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ABSTRACT
CHANG, HSING-MING: D-optimal Designs in Linear Regression Models.
(Under the direction of Dr. S., Mandal.)

"Linear regression models’ unarguably is the most studied and used topic in applied
statistics and other applications. In the aspect of experimental design, once the choice
of the model and the optimality criterion are identified, along with specified variable
and parameter constraints, optimal experimental design can be used to find the most
efficient combination set of design variables and the allocation of the number of trials

at the support points.

Tracing back to 1918, K. Smith was the first to consider optimal design problem.
Later some of the most profound optimal design theoretical results were explored and

published by Kiefer (The General Equivalence Theory, 1959).

In this thesis we first have a broad review of the important optimal design theo-
ries and some major optimality criteria. Also the properties of different criteria are
discussed. In Chapter 2, a brief introduction is given on types of models describing
response and design variables. A simple numerical example of finding optimal design
is demonstrated. In Chapter 3, optimality conditions and a class of algorithms are
discussed. The optimality conditions are based on directional derivatives of the crite-
rion function of interest. The class of multiplicative algorithms neatly submit to the
constraints of the general problem we consider. In Chapter 4, some examples of con-
structing D-optimal designs for linear regression models are demonstrated. The optimal

designs are constructed by using the class of muitiplicative algorithms and optimality
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conditions discussed in Chapter 3. The iteration results are reported for each example.
Some final remarks and further research directions are concluded in the final chapter

with references which greatly contributed to the process and completion of this thesis.
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Chapter 1

Introduction

A design of experiment is a structured and organized method widely employed by re-
searchers/scientists to answer questions of many varieties. Typically the goal of an
experiment is to determine the relationship between a process and the response vari-
able(outcome) of the process and some factors and interactions between factors quan-
titatively. The “Design” of an experiment refers to the consideration and structure of

the experiment, especially with reference to:

1. the experimental factors(treatment combinations) and their values/levels included

in the study
2. the types and number of experimental units included in the study

3. the randomization rules/procedures by which the experimental units are assigned

to treatments(or vice versa}

4. the type of measurements made on the experimental units for the purpose of the

interests

The optimal design theory was first developed for the linear models. In this thesis

we will start with some general descriptions of optimal design theory mainly for linear



models. Then we continue to review some fundamental concepts of optimal design
theory and further give some illustration on how to device specifically the optimal
design and some practical examples of using optimal designs in experimental design

setting.
Optimal designs are useful when certain criteria in the experiment are of importance

and/or the standard classical designs are not suitable for two major reasons:

1. standard full or fractional factorial designs require too many runs for the amount

of time or resources allocated for the experiment

2. the design space is constrained{or certain factor levels, therefore treatments, are

not available)

Some examples are given in Neter, Kutner, Nachtsheim and Wasserman (1996). We

may first look at a simple probability model:

y ~ g(ylz, 8,0) (1.1)

where y is the response variable in an experiment, and a random error term, given that:

® £ = (21,%2, - ,Tm)" are the explanatory variables, input values or design vari-
ables in an experiment usually known or selected by the experimenter, z € X C

R™; & is called the design space;
° §= (91392;---:9}:);

® o is a nuisance parameter, which is unknown but not of the main interest when

constructing an optimal design;



* g(.) is a distribution model of y and is a function of (z,0,0).

Experimenters are free to vary the experimental conditions by selecting different
z from the design space(X') and observe the changes in the response y = y(z) which
is a random variable with variance var(y(z)) = 0% o? is generally assumed to be

independent of the input variable z.

Linear regression design models which are linear in the unknown parameter coeffi-

cients 8, have expected value of y(z) in an explicit form:

Elylz,8,0] = [f"(z)8 (1.2)

= hfilz)+ Gafolz) + ...+ b fr(z)

where iT(g) = (fi(z), f2(), ..., fe(2))T is a k dimensional vector of real-valued func-

tion on design space X.

From above, one may say that in order to construct an optimal experimental design,

the experimenter must first specify the following;

1. the model
2. the feasible treatment combinations region
3. the total number of trials/runs allowed for the experiment, n

4. a specific optimal design criterion for selecting treatment combinations from the

feasible region and for allocating experimental units n to the selected treatments

Knowing that only n trials are allowed due to limited time and resources, the prob-

lem now would be at what values of z(levels of factors) should we make observations



on the response y in order to have as accurate and precise as possible of an inference on
the parameters 8. Such a search for the best selection of treatments or the allocation
of n trials to the selected treatments would be the focus of the construction of optimal

experimental designs in this thesis.

In linear regression models y = f¥(z)8 + ¢, or in expectation:

E[Y] = X¢ D[Y] = %I, (1.3)

where Y = (y1,92,...,¥.)7, X is a n x k matrix with the (4, 7)%* element being fi(z,),
and it can be easily derived that the best linear unbiased estimate § of § is the solutions
of linear equations:

(XTX)Y = xTy (1.4)

in which the dispersion matrix of 8, D(8) = E[(§ — 8)(8 — )7], is minimized.

Since the experimenter selects X, one must ensure that the k x k matrix (X7X ) is
non-singular meaning that the inverse matrix (X7X)~! exists and therefore there is a
unique solution for é:

8= (XTX)'XTy (1.5)

with E[§] = g and D(§) = 6*(XTX)™!

From above we can see that the dispersion matrix D(E) does not depend on & and
is proportional to the matrix (X7X)~!. In order to obtain better inference on 8, we
can select X such that (XTX)~! is minimized or XTX is large, so that D(8) is as small
as possible. However, if the design space is continuous, we first need to discretize the

design space.
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1.1 Discretizing the Design Space

The linear regression design model, E[y|z, 8, 0] = iT(g)ﬁ, can be written as

Elylv,8,0] =278 (1.6)

wherey = (fi(z), folg), ..., fl@))" v e Vand V = (v e RF 1 v = (fi(z), folz), . .., fu(@))T),

T € X).

Intuitively choosing a design condition z in the restricted design space X is equiv-
alent to choosing a k-element vector v in the closed bounded k-dimensional space
V = f(X). V is the image of X under the vector valued function f=f1fo o fo)T

V is called the induced design space(or design locus).

In theory the design space is usually assumed to be continuous, but for practical
purposes, ¥ can be assumed to be discrete, which is more close to applications in
real problems. A “justification” for this can be seen in Mandal (2000, Theorem 1.3.1:
Carathéodory’s Theorem). This theorem says that for any experimental design p with
more than [ﬂk2+—1)+ 1] support points and information matrix M (p), it is always possible
to find a design p with a support of at most [ﬂ@ + 1] points. Therefore any contin-
uous optimal design measure can be replaced by at least one finite discrete probability

distribution.

Now to obtain an observation y, one must first choose a vector v from the discrete
design space V consisting of J distinct vectors, v;,v,,...,2,. For this we may assume
that choosing a v can be done without error so that the error-in-variable problem is

not a concern.



