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CHAPTER

Int,ro duction

This Èhesls considers four dffferent problems in combinatoriaL

design: stefner systems, Directed Triple systems, Handcuffed Designs

and Howe11 Designs.

In Chapter II we determlne Èhe number of isomorphism classes l-n

Ehe Steiner System S(3, 4, 14) Sínce S(3, 4 , L4) ts rhe ffrsr

quadrupl-e system r.¡hich couLd have more than one isomorphlsm cl-ass, a

serles of computer programs have been developed to compute Stelner Systems.

By considerfng the posslble ways ln which the Ëwo non-isomorphtc systems of

Eype s(2, 3, 13) may be embedded fn s(3, 4 , L4) iË has been derermined

thaE apart from fsomorphism there are exactly four non-Lsomorphic systems of

tyPe S(3, 4 , L4). Their automorphism groups have been determined. Further-

more, none of these can be embedded ln an s(4, 5, 15) so that s(4, 5, 15)

does not exfst

The main PurPose of fhe remaining chapËers is to consfder the

construcËfon of some comblnatorfaL deslgns. Baslcally, we use direct

consErucÈl-on methods, although some recursl-ve constructions are given.

In Chapter III and Chapter IV T¡re consider the block desfgns on a

graph. FirsË Ëo be studLed are dLrecËed triple systems which are examples

of block deslgns on directed graphs. These can be seen as a naÊural

generallzatfon of Steiner Trfple Systems. N.S. l"lendelsohn in his paper [5]
2

has shor^m that the cycllc Ëriple systems on the graph 1 lâ\' 3 exlst

forallposftivelntegral v suchthat "+z mod3 except v=l and
t

v = 6 . For trtpLe sysËems another possible graph fs 1 ß, s . I,ie call
triPle systems on thls graph dlrected trtpLe systems. In Chapter III we
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prove that for thfs klnd of triple system Ehe necessary condiËions for

exÍstence are also sufflcfenË. f.e. For all posltive integral- v, Ehe

condftlonsare "+2 mod3 and vlL

Another klnd of block design on graphs ís Ëhe handcuffed design.

A handcuffed design with parameters v, k, ¡ conslsts of a sysËem of

ordered k-subsets of a v-set, caL1ed handcuffed blocks. In a block

[Af, AZ , U each element is assumed to be handcuffed Lo lLs neighbours

and Ehe block contains k- t handcuffed pairs (41, A2) ,(Az, A3), ..., (\_ 1, \).
These palrs are considered unordered. The collectíon of handcuffed blocks

constlLute a handcuffed deslgn tf the folLowfng are satisfied: (1) each

element of the v-set appears amongsË the blocks the same number of ËLmes

(and at mosÈ once in a block) and (2) each pafr of dístlnct elements of the

v-set are handcuf fed in exactly ¡. of the bl-ocks.

I.Ie denote by H(v, k, ¡) the class of alL handcuffed designs

wiEh parameEers y, k, ¡ and say II(v,, k, I) exf.sËs if there is a deslgn

wlth parameters v¡ kr À .

In Chapter IV we prove that the necessary conditions for

H(v, k, ¡) to exlst are aLso sufficient 1n the followfng cases:

(r) À=1 or 23 (b) k=3; (c) k iseven k=2r,, and (Àr Zn-l) =1;
(d) k 1s odd, k = 2h*1r and (i,.r 4h) = 1 or (lr 4h) - 2.

In Chapter V we consider Ëhe HoweLl Deslgns. These can be seen

as a generaLLzatLon of Room Deslgns" Howell Designs have been used to consLruct

schedul-es for bridge movements for a long Lfme, but to consider them in the most

general way ls a development of Ëhe last trdo years. In thls chapEer $re
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generallzed the starter-adder method, Ëhe multlpllcatlon theorem, the

recursive consËruction theorem, which have been useful Ëools ln the study

of Room Designs. Especlally¡ r.re can use the generalízed starter-adder

method to consÈruct al-most every type of Howell Deslgns excepË some of

lower order sides, and such tSlpes we have proved cannot be constructed

by the starter-adder method. The method for constnrctlng the starter-adder

for the most general case fs given. For H(n*k, 2n) only finitely many

lower values of n have Ëo use special- meLhods. Conpl-ete ínformation ls

given for k = 0, 10, the onLy unknown cases befng H(8, 10) and

H(2n* L, 2n) , where n 1s even and n > 10



CHAPTER II

0n the Steiner Systems S(3, 4, 14) and S(4, 5, 15)

1. rntroducc{on. Let I - (Q¡ Br t, k, n) be a eysEem where a fs an

n-eeE, B fs a collecËfon of k-eubsets of the el.emenÈs of a called

blocke, euch that any t-eubseË of a belongs to exactly one block. we

caLx. T a stelner syscem and denote by s(t, k, n) Ehe set of all T

wlth parameËera t, k, n. rnstead of writlng I € s(t, k, n) we will
of,Èen say T le an S(t, k, n) " Problems of Lrnportance are Ehe number

of d{eÈlncL lsomorphlsm classes benongfng to s(t, k, n) and the

euÈomoryh{sm groups of a T, where T € s(t, k, n). T = (Q, B.o t, k, n)
***and I - (Q , B , t, k, n) are feomorphlc rf there ts a bl.Jectfon fror_

*
a Èo a^ whl.ch maps the brocke of B onÈo Ëhe blocke of B* An

automorphl.sm of T Lo a penmrÈatf.on of a whf.ch aleo perrrarËee the

blocks of B .

If I € S(2r 3¡ n) we refer to T ês a trlple system. A

crfple syetemexfets ff and only ff n = lmod 6 or n= 3mod 6, and

Èhe number of blocks fs
. ,- _ q,(lt_ 1)_o-î

Each element appears r tfmee amongsË the blocks where

--ka"zc

For n * 3, 7, 9 Ëhere ls only one syst,em, apart from

{'somorphfsm. For n - 13 there are tvro feomorphfsm claaees and for
n * 15 the number of lsomorphlem claeses fe 80. Ttre number of claases
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fncreaeer$ very rapf.dly wlth n " rn prtvaËe correapondence wfth

Jean Ðoyen the author has been {nforued thaÈ R. M. Wtlgon has proved

thaË for n - L9 aË Leaet 2r45o claesee exfet, for n - 2l Ëhe number

fe greater than 211601980 and for n - 25, the number fs greater than

!,63 r929 rg2g ,3¡.g r4oo .

If 1 É S(3r 4¡ n), we refer to I ae a quadnrple syatem. In
[3J, H. llanan{ ehohrs Ëhat I qtradnrple sygÈem exiets Lf and only tf
¡!=2@d6 or n=4mod6. rnaquadnrpl.esyeËemon n elementeff
ehere ene b blocks, and {f each element appeare in r blocke and each

paf,r of e!.ementg eppeare 1n f. bi.ocks then

n-2
^2

F'oç n - 4, 8, 10 there fo only one syatem aparË fro¡n feosrorphisu [lJ. For

n - !.4, r.n [ 1] , Eayo and De !{eck had conjectured Ehe exf stence of aÈ

LeaeÈ tïro f.somorphlsm cx.aeseg. Ttrfs work goeo back co t935. The

c@uËaÈ!.ona!. problem {e fomfdable.

The maln purpose of thfs chapter is Èo decermfne the number of
f.eomonphlem ctrasses Ln s(3, 4, ¡.4) and the suËomorphfsm groupa of each

c!.aes" Ttre ¡resulÈ ts thac Ëhe number of claeees fe 4, Ttrese, together
qtfÊh Èhelr autornor?hlsm groupg, are gLven in the rnal.n body of the paper

and tt¡e appendlcee. Ttre reeu¡.Ès are used to shorE that Ëhe cLase of
s(4, 5, 15) f e enpÈy. The reeu!.Èe have been obta!.ned uetng a number of
conçuÈer algorlthns deecrfbed fn r¿traÈ foL!,ows.

2. Inf Ëlatl.n& the Co¡npuÈatfon.

sÈage8 - the consËn¡ctfon of the

o€ leornorphf.sna.

Ttre corupuÈatf.on conslots of Eçro na{n

systems and then Ehe reduct{on by ¡neans
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Flret, tt fe clear that the blocke of an S(3,4, 14) whlch

conta{n a ffxed elemenÈ form an S(2, 3, 13) when Ehat elemenE fs

removed from each of the blocke" If the flxed element removed ls e,

Èhe correspondlng S(2, 3, 13) 1e called the syeËem associaËed wfth e.

An S(3, 4 , 14) contalne 14 aesocfared S(2, 3, 13) . To starE a

conputatlon $te take an s(2, 31 13) on the elemente 2, 3, 4, L4 and

Èo each of Èhe trfples we append the element 1 " Since there are onLy two

non-fsomorphfc S(2, 3, 13) , there sre essenrfally only two poesfble

starts for an s(3, 4, 14) . t{e can obtafn all non-Lgomorphtc s(3, 4, 14)

by findfng the syeÈems obËalned from theee t\ro starts and reductng the

systems thus found by teomorphlsm.

the tv¡o non-fsomorphfc S(2, 3, 13) on elementg (2, 3, L4)

are denot,ed by A and B and are gl.ven by:

A

234
256
27I
2 9LO
2 '!.L L2

213t4
357
368
3 911
31013
3 't2 L4

4s9
4 613
4 7L4*
4 812

*4L011

A

5 810
5 11 ¡.4

5 !.2 13
*6 7LL

6 9t2
*61014

7 9L3
7LOL2
8 914
I 11 t3

B

234
256
27 8

2 9LO
2 '!.L L2

2L3L4
357
3 6I
3 9L1
3L013
3L2L4
4s9
4 613

*4 7LL
4 8L2

*4LOL4

B

5 810
511 14

5 t2 13
rt6 7L4

6 9L2
*61011

7 9L3
7LOL2
8 9L4
81113
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These syeteme dlffer only in four trlples whlch are followed

by an asterlek and resulE from two fnterchanges of 11 and 14. System A

hae an automorphlen group of order 6 whfle system B has one of order 39.

To diet{ngufeh system A from system B 1n fsomorphfc copf.ee the noÈlon of

lnterlecfng due to F. N. Cole [2] le used. We say x and y are

lnterlaced ff ê¡ b¡ c¡ d exiet such that xab, xcd, yac, ybd are

trlples of the system. Cole dLscovered that for syetem B every elemenÈ

fnterlacee vrtÈh sfx other elemenËs wtrlle wfth sysÈem A every element

{nterlacee wlth 3 or 4 other elements. Hence, to dfscrimlnate A from B

r¿e need only compute Èhe lnÈerlaclngs of a sf.ngle element. l{?ren an

S(3r 4, 14) {s conrpleted we wiLl- assign a letter A or B to each symbol

according Âs the agsocÍared S(2, 3, 13) are of type A or type B. IrIe

wfll aleo call the quadruples obtained by adJolnlng 1 to each of the

blocks A or B sB a stertlng subquadrupLe sysEem

3, The Maln ProRram. the program rrcomb 4rr 1s wrftËen to ffnd all

possfble quadrupl.e sysÈeme from a BÈartfng subquadruple system. IE can

bc used for n = 4, 8, 10, t4 and 16. (On the baele of experfence an

fmproved vensl.on fs belng wrfËten.)

There ane two fmport,ant conÈrol parameters in the program

'rcomb 4rj one for the level of quadruples A, and one for the level of rrfples

D. (Unfortunately the letter A has been used fn Èwo senses, the control

Parameter and ühe type of S(2, 3, 13). The contexÈ guarantees that there

wfll be no confusfon.) The exact rol.e of parametere A and D wlll be

clar{ffed on examfnatfon of the program rlcomb 4rr. The baelc code may be

orrtlfned as folLorùs "
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Successor If yee If no
Routlneg Operatfons performed Crlterlon go to go to

SÈarÈ A - 0¡ let start{ng quadruple system No cholce B B

be a(0)

B A - A f 1. Ffnd leaat element v¡hlch Is there any C F

eppeêre less than r Ëlmes fn E(A) found?

Q(A- 1) and denote 1t by E(A).

C D = 0; collect all blocke whlch No cholce E E

contein E(A) fn Q(A- 1) and remove

E(A) from theee blocks. Then

Ehere fe a subtrtple sysËem aB a

starËlng syetem for the S(2,3, L3)

aseocfated wfth E(A). Let the

eubeyetem be T(4, 0)

E D - D f 1; ffnd the leaet element Is there any G L

whfch ls not E(A) and appears ln ED(A, D)

T(4, D- 1) less then tr Èlmes found?

and ler fr be ED(A, D)

F A=A-1;D-DB(A). Prfntout Nochofce H H

Ehe cornpLeted quadruple

sys Èem Q(A)

G DeÈerml.ne elementg avallable No cholce H H

for uee wlth present choice of
ED(A, D) . LeË the set of all
such elemence be AB(4, D)
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Srrr'('r.sslor Ï[ yen Jl- ¡tr.
(:t'llr.t'f()tt gtl lu F',r, l(r

' H Permute AB(4, D) until a case is Is any I J

possibly reached such that every nevr

pair can be put in a block with the subsystem

presenÈ ED(A, D), but nó Pair formed?

would appear twice ín T(4, D) ancl

no triple would aPPear tr'rice in

a(A)

I SÈore thc newblocke t¡1th the other No choice E E

completed ones, then call- Ehe new

subsystem T(4, D)

J D=D-1 Is D=0? K H

K A=A-1 Is A=0? t^l M

L DB(A) = D - lr ancl Èhe S(2,3,I3) ¡o choice B B

is compleÈed. Add E(A) to each

block of T (4, DB (A) ) then s Èore

Ëhese new quadruples with other

completed ones. Call che new

subquadruple system a(A).

14 D = DB(A) No choice Ii H

I^f END. All posslble quadruple

systems starting with this
subsYstem have been found'
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START
(A=0)

(D - DB(A))
(tr-A-1)

(D-0) I

(D*D+1)

(A=A- 1)

(þ = DB(A))
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Step H lnvolvlng, as 1È doee, a systemetic series of

perrmJtatlone fs relatively corrylf ceted aod wl11 not be descrfbed here.

As the whole program trcomb 4rr appears as Appendfx I, Ehe reader can

cull out Ehe detafls there.

The program I'comb 4tt Le vrrttten fn Fortran IV. l,Ihen usfng ft

wfth IÞ1 360165 and Fortran H cornpf.ler, Èhe tlme taken from each start

to the final resuLË fs 40 hours CPU Èlme. The program requlree 200 K core

storage. All completed quadnrple systems are punched out as daEe cards

for future use.

The program ls now belng revlsed Ëo avo{d certaln redundancles

and LÈ fs expecÈed that the modlffcaEfon wLll be several orders of

magn{tude faster. The revfsfon wtLl be more pracÈ{cal for a etudy of

s(3, 4, 16).

4. Results of the Computatlon, Usfng trfple system A as a sterÈlng point 26

quadruple systems denoted by 41, A2 , A26 were obtai.ned. With Ertple

Byscem ts Ehe number obtalned was 65 whfch are denoted by 81,

Appendix II givee a lfsÈ1ng of the systems 41, A2 , Ã26

For each sysÈem fË was next determfned whlch of the

trfple systems wae of Eype A or of type B. The computatfon Le

stnce the lnÈerLaclng property ls eaelly checked.

IÈ Èurned out that there are three dlsÈlnct clasees

I. All fourteen of Êhe aseocfated trlple eysteme are of

II. Trlelve are of Eype A and Èwo of type B.

III. Slx are of type A and etght are of Èype B.

BZ, "', 865

and Bl, 82

14 assoclated

very rapld

as follows:

type A,
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As there are no quadruple systeme 1n which all fourteen of the

assoc{ated trtple systems are of type B, ft follows that any quadruple

system whfch reeulted from a start of type B mrst be lsomorphlc to one

which reeulced from a starÈ of type A. It 1e Ëhue unneceesary to

analyee further the 65 quadruple BysEems BL, BZ, ..., 865

In Eerme of clasees I, II, III the twenty-slx Bystems

AL, AZ , Ã26 break up ês followe:

I: 41, A2 t L¡t A6, Ag, Agt Ãzi t Ã24

II: 43, 47, A1O, A11 t AL2, 413, 415, At7, Al9 , Ãzo, ÃzS, A26

III: À5, 414, 416, Alg, 421 n AZz

5. Reducg{on Ëo Isomorphfem Claeses. It is obvlous thar Èwo syeEeme comlng

from dtfferenE claeses I, II, III are non-fsomorphlc. The questLon fe do

classes I, II, III dtvlde further. By means of corçutaÈLons deecribed fn

whaE follows, ft turns out thaË rr and rrr each contain a slngle

fsomorphfsm clasg but thaÈ class I spLlts fnto two feomorphfgm classes:

Irt ALt AZt A4,46, Ag, Ag

rbt {zl, Az4

The non-fsomorphism of I. and IO fs further conffrmed by the

fact that systems from Èheee classee have dlfferent automorphlsm groups.

In the conflrmat{on of the feomorphfsm of the different systems ln types

Ir, Ib, II, III explfclt per:uruEat!.ons are obtafned r¿trich map one syetem

of a glven cLass onto another.

The computatfon used 1s based on the meËhod used by H. S. tthite I4l
for the discrlminatfon of trlple sysEems. Ì{trftefs method produces

automorphfsm groups and the pernnltatlone whfch map one system onto another.
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In present day terurfnology the exÈenslon of t{trltets methods to

St,einer systems may be described as follows.

A mappfng of a flnite set lnto lteelf can always be represented

of dleJofnt flgures, eech flgure being a cycte vtlÈh attached trees.

to these attached trees as appendlces. Aleo lf a cycle ls

fnÈo partsreach part with Ehe attached appendlcee 1s called a sectlon.

'uÛ

Flgure 1.

For example, Figure l repreeents Ëhemapplng !'>21 2 o 31 3 +11 4 + 1,

5-'1,6u8,7n8, I+3,9*10, 10-*10¡11 -'Ll ,LZ->LL, 13+11r

14 -' l3r 15 -| 13, 16 + 16. I,Ie then can look upon a quadrupLe sysÈem as an

algebra beLonging to an equatÍonal system wlth a single ternarT oPerator.

The consErucÈÍon fs ae fol-Lows. Suppose we have a system on n elements

and b - W blocks. If [r, U, c, dJ are the membere of a block

deflne a ternary operator f by f(a, b, c) e d and the followlng unlversal

ldentfÈfes
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f(x, y, z) 6 f.(y, x, z) E f.(x, z, y)

f(xrxrx) @ x

f(x, x, y) E y

f(xrynf(xrYtz)) = z .

The basic fdea of [rltrite¡e fe the followfng. We can use the operaEor f to

dcffne a mapping g of all the (Þ unordered quadruplee on n elements

lnto themselves by

g[a, b, c, dJ - [f(br c¡ d), f(4, c, d), f(a, b, d), t(a, b, c)J

In Èhfs mappfng the only ffxed elements are Èhe quadruplee of the syetem end

theee are Èhe one-cycLee 1n the aesoclated flgures. It 18 clear Ehat lf two

quadruple eysEeme are fsomorphfc the collecEfon of flgures assocfated wlth

Ëhc EBro mappf.ngs of all (Þ quadruplee Lnto themeelvea are leomorphlc and

hence, ln partl.cul.ar, have Èhe same geometric Btrr¡etures.

In the actual calcul.aÈfons rde proceeded ae follorile. From each

of the classes I"r Ib, II, III we choose a repreeenEaËlve. These are

respectfvely, A, o LZ4, 81, BZ . The reason for uslng B, and B, Èo

repreeent claeses II and III fs thêt Èhe coÍrputer t,akes lees tfme to

reproduce Ehese. For each representaÈfve system Ehe mapplng g $ras

determfned. Theee were used both for auEomorphLsms and for flndlng a

perrmrÈaÈfon whlch maps a system on one lsomorphlc to ft.

The perrmrtatlons mapplng Ëhe representatl-ves onto the other systems

fn cach class are glven as follows:
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ut

Az4 *

Az

L4

Ao

Ag

Ag

Azg

(8, 13)(1r 4, 1L, 10)(2r 7, 5, 6)(3, 12, g, 14)

(10)(7, L2, 14, g)(1, 9, 5, 6, 13, 2, 11, 4, 3)

(8, L?)(L,2, 11, L4,6, L3r 41 5r gr 3, 10, 7)

(11)(5, L4, g, 6)(t, 2, LO, 4, g, L2, 7, L3, 3)

(5, 8) (L, 2, 7, 4, g, L3, 10, L2, L4, 11, 3, 6)

(r., 5) (4, 13, 14) (8, 10) (9, t2, 11) (2) (3) (6) (7)

(L2)(2, g, g)(1, 3, LO, 4, 6, rL, 7, L3, L4, 5)

(4)(5)(6)(1, 11, 10, 9, 2, 8, !3, L2, 3, \4, 7)

(1, 6) (4, 5, g, B, 11) (2 , L2, 3, 7 , 14, 10, 13)

(9)(1, L4, 11, 6, 3, 4)(2, 7, 10, 5, g, 13, 12)

(2)(5r g)(1, 3,4)(6, L4r 10, L3, L2,7, 11, 9)

(5)(¡) (10)(2, L4r 4)(1, 6, 3, 9)(8, 13, 1L, 12)

(11)(L, g, 6, 13)(2, 10, 5, 14)(3, 4, 7, L2, 8)

(3)(8)(10, t4)(1, 4, 2)(5r 6, 13, LL, g, 7, L2)

(9) (1 , L2, 13, ¡.L, 6, 3) (2 , 7 , 8, L4, 5, 4, 10)

(5)(g)(1, L2,6, 11, 13, L4)(2,3, gr 4, Lo,7)
(4)(10r 11)(3, 5, 8, 14)(1 , 7, 6, g, L3, 2, L2)

(10)(8, 9)(1, 2, 3, 1I, L4, Lj, 6, t+, 7, L2, 5>

(L4)(2, B, 3, 5)(1, 6, L0, L2, g, LL, 4, L3, 7)

(5)(1, 2, 11, B, 6, 7, L3, g, !2, L4, 4, 3, 10)

(7, 13)(1, 4, 10)(2, LL, g, 3, 4, 6, g, 5, L2)

(L,7) (2, g)(3, 13, L4, 6, LL, LO, 5 r gr 4, 12)

(1, 3, L2, 7)(2t g, 6, 4, 13, g, 11, 10, 5, L4)

(1, 8)(2, L3, 3, g, 4, 5, 7, LL, 6, L4, L2, 10)

Bt oA3

Ãl

oto

Att

Atz

Ats

Ats

Arz

Atg

Azo

Ãzs

Ã26

Bz *45

Ar4

uto

Arg

Azt

Azz
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6. DeEermlnatlon of Ehe Automorphlsm Groupe. In the generalized

H. S. I{hfÈe ffgures ft 1s only neceseary to look at the longesÈ cycles

and Eheir appendlces.

For cleeg I, the syetem A1 hes two cyclee of length 35, each

of whfch 1s dfvfded lnto seven eectfone. A conrpLete pfcture of these

Èwo 35-cycles and their sectfons are given ln Appendlx 3. [,le denoEe rhe

sectlons by 1.1, L.2,

to check ËhaE:

(1) OnIy the ldentlty maps a secÈ1on onto ftself

(2) For any Èwo sectlons there 1s exactly one perrnr¡Eatlon whlch maps

Èhe fLrst onÈo the second.

Hence Ehere are at moet 14 pernutatlons whfch can map a 35-cycLe onÈo

ttseLf or onto the other 35-cyc1e. The automorphfem group G¡ of A-tl r

has ordêr at most L4. After determfning the fourteen nappings of the

35-cycles lË fs easy to check that Èhese permtEatÍons are automorphfems.

Accually the 14 automorphfsms are generaÈed by two generators x and y

which are gfven by

x = (1, 5, L2, L4, L3, 2, 11)(3, 10, 4, 9, 8, 6, 7\

y - (1, 8) (2, 7)(3, 13)(4, L2) (s, 9)(6, 11)(10, L4)

The way 1n which x and y map Ehe 14 sectlona onto each other

1s given by Èhe following dfagram (Figure 2).

Ffgure 2"



x maps Èhe ffret 35-cycle from Lefc to rfghr and Ehe second from rlghÈ to

left and y Ínterchanges correepondlng eectfone. It 1e eaay to eee that
v-1x'@x

Hence GÂ has presentatLon
"1

GA = [x, y ; *7, y2, *Y - *-11
"1

Hence Go fs the dlhedral group of order L4. It ls transfEive on Ëhe

^1
eLemenÈs.

The other classes Ib, II and III are treated simllarly.

CornpLete detalls of cycles and sectfons appeer 1n Appendlcee 4, 5 and 6.

hle suÍünarfze the reeulÈe ae f,olIows:

CLass IO. Group aOor. . Thle group le generated by
z4

x = (1, 10, Ll, 2, 4, 3, 9)(5, L3, 7, L2, 6, L4, 8) and

y - (1, 8) (2, 5, 3, L2, 9, 13)(4, L4, Lt, 7, 10, 6)

Thfe group 1s transfttve on the elements, le of order 42 and has presentatlon

G. - fx., yi x7, y6 r*Y - *- 2 
Joz4 t

Class II. Group G, . This group fe generated by
I

x - (1)(10) (2, 7, 8)(3, L4, lL)(4, 6, 13)(9, L2, 5)

y * (1¡ 10) (2 , L2) (3, 6) (4, t4) (5, 8) (7, 9) (11, t3)

The group Is lntransfElve and has preeentaËfon

ar, = [*, y; *3, y2, xY - *-11 = s, .

t7
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Tlre polnt orbits are [1, 10J, [2, 5, 7, 8, 9, 12J, [3, 4, 6, 11, 13, 14J

Clags III. Group G- . Thie group is generaÈed by'82

x = (4)(5)(1, 3, 2)(6, 7, 8)(9, L2, 11)(10, 14, 13)

y = ( L, g) (2, 12) (3, 11) (4r 5) (6, 10) (2, 13) (8, 14)

Thts group ls fnÈransfElve and has preeentatÍon

ar, = [*, y; x3, y2, { = *-t] = s3

In spfte of the facE EhaË ar, and ar, are permrt,atfon fsomorphlc Èhe

sysEems Bt and BZ are non-fsomorphfc ae proved prevlously. The orblËs

of G, are [a, 5J, f,L, 2, 3, 9, lt, LZ]16, 7, 8, 10, 13, 14J
2

7. The non-existence of S(4" 5" 15) By addfng an elemenË to the blocke

of an S(3, 4, 14\ we get a starting subsystem for an S(4, 5, 15) . As

there are exact,ly four non-lgomorphfc s(3r 4, 14) then ff an s(4r 5, 15)

exlsEs ft must arfse from one of these start,e.

A program trcomb 5rr slmfl.ar Eo ttcomb 4trhas been wrl.tten to conat,rucË

an S(4, 5, 15) from a gfven starE. Its accuracy was verfffed by using an

s(3r 4, l0) Ëo construct an S(4,5, 11) and the results checked by hand.

on usfng Ehe program wfth each of the s(3, 4, L4) starts ft was found

Èhat, none of them led ro an S(4, 5, 15) . Hence, S(4, 5,15) doee nor

exfst" The program rrcomb 5rr usÍng 350K core can be ueed Èo study S(4, 5, L7>.

However these coÍPutatlone wllL be underEaken when the program ls fnproved.



CHAPTER III

Dfrected TrfpIe Systems

¡," Introduction.

Dtrected triple systems are an example of bloclc deafgne on dlrected

graphs. A block design on a dfrected graph can be defined as follows. Let

G be a dlrecÈed graph of k vertlces whlch contains no loops. Let S

be a set of v elements. A collecÈion of k-subsets of S wfth an asslgn-

rnent of the elements of each k-subseÈ to the verÈlces of G is called a

block deelgn on G of order v if the followlng fs satisfled. Any ordered

pafr of elements of S ls assigned L times to an edge of G. For

examplerif s-farbrcrdre] and Q= t+J-+-g and bae; cad;

abc; dbe; acd; bce; .db.i cde; aed; bec; lsa

coll.ectfon of 3-subsets so wrlÈten that ln each subset the first element

fe-aselgned to the vertex 1, Èhe second to 2 and the thlrd to 3, then

the collectlon le a block deslgn on G with À = 1.

Ir, [SJr it has been ehown Êhat, for the graph ¡'-*r3 the

deaign exlets for ell v such that " { 2 mod 3 with the exceptions

i - L and v = 6 (for technical reasons it is better Ëo constder v = L

Ba 6 non-exception). Such block desÍgns are called cyclfc trlple syetems

(or generallzed trfple Bystems). Algebralcally such cycllc crlple systems

correapond to a vartety of quasigroups with Ldentities o2 = ,o and

s(¡x) ø y.In thls chapter. çre investigate designs on the graph G glven
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Such designs sJe designate as dlrecÈed triple systemg

À = 1.

2. Directed lrfple Svstems

Suppose that there is a directed trlple syetem of order v. If

r.¡e consfder the trlples of the system without reference to the graptr G

we obÈaln an assoclated B.I.B.D. with parametersr V.r k = 3 ,'h = 2,
- v(v- 1)b=landr=v-1.Ifthi8associatedB.I.B.D.hasno

repeated blocks vle say that the directed triple syatem ls pure. I,lhen ç¡e

write a triple wfth square brackets as [arbrcJ úre mean that in the

graph G, a is assfgned to the vertex 1, b to the vertex 2 and

c to Ëhe verÈex 3 and hence the triple [arbrc] wíll be said to contain

the ordered pafrs ab, ac, b". rn a cyclic trlple sysÈem we wf.ll use the

notation Iarbrc] and say the tripl. [arbrcJ contaíns the ordered palrs

ab, bc and ca. It is clear then that [arbrc] = [brcra] = fcrarb] but

â correaPonding result does not hoi.d for directed triples..Suppose that

[arbrcJ and IUraral are trvo cyclic trfptes. Then ít is obvlous that

the dlrecÈed trlples Ibrcra] and [ardrb] contain the same ordered

pairs as do the cyclic triples. Hence, we have proved the following lermna.

Lenrna 1. Let S be a cycllc trLple system of order v. Suppose that the

blocks of S can be paired in such a sray that Ín each pair of blocks one

block contalns an ordered pair ab and the second an ordered palr ba.

Then the same blocks can be used to form a directed trÍple system of

2

,*,by

1f
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order v. In this caae we say that the dfrected triple system fs derived

from the cycllc trlple eystem.

Ttrere are varfoue methode by whtch dlrected trlple syetems may

be derived from cyclic trlple systems. Besides palr replacement r,re can

replace a seE of three cycllc trlples by three dlrected trlples. In

fact, the set of cyclic Èriples [arbrc], IarerbJ and IarcrdJ contaln

the seme ordered pairs as the set of directed triples [brarc]¡ [arerbJ

and [crdra]. In what followa, our dÍrected Ëriple systems wlll be

derlved by a cornbination of palr replacemenËs and replacements of sets

of Ëhree trlples.

Lenuna 2. If v = I or 3 mod 6 there is a directed triple eystem of

order v.

Proof. Let S be a Steiner triple system of order v. 1o each block

Thls.collectlon ofa b c of S take the two blocks [a b c], [c b a] .

blocks forms a dfrected triple system of order v.

It 1s knoh7n [1], ÈhaÈ there ie no eyclic triple system of

order 6. However, Èhe dfrected tripLe system of order 6 exists as

the following example shows. I.Ie use Ëhe trlples [1 2 3J,

Í2 L 41, t3 2 51, 142 61, [4 I 51, ts 3 4], [3 1 61, Í6 4 3I, [s 6 lJ,

Í6 5 21. This example also has the property Èhat ft is pure.
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In what followe, we will be lnterested 1n dlrected trlple systerms;

whlch are derfvable from cycllc trfple systems. However, ln all casee the

resulte are more generalLy appllcable to all dlrected trlple systems. Tt¡e

reason fs based on the followfng observatlon. t€t s be a set and T

a subset. Let S* be the collectton of dfrected trlples of a dfrected

trlple eystem on S and suppose that T* fe a eub collection of S*

consLstlng entlrely of directed triples of elements from T and such
***

that T ls a dfrected triple system. Let T be any other directed

trfple Bystem on the elements of T. Then sn* = (So - to) U t* ie a

dlrected trfple Bystem on s. I.Ie call this the repracement of T* by
***

TlnS

3 . Ernbedd lng Theorems .

Theorem 1. Let S be a cyclic triple sy8tem on v elements from which

a directed trlple sysÈem can be derived. Then there exÍste a cyclfc trlple

system on 2v * I elemente from whfch a directed trLpl" 
"yrtem 

can be

derfved.

Proof. Let lLrzr3r...rv] be the set elementa on which s ls a cycllc

ÈripLe system and let elements Iv+1, v*2r... rTv+L] be a set of v*l
new elements. üle consider [v+f, v*2r,.,, 2v+lj as a complete set

of resldues mod v+1. To the cyclic trfple sy8tem S adJoln the cycll.c

trlples
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Il, r*f, v+i+lJ i = I,2r...rv*I

l2r r*i, v+f +2] I = Lt2r"'rv*I

[k, r*i, v+i+k] t = Lt2r...rv*1

[u, r+1, 2v*i] I = IrLr"'rv*l.

