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Abstract

Coclc Divisiorr \lultipic Acccss (CDÀ,{A) ìras plovccl to bc an cffìcient and stable means of

communication bet¡r'een ¿ì group of use¡s rvhich share the same phvsical merìium. Theref'ore. t'ith

the rising dem¿rnd for high-bandu'idth multimedia sen'ices on lnobile stations. it has becc¡me

necessar.v to devise methods for more rigorous man¿ìgement of capacitY in these s)'stems. \\ihiìe

one of tìte substantizrl techniques for regulating capacit-v in CDÀ'IA svstems is through po\l'er

control. the rnathematical complexitv of the regarding rnodel complicates the analysis and the

subsec¡uent irnplernentation of useful generalizations and extensions.

In this thesis. the classical problem of capacitv optimization in the reverse link of a CDIUA

s)'steûì is an¿rh'zed. Here. it is shorvn that the cìassical for-mr¡lation of the ltroblem is solvable

through ex¿rmination of a finite set of transrnission pon'ers. for u,hich closed fbrms are given.

Although. this method lea.ds to a more accurate ancl a faster solution to tire classical problem.

it is noted that the classical problem is ver)' prone to vielding perrtial solutions in ri'hich the

calculated s-vstem ca¡tacitv is not realizable in a practical setting. The developed mathematic¿rl

moclel. ho.n'ever, is -qhor,r'n to be applicable to more generàl clefinitions of the probìem.

The major part of this thesis is the analvsis of the capacitv optirnization problem equipped

rvith increasing sets of constraints and utility functions. These features are incorpor¿rted into the

probìem in order to produce solutions cleplovable in practical s"vstems. C¿rses of muìtiple-class

s]¡stems are also anal¡'zed and more accurate system models are implanted in the problem as

s'ell. Subsequenth', after single-cell systems are carefully examined. one chapter is devoted to

the analysis of multiple-cell sl'stems. These systems are modeled based on an inclusive set of

parameters.

xI\r



For each problern. a soìr,er is developed and experimental resuìts are discussecl. Some of the

material presented in this thesis has been previousll' published in a number of articles. as listed

in Appenclix B.



Chapter 1

fntroduction

An essenti¿rl me¿ìns of regulating the capacitv in CDNfA systems is tlrrough cfl'cctivc tr'¿rlrsluissiort

pou,er a.ssignment [1]. The necessit]'of this issue arises from the fact that. f'or example, in DS-

CDXIA s.vstelns there is univers¿rl fïequency reuse. meaning that the same ca.rrier frequenct'and

spcctral b¿rnd a¡e shared in ¿rìl the cells [2]. Hence. it is irnportant to devise a methocl t.hich is

czipable of assigning optimal transmission pou¡ers to the rnobile stations i¡r accordance t'ith a set

of practicaÌ constraints as rveÌl zrs a properlv-devised objective function (sec a survev in [3]). In

fäct. it has been shorv¡l that proper control of the transrnission po\r¡ers of tlie rrrobile stations in

a cellular s-vstem can result in the control and suppression of the interfêrence in the svstenr [4].

The b¿rsic trpproach to the capacitv optirnization problem is to clefine a sct of constraints and

theu to find the sohttion u'hich satisfios all of thcm at eqrrality. One example of this approach is to

filld the set of tra¡rs¡uissiorr porvers rvhich provide a giveu (oi1en identical) Signzrl to Interf'erence

Ratio (SIR) f'or all the mobile stations in a ceìl [5]. For example. in [6], the researchers u'ork

on capacitv design and call admission control analysis based on a fixecl-SlR approach (also

see [7. S]) n comprehensive and generalized treatment of this topic can be found in [9]. It is

'rvor-tìr to ltrentiolr that the fixed-SIR approach is implernented througli porver control carried

out bv the individual mobiìe stations. In this frameu'ork po\\¡er messages tra.nsmitted bv the

b¿rse station instruct each mobile station to irou.er either up or- dou'n [10]. For a thorough revierv

of control strategies and feedback mechanisms in pou'er control refer to [11].



Ch.opter 1. In,troducti,on

In trn earl-v paper. Zan,der [12] discussed the ide¿r of equaìizing the SIR of the signals received

from diffcrcnt lnobilo st¿rtions at thc basc station in ¿r r:clltrlal radio s1,stem. The suggested

ttrrget-t.racking approach gualzrntees the same qualit¡' of sen'ice for all the mobile stations in

the svstem and ha.s been investigated thoroughly in the literature (see 19, 13. 14. 15. 16. 17]

as exaurples àmong other u'orks). In a s-vstem rvhich utilizes the fixed-SiR approach. as the

mobile stations undergo the deterio¡ation of the signal received from them at the base station.

due to deep fades fbr example. they increase their transmission porver. Equalization of the SIR

also hclps in clcaìing u'ith thc ncar-far cffcct, bv cnabìing the mobile stations far from the base

station to achieve the same qualitv of service that those close to it do [18]. The fact that all

the mobile st¿rtions in such a st¡stem are provided with the same capacity is a direct reflection

of the r.oice-onll' nature of the ea¡lier CD\ÍA netu'orks [19].

For lltorc rvoLl< o¡l clhirrrcirrg s¡¡stcrrr pclfblnattcc tltrough firrdirrg optimal values of the

system p¿ìrameters. including the minimurn SIR bound. refe¡ to [20] and the refþrences therein.

This rvork is also clifferent froln the approaches r¡'hich model the problem as a tlolt-coopertltive

game 121. 22.23- 24] and also the Opportunist Porver Control (OPC) zrpproaches such as [25.

26. 271. In the frameu'or"k of the OPC. the mobile stations incle¿rse their transnission po'n'er

as the-r'trcquire a better link to the b¿rse st¿rtion (also called "multiuser cliversitl"' [28]). Here.

rvc <ìo ur-¡t cr-¡lrsidcr tllc issuc of optiruizirtg thc hzrrrcl-ofls ¿rrltl thc truclcrlviug tlaclc-cll[ lrctu'ccrtt

their cost cornpared to connection qualitv either (fbr details refe¡ to [29.30]). F\rthermore.

relatively similar concepts ale discussed in capacitv optimization for Orthogonal Frequenc¡,

Divisiou \luìtipie Access (OFDX{A) systems. For example. arnong other u'orks. joint anirivsis

of ch¿rnuel allocation. modulation leveì and ¡lo'n'er contlol in a rnultiple-cell OFIIDA netn,ork is

cliscussed in 131] (refer to [32] for more rvork on multiple-ceìl OFDtrlA svstems ancì to 133. 34]

for the ¿rnalysis of the singlrcell ones).

\\¡ith ttre introduction of multimedia services to u'ireless CDI\IA communications. the goal is

uo tllore to provide fixccl r:apacitv to all the llobilo stations [35]. but to maxin.¡ize the aggregate

capacitv given a set of constraints [1]. In fact. the addition of other f¡,pes of sert'ices to the con-

ventional voice-onl.r.'' communication channels has ulged the need for more control over the rates
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at u'liiiìr different niobile stations transmit [36ì. This is necessary in order to maximize s]'stem

performance measures including the aggregate capacit¡' 118]. For an early coverage of manag-

irrg rnultiplc.-r'¿rtc svstculs [37] tlrrough nraintairtirrg fixcd chip-r¿rtc alld <ìil'l'crcut tlarrsrrtission

po\vers refêr to [38. 39].

The communication channel. through t'hich the data is transfered. can be defined froln differ-

ent perspectives. In the literature, this charurel is defined as. either the physical medium through

t'hich the electromzrgnetic rvaves are propagated, or the radio channel t'hich also includes the

receiver and the transmitter antennas. or the digital channel rvhich includes the modulation and

deuloclulation stages as u'ell [40] . Hele, rve considel the delilrition of the communication channel

as the ladio channel (also see [,11]).

The maximization of the capacit¡'. il. ,Utr thesis. is carried out at the reverse link (uplink).

because this link is often the limiting link [42. 43] rvhich has to satisf\' stringent requirements [44]

as rvell. In f¿rct. the f'ocus on the r-e\¡erse link in many of the u'orks cited hele. as rvell as in the

present u'ork. is in accordance u'ith t'hat the authors of [,15] mention to be the consideration of

"the majolity of the literature". Fbr example. it is suggested that in the plesence of an ideal

pol'er r:ontroì nrechauism and hard ìrand-off, the l'everse link limits the sr.'stem capacitv [18].

Ho\lerrer. it has to be ernlthasized that ¿ì consensus on this issue does not exist in the liter¿rture

and some researchers u'olk on the folq'ard link as rvell (for an exampìe of u'ork on the foru'ard link

ref'er to [46]). For an earh' coverage of the capacitv of the re\:erse lirrk. accomp¿rnied bv results

g-athcrcd fi'om ficlcl tcsts. rcfer to [47] (also sec [48]). Anrong rìiffcrent channels on thc rcvclsc

lilrk. lhis t,hcsis co¡lccutr¿rtcs orr thc tr¿rffic ch¿rrurcls, duc to the more demanding conditions thev

need to satisf\' in order to establisli st¿rble communications [49].

The rest of this chapter is organized as follov's. First. in Section 1.1. the iiter¿rture of

czrpacitv anal-vsis at the reverse link in single-cell s,vstems is analvzecl. Then. in Section 1.2.

multiple-cell svstems and the challenges of capacitv optimization in the¡n a¡e discussed. This

discussion essentially add¡esses the implications of rnodeling CDI\lA s_vstems lvithin multiple-

cell frameu,orks as opposed to the more simplistic single ceìl approaches. The chapter then

follou's l ith a thorough in'r'estigation of the parameters of single-cell CD]\{A sJ¡stems as g'elì as
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those of the rnultiple-cell ones. in Section 1.3. This investigation yields SIR modeìs ¡'ìrich ale

rrsccì throrrghout this thesis in fornrrrlrrting cliffcrent optimiztrtion problems. At the end of this

chapter-. in Section 1..1. t,he stnrcture of the rest of this thesis is l>t'icflt' <,liscussccì.

1.1 Single-Cell Systems

The maximization of the capacit¡' of the re\¡erse link in this thesis is ¿rchieved through cont'rolling

the transrnission porrels of the individual mobile stations. Het'e, the anal,vsis is fil'st carried out

in a si¡gle-cell system. bv assuming that either there is onh' one cell in the svstem or that the

ar:tivitl i¡ othcr cclls c:¿rn bc mo<ìelcd as fixcd intcrfercncc to the curt'etrt, cell [50].

In this thesis. tlie term capacit-v is defined as the rate of tra.usmissiou of each mobile stâtion.

Here. to relate the transrnission po\\¡er to rate. ¿rn information theoretic ztpprozrch is taken [51]

(also see [52.531) ancì Shannon's theorem is used [1.54]. The adoption of the maximurn bou¡id

giçen by Shannon's theorem is basecl on previouslv-developecl models (see [1. 54. 55] for ex¿-rm-

ple). This issue l'ill be cliscussed in more detail later in this section'

The system-s'iclc inf'orrn¿rtion theoretic capzrcitv of CD\IA s]¡sterrs t'as fiLst analYzed in [50]

ald then cler.elolrecl further f'or lnulti-user netu'orks in [56]. \\¡hile these t'orks focus on the sct

of all r:apacitics. mor-e l'occnt rcscar<'h has bcncfitccì fì-om thc adv¿rttccs in llatchcd filtcrs Ili and

the zrggregtrte captrcitv h¿rs been anal.vzed [55, 57. 58]. In t]iese t'olks. assunling zi sub-optimal

coding scheme. thc mapping betu'een the SIR and the thloughput is deter-rlinecì bv thc coding

strategv.

S¡bseqtre¡t\,, res<:arch itr the field has benefited fi'orrt r:apitalizing on the irssumptiolr of

Shannon's capacitv. Although. Shannon's theorem gives the m¿r-xittlutll bound f'or the cirpacit.v.

the existence of co<ìirrg strategies such as Turbo Coding makes Shannon's bound practicall-v

achievable [1]. it should be emphasized that. here. the assutnption of Additive \\¡hite Gaussian

Noise (A\\¡GN) l59l is necessal'r, for the adoption of the maximum bounrì on the svstem caPacitv

as given b1.' Shannon's theorem [60].

The anah'sis of the czrpacitv-ur¿lximization ¡rroblerl for a particuìar group of moì¡ile st¿rtions

is giyen i¡ manv 's'orks. Ho\l,ever, mtrn"v of these rnethods do not have ¿'r ¡ratur¿rl gener-alìzation
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t'hen clifferent groups of custorner-s are incorporatecl into the probìem [61]. For exampÌe. in [62]

the authors rvork on a tt'o-cì¿r"ss sr:'stem in u'hich toice users are guar¿ìnteecì a rninimum c¡uaìitl'

and data users are provided u'ith the highest possible svstem czrpacitr-.

A genelal categor)¡ of the research done on optinrizing the transrnission ¡rou.ers of the reverse

link is b¿rsed on maximizing càpacitv-oriented. often simil¿rlly-<ìcfillcd. ob.]cclivc hulctio¡ls. suìt-

ject to differeut sets of constraints (also see [63]). For example, in [9. 13. 6'1. 65]. the authors

n'ork on minimizing the transmitted pou'er subject to a minimr¡m SIR requirenrent. an approzrch

suitable fbr fixecl-SIR r-oice-onlv commnnications. In 166], the authors t'ork on a similar problem

u'ith the cliffelence that tìrey lbrlnulate tìre objective lÏnction as lepresenting t,he throughput for

dclav-tolcrant rrsers. hr f¿ir:t. thc nrn..i<ir cìiffcrence bctu'ccll t,hese t'orks is the constraints thev

use ¿rnd sultsequenth' horv much realistic their solutions become. ¿rs a r-esult of the utilized con-

straints. For example. in [67]. the onl¡.'constraints are a ¡ninirnum guzrranteecl SIR and bouncls

on inclividual trauslnission po\\¡ers. There, first. the problem is constitutecl as tninirnizing the

aggregate receit'ed po'n'er. l'hen. it is reforrnulated as maximizing the aggregate c¿ìpacitl'. A

similar problern is looked at in [68]. u'here the ¿urthors millinrize the irggregzite receiræd po\\¡er

in a multi¡rle-cell svstem subject to por,cr and SIR constr¿rints. u'here the assignment of the

mobile stations to rhe cells is to be clecicled as u'ell. A simiìal pr-oblerl is tre¿rted in 169. 70] in

a stochastic frameu'ork.

In ¿r recent paper. Oñ and Soong lTIl dcveloped a methocl fol optimizirrg the aggregate

re\ierse link capacit¡' of a CDIIA svstem given a set of constraints. In th¿rt u'ork, the stildv is

carried out in a single cell for zrggregzrte svstem capacitt' maximiz¿rtion. The constraints of'that

problern include minimum SIR. m¿r-ximum and minimum bounds for h'ansmission powers. zrnd

maxinrum bound on the aggregate received po\\¡er. In fact. one of the tnain contributions of [7i]

is the addition of the minimum SIR constraint to the ploìrlem. 'Ihat has primarih' been an

attempt for resolving the issue of impractical solutions produced earlier. trs reported in [57. 58].

For simplicit¡; of reference. throughout this thesis, the prolilem analvzed in 171] u,ill be ¿rddlessed

as lhe Classical Single Cell problem (CSC).

One of the major contributions of the $¡ork performed in [71] is the reduction of the dimension

of the search space. In fact. in a cell rihich contains ,4,1 mobile stations. the search space f'or
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the CSC is essentiall¡' .1lt-dimensional. Horr'ever. Oh and Soong shou'ecl that the search ca,n

be ìimited to a multiple of ,11 number of one-dimension¿l inten'als. Þ-or that. thev utilized a

numerical optirnization procedure [71].

It is u'orth to mention that s'hile the approach taken in [71] considers the irìentitv function

as the utilitf identifier. there ¿rre souncl argurnents for the appropriateness of concave utiliti'

functions for data communication [72]. For instance. it is suggested that the application of

concave utiliti' functions in the aggregate-capacitt'maximization problem leads to intrinsiczrlly

more fair capacity distributions [73]. This issue will be treated in Section 3.4.

In contrast u'ith the classical moclel for the SIR. used in [71] anlong other works. this thesis

also investigates the incorportrtion of more advanced models. suggesterì in [57. 74. 75] and

elseu'hel'e. These models. hot'ever'. directlr- alter the structure of the SIR ¿rnd thus clenr¿rncl the

development of new models to tackle the resulting problems. Here. u.e als<-¡ consicler tìillerent,

classes of selvices for different users i76] t.o collectively set rp a problern encornpa"ssirrg an

inclusir-e set of features.

Thorough research has shorvn that the classical formulation of the czrpacitv tnaximiz¿rtion

probìem given in [71] has to be lestructured ill order to contain rnore expìicit ìrouncls on the un-

f¿rirness of the system (see the discussions given in [58] fbr more details). Chapter 3 discr¡sses the

new adclitions to and the alter¿rtions of the CSC into neu' forms u'hich exhibit l¡etter prclperties

in terms of fairness. among other factors.

L.2 Multiple-Cell Systems

Thctc arc sullst¿rnti¿'rl diflcrcllccs u'hcu CD\'lA s-u*stcrus atc lllodcled u'ithi¡r tr mr.rltiple-cell frame-

rvork (see [a5] and tìre references thelein). Among these differences are the presence of irrter-cell

interlêrence [47], as u'ell as the trade-offs to be cleaìt rvith regarding the strength of the pilot

signals and the issue of cell placement [a5]. In this thesis. u,e address the task of transnlission

porver assignment in a multiple-cell s.vstem when an inclusive SIR model is utilized.

In dealing rvith the challenges of producing the solution to a multiple-cell probìem. some

researchers have suggested reduction methods rvhich use zrpproximations in order to reduce a
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multiple-cell one to an imaginzrrv single-cell svstem [77]. This is bec¿ruse one of the nririir

challenges of dealing u'ith the probìem in a multiple-cell setting is the fact that interference t,o the

signal received from anv mob'le station at the corres¡rondirrg base station includes more than.iust

the transmission pon'ers of all the rnobile stations in that same cell. In fact everv moì¡ile station

in the system can potentially be a source of intelference to every other one. F¡om a mathematical

point of vien'. as u'ill be shorvn ìater. lhe primarl' challenge rvith the multiple-cell model for

the SIR is the existence of extrâ terms in its denorninator- These terms represent entities from

outside the corresponding cell. Collective address of these terms plus the background noise as

the neq, imaginarv backgrouncl intelference can potentially lead to ploducing a rough soh¡tion

for a multiple-cell s.vstem through using single-cell soh'ers. Horvever. the implementation of

this scheme dem¿rnds proper desiglt of an iterati\¡e pl'ocedure. Arnong other issr:es. concerns

over stability and convergence of such iterative methocìs are of grave significance (this issue is

fully covered in [78] for a similar problem). The challenging aspects of iterative optimization

of the capacitl,include the need fbr pr'oper Ìranclling of'hand-offs [79]. In ¿rdcìitior.r. in sorrrc

implementations. such as the GSÀI for extrmple. delavs of as long as 500r¡¿.s in the me¿rsurernent

¿rnd feedback loop can exist [11]. The integrit¡,' and stabilitv of the optimization method in lhese

long-delav scenarios adds to the challenges of using iterative approaches.

Another sirnplistic apploach to direct reduction of a multiple-cell ploblem into a single-

cell one is through the use of the "loading factor". This technique assumes that the intra-cell

interference arriving at the base station of a cell can be safel.v apploximated br- a fraction of

the inter-cell interference in the sanre cell. In other s'orcls. it is suggested that there exists a

constant factor ri u'hich s'hen muìtiplied br.' the inter-ceìl interference. can in fact apploxirna'rte

the intr¿r-cell interference 180] . This reduction technic¡ue leads to a problem u,hich can be soh'ed

b¡, a urodificd r.'clsioll of zr sirrglc-ccll solr,cr- dcvclopcd l¿rtcr in this thesis. Here. ò- is the loading

factor. also called the "inter-cell interfe¡ence fäctor" (a.lso denoted bl'g). Equivalentl¡'. it is

suggested that the intra-cell interfèrence can be t¿rken care of b1'- zrdding [ô-,4r1] imaginarv mobile

stations to a cell containing .L1 mobiìe stzrtions 181].

In this thesis. \rre use zr multi¡rle-cell model'ri'hich explicitly addresses the int,er.-cell interfêr-
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ence rvithout using rough estimations such as the ones mentioned in the above. The zrlgorithm.

horvever. takes advantage of the loading facto¡. and other approximations. in order to sirnplifl

some of the constlaints.

The issue of b¿rse station irssignrnent is ¿r kev factor in optimizing the capacitt' in a rlultiple

celì system [82]. In this thesis. u'e consider the case of each mobile station being connected

to onlv one base station chosen bv a separate algorithm 183]. Theref'ole, the aim of tìris t,ork

is to develop an efficient method fbr opt.imizing the transmission pou'ers of the mobiìe st¿rtions

assuming that the assignrnent is alreadv girren or that it u'ill be optimized b.v an algoritllm 'n'hich

uses the met,Ìiod rìeveloped here u'ithin an àssignment optimization procedure.

One of the rnajor c¿ìtegories of the research done on porrer optimization in muìti¡rle-cell

sysLems ap¡l'oaches it fi'om a gamrtlieor¡, perspective [76. 82. 84] (also see [23. 85. 86]). Iror

exzrmple. in a 20021 paper 179] (an extension to thc sirrgle-cell rvork bv the sarne tearn prcsentcd

in [87]), the authors ailn ¿rt acliieting a fixed-SlR for all the mobile stations through clist¡ibuted

c¿rlculation of the optinlaì transmission pou'ers. To clo so. ¿ì closed-loop control nrech¿rllism is

designed u,hich. for each rnobile st¿ition. uses a linear cornbin¿rtion of its transmission pot'er

and a capacitr'-r'elated terrìl ¿ì.s the cost fÏnction. The ca¡ltrcit¡' tcrrlr in tìr¿rt papcr' ìs t.lcfinccl

using the Sliannon forrrlllation and the paper- ptrrtì1' adopts the definition of its cost flon eariier

rvorks [72. 88].

A comprehensive stud)' of the applic¿rtion of Game Theor-v-b¿rsed methods adoptecl fronl the

fic,ld <lf ecolloutics irr nnrltiple-cell pou,er corrtrol is givert in [88]. The aim of these methods is to

set up an optimization process through ¡l'hich each mobile station ri'iìl independentll'' maximize

its on'n utility i88]. The definition of utilit¡'i¡r this categorv is sometimes unique to e¿rcli paper.

The actual irnplernentation of the game is different in different rvorks as u'ell. For example. in [75],

the authors extend a cent¡alized gane-theor]' based approach to a decentralized one through

impìementing a penzrltv function which rvill encourage the mobile stations to mor¡e tou'ards the

point in t'hich everl' mobile station meets its individualì-v-assigned SIR rvhile minimizing the

overall interference to the neighboring cells. In [89] garne-theorv concepts a¡e utilized for a joint
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analysis of the upìink ¿rnd the downlink simultaneousll". t'here fixecì SIR is achieved in a l-nrrlti-

rate system. For more applications of rnethods borrou'ecl flom game theorv and microeconomir:s

refer to [90. 91. 92].

In [93,94]. the authors investigate utilit¡,-btrsed pou'er allocation for the fbrrvard link (dol'n-

link) in a multiple-cell CDN{A netu'ork. The an¿rlysis in that u'ork frrst sr.rggcsts a soh¡tion for

the underlying single-cell problem and is then generalized to a til,o-cell scenario. Subsequentlv.

the authors suggest a sigualing'-based approach to liuding a solution to the problern s'hen a

more general setting. containing more than tu'o cells. is to be dealt u'ith. In [77] the authors

utilize a model sirnilar to the one implemented in this thesis for the f'ort'ard link. That u,ork

considers tlie tu'o problems of resource allocation ¿rnd base station assignment simultaneoush'.

through joint studv of pou'ers as ll,ell as the utiiized rates. The resulting non--con\¡ex optimizâ-

tion problenl is then dealt u'ith using a distributed algoritlim rvhich is based on dyn¿rmic plicing.

An earlier u'ork on the joint consideration of the transmission powers and the spreading gains

for the re\¡erse link in a single-cell setting can be f'ound in [95] as x'eil. The approach taken in

that paper is then generzrlized in [96] to multiple-cell svstems. Similar to the case of the earlv

co\¡er¿lge of the CSC [71], the formulation utilized in man.v of the t'orks cited in the above results

in ¿rll the mobile stations ireing forced to transmit at thc iou,est possibÌe rate ri'hile the mobile

statiorr u,hich is the closest to the base station t'iil be tr-ansmitting at orders of hundreds of times

rnore of capacitv (a Time Djr,ision Nfultiple Access (TD\'lA)-st¡'le strategl'). This situation is

extensivel.v anaì1,'zed in [57. 58] and is knou'n to result in a ven, unfair svstem. in l'hiclt gu¿rr-

¿rntees of c¡ualit-v of service are hard to achieve. Neverthelcss. taking a similar approach. in 197].

the authors u,ork on the joint oPtimization of transmission pou'ers as rvell as the corresponding

scheduling. Ilie distributed for-ri'ard link optirnization approach presented irl that u'ol'k operates

in a multiple-cell sr.stem and is based on the idea of ss'itching ofl tltc tr'¿rrtsrnissiotl irt cclls tvhich

sþ61y poor performance. That approach is assumed to contribute to increasing the ¿ìggregate

capacifv through decreasing the intra-cell interference.

In another atternpt. ancl in continuation ofthe rvork done earlier [98. 99]. the authors of [i00]

suggest ÀIixecl Integer Nonlinear Programming (NIINLP) as the solver for both single-cell and
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multipìe-cell probìems. There. the challenge of base station assignment is t¿rken into consider¿r-

tion as rvell and the svstem is modeled at the reverse link. Other rvolks on capacitv maximization

for the forq'a¡d link include [101, 102]- In both these c¿rses ¿r m¿ximum bound c¡n the transrnis-

sion r¿rtes is not considered and thus these approaches yield similar TDÀIA-tvpe outcomes (for

more discussion o¡r the topic ref'er to [77] and also 15-856 s-vstem -specifications [103] as u'ell as

High Data Rate (HDR) systems [42. 104]).

It is important to emphzrsize that the rvork presentecì in this thesis produces the solution in

polvnomial time. This solution is often given as a closed form. or alternatively provecl to be a

metnber of a finite set, the lnembers of rvhich ale given in c:losed fbrm. Some other algorithms

developecl in this u'orl< ntilize nurnerica.l search for fincling the optimal solution, in u'hich case

the algorithnr is al'n'avs provecl to be able to fin<l tlre solution. or an approximation of it. itl finite

tinre. This is in contrast to u¡orks such as [77] u,hich do not guzrrantee to alu'ays generatc the

optima,l solution.

1.3 System Model

The discussion about the system moclel utilized in this thesis st¿rrts in Section 1.3.1 u'here a

single-cell s¡'stem model is described. Then. a set of net' features adoptecl fì'om more recenL

works is presented in Section 1.3.2. These improvements ale rlpplied to the singìe-cell model

in order to generalize it and leu'¡ite in the context of multiple-cell scenarios, a.s presentecl in

Section 1.3.3. The single-cell s1'stem presented here is adopted fiom previous u'otks such as [57].

1.3.1 Single Cell Systems

The maximum bound on the capacit-r' of a single pclint-to-¡roint communicatiorl link is given bv

the Shannon theorem as [1] (also. see [55]).

(1 1)
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Here. B is the bandt'idth and 1 is the SIR of the communication lirrk. In the rest of this

thesis rr,e omit ß knot'ing that it is a constant multiplieÌ. Hence. here. rela.tive capacities are

anah'zed. For convenience. the term "relative" u.ill be omitted as rvell. \\ie emphasize that,

in order to produce numbers rvith the proper unit. the vertical axis of the graphs u'hich ca¡ry

capacitv-related terms should be read ¿rs relative to B.

Assume that there are tì[ mobile stations rvith reverse ìink gains ol gt,.'.,9^,1 , all located

in the same cell ¿rnd communicating with the same base station. Throughout this thesis. rve

wilì address the sequence gt,. . . ,9v as the vector $. Similarlv. for an,v other rariabìe u,hich is

cìefined fbr a set of mobile stations or cells. 'nl'e u,iìl use a similar r,ector abbrevi¿rtiorr. given that

it is clear in the context u'hat is being addressed. The assumption of fixecl S rvhich only models

the path-loss. is based on the a.ssumption that the systenr is analyzed in time slots of lr. rvher-e

?: >> # (14/ is the bandividth). and th¿rt the coherence time of the most rtrpidly varr¡ing channel

is gletrter than 7}. Therefore. in each time slot. $ can be assumed to be constant 157]. It is aiso

i¡'orth to mention that the tvpical time inten'al during u'hich the sh¿rdou'ing factor in nearly

constant for a mobile station is a second or nlore [2]. Therefore. the assumption of constant $

is in fact ',.aìicl fbr aìgorithrns rvith lun-times sigr)ificantìr- less than a second. Furthermore. for

Iot' to moderate data rates. the inter-s-vmbol interference cân be deait u'ith through channel

equalization [41] and thus. mr¡lti-path fading can be considered to be flat (coustarrt fol all

svmbols) as \vell [11]. These assumptions are used in other u'orl<s. such as [105]. as u'ell. rvhere

it is assumed that the pzrth gains. the backgr-ound noise. and the inter-cell interference (in case

of multipìe-ceìl svstem") are fixed during the time it takes fbr the solver to produce a solution.

In Section 1.3.3 a more generaì definition of the reverse gains for multiple-cell svstems s'ill be

given.

\\¡e assume that the mobile stations are ordered in such a t'av that.

(r.2)

1i

Ø ) "') g¡t.
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and clefine the pon'er at qìrich the i th mobile station is transmitting as pi. for t'hich u'e hàr'e.

01p¡Sp^ot, (1 3)

for a given ¡.r-.,,. While. here. all the mobile stations are assumed to be limited b1' ¿L" .u*u

maximum t¡ansmission po\\¡er. this condition can be reìaxed in favor of a more general rnodel in

u'hich p¿ is bounded by pI'n" . If this model is to be utilized. the condition given in (1.2) should

change to.

gtItTo' ) r ?n0ï> g.\l p It (1.4)

m¿ìnv cases in this thesis

otheru'ise.

Although this generaliza.tion does exist. for ¡rotational co¡n'enience. in

rve consider constant ¡),r,,r, for all the nrobile stations. unless specified

Hele. the wolk is carried out in a circular ccll of radius R.:2.5k¡¡t.. Subsequentlr'. in singìe-

ceìl mocìels. for the mobile st¿rtion r at the clistance di from the b¿rse station onl¡' the ¡rath-loss

is considered. and modeled as 1106].

9i: LQi (1.5)

For earlv l'orks on this path-loss model consult 1107. 108] and for a comprehensil;s ¡slris1! of this

subject r-efer to 1109]. Here. C and ?? are constants equal to 7.75 x 10-3 and -3.66. respectivel,v.

u'hen d¿ is in meters. Equivalentlr'. u'ith d¿ in kiìometers. C will equal 1.2283 x 10-13 [82] (also

see [74.110]).

Using the notations definecl in tire

signt'rl trtrnsmitted by the zl-th lnobile

(see [fZ. 111] for more details),

al¡ove. rvith a background noise of 1. the SIR for the

station as perceived by the base station is modeled as

'pigi
(1 6)14i

I + t p.:jsj

j:1.j+i

ll 
-

12
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Hence. using Shannon's formula. the capacitl' of the i-th mobile station is modeled as.

C¡ : logz (1 + i,¡) : ìogz

A1

t +lnLet
.;-l

AI

I+ t pjsj
j:1.11i.

Using (1.7) for computing the trggregate capacitv of the st'stern. n'e hal'e,

Al

c(È):fc,:rosz
i:1

(1 7)

(1.8)

Here. fl : (pt.-.-.pu) is the vector of all the decision r'¿rriables of the optimization problem.

Using the definition of the objective functiou given in (1.8). the CSC uses the constraint

given in (1.3) a.s u,ell as t'n,o other ones. to be described here. The first constraint defines ¿r

minimum guaranteed SIR. ¿rs.

^,,¡ ) ^¡.Yi. (1.s)

from one cell to the others. the

(1.10)

(1.11)

Furthermore. in the CSC, in order to suppress interference

aggregate received po\\'er at the base station is limited as.

^t\-
lliai l Putar'

These constraints can be coìlectivel-v s'ritten as.

(
I r¡ > r.Vi.ln,
{ rPiei1P,,u,,l7-
I

I osP' 3P"'u"Yi'

13
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F'i,gure 1.1: (u) Locutiott. oJ tliJJerenl r¡tol¡i.le stul,iotts i.rt u sunryle cell. (b) The co'rrcspon.d'ing sequcncc
o.f ru,crse qoi.ns.

The base ¡rarermeters usecl in this studv are î - -30dB.I : *I13rlßÌtì.. P-o,: -I06d.Bn¡.

pntar:23tIBm (I),nor:30dBm. is usecl in sonre other g'orks [85]), ¡1 : 10, T: 0.3, p: #,
and o : 0.7. These valucs are part,lv b¿rsed on the d¿rta given in 174.82,85. 112] (the ¡-larameters

4. ¡r. and a are defined in this thesis ¿urd u'ilì be cìearlv describecì in Chapter 3). Note th¿rt here

the values of 1 and P,,,,., compi¡' t,ith the notion of limiting the blocking plobtrbilitr', as clefined

jn [78]. Jn anv experinrent. rvhen a parameter is clifferent fì-om the list given in the abor-e. it is

mentionecl.

The execution times given Ìrere âre meâsured on a Pent,ium IV 3.00GHz personaì computer

t'ith lGB of RAXI. running \\¡indou's x¡r and XIATLAB 7.0.

Figurc's 1.1-(a) and 1.1-(b) shorr the ìocation of diffelent mobile stations ¿rnd the sequence of

reverse gzrins. respectivel-v. in a srrmple set generated as described in the ¿lbove. T'he sun'ounding

circle in Figure 1.1-(a) shou's the borcler of the cell.

1.3.2 Improvements on the Model

In this section. some irnprovemellts on the model described in Section 1.3.1 are discussed. The

addition of these improvements to the modeì niìl be discussed in Section 1.3.3.

l4
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It is suggested that at an.v tirne each rnobile station is onlv active ri'ith the probabiìitv equal

to z. 'I'heref'ore. a, more appropriate model fbr 1¡. originiiìlr-dcfincd in (1.6). u'ill bc as.

:'l'1

I+u t ptsj
j:1.i+i

( 1.12)

In [74], a proper value for z in voice s.vstems is suggested to be 0.21. It islvorth to mention that

another method for modeling ¡u is the assumption that a cell rvith À1 mobile stations in fact only

cont¿rins [r'1,12] mobiìe stations [81] . In this thesis u'e ri'ill use the fbrmulation given in (1.12)

instea.d.

It is also suggested that a more accurate model for the SiR is to u'rite.

),,: Pi9i (1.13)
AI

1+o t pjgt
j:1,i+i

Here. o is ¿r constant clepending on the characteristics lletu'een the spreading codes of the rnobile

stations. The r'¿rlues of o : 1 ¿rnd r.r, : j for svnchronous ¿rnd asvnchronous mobile stations are

suggestecì. respectivelv 157].

\\¡hile the formul¿rtion given in (1.6) models the system at chip level. thele is a straight-

for.rl'ald extension of this x'ork to sr.mbol leveì capacit¡' optimization through 's'riting [75. 82.

84.1131.
LP¡g¡

lt - ,l/

r+ t pjsj
j=t j+i

(1.i4)

Here.

