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In this dissertation we have studied the posteriors

of parameters of some wel-l--known distríbutions under

proper and improper priors. Based on Monte Carfo

studies we have deduced the appropriate prior and

appropriate loss function on the basis of minimum MSE

criterion from among a family of priors and loss

functions -

ABSTRACT

In Chapter One, we have given a brief intorduction

of Bayesian anal-ysis including different types of priors

developed so far.

In Chapter Two, Bayesian estimators of the Pareto-

parameter, ß are obtained under the Natural- Conjugate

Prior (NCP) , Minimaf Information Prior (MIP) , and

Jeffreys'Invariant Prior (JIP) usi-ng the squared error

loss (SEL), the logarithmic squared error foss (LSEL),

and a general loss function (GLF) The properties of

these estimators are discussed. Bayes estimators of

ß under MIP and LSEL appeared intractable; as a result

we used Lindley's (I980) approximate method for the

evaluation of the ratio of integrals for the one parameter

case. Monte CarLo studies showed that the LSEL function

with JIP and NCP give smalLer ¡4SE than (i) SEL function

with JrP and NCP or (ii) GLF with JIP and NCP. MIP

with all the three loss functions considered gives l-arger



MSE. l^7e have also obtained the sampling distributions of

the Bayes estimators under JIP and Mfp. Both distri-

butions were found to fit Pearson's type II curve.

ïn Chapter Three, we considered the scale parameter

a and shape parameter m of Pearson's type VII distribution

under JIP when both the parameters are unknown, and a

family of improper priors proportional- to t/uL and t/^L

when one of the parameters is assumed known. The type

VII distribution does not bel-ong to the general expo-

nential family. As a result no NCP can be generated

and hence no Bayes estimators of the parameters can be

obtained under NCP. The Bayes estimators of the parameters

under JIP did not take simple form. Lindley's methods

for one and

based on the

moments (MM)

vt-.

of a and m,

method 1ed

two parameters were

maximum I ikel ihood

were also obtained.

Monte Carlo studies

goodness of fit for Pearson's type f curve, for both

the sampling distributions of a and m (for joint esti-

mation) , were tested by Chi-square, Cramér von-lr{ises

and Kolmogorov-Smirnov statistics.

to smaller MSE than the other two

In Chapter Four, we considered the Rayleigh distri-

bution and obtained Bayes estimators of Õ | o' and relia-

bility function Rt under JfP and MIP with SEL. Monte

used. The estimators

(ML) and the method of

For joint estimation

showed that the Bayesian

The



vii.

Carlo studies showed that the MLE of út o'and R. have
L

slight edge over their Bayesian counterparts - We have

al-so obtained the equal--tail- and Highest Posterior

Density (HPD) credibl-e intervals for o, R_, and ac

future observation

In Chapter Five r wê considered the Bayesian estima-

tors of the parameiers l-l and a2 of a normal- distribution

under NCP and usj-ng. SEL, LSEL and cLF. For estimation of
2o , Monte CarLo studies showed that the LSEL results in

a smal-1er MSE than the cLF and SEL for afl combinations

of the prior parameters. Bayes estimates of U were found

to be quite robust for the choice of various loss

functions and prJ-or parameters while those of 02 were

less so-

ln Chapter Six, we considered the simple regression

model- in orthogonat form and obtained the Bayes estimators

of (q, ß) and 02 when the prior distributions of o and

B are uniform and that of o2 is inverted gamma. Bayes

estimators of (o, ß) in this situation are the same as

the MLE of (o, ß) " Bayes estimators of (o, ß) were also

obtained under a bj-variate normal prior for (o,ß); 02

was assumed known. Under the bivariate normal prior for

(o, ß), the Bayes estimators of cr and ß did not yield

simple form. Lindley's (1980) method was again used.

Monte Carl-o studies showed that the Bayes estimators of



(o,ß) based on

l-ower MSE than

the bivariate normal prior

their ML counterparts.

vll_l_.

have considerably
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TNTRODUClION AND SUMMARY

BAYES I THEOREM1.1

The basic ingredient of Bayesian. analysis is Bayes'

Theorem (I763), the first attempt known to us to ration-

al-ize the process of inductive reasoning. The process of

learning from experience had been in practice from time

immemorial. Bayes' theorem can be used to bring the

CHAPTER ONE

cl-ass of inductive inferences within the domain of the

theory of probability. A philosophical- extension to

Bayes' theorem can be made where probability represents

a degree of bel-ief rather than a relative frequency of

'success' . The belief that we have in a proposition

depends on the

therefore, in

conditional on

mation changes, we revise the degree of belief in the

proposition. This process of revising probabilities

after obtaining nev/ information is the essence of

state of our current information, and is

general, always a conditional probability

the state of information. As the infor-

learning from experience and can be made by using a simple

rul-e of probability theory , ví2. , Bayes' theorem. Bayes'

problem was: given a certain data, what is the proba-

bility thaL a particular type of population might have

given rise to it? Thus, Bayes' theorem is often referred

Lo as the theorem of inverse probability.



Consider a set of k

tive events E1.Er,...,EU,

bility. Let D be another

one of the event" El ,82,.

defihition of conditional

P (8. lD)

mutually excl-usive and

of which none has zero

for i = I,2,

This formula, known as Bayest theorem (Mostel-1er, Rourke

and Thomas (197O)) was proposed by Reverend Thomas Bayes

(I7O2-1761 ) and was posthumously published in I7 63 .

Although (1.1) represents an appl-ication of conditional

probability which gives the change in the probability of

E. with the additional information that D has occurred,
a

it has far-reaching implications in the development of a

P(E.)P(DIE.)
l- l-

f<'
IP(E.)P(DIE.)
lll-

or k.

event which can occur

.,Ek occurs; then by

probabil- ity,

2

exhaus-

p roba *

only if

new school of thought in Statistical- In ference , widely

known as the schoof of BAYESIAN fNFERENCE.

In ( 1. 1) , P (E. ) ís cal-led the prior probability and

P (E. lD) is call-ed the posterior probability of the event
l-'

E, conditional- on the event D.
]-

The equation (1.1) simply represents a conditional

probability - a probability that the evena 
"i 

occurs on

the basis of the prior information about E- as well as
l-

information contained in or provided by the event (or

daÈa) D.

the

(1 l)



L.2 BAYESI THEOREM IN CONJUNCTION WITH LTKELTHOOD FUNCTTON

3.

Let f - (x',x2,.,.,xn) be a random sample of n obser-

vat j-ons whose probabilit.y density f (x I O ) is completely

known except it depends on the parameter 0, where 0 may

be a vector or real val-ued parameter. Let f (x,0 ) denote

the joint densoty of the random variabfe x and 0. Then

f (x,0) = 9(0)f txlol
h(x)II(0lx).

Thus, given the observed data {, the conditional density

of 0 is

is call-ed

!L^
L, lle

is a function of 0 for given x and

d of 0. Denoring f (xl0) by l,txlO),

sity of 0 can be written as

e(e)et¡lol,

e(o)rtxlel

and is given by

h (x)(0lx)

rtxlo)
ke l- ihoo

ior den

(" l¡) -

{el¡) =

k is a

-1 _ r-1
a

(r .2)

s ( o ) I t ¡ | e ) ao ,

actor

ler

gf

r
on

( 0 ) I (x

a1 iz in

Also,

the I

poste

tha t

l_

T

n

i

ÏT

parameLer space.

k.g

no rm

n (0lx) d0

s(o)e"f¡lel
r
J s(e)s(510)de
a

where

k

where

Hence,

Q is the

n {o l5) =



hrhere S(e) is

knowledge abou

and the fikeli

about 0 contai

II{01¡) is
the data lr wh

about 0.

A,

the prior density of 0 representing ol'tr

t parameter 0 before the data ï are drawn

hood øtxle) representing the information

ned in the sample T.

known as the posterior density of 0 given

ich summarizes alf the information l{e have

1-3

The inferences in cl_assical approach are based on

the likelihood function in which a real- or vector-val-ued

parameter 0 is treated strictly as an unknown constant.

On the other hand, in Bayesian approach 0 is treated as

a random variable having a probability distribution

representing a formalization of Lhe information on

prior to any experimentation. For example, a quality

controf department of an industry may want to know the

process average at the present point in time. The

department knows that the process average is affected

by random factors that cause it to change over time.

Al-so the past rel-ative frequency distribution over time

of the process average is available to the department.

Thus, the process average at any point in time may be

treated as a random variable and the rel-ative frequency of

the past data may be used as the prior distribution of

the processed average.

INFERENCES ON THE BASTS OF BAYES' THEOREM



The prior information on 0 may be objective (data

based), or subjective (non-data based), or a mixture of

both. The concept of objective probability requires ideas

of repêated trials and stabilizing of relative frequencies

If we have enough information availabl_e from past records,

then we may set up a data based prior distribution for 0.

However, the most controversial form of the prior is the

subjective prior which takes into account one's degree of

belief about 0 based on personaÌ judgement and experience.

For example, consider the hypothesis that the percentage

of mercury content in pickerel in Lake Winnipeg is po.

This is an uncertainty and as a resul-t people wil_1 have

different opinions regarding this hypothesis. Someone

might bel"ieve one person's estimate to be too hiqh or

too 1ow. Through the concept of subjective probability,

it is possibl-e to assign to a hypothesis a probability,

P (H) , which will numerically represent a person's degree

of belief about uncertainty. Then an experiment is

undertaken to combine each person's prior probability

with the experimental- evidence. Bayes' theorem all-ows

us to cal-cuf ate the conditional- probability P (H IDATA)

for each person which i-s simply the revised befief about

the hypothesis after observing the experimental- evidence

q



Why Bayesian?

Bayesr theorem provides a formal- mechanism by which

prior information about a p.arameter 0 may be combined with

information contained in the data to give the posterior

distribution of 0, which ef f ectively summarize s al_l_ the

information we have about 0-

The Bayesian approach to inference incorporating

prior and sample information is illustrated in Figure t

(Evans, l-97 6) .

Pre-sample information on 0

+

Prior distribution, g(0)

6.

Posterior dist

Further, given the prior and the likel-

posterior distribution is unique and there

problem as the choice of which statistic to

occurs in the sampling theory framework.

fn the case of a scale parameter 0 (O

Bayesian estimate will- always be positive,

Sample info
+

Like 1 ihood
.¿(xlo

Applv Baye s

t
butio

J
Infe

rf

rmation, x

tTheorem

function,

n, n(01¡) =

rence

FI GURE T

s(0) rtxlel

ihood, the

is no such

be used, as

< e ( -), the

while in the



7.

sampling theory framework, the estimate for a positive

parameter can be negative. For example, a uniformly

minimum variance unbiased estimator fot e2 in N(0,1-) is
a_¿ _2x - I/n which may be negative f or x < I/n, a result

which is totally unacceptable

Bayesian framework is specially suited for deal_ing

with nuisance parameters. considerabl-e dif f icul-ties

arise in dealing with nuisance parameters using samplJ-ng

theory approach. rn Bayesian framework one may obtain

the posterior distribution of parameter (s) of interest by

integrating out the nuisance parameters.

It can be applied to a very wide ranqe of problems

not necessarily restricted to normal- family.

It aLfows explicit use of priors and offers a wel_l-

defined and straightforward procedure for analyzing a

problem.

1A ATTEMPTS MADE TO OVERCOME

Bayes' theorem has been subj ected to extreme criticism

since the time of Bayes. rn recent years Bayesian anal-ysis

has gained a much greater applicability in Statistical-

Inference. As the use of Bayest theorem increased, so

did the criticism. The main thrust of the criticism by

the classical theorists, is that it is difficult to

DÏSTRIBUTTONS

I NOT KNOWING I lHE PRI OR



accurately formulate and assess prior densities. Much

work has been done on the problem of'not knowing'priors

notably by de Finetti (I964), Jeffreys (1961), Raiffa

and 
.Schl-aifer 

(1961), Edwards, Lindman and Savage (1963),

and Zellner ( 1971) : ?Je consider bel-ow a f ew approaches:

(i) The Principle of stable Estimation or the principle

This principle (Edwards, Lindman and Savage (1963) ),

states that the posterior distributions derived from

uniform prior densities are adequate approximations to

the actuaf posterior distributions. That is, \.{e can

approximate the posterj-or distribution by the likel-ihood

function in situations in which the prior g.(0) is gentl_y

changing in the region where the 1i_kelihood is large and

if g ( 0 ) at no other point is of sufficiently great

magnitude as to become appreciable when muftiplied by the

l-ikelihood (Box and Tiao (1973)). As a resul_t we may assume

the prior distribution to be uniform if this condition is

attained. The principte of stabl-e estimation is useful- in

practice since in many experimental- situations, the

l-ikel-ihood is expected to exert a much stronger infi-uence

on the finaf result than the initial opinions, for other-

wise there woul-d be litt1e justification for carrying out

the experiment.

of Precise Measurements:

B.



(ii) Jeffreys' Rule of Non-fnformative prior (Nrp)

The adoption of improper priors when we know Iittle

about the parameters were justified by Jeffreys (1961)

based on the invariance of the densities under parametric

transformations. The development of invariance property

foll-ows.

about the location parameter 0, then we also have vague

prior knowledge about the l-inear transformation

If we have no prior knowl-edge or vague prior knowledge

where or ß are constants and q, I O. Tf we take a uniform

density f or 0, then we shoul-d al-so take a unif orm prior

for n ( 0) since from the distribution theory if 0 has a

uniform distribution, then ¡ ( 0) has al-so a uniform dis-

tribution if it is a li-near f unction of 0 -

Again, i f 0 is a scalar parameter, obviousJ-y it has

a range 0 to @t and if we have vague prior knowledge

about 0, then we have al-so the same vague prior knowledge

about any power trnasformation of the form

t{r(0) = ev¡ v 10.

Also, íf fog 0 is uniformly distributed, the prior

g(0) o I/A, then the dÍstribution of q,(0) is proportional

to I/\)(e) , for {, (e) > 0. Ide show this f act with the

foll-owinq example:

n(0) cr0

q

Suppose

ü(o) OV, ú (o) ^v-1



f t {i ( 0

Therefore,

f [ ù ( 0

, I , _l)l = f(0)1,1, (e)l ¿

Jeffreys'Invariant Prior (JIP) is

(Jeffreys, 1961)

e(o) * llr(a\,
where I(0) is Fisher's information

a singJ-e observation. This prior

)l * I
tJr(o)

1

0

the SENSC

r
J s(0)ae I 1.
a

thg range of a

parameter under

rs (JTP) fol-1ow

l.{h e n

the

Prto

vov-f
1

V8

( i) if the parameter space

g(0) may be taken to be constant,

distributed;

de fined by

t
vr! (0 )

10.

random variabfe does not depend upon

consideration, Jeffreys' Invariant

the following working rules:

(ii) if the parameter space is the non-negative rea.l

line, g(0) may be t.aken proportional to L/e, i.e., fog e

to be uniformly distributed "

about 0 contained in

is tj-mproper' in

We will il-l-ustrate how to find JIP when X has the

well-known normal probability density function

f(xlu,o)

1 s the entire real line,

i.e., to be uniformly

and

rll expl -t=--r^2
v ¿1t ¿o

__tIog t(xlU,o)

<X æ

1
=

2

-@

rl
,"-u ) -1,

los(2r)

( -, 0;

log o
I-2

2o
(*-u)2



ð log f
ãu

â 1og f
ão

2ô l-og f
-2Ao

^2_d Log t
Auâo

1

2
o

_1
o

1

2
o

(x-rL),

1* -:-J
o

3-4
a

-2ð log f
^2du

( *-u ) 2

(x-v)2

.)lâ"ioo rl
_Fl¿l rl\ ao- )

Hence, the Fisher' s j-nf ormation matrix

I9l3 ) is given by

2

3.
ú

I
2

6

(x-u)

2

2t
o

Thus, the joint JIP for

g(u,o) o lr(u,ollh

Îf o is known,

r(u,o) =

t1.

-(a2tos rl f a2roq rì l-El a"au-j 0' -t[ ,; j=?

z/o2

0

0

2r/o

r (u) -" fa2ros-rlI auz )

and

(1.:¡

g(u) - lrtullt = å = constant.

Similarly, if U is known,

e(o) - lrtolll* å

Bayes and Lapl-ace themselves used

in related problems. The weight of the

(u,o) is given
læ-
2'

Õ

(Kendal l- and Stuart ,

I
2'

ú

by

uniform priors

authority of these



I master minds t has led to the general idea that 'uniform

prior is the answer'. Jeffreys (1961) makes an interesting

comment that there is no more need for this kind of

bel-ief than to say that an oven which successfully cooked

roast beef once cannot be used for cooking anything but

roast beef.

Why improper priors?

These priors are very convenient for dealing with compli-

cated situations, particufarly with nuisance parameters.

They are powerful techniques but indiscriminate use of

them, without a proper understanding of the problem and

information availabLe, may lead to

dubious resul-ts (Dawid, Stone and

r2.

The main objectives of generating improper or non-

informative priors are to express ignorance and to obtain

( iii) Minimal-

priors which possess certain invariance property. Sometimes

the second objective is in confl-ict with the first; i.e.,

by insisting on invariance we may face problems in

achieving the objective of expressing ignorance adequately,

A sol-ution has been proposed (Zel-1ner, I97I) to this

problem in information theoretic approach - what is

termed as the 'minimal- information prior' . These priors

are dependerrt on a particular parameterization used-

Following zellner (f97I), we develop the technique of

obtaining a minimal {nformation prior (MIP).

In formation Prior

inconsistent and

Zidek, 1973).



l?

Let f (x I e ) be the probabii-ity density function of

X given 0; then define
f

r--(0) = /rt"l0)]os{f(xlo)}axXJ

as measuring the information in ftxlOl. Define

If = lr (o)q(o)dexJx
as measuring the prior average information in the data,

where g(e) is a proper prior density function.

Let
(
ls(ollos{s(o) }deJ-

measure the information in the prior g(0). Then

11c = Jt..t0)e'(0)de - ls(0)]os e(e)d0v^v

represents the gain in information associated with an

observation x over the information in the prior g(0) .

The minimal information prior density is defined as one

which maximizes G by varying 9(e) subject to
r

J v(o)ae l-,

that is, maximizes

I f (ê)o(e)de - r d'l * ì[ f^o('ra' - 1lu = lJ rx(0)g(0)d0 - )ø(0)1og g(0) _) Lr,. J

where À is the Lagrange multiplier.

1o maximize lJ,

dU

--.\

âs(o)
gives

I (0) - I - fog 9(0) + À = o,x

that is,

s(e) = k exp{r-(0)}, (r.4 )



k is a normalizing constant.

Consider the density

Irrvrìrr : - I ^--^l 1 rl
¡ \.¡ t ts

/2, \ ¿ )

then

3 ( ' 1 .21 -r*(u) = ¿ 1- i r"s 2r -; (*-u)'jtr"lu)ax

+ (Ioe 2t¡ + t)

which is independent of U. For proper g(U),

1lÇ = -; (los 2tt + l_) - Je(u)lo9 9(u)du

is maximized if
î
Jø{u)1oe s(u)du

is mj-nimized subject to

r
Js(u)aP - 1'

r4.

Thus,

I + fog S(U) + À = 0, À is Lagrange multiplier,

giving,

s (u) = exp{- (1 + À) } = constant,

which is the same as Jeffreyst NTp.

we again consider the density

f (xlp,o) = f exp{- -f- r*-ul2}
/2, o I zo' )

when both U and o are unknown. Working the same line,

vre obtain



i. e. , the minimal information prior

they are independent and U and 1og o

buted. While Jeffreys' prior,

g(u,o) o I
ol

Jeffreys justified this departure keeping the fact in mind

that if U and o are known to be independently distributed

then the rule should be applied separatel-y to obtain the

joint prior, g (U, o) as the product of their marginal

priors, i.e.,

s(u,o) : s(u)s(o) o å (1.6)

(iv) The Natural Conjugate Prior (NCP) Densities

A cl-ass of priors was developed by Raiffa and Schlai fer

(1961) for the densities belonging to the general expo-

nential family possessing sufficient statistics of fixed

dimensionality. This family is mathematically tractabl-e

in the sense that it is reasonably easy to obtain a

posterj-or distribution. It possesses a very interesting

property that the posteriors obtained by using a member

of this cl-ass al-so belongs to the same cf ass. This

property is termed as "closure under sampling" by i{etherill-

( 1961) .

g(u,o) , .L
lr(u,o) l'o I

2
o

for U and o shows that

are uniforml-y distri-

15.

(I s)

prope r ty

We now generate an NCP and demonstrate the above

Let the distribution of the random variable



X be bínomial with n

"success", and having

!.txlel

The binomial- distribution belongs to the general exponential-

family and hence to generate NCP we replace aIl the quantities

in the kernel- of (1.7) dependent on the sample by the

trials and the probabil- ity,

the likelihood

(t)o*(:-
x

parameters o, and &, known as prior parameters (Evans,

1976), to obtain the NCP

0)t-*,

that i=l 0 has

o and ß. The

by combining (

9(o) * oo-f (r-e)ß-1,

o,r,2,

16.

of a

apriori a beta distrj-bution with

posterior density of 0 given X

1.8 ) with (I.l ) and using (I.2)

r(0lx)

¡n (1.7)

which is aLso a beta dis--ribution with parameters o+x

and ß+n-x. Thus, the posterior has the same functional

form as the prior, and hence the beta priors are cl-osed

under sampling.

t.

I_0 ) B+n-x-1

a,

B (0,+x, $+n-x)

(v) Exchangeable Prior Distributions

The idea of exchangeability is due to de Finetti

(I964) . It states that the order of occurrence of a

0,

parameters

x is obtained

AS

os+x-t ( r-_g ) ß+n-x-1, 
o

(l 8)



17.

sequence of events does not affect the probabil_ities of

happening of the events. The classicaJ- theory terms

"random" and "random sample" may be replaced by the terms

"exch'angeable" and "exchangeable items',. It is easier

to attach the concept of exchangeability to a sequence of

events than the concept of randomness which involves a

condition of independence and such a condition is sometimes

untenable . To clari fy the preceding, we consider the fo1 lowing

Suppose a box contains an unknown number of cold

tablets and an unknown number of identical looking aspirin

tablets. If we draw the tabfets from the box one after

another and replace each tablet after it is drawn, a

classicaf theorist will say that the probability that

the second tablet is aspirin is independent of the fact

that the first tabl-et is aspirin. That is, for him the

conditional probability that the second tabLet is aspirin

given that the first tablet is aspirin is exactly the

same as the unconditional probability that the second

tablet is aspirin. The events in a sequence of drar¿ings

are not independent to an exchangeablj-st, in the sense that

events which have already occurred give evidence about

occurrence of future events. Thus, the degree of belief

is changed. fn this sense, the conditional probability

of the k-th tablet being aspirin given that the type of

the first (k-1) tablets is known, is dependent on the



proportion of

drawings. And

aspirin in the

order in which

drawings, but

18.

aspirins observed in the first (k-l)

that the probability of obtaining an

For a

specified

depends on

binomial l

p(r,k

for some 0

9(0) on [0

Definition

k-th draw is not dependent on the particul_ar

the aspirins appeared on the first (k-1 )

how many of them were aspirins.

ny k distinct events, t

r of them occur and (k-

1y on k and r and these

ike l- ihood

lel = ot(t-o)k-t

, with 0 having a proba

, f I (Lindley, I91 2) .

if the probabilities are invariant

the suffixes. Lindley

in Bayesian estimation

in which they described

hep

r) o

eve

ibli

: The quantities XI,X2

robability that a

f thern do not occur,

nts foflow the

ty distribution,

exchangeable prior, p(0) is to suppose

-,a\ - f Ï'. 
\ u,/ 

, i=1

where e(0rlu) for

lity distributions

if exchangeability

is the only way to

and Smith (I972) used this notion

for the parameters in Linear model

that one way of obtaininq an

n

under

p(0.1u)aq1¡1¡

Also that exchangeability implies that the 0's have the

are exchangeabl-e

permutations of

probability structure of a random sample frofn a distri-

but ion .

each U, and Q (U) are arbitrary probabi-

. He\..¡itt and Savage ( 1955 ) showed that

is assumed for every n, then a mixture

generate an exchangeabl-e distribution.



As an examplef \{e consider the linear model

E(Y) = êg (l.e)
considered by Lindley and Smith (I912) , where,

Y = vgctor of observations

ð = known design matrix

I = vector of parameters.

For simplicity let us suppose that A is a unit matrix,

then

E (v. )-a

and

This model may arise in agricultural experimentation when

y . is observed on the i-th variety of average yield 0 _. .-1 - .

It often seems reasonable to say that there is the same

amount of information about each of Èhe mean= 0i, i.e.,

the joint distribution of the means remains invariant

y. - N(0.,-a a

Al-la
V. 

' 

L L'L'

I

1q

under permutation of the suffixes.

prior opinion about 0, is the same

similarly for pairs, triplets, etc.

exchangeable.

,n

We note that the exchangeability assumption will not

hold when one or more varieties are control-s and the

others are experimentaf. In such a situation separate

exchangeability assumptions are to be made - one for

within control varieties and another for within experi-

mental- varieties.

(1. r0 )

In particular, the

as 0^, or any other
Y

That is, 0. are
1

A.
l_



In the model

E(e.) = u
l-

and

That is, apriori the l-inear structure for t, is analogous

to the linear structure assumed for yi. Lindley and Smith

(Ig12) following I.J. Good, termed u as a hyper-parameter.

Equations (1.10) and (1. l1) above constitute a two-stage

model. We can go further by supposing the hyper-parameters

to have a l inear structure that wil- l- l-ead to a three- stage

model, and so on. The specification will be compl-ete when

a prior is attached to the ultimate hyper-parameter. In

this example if we consider a two-stage model, then a

prior has to be attached to U.

Assuming vague prior knowledge for 1l, Lindley (1971)

has obtained the posterior distribution of 0. with posterior
l--

mean,

0.
1

(1.9 ), we suppose

20.

(1.11)

E (0. 
I

.1 ',

whe re

L) =

Recently, Lindley

idea of exchangeability

vari-ance and covariance

tion.

