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ABSTRACT 

Joint modeling (JM) of longitudinal and survival data is important in fields such as public 

health, education, medicine, and social sciences, where understanding how changes in repeated 

measures over time relate to the occurrence of key events is essential. Cluster randomized 

controlled trials (CRCTs), in which groups rather than individuals are randomized, have become 

increasingly popular for assessing group-based treatments or interventions such as educational or 

mental health programs. However, standard JMs often struggle to accommodate the hierarchical 

and correlated nature of data inherent in CRCTs, resulting in biased estimates and inefficient 

analyses. These limitations are compounded by the computational demands associated with 

standard Bayesian approaches, which typically rely on complex numerical integration or 

techniques like the “zero-trick” for modeling survival outcomes.  

This dissertation addressed these methodological gaps by developing a computationally 

efficient joint modeling framework and subsequently extending it into a Bayesian multilevel 

joint model (MJM) specifically tailored for CRCTs. Two interconnected studies were conducted 

to achieve these objectives. 

The first study proposes a new joint modeling framework leveraging a Poisson regression 

approximation for the survival submodel. Extensive simulation studies demonstrated that this 

proposed Poisson-based approach maintains estimation accuracy under various conditions while 

substantially reducing computational complexity. Comparisons with existing approaches (e.g., 

JMbayes) in the simulation studies and real-world application indicated that the proposed 

Poisson-based method provided comparable or superior accuracy and fewer convergence issues, 

even under moderate censoring rates and smaller sample sizes. This new framework provides a 
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foundation for more accessible and practical joint modeling applications in standard individual-

level analyses. 

The second study extends this Poisson-based approach into a multilevel setting to account 

explicitly for nested structures inherent in CRCTs, resulting in the proposed MJM. This model 

incorporates a three-level hierarchical structure—repeated measures nested within individuals 

and individuals nested within groups. The model incorporates random effects, covariates and 

interactions across all levels, enabling a comprehensive evaluation of direct and indirect 

intervention effects on longitudinal outcomes and event times. Simulation studies and empirical 

analyses demonstrated that ignoring this hierarchical structure systematically underestimated 

intervention effects, and inflated Type I error rates. Moreover, the proposed MJM more 

accurately recovers other fixed and random effects parameters, as well as the association 

between longitudinal and survival outcomes.  

Overall, this thesis significantly advances joint modeling methodology by offering a 

robust, flexible, and computationally efficient multilevel framework, ideally suited to CRCT 

designs and similar hierarchical studies. The findings underscore the necessity of incorporating 

multilevel structures into analyses of clustered data. This work provides valuable methodological 

guidance and practical tools for applied statisticians, epidemiologists, intervention researchers, 

and policymakers, facilitating more accurate, nuanced, and policy-relevant evaluations of 

complex interventions within real-world clustered settings. 



iii 

 

ACKNOWLEDGEMENTS 

First and foremost, I would like to express my deepest gratitude to my supervisor, Dr. 

Depeng Jiang, for his unwavering support, continuous guidance, and invaluable expertise 

throughout my research journey. His mentorship has been instrumental in shaping both my 

academic development and the success of my career. I am also sincerely thankful to my 

committee members, Dr. Mahmoud Torabi and Dr. Xeukui Zhang, for their insightful feedback 

and constructive suggestions, which have significantly enriched this project.  

 I am incredibly grateful to the staff and students at the George & Fay Yee Centre for 

Healthcare Innovation (CHI) who have made my graduate experience both unique and 

memorable. Special thanks to Dr. Lisa Lix for providing a welcoming office space, where I 

received tremendous support from CHI staff and fellow students. The CHI platform offered me 

numerous opportunities to grow – not only in technical skills but also in communication, 

leadership, and collaboration – through organizing events, participating in platform meetings, 

and engaging in both academic and social activities. These experiences were especially 

meaningful to an international student like me. Specifically, I would like to thank Dr. Robert 

Balshaw and Brenden Dufault for their invaluable assistance with critical thinking, addressing 

analytical challenges, and sharing excellent statistical tools and resources. My sincere thanks also 

go to Rob and Dr. Olawale F. Ayilara for the teaching opportunities, and to Naomi Hamm and 

Olawale for their friendship and thoughtful advice during my PhD journey. I am also very 

grateful to Josie for her continuous moral and administrative support.  

Many thanks to my friends – Liujun Chen, Toby Le, Viktoriya Vasylkiv, Shi Zhang, Yan 

Sin Leung, Hassan Maleki Golandouz, and all the students in Dr. Lix's and Dr. Jiang's research 

groups for their camaraderie and encouragement throughout this journey.  



iv 

 

I gratefully acknowledge the funding sources that made this work possible: the Visual 

and Automated Data Analytics Graduate Training Program, the University of Manitoba 

International Graduate Student Entrance Scholarship, and funding from my advisor. I also thank 

the Digital Alliance of Research Canada for providing high-performance computing resources 

used in my simulations.  

I am especially thankful to Dr. Robert Tate and Dr. Philip St. John for providing the data 

used in the first part of this research and for their guidance during the analysis. I also extend my 

gratitude to the staff at the Manitoba Centre for Health Policy – particularly Charles Burchill, 

Heather Prior, and Scott McCulloch – for their efforts in preparing the data used in the second 

part of this research.  

Lastly, I extend my deepest gratitude to my family, extended family, and friends for their 

unwavering love and encouragement. A special thank you to my husband for his constant 

support, patience, and understanding throughout this journey. 



v 

 

DEDICATION 

To my beloved son, may you always be fearless in pursuing your dreams. Let your curiosity 

guide you, and may your passion fuel the journey. 



vi 

 

 TABLE OF CONTENTS 

ABSTRACT ..................................................................................................................................... i 

ACKNOWLEDGEMENTS ........................................................................................................... iii 

DEDICATION ................................................................................................................................ v 

TABLE OF CONTENTS ............................................................................................................... vi 

LIST OF TABLES .......................................................................................................................... x 

LIST OF FIGURES ................................................................................................................... xviii 

Chapter 1. Introduction ............................................................................................................. 1 

1.1 Overview ......................................................................................................................... 1 

1.2 Purpose and Objectives ................................................................................................... 5 

1.3 Organization of Thesis .................................................................................................... 5 

1.4 Reference ........................................................................................................................ 6 

Chapter 2. Improved Joint Modeling of Longitudinal and Survival Data Using a Poisson 

Regression Approach ...................................................................................................................... 1 

2.1 Overview ......................................................................................................................... 1 

2.2 Abstract ........................................................................................................................... 2 

2.3 Introduction ..................................................................................................................... 2 

2.4 Model Formulation ......................................................................................................... 4 

2.4.1 Longitudinal submodel ............................................................................................... 4 

2.4.2 Survival submodel ...................................................................................................... 5 

2.5 Bayesian Inference .......................................................................................................... 7 

2.5.1 Likelihood function ..................................................................................................... 7 

2.5.2 Prior distributions........................................................................................................ 8 



vii 

 

2.6 Simulation study ........................................................................................................... 10 

2.6.1 Data generation ......................................................................................................... 11 

2.6.2 Simulation design...................................................................................................... 12 

2.6.3 JMbayes .................................................................................................................... 13 

2.6.4 Simulation results...................................................................................................... 14 

2.6.4.1 Scenario 1.......................................................................................................... 14 

2.6.4.2 Scenario 2.......................................................................................................... 19 

2.6.4.3 Computing time ................................................................................................ 25 

2.7 Application on data from Manitoba Follow-Up Study (MFUS) .................................. 26 

2.7.1 Data Description ....................................................................................................... 26 

2.7.2 Implementation of the Proposed Method and JMbayes ............................................ 27 

2.8 Discussion ..................................................................................................................... 30 

2.9 References ..................................................................................................................... 31 

2.10 SUPPLEMENTARY MATERIALS ............................................................................ 38 

2.10.1 Supplementary 1 Statistics to evaluate performance of the proposed method and 

JMbayes 38 

2.10.2 Supplementary 2 Sensitivity analysis for prior specifications .............................. 56 

2.10.3 Supplementary 3 Cluster, resources, number of parallels, and computing time ... 70 

2.10.4 Supplementary 4 Diagnostic plots of MCMC chains for the real study ............... 73 

2.10.5 Supplementary 5 An example of replicates that had non-converged MCMCs using 

JMbayes 77 

Chapter 3. A Bayesian multilevel joint modelling of longitudinal and survival outcomes in 

cluster randomized controlled trial studies ................................................................................... 79 



viii 

 

3.1 Overview ....................................................................................................................... 79 

3.2 Abstract ......................................................................................................................... 80 

3.3 Introduction ................................................................................................................... 82 

3.4 Model Formulation ....................................................................................................... 86 

3.4.1 Longitudinal submodel ............................................................................................. 86 

3.4.2 Survival submodel .................................................................................................... 87 

3.5 Estimation and inference ............................................................................................... 89 

3.5.1 Posterior distribution ................................................................................................. 89 

3.5.2 Prior distributions...................................................................................................... 91 

3.5.3 Bayesian inference .................................................................................................... 92 

3.6 Application on data from the PAX program ................................................................. 92 

3.6.1 Data source and study population ............................................................................. 92 

3.6.2 Outcomes .................................................................................................................. 94 

3.6.3 Covariates ................................................................................................................. 95 

3.6.4 Results ....................................................................................................................... 95 

3.7 Simulation study ......................................................................................................... 105 

3.7.1 Data generation ....................................................................................................... 105 

3.7.2 Simulation design.................................................................................................... 107 

3.7.2.1 Impact of ignoring the group level .................................................................. 108 

3.7.2.2 Simulation conditions ..................................................................................... 110 

3.7.3 Simulation results.................................................................................................... 112 

3.7.3.1 Proposed MJM ................................................................................................ 112 

3.7.3.2 Impact of ignoring the group level .................................................................. 116 



ix 

 

3.8 Discussion ................................................................................................................... 120 

Acknowledgement ................................................................................................................... 125 

Data availability ...................................................................................................................... 126 

3.9 Reference .................................................................................................................... 126 

3.10 SUPPLEMENTARY MATERIALS .......................................................................... 134 

3.10.1 Appendix 1 Simulation studies to evaluate performance of the proposed 

multilevel joint model (MJM) ............................................................................................. 134 

3.10.2 Appendix 2 Simulation studies to evaluate the impact of ignoring the group level

 158 

3.10.3 Appendix 3 Trace plots of MCMC chains for the real study (PAX) .................. 182 

3.10.4 Appendix 4 Trace plots of MCMC chains for a random replicate in the simulation 

studies for the proposed MJM ............................................................................................. 188 

Chapter 4. Summary ............................................................................................................. 191 

4.1 Research findings ........................................................................................................ 191 

4.2 Strengths and Limitations ........................................................................................... 196 

4.3 Conclusions and Future directions .............................................................................. 199 

4.4 Reference .................................................................................................................... 202 

Appendix: Contributions of Authors .......................................................................................... 206 

 
 



x 

 

LIST OF TABLES 

Table 2-1 True values of parameters in the simulation study ....................................................... 12 

Table 2-2 Results of data from MFUS .......................................................................................... 29 

Table 2-3-A Simulation studies scenario 1: results of the proposed method when sample size = 

200, censoring rate = 10% and 20%, Q = 15, 10, 7 ...................................................................... 38 

Table 2-3-B Simulation studies scenario 1: results of the proposed method when sample size = 

200, censoring rate = 10% and 20%, Q = 5, 3 .............................................................................. 39 

Table 2-4-A Simulation studies scenario 1: results of the proposed method when sample size = 

200, censoring rate = 50% and 70%, Q = 15, 10, 7 ...................................................................... 40 

Table 2-4-B Simulation studies scenario 1: results of the proposed method when sample size = 

200, censoring rate = 50% and 70%, Q = 5, 3 .............................................................................. 41 

Table 2-5-A Simulation studies scenario 1: results of the proposed method when sample size = 

500, censoring rate = 10% and 20%, Q = 15, 10 .......................................................................... 42 

Table 2-5-B Simulation studies scenario 1: results of the proposed method when sample size = 

500, censoring rate = 10% and 20%, Q = 7, 5 .............................................................................. 43 

Table 2-6-A Simulation studies scenario 1: results of the proposed method when sample size = 

500, censoring rate = 50% and 70%, Q = 15, 10 .......................................................................... 44 

Table 2-6-B Simulation studies scenario 1: results of the proposed method when sample size = 

500, censoring rate = 50% and 70%, Q = 7, 5 .............................................................................. 45 

Table 2-7-A Simulation studies scenario 1: results of JMbayes when sample size is 200, 

censoring rate = 10%, 20% ........................................................................................................... 46 

Table 2-7-B Simulation studies scenario 1: results of JMbayes when sample size is 200, 

censoring rate = 50%, 70% ........................................................................................................... 47 



xi 

 

Table 2-8-A Simulation studies scenario 1: results of JMbayes when sample size is 500, 

censoring rate = 10%, 20% ........................................................................................................... 48 

Table 2-8-B Simulation studies scenario 1: results of JMbayes when sample size is 500, 

censoring rate = 50%, 70% ........................................................................................................... 49 

Table 2-9-A Simulation studies scenario 2: results of the proposed method when sample size = 

200, censoring rate = 10%, 20% ................................................................................................... 50 

Table 2-9-A Simulation studies scenario 2: results of the proposed method when sample size = 

200, censoring rate = 50% ............................................................................................................ 51 

Table 2-10-A Simulation studies scenario 2: results of the proposed method when sample size = 

500, censoring = 10%, 20% .......................................................................................................... 52 

Table 2-10-B Simulation studies scenario 2: results of the proposed method when sample size = 

500, censoring = 50% ................................................................................................................... 53 

Table 2-11 Simulation studies scenario 2: results of JMbayes when sample size = 200 .............. 54 

Table 2-12 Simulation studies scenario 2: results of JMbayes when sample size = 500 .............. 55 

Table 2-13-A Sensitivity analysis in scenario 1: results of the proposed method when sample size 

= 200, censoring rate = 10% and 20%, location parameters ......................................................... 56 

Table 2-13-B Sensitivity analysis in scenario 1: results of the proposed method when sample size 

= 200, censoring rate = 10% and 20%, scale parameters and variance-covariance matrix for 

random effects ............................................................................................................................... 57 

Table 2-14-A Sensitivity analysis in scenario 1: results of the proposed method when sample size 

= 200, censoring rate = 50% and 70%, location parameters ......................................................... 58 



xii 

 

Table 2-14-B Sensitivity analysis in scenario 1: results of the proposed method when sample size 

= 200, censoring rate = 50% and 70%, scale parameters and variance-covariance matrix for 

random effects ............................................................................................................................... 59 

Table 2-15-A Sensitivity analysis in scenario 1: results of the proposed method when sample size 

= 500, censoring rate = 10% and 20%, location parameters ......................................................... 60 

Table 2-15-B Sensitivity analysis in scenario 1: results of the proposed method when sample size 

= 500, censoring rate = 10% and 20%, scale parameters and variance-covariance matrix for 

random effects ............................................................................................................................... 61 

Table 2-16-A Sensitivity analysis in scenario 1: results of the proposed method when sample size 

= 500, censoring rate = 50% and 70%, location parameters ......................................................... 62 

Table 2-16-B Sensitivity analysis in scenario 1: results of the proposed method when sample size 

= 500, censoring rate = 50% and 70%, scale parameters and variance-covariance matrix for 

random effects ............................................................................................................................... 63 

Table 2-17-A Sensitivity analysis for scenario 2: results of the proposed method when sample 

size = 200, location parameters ..................................................................................................... 64 

Table 2-17-B Sensitivity analysis for scenario 2: results of the proposed method when sample 

size = 200, scale parameters and variance-covariance matrix for random effects ........................ 65 

Table 2-18-A Sensitivity analysis for scenario 2: results of the proposed method when sample 

size = 500, location parameters ..................................................................................................... 67 

Table 2-18-B Sensitivity analysis for scenario 2: results of the proposed method when sample 

size = 500, scale parameters and variance-covariance matrix for random effects ........................ 68 

Table 2-19-A Cluster, resources, number of parallels, and computing time for scenario 1, 

censoring rate = 10%, 20% ........................................................................................................... 70 



xiii 

 

Table 2-19-B Cluster, resources, number of parallels, and computing time for scenario 1, 

censoring rate = 50%, 70% ........................................................................................................... 71 

Table 2-20. Cluster, resources, number of parallels, and computing time for scenario 2 ............. 72 

Table 3-1 Descriptive statistics of the final study cohort .............................................................. 96 

Table 3-2 Descriptive statistics for the outcomes ......................................................................... 97 

Table 3-3 Results of proposed multilevel joint model with and without covariates ..................... 99 

Table 3-4 Results of MJM versus standard JM ignoring the group level ................................... 104 

Table 3-5 True values of parameters in the simulation study ...................................................... 111 

Table 3-6-A Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the 

longitudinal submodel = 0.1, group-level variance in the survival submodel = 0.4, K = 11 ...... 134 

Table 3-6-B Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the 

longitudinal submodel = 0.1, group-level variance in the survival submodel = 0.4, K = 7 ........ 135 

Table 3-6-C Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the 

longitudinal submodel = 0.1, group-level variance in the survival submodel = 0.4, K = 3 ........ 136 

Table 3-7-A Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the 

longitudinal submodel = 0.1, group-level variance in the survival submodel = 1, K = 11 ......... 137 

Table 3-7-B Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the 

longitudinal submodel = 0.1, group-level variance in the survival submodel = 1, K = 7 ........... 138 

Table 3-7-C Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the 

longitudinal submodel = 0.1, group-level variance in the survival submodel = 1, K = 3 ........... 139 

Table 3-8-A Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the 

longitudinal submodel = 0.3, group-level variance in the survival submodel = 0.4, K = 11 ...... 140 



xiv 

 

Table 3-8-B Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the 

longitudinal submodel = 0.3, group-level variance in the survival submodel = 0.4, K = 7 ........ 141 

Table 3-8-C Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the 

longitudinal submodel = 0.3, group-level variance in the survival submodel = 0.4, K = 3 ........ 142 

Table 3-9-A Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the 

longitudinal submodel = 0.3, group-level variance in the survival submodel = 1, K = 11 ......... 143 

Table 3-9-B Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the 

longitudinal submodel = 0.3, group-level variance in the survival submodel = 1, K = 7 ........... 144 

Table 3-9-C Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the 

longitudinal submodel = 0.3, group-level variance in the survival submodel = 1, K = 3 ........... 145 

Table 3-10-A Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the 

longitudinal submodel = 0.1, group-level variance in the survival submodel = 0.4, K = 11 ...... 146 

Table 3-10-B Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the 

longitudinal submodel = 0.1, group-level variance in the survival submodel = 0.4, K = 7 ........ 147 

Table 3-10-C Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the 

longitudinal submodel = 0.1, group-level variance in the survival submodel = 0.4, K = 3 ........ 148 

Table 3-11-A Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the 

longitudinal submodel = 0.1, group-level variance in the survival submodel = 1, K = 11 ......... 149 

Table 3-11-B Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the 

longitudinal submodel = 0.1, group-level variance in the survival submodel = 1, K = 7 ........... 150 

Table 3-11-C Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the 

longitudinal submodel = 0.1, group-level variance in the survival submodel = 1, K = 3 ........... 151 



xv 

 

Table 3-12-A Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the 

longitudinal submodel = 0.3, group-level variance in the survival submodel = 0.4, K = 11 ...... 152 

Table 3-12-B Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the 

longitudinal submodel = 0.3, group-level variance in the survival submodel = 0.4, K = 7 ........ 153 

Table 3-12-C Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the 

longitudinal submodel = 0.3, group-level variance in the survival submodel = 0.4, K = 3 ........ 154 

Table 3-13-A Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the 

longitudinal submodel = 0.3, group-level variance in the survival submodel = 1, K = 11 ......... 155 

Table 3-13-B Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the 

longitudinal submodel = 0.3, group-level variance in the survival submodel = 1, K = 7 ........... 156 

Table 3-13-C Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the 

longitudinal submodel = 0.3, group-level variance in the survival submodel = 1, K = 3 ........... 157 

Table 3-14-A Results of the proposed MJM versus standard JM censoring rate 20%, n = 50, L3 

ICC in longitudinal outcome = 0.1, variance at L2 in survival = 0.4 ......................................... 158 

Table 3-14-B Results of the proposed MJM versus standard JM censoring rate 20%, n = 50, L3 

ICC in longitudinal outcome = 0.1, variance at L2 in survival = 1 ............................................ 159 

Table 3-14-C Results of the proposed MJM versus standard JM censoring rate 20%, n = 50, L3 

ICC in longitudinal outcome = 0.3, variance at L2 in survival = 0.4 ......................................... 160 

Table 3-14-D Results of the proposed MJM versus standard JM censoring rate 20%, n = 50, L3 

ICC in longitudinal outcome = 0.3, variance at L2 in survival = 1 ............................................ 161 

Table 3-15-A Results of the proposed MJM versus standard JM censoring rate 20%, n = 100, L3 

ICC in longitudinal outcome = 0.1, variance at L2 in survival = 0.4 ......................................... 162 



xvi 

 

Table 3-15-B Results of the proposed MJM versus standard JM censoring rate 20%, n = 100, L3 

ICC in longitudinal outcome = 0.1, variance at L2 in survival = 1 ............................................ 163 

Table 3-15-C Results of the proposed MJM versus standard JM censoring rate 20%, n = 100, L3 

ICC in longitudinal outcome = 0.3, variance at L2 in survival = 0.4 ......................................... 164 

Table 3-15-D Results of the proposed MJM versus standard JM censoring rate 20%, n = 100, L3 

ICC in longitudinal outcome = 0.3, variance at L2 in survival = 1 ............................................ 165 

Table 3-16-A Results of the proposed MJM versus standard JM censoring rate 20%, n = 200, L3 

ICC in longitudinal outcome = 0.1, variance at L2 in survival = 0.4 ......................................... 166 

Table 3-16-B Results of the proposed MJM versus standard JM censoring rate 20%, n = 200, L3 

ICC in longitudinal outcome = 0.1, variance at L2 in survival = 1 ............................................ 167 

Table 3-16-C Results of the proposed MJM versus standard JM censoring rate 20%, n = 200, L3 

ICC in longitudinal outcome = 0.3, variance at L2 in survival = 0.4 ......................................... 168 

Table 3-16-D Results of the proposed MJM versus standard JM censoring rate 20%, n = 200, L3 

ICC in longitudinal outcome = 0.3, variance at L2 in survival = 1 ............................................ 169 

Table 3-17-A Results of the proposed MJM versus standard JM censoring rate 60%, n = 50, L3 

ICC in longitudinal outcome = 0.1, variance at L2 in survival = 0.4 ......................................... 170 

Table 3-17-B Results of the proposed MJM versus standard JM censoring rate 60%, n = 50, L3 

ICC in longitudinal outcome = 0.1, variance at L2 in survival = 1 ............................................ 171 

Table 3-17-C Results of the proposed MJM versus standard JM censoring rate 60%, n = 50, L3 

ICC in longitudinal outcome = 0.3, variance at L2 in survival = 0.4 ......................................... 172 

Table 3-17-D Results of the proposed MJM versus standard JM censoring rate 60%, n = 50, L3 

ICC in longitudinal outcome = 0.3, variance at L2 in survival = 1 ............................................ 173 



xvii 

 

Table 3-18-A Results of the proposed MJM versus standard JM censoring rate 60%, n = 100, L3 

ICC in longitudinal outcome = 0.1, variance at L2 in survival = 0.4 ......................................... 174 

Table 3-18-B Results of the proposed MJM versus standard JM censoring rate 60%, n = 100, L3 

ICC in longitudinal outcome = 0.1, variance at L2 in survival = 1 ............................................ 175 

Table 3-18-C Results of the proposed MJM versus standard JM censoring rate 60%, n = 100, L3 

ICC in longitudinal outcome = 0.3, variance at L2 in survival = 0.4 ......................................... 176 

Table 3-18-D Results of the proposed MJM versus standard JM censoring rate 60%, n = 100, L3 

ICC in longitudinal outcome = 0.3, variance at L2 in survival = 1 ............................................ 177 

Table 3-19-A Results of the proposed MJM versus standard JM censoring rate 60%, n = 200, L3 

ICC in longitudinal outcome = 0.1, variance at L2 in survival = 0.4 ......................................... 178 

Table 3-19-B Results of the proposed MJM versus standard JM censoring rate 60%, n = 200, L3 

ICC in longitudinal outcome = 0.1, variance at L2 in survival = 1 ............................................ 179 

Table 3-19-C Results of the proposed MJM versus standard JM censoring rate 60%, n = 200, L3 

ICC in longitudinal outcome = 0.3, variance at L2 in survival = 0.4 ......................................... 180 

Table 3-19-D Results of the proposed MJM versus standard JM censoring rate 60%, n = 200, L3 

ICC in longitudinal outcome = 0.3, variance at L2 in survival = 1 ............................................ 181 



xviii 

 

LIST OF FIGURES 

Figure 2-1 Simulation study scenario 1: relative bias, coverage probability for the proposed 

method........................................................................................................................................... 15 

Figure 2-2 Simulation study scenario 1: relative bias, coverage probability for JMbayes ........... 18 

Figure 2-3 Simulation study scenario 2: relative bias, coverage probability for the proposed 

method........................................................................................................................................... 21 

Figure 2-4 Simulation study scenario 2: Relative bias, coverage probability for JMbayes ......... 24 

Figure 2-5 Traceplots for parameters using the proposed method for data from MFUS .............. 73 

Figure 2-6 Autocorrelation plots for parameters using the proposed method for data from MFUS

....................................................................................................................................................... 75 

Figure 2-7 Traceplots for parameters using JMbayes for data from MFUS ................................. 76 

Figure 2-8 Autocorrelation plots for parameters using JMbayes for data from MFUS ................ 77 

Figure 2-9 Traceplots .................................................................................................................... 77 

Figure 3-1 Kaplan-Meier survival curves for the control and PAX group ................................... 98 

Figure 3-2 Simulation results: relative bias of parameters in the multilevel joint model, censoring 

rate of 20% .................................................................................................................................. 114 

Figure 3-3 Simulation results: relative bias of parameters in the multilevel joint model, censoring 

rate of 60% .................................................................................................................................. 116 

Figure 3-4 Simulation results: comparison of results from MJM versus standard JM (ignored the 

group level), censoring rate of 20% ............................................................................................ 117 

Figure 3-5 Simulation results: comparison of results from MJM versus standard JM (ignored the 

group level), censoring rate of 60% ............................................................................................ 119 

 



1 

 

Chapter 1. Introduction 

1.1 Overview 

Longitudinal and time-to-event outcomes are frequently collected in medical research, 

health studies, and clinical trials. Longitudinal outcomes consist of repeated measurements of 

health indicators – often referred to as biomarkers – collected over time to examine the trajectory 

of a disease or condition (Diggle, 2002). Time-to-event outcomes, commonly modeled using 

survival analysis, capture the time until the occurrence of events of interests, such as disease 

onset, hospitalization and death (Hosmer et al., 2008). Together, these outcomes provide crucial 

information about the status and changing pattern of a health condition and the timing of adverse 

events. When collected together, longitudinal and survival data enable researchers to investigate 

the dynamic progression of disease and the interplay between biological processes and clinical 

endpoints (Tsiatis & Davidian, 2004).  

Joint modeling (JM) of longitudinal and survival data has emerged as a powerful 

statistical framework for analyzing these outcomes simultaneously (Papageorgiou et al., 2019; 

Alsefri et al., 2020). Traditional approaches often analyze these outcomes separately – using 

linear mixed models (LMM) for longitudinal data and Cox proportional hazards (PH) models for 

survival data. However, separate analyses lead to biased estimates, especially when the 

longitudinal process is related to the survival process or when missing repeated measurements of 

the longitudinal outcome is related to the occurrence of the event (Prentice, 1982; Faucett & 

Thomas, 1996; Powney et al., 2014). Joint models address these challenges by linking the 

longitudinal and survival submodels through shared random effects or using the longitudinal 

outcomes in the survival model, allowing for a more accurate and comprehensive understanding 

of dynamic processes (Wulfsohn & Tsisatis, 1997; Henderson, 2000).  
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Over the past two decades, joint modeling has gained substantial popularity in biomedical 

and epidemiological research, with application in studies of HIV/AIDS, cancer, kidney, liver, 

and chronic conditions (Rizopoulos, 2012; He & Sheng, 2016). Methodological advancements 

have extended the joint modelling framework to accommodate multiple longitudinal outcomes, 

competing risks, multiple endpoints, and non-linear trajectories (Hickey et al., 2016, 2018). 

Despite these developments, several challenges remain. Most joint models rely on the 

proportional hazards (PH) model for the survival component, which can become computationally 

intensive in both frequentist and Bayesian settings. As joint models increase in complexity, the 

Bayesian approach has become more prominent due to its flexibility in handling random effects 

and explicitly tractable estimating procedures (Huang et al., 2014; Alsefri et al., 2020; Alvares & 

Rubio, 2021). However, Bayesian implementation typically requires two computationally 

intensive processes: the use of “zero-tricks” to handle complex likelihoods, and the numerical 

integration to approximate the survival function (Lunn et al., 2013),  which can be prohibitive for 

extensions to address complex data such as multilevel data.  

An alternative method to the PH models in survival analysis is the auxiliary Poisson 

modeling approach, originally introduced by Whitehead, (1980) and Laird & Olivier, (1981). 

Theoretical results have shown that the likelihood of the auxiliary Poisson model is proportional 

to that of the PH model with piecewise constant baseline hazards, leading to identical estimates 

under certain conditions. However, the integration of the auxiliary Poisson model into the joint 

modeling framework has received limited attention.  

Another limitation in the joint modeling literature is the common assumption of a simple 

two-level data structure, where repeated measures are nested within individuals. This assumption 

fails to capture the hierarchical clustering often present in fields such as educational, behavioral, 
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and public health. For example, in cluster randomized controlled trials (CRCTs), treatments or 

interventions are typically implemented at the group level (e.g., school, clinic), while outcomes 

are measured repeated at the individual level. Individuals within the same cluster may share 

environments, resources, and other contextual factors, leading to intra-cluster correlation. 

Multilevel modeling techniques have demonstrated that failure to account for this 

clustering can bias parameter estimates and underestimate standard errors, thereby compromising 

the evaluation of intervention effects (Wampold & Serlin, 2000; Moerbeek et al., 2003; 

Moerbeek, 2004). When jointly modeling longitudinal and survival outcomes in CRCTs, it is 

also essential to account for the nested structure – repeated measurements nested within 

individuals, and individuals nested within groups. Ignoring the group-level correlation in joint 

modeling framework can also lead to significant biased estimates and higher mean square errors 

(Kürüm et al., 2021).  

The CRCT studies traditionally assess intervention effectiveness by analyzing 

improvements in biomarker and reductions in the risk of a clinical event. Joint modeling can 

enhance these evaluations by allowing for the simultaneous evaluation of: a) direct effects of the 

intervention on the longitudinal outcome, b) direct effects on the risk of an event, c) and the 

indirect effects on the risk of an event mediated through the association between the longitudinal 

and survival outcome.  

However, there is currently no widely available joint model for multilevel longitudinal 

and survival data for evaluating group-based interventions. Most existing models either restrict 

the analysis to subject-level covariates (Liu et al., 2008; Luo & Wang, 2014) or assume a 

misaligned nested structure in which repeated measurements are nested within an intermediate 

level, which is then nested within subjects, failing to align with actual intervention delivery 
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(Brilleman et al., 2019). A few recent studies have proposed multilevel joint models (MJMs) that 

incorporates some group-level variation (Kürüm et al., 2021, 2022), but these models still do not 

account for the multilevel structure in the survival submodel.  

One recent extension proposes a spatiotemporal MJM that includes group-level risk 

factors and individual- and group-level random effects in both submodels (Kürüm et al., 2024). 

However, it still links the submodels solely through shared random effects and does not allow 

cross-level interactions. Consequently, such models are not well-suited for evaluating group-

based interventions where modeling interactions between time and treatment, as well as direct 

and indirect effects on event risk, are essential.  

A key challenge in developing MJMs is the computational burden, particularly for 

survival models with random effects (frailty). Frailty models, commonly used to model 

unobserved heterogeneity in survival data, are known for their computational intensity in a 

Bayesian framework (Crowther et al., 2012). An attractive alternative is the mixed-effect Poisson 

approach, which under certain conditions approximates the frailty model. This approximation 

has been theoretically established (Ma et al., 2003; Austin, 2017) and supported by simulation 

studies showing that the mixed-effect Poisson approach produce comparable estimates while 

dramatically reducing computation times (Crowther et al., 2012; Elghafghuf & Stryhn, 2017). 

For example, the computing time for a frailty PH model with random effects was reduced from 

29 hours to just over a minute using the mixed-effect Poisson approach (Crowther et al., 2012). 

Given these computational advantages and its theoretical approximation to the frailty model, the 

mixed-effects Poisson approach offers a promising avenue for extending joint models to 

multilevel settings.  
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1.2 Purpose and Objectives 

The purpose of this research was to propose a multilevel joint model for nested longitudinal and 

survival data, enabling robust evaluation of group-based interventions. The specific objectives 

were to: 

1) propose an alternative approach to joint modelling of longitudinal and survival data; 

2) develop a Bayesian multilevel joint modelling for nested longitudinal and survival data. 

1.3 Organization of Thesis 

This thesis is consisted of two related manuscripts that address the research objectives. Chapter 

2 presents Manuscript 1, “Improved Joint Modeling of Longitudinal and Survival Data Using a 

Poisson Regression Approach”, which addresses Objective 1. This study proposed an 

alternative Bayesian approach to joint modeling of longitudinal and survival data through 

leveraging on the auxiliary Poisson approach to model the survival component. The findings 

from simulation studies and real-world application have showed that using the auxiliary Poisson 

approach as the survival submodel reduced the computational burden without sacrificing 

estimation accuracy.   

Chapter 3 presents Manuscript 2, “A Bayesian multilevel joint modelling of longitudinal 

and survival outcomes in cluster randomized controlled trial studies”, which addresses Objective 

2. This study proposed a Bayesian multilevel joint model (MJM) which can be applied to 

evaluate the effectiveness of a group-based treatment or intervention on correlated longitudinal 

and time-to-event outcomes. The proposed MJM was assessed using simulated data under 

various conditions and demonstrated satisfactory performance in estimating intervention effects. 

The study also assessed the consequences of ignoring the group-level structure in joint model 

framework using both simulation studies and real-world data application. Findings showed that 
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when the group-level was ignored, the effects of the group-based intervention were 

underestimated especially on the risk of event, the trajectory of the longitudinal outcome and the 

variations among individuals were not accurately captured, and the variation across groups could 

not be captured.  

Chapter 4 summarizes the research key findings, limitations, conclusions, and suggests 

directions for future research.  
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Chapter 2. Improved Joint Modeling of Longitudinal and Survival Data Using a Poisson 

Regression Approach 

2.1 Overview 

This research addresses the first thesis objective and addresses the limitations of the widely used 

proportional hazard (PH) based joint modeling framework. The motivation stems from the need 

to simplify estimation procedures while retaining the flexibility in joint modeling of longitudinal 

and time-to-event outcomes. By reformulating the survival submodel as an auxiliary Poisson 

regression model, the proposed method avoids the computationally intensive steps of the “zero-

trick” and numerical integration to approximate the survival function, offering computational 

advantages in Bayesian paradigms. This Poisson-based joint model was validated through 

simulation studies. The results showed that the proposed method yields unbiased parameter 

estimates, appropriate coverage rates, and reduced computational time compared to traditional 

PH-based JMs. Moreover, the model was applied to a real-world dataset in a health context, 

confirming its practical utility and interpretability. The main contribution of this study lies in 

broadening the toolbox for joint modeling, particularly for researchers working with large-scale 

datasets, complex random effects structures, or computational constraints. It serves as a 

foundation for extending joint models into more complex multilevel frameworks, as pursued in 

the second manuscript. 

Publication Details 

Liu, Y., Torabi, M., Zhang, X., & Jiang, D. (2025). Improved joint modeling of longitudinal and 

survival data using a Poisson regression approach. Statistical Methods & Applications, 1-20.  
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2.2 Abstract 

Data of repeated measurements (longitudinal) and time-to-events (survival) are commonly 

recorded in studies. The joint model (JM) of longitudinal and survival data, which allows 

simultaneously analysis of the two types of outcomes, has been extensively discussed recently. 

JMs are computationally intensive due to large number of parameters and the complexity of 

fitting the survival submodel. The centerpiece of the survival submodel is the piecewise constant 

proportional hazard (PCPH). An alternative to PCPH for analysing survival data is the auxiliary 

Poisson regression model. However, the use of this approach in JMs has not been discussed. In 

this study, we propose using the auxiliary Poisson model as the survival part in a JM within a 

Bayesian framework. We conducted comprehensive simulation studies to assess the performance 

of our proposed method under various conditions and compared it to a published R package for 

JMs called JMbayes. Additionally, we used data from the Manitoba Follow-Up Study to 

illustrate the advantages and feasibility of our proposed method. The findings have showed that 

using the auxiliary Poisson approach as the survival submodel is a very promising method for 

jointly modeling longitudinal and survival data, as it helps decrease the computing burden. 

Keywords: Joint model of longitudinal and survival data; Poisson regression model; Bayesian 

estimation; Computational efficiency; Cox regression model  

2.3 Introduction 

The joint model (JM) of longitudinal and survival data has been proposed to analyze repeated 

measurements and time-to-events simultaneously (Faucett & Thomas, 1996; Wulfsohn & 

Tsisatis, 1997). It is consisted of a longitudinal submodel and a survival submodel. A linear 

mixed-effect model (LMM) is commonly used as the longitudinal submodel and a proportional 

hazards (PH) model is widely used as the survival submodel. The baseline hazard function in the 
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survival submodel needs to be specified in JMs to get unbiased estimates of standard errors 

(Hsieh et al., 2006). Previous studies have demonstrated that the piecewise constant baseline 

hazard performs well when using JMs (Rizopoulos, 2012). Furthermore, the piecewise constant 

proportional hazards (PCPH) model has served as the foundation for the development of various 

JMs (Elashoff et al., 2008; L. Liu et al., 2008; Hu et al., 2009; L. Liu & Huang, 2009; X. Huang 

et al., 2011; Ferrer et al., 2016). 

The JM was proposed almost at the same time using frequentist and Bayesian 

approaches. As the model becomes more complex, the Bayesian approaches become more 

dominant because of its relatively straightforward implementation. However, the “zero-tricks'” 

and the numeric integration to approximate the survival function are computationally intensive, 

which limits the extension of JMs to more complex situations (Rizopoulos, 2016).  

An alternative to the PCPH model for analyzing survival data is the auxiliary Poisson 

regression model. The equivalence of estimates from these two approaches has been proved 

theoretically through showing the two likelihood functions are proportional to each other 

(Whitehead, 1980; Laird & Olivier, 1981). Furthermore, the auxiliary mixed-effect Poisson 

model to analyze survival data has been widely adopted in both methodological and applied 

research (Elghafghuf et al., 2014; Hirsch et al., 2016; Rotolo et al., 2019; Fagbamigbe et al., 

2021).  

In JM framework, only one study has adopted the auxiliary Poisson model as the survival 

submodel (Cremers et al., 2021). However, the focus of their proposed JMs was from a social 

research perspective and it was quite different from most JMs in the literature. Therefore, 

whether the auxiliary Poisson model can be used as the survival submodel in common JMs and 
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under what conditions it performs well or comparably has not systematically been studied in the 

existing literature. 

In this study, we propose a Bayesian inference procedure for using the auxiliary Poisson 

model in joint models of longitudinal and survival data. We conduct simulation studies to assess 

the performance of our proposed method and examine the impact of various factors, including 

the number of time intervals split in the survival submodel, the censoring rate, and the sample 

size. Additionally, we compare the performance of our proposed method to that of JMbayes, in a 

published R package for JMs. Furthermore, we apply our proposed method to the real data from 

a study to illustrate the advantages and feasibility in practical applications. Section 2.4 and 

Section 2.5 discusses the model formulation, joint likelihood, and Bayesian inference. Section 

2.6 describes the comprehensive simulation study plans to evaluate the performance of the 

proposed method. Section 2.7 introduces the real study which provides the data to illustrate the 

proposed method. Section 2.8 provides a significance of the study. 

2.4 Model Formulation 

2.4.1 Longitudinal submodel 

Let 𝑦𝑖(𝑡𝑖𝑗) indicates the observed repeated longitudinal continuous outcome measurements at 

time 𝑡𝑖𝑗  (𝑗 = 1, … , 𝑛𝑖) for subject 𝑖 (𝑖 = 1, … , 𝑛). The longitudinal outcome is modeled using a 

linear mixed-effect model, taking the formula: 

𝑦𝑖(𝑡) = 𝑚𝑖(𝑡) +  𝜀𝑖(𝑡),

𝑚𝑖(𝑡) = 𝐸[𝑦𝑖(𝑡)|ui] = 𝑿𝑖
𝑇(𝑡)𝜷 + 𝒁𝑖

𝑇(𝑡)𝒖𝑖 ,

𝒖𝑖 ∼ 𝑁(0,  𝚺𝑢),  𝜀𝑖(𝑡)~𝑁(0,  𝜎𝜀
2),

 (2.1) 

where 𝑚𝑖(𝑡) is the linear predictor indicating the true value of 𝑦𝑖(𝑡); 𝐸 indicates expectation; 

𝑿𝑖
𝑇(𝑡) and 𝒁𝑖

𝑇(𝑡) are the vector of fixed-effect and random-effect covariates, respectively, which 
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can be time-varying; 𝜷 denotes the fixed effect and 𝒖𝑖 denotes the random effects; 𝜀𝑖(𝑡) is the 

within subject error. We assume 𝜀𝑖(𝑡) follows a normal distribution with mean of zero and 

variance 𝜎𝜀
2; random effects 𝒖𝑖 follows a multivariate normal distribution with mean of zero and 

variance-covariance matrix 𝚺𝑢. The within subject error is assumed to be independent of random 

effects. 

2.4.2 Survival submodel 

Suppose 𝑛 subjects are followed from time 0 to 𝑇. Let 𝑇𝑖
∗ denotes the true event time for subject 

𝑖, 𝑇𝑖 denotes the observed event time equals min {𝑇𝑖
∗, 𝐶𝑖}, where 𝐶𝑖 denotes the right-censoring 

time for subject 𝑖. The occurrence of event is denoted by 𝛿𝑖 = 𝐼(𝑇𝑖
∗ ≤ 𝐶𝑖), where 𝐼(∙) is an 

indicator function with value of one if the condition is satisfied, zero otherwise. The Cox 

proportional hazard model has been used as the survival submodel in existing joint models, 

taking the form: 

𝜆𝑖(𝑡) = 𝜆0(𝑡) exp{𝝎𝑖
𝑇(𝑡)𝜸 + 𝑓{𝓜𝑖(𝑡), 𝒖𝑖 , 𝜶}}, 

where, 𝜆0(𝑡) denotes the baseline hazard function; 𝝎𝑖 is a vector of covariates that are associated 

with the hazard function; 𝜸 is a vector of fixed-effect parameters for covariates 𝝎𝑖; 𝓜𝑖(𝑡) =

{𝑚𝑖(𝑠), 0 ≤ 𝑠 < 𝑡} indicates the history of the repeated measurements up to time 𝑡; 𝜶 indicates 

the magnitude of the association between features of the longitudinal outcomes and the hazard 

function; 𝑓(∙) specifies the association structure between the longitudinal and survival outcomes. 

The baseline hazard function 𝜆0(𝑡) needs to be specified in JMs. It has been shown that 

the piecewise constant baseline hazard has satisfactory performance (Rizopoulos, 2012). To use 

the piecewise constant baseline hazard, the follow-up period is divided into 𝑄 time intervals with 

divider time points 0 = 𝜏0, 𝜏1,…, 𝜏𝑄 = ∞. Then, the baseline hazard function follows the form: 
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𝜆0(𝑡) = ∑ 𝜆𝑞𝐼𝑞(𝑡)𝑄
𝑞=1 , 

where,  

𝐼𝑞(𝑡) = {
1      𝑖𝑓 𝑡 ∈ [𝜏𝑞−1, 𝜏𝑞)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒               
.   

Then, the hazard function can be rewritten as 

𝜆𝑖𝑞(𝑡) = 𝜆𝑞 exp{𝝎𝑖𝑞
𝑇 (𝑡)𝜸 + 𝑓{𝓜𝑖(𝑡), 𝒖𝑖 , 𝜶}}. (2.2) 

In this study, we propose to use the auxiliary Poisson approach as the survival submodel 

in a JM. The concept behind this approach is to create a pseudo-Poisson response for each 

individual in the risk set at each failure time. The pseudo response is set to one if there is a 

failure and zero if there is a survival. Let 𝛿𝑖𝑞 to indicate the pseudo-observation, is created for 

each combination of individual 𝑖 and time interval 𝑞. The number of pseudo-observations created 

for each individual equals the order of the interval where the observed event time for the 

individual falls, or equals the total number of time intervals if the individual has not experienced 

the event by the end of study. The estimates from auxiliary Poisson regression model are 

equivalent to estimates from the Cox model when the number of intervals that the follow-up time 

is split into equals the number of events (Whitehead, 1980; Laird & Olivier, 1981). 

The pseudo-observation 𝛿𝑖𝑞 is the event indicator for subject 𝑖 in the time interval 𝑞, 

following a Poisson distribution,  

𝛿𝑖𝑞 ∼ 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜇𝑖𝑞), 𝑞 = 1, … , 𝑄. 

The parameter in the Poisson distribution, 𝜇𝑖𝑞, is modeled using a log linear model with the 

exposure time of subject 𝑖 in the interval 𝑞 as an offset, 

log(𝜇𝑖𝑞) = 𝑙𝑜𝑔𝑡𝑖𝑞 + 𝑙𝑜𝑔𝜆𝑞 + 𝝎𝑖𝑞
𝑇 (𝑡)𝜸 + 𝑓{𝓜𝑖(𝑡), 𝒖𝑖 , 𝜶}, (2.3) 
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where  

{

𝑡𝑖𝑞 = 𝜏𝑞 − 𝜏𝑞−1,

𝑡𝑖𝑞 = 𝑇𝑖 − 𝜏𝑞−1,
 

if subject 𝑖 lived beyond 𝜏𝑞 

if subject 𝑖 had the event in this time interval. 
(2.4) 

Generating these pseudo-observations can substantially increase the sample size, which 

can cause extremely computational burden, especially when there is a large number of events 

and individuals. However, a smaller number of intervals can be chosen in practice to closely 

approximate the Cox model (Rodriguez, 2008). Equal length of time intervals can be chosen 

such as year or month (Crowther et al., 2012). Different length of interval, such that the number 

of events occurred in each interval is equal, is another option (Austin, 2017). In this study, we 

adopted the equal time interval strategy. The effect of the number of time intervals being split on 

the performance of the proposed method were evaluated. 

The association structure consists of a function of random effects, subject-specific 

predictions, and parameterizations of the expected longitudinal trajectories. Various association 

structures have been proposed in the literature (Rizopoulos, 2011, 2012; Papageorgiou et al., 

2019). In this study, we considered two types of association structures. The first was the current 

value association structure, which assumed that the current true measure of the longitudinal 

outcome was related to the risk of event. The second was the current value and slope association 

structure, which assumed that both the current true measure of the longitudinal outcome and its 

rate of change were related to the risk of event. 

2.5 Bayesian Inference 

2.5.1 Likelihood function 

Let Θ indicate all the parameters in the joint model (𝚯 = (𝚯𝐿 , 𝚯𝑆)); 𝚯𝐿 indicate parameters in the 

longitudinal submodel (𝚯𝐿 = (𝛃, σε, 𝚺𝑢)) and  𝚯𝑆 indicate parameters in the survival submodel 
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(𝚯𝑆 = (𝛌, 𝛄, 𝛂)). Following the classic assumption, the repeated measurements in the 

longitudinal process and the longitudinal and survival outcomes are assumed to be independent 

conditional on random effects. The distributions for the longitudinal and pseudo-Poisson 

outcomes are: 

𝑦𝑖(𝑡𝑖𝑗)| 𝒖𝑖 , 𝚯 ∼ 𝑁(𝑿𝑖
𝑇(𝑡𝑖𝑗)𝜷 + 𝒁𝑖

𝑇(𝑡𝑖𝑗)𝒖𝑖 , 𝜎𝜀
2),  

𝛿𝑖𝑞|𝒖𝑖 , 𝚯 ∼ 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜇𝑖𝑞), 𝑡𝑖 ∈ [𝜏𝑞−1, 𝜏𝑞), where, 

𝑙𝑜𝑔(𝜇𝑖𝑞) = 𝑙𝑜𝑔𝑡𝑖𝑞 + 𝑙𝑜𝑔𝜆𝑞 + 𝝎𝑖𝑞
𝑇 (𝑡)𝜸 + 𝑓{𝓜𝑖(𝑡), 𝒖𝑖 , 𝜶}. 

 

 The joint likelihood is the product of the probability density of the longitudinal and survival 

outcomes, 

𝐿(Data|𝚯) = ∏ 𝑝𝑠(𝑇𝑖 , 𝛿i|𝒖𝑖 , 𝚯) ∙ ∏ 𝑝𝑦(𝑦𝑖(𝑡𝑖𝑗)|𝒖𝑖 , 𝚯)
𝑛𝑖
𝑗=1 ∙ 𝑝(𝒖𝑖|𝚯)𝑁

𝑖=1 . 

As shown in the literature (Whitehead, 1980; Rodriguez, 2008), the likelihood for the 

piecewise constant proportional hazards (PCPH) model is proportional to the likelihood for the 

pseudo-Poisson outcomes. Then the joint likelihood function is proportional to the product of the 

probability density of the longitudinal and pseudo-Poisson outcomes, 

𝐿(Data|𝚯) ∝ ∏ [∏ 𝑝𝑠(𝑇𝑖 , 𝛿iq|𝒖𝑖 , 𝚯)

𝑞𝑖

𝑞=1

∙ ∏ 𝑝𝑦(𝑦𝑖(𝑡𝑖𝑗)|𝒖𝑖 , 𝚯)

𝑛𝑖

𝑗=1

∙ 𝑝(𝒖𝑖|𝚯)] ,

𝑁

𝑖=1

 

  

where, 𝑞𝑖 equals the order of the time interval that the event occurred for subject 𝑖 or 𝑄 if the 

subject 𝑖 does not experience the event by the end of study. 