P¡9¡

is the spreading gain of the CD\IA

the data rate. This formulation can

II'L:->I.
Dtf

S]'Stenì. in u'hich

also be extended

f'ormulation W" is the chip

to multi-rate s1,-stems. In

( 1.15)

rate and ,l? is

doing so. the

15



Chapter 1. In,trod,ucti,on, 1.3. System Model

SiR model is extended bv assuming that the dat¿l-r¿l're for the rl-th mobile station is denoted bv

r'¡. Therefore,
L¡P¡9¿

( 1.16)
l/

I+ t pjet
.i:t,i*i

rr'he¡e.

vr/fLi-- ri
(1.17)

In a l.v*pical s"vstem. I'V : 106.É1: ancl

is used in [83]). Note that (1.14) is a

Another model. similar to (1.13),

t¿rken into consideration moclels tlie

as [t t,t].

R: l04biß/second. thus producing I : 100 [85] (L:128

speciaÌ case of (1.16) in ü'hich 1,¡ : L,Yi.

in rvhich the cross-correlation of diffcrc¡rt coclcs ha.s bcon

SIR at the output of tlie mal,chcd filtcl' for thc i--th code

P¡,\i (1 18)jt ;2t p¡'ft+ t
i=1.i+i J

Here. pr2., is the constant cross-correlatio¡r bet'n'een the d-tìr ¿rncl the j-tli codes and Àl¿ is the

spreading gain for the r-th ¡¡obiìe station. This mo<ìe'Ì. aìthough slightìr' rìiffelent fÏom the one

used in this thesis. can be reu'ritten in older to have the s¿rme structure analvzed here and thus

is soh'able thlough ¿r sirnil¿rr methodoìogr'. Here, u'e clo not cove¡ this model.

The folmulation giten in (1.6) is based on the assumption th¿rt the eutire pou'er transmitted

by the r,-th mol¡ile station. here clenoted br'p,;, is effectivel-r' r'eceived ¿-rt the base statiou. afÏer it

is attenuated by the environment. Xlore proper rnodels. such as the one ¡rroposed in [ff5]. and

further deveioped in 1116]. consider the factor (¿ a.s the "ratio of useful received pou,er". This

fzrctor represents the irnpairments caused bv multiple path. non-constant standing n,ave ratio,

and tr¿rnsmission non-linearities as rvell as imperfect equalization [tt6]. In order to properl¡,

moclel the effects of these phenomena. an auto-interference te¡ln is added to the clenominator

16



Chapter 1. In,trod,ucti,on 1..?. System Model

of (1.6) s'hile the nominator is multiplicd Ì.x'(¡. collecti'.eìr'vieldillg.

(,¡P¡g¡
(1.1e)11 - fI

I+ t pjsr+0-(¡)p¡s¡
r:'t i+i

The factor Ç decreases as d¡, the distance bett'een the i-th mc¡bile station and the base

station. increases. In other rvorrìs. if the mobile station is extremely close to the base station

then the corresponding Ç is verv close to one. Similarl-v. as a mobile station mo\¡es tou'ards the

edge of cell. the corresponding value of (i ¿rpproaches (,,,¿,,. Nominal r'¿rlues for (,rin are given

as 0.75 and 0.9 and Ç is modeled as a ìincar f'u¡rction of d¿ [i161.

(, - 
(n'i'-- r 

11¡ * 1. (1.20)\?- 
R 

¡(? I r'

Here. -l? is the radius of the cell and d¡ is inside the range (d¡ S Il).

Through collective incorporirtion of (1.i2). (1.13). (1.16) and (1.19) into the SIR model

given in (1.6). the resulting f'or-rnulation u'ill better r-epresent the ph1'siç¿l phenomenon under

invest,igation. To do so. the SIR of the signal trtrnsrlitted bv the i-th mobile station as perceived

bv the base station u'ill be rnodeled as.

L¡Ç¡P¡9¡ (r.2t)
t\l

I + au t p.i9¡-r (r - Ç¡)p¡g¡

t:1-i*i

The issue u'ith the f'ormulation givcn in (1.2i) is that the existence of the factors au and Ç,¡L.¡

and the term (1 - (¡)p¡g¡ disrupts the application of m¿rny available approaches as t'ell âs some

earl¡- methocls de'r'eloped in this thesis-

In Section 1.3.3 the SIR mocìel presented here is implemented s'ithin the framework discussed

in Section 1.3.1 in order to yieid a multiple-cell capacity maxi¡niz¿rtion problern.

77
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Fi.gure 1.2: A,lultþle-ccll s1¡stem ntodel u,sed in thi,s t.hcs'is.

1.3.3 Muìtiple-Cell Systems

A schematic depiction of the multiple-cell model developed in this section is given in Figure 1.2.

This modeì is the extension of the single-cell model presented in Sectíon 1.3.1, deploved to ¿r

rnultipìe-cell scenalio afier the adrìitions discussed in Section 1.3.2 are trpplied to it. l-he model

presented in tìris section is also the generzrlizecl forrn of ri'hat is given in [79]- Th¿rt model is

b¿rsed on the ones given in [75.84.89]. \Iodels similar to the one discussed here are used in

nlanv other u'orks ¿rs u'ell (including [88] ). To the best knor¡'ledge of the author'. the multiple-cell

rnodel preserited in this thesis is the most incìusive model avail¿rble in the literature.

Assume that there ¿rre ,ll cells. u'ith ,lf¡ mobiìe stations in the À-th cell. l¡ : 1, .'..1{.

making a total of.

Ir:Ðxrk.
L- I

(1,.22)

mobile stations. \\ie denote the parameters corresponding to the i-th mobile station in Lhe

À-th cell. l'here i - 1,' .,t11¡. ivith the sribscript,{i (rvhen needed. this mobile st¿tion u'ill
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be addressed as NfS¡¿). For example. the i-th mobile station in the fr-th celi transmits at the

po$,er pÀ-, and the path gain from this mobile station to the base station at the .l-th cell is

denoted by drr. For convenience. \\'e use gÀ.i l'hen gfo is referred to. \\¡e also ¿rssume that the

i-th mobile station in the k-th cell is at distance d¡.¿ from the È-th base stat,ion and define

(¡.¿ using a doublv-indexed extension of (1.20). The underlying assumption here is that every

mobile station is connected to only one base station at any given moment (the closest to it in

terms of geographical distances) [83].

As opposecl to the single-cell model presented in Section 1.3.1. in x'hich gi onlv represented

the path-loss. in this section a more inclusive model for the $ is adopted. Fronl the point of

yien'of the underlf ing ph1r5iç¿l ¡nodel. the quantitV gÀ, can be u,ritten a"s 183].

g*¡: lt*¡.fr¡. (1.23)

Here. 0 ( lr¡.¡ ( 1 represents the slou'-r'arving channel gain. excluding anv lading. zrnd ./¡¿

denotes fäst tirne*scale Ravleigh fading betu'een the i-th mobile station in the À-th cell ancl the

couesltoncling base st¿rtion [109]. 1'he assumption here is that ñ does not charrge significantlv

during the time-scale of the an¿rlvsis. Similarly. f is assurnecl to be constant during each data

fiame but varving fiom one frame to anothe¡. In fact. the elements of f are ¿r.ssurned to follolr'

unit mean Ra,r-leigh distributions. or. equivtrlently. a Ra-vleigh distlibutic¡n u'ith the parameter

equal to.

(t.24)

l\rthermore. the formulation for l.¡¡ is given as [83] .

(1.25)

Here. d¡¡ is the distance from the r-th mobile station to the base station and C : 0-1 and n. :2.5

for lou' densit.v enr.ironments are suggested [109] (d¡¿ is in meters). Also. ìog(Y") is modeled as

n-, : (å)'"r'

19
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a zero-nlean G¿russian random variable t'ith the standard deviation eciual to ã. Herc. â : 0.1

is usecì [83]. In d],namic settings. i is produced at each time step. rvhile ]'o is calcul¿rtecì ever],

20 time steps. rvben operating at the refresh late of 1À112 [83].

In order to model the fiequency reuse pattern in the svstem. l'e <lefine dÀ1, ,." one if the cells

L and À'share the same frequencv band and zero otheru'ise- As a marginal case. in DS-CDX,IA

s--vstenrs. all the ¡nobile sta.tions communicate at the sanre frecluency band. In other rvol'ds. the

system emplo¡,'s a frequency reuse of one. Therefore. e\¡erv mobile st¿rtion is interfering u'ith

e\¡er]- other one. Here. in the model. u''e consider this extrelne case. Other cases. in s'hich

less nu¡nbe¡ of cells operate on the same fiequencv band. can be modeled through the same

formuìation b¡' setting the corresponding á¡¡., ec¡ual to zero q'hen the freque¡ct' b¿rnds used in

the tu,o cells À and À'' do not collide [11]. Note that. in an¡'settirìg. d¡-¡ is equal to one for ¿r,ll

raìues of À. Although. here. d represents the frequenc\i reuse patteln. ancì thus its elements

a¡'e a.ssurned to hold binary values. the assumption of binan,-r,aluecl d.is not essential to the

derivations and the subsecluent anal-vsis. Therefore. these r'¿rlues can also be used to incorporate

otller non-binarr'-v features. such ¿r^s the "orthogonalitr, factor'" [77]. into the lnodel.

Defining the backgrou¡rcl noise at the A-th cell :ìs 1¡.. u'e empìot' d¡.¡, u:ithin the fi'¿rmeu'ork

of ¿rn SIR nrodel follou'ing the same methodoìogy a.s (1.21). Doing so. the SIR for of tlie signal

transrnitted b-v the i-th mobile station at the À-th cell as perceived b]' the base station in that

cell is ¡nodeled as.

(1.26)

e*0,Ðp¡,i,gf;,¡,

Sirnilar models are used in 177.83, 101. 102] . among other u,orks. Note that. in [83] onlv the

cffccts of the mobile stations at thc first-ticl ncighborhoocìs are included in the model. ri'hile

he¡e. the entire netwo¡k is taken into consideration.

As the equivalent to (1.7) in rnultiple-cell systems. the ¡el¿rtive capacitv of the i-th mobiìe

/t<
I¡tov{ :

\r.,=r.r-,¡r
/r^,'9^,') + (1 - (r-i)pr¡gr-¡

Lr¡ex¿Px¡9*¡
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stations in the k-th cell is definecl as.

c¡,¿ : log2 (1 + r'l-¿) . (r.27)

Using this model. the general multiple-cell capacitv maximization problem solved in this thesis

is com¡rosed as mir-ximizing.

,lf rìf¡-

c:ÐlÍ*t(crò,
It: i i:l

(1.28)

subject to.

(1.2e)

< P|"""''Vk

Here. the constants 1i|:t", Cí:;'"'. and p[]t"' are the rninimum SiR. the maxirnum ca¡racity. trnd

the maximum trar¡sl:tission pou'er of the i-th l¡obile station in the L--th cell. rcspectiveh'. and

"fi,(.) is the utiìitv function of this mobile station.

Note that tlie model ¡tresented in (1.26) does cover rnany other single-cell models discussed

in this thesis. In order to carr.v out the reduction. 1{ has to be set equal to one and sorne of

the s¡r-stem pararneters rnav have to be ignored. XIo¡eover, through setting 9kk, - ri¡:¡., and

replacing oy with au(l * ò-). the approach of using virtual mobile stations x'ill be simulated.

Therefore. the author argues that to his best knou'ledge the multiple-celì formulation presented

and then solved in this thesis is the most general modeì available in the cited rvorks as s'ell as

others not rnentioned Ìrere.

0<Itun<pf'¡n'.Yi.k:.

^tki > 1#in.vi,k,

C¡¡ < Cff"',Vi,k,
K [ .rru, -l

or r, l 
¿uu, I pu,,,sf,,,l

,t,=l L /:t 
-l
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I.3.4 Fairness Analysis

The analysis of the fairness of the solution to the optimization ¡lrobìem investigated thloughout

this thesis is an irnportant issue (aìso see [57. 58]). As u'ill be shou'n later. for example in Sec-

tion 3.1. tlrrough irnposiug constrailrts spccificall¡'dcsigrred to control the rtrnge of the capzrcitv

ofTered to each mobile station the system can be macle more lair. To exanrine this situation.

numerical measures for modeling fairness in the system are needed. Theref'ore, the subtractive

unfãil'ness of the svstem is defined as the difference bet'n'een the highest and the lou,est capacities

offered in the system.

.f : max {C,} - min {C¡}. (r.30)

Similarlr'. the r¿rtio rurfairncss of the svstcm is dcfincd ¿rs the latio betu,ee¡l these tu'o capacities.

- max {c}'' min {C'¿}
(r.31)

Note that .f anð, .f ¿ìre me¿ìsures of unf¿rirness for the rvhole svstenr. In contrast. ¿rs a rneasure

of fairlless specific to each lnobile statioll. u-e defille l;lte capacitv sltate of mobile station i rrs.

C¿ (1 32)

In a cell which cont¿ins ì1 mobile stations. the closer the values of C, are to l,f -1. the less

dispersecì the range of the capacities is. In this context. the v¿rlues of Ô¡ constitute a me¿Lsure

of fairness for the system.

These measu¡es u'ill be used throughout this thesis in order to ¿rnaìr'ze the f¿'rirness of the

sohlt,ions procluced bv different algorithms.

t.4 Structure of this Thesis

This thcsis is csscnti¿rllv cclutposcd of cliÍlcrcllt nrctìrods building upon their predecessors. each

one bringing a netv irnproveûrent to the task of optimizing the transmission powers in a CDÀ:IA

C¿

a

22



Chopter 1. In,trod.ucti.on 1.y'. Stru.ctu,re of thi.s Thesi.s

s)¡stem. The analvsis starts fiom the classical problem rvhich contains a minimal list of con-

straints as u'ell as a simplistic objective function. This problem is thoroughìv discussed in

Chapter 2. As a result. the mathematical basis for the anal-vsis of several other generaliza-

tions is developed. In addition. the 1>erformance of the classical problenr is conrprehensivel¡,'

investigated (in Section 5.1).

As expected from the reports alread¡' arailable in the literature. the classical formuìation

produces unrealisticalìy unfair s.vstems. Therefore. the classical problem is gradualh, redefined

in Chapter 3 in order to be equipped u'ith more advanced features. This plocess starts in

Sections 3.1 and 3.2 through the addition of more constraints to the probìern. This process

provides hard lirnits on the unfairness of the s1'stem and thus makes the results zipplicable in

practice. Hou'et'er, as more features are included in the s_ystem. the cornplexit¡' t,lf ¿hs s6h's¡

increases and no straight-foru'ard methocl for the adclition of neu, f'eatr¡res ¿rnd constr¿rints into

the problem exists. In other l'ords. the addition of a nerv constraint is onl¡,- possible through

the cornplete anal.vsis of the neu' probìem from bclttorn up, trncl not tìrlougìr a proceclure ri'hich

ri'oulcl build on the existing anal.vsis of the previous problenr. Thus. in Section 3.3 ¿r neu' set of

alrproximations is der,eìope<ì. These approxirnations produce substitute soìr'ers for the ¿r'r,¿rilable

problerns and at the same time provide the opportunitl' fol the algoritlirnic integration of more

advanced features into the problem.

thking advant¿rge of tlie developed approximations. the addition of utiìitr- functions is in-

vestig¿ìted in Section 3..1 and it is obsen'ed that concave utilitv functious. u,hic:h u'ere oul of

reach in the previous methodologl-. result in promising systerns. Subsequentlv. multiple-class

s¡rstcttts ¿rlc atlchcsscrl iu Sccti<¡n 3.5 ¿rnd. firrzrlly. ¿r.s thc l¿r-st addition to the single-cell problem.

t,he underìving SIR nrodel utilized in the multiple-class model is also irnpr-oved (in Section 3.6).

Using the rnultiple-cìass problem f'ormulated at the end of Chapter 3. the model der-eloped

in Section 1.3.3 is implemented in Chapter 4 to produce a multiple-cell multipìe-class problem.

This probìem is subsequentlv solved using some of the mathematical tools developed earlier as

u'ell as a feu' others developed in Chapter 3.

Ða



Cho.pter 1. In.trod,u,ction 1./. StnLctu,re of thi.ç Thesi.s

Tlie thesis then continues u,ith conlprehensi\¡e

Chapter i¡. rvhcrc cìiffcrent cxpcrinrents arc dcsignc<ì

Chapter 6 outlines the conclusions of this research.

anal.vsis of all the deveìoped problerns in

and r:arlied out f'or each problem. Finallr',
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Chapter 2

Classical Single Cell (CSC)

'Ihis chapter cont¿rins the rr'olk carried out on the probìem of nræiinlizirrg the ctrpacitv of the

r-c\:erse link in a single cell sl'stem. The problern analyzed here is the CSC. ¿rs introduced

in [71. 117]. This section is organized as folìou's. First. in Section 2.2.s'e der,elop a set of line¿rr

tr¿rlsfonnations in order to simpìifv the CSC formulation. Then. the behavior of the problem in

specilic hvper¡llaues is investigated. r'esultirig ill ¿ tireolem given in Section 2.3. The procedure

is then fbllou'ed in Section 2.r1. u'here the solution is localized to a smaller searcir space than

rvhat Ìr¿rs been suggested before. thus producing neu' tighter bou¡rds on the decision r'¿rriabìes.

l'hen. in Section 2.5. u'e caref'uih' analyze the probìem and give a theorern t'hich is used in

Section 2.6 in order to propose a ne'n' algorith¡n for accuratelv fincling the solution to the CSC.

The coverage of the problem then follolus in Section 2.7. s,here analvsis of the computational

complexibv of the proposed aìgorithm is presented. Finally. Section 2.8 carries out an anal-r'sis

orr tlre siguifìcance of the valne ol' Prror.



Cltupter'2. Cluss'icul Sittgle Cell (CSC) 2. 1. Probl,ertt. Defirrition

2.1 Problem Definition

As mentjoned in Section i.3.1. the CSC probleln is defined as finding,

('.Ë ''n")
argË max

gr\.en.

0<Pr<Pznax,Vi,

I+ t pjet
J:\.J+i

) ^r .vi.

rì/

lnosu 1 P,no,-
i:1

It/ ¡,t \

lllr* t o,n,l
r:r \ i:t.i+i /

(2.1)

(r r\

(2.3)

(2 4)

(2.5)

(2.6)
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2.2 Linear Tbansformation

The first step in this rvork is to propose a liuear transl<¡¡lr:ation q'hich gives an alternative

representation of'the single-cell problem rvhich is e¿rsier to u'ork u'ith. This u'ill also le¿rd to ¿r

ìrlore' con\€nient solver. Iu doing so, first. t'e reu'rite (2.3) as.

Pigi
ll -Y-\-

r + LPjsj
j=1

Nor'. substituting.

-. 

V?.
i'+ I

Pi9i
I

Noticethat.0<ç<1.

r'r -



Chopter 2. Classicol Single Cell (CSC) 2. 2. Li,near Tra,nsform,ation

ü('.å",-',)
Õ(*) :

This of coìrrse ¿ìssrìmes that thc' maxirnum is finite n'hich

rvc fiucl the nerr representertions of the constrerints using

Substituting (2.6) into (2.2) gives.

0 ( r, < I¡.1¡ :'þf o,.rn

into (2.1) gives.

yhere * : (r1,..., ¡¿.ll).

convenient form. shou,n

^(i) 
:

r// ¡t \
gl'*,4r:')

For the sake of analvtical convenience

beloq'. rvhich is to be minimized.

(2 7)

u,e transform (2.7) into a more

('.Ë',)

('-,å",)"

(2.8)

is a reasou¿tble assumption. Nou'.

the tlansfbrm¿rtion shou'n in (2.6).

(2.s)

Note that as $ is a vector of descending elements. so is l. Here. to comply rvith the historv of the

problern. tve have assulned that pr,,o" is fixed for all the lnobile st¿rtions. Tìre anal¡rsis. hou'ever.

never in fäct clepen<ìs on this assumption. except for proving that the elements of iare sorted in

a descending fashion. Therefore, the anah'sis given here also applies to the case in tvhich p,,,,,.,.

is not fixed for ¿rll the mobile stations. in r¡'hich case r\¡e u'ill sort the rnobile stations i¡r terms

of tlre corresponding values of p'.¡"otgi. Here. pl,""t is the maximum transmission pori'er of the

i-th rnobile station. Hence. the solution given here is more genelal than the previous discussion

given in L7L.I17l-
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Cl¿o.pter 2. Ck¡,ssic:al, Si.n,gle CeIl (CSC) 2-S- lAorki,n,g on, Specific Illlper,Plur¿e,s

Substitutirrg (2-6) into (2.5) gives.

Also. (2.il) becomes.

n1

Ð".t a xnror,x^o,
'i:7

01r¡1|.¡,Yi.
ri \.^ vi/ a. vt-ltl

1+fc,
J:1

l!!r,', S X,.o,.

^1\-""-r
1-'t - t '
i:l

fbr different values of ?. In any such h¡perplane. the single-celì problem

nrinimum of.

* P-o,
I

(2 10)

(2.11)

(2.r2)

(2.13)

reduces to finding the

(2.r4)

28

to

To summarize. using the transformation depicted in (2.6). the single-cell problem is reduced

minimizing Õ(i). gir,en in (2.8). subject to.

2.3 Working on Specific Hyper-Planes

Ifclc. u'c ittvcstigtitc thc l¡ch¿rrrir-¡r clf thc plol>lcru irr s¡-lccific hr'¡>erpìtrnes. This investigation

leads to ¿r theorem at the end of this section.

\\'c ¿ural¡rzc thc bcìl¿rvicll of tllc problcm irr thc h¡,pcrplzrncr dcfiued as.

Õ(*) : (1+ 
")-ÏÕ?.(i).



Chapter 2. Cl,a.ssico,l Si,ngle Cell (CSC) 2.3. Workin.g on. Speci,fic llllpet' Plmt,es

q'here.

iv)

Õr(x):llft *r-r¡) (2.15)
i:1

Thclcfbro. lbr' fixccl 7. tltc probìcrn uìricìl shc¡ukl bc soh'cd is t,hc uliniulizatior ol' Õ7'(Í). In

other rvords. the single-cell problern c¿rn be reu,ritten as finding 7 fbr which the minimum r,alue

of Õ7(*) is the smallest possible.

In the h'¡perplzrne indic¿-rted in (2.i3), the constraints have more cor\¡enient I'ornrulations.

For example. the inec¡uaìitv gir.en in (2.11) changes into a limit¿rtion f'or 'I a^s.

T 1 X,,O'

Also. (2.10) in combination t'ith (2.9). r'ielcìs.

(2 16)

ç0 +:r) 1 ti I L¡.Yi (2.17)

Noir'. the problem is to rnirrirnize (2.I5) given that i lics ou 1l¡c livpcrl)laric dcfiucrl zrs (2.13).

The vector * shoulcl also satisfr' (2.I7)- Also. 7 should not become lzrrger thzr.n X,no,,.\\¡e knou'

that if the * s¿itisfving (2.f 3) is thc minirnizet of (2.8) then it is the minimizer of (2.15). but not

vice versa.

Assume that f is the minimizer- of (2.15) ancl consicler tu'o distinct values of i and j. Then,

rervrite (2.15) in terms of ïi arrd xi.

^lÕr(*):(1+r-t,)(r+T-x¡) n (i+r-rr.), (2.18)
A':1.k+i,i

rvhere the last term (rvhich contains Il -2 factors) clepends ¡reither on :,-? nor on î.i. Hence. for

rritrirnizing iÞr(*), the proclnct of the first and second ten¡s has to be rniuitlized. Here,

rj:T-S-x¡, (2.19)
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Chopter 2. Classicril Single CeII (CSC) 2.3. Worki.ng on. SpeciJic Hypet'-Plart,es

Not'. the function s'hich should

¡1
.ç- \- r'* ./-

k:1.k+i, j

be minimized is.

(2.20)

(2.2t)

(2.22)

f@¡) : (1 + 7' - ¿'¿) (i -t T - r,)

It can be shov'n that.

/("'¿) : - (', - 
=) 

+ (r + r)(s+ t,. (l/)'

Remembering that.

7.-S
- tr)l:i (2.23)

it is pror.ed that fbr rninin.tizing Õr(i), r¡ and r¡ should be ¿rs f¿rr frorn each other ¿rs possible.

Nou,. assume that i is a s<¡ìntiou to (2.15) th¿rt s¿rt,isfics all thc collstr¿rillts. Frutliermore.

¿ìssume that the¡e are values of i. ard 7. for u'hich there is a value of d such that replacing r;

and zi r',,ith øl : :r¡ I ò- and r;l * 3:.i ò- still satisfies all the constr¿riuts. Note that this llen'

point is still on the same h-vperpl¿rne. Also. note that.

ti-r,-:ri-x¡*2õ. (2.24)

n'hiclr means that if the siglt c¡f ò is the same as that of r¿ - rr. then ri and øl hat'e zr larger

absolrrtc diffcrcncc than th¿rt of t¿ and r'r. Based on rvhat t'as described in the above. this nel'

i u'ill proclucc a lc¡rvcrt' r'aluc <-¡f Õ.1'(*), u'hich is a contradiction to t'hat t'as assu¡ned bef'ore.

Using this, a theorern is stated.

Theorem: In the solution to the single-cell problem. there c¿rn be no pair of c¡ and ø¡

'n'hich c¿rn increase their absolute clistance. \\¡e call this pair an extending one if the¡' can do so

and the situation is called an extension. Theref'ore. at the optimaì point. the inequaìities fbr i
(see (2.17)) should alu'ays stop its elements from increasing the dist¿rnce ¿ìmong thernselves.

1
: - (.t:'

2'



Chapter 2. Classical Single CeIl (CSC) Working on. Specific ÍI'uper'-PLunes

Proof: This issue rvill be presented through a graphiczrl visualization. Before that. rl'e knou'

that Õ(*) is independent of the pelrnutations of x'. Also. rather than tl¡e bor¡nd fol T given

in (2.16). the other conditions are on individuaì elements of Í (see (2.17)). l-urthermore. in

these constraints. the mini¡num possible values for all the elements * are identical and the set of

m¿uxirnum possible values is given as i the elements of which are sorted in ¿r descencling scheme.

Hence, it is possible to shorv the range of c.¡ as.

(2.25)

t'here x shorvs the approximtrte location of :r, in the inten'al and the arrolvs indic¿rte possible

mo\¡ernents. Here. u'e give names for three situations of r¿. In doing so. ø¡ is called to be ¿rt

the beginning. zrt the middle. or ¿ìt the encl if i:i: ç(I +7),,ir(1 +7) < r¡ 1l¡. and:r'¡ :1,.

respectivelli

Nou'. r¡'e use the theo¡em preseñted e¿rrlier' ¿rnd the proposed visual lepresent¿rtion in o¡der

to prove the first lellrla in [118]. The Lelrm¿i states tìrat in the optin-rum solution there is at

most one :r'¿ trt tiie middle. Assurning othert'ise. there are l-¡ and :r1. both ¿ìt tl.ìe rniddle ¿rnd

i < j. In this situ¿rtion. there are tt'o possibilities, r,2 rj or Ír < rr. l-he filst. case lea<ls t.r-r

r,:lç(l+7-) """x --'-" """'1¡]
x.¡:lç(I+?') -x.- ... 1rl

ri'hich is an extension. The later case is similar.

'1¡l,I
x +.. ......t¡l

This visually intuitive proof is comparecl t'ith the one given in [71. 117].

The second lemma in [118] states t]iat in the optimum solution. if there is one :r:¿ a.t the

rniddle. all r¡ for i > i u,ill be at the beginning. Again assume t'ivo distinctive r:¿ and r¡. u'here

i < j rrnd rr' is at the middle. Nol'. if ri is at the end. there ar-e trvo possibiìities. nameh' r¡ 2 lj
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Chapter 2. Classical Si,n,gle Cell (CSC) 2.3. Workin,g on, SI¡eciJic H\Itet-Ptartts

or r¿ ( l¡. The first one le¿.rds to.

xi:[ç(I+T)-. .x----1¿j

xi:lç(l+T).. .'..'. - *tiJ

rvhich is an extension. The second condition leads to ¿ln extension as l'ell. although it is not as

clear as the previous one is- \\¡riting.

ri:[ç(1+T)-- -.....x-- .'."...-l¿]

r¡:fç(t+T)..

t'here the extension is trivial.
Lernrrr¿r 3 in 1118] is refers t,o the;r¿ above tìle one ¿rt the middle. The claim is that if z¡- is rrr

the middle and fol m. < k. z,n is at the beginrring. then fbr nr < i, 1k. r¡ can not be at the end.

Using the lemmas given in the above. t,he result is th¿rt r:, should ahvavs be ¿rt the beginning.

The situa.tion rvhich this lem¡na refers to is.

r,,,:lç(l +7) x ........1,,j

:r¡:[.,;(1+Z) . ....¡i,J

rç:fç(r +r)- x.-..-'-'....h.1,

u'hich changes into the extendable c¿rse of.

r,,,:lç(7+T).. ...-x +...--.1,,,1

r¡:lç(l *7) x ....../¿]

r¡. : [p(1+T) . . + x......--....¿r].

Proposition 1 in [118] is noq'concluded: if there is a solution to the single-cell problem then
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Chapter 2. Classical Si.n.gle CeIl, (CSC) 2.4- Bou,n,ds on. xr

it is as.

i: (h,...,Ik_r ,rx,ç(I +:f)......p(t + f)) (2.26)

Note that there nray be need to sluitch the elements of i so that the one at the middle sepzrrates

those at the beginning and those at the end.

2.4 Bounds on rk

Ecluation (2.26) gives the stlucture of the optirnum solution to the single-cell problem. This

equation reduces the nurnber of the unknot'ns to tlvo. In this section u'e reduce the size of the

search space b¡,-filicling a¡r¡rropriate bounds for both È and c¡.

Dcfirring

À'- r

r:Ðt,. (2.27)

u'e hatre.

t¡+,L-171tT
l-1-l -

As 7 is alu'avs ¡rositive. rl'e should have.

1-(¡/ -k)ç'
(2 28)

(2.30)

JJ

1- (¡/-À.)ç > 0 - À.>.'\/ - I Q.2g)ç

The fäct that 1 - (À.1 - Ä)p is positive is used in some of the derirations to be presented.

Working on î¡- ) ç(I + T), given in (2.I7). resuìts in.

_ p(¿+1)
-Lt-/-" - 1-(n/-À'+l)p



Chapter 2. Clossicol Sinele CeIl (CSC) 2..4. Bou,n.d,s on, r*

We also have.

:t¡.1(X¡a, +1)11 -(¡1-À)el - L-I. (2.32)

According to the stlucture of i given in (2-26) ¿rnd because of (2.f7). ri'e should have .,:(1-F

T) < Iv u'hich gives.

r¡ 1l¡.1
1-(rì1 -À)er -L-I. /o tÐ\

\L.J¿ )
ç

To m¿rke the bound in (2.33) positive u'e should have.

k>A,I-1*r.

s'hich makes (2.29) tiglrter. Similarlr,, the aggregate po\r¡er condition gives.

11Ä'<--. *1
t,.

Using (2.31) u'e h¿rle.

<fr< 1, +1

Therefbre. the constraints in tu'o bounds on î:À..

z¡- ( min

/¡-

(Xn,o, + 1) [1 - (¡1 - k)ç] - L - t
1-lrì.r-k)¿lst--L-I

ç

ç(L + r)

(2 31)

(2.34)

(2.35)

(2.36)

(2.37)
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Chopter 2. Cktssicol Singlc Cell (CSC) 2.5. Spottin,g the Solution,

for those values of k satisfl,-ing (2.35). The important f¿rct about the inequalities in (2.35). (2-36).

ancl (2.37) is that thct' are both ncccssarv and sufficient-

2.5 Spotting the Solution

It u'as proved in SectÍon 2.3 that the solulion to the single-cell problem is stmctured as (2.26).

Norv, thc qtrcstion is to fincì the appropriatc vahrcs of'À and z¡. Here. \\¡e â.ssume that we have

seìected a value of Ä: and produce the optimal choices for r¡r.

\\¡e knou' from u'hat s,as described in Sectìon 2.4 that it is both necessar)¡ and sufficient for'

zr- to satisfy (2.36) and (2.37). In this section we prove that Õ(x-) has a verv specific behavior

in terms of z¡ ('n'hen other elements of * are selected as in (2.26)). In f¿rct. \\¡e prove that

thc lninimurl vahrc of Õ(*) happens on a bound¿rry (trt a rnnrgiri). This directly leads to the

tu'o choices given in (2.36) and (2.37) f'or ?ra. In this t'ar'. the single-ceìl probìem reduces to

checì<ing tto l'alues fbr e¡- for anv value of À (also limited bv (2.35)). The importance of this

non-iterative method over the nlrneric¿tl one usecl in plevious u,orks is notable. Furthermore.

l'hile the proposed rnethod produces the ex¿rct solution to the single-cell ¡rrobìem. the approach

devised in [71] is onlr, capable of calculating the solution up to sonre ltrecision.

Equation (2.26) gives.

o('*) :tr#tr
[g,r.? - 

¿¿)(1 *r - r¡)((r - e)(r * r))'-^] (2.38)

(2.3e)

(2.40)
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Using (2.28) and perforrning routine algebraic manipulation u'e have.

u'here.
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Cho.pter 2. Classical Si.ngle Cell (CSC) 2.6. Detai,Is of the Proposed Algorithm

aui: I
I

¿+1-(1 -
L+I

(I,t - k)ç

(AI-k)ç)t¿ i:1.."k-1
¿ -À

(2.41)

(2.45)

j:L-tr. (2.42)

Note that. here. iÞ(z¡.) is refèrrecl to, as opposecì to iÞ(i). because l\¡e are dealing ri'ith the

optimal choice of u¡ and hence the other elements of i are calculated b¿rsed on ¿'À. Therefore.

the problern is to minimize.

.f(,):!"LsP. Q43)

ultere /J¿ and lJ are given as (2.41) and (2.42). respectively. Note that u'ith thcse definitions rvc

have.

0 < h < 0z < "' < Ar-t < ß < þ*-. (2.4,1)

Also. r'e harte.

À

f u, -ka:o- (r/-À)r) i---l-arr ,,(,r1 ;,À')rl t¡¿=r ' ' ' l,Qt - À)r (11 - ,{ ).,: I

Figure 2.1 shot's a sample function / rvhen k : 3 u'ith values of j¿ and 6 given in the caption

are used. Note that. in this example. it is evident th¿rt in anl, i¡fs¡1,¿l on the positive side. the

¡ninimum r'¿rlue of the f'unction happens at the boundaries. In Appendix A it is proved that

this is in fact the case for anv choice of the ptrrameters ,,9, u'hich s¿rtisfy (2..,14) and for rvhich

Ðf:rþ, - k¡J is positive. Using this result. in the next section. \1¡e propose an algorithm that

coltputcs tltc valuc of Õ iu lcss tllclr 2À1 c¿rrrdidatc poiut,s ¿rurl fillds thc optirnz'Ll solution.

2.6 Details of the Proposed Algorithm

Þ-igure 2.2 shou's the detaiìed structure of the proposed algorithm.
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Chapter 2. Clo,ssi,ca,l Si.n,gle CeIl (CSC) 2.6. Detai,Is of the Proposed Algori,thrn

Figure 2.1: Typical shape of [(x) de,finerl ìn (2-/3) ui.l,h uo,l,ue.s of po.r'o.m.et.crs a.s 31 :7.0082. 32:
1-6728, 3r : 5.7966' and 3:2.2370.

Conpute X-o. using (2-lI), p using (2.5), and I using (2.9).

For all A satisfying (2.35), do the followings,

(a) Compute tr using (2.27).

(b) Conpute lnûuA and nrin¡. using (2.36) and (2.37),
respectively.

(c) ft not ?¡¿¿¿rÀ- ) t¡t.i.¡tk ) 0 then go to the next vafue of È, eJ-se

continue (goto 2a).

