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ABSTRACT

Present techniques in the fabrication of artificial 1limbs
require the extensive use of hand craftsmanship for accurate 1imb-
shape reproduction. This study proposes a method by which a numerical
control machine tool can rapidly manufacture a dimensionally accurate
prosthesis. Spline functions were used to produce spatial coordinates
which guide the cutting tool along the work piece.

A major constraint on the total design was one of keeping
the system size to a minimum. This would enable a small shop or
research centre to purchase such a system. To this end, a technique
was devised which minimized the number of raw data points necessary
for accurate limb shape definition (clustering). In addition,
direct numerical control was implemented to bypass the requirement of
a large machine tool language compiler. The machine tool control and
mathematical shape definition was implemented on a Hewlett-Packard
2116C mini computer.

The results show that an entire 1imb shape can be duplicated
using the method of clustering with the spline functions. The technique
- gives excellent results even when only a relatively small number of

data points from the sampled limb are utilized.
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1 INTRODUCTION

1.1 PRESENT PRODUCTION TECHNIQUES

Production techniques in the manufacture of artificial
limbs have until recently been rather limited in scope. The limbs
are presently hand made (6 ), which has associated with it a number
of problems, since the dimensional accuracy is only as good as the
judgement of the person making the limb. It would be most desirable
to have the size and shape of the replacement limb an image of the
existing limb. Observations have shown that patients have a
greater degree of confidence and well-being when beginning to walk
with an artificial leg which looks natural (2). It has also been
found that the faster the patient receives his new limb, the fewer
will be the psychological orientation problems (8). It would thus
be desirable to improve the dimensional accuracy of the fabricated
appendage, and allow measurements to be taken prior to the arrival
of the patient at the hospital. The overall process would result
in early treatment for the patient, thus facilitating an early
return to work. This means decreased costs to both the patient

and the hospital.

1.2 DATA PROCESSING SYSTEM

It is possible to eliminate or at least reduce the
negative aspects of the above-mentioned problems by employing the

following system. A relatively portable, lightweight device which



is capable of measuring the dimensions of a patient's limb (5) is
taken to the patient (a more detailed account of this is given in
Appendix I). Voltage or frequency signals, indicative of limb
dimensions, are sent through an acoustic coupler over the telephone
lines. These signals are then processed through a digital voltmeter
and entered into computer memory. The computer then processes
this information and produces a tape to either directly enable a
numerically controlled machine to produce the artificial limb, or to
enable a compiler such as APT (Automatically Programmed Tools),
to produce a tape which would allow a machine to make the artificial
limb. A system must be designed to not only overcome the difficulties
as stated in 1.1, it must also possess the potential advantage of
‘being able to store a large number of these 1limb shapes in digitized
form. From these shapes, it will be possible to generate statistically
standard shapes. Using these standard shapes, only small adjustments
need be made for particular reqﬁirements.

The main body of this thesis deals with the processing
of the digitized limb data, and the production of a tape to allow
the fabrication of an artificial limb of acceptable dimensional
accuracy. A numerically controlled machine tool could then be used

to produce a model of the limb.

1.3 MOULD PRODUCTION BY NUMERICAL CONTROL

The model from which the mould is fabricated will be

produced by a numerically controlled machine tool. This tool



receives information allowing it to carve the shape from the
processed input data. The initial data alone only approximates the
limb dimensions, but in its raw form is far too sparse for the
machine to interpolate and then cut smooth contours on the model.

The raw data yields smooth paths for the machine tool
to follow only after spline functions have been used to generate
a large number of intermediate points. These "interstitial points"
(between the data points) are such that when the machine tool cuts
along their locus, the mould which is produced will be almost
identical to the sampled limb.

Once the model has been thus carved out, it is ready to
be used to make the polyurethene cosmesis. The core of the cosmesis
can be designed to accommodate the supporting structure of the
limb. The support structure includes the attachment to the
artificial foot, below knee socket, or knee joint, depending on

level of amputation.

1.4 SOCKET PRODUCTION

In addition to manufacturing for purposes of cosmetic
restoration by numerical control, it is also possible to use the
above-mentioned technique to produce sockets. The socket is the
receptor for the patient's stump, and for reasons of weight-bearing,
ambulation, and comfort, must be properly designed.

It 1s possible to place the measuring device at the

stump area and obtain stump formation data. Again using splines,



the contours found at the stump site could be modified to an accepted
socket shape, ensuring a snug fit. The core of the cosmesis would
be designed to accommodate the socket.

Due to stump dimensions continually changing, especially
after recent amputation, new sockets must be fabricated. The
method described in the thesis would result in a saving of fabrication
time, and consequently in-hospital care. In addition, a continuing

record of atrophy of the stump would be maintained.

1.5 IMAGE SENSING

Throughout this production process, the limb which is
created is dimensionally accurate everywhere to one-sixteenth of an
inch of the limb which is sensed. It must be remembered that
points sensed on the actual limb are mirror-imaged to produce the
cosmesis of the artificial 1limb. This assumes limb symmetry for
the patient sampled.

The logical extension of this proposed system would be
a generalized method of reproducing the variety of shapes required
for custom cosmetic restoration. This system also provides a
simple means of image sensing and also shape storage by using

splines to generate virtually an infinite number of points.

1.6 OBJECTIVES
To summarize the objectives of this study, the primary

goals of the equipment package design are the following:



1) to increase the confidence and willingness of the
patient to use his prosthesis, by ensuring that the prosthesis
quite closely resembles his own limb, and by allowing the patient
to use the limb almost immediately (due to the rapid socket and
limb production technique).

i1) to reduce the time spent by the patient in the
hospital. This realizes savings for both patient and hospital.

iii) to keep the capital cost of the equipment to a
minimum so that it is within the budget capabilities of a private

venture or a hospital centre.



2 THEORY

2.1 INTRODUCTION

The problem is to define a three-dimensional shape within
certain dimensional requirements, by using a minimum number of
points. Having established a criteria for obtaining the minimum
number of points, the next stage involves implementing a procedure
which reproduces shapes economically. The two aspects of the

problem are considered in this section.

2.2 SHAPE DEFINITION

2.2.1 Splines

Many draftsmen, instead of using French curves to fill in
smooth lines between data points, have been using long narrow strips
of relatively flexible material (for example plastic) to do the
job. The pieces of material are called splines. The procedure is
to attach weights on the spline at certain locations in order that
a smooth line may be drawn through the specified data points. By
changing the position of the spline, and changing the number and
position of the weights, almost any curve of 'reasonable' curvature
and variability may be fitted.

The mathematical spline essentially produces the same
result as the physical spline. The elasticity of the spline strip

is replaced by fitting a cubic function between the data points.



This cubic is a piecewise continuous function only in the particular
interyal between any two adjacent data points. In general, a
different function is created in each interval. At any given data
point where one cubic function ends and another begins, there are
certain discontinuities permitted. However, in its simplest form,
the mathematical spline is continuous with continuous first and
second derivatives. Thus only derivative values at the first and
last point have to be specified.  Placing the mathematical weights
at the given points results in a system of linear equations which
has a unique solution amenable to efficient computation.

Consider attempting to fit the shape in Figure 1 with
an analytic function. The function to be fitted is not globally
analytic (global in the sense that one function will not adequately
describe or fit the entire curve). However, the global nature of
any generated fumction would be determined from its behavior in
some local neighborhood. The extrapolation from local to global
would undoubtedly not work, since the curve that is to be fitted
is not globally analytic. It is desirable to fit certain regions
with analytic functions and have defined requirements at the end
points of the regions. Spline functions are only piecewise analytic
(analytic between any two consecutive data points). This property
gives spline functions a great advantage over analytic functions
in general.

The two types of spline functions (periodic - end points

equivalent non-periodic - end points not equivalent) to be used




Figure 1 Hypothetical Limb Cross-Section



will be given, with a short theoretical introduction. A mathematical
derivation of the defining equations is given in Appendix II

(see also Reference 1).

2.2.2 Periodic Splines

Consider a closed interval [a,b] which is partitioned
into subintervals by some partition A: a = Xg <Xp < eeenn <x_=b.
Suppose that the ordinates Yos Y1» eee Y, are also given. The
problem is to pass a smooth curve through the points (xo, yo),
(xl, yl), ..... (xn, yn). The mathematical spline, SA(X), is
- represented in each interval Xj—l-i x_f<xj as a cubic function of
X. Each cubic fumction in the interval is pieced together so that
the entire curve obtained is a continuous function of x with
continuous first and second derivatives.

Suppose a set of points in two-dimensional space is given,
i.e. the points (xl, yl), (xz, yz), ..... (xn, yn). Let the spacing

between any two consecutive points, say between (Xj"yj) and

. — - 2 " 2
(Xj+l’ yj+1) be given by hj’ where hj —\/(xj+l xj) + (yj+l yj) .

The equation which defines y as a function of x is:

y = 8,00 = nﬁ_l(Xj-x)z(x-xj_1)/h§-mj(x—xj_l)z(xj-x)/h§

+yJ -1 (XJ _X)\Z (2 (X_Xj ‘1)+hj)/h§+yj (X'Xj _l) z (2 (XJ _X) +hJ )/h; . (1)

(Appendix II for derivation)
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where for the periodic case (which means that Yo = Yno Xg = X,

as in Figure 1), the quantities m satisfy the relationship

2 Hy 0 ..... 0 0 0 my ¢
A 2 Hy o eeees 0 0 0 m, c,
0 AS 2 e 0 0 0 m, C<
= . . .. (2)
0 0 0 ..... 2 W, ., 0 m 5 C .o
0 0 0 ..... }\n—l 2 M1 mo_q Ch-1
”n 0 0 ..., 0 An 2 m, cn

where Aj = hj+1/(h.+h.

and the quantity Cj represents
3h.(y.-y. h., + 3u.(y.. ,-y.)/h.
J(yJ y]‘l)/lj UJ (}’J+1 yj)/ j+1
The equation which defines x as a function of y is:

X =8, 0) = my Oy Oy /RS 0y ) 0 -Y)/hj‘-2

51 (75 7Y) 2 20y ) /e (5P R0y *hy) /b2 . (3)
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where for the periodic case (yOEE Yo Xp = xn), the quantities m

satisfy:
2 Ul 0 ..... 0 0 0 ml C1
AZ 2 “2 ..... 0 0 0 m2 CZ
0 As 2 .. 0 0 0 m; Cs
= . LB
0 0 0 ..... 2 Moo 0 m o Ch-2
0 0 0 ..... Xn—l 2 W mo_q Ch-1
My 0 0 ..... 0 An 2 m 0
and where Aj = hj+1/(hj+hj+l) An = hl/(hn+h1)
uj = 1—Aj L l—An

and the quantity cj represents:
3h. (x.-x. h. + 3p. (x.,,-x.)/h.
TR SO I IS TSRS A

Note that equations (1) and (3) are valid for the
periodic case (yOEE Yne Xg S xh) as the first point in the data
set is also the last point. This is valid, for the curves des-

cribing a cross-section of a human limb having starting and end
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points identical.

However, for limb cross-sections, it is not possible
to state the y coordinate is a function of x or the x coordinate is
a function of y. A more useful concept is to interpolate between
prescribed (x, y) values separately. This is achieved by using
a parameter which is a fumction of both x and y values. The para-
meter is then used to generate x values between the prescribed
x data points. The same parameter generates y values between the
prescribed y data points. The only link between the x and y spline
points so generated is the parameter.

The parameter used in this analysis is the cumulative

s - - 2 - 2
chordal distance, Sj’ where hj = (xj Xj-l) +(yj yj_l) and sj
is thus given by sj = hl + h2 o, + hj' s 1s any value of
chordal distance lying between any two consecutive chordal distances

Sj and Sj-l' By this method, the following equations are generated:

x=8,(s) = mj_l(sj—s)z(s—sj_l)/h§
-ng(s-sj_l)z(sj-s)/h§+xj_1(sj—s)(2(s—sj_1)+hj)/h§

+xj(s—sj_1)2(2(5j~s)+hj)/h§ ....... (5)

where for the periodic case (yOEE Yoo Xo = xn), the quantities

m satisfy:



-13_

1 1
AZ 2 My oveenn 0 0 0 m, <,
0 XS 2 ... 0 0 0 Mg C
= . .. (6)
0 0 0 ... 2 Moo 0 m._5 Che2
0 0 0 ..... An-l 2 Moo1 mo_q Ch-1
8! 0 0 ..... 0 A 2 m c_
n n n n
where Aj = hj+1/(hj+hj+l) An = hl/(hn+h1)

1-A

=
1l
o
>
=
1l

and the quantity cj represents:
BXj(xj-xj_l)/hj + BUj(Xj+1_xj)/hj+l
For obtaining y as a function of the parameter s:
Y = Sp(8) = my_; (s5-5)%(s75;_1)/h?
-mj(s—sj_l)z(sj—s)/h§

+yj‘l(sj_s)2(2 (S"Sj_l)"'hj)/hj?
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+yj(s-sj_l)z(Z(sj-s)+hj)/h§ ....... e (D

where for the periodic case, the quantities m satisfy:

1 1 “
A
2 2 UZ ..... 0 0 0 m, <,
A
0 3 2 o 0 0 0 m3 c3
= . .. (8)
0 0 0 _z W0 m_, c. -,
A
0 0" 0 -1 2 M M-1 Ch-1
0 0 0 A 2
n n n n
where Aj = hj+l/(hj+hj+1) An = hl/(hn+hl)

=
i
bt
'
>
=
]

1-A
and the quantity Cj represents:
. (v.-y. h. + 3u.(yv. .-v.)/h.
3O57y5 /by 30 (g7 /0y
Equations (5) and (7) give as many interpolating points

between two adjacent points as may be required. Note that (5)

and (7) are only useful for fitting curves that are periodic
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(XOEE X0 Yo = yn). Appendix IIT contains a computer program which
generates spline points by the parametric method just described.
Graphical and numerical results of this program are contained in

the Appendix.

2.2.3 Non-Periodic Splines

This method successfully produces a properly fitting leg
Cross-section. The points generated can be used to dictate the
movements of a numerically controlled machine tool which carves
out the shape (the limb cross-section).

Spline function theory is again applied to fit the 1limb
in the longitudinal direction. The main difference in this
technique from that previously described is that the curve is not
periodic. 1i.e. the end point is not identical to the starting
point of the data set (xoi? X5 Yo 7 yn). This alters the matrix
equations (2, 4, 6 and 8). In addition, another coordinate enters
into consideration, labelled as the z coordinate (Figure 2).

- The points used to determine the spline functions in
the longitudinal sense will be obtained from the circumferentially
generated spline points. The procedure used in this total point
production is the following: At each cross-section, a circumferential
spline fit is obtained and assume fifty spline points between two
consecutive basal (data) points are produced and saved. By using
the first spline point of each cross-section, a longitudinal spline

fit is obtained. Longitudinal spline points are then produced



\\y
o
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Figure 2 The 'Z Coordinate Consecutive Limb Profiles in
the Longitudinal Direction.
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along the entire limb length from all the first circumferential
spline points. When the entire fifty circumferential spline
points are used longitudinally, the next adjacent data point is
taken which generates additional circumferential spline points.
The process is repeated until the entire limb is reproduced, as
shown in Figure 3.

The parametric equations (with parameter s, the cumulative
chordal distance) which generate the longitudinal splines, are
the following:

For x as a function of s
| (=x in the longitudinal direction)

X1ong

= _ N2 )
Xlong - SA(S) - mj-l(sj s)“(s Sj_l)/hj

—mj(s—sj_l)2(sj-s)/h§+x§_l(sj-s)2(2(s—sj_l)+hj)/h;
+x§ (s-55.7) 2(2 (s; —s)+hj)/hj3 ........ (9)
c

(x”= the x's generated from the circumferential spline) where

for the nonperiodic case, the quantities m satisfy the relation-

ship:
2 UO 0 ..... 0 0 m, c
)\1 2 “1 ..... 0 m C1
0 AZ 2 e 0 0 mZ o
= . .. (10)

0 0 2 Hn-2 0 -2 “n-2

0 An—l 2 Lln—l mn-l Cn—l
0 0 0 0 A 2 m C
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O known points

ferentially generated
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—--— longitudinally generated

cireum

spline points

Figure 3 Total Curve Generation Procedure
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. = c _.Cy2 _ 2
where chordal distance hj \/kxj+1 xj) + (Zj+1 zj)

and

>
1

= hj+l/(hj+hj+l)’ A hl/(hn+h1)
the quantities cj represent:

c_.C c _.cC
33 @Gy )by S (557X /hy

For z as a function of s

Zlong (=z in the longitudinal direction)

z = = S 2(an 2

long S(s? Hﬁ—l(sj s)“(s Sj~1)/hj
- - 20c . 2 a2 R 3
nﬁ(s sj_l) (sj s)/hj+zj_1(sj s)*(2(s sj_1)+hj)/hj

+zj(s-sj_1)2(2(sj—s)+hj)/h; ..... (11)

where for the nonperiodic case, the quantities m satisfy:

2 Ho 0 ..... 0 0 0 my <
Al 2 S REEREE 0 my =
0 AZ 2 ... 0 0 0 m, <,
= . .. (12)
0 0 Un— 2 0 m -2
0 0 0 -1 2 Fn-1 -1 “n-1
0 0 0 A 2 m c
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where the hj, Aj’ Uj’ An’ W are the same as for equation (10)

but the quantities cj in (12) represent:
3x.(z.-z. h, + 3u.(z. ,-z.)/h.
3757250 /hy + Sy (2507250/hy
For y as a function of s:

Ylong (=y in the longitudinal direction)
= = CeN2 (e 2
Y1ong ~ S(s) = mj-l(sj s)2(s sj_l)/hj
i - 2 (s.- 24y ¢ -s)2(2(s- 3,.C 2
mj (S Sj_l) (SJ S)/hj+)’j_1(5j S) (Z(S Sj_l)’f‘hJ)/hJ+yJ (S Sj—l)

(2(s;-s)+h)/m3 L (13)

where for the nonperiodic case, the quantities m satisfy:

2 1b 0 ..... 0 0 0 m, CO
Al 2 Hy eeees 0 0 0 my ¢4
0 AZ 2 .. 0 0 0 m2 <,
= . . (14)
0 0 0 2 un—Z 0 m o 2
0 0 0 An-l 2 Hh-1 _ -1 “n-1
0 0 0 0 A 2
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where chordal distance hj =\/(y§+l—y§)2 + (z, ,-2.)%

J+l 7]
and
Aj = hj+l/(hj+hj+1), An = hl/(hn+h1)
pj = l—kj, Wy = 1—An

The 1imb can thus be duplicated by a numerically con-
trolled machine receiving limited input data. Appendix IVcontains
a computer program with graphical output written for this thesis
based on equations (9) through (14). Thevprogram essentially
operates as a data multiplier by creating points between the
input data providing sufficient shape definition required for

machining.