Case 1. v even. Conslder the trlples of typeE [k., .r* i, v+ f +k]

and [v+1-k, v*J, 2v+1+J-kJ. By chooeing J = k+f r¿e obtafn

cycLlc triples Ikr r*f, v+f+ki and [v+1-kr v+t+k, v+lJ.

Theee may be replaced by dfrected trlplea [v+f +k, k, v*fl and

[v+tr v*1-k, v*1+kl. As k rangea from I to i and f from

1 to v * L v¡e obÈaln a complete replacement of cyclfc triples by

dfrected triples.

Case 2. v odd. The proof is the same as for v even but we call

attentfon to the set of cyclfc rriples t+ r v*t, f#Ui

i = 112r...rv*1. Pafrfng the triples corresponding to t and

t * v+ we obrain cyclrc rrlptes [.ry, v* i, fo++ ] and

fv*1 3v*2i+1, .r+ù and the correspondfng directed triplesiT'z)
["*i,iil ,Efo ] and [¡# ,+, v+i ]. rhis

fndicatee that when v fs odd the extended trlple system 1s noÈ pure.
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Corol,larv. Any dlrected trlple Bystem on v elements can be embedded fn

a dlrected trlpLe sysÈem on 2v*L ele¡&ents. rf v fs even and the

origlnal system is pure then the embedding system so conatructed fs pure.

(Note that thfs lncludes the embeddfng of a system on 6 elements Í.n one

on 13 elemente even though the cycllc syeÈem on 6 elements does not

exiet)

Theorem 2. Let S be a cyclfc trlpLe

dlrected trfple system can be derf.ved.

cycllc system on 2v*4 elernente from

be derlved.

system on v elements from whfch a

Then S can be embedded {n a

whfch a dlrecÈed trfple system can

Proof . Let the syetem be on elements I12r...rv and let oç1.,

v*2, ,.. , 2v *4, be new etements. Add the cycllc trlples,

[kr r*1, v+k+2+i]; I = 1r2r...rv*4, k= lr2r...t v-2 (here the

eecond and thlrd componenÈs are taken rnod(v+4) amongst the reeidues

,r'+1r v*2, "', 2r+4), [.r- 1, v* !r 2v+i+2]; i = L12r...rv+4

( sècond and third componente taken mod(v+4) amongst residuee

v*1, v*2, ..., 2v +4),[v, v*1, v+i- Ll; ! ='l-, 2, "', v*4

(second and thfrd comPonents taken mod(v*4) amongst resf.dues

v*l-, v*2, ... r..2u +4)r [v*1, v+1+Lr vf f +31; I = Lr 2, "', v*'4

and all componenÈs taken mod v*4 amongsÈ residues v*1, v*2, .,.r 2v*4.

For k = 2 ,3,4, ..., 
[ ä] qre can pai.r rhe rriples r¡htch srarr h,irh k

wfÈh thoee which 6tert wfth v- k as follor¡s. The trlples startlng

with k are of form Ikr r*i, v+i+k+2]. The triples startfng wfth

v-k, are of form [r-k, v*l*k+2, v+fJ. The correspond{ng pafrs

of dfrected triples are [v+i+k+2, k, v*il and [v+Lr v-k., v*f *k+zJ.
We are now lefc wfth four eets of trfples, namely;
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al = [t, v*i, v*f+3J; i = Lr2r"', v*4 (second and third componerìrs

fn range v*1, to 2v*4 mod v+4).

S*r-1= ["-1, v*i, v*L-2J; i = Lr2r" 'rv*4 (second and thfrd components

in range v*l to 2v*4 mod v+4).

S., = [t, t4i, v+1- 1]; i = Lr?r...rv*4 (second and thfrd compönenÈs

lnrange v*1 to 2v*4 mod v+4) and 3=tv*i, v*f*1, v*i+3J;

i = 1r2r','rv14 (all components in the range v*l to 2vt4 mod v*4).

I^Ie now dletingulsh 4 cases

Case 1. yî 3 mod 4.

Pafr the triples of St wfth 3 by paírlng [ 1, v* i, v* f +3J

wfth [v+1, v|l +1, v+f +3J for aII f excepr rhar [1, Zv +4, v+3]

f s nor paired wf rh [Zv+4, v* 1, v+3] and lL, ZvtL, Zvr 4l is nor

pafred wirh tZv+L, 2v*2, 2v+4J.

Palr the trlples of S*r_ 1 amongst themselves as followe. the

trlple ["- I , 2vt4, 2v+2J is not paired; the rriple [":1, v* I , 2v+3]

is paired wtth ["- 1, 2v*3, 2v + l]. There remain triples assoctated qrittr

valuesof l=2r3r"'rv*2. Since v=3mod4 thenumberof these

values fs v*l = 0 mod 4.

Dlvide the values of I lnto consecuËive seEs of four' e'g' 2 
'3 '4'5;

6,7r8r9; eÈc. In each set of four values of i pair the Èriples associated

with the first and third value and those associated wfth the second and

fourth values.
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Pair the triples of S,o as follows. Leave the triPle

[r, r+1, 2v+4] unpaired. For even i, i = 2t4t6,"'¡ 2v*3 pair Èhe

trtples ltr t*Í, v+i-1] and ltr t+1+1, v+i].

Now all triples have been paired except the following (we have

wrlÈÈen these cycllcally wÍth 2vt4 first) z lZv*4, v43,11,

[zv+ 4, v, v+ 1] , l2r*4, v*1, v+3] and [zv+ 4, Zv*r, 2v+2] ,

lzv+4, L, 2v + lj , [zv+ 4, 2v +2, v- lJ . Triple replacement is nov,

used on the first three and Èhe second three triPles.

Case...?. v= l mod 4.

Thts is the same as v = 3 mod 4 except for the patrfng of

elements of S .. In Ehis case we leave ["- 1, 2v*4r 2v+2J
v-I

unpaired and the values of I = l 12 13 r" ' ,2v t 3 are divided in seÈs of

f our I ,2 ,3 ,43 5 ,6 ,7 ,8', etc. and in each set the ÈriP les correspond-

ing to Ëhe first and third and the second and fourÈh values of I are

paired

Case 3. v-- 0 mod 4.

The pairing is exactly the same as Ëhe case v = 3 mod 4 except

that no triples are left unpaired.

Case 4. v= 2 rnod 4.

The pairing of triples is the same as in previous cases excePÈ



27.

thatin rt and 3 Ehepairs ll,2v,2v+3J,1.2r,2v*1,2v*3] and

{L, Zv]-L, 2v+4}, IZv+ L, 2v+2, 2v+4J are noÈ matched arrct in S.r_ I
the triples lv- f r 2v*3, 2v+lJ and [.r- 1r 2v*4, 2v+2! are omitted

from pair matchfngs. this leaves unpaired lL, Zv,2v*31, Iv- l, 2v*3,

zv+L!, l2ur 2v* I , 2v+3\ and [ 1, Zv ]Lt 2v+4J, [,0- I , 2v*4, Zv+ZJ

lZv+I, 2v*2, 2v+4j. [.Ie then apply the replacements to each of these

two sets of three Èriples.

Corollary: A dlrected Èriple system on v elements can be embedded in a

directed triple system on 2v 14 ei.ements.

Theorem 3. Let S be a cyclic triple system on v elements where v= I

mod 3, from which a directed triple system can be derived. Then S can be

embedded ln a cyclic triple system on 2v*2 elements from which a directed

triple system can be derived

Proof . LeË S be on lr2r.., ,v and add elements v* 1r v*2, .., , 2v*2.

The number v*2 of. added elemenÈs is divÍsible by 3. Adjoin the follow-

ing sets of trfples.

tl = [t, v*i, v+i+lJ i = 112r...rv*23 second and third components

in range v* 1, to 2v *2 mod vt2, For k = 2r3r.., ,y- L,

st = [k, v*1, v*i+k+li, i = 1r2,"'rv*2; second and third

components in range v*1 to 2v*2 mod v*2.
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S - [r, r*i, v+i-1J; i = I,417t'"ty, seconcl a¡rcl third conìPonents
v

in the range v * I to 2v *2 mod v * 2:

= [v, v* i, v+i +2] ; i in range 2 Eo vi-2 and i + I mod 3;

and second and third components in range v*l to 2v*2 mod v*2) '

Ê = [v*i, v*i12, v+i+1], i = 1r4r7r"'rv all comPonents in range

v*1 Eo 2v*2mod v*2.

The sets tk, k = 213t... ry-2 are matched by matching st with

S using Èhe pairing Ikr r*i, v+i+k+1] with [r-k, v*i*k+1, v+i]'
v- K

The se ts 51 , 3., - I , 
t,u and 3 are matched inco pairs and se ts

of Ehree as follows:

(a) SetB of Ëhree using a triple from 3 together v¡ÍEh two triPles of

sli [1, r*i, v+i+lJ, [], v*i*1, v*i+2], [t+i, v*í+2, v+i+li

for I = l1417r10r"'rv.

(b) Paírs consisting of a single Èriple from St and a single triple fronr

S,ri [1, .r*i, v+i+ii and It, t+i+1, v+iJ for i = 3,6,9,"', vt'2'

(c) Pairs consisting of two triples from Srri Itr t*1, v+i+2J'

[r, r+i+2, V*i+4] for i = 3,6,9r"'v.

(d) Sets of Èhree using triples from Srr- l; Iv- 1, v*i, 2v+L],

[u-1,Zv*ir 2v*i-2], [,r-1, v*i+2, v+iJ for i = 3,619,"'r 2v*2.

This results in a cornpleEe matching.

Corollary. If y = I mod 3 a directed triple sysÈem on v elements can

be embedded in one on 2v*2 elements.
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Thc'orem 4. A directed triple system on v elements exists for all posi tíve

integral v except v = 1 or v--= 2 mod 3.

Proof . No sysEem on v elements can exist if v =-: 2 mod 3 since the

corresponding B.I.B.D. parameters would not all be int.egral. By lenrna 2,

the dÍrected triple sy.stem exists for v = I or 3 mod 6. If. v = 4, Lhe

triplcs IL,4,2] , [2.3'r l] , [4,L 13] , [3 rZ ,4] f orm a directed triple

system. If v = 6 the example in section 2 shows that the system exists.

There remain Èhe general cases v= 0 rnod L2, v=- 4 mod L2, v= 6 mod 12,

v = 10 mod L2, lrle use induction and theorems 2 and 3.

CaseI. vi,iOmocl 12. Herev=l2u=2[6(u-t)+4] +4 andthe

resrr Lt f ol lows f ronl th<lorem 2.

Case 2. v= 4nrod 12. Thenv =4+ 12u=2(6u+1) +2 and Èhe resulÈ

follows from theorem 3.

Case 3. v i' 6 mocl L2. Tht:n v = 6 + 12u = 2(6u +l ) + 4 and the result

follows from theorem 2.

Case4. v:. l0mod 12. Then v= l0*12u=2(6u +4)+2 and theresult:

I o I lows f rom theorem .J.

Corolìary. Forall v,vf 1, v#6, vT 2mod 3 adirected ÈrÍple sysrem

on v elements exists which is derivable from a cyclic triple system.
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Proof. The only case to which Èhe above proof does nol apply is

v = L6 = 2(6) + 4 since no cyclic triple system on six elements exists.

For v = L6 Ehe following example compJ.etes tlte proof . In this example

the paired triples are separatecl by setnicolons:

tt,z,3J , [2,t./+f i lJ,4,t], [4],2]; [5,6,7), Io,s,a]; 17,8,5J, [8,7,6];

Il,Lo,tri, [10,9,t2i ; Itt,rz,9l , IL2,LL,l0]; It:,14,15] , [14,13,t6J;

Its,to,t3i, I io,ts,t4l ;

f 1,5,91 , [5,1,13J; [9,t3,11 , Ir3,9,5J; 12,6,10] , [6,2,14]; II0,r4,2],

I t+, to,ol ;

13,7,II] , [7,3,151 ; Itt,ts,3l ,[15,11,7]; 14,8,12J, [8,4,L6J;

Itz,to,4], lt6,t2,8J;

Il,6,ll], [6,r,t6J; ItL,L6,l], [16,11,6J; 11,7,12J, [7,1 ,14J;

lt'¿ ,L4, rJ , I L4 ,LZ ,7] ;

Ii,B,t0], [8,t,t5] ; Iro,ts,lj, I15,to,8J ; 12,5,12j, [ 5,2,L5] ;

[12,I5,2), I ts,tz,sl;

lz,7,9J , [7,2,L6); [9,16,2], It6,9,71 ; lz,8,11], [8,2,ßl;

Irr,r: ,zj, lr3,ll,8];
[3,5,roJ , Is,3,16J ; I I0,16,3] , [16,10,s] ; [3 ,6,t21, [6,3,13] ;

I tz, r:,3] , I L3 ,LZ ,61 ;

[3,8,9J, [8,3,141 ; [9,14,3J, It4,9,8]; 1,a,5,1lJ ,15,4,t4];

Irt,r+,41, I14,tI,5l;

14,6,9J, I t>,4,15j:' Ilrrs ,4], 1t5,9,6J; 1,4,7,10J, [ 7,4,1-3);

II0,i3,41,It:,to,z].
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4. Remarks on Pure Svstems.

The embedding theorems of the previous section do not necessarily

produce pure systems from pure systems. Only embeddings given by our con-

structions are considered. [,le surnmarize the results here. In embeddlng a

pure system on v elements into one of 2v*1 elements the resultant

system Ls pure, if and only if v Ís even. Our embedding of a system

on v elements into one of 2v*2 elements is pure if and only if v

ts odd. Our embedding o.f a system on v elemenÈs lnto one on 2v*4

elements is pure if and only if v is odd.

There is a construction which always yields a Pure system in

cases'v=pr p lrfmeand p=1mod3 and v=p2, p primeand

p = 2 rnod 3. The proof is based on Ëheorems 6 , 7 and 9 of [5].

DeÈalls are omiÈted.



CHAPTER IV

Handcuffed Deslgns

Introductfon. There has recenEly appeared in the liEerature Èhe noLion

of a block deslgn on a graph. As the concept is quite nev, a descriptlon

of thfs noËion fs given here. LeE G be a graph on k verÈfces v¡lEhout

loops or multipLe edges. DenoÈe Ehe verEices by the inÈegers l, 2t 3t..-r k

Let S be a v-seL and lec T be a collection of k-subseEs of S In the

notaÈlon [tlr t2r ...r tkJ iÈ is assumed Èhat the subscripts are an

lndexingofthee1ementsbytheverÈicesofG]f['1,'2

we call [rl, 12 , tkì a block'and say Èhe pair (ti, tj) ts lncidenE

on Èhe block ff i and j are joined by an edge in a f,Ic call (S, T, G)

a block design on G ff every elemenÈ of S fs in the same number r of the

blocks, and if every pair of disrincE elemenLs of S are incident on the

s"*e ttrråb"r À of the blocks. In the case where G is the graph gíven by

L 2 3 4 k-l k
@ -'-@-----@

we call the system a handcuffed deslgn. In a handcuffed design Ehe only

lndependenE parametcrs are vr kr À . tJe denote by H(v, k, tr) the seÈ of

all handcuffed designs wiÈh parameters vr k., À and Q € H(v, k, À) means

that a fs a handcuf fed deslgn with parameÈers v, k¡ L . l.Ie say

H(v, k, ¡) exfsts Íf there is a Q 4 H(v, k, À) In a handcuffed design
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ç¡ewf11r'r1Eeab1ockasanorderedk-tuple[At,oz

each pafr of consecutíve elements is incÍdenÈ on the block. [^Ie call a

pair Af , Al +1 .v¡hfch is fncident on a block a handcuf fed pair. In each

block [At, Az , \] the elements Az, A3,.A4, ..', \_ f {nterlor

elements. I^le usually refer to the blocks as handcuf fed blocks.

a Necessary Condl-tf ons for tbe Existence of E(v. k, ,\)Á.

Let Q c H(v, k, l,) and suppose Q = (S, T. G) LeE b be the

number of blocks and lec r be Ëhe number of Eimes each elemenE appears

amongsÈ the blocks. Let d be an elemenE in s , and LeÈ ro be the

number of times d appears as an inËerior elemsrE of a block. By

deflnftfon of À cv appears handcuffed À times to each of che remalning

v - I eleme.rts of S Also if d is an lnÈerior member of a block it

fs handcuffed co two other elemenÈ3 of the block; oËherwise it is handcuffed

' co one oEher element in the block. Hence, 2u + (r-u ) = ¡(v- 1) or
dcv

u =À,(v-1)-r Thus u isindependentof d Wenowreplace u by
dd

u and write our firsE necessary condiÈion as

r*u =¡(v_l)
By counÈlng appearances of elements ln blocks in two $rays r^te obtain

,vr = kb

By counElng handcuffed patrs in Èwo vrays we obEain

(1)

(2)

u{d=(k-l)b (3)

EquaElons (1), (2), (3) are necessary conditions for Ehe exisEencc of a

handcuffed desfgn wiÈh parameters v, k¡ À . Solving for b, r and u

r¿e obËafn
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r=L@-tL -=-Lk:l)- ,,-L(r:!)J!:2)-
"- 21t-Ð ' 

L -lCÈ:tl ' 
u- 2(k-1)

If l. = I , we call. the design a Steiner Handcuffed Design.

3" Stelner Handcuffed Designs.

I

for the exlst.ence of a design 1s also suff icfenE. t^Iith tr = I our

equar,ronsbecome o=#8, r=frff* and u=]ffi rhe

case k - I fs vacuous ln as much as there are no handcuffed pairs. If

[rc2rb-=(P¡rEV-l and u=0. Hence S tsa v-setand T

ls the seË, of all 2 -subseEs of S

The first non-Erivial case is k = 3. Then o = y3fÐ 
,

--3(v-1) ¡=4. Hencc v=4u.: I or v=l mod4t-Tt 4

Th3qlem I, For k = 3 , a Stelner llandcuffed Desfgn exisEs 1f and only 1f

v=l mod4

Proof. We have already proved the Itonly ifrt parÈ. Suppose now v = 4u * I

[,IeusefnducÈionon u If u=1rV=5=b and r=3 Thefollowing

exhlbics the design: [1, 5, 27, 12, 1, 3J, [.3, 2, 4], 14, 3, 5J, [5, 4, lJ

(Denote Èhis design by Ql and ler st = llr 21 31 4,51.) suppose rhc

desl.gn exists for u = tl and denoÈe such a design by Qll on a seE

tro - lLr 21 3, ...r 414+lJ . I.Ie no\¡t construcÈ a deslgn Qot*t on

stt+t= sMu [4u +2, 4t4+3, 4t'f +4, 4M+5] The blocks of Qlt*t are rhe

followlng 
"
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(1) All Èhe blocks of Qì{

(2) The bLocks of a design isomorphic to Ql on Èhe set

[41,t + 1, 4M +2, 4vt + 3, 4],1 +4, 4],1 + 5]

(3) For h=11315 tæl-L thebLocks

[4tf +2,2h-1, 4ì,f +3J 
,

[41,t + 2, 2h, 4M + 3J

[2h - 1, 4 +4, 2h'l

[2h - 1, 4l-f +5, 2h]

toÈa1lng l+Vl blocks

(4) For h = 2r 41 6, ..,r 2M Ehe blocks

[4]f +4,2]n-1r 4M+51

[4!.1+4 , 2h, 4t1+5]

tzh-1, 4È,1+2,zrj.]

[2h-lr 4]4+3, 2h]

rotalling 4M blocks.

IE f s a sËraf ghtforuard, though tedious verif icaÈion, thaÈ che blocks

of Q¡f * t are a Steiner Handcuf fed Design.

We now proceed Èo the general value of k . l^Ie dlstinguish Ewo

cases, namely, k odd and k cven. Suppose k is odd. Put k = 2h*1,

h = 1r 21 3 . The case h = I has been disposed of in Theorem 1. The

equatlons for b, r, u in Eerms of v, h, are b = sp ,

. = (2h +l)fv- 1) . L! = (v- 1)f2h - 1) Then 4h- .4h 4h=- Then v=fifiu*1 Since

v lsanfnteger (2tr-l)lu PuE u=m(2h-1) Then v=4hm*1 sothat
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and obtain integral values.

if v= t mod

This suggests

36.

4h r¡re can solve for b, r, u

the following theorem.

Theorem 2. The design H(v, k, 1) exÍsts where k = 2h*1 Lf and only if

v=1 mod4h

Proof. The |tonly lfrr parË, havlng been proved in Ehe previous Paragraph we

proceed to prove Ehe 1f Part. Put v = 4hm * 1 Then u = m(2h-1),

r=m(2h*1)rb=m(4hm +1). Weuseinductionon m If ß=1r

v o 4h*1r u = 2þ-l¡ r = 2h+1 = u*2r b = 4h+1 Let

St - [L,2,3r...r 4h+11 and denoÈe Èhe design Eo be constructed by Ql

I¡Ie take Èhe first block of Ql to be [1, 4h +L, 2, 4h, 3t 3h +2, h +1]

NoÈe thaÈ the absoluÈe value of the differences of consecuEive pairs are alI

dlstinct. We noqr Èranslate this block mod (4h+1) obtaining the scE of

4h +1 blocks

[1, 4h +Lr-2, 4h, ..., 3h+2, h+11

[2, Lr 31 4h+lt -.., 3h+3, h+2J

l3r214, 1, ..., 3h+4, h+3]

:

¡ano1, 4h, 1, 4h-1, ..., 3h+t, hJ

The totaL number of handcuffed pairs Ís 2h(4h + 1) and no pair is repeaEed

as thls would imply Èhat in the firsf block tero sets of consecutive pairs

would have the same absolute value of their differenccs. Hence Ehe scÈ of

blocks consÈitute a Steiner Handcuffed Design. Now assume thaE QM exisÈs
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on Lhe seE su= [],2,3t...r 4hM+11 LeÈ

sl,tot= sMLt [4tù'1 +21 4hM+3, ...r 4N+4h+1]

vle constr,rct Qu * t as follows. Firsr, Eake all the blocks

of QM . secondly, add Ehe blocks of a deslgn lsomorphlc Èo Ql based

on the set [4hM+1r 4tM+2, ...r 4N+4h+lJ . Before, writing down the

remalnlng blocks, we flrsË ltst the pafrs which âre not accounted for ln

Èhe blocks already deslgnaEed. There are Èhe pair.s (í, 4hl"t + j) where

L - L, 2, ..., 4N and j = 21 3, ...r 4h+1 . Í,le divide these paírs inEo

M sets T0, Tl , T2r..., TM-1 . The set T* will contafn Èhe pairs

(1, 4tM+ j) where i = 4hm*1r 4hn*2, "'r 4hm*4h; i = 2r 3, " 'r 4h +1

I{e wrfte the seL TO as an array NO as follows:

(1, 4h!'1 +2) t (2, 4tM +2) ¡ (4h, 4tù'1 +2)

(1, 4hM +3)i (2r 4hì,1.+3),

(1, 4tiM +4h + 1), (2, 4ht1+4h + 1)r.. -, (4h, 4h1"1 +4h + 1)

Ignorlng bracket,s we look upon NO as a mâÈrix çrith 4h rqrs and

4h columns. We now divid" NO into Ewo parts A and B where A consisEs

of the first Zh columns and B Ehe remainfng 2h columns.

2h2h

ANoo 4h
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Now A is broken up inÈo fotrr part" Al, AZ, O3, O4 given by Ehc followlng

dlagram:

A:

Al

A2

A3 A4

hh

lrle consfder the cases h odd and h even separarely. If h is

' odd we wrlte down h blocks of the design Q¡,t * t as folloq¡s:

[1,4h]f +2r 21 4tM+3, ...r 4W+h+r, h+lJ

[3r 4hl"f +2,4r 4hiut+3, ...r 4N+h+1, h+3J

[2h-1,4hl'{+2t L:nr 4N*3r"', 4N+h+1, h-1}

It is readfly verified that the handcuffed pairs in Ehese blocks are prccisely

Ehe pairs in the maÈrfx At Call thÍs ser of blocks C If in Èhe

blocks of C we replace each 4tM+j by 4hM+h+j $re get a new seE of

bLocks whlch we add Èo our design and the handcuffed pairs in these blocks

are Ëhe pairs in the matrix AZ. Call the new blocks D

2h

2h
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If h ls even ÌÀre stlIl use Èhe same blocks C to accounE for

the pafrs of At but Èo geË the palrs of oz we replace 4hM+j by

4tùf +h+j and 2t by 2í-L and zL-I by 2i' in the blocks of c to

get the blocks of D

file now obEafn seËs of blocks E and F whose handcuf fed pairs

are the pairs of Al and A+ respecÈively. E is obEained from C by

rep Lacfng

1 ') 4tù4+2h+L+i, L = L,2, 2h

4hM+J -> J-1, 7=2r3r "'rh+l

Aleo F ls obtalned from D by the replacements

1 + 4hì,1+2h+1+i, i = Lr 2, ....r 2h

4hM*h*J'+ h+J-1, J=2,3r "'rh+1

[.Ie now consider Èhe maÈrix B lde dlvide B inÈo four submaErices

' Bl, BZ, 83, 84 accordfng Èo the dlagram

2h

B-

hh

B3 B4

B1

B2

2h
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From the seEs of blocks C, D, E, F we obtaln sets t'*, ot', Et',

rk
F by the subs¡:lËutions

L-" 2h+i, I = lr 2, '.'r 2h

2h+1.-----+ ir í=Lr2r "'rztl.

4tM+j----+ 4tù'1 +2h+j, i=213 ,2h+1

I trhM+2h+j-Þ 4trl,t+¡, J=2r3r "'r2h+1

A dfrect verificaÈlon shows thaC fhe handcuffed pairs in a", D" , 8" , d'

contain all pairs in Bl, 82, 83, 84 respectÍvely exacLly once'

By repeatfng with Ehe seEs TL, ,z

as was carried out for tO we obtain new sets of blocks. The Èotality of

blocks obcalned compleEes Ehe consEructfon of QU*t

fireorem 3. A necessary and sufflcfent condllion for H(v, k, l) to exisE

when k - 2hrh = 2, 3, 4, is rl= 1 mod (2h-I)

Proof. the equaÈions for b, r, u become

- vfv-l) 2h(v-1) (v-r)(h-Du=ffi' r =ffi, u--lFI-

ï{ence r=9F* u*1 Since u lsaninÈeger (tr-l)lu soEhaE(h-r)

u -m(h-l)r v = (2h-1)m + 1, r =hm, b = . Also ((2h-1)m+1)m

ls always an even integer so b Is an inËeger . From v = (2h-l)*11 it

follows ËhaË v= I mod (2h-1) . Conversely, tf v= L mod (2h-1) by

puEÈfng v = (2h-1)m+1, the values of u, r¡ b are aLl inËegers. Hence,

Ehe condlEfon is necessary
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For sufficiency, leE v = (2h-l)m+1 and use induction on m

For m=lrv=k=2hrb=hru=h-l . Thesetof bloclcs

[1; 2h, 2, 2h-L, ..., h, h +1]

12r 1, 3,z]nt -.., h+1, h+2]

.:

[h, h-1, h+1, h -2r..-, 2t^-L,2h]

form a desfgn Qf on the set S, = [1r 2t

s¡1th that used ln Theorem 2. Suppose now thaE QM exists on a set

su = [1, 2, (2h-l)M+lJ Put su*t= stl U [(2h-l)M+2, (2h-1)]r+3,

fnclude all blocks of Q!'. Secondly, Eake Èhe blocks of a design isomorphic

ro Ql based on the set [(Ztr-l)M+1, (?r,-1)]1+2, (2h-1)]'l+2h].

There remaln pairs (i, (2h-1)l'1 +J), i = 1, 2t (2h-1)M, j = 2, 3,4,"'t 2h

'yet to be accounÈed for. Divide these pairs into M seLs TL, TZ, "', TM

where

Tt = [(1, (2h-L)M+ j) [r = L, 2, "', Zh-L; j = 2, 3 ' 2t:.]

T, = [(ir (2h-1)l'1+j)lr = zn, 2h+1 ,2(2h-1); i = 2,3, "', 2h]

T, = [(tr (2h-l)M+j)li = (2r-2)h+2-r, .", r(Z!r.-L);J = 2,3, 2hJ

t

a

k-[(r,(2h.1)l'1+j)|i=(a,f-2)h+2-M,...'M(2h-1);j=2,3
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I{e ffrst dispose of the pairs in tl Takc Ehe (2h - t) blot'[<:i

[1, (2h-l)M+2r 2h-1, (2h-1)]f +3, "', h+1, (2h-1)l'1 +h+r]

[2, (2h -1)]f +3, L, (2h- 1)]'1+4, ..., h+2' (2h - l)]',l+h +2j

:

[2h-1, (2h-r)M +2h,2h-2,(2h-1)[r*2," ', h, (2h-1)]'1 +hl

A dfrecE verification shows Ehat Ehe handcuffed pairs in thc.sc

blocks are precisely Ehe palrs in Tt In the samc way, by Eranslating i-'

we obEain blocks corresponding to each of TZr'3 , TM and these complctc

the design.

4.Handcuffed Deslgns for À > 1

For tr > I Èhe informaEion on the exisEence of handcuffed designs

fs incomplefe. However, the Eheorems below give added information.

A Èrlvlal lermna which is useful is the followlng. IE depends on

Èhe fact thaE we are allowed Eo repeat blocks.

Lerrna. If H(v, k, À,1) exlsEs and H(v, k¡ ì.^) exisÈs t'hen

H(v, k, Àl + ÀZ) exfsts.

Proof . Take Q, € H(v, k, Àt) and Q, € tt(v, k¡ i.r) where Qt and Q2 arc

on Ëhe same se¡ S The unfcn of the blocks in Q, and Qn are Ehe blocks

of a ll(v, k, Àl + À2)

Corollan¡. If H(v, k, 1) exisÈs Ehen so does H(v, k¡ tr) In parÈlcular

if k = 2ht1- and (1, 4h) = f , rhen since .r- 1r (2h- l)¡lu so Ëhar
(2h_ 1)r

uaml(2h-1) or v=4hm*I and v=1 mod4h. NowbyTheorem2,

H(v, k, f) exLsts so thaÈ H(v, k¡ I) .exists.
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sufflcient condition
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cven, k = 2h and (f,, 2h-1) = f . A neccssary irnd

for H(v, k¡ À) to exisÈ 1s v = I mocl (2h - t)

proof. To show sufficiency note rhat íf v = 1 mod 2h - 1 Ehcn

II(v, k, 1) exists, hence H(v, k, À) exists ' Now suPpose (tr, 2h - 1) = |

rhe equarion " = Úft3ffi = (#+(]d impries' = fffi * r

I

sfnce (¡r 2h-1) = | and (h-11 2h-1) = | it follows thaE À(h-1)lu

Put u=mÀ(h-1). Hence v=l+(2h-1)m or v=l mod(2h-1)

Corollarv. If k=2h

v= I mod (2h-1)

Theorem 5. A necessary

if k=2h*1 is v=

Ehen tl (v, k, 2) exists if and onlY if

and sufflcienÈ condiEion for H(v, k, 2) Èo exist

1 mod 2h.

_ (v_j.)(2h_1) , so rhar vproof . If k = 2h*1 Èhen ,t = *-iË-

Hence¡(2tr-f)lu PuE u=m(2h-1) v=1*2hm or v=

Hence Ehe condition 1s necessary.

