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Abstract

Reliably transferring a quantum state from one location to another, as well as generating
entangled states, are important tasks to achieve in quantum spin systems. The fidelity or
probability of state transfer is a number between 0 and 1 that measures the closeness of
two quantum states.

Fidelity is used to determine the accuracy of quantum state transfer. There are several
interesting phenomena of quantum state transfer defined via fidelity: perfect state transfer,
pretty good state transfer, and fractional revival.

This thesis contains results about the perfect state transfer property of some special
classes of graphs, including Hadamard diagonalizable graphs, weighted paths with loops,
as well as switched and partially switched hypercubes. A correspondence between the
class of graphs that are diagonalizable by a standard Hadamard matrix and the class of
cubelike graphs is given. Sensitivity of fidelity to errors when perfect state transfer occurs
is analysed: if a system admits perfect state transfer at some time ¢, bounds on fidelity of
state transfer at ¢ + h for very small h are given, as well as bounds on fidelity of a slightly

perturbed system at time ¢. Finally, Laplacian fractional revival on graphs is considered;
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in particular the thesis contains a characterization of threshold graphs that admit Laplacian

fractional revival.
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Chapter 1

Introduction

1.1 Physics motivation

In this section, we briefly mention the motivation stemming from physics, as well as re-
lated physics definitions. Physical lab experiments implementing quantum state transfer
protocols are described in e.g. [28}/71]]. The work herein describes the notion of quantum
state transfer from a mathematical perspective; this theoretical research plays an impor-
tant role in quantum information transfer. From Section [1.2| onward, the corresponding
definitions and results are stated in a mathematical way.

A spin has two computational basis states: e; = [(1)] , €9 = [(1)} , they form a basis of
the vector space C2, and the general state ¢ of a spin can be represented as a linear super-
position of the two basis vectors: ¢ = ae; + Bep with |a|? +|3]* = 1. Other orthonormal

basis states can also be used. We say that two quantum states ¢; = «aje; + (12 and
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Yo = ageg + Paeq are identical up to complex modulus if |o;| = |as| and |B1| = |Ba]. A
quantum system consisting of two spins has four orthonormal basis states: ey, eq, €3,€4 €
C*, and the general state  of the system can be written as a linear combination of these
four states: ¢ = aje; + ages + azes + ageq with |ag]? + |ae|? + |as]? + Jay* = 1. In
general, the state of a quantum spin system with n spins that are usually interacting with
each other can be represented by a unit vector ¢ € C2".

The Hamiltonian A of a quantum system consisting of n spins is a Hermitian operator
on C?"; its spectrum is the set of possible outcomes when one measures the total energy
of the system. Due to its own dynamics, the system evolves according to the Schrodinger
equation [83]]:

. d
lh%‘ﬁt = Hyy, (1.1)

where ¢y is the state vector and /i = % is the reduced Planck constant.

Transferring a quantum state from one location to another reliably, as well as generat-
ing entangled states, are important tasks to achieve in quantum spin systems. The fidelity
or probability of state transfer measures the closeness of two quantum states, and it is a
number between 0 and 1. By measuring the closeness of the state of spin v at time ¢t = %,
to the state of spin u at time ¢ = 0, fidelity is used to determine the accuracy of quantum
state transfer from spin « to spin v. If this fidelity is 1, it means that the state read out by
the receiver at spin v at time ¢ is, with probability equal to one, identical up to complex
modulus to the input state of the sender at time ¢ = 0, and we say there is perfect state

transfer (PST) between the two spins at time ¢ = ¢(. If for some two spins u and v, there
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is a time sequence {t,, }.»>1 such that the fidelity of state transfer between u and v at time
t., approaches 1 as m — oo, we say there is pretty good state transfer (PGST) between u
and v.

If there is a time ¢ such that for any two spins « and v of the system, the fidelity of state
transfer from wu to v is a fixed number (independent of » and v), then we say that there is
uniform mixing on the quantum spin system at time ¢. If there is a time ¢, and two distinct
spins v and v, such that the fidelity from « to any other spin w (i.e., w # wu,v) is 0, and
that the fidelity of state transfer from u to v is non-zero, then we say that there is fractional
revival (FR) between the two spins u and v.

Throughout the thesis, for a quantum system of n spins, we focus on the single excita-
tion subspace: an invariant n-subspace (spanned by the standard basis ey, ..., e, € C") of
the full 2"-dimensional Hilbert space C2". In this case, the Hamiltonian reduces to a real
symmetric operator on C" [31].

We can model a quantum spin system by an undirected weighted graph: assign a vertex
to each spin, and connect two vertices with an edge if and only if the corresponding spins
interact with each other in the quantum system, with the corresponding edge weight equal
to the interaction strength between the two spins. Recently, research has also been done on
PST, PGST and FR in quantum systems (in particular, in quantum spin chains) with added
potentials on their spins, which can be modelled by undirected weighted graphs with loops.
In this work, we use the terms “an undirected weighted graph” and “a quantum system”

interchangeably.
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1.2 Basic notation

In this thesis, we focus on undirected weighted graphs, and use the term graph to refer to
a simple graph, and graph with loops to refer to a multigraph that allows for loops but not
multiple edges. For more information on the basics of graph theory, see [49,88].

A graph G consists of a vertex set V' (G) and an edge set £(G), where an edge is an
unordered pair of distinct vertices of G. If {u,v} is an edge, we say that « and v are
adjacent or that v and v are neighbours.

A graph with loops G consists of a vertex set V' (G) and an edge set F(G), where an
edge is an unordered pair of vertices (not necessarily distinct) of G. An edge of the form
{u,u} is called a loop of G, and in this case we say that u is adjacent to itself.

The degree deg(v) of vertex v in an undirected graph (with or without loops) is the
number of edges incident to it, where each loop contributes 2 to its degree.

A weighted graph (with or without loops) is a graph (with or without loops, respec-
tively) with (real) numerical labels/weights on the edges; the label on edge {u, v} is called
the weight of the edge. For a weighted graph with loops, the label on a loop is called the
weight of the loop.

The degree deg(v) of vertex v in an undirected weighted graph (with or without loops)
is the sum of the weights of edges incident to it, where the weight of a loop at vertex v
contributes twice to the degree of that vertex: that is, deg(v) = Zu# Wy,p + 2W, ,, Where
w,, , denotes the weight of the edge {u, v}.

A graph is called complete if any two (distinct) vertices are adjacent, and the complete
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graph on n vertices is denoted by K,,. A graph with no edges (but at least one vertex)
is called empty. An empty graph on n vertices is denoted by O,,. A graph G is called
bipartite if its vertex set can be partitioned into two parts V; and V5 such that every edge
has one end in V; and one in V5.

A subgraph of a graph G is a graph Y such that V(YY) C V(G), and E(Y) C E(G).
If V(Y)=V(G), wecall Y a spanning subgraph of G. A subgraph Y of G is an induced
subgraph if two vertices of V(Y are adjacent in Y if and only if they are adjacent in G.
A set of vertices that induces an empty subgraph is called an independent set.

A path of length r from vertex u to vertex v in a graph is a sequence of r + 1 dis-
tinct vertices starting with v and ending with v such that any two consecutive vertices are
adjacent. If between any two vertices, there is a path, then G is connected, otherwise G
is disconnected. The distance dg(u,v) is the length of a shortest path from u to v. Note
that the distance between two vertices is usually considered oo if there is no path between
them. The diameter of a connected graph G is max{dg(u,v)|u,v € V(G),u # v}.

A cycle is a connected graph where every vertex has exactly two neighbours. The
phrase “a cycle in a graph” refers to a subgraph of G that is a cycle. A connected spanning
subgraph with no cycles is called a spanning tree.

Two graphs G and Y are isomorphic if there is a bijection ¢ from V (G) to V(Y) such
that v is adjacent to v in G if and only if ¢(u) is adjacent to ¢(v) in Y. We say that ¢
is an isomorphism from G to Y. An isomorphism from a graph G to itself is called an

automorphism of G. A graph G is vertex-transitive if and only if for any two vertices u
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and v of G, there is a graph automorphism ¢ of G such that ¢(u) = v.

A directed graph (digraph) G consists of a vertex set VV(G) and an arc set £'(G), where
an arc, or a directed edge, 1s an ordered pair of distinct vertices.

Analogous definitions of subgraphs etc. can be made for a graph with loops.

Throughout, we use eq, . . ., €, to denote the standard basis vectors in the n-dimensional
vector space, where for each j = 1,...,n, ¢; = [0,...,0,1,0,...,0]” (1 is in the j-th
position), we use .J,,, , to denote the all ones matrix of size m X n, we use 1,, to denote the
all ones vector of dimension 7, and we use I, to denote the identity matrix of size n X n.
We denote a m x n zero matrix by 0,,,, and the zero vector in C" by 0,,. The set of all

n X n matrices is denoted by M,,.

1.3 Mathematical setup and definitions

Assume that GG is a weighted graph with or without loops on n vertices, and label the
vertices of G by integers from 1 to n. The adjacency matrix A(G) = [a;x]1<jr<n Of G is
the n X n matrix

Wj k if j and k are adjacent,
Ajk =

0 otherwise,

where w; ;. is the weight of the edge between vertices j and k.
If G is an unweighted graph, or simply a graph, then its adjacency matrix is defined as
above, with all (nonzero) weights being equal to 1.

For a weighted or unweighted graph G with or without loops, its degree matrix D(G)
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is a diagonal matrix with its j-th diagonal entry equal to deg(j), the degree of vertex
j. The Laplacian matrix of G is defined as L(G) = D(G) — A(G), where A(G) is the
adjacency matrix, and D(G) is the degree matrix associated to G. Note that both A(G) and
L(G) are symmetric matrices. Furthermore, the Laplacian matrix L(G) of a weighted or
unweighted graph without loops has 0 as its smallest eigenvalue, with 1, the all 1s vector,
as an associated eigenvector. For a simple graph ¢, the multiplicity of the eigenvalue 0

of L(G) corresponds to the number of connected components of G. Note that if G has

11

loops, then L(G) might not have 0 as an eigenvalue — for example, if A(G) = [1 0

L(G) = {_21 _01] :

With the adjacency matrix and Laplacian matrix at hand, we can define two relations

} and

on the vertex set of a weighted or unweighted graph. Assume that G is a weighted or
unweighted graph with or without loops. For any vertex w of G, denote the induced
subgraph of G on V(G)\{w} by G'\w. For two distinct vertices u and v of G, we say that u
and v are cospectral with respect to the adjacency matrix if A(G\u) and A(G\v) have the
same characteristic polynomial. Similarly we can define cospectral vertices with respect
to the Laplacian matrix if we replace all the adjacency matrices by the corresponding
Laplacian matrices in the above definition.

For any weighted or unweighted graph with or without loops, there is a unique adja-
cency matrix and a unique Laplacian matrix associated to it. Conversely, given a square
matrix B = [b;x]1<jk<n Of size n, we can also associate a unique graph (possibly with

loops) (if B is symmetric) or a unique digraph (if B is not symmetric) to B. Assume the
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rows and columns of B are labelled by 1,...,n, and assign one vertex to each of the n
indices. If B is symmetric, we connect vertices j and k in the graph if b;;, # 0; if B is
not symmetric, we draw an arc from vertex j to vertex k in the digraph if b;;, # 0. The
resulting graph (or digraph) is called the unweighted graph (or digraph) associated to the
matrix 5. Note that different square matrices might have the same unweighted graph (or
digraph) with loops associated to them.

A weighted or unweighted graph with or without loops is regular if all its vertices have
the same degree, that is, the degree matrix D is a scalar matrix (a scalar multiple of the
identity matrix), and in this case, we simply call this scalar the degree of the graph.

The matrix exponential of a complex square matrix X, denoted by e* or exp(X), is
given by the power series e® = > 2 Xk—f, where X is defined to be the identity matrix

of the same size as X.

Proposition 1.3.1. [54, Proposition 2.3] Let X and Y be n X n complex matrices, the

matrix exponential satisfies the following properties.

IfY is invertible, then ¢¥*Y ' = YeXy 1,

If XY =YX, then eXe¥ = eX+Y,
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As mentioned in Section[I.T] the Hamiltonian of a system is an operator corresponding
to the total energy of the system, and its spectrum is the set of all possible outcomes if one
measures the total energy of the system. For the one-excitation subspace — the only
situation we consider in this thesis — the Hamiltonian of a system with n spins reduces to
a real symmetric n X n matrix. There are two common types of dynamics for a quantum
system: XY dynamics and Heisenberg dynamics. The Hamiltonians corresponding to

each dynamics are identified in Remark [1.3.2]

Remark 1.3.2. [31.[78] If the quantum system is governed by XY dynamics, then the
adjacency matrix A of the underlying graph (with or without loops) serves as the Hamil-
tonian of the system, and if the system is governed by Heisenberg dynamics, then the
Hamiltonian can be represented by the Laplacian matrix L of the graph (with or without

loops).

Definition 1.3.3. Let G be a weighted graph (with or without loops) with vertices labelled
1,2,...,n, and let H denote its Hamiltonian (a real symmetric operator). Let U(t) = '™,
Then the fidelity or probability of quantum state transfer from vertex j to vertex k at time
tis

pik(t) = [(U())a]* = lej e ex]”. (1.2)

Recall that for any real symmetric matrix M of size n X n, there is a real orthogonal

matrix Q = [g;x] such that QT MQ = A for some diagonal matrix A = diag (A1, ..., \,).
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Then

|@;F€itM€k’2 = ’efeitQAQTek‘Q = ’egrQeitAQTek\z = \%TeitAQkF = ‘i eitA'ZQj,tzCIk,eP,
- (1.3)
where ¢; denotes the j-th column of Q. Applying this to the Hamiltonian H, we get a
direct formula to calculate the fidelity of state transfer.

From the above definition we know that U (t) is a complex symmetric matrix (since
is symmetric), therefore p; ;(t) = py ;(¢) for any time ¢, that is, for any time ¢, the fidelity
of state transfer from vertex j to vertex k is the same as the fidelity of state transfer from
vertex k to vertex j. Also U(t)*U(t) = U(—t)U(t) = U(0) = I, implies that U(¢) is a

unitary matrix.

Proposition 1.3.4. Let H be the Hamiltonian of a (weighted) graph G, and let U(t) =

e'™. Then U(t) is a unitary symmetric matrix.

The above fact implies that each row and column of U (¢) has Euclidean norm 1, hence
the square of the modulus of any entry of U(t) — i.e., fidelity of state transfer — is a
number between 0 and 1. The facts that for any fixed time ¢, ) ,_, p;x(t) = 1 and that
p;k(t) > 0 show that p; ;(t) can be interpreted as the probability that the state at vertex
J at time O is transferred to vertex k at time ¢. In fact, for a given system and any time
t > 0, the matrix of fidelities [p;x(¢)]1<ix<n is @ (symmetric) doubly stochastic matrix,
and a discrete time random walk can be associated to it [82]. Based on fidelity, several
phenomena about quantum systems have been defined in the literature. The most special

case occurs when some fidelity equals to 1.
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Definition 1.3.5. Let G be a weighted graph on n vertices. If there is some time ty > 0
and a vertex j such that p; ;(to) = 1, then we say that G is periodic at vertex j at time 1.
If there is some time t, and two distinct vertices j and k such that p;;(t1) = 1, then we

say that there is perfect state transfer (PST) from vertex j to vertex k at time t;.

If G admits perfect state transfer from vertex j to vertex k at time ¢4, it means that, up
to a phase factor, the state at vertex k at time ¢ = ¢, is identical to the initial state we put
at vertex j at time ¢ = (. Also note that if G admits perfect state transfer from j to k, then

G is periodic at vertex j and k, as shown in the following proposition.

Proposition 1.3.6. Let G be a (weighted) graph that admits perfect state transfer from

vertex j to vertex k at time t,. Then G is periodic at vertex j (and vertex k) at time 2t,.

Proof. Relabel the vertices of GG such that j and k are labelled 1 and 2, respectively. Then
U (t) is a block diagonal matrix, with the first block of the form {2 g] for some complex

number « of modulus 1. Therefore U(2t,) = U(t,)U(t) is also block diagonal with the

OZ2

first block equal to [ 0

0 ) ) ..
aQ] , from which we can see that GG is periodic at the first two

vertices at time 2¢. OJ

Unfortunately, perfect state transfer is not always achievable for some given graph G
for example, it was found [31] that an unweighted path on n vertices admits PST only
for n = 2,3 under XY dynamics, and only for n = 2 under Heisenberg dynamics. Also
in practice, to get fidelity 1, the state at vertex k£ has to be read out at the precise time

t1, but even with lab equipment calibrated to an arbitrary amount of precision, we might
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read out at time t; + h for small h, for example, h = £0.00001. Hence in reality, with a
high chance, the fidelity of state transfer at a readout time is just very close to 1, but not
precisely 1. The situation where there is no perfect state transfer, but the fidelity of state

transfer between some pair of vertices can be very close to 1, is also of high importance.

Definition 1.3.7. Let G be a weighted graph (with or without loops) on n vertices. If
there are two distinct vertices j and k, and a time sequence {t,, }, such that the sequence
{p;r(tm)} of fidelities of state transfer between vertices j and k approaches 1 as m — oo,

then we say that there is pretty good state transfer (PGST) from vertex j to vertex k.

Another way to generalize the definition of perfect state transfer is to consider the case
where the fidelity of state transfer at some time ¢ = ¢, from vertex j to any other vertex
is 0 apart from some vertex k # j and possibly vertex j itself. This means that the initial
state placed at vertex j at time ¢ = 0, is at time ¢ = ¢, transferred back to vertex j with
some probability 0 < p < 1, and is transferred to another different fixed vertex £ with

probability 0 < 1 —p < 1.

Definition 1.3.8. Let G be a weighted graph (with or without loops) on n vertices. If
there are a time ty and two distinct vertices j, k such that p; ;(t2) + pj(t2) = 1 with
p;k(tz) # O, then we say there is fractional revival (FR) from vertex j to vertex k at time
to. More generally, if there is a time t3 and a proper subset S C V(G) (with |S| < n),
such that for any j € S, { & S, p;i(ts) = 0, and the unweighted graph associated to

the submatrix U (t3)[5,5] is connected, then we say there is generalized fractional revival
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between vertices in S, where U (t3)(s,s] is the submatrix of entries that lie in the rows and

columns of U (t3) indexed by elements in S.

If H = A (or H = L) and the system admits PST, PGST or FR, then we say that there
is adjacency (or Laplacian, respectively) PST, PGST or FR, or say that the system admits
adjacency (or Laplacian, respectively) PST, PGST, or FR. If G admits PST with respect
either to A or L, then we say that G admits PST. If G admits PST between vertices 7 and
k, then we say that {j, k} is a PST vertex pair, or that j and & pair up to have PST.

From Remark we know that for any real symmetric matrix M, all of whose
off-diagonal entries are non-negative or non-positive, there is an associated system with
positive interaction strength (with positive edge weights) which has M as its Hamilto-
nian under certain dynamics (we are mainly considering the case of positive interaction
strength, although negative strength seems realizable in practice and our results apply to
this case too). The PST, PGST or FR properties of some systems can be seen to be closely

related.

Proposition 1.3.9. (i) For any given a € R, the system with Hamiltonian H = M exhibits
PST if and only if the system with Hamiltonian M + al exhibits PST.

(ii) For any given a € R, the system with Hamiltonian H = M exhibits PST if and
only if the system with Hamiltonian al — M admits PST.

it(M+-al) ita it M

Proof. Since M and al commute, e = "™ | which implies part (i).

For a matrix B = [b, x|, denote by B the matrix [ijk} . Part (i1) follows from

1<j,k<n

it(al—M) _ elta —itM __

the equalities e e

pita ( eitM)* — itagith O
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For a d-regular weighted or unweighted graph G' on n vertices, from the fact that
L(G) = dI,, — A(G), we know that at any time ¢, for any two vertices j and k, the fidelity
of state transfer between j and & with respect with L(G) is the same as the fidelity of state

transfer between j and k with respect to A(G). This implies the following.

Proposition 1.3.10. Let j and k be vertices of a regular weighted or unweighted graph.
Then there is Laplacian PST, PGST, or FR between j and k if and only if there is adjacency

PST, PGST, or FR between the two vertices.

Proposition |1.3.9) shows that an overall energy shift on the Hamiltonian (from H to
H + al) does not affect the occurrence or non-occurrence of PST, PGST or FR. The

following remark shows that the same is true for scaling.

Remark 1.3.11. For any nonzero real number a, the system with Hamiltonian H = M
exhibits PST, PGST or FR at time ¢, if and only if the system with Hamiltonian H =aM

exhibits PST, PGST or FR at time £, since e0(M) = el e aM) for any time to > 0.

We want to transfer information fast. Consider the motivating example of transferring
a quantum state within a quantum computer; for the computer to function efficiently, the
state transfer would need to occur in a matter of nanoseconds. The above remark tells us
that one way to achieve this is to scale the Hamiltonian by a big real number. However,
the off-diagonal entries of M correspond to interaction strengths between quantum spins,
which have an upper bound in order to be realizable in the real design. Therefore we do

not consider the idea of achieving PST at a faster time by scaling the Hamiltonian, but this
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technique is important in the analysis.

1.4 Brief literature review

The early research of quantum state transfer was focused on (unweighted) graphs. Bose
[17] first proposed the use of paths to transfer quantum states for short distance commu-
nication in a physical quantum computing schema. For graphs on n vertices, the path is a
natural graph to consider, and it has the biggest diameter among all connected graphs with
a given number of vertices, which means that in physical applications two spins at the end-
points are the furthest from each other. Christandl, Datta, Ekert and Landahl [31] found
that unweighted paths on n vertices admit adjacency PST only for n < 3, and Laplacian
PST only forn < 2.

To achieve high fidelity of quantum state transfer, we can consider paths that admit
pretty good state transfer or other types of graphs that allow for perfect state transfer. For
pretty good state transfer on paths, a complete characterization of the parameters (length of
the unweighted path) for which there is adjacency PGST between the two end vertices of
the path was given by Godsil, Kirkland, Severini and Smith [47], who showed that PGST
occurs on an unweighted path with n vertices if and only if n + 1 is either a prime number,
two times a prime number, or a power of two. Later, a complete characterization of pretty
good state transfer on paths between any pair of vertices was given by van Bommel [84]:

pretty good state transfer occurs between vertices j and k£ on the unweighted path on n
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vertices if and only if (a) j + kK = n + 1, (b) n + 1 has at most one odd non-trivial divisor,
and (c) if n = 2™r — 1, for r odd and r # 1, then j is a multiple of 2™~ 1.

There are many other families of graphs that admit perfect state transfer. Some ex-
amples are: a family of double-cone non-periodic graphs, certain joins of regular graphs
with K5 or with Oy (see Angels-Canul, Norton, Opperman, Paribello, Russell and Ta-
mon [4,5]). Also, necessary and sufficient conditions for circulant graphs (Cayley graphs
on the group Z,) to exhibit PST have been given by Basic¢ [[11]], and Basi¢, Petkovi¢, and
Stevanovi¢ [13]]. The Cartesian product of two graphs both with PST at time ¢ has also
been shown to exhibit PST at time ¢ (Godsil [45], Alvir, Dever, Lovitz, Myer, Tamon, Xu,
and Zhan [2]]); in particular the n-fold Cartesian product of K, with itself (the n-cube)
has PST between its antipodal vertices. For a more general family of graphs — cubelike
graphs — Bernasconi, Godsil and Severini [15] showed that if the sum of all the elements
in the connection set is not 0, then there is PST in that graph at time ¢ = g and when
the sum is 0, a necessary and sufficient condition for such a graph to admit PST is given
by Cheung and Godsil [29]. However, a path is arguably the simplest graph structure, and
since the graphs would need to be realized physically within a quantum computer, it is de-
sirable to proceed with paths when possible, in order to minimize the amount of physical
and technological resources required, so quantum state transfer on weighted paths (with
or without loops) comes into the picture (we use the term “path” to mean an unweighted
path).

Christandl, Datta, Dorlas, Ekert, Kay and Landahl [30] showed that for the adjacency



26

matrix case, PST between the two end vertices of weighted paths (with vertices labelled
1,...,n) can be achieved over arbitrarily long distances (arbitrary n) by allowing for
different edge weights; the weights used there to achieve adjacency PST are w; ;11 =
\/j(n — j) foreach j € {1,...,n — 1}. Another such set for even n is obtained by use of
continued fractions and specially chosen eigenvalues [[87]; using dual Hann polynomials,
an edge weights set for a weighted path with loops on n vertices that admits adjacency PST
between the end vertices is realized [1]. The case of other weights remains open. Vinet
and Zhedanov [86] gave an eigenvalue characterization when a weighted path exhibits PST
between its end vertices at a given time. Another way of making use of paths is to add
weighted loops (called potentials in physics) on the vertices of an unweighted path, and
it was believed that paths of arbitrary length n can be made to have PST between the end
vertices by the addition of a set of suitable weighted loops [24,[73,[74]]. Very recently (in
2017), Kempton, Lippner and Yau [64] showed that for paths on n > 3 vertices, any addi-
tion of weighted loops on the vertex set of the path does not help with achieving adjacency
PST between the two end vertices. In the PGST setting, the same authors [64] showed
that for any given graph with a pair of cospectral vertices, with a simple modification of
the graph, along with a suitable addition of weighted loops on the vertex set, PGST can be
achieved between the two cospectral vertices; in particular, the addition of a set of suitable
weighted loops on the two end vertices of a path on n vertices yields PGST between the
two end vertices.

As mentioned earlier, to achieve PST, the graph (system) has to be set up according
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to the parameters (set of fixed edge weights) in reality, and the state needs to be read out
at a particular time. But even with lab equipment calibrated to an arbitrary amount of
precision, the readout time might be ¢ + 0.0001 instead of ¢ for example, and some edge
weight might be w — 0.0001 instead of w. We do not want the fidelity to drop drastically
due to such errors. Bounds on the fidelity for such slightly perturbed systems are needed.
In [59]], Kay discusses the very issue of tolerance of a path with respect to timing errors
and with respect to edge weight errors (so-called manufacturing errors). For timing errors,
he derives a simple lower bound based on the squared difference between each eigenvalue
and the smallest eigenvalue, noting that a Hamiltonian with minimal eigenvalue spread
(the distance between the largest eigenvalue and smallest eigenvalue) would optimize the
bound for small perturbations in readout time. For manufacturing errors, Kay finds that
distances between eigenvalues are key, although no bound is given [59]. This sensitivity
analysis was continued by Kirkland [66] through an analysis of the derivatives of the fi-
delity of state transfer with respect to either readout time or the weight w; 5, of a fixed edge

{Jj, k}. Under the hypothesis of perfect state transfer at time ¢, between vertices u and v,

dkpu,/u (t)

closed form expressions for — =

at to for any £ € N were given. Those expressions
then yield an easily computed lower bound on p(ty+ %) for any small h. Again it was noted

that minimizing the eigenvalue spread optimizes the bound on the fidelity of state trans-

fer for small perturbations in time. Also expressions for the first two partial derivatives,

Opu,v(to)
8’!1)‘7"]@

and %%“T“_(kto), of pu.(t) with respect to the edge weight w; ;, under the hypothesis
IR

of perfect state transfer between u and v at ¢, were produced.
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1.5 Structure of this thesis

In Chapter 2, we provide some graph theory and matrix theory background for this work.
In Chapter 3] we consider a special class of graphs — graphs whose Laplacian matrix is di-
agonalizable by a Hadamard matrix, and obtain a simple spectral characterization for when
such a graph has Laplacian perfect state transfer at time 7 (since such graphs are regular,
we know there is also adjacency PST at the same time). By using irrational weights in the
“merge” graph operation (defined in Chapter [3]), we produce graphs that have PGST from
one vertex to three different vertices. We also prove that the n-cubelike graphs are ex-
actly the family of (unweighted) graphs that are diagonalizable by the standard Hadamard
matrix of order 2”. Furthermore, we study uniform mixing on cubelike graphs and give
a characterization of a particular family of cubelike graphs that admit uniform mixing at
time 7. In ChapterEl, we study perfect state transfer on weighted paths with respect to the
Laplacian matrix, and perfect state transfer on weighted paths with (weighted) loops with
respect to the adjacency matrix, by the use of orthogonal polynomials. The main result
is that a weighted path on n > 3 vertices does not admit Laplacian PST between its end
vertices at any time, nor does a special class of weighted symmetric trees between pairs
of mirror-symmetric vertices. For the adjacency PST on a weighted path with or without
loops, a rationality conjecture on the edge weights is given. In Chapter [5 we perform
Godsil-McKay switching on the hypercube to create a new class of graphs that maintain
many of the same properties as the hypercube. In particular, these graphs exhibit adja-

cency (and Laplacian) perfect state transfer between certain pairs of vertices. When PST



29

occurs, the sensitivity of fidelity of state transfer with respect to timing errors is given. In
Chapter [6] we analyze the sensitivity of the fidelity of state transfer, when adjacency PST
or Laplacian PST occurs, with respect to small errors in readout time and in edge weights,
and obtain some bounds on the fidelity. In Chapter[7] we consider a different, related, phe-
nomenon — fractional revival — and we find that if there is Laplacian fractional revival
between two vertices j and k, then the two vertices are strongly cospectral with respect to
the Laplacian matrix L. We also give a complete characterization of threshold graphs that
admit Laplacian fractional revival between a subset of two or more vertices. In Chapter|§]

some problems for future study are listed.



Chapter 2

Background

2.1 Some matrix theory results

Recall that a square matrix A is said to be symmetric if AT = A, skew-symmetric if AT =
—A, and orthogonal if ATA = I. A complex square matrix A is said to be Hermitian if
A* = A, skew-Hermitian if A* = — A, unitary if A*A = I, and normal if A*A = AA*

[56].

2.1.1 Spectral decomposition of a Hermitian matrix

Eigenvalues and eigenvectors play important roles in the analysis of quantum information
transfer. The multiset of all the eigenvalues (counting their multiplicities) of a matrix
B € M, is called the spectrum of B, denoted by o(B). Two non-isomorphic graphs

are said to be cospectral with respect to the adjacency matrix (resp. Laplacian matrix)

30
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if the corresponding matrices of the two graphs have the same spectrum. An important
nonnegative number associated to B, called the spectral radius of B, denoted by p(B), is
defined as the largest modulus among all the eigenvalues of B, that is, p(B) = max{|}| :
A € o(B)}. The spectra of some well-structured graphs are well-known. For example,
the adjacency matrix of the complete graph K, has only two distinct eigenvalues: n — 1
with multiplicity 1, and —1 with multiplicity n — 1. The Laplacian matrix of K, also has
exactly two distinct eigenvalues: 0 (simple) and n with multiplicity n — 1. For arbitrary
graphs, there are no direct formulas for all the eigenvalues. The following theorem tells us

some information about where the eigenvalues are located.

Theorem 2.1.1. [56, Chapter 6](Gershgorin Theorem) Let B = [b; ;.| € M,, let

Ri(B) =) bjil,j=1,....n
k#j

denote the deleted row sums of B. The eigenvalues of B are in the union of Gershgorin
discs

G(B) = U’;:l{z c C: ‘Z — bj,j| S R;(B)}

Furthermore, if the union of { of the n discs that comprise G(B) forms a set Gy(B) that is
disjoint from the remaining n — ( discs, then G¢(B) contains exactly { eigenvalues of B,

counted according to their algebraic multiplicities.

For a multiple eigenvalue A of a diagonalizable matrix B, a list of orthonormal eigen-

vectors that form a basis of the eigenspace associated to the eigenvalue A is not unique, but
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the orthogonal projection matrix onto each eigenspace is unique. For Hermitian matrices,

W€ can say more.

Theorem 2.1.2. [44, Chapter 2](Spectral Decomposition) Let M be an n x n Hermitian
matrix. Assume A1, ..., \s are all the distinct eigenvalues of M, and for j = 1,...,s,
let E; represent the orthogonal projection matrix onto the eigenspace associated with
eigenvalue \;. Then the spectral decomposition of M is M = ijl A;jE;. Furthermore,

the following hold:
1. E? = E;and E;E, = 0if j # k.
2. ijl E; = I,

3. If f(z) is an analytic function which is defined at each eigenvalue of M, then
fIM) =370 F(N\)E;.

In particular, the adjacency matrix and the Laplacian matrix of a real-weighted or un-
weighted graph are real and symmetric, and therefore they have corresponding spectral
decompositions. Assume G is a weighted or unweighted graph; denote its adjacency
matrix by A(G) and Laplacian matrix by L(G). Let M be either A(G) or L(G). As-
sume the spectral decomposition of M is M = Zj:1 AjE;. Let k and ¢ be two vertices
of G. If (E;)r = (Ej)ee for each j = 1,...,s, then we say k and ¢ are cospec-
tral with respect to M, and if Fje;, = *+FE;e, for each j, then we say £ and ¢ are
strongly cospectral with respect to M. Since E; is a symmetric idempotent, we know

that (E;)rr = e} Ejer = e EjEje, = e E] Ejer, = (Ejer)" (Ejex), and hence strong
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cospectrality implies cospectrality of two vertices. Recall that for an invertible matrix B,

B~ = 5madi(B), where adj(B) is the adjugate matrix of B. Combining this with

Theorem [2.1.2] (3) for f(z) = =, we have wﬁéﬁ@) = (M= M) r =2, (fj_))’\‘]’“

where (G, \) = det(\ — M) is the characteristic polynomial of M, and (G\k, A) is
the characteristic polynomial of the submatrix of M obtained from M by deleting the k-th
row and k-th column. Therefore the definition of cospectral vertices is equivalent to the

one given in Section[I.3]

Remark 2.1.3. [46] Making use of the spectral decomposition, we have e’ = 7% "% F),

which plays a vital role in the analysis of quantum state transfer. For example, A(K3) =

1 O} has £y = 3 [_1 1 } associated to the eigenvalue A\; = —1, and £y = 5 L 1}

associated to the eigenvalue Ay = 1. Therefore e

[ cos(t) isin(t)} .

lisin(t) cos(t)

it —it it —it
itA(K) _ 1 e'—i-e' et —e | _
2 ezt . efzt ezt + efzt

2.1.2 Matrix norms and some perturbation theory

Recall that for any vector x € C", its Euclidean norm ||z ||y is defined as ||z| = vz*x.

Now we introduce the definition of matrix norm and two specific matrix norms.

Definition 2.1.4. [56, Chapter 5] A function ||-|| : M,, — R is a matrix norm if; for all
A, B € M, and any c € C, it satisfies the following five axioms:

(1) ||A]| >0 Nonnegative

(1a) ||Al| = 0 ifand only if A =0 Positive

(2) llleAll = feflllAfl Homogeneous
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3) 1A+ Bl < 1Al + I Bl Triangle inequality

(@ ABI < lIANMBI Submultiplicative

The Frobenius norm || A||» and the spectral norm ||| A||, of a square matrix A are two
commonly used matrix norms, both of which play important roles in the analysis of sensi-

tivity of fidelity of state transfer with respect to edge weights.

Definition 2.1.5. [56, Chapter 5] For a matrix A = [a; | of size n x m, its Frobenius norm

(also called the Schur norm) || Al|r is defined as

n m
22 lail,

=1 k=1

Al = VRG] -

where Tr(B) denotes the trace of a square matrix B, and |a| denotes the modulus of the
complex number a.

The spectral norm || A||, of A is defined as

IAll, = o1(A), the largest singular value of A,

where the singular values of A are the square roots of all the (non-negative) eigenvalues

of AA*.

For a normal matrix A (that is, AA* = A*A), the singular values of A are the moduli

of the eigenvalues of A, and therefore || A||, = p(A) in this case [56, Chapter 5].

Definition 2.1.6. [56, Chapter 5] A matrix norm |||-|| on M,, (resp. a vector norm || - || on

C") is said to be unitarily invariant if for any A € M, (resp. any x € C") and any unitary

matrix U of size n, ||[UA|| = ||All = |AU|| (resp. ||Uz|| = ||x||) holds.
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From the above definitions we can see that the Frobenius norm is unitarily invariant
(this can be proved by using the fact that Tr(AB) = Tr(BA) for any matrices A, B such
that the products are defined) and the spectral norm is unitarily invariant (this can be proved
by using the fact that similar matrices have the same spectrum). Also the Euclidean vector
norm || - ||2 is unitarily invariant.

We also recall some important inequalities between the two matrix norms, the Eu-

clidean norm of vectors, and the maximum modulus of matrix entries.

Theorem 2.1.7. [51} Section 2.3.2] Let A be a real m x n matrix of rank r. Then
#ﬁ}hﬁw\élw4m2§IVWFfEVGWAMw

14]l, < vimn max|a; .

|All, = max ||Axz|2, and so ||Az|2 < ||All,l|z||2 for any z € C" and A € M,,.

lzll2=1
The matrix exponential plays an important role throughout this thesis. The following
A o 1 Ak

Theorem shows that the power series e = » = 7 A" is well defined for every square

matrix A.

Theorem 2.1.8. [56, Chapter 5] Let A be any matrix of size n X n, and let R be the radius
of convergence of a scalar power series ;- a,2*. The matrix power series Yo a, A¥
converges if the spectral radius of A satisfies p(A) < R. This condition is satisfied if there

is a matrix norm |||-||| on M,, such that || A|| < R.

For example, A(K,) satisfies (A(K,))** ™ = A(K,) and (A(K3))** = I, therefore

i oo ¢ i D YA cost sint
R = 5352 5 (M) 0 = 5o PO, g FOAG) = | Sl 0]
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Sometimes we also make use of the inverse function of the exponential function — a
logarithmic function. Given a matrix B, another matrix A is said to be a matrix logarithm
of Bif e = B. Itis known that a matrix has a logarithm if and only if it is invertible [55].
In general, a logarithm of a matrix is not unique. The following theorem gives a formula

to compute a (real) logarithm of a matrix that is sufficiently close to the identity matrix.

Theorem 2.1.9. [54, Section 2.3] The function

lOg i k—f—l B [ f:
k=1 k=1

is defined and continuous on the set of all n x n complex matrices B with ||B — I||r < 1.

For all B with |B — I||r < 1, €"98) = B holds.

When a matrix A is perturbed, a matrix function of A may also be perturbed. There is
an important inequality telling us how sensitive the matrix exponential e is to perturba-

tions in A when A is a normal matrix, in terms of the spectral matrix norm.

Theorem 2.1.10. [51}, Chapter 9.3.2] Let A be a normal matrix, E be a matrix of the same

size as A, and t be a positive real number. Then

Hle(A—i-E)

el

AtM? <t E|l, el Py

It is known that all the eigenvalues of a Hermitian matrix are real numbers, so we can

put them in order: let A be a Hermitian matrix, and order its eigenvalues in non-decreasing

order as A\j(A) < A (A) < -+ < A\, (A). We would like to know how the eigenvalues

are influenced if A is perturbed by a Hermitian matrix. In the special case of a rank-one
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Hermitian perturbation of a Hermitian matrix, the following interlacing theorem says that
there is an easy rule to order the eigenvalues of the two matrices together without knowing

the eigenvalues.

Theorem 2.1.11. [56, Chapter 4] Let n > 2, let A € M,, be Hermitian, and let z € C™ be

nonzero. Then

This theorem does not tell us directly how big |\;(A + z2*) — \;(A)| can be. The fol-
lowing bound on the corresponding eigenvalues of two general Hermitian matrices shows

that it is bounded above by 2*z, as for any z € C, ||z2*||, = 2*z.

Theorem 2.1.12. [[16, page 101] Assume A and B are two Hermitian matrices of size
n. Let Eigt(A) (resp. Eig(B)) denote a diagonal matrix whose diagonal entries are

eigenvalues of A (resp. B) in non-increasing order. Then
| Eig*(4) = Eigh(B)||, < IA ~ Bll,.

Sometimes we are also interested in the sensitivity of eigenvectors of a normal matrix
to small perturbations. Assume M is a Hermitian matrix and A is an eigenvalue of M with
multiplicity 7. It is known that there exists a set of r linearly independent eigenvectors of
M associated to A that depend continuously on entries of M. To be more specific, we have

the following theorem.