2.5.2 Prior distributions 

Proper prior distribution was adopted to avoid concerns about the property of posterior 

distributions (Gelfand & Sahu, 1999). Moreover, the program to estimate unknown parameters, 

Just Another Gibbs Sampler (JAGS), does not support improper priors. Therefore, weakly 
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informative priors were adopted in this study. Based on literature on JM, survival analysis and 

LMM (Spiegelhalter et al., 2003; Freitas et al., 2012), the priors were assumed as follows: 

For parameters in the longitudinal submodel 𝚯L(𝛃, σε, 𝚺𝑢), weak priors are: 

𝛽 ∼ 𝑁 (0,
 1

0.001
), 

σε ∼ Uniform (0,100), 

𝚺𝑢 ∼ 𝐼𝑛𝑣𝑒𝑟𝑠𝑒 − 𝑊𝑖𝑠ℎ𝑎𝑟𝑡 ([
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

]

𝑝𝑢×𝑝𝑢

, 𝑝𝑢), 

where 𝑝𝑢 is the dimension of random effects in the longitudinal submodel.  

For parameters in the survival submodel 𝚯𝑆(𝛌, 𝛄, 𝛂), weak priors are: 

𝜆 ∼ 𝑔𝑎𝑚𝑚𝑎(0.01, 0.01), 

 γ ∼ 𝑁 (0,
 1

0.001
), 

α ∼ 𝑁 (0,
 1

0.001
). 

To evaluate the impact of prior specifications, we performed a sensitivity analysis. For 

location parameters that assumed a normal prior with variance of 1000, we compared the results 

with a normal prior with variance of 100 and 10,000. For the variance of the level-1 residuals, we 

compared the results with another common prior specification σε
2 ∼ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 −

𝐺𝑎𝑚𝑚𝑎(0.01, 0.01) (Ariyo et al., 2022). For the variance-covariance matrix, we compared the 

results with another common prior Inverse-Wishart ([
0.01 ⋯ 0

⋮ ⋱ ⋮
0 ⋯ 0.01

]

𝑝𝑢×𝑝𝑢

, 𝑝𝑢 + 1) (Y. 

Huang et al., 2011; Yang et al., 2019). 



10 

 

The posterior distribution is proportional to the product of the likelihood and the prior 

distributions of parameters in the joint model, taking the form: 

𝐿(𝚯|Data) ∝ 𝐿(𝐷𝑎𝑡𝑎|𝚯) ∙ 𝑝(𝚯)   

∝ ∏ [∏ 𝑝𝑠(𝑇𝑖 , 𝑑iq|𝒖𝑖 , 𝚯)

𝑞𝑖

𝑞=1

∙ ∏ 𝑝𝑦(𝑦𝑖(𝑡𝑖𝑗)|𝒖𝑖 , 𝚯)

𝑛𝑖

𝑗=1

∙ 𝑝(𝒖𝑖|𝚯)] ∙ 𝑝(𝚯)

𝑁

𝑖=1

, 

  

where, 𝑝(𝚯) indicates the prior distributions for all the unknown parameters.  

The parameters were estimated using Markov chain Monte Carlo (MCMC) methods 

implemented in JAGS and R with rjags and coda packages. The joint likelihood function and 

prior distributions were specified following the forementioned rules. The convergence of MCMC 

was assessed using Gelman-Rubin diagnostic and graphical methods (Donovan & Mickey, 2019; 

Roy, 2020). The value of Gelman-Rubin statistics less than 1.1 indicated convergence (Roy, 

2020). Trace plot, which was the most common graphical method to diagnose the convergence 

showing the realizations of the Markov chain at each iteration, was used; a hair-caterpillar 

looking trace plot indicates good convergence. The number of posterior samples that was 

discarded (i.e., burn-in) was decided based on the trace plots. Another graphical diagnostic tool 

was the autocorrelation plots, which showed the lag-k autocorrelation function (ACF) against 

increasing k values. The lag-k ACF is the correlation between the samples k steps apart. Precise 

MCMC estimates need to be drawn based on independent posterior samples, which can be 

reflected by the autocorrelation plots when ACFs are closed to zero for k > 0. The number of 

thinning was decided based on the ACF plots to remove the correlation among posterior samples.  

2.6 Simulation study 

Comprehensive simulations were conduced to assess the performance of the proposed method 

from two aspects. First, the performance of Bayesian estimators of the proposed model was 
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evaluated under different scenarios and conditions. Second, the performance of the proposed 

model was compared to the published R package JMbayes. The simulations were implemented 

on the clusters on the Digital Research Alliance of Canada (DRAC) (https://alliancecan.ca/en). 

Parallel computing was used through doParallel and foreach packages on the clusters.  

2.6.1 Data generation 

In this study, we adopted the data generation method commonly used in JM literature (Alvares & 

Rubio, 2021). The random effects were simulated first, followed by the survival times in the 

survival process, then, the repeated measurements in the longitudinal process were generated. 

We assumed a linear trajectory in the longitudinal process for the simulation study. We 

considered two association structures, the current value and the current value and slope, as 

Scenario 1 and Scenario 2, respectively. Therefore, the following models were used to generate 

the data: 

Scenario 1: 

𝑦𝑖(𝑡) = 𝛽00 + 𝛽10𝑡𝑖𝑗 + 𝑢0𝑖 + 𝑢1𝑖𝑡𝑖𝑗 +  𝜀𝑖𝑗(𝑡),

𝜆𝑖(𝑡) = 𝜆0(𝑡) exp{𝛼 ∗ 𝑚𝑖(𝑡)} .
 

Scenario 2: 

𝑦𝑖(𝑡) = 𝛽00 + 𝛽10𝑡𝑖𝑗 + 𝑢0𝑖 + 𝑢1𝑖𝑡𝑖𝑗 +  𝜀𝑖𝑗(𝑡),

𝜆𝑖(𝑡) = 𝜆0(𝑡) exp {𝛼0 ∗ 𝑚𝑖(𝑡) + 𝛼1 ∗
𝑑

𝑑𝑡
𝑚𝑖(𝑡)} .

 

In the first step, the random effects and level-1 residuals were generated from a 

multivariate normal and a normal distribution, 𝒖𝑖 ∼ 𝑁(0,  𝚺𝑢),  𝜀𝑖𝑗(𝑡)~𝑁(0,  𝜎𝜀
2), respectively. In 

the second step, the simsurv package (Brilleman et al., 2021), which allowed user-specified 

hazard function with time-varying covariates, was used to simulate survival times. We assumed 

Weibull distribution as the baseline hazard function 𝜆0(𝑡), where the parameters in the Weibull 



12 

 

distribution were decided according to a) the shape of Kaplan-Mirer survival function of real 

data, and b) censoring rate. Lastly, the repeated measurements in the longitudinal process were 

generated to ensure that no measurement collected after the event. The time interval between two 

adjacent measurements in the longitudinal process was assumed to be equal and take the value of 

one to mimic the data collection process of the real study. The number of repeated measurements 

was 15 (𝑡 = 0, ⋯ , 14) for Scenario 1, and 12 (𝑡 = 0, ⋯ , 11) for Scenario 2.  

2.6.2 Simulation design 

The value of parameters in the model to generate data was given based on the real study (Table 

1). More details can be found in Liu et al (Y. Liu et al., 2022). Under each scenario, we assessed 

the effect of various factors, including the number of time intervals split in the survival process, 

the censoring rate, and the sample size, on the estimates. Specifically, five different numbers of 

time intervals (i.e., Q = 15, 10, 7, 5, and 3) in the survival submodel, four censoring rates (i.e., 

10%, 20%, 50% and 70%), and two sample sizes (i.e., number of subjects = 200 and 500) were 

compared. For each subject, 15 repeated measurements for Scenario 1, and 12 repeated 

measurements for Scenario 2 were generated.  

Table 2-1 True values of parameters in the simulation study 

Scenario 1 & 2 Scenario 1 Scenario 2 

𝛽00 𝛽10 𝜎𝑢1
 𝜎𝑢2

 𝜌𝑢1𝑢2
 𝜎𝜀 𝛼 𝛼0 𝛼1 

45 -1 8 2 0 5 -0.05 -0.06 -0.09 

 

For each scenario, 220 replicates were generated, and 2000 posterior samples were drawn 

to generate Bayesian estimators for all the parameters. The burn-in period, thin, and number of 

iterations were decided according to the convergence of MCMC posterior samples.  
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To evaluate the performance of the proposed model and compare model performances, the 

following statistics were calculated:  

• mean Bayesian estimator: 𝚯̅ =
1

𝑁
∑ 𝚯̂𝑠𝑁

𝑠=1 , 

• mean bias: B̅ =
1

𝑁
∑ (𝚯̂𝑠 − 𝚯T)𝑁

𝑠=1 , 

• relative bias (RB): RB̅̅ ̅̅ =
1

𝑁
∑

(𝚯̂𝑠−𝚯T)

𝚯T
∗ 100𝑁

𝑠=1 , 

• mean estimated standard error (MESE), which is the mean of standard deviation of the 

posterior distribution, 

• empirical standard error (ESE), which is the standard error of the posterior mean/median, 

• coverage probability (CP), which is the percent that the 95% credible intervals of the 

posterior distribution cover the true value of the parameter, 

where, 𝚯̂𝑠 is the posterior mean based on simulated dataset 𝑠; 𝚯T indicates the vector of true 

values for the parameters to be estimated.  

2.6.3 JMbayes 

The JMbayes is an R package that can be used to fit JMs using MCMC under Bayesian 

framework. It is completely written in R although its earlier versions run the MCMC in JAGS. 

JMbayes mainly relies on the random walk Metropolis, while slice sampling and Metropolis-

Hastings algorithm are used in some cases (Rizopoulos, 2016). The JMs consist of a linear mix-

effect model as the longitudinal submodel and a PH model as the survival submodel. The 

baseline hazard function is estimated using a B-spline approach where the default setting is a 

penalized spline baseline with 15 knots. The survival function in the posterior distribution is 

estimated by a numerical method where the default setting is the Gauss-Kronrod quadratic rules.  
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The "jointmodelBayes()" function is used to fit basic JMs. It requires two main arguments 

– the object fit returned by "lme()" from package nmle and object fit returned by "coxph()" from 

the survival package. These two objects also provide the default initial values for the joint model. 

Regarding the priors, the default settings are: normal distribution with large variance for fixed 

effects, inverse-Wishart distribution for the variance-covariance matrix of random effects in 

longitudinal submodel, and inverse-Gamma distribution for the variance of the level-1 residuals. 

In the simulation studies, we used the default settings except the configurations of MCMC 

chains, which were specified as the same as in the proposed method. The default setting for the 

number of MCMC chains using JMbayes was two as the default while the number of MCMC 

chains in the proposed method was three to better assess its performance.  

2.6.4 Simulation results 

2.6.4.1 Scenario 1 

The RB and CP of the simulation results for the proposed method are shown in Figure 2-1. The 

RB of 𝜌̂𝑢0𝑢1
 is not present in Figure 2-1 because the true value was zero which makes the RB 

undefined. The mean bias of 𝜌̂𝑢0𝑢1
, MESE, ESE and other details can be found in the Table 2-3 – 

Table 2-9 in the Supplementary.  
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Figure 2-1 Simulation study scenario 1: relative bias, coverage probability for the proposed method 
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The performance of the proposed model was good, according to the small RB and high 

CP for all parameters, when the number of time intervals equaled the number of repeated 

measurements in the longitudinal process (Q = 15) and the censoring rate was 10%, 20% and 

50%. The effect of the number of time intervals and censoring rate on the association parameter 

between the current value of longitudinal outcome and the hazard function was obvious; the RB 

increased and the CP decreased as the number of time intervals decreased or the censoring rate 

increased. In contrast, the parameters in the longitudinal process, except for the fixed effect of 

slope of time, were almost not affected by the number of time intervals and the censoring rate. 

For the fixed effect of slope of time, the RB decreased when censoring rate increased while the 

RB increased CP decreased as the number of time intervals decreased.  

The pattern of the changes in RB and CP as the number of time intervals decreased 

remained the same comparing the results for the sample size of 200 and the sample size of 500. 

For the sake of time, the simulation when Q equaled 3 was skipped for sample size of 500. The 

effect of sample size on the performance of the proposed method was minimal when the number 

of time intervals equaled the number of repeated measurements in the longitudinal process. The 

sample size compensated for the larger bias of the estimated association parameter and slope of 

time when fewer time intervals were used.  

Sensitivity studies for priors were conducted for eight conditions for two sample sizes 

(i.e., n = 200, 500) and four censoring rates (i.e., 10%, 20%, 50%, 70%) with K = 15 in Scenario 

1. The posterior estimates, RB, and CP remained stable (see Supplementary 2), indicating that 

the proposed method was robust to prior choices when the association structure was the current 

value.  
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Results of the simulation studies using the JMbayes can be found in Table 2-11-A 

Simulation studies scenario 1: results of JMbayes when sample size is 200, censoring rate = 

10%, 20% 

  Summary of raw results Summary after remove nonconverged MCMC 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

  Censoring = 10%, N = 213 (97%) Censoring = 10%, N = 135 (61%) 

α (-0.05) -0.052 -0.002 4.95% 0.037 0.031 98% -0.050 0.000 0.23% 0.008 0.008 96% 

𝛽00 (45) 44.809 -0.191 -0.42% 0.534 0.605 88% 44.766 -0.234 -0.52% 0.608 0.628 93% 

𝛽10 (-1) -0.836 0.164 -16.37% 0.179 0.260 66% -0.896 0.104 -10.38% 0.175 0.264 73% 

𝜌𝑢0𝑢1
(0) -0.010 -0.010 NA 0.238 0.117 97% -0.002 -0.002 NA 0.116 0.121 95% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 88% 5.004 0.004 0.08% 0.132 0.144 91% 

𝜎𝑢0
 (8) 6.861 -1.139 -14.24% 1.451 1.838 89% 7.955 -0.045 -0.57% 0.489 0.507 93% 

𝜎𝑢1
 (2) 1.774 -0.226 -11.31% 0.347 0.323 92% 1.945 -0.055 -2.73% 0.174 0.195 90% 

  Censoring = 20%, N = 220 (100%) Censoring = 20%, N = 161 (73%) 

α (-0.05) -0.049 0.001 -1.03% 0.030 0.029 97% -0.051 -0.001 1.72% 0.007 0.007 96% 

𝛽00 (45) 44.762 -0.238 -0.53% 0.557 0.649 85% 44.713 -0.287 -0.64% 0.605 0.609 89% 

𝛽10 (-1) -0.895 0.105 -10.52% 0.164 0.193 85% -0.899 0.101 -10.13% 0.167 0.200 86% 

𝜌𝑢0𝑢1
(0) 0.007 0.007 NA 0.187 0.114 94% 0.013 0.013 NA 0.099 0.105 91% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 92% 4.997 -0.003 -0.05% 0.105 0.102 94% 

𝜎𝑢0
 (8) 7.260 -0.740 -9.26% 1.176 1.809 94% 7.999 -0.001 -0.02% 0.474 0.493 96% 

𝜎𝑢1
 (2) 1.844 -0.156 -7.82% 0.266 0.306 92% 1.969 -0.031 -1.56% 0.143 0.155 93% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝝆𝒖𝟎𝒖𝟏
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-12 and Table 2-13 in the Supplementary. The RB of  𝜎̂𝜀 was extremely large under 

all conditions (see the left side of Table 2-11-A Simulation studies scenario 1: results of 

JMbayes when sample size is 200, censoring rate = 10%, 20% 

  Summary of raw results Summary after remove nonconverged MCMC 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

  Censoring = 10%, N = 213 (97%) Censoring = 10%, N = 135 (61%) 

α (-0.05) -0.052 -0.002 4.95% 0.037 0.031 98% -0.050 0.000 0.23% 0.008 0.008 96% 

𝛽00 (45) 44.809 -0.191 -0.42% 0.534 0.605 88% 44.766 -0.234 -0.52% 0.608 0.628 93% 

𝛽10 (-1) -0.836 0.164 -16.37% 0.179 0.260 66% -0.896 0.104 -10.38% 0.175 0.264 73% 

𝜌𝑢0𝑢1
(0) -0.010 -0.010 NA 0.238 0.117 97% -0.002 -0.002 NA 0.116 0.121 95% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 88% 5.004 0.004 0.08% 0.132 0.144 91% 

𝜎𝑢0
 (8) 6.861 -1.139 -14.24% 1.451 1.838 89% 7.955 -0.045 -0.57% 0.489 0.507 93% 

𝜎𝑢1
 (2) 1.774 -0.226 -11.31% 0.347 0.323 92% 1.945 -0.055 -2.73% 0.174 0.195 90% 

  Censoring = 20%, N = 220 (100%) Censoring = 20%, N = 161 (73%) 

α (-0.05) -0.049 0.001 -1.03% 0.030 0.029 97% -0.051 -0.001 1.72% 0.007 0.007 96% 

𝛽00 (45) 44.762 -0.238 -0.53% 0.557 0.649 85% 44.713 -0.287 -0.64% 0.605 0.609 89% 

𝛽10 (-1) -0.895 0.105 -10.52% 0.164 0.193 85% -0.899 0.101 -10.13% 0.167 0.200 86% 

𝜌𝑢0𝑢1
(0) 0.007 0.007 NA 0.187 0.114 94% 0.013 0.013 NA 0.099 0.105 91% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 92% 4.997 -0.003 -0.05% 0.105 0.102 94% 

𝜎𝑢0
 (8) 7.260 -0.740 -9.26% 1.176 1.809 94% 7.999 -0.001 -0.02% 0.474 0.493 96% 

𝜎𝑢1
 (2) 1.844 -0.156 -7.82% 0.266 0.306 92% 1.969 -0.031 -1.56% 0.143 0.155 93% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝝆𝒖𝟎𝒖𝟏
, 

as the true value is zero, making the relative bias undefined. 

Table 2-12 and Table 2-13 in the Supplementary). This was because that 𝜎̂𝜀 were 

substantially overestimated, which had an extremely large estimates in some replicates. With 

further investigations, we found that the MCMC chains for 𝜎̂𝜀 and some other parameters did not 

converge (see the traceplots of an example in Supplementary 5). The specifications of MCMCs 

such as the number of iterations (i.e., 810,000) and thin (i.e., 400) were chosen in a quite 

conservative manner in this study. According to the traceplots, drawing even more iterations or 
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with a larger number of thin may not solve the non-convergence problem.  Nevertheless, the 

proportion of replicates with non-converged MCMC decreased as the sample size increased. 

After removed those non-converged replicates, the proportion of remaining replicates ranged 

from 61% to 78% and from 66% to 91% for sample size of 200 and 500, respectively. The RB 

and CP of the simulation results for JMbayes are shown in Figure 2-2. The RB of 𝜌̂𝑢0𝑢1
 was not 

included in the Figure 2-2 because of the same reason in the proposed method. 
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Figure 2-2 Simulation study scenario 1: relative bias, coverage probability for JMbayes 
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Comparing Figure 2-1 to Figure 2-2 (or the Table 2-3 – Table 2-9 and Table 2-11-A 

Simulation studies scenario 1: results of JMbayes when sample size is 200, censoring rate = 

10%, 20% 

  Summary of raw results Summary after remove nonconverged MCMC 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

  Censoring = 10%, N = 213 (97%) Censoring = 10%, N = 135 (61%) 

α (-0.05) -0.052 -0.002 4.95% 0.037 0.031 98% -0.050 0.000 0.23% 0.008 0.008 96% 

𝛽00 (45) 44.809 -0.191 -0.42% 0.534 0.605 88% 44.766 -0.234 -0.52% 0.608 0.628 93% 

𝛽10 (-1) -0.836 0.164 -16.37% 0.179 0.260 66% -0.896 0.104 -10.38% 0.175 0.264 73% 

𝜌𝑢0𝑢1
(0) -0.010 -0.010 NA 0.238 0.117 97% -0.002 -0.002 NA 0.116 0.121 95% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 88% 5.004 0.004 0.08% 0.132 0.144 91% 

𝜎𝑢0
 (8) 6.861 -1.139 -14.24% 1.451 1.838 89% 7.955 -0.045 -0.57% 0.489 0.507 93% 

𝜎𝑢1
 (2) 1.774 -0.226 -11.31% 0.347 0.323 92% 1.945 -0.055 -2.73% 0.174 0.195 90% 

  Censoring = 20%, N = 220 (100%) Censoring = 20%, N = 161 (73%) 

α (-0.05) -0.049 0.001 -1.03% 0.030 0.029 97% -0.051 -0.001 1.72% 0.007 0.007 96% 

𝛽00 (45) 44.762 -0.238 -0.53% 0.557 0.649 85% 44.713 -0.287 -0.64% 0.605 0.609 89% 

𝛽10 (-1) -0.895 0.105 -10.52% 0.164 0.193 85% -0.899 0.101 -10.13% 0.167 0.200 86% 

𝜌𝑢0𝑢1
(0) 0.007 0.007 NA 0.187 0.114 94% 0.013 0.013 NA 0.099 0.105 91% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 92% 4.997 -0.003 -0.05% 0.105 0.102 94% 

𝜎𝑢0
 (8) 7.260 -0.740 -9.26% 1.176 1.809 94% 7.999 -0.001 -0.02% 0.474 0.493 96% 

𝜎𝑢1
 (2) 1.844 -0.156 -7.82% 0.266 0.306 92% 1.969 -0.031 -1.56% 0.143 0.155 93% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝝆𝒖𝟎𝒖𝟏
, 

as the true value is zero, making the relative bias undefined. 

Table 2-12 – Table 2-13), our proposed method had comparable performance in 

estimating the association parameter compared to JMbayes, when the number of time intervals 

being split equaled to the number of repeated measurements in the longitudinal process. 

However, our proposed method outperformed JMbayes in estimating the slope of time in the 

longitudinal process, though the difference decreased as the censoring rate increased. When 
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censoring rate was 50% or 70%, the estimates of parameters in the longitudinal submodel were 

similar using the two methods.  

2.6.4.2 Scenario 2 

The RB and CP of the simulation results for the proposed method are shown in Figure 2-3 

and more detailed results are in  
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Table 2-14-B Simulation studies scenario 1: results of JMbayes when sample size is 500, 

censoring rate = 50%, 70% 

  Summary of raw results 

Summary after remove nonconverged 

MCMC 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

  Censoring = 50%, N = 203 (92%) Censoring = 50%, N = 187 (85%) 

α (-0.05) -0.056 -0.006 11.36% 0.010 0.021 92% -0.052 -0.002 4.86% 0.005 0.005 91% 

𝛽00 (45) 44.904 -0.096 -0.21% 0.368 0.375 92% 44.926 -0.074 -0.16% 0.376 0.367 94% 

𝛽10 (-1) -0.977 0.023 -2.35% 0.100 0.104 93% -0.978 0.022 -2.21% 0.100 0.106 93% 

𝜌𝑢0𝑢1
(0) -0.006 -0.006 NA 0.080 0.054 96% -0.005 -0.005 NA 0.055 0.052 96% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 94% 4.975 -0.025 -0.50% 0.053 0.056 93% 

𝜎𝑢0
 (8) 7.761 -0.239 -2.99% 0.501 0.780 93% 7.931 -0.069 -0.86% 0.287 0.292 93% 

𝜎𝑢1
 (2) 1.977 -0.023 -1.15% 0.119 0.134 96% 1.995 -0.005 -0.26% 0.077 0.074 96% 

  Censoring = 70%, N = 154 (70%) Censoring = 70%, N = 146 (66%) 

α (-0.05) -0.058 -0.008 15.03% 0.011 0.015 88% -0.056 -0.006 11.64% 0.006 0.006 87% 

𝛽00 (45) 44.929 -0.071 -0.16% 0.369 0.362 95% 44.929 -0.071 -0.16% 0.374 0.361 95% 

𝛽10 (-1) -0.988 0.012 -1.17% 0.098 0.097 97% -0.986 0.014 -1.36% 0.098 0.096 97% 

𝜌𝑢0𝑢1
(0) -0.003 -0.003 NA 0.069 0.057 95% -0.003 -0.003 NA 0.052 0.054 95% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 92% 4.975 -0.025 -0.50% 0.049 0.050 92% 

𝜎𝑢0
 (8) 7.838 -0.162 -2.03% 0.416 0.772 94% 7.964 -0.036 -0.45% 0.284 0.286 94% 

𝜎𝑢1
 (2) 1.994 -0.006 -0.32% 0.105 0.095 94% 2.002 0.002 0.09% 0.072 0.073 94% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-15 and Table 2-16-A Simulation studies scenario 2: results of the proposed method 

when sample size = 200, censoring rate = 50% 

  Censoring = 50% 

Parameter Mean Bias RB MESE ESE cp 

Q = 12 N = 204 (93%) 

𝛼0 (-0.06) -0.062 -0.002 3.01% 0.016 0.017 92% 

𝛼1 (-0.09) -0.114 -0.024 27.11% 0.028 0.029 85% 

𝛽00 (45) 45.003 0.003 0.01% 0.608 0.551 98% 

𝛽10 (-1) -0.960 0.040 -3.97% 0.163 0.153 96% 

𝜌𝑢0𝑢1
(0) 0.001 0.001 NA 0.005 0.006 94% 

𝜎𝜀 (5) 5.012 0.012 0.24% 0.094 0.091 96% 

𝜎𝑢0
 (8) 7.952 -0.048 -0.60% 0.465 0.496 91% 

𝜎𝑢1
 (2) 1.998 -0.002 -0.10% 0.127 0.115 98% 

Q = 6 N = 205 (93%) 

𝛼0 (-0.06) -0.062 -0.002 3.26% 0.015 0.016 97% 

𝛼1 (-0.09) -0.120 -0.030 33.49% 0.027 0.025 82% 

𝛽00 (45) 44.903 -0.097 -0.22% 0.611 0.654 93% 

𝛽10 (-1) -0.924 0.076 -7.63% 0.161 0.174 90% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.005 0.005 95% 

𝜎𝜀 (5) 4.998 -0.002 -0.04% 0.094 0.095 96% 

𝜎𝑢0
 (8) 8.000 0.000 0.00% 0.467 0.450 96% 

𝜎𝑢1
 (2) 1.980 -0.020 -1.02% 0.126 0.125 95% 

Q = 4 N = 220 (100%) 

𝛼0 (-0.06) -0.063 -0.003 5.57% 0.015 0.015 95% 

𝛼1 (-0.09) -0.125 -0.035 39.04% 0.027 0.027 76% 

𝛽00 (45) 44.877 -0.123 -0.27% 0.615 0.678 93% 

𝛽10 (-1) -0.880 0.120 -11.98% 0.159 0.162 89% 

𝜌𝑢0𝑢1
(0) -0.001 -0.001 NA 0.005 0.005 93% 

𝜎𝜀 (5) 5.001 0.001 0.03% 0.094 0.085 97% 

𝜎𝑢0
 (8) 8.061 0.061 0.76% 0.469 0.458 95% 

𝜎𝑢1
 (2) 1.967 -0.033 -1.67% 0.124 0.128 92% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-17 in the Supplementary. The simulation for the censoring rate of 70% was not 

conducted for Scenario 2 because the maximum censoring rate we were able to get was 60%. 

Moreover, more than 50% replicates produced errors in the data generating process when 

censoring rate was 60%. 

The proposed method had good performance in estimating the association parameter 

between current value of longitudinal outcome and the risk of survival event and all parameters 

in the longitudinal submodel, when the number of time intervals being split equaled the number 

of repeated measurements in the longitudinal process. However, the proposed method 

overestimated (i.e., RB: 15% - $29%) the association parameter between the slope of 

longitudinal outcome and the risk of event under majority of circumstances. Nevertheless, the 

absolute bias for this parameter was less than 0.03.  

The proposed method is quite robust to the number of time intervals in estimating the 

association parameter of the current value and the hazard function, and the parameters in 

longitudinal submodel except the fixed effect of the slope of time. The RB increased and CP 

decreased as the number of time intervals became smaller, in estimating the association 

parameter between the slope of the longitudinal outcome and the hazard and the fixed effect of 

the slope of time in the longitudinal submodel. The pattern of changes in RB and CP for the 

fixed effect of the slope of time across different number of time intervals became not apparent 

when the censoring rate was 50%. The censoring rate did not impact the performance of the 

proposed method except for the fixed effect of the slope of time in the longitudinal submodel, 

where the RB became smaller and CP became higher as the censoring rate became larger. This 

might be because more information on the longitudinal outcomes was collected when the 

censoring rate was larger. The effect of sample size was only observed for estimating the 
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association parameter of the slope of longitudinal outcome and the hazard; performance of the 

proposed method improved when sample size was larger. 

Sensitivity studies for priors were conducted for six conditions for two sample sizes (n = 

200, 500) and three censoring rates (i.e., 10%, 20%, 50%) with K = 12 in Scenario 2. The 

posterior estimates, RB, and CP remained stable (see Supplementary 2), indicating that the 

proposed method was robust to prior choices when the association structure was the current 

value and slope.
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Figure 2-3 Simulation study scenario 2: relative bias, coverage probability for the proposed method 
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Figure 2-4 presents the RB and CP of the simulation results from JMbayes for Scenario 2, 

with more details including MESE and ESE in  

Table 2-18-B Simulation studies scenario 2: results of the proposed method when sample 

size = 500, censoring = 50% 

  Censoring = 50% 

Parameter Mean Bias RB MESE ESE cp 

Q = 12 N = 178 (81%) 

𝛼0 (-0.06) -0.062 -0.002 2.74% 0.010 0.011 94% 

𝛼1 (-0.09) -0.109 -0.019 20.79% 0.017 0.016 83% 

𝛽00 (45) 44.985 -0.015 -0.03% 0.385 0.405 95% 

𝛽10 (-1) -0.957 0.043 -4.32% 0.103 0.100 92% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.003 0.004 90% 

𝜎𝜀 (5) 5.003 0.003 0.07% 0.059 0.057 96% 

𝜎𝑢0
 (8) 7.983 -0.017 -0.21% 0.294 0.304 94% 

𝜎𝑢1
 (2) 1.996 -0.004 -0.19% 0.080 0.078 96% 

Q = 6 N = 188 (85%) 

𝛼0 (-0.06) -0.063 -0.003 4.38% 0.010 0.010 95% 

𝛼1 (-0.09) -0.114 -0.024 26.55% 0.016 0.016 70% 

𝛽00 (45) 44.968 -0.032 -0.07% 0.386 0.386 94% 

𝛽10 (-1) -0.911 0.089 -8.90% 0.102 0.103 86% 

𝜌𝑢0𝑢1
(0) -0.001 -0.001 NA 0.003 0.003 93% 

𝜎𝜀 (5) 5.002 0.002 0.05% 0.059 0.057 94% 

𝜎𝑢0
 (8) 8.006 0.006 0.07% 0.294 0.259 98% 

𝜎𝑢1
 (2) 1.979 -0.021 -1.03% 0.079 0.077 96% 

Q = 4 N = 185 (84%) 

𝛼0 (-0.06) -0.061 -0.001 1.10% 0.009 0.010 95% 

𝛼1 (-0.09) -0.119 -0.029 31.73% 0.016 0.015 56% 

𝛽00 (45) 44.888 -0.112 -0.25% 0.387 0.431 92% 

𝛽10 (-1) -0.866 0.134 
-

13.37% 
0.101 0.104 74% 

𝜌𝑢0𝑢1
(0) -0.001 -0.001 NA 0.003 0.004 92% 

𝜎𝜀 (5) 5.001 0.001 0.01% 0.059 0.066 91% 

𝜎𝑢0
 (8) 8.014 0.014 0.18% 0.294 0.313 94% 

𝜎𝑢1
 (2) 1.979 -0.021 -1.03% 0.078 0.081 94% 
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Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined.



30 

 

Table 2-19and Table 2-20 in the Supplementary. The same problem for 𝜎̂𝜀 as in scenario 

1 was observed. Some MCMC chains did not converge and resulted in extremely large estimates 

of 𝜎𝜀 and substantially biased estimates of other parameters. The summary statistics of posterior 

estimates were derived based on replicates before and after removed those had non-converged 

MCMC, shown on the left and right side of the two figures in Figure 2-4. The proportion of 

remaining replicates using JMbayes was 62% to 70% for sample size of 200 and 71% to 83% for 

sample size of 500.  

The bias of all parameters significantly reduced after removed simulations with non-

converged MCMC when comparing the left side to the right side of the left figure in Figure 2-4 

(note that different y-axis is displayed). According to the plots on the right side of the left figure 

in Figure 2-4, the RB remained similar, but the CP increased when the censoring rate increased 

for almost all parameters using JMbayes. If compare the proposed method to JMbayes based 

replicates directly from the simulation, the proposed method provided significantly smaller RB 

and MESE for all the parameters. In the following comparison, we focused on summary statistics 

after removed non-converged MCMC for JMbayes. Compare Figure 2-3 to the plots on the right 

side of the two figures in Figure 2-4 (or the  
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Table 2-14-B Simulation studies scenario 1: results of JMbayes when sample size is 500, 

censoring rate = 50%, 70% 

  Summary of raw results 

Summary after remove nonconverged 

MCMC 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

  Censoring = 50%, N = 203 (92%) Censoring = 50%, N = 187 (85%) 

α (-0.05) -0.056 -0.006 11.36% 0.010 0.021 92% -0.052 -0.002 4.86% 0.005 0.005 91% 

𝛽00 (45) 44.904 -0.096 -0.21% 0.368 0.375 92% 44.926 -0.074 -0.16% 0.376 0.367 94% 

𝛽10 (-1) -0.977 0.023 -2.35% 0.100 0.104 93% -0.978 0.022 -2.21% 0.100 0.106 93% 

𝜌𝑢0𝑢1
(0) -0.006 -0.006 NA 0.080 0.054 96% -0.005 -0.005 NA 0.055 0.052 96% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 94% 4.975 -0.025 -0.50% 0.053 0.056 93% 

𝜎𝑢0
 (8) 7.761 -0.239 -2.99% 0.501 0.780 93% 7.931 -0.069 -0.86% 0.287 0.292 93% 

𝜎𝑢1
 (2) 1.977 -0.023 -1.15% 0.119 0.134 96% 1.995 -0.005 -0.26% 0.077 0.074 96% 

  Censoring = 70%, N = 154 (70%) Censoring = 70%, N = 146 (66%) 

α (-0.05) -0.058 -0.008 15.03% 0.011 0.015 88% -0.056 -0.006 11.64% 0.006 0.006 87% 

𝛽00 (45) 44.929 -0.071 -0.16% 0.369 0.362 95% 44.929 -0.071 -0.16% 0.374 0.361 95% 

𝛽10 (-1) -0.988 0.012 -1.17% 0.098 0.097 97% -0.986 0.014 -1.36% 0.098 0.096 97% 

𝜌𝑢0𝑢1
(0) -0.003 -0.003 NA 0.069 0.057 95% -0.003 -0.003 NA 0.052 0.054 95% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 92% 4.975 -0.025 -0.50% 0.049 0.050 92% 

𝜎𝑢0
 (8) 7.838 -0.162 -2.03% 0.416 0.772 94% 7.964 -0.036 -0.45% 0.284 0.286 94% 

𝜎𝑢1
 (2) 1.994 -0.006 -0.32% 0.105 0.095 94% 2.002 0.002 0.09% 0.072 0.073 94% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-15 – Table 2-16-A Simulation studies scenario 2: results of the proposed method 

when sample size = 200, censoring rate = 50% 

  Censoring = 50% 

Parameter Mean Bias RB MESE ESE cp 

Q = 12 N = 204 (93%) 

𝛼0 (-0.06) -0.062 -0.002 3.01% 0.016 0.017 92% 

𝛼1 (-0.09) -0.114 -0.024 27.11% 0.028 0.029 85% 

𝛽00 (45) 45.003 0.003 0.01% 0.608 0.551 98% 

𝛽10 (-1) -0.960 0.040 -3.97% 0.163 0.153 96% 

𝜌𝑢0𝑢1
(0) 0.001 0.001 NA 0.005 0.006 94% 

𝜎𝜀 (5) 5.012 0.012 0.24% 0.094 0.091 96% 

𝜎𝑢0
 (8) 7.952 -0.048 -0.60% 0.465 0.496 91% 

𝜎𝑢1
 (2) 1.998 -0.002 -0.10% 0.127 0.115 98% 

Q = 6 N = 205 (93%) 

𝛼0 (-0.06) -0.062 -0.002 3.26% 0.015 0.016 97% 

𝛼1 (-0.09) -0.120 -0.030 33.49% 0.027 0.025 82% 

𝛽00 (45) 44.903 -0.097 -0.22% 0.611 0.654 93% 

𝛽10 (-1) -0.924 0.076 -7.63% 0.161 0.174 90% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.005 0.005 95% 

𝜎𝜀 (5) 4.998 -0.002 -0.04% 0.094 0.095 96% 

𝜎𝑢0
 (8) 8.000 0.000 0.00% 0.467 0.450 96% 

𝜎𝑢1
 (2) 1.980 -0.020 -1.02% 0.126 0.125 95% 

Q = 4 N = 220 (100%) 

𝛼0 (-0.06) -0.063 -0.003 5.57% 0.015 0.015 95% 

𝛼1 (-0.09) -0.125 -0.035 39.04% 0.027 0.027 76% 

𝛽00 (45) 44.877 -0.123 -0.27% 0.615 0.678 93% 

𝛽10 (-1) -0.880 0.120 -11.98% 0.159 0.162 89% 

𝜌𝑢0𝑢1
(0) -0.001 -0.001 NA 0.005 0.005 93% 

𝜎𝜀 (5) 5.001 0.001 0.03% 0.094 0.085 97% 

𝜎𝑢0
 (8) 8.061 0.061 0.76% 0.469 0.458 95% 

𝜎𝑢1
 (2) 1.967 -0.033 -1.67% 0.124 0.128 92% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-17 and the right column in  

Table 2-18-B Simulation studies scenario 2: results of the proposed method when sample 

size = 500, censoring = 50% 

  Censoring = 50% 

Parameter Mean Bias RB MESE ESE cp 

Q = 12 N = 178 (81%) 

𝛼0 (-0.06) -0.062 -0.002 2.74% 0.010 0.011 94% 

𝛼1 (-0.09) -0.109 -0.019 20.79% 0.017 0.016 83% 

𝛽00 (45) 44.985 -0.015 -0.03% 0.385 0.405 95% 

𝛽10 (-1) -0.957 0.043 -4.32% 0.103 0.100 92% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.003 0.004 90% 

𝜎𝜀 (5) 5.003 0.003 0.07% 0.059 0.057 96% 

𝜎𝑢0
 (8) 7.983 -0.017 -0.21% 0.294 0.304 94% 

𝜎𝑢1
 (2) 1.996 -0.004 -0.19% 0.080 0.078 96% 

Q = 6 N = 188 (85%) 

𝛼0 (-0.06) -0.063 -0.003 4.38% 0.010 0.010 95% 

𝛼1 (-0.09) -0.114 -0.024 26.55% 0.016 0.016 70% 

𝛽00 (45) 44.968 -0.032 -0.07% 0.386 0.386 94% 

𝛽10 (-1) -0.911 0.089 -8.90% 0.102 0.103 86% 

𝜌𝑢0𝑢1
(0) -0.001 -0.001 NA 0.003 0.003 93% 

𝜎𝜀 (5) 5.002 0.002 0.05% 0.059 0.057 94% 

𝜎𝑢0
 (8) 8.006 0.006 0.07% 0.294 0.259 98% 

𝜎𝑢1
 (2) 1.979 -0.021 -1.03% 0.079 0.077 96% 

Q = 4 N = 185 (84%) 

𝛼0 (-0.06) -0.061 -0.001 1.10% 0.009 0.010 95% 

𝛼1 (-0.09) -0.119 -0.029 31.73% 0.016 0.015 56% 

𝛽00 (45) 44.888 -0.112 -0.25% 0.387 0.431 92% 

𝛽10 (-1) -0.866 0.134 
-

13.37% 
0.101 0.104 74% 

𝜌𝑢0𝑢1
(0) -0.001 -0.001 NA 0.003 0.004 92% 

𝜎𝜀 (5) 5.001 0.001 0.01% 0.059 0.066 91% 

𝜎𝑢0
 (8) 8.014 0.014 0.18% 0.294 0.313 94% 

𝜎𝑢1
 (2) 1.979 -0.021 -1.03% 0.078 0.081 94% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined.
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Table 2-19 – Table 2-20 in the Supplementary), the RB and CP for the association 

parameter of current value and the hazard (𝛼̂0) were close from the proposed method and 

JMbayes under all conditions. The performance of JMbayes in estimating the association 

parameter of slope of longitudinal outcome and the hazard (𝛼̂1) was better than the proposed 

method. However, our proposed method outperformed JMbayes in estimating the fixed effect of 

the slope of time and random effects of slope of time in the longitudinal process. The difference 

decreased as the censoring rate increased.  
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Figure 2-4 Simulation study scenario 2: Relative bias, coverage probability for JMbayes 
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2.6.4.3 Computing time 

The cluster used on DRAC, the resources specification, the number of parallels, and the 

computing time for each condition for Scenario 1 and Scenario 2 are shown in Table 2-33 and 

Table 2-35 in the Supplementary, respectively. The simulations for Scenario 1 were still at an 

exploratory stage of how to use resources of DRAC, where different number of parallels and 

nodes were specified. The computing time seemed to be the shortest when 110 parallels and 11 

nodes were used. Many simulations for a sample size of 500 for Scenario 1 and all the 

simulations for Scenario 2 applied this specification. When the same cluster and specifications 

were used, the computing time using the proposed method was comparable or less than JMbayes 

(see the condition of n = 200). However, this advantage seemed to diminish when the sample 

size increased to 500 and the censoring rate was high (i.e., 50%). 

The current version of JMbayes is many times faster than JAGS to implement JMs 

(Rizopoulos, 2016). Originally, JMbayes was also built on JAGS to run MCMC. But it has been 

changed to pure R to avoid two computationally intensive processes. The first process is the so-

called “zeros trick” in JAGS to sample from a nonstandard distribution for the survival 

submodel. The other process was the numerical integration to approximate the survival function. 

The proposed method that uses the auxiliary Poisson regression model as the survival submodel 

also avoids these two processes. Considering all of this, using the auxiliary Poisson model as the 

survival submodel is capable to reduce the computing burden of Bayesian estimation procedure 

that involves “zeros trick” and numerical integration for the survival function for JMs. 
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2.7 Application on data from Manitoba Follow-Up Study (MFUS) 

The Manitoba Follow-Up Study (MFUS) is an ongoing prospective study initiated in 1948 (Tate 

et al., 2015). The study cohort consists of 3,983 Royal Canadian Air Force air crew male 

recruits. Their primary study interest was cardiovascular diseases, then this was expanded to 

successful aging in 1996 when population aging was becoming a concern of governments and 

the majority of MFUS participants were 75 years old or older. The successful aging 

questionnaire (SAQ), which includes the short form 36 (SF-36) survey, has been sent out in 

1996, 2000, 2002, 2004 and every year after (Tate et al., 2013; Alshammari, 2015; St. John et al., 

2018). It collects information about living arrangements, activity limitation, self-reported and 

self-definition of successful aging, and physical, mental and social functioning. Physical 

functioning is measured by the physical component score (PCS) from the SF-36 survey.  

This study has been approved by the Health Research Ethics Board (HREB) of the 

University of Manitoba (HS2019:286). The signed, informed consent was not requested for the 

study participants in 1948. However, it has been acknowledged by the HREB of the University 

of Manitoba that the continued response from MFUS members to surveys and requests for 

medical examinations can be seen as consent to participate in the study. 

In this research, the data collected in MFUS between 2004 and 2015 were used to 

demonstrate the merits and feasibility of the proposed method.  

2.7.1 Data Description 

In total, the study cohort was consisted of 964 males who were alive in 2004, filled SAQ by 

themselves or with help from family members, and had at least one year of PCS available. The 

average age at the baseline was 84 years old, ranging from 75 to 94. The percent of males were 

married or common-law was 73%. 
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The longitudinal outcome was the physical functioning measured by PCS. The PCS is 

normalized on a unitless scale with mean of 50 and standard deviation of 10 (St. John et al., 

2018). Over the 12 years of follow up, 53.7% of PCS were missing. For more details including 

the number of received SAQs (i.e., PCSs), percent of missing SAQs, the number of deaths, the 

mean age, and mean PCS in each year, please refer to Table 1 in the publication using the same 

data by Liu et al (Y. Liu et al., 2022). 

The survival outcome was the death date collected based on annual contact questionnaire, 

registry database, hospital and physician records and direct phone calls. During the follow up, 

764 members (79.3%) died. The median follow-up time was 7.4 years with interquartiles range 

from 4.30 to 12 years. 

2.7.2 Implementation of the Proposed Method and JMbayes 

The model used to analyze the MFUS data will be the current value association structure and 

time as the only covariate in the longitudinal submodel. The equations are specified as follows: 

𝑃𝐶𝑆𝑖 = 𝑃𝐶𝑆𝑖̂(𝑡𝑖𝑗) + 𝜀𝑖(𝑡𝑖𝑗)  

=  𝛽00 + 𝛽10𝑡𝑖𝑗 + 𝑢0𝑖 + 𝑢1𝑖𝑡𝑖𝑗 +  𝜀𝑖𝑗(𝑡),  

 
(

𝑢0

𝑢1
) ∼ 𝑁 ((

0
0

) , (
𝜎𝑢0

2 𝜎𝑢0𝑢1

𝜎𝑢0𝑢1
𝜎𝑢1

2 )) , 𝜀𝑖(𝑡𝑖𝑗) ∼ 𝑁(0, 𝜎𝜀
2), 

 

 𝜆𝑖𝑞 = 𝜆𝑞 exp{𝛼 ∙ 𝑃𝐶𝑆̂𝑖(𝑡𝑖𝑞)} , 𝑞 =  1, ⋯ , 𝑄.  

According to the results of simulations, Q = 12, which equals to the number of repeated 

measurements in the longitudinal process, was used to split the follow-up time in the survival 

submodel. 

The specifications of the MCMC chains were: 1) 500 iterations for adaption, 2) 3000 

iterations for burn-in, 3) 403,000 iterations were generated with thin of 200. The estimation of 
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unknown parameters using the proposed method was based on 2,015 posterior samples of three 

chains. The only difference was two chains, the default number of chains, was used in JMbayes. 

Convergence of MCMC chains was observed in both methods, which can be seen from 

Supplementary 4. Moreover, the Gelman-Rubin statistics was less than 1.1, indicating the 

convergence of the chains.  
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Table 2-2 Results of data from MFUS 

  Proposed method JMbayes 

Parameter estimate SD 95% CI estimate SD 95% CI 

Intercept (𝛽00) 2.314 0.0048 (1.671, 2.952) 2.149 0.320 (1.533, 2.765) 

Slope (𝛽10) -1.233 0.056 (-1.344, -1.125) -1.135 0.039 (-1.211, -1.060) 

Association parameter (𝛼) -0.058 0.0048 (-0.067, -0.049) -0.056 0.005 (-0.065, -0.046) 

Residual (𝜎𝜀) 5.586 0.064 (5.459, 5.715) 5.574 0.063 (5.448, 5.699) 

Random intercept (𝜎𝑢0
)  9.249 0.053 (8.765, 9.754) 9.234 0.253 (8.720, 9.728) 

Random slope (𝜎𝑢1
) 0.926 0.053 (0.824, 1.032) 0.899 0.052 (0.800, 1.002) 

Correlation of intercept and slope (𝜌𝑢0𝑢1
) -0.031 0.006 (-0.043, -0.018) -0.289 0.054 (-0.387, -0.181) 
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Table 2-2 presents the estimates, standard deviations, and 95% credible intervals (CIs). 

The PCSs were centered at the grand mean 40.3. The estimation of unknow parameters from 

JMbayes and the proposed method was very close, except for the correlation between random 

effects of intercept and slope (𝜌𝑢0𝑢1
). The estimate of correlation of random intercept and slope 

was higher from JMbayes than from the proposed method. The standard deviations for the 

random intercept and the correlation between two random effects in the proposed method were 

smaller than in the JMbayes method, which then resulted in narrower 95% CIs. 

2.8 Discussion 

We proposed using the auxiliary Poisson model for the survival submodel in joint modeling of 

longitudinal and time-to-event data within a Bayesian framework.  Our proposed method has 

good performance under majority of the conditions evaluated in this study while had lower 

computing burden than the approach involving the zero-tricks and numeric integration for the 

survival part. Sample size does not affect the performance of the proposed method while 

censoring rate may affect the accuracy and 95% credible intervals of the association parameters 

and the fixed effect of the slope of time in the longitudinal process. Moreover, comparing to 

JMbayes, our proposed method has lower or comparable computing burden while performing 

superior or comparable under majority of the conditions.  

The proposed method is especially recommended, when the sample size is small, or the 

censoring rate is low, or the study interest is more on the longitudinal process. On the other side, 

a more complex association structure may result in biased estimation of the association 

parameters, however, the magnitude of the bias is negligible or minor. Our results have shown 

the potential of computing efficiency using the auxiliary Poisson model as the survival submodel 
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in JMs. This is important when we extend JMs to more complex situations such as the joint 

models for multilevel and multivariate data. 

This study discussed the method that using the auxiliary Poisson model as the survival 

submodel in JMs through a Bayesian perspective, but the estimators of the proposed method 

from a frequentist perspective have not been established. Since the equivalence of estimators 

from a PCPH model and the auxiliary Poisson model to analyze survival data has been 

demonstrated from frequentist perspective (Whitehead, 1980; Laird & Olivier, 1981), it is 

possible to develop a similar theory using frequentist approach in the JM framework in future 

research. Multiple biomarkers and competing risks are common and various extensions of JMs 

have been developed to handle these more complex situations. The possibility of applying the 

proposed method to those JMs can be assessed in future research. In addition, the deviance 

information criterion (Luo & Wang, 2014; Ferede et al., 2022), the Bayes factors (Luo & Wang, 

2014), the posterior model probability (Alvares & Rubio, 2021), and the time-dependent area 

under the curve (AUC) (Brilleman et al., 2019) have been used in the literature to compare 

Bayesian models, which has not been considered in this study.  

Data availability statement 

Data are available on reasonable request. 

Supplementary material 

Supplementary information can be found online in the Supplementary section. 