Two simple but important design problems may be defined in search for an optimal

design experiment:

1. At which of the points, or vertices, v;,5=1,2,...,J, should we obtain a response

y on.

2. With limited time and resources, suppose we can only obtain n observations, we

must decide how many observations, n;, to obtain at v;, such that 0 <n; <n,

J
i=12,...,J and ) n; =n.

=1

Now the information matrix XTX can be expressed as:

J
XTX=M@m) = > npul (1.7)
j=1
= VNVT
where n = (ny,mg,...,n5)7, V =[0,0,,...,9,]), and N = diag(ny, na, ..., 7).

Intuitively, now we would like to choose 1 to make the information matrix X7X =
M(n) as big as possible. Since n;’s must be integers which we are solving for in
a design, this type of integer programming problem is described as an exact design
problem. In general integer-programming problems are more difficult to solve even
without additional constraints in consideration. Calculus theories are more readily
applicable to continuous design problem and a solution n has to be worked out for

different values of 7 in a design if one chooses so to seek optimal n* directly.

To avoid solving the integer-programming problem, however, we can take a closer

look at the matrix M(n). Suppose we write:



M(n) = ) npuf
J n
_ E: oo T
= N nﬂjﬂj
j=1

J
— T
= n) vy
j=1

= nVPVT = nM(p)

J
where M(p) = }_ pjv;u] = VPVT, p; = 22, the proportions of n observations taken
=1
J
at v;, P = diag(p:,p2, ..., ps) such that p; > 0 and _Z;pj =1.
J:

Given n for a design, then to make XX large is equivalent to making M (p) large
subject to p; = 2, j=1,2,..., J. The original exact design problem becomes now an
approximate design problem with constraints p; > 0 and EJ:I p; = 1. The approximate
design problem is easier and more flexible to work with Jf;) find the optimal weights
p; and an approximate solution n* of the original exact design problem can be easily
obtained by multiplication n x p*, where p* = (p},p3,...,p%) is the optimal design

weights. n* is rounded to the nearest “integer” exact design.

It is interesting to note that p = (p1,ps,...,ps) can be thought of as a resultant

probability distribution on V and M (p) can also be expressed as:

M(p) = Eylu "]

where p(v = v;) = p;.

Finding an optimal design is simplified by finding p; assigned to design points



2; € V. Such a design may include p; = 0, meaning ; is not selected for a design.

1.2 Design Measure

We have mentioned above that p = (p1,ps,...,ps) can be thought as the resultant
probability distribution on V, but since V is the image of X under f, an induced
design space, we can also think of p = (p1,ps,...,ps) as a probability distribution or
a “measure” on the original design space X. By convention the notation used for the
design measure is £ and is represented as:

Ty, Tz, vy, Tg
£= { T ’ } over X
Pis P2, 0y PJ

where the first row of ¢ gives the possible values of design variables with associated

design weights p;, = 1,2,...,J, on the second row and that Jédz=1,0<p; <1,
X

F=1,2...,J.

1.3 Support of a Design Measure

In the design space, support of a design measure is defined to be the vertices Yj,
J=12,...,J, associated with positive design weights of p. The notation for support

of a design measure is:

Supp(§) ={v; €V, p; >0, j=1,2,...,J} (1.8)

Very often we see in an optimal design £*, such that the support Supp(¢*) is strictly a

subset of V.



1.4 Standardized Variance of the Predicted Response

The predicted response value at given z is:

§(@) = i@h + L@+ ...+ i@ = [T(2)d (1.9)

where f7(z) = (fi(), fa(z), ..., (@), B = (XTX)1XTY.
We also know that D(8) = 02(XTX)~!, where 02 is a constant and XTX = nM {p).

Then,

D(j(z)) = D(I_T(i)é)=f_T(z)D(@)_Jf(z) (1.10)
= M) (XTX)f(2)
= fflz)e*(nM(p)) f(z)
2

= iT(QE)%%M “p)f(z) (% is a constant)

= LM 0@

2
a
= d(z,p)

where M(p) is the information matrix, d(z,p) is the standardized variance of the pre-
dicted response at given & and n is the total number of trials in a design. Thus, in an

7 trial experimental design with known o2, d(z,p) can be expressed as

n X vor(§(z))

d(z,p) = 2 (1.11)

and easily be calculated.
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1.5 Properties of the Matrix M(p)

The information matrix M (p) has two major properties:
(1) M(p) is a J x J symmetric non-negative definite matrix. M(p) is symmetric

J
from it’s definition, M(p) = E,[vvT] = 3 pips =V PVT. Also,
j=1

™M)z = z7E[wz

= By[(zTv)?] > 0 (Mandal, 2000)

The determinant of the information matrix is zero if the number of support points is

less than k, the number of parameters of a design.

(2)  Suppose we extend the definition of M to the set G of all probability distributions
in V. Let M = {M(p) : p € G}. Each element of M is a J x J matrix and M is
the convex hull of the set vv” : v € V. Note that if p is the design measure having

probability 1 at v, then M(p,) = vuT (Silvey, 1980).

1.6 Optimal Design Criteria and Their Properties

Recall that our goal is to make the matrix M(p) large in some sense to obtain a best
inference on all or some of the unknown parameters § € ©. Different experiments
may have different rules on how M (p) should be made large. We may consider making
M (p) large as maximizing a real valued function ¢(p) = (M (p}). The function ¢ is
often called a criterion function. The criterion defined is called ¢-optimality and such

a design which maximizes ¢(p) is called ¢-optimal design.
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In this section we discuss possible design criteria of interest and their properties.
For all the optimality we choose a design which maximizes the defined criterion func-

tion. Consider the following two cases:

Case I

First we consider the case when the inference on all the parameters @ of a linear model
is of interest. As shown in chapter 1, M (p) must be a non-singular and positive definite
matrix. In this case, possible design criteria to consider are D-, G-, A- and E- optimal

designs.

(1) D-optimality
The most studied optimal design criterion and employed in application is the D-

optimality. The criterion function is defined to be
¢p(p) = ¢Yp(M(p)) = log det|M(p)] = —log det(M " (p)). (1.12)

A probability measure p* is said to be D-optimal when

det(M(p*)) = sup det{M(P)}) (1.13)

or equivalently when p* minimizes det(M~(p)).

J. Kiefer and J. Wolfowitz (1960) showed that it is equivalent to choosing p* such
that
sup d{z,p*) =k (1.14)
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where d(z,p) = iT (x)M~1(p)f(z) is the standardized variance of the predicted response

and k is the number of parameters in the linear model.

