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.qBsTRAqT-

The oentÍaL probl-en discussod. ls bhe coord lnatisatlon of tlrroo-

dlnenstonÂl- affine geonotry. our study boginE with the Ð-resontatlon and

deveLopment of an axioÍt systenì fo! afflne geonetry. vêctôr6 8-Te lntro-

ôuced into the goometry as egulvaJ"enoe clàsseÊ of orderêil palrs of

Þoints. Scal-ars ere dêflnêil as functfons of vgctors onto vectorg v¡hí ch

iÉ essence pfoscl.ve þarallellsn a¡d fix the zero vôctor.

It 1Ê pro'vêd that the scalars, lüdèr suitably deffned operatloas,

forlr a dlvlsion ring and 1jhê vector6 fÕrrt an abelian group under addltlÕD.

1'fe next show thet tho vectors for¡t a veotor space of dírnonslon three ovo¡

the scalårs. lïe further outlfne a proof that, given a vector Blacê of

dlnension. throe ovôr a dlvislon ring, u1d êr guitable rlsflnitj.ons of polntt

l-ine, plane, incidencè, and parallêIisrn, tlte geornatry of tho vector sÞaeê

is tluoe-diTners lonal- afffne, Ln tho sônse of our axiom syston. Tho cen-

traL probl.e$ is tbus corûpl"etè]y solvefl.

/lx1or s of ortter are then lEtroduced into the systen and thê notl'on

of dírectlon 1s dlscusseil vfth rêgæld to classes of psrall.el llno6 a.rld

to voctorÊ. Reel âfflne geornetry ls characte?lzed as ân ordered afflne

geometr.J' r,ihere tbe ordor Se1atton fs analagous to that of the roal nulllbers.

Iastl¡', a rûetrÍc is lntrodu.ceal lnto rêal" effire geometî¡¡ and the usual

charact erization of veotols ln teltls of length and ôíTectlon 1s obtained.

In develoÞ1ng affino geolßet"y in 1re¡raratiôn for a Étudy of veotorst

r,¡e consl.der vari.ous Desarqueslan conflguratlons and provo that ths eor-

Tesponding coÐflguratlon theorems are valid. In parblcular' the efflne

I1tt1e Ðesarques Thooren iË used to provo that the rolatlon dêflnfng voc-

tors 1s an equival-enc€ rolation. Tho central afflne Des€trques lheoren 1s

usod 1n the nafn existence thooren fo" scalars.



WëJ-.-JS9WION
In the prosont chapber, we shal1 outllne tho ðcolo of thts v¡ork and.

conpare its approach lvtth that of tho litoratuTe on thê subJect.

ChaÞter II is dcvôùoal ontlrely to tho stutty of a set of nine axJ.ons

for threo-dinensiona.]. affino geomotrl¡. In ord.e! to obtaln a convên1ent

notatfon for the Þoint of lnterseotion of two linos, we havo chosen to re-

gard Linos as nothing ntoro titan diêtingulshod subsets of pofnts. fhê afflnê

theory developed ls entiroly equlvalent to that obtainoal by regaïdlng l-lnos

as ontitios associat,ed lrlth points by an fncfilsnce rêlatlon lÇP x{,
foy the elenênt-set lncluslon synbol r6i- I plays ossentiaLly the sarno role

1n ou¡ p"oÊontatlon as rÏt tLoeg in tho norô connon one.

In l-íne wlth thô abovo côîments, a pl-ânê is deflned to bo a point set

of a speolal type, and it is shown that e$y three noncollfnoar polnts deter-

Ìiioe a uriique Þlanê. PåraLleLism of linês 16 deflnoil as âJI eguivalênce 16-

l"atlon satisfying Playfalrr s oqulvalent of .Eucllit rs PaÌa1lol Þostulato. Tron

this, it is provod as Cor. 2.4t.6 that ttvo l.ines aro pâral.Iêl lf a1ld only if
tÌ1ey a"e coplanar and do not lntorseet. Cheìrtor II concLudes rvith a study

of fintte affine spaces and sêveïaL côunùing argunontÉ to conpute, for etc-

a¡ûpLe, the total nurìrber of po1nt6 ln a plano o" in an affino sIEce.

0n refêrrln{! to D. Hilbertts Gx.undlagêljgllq€onstriê, vro see that

Chaptor II essentlaLly covsrs th.o so-calloal r'Älrloms of Connectlon'r a¡d rraxlon

of pareJ-Ìelt'. I'le note that ln our systen, guclldts dêfinlng chalaotertstio of

a pl-ane, nanoly that it oontaln aLl points of a lfnê containing trro points of

th6 p1a¡e, 1s obtainod as Theorerrt 2.5. Iurthorrnorer parallelism of pLanês ls

dêf1ned anð pror¡od to be an equlvales.ce ¡oLatfon satisfying an analogue of

llucLldts parallel postulåte. Ae indlcated ln It. I{oise, Eloìnentary_qeemqqlf,

f,rom an Advaqge!:Stalr{gint, tbiã rosul-t ls usuall"y provetl in a metrlc geomôtry



úith the ald of congruênc€ postulateÉ.

Cl€pter III is coBcêrned with the deflnitlon of vect,ors in a th.:ree

dímenslobal affine spâce. Although sln1lar studles have been rûâde in tlJo

dimensions, tho spociflc detail.s for thè threo-d l¡nensloaåI case do not ap-

peaï to have been uorke¿ out els6+¡he?e. our approach owee ¡uch to G. Papy,
/,/-/

G-6o¡ììêtrle Affine Plene e! Nombrgg_Rêels,. Onê irnlot'tant difference betweên

"*t 
**t -*tt- ,resent study fs tbaù, unllke peplr, we d.o uot suppose

inltially that r,¡o are deallng Ìrith an orderêd lnfinlte geomotry. Another

is that th.ree-dl¡ìenslonallty allows us to prove, via Ðesarquee I Theoren,

that vectors a3e ?¡ðIl-deflned. Restlloted to tteo dfmensfon_s, PaI)y Þostu-

latos nell-define¿lnes s of vectors. S¡recifically, vre ârê itrdobted to Papy

for the dofinitlob of the ïelatlou tÛt.

Sinilar ilefinitlons of veotors a.Te to be found in K. Relaeneistèr,

GqurdLagen der Geonôtrlo and aÌ6o in notes frorß a ÈemÍnar glven by Prof.

G. Pickera at Justus l,leblg Unlversit)¡ ln Gie6sen ln 196õ.

In Chaptôr IV, we êdopt DL. Pickorbrs functioDal deflnitlon of îultl-
pl-icâÈion of â vector by a scelar. Íheoren 4.3 states that &l\fr non ze?o

scêl-êT is a one-to-one rnapplng of ,the veotors onto therûFolves. Corollary

4.8 statee that the vêctors foïn a vector space of dlmênÉlon throo over

tho dfvislon ?lng of scalara, thus fndlcati¡g tho connoctlon of our tiofíni-

tlon of voctors with the coromon algebraic deflnitlon of a vector spaco.

Deflnitlons sf]n1Ie" to, but not ld,entical r,¡ltlr, 3rof. Pickertts defirl-

tionofgca1ar6arefouId'inthe].lteraturê.In9@,E.Artln

studies gllg!g!!g, defined as nâppings of loints fnto Troiu.ts such that' if

P fu anð {is tne unlque Lirrê thïor€h f (?) and païalLel to PQ, then f (Q)

l-ios onÅ. årtln proves that dllatatlons €.Te deternined uniquely by the



laageg of two dfstlnct pointÉ and that al-I lonco¡stant dlfatations e.llo

one to oue onto functions. In GnüclLa€en dor ni-enênta]mqqbg4qu!¡., II. Lenz

studies .È9!$l@,, nappings f of points onto points such that either

f (A) ; f (B) or f (.4) f (u) l\ Au. such a naplfns fs ca11ed a vêlrbor lf

lt 1F elther the ldebtity nnaÞping or fixed loint freo. Lenz p¡oves thst

any dehrung whlch raaps tvro distinct Þolnts into the sante poiat is a con-

stant functlon. l,{oroover, tf O ls a fixed polnü of tho gÞggg f and

ffO, tnen f (P) 1ie8 on OP. Lenz proves the exlstenoe theo"em t'hat

glven 0, l$0, n on 04, there ts a unlauo derrnu¡g f such that f (O) = 0'

f (¿) ¡ B; rûo3:eoverr glven a¡y polnts Ar Br there ls exactly one vekt'or

g such that e (Â) .'¡.

In tsrns of ths definltions and notâtlon ådopteil in the Ì1resent $ro]|k,

if th6 vectÔr space ís repÏlo€:ented at eny point ?, then any nultipllcatlol1

by a scala" f nay bê assóclatod l$lth the 
'raÞplng 

f s defined as follovrs.

roï sny point o¡ ret g'€ \y'le such that (P, a)É!t a¡d Ìot RêF be such

that (Pt R)€ f (g). Ðefine rr (Q) 'R' Tt 1s reaallv shol'm from the

rssuJ.ts of tþis thosfs that f Ì fÉ &'functl6B. l'{oreove , f, I ls a ggÞgliJgr

bui clearly not a vêktor. Sinilarlyr gÍvon a rê?resentatlon of the veotor

space at a poillt P, any non-constant S!1gg nhfch 16 not a vektoi, nay bê

lnterprêted as a scalarr with thê ald of, Desarquoel Theorerns' Tho Þ?oof con-

sists in replesentlng the vect'oy s?acê at tho unioue flxed polÐt of the

tlehnung a[d arguing aÊ ln Íheorens 4.I, t'.2.

lïith regard to dllatatlons, r¡¡e note t'hâi, 1f (¡, S)q (t, D) or' lf

(4, B)"P (C, D), then theÍo existó a unlquo ctllatatlon f suoh that' f (A)

- C and f (B) ' D' Provided A+ B.

chapter IV ooncludes I'¡lth a comprêheûslve study of non-dogonerate

Ðesârouestan conflguratlons. The author is not aware of any slnifar study



oLseYrhere ln tho tlteratur€.

In Chapter V, axlo¡1s of Ôrder are ltrtroduceil lnto an affine geonotry

s¡tldiloctlonigdefinedl¡telrsofequlvalênoeclagseEofcertaintypes

of orders on lines of a parallel olasõ undêrl paIalLel lrojection' ?osl-

tiveness of êcalaÍs ls dofined, a¡d fro¡n th16 an ordelr relatlon on thê

gcaLars is Ínttuceal so that tho scala¡e fo¡¡r an orderêd dlvlslon ring'

Theorgng5.12end5.13aIêtheso-catled|lplane-separationax{ornltantl

Í space-soparation axiontt respectlvely. In tho book by !i. l{olse referrea

to above, thesê resuttg are êach taken aE axloIr6. As a corollary to Tb'

5. 12, we provê the olasslcal exiom of ?asch. AdoptlÍg ?apyr s vecto! dèf1-

nitioB of rnld-polrrtr ï¡e prove tho existêncê of uniquo ÍIid-polnts aaô general-

lzo enð Êolve thê anÊlagouÉ probl-en of n-divtsfon Þoltrts'

The proof of Tbeore¡û 5. 2 1Ê a sfmpllflcation of thab found Ín E'

fænz, Grundtageq del $!.e¡nen!@LÞggq!!' I-ênz ugos arioms of orôer

êquivalent to those 1n Chapter V'

The reader interesteil ía sêeing othel a?lroaches to ordor åefineil ln

telns of po6tuLates of betfi€onnoss and the axiotn of PaÈoh is referred to

the $rorks of D. I.Iiþert enit E. Ìlolse nentionoê above. An altornatfTê aI'-

proech to ordsx in whloh a'cíome for orðêr of a ono dlmensional su¡group of

vectors are used. ls to bo foun'l 1n ?a¡r¡' tg ¡tt*'

ohaptelrVlsefltesasatransll'io!fro$ord€reäafflnegeonetnyto

metric geo$otry. By me6]1s of Corollary 4' I aìld TheorEìns 5' 12' 5' 13t we

êeflneanofientatlonofourvoctorspaceasanêqulvalencêclassofbasog'

I,rherê the rêlovatìt oquivalencs rsLation ie deflneil ftith the aid of a ter-

nary rrbolt produotrr functfo!-l from tho vector s?ace into tho gcalars' Thê

cLassicaL scalar product tÊ used to dêf1ne the Longth of a vector' Thê

tradltlonalggolßetrlcitofhltfoBof,avecto'agaguantltyuÈiquolydetê:r.



ï¡tlned by lts length and dirootion ls thon obtalned as Theoren 6.3. Flq611y,

with tho aid of well-knovrn sosults f?orû Lineaf âlgebra, the class of tnotÏ¡ia-

preserving llnôa! transfotÐations of tho vectorl space onto ltself whosê Idat-

"lx repfesentatlon hs.s posltivo dêtermlnânt ls napped lnto the real nuÌìbers

fron 0 to -iÏ .

Thenunberlngsystenon?loyedtnthisworkisil.Iustratedint'hefo]--

lo\ring tabLei

Axiom 2.1 li'i"st axioïl lntroduced in tjhaptor 1I.

Ðoflnltlon 2.I Ïirst dofinltíon ln uhaÞtÔr II.

?roposltlon 3.1 Ïlrst Pro-'oositiÒn in u¡sp!6¡ ÏIT.

Theorom 2.1 Ilrst theorem ln ohaÞter II.

l,enïria 2.4.I Flrst Lorìrr1a leading to the ryoof of Th. 2.4'

0orolLary 2.1.õ Thlrd corolLary to Th. 2.1.
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II .{trl oÌìat 10 Study of Afflno SÞâces

¡n afrine space d,, ie a quadrlþle 1¿É,1ì ,e ¡ 
",t 

uruþs a set of

eJ.erûents callett t'gg!gþ", ç(le a collection of subsêts of f called tjli.gg]',

and 6 a¡ê ll are unaerfeed reLatlons. Thê statelilont ".[ü tttt rnay be reait

tfT]ro line / is Þarattel to the Line no Í The stetenent 'PÉ;,!, 
u ma-r, be read

IThe point ? lies on tho Llae &tt or rrThê Ilne JL Þasses throug,h t,he polnt P. "

Its negatlon w"i11 be abbrsvíated as "S-0- Í. l.Ie shall undêrstord al-l state-

¡ìrents of tho fonî '"ç¿ ' or PÇ,Q,'r to ínp1y that P 1s a polììt of @ e¡d. "2

is a lt¡e ot&. Iåstly, "Ï.y, fuêh/'zt'wilL bê takèn tÒ mean that P1É3,

(i, J. l, 2).

Arlon 2"1 pu pphtrJ.1¿à 
", = P2 or 1,1 =!2 (or both).

Notico that thi.s 1B simply a concise lral'. of saying that åny two dlstlnct

points (resp. Itþes) determlne at nost ono Llne (resp. polnt).

ln vi6{r of Ax. P.L - 2. L+, is clêar that âny tlYo dlstlnct Þofnts PI and

Pa ttotevß1ne ${act1y one line whlch wê nay denotê ladifferently by efther

"?lPå or rrPaP1rr. The exp¡esslon rrPlP2tt will be used onl¡r in the evêtrt

"tf Pz,

4å1on 2.-q lach Ii¡re passes tlrrough at Lêast tv¡o dístlnct ?oí!ts.

A:cion P.-4 Pa?a1lollsn anong l-íaes is an eouivalence reLatlon.

Iîe tlenotê the lrarallellsm ôf sny tlnee ,?, and ¡n by "3 f / mtt ot "n //L".

Á)cloÌr ?.5 ,éþ..> the"e exists êxaotly ons llno tn suoh tha'¡i PÉ n and L// 
^,

The roadêr yr1lI recogrlze Ax. ?.5 Às Playfalrt s èqulvalent Óf the famous

pa"alLel postuLate of Euclifl.

Tlrooron 2.1 åiÊn, .9.// n >'{"nt = ø (the nult set)

Proof suppose eÊ.¿, n. By .Ax. 2.1, 5, thore exlsü tr'oiats R ând S 6uch

t'hat R€.b , 56¡r, aÇrl^, sÇ--Ø, and R;É'S. R ard s iloterrnine th€ ü¡iqu6

lfne Rs. rf QeRs, then v¡e havê q, Ré3, m. AE q€n and RÇn, vre aray

infer Q+R, whenoe Ax. 2.1 1¡lpuês "Ø = ns. Interohalging the roles of R
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e.!d s elves n - RS and éoL - m, a contradlctlon. Thus AÉ Rs.

consequently, tþere ls a unioue ],lne n // RS such that Qg n, by Ax.

2.5. Nowr Arc. 8.3 giveõ a polnt T€, n such that Tf Q,. Ir TÇ rnr.&, ttren

slncê T ÉQ, ffi. 2.1 1nplles L = t, u contÍadictlon. A6suming for deflnite-

ness thet rft m, ure have a unio-ue rrne). through T such tl.t]-// t.
s*ppo"u Q4 . slncê Q $ I ana S, T €J. r H'ê rray conclude that

rl\)l = sr - u lins by Ax. p.r, p. I',re nov¡ have S ltrl\ 
"11 

Rs iry Ax. 2.,+. Fur-

ttrer.,[ïårn, RS+4 and Rslåm as q ø Rs. Through Q, m ârd.,fh¡e dtetl¡ct

llnes parallel to ns, a contraallctlon to Aï. 2.5. tuus q$' . Eowever,

a ç\ , a€¿fl ¡n, a¡a Sllallb. >9 = n bv Ax. 2.5. As thlã cont adlcts

tho b¡'pothe6es, to Q Êatlsfies a6L , ^, ttrusr'0,A ¡1 ' /, as ?eotltod.

Alteï11atê Droof of th. 2.1:1

Le\ L, n, q be aê ln tho preceding proof. By Ax. 2.4¡ 5r s1[cê

,Lpr, u-ll. 1ínes paralJ.e I to L pass through Q.

Now Iet n be any lile tlìrough Q. other than,0. ol ß and 1êt T be aËy

point of ¡ otheÏ than Q. Bv Ax. P.1, ,, lC[,Q, stnoe{ì5n. It foltows

fron A¡. 2.5 tþat there exlsts a unlque lfne p through T anil parallel to

!t. By our ea?}ieÍ comnents Qe ?. As T, Q,Ë n, p a¡d T# Ar A:<. 2.1 )
n ! p. HoEc6 alL Llnes through Q aro ÏÞratLêI to Å.

\
lfÊ A+ RS, tlroxe is a qr¡lquè llne q through Q anå ParalLel to R8.

Siace QÇ q, 1t foLLows tuat, q\|. Ax. 2.4! lïnplies that ¿li Rs' $hence

q€nS, e contradlictlon. fUus.,{,/ì m- Ø ,

Co¡guqy-Ê¿¿ 3or aqv Þolnt P aûd l-1Be L , l:au'e êxists exactly one litre

n such that P€, n u¡a I l\ n.

The proof 1s 1¡ulredfate fron Âx. 2.5 antl Th. 2.1.

1 pro"f duo to Dr. !1. J. tonsson.
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c_clglla"y 2.1.¿ A1l" Þolnts are contalEed. in the samê nuÌìlbe3 of lines. l-fo¡e-

over, thls nunbêr 1s the mïflb€r of ïiåraI1el olasses 1n*..

The proof folLorys from the precedir€ coÍoIIary.

Co-?olJglq_?.1.9 If tl¡o distlnct llneE exist, then nôt all Llnes a"e paral-161.

IIgg¿¡ SupÞoso that ,( and n are tvro dístlnct lines. By Âx. 2.1, 3 there êriot

distlnct pofnts R anil P suoh that P€ I, ,Ç n, R€ rn, ana n @f. If RP t\ I,

then cor. a.r.r )nÉf , a contradiction. Thus, RP+/.
Àxiorq:?!.lq If P¡ Qr and R are dlstlnct Bôn-collitrear points such .llrat Pe.!,

ll çp ana nÊ r tt PQ, tlien thèro exists a 1lolot sG{(:n.
m It ls 6aÊy to shovr that thls fo$f llalr.'ÞroceÉs of

rroorûp1etlrg thè ÞaralL€Iogrêrnfl Ie-eds to a unlquê S.

then 3x, z.L, z =)Å -- m : PR þ. Itootev"r, Th. 2'1 :XR : fQ' r a contrâdlo-

tlon to tbê non-col}lneaïlty of P, Q, and R. Consequently' S is uniquB'

1t 1s also clear thal; I*. 2.á¡ 4' 6 and Th. 2.1 ) :oararrar tlneð havê

the samo nu.rnb er of Points.

lTe are nov¡ 1Þ a Þosltfon to state the follovring definltlonB'

DSf 1njlb:þtl-Ael f* lf and 4 are dtstinct 1lnes lntersectÍng ln a pof t Pt

;r;" ¡raneìi-{ t,.(z ts derined', {,* l*6 1*¡.flmr), o1il{r (i - r' z)'

^ifi "(¡f þ tor iìÊJ).
pefinltion u.2 ;( fs a line of theJLare li- X r, 1, n una onLv if ihêre

exist ôlstlnct Þoints P a¡d q such that l, eÉ (-lfì \ n t8\'
lïe ronìark t'hat P G, Ti- 4, t, & as one nêed onry let tt = lr (t = t' e) '

Also any other point "t hV.% rs rn\ J t,! 2 bv cor' 2'1'1' AÍ' â'5

then €uarantêes that h ^na.'|are 
each rrnes or [-f r, -(a' The ¡ext

theoren e]rtêndÊ these oonnônts.

",1



Th.e*qr9n_C..1 (i) I'iith t,he not€ìtion of Def . 2.J.r rn1fl rûp contains exaotly

one point. fii) {.24 rn1 :( Ø, {il\tt ) t1 ,i" a líne orT Å.r,! r,

r¡roqg (i) unless 'n, = '{1 o" n z = 'Lr, *' 2'6 and the coÍfients l neiliatoty

follor¡ins it )*1lf t, ={* whero s ls a unioue ïrolnt.

rf n1: ,!t ßr 1or 2), thenÌhfl mp ls elthern1û.{a, '-lr(l^r,
o, L J\,.{ *. u"t* Ax, 2.r¡ a ana -Q, y *,{ p, we rnay reacll}v sholï that thoso

set,s each contaln exactly ono Ìoflrt.

(ri) suppse 9"A I, =[o), o¿lì,{, *a *rfi{, =[ù Bv ax. 2.5' thorê

erlsts a pôint Rf P such theÈ RÉ rnr.

Noru by our com¡Ìonts ¿1'¿63 Ðef. 2,2, we

tny u""rlt" rQ1 ç1 tr. Itenco, b¡, fh. 2.1-'

trf\,tt - P and 56 P, q, and R aro nor-

colliBoar. Then Ax. 2.6 aIlows us to ln-

for thet tho Lino th"ôugh R ¡aral-lel- to

j2 tntersects,.{, ,t " uniouè lro 1þt s.

By Def . 2.I, ,tre may colc lude trrat n € 7--{1,

lr. since PQ TX ,,t. o" ou" eo¡i¡nentg

aftê:r Ðef. 2.?, D61, 2.2 ) rn1 ls a Lirìe T '(,t,.12,
Axion ¿.? If ;0. and r{ arê any l1nês of any plane srrch thot,!$n, ron

thero êxists €ì point P such that PE (,[ ll t).

.ls,{$-r,r -I'ç ^, A:.. 2.1- } P ls unloue.

Tþgogg¡r! 2.3 rr;[ rs e lÍne of the planê -i{'{ t,,{ ,, t0",, for anv point

P, ?É"1) ,(,-tr.X ,.,1r,
g"eg!: rrltt g1r then M,2.4ü¿l rh. 2.1 irû?fy !+12, æ lz is a Iíne

"r TX ,,,!r, r,umay rnrer that -04 Å, r* ø. rt,[{\'{, ={4 , then r

É T¡ , ou \A 92. ¡'or €my ïroint R ot,f sucu that R ?5T, r"e nav apÞlv the



?roof, of Tr^. 2.2 (fi) to sholr that R e ñ 4r,n e.

sincè lì--L l, lz -- T 4rr.rLr, "r. 
abovc arsllnûont takes caro of ths

""ru.Lll.l2 as r¡eLl.

lTe ¡r¿¡, ¡161¡,"*orn".Å Tl-{,i (r = r, z) . Ey Ax. P.7, ther:e oxiet lolats

e and R such tÌÞt !n-A-L: tù, una&n'l, =(n! . DeÞêndin€ onlehôt'her

Q i R, c¡e havo tI'ro casês to consltler.

rf Q, È R, tu"o ',[/l & = {ù ' bv ax. 2.1. .ts .tfs a lino of T4 t,
JL2, there oxlÊts a Botnt AË ("ln-iT)

such that ¿# e. Let lnlr nz bo as

Itr Def. 2.I as apÌrlied to A.

-f.r BA 1*|.rl) n"l, tbên Arc. 2.6 as

atptled to Q, A, and B aIlor'¡s us llo

conclìrdê thât the J.ine through B

paraltol to .4q lntêrsects ,0". Henoe,

BeÏf .t-a'{.. since a€ Tf¿a,,¿
and A # a 1e4fr¿+,û- z\,2 =' þ

=) n Q',lz =)o'7t B, it rotlows

r:'nat .,{. 1 is a L1ne .t\ '1,r,,!.,
--11 tl

Noiv 0,€ | L vep-. tr'or any Þolnt

c7 Q of.Q, tnu rro" throueþ c parallol to.!u ts a Linê of Ti-Q, ,r''4 tv

Th. 2.? (rr). trrie lLne (nz ln thê flguï'e) ls not paralteL to,l'1, o:rd so

-^r, 2,? )tozfl,fu) contaias a slnglo polnt D. Âs A + ¡2' the !Ô1nts

Q, C, and D are non-co1linêarr whonce Ax. z.O ) tire J'ino through C anit paral-

Lel toÅ intorsêcts -Q,2. BvDof. 2.L' tt fotLov¡s that cQ. TÅ r, !-r*'a

io the theoren ís Þroved if Q ' R.
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no'evs?, if AÉ R, then supÞose lrn.I', =fù. rt is.clêar that

S, P€;i-,[ z , -(ood aÉ ?. rnus, 11
ls a llno of ii -{ , -{ aaa the proof flay

2

Êo$J be completed âð 1n the ,l]revlous case

with thê uss of .Ai(. ?.6.

lTe noto that an inmediate eonsequonco of Th. 2.5 1s that the Þolnt P

of Ax. 2.7 is Ín any Stane of whÍoh,l.anti ln arê 6ach lÍnos.

4x1on -Ar-q. If î¡, a:ro î, *u any planes anrl P any Point suoh that

?€ (T[ 
'n 

li, ), theu there is at lêast one tiue,0 sucrr tnat -{. ts a

l-ine of notu [, *o î..
l¡Ie sTÌa1"1 soe thet A¡c. 2.8 Is the Tïrinolpal reason that @ ls three-

d. irnens f ona I .

Axio:n 2.9 Thero exlst (at Least) four dístinct non-côl,llnoarr non-

co?Larar points.

Froln thÍs partlcuLar êxi6tenco anioÍ¡r nany J.nborost il]g rssults fol-

1or¡¡. ïn particular, cor. 2.1.5 ;) ,rot all Linos are p*iaiJ.tt-. Th'" 2.3 lrn-

plios not all J-ínos lie ln thê sane T)lane. a-x. 2,9 cLeally 1npl1ês thalr

every ?oint lles on at leaêt throo dlstlnct I1nes. Consequêntlyr non-

oollinear points ¡Ist be dlÈti4ct. Iur¡hesnoÎo' non-coplaïaT llnes nust

be distlnct, as any line I¡Q ]les ln å pLano detêÏrnined ì:y lt ald PQ and PRr

rçlroro R fs a pofnt Ç ?Q, tho oxistance ofR boin€ guarsnteeA by Ax' 2'9'

r,6!¡3.-4.4¿ r -Q u rs a line of T- 4r,Í z such thai -,Qzl[ .{ , 'o"o
Tr-!- ,,!.3 = li'.{, t,Å2.
proof stnce ,I1 S 4 ,, A:r. p.4 )i tf

"u.t" -Q. g 1n a ualoue point, P. rrrus [,(

.Q. u una A:(. 2.? }7,1 , rnt"t-

trÅ z is treftnod.



lTithout loss of gênerallty, L z * ) S. Let R be aqy po1nt of

\Årr,4 2 s.rcin that Rø (.?, tU "?. s ). suppose that the l-lne ¡Âp

thfough R parallel to I e lrrt"r"ects .-(1 in tho point T. (T exists slnoe

R€ Ti- J ,rA r), as p(È nz by Th. 2.1, lt fotl.oy¡s fro¡r Ax. 2.6 as ap-

pliod to R, T, and P that thê lino throwh R paratlel to l, fnterseots

Ås. Thug Ré T 2 r,-!, u, rt is cloa" that all ?olnts of în r,

-L2 tr,at are tn (,l,tU -!s\ ^"" aLso ttl T t rrl ^. consoquently,

T.t ,, Å rQ T År,4 6.

Norv. Th. 2.3 {rrt } 1,2 t" a l-lne of il .Lt,rQ B. RêÞeati-ns tbo

above arsunent, T¡o havo jj-J r, Å 
"2 

î Å ,,...1r. t uoou, T,{r,), -- TA t,Ås.

l,emÍral?-.4.2 ïr 2u rs a llne of Tlr, lu suot that -tu fi -I", =

lun 4, =l rll -!" 2, tben\ ),r,,1 u = I'l ,.,{r.
Þoof sro"e {rl} -[u contaiûs a singte nolnt, 7--,(1rr(g * definea.

tet R bo any Doint or [ 4 1,4s such thar R çå (,1 ,Vn ul. rhe

liae through R par.allel to 4 2 (denoted % tn
the figure) lntersects ".{ 1 "tnce 

ne ¡ .2 ,,
t z, suÞ¡ose *¿fl -Qr = { "l . rr R -- s,

then rnp rB a rine or li- -Q, \,'/rbv rh. p.p(jÐ.

If R* S, thên mZ 1s a ttne of ll-'t ,,&,
bl,Def. 2.2. Since-e, n4 5 contalns a

sfngle ¡oint, Àx. P.3¡ 4 and Th. Z¡ùJ Z

{\-,tu =),,Qr$i u. conseqrlonrLy, Iú.. z.?

=2ArA''Lu# ø . rr-Q?A-tõ ={ù ananrA-t, -to}, rhenAx.

2.1 > SÇ(,z"tr"u ,?2+ -L . Eeaoq Ax. 2.6 appì.fed to p, q, anit R iro-
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plles 'bhat the Line through R parallal to Jg itrtersects .,{,p. rtocoraing

to Dof. 2.1r r,re hÀvè shôl,¡n RQT Azrl . As 1n the ptevlous lemr&t

TÂr, 4, Ç. T J",l u.

By the reasoning of the preqlous leruûr thê ploof vr1Il be col plete íf

we shov¡ ïinal, "(L is a l1ne "f T,,( z,Js. }Iith the abôve notatlonr lt

oLeaxl-y suff fcês to sbo?¡ that s<1 T .! ,, '!s, vø atready rrave s Ç n, ll

-Qz srrcnthat man.?t = tn) * ø. rt onty renains t,o Þrove that the

1Íne through S Baraltel to.[g lntereects ,{,2. As above, thls fo].lovts bv

4x.2.6.

Theorern 2.4 Lt ru and m^ are any tv¡o dlstinct interseotlng linês of
Iþ

T.Xr,0r, then I -! r,42 : lf Ì,r, mp.

proor suppose that m1/) 'z ={ ù and PQtill {, (t = 1' 2). Byrh. 2.5,

"E-ñ' ,{r, 
!, a* uo nrfl }r/ ø,'rÃJr,/ ø, rhên either bv rh. 3.2

(:i) or Ðef. 2.2, nI and n, are

-ñ!^tllnês of \ Å yÅ r, l,orrûoa

-nO2.4.1 tnþties fi -(r, "(2 =

-n 
ñ -

t\ -{1, n, : ¡ nZtX¡. -

î nZ, tt. Flon the hypothésôs'

lù foLlonE that ml and n2 are

êach 1lnes of Jf n:., trp. vfith-

out Loss of genêrâllty, nfìs nr (i, J - 1, 2). Then r,êmna 2.4.? lnllieB lr n2'

nL : -ìi- !ìrl-r ãp . li rn¿, m1. Tlrus 
-ii- 4r,!." I T tr, n2 and tho proof fs co¡t-

pLet e.

c-orouary 2.,f.1 If P1, P2 and P3 arê non-coIlinea¡ pointsr then th€re exists

a ubiquê pleneli- such that prQï (1 = I, ?, 5).

inli-
Inrt"
I
I
I
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koof (l) fhere exfsts at least one such ¡ , namely l| frP2r Pgpg. To

verifv thts one noetl onry guararte" rrt P¡ r,rhenovor i*J. This follol,s
from our cor¡fi¡onts precetlínp¡ l€luûa 2.4.1.

(if) i¡e nust trow 6horv thet there fÉ at most ono such ll . This fol.-

lows fron Ðei. 2.2 and Th. P.4 as any sucn lj- eouals 
.iffrl, 

, pzpg.

C-oroLlary 2.4.2 f'or any polnt PI and Iine,,(such tbat P1ør(, therê o8lsts

exactly one plane ìf such ljhat PIe li uaa{rs a I1ne of li-.
Proof (1) ¡V ¿x. e.g, there e¡rfst dlstlnct Þoints Pf€r((t.2r 5).

Sfnee P1éX, $re have P1P¿ and Pg non-co1l-1near. The prscedíng coroÌIo:ry

slnco Pp É ?g, Def. 2.1 )"{ is a llno of Ji- r. Henco -[ I is a satis-

factory li-.
(tf) lfe nor/ shoff that there is at Ìlost ono such Tf, for a!¡' satisfae-

tory lf Ìuðt contain ?i (t - L, 2, 5l by Th. 2.5 and so by Cor. 2.4.Ì, î

is unÍque.

Cololl.ary ?.4.q Any two distlnct l¡l-anês intersect ln either tho null set

or a l-ine.

"roq! 
Sulposo two distinct planos have a non-etpty intersectlon. By Ax.

2.8, that lntersêctfôn contains a l:.ne,1.. However, nÕ Iroint not onÅcan

be in þoth planes, for 6uch a polnt, together v¡fth,,R , detoffiiines a unique

plare, by Çov. 2,4,2. Of coutse, the lntersêctlon ôf two dtstinct þ1ane5

nay be enpty.

coroll-ary, rq¡L.É tr'or a¡y t?¡o ?l-anos lf1 *u î ,, 
t, : liz t-> (for any

tlne -1.,4t" o l1ne of lr(*{t" a l:.ne of I *).
Proof (r) ß T- ='ä! ?, thon t¡ 1 ed ,r;g côntéln the saùe ïroints r,.,híoh

by Ár. 2.1, a dotermlne the seno fines satisfvlng Dêf. 2.2.



'-Tb"''"'- r'rj":i:

(ii) If lî-I #^ iì-a, tLuo the"e sre trvo cases to conslile!.

rf JTl nTz'-ø, thenirTrA ìflr,&r.,it rsclearthat-¿1 is

a line of l\, uot not of fT¿.

othensise, TrA 71, + ø ;) fI n 'ä-? i rn ror sono llne n, by the

precodi.ng corollå!:y. As any Plâne contalns three non-collineâr polntsr 1¡€

ïrêy sìrppose that P1r P2¡ enrl Pg are lroints such that PrCn (:..o 1, 2), B
Ç m, eaa 

"t€lT 1(1 o 1, 2r 5). NÒrr, cor 2.4.1 1mÞlles thât Pt (l= 1,

2,5)unique1ydêtemineap1ane'wh1chÌusto"ji.,.st.nceìi..,.iåll-,lv

assurnption and PrC lT, {r - 1, 2), lt folto\,¡s that Pu I Tr, rthênoê Pt%

(or indeed PzPg) 1s a line of li-r, lot rot of lÎ-r. ' .