,2Y:/o

v = lv./n- o - l-'

t/o2 + t/12

.2v /r-o'

and Novick (1981 ) have used the

in situations l-ike anafysis of

, contingency tabl-e s, and cal ibra-
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fn this dissertationr w€ have not used exchangeable

prior density but there is enough scope for research

with this prior which we hope to pursue in future.

A Final Note:

The reviews of Bayesian Statistics by Lindley (I972)

and (1978) give excell-ent summaries of recent advancement

in this viewpoint.

Lindley (I975) suggested a moratorium on research

for two years so that all of us in the field of statistics

can read de Finetti (I914, I975)

This dissertation is concerned with the study of

the posterj-ors of parameters of some wel-l--known distri-

OUTLTNE OF THE DTSSERTATTON

butions under proper and improper priors. Based on

Monte Carl-o studies we have deduced, on the basis of

minimum MSE criterion, the appropriate prior and the

appropriate l-oss function from among a farnily of priors

and foss functions "

In Chapter Two we considered the pareto distribution

with density

This distribution is useful in economics to represent

the distribution of incomes of individuals whose income

f(xloo,ß)
o

ß0"o^-J-11 ' u
x

ß < *, 0



exceeds a

modelling

incomes.

22.

certain limia 0o. It has also application in

economic problems involvinS distributions of

Rodolfo Boníni (A11ais, I968) extended and

modified Pareto distribution in the analysis of the

distribution of property. This distrlbution is also

used in the study of size distributions of firms i-n

economics (A11ais, 1968) . rt wil-1 be interesting to

study the behaviour of the Bayes estimator of ß as

against the wel-1-known cl-assical- estimators. In this

study, we have assumed the threshol-d parameter 0o

known and obtain the Bayes estimator of ß under JIp,

MIP, and NCP and a variety of foss functions. properties

of these estimators are also discussed. Based on a

Monte Carlo study, the sampling distributions of the

Bayes estimators of ß under JIP and MIP are obtained.

Appropriate Pearsonian curves are fj_tted to these

sampling distributions and Chi-square 'goodness of fit'

test performed.



parameter a and shape parameter

distribution with density

fn Chapter Three, Bayes est

-tt(xla,m)

are obtained.

have densities

uG r (m-!)
f (m)

imators of the scale

m in Pearson's Lype VII

q. (a) ---L

The families of

[.

l
- , t > 0,t
a

q^ (m) -
/,

2x
!-

¿
a

q^ (a,ñ) o 1 , for estimation of a and m when both-J am

are unknown.

A special case of the family of improper priors is

Jeffreys' Invariant Prior (JlP) when | = l.

The estimators based on the cl-assicaf methods,

namely, the method of maximum likelihood and the method

of moments are obtained. Based on a Monte Carlo study

these estimators are compared with their Bayesian counter-

parts. Appropriate Pearsonian curves are fitted to the

sampJ-ing distributions of the Bayesian estimators under

g. (arm). The Chi-square, Kolmogorov-Smirnov and Cramer
-J

von Mises goodness of fit tests are performed.

-m

-æ(v

23

1--:- ,
E

m

improper priors used

t > 0,

1mrt

for

is

for

is

estimation of a when m

kn own

estimation of m when a

known

0,



In Chapter

bility density

It(xl

and obtained the Bayes' estimators of o and reliability

function, R., under MIP and JIP. Based on a Monte't.

Carl-o study, these estimators were compared with

their ml and umvu estimators. HPD and equal-tail

credibfe intervals for o and *a have been obtained.

We al-so considered the prediction of a future obser-

vation.

4, we considered

function

v

z
o

( *2)expl- -------=1,- t 2o¿)

¿4

the Rayì-eigh proba-

xt o > 0

two parameter normal density

In Chapter 5, \de considered NCP f or o f or the

It(xlU,Õ

and obta ined Baye s '

family of improper

of l-oss functions.

1\-
/-o I z.1I

compared the estimators and searched

loss function which yields the minimum mean square

estimators for al-1 combinations of prior parameters

exp

o > 0,

estimators using NCP as welf as a

{

invo 1 ve d

1 2ì
, (x-U) l, -@ 4 X, U < æ

2o' )

priors for o and

Based on a Monte

In Chapter 6, we considered the model

E(Ylx) = c + ß(x-i).

y under a variety

Carl-o study, we

for the optimum
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Baye s estimators of (o, ß ) are obtained when the prior

distributíons of q and ß are uniform, and that of the

error variance o2 is inverted gamma, and the distribu-

tions are independent.. .The case when (q,ß) has a

_2bivariate normal distribution and o- is known is al-so

considered. A Monte Carlo study is used to compare

the Bayes estimators with their maximum likelihood

counterparts.

The programmes used for Monte Carlo studies were

written in Fortran WATFIV. The University of Manitoba

computer facil-ities were used. These prograrnmes are

available on request.

For a variety of reasons not all the priors and

loss functions mentioned \dere exhausted in this disser-

tation. For example, NCP \,vas not used in the type VIf

distribution, since there :r" no sufficient statistics

for the parameters of this distribution and hence no NCP

can be generated. Again for the estimation of s and ß

in the regression mode1, the logarithmic squared error

l-oss function cannot be used for obvious reason of

-æ 4 0r B < @.

In the limited space of this dissertation, it was not

possible to use all the possibl-e combinations of loss

functions and priorsi as a result, we had to make some

compromise. îhis afso applies to the goodness of fit

tests to the Pearsonian curves, fitted to the sampling
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distributíons of the Bayesian estimators in Chapter Two.

One shouLd be careful- that a global_ conclusion can

hardJ-y be made f rom ¡lonte Carlo studie s no matter how

extensive they are and as such, the conclusions drawn

may not apply in general.

The priors and loss functions used in this

dissertation for various distributions are shown in

Table 1 - l

TABLE T.1

Priors and Loss Functions Used in This Dissertation

Pare to

Type VI r

Rayleigh

No rma l-

JTP MIP NCP

/

r'Regression

No suff.
5 Ld L .

Similar
to Pareto

Requires more extensive simulation which will- be

continued.

Loss Functions

qE.T T CFT T]T TI¿tu, !J!! t g!r

SEL ( r,SEr. an d GLF
appeared intractabl-e )

SEL (LSEL and cLF are
similar Lo Pareto)

Under independence JIP ancì MIP are the same.

SEL

SEL (LSEL not possible
since-@<a,ß<-;
cLF is intractable)

LSEL, GLF



CHAPTER TWO

PARETO DISTRlBUTTON

T NTRODUCT Ï ON0

We consider the Pareto

The Pareto pdf is often used to represent the distribution

of income X above a known income 0o. B measures the degree

of inequality. Zel-lner (1971) considered the estimation of

ß under Jeffreys' invariant prior. In this chapter we wifl

f(xloo,ß)
o

ßep

examine the behaviour of the Bayesian estimator of the shape

ß+l

parameter ß under the Natural Conjugate Prior (NCP), Minimal

Tnformation Prior (MTP) (Zellnerf I91I), and a family of

Non-Informative Prior (NIP) distributions of ß sublect to

probability density function

(*)

a vareity of l-oss f unctions. Vte will f urther work out a

l"lonte Carl-o study on the sampling distributions of ß*, fit

appropriate Pearsonian system of curves to these distributions

( -, 0

a1

and test their goodness of fit

o
<æ

Let I = (*t

from the pdf (2.

DERTVATÏON OF NCP

(2 r)

where G =

(") part of the results in this chapter have been published

in the Journal of the Society of Management Sciences

and Applied Cybernetics (SCI¡ilA) , Vol-. 9, No. l

(Sinha and Howlader (1980) ) .

,x2,... rxn) be a random samPle of size

o

(

1) . The l-ikel-ihood f unction
^n

ßtotþ/ n *l*l = (9) t"*n (-nßcor-u
f-a

-I/n G
"....x 1¿/" and loq(^ ).n' o ' oo

T4T P

*r"*2

AND JTP FOR THE PARETO-PARAMETER

is given by

\ l) )\
I \Þ. ' /

o



we have to show

We may express

general exponential-

28.

e NCP for B,

nt statistic

nging to the

fn order to generate th

that there exists a sufficie

the l-ikel ihood (2.2) as belo

family by putting

s(xio_,ß) = A(ß).8(x) "eo xp{c(ß).d(x)

A(ß) = exp{n1ogß + (nß)tog0^},

(nl
e(x) -.*p1- r rosx.f,

. i=I -)

sufficient for ß

he form

0, c > I

ameters -

(2.3)

c
The norma Iízing constant of (2.4) is 

=+ - . Thus, theI (cJ

NCP for the Pareto distribution is a gamma distribution,

G(p,c).

(2.4)

where

S

t
n

I
Ì

AT

n
d(x) = - I logx.

i=l I

1

n

)

p

p

i

i

c
O

S

T

^ I A\ - Òu \ p,/ _ p

and

x

)

ß

a

o

s

2

G

)

j
a

o

(

ß

ß

T

1

2

:

p

p

n
L

I

e

o

(

1

)

X

l-

ó1

LE

"I
t

f

xp

rh

which implies that

(Hogg and Cra j-9, I

We may re-wri

.c(xlo ,B) = Bo

and obtain the NCP

q- (ß) * ßt-f"-1

wherecandpare

r

The i{IP (Zel-1ner, I97I) is given by

q^(ß) - expIr (ß)]-¿ - x



where
1-

ïx(ß) = l^ f (xloo,ß)1os r(xleo,ß)dx
tøJuo

P
l" {1osß + ß1os0o - (ß+1)1o9x}f (xloo,ß)dx
!â

= l-ogß + ßtog0o - (ß+1)E(logx)

= togß + ßtos0o - (ß+1) (1oe0o . |l

= togß - å I - roeoo.

thus

sr(ß) * ßexp(- |l , o < ß < æ. (2.s)

Jeffreys' Invariant prior (JTp) distribution of ß is
given by

e-(ß) * ¡rtollt"3

where I (ß) is Fisher's Information matrix, and is obtained as
l9r(ß) * ã , o < ß ( æ.

with 93(B) = 91(ß) in (2.4) when c - 0, p = O.

2.2 POSTERTOR DENSTTIES OF ß UNDER NCP I MfP ' AND JIP

29-

Combining (2.3) and (2

ß is given by

nt(ßll,oo) = kßt*t-t.*

where k is a normalizing co

-', P
k-r =, il-(ßlx,o )dß =JO I '-'o

Thus

.4) , the Po

p{-ß (nc +p)-o

nstant and

f (c + n)

sterior density of

Ì

is given by

(nco+p) t*n



The posterior (2.6)

From (2.3) and

of ß under MIP,

iI- (Ê1x,0 ) -
o

. c+n(nc +p)
o

n2(gl5,0o) =

f (c + n)

may be

(2.s),

!{e e valuate the

function of the

1953 ) given by

ßc+n-l

seen to

ra¡e have

un+1exp{- (nßc *
o

f
en

hi

exp{-ß (nc +
o

bê a G(nco*p,

the Posterior

,

un+lexp{- (nßco+ 
}l }ao

)
VV

a

whe re

d

t

ominator

rd kind

k (z) = k (z).v -v
Replacing z, a, v in (2.8) respectively by 2nc

and -(n+Z¡ we have from (2-1),

lè
(az) = | t-v-1.*p{-,o

30.

p) ] (2.6)

c+n).

den s ity

ä,,

by using the modified Bessel,

of order v (Erde1yi, et a1,

0 < ß < æ. (2.7)

We now consider
Is(ß)

^cÞ

+ (t
.)

¡ e-¡ l¿¡t

of which JIP is a parÈicular case with | = 1.

Under the prior (2.1O) we have the corresponding

posterior density

n+2
--(nc ) '

o

2kn*2{z (rr"o) ä 
}

a family of ímproper priors

t > 0.

nr{ß15)

- f,'l

ß"''exp{- (nßc

0<ß<

(2.8)

(nc , 
n-t+1

o

(nc

I (n-t+1)

-L
)

I+ ;) j,
oÞ

ßt-t"xp (-nßco)

(2.s)

, o < ß 1*,

t < (n+1) .

(2.10)

(2.11)
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We generated a sample of size n = 100 from the

Pareto-pdf. (2.L) with 0o 5000 and ß = .1 and plotted

the posterior distribution (2.II ) for t = I,2,3 in

Figure 1. It appears that the farther one deviates from

the JIP, the posterior tends to be less and l-ess robust

since the curves corresponding to l = 2 and t 3 slip

away from ß = .7. It is al-so evident from the fact that

as t increases from unity the prior proportional to ß-t

also increases for ß < t.

LOSS FUNCTÏONS

the true parameter 0 by a quantity T is measured by the

In making a decision,

l-oss, L (T,0) . Since 0 is unknown, the actual- l-oss in any

situation will not be known but T can be determined for

the data T = (*L,*2,...,xn) for which the expected Posterior

Loss EIL (t, 0) l ¡l is minimized. we consider the following

loss functions:

the consequence of estimating

(i) squared error loss

L(T,g) = (T*0)2

which may be used when decisions taken become gradually

more damaging for a larger error in estimating 0 by T, i.e

one pays more for a larger error. The expected posterior

loss for this loss function is

EIL (r, o) l5J = / (r-o) 2n (e l¡) ao

which is minimized at

r = e(ol¡) .

(SEL):

t1 rf \
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Thus, under SEL, the posterior mean ís the point estimator

for 0.

(ii) Logarithmic squared error loss (LSEL):

L(T,0) = (logt - l-oSe)z, g > O

pL(r,0) _ 2

AT T

dThus, ãÉ,r L(T,0)

or

logT

( logT

losr = E(1os0l5)

E (1o90

a reafistic monetary penalty. The Loss functions discussed

above may not be appropriate in certain situations and

hence other types of loss functions such as those proposed

by Goodman (1960) and used in Ef-Sayyad (1967) need to be

investigated.

{ol¡)

l¡r

- 1o90).

In a Bayesian analysis,

de = 0, gives

0

33

(iii)

L(T,0)

where À (0)

negative "

(2.13)

loss function represents

A

The Bayesian estimator of 0

general loss function (GLF) of the form

À (0) (rt-0*) 2 (El-sayyad , 1967) (2.14)

a leeight.function and m may be positive oris

In this dissertation we will- use À(0) = gß

is the solution of



f I L(r,olntolr)do o

/ À(ø)2(r*-o*)rr*-IIt(olx)do = o

r*n[rtel l5l - n[À(o)o*lX] - o

or

m - 1ntÀ(o)omlxllt/* (.) rqìr - \ etrrellxJ / ' \''LJr

For À(0) 1, m = I, \{e have the SEL estimator.

It is easy. to show that f or À (0 ) = l-, ¡. -+ 0, GLF

tends to LSEL. To prove this, we divide both sides of
2(2.I4 ) by m- which wil-l- not change the loss since m is a

constant, giving

34.

--ft-. ofi-t- 2L*(r,o) = À(o) [- - ll
m

usins the resul-. ilä(+) = 1oe P, L* (1, o) takes the rorm

)
L* (T, O) = À (0) (1ogT - foS0) - (E1-Sayyad, 1967)

2.4 LOSS FUNCTIONS AND CORRESPONDING ESTÏMATORS

It is shown in Section 2.3 that under the Squared-

Error-Loss (SEL) function, the Bayes estimator for ß,
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Cons idering

tÀ

ß1 = |rJo

(ßl¡)

the

max- l- ike l ihood

corresponding

posterior (2.6) under NCP,

ßn1(ßlx)dß

c+n 1-+-
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v ( ß lx)

Similarly,
and SEL is
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estimator (MLE) of ß as n + æ

posterior variance
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,2(nc +p)
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from (2.9) o the Bayes estimator of

35.

we
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(2.re)

?'(nc ).o
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- 

aS n -+ æ.
JC

o
LSEL function and GLF given in

tively. Under the LSEL, the Bayes

xpln log(ß1x,0^)J.
o

we will use the digamma function,

is extensively tabulated (Abramo-
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1-
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r)^

U

The poster j-or (2.II ) yields
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o

with posterior
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f (M)

(2.13) and (2.14)
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I lb ^-Ln-r
| (.-") J (1o9 w) exp (-w) w"'" 'dw - log (cn^+p)

\v,r¡l 
ö o

I l* M-l= | (^Ð I 
(1og w) exp (-w) w" *dw - l-o9 (nco+p¡

= {,(M) - l-og(nco+p)

where.

ß(nc +p) w
U

and

c+n = M-

Thus, ùhe Bayes estimator of ß under NCp and LSEL is

-N _ exp {,1, f ¡¡l }
'1 : (". +p) (2'2I)

o

where ü (l,t¡ is given by (2 .20) .

For positive integral 14, using stirring's approximation
n"-L

f (M) = /2r M"'--2exp (-M) , one can easily obtain an asymp-

totic expression for ti

fog f (M) = constant + (M-L)loglt - M

rl,(¡,t) ros M - + (2.22)'2M

exp{qr(M)} = M exp(- Sl 
: Nr-h,

ignoring terms of order ] -ra l-ower which Ieads to
M

-N - c*n-! 1
'1 

". 
+p - 

"oo

: MLE of ß as n -+ æ.

Putti-ng c - p 0 in (2.2r) , v/e obtain the Bayes estimator

of $ under JIP and LSEL as
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Bayes Estimators

e(ß)

and the LSEL Function (2.l-3)

NCP

MTP

T- Derived Under Different Priors
rABLE 2.2

exp {rl, (M) }------------:--\¡¡nerenc +po-
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o

Further, putting L = 0, m l- we obtain our earlier

squared-eryor-loss function estimator= ßi, 85,

t ßi l, in (2.:-6) , (2.r7 ) and (2.r9) .
J L_I

Bayes estimators of ß with NCP, MIP and NIP and

under SEL are presented in Tabl e 2.3. Similarly, Bayes

estimators of ß wit.h NCP, ¡4TP and JIP and under GLF are

pre senLed in Tabl e 2 .4 .
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independent of m.
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Bayes Estimators

s (ß)

t2

TABLE 2

Derived
and the cLF (2.74)

NCP

.4
Under Different Priors

Estimatot 1 
2

MTP

( c+n+ 9+m )

l

t(nc )
o

JÏP

44.

tr
I

1
m

la)
n+ g+m+2

1

nc
o

kn+l+2 ( a)

I
l-r (r,+r.+m)l m

L r(n+r.) l

I
m

J

whe re

a = 2(nc )\



2.5

In order to compare

of the various estimators

samples of size 100 (= n)

pdf (2.L) with to = 5000,

MONTE CARLO STUDY

est j-mators and the corre sponding

were computed and tabulated.

the f ol-lowing tables. Entries

mse

the mean-squared-errors (mse )

ßo, tl and T2, 500 (= N)

(sum of the squares of the N deviations of
the e stimators f rorn the true ß )

cate the corresponding mse.

were generated from the Pareto

ß = O.7. The mean of the N

ßi'

45

lABLE

Bayes Estimates of

N

We report the results in

in the parentheses indi-

Function

0.7t1954
(0.005234)

o .7 190l 4
(0.00ss58)

o.726193
(0.ooseB3)

0.7333I3
(0.006s11)

o.740433
(0.001r42)

2.5

ß Under NCP and SEL

(l¡ 500, n = 100)

0.706872
( 0 .00 4996)

o.1I3940
(0.005242)

o.721009
(0.00sse0)

o.728078
(0.006038)

o.735146
(0.006s88)

An extension of Table 2.5 is given in Appendix A.3

0.70r862
(0.0048r4)

0.708880
(0.004986)

o.715899
(0.0052s8)

o .7 22917
(0.00s62e)

o.729936
(0.0060e9)

0.696923
(0.004687)

o.703892
(0.004786)

0.7L0861
( 0. 0o 4984)

o.717830
(0.005280)

o.724800
(0.00s614)

0.692053
( 0 .00 4612)

0 . 69897 4
( 0 .00 464r)

0.705895
(0.004167)

0.7128r5
( 0 .00 4990)

o.7L9736
(0.005309)
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Note that for a gíven c¡ the mse monotonically decreases

as p increases which suggests that for minimum mse-esti-
j

mator of ß tne prior 9(ß) * * exp(-pß), ß > O with p > O
Þ

and large shoul-d be recommended.

Q* Q*.,2t Fr3.

TABLE 2

Bayes Estimates of

with IIIP and JïP

Note that ßi in (2.I1 ) was computed by using the asymp-
¿

totic expans ion of ku ( a) in ( 2 . 18 ) and ßä is obtained by

putting c - p - 0 in Table 2.5. Comparing the corres-

ponding mean-squared-errors in Table 2.6 it fol-lows that

the estimator based on JIP is more desirabfe than the one

based on lvlÏP for ß.

6

ß

0060)

(m

Under SEL Function

500

o.7120

(0.00s2)

100)

o.7120

(0.00s2)



¿.7

Tables 2.7 and 2.8 clearty indicate that under the

GLF (2.14), the mse of Bayes estimators based on JIp in

this study consistently have smaller mse than those

derived with MIP as the prior for ß. If MIp is to be

used for ß, one should prefer the SEL function to the

cl-ass of GLF (2.I4).

Mm-"2' Bave s

eqific Combinations of L,

Estimates of ß Under MIp and GLF

TABLE 2 .7

0.733319
(0.006512)

o.740438
(0.00tr42)

o .7 47 558
(0.001815)

JT2'

(N = s00,

0.736870
(0.0068r4)

o.743989
(0.00749s)

o.751109
(0.008279)

Baye s

ecific Combinations of g"

Estimates of ß Under JTp and cT.F (2.I4) for

I4) for

100)

0.740415
(0.007L40)

^ 
1AaÈaEv. tttJJJ

(0.001813)

o .7 5465s
(0.008708)

TABLE 2.8

o .7 1907 4
(0.00ss58)

o.726193
(0.005983)

o.733313
(0.006s11)

(N = 500,

o.722625
(0.00s757)

o .7 297 45
(0.006234)

o.'736865
(0"006813)

100)

o .7 2617 0
(0.00s982)

0 .7 33290
(0.00650e)

o_740410
(0.007r40)



We f ind the same trend in Tabl e 2.9 as in Tabl_es

2.5 and 2.7 to 2.8, viz., for a given ct the mse

monotonically decreases as p increases; thus , for minimum

mse with NCP for B, the recommended prior woul_d be
I

9(ß) - ã exp(-pß), ß > 0 and p > 0 and large.
Þ

TABLE 2.9
N,m

'f ' Bayes Estimates of ß under NCp and LSEL

Function (2.13) (N 500, n = 1OO)

0.708398
(0.00s111)

0.7155L7
(0.00s384)

o .7 22631
(0.00s758)

o.129756
( 0 .00 6235)

o .7 3687 6
(0.006814)

48

0.703340
(0.0049ro)

0.7IO409
(0.00s106)

o.1I7478
(0.00s404)

o .7 24546
(0.005802)

0.731615
(0.006300)

Tabl- e 2.I0 shows

Comparing Tables

yields a smal-1er

as GLF under JIP

o.698355
( 0 .00 47 65)

0.705374
(0.004888)

o.7I2392
(0.00s109)

o.719411
(0.005431)

o -726430
(0.00s8s2)

0 . 69 344l-
(0.004674)

0.70041_0
(0.004724)

0.707379
(0.004873)

o.7I4349
(0.00s120)

0.721318
(0.005465)

L, m.

-J-Mthat Ti has a small-er mse compared to Tl.

2.5, 2.6, 2.9, and 2.IOr wê find that LSEL

mse compared to the SEL function as \.rel-l-

and NCP for af1 combinations of ct p,

0.688596
(0.00_¿600)

0.69s517
(0-0046I4)

0.70243'7
(0.004692)

0.709358
(0.004866)

0.716218
(0.005138)



.FJ-T, MT:I Bayes Estimates of ß Under LSEL Function (2.13)

with JIP and MfP

ÎABLE 2. TO

For the family of loss functions .0 (T, ß) = ß¿ (t*-ß*) 2

and the prior g(ß) o * "*n(-pß), ß > 0 with p > 0 andþ-
large, the cornbination g" - I - m yields the minimum-mse-

estimator of ß as shown in Tabres 2.rr 2.]- 9. rt further

folfows from Tables 2.5 ancl 2.ll - 2.19 that if it is a

question of choice between the SEL function

g(ß*,ß) = (ß*-ß)2 and the class of cLF (2. l4) | one

should use the sEL function which yields uniformly small_er

mse for all combinations of c, p, g and m.

The posteriors (2.7) and (2.II) plotted in Figure 2

support the findings in the tables that compared to Jrp,

MIP consistently overestimates ß.

_Jtr-

(x

0.708398

(0.005111)

500,

49.