To show sufficlency, we puÈ v = 1 * 2hm and use

(Note ÈhaE even values of m are covered by Theorem 2, buE

thts.) If m = 1 \.re consÈruct a design Ql on S, = [lt

In facÈ Ëhe blocks

[], 2h +1, 2, 2h, ', h, h+2, h +lJ

12, 1, 3, 2h+1 t " ', h+1, h+3, h+2]

a

2hu
='lJ--! I zln-r
I mod 2h

induction on m

we will noE usc

2r...r 2h+1J

{2h+1, 2h, l,2h-Lr'.., h-1, h+1, hJ
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consËftute the required design. The proof is the same as thaË used in

Theorems 2 and 3. Now assume EhaE QM exists on a scE

su= [1r 21 3,..",1+2hl,1J and leE Slt*1= S],1¡ [2hM+2r 2tM+3,

...r 2N+2h+rJ The blocks of Qu*t are obtained as follows. First,

1ncl-ude the blocks of Qlf . Then add Ehe blocks of a design isomorphic to

Ql on the set S = [2tM+lr 2lÌ4'+2r "', 2N+2h+lj The pairs which have

noÈ been handcuffed in the blocks used so far arc .1.(!,+Lr 2hì'l+ j)1.e,=0, lt...rM-1,

L = Ir 2, .."r 2h, i = 2, 3, 2h+11 Dividc these into l'1 subsets

To, T1 , ..-, Tì4- rwhere t, = [ (1,+L, 2N + j) li = r, 2' "', 2h,

3 = 2, 3r..., 2h+1] ; We wriEe the pairs of 
'n 

as an array N of 2h

rords as f ol lows

(¿ +1, 2N *2) t (1,+2, 2lù1 +2), "'t (l+2h, 2hl4 +2)

(n+Lr 2N+3)r (1,+2r 2N+3),r "'t (2+2h, 2hl'1 +3)

:

(1,+L, 2N+2h+1), (1,+2, 2ffi+2h+1)r"', (X+2ln, 2N+2h+t)

DenoEe the firsU h rows of N by A and che last h rows by B'

l¡Je nor.¡ dístlnguish two cases h odd and h even. If h is odd

the handcuffed blocks of

[,C+f , ztú'l+2' !,*2t 2tùl+3, "', 2N+h+1, !,|h+11

ll,+2, 2N *2, 1,*4,2hM+3, 2h}{+h *1, X+h+31

:

l!,+2]n-Lt 2h1"1 +2t !,tzh, 2hl'1+3, r", 2Ïrl'{+h+l: !'ih-1J

conËains Ehe pairs of A once so we repeaE Èhese blocks in our deslgn 1n order

to handcuff che pairs of A twlce.
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Again the handcuffed blocks

lL+1, 2N +h+2, !"t2,2tM+h+3,

ll,+1, 2N+h+2: !,*4,2lÌ'1+h+3 , 2N+2h+1, ¿+h+31

Il+2h-1r 2rM+h+2, x*2hr ztM+h+3, ..., 2N+2h+L¡ l*h-1]

when repeaÈed once handcuff the pairs of B Et"tice. RepeaEing the operation

wf th all the T. rs cornpleces Lhc design.
1-

If h is even, a different procedure is uscd to handcuff che pairs

of A and B twice. We use the Er,Jo seLs of h handcuf fed blocks viz.

l l, +t t 2lÌ4 +2 t !, *2, 2hì1 +3,

[¿+¡,zhtl'tL+zt !"*4t 2hM+3, 2hM+h*1, ¿+h+3]

fl+Zh-lt 2lù'l+ 2' !+2h,zhM+ 3t"', 2w+h+1 t !'th-11

and

ll, +2, ztùl +2' !, t 3, 2hltl + 3,

i

ll,+ztt, zw.+2, !,*1, 2hM+3, "', 2N+h +I t L+hJ

to handcuff Ehe pairs of A Ewice and a slmilar scE of 2h handcuffed

blocks Ëo handcuff the pairs of B twice"

Again, carrying out these operations for a1l che Ti cornpleEes

Ëhe deslgn"

Corollarv. Uslng our lemma iL follows that if k Ís odd and (Àr 4h) - 2

Èhen À is even and hence H(v, k, \) exists.



46.

For designs with k = 3, conrplete information exisÈs as given

by the fol1-owing Eheorem.

Theorem 6. If k = 3, the followfng are necessary and sufficient condltions

for H(v, 3¡ l.) Èo exlst.

(1) If (\r4)=1r v=1mod4.

(2) If (fr4) =2, v=1 mod2.

(3) If (\r4) =4, v>3

Proof. If (lr4)olrwehave rr=3g+1soËhat flt PuE P=mÀ
^

whlchimplies v=4m*1 or v=1 mod4. HencebyTheoreml

H(v, 3, 1) exLst,s and by our lemma H(v., 3, l.) exists.

rf (lra) =/ then À=2(2h+1) and t=fta+t or 2h-'t

dfvides u Put, u=(2h+l)m v=2m*1 or v=1 mod2. ByTheorem5,

H(v, 3, 2) exlsts. Hence by our lemma H(v, 3t 2(2h + 1)) = H(v, 3, À)

exfsÈs.

supposenow (¡.r4) -4. Then \=4t v=P+I=ï*f . PuE'4EC

u = mÈ and v = m*l . Hence Èhere is no resÈriction on v excePE v > 3 .

If v ls odd Lhen by Theorem 5, H(v, 3, 2) exisrs so H(v, 3 , 4t) =H(v, 3, L)

o exlsts. There remains the case v = 2n ¡ î = 2t 3r'4, 5t . In Ehis case

we show .H(v, 3, 4) exists f rom r¿hich iE r^¡ill follow thaE H(v, 3, À) exists.

Generally, wiÈh v=2n, u =2n-lr r =3(2n-1), b =2n(2n-1)

and a Q ( H(2n, 3, 4) is consÈrucÈed as follows. t{e now wriEe dorun (2n - 1)

Eriples ("t bt "t) G, b, cr) (a, b, cr) ("2rr_ I b2r, _ I "2r,_ l) such
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thaË the successive differences

bzrr- r'^r\-1' bzn-1 - "2rr-1

Zn-L, 2n^22 2n-3, "'r2, t, o,

bl - "1, bL - "L, b2- a¡t bz- "z
are the sequence of numbers

2n-1, 2n-2t " "rn*1, n-1¡ n-2, "'r2, 1

and rl = 1, ^Z = "L, 13 o czt ..., a2n_L = cz¡;z . These condltions

unlquely deËe¡¡rfne the triples. If each of the EriPles is translated 2n

Ëfmes mod 2n úre ge¡ Ehe seÈ of all blocks of the design. The followlng

exampLes fLlustrate the constructf-on

n-2; L42

2L3

324

4 31

162

2L3

324

4 3 5

546

651

231
342
413
L24

r43
2I4
321
432

341

452

563

614

r25
236

2

3

4

5

6

1

53

64

L5

26

31

42

162
2t3

324

435

546

651

243

354

4 6 5

516

621

132



CHAPTER V

0n Howell Desfgns

i. " Introductf on.

Let n and e beintegerswhere n<s32n-L" Aequare

of efde s such thaÈ each cell is enpty or contains an unordered pafr of

fnËegers from amongst 1, 2, ...0 2n le called a Hor¿el.l design of type

It(a, 2n), provlded; 1) each l-nËeger from 1 to 2n appears exactly

once fn each row and each column and, 2) ".r..y unordered pair of ÍnEegers

appears at most once fn a cell of the square" For a deslgn of type H(s, 2n)

we caltr lt a deslgn of sfde s and of order 2n . The range of posefble

valuesof, s ls n<s<2n- 1"
In fact euch designs are befng used fn the schedullng of bridge

movements. TtreLr hfsÈory goes back many years and such desfgns of lower

order can be found 1n any rrBridge Dlrector¡s ManuaLr.

One of the extreme cases of, llæ¡e1tr desfgns occurs when s = 2n - 1

trn ÈhaÈ case ever)¡ unordered paLr appears exact,ly once. This type of

lloweli. desfgn is caLLed a Room Desfgn. Around 1900 Professor E.C. Bor¿ell

of M.r.T. found the Room squaresof orders from I to 30 and they are

publfshed 1n Brfdge Ì¡trorld rnc. L933. Hence, we use hl.s name fn the

desfgnatfon of the general design lt(s, 2n). IÈ mrsE be remembered, however,

ÈhaÈ he only was fnËerested 1n the case s = 2n - I . Stanton, ÞfulIln and

thelr eEudent,e have been workfng f.n Room squares for some time and soLved

a}moet all probLems concernf.ng exfstence for thaË case. The probLem of

exfstence of Room deelgne for all vaLues of n woul.d be courpleÈely solved

ff a square of type Ll(257, 258) could be constnrcted. Thle would sËill

leave open Ëhe problen of fsomorphlsm claeees.
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2. Ttre Extreme Case s = n

AnoËher extreme case is çrhen s E n . In Èhfs case every cel1_

of the square would contain one unordered palr of lnËegers. An obvfous

caee Íe n = 1, = s 2n = 2 . The square fs sfmply (1, tr,).

IË fs easy to see that ff there are tr^ro orËhogonal Latin

squares of order n then there wouLd be a HoweLl design of type H(n, 2n)

In fact leË the firsË latfn square conËaín 1¡....¡ n and the second one

conËafn L' , .. ", Ít' . Then take the elements in correspondfng cells of

both squares as Ehe palr ln the corresponding ceLL of a ner¡ n X n square.

It satisfles all the condltions for a Howell Deslgn.

OrÈhogonal LaEfn Squares exfsË for all posfËive integers except

2 and 6 so H(n, 2n) exLsts for alL posfËive inËegers n except possibly

n o 2 and n = 6 rË fs not dffffcui.t to show that there exfst no

H(2, 4); buE for n - 6 Ëhere exLsËs a H(6, LZ) as foLl-ows:

L, 7 2, g 3r g |rLO 5rLl 6rL2

2,3 L2,7 4,5 B, g 6, L 10,L1

L'l_r 'J"2 3, 4 7, g 5, 6 gr LO 1, 2

5, 10 6, li. L, 12 2,7 3r g 4, g

6, g L, 10 2rL1" 3rL2 4,7 5, g

4, g 5, g 6,10 1,LL 2rL2 3,7

Hence we have:

Theorem L: H(n, 2n) exLsts for all positlve l_nËegers n excepË n = 2
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In what follows we shall- gÍve constructions for lt(n, 2n) fndependent of

orEhogonal latln squares "

3, ConsËluctlon of Some DesLgns for n < s < 2n - L

From these tvto exEreme cases we know thaü Hor¡ell Destgns wldely

extet. Now rde are golng to see what wllL happen when n < I < 2n - L tle

ffret consfder small values of n , n = 2; Ëhere is no s for whfch

n < s < 2n - L In the extreme cases nefËher H(2, 4) nor H(3, 4) exlst,.

n - 3; the only case n < s 12n- L ls l1(4, 6) which exisËs as follows:

Lr6 4r5 2r3

3r4 216 1r5

2, 5 4, L 3, 6

315 Lr2 416

n - 4; there are two poesfble such cases I = 5, s = 6 . After a coryLete

fnvestfgatfon by cotrpuËer lt ls knovm that H(5, 8) does not exist but

tt(6, 8) exfst,s as follo\,rs:

Lr2 314 516 7rg

5r7 6rg 113 2r4

4r5 lrg 2r7 316

3r7 2rg 4r8 1r5

218 315 lr6 Lr7

Lr6 4r7 3rg 215
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Before qte go Ëo any htgher order we want to descrlbe a modLfl.catlon of

Ëhe oËarter-adder method whlch 1s origlnally descrlbed by Mull1n and

Stanton [61. this starËer-adder nethod was used by SÈanton, Mul11n and

Neneth . Ëo consË¡îuct many Room sguares. For Che square H(2n - L, 2n) the

starter-adder nethod 1s the folLonfng. I,Ie consfder the integers mod (2n - 1)

and append a symbol o wlth the property thaL o * 1 = co . The set of

palrs (-, 0), (.1, bt), (^2, bZ) ,("rr_1, b._l) 1s called a srarÈer

1f ^Lt "Zr...r&n-lr blrb.r..., bn_1 are all the 2n-Z non-zero

reeLdues uod (2n - 1) and if +(a1 br), +(a, - où , r("rr_ t- br,- t) are

alL dfscinct. Ttre set of elements "0, .1 , cz, ...¡ cn_ 1 are eal-d to be

an adder lf, cO * 0, 
"1 

* tL, 
"1 * bL, 

"z 
* ^2, "z o b.r ...rcn- 

L* .rr_ lrcn_ 1* br,_

are all Ëhe residues mod (2n - t) and if "0, "1 , "rr_, are all

dlsËfncE" l{ith a starter-adder one can construct an II(2n - L, 2n) as

f,ollowe. First,, we ptace (ar, br) fn Ëhe cell occupylng the ffrst row and

(2n - cn)ttr column, and (-, 0) in the fl.rst row (2n - c')ttr column. Ttren

tf Ëhe palr (x, y) occupl-es the cell Ln the fth rors and jth colurnn, Ehen

the palr (x f 1, y + 1) occupfes Ehe cel.l in rhe (i + l)th row and

(J + l)th colunn (row and column fndlces are Èaken mod (2n - L). If rhe cell

fn Ëhe fth rowr. Jth column is empty then so ls the cell ln the (f + l)Eh row

and (J + l)th column. In case of Room square there 1s only one inflnlty,

btrt noqr in our modfflcatlon for any. H(s, 2n) there are (2n - s) infinlries.

Let Ehe 2n elenents be L, ..ír g, -s_n*1, .o., @nr wtrere the non-lnfinfEy

elemente are taken urod s and conslder the palrs:

(x*r lr), f - 1, .o., e - rl r¿here *f, yl € (1r s)

such ehat +(xn - Va) are aLl dfstlnct.
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(-Jr "J), ,J € (1, ...¡ s)

.l * s - n * l, ..., n

where [xri u [rr] u [":] f.L, 2,

,J * *r, z3l v7

i=1 ,s-n
..., S]

t{e call these following palrs a starter:

(x1, Vr)

Let .f, "J € (1, ...r s), L=L, ..., e- ": j =s- n*1, ...¡ r
such thaË *l * af, yl n 

"i, "j * uJ are all dfstlnct. Then we call set

^It u2, oon, ên an adder. Ttre constructfon of H(s, n) now proceeds in

Ëhe eame rtay as fn the orlginal starter-adder nerhod. The square constnrcted

by thfe method t¡ould contafn no repeated palrs, and no repeated elements in
the eame row or the same column,

If we can flnd such a set of starter-adder for posttive fnEegers

e and 2n , then Èhere exists a desLgn H(s, 2n), buE this fs not a

necessaxlr condltfon, we wfll see laËer. For convenience of notat,Lon we wlll
omf.t Èt¡e -te in r¡ritLng down a starter 1..e. inetead of

(x1, v1) , (x2, V2) ,

we w{I'L wrfte (xrr lr), (*zt y2), ..o, (*"_n, ys_r,), zs_n*1, ...t zn

Also, we wfll not necessarlly Llst the ztl at the end of Ehe table. For

fnstance for tr = 5r s = 6 the followlng fe a starterz 6t 51 4, (2,3r, L

The notatfon 1s ambLguous, but the ambfgufty 1s fnconsequentfal sf.nce ft ls
lnrnaterlal whfch subscrfpts are appended Ëo the co-symbols provlded Ehey are

all dlfferent 1..e. 6, 5, 4, (2, 3), L could represenÈ (-4t 6) (-re 5) r

(-rr 4) , (2, 3), (-5, 1)



l+. Constnrqtfon of Some InffniEe Classes of Desisns.

Ueing thfs urodffled sËarter-added meÈhod hre can easlly construcE

nany lnflnlte classes of HowelL designs. Henceforth, we denote the desfgn

r¡hich can be constnrcted by this method by: Hr(sr Zr')

Theorem 2: For all posltive odd f.nËegers n Hr(nr zn) exÍsËs.

Proof: (rn thfs paper, for convenf.ence we wriËe an lnËeger k = 0 mod m

ag rtdrr rather Èhan rr0rr in all the constnrctLonsof starter-adder meEhod.)

I{e glve Ëhe starter-adder as follows:

adder: n, n- 1, .""r"lrtr"tr', þ!, ...,4,3, z, L

sÈarËer: n, n - x., ..., " T.t, O-l-1, +, ..., 4, 3, zr l
eu¡n: -o¡ '.... 3t Lt n- L r 8r 61 41 2

odd

51.

From Theorem 2 we knor,¡ that H(n, 2n) when n fs odd, can be

constructed wÍthouË usfng orthogonal_ Iatln squares.

Theorem 3: For poslËfve odd inEegers n > 3 Hr(n * L, 2n) exlsËs.

Proof: The sËarter-adder and sum are given explfcltly. as folLows:

adder: n * 1, n, ..., f + s, "F * rr++ 1, Låf, g, z, 1

starter: n * 1, n, ..., Lff + 3, x "+1 o r, ++!r...r4, (2, 3), L

sum3 tttt-1.rn-1¡..-.¡ 6, 3, 1, l, 4r1rz
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For convenience all possfble adders are Listed. An X under an ad,der

means thaË 1t has not been used and ln fact corresponds to an eurpty cell
1n Èhe ffrsc row,

Ttreorem 4: For any posLtLve even integer n Hr(nr 2n) and Hr(n + L, 2n)

do noË exfst.

Prooft For ltr(nr 2n), if there exist a scarter-adder

adder: n, n- 1, ""., 3, 2, L

Starter: arrr arr_ 1r 
. .. ¡ â3, 

^Zn "L

suII¡: grr s,' _ 1r ' ' " , s3, s2, sl

Slnce a, € (1r ...r n) I = 1, ...,' and aLl dLsËinct

s* € (1r ...r n) f = 1, ,..e n and all dtsÈfnct

so we have

nnnn
E a-= r i and t srs i fiol t r]r rlr i rlr

buË s¡*.Í*f so i "lf Ë t= Ê s,llr o rlr - r-ir -i

å zi tæ B i + i i=o modn.
f.-l i=l i=L

Now ff n is even

Ï" f -n+(n-I)+...+1=l(rr+t)=i+o mod ni-L

Hence there does not exfsÈ a sËarter-adder for H(n, 2n).
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In the case of H(n * Lr 2n) wfthout loss of generaliry, we

can assume that the eryry cell 1n rhe flrst ro¡s fs Èhe last one

f.e. (n + 1)-rh.

If there exfst a starter-adder:

' ter (x1, rr) , (x2 -2),

xlrYl€ (1,n*L) 1=1r ...¡r

and "1, .."¡ 8D € (1, .".¡ n) be adders.

xi, yl are all dLstincE, al, "..¡ ên are all dtstfnct.

(r, + ar) + (*1 + ar) + (*2 + ar) + ... + (xr, * arr)

I yl+"1* i.r* Ê *r
rlr -l rlr --f

buË yl + "r o 
rän "r 

* 
rËr "r 

= 
iËl 

i = 0 mod (n + 1)

',' nLseven 
,!,*,*yt "fl r=o mod(n+t)

nn
n3r"t=rlnI=o mod(n*1)

ao a, = 0 uod (n + 1) whlch contradfcts the fact thar a, € [r, 2, ..., n]

Ite now proceed to describe a method of consttîuctfng Ëhe designs of
tyPe H(n, 2n) wfth n E even r¡lthouË usfng Orthogonal LaËin Squares. Let

st - [1.r "', n], s2 = [n * 1r ..., 2rJ be the 2n el.ements" Iùe distingufsh
ËTro cageg.



Cage l. n - 2t end

as follolrs:

fs even" We arrange the
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2n elements 1n a Èable

Here the flrst column glves

nhere Dt represents the dLfference

the lth ror¡.

Ehe value of Dl, L = Lt .".. t Ë, t +

(mod n) of the elements in a palr in

l.r "'r n

n

n- 2

n-4

n- 6

(1, n+L)

(2r 2n)

(3, 2n- L)

(4, 2n- 2)

(2, n+2)

(3, n+1)

(4, 2r.)

(,5, 2n- 1)

(3, n+3)

(4, a+2)

(5, n+1)

r:' '"'.

. (n, 2n)

. (1, 2n- 1)

.(2, 2n - 2)

.(3, 2n- 3) t rovrs

2

n-

n-

r -åÈ, c +

J

I -n, r+1

1

3

t rofrts

t", ,, * r¡ tr, " *Ol

(r+L, n*2) (t+2, n*3)

In this arrangement, fgnorfng the flrst column of Ðrrs obvlously in each row

and fn each column, each element appears only once. We onLy have to consider

whether Èhere are any t"p".a"U palrs. The repeated pairs can only occur in such

rowe where they have sane Df. In thfs case the ffrst t rolrs have values of
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DL wtrich are even and dlsË1nct. The second È rows have values of Dt

whlch are odd and aLl but tt¿o are dlstlncË. The two rows that have Ëhe same

Dl - o * 1¡ are the n-Ëh row and I a-at ror. f{e rearrange Ëhe table Ëo

. ar¡ofd repeats uslng rhe <| r - rl *, and (å.1.n roers as foLlows:

the old roúrs,

?* -f r-1 <|r,|t+a) ,Tr*t,|r++¡ ,Tr*r,Tr+s). ."qr_ 1, 2t+z)

-3'f æ-Þ (lrnt,|t+Ð(Tt+2,It*s> (Ir*t,Tr+4)... Ê",Ir*t)' 2-

are replaced by the new rows

1-|t- r <]r,|t+r) {}.+ s,}t+Ð ,Tr*r,Tr+3). ." èË+1, }r*z>
?*-å. rlr+ r,?'+Ð(Tr+r, |t+z) rlr+ n,lr+s). ..Gr- r, |r)

ObvfousLy 1n each nerrr rott every element occurs exacÈly once and sÍnce eactr

eLement fs st1ll in the same column, each column contains evetT eLement

exacttry once. Nolr there s.re no repeated pafrs sLnce all palrs in these new

roErs are pairs fn wtrich both eLernents come from 
"1 or frm "2, whfle fn

the orlgfnal' rows each pal.r consfsts of one element, from "1 and one from "2.
For exarrple 1n 1t(4t 8) Just rearrange the Last Ë!,ro ro$¡s as folLows:

115 216 3r7 4ng 115 216 3r7 4rg
2rg 315 416 Lrz 2rg 315 416 Lr7
4r7 lrg zr5 316 

:å 
3r4 lrg lrz sr6

316 4r7 1rg' ,r, 617 4r1 gr5 zr3
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Case 2" n = 2t, t = odd., È f I"

SfmLlar to Case 1 but the repeaÈed D, = t * 1 would be even and the rows whfch

have the repeaÈed Df would be n-th row and ? -an roqr. We rearrange Lhe

+-throw and $!-ror t,o avoid rhe repeared palrs, dotng as foLlows:

Ttre ol.d rows

t=T! t?,"*¿#1,1f,"+3fi , (+,,,+9$91,. (+, "+lfi
t-ï! (4r,"#),t1,"#> , (+,,,*91fli,. (+, "*1s#)
become Èhe

- Ë- 1
{E-'2
. r+11 E-'2

nel{ rotls

L,2 7, B 31 4

Lzr7 213 grg

3111 4rt2 517

5r10 6rLL IrLz

619 1110 zrLL

4rg 5rg 6110

= even, lndeed does

9110 5, 6

4, 5 LO rLL

6, g Lr 9

2r 7 3, g

3rL2 4r 7

1r 11 2 ,L2

LL rL2

6, I

2,I0

4t 9

5, I

31 7

not have to depend

we knoçr already from Theorem 1 that H(n, 2n) , n l 2 exfsËs so the

Btarter-adder ¡reËhod is not, a necessary condlÈon. rn case of H(n+1, 2n)

n even, the foLloç¡ing deslgns have been constn¡cted by compuËer:

(+, +,, {'ff,,ryr,+,+r,. ..,1,,13Ë1, "*l#)
(n+3Ë9 "+IF), (+, +r, (,'ry,,,ffi,. .,(i3,+r.

An example for this case ls H(6, LZ).

6 Lrl zrg 319 4rLo 5111 6r]'2

4 zrLz 3, I 4,g 5,9 6rLo lrLl
2 3rLL 4rI2 517 6rg Lrg zrLO

:+
5 srLo 6r1i. LrL| 21 7 3r g 4r g

3 6rg LrL0 2rLL 3rL2 4rV 5rg
4 4rg 5rg 6rt0 1111 2rL2 317

so the exfetence of designs ll(n, 2n) n

on the Orthogonal Latin Squares.
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ll(7tL2) L"e. n=6 :

Lt 7 2t I

9 r10

3t 9

7t 8

4,rr

4 r]o

5t 6

2t7

3t 8

5 r1L

3t 4

Lt 6

2t 9

8,r2

6,L2

rr2
315

4, 7

9, LL

8r10

LLrLz

8r9

5r10

Lr4

3t 7

2t6

IO,L2

6r11

2t 3

5t 9

4t 8

L,12

5, 7

4t 6

3r11

6r10

2,L2

1, 5

1, LL

9,L2 7 ,lo

II(9, 16) i.e. n - I

Lt 9

4t 8

5rLo

L2,t6

6,L4

11r15

ta

7,L3

11r 16

,2 tL5

1, 6

3t 7

4t 5

9,L4

10, L2

Lr7

I,L2

2,L6

8r13 216

LLrr2

1r I

7r 9

5r13

L0rx.4

4,16

3rt 5

7 ,r2

4r]a

6t 9

11r13

2, 8

3,L6

10r15

1, 5

3t 4

2, 5

7,L5

L4 rL6

L, Lo

L2 rL3

6r11

8r g

1.0,11

3t 6

5 rL4

9,13

4,L5

L4,L5

7,L0

zrLz

3r11

5rg

9,L6

Lr13

4t 6

5, 9

13r16

113

41 7

2,LO

L2,15

6rg

11r14

Lr16

BrL5

L0, L3

6,L2

3,L4

4,LL

2, 9

5t 7

The general cases II(n*k, 2n) k > 2 r¿iL1 be dlscussed in whaË folLows.

5, Ttre Multlpllcatlon Theorgluq__:_

We explafn next the ¡mrlËiplLcation method for the consEructf.on of

hfgher order HowelL deslgns by means of the use of l-ower order desLgns. The
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EeÈhod given here can be seen as a generallzation of Hortonrs method whlch

was orLglnally used fn Ëhe constrrrctfon of Room Squares.

Deffnftfon: lüe say a HoweLl deslgn of type H(s, 2n) satf.sfies a *-condiËion

on a set of (2n - s) fnEegers lf there are (2n - s) integers anongst,

Lr 2, "".r 2n such that no pafr of them occupy a cell"

Many Howell designs satisfy the *-condfton, for

(a) All deelgns Hr(sr 2n) consrrucred by rhe

satlsfy the *-condfton slnce the lnfLnltes

elements no two of whfch occupy a celL.

exarrp le:

sÈarter-adder meËhod must

constitute a set of 2n - s

(b) ALl Room sguares l.e. H(2n- L, 2n) sarlsfy rhe :k-condition. since

2n- s = 1

(c) A1L designs of cype H(2n- 2, 2n) saËlsfy Ëhe *-condLtfon. Consider

an eLement lrxrr fn such a deslgn. rt is pafred wfth zn-Z other

elemenÈs so there remains an element y wLËh which x ls not paired
I

ln a cell

(d) 4L1 ll(n, 2n) whlch come from OrthogonaL Latfn Squares satisfy rhe

*-condftlon (obvfous), but the des{gn H(n, 2n) n = even consËrucËed

by the method glven in the previous section wiËhout using Orthogonal

Latfn Squares need not saÈisfy the *-conditfon.

For H(n, 2n), all H(3, 6), H(4r 8), constr:ucted by any method wharever,

eaËfsfy the *-condltLon. BuË for H(5r L0) rve know that there are aË leasc

Ëv¡o non-ÍsonorphLc Howell desLgns of this type. One of these comes frop t!úo
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OnËhogonal Latln Squares (or by the starter-adder method) and srusË saËlsfy

Ëhe *-conditlon. A second one construcÈed by computer is as folLows:

1, 6 2, 3 gr L0 4, 5 7, g

8, g 1, 7 2, 4 3, 10 5, 6

5, 3 4, 10 1, g 6, 7 2, g

zrLO 6, g 5, 7 L, g 3, 4

4, 7 5, g 3, 6 2, g 1, 10

It doee noÈ saËlsfy the *-condftlorl, as is easily checked.

For n = 6, H(6, L2) exisEs as shown prevlously but no design of type

H(6¡ L2) can satfgfy the :t-condftion. If there are any of them

saÈlefying Lhis conditLon, then it would toçly the exlstence of a palr of

Orthogonal Latin Squares of order 6 HenceforËh, we denoge a HoweLL

deelgn of type H(s, 2n) r¿hfch satisfles rhe :t-condltion by tt*(s, 2n).

(An Hr(sr 2n) m¡st be an H*(", 2n); whether we use ¡tSil or rr*n

depends on r,¡hat condlËion we wlsh to ernphasize.)

Theorem 6: (l'fultipLlcarion Theorem) rf H*{sr, 2nr)r and H(srt znr) exfsr

and a pair of orthogonal Latin squares of order "l exfst, then

ll(srs, t (ZnZ- 1)sl + (2n, - "t) ) extsrs .

(L, 2 , 2nr) HZ rhe deslgn of rype fl(srt Znr) havfng elemenrs

(1,2, "'r 2nZ-1¡ -).
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I{lthouË loss of generallty r,re can """,m" th.t EZ 1s such a llowell design

rphose maln dfagonal consists of Ehose cells conÈalnfng (-, i) L = l-t """t sz

LeË L, R be two Orthogonal LaËln Squares of order "1 on

(1, ""., "1).. f{e enlarge each cell of HZ Eo a "1 X "1 square by the

follovrlng nrles:

(1) Each enpËy cel.l ln EZ is replaced bya eI X sl enpty square.

(2) The cell contaf.nlng (-, f) ln Ëhe matn diagonal of HZ ls replaced by

a Al, f = It "."t s2 where Af ls an Ht all of whose eLemenËs

e:(eept (s, * L, ..., 2nr) are subscrfpEed by f and leave

sr#1 ,ZnL non-subscrlpted.

(3) Each cell noÈ errpty and not in che mafn diagonaL of H2 must be a cell

contaf.nfng (jrk), ilk fsreplacedbythemaËrlx Qjrn where

QJ, n f.s the 
"l X "1 square wlth entry (,ør, rn) where !,t r occurs

ln Ëhe corresponding ceLL of L and R respecËf.vely and every X

subscrfpted by j every r subscrf.pËed by k

Now we have a square of slde "1"2 which we call H and:

(1) The design II ls of order (2îZ- 1)s, + (2nr- sr) . There are "I
eLement,s of Ht subscrfpted by L, ...r 2nr-L and Ëhere are (2nr-sr)

eLemenËs non-subscrlpËed so the totaL is (ãnZ-L)s, + (2nO-sr) elements.

(2) Each column in It intersects only one Arr all of whose elements are

eubserlpted by i and the non-subscrLpËed elements whfch appear in the

celLs of Arr and each element subscrtpËed by j, k 3 I L, k I I appears
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ln some celL of one of Qj, t . slnce Hl, 
"2 

are llowell desÍgns and

QJ, O comes from a paf.r L, R of Orthogonal Latin Squares, Ehen evelT

eLemenË rnust appear exacËly once fn each column. The eame holds for

each roru

(3) There are no repeaËed Pairs

(a) ObvlousLy there are noË any rePeated paLrs amongst QJ, n and At

Ttrls ls aLso tnre for any palr of dffferent Qj, n

(b) If aay repeated pafr appears fn same Al, Ehts furpLles that there

fs a repeated palr fn Hl, " contradlction. Sfmtlarl,y for Qj, n

(c) If any repeared pair appears in At, AJ I I 3 then Ehe only

possfble repeaËed palrs are those pafrs conËalnlng boÈh eLements

whlch are non-subscrlpted hre Ht satlsffes *-conditfon on these

2n- e el-ements so no repeated paLrs aPPear.

Theorem 7:

* -condfËlon

Ttrfs corpi.etes the proof that H(srsr, (ZnZ- 1)sl + (2nr- "t)) exlsts,

Ht and HZ in the prevfous Ëheorem both satLsfy the

does H(ers2r (2nZ- L)s, + (2nr- sr))

PJooÊt I^Ie can choose aLl non-subscripËed el-emenEs and all eLements subscr:lpÈed

by s, * 1, .o., lnr-L Ëo be Ëhe set of eLements on whlch we apply the

*-condltfon. Then:

(a) the ËotaL number of Lhese elements

(2îZ- 1)e, + (2nt - .t) - srs, = (2n,

If

so

ls

- sz - 1)s, + 2nr- s,
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(b) Since HZ fs of sfde "Z Èhen no non-subscrlpted elemenÈ ¿rppears

.together wlth an element subscrfpted by s, * 1t .-., 2nr-l-

Since aL1 non-subscripted eLements only appear in the dlagonal of

Hrr theY can be palred ontry wlth subscripted elements fn the

diagonal where the subscrfpts are amongst I = 1 , ... t sz

(c) Slnce HZ satLsfies Èhe *-condftfon no cel1 of HZ contains

(J, k) where J, k € (sr*l, ...r 2tr-L) . So no palr of elemenËs

subscrfpted by (s, *1, ..", Znr-I) can appear ln a celL.

(d) Since Ht satisff.es Ëhe *-condiÈf-on, no pafr of non-subscripËed

elements can appear ln a ceLl.

Coro}lar¡¡ 8: If H(s, 2n) exlsËs and OrËhogonal LaËfn Squares of orde:: k

exfst Ëhen H(ekr 2kn) exLsËs and if H(s, 2n) satf.sfles the *-condLtionr

so does H(sk, 2kn)

Proof: Since Orthogonal Latin Sguares of order k exisE, tË foLlotrs Èhat
*.II (t{, 2k) exiets. Hence by Ttreorem 6 H(sk, (2n- l)k +k) exisrs buË

(2n- l)k+k = Zkn so H(sk, 2kn) exÍsÈs. rf H(s, 2n) also sarisfies

the *-condltion then by theorem 7 so does H(sk, 2kn)

corollarv 9: rf H*(s, 2n) exisÈs, and k is a posLËive integer k I z,6
*

Ëhen tt (sk, Zkn) exisrs

Proof: OrthogonaL Latfn Squares extsË for all posfÈive lntegers k except

k-2 and k=6
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Tt¡eoren 10: If HO(2n- 1, 2n), H1("1, 2nr) exisr and

1" llr(s* Znr) 1s a subsquare of 
"1 

such that 
. "l- 

sr=Zr-r-2nz

2" Orthogonal Latln Squares L, R of order "l-"2 exlst,

3. LeË 
"t("t, 

Znr) be as fn rhe figure:

and suppose no two ,of the elements of HZ appear

together 1n any cell of P, Q, U (we say that p, e

and U have Èhe *-property on elements of Hù

nt

flz P

a U

Then: EI((2n- f)(s:. - "Z) 
* "2, (2rt- Znr)(Zn- 1) + 2nr) exfsËs.