(d) Oo the following lines for the two values of z¡. 'min¡ ald
x:k : lr|Qrk, separately. Store both Õ and the values of z¿

for each trial.
o Compute 7 using (2.28).
o Set ?¿:1.¡ for i.:I,..-,1í-I.
o Set ø¿:p(l +I) for i:,k*I....,Ií.
. Compute Þ using (2.8).

Find the smallest Õ produced at the above ând retrieve the
corresponding values of :r,.

Conpute f , using (2.6), a-nd return that as r¿e1I as C.

1.

2.

.).

4.

F'igure 2.2: Dctails of the algorithm. CSC.

JI



Chapter 2. Clo,ssico.l Sin.gle CeIl (CSC) 2. 7. C omputation.al C ost

2.7 Computational Cost

Anaìysis of the proposed zrlgorithnr shou's that its cornputational cost equals.

r :8eXI2 * (16e + 4)¡1 + 10,

flops. Here, e fuI is the number of values of k for *'hich line 2d in

Figure 2.2 is executed. Empirically. for 
^,1 

> 70 r'e har.e e < 0.25.

rvheu e equals one. for rvhich u'e have.

(2.46)

the algorithm depicted in

The rvorst case happens

rcsc':8tr'[2+2oll+10. (2.47)

flops. As zrrr cxzunpk:, suìrstitutirrg ¡/ : 100 results in the computational costs of 821i and 201f

flops, lbr E:1 ¿rnd e:0.1, respectively. Here. s:1shou's the'n'olst-case, rvhile the c¡ther

r-alue of 6 represents a. likelS-event. On a 1Gfþs (one Giga flo¡rs per second) processor it takes

less tJran 0.1¡ns to do the calculatjons of the proposed zrlgolithrn t'hen ,ii./ ec¡uals 100 (0.08 ms

a¡ld 0.02rns fbr the u'orst and the ar.erage c¿ìses. respectivelr'). As a general measure note that

lrcre the computation¿rl cost is of order O(A[2).

2.8 Analysis of P,,.,n,

The onlv place in the algorithm stated in Section 2.6. ri'hele the actual value of P,,,,,.,. is important

is in line 2b. Using (2.II). and based on (2.36). \1¡e can shou'that the actual value of P,ro" mây

ha:rrc an impact on the final sohltion onh' if.

Xr,,,r.,.* 1 ^ ^ 11
, ç(I+f'r,,,,,, 1l),,t,t.,,gìtl"'-L (2..18)
L¡t ^i

It is in fact expected that increasing P'o, from certain limits rvill make (2.4) redundant.
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Chapter 3

Extensions to Single-Cell

l'Ìrorough ri'orl< on the CSC. alongside the zrnal¡'sis of'the results preserrted in Section 5.1. le¿rds

to the suggestion th¿¡t including rlore constr¿ìints in the pr-oblem could result in better properties

fbr the soìution. In this chapter this approac:ir is fil'st lbllorved in the cìesign of the problem Nerv

Single Cell (NSC). discussed in Sect,ion 3.1. and then in the developmenl of probìem Ni'SC,

discussed ir Section 3.2. Then. in ordcr to enh¿lnce the efficiencv of the ploposed aìgorithms.

neu' ¿rìrproximations are emplo¡'ecl. resulting in neu'e¡ r'ersions of all the der.elopecì algorithms

in Section 3.3. 'I'hese algorithrns are marked u'ith tlie superscript a. denoting "aplrroximation''.

T'he t'ork then continues u'ith incor¡rorzrt,ing con\rex and conc¿rve utilitv functions. thus incleasing

the practicalitv of the problems. as discussed in Section 3-.1. F-in¿rllr'. the c¿rse of multiple-

cl¿rss svste¡ns is anah'zed in Section 3-5 and generalized multipie-cla.ss s.vsterns a¡e discusse<ì in

Section 3.6.

Some of the extensions to the cla-ssic¿rl single-ceìl problem developed in this thesis are surn-

marizcrì in Figrrrc:1.1. This figrrrc rìcpicts thc rìiffercnt constraints and hot'thev produce ne\\¡er

ploblems.

3.1 New Single Cell (NSC)

Anal-r'sis of the CSC reveals that almost alt'¿ws there is a single mobile station in the cell

t,ransrnitting at a capacity about fifTy times as mnch as the others. this issue is mentioned
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,ì/ \ 11

r +lnisil
i: I I

max C(fl) : Iogz

gt\¡en,

0<Pr<Pr,,,,r'.,Yi,
1'¡ > ^t-Yi.
,\/

Ittilli 1 P^n,,
i:l

C¡ 1r¡,Yi..
;. _11(-; <\ --- V?-'- ¡tII

.\.1

I+ t pjet
j=1.j+i CSC

-\¡sc
1V+SC

Figure 3.7: Som.e o.f thc extcttsi,ons t.o t.he CSC d.eucloçtcd i,r¿ t.h,i,s t,hcsis.

b,r' other- researchers ¿r.s rvell [57, 58]. 1b resoh'e this issue. here u'e add another constraint to

the problcm and utilize a method simiìar to u,Ìi¿rt lvas descriìrerì in Cliapter 2. As a result.

the problem Neri' Single-Cell (NSC) is produced. It is u'orth to mention that the unfäirness

of the results procìuced bv the CSC rvas one of the ruai¡r le¿ìsolìs the authors in [71] devised

the minimum SIR constraint. Here. u'e shorv thzrt tlirougìr aclding a nraximum bouncl on the

capacitv of each mobiìe st¿rtion there ri'ill be an irrplicit limit on the unfäirness of the svstem.

thus resulting in a more practical solution.

This section is organized as follorvs. First, in Section 3.i.1 the nen'¡llaximum capacit)'

constraint is introduced ¿rnd it is shown hou' it integrates into the ri,hole problem. Then. in

Section 3.1.2 q'e shou' the structural similarit¡'' of the NSC to the CSC. As such, \'e jrìstif). that

properties similar to t'hat 1\¡as proved before for the CSC are still valid. Then. Section 3.1.3 uses

these lesults to plopose an algorithm for soh'ing tlie NSC. The ¿rnah'sis follori's in Seclion 3.1.4

b.y discussing the computational cost of the proposed algorithm. Fin¿rlìy. Section 3.1.5 shou's

horv in fact the nerv constraint puts a ìimit on the unfairness of the svstem in order to dist¡ibute

the ¡esources in the system.
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3.1.1 Maximum Capacity Bound

Using (1.7), the constraint given in (1.9) gives.

C¡2 * log2(1 -;) (3.1)

'Iherefbre. the value of .lp. and equivalenth' that of i'. delerrnines ¿r minirnum fo¡ the capacitv of

each mobile station. Hou'ever, using Tavlor Series .rr'e knorv that for a sm¿rll values of ø.

los2(1 -") =-t"ä".

Hence. n'e have the approxirnate form.

1cl I 1,,(Ðr

This means that .¿ direct,lr:' imposes ¿r rninirnum l¡ouncì on the cz-rpzrcitl of e¿rch ¡nobile station.

I.-ollou'ing the same line of reasouing. l1¡e propose to ¿rdd the constraint givcn belorv to those

presentecì in (1-3). (1.9). zrnd (1.10).

C¡ < q.Vi (3.-l)

Here. u,e u'ill u'ork on (3.4) to shorv that t,his const,raint rrill in facf control the unfairness of the

solution.

According to (1.7). and using the linear tr¿rnsformation of the search-space discussed in

Section 2.2. rvhile also using (2.13), the neu'constraint mandates.

(3.2)

(3 3)

(3 5)

(3.6)
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Continuing with (3.5) ancl defining

u:I-2-'t
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\\¡e have.

r¡ < ø(1 +T).Vi. (3.7)

rilrich is similar to the lefï side of (2.I7) except f'or the f2rct that the previous one put an upper

bcrund on ri. as op¡rosed to the lou'er bound given in (2-1,7). Note that ü > ,p is a necessary

condition for the existence of any solution.

3.7.2 Spotting the Solution

lu Scctit¡lr 3.1.1. thc NSC rv¿s fbrumlatccì as urini¡uizilrg Õ(*). given in (2.8). subject to.

0 (;r'¡ < I.i.Vi.

. <a ' < .' v;t -- r/ > ú' v¿'

_\-I * l.r,
j:t

,.\ 1

\-.' ¿ r'/ r ì : r\n1.01-

i:1

(3 8)

To soh'e this probìen. \r¡e use the same method of perf'orming tlre anzrh,sis in spccific hvpcrl>lancs

der-elo¡red in Section 2.3. Tlie sirnilaritv of the structuraì arrerngement of the sc¿rlch spâce of the

culrent problern to the one given in (2.17) mandates an o¡rtinral i u,hich ir¿rs a structure similar

to (2.26). Note that. here. lbr some values of i. the maximum bouncl for x¡(j > i) is given

br'*(1 * ?) and not b¡' 1;. Nevertheless. the s¿ìme p-\¡ramid-like structure of the search space.

generatecl bt' the descending upper bounds. is stilì r'alid. Hence. in ¿rccordance u'ith (2.26). it is

inferrecl that the optim¿ìl solution to the single-cell problern u'hen the nes' constraint is included.

is given b¡'.

i : (*'(r +T)...',-'(1 *T),|¡tt,.' -,1À,-r.nÀ.,ç:(l +"),- - -,ç(t* Ð) (3.e)

Note the simiìarit¡,- betrveen this vector ¿rnd t.he structure of the solutiorì to the CSC given in

(2.26).
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Comparing (3.9) ivith (2.26) rei'eals that in the NSC there are t-ço values of .l and À u'hich

have to be f'ound rvhile in the CSC \\re rvere onìr' faced rvith A (see Section 2.5). Hence. it is

anticipated that the solver for this problem u'ill be of a higher order (the conrputational cost of

this algorithm is cliscussed in Section 3.1.4).

Using (3.9) t'e har-e.

À-l
/A-+ t l1+ 1

i:j+1I*T: t
;(rr+¿+1). (3.10)

(3.11)

(3. i2)

I Ie¡e.

t - [j, + (¡/ - A)É]

L_

e;:I-l.ja+(ÌI-1,)rl

À'- r

f,,,
i= j+1

Note that both ¿'

Rorrtine rìeriva

and .L depend on j and È ltut not on .?.'À.

tion shorvs that in order to lulfill ¿rll t,he constraints u'e should have.

| ,^ ìt"
'i' { ¡\tt+ 1)r 

- É<î I (3 13)

I u'*," {i,,-+=q ,!,^, x,,,, + r} (¿ + r) 
,l

rA(rl

-[À<j+
(3.14)

He¡e. for any logicai statement P,lPl is one if P holds and zero otherivise l11g].

It is informative to investigate the case of large 4. Assuming \ : æ leads to u : I, in g'hich

|) I
I

iüÀ
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case the maxinrum constraint in fact becomes trivial. Using (3.12) ri'e have,

L:-(Ð:-(.11 -À)ç<0.

and also .i : 0. Hence. this case results in (3-13) converting to.

- ,._,t, 
Ì 

'

u,hich is identical to the maximum limit in the CSC. Also. (3.la) ciì¿ìnges to.

'Jt: k

(3 15)

(3. i6)

(3.1 7)

A closer look.

(3.18)

(3.20)
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u,hich is not iclentical to its counterpart in the case of CSC in its cur-rent form.

horvever. reveals that if fr > 2 then using (3.11).

È-1

L:Ll¡ )1r > 0-(X4 -k)p)1r.
i=1

(
, I ((1-(¡/-À)r)tt-Ø+1))(1-[È<r+1])

:üA.2mari\ p(L+t)
t 1-(¡1-À'+1)ç

II

Ilence. the first ter¡¡r iu (3.17) is in {¿rct rregative. Ou the corìtr¿ìrv. if k <2 tlien À' < j* 1 r'hich

eliminates the first condition. Hence. (3.17) converts to.

x't ) ç(L + I)
(3.1e)I-(M-k+l)rp'

which is identical the one developed in the case of the CSC. Therefore. as expected. as 4 tends

to infinitv the NSC corì\'eÌges to the CSC.

Substituting (3.9) into (2.8) rve have.

1

I

(
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L+T-ç(t+T)
t+T I

Õ(*):*,,\,(i###) (+*;¡ (321)

Here. r: is a c:onstaut clcfinecl as.

Nori,. using (3.10) u'e have.

Here. n'e ìlave n : Ã'- J and,

Notice that.

1 "i,

":' '(r-",¡j¡-ç)Y-k.
v

Continuing rvith (3.21) rr'e have,

(3.22)

(3 2.1)

þ:L+t (3 25)

0 < t'Jt <.U2 <.-. ( J,-r < 3 < 1". (3.26)

iu, - nß: (n- r)(¿+ 1)- v,r+ 
L-lJ.- n(L+r¡: i(Úål1) t o e.2T)

r=r l-a ' 1-11

Hence. accolding to the theorem given in Section 2.5. it is inferred that bhe ¡ninimum value of

Õ ha¡lpens u'hen r¡ accepts one of the boundar)' values given in (3.13) and (3.14).
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3.1.3 Details of the Proposed Method

Figure 3-2 shou's the detailed structure of the proposed algoritlim.

3.L.4 Computational Cost

Anall'sis of the cotnputational cost of the algorithm depicterì in Section 3.1.3 shoçs that it

demands.

flops. Here. s is the portion of trials for u'hich g is in fâct computed

e: 1, gives,

t : !rM3+ ff,t22 - 2¡s7,r + 6.

, :lut + f;,vt - 2ztr + 6.

(3 28)

The rvorst case. setting

(3.2e)

flops. Horvever. fbr a typictrl system. as describecl in Scction 1.3.1. e is 0.2. On a lGfps (one

Giga flops pel secoud) processor, the proposed algolithm takes less th¿rn 6ms u'hen ,¡i,1 equtrls

100 (5.5ms and 0.6ms fbr the rvorst case and the bast one). Note th¿rt here the computirtiontrì

cost is of order O(MJ) compared to the O$I\ algorithm given fol the CSC. In f¿rct. this

lvas expected because the main "fot" ìoop in Figure 3.2 contains tt'o variables each one ranging

sornet'he¡e betu'eelt 0 and ill. In Section 5.2 u,e shou'that the acceptable results of this zrlgorithm

compensates for its higher computational cost. Note that the cornputational cost of the neu'

algorithm is ahnost $l{ times the CSC.

3.1.5 Fairness Analysis

Using (3.4) and (3.6) u'e knou' that.

(3.30)

46
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1. Conpute Xr,n, using (2.71), p using (2.10), ø using (3.6), a¡d I
using (2.I2).

2. Report "Error" if * 1ç.

3. For al-1 j from 0 to 
^I 

a:ad for afl À from j + I to À,1 do the
f o1lor.rings,

(a) Conpute t/- using (3.I2) -

(b) If not u ) 1a then go to Line 3 a¡d start over for ner,¡ values
of j a:rd À;, else continue to Line 3c.

(c) Conpute tr as (3.11).

(d) Coropute mer, and compute min, using (3.13) and (3.14),
respectively.

(e) ff rlt n7aÌr ) rttin,, ) 0 then go to Line 3 and sta-rt over for'
nel¡ values of .l ald À, else continue to Line 3f.

(f) Do the following lines for the tr,¡o val-ues of z¡ : ttti.n, and
îÀ. : n1o:t:r, separately. Store both iÞ and the values of r:¿

for each trial.
¡ Cornpute T using (3.10).
r Set 2'i:ø(1 +T) for i.:I,....j.
¡ Set 2i :l¡ for ¡: j + 1,'...4 - 1.

r Set:r¡:.t(1 +T) for '¡ :k-1 1,. .,''l/.
. Compute Õ using (2.8).

¡1. Find the smallest Õ produced at the above and retrÍeve the
corresponding values of x¡.

5. Conpute fr, using (2.6), and return them as i,¡ell- as C.

Figure 3.2: Dctails of the algonthm, NSC.
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min{C,} > -log2(1 -,a), (3.31)

(3.35)

48

Hence.

(3.32)

Using this equation. after p is selected. the appropriate ø, and hence 4, which result in a desi¡ed

unfairness can be caìculated. Furthermore, it is shou'n that the unfairness of the systern is

controllable after the nel constraint is added.

For the seconcl unfailness rneasure clefine in (1.31) rve liave,

J < - log2(1 - a) +log2(1 - p) : loez l=)\r-d./

; rìriìx {C¡} - - log2(1 - -')i:,"in{ql: 
-log'r(1 -Ð

.r* : Iosz (=) :roez (å) :,¡-rog2(i +?) :, - #r,

(3.33)

Note that both terms - ìog2(1 - ø) and - log2(1 * cp) are positive. Again. the nerv constraint

puts a limit on the r¿rtio unfairness.

Equations (3.30) and (3.31) can be used to give approximations for / arrd / ¿rs u,ell. Here,

\\¡e ùse tltc notations ./" and f* fo. t,he nlaximunr ex¡rected subtractive ¿rnd ratio unf¿rirness

lneasures. respecti\¡ehr. given ^¡ arrd 4. Bv calculating these tt'o values. m¿r-ximum values for ./

arrd j can be guzrranteed. Using (3.32) we have.

(3.34)

He¡e. rve have used the fact that if ^,, is verv small then ìn(1 * r) : i. Equertion (3.311) shori's

that the maxi¡num possible subtr¿'rctive unfãirness is a linear function of 4 and 1. Although. i
has a negative contribution to /* (u'itìr a cocflìcicrrt of ¿rbout 1.44). according to the fact that 1

is negligible. n'e knorv that 17 is the main factor u'hich determines /*.

Using (3.33) u'e also have.

¡._logz(1 -ø) _ n _4r-nJ - logr(1 - .p) tog2(1* r') - r,"'-'
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Tlre t'rvo ecluations (3.3a) and (3.35) relate /* and f" to ^,t and 4.

be performed in the other direction as rvell. nameìr'. values of r and

of ./" and .f* can be calcuìatecì. Solving (3.34) zrnd (3.35) for i' and

Horvever. the operation can

r¡ rvhich vield clesired v¿lues

4 we ha\¡e.

I' f*
^: :2i'' -t=f ,1n2,

.[. .1.tl: 
f- -r

Note that f* > 0 and f* > 1. b¡' definition.

(3.36)

(3.37)

As a numerical exirmltle. setting I : -50d8 and 4 : 0.3 1'e g'ill haçe .f* : 0.30 and

.î*:65.16. Comparecl to'I¿rble 5.1. in rvhìch /:0.25 and /:6.02. u,e rvill infer that /* is in

fãct a goo<ì appr-oxitnation. Also. rrtrile f. is still a conservative value. the s.vstem is in fäct more

fair than this approxim¿rtion. Sirnilarl-t'. seìecting "f* : 5 and f- : 0.2 yields 1 - -30rlB ancl

'¡l : 0.25. The formulation c¿r¡l also be used for determining the value of 4 ri'hich gives ¡' : 3

f'o¡ ^, : --50d8 (the ansrver is ?/ : 0.014 for u'hich .f- : 0.0091).

3.2 New Enhanced Single Cell (N+SC)

'Ihe czrpacitv sh¿rres of the nobile stations in a s¡'s¡snl constitute a set of non-negative nurnlte¡s

u'ith a total of one. Tlierefore. in a s¡,'stem s'hich depends on all the mobile stations evenly rve

u'iìl have,

(3.38)

Here. C¿ is the c:rpacit)' sh¿rre and is defined (i.32). Looking fi'onr the point of t'iet' of the mobile

staticlns. this s.vstem is alloct'rting identical capacities to all the mobile stations. Hou'ever. this

ideal case ma)* not be practicaìlv acceptable l¡ecause the st stem tends to acquire more re\¡enue

from giving service to those u,ho are capable of receiving it. in our case those rvho are closer to

=1'AI
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the base station and liar.e lzrrger values of g¿. On the other hand. verl' high values of C¿ denote

the ert¡e¡ne dependence of the svstem on one particulerr mobiìe station. In fact. losing such a

nrobile station u'ill results in ¿r loss of levenue u'ith the factor of I-C,.Therefore. it is necessarv

to be abìe t,o control the maxirnum range for the elements of Õ. Not" that. er¡en though in such

a svstem rlo minimum bound f'or the elements of ð i, devised. the maximum capzrcity sh¿rre and

the minimum capacitv bounds result in an implicit bound on the minimurn capacit-v share of

the indilidual rnobile st¿ìtions.

This section is organized ¿'rs follorvs. First. in Section 3.2.I. a net'maximum capacitv share

constraint is introduced and it is shog'n horv it integrates into the NSC. Then. Section 3.2.2

an¿tlvzes the lleu' bound ¿rnd de¡nonstrates how the dimension of the searclì space can be reduced.

TJre anah'sis then f'ollo'n's. in Section 3.2.3. u'here a theorem is ploved u'hich plocìuces a finite

set u'hich is guaranteecl to cont¿rin the optimal solution. Then. an algorithm is proposed rvliich

solr,es the NSC equippecl u'ith the nerv constraint. resulting in the probìem u.hich is called the

N r'SC. Finalh'. Section 3.2.,1 gives ¿r maxilrrum bound for the cornputation¿rl cost of the pr-oposed

algorithm.

3.2.L Maximum Capacity Share Bound

1b m¿rke the rnaximnm limit for the eiements of Õ incìependent from the number of the mobile

stations. \ve compare C'¡,r'ith il1-l ill a condition f'ormulated as.

C¡l (3.3e)

lïorking on (3.39) and appl.vinC (2 6) on (1.7) ancl (1-8) ancl using (3.39) and (2.13) u'e u'ilì

have.

1t
iM'o(¡r(1'

1r?-
III¡rlog,¡-'=' <logz' "'7*T-t¡ -

(r + 7)¡/
ùI

fJ(r+r-,t)
j:1

(3.40)
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Folìot'ing this ¿rn¿rlvsis ì;v g'riting the pou'er share of the i-th mobile station as.

- Ìi 'Li (3.41)i:i: M : 
r+7,

rr\--.
12Jj:r

Equation (3.,10) changes into.

l-f t\l
(1 -i,;rrr'> fltt _ i¡)-7* trIpr¡*Ar ) 1-t x¡+ L2. ß.42)

r:7 .i=1

Here. l¡oth A¡ àrì{l A2 are terrns incìuding the ploduct of tu'o or more of the elernents of i.
q,lrere i¡ e lp.r]. l-or tr-pical values of ^t : -30d8 and r¡ : 0.3 this interval becomes 10.03,0.19].

Due to the f¿ict, that i, << f . it is possible to ignore tenns including pol'ers of tu,o ¿rnd more in

(3.42) and f'ollou'ing some routine derivation u'rite the approximate form.

" s #r (3'43)

\\ie u,ill empiricailv shou' that this is a r'¿r.lid airlrroximation.

to.

In summarl'. the N+SC problem can be written as minirnizing Õ(*). given in (2.8). subject

01p¡ 1 p-or,Vi,

,< ?!!' <2't _ r.vi.
-l/

I+ t p¡e¡

^1 
j:lj+i (3.44)

\t,,9, 1 Pn o,,
i: I

1å
P¡9t < 

¡,1u LPtSt.
, j: I
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3.2.2 Limiting the Search Space

Combining all the constr¿rints f'or r, u'e have.

(tì
ç(1 + 7') ( r¡ ( rnin { 1¿. a(I +T), *1: | .Vi. (3.4b)

|. .vp )

Hence. according to the descending pattern of S. ancl hence that of I the search space has a

pvramid structure. ¿rnd theref'ore the optimaì solution to the N+SC can be rvritten as.

x: (ø(1 +T),. -.,,r(1 + ?).1j+1...., h--r, rk.ç(I +T),... .,,c(I + f)), (3.,16)

if.

/rX: { 

-I.\ Ì1s

*r -;(1 + r).
XI ¡t

1

-n,l ¡rT, 
Lr'rt''''' Ik- t,¿l' P(1 +T).".,f(1*"))

(3.47)

(3.48)

(3.4e)

(3.50)
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if.

Here. the appropriate values of' j- k. and ø¡. ha¡'e to be found in orde¡ to make * conf'orm to

all the const¡¿rints. The rest of this section discusses the conditions that make * an acceptable

soìution to the Nr-SC. Flere, n'e first find a subset of the search space in rvhich all the const¡aints

al'e satisfied. Then. ill the next sectiort, the value of ø¡ is analyzed and a theorem is proved.

\\iorking on (3..16) and (3.48) ne ha:r'e.

1

MrT ' r(1+ r)

7+T:j{r,u* L+I).
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Here.

c::1-lja+gr-k)cl

Similarlv. u'orking ou nfi,f > ";(1 * T) leads to.

À---l

t: Ð ,,, (s.bl)
i: j+t

(3.52)

(3.54)

As (3.a6) is identical to the 1>atteln of the solution to the NSC u'e conclude that, one solution

to the N f SC is the solution rvhich cornes fiorn the NSC given that (3.5a) is also added to the

sct of conditions. \\¡e u,ill calì this algorithm as the NSC+c.

Note that if X.I p < 1 then (3.,13) becomes trivi¿rl. In this situation the N+SC reduces to an

ordinar.'" NSC.

J\e1v, 1v€ consider (3.48). \\;e h¿rr.e.

r ¿ lI t' (3.53)- -_ 1* ull,I¡,t'

t'hich also ueeds ;M¡r < 1. Substituting (3.50) into (3.53) u'e have,

1 t T 1,L+i:-(rr.+L+a). (3.55)
1,

Here. I is identical to what is defined in (3.51 ) ancl.

^_1 J

":l-,-tttt,, (3.56)

l; IL':1- 
l_,trr-*(¡'r-Ä')r] 

' (3.57)
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Note that although using the same s\inboì. ç'has tu'o clifferent clefirritions in (3.52) and (3.57).

\\t use thc sallc svmbol for tu'o different icìrntitics bccause they are used in sep¿ìrate aìgorithms.

Notv, rvorking on -*-f < ø(1 * 7') gives either øI1¡r ) 1 or.

Note that (3.54) and (3.58) are lhe tu'o sides of the s¿rme inequality irr trvo diflereut setups arrd

hence lead to trvo different conditions.

Routine derivation shou's that to make (3.,18) compìv u'ith all the constraint,s rr'e should h¿rr,e.

(ç' (M pt¡+t+ 1) - (L + a))(1 - [k 5 r + t])
.a

____r_1r + o)v-ç

(3.58)

(3 5e)

(3.60)

,--*.,.{ I
I

c¡. ( min

f 'ni;,',,**t, 

Ì 

-,,.,,,''-'"15-
L+a-Ij)
n"f ltl,' - |
lr

1-[11¡rc,<1]

\\¡c c¿rll thc ¿lgolitlulr u'hich fillcls thc optirtuurt solrttion givcrr these constraints the N'SC. Note

that this is not an independent algorithm and rvilì be used inside another algorithm. \\¡hen

(3.58) is added to thc search space for the N'SC. u'e call the neu' zrìgoritìm as the N'SC+c.

\tr;hat rvas perfolmed so fâr' aimed at finding the se¿rrch space in rvhich all the constraints

are satisfied. 1-he next step in this anall''sis is to spot the optimal solution in the search space.

\\¡orking on the N+ SC, t'e knorv that if II p < 1 is satisfierì then the sohrtion r:an be sorrglit for

using the NSC aÌgorithm, because the nerv maximum capacitv share constraint beconres trivial.

Furtlrermore. n'e knolg that g'hen t',Al¡t. < 1 the solution is the one given b¡'either the NSC

equipped s'ith the extra inequalitv (3.5a) or bv the N'SC equipped t'ith (3.58). On the other
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If Alp < 1 then solve the NSC.

Else, if aAl ¡t < 1 Then

(a) Sotve the NSC+c.

(b) Solve the N/Sc+c.

E1se, solve the N/SC.

Find the best outcome.

Fàgure 3.3: Details of the algorit,hnt N+ SC.

hand. if t;AIp, > 1. the solution comes from the N/SC (see the comments before (3.58)). The

pseudo-code of this algorithm is shorvn in Figure 3.3. Note that each algorithrn. narrrel¡- the

NSC or the N'SC, haræ their ot'n search space and ¿rlso their ovn structure of the vector i. as

sho$,n in (3.a6) and (3.48).

3.2.3 Spotting the Solution

In Section 3.2.2 lhe search space rvâs limited bv a set of inequalities to satisf\'¿'rll the constr¿rints.

Therefore. it rvas proven tìran the optimal soìution is one of the points of the given search sptrcc-.

'w-hich still is infinite. Ho'n'ever. i¡r thc'c¿rse of the NSC it u'as provecl that r¡ should accept one

of the bounrìa¡v valttes. ìeading to a finite set of possible soìutions fì'om l.hich the optimal one

is selected. The basis of that argument is a theorem pror.ed in Section 2.5. In this sectiolt rve

'n'ill prove a theorem more generàl than the one proved previousìr'. the neu, theorem u'ill prove

that for the case of the N/SC too the value of øÅ- n'Ìust be eclual to one of the boundaries.

Looking at Figure 3.3 rve are concerned nith solving the NSC or the N'SC either solely by

themsehæs or rvhen an extra inequalitt' for r¡ is included in the problem as t,ell. The theorem

proved in Section 2.5 shos's that for the NSC structure of i. u'hich is given in (3.46), having

/ ( ø¡. ( I. u'hich compìies u,ith alì the constr¿rints. the o¡rtimal solution is produced by either

:L¡ : L or 1ì.'¡- : -L. Hence. rr'e shoulcl produce * fbr both of thcsc choiccs ancl thcn fincl thc vahrc

of the function at that point. Iterating this check fbr all the possible rralues of .i and À u'e s'ill

have a list of possible solutions. one of rvhich is the optimal one. Here. q'e ri'ill prove that with

1.

2.

J,

4.
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the structure of f rvhich is given in (3.a8) the same conclition applies. So. again. u'e should onlv

check a finite numbcr of possibiìities ¿urd then lìncl thc optimrrl solution among them. In the

foilorving palts of this section s'e u'ill prove a theorem u'hich allot's us to do so.

Using the structure of i for the N/SC given in (3.46) and (3.48). tt'e h¿ìt'e.

Õ(.r) : i# ('*' - hir)',i, ,' +r -1,)(1 + 7 -,*) (3 61)

(3.62)

(3.63)

(3 64)

(3.65)

Defirring.

u'e c¿rn rvlite.

u'ìiere.

0:I'+a.

,lr,

L*a1 I\[¡t-l
L-la*t2l¿
L-la'

;-1--- i¿ 
- 

r: :J

-i:j+1.....È-1
,;-l-"{

Õ(x) : C.[(:v*).

.f (r,) --

ll{" + a,)
i:1
l; +7i=

Here, C is a positive constant. Using (3.63) and (3.62) \1¡e can shou, that all the elernents of ,3

¿rnd also B are positive.

Assume that rve have shou'n that .f/(.r:) cannot become zero tu'ice. Also. note th¿rt the smallest

of all the elements of /i- and ß is pr¡1. Hence. the largest zero of ./(r). after rvhich it neither

getszeronolgoestoinfinit¡', ís-Aj+t. I(norvingthatlim'-*,f(r):1.u'einfe¡thtrt.//(-,3i¡1)
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should be positive. Because. othenvise, for a positive s the r'¿rlue of .f G0¡+t * e) becomes

negaLive. Then the continuous function.l ha-s <liffcrcnt signs in thc intcrvali*þ¡¡1 *e,cc] and

hence there should be at least one r; in this inten'al fbr u'hich ./(ø) gets zero. something u'e

knorv is impossibie. Knou'ing f'(-l3r*r) is positive. for f (x) to h¿r:n'e a local minimum inside

[-ß¡*t. cc] rve should have a point c in this inten,¿rl in'ri'hich f'(r):0 and /'(c*) < 0. Non'. the

continuous function //(r) accepts tu'o different signs in the tt'o rnargins of [-6¡n1,c] and hence

should have a zero in betrveen. Having proved that .l'(ø) c¿nnot have tn'o zeros in l-ßi¡r,æl
we knou' that this is impossible. Hence. n'e knou' that in any interval [1. I] on the positive side.

the minimum value of ./(:r;) happens in a boundar-v. and not zr point inside the interval. Noq'.

\r¡e pro\¡e that //(ø) cannot become zero tu¡ice in the intet'val [0,ccj.

\\¡e assume that there are at ìeast trvo <.listinct solutions for .f '(r) : 0. Therefore.

f'(r):i(') fi
\ã it¡

1

+:I:

/r' \ .:. 1_l-n-\ _:
t*llJ' 4-t-rll¡

/ t= l
rill (3 66)

(3 67)

Nfinor algeblaic manipulzrtions give,

\\¡e hnou' that if for continuous functions / (rr) and 9(:r) there ¿ìre tÍ¡o distinct solutions to

.f (r):9(z) f'or r ela.,ð] then there is a solution for./'(r:) : q'(î) in the same interval. Hence.

having tu'o solutions to (3.67). there should be a solution for.

r * r: (i å;r")

(3 68)

Hete, rve use the general mean theo¡em stated as folìou's. Assume thal the positive values of

:I:7. - -. .t;r ¿rre givcn arrd dcfiuc * : (rt,... rr). Norv clclìuing.

(3.6e)
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the general mean theorem states that for r < s we have ,?\r''(i) < ¡/"(i). The equalit¡' happens

rvhen all the eìements of * are aìì identic¿rl. Hence. (3.68) rna-.v onlv happen if t: t []¡ : r I þ,

f'or all values of i and .i. Tliis needs all the elements o1 õ ø be identical. contradicting their

definition given in (3.63). Hence. u'e have proved that the solution to the N'SC happens in one

of the bounds given in (3.59) and (3.60) and nowirere in betu'een. Note that this is a properr)-

of the structure of Í and not any particular bounds. Hence. including other bounds for r¡. does

not contradict these results. as long as the inten'al remains on tlie positive side. 'Iherefore. the

same theorem applies to the NSC+c ¿rnd to the N/SC+c. as u'ell.

In order to execute the code given in Figure 3.3 one should orrlr- fincl tlic rcspcc.tivc bounclalics

for z¡. construct the vector i ¿ud thcll firrd thc r,¿riuc of thc aggtcgzttc capacitics. Thc¡t. a

comparison over all the possibilities gives the optimaì solution. The esse¡rce of this zrlgorithnt is

identical to the one given fbr the CSC (see Section 2.6) and the I{CS (see Section 3.1.3) ri'hile

the structure of * and aìso the bonndaries ¿r.re r.astlr'-cliffelent in each of these algorithms.

3.2.4 Computational Cost

Using F-igure 3.3 rve knou' that.

r^"sc +r¡,5ç * 2^,12 - 2^l + 2

?-^,sc'

(3 70)

Here. rp is the comput¿rtion¿ll cost of the algorithm P (in flops) for soìr'ing a problem incìrrrìing

,lil mobile stations. Hence. at the u,orst case.

)Ì

-LY-sc:1+maxf 
t*tt

1,.-".{

(3 71)

ri'hich is almost trvice as much as the computational cost of the NSC (see Section 3.1.4). Still.

the computational cost of the new algorithm is of order O$[\.

_ 32 r,3, 129r,vi-sc : 
-,4-f" + 3 112 - 52fI +20.
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3.3 Application of the Approximations

In this section, \\re use ap¡troxinrations in order to reduce the r:ornprrtational cost of fincling the

aggregate capacitv for a given :r;¡.. Also. neu' shorter proofs for the established theorems are

given.

This section is organized as foilorvs. First. in Section 3.3.1. the algorithms proposed in

Chapter 2 and Sections 3.1 and 3.2 are looked at through a unifi'ing approach. yielding the

concept of a "t.vpical algorithm". Then. giving an approximation for the aggregate capacity in

Section 3.3.2 and using a theorem proved in Seccion 3.3.3 the basis for the nerv analvsis is stated.

These results are used in Section 3.3.4 to propose substitute a¡>proximate algorithms.

