is retained and then the mature status of
the selected Spot is determined (using some time-consuming methods) in the lab.

Here the subsamples consist of fish from both components.

In M2-RSS design, it is assumed that RSS is performed within each component
of the FMM separately and individuals in each set are obtained from one and only
one component of the model. In addition, we assume that the component to which
each measurement belongs is unknown (not be confused with labeled data). One
advantage associated with this kind of separate sampling is that it proposes an ap-
propriate method for retrospective studies which are often faced in epidemiological
investigations. This in turn enables us to make better inference about all com-
ponents of the underlying population, even components which are rarely observed
(McLachlan and Peel, 2004). The M2-RSS design can also be used in a variety of
situations where the RSS is performed within each subpopulation separately, how-
ever, the component membership of each data point is missing due to some reason,
such as confidentiality or simply because it is not recorded. This could be the case
for many research studies involving human subjects as participants. For example,

statistical agencies could perform RSS separately within different subpopulations,
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such as males and females, or different minority groups, but in the end, the mem-
bership is unknown (perhaps due to confidentiality or sensitivity of the questions).

In other words, the observation X(,); is known to be obtained from a set consisting

of units (subjects) from one of the M subpopulations (e.g., all males or all females),

but it is not known which subpopulation.

The outline of this chapter is as follows. Section 2.1 deals with the problem of
ML estimation of unknown parameters of the FMM using perfect RSS techniques.
We also point out the link between inference based on RSS and SRS techniques.
Suitable EM algorithms are developed in Section 2.2. We show that the underlying
theory behind the EM algorithm for RSS data is different from its counterpart under
the standard situation with SRS data. In Section 2.3, we consider the classification
problem for an RSS sample of size n and compare it with the classification of SRS
samples. Section 2.4 is devoted to the study of the performance of ML estimators
of parameters of finite mixtures of normal distributions via an extensive simulation

study.

2.1 Likelihood functions

In this section, we study the problem of ML estimation of the unknown parameters

W of the FMM based on RSS data. Let f(z; ¥) be defined as in (1.1) and suppose
F(z; @) = Zj\il 7;jFj(x;0;) is its corresponding cumulative distribution function
(cdf), where Fj(x;0;), j =1,..., M, refers to the cdf of the j-th component of the

model. The pdf of X(,), the r-th order statistic of a sample of size n from (1.1), is
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given by
SO (@ ®) =n <:,L B D S @) F (a; @)} F (2, )}, (2.1)

where F(z; ¥) = 1 — F(x; ¥), and we have
o) =13 e ), 22
Similarly, for each component of the FMM (1.1), we have
sty = 3 YA, 5= 23

and so (1.1) can be written in terms of the pdf of the order statistics of each

component, fm -1 05), as follows
J J

n M

P ®) = =SS i), (2.4

r=1 j=1

2.1.1 Likelihood function for M1-RSS data

Suppose Xy1,rss = { Xy, =1,...,n5i=1,..., N} is an M1-RSS sample of size
nN from (1.1) where n is the set size and N is the cycle size. Since for each i, X,y

corresponds to the r-th order statistic of a sample of size n from (1.1), using (2.1),

the likelihood function of ¥ for M1-RSS sample is

N n

Lyn,rss(¥) = H H f(m)(x(r)z’; ), (2.5)

i=1r=1
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where ("™ (.; W) is defined in (2.1). Let I rss(¥) = log Ly rss(¥). Now, the
ML estimate of ¥, denoted by \iIMLRss, is given as an appropriate root of the
likelihood equation,

Ol rss (W)

5T = 0. (2.6)

Remark 2.1. Suppose Xsrs = { X1, ..., Xun} is an SRS sample of size nN from
(1.1). One can represent Xggrg in the form of a matriz D = [X (] of size n x N,

where n and N refer to the number of columns and rows of D, respectively. Here
Xy simply denotes the (r,1)-th element of D and the likelihood function of the SRS

data can be written as

Lsrs(®) = [ ][ fzmis ®) = H 11 {Z 75 fi (s 9;‘)} - (2.7)

i=1r=1 i=1r=1 \ j=1
Using (2.5) we have

n

N
Ly,rss(¥) = Lsrs(®) x {H H ”<n B 1) [F (25 9)] " EF (23 ‘I’)]n_r} - (2.8)

r—1
i=1r=1

Note that the extra term in Ly rss(¥) compared with Lsrs(¥) can be interpreted
as the effect of the rank information provided to us using RSS as a more complex

sampling design.

2.1.2 Likelihood function for M2-RSS data

Suppose X2 rss = {X(T)i,r =1,...,n;i=1,..., N} is a sample of size nN from

(1.1) obtained through M2-RSS design where n and N are defined as before. For
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the M2-RSS design, X(,; corresponds to the r-th order statistic of a sample of size

n from one of the components of the FMM (1.1); therefore the likelihood function

of ¥ based on M2-RSS data is

Larss(®) = [ ]] {Z T (@ i 9j>} ; (2.9)

i=1r=1 \ j=1

where f;m)(-; W) corresponds to the pdf of r-th order statistic of component j. Let

Inr2.rss(¥) = log Lase rss(¥). Now the ML estimate of ¥, denoted by @MQ,RSS, is
given as an appropriate root of the likelihood equation

Olyo,rss(P)

S =0 (2.10)

In Section 2.2, we develop new EM algorithms to obtain the solutions of (2.6)
and (2.10) corresponding to local maximizers of the likelihood functions (2.5) and

(2.9), respectively.

2.2 EM algorithms for RSS techniques

The EM algorithm is a general approach that can be used for ML estimation of the
parameters of the FMM (1.1). The EM algorithm alternates between two steps,
an E-step in which the conditional expectation of the complete data log-likelihood
is computed, and an M-step in which parameters that maximize the expected log-
likelihood from the E-step are determined. For more details see Dempster et al.

(1977). RSS data has a unique data structure different from the usual SRS data
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and as a result, the standard EM algorithm developed for FMM is not applicable
for RSS data. In this section, we develop new EM-algorithms for data obtained

through different variations of RSS.

2.2.1 EM algorithm for M1-RSS data

To use the EM algorithm for estimating the parameters of the FMM (1.1) based
on an M1-RSS data, the problem is viewed as being incomplete since the label-
component vectors associated with feature variables x(.); are missing. However,
what makes this problem different from the standard EM algorithm is the presence
of the terms [F(-; ®)]""! and [F(-; ¥)]*" in (2.1). To overcome this problem, we
propose a different missing data mechanism by introducing three different latent
vectors for each x(,);. Let Z] denote the usual component membership of the obser-

vation z(y;, Wi denote the component memberships of the observations less than

7 and Vi denote the component memberships of the observations larger than

x(r)i- More specifically, suppose ZET) = (Zz(f ), ey Zz(]@) is an M-dimensional vector,
where Zz(; ) is one or zero, according to whether or not z(); belongs to the j-th

component of the mixture model (j = 1,..., M). That is

7 _ 1 if z(,); belongs to component j;
J 71 0 otherwise,

with ij\il Zi(; ) = 1. Indicator vectors Zgl), s Z%) follow a multinomial distri-

bution consisting of one draw on M classes (Cy,...,Cy) with probabilities 7 =
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(71, ..., mp), that is, Zgl), e Zg\?) R Mult(1, ), with

In addition, suppose W' = (VVl(lr ),...,Wi(]&)) is an M-dimensional vector,
where V[/i(f) denotes the number of observations less than z(.); which are selected

from component j. Note that Zj\il I/Vi(f) = r — 1. Accordingly, the latent vec-

tors ng), e ,W%l) are assumed to be distributed according to a multinomial dis-
tribution consisting of » — 1 draws on M classes (C,...,C)y) with probabilities

i.0.d.

7w = (m,...,m); that is, ng), o ,WE\?) 7 Mult(r — 1, ), with

POW® — w® r—1 Tl
. = W. T°) = Y .
7 =wiim = () T
7=1
Likewise, let Vzm = (V;(f), . ,V;g\?) be an M-dimensional vector where Vigr)
denotes the number of observations bigger than z(,); that are selected from com-
P M oy, : (1) (r)
ponent 7, with ijl Vi;7 = n —r. Accordingly, the latent vectors Vi~, ..., Vi
are assumed to follow a multinomial distribution consisting of n — r draws on M
classes (C1, ..., Cy) with probabilities @ = (7, ..., m); that is, V§1), o ,VE\T,L) s

Mult(n — r,m), with



Since each set of RSS consists of independent samples from the population and

component memberships of those observations are independent of each other, the

latent variables Z\”, W\ and V") are conditionally independent.

2

Lemma 2.1. For fired values i and r, i =1,...,N, r =1,...,n; the joint distri-

bution of (X, ZZ»(T), VVZ»(T), Vi(T)) is given by

r r r z”—&—wr)—&-v”
f(x(r)i,zi() wz()7 1()7‘1’ = 0102C3H t '

(r) ()

2 v
< i@ 0) Y5 {F (@i 0:) 5 {Fj (@i 03}

where C1 = n(:j), Cy = (w(r)T_lw§r>) and C3 = (U(r)n_:](r)).

Proof. The conditional pdf of the latent variables ZZ(; ), WZ-(-T) Vig»r) given X(,); are
given as follows

Flapilzl ©) ()
fO ()i, P)

F gy @) =

27

e TUL U (005 0) Y {F (s ©) Y P (w0 @)} T, 7,

1 f (@ ys; CH{F (i3 ©) }HF (@5 )}

( )

_ ﬁ (Wﬂfﬂ TT \Il))) , (2.11)

j=1
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(r)

as all z;;" are zero except for one.

Flamlwl; @) f(w)
f(r( rz;‘I’)

Fw? |26y @) =

w'™

Clch(x(r)i;\I’) Hﬁl{ﬂ(ﬂﬁ(r)i;@)}w?{pg () )}n THJ 1 ]”
cLf (@i O{LF (25 ‘I’)}T‘I{F(x(r i )T

w™

M
Wjﬂ(%)z‘?ej)) K
—c L2\t 7)) (2.12)
21_[1( F(ze; ®)

j=

as Z]]Vil wg) =r—1, and

Fl@lvl); @) f(ul))
fo (x(r)z§ )

Fd g ®) =

(M

_ Clc3f(x(7”)i;ql){F(x(T)i;\Il)}r_lnjj\/il{pj_( (i3 0) |
L f (@ yis C)LF (2(yi; ©) }—HEF (055 )}

M = o7
T Fj ()i 05)\ 7
— I I J_JY )/ 2.13

j=1
as Z i1 w = n — r. From the conditional independence of the latent variables,
the proof is completed. m

The following Lemma is useful to show that maximization of the complete data
log-likelihood of M1-RSS in the M-step of every iteration of the EM algorithm

results in the maximization of the corresponding incomplete data log-likelihood.

Lemma 2.2. For each xy;, 1 =1,...,N;r=1,...,n, we have

f(rn x(ru ZZZf T(r)is z 7 17" 1(7"),\1,)
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Proof. To show the result, we have

Zzzfx(T)“ ’Lj’ 1,;7 1(;)7\1,)

2T (1) 4, ()

— C1 Z H{Tr]f] r)zv (T) Z Co H{Tl'] J,‘(,,,)“ }w(j)

20— J=1 w® gD =p1 G=1

x > 03H{w] (29036}

o 4ol =n—r

r—1 n—r
= {Zﬂafa%)w }{Zﬂa xm,,e)} {Z% (@ (r)i3 0, }

= 1 f(@) CH{F (@0 )} H{EF (2 ®)}

where ¢, ¢ and c3 are defined as in Lemma 2.1. O

The complete M1-RSS data Y1 = {(X(i, 27, W V)i =1, Nyr =
1,...,n} consist of the feature variables and their associated latent variables. Using

Lemma 2.1, the complete data likelihood function is given by

M {Z(T +w(r v(r_)}
L(®lyrn) = H H C2C3 H 5 Y

=1 r=1

<)

)@y 05) Y0 (@i 03)3 {E (26953 05) 15 (2.14)

where the constants ¢y, ¢y and ¢3 are as in Lemma 2.1. Using (2.14) and Lemma

2.2, it is easy to see that the incomplete-data likelihood function Ly ggs(¥) can
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be obtained by summing over Z, W and V of the complete-data likelihood, i.e.,

n

Z Z Z L(®lyrn) = H H FO (@i ).

Z W V i=1r=1
Also, the complete-data log-likelihood function of W is obtained as

N n M
I (P) o Z Z Z [Zi(;) {log 7; + log(fi(z(i; ;) }
i=1 =1 j=1

+ W/Z-(jr) {log 7; + log(Fj(z(yi; 0;)) }

+ V) {log +10g(lﬁj($<r>i;9j))}} : (2.15)

Now, we can formulate the EM algorithm for the M1-RSS data as follows; see

McLachlan and Peel (2004) for more details.

E-Step: Let ¥ be the initial value specified for ¥ and define the condi-

tional expectation of the complete data log-likelihood function (2.15) given

the observed data Y1 = yan by

QMl(\II; \II(O)) = Eq,(o) [lMl(\Il)lyMl]u (216)

where the expectation will be computed by using ¥ instead of ¥ in the

conditional distribution. On the (p+ 1)-th iteration, the E-step needs the cal-

culation of Q1 (¥, ¥®)), where ¥®) is the value of ¥ after the p-th iteration.

This involves the calculation of the expectations of Zl(; ), WZ-(;) and VZ-E-T) given
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the observation z(,);. Now from (2.11), (2.12) and (2.13), it is easy to see that

. Wf( )i )
Zl.(’.ﬂ)XH-:a:MNBm<1 ”—),
]‘ (r) (r) f(:L'(T)z,‘I/)

Wi(f)|X(r)i = Z(r); ~ Bin <r — M) ’

F(ZL‘(T)Z'; \I’)

i (i 9j)>

V;(.r)|XH-:xM~~Bin(n—r, —

where ¢ = 1,...,N;r=1,...,nand j = 1,..., M. Hence, the conditional

expectations of ZZ(J , VVJ and V given the observation w(,); are given by

follow

(i)

, (2.17)
S 7 fulw i 07)

Tj,Ml(l’(r)z‘; ‘I’(p)) = E\I'(P>[ ’-73 i| =

B (Tyi; ©P) = Eg ) [Wi(j N2y = ]p (Jp) . (2.18)
Zh 1T (I(r)i§‘9h )
(») (") (n — 1)mP Fy (39 0%

Vi1 (T ) = Egow [V |20yi] = (2.19)

S P Fy(wis 9;(57))
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Using (2.17), (2.18) and (2.19), we have

N n M
Qu (¥, W) = st + Z Z Z 75,1 (T ()3 wP) {log 7; + log(f;(z(i; 6;)) }

i=1 r=1 j=1

n

357N Bran (20 ) {log 7 + log(Fy (i 6;)}

i=1 r=1 j=1

N M
Y S v (@ ¥ ) {log 7 + log(F (i 0;)) }-

i=1 r=1 j=1

n

(2.20)
Now, we are ready to implement the M-step.

M-Step: In this step, the maximization of Qup (¥, ¥®)) with respect to

¥ will be done over the parameter space to obtain the updated estimates

Pt — (ﬂpﬂ), . ,W%Ztll),f(pﬂ))T. Note that according to (2.15) the up-

(p+1)

dated estimates 7; of the mixing proportions m; can be calculated indepen-

dently of the updated estimates £€P*Y of the parameters € in ¥. If 70w

ij 'y
and V;g were observed by ZU), ) and U”), the (complete data) ML estimate

of 7; would be given by

X 1 () ™ ™)
iy =z > o (A )+l (2.21)

N n
i=1 r=1

by using the Lagrangian multipliers method over the constraint Z;\il T = 1;

however, since they are not observable, we update the estimates of 7;, j =
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1,..., M, by

n

N
1
aihy = Nz N {T] M1 (25 T P) + B a1 (@i B ) + 55001 (23 ‘I’(p))} :
i=1 r=1
(2.22)

Also, the updated value €7+ is obtained as the solution of

al 7-]Ml x(r )is (p)) 0
ZZZ 0,) a—sfj(f(r)ﬁ@j)

i=1 r=1 j=1 L(ryis

‘ il P (0) . i ()
> 21*_}'(56(7%; 0;) (BJ’MI(I( e )) -0
T Fy(x()i:0;) Fy(x(i; 05)

(2.23)

with respect to &.

The E- and M-steps are iterated repeatedly until |1y, (¥P+D)) — 15, (¥P)| becomes

negligible.

2.2.2 EM algorithm for M2-RSS data

To formalize the EM algorithm based on M2-RSS, we only need to define one latent
variable. Suppose ZET) = (Zz(l), . ZZ(J\}) is an M-dimensional vector where Zl(]r )
is one or zero, according to whether or not Xg,); corresponds to the r-th order

statistic of the j-th component of the FMM (j = 1,..., M). The conditional pdf of

the feature variables X(qy1,..., XN given Zgl), cee Zg\’;) is as follows
N n
1 n T r
Fawn . amnlzl 26 = [T T £ @la; €),
=1 r=1
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where

L)

7 (g, ﬁ{ Ty )} v

Jj=1

Also, the likelihood function of ¥ based on the complete M2-RSS data which is

denoted by Y0 = {(X(T)i, Zlm),i =1,...,N;r=1,... ,n} can be expressed as

N n M Z
Lur2(®) = [TTT T {m ™ @nis)}

i=1r=1j=1
N n M n—1 ij”
HHH{ ( >7rjf]<sc(m,e JFj @y )11 — F (s 01"
i=1r=1j5=1

’ (2.24)

Here again the incomplete M2-RSS likelihood function (2.9) can be obtained by

summing Z\") out of the complete M2-RSS likelihood function Ly, (%). The likeli-

hood function (2.24) leads to the complete data log-likelihood function of W as

Ly (W) = Z

= r=

n

M
Z Zi(jr) {log m; + log fj(m) (x(r)ﬁ 91')}
1 j=1

n n M

—NZlogn( _1>+ZZZ {logﬂj—klogf]( T(ryis )}

i=1 r=1 j=1
n

_|_Z ZZ (r — 1)log Fj(x(yi; 0;) + (n — ) log(Fj(x(:; ;) } -

i=1 r=1 j=1

(2.25)

Now, the EM algorithm can be applied to obtain estimates of ¥. To this end, we
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first calculate

Tj,MQ(l‘(r)i; ‘I’(p)) =Egw [Zi(;) |x(r)i]

f]< m,e(”nF( ()i O (i 0]
zh L7 (@i O (i (@ yss 07— (B (s 037

7

(2.26)

where j = 1,...,n;i = 1,...,N and ¥© denotes the initial value for ¥. Us-
ing (2.26), the conditional expectation of the complete M2-RSS data log-likelihood

function (2.25) given the observed data Xggs = Xpgss (on the p-th iteration) of the

EM algorithm yields

Qo (P, \Ilp) NZlogn<r_1>

n M

N
NN [ran(@ay: ©P) {log m; + log f; (2 6;) }
=1

=1 r=1 j:l

+75 02 (2 ()3 \I’(p)){(r — 1) log Fj(x(y::05) + (n — 1) logE(z(r)i; Hj)}] )
(2.27)

In the M-step, using the Lagrangian multipliers method, we update mixing propor-

tions by (2.26) independently of the other parameters of the model through

alPt) = HNZZTJW e TP G =1, M1 (2.28)

i=1 r=1
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Furthermore, £+ is updated by an appropriate root of

Al T]MZ T(r)is p)) 0
ZZZ ) og 11w 03)

i=1 r=1 j=1 fjx(?“

n

3

=1 r=

iﬁ'm(%)i;q’( >8 Fj(x 7“)179‘>( rel e ):O.
e g’ Fi(z@yis 05)  Fj(2yi;0;)

(2.29)

The E- and M- steps are iterated repeatedly until |[[yo(T®TD) — 13, (W®)|

becomes negligible.

Remark 2.2. The complete data likelihood function of ¥ for the SRS sample can

be written as

n M
Lesns(0) = | [ TT{m s 093, (2:30)

i=1 j=1
where x(,y; refers to the (r,i)-th element of the matriz of observations D and Z(T
is its corresponding indicator function which specifies whether x(.); is an obser-
vation from the j-th component of the FMM (1.1) or not. It can be seen that

log Lo srs(¥) = losrs(¥) = L2 (W) — Apa(€), with

n
Ayo(€) = NZlogn<T_1)

N n
2

=1 r=

M
>z {(r = 1)log Fj(w(yi; 0;) + (n — 1) log Fi(w::6;) } -
1 j=1
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In addz’tz’on, ZQSRS(\II) = lM1<\I’> - AM1(£)> and

N n
n_l 7‘—1 n—r
A = 1
w© = 23w {o(0 ) () )

i=1 r=1

=2

n M

+ Z Z Z V[/i(j?"){log m; +log Fj(x (5 0;)}

i=1 r=1 j=1

2
3
=

+ Z Z Z Vigr){log 7+ logFj(ﬂl?(r)z’; 0;)}-

i=1 r=1 j=1

One can easily rewrite the EM algorithm based on SRS data in terms of their new
matriz representations defined in Remark 2.1. To this end, for the E-step, let ¥(©)
be the initial value specified for ¥ and Q(¥, ¥©) = Eg losrs(¥)|xsrs|. In the

(p + 1)-th iteration of this step we compute
N n M
QUE,TP) = "> misrs(wey; ¥P) {logm; +log f;(xi:6;)},  (2.31)
i=1 r=1 j=1
where

W](p)fj ((rys 9]('p))

= : (2.32)
S 7P (i 0F)

Tj,SRS($(r)i; ‘I’(p))

Similarly, for the M-step, and at its (p + 1)-th iteration, a local maximization of
Q(W, WP with respect to ¥ will be done over the parameter space to obtain BT,

The updated estimate of m; is given by

N n
1 .
7T§p+1) =N g g 75,58 (T (1) oy =1, M-1, (2.33)

i=1 r=1
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while the updated estimate of € is obtained as an appropriate root of

. vy 9
DRI S .

i=1 r=1 j=1

A comparison of (2.23) and (2.29) with (2.34) shows the contribution of the ranks

provided by the RSS technique in obtaining the ML estimates of W.