Theorem 2.1.13. [3,/12] Let 6 € R, M(0) be a Hermitian n x n matrix with all its

entries being analytic functions of the parameter § in some open interval Ly that contains
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do, that is, M(0) can be seen as a function from R to M, satisfying certain conditions.
Assume that \1(0g) is an eigenvalue of M (dy) of multiplicity r. Then there exist r analytic
functions Ay, ..., \.: R — C and r linearly independent analytic vector-valued functions
T, ..., 2.0 R — C, such that M (6)x;(0) = \;j(0)z;(0) throughout some open interval

T C Ty such that 6y € T and that \{(d) = - -+ = \(dp).

This theorem tells us that for a Hermitian matrix M, for each of its eigenspaces, we
can find a set of linearly independent vectors in this space that depend continuously on the
entries of M. For eigenvectors associated to distinct eigenvalues of M, we also have some
results. The following are from Bhatia [[16]. Given a normal matrix A and a subset S of
C, we use P4(S) to denote the orthogonal projection onto the subspace spanned by the
eigenvectors of A corresponding to those eigenvalues that lie in S. If S; and S, are two
disjoint sets, and if £ = P4(S7) and F' = P4(.S3), then F and F are mutually orthogonal,
that is, ZF' = 0 (the eigenvectors of a normal matrix associated to distinct eigenvalues are
orthogonal to each other). If A and B are two normal matrices, and if £ = P4(S;) and
F = Pg(95,), then one might expect that if B is close to A and S; and S, are far apart,

then £ is nearly orthogonal to /. This is made precise in the theorem below.

Theorem 2.1.14. [16, Section 7.3] Let A, B be two normal matrices. Let S1 and S5 be two
subsets of the complex plane that are separated by either an annulus of width 0 or a strip
of width ¢ (there is a set D C C, which is an annulus or strip of width § such that S| and

Sy belong to different connected components of C\D). Let E = Ps(S:), F' = Pg(52).
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Then for every unitarily invariant matrix norm,
1 1
IEFN < SIEA = B)F|| < 5[l4 - Bl

Another way to perturb a matrix is to border it. For a given Hermitian matrix M,
order its eigenvalues in non-decreasing order as Ay (M) < \y(M) < --- < A\, (M). Then
we have the following Cauchy’s interlacing theorem for a bordered Hermitian matrix,

sometimes called the separation theorem.

Theorem 2.1.15. [56, Chapter 4] Let B be an n x n Hermitian matrix, let y € C" and

a € R be given. Let A = [yB* Z] € M, 1. Then

AM(A) S M(B) € M(A) < S A(A) S Aa(B) < Anra(4).

2.1.3 Weighted matrix tree theorem

Using the Laplacian matrix of a graph, we can compute the number of spanning trees of

the graph directly.

Theorem 2.1.16. (Kirchhoff’s matrix tree theorem [65]][49, Chapter 13]) Let G be a con-
nected graph on n vertices, denote its Laplacian matrix by L, and its number of spanning

trees by t(G).

1. Ifthe eigenvalues of L are \y = 0, o, ..., \,, (not necessarily distinct), then
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2. For1 < j <n,let L; be the reduced Laplacian obtained from L by deleting the j-th
row and j-th column. Then

Since we are also working on weighted graphs, the following general version of the

theorem is of important use.

Theorem 2.1.17. (Weighted Matrix-Tree Theorem [39]) Let G be a weighted graph, and

let L be its ( weighted) Laplacian matrix.

1. If the eigenvalues of Lare \ = 0, 5\2, ey An (not necessarily distinct), then

Tel'(GQ) {i,j}€E(T)
where I'(G) is the set of all spanning trees of G and w; ; is the weight of the edge

between vertices i and j in T

2. For1 < j <mn,let ij be the reduced Laplacian obtained from L by deleting the j-th

row and j-th column. Then

Z H W; j = d@tﬁj.

Ter(G) {i,j}eE(T)
2.1.4 Symmetric functions of eigenvalues and principal minors of a
matrix

First, recall some definitions related to a matrix.
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Definition 2.1.18. [56, Chapter 0] Let A € M,,. For subsets o, f C {1,...,n}, we denote
by Ala,) the submatrix of entries that lie in the rows of A indexed by o and the columns
indexed by 3. If a = [3, the submatrix Aj,) = Ay q) is a principal submatrix of A. The
determinant of an r X r submatrix of A is called a minor (of size r) of A. If the r X r

submatrix is a principal submatrix, then its determinant is a principal minor (of size 7).

Therefore, for a matrix A € M,,, each of its diagonal entries is a minor of A, and the
determinant of A is a minor of A (of size n). As we know, for a given matrix A of size
n X n, its trace is the sum of all its eigenvalues and its determinant is the product of all
its eigenvalues. In fact, there are more relations between the symmetric functions of the

eigenvalues of A and the principal minors of A.

Definition 2.1.19. [56, Chapter 1] Let A € M,,. The sum of all its principal minors of size
k (there are (}}) of them) is denoted by Ej(A).

The k-th elementary symmetric function of n complex numbers Ay, ..., \p, k < n, is
k
Sk(Ala"'v)\n) = Z H/\z]
1<i1 <<, <n j=1
Notice that the sum above has (") summands. If A € M,, and \q, ..., )\, are its eigenval-

k

ues, we define Sp(A) = Sp(Ai, ..., ).

Theorem 2.1.20. [56, Chapter 1] Let A € M,. Then Si(A) = Ex(A) for each k =

1,...,n.
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2.2 Some graph operations

Recall that in this thesis, we refer to an undirected unweighted graph as a graph, and an
undirected weighted graph as a weighted graph. Let G = (V, E) denote the graph with
vertex set V' and edge set E. Then the complement G¢ of G is the graph that has the same

vertex set as (&, and two vertices of G¢ are adjacent if and only if they are not adjacent in

G.

Definition 2.2.1. Let G = (Vi, E) and G5 = (V3, E5) be two graphs with disjoint vertex

sets. Then

1. The union Gy U G5 of G and G5 is the graph with vertex set V| U V5 and edge set

El U EQ, i.e., Gl U GQ = (‘/1 U ‘/2, E1 U Eg)

2. The join G1V Gy of Gy and Go is G1V Gy = (GSUGS)S, which is the graph obtained
by first taking the union of G with G5, and then connecting every vertex of G to

every vertex of G.

3. The Cartesian product G1JG5 of G1 and G5 is the graph with vertex set V; x V5,
and two vertices (uy, us) and (vi,ve) are adjacent to each other if and only if one of
the following two is true,

(a) uy = vy, and uy and vy are adjacent in the graph G, or

(b) us = vo, and uy and vy are adjacent in the graph G\.
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One can also define the Cartesian product of weighted graphs G; and G by defining
(i) the weight of the edges between (uq, us) and (ug, v2) in G;0G to be the same as the
weight between u, and vy in Gy, and (ii) the weight of the edges between (u;, uz) and
(v1, uz) in G10G, to be the same as the weight between u; and v; in G;.

For example, the Cartesian product of the complete graph K5 on two vertices with
itself for n times gives us the n-cube (also called a hypercube). The adjacency matrix and
the Laplacian matrix of the resulting graph with respect to each graph operation can be
obtained from the corresponding matrices of the original graphs. Let G be a graph on n
vertices with adjacency matrix A(G) and Laplacian L(G). Then A(G) = J,,,—1,—A(G)
and L(G°) = nl,, — J,,,, — L(G). Furthermore, the eigenvalues and eigenvectors of L(G)

and L(G°) are related as the following proposition shows.

Proposition 2.2.2. [49, Chapter 13] Let G be a graph on n > 2 vertices. Assume that
the eigenvalues of L(G) are 0 = \(G) < M(G) < --- < N\ (G), and that x; is an
eigenvector of L(G) associated to the eigenvalue \;(G). Denote the eigenvalues of L(G°)
as 0 = M(G°) < (G < -+ < N(G°). Then for each j = 2,...,n, \j(G°) =

n—Any2—;(G), and x4 o_; is an eigenvector of L(G®) associated to the eigenvalue \;(G°).

Before introducing the adjacency matrix for the Cartesian product of two graphs, we

need to review another matrix operation — the tensor product.

Definition 2.2.3. Let A = [a; ;]| be an m X n matrix, and B = [b, 5] be a p X q matrix.
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Then the tensor product of A with B is the mp X nq block matrix

CLLlB CLLQB cee al,nB

CLQJB G/Q’QB . ag, B
A®B = "

am,lB am,QB e am,nB

Proposition 2.2.4. 57, Chapter 4] The tensor product of matrices satisfies the following

propetrties.
1. For any m x n matrix A, p X ¢ matrix B, and any a € C, (0 A) ® B = A® (aB).
2. For any matrices A, Band C, (A B)@ C = A® (B® C).

3. For any p X q matrix A, r X s matrix B, q¢ X k matrix C, and s x ¢ matrix D,

(A® B)(C ® D) = (AC) @ (BD).

Theorem 2.2.5. [36, Chapter 2; 40] For i = 1,2, let G; be a graph on n; vertices with

adjacency matrix A(G;) and Laplacian matrix L(G;). Then the union G U G has ad-

Jacency matrix A(G1 U Gy) = [fg:i? 1(317(11(;7;2)
lL(Gl) Onl,ng

On2,n1 L(GQ)

} and Laplacian matrix L(G; U Gy) =

A(Gl) Jn17n21

] ; the join G1V G4 has adjacency matrix A(G1VGy) = [ J A(Go)
na,n1 2

L(Gl) + TZQInl _Jnl,ng
—anml L(Gg) + n1]n2

product G10Gy has adjacency matrix A(G10G) = A(Gh) ® I, + I,, ® A(Gs) and

and Laplacian matrix L(G, V Gy) = { } the Cartesian

Laplacian matrix L(G10Gs) = L(G1) ® I, + I,, ® L(G>).

The perfect state transfer property is closed under union as e

HA(G1UGs) _ et Al 0 .
- 0 eitA(Gg) ’

the following theorem shows that a similar result holds for Cartesian product. Note that

the perfect state transfer property is not closed in general under the join operation.
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Theorem 2.2.6. [2,45] Let M denote the Laplacian matrix or adjacency matrix of a
weighted or unweighted graph. Suppose G is a weighted or unweighted graph on m
vertices and has perfect state transfer at time t between g, and go with respect to M. Sup-
pose Y is a weighted or unweighted graph on n vertices that has perfect state transfer at
time t between vy, and ys relative to M. Then M(GOY) = M(G) ® I,, + I, ® M(Y)
implies that e*M(GOY) = tM(G) & M) Therefore GOY has perfect state transfer at

time t between (g1,y1) and (g2, y2) relative to M.

2.3 Partitions of a graph

2.3.1 Equitable partitions of a graph

Suppose that G = (V, F) is a graph on n vertices, and let A(G) denote the adjacency
matrix of G. We review some properties of equitable partitions of V' (G) and the charac-
teristic matrix P of the partition. Equitable partitions play an important role in the study

of quantum state transfer with respect to the adjacency matrix.

Definition 2.3.1. [44, Chapter 5] If # = (C4, ..., Cy) is a partition of V(G), the charac-

teristic matrix P of 7 is the n X k matrix

1 l.ij e Cy,
Pjy =
0 otherwise.

If we scale each column of P so that its Euclidean norm is 1, then the resulting matrix is

called the normalized characteristic matrix of the partition m, and is denoted by P.
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Note that PTP = I,.

Definition 2.3.2. [44, Chapter 5] A partition m = (C4, ..., Cy) of V(G) is equitable if for
any (,j € {1, ..., k}, the number of neighbours in C; of a vertex in C; is the same for all

vertices in C;.

For each graph with an equitable partition, we can associate a weighted directed graph
to it, called the quotient graph, and a weighted undirected graph to it, called the sym-

metrized quotient graph.

Definition 2.3.3. [8,44] Given an equitable partition m = (C1,...,Cy) of a graph G =
(V. E), let cj; denote the number of edges that join a fixed vertex in C; to vertices in C,.
Define the quotient G /7 of G with respect to 7 to be the directed integer-weighted graph
that has the cells of ™ as its vertices, and with an arc of weight cj; going from C; to C
for each cj; # 0. Define the symmetrized quotient é/\ﬂ' of G with respect to 7 to be the
undirected weighted graph that has the cells of T as its vertices, and with an edge of weight

\/CjeCq; between C; and Cy for each cjy # 0.

Denote the adjacency matrix of the quotient graph G /7 as A(G/7) and the adjacency
matrix of the symmetrized quotient graph Cj/\w by A(é/\w) Then A(G/7);¢ = cju, and
A(C?/\ﬂ) = A(E/\ﬂ') t,j = \/CjeCe;- An equitable partition can be characterized by the re-
lation between the adjacency matrix of the graph and the normalized characteristic matrix

P of the partition.

Proposition 2.3.4. [44, Chapter 5] Let 7 be a partition of the vertex set of a graph G, with
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characteristic matrix P. If 7 is equitable then A(G)P = PA(G/w). Conversely, if there

is a matrix B such that A(G)P = PB, then w is an equitable partition and B = A(G/).

Furthermore, an equitable partition can be characterized by the fact that A commutes

with the matrix PPT where P is the normalized characteristic matrix of the partition.

Proposition 2.3.5. [46; 49, Chapter 9] Suppose that 1 = (C4,...,Cy) is a partition of
the vertex set of a graph G, and that P is its normalized characteristic matrix. Then the
following are equivalent:

(a)  is equitable.

(b) The column space of P is A(G)-invariant.

(¢) There is a matrix B of size k X k such that A(G)P = PB.

(d) A and PPT commute.

In the context of quantum state transfer with respect to the adjacency matrix of a graph,
there is a nice connection between a graph G that admits a special equitable partition 7 of

—

its vertex set and its symmetrized quotient graph G/ with respect to 7.

Theorem 2.3.6. [8,26] Let G = (V, E) be a graph with an equitable partition ™ where

vertices u and v belong to singleton cells. Then, for any time t,

(eitA(G)) — (eitA(G//\w))

{u}{v}> (2.1)

U,V

where {u} represents the singleton cell of  that contains u. Therefore, G admits adja-

cency perfect state transfer (resp. fractional revival) from u to v at time t if and only if the
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—

symmetrized quotient graph G /T admits adjacency perfect state transfer (resp. fractional
revival) from {u} to {v} at time t; G admits adjacency PGST between u and v if and only

if é/\ﬂ admits adjacency PGST from {u} to {v}.

2.3.2 Godsil-McKay switching

If we have an equitable partition 7 of a graph (G, we can obtain a related symmetrized
quotient graph CE/\W, which is usually a weighted graph. There is another type of partition
of the vertex set of a graph, which is closely related to an equitable partition and can be

used to produce a new unweighted graph that is cospectral to the original graph.

Theorem 2.3.7 (Godsil-McKay [48])). Let G be a graph and let 7 = (C1,Cy, - -+, Cy, D)
be a partition of the vertex set V (G). Suppose that, whenever 1 < i.j < kandv € D, we
have:

(a) any two vertices in C; have the same number of neighbours in C}, and

(b) v has either 0, n;/2 or n; neighbours in C;, where n; = |C;|.

(Note that T restricted on G\D is an equitable partition.) The graph G™ formed by
local switching in G with respect to m is obtained from G as follows: for each v € D
and 1 < i < k such that v has n;/2 neighbours in C;, delete the corresponding n;/2
edges and join v instead to the other n; /2 vertices in C;. Then G'™ and G are cospectral:

for any positive integer v, if we define Q, = 2.J,/r — I, then the block diagonal matrix

Q = diag (Qn,, Qny> - - - » Quy, Iip)) satisfies Q* = I, and QA(G)Q = A(G™).
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2.4 Hadamard matrices and Hadamard diagonalizable graphs

A Hadamard matrix of order n is an n X n matrix H with entries +1 and —1, such that
HH" = nl. Therefore, the inverse of a Hadamard matrix H of order nis H* = tH'.
It is known [53] that if there is a Hadamard matrix of order n > 2, then 4|n.

Since the equality (A® B)(C®D) = (AC)®(BD) holds for any matrices A, B, C' and
D such that the operations are defined, we know that the tensor product of two Hadamard
matrices is still a Hadamard matrix. In particular, we can define a sequence of Hadamard

matrices recursively; let

. 1 1 o Hl Hl o . Hn—l Hn—l o
H, = |:1 _1:| yHy = |:H1 —H1:| = H®H,, ..., H, = |:Hn_1 B n_1:| = H,®H,_.

This construction gives the standard Hadamard matrix H,, of order 2".

From the definition of a Hadamard matrix, we know a (1, —1) matrix is a Hadamard
matrix if and only if any two rows of H are orthogonal, which is true if and only if any two
columns of H are orthogonal. This mutual orthogonality property does not change if we
permute rows or columns or if we multiply some rows or columns by —1. This leads to the
simple but important observation that, given a Hadamard matrix, it is always possible to
permute and sign its rows and columns so that all entries of the first row and all entries of
the first column are 1s. A Hadamard matrix in this form is said to be normalized (85} page
199].

Given a graph G on n vertices with corresponding Laplacian matrix L(G), if we can

write L(G) = LHAHT for some Hadamard matrix H and some diagonal matrix A, then

T n
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we say that G (or, that L(G)) is Hadamard diagonalizable. Hadamard diagonalizable

graphs have some nice properties.

Theorem 2.4.1. [10, Theorem 5] Let G be a graph on n vertices that is Hadamard diago-

nalizable. Then G is regular and all its Laplacian eigenvalues are even integers.

A slightly stronger result is proved in Section (Theorem [3.2.1). The following
result allows us to make use of a more structured Hadamard matrix, namely, a normalized

Hadamard matrix.

Lemma 2.4.2. [10, Lemma 4] A graph G is Hadamard diagonalizable if and only if there

is a normalized Hadamard matrix that diagonalizes L(Q).

Thus, there is no loss of generality in assuming that the Laplacian matrix of a Hadamard
diagonalizable graph is in fact diagonalized by a normalized Hadamard matrix. Note that
“normalized” in this setting does not imply scaling H to satisfy || H || = 1 for some matrix
norm.

Being diagonalizable by a Hadamard matrix is preserved by many graph operations

that we know.

Lemma 2.4.3 (Lemma 7, 8, [10]). Let G be a Hadamard diagonalizable graph. Then G°,
GUG, and GV G are also Hadamard diagonalizable. If' Y is another Hadamard diagonal-
izable graph, then GUY is also Hadamard diagonalizable. In fact, if G is diagonalizable

by a Hadamard matrix HandY is diagonalizable by a Hadamard matrix H, then G¢ is
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diagonalizable by H, GUG and GV G are diagonalizable by [g [1}]} , and GLIY is

diagonalizable by H® H.
Note that G V'Y is not necessarily Hadamard diagonalizable even if both G and Y are.
For example, K, and C (a cycle on 4 vertices) are both Hadamard diagonalizable, but

K4 Vv Cy is not regular, and therefore not Hadamard diagonalizable by Theorem [2.4.1]

2.5 Cubelike graphs

2.5.1 The n-cube

Let K5 denote the complete graph on 2 vertices, which is also called the 1-cube. For any
integer n > 1, the n-cube (), (also called a hypercube) can be generated with the following
two constructions.

The first construction is to define the graph by giving the vertex set and edge set of
the graph: assigning a vertex to each of the 2" binary strings of length n, connecting two
vertices with an edge if and only if their binary labels differ at exactly one digit.

An equivalent way to define this graph is to use a graph operation, namely, the Carte-
sian product (Section [2.2). Taking the Cartesian product of K, with itself n times, de-
noted by K3, also gives the n-cube. The n-cube is n-regular: each vertex has ex-
actly n adjacent vertices.Direct computation (through the spectral decomposition, The-
orem and Remark [2.1.3] or through the power series formula of matrix exponential,

the paragraph after Theorem [2.1.8)) shows that K admits perfect state transfer at time 7:
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ot A(K2) {?QS(t> isin(t)
isin(t) cos(t)

} . From Theorem [2.2.6|we know that, for any positive integer

n > 1, the n-cube exhibits perfect state transfer at time 7 between any pair of antipodal

vertices (v and u + 1, where 1 is the all-ones vector, and the sum is performed in Z%).

Remark 2.5.1. Consider the first construction of Q,,. Let V; = {z € Z}|wit(z) = 0
(mod 2)} and Vo = {x € Zj|wt(zr) = 1 (mod 2)}, where wt(z) denotes the number
of nonzero digits of . Then every edge of (), has an end in V; and one end in V5,
which shows that (), is a bipartite graph. Now order the vertices of (),, according to
the bi-partition V((Q,,) = Vi U V5. Then the adjacency matrix is of the form A(Q,) =
l 0 B} for some 2"~ ! x 2"~! matrix B. From [32]], we know that the unitary matrix

BT 0
M) iK(t)

Uqg, (t) = €@ can be written as Ug, (t) = [z KT(1) My t)} for some real matrices
2

M (t), My(t) and K(t).

2.5.2 Cayley graphs and cubelike graphs

Hypercubes are highly symmetric structures; in fact, they are vertex-transitive. There
is a more general family of graphs that are vertex-transitive: the Cayley graphs, whose

definition is based on a group.

Definition 2.5.2. [49, Chapter 3] Let G be a group and let C be a subset of G that is closed
under taking inverses and does not contain the identity. Then the Cayley graph G = G(C)
is the graph with vertex set G and edge set {{u,v} : vv™' € C}, and C is called the

connection set of G.
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Recall that a subset S of a group G is a generating set for G if every element of G can be
written as a product of elements of S. The connectedness of the Cayley graph G = G(C)

can be determined from its connection set C.

Theorem 2.5.3. [49, Chapter 3] The Cayley graph G = G(C') is connected if and only if

C'is a generating set for G.

The n-cube is a Cayley graph for the abelian group Zf, with connection set C' =
{e1,...,en}. More generally, any Cayley graph for ZY is called an n-cubelike graph. From
the definition we know the Cayley graph G = G(C) is a |C/|-regular graph. Furthermore,
as we will see in Corollary [3.6.2] [15], a graph is diagonalizable by a standard Hadamard
matrix if and only if it is a cubelike graph. The following result characterizes PST of
cubelike graphs at time 7 /2, where the summation is performed in the abelian group Z}

and 0 is the zero vector in Z5.

Theorem 2.5.4. [15, Theorem 1], [29, Theorem 2.3] Let C' be a subset of Z} and let o be
the sum of the elements of C. If o # 0, then PST occurs in Z35(C) from j to j + o at time
7/2. If 0 = 0, then 73 (C') is periodic with period 7 /2 (that is, 73 (C') is periodic at all its

vertices at time 7 /2).
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2.6 Perfect state transfer

2.6.1 Perfect state transfer and rows of the diagonalization matrix

First recall the Cauchy-Schwarz inequality, which plays an important role in the study of

perfect state transfer.

Theorem 2.6.1. For any two vectors u,v € C", the following inequality holds
- v < Jlullz - o]z,

where || - |2 denote the Euclidean norm of a vector, and the inner product u - v is u*v.

Furthermore, equality holds if and only if u and v are linearly dependent.

If G’ admits PST, then the rows of a real orthogonal matrix () that diagonalizes the

Hamiltonian H need to satisfy some conditions.

Proposition 2.6.2. [60] Suppose that G is a a weighted or unweighted graph with Hamil-
tonian H and that QT HQ = A, where Q = [q;r)1<jr<n is real orthogonal and A is
diagonal. Denote the (-th row of Q as qF . Then G admits PST between vertices j and k at

time to if and only if € q,, = €'®q; (or equivalently, g e"* = ¢l e'?) for some ¢ € R.

Proof. A weighted graph G with Hamiltonian 4 admits PST at time ¢, > 0 between two
vertices j and k if and only if p;,(to) = |e] e"**e;|> = 1. As shown in equations (T.2)

and (1.3), we know that

T itoA

pik(to) = lgj e"* gl 2.2)
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itgA

Since ||g;|l2 = 1 and |[e**¢y||2 = 1, Cauchy-Schwarz inequality implies that the value in

equation (2.2) is equal to 1 if and only if e’ g, = ¢'®q; for some ¢ € R. O

In summary, if G admits perfect state transfer between vertices j and k, and () is a
real orthogonal matrix that diagonalizes the Hamiltonian H of (G, then the corresponding
entries in the j-th row and k-th row of () have the same modulus (in fact they are equal,
or one is the negative of the other, since () is a real matrix). Furthermore, we need the

eigenvalues and the readout time ¢, to work together to adjust the signs of the entries

(eohgy, = e%q;).

2.6.2 A necessary condition on the weights for a weighted path to ex-

hibit PST between the end vertices

Assume G is a weighted path with loops. A necessary and sufficient condition that the
eigenvalues of the adjacency matrix A(G) must satisfy for G' to admit adjacency PST
between its end vertices is shown in Section The following is a necessary condition
that the weights of edges and loops of GG must satisfy for G to exhibit PST between its end

vertices.

Lemma 2.6.3. [61]] If a weighted path with loops with Hamiltonian

by 4 0 -~ 0 0
J1 be g2 -+ O 0
o |02 00
0 0 O b1 Jn-1
0 0 0 Gt ba |
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admits perfect state transfer between its two end vertices, then the Hamiltonian H must
satisfy j7 = j2_, and by = b, 11y for all L. In particular, since we are considering positive

weights, jo = jn_s-

2.6.3 Sensitivity of fidelity of state transfer to changes in time when
PST occurs

Assume a weighted graph G admits PST between vertices u and v at time ¢ = . If the
state is read out at vertex v at time ty + h instead of ¢, due to some small errors A in time,
what is the probability that the state read out is the same as the one sent from w (if the state
is read out at time ¢, then the probability is 1), or how sensitive is the fidelity of transfer to
changes in the readout time? To answer this question, the derivatives of the fidelity of state
transfer with respect to the readout time have been analyzed [[66]]. When PST occurs, the
following result provides expressions for the derivatives of the fidelity of transfer between

vertices u and v of all orders in terms of the diagonal entries of powers of H.

Theorem 2.6.4. [66] Assume a weighted graph G with Hamiltonian H admits PST be-
tween vertices u and v at time t = t,. Denote the fidelity of state transfer p, ,(t) between
vertices u and v by p for short. For each j € N, let w(j) = el H'e,, and set w(0) = 1.
Then for each k € N,

(2.3)

dtk

@ limte = (—1)tF fmod 072 Z?zo(_l)j (f)w(])w(k’ —7), if k is even,
E 0 if k is odd.
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In particular, if G is an unweighted graph, then % li=t, = —2deg(u) if H = A(G), as
w(l) = 0 and w(2) = deg(u) in this case, and % t—t, = —2deg(u) if H = L(G), as

w(1) = deg(u) and w(2) = deg(u)? + deg(u) in this case.

2.6.4 More properties about perfect state transfer

For a given graph G, if there is PST from vertex j to vertex k at time ¢, then there is no
PST from j to any other vertex ¢(# k) at time ¢, (since each row of ¢** has norm 1, where
‘H is the Hamiltonian of the graph). But is it possible for GG to admit PST from vertex j to
vertex k at time ¢y, and PST from vertex j to vertex ¢ # j, k at a different time ¢,? That is,
it is possible that p; (1) = 1 and p; ¢(t5) = 1 for some three distinct vertices j, k and ¢ of

the graph G? The following result tells us that the answer is no.

Proposition 2.6.5 ([60]). If a graph admits perfect state transfer from j to k and from j to

l then k = /.

The proof of the theorem uses the minimum periodicity of a graph at a vertex and the
minimum time for PST at this vertex. Here we give an independent proof without making
use of periodicity.

Alternate proof of Proposition [2.6.5] Without loss of generality we can reindex the
vertices in such a way that it suffices to show that if there is PST from vertex 1 to vertex
2 at time ¢y, then it is impossible to have PST from vertex 1 to vertex 3 at time ¢,. We
proceed by contradiction. Let M denote the adjacency matrix or Laplacian matrix of

the graph G on n vertices, and assume it is diagonalized by a real orthogonal matrix
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Q = [gjr)1<jr<n to A = diag (A1, -+, A\), thatis, QT MQ = A. Denote the j-th row of
@ by ¢} . Since there is PST from vertex 1 to vertex 2 at time ¢, by Proposition |2.6.2, we

—it1 A

have that e Q= e*i9q2 for some 6 € R, which is equivalent to

qiete™ = qj. (2.4)

Similarly, the assumption that there is PST from vertex 1 to vertex 3 at time ¢, implies that
for some o € R

gre’te =g (2.5)
Thus ¢, ; = 0if and only if g2 ; = 0 (if and only if g3 ; = 0), and for each j such that ¢; ; #
0, we have ¢'(1%—0) = 41, 22— = +1 since ¢y, ¢, and g5 are real vectors. Let S be
the set of indices j (where ¢, ; # 0) such that /1% =% = 1 (that is ¢; ; = ¢o ), and T be
the set of indices j such that /1= = —1 (thatis ¢, ; = —¢o ;). Then from ||¢; | = 1 and
the fact that ¢; and ¢ are orthogonal to each other, it follows that jes qi it jeT qi ;=1
and > a7 ; — D ;erdi; = 0, and therefore 3. o qi; = 3,0 ¢, = 1/2 with S # ()
and T # (. Now we show there is some ¢ € S such that e!®>*~® = 1. If not, the
equation ZjeS 41,5935 = — ZjeS Qij = —1/2, combined with the fact that ¢; and g3 are
orthogonal, would yield >, ¢1;q3; = 1/2. Since -, qi; = 1/2, and g3; = +qu
for j € T, it follows that g3 ; = ¢, ; for all j € T, thus g3 = —qg», contradicting the fact
that ( is real orthogonal matrix. So for some ¢ € S, e/t =0 —= ¢ill2Ae=a) — 1: that is,

e = e1M and e’ = ei*2M¢, Substituting these into equations (2.4) and (2.5), we have

itlAe—ilﬁ)\g — T T itgAe—itQ)\g — T (26)

qi e g, qie G -
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For each j € SUT = W, we have t1(\; — \¢) = k;m, and t5()\; — A\¢) = k)7 for some
integers kj, kj. For \; = A, we have j € S, k; and k} are both even, and ¢, ; = g2 ; = g35-

For \; # ), in particular for j € T # (), since the left sides of the two equations (below

ki _ kjm
i -
k:j kj7r

equation ) are not zero, neither are the right sides. Therefore we have
28;—::\\3 = i—; which is a fixed number (independent of j). Since k; and k; are integers,
the above result is a rational number, say /s for some relatively prime integers r and s.
Therefore k; = k;s/r. Since k7 is an integer, r|k;s, and since r and s are relatively prime,
we have r|k;j. Note that for j € S, k; is an even integer, and for j € 7', k; is an odd
integer. Since 7" is not empty, we know r is an odd integer. If s is even, then k7, is even for
all j € W, which combined with equation (2.6) implies g je2 e #2M = ¢y je™Fi™ = ¢4 ;
for 5 € W, and therefore ¢ = ¢3, a contradiction. Thus s is odd, but this implies that
k; and k} have the same parity for each j € W. Again from equation 1} we obtain

g2 = g3, which is impossible in a real orthogonal matrix. Therefore there is no PST from

one vertex to several different vertices. [



Chapter 3

Perfect quantum state transfer using

Hadamard diagonalizable graphs

In this chapter, we focus on quantum state transfer under Laplacian dynamics, and on
a specific class of graphs — graphs whose Laplacian matrix can be diagonalized by a
Hadamard matrix. As mentioned in Proposition [2.6.2] if there is PST between vertices
j and k of graph G, then for a real orthogonal matrix () which diagonalizes L(G), the
corresponding entries in its j-row and k-th row are either equal to or are the negative
of each other. Hadamard diagonalizable matrices certainly satisfy this condition for any
pair of vertices, and we just need to make sure that the eigenvalues and readout time
work nicely with the sign between the corresponding entries in the two rows. As we
will see in Theorem [3.2.1] weighted or unweighted Hadamard diagonalizable graphs are

regular, so the results we get here about Laplacian PST (PGST) also hold for adjacency

60



61

PST (PGST), as mentioned in Remark[I.3.10] Furthermore, integer-weighted graphs with
Hadamard diagonalizable Laplacian matrix are convenient to work with in our setting
because their spectra consist entirely of even integers (Theorem [3.2.1)); consequently the
corresponding graph often exhibits PST between two of its vertices at time ¢y = 7/2 (see
Theorem|3.2.2]for a more specific statement). This chapter is based on work with Johnston,
Kirkland, Plosker and Storey [58]]. The work began when Johnston visited the University
of Manitoba in May 2016 for a one-week period. Storey was Plosker’s undergraduate

student research assistant in Summer 2016.

3.1 Introduction

Let n be a positive integer. Complete graphs /4, are known to be Hadamard diagonal-
izable (provided that there is a Hadamard matrix of that order) [10], but such graphs do
not admit perfect state transfer [18|]. There is another family of graphs that are known
to be Hadamard diagonalizable [15]: the cubelike graphs, which have highly symmet-
ric structure and have been relatively well-studied. Complete characterizations of perfect
state transfer properties of cubelike graphs are given [[15,|29]]. In this chapter, we will
see that cubelike graphs are closely related to standard Hadamard matrices. Hadamard
diagonalizablity is closed under many graph operations such as complement, union, join,

and Cartesian product as mentioned in Lemma Here we construct another binary
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operation on weighted graphs — the merge operation — under which Hadamard diago-
nalizability is also kept. There is a graph operation closely related to our merge operation
— the “x” operation; perfect state transfer with respect to this operation is studied in [33].

Let G; = (Vi, Ey) and Gy = (V, Es) be two graphs. If V; = V5, then Gy X Gy is

A(G) A(Gy)

A(G) A(Gl)] . If the edge sets of GGy

the graph with adjacency matrix A(G; X Gy) = [
and G, are disjoint, then G; X G5 is a double cover of the graph with adjacency matrix
A(Gh) + A(Gy).

In this chapter, an eigenvalue characterization of weighted Hadamard diagonalizable
graphs that admit PST at time ¢ = 7 is given. By Remark we know that if all the
(integer) weights of an integer-weighted Hadamard diagonalizable graph have a nontrivial
common factor, the characterization can be used to study the PST property of such graphs
at other times as well.

The structure of this chapter is as follows. In Section [3.2] we give a simple eigen-
value characterization for when a weighted Hadamard diagonalizable graph admits perfect
state transfer at time 7/2; this characterization allows one to choose correct eigenvalues
to build (weighted, might also have negative weights) Hadamard diagonalizable graphs
having perfect state transfer (Example [3.2.3)). In Section we observe that Hadamard
diagonalizable graphs that admit PST at time 7 are not that rare, in the sense that there are
connected unweighted non-bipartite d-regular such graphs on 2* vertices for each positive
integer d satisfying k + 1 < d < 2 — 2. Also we show that the existence of PST is main-

tained under graph complementation and the join operation, if we restrict to the class of
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Hadamard diagonalizable graphs that have PST at time 7. In Section @ we introduce the
“merge” operation, a weighted variant of the “x” operation, which takes two graphs with
the same number of vertices as input, and produces a new (larger) graph. In particular,
the merge of two graphs which are diagonalizable by the same Hadamard matrix is still
Hadamard diagonalizable. We also characterize when the merge of two integer-weighted
graphs that are diagonalizable by the same normalized Hadamard matrix exhibits PST. In
Section [3.5] we give some results concerning the optimality in terms of timing errors and
manufacturing (edge weight) errors of Hadamard diagonalizable graphs. We also give an
optimality result, showing that among regular graphs of degree » < 4, the r-cube is the
sparsest Hadamard diagonalizable connected unweighted graph with perfect state transfer
attime 7/2. In Section we characterize the family of graphs that are diagonalizable by
the standard Hadamard matrix H,, of size 2" for any positive integer n, showing a direct
relationship to cubelike graphs. Further, we study uniform mixing on cubelike graphs,
and for the cubelike graphs that are obtained from the hypercube by adding one or two
more elements in the connection set, we give a characterization of the one or two added

elements when the resulting cubelike graph admits uniform mixing at time 7.
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3.2 Eigenvalue characterization of Hadamard diagonal-

izable graphs with PST at time

The following theorem originally appeared in [10], restricted to the case of unweighted
graphs. The version below allows for arbitrary integer edge weights. Although the proof

is almost identical to the unweighted version, we include it here for completeness.

Theorem 3.2.1. |10, Theorem 5] If G is a weighted or unweighted graph that is Hadamard
diagonalizable, then G is regular; if in addition G is integer-weighted, then all its Lapla-

cian eigenvalues are even integers.

Proof. Without loss of generality we assume that G is a weighted or unweighted graph on
n vertices and that the Laplacian matrix L(G) is diagonalized by a normalized Hadamard
matrix [ (Lemma[2.4.2) to a diagonal matrix A = diag(Aq, ..., \,).

First we show that GG is regular. Fix anindex j € {1,...,n}, and let S; be the diagonal
matrix with diagonal entries 1 such that e;'-FH S; = 17. Observe that HS; is also a
Hadamard matrix, and that H'L(G)H = A, or equivalently, L(G)H = HA implies
that L(G)HS; = HAS; = HS;A. Since the j-th row of HS; is the all-ones vector and
the remaining rows are orthogonal to it, we deduce that //.5;1 = ne;. Consequently,

nel L(G)e; = e] L(G)(HS;1) = el (L(G)HS;)1 = e] (HS;A)1 = (e] HS;)A1 =
17A1. Thus, foreach j = 1,...,n, ejTL(G)ej = %1TA1, so (G is regular, as desired.

Now assume in addition that G is integer-weighted; observe that the first column of H

is the all-ones vector, and that it is an eigenvector of L(G) corresponding to the eigenvalue
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0. For any non-zero eigenvalue \; of L(G), the j-th column of H is an eigenvector asso-
ciated to \;. One can split the graph G into two subgraphs, GG; and G, (with Laplacians
L(G,) and L(G5)), corresponding to the n/2 entries of 1 and the n/2 entries of —1 of

He;. By applying a permutation similarity if necessary, we find that

L(Gy) + X, ~R e | _ |1
~RT  L(Gy)+ Xz |~1a| Y |-1a|’

for some matrices X, Xo, and R. Necessarily X, X, are diagonal, and note that X 11% =
R1n and Xo1n = RTI%.

Since A\;1» = L(Gl)lg + X112 + R1z = 2X;1z, and since G is integer-weighted
(and therefore all the entries of X are integers), we deduce that A; is an even integer.
Hence each eigenvalue of the integer-weighted Laplacian matrix is an even integer.

]

We now give a precise characterization of the eigenvalues of a weighted Hadamard
diagonalizable graph that exhibits PST at time ¢, = 7/2. The proof applies a standard
characterization of PST; see Proposition or [60], for example. Recall that a graph
is Hadamard diagonalizable if and only if it is diagonalizable by a normalized Hadamard

matrix (Theorem [2.4.2).

Theorem 3.2.2. Let G be a weighted Hadamard diagonalizable graph on n vertices. Let
H = [hy.| be a corresponding normalized Hadamard matrix. Denote the eigenvalues of
the Laplacian matrix L(G) by A1, -+ , A, so that L(G)Hey; = \jHey, € = 1,...,n. Then

G has PST from vertex j to vertex k at time to = 7/2 if and only if \1, ..., \, are all even
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integers and for each ¢ =1,--- . n, \y =1 — h;shy, (mod 4).

Proof. Let A = diag(\y,...,\,), then L(G) = 1HAH", and hence ¢'"/?L() =
%H "M HT By Proposition it follows that G’ admits PST from vertex j to vertex
k at ty = 7/2 if and only if ¢!™22H ¢, is a scalar multiple of H”e;. Since the first
column of H is the all ones vector 1, i.e. an eigenvector of L((G) corresponding to the
eigenvalue 0, we know that the first entry of e ™/2AH e, is ¢!™/20h, | = h;, = 1, and
the first entry of H ey, is hy; = 1. Thus we deduce that not only is €'™/2A H e, a scalar
multiple of H” e, but that the multiple must be 1, i.e., G admits PST from vertex j to k at

7/2 if and only if

AT, = HT ey, 3.1)

Note that this implies that \; ..., A\, are all even integers, and that

ST/ 2N _ 1 if \,=0 (mod 4)
-1 if \y =2 (mod 4).