3.3.1 Typical Algorithm

The three trlgorithms of the CSC. the NSC. the N+SC. and also the i¡rtern¿rl algorithm the N'SC.

have a similar structure. In fact. the an¿rlysis aìu,ays shou's that there is a r,¿lue of À. or a ¡tair

of j and fr. for u,hich the I'ector * is linearly calcul¿rtecl based on e¡.. Then. the problem is to

fitlcì the best À. or A ¿rnd j. and then spot the best c¡- Fol each probìem it has indepenclentìl'

l;cctt pr',.rvctl that hirvirrg fixccl ft. and also .l if applicable. :r:¡ should zrccept either the s-¿jlest

or the largest value ¿rìlou'ed bv the bound¿rries. This sra)'. in each algorithm the tu¡o functions á

a.nd O rvìrich cìepencì on Ä:. and j if applicable. and the s)'stem ¡lararneters ¿rre clerived. Then.

the question is to iter¿rte over alì r'alues of À, and j if appìicable, and to set î^- : á and r* : o

and gather all possible results. Then. the best soìution is selected.

3.3.2 Approximations

Except f'or the CSC, f. is alu'ays a member of l^,.2't - 1] and therefore. using nominal values of

^i : -30d.8 tìûd 17 : 0.3. approximating ln(1 * 1¿) 'ri'ith ii carries less than 10% error. Hence.

rve rvrite-

tl:.i

1 1+r- ì',2 i: --7,1+T
"'- ln2' ln21*T_ :t¡

(3.72)
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\\¡e knorv that 1ft belongs to [ç. ø]. For the mentioned values of 1 and 4 u'e have .; : 0.03 and

- :0.19. Hence. lr'e approximate Ç as,

c,=##('-'#) (373)

A closer look into (3.72) and (3.73) reveals that here rve are using the approximation.

ros,(i.å) =#'(1+a'), (3.74)

for r: 1fu U;e knorv that for the cases of the NSC and the N+SC z belongs to [p,ø]. Cal-

culaling the right ancl the leII sic'les of (3.7a) fbr different v¿rlues of z and drawing them on

the same a-\es. as shou'n in Figure 3.4-(a). rve investigate the properness of this approxima-

tion. Figure 3.4-(b) shot's that f'or the cases of the NSC and the N+SC. the shaded area. the

zrpproximtrtion results in less than 8% error. Also, for these tu'o problerns the exact value is

als'avs less than the approximated one. Hou'errer, for highlv impartial CSC solutions, for u'hich

u mal, go o\¡er 0.7, tlie approxirnation rn¿ù¡ f¿rll ì¡elorv the exact va,lue. Note that. generallr,-. the

approximation generates less than t0% error. independent of the trlgorithm. This ap¡troach is

partiallv based on the ¿rnalvsis given in [120].

Using (3.73) u'e have.

(3.75)

Ecluation (3.75) shou's that fbr fixed 7 the maximum value of C(i) happens u.hen l!!, tl ,s

maximum. Assuming that all the ele¡nents of i are fixed except for r, and ø¡. u,hile 'n'e should

have.

.=#[*.È+) :#['.# *)

II
er*r¡.:T'- t ,?:5.

;-1 ;J; ;+l-t-t.tfJ.tf^

(3.76)

60



Cha,pter 3. Erten,sion,s to Single-Cell 3.3. Application of the Approxi.mations

0.3 0.4

(b)

Figure 3.1: Inuest,'iga,tion o.f t,hepropcrness of (3 ll,) (a) Thetwo sides o.f (S.ft). (b) Therelatit¡e crror
indu,ccd by usinq the approrimation giuen in (3.7/). The slnded area sh.ows the work'ing
intcrual .for th,e cascs of the NSC and. the N+ SC.

tlie problem reduces to looking fbr the maximum value of xl + x2o. Nou'. accorcling to.

z(rl + x2*) : çr¡ + "u)' 
-t (r¡ - x¡)2 (3.77)

the ma-rimum hrrppens u'hen øi and ø¡. are at the most possible absolute distance. This is

another proof for the theoreln proved in Section 2.5.

Note that the altproximation gir.en in (3.75) is also helpful in fast calculation of the value

of C for a given *. As described in Section 3.3.1. the tvpical aìgorithrn includcs finding bounds

for the :r:À, for cliffcrout values of k. ¿rnd.i if appÌicable. and thcn finding thc aggrcgate capacitrr

at the bounds. Using the approxirnation given here this process can be accelerated. Note that

using this method. the calculation of the boundaries is still being carried out precisely according

to the exact formulation. The¡efore. if the approximate algorithm cìoes not fail in fincling the

best k. and j if applicable. the values of pt,-.-.p¡r rvill be exactì¡'accllrate. The actual u'orry-

here is that the apploximation malr deviate the aìgorithm frolu finding the best À. or j. and

hence give a rvrong result. Here. rve assume that the approximation does not change tt'o ralues

of C fbr tg'o diflcrcrrt r¡cct<-¡rs fl in a $¡ay that the bette¡ situation becomes \\'orse. Assuming

this. after fl is determined Õ is c¿ilculated agirin in order to ],ield the ex¿ict result. Through
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experinrental analysis u'e rvilì empiricallrv shorv th¿rt the approximate algorithm does git'e the

exact solution. l'ith a negligible probabilitv of erratic behavior. After ploducing the correct fl.

and the approximate value of C. r,r'e u'ill rec¿rlculate C using the 1:recise formulation. This rvill

resuìt in finding the precise vahle of C'.

3.3.3 Theorem

Assume that values of a. b and c are given and that the function /(r) is defirred as,

(3.78)

Also. ¿rssulle that u'e krtorv that c is positive. In fäct. this function has one singularity on

r: -c: I'hich is on the negatiræ side. Also. u'e l(non' that lim,--"f(r):1 and.

:Í'' (t:) :
(2r: u)L: { (rt,t: - 2lt)

(3.7e)(r f c)3

Heltce. for z ) -c the r'¿rlue of /'(r) gets zero ¿ìt most once. Although. u'e do not yet knori' the

sign of lim'.--,,/(z), it is identical to the sign of c2 -acib. Assume that this r,¿rlue is positive.

rneaning limr--"/(") : fco. \\¡e cl¿rim that f'or anv i¡te¡r'al on the positiye side. sav [0.O],

tlre maximum value of .f þ:) in [fi.O] is cithcr /(A) or /({J).

lVo rtill shou'that givcn thc spccificcl conditions. .f (r) has one of the t¡.pical shapes depictecl

in Figure 3.5. Note th¿rt f'or r € 10. oc] both /(e) and //(z) are continuous. Furthermore,

the fact that lim,*-"f@) : *cc implies that ìim,--".f'(r) - -oc. Also. u'e knorv th¿rt.

lim,,-- f'@):0. Hence. for positive values of z. the \¡a.lue of /(u) is negative. converging to

zero at *oo. \\¡e knou' that this function ca,n at most get zero once during this process. Hence.

there are t'q'o possibilities. First. //(r) is alu'avs negative. except f'or at infinity in u'hich it

becomes zero (the dashed line in Figure 3.5). Second. it is negative then gets zero and positive

and then it returns to zero (the solid line in Fìgure 3.5). Fbr anv ./(r) u'hich has either of the

shapes sho$'n in Figure 3.5 'rve observe that f'or any inten'al on the positive side the ma-ximurn
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Figure 3.5: Possi.blc shaltes of the.fu,nction f(z) defined in (3.'/8) in. the circumstan.ces discussed in.

Section 3.3.3.

happens at the ì¡oundar.v. \\¡e n'ill shou' horv this theorern substitutes the more complex theorems

proved in Sections 2.5,3.1.2 and 3.2.3.

3.3.4 Approximate Algorithms

In this section the idea.s introduced so far are used to propose the three alternative algorithms

of the CSC". the NSC". ¿r¡rd the N+SCr'. Here. rr'e ¿rlso sholg hou' the zrpproximate c¿rlcuìation

of C is incorporzrted into the proposed algorithrns. In fact. for the algorithm XSC. u'hich is one

of the algorithms the CSC. ttre NSC. the N'SC. and the N+SC. u'e replace the exact c¿ìlculâtion

of Cri'ith the approxim¿ìte one in order to produce the algorithm XSC'.

In each case. tire exact f'orlnulations and the benefits of tìie proposed method in terms of

computationaì cost rvill be presentecl. Also. u'e give nes, proofs for theorems for rvhich mole

complicated proof's \\¡ere gi\¡en in the previous parts of this thesis. \\¡e shot' that tire application

of the approximations results in nerv shorter pr-oofs for the ec¡uivaìents of the theorems in the new

framervork. \\¡e again empha-size that after the approximate value of C is found. rve calcuiate

the exact C using a single run of the formulation ri'hich gives the Jrrecise C in te¡ms of p. In

the experimental results u'e rvill use the terms E. A. and E+A for the exact results. the crude

results of the approximate algorithm and the rec¿rlculated results. respectively.

The CSC'

According to the formulation for the solution to the CSC, given in Chapter 2. u'e have.

(3.80)
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Hence.

Here.

Nou'. using.

l here.

(3.82)

T:L:-t(¡r+l+l), (3.83)

À'- I

t : Ðti. (3.8J)
t:1

(3.85)

(3.87)

,2 - n"+b: 12 +21+I+ L > 0. (3.88)

64

k-r
L:Ð'7-

i:l

c(*) _ # (,
Hence. the problem translates

¿':1-(.ì1 -k)ç

rr'e have.

o: -t-\.b: L - t,-1(l + 1). c: 1+ 1.

The search is performed in the interval given br' (2.36) and (2.37).

Note that. n'e have.

,r'r-lro+L--+Q+ 1

tnl

+i+(;r/-¡"1;') (3.86)
/

ol (3.78) rvhere.

(ø* + 1+ l)2

into fincling the nraxirnr
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Hence. using the theorem proved in Section 3.3.3. c¡. nust ¿ìccept one of the bound¿rr1' ralues.

\\ê cornpare this short proof u'ith the one given in Section 2.5.

Equation (3.86) is aìso important because it can be r¡sed in order to recluce the computational

complexitv of the solver. \\¡e compare this nerv algorithm to the previoush' proposecl one u'hich

has to plocluce Õ f'o. uo'er",,, inst¿rnce of È.

Analvsis shorvs that the computational cost of the CSC, eqr-raìs 36À1 + 6 flops. comparecì

to the 8I'12 + 20fu1 + lO-flops cost of the CSC (refer to Section 2.7). Hence. a decrease in

cornputat'ional cost rvith ratio of fll is observed. In fact. the computation¿rl cost drops frorn

o$12) to {)(,/ì1).

NSCO

Analvsis of the NSC in Section 3.1 shou'ed tliat.

- * : (r(t + T),...,*.(1 + 7'). tr+l...., t,r.-r.rÀ.. p(1 + Z'),. .. .ç(r* ?'))

Hence.

c:(i) = # (

r¡'hich changes into.

ja2(t + l-)2 + L + r:2u + gI * k)ç2(t + ï)2 - (t +'f)
(r + z.¡z

i'u*¿-+(1+1)

*')

(3.8e)

(3.e0)

(3.e1)

(3.s2)

(3.e3)
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1cti) - ^

lu2

I-Icre. u'c Ìr¿rvc dcfincd.

(:tr+/+r)2 +i+(ì1 - k)ç'*rr')
t

(.'

À-l
t: Ð' t7'

i:j+1

À.- l
r:Ðri

i:j-t1
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Also, ute Ìrar,e.

T : þ-1(zr + 1+ t), (3.e4)

tvhere.

ri:l-U¡+(l,r-Å)r)

Nori'. (3.9i) decreases to a function of the type discussed in Section 3.3.3 u'ith.

(3.e5)

a : -q,'-1. It : L _ Cr-l(/ + 1).c : 1 + l. (3.e6)

Again. c2 - ,¡(, { ö is positive. Hence, r;¡ should accept one of the bounds given in (3.13) and

(3.14).

Using the zrpproximzrte closed folm for C(i) given in (3.91) the conlput¿ìtioÌral cost of the

NSC' reduces to 23,Ì1.12 _ 2Itr1+ 14 flops cornpared to tÌre f:i,f3 + *ll, _ 23A1 + 6-flop cost

of the NSC (see Section 3.1.4). This makes the neu't'rlgolithnr about J,1/ tirnes faster th¿rn the

previous one ¿rnd ).ields ¿r computatioual cost of order of O(II'2).

N+SCU

To analS'zs the N+SC, rr'e first hale to anah'ze the N'SC'. for l'hich u'e have (refer to Sec-

tion 3.2.2).

(3.e7)

(3.e8)(

rvhich gives

- (t
* : (,rtu

(.1 and I a

1t)i)-_
ln2

T, -.., f*r,l¡+1... -,lk-t,ør,.p(1 + f),...,,i(1 * t))

<lcfinccl in Scction 3.2).

,r+-f' + L + r:21.+ (¡/ - k)ç'(t + T)2 - (1 + T)!tt-u' À \ .')C
(r + T)2

bt)
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c(*) - t (u,r'?- '\(#¡¿+t).,'o+r+r+- +(#*+t)tt n")
*-1^l=t,r2\ (r¡*1*o)2 (3'102)

+t + (.11 - k)ç2. #n)
u'hich is of the general folm discussed in Section 3.3.3 if u'e substitute.

Here.

I -l T : i/r-r (r'Ä- + i + cr). (3.ee)

a:1-.i(AItò-l (3.100)

rit : | - (j(At p)-t + (It - k)ç). (3.101)

\\¡orking on (3.98) rve hAve,

o: -rj;-r(2j!I-2¡t-2 * l),c: i+o (3.103)

b: L -l j!I-2¡L-2 - i,t-l(2JAI-,t-, + r)(1+ a) (3.104)

Here. rve have.

,2 - rrr+ ù, : (l +,r)2 + L + ;¡lI-2 ¡r-2 > 0. (3.105)

Hence. the soìution should ì¡e one of the boundan' r'alues gir.en in Section 3.2.2. Using (3.103) the

computationalcostof theN/SC, reducesfrom f M3+ff1t2*zf nt-16flops ro26I,12-23I[+ß

flops. a decrease b¡- f ,lZ.

Using these results and also the ones pr-esented in Section 3.2 the computatioìlal cost of the
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N+SC' becomes rry+s6'o :5\AI2 -461/+3ll ffops. cornpared to the last c:ost of f .',f3+f -l¡'-
52IJ + 20 flops for thc N+SC. Again. the computational cost is reduced bi. flf.

3.4 Utility Functions

As shou'n in Figule 3.1. the problems analyzed in Chapter 2 and Sections 3.1 and 3.2 use

diflerent sets of constraints. and thus reach clifferent design goals. Hou'ever. thev all assume

tìlat the ''benefit" oI serving a. mobile station at a certai¡r capacitv depends linea¡h. on that

capacitv. In other u'ords. looking at (1.8). the objective function. C (fl). uses the utilitv function

f@) :- r. u'hilst. in real a¡rplicatiorrs. being able to rvork t'ith othel utiìit¡,functions gives

tlie clesiglrer a significzrnt clegree of flexibiìitr-. Iu particr.rì¿rr. according to the f¿rct th¿rt all the

algorithms discussed in the ¿rbove tend to produce solutions in u'hich ¿rìl the elements of fl are

at the malgills. n'e rnay be able to produce mo¡e f¿rir solutions using concave utilitv functious.

Here. u'e defiue a nlore general definition of the aggregate "satisfaction" as.

I1

c(Ë) :!r{c,)
,i:1

(3.106)

u'Ìrere. ,f , IR+U{0} - R+u{0} is a doul>ì1' differentiable increasirig lirnclion. Note tìrat. C slioir,s

the aggregate satisfactio¡r in the system. as opposed to C t'hich shot's the aggreg¿ìte ca¡tacit1,'.

Horvever. to complv with the history of the probleln and also for consistencl ri'e aclclress Ô as

the aggregatc "calracitr"'.

Irt this scctir-rl- u'c filst sht¡q-th¿tt thc algoritluus thc CSC. thc NSC. and the N+SC all rem¿rin

functional if / is a convex function. r¡'hile minor changes in tìre inrpìernentation is necessar-ri \\¡e

emphasize that this proof onìy has theoretical importtrnce. Because. given the behavior of the

problem rvhen the identity utilitv function is enrplovecl. there is no reason for using corì\¡ex utility

functions.

In the next step. ll,e rvork on concave utilitv functions. and t'e shou' that given that a f'eu'

conditions are met. the problem rvill be solved using zr method proposed in this section. \\¡hile
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the ploposed method could be further developed for the case of the N+SC. u'e rvork on the NSC.

because of mathematical convenience. To adclress probìems produced bv using (3.106). l\¡e use

the superscripts ./- and ./* for the cases of conca\re and convex utilitv functions. r-espectivelr'.

For example. the NSC problem equipped rvith a concave utility function. given that a. feu, other

conditions are ntet. u,ill be called the NSC/-. Furthermore, as \l¡e focus on the utility functions

defined as "f(ø) =.o. Í'e rvill also address the problems such as the NSC".

3.4.L Convex Utility F\rnctions

Assume that the con\¡ex utiìity fÏnction /(c) is given. We also assume that f'or z > 0. lioth

/'(r) and /"(ø) ale positive. Using (3.106) rve Ìrave.

Àf II / /'t t rc('*):f /{rosz(1+1,)) :f.r(-ror,(,t11=''l). (3.107)
i:l i:t \ \ '-T )) 

\

Defining

s@) : / (- log, (r)) (3.108)

tt e hât'e.

ù1

ó1*¡ :ËrltlI;',) (3 10e)
t=7 \ 1+T )

Note that 9 : (0. 1) - n+ u {0}.

Lemma I: The function g is strictl¡'convex (g"(*) > 0). Accordingl.v, g'is an increzrsing

function. and thus it, is one-to-one.

Proof: Anal¡.zing g(ø). ü'e haye.

g"(x) : fir-'¡' (- tos2(c)) n Gh'-, f" .-log2(r)) > 0. (3.110)

I
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Theorem I: In the solution to the NSC/*. no extension is possible (refer to Section 2.3 fbr

thc dcfuritions of extcnsion and cxtcncling pairs).

Proof: Assume that * is the rnaximizer of Ó. Also assume that an extension engaging tlie

tu'o indexes i arnd j and the ralue of ô. resulting irr a potential soìution i*. is possible. Note

that there is a vaìue of 7 for u'hich i and f* l¡oth lie on the same hyperplane clefined as (2.13).

Thus. u'riting ô 1*¡ o".

rvhere.

Il
ó.(*.) : t r({{;a), (3 112)

(:1 t+i"i \ 't+l /

u,e have i'" (*) : Ó" (*-). Thus. it is necessarl,' ro have,

'(+#) .,(=+É) -'(+i#) .,(ïi+) (3 1r3)

Note that thele is a r,¿ìlue of ú > 0 for which.

r¿Ix¡:t:i+";:t.

(3.111)

(3.1 14)

(3.115)

Defining.

a(r¡ o,) :, (, Tl;,,) ., ({fi:i)
and using (3.114). u'he¡e.

#:-#' (==') *+r''(tå**) (3''6)
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F'igure 3.6: TEpicaI stntcture of L(r¡,t - ,r).

r'ìrich is an increasing function in terms of zi. Thus. remembering that.

L (:t¡, :t¡) : L, (:t ¡, x¡) (3.1 1 7)

it carr be shot'n that the curle À(ri,,-,t) h¿rs the structure shou'n in Figure 3.6. 1'hus, for

3:j S t (t.j> +), as r¡j tends to the left (the light). L(x.¡.t-rr) incretrses. Hence it is impossibìe

for (3.113) to happen I

Having prove<ì 'Iheolem I. s.hich is the general case of the similar theorem given in Sec-

tion 2.3. the three result,ing ìemmas stated in Section 2.3 are valid in the NSC. Here. the lcmrnas

are briefl¡'rer,ieu,ed. For atu, i. rnaking ri for j I i fixed. :tti can accept I'alues in an interval.

rvhich u'e call [ö¡.8¡]. Iu this definition. rr is called to be at the beginning. at the middle. or at

the end. if r¡: b¡. b¡ <:tJ.¡ 1B¡, ot'rr1;: B¿. respectivel¡,. IJ5'¡o these definìtions. the fbìlou'ing

lemnlas a¡e valid.

Lemma II In the solution to the NSCf-t there is at most oû€ ø¿ at the miclclle.

Lemma III In the solution to the NSC/+. if there is one 17 at the middle. ever)' x¡ for j > i

rvill be at the beginning.

Lemma IV In the solution to the NSC/+, if r¡ is at the middle and for a value of n¿.

satisfving m < k. r- is at the beginning. then for rn < i < k. r¿ cannot be at the end. Using

Lemma III this inplies that r¿ must alu'avs be at the beginning.
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Using these ìemmas. a theorem similar to Theorem VI in Section 2.3 is concluded.

Theorem II: If there is anv solution to the NSC/+. then it has the structule shot¡n belou,.

i: (ø(1 +f),.-.,.r(1 +T),lj+1....,1r.-r,xk.ç(I+T),.'..,r(1+")). (3.118)

Proof: Referring to Lemmas Ii. III. and IV. this is the only possible case I

Thus. rather than searching for the oplimal solution to the NSC/+ in [0. p-or]¡a, the probìem

rednces to finding the proper 7. À-. zrnd n¡. Tliis 5'ields a reduction of the dimension of the search

space from i.f to 3. \\¡e u'ill pror'e that in fact the search space can be further reduced to an

orcler of ,V/2 individual points. for u,hich s'e present ciosecl forms. Here. first necessarv ancl

sufficient boundaries for r¡. arc given.

Theorem III: In tlie optirntrl solution to the NSC/+ n'e have.

1T:;(rr+¿+1) -1.'u.!

rr'here.

Ä'- I

t: Ð,,
i= j1.1

r!:7-l.ja+$,r-r)rl

Furthermore. nre must have u ) ç and.

(3.1ie)

(3.120)

(3.12i)

(3.122)tk l ntaxjk: -rt 

{

l¡.

- (L+ 1)---f-r''-r' '1-[u<r]
( !t, .r ì

.'*i.,{ !'"t-[i:o] ] -t¿+r)
I i'.,, x,,.,+1 )
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Chapter 3. Exten.sions to SinqLe-Cell 3.1. Utility Fun,ction's

(1-[klr+t1¡
x¡ ) nún¡¡: (3.123)

Proof: Refer to the proof given in Section 2.4 I

Now. the questiott is to fiucl the best ïÀ. gi\¡en Æ zrnd j are knoum. This is carried out through

Theorem I\¡.

Theorem IV: In the o¡rtimaì solution to the NSC/+, :x¡ must accept one of the marginal

r'alues given in (3.122) and (3.123).

Proof: Assume that the values of j and È ale given. for u'hich ÌtlulL jk and rrrirrT¡. given

in (3.122) arrd (3.123). satisf\, m.aïjk ) m.in.¡¡ ) 0. Nou'. the question is s'hich value of

r ¡ € lrni n¡¡. r"n o r ¡ xl llraximizes.

,-^,f (:"-, -(¿+i))
tnâx <

| ç (¿+r)( (;-(t

I
I

^tc(,u):fnft11;''), er24)
i:t \ 1+T /

t'here the relationship betl'een the elements of * and z¡ is givcn in (3.118). R.outine sr¡bstitution

shou's that.

c (,^) : is 0-,,) +,i, r (ï#) . r (T7¡
i: j+1

+(M-k)g(r-ç).

Thus. the problem reduces to maximizing.

ó'(,u) :,8,' (++) ., (ï#)
Using Theorems II and III. (3.i26) is rervritten as.

*n (t'

(3.125)

(3.126)

(3.r27)

nÐ
r r)

ô.(,,r) :Er(ï*) ,'zl'*,Jt\
-Ur)-l', t:¡_tþ/
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(
I L+I-z.l¡¡, 1<i<n-1

3¡:\ L+t (3.i29)

l.=t i:r¡

Note that iJt < i|z

\\¡e prove th¿t there is ¿ìt most one pìausible soìution to.

q'here.

n:À'-j.3:L+r. (3.128)

ac"
a^ : o' (3'130)

Assuming otheru'ise. delivatio¡r shorvs that.

AC

" 
: 0. (3.133)

dt't-

#:o+;¡[E'' -r')g'(#)-(1 - ç')(0"*3) (3131)

. / ,r',. -l- /-r- \ -l

s'(0- ..')jj-l--tr )l\ ,'t +.3 / l

Thus. ¿r.ssuming that the¡e ¿rre tu'o pl¿rusible solutions for (3.130). there rnust be at le¿rst tu'o

zero-crossings f'or.

c(,*) : Ð,, - u) t' (#) - ,t - t,) (þ,, - 0) s' (rr -,,1 +#) (3 132)

Hence. there must ìte at least one irla.usible solution to.

Routine calculations shou' that.

# :Ï,u - ,io)'s" (#)+ (1- ç,)2 (ß, - þ)'g" (tr -.,1 i#) ,, (3.134).J:rk 7^
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Thr,rs. there is no plausible solution to (3.133) antl hence there is at most only one plausible

solution to (3.130).

It is couvenient to pror,e that.

lim , Co (tr) : +"..
,r-- Al

lim Co'(rt) :
r À--- Jt

(3.135)

(3.136)

lirn 9(e) +g(I-,r,r') >0
s-l-

(3.137)

is ¿rlwar,s finite. Iìoutine delir.ation shorvs tìlat fbr

lim C" (:r'¡.) : (u - 1)
rt-..æ

for z¡- > -Or. C'" (r¡)Also. u'e knori' tha,t

:rA. >> ;Jn.

rt'hel'e.

.r'(0) f.
@r + Ð2 tn(z)

. : 
lE 

ß¡ - (tt - r)o + (s,, - ß),f,

(3.138)

.I'(- logz (1 - /r))
/'(0)

Substituting (3.128) and (3.129) in (3.139) -vields.

(3.13e)

> 1. (3.140)

t-: Í(, - 1+(;) L+,,1 

--L.
I-U

> 0. (3.141)
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-Þ1 o

Figure 3.7: Tt¡pir:o,l st.rtrctut"r:, o.f (." (x¡).

Thus. accolding to (3.Ì38).

,l!t* Ó'(tr,) : o+ (3.1.r2)

Using (3.135). (3.136), (3.137). and (3.142). it coulcl be shou,n that Ó" (.r'¡.) has the structure

shou'n in Figure 3.7. Note that. ¿rÌthougli. in Figure 3.7 the rninimizer of ô" (r¡.) is shot,n to be

rtegtrtir-e. iri fhct. in some cases it is positive. Nevcrtheless. in ¿rnv inten'al on the positirre sicle.

the maximu¡n of Co (r¡.) happens on one of the boundaries I
Accoldittg tr.¡ Thcorcru lV. ilr t¡rclcl tcl fillcl thc optiural soluti<-rl to the NSC/+ it suflices tr-¡

examine aìl r'¿rìues of 7 and À and to find mo.ri* ancl min¡À., as given in (3.122) and (3.123).

Then. the value of Ó 1*¡ tilr the tu,o alteur¿rtives of z¡- : nraï jk and ø¡ - n¿injk shoulcl be

inclependentìr' calcuìated. From tìris list of solutions. t'hich cont¿'rins ìess th¿¡n 2i112 potential

points. finding the ìzrlgest aggregate capacity letrier,es the <tptimtrl solution. This algorithm is

c¿rlled the NSC/+ ¿rnd is carried in detail in Figure 3.8.

Comparing the NSC/-I' u'ith the NSC reve¿rìs th¿rt the potentiaì solutions of these trvo prob-

lems are identic¿rl. Therefble. the essential clifference betn¡een the tu,o algorithms is the objective

function which is calculated for each candidate point.

Analysis shou's that the computational cost of NSC/+ equals l.\sc/+ : tu*gt'rrì/t floir..

Here.r¡ isthecostof c¿rlculating/(ø)foroner. Inthec¿rseof apowerlau'(/(r) :øo,a)1)
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1. Conpute X,,,,,,,. using (2.iL) ald I using (2.9) .

2. Conpute f and ; using (2.5) a¡d (3.6).

3. Report "Error" íf * 1ç.

4.Forall jfrom0to,:1,1 a¡dforall Afron j + l to,t'1 , dothe
followings,

(a) Conpute rl, using G.727).
(b) If not tlr ) g then ignore this pair of 7 and A.

(.) Compute 1- using (3.120).

(d) Compute n7a:t:j¡. a:rd ntin.;l- using (3.122) and (3.I23) ,

respectively.
(e) ft not n1a!:jk) rtt.itt¡k ) 0 then ignore this pair of 7 a-nd k.

(f) Do the followings for the two values of rr¡ min.¡¡ and

.rk ?not:Jk, independently. Store both Ô1*¡ ulla i for each
trial.

. Compute T using (3.119).
r Produce i using (3.118).
o Compute C(i) using (3.106).

5. Find the largest value of Ó produced at the above a¡d retrieve
the corresponding *.

6. Conpute f , using (2.6), and return them as r^reII as ô.

Figure 3.8: De.t.a.ils o.f t.h,e. a.lgrtn.th.m. NSCI+.

tlre computation¿rl cost u'ill equal T i,sc:r+: 6.3,¡l'13.

\\¡e emphasize that rvhile the potential solutions to the NSC and the NSC/+ âre the same.

there is no clainr tliat the final solutions to these tu'o ploblerns g'ill also be the same. Hou'ever,

the author has no corìnterexample n'hich t'ould lead to different outcomes bt'the tl,o algorithrns.

3.4.2 Concave Utility F\rnction

Assume that tÌre increasing positive conca\€ function ,f (r) is given. based on rvhich (3.108) -vields

the function g(r).
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Assumethatavalueof0<0<1isgii'en-I)efinethetu'ofunctions/r(e) and1(e)as.

lt(.) : s (r - 0z) + s 0 - 0 + 0€).

t(e):s(r-i,)

(3.143)

(3.144)

whereboth fìrnctions iìre clefined for 0 < E < 1. Note that ñ(e) is symmetric around g: 
à.

The algorithm proposed here der:rands the tu'o conditions statecl beìor"* to be satisfied. One.

it is necessa¡y that /r(c) is incretrsing f'or e < ] and decreasing f'or e > | and bhat hence it onll'

has one ìoc¿rl maximum. ât e : l. Two. /.(s) must be strictl-v conca\¡e (t."(u) < 0). Exploration

of the category of functions which satisf\-these tto conditions is outside the scope ol this thesis.

Here. fbr notation¿rl conveniellce. n'e focus on the ¡lou'er-larv utiiity functions. Note that the

proposed lnetìrod rvorks fbr tru¡i othel function l'hich satisfies the above conditìons as rvell-

\\¡hen an increasing conc¿ì\'e utilitr, function is gir,en. t'hich satisfies the ¿rbove conditions. r'e

u,ill call the resulting problem as the NSC/-.

A t-vpical set of concave utilitl' fìrnctions used in the literature is the class of po\r¡er fitnctions

dcfincd irs,

.f (x): ro.0 < a < 1. (3.145)

Theore¡n \'r proves that given that a condition on n is met. (3.145) 'n'iìl s¿rtisfv both conditions

on /r(e) and l(s).

Theorem V: If.

e<Ji(t-a¡, (3.146)

then the conditions on å(s) rrnd l,(e) ri'ill be satisfied.

Proof: To visualìr' obse¡r'e q'hat the condition on h(e) irnplics. rvc fix n, at 0.7 and then

calculate t,he lìlnction f'or different values of d and a. as shou,n in Figrue 3.9. This figure also
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3

1

Figure 3.9: Valu,es of h(s) .for a:0.7 and dtfferent ualues of 0. Th.e solid li:ne shows the loci, of t.he
peuk fot' ditJerent uttlues of 0.

shr¡rvs the loci of the lrtaxirnizel for clifl'ereut vahres of 0. nameil,'the solid curves. According t<t

tlrese curves. \r¡e are looking f'or the value of do for rr hich if 0 < d" then the maximizer is at

the middle. In other rvords. \\'e a.re looking for the point ¿ìt u'hich the loci of the m¿xirnizers

branclres up itìto tu'o cuLr¡es. To find 0" for a knou'n value of'o. a nurnelical procedure is ca.rried

out which uses a bisection-stvle algorithm. The result is shorvn ¿ìs the solid line in Figure 3.10.

,Accorcling to this crìr'\rc, if thc r'r'orking point, icìcntifìcrì bv the pair (cv. d). is in the area denoted

bv the cross. then the condition on ñ(e) rvill l;c s¿rt,isficd.

Carrying out the same operation for the second condilion. ¿r : 0.7 is fixed ancl then the

values of ttt(e) f'or cliffcrcnt valrrcs of d and e are calculated. ¿rs seen in Figure 3.11. The solid line

in Figure 3.11 shou,s the set of points f'or rvhich 1."þ):0. the existence of'u'hich indicates lhat

there a¡e values of e satisfyingt"(e) > 0. Using another bisection-stvle aìgorithm. the value of

do. similar to the one calculated f'or lr(e). f'or each value of a trre cornputed.

It is obsen,ed that in the case of .f (t) dcfiucd as (3.145). tllc tu't¡ cutvcs ¿rrc idc¡rtic¿rl. Notc

that tlie same rna)¡ or: ma"v uot be tme fbr other clefinitions of /(ø). Analvsis of this issue is

outside the scope of this thesis.

Collecting the ¡esults produced fo¡ the t'rvo functions ñ(s) and f (e). rr'e dral, the curve shou'n

in Figure 3.10. As mentioned before, anv q'orking point Iocated in the area denoted b), the cross
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l_Exãcr cß;l
l---z'arr-,1 I

X
01

0

Figure 3.10: If t.h,c (a.0) pair
will be satisfied.

Figure 3. 1 7 : Values ol t" (€) Íor a
.for wh.i.ch t't þ) : g.

o.1

o4

0

0

0

0

0

0

0.60.4

dr:noted l:y tlrc cross th.ut th,e condi.t,ions on h(e) o,nd, l(e)is in th,c a,reo

0

04
o.2

:0-7 u¡td. tl'iJJetuú'aalues oJ 0. Thc soli.d I'inc shouts the loci. of poinls
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t'ilì satisfi' the tu'o conditions. For conl'enience. the crlrve is approximated b,,' ¿1 line. shot'n as

a dashed line in l'igure 3.10 I

Similar to the concept of extension, defined in Section 2.3. n'e define a contracting ¡:air-. and

also a contraction. This u'av. if a potentia,l solution could ploduce ¿rnother one in t'hich.

lri-ril<1,¡-rjl, (3.t47)

then rl'e rvill call i and j a contracting pair and the situation u'ill be callecl a contraction.

Theorem VI: In the solution to the NSC/-. no contraction is ¡rossibìe.

Proof: Fixing u ¡- for À I i..j. fhe problem reduces to maxirnizing.

\(iu¡,2,) :'(+#) .'{=i7¡ ,

subject Lo r¡ Í rj : [. \\¡r-iting t : 0(T I 1) u'e haye.

(3.148)

(3.14e)0<2¿.

Also. r'e u,rite z¡ : et ¿rnd also r¡ : t - r : t - et. \s1v. $'s h¿1's.

(3.1s0)

t'hich using Theorem V shou's that a contr¿rction will produce ¿r better solution. if (3.149)

com¡>lies ivith (3.146) I

Lemma V Fol the conditions on ñ(e) and f (e ) tt¡ bc s¿'ttisficd it is suffìcicut to l¡¿rr.c rr¡J2a <

1.

Proof: Routine manipulation of (3.149) and (3.1,16) gives the proof I

Using Theorem VI the follorving lemmas are provable.

Lemma VI: In the solution to the NSC/-, if r¡ is at the beginning. no ,rj can be not at the

beginning. Thus. if one ri is at the beginning. all others u'ill be at the beginning as u'ell.