One motivation for choosing D-optimality is the interpretation of the joint confi-
dence region for the estimate of the vector of unknown parameters § € © in linear
model like in multivariate analysis. If we assume normality of the errors in the linear
model and we know that the variance of the estimator 8 is proportional to M~1(p),

then the joint confidence region of § can be expressed by an ellipsoid of the form

{6,0-9"M@)@-8) < ¢}, (1.15)

for some critical value ¢ where E‘_ is the least square estimator of §. The volume of
the ellipsoid is proportional to [det(M(p))] = and it’s desired to have small ellipsoid
for better inference. D-optimal criterion chooses M (p) to minimize the ellipsoid and
therefore [det(M(p))]7 or equivalently to maximize det(M(p)) or log[det{M (p)]]. The
value of log[det( M (p))] is finite if and only if M(p) is non-singular, meaning that all the
unknown parameters § are estimable. D-optimality is the most well studied problem
which can be seen in published books or articles by Kiefer (1959), Fedorov (1972),
Silvey (1980), Atkinson and Donev (1992), Torsney (1981), Mandal (2000) etc., having

some properties as the following,.

At this point it is interesting to mention I-optimality. An I-optimal design differs
from a D-optimal design only that the expected integrated mean squared error of pre-
diction of a model generated by least-squares fitting the responses to a linear statistical

model is minimized in an I-optimal design.
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Properties of ¢p(p) = ¥p{M(p))
(i)¥p is an increasing function in M(p) € M where M is the set of all positive definite

symmetric matrix, ie. for My, My € M,

Yo (M + Ma) > Yp(My). (1.16)

(iijp is a concave function in M (p).

(iii)When ¢p is finite, it is differentiable with first derivative being

oo

I 5 A

(iv)¢p is invariant under a non-singular linear transformation of V, ie., suppose V =
(v1,v,...,vs) is transformed to W = (w;,ws,...,w;) under the linear transformation

w; = Ay;Vj, le. assigning weights p; to vertex w;, and A is a k x k matrix, then

¢p(Mu(p)) = ¢p(M.(p)) + constant. (1.18)

To maximize ¢p(M.,(p)) is equivalent to maximizing ¢p (M, (p)).

Theorem
The weighted sum of the standardized variances of the predicted response over all points
of the design equals the number of parameters k in the linear model, see Mandal (2000)

for a simple proof,

> pid(z;,p) =k (1.19)
i=1
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In a continuous design,

f d(z, p) dp(z) = k. (1.20)
x

Theorem

The function log det[M (p}] is a concave function(Mandal, 2000).

(2)G-optimality

The purpose of this criterion is to choose a design which minimizes the maximum value
of ¥"M~(p)y which is proportional to the variance of ¥T8 = ¥ (z), the predicted re-
sponse. Kiefer and Wolfowitz (1960) published an article which includes the proof of

equivalence of G-optimality and the D-optimality criteria.

Properties

(i)¢ is an increasing function over the set of all positive definite symmetric matrices
M(p) e M.

(ii)y is concave on M.

(iii)¢¢ is invariant under a non-singular linear transformation of V. We can see this sim-
ply by considering the same linear transformation in part (iv) of D-optimality. Having

My(p) = WPWT and W = AV,
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96(p) = Yo(M(p) = — max w' M. (P)w
_ T pr—1
= —max w M, (pu
= —max w (WPWT) lw
weW
— T Ty—1
= — max (Ay) (AVP(AV)") " Aw
= — max v AT(AVPVTAT) Ay

vEA-IW T

= — max vTAT(ATYW(VPVT) A 4y
veA-IW

- T a1
= = Jax v M, (P

= ¢c(M(p)) = ¢c(p)

where P = diog(p1,ps,...,ps) and W = (wy,wy, ..., wr)

(3)A-optimality

The criterion function of A-optimality is defined by
¢a(p) = Ya(M(p)) = ~Trace(M(p)). (1.21)

Recall the k x k dispersion matrix D(#) which is proportional to M ~1(p). The
criterion function of an A-optimal design desires to minimize the sum of the variances
of the parameter estimates Q, but without information on the correlations among them.
Since only the £ diagonal elements of A/~1(p) need to be calculated, computationally it
is simpler to evaluate the ¢4 (p) criterion function than the previous two. The criterion

was considered by Elfving (1952) and Chernoff (1953).



16

Properties

()4 is an increasing function over the set of positive definite symmetric matrices
M(p) € M.

(ii)44 is concave on M.

(iii)When ¢4(p) is finite, it’s differentiable with the first derivative being

3¢

— M)y,
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(4) E-optimality

The criterion function of E-optimality is defined by

¢5(p) = ¥u(M(p)) = ~Amas (M (p)), (1.23)

where A\(M~'(p)) denotes the largest eigenvalue of the matrix M~1(p), see Kiefer (1974).
Since the confidence ellipsoid of the parameter estimates 8 is proportional to the matrix
M~'(p), the length of the principle axes of the ellipsoid is associated with the eigen-
values of M~1(p). Thus the criterion function of E-optimality seeks to minimize the

variance of the least well-estimated contrast aT8 such that aTa = 1.

Properties of ¢z (p) = ¥e(M(p))

()¥e(M(p)) is an increasing function over the set of positive definite symmetric ma-
trices M (p).

(i)Y (M(p)) is concave on M.

(lii)Let A1, A, ..., Ay be the eigenvalues of M(p) in descending order. ¢z has unique
first partial derivatives with respect to positive weights p; when ), is unique, otherwise

¢k is not differentiable.

Case 11

Now we consider the case when not all ¥ parameter but s parameters or s linear
combinations of the k parameters 8,,8s,..., 0 in the linear model are of interest. Let
the s linear combinations be Y = Af, where A is a s x k matrix of rank s < k.
For a special case when A = [I;:0], where I, is the s x s identify matrix and O is

the s x (k — s} zero matrix. In this case we are interested in estimating the first s
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parameters 61,8,,...,8, of 6 € O.

When M (p) is non-singular, the covariance matrix of the least square estimate of A§
is proportional to the matrix AM~'(p)A”. If M(p) is singular, Graybill (1969) showed
that the requirement for estimating the vector ¥ = Ag is that the row space of A4 is
in the column space of M(p) which lead to the invariance of the matrix AM~(p)AT to

the choice of the generalized inverse matrix M~—(p) of M(p).

A generalized inverse of a matrix M is defined as any matrix M~ which satisfy
the condition MM~M = M. The generalized inverse matrix M~ exists but is not
unique for a matrix M. It is only unique when M is a square non-singular matrix and
M~ = M. Then, in general, to construct a good design would mean to choose p such
that AM~(p)A” is minimized. Specifically we will take a look at D4-, E4~ and linear

optimality.

(1)D 4-optimality
To indicate that the design criterion is dependent of the matrix of coefficients A, Sibson

(1974) named the criterion D 4-optimality which the criterion function is defined by
¢p,(p) = ¥p,(M(p)) = —log det[AM ™ (p) AT)]. (1.24)

Properties
()¥p, is an increasing function over the set of positive definite symmetric matrices
M(p) € M.

(ii)¥p, is a concave function on M
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(iil)¢p, has the following first partial derivatives with respect to positive weights p; > 0.