2.2.3 DModified EM algorithm for M2-RSS

ML estimation of ¥ in the FMM (1.1) based on different RSS samples through the
EM algorithms consist of updating £ in the corresponding M-step for the (p + 1)-
th iteration by solving (2.23) and (2.29) in 6;’s. However, it may not be easy to
solve those equations and /or find closed form expressions for the solutions. This, of
course, is due to the presence of the terms involving forms of the hazard and inverse
hazard rate functions, i.e. a%log F;(+;0;) and 5 log(l F;(-;60;)) in the obtained
equations. In this section, we provide an approximate ML method to reduce the
computational complexity for iteratively solving the likelihood functions and to
obtain simpler and possibly closed forms for the solutions to (2.29). The results,
with slight modifications, can be similarly extended to the case of M1-RSS. We use
the method of Johnson et al. (1972) as well as Mehrotra and Nanda (1974) which
are based on replacing the hazard rate terms by their expectations. Mehrotra and
Nanda (1974) applied this method in estimating parameters of normal and gamma
distributions based on type II censored data and showed that their approximate ML
estimators are still unbiased and are highly efficient relative to the ML estimators

based on the complete ML equation. For more details we refer to Bhattacharyya
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(1985) which provides a rigorous treatment of this method along with some of its
optimal properties.

We first obtain a modified version of (2.29) by replacing the terms involving
a% log F;(+;6;) and aﬁg log(1 — Fj(-;0;)) by their expectations. This results in sim-
pler expression for updating & in the M-step of the (p + 1)-th iteration of the EM

algorithm. Note that, this method will not affect the estimation procedure of the

mixing proportions 7;’s, j = 1,..., M. We need the following lemma whose proof

can be found in Chen (2000) as well as in Chen et al. (2004).

Lemma 2.3. Let Y, = X4y, v = 1,...,n, @ = 1,..., N, with pdf frm (W) be
the r-th order statistic of a simple random sample of size n from f(xz; W) with cdf

F(x;W). Then, for any function G(-),

" G| gy cr) |
B2 0=V gy | B | L0 T gy | e VB
We need to compute
56 5 (X3 05)
Ii ir — E T5 XT‘ i lII(p)) u ,
J j,MZ( (r) ( Fj(X(r)i;Hj)
and

QF’(X(T)Z"Q')
Tinra(X s @@ [ 2000 A

Using Lemma 2.3 with G;(X(y) = 7_]'7M2(X(f,1)i;‘Il(p))%Fj<X(r)i;0j), it is easy to

Jij’r =E
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show that

= Nn(n —1) ZE[Gj(X)]. (2.35)

Similarly, it can be shown that

. L G (X))
ZZZ i =N DD (n=rE L-Fj(X(m;@j)}

i=1 r=1 j=1 j=1 r=1

M
n(n—1)) E[G (2.36)
7j=1

Now, upon substituting (2.35) and (2.36) in (2.29) we get a modified expression for
updating & in the M-step of the EM-M2 algorithm which leads to an approximate

ML estimate of £ as a solution to

N n

M
7—]M2 x(r ”\Il(p)) a . o
> 2.0 o 0)) a_é,fj(x(r)iv 0;) =0. (2.37)

i=1 r=1 j=1

Note that (2.37) is similar to the updating equation (2.34) obtained in McLachlan
and Peel (2004) under the SRS technique. Similarly to the SRS case, one nice feature

of this modified version of the EM algorithm is that the solutions of (2.37) often
exist in closed form and that they can be obtained by replacing 7; 2 (2 (s ;W) by

7;,5rS (T (r)i; \I;(p)) in the available solutions for their SRS counterparts.
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2.3 Classification of the RSS sample

Once W is obtained (based on either M1-RSS or M2-RSS data) estimates of the
posterior probabilities of the population membership can be formed for each obser-
vation to perform a probabilistic classification of the data. Suppose i € {1,..., N}
is fixed and y, = x(,); is observed. For the M2-RSS design, classification of y, is

based on the posterior probability that y, belongs to the j-th component of the mix-
ture model, that is 7;p2(y,; ¥) as in (2.26). Also, from (2.17), (2.18) and (2.19),

classification of y, under M1-RSS design is done via the following formula
1
QM1 = n {75001 (W, ©) + Bjart (Y, ) + Y01 (yr, ¥) 1 (2.38)

Now, ¥, is classified into the component j, i.e., y, € Cj, if

A A A A

7 m2(Yr; W) > 1oap(y; W) or v (yr; ) > aran (yr; W),

for all t # j,t =1,..., M. In this section, we focus on this classification approach

and demonstrate the effect of the extra information obtained from the ranks in RSS

when designs compared to SRS.

For an SRS sample of size Nn the posterior probability that y, = x(,); belongs

to the j-th component of the mixture model is given by

7 fi(yr; 05)

7j,5Rrs(Yr; W) = , (2.39)
! 2211 T fn(Yr; On)
Now, it can be seen that
1
o (yr; ¥) = o {7i.5rs(Yr; ) + Ajan (yr; ©) }, (2.40)
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where

Using M2-RSS design instead, we get
Tim2(Yr; ¥) = Tj,SRS(?Jr? W) Ajn2(yr; ¥), (2.42)

where

(T b)) By 01— By,
L (s 00) (B 00))7 [ Pl 60)7

Ajarz(yr; ¥) (2.43)
The following example demonstrates the effect of the rank information on the
classification decision. Suppose z = 0 is observed from a population. Assume that

the underlying population consists of two components C and Cy with pdfs
0.5¢(x; —2,1) + 0.5¢(z;1,1) or 0.6¢(z;—2,1) + 0.4¢(x; 1, 3),

where ¢(x; p, o) refers to the pdf of a normal distribution with mean p and variance
0%, Assume that o = 0 is observed through an RSS with the set size n = 3. As
it is shown in Table 2.1, if x is treated as an observation obtained from an SRS
(i.e., ignoring its rank information), since 7 grs(0; ¥) = 0.8176 > 71 ggs(0; ¥) =
0.1824, then it should be classified into the second component, C5, of the population.
However, using the rank information attached to z = 0 one could get a different
classification result. For example, if x = 0 is to be the observation of the third order
statistic via the M1-RSS technique with n = 3 then we have o 31 (0; ¥) = 0.6344 >

az.1(0; W) = 0.3656. That is, z = 0 should be classified into C;. Similarly, from
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Table 2.1: Classification of 2 = 0 under SRS and M1-RSS designs.

Mixture SRS M1-RSS with n =3

Mi Model
ixture Mode Component =0 9y =0 y3=0 y3=0

Ch 0.1824 0.0783 0.3563 0.6344
0.5¢(2;=2,1) +0.5¢(z; 1, 1) Cy 0.8176  0.9217 0.6437 0.3656
Ch 0.3917 0.1647 0.4138 0.6631
0.6¢(x;—=2,1) + 0-4¢(z; 1,3) Cs 0.6083 0.8353 0.5862 0.3369

Table 2.2: Classification of x = 0 under SRS and M2-RSS designs.

Mixture SRS M2-RSS with n =3

Mixture Model Component z=0 1y =0 y,=0 y3=0

Ci 0.1824 0.0002 0.0358 0.8944
0.5¢(w; ~2,1) +05¢(x; 1, 1) Cs 0.8176  0.9998 0.9642 0.1056
Ch 0.3917 0.0008 0.0578 0.8184
06¢(x;—2,1) +0-4¢(z; 1,3) Cy 0.6083 0.9992 0.9422 0.1816

Table 2.2, if x = 0 is actually the observation of the third order statistic in an
M2-RSS design with n = 3, we have 7y 2(0; ¥) = 0.8944 > 75 3,2(0; ¥) = 0.1056
which means that © = 0 should be classified into C;. Tables 2.1 and 2.2 provide the
values of the posterior probabilities for the classification of z = 0 under the SRS,

M1-RSS and M2-RSS designs for two different normal mixtures.

Note that T} ~ Bin(n — 1, Fj(y,; 0;)). Equation (2.43) can be written as follows,

(S mtulyri0)) P(Ty =7 = 1)

A oy, W) =
szl W) S T fu(ye; 05)P(Th, =7 — 1)

: (2.44)

and if P(Tj =r—1) > P(T), = r—1) forall h # j € {1,..., M}, then the
posterior probability that y, belongs to the j-th component of the FMM is bigger
in RSS than in SRS.
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2.4 Simulation studies

In this section, using simulation studies, the performance of ML estimators of the
unknown parameters of the finite mixture of normal distributions based on M1-RSS
and M2-RSS is investigated. In the first simulation study, the emphasis is placed
on the comparison between M1-RSS, M2-RSS and SRS designs for estimating the
mixing proportions of the model. In our second simulation study, the performance
of the ML estimators of all parameters of the model based on M1-RSS and M2-RSS

are compared with the corresponding ones under SRS.

2.4.1 Simulation study 1

Here the goal is to compare the performance of the estimators of the mixing pro-
portion 7 using M1-RSS, M2-RSS and SRS data for a mixture of two normal dis-

tributions
f(@;¥) = 7o(z; 1, 0) + (1 — m)o(z; pia, 0). (2.45)

We first compare the performance of 7 under M1-RSS and SRS designs. To this end,
we generate two data sets each of size Nn = 120 form the model (2.45) with ¥ =
(7, p1,0) = (0.8,—1,1). To study the effect of the set size as an important design
parameter of RSS on the performance of the estimators, we let n € {1,2,3,4,5}.
Note that n = 1 corresponds to the usual SRS method. To investigate the effect
of the distance between the components of the model on the performance of 7,

we let d = py — py and perform the simulation study for two different values of

d € {1,3}. The EM algorithm is used, assuming #(*) = 1/2 and stopping criteria

40



Table 2.3:  #j e based on SRS (i.e., n = 1) and M1-RSS designs, its standard error (in round
bracket), MSE [in square bracket] and RE.

d=1 d=3

T, MLE RE iterations || 7 MLE RE iterations

0.8175 1 50 0.8056 1 10
n=11 (0.0901) (0.0418)

[0.0084] [0.0017]

0.8233 1.235 70 0.8052 1.416 14
n=2 | (0.0756) (0.0340)

[0.0068] (0.0012)

0.8103 1.448 72 0.8036 1.889 17
n=3 | (0.0747) (0.0299)

[0.0058] [0.0009]

0.8026 1.527 79 0.8083  2.213 20
n=4 | (0.0754) (0.0287)

[0.0055] [0.0008]

0.8072 1.909 88 0.8095 2.213 21
n=2>5 | (0.0661) (0.0279)

[0.0044] [0.0008]

|7+ — #P)| < 107°. Table 2.3 provides ML estimates and their corresponding
standard errors (presented in parenthesis) and mean square errors (MSE) (presented
in brackets) under SRS and M1-RSS with different set sizes. Using Basford et al.
(1997), the estimates of standard errors and biases (used for MSE’s) are obtained

via a bootstrap with b = 100 replications.
We also calculated the observed relative efficiency of the ML estimators 7, pE

of 7 under SRS (i.e., M1 prr) and RSS-based designs (i.e., T pmre, 7 > 2) using

1/MSE<7%n,MLE) _ MSE(ﬁ'l,MLE)
L/MSE(7ty )  MSE(fumie)

RE(TtpmLe, T MLE) =

Table 2.3 presents the values of the relative efficiencies for different set sizes when
d € {1,3}. The results indicate that ML estimates of m under M1-RSS design
are more efficient than their corresponding estimators under SRS and the relative

efficiency is an increasing function of n. In addition, when two components are
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Table 2.4:  #j prr based on SRS (i.e., n = 1) and M2-RSS designs, their standard error (in
round bracket), MSE [in square bracket] and RE.

d=1 d=3

T, MLE RE iterations || 7 MLE RE iterations

0.8175 1 50 0.8056 1 10
n=11 (0.0901) (0.0418)

[0.0084] [0.0017]

0.8287 1.333 43 0.8234 1 7
n=2 | (0.0746) (0.0374)

[0.0063] [0.0017]

0.8016 1.423 27 0.8044 1.133 5
n=3 | (0.0754) (0.0375)

[0.0059] [0.0015]

0.8069 1.75 25 0.8189 1.214 5
n=4 | (0.0663) (0.0370)

[0.0048] [0.0014]

0.8111 2.1 23 0.8061 1.214 4
n=2>5 | (0.0629) (0.0367)

[0.0040] [0.0014]

separated (i.e., d = 3) the performance of the M1-RSS design for estimating 7 is
much better than that of SRS. We obtained similar results under M2-RSS design
as they are shown in Table 2.4. However, the efficiency of ML estimators under

M2-RSS design reduces slightly as the distance between components increases.

2.4.2 Simulation study 2

In this simulation study, the performance of ML estimates of all parameters of the
mixture model using M1-RSS, M2-RSS and SRS designs are investigated. To this
end, the underlying distribution is chosen to be a homoscedastic mixture of two
univariate normal distributions. To investigate the effect of the distance between
two components of the model on parameter estimation, we generated samples of

size nN = 300 from two mixture of normal densities of the form (2.45) with ¥, =

(7, p1, o, 0) = (0.4,—2,1,1), i.e. Model 1 and ¥y = (0.4, —1,1,1.5), i.e. Model 2
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using SRS, M1-RSS and M2-RSS with n = 5.

We examined three different methods for setting the initial values of ¥ con-
sisting of (a) fixed initial values method, (b) Finch’s method, and (c¢) the method

of moments (see Finch et al., 1989 and Karlis and Xekalaki, 2003). The stop-

ping criteria here is |[¥®+) — W®)|| < 1075, The bias, standard error and MSE
are used as three performance measures for each estimator. These measures are
obtained via the bootstrap method of Basford et al. (1997) with b = 100 repli-
cations and then this procedure was repeated 10 times. The mean and standard
errors of these measures under fixed initial values, Finch’s method and the method
of moments are respectively reported in Tables 2.5, 2.6 and 2.7. We also calcu-
lated the observed relative efficiency of the estimators based on RSS design com-

pared with their SRS competitors using the ratio of the average of their MSE’s.
We used \Ilgo) = (7r<0>,u§0),ﬂ§0),a(0>) = (0.3,—1.95,0.95,0.95) for Model 1 and
¥ = (0.3,-0.95,0.95,1.40) for Model 2 as initial values for the fixed initial values
method. The initial values for Finch’s method correspond to case (v) in Karlis and

Xekalaki (2003). To obtain these initial values, 7(%) is chosen to be 1/2 and obser-
vations are ordered; then we used the first half of the data to form the first class

and the second half to form the second class. Now, the sample means of these two
classes (denoted by ugp) j = 1,2) are considered as initial values of the means of

the components. The initial value for the common standard deviation is calculated

by 6o = /5% — s3, where 5§ = 1{(z — 12 4 (2 — )2}, and s? is the sample
variance. For the method of moments the initial values are obtained via the method

developed by Furman and Lindsay (1994) by simply treating RSS data as SRS.

43



According to the results of our simulation study, Model 1, for all designs, con-
verged with 100% of times; however, under Model 2, rates of convergence for each
method of selecting initial values (a), (b) and (c) are, respectively (SRS: 99%, 97%,
99%), (M1-RSS: 95%, 96%, 95%) and (M2-RSS: 100%, 100%, 99%). The mean
number of iterations required for the convergence under initial values (a), (b) and
(c) for Model 1 are (SRS: 19, 24, 22), (M1-RSS: 46, 44, 30) and (M2-RSS: 4, 7, 5),
respectively. Similarly for Model 2 these values are given by (SRS: 432, 837, 249),

(M1-RSS: 776, 501, 738) and (M2-RSS: 50, 47, 40), respectively.

As seen in Tables 2.5, 2.6 and 2.7, for all initial values, RSS-based estimators
perform significantly better than their SRS-based competitors in estimating the
parameters of the model (in terms of both the bias and the standard error). Com-
paring the M1-RSS and M2-RSS designs, it is evident that the M2-RSS proposes
more efficient estimators for component parameters of the model than M1-RSS.
This is due to the fact that the M2-RSS design has a more informative assumption
that z(,); is indeed the r-th order statistic of one of the components of the model.
It is also seen that the performance of RSS-based estimators is better than their
SRS competitors under both models. In other words, when two components of the
model are close together (i.e., distinguishing between two components is difficult)
RSS-based estimators performed better for estimating the parameters than their
SRS counterparts. For instance, from Table 2.7, one can easily observe that, using
the method of moments for initial values, the relative efficiency of M2-RSS to SRS
in estimating the mixing proportion is 5.88; in other words, each observation in
M1-RSS design has as much information as roughly 6 SRS observations. Moreover,

under Model 1, it is seen that the performance of M1-RSS and SRS in estimating
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the mixing proportion is slightly better than that of M2-RSS; however, M2-RSS

still is very good at estimating parameters of the component densities.
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Chapter 3

Fisher Information of RSS Data
from FMM

The Fisher information (FI) matrix is a measure to quantify the amount of infor-
mation that observations from a statistical experiment designed to investigate a
parametric model carry about the unknown parameters of interest. The FT is also
useful, for example, to obtain a matrix lower bound for the covariance matrix of
unbiased estimators of the vector of unknown parameters of the model, or to study
the asymptotic properties of the ML estimators of the unknown parameters. In
Chapter 2, we considered the problem of ML estimation of the vector of unknown
parameters ¥ for the FMM (1.1) using RSS data. We showed that RSS-based esti-
mators are more efficient than their SRS counterparts and explained this using the
structural differences between SRS and RSS. In this chapter, we obtain the FI of
RSS data from FMM (1.1) and show that it is bigger than that of SRS data. In
SRS, observations are i...d and each of them represents a typical value from the
underlying model. However, there is no additional structure imposed on their re-

lationship to one another. But in RSS, additional information and structure has
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been provided through the ranking process. The samples obtained through RSS
are independent (judgment) order statistics and each of them provides information
about different aspects of the distribution. Indeed, it is this extra information pro-
vided by the ranking and the independence of the resulting order statistics that
makes procedures based on RSS to be more efficient than their counterparts based
on SRS data with the same number of measurements. So, it would be of interest
to quantify the amount of information that RSS data carry about the parameters
of the underlying FMM and compare it with that of SRS data. It should be noted
that a theoretical analysis of the efficiency of RSS with respect to SRS was done
by Stokes (1995) for the case of the location-scale family of distributions and by
Chen (2000) and Barabesi and El-Sharaawi (2001) for multi-parameter family of

distributions.

In this chapter, we focus on three types of ranked set samples from the FMM
(1.1). These three types correspond to different variations of RSS data considered
in Chapter 2. The first case referred to Type-MO or incomplete RSS data where

the data are obtained from the whole FMM and no more information about the

component of origin of each observation is available. For Type-M1 or complete M1-
RSS data, the observations and their latent variables are known. In other words, we

have access to the observations and the component of origin of each observation x,);
and the number of observations smaller than and larger than x(,); that are used from
the j-th component of the FMM (1.1) in the ranking process. Finally, we consider
Type-M2 or complete M2-RSS data where each x(,); and its component of origin are
known to be obtained from a set consisting of units selected from only one of the

components of the mixture model. Examples of these types of data under SRS can
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be found in Titterington et al. (1985) as well as Hosmer Jr (1973). Since there is no
ranking involved in the SRS scheme, the SRS counterparts of both Type-M1 and
Type-M2 RSS data will be the same. Adapting the notation of Titterington et al.
(1985), we refer to the SRS counterpart of Type-M1 and Type-M2 RSS data as
Type-C SRS data. We provide a general expression for the FI matrix for each type
of RSS data. The FI matrices are decomposed into the sum of the SRS FI matrix
and semi-positive definite matrices. Hence, the superiority of each type of RSS
protocol over their associated SRS scheme is generally established in parametric

inference for FMMs.

The outline of the chapter is as follows. Section 3.1 develops the FI matrices for
three types of RSS data under the perfect ranking assumption. We show that the
FI contained in each type of RSS data is larger than the FI contained in its SRS
counterpart. We obtain some interesting results concerning the FI about mixing
proportions contained in RSS data relative to the corresponding FI contained in
SRS data. In particular, we find cases where the ratio of the determinant of the
RSS and SRS FI matrices neither depends on the component densities nor the
number of components of the underlying mixture model and is always equal to the
set size. In Section 3.2, we consider the FI matrices of imperfect ranked set samples
and explore the effect of ranking error on the amount of information contained in
each type of RSS data. In Section 3.3, we make a comparison among different types
of perfect RSS using the missing information criterion. Section 3.4 is devoted to

several numerical studies using a mixture of two exponential distributions.
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3.1 FI in perfect RSS from FMM

In this section, we study the FI content of three RSS data structures from the FMM
(1.1) under the perfect ranking assumption. The impact of imperfect ranking will
be studied in Section 3.2. The considered RSS data structures are as follow:

Type-MO: This is incomplete RSS data, where each x(,;,¢ =1,...,N;r =1,...,n
is obtained from a set consisting of observations from the whole FMM. The joint
pdf of the resulting sample is given by (2.5) which means that Type-M0 RSS is
essentially the incomplete variation of M1-RSS considered in Chapter 2. The FI

matrix for Type-MO perfect RSS data will be denoted by Iy rss(¥).

