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CHAPTER I

Introduction

" This thesis considers four different problems in combinatorial
design: Steiner Systems, Directed Triple Systems, Handcuffed Designs
and Howell Designs.

In Chapter II we determine the number of iéomorphism clésses in
the Steiner System S(3, 4, 14) . Since S(3, 4, 14) is the first
quadruple system which could have more than one isomorphism class, a
series of computer programs have been developed to compute Steiner Systems.
By considering the possible ways in which the two non-isomorphic systems of
type 8(2, 3, 13) may be embedded in S(3, 4, 14) it has been determined
that apart from isomorphism there are exactly four non-isomorphic systems of
type S(3, 4, 14). Their automorphism groups have been determined. Further-
more, none of these can be embedded in an S(4, 5, 15) so that S(4, 5, 15)>
does not exist.

The main purpose of the remaining chapters is to consider the
construction of some combinatorial designs. Basically, we use direct
construction methods, although some recursive constructions are given.

in Chapter III and Chapter IV we consider‘the block designs on a
graph. First to be studied are directed triple systems which are examples
of block designs on directed graphs. These can be seen as a natural
generalization of Steiner Triple Systems. N.S. Mendelsohn in his paper [5]
has shown that the cyclic triple systems on the graph 1 ‘éi:f>>3 .exist
for all positive integral v such that v * 2 mod 3 except v =1 and
v =6 . For triple systems another possible graph is 1 ‘5%25; 3 . We call

triple systems on this graph directed triple systems. In Chapter III we




prove that for this kind of triple system the necessary conditions for
existence are also sufficient. i.e. For all positive integral v, the
conditions are v % 2 mod 3 and v #£1

Another kind of block design on graphs is the handcuffed design.
A handcuffed design with parameters v, k, ) consists of a system of
ordered k~-subsets of a v=-set, called handcuffed blocks. In a block

{A ey, Ak} each element is assumed to be handcuffed to its neighbours

12 A2
and the block contains k-1 handcuffed pairs (A , A ),(A , A, ,(Ak 1 Ak)
These pairs are considered unordered. The collection of handcuffed blocks
constitute a handcuffed design if the following are satisfied: (1) each
element of the v-set appears amongst‘the blocks the same number of times
(and at most once in a block) and (2) each pair of distinct elements of the
v-set are handcuffed in exactly 3 of the blocks.

We denote by H(v, k, A) the class of ali handcuffed designs
with parameters v, k, \ and say H(v, k, ) exists if there is a design
with parameters v, k, 3

In Chapter IV we prove that the necessary conditions for

H(v, k, ) to exist are also sufficient in the following cases:

(@ x=1 or 2; (b) k=3; (c) k is even k =2h, and (), 2h-1) =

(dj k is odd, k = 2h+1, and (), 4h) =1 or (O, 4h) =

In Chapter V we consider the Howell Designs. These can be seen
as a generalization of Room Designs. Howell Designs have been used to construct
schedules for bridge movements for a long time, but to consider them in the most

general way 1s a development of the last two years. In this chapter we



generalized the starter-adder method, the multiplication theorem, the
recursiﬁe construction theorem, which have been useful tools in the study
of Room Designs. Especially, we can use the generalized starter-adder

. method to construct almost every type of Howell Designs except some of
lower order sides, aﬁd such types we have proved cannot be constructed

b& the‘starter-adder method. The method for conmstructing the starter -adder
for the most general case is given. For H(n+k, 2n) only finitely many
lower values of n have to use special methods. Complete information is
given for 'k = 0, ..., 10, the only unknown cases being H(8,k10) and

H(2n+1, 2n) , where n is even and n > 10 .



CHAPTER 1II

On the Steiner Systems S(3, 4, 14) and S(4, 5, 15)

1. Introduction. Let T = (Q, B, t, k, n) be a system where Q 1is an

n-set, B 1is a collection of k-subsets of the elements of Q called
blocks, such that any t-subset of Q‘ belongs to exactly one block. We
call T a Steinef system and denote by S(t, k, n) the set of all T
with parameters t, k, n. Instead of writing T ¢ S(t;, k, n) we will
of;eh say T 1is an S(t; k, n). Problems of importaﬁce are the number
of distinct isomorphism classes belonging to S(t, k, n) and the
automorphism groups of a T, where T ¢ S(t, k, n). T =(Q, B, t, k, n)
and T* = (Q*, B*, ty, k, n) are isomorphic if there is a bijection from
Q to Q* which maps the blocks of ' B onto the blocks of B* . An
automorphism of T 418 a permutation of Q which aléo permates the
blocks of B .,

- If Te€ S(2, 3, n) we refer to T as a triple system. A

triple system exists if and only 1f n = 1 mod 6 or n = 3 mod 6, and

the number of blocks is
o‘ b un5n6-=12 .

Each element appears r times amongst the blocks where

Ne 1
2 -]

r =

For n =3, 7, 9 there is only one system, apart from
isomorphism. For n = 13 there are two isomorphism classes and for

n = 15 the number of isomorphism classes is 80. The number of classes




increases very rapidly with n . In private correspondence with
Jean Doyen the author has been informed that R. M. Wilson has proved
that for n =19 at least 2,450 classes exist, for n = 21 the number
is greater than 2,160,980 and for n = 25, the number is greater than
163,929,929,318,400. | |

If T 6‘8(3, 4, n), we refer to T as a quadruple system. In
{3], H. Hanani shows that a quadruple system exists if and only if
n=2md 6 or n=4 mod 6 - In a quadruple system on n elements if

there are b blocks, and 1f each element appears in r blocks and each

pair of elements appears in 3 blocks then

- . 1 - - - -2
bmn(nt %én 2) , 3:‘m(n 1)6(n 2)’ )\_nz .

For n =4, 8, 10 there is only one system apart from isomorphism [1]. For
n =14, in [1], Bays and De Weck had conjectured the existence of at

least two igomorphiSm classes. This work goes back to 1935. The
computational problem i{s formidable.

The main purpose of this chapter is to determine the number of
isomozrphism classes in S(3, 4, 14) and the automorphism groups of each
class. The result is that the number of classes is 4. These, together
with their automorphism gfoups, are given in the main body of the paper
and the appendices. The results are used to show that the class of
8(4, 5, 15) 1is empty. The results havebbeen obtained using a number of

computer algorithms described in what follows.

2. Initiating the Computation. The computation consists of two main

stages - the construction of the systems and then the reduction by means

of isomorphisms.



6.

First, it is clear that the blocks of an S(3, 4, 14) which
contain a fixed element form an S(2, 3, 13) when that element is
removed from each of the blocks. If the fixed element removed is e,
the corresponding S(2, 3, 13) 1is called the system associated with e.
~An S(3, 4, 14) contains 14 associated S(2, 3, 135 . To start a
computation we take an S(Z, 3, 13) on the elements 2, 3, 4, +--, 14 and
to each of the triples we append the element 1. Since there are only two
non-isomorphic S(2, 3, 13) . there are essentially only two possible
starts for an S(3, 4, 14) . We can obtain all non-isomorphic S(3, 4, 14)
by finding the systems obtained from these two starﬁé and reducing the
systems thus found by isomorphism.

The two non-isomorphic §(2, 3, 13) on elements (2, 3, ---, 14)

are denoted by A and B and are given by:

A A B
2 3 5 810 2 3 5 810
2 5 6 511 14 2 5 511 14
2 7 512 13 2 7 512 13
2 910 6 7 11" 2 910 6 714"
2 11 12 6 9 12 2 11 12 6 912
2 13 14 6 10 14" 2 13 14 6 10 117
305 7 913 3 7 913
3 6 7 10 12 3 7 10 12
3 911 8 9 14 3 911 8 9 14
310 13 8 11 13 310 13 8 11 13
312 14 312 14
4 5 9 4 5 9
4 613 4 613
4 714" 4 711"
4 8 12 4 8 12
4 10 11% 410 14"
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These systems differ only in four triples which are followed
by an asterisk and result from two interchanges of 11 and 14. System A
has an automorphism group of order 6 while system B has one of order 39.
To distinguish system A from system B in isomorphic copies the notion of
interlacing due to F. N. Cole [2] is used. We say x and y are
Interlaced if a;, b, c, d exist éuch that xab, xcd, yac, jrbd are
triples of the system. Cole discovered that for system B every element
interlaces with six other elements while with system A every element
interlaces with 3 or 4 other elements. Hence, to discriminate A from B
Qe need only compute the interlacings of a single‘element. When an
S(3, 4, 14) 1is completed we will assign a letter A or B to each symbol
according as the associated S(2, 3, 13) are of type A or type B. We
will also call the quadruples obtained by adjoining 1 to each of the

blocks A or B as a starting subquadruple system.

3. The Main Program. The program "comb 4" is written to find all

possible quadruple systems from a starging subquadrupie system. It can
be used for n =4, 8, 10, 14 an& 16. (On the basis of experience an
1mpfoved version ig being written.)

There are twovimpbrtant control parameters in the program
"comb &Y one for the level of quadruples A, and one for the level of triples
D. (Unfortunately the letter A has been used in two senses, the control
parameter and the type of S(2, 3, 13). The context guarantees that there
will be no confusion.) The exact role of parametexrs A and D will be
clarified on examination of the program "“comb 4", The basic code may be

outlined as follows.




Successor If yes If no
Routines Operations performed Criterion go to go to
Start A = 0; let starting quadruple system No choice B B
| be Q(0)
B A=A+ 1. Find least element which 1Is there any C F
appears less than r times in E(A) found?
Q(A -~ 1) and denote it by E(A).
Cc D = 0; collect all blocks which No choice E E
contain E(A) in Q(A- 1) and remove
E(A) from these blocks. Then
there 18 a subtriple system as a
starting system for the S(2, 3, 13)
agssociated with E(A). Let the
subsystem be T(A, 0)
E D =D + 1; find the least element Is there any G L
which is not E(A) and appeérs in ED(A, D)
T(A, D= 1) less than ) times found?
and let it be ED(A, D)
F A=A 1; D=DB(A). Print out No choice H H
the completed quadruple |
system Q(A)
G Determine elements available No choice H H

for use with present choice of
ED(A, D) . Let the set of all
such elements be AB(A, D) .




: Successor T{ yes 11 no
Routines Operations performed Criterfon go to po o
H Permute AB(A, D) until a case is Is any 1 J

possibly reached such that every new

pair can be put in a block with the subsystem

present ED(A, D), but no pair formed?

would appear twice in T(A, D) and

no triple would appear twice in

Q4)
I - Store the newblocks with the other No choice E E

completed ones, then call the new

subsystem T(A, D) .
J D=D-1 Is D = 07 K H
K A=A_-1 Is A =07 W M
L 'DB(A) = D~- 1, and the $(2,3,13) ‘No choice B B

' is completed. Add E(A) to each :

block of T(A, DB(A)) then store

these new quadruples with other

completed ones. Call the new

subquadruple system Q(A).
M D = DB(A) No choice H H
W END. All possible quadruple

systems starting with this

subsystem have been found.
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(D = DB(A))
(A=A_-1)

F

g | E
(=D 4+ 1)
E B
L
6 (DB(A) =D — 1)
R -
M
gy .
d
® =51 D £0
én=o
K
(A=A~ 1)
éAno %A:!O
W

(D = DB(A))
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Step H involving, as it does, a systematic series of
permutations is relatively complicated and will not be described here.
As the whole program '"comb 4" appears as Appendix I, the reader can

cull out the details there.

The program 'comb 4" is written in Fertran IV. When using it
with IBM 360/65 and Fortran H compiler, the time taken from each start
to the final result is 40 hours CPU time. The program requires 200 K core
storage. All completed quadruple systems are punched out as data cards

for future use.

The program is now being revised to avoid certain redundancies
and it is expected that the modification will be several orders of
magnitude faster. The revision will be more practical for a study of

S(3, 4, 16).

4. Results of the Computation. Using triple system A as a starting point 26

quadruple systems denoted by Al’ A2, voe, A26 were.obtained. With triple
system B the number obtaiﬁed was 65 which are denoted by Bl’ B2, seey B65
Appendix II gives a listing of the systems Al’ A2’ seey A26 and Bl’ B2
For each system it was next determined which of the 14 associated
triple systems was of type A or of type B. The computation is very rapid
éince the interlacing property 1is easily checked.
It turned out that‘there are three distinct classes as follows:
I. All fourteen of the associated triple systems are of type A.
IT. Twelve are of type A and two of type B.

III. Six are of type A and eight are of type B.




12.
As there are no quadruple systems‘inbwhich all fourteen of the
associated triple systems are of typé B, it follows that any quadruple
system which resulted from a start of type B must be isomorphic to one
which resulted from a start of type A. It is thus unnecessary to
analyse further the 65 quadruple systems Bl’ B2’ -;-, B65 .
| In terms of classes I, II, III the twenty-six systems

break up as follows:

Ays Agy wony Byg
Li Ay Bys By Agy Agy Bgy Bygs Ay,
II: Agy Ags Aygs Bygs Ajgy Aygs Ay Ajgs Arg, Aygs Ajgs Agg

IIT: A5y Ay4s Ajgs Args Agys Ay

5. Reduction to Isomorphism Classes. It is obvious that two systems coming

from different classes I, II, III are non-isomorphic. The question is do
classes I, II, III divide further. By means of computations described in
what follows, it turns out that 1II and III each contain a single

isomorphism class but that class I splits into two isomorphism classes:

Ii A, Ay, A, A, Ay Ay

Iyt fags gy -
The non-isomorphism of Ia and 15 is further confirmed by the
fact that systems from these classes have different automorphism groups.
In the confirmation of the isomorphism of the different systems in types
Ia’ Ib, II, III explicit permutations are obtained which map one sysfem
of a given class onto another.
The computation used is based on the method used by H. S. White [4]

for the discrimination of triple systems. White's method produces

automorphism groups and the permutations which map one system onto another.
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In present day terminology the extension of White's methods to

general Steiner systems may be described as follows.

A mapping of a finite set into itself can always be represented

as a set of disjoint figures, each figure being a cycle with attached trees.

We refer to these attached trees as appendices. Also if a cycle is

divided into parts, each part with the attached appendices is called a section.

Figure 1.

For example, Figure 1 represents the mapping 1 -2, 2 -3, 3 > 1, 4 =+ 1,
5+»1,6 +8,7 ~8,8 +3,9 +~10, 10 -~ 10, 11 » 11, 12 » 11, 13 » 11,
14 » 13, 15 + 13, 16 + 16, We then can look upon a quadruple system as an
algebra belonging to an equational system with a single ternary operator.

The construction is as follows. Suppose we have a system on n elements

and b = t—1--@6-":-}-2--blockea. If {a, b, ¢, 4] are the members of a block

define a ternary operator f by £(a, b, ¢) =d and the following universal

identities




14,

f(x, y, 2) = f£(y, x, 2) = £(x, 2z, Yy)

f(x, x, x) = x

f(x, x,y) =y

f(x, y, £f(x, y, 2)) = z
The basic idea of White's is the following. We can use the operator f to
define a mapping Q' of all the (2) unordered quadruples on n elements
into themselves by

o{a, b, ¢, d} = {£(b, ¢, d), £(a, c, d), f(a, b, d), f(a, b, ¢)} .
In this mapping the only fixed elements are the quadruples of the system and
these are the one-cycles in the associated figures. It is clear that if two
quadruple systems are isomorphic the collection of figures associated with
the two mappings of all (2) quadruples into themselves are isomorphic and
hence, in particular, have the same geometric structures.
In the actual calculations we proceeded as follows. From each

of the classes Ia’ Ib’ IT, III we choose a representative. These are
respectively, Al, A24, Bl’ Bz . The réason for usihg B1 and 32 to
represent classes II and III is that the computer takes less time to
reproduce these. For each representative system the mapping ¢ was
determined. These were used both for automorphisms and for finding a
permutation which maps a system on one isomorphic to it.

The permutations mapping the representatives onto the other systems

in cach class are given as follows:



> >

L T

> > > » > > »

>

> o> > > > > »

>

> >

16

>

10 °
1’
12 ¢
13 °
15 °
17 ¢
19 °
0 0 (DB, 12, 6, 11, 13, 14)(2, 3, 9, 4, 10, 7)
25 °
26 °

14 °
: (7, 13)(1, 4, 10)(2, 11, 8, 3, 4, 6, 9, 5, 12)

18 °
21 ¢

29 * (1, 8)(2, 13, 3, 9, 4, 5,7, 11, 6, 14, 12, 10)

(8, 13)(1, 4, 11, 10)(2, 7, 5, 6)(3, 12, 9, 14)

(10)(7, 12, 14, 8)(1, 9, 5, 6, 13, 2, 11, 4, 3)

: (8, 12)(1, 2, 11, 14, 6, 13, 4, 5, 9, 3, 10, 7)
: (11)(5, 14, 8, 6)(1, 2, 10, 4, 9, 12, 7, 13, 3)

: (5, 8)(1, 2, 7, 4, 9, 13, 10, 12, 14, 11, 3, 6)

(1, 5)(4, 13, 14)(8, 10)(9, 12, 11)(2)(3)(6)(7)

(12)(2, 9, 8)(1, 3, 10, 4, 6, 11, 7, 13, 14, 5)
(4)(5)(6)(1, 11, 10, 9, 2, 8, 13, 12, 3, 14, 7)
(1, 6)(4, 5, 9, 8, 11)(2, 12, 3, 7, 14, 10, 13)
(91, 14, 11, 6, 3, 4)(2, 7, 10, 5, 8, 13, 12)
(2)(5, 8)(1, 3, 4)(6, 14, 10, 13, 12, 7, 11, 9)
(5)(M(10)(2, 14, 4)(1, 6, 3, 9)(8, 13, 11, 12)
(11)(1, 9, 6, 13)(2, 10, 5, 14)(3, 4, 7, 12, 8)
(3)(8) (10, 14)(1, 4, 2)(5, 6, 13, 11, 9, 7, 12)

9, 12, 13, 11, 6, 3)(2, 7, 8, 14, 5, 4, 10)
(4)(10, 11)(3, 5, 8, 14)(1, 7, 6, 9, 13, 2, 12)
(10)(8, 9)(1, 2, 3, 11, 14, 13, 6, 4, 7, 12, 5)
(14)(2, 8, 3, 5)(1, 6, 10, 12, 9, 11, &4, 13, 7)

(5)(1, 2, 11, 8, 6, 7, 13, 9, 12, 14, 4, 3, 10)

(1, 7)(2, 8)(3, 13, 14, 6, 11, 10, 5, 9, 4, 12)

(1, 3, 12, 7)(2, 8, 6] 4, 13, 9,' 11, 10, 5’ 14)

156.
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6. Determination of the Automorphism Groups. In the generalized

H. S. White figures it is only necessary to look at the longest cycles
and their appendices.

For class Ia the system A1 hés two cycles of length 35, each
of which is divided into seven sectiona. A complete picture of these
two 35-cycles and their sections are given in Appéndix 3. We denote the
sections by 1.1) 1-2, +++, 1.7 and 2.1, 2.2, 2.3, ... 2.7. It is easy
to check that:

(1) Only the identity maps a section onto itself
(2) For any two sections there is exactly one permutation which maps
the first onto the Second.‘
Hence there are at most 14 permutations which can map a 35-cycle onto

itself or onto the other 35-cycle. The automorphism group GA of A1
. 1

has order at most 14. After determining the fourteen mappings of the
35~-cycles it is easy to check that these permutations are automorphisms.
Actually the 14 automorphisms are generated by two génerators X and y
which are given by
x = (1, 5, 12, 14, 13, 2, 11)(3, 10, 4, 9, 8, 6, 7)
y = (1, 8(2, 7)(3, 13)(4, 12)(5, 9)(6, 11)(10, 14)
The way in which x and y map the 14 sections onto each other

is given by the following diagram (Figure 2).

X X X X X X X
11— 1.2 —=j 1.3 1.4 —= 1.5 — 1.6 —={ 1.7 |—={ L.1
y y y y y y y y
2.1 [=—12.2 = 2.3/=—] 2.4 |=— 2.5 |=—] 2.6 ~=— 2.7 |=—{ 2.1
X X X X

Figure 2.
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x maps the first 35-cycle from left to right and the second from right to

left and y interchanges corresponding sections. It is easy to see that

y 1

x = x

Hence GA has presentation

1
7 2 -1
GAl ={x,y; X ,y, X = x }

Hence GA is the dihedral group of order 14. It is transitive on the

1
elements.

The other classes Ib’ II and III are treated similarly.
Complete details of cycles and sections appear in Appendices 4, 5 and 6.
We summarize the results as follows:

Class I,. Group G . This group is generated by
—b_ 7 Ay

x = (1, 10, 11, 2, 4, 3, 9)(5, 13, 7, 12, 6, 14, 8) and

y = (1, 8)(2, 5, 3, 12, 9, 13)(4, 14, 11, 7, 10, 6)

This group is transitive on the elements, is of order 42 and has presentation

ynx-z}

7 6
GA ={x,y; x',y,x
24

Class II. Group G This group is generated by

B °
1

X = (1)(10)(2: 7, 8)(3) 14: 11)(4’ 6, 13)(9, 12, 5)
y = (1, 10)(2, 12)(3, 6) (4, 14)(5, 8)(7, 9)(11, 13)

The group is intransitive and has presentation

= ] 3 2 =1
GBl {x:)’»x,y,xymx }253.
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The point orbits are {1, 10}, {2, 5, 7, 8, 9, 12}, {3, 4, 6, 11, 13, 14} .

Class III. Group GB . This group is generated by
2 ,

x = (4)(5)(1, 3, 2)(6, 7, 8)(9, 12, 11)(10, 14, 13)
y = (1, 9)(2, 12)(3, 11) (4, 5)(6, 10)(7, 13)(8, 14)

This group is intransitive and has presentation

2 -
G, = {x,vy; x3, vy, ¥ = x 1} 2 S, .
82 3
In spite of the fact that GB and GB are permutation isomorphic the
1 2

systems B1 and 32 are non-lsomorphic as proved previously. The orbits
of GB are {4, 5}, {1, 2, 3, 9, 11, 12}{6, 7, 8, 10, 13, 14} .

2

7. The non-existence of S(4, 5, 15) . By adding an element to the blocks

of an S(3, 4, 14) we get a starting subsystem for an S(4, 5, 15) . As
there are exactly four non-isomorphic S(3, 4, 14) then 1f an S(4, 5, 15)
exlsts it must arise from one of these starts.

A program "comb 5" similar to "comb 4" has been written to construct
an S(4, 5, 15) from a given start. Its accuracy was verified by using an
S(3, 4, 10) to construct an S(4, 5, 11) and the results checked by hand.

On uéing the program with each of the 8(3, 4, 14) starts it was found
that none of them led to an §(4, 5, 15) . Hence, S(4, 5, 15) does not
exist. The program "comb 5" using 350K core can be used to study S, 5, 17).

However these computations will be undertaken when the program is improved.



CHAPTER III

Directed Triple Systems

1. Introduction.

Directed triple systems are an example of.block desighs on directed
graphs. A block design on a directed graph can be defined as follows. Let
G be a directed graph of k vertices which contains no loops. Let S
be a set of v e}ements. A collection of k-subsets of S with an assign-
ment of the elements of each k-subset to the vertices of G 1is called a
block design on G of order Q‘ if the following is satisfied. Any ordered
palr of elements of S 1is assigned A\ times to an edge of G. For
example, if S = {a,b,c,d,e} and G = 1o2¢3 ad ba e; ca d;
abc; dbe; acd; bce; adb; cde; aed; bec; 1is a
collection of 3-subsets so written tﬁat in each subset the first element

-is.assigned to the vertex 1, the second to 2 and the third to 3, then

the collection i8 a block design on G with \ = 1.

In [5], it has been shown that, for the graph 1‘££f§553 the
design exists for all v such that v # 2 mod 3 w%th the exceptions
v = 1 and v =6 (for technical reasons it is better to consider v =1
a8 & non-exception). Such block designs are called cyclic triple systems
{or generalized triple‘systems). Algebraically such cyclic triple systems
correspond to a variety of quasigroups with identities x2 = x and

x(yx) = y.Inthis chapter we investigate designs on the graph G given
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by . “ﬁz:zfsb . Such designs we designate as directed triple systems

if A =1.

2. Directed Triple Systems.

Suppose that there is a directed triple system of ordef v. If
we consider the triples of the system without reference to the graph G
we obtain an associated B.I.B.D. with parameters, v, k = 3, A = 2,
b = ES!?:_ll and r = v=- 1. If this associated B.I.B.D. has no
repeated blocks we say that thé.directed triple system is pure. When we
write a triple with square brackets as [a,b,c] we mean that in the
graph G, a i; assigned to the vertex 1, b to the vertex 2 and
¢ to the vertex 3 and hence the triple [a,b,c] will be said to contain
the ordered pairs ab, ac, bc. In a cyclic triple system we will use the
notation {a,b,c}] and say the triple {a,b,c} contains the ordered paifs
ab, bc and ca. It is clear then that {a,b,c} = {b,c,a} = {c,a,b] but
a corresponding result does not hold for directed triples. , Suppose that
{a,b,c} -and {b,a,d} are two cyclic triples. Then it is obvious that

the directed triples [b,c,a] and [a,d,b] contain the same ordered

pairs as do the cyclic triples. Hence, we have proved the following lemma.

Lemma 1. Let S be a cyclic triple system of order v. Suppose that the
blocks of S can be paired in such a way that in each pair of blocks one
block contains an ordered pair ab and the second an ordered pair ba.

Then the same blocks can be used to form a directed triple system of
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order v. In this case we say that the directed triple system is derived

from the cyclic triple system.

There are various methods by which directed triple systems may
' be derived froﬁ cyclic triple systéms. Besides pair‘replacement we can
4replace a set of three cyclic triples by three directed triples. In
fact, the set of cyclic triples {a,b,c}, {a,e,b} and {a,c,d} contain
the same ordered pairs as the set of directed triples [b,a,c], [a,e,b]
and [c¢,d,a]. In what follows{ our directed triple systems will be
derived by a combination of pair replacements and replacements of sets

of three triples.

Lemma 2. If v=1 or 3 mod 6 there is a directed triple system of

order v.

Proof. Let S be a Steiner triple system of order v. To each block
abc of S take the two blocks [a b c], [¢c b a]. This:collection of

blocks forms a directed triple system of order wv.

It is known [1], that there is no ecyclic triple system of
order 6. However, the directed triple system of order 6 exists as
the following example shows. We use the triples [l 2 3},
[214],[325),[426], [4615],[534], (316}, [643], [561],

[6 5 2]. This example also has the property that it is pure.
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In what follows, we will be interested in directed triple systems
which are derivable from cyclic triple systems. However, in all cases the
results are more generally applicable to all directed triple systems. The
fgason is based on thevfollowing observation. Let ‘S be a set and vt
a subset. Let S* be the collection of directed triples of a directed
triple system on S and suppose that T* is a sub collection of S*
consisting entire;y of directed triples of elements from T and such
that T* is a directed triple system. Let T** be any other directed
triple system on the elements 6f T. Then S** = (S* - T*) U T** is a
directed triple system on S. We call‘this the replacement of T* by

*k *
T in S .

3. Embedding Theorems.

Theorem 1. Let S be a cyclic triple system on v elements from which
a directed triple system can be derived. Then there exists a cyclic triple
system on 2v + 1 elements from which a directed triple syétem can be

derived.

Proof. Let {1,2,3,---,v}] be the set elements on which S is a cyclic

triple system and let elements {v-#l, v~+2,~-~,2v;F1} be a set of v+1
new elements. We consider {v+1, v+2,'++, 2v+1} as a complete set

of residues mod v+1. To the cyclic triple system S -adjoin the cyclic

triples




{1, v+i, v+i+1} i=1,2,--+,v+1
{2, v+i, v+i+2} i=1,2,""",v+1
{(k, v+i, v+i+k} i=1,2,,v+1
{v, v+i, 2v+i} i=1,2,-+<,v+1.

Case 1. v even. Consider the triples of types {k., v+i, v+i+k}
and {v+1-k, v+3, 2v+1+j=k}. By choosing j = k+1 we obtain
cyclic triples {k, v+1i, v+1i+k} and {v+l=k, v+i+k, v+i}.

These may be replaced by directed triples [v+i+k, k, v+i] and

[v%i, v+l-k, v+i+k]. As k ranges from 1 to < and {. from

2

1 to v+1 we obtain a complete replacement of cyclic triples by

directed triples.

Case 2. v odd. The proof is the same as for v even but we call

+2i+
attention to the set of cyclic triples {V+21 L v+Hi, 3v+2 21_. 1}

i=1,2,---,v+1. Pairing the triples corresponding to i and
i+ V-Zl we obtain cyclic triples {v;l’ v+i, W} and
{V;]‘, 3v+§i+1’ v+i} and the correspoﬁding directed triples
[v+i, V2+1 ’ 3V+§i+1] and [3V-"22i+1 R v2+1 P v+i]. This

indicates that when v 1is odd the extended triple system is not pure.