M
T I

r00)

0.734L59

(0.006825)



cm Ba¡zes Estimate of ß Under NCP and cLF (2.I4 ) for

Specif ic Combinations of 9., m (N = 500, n = I00)

TABLES 2.t-1 - 2.t9

TABLE 2.7I:.

o.119074 0.713940
(0.00s5s8) (0.oo5242)

o.726193 0.721009
(0.00s983) (0.00sse0)

0.733313 0.728078
(0.006s11) (0.006038)

o.740433 0.735146
(0.007L42) (0.006s88)

(9. = 1, m = 1)

o.741552 0.742215 0.'736955
(0.00787s) (0.007238) (0.006669)

50

q.708880
(0.004986)

o.7l-5899
(0.00s2s8)

0 .7 229I'7
(0.005629)

o.729936
(0.006099)

o .7 22625
(o.oos757)

0.729745
(0.006234)

o . I 36864
(0.006813)

o .7 43984
(0.00749s)

o.751103
(0.00e278)

0.703892
(0.004786)

o .7I0 B 6l_
(0.004984)

0.717830
(0.00s280)

o.724800
(0.005674)

TABLE 2.12: (L l, m

o .7 I7 466
(0.005403)

o.124535
(0.005801)

o.731604
(0.006300)

o.738612
(0.006899)

o .1 457 4r
(0.007600)

0.698974
(0.00464L)

o.70 5895
(0.004767)

0.7128r5
(0.004e90)

0.719736
(0-00530e)

0.71238)_
(0.00s109)

0.719400
(0.005430)

o.1264I8
(0.0058s1)

o .7 33437
(0.00637r)

o -'7 40456
(0.006ee1)

0.737769 0.126656
(0.006166) (0.oo5725)

2)

0.707368
(0.004e13)

0.714337
(0.00s119)

o.721307
(0.005464)

0.'728276
(0.005907)

0 .7 35245
(0.006448)

o .7 02426
(0.004692)

o.709346
(0.004866)

o.7I6261
(o.oosr37)

o.72 3188
(0.00ss0s)

o.1301-08
(0.005969)



o.726170
(o.oos9B2)

0.733290
(0.006s09)

o.740410
(0.0011_40)

o .7 4l 529
(0.007812)

0.75 4649
(0.008101)

TABLE 2.T3:

o.72 0986
(0.00ss88)

o.728055
( 0. 00 6037 )

o.7 35L24
(0.006s86)

o .7 42193
( 0 . 007236)

o.7 49262
(0.007987)

( .e, I, m 3)

0.715876
(0.005257)

o .7 22895
(0.00s621)

o.72 9913
(0.0060e8)

o .7 36932
(0.006661)

o.74 395r_
(0.007336)

o.726193
(0.00s983)

0,733313
(0.006511)

o.740433
(o.oo7r42)

0 .7 47 552
(0.007875)

o .1 5467 2

(0.008710)

51

0.7I0838
(0.004983)

0.71_7808
(0.005279)

o.72417'7
(0.00s673)

0.731747
(0.006164)

o.7381I6
(0.0067s4)

1)TABLE 2.14: ( g

o.72f 009
(0.005s90)

o.72 8078
(0.006038)

00.735146
(0.006s88)

õ 1L))1q
(0.001238)

o .7 49284
(0.007989)

o.705872
(0.004767)

o.712793
(0.004989)

0.719773
(0.00s308)

o .7 26634
(0.005724)

0 - / 3 J555
( 0 .00 6237 )

o.7l-5899
(0.00s2s8)

o .7 229I7
(0.005629)

o.729936
(0.006099)

o.736955
( 0 .00 6669)

o .'t 4397 3

(0.007339)

2, m

o .7 297 45
(0.006s11)

0.740433
( 0 . 007r42)

o .1 47 552
(0-007875)

o.754672
(0-008710)

o .7 617 9I
(0.00e647)

0.710861
(0.004e84)

0.717830
(0.00s280)

o.124800
(0.005614)

o.731769
(0.006r66)

^ 
12 012 0v - / Jo / J9

( 0 .00 67 56)

2)TABLE 2.15 z

0
(o

0
(o

.7 2807 8

.006038)

.7 35r46

.006588)

0.705895
(0.004767)

0.712875
( 0 .00 4990)

0.719736
(0.00s309)

o .126656
(0.005125)

0.73357'l
(0.006238)

(f,

o .7 422l-5
(0.007238)

o .7 49284
(0.001989)

o.756353
(0.008841)

o .7 229I7
(0.005629)

o.729936
(0.0060e9)

o.736955
(0.006669)

o .7 4397 3

(0.007339)

o . 75 0992
(0.008108)

o.117830
(0.005280)

o.'724800
(0.005614)

o .1 3I1 69
(0,006166)

o.73 8738
(0-006'756)

o .7 451 07
( 0 .007 444)

o -1 r28r5
( 0. 00 4990)

0.7r-9736
(0.00s309)

o .126656
(0.005725)

o -7 33517
(0.006238)

o .7 40 497
(0.006848)



o . I 36864
(0.006813)

o .7 43984
(0.007495)

o.751103
(o.oo827B)

o.758223
(0.00916s)

o.765343
(0.0101s3)

TABLE 2 .IB:

0.73l-604
(0.006300)

o .7 3867 2
(0.006899)

o .7 457 4I
( 0 ..0 0 7 6 0 0 )

0.752810
(0.008401)

o.759879
(o.oo93o4)

(T m=

o .7 264r8
(0.00s851)

o.733437
(0.00637r)

o.740456
(0.006991)

o.747474
(0.0077ro)

0.75 4493
(0.008s28)

2\

o.740410
(0.007r40)

o.747529
(0.007872)

o .7 54649
(0.008107)

o .1 6I7 69
(0.00e644)

o.768889
(0.010684)

52

0.121307
(0.00s464)

o .7 2827 6
(0.005907)

0.735245
( 0 .00 6448)

o .7 422L4
(0.001o87)

o.l 49784
(0.007824)

3)TABLE 1 lo.

0.735l-24
(0.006586)

o.742193
(0.007236)

o .7 49262
(0.007987)

o.75 6331
(0.008838)

o.76 3399
(0.00979r)

0.716267
(0.005137

o.72 3188
(0.00550s

o.730108
(0.005969

0.737029
(0.006530

o.7 43949
(0.007188

o.729913
(0.006098)

o .7 36932
(0.006667)

o.743951
(0.001336)

o -750970
(0.00810s)

o.757989
(0.008973)

0.724717
(0.005673)

o .1 317 47
(0.006L64)

o .7 387 I6
(0.006154)

o.7 4 5686
(0.007442)

0. 75 2655
(0-008228)

o.7),9173
(0.00s308)

o -'t 2663 4
(0.00s724)

o.733555
(0.006237)

o .1 4047 6
(0.006846)

Q.74'7396
(0.007ss2)
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The results of the simul-ation study as reported in

Tables 2-5 - 2.19 lead to the following recommendations

about the l-oss f unctions and priors of ß:

TABLE 2.20

Pr ior
Loss Function

Minimum-Mean Square -Estimator

SEL

s(ß):

54.

I cr,r ].S,=*=t

NCP

watn Increasing Order of
¡{SE

All (1.,m)

JTP

MTP

q- (ß) *-I

ß > 0, p

q^(ß) *-3

q^ (ß) -

NCP

1

E

LS EL

exp (-pß)

JIP

MÏP

f
ß

ß

91(ß) -

ß > 0, P

v, (B) *

^ /R\ æY2twt

0 and large

exp (-

NCP and JIP (optimal- choice ) each

l-eads to small-er mse estimator

I
E

exp (-pß) ,

> 0 and large

L,
B)

compared to SEL or GLF.

f
ß

ß exP (- 1\
ß'



Except for p > 0 and large in NCP, Jeffreys'invariant
'I

prior S(ß) * * yiefds smaller mse-estimators for each ofÞ-
the loss functions and prior distributions under consider-

ation. JIP is specially suited for the LSEL function

(2.13). If a choice is to be made between the cLF (2.l-4)

and LSEL function (2.I3), one shoufd choose the latter with

NCP or JIP for ß. Tf one would prefer NCp/MIp, the study

recommends that one should use LSEL/SEL.

Our observations in the Monte Carl-o study may be

summarized as f ol- lows :

(i) The loss function L ( T, ß) = (1og T - log B)2

leads to uniformly minimum mse estimators

with JIP and NCP for ß for all- combinations

55 -

of (c,p,.trm) under consideration as against

the corresponding priors with SEL and GLF.

(j-i) The JIP, which is often objected to on the

(iii)

grounds that it is ' improper' , sti1l l-eads

to sound resul-ts.

I f one woul- d pre f er MT P , the SEL (2 .I2 ) and

GLF (2.74) with L = m - I are recommended

in that order.



The sampling distributions of ßìt derived under the

SET, f unction with JIp and MTp f or ß (N 500, n = l0O )

are represented in the histograms in Figure 3. The
2"2momental constants and ß1 Ui/Vj, ß2 = Vn/V| were compured.

using Sheppard's corrections and the point (ß ,82) was

pJ-otted on the chart relatinE the type of pearson fre-

quency curve to the val-ue of ß., ß. (pearson and Hartley,
L¿

1966, Vo1. 1).

SAMPLING DISTRTBUTTONS OF ß* V,ITTH JIP AND MTP

For the sampling distribution of ß*

using Sheppard's corrections \.^/e obtain

tZ = 0.005IO923 , !: 0.00003366,

ßr_ = 0.008495, B2 2.5381-73.

The point ( ß. , ß. ) suggests that Pearson's Type II

56.

f (x)

should

f (m+

fit the data

: V - t,t ]¿¿¡ ts1 ,'

\ u _oJPo
¿---â 11 D \ - v

¿ \J-p./
¿

a/1r (m+t- )

J.

t)N

m

and

a

with JI P for B,

I zì *lxl
l1 - 2l ' -a
I a)

r4 0.00oo6626

where

- o.'7I22

3995939

500.

X = class mark,

o.23 6981,

l1 10\
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Substituting the

f (x) = 2595.O236

estimated parameters we obtain

Ordinate s of

-o .237 0

t¿\i- x Ilt__l
t- 0.0s616.J

X x f(x) x x f (x)

Sampling Distribution of ß* with JIp for B

( x < O.23lO.

TABLE 2 .2I

.485

.495

.505

.515
qrq

.535

.545

.555

.565

.515

.585

.595

.605

.615

.625

.635

.645

.655

.665

.67 5

.685

.695

.705
?l È

.7 25

Pearsonts T

-.22't2
- )11)

- ) ñ'1 
'-.1972

-.r872
_ 1 1'7')

-.r672
_ 1tr1')
_ 1Á1'>

-.I372

-.I272
-.)-r72
-.ro72
-.o972
-.o872

-.o772
-.o672
-.o572
-.o472
-.o372

-.o272
-.oI72
-.o072

^^10-vvLo

. OI2B

3.995939

tro

e fI Distribution for the

0.1120
7.1123
8.0349

23 .3292
52.O736

98.37 64
16s.5390
25s .7 623
369 .97 66
507.7752

667 .437 r
846 . O200

1039.5107
1243.0184
1450.9981

1657 .49IO
1856.3747
20 4r . 6092
a a 

^a 
A a 2 0zLv I . t / Jo

2348 . I 849

246L.0895
2540 .8283
2585 .4649
2593 .57 63
2564.9036

(2.30)

?:tr

.7 45
?qc

.1 65

.715

?qq

.805

.815

.825

.835

.845
OC tr

.865
o?tr

.885

.895

.905

.915
q?q

-935
-945

. o22B

.u3¿a

.o428
^q10

. o628

.o728

.0828

.0928

.1028

.1128

1)1A

.1328

. r428
'r (.ro

. 1628

.I128
I OaO

.L928
')^ao

.2T28

.2228

.2328

2500.3615
2402.0053
227 2 .957 9
2r17 .297 2

1939.9076

I7 46 .299]_
r542 .3992
1334 .3242
1f28.1355
929.5906

7 43 .897 I
c-É /ô^1JtJ.+OU¿

427 .7 7 46
303.0540
202 .3rO6

I25.2000
70.o659
34.O625
13.3919

3 .61 48

o.4756
0.0039



Fitting of Pearson's Type TI Distribution to the

Cl-ass Boundaries

Sampling Distribution of ß* with JIp for

0.545
0.565
0.585
0.605
o .625
0.645
0.665
0.685
0. 705

o.725
o.145
o.765
0.785
0.805
o.825
0.845
0.865

TABLE 2 .22

0.545

- 0.565

- 0.585

- 0.605

^ 
aaÉ

- w.o¿J

- o .645

- 0.665

- 0.685

- 0.705

- o.725

- o.145

- o .165

- 0.785

- 0.805

- o.825
- 0.845

- 0.865

- 0.885
0.885

Observed Frequencies

f

oì
I

.6)

11

T7

29

33

4B

5f
60

48
A'

39

?1')¿
I4
I1

9

/t
I
I

2)

5g

Expected Frequencies

I

2 - 64\
>

s .20)
ro.23
r6.97
1^ OO

33.12

40.78
46 .89
50.70
51.75
49 -89
45 .37
?o 1^

?^ o1

)) <()

14.94
8.63
4 . 12'[

I
r-75)

TOTAL

The expected frequency

usins Simpson's I rl,, lu.

From Table 2.22:

'1 AA

500

for each class

Cons ide r the

500.02

was computed by

cÌass 0.545-0.565.

5 .87



x

.545

.555

.656

The expected

given by

x

-o . r672

-o.I512

-0.7472

frequency

f(x)

165.5390

255 .1 623

369 .91 66

for the cl-ass

o ol

- 
Lf(-o.1672) + 4f(-o.r572)

J

Similarly for the cfass 0.865 - 0.885:

X

.865

.87 5

ootr

0. f 528

o . r62B

o -r72a

60.

From Table

2

o - 01
I?_

545 - 0.565 is

)2
X- (5e" tL4) = 5e" point on a X -distribution with

I4 degrees of freedom

23.685

which suggests that at 5Z 1eve1, Pearson's Type lI distri-

bution (2.26) is a 'good' fit to the sampting distribution

of ß* in TabI e 2.22. we now consider the sampling distri-

bution of B* with MIP for ß. Using Sheppard's corrections

vse obta in

f (-.1528) + 4t

2 .22 we have

f (x)

303.0540

202 .3IO6

125 -2000

(0.1628) + f

f(-0.r472)f

8.895 with = l4 degrees of freedom

20

(0.1728) l t2



tZ = 0.00531550, U:

ßt = 0.008306, g2

The point (ßI,ß2) suggests Pearson's Type rr distribution

(2.29) where m = 4.13327, a O.257422 and

f(x)

The ordinates f (x)

2567 .4ossr a Ir

computed in the

0.00oo3532,

58525.

-o .257 4

Ordinates of Pearson's Type II

) ,Ax l'
__l

o . o6 6266)

r4

61.

0.00007305

and the expected

Samplinq Distribution of

fol-fowing tables

o .257 4

TABLE 2.23

7 3327

.485

.495

.505

.515
-525

.535

.545

.55s

.565
È1C

EOÊ

trôtr

.605

.615

.625

Ê)E

.645

.655

.665
-675

frequencies have been

x-X

Distribution for the

with MrP for ßB*

o.12588

-o.2 4088
-o.2 30BB
-o.2 2088
-o.21088
-o.20088

-0.19088
-0.I8088
-0.17088
-0.16088
-0.15088

-0.14088
-0.13088
-0.l_2088
-0.11_088
-0.10088

-0.09088
-0.08088
-0.07088
-0. o60BB
-0.05088

(2 3r)

f (x)

0.t_333L2
1.13543
4 .61 6I3

I3.29529
30.15873

58.72503
102.38881
164 . 14265
246.28486
3s0.19043

47 6 . I5432
623.30993
7 89 .62I40
97 I .944I5

1166.I4599

r367
t_569
17 61
1955
212 6

.27 866

.7 881 3

.1 5602

. I47 3r

.07360



x

.685

.695

.705

.7 r5

.7 25

.735

.7 45

.755

.7 65

.775

?otr

. 195

.805

.815
o.)tr

x = x - o.12588

-0

-0

-o

0
0
0
0
0

.04088

.03088

.02088

.0r088

.00088

. oo9r2

. 01912

.o29r2

. o39r2

. o 49r2

f (x)

2275.O3942
2397.r1395
2488.43440
2545.77 400
2567.26790

2552 . 1926I
250L. 05567
24r5 .57 481
2298.607 39
2I54.03176

1986.58692
l_80f .61448
1605.13186
L402.98548
1200.19407

1005.3934'7
820.65469
65I.267 27
500.55994
3'7 0 -'7 6993

.835

.845

.855

.865

.875

.885

.895
o^tr

. 915
ortr

a1À

.945

.955

.965
-975

62.

0.05912
o.o69r2
o.o7912
0.0891-2
0.09912

0.
0.
0.
0.
0.

TO9 12
II912
129T2
L39L2
I4912

0. l_591-2
o . L69I2
o.r79r2
0.189f 2

o . 199I2

o .209I2
0.2L9I2
^ 

trot')

o .239I2
o.249L2

)^)
r77
111

65
54

15
5

I
0
0

.91 IO9

.06915

.86994

.22303

.23849

.56892

.74r23

.5r259

.2II56

.0055t_



63.

TABLE 2.24

Fittinq of Pearson's Type II Distribution to the

Sampling Distribution of ß* with MIP for

Cl-ass Boundaries

< 0.585

0.585 - 0.605

0.605 - o-625

o.625 - O.645

o.645 - 0.665

0.665 - 0.685

0.685 - 0.705

0.705 - o.725

o.725 - O.745

o.t45 - 0.165

o.765 - 0.785

0.785 - 0.805

0.805 - o.825

0.825 - 0.845

0.845 - 0.865

0.865 - 0.885

> 0.885

t0

11

25

29

35

33

51

56

60

49

25

16

13

9

0

11.89

l_2.53

f 9.48

27.35

35. 32

42.45

47.84

50.80

50.92

48.2r

43.00

35.99

28.O6

20.L4

I ? 
^ô

7 .49

5 -44

TOTAL

l-3.80,

(52 , 14) 23 .685

L4

500

whlch suggests

500

'good' fit.



PEARSONIS TYPE VÏÏ D]STRÏBUTÏON(")

INTRODUCTTON

Estj-mation of the parameters in the pearsonian

system of distributions by the cfassical approach is

not very satisfactory. The conventionar method of moments

CHAPTER THREE

which equates the sample moments to the popufation

moments, someti-mes gives unrealistic results. The method

of maximum likefihood has rarely been used to estimate the

parameters in this system, possibJ_y because the Iikefi-

hood equations are not easily solvabfe unless numericaf

methods are employed.

Pearson's type VIf is one of the important distri-

butions in the system. The density of this distribution

is given by

64

f(xla,m)

which is related to a

It is symmetrical at

ß^ > 3. It resembles
2

^G r (m-å)
f (m)

(*) some of

presented at

STATISTICS I

(v<æâ
Z' ,

number o f

2r -mxl
rl

d)

> 0,

welÌ

the results in this chapter have been

the Canadian Conference in Applied Statistics

81 Canada (Montreal, ApriI 29 - May I, 1981) .

a normal distribution;

be11-shaped with ß1 = 0 and

m

known distributions.

+ (3 t-)



65.

in the normal distribution the expectation of any power

of x is finite but in Type VII the expectation of any

even power > 2m-1 is infinite, where m may or may not be

integral. This is a useful property which makes type VII

a more general model- for errors of measurements. A

special case of (3.1) with m = I is the Cauchy density

I
AT

)
With a

['

t-distribution with

2r -1XI+-l 'a')

vandm

-L /vi_____-;-_ I I.1 V. tts\t, ;t \

a

I
2

Fisher (I922 ) has shown that the estimation of the

parameters of a type VfI dlstribution by the method of

moments is inefficient except in the region near normality.

The method of moments leads to unacceptable estimators

for any type VII distribution with shape parameter
55m 4 i . Jeffreys (1961) pointed out: "when m 4 1 t-z-¿

the expectation of the fourth moment is infinite. The

actual fourth moment of any set of observations is finite,

and therefore any set of observations derived from such a

law would be interpreted as implying m t å" -
2

Thus, this is a field in which Bayesian method of

estimation of the parameters is of practical- importance.

0, -@

(v+1) ín

de gree s

<x <æ

(3.1) we have Student's

of freedom r^¡ith density

(v+f)
0, -æ



we will obtain Bayes estimators of the scal_e parameter

a and shape parameter m in Pearsonts type VTI distribution

with density given by (3-l) The families of improper

priors we propose to use have densities

q. (a) --)-

q^ (m) o-¿

l
t

9, (a,flì) a

I
t

m

t

A special case of the improper family is Jeffreys'

Invariant Prior (JTP) when t = 1.

1

am

0, for estimation of a when m

is known

t>

The estimators based on the cl_assicat methods, namely

the method of maximum likelihood and the method of moments

w11f also be obtained. Based on a Monte Carl-o study we

will compare these estimators with their Bayesj-an counter-

parts. We will also fit appropriate Pearsonian curves to

the sampling distributions of the Bayesian esti-mators

under gz (a,m), and test the goodness of fit by chi-square,-5

Kolmogorov-Smirnov and Cramér-von Mises tests.

0,

66.

for estimation of m when a

is known

for estimation of a and m when both

are unknown.

LEL

from (3.1

ESTIMATION OF a AND m BY îHE CLASSICAL I4ETHODS

5=

).

(x-rx^¡..-¡x )I¿N

The likel-ihood

be a random

is given by

sample of size n



I (xla,m)

L = l-os .0 (xl

I
I /1 r (m-L)

a, m)

f (m)

Differentiating

)

nt

ll

dL
a-od

dL
^_Oc)

yields

-n

log

^-m/ l\I I "ii\ I I f, _t" l' ' ->l
i=l|. a')

îr + n[]-og f (m)

- 1og

(3.3) with

2
^ n x.¿m-].

-aa l- a +x.
l-

n
-+a

f (m-

fog
n

mI
1

Ð1 - n

r ¿\I x.llr.+ltzl

I a)

67.

2n x.
-l-n'^222m
I a +x.

1

respect to a, we obtain

The mIe of a is the solution of the equation (3.4) for

known m.

log a

(3 .2)

SimilarIy, differentiating

ðL
;- = U, \.de Obtal-n
dm

^nn[ú(m) - ú(m-%)] = r los
I

(3.3)

where

is the digamma function, which

the asymptotic formul-a

(3.3) w. r. t. m and setting

?.-_- |Åt
_ l_tI I 

-r

r ¡ rl
a)

/? ¿l

can be evafuated by using

(3-s)



ú (P) los

(Abramowitz and

Thus, for known

equatì-on (3.5).

When a and

the sofutions of

11P-2"-*2
- I¿P

Stegum, I964)

a, ml-e of m is

2n x.
-a
L^

^/ zl- a +x.
a

and

1*a
L2 0p

m are both unknown, mle of a and m are

the simultaneous equations

1

To obtain the solution of

n
2m

68.

I
- + (3.6)

252po

n
nIr!(m) - ú(m-L)] = I los

the solution of the

iterative method.

We wish to find

g (a, m)

h(a,m)

whe re

2¡vl
at! _t' ol'

a')

for a(3.7)

g(a,m)

h(a,m)

n
^r"1 :I

n

"2
1

and m which satisfy

dL n
âa a

dL
iñ

dm 1

2

'>)
a +x.

l_

and m,

(3.7)

2mS.
I+-

a

-c "z

we use the

(

t-oq l r" +-e 
I

x. I

.1 I.l
a)

(3.8)

(3.e)



69.

Suppose we have initial- estimates f or a and m, namel_y,

a^ and m^; then assuming continuity of g(a,m) in theoo
neighbourhood of (uo,*o) and the exj-stence and continuity

of al-.1 derivatives, by Taylor series expansion of (3. B) ,

\.{e h ave

g(a'rn) = q(â ,Ilt )-oo

lz,lld ol
^ l:---*l ( a-a ) +
¿l^ ¿l o

tÕd td-dlloltI lm=mL'o
^z I

dcrl
;---l (a-a ) (m-m
dadmla=a olo

II m:m'o
the l- inear terms,

âo
f;-

da

Looking only at

a-a

m=m

^tt- - \ dgl
\d-d ,, -l- ;-lo dmla=a

I

I *=*
o

o

q(a ,m-o

where

-l (m-m )dmla=a o

3q
da

- -2iig _ ô L
^-od ^ ¿

da

a=a

m:m

o

o

"tl

v/e

^^ âg
dm

(m-m )
o

o

o

!-e =
Em

n2m
22

aa

2dL

^-Ad - d-d

âaâm

obtain

a=a

m=m

ah 2

âm a

Am

Am

n
T

-'-lr-f

n
I

i=1

o

o

2

I

m-m

zu2 **? )t
. 2 2.2(a +x, )

1

2x.
l_

22a +x.
l-

(3.10)



10 -

(3.11)

and (3.11) may

(3.9)

ahl ahl
^ I Aa + ;-ldala=a dmla=a

lolo'm=m 'm=moo

Âm

(m-L) l.

he equations ( 3 .10 )

Similarly, from

h(a ,m )oo

-tJ,

on, t

(3.12)

ðh -';- = nt-ü (m)
dm

matrix notati

written as

[as asl
la" a*lf¡tIl!! ahll^
[a" a*J

[¡"'l.tt tt
[ 
^*.J

l9l_tt
Inj

- _l^ìdgl
:-t
dm I

I

âh I

^ldmJ

1 at ion

where

_ìdl
t:
I

mJ

(as
t^
ldâ

_t
I

iâh
l.a"

calcu

4.9
J

t"l

reduce s to

ïn

be

simple

^2h
2a_a^ - a^1J2

a^s - a-h
I

which on

^-Ad

s? + srl

2

"rt3 - a2

r3a2

Am

2m-2
a

(m-L) l

n
2

a

2

a

where

tt

-f

a? = n[Ú (m)
J

u2



and

-l

n
I
I

2À.
l_

2 2.2(a +x. )
a

r\,/.tatt¿tI x. II r-i
I 2 2lla +x.l
I aJ

c"¿

Fina11y,

:_
d-d

*=m

n
I
1

I¡le con t inue the

The method

a sofution for

Aa

+ Am.

7I.

process ti11 it

of moments for

a and m in terms

(Elderton and Johnson (1969) ).

fn (3.13), if m is known, then g2 is known and as a resuft

a is a function of l2 only. Similarly, if a is known, then

m is a function of V2 only. This property is useful- in

numerical computations of a and m.

The simultaneous method of moment estimators for

m

q,a 
-o-'2 J

,Ts;t

con ve rge s .

type VIl distrlbution leads to

of population l2 and ß2 as

and m is

(3.13)



2^rb,

m

whe re

5b2-9
, %:rl

and

bz
fr,

2
m^

¿

m,_ = k-th sample (corrected) moment.
l<

3.2 DISlRIBUTION FUNCTION OF TYPE VIT DTSTRIBUTION

Inlhen y

distribution

¡,(y)

ì

i

b
I

-æ

I
2

-72

o,

c

the distribution

Letting

f(xla,m)dx

(3.14)

lv
*Jo

2-x1lI--_ 2- z
a

1

aB (m-L, JJ

r (y)

function of type VIT

11
22

T'

f zl -*l' - x 
Il- ' 2l

I a)

\de obtain

T
.1f\1- 2 J^ B(m-L,L)

(.)