2.2.4 Clustering

The procedure developed in a previous section reproduces
curvatures and contours with a minimum of actual data points. With
reference to Appendix III, note that no attempt has been made to
reduce the number of data points required to adequately fit the limb
profile. For efficient use of computer core area, it is advantageous
to minimize the number of points stored in order to reproduce a
shape. Consequently, a method of clustering was devised.

Consider Figure 4, which contains a large number of
points, typically obtained from a field sample. Assume that a

tolerance limit of 1/16" for reproduction has been established.
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Figure 4. Field Data Set
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Assuming that point 1 in the Figure was eliminated, the distance
from point 1 to the spline curve generated from the‘remaining
point set is less than 1/16'", then point 1 may be dropped, and
the'specified tolerance is maintained. However, if the distance
between the spline curve and the point is greater than 1/16", then
the point may not be omitted from the data set.

This describes the concept of clustering. The effect of
removing individual points from the data set is a function of the
tolerances required for shape duplication accuracy. If the tolerance
is made more critical (say 1/32"), the total number of required
points will increase. Conversely, relaxing the tolerance (say
to 1/8'") will decrease the number of points.

In addition this method examines the effect of curvature
on neighbouring and non-neighbouring points. If point i was
dropped (Figure 5), and the spline éurve generated fell within
tolerances, the point would be discarded. If another spline curve
was generated which omitted both points 1 and 2, and the tolerances
are not met at either of the points, then point 2 must be included
in the data set. In this way, the effect of curvature at neighbouring
points is examined.

Continuing to suppose that point 1 has been dropped,
point 2 examined and kept, one now examines point 3. This time,
not only is 3 checked for‘tolerance, but also point 1 (the

discarded point). Again, if the tolerance at either point 1 or 3
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Tolerance

Figure 5. Distance-Tolerance Criteria
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is not met, then 3 must be retained in the set. Consequently the
effect of curvature at non-neighbouring points is checked.

As described it is possible to reduce a data set from
a ''large' number of points to a 'small" set, depending on the
tolerances. The computer program developed for purposes of
clustering and the algorithm outlined above are presented in
Appendix V.

Clustering is highly critical in the data sampling and
storage process, as it dictates the minimum number of data points
to be stored. A type of dichotomy is now evident in the sampling
procedure; i.e., depending on end usage, a large number of points
may be initially sampled and stored (to be later compared), or only
the minimum crucial point locations may be sampled and stored (the
crucial locations being found by experience with many limb shapes).
For the present, a large number of image points must be sampled and
then processed to determine the minimm set.

With reference to Figure 6 a minimum set (x, y) is determined
for every slice along the limb (z direction). However, for each |
slice every (x, y) point may not have a corresponding member above
or below (in the z direction). In order to generate longitudinal
spline functions, it is necessary to have this "'slice-to-slice"
correspondence. By means of a circumferential (periodic) spline
function, the "missing' point(s) on any particular z slice is
defined. By generating longitudinal splines using these newly

defined points the entire limb shape may be reproduced (Figure 7).
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An alternative method is to maintain corresponding (X, y)
sets on each of the z slices. However different curvatures along the
1imb will lead to different clustering configurations. The various
clusterings, when taken in an all-inclusive fashion, will generate
a large number of required data points. This is not conducive to
minimal data point storage and hence clustering.

The preceeding describes the adopted clustering procedure
which results in the storage of the smallest possible data set

required to correctly describe the desired shape.

2.3 COMPUTER CAPACITY

The preceeding method allows the use of a small, less
expensive computer facility to generate required spline routines.
In particular, the entire system is designed for use with a Hewlett- .
Packard Model 2116 C Computer, a small, general purpose digital
machine, capable of performing a wide variety of computational
assignments. Additional uses are in process control, media con-
version and data reduction. The overall system proposal makes use
of all the above capabilities.

The present computer system includes the following options

and peripherals:

i) a fast paper tape reader (500 characters per second
with associated interface card)

i1) a time base generator card
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1i1) a teletype telex (and associated interface card)
1v) a teletype telex unit with graphical display capability
(with associated interface card)
v) a data source interface card

vi) an analogue to digital converter card

A1l cards refer to circuit boards which condition the signal from
devices so as to be valid for use by the computer.

This particular system has 8196 words of core storage in
the mainframe (expandable to 32K). Important standard features on
all 2116 C computers include a 16 bit word size, a 1.6 microsecond
memory cycle time, a set of 70 instructions with which to operate
the computer, and two addressable accumulators. In addition, there
are modular input-output (I/0) drivers, and a priority interrupt system
for independent device servicing and programming.

Limitations on the core size of the machine restricts
program complexity and data storage. By using spline functions and
the data reduction procedure, it is possible to reproduce the limb
shapes within the 8K system constraint.

The described method of data reduction allows the production
of spline points using the conventional conversational BASIC
language. Virtually an infinite number of spline points can be
produced, depending on requirements of tolerances. The purpose is
to demonstrate a rather elegant method of reproducing a curve shape,

even when the compiler is rather large. Appendix VI outlines a
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BASIC program which produces spline points plotted in Figure §.
This demonstrates the simplicity of the shape-definition method,
inasmuch as the program can be fit and executed on an 8K machine,
of which 5% K is devoted to the compiler for the program language.
It 1s possible to create an entire limb shape by using the
BASIC program and stacking the generated limb profiles one on top
of the other. However, the method as described in Section 2.2.1
was chosen for use, as it was deemed to be least redundant in the
calling of spline routines.
Having dealt with the problem of curve fitting, and related
computer capacity, the process by which the generated numbers are
transformed into tool head movements is described in the following

section.

2.4 MANUFACTURING SYSTEM REQUIREMENTS - NUMERICAL CONTROL

The broadest definition of numerical control 1s ''a process
accomplished by symbolic programming and symbolic control' (¢).
Having reduced the computer requirements for mathematical shape
definition, the numerical control process determines the overall
expense of prosthesis production.

A block diagram approach to the N/C (numerical control)
process 1s given in Figure 9. The Machine Control Unit (MCU)
sends signals to the Machine in order that the tool will perform
certain defined (programmed) tasks. The Machine in turn sends

signals to the MCU indicating the tasks being performed.
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A Machine Control Unit may be defined as 'the combination
of circuitry and drive motors that guide a machine table or spindle
along a programmed path'" (4). Within this limit is included the
interpolation necessary to guide the Machine from point to point
along the path defined by the splines. This programmed path defines
the workpiece cuts.

For any part to be produced, various instructions are
introduced into the MCU. These instructions to the MCU must completely
define the component to be manufactured. This is accomplished by using
one of many numerical control programming languages. The most ad-
vanced program language is APT (Automatically Programmed Tools) (3).
Using APT, the programmer enters a program into a computer having
an APT compiler. The compiler then operates on the submitted APT
program producing a code which is then read into the Machine Control
Unit. The MCU controls the machine tool and the required component
is produced.

There are various types of numerical control machines
available which are not necessarily controlled by identical codes.

In addition to the large number of machines, there are various N/C
compilers. Compatibility must be maintained by the various compilers
and machines.

Compatibility is achieved with the implementation of a
postprocessor. The postprocessor provides the interface between
the particular numerical control programming language employed and

the particular machine on which the part is to be manufactured. The
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postprocessor is a computer program which modifies the code from the
machine tool compiler language into a form that will fit the particular
machine tool. Figure 10illustrates the N/C process using a post-
processor.

The numerical control process as outlined in Figure 10
requires a minimum of 52K computer storage to accommodate the APT
compiler. This would render the process uneconomical for the average
workshop.

Consequently, it is desirable to eliminate any potentially
unnecessary interfaces between dimensional information and finished
product. Numerical control operations which employ a postprocessor
to furnish interpolated control points are in essence two steps out
of sequence from the computer which originally provided the input
information. Allowing the computer to directly control the machine
tool movements eliminates all superfluous interfaces. This type of
process 1s called direct numerical control.

The following section describes the implementation of

direct numerical control using the Hewlett-Packard 2116 C computer.

2.5 USE OF THEORY - SYSTEM SYNTHESIZED

The final equipment configuration settled on is a computerized
direct numerical control system which makes use of a 2116 C Hewlett-
Packard computer. Refer to Figure 11 for the following discussion.

The sensing cylinder is placed around the patient's limb

and activated (5). The limb is then removed and each probe is sampled
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in the following fashion: An arbitrarily indicated probe is taken
as a reference position. An acoustic coupler is used to generate
a particular frequency which corresponds to the displacement of
the probe. A tape recording is made of this specific frequency for
five seconds and then both tape recording and frequency production
are halted. The next probe is then sampled and a suitable frequency
generated and recorded for an additional five seconds. This
procedure continues until all probe positions on the highest ''slice"
are recorded. Fourteen probes are measured in this fashion. This
is the minimum number in order to obtain dimensional accuracy without
implementing clustering techniques.

The acoustic signals so produced represent the limb shape.
The method the computer uses to digitize the signals to dimensional
values 1s as follows: The computer starts the analogue-to-digital
converter (ADC) 2% seconds after the tape recorder begins to play
back the frequencies. This ensures that the ADC will be sampling
in the middle of each probe record. The ADC determines how many
cycles per second were produced by each probe, and by use of a
conversion factor, the proper dimensional values of radial distances
are stored. The angular probe positions have been pre-stored. Pro-
gram I in Appendix VII performs the frequency conversions. By means
of the computer program described in Appendix IV, the computer
produces spline points which describe the entire 1imb shape in
longitudinal segments. Two time base generators are required, the

first to initiate an analogue to digital reading every five seconds,



- 38 -

the second to measure the frequency corresponding to the specific
probe displacement. Finally, a digital to analogue converter outputs
voltage signals (proportional to the spline points) to three power
sources, which in turn control machine tool movement. Program II

of Appendix VII performs the signal output function.

This completes the description of the overall system.
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3 DISCUSSION OF RESULTS

One of the prime aims of this thesis was to develop a
technique which would accurately reproduce a limb cross-section from
a given data set. To accomplish this, a number of curve fitting
techniques were attempted. These techniques with their associated

limitations are now described.

Sine Functions

Visual inspection of a cross section through the thigh
area (Figure 12) suggests that if each half of the cross-section of
the thigh was considered separately, sinusoidal functions could be
applied. To assure a smooth fit, the end points of each half could
be matched using a simple iterative technique. The preceeding
assumption proved valid for all shapes which were naturally sinusoidal.
However, small deviations from sinusoidal form were impossible to
replace regardless of how the coefficients of the oscillating function
were‘altered. Typical reproductions of the various limb cross-
sections using the sine function technique are illustrated in Figure 13.
As shown, this method was unsuitable for curve fitting within the
specified limit of 1/16" deviation, for any non-sinusoidal shape

encountered along the 1limb cross-sections.

Circular and Elliptic Functions

Although circular and elliptic functions were not limited
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Figure 12. Thigh Cross - Section
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to a specific shape as were the sinusoidal functions, only cross-
sections of the limb having near constant curvature could be
replicated. Using these functions, cross-sections of the thigh
area could readily be reproduced within the specified tolerance
(Figure 14a). However, the functions proved unsuitable for cross-
sections in areas such as the knee region, where rapid changes of

curvature occur (Figure 14b).

" Polynomial Functions

As in the previous two methods, this fitting technique was
applicable for cross-sections having near constant curvatures. Given
the general nature of polynomial functions (i.e. constantly increasing
value), it was apparent that the entire cross-section could not be
described by one function. By dividing the cross-section into four
segments and establishing continuity at the ends of each segment
through an iteration procedure, it was found that all cross-sections
of relatively constant curvature could be reproduced within the
specified tolerances (Figure 15a). Again, the cross-sections in
the knee area where gross curvature variations occurred, could not
be descirbed by this technique (Figure 15b). Recognizing that small
segments were required in areas of severe curvature changes lead

directly into the use of splines.

Splines

With reference to the human limb, these functions were
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Figure 5a
Polynomial Function Fit— Thigh Cross-section
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found to give the best fit to the various cross-section curvatures
encountered. Figure 16 indicates the type of reprodUction that is
possible to obtain using this technique. 1In this illustrated cross-
section, the data points are obscured by the spline points. The

spline function fits well within the tolerance over the original

curve. As shown in Figure 17, the spline function accurately fits
shapes of rapidly changing curvature. The spline function is virtually
superimposed‘over the original shape.

The distinct advantage of spline functions over the pre-
viously mentioned curve fitting techniques is that cnly a relatively
small number of data points are required to define the function,
such that the function will accurately fit a cross-section. Due
to their specific characteristics, the previously described methods .
require a large number of points to properly fit a cross-section.

In addition, fhe previous methods operated over large segments,
whereas spline functions operated over small segments, and hence
did not require iterations at segment boundaries.

Another primary objective of this thesis was to keep the
system size to a minimum. This was accomplished by saving only the
data points that were essential to accurately replicate the shape.
This resulted in concentrations of data points at locations of
rapidly changing curvature, and a sparse collection in areas of
relatively constant curvature. The clustering technique described
in Section 2.2.4 was made possible through the exclusive use of

spline functions. Since the previous methods required a large
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number of data points for reasonable shape replication, the omission

of any of these data points was impossible. Thus clustering was

feasible only with the implementation of spline functions (Figure 18).
With reference to the accuracy of the limb cross-section

by the spline technique, it must be concluded that the limb cross-

section configuration is a spline function. Splines are by their

nature minimum energy functions (7), leading to the conclusion that

the 1limb cross-section is one of a minimum energy configuration.

The human body ( 8) obsérves minimum energy principles in its

mechanism of movement. Results obtained here confirm this observation

in terms of limb configuration.
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4 CONCLUSIONS

This investigation has shown that two main contributions can
be made to the field of shape reproduction. The first contribution
is the rapid, accurate reproduction of a limb shape done strictly
by computer and machine, requiring virtually no human intervention
in the actual machining process; Secondly, what would originally
have been a sophisticated numerical control complex is replaced
by a single dedicdted computer.

In"addition, a method of data point reduction has been
developed that allows only a small number of critical points to be
stored in order to duplicate complicated surface shapes and features.
This would be an ideal method of storing and performing statistical
analysis on anthropometric data for any future artificial limb
studies. Standard limb forms could possible be obtained such that
with a few individual changes made to the standard, the production
of individual 1limbs would be even further speeded up, and the cost
further reduced.

Finally, the system cost has been reduced to a minimum.
Cost reduction was made possible through the exclusive use of
~ spline functions and the clustering technique devised for this problem.
By implementing these procedures on a small computer, this kind
of system now falls within the price range of the small shop or

research group.
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APPENDIX I

The most important area of this proposed new system is
the generation of smooth curves representative of limb cross-sections.
These generated curves must give suitable accuracy when interpolating
between the given points in two orthogonal directions. A more
detailed explanation of the origin of these data points is now
presented.

Assume that the shape-sensing package is at the location
and is ready to probe the object (5). The limb (object) is placed
in the device (Figure Al-1) and the device is then activated. The
limb is then removed and the reading of each probe in the device
is taken in turn. This is done for each section around (and down)
the Instrument (Figure Al-2). The readings given from each probe
will only be in terms of a voltage signal difference from the
undisturbed probe position. The undisturbed position is such that
the tip of the probe is at the geometric centre of the device
(Figure Al-3). Knowing the probe angle (from some predetermined
zero angle position), it is easy to calculate the relative position
of the object with respect to the ring geometric centre using the
relations:

X = 1 cos(8) y = 1 sin(8)

(for purposes of analysis (see Appendix III), it is easier to deal
with cartesian coordinates as opposed to cylindrical polar

coordinates).



Limb
Q o) (O—t+— Probe
Positions
Q C | 0
Q0 o 0
0 45 0
0 o 0
L
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Figure Al-2 Sampling Sequence
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Suppose that a leg cross-section has the form as shown
in Figure Al-4. If the measuring device samples the leg as in
Figure Al-5, it is noted that the device is obviously limited to
sampling a finite number of points from the curve. From the sampled
points, after performing the above-mentioned conversions into xX-y
coordinates, the shape as indicated in Figure Al-6 is obtained.

In order that a numerical control device be able to
operate and carve out this likeness, it is necessary that the tool |
movement be completely defined for motion between the data points.
Should the movement between data points follow a straight line, the
curve as shown in Figure Al-7 would result. But Figure Al-7 by no
means resembles Figure Al-4. Thus a linear interpolation between
the data points does not produce a good result. It has been found
that spline functions give the best reconstruction to the sampled

shape, the results of which are contained in Appendix III.




Figure Al-4. Cross—Section Limb Representation
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Limb
Profile

Figure Al-5 Measuring Device Sampling Leg Cross-Section
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Figure Al-6 Initial Results From Shape Sensing Device
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APPENDIX II

This appendix contains what is hoped to be a clear,
' simple derivation of spline functions as they apply to two
dimensional coordinate spaces. |

In the mathematical spline, an interval asx<b is
first considered. This interval is subdivided by a mesh
of points which corresponds to the location of the weights
of the draftsman's spline.
There are n+l points, and n subintervals. The subintervals
between the points need not be the same length. An

associated set of ordinates is prescribed.