Proof: Let HO be a Room square such that every cell in the main diagonal

contefns a pafr (-, f) , f = L, 2, ".. , 2r{- 1, .

(1) R'epLace every empty cell of H0 by an empÈy matrLx of size

(sr-sr) x ("t-"z)

(2) Replace every cell in the diagonal of Ho by ut where ut ie

obtained from u by addlng Èhe subscrfpt f Ëo el_euent,s which

do not come from HZ

(3) Replace every celL ln HO contafnf.ng J, k j I k by tj, 
U

J, k € (L, Zr .-.., 2n_ 1) where tj, n has rhe enrry (.ør, rn)

¡Ehere !,t t are the enËries of OrthogonaL Latln squares L and R

fn the correspondfng ceLls 
"
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1n theThen add H2, P1, Q1, I

ffgure and call the new

= 1, 2n- L Ëo the

sguare H

where P. and
I.

elemenËs of HZ,

Now t¡e

(1) H now has

(2> Ir has

and 2n

enlarged H6

Qf are the P and Ëhe a fn 
"t 

wíËh every eLement, except Ehose

subscrlpÈed by L ,

check the follouring:

side (2n-f)(sf-s2) +s2

(sr- sr) elemenËs subscripted by (2n- 1) dfstinct numbers

eLemenÈs are non-subscrfpted so the EotaL fs (2*t- Znr)(2n-r) +2n,

eLements sfnce 11- "2 = 2rl_ - rn. o

(3) Each coLumn of H conËalns eveÐ¡ element once. Since HO ís a Roo¡n

sguare and aLl Qf come from a fn Ht , then the flrsa "2 columns

contafns each non-subscrlpted eler¡enË once in some cell of EZ and each

subscrLpËed element, once 1n some celL of Q1r and each other col-umn rm¡st

fnËersect only one Ut and one Prr so that alL non-subscrfpted eLements

and the elements subscrÍpÈed by L wouLd appear in pt or ut and alL

other elements Ln some tJ, 
n

vÅz P1 P2 P
2n-l

Qt [Jn

"¡,0
Q2 w2

fÈw
2n-l

t,
2n-l
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Sfnflarly for rows.

(4) There. are no repeated pairs.

(a) No repeated pairs can appear ln any of HZ, Qt, pi, Ui and

tJ, n . Ttris foll-ows sLnce all eLements in HZ are non-subscripted

and slnce alL non-subscrfpEed elements in Q1r p1r U1 are

elemenËs of EZ, no tv¡o of them appear together because of the

*aroperËy, and fn tJ, n Ehere are no non-subscripËed elements,

8o no repeated palrs can appear between any Ewo of H2, Q1,

Pl, Uf, tj, 
U

(b) For dlfferenr Qi, QJ, pl, pj or Ut, Uj where t l: rhere are

no repeated pairs. since the :karoperty holds there are no

non-subscrfpted pairs and all subscripted elemenËs are dfstinct fn

Qf and aj (or Pt and tJ, U, and Uj) if L I j , so no

repeated pafrs can appear amongst, them.

(c) There are no repeaËed pairs in different tj, u . since Ho is a

Room square no pafr (i, k) wouLd appear more Ëhan once.

corolLan¡" The H((2n- t)(sr- "z) o "2, (2nt- Zr.r)(2n-L) + znr) consrrucred

fn the theorem satisfies all the condftions mentfoned for 
"t("t, 

2nr) ln
Ëhe Ttreorem 1. Furthermore, if HZ saËfsfLes Ëhe *-conditlon so does the

!{((2n - L) (sf - "Z) o tZ, (2nt - Znr) (2n- L) + Zn,

Proof: (1) flZ ls a subsquare of H and (2n_ t)(sf- "Z) * s, _ s,

* (2nl -2nr) (2n- L) + 2n, - 2nz
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(2) U=enlarged HO

P*Pl UPzU "..UP2rr_1

Q = Qt U Q2 U .." u Qzr,_ j. .

All of Ëhem have *aroperEy on elements of HZ

The Corollary, asserLs that the new deslgn construcËed fn Ëhe theorem can

be reused agafn to construcË further ones.

To const:rrcÈ an 
"t("t , Znr) saËisfying the condltions demanded

of ft fn Theorem 10 1s in general very dlfficult. However the

rulltiplf caEion theorem (Theorem 6) gíves us one such method. trrle start

w1Ëh a pair of deslgns go{"2 , znr) and E*l2rr- 1, 2n) and use

Theorem 6 Ëo construct an Ht(*Z(2n- 1), (2n- 1)s, + 2nr - sr) . puË

sr(Zn- L) = "L and (2n- L)s, + ZnZ- s, = 2n, . trùe nos¡ have a square

Ii(srr 2nr) contafnÍng a subsquare H(srt Znr) . using the same methods

ae used in che proof of Theorem 7 ít folloçvs readiLy Ëhat Ht("t, Znr)

saelsff.es the condftLons of Theorem 10.

ExarpLe 
"

Take ,1o{"2 , Znr) = tt*(3, 6) and n*12rr- 1, 2n) = tt*(7, g)

and Orthogonal Latln Sguares as in the diagrams on the foll_owlng page:



-¡1 3t 6 2, 7 4, 5

5t 6 cor 2 4t 7 31 1

4t 2 6t 7 .,t3 5t L

5t 3 7t I -t 4 61 2

7t 3 6t 4 l-, 2 6t5

Lt 4 71 5 2t 3 -t6

2t 5 L, 6 3, 4 -t7
*' *II (7, 8) = H (2n-Lr Zn)

69.

6t 3 5t 2 4t 1

4t 2 6t L 5, 3

5, 1 4, 3 6t 2

*
H (3r'6) =¡1-(sZ , Znr)

3t 3 2t 2 L, 1

Lt 2 3t L 2, 3

2t 1 1, 3 3t 2

OrchogonaL
Latf.n Squares.

The const¡ilcËlon yfetr-ds an H(21, 24) wfth a subsquare H(3, 6) satisfying

the approprlate condiËlons.

6. General Constructlons Using Starter-Adler I'fethod.

In thfs section we descrlbe a recursive construction usfng the

aÈarÈer-â.dder method and shor^r thac Hr(n*kr 2¡) exfsts for aL1 k > 2 and

aLl- n > N(k) . Our conscruction glves an est,imate of N(k) which, in

general, fs too large.

Theorem123Ho(n+2,2n)exisÈsforeveryposltfvefntegern>5
¡j

Proof: For n odd and n > 5 , Ëhe foltr-owing table exhíblts a sÈarter-edder

Adder: n*2, n*n, , i, ...r"tt+zr{l'+tr...r5, 4 3rz,1

Starter: 1, (n*2, n)¡ n-1, ..", ttTl+1. n+L
Z L, T t ...r4r(n*113), 2rx, x

Sum: 1, (n+lr tr-1), n-3, Z , n*2 t ...r9r(3rl), 5,

+ (Bí-ys.) z *,2 t +4
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NoËe Ëhat the sum and t (xt-yf) are raken mod (n+2).

. For n even, and n > 8, the following exhlbits a starter-adder:

Adderz n*2, n*1, "."r|+3rT*2,|+tr...,4, 3, 2,1

Starter: 1, (n+2, n), ..", \+2, x, T*t, ..., 4, (n+1, 3) , 2, x

Sum: L, (n+1, n-1) , 3, c.., a*2, "..r 8, (2r 6), 4

* (xt-yr). *.2 L4

For n = 6 , HS(8, 12) has Ëhe folLowfng sËarter-adder:

Adderz 81 7, 6, 5,4,3, 2, 1

StarËer: 1, x, (2, 5) ¡ x¡ 82 7 ¡ (3, 4), 6

Sum: L, , (8, 3), 4, 2, (5, 6>, 7

* (xf -yr): *, ot

LeË N(k) be Ehe least positfve inËeger, such that for any

n > N(k), Hr(n*k, 2n) exfsts. That N(k) exisËs 1e proved in Theorem 13.

Thus, for k = 2, we have N(2) = g . Ì{e wfll use Nr(k) for an estfriåte

of N(k) such that N'(k) > I't(k)

Theorem L3: For any k > 2 , there fs an inÈeger N(k) such that

I[r(n'lk, 2n) exfsÈs for all- posirfve lnregers n > N(k) "

Prqof: For convenÍence ç¡e puË s = n*k, so thaË 2n = 2s - zk. Then

llr(n+kr 2n) - Hr(sr 2E-2k) . Our theorem can be stated egufvaLentLy as

folLows: for k > 2 rhere ls an S(k) such thar for aLl s > S(k),

[Ir(er 2s-2k) exlsts. It ls cLear rhar S(k) = N(k) +k . In our proof
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we wllt consÍder s odd and s even separately. we wlll use s'(k)

for an estlmate of s(k) with s resËrl-cred to odd values of k and

SJ(k) for an estl.mate of S(k) with s restrlcted to even values of

k and Ëake S'(k) = rtr¿rx (SJ(k), S'(k)) and N'(k) = S,(k) + k. (If

lsj{t) - Sj(k)l = r , rhen a berrer value of S'(k) is mfn (så(k), s;(k))

The proof ls by lnducËion on k . we start with k = 2 and for fixed s

wrfte doqm a starËer-adder. I,Ie then show ËhaE a starter-adder can be

constructed for the value k+1 by modifylng the starter-adder for k

and that the process does nor stop unüil s < sj(k) tf s is odd or

s < Sj(k) 1f s i.s even.

Ca¡¡e 1. s odd. lte start with k = 2 and puËting A

dovm the starter-adder:

=942' v¡e úrrite

Adder:

StarËer:

Sum:

å (x{-yr) ;

2,6,L,

s, s - 1¡ ..., A+3, A+2, 
^+1, 

A, .".r 5, 4, 3t 2, L

1, (s, s-2), ."., 
^+2, 

A,+L, A, A- 1, "'r 4, (s- 1, 3), 2, x, x

s, .""r9r (3r7), 5(s- 1, s- 3),

*2 *4

refer to a starter pafr

2 as a sf-nglet,om. I^Ie

of the foLtovrlng tr¡ro steps:

adder 3 and place it

sum 4 (In noËatf.on

= 2, FS(3) = 5, SA(3) - 2t

CalL thls Ëhe initial starËer-adder. tle

lfke (s, s-2) as a doubleton and a sÈarter like

nodffy thls to a sËarEer-adder for k = 3 by means

Þ!gp_L: Remove the singleËon starter 2 from the

under adder 2 The sum 5 is replaced by the

to be descrfbed Later RS(3) = 2, FA(3) = 3, SA(3)

ss(3) = 4)
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SËep 2: Remove the sfng!.eton sËarter A+L from the adder A,+2

(where the sum is 4 = SS(3)) and comblne it wfth the singleton sÈarter

l\+2 Ëo fo¡m a doubletonstarter (L+2, A+1) and for¡oing a nerr

+ (xi-yf) =*1. (Here tS(3) =A*1, FI"A,(3) =A+2, StA(3) =A*2 tn

Ëhe notaËLon to be descrLbed.)

l{e arrl.ve at a sËarEer-adder for a value k = 3 whfch r¿e call

the fLnal starter-adder" This i.s gtven by:

Adder: s¡ s-1, "'., A+3, A,+2, A+L, """,5, 4, 3,zrL

SËarËer: 7-, (srs-2), 1a+ZrA+1), x rA, ...r4, (s-lr3)rxrl-rx

Sum: 1, (s- 1¡ s- 3) , (6, 5)¡ 2, . "", g, (3, 7), ,4,

+ (xi-yr) : *,2t *1¡ +4

trrle wiLtr no¡¿ show how steps 1 and 2 can be itera.Ëed to go from the

sËarter-adder wlch a value k- L , to the starter-adder wíËh a value k

NoEe Ëhat in gofng frorn k = 2 Èo k = 3 qre creaËed a new doubleËon pair

wLth * (xt-yf) =È t . WewlLtr carry out Ëhe steps in such arvay that 1n

gol.ngfron k=3 Ëo k=4 Ëhevaluesof +(xr-fr) forrhenew

doubleton pafr wfll- be + 3 and generally fn going from k- t to k Ehe

new doubLeton pair wlLL have + (xi-yr) = g (2k-5) . calLtng rhe

starter-adder for k- 1 the iniË1al start,er-adder and the starËer-adder

for k the final starter vre lntroduce Ëhe foLlowing notaËLon:

RS(k) ls the sËarter fn the lniËtal sËarter-adder wtrlch ls noved fn

Srep 1.

FA(k) Ls the adder fron which RS(k) has been removed 1n SËep 1.
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SA(k) fs the adder to which RS(k) has been moved fn Step 1.

FS(k) = FA(k) + Rs(k) = inÍtl.aL sum associated with the starÈer RS(k) "

SS(k) - SA(k) + RS(k) = finaL sum associaÈed wiËh the starter RS(k)

tS(k) fe the starter for whlch the sum 1n the fnltfal starter-adder 1s

equaL to SS(k). LS(k) ls the sËarter to be removed in Step 2.

SLA(k) fs the adder to whfch ts(k) Ls moved" The starter under

SLA(k) together with LS(k) form a doubleËon pafr in Ëhe final

sËarter-adder.

FLA(k) ls the adder from whfch LS(k) has been removed.

ET,s(k) = ÍLA(k) + ts(k) = SS(k).

sts(k) = SIA(k) + ts(k).

Note f.n Ëhe above equai.ltles lË fs understood that they are taken

moda.

[üe subject these funcElo¡æ Èo Ëhe followfng condltion (not all
lndependent):

(1) sA(k) = FA(k- 1).

(2) ss(k) = FLS(k) mod s.

(3) sLA(k) = rLA(k) + 2k-5.
(4) Sts(k) = FILS(k) + 2k- s,

(5) Rs(k) = FA(k) - l- (hoLds only for s odd).

(6) ts(k) = EI.A(k) - L

We eumnarlze SEeps 1 and 2 as follows:

Step 1" Remove RS(k) from FA(k) Ëo SA(k). Nore rhat Ëhese numbers

are deËe¡rfned as foLlows;

SA(k) * FA(k- 1) and Ëake FA(k) = SA(k) + (2k-5) and RS(k)

aPpears under FA(k) f.n the inftfal starËer-adder.
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As a consequence FA(k) has no starter associated wlth ft ln the ffnal

sÈarËer-adder and SS(k) = FS(k) - (2k- 5)

Step 2. DeterurLne ts(k) as folIows. Take FLS(k) = SS(k) mod s and

tS(k) ls Ëhe starter associated w1Ëh the sum ELS(k) ln the lnitÍal

sËarter-adder. Remove the starter ts(k) from Ëhe adder H.À(k) to the

adder FIA(k) + (2k- 5) - SIÁ(k) . Ir w111 patr up wtrh the adder

fnftfally under StA(k) to form a doubleron wirh * (xf -yf) = 2k- 5

l'lhen Steps L and 2 are cornpleted iË w111 be verLfLed that

nA(k) = SLA(k- 1) + L and StS(k) = FS(k) mod s Ttrts wilL show rhar

Ëhe ffnaL conffguratlon fs actuaLly a starter-adder and that hre can

proceed from k ro k+l (ff s > So(k+L)

Noqr FA(3)=3 andbyi.nductLon rA(k) =2+ *trt-tl =Z+(k-Ð2
l=3

Also rs(k) = FA(k) + RS(k) = 2FA(k) - L by (5)

= 3 + z(k-Ðz
ss(k) = FS(k) - (2k- s) - I - zk + 2(k -Ð2

Agafn SS(k) = 5T,S(k) mod s by (2)

e F'LA(k) + ts(k) mod s

' Er 2FLA(k) - 1 nod s by (6)

Slnce SS(k) fs even and 2FI"A(k) - 1 is odd SS(k) = 2Flt-Â(k) - 1 - s

or 2FLA,(k) =$- 2k+2(k-Ð2 *1#s

FLÂ(k) =la- k+(k-Z)z+t, (stnce o=!f)

Hence SLA(k) e lç - 1 +. (k - Z¡2 + e,

Replace k by k- 1
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gecËlng SI*A(k- 1) = k - 2 + (k- 3)2 + A

ok-2+(k-2)-t)2+e

- k- 2 + (k -Ð2 - z(k-z) +1 +A

=3-k+(k-z)2+a,
Hence, Fm(k) = SIA(k- L) + I
Agafn, SLS(k) = ELS(k) + (2k- 5) by (4)

= SS(k) + (2k- 5) + s

- FS(k) + s

Hence SLS(k) e FS(k) mod s .

To determfne S;(k) note thar $re can only go from k to k + 1 if
e>SIA(k)+2

>k+1+(k-z>2+e.
> k + I + (k- z)2 + + "

Hence i= u + 1 + (k-2)'oI ,

otr e > 2k + 3 + 2(k- 2)Z = Z:I¿Z -6k + lj.

Elence we may rake S;(k) = Zk2 - 6k + 11 . In parrfcular

s;(3) - u..

case 2. s even. For s > L0 we have the sËarter-adder with k = z,

A-å gfvenby

!

Adder: s, s-l¡ ..., A+3, A+2, A+L, A, ...r 4, 3, Z, L

StarËer, Lt (s, s -2) r ..', A +2, A+L, x, A, ..,, 4, (e- 1, 3) t Zt x

Sum: 1r(s-1¡s-3)r.."t S, 3, ¡ e¡...rBr(Zr6), 4
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Ttre cal.culaElon is exacËly the same as fn Èhe odd case but

condlËlon (5) rm-rst be replaced by (5') RS(k) = FA(k) s, even.

Agal.n çte rrusË show that FI"A,(k) = SLÁ(k- 1) + I and

sls(k) = Fs(k) mod s , fn order chaË we can proceed from k Eo k+L

(ff 
" = S"(k+L)) and to prove our finaL confLguratl-on ls a starter-

adder.
k

Now fA(3) = I and by Lnduc¡ion FA(k) = 1+ i (Zt-Sl = 1+ (k-Ð2
l=3

Also SA(k) = FA(k- 1) for k > 3

' l. + (15. ' 3) 
2 

1.1"o Ënre for k = 3) .

Agafn, Fs(k) = FA(k) + RS(k)

zFA(k) by 5t

= Z + z(k-Ð2

ss(k) = RS(k) + sA(k) \

'FA(k) + SA(k)

= t + (k-2)2 +L + (k-3)2
nt

= Z * (k- 2)' + (k- 3)'

SS(k) fs odd sLnce the sum of Ewo consecutlve squares ls odd.

Noru Ss(k) = ELS(k) - s by (2>

nA(k)+rs(k)-s
ZFI*A(k) - 1- s .by (6)

Hence 2 + (k-Ð2 + (k- 3)2 = 2FTA(k) - t - s
,t

or FIa(k) - 3 + (k- 2)'-+ (k- 3)' + + =

Thle reduces to

FLA(k) =k-1+A+(k-3)2
Aleo sLA(k) = FIÁ(k) + (2k-5) by (3)

A + k - 1 + (k-Ð2

or SLA,(k-L) =A*k-2 +(k-3)2
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Hence lL"A(k) = SLA(k - 1) + I

'on' :H:1,:'il"_T ,'o'
a * 2k - 3 + 2(k- t)' * 2k-s

- e * 2 + Z(n-r)'
Hence SLS(k) e FS(k) mod s

To determlne Sj(t) noEe thar

s>2+SI"A,(k)

-2+A+k-L+ (k-Ð2
Sfnce A=T thlsbecomes

s > 2 + 2k +2(k- 2)2 = zk? - 6k + t0
Ilence S;(k) may be raken as ZkZ - 6k + 10

Slnce S¿(k) - s;(k) e ! we may rake

S'(k) = sj(k) = 2k2 - 6k + 10

Hence N'(k) = 2k2 - .7k + lo

7 . Some best DossÍble results and some informatíon obtalned from a conpuÈer.

In eecÈfon six the value N'(k) fs usually noË besË possíble. In

Èhi's sectÍon we sill lurprove some of the values of N'(k) and sunmarize in
a table Èhe results obtained. The followlng Ëable gives the esËimates of

S'(k) and N'(k) obtained in Sectlon 6 and better esELmages Sr(k) and N"(k)

obtsfned by speclaL constructlons whfch are slnil-ar to those fn SecËfon 6,

and by co!¡puter const,n¡cËior,".



k

0

1

2

3

4

5

6

7

I

I

10

s '(k)

10

18

30

46

66

90

L18

L50

N '(k)

7

L4

25

40

59

82

109

n40

s" (k)

3

6

9

9

1t

13

15

L7

19

2L
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N" (k)

3

4

6

5

6

7

I

9

10

1t

rn the nexË tabLe we lisË the knosm results for n = L to 15

and k=0 to 10
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2n. 24 6 I 10 L2t4 t618 20 22 24 26 28 30 2n>30

E I x 3 [4] 5 [6J 7 [8J e f10] 11 f12J 13 [14] 15
all exfst n - odd by
S-A ncevenby O.L.S.

n *!. a.4 E 5 r.7l I fe] 10 t?] L2 f?j L4 [?] 16
n =odd all exfsE by LA
n Eeven cannoE be
obtafned by S-4.

ú+2 * [6] 7 8 9 10 11 L2 13 I4 15 16 L7 all exlsc S(2) " 5.

n43 7 t?l 9 10 11 12 t3 L4 15 16 L7 !.8 slL exfsÈ S'(3) - 9

nf4 I 10 11. L2 13 L4 15 16 L7 18 19 all exfst S(4) " 9.

n45 t!, L2 13 !4 15 t6 L7 18 L9 20 all exfst S(5) - 11

u+6 L3 14 15 16 LI 18 t9 20 2t all exist 5(6) = 13.

+7 !,5 n6 L7 18 I9 20 2L 2L all exfst S(7) = 15.

n*E 17 18 19 2A 2L 22 23 all exist S(8) - 17.

u {-9 1.9 20 2L 22 23 24 all exfst S(9) - 19.

n *Ì.0 2L 22 23 24 25 al1 exlst S(10) - 21.

Âtt efdee 1f.sÈed here can be constnrcted by the starter-adder u¡ethod unless the followfng cntries
aPPeâE!

E ; hae been proved thaÈ f.t does not exfsË.

€fI: caûrot be conet::ucÈed by the starËer-adder rnethod, buË does exisÈ.

{a}t DoÈ yet knos¡n whether the desfgn exisÈse buÈ ha8 been proved thât 1t cannot be
consÈrì¡cÈed by efarÈer-adder srethod "
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Valfdatlon of Èhe table.

k*0 andk =1 , have been Ereated 1n a prevlous secEl-on.

k = 2" H(5, 6) does noË exfsË. H(6, B) is glven in sectlon 3.

Forall n>5 f.e. s>7, the generalmethodieglvenfn

theorem L2. Hence S(2) = g.

k - 3. By Theorem 13, s'(3) = 10. H(8, ro) cannoË be constructed by

starter-adder and its exf-stence has not yet been esËablfstred.

For II(7, 8) the foLj.onlng is a srarrer-adder.

StarËer: (2, 4), (5, 6), (7, 3), L

Ádder: 3 , 5 , 6 ,7

For II(9, 1_2) rhe folLowing is a starter-adder.

SËarËer: (2, 4), (5, 6), (7, g), g, g, L

Adder: L , 3 , 4 ,Sr6rg

Ttrence S'(3) and S(3) = p or S(3) = g

k = 4. For I even sJ(4) = t8 by Theorem 13. For s odd s,;(q) = 13

usd.ng Ëhe folLowing sËarter-adder.

Adder: s, ".., 14, 13 , LZ, 11, l0 , 9, g, 7, 6, 5 , 4, 3, Z , 1

SËarËer: s, ..'t L4, (5, 13)¡ !20 11, (6,10), x, x, x, x, (7,9),4,3, (2, g), L

for s = 9, 10, L6 a coryuter starter-adder is glven in the

next tabX.e, Hence S(4) = g
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k * 5" So(5) < 23 from the foLlowfng st,arÈer-adder wtth s odd

s > 23 and e = "112

Adders s¡ (s-1) ,.n.t A+9 ,A+grA*VrL+6rA+5, A+3 ,

Starter: L, (s, s -Z), (A+g, A* 5), A,+7, x , x , A+4, (A,+2, A+l_),

(Contlnued)

Adder: A+2ra,+L, A ,11, 10 ,grgr71615, 4 ,3121 1

Sta¡rter: A*6, A , A- 1, ..., 10 , (9, 4), g, xt 6t 5, 7, (s- 1 t 3) t xt Zt x

Se(5) s 22 from the f,ollowfng starter-add,er wirh s even,

s > 22, A = l.
Adders s¡ s-1 , ,co, A+1.0, A+9 , A*g, A+7, A+6r...., A+2, A+L,
StarËer: 1, (s, s-2), ..", A* g, (A+8, A+3), x , x , A+5, ..., A +!, A,+7,

(Contfnued)

Adder: A, """, LZ, 11 , LO, g, B n lr 61 51 4, 3 ,2, 1

Starter: Ar ."", L2, (I1 ,4)r 10, 9, (gr 5)r 7, x,7<, N, (s_!.,3>,2,6

For i.L < s < ZLs Ehe conrpuËer vaLues of the starter-add,er are

gfven tn Uhe next tabl_e. Hence S(5) = lL.

!r * 6" rüe obtaln så(6) = 22 from the foLlowing sÈarËer-adder wfrh

aeven and A=års>22

Adders sr s-l , A+Lo, A+9 , A*g, A+7, A,+6, A*5, A+4,
StarËer: 1, (s, s -Z), ".., í* g, (A+8, l3), x , x , A* 5, A,+4, x ,

(Continued)

Adder: A+3r A+2, A+1 , A, 12, Ll , LOr g, g , 7, 6,5,
SËarËer: A+2, A+1, (A+6, A+7), A, ."", LZ, (LL, 4), LO, g, (g, 5) 2 7 j x, x,
(ConËLnued)

Adder: 4, 3 , 2, L

SuarÈer: 6, (s- l, 3) n Zu x
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aLso, s/(6) = 25 is obtal.ned from the followlng starter-add.er

wfth soddrs>25r4=+,

Adder: s, s- 1 , A+Ll, A+10 ¡ A* g, A+8, A+ 7, A,+6, A+ 5, A,+4,

Starter: 1, (s, s-2), ..", A+10, (A+9r 4), x , x , A*6, A.+5, A+1, A+3,

(Contlnued)

Adder: A+3 ,A*ZrA,+L, A ,L4, !.3 ¡LZ5LL. 10 ,918,
sEarrer: (a*2, A+1), A+9, A , A_ 1, ..., L3, (L2, 5), 11, 10, (g, 6) t gt xt

(Contlnued)

Adder: 7, 6, 5, 4 , 3, 2, I
Starter: x¡ x¡ 4, (s- 1, 3), 7, Z, x

For 13 j e¡ <23, the eouputer starter-addersare given ín the

ne:<t table " Hence S (6) = 13 .

k * 7. s¡e obtaln så(7) = 29i from r,he followfng starËer-adder wLrh

soddrs>29r4=A+L'2

Adder: s¡ s- 1 , A+13, A+12 , A+11 , L*LO, A+9, A+8,
starter: L, (s¡ s -z), '"", A +L2, (A+11, A+B), (A+10, A+3), A* g, x , A*7 t

(Contlnued)

Adder: A+7, A+6, A+5, A,+4, A+3 , A*2, 
^+L, 

A, , L3, LZ ,
StarÈer: x ,A*5rA+4, x , (A*ZrA+1)rA+6, A ,A_1, L2n (11r 5),

(ConÈfnued)

Adder: 11, 10 , 9, B, l, 6, 5, 4 , 3, 2, L

Starter: x, (9n 4), x, L0, 6, 5, x, (s- 1, 3), g, Z, 7

så(7) = 28, from the foLlowing sËarter-adder wiËh s even,

B>28r4=å
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Adder3 a, s-l , ".., A+1.3, A+Lz , A+lL , A#10, A+9,

starrer: 1, (s, s -2) t .,., A +L2, (A+11 , a,+4), (A+10, A+g)¡ x , A+g,

(Continued)

Adder: À+8, A+7, 
^+6, 

A+5, A+4, A,+3, A+2, A,+1, A, ..", 13, LZ , LL,

starËer: A*7, a.+6, a,+5, x , N , A*2, A+1, A+3, A, L3, (L2,7>, LL,

(Contlnued)

Adder: L0, 9,8,7,6, 5 , 4 , 3 ,2, !
StarËer: at 9¡ x, x, 6, (5, Z), (10, 4), (s- 1, 3), x, g

E'or 15 < s s 280 Èhe corputer starter-addersare gÍven Ín the next

tabtre. Hence S(7) = L5

k = 8" ÍIe obtafn Sá(8) = 31, from the foltrowing srarËer-adder with

soddrs>3irA=+.

Adder: s, s- I , A*13, A +LZ A+11 , A+10, A+9 ,
starrer: t, (s, s -2), ..., A +Lz, A+i.l_, (A*10, A+3), â,+ g, (A+g, A+7),

(ConËfnued)

Adder: A +8, L+7, A+6 , A* 5, 
^+4, 

A+3, A,+2, A+1, A
Starter: x ,A+6, (A+5rA+2)rA+4, x, x rA+L, A rA_1r...,15,
(ConËlnued)

Adder: L5 n L4 , 13, LZ, L'J., 10, 9, g, 7, 6, S, 4 , 3, Z , I
starËer: (L4, 8), (13, 5), L2, x, 10, x ¡ x¡ xt 6, x, lL, (s- L, 3), Z, (4, g), 7

så(8) = 30, from the followi.ng sËarter-adder wfEh, s even, s > 30,
^s
^=î "



(Continued)

Adder: A,+2, A+1,

Starter: x , A+7,

(Contlnued)

Adder: 6,

Starter: L2,

k = 9.

Adder:

Starter:

Adder:

SÈarter:

16115rL4,

L6, (15, 9), (L4,6),
L2, 1L r 10,

x, (11r4)t xt

g,

L,

g,

L,

s-L t """¡

(s, s-2)t """t

A+9, A+8, A+7 ,

A+8, x , (A*6, A+3),

84.

A+6, A+5, A+4, A+3

A+5, L+4, x , (A*2, 
^+L

9t 8,

x.r 8¡

L3,

13,

A,

A,

1

2

5, 4,

X¡ X¡

7,

7,

For L7 < e s 29t the conrputer starter-addersare given in the next

Ëable. Hence S(8) = L7.

3

(s- 1,

Here så(e)

sÞ34r4=

t2t

3), (5, 10) r

3i/+, from the foLlowing sËarter-adder with s even,

A+16, A+15 , A*14, A+13, 
^+L2, 

A+11,

A+i.5, (A+14, A+5), A*13, A +L2, A+1_1, A+10,

=

a

2

s- 1 t

(s, s-2),

(Contfnued)

Adder: A +L0 ,

StarEer: (A+9 , A+4),

(Contlnued)

Adder: A +2, 
^+1,,

SËareer:xrx,

(ConËlnued)

Adder: 5,

A,

A,

". ", L7 , L6,

""r'L7, L6,

L4t

(L4, 8),

7,

x,

13,

L3,

L5,

tr5,

L2 , LL, 10, g, g,

(12, 5), x ¡ x, 9, x,

6,

6,

4,

4,

3,
(s-1r 3),

1

(2, 10)

2,

7,StarËer: 11,
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Så(9) = 35, from the followfng starrer-adder wfth s odd,

s>35ru=9-|L"

Adder: s, s- 1 , A+16, A+15 , A* L4, A.+13, A+LZrA+ll,
Starter: 1, (s, s- 2)

(Conttnued)

Adder: A+10, A*9, A+9, A+7, A.+ 6, ì\+5, A+4, A+3 , A+2, A+1 ,
SËarter: A* 9, A+8, 

^+6, 
x , A*LZ, 

^+4, 
x , (A*2, 

^+7), A,+L, (A+3, Ã),

(Contlnued)

Adder: A , L9, 18 , L7 , L6r 15, L4, 13 , LZ, LLr l0, g,

Scarter: A-1, ..., 18, (L7, lL), (L6, g), it, xr 13, (LZ,4)t xt 5, x, L4,

(ConËfnued)

Adder: 8, 7 , 6, S, 4

StarÈer: x, (7 n 6) t 2t xt (s- 1,

For 19 <e <33,

Ilence S(9) = 19.

k - 10" Ilere S"(1-0) = 34

s>34, "-7.
Adder:

S Ëarter:

(ConËfnued)

Adder: A*

(ConÈlnued)

Adder: A+1, A, ."., L7, 16 , 15 ,
Starter: A+9, A, !7, (L6, 6), (15, g),

, 3, 2t 1

3)r x, 10, I

the next table gfves Ëhe computer sEarter-adder.

from the followlng starter-adder wlth s even,

s, s-1 , ..., A*L5, A+L4, A+L3 , A+L2, A+11, A+10,
1, (s, s-2)r..", A+L4, A+13, (A*LZ, 

^+4), 
A+ 7, A+LO, x ,

Starter: (A + 5,

9 , A+9, A+7, A+6, A+5, 
^+4 , A+3 , A+2,

A+11), x , x , 2< ¡ x , (A*6rA+3), (A+Zr^+l)¡O49r

L4¡ 13, L2, L]., 10, 9, I ,

L4, 13, LZn ,t , x ¡ l, (10 , g),
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(Contlnued)

Adder: 7, 6, 5, 4, 3 , Z, I
Starter: x¡ 9¡ xt 4 ¡ (s - l, 3) ¡ x, (2, 11)

Så(10) = 35 from the followlng starter-adder, s odd., s Þ 35r

¡-9i1
2

Adder: s, s- 1 , A+L5, A+L4, , A*13, A +LZ, A+1I¡ A*10r
SËarÈer: L, (s, s-2)t ..., A+I4, (A+13, A+5), 

^+LZ, 
x , A+10, x ,

(Contlnued)

Adder: A,+9, A+B , A*7, A+6, A+ S, A+4, A+3, A,+Z ,
Starter: A+8, (A+7, A+4), A,+6, x , A*11, A+3, x , (A+ 2, A+L),

(ConËtnued)

Adder: A*1 , A , ..", 1g, 17 , L6 , LS, L4,13, LZr ll, 10,

Starter: (A+9, A), A- 1, ...¡ Ll , (16, 6), (15, g) , Lh, L3, LZ, x, 10, g,

(ConÈtnued)

Adder: 9, I ,7,6r S, 4 ,31 2, L

Starcer: x, (2, l), x, x, 4, (s_ I , 3), x¡ x¡ (5, 11)

For 2L < s s 33, the corrpuÈer starter-addersare gfven in the

nexË Ëable. Hence s(10) = 2I.