Type-M1: This is the complete M1-RSS data, where we observe ((,y;, zl(-r), WZ@, Vl(r)),

i=1,...,N;r=1,...,n from the FMM (1.1). The joint pdf of the complete M1-
RSS data is given by (2.14) with latent variables defined in Section 2.2.1. The FI

matrix for Type-M1 perfect RSS data is also denoted by Iy rss(¥).

Type-M2: This is the complete M2-RSS data, where we observe (., zfr)) as

defined in Section 2.2.2. So the joint pdf of the sample is given by (2.24). The FI

matrix for Type-M2 perfect RSS data is denoted by Iy rss(W).

Remark 3.1. The SRS counterparts of Types M0, M1 and M2 RSS data can easily
be obtained by setting the set size n = 1 in (2.5), (2.14) and (2.24), respectively.
This, however, results in the same pdf for the SRS counterparts of Types M1 and M2
RSS data. Adapting the notation of Titterington et al. (1985), we refer to this type
of SRS data as Type-C' SRS data. To be more specific, Type-C SRS data consists of
observations (X, Z) from the FMM (1.1), with the joint pdf (2.30) where Z; is the
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usual indicator random vector whose realization identifies the component of origin

of x;. The FI matriz for Type-C' SRS data is denoted by Ic srs(¥).
Throughout the chapter, we use the following notation.

1. We use A > 0 and A > B to indicate that A and A — B are non-negative

definite matrices.

2. Welet ¢, (A\) =(r—1DIA=0)+(n—r)I(A=1)with A€ {0,1},r=1,...,n

and where [ is the usual indicator function.

3. Under the usual regularity conditions Chen et al. (2004), we use I[(¥) =
—E[D3% log L(¥)] to denote the FI matrix, where DY, refers to the I-th deriva-

tive of the log-likelihood function with respect to ¥ with Dy, = Dy.

3.1.1 FI in Type-MO perfect RSS data

Our framework here closely resembles the one introduced by Chen (2000) as well as
Chen et al. (2004), and some of the following preliminary results are reproduced here
for the sake of completeness. We first obtain Iy gss(¥), the FI matrix of Type-
MO RSS data from the FMM (1.1), and compare it with its counterpart under
SRS. Using (2.5), the log-likelihood function of ¥ under Type-M0 RSS design is

log Lo.rss (W) o< log Lo srs(¥) + Ipo(¥), where

n

Pao(®) =D > D &N loglA+ (1 = 20 F(wyis ¥))
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It is easy to see that

Dalao(®) =33 > (=1)*ér())
y { D3 F(z(y; ®) _ Do F(x)i; ) [De F(@(y; w)] " }
A+ (1 — 2)\)F(x(r)i; \I’) [)\ + (1 — 2)\)F(l’(r)i; ‘I/)]Q ’

(3.1)

and, Trs0 rss(®) = Lno.srs(¥) — E[DZT 30 (P)].

We need the following result whose proof can be obtained in Chen (2000) as well

as Chen et al. (2004).

Lemma 3.1. Let Y, = Xy, r =1,...,n, i =1,..., N, with pdf fO (W) be the
r-th order statistic of an SRS sample of size n from f(x; W) with cdf F(x; ¥). Then,

for any function G(-),

— n(n — DE[G(X)],

& r(A) G(Y
= i e
A+ (L =20)F (Y5 ¥)
subject to the existence of the expectations, when A =0 or 1.

Theorem 3.1. The FI matriz of Type-M0 RSS data about ¥ in the FMM (1.1) is

gien by

= HMO,SRS(‘II> + Nn(n — 1)5]\40(‘1’)7 (32)

where

bosns(®) = Vo (2RO vy (DS DIDW XY

f(X;®) Lf(X;®))2

54



is the FI matriz of Type-M0 SRS data of the same size and Zp0(¥) is a non-negative

definite matriz.

Proof. Using Lemma 3.1 with G(u) = D% F(u; ¥), we get

Z Z 2 X(r)u Z Z (Xoi)iil‘)I’)
r ( )is

i=1 r=1 ) i=1 r=1

Dq,F(u;‘I')[Dq,F(u;‘II)]T’ =

Similarly, in Lemma 3.1, choosing G(u) to be Gy(u) = o F®)

{0,1}, we obtain

s )G (X
E ;;M 1_2;( ()((3\1’)] = Nn(n — DE[G(X)],

where ¢,(A\) = (r — 1)I(A=0) 4+ (n — r)I(A =1). Now, the result follows upon

taking the expectation of (3.1). O

Theorem 3.1 shows that the FI of Type-M0 RSS sample about ¥ is not smaller

than the FI of Type-MO0O SRS sample of the same size.

3.1.2 FI in Type-M1 perfect RSS data

To obtain the FI matrix of Type-M1 RSS data about ¥ we need to work with the
joint pdf of X,y;,i = 1,...,N;r = 1,...,n and their latent variables (ZV W vy
as defined in Section 2.2.1. Considering the joint pdf of Type-M1 RSS data (2.14),

we have the following log-likelihood function

lMl(\I’) X las}zs(‘I’) + FM1<\II), (33)
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where

n

N
loss(®) =)
i=1

=1 r=

M
Z Zg) {log7; + log fi(z(i:0;) } (3.4)
1 j=1

and

n

N M
Ly (P Z Zlogﬂj{ T)—i-V }

i=1 r=1 j=1
n

N M
+Y > Z; {w log Fj (253 05) + Wi log Fy (s ej)} . (35)
J

=1 r=1
Before pursuing, we need the following additional technical result.

Lemma 3.2. Let (X(T)Z,Z W(T VT)) 1=1,...,N be Type-M1 RSS data from

FMM (1.1), where Z\", V" and WZ(T) are defined as before. For any G(-), subject

(2 (2

to the existence of the expectations, we have

M
Z Z]E (Z(r (T)i)> =n Z ,E; [G(X)], where E; indicates the expecta-
j=1

j=1 r=1

tion with respect to the j-th component of the mixture.

(i) 3 DB (WYY X)) = e Y EGEX) A+ (1 2)F(X:0,))]

where X € {0,1} and ¢; = n(n —1).
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Proof. For part (i), from (2.11) we have

M n
ZZE\P [Z(r (r)i)] = ZZE\P [G(X(r)z‘)E(Zg)|X(r)i)]
Jj=1r=1 j=1r=1

_ Z/wj 2)f;(265) {ZCQ[F(;E )" [F(a; q;)]"r}dx

r=1
M
=n Z i E;[G(X
j=1

where ¢y = n(" 1) and [E; is the expectation with respect to the pdf of the j-th

component of the mixture. For part (ii), when A = 0, using (2.12), a straightforward

calculation shows that

n

ZZE«V[ (X)) = fZE@[ o) B 1 X0)]

j=1 r=1 r=1
n(n—1) ZWJE\I, Fi(X;6,)],

where the last equality is due to Lemma 3.1. A similar proof can be given for the

case A = 1, and hence is omitted. [

Now, we obtain the FI contained in Type-M1 RSS data from the FMM (1.1) and

compare it with its SRS counterpart.

Theorem 3.2. The FI matriz of a Type-M1 RSS sample of size nN about ¥ from
the FMM (1.1) is given by

Lot rss(®) = Losrs(¥) — E[DLTan (P)], (3.6)
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where

E[D%T 1 (®)] = Nn(n — 1) Z (D3 log ;)

M
— Nn(n —1) Z m,Eg

j=1

<Dq,F(X«9)[D\pF(X9)] )
Fj(X;05) F5(X;05) '

Furthermore, —E[D%T 11 (®)] is a non-negative definite matriz.
7

Proof. Using Lemma 3.2, a straightforward calculation shows that

2

7j=1

Dy f;(X;0;)[Dw f;(X;6;)]"
*N”Z”f [ %0, }

:]IC,SRS(\II)- (37)

Moreover, we observe that DTy (¥) can be written as
N n M
Dyl (P) = Z Z Z {Wi(;)D?I, log ; + V;ET)D?I, log 7Tj}
i=1 r=1 j=1

1 Z Z Z [ A 1")}17,\{‘/7;57‘)},\

i=1 r=1 j=1 A\=0

{ Dy Pz ty) D\ij(x(r)i;Qj)[D\p}Wj(x(r)i;Hj)]TH _
A+ (L= 2X0) Fj(2(ryi; 05) A+ (1= 20 Fj(2(i; 05)]?

Using the distributions of Wg) and Vg), r=1,...,n, wehave E {W;?)D?I, log 7Tj} =
m;(r —1)(D3 logm;) and E {V;E-T)D?I, log Wj} = 7;j(n —r)(D3 log ;). Using Lemma
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3.2, it is easy to show that

(WD PMVSADE, Fy(X (i 0;) J
ZZE( By 1—2)\)F(XT)Z;9(J-; >_””‘1 > e [DGF(X:0;)]

7j=1 r=1 j=1

and

L& (WP MV DG Fy (X i 07) [ D Fy (X i3 0)] T
ZZE( A+ (1= 2X) Fj(X (5 05)]

j=1 r=1

_ = Dy Fy(X;6;)[Da Fy(X; 6;)]7
_n(n—l)Z;WjE‘I‘( A+ (1 -2\ F;(X;0)) )

Now, the result follows by taking the second derivative of (3.3) and calculating its

expectation using the above equations. O]

Theorem 3.2 shows that the FI contained in Type-M1 RSS data about ¥ is not
smaller than its counterpart under SRS. In the next result we consider the specific
case of a mixture of two known densities and obtain a very interesting result con-
cerning the relative efficiency of Type-M1 RSS data relative to Type-C SRS data

in the estimation of the mixing proportion.

Theorem 3.3. Suppose f(x;m) = wfi(z) + (1 — ) fo(x) is a finite mizture of

two known component densities fi1(-) and fo(-) where m is unknown. Let RE(m) =

HM“?’—SS be the relative efficiency of a Type-M1 perfect RSS of size nIN for esti-

Ic,srs(T)

mating the mizing proportion m compared with its SRS counterpart with a sample
of the same size. Then, under the usual reqularity conditions Chen et al. (2004),
RE(7) = n.
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Proof. When 7 in the only unknown parameter of the model, the second term on

the right-hand side of (3.6) becomes E[D3%lcsrs(®)] = —%. From (3.7) we

have o grs(m) = % Therefore, using Theorem 3.2 we get

Nn(n —1
Lvirss(m) = lcsrs(m) + ﬁ
_ Nn?
- or(l—m)
= n]IC,srs (77)7
which completes the proof. n

Theorem 3.3 shows that the relative efficiency of a Type-M1 perfect RSS of size n/N
for estimating the mixing proportion 7 compared with its SRS counterpart with a

sample of the same size does not depend on the component densities f; and fs.

Remark 3.2. (A modified FI matrix for Type-M1 perfect RSS) As pro-
posed in Section 2.2.3, to reduce the computational burden of calculating the FI
matriz for type M1-RSS data and obtaining the ML estimates, we derive a modifi-
cation of the log-likelihood function Iy (W) by replacing the derivative of the second
term on the right side of the expression obtained for U'pp (W) in (3.5) with its ex-

pectation. With this modification, it is easy to see that the modified log-likelihood

function is

n

M
B () o> "N 78 {log m; + log f(2i:0,) }

i=1 r=1 j=1
n

—l—ZN: ilogﬂj{ 7")—l—V } (3.8)

i=1 r=1 j=1
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Now, the approximate FI matrix for Type-M1 RSS about ¥ is given by
Thr1.nss(®) = Iosrs(¥) — E[DG T, (P)], (3.9)

where B[D%T%,,(¥)] = Nn(n — 1) Zj\il m; D3 logm;. Here, again —E[D3 T, ()]
1 a non-negative definite matrix. Hence, the approximate FI contained in Type-M1

RSS data is larger that its SRS counterpart.

The method proposed in Remark 3.2 can be used to obtain a modified relative
efficiency of Type-M1 RSS data for estimating the parameters ¥ of the FMM (1.1)

relative to its counterpart under SRS.

Theorem 3.4. Let RE*(¥) = % be an approzimation to the RE relative

efficiency of a Type-M1 RSS data of size Nn relative to its SRS counterpart for

estimating the parameters ¥ of the FMM (1.1). Then, RE*(¥) = n.

Proof. Let ¢; = Nn(n — 1). It is easy to see that

BID T (9)] = e Y m(Dy o) = () 0 ). o)

j=1

where 0 is a square matrix of zeros of size equal to the number of component

M

parameters and 0 is a vector of zeros. Also, I(w) = Zj:l

m;(D2logm;). On the

other hand, as presented earlier in (3.7), one gets

HC,SRS(lII) = Nn ( ]I(O:r) H(QE) ) ) (3'11)

61



where

:_an {D}I’ijX—Xeg] i {Dq,fg [fJ2£Z£2(X;9j)]T}-

Now from (3.9), (3.10) and (3.11), we have

HT\M,RSS(‘I’) = < Nno]i(ﬂ.) Nn?l(g) ) * ( - ](I)gﬂ.) 8 ) - ( N”ZP(“’) Nn(J)I(E) > '

Finally,

det{li, pss(®)} _ N*n® det{I(m)} x det{I(£)}

M) = etlesns (0}~ NP2 det{l(m)}  det{1(©)} "

and this completes the proof. n

Theorem 3.4 shows that the efficiency of the modified Type-M1 RSS data relative
to its SRS counterpart in the estimation of the parameters ¥ of the FMM (1.1)
is independent of the component densities and the number of components of the

model.

3.1.3 FI in Type-M2 perfect RSS data

Suppose (X, Z) is a Type-M2 complete ranked set sample of size Nn from the FMM
(1.1). For each observation z(;,¢ = 1,...,N;r =1,...,n, ZZ(T) = (Zi(lr), . .,Zi(};})
is an M-dimensional vector defined as in Section 2.2.2 and Zgl), Cees ZS\?) are 7.7.d.

samples from a Mult(1, 7r) distribution. From (2.25), the log-likelihood function is

written as

ZMQ,RSS(\I’) [0¢ lC’,SRS<\IJ) + FMQ(\II>, (312)
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where Dara(0) = 320, 300 3000, 575 247 60 (N) Tog[A + (1 = 20) Fy((ry;; 6,)]. Us-

T . Uy (7‘2") Z(r 179 3
ing Lemma 3.2, since Zi(j)‘X(r)i = Z(y; ~ Bin (1,%@():@;)) , we can easily

show that Icsps(¥) = —E[D3%lcsrs(P)]. On the other hand, taking the second

derivatives of I'y/o with respect to W yields

n M

D) =333 S 1 (A

i=1 r=1 j=1 \=0

{ Dy Fi(zwyii0;)  DeFj(agy; Qj)[Dq,ﬁ}(x(r)i;Hj)]T}
A+ (1 =20 Fj(z(yi; 6;) A+ (L =20 Fj (23 05)]?

We pursue with a very useful lemma which is necessary to obtain some of our

theoretical results.

Lemma 3.3. Let (X(T)Z»,ZET)), r=1,....,n,1i=1,...,N, be Type-M2 RSS data
obtained from the FMM (1.1). Further, let f;(-,6;) and Fj(-,0;), respectively, rep-
resent the pdf and cdf of the j-th component of (1.1), j=1,..., M. Then, for any
function G(-) (subject to the existence of the expectations), we have

T ()G Xr M
ZZH 1—2)\ <<X(f):9j> =nln =D mEEXL A1)

where E; denotes the expectation with respect to f;(-,0;), j =1,..., M.

’

Proof. To show the result, first note that ¢,(\)("~}) = (n — 1)(T+/\ ,), A€ {0,1}.

r—1

Also,

or (N £ (2107) n—2
B n(n—1)<

A+ (1 —2X)Fj(z; 0, T_,_)\_Q)f(m 0;)[Fj(x;0,)]" A 2[Fj(2;0,)]" "

(3.13)
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The result then follows from (3.13), Lemma 3.1, and

iz”: 27 G(X ()
2 1—2)\ VE (X 05)

M n
A) G(X(ryi) ()
—E §§ EIZ0 X
Y| s 1—2)\F(X(T)i;6j) 1235 X i

M n (7"")
( )i )¢r()‘) ( T)Z)
=B | > /\+ 1 — 2/\ F; (XT)Z,QJ)](f“")(X(r)i;‘I'))] '

| j=1 r=1

Now, setting G(u) = D% F;(u;6;), for A € {0,1}, Lemma 3.3 leads us to

N n M M
6:(N) 2 D2 F} (X 133 0;) .
Z Z)\+ 1—2\)F (X(T)ug) _Nn(n_U;WEJ[D\I’FJ'(X)QJ‘)]-

i=1 r=1 j=1

Dy F;(u:0;)[ Dy Fj (u;0,)] T
DoF (120 B (i ) 2

Similarly, by choosing G (u) = , A € {0, 1}, it is easy to show

iii N) ZD GA(X i3 05)
i=1 r=1 j=1 )\+ 1_2>\ (XT)Z;ej)]Q

M D‘I,FJ(X703)[D‘I’F’](X’03)]T
:Nn(n—l)ZWjEj ( A+ (1 -2\ F;(X;0)) ) ‘

These allow us to derive of the FI matrix of Type-M2 RSS data about ¥ as follows.

Theorem 3.5. The FI matriz associated with Type-M2 RSS data from the FMM
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(1.1) is given by

Dy Fj(X; 6;)[De F;(X;6,)]
Fi(X;0;)F;(X;05))

M
Ino,rss(¥) = Losrs(¥) + Nn(n — 1) Z {

M
=Tlesrs(®) + Nn(n — 1) mZu2;(8). (3.14)
j=1

M —_ ) . ) .
Furthermore, Y ._ ) m;Ewm2,5(§) is a non-negative definite matrix.

Theorem 3.5 shows that the FI contained in the Type-M2 RSS sample about ¥
is not smaller than the FI contained in Type-C SRS sample of the same size. We
now present a result similar to Theorem 3.3, concerning the relative efficiency of
Type-M2 RSS data compared with its SRS counterpart for estimating the mixing
proportion of a mixture of two known densities. Theorem 3.6 says that Type-M2
RSS data does not provide extra information about the mixing proportion when

compared to Type-C SRS data.

Theorem 3.6. Under the conditions of Theorem 5.3, the relative efficiency of Type-
M2 RSS of size nN for estimating the mizing proportion m relative to its SRS

counterpart is equal to one, regardless of the component densities fi and fs.

Proof. When 7 in the only unknown parameter of the model, Z]Ai1 T;=m2,,(&) = 0.

Hence, the result follows from Theorem 3.5. O

3.2 FI in imperfect RSS data from FMM

The FI matrices were obtained for different RSS data structures under the assump-

tion of perfect ranking in the previous section. In practice, however, error in ranking
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is inevitable and ranks assigned to the sample units could possibly be different from
their actual ranks. So, it is natural to study the effects of ranking error on the FI

contained in RSS data. In an imperfect RSS, the pdf of X|,;, the r-th judgemental

order statistic in a random sample of size n is
P =3 103 9) = 0, 05 ),
where py, = P(Xj) = X)), Doneq Dsr = 9 u_y Psr = 1 and
gr(; @) = Szn;psrf(”)(x; W)/ f(z;9),
with

Z gr(z; W) =n. (3.15)

Suppose X = {Xpi,r=1,...,n;i=1,..., N} is data from an imperfect RSS data
of size nIN. We can consider three different structures for the imperfect RSS data
as in Section 3.1. The description of each structure and the underlying likelihood
function is similar to the corresponding ones under perfect ranking. For example,
in Type-MO imperfect RSS, the joint pdf of the sample is given by

F&®) =[] M @ ). (3.16)

i=1r=1

We here consider the FI of Type-M0O and Type-M2 imperfect RSS data about ¥
and compare them with their counterparts under SRS. The problem of ML esti-

mation of ¥ and the derivation of the FI matrix based on Type-M1 RSS data is
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very complicated and computationally intensive. This will be the subject of future

investigation.

3.2.1 FI in Type-MO imperfect RSS data

To obtain the FI matrix of Type-MO0 imperfect RSS data, using (3.16) we first obtain

the likelihood function as

N n

Lro,rrss(¥) = H H gr(@pyi; ) f g ©).

i=1r=1

Therefore, the FI matrix of Type-MO0 imperfect RSS data can be written as the sum

of two quantities as given by

N n
~E|Dy ) ) log f(Xpi ¥

i=1 r=1

Tao,rrss(¥) = —

N n
D\QII Z Zloggr X[r]za
i=1 r=1

Using (3.15), an argument similar to the one used in the Type-MO perfect RSS case,

we get

N n
—E D\21' Z Zlog f(X[r]i§ ‘II)] = HMO,SRS(\II)-

i=1 r=1

In addition, it is easy to show that

2 - wir r]a‘Il)
D\Ileoggr [r]3 ] ZE[W]

r=1 r=1

(a) E

—iE!DWQT( [r]> )[D‘Ilgr( [r]> )]T]

—1 [gr(X['r]alIl)P
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", [ Degr(Xp; ) Dagr (X O] | S [Dpge(X; ¥)[Dag, (X; ¥)]T
® 2 E 9 (X 2 ] —LE | 0 (X;0)

" [ Dig (X5 )]
© 2 E (X5 ) ]_0’

Now, we are ready to obtain the FI matrix of Type-MO imperfect RSS about ¥,
i.e. HMO,IRSS<\II)-

Theorem 3.7. The FI matrix of Type-M0 imperfect RSS data about ¥ in the FMM

(1.1) is given by

Inro,rrss(¥) = Iao,srs(¥) + NZE

r=1

[DW(X; U)[Dyg, (X; ®)]"
g, (X;¥)

= Tnosrs(¥) + Ao(F), (3.17)
where Ao(®) is a non-negative definite matriz.