23.
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Corollary. Any directed triple system on v elements can be embedded in
a dir‘ected triple system on 2v+1 elements. If v 1is even and the
original system is pufe then the embedding system so constructedr is pure.
(Note that this includes the embedding of a system on 6 elements in one
on 13 elements even though the cyclic syétem on 6 elements does not

- exist).

Theorem 2. Let S be a cyclic triple system on v elements from which a
directed triple system can be derived. Then S can be embedded in a
cyclic system on 2v+4 elements from which a directed triple system can

be derived.

Proof. Let the system be on elements 1,2',~-~,v and let v+ 1,_

v+2, ..., 2v+4, be new elements. Add the cyclic triples,

{k, v+i, v+k+2+1}; £ =1,2,---,v+4, k=1,2,-+-, v=2 (here the
second and third components are taken mod (v+4) amongst the residues
v+v1, v+2, v, 2v+4a) {v-1, v+i, 2v+i+2}; 1= 1,2,°:-,v+4

( second and third components taken mod(v+4) amongst residues

;,+1; VA2, cee, 2v+l+)’{v, v+vi, v+‘i-1}; 1=1,2, «++, vté

(second and third components taken mod(v+4) amongst residues

V1, V2, eee, 2vAb)s {vti, vhitl, vHi+3); L =1, 2, coe, vHh

and all components taken mod v+4 ~amongst residues v+1, v+é;. crey, 2v+ 4.
For k =2,3,4, ---, [lz'] we can pair the triples which start with k

with those which start with v-k as follows. The triples starting

with k are of form {k, v+i, v+i+k+2}. The triples starting with

v=-k, are of form {v—k, v+i+k+2, v+1i}. The corresponding pairs

of directed 'triples are [v+i+k+2, k, v+i] and [v+i, v-k, v+i+k+2].

We are now left with four Set_s of triples, namely:
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S1 = {1, v+i, v+#1i+3}; 1 =1,2,---, v+4 (second and third components
in range v+1l, to 2v+4 mod v+4).

S 1= {v-1, v+i, v+i=-2}; i = 1,2,---,v+4 (second and third components
v-

in range v+1 to 2v+4 mod v+4).
Sv = {v, v+i, v+i=-1}; i= 1,2,.--,v+4 (second and third components

. A .
in range v+1 to 2v+4 mod v+4) and S ={v+i, v+i+1l, v+i+3};

1i=1,2,---,v+4 (all components in the range v+1 to 2v+4 mod v+4).
We now distinguish & . cases.

Case 1. v= 3 mod 4. ‘

Pair the triples of S, with g by pairing {1, v+i, v+i+3]}
with {v+i, v+i+1, v+i+3} for all i except thaﬁ {1, 2v+4, v+3}
is not paired with {2v+4, v+1, v+3} and {1, 2v+1, 2v+ 4} 1is not
paired with {2v+1, 2v+2, 2v+4}. |

Pair the triples of Sv-— 1 amongst themselves as follows. The
triple {v-1, 2v+4, 2v+2} 1is not paired; the triple {v=-1, v+1, 2v+3}
is paired with {v-1, ’2v+3, 2v+1}. There remain triples associated with
values of 1 = 2,3,---,v+2. Since v= 3 mod 4 the number of these
values is v+1= 0 mod 4. |

Divide the values of i into cbnsecutive sets of four, e.g. 2,3,4,5;
6,7,8,9; etc. In each set of four valqes of i pair vthe triples associated

with the first and third value and those associated with the second and

fourth values.
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Pair the triples of s, as follows. Leave the triple
{v, v+1, 2v+4} unpaired. For even i, i = 2,4,6,:++, 2v+3 pair the
triples {v, v+i, v+i-1} and {v, v+i+1, v+i}.

Now all triples have been paired except the following (we have
written these cyclically with 2v+4 first): {2v+4, v+3, 1},
{2v+4, v, v+1}, (2v+4, v+1, v+3} and {2v+4, 2v+1, 2v+2},
{2v+4, 1, 2v+1}, {2v+4, 2v+2, v=1}. Triple replacement is now

" used on the first three and the second three triples.

Case 2. v = 1 mod 4.

This is the same as v = 3 mod 4 except for the pairing of
elements of S __,- In this case we leave {v=1, 2v+4, 2v+2}
unpaired and the values of 1 = 1,2,3,:-',2v+3 are divided in sets of
four 1,2,3,4; 5,6,7,8; etc. and in each sét the triples correspond-
'ing to the first and thi;d and the second and fourth values of 1 are

paired.

Case 3. v = 0 mod 4.

The pairing is exactly the same as the case v = 3 mod 4 except

that no triples are left unpaired.

Case 4. v = 2 mod 4.

The pairing of triples is the same as in previous cases except
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A
that in 8, and S the pairs {1, 2v, 2v+3}, {2v, 2v+1, 2v+3} and

{1, 2v+1, 2v+4}, {2v+1, 2v+2, 2v+4} are not matched and in SV_ 1
the triples {v-1, 2v+3, 2v+1} and i‘.v~ 1, 2v+4, 2v+2} are omitted
from pair matchiﬁgs. This leaves unpaired {1, 2v, 2v+3}, {v-1, 2v+3,
2v+1}, {2v, 2v+1, 2v+3} and {1, 2v+1, 2v+4}, {v-1, 2v+4, 2v+2}
{2v+1, 2v+2, 2v+4}. We then apply the replacements to each of these

two sets of three triples.

Corollary: A directed triple system on v elements can be embedded in a

directed triple system on 2v+4 eiements.

Theorem 3. Let S be a cyclic triple system on v elements where v= 1
.mod 3, from which a directed triple system can be derived. Then S can be
embedded 1in a cyclic triple system on 2v+2 elements from which a directed

triple system can be derived.

Proof. Let S be on 1,2,:::,v and add elements v+l, v+2, .-, 2v+2.
The number v+2 of added elements is divisible by 3. Adjoin the follow-
ing sets of triples.

S1 = {1, v+i, v+i+1} i =1,2,.--,v+2; second and third components

in range v+1, to 2v+2 mod v+2. For k =2,3,---,v=1,

Sk = {k, v+i, v+i+k+l}, i= 1,2,...,v+2; second and third

components in range v+1 to 2v+2 mod v+2.
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SV = {v, v+i, v+i- 1}; i =1,4,7,-",v, second and third components‘
in the range v+1 to 2v+2 mod v+2:

={v, v+i, v+i+2}; i in range 2 to v+2 and i4 1 mod 3;
and second and third components in range v+1 to 2v+2 mod >v+2).
§ ={v+i, vtit+2, v+i+1}, i=1,4,7,--+,v all components in range
v+l to 2v+2mod v+2.

k =2,3,--+.,v=2 are matched by matching S with

‘The sets Sk’ K
S,-k using the pairing {k, v+i, v+i+k+1} with {v=k, v+i+k+1, v+i}.
The sets Sl, gv—l , SV and S are matched into pairs and sets

of three as follows:
-9
(a) Sets of three using a triple from S together with two triples of

S (1, v+i, v+i+1}, {1, v+i+1l, v+i+2}, {v+i, v+i+2, v+i+1]}

1;
for 1 =1,4,7,10,---,v.

(b) Pairs consisting of a single triple from S1 and a single triple from
s; {1, v+i, v+i+1} and {v, v+i+1, v+i} for i =3,6,9," ", v+2.
(c) Pairs consisting of two triples from SV; {v, v+1i, v+i+2}, .

(v, v+i+2, v+i+4} for i =3,6,9,- -v.

(d) Sets of three using triples from S’\,_ 1; {v-1, v+i, 2v+i},

{v=1, 2v+1i, 2v+i-2}, {v-1, v+i+2, v+i} for i =3,6,9,- -, 2v+2.

This results in a complete matching.

Corollary. If v = 1mod 3 a directed triple system on Vv elements can

be embedded in one on 2v+2 elements.
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Theorem 4. A directed triple system on v elements exists for all positive

integral v except v =1 or v 2 mod 3.

Proof. No systeﬁ on v elements can exist if Q = 2 mod 3 since the
corresponding B.I.B.D. parameters would not all be integral. By lemma 2,
the directed triple system exists for v = 1 or 3 mod 6. If v = 4, the
triples t1,4,2], [2,3,1], [4,1,3}, [3,2,4] form a directed triple
system. If v = 6 the example in section 2 shows that the system exists.

There remain the general cases v = 0 mod 12, v= 4 mod 12, v= 6 mod 12,

v= 10 mod 12. We use induction and theorems 2 and 3.

Case 1. v = 0 mod 12. Here v 12u = 2{6(u ~ 1) + 4} + 4 and the

result follows from thcorem 2.

4 4+ 12u = 2(6bu + 1) + 2 and the result

]

Case 2. v= 4 mod 12. Then v

follows from theorem 3.

Case 3. v 7 6 mod 12. Then v = 6+ 12u = 2(6u +1) + 4 and the result

follows from theorem 2.

Case 4. v = 10 mod 12. Then v = 10 + 12u = 2(6u + 4) + 2 and the result

follows from theorem 3.

Corollary. For all v, v# 1, v# 6, vi 2 mod 3 a directed triple system

on v elements exists which is derivable from a cyclic triple system.
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Proof. The only case to which the above proof does not apply is

v = 16 2(6) + 4 since no cyclic triple system on six elements exists.

i

For v 16 the following example completes the proof. 1In this example

the paired triples are separated by semicolons:

{1.2,3}, {2,1.4) ; {3,4,1}, {4,3,2}; {s5.6,7}, {6,5,8}; {7,8,5}, {8;7,6};
{9,10,11}, {10,9,12}; {11,12,9}, {12,11,10}; {13,14,15}, {14,13,16};
{15,16,13}, {16,15,14}; |

(1,5,9}, {5,1,13}; {9,13,1}, {13,9,5}; {2,6,10}, {6,2,14}; {10,14,2},
{14,10,6};

{3,7,11}, {7,3,15}; {11,15,3}, {15,11,7}; {4,8,12}, {8,4,16};
(12,16,4}, {16,12,8};

{1,6,i1}, {6,1,16}; {1l,16,1}, {16,11,6}; {1,7,12}, {7,1,14};
{12,14,1}, {14,12,7};

{1,8,10}, {8,1,15}; {10,15,1}, {15,10,8}; {2,5,12}, {5,2,15};
{12,15,2}, {15,12,5};

{2,7,9, {7,2,16}; {9,16,2}, {16,9,7}; {2,8,11}, {8,2,13};

{11,13,2}, {13,11,8};

(3,5,10}, {5,3,16}; {10,16,3}, {16,10,5}; {3,6,12}, {6,3,13};
{12,13,3}, {13,12,6};

(3,8,9}, {8,3,14}; (9,14,3}, {14,9,8}; {4,5,11}, {5,4,14};

{11,14,4Y, {14,11,5};

{4,6,9), {6,4,15}; {9,15,4}, {15,9,6}; {4,7,10}, {7,4,13};

{10,13,4}, {13,10,7}.




4, Remarks on Pure Systems.

The embedding theorems of the previous section do not necessarily
!;produce pure systems from pure systems. Only embeddings given by our con-
structions are considered. We summarize the results here. In embedding a
pure system on v elements into one of 2v+1 elements the resultant
- system is pure, if and only if v 1is even. Our embedding of a system
bon v elements into one of 2v+2 elements is pure if and only if v
ifis odd. Our embedding of a system on v elements into one on 2v+4
elements is pure if and only if v 1is odd.

There is a construction which always yields a pure system in
'cases 'v=p, p orime and p=1mod 3 and v = pz, P ‘prime and
p= 2 mod 3. The proof is based on.theorgms 6 , 7 and 9 of [J].

‘Details are omitted.
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CHAPTER IV

Handcuffed Designs

Introduction. There has recently appeared in the literature the notion
of a block design on a graph. As the concept is quite new a description

of this notion is given here. Let G be a graph on k vertices without

loops or multiple edges. Denote the vertices by the integers 1, 2, 3, ..., k

Let S be a v-set and let T be a collection of k-subsets of S . In the
notation {vl, Voy tts vk} it is assumeq that the subscripts are an
indexing of the elements by the vertices of G . If {vl, Vor s vk} 7T

we call {vl, Vs Uty vk} a block and say the pair (Vi’ vj) i§ incident

" on the block if i and j are joined by an edge in G . We call (S, T, G)
a block design on G 1if every element of S 1is in theiéame number r of the
blocks, and if every pair of distinct elements of S are incident on the

same number ) of the blocks. In the case where G is the graph given by

1 2 3 4 k-1l .k
@ & ———— 66—

we call the system a handcuffed design. In a handcuffed design the only
independent parameters are v, k, ) . IWe denote by H(v, k, ) the set of
all handcuffed designs with parameters v, k, A\ and Q ¢ H(v, k, \) means
that Q 1s a handcuffed design with parameters v, k, N . We say

H(v, k, A) exists if there is a Q ¢ H(v, k, A) . In a handcuffed design
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block {A, A,

33.

we will write a block as an ordered k-tuple {Al, AZ’ .;., Ak} where

each pair of consecutive elements is incident on the block.

vee, A_k}

elements.

Necessary Conditions for the Existence of

which is incident on a block a handcuffed pair.

the elements A2,

We call a

In each

A3,.A4, ceey, Ak-i interior

We usually refer to the blocks as handcuffed blocks.

H(v, k, \)

Let Q ¢ H(v, k, A) and suppose

number of blocks and let r be the number
émongst the blocks. Let g be an element
number of times , appears as an interior
definition of )\  appears handcuffed )

V-1l elemeuts of § Also if o 1is an

is handcuffed to two other clements of the
to one other element in the block. Hence,

u =3(v-l)=r . Thus u
o o

u and write our first necessary condition

r+u=)(v-1)

is independent of

Q=(S, T. G) . Let b be the
of times each element appears

in S8 , and let u be the

o
element of a block. By
times to each of the femaining
interior member of a block it
block; otherwise it is handcuffed
2u + (r-u ) =)(v-1) or
o ‘ o
We now replace u by
o

as

(1)

By counting appearances of elements in blocks in two ways we obtain

vr = kb

(2)

By counting handcuffed pairs in two ways we obtain

le’_'_‘_ll._- (k - 1)b

(1), (2, (3)

Equations
handcuffed design with parameters v, k, )

we obtain

(3)

are necessary conditions for the existence of a

Solving for b, r and u
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wiv-1) k(v-1) Aav-1)(k=-2)
b = 2k 1) ° r = u = .

2(k=-1) °’ 2(k~1)

If % =1 , we call the design a Steiner Handcuffed Design.

Steiner Handcuffed Designs.

In this section we show that when ) =1 the necessary condition

" for the existence of a design is also sufficient. With ) =1 our

_v(v-1) o k(v-1) (v (k=2)
equations become b = k1) ’ r mZ(k—l) and u = k1) The

case k =1 {is vacuous in as much as there are no handcuffed pairs. If

_k=2,b=y—g-!-:—1-2- r=v-l and u=0 . Hence S is a v-set and T

2 3
is the set of all 2-subsets of S .

Then b = !.LY__:_D_

The first non-trivial case is k = 3. 7 )

;néi"—(:‘—ll.-, u=vzl.'Hence v=4u 1 or v=1 mod 4 .

Theorem 1. For k = 3 , a Steiner Handcuffed Design exists if and only if

v=1l mod 4 .

Proof. We have already proved the "only if" part. Suppose now v = 4u + 1
We use induction on u . If u=1,v=5=b and r =3 . The following

exhibits the design: {1, 5, 2}, {2, 1, 3}, (3, 2, 4}, {4, 3, 5}, {5, &4, 1}
(Denote this design by Ql and let S]L ={1, 2, 3, 4, 5}.) Suppose the
design exists for u.= M and denote such a design by QM on a set

SM ={1, 2, 3, -+-, &M +1} . We now construct a design QM+1 on

SM+1= SMU {aM+2, &M +3, 4M+4, 4M+5]) . The blocks of Qy4q are the

following.
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(1) All the blocks of Qy

(2) The blocks of a design isomorphic to Q1 on the set
{.l&M+1, M +2, 4M+3, M+4, M+5) .
(3) For h=1,3,5, «+«, 2M=1 the blocks
{M+2, 2h -1, 4M +3]}
{&M +2, 2h, 4M+3}
{2h -1, &M +4, 2h}
{2h -1, 4M +5, 2h}
totaling &M blocks.
(4) For h=2,4,6, .-, 24 the blocks

(&M +4, 2h =1, &M +5)

(&M +4, 2h, &M +5)
{2h-1, &M +2, 2h)
{2h-1, &M +3, 2h}

totalling 4M blocks.

It is a straightforward, though tedious verification, that the blocks

of Q are a Steiner Handcuffed Design.

M+1 )
We now proceed to the general value of k . We distinguish two

cases, namely, k odd and k cven. Suppose k 1is odd. Put k = 2h+1,

h=1,2, 3, -+ . The case h =1 has been disposed of in Theorem 1. The

equations for b, r, u in terms of v, h, are b = - Vz,_hl ’

- (2h+1)(v-1) _(v=-1)(2h-1) 4h
T “4h s u “h . Then v o 1

u+1 . Since

v 1s an integer (2h—1)|u . Put u=m(2h~1) . Then v =‘4hm + 1 so that
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v=1 mod 4h . Conversely if v=1 mod 4h we can solve for b, r, u

and obtain integral values. This suggests the following theorem.

Theorem 2. The design H('v, k, 1) exists where k =2h+1 if and only if

v=1 mod 4h .

Proof. The '"only if" part having b;aen proved in the previous paragraph we
proceed to prove the if part. Put v =4hm + 1 . Then u = m(2h-1),

T =m(2h+1), b = m(4hm +1) . We use induction c;n m. If m=1,
ve4h+l,u =2hel, r =2h+1 =u+2, b =4h+1 . Let

S1 = {1, 2, 3, «++, 4h+1}] and denote the design to be constructed by Q1

We take the first block of Q, to be ({1, 4h+1, 2, 4h, 3, «-., 3h+2, h+1} .

Note that the absolute value of the differences of consecutive pairs are all
distinct. We now translate this b}ock mod (4h +1) obtaining the set of
4h+1 blocks

{1, 4h+1,‘2, 4h, «++, 3h+2, h+1]}

{2, 1, 3, 4h+.1’ ce+y 3n+3, h+2]}

{3, 2, 4, 1, cee, 3h+4, h+3)

{4h+1, 4h, 1, tlh=1, --+,3h +1, h}

The total number of handcuffed pairs is 2h(4h+1) and no pair is repeated
as this would imply that in the first block two sets of consecutive pairs
would have the same absolute value of their differences. Hence the set of

blocks constitute a Steiner Handcuffed Design. Now assume that QM exists
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on the set Sb1= {1, 2, 3, .., 4WM+1} . Let

Sm+1= SMU (4hM +2, 4WM+3, ..., 4BM +4h +1] .

We conséruct as follows. First, take all the blocks

A +1
of Qld' Secondly, add the blocks of a design isomorphic to Q1 based

on the set ({4hM+1, 4bM+2, ..., 4hM +4h +1} . Before, writing down the.
remaining blocks, we first list the pairs which are not accounted for in

the blocks already designated. There are the pairs (i, 4hM+j) where
i=1,2, «+., 4hlM and j =2, 3, «++, 4h+1 . We divide these pairs into
M sets TO’ Tl’ T2, N TM-l . The set Tm will contain the pairs

(L, 4M+j) where i =4hm+1, 4hm+2, ---, &hm+bh; § =2, 3, ..+, 4h+1 .

as an array N ‘as follows:

We write the set T 0

0
(1, 4nM +2), (2, 4hM+2), ---, (4h, 4AM +2)

(1, 4hM +3), (2, 6WM+3), ..., (4h, &hM+3)

(1, 4hM+4h+1), (2, 4hM+4h+1), .-+, (4h, 4BM +4h+1)

Ignoring brackets we look upon NO as a matrix with 4h rows and
4h columns. We now divide No iﬁto two parts A and B where A consists

of the first 2h columns and B the remaining 2h columns.

2h 2h
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Now A is broken up into four parts Al’ A2, A3, A4 given by the following

diagram:

2h
A h
Aqy h
A =
Ay | o, | 2n
h h

We consider the cases hl odd and h even separately. If h is

odd we write down h blocks of the design QM-+1 as follows:

1, 4hM+2, 2, 4hM+3, ««-, 4hM+h+1, h+1
E4

{3, 4‘1M+2’ 4’ 4}1M+3, "., 4"‘M+h+1, h+3}

(2h=1, 4hM+2, 2h, 4IM +3,---, 4EM +h+1, h=1} .

It is readily verified that the handcuffed pairs in these blocks are precisely
the pairs in the matrix A1 . Call this set of blocks C . If in the

blocks of C we replace each 4hM+j by 4hM+h+j we get a new set of
blocks which we add to our design and the handcuffed pairs in these blocks

are the pairs in the matrix A2 . Call the new blocks D
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If h 1is even we still use the same blocks C to account for

the pairs of A, but to get the pairs of A, we replace 4hM+j by

1 2
tiM+h+j and 2i by 2i-1 and 2i-1 by 2i in the blocks of € to

get the blocks of D

We now obtain sets of blocks E and F whose handcuffed pairs
are the pairs of A3 and A4 respectively. E is obtained from C by
replacing

i + 4hM+2h+1+1i, i=1,2, «-+, 2h
4hM + § + j-1, j=2,3 -, b+l

Also F 1is obtained from D by the replacements

i .o+ 4hM+2h+1l+1i, i=1, 2, =+, 2h
4hM+h+j'—’ h+j=1, i =2,3, *»-, h#l
We now considér the matrii B . We divide B into four submatrices

. Bl’ BZ’ BB’ B4 according to the diagram

2h
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* ¥

» 0 %
From the sets of blocks C, D, E, F we obtain sets C , D , E,

%
F by the substitutions

{ ———% 2h+i, f=1,2, +*+, 2h
2h+i— i, i=1,2, -+, 2h
4EM + j — 4BM +2h + ], 3 =2,3, +++, 2h+1
| 4hM +2h + j—> 4hM +§, j=2,3, +-+, 2h+1 .

¢ e kS e

A direct verification shows that the handcuffed pairs in C , D , E , F
contain all pairs in Bl’ Bz, B3, B4 respectively exactly once.
By repeating with the sets Tl’ Tz, ceey TM 1 the same operation

as was carried out for TO we obtain new sets of blocks. The totality of

blocks obtained completes the construction of QM+1

Theorem 3. A necessary and sufficient condition for H(v, k, 1) to exist

when k =2h, h =2, 3,4, *** is v =1 mod (2h-1)

Proof. The equations for b, r, u become

b,,,"fv—]-?" r=2hgv-‘-12 u”(v--l)(h--l)
2(2h=1) ~’ 2(2h=1) ’ 2h -1
Hence v = L%—:—_—]f% u+4+1. Since u 1is an integer (h—l)‘u so that
W=mhel), v=(heDm+1, r=hm b=olRzDntlim  re ((2h-1m+Dm

2
is always an even integer so b 1is an integer . From v = (2h=1)m+1 it
follows that v=1 mod (2h=1) . Conversely, if v=1 mod (2h—1)‘ by
putting v = (2h-1)m+1 , the values of u, r, b are all integers. Hence,

the condition is necessary.




For sufficiency, let

v =(2h-1m+1

For m =1, v=k =2h, b =h, u

{1, 2h, 2, 2h-1,

{2, 1, 3, 2h,

and use induction on m .

= h-1 . The set of blocks

ve+, hy, h+1)

cee, h+1, h

+ 23

{h, h=1, h+1, h=2,-:+, 2h =1, 2h}

form a design Q1 on the set

]

1

= {1, 2, oo, Zh}
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‘The proof is identical

with that used in Theorem 2. Suppose now that QM exists on a set

Sy = (1,2, +=+, (ZA=DM+1} . Put S
cee, (2h=1)M+2h) .
include all blocks of th'

to Q1 based on the set {(2h=1)M+1, (Za-1)M+2,

There

yet to be accounted for. Divide these pairs into M sets Tl’ T2,

where

The design Q

M+l S

M+1

remain pairs (i, (h=1M+3{), i =1, 2,

T, = {({, h=-1M+3) |1

3
1

, = (i, 2h=1M+3)|L

L
fl

{4, Ch=-1M+))|i

{1, h-1M+3)|1

:{i

i

M Y

are taken as follows.

First,

Secondly, take the blocks of a design isomorphic

<+, (2h = 1)M +2h}.

{(2h=1)M+2, (2h=-1)M +3,

cee, (2h=1)M, j =2, 3, 4,---, 2h

1, 2, *++, 2h=1; j

2h, 2h+1, +--,

QCr-2)h+2~r,

2(2h -1); j

cery T(2h=1)3)

i

cery M(2h=1)3] =

ee, T

2h}

2h}

2h)

2h}
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We first dispose of the pairs in T1 . Takc the (2h-1) blocks
{1, 2h=1)M+2, 2h -1, (2h=1)M+3, -+++, h+1, (2h-1)M+h +1}

{2, (2h-1)M+3, 1, (2h = 1)M +4, -vey K42, (2h=1)M+h +2}

{Zh-l,'(2h-—1)M+2h,2h,-2,(2h—1)M+2,--~, h, (2h-1)M+h} .
A direct verification shows that the handcuffed pairs in these
blocks are precisely the pairs in T1 . In the same way, by translating i,

we obtain blocks corresponding to each of T2, T3, cee, TM and these complcte

the design.

4. Handcuffed Designs for A > 1

For ) > 1 the information on the existence of handcuffed designs
is incomplete. However, the theorems below give added information.
A trivial lemma which is useful is the following. It depends on

the fact that we are allowed to repeat blocks.

Lemma. If H(v, k, xl) exists and H(v, k, xz) exists then

H(v, k, Xy + xz) exists.

Proof. Take Ql € H(v, k, xl) and Qé € H(v, k, xz) where Q1 and Q2 are
on the same set S . The union of the blocks in Q1 and Q2 are the blocks

of a H(v, k, Al + XZ) .

Corollary. If H(v, k, 1) exists then so does H(v, k, 1) . 1In particular
if k =2h+1 and (A, 4h) = 1 , then since v = 4hu

(Zh~ 1))
u=mr(2h-1) or v=4hm+1 and v=1 mod 4h . Now by Theorem 2,

+1, (Zh-l)k‘u so that

H(v, k, 1) exists so that H(v, k, A) .exists.
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Theorem 4. 1If k 1is even, k =2h and (A, 2h-1) =1 . A necessary and

sufficient condition for H(v, k, A) to exist is v=1 mod (2h~1)

Proof. To show sufficiency note that if v =1 mod 2h~1 then

H(v, k, 1) exists, hence H(v, k, A) exists. Now suppose (\, 2h=1) =1

. A v =D (k=-2) =K(v—l)(h—l) . . _ (2h -Du
The equation u = k= 1) o1 1mp}1cs v ~(h = 1) + 1
|

Since (A, 2h=1) =1 and (h-1, 2h-1) =1 it follows that A(h=1)|u

Put u =mh(h=1) . Hence v =1+ (2h=1m or vs=l mod (2h -1)

Corollary. If k = 2h then H(v, k, 2) exists if and only if

vz=1 mod (2h=1)

Theorem 5. A necessary and sufficient condition for H(v, k, 2) to exist

if k=2h+1 is v =1 mod 2h.

’ L (v=1(h-1) _ 2hu
Proof. If k 2h+1 then u “oh , so that v 1+ EETTT

mod 2h

in
o

. Hence, (2h=1)|u . Put u =m(2h-1) v =1+ 2hm or v
Hepce the condition is necessary.
To show sufficiency, we put v =1 + 2hm and use induction on m .
(Note that even values of m are covered by Theorem 2, but we will not use
this.) If m =1 we construct a design Q1 on S1 ={1, 2, »-+, 2h+1} .
In fact the blocks
{1, 2h+1, 2, 2h, -+, h, h+2, h+1}

{2, 1, 3, 2h+1, cee, h+1, h+3, h+2)

®
°

{2h+1, 2h, 1, 2h=1,-++, h=1, h+1, b}
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constitute the required design. The proof is the same as that used in
Theorems 2 and 3. Now assume that le exists on a sect

Sy= {1, 2, 3, «e+, 1+2nM} and let S {2nM +2, 2hM +3,

M+l SuY

ees, 2lM+2h +1} The blocks of Q41 2re obtained as follows. First,

include the blocks of Qbi' Then add the blocks of a design isomorphic to

Q1 on the set S = {2mM+1, 2WM+2, ---, 2hM +2h +1} . The pairs which have

not been handcuffed in the blocks used‘so far are .{(g-+i, 2hMj+j)I£==0, 1, eee,M=1,

1 =1, 2, ¢¢o, 2h, j =2, 3, ¢+, 2h+1} . Divide these into M subsets .