Conlecture. The folLorulng conjecture ls almost certalnly trge, namely:

S(k) - zk+L for all k > 4
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Table of, cornputer calcplaËed values of H(q-¡ 2n) .

ft= 4, g: 9r"..116;
k - 5, S: Ilr.".r21 ;
k - 6, S : lj ,... ,27;
k - 7, S:15r.."r27 

1

AS&S*SS*S8 K= 4 *SgS$Ss*S*

H( 9cl0l
$-tr2356948
S=¡.37ó
$=7
ff=2

H{t0e12}
$=!.235ó910tl
fi=¡.385
$=V8
S=42

H(1!.014Ð
$=L23569104
$-L23V
$= 'f I [1
fl= I Lt ¡.0

!'lt!.20tól
$= ß. 2 3 5 ó 1.0 3.1 4
fi=!.237
$= 7 I 9!.2
$:s 5 I I!. t0

H{t3sl8}
$=1235ó9!.04
S=L234
$= 7 I ¡.!. LZ !.3
S= 6 I 81.2¡.0

H(!,4020!
$= L 2 3 5 6 9 t0 t4
$=L274
$a 4 7 I 1[ !.2 l'3
S= 6 I 5 9!.0 1.2

H8 L5 e 221
$s !. ¿ 3 5 6 9 [0L4
@a\.235
$æ 4 7 B !.1 LZ !'3 L5
gæ4681.59LZ!./o

k - 8, S: 17r.r,r29 1

k - 9, S: 19¡.o.¡33;
k:10, S: Zleono¡-?i.
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$= L 2 3 5 6 9 t0 1.4
ff=L236
$= 4 7 I l.¡. 12 t3 t5 1.6
fl= 4 7 911.L4 16L? 15

&SAS*$***S K= 5 SSESSS****
i

H( ¡.¡.e 12¡
$= l. 2 3 5 6 9 10 4 7 Lt
A=L42Lt5
$=8
þ=9

H(¡.2?14¡
$= L 2 3 5 6 1.0 ¡.!. I 9 4
{=¡.26104
$= îLz
$= 3 ¡.¡.

H[!.3e1ó!
$= t 2 3 5 6 I L0 4 7 ti
ft=L2346
$= 81213
S= [¡. 1.2 t0

g= I z u*u åo":' e r.o r.4 ti r.e
S= L 2 4 B !.1
$= V B 1.[ n3
$- 5 ó 91,2

H( l.5s20l
$= t 2 3 5 6 I ¡.0 14 t5 7
S=¡.2356
$= 4 I I!. LZ !.3
S= ¿0 I 1.4 t1 [3

$.{(ì,6e221
$= L 2 3 5 6 9 t0 14 1.5 4
S=!.2367
$= 7 I L¡. LZ 13 Ió
$= 8 5 t5 L2 4|tø

H( t?e 24 I
$= t 2 3 5 ó 9 t0Lq L5 4
S=!.2346
$= 7 I tt LZ t3 16 17
,{= I 9 5 !,3 t0 L4 tl
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Hgl.8e2ó!
$= L 2 3 5 6 9 tO t4 t5 q
f,=L2'347
$= 7 8 Lt 1.2 1.3 1.6 t? tS
þ= ó 9 BLZ t3t7tttó

H{ ¡.9e 28 t
$= L 2 3 5 6 9 IOL  15 4
A=1,234L2
$= V I 11 L?- 13 ¡.ó t7 t8 !.9
fi= 6 7 9 5 10 l4 I tl t9

r{{20r301
$= L 2 3 5 6 9 t0 t4 n5 ZA
ft=!.2r46
$= 4 -r I 11 1.2 ¡.3 t6 17 18 Ie
{= V I ¡.¡. e 1.2 15 L4 tó t9 t?

F{t21e32¡
$= ¡. 2 3 5 6 9 10 ¡.4 ¡.5 ZO
S=L2345
$= 4 7 I 11 12 1.3 lé ¡.7 tB le 2LS= 6 I I 1!. 7 t4 13 15 tó tB ZL

SSSSSSS$IS* K= 6 #S$SSûsSs$

H(¡,3el4D
$= 8, 2 3 5 6 t0 tl I 9 q ? t3
$=L2413Bó
$= 12
S= ¡.0

H(l,4eló!
$= L 2 3 5 6 I [0 l'4 tr LZ t3 .e
þ= I 2 4 I ¡.1 ¡.2
$æ 7 l[
[c53

r-t( !,5 g !.8 1

$= L 2 3 5 6 9 tOL4 L5'f Bt3
{= L 2 3 X.l, I 6
$e tþ tl Lz
$a 9 5Lq

H(!,6e20t
$= 3, 2 3 5 6 I tO lq [5 q T L3
S=L?369tâ
$= 8[ILZ t6
{= 7 [51014
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Hr2.7 s22l
$= L ? 3 5 6I l0 1.4 t5 4 7Lz
ff=!.234616
$= B LI t3 16 1.7

ff= 7 5LZ 14l'7
H{1.8e24$

$= L 2 3 5 6 9 [0L4 t5 4 7Lz
[=L2347L2
$= I Ll 13 1é 17 l8
S= 5 6 t3 t7 lt Ió

H{19r?61
$= L 2 3 5 6 9 t0t4 15 q TLz
{=L234128
$= I ¡.[ t3 16 t7 LB 19
S= 5 6 L0 9 t3 ¡.1 t9

H(20r28'
$= tr 2 3 5 ó 9 !.C 1,4 [5 20 4 [t
[=LZ3469
$= 7 I 1.2 t3 16 t7 18 19
fla B t[ 5 t5 [4 7 13 t7

H{21.r301
$= t 2 3 5 6I !.0 1¿r 1.520 2L 7
S=L23456
$= 4 I 1l '!.2 [3 ¡.6 l? 1.8 le
fi= ? I [0 [? 9 ¡.5 L9 20 2L

t4622 s32b
$= 1.2 3 5 6 9 n0lq L52O 2L V

S=¡.23¿t69
$= re I ¡.1. LZ 13 L6 !.7 1.8 1.9 22
[= -f 5 1¡. I 10 1.2 L5 le 22 1'7

l'l(23r348
$= 3, 2 3 5 6 I 10 i.4 [5 20 2L 4
$sL2347Lz
$= 'f I tt 1,2 13 t6 t7 [8 19 22 23
fl= ó 9 I tt L6 L8 2L !.3 5 22 20

&sSSSSs*fs K= 7 a*S$S*****

H{l.5cló}
$= I' 2 3 5 6 9 t0 !5 4 tl LZ I l'3 7
f,=L2¿r9L2314
$= ¡.4
$- 15
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Hlt6e18!
$= & 2 3 5 6 I [0Ló 4 t5 7 t4 ILz
fi=L234L285
$= l !. ¡.3
$= I5 [[

H{ t 7 r20l
$= L 2 3 5 6 9 t0 14 L5 te 7 Xó L7 Lz
fl=L2346[ól'3
$= I 11 13
S= 9 515

HllB¡220
$= L 2 3 5 6 I 10 1.4 t5 4 7 ¡'3 16 I
[=L234768
$= !, !. LZ 1.7 l8
S=t5 51610

H€ I9 r24l
$= t 2 ? 5 6 9 10 14 15 4 7 t2 !3 &e
þ=1.?34L286
$= I Ì.t té L7 L8
S= 9 1.8 ? n3 14

H(20ç261
$= 1.2 3 5 ó I 10 14'1520 411 LZ tg
S=LZ3469Lz
$= 7 I L3 ¡.6 t7 ¡.9
S= I t!, 15 20 14 1.8

H{21.e28}
$= L 2 3 5 6 9 1.0L4 1520 2L 7 816
å-n23456¡.3
$= 4ln LZ ¡.3 t7 ¡.8 19
S= 'f I 10 1.8 2L !.9 l?

l'{(22e30}"S= L 2 3 5 6 9 [0 Lq [5 20 2L ? I [?
S=t234695
$= 411 LZ 1.3 [ó ¡.8 le 22
fi= 7 B lt 3.5 ¡.6 2L [8 20

HÍ23 ¡321
$= L 2 3 5 ó 9 1.0t4 152A 2L 4 7 t6
S=12347!'28
$= SIILZ t31718192223
$= 5 ó I t0 t4 ¡.1 t5 2L 19

H{24034}
$:e L 2 3 5 6 I ¡,0 tq L5 20 2L 4 7 t3
$=L234576
$= I [t LZ t6 1.7 18 t9 22 23 24
S= I l0 l[ L4 1.5 1ó 2C l"e 23 24
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H{25?36å
$= ¡. 2 3 5 6 I 10 t4 t5 20 2L 4 7 13
S=L2345L26
$= I tt 1,2 16 L7 L8 19 22 23 24 25
ff= V [0ll13 e1723 14 82522

H(26r381
$= L ? 3 5 6 9 l0t4 t520 2L 4 ?t3
{=L274568
$= I ll LZ 1ó 17 18 le 22 23 24 25 26
fi= 911. V t0 L3 Lq t5 l7 le 25 12 24

Hl27 ?4Ol
$= L 2 3 5 6 9 1014 t520 2L27 4 tt
S= L 2 3 4 5 6 Ll
$= 7 I 12 t.3 t6 17 l8 le 22 23 ?4 25 26
S= 9 !'3 7 10 LZ !.4 17 l8 22 t5 ¡.6 26 27

S+&S$+*8** K= I $+SsS**+*s

H(l,7el.8D
$= L 2 3 5 6 9 lO 15 L6 7 I tq 1? t.3 e tt
fi= L 2 3 I 14 L7 t5 6
$:c Lz
fl=4

H{!,8r200
$= [ 2 3 5 6 I 1,0 1.4 15 4 7 L7 tB LZ 13 I
S= 1. 2 3 4 !.[ 1.2, 16 9
$= ¡.1 [6
S= !,3 ¡.5

H( 1.9r22t
$= L 2 3 5 6I tr.Ot¿r ¡.5 4 7 tZ 1.3 19 gt7
s- L 2 3 4 L2 8 ó t5
$= !.1. 16 l8
[= !,9 i.3 1,8

H€20 E24þ
$= L 2 3 5 6 9 ¡.0 ¡,4 15 20 ¿* tl. \,2 te t9 7
fr=f23469tBtz
$= IL3t617
{æ'l t5 820

t'r{2!.r2ól
$æ n 2 3 5 6I t0t4 t52O 2!. ? 816 l?¡.t
S=n2t456t320
$= ¿ø LZ L3 18 t9
fr= !.¡. 7 9 14 ¡.9
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$=
fl=
$=
$=

$,=
[=
$=
A=

F{{22r28&
L23569
L23

4 1.? t3 16 19 22
7 I t0 L2 t8 te

H{23?3Cl
1.23569
L23

8t213tót92223
9 I tó 5 te 20 lt

H{ 250 340
1.2356e

t0 t4 15 20
46

I ¡.? t8 tt
52L

7 t7 !.8 11
6 t3

7 L9 !.6 24
68

2L 7
9

t0 L4 t5 2047 2L4
l2

Hl24 e32'
$= L 2 3 5 6 9 tO t4S=L234
$= I ¡.1. LZ 17 t8 te ZZ 23
f,= I !.0 1t 13 1.6 20 tB 23

L5 20 ?.',!.

57

L5 20 2.L
5L2

L6 23
I

't2 22
I

I t6
tl

I t7
7

4

4$=
S=
$=
S=

$=
{=
$=
A=

[0 14 7L3
óL234

8 t[ L2 t7 !.8 [e 22 24 257 !.0 t4 18 !.t t7 20 24 22

H{26e36}
L 2 3 5 ó 9 roLq [520 2L1,2345

B t! 't2 ¡.7 t8 le 22 24 25 26e ¡,n L2 15 16 18 20 2L L4 26

4 ?13 t6?3
876

H{ 2?? 38¡
$= ¡, 2 3 5 6 9 LO t4 t5 ZOS=!.23¿Ð5
$= 7 s 13 t6 !.? XB t.e 23 24 25 26þ= [0 B ¡.3 tZ 7 [z IB 15 ló Zt 24

2t 27
ó

\=
$=
$=
$æ

Hq 29 s 421
$= L 2 3 5 6 9 [Ot4 ¡.52A ZLZTS=LZB4S6
$= 4 ttLZ 13t6tBtgZZZZ24ZS26Zs
{s 13 I 1.0 t5 1,4 tt ZO lB LZ 26 t7 Zg 23

4 tt
1t

F{( 280 40 }
235 6 9 !,0 L4 ¡.5 20 21. 27 28 7\.234578

4 tI L2 !.3 ¡.7 ¡.S t9 22 2i 24 25 26
6 !,0 't2 tó ç t4 20 t9 22 2n 25 ¡.8

28 'î

I



4SSAS&S**S

$=Lz
ft=1
$= 1.6

{= ¡,4

$=1
S=
$= [3
fi= !.L

$=å
$=
$= l'1
S=8

K= 9

H{ L9s20l
35ó
23

Ht,20 ? 22t
356e
23

Hq,2L o 241
356e
23

s6sssssê ss

x.t9 t0 ¡.4
4

1.5 4
t2

7 L2 [3 19
86

94"

I L7 tB
15 lB

2
¡,

l6
¡.e

2
?

¡.2 ¡.?
9 t9

1,0 t4 t5 20
46

t0 ¡,4 15 20
ta5

t& 11 LZ te ¡,9 7
9 t8 L2

I t7
20

2L 47 B !.8 te 13 !.6
[4 l8 !.36

9
$=La
S=L
$= + !.3 16
ff= L5 7 '/,,2

141,22e26ì
356
23

¡.9
18

Fl{23e28t
356
23

Ïe 22
[e 2L

[0 [4 t5 20
46

t0 L4 t5 20
47

t0 t4 t,5 20
45

I t.7 t8 11
52L

'r [3 tó 24
ó8

I

I

2t 7

2l ,l
12

2L4
?

L2 22
ll

I t7
13

$=l'

$=B
$= [¡.

$= !,

$=$= It
S= tt

Ç=l
fis
$= !'¡.
S= I0

2
I

t3 !.é
I tB

7 17 t8 !.t L2 ?3
6 13 !.?

H(24?30!
23569

L27
¡.2 [8 te 22 2t
22 23 20 LB 24

Ft(25?32¡
2356e

[2?
1.2 [7 18 te 22 25
Ltrle172t 722

l'l{ 26 e 341

[0 ¡.4 ¡. 5 20
45

7 13 !.6 23 24
6 I 1,8

7 13 1623 24 I
I 7 t8

2I et

!.2
I

$= L 2 3 5 6 9 !.0 tq !.5 20 2t q
Se8,23456
$s 3[ !.2 17 tB 1,9 22 25 26
f,= ¡.¡. [2 15 19 20 23 91.?
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H{27e3ól
$= L 2 3 5 6I LOL4 ¡.520 2L2'î 4 tt L2?2 23 7

s= L 2 I 4 5 6 [t e 1.2

$= 8t316171819242526
$= I[3 720 LC1.9 1626 L8

Hl 28e381
$= 1. 2 3 5 6 e 1,0 tq 15 20 2L 2.7 28 7 I 16 ¡'7 26
fic L 2 3 4 5 7 B 11 6
g= 4 ttLz 13Isle22232425
S= I 10141ó2025 l?222627

H{ 29 e4Ol
$= L 2 3 5 6 910 14 1.5?O 21.27 28 ? 817 1825
S= L 2 7 4 5 6 9 7 [0
$= 4 X[ 12 t3 l.ó 19 22 23 24 26 2e
S= [3 I t!. 16 Lq 20 l8 19 26 2e 22

I'l ( 30 ç421
$- !. 2 3 5 6 9 X.0L4 L520 2L27 28 ? 8[6 [724
fi= n 2 7 4 5 7 I ll' r$

$,= ra Ï!. LZ 1.3 1.8 1.9 22 23 25 26 29 30
S= 9 !.0 LZ !.6 1.3 ¡,e [8 24 2L t5 23 26

HE3l,E44!
$= L 2 3 5 6 9 10 L4 t5'2C 2l' 27 28 4 7 tó L7 25
fr=9,234589106
$= I tr!. LZ t3 ¡.8 Le 22 23 24 26 2e 30 3[
f,= V !.[ LZ 14 21, 1.3 le 24 26 t6 23 29 30

H( 32e46!
$= L 2 3 5 6 9 10L4 L520 ZL?7 28 4 7 1ó 1?24
$æL23!+56L281'4
$= I LÂ 12 13 tB le 22 23 25 26 2e 30 31 32
Se g [O 7 1.3 L] L7 20 22 tB 28 26 '3O 31 32

H(33s481
$= L 2 3 5 6 e t0¡.4 1.520 21'27 28 4 ?1? 1825
$=¡.23456912L4
$g I t& LZ [3 ló ¡.9 22 23 24 26 29 30 31 32 33
S= 7 t0t¡,¡.3 It5 192025 tB2L 3t2432 3C

SSSS*ASSA* K= 10 sSagAS*Ae*

H(2ta22l
$- l,2 3 5 ó I !.0t4 1520 2L I lll.? 18 7 L2 le 413
fr=[2345132L9106
$= t6
A- 20
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Hl22 s24l
$= L 2 3 5 6 9 1014 t520 2L ? BtB te 4 LttT ZZ t3
$= ¡. 2 3 4 6 9 5 !.3 lt ZO
$= LZ L6
fi= 72L

Hl23e26l
-,S= L 2 3 5 6 I l0L4 t520 21 4 7 1? tB11 LZ23 st6

S= L 2 3 4 7 15 L4 22 ¡.1 I
$= !,3 19 22
f,e [6 19 21,

H N24 oZBD
' S= 1. 2, 3 5 ó 9 t0 14 15 20 2L 4 7 t3 [6 24 I t9 ZZ Lz
A= l. 2 3 4 5 7 6 I ¡.5 tB
$= !.¡. I? !.8 23
{= 1.0 24 21 23

H(Z5o30l
$= L 2 3 5 ó 9 [0 t4 1,5 za zL ¿+ ? t3 16 23 zq 8 tL zzS= L 2 7 ¿a 5 1,2 ó I .l.B 24
$= !.2 [? 1.8 1.9 25
{= 1,0 19 t[ 2t :3

H { 26 ç?2þ
$= 1.2 3 5 6 9 t0 14 L5'20 2t 4 7 [3 tó23 24 I t¡.te
S= ¡, 2 3 4 5 6 I V .!g t3
$= !.2 17 tB 22 25 26
$= tO [7 25 15 1¿o [9

f'lt 27 c349
$= [ 2 3 5 6 9 ¡.0 14 ¡.5 20 2L ZT 4 tl LZ ZZ 23 T 8 tó. ft= L Z 3 6 5 6 tt 9 tZ I
$s 1,3 t7 LB ¡.e 24 25 26

' A. 1,3 20 [C 19 1é 25 l8

H{28e3ó}
'S= L 2 g 5 6 9 !0 !.4 t5 ZO ZL Z7 ZA 7 I t6 [? 26 4 [eS= L ?. 3 4 5 7 I t!. 6 ZO
$= ¡.I 1.2 t3 ¡.8 22 23 24 25
$= 10 14 L6 23 22 ¡,5 2t 25

H{29r38t
'S* l, 2 3 5 6 9 t0 t4 t5 ZO Zn ZT ZB ? I l? tB 25 26 tlP,=X.234569710?g
$e 4 LZ ¡.3 ¡.6 't9 22 23 24 29
ftæ t3 ¡.1, 16 t4 2C 26 t9 27 2L

ÞlÍ30s40!
$æ E 2 3 5 6I i.0t¿0 1520 2L27 28 ? 816 t?2q ZS lt
fi=L2345Vgtl 6¡.3
$= q !,2 t3 [B t9 22 23 26 ?g 30
A= I lO1622LZ [92325 tB26
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Hl3!,s421
$= L 2 3 5 6 I to[4 t5zo zL?7 zB 4 7 ¡.6 L7?s 26 Ifi= L 2 3 tî 5 I 9 lO 6 t3
$a ¡.1 L2 13 tB ¡.9 22 23 24 2e 30 3t
S=l.t 7 151422?A23 3[t828 30

Hl32o44!
$= ¡. 2 3 5 6 9 f0 l4 ¡.520 2L27 28 ¿{ 216 tZ24 ZS I
f,= I 2 3 q 5 6 LZ I t4 ¡.1
$= tt LZ 13 18 19 22 23 26 29 30 3t 32
ffs1!16 9?q L3 7?O t92628 1830

g= t z ,t'?t'g4|t e ro t4 15 20 zt zt za to 7 L7 rB 25 26 BfircL234569LZI4B
$= ¡,1 LZ ¡.3 ló ts 22 23 24 ?e 30 3t 32 33
{= !.0 ll t3 t5 2? 2L 7 2A le 25 26 tB Zg
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1.L
fMPLTCTT INTEGER (A-Y}
CO¡lMON / BL I 0B g PPNç JJ sOLTc COUN¡ C, HHNo CHEC oCAp e Hp e HK oB s I Ko A o NNø Uo V
Df MEVSION L( l.ól oB(l4Oe4) oC(15 ø35ø,41 eBOCUL(tó!rOCULl[ó!et ppN(I5ls HHN( 15et4!¡ CHEC( l.5ot4;70"21 øCOIJN( t5014! e2 fLL(tóI eUL(Ió! oOLT{ l.5o t4el6l oHP(I5ol4}e IK( l5s t4}eOCH( t6}e3 HK( ¡.5, t4l ¡CAp( L5ot4! çJJ{ t5s l4} oDBt t5}
ZTT= C ,
CALL $TRTM( ZTTMEI
READ l5e2O9l ZZ

209 FORMAT fFB.O}
REÂD ( 5,55' YY

55 FoRrlAT ( I1!
READ (5e50, T¡ (L(tlrI=leTl
t¡JRtTE {óç5ll Te lLlI! e I=l.oT}

5O FORMAT (T7T4I
5l FORMAT (o T = aoI4s/L6l,4l

S=(T-Ll/2
U=fT-tl*(T-21/6
V=TÈ(T-tl*(T-Zl/24
tF(YY .EQu 0l GO TCI 2O4
CALL READI.
A=A+ I
G0 r0 205

2O4 CTTNT T NUE
NN=0
READ (5g59I PP

59 FORMAT (T4I
READ ( 5r5BrEND=3001 ( (B(PeGl eG=l 14! ¡p=teppl

5B FoRHAT t24r,3l
WRITE (ór53, ((B(PrGl eG=tr4loP=lrPPl

53 FoRMAT ( 9( I 4s 13 e I3 e I3, l
A=1
PPN( Al =PP

205 CONf TNUF
wRIrE (ó t?51 PPN{A)

25 FORMAT (oOPPN = tc[4]
L22 CONTINUE

D0 I [=loT
tìOCtrLlll=0

T CONTTNUE
I=0

t0t I=I+l
TF (I .GT" TI GO TO LOz
PA=PPN ( A l
DO 2 P=lrPA
DO 3 G=lc4
IF fL(t) "NE" B(PsG)l GO TO 3
BUCUL(II=tlOCUL(tI+t

3 CONT TNUE
2 CONT I NUE

GC rl l0t
LO2 CONT INUE

l=O
t03 l=l+l

IF ( I "GT. T} GO TO T30T
IF f BOCUI-(TI "LT. UI GO TO 104



L.2

Gt T0 103
104 LL=U-BOCUL{Í}

E=L( t I
ll=0
pl=ppN(Âl
DO 4 F=Iopl
IF (BtPsl) ,EQ" E "OR. BlpeZl ,Ee" E .OR, flf pe3, .Ee" E[ .oR" ß(Pe4l "E0" E] GO TO l05
Gi) To 4

105 H=H+l
DO 5 G=[ ¡4
CÍAtHrGl=B(P¡Gt

5 CCNr INUE
4 CONr TNUE

0=l
HHN(ArDl=H
CALL REAR (C,EgHHNEAAD}
H3={HN(ArD}
HP(ArDl=Ht-tN(AoDl+l
Hl=HplArD!
Dl ó H=HleU
C(ArHell=E

ó CONT I NL'E
Ll.9 D0 1.4 [=[eT

OCUL I t l=0
14 CONTINUE

[=O
l0ó X=I+!,

TF {I "GT" T} GO TO I.O7
CALL CHECKA (CuLTOCULo! oHHNpATD!co ro 106

IO7 CONTTNUE
I=O

t90 I=Í+1.
IF f T "GT. T! GO TO 120IF (ccuLf I t ,GE" Sl GO TO 190
KK=S-OCUL { t }
EA=L{ [ D

IQ= [
HK{AçDl=HHNlAcDl+KK
HP(AsDl-HHN(AeDD+t
Hl=HpfAeDl
H2=HKlAcDl
D0 7 H=Hl. oHZ
ClAtHo2l=EA
OCUL( f q¡=6ç9Lf IQ!+1.

7 CONTINUE
K=0
HA=HHN(ArDl
D0 8 H=loHA
K=K+l
CHECI ArDeKo I !=C(Ao He 3 !
C{EC( A¡D sKs2}=C(A sHeeì8 CONr INL'E
P=0

lO9 P=P+ [



1.3

TF IP .GT" PPN(A}D GO TO 1[r
IF {B(Pe2l "EQ" EA¡ GO TO ttO
GrJ Tl t09

It0 K=K+[
cHEC ( A rtl, Ks I I =B( Pa 3l
CIlEC { A o D sKe 2l =B ( P s 4}
GO rO [0e

llt lK(AaDl=K
8=0
H=0

Bl. H=H+l
TF {H "GT. HHN{A¡D} I GO TO L54
IF (EA .EQ" Cf AeHs2ll GO TO l5¡.
IF (EA "EQ" C(AsHo3lt GO TO L52
IF {EA.Eg" C(AsHo4ll GO TO ¡.53
GO T0 8t

t5l Q=Q+1,
OCH( 2*Q- I l=C( A, Hg 3 !
OCH(2*Q!=ClAaHa4å
GO T] BI.

L52 Q=Q+t
OC'l{2+Q-l}=CÍArHa2}
OCH{ 2üQ}=C{AoHs4}
GO TO BI.

153 Q=Qs I
OCH(2ÊQ-Ll=CfAeHe2!
OCH{2*Q}=C{AeHe3!
G0 T0 8¡.

L54 QQ=Q
X=O
J=0

L55 [=[+1.
lF {[ "GT" T! GO TO LL6
IF (0CUL{I! "GE" S! GO TO ¡,55
Q=0

157 Q=Q*l
TF (Q ,GT" AQ¡ GO TO ¡.56
IF {L(l} "EQ' OCH(ZsQ-l}.0R. LlIl.EQn OCH{2*Ql¡ GO TO 155
GO rO t57

t5ó J=J+ [
OL{Jl=L{I¡
GO T0 t55

11ó JJ(Âe Dl=J
JA=JJ ( Ae D,
D0 9 J=l oJA
OLT(AcDoJ!=OL{J}

9 CNNT T ¡,IUE

CAP{AaDl=1.
JA=.iJ(ArDl
DO t5 F=!.eJAs2
CAP(A?DD=CAPfAsD!*F

T 5 C3NT INUE
C0U\ ( Âe 9¡=g
G0 TC t28

I t7 COUIt { A e Dl =COUN( A sD! +1.
lF (COUN(AeD¡ ,EQ" C,IPIAoDD' GO TO [40
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L29 CÅLL COMI} (JJøOLTECCUNEAgD}
128 JÂ=JJ(ArD¡

DO lC J=loJA
TLL(Jl=OLT{/treDsJl

IO CCNTI\UE
C¡1LL PERM {JJ eTLLe Ag Dl
PÂSS=0
CALL CHECKC (JJrTt_LTPASSTCHECsIKpAgD!
IF (PASS "EQ. 0' GO rO lt8
IF (COUN(Arot .t.T" c^p(AeDll Go TO tt?

140 D=D-[
TF ÍD "GT. OI GO TO
A=A- I
TF (A "GT" O' GO TO
G0 r0 I50

108 D=DB( A!
GO T3 tt7

tl8 Y=0
H l=HP I ,1e D,
H2=HK ( Ao D!
DA fI H=Hlol"l2
Y=Y+l
C(ÂEHo3l=Tl-L(2*Y-t!
ClAcilr4l=TLL(Zsyl

tt7
t08

tL coNTIvuE
D=D+ I
HHN( A oD l =HKI A ¡D-t 3

G3 r0 [te
120 DB(Al=D-t

P=PPN{Âl
H=HHN( Ao l, !

L25 H=H+l
IF l-{ "GT" Ul GO TO LZ¿t
P=P+ !.

D0 t3 G-1.c4
BfPtGl=C{AoHrG}

t3 c0Nrt\uE
GO TO L25

124 CONTINUE
7T=7-TIl'lE
CALL $TPTM{ ZT 9

ZTT=ZTT+ZT
IF {zrr ,GE" zz, Go To 3ol
CALL STRrM{ ZT TI{E'
TF (P ,GEO V} GO TO I.30
A=A+ I
PPNf Âl =P
GO TO L22

t50 r.tRITE ló¡ 560
56 FORHAT {EO THAT TS ALL6 }

Gl TJ zÙtç
t301. Â=A-1.
130 NN=NV*l

t.lRITE (606031 NN
ó03 FORMAÍ {eONN = eolBå

D0 17 P=leV
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lrlRIfE (ós57'i Fe (B{PsG}e G=1.a4}

17 CONTINUE
57 FORMAÍ (o P = oeI4e3Xo4([4]!

WRITE 17c54'l { {B{PrGteG=le4leP=l.eV}
54 F0RMAT t24r1b

D=DB( A!
GO T0 Lt?

30[ PPN( A+l I =P
CALL WRTTE!.