Consequently, equation (3.1) holds if and only if, foreach ¢ = 1,--- ,n,if h; shy, = 1 then

A =0 (mod 4), and if h; ¢hy o = —1 then A, = 2 (mod 4). The conclusion follows. [

It is worth noting that Theorem [3.2.2] gives an easy method for creating weighted
Hadamard diagonalizable graphs exhibiting PST, since for any normalized Hadamard ma-

trix H we can choose the eigenvalues in A to satisfy the required mod 4 equation for some

two rows j and k of H, and then L(G) = L HAHT will necessarily be the Laplacian ma-

trix of some rational-weighted graph (possibly with negative weights) with PST at time

to = /2 (the graph will be integer-weighted provided n divides each entry of HAHT).
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Example 3.2.3. Now making use of Theorem [3.2.2] we construct weighted graphs on

4 vertices that admit PST at time 7/2 between vertices 1 and 3 and that are diagonal-

11 1 1

. . . 1 -1 1 -1

izable by the normalized Hadamard matrix H = H, = 11 1 1l Note
1 -1 -1 1

that h171h371 = h172h372 = 1 and h173h373 = h174h374 = —1. Now construct a diag—

onal matrix A = diag (0, Ao, A3, \4) with \y = 1 — hyhs, (mod 4) for ¢ = 2,3,4.

For example, let A = diag(0,4,2,6). We know the weighted graph with Laplacian

3 -2 -1 0
—2 —1

Ly = 1HAHT = 1 3 g 9 is a required weighted graph by Theorem [3.2.2
0o -1 -2 3

Letting A = diag (0,4, 2,2), we obtain Ly = %lH AHT; this is the Laplacian matrix of the
2-cube, which is known to exhibit PST at time 7 /2. Similarly, letting Ay = 2 = hj2hoo
(mod 4), A3 = 4 = hy 3hy3 (mod 4), and \y = 6 = hy4ha4 (mod 4) yields the Lapla-
cian matrix L3 = %;H AHT of a weighted Hadamard diagonalizable graph that admits PST

between vertices 1 and 2 at time 7/2.

3.3 Existence of Hadamard diagonalizable graphs with

PST

The degree of a Hadamard diagonalizable graph with PST can have a wide range, in the
sense that the corresponding graph can range from very sparse (few edges) to very dense
(many edges).

For each & > 3 and each d with k + 1 < d < 2F — 2, we can construct a graph that is
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d-regular, unweighted, connected, and non-bipartite on 2* vertices, that is diagonalizable
by the standard Hadamard matrix and has PST at time ¢, = 7/2. This can be done with
cubelike graphs by using the fact that the adjacency matrix of any cubelike graph (and
hence the Laplacian matrix, since cubelike graphs are regular) is diagonalizable by the
standard Hadamard matrix [15] and by using Theorem [2.5.4] To ensure that the cubelike
graph is connected, we just need to make sure that its connection set contains a basis of
Z% when considered as a vector space. Let T = {ey,...,ex}, where ey, ..., e, form a
standard basis for Z5. For d = k + 1, take the connection set C' = T'U{e; + e5}. Then the
induced subgraph on vertices 0, e, es and e; + e is K4; hence the corresponding cubelike
graph is not bipartite. Also note that the sum of the elements in C' is not O for £ > 3. For
d >k + 1, select any S such that C C S, |S| = d and 0 ¢ S. If the sum of all elements
in S is not 0, then the cubelike graph Z&(.S) is a desired graph. On the other hand, if the
sum of all elements in S is 0, then we replace some element ¢y from the set S \ C by any
element ¢; € Z5\ (S U {0}) (this set has cardinality 2 — d — 1 > 0) and form a new
set 51 = (S U {c1})\{co}. Then S; has cardinality d and the sum of all its elements is
¢ = ¢o + ¢1 # 0. Hence there is PST from u to u + ¢ at time 7/2 in the connected (since
S| is a generating set of the group Z%) non-bipartite cubelike graph Z5(.S,).

This observation can be stated as follows.

Theorem 3.3.1. Suppose that k € N with k > 3. Foreachd € Nwithk+1 < d < 2F—2,

there is a connected, unweighted, non-bipartite graph that is

(1) diagonalizable by the standard Hadamard matrix of order 2,
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(2) d-regular, and

(3) admits PST between distinct vertices at time ty = /2.

Example 3.3.2. Making use of the arguments at the beginning of this section, we can

construct graphs satisfying properties (1), (2), and (3) of Theorem Consider graphs

1 0 0
on 23 = 8 vertices, and lete; = |0| ,ep = |[1| ,e5 = |0|. The cubelike graph Z3(C))
0 0 1

with C; = {ey, eq, €3, €1 + e} is a connected 4-regular (4 elements in the connection set
() graph that is diagonalizable by the standard Hadamard matrix Hj (as it is a cubelike
graph) and admits PST at time 7 (from Theorem and the fact that the sum of the
elements in the connection set C| is e3 # 0). Similarly, the cubelike graph Z3(Cy) with
Cy = {e1, €9, €3, €1 + €9, €5 + €3} is a required 5-regular graph, the cubelike graph Z3(C3)
with C3 = {ey, eq,€3,€1 + €3,e5 + €3,€1 + e} is a required 6-regular graph, and the
cubelike graph Z3(Cy) with C; = {ey, ea,€3,€1 + €9,€3 + €3,€1 + €3,61 + €3 + €3} isa

required 7-regular graph.

As mentioned in Section [2.2] we know that the union of a graph exhibiting PST with
itself still exhibits PST, which is not true in general for the join operation. In the class
of Hadamard diagonalizable graphs, there are more properties about PST with respect to
these operations. Here, we show that for a graph G on n > 4 vertices that is diagonalizable
by some Hadamard matrix and that has PST at time 7 /2, both its complement and the join

of G with itself are Hadamard diagonalizable and have PST at time ¢, = 7/2.

Proposition 3.3.3. Let G be a graph on n > 4 vertices that is diagonalizable by a
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Hadamard matrix H. If G admits perfect state transfer between vertex j to vertex k at

time ty = /2, then so does its complement G¢ and the join G V G.

Proof. Without loss of generality we can assume that / is a normalized Hadamard matrix
(by Lemma 2.4.2). If we denote the eigenvalues of the Laplacian matrix of G by \; =
0, Ag, -+, A\, then from Theoremwe know thatfor { =1,--- ,n, A\ =1 — hjhye
(mod 4). From Lemma we know that G¢, G U GG, and G V G are all Hadamard
diagonalizable. Combined with Proposition L(G*®) is diagonalized by the same
Hadamard matrix H to diag (0,7 — Ag,--- ,n — A,). Since 1 — h; shy is either O or 2
(mod 4) and n must be a multiple of 4 in order for a Hadamard matrix of order n > 4 to
exist, the eigenvalues 0,n — Ay, ..., n — A, of G® satisfy (n — \¢) = —(1 — hjshye) =
1 — hjehye (mod 4). Again from Theorem we know that G¢ has PST from vertex
j to k at time 7 /2. The result that G° admits PST between vertices j and k& (and hence so
does the union of G¢ with itself) and that G U G¢ is Hadamard diagonalizable implies that

GV G = (G°U G°)° also has PST from vertex j to k at time /2. O

3.4 Merge of two weighted graphs

We now introduce a modification of GG; x (5 that, much like G; x G5, can be used to
construct new graphs with PST from old ones. Suppose that (G; and G5 are two weighted
graphs of order n, with Laplacians L(G;) = D(G;) — A(G;) and L(G2) = D(Gs) —

A(Gy), respectively. Then we define the merge of GG; and G, with respect to the weights
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wy and wy to be the weighted graph G, , ©,,, G2 with Laplacian

wlL(Gl) + w2D<G2) —’U}QA(GQ)
—U)QA(GQ) wlL(Gl) + w2D<G2) ‘

Note that the merge operation is defined for labelled graphs. Different labelling of GG; or
G'» might produce non-isomorphic Gy , ©,,, Ga.

In the case that w; = wy = 1, we denote the merge simply by GG; ©® (5, and it recovers

G1 X GQ.
2 3 2 3
G |
1 4 1 el 4
R . % . .
2 3 \6\ //’s \\\\\\\\\\\\\ 7 Gl @ G2
GQ \\\ f“
1 4 ) 8

Figure 3.1: A depiction of two Hadamard diagonalizable graphs (left) with vertex set
{1,...,n} and their merge (right). The merge G; ® G has vertex set V(G1) U V(Gs);
for j, k < n, there is an edge {7, k} and {n + j,n + k} in the new graph if and only if G,
had edge {j, k}, and there is an edge {j,n + k} in the new graph if and only if G5 had

edge {j, k}.

Our definition of the merge is motivated by the following fact.
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Proposition 3.4.1. If G| and G5 are both diagonalizable by the same Hadamard matrix H,

then G ., ®,,, Gy is also Hadamard diagonalizable, by the matrix L{I[ _}Z] .

While the merge is a bit less intuitive than the other graph operations we saw, it does
have an interpretation in terms of the vertices and edges of the original graphs. Specifically,
if G, and (75 each have vertices labelled {1,...,n}, then G\ ,, ®,,, G2 has twice as many
vertices, which we label {1, ..., 2n}. Furthermore, if G; has edge {j, k} with weight w;
then Gy ,,,®,,, G2 has edges {j, k} and {n+ j,n+ k}, each with weight w,w; ;.. Similarly,
if G has edge {j, k} with weight w;;, then G, ,, ®,,, G2 has edges {j,n+k} and {k,n+j5}

with weight wow; ;.. See Fig. for an example in the unweighted case — the Laplacian

matrices corresponding to GGy, G, and GG; ® G5 in the example are

2 -1 0 -1 2 —1 -1 0
1 2 —1 0 1 2 0 -1
LGo=|y 3 o 4| HG)=1_1 ¢ o _yfand
10 -1 2 0 -1 —1 2
(4 -1 0 -1 0 -1 -1 0]
1 4 -1 0 -1 0 0 -1
0 -1 4 -1 -1 0 0 -1
1 0 -1 4 0 -1 -1 0
L(G1 © Gy) =

o -1 -1 0 4 -1 0 -1
-1 0 0 -1 -1 4 -1 O
-1 0 0 -1 0 -1 4 -1
O -1 -1 0 -1 0 -1 4
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3.4.1 PST property of the merge G, , ©,, G> when both w; and w;
are integers

We now describe an exact characterization of when the merge of two integer-weighted
graphs which are diagonalizable by the same normalized Hadamard matrix has PST at
time ty = 7/2. This gives us a wide variety of new graphs with PST; in particular, the
merge operation produces graphs with perfect state transfer in a variety of scenarios. In the
following proof, keep in mind that an integer-weighted Hadamard diagonalizable graph
has only even integer eigenvalues, and therefore (2k)\ = 0 (mod 4) and (2k + 1)\ =

—(2k + 1)X (mod 4) for any eigenvalue A and any integer k.

Theorem 3.4.2. Suppose G| and G4 are (labelled) integer-weighted graphs on n ver-
tices, both of which are diagonalizable by the same normalized Hadamard matrix H. Fix
wy,wy € Zand let L(Gy) = di1 — A(Gy), L(Gs) = dol — A(G3) be the Laplacian ma-
trices of G, Gy, respectively (for j = 1,2, d; is the degree of G;). Then for two integers
wy and wy, the integer-weighted graph G , ©,,, G2 has PST from vertex j to k, where

Jj <k, at time to = /2 if and only if one of the following 8 conditions holds:
1. j,ke{l,...,n}and
(a) wy is odd, wy is even, and Gy has PST from j to k at to = 7/2, or
(b) wy and dy are even, ws is odd, and Gy has PST from j to k at to = /2, or

(¢) wy and wy are odd, d is even, and the weighted graph with Laplacian L(G1)+

L(G5) has PST from j to k at ty = w/2;
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2. jke{n+1,...,2n} and

(a) wy is odd, wy is even, and Gy has PST from j —ntok —natty = m/2, or

(b) wy and dy are even, ws is odd, and G5 has PST from j — n to k —n at ty =

/2, or

(¢) wy and wy are odd, dy is even, and the weighted graph with Laplacian L(G1)+

L(G5) has PST from j —ntok —natty=m/2;
3.5e{l,....nhke{n+1,...,2n} and

(a) wy is even, wy and dy are odd, and G has PST from j to k —n at ty = 7 /2, or

(b) wi, wy, and dy are all odd, and the weighted graph with Laplacian matrix

L(G4) + L(Gs) has PST from j to k — n at ty = 7/2.

Proof. Denote the diagonal matrices of eigenvalues for L(Gy), L(G3) by Ay, Ao, respec-

LHA;HT, j = 1,2. Then the Laplacian of Gy ,,®,,, Go is

tively, so that L(G;) =
|: Gl +UJ2d2[ _w2A(G2)

L(Gy 4,0y, G2) = s A(Go) wi L(G) + w2d2]]. Further,
T
1 |H H w1A1 + w2A2 0 H H
L N —
(G1w1®w2G2) on |:H _H:| |: 0 w1A1 — U)QAQ + 2w2d2]:| |:H —H:|

Denote the eigenvalues of L(G1), L(G3) by Aél), )\22), ¢=1,---,n,respectively.

1. Suppose that j, k& € {1,---,n} and that the weighted graph G, ,, ©®,, G2 admits

PST from vertex j to k at time 7/2. Then by Theorem[3.2.2} foreach ¢ = 1,--- . n,

WA 4w AP = (1= hyjshyy)  (mod 4), and (3.2)
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WA — w AP 4 2wndy = (1= hyehyy)  (mod 4). (3.3)

Summing the above two congruences gives 2w, )\El)+2w2d2 = 2wady =0 (mod 4),

where we used the fact that )\1(21) is an even integer for each ¢ in the above congruence

equality. Therefore wods is even. Note that if w; and w, are both even, then (3.2)
implies that h; ¢hy s = 1 for £ =1, ---  n, which is impossible.

If wy 1s odd and ws, is even, then wl)\gl) +IU2)\é2) = )\él) (mod 4), and equation

simplifies to )\y) = (1 — hjshiye) (mod 4), ¢ =1,--- n. Hence G has PST from

j to k by Theorem [3.2.2] Similarly, if w; is even and w, is odd, then necessarily ds

is even, and as above it can be shown that G5 has PST from j to k.

If wy and w, are both odd, then necessarily ds is even. In this case, equation (3.2)
gives wl)\?) + wz)\f) = )\E,l) + )\5,2) = (1 — hjshy) (mod 4), ¢ =1,--- ,n. We
deduce that the weighted graph with Laplacian L(G;) + L(G5) has PST from j to k

at time tq = /2.

. Ifj,k € {n+1,---,2n} and the weighted graph G, ,, ®,,, G has PST from j to k
at time to = 7/2, then the conclusions (a), (b), and (c) follow analogously to Case 1

above.

. Suppose that j € {1,---,n}, k € {n+ 1,---,2n} and that the weighted graph

G1 4, Oy, G2 has PST from j to k. Set =k —n. Thenforeach{ =1, --- ,n,

WA + weA(? = (1~ hyehy,)  (mod 4), and (3.4)

WA = w AP + 2wndy = (14 hyehy,)  (mod 4). (3.5)
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Summing equations |l and lb we find that 2w1)\g1) + 2wyds = 2 (mod 4) and
hence 2wyds = 2 (mod 4). Therefore wyds must be odd, i.e., wy is odd and d is

odd. We have the following two cases.

If w; is even, then l) simplifies to )\Ez) = (1 - hjehy,) (mod 4), £ =1,--- n,

so if wy is even, and both w, and d, are odd, then G5 has PST from j to k.

If w; is odd, then (3.4) simplifies to A" + AY = (1 — hy,hy ) (mod 4), ¢ =
1,--+,n, which shows that the integer-weighted graph with Laplacian L(G;) +

L(G5) has PST from j to k.
The converses are straightforward. 0

Note that when both w; and w; are even, the graph G, ,, ©®,,, G2 does not admit PST
at time 7/2. However, it might have PST at some other time. To see this, we decompose
the two integer weights w; as w; = 277b; (for j = 1,2), where b; are odd integers. Let
r = min(ry, r2). Then the PST property of the graph G wy Oy (G2, which has Laplacian
+L(Gy ,,®,, G2), at time 7/2 can be determined according to Theorem In the

case that PST occurs, the graph G ,, ®,,, G> would then have PST at time /2",

Example 3.4.3. Assume that G; and G4 are two graphs on 2™ vertices for m > 2 and
that they are diagonalizable by the same normalized Hadamard matrix. Suppose that G
admits PST from vertex j to vertex k, and G5 has all its eigenvalues being multiples of
4 and that its degree d> is odd (for example, a disjoint union of 2™~ copies of Ky for

2 < r < m). Then G; ® G4 has PST from j to £ + 2™ according to Case 3(b) in
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G, Gy

Figure 3.2: Without the condition that the two graphs are diagonalizable by the same

normalized Hadamard matrix, Theorem [3.4.2|is not necessarily true

Theorem Similarly, Gy ® G has PST from vertex j to k if d; is even (Case 1(c)),

and it has PST from vertex j to k£ 4+ 2™ if d; is odd (Case 3(b)).

Theorem |3.4.2 is not necessarily true without the condition that the two graphs are
diagonalizable by the same normalized Hadamard matrix. Let G; and G5 be two labelled
graphs as shown in Figure Then the graph Gy ©® G does not admit PST at time 7/2,
though the parameters are set up so that they satisfy 3(b) of Theorem (but not the
hypothesis of both Laplacians being diagonalizable by the same Hadamard: here G, is
diagonalizable by the standard Hadamard matrix />, and (G; is not Hadamard diagonaliz-
able). Thus, unlike a similar result [33, Theorem 5.2] for the “x” operation (which uses
the adjacency matrices), graphs whose Laplacian matrices are not diagonalizable by the
same Hadamard matrix do not necessarily satisfy the conclusion of the theorem. This may
be due to the difference between Laplacian dynamics and adjacency dynamics.

Note that we require the two weighted graphs (G; and G in Theorem to be
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integer-weighted to ensure that all of their Laplacian eigenvalues are even integers. By
checking the proof it can be observed that the conclusion of the theorem still holds if G

and (G2 only have even integer eigenvalues, but are not necessarily integer-weighted.

Example 3.4.4. From Lemma 9 and Proposition 10 [10] we know that there are exactly
4 graphs on 12 vertices that are Hadamard diagonalizable: K5, O12 = KY,, K¢ U Kg,
and Kgs = (K¢ U Kg)°. By making use of the fact that the complete graph K, on
n > 3 vertices does not admit PST, one can conclude that K5 and K¢ U K4 do not
admit Laplacian/adjacency PST. Or more generally, using of the idea in the proof of The-
orem we know that a Hadamard diagonalizable graph admit PST at time ¢, if and
only if e HTe; = HTe;, where H is a normalized Hadamard matrix that diagonalizes
L(G) to A as in Thereom But the eigenvalues of L(Kg6) are 0 with multiplicity
1, 6 with multiplicity 10, and 12 with multiplicity 1. The above equality does not hold
for any ;. Hence K¢ does not admit Laplacian PST. Therefore no unweighted graph of

order 12 that is Hadamard diagonalizable exhibits PST. However, it is possible to construct
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weighted graphs of this type. Let G; be the graph whose Laplacian is

(18 0 -1 -1 -1 -3 -3 -3 -1 -3 -1 -1
o 8 -1 -1 -1 -3 -3 -3 -1 -3 -1 -1
-1 -1 18 -2 -2 0 -2 0 -2 -2 —4 =2
-1 -1 -2 8 -4 0 0 -2 -2 -2 -2 =2
-1 -1 -2 -4 18 -2 -2 0 -2 0 -2 =2

1|3 -3 0 0 -2 18 -2 -2 0 -2 -2 =2

-1 -1 -2 -2 -2 -2 0 0 -4 -2 -2 18,
Direct computation shows that (G ) is Hadamard diagonalizable by the order 12 Hadamard

matrix

I
e e e e e e

1 -1 -1 -1 1 -1 -1 1 -1
-1 1 1 1 -1 -1 -1 1 -1 -1 1
1 -1 1 l1 -1 -1 -1 1 -1 -1

All the eigenvalues of L(G) are even integers (which are 0, 4, 8, 8, 8, 8, 6, 6, 6, 6, 6, 6),
and that the (1,2) entry of ¢("/2L(G1) g 1, thus showing that G exhibits PST between
vertices 1 and 2 at time ¢, = 7/2. Let G5 = K2, which is Hadamard diagonalizable

by H but does not exhibit PST. As L(G;) and L(G3) only have even integer eigenvalues,
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Case 1(a) of the Theorem tells us that the weighted graph G, ;©, G2 admits PST

from vertex 1 to vertex 2 at time tq = 7/2.

3.4.2 Rational weights or when Z—; is rational

We now consider some ways in which our results generalize to the case of Hadamard
diagonalizable graphs with non-integer edge weights. In the case where all of the edge

weights are rational, the idea is rather straightforward.

Proposition 3.4.5. Suppose that GG is a rational-weighted Hadamard diagonalizable graph.
Denote by lcm the least common multiple of the denominators of its edge weights, and by
gcd the greatest common divisor of all the new integer edge weights lem -w(j, k). Then
G admits PST at time t, = l;T’Z -7 /2 if and only if the integer-weighted Hadamard diago-
nalizable graph Gy with Laplacian L(G5) = %L(Gl) has PST at time to, = 7/2 between

the same pair of vertices (which can be checked through Theorem [3.4.2)).
Proof. The result follows directly from Remark [I.3.11] O

Proposition [3.4.5] provides a way to extend Theorem to a merge with rational
weights. Assume that G; and G5 are integer-weighted graphs. Assume that w; and w, are
two nonzero real numbers such that % is rational, say 5—; = § for two relatively prime
numbers p and g. Then the PST property of G ,,®,,, G2 can be obtained from the PST
property of the merge Gy ,©, G of G; and G, with respect to integer weights p and g, as

L(Gy ,®y, Go) = “2L(G) ,0, G).
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3.4.3 When % is irrational

When L is irrational, then the merge G ,,,©,,, G2 of two integer-weighted graphs G and
(> which have some PST properties as in Theorem [3.4.2] exhibits PGST. Before giving
the theorem, we recall the following result about approximating an irrational real number

with a sequence of rational numbers.

Theorem 3.4.6 ([81]]). Let o denote the odd integers and e denote the even integers. Then
for every real irrational number w, there are infinitely many relatively prime numbers

p, q with [p, q| in each of the three classes [0, €], [e, 0|, and [0, 0|, such that the inequality

lw — p/q| < 1/¢* holds.

Let G and G, be regular graphs on n vertices. For the weighted graph Gy, ©,,, G2, we
say that it has parameters [wy, we, ds], where as in Theorem ds denotes the degree
of (G5. In particular, if wy, ws, and ds are all odd integers, then we say that the graph
G, @y, G2 has type [0, 0, o]. Similar notations apply for other possible parities of integers

wy, we and dy. We will denote the set of irrational numbers by R\Q.

Theorem 3.4.7. Assume that G| and G5 are (labelled) integer-weighted graphs on n ver-
tices, both of which are diagonalizable by the same normalized Hadamard matrix H. Let
dy be the degree of Gy. Let L(G1) and L(G3) denote the Laplacian matrices of G and
G, respectively. Suppose that wy and wy are nonzero real numbers with g—; € R\Q. Let

g ke{l,...,n}

1. Suppose that G has PST from j to k at time 7 /2. Then G, ,,®,, Gy has PGST
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from j to k and from j + n to k + n.

2. Suppose that Gy has PST from j to k at time 7 /2. If dy is even, then Gy ,, ©,,, G2
has PGST from j to k and from j + n to k + n. If dy is odd, then G, ., ®,,, G has

PGST from j to k + n and from k to j + n.

3. Suppose that the weighted graph with Laplacian L(G1) + L(G2) has PST from j to
k at time 7 /2. If dy is even, then Gy ,, ©,,, G2 has PGST from j to k and from j +n
to k + n. If dy is odd, then G, ,, ®,,, G2 has PGST from j to k + n and from k to
J+n.

Before proving this result, we note that it can alternatively be proved via Kronecker’s
theorem using the techniques from [7]. However, this would require proving that vertices
j and k are strongly cospectral, as well as some knowledge of eigenvalues and eigen-
projection matrices, so we instead give the following proof that is somewhat more self-

contained.

Proof. By the scaling argument as in Remark |[1.3.11] it can be assumed that w; = 1
and wy € R\Q, since for any non-zero real numbers w; and w,, L(Gy ,,©,, G2) =
wlL(Gl 1@2 Gg)

wy

We approximate wo with fractions p/q such that

lwo — p/q| < 1/¢%. (3.6)

For each such pair of p,q, we denote the weighted graph G| ,© _, G2 as G4, and the

p/q

weighted graph G, |© Gy as Gs. In particular, L(Gy 0, G2) = L(G4) + L(Gs).

w2—p/q
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Now consider the integer-weighted graph Gy = G, ,©®,, G2, then its Laplacian is L(G)) =
qL(G,4) and has parameters [q, p, ds].

There are now a number of cases to consider. If [p, ] is of type [0, €] and d is even, the
graph (&, is of type [e, 0, e]. From Theorem we know, if G5 has PST from j to £ at
7/2, then G, has PST at 7/2 from j to k and from j +n to k+n (Case 1(b), 2(b)). If [p, ¢
is of type [0, €] and ds is odd, then the graph G, is of type [e, 0, o]. From Theorem [3.4.2]
we know that if G5 has PST at 7/2 from j to k at /2, then G, has PST at /2 from j to
k + n and from k to j 4+ n (Case 3(a)).

If [p, ¢ is of type [e, o], then the weighted graph G/, is of type [o, e, f], where f denotes
the parity of d». From Theorem [3.4.2| we know that if G has PST from j to k at 7r/2, then
G’ has PST at 7/2 from j to k and from j + n to k + n (Case 1(a), 2(a)).

If [p, q] is of type [0, 0] and ds is even, then the graph G, is of type [0, 0,¢]. From
Theorem we know that if the graph with Laplacian L(G;) + L(G2) has PST from j
to k at w/2, then G has PST from j to k and from j + n to k 4+ n (Case 1(c), 2(c)). If [p, ¢|
is of type [0, 0] and ds is odd, then the graph G is of type [0, 0, 0]. From Theorem [3.4.2]
we know that if the integer weighted graph with Laplacian L(G) + L(G2) has PST from
j to k at /2, then G, has PST from j to k + n and from k to j + n (Case 3(b)).

For all the above cases, G4 has PST at time ¢ty = ¢m/2. Next, we make use of the
following result from [52 Theorem 4] (Theorem|[6.2.1]in Chapter[6)) : Suppose PST occurs

in the graph with Laplacian matrix L between vertices j and k at time ¢ = t, and assume
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that L = L + Ly due to a small nonzero edge-weight perturbation L,. Then

L—lefe e < 2lltoLolly + NitoLolls — litoLoll- (3.7)

Note that the proof of the above theorem (Theorem [6.2.1)) is independent of the results of

Chapter Now, G is a graph with PST between vertices u and v at time ¢, = <7, and

L(Gy,0,, G2) = L(G4) + L(Gs5). Then the fidelity of state transfer between the vertices
wand v in G ,0,,, G satisfies
jeg MO Ge, 12 > 1 = 2|t L(Gs)|l, — It L(Ga)ll; + o L(Gs)l3
> 1= 2q(/2)lws — p/qlen — (2q(x/2)[ws — p/qlen)?
+(2q(m/2)lws = p/glen)’

> 1—2cnn/(2q) — (enm/(29))* + (cnm/(2q))?,

where ¢ = max;, ‘(L(G2))j,k

, and the last two inequalities come from Theorem [2.1.7

and (3.6), respectively. Since there are infinitely many integers ¢ that satisfy (3.6), the
expression on the right hand side in the above inequality can be made as close to 1 as
possible by taking large enough ¢, and therefore Gy ,,©,, G2 admits PGST between

vertices v and v. L]

3.4.4 Anirrational-weighted graph exhibiting PGST from one vertex
to three different vertices

It is known (Proposition that if there is perfect state transfer from vertex j to vertex

k(# j) at time ¢y, and perfect state transfer from vertex j to vertex ¢ (# j) at time ¢y,
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then necessarily k = ¢. The following example, which is a straightforward consequence
of Theorem shows that the situation with respect to pretty good state transfer is
markedly different. This is a potentially important application to routing — the task of

choosing between several possible recipients of the state.

Example 3.4.8. Consider the graphs G, Go with the following Laplacian matrices (see

Figure [3.3):

3 -1 -1 0 -1 0 0 0]

-1 3 0 -1 0 -1 0

~1 3 -1 0 0 -1 0
LG = 0 -1 -1 3 0 0 0 -1 |

-1 0 0 0 3 -1 -1 0

0 -1 0 0 -1 0 -1

0 0 -1 0 -1 ~1

0 0 0 -1 0 -1 -1 3 |

which has PST at time 7 /2 for the pairs {1,8}, {2, 7}, {3,6},{4,5}, and

3 0 -1 -1 -1 0 0 0]
o 3 -1 -1 0 -1 0 O
-1 -1 3 0 0 0 -1 0
L(G) = -1 -1 0 3 0 0 0 -1
-1 0 0 0 3 0 -1 -1
o -1 0 0 0 3 -1 -1
o o0 -1 0 -1 -1 3 0
o 0 0 -1 -1 -1 0 3]

which has PST at time 7 /2 for the pairs {1,6}, {2,5},{3,8}, {4, 7}.
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Figure 3.3: Graphs (G; and G4

It turns out that the weighted graph with Laplacian L(G;) + L(G2) has PST at time
7/2 between the pairs {1,3}, {2,4}, {5, 7}, {6, 8}. From the collection of cases in Theo-
rem , we find that if it € R\Q, then Gy ,,,®,,, G» has the intriguing property that

there is PGST between the pairs {1,8}, {1, 11}, {1, 14} (among others).

3.5 Optimality

3.5.1 Timing errors

In [52] (see Chapter [)), the authors analyse the sensitivity of the probability of state trans-
fer in the presence of small perturbations. Bounds on the probability of state transfer with
respect to timing errors and with respect to manufacturing errors are given in the most
general setting where no information is known about the graph in question. Specifically,

suppose that a graph GG on n vertices admits Laplacian PST from vertex j to vertex k at
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time ¢y. Suppose further that there is a small perturbation so that the readout time is in-
stead to + h, where [h| < ;= with ), being the largest eigenvalue of L(G). Decompose
the Laplacian matrix as L(G) = QAQT, where A = diag (\; = 0, \,...,\,), with
0=X < X\ <.-- <\, and Q is an orthogonal matrix of corresponding eigenvectors.
If g; and gy, are the j-th and k-th columns of Q7 respectively, then for some 6§ € R we
itoA (et . ethdn)e® it follows that the fidelity at

have €“q; = e0Aq;. Setting B = diag

the perturbed time ¢y + h is

pj,k(to-l-h) — |€ P i(to+h)L(G 6 |2 |€TQ€ (to+h) AQTe |2
— ‘q] t0+h)Aq ‘2 |q] zhAeitoAqk|2
= g e™ e q;|* = |gj Bys|*.

In the special case that GG is diagonalizable by a Hadamard matrix H, ) = \}H and we

can say more:

1
|qj Bq;| = - (3.8)

This suggests that, in order to maximize \q;fquj |, the goal should be to make the numbers
e as closely-spaced on the complex unit circle as possible. This remark is not surprising
but rather confirms the known rule [59]] while at the same time providing a more accurate

bound (in fact it is the fidelity) on timing errors for Hadamard diagonalizable graphs.
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3.5.2 Manufacturing errors: sparsity of graphs with PST

It is desirable to minimize the number of edges that need to be engineered in a graph
(so as to minimize manufacturing errors), so one question of interest in the theory of
perfect state transfer is how sparse a graph with perfect state transfer can be. Among the
sparsest known graphs with PST is the r-cube, which has 2" vertices and degree . We
now show that if we restrict our attention to Hadamard diagonalizable unweighted graphs
with PST, then for r < 4 the r-cube is indeed the sparsest connected graph with PST.
After Theorem [3.6.2] we will see that if we restrict ourselves to graphs diagonalizable by
the standard Hadamard matrix H,, then the r-cube is indeed the sparsest such graph for

any positive integer 7.

Theorem 3.5.1. Let G be a simple, connected, (unweighted) r-regular graph on n vertices.
Suppose further that G is Hadamard diagonalizable, has perfect state transfer at 7 /2, and

thatr < 4. Thenn < 2.

Proof. The result follows by computing some quantities of the form Tr(L(G)*) (k > 0
is an integer) in two different ways. First, let Ay = 0,..., A\, denote the eigenvalues of

L(G), then Tr(L(G)*) = Y77, Aj. From L(G) = rI — A(G), we know Tr(L(G)) =
rn — Tr(A(G)) and Tr(L(G)?) = r’n — 2rTr(A(GQ)) + Tr(A(G)?). Since G is a simple
graph, we know that Tr(A(G)) = 0 and it is straightforward to compute Tr(A(G)?) = rn.

Thus we have the following system of equations:

z”: Aj =Tr(L(G)) =rn and z”: A2 = Tr(L(G)?) = rn(r 4 1).
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Let ¢, denote the multiplicity of A # 0 as an eigenvalue of L(G) (with the convention
that if \ is not an eigenvalue, then ¢, = 0). From Theorem we know that all the
Ajs are even integers, and we know by the Gershgorin circle theorem (Theorem|2.1.1)) that

0 < A; < 2r for each j. Therefore the above equations tell us that

s T s

> @2)ea; = (2j)ca;=rn and Y (2))%cy > (2)%co; =rn(r+1). (3.9)

J=0 J=1 J=0 J=1

If we add in the equation 22:1 c2; = n — 1 (since O is a simple eigenvalue of the Lapla-
cian of a connected graph), then we have a system of 3 linear equations in the variables
n,Co, Cyq, - - ., Cor. If ¥ < 2 then it is straightforward to solve this system of equations to get
n = 2". If r = 3 then by adding the equation ¢, + ¢ = ¢4 + 1 (since by Theorem [3.2.2]and
the fact that any two rows of a Hadamard matrix have half of the corresponding entries
of the same sign, and half of the opposite sign, we know that half of L(G)’s eigenvalues
must belong to each of the two even equivalence class mod 4), we can similarly solve the
system of equations to getn = 8 = 2.

For the » = 4 case, we use equations (3.9) together with the equation ¢ + ¢ =
¢4 + cg + 1 (again, because the even eigenvalues are split evenly between the two even
mod 4 equivalence classes). These equations together can be reduced to the system of
equations co = 3n/8 — 2, ¢4 = 3n/8, cg = n/8 + 2, and cg = n/8 — 1. To reduce this
system further and get a unique solution, we need to compute Tr(L(G)?) in two different
ways (similar to the way we did at the start of the proof): Tr(L(G)*) = Y77 A} =
r3n — 3r*Tr(A(G)) + 3rTr(A(G)?) — Tr(A(G)?) = rin + 3r*n — Tr(A(G)?). Since

Tr(A(G)?) > 0 we arrive at the inequality > ", A7 < r*n(r + 3), which is equivalent to



90

> i 1(24)ca; < r?n(r + 3). Setting r = 4 then gives
802 + 6464 + 21666 + 51268 < 112n.

It is then straightforward to substitute the equations ¢ = 3n/8 — 2, ¢4 = 3n/8, ¢g =

n/8 + 2, and cg = n/8 — 1 into this inequality to get n < 2" = 16, as desired. H

It seems reasonable to believe that Theorem could be generalized to arbitrary
r, but the method of proof that we used does not seem to generalize in a straightforward
way, as there are no more obvious equations or inequalities involving the cy;’s that we can
use. For example, if we try to extend the proof of Theorem to the r = 5 case, we
might try computing Tr(L(G)?*) in two different ways. However, we then end up with an
equation involving both —Tr(A(G)?) and +Tr(A(G)*), and it is not clear how to bound

such a quantity.

3.6 Cubelike graphs

3.6.1 Characterization of graphs diagonalizable by a standard Hadamard
matrix

It is known that the adjacency matrix of any cubelike graph (and hence the Laplacian
matrix, since cubelike graphs are regular) is diagonalizable by the standard Hadamard
matrix [[15]. The following result provides the converse; in the proof, the graph (possibly

containing loops) with adjacency matrix A is denoted by I'(A) for convenience.
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Lemma 3.6.1. Suppose that k € N and that A is a symmetric (0, 1) matrix that is diago-

nalizable by the standard Hadamard matrix of order 2F. Then

1. A has constant diagonal;
2. if A has zero diagonal then it is the adjacency matrix of a cubelike graph;

3. if A has all ones on the diagonal, then A — I is the adjacency matrix of a cubelike

graph.

Proof. We proceed by induction on k. For k = 1, it is straightforward to see that the (0, 1)

symmetric matrices that are diagonalized by H; = E _11} are: [8 8}, [(1) ﬂ, [g (1)},

H ﬂ . For these matrices, conclusions (1)—(3) follow readily.

Suppose that the result holds for some & € N and that A is diagonalized by the stan-

Hy, Hy

dard Hadamard matrix Hy, = { I I
ko g

] of order 2¥*1. Partition A accordingly as

A X
{ XIT A ] . Then there are diagonal matrices Dy, D, such that
’ H, H][A X|[H, H] [D O
H, —Hg| |XT A,| |Hx —Hg| |O Do’
Hy(Ai+ A+ X+ XT)H, Hy(A—-A—-X+X")H,] [D, O
Hy(Ay — Ay + X — XTVH, Hy(A + Ay — X — XT)H,| ~ |0 Dy~
We deduce that A} — A, = X — X7 = O by making use of the (1,2) and (2, 1) blocks.

Hence [

Therefore Ay = Ay, X = X7, and the (1,1) and (2,2) blocks of the above equation
imply that H) diagonalizes both 2(A; + X) and 2(A; — X), and we conclude that Hy,
diagonalizes both A; and X. In particular, the induction hypothesis applies to A; and X.
Thus A; has constant diagonal, and so does A (hence I'(A) is in fact I'(A;) © I'(X) if the

diagonal of A; is 0).
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Suppose that A has zero diagonal. Applying the induction hypothesis to A;, we find
that I'(A;) is cubelike. Let C denote its connection set. Applying the induction hypothesis
to X, either X has zero diagonal and so I'(X) is a cubelike graph with connection set Cs,
say, or I'(X — I) is a cubelike graph with connection set C. Set C, = Cy U {0} for the
latter case.

We label the vertices of the graph I'(A) with vectors in Z:™! in increasing lexico-
graphic order if considered as binary numbers. So the first 2¥ rows/columns of A are
labelled as [2] , where z € Z, and the last 2* rows/columns of A are labelled as E
, Where z € Z’;. Now construct the following connection set: C' = { [ﬂ , T € C’l} U
{ Lﬂ Y € 02}. It follows that A is the adjacency matrix of the (k + 1)-cubelike graph
with connection set C'.

If A has all ones on the diagonal we proceed as above with A — 1.

This establishes the induction steps for (1)—(3). ]

Note that the above proof shows that the merge of two n-cubelike graphs (both diago-

nalizable by H,,) is a cubelike graph.

Corollary 3.6.2. Let G be an unweighted graph. Then L(G) is diagonalized by a standard

Hadamard matrix if and only if G is a cubelike graph.

Proof. If L(G) is diagonalizable by the standard Hadamard matrix, then in particular G

is regular by Theorem Hence the adjacency matrix of G is diagonalizable by the
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standard Hadamard matrix, so by Lemma|[3.6.1] GG is cubelike. Conversely, if G is cube-
like, then it is regular and its adjacency matrix is diagonalizable by the standard Hadamard

matrix [[15]. Therefore L(G) is diagonalizable by the standard Hadamard matrix. [l

The following result gives the PST property of the specially weighted n-cube at time
7/2, generalizing the known fact that the unweighted hypercube graph has PST at time

/2.