Co¡ol-lgry ?.4.5 Thoro êxlst at têast êlght dlstinct Points.l

Iïoof By.Ax. 2.9 end 0or. 2,4.2, there exist foul' distínct non-coplaÈar

points Pi (l = i.r 2t 3, 4\ no three of rvhioh aro co]-l1noafl. Ax. 2.6 allov¡s

us to cornplête ths ])ara]l-elogråm of

?1r Ppr and P,4 r¡lth the Point P5. BY

the reasôn1llg of 'th. 2.2 (ti)r PU ttes

la the plane detorÍlned by P1(l - It 2¡

ã). Furthermore, Pu ls illstinct fsont

P1¡ P2r Pgr and Por since 
"fuñ 

nr", =

p2Ps l\Pl?,-- ø and ?i (i r r. 2, ß,

4) are non-ooÞlaûar.

By ?rêclsol¡t the same s-fgumênt r the¡€ êxfsts a polnt ?^ ln the plane
o

of ?i (i - 1, 5, 4) suoh thaf P1, PZ, Pg, P4, PEi, and P6 are al'l distlnct.

sirnflarly, P1 (1 - I, 2, 4) lead to ?? and Pf (1 = 5, 5' 6) lead to ?g as

indlcated in tho flgu3ê.

1r usseDtiaLly tbe same treatment Ôf uo?. 2.4.5 and Th. 2'5 ls to be

found lnf, e), wh.ich was publ-ished after the flna1 draft of thíe thesfs.
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Coro-Ilary 2.4.6- Arry t$o distinct lfnes f, ana .(Z are parelLel if ã¡€1

only if they are coplanalf and dô not interseot.

pr q (t) suppose )t*"r.r*u-(r\,(r. sv ru. z.:','{t û {, = þ' Ax'

e.r ) aistrnct poirts Ar Br c, a¡d D exlst such'tihat A", BÉI'I, Ðd Cr..D

e-Qe, By Cor. 2.¿.1r lve lcoolv that ,t, B, and c detornlne a unlque plane

I c.t, .lr. Th. 2.2 (lf ) inplíee rlnar ,1,2 ls e ]-1ne or li ca, AB. ]Iowover,

,l , Ðor. 2.2 -)lr t" a Line or d c'o', la. ntrus

4 *U J a are ooÞlaner and the ïrlanê ln

P whlch thsv both ]le 1s, bv cor. 2.4.L, unio'ue.

Copl&lar, non-lntèrsectiÐg lines are Parallelt by Ax' P'?'

c-gËgllqg. i¿l Îf {,.ana l, ^ru 
anv cìlstinct intor:secting l-ines ' then

they bavê the saÌ,1e numb €r of polnts.

ryof su?nos " lalt 2z =(ù t" A¡ç. 2.L-3' thêre exlst' polnts ?1 (l =

I, 2) such that Pf Pl (1 = ì, 2) aad P,

' €X , tt: I' e)' ltror'¡ ít follo$ts bv Ä:i'

2.1-, 2 that PlPz 1s a l¡ell-dete¡'rnfned ]ine

(a) of T l, t, /r. r'\-rrthemore ' rg2 S -( r, ror

z¡z =.lz)"r"rn,{ r =,9, z A'!. r=7
P = P Ir a contÍeålction. Thus Th. 2.1

lnplles PtPzìk { z a¡d rre nay shon silîiLarelv

that?1"r\X r.

1lor a¡y polnt Q of f¡, Cor. 2.1.f, 1¡nplies that the¡e êxists a unioue

rrne / (e) such ,nu, / (o) l\ rrrr. srnce -(Q) ls a rl-ne ot {r[r,f , *ol'

tliat ,,0 (A¡{.,{ p' it foltovls frorn Arc. 2.7 Ùhst 4 rûl' (Q) rs a slnsre noint

$ Ol . I'rbhel:rore, the ssne argunont ehor,¡s that ú" !, Z ) tUere exists

v Ç ,(zucn that' f (v) : T.

Norv, for s.rìy rloint vt ot !'2,tt = f (Ps) : I (?a) il¡lp1ies that Pg : P4



ù''

siaeo tho line th:rough }(i paralLei. to PrP2 fntersects -l 1 fo a sin{4le Point,

as P1P2 )( .{ 1. T nu" f iß a one-to-ono napi}iryg rrom l, 1 onto -{ p and tho

I)roof 1s conplelre.

1¡te note that lnstead of shovring te.L z ) tl"t" exists vÇ"{ suctr

that f (v) i T, one could êxhlblt functions rrora,.{ , (t""p...( 2) into

,t, {roro,Q 1¡ uou then ostaìrlÍsh the coÌoll.ary by allÞeallng to a famoui

rosult of Bernstein and Schroodor.

Coxolfa:ry a.4.8 ¡.11 l1nes have thê sane nunb er of polnts.

Proo€ supposo -[ t ""d-ft aro tlto non-bt ol'sêcting llnos (distinct" by Ax.

?.5). lïhere P is an ârblürary poínt of .!O, t""fO t" ttt" Líne througH P

pararrol tn l8. rr,(r.i.s, then 1t is t¡lvial that Qr *4.!g havo tho

same nuÌìbex of point6. otber1irisê, the saÌûe r.osuLt follo¡¡s fron tÌlo precod-

ing coïoflary.

I{oi,¡ovor our corïnents aftos 3J<. 2.6 lrnply tf,ot /e u,ta -{g have tho

sane nuJ¡.bor of pintÊ. Thus r the same is true of .,.,(, f *d 4.
tsy Ax. 2,2, 9 lt follows that at least one linÔr say ïlr exists. Nol'¡

every Lino eithor frlls to intê"sect m, iBtetsectÊ n ln only ono Ioint, ôr

is identj.cal vtith n. The above colünents r aloqq with Cor, 2,4.?, establlsh

that a1l- lines have the salne number of points as n, ar1d. so' have the sano

nuxr'ber of rÐínts.

ITe note that Co?. 2.1.4 lnpLios that aLl- points Llo on tho salllo numb or

of lines. The follol¡¡lrtg ¡o21t will also be useful.

Ooro1lary 2.4,g Let jî te any plaae anal P ary point of T . If every

l1no contains e:raotly n polntsr thon ? L1es on êxact i-y nf 1Itnos or -ii '

æ-g+ rct Ae anv ilae orlj'such tnatl{{ Bv Ax. 2.?' for €¡v llne nt

of, lt such that PQ, m, eibher ,{ t\ t *.,[ fntêrsecto n 1n a uniq.ue polnt' Tf
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Q and R are distinct polnts of ..{, th"o rQf pR, since pc¿ = m ) pé. aR

: rt, . contradÍctlón. Thus there is a ono-to-one maÞÐ1¡g fxor¡t 1rhe points

of 4 onto the linês of Ti- through ? and not pâraLteL 
"o 

I . rc thore is
exactfy one tÍne of lj- through p ÞaraLlol to ,Q, tUo numlr er Õf liaes of l]-
throueh P 1s al- 1.

Dsf_llitlon P.õ, Any tlror,di$tlnct 1,lanês havl¡g an empty lnteÌsectlon are

sald to be ÈgralþI. tr'or tho sake of cornpletoness, rrê d.efÍne argr plane to

bo paraLì.el to ftsê]f and ary tfne f. to be paralLel to any þlano ji if

Çlf\ Tl doês not oonslst of a sinsls poÍnt.

Le¡rsna 2.b.1 ¡'or .üy Þlanes ii-, (1 : r, z, 3\, Lf ïa 1l i-t 3: Ø ana if f,

+i. ll, ti - z,ii\, rhonl[0 G ll ,'rt i-'r.

^- =-r&- * 
^ -ProS{ As tt ,Tr,,r 3 (J - z,ø\, tt fôllows by Cor, p.4.õ tbat [].0 lì e

-n- 
_ ^ _and. ¡ !J rl 5 

a"ê each llnos. Since // Z\l ll Z : ø, these lines do not tntor-

sect. lIowêver, thoy alo eoplanar (fn ltr). Thus CoT. 2.4.6 inrrl_ies that,

thoy âre paralloL.

eû er 2.5.2 lror any elanes li', (i = J., 2) ancl ttnes Q, O, -- I, a), if if I
n * = ø, "Lr is a rine o, fr,-¿ri\Å z, aîd ,(zf)Ji-, é g, tnun,!, ,
is a ]ine ot lfr.
Lroof suploso *ar f 2 ts not a tíno of [r. ,tuøn lzfì [, "o,rtutn" "*-

actly one polnt, say Pr. As , /ì 7t
: ø, rh. a.B inptieÊ rhú + f f,, uitno"

ls eìnÌlty or contalns a single point. $e

shall shor,r that each óf these altornativês

ls untenable.

,l 1



ff -lz ûï- 1 is not elrrpty, suppoÉê that 1t contalns the slngle pofnt

g. As prË T, *0./, ,u " tine of Tþ, r¡. z.I aaa [rf\ T, . p inpry

pzîLt raus,( * 4z und rh. 2.1 ? eß-ør. By cors. 2.4,a, 6, Lt

follorcs thet thê plane containt* j, ana /, is deterrlnineù ty -lf rna q.

By the proood ing lonrrra, thls pLane lntêrsects Jfl f" r¡., and ìf, in a 1inê

tll::ough ?2 a:oê parall .et U ,(y. Slnce Âx. 2.5 lrnplles that this line 1s

,1. r, it follov¡s by Th. 2.õ that A€(-iiz l\ -Í rJ = ø, a contra¿Íct1ôn.

U ,Iz [ft I = Ø, let Pg be any point of {, other tha¡ Pz ard ]-et PI

be any ?oint of _.[f . As P, (1 - !, 2, 5) are non-colL1near, Côr. 2.4.1 ln-
plies that tlìey deterrníne a unlquo llane, lfu. Tt ts clear that PtG (li'4 /ì

T[) \ t ull ïçr. wor,,,{rnftlì:f¡ *" copLanar (in Ji-4), but ao not
¿^-

intersoct,, u* l, /l T-, : ø by assumptlon. llonce Cor. 2.4.6 à 4, i1

(T4 A -:li'r) and cor. z.L.r + u ,rn \ =.,(. uo,,,*ut, p26 (1t44 Tr) 1\

-^-ll( \l ¿t [l:.) ="(1 nnties that il nlì l\a = )(2, asaírL bv cor. 2.1.1. This

contrs.dicts tho assu-ïûÞt f o ¡ t|nal,,( ¿ is not a line of ìfr, .rd so thê lernna

fs established.

Theo.¡gl2.5 Pa"ê11-61fsn of pLa]les is en equivalence relatiôn.

¡qqof The onþ non-tnlvlal ?art of thls thêorêrÁ concerns the transltlvity

or ![ ret -if, (i = 1, a, õ) be aìy pranês such that T-r0T¡ : ø (J' 1, 5).
_!._-^*h-ff rr 1ìï |l ã , then //I/ì ltUls a Iine,(. Let P2 be any polnt of 

11 p and ¡r

----{r'2
-ñ 

itz

the i-lne througJr Pg narallel to J . Let

n be any I1no of ìI, tlrrorrgh Pp such that
t

n f r. (lïe have nôt cLalr,led that rû ls a

Ilne of Tr. Attnougfr T.e¡mra 2.5.2 1Ìrplfes

tba't, it is, thê oxlstênoe of tr foll6vJ5 Élnply

frorß tho fRct thet every llane contafn6

at Lêast throe non-cofllnoar ¡o1nts.)
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Let PI be an]' point of .Lna p, the Llne throu6h P1 anti laralLeL to n.

as pll n* rnlll, ax. 4.4 anrl Th. 4.1 rnprv plLl¿ìnd so.D+,.0. Ilou,*"",

the 1¡mredlately preo€dtng leÐua lrßp1ie6 that Þ is a tlne of both ìi-U and

3.4 tinat Tt = \ .(, p : -fã, a cont¡adlctiob to tÏ.e assunption I $li,';
thus [1 lì lf-g una the proof is conp].ete. lTith regard tô the conditlo¡s of

reynûa 2.5.1, v¡o note that Th. p.b, ìi-efi T3= ø, "nd lì-;ì\T? ) T rì|
l\å. In other v,'ord,s, l?e aay infôr that 1f any ¡Isne \ll intorsects anothor

rLane -if, in a line 4 7, rnan T, íntelsects an¡, plene pâreltoI to ìf, tn a

rin"{"zücn *at, ,{,ll -( 2,

!.,ot-ollgry ?.5.1 Given any pi.ano lf end point P, th6rê êxfsts exaetly ono
rr ll

pLene'li- containing P âncì ÞaraIle:. to [. r
gfgg! (i) Tf Fe T r then I is cteaìcly a satisfaetory -fi- . Lloreover,

u'r
no other pl-aae I

ffi
Ji- .

could sufflce, as Th. 2.5 anð Def. ?,3 ùnply J[ =

(1i) Suppoge Pq T, urhero f *v ru deftned as I Re, Sq. 3y
t1

Ax. 2,õ, there exist rines,(and m such thet pQ (,1 ll r),,(ll ue, ana rn lþs.
The non-collinearfty of Q, R, and. S, a.Long r,¡ith Cor. e.1.1, fnÞlte 

" n *^,

ì'le now procêed. to shov¡ that lr-? , m (vrhlch €xists by virtue of th6 fore-
T

going remarks ) is a satisfactory T .
_orr -ii,l¿, *+ji- , uien l'-( , m ard I

lnt ersect in a IÍne, say s. As s câr!'ot

be paratlel to both .l an| n stnce,{ É n,

lve rnâ]' sulîposo withorlt lóss of general-

ity that 
" t l. Tlhere T ls s¡y þofnt of

s, tho lino n thr:ouglì T oa¡allel to f fs

èist,l[ct fron s and lies 1n both I and.

_t
1ì 4, ro by Th. 2.2 (ij), Ax. 2.4 and Tln, 2.4.

1- ./
^l r/
----

n
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ït folIo1¡s by Th. 2.4 that I o -ii 
", r 

: ìi- r{ , m, a contra(ì.lGtion to the

- 
f\ 

-fassuÌrptíon f\.{, t l'l- rl . Thus [\ {, r1"a satlsfactory ü .'rE
SurtherTûÕre no other T\- suffices by Th. ?.5 and the a::g¡mont of

]:art (t) of thfs Þroof.

Corctlþry 2.5.3 Thêr€ oxist at loast twonty-e lght dlstlnct linos.

Sroo. lTe oontinue the ârgument of Uor. 2.4.5. Thero are cLoarly at uost

tvrenlry-êi€ht dlstj-nct lines doterlIined by talclng coÞbinatlons of ?, (1 -
l--B) tr'¡o at a tins as repetltlons nay occur. l'le now proceed to shoÐ that

repetftions tio not occur.

The axgumênt of the preceåÍllg coro].lary proves that the Þlar1e contâln-

ing P1 (i * 1, 2, 5, 5) ls parall€l to, but å1st1nct f}ón, the plane con-

taiùi¡g FJ (J - 4,6, ?, 8). It fo11ow6 that every llne of t,he fofm PIPJ

(i, J = I, 2, 3) s; 1-É' J) ls r!.is'r,i1lct frorn ev ery i[1ne of the forrû PiPJ

(1, j. A.r 6, ?, e; 1* J). Fu¡thernore, no three of Pi (i = Ir 2r 3r 5

or 41617r8) are collinear, by the considoratlons of Cor. 2.4.5.
It o!1ly rûûins tô ?rÕve thet alL lfnos of the fo¡m pipj (l . l, p, 5,

ôi i -- 4t 6, 7, 8) aro distr'ct f¡o¡¿ eacrr otheÌ a¡d f¡om eacrr of re pre-

vfously enu'.oratod ]-J.nes. Íhis for.ton's slneo â.ny sueh pipJ rnter.êcts the

planês of i.ihe P1 and the pr tn one þofitt each, by vf¡tue of Th. p.3. ,
Colo1l ry ?r5.5 l,et P antl"Q bo aly points and I a¡v pl$1o suctr f:ftaf pfr

il I Q ts ¡¡ . Then the plane through P ps_ratLeL to li contains all the lines

through P parallel to J.lnes of -'if throrrgh. e.
R€: 3y cor. 2.5.1r the pIa¡e thTou€b P Tlarallol to I exists ând fs uni-

r,ll
que. Ðênote this plane by l- . tet,t be any ltne of ìf zuch that A€,,(.

I\$ther let n b€ the Ilne th"ough P parallel to
flT)( . T¡e nroceed. to ehors that rn J.s a lino of Tll

f\

By Cor. ?.4.6, X and n d.etoy.Ìr1ine a ÞIano, which

by Co¡. 2.4.1 ts uniaue. ff trhis pLaÌe fs dþnotea

o"T 
nt



(;'0 li¿l fi tl-utl ¡r=,{'bvrênna2.5.1. rcPG (r-i"n' râ Í
1l) , cor. 2.1.1 implies that -iI fl lfn lmand sÕm isa line of 'lì-

uolsi]ary J:.q4 ¡'or any points Pf (1 = 1, 2, 3) andnlanu l-, lr€ Jl, PtP¿

4lì- = ø I p:fz is â tlne of the prs.ne throush P1 8nd parallel- to T.

Proof I,et f. Ue the tine thrôu.Ejh P5 laraLlel to P1Pg. By virtuo of the îre-

-::---"-----

0
ced.ing aorollaly, it suffÍcés to shovr thât'I ts a

p3.ane, vrhioh by vor. 2.4.11 1s unlquo. If this

prane ls dsnotod ¡y T' trtun \/ì lf is a tlne

n through Pã. Às m ll P7P2 -- Ø and m and PlPz are

1Ínos of [1, cor. È.4.6 + * ll r1rp, 
"Ylxeuce 

bv

Âx. z.b, Å = r. srnoo lT1 fì li- = l,"Q' * a llne or ll- and the Ðroof rs

com'i'eto' 
t1 

- 
lr 

-coAorl,qry 2.5.-1 r'or any i.ine,{and rrlane [ , þ fi parat].el- to l\ if and

onl+¡ lf there exists a flne m of if such tno, ,[ li t.

ry-qqf ft is cLeaî thât thê onty non-trivial caso ts .2 not a Líne of [ '

t{ou, 1f / ts pa::attet to [ , 4n Ï- -- f and so the îreceding rosult
4-

inrplies final,.X is a line of e plane parallel llo' but distinct frorn, ¡l

tlonco, cor. z.e.s I throußh any point of li-, thore êxists a line n of t{

such that '4 ll m. Thus there exists at least ono satisfactorv m. (lndeocì,

thel:o are obvlously rnany noro).
A

convêrsely' if thêro exists a line n of l- such that' t li m, then cor'

,.u." ).I lies in a pLaae pa¡alle1 to, but distinct from, l-. nrus -Q fl 
-ii-

^-- f, v.'honce ,tLs parallol to 1l .
ltl

Colôl1ary 2.5.6 Ior any distlnct lines '{ a and X. and rrla ne 1¡ r if

.Qrt|,(,una !,rn T contalns êxactlv otro poínt' trrenf,0 I contains

eractly one poÍnt I



^ ^-lloof- As [ 1l [ ¡¡

pra¡o of At ^na 
,(2,

Novr tf li' (l n, = f , thon ,[a *a )ø
a¡e coplånar (in -'i[¿ ) but alo not lnter-

seot, ¡Ience, by aoy:. 2.4.6, !, e ll -l S,

rr"./1ll ,(, uo.n"urotion, ,tx. â.+ )
,Qr \ì"1s. srnco 11€. (nrAlul, tu.
2.L,,I, t= Xs, This, hovrerer contra-

ôicts thê assumÞtfon that f. (l li- =

{ "J, 
because of Ax. 2.5. rnus ,f 2

û ji- çe ø. on the other rrana, ,( 2 Íl

lf cannot contaln noro than one point.

Th6 pLan6 deternined lv j), una ,,{, r"

the ï)Ianê detorîtfned by .[ 2 and ?t sincê

1r{l*": ø ) Pr Q! ,, by rh. 2.1.

rf Í,¿ (\ tt = n p uren li-, = Ji- , .
oontratlictlon to the as$umÞt1on that

,r [lÌ-' ',./u ] T.

contaiBs a slngLð po1nt, oay Prr then ll pr the

intêrsêsts T ru " irtnø nt, s such that rrG -{u.

coroj.1q{y=Ê-.Þ, r If Ti (i : I, P) ar6 arry ÐLanes ând f any üne such that

lfrn lt , e f and //]T, contains exaotty one point P, then !nT, *"-
têlBs exactly one trlofnt.
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Proof If ,q flÎ ?,= Ø, +;nun cor. ?.5.4 lrnpliee rat { lies 1n a Ðlane

ÞaralloL to if¿. It foll-ov¡s fron cor.

2.5.1 that -( ri"" rn lir, as li-1 is the

unlo-ue plano through P parallel to lÏ-r.
Thls ho}rever contradicts Def . 2.2 arld the

assu¡).Ðtlon atout .? /.\ -i¡-1. consecuonth¡,

Inrr+ ø.

it rÕnows that ,(,n Fl = f (sinco li-*n lÏ1 =

Ø), a cont¡adtctlon. nence {fl ìi-, contains exactlv one point, 8s 1t ls

clear fron fh. 2.6 that alL other ])osslbllllrios lead to eontTrìd icirlon.

lJe note that the lâsb t$'to co¡ollar1es shour the.t Íf a ¡1ane 1s plerced

by one of tvlo psrâlle1 l-ines then it is pierced by the other and that lf a

Line pierceÈ ono of tr¡o paraltel -l]Lênesr thenit plerces tho othe3. these

facts â"e irllportant ln irhose slreclal cases l'rhere onê lvislìes to iiltroduce

the notlon. ò1 the norrla1 to a Þi-ane.

Coroll.a::y 2.5.8 It if fs a¡1y pl-ane and l, is any equlvalence class of Þaral-

J.e l- l-iì1os, then 'lf a!.d. I have the salìle nu¡nÞ or of elenents.
0hoo! (a) tet -{te any oLonent of L and supÐosê there êïfsts a þoint P

such rbalr /n¡ =(ù. Then by uo¡. 2.5.6r for anv llno rr, i.î né, L,

then ¡¡ A 'lT' contalns exactly one ¡o1nt. It ls olear fuo¡l Th. 2.7 rnat' I ,

mÈL,.4.*. ìl,nlï- * rA¡r . Thusrrehavedisplavedaono-to-

one rnaÞping frorn T, J-nto [ . This mapling i.s cl€ar]-y onto l[- as well; tìlat

is, .¡lx. a.s -) tor any Þolnt Q or Tf , t,here extsts qÊ L such that Q.ê q.

(b ) f,et [1 and -[[, te any disÙinct Þ]-anes. (Such nlanes exist by

-/_\
Cor. ?.5.I.) rt pf and Pp arê any l:ofnts such ühat Pt9 rt 

,i \-/ i = ¡'

t]ìen thÊ f.ine PlPg clearly pierces both {' and l¡e , by virbue of Th. e.õ¡

;'.(4 rr'



-l&shorys that fì *a il have tho sâJne nunbor

D4

By case (a), it follovrs that I f dd T¿ contafn tho sêïo 
'urì1be' 

of Þo1nts.

(c) f,et -(tu utty elênent of L. By the abovor Y¡6 nay asfiurne vrithout

l-oss of generality thst,l nT Aoes not contain a unlouo ôLer^ênt. Thèro

are nolr two Þosslbilitf ês. Either { A ìi- ".fl * ,{ f1¡- = ø. Ïf .,[ /lT
: ø, thon hy cor. 2.5.,t", ! lies rn a rtLa¡e l-, such ihat -Ìlt l\ T. since

case (b) )l r *d li- t ave the sarlo nunbo of xroints, lt clearly suff icos

to su?poso tfiat ,{ ffi -,,{.

Tf P ls ar\y Foint ot ,Q, n is anv Þoint of Jf not rn -0 ana s is any

?ol't lf tnen Cor. 2.5.1 ) ", 
,* and s åoter"fllno a unloue p1uo" t' ,

which, since sà.Q ana.{E î-, is not itientloal vrith T . o" case (b)

of êlenents, vro noed onlY

By caso (a), hotYever r lt is
"tFinatly, rre lolo?t þleroes l\

) >{ç ¡i-' > if "

(by cor. 2,4.2 àã appl-ied to { ana 
"\'{t, 

a oonlrradictlon. Thtls the þ"oof

ls comÞ}otê.

lìle aote that tor. 2.5.8 proves that (L) aII pLanes llêvê the samè numb oI

of points and (2) aLl- equivalonco olasses of paral-Iet 1lnes have th6 sanê

nùb or of linos, by a}loltlng lf ana then l, to valy. The no:ct rosult ?ro-

vides two l¡,ays of AoteIÎrtining this ntumber.

For the re¡nâlnilêr of the coro].lsrlos of Th. Z.5r,rlÉfn denote the nunbef,

of Þolnts on ary l-ine.
Cox:o11arTr. 2.5.9 Ïvory ÞI41e contalfis txactLy n? polnts.

P¡oo{6 (1) let l[- to aettnea as [1 , ra. Thêtr Dôf. 2.1 aral Cor. 2.]..1
inply that for overy point P or [ , if,6¡6 exfsts a unique lino (of [ )

ùluough P parallel to .,{. As there a¡e n suoh Ilnes, each containing n
points, Ji- containe êxactly n2 pol¡ts.

(2) By Ax. 2,6, tr,tfì* = (r) ana 8, R any points such that PeA,

Q( m, a¡rd a,* P#R, then ?, Q, Bnd R detorîû1ne a unioue point T of -'ii-. Now

I
prove thet tho sârrlê is truo of T, and li'

,I
onough to establish that.{ plorces I

I-I
since p( ({niil ) antt since{ç t,{\U

r
1T



f'h. 2.1 lnt)lieõ that P, 8, ând R deternino the s ûrìre poÍnt as P, QÌ, and RI
ârn1f and only if Q c 6r and R = nl. Thus, êxcludlne the ¡olnts of .( and rn,

lf coniainc (n - f)P Þoints. sfnce -{and n iuve P in corùÌon, the nurrùr er

of loints in T ts (n - f )s +2n - I ! n2, as a'l',ove.

ï¡e have l]iüÌedlatôly
Coroll.en¡ 8.5.10 }ìvory equivalenco class of na"e1lel l1¿os contalns exactty

,rP unu".

Coroll.gry 2.5.11 There exist exactly ,r2.l. o.þ I llnes thTough âny Lroint.

Proof Let P b6 a:1y Þolnt ana l- any plane such thst d6Tf. Novr thêre

ar.e n.f L llnes of lf tfrrough P, by Côx. 2.4.9. By Def. P,P, Cors. 2.5.1,
'!I 

- 
I rt 

-4, and Th. 2.3, if T is aay plane othor than I such that [ [l lÏ,
!¡

then an¡' J.ine,,( through P not tnJ intersects I ir a single polnt Q.

- ^-fSince ¡ I I ¡1 -- þ, l..h.er:e 1e a one-to-o
a,)

P not in li- onto the polnts of T . Thu6 the nunb er of such fiûes ls nÉ,

by Cor. 2.õ.9. consequent ly, the nunìber of l-1.ües through F is nz,tnl,.t,

as c lained.

oorol-lary 2.5.L2 Every èquivalencê cLass of Ïrarallel ÞLanês eontal¡s

exactLy n planes.
tr-ôaÈoof Iêt X be any l1no and T[' any plone such thet { pierces I . Then,

(?-
throug'-h dístinct Foints of ,t there are dístlnct planes paraIlel tô ll .

. - r
rurthernoro, ,(piercos every plane pa¡aIl-el to lf (othen"fse, lf .{ f\li- :

-rù - 
n

f uhore T \\ lf, then Cor. ?.5.4 ín-Ðlies ¿{ is a line of T, a contradic-

tlon) , irhence therê 1s a one-to-one functlôn fron the loints of -t onto the

sot of pLenôs paralÌel to Tl. Thus, the ?esuLt fol1ovts.

Sinco corollary 2.5 .1 sta'ijes that every !o j.nt of f,lies on exactlv one
g

planè parai.Iel to a fixod pLâne, by considering plane lÏ- paratlel to a fixed
tî

plano lf , each d thrûueh a differênt point of any fixed line { niorcirig

ao Ì1ap!1n{1 fron the l.fnes tbrongh
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li-, ure tw ltrov".

coroLLary 2.5.L? f contains êxactly n5 points.

C orol-I.ary P.5.14. For any ltane [ , il- oontuios exactly n2+ n llneg.

Proof If T fs doflnod 
"s T n thên there oxlst a lines of I other

tl Å, n,
than ft through erêry pofnt of (and by Axs. 2.I, 2, these arê ell disü1nct.

Ir'urthonrôre, by Ax. e,Z and Cor. 3.1.1, tho¡o ie a one-to-onê napplng from

tho lolnts of n onto thê l-1nês of T that are paral-Ie1 tof. n.r" there are

n such lines antl I contalns n (¡)+ ¿ i nZ{- n Lines fn aLl.

C orol1ary l?rS.l? Thore oxist oxact Iy n4+ ,r3 È o? Iín"e Uf'.,,

P¡-o-o-L T,et lj- te any plane. Then ths ûunbor of Linos lving ln sonð

pLano ]leraIlel to T 1s u (nZf- n). Âny otl¡e¡ 11ne llerces [ (by cor.

2.5.4) and so is åêtorlninoè by one polnt ln I a* ône othe]l i]olnt 1n sone

-! 
¡t 

- -f 
¡ 

- 
- 

' 2-

ffxed pla¡e lT ll ti, il l\ tt : ø. As each DLs¡e oontafrs n^ polnts,

t,hore are (nz)(na) suolr llnes and so (n2) {nTl þ n (oet n) : ,t4¡ aõ¿ nP

linos ln a1I.

Trom Co"s. 2.5.10, l-5, lto havo lr0nodiately

cqgg.!-ar{.-e.r9.¿9.r. Th€re exlst cxectly o4 +n3 + ¡2 = rtz l-rL I 1 equlval.ence

clagses of peralLel lines.

g.orgllClE-Ê. q,.U, For ary 1lne ."t , thêre exlõt oxacÙIy nÀ I ÞIa¡es oontein-

iasÍ .

Preof By cor. 2.4.?,, arLy ?tane contalni¡e Èrs deteûtine,1 by a Bolnt not

oo /. sioo" any such pLane contain" ,rP - o points not oo 1,, l¡, oonsltlêring

the totat nrunb or of ways of aBsooiating ,t lvitb a Doint not on ,{r r:e strall

dotormlne aìy pleno thlough /exactty ne - n tirnes. sincê there exlst

oxactLy ng - n polnts of f not on .,'?, tne number of pJ'anes tnrough .{ is

ii5-n---tã--:
n -¡r

= n-! l.
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OoloLlary 2.!.18 For ary Þolnt P, tbero 6xlEt oxactly n2.þ n.l 1 ÞtaneÉ

through P.

Proeq fot lf- ue any pì.ano ooÞtaining P. CorrosÞondlng to each of thê
.t)nJ, l- Lines { of (t through P, there êxist n planes (other than ¡¡ ) con-

talnf.n¡g {. By Co¡s. 2.4.ß, g, there exist (n.Þ1) n$ t : n2¡ n* I
pLanes blìrough P.

C orollglcy ¿.ér19, Theïe ø(ist oxa@tly n3 J- n2+ n Illarros.

Pro€ Let -¡i be any pIane. The mrmber of ptanos (other than li-) whicfr

intersect -ii is tho product of the nuìnbêr of planes othe¡ than'ii- on a

^l that ts u (n2+ n) = n5 /- n2.line I of ¡l and the numbor of l1nes 1tr l\ ;

.As Cor. 2.5.1? y thoro er.lst oxactly n plâåes parall.el to n, it fotloÏ¡s that

there êxf st exectly yP ,l-rrz + n lrlanos ln 0- .

gron Cor. 2,5.!2, 19, vre have iÍm6d11ato1y

SSLr 3C..æ Thore êxlst oxactly n2 fn t Ì oquivalêneê classes of narallel

ÞLanes .

Renarlç l,ot us return once a8afr to Corollary 2.4.5. By ColollaTi¡ 2.5.1,

the p1a-ne6 determined by P1 (i = 1, 5, 4) and ?¡ (J - 215,7) are parsl.Iel

and dlstinct. Tlue P4P6ft PTP|- Øt by vlrtue of Th. ?.g. Ilorvover Th. P.2

(1i) lnpues t'hat q{ (k - 4, 6, ?, 8) a"e copLanar. Thus, C6r. 2.4.6 a11ow6

t
us to infer that P4P6 \\ Pz%. In othêr lvords, Pl L\-- +, a,7) and Pln (m =

51516) both lead to Uhe same polnt, Pg¡ on conpletlon of tho respeotlve

¡aralLeLogrêfis 
"

8y essêntially tho samo argument,, one may shov¡ that eoru ll rrru. rnre

obsorrabion toaês us to conslder the fol"Iowtng inl-Jortant results originally

pl:oved. by Dosarques.

n
'llheorgm.?.64 I,et .,{ i (i 

= }, ?, g) be any dlstlnct Línes gllch that thêrs
extsts a Þoint pË t"t[i.,Ízß-t,¡1. Furtheï,, r-ot A1, n1, c1 (i - t, e) be
¿üy polnts other thau P such that 41, Ap g 4 r, ß1, ea é { p, and C1, C,

Ê "lø, rhen ir a1c1l\ l2cs and A1B1 [ .irP;, ì; rorroç¡E ti"r ¡lcrtl n¿de.



æor (a) rf A1 : Apr then np1 [\ ,l*ns ) a1a1ll Ira2. By rh. p.1,

it fo11ow6 that A1B1 = ArBg. Dênotlng

the co¡¡non vafuo of I 
"*- 

81 and .A,I_BA by

rrmrr, v¡e soe that rn}( l 
' 

for. r \i ,( 2

=) '= l,p (by rh. p.r) ) 4€ .(, tw
defínltton or rt ),/1 = RB (bv Ax. P.L,

as A1á?), which contradiêtÈ thê a6stt¡tn-

tion that f., {r -- r, 2, '3\ arê itlstlnct.

since rn{,.( a, rcè have that rit' ,l 2, whence Lx. 2,2 implies tnat, nfi N 2

contains at most one point. Consequently, Bt - BZ. In general, it 1Ê clear

tlrat .{1 - h(.7 11 = n2,Qç, : ¡1r. Thon, A1 - Aa } B1C1 = R2C2 antl so

tho requlred result follol,',s by.A,x. 2.4. Ilencefortlx, we lrå.y assulttê ar* a,,

81 f Ba, and C1Jå cg.

Tf 41, 81¡ and c1 ar:e colllnear, th6n A1B1 :.eICl ) A¿pg . ArC2r bv

A]c. 2.5. As a 
"e$rl-t, 

A¿r Bp and CZ are also col.línear. SlTnllarly, ít 1s

cLear that tbe côLllnearity of Ag, Bp, and C2 inplies tho coLlinearity of

41, Bl-, and CI" Now, if A1¡ B1r arid CI are Gol-Iinear' BlcI = lflc I ii ApcP

= Ðg12t provlng tho theoren 1n this câse. Hencêforer Ë'ê aay as$mo that 41,

Bi, and C1 (t o 1, 2) are each non-coLLlÞear.

ft is cloar fron uor. 2.4.1 and Co¡. 2.5.1 ijhat the planes JfBlAlrC,4,

and lfsp/.p r C¿Ap are pa"aLlêl. If the13 intè!Êêctlon ls the enìpty set'

=-ther B1o1 fi t;rcr' Ø. Hovrever, B1c, (1 = 1r 2) are côrrlanar (tn ¡ irrlu\
by Th. 2.3 Bnd Def. 2.2. Tl¡ên cor. 2.4.6 ütrLles that BlcI il n2c2, the 

"e-
quired rôsult. Honcoforth r¡o aay assurne li- uror, crAr : T B*8, Ç2A2,

Ì\rhich coln:non valuo vre denoto by rr I rr.