310 CALL EX TT
END

SUBROUT tNE REAR fCo Er HHNçAsD!
THPLTCI T TNTEGER {A-¿'
Dil1E\S ION C{ t5 r35s4 tsL{ t6},HHNf t5a t4}
K=HHNÍAoDl
DC I H=taK
DO 2 G=2e4
IF lE "EQ" ClAeHrGl! GO TO 3
GOT32

3 GG=G+I
4 GG=GG-l

TF (GG "EQ" I} GO TO 5
C I Âo H rGGl =CI AaHTGG-!, I
GOTO4

5 C(AaHc lt-E
2 CONT INUE
I CONTTNUE

RETURN
END

SUBRIúTINE CHECKA ( CTLTOCULs IrHHNeAsD]
TMPLTCTT TNlEGER (A-Z}
DtMEt|SION C{ 1.5 slír4l uL{ l.6l eOCUL{ ¡.6} eHHN( t5a[6]
K=HHNlAeDl
DO I H=!.eK
D0 2 G=lr4
IF IL{I} .NE" C{A9H9GI} GO TO 2
OCULfII=OCUL(t!+1

2 CONTINUE
T CONTTNUE

R E TI.'R V

END

SUBRIUT INE COMB ( JJoOLTeKOUNoRaS!
IMPLTCTT INTEGER (A-¿!
D I ME t,|S I ON L ( r4l eJJ( t j sL4} aOt-T { t5 o [4 a t 4] o KOUNT t 5 r 1,4!
K=JJ(RrS!
COUN=KOUNÍReS!
DO l3 I=[pK
Lf ll=OLT(RoSeIl

13 CONÍ ¡NUE
N=K- 2
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STOR=L{Nl
J=K-l
Dn l0 I=NeJ
L(fl=L(l+11

t0 c0NftNUE
L ( K) =STOR
A=COUN-COt,N/3*3
B =COU\I-C OUN/ t 5* I 5
C=C0\rN-COUN/I05*t05
t)= c0uN_couN/e45 *e45
F =C C UN- C OUN / I 03 95 * I 03 e5
F=CCUN'COUN/ t35t 35* I 3 5l 35
IF (F .EQ. OI GO TO 6
IF (E .EQO OI GO TO 5
IF (D "EQN OI GO TO 4
IF (C OEQ" OI GO TO 3
TF (B "EQO OI GO TO 2
TF (A OEQ' OI GO TO I.
G0 TO tt

L G=2
GO T3 7

2 G=4
G0 Tl'r

3 G=6
G0 T0 'r

4 G=8
GO 13 7

5 G=[0
GOT]7

6 G=12
V N=N-Z

STOR=L ( N I
D0 20 I=NaJ
L(t)=L(l+1.,

20 CONTTNUE
L{K}=STOR
Pl=K- 2-G
IF (N "EQ" M' GO TO [T
GO TO 7

tl. DJ l2 I=leK
0LT(RoSctl=l-(tD

L2 CONT T NUE
RETURN
END

StTBR0UTtNE PERM { JJcTI-L?AED}
¡FlPLTCTY TNTEGER (A-Z!
DI MENSIoN T[-L( l4t'JJ{ t5 sl4Þ
P=JJ lAcOl /2
H=0

I 5 H=H+l
TF I.I .GT, PI RETURN
IF lfLLl2sH-t! "LE. rLL{2sr1g ! GO TO L5
CPU=TLL(2sH-¡.0
TLL ( 2+l{- I I =TLl-l zsH,
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TLL I 2*H-l I =T!-L { 2*H &

TLL( Z*Hl =CPU
G0 T0 15
END

SUBR0UT INE CHECKC ( JJeT!-l-sPASScCHECeIKsA oD!
IMPLTCTT TNTEGER (A-Z!
DIMEVSION TL¡-( L4l sCHECf l.5e l417Oe?! çJJ(15el4l sIK( t5ç14!
H=0
P=JJl^oDt/2

tI H=H+[
IF (H "GT. PI RETURN
K=0

t3 K=K+l
IF (K .GT. IK(ArDll GO TO tt
TF (TLL(2*H-1} ,EQ. CHEC(A,DUKç[I 'ÂND't TLLf 2*Hl "F8" Cl'lEC(ArDrKr2ll GO TO 12
G0 TO t3

LZ PASS=l
RETURN
END

SUBROUT TNE READl
TMPLTSTT INTEGER {A-Z¡
C0MMIN /BL / DBr PPN r r.JJ TOLTTCOUNeC THHN? CHECs CAP¡ HP p HK o Br I K¡ Ar NNe Ug V
DtMEtls tON DB{ l5 IrPPN( t5l rJJ( 15 o L4l eOLT( l.5r t4c16l ¡COUN( l5ol4l c

L C(l5e 35c41rHHN(L5oL4l oCHEC(1.50 t4rTOs2lrCAPf 15s14l¡
2 HP(t5s1,4l'HK(15çl4lcB(t40o4lsIK{I5r14)

REWT ND 8
READ IBI NN
READ f I I Ae (DB( AAI cAA=l ¡A!
A2 =A+ I
READ (81 (PPN(AAlsAA=lsA2l
D0 I AA=leA
DF=DB(AA,
D0 2 DD=lrDF
READ t 8l JJ ( AA¡ DDI øCOUN( AAr DDI eHHN {AAeDDl ¡CAP( AA rDD} oHP( AA rDD} e I

t HKIAAeDDIe tK(AArDDl
Jl=JJ(AAeDD¡
D0 3 J=lsJl
READ fBI OLT(AAgDDbJ'

3 CONT I NUE
Kl=IKfAÂrDD!
D0 4 K=loKl
D0 5 R=1r2
READ {8} CHEC(AA?DDEK¡RI

5 CONT I NUE
4 CONTINUE
2 CONT INUE

D0 6 H=laU
D0 7 G=Ls4
READ (81 C(l\AeHoGl

7 CONTI NUE
6 CONTTNUE
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I CONT T NU€
Fl=flPN(A+tl
D0 B P=1¡Pl.
DO 9 G=l s4
READ {B} B(PoG}

9 CDNT INUE
50 FORMAÍ {a p = uuÍ4s3Xs4it+l¡

hdRfTE {ór50, Po{B{PsG}eG=l ?4}
8 CONT TNUE

l{RITE {ór511
5 T F ]RI.{AT ( 8 O *88.* NEW PRG STAR HERE **S*TC }

RET J RN
END

SUBROUT INE WRITEI
TMPLTCTT TNTEGER (Â-ZD
C0Mqli\¡ IBL I DB r PPN¡ JJ rOLTe COUNTC oHHN¡ CHEC ¡CAltç HP s HK o B e I Kp A e NNaUeV
D t ME ¡{S I ON DB { 1.5 ) s PPNf 1.5 I ¡ JJ { 15e 14 I eOLT( l.5s t 4 e L6) ¡COUN ( l5e l4l o

t C(15r35s4,1'HHN(15'l4leCHEC{15s14c7Oc2}oCAP{15¡141e
2 HP( l.5s l4D aHKl l5eL4) rB{ t.40 s4l e lK( t 5 sl4l

þ',RtTE t6r55l
55 FORMAT (0 Tll.lER INTERR,UPT ROUTtNEeI

tdRITE (6r2011 ArDB(Al
zOL FORMAT (6OA = es[4r5XcsD = 8a[41

REl{tr \D B

b{RITE I8I NN
}'lRfTE (Bl As{DB{AAlsAA=l¡A}
A2=A+l
WRITE (81 (PPN(AAlrAA=[sÃ21
D0 I AA=1sA
DF=DB( AA !
DO 2 DD=luDF
t.lRITE ( 8l JJ(AArDDl eCOUN(AAsDDI sHHN(AAçDDloCAP(ÂAoDD) rlJP(AAe DDIr

I HKIAA,DDIg TK{AAEDDI
Jl=JJ( AA rDD)
D0 3 J=lrJl
WRTTE (BI OLT{AA,DD9J}

3 CONT I NUE
Kl=I((AAeDDl
D0 4 K=IeKI
DO 5 R=lr2
t,lRITE (Bl CHEC(AAsDDeKeR)

5 CSNT T À¡U E

4 CONTT NUE
2 C3NT INUE

DO 6 H=l sU
D0 7 G=Ir4
btRIrE (B) C(ÂAsHrG)

7 CONT I NUE
ó CONTINUE
I CONT TNUE

P[=PPN( A+l !
D0 I P=loPI
D0 9 G=l04
!{RtTE (8) B{Psc}
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9 CONTTNUE
!,üRÍT'E l6e50! Pe (B{PeG}eG=}e4}

50 FtlRþlAT (a P = oe[4E3Xs4{t4}}
B CONT TNUE

END FILE 8
R E TURN
END
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THE SYSTEM ****8 A I *****
f R TPL E SYST EM

AS S0C f , !,nr H

T S OF TYPE

I
2
3
4
5
ó
7
I
9

t0
IT
L2
13
L4
t5
ló
17
IB
l.e
20
2L
22
23
24
25
26
27
2B
29
30
3t
32
33
34
35
36
37
3B
39
40
4l
42
43
t+4

45
46

L234
L256
L278
L 2 9 10
L 2 Lt L2
L213L4
1357
13óB
I 3 e Lt
131013
t3L2L4
1459
L4ó¡.3
t47L4
l 4 B t2
t 4 to Lt
t 5 B LO
L 5 tl t4
t 5 t2 t3I ó -r tl
t6eLz
t ó l0 L4
t 7 e t3
17t0L2
189L4
I B It t3
2358
23eL2
23713
2 3 [0 lt
236L4
2 4 5 t0
2 4 7 tt
24814
2469
2 4 L2 t3
257e
?. 5 ¡.1 !.3
25t2L4
267L2
2 6 t0 13
2 6 I ¡.1
2 7 10 L4
2 I 9 t3
2Bt0L2-
2. I 1[ L4

L2345678
AAAAAAA.A

9 ¡.0 1I L2 t3 t4
ÂAAAAA

345L4
34610
3 4 tl 13
347L2
3489
3 5 6 tl
3510L2
3 5 9 t3
3679
36L213
3 7 I l0
3 7 Lt 143 I rt t2
38t314
391014
456L2
4 5 7 t3
4 5 I tt
4678
4 6 11 t4
47eto
481013
4 e tt \2
491314
4loL214
5 6 7 t0
56813
56914
578L4
5 7 Lt 12
589L2
5 I 10 tl
5 t0 13 t4
6 7 13 t4
6 B 9 10
6 I t2 L4
6 9 l¡. 13
6 t0 lt L2
7 I 9 tt
7 B L2 13
79L214
7 t0 rt t3
I t0 tt L4
9 l0 L2 t3

tl L2 1.3 14

P=p=
P=p=
P=
P=
P=
P=
P=
P=
P€p=
P=
P=
P=
p=
p=
p=
pe
p=
p=
P=
P=p=
p=
P=p=
P=p=
p=
p=
P=p=
P=
p-
p=
P=
P=
P=
p=
p=
p=
P=
p=
Þ=

p=
p=
p=
p=
P=
p=
p=
p=
P=
p--
P=
p=
P-
P-
p=
p=
p=
p=
D.
p=
p=
P-
p=
P
p=
o-
p=
p=
p=
D-

P=
P=
P=
P_
P-
p=
p=
D-
p=
P=
P=
D-

P-
p=
p=
p=

47
48
49
50
5t
52
53
54
55
56
57
5B
59
60
ót
62
63
6t+
65
66
67
ó8
ó9
70
7t
72
73
74
75
76
77
78
79
BO
8t
82
B3
B4
85
Bó
B7
88
B9
90
9t
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rHE SYSIEM ***** A 2 ss88*

TRIPLE SYSTEM
,1SSoCt" l{ITH
Í S OF TYPF

T

2
3
4
5
6
7
I
9

t0
It
L2
l3
L4
t5
l6
1.7

l8
1.9
20
2',t
22
23
24
25
26
27
2B
29
30
31
!2
33
34
35
36
37
38
39
40
4l
42
43
t+4

45
46

1234
1256
L27B
L2eto
L 2 lt L2
L 2 13 L4
1357
l36B
I 3 e It
t3t0t3
13L2¡.4
L459
I 4 6 t3
t 4 7 t4
L4BT2
L 4 lo 1l
t 5 B [0
t 5 tl t4
15L2L3
I ó 7 tl
1óeL2
I ó t0 14
t79¡.3
t7l0L2
I B 9 14
t I r.t 13
2358
2 3 e t3
2.36[4
237L2
2 3 ¡.0 tt
245t0
2 4 B tl
24eL4
2467
2 4 L? t3
2579
2 5 [1 t3
2 5 L2 14
2 6 B 13
2 6 e ¡.1
2 ó l0 Lz
2 7 l0 13
2 7 It !.4
289L2
281014

L2345678
AAAÂÂAAA 9 ¡.O ¡.1 L2 t3 t4

AÂAAAA

3 4 5 lt
34eL2
34ó10
3478
3+13L4
3 5 6 t3
359L4
35toL2
3679
3 6 tl L2
3 7 to L4
3 7 ll t3
3 B 9 to
3 I tl L4
3 I L2 t3
+5óL2
4 5 7 t3
458L4
4689
4 6 tt L4
4 7 9 t0
4 7 lt L2
4 I l0 t3
4 e tt t3
4[OL2L4
567L4
5 6 I lt
5 6 9 t0
5 7 B t2
5 7 l0 lt
5 B 9 13
5 9 tl L2
5 l0 t3 L4
6 7 I t0
6 7 L2 t3
6BL2L4
6 9 t3 t4
6 t0 rl 13
7 I 9 ll
7 I t3 L4
79L2L4
I t0 Lr L2
e 10 tt L4
e t0 L2 t3

lr L2 13 t4

P=
P=
P=
P=
p=
P=
P=
P=
P=
P=
p=
Pa
P=
P=
P=
p:=
P=
P-
P=
P=
P=
P=
P=
P=
p=
P=
P=
P=
P=
P=
P=
P=
P=
P-
p=
P=
P=
P=
P=
p=
P=
P=
P=
P=
P=

D-

P=
D-

P=
D-
p=
P=
P.
P=
P=
D-

P=
P=
p=
p=
tt-
p=
P=
D.

P=
D-
p=
P=
P=
P=
o-
p=
D.
p=
D-
o-
P=
P=
D-

P-
p=
P=
D-
D-
o-
p=
P=
P=
P-
P=
p=

47
48
49
50
5t
52
53
5+
55
56
5T
58
59
ó0
ó1
62
63
64
65
66
67
68
69
70
7t
72
73
74
75
76
77
7B
79
80
8l
82
83
84
85
8ó
B7
88
B9
90
9t
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THE SYSTEM s**** A 3 ***&*

TR ÍPLE SYST EM

ASSOCI. W[TH
I S OF TYPE

t
2
3
4
5
6
7
B

9
TO
lt
L2
13
L4
15
¡.6
l7
1B
l9
20
2L
22
23
24
25
26
27
2B
29
30
31
3?_

33
34
i5
36
37
3B
39
40
4L
42-
ttV
4¿I

45
46

45678
BAÂÂA

¡.23
ÂAB

9 10 &t L2 1.3 14
AAAÂAA

3456
7 4 7 Ll
3 4 t2 13
3410L4
3489
35eL4
3 5 [0 t2
3 5 t_l L3
3 6 7 13
3 6 Lt L4
3691O
3 7 I t0
3 7 e t2
3 I LL L2
3 I 13 14
45710
4 5 tt L2
4581.4
467L2
4 6 B 10
4 6 e Ll
4 -t 8 t3
49tOL3
4eL2L4
4 lt t3 L4
567e
5 6 t0 13
56L214
5 6 I lt
578L2
5713L4
5 I e 13
5 e 10 11
6 7 B t4
6 B 12 t3
69t314
6 t0 tl L2
7 B e tl
7 I t0 t4
7 l0 lt t3
7 tt t2 L4
B 9 t0 L2
I t0 1[ 14
e It L?. t3

1.0 L?_ t3 14

P=
P=
P=
p=
P=
P=
p=
P=
p=
P=
P=
P3
P=
Ps
P=
Pa
P=
P=
p=
p=
p=
P=
P=
p=
P=
P=
p=
P=
P=
P=
P=
P=
P-
P-p=
P=
p=
p=
p=
P=
P=
P_
P=
P=
P=

p=
p=
p=
P=
p=
P-
p=
P-
p=
p=
p=
P=
p=
P-
p=
p=
P-
p=
P=
p=
p=
P-
p=
p=
D-
p=
P=
p=
p=
D-

P.
p=
p=
p=
P-
P=
P-
p=
P=
p=
p=
p=
P-
p=
P=
P=

I
I
I
t
t
l
!.

I
¡.

L

I
I
I
I
I
I
t
t
T

L

I
t
t
t
t
t
2
2
2
2
2
2
2
2
2
2
2
z
2
2
2
2
2
2
2
2

23¿t
256
278
2eto
2 !.[ L2
2 ¡.3 t4
357
x68
3 I ¡.t
3 10 t3
3L214
459
46¡.3
4714
4 B t2
4 LO tl
5 I 10
5 [l L4
5 ¡.2 \.3
6 7 ¡.t
6eL2
6 1o tr4
7913
710L2
B9L4
B lt 13
358
39t3
3-rt4
3 ¡.0 Ll
36L2
4 5 13
46L4
479
4 t0 L2
4 I L¡-
5 7 l1
5 9 12
5LO14
6 7 10
ó tl 13
(rB9
7 12 L3
B L0 t3
B 12. 14
9 t¡. t4

¿þ7

48
tt9
50
5t
52
53
54
55
56
57
58
59
60
6t
62
63
64
65
66
67
68
69
70
7t
72
v3
74
75
76
77
38
7e
BO
81
B2
8t
B4
85
s6
87
8B
B9
90
9L
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rt{E sYsTE¡4 +*ss* A 4 *****
TRTPLE SYSTEM
,lsSocl" h,tTH
f S OF TYPE

t
2
3
lt
5
6
7
I
9

¡.0
tL
L2
l3
L4
t5
16
L7
TB
1.9
20
2L
22
23
24
25
26
27
28
29
30
3t
32
33
34
35
v6
37
3B
39
40
4L
42
43
44
/ç5

46

L234
L256
L27B
L29¡.0
L 2 tr L2
L 2 I.3 L4
I357
t368
¡. 3 e Lt
[ 3 10 t3
131.2L4
L459
L 4 6 13
1.4714
L481,2
L 4 lo lt
r 5 I 10
t 5 [¡. L4
L5L213
¡.67!.1
tósL2
¡. 6 ¡.0 L4
L 7 9 t3
17¡.0L2
189L4
I B Lt t3
2358
2 3 9 t3
2 3 tl L4
236t2
2 ? 7 t0
2 4 5 13
2 4 B t4
247e
2 4 L0 L2
2 4 6 l1
2 5 7 11
25e12
2 5 r0 L4
267L3
2 6 9 14
2 6 B t0
27L2L4
2 B e tl
281,?13
2 1.0 Lt 13

e 10 It L2 t3 L4
AÂAAAA

345L4
3467
3 4 B t3
34e10
3 4 t[ L2
3569
3510L2
3 5 lt t3
3 ó 10 ll
3 6 t3 t4
3 7 I 11
3 7 L2 t3
37e14
389L2
38t0L4
45610
4 5 I lt
457L2
4689
46L2L4
4 7 B t0
4 7 tt 13
4 I tt l/+
49t2t3
4 10 13 L4
567L4
5 6 B 13
5 6 lt L2
5789
5 7 t0 t3
58L2L4
5 I t0 1l
5913L4
678L2
67e10
6 I tI 14
6 9 ll t3
6 t0 12. t3
7 I t3 L47 e Lr L2
7 t0 tt t4
I e t0 t3
I 10 tL L29 t0 L2 L4
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76
T7
78
79
BO
8,t
82
B3
B4
85
B6
87
B8
B9
90
9l



2 "t2

THE SYSTE'q ***** AL2 *****

TRTPLE SYSTEM
ASSOCt" ultrH
I S OF TYPE

t
2
3
4
5
6
'r

B

9
lo
tt
L2
13
t4
15
l6
17
l8
l9
20
2L
22
23
24
25
26
27
2B
2e
30
11
32
33
34
35
t6
37
3B
39
40
4L
42
+3
at4
t¡5
46

7 B 9 !.0 ¡.t L2
AAAAAÂ

ó
A

5
A

L234
AABA

t3 t4
BA

P=
p=
p=
p=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
p=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
p=
P=
p=
p=
p=
P=
p=
P=
P=
P=
P=
p=
p=

p=
p=
p=
P

P=
P=
p=
p=
P.
P=
p=
p=
P=
p=
p=
Ps
P=
P-
p=
p=
p=
P=
p=
p=
p=
P=
P=
p=
D-

P=
p=
p=
P-
p=
p=
P=
P=
P=
p=
P=
P=
P=
P-
P=
p=
p=

L

I
I
t
Ì
I
I
I
t
t
t
I
t
I
I
I
t
¡.

I
t
t
I

I
I
1

I
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2

23
25
27
29
2 tt
213
t5
36
39
3I0
3L2
45
46
47
4B
4 10
5B
5 tl
5L2
67
69
ó10
T9
7 10
B9
B [1
35
3 LO
36
37
3B
45
49
4 tl
410
46
57
5L2
59
68
ó9
6 I0
7 lt.
7 L7-
B9
B ¡.0

4
6
I

t0
L2
l4

7
I

tl.
t3
l4

9
t3
L4
L2
ll
l0
L4
t3
Ll.
L2
1.4

t3
L2
l4
T3
IT
L2
T3

9
l4
I

L2
t3
I4

7
t0
T4
t3
l2
L4
Ll
l4
t3
II
13

47
48
49
50
5I
52
53
54
55
56
57
5B
59
ó0
6L
62
63
64
65
66
67
ó8
69
70
7l
72
73
74
75
76
77
7B
79
80
B1
82
83
84
B5
Bó
87
BB
B9
90
9l

3
3
3
3
3
3
7
3
3
3
3
3
3
3
3
4
4
4
4
4
4
4
4
4
4
5
5
5
5
5
5
5
5
6
6
6
6
6
7
7
7
B

I
9

tt

45t4
469
4 7 10
4 I 11
4 L2 t3
5 6 t0
5eL2
5 I 13
67L4
6 tl L2
7 I 12
7 Lt 13
89lO
9L3L4

l0 rt L4
5 6 Lt
5t0L2
5 7 13
6 I t0
6L2L4
789
7 lt L2
B 13 L4
e 10 13
9 tt L4
ó7L2
6t3L4
689
7 I t4
7 9 It
d rr 12
9 TO L4

10 tt t3
7 I 13
7 I IO
B 1I T4
e lt 13

t0 L2 t3
B l0 Lt
9t2L4

10 13 t4
e L7_ 13

[0 12 L4
I0 rt L2.
L2 13 L4



2.t3

TRTPLE SYSTEM
ASSOC[" WITH
I S OF TYPE

t
2
3
4
5
6
7
B

9
TO
1¡.
L2
t3
L4
t5
tó
t7
t8
t9
20
2L
2?-
23
24
25
2.6
27
?.8
29
30
3t
32
33
14
35
3ó
37
38
39
40
4L
ttZ
43
44
45
46

5
A

L

A

4
A

3
Â

2
A

THE SYSTEÈ{ ****s A'13 ***#*

I
A

4f
4B
49
50
5t
52
53
54
55
56
57
58
59
60
ó1
62
63
6+
65
66
67
ó8
69
7o
7t
't2
73
74
75
76
7't
7B
79
80
8t
82
B3
84
85
8ó
87
8B
89
90
9l

7
A

6
B

9' l0 lt L2 t3 L4
ABAAAA

3 ¿t 5 fl
3 4 L2 t3
349L4
34810
3467
356L4
3 5 I 13
35e10
3 6 9 t3
36lOL2
3 7 I t4
37eL2
3 7 tO 11
3 I rl L2
3 ¡.t 13 L4
456L2
451014
4578
4689
4 6 11. 14
4 7 tO 13
+ 7 tl L2
+ 8 t3 14
4eI0L2
4 e ll 13
5679
5 ó t0 13
5 6 I 11
5 7 lt t3
57L2L4
58eL?
5 9 13 L4
5 1.0 Lt L2
6 7 B t0
6 7 13 t4
68L2L4
6 9 lO tl
6 tt L2 t3
7 I 9 1l
7 I !.2 t3
7 9 I0 14
B9¡.O13
I LO It t4
9 [t L2 L4

¡.0 1.2. t3 t4

Ps
P=
P=
P=
p=
P=
Pa
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
p=
p=
P=
P=
P=
P=
P=
P=
P=
P=
p=
p=
P=
P=
P=
p=
P=
P=
p=
P=
P=
P=
P=
p=
p=
P=
P=
P=

L234
1256
L27B
L2eto
L 2 lt L2
L 2 t3 t4
1357
13ó8
I 3 9 tl
I 3 t0 t3
t3t2L4
1459
I 4 6 t3
t47L4
148L2
L 4 tO tt
t 5 I [0
I 5 Lt t4
t 5 L2 t3
¡. 6 7 tt
l. 6 e t2
tót014
r 7 9 t3
1 7 lC) L2
t I 9 14
I I Lt t3
235L2
23713
2389
2ir0L4
2 3 6 lt
2 4 5 t.3
24L214
2 4 6 t0
2 4 I tl
2479
2 5 7 tO
2 5 e [l
258L+
?. 6 7 t2
? 6 I t3
?.69L4
27Lt1.4
2 I l0 L2
? e t2 13
2 [0 lt 13

P=
p=
p=
P:
p=
P=
P=
f)-

P=
p=
P--
p=
p=
p=
P=
p=
P_
P=
P=
p=
p=
D.
p=
p=
p=
p=
p=
p=
P=
p=
p=
p=
P=
P=
p=
P=
P=
p=
P=
p=
P=
P=
p=
p=
P=
P=



2.t4

THE SYSTEH ***** A14 *&***

Ï R I PLE SYST EM
rissoct, t.lITH
I S OF TYPE

L

2
3
4
5
6
7
B
9

to
1¡.
L2
t3
L4
l5
t6
L7
l8
t9
20
2L
22
23
24
25
26
27
2B
29
30
it
32
33
3t¡
35
36
t7
3B
3e
40
4l
42
43
44
45
46

¡.

A
45678
ABAAB

9 ¡.0 tl L2 13 L4
ABBBI\8

3 4 5 13
348L4
34910
3 4 6 Ll
141L2
3569
3510Lk
3 5 I 11
3 6 7 13
3ó10L2
7 7 B 10
3 7 tl L4
389L2
3913L4
3 Lt L2 t3
45614
457r.0
4 5 lt 12
4679
4 6 I 10
4 7 I tt
4 B 9 13
49L2L4
4[OL213
4 tl 13 L4
567L2
5 6 I t3
5 6 ¡.0 11
5789
5 7 t3 L4
58L2L4
5et0L2
5 9 tt 13
ó 7 B t4
ó B tt 12
6 9 t0 13
6 9 lt L4
6L2t3L4
7 8 L2 13
7910L4
7 e tl L2
7 t0 [t t3
I e t0 Lt
B t0 t3 L4

1.0 l1 L2 L4

P=
P=
P=
P=
PÊ
P=
P=
P=
P=
P=
P=
P=
P=
P=
p=
P=
P=
P=
PÊ
P=
P=
P=
Pæ
P=
Ps
P=
P=
P=
Pap=
P=
P=
P=
p=
p=
P=
P=
P=
P=
P-
P=
Ps
P=
p=
P=

p=
P-
p=
P-
p=
P-
p=
P=
p=
p=
P=
P=
P=
P-
P=
p=
p=
p=
p=
P=
p=
P.
p=
P-
Þ=
p=
p=
p=
P=
D-

P=
P=
p=
p=
p=
P=
p=
p=
P=
p=
P-
p=
P=
P=
p=
P=

I
t
t
I
I
t
I
t
I
t
t
t
I
t
T

t
I
I
I
L

L

t
t
t
t
I
2
2
2
2
2
2
2
2
2
?
2
2
2
2
2
2
2
2
2
2

234
256
278
2 9 t0
2 tt L2
2 t3 L4
357
368
3 9 tl
3 t0 ¡.3
3 L2 Ì4
459
4 6 13
47L4
48L2
4 t0 tt
5 I lO
5 tt t4
5 L?_ t3
6 7 11
69L2.
6t0L4
7 9 t3
710L2
89L4
I r.t 13
35L2
3 I 13
37e
3 l0 tt
76L4
458
4 9 tl
+óL2
4 7 t3
r¡ t0 14
5 7 Lt
5 t.0 13
59L4
6 7 10
6 lt 13(r89
7 12 L4
8 t0 L2
B lt 14
9L213

47
48
49
50
5l
52
53
54
55
56
57
58
59
60
61
6?-
63
64
65
66
67
68
69
70
7t
72
73
74
75
76
77
78
79
80
8t
B2
B3
B4
85
B6
87
B8
B9
90
9t



2.L5

THE SYSTEM ****s Â15 *****

ÏR I PLE SYSTEM
,tssoct. h/lTH
T S OF TYPE

I
2
3
4
5
6
7
B
I

to
tl
L2
t3
T4
t5
16
17
TB
L9
20
2L
22
23
24
25
26
27
2B
29
30
31
3?.
17
34
35
36
77
38
39
40
4L
42
43
44
t¡5
+6

t_

,1

13 L4
AA

3 4 5 6 7 I 9 t0 tt
AABAAABAÂ

L2
l1

458
4 9 t3
410t4
4 7 lt
46L2
5 6 13
5914
5 t0 lr
6 7 tO
6 IT L4
789
7 L2 T3
8 tt L2
81314
etoL2
567
5 l0 L2
5 t3 L4
6 B l0
6 9 tt
7 I 13
7910
8 ll L4
9L214
t 12 t3
ó8L4
6 9 t0
6 11 L2
T I 11
7L2L4
7 I0 13
8eL2
9 tt 13
7BT2
7 9 14
I e t3
0 Ir t3
2L714
8IOL4
e lt L2
I t3 L4
9 t0 Ll
0 L2 13
0 t3 L4
I t2 L4

3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
4
4
4
4
4
4
4
4
4
4t
5
5
5
5
5
5
5
5
6
6
6
6l
6L
7
7
71
B

8t
91

t0t

P=
p=
p-
p=
p=
p=
p=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
p=
P=
P=
p=
P=
p=
P=
P=
P=
P=
P=
P=
P=
p=
p=
P=
P=
P=
P=
p=
P=
p=
p=
p=
P=
P=
P=

P=
P=
P=
P=
p=
P=
P=
p=
P=
P=
P=
p=
P=
P-
P=
p=
P=
p=
p=
P-
P=
p=
P=
P=
p=
p=
p=
p=
p=
p=
P=
P=
P-
p=
p=
P=
P=
P=
P-
P=
P=
p=
P=
P=
p=
P-

t
I
1

T

I
t
I
I
t
t
I
I
t
I
t
I
I
¡.

I
1

t
T
I

t
I
l
2
2
2
2
2
2
2
2
2
2
2
?.

2
7.