T eee, T where Tz={(g+i, 2M+§) |1 =1, 2, -+, 2h,

0’ T1’ M-1
3 =2,3, <o+, 2n+1} . We write the pairs of Tz as an array N of 2h

rows as follows
(p+1, 20M+2), (g+2, 2EM+2), ---, (g+2h, 2hM +2)

(4+1, 20M+3), (4+2, 2EM+3), -+, (g+2h, 2hM+3)

(4+1, 2 +2h +1), (4+2, 2EM+2h+1),-++, (4+2h, 20M+2h+1)

Denote the first h rows of N by A and the last h rows by B.
We now distinguish two cases h odd and h even. If h 1is odd
the handcuffed blocks of
{2+1, 2M +2, g+2, 2WM+3, -+, 2BM+h+1, g +h+1]}

{(4+3, 2M +2, g+4, 2bM+3, +.-, 20M+h+1, g+h+3}

{g+2h -1, 20M +2, g+2h, 20M+3, :--, 2lM+h+1, g+h-1}
contains the pairs of A once so we repeat these blocks in our design in order

to handcuff the pairs of A twice.
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Again the handcuffed blocks
{g+1, 2hM +h +2, 4+2, 2lM+h+3, +--, 2 +2h +1, g+h+1}

g+3, 2M+h+2, g+4, 2hM+h+3, +-+, 20M+2h+1, g+h+3)}
3 J 2 .

o
°

il {g+2h=1, 2lM+h+2, g+2h, 2iM+h+3, «.-, 2aM+2h+1, g+h -1}
!when repeated once handcuff the pairs of B twice. Repeating the operation
with all the Ti's completes the design.

If h 1is even, a different procedure is used to handcuff the pairs
of A and B twice. We use the two sets of h handcuffed blocks viz.

[2+1, 2aM+2, g+2, 2hM +3, e, 2lM+h+1, g+h+1)

[4+3, 2mM+2, g+4, 2mM+3, cee, 2mM+h+1, g+h+3)

{4+2h—1, 2hM+2, g+2h, 2hM+3,--, 2 +h+1, g+h-1]

and
{£+2, 2hM +2, g +3, 2iM+3, cee, 2MM+h+1, g+h+2}
{g+4, 2hM +2, g+5, 2hmM+3, vee, 2BM+h +1, L+h+2]

{g+2h, 2mM+2, g+1, 2hM +3, ce+, 2bM+h+1, g+h}

to handcuff the pairs of A twice and a similar set of 2h handcuffed
blocks to handcuff the pairs of B twice.
Again, carrying out these operations for all the ’I‘i completes

the design.

Corollary. Using our lemma it follows that if k 1is odd and (A, 4h) =2

then A 1is even and hence H(v, k, ) exists.
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For designs with k = 3, complete information exists as given

by the following theorem.

Theorem 6. If k = 3, the following are necessary and sufficient conditions

for H(v, 3, A) to exist.

(1) If (A, 4) =1, v=1 modé4.
(2) If (O, 4) =2, v=1 mod 2.
3) 1f (\,4) =4, v=z=23
Proof. If (A, 4) =1, we have v = %%-+ 1 so that X‘ u . Put u =m)

which implies v =4m + 1 or v=1 mod 4. Hence by Theorem 1

H(v, 3, 1) exists and by our lemma H(v, 3, 3) exists.

+1 or 2h+l1

[

If (O, 4) 2 then A = 2(2h+1) and r = T

1
divides u . Put u = (2h+1)m v =2m+1 or v=1 mod 2. By Theorem 3,

H(v, 3, 2) exists. Hence by our lemma H(v, 3, 2(2h+1)) = H(v, 3, })
exists.
b4u u
Suppose now (A, 4) = 4. Then A =4t v = i + 1 = E'+ 1 . Put

u=mt and v = m+1 . Hence there is no restriction on v except v > 3 .
If v 1is odd then by Theorem 5, H(v, 3, 2) exists so H(v, 3, &4t) =H(v, 3, 1)

exists. There remains the case v = 2n, n =2, 3, 4, 5, -+- . 1In this case

we show H(v, 3, 4) exists from which it will follow that H(v, 3, ) exists.

Generally, with v =2n, u = 2n~1, ¥ = 3(2n~-1), b = 20(2n-1)
and a Q € H(2n, 3, 4) 1is constructed as follows. We now write down (2n=1)

triples (a1 b1 cl) (a2 b2 gz) (a3 b3 c3) se (a2n-1 bzn,.l c2n-1) such
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that the successive differences b, -a,, bl._cl, b, =a,, by=Cps **%y

b are the sequence of numbers

snel ™ ®2n-1’ P2n-1" S2n-1

-1, 202, 2n=3, **+,2, 1, n, 2n=1, 2n=2, ***,n+l, n=1, n=2, ==-,2, 1

[

= Cys vy Bn1 T S2na2

and a, =1, a

1 These conditions

2 - % 83
uniquely determine the triples. If each of the triples is translated 2n
times mod 2n we gét the set of all blocks of the design. The following

examples illustrate the construction

a=2; 1 4 2 2 3 1 1 4 3
2 1 3 3 4 2 2 1 4
3 2 4 4 1 3 3 2 1
4 3 1 1 2 & 4 3 2

n=3 1 6 2 2 5 3 30401 1 6 2 2 4 3
2.1 3 3 6 &4 4 5 2 2 1 3 3 5 4
3 2 4 4 1 5 5 6 3 3 2 4 4 6 5
4 3 5 5 2 6 6 1 4 4 3 5 5 1 6
5 4 6 6 3 1 1 25 5 4 6 6 2 1



CHAPTER V

On Howell Designs

1. Introdpction;

Let n and 8 be integers where n <s <2n - 1 . A square
of side s such that each cell is empty or contains an unordered pair of
integers from amongst 1, 2, ..., 2n 1is called a Howell design of type
H(s, 2n), provided; 1) each integer from 1 to 2n appears exactly
once in each row and each column and, 2) ever& unordefed pair of integers
appears at most once in a cell of the square. For a design of type H(s, 2n)
we call it a design of side s and of order 2n . The range of possible
values of s is n<s g2n-1.

In fact such designs are being used in the scheduling of bridge
movements. Their history goes back many years and such designs of lower
order can be found in any "Bridge Director's Manual.

One of the extreme cases of Howell designé occurs when s = 2n -~ .1 .
In that case every unordered pair appears exactly once. This type of
Howell design is called a Room Design. Around 1900 Professor E.C. Howell
of M.I.T. found the Room Squaresof orders from 8 to 30 and they are
published in Bridge World Inc. 1933. Hence, we use his name in the
designation of the general design H{s, 2n). It must be remembered, however,
that he only was interested in the casen s =2n - 1 .k Stanton, Mullin and
their students have been working in Room squares for some time and solved
almost all problems concerning existence for that case. The problem of
existence of Room designs for all values of n would be completely solved
if a square of type H(257, 258) could be constructed. This would still

leave open the problem of isomorphism classes.
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2. The Extreme Case s =n .

Another extreme case is when s =n . In this case every cell
of the square would contain one unordered pair of integers. An obvious
case i8 n=1 =3 2n = 2 . The square is simply (1, 1').

It is easy to sée that if there are two orthogonal latin
squares of order n then there would be a Howell design of type H(n, 2n)
In fact let the first latin square contain 1, -+, n and the second one
contain 1/, ..., n’ . Then take the elements in corresponding cells of
both squares as the pair in the corresponding cell of a new n x n square.
It satisfies all the conditions for a Howell Design.

Orthogonal Latin Squares exist for all positive integers except
2 and 6 so H(n, 2n) exists for all positive integers n except possibly
n=2 and n=6 . It is not difficult to show that there exist no

H(2, 4); but for n = 6 there exists a H(6, 12) as followé:

1, 7 2, 8 3, 9 4, 10 5, 11 6, 12

2, 3 12, 7 b, 5 8, 9 6, 1 10, 11
11, 12 3, & 7, 8 5, 6 9, 10 1, 2
5, 10 6, 11 1, 12 2, 7 3, 8 4, 9
6, 9 1, 10 2, 11 3, 12 by 7 5, 8
4, 8 5, 9 6, 10 1, 11 2, 12 3, 7

Hence we have:

Theorem 1: H(n, 2n) exists for all positive integers n except n =2 ,
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In what follows we shall give constructions for H(n, 2n) independent of

orthogonal latin squares.

3. Construction of Some Designs for n<s < 2n -1 .

From these two extreme cases we know that Howell Designs widely

exist. Now we are going to see what will happen when n<s < 2n-1 . We

first consider small values of n , n = 2; there is no s for which
n<s<2n- 1. In the extreme cases neither H(2, 4) nor H(3, 4) exist.

n =3; the only case n< s <2n- 1 is H(4, 6) which exists as follows:

1, 6 4, 5 2, 3
3, 4 2, 6 1, 5
2, 5 4, 1 3, 6

3,5 1, 2 Ly 6

n = 4; there are two possible such cases s =5, s =6 . After a complete
investigation by computer it is known that H(5, 8) does not exist but

H(6, 8) exists as follows:

1,2 3, 4 5,6 7,8

5,7 6, 8 1, 3 2, 4
4, 5 1, 8 | 2, 7 3, 6
3,7 2, 6 4,.8 1, 5
2, 8 3,5 4, 6 1, 7
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Before we go to any higher order we want to describe a modificétion of

the starter-adder method which is originally described by Mullin and

Stanton [6]. This starter -adder method was used by Stanton, Mullin and
Nemeth . to construct many Room squares. For the square H(2n - 1, 2n) the
starter-adder method is the following. We consider the integers mod (2n -1
apd append a symbol e« with the property that o + 1 = » . The set of

pairs (e, 0), (al, bl)’ (az, b2), ---,(an__l, bns-l) is called a starter

1f a;, a,, ees8 15 byy by, eeey b , are all the 2n - 2 non-zero

residues mod (2n - 1) and if -_i:(a1 - bl)’ i(a2 - bz), coe, i(an-l-'bn—

all distinct. The set of elements Cgs» Cy2 Cgs ey 4 arxe said to be

an adder if c, + 0, cq + ay5 ¢ + bl’ y + a5 ©, +.b2,,---,c + a _1°n_1

0 Ne 1
are all the residues mod (2n - 1)  and if o2 cl, “tey S 1 are all
distinct. With a starter-adder one can comstruct an H(2n - 1, 2n) as

i
(2n - ci)th column, and (e, 0) in the first row (2n - co)th column. Then

follows. First, we place (ai, b,) 1in the cell occupying the first row and

if the pair (x, y) occupies the cell in the ith row and jth column, then
the pair (x + 1, y + 1) occupies thé cell in the .(1 + 1)th row and

(j + 1)th column (row and column indices are taken mod (2n - 1). If the cell
in the ith.row,Ajth column is empty then so is the cell in the (i + 1)th row

and (j + 1)th column. In case of Room square there is only one infinity,

1) gre

+b

but now in our modification for any H(s, 2n) there are (2n - s) infinities.

Let the 2n elements be 1? cec, 8, S _n+1’ T P where the non-infinity
elements are taken mod s and consider the pairs:
(xi, yi), 1i=1, ¢¢¢, s=n where X5 9, € (1, <-<, 8)

such that i(xi - yi) are all distinct.

n—
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(mj’ zj)’ zj € (L, «oey 8) Zj ;éxi, zj ?éyi

'jus—n'f‘l,“-,n iml,...,s_n

where {x,} U {y;} U {2;} = {1, 2, +-o, s} .

We call these following pairs a starter:
(xl’ Yl): ceey (xs_n: Ys_n), (ws_n+1: zs_n+1): ey (mn’ Zn) .

Let a,, aj € (L, ¢+, 8), 1 =1, ¢eoy 8wm, j=san+1l, +-, n
such that x, +a, vy +ag, z + a, are all distinct. Then we call set
seey aﬁ an adder. The construction of H(s, n) now proceeds in

a;s az;
the same way as in the original starter-adder method. The square constructed
by this method would contain no repeated pairs, and no repeated elements in
the same row or the sahe column,

If we can find such a set of starter-adder for positive integers
s and 2n , then there.exists a design H(s, 2n), but this is not a
necessary condition, we will see later. For convenience of notation we will
omit the «'s in writing down a starter i.e. 1instead of
RS TR NI OIS PORRERE PRI C SN U I (og _n+1? Zgng1) =0 (= 2)

A °

’ys-n)’zs-n+1’ B RSN

we Will Write (xly Yl), (xz’ yZ)’ MY ] (xS—n

Also, we will not necessarily list the z's at the end of the table. For
instance for n =35, s ? 6 the following is a starter: 6, 5, 4, (2, 3), 1
The notation is ambiguous, but the ambiguity is inconsequential since it is
immaterial which subscripts are appended to theA m-symbols provided they are
all different i.e. 6, 5, 4, (2, 3), 1 could represent (m4, 6) (mz, 5),

(m3, 4), (2, 3), (ms, i) .
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Using this modified starter-added method we can easily construct

many infinite classes of Howell designs.

which can be constructed by this method by: Hs(s, 2n) .

Theorem 2: For all positive odd integers n Hs(n, 2n) exists.

Henceforth, we denote the design

Proof: (In this paper, for convenience we write an integer k= 0 mod m

as ‘''m" rather than "0" in all the constructionsof starter-adder method.)

We give the starter-adder as follows:

: n+3 n+l n-1 ‘
adder: n’n— 1, LI 2 ) 2 5 2 "y o--’ 4, 3’ 2,1
starter: n,n=1, o, 2 ; 3, 2 ; 1: a ; 1, ey b4y 3,2, 1
sum: n, esses000000 0 3, 1, N - 1, °°y 8’ 6, 4, 2
. 4 .
odd even

From Theorem 2 we know that H(n, 2n) when n 1is odd, can be

constructed without using orthogonal latin squares.

Theorem 3: For positive odd integers

n=3

Hs(n + 1, 2n) exists.

Proof: The starﬁer—adder and sum are given explicitly ' as follows:

adder: n+1l,mn, -, E_%;l.+ 3,
n+ 1
starter: n+1l, n, °ce, ——E-—-+ 3,

sum: n+1, n“l,..’., 6’

n+1

2

X

+ 2,

n+1

2
n+1
2

35

n+ 1
2 3

n+1
2

1’ .0-,

o, 3,

7,

2, 1

+]v’":4: (2: 3% 1

4, 5, 2




For convenience all possible adders are listed.
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An X under an adder

means that it has not been used and in fact corresponds to an empty cell

in the first row.

Theorem 4: For any positive even integer n Hs(n, 2n) and Hs(n + 1, 2n)

do not exist.

Proof: For Hs(n, 2n), if there exist a starter-adder
adder: n’n— 1, "', 3 3 2 F} 1
starter: an, an-l’ °ey, a3, az, a1
Since a, € (1, ..., n) =1, sy n
SiE (1, "', n) =1, eoeg n
8o we have
n .
e ai = E i and 2 si = E i
i=1 i=] i=1 i=1
but s, =a, + 1 s0 § a, + El i-=
) i=1 i=1 i
- 2% 1= § 4 - ¥ i=0 modn .
i=1 i=1 i=1
Now if n 1is even
n , n '
ft 1=n+@~1)+ cc+1==m+1) =

i=1

2

and all distinct

and all distinct

1

%éo mod n .

Hence there does not exist a starter-adder for H(n, 2n).
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In the case of H(n + 1, 2n) without loss of generality, we
can assume that the empty cell in the first row is the last onme
i.e. (n + 1)-th.

If there exist a starter-adder:
let (xl, yl), (x2 ab), seey (xn, mn) be the starter
xi’ Yle(l: *eey m + 1) i=1, +++y n

and 8y5 o0y 8 € (1, ---, n) be adders.

X5 ¥y, are all distinct, a;5 =+, 8 are all distinct.
(yl + al) + (x1 + al) + (x2 + a2) + .o + (xn + an)

= Yy + a, + E a, + E X

1=1 j=1 1

+1
+ 3 X, = nz i=0 mod (n+ 1)

n
but Yy + a; + ¥ a 1

i

i=1 i=1 i=1
' n is even E Xy + v = “El 1i=0 mod (n + 1)
i=1 i=1
E a, = E i=0 mod (n +1)
i=] i=1 :

80 a, =0 wmod (n+ 1) which contradicts the fact that ay € {1, 2, ---, n} .

We now proceed to describe a method of constructing the designs of
type H(n, 2n) with n = even without using Orthogonal Latin Squares. Let
8, = {15 <+, n}, 8, = {n+1, .-, 2n} be the 2n elements. We distinguish

two cases.
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Case 1. n =2t and t 1is even. We arrange the 2n elements in a table

as follows:
Here the first column gives the value of Di’ i=1, -, t, t+1,.-+,n

where Di represents the difference (mod n) of the elements in a pair in

the ith row.

n ' (1, n+1) (2, n+2) (3, n+3) .. .(n, 2n) A
n- 2 (2, 2n) (3, n+1) (4, n+2) . . .(1, 2n-1)
n-=4 (3, 2n-1) (4, 2n) (5, n+1) . . .(2, 2n - 2)
N6 (4, 2n-2) (5, 2n=1) - (6, 2n) e o (3, 2n~3) ft rows
2 (t, 2n~t+2) (t+1,2n-t+3) (t+2,3t+4)...(t=-1,3t+1)/
ne-1 (e+2,3t+1) (£+3,3t+2) (t+4,3t+3)... (£ +1, 3t) 3
n-3 (t+3, 3¢t) (t+4,3t+1) (t+5,3t42) «eo (£+2, 3t~ 1)
3 3 5 3 5 3 5 3 5
i=2t,t+1 (2t+1,2t+2)(2t+2,2t+3) (2t+3,2t+4)---(2t,2t+1) ft rows
3 (n, n+3) (1, n+4) (2, n+53) . . (n-1, n+2)
i=n, ¢+1 (t+1l, n+2) (t+2, n+3) (t+3;, n+4) co-(t, n+1) J

In this arrangement, ignoring the first column of D 's obviously in each row

i

and in each column, each element appears only once. We only have to consider
whether there are any repeated pairs. The repeated pairs can only occur in such

rows where they have same Di' In this case the first t rows have values of
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Di which are even and distinct. The second ¢t rows have values of Di
which are odd and all but two are distinct. The two rows that have the same

Di =t + 1, are the n-th row and % t-th row. We rearrange the table to

_avoid repeats using the (gwh-l)th and (%t)th rows as follows:

the old rows,

3 )

3 3.5 3 5 3 5
=2t 2.2 2 2 2 2 cee (Bt-1,2t+2
i=5t-1 (zt,2t+3) (2t+1,2t+4) (Fe+2,5t+5) (2t: 1,3 )

3 3 5 3 5 3 3 3. 3
i 2t (2t+1,2t+2)(2t+2,2t+3) (2t+3,2t+4)...(2t,2t+1)
are replaced by the new rows
3, 3.3 5 5 I R 5 5
i 2t-l (2t,2t+1) (2t+3,2t+4) (2t+2,2t+3)--=(2t+1,2t+2)
3 5 5 3 3 5 5 3 3
i 2t (2t+2,2t+3)(2t+1,2t+2) (2t+4,2t+5)---(2t-1,2t)

Obviously in each new row every element occurs exactly once and since each
element is still in the same column, each column contains every element
exactly once. Now there are no repeated pairs since all pairs in these new

rows are pairs in which both elements come from 8, or from Sy » while in

the original rows each pair consists of one element from Sy and one from Sye

For example in H(4, 8) just rearrange the last two rows as follows:

1, 5 2, 6 3,7 4, 8 1, 5 2, 6 3, 7

2, 8 3,5 4, 6 1, 7 2, 8 3,5 4y, 6
=

4, 7 1, 8 2, 5 3, 6 3, 4 7, 8 1, 2
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Case 2. n=2t, t=o0dd, t # 1.

Similar to Case 1 but the répeated Di =t + 1 would be even and the rows which
have the repeated Di would be n-th row and E%%L—th row. We rearrange the

te=1 t+1
5 -th row and 3

-row to avoid the repeated pairs, doing as follows:

The old rows

tel t-1 _, 3t+5, t+l _, 3t+7 t+3 3t +9, t-3 3t +3
i= 3 (2 s 11 > )'( 5 7345, 2) . (-—2-—-, n+-—-§——),. e oo ( 5 n+ 5 )
t+1 t+1 _ 3t43, ,t+3 345 t+5 _  3t+7 £~ 1 3t +1
teT GeomT e, GRS T, - G D)
become the new rows
-1 el t+l 3645 L 3t47 . E43 45 3641 3t+5
i= 2 ( 2 B4 2 ), (n. 2 3 > },( 5 N > )’ > . .’(n+—-2—’ n+___§__)
t4+1 ,3t+3 ,3t+5 t+l  t+3 ,3t+7 L 3t49, t—3 t-1
im= 2 (I‘u 2 s N7 2 )} ( 2 3 2 )) (n' 2 s T 2 75" ° '9(——’7) .

An example for this case is H(6, 12).

6 1, 7‘ 2,8 3,9 4,10 5,11 6,12 1,2 .7,8 3,4 9,10 5,6 11,12
4 2,12 3,7 4,8 5,9 6,10 1,11 12,7 2,3 8,9 4,5 10,11 6, 1
2 3,11 4,12 5,7 6,8 1,9 2,10 3,11 4,12 5,7 6,8 1,9 2,10
5 5,10 6,11 1,12 2,7 3, 8. 4,-9=° 5,0 6,11 1,12 2,7 3,8 4,9
3 6,9 1,10 2,11 3,12 4,7 5,8 6,9 1,10 2,11 3,12 4,7 5,8

4 4, & 5,9 6,10 1,11 2,12 3, 7 4,8 5,9 6,10 1,11 2,12 3,7
so the existence of designs H(n, 2n) n = even,‘indeed does not have to depend

on the Orthogonal Latin Squares.

We know already from Theorem 1 that H(n, 2n), n # 2 exists so the
starter-adder method is not a necessary conditon. In case of H(n+1, 2n)

n even, the following designs have been constructed by computer:
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H(7, 12) i.e. n=6
1, 7 2, 8 3, 9 4,10 5,11 6,12
11,12 9,10 7, 8 5, 6 3, 4 1, 2
8,9 10,12 4,11 2, 7 1, 6 3, 5
5,10 6,11 1,12 3, 8 2, 9 4y 7
1, & 2, 3 5, 7 6,10 8,12 9,11
3, 7 5,9 4, 6 2,12 1,11 8,10
2,6 4,8 3,11 1, 5 9,12 7,10
H(9, 16) i.e. n =8
8,13 2, 6 7,12 3,4 10,11 14,15 5, 9 1,16
1, 9 11,12 4,14 2, 5 3, 6 7,10 13,16 8,15
4,8 11,16 6, 9 7,15 5,14 2,12 1, 3 10,13
5,10 2,15 1, 8 14,16 9,13 3,11 b4y 7 6,12
12,16 1, 6 7,9 11,13 4,15 5,8 2,10 3,14
6,14 3, 7 5,13 2, 8 1,10 9,16 12,15 4,11
11,15 4,5 10,14 3,16 12,13 1, 7 6, 8 2, 9
2, 3 9,14 4,16 10,15 6,11 8,12 1,13 5, 7
7,13 10,12 3,15 1, 5 8, 9 2,16 4,6 11,14 |

The general cases H(n+k, 2n) k > 2 will be discussed_in what follows.

5. The Multiplication Theorems.

We explain next the multiplication method for the construction of

higher order Howell designs by means of the use of lower order designs. The
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method given here can be seen as a generalization of Horton's method which

was originally used in the construction of Room Squares.

Definition: We say a Howell design of type H(s, 2n) satisfies a *-condition
on a set of (2n ~ s) integers if there are (2n - s) integers amongst

1, 2, ¢<+, 2n such that no pair of them occupy a cell.
Many Howell designs satisfy the *-conditon, for example:

(a) All designs Hs(s, 2n) constructed by the starter-adder method must
satisfy the *-conditon since the infinites constitute a set of 2n - s

elements no two of which occupy a cell.

(b) All Room Squares i.e. H(2n-1, 2n) satisfy the *-condition. Since

2Zn - s =1 .,

(¢) All designs of type H(2n-2, 2n) satisfy the *-condition. Consider
an element "x" in such a design. It is paired with 2n-2 other
elements so there remains an element y with which x 1s not paired

|

in a cell.

| (d) All H(n, 2n) which come from Orthogonal Latin Squares satisfy the
*-condition (obvious), but the design H{(n, 2n) n = even constructed
by the method given‘in the previous section without using Orthogonal

Latin Squares need not satisfy the *-condition.

For H(n, 2n), all H(3, 6), H(4, 8), constructed by any method whatever,
satisfy the *-condition. But for H(5, 10) we know that there are at least

two non-isomorphic Howell designs of this type. One of these comes from two
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Orthogonal Latin Squares (or by the starter-adder method) and must satisfy

the *-condition. A second one constructed by computer is as follows:

1, 6 2, 3 9, 10 by, 5 7, 8
8, 9 1, 7 2, 4 3, 10 5, 6
5, 3 4, 10 1, 8 6, 7 2, 9
2, 10 6, 8 5, 7 1, 9 3, &
by 7 5, 9 3, 6 2, 8 1,10

It does not satisfy the <*-condition, as is easily checked.

For n =6, H(6, 12) exists as shown previously but no design of type
H(6, 12) can satisfy the *-condition. If there are any of them
satisfying this coﬁdition, then it would imply the existence of a pair of
Orthogonal Latin Squares of order .6 . Henceforth, we denote a Howell
design.of type H(s, 2n) which satisfies the *-condition by H*(s, 2n).
(An Hs(s, 2n) must be an H*(s, 2n); whether we use "'8" or '™

depends on what condition we wish to emphasize.)

*
Theorem 6: (Multiplication Theorem) If H (sl, 2n1), and H(sz, 2n2) exist
and a pair of Orthogonél Latin Squares of order 8y exist, then

H(slsz, (2n2--1)s1 + (2n1-.sl)) exists.

*
Proof: Let H1 be the design of type H (sl’ 2n1) and having elements
(1, 2, .-, 2n1) H2 the design of type H(sz, 2n2) having elements

(1, 2, "" 2n -1, m)'

2
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Without loss of generality we can assume that H is such a Howell design

2

whose main diagonal consists of those cells containing (e, 1) 1 =1, .»., s

9

Let L, R be two Orthogonal Latin Squares of order s, on

1

(1, ---, 81). We enlarge each cell of Hz to a sl X Sl square by the

following rules:

(1) Each empty cell in H, is replaced byas s, empty square.

1 X%

(2) The cell containing (», i) in the main diagonal of H, is replaced by

2

a Ai’ i=1, oo, ) where Ai is an Hl all of whose elements
except (s1 + L, e, 2n1) are subscripted by i and leave

8y + 1, oo, 2n1 non-subscripted.

2

containing (j, k), j # k 1is replaced by the matrix Qj K where
2

Qj, K is the 8y x 8; square with entry (gj, rk) where g, r occurs

(3) Each cell not empty and not in the main diagonal of H, must be a cell

in the corresponding cell of L and R respectively and every

subscripted by j every r subscripted by k .

Now we have a square of side which we call H and:

51%2
(1) The design H 1is of order (2n2--1)sl + (2n1-sl) . There are S1
elements of H1 subscripted by 1, ¢--, 2n2- 1 and there are (2n1-sl)

elements non-subscripted so the total is (2n2--1)s1 + (2n1-sl) elements.

(2) Each column in H intersects only one Ai’ all of whose elements are
subscripted by 1 and the non-subscripted elements which appear in the

cells of Ai’ and each element subscripted by j, k j # 1, k # 1 appears
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"in some cell of one of Qj k Since Hl’ H2 are Howell designs and
4
Qj g comes from a pair L, R of Orthogonal Latin Squares, then every
3
element must appear exactly once in each column. The same holds for

each row.

(3) There are no repeated pairs.
(a) Obviously there are not any repeated pairs amongst Qj Kk and Ai .
i . M

This is also true for any pair of different Qj K °
2

(b) If any repeated pair appears in same Ai’ this implies that there

is a repeated pair in H., a contradiction. Similarly for Qj k
s

1

(b) 1f any repgated pair appears in Ai’ Aj i # j then the only
possible repe#ted'pairS‘are those pairs containing both elements
which are non-gsubscripted but H1 satisfies #-condition on these

2n-s elements so no repeated pairs appear.
This completes the proof that H(slsz, (2n2--1)s1 + (2n1-sl)) exists.