2.9 References 

Alshammari, M. (2015). Response shift in health-related quality of life in older men: The 

Manitoba follow-up study [University of Manitoba]. http://hdl.handle.net/1993/30715 

Alvares, D., & Rubio, F. J. (2021). A tractable Bayesian joint model for longitudinal and survival 



43 

 

data. Statistics in Medicine, 40(19), 4213–4229. https://doi.org/10.1002/sim.9024 

Ariyo, O., Lesaffre, E., Verbeke, G., & Quintero, A. (2022). Model selection for Bayesian linear 

mixed models with longitudinal data: Sensitivity to the choice of priors. Communications in 

Statistics: Simulation and Computation, 51(4), 1591–1615. 

https://doi.org/10.1080/03610918.2019.1676439 

Austin, P. C. (2017). A tutorial on multilevel survival analysis: methods, models and 

applications. International Statistical Review, 85(2), 185–203. 

https://doi.org/10.1111/insr.12214 

Brilleman, S. L., Crowther, M. J., Moreno-Betancur, M., Buros Novik, J., Dunyak, J., Al-Huniti, 

N., Fox, R., Hammerbacher, J., & Wolfe, R. (2019). Joint longitudinal and time-to-event 

models for multilevel hierarchical data. Statistical Methods in Medical Research, 28(12), 

3502–3515. https://doi.org/10.1177/0962280218808821 

Brilleman, S. L., Wolfe, R., Moreno-Betancur, M., & Crowther, M. J. (2021). Simulating 

survival data using the simsurv R package. Journal of Statistical Software, 97(3), 1–27. 

https://doi.org/10.18637/jss.v097.i03 

Cremers, J., Mortensen, L. H., & Ekstrøm, C. T. (2021). A joint model for longitudinal and time-

to-event data in social and life course research: employment status and time to retirement. 

Sociological Methods and Research. https://doi.org/10.1177/00491241211055770 

Crowther, M. J., Riley, R. D., Staessen, J. A., Wang, J., Gueyffier, F., & Lambert, P. C. (2012). 

Individual patient data meta-analysis of survival data using Poisson regression models. 

BMC Medical Research Methodology, 12. https://doi.org/10.1186/1471-2288-12-34 

Donovan, T., & Mickey, R. M. (2019). MCMC diagnostic approaches. In Bayesian statistics for 

beginners: a step-by-step approach (First). Oxford University Press. 



44 

 

https://doi.org/10.1093/oso/9780198841296.001.0001 

Elashoff, R. M., Li, G., & Li, N. (2008). A joint model for longitudinal measurements and 

survival data in the presence of multiple failure types. Biometrics, 64(3), 762–771. 

https://doi.org/10.1111/j.1541-0420.2007.00952.x 

Elghafghuf, A., Dufour, S., Reyher, K., Dohoo, I., & Stryhn, H. (2014). Survival analysis of 

clinical mastitis data using a nested frailty Cox model fit as a mixed-effects Poisson model. 

Preventive Veterinary Medicine, 117(3–4), 456–468. 

https://doi.org/10.1016/j.prevetmed.2014.09.013 

Fagbamigbe, A. F., Salawu, M. M., Abatan, S. M., & Ajumobi, O. (2021). Approximation of the 

Cox survival regression model by MCMC Bayesian Hierarchical Poisson modelling of 

factors associated with childhood mortality in Nigeria. Scientific Reports, 11(1). 

https://doi.org/10.1038/s41598-021-92606-0 

Faucett, C. L., & Thomas, D. C. (1996). Simultaneously modelling censored survival data and 

repeatedly measured covariates: A Gibbs sampling approach. Statistics in Medicine, 15(15), 

1663–1685. https://doi.org/10.1002/(SICI)1097-0258(19960815)15:15<1663::AID-

SIM294>3.0.CO;2-1 

Ferede, M. M., Mwalili, S., Dagne, G., Karanja, S., Hailu, W., El-Morshedy, M., & Al-Bossly, 

A. (2022). A Semiparametric Bayesian Joint Modelling of Skewed Longitudinal and 

Competing Risks Failure Time Data: With Application to Chronic Kidney Disease. 

Mathematics, 10(24). https://doi.org/10.3390/math10244816 

Ferrer, L., Rondeau, V., J., D. J., Pickles, T., Dadda, H. J., & Proust-Lima, C. (2016). Joint 

modelling of longitudinal and multi-state processes: application to clinical progressions in 

prostate cancer. Statistics in Medicine, 35(22), 3933–3948. https://doi.org/10.1002/sim.6972 



45 

 

Freitas, S., Simões, M. R., Alves, L., Vicente, M., & Santana, I. (2012). Montreal cognitive 

assessment (MoCA): Validation study for vascular dementia. Journal of the International 

Neuropsychological Society, 18(6), 1031–1040. 

https://doi.org/10.1017/S135561771200077X 

Gelfand, A. E., & Sahu, S. K. (1999). Identifiability, Improper Priors, and Gibbs Sampling for 

Generalized Linear Models. In Source: Journal of the American Statistical Association 

(Vol. 94, Issue 445). 

Hirsch, K., Wienke, A., & Kuss, O. (2016). Log-normal frailty models fitted as Poisson 

generalized linear mixed models. Computer Methods and Programs in Biomedicine, 137, 

167–175. https://doi.org/10.1016/j.cmpb.2016.09.009 

Hsieh, F., Tseng, Y. K., & Wang, J. L. (2006). Joint modeling of survival and longitudinal data: 

Likelihood approach revisited. Biometrics, 62(4), 1037–1043. 

https://doi.org/10.1111/j.1541-0420.2006.00570.x 

Hu, W., Li, G., & Li, N. (2009). A Bayesian approach to joint analysis of longitudinal 

measurements and competing risks failure time data. Statistics in Medicine, 28(11), 1601–

1619. https://doi.org/10.1002/sim.3562 

Huang, X., Li, G., Elashoff, R. M., & Pan, J. (2011). A general joint model for longitudinal 

measurements and competing risks survival data with heterogeneous random effects. 

Lifetime Data Analysis, 17(1), 80–100. https://doi.org/10.1007/s10985-010-9169-6 

Huang, Y., Dagne, G., & Wu, L. (2011). Bayesian inference on joint models of HIV dynamics 

for time-to-event and longitudinal data with skewness and covariate measurement errors. 

Statistics in Medicine, 30(24), 2930–2946. https://doi.org/10.1002/sim.4321 

Laird, N., & Olivier, D. (1981). Covariance analysis of censored survival data using log-linear 



46 

 

analysis techniques. Journal of the American Statistical Association, 76(374), 231–240. 

https://doi.org/10.1080/01621459.1981.10477634 

Liu, L., & Huang, X. (2009). Joint analysis of correlated repeated measures and recurrent events 

processes in the presence of death, with application to a study on acquired immune 

deficiency syndrome. Journal of the Royal Statistical Society. Series C: Applied Statistics, 

58(1), 65–81. https://doi.org/10.1111/j.1467-9876.2008.00641.x 

Liu, L., Ma, J. Z., & O’Quigley, J. (2008). Joint analysis of multi-level repeated measures data 

and survival: An application to the end stage renal disease (ESRD) data. Statistics in 

Medicine, 27(27), 5679–5691. https://doi.org/10.1002/sim.3392 

Liu, Y., Jiang, D., Tate, R., & St. John, P. (2022). Frequency of data collection and estimation of 

trajectories of physical functioning and their associations with survival in older men: 

analyses of longitudinal data from the Manitoba Follow-Up Study. BMJ Open, 12(4). 

https://doi.org/10.1136/bmjopen-2021-054385 

Luo, S., & Wang, J. (2014). Bayesian hierarchical model for multiple repeated measures and 

survival data: an application to Parkinson’s Disease. Statistics in Medicine, 33(24), 4279–

4291. https://doi.org/10.1002/sim.6228. 

Papageorgiou, G., Mauff, K., Tomer, A., & Rizopoulos, D. (2019). An overview of joint 

modeling of time-to-event and longitudinal outcomes. Annual Review of Statistics and Its 

Application, 6, 223–240. https://doi.org/10.1146/annurev-statistics-030718-105048 

Rizopoulos, D. (2011). Dynamic predictions and prospective accuracy in joint models for 

longitudinal and time-to-event data. Biometrics, 67(3), 819–829. 

https://doi.org/10.1111/j.1541-0420.2010.01546.x 

Rizopoulos, D. (2012). Joint models for longitudinal and survival data with application in R. 



47 

 

CRC press. 

Rizopoulos, D. (2016). The R package JMbayes for fitting joint models for longitudinal and 

time-to-event data using MCMC. Journal of Statistical Software, 72(7). 

https://doi.org/10.18637/jss.v072.i07 

Rodriguez, G. (2008). Multilevel generalized linear models. In Handbook of multilevel analysis 

(pp. 335–376). Springer New York. https://doi.org/https://doi.org/10.1007/978-0-387-

73186-5 

Rotolo, F., Paoletti, X., Burzykowski, T., Buyse, M., & Michiels, S. (2019). A Poisson approach 

to the validation of failure time surrogate endpoints in individual patient data meta-analyses. 

Statistical Methods in Medical Research, 28(1), 170–183. 

https://doi.org/10.1177/0962280217718582 

Roy, V. (2020). Convergence diagnostics for Markov chain Monte Carlo. Annual Review of 

Statistics and Its Application, 7, 387–412. http://arxiv.org/abs/1909.11827 

Spiegelhalter, D. J., Abrams, K. R., & Myles, J. P. (2003). Bayesian Approaches to Clinical 

Trials and Health-Care Evaluation. https://onlinelibrary.wiley.com/doi/ 

St. John, P. D., Jiang, D., & Tate, R. B. (2018). Quality of life trajectories predict mortality in 

older men: the Manitoba follow-up study. Journal of Aging and Health, 30(2), 247–261. 

https://doi.org/10.1177/0898264316673714 

Tate, R. B., Cuddy, T. E., & Mathewson, F. A. L. (2015). Cohort profile: the Manitoba Follow-

Up Study (MFUS). International Journal of Epidemiology, 44(5), 1528–1536. 

https://doi.org/10.1093/ije/dyu141 

Tate, R. B., Michaels, L., Edward Cuddy, T., & Bayomi, D. J. (2013). Clinical diagnoses before 

age 75 and men’s survival to their 85th birthday: The manitoba follow-up study. 



48 

 

Gerontologist, 53(1), 133–141. https://doi.org/10.1093/geront/gns050 

Whitehead, B. J. (1980). Fitting Cox’ s regression model to survival data using GLIM. Journal of 

the Royal Statistical Society. Series C (Applied Statistics), 29(3), 268–275. 

Wulfsohn, M. S., & Tsisatis, A. A. (1997). A joint model for survival and longitudinal data 

measured with error. Biometrics, 53(1), 330–339. 

Yang, M., Luo, S., & DeSantis, S. (2019). Bayesian quantile regression joint models: inference 

and dynamic predictions. Statistical Methods in Medical Research, 28(8), 2524–2537. 

https://doi.org/10.1177/0962280218784757. 

 



49 

 

2.10 SUPPLEMENTARY MATERIALS 

2.10.1 Supplementary 1 Statistics to evaluate performance of the proposed method and 

JMbayes 

Table 2-3-A Simulation studies scenario 1: results of the proposed method when sample 

size = 200, censoring rate = 10% and 20%, Q = 15, 10, 7 

  Censoring = 10% Censoring = 20% 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 208 (95%) N = 218 (99%) 

α (-0.05) -0.053 -0.003 6.22% 0.008 0.007 97% -0.053 -0.003 6.42% 0.007 0.008 93% 

𝛽00 (45) 44.947 -0.053 -0.12% 0.625 0.642 94% 44.989 -0.011 -0.02% 0.617 0.627 94% 

𝛽10 (-1) -0.930 0.070 -7.04% 0.227 0.223 94% -0.961 0.039 -3.94% 0.189 0.198 94% 

𝜌𝑢0𝑢1
(0) 0.001 0.001 NA 0.008 0.008 94% 0.000 0.000 NA 0.006 0.007 95% 

𝜎𝜀 (5) 5.001 0.001 0.02% 0.132 0.128 94% 5.015 0.015 0.29% 0.107 0.106 97% 

𝜎𝑢0
 (8) 7.909 -0.091 -1.14% 0.494 0.484 95% 7.957 -0.043 -0.54% 0.478 0.463 96% 

𝜎𝑢1
(2) 1.985 -0.015 -0.73% 0.177 0.182 96% 1.981 -0.019 -0.94% 0.145 0.141 96% 

Q = 10 N = 215 (98%) N = 220 (100%) 

α (-0.05) -0.055 -0.005 10.41% 0.008 0.008 90% -0.054 -0.004 7.62% 0.008 -0.085 92% 

𝛽00 (45) 44.873 -0.127 -0.28% 0.625 0.618 94% 44.941 -0.059 -0.13% 0.678 43.455 91% 

𝛽10 (-1) -0.894 0.106 -10.61% 0.226 0.224 93% -0.967 0.033 -3.25% 0.192 -1.731 94% 

𝜌𝑢0𝑢1
(0) 0.001 0.001 NA 0.008 0.009 92% 0.000 0.000 NA 0.007 -0.018 95% 

𝜎𝜀 (5) 5.016 0.016 0.33% 0.132 0.137 94% 5.009 0.009 0.18% 0.113 4.614 95% 

𝜎𝑢0
 (8) 7.916 -0.084 -1.05% 0.494 0.484 95% 8.005 0.005 0.07% 0.466 6.478 95% 

𝜎𝑢1
(2) 1.972 -0.028 -1.39% 0.176 0.191 92% 1.989 -0.011 -0.53% 0.145 1.525 95% 

Q = 7 N = 220 (100%) N = 220 (100%) 

α (-0.05) -0.056 -0.006 12.01% 0.008 0.008 90% -0.056 -0.006 11.65% 0.008 0.008 88% 

𝛽00 (45) 44.926 -0.074 -0.16% 0.627 0.603 96% 44.953 -0.047 -0.10% 0.614 0.671 92% 

𝛽10 (-1) -0.906 0.094 -9.43% 0.226 0.224 93% -0.938 0.062 -6.16% 0.190 0.198 93% 

𝜌𝑢0𝑢1
(0) 0.001 0.001 NA 0.008 0.008 98% 0.000 0.000 NA 0.006 0.007 95% 

𝜎𝜀 (5) 5.018 0.018 0.36% 0.132 0.135 94% 4.996 -0.004 -0.08% 0.106 0.109 95% 

𝜎𝑢0
 (8) 7.943 -0.057 -0.71% 0.495 0.488 95% 7.920 -0.080 -1.00% 0.478 0.489 94% 

𝜎𝑢1
(2) 1.990 -0.010 -0.49% 0.177 0.173 95% 2.005 0.005 0.24% 0.146 0.140 95% 
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Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 

Table 2-4-B Simulation studies scenario 1: results of the proposed method when sample 

size = 200, censoring rate = 10% and 20%, Q = 5, 3 

  Censoring = 10% Censoring = 20% 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 5 N = 220 (100%) N = 220 (100%) 

α (-0.05) -0.058 -0.008 16.13% 0.009 0.009 82% -0.058 -0.008 15.53% 0.008 0.007 89% 

𝛽00 (45) 44.886 -0.114 -0.25% 0.629 0.620 95% 44.835 -0.165 -0.37% 0.617 0.620 94% 

𝛽10 (-1) -0.838 0.162 -16.18% 0.226 0.214 91% -0.899 0.101 -10.09% 0.188 0.181 94% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.008 0.008 95% 0.000 0.000 NA 0.006 0.007 92% 

𝜎𝜀 (5) 5.025 0.025 0.51% 0.132 0.140 93% 5.011 0.011 0.21% 0.107 0.106 97% 

𝜎𝑢0
 (8) 7.968 -0.032 -0.40% 0.496 0.530 94% 7.963 -0.037 -0.46% 0.479 0.480 94% 

𝜎𝑢1
 (2) 1.998 -0.002 -0.08% 0.177 0.171 96% 1.983 -0.017 -0.87% 0.145 0.145 95% 

Q = 3 N = 220 (100%) N = 220 (100%) 

α (-0.05) -0.059 -0.009 17.90% 0.009 0.009 81% -0.060 -0.010 20.81% 0.008 0.009 76% 

𝛽00 (45) 44.838 -0.162 -0.36% 0.625 0.689 95% 44.814 -0.186 -0.41% 0.617 0.560 95% 

𝛽10 (-1) -0.780 0.220 -21.99% 0.222 0.210 83% -0.842 0.158 -15.77% 0.187 0.182 86% 

𝜌𝑢0𝑢1
(0) 0.001 0.001 NA 0.008 0.008 95% 0.001 0.001 NA 0.007 0.007 95% 

𝜎𝜀 (5) 5.036 0.036 0.73% 0.133 0.139 94% 5.010 0.010 0.19% 0.107 0.110 93% 

𝜎𝑢0
 (8) 7.911 -0.089 -1.11% 0.494 0.528 93% 7.960 -0.040 -0.49% 0.478 0.524 93% 

𝜎𝑢1
(2) 1.956 -0.044 -2.21% 0.173 0.162 95% 1.964 -0.036 -1.81% 0.143 0.140 93% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-5-A Simulation studies scenario 1: results of the proposed method when sample 

size = 200, censoring rate = 50% and 70%, Q = 15, 10, 7 

  Censoring = 50% Censoring = 70% 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 220 (100%) N = 181 (82%) 

α (-0.05) -0.055 -0.005 9.05% 0.008 0.008 92% -0.059 -0.009 17.58% 0.010 0.009 89% 

𝛽00 (45) 45.015 0.015 0.03% 0.605 0.573 96% 44.944 -0.056 -0.13% 0.604 0.565 95% 

𝛽10 (-1) -0.986 0.014 -1.40% 0.166 0.150 97% -0.972 0.028 -2.81% 0.157 0.156 94% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.006 0.005 96% -0.001 -0.001 NA 0.005 0.005 93% 

𝜎𝜀 (5) 5.009 0.009 0.18% 0.085 0.086 94% 4.998 -0.002 -0.04% 0.078 0.079 96% 

𝜎𝑢0
 (8) 7.950 -0.050 -0.63% 0.462 0.507 94% 7.999 -0.001 -0.01% 0.458 0.440 97% 

𝜎𝑢1
(2) 2.004 0.004 0.22% 0.123 0.121 96% 2.002 0.002 0.09% 0.115 0.111 97% 

Q = 10 N = 220 (100%) N = 196 (89%) 

α (-0.05) -0.057 -0.007 14.28% 0.008 0.009 89% -0.060 -0.010 19.61% 0.010 0.010 88% 

𝛽00 (45) 44.997 -0.003 -0.01% 0.610 0.585 96% 44.939 -0.061 -0.13% 0.600 0.604 94% 

𝛽10 (-1) -0.962 0.038 -3.80% 0.165 0.176 93% -0.969 0.031 -3.15% 0.158 0.159 93% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.006 0.006 93% -0.001 -0.001 NA 0.005 0.005 95% 

𝜎𝜀 (5) 5.003 0.003 0.06% 0.085 0.080 96% 5.003 0.003 0.06% 0.078 0.076 96% 

𝜎𝑢0
 (8) 8.019 0.019 0.24% 0.466 0.464 96% 7.953 -0.047 -0.59% 0.455 0.464 95% 

𝜎𝑢1
(2) 1.988 -0.012 -0.58% 0.122 0.117 95% 2.013 0.013 0.66% 0.115 0.112 96% 

Q = 7 N = 220 (100%) N = 198 (90%) 

α (-0.05) -0.058 -0.008 16.01% 0.008 0.008 89% -0.062 -0.012 24.63% 0.011 0.010 81% 

𝛽00 (45) 44.974 -0.026 -0.06% 0.608 0.593 97% 44.959 -0.041 -0.09% 0.604 0.593 95% 

𝛽10 (-1) -0.957 0.043 -4.34% 0.164 0.155 95% -0.957 0.043 -4.33% 0.157 0.153 94% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.006 0.006 95% 0.000 0.000 NA 0.005 0.005 96% 

𝜎𝜀 (5) 5.000 0.000 0.00% 0.085 0.082 96% 5.004 0.004 0.08% 0.078 0.079 97% 

𝜎𝑢0
 (8) 7.986 -0.014 -0.17% 0.464 0.459 95% 8.003 0.003 0.03% 0.458 0.429 96% 

𝜎𝑢1
(2) 1.985 -0.015 -0.76% 0.122 0.123 93% 1.994 -0.006 -0.32% 0.115 0.115 95% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-6-B Simulation studies scenario 1: results of the proposed method when sample 

size = 200, censoring rate = 50% and 70%, Q = 5, 3 

  Censoring = 50% Censoring = 70% 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 5 N = 220 (100%) N = 194 (88%) 

α (-0.05) -0.059 -0.009 18.56% 0.009 0.009 83% -0.064 -0.014 27.87% 0.011 0.011 77% 

𝛽00 (45) 44.935 -0.065 -0.15% 0.609 0.630 95% 44.871 -0.129 -0.29% 0.606 0.594 93% 

𝛽10 (-1) -0.970 0.030 -3.03% 0.165 0.163 94% -0.952 0.048 -4.79% 0.158 0.158 93% 

𝜌𝑢0𝑢1
(0) -0.001 -0.001 NA 0.005 0.006 95% 0.000 0.000 NA 0.005 0.005 95% 

𝜎𝜀 (5) 4.997 -0.003 -0.06% 0.085 0.086 95% 5.008 0.008 0.16% 0.078 0.079 94% 

𝜎𝑢0
 (8) 8.004 0.004 0.05% 0.464 0.418 98% 8.041 0.041 0.51% 0.459 0.458 94% 

𝜎𝑢1
 (2) 1.996 -0.004 -0.18% 0.123 0.130 93% 2.000 0.000 0.01% 0.115 0.112 95% 

Q = 3 N = 220 (100%) N = 199 (91%) 

α (-0.05) -0.062 -0.012 24.25% 0.009 0.009 78% -0.064 -0.014 27.31% 0.009 0.009 70% 

𝛽00 (45) 44.930 -0.070 -0.16% 0.612 0.632 95% 44.876 -0.124 -0.27% 0.607 0.636 95% 

𝛽10 (-1) -0.922 0.078 -7.80% 0.165 0.168 90% -0.924 0.076 -7.63% 0.165 0.147 95% 

𝜌𝑢0𝑢1
(0) -0.001 -0.001 NA 0.005 0.005 96% 0.000 0.000 NA 0.006 0.006 94% 

𝜎𝜀 (5) 5.000 0.000 0.01% 0.085 0.088 96% 5.004 0.004 0.08% 0.085 0.089 95% 

𝜎𝑢0
 (8) 8.053 0.053 0.66% 0.467 0.449 94% 7.967 -0.033 -0.41% 0.464 0.492 92% 

𝜎𝑢1
 (2) 1.999 -0.001 -0.04% 0.122 0.124 94% 1.994 -0.006 -0.32% 0.122 0.122 94% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-7-A Simulation studies scenario 1: results of the proposed method when sample 

size = 500, censoring rate = 10% and 20%, Q = 15, 10 

  Censoring = 10% Censoring = 20% 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 220 (100%) N = 220 (100%) 

α (-0.05) -0.052 -0.002 4.41% 0.005 0.005 93% -0.053 -0.003 6.05% 0.005 0.004 93% 

𝛽00 (45) 44.982 -0.018 -0.04% 0.394 0.381 96% 44.953 -0.047 -0.10% 0.391 0.424 92% 

𝛽10 (-1) -0.948 0.052 -5.24% 0.129 0.133 93% -0.951 0.049 -4.89% 0.120 0.123 94% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.004 0.005 93% -0.001 -0.001 NA 0.004 0.004 96% 

𝜎𝜀 (5) 5.005 0.005 0.11% 0.077 0.068 97% 5.005 0.005 0.09% 0.067 0.063 96% 

𝜎𝑢0
 (8) 7.972 -0.028 -0.35% 0.307 0.302 95% 8.006 0.006 0.08% 0.303 0.304 95% 

𝜎𝑢1
 (2) 1.989 -0.011 -0.56% 0.102 0.099 96% 2.001 0.001 0.05% 0.092 0.093 94% 

Q = 10 N = 220 (100%) N = 220 (100%) 

α (-0.05) -0.054 -0.004 7.52% 0.005 0.005 88% -0.054 -0.004 7.17% 0.005 0.005 89% 

𝛽00 (45) 44.970 -0.030 -0.07% 0.396 0.379 98% 44.973 -0.027 -0.06% 0.390 0.376 95% 

𝛽10 (-1) -0.910 0.090 -9.02% 0.129 0.122 91% -0.939 0.061 -6.14% 0.119 0.120 91% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.004 0.005 92% 0.000 0.000 NA 0.004 0.004 96% 

𝜎𝜀 (5) 5.011 0.011 0.21% 0.077 0.075 95% 5.003 0.003 0.06% 0.067 0.063 95% 

𝜎𝑢0
 (8) 8.023 0.023 0.29% 0.309 0.313 95% 7.973 -0.027 -0.34% 0.302 0.308 95% 

𝜎𝑢1
 (2) 1.985 -0.015 -0.75% 0.102 0.093 96% 1.977 -0.023 -1.16% 0.091 0.091 94% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-8-B Simulation studies scenario 1: results of the proposed method when sample 

size = 500, censoring rate = 10% and 20%, Q = 7, 5 

  Censoring = 10% Censoring = 20% 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 7 N = 220 (100%) N = 220 (100%) 

α (-0.05) -0.055 -0.005 9.03% 0.005 0.005 86% -0.055 -0.005 9.80% 0.005 0.005 83% 

𝛽00 (45) 44.942 -0.058 -0.13% 0.396 0.382 95% 44.958 -0.042 -0.09% 0.391 0.369 99% 

𝛽10 (-1) -0.903 0.097 -9.74% 0.129 0.151 81% -0.915 0.085 -8.47% 0.119 0.119 87% 

𝜌𝑢0𝑢1
(0) -0.001 -0.001 NA 0.004 0.004 93% 0.000 0.000 NA 0.004 0.004 94% 

𝜎𝜀 (5) 5.008 0.008 0.16% 0.077 0.085 91% 4.998 -0.002 -0.05% 0.067 0.064 97% 

𝜎𝑢0
 (8) 8.000 0.000 0.01% 0.308 0.309 96% 7.997 -0.003 -0.04% 0.302 0.301 94% 

𝜎𝑢1
 (2) 1.978 -0.022 -1.09% 0.102 0.102 95% 1.988 -0.012 -0.58% 0.091 0.098 91% 

Q = 5 N = 220 (100%) N = 220 (100%) 

α (-0.05) -0.056 -0.006 11.09% 0.005 0.005 81% -0.059 -0.009 17.21% 0.005 0.005 66% 

𝛽00 (45) 44.878 -0.122 -0.27% 0.395 0.367 95% 44.902 -0.098 -0.22% 0.385 0.405 95% 

𝛽10 (-1) -0.858 0.142 -14.22% 0.129 0.122 83% -0.949 0.051 -5.10% 0.104 0.108 91% 

𝜌𝑢0𝑢1
(0) -0.001 -0.001 NA 0.004 0.005 94% 0.000 0.000 NA 0.003 0.004 94% 

𝜎𝜀 (5) 5.013 0.013 0.26% 0.077 0.069 98% 5.002 0.002 0.04% 0.054 0.054 95% 

𝜎𝑢0
 (8) 7.993 -0.007 -0.09% 0.308 0.335 92% 8.003 0.003 0.04% 0.293 0.310 94% 

𝜎𝑢1
 (2) 1.985 -0.015 -0.75% 0.101 0.106 96% 1.999 -0.001 -0.04% 0.077 0.077 96% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 



55 

 

Table 2-9-A Simulation studies scenario 1: results of the proposed method when sample 

size = 500, censoring rate = 50% and 70%, Q = 15, 10 

  Censoring = 50% Censoring = 70% 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 218 (99%) N = 171 (78%) 

α (-0.05) -0.055 -0.005 9.00% 0.005 0.005 84% -0.058 -0.008 15.43% 0.006 0.006 84% 

𝛽00 (45) 44.927 -0.073 -0.16% 0.384 0.410 94% 44.986 -0.014 -0.03% 0.381 0.371 94% 

𝛽10 (-1) -0.989 0.011 -1.15% 0.105 0.102 96% -0.980 0.020 -2.03% 0.100 0.101 96% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.003 0.004 95% 0.000 0.000 NA 0.003 0.003 95% 

𝜎𝜀 (5) 4.998 -0.002 -0.04% 0.054 0.053 95% 5.000 0.000 -0.01% 0.049 0.047 95% 

𝜎𝑢0
 (8) 7.988 -0.012 -0.14% 0.292 0.299 96% 8.002 0.002 0.03% 0.288 0.305 96% 

𝜎𝑢1
 (2) 2.003 0.003 0.16% 0.078 0.079 94% 2.005 0.005 0.26% 0.073 0.080 94% 

Q = 10 N = 219 (100%) N = 177 (80%) 

α (-0.05) -0.056 -0.006 11.74% 0.005 0.005 81% -0.058 -0.008 16.29% 0.006 0.006 73% 

𝛽00 (45) 44.968 -0.032 -0.07% 0.384 0.377 97% 44.929 -0.071 -0.16% 0.380 0.358 97% 

𝛽10 (-1) -0.961 0.039 -3.93% 0.104 0.102 93% -0.979 0.021 -2.06% 0.100 0.097 95% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.003 0.003 95% 0.000 0.000 NA 0.003 0.003 93% 

𝜎𝜀 (5) 5.005 0.005 0.10% 0.054 0.056 94% 4.999 -0.001 -0.02% 0.050 0.049 94% 

𝜎𝑢0
 (8) 8.007 0.007 0.09% 0.293 0.317 92% 7.965 -0.035 -0.44% 0.287 0.291 95% 

𝜎𝑢1
 (2) 1.998 -0.002 -0.09% 0.077 0.077 95% 2.015 0.015 0.77% 0.073 0.067 95% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-10-B Simulation studies scenario 1: results of the proposed method when sample 

size = 500, censoring rate = 50% and 70%, Q = 7, 5 

  Censoring = 50% Censoring = 70% 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 7 N = 219 (100%) N = 177 (80%) 

α (-0.05) -0.057 -0.007 13.83% 0.005 0.005 77% -0.061 -0.011 21.79% 0.007 0.007 64% 

𝛽00 (45) 44.953 -0.047 -0.10% 0.386 0.378 95% 44.960 -0.040 -0.09% 0.382 0.395 94% 

𝛽10 (-1) -0.959 0.041 -4.06% 0.105 0.115 90% -0.963 0.037 -3.66% 0.100 0.098 92% 

𝜌𝑢0𝑢1
(0) -0.001 -0.001 NA 0.003 0.004 92% -0.001 -0.001 NA 0.003 0.003 94% 

𝜎𝜀 (5) 5.001 0.001 0.02% 0.054 0.052 97% 5.007 0.007 0.14% 0.049 0.049 96% 

𝜎𝑢0
 (8) 8.024 0.024 0.30% 0.293 0.284 95% 8.009 0.009 0.12% 0.288 0.308 93% 

𝜎𝑢1
 (2) 2.005 0.005 0.23% 0.078 0.078 96% 2.012 0.012 0.59% 0.073 0.069 95% 

Q = 5 N = 216 (98%) N = 174 (79%) 

α (-0.05) -0.059 -0.009 17.03% 0.005 0.006 64% -0.063 -0.013 25.13% 0.007 0.007 52% 

𝛽00 (45) 44.967 -0.033 -0.07% 0.384 0.387 94% 44.954 -0.046 -0.10% 0.383 0.393 94% 

𝛽10 (-1) -0.946 0.054 -5.35% 0.104 0.108 91% -0.956 0.044 -4.43% 0.100 0.101 94% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.003 0.004 89% -0.001 -0.001 NA 0.003 0.003 94% 

𝜎𝜀 (5) 4.999 -0.001 -0.02% 0.054 0.058 94% 5.004 0.004 0.08% 0.049 0.049 95% 

𝜎𝑢0
 (8) 7.993 -0.007 -0.08% 0.292 0.313 94% 8.052 0.052 0.65% 0.289 0.279 96% 

𝜎𝑢1
 (2) 1.997 -0.003 -0.15% 0.077 0.077 95% 2.012 0.012 0.60% 0.073 0.076 95% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined.
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Table 2-11-A Simulation studies scenario 1: results of JMbayes when sample size is 200, 

censoring rate = 10%, 20% 

  Summary of raw results Summary after remove nonconverged MCMC 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

  Censoring = 10%, N = 213 (97%) Censoring = 10%, N = 135 (61%) 

α (-0.05) -0.052 -0.002 4.95% 0.037 0.031 98% -0.050 0.000 0.23% 0.008 0.008 96% 

𝛽00 (45) 44.809 -0.191 -0.42% 0.534 0.605 88% 44.766 -0.234 -0.52% 0.608 0.628 93% 

𝛽10 (-1) -0.836 0.164 -16.37% 0.179 0.260 66% -0.896 0.104 -10.38% 0.175 0.264 73% 

𝜌𝑢0𝑢1
(0) -0.010 -0.010 NA 0.238 0.117 97% -0.002 -0.002 NA 0.116 0.121 95% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 88% 5.004 0.004 0.08% 0.132 0.144 91% 

𝜎𝑢0
 (8) 6.861 -1.139 -14.24% 1.451 1.838 89% 7.955 -0.045 -0.57% 0.489 0.507 93% 

𝜎𝑢1
 (2) 1.774 -0.226 -11.31% 0.347 0.323 92% 1.945 -0.055 -2.73% 0.174 0.195 90% 

  Censoring = 20%, N = 220 (100%) Censoring = 20%, N = 161 (73%) 

α (-0.05) -0.049 0.001 -1.03% 0.030 0.029 97% -0.051 -0.001 1.72% 0.007 0.007 96% 

𝛽00 (45) 44.762 -0.238 -0.53% 0.557 0.649 85% 44.713 -0.287 -0.64% 0.605 0.609 89% 

𝛽10 (-1) -0.895 0.105 -10.52% 0.164 0.193 85% -0.899 0.101 -10.13% 0.167 0.200 86% 

𝜌𝑢0𝑢1
(0) 0.007 0.007 NA 0.187 0.114 94% 0.013 0.013 NA 0.099 0.105 91% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 92% 4.997 -0.003 -0.05% 0.105 0.102 94% 

𝜎𝑢0
 (8) 7.260 -0.740 -9.26% 1.176 1.809 94% 7.999 -0.001 -0.02% 0.474 0.493 96% 

𝜎𝑢1
 (2) 1.844 -0.156 -7.82% 0.266 0.306 92% 1.969 -0.031 -1.56% 0.143 0.155 93% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝝆𝒖𝟎𝒖𝟏
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-12-B Simulation studies scenario 1: results of JMbayes when sample size is 200, 

censoring rate = 50%, 70% 

  Summary of raw results 

Summary after remove nonconverged 

MCMC 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

  Censoring = 50%, N = 217 (99%) Censoring = 50%, N = 164 (75%) 

α (-0.05) -0.059 -0.009 18.69% 0.033 0.036 92% -0.054 -0.004 7.44% 0.008 0.009 90% 

𝛽00 (45) 44.741 -0.259 -0.58% 0.576 0.597 90% 44.715 -0.285 -0.63% 0.595 0.609 93% 

𝛽10 (-1) -0.953 0.047 -4.71% 0.167 0.167 96% -0.948 0.052 -5.22% 0.157 0.156 97% 

𝜌𝑢0𝑢1
(0) 0.010 0.010 NA 0.184 0.147 95% 0.011 0.011 NA 0.086 0.093 93% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 92% 4.972 -0.028 -0.55% 0.084 0.084 94% 

𝜎𝑢0
 (8) 7.453 -0.547 -6.84% 1.237 1.734 94% 7.952 -0.048 -0.60% 0.457 0.453 95% 

𝜎𝑢1
 (2) 1.987 -0.013 -0.63% 0.328 0.491 97% 1.978 -0.022 -1.10% 0.121 0.122 96% 

  Censoring = 70%, N = 199 (91%) Censoring = 70%, N = 171 (78%) 

α (-0.05) -0.068 -0.018 35.67% 0.024 0.040 85% -0.059 -0.009 18.99% 0.010 0.011 85% 

𝛽00 (45) 44.799 -0.201 -0.45% 0.610 0.612 93% 44.842 -0.158 -0.35% 0.595 0.602 95% 

𝛽10 (-1) -1.019 -0.019 1.91% 0.197 0.232 96% -0.994 0.006 -0.55% 0.156 0.146 96% 

𝜌𝑢0𝑢1
(0) 0.024 0.024 NA 0.137 0.173 96% 0.007 0.007 NA 0.082 0.082 96% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 92% 4.979 -0.021 -0.43% 0.077 0.084 92% 

𝜎𝑢0
 (8) 7.948 -0.052 -0.65% 0.916 1.482 94% 8.008 0.008 0.10% 0.452 0.460 94% 

𝜎𝑢1
 (2) 2.315 0.315 15.73% 0.397 1.658 96% 2.018 0.018 0.88% 0.115 0.118 96% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-13-A Simulation studies scenario 1: results of JMbayes when sample size is 500, 

censoring rate = 10%, 20% 

  Summary of raw results 

Summary after remove nonconverged 

MCMC 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

  Censoring = 10%, N = 220 (100%) Censoring = 10%, N = 174 (79%) 

α (-0.05) -0.050 0.000 -0.61% 0.021 0.028 95% -0.049 0.001 -1.51% 0.004 0.004 95% 

𝛽00 (45) 44.837 -0.163 -0.36% 0.354 0.405 89% 44.822 -0.178 -0.40% 0.384 0.397 92% 

𝛽10 (-1) -0.863 0.137 -13.67% 0.106 0.123 77% -0.872 0.128 -12.84% 0.109 0.123 78% 

𝜌𝑢0𝑢1
(0) -0.016 -0.016 NA 0.143 0.065 96% -0.011 -0.011 NA 0.068 0.067 95% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 90% 4.985 -0.015 -0.31% 0.076 0.086 91% 

𝜎𝑢0
 (8) 7.344 -0.656 -8.20% 0.880 1.539 93% 7.992 -0.008 -0.10% 0.305 0.311 94% 

𝜎𝑢1
 (2) 1.850 -0.150 -7.51% 0.199 0.284 93% 1.965 -0.035 -1.76% 0.101 0.098 93% 

  Censoring = 20%, N = 220 (100%) Censoring = 20%, N = 200 (91%) 

α (-0.05) -0.051 -0.001 1.35% 0.010 0.010 96% -0.050 0.000 -0.65% 0.004 0.004 96% 

𝛽00 (45) 44.863 -0.137 -0.31% 0.372 0.399 88% 44.861 -0.139 -0.31% 0.381 0.397 91% 

𝛽10 (-1) -0.924 0.076 -7.57% 0.106 0.132 84% -0.926 0.074 -7.42% 0.107 0.133 85% 

𝜌𝑢0𝑢1
(0) -0.009 -0.009 NA 0.087 0.064 95% -0.006 -0.006 NA 0.063 0.062 95% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 95% 4.987 -0.013 -0.26% 0.067 0.068 95% 

𝜎𝑢0
 (8) 7.764 -0.236 -2.95% 0.513 1.007 94% 7.969 -0.031 -0.39% 0.299 0.329 96% 

𝜎𝑢1
 (2) 1.946 -0.054 -2.72% 0.130 0.191 94% 1.983 -0.017 -0.84% 0.091 0.094 95% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-14-B Simulation studies scenario 1: results of JMbayes when sample size is 500, 

censoring rate = 50%, 70% 

  Summary of raw results 

Summary after remove nonconverged 

MCMC 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

  Censoring = 50%, N = 203 (92%) Censoring = 50%, N = 187 (85%) 

α (-0.05) -0.056 -0.006 11.36% 0.010 0.021 92% -0.052 -0.002 4.86% 0.005 0.005 91% 

𝛽00 (45) 44.904 -0.096 -0.21% 0.368 0.375 92% 44.926 -0.074 -0.16% 0.376 0.367 94% 

𝛽10 (-1) -0.977 0.023 -2.35% 0.100 0.104 93% -0.978 0.022 -2.21% 0.100 0.106 93% 

𝜌𝑢0𝑢1
(0) -0.006 -0.006 NA 0.080 0.054 96% -0.005 -0.005 NA 0.055 0.052 96% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 94% 4.975 -0.025 -0.50% 0.053 0.056 93% 

𝜎𝑢0
 (8) 7.761 -0.239 -2.99% 0.501 0.780 93% 7.931 -0.069 -0.86% 0.287 0.292 93% 

𝜎𝑢1
 (2) 1.977 -0.023 -1.15% 0.119 0.134 96% 1.995 -0.005 -0.26% 0.077 0.074 96% 

  Censoring = 70%, N = 154 (70%) Censoring = 70%, N = 146 (66%) 

α (-0.05) -0.058 -0.008 15.03% 0.011 0.015 88% -0.056 -0.006 11.64% 0.006 0.006 87% 

𝛽00 (45) 44.929 -0.071 -0.16% 0.369 0.362 95% 44.929 -0.071 -0.16% 0.374 0.361 95% 

𝛽10 (-1) -0.988 0.012 -1.17% 0.098 0.097 97% -0.986 0.014 -1.36% 0.098 0.096 97% 

𝜌𝑢0𝑢1
(0) -0.003 -0.003 NA 0.069 0.057 95% -0.003 -0.003 NA 0.052 0.054 95% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 92% 4.975 -0.025 -0.50% 0.049 0.050 92% 

𝜎𝑢0
 (8) 7.838 -0.162 -2.03% 0.416 0.772 94% 7.964 -0.036 -0.45% 0.284 0.286 94% 

𝜎𝑢1
 (2) 1.994 -0.006 -0.32% 0.105 0.095 94% 2.002 0.002 0.09% 0.072 0.073 94% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-15-A Simulation studies scenario 2: results of the proposed method when sample 

size = 200, censoring rate = 10%, 20% 

  Censoring = 10% Censoring = 20% 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 12 N = 208 (95%) N = 220 (100%) 

𝛼0 (-0.06) -0.062 -0.002 2.50% 0.039 0.021 98% -0.061 -0.001 1.13% 0.013 0.012 95% 

𝛼1 (-0.09) -0.109 -0.019 21.57% 0.101 0.124 83% -0.116 -0.026 28.81% 0.030 0.028 85% 

𝛽00 (45) 44.892 -0.108 -0.24% 0.936 0.712 94% 44.945 -0.055 -0.12% 0.625 0.642 94% 

𝛽10 (-1) -0.826 0.174 -17.36% 0.336 0.279 90% -0.934 0.066 -6.65% 0.200 0.204 93% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.013 0.011 95% -0.001 -0.001 NA 0.007 0.006 95% 

𝜎𝜀 (5) 5.050 0.050 1.01% 0.333 0.199 94% 5.008 0.008 0.17% 0.119 0.126 93% 

𝜎𝑢0
 (8) 7.947 -0.053 -0.67% 0.528 0.514 94% 7.957 -0.043 -0.54% 0.481 0.470 96% 

𝜎𝑢1
 (2) 1.904 -0.096 -4.82% 0.202 0.199 90% 1.972 -0.028 -1.39% 0.156 0.159 94% 

Q = 6 N = 220 (100%) N = 220 (100%) 

𝛼0 (-0.06) -0.057 0.003 -5.09% 0.026 0.016 95% -0.059 0.001 -2.08% 0.019 0.014 95% 

𝛼1 (-0.09) -0.125 -0.035 38.69% 0.063 0.063 75% -0.125 -0.035 39.22% 0.040 0.030 79% 

𝛽00 (45) 44.839 -0.161 -0.36% 0.825 0.689 92% 44.840 -0.160 -0.36% 0.678 0.600 97% 

𝛽10 (-1) -0.672 0.328 -32.84% 0.284 0.250 74% -0.789 0.211 -21.06% 0.200 0.189 80% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.013 0.010 91% -0.001 -0.001 NA 0.008 0.008 92% 

𝜎𝜀 (5) 5.037 0.037 0.74% 0.274 0.183 95% 5.028 0.028 0.55% 0.150 0.117 93% 

𝜎𝑢0
 (8) 7.934 -0.066 -0.83% 0.517 0.498 95% 7.971 -0.029 -0.37% 0.490 0.485 97% 

𝜎𝑢1
 (2) 1.907 -0.093 -4.66% 0.198 0.182 95% 1.923 -0.077 -3.86% 0.154 0.159 91% 

Q = 4 N = 220 (100%) N = 220 (100%) 

𝛼0 (-0.06) -0.055 0.005 -9.02% 0.027 0.014 93% -0.057 0.003 -5.25% 0.020 0.018 95% 

𝛼1 (-0.09) -0.107 -0.017 19.06% 0.086 0.134 80% -0.126 -0.036 40.30% 0.039 0.031 75% 

𝛽00 (45) 44.624 -0.376 -0.83% 0.851 0.699 89% 44.745 -0.255 -0.57% 0.691 0.627 94% 

𝛽10 (-1) -0.433 0.567 -56.67% 0.285 0.246 33% -0.686 0.314 -31.36% 0.197 0.182 62% 

𝜌𝑢0𝑢1
(0) -0.004 -0.004 NA 0.017 0.014 94% -0.002 -0.002 NA 0.009 0.007 94% 

𝜎𝜀 (5) 5.062 0.062 1.24% 0.297 0.204 92% 5.025 0.025 0.50% 0.161 0.127 94% 

𝜎𝑢0
 (8) 7.991 -0.009 -0.12% 0.530 0.505 95% 8.013 0.013 0.16% 0.495 0.470 96% 

𝜎𝑢1
 (2) 1.814 -0.186 -9.28% 0.203 0.215 81% 1.888 -0.112 -5.59% 0.151 0.143 88% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-16-A Simulation studies scenario 2: results of the proposed method when sample 

size = 200, censoring rate = 50% 

  Censoring = 50% 

Parameter Mean Bias RB MESE ESE cp 

Q = 12 N = 204 (93%) 

𝛼0 (-0.06) -0.062 -0.002 3.01% 0.016 0.017 92% 

𝛼1 (-0.09) -0.114 -0.024 27.11% 0.028 0.029 85% 

𝛽00 (45) 45.003 0.003 0.01% 0.608 0.551 98% 

𝛽10 (-1) -0.960 0.040 -3.97% 0.163 0.153 96% 

𝜌𝑢0𝑢1
(0) 0.001 0.001 NA 0.005 0.006 94% 

𝜎𝜀 (5) 5.012 0.012 0.24% 0.094 0.091 96% 

𝜎𝑢0
 (8) 7.952 -0.048 -0.60% 0.465 0.496 91% 

𝜎𝑢1
 (2) 1.998 -0.002 -0.10% 0.127 0.115 98% 

Q = 6 N = 205 (93%) 

𝛼0 (-0.06) -0.062 -0.002 3.26% 0.015 0.016 97% 

𝛼1 (-0.09) -0.120 -0.030 33.49% 0.027 0.025 82% 

𝛽00 (45) 44.903 -0.097 -0.22% 0.611 0.654 93% 

𝛽10 (-1) -0.924 0.076 -7.63% 0.161 0.174 90% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.005 0.005 95% 

𝜎𝜀 (5) 4.998 -0.002 -0.04% 0.094 0.095 96% 

𝜎𝑢0
 (8) 8.000 0.000 0.00% 0.467 0.450 96% 

𝜎𝑢1
 (2) 1.980 -0.020 -1.02% 0.126 0.125 95% 

Q = 4 N = 220 (100%) 

𝛼0 (-0.06) -0.063 -0.003 5.57% 0.015 0.015 95% 

𝛼1 (-0.09) -0.125 -0.035 39.04% 0.027 0.027 76% 

𝛽00 (45) 44.877 -0.123 -0.27% 0.615 0.678 93% 

𝛽10 (-1) -0.880 0.120 -11.98% 0.159 0.162 89% 

𝜌𝑢0𝑢1
(0) -0.001 -0.001 NA 0.005 0.005 93% 

𝜎𝜀 (5) 5.001 0.001 0.03% 0.094 0.085 97% 

𝜎𝑢0
 (8) 8.061 0.061 0.76% 0.469 0.458 95% 

𝜎𝑢1
 (2) 1.967 -0.033 -1.67% 0.124 0.128 92% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-17-A Simulation studies scenario 2: results of the proposed method when sample 

size = 500, censoring = 10%, 20% 

  Censoring = 10% Censoring = 20% 

Parameter Mean Bias RB 
MES

E 
ESE cp Mean Bias RB MESE ESE cp 

Q = 12 N = 220 (100%) N = 220 (100%) 

𝛼0 (-0.06) -0.062 -0.002 4.07% 0.028 0.028 97% -0.060 0.000 -0.10% 0.011 0.008 95% 

𝛼1 (-0.09) -0.103 -0.013 14.53% 0.053 0.083 85% -0.105 -0.015 16.49% 0.026 0.024 81% 

𝛽00 (45) 44.962 -0.038 -0.09% 0.613 0.460 96% 44.971 -0.029 -0.06% 0.415 0.386 95% 

𝛽10 (-1) -0.852 0.148 -14.83% 0.219 0.174 88% -0.918 0.082 -8.21% 0.131 0.128 90% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.009 0.009 95% -0.001 -0.001 NA 0.004 0.004 97% 

𝜎𝜀 (5) 5.025 0.025 0.50% 0.218 0.180 92% 5.002 0.002 0.05% 0.085 0.072 98% 

𝜎𝑢0
 (8) 7.929 -0.071 -0.89% 0.343 0.315 95% 8.018 0.018 0.23% 0.307 0.314 95% 

𝜎𝑢1
 (2) 1.968 -0.032 -1.58% 0.127 0.126 95% 1.980 -0.020 -0.98% 0.101 0.090 95% 

Q = 6 N = 220 (100%) N = 220 (100%) 

𝛼0 (-0.06) -0.060 0.000 -0.36% 0.033 0.032 95% -0.059 0.001 -2.30% 0.012 0.010 95% 

𝛼1 (-0.09) -0.109 -0.019 20.86% 0.063 0.080 67% -0.111 -0.021 22.99% 0.029 0.060 65% 

𝛽00 (45) 44.792 -0.208 -0.46% 0.663 0.463 96% 44.881 -0.119 -0.26% 0.440 0.428 92% 

𝛽10 (-1) -0.656 0.344 -34.36% 0.219 0.162 40% -0.795 0.205 -20.48% 0.133 0.129 63% 

𝜌𝑢0𝑢1
(0) -0.001 -0.001 NA 0.016 0.016 92% -0.002 -0.002 NA 0.006 0.007 92% 

𝜎𝜀 (5) 5.056 0.056 1.12% 0.254 0.185 92% 5.013 0.013 0.27% 0.104 0.088 97% 

𝜎𝑢0
 (8) 7.959 -0.041 -0.52% 0.357 0.325 95% 7.984 -0.016 -0.20% 0.312 0.340 94% 

𝜎𝑢1
 (2) 1.911 -0.089 -4.44% 0.132 0.132 90% 1.934 -0.066 -3.29% 0.102 0.102 90% 

Q = 4 N = 220 (100%) N = 220 (100%) 