Theorem 3.7 shows that the FI of Type-M0 imperfect RSS sample of size n/N about

W is not smaller than its counterpart under SRS.

3.2.2 FI in Type-M2 imperfect RSS data

Let (5(, Z) be a Type-M2 imperfect RSS sample of size Nn. Suppose for each Xpq;,

7 =z . ZIl) is an M-dimensional vector, where

7 _ 1 if X}y is the r-th judgemental order statistic of component j;
4 ] 0 otherwise,
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with Z] 1 Z[r 1. Indicator vectors Z[ll]7 e Z[ﬁ] are i.i.d. samples from a Mult(1, )

distribution. Also, the log-likelihood function of ¥ can be written as follow

N n M N n
Iar2,rrss (W) = log {H H H {m; fi(@p; 0 }Z” H H H {790 (x5 05) ) =l }
=1 r=1j=1 7j=1

=1 j= i=1r=1

X losrs (W) + sz(‘I’),

where Fyo(®) = S0, 57, S 2 log g, (). Since

[r]
u T
Z};]‘X[r}i:xwain 1 —J[f ( ] ) y
(@5 ©)

it is easy to see that Ic srs(¥) = —E[D%lcsrs(P)]. Also,

N M n
- D3 (x1r: 6;)
) B [7‘] ‘I,gr [T‘]’L? J
DITan(®) =) > > 2 {W}
— = r |y

i=1 j=1

al "~ { Dy g, (x5 0;) [Dwgr (15 0;)] " }
- Z “ij WA -
1 (9 (21755 6;)]

i=1 j=1 r=

Using the conditional expectation and f(}z, Z;0;) = f(f(, Z,9,)f(Z;6;), a straight-
forward calculation shows that

~ 1 D39r (X 0 " D%,g,(Xp: 0;)
2355z Pl 5§t [5 it

i=1 j=1 r=1 i=1 j=1 r=

M n
=N 3o [ D43 a0l i) =0
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Similarly,

Ziz[r] D\I’gT X[rw@)[D\I'gr(X[r}uej)]T
i=1 j=1 r= gr(X[T]“e)]

1

kL Dwg.(X;6;)[Dwg (X;0,)]

Now, we obtain the FI matrix of Type-M2 imperfect RSS data about W in the
following theorem.

Theorem 3.8. The FI matriz of a Type-M2 imperfect RSS sample of size nIN from

the FMM (1.1) is given by

M
Iar2 1rss(¥) = Lo srs(¥) + N Z TiEnr,5(€), (3.18)

J=1

where

~ D\pgr 6)[D‘Ilgr(X79J)]T
Enr,(€ ZE { 9.(X:0,) } '

Furthermore, Z;‘il ’/ijE:AMQJ‘ (&) is a non-negative definite matriz.

Theorem 3.18 shows that the FI of Type-M2 imperfect RSS sample is not smaller

than its SRS counterpart.

3.3 Missing information principle

In this section, the estimation problem of unknown parameters of FMM (1.1) using

RSS data is considered through a missing information principle (MIP) by noting
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that in practice usually the latent variables Z, V and W are missing. If these
were available then one could use either Type-M1 or Type-M2 RSS data to make
inference about the unknown parameters W using their corresponding likelihood
functions. The MIP of Orchard and Woodbury (1972) can be used as a useful tool
to quantify the amount of information that one may lose by using an incomplete
or Type-M0O RSS instead of Type-M1 or Type-M2 RSS to make inference about
¥. We first give a brief introduction to the MIP and then study the impact of
for using Type-M0O RSS instead of Type-M1 or Type-M2 RSS in a mixture of two
exponential distributions from the perspective of missing information. We only
consider prefect RSS of different types of data. Results for the imperfect cases can
be obtained similarly. Suppose Y = (X, M) denotes the complete data, where X
is the incomplete data that we usually observe in practice and M is the missing
observations. For example, for comparing Type-M0O RSS to Type-M1 RSS the
missing observations are M = (Z, W, V). Let Ly(¥) and Lx(¥) be the likelihood
functions of the complete and incomplete data, respectively. Also, assume that
g(M|X; ¥) is the conditional distribution of the missing data M given X. Then,

the complete data likelihood function may be written as
Ly (¥) = Lx(¥) x g(M|X; ®),

resulting in the relationship Iy (¥) = Ix (¥)+log g(M|X; ¥) among the log-likelihood
functions. Under suitable regularity conditions and after taking the second deriva-

tives with respect to ¥ and the required expectations, we have

Iy (¥) = Ix(¥) + Lyx (). (3.19)

Now, the loss of information due to the use of X instead of Y for making inference

about ¥, which is denoted by MIPx y(¥), is the last quantity on the right side of
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(3.19) and it is calculated as follows

MIPx v (¥) = Iyx (¥) = Iy (¥) — Ix (). (3.20)

Unfortunately, this elegant equality is computationally unattractive and it is indeed
very hard to use in practice, especially in the case of FMMs with ranked set samples.
In order to reduce the computational burden, we can estimate (3.19) or equivalently

(3.20) using their observed versions (i.e., conditional on x). To this end, let
Q(¥,¥*) =Eyg- [Dyly(P)x] and K(¥,¥*) = Eg-[Dg log g(M|X; ¥)|x].

Suppose H (¥, ¥) = Q(¥, ¥*)

w+— is the conditional expectation of the Hessian

matrix associated with ly(¥) or equivalently Q(W¥,¥*) evaluated at ¥* = W.
Similarly, let HX (P, ¥) = K(¥, ¥*)|g-—gy and HX(¥) = D3 (¥). Then, we

obtain the observed MIP as follows

MIP(W|x) = HX (W, W) = HS(W, ¥) — HX(¥),

which can be estimated by @((I\’|X) = Hé(\/I\l, W) — H*(W), where W is a suitable
estimator of . We should also mention that when MIP(W|x) is calculated, it can

be used to derive the asymptotic variance-covariance matrix of the ML estimator
of . Let \TIMLE be the ML estimator of ¥ using Type-M0 RSS data (see Chapter
2). Under suitable regularity conditions, the asymptotic variance of T MLE 1S given

by {Ix (¥ .5)} 1, or equivalently,

. ~ - ~ ~ 1
Cov(Wyre) = <H;(((\I’MLE; Yiyre) — Hy(Yaiie, ‘I’MLE)]) ;

where K (¥, U*)|(g-—w) = Hg (¥, ¥) = —Covg[Dely (¥)[x].
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In the following examples, we show how to obtain the missing information about ¥
due to the use of Type-MO perfect RSS instead of Type-M1 and Type-M2 perfect

RSS for a finite mixture of two exponential distributions.

Example 3.1. (Type-MO0 RSS vs. Type-M1 RSS) Suppose X is a Type-M0

perfect RSS sample of size Nn from a finite mixture of two exponential distribution

as

flz;®) =mae ™ 4+ (1 —7)Be P*, x>0,
where ¥ = (m,a,0), a,f > 0 and ® € (0,1). To obtain the missing informa-
tion due to the use of Type-MO RSS instead of Type-M1 RSS, using (2.5), (2.14)

and the conditional distribution fzwvix(z, w,v|x, ¥), one can easily show that

HY(®, ) = —diag(LY (), Ly (x), Ly (x)), where

Ly (x) :M i\f: - { e~ O (r)i (r—1)(1 — e 2®mi)  (n—r)e o }

+ +
(1 —=m)? = = | flzm; P) F(x(); ) F(2yi; ©)
N Nn?
(1—m)?
N n 2 —QT (),
T(r); r—1)x? . e *®0yi
=y e
i=1 r=1 Oéf T ) ( —¢€ (T)Z)F(x(r)i;‘;[]>
LS i n e BT N (r — l)x%r)ie*ﬁx“)i
i=1 r=1 Bf x(T z> ) (1 - eiﬁx(r)ﬁF(x(T)i;ql)

and F(z; ®) = 1—{me 2+ (1—m)e P*}. It is worth mentioning that by further tak-
ing the expectation with respect to fx(x; ¥), one gets Iy rss(¥) = —E (Hg(\Il, \Il))

LetY = (X,Z,W,V) denote the Type-M1 perfect RSS data. Then, D\I,lgl’RSS(\II) =
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A1 (X)M + By(X), where M is a 3Nn-dimensional vector defined as
1 n 1 n 1 n
M = (28, 28w W D v

Also, A1(x) is a 3 x (3Nn) matriz and By(x) is a 3-dimensional vector given by

1 1 1 1 1 1

m(l—m) t m(1—m) w(1—m) T m(l—m) m(l—m) w(1—m)
1 1 zaye TEW1 zyne TN
o Tor e g TEMN S G e Ean o T eemn W e TEmN |
—B 1)1 BTN
1 1 T(1)1€ T(n)NE€
m(l)l - B .’E(n) - E —W —W x(l)l .’L‘(n)N
and
T
N — )
Nn? nN - (r — Dz (e Pmos
_1—7T70’7_ § § (TL—T+1)I'(T)1_ 1— =B (ryi ’
i=1 r=1 €

respectively. Hence, H*(¥) = A;(x)Covg(M|x)A] (x), and the observed (or condi-
tional) missing information is MIP(W|x) = H5(W, W) — H*(¥), which can be esti-
mated using a suitable estimator 7 by MIP(\/I\’|X>. Using the structure of RSS and
the definition of Z, W and 'V, it is easy to show that Covg(M|x) = diag(Ly, Ls, L3),
where Ly = w(1 —7) InpxNn, and Lo, Ly are (Nn x Nn) diagonal matrices such that
Ly = w(1 — m)diag(0,1,...,n—1,...,0,1,...,n — 1), and Ly = w(1 — w)diag(n —

1,...,1,0,....,n—1,...,1,0).

Example 3.2. (Type-MO0 RSS against Type-M2 RSS) In Ezample 5.1, sup-
pose we are interested in calculating the missing information due to the use of Type-
MO0 RSS instead of Type-M2 RSS. Here, using (2.5) and (2.24) and by working with

the conditional distribution fzx(z|x; ¥) we get

H (¥, ) = —diag(Ly (x), Ly (x), Ly (%)),
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i=1 r=1 - 7T)2’
[2(x) = i Zn: U @ese) [ 10 = Da) Pz o)
R e B RICE I T X Pl a2 [

and f;rcn) (z;0;) and Fj(r:n)(x;Hj) are respectively the pdf and cdf of the r-th order
statistic from the j-th component of the mixture of two exponential distributions,
J=1,2, with 0; = « and 05 = 3. Note that, again, by taking the expectation with
respect to fx(x) we have Iy rss(¥) = ]E(Hg(\Il,‘Il)) Let Y = (X,Z) be the
Type-M2 RSS sample of size nN. Then Dgli > (W) = Ay(X)Z + By(X), where
Z is an nN-dimensional vector defined in (2.24). Also, As(x) is a 3 X nN matriz

and By(x) is a 3-dimensional vector defined as

1 1 1
T(l1—m) c m(l—m) o T m(1—m) o
1 1 (r=1)@(pyie 0 1 (n—Dz (e “IN
a T - g kiret T TERG— - g T TNt T e ;
=B (i —Ba
1 1 (Tﬁl)m(r)ie (i 1 (n71)1(71)Ne (N
n:r(l)l -5 - klx(r)i -3 —175_“(7‘)1 :E(n)N -3 1o Po(mN

and

n

N T
Nn Nn (r — Dagye oo
By(x) = <_m7 0.5 =0 {hr - P

i=1 r=1

respectively, where ky = n—r+1. Hence, using the structure of RSS and Z we have

H*(W) = Ay(2)Covg (Z|x) A, (x) = 7(1 — m) Ag(x) Ag (X).
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Also, the observed (or conditional) missing information is obtained as MIP(¥|x) =
HE (P, ®) — H*(W) which can be estimated by MIP(®|x), where U is any suitable

estimate of W.

3.4 Numerical results

In this section, we study the FI content of different types of RSS data and compare

them with their SRS counterparts for a mixture of two exponential distributions
f(;®) = rae ™ + (1 —m)Be™ >0, (3.21)

where 7 € (0,1), o, 8 > 0 and ¥ = (7, a, #). Model (3.21) has many applications in
environmental studies, reliability and life testing problems. For example, Liu et al.
(2002) used (3.21) for modelling the diameter distribution of mixed-species forest
stands. To calculate the numerical values of the efficiencies, we followed the method
presented by Hill (1963) for handling the mixture of exponential distributions. To

this end, we introduce the new parameter h = 3 and transform the model (3.21)

with three unknown parameters (7, o, §) to a mixture density with two parameters
(7, h). This enables us to investigate the effect of the parameters (7, h) as well as
the set size n on the relative efficiencies of different Types of RSS data compared
with their SRS counterparts using the ratio of the determinant of the FI matrices
as defined in Theorems 3.3 and 3.4. We first compare the FI of Type-M0 RSS with
that of Type-MO SRS. Then the results are presented for other types of perfect RSS
data. Considering a case where the observed sample is of mixed types of (Type-MO

and Type-M1) perfect RSS data, we investigate the contribution of these two types
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of data in the estimation of the mixing proportion. Finally, the effects of ranking

error on the FI matrices and the relative efficiencies are investigated.

3.4.1 RSS versus SRS

We first compare the FI of Type-MO0 perfect RSS data and Type-MO0 SRS data about
the mixing proportion 7 for the model (3.21) with (partially) known component
parameters when the set size is n € {2,3,4,5} and h = g€ {23, 75, 1055 - We use
the ratio of the determinant of the FI matrices to obtain the relative efficiency of
RSS data relative to SRS data. A value of the relative efficiency bigger than one
shows the superiority of RSS over SRS. The results are presented in Table 3.1. We
also show the graphs of the relative efficiency as a function of 7 for different values
of n and h in Figure 3.1. When h is large, (i.e., h € {3, 2}), the relative efficiency
seems to be increasing in 7. This was expected intuitively, since the mixture model
(3.21) will be more influenced by the component with higher mixing proportion
and we expect to observe more order statistics in the RSS data selected from that
component. On the other hand, for other cases (i.e., h € {1—10, ﬁ}) especially when
the first component is associated with a very high weight, the mixture model is still
influenced to some extent by the second component and consequently a portion of
order statistics (usually with higher ranks) are selected from the second component
of the model so that it still performs better (although with a smaller magnitude)

than its SRS counterpart.
Table 3.1 shows the relative efficiency of Type-MO0 perfect RSS relative to Type-

MO SRS data for 7 = 0.1(0.1)0.9 and h € {2,% L} and n € {2,3,4}. We also

372710
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Table 3.1: Relative efficiencies of Type-MO perfect RSS data to Type-MO0 SRS data.

r 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
n h
2/3 1.505 1.537 1.562 1.584 1.603 1.619 1.633 1.646 1.658
1/2 1.508 1.554 1.588 1.616 1.640 1.659 1.675 1.688 1.698
1/10 1.522 1.568 1.599 1.622 1.638 1.648 1.652 1.647 1.632
3 2/3 2.041 2118 2.180 2.234 2.281 2.322 2.358 2.392 2.422
1/2 2.046 2.157 2.242 2313 2372 2.423 2466 2.501 2.530
1/10 2.057 2.160 2.233 2.280 2330 2.357 2.368 2.358 2.321
4 2/3 2.608 2.744 2.854 2.949 3.034 3.109 3.175 3.237 3.293
1/2 2.615 2.809 2.963 3.091 3.20 3.293 3.373 3.44 3.494
1/10 2.621 2.802 2.936 3.040 3.117 3.168 3.189 3.172 3.105

[\V]

calculated the relative efficiencies of both Type-M1 and Type-M2 perfect RSS data
compared with Type-C SRS data for 7 = 0.1(0.1)0.9, h € {%,5,+} and n €

{2,3,4}. These results are presented in Table 3.2.

3.4.2 Mixed sampling

As exemplified by Titterington et al. (1985), sometimes the available sample may
be of mixed type, i.e., composed of different types of data. Here, we consider the
case where the observed sample from the FMM (3.21) consists of both Type-MO0
and Type-M1 RSS data. Suppose that p. denotes the percentage of the mixed
sample which is of Type-M0O RSS data. Then, the likelihood function of the mixed

sample can be written as

Lnived(¥) = Lyjo,rss(¥) L1, rss(¥).

Table 3.3 provides the values of

(1 — pe)laro,rss(m) + plari,rss(m)
Ihi,rss(m)

Y
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Table 3.2: Relative efficiencies of Type-M1 and Type-M2 perfect RSS to Type-C SRS.

m 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 | M2-RSS
h

n
2 2/3 3.82 384 38 388 3.8 391 393 395 397 | 1.971536
1/2 3.70 373 376 379 382 3.8 383 391 394 | 1.971536
1/10 3.10 313 317 320 3.23 325  3.27 329 331 | 1.971538
3 2/3 934 941 949 956 963 9.71 9.78 9.86  9.94 | 3.269688
1/2 888 899 911 922 934 945 9.57 9.68 9.80 | 3.269688

1/10 6.58 6.74 6.89 7.01 703 722 730 736 7.41 | 3.269692
4 2/3 18.43 18.61 18.79 1897 19.16 19.34 19.52 19.71 19.89 | 4.894456
1/2 1731 1759 17.87 18.15 18.43 18.71 18.99 19.28 19.56 | 4.894455
1/10 11.72 1215 12.53 15.58 13.13 13.36 13.54 13.67 13.75 | 4.894464

that is, the efficiency (in percentage) of the mixed sample relative to a Type-M1

perfect RSS sample when the mixing proportion of the model is unknown and

h e {153, 3} We consider four values of p. € {0, 7,3,3}.

The case p. = 0 corresponds to the FI of Type-MO0 RSS data, Iy rss(¥),
and the inverse of the values in that column can be interpreted as the number of
Type-MO observations required to obtain the same efficiency based on a single fully
categorized observation from Type-M1 RSS structure. The efficiency is smaller
when 7 = 0.1 than the case when 7 = 0.5. From the Table 3.1, it is seen that
the relative efficiency of Type-MO RSS to Type-M1 RSS decreases as p. decreases.
This suggests that Type-M0O RSS data does not contribute very much information
about the mixing proportion relative to Type-M1 RSS data. It is interesting to note
that, for example, when p. = 0, h = % and n = 5, one single Type-M1 RSS data

1

5009 — 111 observations obtained via Type-MO

point gives as much information as
RSS. So, if the main interest is to make inference about the mixing proportion, it is

highly recommended to try to observe some Type-M1 RSS data in the final sample.
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3.4.3 Effect of ranking errors

In the previous subsections, we established through simulations that perfect RSS
data contain more FI about the unknown parameters of the FMM than SRS data.

We now consider the case where ranking is not perfect. Suppose the set size is

Table 3.3: Percentage efficiencies of mixed samples relative to Type-M1 perfect RSS data.

m=0.1 m=20.5
Pc Pc
n h 0 1/4 1/2 3/4 0 1/4 1/2 3/4
2/3 3.1 26 50.6 75.3 2.6 27 51.3 75.6
2 1/2 44 28.3 522 76.1 7.1 30.3 535 76.7
1/10 353 51.5 67.6 83.8 40.6 55.4 70.3 85.1
2/3 1.1 258 50.5 75.2 2.3 26.7 51.1 75.5
3 1/2 3.5 27.6 51.7 758 6.2 29.6 53.1 76.5
1/10 279 459 63.9 81.9 35.6 51.7 67.8 83.9
2/3 0.9 256 504 75.2 2 26.5 51 75.5
5 1/2 29 271 514 757 5.4 29.1 52.7 76.5

1/10 22 41.5 61 80.5 31.5 48.6 65.7 82.8

n € {2,3} and consider the following doubly stochastic matrices for the probability

of ranking error, respectively, for n = 2 and n = 3,

D (1-p) (-p)
2 2
P_[ p 1—19}7 p=|tn , @
l-p p (1=p) (1-p)
2 2 p

It is straightforward to verify that the relative efficiency of Type-M2 imperfect RSS
data relative to Type-C SRS data does not depend on the mixing proportion .
The relative efficiencies of Type-M0 RSS relative to Type-M0 SRS and Type-M2
RSS relative to Type-C SRS are presented in Table 3.4 for different values of p and
w. From Table 3.4, it is apparent that errors in ranking will slightly influence the

FI content of RSS data. Obviously, the FI content of RSS data is equal to that of
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the SRS data when p = 0.5 for the case n = 2, i.e. in the case when ranking is done
at random. The relative efficiency shows a symmetric behaviour ,as a function of p,

when n = 2.