Corollary 3.6.3. Suppose that wy,ws, . . . ,w, are nonzero integers, exactly d of which are
odd, and consider the weighted hypercube C,, := (w1 K3)O(wyK2)O- - O(w, K3). For
each vertex u of C,, there is a vertex v at distance d from u such that there is perfect state

transfer in C,, from u to v at time toy = 7/2.

It can be proved by induction and Theorem [2.2.5]

3.6.2 Uniform mixing on (n+1)-regular and (n-+2)-regular connected
cubelike graphs

The results in this section are independent from the paper [58]], and are original to this
thesis.
As mentioned previously, quantum information transfer properties of the n-cube (),, =

K5 are straightforward to check by using the fact that e?4(@n) = (gtAK2))@n —

.. n
_C O,S(t) isin(?) (by Theorem|2.2.6), where B®™ denotes the tensor product of B with
isin(t) cos(t)
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itself for n times. Apart from PST, PGST, and FR, there is another interesting phenomenon

in quantum information state transfer, called uniform mixing.

Definition 3.6.4. Let G be a graph on n vertices with Hamiltonian H. If there is a time
t such that the fidelity p;(t) is the same for any j, k € {1,2,...,n}, then we say that G

admits uniform mixing at time t.

From the fact that U(t) is a unitary matrix, we know that if a graph G on n vertices
admits uniform mixing at time ¢, then p; () = & forall j,k € {1,...,n}.

Since cubelike graphs are regular, such graphs admit adjacency uniform mixing if and
only if they admit Laplacian uniform mixing (Proposition [I.3.10). We state our result in
terms of the adjacency matrix without loss of generality. Since ¢’54(@n) = (g7 AK2))@n —

. ®n
[ \/Lli Z\l/%] , we know that for any positive integer n, the n-cube admits uniform mixing
v
at time 7. Families of graphs with uniform mixing are known. Cubelike graphs with
uniform mixing at time - and cubelike graphs with PST at time - are given in [25]. A
complete characterization of all 2(d+2)-regular Cayley graphs over Z4 that admit uniform
mixing at time %’r is given [50]; also, for any £ > 3, Cayley graphs over Zg that admit
uniform mixing at a faster time 3—2 with ¢ = 3, 4 are constructed.

A connected n-regular cubelike graph GG on 2" vertices is isomorphic to the n-cube
@, through a bijection between the connection set of G and the connection set Cjy of
(2, — namely, the set of standard basis vectors of Z}. Without loss of generality, we

consider the n-cubelike graphs obtained from the n-cube by adding some other elements

to the connection set, and characterize when such (n + 1) or (n + 2)-regular graphs admit
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uniform mixing at time 7.
From [[15/29] we know that for any ©u = wus---u, € Z3, the map z — = + u
is an automorphism of Z%, and it can be represented by a 2" x 2" permutation matrix

0 1}. Note that each row and each column of P has

P, = ;L:lR“i, where R = L 0

exactly one 1. Now we index the rows and columns of P, by the vectors in Z%, arranged
in increasing lexicographic order. Assume that the j-th row/column has index x, and the
k-th row/column has index = 4+ u. Then for ¢;, e, € R*", we have P,e; = e, Also, for
any u,v € 2%, P,P, = P,,, = P,P,. Furthermore, if C' C Z% \ {0} and G is a cubelike
graph with connection set C, then A(G) = 3", Py, and Ug(t) = 4@ = ¢t Zuec Pu =
[Tuec €™ = [Luec(cos(t)I + isin(t)P,). For any x € Zj, let wt(x) denote the number
of 1sin x.

Recall from Remark @ that, if we order the vertices of (),, according to the bi-

OB}

partition V(Q,,) = Vi U V4, then the adjacency matrix is of the form A(Q,,) = { BT 0

for some 2"~! x 2"~ matrix B, and the unitary matrix U, (t) = €*4(@") can be written

M(t) iK(t)

as Ug, (t) = LKT@ Mg(t)l for some real matrices M, (t), Ms(t) and K (t). Combined

with the fact that (),, admits uniform mixing at time 7, we know that all the entries of
Uq,(3) are either £ 3 or £_7, ie., 23 M;(%),22 My(%) and 22 K(Z) are all (1,—1)
matrices.

Now we consider adding one extra nonzero element v € Z3 \ Cj to Cy, so we get a
(n—+1)-regular graph ;. From the above analysis we know that at time Z, the correspond-

ing unitary matrix is UGl(%) = i7AG) — ei%(zueco PutPy) _ ei%(zuGCO P“)@i%Pv =
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Uq, (§)(cos(§)I +isin(})P,) = %iUQn(E)(I +1iP,). Then GG; admits uniform mixing at
time T if and only if all the entries of 2% Ug, (Z)(I+iP,) have modulus v/2, which is true if
and only if all the entries are in the set {1+, 1—4, =144, —1—i}. Since e 22 Ug, (5)(I+
iP)e, =22 (elUq, (§)ex + ielUq, (3) Poer) = 22 (el Uq, (§)ex + el Ug, (5 )er), where
if the k-th row/column of P, has index z then the /-th row/column of P, has index = + v,
therefore all the entries of 22 Ug, (Z)(I + iP,) are in the set {1 +4,1 —4,—1+i,—1 — i}
if and only if the map = — x + v is a bijection of V; to itself (and a bijection of V; to
itself) (where V} = {z € Z} | wt(z) = 0 (mod 2)} and Vo = {x € Z} | wt(z) = 1
(mod 2)} are the two sets of the bipartition of V'((),,)), which means that GG; is not bi-
partite. From the construction of V; and V5, we know G is not bipartite if and only if

wt(v) =0 (mod 2). We summarize these observations in the following result.

Proposition 3.6.5. Suppose that we add an extra nonzero element v € 7 \ Cy to the con-
nection set Cy = {eq,...,e,} of Q, to get a new cubelike graph G1. Then the following

are equivalent:
e (1 admits uniform mixing at time =,
e (31 is not bipartite,
e wt(v) =0 (mod 2).

Hence if we add one extra element v to the connection set of a connected n-regular n-
cubelike graph (isomorphic to (), but the connection set might not be C), then the new

graph admits uniform mixing at time 7 if and only if the resulting graph is not bipartite.
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Example 3.6.6. Adding v = 0101 to the connection set Cy = {ey, e, €3, ¢4} of the 4-
cube, gives a non-bipartite 4-cubelike graph that admits uniform mixing at time 7%, since
wt(v) = 0 (mod 2). Adding v = 1101 to the connection set Cy = {ey, 2, €3, €4} of the
4-cube, gives a bipartite 4-cubelike graph that does not admit uniform mixing at time I,
since wt(u) =1 (mod 2).

Making use of the fact that cubelike graphs are diagonalizable by the standard Hadamard
matrix, we can get the spectral decomposition of a cubelike graph, and with the method
shown in Remark we can get a closed form formula for ¢4, where A is the adja-
cency matrix of a cubelike graph. This can be used to confirm the above results obtained

from Proposition [3.6.5]

Now we consider adding two extra nonzero elements to the connection set Cy of (),,.
Again we order the vertices of (), in the increasing lexicographic order of the binary
numbers in Zy. Denote the matrix B ﬂ by F, then Uy, (}) = QL%( F®™), where F&"
denotes the tensor product of /' with itself for n times.

Now for u,v € Zj, we give a formula for the (u, v)-entry of 22 Ug, (%), and for the
(u,v)-entry of the permutation matrix P, for w € Z3. In the following, the sum u; + v,

is performed in Z,, and the sum u + v is performed in Z}. For an integer p, let [p], denote

the remainder when p is divided by 2.

Proposition 3.6.7. Let n be a positive integer. Foru,v,w € Zj, we have 22 (Ug, ()0 =

M) and (Py)y., = 1 if and only if u + v = w.
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Proof. Whenn = 1, for u,v € Zo, the (u,v) entry of F' = [1 Z] is i(—4) vz which

1
satisfies the above formula. For n > 1, assume v = wjug - - - Uy, U = 10y - - - U, and let

Soz{jzl,...,n|uj:vj=O},51:{j:1,...,n|uj:vj:1}.Then

(% (e (3))),, = e

_ (i(—i)[“H'”H'l]z)(i(—i)[u2+”2+1]2) . (i(—i)[u"+”"+1]2)

_ in(_i)ISoHlSl\

= " (—g)n ety (as wt(u +v) =n — |So| — [S1])
= ) ()

o iwt(u—‘rv).

Similarly for P, = R @ R ®- - -® R, we have (P,,)y,» = ([u1 +v1 +wy +1]2) (Jus +
vg+wa+1]2) - - - ([tn+ vy +wy, +1]2), which equal to 1 if and only if [u;+v; +w;]o = [0]2
forallj =1,...,n,1i.e., u+v = w. Therefore for the permutation matrix P,, and u € Z7,

the only nonzero entry in the u-th row of P, is the (u, u + w)-entry. O

Now consider adding two nonzero elements u,v € Z3 \ Cy to the connection set Cy
of the n-cube. For two elements u,v € Z3, we say the pair (u,v) is of type (a,b, ¢) for
a,b,c € {0,1}, if wt(u) = a (mod 2), wt(v) =b (mod 2),[uNv] = ¢ (mod 2), where

[uNwv]denotes [{j =1,...,nu; =v; =1}

Theorem 3.6.8. Assume we get an (n + 2)-regular n-cubelike graph G by adding two

nonzero elements u,v € Z3 \ Cy to the connection set Cyy of the n-cube. Then Gy admits
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uniform mixing at time 7 if and only if (u, v) is of one of the following four types:

(0,0,0), (0,1,1), (1,0,1), and (1,1,1).

Proof. We find Ug, (5) = ¢/ 5 (Sacoy PITPtP) _ 1T (Loecy P2) pifPugi TP = Uq, (5)(cos(5)I+
isin(Z)P,)(cos(5)I +isin(%)P,) = LUq, (3)(I +iP,)(I+iP,) = 1Uq,(5)(I — Pysu+

i(P, + P,)). G2 admits uniform mixing at time 7 if and only if all the entries of Ug, (%)

have modulus 2%, i.e., all the entries of U = 23Ug, (3)(I — Puyy + i(P, + P,)) have
modulus 2, which happens exactly when the entries of U are of the form +2 or £24, since

all the entries of 22 Ug, (%) are +1 or .

Denote the matrix 22 Ug, (%) by U. Forx,y € 78, Upy = Uy — (UPyin)ay +
W(UP) oy +i(UP) gy = ) Uy iUy il gy = 1000 —jut(otyTuto)
i@ty g gutletyde) — jut(w) _jut(wtuto) 4 g gutwtu) 4. etwds) where w = x4y
Using the fact that for any x,y € Z%, wt(x + y) = wt(z) + wt(y) — 2[x N y], the above

equation can be rewritten as

Ux,y — iwt(w) . Z-wt(w)—l—wt(u—l—v)—2[wﬁ(u+v)] + iwt(w)+wt(u)—2[wﬂu}+1 + iwt(w)—&—wt(v)—Q[wﬂ’u]—&-l

_ iwt(w)(l o Z'wt(u)+wt('u)72[uﬂ'u]72([wﬁu}+[wﬁv]f2[wﬁuﬂv}) + Z—’wt(u)f2[wﬁu}+1 +

iwt(v)fQ[wﬂ'u]Jrl )

_ Z-wt(w)(l . Z'wt(u)+wt(v)72[uﬁv]72[wﬂu]72[wﬁv] + Z-wt(u)fQ[wﬂu]Jrl + iwt(v)72[wﬂv]+1)

_ iwt(w)(l . Z'wt(u)+wt(v)(_1)[uﬂv]+[wﬂu]+[wﬂv} + Z-wt(u)+1(_1)[wﬂu] + Z'wt(v)—l—l(_l)[wﬁv}).
Hence G5 admits uniform mixing at time 7 if and only if @ = 1 + ¢!+ (—1)lwnul 4

Z'wt(v)Jrl(_l)[wﬂv} o Z'wt(u)+wt(v)(_1)[uﬂv]+[wﬂu}+[wﬂv} has modulus 2 for all w € ZS

o If [umv] =0 (mod 2)’ then a = 1_,L'wt(u)+wt(v)(_1)[wﬂu]+[’wﬁv]+iwt(u)+l(_1)[wﬁu}_|_

Z'wt(v)—i-l(_l)[wﬂv} — (1 + Z'wt(u)-i—l(_l)[wﬂu]) (1 + Z'wt(v)-l—l(_l)[wﬁv})’ and ’a‘ — 92if
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and only if each of the two factors has modulus V2, which is true if and only if

wt(u) =0 (mod 2) and wt(v) =0 (mod 2). This gives us the type (0,0, 0).

e If[uNv] = 1 (mod 2), then a = 144HW+wt) (1 )wul+fwne]  juwtlw)+1(_q)lwnu]
AL ()t — 9 (1 — jut+(q)nul) (] — jute)+ (1)) and | =
2 if and only if one of the two factors has modulus O or 2, which is true if and only if
wt(u) =1 (mod 2) or wt(v) =1 (mod 2). This gives us the three types (0,1, 1),

(1,0,1) and (1,1, 1).
O

Example 3.6.9. Adding elements v = 01110 and v = 10010 to the connection set Cy =
{e1,...,e5} of the 5-cube produces a 5-cubelike graph that admits uniform mixing at time
Toas[uno] = 1 (mod 2), wt(u) = 1 (mod 2), wt(v) = 0 (mod 2), and therefore
(u,v) is of type (1,0,1). Similarly, adding elements v = 00110 and v = 10110 to the
connection set Cy = {ey, ..., e5} of the 5-cube produces a 5-cubelike graph that does not
admit uniform mixing at time §, as [uNv] = 0 (mod 2), wt(u) =0 (mod 2), wt(v) =1

(mod 2), and therefore (u,v) is of type (0, 1,0).



Chapter 4

Perfect quantum state transfer in
weighted paths with loops using

orthogonal polynomials

Among connected graphs on n vertices, the path is one of the graphs that has a sim-
ple structure, and it realizes the largest possible diameter. As mentioned in Chapter
the unweighted path on n vertices only exhibits adjacency PST for n < 3, and only
exhibits Laplacian PST for n < 2. A natural generalization is to consider weighted
paths. Christandl, Datta, Dorlas, Ekert, Kay and Landahl [30] showed that adjacency PST
can be achieved over arbitrarily long distances by using a specific set of edge weights;
the edge weights they used to achieve adjacency PST from vertex 1 to vertex n were

wjj+1 = y/j(n—j) foreach j € {1,...,n — 1}. Another generalization is to add

101
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weighted loops on the vertices of an unweighted path. It is true that if there are two non-
adjacent vertices u and v in a graph G such that v and v share the same neighbours, then
adding properly weighted loops on the vertices of G will help achieve PST between u
and v [[63]]. However, there is no such set of weighted loops to add on the vertices of an
unweighted path on n > 4 vertices to achieve adjacency PST between the end vertices.

A further generalization is to consider weighted paths with weighted loops. Kay
[61] found a necessary and sufficient condition on the eigenvalues for a weighted mirror-
symmetric path with loops to exhibit PST between its end vertices at a given time ¢,. Given
a set of n distinct real numbers (a real-weighted path has only simple and real eigenvalues)
satisfying certain conditions (for example, to ensure PST for a weighted path), several al-
gorithms exist [37] [43, Chapter 4] [86]] for constructing a tridiagonal matrix (correspond-
ing to a weighted path with or without loops) that has those numbers as eigenvalues (and
therefore exhibits PST).

In this chapter, we consider weighted paths on n vertices, with vertex set {1,2,--- ,n},
from a matrix analysis point of view: weighted paths with loops (potentials) amount to
tridiagonal matrices (a matrix A = [a; ;] is called tridiagonal if a; , = 0 whenever |j—k| >
1) with certain restrictions (e.g. the diagonal entries of the adjacency matrix of a weighted
path (without loops) are necessarily zero). Any symmetric tridiagonal matrix gives way to
a three-term recurrence relation, and a finite sequence of polynomials defined by a three-
term recurrence relation is a sequence of orthogonal polynomials, so our approach is to

work with the orthogonal polynomials (see Section for more details) that arise by
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considering the tridiagonal matrix as an operator on the polynomial space.

In Section[4.1] we review some basic results about orthogonal polynomials, three-term
recurrences, and a necessary and sufficient condition on the eigenvalues of a weighted path
with or without loops to exhibit PST between the end vertices at a given time ¢,. Based
on this, we give some observations to simplify the analysis in the following sections. In
Section 4.2} using an approach similar to that found in [41]], we obtain formulas, in terms
of eigenvalues, for the weight of the edge between vertices |2 | and |2 + 1| and of the
loop at vertex [%1 This allows one to determine the “middle” weights of the weighted
path with loops with a given spectrum without the need to calculate all the orthogonal
polynomials or the weights of the inner product. In Section {.3] we give the main result:
any weighted path on n > 3 vertices does not admit Laplacian PST between the two end
vertices, nor do certain mirror symmetric trees between their symmetric vertex pairs. In
Section we propose the following conjecture: weighted paths on at least four vertices
with or without loops must have at least one irrational weight in order to have adjacency
PST between the end vertices at the fixed readout time 7; we confirm this conjecture for
n = 4 as well as forn = 3 (mod 8) and forn =5 (mod 8).

Throughout this chapter, in the setting of adjacency matrices, we consider paths with
or without loops; in the Laplacian matrix setting, we only consider paths without loops.
This chapter is based on work with Kirkland, McLaren, Pereira and Plosker [67]. The
work began when Pereira visited the University of Manitoba in June 2017 for a one-week

period. McLaren was Plosker’s undergraduate student research assistant in Summer 2017.
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4.1 Preliminaries

4.1.1 Orthogonal polynomials and three-term recurrence

In this section, we review some basics about orthogonal polynomials; for more details, see
[44, Chapter 8].

The set of all real polynomials in one real variable forms a vector space P. If pis a
measure on R such that [ z?"du < oo for all non-negative integers n, then we can define
an inner product on this vector space by (p, ¢) := [ p(z)g(x)dp. Given this inner product
we can find an orthogonal basis (p,);>( for P such that p; is a polynomial of degree j. We
say that (p,);>o is a sequence of orthogonal polynomials.

The factors and zeros of each polynomial in a sequence of orthogonal polynomial have

some nice properties.

Theorem 4.1.1 ([44], Lemma 8.1.1). Let (p;) >0 be a sequence of orthogonal polynomials.
Suppose that for some n > 0, a polynomial f is a proper factor of p,,. If f is nonnegative,

then it must be constant.
Therefore we have the following.

Corollary 4.1.2 ([44], Section 8.1). Let (p;) >0 be a sequence of orthogonal polynomials.

Then for any n > 0, all the roots of p,(x) are real, and they are all simple roots.

Orthogonal polynomials are closely related to three-term recurrence relations.
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Theorem 4.1.3 ([44], Theorem 8.2.1). Let (p;);>0 be a sequence of monic orthogonal

polynomials and set

_ (pppy) o, (05p))
a] - . . ’ ] o . . :
(pjs pj) (pj-1,Pj-1)
Then for all positive integers j,
pi+1(x) = (x — a;)p;(x) — bjpj—1 (). 4.1)

A recurrence of the form

zpj(x) = Bjpjti(z) + Ajp;(z) + Cjpj-1 ()

with the product B;C; being a positive real number for all j, is known as a three-term
recurrence. If we extend our sequence of orthogonal polynomials by defining p_; to be
the zero polynomial, then the three-term recurrence in the above theorem holds for all
nonnegative integers j.

On the other hand, three-term recurrence relations also give rise to orthogonal polyno-

mials.

Theorem 4.1.4 ([44], Corollary 8.4.3). A finite sequence of polynomials defined by a three-

term recurrence is a sequence of orthogonal polynomials.
One consequence of Theorem [4.1.3]is the following.

Corollary 4.1.5 ([44], Section 8.2). Let (p;) ;>0 be a sequence of orthogonal polynomials.
Then the polynomials p,.1(x) and p,(x) have no non-trivial common factor, whenever

n > 0.
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The following result connects the adjacency matrix or Laplacian matrix of a weighted

or unweighted path with or without loops to the theory of orthogonal polynomials.

Proposition 4.1.6 ([44]], Corollary 8.2.2). The orthogonal polynomial p, 1 (x) satisfying
equation withp_1 = 0, and py = 1 (and 7 = n) is the characteristic polynomial of

the symmetric matrix

f a0 o -
\/b_l ai \/E
Bn,., =
b1 n-1 \/E
L \/b_'ﬂ an .

Proof. We proceed by induction on n. If n < 1, the result is immediate. If n > 1, then we

expand det(x1, 11 — B,1) along the last row to obtain
det(xl,11 — Boy1) = (z—ap)det(zl, — B,) — b, det(zl,_1 — B,_1)
= (¢ = an)pn() = bppn-1(2).
This yields the desired result. ]

Corollary 4.1.7 ([44], Section 8.2). Let (p;) ;>0 be a sequence of orthogonal polynomials.

The the zeros of p,+1 interlace the zeros of p,, for any n > 0.

Proof. From Proposition we know that the zeros of any orthogonal polynomial are
the eigenvalues of the adjacency matrix of a weighted path with loops. Combining this

fact with Theorem [2.1.15| we obtain the desired result. O

Now given the adjacency matrix or Laplacian matrix of a weighted path, we find the

associated finite sequence of orthogonal polynomials, the associated sequence of monic
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orthogonal polynomials, as well as a tridiagonal matrix associated to this finite monic
orthogonal polynomial sequence, then we use them to find the eigenvectors associated to

the two matrices, which will be used to study the quantum state transfer property of paths.

4.1.2 Paths and orthogonal polynomials

Here we focus on two settings: weighted paths governed by Laplacian dynamics, and
weighted paths, that may or may not have loops, governed by adjacency dynamics. In
both settings, the vertices of the path are labelled so that vertex j is adjacent to vertex
J+1,5=1,...,n— 1. As aresult, the Hamiltonian will always be a tridiagonal matrix

of one of the following two forms depending on the dynamics.

g1 T g -
L g2 T2 —rr Q2 T2
T2 g3 T3 —T2 g3 T3
A= , L=
Tn—1 —Tn—1
L Tn—1 dn i L —Tn-1 An i

where r; > 0 denotes the weight of the edge between vertex j and j + 1. For the adjacency
matrix case, all ¢; = 0 for (unweighted or weighted) paths without loops. The weight of
the loop at vertex j corresponds a nonzero entry ¢;. For the Laplacian matrix case, as we
are only considering weighted or unweighted paths (without loops), it follows that ¢; = 71,
g =rj-1+rjforj =223 ...,n—1and g, = r,_1.

Expanding det(zl, — A) (or det(zl, — L)) along the last row and making use of

Theorem 4.1.4] we note that both of the two symmetric tridiagonal n x n matrices in (4.2)

(4.2)
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are connected to a set of n orthogonal polynomials via the three-term recurrence given by

pr(x) = (2 — q)pp—1(x) — ri_ypr—a(z) forallk € {1,...,n}, (4.3)

where pi(z) denotes the characteristic polynomial of the leading principal submatrix of
A or L of size k (note that we have the same recurrence relation for the sequence of
orthogonal polynomials associated to A or L). Further we define p_;(z) = 0 and py(x) =
1, and denote the eigenvalues of A or L (that is, the roots of p,,(x)) by a,, 7 = 1,... n.
Rearranging equation , we find that zpy_1 (z) = pr(z) + qrpr—1(x) +77_ pr_2(z).
Combined with the fact that p_; (x) = 0 and po(x) = 1, it follows that (p;());=0 1. 182

sequence of monic orthogonal polynomials and satisfy

Tpp—1(7) = pr(2) + qepr_1(x) + 717 pe_o(z) fork =0,1,...,n. 4.4)

Consider the matrix

g 1
7"% g 1
ry3 g3 1

X = S : (4.5)

T2 qn—1 1

7ﬁn—l dn

Equation (4.4) implies that the matrix X represents multiplication by = (mod p,(x)) in
the basis B = {po(x),...,pn-1(2)}:

po() po()
x| " Sx) —. |7 1@ (mod p,(z)). (4.6)
Pn-1(7) Pn-1(7)

We note that A is similar to X via QX = AQ where Q) = diag (dy,...,d,) and
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1
— if j #1,

dj = [T e (4.7)
1 ifj=1.

The matrix L is also similar to X via T'X = LT where T' = diag (dy, . ..,d,) and
(=1

— if j 1,
d; = i (4.8)

1 ifj=1.

Let M denote the matrix A or L in equation (4.2)). From the discussions at the begin-
ning of this section and Corollary .1.2] we know that the eigenvalues of ) are real and
distinct, since r; > O forall j = 1,...,n — 1. We then use this distinctness to order the

eigenvalues as follows:
o < g < - < Q. 4.9)

Since X is similar to M, we know that o, . . ., v, are all the eigenvalues of X. Note that

an eigenvector of X associated to the eigenvalue «; is

w; = [poay), pr(ey), -5 pa-1ay)]".

This can be verified by computing Xw;, and then using the recurrence relation (4.4) eval-
uated at a; to simplify each term (keep in mind p,(c;) = 0 for j = 1,...,n), or we can
use equation (4.6) directly.

Now, let us consider the set of polynomials S = {po(x),...,Dn—1(x)} with pg(x) =
dr+1px (), where the dis are given by equation if we are taking M = A and the djs

are given by equation (4.8) if we are taking M = L. As with the set B, the set S is also
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a basis of the vector space of all polynomials of degree less than n. In the basis S, the

matrix that represents multiplication by the = (mod p,(z)) is exactly M:

Po() Po()
p1(x D1 (X
| P 2o | P nod o),
ﬁn—l(-r) ﬁn—l(x)
Letv; = [po(c;), p1(ej), - .., Pu_1(;)]T. Then v; is an eigenvector of M associated to the

eigenvalue o, since from M = QX Q! and Xw; = a,w;, we know that an eigenvector
v; for M corresponding to the eigenvalue a; is v; = Qu; = [dipo(ey;), -, dnpn_1(a;)]7,
with Q =Qif M = A, and Q = T if M = L. Therefore the two vectors v, and v, are
orthogonal to each other for any r # s (eigenvectors of a real symmetric matrix associated
to distinct eigenvectors are orthogonal to each other).

Normalizing these vectors, assume the normalization factors are VEi (in fact, k; =
ﬁ), j = 1,...,n, respectively, then the matrix V' = [\/K1v1, \/RaVs, . .., /Kn¥y] is an
orthogonal matrix, and it diagonalizes the Hamiltonian H = M to the diagonal matrix

A = diag (ay, ..., ap), e, VIMV = A.

4.1.3 Characterization of the eigenvalues of a weighted path with or

without loops that exhibits PST at time 7

Let V' and A be the two matrices as in the previous section. Recall that V" is real orthogonal
and A is diagonal such that VMV = A. Denote the /-th row of V by 14, { = 1,...,n.

Proposition tells us that there is PST between vertex j and k at time ¢ = ¢ if and
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itgA

only if rje™? = ¢ for some phase factor ¢. If p;_1(c.) # 0 forr = 1,...,n, then the

vector equality can be rewritten as

Prosl@) i iton, (4.10)
pj—l(ar)
forr = 1,2,...,n. Since the polynomials p,(z) are real, it follows that p,_1 (e ) /p;j—1(a,) =

+1. In particular, if we consider the case of PST between the end vertices of the corre-
sponding weighted path, i.e., ; = 1 and k = n, then, combining the fact that p,; _(z) =
Po(z) = po(z) = 1 for all x with the interlacing property of zeros of p,(z) and p,,_1(z)

from Corollary it can be shown [86] that

Pr1(ay) = (=1)"*". 4.11)

Therefore e et = (—1)"*", Looking at two neighbouring eigenvalues . and .1,
we can see that e0(®r=2—1) — _1 and therefore o, — a,_; = (2m, + 1)7/t, for some
nonnegative integer m,. [[61]. Now we scale the Hamiltonian (A or L depending on the
dynamics) by a factor /7 so that the PST time is 7, and we therefore look at a simpler

expression

oy — oy = 2m, + 1. 4.12)

By Lemma for a system with symmetric tridiagonal Hamiltonian H = M, if
PST occurs between the end vertices, then M is persymmetric (symmetric about the anti-
diagonal; persymmetric matrices are also called mirror symmetric or Hankel symmetric in

the literature). Combining these results together, we obtain the following result.
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Corollary 4.1.8. A weighted path (with loops) with eigenvalues o, . . ., o, admits PST
between its end vertices at time 7 if and only if the Hamiltonian H = M is persymmetric

and the eigenvalues oy, . . ., oy, satisfy equation ({4.12)).

In the case of a weighted path having no loops, the associated graph is then bipartite,
and therefore the eigenvalues of the adjacency matrix (A with ¢y = --- = ¢, = 0) are
symmetric about zero (Theorem 3.14 [9]). In this case, we give the eigenvalues another

set of labels as follows

—B%<---<—62<—51<O<51<52<---<ﬁ%,forneven

—B%l<---<—Bg<—ﬁl<B0:O<ﬁl<52<---<B%4,fornodd (4.13)

(we use zero as the index of the zero eigenvalue in the case that n is odd; zero does not
appear as an eigenvalue in the case when n is even). From now on, when we mention the
eigenvalues as «,-, we mean the ones ordered as in (4.9), and when we mention eigenvalues
3, we mean the ones as in (4.13). If n is even then and yield the fact that

b1 — (=01) =261 = (2my + 1), and therefore 5; = (2m; + 1)/2. Using this, we find

Bo—B1 = (2my+1)

2
(4m2 + 2m1 + 3)
5 .

:>ﬁ2 = (2m2+1)—|—

Following this, we see that if n is even, all 5, will be odd multiples of 1/2. In fact, one can

easily show by continuing the analysis of 3, — 3,_1, that s alternate between 1 (mod 4)
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times 1/2 and 3 (mod 4) times 1/2 (these give us alternating 4-i when considering e
in the matrix exponential ¢™™). A similar analysis shows that if n is odd, then f3,s are
integers, alternating between even and odd (these give us alternating +1 when considering

e, with By = 0. We summarize this in the following remark:

Remark 4.1.9. A weighted mirror-symmetric path without loops exhibits adjacency PST
between its end vertices at time 7 if and only if its eigenvalues 3, adhere to the following
pattern: for n even, [,s alternate between (1 mod4) x 1/2 and (3mod 4) x 1/2, while for

n odd, [3,s alternate between even and odd integers.

For the adjacency matrix of a weighted path with loops, we can shift all the eigenvalues
(by adding a multiple of the identity matrix) such that the smallest eigenvalue is an integer;
equation then tells us that the eigenvalues ;s must alternate between even and
odd. This new weighted path with loops will exhibit PST between its end vertices if
and only if the original one does, by Proposition [[.3.9] Therefore the eigenvalues can
then be assumed to be integers with alternating parity without loss of generality. For a
weighted path without loops, its Laplacian matrix L is positive semi-definite with smallest
eigenvalue O (of multiplicity 1, since the graph is connected). Using this together with
equation (4.12), we know that the integer sequence of ordered eigenvalues ., begins with
0 (even number) and then alternates odd, even, odd, ... for all the remaining eigenvalues.

We summarize this in the following remark:

Remark 4.1.10. A weighted mirror-symmetric path with loops (with adjacency matrix

A) exhibits adjacency PST between its end vertices at time 7 if and only if for some
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scalar matrix a/, the shifted adjacency matrix A + al has its eigenvalues «,. alternating
between odd and even integers (with the odd-indexed eigenvalues being odd integers, and
the even-indexed eigenvalues being even integers). A weighted mirror-symmetric path
with no loops exhibits Laplacian PST between its end vertices at time 7, if and only if
the Hamiltonian ‘H = L has its eigenvalues «, alternate between even and odd integers

(starting with the smallest eigenvalue: zero).

Note that for a weighted path with or without loops that admits PST between its end
vertices (not necessarily at time 7), we can always scale the Hamiltonian so that PST oc-
curs at time 7, and use Remark and Remark to obtain a pattern for the eigen-
values of the scaled system, which provides a pattern for the eigenvalues of the original
system.

Now we check the relation of occurrence of PST between internal vertices and between

the two end vertices on a weighted path.

Proposition 4.1.11. For a weighted path with or without loops on n vertices, PST between
vertices 1 and n implies PST between vertices j andn + 1 — j, foreach j =2,...,n— 1.
If for some j with 2 < j < n — 1, a weighted mirror-symmetric path on n vertices admits
PST between vertices j and n + 1 — j, and if in addition none of the eigenvectors of
the Hamiltonian H = M has a zero entry in the j—th position (i.e., for the orthogonal
polynomial sequence (p;())i=o1...n associated to the tridiagonal matrix M, for each

eigenvalue o, of p,(x), pj—1(a,.) # 0), then the converse holds.

Proof. We have shown in Section [4.1.2] that an eigenvector v, of A associated to the
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eigenvalue «, is

v, = Quw, (orv,=Tw,if M =1L)

dipo(a,) Polay)
= : - | (4.14)

dnpr—1(0y) Pr—1(a)

Now, if we assume that there is PST between the end vertices, then M is persymmetric
(Lemma [2.6.3), that is, RMR = M (or RM = MR), where R denotes the reversal
matrix, which has Is on the anti-diagonal and Os elsewhere. Now Mwv, = «,v, implies
that M (Rv,) = R(Mv,) = R(a,v,) = a,(Rv,). Since Rv, # 0, this means that Rv, is an
eigenvector of M associated to the eigenvalue «,.. The facts that «,. is a simple eigenvalue
and that || Rv,|l2 = ||v,||2 imply that Rv, = 4wv,. Hence the eigenvectors v, of M are
either symmetric or antisymmetric, i.e (v,); = =(v,)n—j+1, 7 = 1,2,...,n, therefore
either p;_;(c,.) and p,_;(c,) are both zero, or neither of them is zero and for some phase

factor q%, as shown in equation (4.10) they satisfy

?j*l(ar) _ ~p0(ar) — ei(ﬂ—ar_gg) = j:l
pn—j(ar) p”_l(ar)

(4.15)

The above is valid for all o, and j such that p,,_;(«,) # 0, and the quotients share the same
alternating pattern between 1 and —1 determined by PST between the end vertices; hence
there is perfect state transfer between the vertices j and n + 1 — j (as rje™M = eia’rnﬂ_j
in this case).

The steps above are all reversible under certain conditions: if there is PST between a

pair of inner vertices j and n + 1 — j for some 2 < j <n — 1, and if p;_; () # 0 for all

r = 1,...,n (and therefore p,_;(a,) # 0 as well), then equation (4.15)) is true for all «,
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and the given 7, and therefore there is PST between the two end vertices. [

Referring to the proof of Proposition4.1.11} we observe in passing that if p;_; (o) =
Pn—j(a,) = 0 for some 7, then it does not provide the ei(mer=3) — 41 constraints on the

eigenvalues needed for PST between end vertices.

The following three sections contain the main results of [67].

4.2 Expressing the weight of the middle edge and of the
middle loop of a weighted persymmetric tridiagonal

matrix in terms of its eigenvalues

Given a set of n eigenvalues (with restrictions given from equation (#.12))), we would like
to reconstruct the adjacency matrix of a weighted mirror-symmetric path with or without
loops, that is guaranteed to have PST between vertices 1 and n. That is, by choosing values
for o, ..., o, satisfying Equation (.12) (these will correspond to the eigenvalues of the
matrix), one can reverse-engineer weighted paths, with or without loops, having PST. We
go through the low-dimensional cases in detail in this section and the next section.

First we state a technical result that is especially helpful in analyzing the eigenvalues

of persymmetric matrices.

Lemma 4.2.1. [22, Lemma 3] Let R be the reversal matrix: the anti-diagonal matrix with

all ones along the antidiagonal.
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1. If n is even, then the persymmetric matrix B = E - RCR and the block diagonal
C RER
. |E—RC 0 o n
matrix 0 E+ RC are orthogonally similar, where E and C are any 5 X

n

5 matrices, and R is also g X %

E x RCR
2. If n is odd, then the persymmetric matrix B = |27 ¢ 2TR | and the block
C Rx RER
E—-—RC 0 0
diagonal matrix 0 q V2xT | are orthogonally similar, where E

0 V2x E + RC

and C' are any "T_l X ”T_l matrices, R is also "T_l X ”T_l, g€ R andx e Rz,

Applying Lemma to the adjacency matrix of a mirror symmetric weighted path
with or without loops, we can express the weight of the middle edge (and the weight of
the loop on the middle vertex) in terms of the eigenvalues. Let S; = >, (—1)" ™, and

r=1

S = Lry (-1l

Proposition 4.2.2. Let A be the adjacency matrix of a weighted mirror-symmetric path

with or without loops on n vertices, whose edge weights are as in ({4.2)). If n is even, then

. /Sy — 5%
. If n is odd, then Tno1 = 5 and Gni1 = S.

Sh nd S
rn = —a n = —
s~ o M4 T g
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Proof. Suppose n is even. The adjacency matrix
_CI1 T
L g2 T2

T2 g3 T3

22 (4.16)

n  (n T%_l

T2 G2 T
L T 41
a1 M
. E RCR| . e Q2 T2
can be seen as a block matrix A = [C RER] with &/ = . and C' =
rg-1 43
0 0 0 ra
0 0 0 0 . o .
. By Lemma @4.2.1, A is orthogonally similar to the block diagonal
0 o0 0

matrix with diagonal blocks

g1 T g1 T
. q2 T2 ™ g2 T2
B, = T2 g3 T3 and B; = r2 g3 T3

I re1 (g2 —rz) ra1 (qg +r2)

Note that B, = By + 27‘% en el . Tt is a well-known fact that if one perturbs a Hermitian
2

matrix by a rank-one symmetric matrix, then the original matrix and the perturbed matrix

will have interlacing eigenvalues (Theorem [2.1.11). Since 7z is positive, it follows that

By has eigenvalues aq, ag, ..., a,—1 and By has eigenvalues s, ay, . . ., oy, Where oy <

as < ... < a, are all the eigenvalues of A.
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From the fact that the trace of a matrix is the sum of its eigenvalues, we find 2rz =

S
Tr(By) — Tr(By) = S and therefore ro = 71 Now, from the fact that the trace of
the square of a matrix is the sum of the squares of the eigenvalues of the original matrix,

we find that (qz + r=)* — (¢n — r=)?> = Tr(B3) — Tr(B}) = Sy, which simplifies to

— o2

4qzra = Sy, Therefore, gz = e

Suppose n is odd. The adjacency matrix

g "
T g2 T2
T2 g3 T3
Tn-1 -1 Tn-1
7L2 —1 an n2
A fy Tn—1 qL‘H Tn-1 (4.17)
2 2 2
Tn-1 -1 Tn-1
n2 an nz -1
T2 G2 T
L 1 41

is orthogonally similar to a block diagonal matrix with diagonal blocks

-C]1 T ] [ qui1 0o --- 27‘%1_
L g2 T2 0
B; = T2 g3 r3 and B; =
B,
_ Fagly @at | |[V2ros _

(Here, C' is a zero matrix.) From Cauchy’s interlacing theorem for a bordered Hermitian
matrix (Theorem [2.1.15), we know the eigenvalues of B; are o, au, ..., a,_1, and the
eigenvalues of B, are oy, ag, ..., q,. A trace argument similar to the even case yields

qnt1 = Tr(By) — Tr(By) = Sy and ¢%,, + 412, = Tr(BZ) — Tr(B}) = S,. Therefore

2
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\/S2—52 .

Remark 4.2.3. For the Laplacian L of a weighted mirror-symmetric path (without loops)

. . . S1
on n vertices, we have a similar result : if n is even, then rno= — and qn = f

2

n is odd, then r no1 = s and Gni1 = S7. Furthermore, for the even case, from

2.5
25"

. So—S2 .
grn = 7rn_1+7rn, weobtainrn_; = 2221 For the odd case, from ¢nt1 = 27,1, it follows
2 2 2 2 251 2 2

that S, = 257

Example 4.2.4. Using Proposition {.2.2] we will check what edge weight sets allow a

weighted path on 2 or 3 vertices to admit PST between the end vertices.