𝛼0 (-0.06) -0.055 0.005 -8.91% 0.037 0.019 90% -0.056 0.004 -7.43% 0.017 0.013 92% 

𝛼1 (-0.09) -0.111 -0.021 23.79% 0.068 0.100 58% -0.111 -0.021 23.62% 0.046 0.095 52% 

𝛽00 (45) 44.710 -0.290 -0.64% 0.722 0.447 92% 44.772 -0.228 -0.51% 0.499 0.413 93% 

𝛽10 (-1) -0.485 0.515 -51.47% 0.218 0.177 8% -0.682 0.318 -31.82% 0.143 0.122 24% 

𝜌𝑢0𝑢1
(0) -0.003 -0.003 NA 0.022 0.011 92% -0.003 -0.003 NA 0.011 0.010 89% 

𝜎𝜀 (5) 5.063 0.063 1.27% 0.303 0.146 95% 5.022 0.022 0.45% 0.139 0.106 96% 

𝜎𝑢0
 (8) 7.950 -0.050 -0.62% 0.384 0.336 95% 8.010 0.010 0.12% 0.332 0.322 96% 

𝜎𝑢1
 (2) 1.842 -0.158 -7.89% 0.130 0.136 76% 1.893 -0.107 -5.33% 0.105 0.113 83% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-18-B Simulation studies scenario 2: results of the proposed method when sample 

size = 500, censoring = 50% 

  Censoring = 50% 

Parameter Mean Bias RB MESE ESE cp 

Q = 12 N = 178 (81%) 

𝛼0 (-0.06) -0.062 -0.002 2.74% 0.010 0.011 94% 

𝛼1 (-0.09) -0.109 -0.019 20.79% 0.017 0.016 83% 

𝛽00 (45) 44.985 -0.015 -0.03% 0.385 0.405 95% 

𝛽10 (-1) -0.957 0.043 -4.32% 0.103 0.100 92% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.003 0.004 90% 

𝜎𝜀 (5) 5.003 0.003 0.07% 0.059 0.057 96% 

𝜎𝑢0
 (8) 7.983 -0.017 -0.21% 0.294 0.304 94% 

𝜎𝑢1
 (2) 1.996 -0.004 -0.19% 0.080 0.078 96% 

Q = 6 N = 188 (85%) 

𝛼0 (-0.06) -0.063 -0.003 4.38% 0.010 0.010 95% 

𝛼1 (-0.09) -0.114 -0.024 26.55% 0.016 0.016 70% 

𝛽00 (45) 44.968 -0.032 -0.07% 0.386 0.386 94% 

𝛽10 (-1) -0.911 0.089 -8.90% 0.102 0.103 86% 

𝜌𝑢0𝑢1
(0) -0.001 -0.001 NA 0.003 0.003 93% 

𝜎𝜀 (5) 5.002 0.002 0.05% 0.059 0.057 94% 

𝜎𝑢0
 (8) 8.006 0.006 0.07% 0.294 0.259 98% 

𝜎𝑢1
 (2) 1.979 -0.021 -1.03% 0.079 0.077 96% 

Q = 4 N = 185 (84%) 

𝛼0 (-0.06) -0.061 -0.001 1.10% 0.009 0.010 95% 

𝛼1 (-0.09) -0.119 -0.029 31.73% 0.016 0.015 56% 

𝛽00 (45) 44.888 -0.112 -0.25% 0.387 0.431 92% 

𝛽10 (-1) -0.866 0.134 
-

13.37% 
0.101 0.104 74% 

𝜌𝑢0𝑢1
(0) -0.001 -0.001 NA 0.003 0.004 92% 

𝜎𝜀 (5) 5.001 0.001 0.01% 0.059 0.066 91% 

𝜎𝑢0
 (8) 8.014 0.014 0.18% 0.294 0.313 94% 

𝜎𝑢1
 (2) 1.979 -0.021 -1.03% 0.078 0.081 94% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined.
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Table 2-19 Simulation studies scenario 2: results of JMbayes when sample size = 200 

  Summary of raw results 

Summary after remove nonconverged 

MCMC 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

  Censoring = 10%, N = 207 (94%) Censoring = 10%, N = 136 (62%) 

𝛼0 (-0.06) -0.208 -0.148 246.73% 0.123 0.267 92% -0.058 0.002 -3.52% 0.012 0.012 95% 

𝛼1 (-0.09) 0.094 0.184 -204.73% 0.152 0.319 89% -0.082 0.008 -8.76% 0.025 0.026 91% 

𝛽00 (45) 41.339 -3.661 -8.14% 4.781 7.098 82% 44.447 -0.553 -1.23% 0.608 0.648 85% 

𝛽10 (-1) 2.180 3.180 -317.99% 4.846 7.436 35% -0.421 0.579 -57.88% 0.173 0.236 18% 

𝜌𝑢0𝑢1
(0) -0.203 -0.203 NA 0.271 0.392 95% -0.069 -0.069 NA 0.119 0.124 93% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 86% 5.004 0.004 0.08% 0.144 0.168 90% 

𝜎𝑢0
 (8) 16.033 8.033 100.41% 7.735 18.307 97% 7.932 -0.068 -0.85% 0.489 0.490 96% 

𝜎𝑢1
 (2) 14.362 12.362 618.08% 9.805 26.960 86% 1.823 -0.177 -8.87% 0.185 0.208 81% 

  Censoring = 20%, N = 220 (100%) Censoring = 20%, N = 154 (70%) 

𝛼0 (-0.06) -0.167 -0.107 178.54% 0.110 0.219 93% -0.060 0.000 0.24% 0.013 0.013 92% 

𝛼1 (-0.09) 0.042 0.132 -146.92% 0.138 0.266 92% -0.088 0.002 -2.08% 0.022 0.024 92% 

𝛽00 (45) 42.378 -2.622 -5.83% 4.103 5.195 86% 44.556 -0.444 -0.99% 0.609 0.632 87% 

𝛽10 (-1) 0.963 1.963 -196.33% 3.195 4.600 64% -0.717 0.283 -28.29% 0.167 0.177 56% 

𝜌𝑢0𝑢1
(0) -0.172 -0.172 NA 0.232 0.361 93% -0.019 -0.019 NA 0.100 0.111 90% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 93% 5.017 0.017 0.35% 0.116 0.119 94% 

𝜎𝑢0
 (8) 15.454 7.454 93.18% 7.735 17.929 95% 8.029 0.029 0.36% 0.478 0.495 94% 

𝜎𝑢1
 (2) 10.009 8.009 400.47% 6.884 19.734 89% 1.891 -0.109 -5.44% 0.153 0.163 84% 

  Censoring = 50%, N = 206 (94%) Censoring = 50%, N = 136 (62%) 

𝛼0 (-0.06) -0.039 0.021 -35.40% 0.118 0.253 93% -0.059 0.001 -2.17% 0.016 0.015 95% 

𝛼1 (-0.09) -0.102 -0.012 13.54% 0.138 0.263 91% -0.107 -0.017 18.49% 0.026 0.030 91% 

𝛽00 (45) 44.300 -0.700 -1.55% 1.438 1.601 94% 44.755 -0.245 -0.55% 0.589 0.608 92% 

𝛽10 (-1) -0.827 0.173 -17.27% 0.456 0.511 92% -0.940 0.060 -5.99% 0.158 0.173 89% 

𝜌𝑢0𝑢1
(0) -0.066 -0.066 NA 0.263 0.305 98% 0.001 0.001 NA 0.085 0.084 97% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 93% 4.990 -0.010 -0.21% 0.093 0.090 95% 

𝜎𝑢0
 (8) 10.346 2.346 29.32% 3.522 8.448 96% 7.858 -0.142 -1.78% 0.454 0.455 93% 

𝜎𝑢1
 (2) 3.138 1.138 56.89% 1.217 2.984 95% 1.996 -0.004 -0.18% 0.127 0.136 93% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-20 Simulation studies scenario 2: results of JMbayes when sample size = 500 

  Summary of raw results 

Summary after remove nonconverged 

MCMC 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

  Censoring = 10%, N = 219 (100%) Censoring = 10%, N = 183 (83%) 

𝛼0 (-0.06) -0.130 -0.070 117.47% 0.055 0.191 92% -0.059 0.001 -0.89% 0.007 0.008 95% 

𝛼1 (-0.09) 0.006 0.096 -106.68% 0.071 0.223 78% -0.074 0.016 -17.37% 0.015 0.015 79% 

𝛽00 (45) 43.011 -1.989 -4.42% 2.766 5.477 70% 44.526 -0.474 -1.05% 0.388 0.452 74% 

𝛽10 (-1) 0.891 1.891 -189.07% 2.665 5.122 10% -0.442 0.558 -55.82% 0.110 0.127 0% 

𝜌𝑢0𝑢1
(0) -0.135 -0.135 NA 0.152 0.284 84% -0.074 -0.074 NA 0.076 0.084 81% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 92% 4.994 -0.006 -0.12% 0.091 0.094 95% 

𝜎𝑢0
 (8) 11.479 3.479 43.49% 3.763 11.813 94% 8.017 0.017 0.22% 0.311 0.324 93% 

𝜎𝑢1
 (2) 6.954 4.954 247.68% 4.256 15.061 74% 1.828 -0.172 -8.59% 0.117 0.116 70% 

  Censoring = 20%, N = 220 (100%) Censoring = 20%, N = 183 (83%) 

𝛼0 (-0.06) -0.103 -0.043 71.35% 0.042 0.141 95% -0.060 0.000 0.24% 0.008 0.007 97% 

𝛼1 (-0.09) -0.030 0.060 -66.13% 0.058 0.167 92% -0.082 0.008 -9.16% 0.013 0.012 92% 

𝛽00 (45) 44.139 -0.861 -1.91% 1.289 2.476 80% 44.628 -0.372 -0.83% 0.385 0.392 83% 

𝛽10 (-1) -0.306 0.694 -69.38% 0.985 1.937 28% -0.723 0.277 -27.70% 0.107 0.114 28% 

𝜌𝑢0𝑢1
(0) -0.081 -0.081 NA 0.139 0.215 94% -0.026 -0.026 NA 0.064 0.066 92% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 92% 4.993 -0.007 -0.15% 0.074 0.072 96% 

𝜎𝑢0
 (8) 9.022 1.022 12.77% 1.958 6.310 90% 8.022 0.022 0.28% 0.301 0.356 90% 

𝜎𝑢1
 (2) 3.554 1.554 77.68% 1.620 7.385 87% 1.901 -0.099 -4.97% 0.098 0.092 86% 

  Censoring = 50%, N = 176 (80%) Censoring = 50%, N = 157 (71%) 

𝛼0 (-0.06) -0.031 0.029 -47.89% 0.043 0.191 96% -0.063 -0.003 4.70% 0.010 0.009 97% 

𝛼1 (-0.09) -0.122 -0.032 35.13% 0.047 0.195 91% -0.098 -0.008 9.27% 0.015 0.014 94% 

𝛽00 (45) 44.666 -0.334 -0.74% 0.634 1.000 93% 44.810 -0.190 -0.42% 0.378 0.377 92% 

𝛽10 (-1) -0.890 0.110 -10.96% 0.163 0.215 89% -0.929 0.071 -7.12% 0.099 0.096 87% 

𝜌𝑢0𝑢1
(0) -0.031 -0.031 NA 0.118 0.161 97% -0.007 -0.007 NA 0.054 0.052 96% 

𝜎𝜀 (5) Inf Inf Inf Inf Inf 93% 4.969 -0.031 -0.63% 0.058 0.051 93% 

𝜎𝑢0
 (8) 8.929 0.929 11.62% 1.312 7.552 95% 7.973 -0.027 -0.34% 0.289 0.298 94% 

𝜎𝑢1
 (2) 2.396 0.396 19.81% 0.370 2.152 95% 1.993 -0.007 -0.35% 0.080 0.078 95% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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2.10.2 Supplementary 2 Sensitivity analysis for prior specifications 

Table 2-21-A Sensitivity analysis in scenario 1: results of the proposed method when 

sample size = 200, censoring rate = 10% and 20%, location parameters 

  Censoring = 10% Censoring = 20% 

N(0, 100) as prior for location parameters 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 208 (95%) N = 216 (98%) 

α (-0.05) -0.053 -0.003 6.92% 0.008 0.008 93% -0.054 -0.004 7.64% 0.007 0.007 92% 

𝛽00 (45) 44.828 -0.172 -0.38% 0.628 0.698 92% 44.853 -0.147 -0.33% 0.618 0.618 94% 

𝛽10 (-1) -0.926 0.074 -7.37% 0.227 0.227 93% -0.959 0.041 -4.14% 0.189 0.197 94% 

𝜌𝑢0𝑢1
(0) 0.001 0.001 NA 0.008 0.008 93% 0.000 0.000 NA 0.006 0.007 92% 

𝜎𝜀 (5) 5.019 0.019 0.38% 0.132 0.130 94% 5.008 0.008 0.17% 0.106 0.106 96% 

𝜎𝑢0
 (8) 7.962 -0.038 -0.48% 0.496 0.557 91% 7.981 -0.019 -0.23% 0.479 0.442 97% 

𝜎𝑢1
(2) 1.987 -0.013 -0.63% 0.175 0.164 97% 1.981 -0.019 -0.94% 0.145 0.146 94% 

N(0, 10000) as prior for location parameters 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 202 (92%) N = 218 (99%) 

α (-0.05) -0.054 -0.004 8.04% -0.054 0.008 90% -0.053 -0.003 5.89% 0.007 0.007 94% 

𝛽00 (45) 44.912 -0.088 -0.20% 44.912 0.632 93% 44.999 -0.001 0.00% 0.618 0.615 94% 

𝛽10 (-1) -0.918 0.082 -8.24% -0.918 0.227 91% -0.968 0.032 -3.18% 0.190 0.192 94% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.000 0.008 96% 0.001 0.001 NA 0.006 0.007 94% 

𝜎𝜀 (5) 5.018 0.018 0.37% 5.018 0.132 94% 5.019 0.019 0.39% 0.107 0.107 95% 

𝜎𝑢0
 (8) 7.997 -0.003 -0.04% 7.997 0.498 97% 7.958 -0.042 -0.53% 0.480 0.453 97% 

𝜎𝑢1
(2) 1.982 -0.018 -0.90% 1.982 0.178 91% 1.991 -0.009 -0.45% 0.146 0.149 93% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-22-B Sensitivity analysis in scenario 1: results of the proposed method when 

sample size = 200, censoring rate = 10% and 20%, scale parameters and variance-

covariance matrix for random effects 

  Censoring = 10% Censoring = 20% 

Inverse-Gamma(0.01,0.01) for scale parameters 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 206 (94%) N = 216 (98%)  

α (-0.05) -0.053 -0.003 5.79% 0.008 0.007 95% -0.054 -0.004 7.24% 0.007 0.007 93% 

𝛽00 (45) 44.912 -0.088 -0.20% 0.630 0.604 95% 44.949 -0.051 -0.11% 0.617 0.603 95% 

𝛽10 (-1) -0.939 0.061 -6.12% 0.226 0.219 96% -0.947 0.053 -5.29% 0.188 0.188 95% 

𝜌𝑢0𝑢1
(0) 0.001 0.001 NA 0.008 0.009 95% 0.001 0.001 NA 0.007 0.006 98% 

𝜎𝜀 (5) 5.019 0.019 0.37% 0.132 0.143 93% 5.011 0.011 0.22% 0.106 0.102 96% 

𝜎𝑢0
 (8) 7.986 -0.014 -0.18% 0.497 0.566 90% 7.959 -0.041 -0.51% 0.479 0.521 92% 

𝜎𝑢1
(2) 1.974 -0.026 -1.31% 0.177 0.175 94% 1.976 -0.024 -1.18% 0.145 0.148 94% 

IW(diag(0.01,0.01), 3) as prior for variance-covariance matrix of random effects 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 205 (93%) N = 216 (98%) 

α (-0.05) -0.053 -0.003 6.53% 0.008 0.008 95% -0.053 -0.003 5.60% 0.007 0.008 92% 

𝛽00 (45) 44.994 -0.006 -0.01% 0.625 0.633 95% 45.006 0.006 0.01% 0.614 0.638 95% 

𝛽10 (-1) -0.918 0.082 -8.23% 0.226 0.223 92% -0.958 0.042 -4.22% 0.188 0.195 94% 

𝜌𝑢0𝑢1
(0) 0.001 0.001 NA 0.008 0.009 93% 0.000 0.000 Inf 0.006 0.007 94% 

𝜎𝜀 (5) 5.028 0.028 0.56% 0.132 0.125 96% 5.023 0.023 0.46% 0.107 0.104 94% 

𝜎𝑢0
 (8) 7.903 -0.097 -1.21% 0.493 0.483 93% 7.928 -0.072 -0.90% 0.477 0.478 94% 

𝜎𝑢1
(2) 1.972 -0.028 -1.38% 0.175 0.163 96% 1.983 -0.017 -0.83% 0.145 0.149 94% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-23-A Sensitivity analysis in scenario 1: results of the proposed method when 

sample size = 200, censoring rate = 50% and 70%, location parameters 

  Censoring = 50% Censoring = 70% 

variance of 100 for location parameters 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 217 (99%) N = 173 (79%) 

α (-0.05) -0.056 -0.006 12.17% 0.008 0.008 90% -0.059 -0.009 17.22% 0.010 0.011 88% 

𝛽00 (45) 44.710 -0.290 -0.64% 0.606 0.620 92% 44.818 -0.182 -0.40% 0.605 0.600 95% 

𝛽10 (-1) -0.982 0.018 -1.75% 0.166 0.165 95% -0.970 0.030 -3.02% 0.158 0.167 92% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.005 0.006 95% 0.000 0.000 NA 0.005 0.005 95% 

𝜎𝜀 (5) 4.999 -0.001 -0.02% 0.085 0.081 94% 5.008 0.008 0.16% 0.078 0.071 97% 

𝜎𝑢0
 (8) 7.978 -0.022 -0.27% 0.463 0.484 94% 8.034 0.034 0.42% 0.460 0.440 95% 

𝜎𝑢1
(2) 2.010 0.010 0.49% 0.124 0.128 94% 2.015 0.015 0.75% 0.116 0.118 95% 

variance of 10000 for location parameters 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 219 (100%) N = 176 (80%) 

α (-0.05) -0.056 -0.006 11.60% 0.008 0.008 89% -0.059 -0.009 18.77% 0.010 0.011 88% 

𝛽00 (45) 44.986 -0.014 -0.03% 0.610 0.621 94% 44.912 -0.088 -0.20% 0.603 0.644 93% 

𝛽10 (-1) -0.982 0.018 -1.76% 0.166 0.169 96% -0.999 0.001 -0.14% 0.157 0.160 95% 

𝜌𝑢0𝑢1
(0) 0.001 0.001 NA 0.005 0.006 95% 0.000 0.000 NA 0.005 0.005 93% 

𝜎𝜀 (5) 4.998 -0.002 -0.03% 0.085 0.085 95% 5.011 0.011 0.22% 0.078 0.079 92% 

𝜎𝑢0
 (8) 8.023 0.023 0.29% 0.466 0.498 92% 7.997 -0.003 -0.04% 0.457 0.455 95% 

𝜎𝑢1
(2) 2.000 0.000 0.02% 0.123 0.113 98% 2.001 0.001 0.07% 0.115 0.118 94% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-24-B Sensitivity analysis in scenario 1: results of the proposed method when 

sample size = 200, censoring rate = 50% and 70%, scale parameters and variance-

covariance matrix for random effects 

  Censoring = 50% Censoring = 70% 

Inverse-Gamma(0.01,0.01) as prior for scale parameters 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 216 (98%) N = 185 (84%)  

α (-0.05) -0.055 -0.005 10.13% 0.008 0.008 91% -0.059 -0.009 17.85% 0.010 0.009 89% 

𝛽00 (45) 44.977 -0.023 -0.05% 0.606 0.626 93% 44.922 -0.078 -0.17% 0.602 0.615 95% 

𝛽10 (-1) -0.983 0.017 -1.69% 0.166 0.164 95% -0.964 0.036 -3.57% 0.157 0.150 95% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.005 0.006 94% 0.000 0.000 NA 0.005 0.005 94% 

𝜎𝜀 (5) 5.013 0.013 0.26% 0.086 0.077 98% 5.003 0.003 0.05% 0.078 0.079 93% 

𝜎𝑢0
 (8) 7.980 -0.020 -0.25% 0.463 0.482 95% 7.983 -0.017 -0.21% 0.456 0.484 94% 

𝜎𝑢1
(2) 2.007 0.007 0.33% 0.123 0.126 96% 2.005 0.005 0.25% 0.115 0.112 96% 

IW(diag(0.01,0.01), 3) as prior for variance-covariance matrix of random effects 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 217 (99%) N = 185 (84%)  

α (-0.05) -0.056 -0.006 11.08% 0.008 0.008 90% -0.058 -0.008 16.18% 0.010 0.010 90% 

𝛽00 (45) 44.992 -0.008 -0.02% 0.607 0.583 96% 44.940 -0.060 -0.13% 0.602 0.648 92% 

𝛽10 (-1) -0.996 0.004 -0.35% 0.165 0.150 97% -0.972 0.028 -2.83% 0.157 0.152 94% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.005 0.006 94% 0.000 0.000 NA 0.005 0.005 95% 

𝜎𝜀 (5) 4.990 -0.010 -0.20% 0.085 0.089 93% 5.006 0.006 0.12% 0.078 0.075 96% 

𝜎𝑢0
 (8) 7.976 -0.024 -0.30% 0.462 0.470 95% 7.981 -0.019 -0.24% 0.455 0.486 94% 

𝜎𝑢1
(2) 2.001 0.001 0.06% 0.123 0.122 96% 1.995 -0.005 -0.23% 0.114 0.123 93% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-25-A Sensitivity analysis in scenario 1: results of the proposed method when 

sample size = 500, censoring rate = 10% and 20%, location parameters 

  Censoring = 10% Censoring = 20% 

N(0,100) as prior for location parameters 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 220 (100%) N = 220 (100%) 

α (-0.05) -0.052 -0.002 4.23% 0.005 0.005 91% -0.053 -0.003 5.68% 0.005 0.005 88% 

𝛽00 (45) 44.957 -0.043 -0.09% 0.395 0.380 97% 44.915 -0.085 -0.19% 0.390 0.409 93% 

𝛽10 (-1) -0.951 0.049 -4.92% 0.130 0.125 95% -0.955 0.045 -4.54% 0.120 0.116 94% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.004 0.005 93% 0.000 0.000 NA 0.004 0.004 96% 

𝜎𝜀 (5) 5.009 0.009 0.18% 0.077 0.072 96% 5.003 0.003 0.06% 0.067 0.064 95% 

𝜎𝑢0
 (8) 7.998 -0.002 -0.02% 0.308 0.322 96% 7.962 -0.038 -0.47% 0.302 0.299 95% 

𝜎𝑢1
(2) 1.997 -0.003 -0.16% 0.102 0.099 96% 2.010 0.010 0.50% 0.092 0.097 95% 

N(0,10000) as prior for location parameters 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 219 (100%) N = 220 (100%) 

α (-0.05) -0.052 -0.002 4.82% 0.005 0.005 87% -0.053 -0.003 5.03% 0.005 0.005 94% 

𝛽00 (45) 44.963 -0.037 -0.08% 0.395 0.391 96% 44.983 -0.017 -0.04% 0.391 0.408 94% 

𝛽10 (-1) -0.947 0.053 -5.28% 0.129 0.130 93% -0.967 0.033 -3.33% 0.120 0.127 93% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.004 0.005 94% -0.001 -0.001 NA 0.004 0.004 96% 

𝜎𝜀 (5) 5.000 0 
3.99E-

06 
0.077 0.080 94% 4.994 -0.006 -0.11% 0.067 0.068 95% 

𝜎𝑢0
 (8) 7.993 -0.007 -0.08% 0.307 0.327 92% 8.001 0.001 0.00% 0.302 0.300 95% 

𝜎𝑢1
(2) 1.977 -0.023 -1.13% 0.102 0.103 95% 1.995 -0.005 -0.24% 0.092 0.091 96% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-26-B Sensitivity analysis in scenario 1: results of the proposed method when 

sample size = 500, censoring rate = 10% and 20%, scale parameters and variance-

covariance matrix for random effects 

  Censoring = 10% Censoring = 20% 

Inverse-Gamma(0.01,0.01) for scale parameters 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 219 (100%) N = 219 (100%) 

α (-0.05) -0.052 -0.002 4.84% 0.005 0.005 89% -0.053 -0.003 5.43% 0.005 0.004 93% 

𝛽00 (45) 44.979 -0.021 -0.05% 0.394 0.377 95% 44.942 -0.058 -0.13% 0.391 0.405 94% 

𝛽10 (-1) -0.969 0.031 -3.05% 0.130 0.126 96% -0.959 0.041 -4.12% 0.119 0.119 95% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.004 0.004 94% 0.000 0.000 NA 0.004 0.004 96% 

𝜎𝜀 (5) 5.005 0 0.09% 0.077 0.077 95% 5.003 0.003 0.06% 0.067 0.062 97% 

𝜎𝑢0
 (8) 7.974 -0.026 -0.33% 0.308 0.328 95% 7.996 -0.004 -0.05% 0.303 0.288 96% 

𝜎𝑢1
(2) 1.987 -0.013 -0.63% 0.102 0.095 97% 1.993 -0.007 -0.34% 0.092 0.085 97% 

IW(diag(0.01,0.01), 3) as prior for variance-covariance matrix of random effects 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 220 (100%) N = 220 (100%) 

α (-0.05) -0.053 -0.003 5.17% 0.005 0.005 93% -0.052 -0.002 4.70% 0.005 0.004 95% 

𝛽00 (45) 44.980 -0.020 -0.05% 0.393 0.388 96% 44.953 -0.047 -0.10% 0.391 0.386 94% 

𝛽10 (-1) -0.961 0.039 -3.87% 0.129 0.120 96% -0.954 0.046 -4.60% 0.119 0.133 90% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.004 0.004 95% 0.000 0.000 NA 0.004 0.004 94% 

𝜎𝜀 (5) 5.001 0 0.03% 0.077 0.073 95% 5.002 0.002 0.04% 0.067 0.070 94% 

𝜎𝑢0
 (8) 7.953 -0.047 -0.58% 0.307 0.290 96% 7.995 -0.005 -0.06% 0.302 0.335 90% 

𝜎𝑢1
(2) 1.984 -0.016 -0.79% 0.102 0.103 94% 1.973 -0.027 -1.33% 0.091 0.085 95% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-27-A Sensitivity analysis in scenario 1: results of the proposed method when 

sample size = 500, censoring rate = 50% and 70%, location parameters 

  Censoring = 50% Censoring = 70% 

N(0,100) as prior for location parameters 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 220 (100%) N = 169 (77%) 

α (-0.05) -0.054 -0.004 7.87% 0.005 0.005 90% -0.057 -0.007 14.36% 0.006 0.006 80% 

𝛽00 (45) 44.961 -0.039 -0.09% 0.383 0.373 96% 44.864 -0.136 -0.30% 0.382 0.375 93% 

𝛽10 (-1) -0.981 0.019 -1.91% 0.104 0.111 93% -0.977 0.023 -2.28% 0.099 0.095 95% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.003 0.003 96% 0.000 0.000 NA 0.003 0.003 95% 

𝜎𝜀 (5) 4.999 -0.001 -0.02% 0.054 0.056 95% 5.005 0.005 0.10% 0.049 0.052 94% 

𝜎𝑢0
 (8) 7.983 -0.017 -0.21% 0.292 0.294 96% 8.025 0.025 0.32% 0.289 0.277 95% 

𝜎𝑢1
(2) 2.001 0.001 0.04% 0.077 0.070 99% 2.009 0.009 0.44% 0.073 0.072 95% 

N(0,1000) as prior for location parameters 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 219 (100%) N = 184 (84%) 

α (-0.05) -0.055 -0.005 9.32% 0.005 0.005 85% -0.057 -0.007 14.62% 0.006 0.005 84% 

𝛽00 (45) 44.979 -0.021 -0.05% 0.385 0.389 94% 45.002 0.002 0.00% 0.380 0.384 93% 

𝛽10 (-1) -0.974 0.026 -2.61% 0.105 0.098 95% -0.973 0.027 -2.67% 0.100 0.104 92% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.003 0.003 97% 0.000 0.000 NA 0.003 0.003 97% 

𝜎𝜀 (5) 5.006 0.006 0.11% 0.054 0.053 96% 5.001 0.001 0.03% 0.049 0.048 96% 

𝜎𝑢0
 (8) 8.011 0.011 0.14% 0.293 0.271 97% 7.968 -0.032 -0.40% 0.287 0.307 93% 

𝜎𝑢1
(2) 2.000 0.000 0.02% 0.078 0.078 96% 2.020 0.020 1.01% 0.073 0.075 95% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-28-B Sensitivity analysis in scenario 1: results of the proposed method when 

sample size = 500, censoring rate = 50% and 70%, scale parameters and variance-

covariance matrix for random effects 

  Censoring = 50% Censoring = 70% 

Inverse-Gamma(0.01,0.01) for scale parameters 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 219 (100%) N = 168 (76%) 

α (-0.05) -0.054 -0.004 8.59% 0.005 0.005 87% -0.058 -0.008 15.87% 0.006 0.006 77% 

𝛽00 (45) 44.914 -0.086 -0.19% 0.386 0.367 96% 44.964 -0.036 -0.08% 0.381 0.387 94% 

𝛽10 (-1) -0.971 0.029 -2.94% 0.105 0.104 94% -0.970 0.030 -2.99% 0.099 0.104 93% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.003 0.004 95% -0.001 -0.001 NA 0.003 0.003 95% 

𝜎𝜀 (5) 5.001 0.001 0.01% 0.054 0.057 93% 4.997 -0.003 -0.06% 0.049 0.052 93% 

𝜎𝑢0
 (8) 8.030 0.030 0.38% 0.293 0.289 95% 8.006 0.006 0.07% 0.288 0.270 96% 

𝜎𝑢1
(2) 2.000 0.000 0.00% 0.077 0.080 93% 2.004 0.004 0.22% 0.073 0.071 95% 

IW(diag(0.01,0.01), 3) as prior for variance-covariance matrix of random effects 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 15 N = 220 (100%) N = 177 (81%) 

α (-0.05) -0.055 -0.005 10.12% 0.005 0.005 84% -0.058 -0.008 16.15% 0.006 0.007 75% 

𝛽00 (45) 44.978 -0.022 -0.05% 0.385 0.386 95% 44.997 -0.003 -0.01% 0.380 0.360 95% 

𝛽10 (-1) -0.976 0.024 -2.41% 0.104 0.105 92% -0.981 0.019 -1.88% 0.100 0.095 97% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.003 0.003 95% -0.001 -0.001 NA 0.003 0.004 93% 

𝜎𝜀 (5) 5.004 0.004 0.07% 0.054 0.048 97% 5.000 0.000 0.00% 0.049 0.048 95% 

𝜎𝑢0
 (8) 8.008 0.008 0.10% 0.292 0.297 94% 7.978 -0.022 -0.27% 0.287 0.284 95% 

𝜎𝑢1
(2) 1.989 -0.011 -0.57% 0.077 0.076 94% 2.010 0.010 0.52% 0.072 0.075 92% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on 

those free-of-error results, indicating by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, 

as the true value is zero, making the relative bias undefined. 
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Table 2-29-A Sensitivity analysis for scenario 2: results of the proposed method when sample size = 200, location parameters 

  Censoring = 10% Censoring = 20% Censoring = 50% 

N(0, 100) for location parameters 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 12 N = 213 (97%) N = 220 (100%) N = 208 (95%) 

𝛼0 (-0.06) -0.059 0.001 -1.10% 0.034 0.019 95% -0.060 0.000 0.42% 0.014 0.013 96% -0.065 -0.005 8.39% 0.016 0.017 91% 

𝛼1 (-0.09) -0.107 -0.017 18.70% 0.099 0.118 88% -0.118 -0.028 30.67% 0.035 0.028 86% -0.110 -0.020 22.74% 0.028 0.027 89% 

𝛽00 (45) 44.708 -0.292 -0.65% 0.916 0.686 91% 44.802 -0.198 -0.44% 0.630 0.640 93% 44.833 -0.167 -0.37% 0.608 0.626 94% 

𝛽10 (-1) -0.847 0.153 -15.27% 0.339 0.294 90% -0.914 0.086 -8.61% 0.201 0.176 96% -0.929 0.071 -7.09% 0.163 0.158 93% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.014 0.012 92% -0.001 -0.001 NA 0.007 0.006 95% 0.000 0.000 NA 0.005 0.006 94% 

𝜎𝜀 (5) 5.072 0.072 1.44% 0.328 0.203 95% 5.011 0.011 0.22% 0.121 0.106 96% 5.014 0.014 0.27% 0.094 0.086 98% 

𝜎𝑢0
 (8) 7.954 -0.046 -0.57% 0.525 0.446 97% 8.003 0.003 0.04% 0.486 0.474 94% 7.943 -0.057 -0.71% 0.465 0.458 95% 

𝜎𝑢1
 (2) 1.894 -0.106 -5.28% 0.210 0.186 94% 1.964 -0.036 -1.81% 0.157 0.157 94% 2.001 0.001 0.06% 0.127 0.141 92% 

N(0, 10000) for location parameters 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 12 N = 210 (95%) N = 218 (99%) N = 207 (94%) 

𝛼0 (-0.06) -0.062 -0.002 3.65% 0.034 0.029 96% -0.061 -0.001 1.21% 0.014 0.013 96% -0.061 -0.001 0.93% 0.016 0.016 95% 

𝛼1 (-0.09) -0.112 -0.022 24.03% 0.074 0.129 89% -0.118 -0.028 31.60% 0.033 0.033 88% -0.119 -0.029 31.86% 0.027 0.026 86% 

𝛽00 (45) 44.986 -0.014 -0.03% 0.865 0.717 95% 44.910 -0.090 -0.20% 0.628 0.596 96% 44.930 -0.070 -0.16% 0.609 0.624 95% 

𝛽10 (-1) -0.826 0.174 -17.38% 0.307 0.274 87% -0.924 0.076 -7.55% 0.200 0.197 94% -0.975 0.025 -2.54% 0.164 0.175 92% 

𝜌𝑢0𝑢1
(0) 0.001 0.001 NA 0.012 0.009 96% 0.000 0.000 NA 0.007 0.007 94% 0.000 0.000 NA 0.005 0.005 95% 

𝜎𝜀 (5) 5.050 0.050 1.00% 0.284 0.240 93% 5.023 0.023 0.46% 0.121 0.113 96% 5.011 0.011 0.22% 0.094 0.100 93% 

𝜎𝑢0
 (8) 7.979 -0.021 -0.27% 0.524 0.504 95% 7.986 -0.014 -0.18% 0.485 0.456 95% 7.973 -0.027 -0.34% 0.466 0.427 97% 

𝜎𝑢1
 (2) 1.906 -0.094 -4.69% 0.196 0.193 94% 1.960 -0.040 -2.00% 0.157 0.143 97% 2.011 0.011 0.55% 0.128 0.139 91% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on those free-of-error results, indicating 

by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 2-30-B Sensitivity analysis for scenario 2: results of the proposed method when sample size = 200, scale parameters and 

variance-covariance matrix for random effects 

  Censoring = 10% Censoring = 20% Censoring = 50% 

Inverse-Gamma(0.01,0.01) as prior for scale parameters 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 12 N = 206 (94%)  N = 219 (100%)  N = 207 (94%) 

𝛼0 (-0.06) -0.057 0.003 -5.19% 0.021 0.013 98% -0.060 0.000 -0.69% 0.013 0.013 94% -0.063 -0.003 4.82% 0.016 0.017 94% 

𝛼1 (-0.09) -0.103 -0.013 14.67% 0.093 0.176 84% -0.118 -0.028 30.70% 0.031 0.027 85% -0.112 -0.022 24.42% 0.027 0.029 86% 

𝛽00 (45) 44.897 -0.103 -0.23% 0.729 0.691 94% 44.995 -0.005 -0.01% 0.625 0.629 95% 45.056 0.056 0.12% 0.615 0.643 95% 

𝛽10 (-1) -0.861 0.139 -13.91% 0.292 0.281 91% -0.910 0.090 -9.04% 0.199 0.180 94% -0.960 0.040 -3.97% 0.163 0.163 96% 

𝜌𝑢0𝑢1
(0) 0.000 0.000 NA 0.012 0.014 94% 0.000 0.000 NA 0.007 0.006 98% 0.000 0.000 NA 0.005 0.006 94% 

𝜎𝜀 (5) 5.048 0.048 0.96% 0.215 0.186 93% 5.012 0.012 0.24% 0.120 0.119 95% 5.013 0.013 0.27% 0.094 0.095 94% 

𝜎𝑢0
 (8) 7.878 -0.122 -1.52% 0.507 0.487 94% 7.956 -0.044 -0.55% 0.482 0.492 95% 8.049 0.049 0.62% 0.469 0.513 93% 

𝜎𝑢1
 (2) 1.925 -0.075 -3.73% 0.213 0.225 94% 1.950 -0.050 -2.48% 0.156 0.140 95% 1.998 -0.002 -0.10% 0.127 0.119 97% 

IW(diag(0.01,0.01), 3) as prior for variance-covariance matrix of random effects  

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 12 N = 206 (94%)  N = 220 (100%) N = 207 (93%) 

𝛼0 (-0.06) -0.060 0.000 0.71% 0.030 0.022 100% -0.060 0.000 0.32% 0.026 0.016 94% -0.063 -0.003 4.22% 0.016 0.016 94% 

𝛼1 (-0.09) -0.084 0.006 -6.80% 0.147 0.285 84% -0.116 -0.026 28.45% 0.057 0.043 85% -0.117 -0.027 30.27% 0.028 0.031 81% 

𝛽00 (45) 44.872 -0.128 -0.29% 0.845 0.678 96% 44.956 -0.044 -0.10% 0.723 0.613 95% 44.943 -0.057 -0.13% 0.608 0.561 95% 

𝛽10 (-1) -0.845 0.155 -15.54% 0.318 0.260 91% -0.918 0.082 -8.24% 0.223 0.191 95% -0.932 0.068 -6.77% 0.162 0.150 94% 

𝜌𝑢0𝑢1
(0) -0.004 -0.004 NA 0.177 0.058 96% 0.001 0.001 NA 0.016 0.010 95% 0.000 0.000 NA 0.006 0.005 96% 

𝜎𝜀 (5) 5.083 0.083 1.65% 0.317 0.201 96% 5.024 0.024 0.48% 0.187 0.121 95% 4.998 -0.002 -0.04% 0.094 0.087 98% 

𝜎𝑢0
 (8) 7.879 -0.121 -1.52% 0.635 0.528 95% 7.934 -0.066 -0.83% 0.519 0.503 96% 7.958 -0.042 -0.53% 0.463 0.459 97% 

𝜎𝑢1
 (2) 1.902 -0.098 -4.91% 0.212 0.221 90% 1.946 -0.054 -2.68% 0.159 0.172 92% 1.986 -0.014 -0.72% 0.126 0.128 95% 
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Note: In total, 220 replicates were generated. The summary statistics of estimates were based on those free-of-error results, indicating 

by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 2-31-A Sensitivity analysis for scenario 2: results of the proposed method when sample size = 500, location parameters 

  Censoring = 10% Censoring = 20% Censoring = 50% 

variance of 100 for location parameters 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 12 N = 220 (100%) N = 220 (100%) N = 104 (47%) 

𝛼0 (-0.06) -0.063 -0.003 4.69% 0.031 0.039 95% -0.061 -0.001 1.01% 0.008 0.009 95% -0.064 -0.004 6.16% 0.011 0.011 94% 

𝛼1 (-0.09) -0.105 -0.015 16.73% 0.057 0.056 83% -0.106 -0.016 17.29% 0.017 0.021 84% -0.106 -0.016 18.17% 0.017 0.016 82% 

𝛽00 (45) 44.846 -0.154 -0.34% 0.625 0.496 95% 44.897 -0.103 -0.23% 0.395 0.367 96% 44.909 -0.091 -0.20% 0.382 0.406 93% 

𝛽10 (-1) -0.834 0.166 -16.58% 0.221 0.173 84% -0.913 0.087 -8.68% 0.127 0.125 92% -0.971 0.029 -2.91% 0.097 0.100 94% 

𝜌𝑢0𝑢1
(0) 0.001 0.001 NA 0.010 0.011 93% 0.000 0.000 NA 0.004 0.004 96% -0.001 -0.001 NA 0.003 0.003 93% 

𝜎𝜀 (5) 5.031 0.031 0.62% 0.226 0.200 95% 5.002 0.002 0.04% 0.076 0.067 99% 5.002 0.002 0.04% 0.055 0.050 98% 

𝜎𝑢0
 (8) 7.953 -0.047 -0.59% 0.344 0.330 95% 7.979 -0.021 -0.26% 0.306 0.303 94% 7.986 -0.014 -0.18% 0.290 0.294 93% 

𝜎𝑢1
 (2) 1.943 -0.057 -2.87% 0.127 0.127 89% 1.985 -0.015 -0.77% 0.100 0.095 96% 2.007 0.007 0.35% 0.075 0.074 93% 

variance of 10000 for location parameters 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 12 N = 220 (100%) N = 220 (100%) N = 100 (46%) 

𝛼0 (-0.06) -0.063 -0.003 4.93% 0.037 0.039 94% -0.061 -0.001 1.21% 0.008 0.008 95% -0.062 -0.002 2.53% 0.011 0.012 94% 

𝛼1 (-0.09) -0.079 0.011 -12.35% 0.092 0.164 85% -0.106 -0.016 17.63% 0.017 0.017 83% -0.105 -0.015 16.98% 0.017 0.018 86% 

𝛽00 (45) 44.873 -0.127 -0.28% 0.692 0.533 97% 44.995 -0.005 -0.01% 0.395 0.402 94% 45.033 0.033 0.07% 0.382 0.375 95% 

𝛽10 (-1) -0.804 0.196 -19.62% 0.249 0.215 80% -0.909 0.091 -9.10% 0.126 0.126 88% -0.967 0.033 -3.29% 0.097 0.104 92% 

𝜌𝑢0𝑢1
(0) -0.003 -0.003 NA 0.013 0.018 92% 0.000 0.000 NA 0.004 0.005 92% 0.001 0.001 NA 0.003 0.004 94% 

𝜎𝜀 (5) 5.054 0.054 1.07% 0.266 0.229 94% 5.010 0.010 0.19% 0.075 0.073 96% 5.002 0.002 0.04% 0.055 0.051 98% 

𝜎𝑢0
 (8) 8.020 0.020 0.25% 0.357 0.314 96% 7.972 -0.028 -0.35% 0.304 0.311 93% 7.989 -0.011 -0.14% 0.290 0.307 93% 

𝜎𝑢1
 (2) 1.941 -0.059 -2.97% 0.146 0.156 94% 1.969 -0.031 -1.53% 0.099 0.098 94% 2.000 0.000 -0.02% 0.075 0.075 91% 

Note: In total, 220 replicates were generated. The summary statistics of estimates were based on those free-of-error results, indicating 

by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 2-32-B Sensitivity analysis for scenario 2: results of the proposed method when sample size = 500, scale parameters and 

variance-covariance matrix for random effects 

  Censoring = 10% Censoring = 20% Censoring = 50% 

Inverse-Gamma(0.01,0.01) as prior for 𝜎𝜀 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 12 N = 220 (100%)  N = 219 (100%)  N = 101 (46%)  

𝛼0 (-0.06) -0.061 -0.001 2.09% 0.017 0.016 97% -0.060 0.000 -0.11% 0.008 0.007 96% -0.065 -0.005 9.11% 0.011 0.012 87% 

𝛼1 (-0.09) -0.108 -0.018 19.74% 0.035 0.028 84% -0.105 -0.015 17.21% 0.016 0.015 85% -0.103 -0.013 14.01% 0.017 0.018 88% 

𝛽00 (45) 44.900 -0.100 -0.22% 0.502 0.427 94% 44.947 -0.053 -0.12% 0.393 0.415 91% 44.999 -0.001 0.00% 0.390 0.411 93% 

𝛽10 (-1) -0.845 0.155 -15.52% 0.184 0.143 88% -0.922 0.078 -7.78% 0.126 0.124 94% -0.970 0.030 -3.03% 0.098 0.093 94% 

𝜌𝑢0𝑢1
(0) -0.001 -0.001 NA 0.007 0.006 93% 0.000 0.000 NA 0.004 0.004 96% -0.001 -0.001 NA 0.003 0.003 94% 

𝜎𝜀 (5) 5.023 0.023 0.46% 0.150 0.116 95% 4.996 -0.004 -0.08% 0.075 0.078 95% 5.003 0.003 0.05% 0.055 0.048 99% 

𝜎𝑢0
 (8) 8.017 0.017 0.21% 0.327 0.330 94% 7.942 -0.058 -0.73% 0.302 0.293 97% 8.018 0.018 0.23% 0.294 0.285 94% 

𝜎𝑢1
 (2) 1.946 -0.054 -2.71% 0.124 0.121 92% 1.980 -0.020 -0.99% 0.100 0.103 93% 2.005 0.005 0.27% 0.075 0.080 92% 

IW(diag(0.01,0.01), 3) for variance-covariance matrix of random effects 

Parameter Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp Mean Bias RB MESE ESE cp 

Q = 12 N = 220 (100%)  N = 220 (100%) N = 111 (51%) 

𝛼0 (-0.06) -0.062 -0.002 2.68% 0.042 0.024 97% -0.060 0.000 -0.35% 0.009 0.010 91% -0.061 -0.001 0.93% 0.011 0.011 95% 

𝛼1 (-0.09) -0.069 0.021 -23.67% 0.122 0.335 85% -0.108 -0.018 20.25% 0.022 0.025 82% -0.107 -0.017 18.66% 0.017 0.016 85% 

𝛽00 (45) 44.852 -0.148 -0.33% 0.872 0.497 94% 44.978 -0.022 -0.05% 0.397 0.384 95% 44.925 -0.075 -0.17% 0.381 0.405 95% 

𝛽10 (-1) -0.827 0.173 -17.33% 0.305 0.194 83% -0.909 0.091 -9.07% 0.127 0.120 90% -0.984 0.016 -1.61% 0.097 0.098 95% 

𝜌𝑢0𝑢1
(0) -0.008 -0.008 NA 0.079 0.082 94% 0.000 0.000 NA 0.006 0.004 98% 0.000 0.000 NA 0.003 0.004 94% 

𝜎𝜀 (5) 5.070 0.070 1.41% 0.395 0.200 97% 5.002 0.002 0.05% 0.079 0.073 95% 5.012 0.012 0.24% 0.056 0.052 95% 

𝜎𝑢0
 (8) 7.873 -0.127 -1.59% 0.505 0.354 94% 7.957 -0.043 -0.53% 0.308 0.301 95% 7.963 -0.037 -0.46% 0.289 0.281 97% 

𝜎𝑢1
 (2) 1.935 -0.065 -3.25% 0.151 0.138 93% 1.957 -0.043 -2.14% 0.099 0.096 93% 1.992 -0.008 -0.40% 0.075 0.067 98% 
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Note: In total, 220 replicates were generated. The summary statistics of estimates were based on those free-of-error results, indicating 

by N in this table. NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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2.10.3 Supplementary 3 Cluster, resources, number of parallels, and computing time 

Table 2-33-A Cluster, resources, number of parallels, and computing time for scenario 1, censoring rate = 10%, 20% 

Sample 

size n=200 n = 500 

    

Runing 

Time Cluster 

Resources 

specification 

# of 

Parallel 

Runing 

Time Cluster 

Resources  

specification 

# of 

Parallel 

    censoring = 10% censoring = 10% 

JMbayes  2-05:15:09 Cedar ntasks=110, nodes=11 110 6-06:12:52 Beluga ntasks=110, nodes=10 110 

Proposed 

method 

Q=15 0-07:30:48 Narval ntasks=110, nodes=11 110 6-11:47:49 Cedar ntasks=60, nodes=4 60 

Q=10 1-11:45:20 Cedar ntasks=60, nodes=4 60 1-08:32:11 Narval ntasks=110, nodes=10 110 

Q=7 0-17:26:17 Cedar ntasks=60, nodes=4 60 2-18:24:21 Cedar ntasks=110, nodes=10 110 

Q=5 0-08:33:31 Beluga ntasks=110, nodes=10 110 2-06:40:53 Cedar ntasks=60, nodes=15 60 

Q=3 0-13:53:27 Cedar ntasks=50, nodes=5 50         

    censoring = 20% censoring = 20% 

JMbayes  0-08:24:12 Narval ntasks=110, nodes=10 110 3-11:30:01 Cedar ntasks=110, nodes=10 110 

Proposed 

method 

Q=15 1-22:33:52 Cedar ntasks=60, nodes=4 60 4-22:02:07 Beluga ntasks=110, nodes=10 110 

Q=10 1-11:59:49 Cedar ntasks=60, nodes=4 60 3-23:05:17 Beluga ntasks=110, nodes=10 110 

Q=7 1-12:58:47 Cedar ntasks=60, nodes=4 60 3-03:34:18 Graham ntasks=110, nodes=11 110 

Q=5 0-16:11:51 Cedar ntasks=96, nodes=2 * 96 2-13:22:37 Graham ntasks=110, nodes=11 110 

Q=3 0-06:19:00 Narval ntasks=110, nodes=10 110         

Note: * indicates that two full nodes were used in Cedar 
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Table 2-34-B Cluster, resources, number of parallels, and computing time for scenario 1, censoring rate = 50%, 70% 

Sample 

size n=200 n = 500 

    

Runing 

Time Cluster 

Resources 

specification 

# of 

Parallel 

Runing 

Time Cluster 

Resources  

specification 

# of 

Parallel 

    censoring = 50% censoring = 50% 

JMbayes  0-08:24:12 Narval ntasks=110, nodes=11 110 0-16:48:26 Narval ntasks=110, nodes=11 110 

Proposed 

method 

Q=15 0-22:54:18 Narval ntasks=110, nodes=10 110 5-11:20:39 Narval ntasks=110, nodes=10 110 

Q=10 2-14:20:37 Beluga ntasks=60, nodes=4 60 3-19:51:46 Narval ntasks=110, nodes=10 110 

Q=7 2-19:37:47 Beluga ntasks=60, nodes=4 60 3-22:37:00 Narval ntasks=110, nodes=10 110 

Q=5 1-05:13:45 Cedar ntasks=96, nodes=2 * 96 4-20:22:30 Narval ntasks=110, nodes=11 110 

Q=3 0-09:25:39 Narval ntasks=110, nodes=10 110         
 

 censoring = 70% censoring = 70% 

JMbayes  5-00:05:10 Beluga ntasks=110, nodes=10 110 0-21:19:18 Narval ntasks=110, nodes=11 110 

Proposed 

method 

Q=15 2-18:21:16 Graham ntasks=110, nodes=11 110 6-07:19:37 Narval ntasks=110, nodes=11 110 

Q=10 2-07:04:35 Cedar ntasks=96, nodes=2 * 96 4-13:20:03 Narval ntasks=110, nodes=11 110 

Q=7 2-18:10:53 Beluga ntasks=60, nodes=4 60 3-14:41:42 Narval ntasks=110, nodes=11 110 

Q=5 1-13:13:29 Cedar ntasks=96, nodes=2 * 96 2-18:18:06 Narval ntasks=110, nodes=11 110 

Q=3 2-04:22:55 Beluga ntasks=60, nodes=4 60         

Note: * indicates that two full nodes were used in Cedar 
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Table 2-35. Cluster, resources, number of parallels, and computing time for scenario 2 

Sample 

size n=200 n = 500 

    

Runing 

Time Cluster Resources specification 

# of 

Parallel 

Runing 

Time Cluster 

Resources 

specification 

# of 

Parallel 

    censoring = 10% censoring = 10% 

JMbayes  0-07:10:48 Narval ntasks=110, nodes=11 110 0-12:24:10 Narval ntasks=110, nodes=11 110 

Proposed 

method 

Q=12 0-08:21:43 Narval ntasks=110, nodes=11 110 1-14:31:59 Narval ntasks=110, nodes=11 110 

Q=6 0-06:51:13 Narval ntasks=110, nodes=11 110 2-10:59:59 Beluga ntasks=110, nodes=11 110 

Q=4 0-05:18:55 Narval ntasks=110, nodes=11 110 1-18:54:37 Beluga ntasks=110, nodes=11 110 
 

 censoring = 20% censoring = 20% 

JMbayes  2-05:15:09 Narval ntasks=110, nodes=11 110 2-05:15:09 Narval ntasks=110, nodes=11 110 

Proposed 

method 

Q=12 0-13:12:14 Narval ntasks=110, nodes=11 110 2-21:39:02 Narval ntasks=110, nodes=11 110 

Q=6 0-08:47:54 Narval ntasks=110, nodes=11 110 3-19:34:22 Beluga ntasks=110, nodes=11 110 

Q=4 0-07:08:43 Narval ntasks=110, nodes=11 110 2-16:45:02 Narval ntasks=110, nodes=11 110 

    censoring = 50% censoring = 50% 

JMbayes  0-09:41:55 Narval ntasks=110, nodes=11 110 0-09:41:55 Narval ntasks=110, nodes=11 110 

Proposed 

method 

Q=12 0-13:12:14 Narval ntasks=110, nodes=11 110 4-19:06:08 Narval ntasks=110, nodes=11 110 

Q=6 0-11:38:44 Narval ntasks=110, nodes=11 110 2-10:24:14 Narval ntasks=110, nodes=11 110 

Q=4 0-09:33:15 Narval ntasks=110, nodes=11 110 1-16:59:08 Narval ntasks=110, nodes=11 110 
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2.10.4 Supplementary 4 Diagnostic plots of MCMC chains for the real study 

Figure 2-5 Traceplots for parameters using the proposed method for data from MFUS 
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Notes: alpha – association parameter of the current value of longitudinal and the hazard function; 

betaL[1] – fixed effect of intercept in the longitudinal submodel; betaL[2] – fixed effect of the 

slope of time in the longitudinal submodel; sigma.e – standard deviation (SD) of the level-1 

residuals; sigma.u1 – SD of the random effects of intercept; sigma.u2 – SD of the random effects 

of the slope of time; rho.u1.u2 – correlation of the random effects of intercept and slope of time. 
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Figure 2-6 Autocorrelation plots for parameters using the proposed method for data from 

MFUS 

  

Notes: alpha – association parameter of the current value of longitudinal and the hazard function; 

betaL[1] – fixed effect of intercept in the longitudinal submodel; betaL[2] – fixed effect of the 

slope of time in the longitudinal submodel; sigma.e – standard deviation (SD) of the level-1 

residuals; sigma.u1 – SD of the random effects of intercept; sigma.u2 – SD of the random effects 

of the slope of time; rho.u1.u2 – correlation of the random effects of intercept and slope of time. 