Table 3.4: RE of Type-M0 RSS to Type-M0 SRS. The last column shows the RE of Type-M2
imperfect RSS to Type-C SRS data.

| 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 | M2-RSS

0.9 1427 1.449 1.463 1474 1.481 1.486 1.488 1.490 1.490 1.486
0.75 1.158 1.171 1.180 1.188 1.194 1.199 1.203 1.206 1.208 1.161

2 1 0.50 1 1 1 1 1 1 1 1 1 1
0.25 1.158 1.171 1.180 1.188 1.194 1.199 1.203 1.206 1.208 1.161
0.1 1.427 1.449 1.463 1474 1.481 1.486 1.488 1.490 1.490 1.486

0.9 1.748 1.754 1.752 1.745 1.735 1.724 1.710 1.697 1.683 2.280
0.75 1.404 1.423 1.437 1448 1.456 1.463 1.467 1.471 1.474 1.582
31 0.50 1.066 1.070 1.074 1.077 1.079 1.081 1.083 1.084 1.085 1.083
0.25 1.018 1.019 1.020 1.020 1.021 1.022 1.022 1.023 1.023 1.022
0.1 1.157 1.166 1.174 1.179 1.184 1.189 1.192 1.195 1.198 1.205
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Chapter 4

Information Content of PROS
Samples

In previous chapters, we focused on RSS designs as a powerful and cost-effective data
collection technique that results in more representative samples from the underlying
population. There are many situations where it is difficult to rank all of the sampling
units in a set with high confidence, particularly when subjective information is
utilized in the ranking process. Forcing rankers to declare unique ranks can lead
to inflated within-set judgment ranking error and consequently to invalid statistical
inference. The partially rank-ordered set (PROS) sampling design is a generalization
of RSS due to Ozturk (2011). It is aimed at reducing the impact of ranking error and
the burden on rankers by not requiring them to provide a full ranking of all the units
in each set. Under the PROS sampling design, rankers have more flexibility by being
able to divide the sampling units into subsets of pre-specified sizes. As indicated in
Chapter 1 in the construction of PROS samples, these subsets are partially rank-
ordered so that each unit in subset h has a rank smaller than the rank of units in

subset b’ for all A > h. An observation is then collected from one of these subsets

83



in each set. PROS sampling has a wide range of applications in different fields
ranging from environmental and ecological studies to medical research and it has
been shown to be superior to RSS and SRS for estimating the population mean.
For more details regarding the theory and applications of PROS sampling, readers

are referred to Ozturk (2011).

In this chapter, we study the information content and uncertainty structure
(i.e., entropy) of PROS samples. To this end, in Section 4.1, we provide some
preliminary results on distributional properties of PROS samples. In Section 4.2,
we obtain the FI content of PROS samples and show that it is more than the FI
content of their SRS and RSS counterparts of the same size. Several examples
including the FI of PROS samples from a location-scale family of distributions
as well as a simple linear regression model are also discussed in this section. In
addition, we explore the effect of sub-setting errors when using the PROS sampling
design on the FI content of samples. Finally in Section 4.3, we study information
and uncertainty of PROS samples using the Shannon entropy, Réyni entropy and
Kullback-Leibler (KL) information measures and compare them with their SRS and

RSS counterparts.

4.1 Distributional properties of PROS samples

To obtain a PROS sample of size n, we choose a set size S and a design param-
eter D = {dy,...,d,} that partitions the set {1,...,S5} into n mutually exclusive
subsets. Throughout the chapter, without loss of generality, we assume that N =1

(cycle size is one). We use PROS(n, S, D) to denote a PROS sampling design with
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set size S, number of subsets n and the design parameter D = {d,,r = 1,...,n}
where d, = {(r —1)m +1,...,rm}, in which m = S/n is the number of unranked
observations in each subset. We note that RSS and SRS can be expressed as special
cases of the PROS(n, S, D) design when S = n and S = 1, respectively.

Suppose X is a continuous random variable with pdf f(-;0) and cdf F(-;8),
where 6 is the vector of unknown parameters with @ € RP. Let X0 = {X(4,),7 =

1,...,n} be a PROS(n, S, D) sample of size n from f(-,0). The PROS data likeli-

hood function of @ is given by the joint pdf of X,,,s as follows:

L(0|Xp7"os) = f(xpros§ 0) = H {% Z f(u:s)(l"(dT); 0)} ,

r=1 uedr

where f(9)(.:0) is the pdf of the u-th order statistic of an SRS of size S from

f(:;0). For each X(4,) define the latent vector
AW = (A" (), ued, = {(r—1)m+1,...m}),
where

Al (u) = 1 if X(4,) is selected from the u-th position within the subset d,;
| 0 otherwise,

with >, A4 (u) = 1. Denote Yy = {(X@,), A¥)),r = 1,...,n} as the
complete PROS data consisting of X4,y and their corresponding latent vectors

AW) r =1, ... n The complete PROS data likelihood function of @ using the

joint pdf of Y, is given by

n 507 ()
L<0’y}77"08) = f(ypros; 0) = H H {%f(us')(x(dr)a 0)} . (41)

r=1ued,
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Furthermore, by summing the joint distribution of (X(4,), A@)) over Ald) = o),

the marginal distribution of X(4,) is obtained as follows

fan (@ 0) = f(x,), 6 0) Zf“*” (£(,): 6). (4.2)

§(dr) ’LtEdT

Also, one can easily check that

—Zfdr 7:0) SZf““S)(x;H) = f(z;0). (4:3)

v=1

In addition, the conditional distribution of A@) given X (d,) 18

5(r) (u)

_ F9 (24,);0)
= ule_d[h Z f(u:S) (.CE

’u,ed'r

(4.4)

4.2 FI content of PROS samples

In this section, we first obtain the FI content of Y ,s, the complete PROS data, and
derive analytical results to compare it with the FI content of SRS and RSS data of
the same size. We give examples regarding a location-scale family of distributions
as well as a simple linear regression model. Then, we study the FI content of
Xpros by modelling an imperfect PROS design involving misplacement errors in the
sub-setting process. The FI of PROS samples can play a key role in theory and
application to study the asymptotic behaviour of the ML estimators of @ as well as

the derivation of the Cramer-Rao lower bound for unbiased estimators of @ or some

of its functions based on PROS samples.
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Similar to Section 3.1, in this chapter, we use the following notation. Under the
usual regularity conditions (Chen et al., 2004), the FI matrix is given by I(8) =
—E[D3}1og f(X;0)], provided the expectation exists, where D} refers to the I-th
derivatives of the log-likelihood function with respect to @ with Dy = Dg. For any
two matrices A and B of the same size, we use A > 0 and A > B to indicate
that A and A — B are nonnegative matrices. We also let ¢,(\) = (v — 1) I(A =
0)+ (S —u)I(A =1) with A € {0,1},u = 1,...,S, where again [ is the usual

indicator function.

4.2.1 FI matrix of complete PROS data Y,

To obtain the FI matrix of Y,,,s, we need the following useful result.

Lemma 4.1. Suppose Y, = X (q,y, with pdf f,)(-;0), is observed from a continuous
distribution with pdf f(-,0) and cdf F(-;0), respectively, using a PROS(n, S, D)
design. Let 8 (u) be the latent variable associated with X,)- For any A € {0,1}

and any function G(-),

{ZZ )\+ 1_2)\ )(GY(;’/;B))} :n(S—l)E[G(X)]7

subject to the existence of all involved the expectations.
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Proof. Let A = 0. By the total law of expectations and equation (4.4) we get

“ 8 (u) G(Y,
(S ze e

r=1 ’U,Edr

=n(S — DE[G(X)],
The proof for A = 1 is similar and hence omitted. O

Now, we obtain the FI content of Y,,,s and compare it with its SRS counterpart of

the same size.

Theorem 4.1. Under the usual regularity conditions, the FI matriz of a complete

PROS(n, S, D) sample of size n from f(-;0) is given by
Lpros(0) = Lsrs(6) 4+ K(8),

where (@) denotes the FI matriz of an SRS of size n,

F(X;0)F(X;0)

1s a non-negative definite matrix and the expectation is taken with respect to X.

Proof. Let Y, = X(g,),r = 1,...,n. Using (4.1), the log-likelihood function of 8

can be written as
Lpros(6) o< 155 (0) + T'(0),
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where
Tp(0) =D D > dul(N) 8 (u)log[A+ (1= A) F(y,; 0)],

and l,.5(0) is the log-likelihood function of @ under an SRS sample of size n so that
—E[Djls5(0)] = L5(0). Taking the second derivative of T',(0) with respect to 6,

one gets

n

r=1u

{ DgF(yrae) . [DOF(yrae)][DeF(yrve)]T} (4 5)
A+ (A =NF(y;0) PA+1=-NFs0)* |

> (=120u (A8 (u)

cd, A\=

Using Lemma 4.1 with G(z) = D3F(x;0), we have

n

(u) G %) (u) G(Y,
{Zzu—l Yi,e() )}ZE{ZZ(S—u)—F((Yi;O() )}. (4.6)

r=1 ued, r=1 ued,

[Dg F(2;0)][Do F(x;0)] T

e Fae) Lemma 4.1, we obtain

Similarly, by choosing G(z) =

(@) 1y
{Z Z A+ 16_ 2)5)}3/(5/;))} =n(S-1E{G(X)}, Ae{0,1}. (4.7

r=1 ued,

Finally, taking the expectation of DAI'p(0) and using (4.6) and (4.7), we obtain

(4.8)

K(0) = ~B{D§1,(0)) = n(s - )i { LI HALON |

10)F(X;0)

which completes the proof. [
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Theorem 4.1 shows that the FI matrix of the complete PROS(n, S, D) sample can be
decomposed into the FI matrix of the SRS data and a nonnegative definite matrix,
hence I,,5(0) > I.5(0). In other words, complete PROS samples provide more
information about the unknown parameter 8 than SRS samples of the same size. It
is worth noting that the result of Barabesi and El-Sharaawi (2001) about FI of RSS
data can be obtained as a special case of Theorem 4.1 by setting S = n. We now
compare the FI content about the unknown parameter 8 of the complete PROS

sample with that of a RSS sample of the same size.

Theorem 4.2. Under the conditions of Theorem /.1, the FI matrixz of a complete

PROS(n, S, D) sample may be decomposed as
]IPTOS(O) = L..5(0) + H(0),
where I,55(0) is the FI matriz of an RSS of size n (when the set size is n), and

_ [DoF(X;0)][DoF(X;0)]"
H(0) = (s )i {0 g )

1s a non-negative definite matric.

Proof. Using Theorem 4.1 for S = n, we have

A ]

where I,4(0) denotes the FI matrix of a SRS of size n. Now, the result follows from

the above equation and the expression for I,.,s(6) in Theorem 4.1. O
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Theorem 4.2 shows the superiority of a complete PROS sample over an RSS of the
same size in terms of the FI content about the unknown vector of parameters 6. In
the following examples we obtain the FI content of a complete PROS sample from
a location-scale family of distributions as well as a simple linear regression model
and compare them with those based on SRS and RSS data of the same size. To this

end, let

det{I0s(0)}
 det{l;4(0)}

det{I,0s(0)}

RE\(6) T det{lo(0)}

and RF,(0)

From Theorems 4.1 and 4.2 one can notice that the set size (S) and the number of
subsets (n) are two important parameters that influence the FI content of PROS
samples. In addition, the matrix I,.,; and I, are of order nS and n? while I, is
of order n, then RE; and RE, are obviously of order SP and {S/n}?, respectively,
where p indicates the number of unknown parameters of the underlying model. So,

both RE; and RFE> increase with the number of the parameters of the model.

Example 4.1. (Location-Scale family of distributions). Under the assump-
tions of Theorem /.1, if f(x;0) is a member of the location-scale family of distri-

butions with pdf

), 0=(u,0) € RxRT,
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where g(+) is a pdf with corresponding cdf G(-), then

]Ipros(e) :]Isrs<0) + K(O)

/ 2
n E{g((ZZ)Q} E{Zg (g }

2
7\ BN B(LIE -

4 n(S — . 1) (E{G = G } ]E{G ZZ)[gl(Zng)]} )

Z9(Z)?
o B aotem Elagiam

In the specific case where f(x;80) is symmetric about u, the FI matriz reduces to

/ 2
9(2)
() =2 | Pt -
pros o2 0 E{Z29 (2) 1}
9(2)*
(2)?
PG ( E{e@i-ctan} 0 )
g 0 E{G Z)[l & Z)]}

Tables 4.1 shows the values of RE; and REs for some location-scale families of
distributions. As expected, the largest values of RE, and RFEy are achieved for the

cases where both location and scale parameters are unknown.

Example 4.2. (Linear Regression Model). In this example, the PROS(n, S, D)
sampling design is used for inference on the simple regression model Y; = [y +
Brx; + €; where, for each x;, 1 = 1,...,k, we have a PROS sample of Y'’s denoted
by (Yia,)s - - Yian))- Suppose € are i.i.d random variables from a symmetric dis-
tribution with pdf f(-) and cdf F(-), respectively. Let E(e;) = 0 and var(e;) = o?.

Without loss of generality, we take T = %Zle T, =0, 82 = kzz L x? and let
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0 = (5o, p1,0). Using Example J.1, it is easy to show that

kon {f(Z2} miE{,Z; 0
]Isrs(e) — Zﬁ Z‘lE{f > 2E{f Z)2 ,0
- 0 0 B
_ ok FZ2) ap F(2?) o 22 f(2)
= 9<E{ fze e R e 1>’
and
. E{fZ)2} E{J;S(ZZ} 0
wo) - SR anliy s o
i=1 0 0 E{ F(Z }
_ 2kn(S-1) . F(Z)? o [(2)? Z*f(2)?
= g diag <E{F(Z)}’S””E{F(Z)}’E{ F(Z) }>’

Note that RE1(0) is independent of x; and @ and it only depends on the pdf f(-) and
its corresponding cdf F(-). As a special case, when the €;s are normally distributed,

we get

RE(6) = {1 +0.4805(S — 1)}* {1 +0.1350(S — 1)} .

When S = n, this reduces to the result of Barabesi and El-Sharaawi (2001) for RSS

data.
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4.2.2 FI matrix of X,,,; and the effect of misplacement er-

rors

In this section we obtain the FI matrix of X,,,s. We study a general setting where
it is assumed that the sub-setting process of the PROS(n, S, D) design is subject
to misplacement errors between the groups. For example, when the actual rank
of a unit is in the judgment subset d,, due to judgment ranking error it could
have been misplaced into another judgment subset, say ds, r # s, which leads to
a different kind of ranking error than the one usually happening in RSS. This is
a very general setting where the FI matrix of X,,,, under the perfect sub-setting
assumption can also be obtained as a special case. We use the missing data model
proposed by Arslan and Ozturk (2013) to model possible misplacement errors in
PROS sampling design. Let X, = {Xjg,7 = 1,...,n} denote an imperfect
PROS sample where [-] is used to show the presence of misplacement errors in the
sub-setting process. When the sub-setting process is perfect we simply use X4, to

denote PROS observations. Let o denote the misplacement probability matrix,

Ady,dy  Qdydy -+ Xdyd,
Qdy,dy  Qdgydy -+ dy,dy

o = . . . )
Oédnudl Oédnyd2 tte adnydn

nxn

where a4, 4, is the probability of misplacing a unit from subset dj into subset
d,. Since the design parameter D creates a partition over the sets, the matrix a
should be a doubly stochastic matrix, that is, a matrix such that Y ", a4 4, =

Y one1 Qd,.a, = 1. Suppose fiq,1(+; @) is the pdf of Xjg, 7 =1,...,n. One can easily
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show that
(T Z%dh i (1a,);0) = [(2(a,);0)9:(21a,); 0), (4.9)

where

0 (w:0) =Y Y o (0 JF@o - Ao @10

h=1 Uedh

The likelihood function under an imperfect PROS(n, S, D) design is now given by

=1 fia ) (@a);:0) = [ [ f(214,:0)g:(21a,1: 0),
r=1 r=1

where 2 = (60,). To obtain the FI matrix of an imperfect PROS sample and
compare it with its SRS and RSS counterparts, we need the following result, the

proof of which is left to the reader.

Lemma 4.2. Let Y, = X3}, r = 1,...,n be observed from a continuous distribu-
tion with pdf f(-;0) using an imperfect PROS(n, S, D) sampling design. Suppose
fia,1(-:0) and g,(-,0) are defined as in (4.9) and (4.10), respectively. Under the

reqularity conditions Chen et al. (2004), we have

(i) S0 fia)(z;0) = nf(z;0),
(”) Zle gr<x; 0) =n

’V‘Y’I‘
(iii) ry E{ 2} =0,
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; n [Dogr(Yr;®)][Degr (Y] " | _ [Dogr(X;6)][Degr(X;:6)] "
(w) ZT:l E{ - gg(Yr;eﬂg } - Zf‘zl E{ - gT(X§Z§ } )

Now, we show that the FI content of X,,,s is more than that of its SRS counterpart.

Unfortunately, it is hard to obtain analytical results to compare the FI content of

PROS and RSS data, therefore, we should rely on numerical studies for this case

(see Tables 4.2 and 4.3).

Theorem 4.3. Under the conditions of Lemma 4.2, the FI matriz of an imperfect

PROS(n, S, D) sample about unknown parameters Q = (a, 0) is given by

]Iipros<Q> — I[srs(0> + ZE

r=1

{ [DBQT(X; 9)][D09T(X7 0)]T }
9-(X; 0)

= ]Isrs(e) + Xn: Am
r=1

where Y, A, is a nonnegative definite matriz.
Proof. The proof is similar to the proof of Theorem 4.1 and hence is omitted. [J

To study the effect of misplacement errors in the sub-setting process of PROS(n, S, D)
design, on the information content of data, we consider the following misplacement

probability matrices when n = 2 and n = 3,

|3
S

|H

|

S
—

|M|\
S

p l-p
o) = and o =

—
—

—
w||t\3|
IS
—
w||’U N
iS]
s o
iS]
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Table 4.2: Values of RE; and RE, for comparing the FI content of imperfect PROS data with
its SRS and RSS counterparts with the same sample size for some distributions (Dist.) including
Normal (Nor.), Exponential (Exp.) and Logistic (Log.) when S = 6.

p

Dist. Design 0 0.1 02 03 04 05 06 07 08 09 1
Nor. 2 RE; 237 165 133 1.13 1.03 1.00 1.03 1.13 133 165 2.37
RE, 144 124 113 1.06 1.01 100 1.01 1.06 113 124 1.44

3 RE; 175 127 1.07 1.00 101 1.10 1.27 152 187 239 2.78

RE, 124 110 1.03 1.00 1.00 1.04 1.10 1.17 124 133 1.44

Exp. 2 RE; 191 146 123 1.10 1.02 1.00 1.02 1.10 1.23 146 191
RE, 1.36 120 1.11 1.04 101 1.00 1.01 1.04 111 120 1.36

3 RE; 147 118 1.06 1.00 1.01 1.07 1.18 1.35 158 1.90 2.45

RE, 1.18 1.0v 1.02 1.00 1.00 1.03 1.07 1.12 1.19 126 1.35

Log. 2 RE; 270 177 138 1.16 1.03 1.00 1.03 1.16 138 1.77 2.70
RE, 156 129 1.16 1.07v 101 1.00 1.01 1.07 116 1.29 1.56

3 RE; 1.88 1.30 1.08 1.00 1.01 1.11 1.31 1.61 205 2.75 4.16
RE, 1.31 112 1.03 1.00 1.00 1.06 1.11 1.20 130 1.42 1.59

3

For some members of the location-scale family of distributions, numerical values
of RE1(0) and RE»(0) are calculated to compare the FI content of imperfect PROS
data with their SRS and imperfect RSS (with ranking error models a; and a for
n = 2 and n = 3, respectively) counterparts of the same size when S = 6 and
S = 12. These values are reported in Tables 4.2 and 4.3, respectively. Both tables
show that misplacement errors in the subsetting process of PROS sampling have

considerable effect on the information content of PROS data about the unknown

parameters of the model. Note that, when the subsetting process is done randomly,
i.e., p=1/2 when n = 2 and p = 1/3 in the case n = 3, the FI content of PROS

data is the same as the FI content of SRS and RSS samples of the same size.

4.3 Other information criteria

The concept of information and uncertainty of random samples is so rich that sev-
eral measures have been proposed to study its different aspects. For example, in

engineering studies, the Shannon entropy, Rényi entropy and KL information mea-
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Table 4.3: Values of RE; and RE, for comparing the FI content of imperfect PROS data with
its SRS and RSS counterparts with the same sample size for some distributions (Dist.) including
Normal (Nor.), Exponential (Exp.) and Logistic (Log.) when S = 12.

p

Dist. Design 0 0.1 02 03 04 05 06 07 08 09 1
Nor. 2 RE; 3.01 194 148 120 1.04 1.00 1.04 1.20 148 1.94 3.01
RE, 1.83 146 126 1.12 1.03 1.00 1.03 1.12 126 146 1.83

3 RE; 234 147 113 1.00 1.02 1.17 145 185 243 3.27 4.89

RE, 1.67 127 1.08 1.00 1.01 1.11 1.25 142 161 1.81 2.10

Exp. 2 RE; 239 168 135 1.14 1.03 1.00 1.03 1.14 135 1.68 2.39
RE, 1.70 138 121 1.09 1.02 1.00 1.02 1.09 121 138 1.70

3 RE; 1.88 132 1.09 1.00 1.02 1.12 131 1.59 197 249 3.40

RE, 1.50 1.20 1.06 1.00 1.01 1.08 1.19 132 148 1.65 1.88

Log. 2 RE; 3.56 213 156 123 1.05 1.00 1.05 1.23 1.56 2.13 3.56
RE, 206 156 131 114 1.03 1.00 1.03 114 131 1.56 2.06

3 RE; 273 155 1.15 1.00 1.03 1.20 1.53 204 283 4.07 6.72
RE, 1.90 133 110 1.00 1.02 1.12 130 1.53 180 2.10 2.57

3

sures are used more than FI to quantify the information and uncertainty structures
of random samples. These measures quantify the amount of uncertainty inherent in
the joint probability distribution of a random sample and have been applied in many
areas such as ecological studies, computer science and information technology, in
different context including order statistics, spacings, censored data, reliability, life
testing, record data and text analysis. For more details see Jafari Jozani and Ah-

madi (2014) and Johnson (2004) and references therein.