I
B(m-L,L) L

rlv

-1
=l I-2

1Jm-;
z -1(r-z) 'dz

2

where

(m-L, L )

z^-+- t (t- z)4-raz

+y



Similarly, when y < O, the distribution function of type Vft

distribution is

F (y)
Io

-Llr=; - _Ì r(xla,m)dx
v

Denoting F(y) by u, since F U(0,1), we have

t= ^ I (m-h,k).
.¿ T

I - 
f ï (m-'. .\),- 2' 

+r \¿rr ¿t '

which implies

11

+ r' (m- +,\) ,

(-
l2-2u, y U 0

r_-(m-L,L) = iLI

l2rr, y < 0.

Thus, it follows that if

10<r.tl

we have

y>0

and if

y < O,

I
t < u < r,

we have

r (m-%,L) = 2u and y a 0;
T



Using the above result, we generated a sample

n = 100 from type VIf distribution with a - 4

m - 5.5. The observations are:
-1.59579 2.05225 0.11791 1.50780 1.
2.36340 -1.81101 -0.93933 -0.10608 1.

-0.51288 I.0725t -1.08069 -1.89978 -0.
-0.66230 0.27973 -0.57666 -0.36237 _0.
-0.10558 -0.33421 -1.60879 -0.I8383 1.
-1.80244 0. f0793 0.69716 0.57065 _0.
-2.OIA]6 0.55922 L.38929 1.50133 _1.
I.72985 L.37682 2.22678 -0.02336 0-
o.79462 0.02846 4.4956I -O.79846 o.

-0.63640 -0.1_7290 0.47428 2.33221 0.
-2.47II2 L.32663 -I.43906 0,2ff86 1.
1.91001 -0.92331 -O.40029 I.03944 -1.
o .28463 0 .241 OO I . 49400 0 .55229 0 .

-0.61I28 -I.41091 0.85193 0.43041 O.
2.37930 0.42337 0.94249 -0.05505 _0.

-2.25304 -1.98386 -0.62076 -0.32529 O.
o.Bo164 1.83338 -O.28t_7f 2-09t,35

2 (I-u) and y > 0.

74

Jeffreysr invariant prior (JIp) for

glven by

g(a,m) o lri-,*)lt

DERIVAÎTON OF JIP FOR a AND m

of size

0 and

52 414
11285
5620 4
96488
58983

7 1767
7 I486
23044
27 Q90
50090

80208
60243
54978
LB90'7
2089f
19I32

whe re

-0.6121L
-2.46865

o .47 940
1.88778

-2.54929
0.17098

-0.3s109
r.44962
o.43497
0.91021
0.545 30

-1.37178
-0 . 3 2458

2 .5L57 0
0.93837

-I -71588

I (a,m)

is the Fisher's inforrnation matrix based on

observation. For the density (3.1),

_ [a-roø f ì
-.EJl._---.---_:-|| ¿^t )

r ^2 - -rid 1ou f I

-r 
I J ILtt
I dmda J

(3.ls)

and m is

ia2roo rl_Ft..-t
Lt I

I dadm )

.)
-f a-roq fl

l^21' dm

ta 16)

single



-2- - 2 1 )â log f I 2mx" ( 3a'+x- )
))')')11

da a a (a +x )

n2" - n2- 2d J-og t _ d log t 2x-------Ã----ã----=--ã-dmda daâm 2 2a(a +x )

ò2rog f - ð2 trì--. f (m) |

-;J- = 
,# 

Lroet ,,*_r_, ll = V (m) - \þ (m-L)

where r!(p) is given in (3.6) and ,1,'(p) l" the tri-gamma function

can be evaluated bi using the asymptotic formula

,, , I I I I f I
V rP/ = : - ---; T ----i- . - .-_--_;- + .. ..P 2p' 6p' 3op' 42p' 3op' (3-17)

(Abramowitz and Stegum, 1964).

After some algebra, it can be shown that

¡ ,/.

-/a-tos fì 2m-l-ol-------5-l = - .l\ a.- / a'(m+l)
Ifz\

-lâ los f I I
!t | -I dmda J am

75.

Thus,

lrta,*) |

UsinS (3.l-7) ,

2m-l- I
2ama (m+1)

lrr- : - {U (m) - ,1, (m-å)}
am



t1

ú(m) - ú (m-!)

, I I I I .1 ._ I
!_!rrfl

J L \¿ I-m^2-35-m2m
¿m bm JtJm

1 I ._ 2 3 4* 
^ , 

+ .'') + 
^ , (1+ 2* * . 2 * ^ 3 + "')

4m ¿m 4m 8m

I .- 3 6 10+ --:; (l .u -" * -i. * -- + ...) + ...]3¿m¿-J
bm 4m 8m

.1 I I I .1 1 l= t: * -^ + --1; --== + ..-Ì - {: + -* + o(-+) lm 2mt 6mt 3 9m3 m 
^' *'

; - I I'
2 + o(;)

mm

Fina 1 1y,

76-

lr{.,*) |

a (m+-L)m a m a m

giving

g(a,m) o 
* for large m. (3.19)

That is, apriori a and m are independently distributed,

and that the margina1 JIP for a may be taken to be

Ig- (a) c'I a

and that for m may be taken to be

Iq^(m) * a
'¿ m



3.4 BAYES ESTIMATORS OF a AND m

When m

9(xla,m) c

Let us consider the family of NIP for a

is known the

q-(a) * --L , t-I t
a

CombininS (3.20) and

- n I xll1 n lr * -*ln I ¿la i=]l. a )

likel-ihood (3.2)

nr(al¡)

where k

-1k

-m

is the

0.

(n+t) :kall
i=l

77 -

(3 .2I) , the

Using the generated data ( 3. f5 ) ,

(3.22) fort=f (1) 5inFigure

1S

',æ

I

lar

constant of

t deviates more and more from JIP

n- (n+t)
lt

I 
-lf-l

with density

appear fess and fess robust.

posterior
2r -mxlit
rl , cl

-'I

t iona 1 ity

Bayes estimator of

is given by

propo r

(3.20)

2-,

- "i II + 
-l

- )l
a')

density of a is

-m

da.

(3.2r)

0

a* etal¡)

given by

we plotted the density

t. We note that as

(t = 1), the posteriors

When a

(3 .22)

a under

J.
o

is known,

- (n+t-1)

squared error

fa
0

- (n-t)

the I ikel ihood

tt

l
I

n
]I

1

Ioss function

2r -mx.I
- atI + 

-l
- )t

a-)

-m

3.2)

da

IS

(3.23)
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ø(51a,ft)o {#+}"
Consider the family of NIp for m with density

q^(m) * I
32\-"' L t

m

Combinin S (3 .24)

r 2r -mn I x.l* l- -rl
1' lt * zl1l a)

t > 0.

n, (mlx)

and (3.25) , the

Using generated

t = t (l) 5 in F

the robustness o

The Bayes e

tì'I -tJm
+

(3 _2s)

posterior density of m is

79 -

I rt*) ì" I t
1f(m-Lrf rt ll, . _.) I I

da ta

igure

f the

stima

(^-
j
,

n(
n lr
1[

(3 .24)

( 3. l-5 ), v/e plo

2. I,ie observ

posteriors -

tor of m under

2x.
.1

2
a

m* ntmlS)

2-mx,l
ai+ 

-l 
d*

a')

I{hen both a and m are unknown, consider Jeffreys'

invariant prior

tte d

e the

m-(r-t) 1 rt*l ì" :LL lr(-:E / i'

' m > \.

Combining the l-ikel_ihood (3.2)

the joint posterior density of

I9(a,m) a
am

{ -'{,ì#;}" ï [' +

(3 .26 ) for

same pattern

(3.26)

squared er ror loss

..21-m
it
"l 

dm
d

IN

l+

2-mx\
;lft

?i dm
^la.)

IS

and the prior (3.28)

a and m is

(3.21 )

(3.28)
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n(a,mlï)

fntegrating out a

posterior density

" * {+#+}" u-(n+l) Ï [' 
.,5] 

--'

m > \,

from (3.29) , we obtain

of m as

r (m l¿)

The Bayes estimator of m under squared error l-oss function

is

lrt_
ì\)^ m
U

È4.\tr\tv, \,/- m,()

I rt*) ì" -(n+t-)
ir (m-Ð J a

I rt*) ì" -(n+1)
lr (tr.'-Ð / a

81.

> 0. (3.29)

the marginal

m* n t* l¡l

Again, integrating

obtaining the constant

posterior density of a

n
]I
l

,. _-
--'ì ¡Lr

^l- -1lt+-;l
a)

ff!o

-t,, 
Ill 11il

f P / rr*) ì"
', % 

'lr('"-t)/

I rt*) ì" -(n+f)1=-:-----:---:- I a
t1 (m-å).J

2r-m.xlitr _t' rl
a)

da

nn (a l¡)

da dm

out m from (3.29)

of proportionality,

:^1Þ

- (n+1) -1am

(3.30)

r 2r -mnl x. I

-l r I

ïl' . ",)

I u-('*1)m' {¿*t1" ï[' .5] -

f f -(n+1) -1 f r(*) ì":Jrrra m ir(--Ð/ ï

n
Il
I

..2 ¡
^. J_ atI + ---=l2t
a)

dadm

and afte r

the marginal

-m

dadm

(3.31)

2 r -mvl_ "i 
I

I f 

-t

I ¡ .>I
a')

dm

dmda

ô (3.32)



And the Bayes estimator under

is

a*

(3.33)

The integrals in (3.23), (3.27), (3.31-), and (3.33)

appear to be intractable. We will- approximate thern by

using Lindley's method as discussed in Appendix A. l.

We denote the logarithm of the joint posterior

density, except the normalizing constant, by Â (a,m) ,

giving

r (a lx)

^^læ læ\\ -n -l- t

dJr 
a m 

t

squared error

ÊÊ
JJ a
o1

-(n+l) -l Im1

f (m)
r (m-L)

foss function

where

82.

nn
]I
I

À(a,m) = L(a,m)

L (a, m) = logarithm of the l-ikelihood ( 3.2 )

P (a,m) = logarithm of the prior (3.28) .

Then, the posterior expectatíon of m in (3.31) is

approximately

2r -m
Ã, I

_ l-II r _l ->l
u')

f (m)
| (m-à)

r 2t-m
\n ni X II _i_ it
r il11 + 2l) rl a )

dmda

0 (a,m)

m* etmlS)

dmd a

Similarly,

I+-
¿

:l
m+-

2

ax

^ t- - ,^-2nt, ('2o' oz*2' lz)

n ta l5) -

^2
"3ot2o

n Inrr(ro 21 20

3
I _,2

f+-
2

:fu*t

rt-"2r'20'12

^-"o3to2'72'

.)

.1\T+03-02

+2rIr) +

3
;

I
2

A-
"r-2to2t2r

À¡ot, or 2r

(3.34)

(3.3s)



where rrs are given by

a2t
,* "r%1-

a2t

¿2 tv

Al-1 the quantities are to be eval-uated at the joint

posterior mode of (a,m)

In order to apply Lindl-ey's method \,^/e need to locate

the joint posterior mode of (3.29). Working in the same

fine as for the joint mle of a and m, the iterative

402401

the matrix
-1

^2.d.ll

;J,

(_
l'zo
I

t_
l.'rr

equations are:

'L2

'02

B3

-a

-m

where Aa, Âm are

Ih * + n[
m

n

' ^-1 Acl
o

+Am

-r-

u2

n+1
2

a

,c
-L

a

given by equation ( 3.

where Sf , 52, S: and S¿ are defined before

the joint posterior mode of (3.29) using the iterative

equations (3.36) and the generated data (3.15) is

2m-2 ¿(Ja S.
J

a^ = nIrlJ -'

cl
4

(m)

L2) with

n+-L 2mst
-aae'2'

(3.36)

(m-å) l 1
I-'2

m



m

We now

À -1^- +. I r¿

= 3.474.

evaluate

Â (a,m)

for different val-ues of a and m around

loo {1og"f (m)

modes. The values of Â (a,m) are shown

Tabl-es 3.2

^. 
. (a,m).

r_l

101 foq a-e

- l-oq f (m-L)-e

I00
m I foo'ø1-

A/l

to 3.5

-foqm-e
.).

x. I1t+ _l
)t

-" Id)

give the values of the derivatives

the ir posterior

in Table 3.1.
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A E1'

4 .6I2

4 .712

4 .8I2

4.912

TABLE 3.

Val-ues of

274

1

I

6r3r22

496892

::qivinq Â^^ (a,m)
JU

J

30

3'7 4

1 . 61_ 3122

.I .496892

3.474

87.

I

1

.6131-22

- 49 6A92

4-512

4 .612

4.712

¿" p.1 )

4-912

55s007.

574

274

TABLE 3 .4

Values of 
^

6r3 122

49 6892

3.674

-f3.4895014

-13.9851931-

-I4.4808848

-r4 -9765763

-L5.4122682

) )1A

giving

L .673I22

L.496892

o2

Â0, (a'm)

-1I.9402132

-I2 .3904622

-12.8406510

-r3.2908400

-r3 .7 4l_O287

3 .4'7 4

= -12.84065f 0

-f0 .5 7 63487

-f0.9860662

-11.3957840

-11.8055017

-12 .2152r96

1 tr1Â 614



4 .5L2

4 .612

4.112

4 .812

a o1)

3.274

TABLE 3.5

Vafues of 
^ -UJ

2 11^

:!giving ÂO f ( a, m)

15 .4922a2

l-5.947309

L6.402338

16.857363

L7 .3t2395

Due to l-oca1 orthogonality of the parameters (a,m) ,

r.. in equations (3.34) and (3.35) are zero for í / j.al
::Al-so, A^- (a,m) is zero r âs a resul-t f rom (3.34) and

¿I

(3.35), we obtain

3.474

88.

r5.425504 -

n{mlx)

and

n (a l¡)
whe re

13.63924s

14.0 43960

I4.44867 0

74.853383

r5.258091

3 .514 3 .6'7 4

-'tT : (-A I ''20 ' "20'

Í:'02

Finally,

m

111 u*2

^2
"3ot2o

.21\o3to2

-1(-Ao2) -

= 0.32213384

o.ol'787767.

4.7924255,

3.5207773.



3.5 MONTE CARLO STUDY

We generated 620 samples each of size 100 from a

type VII di-str j-bution with a - 4.O and m 5.5 to compare

the performance of the various estimators. Since Cauchy

is a particul-ar case of type VII distribution, we expected

that we coul-d be generati-ng a number of samples which

wouLd. not satisf y the condition b2 > 3. FinaIl_y, we were

left with 400 samples to work with. The mean and mse of

400 estimators under different methods of estimati-on are

tabufated. The entries in the parentheses represent the mse's

Comparing Table 3.6r \dê observe that MLE has minimum MSE

for the estimation of a when m is known as well_ as for the

estimation of m when a is known than the corresponding

Bayes estimator under JIP (t 1) . But for a more

QO

real-i-stic situation when a and m are both unknown, we observe

in Tabfe 3.'1 that, if mse is accepted as an index of precision,

Bayesian met.hod has the minimum mse compared to the moment

and ma:iimum likel-ihood methods and hence should be preferred.

3.6 SAMPLING DISTFIBUTIONS OF a* AND m*

The sampling distributions

error l-oss function and with the

were obtained (t¡ = 4OO , n 100 ) and

Figures 3 and 4, respectively. The

g(a,m) - I
am

of a* and m* under squared

prior

are represented in

moments, ßr_ and B 2,
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were computed using Sheppard's

for each of the distributions.

The sampling distribution

o-,1

The point

Pearson's

Vo1. 1) wh

u^ O.2216007

oI7 2964 ,

( ßr-'

syst

ich

f (x) -o

should fit the

corrections

ß^) was
¿

em of c

sugge st

(*
tlt-t ul'_L

sampli

m

m t

B2

plotted on

urve s (Pear

s that Pear
m

I ]f *lI t1 _ 
-lJ t uz)

n9 di stribu

mI2
^2

of a* gives

= 0.0I47733,u
J

ô?
JJ.

for groupíng

2.8A7I637

O

(Elderton

*t=

"r-

r-6

"r +

the

son

son t

m^
z

t ion

I
ur*^2 .*r-**2 "(mt+lrmr+1)(ml+m2 )

and Johnson (f969) ), with

m
2t

(8, - ßr - r)/(6 + ,ßr - 2ß2)

l-

^2 = ; lr, ¡{ßt(r+2)'+16 (r+1) }

chart relating to the

and Hartley, 1966,

s type ï curve

-41

*1 and ^2 are glven by

(y

of ã*,

*1

where

(
1l
t 1r-t

isrf u3 positive, m,

+ r (r+2)
ß r(r+2)2 + 16

is the positive

Ê1

(r+1)

root
Ì



The orígin of the curve is at the mode gíven by

mode = mean +?-' *2

thus

x - X - mode.

The constants of the curve are found to be

r - 40.4205677,

m^ = 23 .49O7 67 L ,
¿

a^ = 3.84I7O'7O

: 2.) o , 0693096, Mode = 2 .60604197 .,o

f rl u 5 ,

f (x)

OA

*t = I4'9298OO6

rt 2 .4416367

-2.4416367 ( ¡ < 3.84I1O1O.

3.7 TESTS OF GOODNESS OF FTT

5¿

" (,lf

ô 0683086 [1

x

First, we apply the X2 -goodness of fit . The observed

and expected frequencies are shown in the table below.

The expected f requencies \.,r'ere obtained by using Simpson's
't

; -rule; f or detail-s refer to Chapter Two.
J

3-B4l-7070

+

¡2
)

2 - 44

1 AO

I
I

0

6367

7 67I

r14.929AOO6
)



Cl-ass
Boundaries

1.30 = 1.55

1.55 - 1.80

TABLE 3. B

1- B0

Observed
Frequencies

2-05

2-30 - 2-55

a 
^tr

2-30

2-55 - 2.BO

2l
l

I
lsJ

2.AO - 3.05

3. 05

=L1

¿o

49

B3

81

65

AÊ

19

Expected
Frequencies

? ?^

95.

3-55 - 3.80

3.80 - 4.05

4.05 - 4.30

? 2^

3 - 55

2. 88l
IIo .82 )

We obtain

29.18

54.86

76.08

80.6s

66.76

43.58

22 -50

=I3.7

121

,l
.J

400

which suggests a good fit.

2y -- 11.07".05,5

3 - 46 with

-t tr
-LJ

e. oBl
I

2 .831

O. ?8J

400

5 degrees of freedom

=I2 .69



96.

?
There are some objections to the X- goodness of fit

tests when parameters are estimated by the method of

moments.

We apply Kolmogorov-Smirnov goodness of fit and

Cramér-Von Mises goodness of fit. tests to the sampling

distribution to see if it foffows a type I curve. For

this purpose the distribution function of a type T curve

i-s

(x)
&_\_J
*1

-o

*f *2

,, lr * jl (t - "') dx,ar' ' a2'

Let

mmI2
1mlm2

+x

-r*t2

al+x
a, +a.

-L^ z
I-\
0

m- m^
/\Ir\¿

,. la=l ,*'l+l ,r-,)^r(ar+ar)az'ol '1 ,J t u2)

- 1**
dr -da

'f z

=J
0

dx (ar+a r) dz

*r- 
^2*r 

^2
m+m.12lm +m )""1 2'

- r^' ,r-r¡^'u,

m+m
1

( at+a, )

*t 
^2tr- 

^2

B(mr+1,mr+1)



l* l*1 r* ì_ | rl I 2l- l"'J l"rj
mm+m2r 'r 1 2la +a I

|*1 
*2I 

Tl*r**ri r t:

_T- 1-.r+*

sl-nce

ât *x
a-

a-*a^I¿

and

tr-*u2

l* +1.m *t'l .

[1 2 )

mr ì Irlm- i lm-I f I I 2l-tt-ta- I ta^t ]J l-2

To eval-ua

\^/e will- use th

r-(p,q)
K

97-

l*-*r,^^+rl
l.I ¿ 

)

^r*u2

.*2, ,*r-*^2I I "r*'z Irr-t=1.
,J l.*r 

**, 
,J

te the Incomplete beta function t*(p,q),

e approximation

due to

Johnson

P e izer

(1968

a(z.)
l_

and Pratt (I966) and quoted in Pearson and

, where

o-¡L. - U.
l-1

1+Rg

Ã-

n - p + q - 1,

and the function 9 (u)

aI+x
ur-*-2

is defined as



98.

aa

s(u) = (1-u)-'(f - u' + 2u log u).-e

i = t-: d- - o.s * ] - (n * ll tr-nl as a firsr
-L_bJ

app ro x.ima t i on

i = 2: d^ = d- * =-! {R - f-R * R-0'5} as a second¿ r 50 q p p+q

appro xima t ion

Tn the sampling distribution of â*,

p = I5.9298006,

n * 39 . 42O561 7

Ä : )a 1_5'743371 - 39.75390108(1-R)*1

The test statistic

þ = suP ls (x) - F (x)lnx'no'

is found to be O.0229994-

q 24 .4901 61 L

For large n, the critical region is

P(D > z lGl - q.
ItrQ G'

For c, - .05, Zo 1.36, giving

P (D.,, .05 > 0.06082 ) = 0.05.

Thus, we fail to reject the null- hypothesis that the sampling

distribution of a* fol-l-ows a type I curve -

We now apply the Cramér-Von Mises test of goodness

of fit. the test statistic of which is

2rn^-)nûr =: + I tr (x,,,) - '!^-tl'.n I¿n 1 o (a) ¿n



Computation of Empirical Distribution Function

(x) and Hypothes ized DistribuLion Function, F

1 Atr.AOAf,. =J=Or

I.51299

r.60494

I.64444

1.68995

:

:

:

:

3.72604

3 .8IL7'7

3.84481

4. LI223

TABLE 3.9

X-Mo de

-1.15L20

-1.09305

-1.00111

-0.96160

-0.91609

:

:

:

:

:

:

:

:

1.12000

I.2057 3

r.2387 7

1-50619

o .205 37

o .21463

o .22926

0.23555

o.24219

:

:

:

:

0. s6684

0.58048

0.58574

0.62830

(x)

qq

0.0025

0.0050

0.0075

0.0100

0.0125

:

:

:

:

o .9925

0.9950

o .997 5

1.0000

(x)

(x)

0.00352

0.00554

0.01068

0.01384

0.01839

:

:

:

:

:

:

0.98656

0.99f 55

o .99299

o.99872

ls (x)-¡' (x) 
I'no'

0.00102

0.000s4

0.00318

0.00384

0.00589

:

:

:
..

0.00594

0.00345

0.00451

0.00128

Detail-s are shown in Appendix A



100.

The va]ue of the statistic no' ít f ound to be O . 03223 .
n

The 5e. critical val-ue of the statÍstic no2 it 0.461
n

(Conover, l-97I) , showing the evidence again that the true

distribution function of a* is a type I curve.

The sampling distribution of m* gives

p2 = 0.3812276,

ß1 0.1044578,

The joint ( ß. , ß. ) agai-n suggests that Pearson's type r-1¿-

curve shoul-d fit the sampling distribution.

The constants of the type T curve, for the sampling

distribution of n*, are

m = -7 )167963,,,2

-.559270o2 - J. ¿-

Mode 3.0388077

giving

r = 12 -5962343 *t 3.37 94380

u3 0.0760759,

g2 = 2'76L932o'

f (x) = 248.03 36841 (r +

"t = 1'5246660

yo 248 . O336447

The observed and expected frequences are shown in Table 3.10.

"Ir ? 1tr
ë
5 927 0

r tr1

-1.5246660 ( ¡ < 3.255927O.

), 
.rt61 e63

4 6660 ) 
r.r1e4380



Observed and Expected Freguencies of the

Class
Boundaries

Samplinq Distribution of m*

TABLE 3. 1O

r.75 - 2.00

2.OO - 2.25

) )q - ) qal

2.50 - 2.75

2.75 - 3.00

3.00 - 3.25

3.25 - 3.50

3.50 - 3.75

3.75 - 4.09

4.00 - 4.25

^ 
)\ - L qn

4.50 - 4.75

4.75 - 5.00

5.00 - 5-25

Observed
Frequencies

-'l-lt
t
l

22)

29

60

48

64

54

44

38

27

B

.lJl

IrI'I
I

2)

101.

-îtr

Expe cted
Frequencies

4.s7)
t
(

L7 .02 )

34 .22

50.16

59.83

61 .2r

55.18

44.3A

?1 0Ê

20 .52

II .62

s.6Bl
I

I2-32>
I

I

o.s4)

-tl oo

We obtain

2w:n.05,7

suggesting a good fit.

400

)
X" = 9.74 with

L4. 07 ,

-o

7 degrees of

=8.94

400

freedom.



Working in the same line as in

gorov-Smirnov and Cramér-Von Mises

nul1 hypothesis of a type I fit for

bution of m* gave

D = 0.0241816
n

and

respectively,

no 2^
U

n

that a type I

.02868

3.8 CONCLUDING REMARKS

Table 3.9, the Kofmo-

statistics under a

the sampling dj-stri-

For the joint estimation of the parameters a and m,

the Monte Carlo study shows that the Bayesian method is

by far the best with respect to the mse crlterion. But

for single parameter estimation, MLE of a when m is known

as well as IILE of m when a is known have smaller MSE

than their Bayesian counterparts. The .method of moments

again proved to be the most inefficient. The sampling

distributions of the Bayesian estimates of a and m both

showing agaJ-n the evidence

curve is a good fit.