For n = 2, Proposition 4.2.2| yields a weighted path with loops having r; = @2 ; i
Qg + . . .
and ¢ = 5 If we consider a weighted path with no loops (and so ay,as are

simply — [, (1 as in (4.13)), the Hamiltonian A reduces to {501 %1

for some nonnegative integer ¢, then Remark implies that A admits PST between

]. If28, =20+ 1

the two end vertices at time 7, and therefore the unweighted path on two vertices, whose
. . . O ]. . . 2(_;,_1

adjacency matrix is 1 ol admits PST from vertex 1 to vertex 2 at time Sim = ==
by Remark [I.3.T1] which is consistent with literature [45] (the unweighted path P, admits

adjacency PST at time ¢, = 7, and therefore also at t = (2¢ + 1)t, for any non-negative

integer ¢). Similarly, for the Laplacian case, since a; = 0, the Hamiltonian L reduces to

1
2

Qg —09
—Qg Q2

} . Again by Remark |4.1.9} if a, = 2¢ + 1 for some nonnegative integer ¢,

then L admits PST at time 7, and the unweighted path on 2 vertices admits Laplacian PST

at time %T“ﬁ.



121

For n = 3, Proposition 4.2.2] implies that a weighted path with loops, whose eigen-

\/—QOK% + 20(1062 - 20610&3 + 20420&3

d
5 an

values are ay,as and ag, has weights r; =
g2 = a1 — a3 + a3. Furthermore, since B is simply the 1 x 1 matrix [¢], we can
find ¢; via ¢ = Tr(B;) = as.

Under adjacency dynamics, the Hamiltonian H = M is

\/-2&%4—2&1&2—2&10&3-}-2&20&3

(6) 3 0
A _ \/—2a%+2a1a2—2a1a3+2a2a3 \/—2a%+20¢1a2—20¢1a3+2042043 4 18
- 3 a1 — Qg + Qg 3 ( : )
\/72a§+2a1a272a1a3+2a2a3
0 Q2

2
If we consider a weighted path with no loops (and so a1, as, a3 are simply —/f1, 0, 51),

the adjacency matrix reduces to

B
0
AZT%ST% (4.19)
1
0750

Again by Remark 4.1.9] if £ is an odd integer, say 3; = 2¢ + 1 for some nonnegative

integer ¢, then A admits PST between vertices 1 and 3 at time 7. Therefore Remark [[.3.11]

implies that the unweighted path on 3 vertices admits adjacency PST at time 2@%17?, which

is consistent with literature [45] (the unweighted path P; admits adjacency PST at time
to = J5). Similarly for the Laplacian dynamics, from Remark @ and the fact that

a1 = 0, we know the Laplacian reduces to

. \/—2a§+2a2a3 0

[6%) 5

L — \/ —20(%—&-20(20(3 A/ —204%—1—2@2043

T E— Q3 — Qo - 2

—2a2+2a2a3
0 VA 0

A / 72a§+2a2a3

Since there are no loops on the weighted path, we have oy = ~——F—— and a3 —

Qg = \/ —2a3 + 2aza3. Solving the two equations together, we obtain a3 = 3ay. By
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Remark [4.1.9] (if a weighted path admits Laplacian PST at time 7, then its eigenvalues
alternate between even and odd integers), we know that a weighted path (without loops)

on three vertices does not admit Laplacian PST.

4.3 PST between the end vertices of a weighted path fails

for the Laplacian dynamics

The previous example shows that there are no weighted paths on 3 vertices that admit

Laplacian PST between the end vertices. In fact, we have a more general result.

4.3.1 There is no Laplacian PST between the two end vertices of a
weighted path on n > 3 vertices

As discussed in Remark|4.1.10}, if there is Laplacian PST at time 7 between the end vertices
of a weighted path (without loops), then the eigenvalues of the Laplacian are integers and

alternate between even and odd (starting at zero).

Theorem 4.3.1. No weighted (or unweighted) path on n > 3 vertices admits Laplacian

PST between its end vertices.

Proof. Assume a weighted path admits Laplacian PST between its end vertices; by a suit-
able scaling of the Laplacian we can assume that PST occurs at time 7. Therefore the

eigenvalues a; = 0 < as < ... < «, of the Laplacian are all integers and alternate
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between even and odd as mentioned in Remark [4.1.10] We begin with the case when n is

even. The persymmetric Laplacian is of the form

(& -1
—ry ri+ry =T
—T9 D) + T3

—Tn

re_y + ra

—T9 7‘1+7’2

_Tl

with £/ and C written according to Lemma Then L is orthogonally similar to

T1 —T
—ry rte T
B, 0
, where B, = F — RC = —Ty Te+T3 —T3 ,
0 By
] L _—T‘%_l (T%_l —+ 27"%) ]
1 -
—ry rte -T2
and By = F+RC = —Te TetT3 T3 . Note that the eigenvalues
L —Troz_1 Tz-1 |
of By are aw, - - - , v, and the eigenvalues of B, are oy, - -+, a1

Note that in this setting B5 is the Laplacian matrix for the weighted path G' on %

n
2

vertices with edge weights r;,j = 1,...,5 — 1. Theorem (part 2) tells us that

all the principal minors of B; of size § — 1 are equal, and they are equal to the product

ri72 - -rn_y of all the weights of the weighted path G, as G has only one spanning tree

— itself. Recall that the eigenvalues of the Laplacian matrix B; are a; = 0, g, . .

<y Op—1;

_/rl

1

(4.20)
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part 1 of Theorem [2.1.17]implies that

g?"l’r'z e T‘%_l — (X3(X5 - - - Op_1. (421)

Now, we compute the determinant of B;. Observe that B; can be written as By +
QT%e%eg, where as observed above, B is the Laplacian matrix for a weighted path on
5 vertices. Expanding the determinant along the last row (or column), we deduce that
det By = det By + 2rac, where c is the leading principal minor of By of order § — 1.
Evidently det By = 0 (as it is the Laplacian matrix of a weighted path), and in the previous
paragraph we have found that ¢ = 75 . .. rn_q; hence det B; = 2ryry - - - ro. Recall the
eigenvalues of By are aw, ay,...,a,. The fact the product of all the eigenvalues of a

matrix equals the determinant of the matrix implies that
= QaQly "+ * Qpy- 4.22)

Combining equations (4.21)) and (4.22)), we find that

500y - - Oy

(4.23)

27’% = =
Q305 - - - Oy

Now, 2rz = S5; € Z by Proposition and the fact that all a;s are integers. The
numerator of the right hand side of equation @ is 5 times all the odd eigenvalues while
the denominator is the product of all the even eigenvalues. Thus we obtain a factor of 2z ~!
in the denominator, from which it follows that 22! divides %, which is a contradiction
provided % > 3, i.e. provided n > 6.

If n = 4, we have more information about 2ry, = S| = a4 — az + @y — ay — it is

an even integer, as «; = 0 and a3 are even integers, and «s, ay are odd integers. Then
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(4.23), which simplifies to 2r, = 2@’3—;‘“4 in this case, implies that 4 divides 2, which is a
contradiction. This completes the case of even n.

‘We now assume 7 is odd. The Hamiltonian is

™ -
—ry 11 +72 —Ty
—T'n-1 1 Tn—-1 1 + T'n—1 —T'n-1
2 2
—Tn-1 2rn-1 —Tn-1
L = "2 "2 3 ,
—T'n-1 Tnflil + T'n—1 _Tnflil
2 2 2 2

) 1+ 7o -1
- ™

(4.24)

and again we take F' and C' = Oz » as in Lemma @ Then L is orthogonally similar

T1 —T1
Ty ri+re T
By 0 _ _
to , where B, = ry  To+Ts T3 , and
0 B, _
] I ] —raci g (Pagi g Fre)
QTLA o --- QTLA
2 2
0
By =
B,
2rn-1
The eigenvalues of By and Bs interlace, with o(B;) = {ag, a4, ..., a1} and o(By) =
{ay = 0,0a3,...,a,}. Now det(B;) yielding rirs - - Tl = Q0 Qo (the calcula-
tion is similar to the case of even n), where as, ay, ..., a,_; are the odd eigenvalues of

L. The (1,1) minor of By is just det(By) = 7y - - 721 Now we calculate the other
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principal minors of size ”T_l of B,. Fix such a minor. If we take the factor /2 from the
first row and the first column, then the principal minor that we seek is twice the principal
minor of size ”T_l of a Laplacian matrix; by the weighted matrix tree theorem, that minor
is equal to the (1,1) minor of the Laplacian, which is det(B;). Therefore the correspond-
ing principal minors of By are given by 2det(B;) = 2r; - - Tt Again, from the fact
that the sum of all of By’s principal minors of size ”T_l is equal to the (”T_l)—th elemen-
tary symmetric function of oy, as, - - - , ay,, we find that ry - - “Tn1 + "7’127*1 S Tao1 =
NIy Tl = Q305 Q. Combining this equation with the one for B;, we have
Ny - -1 = QQs - -+ Q. This is a contradiction, since the left side of the equa-
tion is an odd number, while the right side is an even number.

This completes the case of odd n. 0

4.3.2 One class of weighted mirror symmetric trees that do not have
Laplacian PST between mirror symmetric vertices

We note that it was recently (in 2015) found [35] that there is no Laplacian PST for (un-
weighted) trees on n > 3 vertices. Theorem 4.3.1| resolves the weighted generalization
for the special case of paths where PST between the end vertices is considered. In fact,
we can generalize Theorem to a class of weighted trees whose Laplacian matrix is

persymmetric. Such a weighted tree, say Y, can be represented schematically as follows

(see Figure d.1):



127
@)
or

Figure 4.1: Symmetric trees

where G is a weighted tree, G is the mirror image of (G, and w; is an edge weight. Exam-

ples of weighted symmetric trees are shown in Figure

Figure 4.2: Weighted symmetric trees

The first graph (with a weighted edge connecting a vertex in G to its corresponding ver-

tex in G) generalizes weighted paths on even number of vertices, and its Laplacian matrix

E RCR

is L(Y) = [C RER

}, where £ = L(G) + wle%eg, C'is of size § x , with its (1, §)-
entry equal to —w;, and all the other entries zero. The second graph (with one middle ver-

tex v connected to a vertex in GG and to the corresponding vertex in Q) generalizes weighted
E =z 0

paths on odd number of vertices, and its Laplacian matrix is L(Y) = |27 2w, 2TR |,
0 Rz RER
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where © = O eR",and E = L(G) + Wien1€y_s.

Theorem 4.3.2. Let Y be a weighted mirror symmetric tree on n vertices as in Figure
(namely, a weighted tree whose Laplacian matrix is persymmetric). If n is even, let B1 =

L(G) + 2wle%e§ and By = L(G). If nis odd, let By = L(G) + wleanleL and

2
2w, V2T ' _
By, = Var L(G)+ wle%eL . Suppose that By and B;y can be diagonalized by

n+1
2 b

some real symmetric matrices ()1 and Qo, respectively, such that for some j <
neither (Q1 nor Q5 contains a zero entry in j-th row. Then the weighted mirror symmetric
tree Y does not admit Laplacian PST between vertex j and its mirror image n + 1 — j.
Therefore, if ()1 contains no zero entries, and ()o contains no zero entries if n is even and
contains no zero entries apart from the first row if n is odd, then the weighted tree Y does

not admit Laplacian PST between any mirror symmetric vertex pairs.

Proof. By a proper scaling of the Laplacian, we assume that PST occurs at time 7. By
Lemma we know the Laplacian matrix L(Y") is orthogonally similar to the block

diagonal matrix [BE)I 39 ], and therefore o(L(Y)) = o(B;) U o(By).
2

Assume n is even. Observe that if v is an eigenvector of By = £ — RC = L(G) +

2wy en el associated to the eigenvalue ), i.e., (E—RC)v = A, then from L(Y") { Y } =

£ RO [ v ] [Er=ror o

C RER| |—Rv Cv— REv

v . .
=\ {_ Rv] , we know that the antisymmetric vec-

v, . . . . .
tor | Ry 1830 eigenvector of the Laplacian matrix L(Y") associated to the eigenvalue \.

Similarly, if u is the eigenvector of By = £+ RC' = L((G) associated to the eigenvalue i,
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. u
then the symmetric vector {

Ru

} is an eigenvector of L(Y") associated to the eigenvalue f.
Using all the n/2 orthogonal eigenvectors vy, of By and the n/2 orthogonal eigenvectors wuy,
of Bsy, we can form n orthogonal eigenvectors of L(Y): [_%yk] ’ [ Ug } Jk=1,...,n/2.
Normalize each of them and use them as columns to form a real orthogonal matrix S. Then

S diagonalizes L(Y); assume that S diagonalizes L(Y") to A. If there is PST between a

vertex 7 and its mirror image n + 1 — 7 at time 7, then Proposition [2.6.2| implies that
sJTe”A = ei¢s£+1_j, (4.25)

where s{ is the ¢-th row of S and ¢ is some real number. From the fact that the eigenvector
of L(Y') associated to eigenvalue 0 is symmetric, we know that ¢’ = 1. If S does not have
any zero entries in its j-th row, then equation (4.25) implies that the symmetric eigenvec-
tors of L(Y') (constructed from the eigenvectors of By) are all associated to even eigen-
values, and the antisymmetric eigenvectors of L(Y") (constructed from the eigenvectors of
By) are all associated to odd eigenvalues. Therefore it follows that the eigenvalues of B,
are odd integers and the eigenvalues of B, are even integers. Since B; = By + 2wle%e%,
By and B, are still rank-one perturbations of each other, and therefore their eigenvalues
interlace. Now similar arguments as in Theorem {.3.1] (if n > 4, we use the arguments in
Theorem and if n = 4, the graph is just a weighted path, and we use the conclusion
of Theorem.3.1)) imply that there is no Laplacian PST between the two mirror symmetric
vertices j and n + 1 — j. Therefore, if (), and ()5 contain no nonzero entries, then Y does

not admit Laplacian PST between any vertex and its mirror image.



130

E =z 0
If n is odd, then the Laplacian matrix of the weighted treeis L(Y) = |27 2w, 2™R
0 Rx RER

T n— . . .
where x = [0 -0 = wl} c R"Z". As above, we can check that if v is an eigenvector

of B = E— RC = L(G) + wleaneZ_l associated to the eigenvalue ), i.e., Bijv = \v,

2

(%
then | 0 | isan eigenvector of L(Y") associated to the eigenvalue \. And if u = {g} is
—Rv

2wy \/ixT] Y

an eigenvector of By = associated to the eigenvalue i, then |/2a| is an

\/5.1’ Bl ~

Ru
eigenvector of L(Y") associated to the eigenvalue ;. Using the ”T_l eigenvectors vy of B,

Uk
and the ”T“ eigenvectors u, of By, we form n orthogonal eigenvectors of L(Y): 0o |,
—Rvk
Uy
V2a| fork =1,..., "T’I,E =1,..., ”T“ If 1 and () do not have any zero entries
Ry

in the j-th row for some j < ”T“, then with a similar argument as in the even case, we

can see that if there is PST between the vertex j and its mirror image n + 1 — j, then the
eigenvalues of B; are odd integers, and the eigenvalues of B, are even integers. Since Bs
is a bordered matrix of By, their eigenvalues interlace, and the arguments in Theorem4.3.1

apply here. [

Note that Theorem[4.3.2]implies Theorem[d.3.1] as the Laplacian matrix L of a weighted
path on n vertices is diagonalizable by a real orthogonal matrix () = [a;p; ()], where the
polynomials p;(z), j = 0,...,n form the sequence of orthogonal polynomials associated
to the tridiagonal matrix L, the s are the eigenvalues of L (roots of p,(z)), and that each
ay, is a nonzero constant scalar for a fixed k. Since each entry a;po(ax) = ay in the first

row of () is nonzero, and the columns of () are symmetric or antisymmetric eigenvectors

2
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of L (by Lemma [2.6.3| if a weighted path with loops admits PST between the end ver-
tices, then it is mirror symmetric), Theorem @ implies that there is no Laplacian PST
between the end vertices of a weighted path.

Symmetric trees are a special case of graphs with an involution; the PST and PGST
properties of such graphs were studied [64] under adjacency dynamics. The system con-
sidered by Kempton, Lippner and Yau [64] was with potentials (loops), and the results
obtained are independent from the results of this section in a sense that neither implies the

other.

4.4 Adjacency dynamics and a rational weights conjec-

ture

For the rest of this chapter we focus on adjacency dynamics, giving a complete analysis of
the 4 X 4 and 5 x 5 cases, and proving a more general result motivated by an observation

made in these cases.

Example 4.4.1. For a weighted mirror-symmetric path (with no loops) on 4 vertices, write

Si
2

the eigenvalues «;, . . ., a4 of the adjacency matrix A as — 35, — 31, 1, B2; then ry =

B2 — P1. The fact that the product of all the eigenvalues of A equals the determinant of A
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yields r{ = det(A) = 3?32, and therefore 71 = /31 B>. The Hamiltonian is then

0 VBEH 0 0

A - V152 0 B2 — 51 0
0 Ba—0 0 V3152
0 0 V8152 0

By Remark [4.1.9] the system with Hamiltonian A as in (4.26)) admits PST at time =

(4.26)

if and only if 28, = 1 (mod 4) and 26, = 3 (mod 4) or vice versa. It follows that
ro = [ — (1 is an odd integer. However, 40;5; = 3 (mod 4), so the quantity is not a
perfect square, and therefore r; = /3 3; is irrational. There is no nonzero constant x
for which both (8, — 1) and k+/5, 3 are rational (kA has PST at time +m). Therefore
no weighted path without loops on four vertices with all weights being rational can have
adjacency PST between the end vertices. In particular, the unweighted path P, does not
admit adjacency PST. This observation motivates a more general result which we will

present after the analysis of the 5 x 5 case.

Example 4.4.2 (5 x 5 Case). For n = 5, we consider weighted mirror-symmetric paths
without loops. The eigenvalues of the adjacency matrix A in this case are —f; < —(; <
Bo = 0 < 1 < po, and the characteristic polynomial of A, expressed in terms of the
eigenvalues, is ps(x) = x(z? — B3)(x? — (), while direct computation shows that the

characteristic polynomial of A, expressed in terms of the edge weights (i.e., entries of

A), is x(x® — r?)(x? — (r} 4 2r3)). Therefore 8, = 11, By = /T3 + 212, as B; < So.

2 32 . .
Solving these two equations, we obtain r3 = % (in fact we can get 75 directly from
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Proposition #.2.2)). The Hamiltonian is now

0 B 0 0 0
B 0 pB3—B7 0 0
1 2
A= 1|0 53;5% 0 / 55;5% 01 - (4.27)
2_32
0 0 2 5 1 O 61
0 0 0 B 0

By Remark #.1.9] a weighted path with adjacency matrix A as in (4.27) admits PST
between end vertices at time 7 if and only if 5 is an odd integer, and (3, is an even integer.
This gives us a lot of choices for the edge weight set {ry, 72} of a weighted path on 5
vertices to allow adjacency PST (apart from the \/m ones). As in n = 4 case, the
parity of the two integers 3; and 35 implies thatr; = 51 € Z C Q,and ry = @ ¢ Q.
Hence no weighted path without loops on five vertices with all weights rational admits
adjacency PST between the end vertices, in particular, the unweighted path P; does not

admit adjacency PST.

Remark 4.4.3. The weighted path on n vertices with edge weights {w; ;11 = /j(n — j)|j
1,...,n — 1} admits adjacency PST between its end vertices [30]. As shown in Exam-
ple .4.1] and Example [4.4.2] by choosing proper integers or half integers, we can obtain
many other edge weights set for a weighted path on four or five vertices to exhibit adja-

cency PST between the end vertices.

Theorem {.3.1] tells us that no weighted path of length at least 3 has Laplacian PST
between its end vertices; however there is a weighted path (with no loops) of any length

that admits adjacency PST between its end vertices [30]. Here we make a conjecture about
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the weights: if all the weights of a weighted path on at least 4 vertices are rational numbers,
then there is no adjacency PST at time 7 between the end vertices of the path. We confirm

that conjecture in the cases n = 4,7 = 3 (mod 8) and n =5 (mod 8).

Proposition 4.4.4. Suppose that n = 4, orn = 3 (mod 8) or n = 5 (mod 8). If the
weights of a weighted path on n vertices with or without potentials are all rational num-

bers, then there is no adjacency PST between its end vertices at readout time .

Proof. As discussed in Remark [4.1.10] if a weighted path exhibits PST at time 7 between
its end vertices, then by performing an overall energy shift if necessary (which does not
change the PST time), we can make all its eigenvalues integers (in particular, with the
smallest one being an odd integer). Then the ordered eigenvalues are of alternating parity.

For n = 3, we know that the weighted path with loops on three vertices with eigenval-

ues o, (g, a3 has adjacency matrix A as in (4.18), in particular, r; = 5

2(ag— — . . .
V20 a;)(a2 1) ¢ Q, as oy, a3 are odd, and o, is even for A to admit PST at time 7.

g1 mm 0 0
For n = 4, we know the adjacency matrix A = " % T2 18 similar to
0 r g2 1
O O " 41
By O : a1 1 q1 T .
, with B; = , By = . As in the proof of Propo-
{O B2:| ! {7“1 g2 — T2 2 T Q2+ T2 P P

sition |4.2.2] the eigenvalues of B; are odd integers a;; and a3, and the eigenvalues of B,
are even integers o, and ay. In addition, Proposition says that r, = 2L € Q and

Qo = 2%21 Now
det(By) = q1(q2 — 12) — 7’% = oz (4.28)

det(By) = qi(qz +12) — 77 = uay (4.29)

\/—2a§+2a1a2—2a1a3+2a2a3
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Subtracting (4.28) from {.29) yields ¢; = 9244198 = 2042193 Substituting g1, g» and

2ro

_ _ 2 .
o back to (#28) gives that r; = \/ (o204 0“0‘3)522 S§“2“4+“1“3)51. We now show that ry is
1

— So— + S? .
(o204 —onas) 22(a2a4 @193)57 §5 not a perfect square (as

irrational by showing that 725% =

S, € 7). Rearranging the terms gives
1 2 2
5(0@0&4(52 - Sl) - a1a3(52 + Sl))
= _062054(&% + Oég) — &1063(065 + Oéi)‘i‘
(4.30)
90y X (061052 — 103 + 1oy + Qiavy — iy + 043064)

— oqaganay + ayas(ag + as)(ag + ay) — alal.

From the fact that oy and a3 are odd integers, and a5y and oy are even integers, we
know that the first 5 terms in the summand are all divisible by 4, and therefore their sum
is congruent to 0 (mod 4). Since the square afa? of the odd integer ;a3 is congruent
to 1 (mod 8) (therefore also 1 (mod 4)), it follows that the result in equation is
congruent to 3 (mod 4), and hence is not a perfect square. Thus 7 is not rational (while
ro 18), which establishes the result for n = 4. In fact as mentioned in Example @ we
can say more in this case: if the weights of a weighted path on 4 vertices are all rational
numbers, then the weighted path does not admit adjacency PST between its end vertices
at any time (not just 7).

Next, suppose that n > 5 and n = 3 (mod 8) or n = 5 (mod 8). Observe that

S, — 52
2

. We claim now that

since n is odd, Proposition 4.2.2| implies that Tno1 =

the quantity S, — S? is not a perfect square, and so r n-1 is irrational. To see this, note

that Sy — S7 = =237, a3, + 301 e (=1 Fajar], where 3 a3, is divisible by 4.
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Consequently, 23" a3, =0 (mod 8).

If we show that 37, ., (—=1)""*a;a is odd, then we can conclude that Sy — S}
is not a perfect square. To this end, it is enough to count the number of distinct pairs of
odd numbers appearing in the summation. Write n as n = 2m — 1 for some m € Z.
Then there are m odd integers in the set {1,...,n}, and the number of distinct odd pairs
is m(m — 1)/2. Forn = 3 (mod 8) or n = 5 (mod 8), we have m = 2 (mod 4) or
m = 3 (mod 4), respectively. In either case, m(m — 1)/2 is odd and the claim follows.

Thus S, — S? is not a perfect square, so r»-1 is not rational.
2



Chapter 5

Switching and partially switching the
hypercube while maintaining perfect

state transfer

The n-cube has a lot of nice properties: it is diagonalizable by the standard Hadamard ma-
trix, with all the eigenvalues being even integers, has Laplacian and adjacency PST at time
7 /2 between any pair of antipodal vertices (for each vertex of the n-cube, there is exactly
one vertex at distance n from it, and they are said to be antipodal to each other). The hy-
percubes form a family of highly structured graphs that exhibit PST. As discussed in Sec-
tion[3.3] there are connected d-regular (n-cubelike) graphs on 2" vertices that are diagonal-
izable by the standard Hadamard matrix H,, and exhibit PST for any d € {n,...,2" — 1},

with the PST distance (distance between the sender vertex and the receiver vertex) less

137
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than or equal to n (with equality for the n-cube), but these graphs are more sensitive to
timing errors than the hypercube by Theorem [2.6.4]

One is often interested in sending the state as far as possible along the spin network
(maximizing the PST distance), and ensuring that the state transfer is as insensitive as pos-
sible to errors in the readout time (that is, if a graph exhibits PST at time ¢ = ¢;, then
one would hope the graph to exhibit near-perfect state transfer at time ¢ = ¢y £ ¢, for
small €). Therefore an n-cubelike graph with fewer edges has better PST properties (less
sensitive to readout errors, by Theorem [2.6.4). We will see in Section that deleting
edges in the n-cube does not result in connected graphs that are diagonalizable by the stan-
dard Hadamard matrix H,; this leads us to consider n-regular graphs that can be obtained
from the n-cube by adding and deleting edges. The switched n-cube is one such graph.
Although it turns out not to be Hadamard diagonalizable (see Theorem [5.2.5)), it indeed
shares many of the same properties as the n-cube: it is cospectral to the n-cube (they have
the same set of eigenvalues, counting multiplicity), it is n-regular, it exhibits PST at time
7/2, its PST distance is n, and it has the same sensitivity as the n-cube to timing errors
when PST occurs.

Godsil-McKay (GM) switching [48] is a graph operation that perturbs a graph by re-
moving and creating edges based on certain criteria that a partition of the vertex set must
satisfy (see Section for more precise details); the resulting graph is cospectral to the
original graph but is often non-isomorphic to the original graph. We apply GM switching

to the hypercube as a means of constructing non-isomorphic graphs that have many of the
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same properties of the hypercube, including PST.

In Section [5.1] we give an inductive proof of the fact that no connected proper span-
ning subgraphs of the n-cube are diagonalizable by the standard Hadamard matrix, with-
out using the fact that a graph is diagonalizable by a standard Hadamard matrix if and
only if it is a cubelike graph. In Section [5.2] we use Godsil-McKay switching to con-
struct a graph (the switched n-cube) of order 2" for n > 4 that has many of the same
properties as the n-cube (in particular, it admits PST between certain pair of vertices that
exhibits PST in the n-cube), but is nevertheless non-isomorphic to the n-cube, and is not
Hadamard-diagonalizable. In Section [5.3] we then consider partially switched n-cubes,
which generalize the process of GM switching on the n-cube by considering it as the
Cartesian product of the (n — 4)-cube with the 4-cube, and performing GM switching on
some copies of the 4-cube. These new graphs are not cospectral to the n-cube in general,
but do exhibit PST (though in significantly fewer pairs of vertices). In Section [5.4] we
further generalize this by replacing each copy of the 4-cube by a convex combination of
the 4-cube and the switched 4-cube; we also generalize it to a time-dependent Hamiltonian
(see, e.g. [79]) that alternates between the various graphs considered. We give motivation
as to why these families of graphs might be useful in practice; in particular, we conduct a
sensitivity analysis with respect to readout time errors in Section[5.5]

We state the results in terms of the adjacency matrix. Again, as mentioned in Proposi-
tion[I.3.10] since the graphs we discuss in this chapter are regular, most of the results hold

for the Laplacian matrix. Throughout this chapter, we use 7,,, to denote the identity matrix



140

of size m, I(,,) to denote the identity matrix of size 2™, .J,,, to denote the all-ones matrix of
size m X m, J) to denote the all-ones matrix of size 2™ x 2™, 1,, to denote the all-ones
vector of length m, and 1,,) to denote the all-ones vector of length 2™. This chapter is

based on work with Kirkland and Plosker [68]], with myself as primary author.

5.1 No connected proper spanning subgraphs of hyper-
cubes are diagonalizable by the standard Hadamard

matrix

By making use of the result that a graph is diagonalizable by the standard Hadamard matrix
if and only if it is a cubelike graph (Corollary [3.6.2)), we could prove that deleting edges
in hypercubes (while keeping all the vertices) will not result in connected graphs that are
still diagonalizable by the standard Hadamard matrix. In fact, as a special Cayley graph,
we know that a cubelike graph is connected if and only if its connection set C' contains
a basis of Z7, viewed as a vector space (Theorem @) Since Z? is n-dimensional, we
know that a connected n-cubelike graph is regular with degree at least n. Therefore for
any positive integer n, no connected graphs on 2" vertices that have fewer edges than the
n-cube are diagonalizable by the standard Hadamard matrix H,,. So we cannot perturb
the hypercube by deleting edges, without adding edges as well, while still maintaining

PST, connectivity, and diagonalizability by the standard Hadamard matrix. The switched
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cube discussed in Section [5.2] maintains the same sparsity structure (the same number of
edges) as the n-cube, some PST pairs (though not all), but is not Hadamard diagonalizable
anymore.

Here, without appealing to cubelike graphs, we give an alternate proof of the fact that
removing at least one edge from the n-cube cannot produce a connected graph that is

diagonalizable by the standard Hadamard matrix H,,.

Proposition 5.1.1. No connected proper spanning subgraphs of hypercubes are diagonal-

izable by the standard Hadamard matrix H,,.

Proof. Let C,, denote the adjacency matrix of (),,. We prove by induction on n that any
subgraph of (), that is diagonalizable by H,, is not connected.

If n = 1, there are no connected proper spanning subgraphs of the 1-cube, and hence
the result holds. Assume the statement is true for n = k£ — 1, and we show that it is true

for n = k. If we consider the k-cube as the Cartesian product of K, with the (k — 1)-cube,

Cr—1 Ig—n

e know C} =
v W {](1@—1) Ch—1

} . Let Y be any proper spanning subgraph of (), that is

My D } , where

diagonalizable by Hj; denote its adjacency matrix by M . Then M = [ D M
2

D is a diagonal matrix with the diagonal entries being either O or 1, and M, M, are both

(symmetric) adjacency matrices of some subgraphs of the (k — 1)-cube. Now

M MH, = H MH, — {Hgl Hi_y ] {Ml D} {H’f—l Hi ]

HI | —HT || D M| |Hi1 —Hp
_ [HT ,MHy_y + HT \MyHy,_, +2HF ,DH,_, HT \MyH, y — HT [ MyHj 4

HT MyHy_y — HT | MyH,_, HY \MyHy_y + H MyHy y —2H! DHj,_,

|
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is diagonal. So H} M H, , = H} MyH,_,, which implies that M; = M,. There-
M, D , and hence the equation 2*H, ' M H;, = HF M Hy
D M
OHT My Hy_y + 2HT | DH,_, 0

0 OHT M Hy_i — 2H' ,DHy_,|’

fore we can assume M = {

above simplifies to [
Again from the fact that the above matrix is diagonal, we know the matrices 2H} |
M Hy_1+2H] |DHy_y and 2H] | M Hy_1 —2H} | DH,_, are both diagonal, therefore
HF M, H,_, is diagonal. By the induction assumption, the subgraph G; with adjacency
matrix M7 of (J,_1 is not connected, therefore neither is Y (which is K, with possibly

some edges between the two copies of (G; removed).

5.2 A graph cospectral to the n-cube with PST

In this section, we give a cospectal mate of the n-cube that is no longer Hadamard diag-
onalizable, but is n-regular, exhibits PST, and has PST distance n. We will make use of

Godsil-McKay (GM) switching (see Section [2.3.2).

5.2.1 The switched n-cube

In [19, Section 1.8], a cospectral mate of the 4-cube is given; this graph and the 4-cube are

both bipartite, with partition where one of the two parts being

¢ = {0000,0011,0101,0110,1001,1010,1100,1111} (for the 4-cube) or

¢’ = {0000,0011,0101,0110, 1000, 1011,1101,1110}  (for the cospectral mate),
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and the other class of the vertex set consists of vertices with labels (a,b), where a €
{1,2,3,4} indicates the digit position (here we start counting from the right) and b €
{0,1} indicates the binary value at this position. For example, vertex 0101 is adjacent
to (1,1), (2,0), (3,1) and (4,0). The two graphs can be obtained from each other by GM
switching with respect to the neighbourhood of one vertex [19]].

Now we show it in detail by using the usual labelling of the 4-cube ()4: binary strings
of length 4 (Section [2.5.1). Partition the vertex set V(Q)4) in the following way: vertex
0000 forms C}; vertices that are at distance 2 from vertex 0000 (which are 0011, 0101,
1010, 1100, 1001, and 0110) form C5; vertices that are at distance 3 from vertex 0000
(which are 1110, 1101, 1011, and 0111) form C; vertex 1111, the only vertex at distance
4 from 0000, forms Cy; vertices that are at distance 1 from vertex 0000 (which are 0001,
0010, 0100, and 1000) form D (i.e., this partition is in fact the distance partition with
respect to vertex 0000). Then this partition 7 satisfies the conditions for GM switching,
and fo) — the local switching of )4 with respect to 7, is the above cospectral mate
of )4, as Figure shows. We call Qy) the switched 4-cube and denote it as Q4. We
order the vertices of (), and Q4 (from 1 to 16) according to the partition, in the order
Ch, D, Cs, Cs,Cy, and in each cell we order the vertices in the increasing lexicographic
order of the binary representations of vertices. Therefore, from top to bottom, and from
left to right, the vertices in Figureare 1,2,3,4,5,6,7,10, 11,9, 8, 15, 14, 13, 12 and
16 (the adjacency matrix of the switched 4-cube is shown in Lemma[5.2.4] below).

Consider the following recursive way to construct the n-cube (),: take two disjoint



144

0000

2

C3

Cy

Switched 4-cube Oy = Q'™

Figure 5.1: Order the vertices of (), and Q. so that the order from top to bottom and from

left torightis 1, 2, 3,4,5,6,7,10, 11,9, 8, 15, 14, 13, 12 and 16

copies of the (n — 1)-cube, then connect the corresponding vertices in the two copies to
obtain the n-cube (Q),, = K5[JQ,_1). Starting with the above 4-cube, we now consider
the 5-cube ()5 = K,[Q),. Partition the vertex set of each of the two copies of the 4-cube
in the above way, i.e., the distance partition on the two induced subgraphs ()4 in J5; note
that they form a partition, say 7y, of the vertex set of the 5-cube, and it is an equitable
partition. If we take the union of the two D cells (i.e., the vertices at the second level in
height starting from the top, as shown in Figure [5.2)) of the partition of each copy of Q4 to
form a larger partition cell and keep all the other cells unchanged, we can see that the new
partition 75 of the vertex set of the 5-cube satisfies the GM switching conditions, and the

local switching of ()5 with respect to my — the switched 5-cube is shown in Figure
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Figure 5.2: Applying GM switching to the 5-cube. Note that the edges between the corre-

sponding vertices in the two copies of the 4-cube are omitted.

In general, consider two different partitions of the vertex set of ),, = @,_4[1Q4. We
partition the vertex set of each of the 2"~ copies of the 4-cube according to 7 as shown in
Figure then the cells C{j), DU, C’éj), C’éj), C’ij), j =1,...2"* form a partition of the
vertex set of (),,, where Cl(j ), DU, Céj ), Céj ), Cij ) is the distance partition of the vertex set
of j-th copy of the 4-cube as shown in Figure We denote this partition by 7; it is an
equitable partition of ),,. Now, we take the union of all the 2"~* DU) cells to form a new
larger cell Dy = DWU---UDE" ™ Then the new partition Dy, C), ¢ ¢ V) j =
1,...27 % of V(Q,) satisfies the GM switching conditions, and we denote this partition

by 9.

Remark 5.2.1. Note that for the switched n-cube or a partially switched n-cube that are
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Figure 5.3: The switched 5-cube with edges between corresponding vertices between the

two copies of the switched 4-cube omitted.

discussed in the later part of this chapter, 7 is still equitable and 7, still satisfies the GM

switching conditions.

Using the partition 7, of V(Q,,) and applying the GM switching, we can get a cospec-
tral mate — the switched cube of the n-cube — for each n > 4. Denote the switched
n-cube Q%ﬂ) by Q,,, the adjacency matrix of Q,, by C,,, and the adjacency matrix of Q,, by
Ch.

Investigating the construction, we see that Q. is the Cartesian product of @),,_4 with
@4 for n > 4. For the n-cube (),, = @Q,,_4[1Q)4, or the switched n-cube Qn = Qn,4DQ4,

we order the vertices of (), or Q4 as in Figure order the vertices of (),,_4 in the
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increasing lexicographic order of their binary representation, and finally order the ver-
tices of the Cartesian products in accordance with the lexicographic ordering, that is,
A(Qn) = AQu-s)® Iy + Ity ® A(Q) and A(Qy) = A(Qua) @Iy + Ity ® A(Qu)
(Theorem [2.2.5)). In the following, when we say replace some copy of ()4 inside ),, by
Qu, Qu is always obtained from ()4, by GM switching with respect to 7 as in Figure
i.e., the distance partition of that 4-cube with respect to vertex 20000, where z € Z5~*
indicates which copy this 4-cube is (inside the n-cube).

The non-isomorphism of Q,, and Q,, can be seen directly from the fact that they exhibit
different PST properties: namely, they have different numbers of PST vertex pairs, as we

will see in the next section.

5.2.2 PST property and non-Hadamard diagonalizablity of the switched
n-cube

Theorem 5.2.2. Forn > 4, exactly half of the vertices of the switched n-cube Qn pair up

to have PST between each other at time 7 /2.

Proof. Since the eigendecomposition of C, (C is diagonalizable by Q H,, where Q is the
similarity matrix between C; and C’4 as mentioned in Section is known in closed
form, we may explicitly compute €i®m/2 als0 in closed form. From that explicit computa-
tion, we can see that there is PST between vertices 1 and 16,6 and 11, 7 and 10, 8 and 9 in

Q. at time 7/2 (whereas Q, admits PST between vertices j and 17 — j for each j); exactly

half (8 out of 16) of the vertices pair up in ()4 to exhibit PST. Recall that the adjacency
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matrix of Qn is C’n = Crs @Iy + I(n_g) ® 04. Therefore

Us (n/2) = ol /2)Cn _ i(m/2)(Cn—s®I (4 +(n—1y®Ca)

— ¢i(m/2)Cn_a®l (s ei(w/Q)I(n,4)®é4 _ ¢i(m/2)Cn 4 ® ei(ﬂ/2)é4

[0 0 e 0 i(m/2)Ca]
0 0 .. i(m/2)Cy 0
— j(n=4) .. 7
0 el(m/2)Cs .. 0 0
ci(m/2)Cs 0 . 0 0

where the third equation is based on the fact that C),_4 ® I(4) and I(,,_4) ® 5‘4 commute.

Since half of the rows of ¢i(7/2)Cs

have an (off-diagonal) entry with modulus 1 and none
of the diagonal entry have modulus 1, then so is et/ 2)6", 1.e., half of the vertices of Qn

pair up to have PST between each other at time 7/2. [

From the proof of Theorem [5.2.2] it can be checked that in the labeling of vertices as
described at the end of Section PST in Qn is between vertex j + 2*my + 2°m5 +
s+ 27y, and 17 — § + 241 —my) + 25(1 — ms) + -+ - + 2711 — m,,_;), where
my € {0,1}fork=4,...,n—1landj =1,6,7,8,9,10,11, 16, and PST in Q,, is between
¢ and 2" 4+ 1 — /¢ for each /. We thus make the following remark, implying that the two

graphs Q,, and Q,, are non-isomorphic.

Remark 5.2.3. There are half as many vertex pairs for which PST occurs (at time 7/2) in
the switched n-cube as there are in the n-cube, and the PST pairs of the switched n-cube

form a subset of the PST pairs of the n-cube.