*-
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(b) ï,et, Pt be any point \T . (Pt exist,s by Á:r. 8.9.) B;, Cor.

2.J..1, there er.lst ullque l1nes nl and n such that ArÊr lì arf,, ano Br€n
.tllBtPt. lloïr, Cor. 2.5.I inÞl-ies that ths lrlanès detelYrtined hy n, J\rB, and

n, Â,pe rosrectivel]' are each para1J.el to ll hÂI, BlAar whonce ff r, OrUa

= T o, A2Bp, nhich c o¡¡non vâ1ue r.¡e denote by t'lll ". I\To!¡ m âr(ì n âTe not
TJ -O

paratlel, tor n il " ) arr, ll ar1

) Arpr = Brp, (h:r r¡r. ¿.1) ) pr
/-C tl (as ArF 81) bv Th. ?.8, a

contradlctlon. Since m &nd n a?e

lines ôf ll srrch that m $:r, Ax.
"L

2.7 inpLfes th¿ìt there êxlsts a

uniquê poinr rré. (n[ n). ft 1s

cLear frón Co¡. 2.5.6 rhar Pe çlI.
Nor,r, Th. ?.5 and u.or. 2.4.1 i_mply rat the pla.'e îl lre1, AlCt (i -- I, 2\

exlst and Cor. 2.5.t inplies that they are parallel. Iurther.nore, tlìey aro

distinct, for thê assunrption that they aro ldentical, along nith Co¡. p.4.1,

lrnÐlies Pl q [l r a contradictlon.

Co¡sldor tho 11ne PlP. Tf PIP \\ n, then A:(. 2.b implles nrf ìl fra,
- \ ,l-

ancl t'h. P.t y' P1P = PlÂl. IIoì,:evor, as P1 þ $, r're l{1rol f:roll Th. p.B
'\

that (P1P ll 1t ) contains at rost ono ?ofnt. Thus, P1P = PlAl Ð
P o 41, a contradlctíon to our assunlDtlons. .fis a resultr ?IP Xn. Since

X 1 and Pl dêterrnine a unioue plane Tt'I l-, ptAl (try oor. Z,,tr,?-\ , it fo1lor..s

fro¡rì Th. ?,.2 (Li) that P1P and ro a¡e copLana::. Consecluent,l.y, e,s prp {f n,

1t foll-or,:s fro¡: .4.x. 2.7 thÉìt there oxísts a uni0u6 point Q, G (Ilj), 0 rn) . lte

¡or,¡ }roceed to shols Q - P¿.

o2c1
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It is clear thet Q É AZ, for if Q -- Ag, t,hen 'r'h. 2.5 imrlies that

"te ¡, a contradlctlon. lJy a nrevious case, since p 6 (Pf q ô era, 4
B1D¿), A1B1 l\ ort' or", i\o, Q r n, and ::la,,es -jf At Pr, PrBl ana li- m, n

are dÍstinct, lt foltows that pt u, l\ Aor. Norv Ax. ,.n )O rp \t o, ,rrrun."

by oor. 2.1.ì-, Qlg = ¡. Since P?, QÊ ro, n and rn t' n (for rn 4h " ) ^
f n), u¡o havo fron Ax. 2.1 that q = Pt.

.,'ie ha1,o now shôvm that pG (prrz fì Aro¿ 0 clcp), ArpI ll n""2, ar.,
'(l i\zc z, ana { f ís parallel to, but distinct r:rorn I 41C1, 41p1. Bv a

prevlous case, 1t follorrs tnat c1P1 ll0gp¿. Tlna1]-y, it is clear that

li- P151, û101 is paralteJ. to, but disirinct tron, I BauA, n. Since P ê
(Pl Pp [ì ¡r B¿ /ì 01ua), PtBr []rrt. 

'rru 
r,1P1 [\ crr2, r,re set urcr\ i;ec2r

Q.E.D.

lhggr-el¡i ?.6rJ f,et ,[. (1 . 1, 2, 5) be any distinct ]-ines sueh tnn, fl ll

f ,\\-!u. Iurt,ìrer, let Á1¡ Bi, ci (t - fr 2) bo aÞy Doints such that 41,

Az,Q,,(t, ur, ore K p, ard' c1, o¿ Õ !6. Then if arc, \\ .l.rc, ana

oru, l\ oru., it follor¡s that Btcl \\ urtr.

æol, ( a) The êrgtunent of part (a ) of the lrecedlng theoren holds âLnost

entilely in thls case as we11. The only ercceptions aro the proofs that A1

= AZ =i Bf8, and that B1C1 (t - 1, ?) are corlanar. In tho casê now under

consid.eration, A1 = Az ) oru, l\aru, ) AlBl = ArBz (by Th. z.t) artl

siaco aþ{a, ÂrBrã.1 , i) u, = B¿ since B' BzE oru'lr. }'u?thsr-

noro, Blci (1 - t, 2) are ooplanar ln virtue Òf cor. 2.4..6. 1'1'e nay thêre-

fÕx€ assume henceforth that AI* !.a, Btt B¿, ctìâ Cz, Ai, Bi .rrù c,

(t - 1, 2) aro non-cotlineer, ** T nlpr, AlcI = 
-jî A*2, -\2C2, .,.Jhich eom-

non value r'¡e denote bV rrJ rr .

(b) Let PI bo any ÞoItú q î . (", exists by .A:r. p.9. ) lly Cor.



2.1.Ir t)rere oxist u¡ique lines r¡r and n such t'rrat' lr€ * l\ \ pr and P, á
û-

" ll,Xr. It foLlorvs fron Àx. 2.6 that thore exlsts exeot ly one point P2k

(n 11 n). }{ow \ Irr' ArB, and I ArBa, m are paralleL bv virtue of cor.

2.5.L and dislritrcl, since any as-

sunptlon to the eontrary in}lies by

cor. 2.4.1 that PrË lf, e con-

tredictlon. Thus the casa cônsid.er-

od tn part (a) al-tows us to con-

oluàe that 
"rBr 

I Pru¿. A slìnf-

l-er arguroont shoøs I lgr, 4tc1

ls Þarall-el to, but dístlnct fron,

T ApP?, Apcz' r'Ihonce lrcr\\ ercr.

Now the rl-anee li- B1C1r BrPl enð

I n2c2r BzPz are Pzrrallol âBd dis-

tinct, agâir by a slmilar argir:nent, rvhence B1C1 il nrC, , ei.o.n.

Theor-ee-e.69 let ,,(i (i ' 1, 2' 5) be at\:r' dlstlnct Ilnes and Ai, B1r Ci

(t : l-, z) bo €u.stÍÞct polntÈ such that 41, A2e I 1, nr, nzQA2 and c1,

csQ. !.s, rf A1E1 il ¿zsa, l1c1 [i l2cz, n1c1 \\ neca, and there exlsts a

unique Ì)oint De (3tB?\ crcr), thên 1f Ar* A¿ ana cy@ r't81, it fol-

l"o\.rs that nê a1.o,p.

SICot lt 1s clear v"e aay assune D4 AZ, fo¡ D ¡ Eg --) nG. Â14r. I\rthor-

nore, as Çt* Cz, eitho¡ D t' c1 or D Fc¿,

Ior Aefinitenossr ws nay suppôse D É Cf.

Furthernore, d2Ç- ocrror nr€ DG, = c1c,

) orr, = Azçz - Å ¡ (¡v rr'. ¿.r) ) ,{ s

= AIA2 -.zt1, u .ootroaiction. By 0o3. 2.4.1

ancl Th. 2.õ, the polnts Ðr Âgr C1 and C2 do-



iielrnlno s. unlquo r:Iane -[ such that D.A,p is a lfne of $ .

Norv, DAr$É À1c1, for l.r¿ [\ .rrc1 ) urrl\ A?cz (by.&c. 2.4) ;>DA,

=.4.pC2 (by Th. 2.I). Ifp - CZ, then ¡É ne as t,he hypothôsos sts.tê Ca

* nZ. The Lj.ne th¡Òugh C1 parallel to TBZCZ is tho líne through C1 }aral-
lel to Dp, that j.s parallol to.(p .3y Th. Z.l-, the 1lns through C1 paral-

l.:el to -(2 3.È, Z, This tmplies that BlrB¿¡ s.rìd. Cl ar6 colllnear. Since

BI È Be it foll-or,¡s that Bl, 82, D, cl, and C2 are col,l-inear vrhence by Ax.

z.t, I 2 -- ! u, ^ contradiction. Thus I f{ ce.

since DAp t Ã2lpt it foltows that Ae€ !"=o cp. As A1 lies on the

line through C1 parallel to ÀZCE, 1t foLl-ovrs that A1€-0,. Stnoe AriÉ

A2 by hypothesis, .A:<. ,.t >{ z = 4, a oontradlctíon to the assurnptions.

Thus DA2I{$.41C1, although both thêse tineð are coolanar (in [ ). Tr fot-
lorvs from Çor. 2.4.6 that there is exactly one point, sa¡' T, corunon to DA,

anrl 41C1.

sinco Dê (DA p l\ .I, rfi-9,u1 , a1c1 tl n2o, and A1G1 ll orar, rt fôu.or¡s

fEo¡r Th. ¿.6i. that r1r ll n¿2. As A1B1 \i lrna rv hyÞothes1s, .Ax. ¿.¡ Þ
Bl T (l AlBt and Th. 2.1 -) BIT = AlBl. conseo,uently, 41, T SA1C1, A181.

As we aro assuning C1fl .Lp1, 43. âlr 2 tnLply AfCf * 4181, vrhenoe f,x. p.L

lmLiss Al -- T. As a resuLt Ät = T 6 D Âp, v¡b.ence De. l¡12 : e,Ii.D.

Theôrgrl r?¡5D Tf ,,Q i (i - 1, 2, 5) are distinct linos and 41, 81, alrd

ci (r - 1, 2) points such that \, Aa€!, 1, B¡, I.26 lz , ct, cr€.Ås,
arali\ a.au, qc1 [\ npcp, n1c1 \\ n¿c2, and B1B2 1lc1c2 tton ir A]*Aa, A1%

l\n1rz.

3lg€: In ordsr to verif} that 41, 81, C, (1 - 1r 2) be dlsùinct, Ít suf-

fices to shorv that A1 f re, At* ce, Aa+ BL, and Â, * c1. As atl th6s6

cases ere essêntialty the sané, tre shall- conslder o¡Ly tho first one.



34

If Á,1 = tsp, then .9e = BtBz - oro, {l BpÆ > B1B2 - Ð"4.r. Conse-

quontly, 41, B¡ (ir J - 1r P) are alL col.lÍnear, whence Ax. p.J., Z irnply

&, =.lrz, a contradfctlon. Ily our above ?emaÌks, alt of A1¡ 81, C1 (í:
l-, ?) are dlstinct.

.A,s ArB, li oror, it foltor¡s fron Th. z.E (ií) and Th. ¿.5 that A1Ä, antt

Bf¡Z are coplalar. It is cloar that tho theoro¡n ls proved if vre shovr AlAa

ltl ¡f¡e = ø. Tf there oxisrs a poinr pq (a1a2 ll BtBa), th6n Th. a.6C ln?1les

P€ (ctcp), lvhence BfBp {l "rrrf ø. slnce BrBp ll orcr, 1r fÕl-l-olïs fxoïn

Th. ¿.1 that 8132 = C1Cg. Itos¡ever Ax. p.t, ? imply Bp2 -.1, and C10p e

lg, vhence lr-f", a contradiction to tho tìyÞothesês. ltonce -A1Ap lì
BlBp-þ:Q.I.D.



ïII Vootors: Dêfinitlon aqd SlemetrtêlT Prö$erüles

Crucial to the follouin€: disoussion ls the notion of an gllgg_pgll
of poíntg. Ir¡here(t ={t,*'ll,€}, ,r" a"ttn" the set of o}d6red point

paifs to be tho Certêsian Þroduct f *( . By dofinltíon, I,tè shall say that

the orderèd lofnt palT (P, q) 1s equal to the orderod ?oint palT (R, T)

iÉ'both ? È R and q = T. YJ1th legard to the ordored poínt Þâ1r (P, Q.), rve

shalL rofer to P (rosp. Q) as its fnltial (resrr. Elgl4l) toi¡û. lt is

clear that oouallty of ord.ered point pairs is an eguivalence reLation.

Dj1linrtion 3.L We say that tho ordêreal ?oint -DaÍr, (4, B) is relatett by

q pqralþþ{4reJn to tho ordêlod point palr (C, D) antl vrrite "(4, B)f,1

(C, D)t' lf and only 1f at least one of ths folLol,rlng condltlons obtains:

(f) ¡,:Ba¡dC =D

(2) Â-CanilB-D

AC

BD

AB
ûbcD

(5) AB É0D, .lo'll cn, ana ,lc i\ ln fl]
B

obvlousIy the rr larallelogrslnrr 1n the above dofinition Sefers to

case (5), vrhich la,fn a sonser th€ only non-trivfal (non-degenerate ) one.

ìTe rernark that 1n case (3) , all the pointsr A, 3, Cr and D are distlnctr by

viï,tue of our conve¡.t1on about expressions of tho form ttÉ'tfË 
?t' and by arl

appllcailon of lth. 2'1.

W6 [otê in ]'assing thet El 1s both Teflelfvo and sy¡nnetrlc. Hovrever t

the transitivity of l= is ûot obvlously k¡þ in & . If the ênu¡íoratfon of

Þoints ård Lines 1n cor. ¿.5.2 does in fact êxhau8t Or the reatler nay verify

that Eis tra¡sltfve. If, on the othê" handr thelo êrists a tine,'Q. contain-

fng distlnct points P, Q, and R and tf there exist dlstinct points T and v



not on ,-[such that (P, S) if (T, v), thon by Cor, 2.4.I, Th. 2.2(tt), .4*.¿.5,

andl Ax. P.7, therê exists a point W 6,-{
such that TR // Vr\. r\ccording to Def. 3.1r

thls neans that (T, V) lf, (R, 1'i), aLthough

a,f P Én ) {r,ø\/ln,t+\. Byvlr-

tue of Ax. e.9, r¡Jê are guafanteed thê exlst-

once of ?, Q, and T, and eonseguêDtly, that

of v as welt (by Ax. 3.6). Thris, lt ls

clear that p 1s transitlve (and henee an equivalenoe relatfon) if antt only

if êvery lfnê contatns exactly two Tloints. Sinoo rre shalLt see that affinê

spaceF $¡ith moro tha.l1 trvo poínts per tine are of consiilerable lnterest, Êts
unsatisfacto?y as an 6quivalence rel-ation on þ x þ.
De{iq!&¡.og 5i? l'ie say that the ordêre¿l Foint palr (4, s ) i" equlBolloat

to the ordered poirt ¡afr (C, D) anit rvrite "(ArB)/1 (c,D)rt ff and onLy if

thore exists an ordered. point Ðafr (8, T) such that both (Â' B)q (E' ¡')

and (Iì, f')!J (c, D).

It 1s clea-T that the sylûìetry and feflêxfvit'y of ú finply that 4 uf"o

bas these properties. iYê shalI shorbLy d.eno¡strate that, unlíke if ,4l r"

trarsltive ln aLl- afflno sÌ¡aces, regardless of tho nullber of Þoints per llno

in the space. ïndeed, Th. 5.2 will Justify our introductron off .

proposftiog 5¿ (A,B) if,(c,D) ) (l,n)f (c,D).

qr.qof (ÂrB) El (ArB) by Dof. 5.1¡ {2), rvhence bv Def. 3.2, (A,B) D (c,D)

Þ (¿,¡)É (A,B) and (A,B)¡J(c,D) ) (A,B)f (c,D) : q.Ë.D.

In anirÍc iÞatlon of late¡ develolnênts, it is conventent to introducÈ

the notation o for the set { (r,l) \ , eV} ,

36
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l->roposition 5.2 (f ) (A'B) ì7

I 1r,l).

(c.D) anû (either A = B ôrc:¡) ) (A,c)

(ii) (A,B) f tc,ol and (erther A = B or c = D) ) (A,c)

: (B,D ) .

EqgôJ (1) If A : B' then $ro r{iay conclude c = D, by Dêf ' 3'1, (r) (2)'

Sinilarly, c : D ) A : B. By the definition of eqxallty of ol:deÏed point

pairs, (A,c) : (n,D). consequentlv' x69 ) (vE* (=7v€ 9) '
(il) By Def. 3.2, there exiõÙs an ordered point pais (ErI') such that

(a,u¡ ¡ (r,r) and (Ð'r') l:I (crD). Tf A a B'Jhen ltr = r, tv ¡art (i)' Bv

xopeatin€ the argurnent r C -D. gence A - B ) C =D. SinlLarly C =D

) A--8. As above, lt folfov/s that (.Arc) = (nrD). Co!ìseauentlyr xË0

) t"n x {g vé !).
Theoroìn 5.1 For any Ïroints, A' B' C' ar-d D such that (A,B)1(cro) and

JrB * CÐ and any plano'li- contaínÍng Är B' Cr and Dt tbere etÈlsts ?oj'nts n

and I suclr that trÇ li- , nÉ îf, 1.0',1¡ ú(a,r) and (r,F) n(c'D)'

Eoof ¡y Def. 3.?r tbore sl<isbs an ordèred- polnt rsir (GrH) such 'bhat

(t,s) É (Grï) and (G,H) if (c,D). Îî ç q' [, ttt"n slnce J"þ B and {Ä'P)

[J(G, H) , it fo].Iows fron Ðof. 5.1 that ¡'¡llcn. 3s A' BG l" , tn' a'n Ð

arl ï)olnts or AB rle io T , u.lto"r,"" &STf ) 64 ¿u ) nu * 
-GH 

(bv rh'
I

2.1.). Thusr 0ors. 2.4.1-1 6 lmp1y that there 1s a ujltque plene î contaln-

ing AB and GIt. since A3*Gfl, Tli. 2.1 ) *[\* = p, rrhence uf m' As

t 
uor. 2.4.rr n6lf )l\- =ArB, and lT uniquely dete]]laino { by vlrtue of

-Í 
\ .-

u -, G\ lì , a contradictíoa. ConseouentLy, H ê [ ana so tf ÊÊ î'

one need. only i.et (:irf¡ : (G,H) tn order to provo the theo"en' Âs a result'

l,¡e na], henceforth assune wlthout loss of êoneratltv that G é T ' IInder thls

assumÞtion, the abovo argtunent showe IIQ F , on j ntorchanglng the roles of



'. ¡8--

i9.- a¡¿ n.

By 3x1oÌt 2.1-0, there e:<fsts a loÍnt I ø li-. Consequently, D'É A

é Ï- , and the tino rA oxists (by .A:c.

2,1r 2), By Co¡. 2.1-.1, there exlst

unlque Ilnos $n<1 r,r srl.ch that E ê -!r//
AB a¡d BÉ n // \A, mo,r{\ m, for lf

,9// ^, Ax. z.+ ) * ZZ * ) EA = AB,

by Th. 2.1. Iîênce b]¡ Th. P.5, l¿ = ¡s ) ¡É.m ) EGlf, o contradlo-
al

tion. I{cnïovðr, etnce X // Â3, Th. 2,2 (ti\ ÍnpI1es that -Q and Ìr are co}ttana?,

rvlrence Ax. e.? lnp]íes tbat there exista a unique point ¡(.{A r.

It 1s cLoar ff,on the above constructlon tjhat (ArB)lf (ltr3) aocordin€ to

Ðef. 3.1, (3). Novr the ar¿prnent of the ff¡Éit Þaragraì)h of this ì,aoof sbovrs

t,hat ¡ Éî . If cÐ I GH, th"tt Def . ã.L impliê6 (c,D) : (GrH) and ÇA // DB

stnce cD: cn Ð AB# GH Þ (o,t)t¡ (G,fi) accordfne to Def. 11.1 (5).

SimlLar1y, 33 = GH 1!t!11e6 AC // Dß. If GH is dístlnct frorìr bôth CD and AI

then Ðef. 5.1, (õ) 1nÞlles cç //Dv, c.I\ // rß, cD n cH = cuf\ ¿¡ = ¿¡/1co -

f, rvhenco by Th. 2.68r ÇA, // DB. Thus $'e have cA // DB ra alt casog.

¡,s EF =,,1 // AB // cD (by Ax. 8.4 ând Def. 5.1), nA// TB - n, anõ. cÃ //
DB, it follovrs fron Th. 2.68 that Tß // fD. In conjunctlon vtthf // cD, i,;hL6

irûpLies that (ErT)tl (CrD) by virtue of Def. 3.1(3). As v¡e have alreadl' shÒgm

(n,¡) í3 (r,F) the ?roof is completo.

corglr.es¡ s,.L.f (A,B),| (c,D), ABÈ cD ) (A,B) rf (c,D).

ryoof riJlth the notatlon of the ?receding t¡.eorên, thôre extst poiats IJ and

r such thar (¡.,¡)E (r,r), (r,r) [l (c,Ð), and AB$ ¡rf cDt' AB. stnce

Af B, ÊFop. 3.2 fnpl-ies E5É T. !,8 !ß // 1ß // cÐ, frc // !-D and ]rA // FB,

it follor,rs fron Th. 2.6.8 t]àat CA //Ð8, Irì conjunctior \¡¡fth AB //cn, tbls In-

pLles (lr,a)Q (crÐ), the regìrired result.
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cjlg11q4¡ 5.1.a (A,B)1 (c,D) ) (A,B)rf(c,D) or AB E cD.
rPrgof lf AB F CD, the result follov¡s from the proced.ing corollarXi. The

onLy other liosslbilitles arê A Ë B and ¡B = CD. ff A = B, it fol1o,/¡s fr'om

Pror:. ã.2 that (ArB)[J (CrD). I€stly, ff AB = CD, thel'o is noüìing to

pÏove.

corollw*q.¿rõ_ Tf (A,B),} (c,D), then (t) l: c <Ð u: D €rod (p) B ã c

brÂ=D)*=cDorArB.

Prggg (1) If (A,B)f {C,o) a¡d A - c, then ofther (A,B) tl (ArD) or AB - ADr

by virtue of tho last corolla"y. If (ArB)¡J (ArO), it fotlorvs f¡o¡n Dof. 5.1

that oither Ä = B and A = D or B:D. In oitþor of these ca.sos, Ìce have B c

D. If AB - AD thonras thBre oxislrs an or{ered. Irolnt .âair (ErF) such thet
(i,,8)i3 (tr,l¡) snd (E,F) tJ (A,D)) it foltows that efthor AB = sF, in lrhfctx case

(arn¡ = (¡,F) = (ArD) > B e Ð, or AB.*E¡, ,lB l\ rqF, ,{E ll BF aud to, llr,n. tree

Last two €quatfo¡s irnply, via Th. e.1, that jÌ¡' : ¡D. If Ii4 AB then since

f\B // ET, Th. ¿.1 ) * =:iqI', a contrad.ictton. consequently ¡.4 AD and so BF

+ 3Ð. I-'inallyr B, De .A3, Bf à B : D, by n0.. 2.1. ÏÌe havo Þrovêd that ,fi 
=

C) n-D, lhe.proof ì.that B - n -) a. C is slmilar an¿l hence orûtttod.

(2) Let (A,B) I (O,D), B -- C, a¡d AÉ B. By ?ro9. 6.U (ti), rve have

C * D. Henc6 AB ard CD ôx1Ët and v¡e need onLy shov i\B = CD.

If rì! # c,D, then Co¡. 5.1.2 ünplles (A,B)tf (CrD). Under thosê coï{dÍ-

tlonõ, AB 11 cn u"A eC lJ ¡¡ by Def. 3.1. Sínce wo are su]rÞosing B ¡ tr Th. p.l

inlLies 18 = CD, a cont"adiotion. Thus, with tho assumÞtion B = C, 1,¡þ heve

ÊhoT,m ÀB ? CD, as reo-ulred. The caso A ! D 1s bandlod sit[ilarly.

T¡e nolv proceod to shor¡ ttrat 1 fs transitivê. In vlTtue of proþ. g.2(ii),

1t sufflces to p"ove the follo?¡ing ¡osult.

Theo¡o¡r 3.8 If (ArB), (CrD¡, and (nrI) arô any ordorêd. potnt BafTs aot ln o

suctr tlrat (JI,B)1 (C,D) and (c,D) 1 (E,n) , rhen (A,B) 1 (n,T).



PLoof (f ) ff ¡¡ *cn *a co$ lf , then by t\,ro apptlcations of cor. 5.L.2,

Def. 3,2 lmpl-ies (ArB)'ì' (¡rr), as requlrêd.

(11) Yfe conslder the }eÌÞining cases tÍherê exactly two of .A¡, CD, and.

trT' R¡e d.istinct. It sufflces to prove the theo"em on the assumþtfon ÆdCn
: ¡Tt. Then, as ,olf ct, we bave frorn cor. g.L.a that (/rrB) il (crD) and so,

by Def. 3.1, ABll ct .n¿ Acl BD. ït follows from Th. z.p (li) tha.t A, B, c,

Ð, 1tr, a¡d T àeter¡nlDe a unlqua plane, say lf . By Th. 5.I, therê exlsts (Grñ)J:-_-.¡''--'11...'.1\.u.L,v¡¡vrv9Â¿9v9tv'¡I,

I o 
"lror, 

thût G4 ri- , nà ¡ , (c,D)t] lcru)

and (crH) F (E,I') . Thus co \cn, cc ìlDH ana nG

i\m.
c D r ¡' Trr parbfcutas, vrê have that cD.*AB * *nf

cD, Ac ll BD ând cc llDfi. It follows frou Th.

2.68 thatr Ac ll lff. I conjunctiou with .AB ll ear (r,rnf ct follorvs fron .Ax. ?.4) ,

thÍs inplies (A,B) E (GrH). Stnce (Grn)í1 (r,tr'), Dof. ß.? allovrs us to co¡clude

(Arlr)i (E,f ) , as ?eouirod.

( ltt ) Suppose AB - CD e EF. lT ithout loss of goneral j-ty, (ArB ) #(C ,D )

+(ErF). By Def. õ.1 there oxists (G,ir)\o such rhât cH+"AB, (ÂrB) q (G,Í)

and (crx) E (c,D). By làop. 5.1, (G.II) 1(c,D), and so the þrecedfng case ím-

pl-ies (ç.fl) 1 (r,r ).

Slncê Gi{ .ËO = uf, Cor.. 5.1.1 trûl?Ltês

that (G,I{) lf,(li,F) . In cônjunctíón with

(A,B) f-f(c,Ii) , thls lmpries that (A,B)

f{u,u).
Thê b?eceding th.oorem oômpl-etee the denonstratlon thattls a syr¡notrlc,

reflôxive, €nd tra¡sltlve reLatlon, thet ts, an eauivalenee reIat1on. By a

ïtell ìrnown result, it foflows that the reLatlon f ,nduo"" a þarùltio¡1ne of

the set of al_L ordexed þotnt Þairs Ínto ¡ìmtually excluslve and exhâust, ive non-



êmpty suÞsots oal-l-sd, 'regìrív&lence classogrr. This observation notlvates

the follollng definitlon.

ry-¡¡gllgn--g¿g Any sut set T of the Aet /xf of all ordorod Þotnt Þairs is

said to bê a vêcton if and only 1f T 1s identical v¡Ith èraotly one of tho

êquivalenoe classes col.rospond.lirg tof infxÚ. A sin¡¡Io vectol. v¡iLl- lrê

denotod by an undorllned 1ov¡or eaÊe Iot-',er, for exanDlê r'\¡. Thê set ôf Bll

vectors v¡iIl be denoted by V.

ïie shalt now prove that \9las a unlque reÞresentatlôn at every

poirt P C þ.
The-oren 5.. Ior. aay vectÕr '\¡ and ary point P, thers exlst urliquê polnts

Q and R such that (Prq) Éi r,F aniì (R, P)(--\I: .

SLqot lTe shaLl establlsh that there is e uniquê poínt Q such that (PrQ)

e U . The proof thot ê unio-uê poiät R êxists such that (R, 
") 

e \r- is

si¡ùiLar end bence onltted. Tt fs cIêar f?on Pxop. 6.2(i1) that rto nay as-

sumoiÞ n9--- þ.

Thoro cannot êxist tno distinct satlsfaetoly Q, for (€r0.,) 't tP, ørl
-\--/l - A,2, by Cor. 3.1.5. Thus lt sufflces to denonstrate the exiÉtence of

at least one satisfactory Q,.

ff (ArB) I ¡l- uoa f\an, then Ax. 2.6 $raïantess the êxlstenoe of a

"l ¡lpoint T 6uch that Pr \t Æ and PA \\ TB. By Def. 5.1, these Îel-atlons imÞlv

that (A,B) [ (prÎ) and so by Prop. 3.r, (A,B)1 (P,T). Thus (r,t)G*f ana r

is a sat isfactox'I¡ Q.

If (c,D)€.ú- ånd P6 CD, tet E be

rny eornt \gD. Then Ax. 2.6 gua¡an-

tees the existenco of a lroint F suah

that (c,D)lA (:E,F). Sinoe I \ tl, l.t

is el-ëar from Def. 5.1 snd Th. 2.1 that
ÆurrriftX

1ì'rooot")
\Equ,g/
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Er Fr and P are ôistlnct. consequÊntlyr Ax. ¿.6 aDd cor. 2.L.1 gual'antee

the exlstenco of a point G€ cD such t'hat xP i\ TG. as mll It : cD, rro

ìrave (ErF) É (",G) and so (IrF) t {r,c). In virtue of the Þrocedirg Pa"a-

graph and Th. 3.2r these rolatlons inÞtv (CrD) f (PrG) r '¡¡honcê (prc)€ it,

rvith G serving as Q.

l{e now dlscuss the fl}st of the vector operatlons v¡e .shal-I oonsider,

thât of vector additlon.

Definitlon 5.4 Lot \l ancì \-f be anv vectors (possiblv S : l5) a;rd P anv

Ðoint. I,ot I a¡d R be tþe uníquô points such thÉìt (P'A)€U and (Q'R)

É \È. r¡ê doflno thu 3u]t of- -8"-T1-9 -t 
o be the u¡lque vootor l¡f,: contain-

ine; (P,R) and dênote tl¡ ¡v &'19.
Theorell,q!4 The sum of anv tlTo vectoxs $ *u Y is 1vê11 deflned' that

is, indopondent of the point P ót Def. 5.4¡

æ rot P, Q, ând R bo anv pôints such t'hât (P,Q) ê ! ano (ArR) é V'

It is clear fron Prop. 3.2(ii) that we nav assume p f q*n.

(1) Su?pose R é P S. Let Pt be a¡y point such th&b Pt È oq. Bv Th'

5.5, theto er.ist pornts Qr and Rr such thet (?t, Qt)ê ü-, (qt, Rt) (9,

and priåcr fnr. .e,s È,el I þr,Qr) ana m*p'0," we have f¡o¡n cor. 5.1.I

rhar @,e) ú(P ,q, ) . Bv Der. 5.f ib rolloÞ¡s that PQ, tlP'o' , *u'tn'tont '
ghue Tb.8.1 lrnplfes thêt mf,[prq, ' þ, whence fn þa?ticular qt\OiR =p O'

consoo.uentl-y, q'Rt* QR ard' as above ' vle get æ \\ o,tRr and o'c¿t ll nnt '

stnco prerl\ Bg= oA\\O'n', Th. 2.t lrnrr].ios thet 'Pr¡ Qr, and Rt are col-

linear. Applications or Ax, 2.4 give 'P n I p'nt 
""a 

pp r [\ nnr rvtrenoe Def '

s.r.:> (9 , R)E (p,, Rr) antl ?rop. 5.1 ) 1p, n)f (p', n').

ïf p' ' 1" any point of IQ, then the abo'¡o arguìneoü shows that ¡.r Ï

câJ-cuLatsd fron prr oquals lr\4 [ calcufatêd fror¡ P, sl]lcê eacn equafs S+f

cal-cul-at ed fro¡r Pl .



(ii) If P, Q, and R aro not coltinear then, by Cor. p.A.Lr they

are contai¡.ed. lrr a uuique pl-ane, say ìi- . ff pr i6 âny poht such that pt

\ tl , there oxtst unique points er and Rr such that (prrqr)å(, (qrrnr)

Ê \l- 
"n¿ 

p'f g'$ n'. Äs rn. a.r )rrq
ÇlI, tt fo1to,,'¡s thât p'\ pl and so ?,o-,$

I{). As in caðe (i), rye eut Fì l\ pror end prp

'lA.,q. str.itarry rn \\ rrn r and prp lt n,n. ¡v
M.. 2.4 ancl Th. 2.6D, ft fÒIlôr?s t¡at etRr ll
0A and RrR \t Q.,0.. Thus, Def. r.:. )¡t,n)¡
(Pt,Rr ) and (r,n)J 1r',nr ¡.

If Pr r ls any polnt of fi- , tfren \*þ caLcu1atôd fron pn equal,s

If I cufcu:-ated fronì P, sínce each equals iÀ.Þ [catculated fror] pr.

TIle r.eader l,Jill reelize that the are,ulrlent ín case (i) of Th. 9.4 es_

tabl-ishes the follo}ring bìportant result.

1l.o!. _5.3 Iæt 1,1¡ and \J- be any vectors and A and Ð an¡r polnr,s. Let B,

C, n, and tr' be the rù.ío.ue ?olnts such that (¡.rB) É I , (¡rc)G,!r , (Ðrn)

êþ, *o (s,l) €. h.. Then A, B, and C a?e eo-r.l- j.nea? if anit onty if D, E,

atrd tr' erê coL].ínear.

ïf, ln the notatlon of lleo?. 3,3, Ll hapxens thât A, ¡, and C aro col-
3.ì.near, r?e say that tllo vecto"s tl and tf ar6 collin.ear or ïJslal1et and

ïrr.itelÅll \f . Par"al].ellsa of vectors 1s cLeal.Ly refJ.er.ivê and. s]4nnrêtrtc.

In the foLl-ovring l)roþosltion, lro prove thât collinearity of vectors 1s also

a transftlve r€Iat1on in a sDeclal- su¡set of Úy'-

Þopoqllion 3.4 If S ,jl ."d Uf bo any three vectors, each of r,¡hl eh int er-

sects o in p, then s l\i4 rltur > L l\ [-.
Ploe! IJy virtue of the ]rreceding ?esuLt, 1t suffices to co¡sÍder the rep-

resentation of f/qt any þoint P. Let Q, R, and T be the unique polnts

,/q'

"'"'fn"
R
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Euaranteed by Th. ¡.s srrch thât (P,A)e\, (q,R)êf , and (lì,T)€ U¿'.

? '. a .. R _mè ...: -=+- . -à.ya$g'

T are coli.inea¡.

Let X be the unique polnt sì¡ch tire,t (QrX)ê [,lil-, that is' such that

(A,x)î (R,r) . ¡sUtrû 9= Ø, n$r ana so by ïÌop. 5.2 (ii), A+X. rt
foll-o1¡s fron 0or. f.t.p ttrât êither QN I RT or (QrX)fJ (n,r). Sfnce nft,

ef n, ano QÉ RT, Der. 5.1 and Th. 2.1 1m¡ry (0,,x) / (R,T). Thue Q;c = RT.