In this section, we compare the uncertainty measures including Shannon entropy,
Rényi entropy and KL information of PROS samples with SRS and RSS samples
of the same size. Jafari Jozani and Ahmadi (2014) compared these uncertainty
measures of the RSS data with those under SRS data. The results of the following
sections extend the results of Jafari Jozani and Ahmadi (2014) to PROS sampling
technique. Throughout this section, the sub-setting process of PROS design and

the ranking process of RSS are assumed to be perfect.
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4.3.1 Shannon entropy of PROS samples

Let X be a continuous random variable with pdf f(-;0). The Shannon entropy

associated with X, is defined as

H(X:0) =~ [ (2:6)l0g f(z:0)d

subject to the existence of the integral. The Shannon entropy, as a quantitative
measure of information (uncertainty) is extensively used in information technology
and computer science and other engineering fields. In practice, smaller values of
the Shannon entropy are more desirable (see Johnson, 2004). The Shannon entropy

content of an SRS of size n is given by
H,(Xs;0) = — Z/f(x, 0)log f(x;0)dr =n H(X;;0).
i=1
Similarly, for an RSS of size n (with the set size n)

H,(X,s;0) = — Z / f(i:")(x; 0) log f(i:")(:zj; 0)dz,
i=1

where f(#7)(.; @) is the pdf of the i-th order statistic in a SRS of size n from f(-;8).

Furthermore, for a PROS(n, S, D) sample, it is easy to see that

Hn(Xpros§ 9) = - Z / f(dr)(?ﬁ 9) log f(d'r)(y; O)dy'
r=1

In the following lemma, we show that the Shannon entropy of a PROS sample is

smaller than that of an SRS sample of the same size. Unfortunately, we are not able
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to obtain an ordering relationship among the Shannon entropy of RSS and PROS
data for sample of the same size. Instead, we obtain a lower bound for the Shannon
entropy of a PROS(n, S, D) sample in terms of the Shannon entropy of an RSS data

of size S when the set size is S.

Lemma 4.3. Let X,,,s be a PROS(n, S, D) sample from a population with pdf
f(+;0) and let m = S/n be the number of observations in each subset. Suppose X
is a SRS of size n from f(+; @) with Shannon entropy H,(Xss; 0) and let Hg(X,ss; 0)

represent the Shannon entropy of an RSS of size S when the set size is S. Then,

_HS<Xfrss; 0) S Hn(Xpros; 0) S Hn(Xsrs; 9)7 for alln € N.

Proof. Using (4.3) and let convexity of h(t) = tlogt,t > 0, we have

- [ (% S (o 0)) <1og [% S i (@ e)] ) da

- Hn(Xsrs; 0)

IN

Hn (Xpros; 0)

Furthermore, using (4.2) and the convexity of h(t) = tlogt,t > 0, we have

Hy(Xpros; 0) = — zn:/ (% > (a 9)) <10g [% > (a; 9)]) da

’uedr Uedr

> LSS [ 90108 19 0

r=1 ’U,Edr

1
= _HS(ers; 0)7
m

which completes the proof. [

101



4.3.2 Rényi entropy of PROS samples

In this section we use Rényi entropy as a quantitative measure to quantify the

entropy associated with PROS data X,,,,s. The Réyni entropy of a random variable

X with pdf f(-;0) is defined as follows

log E[f*'(X;0)],

1

—

where a > 0, # 1. The Rényi entropy is a very general measure and includes the

Shannon entropy as its special case due to the following relationship
i H,1(X:6) = — [ 1(2:6)log f(2:0)dz = H(X:0).
a—

Due to the flexibility of the Rényi entropy, H, 1(X; @) has been used in many fields
such as statistics, ecology, engineering and etc. We derive the Rényi entropy of
Xpros and compare it with the Rényi entropy of X,,;. We present the results for
0 < a < 1 and the case with a > 1, which requires further investigation, will be
presented in later work. To this end, the Rényi entropy of an SRS of size n is given
by

1
1l -«

Ha,n<Xsrs;0) = Zlog/fa(mzag) dmz :nHa,l(X;g);
i=1

and for an RSS with set size n,

Honl(K,00) = 1> o [0z )

i=1
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Also, for a PROS(n, S, D) sample, one gets

Ha,n(Xpr057 = —Zbg/ f(d )] dzx.

Lemma 4.4. Let H, ,,(X,,05;0) represent the Rényi entropy of a PROS(n, S, D)
sample of size n from a population with pdf f(-;0). Suppose X5 and X, a

respective an SRS of size n and a RSS of size S (with the set size S) from f(-;0).

Forany 0 < a <1 and all n € N, we have

1
—Ho (X
m

0) S Ha,n(Xpros; 0) S Ha,n(Xsrs; 0)

Proof. By using (4.2) and the concavity of the functions hq(t) = logt and ho(t) = t,

we have

Hon(Xpros; 0) < na [log/%; (% Z 7S (g 9)) dw]

’LLEdr

IN

— 10g/< ZZf(“S)x0> dx

r=1 u€ed,

= Ha,n<Xsrs; 0) .

Similarly, one can show the following inequalities

v

1 n
Ha,n(Xpros;a) 1 “ o ZlOg < Z/ US ;L' 9 O‘dx)
r=1 ued,

> Z > log (/ £ (2 0)]%:::)

r=1 u€d,

1
= —H,qX
m

rS8S?

0),
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which complete the proof. m

4.3.3 KL information in PROS samples

The Kullback-Leibler (KL) distance is another measure to quantify the information
of a random phenomenon by comparing two probability density functions of the
random experiment. Consider two pdfs f(-;0) and g(-;0). The KL information
measure based on f(+;0) and g(-;0) is defined by

K(f,9) = /f(t; 6) log (%) dt,

which quantifies the information lost by using g(-; @) for the density of the random
variable X instead of f(-;@). In this section, using the KI. measure we make a com-
parison between PROS, SRS and RSS designs to determine which design provides

more informative samples from the underlying population. To this end, we use

LpT'OS (0|y)

K (L 015): LrsO1)) = [+ [ LBl o ( Lors(01)

> dy, (4.11)

to compare the PROS(n, S, D) and SRS designs, where L,,,s(0]y) and L.s0|y)
denote the likelihood functions of PROS and SRS samples of the same size, respec-
tively. The KL information measure for comparing RSS and SRS is defined similarly
by using (4.11) and setting S = n in the PROS sampling design. One can inter-
pret (4.11) in terms of a hypothesis testing problem within the Neyman-Pearson

log-likelihood ratio testing framework (see Johnson, 2004).

Lemma 4.5. Let L,,,s(0]y) and Ls.5(0]y) denote, respectively, the likelihood func-

tions of a PROS(n, S, D) sample and a SRS of size n from a population with pdf
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f(;8). Then we have

K (Lpros<9|Y>’ L8T5(0|Y)) - Z / f(dr)<y; 0) 1Og (%) dy'

Proof. To show the result, using (4.11) we have

s [T o1 b 1og (L@@ ON T vy o
K(Lpros(ely)al/srs(ely)) _;/ /{gf(dh)(yh,e)}l g< f(yhe) >{]1_{dy]}

N _ Jan)(y; 0)
= TZl/f(dT)(ya 6) log <M) dy,

where the last equality follows from the independence of observations and the fact

that n — 1 of the integrals are 1. O]

In the following lemma, we show that the KL distance between the likelihoods of
PROS and SRS samples is greater than the KL information distance between the
likelihoods of two SRS samples. Hence, PROS sampling scheme provides more
informative sample from the underlying population compared with SRS sampling
scheme. We also obtain a lower bound for the KL information between the likeli-
hoods of PROS and SRS data of the same size.

Lemma 4.6. Let L,,,s(0]y) denote the likelihood function of a PROS(n, S, D) sam-
ple from a population with pdf f(-,0). Suppose Lg.s1(0|y) and Ls.s2(8|y) denote
the likelihood functions of simple random samples of size n from f(-;0) and g(-; ),
respectively. In addition, let L,ss(8|y) represent the likelihood function of a RSS

of size S with set size is S. Then,

1 ~
K (Lsrs,l(e‘Y)7Lsrs,2(0’y>) S K (Lpros(e‘Y)a Lsrs,2(9’y)) S E (Lrss* (O‘y)y Lsrs,2(9’y)> .
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Proof. Applying Lemma 4.5 and using the convexity of h(t) = tlogt, t > 0, we

derive

K (Lpros(0|Y)7 Lsrs,2 (9 ’Y))

- g/g(y; 0) <%;yé)9)) tog (%) "

n/g(y; 0) FiM] log {%Zfl fian (s 9)] a

v

n< g(y;0) 9(y; 0)

— n [ 7610 (ﬁi’ 33 ) !

= K (Lm,l(e), Lsrs,2(0)) )

which shows the first inequality. Similarly,

K (Lpros(0|y)7 Lsrs,2(0|Y)>
RS o (L5 W0 (L £V :0)
N Z/g(y,@) (muz 9(y:0) )1 ° (m 2 9(y: ) )dy

uedr
. ©:5) (z: 0
(U'S)(y; 9) log (fg(y—%))) dy

IN
S=
L[]
—
Ay

1
- EK (Lrss* (9|Y)7 Lsrs,2(0|Y)) )

which completes the proof. O]
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Chapter 5

Mixture Model Analysis of PROS

Samples

In Chapter 2, we developed parametric inference for the FMMs based on an RSS
design under the perfect ranking assumption and showed that it improved the ef-
ficiency for the estimation of the mixing parameters and parameters of the com-
ponent distributions compared with the usual case under the SRS design. In this
chapter, we investigate the FMMs under PROS design with an imperfect ranking
error model. This extends the results of Chapter 2 to an imperfect setting. In order
to minimize the magnitude of the ranking error, we propose to use a PROS sampling
design in which subsets are partially ordered in each set and units within subsets are
not ordered. The partial ordering does not eliminate the possibility of ranking er-
ror completely, but reduces it to the misplacement errors of the units into subsets.
Implementing the ML method to estimate the parameters of the model is much
more challenging when working with PROS samples compared to the traditional
SRS and even RSS samples. One significant difference is that the full likelihood

based on PROS data involves powers of convex combinations of the survival and
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cumulative distribution functions of the underlying FMM. We propose a new EM
algorithm for the ML estimation of the unknown parameters of the FMM as well

as the ranking error probabilities under the PROS sampling design.

To this end, in Section 5.1, we introduce the PROS sampling design for FMMs.
In Section 5.2, we present the likelihood function of the PROS sample from a FMM
and introduce suitable indicator variables to obtain the complete-data likelihood
function. In Section 5.3, we introduce an EM algorithm for the estimation of the
parameters of the model given the PROS sample. One major challenge to ML
estimation, when it involves PROS data from FMMs, is computational intractabil-
ity. In Section 5.4, a modified version of the proposed EM algorithm is suggested
to reduce the computational burden of the estimation process. In Section 5.5, we
study the problem of classification of the PROS sample into the components of the
FMM. We describe our simulation studies in Section 5.6. An application of our
method to a fishery data example is presented in Section 5.7. We apply the pro-
posed method to estimate the age groups of a fish species in the Chesapeake Bay
area using length-frequency data which can be considered to be a mixture of two

normal densities.

5.1 PROS sample from FMM

Suppose X is a random variable associated with a random phenomenon of interest
following the FMM (1.1). Let D = {d,,...,d,} denote a partition of the integers
{1,...,S} into n mutually exclusive subsets d,, each of size m, where d, = {(r —
Dm+1,...,rm},r=1,...,n,andm = S/n. Let {Xg;5r=1,...,n;i=1,...,N}

denote a balanced PROS sample of size Nn constructed through the PROS sampling

108



design described in Chapter 1, with set size S, number of subsets n of equal size

m = S/n and number of cycles N.

To provide a model for misplacement errors in PROS design, we consider a

missing data model proposed in Arslan and Ozturk (2013). Let

be the order statistics in set ¢, i =

X; = {Xay < X <+ < X(syi}

1,...,N. The PROS design selects one unit,

X{a,)i> from the subset d, in this set. The construction of d, and the selection of X4, ;

is modelled by a missing data model which accommodates the possibility of ranking

error between judgment subsets d,., r = 1,...,n. Let a denote the misplacement

probability matrix,

Ady,dy Odyds
Xdydy  dy,dy

adn7d1 adn7d2

adl 7dn
ad?:dn

Qd,, dy,

SxS

; adrydh, = ad’r7dh

33

5;|H

33

S?M|H

L33

1
m2

mxXm

where g, 4, is the probability that any order statistic from the subset dj, is misplaced

into the subset d,. Since the design D is a partition, we must have the constraint

Y on_i @4, 4, = 1. In order to have a valid probability model, we also need to have

the constraint " a4, 4, = 1. These two constraints define a doubly stochastic

matrix a. Thus, the matrix a contains the misplacement probabilities of an order

statistic from the subset d;, to a judgment order statistic in another subset d,., for

h,r € {1,...,n}. Entries 1/m? indicate that random selection from d;, and random

replacement to d, are all equally likely.

Now, for each X|4,};, define an m x S dimensional multinomial random matrix,
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4] .
AE I with parameters 1 and Qq,], where ag) = (g, 4y - - - s QXa, 4, ), and g, g, are

as defined above. It is clear that ayg,) is an m x S dimensional probability matrix
whose entries sum to 1. With this structure, Agdr] can be written as an m x §
random matrix Agdr] = <A£d“dh](k', u):ked,ue dh) which has only one nonzero

(exactly equal to 1) entry and all the other entries are zero. The position of the
nonzero entry determines the identity of the unit and the subset from which the

unit is selected at random; that is,
X[d,«]i - 1; AEdT]X(l),

. . dr| . . . .
where 1,, is a column vector of ones. Since AE "} is a multinomial random matrix,

its pdf is given by

[dr] _ glde]. .\ _ - d,.d, st nl (1 )
Par =6"e)= [T ] : (5.1)

m2
ked, h=1uedy,

]

Also, the conditional distribution of X4,j; given Agd can be written as

[d] - (w:S) 51 (1)
f@alol™ e = TTTT TT {r™ (zu.: @)} , (5.2)

k’edr h=1 uedh

where f(“9 (z; W) is the pdf of the u-th order statistic in a set of size S from the

FMM (1.1) as follows
FS) (2 ®) = § <i B D F s W) {F (25 @)} (2 9) 157, (5.3)

and F(z; ¥) = 1 — F(z; ¥). Finally, the joint distribution of (X, Agd’“]) follows
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from (5.1) and (5.2) and is given by

slar-dnl (g )

f(x[dT}ia(sEdr}; H H H {Oédr dhf uS x[dr]i;‘l’)} i ) ’ (54)

kedy h=1ucd,

where Q = (¥, ). The marginal distribution of X(4 3; is then obtained by summing

f (14,0, 5Z[dr]; Q) over SEM, that is

f(@(a,i; Z f(x(a,)i, 6 o Z Z ay.a, f0 (210,00 ). (5.5)

h 1 ued,

Z

Form (5.4) and (5.5), it is easy to see that

4y a0, B (F(x(4,; ®)) a1 )
dr,dp, Pu,S+1—u [dr]5 ! 7
i =TI {— b

ked, h=1uedy, mz Z ag, 4, B, 5+1_u'(F($[dr]§‘I’))

h= 1u€dh

f(8

where B, p(-) is a beta density function with parameters a and b.

5.2 Likelihood functions for PROS sample

In this section, we derive the ML estimator of the unknown parameter ¥ of the FMM

(1.1) based on a PROS sample. Let F(z; ¥) = ij\i1 7;F;(x;6;) be the cumulative
distribution function (cdf) of the FMM (1.1), where Fj(z;6;), j =1,..., M, refers
to the cdf of the j-th component of the model. Using (5.5), the incomplete likelihood

function under the imperfect PROS sampling design is given by



Let 1;(£2) = log L1(£2). Now, the ML estimator of ¥, denoted by ¥, is given as an

al1 ()
v

appropriate root of the likelihood equation, = 0. Note that finding U from

(5.7) is not tractable since the pdf involves summations over i and w in the subset d,..
To overcome this problem we rewrite the likelihood function L;(€2) from a missing

data model perspective. Considering the unmeasured (latent) multinomial random

matrices A,[;d’“] defined in (5.4), the complete likelihood function of €2 becomes

L) = [ ] f (e 6 ). (5.8)

i=1r=1

Using the marginalization principle in (5.5), it is easy to see that the likelihood

function (5.7) can be obtained by summing the complete-data likelihood function

(5.8) over Al

i
Note that the complete-data likelihood function L, is more tractable than L,
when interest lies in the estimation of the parameter a. Using the EM algorithm, the

ML estimator of «, &z, can easily be obtained. However, from equations (5.3) and

(5.8), we note that, due to the presence of the terms [F(-; ®¥)]“~! and [F(-; ¥)]5*
in Lo, the complete likelihood function L, is still intractable for estimating ¥. To
reduce the computational complexity in the estimation of the parameter ¥, we
provide an alternative representation for the likelihood function L,. We first insert

(5.3) into equation (5.2) and rewrite the conditional density of X4, ; given the latent

vector Az[dr] = 6" and ¥ as follows

i

(01 w) (5.9)

star-nl (g )

A

=11 ﬁ II {S<i: Df(x[dr}; ) [F (zga,); )" [F(2p,); ‘I’)]S_“}

ked, h=1uedy
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In equation (5.9), to keep track of the component membership of the judgment order

statistics X(4,); and to simplify the density to a manageable form, we introduce three
additional latent variables ng”},Wl[-d"],Vz[d’"] for each x(4,);, given AEM = 5£-d’"]. Let
ZEdT]\(i?[;dT] denote the conditional component membership of the observation x4,
and Wz[dr] |5£d’“] denote the conditional component membership of the observations
less than x(4,); in a set of size S from which x(g,); is obtained. Similarly, let VZ[M |6£d’"}

denote the conditional component membership of the observations larger than x,);

in its corresponding set of size S. We note that these second-level latent variables

[dr]

are handled conditionally, given the first-level latent matrix A;", since the rank

and the exact position of x[,}; (i.e., the subset and the position within the subset)

are determined by the latent matrix Az[dr] .

For a given judgment order statistic x,);, let {Agdr’dh](k‘,u) = 1} denote the
event that the entry of the matrix Agdr] at the k-th row of the subset d, and
u-th column of the subset dj, is one. The latent vector ngr]]{AEd“dh}(k,u) =1}
is then an M-dimensional vector, where ZZ-[;ZT]HAZ[-d“dh](k,u) = 1} is one or zero,

according to whether or not x|4,); belongs to the j-th component of the mixture

model (j =1,..., M), that is,

1 if wq,); belongs to component j;

[dr]
Zij 0 otherwise,

A = 1) = §

with Z]]Vil (Zi?’”] {Agd’"’dh}(k,u) = 1}) =1.Fori=1,...,N;r=1,...,n, we have
that each ZEdT]]{AEd“dh}(k, u) = 1} follows a multinomial distribution consisting of
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one draw on M classes (C1,...,C)y) with probabilities @ = (7, ..., my). Hence, it

is easy to show that

st hl (g )

7

n 1 M z[dr]
=1I1I11 {( z[d”) I~ } . (5.10)
k€d, h=1ucdy, ""’ il j

J=1

f(z|e)

In addition, suppose M-dimensional latent vector Wz[dT]|{A£dT’dh}(k, u) = 1} denote

the number of observations less than x(4,); which are selected from component j of
M (L] g pldrodi]
the FMM (1.1). It should be noted that >~ ( \{A (k,u) = 1}) =u—1,

and the latent vectors Wz[dr}|{A£-d“dh](k:,u) =1},i=1,...,N;r = 1,...,n, each
have a multinomial distribution consisting of u— 1 draws on M classes (C, ..., Cy)

with probabilities 7. Therefore, we can show that

f(w"

SR 10101 R Y (PR 1 o R

ked, h=1uedy, W j=1

Similarly, let VI#/{A" % (k 4) = 1} be an M-dimensional vector, such that

variable V;E-dr]]{AEd“dh}(k, u) = 1} denotes the number of observations bigger than

r[q,); that are selected from component j of the FMM (1.1), with the fact that
=1

M ( VI (Al () = 1}) — S—u. Accordingly, VI# {AL S (5 ) =1}, =

1,...,N;r=1,..., n, follows a multinomial distribution consisting of S — u draws

on M classes (C1,...,Cy) with probabilities 7, and

) sl hl (1 )
fvieimy = 11 H 11 {( L [dr) Hw } . (5.12)

ked, h=1uedy, Vit e e
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Since each set in the PROS design consists of independent samples from the popula-
tion, and since the component memberships of those observations are independent

of each other, the latent variables ZEdT], Wz[dr] and Vl[dr} are conditionally indepen-

[dr]

dent, given A;". The joint distribution of the judgment order statistic Xj4,}; and

the latent variables ngr], ngr] and Vl[.dr] is given in the following lemma.

Lemma 5.1. For fized values i andr, (i=1,...,N, r=1,...,n), we have

g 020wt vt )

K3 3 2

[dr,dh]
o k.
Oédrydh {z ] ,[?”ntvl[?’"]}} o

SiE

ked, h=1uedy, j=1

Sl (g )
Lldr] [dr]  — ol | ’
[fi (@10, 03)]7 [F5(wa,00, 091" [F; (a6, 07)]"

Proof. Let ¢; = S(S_l), Ccy = (Z[dr] !

u—1

w0 L i) €8 = (al? o) and e = (jar? o).