A(ø¿,e;) :, (t+t) ,
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Proof: \\;e use the same graphical visualization used in Scction 2.3. In firct. t'e shou' that

:l¡ being at the beginning rvhiìe Íj is at the end results in a contr¿rct,ion. The tu'o possible cases

are shorvn belog'.

z¡:fç(r+T)x+ . "".""¡,1. ?.J

tr,lr(1 +r)" +x" 1r]

Similarlv. it can be shou'n that :r:, cannot be a.t thc, end.

Lemrna VII: in the solution to the NSC/-, if ø¡ is at the end. for j > i.x, u'ill be ¿rt the

end, too.

Proof: 1'here are tu'o l¡ossible situations in u'hich fbr' .i > i. :r'¡ is ¿rt the end but :r:¡ is not

¿-rt the end. both of s'hich lesult in contractions.

.,¿'f.p(1+T)-- - -,-*i,l
i -r - I,,'l;(1+r) "'x-, " ,r]

Lemma VIII: In the solution to the NSC/-. if :r'¿ and jr;j ¿ìre at the middle. ):i : '¡' .

Proof: There are tt'o possible situations in n'hich j > i.. r¡ is at the end. and xrj is not at

the end. both of which are cont¡actions. One of them is shou'n belot'. and the other one is ve¡\'

similar.
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Theorem VII: 1'he solution to the NSC/- has the folìorving structure.

I¡t). (3.151)

Proof: Referring to Lemrnas VI. VII. and \¡III. this is the e¡11' possible case I
Tltcolcru VII lccluccs thc proìrìcnr to furdirig thc pr-opcl k and :r:¡-. The uext step is taken in

Tl¡eoreut VIII, rvhich gives necessan' arrd suffìcient, bouncls fbr r¡..

Theorem VIII: In the solution to the NSC/*.

Tì7AI¡ : Y¡¡n

ì

I
He¡e.

ir,t

t: Ð,,
l:Ì:-l- 1

Using (3.151) rve knou, that.

¡51
ç

Also. if k l0 is knorvn. it is both necessa.r)¡ and sufficient fbl c¡ to satisfl' min¡ {:r¡ <

n,here.

l. 'u"l??27?¡.:¡¡¿¡ç 1

| ' '(r+1)[;-n

Xrno, - L
À11_I r I I \_

lr_fl\-'-/ 1_[À.>]ltd I L - t:

l¡,

7 /1 \
;[:1¡r-(¿+1)l
^ \:' /

(3.152)

mAX:k.

(3.153)

(3.154)

(3.155)

(3.156)
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Routine rl'ork on the set of ¿rll the conditions provides the proof f

\\¡hile Theorem VIII provides bounds for :r;¡-. the actual value of :r¡ is still unknorr,n. To

facilitate the se¿rrch for z¡. Theorem IX pror.es that either Goìden Search [121] is abìe to find

the proper solution or that the solution is knot'n in cìosed fbrrn.

Theorem IX: If in the soìution to the NSC/-. k l0is knou,n. either Golden Search can

spot the optimal îr¡. or î¡- is at one of the boundaries.

Proof: \Ã¡e have.

AI

ó(,,) :t,,(={;r) (3157)
i:1

rihich using (3.151) and (3.156) gives,

0<h<02<"'<ß"<3. (3.15e)

Derivation sirot's that.

ac t --- l-u, o, ((k . r)xt,+a).i k(ß- r¡)s,f 1"-i'j)l . (3.160)tL,'":11-^.16¡z \ À',r,¡+¡r / -¡=t '" \Å'r'^.+,¡)l

Thus. if for anr' ,^, 1,# is zero. so u'ill be.

\\¡e also have.

n :"+' 
læ 

s,, (u--t:t:t) . Ð 
k(3 - r¡)2 s,, (*#)l (3,62)
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e'þnirt¡,) < o Ctþrr.irt,¡r) > 0
c

{
LÈ^
F.X

.Ì r

+

êJêX
Y(),t)

mtnk X.
K

(,t)

k

(.)

X.
X

(l')

maxk min
k

maxk

()

X
fì

maxkmtnkmtnk maxk *k

(d)

F'igure 3.12: The four possi,bilit,i,e,s.for C(r¡). The u,n,di,dat,es Jor t,h,e opti.m.al solttti,on a.rc highli.gh.ted
by circles.

rvhich according to the concavitv of l(e) is alu'ays negative. Thus. Õ(e¡-) has at most one

zero-crossiug in the regirrding clom¿rin. Hence. ffi b".onlu, zero at most once. Looking at the

values of ô'(r¡) at the tto encls of the boundar,v. given in (3.153) ancl (3.154). rhere ¿rre four

possibilities. ¿ìs sho\\¡n in Figure 3.12. Note that in the cases sìlou'n in Figures 3.12-a. b. and

d. the optimal point is one of the boundaries. In contrast. the c¿rse shou¡n in Þ-igure 3.12-c

represents a unimodal conc¿ì\¡e function. f'or which Golden Sear-ch is able to approximatel¡' find

the maximizer I

Based on these results. \\re propose lhe algorithm the NSC/-. as describe<ì in Figure 3.13.

Analysis shorvs that if the relative precision of %0.01 is desired. Golclen Sea.rclr u'ill need 20

function calculations in each run. Then. the maximum computational cost of the proposed

algorithm. assuming that the Goìdean search is utiìized f'or ever.v À. ri'ill be20(r¡ *3)jl/2 flops.

Here. r¡ is the cost of calculating .l'(.¡,) for one r. In the case of (3.145). the computational cost

u'ilì equal 80¡12. Note that this is a maxir¡rum bound because not for er,en, r,alue of À the case

shorvn in Figure 3.I2-c rvill occur.
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1. Compute X-o, using (2.II) a-nd i using (2.g) .

2. Conpute f and "u using (2-5) a¡d (3.6).

3. Report "Error'' if ,,:1ç.

4. If a+J-2u ) l report "Error".
5. Set * : (lt,'.'.1,17) and check if it complies r¡ith a1l the

constraints. lf so, cal-culate C(i) arra store it accornpa-nied
bv f-

6. For all ft from 1 to min {II,ç-'} do ttre followings,

(z'r) Cornpute .L using (3.155).

(b) Coropute mar¡, and mrin¡ using (3.153) a¡d (3.154),
respectively.

(c) f f not rnor;¡- ) m.in,¡ ) 0 then ignore this À.

(cì) Conpute ¡3 and B- using (3.128) æd (3.12g), respectively.
(e) Calculate C'(nt,irr.¡) and. Ò'þturt:¡) using (3.160) and decid.e

which one of the options shor¡n in Figure 3.12 has occurred.

i. Set .?-À : rr¡z rrl -

ii. Set ø¡ trtirt¡ if. Ò(rni.n¡)
rllu.:t:k.

iii. Apply Golden Search on (3.158) in lnzin.¡.n1o"3:¡f to f ind
rÅ..

ir.. Set rk : nl.Qx:k.

(f) Produce Í using (3.151) a¡d store it accornparlied by Ó(x) .

7. Find the largest value of Ó produced at the above and retrieve
the corresponding *.

8. Compute f , using (2.6), and. return them as well as C.

Figure 3-13: Dctoils of thc algorithm NSCf - .
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1b conrpare the share of different ¡lobile stations in the aggregate capacitv. u'e use the

capacitl' shares. as u'ell as the ratio unfairness value. u'liich g'e convenientll,- call the unfairness.

Note that l'hile in (i.32) the capacitl.'sliare of the r-th ruobilc st¿rtiolr rv¿rs dcfinccl zrs its capacitv

over the ¿ìggregate capacit,v. in the existence of a utilitl' function a more general definition is

usecl.

V, - f (C¡)
-?C

Also. the unfair-ness of the svsteln is defined as.

rt f (C',n"r)

' f(c,.¡,)'

(3.163)

(3.164)

(3.165)

(3.166)

Thus ri'e have.

.[' <

In the case of a pol\¡er utilitv function.

/ (* losr(1 - ø'))

/ (- log2(1 - e))

,'= (
a

ì)
Øl

Y

g
(1

?

2

(\o

.g
-t
-

which is ìess than the unfäirness of the equivzrlent NSC (see Section 3.1.5).

3.5 Multiple-Class Systems (MSC)

The existence of differettt sen'ices in rnodern u'ileless s)¡stems has created the neecl for clefin-

ing diffelent cìasses of service [76]. This. f'or example. means potentially different guzrranteed

rlinilltrm QoS levels fbr different mobile statiolis. \Ioreover. cìifferent mobiìe stations lnav h¿rve

diffcront sigtrifir:anr:cs to thc scn'ice proviclcr, fbr cxamplc because of their premium rates. The

Íact that t,ltc co¡rstr¿rint,s ¿t¡c rlrct ¿.rt diflbrcllt poirrts fbl clillcrent mobile stations makes the ap-

plication of mzrn¡' of the metltods der,eloped previousl-v irnpossible. unless changes are made to
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tìrei:r to fulfill the net- denrand. Tllis is essentiall-v because a majoritv of the previous algorithrl

u'ere designed for the case in u'hich all the mobile stations reside in the same class [71. 73].

In this section. q'e analvze the problem of ma-ximizing the zrggregate capacitv of the rer-erse

link in a multipÌe-class CDtrfA netrvork, The aggregate capacitv hcrc is dcfincd a.s thc u'cightcd

surnmation of the capacities c¡f a group of mobile stations. Here. u'e consider the ca.se in t'hich

there ¿r'e dill'erellt rlinirrnu¡r SIR coustlaiuts for- diffèreut r¡robile stations. The problem analvzed

here also includes a rnaximum aggregate received po\ver constraint and different limits ou the

transmit po\r-ers of different rnobile stations. Furthermore. each mobile station has its on,n

rna-ximurn capacitv constraint. \\¡e rvill shog' hou' this problem can be a¡rproúmatel]' soh'ed

using iinear or qrradrnt.ic llrogramnriug.

The ¡est of tliis section is organized as follows. First. in Section 3.5.1, the problem formulation

is presentecl. 1-hen. a set of substitute variables are defined in Section 3.5.2, from u'hich. in

Section 3.5.3, trvo approximations for the objective function are derived. These approximations

are r¡sed fbr generatiug the canonical representations depicted in Section 3.5.4. Then. afte¡

the issue of the adclition of other constraints into the problem is addressed in Section 3.5.5.

Section 3.5.6 presents the proposed :rlgoritlims as r,ell as a cost anal-vsis.

3.5.1 Problem Formulation

In tìris section lre consider the problern defined as maximizilg.

subject to.

C:ta¡C¡.a¡ >0.
i:1

^,', > {"¿tL.Yi,

C¡ ! C!'"',Yi,
It
\noso S P"""'',
i:1

0(p¡(ytf,"',Yi,

(3.167)

(3.168)
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Here. the constants ^,llt"' , C!¡""' , and TrJttot are the rninimum SiR. the rn¿r-ximum capacitv. ¿'rnd the

ma-ximum translnission po\\'er of the l--th mobile st¿rtion. respectivelv and o¡ is thc signifir.ance

of ¡nobile station d to t'he netu'ork. Through grouping the mobile st¿rtions into classes of identical

I'alues for these p¿ìrameters this model u'ill be applicable to a multipìe-class scenar-io.

Setting lìi : f , ^,'1""' : ). C:""': r/. ancl p!1""" - pmar conl€rts this problern to the single

class problem titleci as the NSC in Section 3.1. In Section 3.1.3 an algorithm is ltroposed ivhich

soìr,es the NSC in an rì,f-station cell in 0(,113) flops.

The goal of the rest of this section is to solve the more generalized problem of maximizing

(3.167) subjcct to (3.IU8). iu rvhicìr clifl'crcnt rrrtil¡ikr st¿rtiols uot orrlv h¿u'c dill'crcut siguifìczrnccs.

denoted b)' clifferent vaìues of a¿. but also har.e their ou'n individuaì constraints. In these

circumstances. the mathematical nethod rlereloped in Chapter 2 ancl used for tackling the NSC

(Section 3.1) and its single class generalizations (see Section 3.2 f'ol example) rvill not tork.

because the constrai¡lts are nos' specific to the lrrobiìe st¿rtions ¿rnd thelefore the methodologr-

developed ¡rrer.iouslv u'iìl fail.

3.5.2 Substitute Variables

Here. rl'e propose a ne$' set of substitule rari¿rbles and then ret'rite the olttirlizt'rtion problem.

using ir1>proximatio¡ls. as ¿r line¿rr or tr quadratic proglzrmrniug problem.

Define the nes' set of v¿u'iabìes.

1¡ l)illi wit'- 7+1; .1/
S) p;q¡+ I
/r'Jr"
.:i:t

(3.i6e)

(3.170)

(3.171)

Derivation shou's that

C¿:-log2(1 -ç¡),

-çiPigi: I u
r \--' 1-vL

j:1
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Thus. if Ð!!, ç, ( I. zr positive f u,ill produce a positive f .

Using (3.169). tlie conditions given in (3.168) can be rervritten as linear constraints fbr.p- as.

Here.

.^l,l¿ll ¿. ^- </ -frrcî \];
Yi -ìf?ì*i ;v{:

'ì/ \'rut!:

/-Y? - yn'ul¡I'
7:l

II
[Ðç¡*ç¿<t¡.Yi.

j:1

(3.172)

(3.173)

( I, satisf-ving the conclition needed

(3.174)

(3.175)

(3.176)

problem. to be given

^ trl 
1171

-tnin I i
^,,lnr, * r

.t.ìre.t - 1 _ )-C':"""YZ :

l)mar
t.mol I

I
, P]"o' g,
'l

Note th¿rt the seconcl conclition in (3.172) results i" LI, p,

for (3.i71) to produce ¿ì positive p. Defining.

1

' ltt l

I i, 
'.,,

": 
L 

1.¡/".r/ +.1'oe [l

f x"'" IË:lx-"+1 l.
L tn'*t l

the set of inequalities given in (3.172) c¿rn be rvritten as.

(_
L^min - -
J.ç"',,' 

(/<çmax.
\-
Io;5o

\\¡hile rve ri'ill use (3.176) as the set of constraints for the optimization
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l¿rter in the section. this set of inequalities can also be used for identiff ing the feasible legion for

.p. This issue is not discussed in this thesis.

3.5.3 Approximation of the Objective F\rnction

The cìcpiction of the objective function in terms of p-, in its present f'orm includes fiactional

and logarithmic terms. Thus. rve devise tu'o methods. a Iinea¡ trnd a quadratic one. in orde¡ to

approxirntrte C as a first-degree or a second-degree fìrnction ol ,/. \Vith the linear representation

of the constraints. given in (3.176). this ri'ill make the application of standar-cl line¿-Lr and quaclratic

programming methods to the problem analvzed here possible.

For- smaìl ^i¿. \\¡e have.

c¡ : ìo8z (l + r¡) = fir, = #r, (3.177)

(3.17e)

The approximation used here c¿rn be rvritten as.

ln(1 + r) re[1,2n-I) (3 178)

and ¡'ielcls a linear approximation of C'¿ iu terms of ç¡. A moÌc ¿ìppropriate apploximation is

given belorv.

¿

- l, *:r

:r ç,
In2I - ç¡

c, - #.,
t

= nzf, (1 +.,:¿)

(t. 1ft) ," € [i,, 2n - r)

This is a second orcler irpproximation of C in terms of c,:¡ and is based on the follolving approx-

Ímation.

ln(I + x)

The appropriateness of the tu'o

investigated in Figure 3.14. Here.

(3.180)

approximations demonstrated in (3.178) and (3.180) are

the nominal values of ^l : -30d8 and z7 : 0.3 ¿rre used.

T

- l+l;
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U
. . .. 1ìneârADproximation
- - -Ouâdrâlic

(u) (b)

F'i'gure 3.71: Cornparison of the etact form. ui,l.h t.he tuo diflerent approxi.mat,ions giuen in, ({}.178) a.nd,

(3.180). Th,e sha.dcd. area.s'indir:o.t.es thc uorking point. (o) Th.e uolues. (b) Rela.t.iue crror.

shou'n as the shaded area. Based on Figure 3.14-(b). both approxim¿rtions incluce less than

10% emor. Note that as pr increases. and thus so do i¡ zrnd p¿. the error induced bv either

approxinration goes up. Hou,eve¡. the second orcler npproxim¿rtion is alu,avs more ¿ìccuràte than

the line¿rr zrpproximation (see Figure 3.1a*(a)). It is also important to emphasize that u'hile the

Iirrerrr altproximation is conservative. i.e. it plocluces srnallel values than the exact formulation.

the second order fbrmuìa approximates the càp¿ìcit\- b¡' a. larger value. 'Iherefbre. the sccond

order approximation overestimates the aggregat.e capacit¡-r¡'hich it attempts at, maximizing of .

3.5.4 Canonical Representation

\\¡e use the linear approximation. given in (3.177). to rerv¡ite the objective fïnction a.s.

r l/
C = j= )-,',f, : Ít' ; (3.i81)

ln.2 ¿¿
i:7

r: 1_
-().-In2

(3.i82)

92

Here.



Chapter 3. Extensi.ons to Si.n.gle Cell 3. 5. Multiple- Class Systems (ll,lSC )

Similarly. the quadratic ap¡tloximzrtion. given in (3.179). results in.

rvhere.

1åt = #f o, (ro + ri) : |o-nø +{ ç.
;- 1

ru: fiai"g lor.. .. .o¡u).

11
iM'o</r<1'

ivl

Ð",tø.,t 2 t,I pç¡.Yi.
j=1

(3.183)

(318l)

(3.185)

(3.186)
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The ma-ximization of either (3.181) or (3.183) should be carried out subject to the constr¿rints

given in (3.172)- using linear or qutrdlatic pt'ogramrling. respectivel¡'. \Ã;e call these trvo aìgo-

rithms the ÀflSC and the XI2SC. respectivelr,. These algorithms ü,ill be expìicitll'presented in

Section 3.5.6.

3.5.5 Addition of Other Constraints

The approximatio¡ls prol>osed here are also ireìpfïl u'hen ¿r a nerv constraint is lo be ¿rdcleci to

the problem. For a ìretter comparison. the reader is ref'erred to the case of trddirrg the nerv

constraint to the NSC. addressed in Section 3.2. rihich led to the clefinition of the N'l SC. There.

to tackle the unfairness of the solution to the NSC. a capacitt, share constraint u'as ¿rdded to

the problem. as.

' c-

Adding this constraint to the NSC almost quadrupled the cocle cornplexit¡, of the soh'er (see

Section 3.2.4). Here. u'e demonstrate the straightforluard approach u'hich yieìcls the addiíion of

the neu' constraint to the approxirnate problems.

Using (3.167). Equation (3.185) can be approxmiated as.
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This translates into.

This neu' constr¿Ìint can

t'riting the equivaìent of

(rì1¿ii¡¡*¡¡ - çy' ( 0,tr"t (3.187)

tlie linear or quadratic approximations br,

1¡l*rd'J

either ofnorv be added

(3.174) as.

A:
1t"-tl

11 1l
1-r/'¡r * diag l¡," , 

ILrl 1.1¡l

l1¡rl-.1¡*.rr - i,,r r, dT

(3.188)

I x"'" I
. I xr¡',:r+r 

Ib: I i.r,*, I (3'189)I :"',"', I

L 0.,r, , J

\\¡e argue th¿rt the addition of ant' constraint rvhich ci'rn be u'rittcn as linear fu¡rction of ç- is as

stlaightforu'¿rrd as t.his case is.

¿rnd thc equiverlent of (3.175) as.

3.5.6 Details of the Proposed Algorithms

Using the developed formul¿rtion. the tu'o algorithms the \IlSC ancl the NIzSC can be rvritten

as the three steps shou'n in Figure 3.15.

Note that. ¿rs the matrix H, clefined in (3.184). is posit,ive-definite. the computational cost

of the \i2SC is polvnornialll22l. The linear proglamming-based approach, n¿rmeh'the NIlSC.

rvill take up pol¡'nomial time as t'ell [123].

3.6 Generalized MSC (MSC""¿'¡

The \fSC ¿rnd its ancestors all have particular dependence on the structure of the SIR given

in (1.6). Ho'n'ever. in the literature. more appropriate models for the SIR exist. manv of rvhich
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1. Generate A using (3.t74), b using (3.175), f using (3.182), and

H using (3.184).

2- Solve either /=linprog(i,A,,Ë,ç"'¡71 ,'/:tìtor:), for the case of the
MrSc, or ç-=quadprog(H,f-, 

^,Ë, 
,Í"i",,1*""), for the case of the

M2sc.

3. Calculate õ using (3.170), fl using (3.171), and C using
(3. 167) .

F'igure 3.15: Details of t.he o,Igorit.hms the X,Il SC and the I'f2 SC.

alter its convention¿rl structure and thus make the previouslv developed methods fail. Some of

these additions to the SIR. model are presented in Section 1.3.2.

In this section. t'e incorporate the tv'o parameters of r¡' and tu ¿5 $,s|l as L into the \ISC

probìem. As ¿r resuìt. and iìl order to provi<ìe a solution to lhe nerv probìem. '*'hich rve call

the IISC"''¿t. a new rnethodologv has to be deveìoPed. 'Ihis is mainly because the existence

of the factors o¡u ¿rnd ¿t nìàlies the constant-? method developed for soh'ing the CSC fail. In

this section we ir'ill propose a transformation rvhich generates an imaginar¡' problern out of the

given IfSC""¿,. This imaginarv problem is solvable using a generalized variant of the previousll'

developed XÍSC. \\¡e then present the procedure for calculating the solution to the prol:lem irr

hand using the c¡ne cor¡ruted for tlie produced irnaginarl' problem.

The rest of this section is organized as follo'n's. Fi¡st. in Section 3.6.1, the N'ÍSC algorithm.

intl'oduced in Section 3.5 is generalizecl. This generalization is used in Section 3.6.2 for implant-

ing a more accurate model for the SIR inside the objecti'r,e function. Then. in Section 3.6.3 some

rìcccss¿u')' ru¿thcnl¿rtic¿rl tclols alc clcvclopc'd a¡rd. firrzrll¡'. in Section 3.6.r1 the procedure through

rvhich the ¡s11' probìenr can Ì¡e soh'ed is proposed.

3.6.1 Generalizing the MSC to the MSC.

As u'ill be shown in Section 3.6.2. the l\iSC has to be generalized further in order to have the

maximum capacity-share constraints be specific to the nrobile stations as t'ell. To compl¡.-s'ith
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this ueed. u'e rewrite (3.185) as.

. 11C'¡1-*-,0<l¿r<1.
It ¡ lll

set of constraints can be added

(3.1e0)

to the optirnization problem

(3.1e1)

Delir.¿rtion shorvs

through reu'riting

that this neu,

(3.188) as.

For not¿rtional conveniellcr:

I i,"^'I rr: 
| 7ur¡t + dtas l-.
I

I l\I diag [¡r,, . .', 1,.''r]

we call this problem the

1l
' t¡r 

.J

- Ívrrdr

xfsc*.

3.6.2 Solving the MSC.

Using,

L¡P¡9¡
(3.1e2)¡/

I+au t pjgt
j:1-:i+i

u,e knorv th¿rt.

l*^'n-

¡/
I+oulnioi+Ø¡-au)p¡g¡

t-!
(3.1e3)t/

I+av t pjsj
t=1,i*i

For the implications oftlie particular structure of (3.193) refer to Section 2.3 u'here the constant-

7- method (T: I + Ðj11, p¡s¡) is der-eloped and then used for dealing with the CSC and the

NSC. Nevertheìess. the presence of extra terms in the norninator of (3.193) prohibits the use of

the previously ¡lsvsls¡1s¿ method.



Ch.o.pter' 3. Extensi,ons to Sin.gle-Cell 3.6. G enet alized IUISC ( lvlSC'" L, )

Consider rervriting (3.192) as.

Norv. we define

rl/

4,, + t pisi
au

J_JJfI

fL?
lz - (\'Ll

P¡9¡

L¡1;X¡:___r, I:XI.(yu (yL/

(3.1e4)

(3.1e5)

and reu,rite (3.19a) as.

^ii: Xì^ii, (3.1e6)

udrere.

1t:
P¡9¡ (3.1e7)
AI

î+ t pjet
j=1.11i

As ivill be shou,n in Section 3.6.3. log2(1 * 1¡) can be approximated as a constant multipliel of

ìogr(1 +i¡), and therefore. as (3.197) has the same structure as (1.6). the genelalized problem

can be approximately solved using an imaginarv problem rvhich has the structure the methods

alreacì.v developed in this thesis are capable of dealing with. The details of this process. as u'ell

as the utilized transformations. are plesented in Section 3.6.4.

3.6.3 The Correction Function p(X)

As discussed in Ser:tion 3.6.2, the addition of neu' r:oefficients to either the nominator or the

denominator of the SIR disrupts the application of the constant-T nlethod developed earlier.

Hou'ever, due to the particular structure of the Ç-11 relationship. a. linear approximation of

log2(1 * lf) in terms of logr(1 + 1') can provide a method for reducing the nel' problem to
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one u'hich is solvable using zr method alread¡- developed in this thesis (as t'ill be discussed in

Section 3.6.4). 1'his section is about this approximation.

Using first order Tat'lor Selies a.pproximation of ln(1 + ¿') - r. rve can uryite.

Here. 7 and ¡1 are assumed to be smaÌl enough.

The approximation given in (3.198) is based on ts'o consecutive linear approximations of

logarithmic terms. Theref'ore. especialìv in the event of 1 being large. the approximation ma.v

produce unacceptable values. Ho$'eveÌ'. due to the ptrrticuìar structure of the objective f'unction

¿rnd the constraints. a correction terrn p c¿rn be included in the approximation in or-der to yield

ûrore accuracv through using.

log2(i f ¡^;) : 1pìogr(1 + r). (3.1ee)

The choice of the best value of p f'ol an1' palticular ¡ is the mtrin purpose of this section. Hele.

wc define the correction function p(X) as the one u'hich produces the value of p rvhich for a given

¡ minirnizes the mezrn-square eÌror of the approximation given in (3.199). In other 'nords. p(X)

can be fbrmallv defined as.

logr(1 + l?) : #r. - ¡log"(1+ i).

r^",," ,
p(r) : argomin | [tosz(l + xi) - 

^pros21 
+ l)2 a1.

J t,,,;,,

l.'." 
",'logr 

(1 + ¡i)log2 (1 + 1) d,

(3 1e8)

(3.200)

later.Here. 1-,,, and 1rro" denote the range of values r can accept. \\¡e u'ill discuss this issue

Using Leibniz Integral Rule. Equation (3.200) I'ielcls.

p(x) :
- 

|':,,',,:' 
(rog2 (i + t))2 ,t1

(3 201)

In practice. the integrals are numericall-v calculated using recursive Adaptive Simpson Quadra-

ture rvithin an error- of 10-6.
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0.

0.

0

0.95

o.94

0.93

o92
roo

Figure 3.76: Value,s o.f pft) .for a n,om.i.rto.I range of y. Solid line shoan thc ualues giuen lty (3.201) and
t,he dash,ed li,ne represent.s (.?.201).

Figure 3.17 demonstrates the case of À : 7.5. for u,hich Equation (3.201) r-ields p: 0.9332.

In Figure 3.17-(a). the solid line shorvs the original function and the dotted ìine represents the

ba.sic t¡rproximation given in (3.198). \\/hile this approxirnirtion yields ìrore error zrs l incleases.

the d¿rshecl line. t'hich represents the improted forrn gir-en in (3.199). produces uro¡e accurate

results in ¡nost cases (see Figure 3.17-(b)). A compalative analysis of the relatir.e error incluced

bv the tg'o firnctions is gir,en in Þ-igure 3.i7-(c). As seen here. the introcluction of the correction

term cut,s the maximum rel¿rtive error in the u'olking range in almost h¿rlf. The solid line in

Figure 3.16 shots the values of p(f ) for a norninal range of ¡.
The calculation of p(f ) as gir,en in Ec¡ratioir (3.201) is ba"sed on the computation of two

integrals. Therefore. the existence of an ¿rlternative closed form for p(f) could potentiallv resuìt

in reducing the computationzrl complexitt' of the aìgorithnr u,ìrich utilizes this fr¡nction. Here.

rve suggest the alternative f'unction l(f ) by ploposing an rrpproximate closed form for (3.201).

Approximating ln(1 + i,) b," i'. and using (3.201). rve u'rite.

p(r ) = pe) :. ,"-å- "=- [''""'' "tn (1 r xù th
Y (^iäor - tmin) r1n,¡n

Nou'. using a substitute r'¿-rriable we u'rite.

,*): F14:TJ l,'.,'.'),')'n - r)tn^tr,

(3.202)

(3.203)
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0.25

(lr)

(.)

Figure 3.17: Th.c case o.f I : 7.5. (u) Thc r¡ti,e'ino,l .fun,ct.ion compared to th.e two approtim.at.i,ons. (b)
The absoht.tc error i.ndu.ced. by t.h.e t,uc,t approù,m.ations. (c) The relatiue crror i.ndnced by

th.e tuo a,pprotim.at,i.otts.

!
d 4

3

2

i
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and thus derir,e.

(Lr, mr - r rn , - !rr* ,l lr 

r1r""'-

:/- \ \2 -l / l,*^.,^n.
/\ t/ -

The dashed lille in F-igure 3.16 shos's the values of Þ(f ) for a nominal range of vaìues of X.

In a practical implement¿rtion. both (3.201) and (3.204) depend on the tu'o values of ^t*¿n

and ^¡,,,,,,,. These values indicate the range of vaìues the SIR czrn accept rvithin the fr¿rmeri'ork

of the problem. As it ivill be shou'n in Section 3.6..{. for soh'ing the problem devised and solved

in this section. there is need for the c¿rlculatiorr of p for il/ different vahres of ¡. Therefole. it is

important to realize that the bounds -')¡¡¡¿ ând lTnor ¿ìre in fact the practical bounds on j¡ for

rl,hich ?, lies u'ithin u'hat the parameters ¿rllou'fbr'(as described in Section 3.6.2). 'Iheref'ore.

defining 1fi¡,. and 1åo" as the range for the SIR given b¡' ¡1t" s.vstem palameters. $'e have,

(3.204)

(3.205)

(3.206)

?i n, is calculrrted using

(3.207)

(3.208)

1o
lntin: 

i^,^0"'

^ - 
1^.o

ttnor _ 
ì. 

/n¡ûr.

In practice. ?i,,,, is zr gilen par¿ìmeter for anl' particular prclblem

the given Ç,rr,".

Using (3.205) and (3.206). rr'e re'n'r'ite (3.201) and (3.204) as.

and

p(Ð:
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Figure 3.18: R.elatiae dcuialion of t,he ttah,Lcs o.f p produ,ced by t,he opprot'im.ate fomn giuen in (3.209).
com,pared to th.e uhat is gcnerotcd by th.c exoct..fotrn.ttla.tion r)i,uen ilz (3.208).

p(r) :
lntot - ìntin

(3.20e)

Note that the supersct'ipt o is drop¡red for the sake of notational convenience but the bounds for

the integrals in (3.208) are the original bouncìaries of'the SIR ¿rs given br,' the s.vstem parameters.

Also note that Equation (3.209) is inclependent of ¡. This issue can be obserr,ed in Figure 3.16

a,s u'ell. u'here for ^.imìn : -30¿B trncl Ç,o, : 0.3, n'e h¿ì\'e Þ( v) = 0.9225. inclependent of ¡.
Note lhat the more intuitive clepiction of (3.199) as.

(3.210)

gives a better understanding u'hv the approximation still holds as 1 increases.

Comparing the two functions p(¡) and p(¡). and as seen in Þ-igure 3.18. the application of

the approximate for-m given in (3.209) causes ìess than 8% ¡elative error in the u'olking range.

Practical implementation of the tu'o formulations. hov'ever. shon's a drastic reduction of the

elapsed time from about 1rns. fo¡ the exact form given in (3.208), compared to less than 0.01rns

fb¡ the approxirnate formula.tion gir,'en in (3.209).

As an overaìì Íìeasure of integrit¡', Figure 3.19 shorvs the e¡ror bounds generated bv the

s

ù
.2

õ
É

(ï*^r - rtn' - i,'.') l::.",:

logr(1 + r) - rplogz (t * i") ,

r02
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:s

ès
É

Figure 3.79: Enor botmds gcnera,tcd, i.n the ut.lcttla,t,i.ort o.f tlt.r: capacity using t.h,c opproúm.at,,ion gitten i.n
(3.199). For detai,Is rcfer lo the tct:t..

approximation given in (3.199). Here. the cla¡k ìines represent the exact formulation for p(¡),

given in (3.208). and the gra-r' lines shou'the outcome of using the approxirnation given in (3.209).

For each câ.se. the solid lines present the mean relative error. u'hiìe the dashed lines indicate the

mean plus the standard deviation cur'r'es ¿rnd the me¿rn rninus the st¿rndald deviation cur\¡es.

As observed here. for À > 10. the tu'o fbrmulations produce very similar results (the sane effect,

seen in Figure 3.18). Furtlìermore. the r-elatir,e er'¡or incluced by using the more precise value

of p. given bv (3.208). is normaìlv less than 5%. The approximate forrnulation for p. given bv

(3.209) on the other hand. causcs a relative error of about 8% for smalìer values of X.

The correction term p developed here is used in Section 3.6.4 for producing an approximate

soh¡tion to the generalized multiple-ceìl problem as u'elì.
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3.6.4 Application of p(¡) to Solving the Generalized Problem

Cousitìcr thc problcut dcfiuccl ¿rs nraxitrtizirrg (3.167) suirjcct to the revised version of (3.168)

combined with (3.190) coìlectively t'ritten ¿rs.

^,, \ ^/l¡¡l?l \J;
;t '- li

C¡ 1 C!""t'.Vi,

o<pr<pl'"",vi.
- C, lic¡: cSiu,o<p<1
.,r 1t,9, 1 P,no,,

i=7

(3.211)

(3.2t2)

Here. t-e consicler the definition of the SIR as giver-r iu (3.192) ¿r¡id use (3.195) to yield (3.196)

and (3.197). Through this procedure. \\¡e produce an irnaginar-v ploblenr u'hich has tlie NÍSC-

stl'ucture discussed in Section 3.6.1. We n'ili denote the parameters re_lated to this problem u'ith

a "hat" (1 f'or exarnple). All the variables and pararneters in the iurzrginarv ploblem are identical

to their courterparts in the original probleur urrless specìfieci differelth'.

Routine deriyation shou,s that þ,nor: XPrno,r, ô¡ : p1tr¡oi. and.

amtn 
- 

| 
^rrinl¿ -*/¿

n'her€ pr. : pd¡). Also'rve have /i¿ - p¡X¿¡-r zrnd.

àtnax I nrrr,l,;
(t¡X¡

(3.213)

Not'. the imzrginary problem is a ÀfSC' and thus can be solvecl using the method developed

in Section 3.6.1. Then. the resulting r,alues of p¡ replesent the corresponding values in an

approximate solution to the original problem. The values of C¿. horvever. t'ill be recalculated

r.rsing the exact forllulation as a final lefinement stage. \\:e call this method \ISC""¿i.
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Chapt er 4

Multiple-Cell Problem (MC)

In this chzrpter. the multiple-cell problem. as forrnulated Ín Section 1.3.3. rvill be analyzed.

This a¡ralysis is essentiallv geared tou'¿rrds applving the tu'o rnathematical tools der.eloped in

Sections 3.5.3 and 3.6-3 on the problem in order to plocluce an approxim¿rte solutiorr for-it using

quadrtrtic prclgramnrin g.

This chapter is olganized as f'ollon's. F'irst. in Section 21.1 a set of substitute variables ivill pre-

sented. Subsequentlv. these variables are used in Section 4.2 for transfbrrning the constraints into

line¿rr forms. Using a similar metirod. in Sectic¡n ,1.3. the objective function will be represenled

as a quadratic function- Both these transformations take adrantage of a set of approxirn¿rtions

and estim¿rtions. Then. Section 4.4 presents the details of the proposed algorithm.