Since (À l\ g = ø, P+ Q and ¡¡<s, 2.1-, 2 lnl?Iy PQ = RT. Thus ?e¿ = q¡r,

l,trencè P, Q, ancl x are collinear. Thls proves thet I and ¡¿ are col].1neaÎt

as clalmed.

ee,q:fþn-q.é ror arv vectors I , \| , and $, if U,ltg-, E\[|, *u g
/ìg - ø, uren g1f tr'bvl.
Proof Since o 1s colllnear r'rÍth everry vecl,or' it folto],'rs ¡¡¿tr ¡e¡¡ \À and

+[f l¡teÌsect, 9 rn Ø. By Prop. ?).+, tre nay conc-]-udo that u- \y . Assturte

¡r\\ vr+ ll.
T,et P be any ?o1nt and Q, R, and S the unlouely dotornlned Doints such

rhat (p,Q) É $. , (s,R)€ þand (R,s)€ Ur . Îlìus (Q's)(t¿. +-Uf . slnce i/.

and [X each lnteÌsect 9 in Ø, Ofn \s. ruÌtheïmore' C\s, ro" A = s )
{R,q) e[] )l,|. l\ \ù ' a contradlction. T,et T be the unique ìroint such that

(a,r)Ê.!¿. ns q*nt" *e, the ârstment or Prop. 3.4, proves QT = Rs.

since ìÀ l\ U:, pS È Rs, whence Pq -- oI *d C \\ þ, a contradlct,lon. conse-

que¡tty, bll|+rrt , as cl-ajiÌed.

Prolgsltlon 4.li For any vectors 1j.. an¿ f a¡¿ a¡y point P' lf (PrQ)É [ unO

(P,R) € tI , then l,( [l \¡ it "tta 
onry ir' P'q, and iì are eol]-Í¿ear.

F¡on the definitlon of the colllnêarlty of

vectors, P and T are eacll cól.:l"lnea! rîith

Q and R.,+"f/l 9 = ø,QfR ana so b¡,

Axs. ?.1, 2 r,¡e concludo that P, Q, R, and.



ho-of í .$ul$oee$flg'," rr (q,r) Ê¡1, tr,on P, Q, and r are colllneaï.

vilthout loss of generality, n#p * O { t ana Of n. since (P,R)f {Q,,r¡,

rve get fronr Th. 2.1, Def. 5.1, and 0or. 5.1.2 that PR : QTr as in the proof

óf l)?ôÞ. g.4. Thus Q€ P R and P, Q, and R are cóI1lnear.

Convorsely, 1f P, q, and R ars collinear and if (Q.rT)4 tf tlen (prn)

î(err). lTlthout Loss of genorality, f* qtp;{n and the abovo a?Êiu¡rent

proves PR : QT. Thus P, Q, and T are colllnoar ara t¡\ \þ . ThÍs conpleteÊ

the proof.

Tt vriLl nor¡ be shown that \f forEs an abêU.alr group uudor addlt1on.

Èloro prêcisêly, r¡o have the follovrin¡1 theoren.

Theolen õ.5 (i) For all vôetors [ ,-!!, *¿ 1¿I. , tt fol1ov¡s that [+(it+yg-)
: (lLf \D.{- Ul.

(11) There is a unlouê veotor ot such that' for aLl I e V,
gstU =þ+o* =y-.

(ti.i) r¡or each vectord thero Ís a unique vector 1,/r (often de-

noted -r,Þ) such that !¡{l¡ -11+U-= 9.
(iv) ror all vectors $*a l¿Í , there is a unique vector X (often

dênoted üf -lL ) sueh.that I'l- ü, : w-.
(e) r'or a1l vectors l¿- end 1¡,tVÐ : Ul'il .

Proof (i) There exist points, P' qr R' a¡d S such that (PrQ)É[, (O,rn) I

-\C.r a¡d (R,s)g!Àf . sinco (P,R) €tt¡*lf ), *e have that (Ë, s) É Uti-)
+gr. Horvover, since (q,s) 6l¿-f U, rTe also havê that (f", s)€ tr'{- (!l-ll¡D.

As any ordored Þolnt palr belongs to exactly one vector, it tïnrst be that (j[ |

Z')+lg = û '!(g +Y ).
(ii) Let 0s be a vector such that ror arr-!fë'fi!.,f^ts+g" = g**lÀ=

ll . ïor any points P and o"r there 1s a unlquo vector ¡[- such that (Pra) e

\t. rf (Q,s)€gr, thon (4s)e,!rf 9" =\f and rh. 5.3 imÐlies that Q = s.
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Since (Srs) é 9t , Prop. 5.2 (1i) 1nÞ1ies tbat thelo is ât nost one satl6-

factolx¡ !r , namelv the voctor 0 defined before ås{ {",") \"e f}.

Let W be an arbltrary vector ana A a¡y point. Therê 1s a unlquo poirt

B such that (¡.,¡) Ê [¡f . Sfnce (A,A) É g' u::d (B,B) É (^f', tttn 
"oasoning

of case (i) allolrs us to concLuale ot f -ü = [¡** 0t = !f .

(tti¡ -u'ot any vector L and any !o int Pr tholo Ís a polnt Q such

that (,g a)É. F. rf \rr 1s deflned as the vector containlng (QrP), then
t

Th. õ.4 ;) u.+ yf r = l¿- + D= g. The uniquenoss of ![: I fo].lor¡s f"on thô

uDiquô ïepreÉentaü1on of o, for if (P,Q) â Uì tqrRlc \[ t, nt,ì ]fS-Uf t = I
then (P,R) and (Þ,i) are each ln !, vrhence Th. 3.3 ) n = I a¡it \a I is

unique.

(iv) rf I+$ = çf , thenE: x.rg:år (-Lt+S') = (Eþlt)+(tl')

=. Uf+$t. Thus there is at nost one satisfactory vatrÌe of X. The verlfica-

tion that (jf+[ t ) t.4 : U,f 1s stralghlrfo:r"ard and. s]rovrs that a tuique satis-

factory I oxisi;s.

(v ) By ( ii ) , vre nay assune that -b 
+-q + !I

¿"**n" 1Á,111¡ . Let p be any Þoint a¡1d I aÌ1d Iì ¡ofnts sÌrclE tliat

(PrS) Ê ¡! ana (A,n)Q lf . Then b-v Ax. 2.5r 6' there exist unique Llnes/ a¡tl

n ard unrquo point Rr such tlrat PÊ,Q lþR, n q * l\ ?Q, and I [\* ={ *'!. Bv

'Def. 5.r, (d,R')ú (Q,R) and (P,8) q (Rr'R)

PÍRr
vrleuce (.þrR')f (Q,R) and (rî,q)f (¡r',R). con-

l--.--Y sequentrv, (P,R)C \r t ß ,-U, I f ant so lf t \Lq R 
=U+lf.

rr [l\ tr, rer lU] bê any ve"tor ütl". rrren ¡i-'$.¡7rt\Ð, bv Prop. 3.5.

1J,siru-: rvlrat lras al-Tead.y ¡oon provod for non-colLinêar vectoÏs r lT e f illd (&+ lJr )

+ta-=lÀ+ (.F,r,id. )= (il+\¡I- )t.u,=¡+ (51*l!) =Jr'{^({À-+¡¡ = (-F+



'-:a'7 '_ _'' _-:-:'::

tÀ )+5: . Âddine !_r to the e)çtrerne nenbers of thls eouation, vre get il" -{-

lf = F+ tt, , as roo-uired.
-1

sincef,¡Àr(-U il f q. : ttÈÈq¡q.l =g,'fgr[, it i. crear

that lt+(-lt ) -È - 12| . It 1s also clear tirat -9: O.

Rqnqr,E The coxÌ.'ìutatfvity of vector ad.dltion is eouÍvaLent to the ¡tlnor

theorem of Pappns ¡ ff ./f, anO ln are distinct paraL]-ol linos wfth S, T, and [,.[

dlstínct point of-{ and P, Q¡ and R distinct points of .,9, tlen any tvro of

sQ il rR, rP [l l]s, and sp [ì [lp m¡ry the third.
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IV scalars and coord lnatlsÈtlon

Intuitível_y mul,t i pl-icat j.on by & scalaï is a firnction rlbich mul.tlpu.es

ì:he J-ength of any Line segîent represontlng any vectoÏ by a flxod nunber,

l,rithout chaÂqing llhe vecborÎs line of action. Using a llheolelu from Eucll-

d.eall Beometryr 1¡Je rnal' nake this notion more ¡recíse. It is vell- kTrÓlm that

if ABc is a 'þria¡e!l-e, Br a Þoint on AB, and Ct a Ðoint on AC, thon ¡c l\ utct

if and onty if ÂBr : .{B :: ACr I AC. This is th6 p"inc1¡41 motivauíon for

the fol-]oÌring definitiôn.

Definition 4.1- A f\rnction f fron fi"-" t/ Ís a rn!:l--tiirlic*qgjio+ by-åi-cq'!gl,

oÏ sf¡nplt¡ a Èoalar i-f and onIY if
(t) f (!) =! and

(?) r (\f ) - r 0L ) ilt.lÀ, ror err[,\f AW.

The set of scalars 1vill be donoted b;r l.

3f9pgg.4.ion 4¿ 1¡or all scalars f anÖ al-l vectors ll, f (g) and f aIe co1-

l-ineâr.

þof r,er izt -- o i.n Def . 4.r, (e). :ruen since 
f{g)dg) ' rh. iJ.s (ri) ir-

plies þhat r (9) = r (tr){.9= r (U )+ (-g) = (\f") -9= r (rf ) - r
(l¡" lt\r|-lÀ =!r-9 =V-t (-9) 1t¡{- g=[. rhus r tU-l\Lr.

Bo-Loj&lgll 3.ú, (i) There exists a uniouo scaLa? o such that 0 (rJ. ) -- 0 for

ari. [G W
(iÍ ) There oxlsts a rÌnloue ,scalar I such tha't' I (g ) : lJ-

for all- 1f G \f .

lLgi (i) r.u, d-u" a runction r"olllV int'oüsuch iltutd'U ) q ,

^n I e \f, certain!.¡, there is exactly one such f\nction. rt remaÍns only

''o ver:if]' that4rs a scalar. liv the definftlon of d., {. t-ql -- 0. ror'' ânv

vecbors r,r. and lf, 1re have{tU'l - olt$l = e - g = g+ (-0) = o+o = 0

ll iÀ - f, since o is col-lfnôar rvlth every vector. Thus c('satisfies Def. 4.L

ând so is a scal-ar.

\
tr

f
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(ii) The proof f,or (ff) ls sinilar tô thê above and hence omitted.

It is convenlont lro have an alternatlve forfi ôf the ôeffnítion of

scalars ln to?]ûs of parallellsm of l-ínes and parafleLlsn of vectors.

p¡oppsl!.iqq :.4 For sny vecto?õ [, tI' UJ'"n¿ f, aJld any ]]oints Pr 8, R'

s, and r, and any scalar f, if Þ\t|+!, !!ll\[, (P,q)€tl , (P,n) €\J- ,

(p, s)q tl-, {P, rle z, and T- : r ($ ), thon z : f (t^t) rr and only ir
T É P S arti SQ\ TR.

Proof I r,et tlz = f( tÅd and (P,x) €9. ttren (8,s)4 S¿- - S ana (R,x) L
ALL

f (ü')-r (i! ). Let Y be the unioue

roiÞt such that (Q,s)tr (R,Y). slnce !

" 
*te ì|u¡ f o, n foI1olrs trlat q+ s'

whencê Defs. 3.1, 2 ancl A.x. 2.4 inîly
qË l\Rr. since t¿f- - b'\\ t (UÐ - r (È ),
kÕp. 5.6 l¡tplies 'bhat R, Yr â11d. X are

coll.ineâr. siqce QË 1/ ny = mc, Ax. 2,4

irípLi os sS lhcR.

Convorsely, if (P,T) ÈZ , * € I s, ana so" l\ TR' lt follot¡s that z =

t (ü, lro¡ if (PrV) € f (W )thonv, TePs, VR by rvhat has êIÍeadv beon

Þroved. ÌIowever, rs É vR ror Ë 'YR i) ps tl sq Ð !s = sQ )U.\\ U¿' "
contrad.iction. Thus by ¡'x. 2.1r v : T and tho proof fs colnlIotê.

I'Ie DoI{ p"ove an 1îÌpostant theolo¡o about ihe êxistence ôf ðcalars.

Il:ggf-olf.3¿ -q +l| t\ U+Ù-, g ) there ercisbs e gcaLar r such that g'=

f ('u.

ïIq]!l ite slÞl1 define a nappfng f from finto Vsuch that S : t hf ) ana

then shol'r 'r,hat f 1s mdeed a scaLâr.

ror anv6Q\)y', tt4- Ìf i¿,, then supeoslnc that (?,4,)ê L, (P,n¡

€ g-, 
"aa 

(PrS)Qc>!, 1t foLlolvs fronr lrroì!. 5.6 tbat tho line liltough R



paraLlel to SQ interseots PS ln a uniqus point T (for nonparall.ôl- coplanar

Llnes ha1's a unioue q6tÌux6¡ Þ61¡{. Define

(rql ) t,o be the vector containf ng (PrT ) .

Settíng aside for thè ì1torûent'r,he oxestíôn ôf tho l:naefes rl4der f of

vecrors col"Iinear with 1r{ , vre shov¡ f (F) - f (X) ll P -X to" au. othor

g,?l€ 'W ; rf Ê \l¿1, the 
"ôsult 

ís trivial., bv virtue or Prorr. 4.1.

tn"n g.,K)- )t'
: DB (froìr Th.

by Pro¡. 5.6.

It norv remalns to dofíne the inage under f of vectors coLllûear I'rlth

4 and strow that, 'Jrith regâïil to thorx, f st1ll satj.sfíes ¡êf. 4.1. ft suf-

fices to shovr that if a vector q y{ q is enployeil to dêterÌìíne f (q¿ } tor

att g +"( lt U , the sesutt fs the sano as if one were to uuu tlf \c , t.,t'

insùeâd of ¿. (clearl-y, for aII veotors ú¡ aïld C., I'¡s Ìlust defino f (0) = 0.)

sur¡ose (P,A)Ég, (P,R)é,q', (P,A) ESl, (p,¡)É f (\}r), (P,c)Ç ¿,

(P,D) € f (C), (p,u)€ a( and (P'N)E f {3i) vrtrore f ( c'( ) Ís cal-culated

by neans of f (tr.). Fy P?op. 4.3r ít suffices to shorv ürat ail fþ1.

3y our prsvious connents r ca ll un and bv construction, cl'l [loN. One nay

c

PJ)

Aù

rr p'tl/, sirp¡osa:(?,Q) qE, (P,R)é f ,

(P,A) É 9, (p,n)€ r (p) , (P,c)4I, a¡a

(P,Ð)€- f (Ì, ). ït fôIlor¡s f¡o¡r Th.2.6A

that c¿ lì n¡. now {c,a)Q p -b '"u
(D,3)e f (Ë) - f (z-). rf (D,r')î(c,A),

DF \ cA (fro¡r Def. 3.ì., 2 anä ¡rx. z.+) l) DF

and B aro colltnear ) p -ff[ f €) - r (y\,
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verifv that the conditions we havo fuÌ-

posed on -S .na !¡ irnply P f L, B, c, Ð,

Il, I'T. Thus, by Th. 2.64, vo get AU ll rN,

Trhlch proves the tboôre)ll.

Rgmart< The ÞÌoof of th. 4.1- establishes not only the exlstencê of a

scalar f but aLso thê uníquonoss of fr undor the steted condftlons. Ndet

1f sro onit tho conrlÍtion *f n then, given W =f , ft ís clear tþat a

^satisfactory '[, narnetv ]., êxists. ln order to show that I 1s the only

scalar that flxes the non-zero vecto:r tÂ, consldor any vector f¡¡ ]\ tÅ *a

Iett^, : f (t^). t{o neod oufy sho$r that f (gL) --UL. If (P,6¿) ElI, (P,R)

Ég, rou (p,s)Ér (Ut' then Prop. 4t.3 ) s< m arld a¡tl sìì, vrhonce QF I

sR aad SrR Êm, Os. As ln the pïoof of P¡o¡. 4.3r s = Iì and Sf = f (hd.

Suppose wê oïûlt tho conditlon \f + -q in Th. 4.1. Ooxtai¡Iy' tf ¡r = -9,

iihere exists a scaLar f, nanoly Or such tliet O : f (Jt ). In order to Eholv

that O is the on.ly scaIa? that sends ths tron-zero voctor U lnto g conslder

*y ou"to" ultþ [ *a ret o= f (Lû. iîe nood only shôvt t'hat 0 = f (!t.

Let (p,e) e $, (p,R)Q!f *d (P,s)< f (Ur). rt is oLear that (Q,R) €
q- - ü, (P,s)€r (r{) - r (f,), anoql

-S\\r (F-) - r (N. rr (t.", s)î(,¿,n) *u
r f s, tt1"o by the ergrunent of ProÞ. 4.5t

ps \l o"r. trtrtbermore, Q, R, and T are col-

linear since ul- - L\, \\ r (ui - f ( [,]¿] . Norv,

nfrro"R-r) (P,s)f (Q,R) ÐPsl\ AF



-) Aê rR ) [ Il UL, a contrad.rctio!. consequentry, oJ : Rri\t¡ s : rn

7 r¿€ pn, again a conü"adlction. Thus S: P, (P,P) é f (Ud and f (l,lf )

-- 0. The abovs eor.ment6 establ-lsh the folfótJiné5 theol.e.ì"û and corollarles.

qb-e-oqen 4.2 D l\ L* g ) there exists a unioue scalar { such that

\F =, (W.* v-
9or. :!.2.1 }'or any scalar f and any non-zêro voctos ù, f (y) : f :)

f-L.
A9r. 4.2,2 lor any scalar f andt ary vootor V-, f (lI. ): O --)r: O nt

t-=o (ôr both).

oo!. 
-4r.eé Thô"e oxists e one-to-one oorrespondênoe betv¡een ¡; and the

,points on any I1no of?h.

3róoI lly Cor. P.,!t.8, 1t suffices tÒ prove the result for any ffno j, of

t l,et P and Q be any distinct poì.nts of,0 rrra [ , the non zê¡o veotor
'côntainibg (PrQ,). Assoclete wfth eveqf point n of {, the u¡lque Bcelar

f such that if (P,R)e gù tneu [l : t ([ ). Sfnce gcala¡s are funotlons,

Th. õ.õ.lnpI1es that no scaLa¡ is assôclated r.rith Ìroro than one pofnt. Fur-

t orrrore, for aïrv scalar $, I (le ) 
l\ 
lÅ "od 

thore ercists a potnt T 6.( suon

that the i¡1s*€í; of 1 fs g undex ttûe lrapping doscrfbeà above. As we have

displayed a one-to-one nappfng ff,on the points of ,Q, onto the sot of scala?a ,

the proof is conpLote.

llie ghal} norv shorv that â¡ry non zero scals.r is a one-to-ong mapÞfng ftro)ìl

t/"nr" t/. It suffÍces to provo thê fotlowtng ¡eõutt.

Thêorerï 4.3 For any non zelo scalar f ånd. non zeró vêotor [, there ls a

unique (non zero) veotor j¡f ì\ i,L such that lÀ : f (W).

Iloof Let ú- bê ary vector such thet Þ$ ! . I-et P, Q, R, and S be loi¡ts
such that (PrA) q!|., (P,R)ê f (!¡-), and (P,s)q[. rr-(rs the lino throush



I paral-rel to Rs, then,'{ì\ ou "roo.-{ tl ps \ psll ns ) ps = Rs à n€ p s

=) n = r (srnoe pqtÉ) -) f (S = g ) r = o o3!f : O, a cont"adfctiotr.

Since ..( and IS both ff . 1n \n, sn, ,ouo" is a unlque poi¡t T cor,rlon to

3r"¿ ps. If z ls tho veotor oontalning (p,T ) we asseru .{ (A) : I'1" Thls

follows fron Plop. ¿.s aep# r. S': t >X lì pR li ns l) ?e : ra. : Rs >

" 
<çe ) lA l'l [ " oontradrctron. )

l'Je havo shown that one satisfactôry 'üt- oxists. llle norp 6ho1" that only

ono e 1sts, for lot ('qU)< W a¡a { tWl =6 . Then by 
"rop. 

+.8, RS [l

O tÀuna ([ - T v¡here T ls the uniquêly detemlned ?oint of the orêcodin€!

larågralh. ffrus UI- is unlquely d.êtermined as tho vsctor contaj.nln€ (PrT).

Ile are now ln a pôsltion to tiefino additton and uLtiDllcation of

soalars.

Defínitlon 4.? For ary Ûrke ã- 
"rra "oyf ÊW the sur Lrd ploduot o-f

t ald frr dênotod by I'f4$tt and "f$'t res?eotívely are definêd by

(1) (r-l-g )i¿ : r (\F) ì- g(Þ) a¡d

(2) (f I !: f (g (J- ))

hoÞoslbfon 4.4 f, ts closea undor the operations of addition and r¡mlti-

pllcation.

Pq-oof r,ot { and $ Uo any firnctions satisfylD€ Def. 4.1. Tt sufffces to

sho!¡ that t*q ana fg also sati6fy Def. 4.1.

r,'orany,n,Ð6(, rrus)[.- (f+1)!-:f (g)+å(!)- (r (id$

3 tr,rl) - r (r¡)+ 9t\) - r (f¡) -g (!} : r (1¡) - r (U.)'f S ($ - f(l[.),
whoro lve have used the reaalily Þroved. fact that - (f (ll) +j (1f )) = - f
(U') - 1(!-). sincê f (!:) - f (1f ) and Q( tt) -{(U} are eaoh coLlinear

\,¡ith U. - \f-, tet ! be arry point and Q¡ R, ancì s the unio-uo points such that

(P, s)(4-h, (p, n)Er (L ) - r (g, ana (p,s)€øt) -5(y1. u"
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P¡op. 5.6 antt Axs. 2.I, 2, and 9, Ít folLotvs that P, Q, R, and S ere col-

linear, vrrence-f, (t! ) - ß tUl l\ I tS -tt_W. rrT is thè untqre potnr

such tha,t (R, T)ê 
,1 

($) - I UJ, tt fol3-ov¡s from tho definitlon of cot-

S.inearì.ty of vectors that P, R, and T are colllnear. As (P,T)€ f U ) -
r (V+ 9(g )1-g (\ll = (r+g)[- (r+$)¡r-, ttre coli.inoerfty ôr p, r, a]:.a

Q rmplles \[. - -U- li tt.rg )[ - (r+X )lr, tl, prop. r.6. si¡ce (r.]X ) -g =

r (g).f Stgl =gfg -9, f fA is a scêlRr.

síinilarLy, for: anyS,lI.QV er)$ - (fg u-: f (g (S)) - r (5(g)

\6{ddlU - F, slrrce 5 tlu l, t(t¡- I e.rJ/. stno" g\\e t* a}r aÊfi, ,
lyiiirout loss of gonerality, t*lo$ 3 rna \*lf , $rhence rrop. r.* l) (fq )

Jf- - trlt¡-f{i! -9. Fínalr.y, ,1,g: f (S(!)) = t (9) : o ant so fSis
also a sc6.IaÍ.

Theolen 4.{t Fo¡r atl scalårs { *Ul,
(r) fA=o,rfo)gI o'At.o,f#o)X =0.
(ii) I fo = 0.l-f - f.
(iii) .q# o ) t'l'u"" exists a unio¡etêt $ucb that f -tg.
(:.v) î kfr\\ -{tX )4r; (tg)-t = $ -t t -l', lf "iù0"" 

side êxlsrs.

(v) ror au.(€ i , t6t,{^) ¡ :$ r+h r.
(ví) r.+tår,0.,) = 1r.ig )+{.
(vli) f +å -A+f.
(víii) thero exists a uniquo "cur.r,BrÉf ulr.t tHat fr'+$. = {+f = o.

prq€ (r) supi:ose f I = o * r. ror arbit¡ary non zero vector !:, co".

+.2,2ùo = (r{)1¡ = r (q([)) )o =ú\ (\¡) )q = 0.
.J-

Símilarly, if gf ¡ 0 É f, then for axbitran/ non zêro voctor \f , f
(1|)+ o and o= (4)r¡:l(r (!l) ) I = o.

(tl) fot V¡be erbitrary non zero voctor. Tþen I,¡e havo (f+ 0) U' .

f (J-)+ o (V) - r (\r)É o: f (l,ï. sr$ítarIy, (of r)['= 3 (\.¡). By rh.



¿.4,¡ftg >o+r!rEf+0.
(11i) Iet tl- be arbltra4¡ non zoro vector. tsy ?roii.5.4 and aor. 2'4'2,

r (g')l\ l(g) urless r (!l-) :0. srnce!Û3, ro¡aII 9€ (,lt roIlou's

rhar f (,rt- ) ll 3 rvr.$3. By rh. 4.2, rhêre e)ilsts a unlQue ""ur*.,[t such rhar

r ty^t '.'&gtg)) = {4r4 )ll ' rtotP¡op' 4'4 and rh' 4'2' Í'o set f =h$'
wr,eoce,,f4 rl u "uti"r*"iory 

t. conversetv,f =t.t ) tgt.,f l =4gr!-l )
t ='!n, sLnce,l tg.l* g. rtus.fiis unloue suchtlaat t =h5.

In ?artlculer, lve denote the unlo-tl6 "oal.r .,Íl corrosþo¡dfng to g f O

such that 1 - ÅA ty u I 
-Iu ana oarr { "the tur.tiÞlicati .

(rv) I,et ì^ be arbftratv aoÞ-z€ro vector. Then (f tghtly = f

qbU- t * r (9 (.( (!¡-))) = F{ lt4gl) : ((r9).'q)1|- ' Iv}ronco rh. 4.2 ir¡ì-

rlios (fR la - t u¡{rl,
By (i), ff f-I and$-1 exlst, then f $ ot.$, (f g ¡f o aud {rgl-1

efists and, of couxser is unique. By lrhe Ìesult of the secoding Daragyalth

([It-tl (rg) = (q-l (r-1r))S: (g-t (r))1=g-ra = I ' s'hêncèS-1f-1

r (r,S -1, as clalned. By tetttÞa l= 5 = L, we get 1-11-t= 1-1 ) r-I :

,-11 - 1-111-11¡ = 11-11-1) 1:l-1 1= 1¡ that ls, 1-l; l-r whence (r-1)-1

= r-t = r. fn genera.l, tho substittltion f =S-1 eio"" |-tg=, = l-1 =

(S -U-t = å-t (,1¡ -l',-1, so that rultiplicetlon of thê extrorrìê ï¡enbers on

tnu r-*r, bv (5¡-1)-1 eives $= (1-1)-1; that ls' ll-t = ($-1t-1q -t = ''
Note that (A-tl-r êxtstrs, since,Á 

-t 
= o)t =Atå= oÁ= o, a contrêdio-

tion to the etclstence of two dlritinct lolnts.

The above leaa-rks shor't that X#0 )tn""ê oxlgts e u¡lojrêtet 
"uoh

rhar f .gt. ¡o"t -å-1 r clearly mfflees, anagt --Vl =I = rt = ($-l

g){ = g-r (gt) = g -t tS4 : (1-13 ) 'a" -- tfl '"à.
(v) Íor âny non 26Ì0 vector g., ((5r\) t)¡¡: (SVK )(r (V')) :

å (f (y))+4(f (1.)) = (gf)\r_.Þ (hr) rr = 1*r,t-, l¡r)¡¿'am the co'cluslon

folloHs f,rom Th. 4.2
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(v1) For any non zorô vector jl , Th. g.b (i) inplies t,hat ((f.h5)+ h)

y = (rl-l )'{f rr (J-) = (r (j')fn (r))þ h (_u-) = f (!¡)+ (t (!-).þ_.1

h (v)) = r (:¿-)l- (5.1 h)lt- = (r1.(g.lrtr))lf , ana rh. 4.2 1ToÐl-ies (r1"1 I

.rh = f l- (E,Fr.l.

(vii) Tor arry non zêro vect,ôr u:., Th. f .5 (v) inÞlies thai, (f + I ) lr
= f (Y-)+ S (J-) = 5 (lf)$ r (lf.) = ($r¿ f)E, ând thô conctrrsíon fotlows

as in (v) and (vl).

(viii) For any ron zero vector 9", tfr. 5.b (fil) itûÞlies that ther6

1s â uníque vecto? !L such tha:b f (!-)+ tL = I . B]' the definltion of

vector adôilrlon, lt folt ov¡s that ii \\f (y) . A" f (\I- )[guy ¡*op. ¿.r,

kop. tt.4 >ìL\\ [,'ntu"" f (i:l) = 0. If f (lr ) -- o trren f (y- )t lÀ

=g )Þ :r tu ) -g= r (tr )'f (-g )=-g+(-!) : -o:9+Wl\\¡.
Tirus, \À \\ 

'f + O 1n arr possllrle casôs.

3y Th. 4.3, there erists a uniquê scalarS such that U =g (lF). Then

(r+X)J-; r (T-)+A(J-I = r (J-)lL\ :g = o (¡f ) and, as in (v), r +3

= 0. lro¡n (vli), 'rre get j+ f - o. iur"theÐrore if f +, T . f .1. hr then$ =

o,r-$ e ($,t-r)+t = t,f (r.l%) = :ò'vF+ h) = ($tr),t h. o+ h = h, sô

thai, O = f+ k: t+ f G) k =0\ . 1';6 denoto (by "-1'u and caLl q"tho ad(lltive\\rF¡Àr
inv-e_fs-e ofja. By s-nalogy rrith voctors, wê dêfine I -å as f+ (-û ).
Theotenì 11.5 jr'or alL scaLars f and aLl S ,-!f e V, i., foll.orrs that, f (l[d

¡f) =r(.{4{-f(rlt.
hoof : (1) If flru =9rF=9, f = o, or f = 1r the theoren ís trívÍa].. ¡tence-

forth, ïre 
"""ur," $* g É ff , r t0, ana r t'r.

(2) suppose I S f, ard let P be any poht. l,et R,R',Q, and Qr be

tbe uÌique Þoints such tl:at (P,R)Ç $ , (P,&') q f (g ), (?,a.)Ê, \,1- , a¡d (p,q')



¿.r- f (r¡) .

,r i ut, il"t.
l;f nce $ \ ![- r it is cleãT i,hat P, Q, R, Pt, Qt, and Rr are a].1

R RT

Let the ).ine throrrgh Q (resp. Qt ) paraLlel .to IR intersect .Ìo line through

lì (resp. ¡t) tur the unioìo polnt S (resp. st ) , by .{x. p.6. since (Q,S) .tl
(P,R) by constyu.ctíon, PÌop. 3.1 and Def. 5.4 irnply (p,S)<þ.þtt,, and

sinílarly (p, s'¡( r (l|.)+ f (_!\). since rh. e.r ) sf s', it rollows

frorì Ïrop. 4.3 snd Th. 2.6c tha'b ? €í s sr ; thus Rs ll nrs' ) r ty'l fÀ, I =

r (-!r )'l- f (-L! ), as clained.

(3) If j. \\ [ , tet g¡r be any vector suctì trrat Þ\f tl} . since llop.

r.s I U-$U-*1.l't' , the precêdin€! case J.ìnrlies that, f (.1f,¡ (y'+[f )) =

r (lL )tr (!'{-uÈ) ' f (_$ )+ (f (J-)i"f (w )) = (f (!r)+f (J-))'i-f
(i$ ). rr U,'tJf+ o thon ir g'I l\ U'¡ [, there exist scala"s g and h such

rhatvr =5 (!).ÞJr) =$(1rr. h (rÀ)) =g(!l)+ g{ri tþ)) = Á(tr)+,s,w
= ($VSh) LÅ,, so that Props. 0".L, + ï U (\ Ut, a contradiction. Thus, if

$+t¡*!, rlren r ilÀ*(jr,P {U')) : r (({ß'þu. )+ Uf) = r ([r.t-!- )+r ($t).

By Th. 5.5 (1v), it folLov¡s that f (rÀ )+ f U') : f (t!'l !l-).
If l.^..{,5 - o tnen [ = -þ and r (ll+\J-)= f (g) =g. To cor,rþ].ete

the proof , lre need only shor¡ that, f (-_iJp ),f f Ul )= O. Slnce for aLL lQ
I

\Y, z+t-Zl - g- o ¿- (r* (-r) u -- r z"P (-1) Z= Z* G]l Z,rh. r.5
(r.') ) -Z- Gr\ Z. Thus, it sufflces to prove that f ((-f-)1,- )+ f (J-)

.r. 0. Hor?eveÌ since f (r) = r, l-:n, 4.4 (v) irnrrlies f ((-t)g)+f (J:) - f (é I)

¡r)t r (1U') = (r(-1))r'+ (rr) b = (r 1-r'1- r)) ¡[-: 1r 0) r¡ '' r (og-)

= r (9) r and. the proof is compLote.



ggrl.ol Lu,r-]/_ 4-.5.1 I'or aLl. scalars f , $, anrl h, it fotlows tnat f ($f h) =

f5+ fh.
3Io-9I Let \lbe any non zero l'ector. The coneLuslon follôv¡s f"on Th.

4.2 si¡ce Th. 4.5 ÍÌrÞlies (f (0+ h) )l{ = f (S,þ rr) !- ) : f (S]r) t
h (J)) = r (fl.S))È f (h (J-)) : (fA)\¿ .þ{f h ) !f = (f gtr r: ) yi.
!gl.l1fl' 1.5.!" I¡oI' att scarars f and g, - f = (_t) r = f (_t), _ (fpjl)
"-å-f and - (-f) =f.

SIgg! By r\, 4,Á" (v), (viii.), we have o = ( r+ (-t) ) f . 1f f(_l-) f . f
+(-1) f = r{. (-f) } f-tl f - - f. siniLarl-y by rh. 4.4 (viii ) and cor.

4,5.Ir one may shou f (-J.) = - g.

since (-9- f)+ (f +g) = (-$,t (-f {-r)).þg . (_A,to)+X . _gf X

- 0r the uniqueness of - (f+g) implles - (f .lQ - -å-f .

Si;rLilarly, we na)¡ conclude that -{-f ) - f, sincê -(-f) 1-(-f) - (-f).
(-f)+ r. (-f) - (-r-+ 1)(-f) = o (-f) = s.

0ì.¡r nelct coroll.aï_v sitnpfy rGstâtes the resul_ts of Th. 4.4 and tor. 4.b.1-,

cgr. -4.g._3- (1,S,.) 1s a d1.r'ision rin€.

lie have shol,m that the scâlars 0, 1, and -1 coî1,'lìute trj. ì â11 scalars

unde" the operatlon of rnrlt lÞl-icatlon. In gêneral, r,Ie shal.I sêe that rnulti-
pl"icatlorì of scâLar,E neod not be conìutative. (If it uere, then fh. ¿..4 (v)

Êl úor. 4,.5.1-, Ir'ithout tlie ald of Th. 4.4.) Tf one lrostulates thât nutti-
pLication of scala"s ls indeed coÍliutatlve, then Th. 4.4 and uor. 4.b,I in?Iy

that tho got E of scaLarÊ fo ns a fieLd undor the oÐerat¿ons of addltj.on and

¡iul.t lplicetion. fn the rìert ohapter, v¡e shalL Índicatô vhy such an assunþtion

is useflrl.