2
2
2
z
2
2

23
25
27
2e
2 11
2L3
35
36
39
3LO
3 1.2

45
46
47
48
4 t0
5B
5 tt
5L2
67
69
610
79
710
B9
I lt
35
3 tt
37
3B
3ó
45
47
4B
4t0
46
57
5t0
58
67
6B
6 t0
7 10
B L?.

e tI
9L2

4
6
I

!.o
L2
1.4

7
I

Lt
t3
L4

9
L3
L4
L2
tt
TO
l4
t3
tt
L2
L4
t3
T2
I4
t3
L2
t3
14
¡_0

9
ll
L2
I

l3
l4

9
L4
1.3

l3
Ll
L2
It
1.4

Lt+
13

47
48
+9
50
5l
52
53
54
55
56
57
58
59
60
ót
62
63
64
65
66
67
68
ó9
70
71
72
73
74
75
'16
77
78
79
80
8l
B2
83
B4
85
8ó
B7
BB
B9
90
et



2 "L6

TRIPLE SYSTEM
,ts soc I " þJ IT t{
Í S OF TYPE

t
2
3
4
5
6
7
B

9
lo
It
L2
t3
t4
t5
l6
t7
IB
19
20
2L
22
23
24
25
26
27
2B
29
30
ll
32
33
34
v5
3ó
37
3B
39
40
ttl
tt?
43
44
45
46

t
/\

TllE SYSTEM a***s Ató **s*sc

47
48
49
50
51
52
5t
54
55
56
57
58
59
60
61.
62
63
64
65
66
67
ó8
69
70
7l
72
73
74
75
76
77
78
79
BO
8t
B2
B3
84
85
86
87
88
B9
90
9t

9 ¡.0 lt t2 t3 14
AABBAB

3456
3 4 T 13
349L4
3 4 I 10
3 4 l[ t2
3 5 B 11
75eL2
35t0L4
3ó7L2
3óe13
3 6 tO Ll
378L4
3791O
38trz13
3 lt. t3 14
t+57L2
4 5 tO 13tt58L4
4 6 7 I0
4 6 tl 14
4ó89
4 7 I lt
4 9 tO L2
4 e t¡. 13
4L2t3L4
5678
5691O
5 6 tt t3
5 ó L2 14
5 7 e 11
5 7 t3 L4
5 I 9 t3
5 t0 tl L2
6 7 9 t4
6 B tt L2
6 I 13 14
6 t0 L2 t3
789L2
7 I t0 t3
7 t0 lt L4
7 tl L2 t3
I 9 tO tt
B IO L2 L4
e t0 13 L4
e tt L2 L4

3
A

456'18
BBBAB

P=
P=
P=
P=
p=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
p=
P=
P=
P=
P=
P=
p=
P=
P=
P=
P=
P=
P=
P=
P=
P=
p=
P=
p=
P=
P=
P=

L234
1256
L278
L 2 9 t0
L 2 tt L2
L 2 t3 L4
1357
1368
l. 3 I lt
L3lo13
l.3L2L4
I459
L 4 6 t3
147L4
t48L2
L 4 ¡.0 ll
I 5 B IO
I 5 tl l+
t 5 L2 13
I ó 7 ll
tó9L2
t ó l0 L4
I7913
t 7 10 L2
TB9L4
I I tl 13
2 3 5 t3
2t6L4
2 J 7 tt
23t0t2
2389
2 4 5 tt
?46L2
2479
?410L4
2 4 B t.3
2 5 7 t0
258L2
25914
2_67t3
2 6 I tO
2 6 e Ll
?. 7 L2 Lt+
2 I tl 14
2 e L2 13
2 LO lt t3

p=
P=
p=
P=
p=
p=
p=
p=
Pa
P=
P=
P=
P=
p=
p=
p=
p=
P=
P=
p=
P=
p=
p=
P=
p=
P=
P-
p=
p=
p=
P=
P-
D-
p=
p=
P-p=
P_
P=
p=
p=
P-
p=
p=
p=
P-



2.L7

rHE SYSTEq +**s* A17 *****
TR T PLE SYSTEM
ÂssocI" þrITH
T S OF TYPE

1

2
3
4
5
6
7
I
9

l0
ll
T2
t3
L4
t5
tó
t7
1B
l9
20
2L
2?-
23
24
25
26
27
2B
29
30
3l
32
33
t4
35
36
37
3B
39
40
4L
42
tt3
44
45
46

34
56
78
910

It L2
13 14
57
ó8
e tt

I0 t3
L2 t4
59
613
7 1.4
Bt2

t0 t 1

B t0
L l t¿r
L2 t3
7 Lt
eL2

t0 L4
e 13

t0 L2
I 14

lt t3
5 13
7L4
B9

l0 L2
6 1l
58
eL2

rr. 13
IO T4
67
7L2
9L4

10 tt
B 10

L2 L4
9 t3
e tt

10 t3
LI 14
L2 13

L4
B

L2
Â

L 2 3 q 5 6 V I 9 ¡.0
AA,1 BAAAAAÂ

1l
A

L3
A

34
34
34
34
34
35
35
35
36
36
37
37
38
39
39
45
45
tt5
46
46
47
47
48
49
4LO
56
56
56
57
57
58
59
5 10
67
ó7
68
69
610
7B
79
7 IO
89
I t0
9to

lt L2

P=
P=
P=
P=
p=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
p=
P=
P=
P=
P=
P=
P=
p=
p=
P=
P=
P=
P=
p=
P=
P=
p=
P=
P=
p=
P=
P=
P=
P=
P=
P=
P=
P=

P
P=
p=
P-
p=
p=
p=
P=
P=
P=
P-
P=
P=
P=
p=
P=
P-
p=
P--
P=
P=
P=
P=
P=
P-
P-
P=
P=
D-
rr-
P-
p=
P-
tr-
p=
P=
P=
P=
P=
P=
D-
p=
f)=
D-
D-

P=

L2
t2
L2
L2
L2
L2
t3
t3
13
L3
I3
14
l4
14
L4
L4
t5
t5
15
1.6
tó
Tô
l7
l7
IB
TB
23
23
2J
23
23
24
24
24
24
?4
25
25
25
26
26
26
27
27
2B
2B

47
48
49
50
5t
52
53
54
55
56
5T
58
59
60
6t
62
63
64
65
66
67
óB
69
70
71
72
't3
74
75
76
77
78
79
80
BT
82
83
84
B5
Bó
87
88
89
90
9l

5 l0
11 t4
6L2
I 13'1 9
ó9

tt L2
I t4
7 t0

t3 L¿+

8L2
l¡. 13
l0 11
t0 L4
L2 13
6 Ll

L2 14
7 t3
8 t.4
e t0
I t0

ll L2
9 lt

1.3 t4
L2 t3
714
I t3

1.0 L2
I tl
9lo
9L2

I I t3
t3 L4
B9

L2 t3
lt L2
tl L4
Ll t.3
1.3 t4
L2 L4
ll. t4
t0 13
L2 L4
1l 12
1.3 L4
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THE SYSTEq s**** At8 ****s
TRIPLE SYSTEM
/xssocl" HITH
I S OF TYPE

L23456V8
AABBAABB

9 t0 lt L2 t3 L4
BBABBA

345L2
3 4 B t3
3 4 e t0
3 4 7 tI
3 4 6 14
3 5 6 tt
3510L4
7589
367L3
36t0L2
3 7 I tO
3 7 9 t4
3 I lL L2
3 e L2 13
3 1.[ 13 L4
45610
4 5 lt 13
4578
+689
4 6 lt L2
479L2
4 7 10 t3
4 B tl 14
4 9 t3 t4
4LOL214
567L2
5 6 I t3
569L4
5 7 tO tt
5 T 13 Lt¡
58t2L4
5 e t0 13
5 e Lt L2
6 7 I t4
6 7 e lo
6 B 1.0 tl
ó 9 u. t3
6L2t3t4
7 I 9 tt
7 I L2 13
7 tt L2 14
8 e t0 L2
B t0 t3 L4
e t0 tl t4

t0 tt L2 t3

P=
P=
P=
P=
p=
P=
P=
P=
P=
P=
P=
P:¡
P=
P=
P=
P=
P-
P=
P=
P=
p=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
p=
P=
P=
P=
p=
P=
p=
p=
p=
P=
p=

P=
P=
p=
p=
p=
o-
P=
p=
P=
P=
D-

P=
p=
p=
D-

P=
P-
r'
p=
P=
p=
p=
P-
P=
D.

P-
p=
P=
p=
f)=
P-
P-
P=
p=
p=
p=
p=
p=
P=
p=
p=
p=
P=
D-

P=
p=

L

2
3
4
5
6
7
B
9

LO
tt
L2
t3
L4
l5
Ló
L7
1B
l9
20
2L
22
23
24
25
26
27
2B
29
30
3t
32
33
34
v5
36
37
3B
39
40
4t
42
43
44
t¡5
46

I
T

t
t
I
I
T

I
t
I
t
T

x.

I
I
l
I
t
I
I
I
L

t
t
t
t
?.

2
2
2
2
2
2
2
2
2_

2
2
2
2
2
2
?.

2
2
2

234
256
278
2 e t0
2 Ll 12
213L4
357
368
3 e tl
31013
3L2L4
459
4 6 t3
47L4
481,2
4 t0 lt
5 B t0
5 tt t4
5L2t3
6 7 [1
ó9L2
óLo14
7e13
710L2
8eL4
B tt 13
3 5 t3
3814
369
37L2
3 t0 lt
45L4
4ó7
4 B tO
4 e tt
4 L2 t3
579
5 t0 L2
5 I Lt
6 I t2
6 t0 t3
6 r.t t4
7 t0 t4
T Lt t3
I 9 t3
e t2 t4

47
48
49
50
5l
52
53
54
55
56
57
58
59
60
ót
62
63
64
65
66
67
ó8
ó9
70
7t
72
77
74
75
76
T7
78
79
80
BI
82
B3
84
B5
B6
87
BB
89
90
9t



2.L9

ÍRIPLE SYSTEM
ASSOCI" þr¡TH
f S OF ÍYPE

I
2
3
4
5
6
7
B
I

t0
It
L2
t3
l4
l5
l.ó
t7
TB
19
20
2L
22
23
24
25
26
27
28
2e
30
3l
32
33
34
35
36
37
3B
39
40
/rl
42
43
44
45
46

L2345678
ÂBAAAAÂA

THE SYSTEM 8**** A19 *+ss*

+7
4B
49
50
5l
52
5?
54
55
56
57
5B
59
ó0
6t
62
63
64
65
66
6T
68
ó9
70
7t
72
T!
T4
75
76
77
78
79
80
BI
B2
B3
84
85
Bó
87
Btì
B9
90
9[

e t0 [I ß,2 t.3 L4
AAABAA

3 4 5 lr
347L2
3489
34610
3 4 t3 14
356L4
358L2
3 5 9 10
3679
3 6 lt 1.3
3 7 I t3
3 7 ¡.1 14
381014
3 e L2 t3
3 t0 ll t2
4 5 6 12
4 5 I 13
45tOt4
4678
46914
4 7 9 Lt
4 7 t0 t3
4 B ll 14
4el0L2
4 ll L2 t3
567I0
5 6 B 11
5 ó c t3
578e
5 7 rl L2
571314
59L2L4
5 lo t[ 13
ó
6
6
6

7 t2 13
BL0L2
B t3 t4
e t0 lt

6 tl L2 L4
7 B t0 rl
7 B 12 L4
79t014
B e t0 13
B e tt L2
9 tt t3 L4

t0 1.?- t3 L4

P=
P=
P=
P=
P=
Pa
P=
P=
P=
P=
P=
P=
p=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
Ps
P=
P=
P=
P=
p=
P=
P=
p=
P=

L234
L256
L?78
L 2 e t0
L 2 ll L2
L 2 t3 t4
1357
1368
1 3 e tl
I 3 10 13
t3L2t4
t459
1.4ó1.3
L 4 7 14
T4BL2
I 4 t0 [t
I 5 I t0
I 5 tt t4
N. 5 t2 13
I ó 7 tl
ló9L2
tó10L4
I 7 9 t3
t 7 t0 L2
t89L4
l I Ll 13
2t5L3
239L4
237¡.0
2 3 I tl
?36L2
2457
2 4 8 tO
2 4 6 tt
2 4 e 13
2 4 L2 t4
2 5 B t4
2 5 e lt
2 5 t0 L2
2671.4
?.68e
2 6 t0 13
27e12
2 'Í tt t3
2 B LZ 13
2 LO tt L4

P=
p=
p=
F=
P-
P=
p=
P=
P=
P=
P=
p=
p=
P=
P-
p=
p=
P=
p=
p=
p=
P-
p=
p=
P-
p=
p=
p=
p=
P=
p=
p=
p=
p=
p=
P--
p=
P-
P-
p=
P=
p=
p=
p=
p=
p=



2.20

TR I PLE SYST EM
ASSOC I" WtTH
IS OF TYPE

I
2
3
4
5
6
7
B

9
t0
It
L2
t3
1.4
15
l6
t7
tB
[9
2Cì
2L
22
23
24
25
26
27
2B
29
30
3I
32
33
74
35
3ó
77
3B
39
40
4L
42
43
44
45
tt6

L2345678
AAAAÂABA

rHE SYSTEM **r*s A2O *****

+7
48
49
50
5t
52
5t
54
55
56
57
58
59
ó0
6¡.
62
63
64
65
66
67
ó8
ó9
70
7t
72
7?
7+
T5
76
77
78
79
80
8t
82
B3
84
B5
86
B7
BB
B9
90
9t_

9 t0 t¡. L2 ¡.3 t4
AAABAA

345L4
3469
34810
3 4 tt t3
347L2
35610
3 5 Lt L2
3589
367L4
3 6 L2 t3
3 7 I t3
3 V tO Lt
? I tl L4
39tOL2
3 9 t3 L4
4567
4 5 I t3
45lOL2
tç 6 I 14
4 ó Lt 12
4 7 I Lt
4 7 9 IO
4 9 Ll L4
4 e L2 t3
4 t0 13 L4
5 6 I 1l
56L2L4
5 6 9 t3
578L2
5713t4
5 7 9 tt
5 e t0 14
5 LO 1l 13
6789
6 7 I0 t3
ó I t0 L2
ó 9 to tt
6 Ll 13 14
7 B t0 L4
7 9 t2 14
7 lt L2 t3
B 9 t0 t3
I e tt L2
8L2t3L4

1.0 Lt LZ l/+

pc
P=
P=
p=
p=
P=
Pa
P=
P=
Pa
P=
P=
p=
P=
P=
P=
P=
p=
P=
Pã
.P=
P=
P
P=
P=
Pa
P=
p=
P=
ps
P=
p=
P=
p=
p=
P=
p=
P=
P ='p=
p=
D-
p-
P=
p=

L234
L256
L278
L 2 e t0
L 2 tt L2
L 2 13 t4
I357
1368
I 3 9 tt
131.013
t3LZt4
145e
L 4 6 t3
1 4 7 t4
148L2
t 4 ¡.o tl
t 5 B t0
t 5 tl t4
t5L2t3
t 6 7 tl
t 6 9 t2
ló1014
L 7 e t3
1 7 to L2
IB9L4
r I tt t3
?_ 3 5 t3
?3t014
2 3 6 Ll
2379
2 3 B t2
2 4 5 tl
24L2L4
2 4 ó l0
2 4 'r t3
z489
2 5 7 l0
25eL2
2 5 B t4
267L2
2 6 B 13
26914
?. 7 tt L4
2 B t0 tt
2 e ll t3
2 LO t2 t3

P-
p=
p=
D-
p=
P=
P.
P=
p=
p=
P=
p=
P=
P:-
P=
P-
p=
P=
p=
P-
P=
P=
p=
p=
P-
P=
P=
D-
p=
P=
P-
p=
P=
P=
p=
p=
p=
p=
P=
p=
P=
p=
p=
P=
P=
p=



2 "21,

THE SYSÍEM ***sü A2 I *****

TRTPLE SYSÏEM
ASSOC[" hIITH
TS OF TYPE

t
2
3
4
5
6
7
B
9

TO
tt
L2
l3
L4
1.5

ló
t7
TB
t9
20
2L
2?_

23
24
25
26
27
?.Íl
¿9
30
3l
32
33
34
35
36
37
38
39
40
4T
42
43
44
45
46

12345678
AABAAABB

9 l0 lt L2 t3 L4
ABBBBB

345t_0
3 + 7 tI
348L4
346L2
3 t+ 9 13
356t4
3 5 I 11
75eL2
3 6 7 t3
3 ó I l0
3781.O
3-r9L4
3 I L2 13
3 10 tt L2
3 1¡. 13 L4
45ó8
4 5 tr L2
4 5 ¡.? L4
4 6 7 t0
4 6 ¡.1 L4
4 7 I 13
47eL2
4 I e tt
4910L4
410L2t3
567L2
5 6 l0 13
5 6 9 II
5 7 B 14
5 7 e 10
5 T tl 13
5 I 9 t3
51012L4
6789
6 I tO tl
6 I l2 L4
ó 9 t3 L4
ó tt L2 13
7 B I.L L2
7 t0 tt t4
7L2L3t4
B9¡.0L2
B l0 t3 L4
9 t0 tl 13
e tt L2 L4

P=
P=
P=
P=
P=
P=
P=
P=
p=
P=
P=
p=
P=
P=
P=
P=
P=
p=
P=
P=
P=
P=
p=
P=
P=
P=
P=
P=
p=
p=
P=p=
P=p=
p=
p=
P=
P=p=
P.
p=
p=
P=
P=p=

p=
P=
P=
p=
p=
P=
p=
P=
p=
p=
P=
p=
p=
p=
p=
P=
P=
P=
P=
p=
p=
P=
p=
P-
p=
P_
P=
P-
P=
P=
p=
p=
p=
P-
p=
p=
p=
P=
P
p=
p=
p=
p=
p=
p=
P=

I
I
l
L

I
I
I
¡.

T

I
t
t
t
I
t
I
t
t
I
1

I
I
t
I
I
I
2
2
2
2
2
2
2
2
2
2
2
?_

2
?.

2
2
2
2
2
2

234
256
278
2 e to
2 rt. L2
2 13 t4
357
368
3 9 tt
310t3
3 L2 t4
459
4 6 t3
4 7 t4
4812
4 t0 lt
5 B tO
5 tl 1r+
5L213
6 7 tt
6eL2
ó[0L4
7 I t3
T t0 L2
B9L4
B ll t3
3 5 13
310L4
3 6 ¡.1
37L2
389
457
4 B t0
4 tt t3
4L214
4ó9
58L2
5914
5 t0 ll
ó7L4
ó I t3
6 t0 L2
7 9 lt
7 LO t3
8 Lt t4
e t2 13

47
48
49
50
5t
52
53
54
55
56
57
5B
59
óo
6l
62
63
64
65
6ó
6T
6B
69
70
71
72
73
f4
75
76
7T
7B
79
BO

BI
82
83
B4
85
B6
87
BB
B9
90
91



tt7

TRT PLE SYST EM

ASSOCT" WTTH
Í S OF TYPE

I
?_

3
4
5
6
7
I
9

t0
tl
L2
13
L4
t5
l6
t7
l8
l9
20
2L
22
23
24
?_5

26
27
28
29
30
3t
32
33
l4
35
76
37
38
39
40
4L
42
43
44
t¡5
46

t
A

?
A

THE SYSTEM ***** A22 *û***

47
48
49
50
5t
52
53
54
55
56
57
58
59
60
ó[
62
63
64
65
66
6T
ó8
69
70
7t
72
73
74
75
76
T7
78
79
80
BT
82
B3
B4
85
B6
87
B8
B9
90
9t

e ¡.0 ¡.t 12 t3 L4
BBAABA

3456
3+79
3 4 10 L2
341314
3 4 I tl
3 5 I t4
35eL2
3 5 l0 tt
3 ó 7 14
3 6 9 13
3 6 1l L2
378[0
3 7 lt 13
3 I L2 13
3 9 tO t4
4578
4 5 tl 13
45L2L4
4 6 7 t0
4 6 11 14
4689
4 7 L2 t3
4Bl.0L4
4 e t0 13
4 e lt L2
567¡.3
569L4
5ót0L2
5 6 I tl
5 7 e l0
5 7 tl 12.
5 I 9 t3
5 10 13 1,4
6 7 B 12
6 B t0 13
6 e t0 tt
6L2t3t4
7 B 9 II
7 B 13 T4
7 9 L2 14
7 t0 tr L4
B 9 tO L2.
B lt t? L4
e [[ 13 L4

lo Lt L? 13

3
Å

+5678
BBBBB

P=
p=
P=
P=
P=
P=
P=
P=
p=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
p=
P=
P=
P=
P=
P=
P=
p=
p=
P=
P=
P=
P=
p=
P=
P=
P=
p=
P=
p=
p=
P=
p=
P=
P=

L234
L256
I278
| 2 e to
r 2 ll. L2
L 2 13 L4
1357
¡.368
I 3 e ll
l 3 to 13
I 3 L2 14
1459
t 4 6 t3
L4714
t4812
L 4 t0 tl
t 5 B to
I 5 lt t4
t5L213
I 6 7 lt
Tó9L2
I ó l0 14
L 7 9 T3
1 7 lO L2
I I 9 t4
I B rl 13
2 3 5 t3
2 3 tt t4
237L2
2389
2 3 6 t0
2 4 5 10
2 4 7 tt
2 4 B 13
24eL4
246L2
257L4
258L2
2 5 e tt
267e
2 6 tt t3
?. 6 I l4
?. 7 IO t3
2 B l0 tt
2 9 L2 13
2L0t2L4

p=
p=
P=
p=
p=
p=
p=
o
p=
P-
p=
P-
p=
p=
P=
P=
p=
p=
P=
p=
P=
P=
p=
P-
D-

P-
P-
p=
p=
p=
P=
P-
p=
p=
p=
P=
p=
o-
P=
p=
p=
p=
P-
P=
p=
D-



2 "23

THE SYSTEþ1 s*sr* A23 +****
TR T PI-E SYST EM
ASSOC t. }lXTH
TS OF ÏYPE

I
2
3
4
5
6
7
B
9

LO
IT
L2
t3
L4
t5
ló
t7
LB
l9
20
2L
22
23
24
25
26
27
28
29
30
3!.
32
33
34
35
:ì6
31
38
l9
40
t+L

42
43
t¡4
45
t+6

L23
L25
L27
L2e
L 2 tt
L 2 13
135
136
139
t 3 t0
L3L2
I45
l4ó
L47
t48
l.4LO
t58
t 5 tl
t5L2
tó7
1ó9
I ó l0
L79
I 7 t0
189
I I It
235
2 7 tl
2 3 t0
236
238
245
246
?. 4 ¡.0
247
248
257
259
?.58
268
26L2
26LO
279
2 7 lt
z B lo
2eL2

3456789[0
AAAAAAAA

L2
AA

lt L2 1.3 L4
AAAA

5 tt
6L2
7B
9 ¡.3

l0 L4
6 10
9L2
8L4
914

11 13
e t0

tt L2
t3 14
l0 tt
L2 13
68

l0 L2
7 13
7 10

lL 14
9 tl
9 IO

13 14
L2 L4
L2 t3
79

ll L2
13 14
I lt

L2 L4
9 t3

I0 t4
Lt t3
8t4

L2 t3
e tt

l0 12
L0 13
eL2

t0 t3
11 L4
L2 L4
r.t t2
13 L4
t3 L4

34
34
34
3+
34
35
35
35
36
36
37
3T
37
38
38
45
45
45
46
46
47
48
4B
49
4 tl
56
56
56
57
57
58
59
5 to
67
67
6B
6B
69
78
78
7 to
B tt
e I0
e tt

t0 L2

P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P
.P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
p=
P=
P=
p=
P=
p=
p=
P=
p=
P=
P=
P=
P=
P=

p=
P=
P-
D-

P=
p=
p=
p=
P=
p=
p=
p=
p=
p=
P=
P=
p=
P=
p=
p=
D-

P=
D.
p=
P-
P=
P=
D-

P-
p=
p=
P=
P-
P=
D-
p=
P-
p=
p=
p=
P=
P=
p=
p=
p=
f)=

4
6
I

LO
L2
t4

7
I

tL
L3
t4
9

t3
T4
L2
11
¡.o
L4
t3
tt
t2
L4
t3
L2
1.4
13
l3
¡.4
L2

7
I

L4
9

l3
L2
t1
t0
It
L?.
L3
t4
TI
l4
t.3
L4
t3

47
4B
49
50
5l

,52
53
54
55
56
5l
5B
59
60
6t
62
63
64
65
6ó
67
6B
69
70
7t
12
73
74
T5
76
77
78
T9
BO
B1
B?
B3
84
85
8ó
87
8B
B9
90
9t
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THE SYSTET'1 ***** A24 **44*

TRTPLE SYSTEM
A SSOC T. l^l fTH
r S OF TYPE

t
2
3
4
5
6
7
B
9

LO
tl
L2
t3
14
t5
l6
t7
IB
l.e
20
2L
22
2.'
24
25
26
27
28
29
30
3t
32
33
34
35
36
77
38
39
40
¡rl
42
43
+4
45
46

4
A

5
A

3
A

6
A

L2
AA

7
A

I
A

9 1.0 [1. L2 13 [4
AA,TAAA

3tþ58
3 4 e l0
3 4 tL L4
346L2
3 4 7 13
3 5 6 I0
3 5 lL L2
3 5 9 13
369L4
3 6 tt l-3
3 7 I Lt
379L2
3Tr.0t4
7810L2
3 B L3 t4
456L4
4 5 7 Ll
4 5 t0 L2
4679
4 6 I Ll
4 7 I l0
4 I e 13
r+9LZL4
4 lo L3 L4
4 11 L2 t3
567L2
5 6 B t3
5 6 9 tl
5789
5 7 13 L4
5 I L2 14
5 e t0 L4
5 t.0 Lt 13
6 7 I 14
6 7 r0 t3
6 I e 10
6 ¡.0 Ll L2
6L213L4
7 B 12 t3
7 e t0 Il
7 lt_ 12 t4
B 9 tt L2
I 10 tl L4
e t0 L2 t3
e tl. t3 l4

P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
p=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
p=
P=
P=
P=
p=
P=
P=
p=
p=
p=
P=
P=

L234
L256
L278
L 2 e 1.0
L 2 Lt L2
L2t3l.4
1357
t368
t 3 9 Ll
I 3 10 t3
t 3 L2 t4
1459
1 4 6 13
¡.47L4
L4BL2
L + t0 tl
t5Bl0
I 5 tt L4
t5L2 1.3
1 ó 7 tl
tóeL2
16tO14
r 7 9 13
I 7 10 L2
I I 9 14
t B tl t3
235L4
2367
2389
2 3 tO ¡.t
23L213
245L3
24814
2 4 9 t¡.
247L2
2 4 6 t0
2 5 7 10
2 5 I lI
25eL2
2 6 B t2
2 6 e 13
2 6 lt 14
2 T e 14
2 7 tt t3
2. 8 l0 13
2 lO L2 L¿ø

p=
P-
P-
P-
P=
p=
p=
p=
P=
p=
p=
p=
P=
P=
P=
p=
P=
p=
p=
P-
p=
p=
p=
p=
p=
p=
p=
P=
p=
p=
p=
p=
p=
P-
p=
p=
P-
p=
p=
P-
p=
p=
p=
p=
p=
p=

47
48
49
50
5l
52
53
54
55
56
57
58
59
ó0
ót
62
63
64
65
6ó
67
ó8
69
70
7l
72
77
74
75
76
v7
78
79
80
BT
82
83
B4
85
Bó
87
BB
89
90
9t
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THE SYSTEH ****a A?5 8s&8$,

rR I P!-E SYST EM
ASSOC[" I'JITH
TS OF TYPE

t
2
3
4
5
6
't

I
9

t0
tt
L2
t3
L4
t5
Ló
t7
l8
t9
20
2L
22
2t
24
25
26
27
2B
29
30
3t
32
33'
34
35
t6
37
3B
39
40
4L
42
43
44
45
46

L234
L256
L278
L 2 e t0
I 2 tt t2
L2t3L4
1357
1368
t 3 e tt
t 3 10 t3
t3L2L4
1459
r. 4 6 13
T47L4
L 4 I t2
I 4. ¡.0 It
l 5 8 t0
I 5 tt t4
l 5 L2 13
¡. 6 T lt
lóeL2
tó10L4
I 7 9 13
17t0L2
IB9L4
I B lt t3
23514
23610
2 3 ¡.t t3
237L2
2389
2458
?.47e
241013
2 4 tl 14
?_4óL2
2 5 7 lI
2 5 t0 L2
2 5 9 t3
z 6 7 t3
26814
2 6 9 tl
27t0L4
2I10il.
2 I L?- t3
?_ I L2 t4

345678
ÅAÂABA

e ¡.0 t¡. L2 13 L4
ABAAA

3456
3 4 7 t¡.
34IOL2
349L3
3 4 I 14
3 5 8 13
359L2
3 5 r0 lt
3679
3 ó tl L4
3 6 t2 13
37810
37L3L4
3 I Lt t2
3 9 t0 14
457L2
4 5 It 13
45t0t4
4 6 7 t0
4 6 I tl¿+ó9L4
4 7 I t3
4 I e 10
4 I tt L2
4L213L4
5678
5 6 9 l0
5 6 rl L2
5 6 t3 L4
5 7 9 t4
5 7 10 t3
5 I e lt
5 I L2 14
6 7 L2 14
6 I 9 t3
ó I l0 L2
ó t0 lt 13
789L2
7 I tt t4
7 e t0 tt
7 lt L2 13
I t0 t3 L4
e ¡.0 L2 t3
9 t¡. t3 L4

LO lt L2 L4

p=
P=
P=
P=
P=
p=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
p=
p=
P=
P=
p=
p=
p=
P=
p=
P=
p=
P-
P=
p=
P=
P=
P=
P=
P=
p=
P=
P=

P-
p=
P=
p=
p=
P=
p=
p=
P=
p=
P=
P=
P=
p=
D-

ft=
D-
p=
P=
P=
F=
P=
p=
p=
p-
p=
D-

P=
o-
o-
p=
p=
p=
P-
P=
p=
p=
P=
p=
p=
P=
P=
p=
p=
P=
P.

+7
48
49
50
5t
52
53
54
55
56
57
58
59
60
ó1
62
63
6+
65
6ó
6'Í
ó8
ó9
70
7L
72
73
74
75
76
77
78
79
BO
8l
82
B3
B4
B5
8ó
B7
BB
B9
e0
9L
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THE SYSTEq ***$* A,26 ****8

T R T PLE SYST EM

^ssoc[" 
I..lITH

IS OF TYPE

t
2
3
4
5
6
7
I
9

LO
It
L2
13
L4
t5
tó
t7
IB
19
20
2L
2?.
23
24
25
26
2T
2B
29
30
31
32
33
34
35
3ó
37
38
39
40
4L
42
q3
44
45
46

L4
A

B 9 t0 ¡.[ x.2
ÂÂBAA

L2345ó7
ABAAAAA

1.3

A

45L2
4 r.t t3
4814
469
+ 7 t0
5 6 l0
5 B 11
5 9 13
67L2
6 tl 14
789'Í ¡.3 t4
8 L2 t3
9toL4

t0 tt L2
5 6 t4
5 7 11
5 t0 L3
6 B 11
6t0Lz
7 B t3
79LZ
I 9 10
9 13 L4

tl 12 L4
6 7 13
689
6 ¡.1 12
7 I t2
7 10 t4
B 13 14
9 t0 tt
9L2L4
7 I 14
7 9 l0
I l0 13
9 lt 13

L2 13 L4
I LO tl
9 t¡. L4

Lt L2 t3
9 tt L2

t0 L2 L4
t0 L2 t3
11 t3 14

P=
P=
P=
p=
P=
P=
P=
P=
p*
P-
p=
P=
P=
P=
P=
P=
P=
p=
p=
p=
P=
P=
p=
P=
P=
p=
p:
P-
P=
P=
P-
P=
p=
p=
P-
P-
P=
p=
P-
p=
P=
P-
P=
P=
P=

D-

P

P.
p=
P_
P-
p=
p=
p=
p=
p=
P=
p=
P-
p=
P-
P-
P=
p=
p=
p=
p=
P=
P=
P=
p=
p=
p=
p=
p=
P=
p=
p=
p=
p=
P_
P--
p=
P_
p=
p=
p=
p=
P=
p=
p=

23
25
27
29
2 tl
2 13
35
36
39
310
3 t2
45
46
47
4B
4 t0
5B
5 rt
5L2
67
69
6 t_0

79
7to
89
I tl
15
36
37
39
38
45
49
4 1.2
4t0
46
57sto
5 tt
68
ó9
6LO
7 LO
7L2
B9
B tt

4
6
I

¡.o
L2
L4

T
B

tl.
13
T4
I

13
L4
T2
It
L0
L4
t3
tt
L2
l4
t3
L2
l4
13
¡.4
t3
tl
t2
10

B

1t
t3
t4

7
9

L2
13
I2
14
It
l3
L4
l3
T4

47
4B
49
50
5t
52
53
54
55
56
57
5B
59
60
6t
62
63
64
65
66
67
6B
69
70
7l
'Í2
73
74
75
76
77
78
79
80
8t
B2
B3
B4
85
B6
B7
B8
B9
90
9t

3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
4
4
4
4
4
4
4
4
4
4
5
5
5
5
5
5
5
5
6
6
6
6
6
7
7
7
I
B

9
10
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47
48
49
50
5l
5?
53
54
55
56
57
58
59
60
6t
62
63
64
65
66
67
68
69
70
7l
72
73
74
v5
T6
77
7B
79
80
BI
82
B3
84
B5
B6
87
B8
B9
90
9t

'l 8. 9 l0 tl L2 t3 L4
AAABAAAÂ

3456
AAAA

2
A

t

B

fR I PLE SYST EM

ASS0CI" tútTt-l
I S OF TYPE

t
2
3
4
5
6
7
I
9

t0
1l
L2
l3
L4
l5
l6
l7
t8
l9
20
2L
22
23
24
?5
26
27
2B
z9
30
3I
32
33
34
35
36
17
3B
39
40
4L
42
43
44
45
46

3 4 5 13
347t4
3 4 I tl
!46L2
3 4 I t0
3 5 6 t0
3 5 lr L2
359L4
3 ó 7 tI
36et3
3789
3 7 L2 t3
3 I t0 L2
38t3L4
3 10 Lt 14
4 5 ó It
4 5 B 14
4 5 7 t0
4678
46eL4
479L2
4 I t0 t3t* 9 lt 13
4 to t[ L2
4L2t3L4
5679
568L2
5 6 t3 L4
5 7 B 13
57L2L4
5 B 9 tt
59t0L2
5 t0 lt 13
6 7 10 L3
6 I 9 l0
6 B II 14
6L01214
6 l.¡. L2 L3
7BI.OL4
7 B lt L2
7 9 lO lt
7 tl t3 t4
B e t2 t3
9 10 13 L4
e lt 12 L4

P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
p=
P=
P=
P=
p=
P=
P=
P=
P=
P=
P=
p=
p=
P=
P=
P=
P=
p=
P=
P=
P=
p=
p=
p=
p=
P=
P=
P-
P=
P=
p=
P=
P=
p=
P=

L234
L256
L278
l" 2 e 10
| 2 rr L2
L2t3L4
l_357
1368
t 3 9 lt
13t0t3
¡.3t2 14
L459
I 4 6 [3
| 4 7 ll
I 4 I 12
L4t014
I 5 B t0
r5il.L4
15L213
tó714
ló9L2
t ó t0 lI
t 7 e t3
17t0L2
L B e 14
I B ll 13
2358
239L2
2 3 1r t3
236L+
2 3 7 1.0
245L2
24713
2489
2 4 6 l0
2 + 11 L4
2 5 7 lt
2 5 9 t3
2510L4
267L2
2 6 8 t3
2 6 9 1l
2 7 9 t4
2 B t0 Lt
? B L2 14
2 t0 L2 13

p=
P=
p=
P=
p=
o-
p=
p=
p=
P=
p=
P=
o-
P=
P=
P-
p=
p=
p=
P-
P=
p=
p=
p=
D-

P-
p=
P-
p=
P-
p=
p=
p=
P-
p=
P=
p=
P=
p=
P=
p=
P-
P-
p=
P_
p=
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THE SYSTEq **f** 8.2 ***r*
TRTPLE SYSTEM

^ 
s soc L !,,lt Tl-l

I S OF TYPE

I
2
3
4
5
6
7
B

9
1.0

tt
L2
l3
L4
15
t6
L7
LB
l9
?-o
2l
22
23
?-4
25
26
2T
2B
29
30
3l
32
33
34
35
3ó
37
3B
39
40
/tl
42
47
44
45
46

L234
L256
L27B
L 2 9 l0
L 2. tl L2
L21314
t357
l368
I 3 9 tt
I 3 l0 13
13L2L4
L459
I 4 6 t3
t 4 7 11
L48L2
L4IOL4
t 5 B ¡.0
I 5 [¡. 14
I 5 t2 t3
I ó 7 t4
tó9L2
I ó t0 lt
L T 9 13
I 7 t0 L2
IB914
I B 11 13
2358
?_39L2
2 3 tl 13
2 3 t0 t4
2367
2 4 5 tl
246L2
2479
2 4 l0 13
2 4 tì 14
257L3
2 5 9 t4
2 5 10 L2
2 6 B 10
2 ó tt L4
2 6 9 t3
2 7 to 11
2 7 12 I/e
2 B e tt
2 I L2 13

L2345678
BBBBßAAA

e ¡.o tl L2 13 L4
BABBAA

34512
3 4 t3 L4
3 4 ó tt
34710
3489
3 5 6 t4
35913
3 5 t0 tt
36910
3 6 L2 t3
3 7 I 13
379L4
3 7 [t 12
3 I 10 L2
3 I Lt 14
4 5 6 t0
4 5 I 13
+57L4
4678
4ó914
4 7 L2 t3
4 B t0 tl
4910t2
4 9 lt t3
4 lt L2 L4
567L2.
5 6 lt t3
5689
5 7 I tt
5 7 9 l0
5BL2L4
5 e tt L2
5 t0 t3 t.4
6 7 9 lt
6 7 I0 t3
ó B IL L2
6 B 13 L4
6l0t2L4
789L2
7 B t0 14
7 tt L3 L4
B e t0 13
e t0 Il L4
9 1,2 13 L4

to 1r L2 t3

p=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
P=
p=
P=
P=
P=
P=
p=
p=
P=
P=
P-
P=
p=
p=
P=
P=
p=
P=
p=
P=
P=
P-
P=
P-
P=
P=
P-
P=
P=

p=
ft-

P=
p=
D-

P=
P=
p=
P=
P-
P-
o-
P=
P=
P-
P=
p=
D-
p=
P=
D-

P-
p=
D-
p=
P=
p=
D_
p=
p=
P=
P=
P=
p=
P=
P=
p-
P=
l)=
p=
P=
p=
p=
P-
p=
P=

+7
48
49
50
5t
52
53
54
55
56
57
58
59
ó0
61
62
63
64
65
66
67
6B
69
70
71
v?-
73
74
75
76
77
7B
79
BO
BT
B?
83
8+
B5
B6
87
BB
B9
90
9t
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4"L

FgRST' 6-6V€LE

467LL

1310t2

257t3

r2314
I 2 1011

581112 23914



4"2

sEc0ruÐ 6-CYCLtr

151013

2 3Lr72

238rr.