2224 — T (p)ATIAM~ () AT AN o}, (1.25)
3

Since AM~(p)AT is invariant with respect to the choice of the generalized inverse
M~ of M(p), if ;s and A are in the column space of M(p), the partial derivatives are
also invariant for any choice of M~ (p) of M (p), see Graybill (1969) Theorem 6.6.9 and
Corollary 6.6.9.2.

In the special case when the first s parameters 64,60,,...,8, are of interest, A can

be written as a [I,:0] matrix and M (p) be expressed as a partitioned matrix as

M(:‘l) M2 }

sx({k—s)

- (2%) (1.26)
M MG Z gy x(e-s)

- |

where M) s Ms(:f&_s) transposed. Rhode (1965) and Torsney (1981) showed that
the matrix [AM~(p)AT]™! can be expressed as (M1} — MOApNCD _ D). For
this special case, choosing a design p to maximize ¢p, is equivalent to maximizing
$p,(p) = Wp,(M(p)) = logdet(M) — M2 M2 _ prCD)Y which is called the D,-
optimality. For reference, see Karlin and Studden (1966), Atwood (1969), Silvey and

Titterington (1973) and Silvey (1980).

(2)E 4-optimality

The criterion function of E4-optimality is defined by

08, (0) = VB, (M (D)) = —Amas (AM ™ (p)AT) (1.27)

where Amaz(AM ™ (p)AT) denotes the largest eigenvalue of the matrix AM~(p)AT, see
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Pazman (1986). The motivation for E4-optimality is the same as for E-optimality and

the properties of the criterion function ¢z, are similar also.

(3)Linear optimality

The criterion function of linear optimality is defined by
$L(p) = Yr(M(p)) = —ir(M~(p)L), (1.28)

where L is a k x k matrix of coefficients. ¢ (p) is linear in the elements of the covariance

matrix M~ (p). Note that if L is of rank s < k, then ¢ (p) can be written as

¢1(p) = Pr{M(p)) = —tr(M~ (p)L) = —tr(M~(p) AT A) = —tr(AM~(p)A”), (1.29)

where A is a s x k matrix of rank s. In this case, it’s easy to see the contrast between
L- and D4- optimal design where D4- optimality seeks to minimize the determinant
of AM~(p)AT and L-optimality seeks to minimize the trace of AM~ (p)AT. Also the

problem becomes an A-optimal design where L is an identity matrix I.

Properties of ¢ (p) = ¥(M(p))
(1)¥1 is an increasing function over the set of positive definite symmetric matrices M (p).
(ii)¥r, is concave on M.

(iii)¢z has the following first partial derivatives with respect to positive weights Dy

%1 _ T M (p) A AM- (p). (1.30)
Bpj

In a special case when A = ¢” has a rank of 1, where ¢ is a k x 1 vector of constants,



Elfving (1952) referred to this as c-optimality with criterion function being

e (p) = —_TM B (p)Q
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(1.31)



Chapter 2

Choices of a Model

Optimal experimental designs for linear models depend upon the model chosen to fit
to the collected data. Before the construction of an optimal design of experiment, an
appropriate form of the model, either linear or non-linear in the parameters §, must
first be known or defined to describe the data. Therefore choosing a correct model is
important and the appropriateness of the choice of a model can only be determined
by analysis of the experimental results. This chapter intends to give an overview on
the choice of an appropriate model. The focus will be on linear models with some

discussions of non-linear models in section 2.2.

2.1 Linear Models of One Factor

The underlying relationship between an observed response y and a factor z or a vector
of design variables g is usually unknown. Therefore we want to choose a model which
follows the pattern of the observed response over the region of a factor of interest.

We begin by looking at the simplest linear one-factor first-order model of the form

y(z) =6y + 012,
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Figure 2.1:

Figure 2.1 gives an illustration of 3 simple first-order functions

yiz) = 3+ 7z (2.1)
y(z) = 11+19z (2.2)
y(z) = 29-—13z. (2.3)

The values of parameters 6 and 8, are the respective intercept and slope of each line.
The rate of increase of y(z) as a function of z only depends on the slope parameter 6;,
not on z. Least square estimation is often the method used to suggest good estimators

of 8y and 8, for this model.

Increase in design variable z can either increase or decrease y(z) without a bound

unless a constraint on the region of z where y(z) is fitted is imposed. However, often



24

80 T T

16-8%+55%"2 ——
2015 %+ —--—mm
49-7%30%"2 <eeneene

70

Figure 2.2:

the response does not have a straight-line pattern but a curve with a maximum or
minimum or it increases or decreases to an asymptote. Figure 2.2 gives 3 illustrations

of second-order curves with symmetry about their maximum or minimum.

y(z) = 16 —8z+ 55z’ (2.4)
ylz) = 20—15z+ 42° (2.5)
y(z) = 49 — 7z — 3222 (2.6)

The maximum or minimum of this type of functions can easily be found. For
function (2.4), the minimum of y(z) is at z = %;. For function (2.5), the minimum of
y(z) is at £ = & which lies outside the region of the plotted region 2 = [~1,1). For
function (2.6), since the coefficient of the z? term is a negative value, the function has

a maximum at & = Z7. More complicated curves may be needed to fit the pattern of
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the observed response y(z) over some region of z. These curves can be described by the
3"-order or higher-order polynomials. Again three examples are illustrated in Figure

2.3 for the functions

y(z) = 73— 80z 4+ 27z% — 652° (2.7)
y(z) = 17— 11z + 3522 + 934° (2.8)
y(z) = 119 — 19z — 2922 — 4923 (2.9)

Higher-order polynomials are easy to use to fit a trend for data, however adding
unnecessary terms will inflate the variance of predicted response from the fitted model.
Increasing the number of the parameters in the model may also increase the number
of trials in an experiment necessary to estimate the parameters, therefore providing

incentives to choose simple models. As mentioned by Atkinson and Donev (1992),
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often in experiments, the response can be described well by polynomial models of order
no more than two. Other times models modified from those examples in Figure 2.2 with
asymmetry around the single maximum or minimum can be used to describe data. For
example, the transformation of the factor to 2 or log z is often used in models rather

than adding additional 2® or 2* terms in the models.

2.2 Non-Linear Models

Sometimes models non-linear in parameters may be more appropriate describing certain

phenomena. A simple non-linear model example could be

y(z) = Gz (2.10)

Assuming multiplicative error term, log transformation can be applied to the model

to get

y'(z} = logfo + 61logzy + error (2.11)

= 6+ 8.z} +error. (2.12)

Bates and Watts (1988) mentioned the Hougen-Watson model for chemical reaction

kinetics,
94332 — %333
rate = & 2.13
1+ 612y + Ogzg + Ozz3 ( )
where 6y, ...,05 are unknown parameters with input factors zy, z, and z3 being hy-

drogen, n-pentane and isopentane respectively. No simple transformation can be used

to make this model linear. There may be cases when no linear transformation for a
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non-linear model is possible as above, or cases when the usual error assumptions are
not met by the transformed model. In other cases, non-linear models may have good
theoretical properties where estimation of parameters is of direct interest. Also, there
are cases that the response can only be described by a non-linear model. Atkinson and

Donev (1992) gave an example of a simple non-linear model

y(z) = 65(1 — exp{—0,z}). (2.14)

This model is often used to describe the growth rate of cells or bacteria.