1ì%q!,.k, In viev¡ of the lrecoding cominonts, 1t is clear tt1at tho con¡tutativit:¡

of nuLtiplication of scelars is equlvâIeni to lrho najoT theoren of papprrs:
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ff .{, ann m are anl,' distinct llu.es intersscting ln a point p, if g, S, U\,,

lT, R, T, and V aÏe a¡y Ðolnts dlstinct fronì

êach other and alsô fro,ï ?, if O, S, ü" f,l

(.,t , it R, r, r'JÊ rn, arìd if rìa il rs li vtÀ,

then lrs fi ur ir and only if R lt\l n/.

r'ü is rvoll ìarôrvn that the najor theoren of paÏrpus cao,lot bê rJroveð_ on

the basfs of the axlomß v¡e havo int?oduced thus fer, as thete exist non_

co¡ixtrì.tatíve dfvision 
"1Igs 

\¡rhich inay be usêd as rood.eLs for f .

One rrefl lmovm e:<ample is that of the quatêtnrons { e,.l , J rvnere
ri\

0 '. {(Tr, N?, xs, xa)l x1 rearJ, {xr, Lz¡ x3, y.4 ).ir (y r,$2,$r,$a) =

Ér+,ôt, rr$Þ , xø{!tr, "n+S ) anrl (x1, }t2,xs, x¿) . (gr,$r,$s,
\,1 )=
(;{; $ - x: 9 ¿ - xs $s - x+ [+, xruJe$ qlr'fxu Sa - xa$r, x.u¡ s'kr tr
"txa$ a - x¿ \þ , xr 

$a.{"r+ Tr.$*, Uu - xs I e).
l¡è shall- now show that 1n Euclldean geômetry, v¡ith vrhich the reader fs

J-ilcely fetntl-iar, fg = ftf I for a L,t_ rjcål-ar î1ult i plicat,ionÉr f and t.
kt t,f, ¡f'C ü/tu sl'ch that t 't U . suppose (p,A) q g, ll,n¡ ç

f (_!r), (P,s)e t[y), (p,r)Ê, s , (p,t\,)c r (jf) ana (p,v) q $[f ). rr
the linê fron V Ða"alleL to TR intel'sôcts I{, ln X, Ìen cIearl:¡ (prx) Ë ($f )

l¡. Au u.+ !, to sb.orv fS - 5 f , ft gllffices ro estabtish rhat, Ts \l lÀ X.

liithout Loss ôf gonerality, f+ 0f\ r ald so p is distÍnct fron X, V,

ll., "¡¿ 
S. By tho theoren ouoted in the first Daïagraph of this chaþtey,

S = I anag:$. rhusEt. pt=pLlrps (=Ia.pv) andpt=FS ¡Px F¡ ¡s H¡ FTÀ E
ïrhenco T *\\ W X axd the ¡roof is conr,leto.
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Vegügr: åque-t ionq of_]_i!gs qgg pLane!

Tbe theorl, of scalars al.Lorvs us to re¡reso]1t ecjuatlons of lines and

llanes in very cor¡'rlact form and rvir-r also furnisrì us v¡ith a proof tnat,9
forms a vectôr spaco of d.Inenõj.on three over thè divlÊion rfqe f.
D.gfiïlitlon 4.3 The poslTlon l,ectog of an], nôint e lrith resnect to â fixed
?oi¡t p cal.l_ed the norlgfnr is the veeto" contafning (prQ,).

Ler,¡rÌÉ 4.6 Glven any li¡re l,through any origin l, ând gívên aqy poiïrt e rrith
position vector q reith respect to p, e( { 4> S = f þr) r¡,.here f (f, ana

_U Ís the po'ition vector (vrlth resÐect to ?) of a fixêd r-rolnt R6/ such that
tr{'¡.
Ìioof (i) suppose qQ{. since g ttf * g by prop. s.p (í1.), the erisrence
of a unlque satlsfacto1..'t f ls guaranteed ì:¡r Tfi. 4. ¿.

(ii) If g_= f (f¡), thôn proÞ. 4.1 tunþtles r fgt l\_\t Bnd prop. s.6

1npIles P, e, and R aïe cotlineaÏ. Ttrus Rf n ) OQ,l , by Axs. ?.J., p,

þC.gL.6. Supnose tl\ei .I ls a Line detelmlned by (dlsttnct) pofnts Q, and

R' \'rith ¡osítron vectors q and,ll,l 
"osÞêctlvely, such that.l, oo"" not contaln

tha origin p. Then any poir,t T, r,¡ith posltiôn vectoû j, lies on ,(.Ír anð onty

lf tlrere oxists a scala" f such that ! : f (.,¡t).f (f _ f) (g) .

roo{ (f ) Supnose T e -L, B}, conslderång t,hê representation of dut e, ore

nay lnfer from the precedlng Lenrìa that a unlcluô scâ1ar f e:rísts such thât

9-g=f (¿:)+ f (:g):r (S )-r (g) , bycor.4.s.a. rrenceì: -t (L)
- r (q )i. q r f (¡: ).t- (1 - f ) g, as claimèd.

(fi) fr!- f (4)+ (t - f) q, then rre nay ?ôvorse the steps of (i) to
obtain t -S.- t (¿f- q ), whence t --C \\ & - -9, b), rlop. 4.1. By consider-

1n¿5 ttre Ïept,oseniratio , or\y' at Q,, v¡e ïnay infor from p¡ot. i3.6 that e, T, and R

are collines.l:. Thus, as above, T C.4.
i¡e renerk that tho vector êquetion of a Line gíven in Th. 4.6 fs conpLote1],
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gênoraI, for 11 e f (g-) ùS -f (!: )+ (t-f) (g), anar if q:r r (¡¡ )

+ (1 - f) W: y¡here.!f = n (_11), tnun q - (f .t h - fh)ir .

leÏtuïa 4J If the plane lf i" dotnrrined by tho origln p a d the polntã

Q and Rr ÏIith position vêcto"s g and 4 respectively, thên trho poínt T (rríth
position vector !) is ln \ lf and only íf there ertst scaLars f and g such

rhåttrr(g).hl' t4 l.
Plooq (r) r,et t r f (+)t å (¡ ), (p,u) G f (ry), and (p,ft)\ ç.I ({).

Q r,¡

lelr 'ühe I1ne through Ìl perell.o1 to Pq

intersect the l.ine througir l\I pa:'aì_lo]_ to

!R at f¡. ft foflo}rs fr?on llef. p.t that
(I€ n. slncê prop. s.r =) (p,Vr)e r
(S )+ g(J), th" uniclue repxesontation

or \Xt p lnpries l,¡1. r. rrrus Te [ .(it) 
"un*"u 

Tq T . By cor. ¿.4.1, there "*r", ,ro"o,[ 
"na- 

or"zuott

thar,( [pe, rl\ pR, ré4, rG*,.{A inç þ, ønd rnnpR+ø. rt rolro\¡,s

frolr Th. 2.2 (11 ,ru" I f\m ana nfl pR each consfst of sinAl-ê points, say A

and i\'r 
"espèctive1y. I{Õv, Th. +.e } tnere exist unique scalass f and ! such

that a .X (&l an¿ n - f (0. Bv pro¡.

3.1, (N,T)+ (p,A) , r'rhence (i\rrT)€ t (.r0.

Thus, byDef.3.4, t = f (g )+ $ (f ),

as 
"equi"êd. 

srnce glf¡ , it fot-ì.or.rs

that f and 
f, aro unlouel.y iletermlneal, for

t = rr (g)ttr (y' ) = rz (q),r-& (z1 )
1r1 - rz) c l\ (þ -ge ).& ) gl\4, ' "on-
tradictíon unless f1 - fZ=$f -1, = O.

Theo!:en 4!Z If the plano \ ts Aotennined by th6 loints R, S, and T, th6
\._origin P q T , and Q J.s a¡y potnt, then eÉT+) thero extst scafars f

{*,

/ ,/^
P qN
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and (ô such that g - f (4 )O â fe )"i- (1 - t -t, l.
¿

F'I'oof. (i) If g- f (â)r. 
X 

(s)lr (I -f -Íj)!, theno -t=t (l-t)

+ ã 
(S. - g l. Interpretlng this $talremont 1n torr0s of tlìe representâtlon of

ü"t f , l,re may lnf er fron the Þrecêdi¡g leÌiìila that q Lies irr the p1a¡e of R, S,

and T; that fs, 0€,S .

(ii) ff qéT , then by reDrescntlng flat f , wè rnay use T,er'ìr,ìa 4.7

to estabLish the exlstence of uniquo scaLa?s f and { such that g -.!, : f
(^ - t) + á (É - t). v¡hence the stated 

"esult 
follol,¡s.

As vrith Th. 4.6, tho vêctor equatlon of Th. 4.7 nay be sho\'m 1lo bð

conpJ"eteJ-y goneral.

D_èf1nlt1on 4.j! The vecùors .!, Ð, and UL are said to be corlanar iff for

any point !, (p,e) G lÅ, (P,R)Q\|, (p,s)e U¿ =) ?, o, R, anr] s are co-

pLanar.

otice thet, fo:: aLll. vectors !þ *,1 !| , 1t fôIlows that 0, iÀ, and

f are copi-anar. ¡\Tthennors, for all vectôTs !\ ana I and a].1 scâl-a]s f,

it aLso fol-Iolrs thãt u,, f (_Ll, ), and \f aro conlanar.

Proìrgsitlon 4e? The vectors j! rjf , and \ÀF arê copJ-anar lff they satisfy

Ðef. +.4 for (at Least) one poÍnt P.

Proof sl-r?pose (p,q) e U, (P,R) Q !-, (p,s)4llr uttd P, Q, R, and s are co-

pl-anar. LÌolJ if , P, Q, R, and S fail to deteÍmi¡e a unioue nlane, then $,

$, ana \¡¡ are pe.rallel, and honco satlsfy Ðof, 4.4 at anl, rroint. othel-

l,rise, let p, Q, R, and S deterrnino the uniquo plane -.ì1 . It suffices to shovr

ntÈ [ =)$ , S (d sattsfy ]lef. 4.4 at Pt. i'Ilühont Loss of generâl1t]"

none of lÁ,5, U¿ 1s 0 or a ðcalar nult lple of enôthcr vêctor in the set

{.f¡,-f, !"\. slnco P, q, R, sS, ï.enrra 4.? ) ttrere 6rç1st, scala"s f and

fr snch that ! - t lif l+1 t"l¡. l. If (Pr, Q'\é. $L, (P', Rt)q !f and

(Pr, st ) É \Àf , tho last equation íÌìDlles Pt , Q,t r Rr, and sr aro copl-anar.



'fhgg:exÌ_4..8 l,et P bc any po ínt arìd [, \I:, ând W- any roncoplå.når vectols

such that (P,A)é. 
'[, (o,n)€, ç, una (P,s)A U[ . ì.ror any vector x, there

exis'r, unlouo scat-ârs c(, Þ , andf stch thaü x I (4-+ Pf+YU-.
pfop! (i) Thêre is at ïrost, one such olderod trf ule ({, P,T l. }:or if
s(rlÅ.'f p,J"TrW- = 

(, [ *Þ, \f +1. [f n'hore, ".u, {.,.f \ ,, ,ou

rina {, -Yr)[ = ,?, -p, 1tr,* ,'(, -Tr) !r. ,'",, \.*-\" >
\, -{ r* î ) (o(r -{e )'cxlst,s }S = 

({r -q ,,-',Pr -prt rr
.r-I

"ì- (ü, , - dir) (Y, --lr) Uf . üsinq Letltr,a 4.'1 ,lre r'.ât' concl.ude that P'

Q, R, ald S aro copi-anar, a conlrradiction to lrhe fâct that \À, V-, and Ul urn

noncopl-alÌar.

(ii) ïre rrustr novi oxhibit the êxistence or ({, \1,'[ ,. rt ¡ 
.ll 

E t*g) ,

then 'lh. +.e )tt ""u 
exists f such that I' : f (Sf ). In t'tris case, i','o nôed

onl-]' Ier (b,i, p,y) : 10, o, f). Otherqrfso, tf (P'- T)t ë, th"n 1,, T, and s

cLetosrnine a Ðlane distinct fToì,r that of P, R, and q, since P, Q, R, alrd. S

aro nonco¡Lanar:. Thesa Þl.aìles j.rtersect in a l-1ne .,8 containinr I'. I,et 1ï (

-.Q "u.n 
thêt ll + P. Tlìen if (P,ì'i) Ê U , $- ôg, and. by I-en!1a 4. ?, there exlst

scalâ,rs a, b, c, aruì d sìlch that $ = ag-'l bg = cL\ dj'. ,i'iora P, Q, R, and S

are ì1ot copraì1ar .ro úS g I
' ¡* o I o -t exfsts )x = (¡-1c) Uo

* (¡-1¿) f t (-b-r a) {t.f . Thls êquation disllays aÐÐrorxlate vall.ues of o\ , þ, ana[

úor oI-lalxr 4.g \./rotr" a vector srace of dinenslolr three ovor the divisíon ri.ng f .

l'Tqgt The Þroof ls immed.iête, froï:ì lrhe unlo-uenoss "f 
q., 9 ,{ ,.n ,no treoed-'t

i¡ß theoren.

Sorfggn!. I'or a fixod noncoplanar sêt of vector" ! ,U, and N-, u."ft ¿€\.y'

rrn]¡ be assooiated lrtth the u:rique triple (V, ,V,ll such that - : { U+ P f-'"t'
llq . (d,F,Í is caLr'ed tl'o oll'"1 "gglqT*n of x !¡ith rosÐect tn (jL,

,ú
lJ*, \l- ). Dt, ¡naurins x into (\, P,*f,, rve mav deffne a frulctlor from Vinto

I " E :t À . slncê vector addition is rvell deflned' this rrnpri:tg is ìroth ono-

to-one and on to.



r,et X be as above and f Ê, L. rirenx ê ({'þ'Ú *¿ r tll(-)

{r{, rÞ, tYl , by rtr. 4.5. ftirthermoïe it gê) (d,6 , n), then x i9

t) (d*6, 
P 

*Ê ,ìa'l- n) by rh. r.b (i), (v). ,n,* ì/.r" isonornhic to ihe

vector sÞacê E"\* f, ,rr,oer f in rlhich addition of vectors (i.e., eJ.ornents

of Ex).ìxE ) is dofined conponenti,ri.se and nultipl-icatlon of vectoÍs by a

scal-âr is defined distxibutiveLy. This observatio!1 oxplains lJhy solì¡ê authors

defi]le a vector as an ôrdered triple (n - tuple) of ontitles caLlod lrscaLaTlsrr.

Ì'le shall see ln chapt er V that the isoÌror:phísoi or 'üand E * [ * f iu o""y

fuirlortant and usofuL.

ciivên a vector slaco V of dimenslon th¡ee over a dlvlslon nitrg D, vle

shaLt indicate hovr one may define vâTllous €lêonetllio concepts so tllat eaclì of

"Iucs. 2.1 - 9ls veriffêdr i.e. so that the deflned Êeornetry is three-dlmon-

síonal- affine ln tho sense of Chapte¡ IT.

ter óL r ={p', X,, \\ ,, G'} be dofinod as fotlows. 
-8 

={nìv-Êr}
is the set of points a-na $ tno set of l-lnes' l'rtrere a rinef ¡-{a t^'l (1 - a) V-

\ "6 o) ror rixed distínct t,t, \rC- v. Ì;îe derlne nG'J,(ì rç:ito roe'n

thalr P l-les on, oÏ is coniiained ,o,4. Thô l-iue I{" U'þ (1 - a) U-\rs saio

i;o paratJ.el to thê líne * - {- o L¡-+(I - b) ,} ir t,n.=n exísts dÕ Ð such that

U- lÄ - d (z - r"r). The para1lel1sm of ,'{ ,o ,n is denôted oo "0 \ I n. A plane

tl*t" 1alLl¡\r'+(1 -a -b) ul \ a, uót\ to" rtxeádistinct Wt'ì\I¿
V such that none of rr[ r\l-, ¡l\1'tles on a ]lne colltaining the Õthor tl¡o '

i'le nolre first tììat pa4]1-e ll snL is I'tell dofinèd. supDose f = (t W -+- (t -

.l ,t\,\ r=to$J'P (1 -n) zJ suctrthatV--Uv= d (z -lJ' ). rf wenavaLsÒ

lepresônt-t." ( ati¡ t+ (1 - ar; V') *r,,r t u" \tur ' + (l' - u') z], tn""

lrheïe êtilst arr, ar!r, b!r, b!II tD suclÌ ihat 1r\: ¿rt i[ t,þ (I - a") \r, u-

Éartr tüLr + (1 -¿r )¡t, [.f - b Utr.l, (1 -¡tt¡ Zr, and Z--btt I L^f!+
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(1 - ¡'rt) ¿t. Since 1I-&= d (Z -\¡fl, it ís reâdi-Iy verified that

\J¡ - tlt = (arr - a r¡-J' 11 (b - brr!) (Zr -¡¡-r ) unloss art - a ?rt

=Q. ¡iouever atr -arrr -O ) art Earrr -) L\ =V-, a contta.diction.

Slnce (arr - arrt)-l- d (b - brrt)S, D, larallôlisn ls tye1l definod.

lïote thât Ax. 2.2 foL loÏrs irrr:rediatoly froÌr tho cìefinltion of X t, as 0

+ L ilor the same roason, the line ,l- = {a W + (1 - ") \:} contains thê

distlnct points {,{ ,\J- . Thus êx. ¿.5 has been verified.

Tt is a rtè l-1 knorm result floÏli the algebraic theory of vector spaces

rhar o Ur= O, for alt'\f ( v. suppose the l-1ne ,Q- = { aÁt(l - u)U}

is parellel-t'o n= (bhr+(1 - b) z) ; i.e.'!a¿l suchthab \f-U{=d.'

(Z - tÍ). ìdy tho above reriÌark, a - o -) U-- U\. = o )\f = LÀ, a contradic-

rÍon. Ëerrce z -H = ¿ -t (V-- t^), d -1 f .t), r,rhence n ll '[ ana ll"u
slaxret"ic. The refLexlvlty and t'ransitivity of [l t ur" Ín}'€dlate; Thfs

verifies Ax, 2.4,

suprose r[={"t,t+(t-"lr¡l€{,u,'oHÉP'. sirrce r,t+ \r- ,

Urfr¡r- (t^-V )andsolTf , ¡={arr4(r-") (r¡- (t^ -\r))}ll'^(.
rr n'{ is such that TI [i' I}. {tt,f(l - b) z} ll '¿ , the]:e exisis o,

d É D sucj: urat, lT . ct + (1 - c) Z a¡¿ Z - t = d (U-l^ ). By the r,e¡iarks

of the ¡recedllrg paragraph, d+ o and so L,rf- (ü- \f) : ct+(l - t1 ,¡a-1

(t:, - t; \ = (c - a-1) t + (1 - (c - ¿-1¡\ zln. Ás 1,{ Çr n, .4¡i. 2.1- ) n= n

r¡hc ce .l'x. 2.5 fol-Iorrs, once ;x. 2.1 is proved.

If 'bhe Line [= {"6¡1r - ")U-) contaius distinct poirrts ]c =d**(r -4f
' and 

" 
=ÉO+ (1 -p)\f , Ï¡e prove I-= ^ ;\b x {-(r - u) v}. ror

tu C!-; 1t suffices then ùo shor¡¡ (^, \ft- *. ¡,s x4vrd*f ' and so x - v ;

{d-p )Ltt-(É-()\r , t(-x)-r (*-v):V-1,(. rrrus ìtr:x-d(tt-\l)

= 1ç* 
"C{p-o1l-r 

(x -y) =b x.f (t -l¡) yf n, r'rithu I tt*(( -o()-1.

SÍnil¡r]-y ULf, nr, anA so trx. ¿.1 is proved.
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l,et q , L¡', $f ¡e distinct nôn collinear Doints,I t tn" ìtnioue l-ine

cô¡taj.ning tlÌ lfand tür .bhe unioue line conlrainj.ng \,Â , \J-. B-1¡ the retm"ks of
the second last paragraph, the unioue Line throtgh !l ÞaraL1el to.[ , is

"l =SO't (1 - a) (\L- (tJ'-ff))) . $imiLarry, rhe uriouo llne thrôu€,¡

Vf Darallol to nr is r - { uur + (r - b) ($¡-- (U- r¡¡ )}. ro vezify "uc.

3.6, it sufficôs to disÐray a so:r,utron for a and b irl the e.uation a{^ t (r -
u) (tÅ- (i¡ -\^r))= b r,¡ .{- (r-b) (i,\'. - (U" -\¡)). s'ch a soluríon ls
a¿0rb:It1.

iJe shall novr vertf¡, Lx, Z.?. Let -ä- 
= \ * 

^ 
+ r, ¡l,*a _[, m ooo-

I

lararl-el lÍnes of [. ThuÊ ther.e oxist f1, \e (,.f, f\q "ru thoro êxist

\i},Ù?( tA l[. lrurthermore, ther.eextst"å, o, ( 1- I-+) Çl suctr

that Vf - ui \,lu * ¡i çF (i e l. - a). srnce .l\,r ìTr, for ê¡, d 6D, te -
\¡r * d {fi - \rr).

tonslder the equalrlotr . 11ì..t ( r - ")È: r, E {- (r _ b) U; in the un_

lvro'ins a, b. subst,ituting for $ (1 -- 1- 4) , vre see that it suíficës to
solve ùhe eguatÍons "

a (af - a, ).i, r (ra - uø ) = a+ _ aa

and a (bl - bp) +b (b4 - bg) =b+-bz, obtatnect by

equatiry1 corresÞondíng coofficients of \ and rlì This s],st,otn of equations

has a sol-utlon for a, b, unless the l-eft co lì-un¡. rank of the rntrÍx
(a1 - az

(br - bz

a¿ - ag ) is less than tÏro.-)
b¿-b. )

I'Iouove?, if the loft cohun¡r ¡ank 1s Less than two, thê vector sDace of co Lun_n

vecbors j.s of d í!ìrens lonarity at lrost one, e contrâcltctlon to re fact that for
alrd(-D,\Æ-q to(e-Wl.

If the above ?"obtelì ís al-irered ¡y ]ettins T - {.\+b ï.¡:+(1 - a - t)rrr)
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={, " (u -W)+ b rtr 'bÉ i* 6r}, ti¡'the:non- ,

par'al-lol lines -{ â.nd m of lf intorsoct. rf or 1rhê suts { ' = {- ff - lt¡ \

Ue "l ) ana rn, = {t -U- I ,r É ,o} utn cleart¡' nonra?s-r.lo:1. lines of

{ t -tt \Ue 1) , o,nr"n is evldentrv a Þlane. llv the Ðrevlous case'

Å ,f1 r'r'$ p, r,rhence,(Ar+ ø. Thisproves ¡\x,2.?,
¿\rr \l -\ n,Â +b V-1 ' 

lihen it 1s crear th.t l\ ls closed under

adältl-on; i:hat is x e lf, V¿ ç f' I ** S G il . rlru-s lis a sut-

space of v of diuelsionalit¡/ two, for 1f thero exists dQD such thatU:

d \r, lrhen O, 1,1,, and tJ- a:ce collinear, a contradiction to tlìe definition Òf a
!r¡\

pfane. ,sim1J-ar:i.v, lf - \ tt + 
åUf- ) is aLso a subsr:aoe of V of ö.lnon-

slonal.ity trvo. It is veIl lürolm :fïoìî tho algebraic thoo"y of vector spaces

tlìat

ctimensíon (11)þrnunsion ({2) - dímenslon tTtf tiz )= dirnenslon (-ìil,_n TJ.
since d irrensío" (i r|r [t ) l dfìnenslon (v) : 3r lt fo:].]oç{s th.at dinellsion

(T'| Tr) > t. Henoo, any two tll-anes inter:sêctin€ at o G ?r have at loast

one l-ine in coÌmon.

jiy the same device usod to provê .t\r. 2.7 in the Seneral caserone nay nol'I

prove !-x. P.B, n8lûely that any two intel:secting pl.anes have at least ône l-ine

ln coru:,on. The detail-s of tho argumênt aro l-eft to tho 
"oader.

1¡'inÊ11y, as V is isomorFhic to D l( D Ï Dr ít ls easily checked that

(0, 0, 0), (1, 0, 0), (0, t, o), o-nd (0, o, l.) are four non-coplanar points.

This verifles ¡lx. 2.9 and coÌtpl-otes the denonstretfon.

,,.'re shall novr apply the theôry of scalaTs to the strldy of Desarquesian con-

fißuratíons. In Chalter TI , foul: rosults of j.ntorest lvere establlshed (Th.

2.6 À - D). lTe now investí€iate el€íht additlonal cases (Th. 4,9 Â - H).

T499qgq 4.94 tet 4y,{ ¿, *e,,! s tu uav distl.nct Iil1es end P, A1, 81, ul

(i - l-, 2) be any ?oints such that /r1G{r, urë -Qr, unu ,iQ.! 
" 

( i : l-, 2),



tiB

a1$n1*rt*¡l ( i=t, z) ,p*.t"n*Bt, and¡*cr. The¡if unlouel-y

cleterrllned distinct points X and Y oxist such thât O.',rrf\ Ora, = {X\ anA

Btcl 0 Bzcp ={, "'}, ancl. rf AtBll[ n,ar, trren nral tl x v. 
v ,.

Prqgf T,et (P, ¡r)€ iÀ , (P, cl)Gu. , and (P, nr)É l.lf . From Ìrro¡. 5.â,

(ii), 1t follor,¡s that $ , þ, and {r\r are Gacb non zero. Thus Th. 4.2 ini-

plies that uhôre exist uniquo scalars f and 
7 

such that (e, rfr),.É, 1'(!r, ) and

(p, cp)( ¿ tUl. B'' ?ro¡. 4.8, AlBrl\ o.l, ) (P, Ba)E r (Uf 
l.: ruîthe¡-

ärore, ff I since f . 6 å7 ÀIct l'l AeCz by Prop. 4.3, a co¡trâ.diction to the

existence of a unirtre point X such that X ËA1ct 0 ^rtr. 
Thus f - $* o 

":ra
(f - 6)-1 exlsts.

since .A.1cr. fl ora, = .{x\, tn, a.o ) ttrere oxíst unicrr.€ scarars4.



anaQsucrrroorr=el-6+ (r -a¿lg.=Pr ($)l (1 -Pl0 (u.). srntraÏlv,

tl¡erc exist uniquô scalar"l*dÇsucn that [ : hU- * (:- -T 161 :

Çf¿ tUf +(1 - å ) r ($¿ ). since $$!" the rir:st or these eo.uations

i,nrrì.i*u=,{ -Q r ana r -{ = (1 - P)8. stu1lârr-y,,f\\Àf }ìf =63 ""0
t-t = t:.-àt r. rrrus (1 -Ql ? = r -4 =t -Fr=b-þSà t-l=
Ér-Pg=p t, -å) )Q:1:r.-g) (r -g)-1. conseo.uontr-v, t-Íi= (t-
3) (r..4 )-t - (r -s) (r --t)-1 = (r -$ - lt\) (r -g)-t - (:e - r') (r -

A)-t" r]Ìusï- (i-S (t-g)-tr (-\À )*{r-r) (r-A)-1 r¿( tf . sirnlla:clv,

$= (r-r) ts-f)-l¿ð\r)l tq- r ) tft - r) -1 f (d- ).
ït 1s str:a1.4rtforvr.rd. to verlfy that X - 9= (f -g) r (t - S l-tt! -

6'). rlrus Fr:op. 4.1.+ I - 
ry\\ 

U,-Uf . sínce (x, v)€ (I - v ) ana (jl,,r)!)

6 ($-\¡I ), ir 1sr,l)¡! (I --U ), t'hen Pro¡. r.6 lBr, D, aÏrd Ât are coll"lnear'

I1o1.','cvor, (n1 , u)î (x, Y), *t" =) ¡:-o [>.v. Thus B1D ¡ u1¡1 (bv 'lixs. 2'1, 2) r

v¡hence tjr.r,r t )Il. (ì.li.D.
- -rI

Theol'el4 4ff l,ot f :., {2, ana,[g l" "oy 
three dístlncb parâl]'e1 J'ines aad Arr

t31, Ci (i - tr ?) aly distlnct poínts such tr,ut Arê,!, r, BrÉ {r, uno e,6

1, ti = f , e) . Then if uniquely deter"..mtned lolnts N a¡d Y exlst such that

a1c., fiapc2 .\xì1 ana nrcr\nrcs " (t ' and ir Ar."r 
\\r.¿Bp 

thon Arlr\l

Ff.



?a

goj{ lìeppesent !f at any origin P E "Ç. nv trtu condi.tions of t,he

theororl, (A1,Ap)ü (¡r,¡e) --) (A1,Ar) y' 1l1,tlr) (by Pron. 3.1) I gz - 9t.

= !¿ - !r * g. By rh. 4.2, lp1 \\ arnp )tnu"u oxists unlaue scal-ars h sñrtø sìrch

thatr gz -9t=9 (ga - gr) and bl- -.? r =h( !a - -er) . As ln the !ïecêd.ins

theorein, there exist unique scaLar"<, $;F, ano! suctr thût x = {,S.,Þf f -

c|lg,. =pzz'l ti -Ql c, ana [:tr!r.+ (r --f, )9r =ã.Þ.2$ (r -Ç ¡"

92, r:.uux -dg...i (1 -*¡.gr : pe+{r - pl ttrf 5 (so -31)), vhonce

by the neiihod of the precodin¡.; thoofera,{= tÞ- t )$, O = þ'+tr -plq,
anrl 1 - \ = :- - p. {,'* neecl only shot'¡ dr at no point other thàrl P o:C L{I can

ffe on-Q 1. 'Ihis ls cLoâr since ary assunnlri.on to the cont:raÐ¡ imlJ-tos {1

= jru ( by.4xs. 2.L, 2, Th. P.I), a oontradictlonr J

Tt:nalrberea(ìllyshormthatP=d =8(0 -1)-1 anaso$ = $ ($

- t)-tg, | (- t) tf,- r t-lgr. slnlLarLy,b =Q¡ (fr- 1 )-1¡'$ (-r)'

($- r)-r 5. thusg - x= (t r)-l (!,r -gr),. tlovr,$$1slÌrcê thero

ls a unfquo x É41c1fl Apc* alrì {$o "rn"u 
orl or. thus by tho arsunent

of rh, 4. e4, r¡e find n1a1 i\ w . q.g.D.

glgg:gl¡Ar.gg tetIa,!7, urra-?5 ¡u.ny distinct lfnes and P, Â1, 31, C1

(í = 1-, e) bo any distinct poínts sucll t'hat AiÉl :, ¡tQ.Qr, Ç¡Ë ,[ ,
(1 = 1, 2) a:ra ,(11\,-.1 , ff -{u = f,"\. suÞposo that there oxist dlstrnct

pornbs p, Q, and R such tlrat nic, f\ arc, = { ù , cralf\coAz = (c}, *o

np1\rrrl2 - {"\ . rf ther:o oxists a poÍnt Ð snch that irar 4np, ficr.c,

=\ o 
\, 

t]ìeir P, 1, and R are co1líneÐT.



7T

qroo-r, since ArA, fì aru¿ fl ctua ={ o} , Th. 4.6 irnnlles tirat there ex-

ist scalars{ , p,-'ìl', and$ such t}rat' g ={gr+ (t -\ ) S. " Pn$ (r -

F I li, = Tg:l + lf --6" ) ge. It follor'¡s froìri Th. 4.6, 
'he 

exj.stenco of D'

and rhc distinorness or,Í. 1,,{2, .ro {s rher f = (P--Y) -t ,f ,, -tgrt,

s= tF-o()-I tbgr -ô{"erl, and {: (q-t)-1 to(', -p trl' rnus (þ

l.) g+(T-êq) s,r ({- pr'4= 0 andf : (? -)rl-I-t\'-'trlg+ (P-

i r-' r p -"{l¿. No', (p-T l-' t9, -f ll' rp-X r-1 t P-À I = tþ -Yl;'
(o(-ll P-d. I ' ( 

B -l-)-t (V-t \ I 1, vhenco rh' 4'6 iÏÞtles P' Q' and R

are colLlnear. 0..]I.D.

Theore)n 4 '-q "u' 
{r' {r' *u f u be aav three distinct paLallel lines ancl r\1'

Ì.r1, r,i (i - 1, 2) any rlistl.nct l¡oints such that Ai( 11, orÉ' ! p, urra trÊ &

(1 - 1., e). Then 1f thel'e eïlst dlsttnct points Dt 1tr, aIId I eucir that AI 31

fi oro. = { ù o,rr {ì orr, = { u\ ana 81c.fi aacr : {r\, then Ð' E, and ri'

are coLLinoar.



- " Itì' "'"'" "'..

ISgf since ,Q,1\ ',t. ll 4,, ar,a c1* 0r, tt ror.lo'.,rs as j,n ,i,b. 4.eB rh6t

tlrúÌe eraist, sc¡rlars Q antl f suc\ that âZ - gl = 1 
(e2 - gt) nr1ô b. -If =f .

tg.¡ - grli i,ro* q* r $ I ¡y virtue of the exj.stence of ¡l an(ì .ir. tlrr remrore,

.S16-t sjnce r = V6-t lt = f :)*.1 9r = Le - Þl-, ,rÌhlc¡ cÕnrradicts

'Irlìe erçistence of D. t1.,rrn g I (r. -?6 
--")-" 

(or - ?f 
-t 

r, : (r -qd -1)-1.

rer -1f.-1U,,ì,9 = (r -!)-t te, - I gr) : (r -? -r (sr -1*.,1 ancr I É

(r -Ó1 ' (!z - f9¿) = (l - 6)-r tt, -Ñ1). tt is readill'veriÍted tlÌâi;

0-t r, -Íf -t, g+Ì -i (q - t ) e.t- f -i (r -6') r :9. srnceÇ -1{r -
- -'l -1

?ó 
-) * is 11or zero, r're rnay rmrltlnl¡r ti":i-s ooual;lolÌ by j-ts j-r1verse artl- obtain

u - (1 -t (, - 1c-tl,-t ( -t n -1 )s +(f?-r (r -.qd-r))-1 6 
-1.

(G :r.¡ q = o. lìy ôrìT coirurenlts i.lì l,he Ðr.'o'!f of T:'i., 4.4 (i.v), bhe suÌr of

ü,c coeîi'j.cients or c nnd r rs (r -16 -tl1q-tf :r -( )* tr -!d-lf -rgø-r,n-t,

: 1r. -!6-t)(r -Qt+ rr -16-tl (f -1f -'l : ( r -(ô-'l -" (. - pf -'l

= l-. Thus 4.ô * r, 
", 

a:rd }' a¡e coll-fnear. n.:r:1.11.

1.reor-gl L?! Let !y,"(r, o,',0.{, ,u Ur*ar,nct lines anrl hi, :;r, c, (1 -
1, P) (ìistinct points sì-rch th.at .,ir.É,{ t, iJi Ê ,1¡, ancl ,i6 .lr, (Í = 1, 2).



tret lJ, il, and.f bo points o:i s. t!ìi¡r,.to l-i:t:r f *,trB, (f : l, Z) such that

;trr1lì ip2 -\"1 ,Arcr/ì Aac? ={o\,ândrrcrfion., 
^= i"!.If ther'e exfsts a r:olùt p f ot tt : :r, p) such thrrt ,{ .\ .{" = {.'} , ona

ir .Ù, );,,1', 8r, Cí (i - l, 2) ar.e all distlnc.ii thon p( -Q.,.