The following Hadamard diagonalizable property gives an alternate proof of the fact

that Qn is not isomorphic to (),, for n > 4. As a direct consequence, the switched n-cube
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is not Hadamard diagonalizable.

Lemma 5.2.4. The adjacency matrix of the switched 4-cube Q4 does not have a (1, —1)-

eigenvector associated to eigenvalue 2.

5.1)

Proof. The adjacency matrix Cy of ()4 (with vertices labelled and ordered as in Figure

18

O O o oo o o oc o oo A A —A A O
O OO oo oo HOoO A +H O o o o
OO O oo oo H O 40O A O oo o -
O O O O O —-H O O A A O O O O O
O O O OO —=H = - O O O O O O O
O =4 14 O O OO OO o oo oo~ —+H O
O =4 O 4 O O OO oo oo o - o
SO 4 +H O O OO oo oo 0O o
O —H O O+ O O OO O oo 4o o 0o
O O - O 4 O O OO o oo 4o A oo
O OO H —H O O O O oo A A O O O
— O O OO —H —H 4 O OO OO oo o oo
—N O O OO 4 OO A A OO oo oo
— O O O O O -H O - O - O O O O O
—_ O O O O O O — O A - O O O O O
_O —N =~ 4 O O O OO OO OO oo O 0_

I

S



The reduced row echelon form R of 04 — 2[4 is

1

av
I
NNl ol ol oo N Ne oo Nl

jan}

Thus we get four linearly independent eigenvectors associated to 2:

U1

(%

U3

(o

0

[ eleoleolBeolNelBoBEeoBelNelolelNell

o

0

= eleoleolBeolBeolBoBEeoEeEeoReolell e

o

0,0,0,-1,1,0,1,1, -1,

[0707 _17()’ ]-7 1707 1a

0

S O DO OO O oo oo oo oo

o

(el el eolBeoleleolelelNell S =l ol

o

0

S OO O OO oo oo+ O o oo

o

0

SO OO O OO oo+ O oo oo

o

0

O O DO OO OO OO oo oo

o

O O O DO DD DO H OO oo oo oo

(e}

000 0 0 O
000 0 0 -1
000 0 -1 0
000 -1 0 O
000 1 1 1
000 0 1 1
000 1 0 1
000 1 1 O
000 -1 -1 O
100 -1 0 -1
06010 0 -1 -1
001 1 1 1
000 0 0 O
000 0 0 O
000 0 0 O
000 0 0 O

2

_1a 07 17 _17 07 Oa O]T7

_1a 07 _]-7 1707 _170a0]T7

[07 _170707 ]-7 17 1707 07 _]-7 _]-7 170707 _170]T7

[1,1,1,1,—1,—-1,—-1,-1,1,1,1,-2,0,0,0, —1].7
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Assume v is a (1, —1)-eigenvector of Cy associated to eigenvalue 2, then it can be written

as a linear combination of the above four vectors, say v = av; + bvy + cvs + dvy. From

the first two components we have d = +1 and —c + d = +1; therefore c = d + 1 €

{0,2,—2}. But the 15th component inplies ¢ = +1, hence no linear combination of

the four vectors is a vector that only contains entries 1 or —1. Therefore C, does not

have a (1, —1)-eigenvector associated to eigenvalue 2, and therefore it is not Hadamard
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diagonalizable. O
Now we generalize this property to Qn.

Theorem 5.2.5. For n > 4, the adjacency matrix C,, of Q,, is not Hadamard diagonaliz-
able. In fact, C, has only n — 4 linearly independent (1, —1)-eigenvectors associated to

the eigenvalue n — 2.

Proof. We proceed by induction on n. From Lemma we know that the number of
(1, —1)-eigenvectors of Cy associated to eigenvalue 2 is 0, which equals 4 — 4, and the
result is true for n = 4. Assume the result is true for some integer & > 4, that is, ék has
exactly k£ —4 linearly independent (1, —1)-eigenvectors associated to eigenvalue k — 2. Let
x = {2] be a (1, —1)-eigenvector of Cy,; associated to eigenvalue (k+1)—2, where both
x1 and x5 are (1, —1) column vectors of length 2*. Then LC::) ]Cﬁfﬂ B;] =(k—1) B;] .
Therefore Cyxy + T3 = (k—1)xy, and z; + Chay = (k — 1)xo, which imply

[(k — 1)1y — Cilay = s, (5.1)

[(k — 1) I — Ci]ws = 1. (5.2)

Substituting equation into equation gives [(k — 1) Iy — Cy*w) = 21, 50 [CF —
2(k — 1)Cy + (k* — 2k)Ipy)z1 = 0, i.e., 2 is an eigenvector of C7 — 2(k — 1)Cy +
(k* — 2k)I) associated to eigenvalue 0. Recall the fact that if the spectrum of C is
o(Cr) = { A1, -+, Agr }, then o(CF — 2(k — 1)Cy, + (k2 — 2k) L)) = {\} —2(k — 1)\, +
(k% — 2k), -+, A2, — 2(k — 1)Ag + (k? — 2k)}, with each eigenvector of C}, associated

to eigenvalue )\; being an eigenvector of C? — 2(k — 1)Cy, + (k? — 2k)I) associated



152

to eigenvalue \; — 2(k — 1)A; + (k* — 2k). Therefore for some eigenvalue A of Chn
A2 —2(k — 1)\ + (k* — 2k) = 0 holds, which implies A = k or A = k — 2, and every
eigenvector of C2 — 2(k — 1)Cy, + (k* — 2k)1, (k) associated to 0 is a linear combination of
eigenvectors of C’k associated to k or £ — 2. Thus x; can be expressed as z; = al) + by,
where y is an eigenvector of C, associated to k — 2 and 1) 1s the (unique up to a scalar
multiple) eigenvector of C), associated to eigenvalue k. Substituting x; = al, + by into
(5.1), we have xo = —al(y) + by. There are two cases. If a # 0, then z; # x5 (in fact, z;
and x4 differ in every coordinate); since they are both (1, —1)-vectors, x; = —x. Thus
0 =z, + 29 = aly + by — aly,) + by = 2by, which implies that b = 0 (since y # 0)
and z1 = al). Thus a = %1, and there is one (1, —1)-eigenvector xg = l_lfzi)] (or its
negative) of é’kﬂ associated to k — 1. If a = 0, then z; = x5 = by. By the inductive
hypothesis, there are exactly k£ —4 such linearly independent (1, —1)-eigenvectors by of Ch
associated to the eigenvalue k£ — 2, and so the vectors [zfﬂ form k£ — 4 linearly independent
eigenvectors of C~’k+1 associated to eigenvalue k— 1, and they are linearly independent from
xg. Altogether, we have k —4+ 1 = (k+ 1) — 4 linearly independent (1, —1)-eigenvectors
associated to eigenvalue £ — 1. By mathematical induction, the result is true for all n > 4.

]
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5.3 Partial Switching and PST

In Section we explored the application of GM switching to the n-cube to produce the
switched n-cube. In this section, we continue to use the Cartesian product construction
of the n-cube (@), = @Q,_41Q,) so that the corresponding adjacency matrix is seen to
be a block matrix, with each block of size 16 x 16, and the diagonal blocks are all equal
to the adjacency matrix C); of (4. We then perform GM switching to some (but not all)
copies of (the induced subgraph) (), (according to partition 7 of this copy of )4 as shown
in Figure@ inside the n-cube, i.e., some diagonal blocks of C,, are changed from C; to
Cy. We call this a partial switching, and we analyse the PST property of these partially

switched n-cubes.
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5.3.1 Construction

Letn > 4. Let A

C,, be the adjacency matrix of the n-cube, and let A, »

n,1

the adjacency matrix of the switched n-cube, with

ho)
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The n-cube @, as mentioned earlier, is the graph @,_4[1Q4, with adjacency matrix

An,l = An74,1 (059 1(4) +[(n—4) ®A4?1 = dlag (A471, Ty A471) + An74,1 (059 [(4) For example,
I A 0 I

:| , and Aﬁ’l = @) 41 @

0 _[(4) 1(4) A471

just need to replace every occurrence of A,; with A,,. Now if we replace some of the

Ay I

. For the switched n-cube, we
Iy Agn

.

diagonal blocks A4 ; in A, 1 by A4 2, we get the adjacency matrix of a partially switched
n-cube. For n = 5, by a simple reordering of the copies of A4; and A, -, it is clear that
A5z = [?&; i(z] and [1;1(‘;)2 j(j)l] are isomorphic, but they are not isomorphic to the
5-cube or the switched 5-cube (by checking that A; ; and A5 5 have different spectra or by
the result of Example in Section below, which shows that there are fewer ver-
tices in As 3 thanin As ; involved in PST). For n = 6, there is a unique (up to isomorphism,
which can be accomplished by reordering the copies of A, and A, ») partially switched 6-
cube with exactly one copy of the 4-cube, say Ag 3 = diag (As1, Aa2, Aso, Ags) +A21®
I(4y and a unique (again, up to isomorphism) partially switched 6-cube with three copies of
the 4-cube, say Ag 4 = diag (A2, A1, As1, Asr) + Agq ® I(gy; furthermore, I'(Ag 4) can
be obtained from I'(Ag 3) by performing GM switching with respect to the partition , as
described in Section[5.2.1]for a general (switched, partially switched) n-cube, of the vertex
set of I'(Ag 3), where I'(A) denotes the graph with adjacency matrix A. When there are
two copies of A, ; and two copies of A, 9, there are two non-isomorphic partially switched
6-cubes: Ags = diag (A1, Asq, Aso, Aao) + As1 ® L), A = diag (Asr, Ao, Aso,

A1)+ A ® 1 (4)> and these two graphs are not even cospectral. For n > 7, there are
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more non-isomorphic partially switched n-cubes.

The partially switched n-cubes are not cospectral to the n-cube in general, but still
exhibit PST (though the number of PST vertex pairs is significantly fewer than that in
the n-cube), and are not cubelike graphs, for the following reason. Consider the binary
labelling of a (switched, partially switched) n-cube: every vertex has a label of the form
Yy, where x € Z§_4 indicates the different copies of the 4-cube or switched 4-cube, and
y € Zj represents the vertices within each copy. Note that for a fixed vertex v in the
n-cube, any two neighbours of v have exactly one other common neighbour. Since for
any x € Z72~*, the (partial) switching does not change the graph induced by the set of
vertices at distance at most 2 to #1111, any two neighbours of vertex x1111 have exactly
one other common neighbour. Let z take some value such that the corresponding copy
of the 4-cube is a switched one. Then the two neighbours x0100 and x1011 of the vertex
20011 have two other common neighbours: 1010 and 1001 (see Figure[5.3). Therefore,
there is no isomorphism of a partially switched n-cube that maps vertex x1111 to vertex
20011, which shows that the graph is not vertex-transitive. Hence it is not a cubelike graph
(as mentioned in Section cubelike graphs are Cayley graphs, and Cayley graphs are

vertex-transitive).

5.3.2 Some spectral properties of the switched n-cubes

Although partially switched n-cubes are less structured compared to the n-cube and the

switched n-cube, they do share some common eigenvalues and eigenvectors. For example,
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they all have n — 2 as an eigenvalue, and some common eigenvectors associated to this

eigenvalue.

Proposition 5.3.1. For n > 4, the n-cube, switched n-cube, and any partially switched
n-cube have at least n — 3 linearly independent common eigenvectors associated to the

eigenvalue n — 2.

Proof. We prove this by induction. If n = 4, by comparing the reduced row-echelon form
(RREF) of Ay, — 214 with the RREF of A;, — 2/, we know that they have exactly
one (up to a scalar multiple) common eigenvector associated to eigenvalue 2, which is
v=12,1,1,1,1,0,0,0,0,0,0, —1,—1, —1, —1, —2]*. Hence the result is true for n = 4.
Assume that it is true for £ > 4, and that v§k), o ,v,(!i)?) is a set of linearly independent
common eigenvectors for the (switched, partially switched) k-cube associated to eigen-

value £ — 2. The adjacency matrix of the (switched, partially switched) (k + 1)-cube

My I

can be written as M =
L(k) M,

], where M; and M, are the adjacency matrices of

some (switched, partially switched) k-cubes according to the structure of M. By assump-

(k)

tion, the above vectors v are eigenvectors of M; and M, associated to the eigenvalue

(k)
k—2 Forj=1,....k— 3, let vj(.kH) = [U{k)] , then direct computation shows that
V.
J
(k+1) (k+1) . . . . .
vy ’,...,v,_ 5  are linearly independent eigenvectors of M associated to the eigenvalue

k—1 = (k+1)— 2, and there are k — 3 of them. Also note that 1(;) is a common

eigenvector of the (switched, partially switched) k-cube associated to eigenvalue k. Hence

U(()k-i—l) _ [ 1k

1 } is an eigenvector of M associated to the eigenvalue k —1 = (k+1) — 2.
(k)

Combining the above, we get kK — 3 + 1 = (k + 1) — 3 linearly independent common
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eigenvectors associated to eigenvalue (k + 1) — 2 of the (switched, partially switched)

(k + 1)-cube. Hence the result is true for any k& > 4. O

Remark 5.3.2. From the above proof it follows that the vectors a; ® as -+ ® a,_4 ®

1,4, where exactly one of aq,...,a,_4 1S [ 1

} , and the remaining are [1] , are linearly

1
independent (1,-1) eigenvectors (there are n — 4 of them) associated to eigenvalue n — 2
of the (switched, partially switched) n-cubes. By Theorem [5.2.5] we know that those are
in fact all the (1, —1) eigenvectors of the switched n-cube associated to the eigenvalue
n — 2. (The above theorem also tells us that a (n — 3)-th common eigenvector of the
(switched, partially switched) n-cubes is 1(,_4) ® v, where v is a common eigenvector
of the 4-cube and the switched 4-cube as given at the beginning of the proof.) Similarly,

when there is exactly one {ﬂ and (n — 5) many [_11} in the above tensor product, we

obtain eigenvectors associated to the eigenvalue —(n — 2) of these cubes.

Example 5.3.3. For the n-cube, the switched n-cube, or a partially switched n-cube, some
of their eigenvalues and eigenvectors can be calculated from some matrices of smaller size

(3 x 2" % instead of 16 x 2"~%).



For the Hadamard matrix

11 1 1 1 1 1 1 1 1

1 -1r 1 1 1 -1 -1 1 -1 1

11 -1 1 1 -1 1 -1 1

1 1 1 -1 1 1 -1 -1 1 1

11 1 1 -1 1 1 1 -1

1 -1 -1 1 1 1 -1 -1 -1

1 -1 1 -1 1 -1 1 -1 -1 1

11 -1 -1 1 -1 -1 1 1
H= 1 -1 1 1 -1 -1 -1 1 1

11 -1 1 -1 -1 1 -1 -1 1

11 1 -1 -1 1 -1 -1 -1

1 -1 -1 -1 1 1 1 1 -1

1 -1 -1 1 -1 1 -1 -1 1 1

1 -1 1 -1 -1 -1 1 -1 1

11 -1 -1 -1 -1 -1 1 -1 1

¢r -1 -1 -1 -1 1 1 1 1 1

direct computation shows that

D =
4 0 0 0 0
0 3Js X 0 0
B = H'A;,H= |0 X7 0 Y 01,
0 0 YT —1J 0
0 0 0 0 —4

1

1
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11
1 -1
1 -1
1 -1
-1 -1
-1 1
~-1 1
11
-1 1|’
11
11
1 -1
1 -1
1 -1
-1 -1
-1 1|

H™'A,; H = diag (4,2,2,2,2,0,0,0,0,0,0, -2, —2, =2, =2, —4), and

where the diagonal blocks of B are of size 1, 4, 6, 4, 1, respectively (note that these block

sizes match the multiplicity of the diagonal entries of D), and

-1

-1

-1

Observe that each block of B (or D) has constant row sums.

-1
H 0 H 0
:| . Then |:O H:| A5’3 |:O H:|

Ay
L4

T4

switched 5-cube As 3 = { A
4,2

11
1 -1
1 -1
-1 1
-1 1

-1 -1

—1 —1]
1 -1
-1 1
1 -1
-1 1
1 -

Consider the partially

_[D 1w _
Iy B
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A 5.
The vectors a = [1,-3,1,1]7, b = [1,-1,1,—-1,1, 1|7, ¢ = [1, 1, =3, 1] satisfy
Xb = a,X"a = 2b,Yc = 2b, and Y'b = c. Then for scalars z1, ..., xg, the vector

0, z1a”, 220", x3c”,0,0, 240", 2507, 26¢, 0] is an eigenvector of AL 5 associated to the

eigenvalue \ if and only if [z, 7o, . .., 2|7 is an eigenvector of T = Bﬂl ;f’ } associated
3 12
20 0 010
to the eigenvalue A\, where 77 = |0 0 O |andT; = |2 0 2{.
0 0 =2 010

. . T I .
Thus the eigenvalues of the 6 x 6 matrix 1" = [ Il T3 } are eigenvalues of the 32 x 32
3 12
matrix As 3, and with its eigenvectors we can recover some of the corresponding eigenvec-
tors of Aj 3 by using the vectors a, b, ¢, and the Hadamard matrix H.

We can also make use of other vector triples, e.g.

a = [-3,1,,0" 6=1[1,1,-1,1,-1,-1]", ¢ =[1,1,1,-3]", or

a = [-1,-1,3, -1 b=[1,-1,-1,1,1,-1]" ¢ = [-1,3, -1, —-1]%;

the equations above involving multiplications with X, X%, Y, YT hold for each of the
new vector triples a, b, c. So for any eigenvalue of A; 5 that is also an eigenvalue of 7', its
multiplicity is at least 3.

In general, for a (switched, partially switched) n-cube with adjacency matrix M =
diag (M, - -+, Man-a) 4+ Cy_y ® I(4), where each M; represents A, or Ay, using the
the above vectors a, b, and ¢, we can find some of its eigenvalues from a matrix of size

3 x 2"* by replacing Ay with T3, Ay > with T, and I(4) with I;.
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5.3.3 Which vertices maintain PST?

Let S ={1+2'my+---+2"" m, 1,16 +2*my+---+2" " m,_1 |my, € {0,1} for k =
4,--- n — 1}. Note that S is exactly the set of singleton vertices of the partition 7, (end
of Section5.2.1)) of the vertex set Z3 of the (switched, partially switched) n-cube. We give

two different approaches for the result of PST properties of vertices in S.

Theorem 5.3.4. Let n > 4. Then for any given partially switched n-cube, at least 1/8 of
its vertices pair up to exhibit PST at time w /2. Specifically, for any partially switched n-
cube, all the vertices in the set S above pair up to exhibit PST, with PST between vertices
1+2Mmy+25ms+- - +2"?my, o +2"" m,y and 16 +24(1 —my) +25(1 —ms) +- - -+
2"2(1—my_)+ 2" (1 —my,_1), where m; € {0,1} for j = 4,...,n— 1. Furthermore,
at any time t, the fidelity of state transfer from vertex j € S to any other vertex is the same

for any partially switched n-cube as it is for the n-cube.

First we give a proof by considering the corresponding entries in the unitary matrix

e("/2)A where A is the adjacency matrix of a given partially switched n-cube.

Proof. By direct computation, we know ef A} | = el A}, for k = 1,2,3,4. Since A4 and
Ay 2 have the same minimal polynomial z° — 202° + 64z, we know e A}, = ef A}, for
any positive integer £, i.e., for any positive integer &, Ail and AZQ have the same first row.

Similarly, they have the same 16-th row. Therefore, for any list of nonnegative integers
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JisJ2, -+, Jas> the matrix Ajly AP AP - - - A% has the same first row as AJT since

T pAJ1 AJ2 AJ3 J2s T AJ1 AJ2 AJ3 J2s __ T AJ1tj2 AJ3 J2s
€1 A4,1A4,2A4,1 e ‘A4,2 = € A4,2A4,2A4,1 T A472 =€ A4,2 A4,1 T A4,2
_ T pJi+j2+7s3 J2s __

= 6114471 ...A472_...

T AJi+j2+7s+-+j2s
61 A4’1 .

As mentioned earlier, for n > 4, the adjacency matrix of a partially switched n-cube is
of the form A,,, = diag (A4, -+, Aas) + An_a1 ® L), where A,,_4; is the adjacency
matrix of the (n — 4)-cube, and * represents 1 or 2. For any positive integer k, each block
(of size 16 x 16) of the matrix A%  is of the form 3 c(j1, jo, - . - , jos) ALy A%y -+ A
for some nonnegative integers ji, - - - jos and some real number c(ji, jo, . - ., jos), Which
has the same first row as > ¢(j1, Ja, - - - jgs)Aiffr 72 the corresponding block in Ak
Therefore e] AF = = ef Ak | for any ¢ € {1,16,2* + 1,2* +16,2° +1,2° 4 16,2° +
20 4+ 1,224+ 24 +16--- } = S (these rows correspond to the first and 16-th vertices,

i.e., the two singletons, in each copy of the 4-cube or the switched 4-cube). Hence for

the unitary matrices U, ,(t) = ¢"4nr = 372 (itAﬁ’p)j for A, , and U, 1(t) = e"n1 for
Ant, €l U, p(t) = €U, (t) for any £ € S and any time ¢. As a result, at any time ,
each of the vertices in the set S has the same probability of state transfer to any other
vertex as it has in the n-cube. In the n-cube, there is PST between any two vertices at
distance n at time ¢ = 7 /2, which correspond to vertices k and 2" + 1 — k in our ordering

of vertices, i.e., |l U, 1(m/2)ean 11| = 1. Therefore, in any partially switched n-cube,

there is PST between vertices 1 + 2*my + 2°m5 + -+ + 2" 2m,_o + 2" 'm,,_; and
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16 + 241 —my) +25(1 —ms) + -+ + 2" 2(1 — my,_o) + 2" (1 — m,,_,) at time 7/2,

where m; € {0,1} forj =4,...,n— 1. O

Now we give a different proof of the PST pair result by using the symmetrized quotient
graph of a partially switched n-cube with respect to the equitable 7; as mentioned in
Remark [5.2.11

Second proof of Theorem [5.3.4} Consider the equitable partition 7 of V(Q,) and
of the vertex set of the given partially switched n-cube. The two graphs have the same
symmetrized quotient graphs with respect to 7, and every vertex in the set S forms a
singleton cell in both graphs with respect to this partition. Combining the fact that the
n-cube exhibits PST between the antipodal vertices and Theorem [2.3.6] the result follows.

]

Remark 5.3.5. Using the symmetrized quotient graph of (),, with respect to the equitable
partition 7r; approach, we can construct more graphs from (),, with PST between vertices
in the set S. Take the Cartesian product construction of the n-cube: @), = Q,,_4[JQ4; to
construct a switched n-cube, for each of the 2"~ copies of Q4, we either keep it or replace
it by Q.. Now if we replace the biregular graph induced on cells D and C; or the one on
cells C's and C (as shown in Figure by any one of the three non-isomorphic biregular
graphs (note that G; and (G5 are not isomorphic, as any two of the vertices {1,2,3,4}
have exactly one common neighbour, which is not true for (G3) or their variants obtained
from some reordering of the vertices (( is the one for the 4-cube or the switched 4-cube

on cells D and C5) shown in Figure [5.4] the resulting graph still has 7, as an equitable
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partition, and its symmetrized quotient graph with respect to m; is the same as the one of
(2, with respect to 71, namely Q/n\/m Therefore there is still PST between vertices j and
2" + 1 —jforany j € S at time 7/2 for such a perturbed n-cube. Note that if we just
consider ()4, by only making use of G; in Figure [5.4] there are already 6 non-isomophic
graphs (including the 4-cube and the switched 4-cube) on 16 vertices that have 7 as an
equitable partition, and CZ/\W as the symmetrized quotient graph. There are 2 of them if
we only make use of (G5, and 8 of them if we only use GG5. If we consider the n-cube
for n > 4, and replace some copies of ()4 by any variants, then for each resulting graph,
there are some other new non-isomorphic graphs related to it. For example, permuting
the vertices in cell C5 of the 4-cube or its variant but keeping the edges between copies
of (4 or its variant fixed to the position (not the vertex), gives new graphs. Similarly,
take @, = Q,_xQ, for some k& > 4, and consider the distance partition 7’ of )}, with
respect to vertex 20 (x € Zg_k indicate the copies). Replacing copies of () by any of its
variants that are on the same vertex set, have 7’ as an equitable partition, and with CX/\W’
as the symmetrized quotient graph with respect to 7/, produces graphs with PST between
the singleton cells of equitable partition of (),, induced by 7’ (there are 2"+1~* singleton
cells, forming a subset of .5).

itAnp and eitA

Using the approach of checking the entries of e »1 we can get information

on fidelity of state transfer between vertex j € S and any other vertices; it is the same

as it is in the n-cube at any time ¢, which can be calculated easily through e?4n1 =

cost isin(t)]” : .
L. sin(f)  cos( t)} . On the contrary, the symmetrized quotient graph approach only



165

1 2 3 4
MT M 0
Go

Figure 5.4: Non-isomorphic (3, 2)-biregular graphs on 10 vertices

tells information about fidelity between vertices in S.

Below we conjecture that the lower bound of 1/8 of the vertices in Theorem[5.3.4]is in
fact exact (that is, exactly 1/8 of the vertices of partially switched n-cubes pair up to exhibit
PST at time 7/2). As a motivating example, we consider A 5, the first interesting partially
switched n-cube, and verify that the bound is obtained in this case. The verification process
is rather tedious, but we include the technical details for completeness. The main takeaway
is that the smallest nontrivial example does indeed attain our lower bound.

Assume that GG is a graph on n vertices, and its adjacency matrix has spectral decom-
position A(G) = 37| A\, E, (Theorem 2.1.2). Then for a given vertex j € V(G), its
characteristic (indicator) vector is e; € R"™. The eigenvalue support of the vertex j (or
of the vector e;) with respect to A(G) is defined to be the set of eigenvalues \, of A(G),
such that E.e; # 0 [46]. Assume that G is periodic at a vertex j at some time ¢. Then the

values in the eigenvalue support of vertex j satisfy the following ratio condition.

Theorem 5.3.6. [46, Theorem 3.1] Let G be a graph and j be a vertex in G at which G is

periodic. If Oy, 0y, 0,, 05 are eigenvalues in the support of e; and 0, # 0, then % e Q.
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If a graph G that admits PST between vertices 7 and k at time ¢, then G is periodic at
vertex j (and k) at time 2¢y. Therefore if there are two integer eigenvalues in the support

of j, then all the eigenvalues in the support of j are integers.

Proposition 5.3.7. Let G be a graph on m vertices, and j be a vertex of G. Then the eigen-
value \, of A(G) is in the eigenvalue support of e; if and only if there is an eigenvector vy

of A(G) associated to \,, such that vie; # 0.

Proof. For any eigenvector v; of A(G) associated to \,, we can extend it to vy, v, . .., U

to get a basis of the eigenspace associated to A, then by the Gram-Schmidt procedure

and normalization, we can get an orthonormal basis wy, . .., wy of the eigenspace, with
_ 1 _ T T ™, _ (T T
w1 = v Now Erejy = (wiwy +wawy +- - - Fwpwy Jej = (wy €j)wi+- - -+ (wy €;)wy

for any vertex 7, and E,e; = 0 if and only if weTej =0forall/ =1,...,k, ie., all the
eigenvectors of A(G) associated to \, have their j-th entry equal to 0. This implies that
for any eigenvalue A\, of A(G), if it has a corresponding eigenvector whose j-th entry is

not 0, then ), is in the eigenvalue support of e; (or of vertex j) and vice versa. [

We are now in the position to consider the example of A 5.

Agr Iy

Example 5.3.8. Consider A;35 = [ [
4)  Aa2

], which has A\; = 5 as a simple eigen-

value, with v; = 1(5) being a corresponding eigenvector. By direct computation (or Re-

mark [5.3.2), va = { 1{4) ] is an eigenvector of A; 3 associated to eigenvalue 3. Since all
e C))

the entries of v; and vy are nonzero, from Proposition A1 = 5 and Ay = 3 are both

in the eigenvalue support of all the vertices.
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Now let p(A) = =N +11A* —27A%2+1 = —(A3+ A2 —=5A—1)(A>—= A2 —5A+1). Then
p(A) has 6 real roots (for example, by the Intermediate Value Theorem p(\) has a root A3
in the interval [2.7,2.8]). Assume the 6 roots are A3 > --- > \g; they are all eigenvalues
of As3, and each of them is irrational (non-integer roots of a monic integer-coefficient
polynomial are irrational), with minimal polynomial either (A\® + A? — 5\ — 1) or (A3 —
A —5X+1). For k = 3,...,8, the eigenvalue \; has an associated eigenvector v(\;,) =
0,a,—3a,a,a,b,—b,b,—b,b, —b, c,c,—3c,¢,0,0,d,—3d,d,d, e, —e, e, —e, e, —e, d+4, d+
4,-3(d +4),d + 4,07, where a = 2\, (A} — 10A2 + 17), b = 8\2 — 8, ¢ = 2)\ (A} —
5)2, d = 2\} — 12X2 — 6, and ¢ = 8\x(\? — 5). Note that for each j € T :=
{1,2,...,32}\{1, 16, 17, 32}, the entry v(\;); is not divisible by the minimal polyno-
mial of )\, and therefore none of these entries are zero. Again from Proposition for
k= 3,...,8, A\ 1s in the eigenvalue support of each vertex 7 € T'. Now for each j € T,
A1 = 5, As = 3, and A3 ¢ Q are in the eigenvalue support of e;. Since PST between
vertices j and k at time ¢ implies periodicity at vertex j (and k) at time 2¢, it follows from

Theorem [5.3.6| that no vertices in the set 7" exhibit PST. Combining this result with Theo-

rem we obtain that the set of vertices of A; 3 with PST is exactly {1, 16,17, 32}.

Conjecture 5.3.9. Let n > 4. For any partially switched n-cube, the set of its vertices that
exhibits PST is exactly the set S we give in Theorem and therefore exactly 1/8 of the

vertices of a partially switched n-cube pair up to have PST.
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5.4 Other variants

5.4.1 Convex combinations

Up to now, we have been working on unweighted graphs in this chapter. In fact, some
weighted n-cubes obtained from the n-cube and the switched n-cube also admit PST be-
tween certain pair of vertices. We first consider (different) convex combinations of each

4-cube or switched 4-cube block of a partially switched n-cube.

Remark 5.4.1. We can generalize partially switched n-cubes to specially weighted ones.
Consider a convex combination of the 4-cube and the switched 4-cube. The resulting
weighted graph G has adjacency matrix M = pAy; + (1 — p)Ayo for 0 < p < 1. Using
the same techniques as in the proof of Theorem[5.3.4] we can see that there is perfect state
transfer between vertex 1 and vertex 16. Furthermore, by induction we can see that for
the weighted graph I’ = @, _4UJG with adjacency matrix I(,_4y @ M + C,_4 ® L4y =
diag (M, --- , M) + C,,_4 ® I, every vertex in the set S as mentioned in Theoremm
is involved in PST. A similar statement holds for the weighted graph F with (nonnegative)
adjacency matrix A = diag (M, My, -+, Mon-a) + Cp_y ® I(s), where M; = p;jAsq +
(1 —pj)As2 with0 < p; < 1forj =1,...,2" % Note that this new family of weighted
graphs contains all the other cubes as special cases: when p; = --- = pan-a = 1, we
have the n-cube, where all the vertices pair up to exhibit perfect state transfer; when p; =
-+ = pon-a = 0, we have the switched n-cube, where exactly half of the vertices pair up

to exhibit perfect state transfer; when py, ..., p,—4 € {0,1} and not all of them are equal,
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then we have a partially switched n-cube, and Theorem [5.3.4] gives a list of vertex pairs

having PST.

More generally, we can consider convex combinations of arbitrary graphs on m ver-

tices whose adjacency matrices satisfy some specific conditions for some row.

Proposition 54.2. Let G1,Gs, ..., Gy be graphs on m vertices, whose corresponding
adjacency matrices are A(G1), A(Gs), ..., A(Gy), respectively. Suppose that for some
u € {1,...,m}, L A(G,) = el A(G,)? for every positive integer j and any r,s =
1,..., k. If there is PST in any one of the k graphs from vertex u to some other vertex v at
time t = ty, then all the other graphs have PST between vertex u and v at time t, as well
as the weighted graph G with adjacency matrix A = c;A(G1) + - -+ + ¢, A(Gy), where

0<c¢.<1forr=1,....k,andc,+---+ ¢, = 1.

Proof. The argument is similar to the one given in Remark as well as the proof of
Theorem In particular, we note that A7 = (¢;A(Gy) + -+ + ¢t A(Gy))’ has the
same u-th row as A(G,)’ = (¢ A(G,) + - - + ¢,A(G,))’ for any nonnegative integer j

andr =1,... k. O

Corollary 5.4.3. Any convex combination of the n-cube, the switched n-cube, some par-
tially switched n-cube, and the weighted matrices in Remark [5.4.1 has PST between ver-
tices 1 + 2'my + 25my + -+ + 2" 2m, o + 2" 'my, 1 and 16 + 2*4(1 — my) + 25(1 —

ms) + -+ + 2" 2(1 — my_2) + 2" (1 — my,_1), at time 7/2, where m; € {0,1} for
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Remark 5.4.4. We already know that any convex combination of A,; and A4, exhibits
PST between vertex 1 and 16. Here we give some spectrum properties of such convex
combinations.

First, using the 4-cube and the switched 4-cube we can construct a family of positive-
weighted cospectral graphs. We know from Section[2.3.2]that there is a symmetric orthog-
onal matrix () such that QA,1Q) = Ay, and QA4 = Ay;. Then forany 0 < p < 1,
the weighted graphs with adjacency matrices pAs 1 + (1 —p)As2 and pAgo+ (1 —p)Ag 1,
respectively, are cospectral to each other, and () is the similarity matrix between the
two adjacency matrices. Equivalently, we can view it in the following way: let C' =
1/2A41 + 1/2A40, E = Ayo — Ay, then for any 0 < o < 1/2, the two nonnega-
tive matrices C' + aF and C' — aE have the same spectrum (indeed, since QC'Q) = C and
QEQ = —FE, wehave Q(C+aFE)Q = C—ak). Furthermore, the eigenvalues of C'+aF
and C' — aF are £4 (with multiplicity 1), 2 (with multiplicity 1), O (with multiplicity 6),
and v/2 + 8a2 (with multiplicity 3), which can be checked by calculating the ranks of the
corresponding matrices.

Similarly, for the adjacency matrix C,, = I(,_4) ® Ay + Ch_y ® I(y) of Q,, if we

replace the diagonal blocks A, ; by different convex combinations of A,; and A4, then
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the nonnegative matrices

diag (p1Aa1 + (1 —p1)As2, poAss + (1 —p2)Aso, -+ pan-aAgr + (1 — pan-4)As2)
+ Cn_4 X 1(4) and
diag (p1Aas + (1 —p1)Asq1, ppAss+ (1 —p2)Asr, -+ ,pan-aAyo+ (1 — pon—a)Ayy)

+ Cn_4 & I(4)

have the same spectrum (similar through the block diagonal matrix diag (Q, @, ..., Q)),

where 0 <p; <1,5=1,...,2" %

5.4.2 Switching system

As another variant, we consider switching systems where one employs a switching func-
tion to change between systems at particular times (this can be done in the absence of GM
switching—it is a coincidence in naming). For example, one might use the spin network
associated to the hypercube from time ¢ = 0 to time ¢ = ¢;, then change to the spin network
associated to the switched cube from time ¢ = ¢; to time ¢ = ¢, change to use a partially
switched hypercube from time ¢ = ¢; to time ¢ = 3, and so on, up to time ¢, = /2, when
the n-cube, the switched n-cube, and any partially switched n-cube all have PST between
pairs of vertices in the set S (as mentioned at the beginning of Section [5.3.3). We show
that this new system (whose Hamiltonian changes with respect to time) has PST between
vertices in the set .S.

The motivation here is overcoming potential stability issues in the lab: spin networks
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are created in the lab with magnets and other devices and may be unstable, especially for
long periods of time. Thus, one might wish to send a state along the first network until one
loses confidence in the stability, then one can change to the second network and continue
sending the state through this “fresh” network while rebooting the first. This would be an
example of a quantum state transfer protocol requiring external modulation; such external
modulation approaches typically increase the effectiveness of the state transfer, but it may
be undesirable to use a protocol that relies heavily on a “hands on” approach. A switching
between closely related graphs, such as between hypercubes, switched hypercubes, and
partially switched hypercubes may be a useful compromise. Our approach is motivated by

switched systems in control theory; see, e.g. [72].

Proposition 5.4.5. Assume r is some positive integer. For j = 1,...,r, let G be any
of the following: the n-cube, the switched n-cube, a partially switched n-cube, or convex
combinations of the above as described in Corollary If a quantum state is trans-
ferred through the network G for 0 <t < ty, Gy fort; <t <ty Gsfortys <t <ts, ...,
G, fort,_1 <t <. = m/2, then the quantum system with time-dependent Hamiltonian
H, is guaranteed to have PST at time /2 for the vertices in the set S as mentioned in

Theorem

Further, if for j = 1,...,r, Gj is either the n-cube or the switched n-cube, and in
addition at least one G; is the switched n-cube, then the set of vertices exhibiting PST in
this system is exactly the set of vertices exhibiting PST in the switched n-cube (one half

of all the vertices).
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Proof. We consider the case » = 2, the general case follows from induction. Fix a vertex

¢ e S. Then
eq exp (it A(G)) exp (i(t — 1) A(Gs))
Yy w exp (i(f — 1) A(G5))
k=0
= ¢ i W}:ﬂ exp (i(t — t1)A(G2)) (by Proposition[5.4.2)
k=0
= ¢} exp (it A(Gy)) exp (i(t — 1) A(Gy))
= elexp (i(ty +t — 1) A(Gy)) = el exp (itA(Gy)) .
Thus the problem reduces to finding PST pairs in S for A(G5). O

We now analyze the sensitivity of fidelity of state transfer, involving vertices in S =
{1+2'my+- - +2"" my, 1, 164 20my++ - - 4+2" " m, g [my € {0, 1} fork =4, -+ n—
1}, to readout time errors in the above discussed graphs, and find that they all have the

same sensitivity to readout time errors as the original hypercube when PST occurs.

5.5 Sensitivity with respect to readout time errors

Recall S = {1+2%my+---+2""'m,_1,16+2Mmy+- - -+2" " m, 1 | my, € {0,1} for k =
4,--- n — 1}. The sensitivity of the probability (fidelity) of state transfer with respect
to readout time is typically analyzed through the first derivative. An analysis of the kth
derivatives (for any k € N) for weighted graphs with PST is given in Theorem[2.6.4] Here,

we consider both the first and second derivatives.
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Theorem 5.5.1. For any PST pairs in the set S, the fidelity of state transfer between the
two vertices has the same derivatives with respect to time t in the n cube, in the switched

n-cube, in a partially switched n-cube and in the other n-cube variants discussed herein.

Proof. Asin Theorem[5.3.4] we have already shown that for any vertex j € S, there is PST
between vertex j and vertex 2" + 1 — j at time 7 /2 for the (switched, partially switched)
n-cube, and e] Uy, ,(t) = €] Uy 1(t) = e] Uy 5(t) for any t > 0. Therefore the fidelity of
state transfer from vertex j to any other vertex £ is the same as it is in the n-cube at any
time ¢. It follows that the three types of n-cubes have the same derivatives with respect to
readout time ¢ at any time. In particular, by Theorem at time ¢t = 7 /2, for the PST
vertex pairs in the set S, %h:% = 0, and %h:g = —2n, where p is the fidelity of state
transfer at time ¢ between some PST vertex pair in S. Similarly, we can use the proof in

Proposition to prove this result for convex combinations, and use Proposition [5.4.5]

to prove it for the switching system. [



Chapter 6

Bounds on fidelity of state transfer
with respect to readout time error or

edge weight errors when PST occurs

Assume a weighted or unweighted graph G with Hamiltonian H exhibits PST at time
to. As we mentioned, to achieve PST in practice, the state at the receiver needs to be
read out exactly at ¢y, and the spin system needs to be set up according to the parameters
of G, with the interaction strength between spins j and k exactly the same as the edge
weight between vertices j and k. But there may be small errors (perturbations in these
parameters) in practice. We would like to make sure that even if small perturbations occur,
the probability that the state read out at the receiver is the same (up to a factor) as the state

sent is still very close to 1. Bounds on the fidelity of state transfer of the perturbed system,

175
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where the unperturbed system exhibits PST, are of practical use here.