IO2

f ol- low a Pearson' s type I curve .

in both the tests



4.O

RAYLEÏGH DTSTRTBUTION

INTRODUCTTON

We consi-der the Rayleigh probability density function

(pdf) of the time to failure X as given by
,)

-rYIx'ìr(xlo) =; "*nl- -l 
, x, o > o. (4.1)

o' \ 2o')
The mean and variance of the distribution are

E (x) = ,\ o and var (x) z"zft - +)
Tn an expository paper Siddiqui If962] discussed. the

origin and properties of Rayleigh distribution. Polovko

[1968], and Dyer and Whisenand I1973 ] noted the importance

of this distribution in electrovacuum devices and commu-

nication engineering. Cheng [ 1980 ] obtained the optimum

spacing for the asymptotically best linear unbased esti-

mator and an optimum t-test of the parameter of Rayleigh

distribution based on order statistics selected from

CHAPTER FOUR

103

complete and censored samples when the sample size is

1arge. The instantaneous fail-ure rate

, r+ì _ f (tlo) _ t
H\u/ t-F(tlo) 2

is a linearl-y increasing function of time and this pro-

perty makes the model- (4. 1) special-1y suitable f or 1if e

testing experiments of components which 'age' with time

4.I ESTïMATïON OF o2

( i ) MT,E and UMVUE

It follows from (4.1) tha t



2

2
a

Given a random sample x

we therefore have

x2 (z) .

and

^2.
v2"

o

r 2'tts I

"IFJ
likeli

(2n) ,

'1'rÌ e

\ Äl t ' '

: ?n

)Ð)
5 = ¿X.

1a

hood

.s.(xlo)

function

from the pdf (4.1),

IO4.

t l),ln
li=r *..l,or)

tos.Q,(Alo)

â -,---;1og 9(xlo)
do

yields the maximum likel-ihood

f : 2lI l"i ItrtuxPl- .rl
I zo" )

¡ -Il')

)

¿Tt

From (4.2) ,

^22E(o ) = o

n
I log

r-f

(a.1a)

a

(4.2)

2
l-og o

s(s2lo2)

n2
Ixl
-I1-=
¿u

estimator (m1e )

(4.3)

E(S)

f (n) ( 2o2)n

f(n) (2o2)n

r ^2 t. 2.n-I I S I(S ) -expl- ^1,- | zt\ 2o )

t.
J
0

2n-I .*o f.-'t
,.S.I 2
,lds

2o )

<æ



r (n) (2o2)n

Usihg the asymptotic expansion

f (n+L)
_ --.=-:-_.:- y¿ O.1(n)

ç
J
0

f (x+a) a.- u.2*u..
f (.*) * x ('l- * -t* 

''
we have

p (o)

(s2) 2

2n+I
(

exo l-
t

Thus the mfe

on 1y

.L\ct

" ldo
¿a

E(S) _ o

/2" G
-2ol o- l-s

tica1ly.

write (4.
family,

t-= exÐ I Los.I
L

We may

exponential
f(xlo)

asympto

'l nq

x+æ

Consequently, S2 = Ix? tt compl-ete and sufficient by
l-

unbiased but that of o is unbiased

Lehmann-scheffé theorem (Hogg and Craig, 1978)

can find a function ö (s2) such that
.)2EL(,(s-)l = 6 ,

I

then 0 (S- ) is the unique uniformly minimum variance

unbiased estimator (umvue) of o'. From (4.2), we obtain

1)

2
J+_)8n'

= exp[g(x) + S(0) + p(0)k(x) ].

as belonging to the general

-2*'1- 1o9 o - "lzo'-l

(4.4)

We obse rve

and umvue of o'

2
0 (s )

s2
2n

^2o

that for the Rayleigh distribution the ml-e

are identical.

If we



10b.
( ii ) Bayes' Estimator

i,üe wif l- obtain Bayes, estimators of o2 and o under

Je ffreys' invariant prior ( JIp )

p(o) * lr(o)

where

r(o) = "I
and the minimal

9(o) * expIr*(o)J

where

,2ð l-o

ào2

information

of (*lo)

rr(o) = E[1oS f (xlo)-r.

Taking logarithnF of (4. f) , we have

log f = fog x - log o' +
2o

2aä- 2 3x'-------:- rOO l :
^2 ' 2 4do o o

prior (MIP-

Hence

Ip(o)-o-

26- --^- * ---- f rom (4.2)22oo
4
2

o

= T(o).



E (1o9
7x) =J
0

x loq x ( *2)------;- .xP I - -;l dx
o \ 2o')

f ,L 1---t\;rclg2+1ogJ¿
0

'ì

=: l-o9 2 + fog o¿-

is Eul-er's constantwhere -ú (l)

= 1oø tll + cons tant .

The g(o) * | a"a \.,re note rhat

MIP and JIP are identical.

We will consider a family of

n[los f(xlo)l = T r"n 2 + los

- 2 log o - 1.

Io+
2

l
o(o) o ---:-_p

U

or wnrcn J.LP l_s

Combining

bution of o is

iI(olx) K

1+-
2

LO7.

fog y) exp (-y) dy

ü(1)

l_o*1

p>0

a particul-ar case when p 1.

\, (1)

(4.3) and (4.57 , the posterior distri-

given by

for Rayleigh distribution

where

lmproper pr]-ors

t(xjo)

K
2n+p

C'

-1K

g(o )

p l-
I

F=J
0

f
2

ex

I s- |exp I 2l\ ?^ )

2,SI-----: 
I2l2o )

2n*o
o

2n+p-1
.2n+p-r (2\ 2

r (----i-) l-;l. \s')

(a ql

do



Restoring the

Ti /n l*t :..._ tiìl

Under squared

normalízing constant

2n+p-1

"("'l ' -l_ r'l¿ l-:- I expl.2 J ''l 
zo2)

6* e to lx)

" r2n+p-1, _2n+pI \ 
2 '"

error loss function,

t 2tlcl

Iz I

we obtain

a,2n+p-2.,
:S2

,r, r (2r*p-r)

Using the expansion (4.4)

2n+pl1
2

-,2n+p-f ,r \-- 2-)

æ

t

J
0

..n[ *l

108.

o > 0.

Bayes estimator

,o'rT

g* -, S = mle of o as n -+ æ

/2"

S imilarl-y, the

corresponding Bayes

(4.6)

+1
do

n {o2 lxl

posterior distribution of

estimators are obtained,

2n+p-f
2 r 2tf slsxpl_ 2l| 2o't

and

r 2¡ts It_t

[z )

2n+p+1
-.2n+p-1 2 2I (_____i_) (o )z

*2 ^2
+.t2n+p-3

2o and the

ví2. ,

2
S

¿n as n -+ æ

(4.7)
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2Let T = CS where C is a constant, be the minimum mean

square error (mse) estimator of o2.

¡4 = E(T - o')'

4222¿.= o - 2Co-E(S-) + C-E(s')

914=o= _or"(rr) +cE(s4)
AC

-2iiM 4Frs ) > 0.? " r*
dL

For min. (mse) estimator T, we have

2^ , ^2,^ o E(S ):Ã
E(S.)

2c

- - x (2n) '
o

') . 2. 4e(S-) = 2no', V(S') = 4no ,

. 4 2 2 -2E(S ) = V(s ) + tE(S ) j

A: Ano (n+l_)

and

^ 2no4 l
a = 2^+,4no- (n+f )

In the class of estimators, T = CS2, the min (mse ) est j-mator
)of 6 is given by

s2mr - 2n+2 t

ml-e and umvue

^^2
2n
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And the Bayes estimator of o2,

*2 s2
2n+p-3'

1Note that the prior g(o) - - ieads to
o

*t I
,L_Zo = the mle and umvue of o

'ì

and s(o) * -i Vields-5
ú

*a I
o ' = the min (mse) of o'.

4.2 RELIABTLfTY ESTTMATTON

A well-accepted definition of reliability function

R- is 'the probability of a device performing its purposet'-

adequately for the time intended under the operating

conditj-ons encountered' (Bazovski [ 1961 ] ) . This proba-

bility is given by

(i) MLE and UMVUE

2
R. = p(X > r) = ; f (x)dx

t-"i
t

where f (x) is the pdf of the lifetime X.

For Rayleigh distribution, the reliabil-ity function

i x I *2ìR, = f -; e"pl 2ld"' J z \ 2o')t

I t2)= exPl- rl.\ 2o')

For the exponential- failure time distribution

(4.8)



the refiability function

r(xlo¡

R- = exP(- t).
LO

l

Comparing (4.8) and (4.9),

vafues of L, the refiabiity of a

changes more slowLy than that of

I
o

exp(- f,l , x, o > o

the failure time distribution

life o (Dyer and i^Jhisenand, t

(a) R, = mle of Rt'

/ r-
'l ^^2' ¿Õ

we observe that for smalf

Rayleigh component

a component for which

exponential- with mean

(b)

= exp

Foll-owin

111 .

The general method of finding the

look for an unbiased estimator T(*I,*2

complete sufficient statistic õ if one

IS

. 1-I nt'll----"1.\ s'J
g Basu lleø+1, we obtain ñ t

19731)

the umvue of 0 is given by

(s 9)

E[T (*]-,*2, .. .,xr.rl l õJ.

Consider a function I(xU,xr,

T(xf ) = 1

E[r(x-)]
1

the umvue of R

umvue o f

,...,x )
n

exists.

if x- > tt-
otherwise

I"p(x, t r)
L-

0 is to

and a

Then

tX such that

0.P (X1 r)



Thus a(xl) is an

ñr E[r (x1)

We write

.n2

.r
-L

Let

unbiase

æ

le: = I
I¿
t

d estimator of

rt*rlo)dxr.

2

l

n
fx
I

Re-write (4.11)

n

2

2

í J'

2

l

v

VJe ha ve

suffici

R t

II2 .

R. The re foret -------¡v'

)
l

t1

no te

ent.

Ir't

of (4

the

n
^2Y., Lx.

' ?, l

+ (n-1)y^.-2

By use

(4. f a) ,

d earl- ie r that y

From (4.10) , we

,t9(Y, jY, o)dy..r_ -L

.12), (4.11) and

joint density of

(n-l-)y^.-2

(4.10)

îr
= Ixl ¡-s complete and

1l
obtain

Mak j-ng use of the rel_ationship (4.I2) , we

density of (y,yr):

(4.11)

us ing that

(yt,yz) is

6(vr,ylo) =

(¿. r?)

1

2-
a
given

l-1
ôvñ I 

--t ¿L2o

r-)(n-l- )'^ -

f (n-L) (2o')t

2
X(zn)

by

(4.13)

from

{y1

1
("-1)

+ (n-Z ly, )-l
')

have the j oint

IY-Yrlt-I

L "-r-l

n-2
.*nl -=l\ 2o" )



tr(Ylo¡

Hence,

9(vtly,o)

f(n) (2o2)n

From (4.I3) , we

,1Yr,vlo)

n-1
v

6r(vlo)

v
: n-l f
tvl td

t

"*n [_

(n-1) tI1vl¿\

have

vl
2-l'2o r

Yrl-"j ,o

r y- ìt- Ltt1 _ _¡
I vj

n-l-
2e

n-1
2c

(
lr
I

n-2

2c-
rtI t-r Ilâ/l.

t
2_t¡-
zc

þ
I tt

J
0

^ n-l-2tt_l_t
)l

n-2

dy--1

Lt - z

),lc-
J.

113.

a.

"r I---: 
I¿tq/

(y

Thus,

v.

n-? )
5 Clìl

Rt

Note that

( *2\
- 

lr L 
I- lr - 2l\q)

0

n-1

0

R t [.

0

^ n-l/\r- |
_ 

-l

^ ^21¿nÕ

---+ . *o [-'t

ì S

?\r-l
---------= I

2 â¿)
_K

t as n -+ @

(4.r4)



(ii) Bayes estimator

L2)
R. = exÐl- - 

I"t "^'Yl 
zo2)

1L2los (::) - -----;*t 2ot

Substituting

2o=
a 't^-t-L Lvrr_5-Rt

(4.7) , we obtain1n

2t

[(n lx) =
L_

which agrees

1t4.

? n ¿n- 1
-),t]:,

[.'lTI zl\t /

the posterior

t
1e,

Weh

function,

^.2n+p-l-.1 (-å),2

with Sinha and

.21 ( I
Jt_t-

-, 
- < t - 

tt'[

L2J 
- l¿/ I' rJ

S2_ _l
2'.t(Rr)

n,

ave

Ba

I
f

J
0

distribution of Rt, ví2. ,

noted earl_ ier

yes estimator

?n+n- ]
2

_1 .(1og :-) ,K t

\1

I tg-t of wirh

*
R t

0<R t

Guttman

R,II (n, lx) dn.
LLL

2n+p_l_

-.2n+p-t- (s2l '
1(----:-)l^l

¿ I ¿l\t r

that under

e* = ¡(0lx)

lÞ
l2\t_

2 n+p- l_

1 2 ._ ,

nr i | (?r=a)
)

squared-error l-oss

Hence,

(¿, tql



Comparing (4.I4) and (4.16) we observe that

t ì S, which is real-istically unacceptable,

estimator RI > 0 for a1l- t > O.t
We now obtain the posterior density and

for a Rayleigh component failure rate, Þ (t)

['.

?.t-l
->ls/

2n+p-1
2

Substituting 12 ti = U(t) in (4.7), the posterior of U(t)
is given by

n{u (t) lx} =

o < u (t)

and the corresponding estimator

tl5.

2n+p-l
/ Z\ )¡c I -l"l
l^ I\z .l

; ,7n+p-1.
I (---.-l'2

(4.16)

ñ, = 0 fort

whereas Bayes

u (rJ

Baye s e stimator
t
2

o

.*ol-'l

?. )
SI_t
al

2 r / \ 2n+P-3
S u(t) Il I 2___:ì__:_i.{ u (t) }zL i ( l

- .2n+p-1It¡\¡\2)

2n+p_l
'{u(t)} ' uu(.,

_ (2n+p-1)t
2s

2n+p-1
(r) 2

( æ¡

I
2n+p-1

2t

For JIP,

u (r)

-,

J
0

-+ U(t) as n -> æ

( s2u (t) IexD{ - }'l 2L )

= u (t).

(4.r7)

(4.18)



116.
A sampLe of size n 20 was generated from a Ray_

leigh pdf (4.1) with õ = 2 and the posterior distributions
(4.6), (4-7), (4.15) and (4.r7) were plotted in Figures

l- to 4 with p = l, (I),4. The posteriors tend to be less
and less robust as the prior distribution of o deviates

from the JIP.

4.3 SIMULATTON

In order to compare the Bayes estimators of o, o2 ,

R(t) and u (t) with thei-r respective mr-e's N = 5oo samples

of size n = 20 were generated from the Rayleigh pdf
(4 -l-) with o = 2 - The average of these estimates and

their mse's are computed. I{e report the resu.l-ts in the

following tab1e. The entries within the parentheses

repre sent the corre spondi_ng MSE .

TABLE 4.1

Bayes Estimates (* ) and ml-e ( ^) under

ParameteÈ..
Estimates

N = 500,

True
Value

R(s)

u (s)

0000

0000

o439

20

Bayes (*)
Estimator

2 . O295
(0.0s57)

JTP,

4
(1

U

(0

I.2500

t?o1

.012s)

.0585

.0014 )

MLE ( ^)

r .99r2
(0.0s29)

4.OIt7
(0.8667)

0.0483
(0.0011)

1.3t28
(0.0998)

1.3128
(0.09e8)

MSE(*)
l'1SE ( ^ )

1_ 05

I7

r-27

00
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I2I.
Based on the above computations it appeaïs that

the mle of o, o2 and R(5) have a slight edge over their
Bayesian counterparts .

Using the same simuì.ation, the UMVUE of Oa as given
by (4-r4 ) and the corresponding mse were ar-so obtained.
we have *tSl = O.O44B, MSE(-) = O.0Ol1.

True R(5): ñ(s), Âts), Ro (5),, 0.0439: 0.0448:

0.0483: 0.0583

MSE(-) : MSE(^): MSE(*):: O.0Ol_l: O.0Oll: 0.OOl4

Thus the UMVUE and MLE of R (5 ) are equally efficient
and are preferable to the-Bayes estimate R* (5) .

Bayes Estimates under

p

Parameter

lABLE

2 . O295
(0.0ss7)

¿, ) ) o1
(1.012s)

0.0585
(0.0014)

1.3128
(0.0998)

R(s)

u (5)

g(o) - I
r)o'

As expected, the more S (o) deviates from JIp,

Tabre 4 -2 ref l-ects a simil-ar pattern of lack of robustness
of the posterior expectations as evidenced by the
corresponding posteriors plotted in Figures I _ 4.

2.OO37
(0.0s3s)

4.-I207
(o . e259)

o . o547
(0.0012)

1.3456
(0.1099)

N = 500,

1.9788
(0.0s26)

4.OI7l
(0.8667)

0.0512
(0.001r)

I.37 B4
(o . r222)

20

I O</o

(0.0s29)

? or o?
(0.8311)

0.o419
(0.0009)

I .4IT2
(0.1368)



4.4 HPD AND EQUAL-TATL CREDTBLE TNTERVALS

Having obLained the posterior distribution n(e

we ask 'how likely is it that the parameter

a specified interval_ lcr,cr)?, It may not be anywhere

near certainty but it may not be highly unlikely either.
Suppose we are 100 (1-o,)+" conf ident that 0 I c_ and $- | -1 . .2.
This is not the same as the cr-assicar confidence intervar_
interpretation for 0 where 0 is a constant and it is
meaningJ-ess to make a probabirity statement about a

constant. Bayesians cal-1 this interval_ based on the
posterior distribution a 'credibfe interval_, (Edwards,

Lindman and savage t r963 l) or 'Bayesian confidence inter-
val-' (Lindley [ 1965 ] ) - an intervaf within whi_ch one

assigns a fixed probability that an uncertain parameter

0 is focated.

I22.

ït seems quite

interval- shoul d have

lies

l*) ,

with in

(A) for a given probability content p, the interval

should be as shorL as possibl_e;

(B) the posterior density for every point inside the

interval is greater than that for every point out-
^lJ^ i!s.r-oe r-r so that the ínterval- includes more probable

val-ues of the parameter and excludes ress probable

val-ues.

such an intervar- is carled the highest posterior

density or HpD-interval (Box and Tiao t1973 l) .

reasonabl-e to require that such an

the following properties:



123.
is said

(or Bayesian confidence)

an interval lcr,cr)

r9)(4

For the shortest credible interval \,/e have to
minimize I = .2 - cf subject to the condition (4.19)
which requires

II ("a l*) = II (., Ix) . (Evans, Is76) (4

An intervaL l.I, "21 which simul_taneously satisfies
(4.Ig) and (4.2O) is cal-l_ed the ,shortest tOO(l_o)%
credibl-e interval_, .

For unimodaf but not necessaril-y symmetrical pos_
terior density, the shortest credible and the HpD_

interval_s are identical (Evans lIgT 6l) .

20)

As earl ier introduced.,

to be a 100 (l-s) % credible

0.

interval- for 0 if

(9lx) d0

fn general an HpD interval satisfyinS (A) and (B)

has to be obtained numericatly using innovative computer
programming. To avoid laborious computations one may prefer
a 100 (1-o) s" equal-tail credible interval_ [a,b] for 0

given by

"2

[]Ttr-

a symmetrical, unimodal posterior distribution

shortest credibl-e and equal_-tail credibl_e

are one and the same (Evans, 1976).

0
2

n(elx)dO=ï
b

jx) a0I n(0
I
I

-æ

For

the HPD,

interval- s



(i) ua1-fail and

We have shown

2
Q,)--; - x (2n)¿'
o

HPD Credible

1-o, =

earl ier that

f,PIX
I r-9

2

Thus

(2n)

fntervals for o

^2ò<_
2

o

t_

ti

,l. xi tz"r 
ItJ

S

2
Xo

1

is the 100 (l-o) Z equal--tail credible (or Bayesian confi_
dence) interval- for o where 52 = ;*? -rrd 2.^

1 a XU(2n) = the
upper l-ooße" point gf u x2-distribution with 2n degrees of
freedom -

<o

(2n)

I24.
and

cJ
----l
xt o 

(zn) 
|r-t -l

/x
V

R(r)

2 (2n)
'', -0-z

The posterior distribution of o as given by (4.6)

is unimodaf. For the HpD-intervar- for o we must have

the fol-lowing equations simul_taneously satisf ied, viz.,

P(H_ < o < H__) = l
JJU

n(H"lx) = it(Hulx)

wher. HL and 
"U 

are the

HPD-credible l_imíts of o

above equations fead to

( 4 .2r)

Iower and upper

. From (4 .2l-)

100 (1-u) r"

and(4.6), the



t2lcPi- < x
IH\U

^-^[_ s2 ( t _ 'll _ f""l"*nL 214-ql]=lÇi

'(rn)

Using

n = 20, 52

*'(0.95,40)

equal-tail-

,2
2

H
L

the data referred to

= 150.14349, X2(0.05

= 26.5093. From (S

9Oe" credible limits

-0,

L

2n+I

150.14349
55.7585

computations fo. HL and 
"u 

are a rittle more involved
than those for (c",cu) since (H",uU) must satisfy the
equation s (4.22) and (4.23 ) simultaneously.

For the same set of data, we obtained the gOe"

HPD-credible timits

" I1

earlier,

,40) = 55.

.2I) , the

for o are

150.14349
26.5093

I25.

(4

1.6410

we have

7 585,

lower and upper

)) \

2.3799.

Note that the 90,¿ HpD-interval_ is

corresponding equal-taiÌ credible

course, is expected.

(4.23)

n" = 1.6061_,

From (4. I5 ) it

?2s--zros
L

H=
U

r-!l
R t

foll-ows that

' (rn) .

2 .3336.

shorter than the

interval- which, o f

Ã



Hence 100 (1-o) Z equal-tail credible limits

cU (t) for the rel-iability function R(t) are

of

.-2¿Ð
'2t

fog

'"1 ,o, {--+ t
L" ¡t"ttl/

It ì
lc--(t) fTU

The corresponding HpD-limits HU (t) and HL (t) are the
simultaneous solutions of

x2 (2n)
t-t

xlrznt .

,

T)
Dt-'l )

LL

126.

c" (t) and

the solutions

and
_2
J

r-1
L¿. - L-

tH_ (t) iL

rog It ì
l"lÐ/ < x

Using the data referred to in

obtain 901" equal-tail- credibl_e

and (4.25) , given by

c,,(5) = 0.11OO24t cU -L
and

u .-2¿Þ\¿n) . -- zt

Ilos{H" {t, 1, (n-1)

(4.24)

-t

- t r llroe 1u- (r) ll = l-o
L 

' ,4.26)

As expected, the HpD-intervar- is shorter than the

corresponding equal-tail credible interval_.

(A

HU(5) = 0.090624,

?<\

{Huit)

theprecedingatt=5we

fimits of R (5 ) from (4.24\

.2I-- r
2-

-t fn-rj- lJ-og{nu{t)}1"'

(4.27)

(s) - 0-009636

H"(5) = 0.003507



4-5

In recenÈ years much attention has been given to
the prediction problems of the life time models, especially
to

exponential- model both in sampling theory and Bayesian
viewpoints (Dunsmore lrg74), Likeõ rrgl4). Lawr_ess ltglll,
Evans and Nigm [1980]). rn this section \,,re use a

Bayesian approach to the prediction problem when the
underlyins lif etime has a Rayleigh distribution. I^7e

consider the prediction of a future observation.

PREDTCTTVE DTSTRTBUTTONS

( i ) HPD-Predictive

Given

density of

h (x n+1

I27 .

x - (x-,-t

x - and
n+-L

Interval_

since x _ isn+1

From (4.

I,olj{) =_r

"2'

o

tX

].S

for a Future

fv
n+1

) , the conditional joint

= f (x' n*l

independent of x.

1 ) and (4.6) wirh p

2

n+-L

lo,T)lI(olx)

lo)n{olï),

¡ (xn+t'o l l)

We integrate out o

density of xn+l as

Observati-on

x-
n+-L

from (4 .28)

e

2
¿o

I, \,,re obta in

s2

^"-1'.- 2n+l¿ ! \ft) O

to 9et the predictive

^2n
^2¿a

(4.28)



[ (*r,*1

h7e note

InBe ( l_,

The

l¡)
2nSx

= 2n n+l
,^2 2 .n+l(S +x )

n +-L

)that *i*f has an inverted beta distribution,
rÌ, s2).

o, ß, and r, o,, ß,

by the pdf

q-1 ß

inverted

B(o,ßr,r*rt'*
for y Ì 0, d, B, r > 0.

Bayes estimator of

function is given by

beta distribution with parameters

r > 0 denoted InBe (s, ß,r), is defined

v

xn+1

128-

= E(x - lx)n+-l'-'

The rel-iability of the

(4 .29)

xn+l_ under squared

=J
0

R (r)
n+1

2n
^2n 2
v^

n +,1
) ) hal(S-+x

n+1

f (n-\)f (3/2)
f (n) "

which is

function

in (4 .I6)

P("tt*1 > t)

error l_oss

predictive density (4

precisely the expected val_ue of the reliability

of the originar Rayreigh distribution as obtained

with p = 1.

dxn+1

@

=í
t

2n

= [t 
+

(s2+x2 - )t*ln+1

2n

29) is

n+l

LI

-t
)lg-)

-n

dx n+1



The

100 (1-o)u

"Ì and 
"2

- n ("r-

and.

II (c,

predictive density (4.29) is

HPD-predictive interval_ for

satisfying the equations

' *rr*r- t 
"2) = I - 0

l¡) = n(crl+).

S ince

2V=v
n+l.

IIt- (c. Ix)Ylr-
n+1

Similarly,

unimodal,

x - has
n+_L

fnBe(1, n, 52),

=nrr.rlr,l#.1
n+_L I

I I ^ t--\..* \e, l.\,/ _
n+1

Thus, the equations in (4.30)

.2 )P(ct < y . 
")) = I - a

and

the

Iimits

'l ,o

B(f,n) (c2*S2)t+1

s2n 2 rE

^ ñaì

fc^+St\"''l¿ I _
l.^ -.2 )"1 ,"

where

(4.30)

B(1,n) (cr+s2¡n+1

)^
" t, c I

n r.f

take the form

t2
t1

Consider

2.t 
"2)

f=x
e

¿
2tr-

II (vlx)dv
v lrr

2

"2

(4.31)

..(ylx)dv.v-



fr
J
2tr.

.. (y lx) dy
v- =[

2
c I

1_T-
s B(f ,n)

where

"'*"?¡!

=J
0

s2

Similarly,

@
Iln

J2Y
t2

(t + y/s')-(tt+f )¿y

.v
2

S

t
z

where

(ylx)ay

-n-f .-¿J OZ

130.

f (a,b)
p

Hence, the first equation

^ (n,1)
s¿

p
It" lvB(a,b) J

0

s2 +.1

^ (n 
'/,c

s2 +.1

n r.l

I)

Since beta distribution

as binomial_ distribution

the rel-ation between the

binomiaf expansion, viz.