P

$q€ It ls straightf ofl1ratd to l¡erifg that Th. 4.9C na:,r be aÞÐl-iod to
tho Llrles ¡i Ui (t - 1, p) *¿,{ to obtaÍn the collinea"lty of Ar, Àp, and

P. si¡qç r:.rÊor, *. a.t jìrrrlies pê.1r. e.E.D.

Sheolelf-{:gg r,et.{ r-, -t ¿, *d 4 be d1s.ul¡ct filres a¡1c:t Ái, Bt, 01 (t = i
L, .?) disbinci; þolnts suctr thar otQÅ urê {a, anrt c1e {" {, = ,., ,)"
ru,1:1rber:, sup,rose nrc, [l ar,co, oru. \\ o.pr, B:.cr\nrcr,..{, II -Qo, ana c1{ar.nr.
ro"nI r[4,u.



/¿¿-^-

\-

¡þg r,ut 1rlì.e plene determinoc'L by.f , ald 4., be l. tt { o li-es Ín a
ÍE

ll-ane \ na::alì-Ie1 to ll- , then bhere i s a l ine ¡n of J[ bbrouch C,

pa::alIe1 W ¿Ql, þ¡r u63. e.5.3. ijy li¡. 2.6, 1l?Cp illte'sects ïn in a
!T

po j.[t, D, since 
{ 

is the -ïrlano deUerrined 1r]r 1r1r Arr C, (bV üo::. 2.5.1

o[c1 Àx. Ð.2) . Ð¡, 'r¡. ,3.6s, ít forlolvs 'bhat Bpn,l u'ar; ,.,Iilence \,o!. 2.1.1 and

j\x. 2,4 j.rrpfr¡ ¡pD = ,zlz, Thrls Dé BpCe. If Ìp\{ 
--, 

ttrn,'r'rh. ?.3 )
o = t, Þ ,1ì -- ulD (srnce o¡.{ tr) ) ,n=.Iu l,f, \\ -lr. othenrise,

J i ti - J-, 2, 3\ aïe co'pl-a¡ar. Tf ,1¿ :.ntersects { g ín sone rlo j.nt ?, thon

rh. 2.õc i¡rpl-ies P É. -q 1 ì"{ t A I, * f, a corrtraôicjiion jio rh.

a.r. rrlu" f r0 {, = f and cor. ,.n.u ){ r\\{ u. e.r..D.

tlgSggq**rÉ Ï,et {1, & , "nu 
,,( u o" ,,rurrnct l.ínês and 41, Bi, altt ci

(i : 1, 2) (iistinct loints such ttrat Â1Ê, {j, lré..tr, ,iË {u, una Cr\
AiBi (1 :1, 2). Suplose x and Y are disùlnct Doints such that Cl B1/\

caB¿ ={ *\, ,rn., (t ,#, = {"\ , aud x y \t o1u, \\ ,,r", . ïr .? r. I
Qp, rn"nl, I\{;.



cl

rygol: It ßuffj.ces to ve"ify that ,1h. 4.9ì3 ma¡, be aÞìrIf eai to the lines
.il1lr1 (1 = 1, p) ard ï y ro obrain crc, I lra, |,| r:rn, =¡-(, l[ lr. Ìïe need
only shovr that AiB, (i= L, p) and *y arê dÍsùinct. Novr A.,81 : A^B^ +
,:.1, Ase. I1, Apxr. srnce,,l r[.r(, : f and Bpe ß?, .ruorru;r\ ]r,
rrhence 

"l,y f orr*. By.4x. p.1, Al:.A2, a co¡traciction; thus, orir*
:1'282. ;lurthenrrore, ÂÍsi+x y, fol AiRi : xy (i = 101, r) -f cl¡riÁ* v =

{^ù={ù + Âi-i'. rr,^if*:,rorcr.+r\i xr o.*ril ;r^,
l"rei '. ¡ir\Í, a corìr"ad.iction since rrè*r.ror.l ,rouuuur, n, =" =) or,
'r¡ rif t)e/r: ".j. s.incei-1 {^r,*.. r.,;74 l.=yc'. sil*",,ry,
rrcrf"\ 

"r: ={rr} - i.} =)i, = * oo¿.(o = * rj. 
"i,.*"u"J 

\rn.l,
= ø fv c¡ f\ * c j. Thrrs Âil1 f x y, antl the proor is coñtrlete.

lllgor'9-i..4:.T] z* ! r,.{ *, "no,{s u" ai."trncr tlnes arrl p, :,ri, Ri, c.
(i - 1, p) cìi-qtinct Dofnl;ssuch rlle.b {, hl t ={ù, .r\ q", ,:. = a,
¿1, cr \ tXt.[J,l,n¡ 

"n,', 
,r\ { ,. .uo,ro"o thâr bhe]:e sxlsr disr,inct .roi.t,s

i;;,,: ï:" i- ;: " ^ 
u¿ ìì¿ 

= { ù, a.u,{ì 0.,, ={ "\ unu 
" r¡aic,

c



'- i6

go-o.f

Case Li\s sruqe 1,. 4. ., ,, lì1, .rd ,1 *"o rlot cotrlanar. Let (p, ÂI)< !L , (p,

BL)é.f, (P, cr)€ Uf , .nd 1r, cr)G¡. By Th. 4.2, theÌe oxísr scalars

t 
"r1 å -cuch ùÌrat (r:, .rp)Ç f (r^_ ) and (p, Bp)É A (\r) . Novr orr, florr,

=>t 
"- 

!f l\ r t$ ) - ë ou r\r.. z,4,l,rop. 8.4 and Defs. s,r, z. r,hus rh.

a.e ..) tn""" exists a scatar tr. such thar t - f (jf\ ) = rr ($- $); that is,

x-(f+h)s-h(u).
since (.Y = u1arfi c¿ns, there exist soaLars{ ana p sLrctr thet o =qq+ (1 -q.) U = I)=t lr-Prflru.r = pr rr.t r, )v! -h ([r ) )

't (1 - 
Þ) $ (lf ). since tI , [ , ona \f aro noncop)-anar, we na]' êquatê oôr-

resìoncìing coefficients. OonseouentLy, \ : -9 n, O = p ft¡o ), and l -
c(:(r-VlZ. ïrÏ = 0,then{;oand9 =[:Í(tr). sovever,[*
gùb =r ) t;r = J3r, a coltîadíctlon. Thus PT o, rvhence f t hã o.



íiubstitutior in the expl:essíon for ! eives x : t (!f ); tlte.t isr :P j-s co:t--

LilrcoÌ r':ith t-:1 a:r.c1 c¿. s:lnco u1* az, rt 7,, I "fOz "od 
so I (4r.

Coç.e ? .¡is sÌlï1e rr A1¡ rilr 3nd ü1 aro coplânar. slnce { Lft,[r', it fo]--

tol'is that {r1\À gr bv rh. 4'9'r' jv t';lt' 2'7, thene exisirs a Ìroint 1ì

(vrl'choub Loss of sê¡e"ality lì * r) such tirat z(, [t /= ={ "\ 
. si j.nce

,* oruna,[rA "(, = { t'\ , it j,s c.],oar tlia.t Ar(.,{r,','u,,"" R+S.

Let ìì -4p in'r,ersect A1o1 antl:rtB, respectivoly in 'ühe lloints ]!Ï a¡d llr.:.

lJ1ìrt.heÌiûô1,o, notlco ühat AÍ a¡d Bs are uníouell¡ deterrîined., fôr if Ål0l :

iì .{p then arê. l¡, = -l ,-, n coniisadiction. fiirtiJ-ar1'¡r, ]i1;, -- t lL, }
;i¡, --,1i. = ,R z - s1 1ì (a contra(ìictiôn) 

'n1ess 
Iì : Il1. Ì¡orrever if R = 31,

'þììen I -{\Z inlersects.h1ts1 only i.n ]Jlr for aÌl¡r assu-'L--)tion to the co'-lt¡avy

iiilries urQI*, ri1 4¡*, '""'{ r )I = J3rr a contraciici:ion.
-tp

' ijincê ^r4 fr, it is cl.ear that lì Â ¿+ 4 ,. ; oïcovrr' R lpf '!,ß,

as iì å 2 =) z =¡\?c? -- c\\)? l\ :'r..r'l ÜLu? =.urc, : *"', ì A, =-Jlu,

a contrâcìic',,i on. i'trrtllerrîore r ,"* ¡r and eß f ulr since i:iu = ,ll, :> I l. =

r,', :;1 )sj. =Þ, a contradiction ancl BR =r,ì illul = r:'.1¡lr a contrad'Íc-

tion since cþ apr. iìor:r 1ì ls dlstÍnct frotn 1lr, 01, a:rd ÌJt sinco Ap \'( p,

t.r+ "{^,6¡¡r rr = r,r -) n,r , f\,rr,.r, = {"ù ={ "tì rroìn above' contra-

dicting or*u " . ilinalL¡, iì f6 distinct frôir cp silco {,2\ ,{ r, uno 
"

,$r,o 
"r,..u 

n =,;, ) :ì,Aa = r,"r. ="le ln, € l.[ .[r]t'nì P, a con-

tradict 1on to tho Lypotheses. T¡us rye nlay a,,lpLl¡ Tb. 4..9C to sitorr tì1at BxC.l

$orr, l'"v f\ inÇz# Ø )*x: r\'qp -) (since cn\nrlr, *.: r:r:ì,
a cort¡adiction. lîenco 3n, a1é Â1c1, tt tl, :),st : ar. Theïefôïe \ ù =

¿rsr fl ß r= 4rf\¿ = {r'\, ,,".o'.0" * = n. Q.l.D.

\,onsicloÌ l,he coÛes¡ondence



<-- 2 rheorexi 2.61i

1-- / t'heorerr, ¿.6D

TheÒren 4.91\ ( --Z Theorern /:.9ii

Theoreìî /+. 9ll

Theorcm 4.9C I -+ TheoÌem 4.91tr

Theoreln 4.9D ( --7 Theolrenr 4.91¡

Thi.s J.ll.ustrates the six inporia),t ceses ôf Lresar0lresr T]reorelr and tìreir

conversos ÍJllel:e, j.n the sonse of lrroJectivê qeo¡iet1l¡, Desa?:<ruosr Theoren

nay be t8.hen l:o say th¿ì.t anl¡ tr,¡o triang}es 1n le:t'sÞective from s Ðoint

are in perspectj.ve froln å l.j.ne.

Tìleoren ?.6Å

Tlleorcì]l 2. 6.I)



iq

Y 04Ilìì -¡\l.lD lTiìIcqt-Ol:i

i;e begin our discltssion of olralor h¡' cl-arifi:Iinq so]rÌe intuiilj.ve notlons.

le,ljlt !io}_!":f ¿n nrÈgl on_A jg! ,! ls a binar¡' ¡et.at j.on ( s¡rcjr .r;har (1)

':,xac iiLy onc of I ( i), :p : /.\, 1(i, can lroLd for l, ,,( S arrl (p) p, ., I É
s --) tr(,c, o( n ) r(n¡. rhe pair (s,( ) is cal-ì.ecÌ an o1'd(Jïod sot.
I ( Q ma:,. be read as I¡P Ðrecedes qrr.

Ilr is easÍl-y seer. that, the rropl,.ositeü 
_ordellnq ) also satisfies Def,

5.1.r r,¡he::e vle defino l) 0,.( 
") O(p vrhenever p, Q. ê S.

!SLjIi.:o.Jl*5-.3 f is a (striott]¡) r,'ronot onic îrnctfôn fro.,r t.rre orôêred ser

(s;,() i"ntc bhe olderect -qet (st,(') ir an(t onLy if either (1) a, ¡( s à
(a(t -) t (a) (,'r (b)) or (2) a, ¡É.s ùt"(r, =>r 1l¡(,,r (o)).

It1 Def. 5.2, the o:!'ders on ¡i ând Sr trelte rel)resented blr d if fe?ent st¡a*

bols. f¡ Fjenera.L, rre sjrall use r<. r for ân ôltder ôn âlìl¡ sêt. üo anbigu't¡,z

]]eed Tcsì-l].t, as tjhe conterb vjÍll. nal(e the noani¡g of r < r clear.

¿êfl-ljåþn gaf ,r !oiraJ+lå-Po.jjg!.1_ôn fron a liile f to a line rn is a rc"r)-

ìiì1 l'. of the ¡ojnts of { irrto th.o noints oî rìr such thet pf fc (p) => l, fc
(l) É C for ajtl- rr e ,l , rylre¡:e C j.s a

(f ixed ) eorivalence cLass of ¡a.ral.l,ol.

l-ines ÊrÌ.clì rhar ,{ \ c ana n Çc.
ir;he¡:e cóntext DoÌnits, r,¡e shaL.L l¡rite rf I foT fcr.

!:lo,I.ition !r I If fc i$ a nâ?e:ì.1c1 rrro jcct,l on f?or, F l-inc .,Q tn o :t.i.,,u ,r

¿rlìr1 ! 1s. a toj.nt sric]Ì that ?Q ,{ flm, tiren f (?) : p.

.-'{q.?]i If P -ffc (P) € n, bhen .Â.xs. Ð.ì-, p and Def. s."r }:n = p f (p)

SC, a contre(ìiotion tô Def. b.õ. Thus p = fc (i-).

';je 
no'r, e thart Ìlo¡. 5.l- inDlie¡s there exists exacth¡ oae ¡¿lrellel ]r¡ojec-

liioî. 1'ro¡Ì a ':-ine I into itsel.î, ue:lel¡, .,,he ideni;it:/ tft,nsfô1.nEt,ion f (p) : p

fcrr ¿11 ]r Ê -( .

c 
(0. )

fc(
-¿
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^3,'qpg4.ion _q.¿ If ¿{ard I't a¡c nonconl,ânâr }irrcrì' ther- t'herc exists no

rrorall.eL nl:ojoctiorr rrn'.',1 to n.
ll

lYoo! Let I a]rd (.i be anl' dístj.nct iroi.nts of .{ lf the tllcorer:i is false,

iihere exists a -Tâ.ratle-l- Ðlo joct,iôil t ttor' 1,

to :n. -" ,[ona n ale noncoÐ]-ânar' !ef. P.I

j:.:D1j.es ,(, [ " = ¡. ]f r (?) : f (ô.), then cor.

¿.r.r ì rn r (p) = q r (Q) --.) o, qe -!, P r

(P) + P = 0, b:¡ ¡irr. 2.1 slncel {,tt = ¿ -)

r (P)Þ ,1, =t.A/r r (r). as ::$q bì,, hy?o-

lrhesis, lt fol-lorvs that f (P ) f' r: (A ) . IIol'I-

ever, 'ilh. 2.tr (ii) and Th. 2.3 -ì f (î) Llos in the .r-)l8ne [ (rrntoue bt

cor. 9.4.1) deter:n-inoat by P, Q, anô f (P) ' since f (P) + f (q)' it fol lol'IÊ

1'¡6i,r Ðef . e.t that f otd nt are eaclì linos ôf {, contradictín4 the hyÞÔthosis

n-1rirhnt,t s..d l4 a¡e n6nconlâr.na1. 'lhrrs no ï,¿ïal.:l.el. Droioction f f;,o:ì .X t,o r eï-

If-o:g!*:o4 i¿ If f c is a larrâlfel Ðroiectj.on frorrr a .l-inê 'Q to e }lne i'r,

biìel fs is a ore-t,o-one onto rnappinc.

lA-9.3l suppose trÌìere exists a Þoinl, P A { [\n. 31,' Fsor' 5'1, I'j : f (P) '

r:iÒreover-, -.F = f (y¡,lu(* o +A+ *, {,= \!'P: uf (\)É, c, a contraôic-

t,ion. let cl, be ûn¡, loint on îì. If Aq -Q, *nnn tho l'j-ne t'h:i:ortgh Q and in C

inùersects lin oxactl-y one point. j'*c lrhis ÞÔint ls not on 1î' ii's 1r¿afle nust

be ii. l'hus there iÉ at least cù16 trrúôl{hicb nâ.Ðs inllo Q under f. lu}tbermore'

jj])ore caiurot l¡e ¡,ore t,han one as Q, I f (;ì) = f (T) + oR\ o-f (s:-nce S 4Èq,

a)iì an(i QT exist ) =) oP : Qrl b¡' 'i11. 2.L and v61" 2'1'1' ff n +T, thon o'

n
Çn = "X, a contTâdictiôn. uonseqtlelltly irt -- '1, anô {-'lr'e unicnoness of the

rre-inìage of f¿ is establfshed; that ísr f is one-to-one f3or1 -{ orrto m'



el_

l}g,fgå1!!Sl--?-.4 If ,{ ancl ïr ere any rl ist 11lot copJ-anar I j.nes 
' 

t,hen there

e:Eists â different ¡la?allel Þîojection fto" .{to. nt for each arbit::arlr assign-
\n

rìrent of an irage fc (P)é' rn to any fixod Ðoint I ( X , l\ r'r.

lYq_ot It suff lces to shor'¡ that each ehoice of f (P) Aetefitines a r.rnÍoue

fuDct ion.

Let a perllicul-ar f (P) l)e assj.gned and :l-et 0 be an¡r ¡oint otbe:: than

p of f, such that C\ n. ff one vtere to asslgn R : f (q)Ê in, then 0n ( C

ì* \\ rr (r')\rn. B-r, ,ac. 2.4, Ql\,n, rrhence Ax. t.t ì thero exists a

^rì.niqrìe point, I QqR []n. Thus R Ê T and. so f can be deflnêcl in at nost one

I'Ia]', Ëiven f (Ir)" /.

consfderrtrl :)q , (¿ b Ll\^ 
-l

t,n r, o. É-(,;\*, oÊ,r, t (\n rh \ì", ("ü
0

It 1s reaôiI1. verifieû that f is a parall-el rlrojcction frol't'\ to rrr. Conse-

quently f can b6 rurlquely defined as a la¡allel Þro.ject,ionr given f (f), ana

tho ÞToof is c onplête.

fn a trivlal nanner, tho linos of an affine space ','rith only tHo ooints

on every line lnay bo ordêred. Äs this ttgeolnetvy ôf the shoared su1-ror cubeil

àId othe¡ fil:íto affi.ne geonotrios have been thoroüghl¡' investigateô' (cor.

2.+.5, cor, e.5.2, Iìenark foLl"or,ríng cor. É.5.30; Co:r. 2,4.9, 0ors. ?,5.9 - 20) t

1L r¡ill no$ be of interest to investlg¿ìte affine spacos characterized by non

finille n, the nlunber of ÐoÍnts on a line. Our ass¡.r]ìLÞt lons â?e as follol¡s.

jligfjt*?sf .r¡or each{e Å thele exist (at least one) or<ler 2,1 or,N socn

-o.'t^tha-,,, for a¡y nt \ {and for al]y Tl-.ra}lel nroiêction f froH f Uo rrir oither

tl p/R q =)r 1rl : r (q) or r (P) 1nr @), ro" all- P, aE -[ or

,l pl¡q)t tol : f (q) or r (?)'7m f (0.), for â11P, A ( -0 .

i.lencefoxth, rve shaLl. use the s:nnbo i- r<(* I o¡1y to refer to x¡16sç ( of

f ldrose existence is guaranteed Iy À¡. 5.1. Unless it ts elírLicltly stated
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to the conlrrary, al-i. oï'derilìgg referrêd. to and a1l occurences of t ¿ t a.o

suÞllosod of thj.s tYìJê.

It fs lnnediate fron Ax. 5.1, Pr'op. 5.5 and Def. 5.1 that parallel

lrojeetion is a str:ictly monotoûic function. li{oreoverr !â.rallel ïrso Jectlon

1s a one-one onto function and so invertible. conseouentl.y, in Ax. 5.1, vre 
, , ,...,

n.e.y reÐl-ace ,r"o" /ro mt and t1L, Á n, lry rfrom m to I ' an¿ ,/^,L1¿ ''

reFpecti.JeLy, vrhenevor the al-ternatlve forns are rûore conveníont.

Á+oÍr 5.2 Thoïe exists t(Ê conÙaining (at l-oast) three disti¡ct polnts'

ït fol.lorvs f?ôm uor. 2.4.8 that .u urr, ,NrÉ. f. 
"or-,tol.r,s 

at l-east three

dístj.nct points.

our noxt reõult 1¡dlcates that th6 affino sÐaco nol,r ttnder conside¡atloir

fs not charactorized by fj.nite n.
t)

Theqlell 5'!l ,"o? all points P, and lj.nes { I

(Í) PÉ '( 
-) ro"tu exlsts a roint 0É i,such that ? <{ c

(ii) Pé I I tn"tu ercists a point R€{'o.rc¡ that R Z4 P

ll(iÍi) {coutaíns infinitely irlany polnts.

q¡o€ Note that (iÍi) follovrs ímnodlatol-y frorrr elther (i) ôr (ii), b¡'Áx.

5.1. iie shâIl plove (i) and (1i) siruLtaneousl-v.
0

consÍder any l-ine :n l:aral-Iel- tor but dietillct from,   and Prr \r R1 ''.,,,',,

aay threo distitìct points of nt orde?od so thet Rr< rn PI 4 r Ql.. lly Th. 
,,.

2.1 ancl ¡¡ro -r,). 5.4, there oxists a parall.el proiectlon frÒ¡l m to ,Q such that

f (P1) = I,. ff f (0,1) - Q ûnÖ t (R1) = R, bhen our ?enark folfol¡lng the

stat cÌilcnt of ,!x. 5. I i¡rnlies that eltlÌcr n 4.-t P 4¿ Q or O 1-y v ê'4 lt.

In either case, (i) and (Í1) ål:o Þlroved.

c9q94g¡g-q.¿. r There exlst inf initei-y rûany scalars '

Pïoof The 3esult follolrs irrured iately frolî uor. +.â'3 ancl 'Ih. 5.1.



l}go-Ieìrl 5.2 lor. all- :roinlls Á €,.nd C and tines R ,
n

cxis'bs a r)oint lJ É z{uLrclt ';hat Ä <,4 ts<Ã c.

Il-o€ IÊt )r be ¿ìn-v line lara.Llel- 1lo r bìlt dist j-rct

C I a:lv ¡oin'üs of n sucil that år ( ,o B t 1 ,o a' ,
t1

Cqq" l_ SuÞpose riri! \l CrC. Thon the naral-.lel ÐÌojôctioll fro'r { to n such

,t
0âqg 2 íirùirose 

^tÅTl' 
CrC.

loint r cotrr'.on to Àr jl and Ü I C.

that Ìr' 4 ¡r .

ïf Â< D <Är, 'uhon tho parallel. oro jectlon fr:ora Â Àr to .f uslng Linos

parallel t,o ArC eíves a ¡oint È G .0 as the

imaFie ôf D. B¡¡ Ax. 5 . ,, it follo'.'ts tltat

eibhor ti40D(¿ C o:: C(¿ BÇ¿-{. The e.Tgu-

^-xxxment côncludos as in Oâse :l-.

I'r, suff ices to eons j.der li < 4t ç D as the renalnj.nF ìoss j.b j-lÌtl¡. Let

the pa::a3.lel- ÐTojectioìr $ frort .{rA to { using

ti.nes paral-Ief to urc doflne I (A') : ll. As

abor¡e A( A,< Ð a¡d o*Q t l.mr1v Ä(,¿Ba{ c,

as ¡eouired..

fn ordeî to sinpLify our notabj-onr l're Ì'ìal{o irhe f o l.L ol','1Ilg definj'tion.

lg|.illålg-ÞÉ iie say that th.e Doint B l-ies betl'Ieen tbe ¡olnt Â end C and $tfite

Ä, c þ 9, o14, )r,,u'"

'trorr, p and -al,t, I]t, ard

tbat f (At) I -q an¿ f (cr) : 0 defines a -¡o i.nt

¡é.1 sat'i.sfyi¡g f (ts') : ll. B¡, 1r:d. 5.1 either'

oZ.t"L q c o, c áXK.Å A, t{Õr?ever, the

Iatter conditfon conirracìicts Ä<,{c (nince C\,

u, u4Å o=ì af a ) a\cf . rhus.rr4,Q

u\,( t.
Èy itx. 2,1 and. Proî. 5.2, there is â uniouo

Ive rna¡/ assil¡le l,IithÒut J-oss of ge¡orâLi.ty



",' I \ t" if eìnd o'L:l-v Ìf fo:: cvcr'l' o'dorÌ4g \ { 
of any liite I c''¡taininrl

boirh ,; an( u, ej.',,her Â ={Uaq C or u !l<g/r.
lrgj!:,a qrt ¡.oï anl¡ poil11,s lt, 3, ând u and an¡, tlne,( , if foï sor,le or-deling

c- coì ratj.ble rr,itb riï. 5.f' elther a<41(4C or cf 1ì!11, ttre[ I In\ C.

v
1ìr-g€I,€t]i1boaìly}ineÞa3a}te1to'butdistincl,froli,IB.Ì/j.thorrtloss

of generalilry, v/e may aszurne Adq n\q c. Tf f is anì¡ parallel pro.ìeo1;J'on

frorÌ AB to m, then Ax. 5.I inplles tbat either f (/r)(ro f (11)\ f (c) or

f (C )(¡r f (i'r )<m f (A) . l:rithout Loss of gênorÂlity' wè niaì,' corr'sider f ('ri)

Çr :r (¡)(nr r (c). No1'." J.t is clear that llroþ. 5.5 :) tn" function f -l

is a 1::rral:l.el- projection frol,'r n tÒ ¡3. Consoou.entlyr fÔr âny order-inc ir¡

of { sntis:irinr. -,x. 5.1., cil]hcr r -t (, (r) )tg' , -1 (r (r))f rf-r (f

(C)) or f-I (f (c))-(' r-r (t (n))s¡' r-r (r (/r)) ; tirar" isj' ciÙh'|ìT o1' u

lr
<,?r C on cvr ll\j' ,\. Thus.n- \ Il lc.

3f"j?"gi!-.!l-".?. (i-) i?or ¿ìll .!oini's 'r', ìì, and Ü, A\ n lt (:> r' \ a \ 
n'

(ì.i.) Tor any clisti ct col:l'j'nêar points A, B, ard tj exactly

ore .l-ies bciiìyeêl't blìe L"emainin8 b$o.

(i.ii) 1'o" aily disliinct collinear poj.nbs rr'r, llr, Ct 
' 

¿ùìd IJr,

tir.eïe exisü oxactl-y tlro dis',,írrc-i, u0*,'cticn$tiratlrino { tt', f,', Ct, ¡r)onto

{J, u,, c', r\ srr"rr th"r boil&dü6,|{kl 
".'.6t4$A{$(01,

(iv) lf f ís â !arrì:l-l.e-1' t"ojectio:r froììl alr' line '( to

eu4, (coolana:) tile ¡l| ancl -1'., .ì], end o are Euly noi nt¡¡ of -{ , ttt""t ' I l; I c

1:),,r^) \rtrl \rtct.
i:o.biv¿ì.ij io]ì for t1'..e def i'ì]' j.t', ior-i of vec,.jors ,o;j,vel in L,llni)tc'T I:| i-q ¡ro-

vltLcd. i,n rari; b;v tlle nerb t,IleorexÌ.

jrrg:gf s.! l,eìi ¿ an(Ì rt be an¡" Iinês snch tnat -4 \\ n' rf f anô J are anl'

'gã:ìral-1.el lrrojecljions sâLisfvirìt f :Jl l:r ancìS: ''1I ,1;helÌ the cÔnîo-
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sibe functioll$ f : l 5f lroserves all oïderi-¡4s \4of ,t.
r!-".€ i;¡e r¡ish iro sholr that ¡., ¡ Ç { ana s.1 ¡ ì (qt\ t<X ($ r) l.
irii Lhout loss of gênêrâlit.v, 1,re nay assuJûe Å f *, for it ! = ¡ , 1,!ren pron.

o.:. =) tF is the or(teï- Ðre se rv inp.: identlty i:Tansfo:.rnãt io", O¡ t l.{ + -{.
Ðt¡c6 X and f are st::5. ctly lìlo¡otonic ( prral_lei_ lrojectiôns), theír coltrro-

site ÍUncLiotl ( f fs aLso strictLl¡ monotoníc and so eiijher ot:ese3tves oll

lcvcrses \¡ 
"n I . tlhus j-t suff ícestótoßtoaeord elrc,t noinl, ìr:ri:r (r,rl) \ g

of t *Å in o:reer to verj.fy the t,heofe)Ì. ¿s .rt = t f (¿) :)6 f is the

(o:cder-rresewi.ng ) ldentity transfoÐnetion, $ f : R+ ! , ht¡ t+Òn, 5.4,

ve nay assume l,¡ithout loss of generslíti, that r.\¿ (gf) A. Since xre need
\/

onLlr test one (ti, ll)\ g, j.t fo l..t_oïrs ft'orn Th. b.Ð that Ue ma¡¡ assl;rre ¡,!

\{ o-l gr (r).

rr A f (A) l\ r litlf/ò r (rt), rhen cor, p.t.l. +À r (rr-) =:r (-:)q r (ri)

1.,t, (F) ¡-G j, it f (-{r). i,Ìoi:eover, oor. p.I.L 1r f,tt\ -Q, :)a r (¡L)

+ { -) ,t * (6f ) r., by l,x. 2.l-. ¡is l,¡e are supDoslng A sItf ) .{, it fo:t-Io,.,rs

ilrat A f (A) $ f (,i) tf (A). Bt¡

CoI. 2.4.6 a:rd -i!x. 2.7r there ex-

lsts a uninìre ¡oínt Cg g r tgll\
f (ri) (t r) A. since /!\nltçl .+,

Àx. b.a :) ttr) ¡ þ þ (Å), b-r, 
"on-

sider:ille b.he ¡a::a-l-1.o1',f o.i ect lôn f"otl

,[to r 1n¡ (øf) A ¡.¡]ric]r rno.ns A onto

f (A). Sjl-nileÌl.t¡, ijbe naral-lel

trrojec',,iôn froil f (a) (tr) ¡ to B f (j,i) by llnes ¡aral-r,el. to.!. gives I \c [r tl].
Ti-na}.l"i,', tlle ¡âra:ì-1e1 ÐroJection frofl B f (U) to,( b]¡ l.ires Ð..ral-:l.el to f (iJ)

($t) I €fives ll { ,*,o, I t$tl u. r1s Af ¡!fftrl /:,., ',?e r:ûe..i colclucte (q:f)

A fI (ftt) ts. q.E.D.



B6

qql?l]qÐl !.3¿ Írol: ¿ìry orûeïing Sjand an:v' disbirìct poínbs A on(l B' if 'a

\4 lr end if tlÌe betÍreenness re:l.at ioirshi¡s that exist a.ÌlonÊ the lolnts of

{ a:rc €:irren, then the o¡der relat lonshl¡s tu]der <& of any Þoít1ts of i rr',ay

bg cìêt crnrined.

i3q9l rf A lr lc, tt"r, (AVn\ c or o$ ¡\t ¡.), A<q lr :) as4a<4 c ;

tha.t is, Ä<{r and irf¿0. If Álc ln, tt,.ur., (A\4c<q¡ or ilstc fo), o

t4r: Ì ls4cVqB, since o1 .\ Â, A\År,r -):-il4,r, l<qr Ir (4o, a

c ol*trad tct 1on. T¡us ÀTtC anA C \q::. Sini.IarJ-¡r, C \.t\ A =) C'(4 A,

,1r. Si:rcê ilr 1ì, and.. C are disbinct, J:To1). 5.5 (i), (ii) i¡rlll¡ t]-rat

tì1e three cases cor.rside¡ed. aìrove oxhau st €.1.:[ lossiblutÍes.

ggloJ,ry- jr3,,1 If Á, B ale distinct noir]ts ôf a f.i]le ! th.cn thô Ëtiru-

latio¡' A Y, ll rlcterrlires exactl¡/ one order:irt¡¡ ol f o:r i:he t¡¡'oo a.tuâtanteed

b1r .:'x. 5.J.. 'flïrs there are exactly tlro slrclì or:derings on eve1:¡ Line.

PfqoÉ. iie may assuue that the lletvrêeness Îel-ationslÌÍDs tlÉt exist aÌIông

':-.o int s of ,!.re givon. If lltlere i-s an ordeï Tg satisfvin$ Def . 5.1 srrcir

thaii A \l¡, therL Cor. 5.3.1 + the stiìrulat1on Â\ ll uni.oue]-y cletor'¡ti.nes

\f . Iiolrever, at loast o¡re orderYr exists setis:fl¡'j.nfl Def. ñ.1. frince

$.f"o satisfies Ðef . 5.1 and since ei.ther Açrr il nr -'¡þg, the"o exiF¡ts

in iìaci¡ sorììe ord.or \ on ! cor.nratible vrlth Daf . 5.1 such that ,A Y B. B¡¡ the

above colrìfients, this order is uniouel]/ detêvnlnerl by t,he stír,ìulât1ol1

tr11¿¡ :1. ( B. Ðl' reversing lrhe rol-es of A an-d ll in the above a.Taulïent, one

ltre lls a slrrliler reslrlt lith respect to the stil)ulâtíon that' ll ç A. Sinc6

nef. S.f l (not botlr Á\ ¡ encl Bç.4), the lroof fs coriplete.



!€lgflgirf:_9.. 3 . q Let a be arÌy non zer3o vector:. Let ,( le an-I Line and p

sor c noint of .lsuch thar (r,,R) ó g ),* =,), . tet $

arìô. T be âry d j.sti.tlct !o j.n'ùs ôf j urrO ( unO V the u-nioue Ðoints such thât

(,'j, [,\,)ç a ¿ìrrd (r,v) 69 . ,then (i) (^ , r, Ç ,Q a¡¿

(ii) ror any orderi.qr_rá¿or{, s(4 }ü<¡v.
!>roof Fjince (p, n) '[ fs,t\f\! , t fot.Lorrs fronì Defs. ,1,J., z, À1i. p.4 and

rlh. e.l tlrat PR -- s\)v rms ld(*,lanc1 sirnitar.lt/ ve !. ¡¡6¡,., t is readity

ver.j"îied that, ror al-t noints, À, BÊ,4 (s,\À) cl (1, ¡l :)(Ä, ir)fþ (T, v)

since ¡;f T. Thus thelc exist a ttnc rn$-[aad noints u, l( ,n such that

,n !\,{, 1s,¡¡ lÉ tu, ¡l an'] (u, D)B (T, v). tt i.s evidenr rhat sf c

definos e ¡¿ìra]-Ie1 Ðt:ojectfon f fro::r ,,Îto n such that lÂ È O. ,girnila:rl..:,

c']ï .a-efi-nos a ìtar¿l:ì-Ie1 Þro jecti.ìtg f'o¡r ,r to-,f such that Ð î. As si{T,
Th. 5.5 l¡rpLies {-{ u slnce $ r : s{r, \\-þ.
gol:.-ll¡,ry-!.!.í,ré r* r $o
qr:oel L¡r'i; l: anô q be antr (iisti-nct Doints and ;ì the ìrnj,au.o Doint such that

(r', r¡¡4\ ((,¿, R). .r.j¡r u6v. 3.L.ã, RÉ P e. tf <{ is trhe ordoni r-ìej of r{, such

i;Ìrat P {4 (r., iher Cor', 5.3.3 irûnLics q.({R. $ince Vl is transj-tíve, p

(4 c; unat ts r,$n. rf ú- rs the vector contaÍning (1,, e) , then (p, R)

frtlf-U-- It¿- +1.\t'= (1.ì- l.) V. ena (I, p) € ou-. ,-":rfr, it for-

lor'¡s flo:.r l'lr . iz. ii that f f f # o.