Theorem 7: If Hl and H2 in the previous theorem both satisfy the

%*w - -
condition so does H(slsz, (2n_2 l)s1 + (2n1 sl)) .

Proof: We can choose all non-subscripted elements and all elements subscripted

by 4+ 1, ¢¢+, 2n_,-1 to be the set of elements on which we apply the

S9 2

*#-condition. Then:
G

(a) the total number of these elements is

(anc-l)s1 + (an--sl)--sls2 = (2n2 - 8, - l)s1 + 2n1—-s1 .
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(b) Since H2 is of side s, then no non-subscripted element appears
together with an element subscripted by S, + 1, -y 2n2-1
Since all non-subscripted elements only appear in the diagonal of

H2’ they can be paired only with subscripted elements in the

diagonal where the subscripts are amongst 1 =1, ---, Sy -

(¢) Since H, satisfies the *-condition no cell of H2 contains

2
(3, k) where j, k¢ (82-+1, coey 2n2-l) . So no pair of elements

- subscripted by (sz-fl, ceey, 2n2-1) can appear in a cell.

(d) Since Hl satisfies the *-condition, no pair of non-subscripted

elements can appear in a cell.

Corollary 8: If H(s, 2n) exists and Orthogonal Latin Squares of order k
exist then H(sk, 2kn) exists and if H(s, 2n) satisfies the +*-condition,

so does H(sk, 2kn)

Proof: Since Orthogonal Latin Squares of order k exist, it follows that
* : 4
H (k, 2k) exists. Hence by Theorem 6 H(sk, (2n-1)k+k) exists but

(2n-1)k+k = 2kn so H(sk, 2kn) exists. If H(s,_Zn) also satisfies

the *-condition then by Theorem 7 so does H(sk, 2kn) .

*
Corollary 9: If H (s, 2n) exists, and k is a positive integer k #2,6

%
then H (sk, 2kn) exists.

Proof: Orthogonal Latin Squares exist for all positive integers k except

k=2 and k =6 .
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Theorem 10: If H0(2n-1, 2n), Hl(s an) exist and

1)

1. Hz(sz, 2n2) is a subsquare of H1 such that sl--sz==2n1-.2n2

2. Orthogonal Latin Squares L, R of order $;-8, exist,

3. Let Hl(s 2n1) be as in the figure:

1’
0y
| Hz P and suppose no two of the elements of H2 appear
together in any cell of P, Q, U (we say that P, Q
and U have the *-property on elemeqts of Hz)
Q i

Then: H((Zn-l)(sl-sz) + Sys (2n1-2n2)(2n.-1) + 2n2) exists.

Proof: Let HO be a Room square such that every cell in the main diagonal

contains a pair (o, 1) , L =1, 2, ¢+, 2n=1 .
(1) Replace every empty cell of Hy by an empty matrix of size
(51—82) X (Sl—sz).

(2) Replace every cell in the diagonal of HO by Ui where Ui is

obtained from U by adding the subscript i to elements which

do not come from H2 .

(3> Replace every cell in H, containing j, k j # k by Tj

0
Jo ke (1, 2, «++, 2n~1) where Tj

s k

Lk has the entry (zj, rk)

where g, r are the entries of Orthogonal Latin Squares L and R

in the corresponding cells.



Then add Hz, Pi’ Qi’ i=1, ---
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2n--1 to the enlarged H as in the

0

figure and call the new square H .

where Pi and Qi are the P and the Q in H

elements of H

(1) H now has side (2n-1)(s1- sz) + s

(2)

3

Hz Pl PZ Ciaaesereaas Pén;'
\
Q; Uy
Qs Uz Tj,k
: .”. > enlarged Hg
U
2n-| 2N-~1i _

1

92 subscripted by 1 ,

Now we check the following:

2

H has (sl-sz) elements subscripted by (2n-1) distinct numbers

and 2n2 elements are non-subscripted so the total is (2n1--2n2)(2n-.1)+2n2

- S =2n—2n °

elements since s1 5 1 9

Each column of H contains every element once. Since HO is a Room

square and all Qi comerfrom Q in Hl , then the first s, columns
contains each non-subscripted element once in some cell of H2 and each
subscripted element once in some cell of Qi’ and each other column must
intersect only one Ui and one Pi’ so thag all non-subscripted elements

or U and all

and the elements subscripted by 1 would appear in Pi i

other elements in some T .
i, k

with every element, except those
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Similarly for rows.

(4) There are no repeéted pairs.
(a) No repeated pairs can appear in any of Hz, Qi’ Pi’ Ui and
Tj, k . This follows since all elements in H2 are nqn-subscripted
and since all non-subscripted elements in Qi’ Pi’ Ui are
elements of H2 ; no two of them appear together because of the
*-property, and in Tj, K there are'no non-subscripted elements,
80 no repeated pairs can appear between any two of H2, Qi; ' b.ﬂff
P, U, Tj’ o |
{b) For different Qi’ Qj’ Pi’ Pj or Ui’ Uj where 1 # j there are
no repeated pairs. Since the %*-property holds there are no
non-subscripted pairs and all subscripted elements are distinct in
Q1 and Qj (or Pi and Pj’ Ui and Uj) if 1 #j , sono |
repeated pairs can appear amongst them.

(c) There are no repeated pairs in different Tj k Since Ho is a
3

Room square no pair (j, k) would appear more than once.
Corollary. The H((Zn-l)(sl-sz) + Sys (2n1-2n2)(2n-1) + 2n2) constructed
in the theorem satisfies all the conditions mentioned for Hl(sl’ 2n1) in

2
H((Zn-l)(sl—sz) + Sys (2n1_2n2)(2n-1) + 2n

the Theorem 1. Furthermore, if H satisfies the *-condition so does the
2 °
Proof: (1) H2 is a subsquare of H and (2n-1)(sl-sz) + S, - 8,

= (2n1-—2n2)(2n—1) + 2n2 - 2n2 .
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(2) U = enlarged H

0 °
P=PyUPyU == UPy g
Q=Q U QU =+ UQ _, -

All of them have *-property on elements of H2-.

The Corollary, asserts that the new design constructed in the theorem can

be reused again to construct further ones.

To construct an Hltsl’ 2nl) satisfying the conditions demanded
of it in Theorem 10 is in general very difficult. However the
multiplication theorem (Theorem 6) gives us one such method. We start
with a pair of designs H*(sz, 2n2) and H*(Zn-l, 2n) and use
Theorem 6 to construct an Hl(sz(Zn-l), (2n--1)s2 + 2n2 - 32) . Put

sz(2n-1) =g and (Zn--l)s2 +2n, - s, = 2n. . We now have a square

2 2 1
H(Sl’ 2n1) containing a subsquare H(sz, 2n2) . Using the same methods

1

kS

as used in the proof of Theorem 7 it follows readily that Hl(sl’ 2n1)

satisfies the conditions of Theorem 10.

Example.
% * * *
Take H (32, 2n2) =H (3, 6) and H (2n-1, 2n) =H (7, 8)

and Orthogonal Latin Squares as in the diagrams on the following page:




o, 1 3, 6 2, 71 4, 5 6, 3| 5, 2| 4, 1
5, 6] o, 2 by 7 3, 1 4, 2| 6, 1| 5, 3
4, 2| 6, 7| ®, 3 5, 1 5, 1| 4, 3| 6, 2
5,30 7, 1] =, 4 6, 2 H (3, 6) =H (s, 2n,)
7, 3 6, 4| 1, 2| =, 5 3,3/ 2,2{1,1
1, &4 7, 5| 2, 3 », 6 1, 2| 3, 1] 2, 3
2,5 1, 6] 3, 4| , 7] - 2, 1] 1, 3| 3, 2
H*(?, 8) = H*(Zn-l, 2n) | Orthogonal

Latin Squares.

The construction yields an H(21l, 24) with a subsquare H(3, 6) satisfying

the appropriate conditions.

6. Ceneral Constructions Using Starter-Adder Method.

In this section we describe a recursive construction using the
starter-adder method and show that Hs(n-Fk, 2n) exists for all k > 2 and
all n > N(k) . Our construction gives an estimate of N(k) which, in

general, is too large.
Theorem 12: HS(n-FZ, 2n) exists for every positive integer n > 5

Proof: For n odd and n > 5 , the following table exhibits a starter-adder.

Adder: n+2, n+1i, Lom, e, n‘2*1+z, n;_”;+1, cee,5, 4 3, 2,1
Starter: 1, (n+2, n), n—l,-n,n;1+1,n;1, '“,4An+1,$,2,x,x‘
Sum: 1, (n+l, n=1), n=3, -+, 2 , n+2 , **59,(3,7), 5,

+ (%, -y)) ¢ £2 , +4




Note that the sum and 4+ (xi-.yi) are taken mod (n+2).

. For n
Adder: n+2, n+l, n.,%+3,%
Starter: 1, (n+2, n), ---, ‘-2‘—+2,
Sum: 1, (n+l, n=-1), °-°, 3, .
(X -y + 2

For n =6, HS(8, 12)

Adder: 8,7, 6, 5, 4, 3, 2, 1
Starter: 1, x, (2, 5), x, 8, 7, (3, 4), 6
Sum: 1, , (8, 3), 4, 2, (5, 6), 7
+ (xi-yi)': +3 +1

FHL, toe, 4, 3,

ZHL, eee, 4, (a1, 3),

n+2, =**, 8, (2, 6),
+ 4

has the following starter -adder:

Let N(k) be the least positive integer, such that for any

even, and n > 8, the following exhibits a starter-adder:

2, 1

2, x

4 .

n > N(k), Hs(n-+k, 2n) exists. That N(k) exists is proved in Theorem 13.

Thus, for

of N(k) such that

Theorem 13: For any

Hs(n-+k, 2n)

Proof: For convenience we put

k = 2, we have N(2) =

5 . We will use N’(k)

N’(k) > N(k) .

k > 2 , there is an integer N(k)

exists for all positive integers

s = n+k, so that

such that

n > N(k).

2n = 23 - 2k .

Then

for an estimate

Hs(n-+k, 2n) = Hs(s, 28—~ 2k) . Our theorem can be stated equivalently as

‘follows: for k > 2

Hs(s, 28 ~ 2k) exists.

there is an S(k)

It is clear that S(k) = N(k)+k .

such that for all

s 2 S(k),

In our proof
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we will consider s odd and s even separately. We will use Sé(k)

for an estimate of S(k) with s restricted to odd values of k and

Sé(k) for an_estimate of S(k) with s restricted to even ;alues of

k and take S’(k) = max (Sé(k), s(’)(k)) and N’(k) = 8’(k) + k. (If

|Sé(k) - Sé(k)l =1 , then a better value of §S’(k) is .min (Sé(k), Sé(k)) .
The proof is by induction on k . We start with k = 2 and for fixed s
write down a starter-adder. We then show that a starter -adder can be
vconstructed for the value k+1 by modifying the starter-adder for k

and that the process does not stop until s < Sé(k) if s 1is odd or

8 < Sé(k) if s 1is even.

s+1

Case 1. s odd. We start with k = 2 and putting A = 5 we write
down the starter-adder:
Adder: S, s=1, ceey, A+3, A+2, A+1, A, cee, 5, 4, 3, 2, 1

Starter: 1, (s, s-=2), cee, A+2, A+1l, A, A-1l, °¢°, 4, (s=1, 3), 2, x, x
'Sum: 1, (8—?1, 8—3), ’..’ 6, 4 2) S, .", 9, (3, 7)’ 5
£ (x,-y,) ¢ x2 +4

Call this the initial starter-adder. We refer to a starter pair

like (s, s-2) as a doubleton and a starter like 2 as a singletom. We

modify this to a starter-adder for k = 3 by means of the following two steps:

Step 1: Remove the singleton starter 2 from the adder 3 and place it
under adder 2 . The sum 5 1is replaced by the sum 4 . (In notation
to be described later RS(3) = 2, FA(3) = 3, SA(3) = 2, FS(3) = 5, SA(3) = 2,

88(3) =4) .
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Step 2 Remove the singleton starter A+1 from the adder A+2
{where the sum is &4 = 'SS(3)) and combine it with the singleton starter
A+2 to form a doubletonstarter (A+2, A+1) and forming a new
+ (xi—yi) =41 . (Here LS(3) =A+1, FLA(3) = A+2, SLA(3) =A+2 in
the notation to be described.)
We arrive at a starter-adder for a value k = 3 which we call

the final starter-adder. This is given by:
Adder: s, 8=1, cee, A+3, A+2, A+1, =--, 5, 4, 3,2,11111,"‘
Starter: 1, (s, s5=2), o, (A+2, A1), x , A, o0, b, (51, D), 2%
Sum: 1, (8=1, 8s=3), «++, (6, 5), | 2, cee, 9, (3, ), 4,
£ (%, -y,) ¢ '=e2, 1, | +4

" We will now show how steps 1 and 2 can bé iterated to go from the
starter-adder with a value k-1 , to the starter-adder with a value k .
Note that in going from k =2 to k =3 we created a new doubleton pair
.with & (xi-yi)'= £ 1 . We will carry out the steps in such a way that in
going from k =3 to k =4 the values of ;};(xi-yi) for the new
doubleton pair will be i+ 3 and generally in going from k-1 to k the
new doubleton pair will have 4+ (xi—yi) =4+ (2k-5) . Calling the
starter-adder for k-1 the initial starter-adder and the starter-adder
for k the final starter we introduce the following notation:

RS(k) 1is the starter in the initial starter-—édder which is moved in
Step 1.

FA(k) 1is the adder from which RS(k) has been removed in Step 1.
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SA(k) 1is the adder to which RS(k) has been moved in Step 1.

FS(k) = FA(k) + RS(k) = initial sum associated with the starter RS(k).

SS(k) = SA(k) + RS(k) = final sum associated with the starter RS(k)

LS(k) 1is the starter for which the sum in the initial starter -adder is
equal to SS(k). LS(k) 1is the starter to be removed in Step 2.

SLA(k) 1is the adder to which LS(k) 1is moved. The starter under
SLA(k) together with LS(k) form a doubleton pair in the final
starter-adder.

FLA(k) is the adder from which LS(k) has been removed.

FLS(k) = FLA(k) f LS(k) = SS(k).

SLS(k) = SLA(K) + LS(k).

Note in the above equalities it is understood that they are taken

mod 8 .
We subject these functionsto the following condition (not all
independent): |
(1) SA(k) = FA(k-1).
(2) Ss(k) = FLS(kS mod s.
(3) SLA(K) = FLA(K) + 2k- 5.
(4) SLS(k) = FLS(k) + 2k~ 5.

(5) RS(k) = FA(k)-1 (holds only for s odd).

(6) LS(k) = FLA(k)-1 .

We summarize Steps 1 and 2 as follows:

Step 1. Remove RS(k) from FA(k) to SA(k). Note that these numbers

are determined as follows:

SA(k) = FA(k-1) and take FA(k) = SA(k) + (2k=5) and RS(K)

appears under FA(k) in the initial starter-adder.
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As a consequence FA(k) has no starter associated with it in the final

starter -adder and SS(k) = FS(k) - (2k-5)

Step 2. Determine LS(k) as follows. Take FLS(k) é SS(k) mod s and
LS(k) 1s the starter associated with the sum FLS(k) in the initial
starter-adder. Remove the starter LS(k) from the adder FLA(k) to the
adder FLA(k) + (2k=5) = SLA(k) . It will pair up with the adder
initially under SLA(k) to form a doubleton with 4+ (xi-yi) = 2k-55 .

When Steps 1 and 2 are completed it will be verified that

FLA(k) = SLA(k-1) +1 and SLS(k) = FS(k) mod s . This will show that
the final configuration is actually a starter-adder and that we can
proceed from k to k+1 (1f s > So(k-Pl) .

: k
Now FA(3) =3 and by induction FA(k) =2 + 5 (21-5) = 2 + (k--2)2 .

1=3
Also FS(k) = FA(k) + RS(k) = 2FA(k) -~ 1 by (5)
=3+ 2(k-2)2
8S(k) = FS(k) =~ (2k-5) =8 - 2k + 2(k-2)2

Again 8S(k) = FLS(k) mod s by (2)
m FLA(k) + LS(k) mod s

B 2FLA(k) - 1 mod s by (6)

Since SS(k) is even and 2FLA(k) - 1 is odd SS(k) = 2FLA(K) - 1 - s

8 - 2k + 2(k--2)2 + 1+ s

or  2FLA(k) .
bok+ (k=2)2 + A (since A=1ZS) )

FLA(k)

Hence SLA(k) =k - 1 -I-’(k--Z)2 + A .

Replace k by k-1
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getting SLA(k-=1) =k - 2 + (k-?s)2 + A

=k-24 (ke2) = D2 +a
eke2+ (ke2)? o 2(k=2) +1 +A
=3 .k + (k=2)2 +4A .
Hence, FLA(K) = SLA(k=1) + 1 .
Again, SLS(k) = FLS(K) + (2k=5) by (4)
4 sS(R) + (2k-5) + s
= FS(K) + s

Hence SLS(k) & FS(k) mod s .

To.‘determine Sé(k) note that we can only go from k to k + 1 if
8 > SLA(K) + 2

sk+1+ (kw22 +A

2k+1+(k..2)2+§—;5—1-.

Hence -Z—zk+1+(k—2)2+%—,

or 822k+3+2(k-2)2=2k2-6k+11 .

Hence we may take Sé(k) = 2k? _ 6k + 11 . In particular

’ =
30(3) 11.

Case 2. s even. For s > 10 we have the starter-adder with k = 2,

A= g— given by

”

Adder: s, 8=1, ceey A+3, A+2, A+1, A, «o., &4, 3, 2,1
Starter: 1, (s, s~2), cevs A+2, A+1l, x, A, c°°, 4, (8=1, 3), 2, x

Sum: 1, (8_1’ 8"-3), ..., 5’ 3’ ] S, ..‘, 8, (2, 6), 4
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The calculation is exactly the same as in the odd case but
condition (5) must be replaced by (5’) RS(k) = FA(k) s, even.

’ Again we must show that FLA(k) = SLA(k=1) + 1 and

SLS(k) = FS(k) mod s , in order that we can proceed from k to k+1

(1f s > Se(k+1)) and to prove our final configuration is a starter-

adder.
Now FA(3) = 2 and by induction FA(k) =1 + %3(21(-—5) =1+ (k- 2)2 .
{= :
Alsd SA(k) = FA(k-1) for k>3
= ] + (},c.~,3)2 (also true for | k = 3).
Again, FS(k) = FA(k) + RS(k)
= 2FA(k) by 5’
=2+ 2(k-2)°
SS(R) = RS(k) + SA(k) A

FA(k) + SA(k)

1+ (k=2)2 41 + (k= 3)2

2+ (k=2)? + (k-2 .

8S(k) 1is odd since the sum of two consecutive squares is odd.
Now 8S(k) = FLS(k) - s by (2)

= FLA(k) + LS(k) - s

= 2FLA(k) = 1 - s .by (6)

Hence 2 + (1{--2)2 + (k---3)2 = 2FLA(k) = 1 - s

2 2
or FLA(k) = 3+ (k=2) 2+ (k=3) +§- .

This reduces to
FLAGK) = k=1 + A + (k=3)2 .
Also SLA(k) = FLA(k) + (2k=5) by (3)
=A+k-1+ (k--z)2

or SLA(k-1) = A +k - 2 + (k=3)2
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Hence FLA(k) SLA(k-1) + 1

SLS(K) = FLS(K) + 2k=5 by (4)

2FLA(kK) - 1 + 2k-5

=g + 2k — 3 +2(k-3)2+2k-5

8 +2 + 2(k-2)?
Hence SLS(k) = FS(k) mod s .
To determine Sé(k) note that
8 > 2 4+ SLA(k)
=2 +A+k-l+ (k=2)? .
Since A = %- this becomes

2

s> 2+ 2k + 2(k=2)% = 2k% _ 6k + 10 .

Hence Sé(k) may be taken as 2k2 - 6k + 10

Since Sé(k) S;(k) = 1 we may take

S/(k) = k% _ 6k + 10

2k2 -.7k + 10 .

S‘(k)

i

Hence N’(k)

7. Some best possible results and some information obtained from a computer.

In section six the value N’(k). is usually not best possible. 1In
this section we sill improve some of the values.of' N’(k) and summarize in
a table the results obtained. The following table gives the estimates of
S'(k) and N’(k) obtained in Section 6 and better estimates S”(k) and N”(k)
obtained by special constructions which are similar to those in Section 6,

and by computer constructions.
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& 5/(k) N/ 5" (k N ()
0 - - 3 3
1 - - - -
2 - - 6 4
3 10 7 9 6
4 18 14 9 5
5 30 25 11 6
6 46 40 13 7
7 66 59 15 8
8 90 82 17 9
9 118 109 | 19 10

10 150 140 21 | 11

In the next table we list the known results for n = 1 to 15

and k=0 to 10 .
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mi2 66 8 10 12 L 1618 20 2 2% 26 28 30| 2>

1= 34 3 (6] 7 (8] 5 (0] 1L (12) 13 (1) 15 gL RIT e by
me¥i i x4 x 6 {7) 8 (9} 10 (2} 12 (2] 14 (7] 16 [Pooddall exist byS-A

obtained by S-A.

u$2 § x . {6} 7 8 9 10 11 12 13 14 15 16 17 |all exist S(2) = 6.
a+3 | 7 {7} 9 10 11 12 13 1 15 16 17 18 |all exist §7(3) =9 .
n+4 9 10 11 12 13 1% 15 16 17 18 19 [all exist S(4) = 9.
ats | mo1 o1 oW 1s 16 17 18 19 20 [all extst S(5) = 1.
a6 13 1415 16 17 18 19 20 21 [all exist S(6) = 13.
at? | 15 16 17 18 19 20 21 21 [all exist S(7) = 15.
n+8 W18 19 20 21 22 23 |all extet 5(8) = 17.
at® 19 20 Zi 22 23 24 [all exist S(9) = 19.
o +10 21 22 23 2% 25 |all extst SO = 21,

411 sides listed here can be constructed by the starter-adder method unless the following entries
appear: i

% ¢ has been proved that it does not exist.
f1}: camnot be constructed by the starter-adder method, but does exist.

{?}: not yet known whether the design exists, but has been proved that it cannot be
constructed by starter-adder method.
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Validation of the table.

k+0andk =1 , have been treated in a previous section.

k = 2.

Starter:

Adder:

Starter:

Adder:

Adder:

Starter:

H(5, 6) does not exist. H(6, 8) 1is given in Section 3.

For all n=>35 1.e. s =27 , the general method is given in

Theorem 12. Hence S(2) =6,

By Theorem 13, S’(3) = 10. H(8, 10) cannot be constructed by

starter-adder and its existence has not yet been established.

For H(7, 8) the following is a starter~adder.
(2, 4), (5, 6), (7, 3), 1
3, 5 , 6 ,7
For H(9, 12) the following is a starter-adder.

(2, 4), (5, 6), (7, 3), 8, 9, 1
1, 3, & ,5,6,9
Hence 8”(3) =9 and S(3) =9 or S(3) =38
For s even Sé(4) = 18 by Theorem 13. For s odd Sg(4)
using the following starter-adder. |
s, *+°, 14, 13 ,12,11, 10 ,9,8,7,6, 5 ,4&,3,
s, **vy 14, (5, 13), 12, 11, (6, 10), x, x, x, x, (7, 9), 4, 3,

for s =9, 10, --+, 16 a computer starter-adder is given

next table. Hence S(4) =9 .

13

2 ;1

2, 8, 1

in the
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k =5, SO(S) < 23 from the following starter-adder with s odd

s> 23 and A=S;1.

Adder: s, (s=1) , -+»,. A+9 ,A+8, A+7, A+6, A+5, A+3

Starter: 1, (s, s=2), +++, (A+8, A+5), A+7, x , x , A+h, (A+2, A+1),

(Continued)
Adder: A+2, A+1, A , °-+, 11, 10 , 9, 8, 7, 6, 5, 4 53,2, 1

Starter: A+6, A , A-1, -+, 10, (9, 4), 8, x, 6, 5, 7, (s-1, 3), x, 2, x

Se(S) < 22 from the following starter-adder with s even,

s222,A=5.
Adder: s, 8-1 , ..., A+10, A+9. > A+8, A+7, A+6, -.., A+2, A+1,

Starter: 1, (s, s-2), °-+, A+ 9, (A+8, A+3), «x 5 X , A+5, -, A+1, A+7,
(Continued)
Adder: Ay o0, 12, 11 , 10, 9, 8 ,7, 6, 5,4, 3 5 2,1
Starter: A, .-+, 12, (11, 4), 10, 9, (8, 5), 7, x, ‘x, x, (s=1, 3), 2, 6
For 11 < s < 21, the computer values of the starter-;adder are

given in the next table. Hence S(5) = 11.

k = 6. We obtain 82(6) 22 from the following starter-adder with

8 even and A=%,3222.

Adder: Sy 8=1 , e  A+10, A+9 s A+8, A+7, A+6, A+5, A+4,

Starter: 1, (s, s~=2), *+-, A+ 9, (A+8, 13), x s X 5 A+5, A+4, x ,

(Continued)

Adder: A+3, A+2, A+1 s Ay ce0y, 12, 11 10, 9, 8 ,7,6,5,
Starter: A+2, A+1, (A+6, A+7), A, +--, 12, (11, 4), 10, 9, (8, 5), 7, x, x,
{Continued)

Adder: 4, 3 s 2, 1

Starter: 6, (s-1, 3), 2, x
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Also, Sg(6) = 25 1is obtained from the following starter-adder

with sodd,szZS,A=§—;:-]-'-.
Adder: s, s=1 , -, A+11, A+10 s A+9, A+8, A+7, A+6, A+5, A+4,

Starter: 1, (s, s-2), -+, A+10, (A+9, 4), «x s X 5, A+6, A+5, A+7, A+3,

{Continued)
Adder: A+3 s A+2, A+1, A, -e- 14, 13 12,11, 10 , 9, 8,
Starter: (a+2, A+1), A+8, A , A-1, ---, 13, (12, 5), 11, 10, (9, 6), 8, x,
(Continued)
Adder: 7, 6, 5, 4 s 3, 2, 1
Starter: x, x, 4, (s-1, 3,7, 2, x

For 13 < s, < 23, the computer starter-addersare given in the

next table. Hence S(6) = 13.

k =7, We obtain S:(7) = 29; from the following starter-adder with
s odd, s > 29, A = §€;l-. |
Adder: s, s=1 , v++, A+13, A+12 ,  A+11 , A+10, A+9, A+8,

Starter: 1, (s, s=2), **, A+12, (A+11, A+8), (A+10, A+3), A+ 9, x , A+7,

{Continued)
Adder:  A+7, A+6, A+5, A+4, A+3 s A+2, A+1, A, .-+, 13, 12

Starter:  x , A+5, A+4, x , (A+2, A+1), A+6, A& ,A-1, ---, 12, (11, 5),

(Continued)
Adder: 11, 10 ,9, 8,7,6,5, 4 s 3,2, 1

Starter: =x, (9, 4), x, 10, 6, 5, x, (s=- 1, 3), 8, 2,7

82(7) = 28, from the following starter-adder with s even,

=2

8 >28, A= 2 e




Adder: 8, 8=1 -, cco) A+13, A+12 s A+11
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, A+10, A+9,

Starter: 1, (s, s=2), **+, A+12, (A+11, A+4), (A+10, A+9), x , A+8,

(Continued)

Adder:  A+8, A+7, A+6, A+5, A+4, A+3, A+2, A+1, A, *+-, 13, 12

» 11,

Starter: A+7, A+6, A+5, x , x , A+2, A+1, A+3, A, --+, 13, (12, 7), 11,

(Coﬁtinued)
Adder: 10, 9,8,7,6, 5 , 4 , 3 , 2, 1

Starter: =z, 9, x, x, 6, (5, 2), (10, 4), (s-1, 3), x, 8

For 15 < s < 28, the computer starter-addersare given in the next

table. Hence S(7) =15 .

k =8, We obtain Sg(S) = 31, from the following starter-adder with
s odd, s> 31, A=2FL,
Adder: s, s=1 , ec-, A+13, A+12, A+11 , A+10, A+9. ,

Starter: 1, (s, s-2), «--, A+12, A+11, (A+10, A+3), A+ 9, (A+8, A+7),

(Continued)
Adder:  A+8, A+7, A+6  , A+5, A+h, A+3, A+2,

Starter: x , A+6, (A+5, A+2), A+4, x | x , A+1,

{Continued)
Adder: 5 , 1 ,13,12,11,10,9,8,7,6, 5,

Starter: (14, 8), (13, 5), 12, x, 10, x, x, x, 6, x, 11,

§7(8) = 30, from the following starter-adder

8
A 2 e

A+1, A , -

) 16:

A ,A-1, «+-, 15,

4 » 3,

(s-1, 3), 2,

with, s even,

4, 9, 7

s > 30,



84,

Adder: s, s~1 , <-<, A+9, A+8, A+7 s A+6, A+5, A+4, A+3

Starter: 1, (s, s=2), -, A+8, x , (A+6, A+3), A+5, A+4, x s (A+2, A+1

{(Continued)
Adder:  A+2, A+1, 4, ..., 16, 15 , 14 ,13,12, 11 , 10,9, 8, 7,
Starter: x , A+7, A, ---, 16, (15, 9), (14, 6), 13, x, (11, 4), x, x, 8, 7,
(Continued)
Adder: 6, 5, 4, 3 s 2,1
Starter: 12, x, x, (s=-1, 3), (5, 10), 2

For 17 < s < 29, the computer starter-addersare given in the next

table. Hence S(8) = 17.

k =9, Here 82(9) = 34, from the following starter-adder with s ‘even,
8
8 >34, A= 5
Adder: S, 8=1 , e, A+16, A+15 s A+14, A+13, A+12, A+11,

Starter: 1, (s, s~2), +++, A+15, (A+14, A+5), A+13, A+12, A+11, A+10,

(Continued)
Adder: A+10 s A+9, A+8, A+7, A+6, A+5, A+4 s A+3 s

Starter: (A+9, A+4), x ,A+7, x , x , A+8, (A+6, A+3), (A+2, A+1),

{Continued)

Adder:  A+2, A+1, A, -, 17, 16, 15, 14 , 13, 12 , 11,10, 9,8, 7, 6,
Starter: x , x , A, **+,17, 16, 15, (14, 8), 13, (12, 5), x, x, 9, x, x, 6,
(Continued)

Addér: 5, 4, 3 sy 2, 1

Starter: 11, 4, (s-1, 3), 7, (2, 10)
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Sg(9) = 35, from the following starter-adder with s odd,

s=2354=23L,

Adder: s, 8=1 , *++, A+16, A+15  , A+14, A+13, A+12, A+11,

Starter: 1, (s, 8=2), -+, A+15, (A+14, A+5), A+13, x , A+11, A+10,

(Continued)
Adder:  A+10, A+9, A+8, A+7, A+ 6, A+5, A+4, A+3 , A+2,  A+1

Starter: A+ 9, A+8, A+6, x , A+12, A+h, X , (A+2, A7) Ax1, (a+3, ),

(Continued)
Adder: A, +02, 19, 8, 17, 16, 15, 14, 13 , 12, 11, 10, 9,
Starter: A-1, ..., 18, (17, 11), (16, 9), 15, x, 13, (12, 4), x, 5, x, 14,
(Continued)
Adder: 8, 7 56,5, 4 s 3, 2,1
Starter: x, (7, 6), 2, x, (s-1, 3), x, 10, 8

For 19 < s < 33, the next table giveé the computer starter -adder.