4.L SubstituteVariables

Structura.l differenc'es of 71.¡, given in (1.26), and its single-ceìl counterpart 1r. given in (1.6).

prohibit the direct application of the substitute variables as outlined in Section 3.5.2. Therefo¡e.

in order to lestructure r¡-¿ in thc rr'al th¡rt maì<cs thc cìcfinition of appr-opriato substitrrte varial¡les

possible, Equation (1.26) rvill be reu,ritten and the p(.) furrction dcfiuccì iu Scctiou 3.6.3 rviìl bc

taken adr,a¡rtzrge of.
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\\:e first reu'rite (1.26) as.

^,rn: L-! .- - 9lP*ogu, -
¡í + I lt*r' Ëpr'¡,g1,¡,1 - ei,p*tt*,

À.,=r L i':r I

Here. u'e havc clefilled.

IL: Ltu,
QU

\t.t-r-
1-(t¿

(4 1)

(4.2)

(4 3)

fì"om the references

(4-1)

(4.5)

(,1.6)

Note th¿rt for o ) 0.625. as (l-¿ > 0.75 and v > 0.4 (tvpical r'¿rlues taken

cited in Section 1.3.2). (i¿ u'ilì ¿rl'n'avs be positive.

Continuing ü'ith (21.1) g'e u'rite.

i¡,¿ : Yr,.¿11.2

Here.

Lx¡.*¡
{Æ? - au(".t 

^^7

1í + t I 
Buu, I p¡"¡,sf,,¡,

Note the sirnil¿'u'itr, in the structure of ^¡'0,, defined in (a.6). and 1. defined (1.6).
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Nor,. silnilar- to (3.169). rte define.

^tt :A.;
rÂ¿ 1 t ^l' t 

^1

igki

t
(r-¡Pl

þ.

l<t
l-l- ì

(4.7)

(4 8)

(4.1 1)

(4.12)

(1.13)

707

IL+ 'eo'r'gf,r,]

Note that. using (-1.J). \\'e have.

Equation (a.10) u'ill be n'¡itterr as.

^,7n?1¿,^mi?1t _ I¡ivt^: --- 1,, L ^,n1tn
^k¿ 

| lki

^,n7arJttaÌl /À i
YA-i n ^r I

xÀ-, + 1[.;..-

Yki -
1tt¡

X*¿ * :lx¡

4.2 Constraints

l'he seconcì and the third constraints of the rnultiple-cell problern. as given in (1.2g). impose a

minimum and a m¿rxinrum bound on the ?Å-, and the C¡-¡, respectivel¡-. B¡'clefìning,

1','!"'':2cfr"' _ I.ltt

these tu'o constraints can be encapsuìated in one double-bouud constraiut written as.

(,{ e)

')''{;"' S 1'¡,¡ < {¡!j"' .Yi. k.

Norv, using (a.8). ancl bv clefining-,

(4.10)

ç,í:0,., < 9L¡ I ç,i,1¿""' ,Y¿. k.
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or. in vector fo¡mat.

.;tìtttrl ¿.J ¿,;tiluIl? ì9 >, (4.14)

For'¿rddr-cssing thc first ¿urcl thc last constlaints ¿rs listccl irr (1.29).'rve need a relationship

similar to (3.17i). Hon'ever, Equation (a.7) has substantial differences with (3.169). These

differences inhibit the ltse of ¿r direct method. In orde¡ to resoh'e this issue, he¡e. u'e propose an

approximation.

As mentioned in Section 1.2. the intr¿r-cell interference is in some u'orks modeled as ò times

the inter-cell interference [80]. Here. lj is the loading factor and the r'¿rlues of 0.6 [81] or 0.55 [74]

¿ìre suggested for it. Another consen'ative approximation for ri is someu'here betrlreen 0.460 and

0.634 for rrominal s.vstems [80] . Adopting this approximate simplification, r'e ren,t'ite (4.7) as,

(í¡I¡t¡llt¡
(4.15)

:\y'¡

1í + (1 +,t)t pki,qA.it

i':1

Nou'.

,ì /À.

lnu,su.,
i:1

(4.16).À4 i

Ii. + (1 + d)f p*rsu,
i:7

or. equivalentlr'.

AIr 
^t\: rÈ¿ 

-1- ¡t
,=t \Å'i

-À r'r.

ln*,sr, = I'¡,

i:7

l/r,
\- fi¡
/¿ lt
t:l \À'i

u.r7)Itlr 
^t1-(1+ô)t+

t:t \Ä'i
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s,À1,.is necessar¡- for ljlÅi pt ¿g¡,¿ to be positive. \\¡e rviil sho'rv that another inequality. rvhich has

bo s¿itisficd a.s l,cll. in fact grrarantccs (4.18).

Using the concept of the lo¿rding fâctor. the last constraint in (1.29) can be arpproximated

Note iliat. here. the conditiorl

Here.

Routine derivation reduces (4.20)

flx,^t
1-(i+¡))-Y#>0.

';:r ski

l\tx 
^t\- 

"À-¡/- rt
¡:l \À i

(.1.18)

(4.1e)

(4.20)

(4.21)

(4.22)

(4.23)
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'\ 'lr'

au(l + ÐÐp-Soo < Píl'"'. VA.

Norv. using (4.I7). inequalitv (4.19) can be reu'ritten as.

ri ( Prltto"'. VA.llr 
. -t

1- (l + ò-))- Ie
;=I \Á¡

I)1n01
ñmuÍt I,¡,.
- Ä' au(I + ò)'

to'

l\l* .^t

t + < xitn".vÅ'.
,li ,'r,

PtutrJ l

s'here.

vmall1r I' Ii+Qi_ò)P'no"r-
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Note that (4.22) r'ielcls.

< 1.V4,

sdrich satisfics (4.18).

Combining the 1{ co¡rstrairrts of the type given in (4.22) together.

lllr I 1

\- Yr'i - '
,:/-rcí, 

- 1+d (4.24)

fo¡ all the cells. r,e u'¡ite.

dias l(i.. ., airl d < *,"""' (4.25)

(1!.26)

(4.27)

(4.28)

(1.2e)

(4.30)

110

Here.

is a I'11¡ x 1 vector ancl.

is ¿r ,I{ x 1 r'ector.

Returning to (2i.15¡.

,t t-l

' 
(A-À/r. j

and using (4.17). u'e

v'*, = fn*,orrlt

firnazt - 1x1""",,..., xr,lo",lr,

ltx¡T*¡ - Il

have.

l/¡ ^t I
- (1+ ò-) )-:F I ,

',--'=l ('q¡'J

Yki

.1/r. 
. ^r

1 - (1+ ò-)t Ï+¿
' 'u /t

l,-r \À-i'

Usilg (.1.29). u,c appt'oxi¡¡ratc thc first corrstr¿rirrt in (1.29) as,

Y t-i
al
_\Å.i

sr^, 
[i-(1 

+,,Ë#] ,"',-
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Here.

Furtìre¡ derivation of (,1.30) gives.

or in vector format.

Here.

and.

-t ¡. l-t .t -t 1\ : alag l(ri.(r2."'(t'-r,r¡¡l '

are both AI x lI matrices and.

(t: lrì,1,-xl(1.'

is a lì4r. x ¡.1À. rìlatrix.

Combining (4.25) and (4.33) togetheÌ 1r¡e have.

,. . - P{}i"'g*¡
,Kt - tt (-1.31)

l,
Æ

(4.35)

(-1.36)

Ap- s È- (.r.37)
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1 ,^t Ìtlr .-t
:+ + (1 + d) t :F < 1. vi. k, (4.32)
¡Ä-¡ \Ä.i ¡-_-t \*¡,

[,-','-'+ (1+ õ)diao [Cl, .4r]1,i. i^,", (.1.33)

l : di.ag f1u , hz, ' - 'l x y,,) , (4.34)
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Here.

A--

b-
xnlart

it,.,
(4.3e)

4.3 Objective Function

The forrnulation fbr the objective function C. given in (1.28). considers a general case in rvhich

each mobile st¿rtion has its ou'n utility function /¡.¡(.). Here. \\¡e assume that u'ithin the range

of ¡iossible capacities. t,he function fx¡@) can ì¡e approxima.ted ¿rs a second-degree f'olm.

fx¡(Cx¡) = a¡,¡C¡¡ -f ß¡¿Cf,¡. (4 40)

HeLe. u'e also assume that l¡oth ô¡¡ atld ,3¡-¡ are non*negative. This is importtrlrt in order to

gualantee ¡tolvnornial computational complexit]'fol the quadrzrtic ¡rroglirmmiug-basecl solvel to

be developed as a result of this anal-vsis.

Non'. using (4.4). (1.27) and (3.199) rve s'rite.

C*.¡ = Xt.¡ p(xr.¡) logz (t + f i,)

Using (4.7) and (3.179) u'e have.

(4.41)

(4.42)

(4.43)
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| ,-,c':'* {t

l

-l

'(i.l
+õ)diagLC|,"',Ç'xl

(4.38)

Here.

c'¡¡ : log2 (t + ri.i)
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Therefore. combiüing (4"40). (4-41). (4.43). and (4.42). v.e have.

.[t¡(Cr¡) = a'k,ç'ki + (o',,, + 3L) ç'l¡,

where

(4.,14)

(4.45)

(4.46)

/i¡-¿ are

(4.47)

(4.48)

(4.4e)

(4.50)

(4.51)
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IIo'u' : 
m zo^¡t¡'¿P(x*¡)'

,, / 1 \'
'l' 

: (,-,/ Jr'¡l?'¡P(tr¡)2'

ancl por,ers of more th¿rn tu'o of p/r., have been ignored. Note that as both r.r¡¿ arrd

non-negative. theref'ore a'ur+ ß'uo is non-negative as u,ell.

Using (4.44) and (1.28) u'e have.

I( ]l L-

c = Ð \lo|r.v| o+ (.in + AL) ç'f,),
l::1 i:l

Il othel' s'olcls, defining,

i:d'.

¿rs the multipìe-celì r'ersion of (3.182).

a' : di.ag fo'rr, o\r, . - - , o't< ¡t,rf ,

,3' -- diag ltl'rr, p\r,. . ., 0't; n n),

and.

H: 2la' + ß')
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as the equivalent of (3.18a) in multiple-cell systems. n'e have,

n - r rr*d +{rí, u.s2)--2'

rvhich is the canonical form of the objective function in a quadratic programming problem. Note

that H is ¡rositivc-dcfiuitc.

4.4 Details of the Proposed Algorithm

As a result of the discussion given in Sections 4.L. 4.2. and 4.3. the multiple-cell probìem

formulated in Section 1.3.3 can be approximatelv solved Ìrv a¡ri>l.v*ing quadratic programming f'or

the maximization of.

c' : )A'' n,/ + i'',/ , (4.53)

subject to.

(
l ,;¡nutl ¿ J Z .;tnil-rl
) 

Y -ìÞ ìY .

ì - (4.54)
lA;"<b.\

The m¿rtrices and vecto.. i. H. ,;n1int.,:ì11or'. Ã. ¿rnd Ë. nt" <ìefined in (a.a8). (4.51). (4.11).

(4.I2). (4.38), (4.39) respectivelv.

After the solution to this problem is produced. tlien. using (4.29). the optimal f s'ill be

calculaterì.
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Chapter 5

trxperimental Results

This chaptel contains the experinrent¿:Lì results generated through execution of the algorithrns

proposed in the previous chapters. The results corresponcling to each problem are discussed in

a separate section.

5.1 Classical Single Cell (CSC)

Using the developed C,SC zrlgorithm. it takes less than 2n¿.s to solve the CSC in ¿r cell l'hich

contailts 100 nrobilc st¿ttions. I-Icre. u'c first analvzc thc cffr-.cts of cliffcrcut paramctcrs on thc

beha:r'ior of the systern. in Section 5.1.1. Then. in Section 5.1.2. u'e can'\'out an extensive

fai¡ness analysis.

5.1.1 Effects of Different Parameters

Using a ¡andom sequence S. similar to n'hat is shou'n in Figure 1.1-(b). rr.e auaivze the effects

of different paratneters on tìre soìution to the single-ceìl problem. The analysis is conductecl

as follou's. First the values of C. the aggregate capacitv. are presented. Then. the unfairness

measures ./ and .l are analvzed. This anah,sis will be follou,ed in Section 5.1.2 bv giving ¿ìpprox-

imations which shos' horv these three values. namelv C. ./. and .f. are r-elated to each other and

q'hat the practicaì implications of these relationships are.
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Figure 5.1: Results Jor diJJerenl, nutnbet of nobi,le slulit¡ns .uitlL ^¡ : -25d8 a.nd uarying ] i,n the CSC.
(a) Aggregatc capacitg. (l;) Su.btractiue unfaintess. (c) R.a,t,io u.nfairness.
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Figure 5.2: Rcsulls for tliJJ'ercn.t ¡t,u¡¡¿l¡cr of nobile st,utiotts 'utith ^¡ : -30d8 and uatyi.ng I in th.e CSC.
(a) Aggrcgate capa.city. (b) Subtra,ct.i.uc unfairncss. (c) Ralio unfo.itness.
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Figure 5.3: Resulls Jot LI|JJ u err| tt ut¡¡ber of rnobile slotil¡tt; u il.lL 1 : - 40d 8 a,nd uatni,ng I in t,h,c CSC.
(a) Aggrcgatc r:o.pa.cit,y. (b) Subtro.cti,ue u.nfo,irncss. (c) Roti.o u,nfairness.
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Figure 5.J: Results lor diJJerenl ¡turn,ber of nol,tile sluti¡¡tLs uil,ÌL antl ^t : -50d8 uar-yi,ng I in the CSC.
(o) Aggregatc caltacity. (b) Subtractire u,nfairness. (c) Roti.o unfairness.
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+l=-101
+t:-113
+l=_124
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Fi.gure 5.5: Resul,l.s for rl,i.ft'erenl. nunt.ber of mohile. sl,o,ti,ons uil.h. rnrui.n.g I and 1 :0 in thc CSC. (a)
Aggrcgate capacitg. (b) Subtractitte unfa,intess- (c) Ra.tio ttnfairness.

+l:-90.4d8m
+l=-101 TdBm
+l=-113-0d8m
+l:-124.3d8m
+l=-135.6d8m
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Figures 5.1-(a). 5.2-(a). 5.3-(a). and 5.4-(a)shorv the values of aggregate s.ystem capacity

for diffcrent ntrtnbcr of mobilc stations, ,)ly'. with varving .I and i. The vertical axis in each chart

shou's tlie number of mobile stations. Each grzrph also presents thc cfl'cct. of choosirrg bctrvcclr

diflcrent candidates for 1. As expected. choosing smaller background noise results in a larger

aggregate s)'stem capacitt'. In an¡'situation that the cur\¡es stop abruptll'. it mezrns that the set

of parameters does not 1'-ield any result. Again. as expected. by easing the minimum qualitv of

service bound. the aggregate systern capacitv increases. This effect is more significant in larger

values of :1,1. in u'hir:h c:asc thc svstcm bcr.omcs significantìr- partial.

\\¡e rtiìl first gir,'e an ana.ì¡tic justification for this situation. Later. u'hen comparing the

respective unfairness values. ri'e s'ill shou' hos' much unfair the s1'stem in fact is. To investigate

this ellect arlaìr'ticalh'. \\,e'use Figure 5.5-(a). This figure shou's that by removing the minimum

qnalitl' ofservice constraint. setting ^i :0, tire agg¡egate svstem capacity does not change y'hen

the number of the mobile stations increa.ses. except for the ca.se of I : -I36dBnz. This is due

to the fact that at this situation the svstem starts to h¿rndle one rnobile station u'ith maximum

qualitv of service and to leave no resoul'ces for the others. In this situation. 11,s lvill þ¿vs.

12:"':x'À.-f:0, (5 1)

therefore, using (2.7). n'e lìave,

': (ï++)"-' (#*+) :' *r, : 1 +e+

Here. the range of 21 is dictated b¡r;p-o, and Pr,o-. Hence. u'e have.

(5 2)

(5.3)

rvllich is iu fäct n'll¿rt is sccl irr Figulc 5.4-(a) fbr thc filst fcu'r,alues of ,4.f ¿rnd in Figure 5.5-(a)

for all r,alues of ,4y'. except fol 1 : -l36dBm. We u'ill return to the unfairness curves shortlv.
As shori'n in Figure 5.6-(a). tightening the minimum qualitv of sen'ice bound has a declining

effect on the aggregate svstern capacitr,. As /11 increases this effect is rno¡e severe. Fi¡rallv.
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| -120 -100 -80
l(dBm)

Figure 5.7: Results Jor diflerent nun¿ber of mobile staliot'¿s with rarAin,g I i.n the CSC. (a) Aggregate
capac'ity. (b) Subtrart.i,uc u,nfa,irncss. (c) Rat.io u,nfa,irness.
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F'igure 5.8: Resull.s for different num.ber of mobile slal,iort,s u:iÍ.h rarying þ,,u,. i,T th.e CSC. (o) Ag(tregatc
capacit,y. (lt) Su.lúractiue un.fo,ilttcss. (r:) Ro.t.i.o ttn.foi.r'n.ess.

note that as shou'n in Figule 5.7-(a) increasing 1 decreases the aggregate svstern capzrcitr,. as

expected.

'I'hc offccts of choosing cliffcrcnt valrrcs of p,rn, is investigated in Þ-igure 5.8-(a). As exltected.

snral] r'alues of Prno. Lc¿rd to sigrrifictrrrt rlcrclc¿tsc il thc aggr-cgtrtc systcnr capzrcit-v or e\¡en makes

the problem inf'easible. A simiìar experiment is carriecl out in order to investigate the ¡ole of

Prrnr. As the results sholvn in Figure 5.9 (rr) demo¡rstl'¿rte. a \¡er-v srnalì r'alue of P-r". reduces

the aggregate s-Ystem capacitr'. rvhile larger values let the other constraints become active and

c'ontrol the fina,ì outcorne.

Su¡luu¿rlizilrg thc cflccts of clifl'clcut pzrrzurrctcrs ou thc agglcgate capacity. increasing 1 or

i' has a declinirtg eflect. \\¡hile the first palameter represents the a¡nount of'background nojse

L2rl
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Figure 5.9: RcsultsJor rliJJ'uerttnunú,¡c¡'of nLobilc slutiotts u,itlt uu¡'lfin.g Pu,,".'inthe CSC. (a.) Aggregatc
caqsacit.y. (b ) Su,bt,racti t¡ e. u.n,f aintcss. ( c ) R oti o u,nfo.it-nc.ss.
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¿ìnd ma\¡ be reduced using better engineering. reducing the second ì)arameter ri ill make the

s¡'stem more partial. Also. larger values of p*o, and P-nr. are helpful. These values indicate

thc nt¿'rxiruttìtì powcr u'ltich ouc ruobilc st¿rtioll calr ¿rlforcl to tr¿ulsr¡lit at and the maximum

total interference rvhich is tolerated. respectively. Excessive increase of these t¡l'o parameters is

not prirctical. due to the fact that increasing p-o,.t'ith fixecl P¡no. m¿ì). not result in a lzrrger

aggregate svstem capacitv. because then the condition of total transmission porver u'ill push

the ma-ximum transmission porver of each nlobile station dori'n. Also. generallv. the system

perforrnance decrea.ses as the number of the mobile st¿rtions inclea.scs. This issue rvill be looked

at thoroughly in the next sections.

5.L.2 Fairness Analysis

Itt Figures 5.1-5.9. the fìr'st graph sliou's the agglegate capacitv. ri'hile the second and the third

graphs shou, the subtractive ¿rnd ratio unf¿rirness measures. resltectively. Here. rve observe that

alq'a:'s the sulttractive unfairness curves follou' the same trend as the ¿ìggregate svsten capacity

ones do. This issue u'ill be looked at in this section.

Assurne th¿rt ¡rr is substantiallv larger than ø2. ....rtr,r.For sirnltlicit\'1\,e assume that there

isae)0forlhich.

x:i=€4(11 .vi>1. (5.4)

Ilence. 1\¡e can approximate (1.8) as.

?)l

T1 1+(¡1-1)5 ['
(b.b)

C - log,2
l+(¡,1 -l)a*a'1 (5.6)1+(r11-1)e

Nou,. substituting (5.4) into (1.30) ]'ields,

1+(¡1-2)eJ-x1
(5.7)
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Cornparing (5.6) trnd (5.7) proves that at this drasticallv partial s.fsteìrl u'e rvill have / - C.

This ri'ili describe the similarity of unfairness cur'\¡es u'ith agsleg¿ìte svstem ca¡>acitv ones if we

c¿rn shot' that in these solutions ï1 is substantialll,' larger than the rest of' the elenrents of *.

\\¡hen u'e anal)'ze the structure of the best * in the solution prescnted here. it is observed

that À dcliucd irr (2.26) is zrhva¡'s orrc (it htrppcrrcd in cvcll sirrglc cxperiment shown at the

above). This rneans that the system is supplf ing one customer u'ith ¿ì \,erv high capacit-v while

others are liept at the minimum guaranteed quality of sen'ice. Note that although bl' increasing

À./ the unfãirness decreases, so does the aggregate capacitv of the s1'stern. Hence. increasing M

is not a good przrctice in this regard.

Here, ne har.e compared the diffel'ence betu'een capacities cler.otc'd to cliffel'ent cnstomers.

denoted b,r,.l . and not the ratio betu,een them. cìeloteci bl f. In fäct. j c,rr.'er shou, non-

nrcaningfìrl figrrres of ordcrs of hrurch'ecls anrì lnorc in rlany settings to give a better pictule of

- this situation.

\Ve ¿rnal-r'ze the ratio unfairness me¿i.sures shown in the third grtrph in Figures 5.1. 5.2. 5.3.

5.4. 5.5. 5.6. 5.7. 5.8. ¿rncl 5.9. Note lhat unless f'or the case of Þ-igure 5.6-(c). the ./ curve is

folìou'ing tlie same ¡rattern the corresponding / curve docs. and hence tllat ol the corresponding

C curr-e. In fact. ¡ seetns to be soleì-v a fixed multiplier of ./. Assunring the conclition in (5.a)

rve u,ill shou'that this is in fact the ca.se- Using (1.31) and (5.7) rvc have.

tos, (t + çoÉFr- )

C' ln2- "'- c'. (5.8)
log2(1 * r) )

Hcre. u'e have used the fact that for l,tl << 1.

ln(1+d) -,t (5 e)

Here. Equation (5.8) exhibits ttrat if i is kept constant. then .i and C onlt' cliffcr bv thc flxccì,

ven'ìarge. constant'r-l ln2. On the other hand. if 7 too changes during the experiment. then

(5.8) shorvs hot' .i and C are reìated. The latio unfairness curves shou,n in Figures 5.1. 5.2,
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5.3, 5.4. 5.5. 5.7. 5.8, and 5.9 shou' the situation in u'hicir 1 is fixed cìuring the experirlent.

Anall'-zing the curves for f C and .f <ìc,monstr¿ìtes th¿rt for tlre case of Figure 5.6-(c). in u,hich

i' does change. Equation (5.8) is in fact valid.

It is u'orth to mention that. here. r,alues of ./ of orders of hundreds are obse¡r,ed. This

demonstr¿rtes that the solution is utterì¡' unf ¿rir. an obserr'¿rtÍon tlhich is in ¿rccordance .ri ith

u'hat is reported by other researchers [57. 58]. In fãct. this unfäirness lvas the main reâson

the authors in [71] devised the minimum SIR constraint. \\¡e argue that the impracticality of

solution tc¡ the CSC comes f¡om the fact the constraints r.reglect the unf¿rirness of the solution.

Furtherlnore. the fbrmulation ignores the fact that ri hile a minimum bound for the signal to

noise ratio. and thus for the capacitr.. is vital. t,here sìrould also exist a maximum capacitv bound.

lack of zrppropriate corrstraints on these tu'o irnpoltzrnt aspe(ìts of thc problcm makcs thc final

results partizrl and imprt'rctical. This issue has been the main reason for the proposal of the Net'

Single Cell ploblem. as discussed in Section 3.1.

5.2 New Single Cell (NSC)

This sectiou plesents experimental results gatherecl through solviìlg the NSC. Using the proposecì

aìgorithm. it takes less tìran 2ms t,o soh'e the NSC in a ceìl cont¿rining 100 mobiìe stations.

To compare the outcome of the CSC u'ith the nerv one. n,e slìon' the result of adding the

ne$' constràillt in a sample problem. 1'able 5.1 shou,s the vaìues of g¡ for trn example in q'hich

I'1,1 is eclual to 10. This table also shou's the soìutions to the CSC and the NSC u'ith the set of

par-tutetet's given iu Section i.3.1. For ezrch problerrr. first tìre pattern of the solution is given.

The given structure of the solution. gir,en in (2.26) and (3.9). for the CSC the NSC. respec-

tiveh'. it is irrformative to see t'he¡e the bleal<ing points are eventuallv pìaced. The location of

these points in fact informs us of the number of the mobile stations u'hich benefit fi'om larger

capacities. As expected from the results and discussions given in 5.1. the solution generated by

thc CSC scrvcs thc first lrlobilc st¿rtiolr rvit,h tiic ln¿rxirnulr p<lssibìe capacitt'r,hile the others are

left to the ¡ninimum guaranteed anlount (log2(1+f )). \\;hen .q'e add the extra C¡ < \ constrajnt.
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1\¡e are in fact ìirniting the capacitr- of the first mobile station. As seen in the soìutions to the

NSC. this leads in the spread of the aggregate capacitt' betu'een rnore mobile stations- In the

neti'solution. presented in Tabie 5.1. nine mobile stations are served at the maxintum possibìe

capacitv (either dete¡mined by ? or /¿) rvhiìe the tenth mobile station transmits at a capacitv

insicle the range.

Table 5.1 also shorvs the capacitv shares of differeut mobile stations in both problems. It

is evident that the CSC dominantly clepencis on the first rnobile station. ivhile the dependence

of the \SC on different r¡obiìe stations is more even. The high clepencìence of ttre CSC on one

mobile station is not acceptable in practice if the svstem is to be depìo.ved in the real rvorld.

As expected both from the analvsis and from the set of capacitv values, the NSC is more

fair than the CSC. In fact the latio unf¿rilness measure is about eightl' times lower in the NSC

compar-ed to the CSC. Note that here we see the aggregate capacitv becoming smaller in the

NSC. This t'as expected. l¡ecause b.v putting the maximum caltacit¡' constraint. rr'e har.e in f¿rct

limited the objective function from going up-hiìÌ. Bv t,his. 'n'e have gainecl a ûìore ftrir s.vstem.

Hete. lve in fact see the esseutial shortcoming of the CSC in cìetail. In fact. the solution

gircn by the CSC r¡'ill not be irnplernentable if the fil'st mobiìe station denies the higlr capacitv

rvhich is clecided fb¡ it. On the contrary. the NSC serves nine mobile st¿rtions ri'ith the Ìrighest

possible capacity ¿rnd then ser'\¡es one u'ith ¿r rnidpoint capacitv. In addition to its fäirness. the

NSC is arlso capable of supporting the aggregate capacitv of above half the CSC.

Using a $ sirnilar to rvì¡at is shc¡u'¡l iu Figrir-e 1.1-(b). we analvze the c.flects o1 clifl'ere¡rt

parametels on the soh¡tiol.l. To carry out t,his anah'sis. lirst, rve present the values of C. the

aggregate capacitv. Then. u'e analyze the unfairness measures / an<ì /.
The first experiment analyzes horv selecting betl'een different r'¿rlues of 1 and i affects the

s¡'stem rvhile the number of the mobiìe st¿rtions changes from one to a hundred. It u'as shorvn

i¡t 5.1 that as 1 decreases the trggregate capzrcitv of the CSC increases. The interpretation

fb¡ that effcct q'as that declcasing ^¡ means that the svstem is less engaged rvith the rnajority

¿rnd can alìocate more resources to a chosen mobile station. It g'as argued that this is not a

przrcticall.v acceptabìe performance.
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(c)

5.70: ß.e.sttll.sfordi.fferent.mt.rn.hero.[mohilesl.ation.stui.t.h.ror.tli.n11 I antl^,:-2SrtBinthcNSC.
(a) Aggrcgate caçtac,ity. (b) Su.ltt,ractiue unfa'intcss. (c) Ratdo unfa,irncss.
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Figurc.s 5.10. 5.i1. 5.12. and 5.13 shou'the differences in the results generated by the NSC

and the CSC. Here. ^¡ ha.s in far:t ncgligible effcct on thc ag-grcgâtc r:apar:itr'. ¡lartly because not

many mobile stations are treated at th¿rt lou' r'ate. Also. u'e see th¿rt in the NSC the aggregate

capâcitv does not drop vasth'rvhen 11 increases. For example. ìooking at Figure 5.13-(a) ive

see tÌìat in the NSC the aggregate ca¡racitv of the ner. problem drops ìess tha.n 0.1 u'hen,l,1 goes

from 1 to 100 (6.a% of the amplitude). At the s¿rme time the CSC results in a drop of 6 (75% of

the amplitude) in the aggregate captrcitl' (see Section 5.1). Hou'ever. similar to the case of the

CSC. ü'e observe that incre¿rsing 1 does decreas t,he aggregate capacity. It should be mentioned

that the aggregate capacitv of the NSC is aìmost one thi¡d of that of thc CSC ¿urrl thc diflcrcucc

incre¿rses vasth' r'hen ^i reduces. \\¡e argue that the high aggregate capacitv of the CSC does not

mean that that svstem is in fact capabie of producing that lnuch re\¡enue. ìrecause il is relving

orì orìe chosen mobile station n'liich rner¡,' not in firct exist in rezrlit¡'.

Tile ratio unfailness of the NSC is iess than one tenth of that of the CSC and the gap

increases as ^¡ reduces. bec¿ruse the CSC becornes rnore partizrl.

I'igure 5.1r1 shorvs tlie case in u'hich l is zero. meaning that there is no rninimum guaranteed

c¡ualitv of service. In this situation the ratio ulrfâirness inclea.ses to rnore than ten thousand.

still one thirtieth of that of the CSC. Figure 5.15 shou's the effects of varving i. Here. it is

observed th¿rt, for i > -80ri1l tire ratio unf¿rirness is ri'ithin a tactically acceptable interval.

AIso. note that the nurnber of 1,he mobile stations has no effect on either the subtractive or the

r'¿ìtio unfairness curïes.

Figure 5.16 shoivs horv varving 1 affccts thc sohrtiou. Notc that inr:rcasing 1 over -I30¿B

dro¡>s the trggregate cap¿ìcitv cur\¡es to gret'rt extent. Again. contrary to the case of the CSC. the

unfairness cur\¡es are indepenclent of the nurnber of the mobile stations. Figures 5.17 and 5.18

slrow the effects of pnro, ¿ìnd Pr2ar on the solution and. finall¡'. Figure 5.19 shou's that clecreasing

4 decreases the aggregate câpacitv. because the lnaximum capacit.r' of each mobile station is then

limited. Xloreover. as expected. reducing 4 decreases the unfairness.

To havc ¿ì bcttr)r' iusiglrt ¿rl-¡out tllc NSC aud its bcucfits <-¡r'cl thc CSC an experiment u'as

ca¡ried out to compare their behavior in the long term. \\¡e ¿rssunle tilat l-l : 5 mobile stations
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Figure 5.20: (o) Pattcnt oJ m.oucrncnt of nlobilc sto,tiorts u,scd i.n the sim.ulati,on. (b) The concsponding
ualu,es of g¡ for di.flerent nnbile stations oaer [in.e.

are in ¿r cell and that each mobile station is originallv ralrdornlv placed i¡rside the cell. \\ic ¿rlso

¿ìssume that each mobile station is a pedestri¿rn ancl theref'ore the mor,ements of e¿lclì rnobile

station is modeled as a raridom rvalk. Denoting the position of the i-th mol¡ile st,¿t,tion at tiìne

I as f¡(ú) rr'e calculate,
I cr,¡s á'l

i¡(¿ +dt) : *¡(r)+.s | | r'r1t.

lsindl
(5.10)

(5.i1)

Here.0 is a uniform random variable in the interval [0.2r] ¿rnd'¿' equals Skntlh [i2,1]. Also. s is

a uniform random variable in the interval [0. 1]. Here. t'e assume that no mobiìe station leaves

the cell. Also. r'e do not consider the ones that enter it. Hence. at each time ePoch \r¡e ìtor-tnalize

the vectors i¡(t) t,hich leave the cell as'

*i(¿ +.1¿) : 
-n-i¿(¿ 

* i).

This model assumes that the boundaries of the cell inhibit the mobile stations fiom leaving it.

Selecting values of T :20.s and d.t. : I}}nt.s and after generating sequences of the random

variables I and s l\¡e produce a pattern of no\.ement for the mobile stations as seell in Figure 5.20-
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Figure 5.27: 'Itran.s'mi.ssion. pou:er of d,ifferent, mobilc stnl.ion.s orer l.i'me. (a) The CSC (b) Th.e, NSC.

(a). This pattern of movement results in diflelent vahres of g¡ over t,irne (see Figule 5.20-(b)).

As a mobile station gets far from the base station the respectite value of g¿ decreases and r.ice

versà.

Using the movement pattern generated in the al¡ot'e. u,e ¿rnaì]'ze the outcome of the CSC

and the NSC in a period of time. First. note that rvhile the s¡'stern is sampìed er,er]' 100n¡.s.

the solutions take onh'7ms and 36n1,.ç for the tu'o problems. respectivelri This me¿rns that the

system is onlv being utilized 7% and 36% of the time for tìre CSC and the NSC. respectiveì1,.

Þ-igure 5.21 compares the pattern of transrnission pou,ers of differe¡rt mobile stations over

time. Comparison shou's that in the soìution to the CSC. there is tendencl,' to force the mobile

statious to have rapid increase and decreases in the porver. This phenomenon is m¿rinlv due the

fact that the CSC tries to de'r'ote almost all the resources to the mobile station 'ri'hich is the

closest to the base station. As the mobile sbations move arounrf thev compete for this occasion.

Having had this pattern of transmission pourrs, frgure 5.22 shoq's the lesulting capacities of
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Figure 5.23: Clapuc'i.tg slune o! d'iJJeretú ntoL¡ile stutiotß ouel tinte. (u) 'fl¿e CSC. (b) Thc NSC.

different mobile stations over ti¡ne. The cnrves for the CSC shou' that the mobile stations are

mostly oscillating betrveen the tt'o situations of minimum capacitv and a ver¡' high one. This

provides more evidence that the CSC does tend to serr¡e one mobile station at a very high

cttpzrcity- On thc othcr ll¿rnd- thc NSC kcrcps thc capacitv of tìiflèr'ent mobile stations betrveen

tìre two specified borinds. The important obsen'ation here is that in the solution to the NSC.

the capacity of none of the mobile stations is eve¡ squeezed dou'n to the minimurn guaranteed

limit (this may ilot alu'a,vs be true). The recluction in the oscillatiou of the capacities in the

NSC is u'orth to mention. as s'ell.

To bctter understand thc cliffcrcncc bctrvcen thc two pr-oblcrns. we compare the capacitv

sharcs of diffcrcnt mobilc stations in the trro soh¡tions. :\s the capacit¡' shares of the mobile

stations for each problem at any moment sum to orle. \\¡e shon' their values using overlaid bar

graphs (see Figure 5.23). As anticipated. r'e can see in Figure 5.23-(a) th¿rt almost alì the

capacit¡' at e¿'rch moment is devoted to the closest mobile slation (compare Figure 5.23-(a)

rvith figures 5.20-(b)). On the contrary, the NSC onlv increases its depertdency upon each

mobile station as it gets closer. Therefore. in the NSC. u'hile the svstem tries to l¡aximize

the aggregate capacity. it does demand the mobile stations to transmit at capacities t'hich are

outside the range determined bv 1 and 4. Also. no mobile station is ever served at the minimum

guaranteed capacity. This should be looked at in comparison rvith Figure 5.22-(a) q'hich shots
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that the CSC very frequentl,v serves mobile stations at the log'est allou'ed capacitv.