Li-Õl.ofla.ry 5.3.5 :.'oT aLL iro.sitive inte¡ers n, l-t t+.,..+, 1(n tincs)*
0,

hlooJ The lroof proceeds vla ¡ìathenatical inductioÌ1 on n. ¡"s the theorern

iÌes lreer verifiecl fol: n - 1, 3, suÞpose I f l+, ... + r- (k tines )S 0 uhene

k is âr'ry Ðos,i bive j.ntêger othôT tha¡ 1. l,et 1> anrl q be anl,' d:istinct noints

and lclr \l- be the vector conlraÍninp; (prq). ?tren if f lis thê ol'ôerj.n€ of I!. such



8s

that Pí¿ q, consider the poj.nrs tì and s r,,trore (p, ,r, e 
*Tir.låUyr, 

,V
atrcl (iì, s ) g lE ris ",'|e n¡ìJr asslìrne a-c !a::t, of our i.nducr-,io!1 ììy-oo bhesis rrhât

PT4Q\-qRr il; fo]-to}is f¡on Th, b.B üret p:.R =7 oa. a. Ttrìs p<4q,

0"1 t + Pfs -ln{r. sirrce (rì, sr)É.-(}_!_,--,.*.tÐ rD,,.,¡e have, b¡¡

the al,s,ùnent or the Ðrecedrns co"or.ra1.y, ,r+l:Í'i iiîFll *,..r* co;n¡reres

the r-,'oof . 
l( 'L 'r-

't'he ¡6s¡1¿ of uôr. b.g.b is often e)cD?ossêd b.¡ statin3 thatÃ ts of
charac bc]]istic z oro.

f,ci: fi- ¡e the Fie.h of þosltil¡e integel:s. Define the reletion! fro::r Zf
into F as fol,Iol,Is: þ t:.1 : 1, Y{n I j,\ -- y. b\ t t ro¡ aL1 pcsiiri\.,e j.nt,e_

gers Òlrhel: ths¡ 1.. I1t is possibto to sÌlou ìry nuan"rorr"al iBductiÕn theù

þ:'.s a ( sirrrlle-valued ) one-to-one f\nctíon. If the ra'¡:e of S is ,,ì, jilìen

A is lsor,rorphlo to Z,l ilor:, it is read. iI¡, slìoun try ¡lathematical lnr]rrction
r;tLat þ (mt n) =F(r)l-\ul, for atl. ositrv. integers ¡Ì, n. one ¡ray

thcn sho,.? t hat, t" (n n¡ = þ trolftnl. In nârticular, since m n I n mr it
fol-loi'¡s that\(rû) S 1n¡ = Çrnt\ (rn); rirat Ís, rnurr5. plicar ion or scarars

ls coruJrutat íve Ín Â,

siriilarly, Ðhas a subset Ë A r':r srrch tbat B i.{ lsomor:phíc to thê sot

of aLl- írtegers.

r?é.f ilit,ioÌ-l.5 f,et ,{ anO ll be any :ôara-r.Iel ti.nes ând 9an oraer on -{
o:l the t¡rne f¡.uâîânteêd b¡¡ ;x. 5.1, The o¡-!l9rír,.q_lr of n c qr:Le.s lontl i rg _to

$ is tho orderinfl of ¡t such tha-b, und,el: an¡l pro jêction I f .-on.l ta m,

.rr, i:( { o*.4u ì t t^l(n r (B).

:|j]ggle.n*qé Iæt ,(r nr and n be an'¡ para]_lel lj.nes r:i1;¡ Va fitced ol:c1e"irg

of X, Then Ç and. \-n al4e rvell. clef i¡ecl âxc1 \n is the olcleri.IÌg of n cor_

l:es¡orrdinÊ to \,. ol n .
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âf\jllg.qq Tr ,\ - Io, i,hell th.e onl.y rarnl:lel lrroiection fro}r ",( to lr j. 's the frlcr-

tity transforrnation ard Ç* rnay bo tul1ouêl.y chosen ¡r:r 19, since À <1 l:

-) not, 1.t471). rr,f {*, thon let A ancl ll ¡" .nr ooiiru ot j suctr that

A Vn. since any 1)al:a1:Le1 -oro jection is one-to-one, if f is an:r def i þi1'e

pâlallel projection tto -|* rr, C6v. 5.3.e implies that th.ere ls a uniouê
*\ï

ord.erin{j <- ôn n suc}r. that, f (A} ( f (ll). }ìor:, Ax. 5.1- j.xr¡rLies that

\ j-s inclopendent ôf th.e larticuler h a:rd ii r,¡o have considered.
:r

j.lof"eover, r¡e cl-aim thatî ls indenendent of the paral-J-el projoc-

tion f. li'oTÌ, let ¡1, anrl lJ be the dêfinlüe polnts considered. aìrove, {!'any( rs.
paral-lel DrojectÍon fron 4 to n, orul ( th-e ol:dortnfj of n such that

rc
â t.-lS q (B). ns f-I is e narä]1"e1 Droioctior fro:: ir to.fl r it-uk

follolvs fror'r 'Ib. 5.5 that f (r\) < f (B)

ì % rr-itr,o,,,;."1 1r-1 (:r (n)));

that is, d0 (-.\) I (â (''ì), since {(.rr.)

\-* S tul by r,,*,,.,ìtinr'r, co:ì:. b.i4.â
-ufir

?ç =( , irhcnce t'he clai¡' ls

proveð.. Thus (rn ancl (si::rilarJ,ir) S ¡ are

l'".eI1 dofirled.

ì;io sb-a}I no',,¡ sho,,': that Yn is the orclerinr.,: of n côrxesnondinf: to \n

on Ìr. -¡rl' +,he f ilst rènrark of th j.s proof , \'re nay as sune .CI +", + ". ituT-

thefi4ore, Ì,,e nâtr asÍjune .0 +n v¡ithout LoBs of generality. }'or 1f f 1s ânl,/

¡araltol irrojoctlon rrorr,[.= n to m and A anrl 3 are lojnts or .,? suc¡ that

A(¡1, tiren r (À) f]t f (¡) I r-1 (r (A)) \ :e -1 (r (D)); tbat 1s,.4'Ç

B, 1'rh.e1'c E j." tt,u orrler of -{ = r oor,t""nondir1Ê to Ç ot ot. lis A]Rr

0o¡. 5.3.2 imll-ies'\4 = Ç. $ince $ \, i,re trave Ç : <", trre required

l.esul-ij. Thus it rerûaÍns to cÕlìsid.er tho case ,?, ,, , uoa n distlnct, Under



these conditionc, if \; is the o"derin€ of n corl:esnonó ir,g to d" on m,

it is an inÌÍedi€lte corlseo-rlet1ce of 'Ih. ?.68 that f1¡x = ( n. This côlti-

lletes lrhe proof.

It is c-l-oal: that Th. 5.4 intÐlies that the orclêrrings of l-i.nes of any

ßiven 'Jârall.el. class aro separa.ted ínto tt¡o no¡eltpt¡_r e0-uival-ence cl-asses
A

ììntl. er t)alall-êl prÕJoctloÐ such that t1,¡o o"derinfs, f1 of ,.{_ ancl Ío of
0

^4 il aro in the sâire oqìtivâ].ênce cLas. if nnd on.l.:¡ if ( is irlie ord.e?f n¡. of
n^

,.Jy'1 .o"""u"onding to Ç o" 4 .

Þlr¡l!-.oq__Þé An equÍvalence cl_ass of orcìerings on lires of sorLe taral-

le] clas¡,: under ÌraralleL proJectj.on is cal].ed g_'O!.fo_c.!-!4. ',1!;o directions

Ðr_ and D2 are sâj.d bo be o.pl?osllg if and, o¡ly lí there oxists en ol:dering

\éD1 sr"rcrr tnat ) € ¡e.

f.io.b e that eny tr'!-o ordel'in{.ts a"e in t}le sane diTection otly i.Í thet'

are ordorÍn€s ôf parallel 1Ínen.

!'roìn our Þreced.ing ïernrks, it is ree.d.f.1¡¡ seen that cor eslÐndibg to

alr.y diï,ection Dl conbafni¡{ì an ordering f, tbe,:" oxlsts a ullq¡ue d.lrection

D, (nanelyr tlìe dírectiôn eontûiniqg ) ) suctr that D1 ¿¡fl Ð2 a?e opìlosj.te

d.il.ections. Sinro for a-l-L orderB (, t Ìre older oþÞosite tô the ordBT olposite

to ( ts (, ít fotlo*ou that D1 {lnd. Dz a"e o'.0ìtosite cli"ectlons if ancl only lf

D2 and D1 are opÞosito dl"ections. Th.Lls, v,'e nay refes rrnanb 1Ê."uous 1..¡ ì;o the

diïectioh oplosite to a €iiven di"ection D. In Ðartlculây, for e:1..1- di?ectlcns

D, 'r,he c-Lirec'blon oplosite to tlìe rlirection opposite iio D ls D itr:ei-f.

gof i-1+tion-9.:"! ìior any (,r,il)\0, 1r I ls thc orderins of ÀR such thÊrt

;r, ( B, then the rrnioue direction cortaining (is said to be the qigectjþû

qglesjllrlgd by (-&B) .
\- /t

i:h99Ig¡rlå..!. ror an¡' (4,¡), (c,Ð)q o, (A,B)-l\ (c,D) + (À,tt) aad (c,l) oeter-



ìli-ne 1,11o sanô direction.

lllq ïr (A,B) E (c,D) anrl m\cn, tiren Der. r.r )Lir\\ cl 
"no 

nc [\
¡D. Thì]s therô oxists a parai-Iel Þrojectlon f fro:n .{B tô CÐ such that f(L)

È C and f (D) = o. Bv Th. 5.4, (A,B) and (C,Ð) deter:line the s¿nle dlrec-

tion. Otheïl,.rise, Co:r. 11.1.Ê =)..l3 = Cl. If (¡-,¡) = (C,D), 'ühe theorerr

is trivÍal-. Lf (¡.,8)+ (crD), then Ðef. .3.L a¡c1 Th. 2.1 + thôre exj.sts

points I, tr and a fine n {;rn sr.r ch that lì, P Éi ri1, (ÂrTr) Q (5,1r) and (Irï)

fJ(CrU). ]]y the first caso considered, (Àrìl) and (lrF) determine the sane

directl.on, as do (E,Jl) and (C,D). ilhus, (ArB) and (C,D) dctennine the s¿Lrïe

d.lTection.

Iìe4grk By the Þreviorrs theorc:ir, for s,nr¡ 12| Q Í*r"n that 1¡ t g, 0,"

Ìna¡r ï'eferbo the unirlue d.i"octiôn detenltined b;r an1, (ArB){ O, (ArB)\/Fas

the directlon of Ví Tho voctor 0 is not assig¡ed B. di:rectj.o11. ¡'or ary

rltrectlor D, it is clear fron I'h. 5.1- (ti) and T]';!, 3,3 that there ê:{ist

inf initely niarlv vectors Ëtth direction y: ii'urùherfnore, lïe he.ve nor,,r shov¡l

tle ¡ranner in v¡hich onr definition of vecirors colllDares uitlì'uhe r!3?e con-

I1loÐ alJlÏoach of deflnlnfi vectors as sonse-ÞÍeseîviru Ïl¡?ial naral-].el dlg-

pl-aceflenüs.

'.ie nôu re1âte the theoly of ordoïed affine sDaces to that of soâla"s.
an

Dgqiåítion 5. I Let { be sry Li¡.o , < any order of -X of the tyr:e postulcted
n/l

irì j,,.{. 5.1, ând F any ¡olnt of X. Thcn 1're defíne tlre hau-1!lË__gll-ql!!

res.Ðe-ct to I to bc the ""t" \ q \ cÊ !, o (p 6v q = r\a:rd { O \ f<,1,\ì
\P\Qora=Pl.

ì

Dg:!g+&n q.9 Â non zero scaler¡ f fs pgg4ive íf encl orl..'¡ lf for any ¡oints

P, q, and Ìl and non z-ero vocto? \J-such that (P, o.)< \f and (P, R) e f (!l , rt
fo.l.J-or,¡s: that Q and R l1e on so¡''e ]ral.f-l.ine role.tlve to P.



æir]rne j!6 l,ell !, Q, R, B, and 0 be pointã , f a scalâ?, and VJ: 6nd \f non

ze?o vectors sLrch that (p, a,) € [, (r', n) Ç r (f )r (p, i:) G r{, 1r,c¡

ó f tgl , and o, and R lle on sorrre ]ìalfliue L"elatiTe to :F'. Then B and. 0

also l-1e on s o¡-Le hal-f line at C.

't - \ T .l

Eogt suplosêürl\\J: . If ?\ n\ *, then Pr"on 4.:l holics oI-\ ltc, ana

PTo!. 5.5 (iv) irirplies f \n \C by conslderin€ the -naralle1 ïrrojectlon :froln\r
Piì to ?B bl' llnes naraLleL to

A¡. consôoïenbl"y, B a¡d- C l-1e on

exactl.:/ one half - 1j.ne reIâlrÍvo

' 'n) ntto p. $1mllarLvr p 
\t \ t

c i¡ =) c and B lie on exactly onerJ
half-lfne relatlve to P. lìioreover,

n - 0 =)f = I (b:, uor. 4.n.1) s)
B: c =) B and. -l-ie on exâctlì¡

one half line (corresrond.ing to

?B) 
"eL.1þ1ve 

to P. Thirs ít rerìains onl.l' to consldes the case of a non ze?o
il

vecbor rÀ, \\ y- such t,h¡'t (PrD) É. {rano. (P,ï)ó f (g ). Since r:o have afread.¡¡

shorvn fì, a¡cl R lie on sonìo hal-f line 
"e latívê to p ând *in.u $l1! tll (¡y

Pïop. 3.4), the above ar$xnent shovys t,hat D a¡d Ð also tíe où soll:o haltf l-ine

rel¿t j-ve to P.

qropojj:tLion 5.6 jlor aqy scal.ar f, 1f thero exists a poj.nt ? such that for

sxy points q ard R and ary vector j, (P, a,)Ç. E., (?, R)Êf ([) ]A *u

Iì 11e oi: sone half 1íne relative to !, then f is Dosilrive.

lrroof l,et \f be âny non zexo vector and Q aniì R ¡oints such that (p, a,) Ç

ìfanô (ì>, R) Ó:f (j') . Let Pr be any riolnji rot on Iq and 8r snä ;'ìr Ðolrìts

s,.rcìr that (Pr, qr ) Ê [ ana (P', I¡r I (t t*V. Then b¡, tho proÐert,v of f at P,



alz

rre havo

o^o y// p lc\ n =) "'1.'9
f"in\,, )o'\,,\ o, (1 o, *.u

_) " \R'lle
I n = I =)r =rgq'=r'l ô11 sor-re
, I hau

In=r]r=o]r')ïåii,r
tÒ Pr

by argûlents si]niLaî of thoso of the Ìrreceding IêD.n,.a. Bl'l-eruna 5.6' lre

rnây infer thêi, al-I loints Pr t not ol'I i'q have thê stated Þroperlry of P. i{orv-

ever, for arbitrary po lnt T, there exists a noll zelo vector gf such that

for any poirìt R, 1r', n)C S -} t \*. Thurì all points Ìlave the stated

I)ïoperty of l'; that ls, f is noÊitlve.

J:ìernaÏle Ler,1jnp-. 5.6 and- Prop. 5.ô establish that a scalar f is posltive

if an(ì ont¡, if there exlst lo1nts Jìr el,, and R alld a llon zoro vector J"

sucll that (p, C) É [ {r,R) C.- f Ul- ) and Q and ]ì l-le on sorne helf 1íne

rel-ative to P.

Definigion- 5.Lq Àny non-Ìros;ibíve, non-zoro scalas ís s8.Íd to be lglive.
The scal-ars lìav e not',¡ been separatod into tlìToe r1ìrtuall-y exclugive and

ex]lausLi.ve sets : that óS Ðositive s câ14-Ts r that óf ne¡¡ativo scalars, end

Ito
i;hc sret \ Ol. It is clear frotn Defs5.8 - L0 thRt 1¡ê nav think of posi-

tive scaLars as olldor proservingr negatíve scal-ars as ol.rier reversingr arìd

the zeïô scâlor €rs ordeT dôstro}.in€i.

The fol-Iovrllt¡ì theoren justifies the u-<e of i;he 1'lol:ds rrÞositlverr and

i'negative" in referring to scalars.

'ryÊqg--q,Eg. ,,or any scalars f and $ ,

f pocitive, S nositive =Þ t+h ÐÒr-itive, f lpo:ríti.ve



f ìro$itlve, !\ negat ive =) t A negatl.ve

f negative, g nesetive -l t't $ necative, fg Ðosj-tj've

f negaiiive, $lositive =) t $neeat,ive

ìIggr (i) rr f , g ¿ìre eacÌì positive scaror:sr!-{ f 6" \y, (1", q) I

¡¡f {r, r)Gå(-\lr) antl (P, s) G(r S){, trtu" Q and R l-re orÌ sroa'e halr

l-i¡re (of a tine -Q) reLatlvo to P. sinilarllr, R anrl S :l-le on sone ììalf

11re (of a line n) at P. If P:iì' then cor. 4,2,2=7 â=o=>(f1){

= f (5 (f ))= r (î =glo = s * ,,i 
"tta 

s lic on soìIe b€rl! LJ.ne rela-

ti..¡e to ?, by ¡,x. P.P. sincÕ 't11, 4.4 (i) ir¡îl.ies t 3lo, ':c lìa\rô t}ìat'

f !\ is positiÌ/e, b,1' the rôllalrk fol-:l-o1'¡inrij lille lJroof of ?rol. 5.6. If P

$it, 
-rhun,[ a'ncì rn are uniouel¡¡ tie1,(]rr{ned l-ilìes l'rhich, by:'-r. 2.1r are

tho sa]re. Thus Q and S (and R) lie on sone half J.ine reLative t'o P, vrÌrence

fl is lositi..re.

(ii) If f ancl $ are alry neêo.t ive ânil ìlôsttj.ve scala¡s resDecli lvel''¡ 
'

9+y-e V, tn, a)é U, (?,R)(- ttfl, and (P, s) Ê(rI)!( tt.'en

fi âr(ì lì do not liê on a he..l,f linir l:el-atlve to 1"r 1'ùi;l'e â a¡<1 c tìo. Con-

seouentl¡¡, Q ancL s do not l1e on a half fine 
"ele.tj.ve 

to ? and :f $ i6

ncgat j.ve. ii j.¡lil.alrb" 
ff is negative.

( lil ) If f and $re anY nogalrlve

scararsrof -U--€ V, (P, q)Á I)',
(P, R) Q % (-n âncl (P,s)(: (r?
j[, ttren 0- and R are nob on a hâlf

l-íne ÏeLatlve to i), and noíther aro

.iì and. S. Ejince evei1¡ lino has bui

trvo hal:f lfnns rel-âtive to l.' anrl

pÍo.rls. 5.6, 4.1- :) !, Q, R, a:rd S are

côl-Iinear, it fol.lo}Is lrhal; Q and S l.ie

on so!ìre half ll.i-ue l'el,athro tô ?. Thus

fh is ÞoElitive.

' ny 'þ ,q'g'o



(iv) let f ¡nd r\ bc o.nl/ ìositive scalars suclì thlt (f,rî.) ef,
(r?,rì) Ef (y' ), (r',s)( S {r ) o"o (F,r) Q (r}t ) f . fn order to

coi.iDut e (f + b ) \f , ve e:noloy lief . b.9 to find that e and -l âre on a

hal-f line relative to P, as are I and S. ft follon's fron r,or. b.g.f that,

Q ancl T alre on sone Ììalf lí¡re rel-atíve to p. 1¡or iii pd R (resp. R < p) ,

ti:er, g( T (res¡. T < S). Iurrjherrnor:e, l>< e ("esþ. e(p) and p( S

(res¡. s( P). lllus l'¡e have i'\ s lT (reso. T ( s ( r:) ).r (t (t"*o.

¡f p) . Sinco I'( r (rcsp. o\ P) , it is indecd truo ljlro.t I and 'f lie o]]

sor:re half lino relaliive at l', lrhencê f*{ fs Ðoslt,i.r.e.

(v) iìy a Ìtetl-loc1 anaLagous to tha'u of (iv), one re--r,i l¡:ove that the

sr-rjil of any ii'.rô negâi ive sdalars is f t sel-f nega Livc. :ror r TIiilt 'ühe nota-

Lion of (i.¡) , vre harr e R anrl Q al:e not or a hå.1-f ll-ine rolative to 1), and

neiiileì. are S ancl O. Since ]], Q, iì, and S are col]-iuear' ll a¡d ij l-j.e on

;:o::;e jr¿llf linÈ ro:latilre to t-. rìy 'lhs6¡.tÌ 5.6r if I'( R (resl' n ( l') t::Len

¡; f 'r. (resp, ,t< s). i..oreover, Q'\ ! (resp. .Pf Q,) and .Lll s (:resp. s<").

rhus Q,( Iìls f r (resp. rf s (P (q) +0.< P (r (r:esp. r( I ç of -+

Q. and ll do noù l-ie on a lì411 J.Íne Ìol-e.tive Ùo tl. TLis colm¡-l-ebes i;l1e proof.

uorg}].arl,' 
-5!19.1 

lo1' a¡l/ non zoro ,sca:[ar f, ff ls Ì]osltive.

lfqqf iilther f is positive or f is ne€lative. In the former caso, the

proôf is inllIledÍate from TIt. 5.7. If f is noÉ:atl\re r I'¡e assort th$t -f is

positiïe, for if -f = 0r then f : --f -- -0 : O (r¡hiclr is uol losltive) atld

if -f l¡ere ns¿iativer i,hen O È f t (-f ), as the sìtn of tl¡o ne:,.{at j.ve scalats

is iüsoLf nogative, a cotrtrâdiction. Tltus -f ls îosítive, anaì bl¡ the first

case cons j.derecl, (-f )(-f ) 1s Ér:[sô ì]ositive. sj.nco (-f )(-f ) = ((-1)f ) ((-l-)f )

-- (-r.)(r((-Ì)r)) = (-i)((f(-1))r) : ( -r- ) ( ( (-r. )r ) r ) = (-r ) ((-1)(rr)) = -((-r-)(ff))

''- -- (:lf ) - frl, ihe Ðroof is conÐle'üe.



In prorriir¡¡ Uor. 5.6.1-r 'rrê have aLso ¡roved

!gfg.rj'.ajy.ji.6 ¿ !or. airy scala:r f, f j-s ìrosi bi../e S) -r i" i1e{.tat, ive.

i;9 ro l.lqly_ 5.,919 I is ¡osii;1r¡e.

Pro,gl Si.nce f * O, If 1 is not nositive, then L j.s nccatlr¡e. l;¡,r ¡i.," oto-

codin!-l cot'ollâr¡¡, âs I = -(-1), Ire have ',h¡¡t -I ls lrositi,ve. :J1r Th. 5.2,

(--L)(-1,) is Tþsltj.ve. Ilo'i:ever (-1)(-1) = l- sitlcó (-t) (-r )+ (-1.) = (-1)'

(-r,)+ (1) (-1) = (-1 + l-) (-t) = 0 (-1) - O. Tlrus l. l-s DositÍl,e, e cônrrâ-

dic-bj.ou, This coriÐletes the nrôôf.

9:,,:..'-1.1.1 ,' oî all- -rositlvo íni:eser.s n, l.i- ._*.*_:-l I ís rositive.
n 1li.neÊi

'jllìe tTivial- lroôf b.'¡ in.luc',, ior riray saf e1y b e l-eft bo i;he :lead.el:.

:,o.L"r!lSJ:-1. i.a¿ iroÌ âny norì zeÌo scalor f , f l$g (resn. nerj) + f-l t', o s

/..^-,. --^ \
\.! vllr. ¡!\¡rr. /

3io-oi- hs l- is Ðosltive, so Llst f-l f ¡e Ðosi.tive. 9i.nce f-l f o, t,;.e

côlìc:ì.11r'ìiôn fo-l.lo:,¡s .fïo:.r'j'h. 5.6.

ùo*|g!."gf"_q.19.j. Ior an]¡ dirocijioÐ$ D1 aird. Ð,,, the:re a.re è3act-ì.1¡ as aant¡ vec-

'bors 1'ij.th rlirectiion DA as vectÒrs !:it:ì d.irecl,ion Dp.

åo-ol ::rithout loss of goneÌalj.ty n] ti ne. If D1 and r)ô a:,re o')Ðosite direc-

tiolls, then the lresult is obviou,s; 1o1' oor.res¡ond.inq to evol.y vector 1l lritìl

dlrècLiôn Ð1, there is a vector -;f, utitrh direction Do. tf D1. tn0 Dp are not

o.lrosi- t,e díïectj.ons, then they conbain o"derinEs ôf l.ines of distlnct Ðanal:l,e]-

c),asses, C1 a:rc1 0 r.
o

T.,et, ! be aiìy 1)of nt, a11d.'{r. the unioue line of t1 (t = 1, 2) thTou€;ii P.

1,io,ri bhere are eïactl-¡¡ as ¡Þ )1-r¡ veclrors r'¡ith dirscti-on lli Ð.s there ar:e Dôintsi

(oiher: than P) on tìre lÞlf f ine releljive llo P rdrose corl'es}Òndiû.r :l-ine is 1n

0i, 'o¡ T\. 3.; aird rl:. 11.5. 1'hirì latlrcr nìü{)ea is sir',rl-¡' the nul]lb er oÍ ¡ôsi-



ai.'

'bj.ve (or indeecì lrho munber of ne¡1a1;irre) scalaTs, bI¡ th.4.l, ,1rs rj.s nur,
ber i.s the sante for (bhât is, ûlnct ional_l.y lndeÐendent of ) D5, Ü.rô côltcLu_

$io3 fo]-Iolys.

ln ¡l.ovlng Lior. 5.6.6 .f:ô have also 1rôved

gggl]S*LgiÏ- The numb er of r)osit,i-/e scal.a?s is the sane as .t,he nu.nb or
of llegal;ir¡e scarars uhiclì c orì1 on va}-re is the s¿ule as the ¡umbê,. of r/ectors

r¡i lih aqì¡ ql'-ven df rection and also tl,e sane âs tl-re nunb e" oÍ points on any

l:alf l.ine.

9g:ig!!Sq_?.:ll 5or anl' scelars r a:rO {, He say .bha.b f ÐIece.des cû and

Ïrflte f lq if and only j.f ?+ (-f) is þositive.

P{o e:!.!g_q!-Z Jror. ar1, scarars f,( , arrd h, (Í) f o%,%( rr )r<l
(ij) r< ø --)t t h(t !h

(rli) r fó¿, oc t, 
.+ 

r h( 
? 

h, ti rT h60

(iv) r {$ , h { o ì 1n cr i, rì,¿ s,,, ¡
Pr99l (r) B]'rh. 5.6, h+(-f) = (t+ l-$-l)qr (h+ (-q)) ='} rr.t(-r) is
po$itivelt\ rr.

(ij) sinco (frP 4lti:fr.p h)) :(tl h)¡-((- h)r(-f)) :h+ (-f),
it rotro,,s rìrar r{t lO¿*(-f) is noo*ru" } (t} h) t {-ttf r.ll i"
ìrosibfvo:/ r.{r tr f %t h.

(ili) sinco (6 ol+ (-(fh)) = oô t, .f ((_1) (f h)) = t rr ,å (((_r)r)n) =

ql {- {(-f) h ) : (ti- (-f) ) h and both ø+(_f ) s¡.d h are ¡ôsitive, ijr fôl_
l.oÌ,is frorû Ih. b.6 ttrat, (fl h) I (-(f h) ) is lrosj_l,ive; that is, f h \t h.

fiinilarh. n t (irq.
U'

(tv) The Þroof of (iv) :nay be pat,terned a:fte:r th¡rt of (Í1i).
t?Lq.?ggitfor_Lg .1,'or: ân¡¡ scal_aïs f and 

-\ sucìl ür.â,b t S 3 , tbere ercists at
least ono scal-ar h such that f( h and L fK.



lloôf tet h - (f t à) (l- r' 1)-I. 1loï¡, h +(-1)
u

- (r.f S)(r.+r.)-1+(-r) I = (f .v5)(r+r)-rç(-f)((1?l)(r"t1)-r)

- (f t I )..¡- (-r)(I.l-l)) (1+1)-1 = 11r\ 9\)+ (-f-f )) (r'f r)-1
-1* (tt(-f) ) (1+ 1) . By Cors. 5,6.4,5, Ðef. 5.I1 and Th. 5.6,

j.b fol-tol¡s tbat h+( -:e) is ¡osj.tlve. Tbus f I h and one shol!,s slnÍla:el]r

tìrat, hl S.
'ìeca1l ttiat,{ cortains subsets .t, Il ïrhich are fgomorphlc (rrj.th res-

pect to add lliion antl ÌtuLtlt:l-ico.t j.oì1) tro tho sets of losit'ive j.lteEevs s¡d

integers resÌrectively. It is no1{ ovident thât these tsoÌlorphfsms Ìlôrslst

rïith reslect to ordêr.

T,et R bo thê set of rational ¡umbors. Tho olelrìônts of R are eauiva-

l-once classes of ordered ¡airs (m, n) of int-'gers îor v:'h j.ch n f o, such

'Uhr.-t (in, n ) is in l,he sane ratiollal nunbe:: as (p, q) f f and onty 1f :rlq ' ¡rTI.

Denote blre rationa:L nurrber contalning (rn, ,t) ¡v l].*, if . Iihe::eþ is tho
/

flìnction consiôered in the ronark fol":LolriÐg the Ðroof of Oor. 5.3.5, doflne

tbe relâtion Ø fron lt intof os fol-lôlrs t
/

Ø (f tn, ti] ) =l Þ trl tÇt"tt-l ir n aìd. n are oach ¡rcsi'Live,.\}\

J -ç 1-r,) (tú (n) ) -1 if rû 1s nôSative and n Is rôsltive,
1t

\0ifrn:0'
Tt 1s no,,,¡ possible to shol,¡ that ø 1s a (sing-l.e-val-ued ) one-to-one fu)1c-

tiol from R onto a subse'b D of í, aC Ð, such thât D is isorûorÞhlc to ll

(r,rj.th respect to addí bionr nn¡Lt íÐU.cat ion, and orcler) . This resu-]'t is al--

sjo a c1iuect consec.uonce of the 1,ro11-kno1,¡n theoren 'uhat, for Ðny divisj-on riÌlg

I of characiieristlc zeto \,rhosc tdontitl' elenent fon rnìrl.t i,¡li.catlo]1 generates

å sub dfvislor-"ing G of .Li, G ls l sorlo:!:phlc ¡6 tt (Hith respecÙ to add-ition,

¡rult ilticat'ion, and orrder. )



ôô

P..?opos-!bigq 519 l¡or âny scaLars f and t, exactl-y one of the fol]-or¡ÍnÊ.:

holds: (1) f :5
(2\ f I (\. \J

(j) â< f
qgogl Slnce O is not Þosltive, it is clear thât (L) ca¡¡ot ho-]-d Hhen

(2) or: (3) d.oes. I{oreover (2) and (3) cân¡ot hol-d together, for f f Q ,
U

b< t ) o - (6+(-f))+ (r+ (-a6)) fs r:ositive, a contradicbion.

i'ie ueed only shorrr trr"r, rtX, l*. t ) t*% . lïor,r, tr rf { ano

t{'t, then f* (-n) :s nej.trhe" posrlt ivô nor zer:o and hence is negatlve.

r\s O is ïr.o-,, nesatlve, Th. 5.6 ) - tt* (-ft) is Ðoõirive. Thus - (f t (-l ))

- - (-0 )+ (-f ) =f{ (-f ) ls rosii;ive and so f ( ø¡ .

làepâ"atoTy to stat,ing an irnportant, theoren ahoìri À, u6 rxEìke the fol-
L01Tijrg d.ef r'.ni ü J-on.

;i" l:*lu9-:Lf:":(1. is a f iel-d in r'¡hich an o::der rê]-at j-c)n ( is defiüed sat j.s-

f:'i-i1ci the coli.ìi.iions of Pr4ops . 5.7 , 9,

lglirj.ij-1gg_L¿e rlny nonènÐt¡/ set S in an ôrdered d.ivl.s j.on rins c+ = (r j' ,

. ,' ) is lrqIIlgl slrove if €md cn]-y if the:Fe exj.sts all ele ent f in F sìrch

that for all xÇ S, eibller x = f or x( f. Âny sìrch f is called an Sgg
bgg+rl of s. If there eïis:ts an rrÐler boulld 4¡ of S such thð.t for alll uþ¡sr

borurcls h of ij. eíthe" dt = ¡ orfl( h. thcr q ir ca:l.lêd a l-e€ìst urrI)er bou:ld't 'q
of S. G ís said to be conÐl-ete Íf a¡rcl o n-1-¡¡ Íf ever¡' nonerîìltJ¡ sot S of -n

ilas a l.east ¡-npor bound.

Tt is r'¡e l,l- lcnor,m that â-l.tl, co)rplete ordered flel-d. ls i.soÌno"nhic to tho

real nu¡rb e:: system. ì'ie have .,roved tÌlatf ls e. divislon rim (0oï. 4.5.5)

and ordered. (Ilo¡:s. 5,1 , 9\. Conseouentl]., Ì,re hal¡o the f o l.]-olri niq in'-.'ortant.

resul.t,.



Þ9.9Ig1 qif_ the or.teled_ c1j.vir.riol1 rj.:rg f of scat ars j.s i s otito:r Dl.ri c .Lô ¿he

:¡e ù1. :1trììtb cr s..",ste¡t if and onJ-y if
(r) r,tÉ E ì rA =g r

ar:d (;:) f i" côrn¡Lete.

i"'e conchrrle this charter ¡t, shor,,,ing ürat so¡.ne classical Tesrilts íi1

-ifuc-l-i dea'' geor.etr,' are a]-so varlcl 1n the o]Õer.e(ì af:i.ine snace undel. coïrsi-
d eir¡ìt i on.

-Ð9.!r+tion-l¿gl,etPandQbeany']ìoints.The)1anyÞoint:ìsuchthet
(P,-ì)f (iì,1,) fs call_od a r4qqojl!. of p and ô..

f1, is Íftrìêdiate f,'otr Defs. B.L, Z ihai atry rítldDoint of :l_) and e is
also a :iriclnoint of e and p.

f]fg..åql,] Þ.æ ff P and e qre any noints, then .bhe:re êxists a ulrioue rroint
jì sr,tch tb¡'¿ R is a ÌtirlloiEt of p and q.

!.I99i (1) Læt r, = t). If .!ere exlsts a point tÌ such th¿rt 1t ,n¡t (:r,Q,)

anô \[ :.s 1,hè vocto): co!]taining (prR), .btren (p,R)1 (Rr],) =] [. = _ \ÀL

=) (r.i' l)tr}- : ttf ìt\[ =WtLr = -tlfi-\.ú_ = o I uu_ = (r$ ,

Ð-1Ð - 9. srnoe (r,tr)( g, Th. s.r in.oIÍes p - R; thus, p and g have at
¡1osL one mid?ofnt. /rs j.t ifr clea} that Jrrr:l¡î (r,rp), r,¡e havô that p rs a

flid.no:int of l? and q, rrh.6itce p is the unioue Ì1id]:roint of p ar]d Q,.

(ii) f,et lf e anoV be the (non zero) vector contaíniry1 (.pre_). B.-¡ .".

'!h., 4.3, the"e oxis.;s rrnlçue 1¡F (.|U. -"uch .bhat \r. 
= 

(f + '.) r¡l . If T

is bhe unioue ì)oint suclÌ lrh.1t (prT)€ rlr , tl."n ]ïe need on-t-¡¡ l-et T = 1ì. TôTr

-!f -,f tW ù (r,O)Q S (¡y r¡. g.s (ii)-(v)) -) (i,,r)1 (:,1).
'rt is c10âr that r10 rraf.e for lr otrer than T suf f icos. l'or if (pr.R )

t 1;i.,i¡ ) anLi (p,t)€ [, tr:engF = (1+])\À - (t.+ r) !l- ILL = 1lf :1.)-r

((lir.) tj¡" )- tr+ t) * (1fr)U¡- )=[. )n =r, tb], 1,h. ir.r.