A note on the advantage of non-linear models is that if based firmly on theory,
extrapolation over the values of = often does not produce seriously erroneous predictions
in response where the same does not apply to linear models of polynomials. However,
a disadvantage of non-linear models in optimal design is that estimation of parameters

depends on the values of the parameters.

2.3 Response Surface Models

When two or more factors are included in a model, we call it a response surface model.
Figure 2.4 gives an example of contours of a function of a response surface with two
factors without interaction.

y(z) =3+ 5z1 + x4 (2.15)

The surface of this function is a plane in a 3-D space. The contour lines are equi-
spaced and the rate of increase of y(z) by increasing one unit of z; is independent of

%, and is the same for z, of ;.
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Figure 2.4:

If an interaction term is present in the model as in equation (2.16), the contours
now becomes hyperbolae instead of parallel lines as illustrated in Figure 2.5. The rate
of increase of y(z) with the increment of z; by one unit is now dependent of z, and

vice versa. The same applies to models with more than two factors.

y(z) = 3+ 521 + 7z, + 9.82125 (2.16)

Furthermore, to describe curvature, if present in the response surface, square terms

of factors need to be included in the model. Figure 2.6 gives an example of contours of

Yz} = (2 - 4)2 + (222 — 3)2 + 1L.5z120 (2.17)

= z?+44z2 - 82 — 1229 + 1.52122 + 25 (2.18)
1 2
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Figure 2.5:

Figure 2.6:
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with a single minimum value at z; = 22 and z, = . Often not all of the 2*-order
terms are needed in order to model the curvature in the response when there are many

factors included in the model.

2.4 Examples

Examples 5.1 and 5.2 in Atkinson and Donev (1992) are good examples of models of
a single quantitative factor and choice of design. Similarly suppose we have a simple
linear regression model,

y(@) = bo + O12. (2.19)

For a design having n = 3 trials, we can write

Y1 1 o P
Elwp| = |1 [9"] (2.20)
Ys 1 z3 '
(2.21)
= X¢
T 1 Ty P
wherez= |z, |, X=|1 =z ,and_ﬂ=l: 0].
T3 1 z3 !

Clearly the matrix X depends on z and the model of choice. Suppose the design
variable £ € X = [-1,1]. As mentioned in Chapter 1, the design problem can be

formulated as to choose n points in the design space X to give best estimate of £.
-1 -1 -1

Three possible designs are to choosez= | 0 |, | =1 |or | 1
1 1 1
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‘For model 2.19, it is easy to see that the information matrix

n

nooy.x
XX =1, = (2.22)
PIEIEDIE
i=1 f=1
and
n Z:L',‘
det(XTX) = det| , !
2.3 )
i=] i=1
= ) (& -z (2.23)
i=1
. Gy |
The covariance matrix for the least square estimate § = [ éﬂ is
1
n m? _ n z. e
AXTX) = O f‘z=:1n 2 (2.24)
det(XTX) _ Z T n
i=1 o
-1] 1 -1 3 0
Forthedesignz = | 0 [, X = {1 0 andXTX:{O 2}. M(p) =
] 11
LXTx - [(1) 0 ] M-1(p) = [1} S},logdet[M(p)} — log(2) = —0.4055 and
3 . 2
~trace[M(p)] = 3.
-1 1 -1 3 ]
For thedesignz=| -1 [, X=|1 —1 | and XTX = { L 3 J Similarly
1 1 1

-1
we can find M(p) to be [_11 ; }, MYp) = [
3

Wi 0ol

}, log det[M (p)] = —0.1178
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and —trace[M(p)] = —2.

-1
9 =3
A third possible choice of design is z = 1 |, with M~1{p) = { _83 g :I,
1 & 8

log det[M (p)] and —trace{M(p)] are also found to be -0.1178 and -2 respectively.

We can see from this example that for the 1-order model y(z) = 6y+8,2 given only
three trials available for the experiment, with the given three possible designs, according

to D-optimality where the criterion function log det[M(p)] is to be maximized, it is

-1 ~1 ~1
preferable to choose the designatz = | —1 [ or | 1 | overthedesignz= | 0
1 1 1
If the criterion is to minimize the maximum of the standardized variance d(z,p),
—1
forg={ 0 |,the maximum of d(z,p) is
1
mexd(z,p) = max " (@M (p) ()
10 1
= max [ 1 =z ] 3
z 0 3 A
2
= max{l+ I_%m_)
z 2
= 2.5
-1 -1
atz=-lorl Forz= | -1 |, maxd{z,p)is3 at z =1 and for z = 1 1,
1 1
-1
maxd(z,p)is3atz=-1. 2= | 0 | would be preferable.

1

In this example we see that the same design satisfying one optimal criterion may

not satisfy another.



Chapter 3

Optimality Conditions and
Algorithms

Before determining optimality conditions, it is important to discuss the optimization
problems we want to consider. In this thesis we mainly discuss two classes of optimiza-

tion problems.

Problem (P1)

J
To maximize a criterion ¢(p) over the measure P = {p = (p1,02,...,0J), Yp =
j=1

J
1,p; 2 0}. The condition } p; = 1 makes this a non-degenerate constrained optimiza-
j=1

tion problem over a closed bounded support region.

Problem (P2)

To maximize 9 (z) over the convex hull(with vertices G(v,), G(v,),...,G(v,)),
J
CH{GWV)} = {z =2(p) = Y _p;G(y;),p = (1, P2, ..., Ps € P} (3.1)
=1

where G is a one-to-one transformation and ¥V = (v;,v,, ..., v;) is a known set of vector
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vertices of fixed dimension. Statistically we may also render that z(p) = E,[G(v)]

assuming G/(v) is a random variable with probability p; at vertex G(v;).

Clearly (P2) is a more generalized and practical optimal linear regression prob-
lem. Carathéodory’s Theorem guarantees that over the continuous unbounded space V
there is at least one discrete optimizing distribution p*. Problem (P2) may differ from

problem (P1) in several ways, such as

e The interest may solely be the optimizing support z*.
¢ A unique optimizing z* does not imply a unique optimizing p*.

¢ An optimizing p* may have zero weights, ie., the optimum lies on the boundary

of P and p; = 0 for some j.

The approach we will adopt is to seek out p* rather than directly seeking out z*

maximizing ¥(z) over CH{G(V)} and finding a distribution p* such that z(p*) = z*.