Comparing Figures 5.2a-(a) and 5.24-(b) rve find out that the helpful results of the NSC

cut the aggregate capacitv to ¿rlmost a half. On the other hand. com¡raring Figures 5.2a-þ)

and 5.24*(e) rvith Figures 5.2a-(d) and 5.24-(f) shows that the NSC is substantially more fair

(almost one Ìrundred tirnes better in ratio unfairness). Given this experiment and the other

results presented in here rve conclude that the NSC leads to a more practical solution to the

QoS probìem compared to the NSC.

5.3 New Enhanced Single Cell (N+SC)

This section presents experimental results gathered through solving the N+SC. Here. althougli

the limit for Õ¿ is clelinecì or # in (3.39). u,e choose to analyze the value of ]. for reasons

described belorv. The r'¿rlue of XIC¿, u'hich is one if ¿rll the mobile stations are transmitting

at the same sh¿r¡e of the total receivecì porr'er, represents the deviation of the poq,er received

fronr the i-th mobiìe station cornpared to the equilibrium. Hence. f'or example. setting p : #
means th¿rt no mobile st¿rtion is alìou'ed to exceed its capacitt' mole t,han 20% above the value

in equilibrium.

Table 5.2 compare$ the CSC. the NCS. and the N+SC for a sample problem. This table

shot's that. com¡rared to the CSC, the aggregate capacitv given bv thc NSC had clccrcasccl fir

about 37%. Consequently. the result of the N+SC shou,s another 39t/o drop frorn the CSC.

Equivalently. the N+SC causes ¿r less than 4% decrease in the zrggregate capacit¡r. compared to

the NSC. In fact. rve knorv that b-v imposing more constraints on the CSC we are reducing the

aggregate capacity. This is performed for the sake of adding good properties, such as fairness

and realistic range of capacity. to the solution. For example. in these three exarnpìes the highest

capacitl' offered to one mobiìe station is ill7. 21 ancl 13 tir¡es the lowest one, for the CSC. the

NSC. and the N+SC. respectivell'. This shori' that the liSC and the N+SC are 7 and 10 times

more fair compared to the CSC. Also. the N+SC is tt'o times more fair compared to the NSC.

Similar obsenations are made regarding the ratio unfairness values.
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These trcceptable outcomes are gained u'ith less Lhan 47a loss in the aggregate capacit¡;.

Comparing the eìapsed times. rve see that the NSC elapses about ten times more than the CSC.

sorrrcthiug cxpcctcd zrccording to thc tlif'l'orcucc in thc olcìcr of the computational costs of the

CSC and the NSC. nameh' Oø12) and O(,'ì,13). Horvever. the N+SC onlv elapses 20% more than

the NSC. It is u'orth to mention that even fo¡ the most expensive algorithm. namely the N+SC.

the platform is able to run the code for about 140 times in a second, making the algorithm

appropriate for a dvnamic deployment.

One of the most important âspects of the Nr SC is its abilit¡' to control the dependencv of

tlte s.vstem on single mobile stations. \4¡hile the dependency of the CSC on the first mobile

station is about 90%, the NSC recluces the dependency to less than 23%. less than half. In fact.

as expected. the clependency of the N FSC on arrr¡ mobile station is less th¿rn or equal to 15Ta,

rl,hich equals a];. In Table 5.2. the values of the capacitv shares. C¡. and the pou,er shares. p,.

¿tre shotvn aìongside. Note that. the value of f¿ is idential to that of the ã¿. Horvever. in notation

it also depends on ri¡.

x:i P¡9¡
IJt-tÌ -s-l_Í -s_tl1L¡=trt L¡=r Pt9t

The approxirnation used in Section 3.2.1, E<¡uation (3.43). in fact cìaims.

(5.12)

C¡ = þ¡. (5.13)

Hence. t'hile the equations control þi, u'e are in facl implicitll'controlling Ç. Looking at the

case of the N+SC in Table 5.2, it is observed that C, and p¡ are very close to each other. Also.

\\:e see that C is in fact slightly exceeding the 15% bound. nurnericalil, less than 1%. Note

that the relationship betrveen C and p¡ does not hold for large values of B¿. as expected. For

example. in the ca.se of the CSC u'ith þ1 : 89.3% u'e have C¡ : 93.8%- more than 5% deviation.

Ho\\,evet. in the case of the N+SC such monopolies of pou'er do not exist and hence the use of

the approximation is ralid. In the coming parts of this section u,c rvill ¿ur¿rh'zc thc cfÌ'ccts of ¡i.

in more details.
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pacity. (b) Sul¡tract.iue un.fa'irncss. (c) Ratio u,nfa'irness. (d) fhe a,lgorit,hm uhich giucs

llte result..

Using the s¿Ìme seqìience of path gains as the one shorur in Table 5.2 lr'e inr.estigate the

behavior of the system as ¡r increases from { to t. Figure 5.25-(a) shot's that as ¡r decreases. the

aggregate capacit¡' of the svstem increases. This is tvhat rve clid expect prior to the experiment.

because ¡r limits the capacities frorn reaching lalger vaìues. As Figure 5.25-(b) and c shorv, and

as expected. v'hen ¡r ¿-U)proaches one the subtractive and the ratio unfa.irness rne¿ìsures a1>proach

zero and one. respectiveì.. Furtliermore. decreasing ¡r forces the capacitv sh¿rres to become mo¡e

even. resulting in a more fäir system. I'his is also visible in F'igur-es 5.25-(b) and c.

Figure 5.25-d sliou's the algorithm s'hich has given the solution for zrny vaìue of ¡-r. Looking

at the flori,chart given il Figule 3.3 this curve caìl be better understoocl. Here. the conditioll

A,I ¡,rc controls u'hether the solution u'ill be sought for using the c:ombination of the NSC+c and

the N/SC+c or the N'SC. Having (A'I'.,)-t :0.5326 rr'e ivill expect to have the earl.v case for

p < 0.5326. This is exacth't'hat is obsen'ed in Figure 5.25-d.

To shoiv the effects of rìifferent constr'âints. rr'e ref'er to the cìrrves shou'n in Figure 5.26. In

thcsc figrrrcs. cl¿ushcrì lincs rcprcscnt thc r:onstraints u'hilc colored lines indicate the behavior of

a luobilc static¡ll. This figruc c¿ru bc uscd ilr fintliug thc valucs of ptrltrurctcrs ¿rnd thcir- cl'l'ccts

on the final result through finding the instance al. u'Ìiich each co¡rstraint becomes ¿rctive.
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Comprrring Figure 5.26-(b) u'ith Figul'e 5.26-(a) shou,s that the approximation used here.

that f¿ - ii. i. in f¿rct valicì. Note that the values of capz'rcitv sh¿rres sometimes slightlv exceed

the constraint. Horvever. comparison shou's th¿rt the pot'er shtrle curves do follori' the capacity

share cun'es acceptabl-v u'ell.

Another method to rescarch into tllc beh¿rr.ior of t.he slstcnr and thc effetts of the tlerv

constraint is to anal-vze the curves for the capacitl sh.,.el fbr cliffc'rent r-alues of ¡r. trigure 5.27

shou,s that as expected from the theorl. as ¡.r tends to one the capacities shares become evenly

distributecl.

The expelirnental results discussed here shot that adding the neu' rnaximurn bound on the

capacitv share of the single mobile stations makes the dependenct' of the base station on them

0.3
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Figure 5.27: Capacily share of lhe mobile stations for diflerenl. ualues of ¡t corresponding to the N+ SC.

rìore controllable. This contribution to the problem results in a slight clrop in the aggregate

capacit¡'. Fulthermore. it is observed. both theoreticallv and experimentally. that the comput¿t-

tional cost of solving the QoS problem equipped t'ith the nerv constraint is ¿rbout tu.ice as much

¿rs that of the NSC. Hence. rve conclude that adding the ueu' constr¿rint to the problem c¿ìuses

an aflorcl¿ble increase in the computationaì cost u'hile it, provides more control over the results.

5.4 . Application of Approximations

This section pÌesents experirnental results gatheled through soh'ing the CSCo. the NSCa. ¿rncì

the N1 SCo. Here. rl'e use the su¡rersclipt a fbr all raliables u'hich are calculated using the

approximation (in this sectiol. l\¡e use 1 : -a}dB).

Table 5.3 investigt'Ltes the properness of the applied approximatiorr for a s.vstern solved in the

three frameu'o¡ks of the CSC". the NSC". and the Nr-SC'. Note that. as expected. the erro¡ ill

Coo is alu'ays less than 10% in all cases. The least amount of error is observed in the CSC fo¡

those mobile stations which transmit at the minimum ctrpacitr.. 'l'his is in fãct expected, because

from Figure 3.4-(b) \r'e kno$'that smaller values of fü undergo smaller errors. Also. note that

as again expected fi'om the discussion given for Ecluation (3.74). the approximation alu'ays gives

excessive results fol the NSC and the N ÈSC. The approximation is sometimes conservative in

the case of the CSC. as also expected.

Table 5.3 approves that the proposed approxinration results in less than 10% er¡o¡. \\¡hile

this step tl¡as necess¿1l'¡.. the actual purpose behind deriying the approximate C is not add¡essed

in this ex¡reirment. Tlie success of this ex¡reriment hou'erer enables us to consider launching
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the algorithms. nameh¡ the CSC,. the NSC,, and the N+SC". rvhich use the apploximate C

in carrviug out the tri¿rls. Tliis wa)¡. we can achieve consider¿ble enhancement in terms of the

comutational cost. In the ncxt experirnent t'e shorv the results of a sample run of the net'

algorithms.

Table 5.4 shou's the results of soh'ing a sampie problem rl,ith the three algorithms. For

each algolithrn. first. the exact results are shonm. Then, tìre crude resuìts of the approximate

algorithm are presented (rorv A). The. in rou' A+E the results of finding the exact resuìts using

the approximate solutions ale shorvn. These last ones are the actual outputs of the algorithms

called the CSC". ttie NSC". and the N+ SC'. In this table. variables rvithout z.t superscript denote

the results of the exac:t algorithms. the ones rvith the superscript a represent, the cr-ude results of

the proposed approximate algolithms. and the ones marked u,ith a* holds the results of precise

calculation using the approximerte resr¡ìts (the final lesults of the prclltosed aìgorithms). The

values in parentheses shorr¡ the reìative elror and Italic and boìd te-xt sìrorç the final results of

the exact i-rnd rrpproxirnate algorithms, res¡rectiveh'.

As statecì at the end of Section 3.3.2 as the proposed aìgolithlls firrtl precise values ol the

boundaries. frû is ahvavs identical to p. Hou'ever. There exists a ch¿rnce that tlie approximation

rnal: ¡lsf i.1. the optimization process from findir.rg the leal rl¿rximunl. due to the induced errors.

In this experimenl such ¿ìn event Í'as not obsen'ed.

In an cffort to exallirro thc probabilitr- of the approxilnation misleading the optimization

proccss frorn finding the optirnaì point- thc thrce aigolithms s'ele executed f'or ten thousand

dill'ereut, ¡-r<-rsiti<lls of difli:rerrt rnulrber of ulobile st¿tiolrs (,11 e [1.25]). Doing this experiment.

once incident rvas in x'hich the approximation disturbed the optimization process- \\iith .41 : 3

and 91 :0.39 x 10-13, gz:0.23 x 10-13, and 93 :0.05 x 10-13 the approximation in fact

made an error in spotting the optirnum point in the CSCa. This error induced a 3% deviation

irt the fina.ì resrtlt- Basecì on tlris experiment nre can roughìr'state that there is a less than 0.1%

chance for a less than 5% error rvhen the approximation is used. Hon'ever. note that the error

has occured s'hen no maximum bound has been set for Ç. Here. u'e extensit'elv trnal-vze this

case.
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F igure 5. 28 : N orm,ali,zcd u,tility .fu n,ct.i on.

'Iaìtle 5.5 onotr,r". this error. 'Ihe boid number in the C rou,shou's the choice urade bv the

CSC. Similarlv. the bold number in C' rou' shou's the seìection made bv the CSC.. The problem

here is that the approximatic¡n has chzrnged 1.296 into 1.413. causing about 8% error. Then.

mistakenì¡'. il,u CSC" has rejectecl the r'¿rlue of I.227 in clclusii¡n of having fbuucì a better value.

Going to the root of this error we see that an error of mrrgnitude 9% li¿ts occuled in the calcul¿rtion

of C1 - The reason for this error is the liigh it of ¿ùrout 0.411. Lool<illg ¿ìt l'igure 3.5-(b) \\'e see

thtrt á;1 is on t,Ìre Ì\'orst range irr respect to the error i¡rclucecl by tìle a¡tproximatiolr. One u'ay

to refi¿rin fi-oln these ap¡troxirnation errors is to have sm¿rlìel i. ri'hicìl mc¿ìrls having lnot'e fair

s]'stents. In fact. iu the case of the NSC" ¿rnd t.he Nr SC' u,e do har-e ,r e [ç,:,ø] : 10.03.0.19].

tlie shaded area in Figure 3.5. This suggests an explanzrtion fbr s'h1. the onh- case of erratic

behavior happens in the CSC. and not in the NSC. or the Nr-SCo.

5.5 fncorporation of Utility Functions

This section pïesents experimental results gatherecì through soh'ing the NSC/+ ancl the NSC/-.

Here. r,e use 1 - _ '15d8. Setting Ì1 : 10, the tg'o problems of tlie NSC/+ a¡rd the NSC/-

elapse less than 6m..s and 10m..s. respectivel)'. Thus. the current implementation could be used

for soh'ing the problem o\¡er a. hundred times in a second. s'hen ¿r dvnamic scherue is used.
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Figure 5.29: Systent param.etu's as ill i.ncreases .fi-o'm one t.o a lntndred, for th,e NSCI -. (a.) Aqqrcgatc
co,pa city. ( b ) Un.fai,rness.

As meutioned ¿rt the end of Section 3.4.1. the set of potential solutions to the NSC/+ is

exactlf identic¿rì to that of the NSC. Thus. u'e omit the det¿riled revien' the results of the

NSC/1 . In fact. no fu¡ther anah'sis of the NSC/1 u,ill be gir.en here. because the importance

of this proìtlern is soleh' theoletical. As pointed out in 5.2. the NSC does slighth' inherit the

urrhelpful tenclencr- of the CSC to serve all but one rrol-rile sttition at the minimunr possible

capacity. Thus. the migration from the NSC to the NSC/r-. in ri'hich the utilitv function is pro

ialger capacities. u'ill ltave no benefit.

Looking at concave utilitr, functions. and ¿rccording to the discussion given in the ¿rbove. rl'e

expect the NSCf- to generate more acceptable results- Because. ¿ìs seen in Figure 5.28. the

utilit_v function reduces the relative inrportance of'largc.r ct-rpacities. In the fcrlloq'ing p¿ìrts of

this section. \\¡e an¿ìl.vze the results of the NSC/- in detail.

Figure 5.29-(a) shon's the aggregate capacitt' ¿rs the number of'the mobile stations increases

form one to a hund¡ecl. As expected in practice. as l./ incleases. so does the aggregate c¿ìpacit]¡.

\\¡e emphasize that in the CSC increasing ,11 decre¿rses the agglegate capacitr'. For example.

in similar situations. increasing i'|y' from one to a hundred drops the aggregate capacitv to less

than a third (see Section 5.1). Furthermore. the NSC had the positive propertl' that increasing

À,/. in most cases. did not decrease the aggregate capacit¡,5.1. In this context. the importance

of the outcome of the NSC/- is notable.

It is also info¡mative to investigate the capacities of the individual mobile stations as i/

increases from one to a hundred. As seen in Figure 5.30-(a). as ,4y' inc¡eases, the mean capacitv
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,¡
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Fi.gure 5.30: Param,eters of the soltttion to the NSCI- as ll ,increases from, onc to a hundred. Thc
dashed, I'ines represcnt t,h,e c:on.st.ra.i.nts. In addi.tion. the solid line shows th,e m,ean uo.luc
nnd the shadcd a,rea indicat.es the ranqe o.f uatin,tion . (a) CapacitTl. (b) Transmissiott
pouer.

Figure 5.37: Ag¡¡rego,te rccciued poucr diuid.ed bU P,,,,, for th,e sohtti,on t.o t,h,e NSCI- o.s JI i.ncrca.ses

from. onc to a hundrcd.

con\¡erges to the minitnum guilanteecl one. Also. looking at the shaded region. ri'hich shows

the range of the elements of õ. u,hen there ¿rre thirty or mol'e mobile stations in the cell. all

the mobile station transmit at approxinratelr: the såme capacitr'. This rneans th¿rt the po\ver

leceil¡ecl fiom any mobile station at the base station ri'ill be appt'oximatelv identic¿rl. Note that

as Figure 5.30-(b) shorvs. the transmission pou¡ers of the mobile stations undergo a similar

transformation. Also. looking at Figure 5.31. it is inferred that that after a cert¿rin value of ,41.

the agglegate transmission power equals the maximum allorved \.alue. Ho$¡errer'. it is u'orth to

mention that this is not alu'ays the case. as assumed ìn some works.

To give a comparison bett'een the NSC/- and the NSC. Figure 5.29-(b) shou's the values of

turf¿rilncss lbr dill'crcrrt valucs of ,41. It is q'orth to mention that u'hile in the NSCf- unfairness is

ahyaJ-s less than f'our and tends to one as ,l.l increases. in the CSC, the unfãirness starts flom ¿r

E
À
q-
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ferv hundreds ancl collverges to values arouncl fifi¡'. In this respect. the NSC shou's more practicaì

fig-ures of aborrt trvcntv. brrt it cìoes rlot cvcr touch vahres arorrnd unity. i.e. total fairness. The

dashed line in Figure 5.29-(b) shot's the maximum unfãirness calculated using (3.166). Notc

that the estimation is conserr.ative. partlv because there is ne\¡er a pair of mobile stations being

sen'ed at minimunr and maxirnum simultaneouslr'. as also seen in Figure 5.30-(a).

\Aae argue that the fairness of the solution to tlre NSC/- is essentially the result of the

structu¡e of *. as given in (3.151). Note that. compared to the cases of the CSC. the NSC. and

the N+SC. in s'hich the mobile stations tended to produce a disperse pattern of transmission

powers. the approach to maximizing the aggregate capacitv in the NSCí- is through pushing

the transmission pot'ers close to each other.

To an¿rh'ze the behavior of the NSC/- in a dvnamic setting. an experiment u¡a.s carriecl out

to investigate the situation in which ,1,1 mobile slations rnove around in a cell. The details of

this experiment ¿rre as discussed in Section 5.2 ¿irrd Figurc 5.20-(a) and 5.20-(b). except {br the

fact that here l:200s is used (the pattern of movements is shorvn in Figure 5.32). Note that.

rvhile the svstetn is sampled everv 100n¿s, the NSC/- takes less than 10¡r¿s. Thus. processor

utilization is less tha.n 10%. Figure 5.33 shou's the transmission pou'ers and the capacities of

the mobile stations chrring the simulation.

Figure 5.34 shows horv differ-ent parametels ol the svsteut change over time. \\;e emphtrsize

that a.s seen in Figure 5.3a-(c). the aggregate transmission po\\¡er is about half the given ntax-

imum bouncl. Also. zrccording to Figure 5.34-(b). the unfairness of the system is far belorv the

nraximum bouncì. F-igur-e 5.35 shou's hot' the capacitl' shar-es of different mobiìe stations change

during the simul¿rtion time.

5.6 Multiple-Class Systems (MSC)

In order to evaluate the perf'orm¿rnce of the XIISC and the i\'I2SC. in comparison to each other

as u'cll as to the cxar:t llcthod. namclv thc NSC. first. a cclì containing 15 mobile stations. ¿rs

shou'n in Figure 5.36-(a), is considered (Here. u'e use s1'stem partrurctcls as clcfilrcd irr Scct,ioll 1.1.

except lor P,ror: -ll3dpm).
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Figure 5.32: Potte.rn o.f nr.our:ment. o.f thc m.obile stat'io¡ts used'in dynam.i,c si,mula.tion of the NSÇf -
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F'igure 5.31: Param.eters of the solution to t,h.e NSCI- drning t.hc si,mu,latìon. (a) AqgrcAaf.c capacit,y.
(b) Unfaintess. (c) Aggre,gut.e transntission power dit¡ided b,rJ P,,,",.

Figure 5.35: Caç:acitg slmres oJ t.hc ntobile stations ùtrin.g th,c d,ynrtm,ic sirn,ulati,on of thc NSCJ-
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Figure 5.36: Surryle ltlSC 'pntblents defhterl itt.71-ntobi.Ie st.ation cclls. (a) d : i (b) Thc elem.ents oJ

d haue acce,pt,ed ualues ot.hcr t.ho.n onc. 'l'h,ese ualucs are uisuali.zcd u.si.nq d.i.ffere.nt. shoies
o.f gray.

In order to be able to applv the NSC and the proposed algorithms on the same problem. u'e

set o¿ : I,1f ¡" :1, Cl"":4. and pT'n' : p*or, {or all the moì-¡ile stàtions. Doing so. 1ve are

using tlìe f¿rct the NSC solves a speci¿lÌ cases of the problems the \,IlSC ând the À{2SC are able

to u'ork on.

It takes 8.6¡r¿.ç f'o¡ the NSC to procluce ¿r solution to the given problern. Using thc first-orrìcr

approxinration. the NIlSC soh'es the same problem in26.6¡ns and the I\I2SC. u'hich is based on

a second-oldel approxirnation. takes 23.4nt,s. Therefore. using the second-order approximation

results in more than 10% decline in the corlputational complexity of the solver. Similar obser-

vation is lnade fbr problems u'ith differ-ent sizes aud locaitons of mobile stations. It is t'orth

to mention that the trpplication of the approxirnations aìmost triples the computational com-

plexitl'. This is m¿rinlv due to the fact that the exzrct algorithms go through a list of candid¿rte

points (see Section 3.1). u'hereas the zr¡rproxirnate algorithrns use numericaì search at their core.

Nevertheless. the approximations enable us to soh'e the problem in a multiple-class framervork.

a scena¡io rvhich is out of the scope of the exact algorithms.

Comparison of the aggregate capacitrr,' r'aìues generated by the three problems. we oìrserve

values of C : 0.735. C : 0.734, and C : 0.735, ale produced b.v the NSC. the NIISC. and
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Fi,gure 5.37: Po,ttetn o.f ntoucnt.ent of t.he ntolti,k: st.ations u,scd in. t.he dynam.ic o.no.lysis of the IlN2SC.

the II2SC. respectivel.v (r'alues ale relative). The more accurate result of the XI2SC is liotable.

Numericalh'. tlìe trllSC h¿rs causecl 0.16% err<¡r in the trggregate capacitv n,here¿ìs the XI2SC is

accurate up to four decimal pìzrces.

Comparing the ÀIlSC u'ith the exact zilgorithm. the rnean clevi¿rtion in values of p¡ is lI.50yo,

in rr'hich case the rnininrurn deti¿rtion is 0.08% and the maximum one is 52.08%. Similar figures

are obserr,ed f'or values of Ç (rneirn c¡f lI.70%. mini¡num c¡f 0.085% ¿rnd maximum of 53.00%).

Analvzing the solution generated bv the \'I2SC, horveveL. the cleviation in the elements of f and

Õ ir ,"to per cent up to fbur clecimal plerces.

In the next experiment. the perforrntrnce of the trvo aìgorithms. the ÀflSC and the À12SC. in

a trull- multiple-class s]'stem are compared. In order to do so. a sample problem is generated. as

shou'n in Figure 5.36-(b). Here. darkness of each rnobile station demonstrates its corresponding

r.ah¡e of o¿ (the darker a mobile stations is. the higher the corresponcling value of a¡ is). Using

the XIlSC. it takes about 29.7m..s to soh'e this problem. q'hereas the \I2SC dernands 28.Im.s to

firrd the sohrtion to the same problern (about 5% less). Furtherrnore. there is 1.09% difference

betq,een the aggregate capacit¡'r,alues calculated l¡v the tlvo trlgorithms.

B¿rsed on the results st¿rted in the abor,e. another experiment is carried out i¡r order to anah'ze

the behavior of the i\I2SC in ¿r simulation rvhich spans a given period of time. In this experiment.
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Figure 5.38: Tran.smissi.on. potners o.r¡d. I.hr. urpnr:it.i,es o.f diffr:ra.nl, nt.obile stati,otl.s o'ùer the tim.e in t,h,e

d'ynont.ic Xf2SC erytu'i.ntent.. (a) l\'o.nsmi,ssi.o¡t.'polt)ers. (b) Capo,citi.es.

Figure 5.39: Aggregate capacity d,uring the ltf2SC erperim,ent.
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0.9.i
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Figure 5.10: Capot:it.'y.sharr:s of t.h,e ntobile stations ùni.ng t.he A,f2SC cr1rcn,ntent. Each. sh,o.d,e o.f qraE

re.pr-e sen.t,s one m ol¡ile st,at.ion.

the movements of il1 : 5 mobile stations in a cell are simulate<ì and the corres¡roncling probìenis

a¡e solved. Flere. the movement,s ¿rre modeled using a cliscrete random waìk rvith the speed

at each mornent chosen ì:ased on a unifbrm randorn variable betg,een zcro ¿rnd 1k:ntf lt, ([124]).

Here. rr'e assurne th¿rt no mobile statio¡r leaves the cell or enters it. In this setting. lhe s¡'stern

is anal.vzed in the tirne perior.l of 'f : 200s. during ri'hich tlie resulting problem is soh'ed everv

dt : I00nts. F'igure 5.37 shou's the landom u'¿rlk of the mobile st¿rtions during the experirnent.

The solutions 1>roducerì fo¡ all the corresponcling problerns are aggregated in Figure 5.38. Here.

each rorr Ìeprcscnts one mobile st¿rtion. The grzrplrs on the left present the transmission pou'els

of the mobile st,atiorls rìuring this tirne period s'hile the graphs to the right shou' the regarding

capacities. Figure 5.39 sirou's the aggregate capacit-v of the s)'stem during the experiment and.

finaìÌ.1'. Figure 5.{0 presents the capacitv shares of the mobile stations during this experirnent.

5.7 Generalized Multiple-Class Systems (MSC'"¿')

This section holds the experimental results generated through using the ¡rroposed trISC""¿n

aìgorithm. Het'e. u'e r¡se the s]fstenì parameters ¿rs discussed previously. except for- P,,,,,r, :

-l,I3dBnt. and ¡r : 0.5. Here. u'e hat'e used Z : 100 and a : 1 as u'ell.

As thc first cxpclirlclrt. hclc. rvc go lhrougìr thc pr-occss o[ soh'ing a sample X,ISC""¿' using

the proposed methocì. as shorvn in Table 5.6. \\rhile the first tlo rou's in this Table denote
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the path gains in the sample problem. ^ulie transfo¡mation section ill this table represents the

¡laterial discussed in Section 3.6.3. It is rvort,h to mention that all the v¿rh,res of ¡.r¡ calculated

in this prol:lem. through using the ex¿rct f'ormulation given in (3.208). ¿rr-e close to the 0.9225

approximzrtion produced bv (3.209). These values are used to generàte the imaginarv NISC-

¡rroblem. the solution to t'hich is carriecl in Table 5.6 as rvell. Note that. here. the ralues of

X,p,C,are mentioned. because b¿rsecl on (3.199) these vaìues are rvhat approximate the elements

of Õ.

After the inraginarv IISC. is solvecl. the corlesponding values of 1.ri are exactly the t¡ansmis-

sion porvels of the :rlrproximate soìution to the original ÀfSC""¿t. The ralues of C'¿. hou,ever. are

recalculated. as shou'n in Table 5.6. thus leading to the recalcui¿rtion of the aggreg¿ìte capacitv.

C. As visible in T¿rble 5.6. the values of y¡ piC¡ approximate the elenrents of Õ within a less than

5% range of relative error. The aggregate capacit¡' approximated bv the imaginart' problem is

lcss th¿ur 37a off, as tell. hl tl-re given fiarneu'ork, the co<le has taken 78n¿s to produce the

pr-esentecl solution.

B¿rsed on the results statecl in the above. another experinrent is c¿rrried out in order to

¿uralvze the behavior of'the problelu in a <h'namic setting rvhich spans a given period of time.

In this experirnent. the movements of ,11 : 5 mobile stations in a cell are simulated and the

corresponding J>r'oblenrs are solvecl. Here. tìre movenlents ¿rre modeled using a discrete random

u'alk with the speed at each momcnt chosen based on a uniforrn random variable betu'een zero

and 5Àrrr//r [124]. The underh'ing assumption of this experiment is that no mobile station leaves

the cell or enters it.

In this setting. the svstern is analvzed in a time spzrn of t| : 200s. cluring u'hich the re-

sulting problem is solved everv dl : 100r¡¿,s. Þ-igure 5-41 shou's the random u,alk of the mobile

stations during the experiment and the solutions produced for all the corresponding problerns

are aggregated in Figure 5.,-12. Here. e¿ìch row represents one mobile st¿ìtion. The graphs on

the ìeft present the transrnission pou'ers of the mobile stations in the given time span rvhile the

graphs to the right shou' the regarding capacities. Note the diflcrcnt valucs o7' llitttot and Clt'u'

f or diffe¡ent mobile st atiorls- Figure 5.43 sìrorvs the aggregate capacitv of the svstem during the
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F'igure 5.17: Pa.t.tern o.f m.ouement o.f t.he mobi,lr: st.o,t,ions used in t,he. dyno.m,ic ano.lys'is o.f th,c IulS(P"L'-

experiment and. finalh'. Figure 5.4-l presents tìrc' ca1:acit]' shares of the mobile stations during

this expeliment. Note thzrt F'igure 5..1.1 in f¿rct shows the r,¿rlues of o¡C,.

5.8 Multiple-Cell Systems (MC)

In this seclion. u'e demonstrâte two sets of erperirnental results gathered b1' s6lfi¡g sarnple \IC

pr-oblerns using tìre proposecl lnethod- Here. fir'st. the soìution to a sample problem is presented

and then an¿rlvzed in detail. Then. another s¡n'stem u'orkirrg under the same conditions is analvzed

as the mobile stations move ¿rnd cross the cell l¡oundaries in the u'indou' of a knou'n time period.

The tu'in ex¡leriments are geared tou'ards presenting the perforrnance of the proposed met,hod in

both static and d1,'namic situ¿rtions- Note that. running non-optimized cocle. solving the problern

in a 5-cell problenr rvhich cont¿-rins 50 mobile stations takes up abc¡ut 1.2 seconds.

Here. u'e select the values of the pararneters as denoted previsoulv. except for C. for u'hich

the smaller value of 0.01 is adopted in order to incle¿rse the range for the elements of f, (see

(1.25)). Also. the base st¿rtions are initiaìly placed on a rectangular grid of size.

Kl
t4l

(5.14)
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1

0.9.1

0.8

o.7

0

o os

0.4

0.3

o.2

0-1

0

Figure 5.ll: Co,po,c'itg sh.ares of t,he m.obi.le st.atio'ns du,rin¡¡ th.e r:tperi,ntcnt, wi.th, t,h,c ¡t}çot't't. Er¡.ch

shade of gray represuü,s or¿e m.obi,le stati.ott.

ànd then ¿rltered along the t$'o âxes according to trvo inclependent uniforrn distribr-rtions. Sub-

sequentl.v. the mobile stations are placed according to a two-dimensional uniform distribution

on the trrea designated by the ba.se stations. Each mobiÌe station is assigrred to one b¿rse st¿rtion

¿rt anv n-ìoment ¿rnd tlie borders of the cells al'c caìculated.

The pararneters used in this stud¡' not ¡¡rentionecl in previous sections are ^/ : -25d8 +

20log11¡L atld P,,,,,.,. : -IISdBm [112] plus C,,,,,,:1.3 and L: 16. The legarding parameters

for the individual cells and mobiìe stations f'olìori' uniform normal cìistributions l'ith tlle gilcn

mean.

Figure 5.45 shorvs a strmple 3-cell problem containing 12 mobile st¿rtions. The solution

calculated by the proposed method f'or this problem is presented in Figure 5.46.

In Figure 5.46. the values of p¡¿ and C¡., corresponcling to each mobile station are shorvn.

The title of the figure shou,s the regarding values of C ancl .f as ri'ell. Note that here .f : 1.42,

exiribiting that the highest capacitl- offered in the s-vstem is onl-r:- 427a more than the lo'ri'est in the

stune s-vstem. This is a direct result of tlie implementation of the maximum capacity constraint.

'Iho ¿rdvantagorrs limiting cffccts of t,he maxilnrun capar:itv constraint on tlie unfairness of the

solution have been observed for single-cell sr.'stems as l\¡ell (see Section 5.2).

Here. u'e anal¡'ze the solution shou,n in Figure 5.46 in detail. In this solution. the aggregate

received pou,er in the three cells equals 23r/c. 29Ta, and 31% of the co¡responcìing values oÍ Pl!n' .
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f¡s,.

¡4!s:,

'I

)at¡ss:

-4-tì)a
I O aase Station (8S) x Mobile Slâlion (MS)l

Figure 5.15: Sam,ple problcm to be solued by the XIC.

Fultherrnore. tlie t,rarnsnission pot'ers of the mobile stations faìl within the range of from 2% to

65% of n,lrat is aìlou'ed bv the corresponding values of fl';"".In fact p23 is irbout 1.87c of pi'i"'

because of'the relative closeness ofthe corresponding mobile station to the regarding base station

¿rnd lhe better reception of its transmitted signal (the high \/alue of 9z¡). On the contr¿rrr¡. llSzz

and XIS25 are transmitting at 65% and 52% of their ¿rllou,ed m¿ximum tr¿rnsmission po\\rets-

\\¡hile the conclitic¡n for XfS25 is mainl-v due to its larger dist¿rnce to tìre corrcsponcìing btrse

station. \fS22 is ex¡reliencing a deep fzrde.

The regarding values of C¡i, on the other hand. demonstrate a ûìa)¡imum overshoot of 9% over

the designated values of Cp"" . This is due to the error induced bv the use of the tr¡>ploxirnations.

Anrong lhese sources of error is that u'hile tlie loading factor is ¿rssumed to be equal to 0.55,

direct caìcul¿rtion in fact produces vahles of 0.122.0.000. ¿-rnd 0.177 for the three cells. Note

that. in this experirnent. the second cell is on ¿ì separâte frequencl, band rvhile the first ancl the

third cells share the same band. The SIR of no urobile station in this experiment f¿rlls belori' the

designated minimum SIR ìimit (all the elernents of S are at least ,10% above their corresponding

values of rllf¡" in this experiment).

In the second experiment. a set of 12 mobile stations are placed in a 3-cell s)'stenl. The

resulting s)'stem is then analvzed in a 200s time period. during'n'hich the caparcitr- ma-ximization

probìenr is soìr'ed ever.v dl :200m,s. In this experiment the mobile stations move ¿ìt the speed
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C=75.56. t=1.42

:

Figure 5.16: The solution pt'od,u,ced bg thc X,lC for thc sam,ple prcblcm sh.ou:n 'i.n Fi.Qu.re 5.45. R.cJer to
the tcrt for the a,nalEsis of tlús soLution.

of 36kmlh 183]. Note that as the system is solvecl at the rate of 5112. the vaìues of Ç are

regenerâted at each ref¡esh.

Figure 5..17 shou's the produced problem. Here. three nrobiìe stations undergo hancl-offs.