Yoo ygsYis¥os y
A function S,(x) is sought which must:

a) be a continuous function and have continuous
first and second derivatives on the closed interval {a,bl
(includes endpoints)

b) coincide with a cubic in each subinterval
Xj_lsxsxj (j=1,2, * n), that is, the function will be
of degree three in x on any subinterval

c) satisfy the condition SA(xj)=yj (j=0,1, - n)
That is, at each point X5 (which is a mesh point), the
value of yj at the point will be the y that was previously
described.

The function S,(x) which fulfils the three conditions

mentioned is called a spline on A (or a spline with

respect to the mesh 4), which interpolates to the values
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yj at the mesh locations.

It is usual to call Mj the "moment", which is the
second derivative of the spline function at the mesh
point, i.e. MjESg(x) j=0,1, - n. However this is not
the true moment of the draftsman's spline in the general
context of the meaning.

The spline function S,(x) can be found by deriving a
relationship for SL(x) between any two adjacent mesh
locations, then integrating Sa(x) twice and match boundary
conditions. However, before determining the relationship
for SLi(x), consider Figure A2-1.

From the formula for a straight is obtained

Y-y =m{x-x,)
y=m{x-x,)+y,
Y=Y o=y )/ (X5=x1)) (x=xq ) +y 4
expanding this
Y(xp=x1)=(y o=y ) (x=x1 )4y (x,-x7)
Y (XpmXq )=y Xy XY X HY X HY Xm0 1 Xy
Y=Y o (x=x )/ (Xp=x )4y (Xp=%) / (x5-x7)

Thus on the closed interval Rj_l,xj], and considering
the linearity of the second derivative (the second derivative
is linear since the spline function is of order three in

all subintervals), the following analysis holds (see also

Figure A2-2):

SR0)=S2x5 o) =((SAx )-SR 0x5 1)/ (x 5%

J-l)EMj—l’ and Sx(xj)EMj, by substituting and

))(X_Xj_l)



( Xz,yz)

Figure A2-|
Linear Analysis

(X',y')
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y-coord.
M, or S," (x,)

Figure A2-2
Second Derivative Analysis

J-1
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y-coord.

J-1)
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cross multiplying

(xj—xj—1>(sb(x)_MJ-1):(4 -M )(X X 1)
expanding
=X " -X.M. +x. .
(x xJ_l)SA(x) X5M5 1 X5.1M5.q
=XM.-x M:+x. .M

.=XM. -X . R
RN RO RS Rk R TS L PO |

(xj—xj_l)S”(x)=Mj_1(xj-x)+Mj(x—xj_l)

32(X)=Mj_1(xj-X)/(xj—xj_1)+Mj(x—xj_l)/(xj—xj_l)
Let h, —xJ—xJ 1

S SEOO) M (xgmx) /0t (xexg ) /g (1)

Integrate equation (1) twice and evaluate the constants

of integration.
i - - - 2
SA(x) MJ 1(x X ) /Zhj+Mj(x Xj—l) /2hj+C1 ..(a)

_ ' i 3
S x)—Mj_l( 57X X) /6hj+Mj(x Xj—l) /6hj+Clx+C2 ..(b)

A

Boundary conditions for the interval are:

%(Xj):Yj ’ %JXJ_1)=Yj_1
Putting these boundary conditions into (b) gives
3
=M. - - .+ .+
Y5 MJ_l(xJ X . ) /6h J(xJ X l) /6hJ gli C2 .. (c)
=M. =X AML (X, =X .
Yi-17Myo1O57x500) /6hJ My (xgo1m%g-1)7/6h;
FOpXy %0y v (d)
Subtract (d) from (c)
2 2
=Y. .= + -X .
yJ yJ_l MJhJ/ﬁ MJ 1 J/6 Cl(xj XJ—I) 2
(yJ YJ 1)/(X Xj ) ((‘ J 1)/(X —X 1))hj/6=C1
or . C1=(yj'yj_1)/hj—( j MJ 1)h /6

Putting this value back into equation (a) gives
' 2 2

=-M, .- AML(X-X. ;

S(x) MJ-l(XJ X) /2hJ MJ(x X1 )°/2h

+(yj—yj_1)/hj—(Mj M. 1)n /6 ...... (2)
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From equation (c)

2
=y.-M.h5/6-x. =Y. - {M.-M, .
Cp= 5 =M 3h5/6-x 5 ((y 5y 5 ) /hy=(Mi=M; 1 )h./6)

Putting this value into equation (b) gives

= 3
gﬁx)—MJ 1(x -x) /6hj+Mj(x-xj_1) /6hj 2
((y yJ 1) h'"(Mj"Mj_l)hj/6)X+yJ'Mjhj/6
J((yJ yJ 1)/hj'(Mj'Mj_l)hj/6)

Expanding terms and then collecting yields

. _ 3 3
. S(x)—M._l(xj—x) /6h.+Mj(x—xj_1) /6hj

o J
2
+(yj_1 M% 1hJ./6)(xJ—x)/hJ
(y -M. hJ/6)(x—xj_1)/hj ............. (3)

J
From equat1on (2), the following expressions for the
one-sided limits of the derivative are obtained (Figure & -3)
. 2 2
=M. .- AML (X=X ;
S'(x) MJ_l(xJ X) /2hJ MJ(x XJ-l) /2h

+(yj—yj'l)/hj—(Mj—MJ l)h /6

In the first interval, from j-1 to j, the following is
obtained

-

Si(x i

2 2
j LHM . =X .
N (x5=%3)5/2h M5 (x=x5 )/ 2h,

-1V

(yj-yj-l)/hj_(Mj—Mj-l)hj/6

=M.h./2+ .-V, .-M.h./6+M. .
MJhJ/2 (yJ yJ-l)/hJ JhJ/ J-th/6

=M.h./3+M. .h./6+ -y. h.
In the second interval, from j to j+1, the following is
obtained

2
alXg )=ty g Ogagmxg ) 7/2h gt O
+<yj+1~yj)/hj+1-(Mj+1—Mj)hj+l/6

2
Xj) /2hj+1
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J+I

Figure A2-3 One Side Limits
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So

S'(x.)=M h . /6+M h . /3+( y._l)/h.

Aty j-1 Y375 J (4)
SL(x3)==M_h /3—M [6+(y.,q-y:)/h B
R R RS U ES LR FS U A TS RS DEAF TS
Due to the fact that the nature of the cubic function
in the closed interval is such that the second derivative
is made so as to be piecewise analytic and continuous in
this interval, the first derivative equation, i.e. (4), is
"forced" to be continuous. This is the continuity
requirement. In Tight of equations (1) and (3), the
functions S!(x) and S(x) are continuous on [a,b). By
equating both parts of (4), the following is obtained
. ./ 6+ N5 +(y.-y. .
My 1ng/6%Msh /34 (y5-y5 1) /h;
== MJ J+1/3 M +1 J+1/6+<yj+1_yJ)/hJ
or
. + + +
MJ h. /6 M (h h )/3 MJhJ+1/6
=(yj+l_yj)/hj+1-<yj_yj‘1)/hj ...... (5)
By definition, a spline is said to be periodic of
period (b-a) if the condition s(P)(a*)=s(P)(p-y, (p=0,1,2)

is satisfied.

For the periodic spline, equation (5) for j=1,2,...n-1

gives n-1 simultaneous equations in the quantities Ml’MZ
..... M- It is required that equation (5) be valid also
for j=n, which is how the simultaneous equations in
MisMosennn M, are obtained, and not MisMosonnn M .- Here
yn=yo, Mn=MO, and the following relations are prescribed
Yn+17Y7> Mn+1=M1’ hn+1:h1' From Figure A2-4a and Figure

A3—4b, it turns out that for the periodic case (Figure A2-4a)
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5
4
3
(a) Periodic (b) Non-periodic
Figure A2-4

Period and Non-periodic Conditions
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mesh point 6 corresponds with mesh point 0.
Consider the periodic case. Equation (5) yields,

using Figure A2-4(a+b) as an example,

M0h1/6+M1(h1+h2)/3+M2h2/6=(y2—y1)/hz-(yl-yo)/h1

M5h6/6+M6(h6+h7)/3+M7h7/6=(y7—y6)/h./.-(y6-y5)/h6

or, writing only M's,

M My M, = (i) -
My M, Mg = (i)
M, My My = (1i1)
M3 M4 M5 = (iv)
My Mg Mg = (v)
Me Me M = (vi)
with M7=M1, M6=MO due to pefiodicity, then have

MO M1 M2 = (i)
M, M, M, = (i)
M, My My = (i11)
M3 M4 M5 = (iv)
M4 M5 MO = (v)
M5 MO M1 = (vi)

There are now six simultaneous equations in six unknowns,
which can be solved.

For the case of the nonperiddic spline, it is
necessary to speéify the "end conditions", which results

in two additional conditions, and so permits the solution
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of the n+l quantities M,,M M_. Many kinds of end

OS
conditions can be specified. One method of specification

would be to state the slope of the spline at the end

3

points, that is, at a and b. For S;(a)=y6 and Sg(b)=y6
the following is obtained from equation (4)
+ y

at a, j=0, so
Sala)=-Mgh,/3-M h,/6+(y -y4)/h =y,
rearrange
(yq-yg)/h -yi=h (M,/3+M,/6)
or
2MO+M1=((yl—yo)/hl-yé)G/h1 ............... (e)

also
'(x.)=M. _h./6+M.h./3+(y.-v. X
SA(XJ) o1 J/6 JhJ/ (yJ Y5.10/h;
at b, j=n, so

SA(b)=M__ h /6+M h /3+(y -y

rearrange

(M _q¥2M dh /6=y -(y -y _{)/h

n n- n

o)
Mn_1+2Mn=((yn-(yn—yn_l)/hn)6/hn .......... (f)

Equations (e) and (f) specify one possible set of end
conditions.,

Another kind of end condition can be obtained from
the equation

MO—AM1=O 1=>20

This is the same as placing a simple (imaginary) support

at a point
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(xg-Px)/ (1-2)

and then requiring that the curvature of the resulting

X . =
imag.

equation be the arc of a cubic in the region Ximag.sxﬁxl
(Ais often taken to be =1/2).

This kind of boundary condition is employed when the
value of MO is unknown. The method essentially results
in a "reasonable" guess at MO using Ml‘

The general equation for end conditions, of which

the two previously discussed cases were simple degeneracies,

is written in the form

2M0+7\OMl=dO ,/unMn_1+2Mn=dn .............. (6)
The following notation is used
.=h. +h . s Ad.=1-. .
AJ hJ+1/(hJ hJ+l) [{J L AJ (3=1,2, ..... n-1)

The continuity requirement is equation (5),which is

My_qhy/6 +Mj(hj+hj+l)/3+Mj+1hj+l/6
AT RVl T B
sincexxj=1—hj and Rj=hj+1/(hj+hj+l)
then;uj=1—hj+1/(hj+hj+1)=(hj+hj+l-hj+1)/(hj+hj+1)
ALg=h o/ (hoth s, )
" hj=Aﬁ(hj+hj+l)
Ayger/ (N5*ga)
"3y ge)
So in equation (5) have

M. {h.+h. +M.(h.+h. +M . .{h.+h. ‘
A§43-1A6<h3 hJ+1)/6 MJ(hJ hJ+1)/3 MJHRJ(hJ hJ+1)/6

=YY )Ny o
P73y 5y 5 40/
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or

For the nonperiodic spline, the defining equations (6) and (7)

are now written as

5 . f— - |
2 AO 0 ..... 00 0 MO dO
Aﬁ 2 Rl ..... 0 00 M1 d1
0 A% 2 ..., 0 0 O M2 d2
=1 . ] e (8)
0 0 0 ..... 22n—2 0 Mn-2 dn-Z
0 0 0 ..... Ay- 1 Zhn-l Mn—l dn—l
B 0 0 ..... 0 Aﬁl?a __Mn_ __dn_
where dj (§=1,2, ..... ,n-1) represents the right hand member of (7).
For the case of the periodic spline, the equations are
2 Al 0 ..... 0 0 /11 ' M1 d1
Uy 2 Ay onen 000 M, d,
0 A@ 2 ... 0 0 0 M3 d3
1 U S U (9)
0 0 0 ..... 2an~2 0 Mn—2 dn-2
0 0 0 ..... Aﬁ—lzan—l Mn-l dn-l
| 3\” 00 ..... 0 4 2_ M ~dn4
with MO=Mn ,}\n=h1/(hn+hl)

xxnzl_hn
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In many situations it is easier to use the slopes m.=Sx(x.)

than the moments Mj=Sg(xj).

subinterval .o e X
) XX

§$X)=mj_l((Xj-X)Z(X—Xj_l))/h§ -mj((x-x
+Yj_1(Xj'X)?2(X-Xj_1)+hj)/h§“+yj(x—xj—

The first derivative of equation (10) is

S!(x)=m,

A

51 (x5=x) (2x

)(2x +X.

2
3x)/hJ
)/hj

J- 1

-m, ( x-x

J J-1 j-1

%( —yJ 1)6(

J A

On the closed interval (really a

» the following equation holds

>2<x.-x>>/h§

J-17 7
1)2(2(x.—x)+h.)/h. .

3
I (10)

3

-x) (x=x 1)/hj ..o (11)

j_

To obtain the second derivative of (10), first expand (11)

' _ 2
SA(x)—mj_l(Zx 3xxJ -2XX

—mj(Zxxj+xxJ._1 2xeJ 17X

2
+(y .-y . XX, XXX
(¥ Y 52108 0xx, XXXy

j-1%5" j-1
—3x2
3
1)/hj
then |
SA(x)=mj_1(—3xj-2xj_1—xj—6x) s(2x;

3
j—1)6(xj'2X+xj-l)/hj

. SA(x)=-2mj 1(2xJ+xJ 1

#6(y -y 1) (xy0x,

+(Yj'y
3x)/h?

MR
The 1imiting values from the two sides of Xj

S"(x.)=-2m

a X —3x )/h

. .+
3-102%5%%5

6(ymy ;. 1)(x X

5106417230/ -,

j-1
=-2m

-xx -3x
2
1+3xxj_1)
-m. (2% .+X.
J-.
-2m,(2x.
J -
2X.
-amg (25

—2x )/h?
-2m.(-2xj—2x._

2

2
)/hj

2
~6x+3x, .
6x 3xJ_1)/hJ

are (as before)

2
1+x.-3xj)/hj
3
J 2
RV

+6(y--yj_1)< 32175 )/h

J

. 2
= . .+ . .- - N
2mJ_1/nJ 4mJ/hJ 6(yJ yJ_l)/hJ
and
s"(x")=-2m. (2x -3x, )/h% =2m.. (2x.+x. . ~3x.)/h2
AT J J+1 i TeMje1teXy J+1 Jj’ gl
+6(yJ+1 Y )(x 15 -2x )/h
=—2mj2(x )/hJ+l J+1(Xj+l )/hJ+1
3
+ . -\, L= X. .
6(Y 5417 3) (X5417%)/h]
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L _ _ 2
= 4mj/hj+1 2mj+1/hj+1 +6(yj+1 yj)/hj
So:
SU(0) = 2mg_y/hy Hmi/hg <6 (y oy p)/hE
J J J 5 (13)
v NP O SRRERES
S (Xj) - 4mj/hj+1 j+1/hj+1 6<yJ+1 y )/hJ
Imposing the continuity condition on Sy(x) at x (j=1,2,...n-1)

(i. e. equating the right hand sides of equation (13) ) results in
2

ARV

= _4mj/hj+1 - j+1/hj+1 +6(Yj+1'yj)/h

The continuity requirement for slopes mj is thus

. . +dm./h. -
2ms_q/hy Hams/hg -6(y -y 4

ms_y/hy *2(1/h+1/h ) e J.+1/hJ+1

= 30y )/h +3(Y 5417y 4)/h

Equation (14) can be written in a more convenient form as

2

J*l
M. o +2m. Hy.m., ., = Ay .-y, (YL, Y .

thJ"l Zma MiM541 3?5<yJ yJ'l)/hJ 3/‘{J(y:)’fl yJ)/hJ+1 .. (15)

where hj = hj+1/(hj+hj+1) ij=1—26

- The equation system for the nonperiodic spline using slopes

is therefore

2 40 ... 00 0| [my] [cg7
12 q e 0 0 0 my 4
0,2 ... 0 0 0 m, Cs
0 0 0O 2 -2 0 m._o Choo
000 n-12 n-1 -1 “n-1
£ 0 0 - 2—J _mn Cn_{

where the general end conditions ZmOﬁuOm1=cO ,'?\nmn_1+2mn=cn are

' =h. +h . s e=1-A. i=1,2, ... n-
employed. As before, AJ hJ+1/(hJ h3+1) My 1 hﬁ (for j=1,2 n-1)
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and C; (i=1,2, ... n-1) represents the right hand member of (15).
For the periodic case, the equations are
e 1 r ! —
2 My o ..., 0 00 my Fcl
Do 2 My «un-. 0 0 0 m, c,
0 AB 2 ... 0 00 Mg Cs
0 0 0 ..... 21%_2 0 M2 Cho2
00 0 ..... hn-lzkh—l mo_1 Cheq
f% 0 0 ..... 0 Ay %J LY

To reiterate, the equation that defines and produces the spline

points is (from equation (10) )

_ 2 2 2 2
S(x) = mj_léxj—x) (x—xj_l)/hg -mj(x—xj_l)z(xj—x)/hj 3
+yj“1(xj—x) (Z(X_XJ“1)+hJ)/hJ +‘yj(x—xj-1) (Z(XJ-X)+hJ)/hJ

Appendix III contains a computer program which uses this equation to

generate a two-space spline which approximates a leg cross-section.
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APPENDIX TII

The theory of splines present in Appendix II is now
applied to the following problem. Suppose that an arbitrary leg
cross-section, which has the profile as shown in Figure A3-1 is being
dimensionally sampled. This profile cross-section comes from the
region indicated in Figure A3-2. Assume that the shape-sensing
equipment took samples at the positions around the cross-section as
indicated in Figure A3-2. Superimposing a fine mesh on this
arbitrarily drawn leg profile, the set of x-y coordinates as entered
in Table I are obtained. This set of coordinates becomes the data
set which is used to generate spline functions. These functions
produce x and y values which lie on a smooth curve between the
data points. These x and y interpolated values are given by the

following formulae (as explained in Appendix II):
x(interpolated) = m. (s.—s)z(s~s. )/h%
J-1%7] j-1777]
2 2 2 3
—mj(sfsj_l) (sj—s)/hj + Xj_l(sj-s) (2(s-sj_1) + hj)/hﬁ
+ x.(s-5. )%(2(s.-s) + h.)/h>
37 -1 J 373

y(interpolated) ='n5_1(sj—s)2(s-sj_1)/h§

3

2 2 2 .
_Hﬁ(s—sj—l) (sj—s)/hj + yj_l(sjfs) (Z(S-Sj_l) + hj)/hj

2 3
+ Yj (S-Sj-l) (2(5j°5) + hj)/hj
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— indicates "imaginary"
probe locations

Figure A3-1 Limb Cross — Section
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Area from which
cross -section is
obtained

Figure A3-2

Arbitrary Limb Shape
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TABLE I

From the indicated positions (corresponding to probe locations),

the following data points were obtained:

0 T (*.05) 0 T(£.05)
0.0 7.20 187.5 6.90
7.5 7.20 195.0 7.10

15.0 7.25 202.5 7.50
22.5 7.45 210.0 7.80
30.0 7.70 217.5 8.25
- 37.5 8.05 225.0 8.75
45.0 8.45 232.5 9.20
52.5 8.85 240.0 9.40
60.0 8.95 247.5 9.45
67.5 8.95 255.0 9.40
©75.0 8.95 262.5 9.40
82.5 9.00 270.0 9.40
9G.0 9.10 277.5 9.50
97.5 9.30 285.0 9.55
105.0 9.45 292.5 9.55
112.5 9.40 300.0 9.50
120.0 9.10 307.5 9.40
127.5 8.70 315.0 8.90
135.0 8.20 322.5 8.35
142.5 7.75 330.0 7.90
150.0 7.40 337.5 7.60
157.5 7.15 345.0 7.35
165.0 6.95 352.5 7.20
172.5 6.85 360.0 7.20
180.0 6.80
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where all terms (for this, the periodic case) have been explained

previously.