Flagl{z™, 61" w)
sttt (g )

2 M ldr] _
=TI 11 { H fi@a, 15 057 [F(x[dm;‘l’)]“1[F(w[dr]i;‘1’)]5“}

k€d, h=1ucdy,

Using (5.1) and (5.10), we write

M
dr] cldr dr,d Llar]
faag 2, 6 2) = ] H 11 { ter ey | [imfi(epas 0))

ked, h=1ued, j=1

sl hl (g )
X [ F (1,53 )" [F (w1a,5 ‘I’)]S_“} . (5.13)
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Furthermore, using (5.4), one gets

f(zgdru{x[dr]ui[dr]}; v) = H H H 2H <7TJ J x[dm; & )

ked, h=1ue&d, j=1
(5.14)

On the other hand, the conditional distribution of X ; given Wz[d’“] = Wz[dr] and

Agd"] = 5£d"} can be written as

Flaal (w6l w)

S

51 (k)

=HHH{IImu ot 61 o 0}

ked, h=1u€dy, =1

From (5.1) and (5.11), it is easy to write

f(@(a,0i, w; w8l ) = 1] H 11 {adrdh 0103Hf Tia,1i; ¥

k€d, h=1ucd,

dr, dh]

wldr] Su 3 (k)
< [ a5 001" [P 9] }
Now, using equation (5.4) shows
Fw s, 013 @)
0.\ " 3 )
¥
—HHII%HCb Tﬂ) SECAL)
d i)

ked, h=1 uedy,

Similarly, we have

@ {vi¥ 61y, w)

-1 H 11 {CIHf (@(ayis O (@(a, 10 O [Fj (.06 07)] }

ked, h=1 ued,
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Again, making use of equations (5.1) and (5.12) yields the following joint distribu-
tion
(d,] Qd, d -
Flawv®™. 60 = TT TT TI {m21 e [] £ ®)
ked, h=1ued), j=1

[dr,dp]
[dr] 5; (k

X [F(2(g,5: 9)]" " [ F (w1455 05)] "

7u)

Once again, using (5.4), we write

n M n Yij
P e 8wy = TTTT T H( FFxST”Tp)))

ked, h=1uedy,

(5.16)

Finally, based on the conditional independence of the latent variables and from

(5.14), (5.15), (5.16) and (5.4), the lemma is easily proved. O

The key difference between the joint pdf in Lemma 5.1 and the pdf in equation
(5.7) is that the summation in equation (5.7) is replaced by products with the help

of the latent variables. The following lemma shows that the conditional distribution

of X4,1; given 5£dT] can be obtained from Lemma 5.1. Therefore, we can use the EM

algorithm to obtain the ML estimate of €2.

Lemma 5.2. For each x(4,3;, 1 =1,...,N;r=1,...,n, we have
f( [dr]za z 7 Z sz Ld, )i 6£dr ) Edr ) 1 [dr] Q)
Z|5 W|5 V|5

where Z|d, W|d and V|9 in the summations indicate all the possible values of ng’”},
Wz[d’“] and Vl[dr] given AE‘M = 6£dr], respectively.
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Proof. To show the result, we have

DD feagn 8 et wit vt a)

7|6 W|S V|5

10181 { ety [chﬂ{m 0,1 ]]

ked, h=1ué&dy zZls j=1

w[s =1 vis j=1

Sl and (g oy
[Z cs H{m (d,]i; 0 ] {Z s H{W] Tia i )}vl[c;r]} }

= H ﬁ H Clad 5 [Z”Jfa [d,)i Y ] [% j(214,i5 0 ]

ked, h=1uedy,

Sitr I (k)

S—u
Z’]TJ {E[d “ ]

Since the random matrix AEdT] follows a multinomial distribution with one draw
from mS cells (only one entity is 1 and other entries are 0), we could switch the

order of the triple summations with the triple products in the first equality. [

Let Y denote the collection of all latent variables and X denote the observed
PROS data, that is, Y = {(Al*") z™ Wl vidhy o =1 Nop=1,... 0}

and X = {Xp,;,t = 1,...,N;r = 1,...,n}, respectively. Using Lemma 5.1, the
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likelihood function can be written as follows

n

Q’y, H H f x[dr]“ Zdr], Zdr] Edr]’ VEdr}, ﬂ)

i=1r=1

It is easy to see that the likelihood function Lo (¥, o) can be obtained from L(Q2|y, x)
by summing over Z|A, W|§ and V|4, i.e., 3 75> wis 2vis LRy, x) = La(£2).
The log-likelihood function of €2 based on the full data is now given by

L2y, x)

n n

N
XD D202 2 Ak W) log au,a,
r=1 k&d, h=1 u€ed,,

=1

n n M

SE Sk | (41 o ons)
ked, u€dy,

Jj=1

N
>
i=1 r=1 h=1

n n

N
DI NN
i=1 kedr h=1 uedy,

=1 r=1

Jj=1

M
d, d, dy -
<3 |25 og fi(wpai; 05) + wi log Fi(wia,yi:0;) + v)§ ) log F(wya,y: 9j)]

:ll(abIa X) + l2(7r|Y7 X) + l3(€|Y> X)' (517)

Note that the log-likelihood function is partitioned into three parts, [ (aly,x),
lo(m]y, x), and [3(€|y,x), where [1(a|y,x) depends only on e, l3(7|y,x) depends

only on 7 and I3(€|y, x) depends only on &. Thus, maximization of the full likelihood

is done by maximizing each piece separately.
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5.3 EM algorithm based on PROS sample

In this section, we introduce an EM algorithm to maximize the log-likelihood func-

tion (5.17). The EM algorithm starts with an initial value of the population pa-

rameter 2 and involves two steps.

5.3.1 E-Step

This step computes the conditional expectation of the full data log-likelihood func-

tion (5.17) given the observed data X = x by
Q(2,2) = Eqo I(Q,Y)|x], (5.18)

where the expectation will be computed by using Q2© instead of € in the condi-

tional distribution. On the (p + 1)-th iteration, the E-step requires one to compute

Q(2,2®), where QP is the value of Q after the p-th iteration. This involves the

calculation of the conditional expectation of the appropriate latent variables. For

the expected value of Agd“dh](k, u), from (5.6), we have
Al g )| { X g0 = w0} ~ Bin (1,650 (€))

where Bin(a, b) is a binomial distribution with parameters a and b,

(Zs[d]:,dh](Q) _ Ad,dp Bu,s—ut1 (F (24,0 ¥))
mz Z adr:thul,SfulJrl(F(':C[dr]i;\Il))

h=1 u,Edh

Y
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and B,p(-) is a beta density function with parameters a and b. By summing

¢[d’“ dh]( P)) over k and u, we obtain

i,k,u
¢[dr dh] Z Z & d]: dh]

ked, uedy

which is the conditional probability that a randomly selected judgment unit in the
subset d, came from a randomly selected order statistic in the subset dj, given that
Xa,)i has been measured from the subset d,. For notational convenience, we also

write

¢[drdh]( P = ZQSEdgjh]( ®)), and ¢7~h—z¢drdh]

ked,
To obtain the conditional expectation of the latent variables Z;, W; and V;, we
first establish their conditional distributions given X4 j; and the latent variable
Agd”dh](k;,u). Note that from equations (5.14), (5.15) and (5.16), we observe that

f . 0,)
ZZ-[‘-M T4 i,AEd“dh} k,u) =1} ~ Bin (1,M> ,
i A ) = 1) i

[dy] [drdn] . 7 Fi (214,03 65)
W Z‘,A~ ]C, =1}~B -1, =,

i A (k1) = 1} ~ Bin (S o M)
l F(24,05, ¥)

S C o — C [dr] [dr]
where i = 1,...,N; r = 1,...,nand j = 1,..., M. Let 7,7%(Q2), 3,7,(£2) and

%[Ld:]] (€2) denote the conditional expectations of Z;; -] I/de " and V[ , given the
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observed measurement w,); and the latent variable A[d n} (k, u) = 1, respectively.

Using the conditional expectation we have

| = oli@w) rl @),

Equn A" (k, )2l

Eqw [A[ = dh](k U)W[ Sl } — ¢£‘i€jh](ﬂ(p)> 55%(9(1)))’

Eﬂ(?) [A[dT il (k u ‘x[dr]li| ¢£d12 ;ih ( )’VLd:]j (Q(p))'

The above expressions will help us to calculate the conditional expectation of the

log-likelihood function in (5.18) given the observed data as follows

Q(Q, Q(p)) = Q1(a, Q(p)) + Qo(r, Q(p)) + Qs(€, Q(p))7

where

3
3

N
Qa(m, Q") =" Z > Z Sl QW) log

i=1 r=1 ked, h=1 ued; j=1

x {7l (@) + gL QW) + @)}
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and

n

N M
Qe =33 { log (s 0) 3 3 gl ()1 ()

i=1 r=1 j=1 h=1 uedy,

+log Fj(w(a,)130 ZZcb““ )LL)

h=1 uedy,

+ log F Z Z ng [dr d"”] ud:]j(ﬂ(p))}.

h=1 u€edy,

5.3.2 M-Step

The M-step considers the maximization of the conditional log-likelihood function
Q(22,2®) over the parameter space Q to obtain the updated estimates Q@+ =
(BP+D o)) The maximization of Q(c, 2®)) should be done under the con-
straint that a is a doubly stochastic matrix. In order to force the constraint, we use
the Lagrangian multipliers A = (Ay,..., ;) and rewrite the expected log-likelihood

function as

n

Qi(c, QP 0) =) Z¢hh logadhd,+2<z>hh Q%) log ag , 4,

h=1 | p'=1 K =h
n h—1 n

+ E Ah E Qdyd, + E d,a, — 1
h=1 h'=1 h'=h

In this equation, we used the fact that ag4, ) = Qd,dy- The details of the maxi-

mization algorithm are given in Arslan and Ozturk (2013).

The maximization of Qq(m, Q2P)) with respect to 7, j = 1,..., M, does not
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P+ of the parameters € in ¥ and it is accom-

depend on the updated estimates &
plished by using the Lagrangian multipliers to enforce the constraint » = =1

After a little algebra, the estimator is given by

N n n
[dr.d dy dr dr
A= 3OIST S el (@) 4 it @) 1 4lt o))

i=1 r=1 h=1 u&dy,

where ¢; = . Finally, the maximization of Q3(€, Q®) with respect to &€ (to

1
N(nm)3
obtain the updated estimate & (p+1)) is achieved by solving the following estimating

equation in &

i Z Z agfy x[dr]l? Z Z ¢[dr dh] ud;]](ﬂ(p))

dr 7,7

i=1 r=1 j=1 h=1 uedy,
m kM ldr] (O (p) [dr] (p)
+ —F dr]zu j (b i ) - S
; ; ; ¢ it <; uezdh Fj (214,33 0;) E?(I[dr}i§ 0;)
— 0. (5.19)

In order to compute the MLE of €2, the E- and M-steps are alternated repeatedly

until || Q@) — Q@) becomes negligible, where || - || is the sup-norm.

5.4 Modified EM algorithm

Similarly to Subsection 2.2.3, in this section we propose a modified EM algorithm
by replacing the hazard rate function in the log-likelihood function (5.19) with its
expectation. This enables us to reduce the computational complexity of ML esti-

mation based on PROS sampling to the level of computational complexity of ML

124



estimation under SRS. We also note that, this approach only affects the maximiza-
tion of the conditional log-likelihood function Q5(&, Q®).

Lemma 5.3. Let X4,); be a fully measured observation from the subset d,. of the
PROS design with pdf (5.5). Suppose W “) and V[ are the j-th elements of the

latent variables Wi[d’] and Vi[d’“] associated with Xq4,;. Then, for any function G(-)

(subject to the finiteness of the expectations) we have

BB 3535 3p 31 CCCANELITEI)

r=1 ked, h=1 ued, j=1

= S(8 = 1) > mEg [G(X)Fy(X;0)],

3
3

and the expectations on the right sides are with respect to the FMM (1.1).

Proof. Despite the lack of independence between the vectors Aﬁd“d” (k,u)|zg,; and

Wi[;lr]|{a: d,is 5z[d’ h]} using the distribution of Agd“dh](ls, u)|{X4,)i = %[4,):} and the
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total law of expectation, we have

IPIDIDS ZE( O e, W G(X )

r=1k€d, h=1ucdy, j=1

— V) F(X(a,3605) @a, i 5 (X(a,75;®

zzzzm( ) )

r=1ked lu€edy j=1

n n M »y
=YY [ o M a0 sy

r=1ked, h=1uecd, j=1

s S M Ny *
=% 303 o e i

Using Lemma 5.3 and considering G (24,1;) = = F}(@(a,5:;0;)/ Fj(2(a,5; 0;), one can

o€

easily show that

>33 E S (X)) = e 3 e [ E06i0)]

r=1 k€d, h=1 uedy, j=1
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and similarly, considering Ga (7)) = 2 F(w(:;0;)/Fj(x(yi;0;) in Lemma 5.3, we

get

n

>33 3 S (A G Xiu0) = 5 3B [ 30

r=1 k€d, h=1 ued, j=1

where ¢5 = S(S—1). Now, using (5.19) and the above equalities, we get the following
modified estimating equation to update & in the M-step of the EM algorithm. This
approach leads to approximate ML estimate of &:

ZZZ 8£fj (d, )i 0 {Z Z ¢d'r dh] LdZ}J(Q(P))} =0. (5.20)

Xz
i=1 r=1 j=1 fj [dr]“ h=1 uedy,

Note that (5.20) is similar to the updating equation for parameters of the component
densities under the SRS design. Therefore, the modified version of the proposed
EM algorithm for PROS design requires the same computational efforts as the EM
algorithm based on SRS to update £&. However, in the current setup, we still take
advantage of updating the mixing proportions by using the information contained
in all the latent variables. Similar to the SRS case, one nice feature of this modified

version of the EM algorithm is that the solutions to (5.20) often exist in closed form.

5.5 Classifications of PROS samples

In this section we first consider the problem of classifying an observed PROS sample
into the components of the FMM (1.1) by inferring the component membership of
each observation. To achieve this, we use the model-based classification technique
by assigning each observation to different components according to their posterior

probabilities. Supposei € {1,..., N} is fixed and xq,}; is observed. To classify z(q,1;,
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we estimate the component membership vector ng’"] by ZEM) where Z/%" = (Zi[?})

7

and Zi[;ir] is defined by

pla) _ 1 it = argmax (2,55 ),
K 0, otherwise,

for j=1,..., M, where
dy
(214,05 2) = P(Zy) = 1z (a,)-

Also, by using (5.13) and the definitions of z/*! and 61, we have

Zé[dr] f(x[dr]“ zEdT]7 6£dr]7 Q)
> ot Sogian) f (@i 7, 6 Q)

]P)(ngr] = ngr] ]x[dr}z)

ldr]

_ T {mifi(,0605) )
S S, 65 65)

9

and so

Th fh(x[dr]i; 9h>
f(wa,05; ¥)

(a5 ) = 0w (20, ¥) = (5.21)

In practice, the so-called plug-in rule n, ((4,:; \il) can be used to estimate the poste-

rior probabilities 1, (2(4,7:; ¥), where ¥ denotes the PROS estimates of the unknown
parameter vector W.Every observation is then assigned to the component having
the highest estimated posterior probability that the observation originates from this
component. It is interesting to note that the expression we obtained in (5.21) as
the posterior probability of component membership of each PROS observation is

equal to the commonly used expression for the SRS design. However, as we will
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see in Section 5.7, the PROS estimates of the FMM tend to provide a better fit
to the model and the mixing proportions are estimated with better precision than
their SRS counterparts. Thus we observe a better component-wise classification for

PROS samples when compared to their SRS counterparts.

One can also perform a model-based subset-wise classification of the PROS sam-
ple which helps to estimate the true subset-membership of a new observation ob-
tained through the PROS design. This could also be useful to estimate and monitor

the misplacement error probability matrix associated with the PROS design. To

this end, once € is obtained, estimates of the posterior probabilities of the subset
misplacement error of each observed data can be formed to perform a probabilistic
subset-wise classification of the data. Under the PROS design, the subset misplace-
ment error of an observation z(4,);, obtained from the subset d,, can be defined
based on the posterior probability that x(4,); is judged to belong to the subset d,

when its true subset is dj using the following formula

A Ay Doued, Bus—urt (F (g, ¥))

Ot (g, 153 2) = = :
>0 dapa By s i (Flags ©))

h=1 4/ edp,

Now, x(4,; will be classified into the subset d), if
S (214,11 Q) > ¢ W (214,15 ),

forall W #h, K =1,...,n.
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5.6 Simulation study

In this section, we investigate the finite sample properties of the ML estimates of the
parameters of a FMM based on PROS data. The ML estimates are computed using
the EM- and modified EM-algorithms. We generated data sets from a homoscedastic
mixture of two univariate normal distributions based on the PROS, SRS and RSS
sampling designs. The parameter of the mixture model and the number of judgment
subsets in the PROS design are selected as W = (7, puq, o, 0) = (0.8,—2,1,1) and
n = 3, respectively. Each study comprised 3000 replications with a cycle size of
N = 30. In each replication of the simulation, the initial values of ¥ = (7, yy, 2, 0)
in the EM-algorithm are computed following the method of Furman and Lindsay

(1994) by treating the PROS sample as a simple random sample.

We aim to assess the small sample performance of the ML estimates under
the PROS sampling design and compare it with their competitors under SRS and
RSS designs. In particular, the simulation study investigates two main features of
the estimators: robustness against possible ranking error and the efficiency of the
estimators. For robustness, we use four different misplacement error structures o,
ay, a3 and ay. In these models o leads to an error-free ranking model, while as,

a3, and ay induce misplacement errors among judgment subsets. Defining

100 0.9 010 0
a=|010], a,= | 0.10 0.80 0.10 |,
(00 1 0 0.10 0.90
[ 0.75 0.15 0.10 05 0.35 0.15
az;=| 015 070 0.15 | ,as= | 0.35 0.3 0.35 |,
| 0.10 0.15 0.75 0.15 0.35 0.50
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the misplacement error is gradually more severe. Since o, @ =1,...,4, is a dou-
bly stochastic and symmetric matrix, we only need to estimate three independent
parameters (entries). The other parameters of a; can be computed by using the

constraints, > ., app = Yy app = 1. For the initial values of o, we use the
random ranking assumption, namely, {ag?j) = %;i, j = 1,2,3}. The estimators are
computed based on the stopping criteria || T¢HD — B®)|| < 1077,

The ML estimates of the FMM based on RSS data under perfect ranking assump-
tion is developed in Chapter 2. For each one of the ranking models a;, i = 1,. .., 4,
the ML estimates of the parameters of the model are computed for PROS and RSS
sampling designs. For the RSS design, samples are generated based on the PROS
design with m = 1 (number of units in each subset) and ranking probability models
a; so that both PROS and RSS sampling designs have the same judgment ranking
error. In all three sampling designs (PROS, RSS, SRS), the number of measured
units is matched so that a meaningful efficiency comparison can be made. The ML
estimates based on the RSS design are computed under perfect ranking by using

the estimators developed in Chapter 2.

The first part of the simulation study considers the robustness of the estimators
against imperfect ranking. Tables 5.1 and 5.2 present the amount of biases for the
parameter estimates for ranking models «;, ¢ = 1,...,4. It is clear that PROS
estimators of a; have very little bias compared with their RSS counterparts and
one may consider them as unbiased estimators of a;. Also, we observe that the
PROS estimators of the FMM parameters W have the lowest bias compared with
their SRS and RSS counterparts, regardless of the quality of ranking errors. It is

interesting to note that the results under the modified EM algorithm show similar
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Table 5.1: Bias estimates of the ML estimates under complete (Comp.) and modified (Mod.)
EM-algorithm techniques with between-judgment class ranking error model «;, ¢ = 1,2, 3,4, when
sample size is 30 such that N =10, n = 3, and S = 12.

EM a  Design oq1 a2 99 T 1 12 o

SRS -0.0549 -0.1204 -0.1113 -0.1071

a; PROS -0.0143 0.0140 -0.0288 -0.0148 -0.0255 -0.0251 -0.0466

RSS -0.0615 0.0540 -0.1070 -0.0204 -0.0357 -0.0377 -0.0728

as PROS -0.0015 -0.0044 0.0142 -0.0161 -0.0378 -0.0036 -0.0463

Comp. RSS -0.0314 0.0151 -0.0275 -0.0255 -0.0400 0.0240 -0.0764
a3 PROS 0.0018 -0.0045 0.0140 -0.0166 -0.0340 0.0174 -0.0312

RSS -0.0332  0.0393 -0.0538 -0.0220 -0.0611 -0.0274 -0.0693

ay PROS 0.0010 -0.0022 0.0085 -0.0199 -0.0395 0.0303 -0.0431

RSS 0.0243 -0.0326 0.0488 -0.0311 -0.0882 0.0335 -0.0698

a; PROS -0.0171 0.0169 -0.0330 -0.0190 -0.0416 0.0117 -0.0482

RSS -0.0634 0.0554 -0.1160 -0.0289 -0.0661 -0.0121 -0.0689

as PROS -0.0019 -0.0050 0.0154 -0.0179 -0.0374 0.0110 -0.0579

Mod. RSS -0.0400 0.0238 -0.0425 -0.0262 -0.0773 -0.0220 -0.0754
az PROS -0.0011 0.0046 -0.0183 -0.0326 -0.0248 -0.0714 -0.0398

RSS -0.0224 0.0265 -0.0414 -0.0297 -0.0679 -0.0237 -0.0701

ay PROS 0.0047 -0.0071 0.0117 -0.0246 -0.0535 -0.1617 -0.0492

RSS 0.0129 -0.0332 0.0480 -0.0394 -0.0789 -0.0465 -0.0750

behaviour, which is promising especially for practical purposes.