Note that ¿'rs the b¿rse station to u'hich each mobile station is communicating rnav change rìuring

the ex¡>eriment. the doul¡ie indexing of the nrobile stations. trs IIS¡.¡. is not consistent dur-ing the

t.ime ¡reliod of interest. Theref'ore. rve label the mobile st,ations ¿ì.s one t,o t$'eh€. Equivalentlv.

rìouble-indexing rvill be r¡sed fbr ref'erring to rnobile stations. in u'hich casc the indexes clenote

the status of the regarding mobile station at the end of the exJrerimerrt,.

Figure 5.48 shou's the optimzrì t¡ansmission po\\¡ers of the ¡nobile stations a$ produced bv tlie

ltroltosed method, In each graph, the t'rvo dashed lines indicat,e the bounds (enfolced tlrrough

the maximunr ¿urd nrinimum transmission constraints). Note that in s¡rite of the utilized approx-

inrations. including the assumption of the existence of a constant loading factor. the proposed

zrlgorithm is rvell capâìrle of keeping the transmission pou'els inside the allorved r¿ìnge. As an

example of the reguìation of the transmission pou'ers. note the r-ise in tìre transmission pou'er

of the thild rnobile station (NIS22) as its distance to the second base station increases. On the

contrarl'. NIS31 travels at aìmost lhe same distance to the third base station and thus exhibits

an almost corìst¿ìnt transmission pol\-cr.
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, *üs

>l^;,

O Base Slâlion (BS) x Mobile Statron (NlS

Figure 5.17: Sam.ple systcm, inuest'igated du,ring a2\\-second. period to bc solued tty thc ltlC.

Figure 5.'19 shou's the capacitv at ri'hich the mobile st¿rtions Lt'¿rnsmit. afier they set their

transmission polvers as designated b-v the values shou'n in F-igulc 5.48. Tliis figurc shou's thzrt,

the approximations result in the capacities overshootiìlg the allorvecì ¡naximum caltacities. In

f¿rct. in tlie implementation. a rnaximum er-ror of 10% is set as the h¿rrd cut-off criter.ion f'or the

integritv of the proposed method. 'Iher-f'ore. a.s each rr¡rproximation is onlv r.alid within the ranges

sJ>ecifiecì pleviouslt', these th¡esholds, tr,s u,eìl a^s the othel' one on tlie accuracv of the aggreg¿te

caPacitv. act as validity checks for the proposed nrethod. Nevertheless. note that the ctrpacities

do not exhibit the monopolv of capacit.y: commonh' obsen'ed in tìre classical fbrnruiation of the

problenl. The capacities do obev t,he m¿uiinlum c¿ìpacities u'ithin ztn zrcce¡rtable range as u,ell.

Finall¡.. Figures 5.50-(a) and 5.50-(b) present the aggregate c¿ìpacit)' of the system and the

regtlrding t'alues of ratio unf¿'rirness during the experirnent. Note that as figure 5.50-(b) sho.n's.

the svstem normally operates within the range of t : I.2 to .i : 1.6. This shoçs that the

highest capacit¡' offered iu the svstem is nomraÌly less thar 60% more th¿r¡ the lou,est in the

sarne svstem.
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Ta,ble 5.5: Th.c ut,sr'. i.n. ult,it'h. I.lt.c rt,pytnt:ri.rn.u,l.i.ott. rn.i.s/uul.s
s o h t.ti.ott,.s b q th, c: Í,t u o a.l.r¡ ori,thlns.
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Chapter 6

Conclusions

This chzrpter contains a sumnl¿ìl'v of the rvo¡k done in this thesis on the issue of the maxinrization

of the cal>acity of the le\¡erse link in CDIIA s,vstems. This research is based on the m¿rthem¿rtic¿rl

models cleveloped in Chapters 2. 3. and 4. The experimental analvsis of the developed rnethods

is presented in Chapter 5.

1-he fc¡caì point of this research is the optimization of the aggregate ca¡racit-v of the reverse ìink

in a CD\IA svsterì1. The formulations ¿rncì the moclels usecl in this thesis ctrpiterìize on previouslv

published results ri'ìlich inclicate that the dimension of the search space of the probìem can be

efficientìr' decleased. One ol t,he contributions of this lesearch is th¿rt it elimin¿ìtes the neecl f'or

numerical search in nrost cases and )'ields closed-form solutions in uran¡' instances. Also. tìris

thesis proposes soìr'ers f'or problems not solvable ìry the previous zrpproaches.

hl the lirst stage. ¿ lre\\¡ urc't,ìioclologv is tlevcloped. based on u'hich ¿r closed-fbrm solver

algolithm f'or a.n existing problem is proposed. 'I'his problem is addressecl as the classictil probleur

in t,he text (CSC in short). Perfor-¡nance of the proposed solver for clifferent sets of p¿ìranleters

is investig¿rted ¿rnd extensive computalional cost anaÌ1,'sis is given. As a ¡esult. it is shorvn that

the ¡rroposed rnethod is superior. both in terms of the computational complexitv as u'ell a.s

the accuracr. of the solution. It is found out. hou'ever. that in compliance n'ith the ¿rvail¿rble

reports bv other lese¿rrchers. the soìution to the CSC can potentialìr'be vasth.unfair tou'ards

the majorit¡' of the nobile stations. fbr the benefit of one ''elite" nrobile station.
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Ch.o.pter 6. Con,clusi.on.s

In the next step. and in order to fincl a solution for tìre issue ofthe unfäirness ofthe solution. ¿,

maximum ca¡rzrcit¡'constraint is added to the proiilem. The resulting problem. u'hich is referred

to as the NSC in text. is then soh'ed bv using ¿r methodologv similz'r to the one developed fbr

the CSC. Also. it is shot'n that the inclusion of the nerv constraint in the problem increases the

computation¿rl cost of the soh.er from O(rìil'2) to O(MiJ). Here. I,/ is the number of the mobile

stations. Subsequentlv. based on extensive experimental results. the perfbrrnance of the NSC is

trnalyzed and is compared ri,ith that of the CSC. This trnal¡'sis cont¿ìins cases of static svstems.

i.e. solving s,rrstems at a snapshot. ancl d.vnarnic ones. i-e. soh'ing a s1.'stem iter¿rtiveìv a"s rnobile

stations move ¿tround in a cell. It is ol>sertecì th¿'rt the CSC does indeed separate the mobile

statiolls into all but one 'n'hich are ser\¡ed at the ¡ninimum allori'ed capacitv and one elite. the

closest rnobile st¿rtion to the base st¿rtion. 1'hirt 1>zrrtìcul¿rr rnobile statio¡l is commonlv served at

the most possible czrpacitl' fc¿rsible irr the sealch space. On the contr¿rry. the NSC is observed to

distribute the lesources betu'een the rnobiìe stations evenh' ¿rnd also to corr-espondirrgl,,' increase

reliance on the mobile staiions ¿rs tlrev beconle closer to the base station. B¿rsecl on all the

collectecl elidence. it is suggestecl in this thesis th¿rt the incolpolation of the maximurn ctrpzrcitr'

constraint into the problem le¿rcls to a more practical solutit-nr rvitÌl ali aficlrdable i¡iclease ili

the computzrtional cornplexitr'. It is noted. hou'ever. tli¿rt the lavorable effects oi'the nraxiunrur

capacitr, constr-aint on the fairness of the svsteln ¿rre indilect influences. Tìrerefore. it is suggested

that through more explicit control of the fairness of the svstem better lesults could.be ¿rchieved.

Follou'ing this line of rese¿uch. in the next, step. ¿r, ma-rinrurn bound for the capacitv sh¿ìre

of each mobile statio¡r is added to the NSC. This ne\\' corlstrâint ciirectly limits the share of

resources of the sl'stem used bv each mobile st¿ìtion. ther-efore inhibiting monopolies of capacitv.

as commouìy observed in the results of the CSC. It is shou'n that the methodoìogv deveìoped for

the CSC and usecl for the NSC is also appliczrble lo the ¡1s11' problern. u,hich is addressed as the

N+SC fbr convenience- Throrrgh rrsing an approxirnation. the effect of adding the nes' const¡aint

to the problem on the perfbrmance of the solver is limited to doubling its computational cost.

as opposed to increasing its order of compìexitr'. ¿rs obsen'ed in the transition between the CSC

and tlie NSC.
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The solver for the Nr SC developed in this t,hesis capitalizes on an approximation of the

aggregate capzrcitv. As the previousìv suggested algorithnrs. namel_v the CSC ¿rnd the NSC.

caiculate the aggregate capacitlz for numerous c¿rndidate points. it is suggested that through

extencìing the use of this approxirnation. reduction in the compìexitv of the methods alread-v

developed in this thesis can be achieved. Before implernenting these approximations. the e¡ror

induced by their use is anâh'zed and mather¡atical guarantees for the appropr.iateness of their

applictrtion rvithin the framervork of the problern are given. Furthermore. it is shou'n that there

is a decrease of one in o¡clers of .À4 in the computational costs of the ¿rvailabìe algorithnls after

the zlpproximâtion is integrated into thern. Using exarnpìes and numerous safètr. checks it is

obser-ved thzrt beyond a negligible proìrabilitr.. the solt'er is gualzrnteed to not generzrte false

results induced b¡' ¡¡u error of thc approxin.ration. To c¿rìcr¡l¿rte this probr.rbilitr'. after run¡iug

the exact zrìgorithms alongside the ones u'hich use the approxim¿rtions. for an extensive numbcr

of randomlv generated problems. the possibiìiti' <¡f' 5% error in the aggregate cr'r¡:acity being

induced ltv the irpproximation is estim¿rtecl to ì:e ìcss than 0.1%. Extensit'e investigation shou,s

that this ertor occut-s in the câse of tlie classic¿rl formulation of the problem. in rvhich the

sl'stem is ca¡taltle of becoming verv unf'rir'. In f¿¡ct. the trpproximation is_shou'n to be vulnerable

to rnonopoiv of pou'er- Hence. it is conch¡ded tha.t. in mo¡e controllec-l environments providefl

bv the NSC and the N+SC. the approxirl¿rtion is ctrpabìe ol locrrting the ex¿rct solution rvhile

reducing the computational cost bv a factor of rnore than {ri,I.

In the steps summarized so far. it is ¿rssumed that the s]'stenì operates based cin the iclentitv

utility fitttctit-¡tt. urearritrg the s¡'steur bc'¡refits tu'o 1.iluc:s if t,ìre czrpacit¡' oflêr'etì to one urobile

station is doubled. In practice. hou'ever. there ahvavs exists a utilitv- function q'hich maps

capacitv to tevenue or "interest of the opeltrtor''. Therefore. in the next step. the objecti'r'e

firnction is reu'ritten in order to caìculate the sum of the utilities of the capacities. Then. it
is shorr'n that if the utilitv function is convex then the developed aìgorithms u'ork t,ith minor

rnoclifir:ations. Hou'cvcL. a.s it is shot'n ncxt. in thc <:¿'tsc of a concave utilitv function. gir,'en that

it meets a set of conditions. in orde¡ to achier.e the maximum aggregate capacitt' the mobile

stations have to make thei¡ tr¿rnsmission pol\'ers as close as possible to each otirer. This is
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iu contrast s'ith the case of identitl and corìr,ex utilitv functions in l'hich the mobile stalions

u'ork totvards making their transmission porvers as far frorn each other as permitted by the

constraints. It is argued that the unfairness of the solution to those problems is prinrarilv zr

result of this tendencl'. As anticipated. empirical results shorv that concar¡e utility fïnctions

lead to extensivel-v more fair systems than s,hat is achieved b1' using con\¡ex utility functions.

For problems rvhich use concal¡e utilitl functions. a solver is proposed u'Ìrich marv use one-

dimensionaì numer-ical search in some cases. depencìing on the values of the system parameters.

Nel'ertheìess. the computational complexitv of the solrrer is of second degree. in terms of the

number of the mobile stations. It is provecì that the developed aìgorithm locates the global

maxinlum in ¿rll cases ¿rs rvell.

AfIer ¿rnah'zing the incorporation of general utilitv fïnctions into the problem, the case of

muìtiple-class systems is investigated. It is zrrgued that in practical systems sen'ice-l¡roviders

tend to provide clifÌet'ent classes of service. thus setting diffel'ent bounds in the constraints 1or

different lnobile stations. Anal¡'sis of this pr-oblem is outside the scope of the methocls ava.ilable

in the literatule and the ones der.eloped earlier in this ¡esearch. f'herefole. a previousll'proposerì

approxima.tion is utiìized in orcler to vielcì first- ancl second-orcler approxinrations of the objective

function. Therr. using further apploximations. the search space is reducecl to a set of linear

inequalities. thus preparing the frameu'ork fbr the use of linear and quadratic programniing-

\\ihile utiìizing ¿r second--degrcre approximation yields a nlore accurate outcome. the developed

quaclratic objective function overestimates the capacities ancl therefore has the potentizrl of'

plocìucing spurious l'esults. F-il'st order approximation. on the other hand. is conservative but

induces more error. Nevertheless. both algorithms are shou'n to be .n'eli v'ithin a 5% error

margin. As a result. the approxirnate algorithms solve a nrore general problem at the cost of

being computationalì1- more demanding. partly due to the potential utilization of numeric¿rl

optimization in them.

\\;hilc thc clifforcnt problcms clisr:rtsscrì abovc diffcr in tcrms of the underlying objective

functions or constraints. they are essentiallv based on the same model for the SIR. This is

mainly due to the fact that the ¡nathematical fr¿rmervo¡k u'hich is used inside the majoritv of
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the developed algoritirms Ìre¿rvil)'relies on one particular sLructure for the SIR modet. In the next

stage of this research. and in preparation for generalizirrg the probìem to multiple-cell settings.

the attention is shifted tou'ards spotting the latest additions to the SIR rnodel available in the

literature and then elnbedding them in the u,ork. Subsequently. and in order to solve the capacitv

maxirnization problem rvhich is based on this inclusive SIR modeì. a set of approximations is

proposed. These approxirnations take in a more advanced problem and generate an imaginary

problem u'hich complies s,'ith the conventional SIR model used in the classical formulation. In

fact, this process approximates a s1.'mbol-level capacity maximization problem bv a chip-level

problem and then applies zr slightl¡'generalized version of an algorithm deveìoped earìier in this

thesis on it. Details of the approximations and the mathematical guarantees f'or the range of

error causecl b]'their application aÌe presented in the regarding sections. Subsec¡uenll]'. after the

imaginar¡' problem is soh'ed. the solution is transformed to one *'hich approximates the solution

to the generalized problem. In addition to the mathematical guarântees fbr the integrit¡- of the

deveìoped algorithnr. the perform¿rnce of the proposed solver is empilicallv ex¿rmined through

presenting a set of ex¡terimental results as u'ell.

The l¿r.st stage of this rese¿rrch is the geueralization of the u'o¡k to the more realistic ancl

the nrore challengirrg dom¿rin of rnuìtiple-cell capacitv m¿r-ximization. In fact. one of the core

assurnptions of the single-cell auall.-sis of cellular systems. u'hich i¡ihererrth' includes nrore than

one cell. is that the inter-cell intelference can be approximated as a constant background noise.

Research shol's that to be able to expìoit the full capacitv of the underlying s¡'stems this sim-

plistic model has to be revised in favo¡ of the more accurate definition of the capacitv n'hich

considers a group of cells simultaneouslv.

In this thesis. the multiple-cell problem is constructed b¿rsed on the most inclusive SIR. model

a'r'ailable to the author. Development of the problem also t¿rkes advantage of the constraints

developed ¿rnd examinecl in this rese¿rrch in single-cell settings. Proper utilitv filnctions. indi-

vidrrallt' clcfinccl for the mobilc stations. arc inchrdcd in thc formulation as u,ell. Therefore. the

methods developed so far are unable to deal t'ith the developed problem and neu'tools have

to be proposed. In doing so. some of the approximations developed for single-cell problems are
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reformuÌated and more approximations are developed. The combinat,ion of these approximations

ha.s the abilitv to reduce the complexibv of the rnultipìe-cell problem. 1b do so. these transfor-

mations approximate the objective function and the constraints as quadratic ¿rnd linear f'orms.

respectivelv. As a result. quadratic programming becomes applicable to the developed multiple-

cell problem. Subsequentlv. after the resulting quadratic programming problem is solved. proper

transform¿rtion for acquiring the transmission pou'ers from the set of intermecli¿rte decision vari-

abìes utilized in the procedure is devised. The proposed algorithm aìso includes a validitv check

in order to guarantee that the utilized approximations do not vield spurious ¡esults.

Tlre performance of the proposed multiple-cell method is examined through the use of exper-

imental results. This examination includes the analysis of a static s_r'stenr. in tvhich the bounds

of'the error-c¿rused lt¡, ¿¡" utilizecl approxiurations are discussed as u'elì. Then. ¿r clvn¿rmic sce-

nario is investigated. in u'hich a mrmbe¡ of mobile stations move inside a multiple-cell svstem.

thus rtnclergoing hand-offs and other variatious. The presented exlterimental results as tell as

the theoretical ana.lvsis exhibit the 1>erfornrance of the proposed method in soh,ing the ca¡tacitv

ln¿r-ximiz¿rtion problem in true multiple-cell systems.

As outlined in this chapter. this thesis perfblms a stel:-ìtr-step anaìr'sis of the capacity

ma-ximization in the re\:erse link of a CDNIA svstem. At each step. one aspect of the model

or the der,eloped soh'er- is examined ancl nes. im¡tror-ements ale made. These improrrements

include the ¿rdditiort of uerl' constraints in order to vield better soìutìons. the emplo_vment of

ne\\' aPproxima.tions in order to reduce the computational complexitv of the soh'er. ancl the

¿rdditiolt of neu, fe¿rtures to the underlving modeì. aûlong others. This researcii starts off fiom

a cl¿rssical definition of the problent in a single-cell s)'stem 's'here all the statiorrs are t¡eated

ec1uzrll.r.. both in terlns of the constraints and their significance to the svstem. The probÌem is

grtrduall-v equipped u'ith more personalìzation of the s-vstem as well as a more realistic modeling.

At the end of this research. the svstem is investigated in a true muìt,iple-cell multiple class form.

Eìabor¿rte attention is also made to providing theorems and technic¡ues u'hich ease the addition

of net' features to the svstem.
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Appendix A

Theorern

Theorem: For the function /(r) defined as.

(A 1)

rvhere.

0 < 3t < ßz < "' 1 þr-t < i < ß*.. (A 2)

and,
Å-

Ðu,'*t' 
(A'3)

the minimurn of /(ø) for z € [a. b] C À+ U {0} happens at eithcr a or b.

Proof: \\ie knorv that lim"-a-"f(ø): 1. \\¡e rr'ill nou'prove that .

¡,-\ llÀ-,(.r+J¡)
.t \r:): (1 +C)À. ,

lim f'("):0-,

rvhich results in lim,-a- Í@) :1+. \\¡e haye.

(A.4)

r(o:nbSP:W, (Ab)
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Chapter A. Th,eorem,

u'here. in ternrs of rrve have.

+ß)k-

0)-zr -

+ G(r:)

(A 6)

q'here G(r) is a poll'nornial of degree À - 2. Hence. given (.{.3). ü'e htrve proved (A.ri).

According to (4.2). r'e linorv that -ll1 is the largest zero of l(:r) We no\\¡ pro\¡e that fbr

r ) -,3t, /(r) has no local ¡ninimizer. If u'e prove this. as -dl is positive. ne knou'that f'or

an-v interval on the positive side. the minimum happens at the boundar-ies. exactlv t'hat thc.

theorem suggests.

\\'c dcfinc /,(t') : .Tþ - þt), u'hich vields.

flf:,(r,* &* 0¡) ef{f-,l(z+d¿)
À(r) : (r-!ù+3) (z + o;r'' '

(A i)

F(r) is zr pol,r'nomial of clegree À: -

r/
.f'(,): ll^,,u-'+(À' t\L\

Ä'(.;r:+3)r- ' (''u *,\

2. Diffelent

r)f ,'l¡.r,k-

i:1
À-

lgo'u-t +
i:1

.,'k t ( A'ß

(

iating /(ø)

' + r') {"'

') 1 
,".

- Di_Llpc)

;Te;ll_

tvhere.

0¡ : ß¡+_t - &.i: L.

and d : i3 - ßt. Using (4.2) l'e lrave.

.À-1. (A 8)

0 < 9r < 0,2 < "' < 0*-z < 0 < 9x-t. (A.e)

\\¡e claim that if \\¡e plo\re that à'(r) has one and onlv one zero fbr z ) 0. then u'e har.e

proved that /(c) accepts its minimum at boundar¡' point. For nou'. \ïe ¿ìssurne that it is proved

that /z/(ø) has one and onh' one zero in ø ) 0. This claim s'ill be proved later.

\\Ie knou'that l'(0) is positive. If it is not..as l (0) :0. for ¿.r. srnall c ) 0 u'e have À(e) < 0.

Note that, å(:n:). ä'hich is the shified version of .f þ). corì\¡clgcs to urrit,v ¿rt i¡1fi¡litv alrrl is a

continuous function ill -R+ U {0}. Therefore. if /r(r) accepts both positive and negative values
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Chapter A. Theorem.

inside.R+ U {0}, therefore it u'ill have to h¿rve a zero in that interval, zrn impossible situation

due to tlie fäct that all the zeros of ir(:r:) occur on the negative side. Hence /,'(0) > 0- As rve

proved that å/(cc):0-. so ñ'(r) accepts both positiye and negatiye yalues in -Rr U {0} and is

continuous in that interval. hence tliere should be a poir.rt inside J?+ u {0i for ehich the talue

of h'(r) is zelo. If u,e prove that lr'(z) has no more zeros in 1l+ u {0}. so there u'ill be no local

minimizer, ìeading to the proof u'e needed.

Nog'. rve prove that there is at most orle point at rvhich the r'¿rlue of h'(ø) is zero.

Differentiating h(z) given in (4.7) u'e have.

rt'(.r\: l,t.r\ ( _A' 
,+ 1+ i -f-\"\.r'i0 :r 4-:r-10¡l\ ¿=1 /

(4.10)

(A 11)

(4.12)

(A.13)

(A.14)

(4 15)

(A.16)

(4.17)
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As for r' ) 0. /r(e;) is positive. ir'(:r;) is zero if and only if the second term in (4.10) is zero.

t
t'

Á.- 1

-'\- 1 
-' 4-1 .r+o¡

r*0 i-i r+á' r\ -i'.........................._T

''. Lr ì J- (1.

-9-á,\'xi0¡)

t*0

0r. r-011 1-Tl---^
r, * 0¡--1

or-t - o

" + Tr-t

x * 0¡--1'

t+!+\-/r
4. /Jl

t:l \

L_?q,ïo-c¡ -x ' /- t']_o;
i= I

Note that all the terms in the denominators of (4.14) are positive and that n,e har.c,

k-2l¿r\- trt¡ _
,'2r10¡

0 - 0.
It¡ : -:--'-.i : 1....,k' - 2,

0*-t - 0

lr: ïr-t - 0



Chapter A. Theoretn,

Note th¿rt.

LL ) lq ) l"tz )... ) pr--z ) 0.

The equation in (4.15) leads to.

(4.18)

(4.20)

(A.22)

(A.23)
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(A.1e)

\\¡e kno'ri'that if f ("): g(r) has tu'o solutions rf1 and 12 for tu,o continuous fìrnctions / z'rnd

g. then there is a solutioìl in [r1 ,ø2] for s'hich /'(c) : g'(x).The proof comes fiom u'orking ou

the solutions to lz(u) : l@) - S@) and making sure that lttþ:): .f'(r) - 9'(e:) should hate a

zero irrside lt:1.t:21. Hence. if t'e are going to h¿rve tu'o points u'hich vieìcl zero values of /r/('r:).

then thhcrc should be a soìution to.

/ L t r -l

(f .Ð 
"*-,-) -,*o¡-1

/ l. t \ I

(f .Ð li") :fit,, á¡-,)a

-0r

or equivaleritl¡'.

(4.21)

Here. u'e use the v'eighted power mean theorem stated ¿rs follorvs. Assurne th¿rt the positive

values of a¡,...,ø. and f : (ur,.--c:rr) are given ancì rìefiue.

(+. >"+*) : (1 _'Ð*u)'

/ " 1i
¡.rj(x): l)-,,,; I

\í ')

Norv. the rveighted po\r¡er mean theorem states that fol r < s u'e have.

¡,r;(i) < ¡4(i).
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Nou'. using.

.. _ lt
wt - Á. 2

¡,+Iar
J:1

u,: --J!:-r- .2 < i < /.-- 1-
ñ- !\-

lt+ ) tr¡
j:1

f'or the set of numbers {ø,ø * 01.x I 02, - - -.x * 0¡-2). u'e have

(A 24)

(A.25)

/ t-z \z 
^--z('.8") (* .ir+*) - (:'Ð,+)' (426)

The question he¡e is to cletermine the value ol ¡r -lÐu1=l Ui.

According to (4.3) u,ith some manipr-rlations \\'e can shc¡u'th¿rt p+Ðt:l ¡1, 1I.l,hich u,hen

substituted into (4.26) gii'es.

(A.27)

contradicting (4.21).

Hence, lil(r) has no tn'o zeros in ÃF U {0}. T}ris leads to a proof for the cl¿rim that the

nrinirnum r'¿rlue of /(t) htrppens t'hen r takes a t'aìue at the bound¿rrl I

(+. ¿r+*) '(+.Ð*")'
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Appendix C

MATLAB Code Documentation

1'ltis chapter briefll' discr,tsses the ìrnplementation of the algorithms developed in this thesis in

ÀIATLAB 7.0. For more det¿riled instn¡ctions on hou' to use any particular function refer to the

doc'trmentation euclosed in the regarding rn-fiÌe. The inf'omration contained in the code is also

more up-to-date than this document.

In this appcndix. first, ir.r Sc<:tion C.1. thc codc rìevclopcri fbr solving single-cell problems is

tevieu'ecl. The single-cell nrethods propclsed in this thesis arc devciopcd rrsing rÌiffercnt frrnr:tions

rvlticir carn-out, tliflèrerrt tasks. Xlauv tif these fìulcl.ious operate on zr large set of input arravs

aud matrices. In order to facilitate the use of the functions. horvever. clifierent sample files

al'c' iucluded in the developed cocle. These files act as us¿ìge examples f'or different functions.

'I'ìris appendix follorvs s'ith the implernentation of the multiple-cell algorithrns cìeveloped in this

thesis in Section C.2. This part of the code has been developed u'ithin a class-based frame'rvork.

rvhcrc diffcrcnt methods ¿rncì h¿rndlcrs hidc the ìurnc(:ossar'\- rlctails from a non-interested user.

C.1 Single-Cell Methods

The implemerttation of the single-ceìl methods proposed in this thesis is c¿rrried out in a

function-based frameu'ork. These irrplementa.tions include the utilitt' functions (cliscussed in

Section C.1.1). the soh'ers (presentecl in Section C.1.2). and the interfaces (referred to in Sec-

tion C.1.3). From a usage point ofvieu'. the interfaces heþ the potential user ofthe code b¡'pass

the details and run the code using a set of input parameters.
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Chapter C- MATLAB Code Documen,tati,on C. 1. Single-Cell Methods

C.l.1 Utility F\rnctions

QoSStatus

The fiìc QoSStatus is not a f'unction and does not accept any â.rguments. In fact. this code

clcfillcs thc stlucturc of tltc st¿rtus r'¿rliablcs rrscd il urau¡, otlrer functions. In doing so. QoSStatus

contains the indexes used by the solvers in reporting the status of the solution to a particular

problem.

A status vector holds information such as the name of'the algorithm rvhich has produced

the soìution as q'ell the values of k. and j if applicable.

QoSConst

A c¿rll to QoSConst rvill dcfinc constants u-hich ¿rrc rrsccl for clcsignating lr'hich algorithm is to

soh'e a ptrlticular ploblem.

PathGain

The fÏnction PathGain generates a set of ptrth gains. thus pro<ìucing the lepresentation of one

cell. This function can be ca,Ìled in a fþ'"i' difïeleìlt \ravs. the rnost basic one of q'hich is ¿rs.

. [g,X,Y,ZJ=pathgain(M): A set of 11 mobi]e stations t'iil be generated. the x-.v coorcli-

nates of ivhich rvill be sto¡ecl at X and Y. The dist¿rnces from the mobile stations to the

ba.se station ri'ill be stored it Z and g u'ill hold the path gains.

Irr man¡, ca.ses. the celì is analyzed during a time pc'riod. thus raising the need fbr simulzrting the

rnot'ements of the rnobile stations. For these purposes. the function PathGain mav be callecl as.

¡ [g,X,Y,Z,If=pathgain(x,y): Here. l: and r7 hold the updated position of the mobile

stations. most probably genelated b¡' a call to PathGain beforehand. The mobile stations,

horvever, have to be reordered and the neu' r'alues of g and Z have to be calculated.

The function PathGain can ¿rlso be callcrì in a fcu- othcr <ìiffcrcnt formâts. in orclcr to change

model parameters and alike. Fo¡ details refer to the instructions included in the header of the

function.



Chapter C- MATLAB Code Documen.tation. C. 1. Single-Cell Methods

QOSCalc

Function Q0SCalc calculates some of tlie parameters of ¿ì solution. It is generally caìled inside

the solvers in order to ref¡esh the r'¿rìues of the Parameters afler a solution is produced.

QoSCheck and QoSCheckM

Tlie function QoSCheck examines a solution to determine if it cornplies rvith all the required

conditions- It can produce an overall result or ¿r detailed erl'or message. QoSCheckM is the

multiple-class counterpart of QoSCheck.

QoSCheckConst

The function QoSCheckConst generates the constants riscd in QoSCheck and QoSCheckM for

reporting the source of an er¡or.

QoSVisualizeCell

'Ihe visuaìiz¿rtion of a celÌ is c¿u-ried out thlough QoSVisualizeCell. This fïrnction can input

differcnt sets of palameters. en:rbling it. fol exirnr¡rle. to visrr¿rlize t'eìls iu u'hi<'lt cìifferr:nt mobile

statious h¿r,c diff'crurt sigrrilicarrccs-

chirho

The function chi¡ho either calculates p(¡) or l(X) f'or a scalar value of -y or an arr¿rv of values

of ¡. For more information refer to Sectiorr 3.6.3.

C.L.z Solver F\rnctions

'Ihe solver functions constitrtte tu'o categories. The fir'st ¿rre the user calìable functions. presented

in the first pilrt of T¿rblc C.1. In acl<lition to these. therc arc internai functions'r¡,'hich attempts

to directì.v using them may result in spurious solutions. These f'unctions are used inside other

functions and a.re mentioned in the second h¿rlf of table C.1.
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Ijser Callatrle F\rnctions

Internal F\rnctions

NSC. NSC/+
N ISC

NSCN

N+SCO

CSCO

NSC/
xflsc. \f2sc. \{scl.
\{$¡ozI¡

TaI¡Ie C.1: Si.nglc-cell solucr
t.lte re.fercnccs.

Function

funrl.ions o.nd t.h.e con-cspond,in,q

I Problern(s)

problents tlrcy solue. For details rcfcr to

I Reference(s)

QoSCSC

QoSNSC

QoSNplusSC
QoSNSCa

QoSNplusSCa
QoSCSCa

QoSNfrnSC

QoSMSC

QoSMSCa¡L

QoSNprimeSC

QoSNprimeSCa
internal-UaSCf

Facilitating Interface

Chapter 2
Sections 3.1. 3.4
Section 3.2
Section 3.3
Section 3.3
Section 3.3
Section 3.4
Sections 3.5. 3.6.2
Section 3.6

Sectiorr 3.2
Section 3.3
Section 3.zl

c.1.3

To faciìitate the use of the functions listed in T¿rl¡le C.l. fu¡lction QoS provicles a uniclue inter-

face. through 'n,hich one can gi'r,e in all the svstem ì)arameters trrrd descriptors. Then. through

clesignating ¿ì t1¡pe r'¿rri¿rble. llie proper solver t'ill be utilizcd. A sample ustrge of this function

is given in the file QoSTest.

C.2 Multiple-Cell Methods

The code der,elopecl for soli'ing multiple-cell ¡rroblems takes adr.antage of i\IATLAB's supporl

for class based implernentations. As a result. the corresponding code becornes encapsrilated

inside a class rvith a set of methods ¿rnd there is no buli<r' parameter-passing int'olved in the

us¿ìges.

The aìgorithm NiC (see Section ,l) is essentiallv implemented tìrlough the class \ICP (stzrnds

for À{C problem). This class r,ill be sur\;e}'ed in Section C.2.1. Then. as we also need to simulate

nultiple-cell svstems in given time periods. the class ÀfCPs is developed as r\¡ell (discussed in

Section C.2.2). The \fCPs keeps of track of the system parameters of a NICP and provides the

neecled presentations and visualiza,tions-

I{'SC
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C.z.L The Static Class MCP

The XÍCP class is initialized using the constructor MCP ¿rnd has the folloting methods imple-

mented in it.

get and set

The standard get and set. although minirnalll,' implemented.

load and save

Sar,ing ancl loading a MCP class to ancl fiom a m¿it file erre perfblmed using the methods save

rrnd load. resl)ecti\:eì\'.

randomize

A la¡rdom IfCP is genelated lhrough the use of the rnethod randomize. This method fills all

the parameters u'ith ranclorn r'¿rlues ri'ithi¡l tlie respectirie r¿ìnges. These ¡ralarmeters can be l¿rter

customized through the r¡se c¡f'the method set.

prepare

After a pt'oblem is generatecl. it has to unclelgo ¿1 pÌeprocessing stage in orde¡ to ì>ecome readv

for the method sofve. To do so. a call to the method prepare rvill compute the a"ssignnrent

of the st¿rtions to the lt¿rse st¿rtions as u'ell ¿rs a feu' other preliminar¡' stages necess¿ìr\f befole

producing ¿r solution.

solve

The heart of the \ICP cìass is the method solve. This method is the implementation of the

algorithm ÀIC.
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check

Afîer a call to solve.

integritv of the solution.

to the constrainls.

the method check u'ill go through

both in terms of the structure of the

all the paràmeters and check the

r'¿rri¿rbles ¿is u'ell as the compliance

display and draw

The ttin methods display and draw act as the visualizers of a IICP class. The method

display gir,'es an insicler access to the class. letting the user cross the private boundar-u* around

t,he class ¡rro¡rerties. rvhile drar¡ pror,ides different visualizations. including the <¡nes presented

in Sectiou 5.6.

C.2.2 The Dynamic Class MCPs

'Ihe class l\ICPs contains a singìe À'lCP inrplemented in it. as u'ell ¿ìs a set of rnulti-cìimensio¡r¿rl

m¿rtrices for logging the solution to a l\lC as the svstem uudergoes change cìuring ¿r knou'n time

periocl. A ìICPs class is initialized using the constructor MCPs and tlle f'ollou'ing methods are

appìiczrble to it.

load and save

Saling ancl loacìing a trlCPs class to and fì'olr a rnat fiìe ale pelforrned using the rnethods save

¿-rnd load. respectir,elr'.

randomize

The XICPs cl¿rss is ranr,lomized using tlie r¡rethocl randomize. A call to this nlethod rvill also

invoke ¿r c¿rlì to the ra:rdomÍze nrethod for the internal ÀICP class.

step

The method step simulates the change of the underlving X'ICP in a time step equal to òi. This

s'ill include a slight change in the position of the niobile st¿ìtious ¿ì.s \rrclì as updating $.
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simulate

The hea¡t of the ÀfCPs class is the simul-ate method. 'Ihis method repeatedh' utilizes the

method step and then the method solve of the unclerlving Xf CP for the given tinre period and

subsequentl¡' collects the ploduced r-esults.

display and draw

The method display gives access to the private propcrties of'the class ¿r.nd the method draç¡

produces cliffer-ent visualiz¿rtious of it. inclucling the oues 1>resented in Section 5.6.
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