A computer program which produces these x and y values,

and then plots the results (Figure A3-3) follows. Also included

is a listing of the interpolated values which the plotter used to
create Figure A3-3. -



Figure A3-3. Cross-Section Reproduc’rion
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DO 4 )=,
TFUANGLZI(I) 0CTa614/2,) GO TN 5
XCL)=R2AD TS (1) *COSLANTLF(T))
YAOT)=RADTUS (T ) RSTN{ANGLE (1))
GOTD 4
TFEANGLE(I )0 GTaRels) 6 Tr 5
ANGLE(I)=3014=~A0GLE(CT)
XCT)Y==RABLUS(T)*COAS (ANGLEL(T))
YCI)=RADTISEIV«SIN(ANGLE(T))

GO TO 4

TRLLNGLE (1) 0GTo30%3,14/2.) GO TC 7 S
AMGEELT) =406 R (1) =3, 14 '
X{(I)==RADTIS (UIFCOS(ANGLE(T )
YOI)==RADTUSCTI S THNIANGLE(TY)
500 T0 4

TEOANSLI(I) oGTo20%3014) GO T 4
ANGLEFLT ) =26%26 14~ANGLE (TY 7
XCT)=2AD VIS (1) *CNSTANGLE([))
YOI)==RADWISCI)I*SIN{ANGLE(T)) ‘ [
COMTI VUL -

ok okt e et o IR R Ok O I s et OR R KR Ot 3 oo ol ek SR i o sk okl o ol o o o
CALL L I8RARY FLOT RGUTINES

CALL PLOTS(IRUF,1C00)

CALL PLOT D60 4160y—=3)

CALL SCALEIX,6.0,0N,1)

CALL SCALTOY A0, 0MNy 1)

CML AXTS(0D6CCalyLIHX AXTS(ING)y=11,600
LoD X{MHT ) s X{N+2Y)

CALL AXTS{060CyCoByliHY AXTS{ING) 11,4800

1900, Y (el ),y {N+2)) ‘

CCOALL LIMEOX Y yNal,1y1)

PSR ok il S ok ok R ROl K e ke ke ook Kl ok ok 8 sk e s S

CALCHLATE CHARDAL AND ZUMULATIVE CHORCAL DISTANCES

N ==
N2=N=2

S5(1)=)60

e U=,

ICT=71+}

TRE(TICToLLaN) &0 T 2
ICT=1~N+"

‘H(I)rSO”T((X(ICT)-X(I))**2+(Y(ICT)—Y(]))**2)

LRoe T=1,4)
ICT1=1+]
SCICT =80T in(T)

e st ek kol st st e sk sk Yook ok P X ol s b ool sk o e o 3 skl o ol o o o 9 sl 3k ek 2k s ok e e ok e S
CCOMPUTE THE MATRIX, TEeE X AND Y VECTGRS
£o10 [=.,N1

;"1IfxT(}vT)=(l.o/"(I)"‘lo/f‘(l“’g) )% 24
1CT2=1+2

L [V SRE e LG/ o prman
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IFTICTo L oY G TN 1
ICTZ2= =141
Yo AL ) =R /00T )5 28 (T )X 2 ) (M T )2k 2y (1CT2)
?~Y(I+1)‘(l(!)*%A—H(I+¢\r*kl—H(]+l)**2*Y(I))
10 AIAT =3 70900 )32 28 ( T+ L)% 2 (H{ T )%k 2% X(JCT2)
1~X(1+?)*(H(T)**2*P(I+1)**2)—H(I+i)**7”%(I))
I 12 T=1,N2
MATOT+Y, 1) =210/ (1+1)
ll.) M/-\-‘(]yl* ‘:.u/H(I"'l)
“bT(t.N1):1 /R o :
MAT (M1 L) o1 o Ny o e o e e

=1
[

A AR e o oh ot ol 3 skt kooR 3k ol ole st el e sl e vl kol ol sl e o SO AR S e e e e e fe ek ’r-,<=$<“<4<>‘7"***’

TATANGULARTZE THE MATPIX THEN MODTFY TR VECTORS

ODAa0Co

VELUL=MAT(J,K)/MAT (K ,K)
YRS =Y 00) =Y L (K VA LY
_ XL =X LI =XT 0 FVALGL
nnotg =1,k ' ' '
1A MATU LY =AY (g ) =MAT (K, L)%RVALIL
VALUZ=MAT L K )Y /MAT (K 4K )
YL LAY =YY (2 =YY (K)YsVALY?D
XT3 ) =X (V) =XL LK YRYALL?
R 18 15‘“=7~K e
i5 MAT A g MY=HAT (1 M) =MAT{K ,MY%VALLD
nooLe 11=31,NM1 ‘
TEOAESIMAT Uy 1T1) ol E6oD00COLY MATI(J,11)2Co0
16 COUNTINUY ' ‘
13 CONT TNUE

HaNsiaRaie)

T st et o K e ok 3 sk R T R e s o ok sk e ok o el 3z b e ek e e oo ok e ok ok ek o 3
S CALL THE ROUTINE T SOLVE ThHE EOUATIONS o
CALL LIMYSCMAT X1 NY JAN) ‘
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f~+4>'g**ﬁ\fk\***i”%>f‘?»%\<¥#****ﬁ*****************#******#}fﬁfr
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ais ks s kel
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CIF(LS16F0o0) LLSL=h=1
B 16 J=1,30

K=J ,
ODEL=KEHIIV/30+S1T) :
,x%anrJ)--*(1&1»k(<(v+1)—r'L)~»¢*(PFL~S(I)1/H(1)%#2mmmwwwwmmmw .
vJ(l)*(P'l—‘(T))*‘7”(§(1+’) CLL)/H(T )2
14X w(<(1+1\—|;|)* 2HL2XADEL=S L)V 4H I ) /HLT ) %%3
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OO0 O00

XGPLEOY+1Y =X {N+1)

YEPLNOJ+Z) =X In+2)

YSPLN{J+T) =Y (41

YEEEN(J+2) =Y (N4

(.:/\‘!_ L LINTA Y‘SPL[\ 7YSPLN7J 11 7"'1.1,2)

PLCTMNTION

WETTE GO, 207) XUUY yY LIy XUY+1 ),V (T1+1)

WETTT (6,1002) RADTUS (L) y ANCLM L) yRADTUS LTI +1) 3 ANGLN(I+1)

- i PRINTLOZ
, 19 L=1,390 .
19 WELITE Ay 104 ) XSPLN(L),YSPLMIL)
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END
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RCM X= 2083 ,¥Y= 0,90 0 K= o'l s¥Y= 0,27
R= 2083 IMasad= Lol NM5e) (2= 2,82 INoyd= 765 [FGe)

X SPLINE Y SPLIANE
2063479 CoCl22
o 20835) 00247
A 2,875 e CZT70
ZoF55) CoCt54
208249 CoCE17
ToRE4T CoCT41
Jo N ahy CoCtitct
Do B3Rl ColCBP
o 2,P23% . Collil
208371 Co12715
R ICE RN Col?58
20,8213 (ol482
2687111 Co1605
(Zo‘*:'()i . 001728
28265 0 C.igED
2o BLES £o1€75
20775 Co209¢
268765 Coliz22
26 8765 Col345
2.08743 Co2468
2o0271 Co2592
20800 Col715
263205 Co2R3R
28193 Co?2GE]
2oR3T9 Co3CR4
D20 FTES CoZ207
20 €15 o230
208125 Co2453
203120 Co2575
20350C% 02668
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APPENDIX 1V

This appendix contains the program listing and graphical
output which produces a three dimensional lower limb shape. The
data used to produce the image is given in Table 2. This data is
"imaginary' in the sense that it was not obtained from any human
subject.

The method of generating the shape is as follows:

a) twenty ''slices'" along the limb are measured
(from top to bottom) by obtaining thirteen (including end points -
periodic spline) data points at each ''slice" (Figure A4-1).

b) at each "'slice", a épline function is generated
between two points. These points are consecutive in the z direction.

c) the first spline point generated between the two
consecutive points (say points 11 and 12), on all slices in the
circunferential direction, is used to construct a spline function
in the z (longitudinal) direction (Figure A4-2).

d) this procedure of producing spline points
circumferentially between consecutive slice data points and then
generating longitudinal splines continues around the entire data
set which describes the limb. When the entire data set has been
kprocessed, a limb shape results.

This completes the procedure of duplicating the entire
limb image. Computer listings and graphical outputs from this

procedure follow (Figure A4-3).
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Slice |

> X
Slice 2
> X
Slice 3
20 Slices total
Z

Figure A4-1 Limb "Slices" in the 'z' (Longitudinal) Direction
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O data points on slices
a,b,c  spline points generated in
‘circumferential direction

—— spline points generated in
longitudinal direction

Figure A4-2 Generatfing Splines in the Longitudinal and
Circumferential Direction
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- TABLE 2

The following values, when curve-fitted using
spline functions produced the entire limb shape
plotted in Figure A4 - 3.

0

30 | 60 | 90 | 120{ 150| 180 210| 240| 270| 300].330] 360 Slice

6.7\ 7.3 8.6| 8.8| 8.9] 7.4| 6.7| 7.4] 9.0] 8.9| 9.0] 7.4] 6.7 1
6.7| 7.3 8.6 8.8/ 8.9| 7.4| 6.7 7.4| 9.0] 8.9| 9.0| 7.4 6.7| 2
6.7 7.3| 8.6| 8.8| 8.9] 7.4 6.7| 7.4| 9.0["8.9] 9.0| 7.4| 6.7| 3
6.6/ 7.1y 8.4| 8.7} 8.8| 7.2| 6.6 7.3| 8.8| 8.8| 8.8| 7.3| 6.6| 4
6.4/ 6.8| 8.1| 8.4| 8.7| 6.9/ 6.2| 7.0| 8.4] 8.3| 8.4] 7.0| 6.4] 5
1 6.1y 6.31 7.7| 8.0| 8.3| 6.5} 5.7| 6.6{ 7.9] 7.8] 7.9| 6.7| 6.1 6
5.7\ 5.6| 7.1 7.4{ 7.7{ 6.0] 5.3| 6.1| 7.3] 7.1| 7.4| 6.2| 5.7| 7
5.2 4.9) 6.4| 6.8| 7.0| 5.5| 4.9| 5.6| 6.7| 6.6| 6.8] 5.7| 5.2 8
4.6) 4.2 5.4) 5.7/ 6.0| 4.7| 4.4 5.1| 6.2] 6.0] 6.4] 5.2| 4.6 9
4.5| 4.1f 5.3| 5.6 5.9| 4.6 4.3| 5.0{ 6.1| 5.9] 6.3| 5.1| 4.5 10
4.5\ 4.1| 5.2| 5.5/ 5.8} 4.5| 4.2{ 4.9/ 6.0| 5.9] 6.2] 5.0] 4.5| 11
4.50 4.1) 5.2| 5.4| 5.7| 4.5| 4.2{ 4.9] 6.1} 6.0| 6.3 5.1 4.5] 12
4.5 4.1| 5.1{ 5.3} 5.6 4.4| 4.2| 5.0| 6.3] 6.3] 6.6 5.4 4.5| 13
4.6| 4.2) 4.9| 5.2| 5.3| 4.3| 4.3} 5.1] 6.7 6.8] 7.1| 5.9| 4.6 | 14
4.61 4.2| 4.8} 5.01 5.0| 4.1{ 4.2| 5.2| 7.1| 7.4] 7.7| 6.5| 4.6 | 15
4.6) 4.11 4.6| 4.8| 4.7| 3.8{ 4.1| 4.8| 7.1| 8.0| 8.6 6.7| 4.6| 16
4.5] 4.0) 4.4| 4.6| 4.3| 3.6 3.9| 4.5| 6.9 8.1| 9.0| 6.5| 4.5| 17
4.5/ 3.9| 4.2| 4.4) 3.9| 3.4| 3.7| 4.2| 6.5| 7.9/ 8.9| 6.4| 4.5| 18
4.4]- 3.8 4.1| 4.1| 3.8] 3.3| 3.4| 4.0| 6.2 7.8| 8.8| 6.3| 4.4 19
4.4] 3.8] 4.0 3.9] 3.7] 3.2} 3.3] 3.9 6.1} 7.7 8.7 6.3| 4.4 20
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Figure A4-3. Total Limb Reproduction




PRI = M52 55 197,

f
R

e

R A T %aiifndkgs #*xrﬁﬂ*kﬁxd<>*;ﬁ*y¢yx*w%w*w**%o********wi

00

S S I e B R I R N T N I o N N NN

FICTURE3 FROGRAM

FUNATT Y

1HI5 PROGRAM PRODUCES AN AXOHGMETRIC(3. DIMENSTCNAL)

PLOT 0% £ LTIMBo  THE TATA JNPUT I8 IN POLAR(R=-A)
CADRRINATES,  THE JUTPUT IS IN CARTESIAN(X-Y-Z)

COMPRIMATES, S ND KUMERTIC LISTING OF FLOTTED POINTS
I% pRo VIFFC, RUE T9 THE LARGE NUMRLF OF POINTS

1NVOLYED, ‘ | |

NATE YHAT THIS PRNOGKAM 1S CONSTRUCTED TO PLOT ONLY &~
FOR THUENTY "SLICES" IN THE Z(ALCNG THFE L IM3)

S CPTRECTINNG  FOR DIFFERENT MUMREPS NF MGLICEGH ™ = e
THE PEOGRLNM WILL KAVE TC BE CHANGED
D) CATA INPUTS AS FOLLOWSooesoo
cren 1 .
N ~MUMBER OF DATA POINTS 114 \
ran oy e PO e,

TPRUBE DISPLACEMENT(INCFES) | 13F6ol
CARD 117
-PRNBE POSITION (CEGRFES) LZF60l

SRRl *”*%****ﬂ*#****%#*x**«*YJ*>%“*$««** <33kt * ***********

PP o e 1 e e s el 1

DIVMENSTUN XT(3C,30),YT(20,90),5 (4(73C)

CIMEMSTON TRUF(I0C0) ,XPL{200) ,YPL(300

pF/‘L X{30, “0),Y(30y’q)yX§f(?O 30}’Y§P{SU,?O)

REAL M(20,30),/h(30,30),NML (30, 303 ,ML(30,3C)

LFAL FLI20,3C),702C,30)4H(2C,30)
WTWWWWWW@MWu.RFALWK(ZO’BO)’SL(BO;?D)’RX(BO),H£(3O) e e et

PEAL XWSP({3C,2C) 4 INSP{3C,20),YNSP(30,30)

T CREAL APENT(3C,30),YPRNT (30,200, 7PRNT (50,20) e
REAL RADIUN(20),ANGLN(2C) yRACTUS (20, ANCLE(20)
r :
C TR A B A K S ok R SR Lot sl R Rk 3 ok sk Aok ko o
. c
e INITIZLTZE COUNTER VALUES AMD PLCT RCUTINES
c
NN=13
“N="0
N
T e e o

COLL PLATS(IRLFL1CON)
CLLL PLNT (060,100,-3)
XPLUL34) == 3, C
XD 135 =440
YEL(134)5=540 B

TYPL(15Y =1, 0 i N 3
PCFF=000 , , -
'rALt"axI {000 +Co0y THX AXTIS{ING),-11, S
17,0, o,x“ttqu),vﬂl<1%=>> e

CﬁLL 5XIS(0001 oy LIHY AXISUINe) 11,
1560190005 YPL(124) \YPLI1Z5))

[ ——



OO OO

200
201

£0

70

~
O

OcOoMmo0o

OO O

SR

TR (A

AR S AN I R R )