 



87 

 

Figure 2-7 Traceplots for parameters using JMbayes for data from MFUS 

 

Notes: Associt – association parameter of the current value of longitudinal and the hazard 

function; intercept – fixed effect of intercept in the longitudinal submodel; obstime – fixed effect 

of the slope of time in the longitudinal submodel; sigma – standard deviation of the level-1 

residuals; D[1,1] – variance of the random effects of intercept; D[2,2] – variance of the random 

effects of the slope of time; D[1,2] – covariance of the random effects of intercept and slope of 

time. 
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Figure 2-8 Autocorrelation plots for parameters using JMbayes for data from MFUS 

 

Notes: Associt – association parameter of the current value of longitudinal and the hazard 

function; intercept – fixed effect of intercept in the longitudinal submodel; obstime – fixed effect 

of the slope of time in the longitudinal submodel; sigma – standard deviation of the level-1 

residuals; D[1,1] – variance of the random effects of intercept; D[2,2] – variance of the random 

effects of the slope of time; D[1,2] – covariance of the random effects of intercept and slope of 

time. 

2.10.5 Supplementary 5 An example of replicates that had non-converged MCMCs using 

JMbayes 

Figure 2-9 Traceplots 
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Notes: Associt – association parameter of the current value of longitudinal and the hazard 

function; intercept – fixed effect of intercept in the longitudinal submodel; obstime – fixed effect 

of the slope of time in the longitudinal submodel; sigma – standard deviation of the level-1 

residuals; D[1,1] – variance of the random effects of intercept; D[2,2] – variance of the random 

effects of the slope of time; D[1,2] – covariance of the random effects of intercept and slope of 

time. 
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Chapter 3. A Bayesian multilevel joint modelling of longitudinal and survival outcomes 

in cluster randomized controlled trial studies 

3.1 Overview 

This chapter extends the previous chapter’s joint modeling approach to accommodate multilevel 

data structures, particularly relevant given the growing use of cluster randomized controlled 

trials (CRCT) designs in public health clinical care, and health policy research. Recognizing that 

CRCT data are inherently nested – with repeated measurements within individuals and 

individuals within groups – there is a need to tackle the research gap in joint modeling of 

multilevel longitudinal and survival outcomes. To this end, we propose a multilevel joint model 

(MJM) that allows simultaneous estimation of group-based interventions or treatments on 

correlated longitudinal markers and time-to-event outcomes. By incorporating group-level 

covariates and random effects, accounting for interactions between time and group-level 

covariates, and including the longitudinal outcome directly in the survival submodel, the MJM 

allows investigation of both the direct effects of the intervention on the longitudinal marker and 

the risk of event, as well as the indirect effects on the risk of event mediated through the 

association between longitudinal and survival outcomes. This chapter also investigates the 

consequence of ignoring the group structure, using both the real-world application and 

simulation studies. 
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3.2 Abstract 

Background: Evaluating the effectiveness of school-based mental health interventions in cluster 

randomized controlled trials (CRCTs) requires robust statistical methods that appropriately 

account for multilevel data structures. Traditional joint models for longitudinal and survival data 

often overlook the hierarchical nature of data from CTCTs, potentially resulting in biased 

estimates and invalid inferences. This study introduces a multilevel joint model (MJM) to 

simultaneously analyze longitudinal mental health trajectories and time-to-clinical diagnosis 

outcomes within a CRCT study, addressing critical methodological gaps in the literature. 

Methods: This research applied the proposed MJM to both empirical and simulated data. The 

empirical analysis used data from a large-scaled CRCT evaluating the PAX Good Behavior 

Game, a classroom-based mental health intervention implemented in Grade 1 during the 

2011/2012 school year. The cohort consisted of 4,189 students, with 2,357 in 172 intervention 

classrooms and 1,832 in 141 control classrooms. Longitudinal outcomes were measured using 

total difficulties scores from the Strengths and Difficulties Questionnaire at pre-intervention, 

post-intervention, and Grade 5. The survival outcome was the time-to-first diagnosis of any of 

the three mental disorders–ADHD, conduct disorder, and mood and anxiety disorders–through 

March 31, 2024. Simulation studies were conducted to evaluate the MJM’s performance under 

various conditions, including different censoring rates, group-level variances, number of clusters, 

and the survival submodel formulations. The implications of ignoring the group-level structure in 

evaluating group-based interventions were examined using simulations and the empirical study. 

Results: Results from the PAX data indicates that the PAX program significantly improved 

children’s mental health from Grade 1 to Grade 5 and reduced the risk of mental disorder 

diagnoses up to nine months after Grade 12 graduation. Simulation results confirmed that the 
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MJM more accurately captured both the direct and indirect intervention effects. Both empirical 

and simulation studies showed that ignoring the group-level variation led to systematic 

underestimation of intervention effects and underestimated standard errors. The MJM 

consistently outperform traditional joint models in recovering both fixed and random effects. 

Conclusions: The proposed multilevel joint model provides a robust and flexible framework for 

evaluating the effects of group-based interventions on correlated longitudinal and survival 

outcomes in CRCTs. Accounting for group-level variation is essential for producing unbiased 

estimates and valid inferences. Failure to incorporate this structure risks inflated Type I error 

rates and misrepresentation of intervention effectiveness. This study underscores the importance 

of applying multilevel modeling approaches in educational and clinical trials involving clustered 

designs. 
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3.3 Introduction 

Mental health concerns among children and youth have become an urgent global public health 

priority. The World Health Organization reported that one in seven individuals aged 10–19 

worldwide experienced a mental disorder, most commonly anxiety, depression, and behavioral 

disorders (World Health Organization, 2024). The COVID-19 pandemic has exacerbated this 

crisis, because of disrupting schooling, increasing social isolation, and growing stress within 

families. Studies have reported rising levels of emotional distress, behavioral challenges, and a 

greater demand of mental health services among children during and following the pandemic 

(Loades et al., 2020; Racine et al., 2021). As societies continue to recover, prioritizing children’s 

mental health is essential in post-pandemic public health planning. 

There is strong evidence that mental health trajectories are shaped early in life. Childhood 

is a critical developmental period for emotional regulation, social skills, and coping mechanisms. 

Mental health difficulties that emerge early often persist or intensify over time, leading to 

adverse outcomes such as school dropout, substance use, and chronic mental illness in later life 

(Kim-Cohen et al., 2003; Shonkoff et al., 2012). Conversely, early interventions promoting 

resilience and well-being can provide enduring protective benefits. Preventive strategies 

targeting the social and emotional development of children within natural settings, especially 

schools, are therefore critical. 

School-based mental health interventions have the advantage of efficiently reaching 

many children, reducing stigma, and fostering supportive classroom environments. The PAX 

Good Behaviour Game (PAX), an evidence-based intervention aimed at enhancing children's 

behavioral self-regulation and peer interactions, exemplifies this approach. In Manitoba, Canada, 

the PAX program was implemented province-wide for Grade-1 students during the 2011/2012 
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school year to improve children’s mental well-being (Brownell et al., 2018). To evaluate its 

effectiveness, a cluster randomized controlled trial (CRCT) was conducted, with participating 

schools randomly assigned either to implement the PAX program (PAX group) or to continue 

standard classroom practices (control group).  

Children’s mental health was assessed at two initial time points: before (pre-PAX) and 

after (post-PAX) the implementation of the PAX program. Analyses using these data 

demonstrated the immediate effectiveness of PAX in improving children’s mental health 

(Brownell et al., 2018; D. Jiang et al., 2018). Subsequently, the Government of Manitoba 

conducted a provincial-wide assessment of Grade-5 children’s mental health using the same 

instrument as the PAX study, allowing longitudinal tracking of most participants from the initial 

cohort. Analysis using data from the three timepoints confirmed the PAX program’s effect in 

reducing the risk of mental disorders, which was defined using a validated cutoff for the measure 

of mental health (X. Jiang, 2021).  

Furthermore, data from the PAX CRCT cohort can be linked to provincial administrative 

databases to track clinical mental disorder diagnoses. An earlier provincial report, based on the 

data up to March 31, 2015, found no significant differences in mental disorder diagnoses 

between children in the PAX and control groups, and authors called for future evaluation of 

long-term follow-up on the effect of the PAX program. Given the increasing mental health 

challenges post-pandemic, assessing the sustained effectiveness of the PAX is timely and 

essential. Understanding how the PAX program influences developmental trajectories and 

prevents clinically significant mental health problems could significantly inform policy decisions 

and optimize the allocation of mental health services.  



95 

 

To comprehensively evaluate the effectiveness of the PAX program, it is important to 

consider both longitudinal measures of mental health and clinical diagnoses of mental disorders. 

The joint model for longitudinal and survival data (JM), which allows to analyze the two 

outcomes simultaneously, is the most appropriate method to use (Faucett & Thomas, 1996; 

Wulfsohn & Tsisatis, 1997). However, the classrooms as the unit of randomization and the 

implementation of the intervention creates challenges when applying JMs. The PAX data 

exhibits a hierarchical data structure, with children nested within classrooms, yet there have been 

limited discussions on JMs that can properly account for such multilevel data.  

Existing research on JMs for multilevel data has several limitations. Some studies 

overlooked group-level factors (Luo & Wang, 2014), while others focused on different 

multilevel data structures, such as repeated measurements within lesions nested inside patients 

(Brilleman et al., 2019). Recent developments in multilevel joint models (MJMs) have 

incorporated multilevel structures and allowed time-varying effects of the longitudinal outcome 

on the survival outcome but have not included group-level random effects in the survival 

submodel (Kürüm et al., 2021, 2022). Another recent spatiotemporal MJM adopted shared 

random effects to link the longitudinal and survival submodels rather than directly including the 

longitudinal outcome as a predictor in the survival mode (Kürüm et al., 2024). Importantly, 

existing MJMs have not addressed interactions between time and group-level factors, limiting 

the evaluation of group-based interventions like PAX.  

One possible reason for the limited research on MJMs is their complexity and high 

computational burden. The Bayesian approach, particularly using Just another Gibbs Sampler 

(JAGS), has become a popular method for fitting JMs and was used in abovementioned research 

on MJMs for multilevel data. However, it is well-known that there are two computationally 
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intensive procedures – the “zero-trick” and the numeric integration – to approximate the survival 

function when using JAGS to fit JM with proportional hazard (PH) model as the survival 

submodel (Rizopoulos, 2016). An alternative approach, the auxiliary Poisson model, avoids 

these complexities and has proven effective in standard JMs (Y. Liu et al., 2025). For multilevel 

survival data, statistical theory and simulation studies have demonstrated that the auxiliary 

mixed-effect Poisson model produces equivalent estimated to the piecewise constant 

proportional hazards (PCPH) model with random effects (Ma et al., 2003; Austin, 2017; 

Elghafghuf & Stryhn, 2017). Moreover, using the auxiliary mixed-effect Poisson approach for 

nested survival data offers significant computational efficiency (Crowther et al., 2012).  

The purpose of this study is to propose a Bayesian multilevel joint model (MJM) for 

analyzing nested longitudinal and survival data. The longitudinal submodel utilizes a three-level 

linear mixed-effects model (LMM), while the survival submodel employs the auxiliary mixed-

effect Poisson regression with group-level random effects. By using the auxiliary mixed-effect 

Poisson approach for the survival outcome in JMs for multilevel data, the computational burden 

could be substantially reduced. This improvement would allow us to extend standard joint 

models to the multilevel setting. 

The remaining of this manuscript organized as follows. In Section 3.2, the model 

formulation is described. Bayesian inference of our proposed MJM is discussed in Section 3.3. 

Section 3.4 applies the proposed model to the PAX study. Section 3.5 outlines the design of 

simulation studies to assess the performance of the proposed MJM under various conditions and 

investigates the impact of disregarding the nested data structure. Finally, we summarize the 

findings of this study in Section 3.6.  
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3.4 Model Formulation 

3.4.1 Longitudinal submodel 

In this study, we focus on a single continuous three-level longitudinal outcome. Repeated 

measurements (level 1) are nested within individuals (level 2), who are further nested within 

groups (level 3). Specifically, let 𝑦𝑖𝑗𝑙(𝑡𝑖𝑗𝑙) represent the longitudinal outcomes measured at time 

𝑡𝑖𝑗𝑙 (𝑖 = 1, … , 𝑛𝑙𝑗) for subject 𝑗 (𝑗 = 1, … , 𝑛), who belongs to the group 𝑙 (𝑙 = 1, … , 𝐿). We 

model this longitudinal outcome using a three-level linear mixed-effect model (LMM). 

𝑦𝑗𝑙(𝑡𝑖𝑗𝑙) = 𝑚𝑗𝑙(𝑡𝑖𝑗𝑙) +  𝜀𝑗𝑙(𝑡),

𝒎𝑗𝑙 = 𝑿𝑗𝑙
𝑇 𝜷 + 𝒁𝑗𝑙

𝑇 𝒖𝑗𝑙 + 𝑾𝑳𝑙
𝑇𝒗𝑙 ,

𝒖𝑗𝑙 ∼ 𝑁(0,  𝚺𝒖), 𝒗𝑙 ∼ 𝑁(0,  𝚺𝒗),  𝜀𝑗𝑙(𝑡)~𝑁(0,  𝜎𝜀
2),

 (3.1) 

where for simplicity, 𝑦𝑗𝑙(𝑡𝑖𝑗𝑙) indicates the 𝑦𝑖𝑗𝑙(𝑡𝑖𝑗𝑙); 𝑚𝑗𝑙(𝑡𝑖𝑗𝑙) indicates the linear predictor at 

time 𝑡𝑖𝑗𝑙 for subject 𝑗 from group 𝑙; 𝑿𝑗𝑙
𝑇 (𝑡) is the design matrix for covariates associated with the 

fixed effect parameter 𝜷, which may include time-varying variables at the first level, variables at 

the individual level and group level, as well as interaction terms among the variables across all 

three levels. 𝒁𝑗𝑙
𝑇  is the design matrix for the subject-level random-effect 𝒖𝑗𝑙; 𝑾𝑳𝑙

𝑇 is the design 

matrix for the group-level random effects 𝒗𝑙; The first column of each design matrix consists of 

ones to indicate the intercept; 𝜀𝑗𝑙(𝑡) is the level-1 residual, also called measurement error. We 

assume 𝜀𝑗𝑙(𝑡) follows a normal distribution 𝑁(0,  𝜎𝜀
2) while the subject-level random effects 𝒖𝑗𝑙 

and group-level random effects 𝒗𝑙 follow a multivariate normal distribution with variance-

covariance matrix 𝚺𝒖 and 𝚺𝒗, respectively. The random effects at different levels and the level 1 

residual are assumed to be mutually uncorrelated.  
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3.4.2 Survival submodel 

The 𝑛 subjects are assumed to be followed from time 0 to time 𝑇. Let 𝑇𝑗𝑙
∗ denotes the true event 

time for subject 𝑗, which is nested in group 𝑙. The observed event time 𝑇𝑗𝑙 equals 𝑚𝑖𝑛 {𝑇𝑗𝑙
∗ , 𝐶𝑗𝑙}, 

where 𝐶𝑗𝑙 is the right-censoring time. Let 𝛿𝑗𝑙 = 𝐼(𝑇𝑗𝑙
∗ ≤ 𝐶𝑗𝑙) be the event indicator, where 𝐼(∙) is 

an indication function. The proportional hazards model has the form 

𝜆𝑗𝑙(𝑡) = 𝜆0 exp{𝝎𝑗𝑙
𝑇 (𝑡)𝜸 + 𝛼 ∗ 𝑚𝑗𝑙(𝑡) + 𝑾𝑺𝑙

𝑇𝒈𝑙}, (3.2) 

where, 𝜆0 indicates the baseline hazard function and 𝜸 is a vector of fixed-effect parameters for 

covariates 𝝎𝑗𝑙. The fixed-effect covariates 𝝎𝑗𝑙 can contain the same or partly the same fixed-

effect covariates in the longitudinal submodel. The association between the longitudinal 

outcomes on the hazard function is indicated by 𝛼. The 𝒈𝑙 is the random effects at group level 

for the covariate vector 𝑾𝑺𝑙. Similarly, the first element of 𝑾𝑺𝑙 is one to indicate intercept. We 

assume a multivariate normal distribution for the random effects, 𝒈𝑙 ∼ 𝑁(0,  𝚺𝒈). 

The baseline hazard function needs to be specified in JMs to get accurate estimation of 

standard errors (Hsieh et al., 2006). The piecewise constant has been shown to have good 

performance and has been widely adopted in the development of JMs (Elashoff et al., 2008; L. 

Liu, Huang, et al., 2008; L. Liu, Ma, et al., 2008; W. Hu et al., 2009; Huang et al., 2011; 

Rizopoulos, 2012; Ferrer et al., 2016). When using PCPH model for survival data, the follow-up 

period is divided into 𝑄 time intervals, [𝜏𝑞−1, 𝜏𝑞), 𝑞 = 1, … , 𝑄, where 0 = 𝜏0, 𝜏1,…, 𝜏𝑄 = ∞.  

Then, the hazard function takes the form: 

𝜆𝑗𝑙𝑞(𝑡) = 𝜆𝑞 exp{𝝎𝑗𝑙𝑞
𝑇 (𝑡)𝜸 + 𝛼 ∗ 𝑚𝑗𝑙𝑞(𝑡) + 𝑾𝑺𝑙

𝑇𝒈𝑙} , 𝑡 ∈ [𝜏𝑞−1, 𝜏𝑞), (3.2) 

where the baseline hazard in the time interval [𝜏𝑞−1, 𝜏𝑞) is assumed to be a constant 𝜆𝑞. 
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Importantly, using the piecewise constant proportional hazards (PCPH) model enables an 

auxiliary Poisson representation of the survival submodel in JMs, substantially reducing 

computational burden (Y. Liu et al., 2025). The theoretical justification for the equivalence 

between the auxiliary Poisson approach and the PCPH model has been extended to multilevel 

survival data (Ma et al., 2003). Simulation studies have further demonstrated that the auxiliary 

mixed-effects Poisson approach produces nearly identical estimates to those from the PCPH 

model with random effects, while offering considerable computational efficiency (Austin, 2017; 

Elghafghuf & Stryhn, 2017).  

To implement the auxiliary mixed-effects Poisson approach, a series of pseudo-

observations need to be generated. Specifically, for each subject, pseudo-observations  

𝛿𝑗𝑙𝑞, 𝑞 = 1, … , 𝑄 

are constructed, where 𝛿𝑙𝑖𝑞 indicates whether the event occurs in interval 𝑞 for subject 𝑗 in group 

𝑙. The occurrence of the event is then modeled as a Poisson distribution with random effects,  

𝛿𝑗𝑙𝑞 ∼ 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜇𝑗𝑙𝑞), 𝑞 = 1, … , 𝑄. 

Using the generalized linear mixed-effects model (GLMM) with the log link function, the mean 

𝜇𝑗𝑙𝑞 is expressed as, 

log(𝜇𝑗𝑙𝑞) = 𝑙𝑜𝑔𝑡𝑗𝑙𝑞 + 𝑙𝑜𝑔𝜆𝑞 + 𝝎𝑗𝑙𝑞
𝑇 (𝑡)𝜸 + 𝛼 ∗ 𝑚𝑗𝑙𝑞(𝑡) + 𝑾𝑺𝑙

𝑇𝒈𝑙 

where exposure time 𝑡𝑗𝑙𝑞 in interval 𝑞 for subject 𝑗 in group 𝑙 is included as an offset: 

{
𝑡𝑗𝑙𝑞 = 𝜏𝑞 − 𝜏𝑞−1,

𝑡𝑗𝑙𝑞 = 𝑇𝑗𝑙 − 𝜏𝑞−1, 
if event has not occurred,  

if event occurred in [𝜏𝑞−1, 𝜏𝑞). 
 

Theoretical work has shown that parameter estimates from the auxiliary mixed-effects Poisson 

approach are identical to those obtained from the PCPH model with random effects (Ma et al., 

2003; Rodriguez, 2008).  
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It is important to emphasize that the event indicators 𝛿𝑗𝑙𝑞 are not independent from the 

data perspective. For each subject, all 𝛿𝑗𝑙𝑞 values before the occurrence of the event are zeros, 

and 𝛿𝑗𝑙𝑞 equals one only in the interval during which the event occurs. Also, the event indicator 

𝛿𝑗𝑙𝑞 can only take the values one or zero and does not strictly follow a Poisson distribution. The 

auxiliary mixed-effects Poisson approach instead leverages the fact that, conditional on the 

observed time-to-event data, the constructed pseudo-observations contribute to a likelihood is 

proportional to that of the PCPH model. As a result, estimation based on the auxiliary mixed-

effects Poisson framework yields results that are equivalent to those obtained from the PCPH 

model with random effects. 

In our proposed multilevel joint model, the survival submodel is specified using the 

auxiliary mixed-effects Poisson approach. The random effects 𝒈𝑙 in the mixed-effect Poisson 

model are assumed to be independent of the group-level random effects in the longitudinal 

submodel. Furthermore, a true value association structure is specified, in which the underlying 

the true longitudinal outcome is assumed to be associated with the survival process.  

3.5 Estimation and inference 

3.5.1 Posterior distribution 

The unknown parameters that need to be estimated in the proposed MJM are indicated by 𝚯 =

(𝛃, σε, 𝚺𝒖, 𝚺𝒗, 𝛄, α, 𝚺𝒈, 𝛌). Conditional on the random effects at subject level and group level in 

both submodels, 𝒖𝑗𝑙 , 𝒗𝑙 , 𝒈𝑙, and other parameters, the distributions for the longitudinal and 

pseudo-Poisson outcomes are: 

𝑦𝑗𝑙| 𝒖𝑗𝑙 , 𝒗𝑙 , 𝒈𝑙 , 𝚯 ∼ 𝑁(𝑿𝑗𝑙
𝑇 (𝑡)𝜷 + 𝒁𝑗𝑙

𝑇 𝒖𝑗𝑙 + 𝑾𝑳𝑙
𝑇𝒗𝑙 , 𝜎𝜀

2),  

𝛿𝑗𝑙𝑞| 𝒖𝑗𝑙 , 𝒗𝑙 , 𝒈𝑙 , 𝚯 ∼ 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜇𝑗𝑙𝑞), 𝑡𝑖 ∈ [𝜏𝑞−1, 𝜏𝑞), where, 

(3.3) 
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𝑙𝑜𝑔(𝜇𝑗𝑙𝑞) = 𝑙𝑜𝑔𝑡𝑗𝑙𝑞 + 𝑙𝑜𝑔𝜆𝑞 + 𝝎𝑗𝑙𝑞
𝑇 (𝑡)𝜸 + 𝛼 ∗ 𝑚𝑗𝑙𝑞(𝑡) + 𝑾𝑺𝑙

𝑇𝒈𝑙 . 

Moreover, we assume that conditional on all the random effects and other parameters, the 

longitudinal outcome and the survival outcome, and the repeated measurements are independent. 

Then, the posterior distribution of unknown parameters takes the form:  

𝐿(𝚯|𝐃𝐚𝐭𝐚)  ∝ 𝐿(𝑫𝒂𝒕𝒂|𝚯) ∙ 𝑝(𝚯)  

= ∏ ∏ 𝑝𝑠(𝑇𝑗𝑙 , 𝛿𝑗𝑙|𝒖𝑗𝑙 , 𝒗𝑙 , 𝒈𝑙 , 𝚯) ∙ ∏ 𝑝𝑦(𝑦𝑖𝑗𝑙|𝒖𝑗𝑙 , 𝒗𝑙 , 𝒈𝑙 , 𝚯)

𝑛𝑗𝑙

𝑖=1

∙

𝑛

𝑗=1

𝐿

𝑙=1

  

 𝑝(𝒖𝑗𝑙|𝚯) ∙ 𝑝(𝒗𝑙|𝚯) ∙ 𝑝(𝒈𝑙|𝚯) ∙ 𝑝(𝚯),  

where, 𝑝𝑠 is the probability density function (pdf) for the survival outcome; 𝑝𝑦 is the pdf for the 

repeated measurements. The prior pdfs for all the parameters that need to be estimated are 

indicated by 𝑝(𝚯).   

The likelihood for the PCPH model with random effects is proportional to the likelihood 

for the auxiliary mixed-effect Poisson model (Ma et al., 2003; Rodriguez, 2008; Goldstein, 

2011). Therefore, the joint likelihood function is proportional to the product of the pdfs of the 

longitudinal and pseudo-Poisson outcomes. Then, the posterior distribution of the unknown 

parameters in the proposed MJM can be written as: 

𝐿(𝚯|𝐃𝐚𝐭𝐚) ∝ ∏ ∏ ∏ 𝑝𝑠(𝑇𝑗𝑙 , 𝛿𝑗𝑙𝑞|𝒖𝑙𝑖 , 𝒗𝑙 , 𝒈𝑙 , 𝚯)

𝑞(𝑗)

𝑞=1

∙ ∏ 𝑝𝑦(𝑦𝑖𝑗𝑙|𝒖𝑗𝑙 , 𝒗𝑙 , 𝒈𝑙 , 𝚯)

𝑛𝑗𝑙

𝑖=1

∙

𝑛

𝑗=1

𝐿

𝑙=1

 

 𝑝(𝒖𝑗𝑙|𝚯) ∙ 𝑝(𝒗𝑙|𝚯) ∙ 𝑝(𝒈𝑙|𝚯) ∙ 𝑝(𝚯), 

where, 𝑞(𝑗) denotes the time interval that the event occurred for subject 𝑗.  
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3.5.2 Prior distributions 

Weak priors were adopted for the parameters in the proposed MJM. Specifically, the priors for 

parameters in the longitudinal submodel (𝛃, 𝛔ε, 𝚺𝒖, 𝚺𝒗) are: 

𝛽𝑠 ∼ 𝑁 (0,
 1

0.001
) , 𝑠 = 1, … , 𝑝𝜷, 

σε ∼ 𝐼𝑛𝑣𝑒𝑟𝑠𝑒 − 𝐺𝑎𝑚𝑚𝑎(0.01, 0.01), 

𝚺𝒖 ∼ 𝐼𝑛𝑣𝑒𝑟𝑠𝑒 − 𝑊𝑖𝑠ℎ𝑎𝑟𝑡 ([
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

]

𝑝𝒖×𝑝𝒖

, 𝑝𝒖), 

𝚺𝒗 ∼ 𝐼𝑛𝑣𝑒𝑟𝑠𝑒 − 𝑊𝑖𝑠ℎ𝑎𝑟𝑡 ([
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

]

𝑝𝒗×𝑝𝒗

, 𝑝𝒗), 

where 𝑝𝒖 and 𝑝𝒗 is the dimension of random effects at the subject level and group level, 

respectively. For parameters in the survival submodel (λq, 𝛄, α, 𝚺𝒈), the prior distributions are: 

𝜆𝑞 ∼ 𝑔𝑎𝑚𝑚𝑎(0.01, 0.01), 𝑞 = 1, … , 𝑄, 

γs ∼ 𝑁 (0,
 1

0.001
) , 𝑠 = 1, … , 𝑝γ, 

α ∼ 𝑁 (0,
 1

0.001
), 

𝚺𝒈 ∼ 𝐼𝑛𝑣𝑒𝑟𝑠𝑒 − 𝑊𝑖𝑠ℎ𝑎𝑟𝑡 ([
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

]

𝑝𝒈×𝑝𝒈

, 𝑝𝒈), 

where 𝑝γ is the dimension of covariate in the survival submodel, 𝑝𝑔 is the dimension of the 

random effects at the group level in the survival submodel. 
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3.5.3 Bayesian inference 

We employ a Bayesian approach using Markov chain Monte Carlo (MCMC) methods to 

estimate the parameters of the proposed MJM. The posterior sampling was implemented in 

JAGS through the R packages rjags and coda. The likelihood was specified based on the pdfs in 

equation (3.3) and weak priors were given to all model parameters. The trace plot, 

autocorrelation function (ACF) plot, and posterior density plot were checked to assess the 

convergence of MCMC chains. The trace plot shows the realization of MCMC chains at each 

iteration, and convergence may be indicated by overlapping chains resembling a hairy caterpillar 

(Donovan & Mickey, 2019). Additionally, the trace plot was used to decide the number of burn-

in iterations, where a number of iterations before the chains become stable were discarded (Roy, 

2020). Three chains were conducted to check the influence of initial values on the Bayesian 

estimates. The number of thinning was decided according to the ACF plot to draw independent 

posterior samples for precise Bayesian inference (Roy, 2020).  

3.6 Application on data from the PAX program 

3.6.1 Data source and study population 

The PAX Good Behavior Game (PAX) program was designed to improve children’s mental, 

emotional, behavioral, and academic outcomes (https://www.paxis.org/school-based-

programming/). In Manitoba, the Healthy Child Manitoba Office (HCMO), which was later 

incorporated into the Manitoba Education, initiated a cluster randomized control trial (CRCT) to 

evaluate the PAX program, implementing with Grade 1 students during the 2011-2012 school 

year (Brownell et al., 2018). A total of 196 schools participated and were randomly assigned to 

either the intervention group or the control group. Grade-1 teachers in the intervention group 

attended a two-day PAX training sessions and implemented the program in their classrooms 

https://www.paxis.org/school-based-programming/
https://www.paxis.org/school-based-programming/
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(Brownell et al., 2018). Teachers in the control group continued with their standard classroom 

practices. The final PAX CRCT study cohort consisted of 4,676 Grade-1 students: 2,576 in PAX 

group and 2,100 in the control group (Brownell et al., 2018). 

The Strengths and Difficulties Questionnaire (SDQ), which is a widely used tool to assess 

children’s mental health (Goodman, 1997), was used in the PAX study to measure student’s 

mental health. The total SDQ difficulty score is calculated as the sum of 20 items, each rated on 

a 3-point Likert scale, with the value of 0, 1 and 2 indicating the categories of not true, somewhat 

true and certainly true. Higher scores indicate greater difficulties. In the PAX study, the SDQ 

was administrated at two time points: before the PAX implementation (pre-PAX, before January 

2012) and after its completion (post-PAX, June 2012). In May/June 2016, the HCMO conducted 

the Grade 5 (G-5) Mental Health Survey, the province-wide assessment of mental health among 

Grade 5 students in Manitoba, involving over 12,000 participants (X. Jiang, 2021). Of the 

original PAX study cohort, 3,302 students (71%) also participated in the G-5 survey, allowing 

for data linkage. Since the SDQ was also used in the G-5 survey, the Grade 5 SDQ total score 

served as the third timepoint for measuring student’s mental health in this study.  

The data of the PAX study were collected and owned by HCMO and later transferred to 

the Manitoba Centre for Health Policy (MCHP). The MCHP (https://umanitoba.ca/manitoba-

centre-for-health-policy/) is a Manitoba Population Research Data Repository, where the data are 

de-identified and linkable to administrative databases via a scrambled identifier. By linking the 

PAX data to administrative records from Manitoba Health, Seniors and Active Living (MHSAL), 

Manitoba Families, Manitoba Education and Statistics Canada, we can access comprehensive 

information on social demographic, hospital and emergency room visits, medicine prescriptions, 

and involvement in special government programs (Brownell et al., 2018). 

https://umanitoba.ca/manitoba-centre-for-health-policy/
https://umanitoba.ca/manitoba-centre-for-health-policy/
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This study has been approved by the Health Research Ethics Board (HREB) of the 

University of Manitoba (H2023:333). Data access was provided by MCHP for use of data 

contained in the Manitoba Population Research Data Repository under project #2024-043. Data 

access approval was provided by the Provincial Health Research Privacy Committee (PHRPC 

No. P2023-110), the Manitoba Education and the Manitoba Families. 

3.6.2 Outcomes 

The SDQ total score measured at the three time points: pre-PAX (time 0), post-PAX (time 0.5), 

and Grade 5 (time 4.5), served as the longitudinal outcome in this study. The timing reflects the 

actual intervals between assessments. Students from the PAX study were linked to the Hospital 

Abstract, Drug Product Information Network, and Medical Claims/Medical Services databases to 

obtain mental disorder diagnostics. This study focused on three mental disorders: attention-

deficit hyperactivity disorder (ADHD), conduct disorder, and mood and anxiety disorders.  

A child mental disorder diagnosis was determined through hospitalizations or physician 

visits coded with specific ICD-9-CM or ICD-10-CA codes, as well as prescription records for 

specific drugs. For ADHD, a diagnosis was made if a child has at least one hospital or physician 

visits coded for ADHD, or at least two prescriptions for ADHD medications, or one prescription 

for ADHD drugs in one fiscal year and a diagnosis of hyperkinetic syndromes in the previous 

three years. Conduct disorder was diagnosed if there was at least one hospital or physician visit 

with a conduct disorder code. Mood and anxiety disorders were diagnosed if a child has one or 

more hospitalizations or physician visits coded for mood or anxiety conditions, plus at least two 

prescriptions for antidepressants or mood stabilizer depends on the ICD codes. Diagnoses 

typically apply to residents aged 3 years or older. More details can be found in the Appendix 

Table 7 in the PAX report prepared by the MCHP at the request from the Government of 
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Manitoba (Brownell et al., 2018); this study used the same case definitions. The time-to-the first 

diagnosis of any of the three mental disorders, up to March 31, 2024, was used as the survival 

outcome in this study. Therefore, the study period spans from January 2012 (time zero) to March 

31, 2024 (time 12.25), covering from Grade 1 to about nine months after Grade 12 graduation. 

3.6.3 Covariates 

The covariates considered in this study were selected based on the PAX report and related 

publications (Brownell et al., 2018; D. Jiang et al., 2018; X. Jiang, 2021). At the student-level, 

covariates were sex, socio-economic factor index (SEFI), their mother’s maternal mental 

disorder diagnosis before PAX (up to December 31, 2011), ever being a recipient of Child in 

Care (CIC) services (up to March 31, 2015), ever being a recipient of Child and Family Services 

(up to March 31, 2015), and ever being a recipient of family income assistance (IA) (up to March 

31, 2015). The SEFI is an area-level socioeconomic status (SES) indicators created by MCHP, 

where higher values indicate lower neighbourhood’s SES compared to the provincial average 

(Chateau et al., n.d.). At the classroom-level, covariates included a binary indicator for PAX 

participation and an indicator to indicate if a classroom was attending an urban school. The 

classroom was considered as the group-level rather than school level because the PAX 

intervention was classroom-based, and most schools only had one or two Grade-1 classrooms (D. 

Jiang et al., 2018). 

3.6.4 Results 

After including students with at least one recorded SDQ total score and did not have clinical 

diagnosis of any of three mental disorders, the final study cohort consisted of 7,877 records from 

3,907students. Of these, 1,720 students were in 141 control group classrooms, and 2,187students 
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were in 172 classrooms implementing the PAX program. The mean number of children per 

classroom was 12 (range: 1 – 25) in the control group and 13 (range: 1 – 28) in the PAX group.  

Descriptive statistics are displayed in Table 3-1. The control and PAX groups had almost 

even distribution of males and females. Compared to the control group, the students in the PAX 

group were more likely to come from families receiving income assistance, to have received 

services from CIC and CFS, to come from lower SES households, to attend urban schools, and to 

have a mother with maternal mental disorder diagnoses before January 2012. 

Table 3-1 Descriptive statistics of the final study cohort 

  

Control  

N = 1,720 

Pax 

N = 2,187 P-value 

Sex   0.4 

Female 866 (50%) 1,128 (52%)  
Male 854 (50%) 1,059 (48%)   

Ever on IA 394 (23%) 590 (27%) 0.004 

Ever in CIC 164 (10%) 256 (12%) 0.030 

Ever in CFS 354 (21%) 556 (25%) <0.001 

Student SEFI   0.002 

N non-missing 1,720 2,187  
Mean (SD) 0.17 (0.99) 0.28 (1.21)  
Min - Max -2.4 - 3.81 -3.01 - 3.81   

School urbanicity 792 (46%) 908 (42%) 0.005 

Mother's maternal mental 

disorder prior to PAX 
590 (34%) 826 (38%) 0.025 

Note: SD – standard deviation, IA – income assistance, CIC – Child in Care, CFS – Child Family Services, SEFI - 

area-level socioeconomic status. Ever on IA/CIC/CFS indicates if the child/family has ever received IA/CIC/CFS 

before 31 March 2015. 

 

Table 3-2 shows the summary statistics for the outcomes in this study. By March 31, 

2024, 1,153 (29.5%) students had received at least one diagnosis of any of the three mental 

disorders resulting in a right censoring rate of 70.5%. Of these, 516 (30.0%) students were in the 

control group and 637 (29.1%) were in the PAX group. The median follow-up times until 
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diagnosis was 6.16 years (around Grade 6) for the control group and was 7.04 years (around 

Grade 7) for the PAX group. Figure 3-1 displays the survival curves for the control group and the 

PAX group. The log-rank test results (p-value in Figure 3-1) indicated that the survival curves 

were not significantly different between the two groups. The mean total difficulty score in the 

PAX group was significantly higher than in the control group at the baseline (pre-PAX). 

However, by post-PAX and Grade 5, the mean total difficulty scores were similar between the 

two groups.  

Table 3-2 Descriptive statistics for the outcomes 

  

Control  

N = 1,720 

Pax 

N = 2,187 

P-

value 

Mental disorder diagnosis 516 (30.0%) 637 (29.1%) 0.6 

Total difficulty score   
 

    Pre-PAX   <0.001 

N non-missing (%) 1,242 (72.2%) 1,815 (82.9%)  

Mean (SD) 7.46 (6.76) 9.06 (7.46)  

Min - Max 0 - 34 0 - 40  

    Post-PAX   0.6 

N non-missing (%) 964 (56.1%) 1,196 (54.7%)  

Mean (SD) 6.98 (6.76) 6.71 (6.60)  

Min - Max 0 - 33 0 - 35  

    Grade 5   0.6 

N non-missing (%) 1,283 (74.6%) 1,377 (63.0%)  

Mean (SD) 7.87 (7.36) 7.66 (7.03)  

Min - Max 0 - 35 0 - 34.25   
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Figure 3-1 Kaplan-Meier survival curves for the control and PAX group 

 

As described in Section 3.5 and the simulation studies, posterior samples were obtained 

from three parallel MCMC chains, with adaption of 100 iterations and burin-in period of 4000 

iterations. After applying the thinning interval of 150 iterations, 200 posterior samples were kept 

per chain, resulting in 600 posterior samples for estimation and inference. The trace plots are 

presented in the Supplementary Materials (Appendix 3). 

 Table 3-3 displays the results of the proposed MJM with and without covariates, using 

the PAX data. Without adjusting for covariates, the average total difficulties in the control group 

did not significantly change over time (𝛽=0.106, 95% CI: -0.021 to 0.234). In contrast, the PAX 

program significantly reduced the total difficulties by 0.306 units (95% CI: 0.138 to 0.479) per 

year. This PAX effect remained statistically significant after adjusting for covariates. The PAX 

group had significantly 1.002 units (95% CI: 0.534 to 1.466) higher mean total difficulties in the 
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baseline (i.e., Grade 1), however, by Grade 5, mean total difficulties were similar between the 

two groups.  

Table 3-3 also shows that higher total difficulty scores were significantly associated with 

an increased risk of mental disorder diagnoses (hazard ratio (HR) = 𝑒0.055 = 1.057, 95% CI: 

1.0474 to 1.067) and this association remained significant after covariates adjustment. Therefore, 

the PAX program indirectly reduced the risk of clinical mental disorder diagnoses through 

decreasing the total difficulties over time. Additionally, the PAX program showed trend towards 

directly reducing the risk of mental disorder diagnoses (HR =𝑒−0.048 = 0.953, 95% CI: 0.844 – 

1.050), although this direct effect was not statistically significant.  

Table 3-3 Results of proposed multilevel joint model with and without covariates 

     MJM without covariates MJM with covariates  

Parameters estimate SD Q2.5 Q97.5 estimate SD Q2.5 Q97.5 

Survival 

Fixed 

effects 

PAX -0.048 0.062 -0.170 0.079 -0.064 0.061 -0.182 0.046 

Sex M       -0.461 0.061 -0.586 -0.335 

Student SEFI       -0.206 0.032 -0.269 -0.187 

Urban School        0.264 0.061 0.456 0.387 

Ever on IA       0.191 0.079 0.044 0.334 

Ever in CIC       0.279 0.103 0.076 0.476 

Ever in CFS       0.187 0.093 -0.010 0.360 

Maternal mental 

disorder 
      0.569 0.062 0.445 0.688 

Association 0.055 0.006 0.043 0.065 0.056 0.006 0.045 0.066 

Random 

effects 

Intercept at 

group level (SD) 
0.124 0.041 0.059 0.218 0.142 0.047 0.059 0.217 

Longitudinal  
Fixed 

effect 

Intercept 7.334 0.193 6.961 7.723 5.135 0.236 4.655 5.566 

Time 0.106 0.064 -0.021 0.234 0.552 0.078 0.383 0.705 

PAX 1.002 0.244 0.534 1.466 0.769 0.247 0.282 1.264 

Sex M       2.301 0.229 1.830 2.712 

Student SEFI       0.522 0.092 0.336 0.702 

Urban School       -0.578 0.183 -0.927 -0.222 

Ever on IA       2.695 0.321 2.090 3.294 

Ever in CIC       1.399 0.484 0.401 2.303 

Ever in CFS       1.570 0.370 0.795 2.277 
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Maternal mental 

disorder 
      0.561 0.177 0.230 0.899 

Time*PAX -0.306 0.083 -0.479 -0.138 -0.249 0.080 -0.401 -0.096 

Time*sexM       -0.387 0.080 -0.512 -0.234 

Time*IA       -0.626 0.110 -0.845 -0.404 

Time*CIC       -0.439 0.166 -0.747 -0.109 

Time*CFS         -0.317 0.135 -0.585 -0.072 

Random 

effect 

Intercept at 

individual level 

(variance) 

42.405 1.297 40.002 44.926 36.045 1.188 33.988 38.694 

Time (variance) 4.140 0.159 3.824 4.457 3.852 0.149 3.580 4.167 

Intercept*time 

(covariance) 
-9.642 0.398 -10.42 -8.847 -8.310 0.367 -9.112 -7.675 

Residual (SD) 3.353 0.056 3.242 3.454 3.356 0.055 3.253 3.464 

Intercept at 

group level (SD) 
0.244 0.132 0.070 0.544 0.241 0.134 0.074 0.561 

 

Regarding the impact of covariates, several notable patterns emerged. Male students had 

significantly higher mean total difficulty scores at baseline (Grade 1) by 2.301 units (95% CI: 

1.830 to 2.712) compared to females. However, male students’ annual rate of increase was 

significantly slower than that of female students by 0.387 units (95% CI: 0.234 to 0.512) per 

year. Additionally, male students had a 36.9% lower risk of being diagnosed with a mental 

disorder compared to females (95% CI: 28.5% to 55.7%). It is important to interpret this direct 

effect of sex with caution as there is a positive association between total difficulty scores and the 

risk mental health disorders. 

Additional patterns were observed for other covariates: 

• Students from lower SES neighbourhood had significantly higher mean total 

difficulty scores in Grade 1, but significantly lower risk of having mental health 

disorder.  
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• Students attending urban schools had significantly lower mean total difficulty score in 

Grade 1, but significantly higher risk of having mental disorder diagnosis.  

• Students whose mother had a maternal mental disorder diagnosis had significantly 

higher baseline total difficulty scores and significantly higher hazard of having 

mental health disorder.  

• Students from families receiving income assistance had significantly higher mean 

total difficulty scores in Grade 1 and significantly slower yearly changing rate over 

time, compared to students from families not receiving income assistance. These 

students also had a higher risk of being diagnosed with a mental health disorder.  

• Students from families that were a recipient of services from CIC had significantly 

higher baseline total difficulty scores and significantly slower yearly changing rate 

over time, compared to children from families did not receive CIC services.  

• Students from families that were a recipient of services from CFS had significantly 

higher baseline total difficulty scores and significantly slower yearly changing rate 

over time, compared to children from families did not receive services from CFS. 

These students also had higher risk of being diagnosed with a mental health disorder. 

The random effects for both intercept and the slope of time at the individual level, as well 

as the random effects at the group level, were significant in both the longitudinal and survival 

submodels. This indicated that students from the same classroom had significantly different 

baseline total difficulty scores and rate of change over time. Additionally, classrooms differed 

significantly in their average baseline total difficulty scores and baseline hazard of developing a 

mental health disorder. Importantly, these variations between classrooms in both the average 

total difficulty score and the baseline hazard could only be identified through the use of 
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multilevel joint models. Traditional joint models would not account for these group-level 

differences, highlighting the value of the multilevel joint modeling approach in uncovering 

classroom-level effects that may otherwise remain hidden.  

Table 3-4 shows a comparison between the MJM and standard JM, the latter of which 

does not account for the group-level effects. When the group-level was ignored, the estimated 

effect of PAX in decreasing total difficulties was underestimated by 21% (= (0.249-

0.196)/0.249), and its direct effect in decreasing the risk of mental disorder diagnosis was 

underestimated by 18% (= (0.064-0.053)/0.064). The indirect effect of PAX in decreasing the 

risk of mental disorder through decreasing the total difficulty score was also underestimated. 

Specifically, the association between total difficulties and the hazard was underestimated by 45% 

(= (0.056-0.031)/0.056), and the relationship between PAX and the total difficulties was 

underestimated by 4%. Ignoring the group-level further led to substantial underestimation (over 

60%) of the variation in both baseline difficulties and the changing rate of total difficulties over 

time among students. Moreover, failing to account for the group-level prevented the analysis 

from capturing the variation in both baseline total difficulties and baseline hazard of mental 

disorder diagnosis across classrooms.  