3.1 Optimality Theory

We can analytically solve for solutions to construction of optimal designs in simple
cases. In practical problems, it's often not possible to find an explicit solution p*, or
to derive such a design explicitly as the size of the design space increases. Iterative
techniques are required and special algorithms are devised to solve constrained optimal
design problems with aid of computer software. From Section 1.1 we know that by
discretizing a continuous design space, there always exists an optimal measure with
finite support points. We wish to find the optimal measure p* which typically will

be on the boundary of convex hull CH{G(V)}, especially when V is a discretization
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of a continuous space. This implies that at the optimum there will be zero weights
corresponding to some support points. We define optimality conditions in forms of

directional derivatives of a criterion function ¢(.).

3.1.1 Directional Derivatives

Let

9(p,q,€) = ¢{(1 —e)p +eq} (3.2)

where ¢(.) is a criterion function. The directional derivative Fy{p,q} of the criterion

function ¢(.) at p in the direction of ¢ is defined as (Whittle, 1973)

F.;s{p, q} — sl_lgl_? g(p1 g, Eg - ¢’(p) — dg(pdvaq1€) " (33)

The derivative Fy{p, q} exists even if ¢(.) is not differentiable. If ¢(.) is differen-

tiable, then {3.3) becomes

Fy{p,q} = (g —p)Tg-% = (g—p)Td (3.4)
J
= Z(q; ~p)d;, (3.5)

Whered,-=%‘—i,i=l,2,...,Jand d=%§.

In problem (P1) when p € P, F} can be expressed as
J
Fi = Fy{p,ej} = d; - Zpidis (3.6)
i=1

where d; = % is the partial derivative of ¢ with respect to the j* component of p and

e; is the j* unit vector. We call F; the vertex directional derivatives of ¢(.) at p.
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The importance of Fy{p, ¢} is its utilization in our algorithms to check for conver-
gence and therefore finding optimal measure p*. To determine the optimality conditions,

we use an important theorem(Kiefer, 1959) as stated below.

Vertex Direction Optimality Theorem Let 8§ = CH{G(V)} and assume that 1(z)
is concave on S and Y(.) s differentiable at the point z(p*), then z(p*) mazimizes ¥(.)

on S if and only if

Fo{z(»*),G(v)} = 0 when pj > 0 (3.7)

Fy{z(p*),G(v;)} < 0 when p; = 0. (3.8)

From above theorem and equation (3.6), a corollary of the Vertex Direction Opti-

mality Theorem can be made.

Corollary
If S =P, ¢(p) is (weakly) concave on P and p* is a differentiable point of ¢ on P, then

p* maximizes ¢ on P if and only if

gg} = gpfgﬁ: when p; > 0 (3.9)
gﬁ; < gpfgg when p} = 0, (3.10)

or equivalently,
F5b =0 where pj > 0 (3.11)

F, <0 where p} = 0. (3.12)
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3.2 Algorithm

Having the usual constraint on the discrete probability measure p;,ps,...,ps being
non-negative and summing to 1, a suitable multiplicative algorithm (Torsney, 1977)

which induce nice properties is

ey B fED)
N R
S P f)

i=1

(3.13)

where f(z) is strictly a positive increasing function in = and may depend on one or

more free parameters, and mf,-’) = dﬁ-’) or Fj(') defined as

9¢

i - 9 3.14

! Op; lp=p(r) ( )
J

F,-(') = d§r) - Z p7dl directional derivatives at p = p). (3.15)

1

This type of iteration was first proposed by Torsney (1977), taking z = d, f(d) = d°
with § > 0. This requires the derivatives d; to be positive. Subsequently Silvey,
Titterington and Torsney (1978) studied choices of § for the same f(d); Torsney (1988)
considered f(d) = e’; Torsney and Alahmadi (1992), Mandal and Torsney (2000) and
Torsney and Mandal (2001) considered and explored other choices of f(.). See Mandal,
Torsney and Carriere (2004) for further developments of the algorithm for optimal

designs with two constraints.

Having such conditions imposed on f(.}, above authors found some properties as

the following:

o p("} is always feasible, with respect to their constraints.
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o Fy{p®), plr+1} > 0. The equality is simple to see when the d;'s corresponding
to non-zero weights p;’s have a common value, d, ie. z; = d; = d or when

+1) P§r)f (z;) p§”f @) ©
A YR AP
;pE flz)  fd) Y P

i=1
By (3.2) and (3.3), it’s easy to see Fy{p,p} = 0. An iterate p is a fixed point of
the iteration if the partial derivatives(dgr)) corresponding to non-zero pg") are all
equal. This is a necessary but not a sufficient condition for ) to solve problem

(P1). So we may say that at optimality conditions, the solution to the design is

a fixed point of the iteration for any subset of V.

Some modification of the algorithm would be needed if there are many zero optimal
weights(p;). Mandal and Torsney (2004) explore one such modification based on a
clustering approach. This is related to the fact that the support points of & discretized

design space can be viewed as consisting of some clusters of design points.

The choice of f(.) plays an important role in the convergence of the algorithm.
Convergence rates also vary according to the choice of the free parameter(s) in the

algorithm.

Next in this chapter, we will consider different choices of f(.} and its argument
on their rate of convergence in finding optimal measures for different models linear in

parameters. Then we will work out examples of constructing D-optimal designs.



Chapter 4

Construction of Optimal Designs

Now we consider some examples in constructing D-optimal designs having the usual
constraint on the probability measure ZJ:I p; =1, p; > 0 V5 and the support from a
region of a closed bounded convex set.J_If extra constraints were imposed on p, then
the Lagrangian approach can be used to find the optimal design (Mandal et al., 2004).
As mentioned in Chapter 1, the criterion function and the information matrix for D-

optimality respectively are

1. Yp(M(p)) = logdet[M(p)] and
J
2. M(p) = Z)lpjy,-y}"-
j:

We first consider some choices of f(z) for the five examples which were studied by
Silvey et al (1978), Wu (1978) and Mandal (2000). Example 1 was originated by Wynn
(1970). The examples were defined by their design spaces as the following.

Example 1: V= {(1: —13 —I)T: (11 _1: 1)T: (1: 1: _1)T1 (1: 2: 2)T}

Example 2: V = {(1,-1,-1),(1,-1,1)T, (1,1, -1)7, (1,2, 3)7}
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Example 3: ¥ = {(1,-1,-2)T,(1,-1,1)7, (1,1,-1)7, (1,2, 2)T}

Example 4: V = {(1,1,-1,-1)7,(1,-1,1,-1)7,(1,-1,-1,-1)T

(1: 2; 2: '—l)T} (1: 11 —1: 1)T: (1: '—15: 1: l)Ta

(1? —11 "1:2)T}

Example 5: V = {(1,1,-1,-1)%,(1,-1,1,-1)7, (1, -1, -1, -1)7,
(1: 2: 2: _I)T: (1: 1: '—1: 1)T: (1: _1'5) 1: I)T:

1,-1,-1,2)7,(1,1,1.5,1)7}

Finding an optimizing p* is an example of problem (P1) with criterion function and

information matrix being

* 3(p) = log{det(M(p))}

¥
o M(p) = Z;pjyjy;r.
i=

Solving for an optimizing p*(for Examples 1 to 5) is an example of problem (p2)

where
o G(u)=w";
e v €V C R Vis the induced design space:
o z =2z(p) = M(p) is a symmetric k¥ x k matrix and

o ¥(z) = log{det(z)} = ¢(p).