Y

D7 YO Skode v sy

DATh THPLTS AND
FURMAT YL T4
Fuamnr(;jﬁgoj)

N i K=y ,9M

Rfﬁ (534200)
KEAants,x0v) (RADTUN(T ),
l"ﬂf(”,70r) {ANGENLT ), T
ne ; i ]*: 1‘\“.17_

AMGL YT =ANGLINIT Y 5,14/1%C,
TIOTUSI)=RANTUMITNI/ 2654

e 40 T=%,N07

Nl F(T106GT063014/20) GC TN 50
AT{K,y T)=FDTIUS LI ) %COSTANGLE(T )
YI(K T)=PADIUS LT )*SINLANGLEL(T))
GO T0 40
TFIANGLZ LI ) 601 030l

ANUT
1,NUTH

1=
=1,MUT)

) TC 60

4}

ANGLF lI)-> Y4 - pNCLELT)

XT (K] Y== \flLS(J)‘CFC(/Nrit(T })
YI(V,I)—JJ”]lc(‘)fﬂiw(ﬁhG (1
cCOOn 49

TFEAMALTAT ) 0CT 603026 14/20) GO TN 70
ANCLE (1) =ANGLELYL ) =561 4
CXTAK S T ) ==9 ADTLS (I} RCCS{ANCLELT))
YT(qu)——h*)ILS(1)<STN(ANC1k(I)
GGTC 4

TFLANSL r(i)orTg?o*’ i4) GC T0 40

PMELT T ) =70 %75 14=ANGLE (1)
XT (LT =0 AR TGS (1) 7608 (ARNALE (1))
YI(Ky‘)=—?AQ};S(J)*SIN(ANCLL(I )

CCUNT M

CrUVERSTONS (POLAR

Suodxe ook

TC

310k v ¥ e o el e s ke e vk sk ke Xealeo o

CARTESTAM)

A e ok ROROK AR o ot g ok ook o ol oo e T e ook kR R o ok 31

CALL THE FOUTIME T BRAPUGE AYANCMETRIC PRATA
CCALL IFFSITUXT gYT 4 COFF ,KyAN o X ,Y) -
SRR YA N o X ok R bk 4 e b % kol et k% ok b o 3 ok sk ¢******:*n*******4ﬂv7
CALL THE RCUTING WdICF CALCULATES TRE SLAPES AT
CDACH BATA FONT(FCR ANY GIVEN 7 "SLICEM) -
Cf‘.l. r!“ ((K,lLL,X1Y,N\,F,‘1”7"’\
PAFF=pOFF Lot
CONTINUS
LLL=3
‘jﬁ“ H K=1," .
7{Ky1 =1,
N6 Jl=2,y MM -
7UKyJL)=7(K,yJdl-2)41,
NC 5 J=3, 1M
0Ny L=1,%
SN0 K=1,0M



AOONN OO

oo ao

i

DO

N

ONOO OO

BN

MO0 00

)

OO

H
OO
H

CXPPHTING K CONT Y = YHSP{IRC ,KCONT)

[ BN = {57 53D R A

Yﬂﬁff**?*3**4**%b?#ﬁ#xﬁ****rkx%**ﬁ***&***********ﬁ********m#

CALL THL SCHTINE WHICk CALCULATES A SINCLE SPLINE
PATHT Do) AMY 7 owSpycer

r["LL Q.Dl T:”IZ(X’YngLyN‘\y}’\y"1SquN,XSpyYSP)
NEP L LK) =Y5P{Kk,L)
YSP L, K)=YSP (kL) —

COMT INUE

#m#**mﬂ&##%*****kxkx*xk&ﬂnr*&i:ﬁ##$*****#*x**m**$*#****k**#*
CALL THE RCUTINE T3 CALCULATY THE SLOPES AT

CARDILGRDTHG SPLINL FOINTS O atl 7 HSLTCSy

{=0R Y AND 7 VALUES)

CﬁLL CALCCL gLLL XSSPy ZyMN L ,SL, ML NL)

AT SRR kRS O Ol R OR3 k of sot btk ROk OOl R R ok L

CALL "HE SRUTINE WHICE CALCULATES X oND 7
SPLUTNS POINTS TN TRE LONGITURINAL DIRBCTION

CALL SPLIONCEXSE 3 Z Ly MMabL 3SLy MLy NLyXANSP 4 2NSP )
LOUT = M=1

DO 2 INC=1,L007

B0 KCOMT=1,7

FERMVLINMO KOONT )= ZINSPLYKG 4 KT )
CORTINNE
CUNTINUF

***kf***:#wﬂ#*#*¢*#$¢#*¢iﬁ#**#**#h##*****m***********#******

CALL TH® ROUTINE 779 CLLCULATFE THE SLCPES AT
COREESPURLING SPLINE FOINTS 98 ALL 7 "SLICHSM
(FOE Y AND 7 VALLUES)

CCALL CALCIL LLLYSPy 7y My kL S L, L, ML)

*#**fk***%!v***hﬁwﬁ#*%*w**$****ﬂ*******ﬁ*****kk**#********xﬁf,

CALL THE RCUTINE WHICK CALCULATES Y aND 7
SPLINT POINTS ITH O THE LONGITUNTMAL NTRECTTON

CCALL AP TOMUYST 2yl MMy Ly Sy ML WLy VNSP , ZNS D)
N L0 10=1,L0UT

NN O KO =, g
YPPUTLTAC, KOONTY =Y SPITING ,KERNT )
CONT INITE '

CONT ThUE

#*m&xkikﬁﬁ»**#***é**&*m***#*h***ﬂ*uﬁ*****kﬂ*u***************
CALL THE RCUTING T ASSEMALE TFS CALCHULATED
LS ]

PIneE POINMYS FOR 2L0OTTING
FLOT THI PCINTS



— e e W e

(]

- 98 -

CALL SURPLUT IXERNTZYBRNT (NN, XOL,YD] )
Coalll LTNTOXFL yYPL4132,1,1,1)
corTrges

COANT TN

CALL PLT(I5,040,0,7939)

STNw

FND



W - ALY ter = A

Lvig o E

s

]

- 99 -

B A O R A R kb kY I oK ot i st ok ok ok o s ok sk sk o

¢

SURONTINE CALC

THTS BOUTIRE CALCULATES The "NATS (510D
AT Tl DATA POINTS CF ANY LUNGITUDINAL(Z) SLICE

OO0 D

SURBCUTING: CoLO0RyLLLy X pYy NN yHySeMyeN)
FEAL XU3G,30),Y(30,3C)1,H{20,30),5(30,30)

PEAL A0, 30)58030,30),N(20,30),21030),22{30)
C :
C FFOKTC TR sk e g ol b sn le dol W R e gt sl o 5ol v e e sl ot e e vk b e ok e ok ok ok ot ool ke s ok
C INTTY AT 70 MALUES
L o

B0 4 T=3,720

DO 4 J=% ,20
4 LT =060

N =P =1

NMZ =M =2

‘:(Ky 1 ):l)o()

f B

VL W vy sk ke ok she e ot S e Ne et e N sl e e e o e ol e s vk et o ook 3R R AR e vk e e sl ool sl sk e o

CALCULATE CHARCAL AND CUMULATIVE CHORTAL DISTANCES _

o000

S NCO50 =1, MK

THE=T 4] ) -
TFLIME L o HNY DTN 659
TRF=T-nMsD
G50 HIF, )=S0 T LK, THME ) =X (K, T) ) 540+
TAY IR TREI =YV, 1) )%%x2)
~ CO @81 T=t,kH &

CKK=] 43
ati S(Kyy‘/\)’:(;(|<,})+"(}<yi)

Pl st Tr e Ve ok o Ak oyl o A dk Theook o e ol A ook A koo ol b Skl Mok X A3 ¥ 3 A s ik e e v Sl s

CCOMPLTE TRL MATEIX, THFE X ARD Y AVICGCRS

NE 260 T=1,NV
HP =11 (X, 1)
HEV =k (K, f+1)
ATy 1) =l /HP #1 o /HPL )5e2
INC=T+2
TR (iNDeLloNA) €0 71 75 T
. ITMD=h =T 47
75 RULT =30/ 0 DS 2 WD sk #2 ) 4 (0 g my (10, TND)
: T Y UK g T+ (HER#D o pPT RS2 )= P4 (K, 1))
250 PP ) =3, /0PSRN KAPIRA2) % (FDPES DF X (K, TND )
AT XK T L) (HOF 2P A2 ) =k D %28 X (K, 1)) o

DE 261 =1 ,0M2
Y YN R R R PN S
251 A(JydHi) =t o /b (K, J41)
JF{LLLe'Nal) GC ™0 5
AUIaN A)=is /(K1)
CLANMG ) =1 JH K G RN)



T & VAL

140 es Wien Wi Wi ent

‘N

LS

Urll: = 73233 19/

LA LVEST S W

TR e L e e ek ok sy ek ek ok B Aok ok ok % m oz ok Bt d sk siodode S ol kool ok ok ek

- 100 -
T2 UARTZE THE VATETX TRy MACIEY THE VECTNRS

DO en 1=t AN

KKz gM=1

KP1=KK+]
FACTI=A0MIC  KE LY /A(KPT,XP])
AL(KKY=R3T{KK)~PY (KDL )XFACTT

DL IKF ) =32 IKK) P2 (KPL ) =S ACTY

BE 501 J=1,KPT
ALKK 1) =1 (KK )= (KD, J )y #FACTS
FACTZ=A0L K21 ) JALKDL, KO )
AN =RT (L) =01 (KDL )REACTD
B2C) =R () =00 (KPY)REACT D

B D(! . 2 !) .)- "’}'_— }' , !/\ p 1 - . e - e, BRI i e S e S - B »,,,

MLy ITI=/ 00 T =M(KP L, JT)AFACT?
DT 10% J=1,A¥

IEAPRSTALY Ky ) )alEGCCO0CL) A(KK, J)=0,0

CONT THIE 4
CONT TNUD

RNk 3t b b R KON T e ORIt O OR R R sk 2R 0k 6k gk ok s soleok 5 X
CALL THE ROUTINE T SCLVE THE FCLATICNS

CALL STLV(x AL 57'327“)

CALL SOLYY (KyAN, A RL M) o
CEER SN
AN




[ Ne NeXeNe Fe e Ne

o)

LIS (AL ke [ Walls To R

Sl T e deole v o skl 101’r 13k ey vt e e e ool o ddod ol b o el gk vie ol o e e X % sk ok ok vk ok xS

SURRTITING SPLICN

LS50 70 CALCHLATE SETS NF SPLINT POTINTS
(XOAND 7, Y BND 7Y DN THE LOSTITURINAL DIRECTION

SUREDUTING  SPLIONIXSEP 2y Ly MMy Ly SLaMLsNL, XMNSP L ZNSP )

REAL XASPA3D,2005 71030, 3)),FL(3Cy20),S5L(20,30)

TR AL IMSPLB0 .20 3 INSPI3C 200, (39430) 4N.{350,30) o
NM=ahp =1

L% J=3, M

IThX=0-1

TEOINLGE D5 INX=NM=-)

N o I=1,7

“3"=]’*"’"H-(Lnl)/7°‘+SL(Ly.H : e e e e et e
XN%“’J,1):HLfLyINX)*(QL(L,J+1)—RD)**Z*(SP~SL(L,J))
F/RLOL )2 =Wy )= (SO =S) (L J)) é%2% (SL{L,d+1) N
LmSPI/HL L )22 24 XSSP ULy J )= (SLAL 3+ 1) =SSP )% 24 D%

‘l(SD~TL(L,I))1FL(L,J))/HL(!,J)**3+X§P(L,J+l)*(SP— o

ESLOLy 1YY #2 e (2% (SLULy J# L) =SP Y +HL (L, ) ) /L (L, )53

IMSD ANy D=L TAX D= LS Ly [+ 1) =GP w26 (SP=SL (1, g)) =~ =
T/RLU ) 2= UL SV RSO =SE (Ly J) ) #4225 (SL (L, J+1)=SP)

/R0 ) 524 200 Y H (SLIL, J+1)=SP ) %325 (25 ( SP

I=SLOL gD ) RHLCL y 1)) /HLCL y JVE%347 (L, J+ 1) % (SP=SL

Ly )Y EE2 R (2 (S L R ) =S E)4HL (L, J) ) /HL (L, J) %3

CONT NS

AT T AU B e
DETUOY

b



st g s

OO OO0

CLYHRLE VY Mk,

ﬂx*t+<***¢*«3$&1022ﬁ*#kik#¥$*#k?¢*ﬁ$***#****$**$**%*#****#*%

CLRAGYT INE P InF

THTS o
(N A GTVEN

HEINTZS

ACSTINGEE STLINF SCTNT
"SLICE" RETWEEN ANY Tyn

CIVES DATA POINTS SCR A DARTICHLAR SLICE

SURROLT [N
FEAL (30,
RELL YSP (3]
INX= =3

TRTHX a1

SPLTNEIX,Y,
30),5020,20C)
Iy 2079 X(30,23

Ja g NNy Ky by Sy Ny My XSE,YSP)
,h(?ﬂ,au),xf (30,3C)
D)y Y (20,30, (3713C)

THY=AN-]

SP=1 {0 ) /0, 451K, .0)

XSPUV L) =l R G INXY# (S (K, J+1 ) =5P )i
2 JIHISP=5(K,)) ) *

T/H{K g Y e2=v{ K

e (SP=S (K, ) )
£2 LS (K, J+1)1=SD)

1/P(K,J)*T3+X(KyJ)*(S(KyJ+1)—S°)**? (2% (SP=S(K,yJ)

1A "(V J+r1y=-5
Y Py Y =1{K, Ihx) %

SHEFBEX (K I+ IR ISP -S(K,J) Y e%2%(2
PAANIK, D))/ gy 3

(S, g4 )=0Dn)canu(TPp-C (K, J))

F/ZHIK o 1) D=V Ky JY#{ SP=5(K, 0) )¢

2RSS, I+ [ 1=5P)

'L/’(K,J)"{+Y(K,l)>(S(V,J+l)~M°)
TAR (K )Y /i Kk, 3)

LHCSUW y d+ 1) =SP VMK, ) ) 7H{K, ) %3
RETHEN
END

E2E (2R (SR
TEREY (4 ST E (SP=5 (K, ) ) ks 25 (2

-5(Ky )



OO OO OO0

TR etk by X :‘_Wios “,_""“A" Y S I T o . g e ko ¥ X R Kt ol e X 4o e ofe skosle s g e ook &
SURNOAT INE SCLVE

Lobo O SOVl THE SYSTEW 56 LINTAS EQULTIONS
WHICH DETOIRMING ThI KAGTS OF THE SPLINF FUNCTION

SUPROUTINTG SO VE(KyAMyA,R,X)

FEAL L(30,39),E(20),X{30,20)

X(<o T =i () /at1,1y dr=Yl .
DOO2E T=2,NMM

KCLBT=T-1

Xy ¥ Y=R{TY/h6(1,71)

N 3¢ =1, KTyNT

X(k,T):‘/:l.;(,].Jf(fj(_I,J)~sx(K!J);//x(y,l)

QTR
EME



SRR A

-

OO0

VU

ool

%

KRR AN S AR TR L I A e 4
¥ - 104 -
SLERGUTINE NFFSTT

THIR “ONIRJES The
SOLINT PCTINTS

TATE
APpPrAR

TC FORM A 3.0

1o/

A st sk Xe Sk e e ok ok e a st ¥ ook ;‘,u,‘:i:k*******:k*#

STOTHAT THY FLOTTED

SEAPE

SUBRCUTING OFFESETA(XT,VI,PCFF, KyRNNaXyY)

DINENSTIOH XT(3C,3C),Y1(30,
T=7 48N '
XK I)={(XT (K, TY+POFRE )", 50
YUKy TV =YKy T)=PLF )5, 50
RETUL N

| Dol O

[ R

30):X(3(3y30)7y(30v30) )



B ES]

4t

P
A IRY

D S SRR IS R I 2 I

SHRPOUT ING GUROLT

o[

in X T e Yo v ok o ne ) ok

$t ok otk geodeok iR R Wl sk Ak 2

[aNeNeEe!

THIS CAUTING Unvnaﬁﬁﬁ AN T TRE LONCTTUDTNAL
?DIIN" STRIP(Z=-DIFECTIONY FR PLOTTING

SURBCUTINT CLURPILT(XPRNT y YERNT MM, XPL,YPL)

DIMERSTION XPLIZ20U0) s YPLIZCC), XPRINT(20,20) yYPRMT(30,30)

OF et T A : F . S R
XL )Y =XPENTI] k)

YEL (K ) =YPENT (L,K)

LPr=7

D=1 72N

r ={}

—

-

J )
Dr 1 I=8,LP

LONT=LOMNT+1
‘XPL(l)=>’P"\JF(JyI—ID1‘<( I-1)
YELOTI=YPENT(J 3 T=1P1 %=1
TEHONTRELTY GO TN |
LONT =)

J=Jd+1

CONT I NUIE

mE T

ENC

Ny

)
)



- 106 -
APPENDIX V

This appendix contains the computer program, with
numerical and graphical results, which reduces a ''large' data set
to a "small" data set. The ''large' data set is the same set of
points as found in Appendix IIT.

The reduction procedure is as follows:

a)v assuming that the data set is labelled as shown
in Figure A5-1, point 1 is dropped, and a spline function is
generated.

b) the spline function is closely checked to see
whether or not it passes within 1/16" of point 1 (the excluded
point - Figure A5-2).

c) if the distance between the spline function and the
excluded point 1 is greater than 1/16", the point is retained as a
member of the presently under creation "'small" data set. Then
point 2 is excluded and an entire spline function is generated, with
the same checking at point 2 being carried out between points 1
and 3 (Figure AS5-3).

d) if the distance between the spline fumction and the
excluded point 1 is less than or equal to 1/16", the point is
excluded from the new "small" data set. Point 2 is then excluded,
and a spline function is generated. Checking is now done at points

1 and 2 between points 11 and 3 (Figure A5-4).
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Figure AS-] Labelled Data Set

( Note: not used in the production of numerical and graphical
results in this appendix.)
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e) if either D; or D, is greater than 1/16", then point
2 is included in the '"small" data set. Otherwise, both points are
dropped, and the effect of excluding examined in the manner just
outlined in the preceeding steps.

f) this procedure is carried out for every point in the
data set. Once this has been done, a new "small" data set remains.
This data set can produce (within 1/16" limits) the same shape
that the ''large' data set can produce.