-- I L la ¿,- Ð-1(f-x) dx

2t t2)

in (4.31 ) takes the form

^ (n,l)
¿

)')
I

is not as extensively tabulated

is (weintr:aub [1963]), we use

incomplete beta function and

(n,1)
^2

s2 *"1



a+b-1
rn (a,b) = 

. 
x ,.*l 1)ni (t-p) a+b-1-i

-L: d

Thus,

P(c?. < v1-

Thus, the 1OO

simultaneous

I s2 ln
¡_l

l"z, ^z )
" ,41

and

. ^2, - I ,' 'l " [ ,'l''"2) = l^r, ,) - l:*).S *.f _ ,_Z

(1-o) % HPD-predictive interval

solution of the equations

( s2 l"-l2 rl = 1-q
\S *a2

^ n+]t 2\

I "r*t II zl\c1+S )

Using the generated data with

the sol-ution of (4.32 ) is

^ ag03"1

and

131

"2

.IS the

7 457

n = 20, ,'

(4 32)

105.I4349,



5.0

BAYES ESTIMATORS OF THE TWO PARAMETERS

OF A NORMAL DISTRTBUTION

INTRODUCTTON

Bayesian treatment of the variance o2 of a normaf

distribution was considered by Goodman ( l96O ) and Evans

(I964) . Lindl-ey (1965 ) , Zellner (Ig-1I) , and Box and

Tiao (1973 ) conside.r the normal distributi_on under

uniform prior- s-inha (r9go) arso considers the normal

distribution under Jrp. rn this dissertation we v¡ir-f

consider Bayesian treatment of this distribution under

CHAPTER FTVE

the Natural Con jugate pr j-ors (NCp) (DeGroot, IgTO)

o for the two parameter normal density function

r(xlu,o) = 
=-.*n{- 

-= r*-ul2},
r'2r o \ 2o' )

I32 .

4 Xr U < @, o > 0 (5.1)
and obtain Bayes estimators for u and o2 under a variety

of loss f unctions. l{e wil-I f urther consider a Monte carf o

study to compare these estimators and search for the
optimal loss function, íf âny, which yierds minimum mean

squared error estimators for al-l- cornbinations of the pr_ior

parameter invol-ved.

5.1 POSTERIOR DISTRIBUTTONS OF p AND Õ2

We wilf use the NCp for o given by

^t^\ - z"P/2 exp(-c/o2)
f (p / 2) op*l

for



and the diffuse prior

for U. In the absence of any prior knowledge about U

and o r it is not unreasonable, at l-east to start with,

to assume stochastic independence of the parameters

(Box and Tiao, 1913) . Our "be1ief" about the priors

will, af course, be infl-uenced and revised in the light

of the subsequent posterior anaJ-ysis. Thus, the joint

prior of U and o is

S(u) = constant

g(u,o) : g(u)g(o) * "*P(-ç(o2)Þ+Ìo'

Grven the

the I ikef ihood

,)[(xlu,o-)

Combin in g (5 .2

o is

133-

sample x

func tion

I r-l=l-_l
llzr oJ

) and (5

Il(u,olx)

(xr'xr'

ft^

where A = I(*.-]x)t and k is a normaf izíng constant.
1a

nt

"*oJ -'t

f ntegrating out Ìr and restoring the normal ízíng

constant, \,ve have the marginal posterior of o as

k
n+p+2

2
ú

, *r ) , lve may write

3) , the

I _. .2ì--- - ¿(x.-u) ¡.
2ot r )

j oint posterior cf ',1

l-1exÐl-'l 2
L 20

r(ola) =

(5 .2)

{e + 2c + n(u-i)

n+p-l ^_-^l 1
I exPl- - ô(a+2c) ' \ 2o'
n+p-3

- ,n+p-I. ^ 2t \- 2-) ¿

(s.3)

and

2J,l (s.4)

ta+z.r )
n+Ðo'



ând the marginal posterior of ot

n {o2lx) =

which again is an inverted gamma distribution.

The marginal posterior .of p f rom (5.4 ) is given

n+p-1
.A*2c1*z )

r tl1rrll

n (u lï)

where

" 
*ol--t

AS

1l- ^ (A+2c)i
¿t

2o l

. A+2c
tn

We now find the posterior moments. Consider an

inverted gamma pdf

n +p +l_

(o2) 2

r34.

f(xla,b)

where

m = n+p*f.

¿
to>0

E (x)

f (b)

(s.s)

b -a/xde

a
b-1

_arE(x - ----:-).b-1

< rr ( æ

b+lx

b
a

f (b)

b
a

f (b)

b
a

f (b)

by

(s.6)

t x, a, b > 0

rn

s
0

.ar{x _ _)' b-l'

r_
r (-rtkrlt

^K=U

-a/xe
b+1x

I a rk\b-r /

r.
r (-rlKt.rl

Kk=U

dx

tc ?\

1-

r-k -a/x

-. k b+k-r(.b--LJ a

b+1
X

f (b+k-r)

dx



rTa _ s r ,.k,r, f(b+k_r)= r(bT *1ot-t, 
(r.) -

rFlr rr c

v2

A.

il = 
3a' (b+5 )'4 4- (b-1)'(b-2) (b-3) (b-4)

2

a _ u3 16(b-2)'I 3 )- u; (b-3)-

o _ r4 _ 3(b+5) (b-2)
2 2 (b-3)(b-4)

l2

Putt ing
A+2c n*p-lu=-rti)=--i-

(b-r)'(o-r) , Ll-
-]

2
.)d

,ffi

for t.he posterior density of o' in (5.5), we have

^ 32 (n+p-s)Þl = -----------l * 0 as n -+ @

- (n+p-7) -

and

135-

o-u2

This impl
_2lt (o

Again, II (

3 (n+
(n+

ies t

lxl -+

p lx)

p
p

h

i

implies

:

N

s

2
7

t

l
)

s

I
(

m

v

n
n

m

l
+

I

m

p
p

i

e

t

t

- 
.)*r lE(u-x)"'' = o, T - o,I,2,...

I
9

Y

r

¿

)

i

-+3as

as n -+ æ

in tu-xl

+P

abou L zero, which



- ')-l2t = E (u-x)'-

Putting

-2(u-x)-
À

we have

,tT e t!,
r
U

o
m\
2'

2t
m

. -.2T-l -')(u-4)-- 'd(u-x)'
rn+ 1( - rl ,l- (u-x)-l ¿

11+ #-!f^l

¿'r ,,tl z t!,

136-

r
0

m.
2)

Àr F----r - J

"(;, ;) 0

) \ r-1. \ 2(t- ")t '1l:) dtmm
m+Ì

t 2)2
lr* t 

I

l. 
- m]

(r+1¡ -12t
m

ìr
^1 Þ I r +-

_ ,1 m. 
u \L'2'

b \T, 7t

Àrr 1r*|l t r| -rl

Thu s

['+

m+ l-

.2) 2tt
-lmJ

ß1 = o'

showing that

lr2

r rlr r rlr

À

^,fa- ¿

In

2
-r)

ntulf) -+ Normality

a-,2

)
3À-

'4 (m-2) (m-4)

as n + æ



A random sample of n = zo was generated from a normaL

popul-ation with U = 2O and o = 3. The sample gave)^
; = 2o.50139 and A = 

-; 
(*. -*¡ 2 = ri3.25oo, rhe posterior

)1*n(o-l¡) was plotted for c = l, 2,3,4 and fixed
p - t (1) 4 in Figures I to 4 and for p )-, 2, 3,4 and

c = I (1) 4 in Figures 5 to g. The posteriors of o,
aPpear to be quite robust, al-most symmetrical_ f or f ixed
p and varying c but less so for fixed c and varying p.
The posteriors of u \.vere found to be very much robust
for variations in both p and c. The graphs came so close
that it was difficuft to distinguish arnong them and

hence are not displayed.

ïn

of u and
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BAYES ESTIMATORS oF u AND o

Se ction

this section
2o unde r the

¿.J. we w_rl-I

(zoL) f unct.ion -

The ZOL

we will- obtain

loss functions
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EIL(r,o)lt] = p[lt-el '.lf]
1-P(T-as0sT+a)

TÍ''
- I - J n(0lx)d0

I -d

is maximized. This implies that

II(r+alx) II(r-"1ï).
If the posterior distribution is unimodal and

symmetric, the point estimator T is the posterior mode

under zoL- rt may be noted that r is the centre of the

highest posterior density (HpD) interval of length 2a.

Bayes estimator of o2 under the sEL function (2.r2)

*2 ) F ) ') .o': E(o'll) =j o'n(o'lI)uo'
0

which i-s minimized as

T+ar = J rr(olx)do
T-a

(s.8)

The posterior distribution of o2 as given by (5.5)

is an inverted gamma which is unimodal- but not symmetric.

Under ZOL the estimator T must satisf y Ii (T+a lx) = Ii (r-a l¡) .

A+2 c
n+p-3 '

0, = 2a * 0r.

T - a = 0r_

T + ^ = 02

2a = 0Z - 01,

Let



We want a 0 such that If(e) TI(2a+0)

T = 0 +a. i,le proceed to obtain T by

process:

(i) For known values of the

(c,p) start with 0 = 0_ < mode
-L

since for the given data x, n

known) .

(ii) Compute

rf n(01)

II(01) > n(01+2a), choose u 02 = 0

(iii) compure n(02) and fL(02+2a)

choose - 03 = 0r+6, and if n(e2)

0a 0?-6?, ð" > o,

( iv) Continue til_1 we obtain a

ll(0k) = Il(0k+2a) and we have ?

, in that case

the following iterative

. ¡¡(0t

IT(0,) and IT(0,+2a)r-l
+za), choose u Ð2 =

147 .

prr_or

A+2 c
=. n+p+1

and A

paramete rs

symmetrical posterì-or., as the arbitrary val-ue

decreases T tends to the posterior mode.

( known ,
n^ -zI (x-x) are
1

The Bayes estimat.or of o' under LSEL (2.]l3) is

for an arbitrary a-

01+ôI a.d if

-6r-' ðr- > o'

If II(02) < il(Ar+2a)

II(e2+2a), choose a

I

^)log ú -

Substitutl"s 4= = e,
¿ú

l@
\

$

0O such that

0U+a. For a fairly

_2l-og o

ñrñ-l¡¡ 'ì/ f

L -!-) ¡ --- 1

2

* .n*p-1.
1 f 

-l

'2,

we have

.*ol-'t -f^ (A+2c) Ì
2 o¿ )

,2(o
n+Ð+l

.2
)

)
do



*) f-- n+P-l
ros o^'=)^ ;-+¡. Iroe ryïr-1os q]"-nn_-ã- -tun

, , r__l_l

,è
r"s tuf ) - il# l ros q"-qq*-rdq,

ñ,,+.+r*_ n+p-1puErr-ng m = --i-.,

= lostå*sl - =È too r(m)..¿om
Thus

*2 .A-o = (:-+)exp{- *.on r(m)}¿clm

.A+2c= ( z ) expt-rf (m) j,

where
.l

t! (m) = ãi aon r (m) ;

the digamma funcLion is extensivery tabulated in Abramowitz

and Stegun [ 1964].

From (2.22) ,

exp {,J; (m) i - m exp (- =Àl -- *-1.2m' 2'
Thus

-*2 _ A+2c A+2c
2m- I n+p-2

148.

For the cLF, let us choose À(0) = o2dì then

oo' = te (o2 (o*ß) 
l¡ ) / (Eo2o l*) lr/ß

where



n(o2{a+ß) fx) = f o2(o*ß)ntorl+ )ao2
0

=,Y?,o+ßr,t*ilÉ:!r zr r!$1r .

Thus,'

oo2 = 1A+2c., /.,t-t+p-zo- 2ß-r, ,-,D +p-2o-t,l.t/B, '1."-----Z-t tt t--f) |
using asymptotic expansion of gamma functions, namel-y

f(x+a) _ ..d,. , u.2-u.,
l(-, - x (-t * -7;)

(Erde1yi, r-953), the Bayes estimator of o2 under the cLF

takes the form

oo'- ( ,A*?" .llr + ß(ß+r) Itzen+p_zû_r'1. n+p_2a_IJ

_ A+2c t.1 - ß + 1 ,
n+p-2a-I n+p_2a_I,.

r49.

If we assume c - 0, p I in (5.2), the joint prior of
p and o is g(u,o) o 

ovt 
which is improper. The corresponcino

estimators turn out Lo be

*2ú=

A
n+v-4

An estimator T t

iI (T+a) = II (T-a)

A
:,.,_ 2 ( asympto ti cal J-y )II T V _ J

Estimator

A ß+l-:--,--ã---; tJ- + - ' GLFn+v-2a-2 n+v-2o"-2'
(asymptotically)

Loss Function

SEL

zoL

LSE L



with suitable choice of v, oo2 under sEL, and LSEL

identify with wer-r-known cr-assicar estir¡ators.

For example,

-J

UNOeT SEL => MLE

under LSEL

under SEL =) UMVUE2

v - 2 under

v = 5 under

v = 4 under

l_s

LSEL => UMVUE

SEL

LSEL => min ¡lSE

P-y.s estimator of p under SEL function,

P-

150.

Let

/-!^
" 

(1,

-r'^

læ
I

J

t
l/m

m.
,)

m+f
( - ¿\ .)l- (!-x) I1l+ _->
l.À)

the second integraÌ vanishes, since E (t ) = O. Thus, the

Bayes estimator of u is independent of the prior parameters

c and p, which, of course, is expected since the priors for

È and o are independent.

" 
(+, m. /-

1) /m
e

J-

du =

using (5.6),

_/]
X+

t/ ¡¡

du.

Au.
r/m

rl
.)

1+

m+ l-

-2) 2Ll
mJ

dt



The Bayes estimator of y under ZOL is also ;.

I¡le now apply the loss f unction cLF (2.I4) ,

L(T,u) = uo(rß-uß)'

where Uo is a positive weight function of p and T(.),

an estimate of u.

The Bayesian estimate for u is the sorution of the

equation

9r_vr-ng

In (u"*u lï ) /E (uo lo, ]t/u
where

* .rL(r,u)rr(ulx)du = o,

n(u"15)

151.

Let

,,--*

ã

' (+,

t
ym

r

e (us l*)

t,+

m*f
-rl"(u-x) - 

|Àl

I
B (v, f

du.

.1
B \7,

dr

[,+

.Æ] 
=

i, /^

m+l
'¡ì .

LI

-t
^t
^)

S
s----ì

1¡
2r4k=0,

dt

.s.(_ )
K

ì-

s-k . ),. 2 r
- t_t Ix \*/ |¡rJ

.õ

k-1
)?

m+1
rì r

t*Ll '
M,J

ö.t2



I

" 
(+, |r

Putting s - I, we have

I
_ ,1- m.
B \tt 1)

Y
¿r
k=0

n tu l5)

1,

rlr rt;=-k

which has been obtained earl-ier.

Puts=oands-q'+ßin(5.9
c+ß,and E(U ll), respectively.

i:
k=0

læ
\
J
0

E
tll r2r=-k

2
f

( 

-im

5.3 MONTE CARLO STUDY

We generated 5000 samples each of size 20 from a

normal distribution with 20 and o' = 9 to compare

the performance of the various estimators. The mean and

mse of 5000 estirnators under various loss functions are

I

k-

l Ca

2

d (!-)
m

m+1
I 21 2lr * !-llmJ

k+1 m-k
"( z , 2 )

0

k
tT(.-) À-i

computed and tabul_ated in Tabl-es 5.1 to 5. B.

in the parentheses represent the mse's.

r-k^,t+t m-k.
õl-. 

-l

'2 2

(s.e)

ro 9er rtu0l¡l

The entries



Bayes Estimates of

Function with

TABLE 5.
2o under

9. 61 661 4
(9.e33476)

9.727773
(10.083230)

9.838876
(ro.2s7680)

20

uared Error Loss

l\-

9.110434
(8.s845e9)

9.215700
(8.6r9310)

9.320970
(8.67611s)

Estimates of o2

5000

153.

with n - 20,

o

8.
l1

a

(-7

TABLE 5.2

unde r T. (T, o

65484I
8s4r02)

754810
195399)

85 485 4
7 56692)

10.822353
(r5.411305)

10.947353
(1s.882s18)

I I 
^?î?tr?f¿.VILJJJ

(16.384981_)

5000,

,)

10.185744
(r2 . rr51 66)

10.303391
(12.40860s)

IO.421038
(r2.129126)

02o (rß-o2B)2

I, a-

9.6I9869
(9"9310e5)

9.730980
(10.0871e0)

9 . e4209I
(10.261975)



Bayes Estj-mates of o2

with n -

TABLE 5.3

under L ( T,o2)

20

11.569582
(2O .42O27 6)

11.703212
(21.124883)

I1.836843
(21.86s2O4)

1\- 5000,

Bayes Estimates of o2

0=1

= o2o(rß-o'ß)'

10.843552
(r5.s36433)

10.968797
G_6.013910)

11.094042
(16.522160)

L54.

w ith

IO .2034l-2
(12.19s16s)

10.321263
(12.4921 0r)

10.439114
(12.818014)

TABLE 5 .4

under L(r,o2)

¿U

12.453705
(21 .9 38109)

I2-591548
(28 .95237 8)

12.741390
(30.008028)

l\- 5000,

11.613073
(20 .1 497 s5)

II.7 47 206
(2L.4687 45)

11.881339
(22 .2237 I8)

_U 2u. 28.2(T -o )

D_

10.
(1s.

11.
(16.

11.
(16.

87 93I4
1 497 sB)

00 497 2

2378s0)

13 0 629
7 51 520)



Ba es Estimates of o2

with n

TABLE 5.5

under L (f

)ñ

12.368403
(27.l-37s98)

12 .511260
(28.1204O7)

I2 . 65 4II7
(29.r44O32)

N= 5000

11.543843
(20.22725r)

11.677I16
(20 .923387 )

11.810510
(2L.6ss079)

= 62o (rß-o2B',2

Ba

2,

es Estimates of

1s5.

D_p-

with n =

10.822353
(1s.41130s)

10.947353
(1s.882518)

11.072353
(16.384981)

TABLE 5.6

under L(t

20,

13.359402
(31 .421 7 s6)

13.513706
(38" 796906)

13.668009
(40.2r3676)

I\_ 5000

2.o)

I2.400077
(27 .432960)

I2 .543299
(28.427 4rr)

12 .686522
(29 .462887 )

1æ A aA ')
= o' * 

( T' -ot')'

o_Ð-

11.569582
(20 .42027 6)

II .7 03212
(2I . r2488 3)

11.836843
(21.8652O4)



Estimates

with n

TABLE 5

20

I4 .4298O4
(50.916691)

14.596470
(s2.814410)

14.763137
(s4.1o1677)

under

N= 5000, (r -

13.319819
36.975188)

Bayes Estimates of 02

?

13.473665
(38.328032)

13.6275II
(39 .7 282r3)

I56.

o-

12.368403
(27.137s98)

12 .511260
(28.120407)

I2 .654II7
(29 . I440 32\

TABLE

under

with

9" 110434
(8.s84599)

9.2L5700
(8.619310)

9 . 32097 0
(8.67 6r_15)

qÂ

The Bayes estimators of U are all identical-

three standard loss functions, nam.ely, ; which on

data of 5000 samples each of size 2O is 20.00507

common mse of O"445827, while the variance of the
2

U is o-/n = 0.45. It may be noted here that the

the Bayes estimator of p under the standard loss

are the same -

2L(T,o )

20, N = 5000

(1oq T-Lo q o2)2

65484I
854r02)

754810
795399)

85 485 4
1 56692)

8.
(1 .

8.2426I9
(7.587810)

8.337867
(7 .4s295r)

433069
336213)

under the

simulated

with a

mle of

rnl- e and

fun ct ion s



Table 5

ZOL and Tabfe

v

q

shows the Bayes estimates of o2

10 gives the modal- estimates of

Solution o f II (T-a)

8.769383
(6 .44r4r7 )

8. 86 0092
(6.4098s6)

8.951001
(6.392682)

TABLE

Il (r+a)

qq

r57 -

unde r
2o-

2,

(].
(6.

Õ.
(6.

o

(6.

Ir{odat Estimator o*2

with n

421 862
I6 62 4r)

5I4219
08054s )

601175
oo 3622)

20,

8.11465r
(6.r42349)

8.197585
(6.00se03)

8.280318
(5.8853'77)

5000

ñNDT Ð

A+2c
n+p+l-

8.655662
(7.8s6342)

8.755662
(7.797474)

8.855662
(7.758607)

l0

with n ='2O, N = 5000

8.243487
(7.590700)

8.338125
(1 .4s5613)

8.433963
(7.338786)

1.868783
(1 .67 4505)

1 -959692
(1.4170e4)

8.050601
(7.2962]-2)



' Tables 5.11 to 5.16

under the GLF.

ima te s

with n =

show Lhe Bayes estimates of

TABLE 5.11

u under L(T,u)of

t^

20.041060
(o .44651 9)

20.041338
(o.446s89)

20.041616
(o.446600)

N 5000, o I

158 -

. TABLE 5.]-2

Bayes Estimates of p under L(T'U)

20.o39794
(o.446s13)

20.040058
(o.446522)

)(-\ lì¿n??l
(o .446532)

R-'t

with n = 20

20.o 38655
(o .446457 )

20 .o 3 8906
(o .446465)

20.o 39156
(o .44647 4)

2 0. 0 53049
(o.44 7380)

20.053465
(o .447 405)

20.053881
(0.447432)

N = 5000

ü ó ó. zlm -r, ì
- P \r | /

20.o 51154
(o.447232)

20.051548
(o .447255)

20.051943
(o .44127 8)

20.o49449
(o.44 7106)

20.o49A23
(o .447 r27 )

20.050198
(o .441r47 )



Bayes Estimates of

with n

TABLE 5.]3

p under L(T,u)

20, N = 5000,

20.065015
(o .448496)

20.065569
(o .448s44)

20.066122
(o .448592)

-ìo-- Lt P -

TABLE 5.14

Bayes Estimates of p under f,(T,u)

uo (Tß-rßl'

159.

20 . o62492
(o.44823s)

20.063017
(o.448277)

20 . o63542
(o.448320)

with n

20 . o60222
(o.448011)

20.o60720
(o.448049)

20 . o6I2I9
(o.448088)

20

20 . o65046
(o.448498)

20.065600
(o .448s46)

20.066155
(o.448s94)

N 5000,

u0 (tB-ußl'

20.062527
(o.448236)

20.o63046
(o .448279)

20.o63572
(o .448322)

20.060248
(o.4480r2)

20 . o601 47
(o.44805r)

2 0 .0 6I246
(o.448089)



Estimates of

with n

TABLE 5.15

U under L(1,U)

2O

20.o17009
(o.449931)

20.07770I
(0.4s0008)

20.078393
(0.4s008s)

Ì\- 5000, L! 
-

= u0 (rß-

20 . ol 3857
(o .449523)

20 . o7 45I3
(o .449592)

20.o75I69
(o .44 9661 )

2,

160.

Bt'

Estimates of

with n

20 . o7IO20
(o.44917s)

20 . o7 I643
(0 .44e236)

20.o72266
(o .4492e8)

TABLE 5.16

p under L(T,u)

20

20.o88980
(0.4sl.682)

20.089810
(0.4s1793)

20 . 090640
(0.4s1906)

5000,

20.o 85201
(0.4sr095)

20.o85987
(0.4s119s)

20.o86773
( 0. 4s r2e6)

o_

20.081798
(0.4s0s94)

20.o82545
(0.450683)

20.o83293
(0.4s0174)
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I{e make the following observations from this study:

From lab1es 5.1 and 5.2 to 5.7, it follows that

within the class of loss functions

L(r,0) = 0o(rB - eB)2,

the squared error loss function (s = 0, B = l)

yields the minimum mse estimates of o' for aIl-

combinations of (c,p). Further, from Table 5.1,

the mse's are fairly robust for varying c and a

f ixed p but l-ess so for varying p and a f ixed c,

which supports the observation we made on studying

the graphs of n {o2 | xl .

From Table 5.8, we observe that the logarithmic

squared error loss function

CONCLUD]NG REMARKS

for all combi-

functions in

(l)

= (Ìo9 T - tog O)2

the minimum mse estimates

(c,p) compared to the loss

on the

find that

mse for

e st imate s

e T depends

]e 5.9), we

mfy smaller

n the rnoda f

:dr-01

r-01

i mat

( Tab

ifor

tha

functio
¡lf 
I

Ir-t 
I

the e st

ad-z

L(T,0)

re sul ts in

nations of

(l) above.

(2)

(3) The zero-one loss

L(T,0) = 0

=1

with arbitrary a,

choice of a. With

the ZOL estímates have un

all combinations of (c,p)



(Tab1e 5. l-0) or those obtained under the loss functions

in (1) and (2) above. The same pattern tú/as observed

for a - .5, f. O, and 1.5.

(4) The Bayes estimates of

choice of the various

sidered whil-e those of

(s)

to 5.16)

For J-arge n, .the posterior distributions of 02 and

p tend to normality (Section 5.1) .

U are quite robust for the

l-os s f unctîons we have con-
2o are less so (Tables 5.11

162.



ESTIMATION OF REGRESSION PARAMETERS - TNDEPENDENT

AND CORRELATED CASES

6.0 INTRODUCTTON

In this chapter vre will consider the relation

E(Ylx) = q + ß(x - "¡ 
(6.1)

studying the dependence of the random variable y on the

non-random variable X. The variation in y is expected

to be at l-east partly expla j_ned by X, the other part

is due to unobservabl-e random errors assumed to be dis-

tributed as l¡ ( O, o2 ) .