Tables 4.1 - 4.3 summarize the performance of algorithm (3.13) in finding D-optimal
designs of Examples 1 - 5 and some linear models with different choices of f(z) satisfying

the conditions imposed.
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We first considered choices of f(z) with ¢ = , in particular, f(d) = d°, then f(d) =
exp(6d), f(d) = In(e+dd), f(d) = [exp(dd)]/[1+exp(6d)] and f(d) = 1.0001+exp(—4d).
In Tables 4.1 - 4.3, the number of iterations needed to achieve ax, {F;} £10™", for
n =1, 2, 3 and 4, were recorded. Fj; are the vertex directional derivatives at pgr)
(r+1)

towards p;

5 7. In all cases the initial weights pgo) were assigned equal weights 1/J,

Jj=12,...,J. The programming and results were obtained using Minitab version 14.
In all tables of iteration counts, the relative best choices of § are in bold font. For
each example or regression model, different choices of f(z) yield similar optimal design
solution and only one approximated design space at intervals of 0.1 with corresponding

weights are reported.

Examples 1 - 5 have fixed vertices and their optimal design measures are reported
in Table 4.1. The solutions are similar to those of Mandal (2000) but the number
of iterations required for convergence are different due to the fact that the criterion

function we considered is ¢p(p) in (1.12), not the standardized criterion.

Note that in all tables, a symbol *x” is used to replace an iteration number when &
convergence of the algorithm can not be reached with the corresponding choice of f(d)

or f(F) and & value(s).



Table 4.1

Example 1: Number of iterations needed to achieve maz{F;} < 10,

f(d)=d®

§ n=1 n=2 n=3 n=4

0.5
1
1.25
14
1.5
1.6
1.65

-
B =3

f(d)=exp(éd)
)
0.49
0.5
0.51
0.52
0.53
0.54
0.55
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0.6

f(d)=In(e+8d)
5
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n=3
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50
50
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47
22
16
14
13
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13
15
41

n=
13
13
13
13
12
12
13
13
19

n=4
98
80
76
75
76
77

weights(p)

0.12507
0.28122
0.28122
0.31249

v
(1,-1,-1)
(1-1,1)
(1,1,-1)
(1,2,2)



£(d)=1.0001 + exp(-3d)
5
0.0001
0.001
0.005
0.01
0.05
0.1
0.25
0.5
0.6

£(d)=®(5d)
§

0.1

0.2

0.25

0.3

0.4

0.5

f(d)=[exp(6d)]/[1+exp(éd)]
§

0.25

0.35

0.4
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0.75

n=1 n=2 n=3 n=4
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n=
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Example 2: Number of iterations needed to achieve maz {F;} < 10—,

f(d)=d’

§ n=1 n=2 n=3 n=4
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2

f(d)=exp(dd)
5
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n=3
20
18
17
16
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19

n=3
115
108
100
94
89
89
89
90

88
42
27
25
24
24
24
101

n=
31
29
28
25
24
22
25
27

n=4
183
171
159
149
142
141
141
143

weights(p)
0.073455
0.291395
0.311248
0.323901

[
(1,-1,-1)
(1-1,1)
(1,1-1)
(1,2,3)



f(d)=1.0001+exp(-4d)
)
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0.5
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£(d)=®(4d)
5
0.1
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f{d)=lexp(dd))/[1+exp(dd)]
§
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n=3
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133
369

n=3
119
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166

n=4
246
154
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213
601

n=4
188
173
163
162
163
207

45



Example 3: Number of iterations needed to achieve maz{F;} < 10~™.

f(d)=d?
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Example 4: Number of iterations needed to achieve maz{F;} < 10"
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Example 5: Number of iterations needed to achieve maz{F;} < 107".
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The results for different linear models we considered below are reported in Table
4.2, with the same choices of f(z) considered in Examples 1 - 5, where z = d.

Linear Models:

L Elylz] = 0o+0iz (4.1)
2. Elylz] = Oo+61z+ 0,27 (4.2)
3. Elylz] = 64+ 01z + 022° + Gs5° (4.3)
4. Elylz] = 6o+ 012+ 0922 + 032° + 04z (4.4)

Let's take a closer look at the optimal design results for the simple linear model

E[y|z] = 8y + 6,z. The optimal design solution converges to

« ) weights(p) 0.499992 0.000008 o ... 0 0.000008 0.499992
P X -1 -09 -08 ... 08 0.9 1
(4.5)
where “...” are the supports with corresponding zero weights.

Clearly we see above for a simple linear model with the support z discretized into 0.1
intervals, it has four support points corresponding to non-zero weights. But, note that
the support points can be clearly grouped into two clusters of points, either neighboring
points or single points corresponding to non-zero weights. The two clusters suggest
that for the continuous design space it is a two-point design with one point within each
cluster. Each point has a corresponding weight of the total design weight of its cluster.
It was suggested by Atwood (1976) that approximations to these design weights are the
convex combinations of relevant points within clusters with convex weights proportional

to the design weights.
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Therefore, for the simple linear model, on one end we have a support point

_ —1x0.499992 + —0.9 x 0.000008 _,

0.499992 + 0.000008 -1 with weight 0.5,
and other the other hand we have a support point
1 x 0.499992 + 0.9 x 0.000008

- ol ith weight 0.5.

0.499992 + 0.000008 with weight 0.5
. weights(p) 0.5 0.5

Pt = { ghts(p) } . (4.6)

X -1 1

Similarly, the solutions for models 4.2 - 4.4 are

. weights(p) 0.33 0.33 0.33
pro= { Veiehts() , (4.7)
x -1 0 1
i 2 2 25 0.25
P o= weights(p) 025 025 025 and (4.8)
X -1 -0.445 0.445 1
weights 0.2 62 02 02 02
ro= ghts(p) _ (4.9)
X -1 -066 0 066 1

respectively.