Table 5.2: Bias estimates of the ML estimates under complete (Comp.) and modified (Mod.)

EM-algorithm techniques with between-judgment class ranking error model «;, ¢ = 1,2, 3,4, when
sample size is 30 such that N =10, n = 3, and S = 18.

EM a  Design a1 %D Q99 T 1 2 o

SRS -0.0549 -0.1204 -0.1113 -0.1071

«; PROS -0.0090 0.0090 -0.0179 -0.0113 -0.0219 0.0219 -0.0337

RSS -0.0605 0.0532 -0.1044 -0.0257 -0.0520 -0.0406 -0.0692

as PROS 0.0014 -0.0073 0.0168 -0.0143 -0.0338 0.0305 -0.0541

Comp. RSS -0.0283 0.0110 -0.0232 -0.0263 -0.0428 -0.0250 -0.0727
az PROS 0.0032 -0.0022 0.0135 -0.0205 -0.0484 0.0091 -0.0480

RSS -0.0213  0.0237 -0.0389 -0.0290 -0.0693 0.0135 -0.0706

ay PROS 0.0075 -0.0021 0.0047 -0.0269 -0.0411 0.0150 -0.0558

RSS 0.0218 -0.0302 0.0635 -0.0303 -0.0686 -0.0206 -0.0814

a; PROS -0.0125 0.0125 -0.0244 -0.0215 -0.0483 -0.0132 -0.0472

RSS -0.0645 0.0575 -0.1170 -0.0205 -0.0629 0.0281 -0.0623

as; PROS -0.0011 -0.0043 0.0112 -0.0258 -0.0367 -0.0406 -0.0508

Mod. RSS -0.0396  0.0247 -0.0335 -0.0244 -0.0524 0.0327 -0.0780
a3 PROS -0.0063 0.0094 -0.0073 -0.0361 -0.0303 -0.0851 -0.0262

RSS -0.0240 0.0267 -0.0485 -0.0307 -0.0549 -0.0322 -0.0735

ay PROS 0.0007 -0.0031 0.0054 -0.0702 -0.0231 -0.2559 -0.0168

RSS 0.0202 -0.0314 0.0668 -0.0377 -0.0657 -0.0411 -0.0713

The second part of the simulation

study considers
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Table 5.3: MSEs of PROS and RSS estimators for between-judgment class ranking error model
a;, i = 2,3, 4, when same size is 30 such that N =10, n = 3, and S € {12, 18}.

S =12 S5=18

EM (81 Design a11 12 (6% Q11 12 922
ay; PROS 0.0089 0.0089 0.0176 0.0076 0.0076 0.0157

RSS 0.0240 0.0228 0.0488 0.0234 0.0218 0.0477

Comp. a3 PROS 0.0156 0.0136 0.0284 0.0147 0.0121 0.0251
RSS 0.0387 0.0374 0.0768 0.0380 0.0361 0.0767

oy, PROS 0.0215 0.0192 0.0393 0.0192 0.0166 0.0318

RSS 0.0431 0.0436 0.0948 0.0442 0.0434 0.0959

ay PROS 0.0090 0.0091 0.0184 0.0086 0.0085 0.0165

RSS 0.0269 0.0251 0.0520 0.0256 0.0243 0.0501

Mod. a3 PROS 0.0169 0.0136 0.0290 0.0145 0.0119 0.0239
RSS 0.0394 0.0353 0.0807 0.0386 0.0368 0.0801

ay PROS 0.0252 0.0212 0.0377 0.0211 0.0170 0.0318
RSS 0.0433 0.0423 0.0890 0.0432 0.0441 0.0859

the PROS sample estimators with respect to RSS and SRS estimators. Relative
efficiencies are given in terms of the ratio of mean square errors of the estimators

based on RSS, SRS and PROS sampling designs as

_ MSE(RSS)
~ MSE(PROS)

MSE(SRS)

E o)
Ry MSE(PROS)

and RE5 =

The values of RE; and RFE, greater then one indicate that the PROS sample esti-
mators have higher efficiency than their competitor estimators based on RSS and
SRS designs. These relative efficiencies are given in Table 5.4. We observe that the
PROS estimators of the a;s and the FMM parameters W are significantly better
than their SRS and RSS counterparts, regardless of the quality of ranking errors.
The efficiency of PROS estimators is increased with the set size S. Also, results
under the modified EM algorithm show similar behaviour, which is very important

from the computational cost perspective.
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Table 5.4: REs of PROS estimators with respect to RSS and SRS estimator for between-judgment
class ranking error model «;, i = 1,2,3,4, when same size is 30 such that N = 10, n = 3, and
S e {12,18}.

S =12 S=18

EM a RE s 1 12 o ™ 11 2 o

o; RE; 14081 1.7439 1.3527 1.2700 2.0129 23710 1.2618 1.3723
RE; 27894 29834 1.7912 1.9892 3.2669 3.5963 1.4324 2.3886

oy RE; 14014 1.5492 1.6203 1.2840 14144 1.2910 1.1445 1.2447
Comp. RE; 25806 2.8769 1.9890 1.9800 2.5893 2.7652 1.7126 2.0365

a3 RE; 14776 1.5843 1.7131 1.2665 1.4404 1.5050 1.4255 1.3199
RE, 25433 2.8185 1.1307 1.9481 2.4740 2.8612 1.5921 1.9051

oy RE; 15387 1.8249 1.4806 1.3433 1.0700 1.5838 1.4469 1.2167
RE>; 23743 24780 1.0839 1.8424 1.8875 1.9660 1.0892 1.8055

oa; RE; 1.6518 1.3953 1.3487 1.2491 1.9302 19012 1.2646 1.3388
RE, 25581 24729 1.6801 1.7701 3.1324  3.4532 1.6440 2.1511

oy RE; 13183 1.4449 1.4498 1.1365 1.3893 1.3179 1.1288 1.2318
Mod. RE; 23436 27380 1.8935 1.7525 24236 2.6897 1.9505 1.7445

a3 RE; 13944 1.4111 1.6176 1.1845 1.4540 1.5203 1.5516 1.2262
RE, 24141 2.6083 1.6633 1.4266 2.3146  2.1266 1.2486 1.5064

oy RE; 1.2641 1.7560 1.6420 1.1103 1.2007 1.8976 1.7582 1.2415
RE, 2.0461 2.2601 1.0577 1.8156 1.6762 19619 1.0927 1.7476

5.7 Application

Spot (Leiostomus xanthurus) is an important fish species in the Chesapeake Bay
area. They usually appear in all areas of the Chesapeake Bay in the late spring
and will remain until fall when water temperature starts to go down. Spots are
a substantial food source for other fish species including striped bass, bluefish,
weakfish, shark and flounder, as well as many bird species. As one of the most
frequently caught species, they are important for both commercial and recreational
fisheries in the area. The commercial catch of Spot has averaged 8.2 million lbs per
year since 1950. Recreational catches throughout the region averaged 3.9 million lbs
per year since 1981. Because of an increase in commercial and recreational fishing
pressure, the Chesapeake Bay Program (CBP) adopted a fishery management plan
for Spot in 1991. The goal of the plan is to protect the Spot as a resource in the

Chesapeake Bay, its tributaries, and coastal waters, while providing the greatest
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long term ecological, economic, and social benefits from their usage over time. In
spite of these efforts, there continues to be a downward trend in the number of
Spots in the Chesapeake Bay. Recent research suggests that chemical pollution
may have a serious impact on maturation of Spot adults, which may account for the
continued decline in population, see Rickabaugh and Capossela (2011). Analyzing
the age structure of the population of Spots (and any other species under threat)
is vital and provides an understanding of multiple effects on the species population
dynamics. Age data are especially important when managing fish species, like Spot,
which migrate in and out of Chesapeake Bay waters and that are targeted by both

recreational and commercial fishermen.

In this section, we consider the age (from otoliths) and length of 403 Virginia-
Chesapeake Bay Spot as our population. The data set is available online in R under
the FSAdata package (Ogle, 2013) and it is extracted from Table 1 in Chapter 8
of the Virginia Marine Resources Commissions’s Final Report on fish aging, 2002
(see, http://ww2.0du.edu/sci/cqfe/). The maximum life span of a Spot is about
five years, although Spots over three years of age are uncommon. Spot mature
between ages one and two and have lengths of seven to eight inches. We are es-
pecially interested in two classes of Spot. Age zero and one year old, which are
sexually immature and usually smaller, and two years and older fish, which are
sexually mature and usually longer. Analyzing these two groups is critical. As is
often the case in exploited species, the larger size class are harvested first, which
clearly influences the abundance of reproductively active individuals and therefore
would have serious consequences for the population size of subsequent generations.

Conversely, the presence of young Spot is important because it indicates Spots are
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Table 5.5: Summary statistics for Spot classes.

Spot Class Group Size Min @ Median @3 Max pu o
0 and 1 year 273 6.3 8.2 8.9 9.7 12 9.01 1.15
2 years and older 130 8.5 11.1 11.6 12,5 139 11.7 1.11

naturally reproducing and if removal of this size class can be postponed for one to
two years the population productivity may increase greatly. Table 5.5 provides the

summary statistics for these two classes for the underlying population.

Figures 5.1 and 5.2 indicate that a two-component mixture model appears to
be appropriate for the length measurement of Spots in this data set since both
components are reasonably close to a normal distribution. We then treat these
403 fish as a population and perform a simulation study with 3000 repetitions
by generating PROS, SRS and RSS samples to illustrate the use of our proposed
estimators. We generated PROS samples with set size S = 12, subset size n = 3,

cycle size N = 5 and design
D = {dy,ds,ds} = {{1,2,3,4},{5,6,7,8},{9,10,11,12}.}

Since Spots are ranked according to their length, there is no misplacement error in
PROS and RSS sample. But we still estimated the misplacement probabilities oy, p/
in PROS data to illustrate the use of the estimators. The misplacement probabilities
are not estimated in RSS data. The PROS data is constructed by selecting a set of
12 Spots out of 403 for each fully measured observation X(4,);, r = 1,2,3 and i =
1,...,5. These 12 Spots are ranked from smallest to largest and divided into three
subsets di, dy and d3. One of the fish from subset d, in set 7 is selected at random

for full measurement to create a balanced PROS sample. We also constructed a
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Figure 5.1: The length distribution of Spots in a population of size 403 as a mixture of two
components. Solid, dashed and dotted lines are for the mixture, zero and one group and two years
and older group densities, respectively.

ranked set sample from the same population. The ranked set sample is constructed

in the same way as in the PROS design, but with parameters N = 5, S = 3 and
D = {dy, dy, ds} = {{1},{2}, {3}}.

Table 5.6 presents the bias and efficiency of the estimates of the two-component
mixture model parameters based on PROS and RSS samples. The column labeled
precision provides the percentage of correct classification of Spots into one of the
components of the mixture model based on the posterior probabilities developed in

Section 5.5.
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Figure 5.2: The length frequency distributions of Spots of (a) age zero and one and (b) two
years and older. The total population size is 403.

Table 5.6: Biases and REs of estimators based on PROS and RSS designs with respect to SRS
estimators for ¥ = (7, py, p2,0) when N = 5, n = 3, and S = 12. The last column shows the
classification precision associated with each design.

EM-Tech. Design s 1 [ho o Precision
SRS Bias -0.0751 -0.2566 -0.0577 -0.2164  83.49%

Bias -0.0572 -0.2006 -0.0897 -0.1514
PROS RE 24444 23546 2.2693 1.8366 94.38%

Complete
Bias -0.0614 -0.2164 -0.0611 -0.1744
RSS RE 1.6046 1.6688 1.6991 1.4925 91.57%
Bias -0.0572 -0.2046 -0.0593 -0.1570
PROS RE 23162 22725 21875 1.7415 93.46%
Modified

Bias -0.0544 -0.2131 -0.0234 -0.1701
RSS RE 15175 15281 1.5921 1.4622 90.58%
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Chapter 6

Summary and Future Work

In this thesis, we developed statistical inference for finite mixture models (FMMs)
using rank-based sampling designs. The work is aimed at getting more insight into
finite mixture modelling using rank-based sampling techniques by developing new,
more suitable and efficient statistical methods. Due to advances in computational
techniques, FMMs provide flexible and convenient statistical tools in the data anal-
ysis and play important roles in not only mainstream statistical analysis (e.g., mod-
elling unknown distributional shapes, analyzing data with group-structures), but
also in various scientific disciplines such as quantitative genetics, medical studies,
engineering and so on. Ranked set sampling (RSS) is a powerful and cost-effective
sampling design which is used to obtain more representative samples from the un-
derlying population when the exact measurement of the variable of interest is costly
or difficult to obtain, but a small number of sampling units can be ranked via auxil-
iary variables or judgment ranking, without actual measurement and at little cost.
There are many situations where it is even difficult to rank all of the sampling units

in a set with high confidence. Forcing rankers to declare unique ranks (as in RSS)
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can lead to substantial ranking error and, consequently, to poor statistical inference.
The partially rank-ordered set (PROS) sampling design, a generalization of RSS,
aiming to reduce ranking errors as well as the burden of ranking was studied. In
standard methods of inference for FMMs, samples are typically drawn from the pop-
ulation using simple random sampling (SRS). It is important to develop statistical
inference for FMMs using non-standard sampling designs used often in practice. To
this end, we use rank-based sampling designs to take samples from population whose
distribution can be represented by a FMM to tackle the existing problems and also
to draw better inference about the underlying population. In fishery studies, for
example, interest lies in estimating (or predicting) the population age structure or
describing the length distribution of an age class of fish, especially in the case of
short-lived species. These kinds of studies are usually time consuming and costly.
Rank-based sampling designs are more suitable and efficient sampling designs for
these situations. To reduce the cost, the length of the fish caught, which can be
modelled a FMM, can be measured in the field. The age of a retained subsample
can later be determined by more time consuming methods in the lab. This example

can be treated as a problem of inference based on rank-based samples from FMMs.

In Chapter 2, we studied the analysis of FMMs based on different variations
of RSS designs under perfect ranking assumption. RSS from an FMM results in
two different approaches including prospective RSS, called M1-RSS, and separate
RSS, called M2-RSS. The M1-RSS samples are obtained from the whole FMM
so that, within each set, individuals from different components could possibly be
involved in the ranking process. Under the M2-RSS design, it is assumed that RSS

is performed within each component of the FMM separately and individuals in each
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set are obtained from one and only one component of the model. Proposing new
EM-algorithm for each RSS approach, we studied the estimation and classification
problems of the FMM under RSS designs. The developed methods are valid under
balanced RSS designs. We conjecture that using a suitable unbalanced RSS can lead
to better estimation of the parameters of the FMM over the balanced RSS. To this
end, we considered the problem of estimating the mixing proportion of a mixture
of two normal densities studied in Section 2.4.1 using unbalanced RSS samples
consisting of (1) only minimums, (2) only maximums, and (3) both minimums
and maximums. The results for a small simulation study are presented in Table
6.1. The performance of these unbalanced RSS designs compared with their SRS
counterparts are calculated using the ratio of the MSEs of the maximum likelihood
(ML) estimators of m based on unbalanced RSS and SRS samples of size 120. We
also investigated the relative efficiency as a function of the set size n € {2,3,4,5}.
A comparison of the results in Table 6.1 with Tables 2.3 and 2.4 shows that the
performance of the proposed unbalanced RSS design could be better than that of the
balanced RSS. In this example, selecting only maximums seems to be better than
using an unbalanced RSS consisting of only minimums, or even both minimums and
maximums. Note that when d = ps — iy is large, the SRS design performs better
than an unbalanced M1-RSS consisting of only minimums. This simulation study
shows that finding an optimal unbalanced RSS design for making inference about
FMMs requires more investigation. A comprehensive study in this area is essential
to study the statistical inference about the unknown parameters of FMMs based on

unbalanced RSS as well as the effect of imperfect ranking.

In Chapter 3, we considered three different RSS data structures corresponding
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Table 6.1: The REs of the ML estimates of 7 using unbalanced M1-RSS and M2-RSS samples
consisting of the minimums, the maximums and both minimums and maximums for model (2.45)
when 7 =0.8, uy = —1, po = p1 +d and o = 1.

d\design\RSS\n:Z n=3 n=4 n=>5
Min M1 | 0980 1.079 1.219 1.282
M2 | 1.250 1.704 1.704 1.704

1| Max M1 | 1.562 2.027 2.586 2.830
M2 | 1.162 1.339 1.648 1.829
Both | M1 | 1.327 1.851 1.578 1.764
M2 | 1.200 1.648 1.875 1.898
Min M1 | 0.666 0.615 0.524 0.500
M2 | 1.032 1.333 1.230 1.142
3 | Max M1 | 1.777  1.777  2.666 4.000
M2 | 1.032 1.066 1.333 1.103

Both | M1 | 1.142 1.523 1.882 2.461
M2 | 1.142 1.103 1.454 1.230

to different RSS approaches from FMMs under both perfect and imperfect ranking.
These data structures include two complete M1-RSS, M2-RSS data (as explored
in Chapter 2) as well as an incomplete MO-RSS data containing only the observed
values of the underlying FMM. Deriving Fisher information (FI) matrices under
these data structures, we showed that the FI contained in each variation of the
RSS data is larger than the FI contained in their SRS counterparts. The missing
information principle was also utilized as a useful tool to quantify how much infor-
mation one may lose through using these data structures for statistical inference.
We here derived the FI of Type-M0O and Type-M2 imperfect RSS data about the
parameters of FMMs and compared them with their counterparts under SRS. Due
to the complexity of the imperfect M1-RSS design, the problem of deriving the FI
matrix based on imperfect Type-M1 RSS data has not considered and will require
further investigation in the future. In addition, missing information principle under

the imperfect ranking assumption (similar to Section 3.3) would be of interest.

We focused on the information content and uncertainty associated with PROS
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samples for a general class of distributions in Chapter 4. We compared the FI
content of PROS samples with the FI content of SRS and RSS data of the same
size under both perfect and imperfect sub-setting. We showed that PROS sampling
designs generally result in more informative observations from the underlying pop-
ulation than SRS and RSS. Some examples were presented to show the amount of
extra information provided by the PROS sampling design. We then studied other
information and uncertainty measures such as Shannon entropy, Rényi entropy and
the Kulback-Leibler (KL) distance. Similar results were obtained an assumption
of perfect sub-setting. It would naturally be of interest to extend these results to
imperfect sub-setting situations. The results of Chapter 4 suggest that one might be
able to obtain more powerful tests for hypothesis testing or model selection problems
based on PROS data. For example, it seems promising to develop goodness-of-fit
tests based on a PROS sampling design and KL distance. We believe that further
investigation of the PROS sampling design using the missing information criterion

as in Chapter 3 is of interest and appealing as well.

In Chapter 5, we examined the problem of ML estimation of the parameters of
FMMs based on PROS samples. We explored the use of the PROS sampling design
for FMMs and a model was used to incorporate the subset misplacement error asso-
ciated with the sampling into the estimation process. A suitable EM-algorithm was
developed to obtain the ML estimates of the parameters. One major challenge to
ML estimation based on PROS data from FMMs is its computational intractability.
To overcome this difficulty, we presented a modified version of the commonly used
EM-algorithm which reduces the computational complexity to the level of the usual

EM-algorithm based on SRS data. Our numerical studies showed that the modified
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EM-algorithm performs very well in estimating the parameters. We further studied
the problem of classification of a PROS sample into the components of the underly-
ing FMM. Simulation studies indicated a very good performance of the PROS data
for estimating the parameters of the FMM in terms of bias and precision of the
estimates. The success rate of classification under the PROS sampling design was
substantially better than those of SRS and RSS designs. The proposed methods
were applied to estimate the age group of fish in the Chesapeake Bay area using
length-frequency data which can be considered as a mixture of two normal densi-
ties. The developed methodologies are valid under balanced PROS sampling (i.e.,
pre-specified number of subsets of the same size); however, future investigation for

the analysis of FMMs under unbalanced PROS protocols is required.

In many settings, in order to reduce the impact of ranking errors and deficiencies
of ranking operators, one can use rank-based sampling designs based on multi-
observers. This not only overcomes the problems associated with the ranking error
involved in the data, but also implies significant improvements in the inference on
the underlying population. We would like to investigate the effect of using multi-
observer approach on methodologies developed for the analysis of FMM under rank-

based sampling designs.

As a long-term research project, we shall study the number of components in-
volved in (or the order of) the mixture model. Testing for the order of a mixture
model is one of the most important problems in mixture modelling and related fields
(e.g., classification and clustering analysis) which has not been completely resolved.
Many methods have been proposed to tackle the problem based on non-parametric

and parametric approaches including penalized likelihood functions, likelihood ratio
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testing (LRT), bootstrapping LRTs and EM-algorithm tests; however there are still
many drawbacks associated with the proposed methods. For instance, the compo-
nents have to be well-separated in order to be detected, finding the distribution of
test statistics is difficult, etc. As rank-based sampling designs provide extra infor-
mation about different aspects of the population and lead to better estimation of
the parameters of the model, it is expected that this extra information can be used

to obtain better results in assessing the number of components of FMMs.
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