281114

247TL

6 71113



4"3

T&.{8RÐ 6-CYÇLE

7101113 3 1113 14

13 711

I 1112 13
2t2L3t4

2 7 t2t4

3u1314

9101112
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FTURT$.{ 6-CVCLË

13 811

3 4 513

t 2 311 3 51314

5 81013

9nu13



4"s

FåFT'F{ 6-CVCLË

5.3

245LL

I27II

5 71113

13611
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SåXTE.{ 6-CVCtE

23911 5 7 rllz

2 3 LOLa
6.3

15 71r

3 4 811
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SEVEruT'F8 6-CYCLF

3 510U

t 5 1011
14811

3 91r.12
7 91114 2LOL2L3

46712

346U
5 81114
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F!RST 6-CVCLF

I
4
10
T2

5
7
I
r0

4
I

L2
13

2
4
7

14

3
5
7
10

2
I
9
10

5
7
10
13

3
5
7

L4

I
4
9

L22
4
10
L2

5
6
7

L4

2
6
7
10

3
4
9
L2

4
6
7
il.

3
5
I
lii

ß.2
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TffigRM 6-CY€LË
6
7
I
t0

2
5
r0
L2

6
10
t1
L2

2
10
11
L23

5
9
t0 5

v
I
106

11
T2
14

1

3
6
14

2
4
I
10

I
3
I
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2
3
7
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2
3
I
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q

6
9
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4
6
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7"t

IMPLTCTT TNTEGER {A-Y}
COMM0N I / AuDTCTEA{t0! eED( tOe!,0}oECt L0el0oL0}ePASSeBl273e5} e

t L( t5! oÂ11151 eDt{ t5}eCl(15) ?APN(lt. l sAHNf l0cIll cAKN(L0rl0rl0l e

2 BC( t0e L Os 26c 5! oOCH{ L2 ! uOLT( 10s l0 o lO¡ 1.2 } oJJ( IOe l0 r LO! o

3 CAp ( tO e t0 ø [0! eCOUN Í lOe ¡,Oe [0 I e TLI- I LZI øKÍ\{ L0s I0e l0 I oDB ( L0} s

4 CB( l.0e l.0! eBD( L0ø91s51
coMMoN /BLl. / cH( l.ooÞ2 le Is
ZTT=0
READ {5e79b ZZ

79 FnRqAT {F8,0¡
CALL $TRTM( ZTIME}
DO I I=1s15
L(Il=I

I CONTTNUE
READ l5c649 DTREC

64 FORMAT {IT)
TF ÍDIREC OEQ. OI GO TO 3
CALL READ2
G0 TO 90

3 READ (5e591 {(B(PeG}sG=lo5¡up=[391]
59 FORMAT (35T2I

t{RtTE lóró1} ((Bf PeG}eG=l05!sP=te9l}
ót FoRt4AT ( 8{ I4c4l3b D

A=l
5 APNf Al =91

L22 CALL FTNDA
WntfE t6e62\ lAf(Ile[=let5]

62 FORMAT loOAl = o rI514l
DC ó I=lrl5
IF {Al(I¡ .l-T" 9[] GO TO 7

ó CONTTNUE
G0 Tl t30

7 EA(/\!=L(Il
H=0
CALL TOMA( H I
D=1
AHNIATDI=H
CALL REARRA
HP=AHN ( Ar Dl s1
DO I H=HPo91
BDI AsHr I l=EA(Al

I CONr t\UE
9 CALL FTNDD

}rlRITE (6r63) (D¡.{ Ílø[=lç15]
63 FORMAtr {o D¡. = o¡1514}

D0 tL I=lsl.5
IF (DI.(T' ,LT.26} GO TO L2

II C,ONTTNUE
GO T0 120

LZ ED(ArD)=L(Il
9O CONTTNT'E

Z'l=ZTIME
CÂLL $TPTM ( ZT )

Z TT= ZTT + ZT
TF (ZTT OGE. ZZI GO TO TóI
CALL $TRTM( ZTIME}



7.2

K=0
CÂLL TOMD{ K }
C= I
AK¡{(AoDoC}=K
CALL REARRD
KP=ÂKN(AeDgC!+1
DO t3 K=KP126
BC(AuDeKe 1!=EA{AD
BClAoDuKsZl=ED(ArDl

I3 CONTTNUE
15 CALL FTNDC

DO 15 I=1e15
IF {Cl(Il "LT" 6l GO TO L7'

1ó CONT TNUE
GO Tl 110

t7 KC=ó-C1( I,
EC(ArDrCl=L(Il
K A ( Ao Dr C l= AKN ( Ao Dr ç ! +KC
K2=KA(ÂrDsCl
KP=AK\( AeDrC |+l
DO Lg 6=(peK2
BC( A sDo K r3 l=EC{ AoDsCl

TB CONTTNUE
Q=0
Kl=AKNf ArD¡C!
qrO 19 K=lrKl
lF (EC(ArDrCl .8Q,, BC(AçOaKe3l t GO TO 20
IF (EC(A¡DoCl "EQ. BC(AsDeKo4l I GO TO 2L
IF (EC{AaDoC) 'EQ.' BC{AeDeKe5l} GO TO 22
GO TO le

26 q=Q+ I
OCH ( 2*8-t l= BC( lls D¿ K b 4 !
0CH ( 2*Q I =tlC ( A aDe Kr 5')
Gn T0 t9

2L Q=Q+l
OCH( 2*Q-1 I =BC( A eDr K r3l
OCHI2*Ql=BC(ArDrKr5l
G0 T0 t9

22 Q=Q+ I
OCH( 2*Q-L l=BC( Ar DE Ko 3l
OCrt ( Z*el =BC( A e Du Ke4 I

19 CONTI NUE
QQ=Q
J=O
D0 23 f =lo15
IF (L{ll "88. EC(AsDoCll GO TO 23
IF (Cl(Il ,GE" 6l GO T0 23
D0 24 Q=loQQ
IF (L(tl .EQ. OCH(2*Q-tl,OR, L(t¡ "EQ. OCHÍ2*8ll GO T0 23

24 CONT I NUE
J=J+1
OLTÍAoD¡CrJl=L( Il

?.3 CONTI NUE
JJ(ArDeCl=J
JI=JJ(AeDrCl
CAPIAeDoC!=I



7.3

Dl 26 F=loJ'1,ø2
CAP ( Au D, C l=CAP { Ae De C D sF

26 CONT INUE
COUÀl(AeDoCl=0
C,1LL CHECKO
GO T0 27

2S COU\lf AsDsC I =COUN(AtDsCl +L
IF (COUN(AeDeC! "EQ" CAP(AøDoC] I GO TO 29
CALL COMß
J1=JJ(AsDrC!
J2=J Ll 2*2
IF (JT ,NE. J2' GO TO L62

?-7 Dl 30 J=l¡Jl
TLL(Jl=OLT{AeDrCoJ!

3O CONTI NUE
CALL PERM
PASS=C
CALL CHECKC
IF (PASs "EQ, 0l
IF (C0UN(AeDrCl

29 C=C- I
TF (C "GT" O} GO

D=D- I
IF (D .GTO OI GO
A=A-l
IF (A OGT" O! GO

G0 T0 150
128 CALL CHECKN

GO rO 28
33 D=DB( Al
32 C=CB(ArDl

CALL CI{ECKO
GO TO 28

3t Y=0
K1=AKNlAeDrCl+l
K2=KAf Âr DeCl
D0 ,4 K=KlrK2

GO TO 31

"LT" CAP(AtDtCl

T0 128

TO 32

TO 33

,GOT028

Y=Y$ I
BC ( A ¡Dr Ko 4l =TLL { 2*Y-l I
BC(ArDoKç51=TLL(2*Yl

34 CONTI NUE
C=C+ I
AKN( Ar Du Cl=KA(As DrC-l !
GO TO T5

1I0 Cß(AeDl=C-l
11=AHN(ArDl
KI=AKN(Aot)ell+1
Dl 35 K=Klv26
H=H+ I
D0 36 G=[s5
RD( Ar Hr G !=RC(AE Ds Kr Gl

76 CONT I NIJE
35 CONTf NUE

D=D+l
Al{N(A¡Dl=l'J
GOTO9



7.4

LzO CI)NT T NU E
!{RIrE (óe5t¡ AuD

51 F0RMAT (00/\ = eo[4o5xoo D = ee[4]
50 Ff,RMAT (o þ{ = te14e5Xe5I4}

WRITE (6s50! {Hø(BD(AaHsG} sG=lo5}eH=le9ll
DB(Al=D-1.
P=APN( A!
Hl=A:lN(Arll+l
D0 37 1{=þl I e 9l
P=P+l
D0 38 G=le5
B(PoGl=BD(AoHsGl

3B CCINTT NUE
37 CONT INUE

A=A+l
APN( A I =P
GO r0 L22

130 IF (P ,GF" 2731 GO TO 140
150 HRITE ( 6e5óI

G0 T0 160
56 F]RMÀT (OO THERE IS NO SUCH A SYSTEM C!

L4O Dl 39 P=Lt273
WRITE (ó¡571 Po(B(PeGleG=lo5l

39 CONTI NUE
57 FSRtlAT ( o p = ,e[415Xr514l

t{RIfE l7 o54l { {B(PeGl oG=Ir5leP=ts273l
54 F0RMAT (35Í21

GO T3 tó0
L62 WRITE (6s771 AoDrC
77 FORÏAT f 0OERROR 0N OLTe THE NUMBER IS NOT EVEN8e3l4l

GCr T3 tó0
1ó T CALL l/,,R I TE2
160 CALL EXIT

END

SUBROUTINE FINDA
IMPLfSIT TNTEGEP, (A-Y)
C0¡'lMONl / I A¡ Do Cr EA f t O I o ED( l0r L0 ) r EC( 10r 100l0 ) ePASSt Bl273s5l t

t L I t 5 I r A L ( I 5 I , D [ ( t 5 ] r C I I t 5 t e A P N f l. I I ¡ AH N ( l0 r I l. ) r A K N I t 0 r I 0 a I 0 I r
2 sC( [0s IOs2615] oOCH(12) oOLT( 10e L0¡l0rl2] sJJ( t0cl0rl0l ¡

3 \cAp( t0 rl0e l0l çcouN{I0ulo?10,eTLL( 12} oKA( top 10sl0l rDB( l0l c

4 CB( l.0t L0l eBD( t0e9l s5l
D0 I I=lrl5
Al ( I I =0

1 CONT TNUE
2 PL=APN(Al

D0 3 l=lrl5
DC 4 P=lePl

', DC 5 G=lr5
tF (L(ll .NE" B(PeG)! GO TO 5
Af(Il=Al.(l!+l

5 CONT TNUE
4 CONTTNUE
3 CONTTNUE

RETt' RN
ËND
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SUBROUTINE F INDD
TMPLTCIT INTEGER (A-Y!
COMMON | / /te DoCs EA{ 101oED( t0s !'0 } øEC ( l'00lOp lOl ePASSoB 1273 ø51 s

I L I f 5) s Al ( 15I oDl I I5 I oCI {15 } e APN ( I l. } oAHN[ [Or IL l r AKN( l0c l0e 10] ø

2 BC ( t 0 0 I O s 26 j 5l e OC H ( t 2 ) s OL T t 1 0 e [ 0 o [ 0 e [ 2 ] s J J ( L 0 o !' O e I O I c

3 cÂP{ t0st0oto} acouN(10s t0¡ t0IoTL[-( L2I aKA{ tor l0e l0} uDB( l0) ?

4 CBt loe lol pBD( 10891..e51
D0 I l=Iol5
Dt(I!=O

I CONT T NUE
2 Hl=AHN{ Ar D}

DO 3 l=lel5
Dl 4 H=IrHl
DO 5 G=Ir5
IF ( L( I l 'NE" BDfAsHeG) I GO TO 5
Dl(Il=D1([]+l

5 CONT INUE
4 CONTTNUE
3 C3NTTNUE

RETURN
END

SUBROUTTNE FTNDC
fMPLTC!T INTEGER fA-Y}
C0MM0N / / AsD¡CatiA(L0leED( t0cl.0lrEC( 10rl0e 101 ePASS oÙl273n5l e

t L ( I 5 , e A t { I 5 I e D I ( t 5 I r C I { L 5 I o APN ( I I I r A HN ( l0 c I I I e A K N ( l 0 r I 0 s I O I o

2 gC ( lOr I Os26o 5l ¡OC,H f t2 ! gOLTI l0r 1.0 ¡10 a12l ¡JJ { l0 r [0 r l0 ] c

3 CAP{ l.0s tOo 10}eCOL|N( l0e lOe l0} efLLt l2l sKAt [Oe l.0rlOl çDB(10] o

4 CB{ [0s10] oBD( l0a9[ a5]
DO I [=1e15
CI(Il=0

I CONTTNUE
2 Kl=AK\(AoDoC!

D0 3 l=loI5
D0 + K=l oKl
D3 5 G=lo5
IF {Lf TI ,NEO BC{AEDOK¡GII GO TO 5
cr(Il=ct(t)+1

5 CCJNT T NUE
4 CONTTNUE
3 CONTT NUE

R ETJ RN
E NI)

SUBR]UT TNE TOMAI H}
TIIPLICÍ T INTEGER {A-Y} .

C0M¡1)\ / / AuDrCr FAI L0) eED( t0o L0l oEC( 10s l0 e l0l oPASSs Bl271o5l r
t L ( I5l oAl ( t5l oDt ( t5l ecr ( l5l e ApN{ ll ) pAHN( 10,I I I eAKN( l.0r l0o l0l c

2 DC( l0s 1Os26e5l oOCl'{( l2} eOLT(!.0010ç10 cL2l øJJ( L0e LOe l0l s

3 CAP(l0el0ol.0!eCOUN(l0cl0rt0lETLL(t2l¡KAfl0el0ol0lsDB(101ç i

4 CB( t0rl0l otlD( loe9[u5l
P 1=APN ( A!
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4
I

D0 I F=l.sPL
DO 2 G=l o5
tF { B{ P, Gt ,EQ. EA( A' } GO TO 3

CONT T NUE
GOTOl
H= ll+ I
DO 4 G=[e5
BD I AøH sG ! =B( P cGl
CONTTNUE
CONT I NUE
RETURN
ETIT)

SUBR3UTI NE TOMD( KI
T MPL IC TT INTEGER ( A-Y I
COMq0\ / I Ar Du Ca EA { I0} r ED ( l0 s l0l n EC( 1.0 e lO s l0l ¡ PASSo 81273 e5l o

t L( f 5l o Al ( t5! sDl( !,51 rCl (f5 I oAPNI LI I rAHNÍ l0o It I e AKN( l0't0e l0 I o

2 BC( l.0e l0 r26î5l rOCl'i{ t2} eOLT( l0o l.0e l0s l2l oJJ( 100 l0¡ l0} r
3 CAP ( t0¡ l0s l0l rCOUN{ l0 ¡10 p L0} øTLl- ( l.2l aKA{ l0r l0o I0l e DB f l0l e

4 Ctl( l0e 1.0! rBD( LOo9ls5!
Hl=AHN(ArDl
D0 1 fl=[ eHl
DC ? G=Le5
tF IBD(,1uHsGÌ 'EQ' ED{ÂeDl} GO TO 3

2 CONTT NUE
GO TO T

3 K=KlI
D0 4 G=ls5
BCI A' D¡ Ko Gl=BD( Ac H¡ 6!

4 CONTINUE
1 CONTT NUE

RET J RN
END

SUBROUT INE PERM
TMPLICTT TNTEGER fÂ.Y}
COMM3N I I ArD¡Cg EA ( t 0l cED( LOrl0l eEC{ I0 e LO ¡ l0 l ?PASS sB1273e5l t

I L I I 5 l r /Xt ( f5l eDt( l5 I oCl( l5l rAPN( ll.l ¡ÂHNf lOs lll IAKN( lOr [0e101 o

2 BC( 10 r 1.0 s26sil rOCH( 121 oOLT (I0o l0 r lOo 1?l sJJ ( l0o l0r I0l s

3 CAP{ l0e 10o t0¡ eCOUN{ l'0e l'0e10} ?TLL( l'21¡KA{ l0o10r[0] rDBf l0l o

4 CB( t0 s!.01 eBD( l.0s9l, e5 I
P=JJ(AçD ec,l l2
D0 I ll=loP
IF (TLL(2*H-T} "LE. TLL{2*HI¡ GO TO 1

CPU=TLL{ 2*H-t )
TLL(2*H-ll=TLLf2*Hl
TLL(2*Hl=CPU
C]NT TNUE
RETURN
END
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SUBROUT Í NE R,EARRA
IMPLtCIT TNTEGER {Â-Y3
COMMON t / /\s De Ca EA{ L0} øED{ l0 s1.0 } sEC( 10c LOsn'0} ePASSs B{273 c5 I ¡

t L ( 1. 51 ç At { l5l eDl ( [5 ] o CL { !. 5 } o APN f L t } aAHN{ l'O o & !' ! eAKN{ L0 r l 0q !.0 1 0

2 BC( t0o I og26c 5 ! e OCH( t2, eOLT{ [00 L0o loe t2l eJ.r{ loa LOs!.01 ç

3 CAP ( t 0 r I 0 o l0 ! oCOUN { l'0 plO o l'0 } oTl-L I t2 } sKA ( L0o l'0e l'0 } e DB I lO I o

4 CB( ¡.0r l0! eBDl l'0e9L u5)
HH=AHN(ÂpDl
D0 I H=[ oHH
DC 2 G=2s5
IF (EA(^! 'EQ" BD{AsHtG¡l GO TO 3
GOT32

3 GG=G+l
4 GG=GG-I

IF (3G .EQ, TD GO TO 5
BD( Ae H? GGl=BD( Ao Hs G6- L,
GOTO4

5 BD(AoHs ll=EA(A¡
2 CONf TNUE
T CONTTNUE

RETURN
END

SUBROUTT NE REÂRRD
TI'4PLTCIT TNTEGER {A-YI
COMMON I t /1s Ds C, EA( l.0l s ED( t 0o t0 ! e EC ( t0e LOo l.0l cPASS¡ B 1273 r 5l o

L L ( l 5l' A L( t5l eDt( t5 l rCl ( t5! rAPN{ tt } ¡AHN( l0ot l l oAKN( l'0ç l0r [0 l a

2 BC( I0o lO ç26e5i rOCH{121 oOl-T( ¡.0¡ lOrl'0r12} oJJ( t0¡l0el'00 o

3 CAP ( 1.0 o IO o l0! o COUN{ t0, l.0e t0 I r TLL ( f2 I eKÂ( l0p 10p lOl oDB ( 10} o

4 CB( l0¡ l.0l eBD( l'0491e5l
KK=AKN(AeDrC!
DO I K=leKK
D0 2 G=2c5
lF (ED(ArDl "EQ. BC(AoDeKoGl! GO TO 3
GOTO2

3 GG=G+l
4 GG=GG-I

TF {GG "EQ" 2I GO TO 5
BC I A o D u K e GG I =BC { A sD e K r GG- I }

GOï34
5 BCf AeD sRs?l=ED(AeDl
2 CONTTNUE
T CONT INUE

RETURN
E\ t)

S UI]R f UT ¡ NE CHEC KO
IMPLICIT TNTEGER {A-Y}
COMMON / / Ao Da Cu EA { t0l e ED( 10¡ l0 I o EC ( l0e tOe l0l o PASS tBl273i5l ø

I L I t5l oAl( 15) uDll 15t oCt I t5l çAPN{ tl } sAHN( 10e Ll I eAKN( [0rl0r l0l ç

2 BC ( l0c [0 ç 26051 rUCH( LZ l oOLTI tOo [0 c t0r12 l ¡JJ( l0 r l0 o [0] r
3 c^F, ( I0 r t0 ç t0, ecouN Í t 0e toe 10 I eTLL ( t2 l oKAl lor l0e I0l oDtl ( l0l s

4 CB( l0r l0) rBD( l0o9I e5l
coMMoN /BLl. I CHIl.00a2loIs
K[=AKN( AaDsCl



2

3
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Hl=AHN(AeD!
Pl.=APN(A!
S=0
D0 L K=tsKl
S=S+ I
CH(S¡11=BC(AoDeKe4)
CH(Ss?b=BC{AsDeKø5}
CONTTNUE
D0 2 H=leHl
IF (BD(Ael{e3l "NE" EC{AoDeCl} GO TO 2
S=S+ I
CHf Se ll=BD(AoHp4D
CH(S ø21=BD{AsHs59
CONTT NUE
D0 3 p=lcpL
tF ÍB(Pe2l.NEo ED{AgDl.OR, BfPs3}.NE. ECfAeDeC!l GO TO j
S=S+ I
CH(SoLl=B(Pe4l
CH(Se2l=B(Pe5!
CONTT NUE
I S=S
RETUR\I
END

SUBROUT TNE CHECKC
Tf{PLICTT TNTEGER {A-YI
COMM0N I / /te Ds Ce EÂ{ t.O} eED( t0stO} rEC( t0e l0o t0l aPASS oBl27315! ut L f t5l eAl ( l5r rDt( l5 lnCt ( t5 t oApN{ 1t.t nAHNf 10e tt } rAKN( t0rlo, iol o2 BC( t0a t0ø 26t5! cOCHf L2f eOLT( t0rt0ot0 ILZD oJJtf0rlOrl0! r3 CÂP( 10e t0s l0IrCOUNf 10e t0s L0l oTLL( t2l ¡KA( t0a l.0rl0i rDB(l0t a+ CB( l0rl0) aBD{ L0n9l r5l
CoMMoN /BLt / CH( t00o2lrts
P=JJ(AsDsCl/2
D0 I H=l eP
DO 2 S=lrIS
IF (fLL(2*H-ll 

"EQ" CH(Set! "AND' TLL(2*H) "EQ" CHlSs2ll GO TO 3
CONT I NUE
CONT TNUE
G0ro4
PASS=l
RETURN
END

SUBRSUT TNE COMB
ÍMPLICIT INTEGER (A-YI
C0MMIN / / AeDoCsEA(t0l rED{L0ol0DrEC([OrtOrl0toPASS ø81273ø51øt L { t5 } e At ( 15 t eDl( t5le cl ( t5} oApN( 11t ¡ÂHN( 10,11t ;AKña tOe torrot ;2 BC ( l0 s LO e26o5l ¡OCH( t2 ) ¡OLT ( l0r l0 a tOr lZ l cJJ ( l0o l0e l0l ¡3 CAt ( l0e l0o lOt oCOUN( L0e l0e l0, ?TLL( tZ! sKAf l0?l0rt0l sDB(l0l ¡4 Cß( t0¡l0l aBD( 10e91 r5l
DI MENSION LL{ I2I
KK=JJ(ArDeC)
KOUN=CtluN(A?DrCl
D0 1.3 [=lrKK

2
t

3
4
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LL(Il=OLT(AsDeCa f,
I.3 CONTTNUE

N=KK-2
ST0R=LL(Nì
J=KK-I
D0 t0 [=NsJ
LL([]=LL(t+tl

IO CONTINUE
LL(KK)=STOR
AA=KOJN-KOUN /343
BB=KOUN-KOUN/ l5*15
CC= KOUN-KOUN / t0 5* I 0 5
DD=KOU N-K0UN/ 945*945
E E=KOUN- KOUN/ tO395f 10 395
ÍF {EE "EQ. O! GO TO 5
trF (DD "Eg. 0! GO TO 4
IF (;C .EQ" O} GO TO 3
IF (BB .EO" O} GO TO 2
TF (AA "E8" O} GO TO 1

G0 T3 tt.
L G=2

GOTOT
2 G=4

GOTDT
3 G=6

GOTOT
4 G=B

GOTOT
5 G=10
7 N=N-2

STOR=LL { N}
DO 20 l=NrJ
l-Llt!=LL{t+ll

20 CONTINUE
LL(K()=STOR
M=KK -2-G
TF {N "EQ,MI GO TO IT
G3 rl 7

t!. D0 LZ I=leKK
OLT(AsDoCpIl=LL(Il

L2 CONT INUE
RET URN
END

SUBRTJUT INE hlRTTE2
TMPLICIT TNTEGER fA-YI
CCMMtIN / / AeDsCoEAf 1.0) eED( t0e t0l cEC( 10? l0 rl0) rPASSaBl2T 3 r5l c

I t-t t5l sA¡. { t5l oDl ( L5 } e Cl ([5 )? APN( tl I rAHN( L0r ll) rAKN( [0r 10¡ l0l r
2 BC( 10, l0e2óe5l eOCH{ Lzl 10LT( l0r10rt0¡l2l rJJ( t0el0¡l0l r
3 CAP( l0s l0o lOl oCOUN(t0¡l0r1O) eTLL( l2lpKA(l.0rlOolO) rDB( t0t t
4 ct]( lor to) oBD( [0e9lr5 I
t^lRtïE (6e55!

55 FORMAT { OOT TMER INTFRRUPT ROUTTNE O I
t4ftlTE (6e56) AeO

56 FIR\,IAT (eQ*Sf(** A = 6s[4ae D = €eI4l
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REtd[\D 8
llRtTE l8¡ AoD
TF {A "EQ" 1} GO TO 9
A2 =A-l
Dn I AA=1ç42
WRITE ( 8) DB(AAlpEA{AAI TAPN(AA} e { (BD(AAøHeG} øG=[ ç51 cH=le91l
DF=DB{AÂ!
DO 2 DD=loDF
b'lRIfE (8! CB{AAeDDI TAHN(AAeDD}rED(AAoDD! c

I Í ( BC( AAeDDeKsGI eG=1. e5l oK=lo26l
CF=CB( AA EDDI
D0 3 CC=leCF
hJRI TE ( B I AKNt AAr DDe CCI e CAP ( AAs DDsCC I oCUUN( AAc DDs CC I o JJ ( AAr DDeCC I e

t KAI AATDDgCC) eEC(ÂAeDD?CCl
Jl=JJ(Al\eD0.eCCD
D0 4 J=leJl
HRITE ( Bl oLT(AÅeDDsCCeJl

4 CONT T\UE
3 CONTINUE
2 CONT TNUE
I CONTTNUE
9 !.JRITE (B¡ APN(A}EEA{A}

tF (D .EQ" ¡.! GO TO 10
D2=D-l
D0 5 DD=lsDZ
WRTTE (8' CB{A?DD}SED{AgDD¡OAHNIAPDDI ¡

1 ( (BC(ArDDoKeGl sG=l e59eK=1. e26l
CF=CB(AoDDl
Dll 6 CC=lrCF
WRI TE f B I AKN (Ae DDe CC! s CAP ( AsDDpCC I oCOUN (A rDD¡CC ) eJJ ( Ae DDoCC I a

1 KA( AgDDICC} OEC{AODDOCCD
Jl=JJ(AeDDoCC!
t)0 7 J=l rJl
WRITE f BI OLT(A9DD*CCCJ}

7 CONTTNUE
6 CONTTNUE
5 CONTINUE

t0 wRITE (B I AHN(Âr D) s ED(ArD'
Hl=AHN(ArDl
WRITF (Bl ((BD(AeHsGleG=le5l oH=trHll
P1=ÂPN(Al
D0 B P=lrPl
WRITE (B) (B(PeGleG=le5!
tIRITE (ó'501 Ps{ß(PeGluG=le5}

50 F0RMAT (o P - øøl4o3Xe5t4)
8 CONT TNUE

|{RITE l6?521 (He (BDlAoH¡Gl eG=lr5l oH=lsHll
52 FIRMAT (o H = oøl4o3Xe5L4i

END FfLE 8
RETURN
EN T)

SUBRSUT T NE READ2
TMPL I: I Ï TNTIGER ( A.Y !
COMMON / / AeDeCTEA{1.0} oED( l0el0 Ir EC( 10, l0r l.0l ePASScBl2TSs 5l e
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I L t t5] sA I( 150 eDL( [5t sCl { l5I oAPN( X. I I sAHN( LOeL t } oAKNf 10ç l0ç lOl c

2 BC ( L0o !.Oe 26s 5!sOCH{ lZ} sOLT( l.0e 10e t0o [2] eJJ{ t0ol0s[0] e

3 CAP 110 r [ 0o I0l sCOUN I L0e l0 e l0l øTLL { 1.2 } oKA { L0e t0s l0le DB( l0 ! e

4 CB( l0e L0l sBD{ LOa91 r5}
REWÍ I{D 8 ,

READ {B! ASD
IF (A ,EQ" ¡.å GO TO 9
A2 =A- t
D0 [ AA=L|Aa
READ (8¡ DBIAA}eEA{AAI aAPN(AA!e((BDfAA?H9G} aG=I g5} gH=[I9I}
DF=DB(AAD
D0 2 DD=lrDF
READ (B! CB{AAgDDINAHN{AAEDDISED(AAgDDIE

I ( ( BC ( AA e DDs Ke Gt rG=[ e 5 ) s K= L 026 I
CF=CB( AA eDD!
D0 3 CC= l¡CF
READ { I } AKN ( AAe DDg CCI sCAP I AATDDTCC I eCOUN( AAr DDaCCI e JJ f AAo DDoCC } s

L KA I AAs DDeCC! oEC{ AAoDDeCC}
Jl=JJ(AATDDTCCI
DO 4 J=l rJl
READ ( 8I OLTIAA,DDPCCOJ}

4 CONT INUE
3 CONTINUE
2 CONTTNUE
T CONT INUE
9 READ ( 8 ! APN( A} 9EA{ A}

TF (D .EQ. I.' GO TO TO
D2 =D-1.
D0 5 DD=lcD2
READ {8} CB(Ae0DlsED{AeDD$ aAHN(A?DDl,

f ( ( BC( A ¡DDr Kr G) rG=I..s 5l r K=l e 261
CF=CB( A e DD!
D0 ó CC=lsCF
READ ÍBl AKN(Ae DD?CCl oCAPIAsDDoCCITCOUNfATDD¡CCl eJJÍAsDDeCC I o

¡. KA( AgDDgCCI øEC(AgDDOCC}
Jl=JJ { Ar DD¡ CC }
D0 7 J=trJl
READ I8I OLT(/\çDDECCTJ!

7 CONT TNUE
ó CONTINUE
5 CONTINUE

t0 READ (81 AHt'¡(AeD)sEDfAeDl
Hl=AHN(A'Dl
READ l8l {(BDfAsHsGlpG=lç5}eH=tcHtl
P1=APNfÂ,
D0 g p=l,pI
READ {B} (B{PeGloG=l¡51
WRITE (6r501 Po(B(PsGleG=Ir5!

50 FlRqAtr (o P = øøl4e3Xe5I4!
B CONT TNUE

WRITE l6u52t {H¡ (BD(AeHsG} ¡G=Lo5l rH=l¡Hl!
52 FIRMAf (' H - ssl4o3Xe514!

þlRITE {6r51}
5t F0RqAT ( 0 0*t*r*+ NE!', PGM STAR HERE 0 I

RETJRN
EN T)