This completes the reduction procedure. A computer pro-

gram listing of this reduction algorithm, with graphical and

numerical output follows (Figure A5-5).
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<1 _ MATH DATE = 73233 L7730

S

el e 3l e sk ol otk ok Aok ifii(* **k‘k‘k******k*ﬂ‘*‘t*****#****** e A e ke e ek e

__PIEDUCE PROUGRAM § i
FUNCTION: =

THIS PROGRAM TAKSS A DENSE STT OF DATA POINTS
OBTAINED FROM EXPERIMENTAL LIMB CROSS-SECTIONS, AND
PEDUCES THIZ NUMBER OF DATA POINTS REQUIRKD 7O

PRODUCT AN ACCURATE CRNOSS=SECTINNAL RFPLICA.  THE
TOLERANCE ON INTERPOLATED POINTS IS 1/18".
DO BATA INPUTS AS FOLLOWS«sass

CARD I
L TNUMBER _OF _DATA POINTS 114

CARD I1

- =PROBE DISPLACEMENT (INCHES)  13F6.1
CARD ITT

- ~PROBL POSITION(DEGREZS) 13F6.1

OO0 NOODNNOONNIOD OO

L REAL XN1(60,60),YNL(60,60),RADIUS(40),ANGLE(60) -~

SRRSO stk ok ) Sk A ORI SRR R R RN R OO SRR RO R E

REAL A(604+60),M(60),N(60),X(60),Y(60),B1(60)
PEAL XX{60),YY(60),B2(60),H(60),5(60),M0,NO_
INTEGER ELIM,SAVE

DATA INPUTS AND TRANSFORMATIONS

RFEAD(5,2000) NN ~
FORMAT(114) - ;
FORMAT (12F5.1)

 READ(5,2C91) (RADIUS(I),I=1,MN) ) B :
READ(5,2091) (ANGLFE(I),I=1,NN)
DN 329 I=1,4N ) -
ANGLE (1) =ANGLL(I)%3,14/180.
RADIUS(I)=RADIUS(I)/2.54 s et e

et st sk st e ek sl sk st oK A ot ko o K ek 0 o o o o o o oK S o R R o o o o

o SRR PRI R MR ek ol e kR oK R AR Kok ok e ok e kol stk ook R KOR ¥ K

_ CALL THE RAUTINE WHICH TRANSFIRMS THT DATA FROM -
R=3 CINRDINATES T X-Y COJIRDIMNATES

CALL CHANGL(RADIUS,ANGLE NN, X,v) 777

i ok et ok el s otk ko SRR RO K Kok TSR ol ook detol Rk ok HORRORR KO

COVECTOR AND COUNTER INITIALIZATIONS 7

) c.
c
1 C..
C
C
N 555
257

NNN =2 :
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[FNMNGEZQ.4) G TN 259
TFONNYGGTGMN/4) G2 TD 259
NDTMN={MN=2) /NNN+2
CINDEX=(NN=-2) /NNN+1
63 TD 417
416 NOTIH=NM

INDZX=HNN=-1

AT NSUR=NRN-

M=NDIN-1
s L NM2=NDIN=2
‘ S{1)=0.0

‘#*k****#**#t********##****v*&#«**************##***#*********l;,

CSTART THO PROCESS OF TLIMINATING INE DATA POINT
LAND CHUCKING TO SEC WHETHER THY SPLINE _FALLS
WITHIN 1/16"™ OF THZ "DISCARDEND' POINT

(o N aRaNoNalale

DN 111 I=2,I1MNDEX

SXXUIY=X(NNNET-NSUB) e
YY(I)=Y(NNN=I-NSUB)

viericrrrnrmmen el L CONT INUT R 8 e o et e e
‘ YXINDTM) =X (NN)

CYY{INDINY =Y (NN) e &
XX{1)=X(1)

LYY (1)=Y (1) . -

,W%ﬁf#**%ﬁfﬁ%ﬁfﬁfﬁﬁﬁ%ﬁ%&iﬁ#%#ﬁ*#*%##EF%fﬁfﬁf&ﬁiﬁiﬁfﬁﬁﬁﬁiﬁﬁi&#%
CALCULATE THE. CHORDAL_AND CUMULATIVE CHORDAL DISTANCES

NO 950 I=1,NDIN
TME=T +]
CTFCINELLDVNOING GO TN 950
INE=T=NDTMN+2
950 H(I)=SORT{(XX(INE)-XX(I))%%2
1+ (YY (INE ) =YY (1) )#%2)
DD CR1 I=1,8M
- KK=T+1
s Q5L SAKKISSUIN ORI e

R R ekt oK SR 9 SR O Kk b ek kol 8 ORSOR RO ROl oR SRRk Yok ROk BORKR RS

COMPUTE THEZ MATRIX, THE X AND Y VICTORS

OO O N

e e e d 250 I=1,NM. e e
=H({1)
HP1=H(I+1)
LT 41)Y=(1a/HP + 1./HP1)%2,
IND=T+? o R
TRCINDLLELNDINY GO TO 75
e e IND=END IN=I 41 R e
75 BRL(I)=3. /(HPf*ZﬂHDl**Z)*(do**Z*YY(IMO)
e LYY (THL)F (HPM %2 —HP L x%2 ) =HDP1%%2:%YY (1))
250 B2{I1)=3./(HP¥#2%HP 1 *%2 )% (HP*%2«XX(IND)
I =XXOTHL YR HP X2 =HP 1 %% 2 ) =HP 1 %% 2%k XX (I ) ) e
NN 251 J=1,NM2 '
v ACIH L g I Y=L AHOI ALY R

73233 L1z
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251 A(JyJ+l)=1./1(J+1)
AL MM)=1./H(L)
A(NM,1)=1./HINDIN)

”************************************#****ma**#*************#

TRTANGULARIZE THE MATRIX THEN MODIFY THE VECTORS

OO0

DY 100 I=1,NM2
K=NM-T .

e A R e 21 R A5 ot e A P

KP1=K+1
CFACTLI=A(K,KPL}/A(KPL,XP1)
R1(K)=B1(K)=-BLIKP1)*FACT]
R2(K)=B2({K)-R2(KP1)*FACT1
NO 101 J=1,KP]
L0 A Ky Iy =A (K, J)-A(KPLyJI®FACTL
FACT2=A(1,KP1)/A(KPL,KP1)
CBI(1)=81(1)-B1{KPL)*FACT2
C B2(1)=R2(1)-B2{(KP1)%FACT?2
.. ...DhD 102 JT=1,KP1 . e
102 A(1,JT)=A(1,JT)=A{KP1,JT)*FACT2
DN 104 J=1,NM

ITF(ARS{A(K 3 J)) oLl 2o D00001)Y A(K,J)=0.0
104 CONTINULED '
100 CONTINUE
LG e o :
C ek olaR ok et oot sl ok o e e e sl sk i e e Sk oo R R S s o ok o ok e e e o ke ok o o ok e sk skl ok ok oK
C.. S e e e e e e — '
C CALL THI® ROUTINE T SALVE THE EQUATIONS
N O . . o o
CALL SOLVT(AsB1,NM,M)
CALL SOLVT(A$B2,NM,N)
I11=1
C.. o T R e e
C el e ek Nesleste ol skl el i ol ek o s o e sk e s ok o e ol sk o o 0l i ok ok e 3K K ok i o oK ok e oK
C "
C CHYCK TO S&Y IF THE INTERPOLATHD SPLINE FALLS WITHIN
c THE SPECIFITD TOLERANCE INLY AT THE "DISCARDEDY
C DATA POINT
S SR e
NN 300 J=1,hNM
INX=J-1 o .
TFOINX.E2Q.0) INX=NDIN-J
LML T =20 NN o
NN 302 K=1,NNN
NDIST1=100. A e et e e e .
N3 301 L=1,MULT :
SP=L*¥H{J)/(20%NNNY+SCJ) o -
XSP=MINXY={(S{J+1L)=SP )% 2% (SP=S(J})/H{J)%*2
CDIENCIYE(SP=S{ Y)Y Y xu 2% (S J+1)=SP) /H{J)®%2 e
ITHAXCI IR (SOJ+T )=SP Yk 2 (2% (SP-S(J))+H(J)Y/H(J)%%3
TAXXOIHL )R (SP=S(J) 1225 (2% (S{J+L)=SP)+H{J) ) /H{J)%%3
YSP=M{INXI®(S{(J+1)=-SP)*%x2&(SP-S{.§})/H(J)%x2
A-MUS)H(SP~S{ ) )22 (S{J+1)=SP)/H{J) *x%2 ) e
1+YY{(J PR {STJ+1)=SP )24 (2% (SP=S{ J)) tH{J))/HIJ)%*x3
LYY (415 (SP=S(J) ) %24 (2% (S(J+1)=SPY+HIJ))/H(J) %%3 -
D2X={X{IT+K)-XS5P)*x%x2
D2Y=(Y(II+K)=YSPY®%2 [
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PIST=SORTID2X+N2Y)
. TF(DIST.LE.0ISTL) DIST1=NIST
301 CONTIMJE
o TF(DIST1.6e40525) GO T 304

TF((NNN=-1).FQ.K) GJ TN 299 h
302 CONTIMNYT
299  IT1=1T+N{H
O IFCLTI+NNND GGELMNY 6D TO 303
200 CONTINUT
IF(LLL.FN.2) 6N TO 259
, 69 TO 257 )
304 NAMM=NAN-1
o LLbk=2
GO TN 257
289 CONTINUE e
WRITE (5, 30) NNN
L300 FORMAT(C vy 1TY) e S
NNN=NNN-1 .
. NDIN=(NN-2)/NMN+2 3
K=2 :
e J=1 e j
DD 14 T=1,MDIN :
L UUXNL(T Y =XX(T) .
14 YNUL(TI,J)=YY(])
LLonLIM=2 e,
TCOUNT=0
LSAVE=D
GN TN 4
B} 12 ELIM=TLIM#L i o
13 K=K+1
BNENES | L
TF(K.T0.45) GO TD 20
G DD L T= 1 NQIN :
IF(I.3%.6LIM) GO TN 2
XMICT o KI=XNICT ) .
YMNLI(T4K)=YNLI(I,4)
. .60 TN 1 S
2 XNLTLT,K)=XM10T+1,4)
YNLCOLyKY=YNYCT+Y1e )
TFETLEQ.(MNDIM=-1)) GO TO 5
1. CONTINUT
6 NEW=NNT H-1
e D NELIM=CLTH
C . R
. e G SRR R KON e o ok kool 36 O K R R KCOR HORSE ok g ROb ok il ok SRR SO SR Kok
C \
L C.. CALL THZ ROUTINE WHICH CH"™CKS TOLERANCES AT _OTHSR
c UOFAPPEDRT DATA POINTS
C. § § .
) CALL SPLSVIXN1,YNL,yX,Y,ICOUNT

1sELIM NELIMe SAVE s NMN GgNEW Ky DISTY) o ; L
K=K+1 :
e = # L . B} . R e e e e
JF(DIST1.6T..0625) GJ T2 5
o NDIN=NDIN-1

TCOUNT=TCAUNT +1 a “
e SAVE=SAVEHY




o000 n

LGDLTO 12

.k [RATAA | LAt = (43243 Lis)
LOAPYL=tNT -] 115
DO 10 I=1,PIN
XNL(I X)=XN1(T,4)"
YNI(ID,KY=YNI(1,J)
G TO 13
09 7 1=1,HMD0TN
XN1(IT4K)=XNL{TI,4-1)
YNMLI(T,K)=YN1(I,J-1)
SAVE=0Q

DY 21 1=1,MDIN

S WRITFE(6422) XNL(I,K=1),YNI({I,K-1)

FORMAT (' ', 2F10.4)
LXPAS=K-1

R A OO SO O SRR R R R

CCALL THE ROUTINE WHICH PLOTS THZ FINAL REDUCED DATA SET

CCALL CURGEN(XNL, YNI,NDINGLXPAS)
STAp
MY
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*X********#k*#*******#***ﬂ*****##**#***#*****t*************#

C SUBROUTIN® SPLSV

- THIS SURRRUTINE DUTERMINES WHITHIR DROPPING & DATA
POINT WILL ADVERSLLY AFFECT THZ TOLERANCE VALUE AT
A PREVINUSLY ELIMINATED POINT
oo SUBROUTINE SPLSV(XN YNy X, Y, ICOUNT,5LIMGF
o 1y NELTM, SAVE, MNN G MEW,K1,DTST] )
RIAL XNUED 16013 YNI50,60)yA160,50),%(560)
REAL Y(50),M{60),M(60),B8L(60),82(50)
RUAL ¥SP(3001,YSP(300),H4(50),5(60)
TNTEGER SAVIE,ELIM,ELIMGF
CELIM=ELIMGR+ICOUNT
DO 555 I=1,H5Y }
N0 555 J=1,NZW
A(T,J)=0.0
NM=MNiW-1

s lalalel

NM2=NT W2

.5(1)=0.0

*************#*********#*#*#*##****##******#ﬁ##*#**#********“

. CALCULATE THE CHORDAL AND CUMULATIVE CHORDAL DISTANCES .

LGDO250 T=1.NEW

INE=T+1

TF(INE.LE.NGW) GO TO 950

INE=T-NZW+2

HOI)=SORTOIXNLIINE K1) =XNIT4K1))%%2 B
THOYMUINT KT =YNLT K1) )™%k2)
LoD ont I=1,MM -

CUKK=T+1

951 S(KK)=S{IDy+Ht(1)

OO OO

H

**#*#*k**#*##******#**f#***#************#*********#*********

e COMPUTE THE MATRIX, THE X AND Y VECTORS

DO 250 T=1,MM

HP=H{T)

CHPL=H(T+1)

ALToT)={1a/HP+1 . /HPL) %2,
e IND =T 4 2. e N e
’ IF(INDLLELHTW) GO TO 75
N  IND=NDW-1+1
75 BUOI)=3. / (HPHX2EHP L% )X (HP¥R2&YN(TNND,K1 )
, L=YN(T+1, K1) (HPHR2=HP 1 %% ) ~HDP 1 #k2xYN{T,K1)) -
250 R2{I)=3./(HP#R2%HPL*%2 ) % (HP*k%2% XN (TND,K1)
1=XNAI+1yK1)H{HP&X2 P 1 #%2 ) =HP 1 k%24 XN{T,K1))
NN 251 J=1,MNM2
. Y S GN LD RN B IS VAR GV S B - S
251 A(J,J+1l)=1./4(J+1)
AL MMY =YL /HLY R
A(NMyl)=1./HINEW)
C ‘



NAVEN

PV

“102

101

... 104
100

ANO oD

L QELUIV L N A G S A IS Y L

#ﬁ%#km*#*#*k***if%**#***********%#***#**********************

TRIANGULARIZFE THE MATRIX THEM MADIFY THT VECTORS 7

S R A 1 L AN i AR P 0 e g B S

N0 100 I=1,NM2
K=NM-1
KP1=K+1
FACTLI=A(K,KP1)/A(KP1,KP1) o
B1{K)=B1(K)=BL{KP1)%®FACT1
L B2UK)=B2(K)=B2AKPLIXFACTL
ND 101 J=1,KP1
A(K,J)=A (K, J)=A{KPL,J)#EACTL Co
FACT2=A(1,KP1)/A{KPL,KP1)
B1{1)=B1(1)-RI(KP1)*FACT?2 .
B2(1)=B2(1)-R2(KPL)*FACT2 ‘
_ DD 102 JT=1,KP1 . o R .
AL sJTISA(L,JT)=A(KPL,JT)&FACT?2 ;
D104 J=1,MM L o e 2
TFIARS(A(K,J) ) LEL.000001) ALK, J)=0.0 -

CONTINUTZ
CONTINUE

R R R MR R AR S Y et S o ko R KRR R R

CALL THF ROUTINE TO SOLVE THE ZQUATIONS
CALL SOLVE(A,B2,NM,N)
- o CALL SOLVE(AZBY JNMeMY
ML T=40%NNM+SAVE ,
CUIDPI=RLIMENNN =23 (NNN=1+SAVE) o
LOP2 =i L I M NN
INX=NELIM-2 -
IF(INX.F0.0) INX=NTW-1
.C e . . U
C ‘ oo ok sfe st s ote skt el stk skesfelok et e ook ok KR ROk R R ook kol ol ok ol e ok ek sk kR ok
c J
o SENTRATE SPLINE VALUES
G S
NO 302 K=LOOP1,LNQP2
. S 5 S I 8 €0 R
NO 301 L=1,MULT
CSPELEHIMNTLIM=1) / (40%NNN+SAVI ) +S(NTLIM=-1) e
XSPOL)I=N{INX) ¥R ({SINELIM)=SP)k*2%(SP=S(NTLIM=1))

C1/HINTLIM=1)* %2 =N{MELIM=1) # (SP=S{NTL IM=1) )¥%*2%(S(NFLIM)
1-SP) /ZHIMTLIM= 1) %k 2+ XN (NELTM=1 K1) %[ S(NSLIM)=SP)*%2 :
1R(2%(SP=S{NILIM=2 ) ) +H(NTLIM=1)) /HINEL IM=1 ) %% 3+ XNAMNELIM.
LoK1)®(SP=S(NEULIM=1) )&% 2% (2% (S(NELIM)=SP)+H(NELIM=1))
1/H{NELTIM=1 ) %%3 e

YSPLL)=M{THX) R (SINELIM)=SD )42 5 (SP=S(NTLIM=1))
L/H{NTLIM=1)%42=M{NELIM=1)%{SP=S(NTLIM=1) )%%2 % {S(NELIM)
1-SPY/H{MELIM=1 )52+ YN (NELTM=1,K 1) *{S{NTLIM)=SD )k
IR(2% (SP=S{NELIM=1))+H(NELIM-1)) /HINCLIM=1)%«3+yYN(NELIM
Ty KLY {SP=S(NHLIM=1) ) %%2%( 2% ( S{NELIM)=SPI+H(NFLIM=1))

SL/HONTZLTM-T )63 SR U SO

D2X=(X{K)=XSP{L))**k?