Hence 8(9) = 19,

k = 10. Here Sg(lO) = 34 from the following starter-adder with s even,
’ ]
s 234, a= 7
Adder: s, s-1 , .o, A+15, A+14, A+13 » A+12, A+11, A+10,

Starter: 1, (s, 8=2), .-, A+14, A+13, (A+12, A+4), A+ 7, A+10, =x |,
(Continued)

Adder: A+ 9 s A+8, A+7, A+6, A+5, A+4 ,  A+3 , A+2,

Starter: (A+5, A+11), x , «x s X 5, x , (A+6, A+3), (A+2, A+1), A+9,
(Continued)
Adder: A+1, A’ "', 17’ 16 3 15 3 14, 13’ 12, 11’ 10, 9, 8 9

Starter: A+8, A, ---, 17, (16, 6), (15, 8), 14, 13, 12, x, x, 7, (10, 8),



860

(Continued)
Adder: 7, 6, 5, 4, 3 s 2, 1
Starter: x, 9, x, 4, (s=1, 3), x, (2, 11)

Sg(IO) = 35 from the following starter-adder, s odd, s > 35,

' s+1
A . 2 L]

Adder: s, s=1 , -+-, A+15, A+14 s A+13, A+12, A+11, A+10,

Starter: 1, (s, s-2), -, A+14, (A+13, A+5), A+12, x , A+10, x

{Continued)
Adder:  A+9, A+8 , A+7, A+6, A+ 5, A+4, A+3, A+2

Starter: A+8, (A+7, A+4), A+6, x , A+11, A+3, x , (A+2, A+1),

(Continued)

Adder: A+l , A , ..., 18, 17 , 16 , 15,14, 13, 12, 11, 10,

Starter: (A+9, A), A-1, -+-, 17, (16, 6), (15, 8), 14, 13, 12, x, 10, 9,
(Continﬁed)
Adder: 9, 8 , 7, 6, 5, 4 sy 3, 2, 1
Starter: x, (2, 7), x, x, 4, (é-l, 3); X, %, (5, 11)
For 21 <s g 33, the computer starter-addersare given in the

next table. Hence S(10) = 21.

Conjecture. The following conjecture is almost certainly true, namely:

S(k) = 2k+1 for all k > &4 .

b



Table of computer calculated values of H(s, 2n).
k= 4, 8= 9,...,16; k= 8, 8§=17,.:.,29;
k= 5,8=11,...,21; k= 9, §=19,...,33;
k= 6, S=13,...,23; k=10, S=21,...,3%.
k= 7, 8=15,000,27;

EETET 2 R T K = 4 el ot e
. HT{ 9,10}
S= 2 3 5 6 9 4 8
A= 3 7 6
S= 7
A= 2
H{10,12)
S= 2 3 5 6 9 10 ¢4
= 3 8 5
= 7 8
= 4 2
H{lle14)
= 2 3 5 6 9 10 4
A= 2 3 7
= 7 811 '
A= 8§ 11 10
H{12,16)
= 2 3 5 6 10 11 4
A= 2 3 7
‘§= 7 8 9 12
A= S5 8 11 10
H{13,18)
= 2 3 5 6 9 10 ¢4
= 2 3 4
S= 7 8 11 12 13
= 6 9 8 12 10
H{l4420)
= 2 3 5 6 9 10 1¢
A= 2 3 4
S= 4 7 8 11 12 13
= 6 8 5 9 10 12
H{l15,22)
S= 2 3 5 6 9 10 14
A= 2 3 5
S= 4 7 8 11 12 13 15
A= 4 6 8 15 9 12 14

87.



S= 1 2
A= 1

= 4 71 8
A= 4 7 9
t##*******
|

Ss= 1 2

= 1

= 8

A= 9

S= 1 2

= 1

= 7 12

A= 3 11

S= 1 2

= 1

= 8 12 13
= 11 12 10
s= 1 2

= 1

= 7 8 11
A= 5 6 9
S= 1 2

= 1

= 4 8 11
= 10 8 14
s= 1 2
A= 1

S= 7 8 11
A= 8 5 15
S= 1 2

= 1

= 7 8 11
= 8 9 5

HUl6924)
3 5 6 9
2 3
11 12 13 15
11 14 16 12

K= 5

H{ll,12)
3 5 6 9
4 2

H{12,14)
3 5 6 10
2 6

HI{13,16}
3 5 6 9
2 3

H{14518)
3 5 6 9
2 4
13

12

H{15,20)

3 5 6 9
2 3
12 13

11 13

H{16,22)
3 5 5 9
2 3
12 13 16
12 4 14

H{17524)

3 5 6 9
2 3
12 13 16 17
13 10 14 11

10 14
6
16
15
2222223 E
10 4 711
11 5
1T 8 9 &
10 A
16 4 7 i:
4 6
10 14 4 12
8 11
10 14 15 7
5 6
10 14 15 4
6 7
10 14 15 4
4 6

88,



§= i 2
= i
= 7 8 i1
= 6 9 8
S= I 2
= i
= 7 811
= 6 7 9
= 1 2
= i
= 4 T 8
A= 7 8 11
S= i 2
= 1
= & 7 8
= 6 8 9
PGk kR ok
S= I 2
A= 1
S= 12
A= 10
$= i 2
‘A= 1
S= 7 11
A= 5 3
S= 1 2
A= i
S= 4 11 12
Az 9 5§ 14
§= 1 2
A= 1
S= 8 11 12
A= 7 15 10

H{18,26)

3 5 6 9
2 3
12 13 16 17
12 13 17 11

H{19,28)
3 5 6 9
2 3
12 13 16 17
5 10 14 38

H{20,30)
3 5 6 9
2 3

11 12 13 16

9 12 15 14

Hi{21,32})
3 5 6 9
2 3
11 12 13 1¢
I1 7 14 13

K = ]

H{13,14)
3 5 6 10
2 %

H{i4,16)
3 5 6 9
2 4

H{15,18)
3 S 6 9
2 3

H(16,20)
3 5 6 9
2 3
16
14

10 14 15 ¢4
4 7
18
16

10 14 15 ¢4
% 12
18 19
11 19

10 14 15 20
4 6
17 18 19
16 19 17

10 14 15 20
4 5

17 18 19 21
15 16 18 21

BERBpuRREX

11 8 S 4
13 8

10 14 4 12
8 11

10 14 15 7
11 8

10 14 15 ¢4

13
i2

13

-8

89,

I3




H{l7,22)
= B2 3 5 6 9
A= i 2 3
S= 8 11 13 16 17
= 7 5 12 14 17
H{18,24)
S= 1 2 3 5 6 9
= 1 2 3
= 8 11 13 1¢é¢ 17 18
= 5 6 13 17 11 16
H{19,26)
= ) 3 5 6 S
= 1 2 3
= 8 11 13 16 L7 18 19
A= 5 6 10 9 13 11 19
H{20,28}
= i 2 3 5 6 S
A= 1 2 3
S= 7 8 12 13 1¢ 17 18
A= 8 11 S5 15 14 7 13
H{21,30}
8= 1 2 3 5 6 9
= 1 2 3
= 4 8 11 12 13 16 17
= 7 8 10 17 9 15 19
HE22,32%
S= 1 2 3 5 6 9
1 2 3
= 4 8 11 12 13 16 17
A= 7 S5 11 8 10 12 15
H{(23:34%}
S= P 2 3 5 6 9
A= 1 2 3
$S= 7 8 11 12 13 16 17
A= 6 9 8 11 16 18 21
EETE T K = 7
H{1l5,16)
S= 1 2 3 5§ 6 9
A= 1 2 4
S= 14
A= 15

10 14 15 4
4 6

10 14 15 4
4 7

10 14 15 4
4 12
1C 14 15 20
4 6
19
17
10 14 15 20
4 5
18 19
20 21
10 14 15 20
4 6
18 19 22
19 22 17
10 14 15 20
4 7
18 19 22 23
13 5 22 20
ool ook ek
10 15 4 11
9 12

7 12

1

6

7 12
12

7

4

21

21

8

12

12

3

12

11

4

8

13
14

7

90.



S=

A=

11 12 17
15 5 16

H{l16,18)
3.5 6 9
2 3

H{17,20}
3 5 6 9
2 3

H{18,22)
3 5 6 S
2 3
18

10

H{19,24)

3 5 6 9
2 3
17 18

13 14

H{20,26}
3 5 6 9
2 3
16 17 19
20 14 18

H{21,28)

5 6 9
2 3
13 17 18 18
18 21 19 17

3

H{22,30]}

3 5 6 9
2 3
13 16 18 19
15 16 21 18

H(23,32)
3 5 6
2 3
13 17 18 19
10 14 11 15

S

H{24¢:34)

3 5 6 9
2 3
16 17 18 19
14 15 16 2G

10 16

10 14

10 14

10 14

10 14.

10 14

10 14
A
22
20

10 14
4
22 23
21 19

10 14
4
22 23 24
19 23 24

4 15
12

15 4

15 4

12

i5 20

15 20

15 20

15 20

Xi

15 20
5

7 14

7 16
16

S

21 7

21 4
i2

21 4

17 12
13

16 8

13 19

12 18
12

'8 16
13

91.




S= 2
A= 1
= 8 11 12
A= 7 10 11
= 2
A= 1
= 8 11 12
= 911 7
= 2
= 1
S= 7 8 12
= 9 13 7
B Gk ok ok
S= . 2
A= 1
S= 12
A= 4
= 2
= 1
S= 11 16
A= 13 15
S= 2
A= 1
= 11 16 18
A= 19 13 18
= 2
= 1
= 8 13 1¢
A= 7 15 8
S= 2
A= 1
= 4 12 13
=11 7 9

H{25,36})

3 5 6 9
2 3
16 17 18 19
13 9 17 23

H(26,38)
3 5 6 9
2 3
16 17 18 19
10 13 14 15

H{27,40)

3 5 6 9
2 3
13 16 17 18
10 12 14 17

K = 8

H{17:18%
3 5 6 9
2 3

H{18,20)
3 5 6 9
2 3

H{19,22)
3 5 6 S
2 3

H{20,24)

3 5 6 ¢S
2 3
17

20

H{21526)

3 5 6 9
2 3
18 19

14 19

10 14 15 20
4 5
22 23 24 25
14 8 25 22

10 14 15 20
4 5

22 23 24 25 26

17 19 25 12 24

10 14 15 20
4 5

19 22 23 24 25

18 22 15 16 26

&ofok ek Xk
10 15 16 7
8 14
10 14 15 4
4 11
10 14 15 4
4 12
10 14 15 20
4 6
10 14 15 20
4 5

21 4
12

21 4

21 27

26
217

8 14
17

7 17
i2

8

4 11
9

21 7
6

4 11
i1

17 13

15

18 12
16

13 19

12 18
18

8 16
13

92.

13 8

8 17
15

19 7
12

17 11
20




S=
S=
A=

A=

-

A=

S=
A=
S=
A=

S=
A=

A=

H{22,28)
3 5 6 g
2 3
16 19 22
12 18 19

H{23,30)
3 5 6 9
2 3
16 19 22 23
5 19 20 11

H{24,32)

3 5 6 S
2 3
17 18 19 22
13 & 20 18

H{25434)

3 5 6 9
2 3
17 18 19 22
8 11 17 20

H{26536)

3 5 6 9
2 3
17 18 19 22
15 16 18 20

H{27,38)
3 5 &6 9
2 3

16 17 18 19

12 7 17 18
H{28540)

3 5 6 9
2 3
13 17 18 19
16 S 14 20

H{29,42)

3 5 6 9
2 3
13 16 18 19
15 14 11 20

10 14 15 20
4 6
10 14 15 20
4 7
10 14 15 20
4 5
23
23
10 14 15 20
4 5
24 25
24 22

10 14 15 20
4 5
24 25 26
21 14 26

10 14 15 20
4 5
23 24 25 26
15 16 21 24

10 14 15 20
4 5

22 23 24 25 26
19 22 27 25 18

10 14 15 20
4 5

22 23 24 25 26
18 12 26 17 29

21 7

21 4

21 4

21 4

12

21 4

21 27

21 27

21 27

29
23

8 17 18 11
5 21
717 18 11
6 13
7 13 16 24
6 8
7 13 16 23
6 8
7137 16 23
8 7
4 11 12 22
11 9
28 7 8 16
8 11
26 1 8 17
9 7

913.



EEE LT

s= 1 2
A= 1
S= 16

A= 14

S= 1 2
A= 1

= 13 16
= 11 19

= 1 2

= 1

= 11 12 17
A= 8 9 19

S= 4
= 15

13 16
T 12

8 13 1¢
= 11 8 18

s= 1 2
A= 1
= 11 12 18
= 11 22 23

S= 1 2
A= |

= 11 12 17
= 10 11 19

)= i 2
A= L

= 11 12 17
= 11 12 15

3 5

K = 9

H(19,20)
3 5 6 9
2 3

H{20,22)
3 5 6 9
2 3

H{21,24)
3 5 6 ¢
2 3

H(22,26)

3 5 6 9
2 3
19

18

H{23,28)

3 5 6 9
2 3
15 22

19 21

H{24,30}
3 5 6 9
2 3
19 22 23
20 18 24

H{25,32)
5 6 9
2 3
18 19 22 25
17 21 7 22

3

H{26¢34)

5 9
2 3
18 19 22 25
19 20 23 9

G fohfokd kg
10 14 15 4
4 12
10 14 15 20
4 6
10 14 15 20
4 5
10 14 15 20
4 6
10 14 15 20
4 7
10 14 15 20
4 5
10 14 15 20
4 5
10 14 15 20
4 5
26
17

7
8

21

21
12

21

21

12

11

13

12
18

8
14

19

18

18

17

17

13

13

8 17
15

18 7
12

19 13
18

18 11

18 11
13

16 24

16 23

16 23
7

94.

18 11

18

8 17
20

16 4
i3

12 22

12 23
17

8 17
13

24 8
18

24 8
18




= 1 2
A= 1
= 8 13 16
A= 8 13 7
5= 1 2
A= 1
S= 4 11 12
= 9 10 14
s= 1 2
= 1
5= 4 11 12
A= 13 8 11
§= 1 2
A= 1
S= 4 11 12
A= 9 10 12
§= 1L 2
= 1
= 8 11 12
= 7 11 12
= 1 2
A= 1
S= 8 11 12
A= 9 10 7
= 1 2
A= 1
S= 8§ 11 12
A= 7 10 11
b2 33 32 3331
S= 1 2
A= 1
S= 16
A= 20

H{27,36])
3 5 6 9
2 3

17 18 19 24

20 1C 19 1eé

H{28,38)

3 5 6 9
2 3
13 18 19 22
16 20 25 11

H{29,40}

3 5 6 9
2 3
13 16 19 22
16 14 20 18

H(3C,42)

-3 5 6 9

2 3
13 18 19 22
16 13 19 18

H{31,44)

3 5 6 9
2 3
13 18 19 22
14 21 13 19

" H{32,46)

3 5 6 9
2 3
13 18 19 22
13 11 17 20

H{33,48)

3 5 6 9O
2 3
13 16 19 <2
13 8 15 19

K = 10

H(21,22)
3 5 6 9
2 3

10 14 15 20
4 5
25 26
26 18,
10 14 15 20
4 5
23 24 25
22 26 217
10 14 15 20
4 5
23 24 26 29
19 26 29 22
10 14 15 20
% 5

23 25 26 29 30
24 21 15 23 26

10 14 15 2C
& 5
23 24 26 29 30
24 26 16 23 29

10 14 15 20
& 5

23 25 26 29 30

22 18 28 26 30

10 14 15 20
4 5
23 24 26 29 30

20 25 18 21 31

Shk ki okk

10 14 15 20
% 5

21 27

21 27

21 27

21 27

21 27

31
30

21 27

31 32
31 32

21 27

31 32
24 32

21 8
13

4 11
11

28 1

28 4

28 4
12

28 4

33
3C

11 17
21

12 22

8 16

1

8

8 16

1

7 16

1

1

10

717

1

18

2

9

95.

23 7
12

L7 26

18 25
10

17 24

17 25

17 24
14

18 25

14

12 19
10

6

13



.
. A=
§=
A=

S §=
‘Se
A=

S=
A=

12 16
7 21

i 2

i
13 19 22
16 19 21

1 2
1
11 17 18
10 24 21

1 2

1
12 17 18
10 19 11

1 2
1
12 17 18
10 17 25

1 2

1
13 17 18
13 20 1C

1 2
1
il 12 13
10 14 16

I 2
1
4 12 13
13 11 16

% 12 13
9 10 1¢

H{22424)
3 5 6 9
2 3

H(23,26)
3 5 6 S
2 3

H{24,28)

3 5 6 9

2 3
23
23

H{25,30})

3 5 6 9

2 3
19 25
21 23

H{26,32)

3 5 6 9
2 3
22 25 26

15 14 19

H{27+34}
3 5 6 9
2 3

19 24 25 26

19 1¢ 25 18

H(28,36)

3 5 6 9
2 3
18 22 23 24
23 22 15 21

H{29,38)

3 5 6 9
2 3
16 19 22 23
14 2C 26 19

H{30,40)
3 5 6
2 3
18 19 22 23
22 12 19 23

9

10 14

10 14

10 14

10 14

10 14

10 14

10 14
4
25
25

10 14
4
24 29
27 21

10 14
4

26 29 30

25 18 26

15 20

15 20

15 20

15 20

15 20

15 20

15 20

15 20

15 20
5

21 7

21 4

21 4

21 4

2L 4

21 27

21 27

21 27

21 27

8 18

7 17
14

4 11
11

28 7

28 7

28 7

18 4
13

18 11
22

16 24

16 23

16 23

12 22
9

8 16
iy

8 16
i1

96.

22 13
20

11 17
11

12 23 8 16

11 8
8 19 22 12
15 18
26 8 11 22
18 24
24 8 11 19
18 13
23 1 8 16
12 8
17 26 4 19
6 20
18 25 26 11
10 29
17 24 25 11
6 13




A=
S=

S=
A=

- §=

S=

;A:

1
11 12 13
11 715

i 2
i1 12 13
10 16 9

1 2
1
i1 12 13
10 11 13

H{31,42)

3 5 6 9

2 3
18 19 22 23
14 22 20 23

H(32,44)

3 5 6 9
2 3
18 19 22 23
24 13 7 20

H{33,46)

3 5 6 9
2 3
16 19 22 23
15 22 21 1

10 14
4 5

24 29 30 31
31 18 28 30

10 14
4 5

26 29 30 31 32
19 26 28 18 30

10 14
4 5

24 29 30 31 32
20 19 25 26 18

15 20

15 20

15 20

21 27

21 27

21 27

33
28

28

28
1

28

2

9

4

4

4

7 16
10

7 16
8

7 17
12

97.

17 25
6

17 24
14

18 25

14

26
13

25
11

8

8
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APPENDIX 1

Program ( COMB 4)



1.1

IMPLICIT INTEGER (A-Y)
COMMON /B1/ DB'PPNVJJBDLTQCOUN'CpHHNQCHEC'CAP,HP'HK’BDIKWA'NNQUQV
DIMENSION L(16)vB(l40v4)vC(l5935!4)vBOCUL(16)90CUL(16,v
1 PPN(15}), HHN(1S,14), CHEC(15,14,70,2)3COUN(15,1%),
2 TLL(lb’vDL(lb)90LT(15914916)vHP(15914)vIK(lS,lQ),OCH(lb’v
3 HK(15914),CAP(15414),JJ(15,14),DB(15)
ZTT=OO
CALL $TRTM{ZTIME)
READ {(5,209) 2z
209 FORMAT (F8.0)
READ (5,55) YY
55 FORMAT (11}
READ (5,50) T, (L
WRITE (6+51) T, (
50 FORMAY (1714)
S1 FORMAT (* T = 9,14,/1614)
S={(T-1)/2
U=({T-1)%(T-21)/6
V=T&(T-1)%(T=2)/24
IF{YY .EQ. 0) GO TO 204
CALL READ1
A=A+
GO 70O 205
204 CONTINUE
NN=0
READ (5,59) PP
59 FORMAY (14)
READ (5:58,END=300) ((B(PyG) sG=144) ,P=1,PP)
58 FORMAT (2413)
WRITE (6,53) ((B(PsG)eG=194),P=1,PP)
53 FORMAT (9{14,13,13,13))
A=1
PPN(A)=PP
205 CONTINUE
WRITE (6,25) PPN(A)
25 FORMAT (°0PPN = 9,14}
122 CONTINUE
- DD Y I=1,T
BOCUL(I)Y=0
1 CONTINUE
1=0
101 I=1+¢+1
IF {I .GT-. T) GO TO 102
PA=PPN(A)
DO 2 P=1,PA
DO 3 G=1,4%
IF (L(TI) <NE. B{(P,G)) GO TO 3
BOCUL(I)=BOCUL(I)+1
3 CONTINUE
2 CONTINUE
GO T3 101
102 CONTINUE
I1=0
103 I=[+1
IF (I «GT. T) GO TO 1301
IF (BOCULI(I) -LT. U) GO TO 104

{(I)eI=1,7)
L{Ily I=1,T)



104

105

119
14

106

107

190

8

1

G3 T0 103

LL=U-BOCUL{ )

E=L(1)

H=0

P1=PPNI( A}

DO 4 P=1,P1

IF (B(Ps1) .EQ. E .OR, B(Py2) .EQ.
«ORs B(Py4) .EQ. E) GO TO 105

GO 7O 4

H=H#+1

DO 5 G=1,4

C(A,H,G)‘-‘B(P,G)

CONTINUE

CONT INUE

D=1

HHN( A, D)=H

CALL REAR (CsEoHHN, A, D)

H3=4HN(A,D)

HP{As;D)=HHN(A,D})+1

H1=HP(A10)

D) 6 H=H1,U

C(Aprl’zE

CONTINUE

DD 14 I=1,T

ocuL(I)=0

CONTINUE

I=0

I=1¢1}

IF (1 .GT. T) GO TO 107

CALL CHECKA (CelLsOCULs I ¢HHNpA4D)

GO TO 106

CONTINUE

I=0

I=f+1

IF {1 .GT. T) GO YO 120

IF {JCUL(I) .GE. S) GO TO 190

KK=S-0CUL(TI)

EA=L{I)

Q=1

HK{AsD)=HHN(A; D) +KK

HP{AsD) =HHN(A,D)+1

Hi=HP(A,D)

H2=HK{A,D)

DO 7 H=H1,H2

ClA,H,2)=EA

OCUL(IQ)=0CUL(IQ)+1

CONTINUE

K=0

HA=HHN{ A, D}

DO 8 H=1,HA

K=K+1

CHEC(AngKpl)=C(A,H93)

CHEC(AyDsK92)=C(AsH %)

CONT INUE

P=0

109 P=pPe}

E

«OR.