In this chapter we focus on weighted graphs with PST, and take a mathematical ap-
proach to perturbations which decrease the probability of state transfer. While our ap-
proach is similar in nature to that of Kay [59]] and Kirkland [66], it should be noted that
other authors take different approaches. In particular, there have been a number of nu-
merical studies investigating the robustness of fidelity with respect to perturbations (e.g.
[38L[80,89]). A recent paper of Kay [62] concerns the use of error correcting codes as a
strategy for dealing with imperfections (in contrast, we do not consider encoding/decoding
schemes herein).

The bounds on fidelity with respect to timing errors that we produce (for both the
adjacency and Laplacian cases) look similar and in fact extend the lower bound given by
Kay [59]. Moreover, we give an example where our bound is attained for the adjacency
matrix case, so it cannot be further improved in that setting. Sensitivity with respect to
perturbations in readout time is discussed in Section [6.1 The edge weight results are
more qualitative in nature, not many bounds are known. Here we take several different
approaches to get bounds on the probability of state transfer with respect to edge weight
perturbations, making use of both the spectral and Frobenius norms. Sensitivity of fidelity
to perturbations in edge weights is discussed in Section[6.2]

In this chapter, we consider sensitivity of the fidelity of state transfer to perturbations
in readout time and in edge weight errors, when the unperturbed system exhibits perfect

state transfer. All the results apart from the Laplacian dynamics results (only for weighted
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or unweighted graphs without loops), apply in fact to any Hamiltonian (a real symmetric
matrix), weighted or unweighted graphs with or without loops. This chapter is based
on work with Gordon, Kirkland, Li and Plosker [52]]. The work began when Li visited
the University of Manitoba in May 2015 for a one-week period. Gordon was Plosker’s

undergraduate student research assistant in Summer 2015.

6.1 Sensitivity to readout time

6.1.1 Fidelity of state transfer and the numerical range

Suppose G admits PST between vertices j and k at time ¢,. How sensitive is p; ;(t) to
small changes in time at time t,? We would like p; ;. (¢ + h) to be close to p; x(to), which
is 1, for small h. First note that we can reorder the vertices of G so that PST occurs
between vertices 1 and 2. Thus we can focus on the (1, 2) entry of e°* for simplicity and
ease of notation without loss of generality, where H is the Hamiltonian of GG under certain
dynamics (H = A(G) if the system is governed by XY dynamics, and H = L(G) under
Heisenberg dynamics). We also denote the fidelity of state transfer p; »(%o) as p(to).
Since H is real symmetric (the adjacency matrix or Laplacian matrix of some undi-
rected weighted graph, possibly with loops), there is a real orthogonal matrix () that di-
agonalizes H to A = diag (A1,..., \,): QTHQ = A, where the eigenvalues \;s satisfy
A1 < Ag < ... < \,. Note that the j-th column of () is an eigenvector of H associated to

eigenvalue \;. Let ¢/ = [q11,...,q1.n) and g3 = [g21,- .., q2.,) be the first two rows of
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Q, that is, g7 (resp. ¢1) is a row vector consisting of the first (resp. the second) entries of
the eigenvectors of 2. Then e*o* = Qe*QT. We are assuming PST between vertices 1

and 2 at time ¢(, and so by Proposition [2.6.2]
g = g, 6.1)
for some 6 € R. In particular, for any matrix B e M, and B = Beie,
lef @Be™ QT es| = |qf Be™ o] = |qf Be’q1| = |qi Bar| = |e] QBQ ey .

This innocuous observation will allow us to consider the (1, 1) entry of Q BQT rather than
the (1,2) entry of QBe/oAQT.
The change from the (1, 2) entry to the (1, 1) entry forges the link between the fidelity

of state transfer and the notion of the numerical range of an n x n matrix B, defined by
W(B)={z"Bzx : x € C",z*x = 1}.

In particular, for any matrix B that is diagonalizable by a real orthogonal matrix (),
or more generally, by a unitary matrix, W (B) is the convex hull of all the eigenvalues of
B, since W(B) = {2*Bx|x € C",z*z = 1} = {2*QAQTx |z € C",2*x = 1} =

{y*Ay |y € C",y*y = 1}, as Euclidean norm is unitary invariant, where A = Q7 BQ.

6.1.2 Bounds on fidelity of quantum state transfer

Theorem 6.1.1. Let G be an undirected weighted connected graph with or without loops
that admits perfect state transfer at time ty, and ‘H be its Hamiltonian under certain dy-

namics; that is, p(ty) = 1. Suppose that there is a small perturbation and the readout
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time is ty + h instead, with |h| < )\"’i Ve where, \\ and \,, denote the smallest and largest
eigenvalues of H, respectively. Then the fidelity at the perturbed time t, + h satisfies the

following lower bound:

1 . )
p(to 4 h) Z Z‘elh)\l + elh/\"|2.

Proof. Assume that H is diagonalized by a real orthogonal matrix ) = [g¢; ;] to a diagonal

matrix A = diag (A1, ..., \,). Then

Ulto+ h)1o = qipei(to—i-h)/\qQ = ¢Teitheitoh g,
(6.2)

=g e™e?q = ¢l Bq; € W(B),

with B = diag (/1. .. ¢! )et. Note that W (B) is the convex hull of {1 ¢¥eihAn},

Since |hA, — hA;| < m, there exists an s € [0,27) such that ¢ B has eigenvalues
e e with —/2 < & < -+ < &, < 7/2and & = —¢&,. Lete®*B = By +iBs
such that By, = B} and By = Bj (i.e., the Toeplitz decomposition of €** B as the sum of a
Hermitian matrix and a skew-Hermitian matrix [56]; in fact, B; = %(eisB + (e B)*) =

diag (cos &, ..., cos&,) and By = o-(e*B — (¢ B)*) = diag (sin&; .. .,sin&,)). Then

the eigenvalues of B; satisfy 0 < cos{; = cos&, < cosé;forallj =2,...,n—1. Asa
result, for every unit vector z = [z1, xa, ..., z,|* € C",
|2*Bx| = |z*e*Bx| = |v*(B, +iBy)x| > |x*Bix|
= [|z1[> cos &y + - - 4 [aa|? cos | > cos &y (6.3)

= |e1 + ein| /2 = |eihM 4 gihdn| /2,

where the first inequality comes from the fact that |v*(By + iBy)z| = | 3, |2;]% cos & +
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i3, wjPsing;)| > |32, |w;[* cos§;| = [#*Bix|. Thus, every point in W(B) has a

distance larger than |e?"*t + €| /2 from 0. Consequently,

pto+h) = |U(to+ h)1,2|2 = |qlTBql]2 (by equation (6.2))
1 . .
Z Z_l‘ezh)\l + 6zh)\n|2 (by @)
and the result follows. L]

In fact, in the above proof, one can get a better estimate of |¢; Bg; | using the informa-

tion of ¢; = [q1.1,...,¢1n]T € R™ and B = diag (e, ... e"*)e?; namely, for any
s eR,
i Bar| = > a7, @M =1 " gd e > 1N g7 cos(h(; — 5))
=1 =1 =1
—~ 5 Ko 2
> Zqu Ty Zqu()‘j - 5)
=1 =1

h? &
= 1- ?ZQ%,j(/\j —s)?,
j=1

where the first inequality follows from the fact that cos(z) > 1 — %2 for any = € R.
In particular, if we let s = )\, in the above, we obtain p(top+h) > 1— %2 Do di (N
A1)?, a result that is parallel to the bound obtained by Kay [59], without that paper’s extra

hypothesis that the Hamiltonian H is persymmetric.
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For general s, the above implies

p(to) —p(to+h) = 1—|qf Ba|* (by (62))

= (4o Ma)(1 = lgy Mail)
W o 2
< 2 ?Z%l()‘j —s)
j=1
= h? Z q?-l()\j — 5)2.
j=1
We summarize these derivations in the following theorem.

Theorem 6.1.2. Let G be an undirected weighted connected graph with or without loops
that admits perfect state transfer at time ty, and H be its Hamiltonian under certain dy-

namics; that is, p(to) = 1. Suppose that there is a small perturbation and the readout time

is to + h instead, where, for the eigenvalues \y < --- < X\, of H, h satisfies |h| < -
Then, for any s € R, the transition probability at the perturbed time has the following

lower bound:

plto+h)>1—h? i @ (N — )% (6.4)

j=1
Theorem is an improved bound compared to Theorem Yet direct use of
Theorem [6.1.2)requires one to find all eigenvalues Ay, .. ., A, of the Hamiltonian H, while
Theorem requires only that the smallest and the largest eigenvalues are known. For
large spin systems, Theorem [6.1.1] would then be more practical. However, the follow-
ing consequence of Theorem [6.1.2] yields a lower bound on the fidelity that involves the

physical parameters of the Hamiltonian itself, and does not require any knowledge of the

eigenvalues of H.
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Corollary 6.1.3. Under the hypotheses of Theorem we have
pto+h) > 1 — h*(elH?er — (e] Her)?). (6.5)

Proof. Observe that the quantity 1 — 1?77, ¢f ;(A; — ) in (6.4) is maximized (as a
function of ) when s 37 | qi ; = .0, qi A, ie. when s = 37" ¢F )\ = ¢f Aq =
e QAQ"e; = ef He,. The corresponding maximum value is then 1 — 2*(3°7_ ¢f ;(\; —
THE?) = 1= WSy 8 N — 2l Her) Sy 8 Ay + ([ Her Sy ) = 1 -
h? (elTH2el — (elT”H,el)Q). Inequality now follows readily from Theorem since

inequality (6.4) is true for any real number s. O

Inequality (6.5) of Corollary [6.1.3]is fairly accurate in the following sense. Kirkland
[66] considers the derivatives of p(t) at time ¢, under the hypotheses of PST at ¢y. In
[66, Theorem 2.2], it is shown that all odd order derivatives of p(t) at t, are zero, while
the second derivative is equal to —2(ef H?e; — (el Hep)?)). From [66, Theorem 2.4], it
follows that the fourth derivative of p at ¢ is positive. It now follows that for all & with |A/|
sufficiently small, there is a ¢ > 0 such that p(to+h) = 1—h?(eT H?e; — (T Hey )?) +cht+
O(h®). Recall, if f is a real or complex valued function and g is a real valued function,
then we write f(z) = O(g(x)) as * — a, if and only if there exist positive numbers ¢ and
N such that | f(z)| < Ng(z) when 0 < |z — a| < §. We usually leave x — a unstated if
it is clear from the context. Hence, the above discussion shows that, for small A, the lower

bound of Corollary is accurate to terms of order 3.
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6.1.3 The case when the bound in Theorem is tight for the adja-
cency matrix of a weighted graph

We now consider the case where the bound in Theorem is obtained when H is the
adjacency matrix A of a connected positive-weighted graph with or without loops. For
concreteness, suppose that A is of order n and that there is perfect state transfer at time .
Suppose A is diagonalized by a real orthogonal matrix @) to A = diag (A1, ..., \,) with
A < --+ < A, Suppose further that for some h with |h| < 75—, p(to) — p(to + h) =
1 — $]em™ 4 A 12 Denote the multiplicity of A, by k, and recall that \,,, as the Perron
value of A (that is, the unique maximal eigenvalue as per the Perron-Frobenius theorem), is
necessarily simple, and the Perron vector (an eigenvector associated to the Perron value),
the n-th column of (), has its entries all positive or all negative. Examining the proof
of Theorem (in particular, the last inequality in (6.3)), it follows that ¢; can only
have nonzero entries in positions corresponding to the eigenvalues A; such that \; = \;
or \; = A, (thatis, Ai,..., \g, A,, by assumption). From (6.1) and the fact that ¢,
and g3, are of the same sign (therefore ¢q»,, = i), as entries of the Perron vector, it
itoA[

follows that €®[q11,...,q14,0,...,0,q1.n)7 = €™ ga1, ..., @21, 0,...,0,q1,,]%. From

the facts that the corresponding entries in ¢; and ¢, are either equal or the negative of

each other, ||¢1]|2 = [|gz2/l2 = 1 and that ¢7'qo = 0, it follows that e!**~% = —1 and
therefore ¢»; = —q1; for j = 1,...,k, and that ¢1,, = @, € {\%, —\%} Observe

that since every column of () has Euclidean norm 1, the n—th column of () has nonzero
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entries only in its first two coordinates, but as a Perron vector for A, it cannot have any
1 1

zero entries. We thus deduce that n is 2, () = |+ V2 , £ V2 . Therefore A =
1 1

V2 V2
1 1 i1 Ao+ A1 A — A
A |2 I+ ]? 2 = 5 ? b ' by the spectral decomposition of
-3 3 3 3 A2 =AM A+ N

A. If G doesn’t have loops, A must be a positive scalar multiple of [(1) [1)] . If G has loops,

then the weights of loops at the two vertices need to be equal to each other.

Conversely, without loss of generality, we can assume that A is a positive scalar mul-

01
10

tiple of [(1) (1]] by Proposition |1.3.9, furthermore we assume that A = [

] by Re-

mark [1.3.T1] Then from Remark [2.1.3]

itA cost isint
et = .
st cost

Attime t = I, ¢4 = {? (ﬂ and so there is PST (since p1 2(5) = |i|* = 1). Attime +h,
the (1,2) entry of €' M4 is isin(Z4+h) = —icosh = —L(eh+e~") = —L(ehMpethrz),
as \; = —1, and \y = 1. The bound in Theorem [6.1.1]is attained.

Although Theorem [6.1.1] is true for either adjacency matrices or Laplacians, we can
adapt the techniques of Theorem slightly to produce an improved bound on the fi-
delity in the setting of the Laplacian matrix of a weighted or unweighted graph without

loops, since we have more information at hand.
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6.1.4 Animproved bound in the case of Laplacian matrix of weighted

graphs without loops

Theorem 6.1.4. Let L be the Laplacian matrix of a connected weighted graph on n > 3
vertices. Denote the eigenvalues of L by 0 = Ay < Ay < ... < \,,. Suppose that there is

perfect state transfer at time to; that is, p(ty) = 1. Suppose there is a small timing error,

and the readout time is instead to + h, where h satisfies |h| < {-. Then

plto+h) > 1-— (n —1)%(1 — cos((A, — A2)h)) ~ (n—=1)(2 — cos(Azh) — cos(A\,h))
N 2n2 n2

_ (cos(Agh) — cos(A,N))?

2n2(1 — cos((Ay — A2)h)

(= 1)sin((A\, — Ao)h) + sin(A,h) — sin(Aoh))®
= 2721 = cos((ny — M) ' ©D

(6.6)

Proof. Note that the normalised all-ones vector \/Lﬁln is a null vector for L. Assume L is
diagonalized by a real orthogonal matrix Q to A = diag (A1,...,\,). Then L = QAQT

such that gy, the first column of Q' has the form [1//n, 2, ..., 2,]", where 37, x7 =

”T_l. Mimicking the proof of Theorem , we find that p(ty + h) is bounded below by

|1 ) ; ; 2
min )— + z*diag (2, ... €M) 2|
n
where the minimum is taken over all unnormalised z € R"! such that z*z = "T_l From

elementary geometric considerations (in short, the "/ are points on the unit circle and so

the minimum will be attained by taking a convex combination of the smallest and largest
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values, namely €2 and e?"*), we find that in fact
1 A |2
min ‘— + z*diag (e"?,... € ")z‘
n
2
min
0<as st

l T oaeih 4 (” —1 _ a> othAn
n n

A routine calculus exercise shows that the minimum corresponds to

B n—1 cos(hA,) — cos(hAg)
“= max{ 2 T2 —cos(h0a — W)’ O}

and that the minimum is given by the right hand side of (6.6)).
Note that by using the formula for distance between a point and a line in the complex

plane, we get bound (6.7), which is the same as the one in (6.6)). O

Example 6.1.5. Suppose that n is divisible by 4, and consider the unweighted graph G
on n vertices formed by deleting the edge between vertices 1 and 2 from the complete
graph on n vertices. Note that L(G) has three eigenvalues: A\; = 0, with corresponding
eigenprojection matrix Fy = %Jn (where J, is the all ones matrix of size n xn), A\og = n—2
with eigenprojection matrix E = 1(e1 — e2)(e; — e2)”, and A3 = n with eigenprojection

matrix

n—2 1
20, | =L

E3:

1 1
T nYn—2.2 ‘ I— ndn—2

It is shown [69] that G admits Laplacian perfect state transfer from vertex 1 to vertex 2 at
time 7.
Using the eigenvalues and eigenprojection matrices above, it can be found that for any

h, the fidelity at time 7 + h is given by (by Remark 2.1.3)

s 1 1 . n—2 . |2
o h) _ ‘_ ~ ih(n—2) v 2 ihn
p(G+0) =g+ + e
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This last expression can be simplified to yield

D <g + h) = 1- n2_n2(1 — cos(2h)) — %(1 —cos((n —2)h))

)(1 — cos(nh)).

An uninteresting computation reveals that p(5 + h) exceeds the lower bound of (6.6) in

the amount of

(cos((n — 2)h) — cos(nh) + 1 — cos(2h))?
2n2(1 — cos(2h)) '

(cos((n—2)h)—cos(nh)+1—cos(2h))?

52 (1—cos(2h) is asymptotically equivalent to h? as

We note in passing that

h — 0.

6.2 Sensitivity of fidelity to edge weights

6.2.1 A bound obtained from sensitivity of a matrix exponential to
small perturbations of a Hermitian matrix

As in Section [6.1] without loss of generality we assume that there is PST between vertices
1 and 2. Here we keep the time constant at ¢,, and perturb the edge weights.

Denote the (real symmetric) Hamiltonian of a system by H. Suppose (e°*), , has
modulus 1; that is, the system admits PST between vertices 1 and 2 at time t,. Consider
now a perturbed system with Hamiltonian H="H+ Ho, where H is a (symmetric) matrix

representing small perturbations of edge weights. Mathematically, we would like to find
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eit(?—t+7—lo))

an upper bound for |(e/7); 5% — |( 1.2]? or, when ¢ = t,

1 — ‘<€ito(H+Ho))1 2‘2

)

for a symmetric matrix A and a sufficiently small real symmetric perturbation H, say,
measured by the spectral norm |||¢oHl||, or the Frobenius norm ||ty || -

Note that the entries of the matrix H, represent individual edge weight errors, so our
approach allows for individual edge weight perturbations rather than simply an overall
(global) edge weight perturbation (where all edge weights are perturbed by e.g. 0.0001 in
the same direction), or a single edge weight perturbation (where all other edge weights
remain unperturbed); the latter case was the situation considered by Kirkland [[66]].

We begin with the following.

Theorem 6.2.1. Suppose that perfect state transfer occurs at time ty for a system with
Hamiltonian H, and 1 = H + Ho, with a nonzero real symmetric perturbation H,, is the

new Hamiltonian. Then

1— |(€ito(7'l+7'lo))1 ) 2 < 2|||t0H0|||26l\\toHoll\2 _ |||t0’].[0|||§62\||t07'10\||2

)

2 3
< 2[ltoHoll, + llitaHolll; — llitoHolll5- (6.8)
Proof. Since the Hamiltonian H is symmetric, from Theorem[2.1.10, we have

[letotressr — et ||, < tol|Hoflpe™ otz ||, = tol|Holle e,
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as |||e™*]||, = 1. Consequently, from the triangle inequality and Theorem|2.1.7,

|(€it0H)172’ . ‘(62'1?0(7-[—&—7-[0))172‘ S |(eit0(7-[+7-[0) . eitOH)LQ’ S HJI%X |(eit0(H+H0) . eitOH)j,k’

IN

mez‘to(H—kHo) _ eitoH|||2 < t0|||H0|||26t0|”H0”|2~

Therefore

1 — H|t07_[0|”2€\llto%ol\\2 < ‘(eito(H+Ho))1’2|.

For small enough H, such that ||toH|||,ellfo*0ollz < 1, squaring both sides and rearranging

terms,
L — [(e"0t00) 52 < 2t Holl el Mol — [[toHo| 3¢ oMol
= 2|[toHoll,(1 + mtoif“’”z + H\ongomg +e0)
oMol (1 + 2|||15017'?(0|||2 + (2|||t0;'fo|||2)2 P
< 2lltoHolly + litoHolll; — litoHolls,
so that holds. O

We note that the estimate |||e?0(H+#0) — eito® ||| < [£gH, || ,elloHoll> of Theoremm
can be reasonably accurate. For example, suppose H = A is the adjacency matrix of a
connected weighted graph with perfect state transfer at time ¢,. Let v denote the positive
Perron vector of A with norm one, and suppose that Hy = Ay = evv? for some small ¢ >
0. Then meto(AJFAO) - e“oAH‘2 = |e?¢ — 1] (using the facts that spectral norm is unitarily
invariant and that if o(A) = {\;,..., \,} with \,, being its Perron-value, then o(A +

Ag) = {1, ..., A\, + €}, and the two matrices have the same corresponding eigenvectors),
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while [[toAol[,elfodole = tyeetos, so that

o — e,

[0 Ao || eltoA0ll2 — 1

ase — 0T,

6.2.2 An improved bound for special Hamiltonian 7/ and small per-
turbations

If we have additional information about the Hamiltonian 4, we may be able to produce
some better bounds as shown in Theorem [6.2.3| below. Before presenting the theorem, we
require a preliminary proposition which is intuitively clear. Its proof consists of elementary

linear algebra manipulation techniques; we give the proof for completeness.

Proposition 6.2.2. Suppose that the system with Hamiltonian H admits perfect state trans-

fer between vertices 1 and 2 at time ty; that is, |(e°™), 5| = 1. Then for some 6 € R and

a real orthogonal matrix Q toH = QDQT + 01, where

D =rmdiag (r1, ..., 70, Tos1s -« s Ty Tmtdy - -« 5 Tn)
such that ry > --- > 1y are positive even integers, and rp,1 > - -+ > 1, are positive odd
integers. Further, the first two rows of Q can be taken to have the form [xy, ..., x;,0,...,0]
and [xTq,...,Zp, —Tp41y ...y —Tim, 0, ..., 0] satisfying x4, ... ,xy > 0.

Proof. As in Section assume 7 is diagonalized by a real orthogonal matrix () to a

real diagonal A, thatis, H = QAQ’. Suppose that the first two rows of @ are ¢! and ¢3 .
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Then, by Proposition[2.6.2] PST between vertex 1 and vertex 2 implies that e’ g, = €¢;
or, equivalently, e~?eitotqy = q; (or gl e ?eior = ¢I') for some § € R. Therefore the
corresponding entries of ¢; and ¢» have the same absolute value, in particular, the j-th entry
of ¢, is zero if and only if the j-th entry of g5 is zero. For a suitable permutation matrix P,
we can replace (A, Q) by (PTAP,, QP,) so that the zero entries of ¢ Py all occur in the
last n —m entries, for some 0 < m < n. In this way, we may assume that PlT (toA—01) Py
is a diagonal matrix with diagonal entries of the form sy, ..., s,,m, *,...,* for some
integers sy, . . ., Sy,. The asterisks in the (m+ 1, m+ 1) up to (n, n) entries of the diagonal
matrix Pl (tyA — 1) P, represent unknown constants, corresponding to the zero entries (if
any) of ¢! P,. We can replace 6 by 6 — 2s7 for a sufficiently large integer s so that we may
assume that sy, ..., S, are positive integers.
Next, for a suitable permutation matrix P, we can replace the pair (PL AP, QP;) by
(PIPIAP Py, QP P,), so that PL Pl (tgA — 01)P P, = wdiag (ry,...,r,) with r; >
- > rgeven, rppqy > --- > 1 0dd, and 7,41, ..., 7, unknown constants; note that
we still have H = (QP,P)(P] PTAP,P,)(QP,P,)". Further, we may replace the pair
(PYPIAP Py, QP P) by (SP] PTAP, P,S, QP, P,S) for some diagonal orthogonal ma-
trix S, whose diagonal entries are 1 or —1, such that the first row of Q)P PS5, namely
eFQP PSS = (21,...,7,0,...,0),satisfiesz1, ..., 2, > 0. Now rewriting ¢ e~ “¢itor =
el Qe ¢eioA with the new real orthogonal matrix QP P,S and the new diagonal matrix

SPIPTAP,P,S gives

e} (QP PS)e~MeitoSPI PIANE:S — (FeifeioA Py Py S = ¢ P P,S = ef (QP1P2S),
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which combined with the fact that Pf Pl (tgA — 0I)P,P, = wdiag (ry,...,7,) with

T1,...,7g€vVen, reiq, ...,y odd, and 7,11, . . ., 7, unknown, imply that
T
ey (QPLPyS) =[xy, ..., T¢, —Tps1, -, — T, 0,...,0].

Relabelling D = SPJ PT(tyA — 0I)P,P,S and Q = QP,P,S for simplicity, the result

now follows. [

Theorem 6.2.3. Suppose perfect state transfer occurs at time ty in a system with n X n
Hamiltonian H, and H = H+H,o, with a small nonzero real ( symmetric) perturbation H,,
is the new Hamiltonian. Furthermore, assume that the value m (for 1) in Proposition[6.2.2]

equals n. Then

2([toHol|%

1 . ito?‘l 2 <
[(e™7)12]" < (m — ItoHolll5)

5 + litoHoll; + OlltoHoll).

Proof. Assume tyH = QDQT + 0I, with D = D = ndiag (71, ..., 70, Tes1s - - - Tm)s
Q = Qareal orthogonal matrix as in Proposition and m = n. Here we drop the tilde
for notational simplicity. Relabel d; = 7r; for j = 1,...,n,sothat D = diag (dy, ..., d,)
is such that the first ¢ entries are even multiples of 7 and the last n — ¢ entries are odd
multiples of 7. Then ¢’ = I, @ —I,,_,, denote this matrix by 7. Note that 7! = 7.
Suppose that to(H + Ho) = QﬁQT + 61 for some real orthogonal matrix Q and the

same 6 as in tyH = QDQT + 0I. Assume D = diag (cil, ..., dy,). By a suitable choice of

(), we may assume that there is a permutation matrix P such that both PTDP and PTDP
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have diagonal entries arranged in descending order. Then by Theorem [2.1.12]

\lp=D]| =P pP - P DP
2 2 (6.9)
< [[toH = to(H + Ho)ll, = ltoHolll,,
and hence
P —eP|| < H‘D_ﬁHL < ltoHoll,. (6.10)

where the first inequality comes from the fact that the singular values of a normal matrix
are the moduli of its eigenvalues, and the fact that |e!* — ¢’| < |a — b| for any real numbers
a and b (distance between two points on a unit circle is less than or equal to the length of
the curve on the unit circle between them).

Let V' be an orthogonal matrix close to I such that ||V — I||r < 1. Then by Theo-
rem we may write log(V') as a power series log(V) = — > 7%, %(I — V)7, Setting
K = log(V), we have eX = V. It follows that [ = VV7T = eKeK" = e5+K" where the
last equality comes from the fact that K commutes with K. We deduce that K7 = — K,
i.e. K is skew—symmetric. We will use this idea in what follows.

Recall that () (resp. Q) is a real orthogonal matrix that diagonalizes toH (resp. to(H +
Ho)) to D + 01 (resp. D + 0I) as in Proposition and in Theorem If Hy is
small, we may assume that the differences between the corresponding eigenvalues and
eigenspaces of to(H + H) and tyH are small so that D is close to D, and QTQ is close
to I, by Theorem and Theorem As a result, we can write D—D = wD;
and e*X = QT(Q for a small positive number w, a diagonal matrix [); and a matrix K

such that max{|||Di]||,, || K||,} = 1 (the norm condition is required so that the terms
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like w?ql K3q, w3qr D3¢, can be lumped into the O(w?) term below). Now we denote
the real orthogonal matrix Q that diagonalizes to(H + Ho) by Q,, accordingly, using the
subscript w here to emphasize the dependence on some small positive number w, therefore
QL = e¥EQT. Note that it is possible that D; = 0 or K = 0 but not both as H, # 0. We
emphasize that k' = %log(QTQ) is skew—symmetric, from the above remark about the
matrix V.

Now toH = Q(D + 01)QT and Q,, = Q imply that t¢H — 01 = Q,,DQT. Using the

power series expansion of eto? and the facts that K = —K T. D = D+ wD; and that

QF = evKQT, we get

el (@ M)er = ¢ (Que QY )es
=e [Q( + wK + %uﬂf@)%“’([ +iwD; — wQ%Df)(I +wK + %wQKQ)}QTeQ + O(w?)
= (Qe™PQT) 19 +wel QKT e™P 4+ ePiD; + P K|Q ey + %wzef [(KT)2eP
—ePD + P KAQ ey + w?el QK ePiD) + KTe'P K + ePiD1 K|Q ey + O(w?).
Recall that J = P = I, & —1I,,_,. By the facts that J ¢, = ¢, (therefore ¢¢ = ¢! J and
¢ =Jq), J* = 1I,and q¢" Kq = 0 for any vector ¢ € R" (since ¢' Kq = (¢" Kq)T =
¢"K"q = —¢q" Kq), we have
e_welT(e“Oﬁ)eg = elTQweiDQgeQ =1+w(g K 'q + ¢ Kqp) + iwg! Diq + %102q1T((KT)2
—D}+ JK*J +2K"TKJ)q1 + iw*q] (K" D1 + ID1KJ)q1 + O(w?)
— 14 L (KTY - D+ TKPT 4 2K T K )1 + iwg! Digy

2

+iw?ql (K'Dy + D1 JKJ)q1 + O(w?).
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Let z(w) = Re(e?Que'?QTey), and y(w) = Im(eX Qe Q%e,). Then

|6{6it0(H+H0)62|2 . |e{eit07‘{'€2’2 _ |6¥“6it0(7-[+7-lo)62|2 1

=z(w)? +yw)* -1
(6.11)
=w’lq) (K* + TK*J —2KTKJ — DY)q1 + (41 Dig1)*] + O(w?)
= —w*((KT = TK)all; + I1D1q1 I3 — (a1 Drar)?) + O(w?).
For the last equality in the above expression, we use the fact that, although 7K J K #
KJKJ,itistruethat gl TKTKq = ((f TKIKq))" = ¢ K"T"K"T "y = ¢l KT K T qu,
which is all that is required here.

Now we find a upper bound for w?||(KJ — J K)q||3 and for ||Dyq1]|3 — (¢F D1q1)?

from (6.11)), separately. We start with the former one. Partition w /K in accordance with

J=01®—I,_4as wK = K“T K1z , where Ki; is £ x £. Then wKJ — wJK =
—Kj; Kx»
{ QOI(T —Qé{ 121 and hence
- 12
[(wKT —wI K)q|l3 < [lwKJ —wl K5 = 4/ K1a|l5, (6.12)

by the inequality between Euclidean norm of a vector Az and the spectral norm of matrix
A in Theorem

Now,

WKy | (wK)*

T _ wK __
QuQ =" =T +wk + = 3

So, wK = (QLQ — QT Q.)/2 + F, where ||F||, = O(w?*). Partition F' in accordance

FF,

with J (or wK) as F' = {Fs P

}, then || £, = O(w?) for j = 1,...,4.
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Vii Vi
Vor Vo

Kip = (Vi — V3h) /2 4+ Fy (with || F'|| = O(w?), || F]ll, = O(w?)). Note that V35 and V5,

Assume QTQ =V = { } with Vj; of size £ x £. ThenwK = (V—-VT)/2+F,
have the same spectral norm and the same Frobenius norm. There are a number of ways
of seeing this; perhaps the simplest is to note that since QX Q is orthogonal, it follows that
VitV + VioVih = I and VEVAy + Vi Vay = T thatis, Vi Vi = T — Vi, VL and VIV, =
I — VﬁVm. Now use the facts that for any A, BT of size m x n, the two matrices AB
and BA have the same set of nonzero eigenvalues and that Tr(AB) = Tr(BA), we know
that V;,V/5 and V,I V5, have the same set of nonzero eigenvalues and that Tr(V, VL) =
Tr(V,: Va1), that is,

IVizllly = IVarllos Vazll e = [[Vasll- (6.13)
Note that
ltaHoll%: = lIta(H + Ho) — toH[F = 1Qu(D + 01)Qy, — QD + 0N)QI7
= QuDQy, — QDQ"|% = |IDV —~ VDIJ3 (6.14)
= Z(dk — CZj)QU;k,
4k
where we obtain the fourth equality by premultiplying by QZ, postmultiplying by @, and

using the fact that the Frobenius norm is unitarily invariant.

Now consider indices j and £ suchthat 1 < j < /< k<norl <k </{<j<n,
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The reverse triangle inequality gives us

dy —d;| = |dy —d; +d; — dj]
> |dy — dy| — |d; — dj
-
2
> 7w —|toHoll, (by @€I)).

Now for small enough #, such that ||toH,l[|, < 7, continue with (6.14), we have

ltoHollz = > (di —d;)*vl,

gk

> Z (drx — CZJ‘>2U]2',1< + Z (dx — ‘ij)z%z,k

1<j<t<k<n 1<k<t<j<n

> (7 = ltoHolllo)*(IVaallE + [IVarlF) = 2(7 — [ltoHolll,)* [ Vaz |l (by @T3)) -

It follows that

|toHol|%
(7 — [[toHoll5)?

[Vio||3 < 5

Combining the facts that K15 = (Vie — V3))/2 + F» (where ||F||, = O(w?)), equation

(6.13)), and the triangle inequality for matrix norm, we have

IHlll, < (Vazlly + [Varll, + O(w®)) /2 = [[Vizlll, + O(w®) < [[Vaz|lF + O(w?)

ItoHoll
V2(m — [teHoll,)

O(w?), (6.15)

where the second inequality comes from Theorem [2.1.7] As a result, from (6.12) and

(6.15) we have

2[[toHol|%

W [(KJ = TK)ai 3 < 4l Ksll; < :
’ £ (= [litoHolll,)?

(6.16)
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Now we find an upper bound for w? (||[D1q1||3 — (¢f Dig1)?) from (6-IT). A result
of Mirsky [76] states that for any Hermitian matrix M, the eigenvalue spread for M
(the distance between the largest eigenvalue and smallest eigenvalue of M) is equal to
2 max |u*Mv|, where the maximum is taken over all pairs of orthonormal vectors u and v

in C". Consequently, for any symmetric matrix S, if {u, v} is an orthonormal set, then
2|u*Sv| < A (S) — A1(S),

where we recall that \; is the minimum eigenvalue and ), is the maximum eigenvalue. In
particular, if we set S = wD;, v = ¢, and Sq; = p1q1 + peq for some vector ¢ and real

numbers ji1, 2, such that {¢, ¢} is an orthonormal set. Let u = ¢, then

||U)D1‘J1H§ - (Q1TUJD1Q1>2

= (g + p2q) (tq + p2q) — (ChT(MlCIl + 112q))?

= 3 =g (wD)ai* < (Aa(wDy) = Mi(wDn))/2)*.

Since D; is diagonal, its spectral norm is equal to its spectral radius, and combined with

(6.9) we have

((An(wDy) = M (wDy))/2)* < max {| A (wD1) [, [Ar(wDy)[*}
(6.17)

2 - 2 2
= llwDill} = || D = D||, < 3ol

Combining (6.11)), (6.16), and (6.17), the theorem follows. ]

Consider the bounds for 1 — ‘(e“O(HH{O))LQ ‘2 in Theorems (6.2.1|and in Theorem [6.2.3

when the perturbing matrix #, is small so that [[tgHl|, < 1. The upper bound in the
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former result is 2||toHoll, + [ltoHoll5 — [ltoHoll3, while the upper bound in the latter

result is % +lltoeHolll> + O(llteHoll3). Thus we find that, neglecting terms of order

lltoHo|[3, the bound of Theorem is sharper than that of Theorem m provided that

|toHol|%
(m = [[toHoll5)?

< ltoHoll,. (6.18)

Suppose for concreteness that H, has rank 7. Recalling that ||tyHol|% < 7|[toHo||5 from
Theorem we find that in order for to hold, it is sufficient that r||toHo|l|, <
(m — [ltoHo||l,)?, or equivalently, that |[[toHol], < %W' It now follows that for
all sufficiently small H,, the bound of Theorem [6.2.3] is an improvement upon that of
Theorem Thus, in the case that the more restrictive hypothesis of Theorem

holds, we get a better estimate from Theorem [6.2.3|than from Theorem [6.2.1]

Example 6.2.4. We give a small numerical example illustrating Theorem[6.2.3] Consider
the 10 x 10 symmetric tridiagonal matrix M with m; ;11 = mjy1; = /j(10 —j),7 =
1,...,9 and all other entries equal to 0. It is known that M admits perfect state transfer
from 1 to 10 at time ¢y = 7, with the (1,10) entry of eM equal to . Now we consider

the perturbing matrix

01 00 0 0 000 0]

1000 O 0 0000

0000 O 0 0000

0000 O 0 0000

s (2 0000 0 05330000

Mo =10 <%>X 0000053 0 0000
0000 O 0 0000

0000 O 0 0000

0000 O 0 0001

(0000 0 0 0010,
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Setting M = M + My, a couple of MATLAB® computations yield 1 — |(eitoM )1.10]? ~
0.02497x 107 and %—HH%M&H; ~ 0.19257x 107, Therefore the actual fidelity

of state transfer of the perturbed system exceeds the lower bound given by Theorem

approximately by 0.16760 x 1072,



Chapter 7

Fractional revival of threshold graphs

under Laplacian dynamics

Up until now, we have been focusing on perfect state transfer, including the PST properties
of different families of weighted or unweighted graphs with or without loops governed by
different dynamics, and the sensitivity of the fidelity of state transfer to readout time or
to edge weights when PST occurs. We have also seen examples of graphs with PGST, a
generalization of PST, where the fidelity of state transfer between two fixed vertices can
be made arbitrarily close to 1 by taking some specific time sequence, even though it might
not attain 1.

In this chapter, we focus on fractional revival, defined in Definition in terms of
fidelities. Since p;x(t) = |(U(t));x|? an equivalent definition can be stated in terms of

the unitary matrix U (t) directly, and we do so here. Given a system G with Hamiltonian

201
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H, consider the unitary matrix U (t) = e’ If there is some time ¢, > 0 and two distinct
vertices j and k, such that U (t2)e; = ae;+ ey for some o, § € C with 3 # 0 (since U (t2)
is unitary, we know that |a|* + |3|* = 1), then we say that there is fractional revival (FR)
from j to k at time ¢, (observe that FR generalizes PST). Further, if |«| = |/, then the
fractional revival is called balanced [26]]. More generally, if there is some time ¢35 > 0 and
a proper subset S of V' (G), such that |S| > 3 and that for any vertex j € S, U(t3); = 0if
k ¢ S, and the unweighted graph associated to the submatrix U (t3)(s ) is connected, then
we say that there is generalized fractional revival between vertices in S (U (t3)[575} is the
submatrix of entries that lie in the rows and columns of U (t3) indexed by elements in S).
Fractional revival between two end vertices of a spin chain (where the underlying graph
is a weighted path with loops) can also be used to transfer quantum states efficiently,
and balanced fractional revival can be used to generate entangled states [14,|61]]. For
adjacency fractional revival to occur at the two end vertices of a weighted path with loops,
the spectrum of the Hamiltonian 4 = A must take the form of a bi-lattice [42]]. It is
shown that spin chains with adjacency fractional revival between the end vertices can be
obtained via isospectral deformations of spin chains with PST between the end vertices
(note that a characterization of the spectrum of H, or a specific edge weights set {w; ;11 =
Vi(n—j)|j = 1,...,n — 1}, for a spin chain on n vertices to exhibit PST between
the end vertices is known), and the deformation only changes the middle couplings (also

the weights of the loops on the middle two vertices of the path when n is even) of the

chain with PST between end vertices to get a chain with FR. In [14], a class of cubelike
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graphs and some weighted graphs obtained from hypercubes are found to exhibit fractional
revival. In [26]], some properties of adjacency fractional revival (Hamiltonian 4 = A) on
general graphs are studied; in particular, a characterization of fractional revival between
cospectral vertices is given.