Table 4.2
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Simple Linear Regression Model: Number of iterations needed to achieve maz{F;} <
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f(d)=1.0001+exp(-4d)
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f(d)=d?
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Quadratic Model: Number of iterations needed to achieve maz{F;} < 10~
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£(d)=1.0001+exp(-3d)
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Cubic Model: Number of iterations needed to achieve maz{F;} < 10~".
f(d)=d’
§ n=1 n=2 n=3 n=4  weights(p) X
1.5 11 43 132 227 0.249528 -1

1.6 10 40 124 213 0 -0.9
1.7 8 38 117 200 0 -0.8
1.85 12 24 107 184 0 -0.7
1925 22 48 100 176 0 -0.6

19455 30 66 102 172 0.113076 -0.5
195 32 72 110 164 0.137396 -0.4

1.9555 36 78 122 166 0 -0.3

1.96 40 86 134 182 0 -0.2

1.975 58 128 198 268 0 -0.1

0 0

f(d)=exp(dd) 0 0.1
6 n=1 n=2 n=3 n=4 0 0.2

0.2 20 83 252 431 0 03

03 13 55 168 286 0.137396 04
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0.375 8 44 133 228 ¢ 06

0.3825 8 42 130 223 0 07

0.39 10 41 127 218 0 08

0.3925 12 40 126 216 0 09

0393 12 40 125 216 0.249528 1
0.4 X X X X

f(d)=In{e+4éd)
§ n=1 n=2 n=3 n=
1 50 208 638 1097
1.7 49 204 628 1081
1.8 49 204 629 1083
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3 53 221 681 1173



f(d)=1.0001+exp(-4d)
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£(d)=d?
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Quartic Model: Number of iterations needed to achieve maz{F;} < 10~™.
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4.1 Replacing d; by F; in algorithm (3.13)

The idea of attempting to improve the iteration performance is always under considera-
tion. We can improve the performance in D-optimal designs replacing d; by F; for some
choices of f(d). The motivation is that for D-optimal criterion, the partial derivatives
of ¢p(p) are positive and centered at k(the number of parameters 4 in the linear model).
This may be an disadvantage of some choices of f(z), where z = d, ie. f(d) = ®(éd).
However, we know that the vertex directional derivatives are F;=d; — ZJ:I pid;. This
implies that il p;F; = 0. So, if we choose a function f(.) which is centred at zero,
=

we may get better convergence rates of the algorithm. Thus, we replace d; by Fj.

Algorithm (3.13) now becomes

p(r+1) _ Pgr)f(Fj('))

; - (4.10)
o0 F(ESY
i=1

where Fj(') are the vertex directional derivatives at pﬁ”) and f(F) satisfying the condi-
tions as in (3.13). We consider only choices of f(z) = ®(z) and f(z) = %%, where

z = F. The function f(z) = exp(dz) is also a possible choice but the performance of

the algorithm has no difference, for the reason that p; at the next iteration becomes
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ta r r (r)
p(r.;.l) _ p§- )f(FJ( )) _ pf,' e’
7

SEFED) S e
i=1 i=1

J
-8 <ds
pgr) eadj e iglp y

J
J —§ d
Slpi(r)ess e )

t=]

p§f)86d5 B pgf)f(dgf))

J - ’
;M% >0 £(d)

i=1

In Table 4.3, we report the performance of the algorithm for models (4.1) - (4.4)
the same way as in Tables 4.1 and 4.2, but replacing d; by F;. Mandal (2000) reported

that for Examples 1-5, both choices of f(z) = &(z) and f(z) = —1%% withe = F

improve the convergence in all cases over all other choices of f(z) with £ = d. This

observation almost reflects the results here that f(z) = ®(z) OR f(z) = ﬁ%‘;—(f()m—)

improved the convergence in all cases over all other choices of f{(.) except for some
models. Specifically, for the Simple Linear Regression Model (4.1), the choice of f(d) =
d® seems to perform equally well, if not better, comparing to both f (F)= ®(§F) and

f(F) = %&% in the algorithm. For the Quartic Model (4.4), relatively f(F) =

exp(F)

Trezpppr Performs better than all other choices of f(.) in the algorithm.

Note that for the Simple Linear Regression Model (4.1), further exploration of the
choices of § values for the three functions f(d) = &°, f(F) = ®(6F) and f(F) =

exp(6F)

Tresn(sF) 1S possible and better convergence rates may be obtained. We stop our inves-

tigation for the time being.



Table 4.3

Linear Model: Number of iterations needed to achieve maz{F;} < 10~
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Quadratic Model: Number of iterations needed to achieve maz{F;} < 107",
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Cubic Model: Number of iterations needed to achieve maz{F;} < 10~
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£(F)=0 (6F)
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£(F)=[exp(3F)]/[1-+exp(dF)]
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0.775
0.78
0.8

n=1
20
15
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105
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167
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160
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158
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4.2 D-optimal Design in Second-Order Model with

Two Variables

It is also of interest to work on the models with more than one design variable. In
Table 4.4, we worked out the design as an example for a linear model in two variables
with interaction terms, Ely|z1, 2o) = 6o + 0121 + 0320 + 037122 + 0427 + 5%, We again
used the f(F) = HLLE{:—(?FT) in the algorithm with § = 0.5 chosen without concern of the
rate of convergence. Taking the convex combinations of the approximated solution, the
optimal support points with corresponding design weights for this model are
weights(p) 0.146 0.08 0.146 0.08 0.096 .08 0.146 0.08 0.146
= x1 -1 1 -1 0 0 0 1 1 1

X2 -1 0 1 -1 0 1 -1 0 1
(4.11)
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Table 4.4 Quadratic Model of 2 Variables with Interaction: Number of iterations

needed to achieve maz{F;} < 10~™.

f(F)=[exp(6F)]/[1-+exp(F)]
]
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0

o O O O o O O
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Chapter 5

Conclusion

In conclusion to this thesis, we learn that by the Carathéodory’s Theorem it guarantees
that any continuous measure can be replaced by at least one finite discrete probability
distribution. Discretization of design space is very helpful in finding an optimal design
measure by programmed numerical technique. We also learned to construct an optimal
design using a class of multiplicative algorithm which will obtain a convergence when
the criterion function is concave, for example, the concavity of the D-optimal design
criterion function 9(z). By the Vertex Direction Optimality Theorem, we can deter-
mine whether a solution is at optimum by checking the conditions of vertex directional
derivatives. An optimal design depends on the type of criterion we are interested in and
the choice of model selected to fit the data. A relative fast algorithm was suggested. In
particular, some examples were provided in the thesis on how to construct a D-optimal
design. For linear regression models {4.1) - (4.4), we determined at which points in
the design space [—1,1], discretized in an equal interval of 0.1, should observations
be taken and with what proportions. This application can be made to other optimal

design criteria.

For linear regression models (4.1) - (4.4), we noticed that optimal designs have %
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optimal design points evenly spread out over the design space [—1, 1} and are symmetric
about zero. Optimal design points have corresponding optimal weights of 1/k. Here &
is the number of parameters in the models. This means that we achieved the correct

solution for the D-optimal design.

One way to obtain better approximate designs is to discretize the interval [~1, 1]
or [0,1] into finer equal space of 0.01 or 0.001, sacrificing some program running time
of the algorithm since larger vectors and matrices need to be processed by computer
software. In the future we would like to work on this finer discretization of the design

space with a faster convergence rate in finding optimal designs.

We also would like to work on constructing optimal designs with A- and E- and
other optimality criteria. Some further explorations of the construction of optimal
designs are such as, other choices of f{.} or variations of f(d) or f(F) with two or more
free parameters for improving the performance of algorithm (3.13), and construction of

optimal designs for models non-linear in parameters.
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