D2Y=(Y{K)~-YSP(L))**2 e U
DIST=SQRT{N2X+D2Y)

IF(DISTALELDISTY) PIST1=DIST .. 0




301

C on
e 308

CONTINUT

IF(DISTL.

CONTINUFE
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GFe.0625) GI 7O 304

CONTINUYL

RETURN

END

T 2D

i S i e S 1
o - -
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R qroto e AR Y dek dfdoakale s deal doole e ade sheole ol i ok oK ek A e S e e Yok el dede ik e sl o of olesde ke o ok o

f
r

SURRDITIME CURGEN e e
THIS ROUTIME GINCRATES 100 SPLINT PITNTS RETWETN -
THE REDUCED DATA SIET PNOIMTS. THT SPLINT POINTS SO
PRAODUCLD ARE THEN PLOTTED AND PRINTED

OO OO MO

e e SUBROUTING CURGEN (X4 Y 4NN, LXPAS ) S _ -
REAL X{A0460),Y(60,60)4,4(560,60),B31(60),82(60) ‘
REAL H(60),S(60),M(60),NI60),XPLIA0),YPL(60)

DIMENSION TRYF(1000)+XSP(120),YSP{120)

730 FORMAT('1','THI SPLINE PAOINTS ART GENT ZRATED!,

L'BETWIEN THE FOLLOWING CNORDIMATES: 1) o
» ..800 FQQMATI//r . FPUM”X=”',F5-2vim:Y;,!'FS-ErWWWWMMMWMWMMW e

1 T3 X= 'L,F5,2,' Y= ',F5.2)
m801,}FﬂRMAT(////T22y'X SPLINT Y SPLINE')
802 FORMAT(' *,T17,2F12.4)

W*****#*******#***********~********************#*****#**#k**#~'

- . S . SR [Tt S —

ASSTGV VECTOR VALUES AND INITIALIZE PLOT ROUTINES

OO0
+

CALL PLOTS(IBUF,1000)
NO 2 T=1,NM B
| XPLIT)=X (T4 LXPAS)
memWWMWWMZWMWYPL(I>-Y<r LXPAS)
ALL PLOT(0.0,1.54~3)
XDL(!M+1)——? 0
XPLINN+2)=1.0
YPL(NM+1)==4 .0
YPLINN42)=1.0
CALL AXTS(0.040.0,11HX AXIS(ING) =11,
“16.0,0.0,XPLINN+L) 4 XPL (MN+21)
. CALL AXIS(0.040.0,11HY AXIS(IM.),11,
18.0,90.0sYPLINN+LY, YPLINN+2) )
CALL LINE(XPLyYPL,NNyl,1,1)
N0 1 T=1,4N
e PO U=
1 2(I1,J)=0.0
O NM=NMN-1

NM2 =NN =2
. ...S(1)=0.0
C
e RO R SRRSO R A R R IR ORISR R R R R AR
c
. C. CALCULATE THE CHORDAL AND CUMULATIVE CHORDAL DISTANCES
c ,
D7 950 I=1,NN
INE=T+]1 -
JIFCINZGLEWNND 6D Tn 950
TNE =T =NN+2
. e 850, HUI)=SORTO(X(INE,LXPAS)=X(I,LXPAS) ) *¥2

14{Y(INT,LXPAS) =Y (I,LXPAS) ) *%2)

S DO 951 T=1,MM
KK=T+1 - , '
95L SUKKI=SOINHHOI)
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COMPUTE THE MATRIX, THE X AND Y VECTARS

N 250 I=1,MM
HP=H(T)
HP1=H([+1) , o o
A{T+I)=(1./HP+1./HP1)%2,
IND=T+2 e e
TE(INDLLEWHMNY GD TD 75
; ) ITND=HN-T+1
75 RI(I)=?./(HP**2*HD1**2)*(HP**Z*Y(IMD,LXDAS)
l—Y(I+1;LXPAS)*(HP**Z—HPI**?)—HPI**Z*Y(IyLXPAS))
250 BZ(I)=3./(HP**2*H°1**2)*(HP*#Z*X(IND,LXPAS)
4wmmw,1—X(I+l,LXPAS)*(HR%&Z:HPI#?ZI#HPI**Z*X(I’LXPAS))meWWWWWWWWMﬁWW .

NG 251 J=1,NM2
B CAGIHL, ) =1L /H+YY
251 A(J,Jd+1)=1./H(J+1)
CACLNMY=1./H(LY
A(NM,1)=14/H{NN)

TRIAMGULARIZE THE MATRIX THEN MODIFY THE VECTORS

OO0

DO 100 I=1,N42
e KENM=T N
KP1=K+1
FACTLI=A(KsKPL)I/A(KP1,KP]1)
PI{K)=BLI(K)}-B1(KP1)*FACT1
B2(K)=B2(K)=B32(KP1)*FACT]
DO 171 J=1,KP1
el 01 ALKy J) =A (K J) =4 (KPL, J)%FACTY. . .
CFACT2=A({14KPL)/A(KP1,KP1) :
R1(1)=81(1)-BLl(KPLI*FACT2 -
R2{1)=B2(1)-B2(KP1)*FACT2
) PN 102 JT=1,KP1 B
102 2{14JT)=4(15JdT)=A(KPL,yJT)*FACT?
DO 104 J=1,MM S e
TE{ABSIA(K,J) Y.L ..000001) A(K,4)=0.0
106 COANTINUFE ' L

100 CONTINUE

##**#*wkx#***xtr#ﬁ*****i#*$k*k##ﬁﬁ*#**#*#******k#******#****m

o000

© CALL THE ROUTINE TO SOLVE THE SQUATINANS

CALL SOLVI (A,B24NM,N)
CCALL SOLVI {A,BL,NM, M)

Wmﬁﬁ*#***###*ﬁﬁﬁ$##¥*#*###&?#****#******##%#%##%ﬁ*#Eﬁﬁﬁ&ﬁﬁﬁiﬁ#

. GEMERATE SPLINE VALUSZS

OO

N 300 J=l,NM
TNX=J-1
CTFCINXGEQLO) INXsMM=J. .

W*£¢¢w¢¢#skx*ikﬁkx***#*###**¢¢##*#*x*##*#%&**##k##**##kkﬁ*#*é]ﬁf



301

“esy
300

P 301 K=1,100 - 121 -
L=K
SP=L¥H(J)/1G0.+S(J)

QDKK)"N(I”X)*(<(J+1)~5P)**7*(SP—J(J))/H(J)**Z e
P=NLJIR(E5P=SC ) )*k2H(S{I+L)=SP)Y/H(J) k%2

LEXOS LXPASI¥ (S(J+1)=SP)&x2x (2% (SP=S(J))+H(J) ) /H{S) k%3
LXCI+Ly LXPAS)E(SP=S () ) A% (25 (S(J+1)=SP)+H(J)) /H{J)#53

YSPIK)=M{INX)*(S({J+1)=SP)**k2%x(SP- SCIVY/H{S ) %2
1=MOJY R (SP=S{J) )&% 2% (S{J+1)=SP) /H( J)*%x2
A+Y LS LXPAS)H(S(J+1)=SP )&= 2%( 2% (SO=S(J))+H(J) ) /H{J)*%3

SRS S A

1+Y(J+1 4 LXPAS)*(SP- S(J))**9*(?*(S(J+1)—SP)+H(J))/H(J)**3

CONTINUST
XSP(K+1)=XPL (NN+1)
XSP(K+2)=XPL (NM+2) .
YSP(K+1)=YPL(NN+L1)
YSO{K+2)=YPL(NN+2 ) .
CALL LINTUXSP,YSP,Kyly=1,2)
PRINTTS9

WRITFE(64800) X(JyLXPAS),Y{(JsLXPAS),
CIXCS+L,LXPAS) YU+l ,LXPASY

PRINTZ01

DD 557 1=1,100 S
WRTTE(64802) XSP(I),YSPLI)

CONTINUE ‘
CALL PLOT(15.0,0.0,999)

CRETURN

END

SETTS——
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. SURRDUTIHE CHANGE

THIS ROUTING CHAYCGES THE R=-a INPUT CNORDINATE
VALULS T2 X=Y CNIRDINATE VALURS

SUBROUTI N CHAMGE (P ADTUS ANGLE NN, X,Y)
2 e FEAL RADTUS(60) 9 ANGLE (60) 9 X(60),Y(560)
] N1 I=1,NN
¥ CTROANGLE (D)o GTe3.14/2.) GO TO 3
) XCD)=RADTUS(I)=COSTANGLE(T))
S YD) =RADTUS(T)*STN(ANGLE(T))
’
}
)
)

63 TN 1
e 3 TFUANGLE(TY 06T W3014) 6D TO 4
ANGLE(1)=3,14=ANGLT (1)

X{I)==RADIUS(I)*COS (ANGLF(
Y(I)=RADIUS(TI)I*SINCANGLE (]
! e 6D T00 ; v e
) 4 TECANGLI(I).GT.3.%3.14/2.) GO TO 5
r LANGLTA(T) =ANGLE(TI) =3 .14 L
5 X{T)==RADIUS(I)*COS(ANGLE (1))
Yo e Y{I)=—RADTUS(TI)*SIN(ANGLE(I))
14
}
)
)

1)
))

GO TO 1
5 L TFUANGLE(I).GT.2.%3.14) 60 TO 1
. ANGLT (1)=2.%3.14=ANGLT( 1)

e XA T) =RADIUS (1) *COS{ANGLE (1))
, Y(I)==RADTUS(TI*SIN(AHGLF (1))
Y. .. .1 COMNTINUF
s PETURN
- END

TCo= 73233 L7/ e



o DEALAL505,60)9R(60) 4 X(60)
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SUBROUTINE SQLVE

USED T SOLVE THT SYSTEM OF LINFAR TOUATIONS
WHICH DETEZRMINE THEZ KNOTS OF THE SPLINE FUNCTION.

OO OO
H
i

SURROUTINE SOLVE(Ay8, NV, X)

X(1)=B(1)/A(1,1)
DN 25 1=2,NM
KONUNT=T-1
X(1)=3(1)/A(1,1)
PN 30 J=1,KOUNT

. SA0 XD =XUI) = (A G JOEX (I /AT, - s

' 25  CONTINUE :

.. RETURN. S
END




8346
7634
0029

9653

2837
7001
8521

0030 _.

8718

4786, ...

7952
8346

0.0

3.0504
3.5827
35931

2.2819

=0.7231
=3.2040
~-3.,7008
=3.23%81

L2 TET

-0.7486
-€.0000
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M X=_ 2.83 ,Y= 0.0  T0O X= 1.76 Y= 3.05

X SPLINE Y SPLINE

2.83%51 0.0332 N
2.8353 D0.0kE6

s s el B354 00,1001 .

2.8353 0.1337

2.3351 0.167%

2a8347 0.2013

248341 0.2353 ~

2.R3233 : 0.2694
2.8311 J.3378
2.82733 . 0.3721
2.8283 0.40¢5
28265 . 0.4410_

2.8247 0.4755

2268226 0 CeB3X02
2.8203 0.54489
2.817¢ . 0.57¢%% i )
2.R151 0.6143
2.8122 06421 , .
2.8091 0.6839

A 28089 L DG TYBS ,

2.8024% 0.7534

2. 130T 0.7885 N

2.7948 0.8234
2.7207 . 0.3583
: 2.7364 9.3932 :
e 20 TRYB  0W928Y
' 2.7771 N0.7629 : ;
L2772V QST
2.7670 1.0226
2.7616 o 1.0674
2.7560 1.1021
L2.7500 . 1. 1268 I L
2.7441 1.171¢ PR
2.7378  1.2040 S

2.7313 1.2406 - o
2.7265  1.2750 .

247175 1.30%%
NI (5 1 ¢ 1 S WA 2 3C 37 SR
2.70273 1.3779
2.6952 1.4120
2.6873 14450
246792 1.4800
2.57303 1.5138
2+.6532 1.5810
e 20 B 4L . l.6145 R . e e e e e e e
246347 1.6478 :
246251 . .1e6810. . S : - e
7565152 1.7140
2.5001 L e TE69 et e oo s s
245947 S l.7795
2.5841 . l.8121
2.573?2 1.8%45
25620 . l.8767.
25504 1.00%8
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PR AV
2.
2.
2.
2.
2.
7.
2.
2.
2.
2.
2.
2.
2.
2.
2.
2.
. 2.2817
2.
2.
2.
2.
2.
2.
2.
2.
2.
2.
2.
2.
2.
2.
1.
1.
1.
1.
1.
1.

5143
5023
4895
4765
4632
44,04
4358
4216

4072 .

3225

3776

3623
3468
3309
3148
29824

2647

2474

2298

2119

1937

1751 .

1563
1372
1178

0980 .

0730

0576 . ... .

0369
0159
9946
9730
9510

Q27
B L I, - .

S0¢€1l

83831

1.85729
1.R3563

1.
1.
1.

3123

7830 .

7634

1.9723
2.0037
2.0350
2.06€0
2.0640°

2.1578
2.1880
2.217°
242476
2.2770

2.306Y

2.3350
2.3536
2.39020
244201
24678
2.502%8
2.5860
2.5082
2.6521
2+584]1
2.7087
2. 7568

2.3038
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21275

2 BTBB
265264
L 2.5823

285338

247329 -

20803

2.8263

2.8487

2.8707

2.8924

269136

2.3344
2.954&R

2.9748

2.6944

3.0135

308323

3.0506
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APPENDIX VI

This appendix contains a listing of a program written in
BASIC which produces a limb cross-section using spline techniques.

Also included are some of the points generated by this method.
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DIM X(121,Y(121,AC12,12),MC121,LC12)
DIM R{121,C(12),HC(121,SC[121]
INPUT N

FOR K=1 TO N

INPUT XL{K1,Y(K]

NEXT K

FOR I=t TO N

FOR J=1 TO N

LFT Al1,J1=0

NEXT J

NEXT 1

LET Nl=N-1

193 LET N2=\-2

118 LET SC121=0

120 FOR I=1 TO N

133 LET 12=1+1

140 IF I2 <= N THEN 163

150 LET I2=l-N+2

163 LET T1=C¢(X(I2)=-XC(T12)1t2
170 LET T2=¢Y(I12)-Y(I]1)12
189 LET H{I1=SQRC(T1+T2)

199 NEXT 1

- 23% FOR I=1 TO NI

210 LET K=I+1

220 LET SCKJ)=SCIJ+H(I]

233 NEXT I

244 FOR I=1 TO NI

25@ LET H1=H({1l)

263 LET H2=H[I+1]

273 LET ACI,13=C1 /H1+1 /H2) %2
283 LET I3=I+2

2990 IF I3 <= N THEN 310

333 LET I13=N-I+1

319 LET R1=Hlt2xH2t2

3290 LET R2=H1t2%Y({I13]

330 LET R3=Y(I+11%(Hi12-H212)
343 LET Ra=H2t2x%xY(1]

5=
N

£3IJILFTRSBYSR

' 354 LET RI{11=3/(R1)*(R2-R3~-R4)

3637 LET RS=H1 t2%X({I3)

373 LET R6=X{I+1Ix(H]l t2=-H21t2)
3373 LET R7=H21t2xX[11]

399 LET C(I)=3/(R1)*(R5-R6~-RT)
40 NEXT 1

513 FOR J=1 TO N2

420 LET ACJ+1,J1=1/7H{J+1]

430 LET ACJ»J+1d=1/HLJ+11

a4 NEXT J

453 LET ACf1l,N1)=1/7H({1]

463 LET ACN1,11=1 /HIN]

479 FOR I=1 TO N2

433 LET K2=N1-I1

493 LET Ki=z=K2+])

533 LET Fl=A[K2,K1J/7ALK1,K1)
518 LET RLK21=RB{K2]1-BI{K] 1xFl
53 LET CLK21=C(K21-CLK2I*xF1
533 FOR J=1 TO Kl

548 LET ALK2,J1=8({K2,J)-A(Kl,JI*Fl]
553 NEXT J v

5680 LET F2=40{1,K1]J7ACK1,Kl1]
570 LET B[131=B(l]1-BiLKiIxF2

B

P

Bt
“



530
599
%
aa
&9
639
649
659 -

619
630
€99
o
70
720
730
7%
70
76
719
B
790
820
810
820
830
84Q
850
862
870
880
890
910
915
%0
930
940
9503
969
973
990
1090
1710
1920
1930
1349
1050
10 60
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LET C(11=Cl13-CL{¥K1I*xF2
FOR Ji=1 TO Kl
LET AfI,J11=A(1,J11~-ACK!,J11%xF2
NEXT Jl =
FOR J=1 TO NI
IF ABSCALK2,J]) <= 1.00003E-06 THEN 650
GOTO 669
LET ALK2,J1=0
NEXT J
NEXT 1
LET L{113=CL137A(l,1]
FOR I=2 TO NI
LET K3=1-1
LET LLIJ=C(I]/ACI,I]
FOR J=1 TO K3
LET L(IJ1=LCIJ=CAlI,JI*L{JI)/ALI,1]
NEXT J
NEXT 1
LET M{11=Bl{11/A(1,11
FOR I=2 TO NI
LET K3=I-~-1
LET ML{IJ1=BRE13rALI,13
FOR J=1 TO X3
LET ML{IJ=MLIJ-CALI,JI%«MLJI)/ALI,1]