Not many graphs are known to exhibit fractional revival. Here we focus on Laplacian
dynamics, and characterize the parameters of a family of graphs — threshold graphs —
that admit fractional revival under Laplacian dynamics. With these threshold graphs, we
can produce more graphs with Laplacian fractional revival. Recall that a threshold graph
can be constructed from the one-vertex graph by repeatedly adding a single vertex of two
possible types: an isolated vertex, i.e., a vertex without incident edges, or a dominating
vertex, i.e., a vertex connected to all other vertices. A characterization of PST in threshold
graphs is known (see Theorem [7.1.4]below), and consequently our results on FR in thresh-
old graphs, which rely heavily on techniques from spectral graph theory, can be seen as an
extension of that theorem.

The outline of this chapter is as follows. In Section we review almost equitable
partitions of a graph and related results about threshold graphs. In Section[7.2] we consider
Laplacian fractional revival between two vertices of a graph G, where we deduce that the
two vertices are strongly cospectral with respect to L(G). In Section we characterize
threshold graphs that admit (generalized) Laplacian fractional revival between a subset of
the vertex set. In Section we produce more graphs with Laplacian fractional revival

by making use of threshold graphs.
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This chapter is based on the joint work with Kirkland [70]], with myself as primary

author.

7.1 Preliminaries

As described in Section [2.3.1} a partition 7 = (C1,. .., C%) is an equitable partition of a

graph G = (V| E), if and only if,

1. the bipartite graph formed by the edges joining any two distinct cells is semi-regular

(vertices in the same set of the bipartition have the same degree),
2. the induced subgraph of G on each cell C; of 7 is a regular graph.

Now with a relaxation of the conditions — only requiring condition (1), we have the

following notion of an almost equitable partition.

Definition 7.1.1 ([23]). For the graph G = (V, E), a partition = = (C},...,Cy) of its
vertex set V', is called an almost equitable partition if Vj,¢ € {1,..., k} with j # {, the
number of neighbours of a vertex v € C; has in cell C; does not depend on the choice of
v. The generalized Laplacian matrix L(G)™ with respect to the almost equitable partition

7 is the k X k matrix such that

T —Cjy if€ 75 J
L(G)],E - { Zr;éj er’ lff — j,

where cj; is the number of neighbours that a vertex in cell C; has in cell C,.
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Proposition shows that an equitable partition 7 of a graph G = (V, E) can be
characterized by a relation between the characteristic matrix of the partition 7 and the
adjacency matrix A(G); similarly, an almost equitable partition of a graph G can be char-

acterized by using its characteristic matrix and the Laplacian matrix of the graph G.

Proposition 7.1.2 ([23]]). Let G be a graph, 1 = (C4, ..., Cy) a k-partition of V(G) and
P the characteristic matrix of w. Then w is an almost equitable partition if and only if

there is a k X k matrix C' such that
L(G)P = PC
If 7w is an almost equitable k-partition, then C'is the generalized Laplacian matrix L(G)".

Using two graph operations — union and join — introduced in Section[2.2] the follow-
ing characterization of connected threshold graphs can be made, where we recall that K,

denotes the complete graph on p vertices and O,, denotes the empty graph on p vertices.

Proposition 7.1.3 ([69]). Let G be a connected graph on at least two vertices. Then G is
a connected threshold graph if and only if one of the following two conditions is satisfied:
(1) there are indices my, ..., mao. € N with my > 2 such that G = ((((Opy V Kipy) U
Oms)V K)o )V Ky, = T(ma, ..o may);

(2) there are indices my, ..., map1 € N withmy > 2 such that G = (K, U Op,) V

Kmd) U Om4) cee ) V Km2k+l = F(ml, e ,m2k+1).

Order the vertices of a threshold graph G = I'(my, ..., mg) (resp. G = ['(my, ..., mogs1))

according to the order they are added in the construction of G, that is, order the first m,
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vertices from O,,,, (resp. K,,,), then the vertices from K,,, (resp. O,,,), and so on. The

Laplacian PST properties of connected threshold graphs are known.

Theorem 7.1.4 ([[69]]). Let G be a threshold graph. Assume G = T'(my, ..., m,), where r
is either an even or odd integer. Then there is PST between vertex j and k at time t € [0, 7]
if and only if {j, k} = {1,2} and in addition: t = 7/2; my = 2; mg = 2 (mod 4), and

me =0 (mod 4) for £ > 3.

In this chapter, subscripts denoting the sizes of matrices and vectors will be suppressed
when they are clear from the context. Eigenvalues are labelled so that the smallest eigen-

value 0 is denoted by Ag.

7.2 Laplacian fractional revival between two vertices

Assume that G is a graph on n vertices and that it admits Laplacian fractional revival
from vertex u to vertex v at time t. Without loss of generality, assume that vertices u
and v are labelled 1 and 2, respectively. Then U(t) = *(@) = [Uol 192] for some
complex symmetric unitary matrices U, of size 2 x 2 and U, of size (n — 2) x (n — 2),
and the union of the spectrum of U; and the spectrum of U, gives the spectrum of U(¢).
Denote the (j,¢) entry of U, by U, then for j = 1,2, e**@e; = U, je; + U, jes. Now
assume that the spectral decomposition of L(G) is L(G) = Y _!_, 6, E, with 6, = 0. Then
et = 51 et B by Theorem[2.1.2} and e*t(@e, = >°9_ €% E, e, for any vertex u

of G. Therefore >?_, e E,e; = ¢'!%e; = U je; +Us jeq for j = 1,2. Premultiplying
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E, on both sides of the equation, combined with the facts that £, F; = 9, (F,, and that
™G and E, commute, gives ¢ E.e; = U, jE.e; + Uy ;E,ey for j = 1,2. Putting
the equations for j = 1 and j = 2 together gives [E,e; , Ereo](Uy — € Ly) = 0,9
forr = 0,1,...,q. Therefore if C, = [E,e;, E.es] # 0,9, then e is an eigenvalue
of Uy, and that any nonzero row of (. is a real left eigenvector of U; associated to the
eigenvalue ¢, In particular, for 6y = 0, Cy = %ng # 0p0 (as By = %Jn), and therefore
e —= ¢ — 1 is an eigenvalue of U,. Furthermore, 1 is a simple eigenvalue of U, since
the only 2 x 2 diagonalizable matrix that has 1 as a multiple eigenvalue is the identity
matrix [s.

Note that for a complex symmetric matrix, each of its real eigenvectors is a left eigen-
vector at the same time, and the real eigenvectors associated to distinct eigenvalues are
orthogonal. To see this, assume that U is a complex symmetric matrix, with a real eigen-
vector z associated to \, and a real eigenvector y associated to ;z # A. Taking the transpose
of Uz = Mz gives 27U = 2TUT = (Uz)T = a7, that is to say, z is also a left eigen-
vector of U. From \xTy = (27U)y = 27 (Uy) = pxTy and X\ # p, we conclude that
xTy = 0, i.e., x and y are orthogonal to each other.

Now consider any eigenvalue 6, of L(G) such that e is an eigenvalue of U, (there-
fore any nonzero row of C,. = [E,e; , E,.e5] is a left eigenvector of U; associated to et
If e't0r # 1, from the facts that U; is symmetric, E, is a real matrix for r = 0,1,...,¢q,

and that 1, is an eigenvector of U; associated to the eigenvalue 0, we know that C.1, =

[E.e1, E.e3]ly = 0, ie., E.e; + E.eo = 0,. Since 1 is a simple eigenvalue of U;, for
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eachr € {0,1,...,q} such that ¢’ = 1, all the rows of C, are scalar multiples of 17"
That is to say, [E.e;, Eyes] = [Ere1, Ereq], or E.e; = E.es. The following theorem

summarizes these observations.

Theorem 7.2.1. If a weighted graph G admits Laplacian fractional revival between two
vertices u and v at time t, then the two vertices u and v are strongly cospectral with
respect to the Laplacian matrix L(G). That is, if the spectral decomposition of L(G) is
L(G) = >, 6,E, then for each r, either E.e, = E,e, (ifgi; € Z)or E.e, = —FE,e, (if

%= ¢ 7,) holds.

While preparing [[70]], we learned that Chan and Teitelbaum [27] have also proved the

necessity of strong cospectrality of the two vertices for Laplacian FR.

Remark 7.2.2. If a weighted GG admits generalized Laplacian fractional revival between
m > 3 vertices at time ¢, then 1 is not necessary a simple eigenvalue of U/; — the submatrix
of U(t) = e™% corresponding to the m vertices, but if it is, then with a similar argument
as above, we have the following.

Assume that GG is a weighted graph that admits generalized Laplacian fractional re-

vival between vertices in S = {1,2,...,m} C V(G) at time ¢, and that Uy = U(t)[s,5) =

(e"H)s.5) has 1 as a simple eigenvalue. Let L(G) = >°7_ 6, E, be the spectral de-
composition of the Laplacian matrix L(G). Then for each r = 0,1,...,q, the vectors
E.ey, E.es, --- , E,.e,, are linearly dependent, and either

E.e; = FEyeg = -+~ = Eye,, ife” =1, or (7.1)
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Vo

V6 U5

Figure 7.1: A graph with a vertex involved in fractional revival and generalized fractional

revival at different time

E.e1+ Ereg+ -+ Ere,, =0 if e £ 1. (7.2)

Example 7.2.3. Let GG be the graph as shown in Figure and write the spectral de-
composition of its Laplacian as L(G) = Zﬁ:o 0.E,., with 60 = 0, 6, = 1, 6, = 3,
03 = 4, and 6, = 5. There is Laplacian fractional revival between vertices v; and vy, and
generalized fractional revival between vertices {vs, vy, v5, v} at time %’T Direct observa-
tion shows that v; and v, are strongly cospectral with respect to L(G): E.e; = E,e; for
r=20,2, E,e; = —FE,ey forr = 1,3, and E e, = F4e5 = 04, which is in accordance with
Theorem There is also generalized Laplacian fractional revival between vertices
{v1,v4,v5}, and between vertices {vq, v3, v} at time 7. Since 1 is a simple eigenvalue of
Uy = U(7)[14,5 {1.4,5)> Remark [7.2.2] implies that E.e; = E.ey = Eye; forr = 0,3
(™ = 1) and that E,e; + E,e, + E,e5 = 0 for r = 1,2, 4 (since e +# 1), which can

be confirmed by checking the orthogonal projection matrices £, directly.
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7.3 Laplacian fractional revival in threshold graphs

We will only give detailed consideration to connected threshold graphs of the form I"(m,
ma, ..., Mg) in this section; note that similar results hold for the connected threshold
graphs I'(mq, mo, ..., Moy, Mor11), and we state them without proof.

As shown by Kirkland and Severini [69]], the Laplacian eigenvalues of the threshold
graph I'(mq, ma, ..., myy) are:

)\O = 07
Aj =M1 + mjis + - - - + myy for any odd integer j € {1,...,2k}, and (7.3)
Aj = 0j+mjio+ - - -+ my for any even integer j € {1,...,2k},

where 0 :==my +mg +---+m; for j = 1,2,...,2k. The multiplicity of ; is

1, ifj=0
my — 1, lfj =1
m;, otherwise.

The orthogonal idempotents for L(G) corresponding to \g = 0, A = A\; and A = ); for

j:2737-*-;2kare: E():LJ

oo " 92k’
r 1
Iml—m—lJm1 0 --- 0
0 0 --- 0
Ey = _ . .|,and
i 0 0 --- 0
- 1
0;—10; JU]'*l o Ja'jflvmj Oo'jflaUZk*Uj
_ 1 1 .
E; = —G—ij P o—ij]. | S—— , respectively.
_0021@*03‘7%‘71 00219*0]'7”13' 002k*0j702k*0g'
We partition the vertex set of ['(my, ..., moy) according to the indices mq, ma, ..., Moy

denote the corresponding cells by C', Cs, . .., Cy, and denote the partition by 7.
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Lemma 7.3.1. If G = I'(my, ..., may) admits Laplacian fractional revival between two

vertices u and v, then u and v belong to the same cells of the partition T.

Proof. From Theorem [7.2.1| we know that if there is Laplacian fractional revival between
two vertices u and v of G = T'(my, . .., mg), then the two vertices are strongly cospectral

with respect to L(G). Assume that u € Cj, v € Cy, j < {, and that u is the s-th entry

of cell C;. Then Eje, = 0,,, and for ¢, € R™, Eje, = | el — =15 | 0L }T if
T
j=1;Eje, = [ —U%,lzj_l el — Uijl%]. OZ%_UJ. ] if j > 1. In either case, u and v are

not strongly cospectral with respect to L(G). Therefore u and v must be in the same cell

of the partition 7. [

Lemma 7.3.2. If G = I'(my, ..., may) admits Laplacian fractional revival between two

vertices u and v, then {u,v} = {1,2} and my = 2.

Proof. From Lemma we know that vertices v and v are in the same cell of 7; as-
sume u, v € C}, with u being the s-th vertex in C;, and v the r-th vertex in C;. Let 0y =

T
0, then Eje, = | —a10 | (eo= F10)" |07, | and Bye, = =217 | (e,

o5 051 oj =M 72677 ;" oi-1
—gi]_lmj)T | OZM_UJ T, where e,, e, € R™. By Theorem [7.2.1| Laplacian fractional re-
vival between v and v implies Fje, = +FEj;e,, which is possible only if 7 = 1 and
o1 =mp = 2. U]

Now we are going to characterize the parameters m; such that Laplacian fractional
revival occurs between vertices 1 and 2 in the graph G = I'(my, ..., mo) by using the

spectral decomposition of L(G) shown at the beginning of this section. Since all the
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eigenvalues of L((G) are integers, we know that G is Laplacian periodic at all vertices at
time 27, i.e. > is a scalar multiple of the identity matrix (in fact it is the identity

matrix here). In the following we will not consider this case, or any time larger than 27.

Theorem 7.3.3. The threshold graph G = T'(my, ..., may) admits Laplacian fractional

revival between two vertices u and v at time t if and only if
1. {u,v} ={1,2} and my = 2, and

2. (a) mlﬁ = 2% ¢ Z,

(b) (m1+my)s=,mjs= € Lforj=3,..., 2k

Proof. Assume that there is Laplacian fractional revival between vertices v and v at time
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t > 0. Then Lemmas(7.3.1|and [7.3.2|imply that 1.) holds. Using the spectral decomposi-

tion of L(G) we have

(eitL(G))L1 _ eit)‘l(l _ %) + ez't)\z( mo )+ eitkg( ms3 )+ .

0102 0203

+€it>\2k_1( mak—1 ) + elt>\2]€< magk ) + L

Ook—209k—1 O2k—102k ook
_ eit)q(l_%)_f_eit)\z(%l_0_12)_}_62'1‘)\3(%2_%3)_}__”
+€itA2k_1($ _ ﬁ) + eit/\%(ﬁ _ UL%) + é’
(€itL(G’))L2 _ eit)\l(_%) 4 6it>\2(071n;2) 4 eiu?,(gzz;,g) ..
+6it,\2k,1(0222;;_22_1> _{_eit,\gk(ﬁ) + i (7.4)

— €it>\1(—%) + eitkg(L _ JLQ) + eit)\g(i _ %3) 4o

o1 a2
_i_eit)\gk,l(¢ _ ﬁ) + eit)\%(ﬁ _ o_ik) + UL%,
(eitL(G))Lw _ 6“)‘]'(—0%)4—6”)\#1(%)—1"“+€it>‘2k<022ﬁ) + i
_ eit)\j(_gij) i 6it/\j+1(% _ ajlﬂ)
+e“’\2k($ — é) + UL% forw € Cjwith j =2,...,2k.
Since (e”L(G))l,w = 0 for w # 1,2, then considering w € Co, w € Cop_1, ..., w €
Cs,w € Cy, we find that togy,, tmog, t(0ok_o + mak), ..., t(mg + me + ... + may), and

t(og + myg + ... + moyg) are all even integer multiples of 7, which is equivalent to the fact

that tmog, tmok_1, tmog_o, ..., tms, and too are all even integer multiples of 7. In this

case, (7.4) gives
itL(G) 1 itmo 1 itL(G) 1 itmo
(6 )171 = 56 + 5, and (6 )1 2 = —56 + —. (75)

Hence, if in addition,
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e tmsy (and therefore tm; = 2t) is an even integer multiple of 7, then the graph G is

periodic at vertex 1 (and vertex 2);

e {tmy (and therefore tm; = 2t) is an odd integer multiple of 7, then the graph G

admits Laplacian perfect state transfer between vertex 1 and 2;

e {my (and therefore tm; = 2t) is not an integer multiple of 7, then the graph G

admits Laplacian fractional revival between vertex 1 and 2.

Therefore the conditions are necessary. It is straightforward to show that the conditions

are sufficient. L
Similarly to the above, the following can be proved.

Remark 7.3.4. The threshold graph G = I'(my, ..., mog, Mmaxs1) admits Laplacian frac-

tional revival between two vertices v and v at time ¢ if and only if
I. {u,v} ={1,2} and m; = 2, and

2. (a) mt=2L¢7,

(b) (m1+m2)%,m]~% € Zforj=3,...,2k 2k + 1.

Corollary 7.3.5. There is balanced Laplacian fractional revival between vertices u and v

in the threshold graph G = T'(my, ..., may) at time t if and only if
1. my = 2 with {u,v} = {1,2},

_ 2041 o
2. t = == for some non-negative integer (,
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2(2s+1)
20+1

3. my = for the same integer ( as in 2.) above, and for a non-negative integer

s of distinct parity from { such that (2( + 1)|(2s + 1) (in fact when this is true, then

necessarily EZE = 3 (mod 4)), and

4. m; =0 (mod 8) for j =3,...,2k.

Proof. From Theorem we know that if balanced fractional revival takes place in G
between vertices u and v, then it is between vertices 1 and 2. In this case, Theorem [7.3.3|

and equation (7.5)) imply that m; = 2, cos(mgt) = 0, and t(my + ma), tms, ..., tmgy

are all even integer multiples of 7. Therefore tmy, = 23+17r for some integer s. Since

2£+1

t(my + my) is an even integer multiple of 7, 2t = <=7 for some integer ¢, where ¢ has

2(2s+1)
20+1

2041
4

different parity than s. Hence t = ==m and my = for integers s and ¢ with distinct

parity. Combining with the fact that ¢m; is an even integer multiple of 7 for j = 3, ..., 2k,

we find that m; = 0 (mod 8) for j > 3.

Conversely, if m; = 0 (mod 8) for j > 3, and t = 2{‘[1% for some integer ¢, then

2(2s+1)
20+1

2€+1

m;t = m;==m is an even integer multiple of 7 for j > 3. Furthermore, if m, =

for an integer s of different parity than ¢ such that (2¢ + 1)|(2s + 1), then (my + mq)t =

(s4 ¢+ 1)m is an even integer multiple of 7, and cos(mat) = cos(2F

) = 0. Again from
Theorem and equation (7.5)), we know that there is balanced fractional revival in G

between vertex 1 and 2 at time ¢. O]

Remark 7.3.6. There is balanced Laplacian fractional revival between vertices v and v in

the threshold graph G = T'(my, . .., Moy, Magy1) at time ¢, if and only if
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1. my = 2 with {u,v} = {1, 2},

2.t = 2154—“7r for some non-negative integer /,

2(25+1)
3.my = S5,

for the same integer ¢ as in 2.), and for a non-negative integer s of

distinct parity from ¢ such that (2¢ 4+ 1)|(2s + 1) (in fact when this is true, then

necessarily 35 = 3 (mod 4)), and

4. m; =0 (mod 8) forj =3,...,2k, 2k + 1.

Remark 7.3.7. Since if there is PST between vertices u and v, then u and v are strongly
cospectral [45]], the proof of Theorem [7.3.3] can be used to prove Theorem the

second of the three cases in the proof gives us Theorem

Now we address generalized Laplacian fractional revival within some subset of vertices

in threshold graphs.

Theorem 7.3.8. Consider the threshold graph G = T'(my,... ,mo), and let Cy,{ =

1,...,2k denote the cells of the partition 7 of V (G) according to the parameters my, { =
1,...,2k. Then G admits generalized Laplacian fractional revival between vertices in S C
V(G) at some time t > 0 if and only if, for some integer j < 2k, tmay,, tmo_1, ..., tmjio

and tojy are all even integer multiples of m, while tm;, is not. In this case, S =

CyU---UCj, and G is periodic at all vertices in the cells Cj.1, ..., Co.

Proof. Assume G admits generalized Laplacian fractional revival between vertices in .S

at time ¢, with j being the largest number such that S N C; # . Let u be any vertex in
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SN C;. Now forany w € Cy, with ¢ = j +1,..., 2k,

itL(G) it (1 it Met1 it m 1
(™), e (=) e (L) e et () o

’ 0¢0p+1 02k—102k 02k

— elt)\g(_aiz) + eit)\g+1<%e _ ﬁﬂ) _|_ . + eit)‘Qk<¢ _ é) 57

foranyv € C; UCy U ---UC; withv # u,

(eitL(G))uv — eit)\j<_i> + eit)‘ﬁ-l(i . 1 T eit)\gk<; . L) + L’
’ o 05  Oj41 O2k—1  O2k O2k
and forany x € Cy, with ¢ =1, ..., 2k,
(M@)o = etre(1 — i) + eit>‘€+l(l _ b )+ - etk L L) + i
’ ol O¢  Ouy1 O2k—1  O2k 02k
Since (M), , = 0 for w € Cop, Cop_1, ..., Cjy1, we find that
tmaog tmog_1 tmje toji
. cZ. 7.6
o 7 2 7 2w 7 27w (7.6)
In this case, forw € Cj11 U ... U Cy,
(6z‘tL(G))w v = 1’
it L(G) ith; 1 1
(e Juw =€ |1 —— ) + —, and (7.7)
0j 0j

: A 1 1
(e™HE)), , = e (——) + —forveCiU...UC;and v # u.

9j 9j
Therefore G is periodic at any vertex w € Cj 1 U. ..U CYy,. The fact that  is involved

in generalized Laplacian fractional revival implies that |(e"(%))

wu| # 1. Combining
with 1} and |i we find that m;++1 ¢ 7 (no matter j is even or odd), and therefore
(e™1S), , # O0forany v € Cy,...,C;_, C; (if (e®(S), , =0, theno; =2, j = 1 and

there is Laplacian PST between vertices 1 and 2, which is not the case we are considering).
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Hence S = C; U ... U (]} and the conditions are necessary. The other direction follows

readily. [

Remark 7.3.9. For the threshold graph G = I'(my, . .., mog, mog11),let Cp, € = 1,. .., 2k+
1 denote the cells of the partition 7 of V(&) according to the parameters my, ¢ = 1,. .., 2k+
1. Then GG admits generalized Laplacian fractional revival between vertices in S C V(G)
at some time ¢ > 0 if and only if, for some integer j < 2k+1, tmog1, tmog, tmok_1, .. .,
tmjio and to;; are all even integer multiples of 7, while ¢, is not. In this case, S =

CyU---UC}, and G is Laplacian periodic at all vertices in the cells Cj 41, . .., Co, Cop1.

Example 7.3.10. Consider the threshold graph G = I'(2,2,2,2,4,4). Direction com-
putation (by the spectral decomposition as in Theorem [2.1.2] and Remark [2.1.3)) shows
that there is generalized Laplacian fractional revival between all vertices in the set S =
{1,2,...,6} at t = 7/2. The result is in correspondence with Theorem since
tms = tmg and to, = 8t are all even integer multiples of 7, while tmy, = 7 is not.
Similarly I'(3, 1, 4) admits Laplacian fractional revival between the first 4 vertices at time
t = %, and I'(2,2,6,2,4,4) admits Laplacian fractional revival between the first 10 ver-

tices at time ¢ = g

Remark 7.3.11. Note that Theorem [/.3.8|implies Theorem [7.3.3| but the strong cospec-
trality of the two vertices involved in Laplacian fractional revival makes the proof more

clear as shown in Theorem [7.3.3|
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7.4 Constructing graphs with Laplacian fractional revival

More graphs with Laplacian fractional revival can be obtained from those threshold graphs
that admit Laplacian fractional revival. To construct such graphs, we make use of almost
equitable partitions of a graph. First note that apart from Proposition there are other
equivalent characterizations of an almost equitable partition of a graph. The proof is essen-
tially the same as that for the characterization of equitable partitions as in Theorem [2.3.5]

but we include it for completeness.

Proposition 7.4.1. Suppose that m = (C4,...,Cy) is a partition of the vertices of the
graph G, and that P is its normalized characteristic matrix. Then the following are equiv-
alent:

(a) 7 is almost equitable.

(b) The column space of P is L(G)-invariant.

(¢) There is a k x k matrix B such that L(G)P = PB.

(d) L(G) and PPT commute.

Proof. Assume P is the characteristic matrix of the partition 7. From Theorem[7.1.2) we
know that 7 is an almost equitable partition if and only if L(G)P = PL(G)7, i.e., the
column space of P is L(G)-invariant. Since P and P have the same column space, it
follows that (a) and (b) are equivalent.

Since (c) is an equivalent way to say that the column space of P is L(G)-invariant, (b)

and (c) are equivalent. Furthermore, L(G)P = PB implies that PTL(G)P = PTPB =
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1B = B, from which we see that the matrix B in (c¢) is symmetric.

Now if (c) is true, and using the fact that B is symmetric, we have L(G)ﬁPT — PBPT —
P(PB)T = P(L(G)P)T = PPTL(G), and therefore (c) implies (d).

To prove that (d) implies (b), we note that if L(G) commutes with a matrix .S, then the

column space of S is L(G)-invariant. Combined with the fact that PPT and P have the

same column space, we get the desired result. U

If a graph (G; admits an equitable partition m; with vertices u and v being singletons,

— —

then as shown in Theorem [2.3.6 (eA(GV), , = (e®AC /™))y, where A(Gy/m) =

PTA(GI)P, with rows and columns indexed by the cells of the partition 7y, and it is the
adjacency matrix of the symmetrized quotient graph of G with respect to m;. Now if a

graph G admits an almost equitable partition, then a parallel result holds between L(G)

L — —

and L(G)™ with exactly the same argument, where L(G)™ = PTL(G)P (note that in

—

general, L(G)™ is not the Laplacian matrix of a weighted graph without loops, that is,

—

generally L(G)™1 # 0).

Theorem 7.4.2. Let G = (V, E) be a graph with an almost equitable partition T, where
two distinct vertices j and { belong to singleton cells. Let L(G) denote its Laplacian
matrix. Let u,v be either j or { (introduced to include the four equations about {j,j},

{j,k}, {k,j}, and {k,k} in one, as the following). Then for any time t,

(eitL(G)) _ (eit@)

U

{u{v}

where {u} and {v} are the corresponding singleton cells of w, and the cells of 7 are
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—

used to index rows and columns of L(G)™. Therefore, the system with Hamiltonian L(G)
admits fractional revival (resp. perfect state transfer) from j to { at time t if and only if
the system with Hamiltonian L/(G\)Tr = ﬁTL(G)ﬁ admits fractional revival (resp. perfect

state transfer) from {j} to {{} at time t.

The above result was used in an example in [2]]. Similarly, if a graph G’ admits gen-

eralized Laplacian fractional revival between vertices uq,...,u,, at time ¢ and G has
an almost equitable partition 7 such that u, ..., u,, are all singletons, then the system

with Hamiltonian L(G)™ admits generalized Laplacian fractional revival between vertices
{u1},...,{u,} attime t. Now we can construct more graphs with (generalized) Laplacian

fractional revival (resp. Laplacian perfect state transfer) from some given graphs.

Corollary 7.4.3. Suppose that a graph G = (V, E) has an almost equitable partition 7
of V., with vertices u and v belonging to singleton cells. If there is Laplacian fractional
revival (resp. Laplacian perfect state transfer, Laplacian pretty good state transfer) from
u to v in G, then for any graph Y obtained from G by adding or deleting any collection
of edges within the cells of , Y also admits Laplacian fractional revival (resp. Laplacian
perfect state transfer, Laplacian pretty good state transfer) from u to v.

Proof. The almost equitable partition 7 of the vertex set of GG is also an almost equitable
partition of V(Y'). From the fact that ITY\)Tr = PTL(Y)P = PTL(G)P = ITG\)’T and

Theorem [7.4.2] the result follows. [

Remark 7.4.4. The partition 7 of a threshold graph according to the parameters m; is
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an (almost) equitable partition, and so is any refinement of this partition. In particular,
for a threshold graph G that admits Laplacian fractional revival at time ¢, partitioning the
cell C; = {1,2} of w into two smaller cells C; = {1} and C15 = {2} and keeping
all the other cells unchanged, results in the partition 7/, that is still an almost equitable
partition of V(G), but now the two vertices involved in Laplacian fractional revival are
singletons. Therefore, we can produce more graphs with Laplacian fractional revival from
the threshold graph GG by adding or deleting edges inside the cells of the partition 7" of
V(G). Similarly, if a threshold graph G admits generalized Laplacian fractional revival
at time ¢ between vertices {1,...,0(} = Cy U--- U C}, where C, ..., Cy (Copy1) are
the cells of the partition 7, then the refinement 7" of 7, which partitions C; U --- U C}
into singletons as {1},...,{¢} and keeps all the other cells of = unchanged, is still an
almost equitable partition of V' (G), but with all the vertices involved in the revival being
singletons. Again, adding or deleting edges inside the cells of the partition 7 results in
graphs that admit generalized Laplacian fractional revival between vertices {1,..., ¢} at

time t.

Example 7.4.5. For any threshold graph G = I'(my, ..., my) with Laplacian fractional
revival (resp. Laplacian PST, Laplacian PGST), and for any odd integer p > 1, even in-
teger ¢ > 2, the graph Y obtained from G' by adding edges in the induced subgraph O,,,
on cell C,, or deleting edges in the induced subgraph K, on cell C, of the equitable par-
tition 7, still admits Laplacian fractional revival (resp. Laplacian PST, Laplacian PGST)

between the two vertices, by Corollary and Remark For example, we know
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without calculations that the complete bipartite graph K5 ¢ admits Laplacian fractional re-
vival at time 7 /4 (and admits Laplacian PST at time 7/2), since it can be obtained from the
threshold graph O, V K¢ (which admits Laplacian fractional revival at time 7 /4 by Theo-
rem and which admits Laplacian PST at time 7/2 by Theorem by removing

all the edges inside K.

Remark 7.4.6. The corresponding results about almost equitable partition of a graph
can be generalized to weighted graphs, in the sense that the Laplacian matrix L(G) of
a weighted graph can be permuted and partitioned into a block matrix, such that all the
off-diagonal blocks have constant row sums, and the corresponding row sums can be as-

signed to cjy.

V2 1 V2

(%1 V2 U3 Uy

Figure 7.2: A weighted path G with adjacency fractional revival between two different

pair of vertices that have one vertex in common

Example 7.4.7. Making use of the graph in Figure Theorem [7.4.2] Definition [7.1.1]
and Proposition [I.3.9] we can obtain a weighted path G as shown in Figure which
admits adjacency fractional revival between vertices v, and v, (also between v, and v3) at

time t; = %”, and adjacency fractional revival between vertices v; and v3 (also between
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vo and vy) at time ¢y, = 7. Such a phenomenon cannot occur for perfect state transfer:

if a graph admits perfect state transfer from vertex j to k& and from j to ¢, then k = /

(Proposition[2.6.5).



Chapter 8

Future work

In this chapter, we give a list of problems that are related to the work in this thesis.

As mentioned in Section [3.5.2] we would like to have sparse graphs that admit PST.
From Corollary and the fact that the n-cube admits PST at time 7/2 for any positive
integer n, we know that the n-cube is the sparsest graph that is diagonalizable by the stan-
dard Hadamard matrix H,,. But the standard Hadamard matrix is not the only Hadamard
matrix of order 2" for n > 3, for example, there are 5 non-isomorphic Hadamard matri-
ces of order 16, and there are Hadamard matrices of some other orders apart from powers
of 2, for example, there are 3 non-isomorphic Hadamard matrices of order 20. In The-
orem @ we proved that for n < 4, the n-cube is the sparsest connected Hadamard
diagonalizable graphs that admit PST at time 7/2. It could be interesting to determine
whether the same result holds for larger n, or to check this sparsity problem among all

Hadamard diagonalizable graphs that have PST (not just at time 7/2).

225
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Problem 1. Is the n-cube the sparsest connected Hadamard diagonalizable graph that

admits PST?

In Section|3.6.2) we characterized n-cubelike graphs of degree (n + 1) or (n + 2) that
admit uniform mixing at time 7 /4. It would be interesting to consider this property for

cubelike graphs of higher degree, or alternatively, for uniform mixing at a general time.

Problem 2. Characterize connected n-cubelike graphs of degree d > n + 3 that admit
uniform mixing at time 7 /4. Find equivalent conditions for a connected cubelike graph to

admit uniform mixing.

As mentioned in Chapter 4] it is known that the weighted path on n vertices with edge
weights w; j11 = /j(n — j) for j = 1,...,n — 1 admits adjacency PST between its end
vertices, and therefore there is a weighted path that admits PST between its end vertices
for any positive integer n [30]. This set of edge weights is obtained from the symmetrized
quotient graph of the n-cube with respect to the distance partition. Another such set for
even n is obtained by use of continued fractions and specially chosen eigenvalues [87];
using dual Hann polynomials, an edge weights set for a weighted path with loops on n
vertices that admits adjacency PST between the end vertices is realized [1]. We can con-
sider other possibilities for the edge weight set, and some necessary conditions that the
edge weights need to satisfy. For instance, as shown in Example 4.4.T|and Example 4.4.2]
forn = 4 and n = 5, we can produce a lot of weighted paths on n vertices that ad-
mit adjacency PST between the end vertices, by assigning proper eigenvalues to 3, and

P2 according to Remark For a general n, given a set of n distinct real numbers
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(eigenvalues of any weighted paths are simple) satisfying certain conditions (for example
to ensure PST for a weighted path), several algorithms exist for constructing a persymmet-
ric tridiagonal matrix (corresponding to a weighted path with or without loops) that have
those numbers as eigenvalues (and hence exhibit PST) 37,143, 87]; using these algorithms
to write the persymmetric tridiagonal matrix in terms of a given set of eigenvalues satis-
fying Remark would help us solve the problem, but there is no closed formulas to
write the weights (matrix entries) in terms of eigenvalues for big n. We could also check
other graphs with PST to see whether any of them admit an equitable partition 7 such that

the symmetrized quotient graph with respect to 7 is a weighted path without loops.

Problem 3. Find (or characterize) sets of edge weights for a weighted path to admit ad-

jacency PST between the end vertices.

Note that we already proved that no weighted path on n > 3 vertices admits Laplacian

PST between its end vertices in Theorem Related problems are

Problem 4. Can a weighted path (without loops) admit Laplacian PST between its internal

vertices, or between an internal vertex and an end vertex?

Note that the answers to the above two questions are both yes under adjacency dynam-
ics (a weighted path with adjacency PST between an internal vertex and an end vertex is
constructed by Kay [60]). We have generalized Theorem to certain weighted mirror

symmetric trees; related future work can be to generalize it to a general weighted tree.

Problem 5. Can a weighted tree on n > 3 vertices admit Laplacian PST?
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There is a conjecture in Chapter ] on the edge weights of a weighted path with loops
that admits adjacency PST between its end vertices at time 7, that is, if all the weights
of a weighted path with loops on at least 4 vertices are rational numbers, then there is no
adjacency PST at time 7 between the end vertices of the path. We have confirmed the
conjecture in cases n = 4, n = 3 (mod 8), as well as n = 5 (mod 8). Related future

work is to prove this conjecture for other n.

Problem 6. Prove that if all the weights of a weighted path with loops on n > 4 vertices
are rational numbers, then there is no adjacency PST at time T between the end vertices

of the path when n is even or n = £1 (mod 8).

In Chapter[5] we perform Godsil-McKay switching on the n-cube to obtain the switched
n-cube, and by observation we know that Qn = Q,_40Q,. Therefore the properties of
the switched n-cube can be obtained from the (n — 4)-cube and the switched 4-cube, or by
the use of the fact that C, and C,, are similar through a real symmetric orthogonal matrix
(. But for a partially switched n-cube, we have much less information. We know that
it shares some common eigenvalues and eigenvectors with the n-cube, but we would like
to know more. Also it seems that the partially switched n-cubes have some non-integer

eigenvalues, but we do not have a general proof yet.
Problem 7. Investigate the spectral properties of partially switched n-cubes.

We have proved that for any partially switched n-cube, at least 1/8 of its vertices pair

up to admit PST, and conjectured that this number is in fact precise.
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Problem 8. Let S = {1+ 2%my + -+ 2" 'm, 1,16 + 2*my + -+ - + 2"y, 1 | my, €
{0,1} fork = 4,--- ,n — 1}. Prove that a vertex j of a partially switched n-cube is

involved in PST if and only if j € S.

In Chapter [6] we have obtained bounds on the probability of state transfer for a per-
turbed system, where either readout time or edge weights are perturbed. We worked in
the most general setting where the adjacency matrix A (or, alternatively, the Laplacian L)
was arbitrary, and the perturbations themselves were arbitrary. More precise bounds can
be obtained by considering more structured perturbations. Furthermore, it would be of
interest to combine readout time errors with edge weight errors to create one bound en-
compassing both types of perturbations. Assume H is the Hamiltonian of a given system
that admits PST at time ¢y. Due to timing errors, the state is read out at time ¢, + / instead.
If there are also edge weight perturbations H, (so the Hamiltonian is H + H,), we could
in fact see the fidelity of state transfer of the perturbed system (H + H,) read out at the
perturbed time ¢y + h as the fidelity of state transfer of the perturbed system with Hamil-
tonian H + (Ho + %(”H + Ho)), where Hg + %(’H + Ho) is an edge weight perturbation
of the original system, read out at (unperturbed) time %, thus transforming the problem to
the case when only edge weight errors occur. This can be used to obtain some preliminary

bounds on the fidelity when both types of errors occur.

Problem 9. Find improved bounds on fidelity of state transfer in a perturbed system, where
the unperturbed system (matrix) and the perturbation matrix are more structured, and

where the unperturbed system admits PST.
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Problem 10. For a system that admits PST, find bounds on fidelity in a perturbed system

when both the readout time and edges weights are perturbed.

Also note that our analysis for bounds on fidelity assumed perfect state transfer (PST).
While there are a number of classes of graphs exhibiting PST, it is of interest to allow for
pretty good state transfer (PGST) and perform a similar analysis on sensitivity of fidelity
to readout time and edge weight errors; note that the numerical evidence reported in Ex-
amples 3.16 and 3.17 in [66] suggests that the fidelity may not be so well-behaved under

perturbation of edge weights in the PGST setting.

Problem 11. For a system that admits PGST, find bounds on fidelity when there is readout
time error, or when there are edge weight errors, at a predetermined readout time with

high fidelity.

In Chapter[7} we considered Laplacian fractional revival of a graph, where we showed
that if there is Laplacian fractional revival between two vertices j and £, then the two
vertices are strongly cospectral with respect to the Laplacian matrix L. We can continue

this work with the following problem.

Problem 12. Find some other necessary conditions a graph needs to satisfy to admit

Laplacian fractional revival (apart from strong cospectrality).

For generalized fractional revival, under some special conditions, we have a result

that generalizes the strong cospectrality between the two vertices with FR as mentioned
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in Remark We have examples that do not satisfy the hypothesis that 1 is a simple

eigenvalue of U; = U(t)[s,). A related future problem can be the following.

Problem 13. Assume a graph G admits generalized Laplacian fractional revival at time t
between the set of vertices S C V(G) with 2 < |S| < |V(G)|. Investigate what types of
graphs satisfy the condition that 1 is a simple eigenvalue of U(t)s,s). Check the Laplacian

fractional revival property of some other family of graphs.

We can start with the class of graphs with only integer Laplacian eigenvalues, of which

threshold graphs are members.
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