Tiao and Zel-1ner (I964) considered the Bayesian

CHAPTER SIX

anal-ysis of the general regression model_

163.

where Y is a (qxf ) vector of observations, M is a (qxp)

matrix of fixed el-ements with rank p and ß' = (ß.,ß^,...,8I¿P
The main objective of their work was to develop procedures

for using information from one sample as prior knowledge

in the analysis of the next independent sample. These

two samples were assumed to be independently drawn from

normal popul-ations with unequal variances. Theil (1963)

considered the case within the sampling theory framework,

using prior beliefs about regression coefficients when

the error variance is unknown - requiring a large sample

solution of the problem.

= Mß a €r



Some discussion of the Bayesian analyses of the

simple l-inear regression model using uniform priors

can be seen in Zell-ner (197I), Jef freys (196t), and

Lindley (1965). Maddal-a (I971 ) considers the Bayesian

anal-ysis of the regression model (at o - 0 )

under the naturaf conjugate priors when e

dently and identically distributed normal

V : R*
PJT.l-1

with

of o

+€
l-

0 mean and variance

In this dissertation, we wilf study the posteriors
?of (s,ß,o-) using the model (6.1), known as the orthosonaÌ

mode1, under the following situations:

known and o unknown

764

When little is -kno.wn about o, $ and o, Je f f reys

( 1961 ) suggested assuming the prior distrlbution of

o, ß and log o to be 1oca11y uniform and independent.

He considers the cases

justified as fol-1ows:

The prior independence of the parameters may be

. are indepen-
1-

random variables

dependence of Y on X,

about this dependence,

prior distribution of

S ince

in the

it is

ßtobe

the parameter

absence of any

not unwise to

constant over

ß measures the

in formation

assume the

the effective



range of the likelihood. Again, o'is the variance and

s is the expectation of Y averaged over the values of X

i.e.,

lu-
n

The knowledge of the expectation and/or of the variance

of Y will not change the knowledge of the dependence of

Y on X which explains the prior independence of o and o2.

In this study we will consider the prior distribution of

o as the inverted gamma density which is also the Ncp for

n
¡ ¡(v.lx)
1 -r-

a

and treat the uniform prior for o as a special case when

9(o) G

c - p = 0. The joint prior density of (cr,ß,o) may be

written as

165-

2exp(-c/a )

p+I '

where

g(o,ß,o) o

Pt(a) ' constant

and

c, P, O > 0

)
exp (-c/o- )

rP-1

II

Pr(B) * constant.

l,lhen o and ß may not

consider a bivariate

be assumed independent, we

normaJ- prior for (q', ß)

(6.2)

wi l- I



and without any loss of generality,

E(ü) - 0 and E(ß) = 0 and

Var(ct) = r0, var(ß) = rß

and a coefficient of correlation. p between
)o be ing assumed known.

fTI. Final1y, lve will consider a special case of II,

where al_ong with þo = Uß - 0, we further assume

to = aß = T.

6. ] BAYES ESTIMATORS UNDER T

Let ð = (xr,xr,

The likefihood of y

g(y,ïlo,ß,o2) G

we take

L66 .

whe re

...,x ) and vn--
given x is

.2.-n/2 ((o ) exp{--t i

. 2.-n/2(o-) "'"exp{-[s

+ s (ß-b)21xx

a - ç, b = sxy

Using Bayes theorem,

is combined with the prior

posterior density, n (s, ß,o
2

þ and o , ]-.e.,

and op,

(Yl,Yr,".,Yn)

n
\.

=
¿

]

IY., -û-ß (X. -x I l\' tro'
l_1 r)

+ n (0-a) 2

xx

2, 2r(o,ß,o-l_,_) - (o-)

-ò

the I ikel ihood

density (6.2)
2t

ll,y) for the

vv
2

- c ,/evfexy xx

.n+D-(-;

= Residual S.S.

function (6.3)

to yield a joint

parameters g,

I n(a-u.)2'' f'""ni "*=-j"."1-

(6.3)

+-L J ¿-c / oe .*o [-'1.
SI

-t

->l
2o')

2
ß-b) -ql

xx
^2¿o Ì

(6.4)



Integrating out 0

î(ß,o 2t
I r'Y) -

from (6.4) ¡ w€ have

Using the fact that

Integrating out o'

posterior of ß as

à
rr(ßlI,yl " J

o

.n+o+1.
, - \-j-)

(o- )

."*"f_'t

-c/o' Ie e"nl

,**(ß-b)2

l-
\
t)

,;"-

. )- f ')
I n(e-a)-l- l- o'expl- *fdct = 12'Í :-
\ 2ot ) 'l n

( 6.5 ) , wê have the marginal-

Substituting

2c + s2 + s

2o2 I
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s'ì_>
)l

2o')

/ n+p+ l_ ,) - \---1 )

(o )

+5

?
( ß-b) -

-2do

z
2o

2c + s2 + s

(ß-b)21

xx

ftexPl - 
"| 2o'

lr
.f 
uo-'

rr(ßlf,yl

(6.s)

)l2c + S-

)(ß-b)-

^2¿y

/L

- J e-v
0

Thus,

2

dy

222c+S-+S ( ß-b)

22
2 c+S"+S ( ß-b )YV

2y

n{2c+S

xx
12v'

LC

n+p+1
\ ,/.

t
t

)

dy

( ß_b ) 
, j-\ (n+p+1 ) 

.



?T1 (ßlr,y)

1o evaluate the denominator, l_et

ls
f-= (ß-b) = tan 0

,/ 2c+s-

àD

l

giving

168.

r /2
Í-t¡/2

- (n+P-1¡
becu

2c+s2

T /)i2c+S- h"= / " J Sin
J "xx -'tt/2

)
¿c+S--;-

Tr/2

_{,,

.n*p-1
, (---]-) - 2

cos-] ' dO

Thus,

s."2odo

t-----------;
12"+s'l-=-t5

'l xx

,n+p-1.
^2(\)-t- 2^\- 2 )-t-
U UOS U dU

1B(t ,
n*o- 2

2t



nr(ßlT'Y) =

c=

0,

0 in

and log

.{' . 
*þ 

(ß-b) '}-' 

(n+P-r)

)1q(a,ß,o") o-i,.-2
o

Under (6.7) , the posterior density of ß is

(6.2) implies that the
2o are independent and

" 
(+, n+p-2.--2 -)

and that of

(ß-b)

is, as was

with (n-2 )

Under

of ß ís

I69 -

prior distributions of

uniform, i.e.,

(6 -1)

_.1 n-2.B\r, 2 )

pointed out by Lindley ( l-965 ) , a

degrees of freedom.

squared-error loss function, the

(6.6)

{'+

ß*=E(elï,y)= E./2c+s-

By the same

ft('¿ ui. +

substitution,

1
1 n+o-2

B (:, ----i-)z¿

ò_-+ (ß_b)
2 c+S

Student's t

Bayes estimator

-b (n+p-1)
e'l'l dß'



Q*

'(+,T1,
sec g- (n+P

1r/2 tI l¡ +

- nu/, L

-'r \ a'' s","to,lô

=b+

sl_nce

Tr/2
r
I

-9 rn-|/¿

showing t

prior par

the margi

=þ
" 

(+,

2c+52

n+Ð-2
2)

S

.n+p-3.
t __i_) _ rsin o cor2o' = o,

tan

hat Bayes est

ameters c and

nal- posterior

(o

']

It/2

_{,,
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. n+Þ- 3
I t \ 

-1,')taSin0Cos-0 - d0

(6.8)

. ¿t,Ir^(o lx,y) =

imator of B is independent of the

p. Integrating out ß from (6.5),

-2ot o as

. n+Ð
_/ r \

2. ' 2 ) [ r I ì') ' expi- -+ (2c+sz¡ I\ 2o )

Thus,

r
o

_ n+Ð_t r \
?\1)(o-)

n+n-.)¡¡ ' -y(- Zr- Zi2c+S Il----=-|\¿)

*2 -,-2t-- r,\ [2.+s2l 2
E(o lT,y) = I , 

,J

. e*p{- -+ (2c+s', }uo't¿t\ 2o )

n+p-2

"*n{ * 
(2c+s't|uo'

/ ¡¡ I [/ \

,\)l(o )

-,n+p-2,t\---)

lz"*s2) 2

lrJ

n+p-2

(

"*o{ -
I

',. ,n+P-2,¡\ 2 I

I 2l
I (2c+S ) ¡.

I

¿Õ
(6.e)

r rt|2r

n+D
/\)-
l.l-tZt_l
lz.*s2 )

f
o

, 2.(o )

n+D

- 

+l2-

F/¡rrtJ
I l- -Z l'2



Integrating out ß from (6.4) , the
_2and O as

2 c+s' Z

2 n+p-4

r(0,o'lO,o, -

2Again, integrating out o- from (6.11) , the marginal p

terior of o is

2 c+s2
n+p- 4

_ n+p+l_

(o2) 2

joint posterior of 0

{r 
. 

-Ì- 
(s-a) r}-' 

(n+P-l)

\ 2c+s-

J: {, . 
;þ 

(o-a) ,}-' 
(n+P-''uo

lrexPl - It^¿' ¿o

171.

Hence, under squared error loss function, the Bayes

estimat.or is

l2c+s2+.r (s-a)

(6.r_0)

( - -l-L(n+P-l). ¿ I -
"11 + --------; 1u-a) ¡| 2c+sz )

6¿* =

2 -ltt.
J(6.r1)

os-

e {olx, y) =

as in ß*, the Bayes estimator

prior parameters c and p.

l"t-l->
y'2c+s-

P or,út-æ \

I
. I n+p-2

B (;, --;-)

n

;:;J
,l -! (n+p-1)

to-a) -] ds

(6.12)

of o is independent of the



It may be noted here

density of

is a Studentts-t with

196s ) .

(cr-a)

that unde r (6 .7 )

6.2 BAYES ESTIMATORS UNDER CASE TI

Assume that 2 is known and that apriori (a,ß) has a

bivariate normal_ distribution with

u = u. - 0, v(q) - -t , v(ß) - r^e þ q' ß

and coefficient of correlation p, i.e.,

r72.

, the posterior

(n-2 ) degrees of freedom (t indIey,

g(o,ß)

Combining (6.3)

q and ß is

t¿
lq
t_It\0,

and

r(0,ßlr,yl *

2o qB

/, ,-sß
(6.]-4) ,

It
ôvñ1 

-9^P ìt¿
' 2(1-o )

Integrating out

o- I IU¡It_t \¡ I [''ß) )

the joint

I t lo2
E:tú1-'t z(t-p2) Ito

( t -2'oxP1 LS + n\ 2o-

<ff

ß from (6.15), we obtain

posterior density of

< æ th tLl

2paB

,tr ,^qß

?(s-a) -

-2r r

" !-l It-llß"

+S rl(8-b)-ll.
vv I)

(6.1s)



n(ofx,¡')
llo

= ll "*ni-l-@ \

(t
"exp1- -----;

l^¿' ¿Õ

Therefore,

z(t-p2)
)j

LS + n(a-a)- +

It.uxp.l _ ,\ 2o

2 paB

/r r ^o.H

82ì ì+ t!t- ll
p

173.

Is2 + n(o-u)2

el Is**(ß-b)-)ldBl/
'_1

2oaß ß2 ì I+ l-l ¡

'r;t ^ 'g) )
qþ

tl'l'o.*n{-
L-@ -æ \

r2
lqt:-Irt0

'"*o/-'t

Simil_ar1y, inte

the posterior densit

ß* = n(ßi¡,y) =

rÊ Ê
IJ J
L-æ -æ

'"*o/-
I

I
2

2o

+ s--(ß-b,tllußd.1.^À J 
I

(6.16)

).
Ls + n(0-a) + S

t (o2 zpaß ß21ì
', t- - 

- 

= --ll2(I-p') t'q ñJ, 'B))

.*of-'t

I
?2o-

22(l--p")

Is2 + n(o-u)2 +

grat ing

y ot þ

t.f f
L-æ -æ

(. exDl -
t

2
0
T

(I

out o from

and, hence ,

2oaB

/r -t 
^0b

rl -l

s-_(ß-b)'lfa¡¿sl.
))
(6.17)

^2r'rÞ tt
t-il

R) J

u. *n{

(6.15), we obtain

1

¿o

z(t-p2)

'> ')
lS + n(o-a) + S

¡^2
lu
It\C!

2puB

/r r"0Þ

821I-'J]

(ß-b)'rlu. 
^u],



if
L-æ

The integrals in (6.17)

simpJ-e form and we will

(1980) technique.

f."n{-
ft.exÞl' t 2o2

For tv¡o parameter case (see

Lindley's technique, the equation

z (t-- p2 )

,2 + n (o-") 2

.a
Iu'
l:- -
It\ct

6¡* = E(olx,y)

2o aB

-*
,fr r^0Þ

2s (ß-b)-
XX

and ( 6.18 ) do not seem

eval-uate them by using

11¿.

SimiJ-arly,

ß21I,JI
.t
|u'uu | .
,)

(6.18)

to take

Lindley's

+

+

(6.18) takes

(x+oo'q 20

ß* = E(glf,y) = È +

Appendix Al- ) , appf ying

(6 . L7 ) take s the form

3
2

t.
2

t

"2ro zoú lz

Lo3o r2Õ o2'

whereúanddare

p- and pn are'0 b

of the joint prior

tively.

p ^o_ ^ó I¿

he

f_ 2

2" 3o" 2o

"rr(o 2oo o2
1+-
2

fo rm

a 
Bo oz

?J+-
2

I+-
2

Lrzoozozr

"30'2ru 2o

(
u. - l-1l t

m1e of cr and ß respectively.

the first derivatives of the logarithm

density with respect to o and ß respec-

oo'ü 2I
I+-
2

^2
'o :_2)

(6.19)

^2- ìdLt_l
a0. a0.lr )'

I+-
2

2Lo3oo2

"rt(o o2o 2o

-l
, and is equal to

^2to 2r)

(6.20)

^2dLt) if _ = n
dU. dU

1l



L. = i-th derivative1l
derivative with

hood function.

!'or examp_Le,
I

A,L

From (6.14), \de

I

Ltz
aoâß2

with respect to

respect to ß of

J.- fJ

'ì

0 and P^ are to0Þ

To work out

a sample from thê

e (Y.lx) - 0a'

for û = 5, ß - 2,

Y. = 5 + 2(x
l-

where

p^
ö

obtain

175.

s and j -th

the 1og-1 ike 1

[ " pß I
l-_t
l'q lt r-l
' 0 ßt

( s p0 Il- - _l'I'e lr t-l\ d g'

be eval-uated at

Lindley's method

mode 1

+ ß(x.-i) , i =
1

21-p

z - N(0,1).

We take the f ixed val-ues of x as 5 , 10, 15, 20 , 25 ,

and 30 and generate 5 values of Y for each x to give

n = 30. The generated data are shown in Tabl-e 6.1. I{e

then evaluated the logarithm of the fikelihood (6.3)

except for the normalizing constant, around ml-e of o and

ß in Tabf e 6.2. Tables 6.3 and 6.4 give the val_ues of

t-

anda=5with

- it L trry
í ^' 

I J4 
'

c and

numerically,

ß

L,2,

the relation

the derivative, L20 and 
"O 2 respectively

,n

we generate
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The above tables

third derivatives are

one-parameter formul_ae

, 
oo = t(ol¡,¡') = d

:

R* : çlPl,,¡f,J) - B

(LindJ-ey, l-980), where

show that

zeto and

ror "U(0)

2+po+
0û

2+ p^o^ +ÞÞ

2-r
V 

- -f ra20

2 -1'ß "oz

T. : n-30

all the

hence, we

and E(ß)

I4
2 "30'o.

:

1A
2 "03"ß

"o: - o'

Sinc" L3O, 
"O: 

are zero at joint

û* = E(qlx,y) = o * o o2 I' 0o 
i
I

ß* = E(glï,yi = ß * ,gol )

Þ0, Oß involve the prior paramet

reasonable choice of T's and p w

estimator of o and ß. For insta

p = .5, give

0.0166715

0.0002286

mixed

will

gi-ven

178.

second and

use two

by

(6.21)

ß* = 2.1435446 + O.0O02tt9 = 2.1437565.

Monte Carlo study for s:k and ß* in (6.22 ) are shown j_n

Table s 6 .7 to 6 .12 .

m1e, (6.2I ) takes the form

5.6773049 - 0.1024Ir7

CTS T

V LdII

^., T^ and p. ForuÞ
obtain the Bayes

r - r^ - I andüÉ

(6 .22)

5 .57 48932



We note that

for (4,ß), p and
ü

s* = â ì
t

^lß* - ß )

rn order to compare the performance of the different

estimators, we generated 1000 (N) samples each of size

30 (n) from (6.1) wi-th o = 5, ß = 2 and o = 5. The mean

of the estimators and the corresponding MSE (1n parentheses)

are shown in the tabl,es bel_ow:

under

Q n in
Þ

179

uniform and independent prior

(6 .22 ) ar e zero , giving

MONTE CARLO STUDY

MLE

TABLE 6.5

(6.23) of o and ß: N = ]OOO,

Paramete rs

(6.23)

Estimates

5 .0224503
(0.8787140)

1.9956223
(0.0116023)

n = 30
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Bayes Estimates (6.22 ) of

Function and Different

TABLE 6.7

50

0.1, N

4 . 9 4I2569
(0.852349r)

.

5 . O2I2344
(0.8780708)

5.O219408
(0.8783e66)

0 under S

Combination

t00

I000,

uared

Bayes Estimates (6.22)

4.93837 24
( 0. 8s 26881 )

5.0208265
(0.8780s26)

5.O2]-6523
(0.8783832)

of (

50

Function and Different

Error

181

30

T ,1^)qb

Loss

and

4.9382333
(0.8s27055)

5.O208068
(0.8780s17)

5.O216384
(0.8783826)

100

TABLE 6.8

of q under Sguared

0.5, N

4.9330139
(0.8441587)

5.O233540
(0.8779833)

5.O235516
(0.8783803)

Combination of (t

100

l-000, n - 30

4.9I397 62
(0.8470204)

5.O206616
(0.8778576)

5.O2I6478
(0.878289r)

50

Error

(lÞ

Loss

and

4.9I30571
(0.847r169)

5.O205317
(0.8778s19)

5.O215560
(0.8782849)

100



Bayes Estima!es (6.22 ) of s under S

Function and Different .Combination

TABLE 6 .9

-0 = 0.9, N = 1000, n - 3O

5.0337996
(0.8778552)

5.0359198
(0.8764824)

5.0337996
(0.8778552)100

uared

Bayes Estimates

of (

5.6041653
(0.887636s)

5.0167900
(0.87542r6)

5 . O2027 28
(0.8770869)

182

Error

50

Function and

to'tß)

Loss

and

(6.22 ) of ß under Squared

4.5976394
(0.892e288)

5.0158671
(0.8753889)

5 . 01 96202
(0.8770591)

100

TABLE 6 .1 O

Different Combination of (r

= 0.1

1.9952174
(0.0116002)

I .995l.7 7 8
(0.0116010)

1.9951730
(0.01-16011)100

N t 000,

I.9956294
(0.01r6021)

1.9956153
(0.0rr6022)

1.9956146
(o.or]-6o22)

50

Error

30

o'tß)

Loss

and

I.9956292
(0.01r6o22)

L.9956I92
(0.01r6o22)

1.9956187
(0.01r6022)

100



Bayes Estimates (6.22

Function and Different

TABLE 6. T1

of ß under Squared

0.5, N

1.9951193
(0.01rs947)

1.995I222
(0.011s9ee)

1.9950905
(0.01r6002)

Combination of (t

100

TABLE 6 . ),2

Bayes Estimates (6.22 ) of ß under Squared

1000, n=

1..9957183
(0.0r16014)

1.9956253
(0.0116021)

I.995620I
(0.0116021)

Error

Function and Di_fferent

50

IB3

30

o'tß)

Loss

and

L .9956926
(0.0116017)

I.9956269
(0.01r6022)

1. 99 56238
(0.01r6022)

r00

0.9, N 1000,

I.9937 652
(0.0115947)

1.9939905
(0.01r5922)

I.9931652
(0.01rs947)

Combination

100

of (t

1.9963432
(0.01L5967)

I.9956829
(0.0r16013)

1.9956511
(0.01r601s)

Error

50

30

,T ^) and

Loss

1.99 61420
(0.011s983)

1.9956751
(0.0116016)

1.9956526
(0.01160t8)

r00



Tabl-es 6 .7 to 6 . 12 give the estimates under the priors

in IIf .

The entries in the principal diagonals of the

rt is apparent from these tables that the estimates

of (4, ß) based on the bivariate normal prior (6.1"4) have

minimum th". for a1r combinations of prior variances

(to, rU) and the prior coef f icient of coïrel_ation, p

under consideration, than the ml estimates. The changes

in the values of the estimates and their mse's are very

small f or variation in the prior parameters. I{hil-e the

ml- estimators of (a, B) are id.entical- with Bayes estimators

under the prior (6.2), they have uniformly higher mse's

than the Bayesian estimators based on the bivariate

normal- prior for (a,ß).

184.

6.4 CONCLUSION

Bayes estimators of (c¿,ß) based on the uniform prior

for (4,ß) and independent inverted. gamma prior for o2 is

independent of the prior parameters c and p t as was

expected. Bayes estimators, in this situation, are

identical- with the m1 estimators.

For the particul_ar cl:oice o f a, B and o , the Monte

carl-o study indicates that the Baye s estimatons of (cr, ß )

based on the bivariate normal prior have considerably

lower mse than their ml- oounterparts. Also, the estimators

are very much robust for the choice of the prior parameters

(to,tU) and p.



(i) Lindl-ey's Method f or One parameter Case

Lindley (1980) developed a technique whereby one

may evaluate the ratio of integrals of the form
I
I

- Jw(o)eL(o)doI = (l)- r L(0)_^I v ( 0 ) e- '-' d0
J

where L(0) is the logarithm of the likelihood.

APPENDTX A.1

Clearly, if w(0) = u(0).v(0) and v(0) is the prior

density of e, then r yields the posterior expectation

of u(0).

Expanding w(0) and L(0) by Taylor-series expansion

about è, the ml-e of A,

\ , (3-Ê)2 ^

L I ) + 2l w'(o)

185.

te-olt ... ll ( ^* ---:: w3(0) + ...JL.xr{l(e) + (e-0)L] (0)

,o-Á',2 ^ ^ ?

+ \u-u,, r rA\ + (0-0)'t^(6) + f (2)' 2r. "2'u' ' 3: - -3, ) )

where

,Â,, - äkw(0) 
|w. (u, = ----------:-wk\v/ - 

aok lu=ô

L. (€) _ akr,tg) 
I* ao* lo=o



rt is assumed that w(0) I 0. CJ_ear1y, f., {ô¡ = 0.
.L

Let

^ w. tát
w.(o) = -r-^ ,r w(ô)

then the RHS of (2) j- s

* wrtôl 
"+ 

+ wrtrîl ,*# + r.rtál **f

.rerr.rrér *+ + r.nrê) "#. ...luu (3)

<e_e)2
? L2(e)

Using e proportional- to a univariate normaf

186.

density with variance

2 -1 ^o- = -l^-(0),
¿

the integrals in ( 3 ) involve moments of a univariate

normal density and we have

(3a )



w(ô)ertet 6; of 1
L

SimilarJ-y for the den

^ú* --=- L4(ô)

v(ô)ertot ¡¡; oll
L

2
* \ w2 (ô)

l""t'
ominator of

where

4
o
I L4 (o)

v. (0)
.I

assuming v(0) I O,

4
o!-

2
o

2

I
i

v. (0)
L= ------=-
v(0)

L^ (e)w- (0)
Jf

'L^

v. (0¡ = ã"v(.0)
K ^ ^kdU

v^ (e)
z

Hence, the ratio

(1), we have

4Õ^+ -; L-(0)v. (0)
/a¡

r87.

and

rtol t-------=- I Iv(0) L

0=0

2
o

'2Yr

.[.

(l

tzlo
ì.2

r2loL ¿ 

- 

1'
'ì)u

^ (0)
¿

4
o+-

2

v^(0)
¿

w(6) I--= --------;- I l-v(0) L

2(o)

L^(0)w^ (ô)
J1

L-(ô)v, (ê)
J-L

4
o

2

4
o¿T'2'

4.o
'-u

2
o+-

2

. ( 0 ) v. ( 0 )J,L

4
o

I

^ ( e ) {w_ ( 0 )J1

{w^ t s I
¿

-ì

L4 (0)

12¿Lr
J

- v^ (0) Ì
¿

. ...1
I

vt(e)l

I"'J

,l l' (4)



Let w(0) u(0).v(0) where v(0) is the prior density of 0.

v,,. (ô) = u. (ê)v(ô) + u(ê1"_ tôlll-r

w^(0) = u^(0)v(0) + 2u. (0)v. (0) + u(0)v^(0)¿¿_Lt2

w^ (ê) v^ (ôt
w^tel - v^tôl = -a- - ¿

¿ ¿ w(o) vtê)

u^(o) 2u- (ê)v- (ê)
¿)t
u(0) u(0)v(0)

u- tálw-(á)-v-(á)=-r^I I u(o)

Let

vr(O) = v(0)pl(0). (7)

Substituting (7) in (5),

w.(á) - v2(0) = 
u,(á) + zur(ê)pr(6) 

(B)z ¿. , ,r(ê)

Substituting (8) and (6) in (4), we obtain

--r

p(0) = 1og v(0),

188.

E[u(e) I+] =

(s)

,f",u)v(o)""(o)u,

The terms other than the first are referred to as correction

terms.

I v(o)eL(o)do

2

= u(ô) * 
= 

{ur{á) + 2ur(èlortêt}

4
. \ L3(o)ur(ô).

(6)



189.

Thus, if we are interested in the posterior mean of

e, i.e., u(0) e, we have u. (0) = I, u^(0) = O andr¿

^4E(olx) : ô + o'pr(ô) . \ L3(o) (e)

where

Pr( ôr â toq qtèl
a0

are eval-uated at the m1e of 0.