Additionally, disregarding the group-level structure also influenced the estimation of 

covariate effects in both the longitudinal and survival submodels. Not accounting for group-level 

clustering tends to bias the regression coefficients for covariates, as the variance associated with 

group differences is erroneously attributed to individual-level variation. This can lead to either 

underestimation or overestimation of covariate effects, as shown in Table 3-4, ultimately 

compromising the accuracy and interpretation of the model findings. Thus, consideration of the 
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group-level is essential for obtaining unbiased and reliable estimates of both intervention effects 

and covariate associations in joint modeling.   
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Table 3-4 Results of MJM versus standard JM ignoring the group level 

Parameters     MJM  JM 
Percent of 

difference  

   estimate SD Q2.5 Q97.5 estimate Std.Err Z-value p-value  estimates 

Survival 

Fixed 

effects 

PAX -0.064 0.061 -0.182 0.046 -0.053 0.060 -0.869 0.385 -18% 

Sex M -0.461 0.061 -0.586 -0.335 -0.380 0.061 -6.200 <0.0001 -18% 

student_sefi -0.206 0.032 -0.269 -0.187 -0.195 0.032 -6.179 <0.0001 -6% 

Urbrha 0.264 0.061 0.456 0.387 0.248 0.061 4.070 <0.0001 -6% 

ever on IA 0.191 0.079 0.044 0.334 0.262 0.081 3.235 0.001 37% 

ever in CIC 0.279 0.103 0.076 0.476 0.332 0.107 3.108 0.002 19% 

ever in CFS 0.187 0.093 -0.010 0.360 0.225 0.093 2.417 0.016 20% 

maternal 

mental 

disorder 

0.569 0.062 0.445 0.688 0.577 0.062 9.301 <0.0001 1% 

Association 0.056 0.006 0.045 0.066 0.031 0.007 4.317 <0.0001 -45% 

Random 

effects 
frailty (SD) 0.142 0.047 0.059 0.217 -         

                     

Longitudinal  

Fixed 

effect 

Intercept 5.135 0.236 4.655 5.566 4.958 0.218 22.760 <0.0001 -3% 

time 0.552 0.078 0.383 0.705 0.560 0.073 7.635 <0.0001 1% 

PAX 0.769 0.247 0.282 1.264 0.737 0.210 3.514 0.000 -4% 

Sex M 2.301 0.229 1.830 2.712 2.407 0.210 11.453 <0.0001 5% 

student_sefi 0.522 0.092 0.336 0.702 0.545 0.085 6.395 <0.0001 4% 

Urbrha -0.578 0.183 -0.927 -0.222 -0.666 0.163 -4.082 <0.0001 15% 

ever on IA 2.695 0.321 2.090 3.294 2.304 0.283 8.143 <0.0001 -15% 

ever in CIC 1.399 0.484 0.401 2.303 1.382 0.427 3.236 0.001 -1% 

ever in CFS 1.570 0.370 0.795 2.277 1.876 0.330 5.693 <0.0001 20% 

maternal 

mental 

disorder 

0.561 0.177 0.230 0.899 0.641 0.172 3.718 0.000 14% 

time*PAX -0.249 0.080 -0.401 -0.096 -0.196 0.078 -2.517 0.012 -21% 

time*sexM -0.387 0.080 -0.512 -0.234 -0.424 0.081 -5.251 <0.0001 10% 

time*IA -0.626 0.110 -0.845 -0.404 -0.570 0.106 -5.384 <0.0001 -9% 

time*CIC -0.439 0.166 -0.747 -0.109 -0.451 0.162 -2.788 0.005 3% 

time*CFS -0.317 0.135 -0.585 -0.072 -0.352 0.125 -2.808 0.005 11% 

Random 

effect 

intercept at 

individual 

level 

(variance) 

36.045 1.188 33.988 38.694 14.231     -61% 

time 

(variance) 
3.852 0.149 3.580 4.167 1.393     -64% 
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intercept*time 

(covariance) 
-8.310 0.367 -9.112 -7.675 -3.353     -60% 

residual (SD) 3.356 0.055 3.253 3.464 6.400     91% 

intercept at 

group level 

(SD) 

0.241 0.134 0.074 0.561 -         

 

3.7 Simulation study 

Comprehensive simulations were conducted to assess the performance of the proposed joint 

model for multilevel longitudinal and survival data. In addition, the results of the proposed MJM 

were compared to the results of traditional JM which the group level was ignored.  

3.7.1 Data generation 

First, random effects at the subject and group level were generated for the two processes. Then, 

event time in the survival process was generated. The data in the longitudinal process were 

generated based on the event times in the survival process, with repeated measurements recorded 

until the last measurement time before the event occurs. The participants were assumed to be 

followed for five years for the repeated measurements and nine years of follow-up for the 

survival outcome. 

Survival times were generated with the simsurv package, which accommodates time-

varying covariates (Brilleman et al., 2021). The package is based on the methodology developed 

by Crowther & Lambert, (2013), which applies the Gauss-Kronrod quadrature to calculate the 

cumulative hazard function and numerical root finding to determine event times. For simplicity 

and broad applicability, we specified a Weibull baseline hazard. The shape and scale parameters 

of the Weibull distribution were calibrated using the Kaplan-Meier curve from the real data and 

the target censoring rate specified in the simulation design. The individual-specific hazard 

function with time-varying covariates was defined according to the Formula 3.4, expressed as the 
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product of baseline hazard and exp (𝛼 ∗ 𝑚𝑗𝑙(𝑡) + 𝑔𝑙). After generating survival times and event 

indicators, the resulting censoring rate was evaluated. If the observed censoring rate deviated 

from the desired value, the Weibull baseline parameters (shape and scale) were iteratively 

adjusted until the target censoring rate was achieved.  

For the longitudinal process, measurement intervals were assumed to be fixed at every six 

months. With a total follow-up duration of five years, this design yielded ten repeated 

measurements in addition to one baseline measurement. For subjects whose event time occurred 

before the end of follow-up (i.e., before five years), longitudinal measurements after the event 

were excluded to reflect informative dropout.  

Data were generated under the following model that incorporated random intercept and 

random slope for time at subject-level in the longitudinal submodel, together with a random 

intercept at group-level in both the longitudinal and survival submodels. The intervention was 

assumed to be implemented at the group level.  

𝑦𝑗𝑙(𝑡𝑖𝑗𝑙) = 𝑚𝑗𝑙(𝑡) +  𝜀𝑗𝑙(𝑡)

𝑚𝑗𝑙(𝑡) = 𝛽000 + 𝑢0𝑗𝑙 + 𝑣00𝑙 + (𝛽100 + 𝑢1𝑗𝑙) ∗ 𝑡𝑙𝑖 + 𝛽001 ∗ 𝑇𝑅𝑇𝑗𝑙 +

𝛽101 ∗ 𝑇𝑅𝑇𝑗𝑙 ∗ 𝑡𝑙𝑖

[
𝑢𝑗𝑙0

𝑢𝑗𝑙1
] ∼ 𝑁(0,  𝚺𝒖), 𝑣00𝑙 ∼ 𝑁(0, 𝜎𝜈

2),  𝜀𝑗𝑙(𝑡)~𝑁(0,  𝜎𝜀
2)

𝜆𝑗𝑙(𝑡) = 𝜆0(𝑡) exp{𝛼 ∗ 𝑚𝑗𝑙(𝑡) + 𝑔𝑙}

𝑔𝑙 ∼ 𝑁(0,  σ𝑔
2)

𝜆0(𝑡) = 𝑠𝑐𝑎𝑙𝑒 ∗ 𝑠ℎ𝑎𝑝𝑒 ∗ 𝑡𝑠ℎ𝑎𝑝𝑒−1

 (3.4) 

where 𝑦𝑗𝑙(𝑡𝑖𝑗𝑙) is the longitudinal outcome measured at time 𝑡𝑖𝑗𝑙 for subject 𝑗 from group 𝑙; 𝛽000 

indicates the mean of the longitudinal outcome at the baseline; 𝛽100 indicates the average 

changing rate of the longitudinal outcome in the control group; 𝛽001 indicates the difference of 

the baseline longitudinal outcome in the treatment group compared to the control group; 𝛽101 
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indicates the difference of the changing rate in the treatment group compared to the control 

group, in other words, it indicates the treatment effect; 𝑢0𝑗𝑙 indicates the variation of the baseline 

longitudinal outcome among individuals from the same group; 𝑣00𝑙 indicates the variation of the 

average baseline measure among the groups; 𝑢1𝑗𝑙 indicates the variation of the changing rate of 

the longitudinal outcome among individuals from the same group; 𝜆0(𝑡) indicates the baseline 

hazard function follows a Weibull distribution with a scale and a shape parameter; 𝑚𝑗𝑙(𝑡) 

indicates the linear predictor of the longitudinal outcome; 𝛼 indicates the association parameter 

between the longitudinal outcome and the survival outcome, also reflects the indirect effect of 

the intervention on the survival outcome; 𝑔𝑙 indicates the variation in the hazard among 

individuals from the same group. The subject-level random effects 𝒖𝑗𝑙 follows a multivariate 

normal distribution with variance-covariance matrix 𝚺𝒖, the group-level random effects 𝑣𝑙 and 𝑔𝑙 

follow a normal distribution with the variance of 𝜎𝜈
2 and 𝜎𝑔

2. The level-1 residual 𝜀𝑗𝑙(𝑡) is 

assumed to follow a normal distribution 𝑁(0,  𝜎𝜀
2).  

3.7.2 Simulation design 

The true values used in the simulation study were determined based on the existing literature that 

utilized data from the PAX program (Brownell et al., 2018; D. Jiang et al., 2018). However, none 

of these studies considered joint models in their analysis. While X. Jiang, (2021) examined the 

effect of PAX intervention on the odds of being diagnosed with a mental disorder using 

multilevel logistic regression, time-to-event outcomes and joint modeling approaches were not 

addressed in previous research. Therefore, the true value for the association between SDQ score 

and time-to-any mental disorder in the simulation study was specified based on the odds ratios 

reported in the literature.  
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3.7.2.1 Impact of ignoring the group level 

To investigate the impact of ignoring the group-level structure on parameter estimates, we 

compared two models. The first model is a three-level model that assumes random intercept at 

the group-level in both the longitudinal and survival submodels. The second model is a two-level 

model that ignores the within-group correlation among subjects. We conducted this comparison 

under 24 different conditions, varying by the two group-level ICCs in the longitudinal submodel, 

two variances of the random effects (𝜎𝑔
2) in the survival submodel, three sample sizes at the 

group level (i.e., numbers of groups), and two censoring rates.  

Model 1: Three-level model with random intercept and random slope at subject level and 

a random intercept at the group level in the longitudinal submodel, a random intercept at the 

group level in the survival submodel 

𝑦𝑗𝑙(𝑡) = 𝑚𝑗𝑙(𝑡) +  𝜀𝑗𝑙(𝑡) 

𝑚𝑗𝑙(𝑡) = 𝛽000 + 𝑢0𝑗𝑙 + 𝑣00𝑙 + (𝛽100 + 𝑢1𝑗𝑙) ∗ 𝑡𝑖𝑗𝑙 + 𝛽001 ∗ 𝑇𝑅𝑇𝑗𝑙 + 𝛽101 ∗ 𝑇𝑅𝑇𝑗𝑙 ∗ 𝑡𝑖𝑗𝑙 

log(𝜇𝑗𝑙𝑞) = 𝑙𝑜𝑔𝑡𝑗𝑙𝑞 + 𝑙𝑜𝑔𝜆𝑞 + 𝛼 ∗ 𝑚𝑗𝑙𝑞(𝑡) + 𝑔𝑙 , 

where 𝑦𝑗𝑙 is the longitudinal outcome measured at time 𝑡 for subject 𝑗 from group 𝑙 and the 

𝑚𝑗𝑙(𝑡) is the true longitudinal outcome at time 𝑡; 𝜀𝑗𝑙(𝑡) indicates the level-1 residual or 

measurement error; 𝛽000 indicates the mean of the longitudinal outcome at the baseline; 𝛽100 

indicates the average changing rate of the longitudinal outcome in the control group; 𝛽001 

indicates the difference of the baseline longitudinal outcome in the treatment group or 

intervention group compared to the control group; 𝛽101 indicates the difference of the changing 

rate in the treatment (intervention) group compared to the control group, in other words, it 

indicates the treatment effect; 𝑢0𝑗𝑙 indicates the variation of the baseline longitudinal outcome 
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among individuals from the same group; 𝑣00𝑙 indicates the variation of the average baseline 

measure among the groups; 𝑢1𝑗𝑙 indicates the variation of the changing rate of the longitudinal 

outcome among individuals from the same group; 𝜇𝑗𝑙𝑞 indicates the auxiliary Poisson outcome 

for the time interval 𝑞 for subject 𝑗 from the group 𝑙; 𝑡𝑗𝑙𝑞 indicates the exposure time in the time 

interval 𝑞 for subjectjl; 𝜆𝑞 indicates the baseline hazard at time interval 𝑞; 𝛼 indicates the 

association parameter between the longitudinal outcome and the survival outcome; 𝑔𝑙 indicates 

the variation in the hazard among individuals from the same group.  

Model 2: Two-level model with random intercept and random slope at subject level in the 

longitudinal submodel 

𝑦𝑗(𝑡) = 𝑚𝑗(𝑡) +  𝜀𝑗(𝑡) 

𝑚𝑗(𝑡) = 𝛽00 + 𝑢0𝑗 + 𝛽01 ∗ 𝑇𝑅𝑇𝑗 + (𝛽10 + 𝛽11 ∗ 𝑇𝑅𝑇𝑗 + 𝑢1𝑗) ∗ 𝑡𝑖𝑗 

log(𝜇𝑗𝑞) = 𝑙𝑜𝑔𝑡𝑗𝑞 + 𝑙𝑜𝑔𝜆𝑞 + 𝛼 ∗ 𝑚𝑗𝑞(𝑡). 

where 𝑦𝑗 is the longitudinal outcome measured at time 𝑡 for subject 𝑗 and the 𝑚𝑗(𝑡) is the true 

longitudinal outcome at time 𝑡; 𝜀𝑗(𝑡) indicates the level-1 residual or measurement error; 𝛽00 

indicates the mean of the longitudinal outcome at the baseline; 𝛽10 indicates the average 

changing rate of the longitudinal outcome in the control group; 𝛽01 indicates the difference of the 

baseline longitudinal outcome in the treatment (intervention) group compared to the control 

group; 𝛽11 indicates the difference of the changing rate in the treatment (intervention) group 

compared to the control group, i.e., the treatment effect; 𝑢0𝑗 indicates the variation of the 

baseline longitudinal outcome among the individuals; 𝑢1𝑗 indicates the variation of the changing 

rate of the longitudinal outcome among individuals; 𝜇𝑗𝑞 indicates the auxiliary Poisson outcome 

for the time interval 𝑞 for subject 𝑗; 𝑡𝑗𝑞 indicates the exposure time in the time interval 𝑞 for 
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subjectj; 𝜆𝑞 indicates the baseline hazard at time interval 𝑞; 𝛼 indicates the association parameter 

between the longitudinal outcome and the survival outcome.  

3.7.2.2 Simulation conditions  

Two censoring rates, 20%, and 60%, were considered in the simulation. Both sample size and the 

intraclass correlation coefficient (ICC) are two important factors in multilevel analysis and were 

discussed in the study design. The 30/30 rule, which requires minimum 30 groups and 30 

individuals per group, was suggested in two-level research (Bassiri, 1988; Scherbaum & 

Ferreter, 2009). When the study interest is more on the random effects, the lowest number of 

subjects recommended in the literature is 10 while a larger number of groups such as 50 or 100 is 

needed (Hox, 1998; Hox et al., 2017; Hasan, 2021). In a three-level model, it requires at least 50 

groups to obtain accurate fixed effects, and at lest 100 groups to reveal statistically significant 

random effects (Lee & Hong, 2021). Based on these recommendations, we considered three 

sample sizes at the group level (i.e., numbers of groups = 50, 100, 200), each with a fixed group 

size of 30 individuals per group. The 30 children per class is common in educational research. 

The ICC quantifies the amount of variation that is explained in each level. There are three 

levels in the longitudinal submodel and two levels in the survival submodel. To focus on the 

group-level random effects, we fixed the variance of level 1 residual and level 2 random effects 

in the longitudinal submodel based on the literature of the PAX program. According to previous 

research on behavioural school-based program, ICC at the school-level ranges from 0.05 to 0.25 

(Hasan, 2021). Therefore, we considered two ICC values (0.1 and 0.3) at the group level for the 

longitudinal submodel. For the ICC calculation, we adopted the definition in Davis & Scott, 

(1995) for the longitudinal submodel. Based on the intercept only model, the ICC at subject-level 

equals 𝜎𝑢0𝑗𝑙
2 /(𝜎𝑢0𝑗𝑙

2 + 𝜎𝜀
2 + 𝜎𝑣

2) while the ICC at group-level equals 𝜎𝑣
2/(𝜎𝑢0𝑗𝑙

2 + 𝜎𝜀
2 + 𝜎𝑣

2). Thus, 
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the two values for 𝜎𝑣
2 in the simulation study are 5 and 18 (see Table 3-5). For time-to-event data 

using frailty model, no standard definition for ICC is available (Jahn-Eimermacher et al., 2013), 

not even to mention in the mixed-effect Cox models. Moreover, available methods for frailty 

models are to estimate the ICC based on the event indicator, or observed times, or a combination 

of the two (Kalia, 2015). They are ad-hoc estimations after the data are available, which is not 

helpful in choosing the value of the variances of random effects (𝜎𝑔
2) in survival submodel in the 

simulation study. Therefore, in the current study, 𝜎𝑔
2 = 0.4 was selected based on the existing 

literature on PAX, although a mixed-effect logistic regression was used in that study. We also 

considered a larger school-level random effects in the survival submodel (i.e., 𝜎𝑔
2 = 1) to 

investigate the effect of ignoring the group level in the estimates. Different number of time 

intervals using mixed-effect Poisson approach (Q = 11,7,3) were compared.  

Table 3-5 True values of parameters in the simulation study 

𝛽000 𝛽001 𝛽100 𝛽101 𝜎𝑢0𝑗𝑙
2  𝜎𝑢1𝑗𝑙

2  𝜌𝑢0𝑗𝑙𝑢1𝑗𝑙
 𝜎𝜀

2 𝛼 

16 1.6 -0.8 -2 10 10 0 33 -0.2 

 

A total of 72 (=2*3*1*2*2*3) scenarios were considered, with each scenario involving 

200 simulation replicates. To generate the Bayesian estimator and make Bayesian inference, 

2000 independent posterior samples were drawn from the stable posterior MCMC chains. The 

number of burn-in iterations, thinning intervals, and total iterations were determined according to 

inspection of the trace and ACF plots to ensure adequate mixing and convergence. To evaluate 

the performance of the proposed MJM, the mean estimates, we reported the average bias, 
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average relative bias, mean estimated standard error (MESE), and empirical standard error 

(ESE). 

3.7.3 Simulation results 

The results of the simulation study are displayed in Figure 3-2 to Figure 3-5 and more details 

including MESE and ESE can be found in the supplementary. Specifically, Figure 3-2 and Figure 

3-3 show the relative bias for parameters in the proposed MJM under the censoring rate of 20% 

and 60%, respectively. Figure 3-4 and Figure 3-5 display the results of the comparison between 

MJM and standard JM ignoring the group-level structure for censoring rate of 20% and 60%, 

respectively. Supplementary 1 shows more details of the simulation results including MESE and 

ESE for the proposed MJM and Supplementary 2 shows more details of the simulation results for 

the comparison of the proposed MJM and the standard JM. 

3.7.3.1 Proposed MJM 

Posterior samples were obtained by running three parallel MCMC chains, each with an adaption 

phase of 100 iterations and a burn-in period of 4,000 iterations. To reduce autocorrelation in the 

posterior samples, a thinning interval of 150 was applied. From each chain, 1,500 posterior 

samples were retained, yielding a total of 4500 posterior samples for estimation and inference. 

Trace plots for a randomly selected example from the simulation studies are presented in 

Supplementary Appendix 4. In scenarios with 200 groups and 11 time intervals, it was not 

feasible to obtain 1,500 posterior samples per chain in most replicates, even with the maximum 

allowed runtime on DRAC. Comparative analyses of estimation results using 1,500 versus 200 

posterior samples, conducted for sample size at the group level of 50 and 100, showed negligible 

differences in results. Therefore, for the eight scenarios involving 200 groups and 11 time 

intervals, 200 posterior samples per chain were used for estimation and inference.  
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When the censoring rate was 20%, the proposed MJM had acceptable performance in 

estimating both the treatment (intervention) effect 𝛽101 and the association parameter 𝛼 (see 

Figure 3-2). Estimation accuracy for these two parameters was generally better with small or 

median number of groups. The RB of the association parameter (𝛼̂) increased when the variance 

at the group level in the survival submodel increased from 0.4 to 1 and when the censoring rate 

increased from 20% to 60% (compare Figure 3-2 to Figure 3-3). The RB for the effect of the 

intervention (𝛽̂101) decreased when the group-level ICC in the longitudinal submodel increased, 

but increased when the censoring rate increased from 20% to 60% (compare Figure 3-2 to Figure 

3-3). Lastly, the effect of the number of time intervals used in the survival submodel did not 

appear to affect the estimates of the intervention effect on the longitudinal outcome. However, 

the RB of the indirect effect on the survival outcome (𝛼̂) increased when the number of time 

intervals decreased to less than half of the number of repeated measurements. 
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Figure 3-2 Simulation results: relative bias of parameters in the multilevel joint model, 

censoring rate of 20% 

 

For the remaining fixed effect parameters and the individual-level random effects related 

to the change rate of the longitudinal outcome, the proposed MJM had good performance, 

especially for larger number of groups and higher number of time intervals. However, the change 

rate of the longitudinal outcome for the control group (𝛽100) tended to be underestimated when 

the group-level ICC was lower (i.e., 0.1). The RB of 𝛽̂100 decreased when the censoring rate 
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increased from 20% to 60%. In contrast, the RB for random effects were relatively large: the 

individual-level random effects of the intercept (𝜎𝑢0𝑗𝑙
) were overestimated, while the group-level 

random effects (𝑣00𝑙 and 𝑔𝑙) in both submodels were underestimated. Notably, the RB of the 

individual-level random effects for intercept (𝜎𝑢0𝑗𝑙
) increased substantially when the group-level 

ICC in the longitudinal outcome increased from 0.1 to 0.3. The sample size at the group level 

primarily affects the RB of the difference in the baseline longitudinal outcome in the two groups 

(𝛽̂001) and the group-level random effects in both submodels. Overall, the RB for the group-level 

random effects and 𝛽̂001 was the lowest when sample size was 100. As the number of time 

intervals decreased, the RB for the 𝛽̂100 and 𝜎̂𝑢1𝑗𝑙
 increased, especially when the number of 

intervals changed from 7 to 3.  
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Figure 3-3 Simulation results: relative bias of parameters in the multilevel joint model, 

censoring rate of 60% 

 

3.7.3.2 Impact of ignoring the group level 

First, standard JM that ignore group-level structure are unable to capture variation in both the 

trajectories of the longitudinal outcome and the hazard of the event across groups. Figure 3-4 and 

Figure 3-5 displays the results using the proposed MJM and the standard JM. When censoring 
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rate was 20%, the standard JM exhibited greater underestimation of the treatment (intervention) 

effect on the longitudinal outcome compared to the proposed MJM, particularly at moderate 

number of groups (n = 50 or 100). However, when censoring rate was 60%, the standard JM had 

better performance in estimating the effect of the treatment (intervention) on the longitudinal 

outcome compared to the proposed MJM. Across all conditions, the indirect effect of the 

treatment (intervention) on the hazard of the event, mediated by the association between the 

longitudinal and survival outcomes, was consistently more underestimated by the standard JM 

than by the proposed MJM.  

Figure 3-4 Simulation results: comparison of results from MJM versus standard JM 

(ignored the group level), censoring rate of 20% 
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For other parameters in the analysis, the proposed MJM had better performance under 

most conditions compared to the standard JM ignored the group level. When the censoring rate 

was 20%, the difference of the longitudinal outcome at the baseline between the treatment 

(intervention) group and the control group was underestimated if the group level was ignored. 

The changing rate of the longitudinal outcome over time was significantly underestimated by 

about 70% if the group-level was ignored. Additionally, the variation of the changing rate among 

individuals from the same group was also underestimated if the group-level was not considered. 

Although the proposed MJM showed less overestimation of the variation of the baseline 

longitudinal outcome across individuals compared to the standard JM, the degree of 

overestimation remained considerable. The proposed MJM had similar or better performance in 

estimating the baseline longitudinal outcome in the control group (𝛽000) and the level 1 residuals 

(𝜎𝜀) compared to the JM ignoring the group level.  

In terms of standard error estimation for all fixed effect parameters in both the 

longitudinal and survival submodels, standard JMs tended to underestimate standard errors 

(reflected by smaller MESEs) compared to the proposed MJM. In contrast, the estimations of all 

fixed effect parameters had higher variation using the standard JM (as indicated by larger ESEs) 

compared to those from the proposed MJM. 
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Figure 3-5 Simulation results: comparison of results from MJM versus standard JM 

(ignored the group level), censoring rate of 60% 

 

In summary, this study demonstrates that failing to account for group-level structures in 

joint modeling leads to substantial bias and increased variability in the estimation of key model 

parameters. The proposed Multilevel Joint Model (MJM) more accurately captures the 

distribution of treatment effects, between- and within-group variances, and indirect effects 

mediated through longitudinal outcomes, particularly when censoring rates are moderate and the 

number of groups is not small. Although standard JM may perform better under high censoring 

rates for certain parameters, it consistently underestimates standard errors and compromises the 

accuracy of indirect effect estimates. Overall, these findings highlight the importance of 
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incorporating group-level effects in joint modeling to achieve more reliable and interpretable 

results in studies involving hierarchical or clustered data. 

3.8 Discussion 

Motivated by the need to a more comprehensive evaluation of a school-based intervention 

targeting children’s mental health, this study proposed a multilevel joint model (MJM) for 

analyzing correlated longitudinal and survival data within a nested study design. This research 

addresses several critical methodological gaps in existing joint modeling literature. Specifically, 

the proposed MJM: (a) accommodates a three-level hierarchy data structure, with repeated 

measurements nested within individuals, and individuals nested within groups (such as 

classrooms or schools); (b) allows for interactions between variables at the repeated 

measurements, individual, and group levels; and (c) provides a flexible analytic framework 

suitable for evaluating group-based interventions or treatments on both longitudinal markers and 

time-to-event outcomes, which is particularly relevant for cluster randomized controlled trials 

(CRCT). Additionally, this study investigated the methodological consequences of ignoring 

group-level variation when evaluating a group-based intervention in CRCTs using a joint 

modelling approach.  

To demonstrate the practical utility and methodological advantages of the MJM, we 

applied the proposed model to data from the PAX intervention, which aimed to improve 

children’s mental health outcomes. As highlighted in Table 3-1 and Table 3-2, the distribution 

and progression of total difficulties over time underscored the necessity of models accounting for 

group-level clustering, individual trajectories, and clinical diagnoses of mental disorders. Our 

findings demonstrated that the PAX program significantly enhanced children’s mental health 

from Grade 1 through Grade 5 and substantially reduced the risk of clinical mental disorder 



132 

 

diagnoses up to nine months after Grade-12 graduation, compared to the control group. These 

results align with earlier studies demonstrating similar positive short-term impacts of the PAX 

program (Brownell et al., 2018; D. Jiang et al., 2018; X. Jiang, 2021). However, the current 

study uniquely identifies both the direct and indirect long-term protective effects on clinical 

mental health outcomes, a finding further supported by the MJM’s ability to capture mediation 

pathways through the joint analysis of longitudinal and survival data. Notably, given that the 

clinical diagnostic data extended four years beyond the onset of the COVID-19 pandemic, our 

results suggest that early childhood mental health interventions may yield enduring mental health 

benefits, even in the context of widespread societal stressors. 

Furthermore, simulation studies summarized in Figures 4 and 5 corroborate the empirical 

findings and highlight the methodological pitfalls of ignoring the multilevel structure. 

Specifically, using standard joint models that overlook group-level variation systematically 

underestimate the intervention effects on both longitudinal and survival outcomes. Moreover, the 

proposed MJM outperformed traditional models in accurately recovering both fixed and random 

effects parameters, as well as the intricate associations between trajectories of mental health 

difficulties and time-to-diagnosis outcomes. Additionally, ignoring the group-level structure 

substantially underestimated standard errors for fixed-effect parameters, inflating Type I errors 

and may falsely indicating statistical significance. These insights underscore the importance of 

adopting multilevel joint modeling to ensure robust inference for clustered or nested data, a 

common scenario in educational interventions and CRCTs (Hyun et al., n.d.). 

Collectively, our results affirm the necessity and methodological advantages of the 

proposed MJM framework. By integrating real-world applications with rigorous simulation 

analyses, the study demonstrates that accounting for the multilevel data structure is critical not 
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only for unbiased estimation of intervention effects but also for accurately assessing variability 

and dynamic associations over time. Thus, the proposed MJM provides researchers with a 

powerful and flexible analytic tool, advancing both the methodological rigor and practical 

relevance of intervention evaluations in cluster-based study designs. 

Our findings further indicated gender, socioeconomic, and geographical disparities. Boys 

exhibited higher total difficulties at Grade 1 but had slower increase over time and a lower 

subsequent risk of clinical mental disorder diagnosis through Grade 12. This gender patterns 

align with national data documenting rapid rising rates of depression and anxiety among 

adolescent girls compared to boys (Craig et al., 2020). Similarly, students from lower 

socioeconomic status (SES) families presented with higher total difficulties but paradoxically 

had a lower likelihood of clinical diagnoses, likely reflecting systemic barriers to accessing 

mental health services, which are often not covered by public or employee benefits for low-SES 

families (Health Commission of Canada, 2023). Furthermore, students attending urban schools 

had lower total difficulties but higher risk of clinical diagnoses compared to rural counterparts, 

likely reflecting the greater accessibility and availability of mental health services in urban 

regions (Health Commission of Canada, 2023). Students receiving income assistance or services 

from child welfare agencies exhibited both higher baseline total difficulties and an elevated risk 

of clinical diagnoses.  

Despite the proposed MJM have made substantial advances, several limitations warrant 

careful considerations. First, although descriptive statistics hinted at possible non-linear 

trajectories in total difficulty scores post-intervention, limited number of longitudinal assessment 

points constrained modeling of nonlinear effects. Future research can build on our current 
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approach by employing nonlinear models within the longitudinal submodel of the MJM to better 

capture the immediate and long-term intervention effects.  

Secondly, this research primarily focused on the total difficulties score and time-to-the 

first diagnosis for selected mental disorders. Future investigations should explore subscales of 

the Strengths and Difficulties Questionnaire (SDQ) – such as prosocial behavior, emotional 

symptoms, conduct problems, hyperactivity and peer relationship problems – in relation to 

specific mental disorder diagnosis Furthermore, a latent multilevel joint model approach 

accommodating multiple longitudinal outcomes could provide a more comprehensive 

understanding of how early interventions differentially impact various domains of mental health 

domains.  

Thirdly, while the proposed MJM robustly captured the intervention effects, it showed a 

tendency toward underestimating group-level random effects in both longitudinal and survival 

submodels. Such underestimation is common in Bayesian multilevel modeling, where estimates 

naturally shrink toward global means, particular when group sizes are smaller or moderate 

(McElreath, 2018). Although the current study utilized a fixed group size of 30 and evaluated 

only three group-level sample sizes informed by general recommendations from multilevel 

analysis literature, these guidelines may not adequately account for the complexities inherent in 

joint modeling frameworks. Consequently, while the chosen sample sizes were reasonable and 

methodological justified, future studies would benefit from systematically investigating optimal 

sample sizes at each hierarchical level specifically tailored to the nuanced demands of MJMs. 

However, addressing optimal sample sizes requires first improving the computational efficiency 

of the MJM. In this study, the computational demands already approached the maximum 

available resources provided by the Digital Alliance of Canada (DRAC). Potential solutions for 



135 

 

enhancing computational performance include transitioning from JAGS to more efficient 

platforms such as C++, which offers significant advantages in computational speed due to matrix 

operations, flexible and faster numerical integration, as well as the possibilities of more efficient 

MCMC sampling algorithms (Rizopoulos, 2016). 

Fourthly, the performance of the proposed MJM and the standard JM was evaluated 

solely through simulation studies. While this approach allowed us to examine model behavior 

under controlled conditions and across diverse scenarios, it does not replace validation on real-

world data. Standard Bayesian model comparison tools, such as the deviance information 

criterion (DIC) and Bayes factors, could not be applied because the standard JM was 

implemented with the “JM” package, which is based on a frequentist framework. In principle, 

prediction-based measures, such as time-dependent Area Under the Curve (AUC), could be used 

to compare models. However, calculating the time-dependent AUC requires integration over 

both the hazard function and the random effects, a computationally intensive task that was 

beyond the scope of this study. Future research should focus on developing prediction-based 

performance metrics to establish more general criteria for model comparison and a more 

comprehensive evaluation of model performance. 

Finally, attrition due to migration posed limitations, as students leaving the province 

resulted in missing longitudinal data and censored survival times, without available information 

to directly identify these cases. This restricted out capacity to model informative censoring 

explicitly. Future research could mitigate this limitation by employing substantive model 

compatible imputation methods or joint model-based imputation techniques, enhancing the 

validity of conclusions in the presence of missing data (Bartlett et al., 2015; B. Hu et al., 2016). 
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In summary, this study introduced and rigorously evaluated a Multilevel Joint Model 

(MJM) for analyzing correlated longitudinal and survival outcomes within nested data structures, 

as commonly encountered in cluster randomized trials of school-based interventions. By both 

empirical application to the PAX intervention and comprehensive simulation studies, the results 

showed that the proposed MJM outperformed standard joint modeling approaches that ignore 

grouping, yielding more accurate and unbiased estimates of treatment effects, standard errors, 

and associations over time. The analyses highlighted the long-term, direct, and indirect mental 

health benefits of the PAX program while also uncovering meaningful disparities across gender, 

socioeconomic status, and geography. Importantly, neglecting group-level variation led to 

systematic underestimation of intervention effects and standard errors, underscoring the 

methodological necessity for multilevel modeling in clustered educational or clinical research. 

Despite some limitations related to nonlinear trajectories, limited outcome scope, computational 

demands, and handling of missing data, this work advances both the methodological rigor and 

practical application of joint modeling, providing a powerful analytic framework for robust 

intervention evaluation in complex, clustered study designs. 
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3.10 SUPPLEMENTARY MATERIALS 

3.10.1 Appendix 1 Simulation studies to evaluate performance of the proposed multilevel joint model (MJM) 

Table 3-6-A Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the longitudinal submodel = 0.1, group-

level variance in the survival submodel = 0.4, K = 11 

  L3 ICC in longitudinal outcome = 0.1; variance at L2 in survival = 0.4 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=11 

α (-0.2) -0.168 0.032 -15.78% 0.008 0.007 -0.165 0.035 -17.63% 0.006 0.007 -0.161 0.039 -19.67% 0.004 0.003 

𝛽000 (16) 16.104 0.104 0.65% 0.433 0.139 15.929 -0.071 -0.45% 0.300 0.364 15.946 -0.054 -0.34% 0.184 0.279 

𝛽100 (-0.8) -0.611 0.189 -23.68% 0.163 0.126 -0.597 0.203 -25.41% 0.120 0.319 -0.607 0.193 -24.18% 0.086 0.085 

𝛽001 (1.6) 1.401 -0.199 -12.46% 0.298 0.370 1.274 -0.326 -20.35% 0.216 0.374 1.615 0.015 0.92% 0.148 0.481 

𝛽101 (-2) -1.811 0.189 -9.45% 0.224 0.155 -1.720 0.280 -14.01% 0.159 0.212 -1.698 0.302 -15.10% 0.112 0.088 

𝜎𝑢0
2  (10) 16.046 6.046 60.46% 1.155 2.440 13.981 3.981 39.81% 0.766 0.153 14.381 4.381 43.81% 0.547 0.512 

𝜎𝑢0𝑢1
 (0) -0.943 -0.943 NA 0.622 0.398 -0.761 -0.761 NA 0.427 0.137 -0.817 -0.817 NA 0.304 0.403 

𝜎𝑢1
2  (10) 10.246 0.246 2.46% 0.602 0.252 10.248 0.248 2.48% 0.433 0.589 9.995 -0.005 -0.05% 0.302 0.159 

𝜎𝑣𝐿 (2.2361) 1.062 -1.175 -52.53% 0.373 0.363 1.108 -1.128 -50.45% 0.235 0.064 0.788 -1.448 -64.76% 0.139 0.137 

𝜎𝑣𝑆 (0.6325) 0.274 -0.359 -56.73% 0.092 0.068 0.262 -0.371 -58.62% 0.055 0.090 0.192 -0.441 -69.71% 0.030 0.034 

𝜎𝜀 (5.7446) 5.700 -0.045 -0.78% 0.044 0.041 5.725 -0.020 -0.35% 0.032 0.016 5.731 -0.014 -0.24% 0.023 0.010 

Note: NA indicates “not applicable” for 𝜎𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-7-B Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the longitudinal submodel = 0.1, group-

level variance in the survival submodel = 0.4, K = 7 

  L3 ICC in longitudinal outcome = 0.1; variance at L2 in survival = 0.4 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=7 

α (-0.2) -0.175 0.025 -12.28% 0.008 0.004 -0.169 0.031 -15.41% 0.006 0.004 -0.165 0.035 -17.63% 0.004 0.002 

𝛽000 (16) 16.307 0.307 1.92% 0.413 0.145 16.011 0.011 0.10% 0.285 0.423 15.909 -0.091 -0.57% 0.170 0.279 

𝛽100 (-0.8) -0.507 0.293 -36.65% 0.160 0.110 -0.456 0.344 -42.96% 0.117 0.300 -0.474 0.326 -40.76% 0.084 0.074 

𝛽001 (1.6) 1.044 -0.556 -34.74% 0.310 0.211 1.126 -0.474 -29.64% 0.222 0.278 1.618 0.018 1.12% 0.153 0.452 

𝛽101 (-2) -1.744 0.256 -12.79% 0.223 0.108 -1.720 0.280 -14.00% 0.157 0.276 -1.683 0.317 -15.84% 0.111 0.068 

𝜎𝑢0
2  (10) 15.171 5.171 51.71% 1.117 2.235 13.225 3.225 32.25% 0.737 0.164 13.933 3.933 39.33% 0.536 0.470 

𝜎𝑢0𝑢1
 (0) -0.835 -0.835 NA 0.611 0.521 -0.722 -0.722 NA 0.418 0.115 -0.822 -0.822 NA 0.299 0.382 

𝜎𝑢1
2  (10) 10.048 0.048 0.48% 0.591 0.188 9.953 -0.047 -0.47% 0.419 0.488 9.698 -0.302 -3.02% 0.293 0.135 

𝜎𝑣𝐿 (2.2361) 1.256 -0.981 -43.85% 0.337 0.386 1.303 -0.933 -41.73% 0.207 0.040 0.987 -1.249 -55.85% 0.122 0.080 

𝜎𝑣𝑆 (0.6325) 0.301 -0.331 -52.39% 0.080 0.107 0.278 -0.354 -56.04% 0.048 0.052 0.225 -0.407 -64.35% 0.030 0.045 

𝜎𝜀 (5.7446) 5.706 -0.038 -0.67% 0.044 0.040 5.727 -0.018 -0.31% 0.032 0.015 5.735 -0.010 -0.17% 0.023 0.010 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-8-C Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the longitudinal submodel = 0.1, group-

level variance in the survival submodel = 0.4, K = 3 

  L3 ICC in longitudinal outcome = 0.1; variance at L2 in survival = 0.4 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=3 

α (-0.2) -0.153 0.047 -23.42% 0.004 0.003 -0.155 0.045 -22.31% 0.006 0.005 -0.153 0.047 -23.42% 0.004 0.003 

𝛽000 (16) 15.634 -0.366 -2.29% 0.169 0.247 15.702 -0.298 -1.86% 0.260 0.309 15.634 -0.366 -2.29% 0.169 0.247 

𝛽100 (-0.8) -0.031 0.769 -96.11% 0.079 0.072 -0.011 0.789 -98.58% 0.110 0.302 -0.031 0.769 -96.11% 0.079 0.072 

𝛽001 (1.6) 1.521 -0.079 -4.94% 0.165 0.396 1.070 -0.530 -33.11% 0.241 0.200 1.521 -0.079 -4.94% 0.165 0.396 

𝛽101 (-2) -1.723 0.277 -13.86% 0.105 0.091 -1.755 0.245 -12.25% 0.149 0.280 -1.723 0.277 -13.86% 0.105 0.091 

𝜎𝑢0
2  (10) 12.323 2.323 23.23% 0.492 0.488 11.814 1.814 18.14% 0.678 0.179 12.323 2.323 23.23% 0.492 0.488 

𝜎𝑢0𝑢1
 (0) 0.264 0.264 NA 0.267 0.292 0.343 0.343 NA 0.375 0.109 0.264 0.264 NA 0.267 0.292 

𝜎𝑢1
2  (10) 8.101 -1.899 -18.99% 0.243 0.069 8.321 -1.679 -16.79% 0.349 0.415 8.101 -1.899 -18.99% 0.243 0.069 

𝜎𝑣𝐿 (2.2361) 1.372 -0.864 -38.65% 0.117 0.063 1.587 -0.650 -29.05% 0.182 0.041 1.372 -0.864 -38.65% 0.117 0.063 

𝜎𝑣𝑆 (0.6325) 0.269 -0.364 -57.50% 0.026 0.023 0.318 -0.315 -49.79% 0.041 0.032 0.269 -0.364 -57.50% 0.026 0.023 

𝜎𝜀 (5.7446) 5.768 0.023 0.40% 0.023 0.008 5.758 0.013 0.23% 0.032 0.015 5.768 0.023 0.40% 0.023 0.008 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-9-A Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the longitudinal submodel = 0.1, group-

level variance in the survival submodel = 1, K = 11 

  L3 ICC in longitudinal outcome = 0.1; variance at L2 in survival = 1 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=11 

α (-0.2) -0.149 0.051 -25.72% 0.007 0.004 -0.145 0.055 -27.57% 0.005 0.007 -0.146 0.054 -26.85% 0.004 0.002 

𝛽000 (16) 16.183 0.183 1.15% 0.510 0.125 15.879 -0.121 -0.75% 0.317 0.220 15.890 -0.110 -0.69% 0.183 0.228 

𝛽100 (-0.8) -0.544 0.256 -32.00% 0.164 0.162 -0.563 0.237 -29.63% 0.121 0.211 -0.613 0.187 -23.33% 0.088 0.114 

𝛽001 (1.6) 1.199 -0.401 -25.04% 0.303 0.243 1.282 -0.318 -19.86% 0.223 0.337 1.661 0.061 3.84% 0.149 0.376 

𝛽101 (-2) -1.787 0.213 -10.64% 0.228 0.052 -1.739 0.261 -13.06% 0.161 0.208 -1.684 0.316 -15.79% 0.114 0.044 

𝜎𝑢0
2  (10) 16.675 6.675 66.75% 1.189 1.539 14.220 4.220 42.20% 0.778 0.865 14.387 4.387 43.87% 0.553 0.618 

𝜎𝑢0𝑢1
 (0) -1.357 -1.357 NA 0.646 0.460 -0.675 -0.675 NA 0.432 0.429 -0.710 -0.710 NA 0.308 0.287 

𝜎𝑢1
2  (10) 10.261 0.261 2.61% 0.604 0.183 10.172 0.172 1.72% 0.430 0.458 10.071 0.071 0.71% 0.306 0.116 

𝜎𝑣𝐿 (2.2361) 1.156 -1.080 -48.29% 0.459 0.574 1.206 -1.030 -46.06% 0.254 0.141 0.818 -1.418 -63.41% 0.141 0.070 

𝜎𝑣𝑆 (1) 0.265 -0.735 -73.54% 0.093 0.065 0.345 -0.655 -65.53% 0.067 0.040 0.267 -0.733 -73.32% 0.038 0.032 

𝜎𝜀 (5.7446) 5.695 -0.050 -0.86% 0.044 0.030 5.726 -0.018 -0.32% 0.032 0.025 5.740 -0.005 -0.09% 0.023 0.007 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-10-B Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the longitudinal submodel = 0.1, group-

level variance in the survival submodel = 1, K = 7 

  L3 ICC in longitudinal outcome = 0.1; variance at L2 in survival = 1 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=7 

α (-0.2) -0.169 0.031 -15.41% 0.006 0.004 -0.153 0.047 -23.46% 0.005 0.006 -0.153 0.047 -23.59% 0.004 0.001 

𝛽000 (16) 16.011 0.011 0.07% 0.286 0.422 15.957 -0.043 -0.27% 0.307 0.207 15.940 -0.060 -0.38% 0.177 0.297 

𝛽100 (-0.8) -0.456 0.344 -42.94% 0.117 0.300 -0.448 0.352 -44.01% 0.119 0.242 -0.489 0.311 -38.86% 0.085 0.100 

𝛽001 (1.6) 1.126 -0.474 -29.65% 0.223 0.279 1.124 -0.476 -29.74% 0.230 0.385 1.573 -0.027 -1.67% 0.153 0.464 

𝛽101 (-2) -1.719 0.281 -14.05% 0.158 0.276 -1.725 0.275 -13.76% 0.160 0.281 -1.707 0.293 -14.65% 0.113 0.037 

𝜎𝑢0
2  (10) 13.226 3.226 32.26% 0.737 0.165 13.597 3.597 35.97% 0.756 0.734 13.832 3.832 38.32% 0.538 0.656 

𝜎𝑢0𝑢1
 (0) -0.722 -0.722 NA 0.418 0.115 -0.666 -0.666 NA 0.424 0.429 -0.632 -0.632 NA 0.304 0.294 

𝜎𝑢1
2  (10) 9.952 -0.048 -0.48% 0.418 0.487 9.925 -0.075 -0.75% 0.418 0.475 9.855 -0.145 -1.45% 0.298 0.080 

𝜎𝑣𝐿 (2.2361) 1.303 -0.933 -41.72% 0.207 0.039 1.400 -0.836 -37.37% 0.225 0.078 1.041 -1.195 -53.45% 0.130 0.040 

𝜎𝑣𝑆 (1) 0.278 -0.354 -56.03% 0.048 0.052 0.416 -0.584 -58.37% 0.065 0.072 0.331 -0.669 -66.90% 0.038 0.037 

𝜎𝜀 (5.7446) 5.727 -0.017 -0.30% 0.032 0.015 5.730 -0.015 -0.25% 0.032 0.025 5.744 -0.001 -0.01% 0.023 0.008 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-11-C Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the longitudinal submodel = 0.1, group-

level variance in the survival submodel = 1, K = 3 

  L3 ICC in longitudinal outcome = 0.1; variance at L2 in survival = 1 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=3 

α (-0.2) -0.152 0.048 -23.96% 0.008 0.009 -0.156 0.044 -21.94% 0.006 0.006 -0.149 0.051 -25.55% 0.004 0.001 

𝛽000 (16) 15.901 -0.099 -0.62% 0.360 0.263 15.807 -0.193 -1.21% 0.264 0.220 15.666 -0.334 -2.09% 0.178 0.131 

𝛽100 (-0.8) -0.054 0.746 -93.23% 0.153 0.204 -0.093 0.707 -88.32% 0.112 0.257 -0.114 0.686 -85.81% 0.081 0.097 

𝛽001 (1.6) 1.019 -0.581 -36.34% 0.337 0.467 0.902 -0.698 -43.60% 0.247 0.411 1.512 -0.088 -5.53% 0.168 0.187 

𝛽101 (-2) -1.815 0.185 -9.25% 0.216 0.185 -1.743 0.257 -12.85% 0.153 0.341 -1.701 0.299 -14.96% 0.107 0.058 

𝜎𝑢0
2  (10) 14.712 4.712 47.12% 1.090 1.199 12.351 2.351 23.51% 0.699 0.826 12.381 2.381 23.81% 0.495 0.448 

𝜎𝑢0𝑢1
 (0) -0.514 -0.514 NA 0.591 0.637 0.310 0.310 NA 0.390 0.288 0.286 0.286 NA 0.274 0.267 

𝜎𝑢1
2  (10) 8.756 -1.244 -12.44% 0.517 0.149 8.569 -1.431 -14.31% 0.358 0.540 8.437 -1.563 -15.63% 0.254 0.038 

𝜎𝑣𝐿 (2.2361) 1.510 -0.726 -32.47% 0.268 0.323 1.603 -0.634 -28.33% 0.186 0.067 1.470 -0.766 -34.27% 0.124 0.089 

𝜎𝑣𝑆 (1) 0.426 -0.574 -57.39% 0.073 0.084 0.479 -0.521 -52.07% 0.054 0.047 0.412 -0.588 -58.81% 0.034 0.018 

𝜎𝜀 (5.7446) 5.724 -0.021 -0.36% 0.045 0.030 5.756 0.011 0.20% 0.032 0.030 5.770 0.025 0.44% 0.023 0.009 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-12-A Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the longitudinal submodel = 0.3, group-

level variance in the survival submodel = 0.4, K = 11 

 L3 ICC in longitudinal outcome = 0.3; variance at L2 in survival = 0.4 
 Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 
  n = 50 n = 100 n = 200 

K=11 

α (-0.2) -0.162 0.038 -19.03% 0.007 0.006 -0.164 0.036 -17.89% 0.005 0.004 -0.164 0.036 -18.22% 0.004 0.002 

𝛽000 (16) 16.126 0.126 0.79% 0.897 0.252 15.645 -0.355 -2.216% 0.557 0.491 15.859 -0.141 -0.88% 0.319 0.414 

𝛽100 (-0.8) -0.521 0.279 -34.87% 0.164 0.122 -0.519 0.281 -35.15% 0.123 0.197 -0.640 0.160 -19.96% 0.088 0.099 

𝛽001 (1.6) 1.106 -0.494 -30.86% 0.359 1.003 1.474 -0.126 -7.85% 0.269 0.055 1.667 0.067 4.22% 0.175 0.543 

𝛽101 (-2) -1.820 0.180 -8.99% 0.227 0.106 -1.827 0.173 -8.65% 0.163 0.178 -1.600 0.400 -19.98% 0.114 0.050 

𝜎𝑢0
2  (10) 26.804 16.804 168.04% 1.581 3.518 24.595 14.595 145.95% 1.075 0.152 25.183 15.183 151.83% 0.772 1.973 

𝜎𝑢0𝑢1
 (0) -1.622 -1.622 NA 0.762 1.028 -1.555 -1.555 NA 0.539 0.223 -1.496 -1.496 NA 0.380 0.029 

𝜎𝑢1
2  (10) 10.408 0.408 4.08% 0.611 0.168 10.358 0.358 3.58% 0.442 0.476 9.992 -0.008 -0.08% 0.304 0.336 

𝜎𝑣𝐿 (4.2426) 2.404 -1.839 -43.33% 0.766 0.364 2.342 -1.901 -44.81% 0.428 0.291 1.757 -2.486 -58.59% 0.238 0.107 