B{Py3)

GEQO

E

1.2



IF (P GT. PPN(A)) GO YO 111
IF (B(Ps2) .EQe EA) GO TO 110
G 73 109
110 K=Ks¢1
CHEC(A9D9K91)=B(’)33)
CHEC{A Doy Kp2)=B(P;4)
GO 70 109
111 IK{A,D) =K
Q=0
H=0
81 H=H¢1
IF (H «GT. HHN{(A,D)) GO TO 154
IF {EA EQ. C(AyH,2)) GO TO 151
IF (EA -EQ. ClAyH¢3)) GO TO 152
I (EA .EQ. ClA,H;4)) GO TO 153
GO 70 81
151 Q=Q+1
- ODCH{2%Q-1)=C(AsHy3)
OCH{2%Q)=C(AsHo%}
GO TJ 81
152 Q=Q+1
OCH(2%Q-1)=C{AsH,2)
OCH{2%Q)=C(AsHs &)
GO 70 81
153 Q=Q¢+1
OCH(2%Q—-1)=C(AgsH,2)
OCH{2%Q)=C(A;H,;3)
GO TO 81
154 QQ=Q
1=0
J=0
155 I=1+1
IF (I «GT. T) GO TO 116
IF (OCUL(I) .GE. S) GO YO 155
Q=0
157 Q=Q¢+1
IF (Q .GT. Q) GO TO 156
IF (L{I) .EQ. OCH(2#%Q-1) .OR. LI{I) .EQ. OCH{2%Q)) GO TO 155
GO 70 157
156 J=Jd+1
OL{Jd)=L(T)
GO TO 155
116 JJ{A,D)=J
JA=JJ (A, D)
DO 9 J=1,JA
OLT{A, D J}=00L13)
9 CONTVINUE
CAP(A,D}=1
JA=JJ(A,D)
DO 15 F=1eJA,2
CAP(A,DI=CAP{A;D)%F
15 CIOINTINUE
COUN(AsD)=0
GO TO 128
117 COUN{A,D)=COUN{A,D)+1
IF (COUN(AsD) .EQ. CAP{A¢D)) GO TO 140
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129 CALL COMB (JJoOLT,CCUNysA,D)
128 JA=JJ(A,D)
DO 12 J=1,JA
TLL{J)=0LT{A,D,J)
10 CONTINUE
CALL PERM (JJeTLL,A,D)
PASS=0
CALL CHECKC (JJ o TLLPASS,CHECIK,A,D)
IF (PASS .EQ. O) GO 7D 118
IF (COUN(A,D) LTo CAP(A,D)) GO TO 117
140 D=D~-1
IF (D «GT. 0) GO TO 117
A=A-]
IF (A .GT. 0) GO TO 108
GO 70 150 ' '
108 D=DB{A)
GO TJ 117
118 ¥=0
- Hi=HP{A,D)
H2=HK{A, D}
D3 11 H=Hl,H2
Y=Y+1
C{AsH,3)=TLL({2%Y~-1)
ClAsH,4)=TLL(2%Y)
11 CONTINUE
D=D+1
GJ) 70 119
120 DB(AY=D-1}
P=PPN{A)
H=HHN{A,1)
125 H=H+1
IF (4 «GT. U) GO TO 124
P=P+1
DO 13 G=1,4
B(PsG)=C{AsH,G)
13 CONTINUE
GO 10 125
124 CONTINUE
LT=2TIME
CALL S$TPTMLZT)
IARETAREZAI
IF (27T .GE. 2Z) GO TO 301
CALL $TRTM{ZTIME)
IF (P .GE. V) GO TO 130

A=A+1
PPN(A) =P
G0 TO 122

150 WRITE (6,56)
56 FORMAT ('0 THAT IS ALL®Y)

GJ TJ 204

1301 A=A-1

130 NN=NN¢1
WRITE (6,603) NN

603 FORMAT (°ONN = ®,18)
DD 17 P=1,V



17
57

54

301

310

13

WRITE (6957) Py (B(PsG)y G=lp4&)
CONTINUE

FORMAT (®* P = ",14,3X94(14))
WRITE (7954) ({(B{P;G)eG=194),P=1,V)
FORMAT (2413}

D=DB(A)

GO TD 117

PPN{A+1)=P

CALL WRITEL

CALL EXIT

END

SUBROUTINE REAR {(C, E; HHN9sA D)
IMPLICIT INTEGER (A-1)
DIMENSION C(15,35,4),L{16) ,HHN{15,14)
K=HHN(A.:D)

DI 1 H=1,K

DO 2 G=2,4%

IF (E .EQ. C{AsHsG))} GO TO 3
GO T 2

GG=G+1

GG=5G5-1

IF (GG .EQ. 1) GO TO 5
C(AsHyGG)=ClA;H;GG~1)

GO 70 4

ClAyHo1)=E

CONT INUE

CONTINUE

RETURN

END

SUBRIJUTINE CHECKA (C,LsOCULsIsHHN,A+D)
IMPLICIY INTEGER (A-Z)

DIMENSION C{15,35,4),L{16),0CUL(L6) HHN(L15,1%)
K=HHN{A,D) '

DO 1 H=1,K

D3 2 G=1lp4%

IF (L{I) oNE. C(AyH,G)) GO TO 2
OCuL{I)=0CUL{I}+1

CONTINUE

CONTINUE

RETURY

END

SUBRIJUTINE COMB (JJ,OLTsKOUN2RsS)

IMPLICIT INTEGER {(A-2)

DIMENSION L(14)oJJ(15,14),0LT(15914,14)sKOUN{L5,14%)
K=JJ{RyS})

COUN=KOUNI(R,S}

DO 13 1=1,K

L{I)=0LT{R,Ss1)

CONTINUE

N=K=-2

1.5




10

20

11
12

15

STOR=L(N)

J=K

-1
DO 10 I=N,J
LITy=L(I+1)

CONVINUE
L(K)=STOR
A=COUN-COUN/3%3

b=COUN-COUN/15%15

C=COUN-COUN/105%*105
D=CDUN-COUN/945%945

F=COUN-COUN/10395%10395
F=CIOUN-COUN/135135%135135

IF
IF
IF
IF
IF
IF
GO
G=2

(F
(E
(D
(C
(8
(A
T0

GO T3

G=4
GO0
G=6

T3

GO 710

G=8
GO
G6=1

T3
0

GO T3
G=12

N=N

=2

«EQo
«EQe
«EQ.
L] EQO
L3 EQ.
- EQo.
11

7
7
7
7
7

STOR=L(N)

D0 20 I=N,J
LI)=L(I¢])

CONTINUE
L{K}=STOR
M=K-2-G

IF (N -.EQ.
GO 10O 7

D3 12 I=1,K

0)
0)
0)
0)
0)
0)

GO
GO
GO
GO
GO
GO

T0
T0
T0
T0
TO
T0

= N W H O

M) GO TO 11

OLT(RsSsId=L(1}
CONTINUE

RETURN

END

SUBRJUTINE PERM (JJsTLL,A,D)

IMPLICIY INTEGER (A-Z)

DIMENSION TLL(14),JJ(15,14)
P=JJlA,D)/2

H=0

H=H+1

IF

IF {TLL(2%H-1)
CPU=TLL(2%H-1)

(4

oGTo,

P) RETURN

«LE.

TLLIZ2%H=-1)=TLL{2%H)

TLL(2%H)) GO TO 15




11

13

12
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TLLI2%H=1)=TLL{2%H)
TLL(2%H)}=CPU
GO 70 15

- END

SUBROUTINE CHECKC (JJ,TLL,PASS,CHEC+IKyA4D)
IMPLICIT INTEGER (A-Z)

DIMENSION TLL({14),CHEC(15;14,70,2)9JJ(15914) 31K(15514)
H=0

P=JJ(A,D) /2

H=H+1

IF (H «oGT. P) RETURN

K=0

K=K+1 ,

IF (K .GT. IK(AyD)) GO TO 11

IF {(TLL(2%H-1) .EQ. CHEC(A,DysKy1} <ANDo
1 TLLI2%H) <FQ. CHEC(A;D3Ke2)) GO TO 12

GO 70 13

PASS=1

RETURN

END

SUBROUTINE READ1

IMPLICIT INTEGER (A-Z}

COMM3IN /B1/ DBsPPNsJJ;0LT9COUN,CsHHNyCHEC,;CAP¢HP o HK ¢ By IKy Ag NN, U,V
DIMENSION DB{15),PPN(15)sJJ(15514)0LT(15514+16),COUN(L5,14),

1 C({1593554) yHHN{15,514) CHEC(15414,70:2)9CAP{15,14),

2 HP{155,14) yHK{15514)B(140+4)51K{15514%)

REWIND 8

READ (8) NN

READ (8) A, (DB{AA)sAA=1,A}

A2=A+1

READ (8) (PPNIAA) AA=1,A2)

DD 1 AA=1,A

DF=DB(AA)

DO 2 DD=1,DF

READ (8) JJ(AA,;DD),COUN(AA;DD} HHN{AA,DD) ;CAP(AA,DD) HP(AA,;DD},
1 HK{AA,DD), IK{ AA; DD}

- J1=JJ(AA,DD}

o~

D0 3 J=1,J1

READ (8) OLT(AA,DD}J)
CONTINUE

K1=IK{AA,DD)

DO & K=1,Kl

DD 5 R=1;2

READ (8) CHEC(AA;DD,KyR)
CONTINUE

CONTINUE

CONT INUE

DO 6 H=1,U

DD 7 G=1,4

READ (8) C(AAyH;G)
CONTINUE

CONTINUE



55

201

NS~

- O =

1.8

CONTINUE
PL=PPN{A+1)

DO 8 P=1,P1

DO 9 G=1,4

READ (8} BI(P,G)

CONT INUE

FORMAT (® P = ® ,[4,3X34({14))

WRITE (6950) Pp(B(PvG)96=1 1‘?)
CONTINUE

WRITE {(6,51)

FORMAT (0 %*%%% NEW PRG STAR HERE *&&%kke)
RETURN

END

SUBROUTINE WRITEL

IMPLICIT INTEGER {A-Z)

COMMION /Bl/ DB.PPN,yJJ,0LT, COUN:CvHHNrCHECvCAPvavHKoBvIKvAvNN UeV

DIMENSION DB(15)PPN(15),JJ{15¢14)9s0LT(1514+16),COUN(15,14),
Cl15;3554) ;HHN(15,14) yCHEC{15514¢70+2)sCAP(15,14),
HP{15914) sHK(15514)9B{14094) s IK{(15514)

WRITE (6,55}

FORMAT (¢ TIMER INTERRUPT ROUTINE?)

WRITE (6,201) A,DBLA)

FORMAT (%0A = *3[4,5X¢%D = 7,14&)

REWIND 8

WRITE (8} NN

WRITE (8} A,{DB{AA)s;AA=1,A}

A2=A+1

WRITE (8) (PPN(AA),AA=1,A2)

DO 1 AA=1,A

DF=DB(AA)

DO 2 DD=1,DF

WRITE (8) JJ(AA,DD) COUN(AAvDD)1HHN(AA900)9CAP(AA DD)YsHP(AA,DD),

1 HK(AA;DD’»IK(AA DD}

J1=JJ(AA,;DD)

DO 3 J=1,J1

WRITE (8) OLT{AA,DDyJ)}

CONTINUE

K1=IK{AA,DD)

DO & K=1,K1

DO 5 R=1,2

WRITE (8) CHEC(AA;DDyK,R)

CONVINUE

CONTINUE

CONT INUE

DO & H=1,U

DO 7 G=1,4%

WRITE (8) ClAAsH:G)

CONTINUE

CONTINUE

CONT INUE

PL=PPN(A+1}

DO 8 P=1,P1

DD 9 G=1,4

WRITE (8) B{(PG)

N



9 CONTINUE

WRITE (67,50) P,{B{P;G)sG=1,4)
50 FURMAT (" P = 0,14,3X,4(14))
8 CONTINUE

END FILE 8

RETURN

END
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2.2

THE SYSTEM kit A 2 &tk

TRIPLE SYSTEM '
ASSOCI. WITH 1 2 3 4 5 6 7 8 9 10 11 12 13 14
A

IS OF TYPE A A A A A A A A A A A A A
P = 1 1 2 3 4 P = 47 3 4 5 11
P = 2 1 2 5 6 P = %8 3 4 9 12
P = 3 1 2 7 8 P = 49 3 % 6 10
P = 4 1 2 9 10 P = 50 3 4 7 8
P = 5 1 2 11 12 P = 51 3 4 13 14
p = 6 1 2 13 14 P = 52 3 5 6 13
P = 7 ] 3 5 7 p = 53 3 5 9 14
p = 8 1 3 6 8 P = 54 3 5 10 12
P = 9 i 3 9 11 P = 55 3 6 7 9
P = 10 1 3 10 13 P = 56 3 6 11 12
P = 11 i 3 12 14 P = 57 3 7 10 14
P = 12 1 4 5 9 P = 58 3 7 11 13
P = 13 1 4 6 13 P = 59 3 8 9 10
P = 14 1 4 7 14 P = 60 3 8 11 14
P = 15 1 4 8 12 P = 61 3 8 12 13
P = 16 1 4 10 11 P = 62 4 5 6 12
P = 17 1 5 8 10 P = 63 4 5 T 13
P = 18 1 5 11 14 P = 64 4 5 8 14
P = LS 1 5 12 13 P = 65 4 6 8 9
P = 20 1 6 7 11 P = 66 4 6 11 14
P = 21 1 6 9 12 p = 67 4 7 9 10
p = 22 1 6 10 14 P = 68 4 T 11 12
P = 23 1 7 9 13 P = 69 4 8 10 13
P = 24 1 7 10 12 P = 70 4 9 11 13
P = 25 1 8 9 14 - P = 71 4 10 12 14
P = 26 1 8 11 13 P = 172 5 6 7 14
P = 27 2 3 5 8 P = 73 5 6 8 11
P = 28 2 3 9 13 P = T4 5 6 9 10
p = 29 2 3 6 14 P = 75 5 7 8 12
po= 30 2 3 T 12 P = 76 5 7 10 11
P = 31 2 3 10 11 P = 77 5 8 9 13
P = 32 2 4 5 10 P = 78 5 9 11 12
P = 33 2 4 8 11 P = 79 5 10 13 14
P = 34 2 4 9 14 P = 80 6 7 8 10
P = 35 2 4 6 7 P = 81 6 7 12 13
p = 36 2 4 12 13 P = 82 6 8 12 14
P = 37 2 5 7 9 P = 83 6 9 13 14
P = 38 2 5 11 13 P = 84 6 10 11 13
p = 39 2 5 12 14 P = 85 7 8 9 11
P = 40 2 6 8 13 p = 86 7 8 13 14
p = 41 2 6 9 11 P = 87 7 9 12 14
p = 42 2 6 10 12 P = 88 8§ 10 11 12
P = 43 2 7 10 13 P = 89 9 10 11 14
P = 44 2 7 11 14 P = 90 9 10 12 13
P = 45 2 8 9 12 P = 91 11 12 13 14
p = 46 2 8 10 14
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THE SYSTEM sk A 3 dkfkkxk
2 3 4 5 6 7 8
A ] B A A A A
3 & p = &7
S 6 P = 48
7 8 P = 49
9 10 P = 50
i1 12 p = 51
13 14 P = 52
5 7 p = 53
6 8 P = 54
9 11 P = 55
io 13 P = 56
12 14 P = 57
5 9 P = 58
6 13 P = 59
7 14 P = 60
8 12 p = 61
10 11 P = 62
8 10 p = 63
11 14 P = 64
12 13 p = 65
7 11 P = 66
9 12 P = 67
10. 14 p = 68
9 13 p = 69
10 12 P = 70
9 14 P = 71
11 13 P = 72
5 8 p = 73
9 13 P = T4
7 14 p = 75
10 11 P = 76
6 12 P = 77
5 13 P = 78
6 14 P = 79
7 9 P = 80
10 12 P = 81
8 il P = 82
7 11 P = 83
9 12 P = B84
10 14 p = 85
7 10 P = 86
11 13 p = 87
8 9 P = 88
12 13 P = 89
10 13 P = 30
12 14 P = 91
11 14

ot

OV OONNNNNOOCTOEVVVIVVVUV VDD DDIDDLDDDIUHVLWHLUWLWWWWWWWW

s
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2.4

THE SYSTEM iok¥ A 4 kkkkx

TRIPLE SYSTEM

ASSOCI. WITH 1 2 3 4 5 6 7 8 9 10 11 12 13 14
IS OF TYPE A A A A A A A A A A A A A A
P = 1 1 2 3 4 P = &7 3 4 5 14
P = 2 1 2 5 6 P = 48 3 4 6 T
P = 3 1 2 T 8 P = 49 3 4 8 13
p = 4 i 2 9 10 P = 50 3 % 9 10
P = 5 1 2 11 12 P = 51 3 4 11 12
p = 6 i 2 13 14 P =52 3 5 6 9
= 7 1 3 5 7 P = 53 3 5 10 12
= 8 1 3 6 8 P = 54 3 5 11 13
= 9 1 3 9 11 P = 55 3 6 10 11
= 10 1 3 10 13 P = 56 3 6 13 14
= 11 1 3 12 14 P = 57 3 7 8 11
= 12 1 4 5 9 P = 58 3 7 12 13
= 13 1 4 6 13 P = 59 3 7 9 14
= 14 1 % 7 14 P = 60 3 8 9 12
= 15 1 4 8 12 P = 61 3 8 10 14
= 16 1 4 10 11 P = 62 4 5 6 10
= 17 1 5 8 10 p = 63 % 5 8 11
= 18 1 5 11 14 P = 64 % 5 7 12
= 19 1 5 12 13 P = 65 % 6 8 9
= 20 1 6 T 11 P = 66 4 6 12 14
= 21 1 6 9 12 P = 67 % 7 8 10
= 22 1 6 10 14 P = 68 4 7 11 13
= 23 L T 9 13 P = 69 4 9 11 14
= 24 1 7 1o 12 P = 70 4 9 12 13
= 25 1 8 9 14 P = 71 4 10 13 14
= 26 1 8 11 13 P = 72 5 6 7T 14
= 27 2 3 5 8 P = 73 5 6 8 13
= 28 2 3 9 13 P = 74 5 6 11 12
= 29 2 3 11 14 P = 75 5 7 8 9
= 30 2 3 6 12 P = 76 5 7 10 13
= 31 2 3 T 10 P = 77 5 8 12 14
= 32 2 4 5 13 P = 78 5 9 10 11
= 33 2 4 8 14 P = 79 5 9 13 14
= 34 2 % 7 9 P = 80 6 7 8 12
= 35 2 4 10 12 P = 81 6 7 9 10
= 36 2 4 6 11 P = 82 6 8 11 14
= 37 2 5 7 11 P = 83 6 9 11 13
= 38 2 5 9 12 P = 84 6 10 12 13
= 39 2 5 10 14 P = B85 7 8 13 14
= 40 2 6 7 13 P = 86 7 9 11 12
= 41 2 6 9 14 P = 87 7 10 11 14
= 42 2 6 8 10 P = 88 8 9 10 13
= 43 2 7T 12 14 P = 89 8 10 11 12
= 44 2 8 9 11 P = 90 9 10 12 14
= 45 2 8 12 13 P = 91 11 12 13 14
= 46 2 10 11 13
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2.6

THE SYSTEM %edk& A 6 x&%kx
TRIPLE SYSTEM
ASSOCI. WITH 1 2 3 4 5 6 71 8 9 10 11 12 13 14
IS OF TYPE A A A A A A A A A A A A A &
P = 1 1 2 3 4 P= 47 3 4 5 6
P = 2 1 2 5 6 P= 48 3 4 7. 8
P = 3 1 2 71 8 P= 49 3 4 9 10
p = 4 1 2 9 10 P= 50 3 4 11 12
P = 5 1 2 11 12 P= 51 3 4 13 14
P o= 6 1 2 13 14 P= 52 3 5 8 14
p = 7 1 3 5 7 P= 53 3 5 10 12
P = 8 1 3 & 8 P= 54 3 5 11 13
P o= 9 1 3 9 11 P= 55 3 6 7 10
P = 10 1 3 10 13 P= 56 3 6 11 14
P = 11 1 3 12 14 P= 57 3 6 9 13
P = 12 1 4 5 9 P= 58 3 7 9 14
P = 13 1 4 6 13 P= 59 3 7 12 13
P = 14 1 4 7 14 P= 60 3 8 9 12
P = 15 1 4 8 12 P= 61 3 8 10 11
P = 16 1 4 10 11 P= 62 4 5 7 12
P = 17 1 5 8 10 P= 63 4 5 10 14
P = 18 1 5 11 14 P= 64 4 5 8 11
P = 19 1 5 12 13 P= 65 & 6 T 9
P = 20 1 6 7 11 P= 66 4 6 10 12
P = 21 1 6 9 12 P= 67 & 6 8 14
P = 22 1 6 10 14 P= 68 4 7 11 13
P = 23 1 7 9 13 P= 69 & 8 10 13
P = 24 1 7 10 12 P= 70 4 9 11 14
P = 25 1 8 9 14 P= 71 & 9 12 13
P = 26 1 8 11 13 P= 72 5 6 7 8
P = 27 2 3 5 9 P= 73 5 6 9 10
P = 28 2 3 10 14 P= T4 5 6 11 12
P = 29 2 3 6 12 P= 75 5 6 13 14
P = 30 2 3 8 13 P= 76 5 7 9 11
P = 31 2 3 71 11 P =77 5 7 10 13
P = 32 2 4 5 13 P= 78 5 8 9 13
P = 33 2 4 12 14 P= 79 5 9 12 14
P = 34 2 4 6 11 P= 80 6 T 12 14
P = 35 2 4 71 10 P= 81 6 8 9 11
P = 36 2 4 8 9 P= 82 6 8 12 13
P = 37 2 5 1 14 P= 83 6 10 11 13
P = 38 2 5 8 12 P= 84 7 8 9 10
P = 39 2. 5 10 11 P= 85 7 8 11 12
P = 40 2 6 T 13 P= 86 7 8 13 14
P = 41 2 6 9 14 P= 87 7 10 11 14
P = 42 2 6 8 10 P= 88 8 10 12 14
P = 43 2 1 9 12 P= 89 9 10 11 12
P = 44 2 8 11 14 P = 90 9 10 13 14
P = 45 2 9 11 13 P= 9] 11 12 13 14
P = 46 2 10 12 13
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. THE SYSTEM &k A 8 &¥dkk

TRIPLE SYSTEM : |
ASSOCI. WITH 1 2 3 4 S5 & 7 8 9 10 11 12 13 14

IS OF TYPE A A A A A A A A A A A A A A
p = 1 1 2 3 4 P = 47 3 4 5 10
P = 2 1 2 5 6 P= 48 3 4 11 13
P = 3 1 2 7 8 P = 49 3 4 8 14
p = 4 1 2 9 10 P= 50 3 4 6 9
p = 5 1 2 11 12 P= 51 3 4 7 12
P = 6 1 2 13 14 p= 52 3 5 6 14
p = 7 1 3 5 7 P= 53 3 5 8 13
P = 8 1 3 6 8 P= 564 3 5 11 12
P = 9 1 3 9 11 P= 55 3 6 T 13
P = 10 1 3 10 13 P= 56 3 6 10 12
P = 11 1 3 12 14 P= 57 3 7 8 11
P = 12 1 4 5 9 P= 58 3 7 9 10
P = 13 1 4 6 13 P = 59 3 8 9 12
P = 14 1 4 7 14 P= 60 3 9 13 14
P = 15 1 4 8 12 P= 61 3 10 11 14
P = 16 1 4 10 11 P =62 & 5 6 12
P = 17 1 S5 8 10 P= 63 4 5 13 14
P = 18 1 5 11 14 P = 64 4 5 7 11
P = 19 1 5 12 13 P= 65 & 6 T 10
P = 20 1 6 71 11 P= 66 4 6 8 11
P = 21 1 6 9 12 P = 6T 4 17 8 9
p = 22 1 6 10 14 P= 68 4 8 10 13
P = 23 1 T 9 13 P= 69 4 9 10 14
P = 24 1 7 10 12 P= 70 4 9 12 13
P = 25 1 8 9 14 P =71 4 11 12 14
P = 26 1 8 11 13 P= T2 5 & 7 8 » —
P = 27 2 3 5 9 P= 73 5 6 9 13 S
P = 28 2 3 8 10 P= T4 5 6 10 11 o
P = 29 2 3 6 11 P= 75 5 T 9 14
P = 30 2 3 7 14 P=T6 5 7 10 13
P = 31 2 3 12 13 P= 77 5 8 9 11
P = 32 2 4 5 8 P= 78 5 8 12 14
P = 33 2 4 9 11 P =79 5 9 10 12
P = 34 2 4 10 12 P= 80 6 T 12 14
P = 35 2 4 71 13 P= 81 6 8 9 10
P = 36 2 4 6 14 P= 82 6 8 13 14
P = 37 2 5 1 12 P= 83 6 9 11 14
P = 38 2 5 11 13 P = 84 6 11 12 13
P = 39 2 5 10 14 P= 85 7 8 10 14
P = 40 2 6 1 9 P= 86 7 8 12 13
P = 41 2 6 10 13 P= 87 7 9 11 12
P = 42 2 6 8 12 P= 88 7 11 13 14
P = 43 2 7 10 11 P = 89 8 10 11 12
P = 44 2 8 9 13 P= 90 9 10 11 13
P = 45 2 8 11 14 P= 91 10 12 13 14
P o= 46 2 9 12 14
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THE SYSTEM #%kx%k&k A Q Zdkig

TRIPLE SYSTEM

ASSOCI. WITH 1 2 3 4 5 6 7 8 9 10 11 12 13 14
IS OF TYPE A A A A A A A A A A A A A A
p = 1 1 2 3 4 P = 47 3 4 5 13
P = 2 1 2 5 6 p = 48 3 4 8 14
p = 3 i 2 7 8 P = 49 3 4 7 9
P = 4 1 2 9 10 P = 50 3 4 10 12
p = 5 1 2 11 12 P = 51 3 4 6 11
P = 6 1 2 13 14 P = 52 3 5 6 14
P = 7 1 3 5 T P = 53 3 5 8 9
p = 8 1 3 6 8 P = 54 3 5 11 12
P = 9 1 3 9 11 P = 55 3 6 7 12
P = 10 1 3 10 13 P = 56 3 6 9 10
P = 11 1 3 12 14 P = 57 3 7 8 10
P = 12 1 4 5 9 P = 58 3 7 11 13
P = 13 1 % 6 13 P = 59 3 8 12 13
P = 14 1 4 7 14 p = 60 3 9 13 14
p = 15 1 4 8 12 P = 61 3 10 11 14
p = l6 1 4 10 11 P = 62 4 5 6 12
P = 17 1 5 8 10 P = 63 4 5 10 14
P = 18 1 5 11 14 P = 64 4 5 8 11
P = 19 1 5 12 13 P = 65 4 6 7 10
P = 20 1 6 7 11 P = 66 4 6 9 14
P = 21 1 6 9 12 P = 67 4 7 8 13
p = 22 1 6 10 14 P = 68 4 7T 11 12
P = 23 1 T 9 13 P = 69 4 8 9 10
p = 24 1 7T 10 12 P = 70 4 9 12 13
P = 25 1 8 9 14 P = 71 4 11 13 14
P = 26 1 8 11 13 P = 72 5 6 7 8
p = 27 2 3 5 10 P = 73 5 6 9 13
p = 28 2 3 8 11 P = T4 5 6 10 11
P = 29 2 3 9 12 P = 75 5 7 9 11
P = 30 2 3 6 13 P = 76 5 7 12 14
p = 31 2 3 7T 14 P = 77 5 7 10 13
P = 32 2 4 5 7 P = 78 5 8 13 14
P = 33 2 4 6 8 P = 79 5 9 10 12
p = 34 2 4 9 11 P = 80 6 7T 13 14
P = 35 2 4 12 14 P = 81 6 8 9 11
P = 36 2 4 10 13 P = 82 6 8 12 14
P = 37 2 5 8 12 P = a3 6 8 10 13
P = 38 2 5 11 13 P = 84 6 11 12 13
P = 39 2 5 9 14 P = 85 7 8 9 12
P = 40 2 6 7 9 P = 86 7 8 11 14
p = 41 2 6 10 12 P = 87 T 9 10 14
P = 42 2 6 11 14 P = 88 8 10 11 12
P = 43 2 7 10 11 P = 89 9 10 11 13
p = 44 2 7 12 13 P = 90 9 11 12 14
P = 45 2 8 9 13 P = 91 10 12 13 14
p = 46 2 8 10 14
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2.13

THE SYSTEM  ®¥dkk& A13 kkddk

TRIPLE SYSTEM

"ASSOCI. WITH 1 2 3 4 5 6 7 8 9" 10 11 12 13 14
IS OF TYPE A A A A A B A A A B A A A A
P = 1 1 2 3 4 P = 47 3 4 5 11
P = 2 1 2 5 6 P = 48 3 4 12 13
P = 3 1 2 7 8 P = 49 3 4 9 14
P = 4 1 2 9 10 p = 50 3 4 8 10
P = 5 1 2 11 12 P = 51 -3 4 6 7
P = 6 1 2 13 14 p = 52 3 5 6 14
P = 7 1 3 5 7 P = 53 3 5 8 13
P = 8 1 3 6 8 P = 54 3 5 9 10
P = 9 1 3 9 11 P = 55 3 6 9 13
P = 10 1 3 10 13 P = 56 3 6 10 12
P = 11 1 3 12 14 P = 57 3 7 8 14
P = 12 1 4 5 9 P = 58 -3 7 9 12
p = 13 1 4 6 13 P = 59 3 7 10 11
P = 14 1 4 7 l4 P = 60 3 8 11 12
P = 15 1 4 8 12 P = 61 3 11 13 14
P = 16 1 4 10 11 P = 62 4 5 6 12
P = 17 1 5 8 10 p = 63 4 5 10 14
p = 18 1 5 11 14 P = 64 4 5 7 8
P = 19 1 5 12 13 P = 65 % 6 8 9
P = 20 1 6 7 11 P = 66 4 6 11 14
P = 21 1. 6 9 12 P = 67 4 7 10 13
P = 22 1 6 10 14 P = 68 4 7 11 12
P = 23 1 T 9 13 P = 69 4 8 13 14
P = 24 1 7 10 12 P = 70 4 9 10 12
p = 25 1 8 9 14 P = 71 4 9 11 13
P = 26 1 8 1t 13 P = 72 5 6 7 9
P = 27 2 3 5 12 P = 73 5 6 10 13
p = 28 2 3 7 13 pP= .74 5 6 8 11
P = 29 2 3 8 9 P = 75 5 7 11 13
p = 30 2 3 10 14 P = 76 5 7 12 14
P = 31 2 3 6 11 P = T7 5 8 9 12
P = 32 2 4 5 13 P = 78 5 9 13 14
P o= 33 2 4 12 14 P = 79 5 10 11 12
p = 34 2 4 6 10 p = 80 6 7 8 10
p = 35 2 4 8 11 P = al 6 T 13 14
P = 36 2 4 7 9 p = 82 6 8 12 14
p = 37 2 5 7 10 P = 83 6 9 10 11
P = 38 2 5 9 11 P = 84 6 11 12 13
P = 39 2 5 8 14 p = 85 7 8 9 11
P = 40 2 6 7 12 p = 86 7 8 12 13
P = 41 2 6 8 13 P = 87 7 3 10 14
p = 42 2 6 9 14 P = 88 8 9 10 13
P = 43 2 7 11 14 P = 89 8 10 11 14
P = 44 2 8 10 12 P = 90 9 11 12 14
p = 45 2 9 12 13 P = 91 10 12 13 14
p o= 46 2 10 11 13
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THE SYSTEM %tkkk Al4 Hik