In numerical work, LindJ_ey did not use the differen-
:

tiaf cal_cu1us to evaLuate f,. ( 0 ) ; instead he computed the

log-likelihood function L ( 0 ) for a set of vaLues of e

around ml-e 6 and used the differences from difference

tables. The rel-ation between the derivative D and

difference A is
:

kkd'-L(O) , lim A"L(0)= L, (0) = ^ ^ .: :fr (Neil-son, 1965).^k -k'' Â0-+0 k '--
d0 (^0)"

where a0 is the increment and ¡kr,(o) is the k-th difference

An alternative approach of eval-uating the ratio of

integrals of the form (1) is by denoting

^(0) 
= L(0) + p(0),

i.e., 
^(0) 

is the logarithm of the posterior density of

0 except for Èhe constant of proportionality. Following

the same argument as above and expanding 
^(0) 

about the

posterior mode of 0, the posterior mean of 0 is approxi-

mately

2 _-I
"2 rôl



whe re

¡(olx):õ.ån=rn

Q = posterior mode

.) 
-l -.. r = -/\- (g)
2

and

va"A(e)
* ao*

^,-(0) 
wilÌ be evaluated about the posterior mode whileK

L, ( S) is eval-uated about the ml_e of 0.k

The form (10) woul_d be useful in the cases in which

posterior mode is readily available or easier to compute

than the ml- e ê .

We no\{ apply the method for known cases to see how

good the approximation is.

190.

(10)

(i) Suppose x - N (0,1) and the prior density of 0:

-l. lÊ-rr)2g(0) a e ¿\v Þt , -@ ( Lr, Ê < æ.

It is easy to show that the posterior density of

r(olð) -r¡(#,#nl
and the posterior mean under squared error loss function

A+ _ Y/n+x nx+U-=- ]+I/n n+l

The 1og-likel-ihood



where c

L(e) c

1S

Lr ( 0 )

n-t
constant

n ( i- e ) ,

(x-0)'

ô-

Hence, the equation ( 9 )

x,

p,(0) = -(x-u).
I

independent of 0.

2
ú

e(0lx)

r.r(0) = -n,

I
n

_ x-U _ (n-1)x+U
nn

l-"i+u (n-1) x+u-.1
--l[n+1 n I

- x-u : â* - .r, f t
n(n+L) ' 2''

n

term negJ-ected is of ordet 1

2
n

Thus, the

(ii)

r,r(0) = o

0*

takes the form

191.

fi-rst

Let the prior density of

stant, then

'n

x - b(n,p)

. x+lñ*-L/ n*2

L (p)

1,, (n )

P be uniform, i.e., g(p) - con-

_x
p

r,, (e)

foq Þ +'e-

n-x:-,
LP

2 (n-x)
?(1-P)-

2x
3

p

(n-x) to9. (1-p)

r., (r)

t3 (P)

-x
2

p

42n- (n-2x)

n-x
(r-p) 2

2. .2x (n-x)



o,(p) = o, o2 = -i,rlfr) =,t!!;¿
n

The equation (9) takes the form

I x *2(n-*)2 zn4(n-2x)E(plït =;*--'^ã- z. .z¿n x 1n-x)

=I*!-2xn2
n

p*. [i.= #]'n

_ ñ* _ 2(n-2x)_p,c
n- (n+2 )

= po + orjt.
n

( ii ) l,indl-ey's Method f or Two-Parameter Case

Notation:

0 - (0.,0^)
-,LZ

a 3r, ( o )

r92 .

!..-
tlK

that is,

a0ia0jâek

a 
3r. 

t g )
r = , third derivative w.r"t. alOri 1 f VqL¿vs w.!ou. w2.¿¿' ao;

L-., are unaffected by permutation of its suffixes.llK

a2"(91
L. , second derivative w.r.t" 0. and 0..1l ooi 

l t )

, third derivative w. r. t - 0 i,
0. and 0-lk
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The TayJ-or series expansion f or L (q ) about Q *-t be given

by

2

."rgl = L(Q) * 
,11"r(Qt 

tei-6i)

,2* .. r L..(0)(e.-e.)(0.-0.)¿; + ;=l al - l_ t_ I I
L' J

'r2^
+ - r r,.,. (0)(0.-0.)(0.-e.)(e_-0.) + ...r: rJK - l_ 1 I I k J<L r l r k=l_

Similarly, the Taylor series expansions for w(0) and v(0).

Working in the same line as for one-parameter case,

the numerator of (1) ,

r'
J*tgr."(9)ag = w(ôr."tarrl, li * í *rrôr ror-èr)'

r-a

) (e^-0^)v-L

(11)

where
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à2 ¡,

,tí

à2t

and using the resul_ts of

bution, Anderson (l_958,

492401

à2r
a0 àe72

à2r
^^2oo2

E(0.-ô.)
l_ l_

-1

E(0.-ê lto.-6.)(o -è )r_ ]. ) ) k k'

[or.r orrl

=ll,
for r o ,rJ

E(0.-o.t tu:-ê¡) (ok-tîot ton-ônl

0,

the multivariate normal_ distri-

equa.tion (26) of 92.6), namely,

the integrations in (I2)

.î. t(6) l-

w(V)e - (2trll¡ltlr
L

195.

E(o--ô.lto.-ô.1l-l_ll

0,

I+-
6

and R* arises from R

Similarly, the

2

- "i-i L*garJrk=I '

r_l

takes the form

o..o.^ + o.-o.r.l k.c. ik-jÎ.

+ o ^o.. ,l_x lK

1+-
2

2

I
i,j=l-

v(0) eL(9) 1zr,)

w.al

(o..o].l

not

den om

r+['
L

(0)o..
!J

I+-
6

1
kg'

involving

inator of

2

I L... (e)V^(O) (o..o. ^ +
i i ì¿_r alK L 1l kt oitolt o o*oiu,
r I J , t\

lr

o._o.^
rJ< j Y"

I+-
2

W or its

(1) is

2^
I V.. (0)o..

. .-r IJ - l-l
Lt )-L

oo)i.c. jk'

(13)

derivatives.

. *..l
_l

I* *.]

(r4)



srhere

Note that al-1 three terms in the second summation in

(13) are equaf sinc" Li +.ì. is unaf f ectèd by the permu-

tation of its suffixes. Permuting j and k in the first

term gives

r"lL, t Q I wn ( Q I'oi1 ot<.1,'

and then interchanging rol-es of j and k makes this equal

to t"rjU*øoiXoi.t; similarly the second and third terms.

This appJ-ies to the second summation in (14).

Finally, the ratio of integral s in ( I ) is appproxi-

mately,

796 .

:t_2w(!) l,- * I rv(o) I t i,j=l
-ll-

w (o)o..o. lltY"'-' i3 k¿ll
IL

)
+ r 1...(ê¿ " rlK

l-rlrJ<=1 -

^Tw(9) I I: -------;- I J- I -vrg) t 2 i

^12^..(0)o.. + i t L... (0)
J-l - l-) ¿ : r 1__r flk

-L , J r I\- J-

-2
+ * r v..(61o..¿ al - l_lr r: I 'LI J

¡ -1^t
uu ( 9)ori oun 

I-_l

2

r (w..(61-v..tôlto..
:_r 1l - 1l - al
)-L

.r2-l
-iJ.T- 2 , .u.-_, -i jk (Q) (wu t9l -vn r0l l oi joLs *. . - l (1s)

rrJtK=I - ' )



As in one parameter case, it is easy to show that

Wg - vL = un/u

and
u.

W, - V. = al + (u.q. + u.q.)/uo.r_l Ìl u 1-l )'L'

Finally, we obtain (l) as

t L(o)+o(o) - ^,1 r(o)+o(€
Ju(g)e op/J" l)ag : utQ)

' 1 : L..,tôlu.têlo..o,^. (16)- , , -' ,-i-jk'.' -l ':' r,l Ky.
)t),R

The second and third terms are known as correction terms.
_')

The first term neglected is O(n ').

If \¡¡e are interested in the posteri-or mean of 0=,

l^+ I r (u,.(ii) + 2u.t6lp.t6llo..¿ i,j r-l - Ì - I i¡

197.

I < s < 2, then from (16)

^22E(0 l*) 0 + r o.(0' -t -' s,---' s . r- -)oi= * t -"i-ix(Q)o'-ioks].rlrK=I -

since u(0) = U= gives

ur(Q) = l
ur(p) = 0,

u.. (0) - 0.r-l -

For X - N (V,o2) and under Jef freys' invariant prior

for Õ |



Us inq Lindley ' s method

. 2t *2E(o lT) o

An al-ternative way of evaluating (l) is denoted by

¡l(9) = L(9) + p(9),

the logarithm of the posterior density of

the normalizing constant and expand 
^ 

( I )

about the posterior mode of 9. Following

argument as above, the posterior mean of

is

2
S

n (n-2 )

o(+).
n

*2

e^
s

where 0

T are
r_l

= E(0=lx) - ã" . t . .1 ,__.nrjo(õ)-iirr.=l- , J , J<= l-

posterior mode of the s-th parameter, and

198.

given by

a2L
n^2on-1

a2 ¡,,

9, except

instead of L(9)

the same

0r, I < s < 2,

and alf the quantities are to be evaluated
:posterior mode, e.

For type VfI distribution

â02401

a2¡
a0la02

a2¡
^^2or2

-l

m = ol-

t11

t_
l"zr

t1

,2

(i.e., s = 1)

at the joint



2
m* = n(mlx) - ñ . +..,:-.nrjotiltr.I

r_Ik=-L

2

= ; * + r (^.,,r_._.r,, * Â_.-.r..r.,)_ i ì=t 1l I l-l 1I il2 tl 2I'

:12
- m + i r (^Lr-rrirr11 * Âir2rirr2r

'í=rt

Ârrtti2tlr- * Âi 22' iz' zl,)

! 
'^- m + ; (nr-r-r-trf tlr- * Â,-r2rrrr2r * Âr.2rrr2r).r

* Âr-22'12'2r * Lrrr-r2rtrt * Arr2r2rr2r

* hz2r'22'rr * hz221 2z'zt)

199-

= ; * f 
^ -2 - 3 

^ - - - f 
^ t- .-2 \- rrt r t t\3oLÌr - t t'2r' rlLL2 * 2 "12\'rr'22 + z'rur)

I
a_t\+* tt"o3r22'12'

Us Íng

^_^"r-rr - "30'

'12 1 2r'

:123t)- m * t h3ot20 * z A2r'2o'y2 * ; Arz('2or 02 + zt rr)

1
I-Â++ t t\o3to2'12'

SimilarJ-y,

Arr, = Â0,

trr = r20' '22 = '02'



a* ;.+ no.'3, *ïnr2'02'rz *ånrr('02,20*zrlrt

1* t L3ot 20'12'.

ff the second and Èhird mixed derivatives are zero

or negl igibJ-e,
:f2

m* * ; LZO.)O

and

200.



Sample No.

1
2

3

4
5

6
7
I
9

10

11
T2
13
I4
t5

16
T7
t8
19
20

2I
22
23
24
25

26
27
28
29
30

31
32
33
34
35

36
37
38
39
40

F (x)
o

0.0035157
0. 0055410
0.0106764
0. 01 3843 3
0 " 0183926

0.0187089
0.0190500
0. 0159665
0.0198867
o.o2I4283

0. 0217040
0.0256500
o.0257993
o "0266066
0.0268463

0.0328711
0.0338303
0.0368928
o.o404547
o "0442766

o " 04497 42
0 " 0449858
0 " 0546658
0.0468468
o "o47I552

o.047e76I
0 " 0563380
o " 0599394
o "0614459
o "0623654

0. 0659553
o "067273l-
o "0714146
0 " 0714983
o "0716407

o "0828287
o. 0837708
0. 0866263
o.o871944
0 " 0875719

APPRENDTX A" 2

Dn

o " 0010157
0 " 0005410
0.0031762
0 " 0038433
o " 0058926

0.0037089
0. 0015500
0.0004335
0.00261_33
0.0035717

0. 0057960
0.0043500
0.0067007
0.0083934
0 " 0106537

0 " 0071289
0.0086697
0.0081072
0.0070453
o "0051234

0 " 00752 58
0.0100142
0.0118342
0 " 01 31532
0 " 0153448

0"0171239
0 " 0111620
0 " 0100606
0.0110541
o.0126346

0 " 0115447
o.oL27269
0 " 0110854
0"0135017
0 " 0158593

0 . 007171 3
o.oo87292
0 " 0083737
0 " 0103056
o "or242ar

Sample No.

4L
42
43
44
45

46
47
48
49
50

51
52
53
54
55

56
57
58
59
60

61
62
63
64
65

66
67
68
69
70

7T
72
73
74
75

'76

77
78
79
80

F (x)
o

20r

0. 0912401
o.L056272
0.1057445
0. 1129161
0.Io65284

0.1195963
o.1220076
0.I273093
0.1338856
0.1381915

0. 1417659
o.1427845
o .I4497 32
0.1488667
0.l-506227

0.1536317
0.1549835
0.1s62855
o.1636022
0.t642380

o "l-642919
0.1694649
o "t7 47696
0.1761673
o "r781278

0. 1789645
o.1802092
0.1834876
o "t847226
0 " 1868037

0 " t937984
o.L938027
0 " 1939073
0" 1971699
0.2003505

0.201_7199
0 "2052242
0.2128502
0. 2150518
o. 2188576

0.0112599
0.0006272
0 .0017555
0 .0029161
o.oo40284

0.0045963
0.0045076
0.0073093
0.0113856
0.0131915

o.0142659
o.oI27845
o.oI24732
0 . 01 38667
o.oI3I227

0.0136317
0.0124835
0.0112855
0.0161022
0.0142380

0. 0117919
o.oI44649
o "o]-72696
0.0161673
0 " 0155278

0.0139645
o.oI27092
0 .01 34876
o "0122226
0.0118037

o.0162984
0.0138027
0.0L14073
0.0121699
0.0128505

0. 01r.7199
o "oI27242
0 " 0178502
0 " 0175518
0. 0188576



Sample No.

81
82
83
84
85

86
87
88
89
90

91
92
93
94
95

96
97
98
99

100

101
r02
103
104
105

106
107
108
109
110

111
TI2
113
II4
1l-5

116
117
118
119
120

F (x)
o

o.2245925
o.2279994
o.2294847
0.2320881
o.234I4I7

o.2356749
o.2367458
o.2402956
o "24I2I29
o.2431484

o.2441505
o .244507 4
o.2471016
o.250II27
o "2543882

0. 2s59190
o "262024I
0.2631393
o.2636092
o "2642724

o.2654969
o "2665557
o " 267 6567
o "2767I25
o "277 6943

o "2782799
0 " 2786090
o "28IO290
o "2866665
0" 2898238

0. 2905603
o.2907652
o "2908947
0 " 2910615
o "294250I

o "29947 46
o.2998662
0" 3004278
0.3012651
0" 3017896

o.0220925
o.0229994
o.o2L9847
0. 0220881
o "0216417

:

o.0206749
0.0192458
0.0202956
0.0187129
0.0181484

0.0166505
0. 0145074
0.0146016
0 " 01 sl127
0.0168882

0.0159190
0. 0195241
0.0181393
0.0161092
o.0742724

o "0]-29969
0.0115557
0.0101567
0 " 0167125
0.0151-943

o.or32799
0 " 0111090
0.0110290
0 " 014166s
0.0148238

0 " 0130603
o "olo7652
0 " 0083947
0 " 0060615
0 " 0067501

o.oo947 46
o "o073662
o "oo54278
o.0037651
0" 0017896

Sample No.

12L
I22
]-23
l-24
L25

r26
r27
128
I29
130

131
132
133
134
135

136
r37
138
139
140

141
r42
143
144
145

r46
r47
148
L49
150

1s1
]-52
153
]-54
155

156
L57
158
159
160

F (x)
o

202

0. 3044198
0. 3069517
0. 3075683
0. 3092059
o. 3105328

0. 3202865
o.3241293
o .3247 457
o.3254904
o.3272295

o.332849r
0. 3330126
0. 3331809
0. 3365925
o.34t7IAL

D

0.0019198
0. 0019517
0.000683
0.0007941
0.0019672

0.0052865
0.0065293
o .oo47 457
o.oo29904
o.oo22295

0.0053491
0.0030126
0. 0006809
0.0015925
0.0042t_41

0.0049517
0.0039641
o.ooT7712
0.0020864
0. 0004609

0.0001_844
0.0003945
o.oo39223
0 .0070005
0. 01 39848

o "or32275
0.0123501
0. 0146814
0.0130980
0.0108136

o "0rr3272
o.oo92293
0.0070865
0.0063579
0.0056365

0.0048342
0. 0052903
0.0031058
0.00131_28
0 " 0026585

0.
0.

U.
0.

34495I7
346464r
34677l-2
3495864
3s04 609

3s2 31 56
3 s5 3945
3614223
3670005
37 64848

0.
0.
U.
0"
0-

0.3782275
0.3798501
0.3846814
0.3855980
0 " 3858136

o "3888272
o.3892293
0 " 3895865
0. 3913579
0.3931365

o -3948342
0.3977903
0. 3981058
0 " 3988128
0 " 4026585



Sample No.

161
r62
163
164
165

166
r67
168
169
170

171
r72
r73
I74
r75

176
L77
178
179
180

181
182
183
184
185

186
787
188
189
190

191
792
193
194
195

196
197
l_98
l_99
200

F (x)
o

0. 4030791
0.4037060
0. 4037089
0.0405337
0. 4058686

o.4078403
o.4]-21469
o.4L67I29
0.4178250
o.4193732

o.4209239
o.425722I
o.4290001
0.4303250
o "4327928

o .437 37 02
o.4391247
o.4491979
0.4518848
o .454677 4

0. 4556355
o.4559420
o.4622120
o.4639142
o.4644565

o.4682753
0.4698648
o "4724046
o .47 43903
o.483749I

o.4845458
o.4872596
o.4940922
o "4942332
o.4946148

o "494820I
0. 5030714
0.5045453
o.5046222
o " 5052192

o.0005791
o. 0012940
0. 0037911
0. 0054663
0 " 0066314

0.0071597
0.0053531
0. 0032871
o. 0046750
0.0056258

0. 0065761
o.0042779
0. 0034999
0.0046750
o.oo47072

o.0026298
0.0033753
0.0041979
0.0043848
o.004677 4

0 . 0031 355
0.0009420
o.oo47r20
0.0039142
0. 00L9565

0.0052753
0. 002 3648
o.0024046
0.0018903
0.0087491

:

o. 0070458
o "oo72596
o.orr5922
o "oo92332
0 " 0071148

0 . o048201
0. 0105714
0.0095453
o.0071222
o.oo52r92

Sample No.

20I
202
203
204
205

206
207
208
209
2IO

211
2I2
2I3
274
2r5

2I6
2I7
218
2l-9
220

22I
222
223
224
225

226
227
,)to

229
230

23r
232
233
234
235

236
237
238
239
240

F (x)
o

o.5094243
0.5133484
o.5152620
0.5158925
0.5175584

0 .5196161
o.5225709
o -528L929
0.5317260
o.5347342

o.5362149
0.5377890
0 . 5 396907
o.54l-7909
0.5428038

o.5450272
0.5485203
0.5493450
0.552340I
o .5588662

0.5626119
0.5641837
o.5611715
o.5121065
o.5732370

0 " 5749108
0 " 5787606
0.5788353
0.5809619
o.58347r'7

0.5847804
0 " 5877081
o.5877979
0.5884555
0.5900311

o "5917932
o.5922953
0.5963668
o.5970457
o.597266I

203 .

0 . 006924 3

0 .0083484
o.oo77620
0.0058925
0 .0050584

0.004616r
0. 0050709
0.0081929
o.0092260
o.oo9'7342

0 . 008714 9
0.0077890
0.0071907
0.0067909
0.0053038

0.oo50272
0.0060203
0.0043450
0.0048401
0.0088662

0.0101119
0.0091837
0.0102715
0.0127065
0 . 0107 370

0.0099108
0.0112606
0.0088353
0.0084619
0 . 008471 7

o.0072804
0.0077081
o.oo52979
0.0034555
0.0025311

0.0017932
0.0002047
0 . 001 3668
0 .0004 54 3
0.0027339



Sample No.

24r
242
243
244
245

246
247
248
249
250

25I
252
253
254
1trtr

256
257
258
tqô

260

26I
262
263
264
265

266
267
268
269
2to

27I
272
273
274
275

276
277
278
279
280

F (x)
o

0.5983895
0.6008054
0.6063070
0.6063361
0.6070373

0.6072513
0.6086111
0.6098490
0.6103441
0.6178719

o.6209279
0.6211284
o -6222794
o "6297374
0 " 6313393

0.633s197
0.6384551
o.6419962
0. 6420085
0.6433911

0.6435337
0.6435695
o.6449623
o.6462676
0.6482838

0.6569043
0.6572998
0 " 6590119
o.6623902
o.6657457

0.6700020
o "67 46837
o "6770985
o "677593I
o "6790295

0. 6832159
0.6837620
o.6887329
o "6925477
0.6958687

0.0041105
0.0041946
0.0011930
0.0036639
o.oo54627

o.oo77487
0.0088889
0.0101510
0.0121559
0.0071281

0.0065721
0.0088716
0. 0102206
0.0052626
0.0061607

0 " 0064803
o.oo40449
0.0030038
0.0054915
0.0066089

0.0089663
0.0114305
o "oI25377
0.0137324
o "0142162

0. 0080957
0. 0102002
0 " 0109881
0 " 0101098
o "oo92549

0 " 0074980
0.0053163
0 " 0054015
0 " 0074069
0 " 0084705

0 " 0067841
0 " 0087380
o "006267l
o "oo49523
0 " 00413t- 3

Sample No.

28I
282
283
284
285

286
287
288
289
290

29I
292
293
294
295

296
297
298
299
300

301
302
303
304
305

306
307
308
309
310

311
312
313
314
315

316
3r7
318
319
320

F (x)
o

0 . 69685 35
0.6980414
0 .6992188
o.7032399
o "7071993

o.7LO4792
o.7I47435
o.7I47652
o.7200382
0.7201566

o.7266538
0.7317853
0 .7320083
o .7 343152
o.7438764

o.7362705
o .7 4I0640
0.7440907
o .7 460152
o .7 46626I

0.7515113
o.1526715
0.7558809
0.7565354
o.7663382

o.7685265
0.7685595
o.7724933
o.7755067
0 "7758984

o "776164I
o.7795399
9.7803536
o "7804666
0 " 7850998

o.7857293
0.7917811
o "7949II7
0 .7970051
0 .7973830

204

0.0056465
0.0069586
0.0082812
0 .0067601
o . 005 3007

0.0045208
o.oo27565
0 . 0052 348
0. 0024618
0.0048434

0 .0008462
0.0017853
0.0004917
0.0006848
0 . 00162 36

o.oo37295
0 .0014 360
0 .0009093
0.0014248
0.0033739

0 .0009887
o.0023225
0.0016191
0.0034646
0 " 0038382

0.0035265
0.001_0595
0.0024933
0 " 0030067
0. 0008984

0 " 0013359
0 " 0004601
o.0021464
0. 0046334
o "oo24002

o.oo42707
0. 0007189
0.0000883
0. 0004949
0.0026170



Samp1e No"

32I
322
323
324
325

326
327
328
329
330

331
332
333
334
335

336
337
338
339
340

34I
342
343
344
345

346
347
348
349
350

351
352
353
354
355

356
357
358
359
360

F (x)
o

o "7994036
0. 8057349
0.8091610
0. 8110680
0.8148891

0. 8156408
0.8186834
0.8188545
0. 8289555
0.8337360

o.8362234
0.8368088
0.8373189
o.8376979
o.8377I22

0.8384657
0.8385233
o.8473'793
o.847828I
0. 8540507

0.8561283
0. 8598576
0.8599110
0.8602048
0.8617998

0. 8628978
0 " 8637082
0. 8641409
0.8682020
o .8697 443

0"8701251
o.8717375
0 " 8739559
0 " 8876835
0.691_2151

0" 8920560
o "8922736
0 " 8929356
0 " 8952355
0. 8978117

D
n

0.0030964
0.0007349
0 " 0016610
0.0010680
0 " 0023891

0 " 0006408
0.00LL834
0. 0011455
0. 0064555
0.0087360

o.0081234
0 " 0068088
0.0048I89
o.0026979
o.ooo2\22

0.0015343
0.0039767
o.0023793
0 .0003281
0.0040507

0 " 0036283
0. 0048576
0.0024110
0. 0002048
0.0007002

o "oo2Lo22
0 " 0037918
o " 0058591
0 " 0042980
0 " 0052557

o"oo73749
o "0082625
0 " 0085441
0 " 0026835
0 " 0037151

0 " 0020560
o.0002264
0 " 0020144
o "0022645
o " 0021883

Sample No.

361_

362
363
364
365

366
367
368
369
370

37r
372
373
374
375

376
377
378
379
380

381
382
383
384
385

386
387
388
389
390

391
392
393
394
395

396
39'l
398
399
400

F (x)
o

0 . 8981 896
0.8993798
0.9069900
0.9073136
o .9082895

0.9086437
0.9147861
o .922877 5

0.9309966
o.9337227

0.9349351
0. 9367099
0.9399195
o.9418746
o.9428443

o.9428534
o.9429186
o.9429726
o.9455487
0 .951 8900

o.9525326
o.95946]-2
0.9641373
0.9659398
0.9661687

o.9684954
o -9691284
o.972398L
o .97 40395
0 " 9760053

o.9776249
0. 9788956
0 .9817964
o.9827256
o "9827616

0.9865517
0.9865580
0. 9915465
o.9929894
o.9987203

205.

0.0043104
o.0056202
0.0005100
0.0026864
0.0042105

0. 0063563
0.0027L39
o.oo28775
0.0084966
o.oo87227

0 . 0074 351
0 .0067099
0 .0074195
0.0068146
0.0053443

0 .0028534
0.0004186
o .oo2027 4
0 . 001951 3
0 .0018900

0 .0000326
o.oo44612
0 .0066373
0 .0059398
0.0036687

0 " 0034954
o.oot 6284
0 . 002 3981
0.0015395
0 . 001005 3

0.0001249
0.0011044
0 .0007036
o .oo227 44
0"0047383

0 " 0034483
0 "0059420
0. 00345 35
0 .004sl06
o.oor2797
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