𝜎𝑣𝑆 (0.6325) 0.244 -0.389 -61.49% 0.086 0.044 0.280 -0.353 -55.80% 0.057 0.033 0.213 -0.419 -66.32% 0.033 0.014 

𝜎𝜀 (5.7446) 5.693 -0.052 -0.90% 0.044 0.023 5.717 -0.027 -0.48% 0.032 0.025 5.742 -0.003 -0.05% 0.023 0.005 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-13-B Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the longitudinal submodel = 0.3, group-

level variance in the survival submodel = 0.4, K = 7 

 L3 ICC in longitudinal outcome = 0.3; variance at L2 in survival = 0.4 
 Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 
  n = 50 n = 100 n = 200 

K=7 

α (-0.2) -0.164 0.036 -17.86% 0.007 0.006 -0.167 0.033 -16.46% 0.005 0.003 -0.165 0.035 -17.26% 0.004 0.001 

𝛽000 (16) 16.188 0.188 1.17% 0.701 0.152 15.629 -0.371 -2.320% 0.460 0.437 15.894 -0.106 -0.663% 0.310 0.383 

𝛽100 (-0.8) -0.410 0.390 -48.72% 0.161 0.106 -0.368 0.432 -53.94% 0.119 0.201 -0.511 0.289 -36.07% 0.086 0.091 

𝛽001 (1.6) 0.904 -0.696 -43.48% 0.357 0.936 1.497 -0.103 -6.42% 0.271 0.600 1.611 0.011 0.66% 0.181 0.698 

𝛽101 (-2) -1.773 0.227 -11.34% 0.226 0.078 -1.815 0.185 -9.24% 0.160 0.231 -1.598 0.402 -20.12% 0.113 0.026 

𝜎𝑢0
2  (10) 25.563 15.563 155.63% 1.538 3.119 23.214 13.214 132.14% 1.030 0.900 23.361 13.361 133.61% 0.732 1.772 

𝜎𝑢0𝑢1
 (0) -1.842 -1.842 NA 0.751 0.713 -1.606 -1.606 NA 0.522 0.276 -1.457 -1.457 NA 0.371 0.095 

𝜎𝑢1
2  (10) 10.200 0.200 2.00% 0.597 0.182 10.022 0.022 0.22% 0.426 0.433 9.767 -0.233 -2.33% 0.296 0.313 

𝜎𝑣𝐿 (4.2426) 2.359 -1.884 -44.41% 0.557 0.554 2.308 -1.934 -45.60% 0.338 0.132 2.126 -2.117 -49.90% 0.225 0.242 

𝜎𝑣𝑆 (0.6325) 0.279 -0.353 -55.87% 0.075 0.078 0.331 -0.301 -47.62% 0.054 0.051 0.232 -0.400 -63.27% 0.031 0.044 

𝜎𝜀 (5.7446) 5.699 -0.045 -0.79% 0.044 0.023 5.722 -0.022 -0.39% 0.032 0.024 5.747 0.003 0.05% 0.023 0.003 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-14-C Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the longitudinal submodel = 0.3, group-

level variance in the survival submodel = 0.4, K = 3 

 L3 ICC in longitudinal outcome = 0.3; variance at L2 in survival = 0.4 
 Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 
  n = 50 n = 100 n = 200 

K=3 

α (-0.2) -0.147 0.053 -26.34% 0.007 0.008 -0.151 0.049 -24.31% 0.005 0.003 -0.150 0.050 -24.79% 0.004 0.004 

𝛽000 (16) 15.740 -0.260 -1.63% 0.616 0.449 15.530 -0.470 -2.94% 0.431 0.575 15.527 -0.473 -2.96% 0.282 0.168 

𝛽100 (-0.8) -0.022 0.778 -97.28% 0.153 0.136 0.057 0.857 -107.07% 0.112 0.200 -0.070 0.730 -91.19% 0.081 0.085 

𝛽001 (1.6) 1.189 -0.411 -25.69% 0.377 1.138 1.320 -0.280 -17.48% 0.294 0.525 1.727 0.127 7.96% 0.199 0.315 

𝛽101 (-2) -1.820 0.180 -8.99% 0.216 0.023 -1.867 0.133 -6.64% 0.152 0.259 -1.637 0.363 -18.14% 0.107 0.039 

𝜎𝑢0
2  (10) 20.604 10.604 106.04% 1.321 1.657 18.731 8.731 87.31% 0.897 0.951 19.281 9.281 92.81% 0.645 1.230 

𝜎𝑢0𝑢1
 (0) -0.742 -0.742 NA 0.658 0.700 -0.374 -0.374 NA 0.457 0.240 -0.368 -0.368 NA 0.326 0.075 

𝜎𝑢1
2  (10) 8.845 -1.155 -11.55% 0.519 0.102 8.495 -1.505 -15.05% 0.361 0.349 8.271 -1.729 -17.29% 0.250 0.261 

𝜎𝑣𝐿 (4.2426) 3.013 -1.230 -28.98% 0.452 0.492 2.981 -1.262 -29.74% 0.306 0.070 2.682 -1.561 -36.79% 0.196 0.205 

𝜎𝑣𝑆 (0.6325) 0.270 -0.362 -57.29% 0.056 0.018 0.304 -0.329 -51.96% 0.040 0.055 0.261 -0.371 -58.73% 0.027 0.023 

𝜎𝜀 (5.7446) 5.726 -0.019 -0.33% 0.045 0.023 5.755 0.010 0.18% 0.032 0.024 5.777 0.032 0.56% 0.023 0.003 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-15-A Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the longitudinal submodel = 0.3, group-

level variance in the survival submodel = 1, K = 11 

  L3 ICC in longitudinal outcome = 0.3; variance at L2 in survival = 0.4 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=11 

α (-0.2) -0.147 0.053 -26.52% 0.007 0.002 -0.146 0.054 -27.19% 0.005 0.009 -0.144 0.056 -27.87% 0.003 0.003 

𝛽000 (16) 16.208 0.208 1.30% 0.795 0.475 15.554 -0.446 -2.79% 0.516 0.469 15.819 -0.181 -1.13% 0.350 0.389 

𝛽100 (-0.8) -0.600 0.200 -24.95% 0.167 0.139 -0.534 0.266 -33.26% 0.124 0.287 -0.653 0.147 -18.34% 0.090 0.041 

𝛽001 (1.6) 1.178 -0.422 -26.39% 0.364 1.253 1.455 -0.145 -9.06% 0.272 0.637 1.769 0.169 10.53% 0.177 0.614 

𝛽101 (-2) -1.778 0.222 -11.11% 0.230 0.126 -1.771 0.229 -11.47% 0.164 0.227 -1.669 0.331 -16.57% 0.117 0.019 

𝜎𝑢0
2  (10) 27.552 17.552 175.52% 1.630 3.269 25.988 15.988 159.88% 1.118 0.767 24.896 14.896 148.96% 0.767 1.084 

𝜎𝑢0𝑢1
 (0) -1.249 -1.249 NA 0.790 0.610 -1.654 -1.654 NA 0.555 0.522 -1.188 -1.188 NA 0.389 0.493 

𝜎𝑢1
2  (10) 10.451 0.451 4.51% 0.616 0.157 10.388 0.388 3.88% 0.443 0.432 10.467 0.467 4.67% 0.317 0.187 

𝜎𝑣𝐿 (4.2426) 2.081 -2.162 -50.95% 0.687 1.074 2.117 -2.126 -50.10% 0.399 0.326 1.879 -2.363 -55.70% 0.258 0.122 

𝜎𝑣𝑆 (1) 0.311 -0.689 -68.92% 0.106 0.092 0.352 -0.648 -64.85% 0.069 0.060 0.284 -0.716 -71.56% 0.040 0.028 

𝜎𝜀 (5.7446) 5.709 -0.036 -0.62% 0.045 0.040 5.726 -0.018 -0.32% 0.032 0.017 5.743 -0.001 -0.02% 0.023 0.009 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-16-B Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the longitudinal submodel = 0.3, group-

level variance in the survival submodel = 1, K = 7 

  L3 ICC in longitudinal outcome = 0.3; variance at L2 in survival = 0.4 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=7 

α (-0.2) -0.152 0.048 -24.02% 0.007 0.006 -0.154 0.046 -23.01% 0.005 0.011 -0.149 0.051 -25.73% 0.003 0.001 

𝛽000 (16) 16.270 0.270 1.69% 0.748 0.244 15.707 -0.293 -1.83% 0.502 0.338 15.824 -0.176 -1.10% 0.307 0.493 

𝛽100 (-0.8) -0.513 0.287 -35.93% 0.166 0.144 -0.410 0.390 -48.79% 0.121 0.285 -0.519 0.281 -35.17% 0.089 0.025 

𝛽001 (1.6) 1.016 -0.584 -36.52% 0.362 1.142 1.376 -0.224 -13.99% 0.267 0.769 1.777 0.177 11.04% 0.182 0.746 

𝛽101 (-2) -1.746 0.254 -12.68% 0.231 0.109 -1.805 0.195 -9.73% 0.163 0.240 -1.695 0.305 -15.24% 0.116 0.007 

𝜎𝑢0
2  (10) 25.132 15.132 151.32% 1.534 3.401 22.973 12.973 129.73% 1.028 0.561 23.687 13.687 136.87% 0.744 0.402 

𝜎𝑢0𝑢1
 (0) -1.466 -1.466 NA 0.766 0.486 -1.376 -1.376 NA 0.524 0.461 -1.289 -1.289 NA 0.378 0.537 

𝜎𝑢1
2  (10) 10.340 0.340 3.40% 0.611 0.209 10.138 0.138 1.38% 0.430 0.472 10.275 0.275 2.75% 0.311 0.138 

𝜎𝑣𝐿 (4.2426) 2.530 -1.713 -40.37% 0.590 0.656 2.564 -1.679 -39.58% 0.368 0.273 2.077 -2.166 -51.04% 0.224 0.371 

𝜎𝑣𝑆 (1) 0.340 -0.660 -66.00% 0.087 0.101 0.453 -0.547 -54.66% 0.068 0.040 0.323 -0.677 -67.70% 0.038 0.053 

𝜎𝜀 (5.7446) 5.714 -0.031 -0.54% 0.045 0.038 5.733 -0.012 -0.21% 0.032 0.017 5.749 0.004 0.00% 0.023 0.011 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-17-C Results of the proposed MJM censoring rate 20%, ICC at the level 3 in the longitudinal submodel = 0.3, group-

level variance in the survival submodel = 1, K = 3 

  L3 ICC in longitudinal outcome = 0.3; variance at L2 in survival = 0.4 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=3 

α (-0.2) -0.142 0.058 -29.23% 0.007 0.003 -0.152 0.048 -23.93% 0.005 0.009 -0.145 0.055 -27.51% 0.004 0.001 

𝛽000 (16) 15.806 -0.194 -1.21% 0.609 0.241 15.598 -0.402 -2.51% 0.440 0.438 15.466 -0.534 -3.33% 0.298 0.326 

𝛽100 (-0.8) -0.126 0.674 -84.22% 0.157 0.182 -0.048 0.752 -93.97% 0.115 0.296 -0.150 0.650 -81.22% 0.084 0.033 

𝛽001 (1.6) 1.151 -0.449 -28.07% 0.376 0.754 1.105 -0.495 -30.94% 0.299 0.591 1.925 0.325 20.34% 0.199 0.374 

𝛽101 (-2) -1.824 0.176 -8.78% 0.221 0.109 -1.819 0.181 -9.05% 0.155 0.288 -1.703 0.297 -14.85% 0.110 0.020 

𝜎𝑢0
2  (10) 20.865 10.865 108.65% 1.354 2.383 19.453 9.453 94.53% 0.917 0.933 18.906 8.906 89.06% 0.639 1.204 

𝜎𝑢0𝑢1
 (0) -0.332 -0.332 NA 0.680 0.472 -0.409 -0.409 NA 0.470 0.644 -0.006 -0.006 NA 0.330 0.397 

𝜎𝑢1
2  (10) 9.015 -0.985 -9.85% 0.531 0.168 8.844 -1.156 -11.56% 0.375 0.372 8.808 -1.192 -11.92% 0.265 0.096 

𝜎𝑣𝐿 (4.2426) 2.970 -1.273 -30.00% 0.448 0.534 3.024 -1.218 -28.72% 0.310 0.110 2.868 -1.375 -32.41% 0.210 0.118 

𝜎𝑣𝑆 (1) 0.393 -0.607 -60.67% 0.068 0.053 0.477 -0.523 -52.35% 0.054 0.056 0.424 -0.576 -57.64% 0.035 0.021 

𝜎𝜀 (5.7446) 5.741 -0.004 -0.06% 0.045 0.038 5.757 0.012 0.21% 0.032 0.018 5.776 0.031 0.54% 0.023 0.014 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-18-A Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the longitudinal submodel = 0.1, group-

level variance in the survival submodel = 0.4, K = 11 

  L3 ICC in longitudinal outcome = 0.1; variance at L2 in survival = 0.4 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=11 

α (-0.2) -0.142 0.058 -28.93% 0.007 0.005 -0.142 0.058 -29.08% 0.006 0.004 -0.138 0.062 -31.06% 0.004 0.006 

𝛽000 (16) 16.019 0.019 0.12% 0.601 0.223 15.788 -0.212 -1.33% 0.326 0.239 15.809 -0.191 -1.19% 0.253 0.202 

𝛽100 (-0.8) -0.923 -0.123 15.37% 0.130 0.020 -0.940 -0.140 17.45% 0.093 0.109 -1.024 -0.224 28.04% 0.067 0.119 

𝛽001 (1.6) 1.482 -0.118 -7.37% 0.275 0.435 1.612 0.012 0.75% 0.199 0.170 1.773 0.173 10.81% 0.137 0.387 

𝛽101 (-2) -1.677 0.323 -16.13% 0.183 0.121 -1.654 0.346 -17.29% 0.128 0.075 -1.581 0.419 -20.94% 0.089 0.062 

𝜎𝑢0
2  (10) 15.131 5.131 51.31% 0.956 1.734 14.683 4.683 46.83% 0.645 0.468 14.945 4.945 49.45% 0.463 0.777 

𝜎𝑢0𝑢1
 (0) -0.570 -0.570 NA 0.476 0.154 0.003 0.003 NA 0.325 0.223 0.064 0.064 NA 0.231 0.137 

𝜎𝑢1
2  (10) 10.761 0.761 7.61% 0.484 0.288 10.690 0.690 6.90% 0.339 0.382 10.590 0.590 5.90% 0.240 0.259 

𝜎𝑣𝐿 (2.2361) 0.963 -1.273 -56.95% 0.603 0.316 0.813 -1.423 -63.64% 0.273 0.113 0.664 -1.572 -70.31% 0.211 0.099 

𝜎𝑣𝑆 (0.6325) 0.210 -0.422 -66.79% 0.109 0.055 0.297 -0.336 -53.10% 0.092 0.068 0.216 -0.417 -65.88% 0.052 0.017 

𝜎𝜀 (5.7446) 5.747 0.003 0.01% 0.033 0.047 5.738 -0.007 -0.12% 0.022 0.018 5.735 -0.010 -0.17% 0.016 0.007 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-19-B Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the longitudinal submodel = 0.1, group-

level variance in the survival submodel = 0.4, K = 7 

  L3 ICC in longitudinal outcome = 0.1; variance at L2 in survival = 0.4 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=7 

α (-0.2) -0.145 0.055 -27.42% 0.007 0.006 -0.144 0.056 -27.89% 0.006 0.004 -0.139 0.061 -30.73% 0.004 0.005 

𝛽000 (16) 16.055 0.055 0.34% 0.426 0.238 15.791 -0.209 -1.31% 0.267 0.240 15.831 -0.169 -1.06% 0.204 0.228 

𝛽100 (-0.8) -0.878 -0.078 9.74% 0.131 0.031 -0.893 -0.093 11.59% 0.092 0.114 -0.986 -0.186 23.22% 0.066 0.114 

𝛽001 (1.6) 1.363 -0.237 -14.80% 0.279 0.371 1.595 -0.005 -0.34% 0.203 0.174 1.734 0.134 8.40% 0.140 0.397 

𝛽101 (-2) -1.719 0.281 -14.06% 0.184 0.102 -1.693 0.307 -15.37% 0.127 0.075 -1.613 0.387 -19.36% 0.089 0.060 

𝜎𝑢0
2  (10) 14.830 4.830 48.30% 0.945 1.515 14.597 4.597 45.97% 0.644 0.683 14.735 4.735 47.35% 0.456 0.705 

𝜎𝑢0𝑢1
 (0) -0.483 -0.483 NA 0.471 0.136 0.063 0.063 NA 0.322 0.215 0.119 0.119 NA 0.231 0.098 

𝜎𝑢1
2  (10) 10.662 0.662 6.62% 0.480 0.274 10.546 0.546 5.46% 0.333 0.372 10.496 0.496 4.96% 0.238 0.210 

𝜎𝑣𝐿 (2.2361) 1.027 -1.209 -54.08% 0.372 0.421 0.849 -1.387 -62.03% 0.208 0.121 0.806 -1.430 -63.95% 0.156 0.062 

𝜎𝑣𝑆 (0.6325) 0.239 -0.393 -62.16% 0.095 0.018 0.383 -0.249 -39.40% 0.093 0.087 0.279 -0.354 -55.92% 0.052 0.035 

𝜎𝜀 (5.7446) 5.748 0.003 0.01% 0.033 0.047 5.738 -0.007 -0.12% 0.022 0.018 5.735 -0.010 -0.17% 0.016 0.007 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-20-C Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the longitudinal submodel = 0.1, group-

level variance in the survival submodel = 0.4, K = 3 

  L3 ICC in longitudinal outcome = 0.1; variance at L2 in survival = 0.4 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=3 

α (-0.2) -0.134 0.066 -32.84% 0.007 0.001 -0.132 0.068 -34.20% 0.005 0.001 -0.123 0.077 -38.44% 0.003 0.003 

𝛽000 (16) 15.863 -0.137 -0.86% 0.401 0.208 15.783 -0.217 -1.36% 0.278 0.199 15.702 -0.298 -1.86% 0.175 0.151 

𝛽100 (-0.8) -0.687 0.113 -14.18% 0.130 0.012 -0.711 0.089 -11.16% 0.091 0.136 -0.759 0.041 -5.06% 0.066 0.127 

𝛽001 (1.6) 1.369 -0.231 -14.42% 0.298 0.358 1.445 -0.155 -9.71% 0.221 0.177 1.831 0.231 14.41% 0.152 0.270 

𝛽101 (-2) -1.787 0.213 -10.65% 0.184 0.127 -1.752 0.248 -12.42% 0.127 0.114 -1.699 0.301 -15.07% 0.089 0.071 

𝜎𝑢0
2  (10) 14.057 4.057 40.57% 0.913 1.543 13.531 3.531 35.31% 0.614 0.720 14.132 4.132 41.32% 0.446 0.618 

𝜎𝑢0𝑢1
 (0) -0.302 -0.302 NA 0.461 0.176 0.395 0.395 NA 0.311 0.223 0.448 0.448 NA 0.222 0.093 

𝜎𝑢1
2  (10) 10.178 0.178 1.78% 0.466 0.267 10.017 0.017 0.17% 0.322 0.378 9.839 -0.161 -1.61% 0.228 0.311 

𝜎𝑣𝐿 (2.2361) 1.508 -0.728 -32.57% 0.303 0.253 1.425 -0.811 -36.26% 0.202 0.036 1.196 -1.040 -46.52% 0.125 0.072 

𝜎𝑣𝑆 (0.6325) 0.204 -0.429 -67.76% 0.067 0.017 0.320 -0.312 -49.36% 0.062 0.097 0.253 -0.380 -60.02% 0.040 0.047 

𝜎𝜀 (5.7446) 5.751 0.007 0.12% 0.033 0.047 5.739 -0.005 -0.09% 0.022 0.018 5.737 -0.008 -0.13% 0.016 0.007 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-21-A Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the longitudinal submodel = 0.1, group-

level variance in the survival submodel = 1, K = 11 

  L3 ICC in longitudinal outcome = 0.1; variance at L2 in survival = 1 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=11 

α (-0.2) -0.133 0.067 -33.74% 0.008 0.016 -0.136 0.064 -31.96% 0.005 0.001 -0.129 0.071 -35.39% 0.004 0.004 

𝛽000 (16) 15.938 -0.062 -0.39% 0.452 0.239 15.889 -0.111 -0.69% 0.295 0.251 15.814 -0.186 -1.17% 0.237 0.273 

𝛽100 (-0.8) -0.934 -0.134 16.73% 0.130 0.052 -0.981 -0.181 22.67% 0.093 0.110 -0.998 -0.198 24.74% 0.066 0.118 

𝛽001 (1.6) 1.559 -0.041 -2.56% 0.275 0.530 1.533 -0.067 -4.21% 0.198 0.217 1.764 0.164 10.27% 0.136 0.456 

𝛽101 (-2) -1.711 0.289 -14.45% 0.182 0.153 -1.639 0.361 -18.07% 0.128 0.069 -1.611 0.389 -19.45% 0.089 0.078 

𝜎𝑢0
2  (10) 15.531 5.531 55.31% 0.941 1.785 14.499 4.499 44.99% 0.636 0.334 14.715 4.715 47.15% 0.453 0.868 

𝜎𝑢0𝑢1
 (0) -0.136 -0.136 NA 0.471 0.402 -0.061 -0.061 NA 0.326 0.098 0.093 0.093 NA 0.231 0.107 

𝜎𝑢1
2  (10) 10.717 0.717 7.17% 0.486 0.522 10.753 0.753 7.53% 0.342 0.229 10.503 0.503 5.03% 0.241 0.232 

𝜎𝑣𝐿 (2.2361) 0.762 -1.474 -65.93% 0.425 0.444 0.753 -1.483 -66.31% 0.244 0.106 0.717 -1.519 -67.94% 0.188 0.063 

𝜎𝑣𝑆 (1) 0.306 -0.694 -69.39% 0.155 0.111 0.338 -0.662 -66.15% 0.099 0.088 0.258 -0.742 -74.22% 0.056 0.024 

𝜎𝜀 (5.7446) 5.736 -0.009 -0.15% 0.032 0.034 5.737 -0.008 -0.13% 0.022 0.021 5.738 -0.006 -0.11% 0.016 0.006 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-22-B Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the longitudinal submodel = 0.1, group-

level variance in the survival submodel = 1, K = 7 

  L3 ICC in longitudinal outcome = 0.1; variance at L2 in survival = 1 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=7 

α (-0.2) -0.136 0.064 -31.86% 0.008 0.015 -0.137 0.063 -31.64% 0.005 0.001 -0.131 0.069 -34.53% 0.004 0.005 

𝛽000 (16) 15.929 -0.071 -0.44% 0.403 0.107 15.955 -0.045 -0.28% 0.294 0.261 15.834 -0.166 -1.04% 0.196 0.322 

𝛽100 (-0.8) -0.913 -0.113 14.10% 0.129 0.038 -0.940 -0.140 17.54% 0.093 0.121 -0.974 -0.174 21.80% 0.066 0.114 

𝛽001 (1.6) 1.525 -0.075 -4.69% 0.273 0.412 1.429 -0.171 -10.72% 0.201 0.230 1.734 0.134 8.39% 0.139 0.501 

𝛽101 (-2) -1.729 0.271 -13.57% 0.182 0.167 -1.664 0.336 -16.80% 0.127 0.073 -1.629 0.371 -18.53% 0.089 0.076 

𝜎𝑢0
2  (10) 15.378 5.378 53.78% 0.936 1.879 14.210 4.210 42.10% 0.629 0.108 14.484 4.484 44.84% 0.451 0.778 

𝜎𝑢0𝑢1
 (0) -0.098 -0.098 NA 0.469 0.332 0.051 0.051 NA 0.322 0.106 0.141 0.141 NA 0.228 0.107 

𝜎𝑢1
2  (10) 10.662 0.662 6.62% 0.483 0.490 10.619 0.619 6.19% 0.338 0.243 10.443 0.443 4.43% 0.238 0.186 

𝜎𝑣𝐿 (2.2361) 0.910 -1.326 -59.31% 0.362 0.315 0.951 -1.285 -57.48% 0.234 0.113 0.873 -1.363 -60.96% 0.147 0.091 

𝜎𝑣𝑆 (1) 0.344 -0.656 -65.62% 0.134 0.078 0.376 -0.624 -62.42% 0.090 0.096 0.294 -0.706 -70.58% 0.052 0.026 

𝜎𝜀 (5.7446) 5.736 -0.008 -0.15% 0.032 0.034 5.737 -0.007 -0.13% 0.022 0.021 5.738 -0.006 -0.11% 0.016 0.006 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-23-C Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the longitudinal submodel = 0.1, group-

level variance in the survival submodel = 1, K = 3 

  L3 ICC in longitudinal outcome = 0.1; variance at L2 in survival = 1 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=3 

α (-0.2) -0.124 0.076 -37.95% 0.007 0.007 -0.129 0.071 -35.45% 0.005 0.001 -0.122 0.078 -38.78% 0.003 0.003 

𝛽000 (16) 15.929 -0.071 -0.45% 0.396 0.172 15.900 -0.100 -0.63% 0.276 0.212 15.715 -0.285 -1.78% 0.179 0.191 

𝛽100 (-0.8) -0.688 0.112 -14.03% 0.127 0.017 -0.738 0.062 -7.75% 0.092 0.136 -0.751 0.049 -6.11% 0.066 0.107 

𝛽001 (1.6) 1.377 -0.223 -13.94% 0.297 0.306 1.342 -0.258 -16.11% 0.218 0.198 1.789 0.189 11.80% 0.152 0.289 

𝛽101 (-2) -1.806 0.194 -9.69% 0.179 0.155 -1.746 0.254 -12.69% 0.127 0.118 -1.722 0.278 -13.91% 0.089 0.067 

𝜎𝑢0
2  (10) 14.356 4.356 43.56% 0.899 1.677 13.325 3.325 33.25% 0.606 0.098 13.906 3.906 39.06% 0.440 0.731 

𝜎𝑢0𝑢1
 (0) 0.220 0.220 NA 0.448 0.232 0.398 0.398 NA 0.308 0.134 0.427 0.427 NA 0.220 0.041 

𝜎𝑢1
2  (10) 9.926 -0.074 -0.74% 0.455 0.478 9.980 -0.020 -0.20% 0.321 0.262 9.772 -0.228 -2.28% 0.225 0.263 

𝜎𝑣𝐿 (2.2361) 1.441 -0.795 -35.57% 0.304 0.235 1.419 -0.817 -36.52% 0.201 0.070 1.234 -1.002 -44.83% 0.127 0.077 

𝜎𝑣𝑆 (1) 0.286 -0.714 -71.35% 0.084 0.049 0.399 -0.601 -60.14% 0.067 0.091 0.324 -0.676 -67.63% 0.042 0.052 

𝜎𝜀 (5.7446) 5.739 -0.005 -0.09% 0.032 0.033 5.740 -0.005 -0.08% 0.022 0.021 5.741 -0.004 -0.07% 0.016 0.006 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-24-A Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the longitudinal submodel = 0.3, group-

level variance in the survival submodel = 0.4, K = 11 

  L3 ICC in longitudinal outcome = 0.3; variance at L2 in survival = 0.4 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=11 

α (-0.2) -0.147 0.053 -26.53% 0.008 0.017 -0.144 0.056 -27.79% 0.006 0.004 -0.141 0.059 -29.33% 0.004 0.005 

𝛽000 (16) 15.915 -0.085 -0.53% 0.752 0.395 15.569 -0.431 -2.70% 0.489 0.371 15.640 -0.360 -2.25% 0.331 0.380 

𝛽100 (-0.8) -0.873 -0.073 9.14% 0.127 0.067 -0.949 -0.149 18.67% 0.093 0.088 -0.998 -0.198 24.77% 0.066 0.116 

𝛽001 (1.6) 1.367 -0.233 -14.59% 0.337 0.825 1.740 0.140 8.75% 0.243 0.338 1.978 0.378 23.62% 0.166 0.641 

𝛽101 (-2) -1.734 0.266 -13.32% 0.180 0.127 -1.652 0.348 -17.38% 0.128 0.030 -1.606 0.394 -19.68% 0.090 0.083 

𝜎𝑢0
2  (10) 28.743 18.743 187.43% 1.458 4.011 25.561 15.561 155.61% 0.944 0.913 26.485 16.485 164.85% 0.686 1.406 

𝜎𝑢0𝑢1
 (0) -0.242 -0.242 NA 0.570 0.166 -0.003 -0.003 NA 0.391 0.343 -0.059 -0.059 NA 0.278 0.410 

𝜎𝑢1
2  (10) 10.492 0.492 4.92% 0.471 0.397 10.745 0.745 7.45% 0.341 0.376 10.517 0.517 5.17% 0.238 0.226 

𝜎𝑣𝐿 (4.2426) 1.469 -2.773 -65.37% 0.721 0.741 1.411 -2.832 -66.74% 0.398 0.146 1.345 -2.897 -68.29% 0.253 0.134 

𝜎𝑣𝑆 (0.6325) 0.253 -0.379 -59.94% 0.141 0.039 0.297 -0.335 -53.02% 0.092 0.055 0.234 -0.398 -62.96% 0.055 0.020 

𝜎𝜀 (5.7446) 5.741 -0.004 -0.06% 0.032 0.042 5.737 -0.007 -0.13% 0.022 0.017 5.738 -0.006 -0.11% 0.016 0.004 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-25-B Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the longitudinal submodel = 0.3, group-

level variance in the survival submodel = 0.4, K = 7 

  L3 ICC in longitudinal outcome = 0.3; variance at L2 in survival = 0.4 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=7 

α (-0.2) -0.146 0.054 -27.10% 0.008 0.015 -0.146 0.054 -27.18% 0.006 0.004 -0.146 0.054 -27.21% 0.006 0.004 

𝛽000 (16) 16.025 0.025 0.16% 0.696 0.104 15.632 -0.368 -2.30% 0.450 0.430 15.633 -0.367 -2.30% 0.446 0.429 

𝛽100 (-0.8) -0.840 -0.040 4.98% 0.127 0.071 -0.908 -0.108 13.56% 0.093 0.099 -0.911 -0.111 13.84% 0.091 0.100 

𝛽001 (1.6) 1.214 -0.386 -24.13% 0.340 0.580 1.604 0.004 0.22% 0.246 0.410 1.611 0.011 0.70% 0.244 0.423 

𝛽101 (-2) -1.757 0.243 -12.14% 0.179 0.128 -1.678 0.322 -16.10% 0.127 0.042 -1.675 0.325 -16.24% 0.126 0.045 

𝜎𝑢0
2  (10) 27.946 17.946 179.46% 1.424 4.107 24.657 14.657 146.57% 0.921 1.159 24.673 14.673 146.73% 0.912 1.164 

𝜎𝑢0𝑢1
 (0) -0.187 -0.187 NA 0.562 0.141 0.088 0.088 NA 0.385 0.365 0.086 0.086 NA 0.380 0.366 

𝜎𝑢1
2  (10) 10.410 0.410 4.10% 0.469 0.387 10.612 0.612 6.12% 0.338 0.399 10.605 0.605 6.05% 0.335 0.391 

𝜎𝑣𝐿 (4.2426) 1.756 -2.487 -58.61% 0.601 0.688 1.632 -2.611 -61.54% 0.344 0.314 1.634 -2.609 -61.49% 0.341 0.312 

𝜎𝑣𝑆 (0.6325) 0.257 -0.375 -59.29% 0.111 0.064 0.384 -0.249 -39.32% 0.091 0.069 0.381 -0.251 -39.69% 0.090 0.070 

𝜎𝜀 (5.7446) 5.741 -0.004 -0.06% 0.032 0.041 5.738 -0.007 -0.12% 0.022 0.017 5.738 -0.007 -0.12% 0.022 0.017 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-26-C Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the longitudinal submodel = 0.3, group-

level variance in the survival submodel = 0.4, K = 3 

  L3 ICC in longitudinal outcome = 0.3; variance at L2 in survival = 0.4 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=3 

α (-0.2) -0.130 0.070 -34.94% 0.007 0.011 -0.130 0.070 -34.96% 0.005 0.004 -0.122 0.078 -38.96% 0.003 0.003 

𝛽000 (16) 16.083 0.083 0.52% 0.716 0.129 15.559 -0.441 -2.76% 0.445 0.395 15.523 -0.477 -2.98% 0.303 0.289 

𝛽100 (-0.8) -0.633 0.167 -20.88% 0.126 0.067 -0.707 0.093 -11.62% 0.092 0.122 -0.727 0.073 -9.06% 0.066 0.125 

𝛽001 (1.6) 0.878 -0.722 -45.14% 0.354 0.268 1.520 -0.080 -5.00% 0.262 0.269 2.002 0.402 25.14% 0.183 0.446 

𝛽101 (-2) -1.836 0.164 -8.19% 0.178 0.112 -1.752 0.248 -12.39% 0.127 0.071 -1.724 0.276 -13.81% 0.089 0.086 

𝜎𝑢0
2  (10) 23.534 13.534 135.34% 1.260 2.673 21.696 11.696 116.96% 0.843 0.852 23.105 13.105 131.05% 0.621 0.922 

𝜎𝑢0𝑢1
 (0) 0.162 0.162 NA 0.522 0.106 0.457 0.457 NA 0.362 0.329 0.368 0.368 NA 0.260 0.301 

𝜎𝑢1
2  (10) 9.780 -0.220 -2.20% 0.448 0.456 10.002 0.002 0.00% 0.323 0.389 9.747 -0.253 -2.53% 0.226 0.275 

𝜎𝑣𝐿 (4.2426) 2.852 -1.391 -32.79% 0.547 0.531 2.480 -1.763 -41.55% 0.323 0.124 2.349 -1.894 -44.64% 0.217 0.128 

𝜎𝑣𝑆 (0.6325) 0.199 -0.433 -68.50% 0.073 0.014 0.317 -0.315 -49.81% 0.061 0.085 0.240 -0.392 -62.02% 0.040 0.038 

𝜎𝜀 (5.7446) 5.744 0.000 -0.01% 0.032 0.041 5.742 -0.003 -0.05% 0.022 0.018 5.742 -0.003 -0.05% 0.016 0.005 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-27-A Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the longitudinal submodel = 0.3, group-

level variance in the survival submodel = 1, K = 11 

  L3 ICC in longitudinal outcome = 0.3; variance at L2 in survival = 1 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=11 

α (-0.2) -0.138 0.062 -31.01% 0.008 0.017 -0.134 0.066 -33.09% 0.005 0.003 -0.133 0.067 -33.59% 0.004 0.002 

𝛽000 (16) 16.015 0.015 9.39E-04 0.728 0.362 15.667 -0.333 -2.08% 0.508 0.464 15.696 -0.304 -1.90% 0.330 0.407 

𝛽100 (-0.8) -0.917 -0.117 14.57% 0.129 0.069 -0.942 -0.142 17.78% 0.094 0.138 -1.014 -0.214 26.77% 0.067 0.118 

𝛽001 (1.6) 1.341 -0.259 -16.21% 0.335 0.888 1.629 0.029 1.80% 0.242 0.377 1.881 0.281 17.58% 0.167 0.686 

𝛽101 (-2) -1.707 0.293 -14.65% 0.181 0.119 -1.660 0.340 -16.99% 0.128 0.074 -1.615 0.385 -19.23% 0.090 0.084 

𝜎𝑢0
2  (10) 27.930 17.930 179.30% 1.419 3.887 26.003 16.003 160.03% 0.957 0.728 26.634 16.634 166.34% 0.687 1.810 

𝜎𝑢0𝑢1
 (0) -0.274 -0.274 NA 0.566 0.325 -0.305 -0.305 NA 0.398 0.381 -0.128 -0.128 NA 0.281 0.147 

𝜎𝑢1
2  (10) 10.550 0.550 5.50% 0.478 0.550 10.721 0.721 7.21% 0.342 0.388 10.645 0.645 6.45% 0.242 0.185 

𝜎𝑣𝐿 (4.2426) 1.495 -2.747 -64.75% 0.695 0.737 1.449 -2.794 -65.85% 0.413 0.062 1.276 -2.967 -69.93% 0.254 0.114 

𝜎𝑣𝑆 (1) 0.324 -0.676 -67.58% 0.161 0.126 0.333 -0.667 -66.68% 0.098 0.089 0.279 -0.721 -72.09% 0.060 0.041 

𝜎𝜀 (5.7446) 5.738 -0.006 -0.11% 0.032 0.040 5.731 -0.013 -0.23% 0.022 0.021 5.738 -0.006 -0.11% 0.016 0.004 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-28-B Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the longitudinal submodel = 0.3, group-

level variance in the survival submodel = 1, K = 7 

  L3 ICC in longitudinal outcome = 0.3; variance at L2 in survival = 1 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=7 

α (-0.2) -0.140 0.060 -29.99% 0.008 0.016 -0.136 0.064 -32.02% 0.005 0.004 -0.135 0.065 -32.37% 0.003 0.006 

𝛽000 (16) 16.000 0.000 1.41E-05 0.694 0.080 15.700 -0.300 0.00% 0.472 0.577 15.698 -0.302 -1.89% 0.312 0.407 

𝛽100 (-0.8) -0.876 -0.076 9.52% 0.129 0.062 -0.898 -0.098 12.27% 0.093 0.130 -0.927 -0.127 15.85% 0.068 0.140 

𝛽001 (1.6) 1.295 -0.305 -19.08% 0.335 0.654 1.489 -0.111 -6.97% 0.247 0.539 1.810 0.210 13.13% 0.174 0.594 

𝛽101 (-2) -1.736 0.264 -13.19% 0.180 0.135 -1.693 0.307 -15.37% 0.128 0.074 -1.655 0.345 -17.27% 0.091 0.096 

𝜎𝑢0
2  (10) 27.322 17.322 173.22% 1.393 4.322 24.919 14.919 149.19% 0.931 0.620 25.659 15.659 156.59% 0.688 1.319 

𝜎𝑢0𝑢1
 (0) -0.184 -0.184 NA 0.559 0.276 -0.178 -0.178 NA 0.390 0.292 -0.150 -0.150 NA 0.280 0.208 

𝜎𝑢1
2  (10) 10.436 0.436 4.36% 0.473 0.543 10.584 0.584 5.84% 0.339 0.360 10.348 0.348 3.48% 0.238 0.220 

𝜎𝑣𝐿 (4.2426) 1.784 -2.459 -57.96% 0.610 0.681 1.749 -2.494 -58.78% 0.364 0.328 1.504 -2.738 -64.54% 0.228 0.093 

𝜎𝑣𝑆 (1) 0.349 -0.651 -65.15% 0.133 0.079 0.405 -0.595 -59.52% 0.093 0.067 0.288 -0.712 -71.15% 0.049 0.037 

𝜎𝜀 (5.7446) 5.738 -0.006 -0.11% 0.032 0.041 5.732 -0.013 -0.22% 0.022 0.021 5.738 -0.006 -0.11% 0.017 0.005 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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Table 3-29-C Results of the proposed MJM censoring rate 60%, ICC at the level 3 in the longitudinal submodel = 0.3, group-

level variance in the survival submodel = 1, K = 3 

  L3 ICC in longitudinal outcome = 0.3; variance at L2 in survival = 1 

  Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

    n = 50 n = 100 n = 200 

K=3 

α (-0.2) -0.126 0.074 -36.82% 0.007 0.008 -0.129 0.071 -35.42% 0.005 0.004 -0.121 0.079 -39.26% 0.003 0.003 

𝛽000 (16) 16.156 0.156 0.98% 0.694 0.204 15.581 -0.419 -2.62% 0.463 0.399 15.599 -0.401 -2.51% 0.306 0.309 

𝛽100 (-0.8) -0.659 0.141 -17.66% 0.126 0.036 -0.698 0.102 -12.69% 0.092 0.146 -0.754 0.046 -5.70% 0.067 0.132 

𝛽001 (1.6) 0.911 -0.689 -43.09% 0.348 0.405 1.595 -0.005 -0.30% 0.258 0.321 1.895 0.295 18.46% 0.182 0.446 

𝛽101 (-2) -1.800 0.200 -10.00% 0.178 0.127 -1.775 0.225 -11.23% 0.127 0.103 -1.729 0.271 -13.53% 0.090 0.081 

𝜎𝑢0
2  (10) 23.101 13.101 131.01% 1.236 2.906 21.507 11.507 115.07% 0.838 0.189 23.074 13.074 130.74% 0.620 1.314 

𝜎𝑢0𝑢1
 (0) -0.022 -0.022 NA 0.519 0.213 0.104 0.104 NA 0.363 0.389 0.232 0.232 NA 0.261 0.059 

𝜎𝑢1
2  (10) 9.738 -0.262 -2.62% 0.445 0.543 9.964 -0.036 -0.36% 0.322 0.403 9.884 -0.116 -1.16% 0.229 0.246 

𝜎𝑣𝐿 (4.2426) 2.790 -1.453 -34.25% 0.532 0.501 2.603 -1.639 -38.64% 0.336 0.157 2.366 -1.877 -44.24% 0.218 0.122 

𝜎𝑣𝑆 (1) 0.282 -0.718 -71.84% 0.082 0.020 0.415 -0.585 -58.53% 0.068 0.080 0.318 -0.682 -68.20% 0.042 0.057 

𝜎𝜀 (5.7446) 5.741 -0.003 -0.06% 0.032 0.040 5.736 -0.009 -0.16% 0.022 0.021 5.741 -0.003 -0.06% 0.016 0.003 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias undefined. 
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3.10.2 Appendix 2 Simulation studies to evaluate the impact of ignoring the group level 

Table 3-30-A Results of the proposed MJM versus standard JM censoring rate 20%, n = 

50, L3 ICC in longitudinal outcome = 0.1, variance at L2 in survival = 0.4 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.168 0.032 -15.78% 0.008 0.007 -0.158 0.042 -21.06% 0.007 0.01 

𝛽000 (16) 16.104 0.104 0.65% 0.433 0.139 16.042 0.042 0.26% 0.189 0.509 

𝛽100 (-0.8) -0.611 0.189 -23.68% 0.163 0.126 -0.289 0.511 -63.89% 0.055 0.186 

𝛽001 (1.6) 1.401 -0.199 -12.46% 0.298 0.370 1.364 -0.236 -14.77% 0.271 0.704 

𝛽101 (-2) -1.811 0.189 -9.45% 0.224 0.155 -1.556 0.444 -22.21% 0.119 0.222 

𝜎𝑢0
2  (10) 16.046 6.046 60.46% 1.155 2.440 13.466 3.466 34.66% - 1.423 

𝜎𝑢0𝑢1
 (0) -0.943 -0.943 NA 0.622 0.398 4.357 4.357 NA - 0.634 

𝜎𝑢1
2  (10) 10.246 0.246 2.46% 0.602 0.252 8.563 -1.437 -14.37% - 0.637 

𝜎𝑣𝐿 (2.2361) 1.062 -1.175 -52.53% 0.373 0.363 - - - - - 

𝜎𝑣𝑆 (0.6325) 0.274 -0.359 -56.73% 0.092 0.068 - - - - - 

𝜎𝜀 (5.7446) 5.700 -0.045 -0.78% 0.044 0.041 5.742 -0.003 -0.05% - 0.043 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-31-B Results of the proposed MJM versus standard JM censoring rate 20%, n = 

50, L3 ICC in longitudinal outcome = 0.1, variance at L2 in survival = 1 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.149 0.051 -25.72% 0.007 0.004 -0.14 0.060 -29.82% 0.006 0.012 

𝛽000 (16) 16.183 0.183 1.15% 0.510 0.125 16.029 0.029 0.18% 0.191 0.519 

𝛽100 (-0.8) -0.544 0.256 -32.00% 0.164 0.162 -0.271 0.529 -66.09% 0.056 0.207 

𝛽001 (1.6) 1.199 -0.401 -25.04% 0.303 0.243 1.384 -0.216 -13.51% 0.273 0.724 

𝛽101 (-2) -1.787 0.213 -10.64% 0.228 0.052 -1.661 0.339 -16.95% 0.118 0.249 

𝜎𝑢0
2  (10) 16.675 6.675 66.75% 1.189 1.539 13.457 3.457 34.57% - 1.447 

𝜎𝑢0𝑢1
 (0) -1.357 -1.357 NA 0.646 0.460 5.099 5.099 NA - 0.582 

𝜎𝑢1
2  (10) 10.261 0.261 2.61% 0.604 0.183 8.537 -1.463 -14.63% - 0.602 

𝜎𝑣𝐿 (2.2361) 1.156 -1.080 -48.29% 0.459 0.574 - - - - - 

𝜎𝑣𝑆 (1) 0.265 -0.735 -73.54% 0.093 0.065 - - - - - 

𝜎𝜀 (5.7446) 5.695 -0.050 -0.86% 0.044 0.030 5.742 -0.003 -0.05% - 0.045 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-32-C Results of the proposed MJM versus standard JM censoring rate 20%, n = 

50, L3 ICC in longitudinal outcome = 0.3, variance at L2 in survival = 0.4 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.162 0.038 -19.03% 0.007 0.006 -0.157 0.043 -21.71% 0.006 0.01 

𝛽000 (16) 16.126 0.126 0.79% 0.897 0.252 16.218 0.218 1.36% 0.221 0.940 

𝛽100 (-0.8) -0.521 0.279 -34.87% 0.164 0.122 -0.235 0.565 -70.68% 0.058 0.215 

𝛽001 (1.6) 1.106 -0.494 -30.86% 0.359 1.003 1.257 -0.343 -21.44% 0.321 1.262 

𝛽101 (-2) -1.820 0.180 -8.99% 0.227 0.106 -1.654 0.346 -17.31% 0.115 0.248 

𝜎𝑢0
2  (10) 26.804 16.804 168.04% 1.581 3.518 25.643 15.643 156.43% - 3.615 

𝜎𝑢0𝑢1
 (0) -1.622 -1.622 NA 0.762 1.028 0.285 0.285 NA - 0.827 

𝜎𝑢1
2  (10) 10.408 0.408 4.08% 0.611 0.168 8.548 -1.452 -14.52% - 0.603 

𝜎𝑣𝐿 (4.2426) 2.404 -1.839 -43.33% 0.766 0.364 - - - - - 

𝜎𝑣𝑆 (0.6325) 0.244 -0.389 -61.49% 0.086 0.044 - - - - - 

𝜎𝜀 (5.7446) 5.693 -0.052 -0.90% 0.044 0.023 5.733 -0.011 -0.20% - 0.044 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-33-D Results of the proposed MJM versus standard JM censoring rate 20%, n = 

50, L3 ICC in longitudinal outcome = 0.3, variance at L2 in survival = 1 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.147 0.053 -26.52% 0.007 0.002 -0.137 0.063 -31.27% 0.006 0.012 

𝛽000 (16) 16.208 0.208 1.30% 0.795 0.475 16.180 0.180 1.12% 0.224 0.944 

𝛽100 (-0.8) -0.600 0.200 -24.95% 0.167 0.139 -0.211 0.589 -73.59% 0.060 0.202 

𝛽001 (1.6) 1.178 -0.422 -26.39% 0.364 1.253 1.344 -0.256 -15.99% 0.323 1.280 

𝛽101 (-2) -1.778 0.222 -11.11% 0.230 0.126 -1.745 0.255 -12.74% 0.109 0.258 

𝜎𝑢0
2  (10) 27.552 17.552 175.52% 1.630 3.269 25.734 15.734 157.34% - 3.575 

𝜎𝑢0𝑢1
 (0) -1.249 -1.249 NA 0.790 0.610 2.094 2.094 NA - 0.785 

𝜎𝑢1
2  (10) 10.451 0.451 4.51% 0.616 0.157 8.527 -1.473 -14.73% - 0.584 

𝜎𝑣𝐿 (2.2361) 2.081 -2.162 -50.95% 0.687 1.074 - - - - - 

𝜎𝑣𝑆 (1) 0.311 -0.689 -68.92% 0.106 0.092 - - - - - 

𝜎𝜀 (5.7446) 5.709 -0.036 -0.62% 0.045 0.040 5.735 -0.010 -0.17% - 0.045 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-34-A Results of the proposed MJM versus standard JM censoring rate 20%, n = 

100, L3 ICC in longitudinal outcome = 0.1, variance at L2 in survival = 0.4 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.165 0.035 -17.63% 0.006 0.007 -0.156 0.044 -21.99% 0.005 0.007 

𝛽000 (16) 15.929 -0.071 -0.45% 0.300 0.364 16.048 0.048 0.30% 0.136 0.355 

𝛽100 (-0.8) -0.597 0.203 -25.41% 0.120 0.319 -0.257 0.543 -67.81% 0.040 0.144 

𝛽001 (1.6) 1.274 -0.326 -20.35% 0.216 0.374 1.319 -0.281 -17.56% 0.193 0.495 

𝛽101 (-2) -1.720 0.280 -14.01% 0.159 0.212 -1.560 0.440 -22.02% 0.087 0.169 

𝜎𝑢0
2  (10) 13.981 3.981 39.81% 0.766 0.153 13.830 3.830 38.30% - 1.116 

𝜎𝑢0𝑢1
 (0) -0.761 -0.761 NA 0.427 0.137 2.372 2.372 NA - 0.449 

𝜎𝑢1
2  (10) 10.248 0.248 2.48% 0.433 0.589 8.606 -1.394 -13.94% - 0.419 

𝜎𝑣𝐿 (2.2361) 1.108 -1.128 -50.45% 0.235 0.064 - - - - - 

𝜎𝑣𝑆 (0.6325) 0.262 -0.371 -58.62% 0.055 0.090 - - - - - 

𝜎𝜀 (5.7446) 5.725 -0.020 -0.35% 0.032 0.016 5.742 -0.002 -0.04% - 0.031 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-35-B Results of the proposed MJM versus standard JM censoring rate 20%, n = 

100, L3 ICC in longitudinal outcome = 0.1, variance at L2 in survival = 1 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.145 0.055 -27.57% 0.005 0.007 -0.136 0.064 -31.85% 0.004 0.008 