TRIPLE SYSTEM

ASSOCI. WITH 1 2 3 % 5 6 7 8 9 10 11 12 13 14
IS OF TYPE A B 8 A B A A B A B 8 B A B
P = 1 1 2 3 4 P = 47 3 A 5 13
p = 2 1 2 5 6 P = 48 3 % 8 14
P = 3 1 2 7 8 P = 49 3 4 9 10
p = 4 1 2 9 10 P = 50 3 4 6 11
P = 5 1 2 11 12 P = 51 3 4 7 12
P = 6 1 2 13 14 P = 52 3 5 6 9
P = 7 1 3 5 7 P = 53 3 5 10 14
p = 8 1 3 6 8 P = 54 3 5 8 11
P = 9 1 3 9 11 P = 56 3 6 7 13
P = 10 1 3 10 13 P = 56 3 6 10 12
P = 11 1 3 12 14 P = 57 3 7 8 10
P = 12 1 4 5 9 P = 58 3 7 11 14
P = 13 1 4 6 13 P = 59 3 8 9 12
P = 14 1 4 7 14 P = 60 3 9 13 14
P = 15 1 4 8 12 P = 61 3 11 12 13
p = 16 1 4 10 11 P = 62 4 5 6 14
p = 17 1 5 8 10 P = 63 4 5 7 10
p = 18 1 5 11 14 P = 64 4 5 11 12
P = 19 1 5 12 13 P = 65 4 6 7 9
P = 20 1 6 7 11 P = 66 A 6 8 10
P = 21 1 6 9 12 P = 67 4 7 8 11
P = 22 1 6 10 14 P = 68 4 8 9 13
p = 23 1 7 9 13 P = 69 4 9 12 14
P = 24 1 7 10 12 P = 70 4 10 12 13
o QP 25 1 8 9 14 P = 71 4 11 13 14
P = 26 1 8 11 13 P = 72 5 6 7 12
p = 27 2 3 5 12 p = 73 5 6 8 13
p = 28 2 3 8 13 P = T4 5 6 10 11
P = 29 2 3 7 9 P = 75 5 7 8 9
P = 30 2 3 10 11 P = 76 5 7 13 14
P = 31 2 3 6 14 P = 77 5 8 12 14
p = 32 2 % 5 8 P = 78 5 9 10 12
P = 33 2 4 9 11 P = 79 5 9 11 13
P = 34 2 % 6 12 P = 80 6 7 8 14
P = 35 2 4 7 13 P = 81 6 8 11 12
P = 36 2 4 10 14 P = 82 6 9 10 13
P = 37 2 5 7 11 P = 83 6 9 11 14
P = 38 2 5 10 13 P = 84 6 12 13 14
P = 39 2 5 9 14 P = 85 7 8 12 13
P = 40 2 6 7 10 P = 86 7 9 10 14
P = 41 2 6 11 13 P = 87 7 9 11 12
P = 42 2 6 8 9 P = 88 7 10 11 13
P = 43 2 7 12 14 P = 89 8 9 10 11
p = 44 2 8 10 12 p = 90 8 10 13 14
p = 45 2 8 11 14 P = 91 10 11 12 14
P = 46 2 9 12 13
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THE SYSTEM k&b AlS fokdkdkk

TRIPLE SYSTEM

ASSOCI. WITH 1 2 3 % 5 6 7 8 9 10 11 12 13 14
IS OF TYPE A A A A B A A A B A A A A A
P = 1 1 2 3 4 P = &7 3 4 5 8
P = 2 1 2 5 6 P = 48 3 4 9 13
P = 3 1 2 7 8 P = 49 3 & 10 14
P = 4. 1 2 9 10 P = 50 3 4 7 11
P = 5 1 2 11 12 P = 51 3 4 6 12
P = 6 1 2 13 14 p = 52 3 5 6 13

P = 7 1 3 5 7 P = 53 3 5 9 14
P = 8 1 3 6 8 P = 54 3 5 10 11
P = 9 1 3 9 11 P = 55 3 6 7 10
P = 10 1 3 10 13 P = 56 3 6 11 14
P = 11 1 3 12 14 P = 57 3 7 8 9
P = 12 1 4 5 9 P = 58 3 7 12 13
P = 13 1 A 6 13 P = 59 3 8 11 12
p = 14 1 4 7T 14 P = 60 3 8 13 14
P = 15 1 4 8 12 p = 61 3 9 10 12
P = 16 1 4 10 11 P = 62 4 5 6 7
P = 17 1 5 8 10 P = 63 & 5 10 12
P = 18 i 5 11 14 p = 64 4 5 13 14
p = 19 1 5 12 13 P = 65 4 6 8 10
p = 20 1 6 7 11 P = 66 4 6 9 11
P = 21 1 6 9 12 P = 67T 4 7 8 13
P = 22 1 6 10 14 P = 68 4 7 9 10
P = 23 1 7 9 13 P = 69 4 8 11 14
p = 24 1 7 10 12 P = 70 4 9 12 14
p = 25 1 8 9 14 P = 71 4 11 12 13
P = 26 1 8 11 13 P = 72 5 6 8 14
P = 27 2 3 5 12 P = 73 5 6 9 10
P = 28 2 3 11 13 P = T4 5 6 11 12
P = 29 2 3 7 14 P = 7% 5 7 8 11
P = 30 2 3 8 10 P = 76 5 7 12 14
P = 31 2 3 6 9 P = 77 5 7 10 13
P = 32 2 4 5 11 P = 78 5 8 9 12
P = 33 2 4 7 12 P = 79 5 9 11 13
p = 34 2 4 8 9 p = 80 6 7 8 12
p = 35 2 4 10 13 p = 81 6 7 9 14
p = 36 2 4 6 14 . P = 82 6 8 9 13
P = 37 2 5 7 9 P = 83 6 10 11 13
P = 38 2 5 10 14 P = 84 6 12 13 14
p = 39 2 5 8 13 P = 85 7 8 10 14
p = 40 2 6 7 13 P = 86 7 9 11 12
P = 41 2 6 8 11 P = 87 7 11 13 14
P o= 42 2 6 10 12 P = 88 8 9 10 11
P = 43 2 7 10 11 P = 89 8 10 12 13
p = 44 2 8 12 14 p = 90 9 10 13 14
p = %5 2 9 11 14 P = 91 10 11 12 14
P = 46 2 9 12 13
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3 4 P = 47
5 6 P= 48
7 8 P = 49
9 10 P= 50
11 12 P= 51
13 14 pP= 52
5 7 P= 53
6 8 P= 54
9 11 P= 55
10 13 P= 56
12 14 P= 57
5 9 P= 58
6 13 P= 59
7 14 P= 60
8 12 P= 61
10 11 P= 62
8 10 P= 63
11 14 P= 64
12 13 P= 65
7 11 P = 66
9 12 P= 67
10 14 P= 68
9 13 P= 69
10 12 P= 70
9 14 P= 71
11 13 P= 72
5 13 P= 73
6 14 P= T4
7 11 P= 175
10 12 P= 76
8 9 P= 77
5 11 P= 78
6 12 P= 79
7 9 P= 80
10 14 P = B8l
g 13 P= 82
7 10 P= 83
8 12 P= 84
9 14 P= 85
7 13 P= 86
8 10 P= 87
9 11 P= 88
12 14 P= 89
11 14 P= 90
12 13 P= 91
11 13
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THE SYSTEM ks ALQ shikkw

TRIPLE SYSTEM

ASSOCI. WITH 1 2 3 & 5 6 T 8 9 10 11 12 13 14
1S OF TYPE A B A A A A A A A A A B A A

P = 1 1 2 3 4 P= 47 3 4 S5 11

P = 2 1 2 5 6 P= 48 3 4 7 12

P = 3 1 2 71 8 P = 49 3 4 8 9

p = 4 1 2 9 10 P= 50 3 4 6 10

P = 5 1 2 11 12 p= 51 3 4 13 14

p = 6 1 2 13 14 p= 52 3 5 6 14

p = 7 1 3 5 7 P= 53 3 5 8 12

P = 8 1 3 6 8 P= 564 3 5 9 10

P = 9 1 3 9 11 P= 55 3 6 1T 9 i,
P = 10 1 3 10 13 P= 56 3 6 11 13 R
P = 11 1 3 12 14 P= 57 3 7 8 13

P = 12 1 4 5 9 P= 58 3 7 11 14

P =13 1 4 6 13 P= 59 3 8 10 14

P = 14 1 4 7 14 P= 60 3 9 12 13

P = 15 1 4 8 12 P =6l 3 10 11 12

P = 16 1 4 10 11 P =62 4 5 6 12

P = 17 1 5 8 10 P= 63 4 5 8 13

P = 18 1 5 11 14 P= 64 4 5 10 14

P = 19 1 5 12 13 P=. 65 4« 6 1 8

P =20 1 6 7 11 P= 66 & 6 9 14

p = 21 1 6 9 12 P= 67 4 1 9 11

P = 22 1 6 10 14 P= 68 4 7 10 13

P = 23 1 7 9 13 P= 69 & 8 11 14

P = 24 1 7 10 12 P= 70 4 9 10 12

P = 25 1 8 9 14 P =71 4 11 12 13

P = 26 1 8 11 13 P= 72 5 6 T 10

P = 27 2 3 5 13 P= 73 5 6 8 11 S
p = 28 2 3 9 14 P= T4 5 6 9 13 CaRR
P = 29 2 3 7 10 P= 75 5 7 8 9 e
P = 30 2 3 8 11 P= 76 5 7 11 12

P = 31 2 3 6 12 P= 77 5 7 13 14

P = 32 2 4 5 7 P= 78 5 9 12 14

P = 33 2 4 8 10 P= 79 5 10 11 13

P = 34 2 4 6 11 P= 80 6 T 12 13

P = 35 2 4 9 13 P =8l 6 8 10 12

P = 36 2 4 12 14 P= 82 6 8 13 14

p = 37 2 5 8 14 P= 83 6 9 10 11

P = 38 2 5 9 11 P= 84 6 11 12 14

P = 39 2 5 10 12 P= 85 7 8 10 11

P = 40 2 6 T 14 P= 86 7 8 12 14

P = 41 2 6 8 9 P = 87 7 9 10 14

P = 42 2 6 10 13 P= 88 8 9 10 13

P = 43 2 1T 9 12 P= 89 8 9 11 12

P = 44 2 7 11 13 P= 90 9 11 13 14

P = 45 2 8 12 13 P= 91 10 12 13 14

P = 46 2 10 11 14
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9 10 P= 50
1 12 P= 51
3 14 P= 52
5 7 P= 53
6 8 P= 54
9 11 P= 55
10 13 P= 56
12 14 P= 57
5 9 P= 58
6 13 P= 59
7 14 P= 60
8 12 P= 6l
10 11 P= 62
8 10 P= 63
1 14 P= 64
2 13 P= 65
7 11 P= 66
9 12 P= 67
10 14 P= 68
9 13 P= 69
10 12 P= 70
9 14 P= 71
11 13 P= T2
5 13 P= 73
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IS OF TYPE
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2.25

THE SYSTEM %%k A25 kkkix

TRIPLE SYSTEM

ASSOCI. WITH 1 2 3 4 5 6 7 8 9 10 11 12 13 14
IS OF TYPE A A A A A A B A A A B A A A

= 1 1 2 3 4 P = 47 3 4 5 6
= 2 1 2 5 6 P = 48 3 4 7 11
= 3 1 2 7 8 P = 49 3 4 10 12
= 4 1 2 9 10 P = 50 3 4 9 13
= 5 1 2 11 12 P = 51 3 4 8 14
= 6 1 2 13 14 P = 52 3 5 8 13
= 7 1 3 5 7 P = 53 3 5 9 12
= 8 1 3 6 8 p = 54 3 5 10 11
= 9 1 3 9 11 P = 55 3 6 9
= 10 1 3 10 13 P = 56 3 6 11 14
= 11 1 3 12 14 P = 57 3 6 12 13
= 12 1 4 5 9 P = 58 3 7 8 10
= 13 1 4 6 13 P = 59 3 7 13 14
= 14 1 4 7 14 P = 60 3 8 11 12
= 15 1 A 8 12 P = 61 3 9 10 14
= 16 1 4 10 11 P = 62 4 5 7 12
= 17 1. 5 8 10 P = 63 4 5 11 13
= 18 1 5 11 14 P = 64 4 5 10 14
= 19 1 5 12 13 P = 65 4 6 7 10
= 20 1 6 7 11 P = 66 4 6 8 11
= 21 1 6 9 12 P = 67 4 6 9 14
= 22 1 6 10 14 p = 68 4 7 8 13
= 23 ) R 9 13 P = 69 4 8 9 10
= 24 1 7 10 12 P = 70 4 9 11 12
= 25 1 8 9 14 P = 71 4 12 13 14
= 26 1 g8 11 13 P = 72 5 6 7 8
= 27 2 3 5 14 P = 73 5 6 9 10
= 28 2 3 6 10 P = 14 5 6 11 12  uaEs
= 29 2 3 11 13 P = 75 5 6 13 14
= 30 2 3 7 12 P = 76 5 7 9 14
= 31 2 3 8 9 P = 77 5 7 10 13
= 32 2 4 5 8 P = 78 5 8 9 11
= 33 2 4 7 9 P = 79 5 8 12 14
= 34 2 4 10 13 P = 80 6 T 12 14
= 35 2 4 11 14 P = 81 6 8 9 13
= 36 2 4 6 12 P = 82 6 8 10 12
= 37 2 5 7 11 P = 83 6 10 11 13
= 38 2 5 10 12 P = 84 7 8 9 12
= 39 2 5 9 13 P = 85 7 8 11 14
= 40 2 6 7 13 P = 86 7 9 10 11
= 41 2 6 8 14 P = 87 7 11 12 13
= 42 2 6 9 11 P = 88 8 10 13 14
= 43 2 7 10 14 P = 89 9 10 12 13
= 44 2 8 10 11 P = 90 9 11 13 14
= 45 2 8 12 13 P = 91 10 11 12 14
= 46 2 9 12 14

'U‘U'O'U‘G'U'U‘U'Oﬁ'U'U“Jv'U'U'U“JV’U'O'O'U'U'U‘U'UV'U'O'U'U'U‘D"O’U‘U‘O'U'U?'DV'O'U'O
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THE SYSTEMY wixdkkk A26 ¥&kkikk

TRIPLE SYSTEM :
ASSOCI. WITH 1 2 3 4 5 6 7 8 9 10 11 12 13 14

IS OF TYPE A B A A A A A A A B A A A A
= 1 1 2 3 4 P = 47 3 4 5 12
= 2 1 2 5 6 P = 48 3 4 11 13
= 3 1 2 7 8 P = 49 3 & 8 14
= 4 1 2 9 10 P = 50 3 4 6 9
= 5 1 2 11 12 P = 51 3 4 7 10
= 6 1 2 13 14 P = 52 3 5 6 10
= 7 1 3 5 7 p = 53 3 5 8 11
= 8 1 3 6 8 P = 54 3 5 9 13
= 9 1 3 9 11 P = 55 3 6 7 12
= 10 1 3 10 13 P = 56 3 6 11 14
= 11 1 3 12 14 P = 57 3 7 8 9
= 12 1 4 5 9 P = 58 3 7 13 14
= 13 1 4 6 13 P = 59 3 8 12 13
= 14 1 & 7 14 P = 60 3 9 10 14
= 15 1 & 8 12 P = 61 3 10 11 12
= l6 1 4 10 11 P = 62 4 5 6 14
= 17 1 5 8 10 P = 63 4 5 7 11
= 18 1 5 11 14 p = 64 % S 10 13
= 19 1 5 12 13 P = 65 4 6 8 11
= 20 1 6 7 11 P = 66 4 6 10 12
= 21 1 6 9 12 P = 67 4 7 8 13
= 22 1 6 10 14 P = 68 4 7 9 12
= 23 1 7 9 13 P = 69 4 8 9 10
= 24 1 7 10 12 P = 70 4 9 13 14
= 25 1 8 9 14 P = 71 4 11 12 14
= 26 1 8 11 13 p = 72 5 6 7 13
= 27 2 3 5 14 P = 73 5 6 8 9
= 28 2 3 6 13 p = T4 5 6 11 12
= 29 2 3 7 11 p = 75 5 7 8 12
= 30 2 3 9 12 P = 76 5 7 10 14
= 31 2 3 8 10 P = 77 5 8 13 14
= 32 2 4 5 8 P = 78 5 9 10 11
= 33 2 4 9 11 P = 79 5 9 12 14
= 34 2 4 12 13 P = 80 6 7 8 14
= 35 2 4 10 14 P = 81 6 7 9 10
= 36 2 A 6 7 P = 82 6 8 10 13
= 37 2 5 7 9 P = 83 6 9 11 13
= 38 2 5 10 12 P = 84 6 12 13 14
= 39 2 5 11 13 P = 85 7 8 10 11
= 40 2 6 8 12 P = 86 7 9 11 14
= 41 2 6 9 14 P = 87 7 11 12 13
= 42 2 6 10 11 P = 88 8 9 11 12
= %3 2 7 10 13 P = 89 8 10 12 14
= 44 2 7 12 14 P = 90 9 10 12 13
= 45 2 8 9 13 p = 91 10 11 13 14
= 46 2 8 11 14

V VPOV VUUV UV OVOUU IV VLU UV VUV VIV U UVOV VUV IUVUOUVUVO VUV IUI TV OV OD
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THE SYSTEM #%&%%k% B 1 #ixdkkk

TRIPLE SYSTEM

ASSOCI. WITH L 2 3 4 5 6 7 8. 9 10 11 12 13 14
IS OF TYPE B A A A A A A A A B A A A A
= 1 1 2 3 4 P = 47 3 4 5 13
= 2 | 2 5 6 P = 48 3 % T 14
= 3 1 2 T 8 P = 49 3 % 8 11
= 4 1 2 9 10 P = 50 3 4 6 12
= 5 1 2 11 12 P = 51 3 4 3 10
= 6 1 2 13 14 P = 52 3 5 6 10
= 7 1 3 5 T P = 53 3 5 11 12
= 8 1 3 6 8 P = 54 3 5 9 14
= 9 1 3 9 11 p = 55 3 6 T 11
= 10 1 3 10 13 P = 56 3 6 9 13
= i1 1 3 12 14 P = 57 3 7 8 9
= 12 1 4 5 9 P = 58 3 7T 12 13
= 13 1 4 6 13 p = 59 3 8 10 12
= 14 1 4 7 11 P = 60 3 8 13 14
= 15 1 4 8 12 p = 61 3 10 11 14
= 16 i 4 10 14 P = 62 % 5 6 11
= 17 1 5 8 10 P = 63 4 5 8 14
= 18 1 5 11 14 P = 64 4 5 7 10
= 19 1 5 12 13 P = 65 4 6 7 8
= 20 1 6 T 14 P = 66 4 6 9 14
= 21 1 6 9 12 P = 67 4 7 9 12
= 22 1 6 10 11 p = 68 4 8 10 13
= 23 1 T 9 13 P = 69 4 9 11 13
= 24 1 T 10 12 P = 70 4 10 11 12
= 25 1 8 9 14 P = 71 4 12 13 14
= 26 1 8 11 13 P = 72 5 6 7 9
= 27 2 3 5 8 P = 73 5 6 8 12
= 28 2 3 9 12 P = 74 5 6 13 14
= 29 2 3 11 13 P = 75 5 7 8§ 13
= 30 2 3 6 14 P = 76 5 7T 12 14
= 31 2 3 T 10 P = T7 5 8 9 11
= 32 2 4 5 12 P = 78 5 9 10 12
= 33 2 4 T 13 P = 79 5 10 11 13
= 34 2 4 8 9 p = 80 6 7 10 13
= 35 2 4 6 10 P = 81 6 8 9 10
= 36 2 4 11 14 p = 82 6 8 11 14
= 37 2 5 T 11 P = 83 6 10 12 14
= 38 2 5 9 13 P = 84 6 11 12 13
= 39 2 5 10 14 P = 85 7 8 10 14
= 40 2 6 7 12 P = 86 7 g8 11 12
= 41 2 6 8 13 P = 87 7 9 10 11
= 42 2 6 9 11 P = 88 7 11 13 14
= 43 2 7 9 1l& p = 89 8 9 12 13
= 44 2 8 10 11 P = 90 9 10 13 14
= 45 2 8 12 14 P = 91 9 11 12 14
= 46 2 10 12 13

V‘OU‘O'C'UTJ‘U‘U?'U'U'O'U'U'O"U‘O‘C'Q‘O'U’J'O'U'U'UU'U‘U‘U'U‘U'U'U'U'U'JV'U‘U'U'U’O"O‘U



2.28

THE SYSTEM kg B2 #ddkkk

TRIPLE SYSTEM

ASSDCI. WITH 1 2 3 4 5 6 7T 8 9.10 11 12 13 14
IS OF TYPE B B B B8 B A A A B A B B A A
P = 1 1 2 3 4 P= 47 3 4 5 12
P = 2 1 2 5 & P = 48 3 4 13 14
P = 3 1 2 1 8 P = 49 3 4 6 11
p = 4 1 2 9 10 P= 50 3 4 7 10
P = 5 1 2 11 12 P= 51 3 4 8 9
P = 6 1 2 13 14 P= 52 3 5 &6 14
P = 7 1 3 5 7 P= 53 3 5 9 13
p = 8 1 3 6 8 P= 54 3 5 10 11
P = 9 1 3 9 11 P= 55 3 6 9 10
P = 10 1 3 10 13 P= 56 3 6 12 13
P = 11 1 3 12 14 P= 57 3 7 8 13
P = 12 1 4 S5 9 P= 58 37T 9 14
P = 13 1 4 6 13 P= 59 307 11 12
P = 14 1 4 7 11 P= 60 3 8 10 12
P = 15 1 4 8 12 P =61 3 8 11 14
P = 16 1 4 10 14 P= 62 4 5 6 10
P = 17 1 S5 8 10 P= 63 4 5 8 13
P = 18 1 5 11 14 P= 64 4 5 1T 14
P = 19 1 5 12 13 P= 65 4 6 1 8

P = 20 1 6 7 14 P= 66 4 6 9 14
P = 21 1 6 9 12 P= 67 4 7 12 13
P = 22 1 6 10 11 P =68 4 8 10 11
P = 23 1 7 9 13 P= 69 4 9 10 12
P = 24 1 7 10 12 P="70 4 9 11 13
P = 25 1 8 9 14 P= 71 4 11 12 14
P = 26 1 8 11 13 P= 72 5 6 7 12
P o= 27 2 3 5 8 P= 73 5 6 11 13
P = 28 2 3 9 12 P = T4 5 6 8 9
P = 29 2 3 11 13 P= 75 5 7 8 11
P = 30 2 3 10 14 P= 76 5 7 9 10
P = 31 2 3 6 7 P= 77 5 8 12 14
P = 32 2 4 5 11 P= 78 5 9 11 12
P = 33 2 4 6 12 P= 79 5 10 13 14
P = 34 2 4 T 9 P= 80 6 7 9 11
P = 135 2 4 10 13 P= 81 6 7 10 13
P = 36 2 4 8 14 P = 82 6 8 11 12
P = 37 2 5 7 13 P = 83 6 8 13 14
P = 38 2 5 9 14 P= 84 6 10 12 14
P = 39 2 5 10 12 P= 85 7 8 9 12
P = 40 2 6 8 10 P= 86 7 8 10 14
P = 41 2 6 11 14 P = 87 7 11 13 14
P = 42 2 6 9 13 P = 88 8 9 10 13
P = 43 2 7 10 11 P= 89 9 10 11 14
P = 44 2 7 12 14 P= 90 9 12 13 14
P = 45 2 8 9 11 P = 91 10 11 12 13
P = 46 2 8 12 13
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" First 35-cycle

1.9 <12 1.3 {414 | 1.5 [~ 1.6 |~ 1.7 || 1.1
17912
—={25412H 61018141257 3689 [H{14710
145eHes013H2s0nH 34013 semul"
346l
35814\
—={91112141-24 713H351112H{6 781034 59
soeul{2678 H1anzHzs00H 1621}
Toum)”
SRBN__
— 181314123911 41101214 |34 6 7 {8 91012
8121314-36711-15914-46811-25714/
23a8)”




1.4 24“4\
—J2s5613{18101]]451314|d 37910 a6 8 14
2613141 3710581213} {16 79 an2l”
sonnl
1.5 391113\
—l27112H14 56 H29121334 8106 7 913
2711334 51026121435 78 '121014/
yrre
1.6 12810
v \
—1311uuHs7912H 281114l ls69101{23 78
1231 H4 9 102 711314 361012 451113/
YY)
1.7 45611\
—J151013H38124161113Ha78 9 {3 61011
1510nesoal1233Ha 7081292
mmz/

3.2



3.3

Second 35-cycle

2.1 2458
=LA \

—=147912 413101114}2789 H15113 |- 281214 —

489241351670 ssznie sl

\

10111213

2.2 191013
== \

—=45610 423712 H46913H 12114591213~

459‘50—~127?%—@5812—-‘35714—34811/

2354

/
23 341114 \\

—= 138056 713H481014H 2111213414 514 |—

]

13400 H261l 580016 nzlz700

\

171213




3.4

2.4 271012\
- —{379MH{16 814 391012/ 2 51314{{1101112 |~
s7onl2suull1ss9 Hossnllaaen)
561114/
2.5 35613\\
—12467H89M12{3457 112131423 511 —
2367Ho121314H 47101112913 781014/
128}
2.6 17 814 ~ ‘
—681013 /245916 710 H511214 {12 713 |~
67813 H4s2ul 2300 enn1 36912/
sensl”
2.7 6 91112
-_.38914-\111\1013-36811 12 5 12 [H6 113 14—
6891l 151012378 20eulas 78}
12 414/



APPENDIX 4

Seven G6-cycles & All Their Appéndices

of Quadruple System A24



"FIRST  6-CYCLE
1,? \ %.3 \ ‘!.5 \
—11589 Ha7104—={13813H6101114}—={12812Ha6 711}
1.2 / 14 1.6
. 1235 1.1
491112H2 81314 —=. —
13410H29113H46 714
13 79 Hsn123]= N
—=1589H471014}=
45813H2369
> 781314-35612-471011/
567 H131012
891213/ 1.2
35812
791314-12511E \- 13
681214H25713H4101114
8101213H23 7 9 N
—=113813H61011 14}
12314H451213 =
121011H34912H6 71014
34510H68 912
12913/ a4
13912
2101113H3578 ~ 15
, 14911H23510Hd671114
1269 H5101213 = \é\
—=112812H46 7 11 |-
581112H 23914
5678—9121314-461011/
361214H14 9 13|
, 25813 16

4,1



4.2

SECOND 6-CYCLE
2.1 \ 2.3 \ 2.5 \
—=1151013H 381112—=157910H 281114 |—=| 456 10H 2 312 14}—=
2.2 / 2.4 2.6
491013 K 2.1
191012H26 713 \ E—
391011H1247 H381214
1236 4578;» \
1510134381112 =
35713H14 914
57812H691314H231112
4121314H6 91011
56913
178124241013 EL_ 23
56814H471213H23811
56711 H14 912 "~
—=157910H281114 =
391113H156 14 _
241011H1369 Hg111214 | .
48910H36713
14710/ 2.4
16 910
24711 H591213 ~ 2.9
12310H491113H2 81214
14104 He 7113 | == \5\61
—14 OH231214}—=
68914 H13 710 >
5121314H16 78 H231114
25613H1489 | —=
| 257 2.6



4.3

THIRD  6-CYCLE
3.1 \ 3.3 \ 3.5 \
—={7101113H256 9 —={1111213H24 58 |—=3111314 H4 6 8 9 |—=
3.2 / 3.4 3.6
13711 3.1
1610011 {a71214 | N =
12911H341012H56 89
491014351213 |= P Iy
—={7101113H2 .
791213H13 810 '
561213H1 7 8 14 2469/
3678 H121114 : 3.2
10121314 LS
3101112 3.3
13511 H791214 E_s —
23411 H191014H2568
1279 Hs01312 ~
—=11111213H24 5 8-
2121314 H13 6 10 ,
58i314H36 712H24 59
561012H34 711 -
171314/ 34
1101114 35
381011H2 71214 —=
491011H1237H4a568
2341216 713]= ~
—=13111314H4 6 8 9 |—
471314H13 510
67813 H5101214H248 9
15814H9101112| = 26
371213 .U