NEXT J

NEXT 1

FOR J=1 TO Nt
LET I3=J=-1

IF I3=0 THEN 880
GOTO 899

LET I3=N-J

FOR K=1 TO 190
LET L=K

IF L=99 THEN 1353

LET S1=L*H[J31/100+S(J]

LET Ul=LLI3)%(SC(J+11-S1)t2%(S1=-SC(JI)/H[JI12

LET U2=L{JI*(S1=-S{J1) t2%(S{J+11-S1)/H{JI12

LET U3=X(J1*(SLJ+11=-51)12%(2%(S1-SCJI)+H(JI) /HLJI 13

LFET U4=X{J+131*%(S1-SCJ1) 12%(2%(S{J+13=-S1)+H[JII/H(JI 13

LET US5=MLI33%(S{J+11=S1)t2%(S1-SCJI)/H[JI12

LET U6=MLJI*(S1=SC{JIY12%(SLJI+113=-S1)IY/HLJIt2 :

LET U7=Y[JI*(SCJ+11=51)12%(2%(S1=-SCJI)+H[JI) 7H(JI*3
LET UBs=sYLJ+1)%(S1=-S{J)) 12%(2%(S[{J+11=S1)+HI[JI)/H(JI13
LET Z1=Ul-U2+U3+U4
LET Z2=US-U6+U7+U8
PRINT 21,22
NEXT K
NEXT J
END

FLA
w2

£
0%



g

Lo B B IS BE SIS IS IS I IS S SRS S Y

12
2.8346,
1.7634,
2.0829,

P 9653,
-D+2837,
-2.7001,
-1 8521,
~B 3030,
1.8718,
2.4786,
247952,
2.8346,

BB
30506
3.5827
35931
22819
~3+7231
~3.2049
-3 7@@8
-342318
-2e¢4767
-3e7486
Bed

- 130 -

£5

EAA'Y



- 131 -

2.83458 3.31856E~-02
283453 6e 65028E=-02
2.83444 9+99463E-02
‘248343 «13351
28341 «167188
283385 e 200976
2.83354 234867
283315 «268855
2.,83269 «362935
283215 «337102
2.83153 «371349
2.83081 « 405671
2.83 ¢ 44030 62
2.82908 + 47451 6
2828086 « 539029
282693 + 543593
D.82567 e S TB234
2482429 e 612856
2.82278 ° 647542
282114 e 682258
2481935 ¢« 716997
281742 » 751755
2.81534 » 78 6525
28131 «821301
2.8107 «8S5SE3T8
2.88813 «89085
2.80538 925612
2.80246 «9 68358
2679935 « 995082
279685 102978
2. 79255 1.06444
2.78886 109906
2.78495 113364
2.78084 1.16817
247765 1.20265
2.77194 123726
2476716 1.2714
2476214 130567
2075688 133986
2675137 1637397
2.74561 143799
2.7396 14419}
2+73332 1¢47573
272678 158944
2+71996 154304
2471287 157652
273549 1.60988
2.69782 164311
2. 68986 16762
2468159 1738915
2.67332 1474195
2666414 17746
2465494 180739
264542 183942
2463557 187157
2462539 1.96356
2.61487 193536
Le 634 196697
259278 199839
258121 2.02961

~)

“a

)

g‘)‘_%



2456928
2055698
245443
2.53125
251782
2504
248978
2047517
2.46314
2444471
2042886
2441259
239589
237876
2.3612
2434318
2.32472
2.30358
228643
2426658
224627
222548
2.2042
2.18244
2416019
2013743
211417
2.0904
2.06612
2.04132

2.01598

1.99012
196372
193678
1.90928
1.88124
185263
182346
174584
1728
173989
169151
167287
165398
1063485
161549
15959
15761
15561
153589
15155
149493
147419
1.45328
143222
1:41101
1638967
143682
13466}
132491

206063
2.09144
2.12204
215241
2.18256
221247
2+24214
227158
230376
2432968
235835
238675
2.41488
2444273
2.47929
249757
252455
255123
265776
260367
2062941
2465483
2467992
2¢70468
27291
2675317
277688
2480024
282324
284587
2.86812
288999
291148
293258
2095327
297357
2.99345
3.31292
3.0861
3.87124
388134
3.39129
3.1011
3411076
312028
3012966
3.1389
3.148
3415697
31658
317449
318305
319148
3.19979
3.20796
3.21601
3.22393
3.23173
3.2394
3:24696
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APPENDIX VII

This appendix contains two programs written in Hewlett-
Packard Assembler language (the machine language instructions for
the computer). Program I is a frequency analyzer. Program II

outputs data points to operate a numerical control machine.



ASMB,R,BsL,T
NAM DATA
ENT DATA
EXT oENTR
DATA NOP
JSB <ENTR
DEF AREA
START NOP
CLF 0
CLC a2
LDA CWi
0TA TBGI
S5TC TBG1.,C
STF 0
JMP *x
TB1SB NOP
LDA CW2
OoTa TBG2
STC TBG2,C
LOOPY STC ADC
LDA =D=-280
STA CNTRE
LDA =D-10
STA TEN
LDA =D@
STA OLD
LDA =aD-10
STA PSCTR
CLF ADC
SFS aDpc
JMP k-1
LIB ADC
LDA =D-10@
STA TEN
LDA OLD
SSB
JMP LOOP1
STB OLD
1SZ PSCTR
JMP CON
JMP PCTLP
CON XO0R 1
BLF
RBL,RBL
ALF
RAL,RAL
|3241 RBL
RAL
s5A
JMP CMPR1
ISZ TEN
JMP LPI1
JMP CTRNO
CMPR]l SSB
JMP CTRNO
LDA COUNT,I
ADA =D}
STA COUNT.I
LDA =D=1
STA PSCTR

- 134 -
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CTRNO

PCTLP

1p2

CPR2
PUT1

LOOP 1

LOOP
TB25B

JMP LOQP
LDA =D=-10Q
STA PSCTR
JMP LOOP
X0R 1

BLF
RBL,RBL
ALF
RAL,RAL
RBL.

RAL

SSA

JMP CMPR2
I1SZ TEN
JMP LP2
JMP PUTI1
SSR

JMP PUT
LLDA =D-l}
STA PSCTR
JMP LOOP
LDA =D-10
STA PSCTR
JMP LOOP
LDA =D@
STA OLD
JMP LOOPY
NOP

CLF 0

ISZ CNTRE

- JMP ADR

CHNG

TBG1
TBG2

(017 ]
cva

opouT
CNTRE

PSCTR
QUTCT

JMP CHNG
LDA COUNT
ADA =Bl
STA COUNT
STF O
JVMP TB1SB,1
LDA =D-280
STA ODOUT
LDA OQOUTCT,»1
FMP =F2.4
DST AREA,I
LDA =Bl
ADA OUTCT
LDA =B2
STA AREA
I1SZ 0ODouT
JMP CHNG
JMP DATA,I
EQU 10B
EQU 11B
EQU 12B
OCT S
OCT 4
BSS 1
BSS 1
BSS |
BSS 1
BSS 1
S

DEF SPACE
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COUNT DEF SPACE

SPACE BSS 289

AREA BSS 560
END START
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PAGE 0021

2291

" ADC

ADR
con
cW1
cw2
LP1
P2
LD
PUT
TEN
DST
<ENTR
oFMP
AREA
GING
CMPR1
 CMPR2
CNTRE
COUNT
CTRNO
DATA
LOOP
LOOP1
LOOPY
aDoUT
QUTCT
PCTLP
PSCTR
PUTI
SPACE
START
TB1SB
TR2SB
TBG1
TBG2

VXTI DI I IO DD D DI IVIXNXARAXKVUO D 00U

paag12
203136
BORAA4S
2920153
0006154
200e52
200101
200157
200115
@083155
2009923
000031
930002
203614
020135
0008 61
2003110
2301 63
@201 63
Be063 71
2020069
gga122
000120
P00017
236156
2301 62
2006074
2001 61
ga0112
6001 64
003003
000013
200123
200010
poB3G11

** NO ERRORS*

ASMB,R,B,L,T

&4

3



DKBEBATA DCOXPDATA P.DST

'

PAGE 66d2

% NO ERRORSx*
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<ENTR.FMP <@A% @
D=TM"DDLBZGPHTBRORGSRPRTOD=TQJZJ,

)

Z,1<M,*"Z,9,9DSD26ZTSDOTA»RD=4TQ,R @

381)70

6P,

o~

AP



PAGE 0083 #01

2001
@302
2003
@04
000S
0006
0007
2008
2009
2310
2011
@312
@013
2314
2015
3216
2017
0218
@319
3220
ga21
eoee
0023
2024
@025
0026
@627
2028
2029
0030
0031
0032
2033
2834
0035
0036
0337
0838
0339
6340
2041
042
@043
0044
2045

2046

o347
2348
2249
0050
2351
0852
8353
2054
2055
2356
2257

20000

000092
03031
20002
209283
20004
20005
0033 6
600017
@0619
292011
goolr2
020913
23014
0ao1s
2031 6
oot 7
20020
oanatl
gaga2
20923
02024
209025
age26
206217
20339
20031
20032
20333
20034
asa35
23336

Q08037

20040
089341

0aga2

20043
00044
300645
23346
22847
00059
03351

#0052

80053

200354
08355
20356
68857
200 60
200 61
0003 62
000 63
203 64

- 139 -
ASMB,R,B,L,T
NAM DATA
ENT DATA
EXT «ENTR
000803 DATA NOP
@1 6001X JSB «ENTR
003 61 4R DEF AREA
@08088 START NOP
183100 CLF 0
10 6700 CLC ©
362153R LDA CWl
102610 OTA TBGI
183710 STC TBG1.,C
162100 STF @
@26812R JMP %
930008 TB1SB NOP
@621 54R LDA CWw2
182611 OTA TBG2
103711 STC TB®,C
182712 LOGPY STC ADC
363 674R LDA =D-280
@721 63R STA CNTRE
@636 7SR LDA =D-10
@721 55R STA TEN
8636 76R LDA =Do
@72157R STA OLD
@636 7SR LDA =D-10
3721 61R STA PSCTR
103112 CLF ADC
102312 SFS ADC
@2 6331R JMP %=1
186512 LIB ADC
063675R LDA =D-10
@721 55R STA TEN
86215 LDA OLD
00 6320 SSB
@2 6120R JMP LOOP1
676157 STB OLD
@361 61R ISZ PSCTR
@2 6345R JMP CON
2260 74R JMP PCTLP
@20881 CON XOR 1
005 700 BLF
e05222 RBL,RBL
291 700 ALF
Ga1222 RAL,RAL
065208 LP1 RBL
201200 RAL
002020 ssa
0260 61R JMP CMPR1
@361 55R 1SZ TEN
02 60 52R JMP LP1
@263 71R JMP CTRNO
006320 CMPR1 SSB
2268 71R JMP CTRNO
1621 63R LDA COUNT,I
04367 ADA =D1

n,

#50

)

S

)

BN



'PAGE 0004 #0901

3258
2359
0263
2061
23 62
33 63
22 64
03 65
2366
2367
0268
20 69
2272
2371
272
2073
2374
2375
2376
2277
63178
2379
2080
2281
2o82
2283
2084
2085
238 6
2087
2988
2089
2390
2291
#3992
2093
3394
8295
2396
2397
3098
2399
0109
2101

8102

2103
2104
21985
2136
0187
2108
2199
o110
2111
g112

290 65
A2066
20867
03279
22371
ara72
28313
22374
3375
6023176
82377
00120
22101
pol1a2
63193
20104
33185
20196
82107
62110
22111
gaiie
22113
3114
20115
a3116
22117
29120
29121
pa122
28123

ge124

20125
AB126
22127
02138
22131

@@132
23133
20134
20135
62136
63137
23140
29141

29142
26143
08144
20145
20146
00147
82150

90151

60152
00010
60011
00012

1721 63R
2 63700R
2721 61R
2261 22R
@ 63675R
@721 61R

026122R "

22082301

2357393

pas222

201700

poi222

B25209

201200

332029

226110R
@361 55R
Q26101R
A26112R
006029

226115R
@ 63 700R
@721 61R
B26122R
@ 63675R
3721 61R
2261 22R
B63676R
872151
32621 7R
000000

103109

#2361 68R
@26130R
@26135R
@621 63R
04367TR
2721 63R
102109

126813R
@636 74R
@72156R
1 621 62R
21 6802X
@21 731R
216003X
108614R
#6367 7R
3421 62R
#63733R
B72614R
P36156R
P26135R
126809R

CTRNO

PCTLP

CMPR2

PUT1

PUT

LOOP1

LoGP
TB2SB

ADR

CHNG

TBG1
TBGE2
ADC
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STA COUNT,I
LDA =D-1
STA PSCTR
JMP LOQOP
LDA =D-10
STA PSCTR
JvP LOGP
XO0R 1

BLF
RBL,RBL
ALF
RAL,RAL
RBL

RAL

SsA

JMP CMPR2
1SZ TEN
JMP LP2
JMP PUTI
SSB

JMP PUT
LDA =D-1
STA PSCTR
JMP LOOP
LDA =D=10
STA PSCTR
JMP LOOP
LDA =D
STA OLD
JMP LOCRPY
NOP

CLF 9

ISZ CNTRE
JMP ADR
JMP CHNG
LDA COUNT
ADA =Bl
STA COUNT
STF O

JMP TBISB,I
LLDA =D-280
STA 0ODOUT
LDA OQUTCT,1

DST AREA,I

LDA =Bl
ADA OUTCT
LDA =B2
STA AREA
1SZ obpourt
JMP CHNG
JMP DATASI
EQU 16B
EQU 11B
QU 128B

i
Qe



PAGE

2113
2114
o115
o116
o117
2118
2119
o120
ai121
ai1e2
2123

2124

0005 #01

20153 000035 CWl
00154 6000604 CW2
33155 400000 TEN
92156 330300 ODOUT
P3157 600080 OLD
23160 300008 CNTRE
20161 200008 PSCTR
23162 G001 64R OUTCT
03163 8001 64R COUNT
23164 330000 SPACE
Q2614 000300 AREA
81674 177359

B1675 177766

01676 0000060

21677 000001

01700 177777

P1781 B46314

21792 146404

31793 200802

ok NO ERRORS*

ocT
0oCT
BSS
BSS
BSS
BSS
BSS
DEF
DEF
BSS
BSS

END
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b et s o s Dy ()

SPACE
SPACE
2890
560

START

278



ASMB:R:B)L:T

START

LOOP

WaLx
ALY
VALZ
5281

DA3
COUNT

NAM
ENT
EXT
NOP
JSB
DEF
NOP
STC
STC
STC
LDA
STA
LpA
0TA
SFS
JMP
LDA
0TA
SFS
JMP
LDA
OTA
SFS
JMP
LDA
ADA
STA
Lba
ADA
STA
LDA
ADA
STA
152
JMP
JMP
BSS
BSS
BSS
EQU
EQU
EQU
BSS
END

ouT
ouT
«ENTR

+«ENTR
VALX

DAl,C
DA2,C
DA3,C
a2D-140
COUNT
VALX,1
DAl
DAl
¥=]
VALY ,1
DA2
DA2
kel
VALZ,1
DA3
DA3
*=1
=B2
vaLx
VALX
=B2
VALY
VALY
=B2
VALZ
VALZ
COUNT
LOOP
OUT,1I
280
2803
280
13B
14B
15B

1
START
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Vi

A,
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PAGE 0001

2001

m1 900013
pA2 000a14
DA3 2008315
ouT R 000000
«ENTR X 0000801
COUNT R 01551
L.OOP R 000011
START R 003003
VALX R 0098041
LY R 0902471
\ALZ R 001121

** NO ERRORS*
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ASMB,R,BsL,T

£

a4



MEDODED! TLONEDDITINKENTR <@ FORLHALYUBECT DTPK, DIL, DQ
PAGE 0002 ag

*k NO ERRORSx*

e
tah

fs63

r:s»..



PAGE 0003

2001

oge2

3303
0004
2005
202 6
20027
2008
2009
2010
2311
2912
3313
2014
2015
2316
2317
@018
3319
0020
221
2g22
0023
@a24
6225
2226
ea27
2028
2929
2330
2031
0332
2233
2034
2035
9036
@337
2238
6339
2040
2341
2042
2043
2044

2045

20009

20000
00001
gogo2
00033
20004
02995
00090 6
20237
20010
62011
g9a12
90813
00914
20815
03016
23217
20020
03021
29922
pee23
00924
20025
20826
23827
28030
20631
209332
28633
20334
209a35
28336
20a37
20040
00041
@94 171
a1121
002013
00014
29015
215851
A1552
231553

#01

200000
016201X
@800841R
000000
183713
183714
183715
@ 63552R
@73551R
162041R
182613
162313
22 6213R
1624 71R
182614
102314
82601 7R
163121R
102615
102315
@2 6323R
@ 63553R
B42041R
@72041R
 63553R
@424 TIR
@7247IR
@ 63553R
@43121R
?73121R
@37551R
G26811R
12 6390R
200000
200000
200000

200000
177564
200902

*» NO ERRORS*
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ASMB,RsB,sL,T

out

START

LooP

VALX
VALY
VALZ
DAl
baA2
DA3
COUNT

NAM
ENT
EXT
NOP

JSB
DEF
NoP
STC
STC
STC
LDA
STA
LDA
0TA
SFS

JMP
LDA
oTAa
SFS

JMP

LDA
0OTA
SF¥S

JMP

LDA
ADA
STA
Lpa
ADA
STA
LDA
ADA
STA
1Sz

JMP
BSS
BSS
BSS
EQU
EQU
EQU
BSS

END

ouT
ouT
«ENTR

«ENTR
VALX

DAl,C
DA2,C
DA3,C
=D=-140
COUNT
VALX,1
DAl
DAl
kel
VALY ,»1
Da2
DA2
k=]
VALZ»1
DA3
DA3
*=]
=B2
vaLx
vaALX
=RB2
VALY
VALY
=B2
vaLzZ
VALZ
COUNT
L.OOP
QUT,1
2892
280
280
13B
148
15B

1

START

£y

W%
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