𝛽000 (16) 15.879 -0.121 -0.75% 0.317 0.220 16.021 0.021 0.13% 0.137 0.355 

𝛽100 (-0.8) -0.563 0.237 -29.63% 0.121 0.211 -0.233 0.567 -70.84% 0.041 0.144 

𝛽001 (1.6) 1.282 -0.318 -19.86% 0.223 0.337 1.375 -0.225 -14.08% 0.194 0.500 

𝛽101 (-2) -1.739 0.261 -13.06% 0.161 0.208 -1.691 0.309 -15.44% 0.085 0.178 

𝜎𝑢0
2  (10) 14.220 4.220 42.20% 0.778 0.865 13.717 3.717 37.17% - 1.097 

𝜎𝑢0𝑢1
 (0) -0.675 -0.675 NA 0.432 0.429 4.196 4.196 NA - 0.448 

𝜎𝑢1
2  (10) 10.172 0.172 1.72% 0.430 0.458 8.567 -1.433 -14.33% - 0.435 

𝜎𝑣𝐿 (2.2361) 1.206 -1.030 -46.06% 0.254 0.141 - - - - - 

𝜎𝑣𝑆 (1) 0.345 -0.655 -65.53% 0.067 0.040 - - - - - 

𝜎𝜀 (5.7446) 5.726 -0.018 -0.32% 0.032 0.025 5.743 -0.001 -0.02% - 0.030 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-36-C Results of the proposed MJM versus standard JM censoring rate 20%, n = 

100, L3 ICC in longitudinal outcome = 0.3, variance at L2 in survival = 0.4 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.164 0.036 -17.89% 0.005 0.004 -0.154 0.046 -23.05% 0.005 0.007 

𝛽000 (16) 15.645 -0.355 -2.216% 0.557 0.491 16.204 0.204 1.27% 0.159 0.617 

𝛽100 (-0.8) -0.519 0.281 -35.15% 0.123 0.197 -0.178 0.622 -77.76% 0.042 0.160 

𝛽001 (1.6) 1.474 -0.126 -7.85% 0.269 0.055 1.194 -0.406 -25.35% 0.229 0.879 

𝛽101 (-2) -1.827 0.173 -8.65% 0.163 0.178 -1.672 0.328 -16.38% 0.081 0.195 

𝜎𝑢0
2  (10) 24.595 14.595 145.95% 1.075 0.152 26.423 16.423 164.23% - 2.922 

𝜎𝑢0𝑢1
 (0) -1.555 -1.555 NA 0.539 0.223 -2.878 -2.878 NA - 0.633 

𝜎𝑢1
2  (10) 10.358 0.358 3.58% 0.442 0.476 8.522 -1.478 -14.78% - 0.431 

𝜎𝑣𝐿 (4.2426) 2.342 -1.901 -44.81% 0.428 0.291 - - - - - 

𝜎𝑣𝑆 (0.6325) 0.280 -0.353 -55.80% 0.057 0.033 - - - - - 

𝜎𝜀 (5.7446) 5.717 -0.027 -0.48% 0.032 0.025 5.735 -0.009 -0.16% - 0.029 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-37-D Results of the proposed MJM versus standard JM censoring rate 20%, n = 

100, L3 ICC in longitudinal outcome = 0.3, variance at L2 in survival = 1 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.146 0.054 -27.19% 0.005 0.009 -0.134 0.066 -32.86% 0.004 0.008 

𝛽000 (16) 15.554 -0.446 -2.79% 0.516 0.469 16.176 0.176 1.10% 0.161 0.620 

𝛽100 (-0.8) -0.534 0.266 -33.26% 0.124 0.287 -0.173 0.627 -78.32% 0.044 0.155 

𝛽001 (1.6) 1.455 -0.145 -9.06% 0.272 0.637 1.279 -0.321 -20.06% 0.230 0.876 

𝛽101 (-2) -1.771 0.229 -11.47% 0.164 0.227 -1.758 0.242 -12.10% 0.076 0.200 

𝜎𝑢0
2  (10) 25.988 15.988 159.88% 1.118 0.767 26.394 16.394 163.94% - 2.979 

𝜎𝑢0𝑢1
 (0) -1.654 -1.654 NA 0.555 0.522 -0.989 -0.989 NA - 0.608 

𝜎𝑢1
2  (10) 10.388 0.388 3.88% 0.443 0.432 8.586 -1.414 -14.14% - 0.418 

𝜎𝑣𝐿 (4.2426) 2.117 -2.126 -50.10% 0.399 0.326 - - - - - 

𝜎𝑣𝑆 (1) 0.352 -0.648 -64.85% 0.069 0.060 - - - - - 

𝜎𝜀 (5.7446) 5.726 -0.018 -0.32% 0.032 0.017 5.733 -0.012 -0.20% - 0.030 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-38-A Results of the proposed MJM versus standard JM censoring rate 20%, n = 

200, L3 ICC in longitudinal outcome = 0.1, variance at L2 in survival = 0.4 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.161 0.039 -19.67% 0.004 0.003 -0.156 0.044 -22.15% 0.003 0.005 

𝛽000 (16) 15.946 -0.054 -0.34% 0.184 0.279 16.070 0.070 0.44% 0.096 0.247 

𝛽100 (-0.8) -0.607 0.193 -24.18% 0.086 0.085 -0.234 0.566 -70.80% 0.028 0.088 

𝛽001 (1.6) 1.615 0.015 0.92% 0.148 0.481 1.323 -0.277 -17.29% 0.136 0.364 

𝛽101 (-2) -1.698 0.302 -15.10% 0.112 0.088 -1.572 0.428 -21.40% 0.062 0.105 

𝜎𝑢0
2  (10) 14.381 4.381 43.81% 0.547 0.512 13.940 3.940 39.40% - 0.743 

𝜎𝑢0𝑢1
 (0) -0.817 -0.817 NA 0.304 0.403 1.915 1.915 NA - 0.312 

𝜎𝑢1
2  (10) 9.995 -0.005 -0.05% 0.302 0.159 8.595 -1.405 -14.05% - 0.310 

𝜎𝑣𝐿 (2.2361) 0.788 -1.448 -64.76% 0.139 0.137 - - - - - 

𝜎𝑣𝑆 (0.6325) 0.192 -0.441 -69.71% 0.030 0.034 - - - - - 

𝜎𝜀 (5.7446) 5.731 -0.014 -0.24% 0.023 0.010 5.744 -0.001 -0.02% - 0.022 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-39-B Results of the proposed MJM versus standard JM censoring rate 20%, n = 

200, L3 ICC in longitudinal outcome = 0.1, variance at L2 in survival = 1 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.146 0.054 -26.85% 0.004 0.002 -0.136 0.064 -31.83% 0.003 0.006 

𝛽000 (16) 15.890 -0.110 -0.69% 0.183 0.228 16.045 0.045 0.28% 0.097 0.248 

𝛽100 (-0.8) -0.613 0.187 -23.33% 0.088 0.114 -0.211 0.589 -73.63% 0.029 0.098 

𝛽001 (1.6) 1.661 0.061 3.84% 0.149 0.376 1.380 -0.220 -13.73% 0.137 0.363 

𝛽101 (-2) -1.684 0.316 -15.79% 0.114 0.044 -1.700 0.300 -15.02% 0.061 0.119 

𝜎𝑢0
2  (10) 14.387 4.387 43.87% 0.553 0.618 13.859 3.859 38.59% - 0.747 

𝜎𝑢0𝑢1
 (0) -0.710 -0.710 NA 0.308 0.287 3.892 3.892 NA - 0.312 

𝜎𝑢1
2  (10) 10.071 0.071 0.71% 0.306 0.116 8.537 -1.463 -14.63% - 0.310 

𝜎𝑣𝐿 (2.2361) 0.818 -1.418 -63.41% 0.141 0.070 - - - - - 

𝜎𝑣𝑆 (1) 0.267 -0.733 -73.32% 0.038 0.032 - - - - - 

𝜎𝜀 (5.7446) 5.740 -0.005 -0.09% 0.023 0.007 5.744 -0.001 -0.01% - 0.022 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-40-C Results of the proposed MJM versus standard JM censoring rate 20%, n = 

200, L3 ICC in longitudinal outcome = 0.3, variance at L2 in survival = 0.4 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.164 0.036 -18.22% 0.004 0.002 -0.154 0.046 -22.95% 0.003 0.005 

𝛽000 (16) 15.859 -0.141 -0.88% 0.319 0.414 16.260 0.260 1.63% 0.113 0.443 

𝛽100 (-0.8) -0.640 0.160 -19.96% 0.088 0.099 -0.165 0.635 -79.32% 0.030 0.105 

𝛽001 (1.6) 1.667 0.067 4.22% 0.175 0.543 1.184 -0.416 -25.99% 0.162 0.640 

𝛽101 (-2) -1.600 0.400 -19.98% 0.114 0.050 -1.666 0.334 -16.68% 0.058 0.130 

𝜎𝑢0
2  (10) 25.183 15.183 151.83% 0.772 1.973 26.632 16.632 166.32% - 1.849 

𝜎𝑢0𝑢1
 (0) -1.496 -1.496 NA 0.380 0.029 -4.332 -4.332 NA - 0.438 

𝜎𝑢1
2  (10) 9.992 -0.008 -0.08% 0.304 0.336 8.549 -1.451 -14.51% - 0.306 

𝜎𝑣𝐿 (4.2426) 1.757 -2.486 -58.59% 0.238 0.107 - - - - - 

𝜎𝑣𝑆 (0.6325) 0.213 -0.419 -66.32% 0.033 0.014 - - - - - 

𝜎𝜀 (5.7446) 5.742 -0.003 -0.05% 0.023 0.005 5.737 -0.008 -0.13% - 0.023 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-41-D Results of the proposed MJM versus standard JM censoring rate 20%, n = 

200, L3 ICC in longitudinal outcome = 0.3, variance at L2 in survival = 1 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.144 0.056 -27.87% 0.003 0.003 -0.134 0.066 -32.90% 0.003 0.006 

𝛽000 (16) 15.819 -0.181 -1.13% 0.350 0.389 16.224 0.224 1.40% 0.114 0.457 

𝛽100 (-0.8) -0.653 0.147 -18.34% 0.090 0.041 -0.154 0.646 -80.78% 0.031 0.103 

𝛽001 (1.6) 1.769 0.169 10.53% 0.177 0.614 1.267 -0.333 -20.81% 0.163 0.646 

𝛽101 (-2) -1.669 0.331 -16.57% 0.117 0.019 -1.758 0.242 -12.08% 0.054 0.135 

𝜎𝑢0
2  (10) 24.896 14.896 148.96% 0.767 1.084 26.685 16.685 166.85% - 1.932 

𝜎𝑢0𝑢1
 (0) -1.188 -1.188 NA 0.389 0.493 -1.366 -1.366 NA - 0.419 

𝜎𝑢1
2  (10) 10.467 0.467 4.67% 0.317 0.187 8.559 -1.441 -14.41% - 0.289 

𝜎𝑣𝐿 (4.2426) 1.879 -2.363 -55.70% 0.258 0.122 - - - - - 

𝜎𝑣𝑆 (1) 0.284 -0.716 -71.56% 0.040 0.028 - - - - - 

𝜎𝜀 (5.7446) 5.743 -0.001 -0.02% 0.023 0.009 5.736 -0.009 -0.15% - 0.022 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-42-A Results of the proposed MJM versus standard JM censoring rate 60%, n = 

50, L3 ICC in longitudinal outcome = 0.1, variance at L2 in survival = 0.4 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.142 0.058 -28.93% 0.007 0.005 -0.101 0.099 -49.58% 0.004 0.009 

𝛽000 (16) 16.019 0.019 0.12% 0.601 0.223 16.026 0.026 0.16% 0.178 0.504 

𝛽100 (-0.8) -0.923 -0.123 15.37% 0.130 0.020 -0.280 0.520 -65.02% 0.051 0.178 

𝛽001 (1.6) 1.482 -0.118 -7.37% 0.275 0.435 1.593 -0.007 -0.41% 0.252 0.687 

𝛽101 (-2) -1.677 0.323 -16.13% 0.183 0.121 -2.005 -0.005 0.26% 0.070 0.220 

𝜎𝑢0
2  (10) 15.131 5.131 51.31% 0.956 1.734 15.009 5.009 50.09% - 1.440 

𝜎𝑢0𝑢1
 (0) -0.570 -0.570 NA 0.476 0.154 0.257 0.257 NA - 0.525 

𝜎𝑢1
2  (10) 10.761 0.761 7.61% 0.484 0.288 10.33 0.333 3.33% - 0.667 

𝜎𝑣𝐿 (2.2361) 0.963 -1.273 -56.95% 0.603 0.316 - - - - - 

𝜎𝑣𝑆 (0.6325) 0.210 -0.422 -66.79% 0.109 0.055 - - - - - 

𝜎𝜀 (5.7446) 5.747 0.003 0.01% 0.033 0.047 5.716 -0.028 -0.49% - 0.034 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-43-B Results of the proposed MJM versus standard JM censoring rate 60%, n = 

50, L3 ICC in longitudinal outcome = 0.1, variance at L2 in survival = 1 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.133 0.067 -33.74% 0.008 0.016 -0.093 0.107 -53.41% 0.005 0.007 

𝛽000 (16) 15.938 -0.062 -0.39% 0.452 0.239 16.061 0.061 0.38% 0.176 0.526 

𝛽100 (-0.8) -0.934 -0.134 16.73% 0.130 0.052 -0.085 0.715 -89.41% 0.053 0.146 

𝛽001 (1.6) 1.559 -0.041 -2.56% 0.275 0.530 1.622 0.022 1.38% 0.250 0.681 

𝛽101 (-2) -1.711 0.289 -14.45% 0.182 0.153 -2.026 -0.026 1.31% 0.073 0.201 

𝜎𝑢0
2  (10) 15.531 5.531 55.31% 0.941 1.785 14.715 4.715 47.15% - 1.351 

𝜎𝑢0𝑢1
 (0) -0.136 -0.136 NA 0.471 0.402 -0.637 -0.637 NA - 0.500 

𝜎𝑢1
2  (10) 10.717 0.717 7.17% 0.486 0.522 11.546 1.546 15.46% - 0.622 

𝜎𝑣𝐿 (2.2361) 0.762 -1.474 -65.93% 0.425 0.444 - - - - - 

𝜎𝑣𝑆 (1) 0.306 -0.694 -69.39% 0.155 0.111 - - - - - 

𝜎𝜀 (5.7446) 5.736 -0.009 -0.15% 0.032 0.034 5.722 -0.023 -0.40% - 0.032 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-44-C Results of the proposed MJM versus standard JM censoring rate 60%, n = 

50, L3 ICC in longitudinal outcome = 0.3, variance at L2 in survival = 0.4 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.147 0.053 -26.53% 0.008 0.017 -0.100 0.100 -49.92% 0.005 0.007 

𝛽000 (16) 15.915 -0.085 -0.53% 0.752 0.395 16.143 0.143 0.90% 0.211 0.977 

𝛽100 (-0.8) -0.873 -0.073 9.14% 0.127 0.067 -0.085 0.715 -89.42% 0.056 0.146 

𝛽001 (1.6) 1.367 -0.233 -14.59% 0.337 0.825 1.659 0.059 3.72% 0.297 1.284 

𝛽101 (-2) -1.734 0.266 -13.32% 0.180 0.127 -2.029 -0.029 1.47% 0.078 0.205 

𝜎𝑢0
2  (10) 28.743 18.743 187.43% 1.458 4.011 27.724 17.724 177.24% - 3.743 

𝜎𝑢0𝑢1
 (0) -0.242 -0.242 NA 0.570 0.166 -2.913 -2.913 NA - 0.582 

𝜎𝑢1
2  (10) 10.492 0.492 4.92% 0.471 0.397 11.477 1.477 14.77% - 0.591 

𝜎𝑣𝐿 (4.2426) 1.469 -2.773 -65.37% 0.721 0.741 - - - - - 

𝜎𝑣𝑆 (0.6325) 0.253 -0.379 -59.94% 0.141 0.039 - - - - - 

𝜎𝜀 (5.7446) 5.741 -0.004 -0.06% 0.032 0.042 5.720 -0.024 -0.43% - 0.033 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-45-D Results of the proposed MJM versus standard JM censoring rate 60%, n = 

50, L3 ICC in longitudinal outcome = 0.3, variance at L2 in survival = 1 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.138 0.062 -31.01% 0.008 0.017 -0.096 0.104 -51.77% 0.005 0.007 

𝛽000 (16) 16.015 0.015 9.39E-04 0.728 0.362 16.115 0.115 0.72% 0.210 0.973 

𝛽100 (-0.8) -0.917 -0.117 14.57% 0.129 0.069 -0.104 0.696 -87.00% 0.056 0.143 

𝛽001 (1.6) 1.341 -0.259 -16.21% 0.335 0.888 1.673 0.073 4.53% 0.297 1.279 

𝛽101 (-2) -1.707 0.293 -14.65% 0.181 0.119 -2.033 -0.033 1.67% 0.078 0.207 

𝜎𝑢0
2  (10) 27.930 17.930 179.30% 1.419 3.887 27.729 17.729 177.29% - 3.787 

𝜎𝑢0𝑢1
 (0) -0.274 -0.274 NA 0.566 0.325 -2.655 -2.655 NA - 0.555 

𝜎𝑢1
2  (10) 10.550 0.550 5.50% 0.478 0.550 11.369 1.369 13.69% - 0.561 

𝜎𝑣𝐿 (4.2426) 1.495 -2.747 -64.75% 0.695 0.737 - - - - - 

𝜎𝑣𝑆 (1) 0.324 -0.676 -67.58% 0.161 0.126 - - - - - 

𝜎𝜀 (5.7446) 5.738 -0.006 -0.11% 0.032 0.040 5.719 -0.025 -0.44% - 0.032 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-46-A Results of the proposed MJM versus standard JM censoring rate 60%, n = 

100, L3 ICC in longitudinal outcome = 0.1, variance at L2 in survival = 0.4 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.142 0.058 -29.08% 0.006 0.004 -0.096 0.104 -52.00% 0.003 0.005 

𝛽000 (16) 15.788 -0.212 -1.33% 0.326 0.239 16.056 0.056 0.35% 0.126 0.348 

𝛽100 (-0.8) -0.940 -0.140 17.45% 0.093 0.109 -0.052 0.748 -93.55% 0.037 0.099 

𝛽001 (1.6) 1.612 0.012 0.75% 0.199 0.170 1.617 0.017 1.06% 0.177 0.475 

𝛽101 (-2) -1.654 0.346 -17.29% 0.128 0.075 -2.008 -0.008 0.38% 0.051 0.144 

𝜎𝑢0
2  (10) 14.683 4.683 46.83% 0.645 0.468 14.944 4.944 49.44% - 1.012 

𝜎𝑢0𝑢1
 (0) 0.003 0.003 NA 0.325 0.223 -0.285 -0.285 NA - 0.352 

𝜎𝑢1
2  (10) 10.690 0.690 6.90% 0.339 0.382 11.689 1.689 16.89% - 0.451 

𝜎𝑣𝐿 (2.2361) 0.813 -1.423 -63.64% 0.273 0.113 - - - - - 

𝜎𝑣𝑆 (0.6325) 0.297 -0.336 -53.10% 0.092 0.068 - - - - - 

𝜎𝜀 (5.7446) 5.738 -0.007 -0.12% 0.022 0.018 5.724 -0.020 -0.35% - 0.021 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-47-B Results of the proposed MJM versus standard JM censoring rate 60%, n = 

100, L3 ICC in longitudinal outcome = 0.1, variance at L2 in survival = 1 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.136 0.064 -31.96% 0.005 0.001 -0.092 0.108 -53.91% 0.003 0.005 

𝛽000 (16) 15.889 -0.111 -0.69% 0.295 0.251 16.061 0.061 0.38% 0.125 0.340 

𝛽100 (-0.8) -0.981 -0.181 22.67% 0.093 0.110 -0.081 0.719 -89.87% 0.037 0.097 

𝛽001 (1.6) 1.533 -0.067 -4.21% 0.198 0.217 1.601 0.001 0.05% 0.176 0.469 

𝛽101 (-2) -1.639 0.361 -18.07% 0.128 0.069 -1.993 0.007 -0.33% 0.051 0.145 

𝜎𝑢0
2  (10) 14.499 4.499 44.99% 0.636 0.334 14.873 4.873 48.73% - 1.051 

𝜎𝑢0𝑢1
 (0) -0.061 -0.061 NA 0.326 0.098 0.085 0.085 NA - 0.331 

𝜎𝑢1
2  (10) 10.753 0.753 7.53% 0.342 0.229 11.553 1.553 15.53% - 0.450 

𝜎𝑣𝐿 (2.2361) 0.753 -1.483 -66.31% 0.244 0.106 - - - - - 

𝜎𝑣𝑆 (1) 0.338 -0.662 -66.15% 0.099 0.088 - - - - - 

𝜎𝜀 (5.7446) 5.737 -0.008 -0.13% 0.022 0.021 5.724 -0.020 -0.36% - 0.021 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-48-C Results of the proposed MJM versus standard JM censoring rate 60%, n = 

100, L3 ICC in longitudinal outcome = 0.3, variance at L2 in survival = 0.4 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.144 0.056 -27.79% 0.006 0.004 -0.100 0.100 -50.12% 0.003 0.005 

𝛽000 (16) 15.569 -0.431 -2.70% 0.489 0.371 16.104 0.104 0.65% 0.150 0.615 

𝛽100 (-0.8) -0.949 -0.149 18.67% 0.093 0.088 -0.080 0.720 -89.95% 0.039 0.100 

𝛽001 (1.6) 1.740 0.140 8.75% 0.243 0.338 1.667 0.067 4.17% 0.210 0.867 

𝛽101 (-2) -1.652 0.348 -17.38% 0.128 0.030 -2.007 -0.007 0.34% 0.055 0.145 

𝜎𝑢0
2  (10) 25.561 15.561 155.61% 0.944 0.913 28.366 18.366 183.66% - 2.972 

𝜎𝑢0𝑢1
 (0) -0.003 -0.003 NA 0.391 0.343 -1.217 -1.217 NA - 0.421 

𝜎𝑢1
2  (10) 10.745 0.745 7.45% 0.341 0.376 11.467 1.467 14.67%  0.420 

𝜎𝑣𝐿 (4.2426) 1.411 -2.832 -66.74% 0.398 0.146 - - - - - 

𝜎𝑣𝑆 (0.6325) 0.297 -0.335 -53.02% 0.092 0.055 - - - - - 

𝜎𝜀 (5.7446) 5.737 -0.007 -0.13% 0.022 0.017 5.721 -0.024 -0.41% - 0.021 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 



188 

 

Table 3-49-D Results of the proposed MJM versus standard JM censoring rate 60%, n = 

100, L3 ICC in longitudinal outcome = 0.3, variance at L2 in survival = 1 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.134 0.066 -33.09% 0.005 0.003 -0.095 0.105 -52.49% 0.003 0.005 

𝛽000 (16) 15.667 -0.333 -2.08% 0.508 0.464 16.139 0.139 0.87% 0.149 0.631 

𝛽100 (-0.8) -0.942 -0.142 17.78% 0.094 0.138 -0.107 0.693 -86.68% 0.039 0.097 

𝛽001 (1.6) 1.629 0.029 1.80% 0.242 0.377 1.590 -0.010 -0.66% 0.210 0.862 

𝛽101 (-2) -1.660 0.340 -16.99% 0.128 0.074 -1.991 0.009 -0.46% 0.055 0.142 

𝜎𝑢0
2  (10) 26.003 16.003 160.03% 0.957 0.728 28.182 18.182 181.82% - 2.919 

𝜎𝑢0𝑢1
 (0) -0.305 -0.305 NA 0.398 0.381 -1.380 -1.380 NA - 0.439 

𝜎𝑢1
2  (10) 10.721 0.721 7.21% 0.342 0.388 11.362 1.362 13.62% - 0.431 

𝜎𝑣𝐿 (4.2426) 1.449 -2.794 -65.85% 0.413 0.062 - - - - - 

𝜎𝑣𝑆 (1) 0.333 -0.667 -66.68% 0.098 0.089 - - - - - 

𝜎𝜀 (5.7446) 5.731 -0.013 -0.23% 0.022 0.021 5.723 -0.022 -0.38% - 0.022 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-50-A Results of the proposed MJM versus standard JM censoring rate 60%, n = 

200, L3 ICC in longitudinal outcome = 0.1, variance at L2 in survival = 0.4 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.138 0.062 -31.06% 0.004 0.006 -0.097 0.103 -51.32% 0.002 0.003 

𝛽000 (16) 15.809 -0.191 -1.19% 0.253 0.202 16.108 0.108 0.67% 0.088 0.239 

𝛽100 (-0.8) -1.024 -0.224 28.04% 0.067 0.119 -0.013 0.787 -98.40% 0.025 0.064 

𝛽001 (1.6) 1.773 0.173 10.81% 0.137 0.387 1.599 -0.001 -0.06% 0.124 0.346 

𝛽101 (-2) -1.581 0.419 -20.94% 0.089 0.062 -2.006 -0.006 0.29% 0.036 0.096 

𝜎𝑢0
2  (10) 14.945 4.945 49.45% 0.463 0.777 14.953 4.953 49.53% - 0.749 

𝜎𝑢0𝑢1
 (0) 0.064 0.064 NA 0.231 0.137 0.690 0.690 NA - 0.269 

𝜎𝑢1
2  (10) 10.590 0.590 5.90% 0.240 0.259 11.666 1.666 16.66% - 0.331 

𝜎𝑣𝐿 (2.2361) 0.664 -1.572 -70.31% 0.211 0.099 - - - - - 

𝜎𝑣𝑆 (0.6325) 0.216 -0.417 -65.88% 0.052 0.017 - - - - - 

𝜎𝜀 (5.7446) 5.735 -0.010 -0.17% 0.016 0.007 5.722 -0.022 -0.38% - 0.015 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-51-B Results of the proposed MJM versus standard JM censoring rate 60%, n = 

200, L3 ICC in longitudinal outcome = 0.1, variance at L2 in survival = 1 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.129 0.071 -35.39% 0.004 0.004 -0.093 0.107 -53.35% 0.002 0.003 

𝛽000 (16) 15.814 -0.186 -1.17% 0.237 0.273 16.101 0.101 0.63% 0.088 0.239 

𝛽100 (-0.8) -0.998 -0.198 24.74% 0.066 0.118 -0.045 0.755 -94.43% 0.025 0.066 

𝛽001 (1.6) 1.764 0.164 10.27% 0.136 0.456 1.587 -0.013 -0.83% 0.124 0.343 

𝛽101 (-2) -1.611 0.389 -19.45% 0.089 0.078 -1.998 0.002 -0.12% 0.036 0.098 

𝜎𝑢0
2  (10) 14.715 4.715 47.15% 0.453 0.868 14.927 4.927 49.27% - 0.677 

𝜎𝑢0𝑢1
 (0) 0.093 0.093 NA 0.231 0.107 0.675 0.675 NA - 0.261 

𝜎𝑢1
2  (10) 10.503 0.503 5.03% 0.241 0.232 11.580 1.580 15.80% - 0.326 

𝜎𝑣𝐿 (2.2361) 0.717 -1.519 -67.94% 0.188 0.063 - - - - - 

𝜎𝑣𝑆 (1) 0.258 -0.742 -74.22% 0.056 0.024 - - - - - 

𝜎𝜀 (5.7446) 5.738 -0.006 -0.11% 0.016 0.006 5.723 -0.022 -0.38% - 0.015 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 
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Table 3-52-C Results of the proposed MJM versus standard JM censoring rate 60%, n = 

200, L3 ICC in longitudinal outcome = 0.3, variance at L2 in survival = 0.4 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.141 0.059 -29.33% 0.004 0.005 -0.100 0.100 -50.11% 0.003 0.004 

𝛽000 (16) 15.640 -0.360 -2.25% 0.331 0.380 16.222 0.222 1.39% 0.105 0.431 

𝛽100 (-0.8) -0.998 -0.198 24.77% 0.066 0.116 -0.047 0.753 -94.13% 0.027 0.062 

𝛽001 (1.6) 1.978 0.378 23.62% 0.166 0.641 1.573 -0.027 -1.69% 0.148 0.600 

𝛽101 (-2) -1.606 0.394 -19.68% 0.090 0.083 -2.001 -0.001 0.05% 0.038 0.094 

𝜎𝑢0
2  (10) 26.485 16.485 164.85% 0.686 1.406 28.407 18.407 184.07% - 1.866 

𝜎𝑢0𝑢1
 (0) -0.059 -0.059 NA 0.278 0.410 0.069 0.069 NA - 0.325 

𝜎𝑢1
2  (10) 10.517 0.517 5.17% 0.238 0.226 11.523 1.523 15.23% - 0.327 

𝜎𝑣𝐿 (4.2426) 1.345 -2.897 -68.29% 0.253 0.134 - - - - - 

𝜎𝑣𝑆 (0.6325) 0.234 -0.398 -62.96% 0.055 0.020 - - - - - 

𝜎𝜀 (5.7446) 5.738 -0.006 -0.11% 0.016 0.004 5.720 -0.025 -0.43% - 0.016 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available. 



192 

 

Table 3-53-D Results of the proposed MJM versus standard JM censoring rate 60%, n = 

200, L3 ICC in longitudinal outcome = 0.3, variance at L2 in survival = 1 

  Proposed MJM Standard JM 

Parameter Mean Bias RB MESE ESE Mean Bias RB MESE ESE 

α (-0.2) -0.133 0.067 -33.59% 0.004 0.002 -0.096 0.104 -52.13% 0.002 0.004 

𝛽000 (16) 15.696 -0.304 -1.90% 0.330 0.407 16.243 0.243 1.52% 0.105 0.446 

𝛽100 (-0.8) -1.014 -0.214 26.77% 0.067 0.118 -0.072 0.728 -91.04% 0.027 0.063 

𝛽001 (1.6) 1.881 0.281 17.58% 0.167 0.686 1.537 -0.063 -3.92% 0.148 0.637 

𝛽101 (-2) -1.615 0.385 -19.23% 0.090 0.084 -1.992 0.008 -0.41% 0.038 0.096 

𝜎𝑢0
2  (10) 26.634 16.634 166.34% 0.687 1.810 28.407 18.407 184.07% - 1.977 

𝜎𝑢0𝑢1
 (0) -0.128 -0.128 NA 0.281 0.147 0.504 0.504 NA - 0.321 

𝜎𝑢1
2  (10) 10.645 0.645 6.45% 0.242 0.185 11.408 1.408 14.08% - 0.316 

𝜎𝑣𝐿 (4.2426) 1.276 -2.967 -69.93% 0.254 0.114 - - - - - 

𝜎𝑣𝑆 (1) 0.279 -0.721 -72.09% 0.060 0.041 - - - - - 

𝜎𝜀 (5.7446) 5.738 -0.006 -0.11% 0.016 0.004 5.720 -0.025 -0.43% - 0.014 

Note: NA indicates “not applicable” for 𝜌𝑢0𝑢1
, as the true value is zero, making the relative bias 

undefined. “-” indicates that the parameter or statistics are not available.
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3.10.3 Appendix 3 Trace plots of MCMC chains for the real study (PAX) 
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Note: Alpha indicates the association parameter between the longitudinal and survival outcome. 

BetaL indicate parameters in the longitudinal submodel: betaL[1] – intercept, betaL[2] – time, 



198 

 

betaL[3] – PAX, betaL[4] – interaction of time and PAX, betaL[5] – sex, betaL[6] – interaction 

of sex and time, betaL[7] – students SEFI, betaL[8] – urban school, betal[9] – mother’s maternal 

mental disorder diagnosis, betaL[10] – income assistant (IA), betaL[11] – interaction of time and 

IA, betaL[12] – Child in Care (CIC) service, betaL[13] – interaction of time and CIC, betaL[14] 

– Child and Family Service (CFS), betaL[13] – interaction of time and CFS. Gamma indicates 

parameters in the survival submodel: gamma[1] – PAX, gamma[2] – sex, gamma[3] – students 

SEFI, gamma[4] – urban school, gamma[5] – mother’s maternal mental disorder diagnosis, 

gamma[6] – IA, gamma[7] – CIC, gamma[8] – CFS. Sigma indicate the standard devitaion of 

level-1 residual, sigma.vL indicates the standard deviation of random effects at the group level in 

the longitudinal submodel, sigma.vS indicates the standard deviation of random effects at the 

group level in the survival submodel. Sigma.uL indicates the variance-covaraince matrix of the 

random effects at the individual level in the longitudinal submodel: Sigma.uL[1,1] – the variance 

of the random intercept at the individual level , Sigma.uL[1,2] – covariance of the random effects 

of intercept and slope at the individual level, Sigma.uL[2,2] – variance of the randon effects of 

the slope at the individual level. 
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3.10.4 Appendix 4 Trace plots of MCMC chains for a random replicate in the simulation 

studies for the proposed MJM

 

 

 

 



200 

 

 

 



201 

 

Note: Alpha indicates the association parameter between the longitudinal and survival outcome. 

BetaL indicate parameters in the longitudinal submodel: betaL[1] – intercept, betaL[2] – time, 

betaL[3] – PAX, betaL[4] – interaction of time and PAX. Sigma indicate the standard devitaion 

of level-1 residual, sigma.vL indicates the standard deviation of random effects at the group level 

in the longitudinal submodel, sigma.vS indicates the standard deviation of random effects at the 

group level in the survival submodel. Sigma.uL indicates the variance-covaraince matrix of the 

random effects at the individual level in the longitudinal submodel: Sigma.uL[1,1] – the variance 

of the random intercept at the individual level , Sigma.uL[1,2] – covariance of the random effects 

of intercept and slope at the individual level, Sigma.uL[2,2] – variance of the randon effects of 

the slope at the individual level. 
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Chapter 4. Summary 

4.1 Research findings 

This research aimed to develop a multilevel joint modeling (MJM) framework for analyzing 

nested longitudinal and survival data, with a focus on evaluating group-based interventions such 

as those implemented in cluster randomized controlled trials (CRCTs). The specific objectives 

were: (1) to propose an alternative approach to joint modeling of longitudinal and survival data 

using a Poisson model in the survival submodel; and (2) to extend this approach into a Bayesian 

multilevel joint modeling framework that explicitly accounts for nested data structures and 

allows evaluation of group-based interventions or treatments.  

We first introduced a novel joint modeling approach that replaces the commonly used 

proportional hazards (PH) model in the survival submodel with a Poisson regression 

approximation. This Poisson-based survival model is particularly advantageous in the Bayesian 

setting, where implementing PH models typically requires computationally expensive techniques 

such as “zero-tricks” and numerical integration (Ma et al., 2003; Austin, 2017). The Poisson 

approximation, by modeling event counts over split time intervals, circumvents these 

computational challenges while maintaining estimation accuracy.  

To evaluate the performance of the proposed method, comprehensive simulation studies 

were conducted under varying conditions, including different censoring rates, linking 

mechanisms between longitudinal and survival outcomes, the number of time intervals in the 

Poisson formulation, and different sample sizes. Results showed that the proposed method 

yielded accurate parameter estimates across a wide range of conditions, particularly when the 

censoring rate was moderate (i.e., between 10% and 70%) and when the number of time intervals 

in the Poisson submodel was at least half the number of repeated measurements. Under extreme 
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censoring (very high or very low), estimation trade-offs were observed: higher censoring 

improved estimation of longitudinal trajectory slopes (as more repeated measures were 

available), while lower censoring improved estimation of the association between the 

longitudinal and survival processes (due to more observed events).  

When the number of time intervals was small relative to the number of measurement 

points, estimation accuracy declined for both the association parameters and the slope of the 

longitudinal process—likely due to information loss in the survival submodel. The method also 

exhibited robustness in small sample settings, aligning with previous findings on the efficiency 

of Bayesian methods in limited-data contexts (McElreath, 2018). 

The proposed method was compared with JMbayes (Rizopoulos, 2016), a widely used R 

package for Bayesian joint modeling. Across simulations, JMbayes exhibited convergence issues 

in 9% to 39% of scenarios, particularly in more complex model settings. These convergence 

failures led to biased estimates. Even after excluding non-converged runs, the proposed Poisson-

based method demonstrated comparable or superior performance.  

In terms of computational efficiency, the Poisson-based approach had similar or shorter 

runtime than JMbayes for small sample sizes but required similar or more time when sample 

sizes were large. Though both methods were implemented under the same model and prior 

specifications, some differences in Markov Chain Monte Carlo (MCMC) settings affected run 

time: (a) both used the same number of burn-in steps, thinning, and posterior samples; (b) 

JMbayes used two MCMC chains, while the proposed method used three; (c) JMbayes initialized 

MCMC chains from estimates derived from standard methods (e.g., lme, coxph), while the 

proposed method used randomly sampled initial values from plausible parameter ranges. These 

differences favored faster convergence in JMbayes but did not diminish the overall 
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computational competitiveness of the proposed approach. Furthermore, the current version of 

JMbayes has substantially improved computational speed via C++ integration to avoid the “zero-

trick” and have faster numerical integration. This demonstrates that the proposed method also 

reduces the computing intensiveness of Bayesian joint models that involves “zero-trick” and 

numerical integration for the survival function while yields unbiased parameter estimates. This 

study aligns with previous findings supporting the use the auxiliary Poisson models for survival 

analysis (Crowther et al., 2012; Austin, 2017; Elghafghuf & Stryhn, 2017) and it is among the 

first to integrate this approach into a joint modeling framework. 

The second research extended the Poisson-based joint modelling to accommodate 

multilevel data structures. This study proposed a Bayesian multilevel joint model (MJM), 

consisting of a three-level linear mixed-effect model for the longitudinal submodel and a two-

level mixed-effect Poisson model for the survival submodel. Furthermore, this study explored the 

consequences of ignoring group-level variation when evaluating group-based interventions in 

cluster randomized controlled trial (CRCT) using the standard JM approach. 

Motivated by the need for comprehensive evaluation of a classroom-based mental health 

intervention in a CRCT, the proposed MJM offered the following methodological innovations: a) 

it accommodates three-level data structures, where repeated measures are nested within 

individuals, and individuals are nested within groups (e.g., classrooms or schools), b) it 

incorporates group-level factors and group-level random effects in both the longitudinal and 

survival submodels, c) it allows for cross-level interactions, such as between the group-level 

intervention and time in the longitudinal submodel.  

This modeling structure enables direct estimation of the following: 
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1) The interaction between group-level intervention and time in the longitudinal 

submodel reflects direct effects on behavioral trajectories. 

2) The intervention effect in the survival submodel represents direct effects on clinical 

endpoints, such as mental health diagnoses. 

3) The association parameter linking the longitudinal and survival processes, capturing 

indirect intervention effects mediated through changes in behavior.  

The model was applied to a large-scale CRCT evaluating the PAX Good Behaviour 

Game, using linked administrative data tracking children from Grade 1 through nine months after 

high school graduation. The analysis assessed the intervention's impact on behavioral 

development, measured by Strengths and Difficulties Questionnaire (SDQ) total difficulty 

scores, as well as its impact on the time to the first diagnosis of any of three mental health 

disorders: attention-deficit hyperactivity disorder (ADHD), conduct disorder, and mood and 

anxiety disorders.  

Results showed that the PAX program significantly reduced behavioral difficulties and 

lowered the risk of mental health diagnoses. These findings align with previous publications 

which also demonstrated a reduction in the total difficulty scores in the PAX group (Brownell et 

al., 2018; D. Jiang et al., 2018; X. Jiang, 2021). Notably, this current study is the first to reveal 

both direct and indirect long-term effects of PAX on the risk of clinical mental disorder 

diagnosis, a finding further supported by the MJM’s ability to capture mediation effects through 

jointly analyzing longitudinal and survival data. Importantly, these protective effects of PAX 

persisted up to three years after the COVID-19 pandemic, reinforcing the theory that early 

childhood interventions can provide long-term mental health benefits (National Scientific 

Council on the Developing Child, 2007). 
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Furthermore, the PAX data were used to assess the implications of ignoring the group-

level structure when evaluating group-based interventions on correlated longitudinal measures 

and clinical endpoints using JMs. Findings demonstrated that the standard joint models omitting 

the group-level systematically underestimated the intervention effects on both the longitudinal 

and survival outcome, which was reinforced by the simulation studies. Additionally, the 

proposed MJM outperformed the standard JM in estimating other fixed and random effects 

parameters in the model. Moreover, the standard errors of fixed effect parameters were 

substantially underestimated by the standard JM overlooking the group level, which would lead 

to inflated Type I error and false statistically significance. These findings echo prior research 

emphasizing the importance of accounting for clustering in hierarchical data (Hox et al., 2017).  

Additional findings revealed demographic and socioeconomic disparities:  

• Boys started with higher behavioral difficulties but experienced slower increases over 

time and lower diagnostic risk than girls—consistent with national trends (Craig et 

al., 2020).  

• Children from lower socioeconomic status (SES) families and rural schools had 

higher behavioral difficulties but lower diagnosis rates. This likely reflects inequities 

in access to mental health services, with underserved populations facing more barriers 

to care (Lowe et al., 2024).  

• Children from families receiving income assistance or involved in child protection 

services exhibited both elevated behavioral problems and greater diagnostic risk, 

aligning with prior studies on social determinants of mental health (Comaskey et al., 

2017).  
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Moreover, simulation studies showed that the proposed MJM tended to underestimate the 

intervention effect on the survival outcome when group-level variance in the survival outcome 

was high and when the censoring rate was higher. The underestimation under high group-level 

variance is likely due to increased shrinkage of fixed effects in multilevel models (Hox et al., 

2017). However, this limitation is less pronounced in educational or behavioral CRCTs, where 

group-level variance typically remains modest (often less than 0.4) (Hasan, 2021). Finally, 

although censoring attenuates estimation accuracy for survival outcomes, the proposed MJM 

consistently yielded substantially less bias than standard joint models that ignored the group 

level. 

4.2 Strengths and Limitations 

The methodologies proposed in this dissertation were evaluated through both comprehensive 

simulation studies and real-world applications, which enhances the robustness of the findings. 

The simulation studies examined a wide range of conditions, including censoring rates, sample 

sizes at the individual level and the group level, variances in the group level for the longitudinal 

and survival outcomes, linking structures of the longitudinal and survival outcomes, and the 

number of intervals used in the auxiliary Poisson model for the survival process. By considering 

how the performance of the proposed methodologies maybe affected by those factors, this study 

provides a comprehensive understanding of when and how Poisson-based and multilevel joint 

models can effectively capture the complex relationships between longitudinal and time-to-event 

outcomes. 

Moreover, the real-world data used in this study were from population-based studies 

covering topics from children’s mental health in Manitoba to physical functioning and mortality 

among older adults across Canada. By applying the proposed methodologies on different health 
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conditions and groups of people, this research demonstrated the models’ flexibility and 

applicability across age groups, health conditions, and outcomes. The use of linked 

administrative health data, with follow-up periods extending over almost a decade, enabled 

evaluation of long-term effects - most notably, the sustained impact of a classroom-based 

intervention on mental health diagnoses through and beyond the COVID-19 pandemic. The 

population-level data also supported broader generalizability of these findings.  

Despite these strengths, several limitations should be acknowledged. First, the Bayesian 

estimation was implemented using JAGS, which, while flexible, may be not the most 

computationally efficient tool for large or complex models. Studies have suggested that Stan and 

Integrated Nested Laplace Approximation (INLA) can offer faster estimating for Bayesian 

models (Rue et al., 2009; Stan Development Team, 2019). However, in the context of joint 

models, especially those involving complex likelihoods or survival components, those 

alternatives may not always outperform JAGS in practice (Beraha et al., 2021). JAGS remains 

advantageous for its ease of use, flexibility in model customization, and ability to accommodate 

a broad range of model structures.  

Second, while the proposed multilevel joint model (MJM) outperformed standard joint 

models in capturing population-average trajectories and intervention effects, it tended to 

underestimate group-level variances in both submodels. This phenomenon, often referred to as 

Bayesian shrinkage, pulls group-level estimates toward the global mean, which can stabilize 

predictions but may bias inferences about group-level heterogeneity (Gelman et al., 2014; Hox et 

al., 2017; McElreath, 2018). This limitation is especially relevant for research focused on 

between-group variability. Possible remedies - such as adding random slopes at the group level, 

including more group-level covariates, or increasing the number of groups - are conceptually 
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straightforward but often computationally demanding. Given the inherently intensive nature of 

joint model estimation, such extensions may be challenging to implement without improving 

computational efficiency.  

Thirdly, we used equal-length time intervals in the piecewise constant proportional 

hazards (PCPH) survival submodel. This approach is commonly adopted when time-varying 

covariates are measured on a fixed schedule, however, it can introduce bias in parameter 

estimates (Rodriguez, 2008; Crowther et al., 2012; Heiling et al., 2025). Specifically, if too few 

intervals are used, the hazard may not remain constant within each interval, thereby violating the 

piecewise constant assumption and leading to biased estimates. Conversely, using too many 

intervals can lead to unstable estimated because of sparse or zero events in some intervals, 

particularly when events are rare.  This may partly explain the larger bias observed under a 

censoring rate of 70%. Alternative strategies for defining intervals exist, such as approaches 

based on the distribution of events or on quantiles of event times, which help ensure sufficient 

events within each interval. 

Model comparison metrics, such as the Deviance Information Criterion (DIC), could also 

be used to guide interval selection and model comparison. However, these were not applied in 

this dissertation. In Chapter 3, the proposed MJM was estimated in a Bayesian framework, 

whereas the standard JM was estimated using a frequentist method, rendering DIC inapplicable. 

Instead, evaluation was based on point estimates, including relative bias and standard errors. 

Although prediction-based measures such as the time-dependent Area Under the Curve (AUC) 

could be used for model comparison, they are computationally demanding because they require 

integration over both the random effects and the hazard function.  
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Lastly, like most simulation-based studies, this work did not exhaustively explore the 

entire design space. A limited set of conditions was chosen for sample size, group-level variance, 

censoring rate, and the structure of the auxiliary Poisson outcomes. While these choices were 

informed by prior literature and typical CRCT designs, larger sample sizes or more complex 

models would substantially increase computation time. Nevertheless, the selected conditions 

provide meaningful insights into model performance in settings that resemble real-world 

applications.  

4.3 Conclusions and Future directions 

This dissertation contributes significantly to the statistical methodology for joint modeling of 

longitudinal and survival data, especially in the context of nested data structures commonly 

encountered in cluster randomized controlled trials (CRCTs). Through two complementary 

studies, this research developed Bayesian joint modeling approaches that address both structural 

and computational limitations in the existing literature.  

The first study demonstrated the feasibility and advantages of using a Poisson-based 

alternative to the traditional proportional hazards model in the survival component of joint 

models. Simulation results confirmed that the Poisson-based joint model provides unbiased and 

robust estimates across a range of censoring levels and sample sizes. The method addresses a 

known barrier in the field: the computational burden of implementing joint models in Bayesian 

frameworks, through avoiding computational challenges such as numerical integration and zero-

trick adjustments commonly required in Bayesian analysis involving a survival component.  

The second study extended the framework to multilevel settings by proposing a Bayesian 

multilevel joint model (MJM). This is among the first modeling frameworks to accommodate 

three-level data - repeated measures nested within individuals, and individuals nested within 
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groups - within a Bayesian joint modeling structure. The MJM allows for group-level predictors, 

random effects, and cross-level interactions, offering a nuanced approach to evaluating 

interventions delivered at the group level. Application to CRCT data assessing the PAX Good 

Behaviour Game revealed that the intervention significantly reduced behavioral difficulties and 

the risk of mental health diagnoses from childhood into early adulthood, even through the 

COVID-19 pandemic. Both real-world applications and simulation studies showed that omitting 

group-level structure leads to systematic underestimation of both direct and indirect intervention 

effects, highlighting the necessity of multilevel modeling in CRCTs. 

This work offers valuable methodological tools for applied statisticians and 

epidemiologists engaged in the evaluation of public health and educational interventions. The 

growing use of CRCTs in these fields has highlighted the need for statistical models that 

accurately account for hierarchical or nested data structures, common in real-world intervention 

studies. The Poisson-based and multilevel joint modeling approaches developed and validated in 

this dissertation address critical gaps in both computation and structure, enabling robust 

estimation of both direct and indirect intervention effects over time. By reducing bias and 

improving the validity of statistical inference in CRCTs, the methodologies advanced here 

support more accurate and policy-relevant evaluation of interventions operating at the group or 

population level. Ultimately, this work empowers researchers and decision-makers to draw more 

reliable conclusions about the long-term effectiveness and equity of public health and 

educational programs. 

While the models proposed in this dissertation offer critical improvements, several areas 

remain for further development in the joint model framework:  



212 

 

1)  Optimizing Computational Efficiency: While this study reduced computational 

burden through model structure (e.g., Poisson-based survival models), future research 

could further accelerate estimation by re-implementing core computations in C++, 

including numerical integration, matrix operations, and custom MCMC samplers. 

This would facilitate more complex model extensions.  

2) Modeling Multiple Longitudinal Outcomes: This dissertation focused on a univariate 

longitudinal outcome. Extensions to multivariate joint models, incorporating multiple 

SDQ subscales (e.g., emotional symptoms, hyperactivity), could provide richer 

understanding of intervention impacts across domains.  

3) Developing guidelines for time interval selection in the survival submodel: This 

dissertation examined the effect of the number of time intervals on model 

performance, but only equal-length intervals were considered. Future research could 

explore data-driven strategies for interval selection, such as defining intervals based 

on event-time quantiles to ensure a sufficient number of events per interval. Such 

approaches may help reduce bias and improve estimation stability. 

4) Establishing model comparison metrics: Prediction-based measures such as the time-

dependent Area Under the Curve (AUC) are particularly relevant for joint models and 

applicable to the proposed methods. Incorporating such metrics would allow broader 

model comparisons and provide principled criteria for model selection. 

5) Evaluating Minimum Group Sizes for Estimation Stability: Given observed shrinkage 

of group-level random effects, future simulation studies could identify minimum 

sample sizes at each hierarchical level needed for reliable estimation in MJMs—

guiding CRCT design and power analysis.  
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6) Software Development: Finally, to facilitate adoption of MJMs in applied fields, 

future efforts should prioritize the development of open-source R packages or 

computational tools with accessible interfaces for applied researchers. 

In conclusion, this dissertation represents a significant advancement in the joint modeling 

of nested longitudinal and survival data, with particular relevance for evaluating group-based 

interventions in CRCTs and similar clustered study designs. By introducing a computationally 

efficient Poisson-based joint modeling approach and extending it to a flexible multilevel 

Bayesian framework, this research directly addresses key methodological and computational 

limitations faced by applied statisticians and epidemiologists. The comprehensive simulation 

studies, along with applications to rich, population-based real-world data, strongly demonstrate 

the value of accounting for hierarchical data structures, underlining the risk of substantial bias 

when group-level effects are ignored. The developed MJM framework provides researchers and 

policymakers with powerful, generalizable tools to deliver more accurate, nuanced, and 

actionable insights, ultimately supporting the design, evaluation, and improvement of public 

health and educational interventions in complex, real-world settings. 
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