4.4

FOURTH 6-CYCLE
414 \ 4.3 \ 4.5 \
——27112H141314}—=126710H34513—={2789H13514}—=
4-2 / 4.4 4'6
291012 4.1
13811H67 913 ~= \ —
!12410-36911-151314
2101114H36 812 .
—=1271112H1 41314 )=
591214H24 810 .
671314-581012-13414/
l16712H591011 4.2
67811 L
{2691 4.3
141012H5 78 11 . ~. e il
2349H181011H4 51314
2910131 6 8 12 N
—el26710H3 4513}
4678 H9101114
57813H691214H1 3413
6111314H2 3912
781012/ 44
281011
3469 H7101214 ~ 1 45
12311H491012H 351314
25911H4 6812 = \2789 -
R = - -
581013H12 611
571214H6 81113H13 4 5
37 812H 9101113 | =
6792 4.6



4.5

FIFTH 6-CYCLE
5.1 \ 5.3 \ 5.5 \
—=12 4 612137810 [—={4111214{3 7 913(—={14 512 {8 91013~
5.2 / 5.4 5.6
251214 5.1
6101214 H1 21113 [ \ -
7 81214H561113H3 8 910
16813-34511; \
—e2 4 612H3 78 10}
24811H56914
341011H12914 781013/
25910H1 7 1214| = - 59
14 611 —=
12414
361011H251213 \___‘ 3.3
1349 H251011H3 7813
147 ul561018|—— ™~
—e=1 4111214H3 7 913 |—
571213H16 814H 37910
27814H1469 | ==
561112/, 3.4
24511 | :
13914H681112 ~ 2.3
24910H13611H78 913
12413435614 = ~
—=114512H 891013 }—
56912H12 711 [~ =g
6 81213H25714H 391013
571113H 2 41014 | ==
Terzal—" 5.6



SIXTH  6-CYCLE
6.1 F 6.3 \ 6.5 \
—=134614H591u12—12368H17912={361013H15 711
6.2 / 6.4 6.6 |
46813 6.1
681114H24 710~ \s_ ]
56 812H271314H15 911
57mm123m3L;» \\s
—={34614H591112
141113 H6 81012 =g
23911H14 810 H5 71112
2345 H181314 —
. 23mm//’- 6.2
34 810 '
231012H 8111314 - T~ 63
13910H241113H57 912
291114H4 6 713 — ~
—l2368H17912
68913H24510
67HB-58MM1IQHH’/i
45812H131014
ZGBM//,' 64
|
23413 |
18910H25614 ~ 65
' 13411 H291014H15 712 A
34710H8 91314 | = \;;bw 1
— 15711
161314H2 41012 =
567M~48MB~179H//{'
2 71213H3 4 811 |=
‘ 6soul— 6.6

4.6 -



4.7

SEVENTH  6-CYCLE
7.4 \ 7.3 \ 7.5 \
—={38914H12613|—=145914H161012—={7 91114 H 2101213}
1.2 / 7.4 7.6
35714 7.1
8111213 H14 7 9 [~ \\x -
T 34uu!ssmua47m2-12mm
_ —={38914 H1 2613 |=
34913457810
1249-35un1-25umz/”/
23710 senm!;v» -
2soul 12
147814
15718 {3 41113 ~ 1.3
6 71214H 5 81113 H1 2 6 10
356134891011 "~
—={45914H161012}—
46911 H2578 e
191011H2347 H1 61213
1248 H3 71214
ssonl 14
3479
151011~481314\,.&\ | ~. 15
239100H14811H6101213
391112H1578 | = I~
L —={791114 H2101213}—
46712H2359
senul|3567 Hizol
78104H34611 | ==
581114 16



APPENDIX 5

Three 6-cycles & All Their Appendices

———

of Quadruple System B1



5.1

6-CYCLE

FIRST

= P~ 0 O
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5.2

1.1

6-CYCLE
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5.4

6-CYCLE
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APPENDIX 6

Two 24-cycles & All Their Appendices

- of Quadruple System B2
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APPENDIX 7

Program ( COMB 5 )



79

61

122

62

63

11

12
90

IMPLICIT INTVEGER (A-Y)

7.1

COMMON / / AyDsCeEA{LO)sED(10,10),EC({L0510,10), PASSvB(273 5)y
L L(15),A1(15) 01(15)9C1(15)9APN(11)9AHN(10911)9AKN(10910910):

2 BC(1091092695)90CH(12) OLT{10,104510912)9JJ(10,10,10),
3 CAP(10,10,10),COUN(10,10,10), TLL(IZ)vKA(10910710)908(10)9

4 CB{10,10)¢BD(105915+5)
COMMON /BLL1/ CH(100,2),1S
277=0
READ (5,79) 22
FORMAT (F8.0)

CALL $TRTM(ZTIME)
DO 1 I=1,15
L(I)=1

CONTINUE

READ (5,64) DIREC

FDRMAT (11)

IF (DIREC EQ. O0) GO TO 3

CALL READ2

GO 70 90

READ (5,59) ((B{(PsG)sG=1e5)9P=1,91)

FORMAT (3512)

WRITE (6,61) ((B(P;G}eG=155),P=1s91)

FORMAT (8(14,413))

A=1

APN{A)=91

CALL FINDA

WRITE (6,62} (AL{I),I=1,15)
FORMAT (°0Al = 9,1514)

DO 6 I=1,15

IF (AL(1) .LT. 91) GO YO 7
CONTINUE

GO T3 130

EA(A)=L(I)

H=0 -

CALL TOMA(H)

D=1

AHN(A,D)=H

CALL REARRA

HP=AHN (A, D} #+1

DO 8 H=HP,91

BD(AyH, 1)=EA(A)

CONTINUE

CALL FINDD

WRITE (6,63) (DL{I)el=1,15)
FORMAT (°* DL = °,1514%)

PO 11 1=1,15

IF (DI(I) .LT. 26) GO TO 12
CONTINUE

GO YO 120

ED(A,D)=L{I)

CONTINUE

ZT=ITIME

CALL $TPTM(ZT)

ITT=2TT+27

IF (ZTT .GE. ZZ) GO TO 161
CALL $TRTM{ZTIME)




13
15

16

17

18

20

21

22

19

24

23

K=0

CALL TOMD(K}

C=1

AKN({A:D,C}=K

CALL REARRD
KP=AKN({A;D,C)+1

DO 13 K=KP,26
BC{A,DyK,1)=EA{A)
BC(A’DQK12’=ED(A90)
CONTINUE

CALL FINDC

DO 15 I=1,15

IF (C1(I) LY. 6) GO TO 17
CONTINUE

GO T3 110

KC=6-C1{1I}

EC{A,Dy,C)=L(1}

KA(A, D'C’-_-AKN(A’ DVC)"'KC
K2=KA(A701C)
KP=AKN(A,D,Ci+1

DO 18 K=KPyK2
BC(A109K13)=EC(A109C’
CONTINUE

Q=0

K1=AKN{A,D,C)

DO 19 K=1,K1

IF (EC(A,D,C) -EQ. BC(A,D,K,3}) GO TO 20
IF {(EC(A+D¢C) -EQ. BC{AsDsKs4))} GO TO 21
IF (EC(AysDoC) oEQ. BC({AyDyKy5}) GO TO 22
GO TO 19

Q=Q+1
OCH{2*Q—-1)=BC(AsDyKy &)
OCH(2%Q)=BC(AsDsKy5)

GO 70 19

Q=Q+1
OCH(2%Q—-1)=BC{A;D,K¢3)
OCH(2%Q)}=BC(AsDsK;5)

GD 10 19

Q=Q+1
OCH(2%Q-1)=BC(A¢DosKe3)
DCH(2%Q)=BC{A,DyKy4)
CONTINUE '

QQ=Q

J=0

DD 23 I=1,15

IF (L{I) .EQ. EC(A,D,C})) GO TO 23
IF (CLl(I) .GE. 6) GO TO 23
D0 24 Q=1+QQ

IF (L{I) .EQ. OCH{2*Q-1) .OR. L(I}) .EQ.
CONTINUE

J=J+1

DLT(A,D,CyJd)=LLIT)

CONTINUE

JJ(A;DsCY=J
J1=JJ{A;D,C)
CAP(A,DeCh=1

OCH(2*Q) )

GO TO 23
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D3 26 F=1,d1e2
CONTINUE

COUN(A,D,C)=0

CALL CHECKO

GO 10 27
COUN{A,DsC)=COUN{A,D,C)+1
IF (COUN(A¢Dy,C}) -EQ. CAP(AyD,C)) GO TO 29
CALL COMB

J1=JJ(AeDsC)

J2=J1/72%2

IF (J1 .NE. J2) GO YO 162
DI 30 J=1,J1
TLL(J)=0LT{A;D,CyJ)
CONTINUE

CALL PERM

PASS=0

CALL CHECKC

IF (PASS -EQ. O0) GO TO 31
IF (COUN(A,D,C) .LT. CAP(A,D,C)) GO TO 28
C=C-1

IF {(C .GT. 0) GO YO 128
D=D-1

1F (D .GT. 0) GO TO 32
A=A-1

IF (A .GT. 0) GO 7O 33
GO 7D 150

CALL CHECKD

GO TO 28

D=DB(A)

C=CB(A,D)

CALL CHECKO

GO 7O 28

Y=0

K].:AKN(A' D,C)+1
K2=KA{AsD,C)

DO 34 K=K1lyK2

Y=Y+l
BC(AsDyKe4)=TLL(2%Y~-1)
BC{AsDeKeS)=TLL(2%Y)
CONTINUE

C=C+1
AKN(A; Dy CY=KA(AsD,C—-11}
G0 70 15

CR{A,D)=C-1

H=AHN(A,D)
K1=AKN{AD,y1)+1

D] 35 K=K1l;26

H=H¢1

DO 36 G=1,5
BO(AsHyG)=BC{A; DK, G)
CONTINUE

CONTINUE

D=D+1

AHN{A,D}=H

GO 10 9
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CONT INUE

WRITE (6,51} A,D

FORMAT (°0A 8314 95%X9% D = 3914)
FIORMATY (¢ H 8, 14,5%X,514)

WRITE (6:50) (Ho(BD{AsHG) 3G=1s5)sH=1,91)
DB(A)=D-1

P=APN(A}

Hl=AdN(A;1})+1

D0 37 H=HLl,91

P=pP+1]

DD 38 G=1,5

B{PsG)=BD(AsH;G)

CONTINUE

CONT INUE

A=A+1

APN{A)=P

GO 10 122

IF (P .GF. 273} GO TO 140

WRITE (6:56)

GD 70 160 »
FORMAT (°0 THERE IS NO SUCH A SYSTEM °®)
D] 39 P=1,273

WRITE (6357) Pe(B(PyG)sG=1+5)
CONTINUE

FORMAT (®* P = 9,14,5X:514%)

WRITE (7+s54) ({(B{PyG}G=14,5)3P=1,273)
FORMAT {3512}

GO T2 160

WRITE (6,77} AgDyC

FORMAT (*OERROR ON OLT, THE NUMBER IS NOT EVEN®!314)
GO T2 160

CALL WRITE2

CALL EXIT

END

SUBROUTINE FINDA

IMPLICIT INTEGER (A-Y)

COMMON / / AyDyCyEA(10)4ED(10,10),EC(10,10410),PASS;B(273,5),
1 L(15),AL(15),D1(15),CL{15) APN(L1)sAHN(10511),AKN(10,10,10},

2 RC(109s1092695),0CH{12),0LT(10510,10912),+JJ(10+10510)
3 :CAP{10,10,10),COUN{10,10,10),TLL(12)sKA(10,10,10),DB(10),
4 CB(10510)+BD(10+9145)

DO 1 I=1,15
Al(1})=0
CONTINUE
P1=APN(A)

PO 3 I=1,15
DD 4 P=1l,P1l
DO 5 G=145

IF (L(I) .NE. BI(P;G))} GO TO 5
AL{T)=A1(1)¢]
CONTINUE
CONTINUE
CONTINUE
RETURN

END
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SUBROUTINE FINDD

IMPLICIT INTEGER (A-Y)

COMMON / / A;DsCoEA{10)-ED(10,10)¢EC(L10510,10)9PASS:B(273,5),
I L{15)9AL(15),4D1{15),C1{15)APN(LL),AHN{L0,11)AKN(10,10,10),
2 BC(10,10,26,5),0CH{12)s0LT{10,10510912)+9JJ(L010510),

3 CAP{10,105,10),COUN(10,10,10),TLL(12),KA{10,10,10),D0B(10),
4 CB{10,10) ,8D(10,91,5)

DO 1 I=1,15

DL{I})=0
1 CONTINUE
2 H1=AHN{A,D)
DO 3 I=1,15
D] 4 H=1l,H1
DO 5 G=1:5
IF (L(I) «NE. BD(AsH»G)) GO YO 5
D1L(I)=D1(I)+1
CONT INUE
CONTINUE
CONTINUE
RETURN
END

woHon

SUBROUT INE FINDC

IMPLICIY INTEGER (A-Y)

COMMON / / A,DyCyEA{10),ED(10,10),EC{10,10,10)PASS,B(273, 5).

1 L{15),AL(15),D1(15),Cl{15)oAPN{L1)AHN{10,11),AKN(10,10,10},
2 BC(IO,IO,Zb,S),OCH(IZ)'OLT(10s10,10912)7JJ(lOy10;10)o

3 CAP{10,10,10),COUN(10,10,10),TLL{12)+KA{10,10,10),DB(10),

4 CB{LOy10),8D{10,91,5)

DI 1 I=1,15

cL{I)=0
1 CONTINUE
2 K1=AKN(A,D,C)

DO 3 I=1,15 TRI
DO 4 K=1,K1 S
D) 5 G=1,5
IF (L{I) oNE. BC(A,D;K,G)) GO TO 5
Cl(I)=C1l(1)+1
CONT INUE
CONTINUE
CONTINUE
RETJRN 1
END [

[S IR

SUBRJIUTINE TOMA(H) :
IMPLICIT INTEGER {A-Y} *
COMMON / /7 AyDyCoFA{10),ED(10,10),EC{10,10510)PASS,B(273,5),

1 L(15)sAL(15),D1015)oC1{15)9APN{L1)AHN{10,113,AKN(10,20,10),

2 BClL10s1092655) yDCH{L2) yOLT{10,10510512),JJ(10,10,10),
3 CAP(10510,10),COUN(LO5105,10),TLL(12),KA(10+10,10),0B(10),
4 CB(10,10),BD(10,91,5)

P1=APN(A) '



DO 1 P=1,P1
DO 2 G=1,5 _
IF (B(P,G) -EQ. EA(A)) GO TO 3 .
2 CONTINUE
GO YO 1
3 H=H+1
DO 4 6G=1,5
BD{AgHG)=B{P:G)
4 CONTINUE
1 CONTINUE
RETURN
END

SUBRIUTINE TOMDIK)
IMPLICIT INTEGER {(A-Y)

7.6

COMMON / / AyDyCoEA(LO),ED(10,10)sEC{L0,10510)sPASS,B(27355),
1 L(15),A1(15)4D1{15)+sCL{15) jAPNILL) yAHN(L10s11)oAKN(10,10,101,

2 BC(10,10+26,5),0CH{12),0LT(10o10410:123,5JJ(105,10,10)
3 CAP(10510,10)sCOUN{(L105105,10),TLL(L12),KA{10,10+1L0)oDB(10),
4 CB(10,10),BD{10,91,5)
H1=AHN({A,D)
DO 1 H=1l,H1
DD 2 G=1+5
IF {BD(AyHy,G) -EQ. ED(A,D)) GO TO 3
2 CONTINUE
. GD 70 1
3 K=K+l
DO 4 G=1:5
BC(A' DyK' G,=BD(ApHQG)
4 CONTINUE
1 CONTINUE
RETJRN
END

SUBROUTINE PERM
IMPLICIT INTEGER (A-Y)

COMMIN / / AyDyCoEA(10),ED(10410),EC(10,10+10)4PASS,B(273,51),
1 L(15),AL{15),D1(15),CL{15)sAPN{11)AHN(10s11)+AKN(10,10,10},

2 BC(10,10426,5)s0CH{12),0LT{10,10,109120¥544(10+10,10),
3 CAP{10,10,10),COUN{10,10,10),TLL(12)+KA{L10+10,10),DB(10),
4 CB(10,10),BD(10,91,5)

P=JJ(A,D,C)/2

DO 1 H=1,4P

TF (TLL(2%H-1) oLE. TLL{2%H)) GO TO 1

CPU=TLL(2%H~1)

TLL{2%H-1)=TLL{2%H)

TLL(2%H)=CPU
1 CONTINUE

RETURN

END
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SUBROUTINE REARRA

IMPLICIT INTEGER {(A-Y)

COMMON /7 / A;D,C,EA(10) sEDI{10,10)¢EC(10,10,10)sPASS,B(273,5),
1 L{15),A1{15),D1(15),C1{15) sAPN(11)AHNC(LO,11)AKN{10,10,10),
2 BC(10,1072635340CH(L12),0LT{10,20510012)5J710,10,10},

3 CAP(10,10,10)sCOUN(LO,10,10),TLL(12),KA(10,10,10),DB(10),

4 CB(10,10),BD(10,91,5)

HH=AHN{A,D)

DO 1 H=1HH

DD 2 6=2,5

IF (EA(A) .EQ. BD{AyH,G}) GO TO 3
GO T3 2

GG=6+1

6G=56-1

IF (35 -EQ. 1) GO TO 5
BD(A'H'GG)=BD(A9HQGG-1)
GO YO 4

BD{AsH, 1)=EA(A)

CONT INUE

CONTINUE

RETURN

END

SUBROUTINE REARRD

IMPLICIT INTEGER (A-Y)

COMMON / 7/ AyDyCoEACLO) ED(10,10)4EC(L0510,10)9PASSyB(273,5),
1 L{15),AL(15),D1(15),CL(15) sAPN{11) sAHN(10s11)9sAKN{10,10,10)

2 BC(lOe1092615)v0CH(12)v0LT(lOVIOOIOvIZ’QJJ(10,10910,'
3 CAP(10,10,10),COUN{LO,10,10), TLL{L12)eKA(10,10,10),DB(10},
4 CB(10;10),8D(10s9145)

KK=AKN{A,D;C)

DO 1 K=1,KK

DO 2 G= 2,5

IF (ED(A,D) -EQe. BC(A,DyKyG}} GO TO 3
GO 10 2

G6=G+1

66=66-1

IF (GG -.EQ. 2) GO TO 5
BC(A’D'K’GG’=BC(A'D’K’GG_I’
GO TJ &

BC(A,D,K92)=ED(AQD)
CONTINUE

CONT INUE

RETURN

END

SUBRIJUTINE CHECKO

IMPLICIT INTEGER {A-Y)

COMMON / / AyD;CoEA(LO)ED(10,101), EC(lOplOle)yPASS,B(273 5)oe
1 L{15)A1(15),D1(15),CL{15) APN{LL) sAHN(10,11)AKN({10410,10)5
2 BC(IOp10926,5)pOCH(lZ)rDLT(lOlelele)1JJ(lOleolO’v
3 CAP{10,10,10),COUN{LO,10,10),TLL(L2):KA({L10510,10),DB(10),

4 CB{10,10):,8D(10+91¢5)

COMMON /BLY/ CH(100,21}),1IS

KL=AKN{AsD,C}
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H1=AHN(A,D)

P1=APN{A}

$=0

DO 1 K=1,K1

S=S+1

CH(511)=BC(A901K94)

CH(592’=BC(A901K9 5)

CONT INUE

D0 2 H=1,H1

IF (BD(AsHs3) NE. EC{A,D,C)) GO TO 2
$=5+1 :
CH{S,1)=BD{AsH:4)

CH{S+2)}=BD{AyH,5}

CONTINUE

D0 3 P=1,P1

IF (B{P¢2) .NE. ED(Ay,D) -OR. B{Py3) .NE. EC(A,D:C)) GO TO 3
$=S+1

CH(S,1)=B(Py4)

CH{(S,2)=B{P,5)

CONTINUE

IS=§

RETURN

END

SUBROUTINE CHECKC

IMPLICIT INTEGER (A-Y)

COMMON /7 / AprCyEA(lO).ED(10,10)1EC(10010110’7PASSrB(273,5)g
1 L(15)9A1(15)yDl(lS),Cl(lS)vAPN(ll)yAHN(10911)»AKN(10910v10){
2 BC(1091092605’vOCH(lZ)vULT(lOflOQlOle)9JJ(10110910”

3 CAP(IOglOglO)gCOUNl10.10,10),TLL(IZ)vKA(10:10!10)908(10)9
4 CB(L10510)+BD{(10,9145)

COMMON /BLL1/ CH(100,2),I1IS

P=JJ(Ay;DsC)}/2

DO 1 H=1,P

DO 2 S=1,1S

IF (TLL{2%H~1) .EQe CH(S,1) <AND. TLL(2%H) «EQ. CHI(S,2)) GO TO 3

CONTINUE

CONT INUE

GO 70 ¢4

PASS=1

RETURN

END

SUBRJUTINE COMB

IMPLICIT INTEGER (A-Y)

COMMION / / AprCoEA(lO)yED(lOleDoEC(10y10v10)yPASS'B(273.5)9
1 L(IS),A1(15),DI(15),Cl(15):APN(11)1AHN(10,11)9AKN(10»10¢10)r
2 BC(10910,2695)90CH(12)vULT(lO;lOolOrlZ)wJJ(lOo10:10)9
3 CA2(10410,10),COUN{LO,10510),TLL(12)¢KA({10,10410),DB(10),

4 CB(10,+10)+sBD(10,91,5) '

DIMENSION LL{12)

KK=JJ(A,D5C)

KOUN=COUN(A,D,C)

DD 13 I=1,KK



LLOI)=0LT(A,DsCp 1)

13 CONTINUE
N=KK=2
STOR=LL{N)

J=KK-1
DO 10 I=N,J
LL{D)=LL(I+1}

10 CONTINUE
LLIKK)=STOR
AA=KDJUN-KOUN/3%3
BB=KOUN-KOUN/15%15
CC=KOUN-KOUN/105%*1

05

DD=KOUN-KOUN/ 945%945
EE=KOUN-KOUN/10395%10395

IF {EE .EQ. 0) GO

IF (DD .EQ. 0) GO

IF (C .EQ. 0) GO

IF (BB .EQ. 0) GO

IF (AA .EQ. 0) GO

GO T3 11

G=2

GO TO 7

G=4

GO T2 7

G=6

GO YO 7

G=8

GO TD 7

6=10

N=N=-2

STOR=LL{N)

DO 20 [=N,J

LLOT)=LLCI+1)

20 CONTINUE
LL(K<)=STOR
M=KK-2-G

HOowW N e

-~

Y0
T0
10
T0
TO

5

4
3
2
1

IF (N .EQsM) GO TO 11

Gd Y2 7
11 DD 12 I=1,KK
OLT(AsDoCoI)=LLI{I)
12 CONVINUE
RETURN
END

SUBRDOUT INE WRITEZ2

IMPLICIT INTEGER {A-Y)

COMMON /7 / AsDyCoEA(LO) 4ED(10,10)+EC({10410,10) PASSsB(273,5),
1 L(15),AL{15)9DL(15),C1(15)sAPN(11)yAHN(10,11),AKN(1O,10,10),
2 BCL10s10¢26,5),0CH{L12),0LT{L0,10,10512)9JJ(10:10,10),

3 CAP(10210510),COUN{10510510),TLL(12),KA(10+10,10),DB(10),

4 CB{10,10)+8D(10491,5%)

WRITE (6455)

55 FORMAT (*OTIMER INTERRUPT ROUTINE?)

WRITE (6,56) AyD
56 FIRMAT (00%&kzk A

"149!

D

" 514)
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REWIND 8

WRITE (8) A,D

IF (A .EQ. 1) GO 7O 9
A2=A~1

DO 1 AA=1,A2

WRITE (8) DB(AA,VEA(AA)?APN(AA)?((BD(AAQHQG)QG=195)9H=1991

DF=NDB{AA)

DO 2 DD=1,DF

WRITE (8) CB(AAyDD), AHN(AA,DD),ED(AA,DD),
1 ((BC(AA,DDQK»G),G=195)'K=1'26)
CF=CB(AA;DD)

DO 3 CC=1,4CF

WRITE (8) AKN{AA,DD,CC)sCAP(AA,DDyCC)sCOUN(AA,DD,CC)sJJ(AA,DD,CC),

1 KA(AA,DD,CC),EC{AA,DD,CC}
J1=JJ(AA,DD,CC)

DO 4 Jd=1,J1

WRITE (8) OLT(AA,DD,CC,J)
CONTINVE

CONTINUE

CONTINUE

CONTINUE

WRITE (8) APNIA},EA(A)

IF (D .FQ. 1) GO TO 10

D2=D-1

DO 5 DD=1,D2

WRITE (8) CB{A,DD),ED{A,DD),AHN{A,DD},
i ‘(BC(A,DD,KQG)QG=195’;K=1926)
CF=CB(A,DD)

DO 6 CC=1,CF

7.10

WRITE (8) AKN{A,DD,CC)sCAP(AsDD,CCIsCOUN(A,DD+CC)oJJIJ(A,DD,CC)»

1 KA(A;DOD,CC) oEC{A,DD,CC)
Ji=JdJ(A,DD;CC}

DO 7 J=1,J1

WRITE (8) OLT(A;DD,CC,J)

CONT INUE

CONTINUE

CONTINUE

WRITE (8) AHN(A,D),ED(A,D)
H1=AHN(A ;D)

WRITE (8) ((BD{AsHsG)sG=195) ¢H=1,H1)
P1=APN(A)

DO 8 P=1,P1

WRITE (8) (B(PyGleG=1,5)
WRITE (6,50) P, (B{P,G),G=1,5)
FORMAT (¢ P = '91413Xv514)
CONT INUE

WRITE (6452) (Hy(BD{AsH;G) 9sG=1s5)9sH=14H1)

FIRMAT (¢ H = *,1443Xy514)
END FILE 8

RETURN

END

SUBRIJUTINE READZ2
IMPLICZIT INTEGER (A-Y)

COMMON / / AyDeCoEA(LO),ED(10,10),EC(L0,1C,10),PASS,B(27355),



O = NwW

oOwvVo~

52

51
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L L{L5)sAL(15)4DL{L5),CLLL5)APN(L11) sAHN(10,11),AKN(10,10,10),
2 BCUL0¢10¢26953,0CH(12),0LT(10,10,100,12)JJ(10,10,10},
3 CAP{10,10,10),COUN(LO910510)oTLL(L2),KA{10+105,20),DB(10),

4 CB(10,10)oBD{10,91,5)

REWIND 8

READ (8) A,D

IF (A -EQo.

A2=A~1

1) GO 70 9

D0 1 AA=1,A2

READ (8}

DF=DB(AA)

DB{AA)EA(AA) g APN{AA) ; ({(BD{AAyHyG) 4G=175) yH=1,91)

DO 2 DD=1,DF

READ (8)

CBUAA;DD) s AHN{AA,DD),ED(AA,DD)

1 ((BC(AA;DDyKyG)yG=1,5)9K=1,26)
CF=CB(AA,DD)
D0 3 CC=1,CF

READ {8}

AKN(AA,DD,CC)oCAP(AAvDDvCC)oCOUN(AAyDDaCC)1JJ(AAoDDoCC):

1 KA(AA,DD,CC),EC{AA,DD,CC)}
J1=JJ(AA,DD,CC)
DO 4 J=1,J1

READ (8}
CONT INUE
CONTINUE
CONTINUE
CONTINUE
READ (8}

IF (D -.EQ.

D2=D-1

OLT(AA,DD,yCC,J}

APNUA} JEALA)
1) GO 70 10

DD 5 DD=1,D2

READ (8)

CB(AsDD)ED{A,DD) s AHN(A DD},

1 (‘BC(A'DD’K,G)QG=IJS’9K=1'26)
CF=CB{A,DD} '
DO 6 CC=1,CF

READ (8}

AKN(A,DD,CC):CAP(AvDDsCC)yCUUN(A1009CC),JJ(A:DD,CC)u

1 KA{A,DD,CC),EC(A,DD,CC)
J1=JJlA,DD,CC}

DO 7 J=1,J1

READ (8) OLT{A,DD,CC,J)

CONT INUE
CONTINUE
CONTINUE
READ (8)

AHN({A3D)ED(A,D)

H1=AHN(A,D)

READ (8)

P1=APN{A)

{(BD{AHsG) 9G=1p5) gH=1,H1)

DD 8 P=1,P1

READ (8)

(B(P90)9G=175)

WRITE (6,50) Po{(B(PyG)yG=1,5)

FIRMAT (°

CONTINUE

p = °9[413X,514’

WRITE (6,52) (Hy, (BD(AsH»G)sG=1,5)sH=1,H1)

FORMAT (¢

H = 1,30493X¢514)

WRITE (6,51)
FORMAT (e O0%%kkk NEW PGM STAR HERE?®)

RETJRN
END