'L]rus, j-t j.s unar]lbif;uorls to scfor tc|Lhe r,ij.dì)oinb ôf .i: an¿ì. ô., lJsin{

t,hi$ notÍon, i:e l1or,r r)rôve t,hc col-eb?atec1 theo:relìi ôf lhal-es and its conver.se.

'IìI),or-q,l- 5,.-? 13 .t., jl¡ a4d Ü €Lro anl¡ t'Lrree noncolll j ¡ear Ðointí and N ís tl, e

r;rÍcì 1:oinì; of ;. ¿rnd rj, then lor anl¡ loinL ¿ € I O, ;l is the midpoi¡t of: Á and-

c if and on-ry if DX t uC. Ìio::eove::, if lll is the nrj-dÐoilr'r, of l:! and C arld $
a:rd þ a:re vectors such thât (l3r0)

$ [ ano (Ð,ä) E \)- , iherl ![ --

(1,tt) ul

BIC
lÌoof (i) ï,et l,j bo any po-int suctlt,h¡:t, ¡l \\ ¡c. 'l'hen if lrr,D) 6 4, (¡-rB)

Qrr, lrrl¡6( and (]1,c)(!.¡ 1t follolrs froÌr ProÞ. 4,.5 that.ll " (Ii t) g

Ð c- = (1+ r.)g =gf T. rf (rr,c)êg, tr",,9 =g+9 =9"ì'g- +
g i$ =) (A,E)f 0l,c) à :,1 :." the rïiöloint or Â a¡cì c.

(ii) lìulfoso r is thc ni al¡.rilt-' of .. ard c e.r:¡ o.,'ì\.c. 'tlrcn it Jl ts

tììc l.j.nc Llrr"oDch .r naral.le.l. !6 -C, jt follo:s fron rh. P.3, CoÎ. î.4,1., :,x., 2.'1 ,

alti r¡¿,'r, b (i) , i:ha.-,, the j riteîsect:.on of I aila i() colitilit'l,s only Ùl1e ::ricl.¡o j-llt of

i,- anô ir ne.:ue 1-¡r i;. lj)i rìx. z,l-r.l= D¡r a contrac],i ct ion. fltus:l.i:l j\ rc.

(i,ii) Let D ancl. ii be ilhe llídioj.nirs of ¡-, 1l e.nd -i1, C r."esDcc bil¡ell¡. let

t,lÌc linc throu¡rh ìl pa-r'a l. J-e 1- to ,Ail in',ier'soci: ll0 in the noint 1¡. fet (3,0) (

-$ , (tt,t,:¡([, no,ì (¡,.8) Ê rlf 'rhen b-r, ralt (:-),6 = 1rt r) S. ej.nce

(o,.rl) $ (i3,t:) b¡- constructlon, \'.'e have (Ð,1ì) I (,':,.1r) ;)1¿ = W+ N' = JJr

+ \f = (i. t'r.) U-. Q.ri,D.

r':e siraLl- nor+ generalize the Ðrecod.il)g rorì1Ì],t3.

l¡qlitl',_rþgj-:13 l,et P and q be eny '])oin'ù,q â]]rl n ¿:n,' nosf tivê intoser. 'lhe

(n - 1) tttple, (11, ..., Pn-f ) 1s câJ-Lecì an 4{ji.v:Lq i-cJ4 o:1 ]] an(i c 1f an¿ ônlt¡

ir (;"¡P1)1 (r¡-1, Q) | (1'r., P¡.{) : 1: r,2, ,,,, n - 2.



i'ü is iïmodiat,e tl1at if ( ?1r Pn,t . . . t 1'n-1) ts ¿n n-d ilrislon of ! and 't),

t'lrDn (Lrn-.ì r 1ì-e, .,.1?p, ?t) ís an n-ûi\rlsion of 8. and P.

Ul"_o-}jl_::Lq I-Æt ! and Q be a¡\¡ loints a]rd n a¡y Dosltive iÌìlte8e". Tlìei1

there e>:ists a unl.oue n-clivisj-on of ? and q.

f1oog ( í ) :,le sìral.l psove that tìhere exists at lììost one n-alivf sion Ôf 1l and

s.

Sunposo P - Q. Thelt if (P1, ...¡ Pn-l) ls tln ll-division oí i' and q'

l-eu 'ü,J- ¡e irhe voctor containing (P,ll1). llt/ the d.efinllrion of âr n di-ìIlsiont

il, fol:ì,or¡s t,net (P,tì) Q 3![. sirce q = P, T4. U¡- : I 8xd

iio.-, /r.2,2 a¡rc1 Cor. 5.:1.5 inpfy S = 9, rdience TIr. f,.ä gives ! i Pl.. Ìly

l¡cop. f;.2 (ii) e¡a an olrviotis lìlatherlatical ind.uctiorl ôn' i, r're lìave l'. = P:

i = f-¡ 2t ...¡ l1-1.. coltsccluent-,y, a.t rrro st one n-r1j.trisio11 Ôf ? ¿ìlì.d. Q exists.
I

If i,T q, l.eL; (PI .. . , l'n-I) ìrô an n-dÍvisJ.on of T' ¿xld' qr 
"{/,/ 

ihe vector

con1,ainj.n6 (p, pl) and t)- (;f o ) th() voctor containir¡r (Pr1) . /is above, ii

foltorÌs ì;hat \f = n.$. since lf ...*I (n times$ o a:ra 9't !,
'I!\, +,ß irrrplies that \l uulc¡el¡,'deiieì'lÈines [, tt']-tunce -llt, 3.3 j.¡llllies Fl- ie

unioì.teIy determined. S ímiLa::.1_y, '¡ll¡ lilatil..elnat icÊ-l ind.uction, o.ne shor'¡s thet

(I'1, .. , In-I) is unio.uel-y deterrlil1ecì.

(j.i) It reriaÍrrs to find. an i1-divisior Õ:f P and Q. If P: Q¡ jt is ovi-

r.l.erìt tì1¿t Ì'i - P : i = 1¡ 2,¡...¡ n-J. iß satisfaciloll¡. If P+ q. 8nd \N¡ is

the (non z.eLo) vector cor,,iaininf.l (I),1r.) , leb I bo tÌre rrnicr.te vector such thal]

W = nW.

If ?1, ...¡ i)]l-r ar:o the tôints such ttrat (P, 
"r)( L, (l'ir Pj.+',) ( !¡ ' i

* L, 2, ..., ¡.-1, t]ìon i-t i,s in!:teLliate thêt (1'1r ... , Pn-L) is an r-dlvlsion

of .ir and 0.

TI."g¡g¡i-!.]f Ï-elr Å, lì , encl C be three noncol-l-inearr po j nts r D a:rd I an)/ þointe

such i;h¿Lt DÉ. -ri¡ and.u< AC, { ,9, $!- r ancl x tir.e vectors co:itaini n$ (ll, D)'



ühíin TUj! r ¡n þ-¡[ )r

(r\r ) , (Ârl:), Ðd (^,c) roBp€ottvo¡J, r11 ¡mrl n s¡tr locitlro lntcfioro, e!Á â

û vottof Fuoh thnt g t B,{. ¡t n jI . ,Ihon irì.}f- : ¡n ä ti anal onlv lf' Dtr l\ DC.

ff ¡):il ll ô0, onel $ ord z aro thô vooùorï¡ ã¡ob that (orÏ)(: ¡l_ sn(l (nrc¡ € z ,

lYoo{ f"ct F, G, ånd n b6 thß trnlqüo ÞolnliÊ Ðld ì) tho v{ìotoï r,ìich thêt
(.,ir3')(. g, (Í,rc) Ç n E . !, ûnd tìì16 vëctcrr o contafnlna (,f ,n) t¡:; s oh that

" 
g ! .È¡ Dy Frop, 4.s, xH \ on *u ug !\rc. ay Âx. e.4, ¡vo tnr.o r¡r ìhic. rovr

DH \tl Bc (=) n = 1I elnoo thô llnó throußh D l)ârÂ11o1 to Ïìc lntcJr$octs ,rrc tn

oxnctly oüt¡ ïolnt¡ for all tho llnofJ l,êfryJ oo!:sla¡ororl al'o oonlrrn,t and, Â,

rr, c lonoolri¡"* ;}g fg ù'[ Ìg =)uUS g ] Â \n =) n\rc
(¡:' ,\x. e.l.)" rhld p¡crves that, n $ ã u E ff s¡¿{ o'lìXr rr n:l l\ rc. T1lo

îJ.i:rì.l coD4l,u6,1olt of tho thgo::En follsvls by r¡rì ({rfiìmênt arÌe lo¡.or;c to thRt of
,¡h. 5.9 ( 11r ) .

Aìì,cIjyl: fct .\1 (f - 11 21 3) bo dlFtt¡ct llnos lntDrFeetln". tn rr po{nt Þ.

Î¡r'h j'f (1 - l - 6) t)o Ìminto dletlrrot fYr.nr o¡o rìnothcr and ftllÌo ;Îr.on P suoh

thar Prr-r,fuflLi(L= 1,2), PtP3 I I ereo , and P3P6. rf rhere exlsr

posltfve fntegers m and n such thâÈ r 4= " tì|, than PIPS ll vrnu

--t(where { ls the vecÈo.r contafnfng 1r,rr)). ro" r 'r{= 
" ltl -=9

"' 
î{= " Þ"-i, ," l'|= " a7=+



f,1lo ù _'r1,U, b:¡ Tlr. 5.11.. Thus l,he generâlj.zed fo3Ì1 Ò1 Thafes? theoreu al-

l-oÏis Us to infcr one of iresarnLlesr theorelil.s, lìnder cel'taitl $nêCia:ì- condl-

-bions (naíeLy, that nt €ìnd. n be 'rposÍtfve integra:ì-h scalars).

ilefililion 5-.1å An orderer] set (Sr( ) f s cgrverc if and onty if P' q êS

ù tP< rr< n or r;( R (r -lnÇsl.
l'ììeo'e¡l s-.-la Gj.ven a rine / ana a r)lane \l sLtch tbat '(q T' the set of

Þoilts of fnot on l can be expressêtl as tlle unioÌl of t'i.ío nonelìtÐty sets

call-êd ]Ìalllllq¡es such thât (l-) each helf p]-ane ls convex and (2) for all

?ointí P a¡rd (ù in ôisji'lnct h.aff ?lanêsr thore exlsts a îoj.llt n q ,( "',"i,
thet, p i Iì\q.

o"trrrro'rnu lirrar¡¡ :'elatfons o,, [ -,1 ac fol:l oI'Is.

rj-o" al.t ¡, 0,Q 
-[-*Í, plk o (:) 't ]-east one or

(r-) P: Q

,i(P) *.iT -l
(õ) there exísts a polnt R6 P 0.n,[ Êuch that r\lþ * O\iþ

holds.

iis ¡1qr.,¡ p¡6sssd to shoï¡ ttrat *fs an equivâlence lreLatlon on [-,8 .

re. (i ) SuÞpose r!, B, €ìnd r' are di.s'bincl, -noi)ìts df 1- ,!' sucb tbat

r"üìl ,t1f Bc. r,et R and s be the unique points such that (n\ = x cl\'l

'"u( "\. 
Äcl\ .,q. irn\cI n, thon the Darar:le]- lroJeclríon rïon BC

lio i-c ï¡ith -l-inos DgÌalrer to j eives a \c \s, lrv Pror. 5.5 (iv)'

be dlstinct Ðointìs of T^.Q *o"t-t that ther:e

satisryins{n\ =nct{ ",4{{ = ac
(ií) ],et À, B, and c

ezlst ìlnicuo 1)oints ll and S
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(iij. ) Let A, 11,

ar,ì ,,c \\ ,{ . rhon rix.

( iv ) l,et, .A, B,

e:(is'r,s unique pointÉ! B I

A "t . rr I \ n \c *.a aa[.{ , thên tÌle .par.af1e:t. !Ìo jectioÌr f}orìì llc to -ric

lritÌr lj.¡es ÞeïalleL t,o liB gives f,, \ S | ç.

anð. c be rlisti.nct ?oints ôf ii - I "lr"rl 
t;" "* ,* l\ ,,{

'.+ )." 1\,(.
end ü be distlnct pôiniis of fr'-.Q suctr theb there

, Ðr, arcl lltt satisfyin¡,j lu [\4 ={ "'\ * , \,! =

\,,'),"'l] { = {'l ,o\ n\0,, and

^ I "', I c. .:e shâtL 'rrove B i n' i t. lor

I I I \n' -) tn""" oxÍsts I'( A c such th.at

O I o I D r, b¡r corr-<ide"intì the l]erÉìl-l,e] Þïo-

Jectior froll -qB ¡e :tC by lines laïel-Ie I totl,

.,1s a t lr l ,, ,., foLtor¿s t,lrat ¡' i D, \ c.

Iàrafle] -Drojection fro¡r ÁC to .ll0 b¡r lines pa:raÌler to -0 pives o | ;:t I C.

.rl(r') l,et A, B, sncl, C be distinct Ijoints of ï'- X such thal, there êx-

ist unioue lointsP,0., andR salrisÍ¡/iÐ¡{{ 
"l = orrfì,l ,{ O\ = At û-(,

*o{*l = ttl\{. $nprosetirat *lr'lr -.,aa\,, 1c. rrp,q,and
iì al'e not a}l. disl;inci, then A, x, alrl C ar:e collinoar and it ls cl-ear thet

r. i
,: I C \ lt. AencefoTth 1,re asj.su]]te P, q,, and. iì aro all distinct. Tìren thelr
laralloL Ðrojèction fron ÄC to,_.,$B bV lines parallel- to ]rC gives As the lnage

of Q a point TÉAB suctì ¿Itrlnt a lr lit. rlence, oj.ther r\t [r: o"t I ,,[ o.



i:iol'¡ bhe ÞâTal-le1 Dl.ojectlon fron rrB to m lrith ].ines Ðaral,Iel, to ¡C irn-

p-1-:ics plrl \n ot airln, since ritheï i,lr þ or t llll. Therr rlc ì)r.l'all.e-ì-

11,Ìro jecti-oì1 :[ror¡. .]'li i,o ii0 by Lines lalral.lel to :'C vields a toilìt V C- 
il C as

thc iìilaqê ôf P rluch tfLeLt s {V f C. Thus ';hc !el'a-l,l.cl -!rro.Jecti.oî fr:olrì iìl to

r,.: b.' 1inu" Ðaretl.e:. to 4,c ci.ves vl c \ ,r 
"= 

rf u [.,, rt ii] clear: tr,ot ll
vf c on,'. v 

I 
c 

I r + , \ . I 
-. rr,ji \,\ c o:,rr c i.,\n, .,o o.ì.¡,i,: cl :r\r n,

-l t l^, since 3l R \C s61r'¡¡.¿icts (1v)¡as alplied to thê ljrp ÃB ¿md äe folnts C,R,ardQ.

(v1) ï,ût À, il, an(L C bô €ìny clisti-nct Doints of N -Jl "rrn 
¡ i , -¿! r , atìd

(,'Ì;,,ô unirì,.c r'.oirt,¡ suctr 11,¡'¡iilfl l, =\R'\,.,- cnL -{t'\,nc /ìj :

{ ,t\ , 'ri \ o [n, ond i\lc\c,. i, o[ r., I c, trìen l,¡e ha\.e a co]1tr.'acl ict Íon to (r,).

ït is j.mred ic:te ;frorir (i) to (vi.) tli¿t$/ is an equivâ:l-ence relation on

'[- (, rrftu exacl]1.I., tlrÒ eouilf€-l-erce cl-asses (]ral-t lte-nos ) rrhl'.ch are ev icL elt l-¡¡

co.rweT:. .ruïtl:el:r1ore nej.thclr IreJ-| lr-i-ane ls enri:r,, for :.f d { , c¡S{ , .nO

.L' 
((¿r 'i:hen thet o eïists â Þoint T 4- rc, fry ,th. 5.1. sreh that C)< T , thât iÊ,

i, \ c¿ \ f =) I anA I are ín r1j-s1;Í¡cir hailf ¡la¡es ) rcitn"r half ¡l.a¡re is

cr:rttl¡. lhis colrrnleles tho Ðroof .

gol,oj,l -*?¿2J tr* .lr,e any Lj.ne anitliany Ð;].êne suclì bhat .{<-Îf . ïf

IJt and 1I2 aïo tì:.e hal-f -ÞIânes of lirelat,i,re to { , t}r"n IÌ1. anô }:i., co¡ta in tÞe

saT,-e ntûtbo]t of ìoini,s.

lloof Let P be aìl¡r -¡oint of I and Q any poÍnt ot {'--fl . Corresì¡Òndirtr to

ônlr¡ noint rl Q Í- { , ,n"r.o j.s exact l.-l¡ one llne ,n \\ n¿ *rrorr tirei, R Ll m. It

lol-.l.oï:s fron ],ellr-r":a 2.4.1 and rrx. 2.7 uhat m fi,.t contatn" ex€lct-l--\j one Ðoiilt.
,t'.ihur r r'o¡ arl.v linc tr \l ts¿, i.f S, T, nnd Ìi are anv distincl, ¡oints of n srtch

trra¡ nñ{ = { ,,tl ; thcn s anrì U }j.e 1n the sa,rre hnl-f !-l.ano Iit, on }I. lf and

ôrìl¡i ii ij anr.t T .1-i e on a hal.f Linr: Telati\¡e to 17. Since an}'tr'¡o half l-j.nes

coltairi the sar,ìe nuìtb or. of ìloinlls, t]re fâct tb¿ìii cacii n€ Jl- - { ,t"u on "*-
ac bl:¡ olìe J-ine Ðal,'al:l.el to PQ inrp-l-ics i:he recuired i:csult .
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ygofþry-5.-]å3 re! jr, Tì, alld C be anl.¡ lloncolf Íneâr ìoi nts of a nlaire $

a:ra ,{ a linc of Ífcontaj.nlng none of ri, 8, C. ff thôÌe exist loints llr il, 11

Éuch thab "C*/ û^ lr, ri Cf |.\r c ana

t É. J¿4 ¡- c, then

1:i.¡ .rIn\rr, n\,,[ =)r\'\u'o,', cþl,

a:rd (i:) t.+ \ l fo or o 
| 

,'. I o¡, tu þ lu

* ,: 
J 

,:( ,r) :).( \ t L o= c I -',1 r'.

iÐ!.{. (1) since Ai tl \ t:, lt :tolìl-or,:s that ,ì and 1l riê in disti-nctr hâl,f

.tn¡es ::erei:i',re to { . Ðiniraï'ty, u ll I c -) r,l ano. c tiâ in ð.istinct ha].f

Ðlaì1es rotatj-vu to ( . ,¡ls bhore exj.s'r, but t\'/o half n-ì,ânes of (l'elative to

{ , :.t fn:,t.o,,:s that ¡rone one of bhen colltai,ns bobh å an(ì Ù. T¡15 l' .16u" nn¡

1.i.1 bct'iocn ,- and j.

(2) hs tn the Ðrevious case, ii a:rd il lie i.t ío e he:l-:f ¡l.ane of n
0

relati)"e t,o z\ , anrl so d.o r¡ and Ü. lii¡ss JJ lies j.n eïact.ì.],¡ o¡re lmlf ¡lano
n

of '[ :'chti.vc to"{ , i*, fo].Ioìl's tlhah .' and u lín -i n l,ha sa'îe \ol1 trlares,

1'r:cnce i l, coll- .ot bc thc case tfrat ; I f \ C.

:g g].lg{¿-5,:ì"t!f l,{-"t' r'i, 1l' an.cl 0 be anì., nollcôl-llnear .!o|nts of a llane [anr1

A a l.j-re of (such r;hat tt \ f . ff tl.re¡e exists e ¡oinü D snch Lhat

,ri o \ c on,i.{ (\,a ={ o) , trìcn there oïlsts s nojnt ' rrìcrì that either

.r \,r \r o",,lr\..
._.ritIg.€. Þince.f!t Ð | c, 1r foll.or,¡s ttrat, ÂÈlf C, *.].,unce l4l mn tè./.

If there cìoes nôt exist a noinh iì I'Ii l,h the stå.'úed ìli:o¡e}'úi es, tbell .':i anrì. ll

l-ie in so¡rre ha-l-f Ìrlane of f rel-ative to ,(, , o t.ro so do ii and Ü. l.hus tlìe sa¡le

is brtr.e ôf i: anô C, a contrad.dction lio the f act tnat ,L I I \ C.

TlÌe reâder rrill recognize uor. 5.:ì,2.¡ as lhe fer4ôus oxi ol1r o:i I'asch.

ilr j.th the &iô of th. 5. l.P and j.ts coroll,al.ies, one rne¡¡ c1ofj,11e 'ühe irterior"

of the a:r,..::l.e betneen the half l. j nes l,{, ¡nd QR Ín the nl-ane d Iì-1" r {r,R as th-e

intô:rfrec bion ôf the half nl-al1e dete .rnÍ¡:Lod by I!, âr('l coutei,Ìtilìg Il r:ith tbe half



Dlane ¿etc}trìj.neai b--v oÃ and. conijainiir.g !. It is cleâ1l t¡at tlle ô,efj,nj.tion

is iì.,cleDondent of l' a¡d ]ì . One ma¡' tÌren prove that if D i s ln t,he j nterl.o?

o:t the ancle bebl{esn !}re half lines ljA and ÂC, then thele oxÍst$ a .¡oint rl

sucl-ì :h¡ìt ¡l ,\ c ârld not (o['ll .:¡ . ]t is then ùrrodj.alje that thc cliaf,ôn-
I

als of a convex qrlac,rilaterâl inbe:rsect one anotlìe}.

!'o1' ôelrail.s, t¡,e re ader is iref erl'ed to [ 4l , C]lâltelr 4.

lhcor'êrì 5.1-3 ]-et îì- be âny ¡lane. f,et S¡ te tho relêlrion such bhall, for

an-'/ roilrts i', QG, Þ -1 , u\(, a <ù et leost ore of

(1) !: Q

^(2) Po{\ '1i':ø

(5) TlÌer:e exists a Ðoii1t n€ pf l\ 1 "o":t 
thet I I n ì it ot'I

0[ P[ R Lo].ds.'l I

tnunR, iu ar1 eouívalence relation on Þ - î.

B!!:. l,ei i:!, B, â¡d U be cìistinct noints of P - T' .

(f) ff ¡i B [\ lf = p ancl there e:{ist ¡oi¡ts v' and Dr of I sucÌr tlat' n\c\c'

and -i cq ffd ,1, r-e shal.' "nn",,ttt\D'.
l-e1r nr be the llne i:hrorr¡':h ur ¡ralal.t-el- to lrB. B¡¡ Cors. Z.ls,Ir 7t, 4, lt

thTou,gì1 ¡l ¡ara1le1 to uC; l-ot iì be the noint o:8

¡\ll u'hich i.s on the lÍne thrcugh C iaraltel- to
rl

lìì. $jrrss Ðl Cl Ct, it fol..l orls front llro^. 5.5

¡l(iv) thât Àlr I D. Th. 2.,? (1) a¡.4 Ax. ?.7 imoly
;

thaii lic inllersects n in a unicue loint' :for nl

Ðnd. ri0 ar:e non¡araL],el l-ires of ihe I)lâne doter-

minsd b¡..i, c, and, C,. ¡s ir c {\ ( ={ "\ ' 
Ire na)¡ infer thalr nrfi ;*' =

1 
O'\ . ;-r cônsÍder'1np' the ¡alal-l,e:!, nro.iection froir ÂlJ to lÐ I 1'¡ith :l- j-ros

'pa::a.l,1e-r. l,o ¡r, I're rin¿ hl¡Þ 1A1 ti u'.
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(ii) :ti' ¡- x l\ 1 = ø an(l tl'crc oxists a ¡oint Ù'é.{ r''rrclr trrat nlr;'f c,

then lre sho,:r tltc::e exists â noint D ê' T' mrcl: that Al D\ c '

rf .îc i-s paralrel uo Ç , utren Ùo¡. 2.5.1 ) tle ll-ane (Ï "u::'l:Lel

to li i.s oetcrï,f i.neti nnintrcLl' bl -i, r;, antl Ü. "e r; è' f , ' '" travc -fÏ { T =

/, I irct T = þ, a contrad.ictj.on to tlle elistenco oî c'. i'r.tus;: c /1l¡ I

Ø.

l,et u be t,ite Ðoirt in I C fi 1, ir tlìe line tlrrough Ùr Ða?¿r l:l-e;t 1',o ''u3' and.

l\ r thc Þ1 ,rinerl b1' å, ô, and u. ljl¡ tb. 2.e (i), 'Ð ¿nc'! l:1 eâcl't l-ío in
\-

I4 l)ut ore ::ot r,¿rall ell- s1nc| C & '::. ì;5 i'7 , | 'l
' ^ ^..-) - 'lD 

(ì :r cont¡inr': exa.ctl1' one noiut end -.1l \\ \

={o\, it fol.lor:s that l)( in. since À 
$:'t, "u

have Cr f D, ,rÌrur-r"" Axs. 2.1r 2 innl.¡' \'lÐ = ln.

;iv consi.deri¡rg tÏle ìa-Talle:l- ìrrojeclrlon ¡301¡1 üC

(rj.i) 11 ::, l{i '( = I c l\ n -- Øt':!e shal.l shovr Ac \'1 = ø. '3¡r cor'

2.0.1-, riiS atu] rJC l-ie fn fft, the ¡lane ilLlþufrb il ¡araltel tolf' liithotlt

Loss o:fl getìeral-j.t,¡, ,u f ac, vtrence \ is uniouel-y dêtet'rnl.ne.t by r'r, ì3, 
'nd

Õ. since ricf^T I ânc1 i\€-ft =)in-û-f = ø, it fol"ro'''¡s that Á c /i -Í

=þ.
(fv) ff lrhere exisb ?oints ijr' Ür, and D or{s'rcu tirat' al 

't 
\u uno o\

g,l o, ,.r" aar¡ irifer t¡ot n 
Jc þ "" 

t\o\n. For llrcr and llc each rie in t'hê

lll-ene of "i, rj, and 0 (r';hich is ìlnioue since u (-- '¡l i: :\ ljt È Llr : l)t B trlvl-al

case) anrl are no.b nâr:aflct siuce ll c t\ I T ø. It foLlons fro¡'r l'rx. 2,',1, 'lh.

;:; ;,;,,,';,{1 , ={ù. rnus ctt¡c¡ "\' \" or c\n\o, oo''n"' F'1¿'a'

^iì1+ê i1r an^ 0r of -f o ' ' 
t alr',(r,) ff there exj.st xoir.is ¡r and 0r of -d sìlch that 't\ l'\ ü ano nl

irher-! 1To stral-t s ho¡, theïe exists e noint u Q I srrctr that ¡ I ¡\ c. rror :.:r Bc \\
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11., blier .,,^\ o,l I -) ri\c' I t, o" (fi), a contrsdiôtlon. T,eb D be the

unicue Ìroint such that ¡ c ('\ ïi ={ ;\ . since lrhe 1.}lene of ''-, !, and c

i¡tcf'sects 'Jf ln nracisely a f-inr:, it :foll-o1.rs that Ðê llrCt, for the hypo-

thescs eïcludo tlle nossil)il.i.tl¡ th'ìt -r', D, C coll.ille¡". 'e r'-c" lrrfer 
'';\ 

n i.'

f lo:,: uor'. 5 .1.2. A.

(vi) ff tl.rere exist loints lit, Ct, and rr of 1 suclr that 1r\ o 
I 
u', oi'l''

a¡¿ D€ Ij c, then D e l.l'ct iry the argìùÌent of (v). It fô:Ì.:ì-ovs fÏon uor.

r,.rz.r thar eithcr u,l 1;, I o or o' | ,,' \r.
rrrus 4Ç is tl?ansitive. The reflexívltl' ancl slxmetrt' ot S1¡ "t" evident'

!,or o. qj_ven ],,l.ane f , rre call the t*o eouiva:l_ence cLasses ôf the rola-

,r-o,rW the hqlf 
. 
spaqq j-gela'b,l.Yg -!9-1. rt is evidont fYorn tl)e definÍtion

n)
of Tttnat hal-f sllaces are convex sets. lt ::',a¡r be sho\"n, as irl ilh' 5'l-?'

tllat hal-f srracos are non-omoty. Jiith the âj'd Ôf -or. il.5.6r Ôre lìal¡ usÔ the

ï¡rethod of Cor. 5.f2.1 to ?rove bha.t, for â fi.zed llane(r tlle coîrÐsÐoncting

half spaces conlrai!:t bhe sane number of iloints.
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v I TlìrlJr -14|cr_0R_ ?_RoÐucll Þ4.qnër j{pll{rì rc c.I]ll.mlrrq

]þ{iFir, io¡ q.I I'te dôfi-ne a lrqipl-e vêcto_r -prquc_t (or Íbox !'rôduct") as

a,s a frûìction ,ro,, f" fr yinto f satisfvln€ the fo].t-or,rlns cônd itions
f olt al.:l- vectors lf] ancl scalars f I

tr)tqr, rrr, EJ =-f!-r,ç,[,] = f.E,r¡., f J ,

(z) fr r.{-" r 1tã, ,rr, g*l = f[.,16, [rì't t Ltr¿,trs,q. ¡,
ancì (ã) [t, :., !J = 1 uhere .!, j, on¿ \ ar" tt:r'ee f ixed nouco.Þranar

vec bors (lrhi-ch, by T¡. 4.Br 
"'r-r"r, 

\/nua"" f ) .

PrÒpos-ition 6.I (i) c, gÉ V ;> k, c, Êl = o

(ÍÍ) þ, e, g€ V,, tÃ + [r r,, s, dl = r hì ",-¿J(iii) a, !e, \)/ *É,e, 9J . o

(iv) 3f,{.èú'+ âny r}1rercÌ,.anso or!i. and!¡, r'f J, tnto_].,gr,
Orl cnanees a box product i.ni;o - f tlr, gr, %J.
J.lLg€ (i) 0n substj.tutln¡; f = J., U' = ? intô uef, 6.I(p), ,,.e fi¡d

EJ-r, ç, S- J - l1rt, g¡, g.f + 1ìg, 5, qJ. B1r addi,lq - f,[,, g.r,

$ -] r" both 6Ídes of thj.s equation ånô setting go = u, [n = !, ".e get

l-0, c, ¿ì . o.

(1i) subst,itut"q.=9,[z =],8 =g, ¡f = d iìrtoLief.6.r (z)

an<l use (i).

(Í1i) ¡¡,Ðer.6.1 (l-) ve havo Þ,e, sJ= -f!, eeJ-) tr+rl.
f ì¿, e, s] = o àh'e,eJ = (r'l- r)-1 o = o.

(iv) !::oot is l.eft to irhe rèacler.

the reader iÍJ aslced to su¡ll_y the 1ona, but streiâhjj-fonvùrd, comnLl-

tation rcquired llo Ìf.ovê irhe foLlot¡if;.q ¡esuIt,s.

ia-oro it,loi1 6rl ,:or at]- a i j< Ã.na V-r€_( fi, , = I, z, r), it fo:r--rå rF g + \Lot;s thatl jL_, ut rIr.,.,E= 
r.ur 

JJls, )r-=, u" j.U-oJ



: (rìer ai¡) f {r, f ,, 5J.

gotg.ffary--q.. A let [t,[,, Fu o" anv vect'o?s and afn the ru]iqrÌe sca:lars euch

thet Ul -- unr¿f a¡P¡'l anøk, (rr-- r, 2, r)' r:renf$,Ur'[=ì = 66t (4,¿-) '
-rL

Def irliuþ4 q:a 'l'he triple ($ ,\L, U ) is a basifr tor VP lr arxl oalv ír ¡ (

\,P ù ,nutu exist f,rõ, hQ Ã *ool' that x I f b+% \f trt {'

It fo11.ogs from 'Ih. 3.5 that ($, [ , Ù I tu a basls for f -] so are

(!, U; f ), (\qy,W ), (Ur,\, U), (,V 4, Sl uno (9, \f S )' Ân im¡ted-

ieite corseouence of uor. 4.8 i,q that ($, V-r W ) i" a basiÉ' r"" f ç) g! 
'

![ , uj-,t]:n no'r, co]ìle,nar.

'ii."qq"* q¿ r,et' E, , y2, $ € $/and a{n bhe unioue scalars such that

'J-- ] o .,.,'' iJ,,. nz l,tarr3 5, (n:1., ?,3). Then (ft,frr f,) ls a basis
-n 

jll 
-

,* t/tl and onry if dot (a.ftr) + o.

llgqf lre have Lqa, $,, Sì : det (a¡r) rrnm Ooi:' 6'2'
,u"

(i) If (jl'r, ['2, f$) is a ]-'as¿nì for V, thon thgre exist io, j,r' koo(Þ =

L, i:, 3\€ { "u"r' 
rrar r r 

F= , 
rn t/r, t =Ì= , in.L*,t.1 =nI- 

,_ "Jn'

alt ur2 u,= \

a,,L ^r, "-," I ç n . \r v- JI -r.'-2'*gazl. as? az:., l

-- 'l tt'

1,,
\ tr

i^ i I

"t
J J. I

atl
ìk, or\

(aet a2,) . B¡' Pro!. 4.2 (i), 'r:e ;ral'e laet a¡,o)+ o'

(ii) sri¡pose (yr, Ip, [=) in not] a basis. 'i'hen b¡,' rh. 4.Br iji fol-l'Ôrls

1,hert [1-r [¿, *¿ \! ..re co¡lana::' ri¡j tho[t loss of genera]-i l'l'¡' ìlhore e ist

¿-f *.a, b, ceÂ,oTor.r)-rl rr$ fcJ, = 6. tcirtins -o-1 b = d and -a-l- c =



- fì -'1f , ,.'re firìd u"t u-l n., = llti,g, q J

= Lo]|, f u [, [r,ril = b f[,,tlr, ùl+t [l-r, 5, ÇJ
: ¡ ô + {i O = oto ; o, by 1'roÐ. 6.1 (iíi), (iv),

lojrorlqllo¿ ret r Qt , t,5 Ê fl *o r¡]f,q. rhe]ì therc oxist in-

fi¡rii;etr¡ nanyUl G \f suct, trrot ffç, Sì = t.

.E:".€ If f = O' let [Àf : " (]!+[ ) rvherc a is any scala¡. ff f $ O,

'blen .¡!x. 2.9, 0or. ¿.8, ¿ìnd I'h. 6.1 there êxists K\rt'srìcl! the.t [W, t-' I
:(ò for oo"u o.{f ê ¡-. l'r" neôc1 on:ly letúr I f [16-r x+-r: (1t+f ) ror

.iry rrê I .

Ugg1ggj,3 rpt$,-U'' geVb" no:rcopJ.anar, P' Q, Íì' ând s lre ¡oi¡ts such

'ìrh$t (t'rQ)q t, (P,;ì)Q !--, ancÌ (1'',s)<U{*, and lf the u.ni.rue l)lâno corltain-

infl I', rr, and R. ret I <, Ysuctr ttrat j!, Ùr and x are noncoDlanar, a-nd li

tbe point such tiraü (r,r) I ë. rhen o(LU,[, Ufl(\y-, =1 $ . .rru

T are Ín the same half spâce relativo to 1.
proof rr a, b, c(* À aïe such that ï i u rlt-¡ tl* Þ c $, tnen o(f,W ,

v, otJ fr,u-, sJ =L! ,ll-,\¡fl þ-,\r*, aqtb u- tc Sì "Ûr,U",ufJ[u,
j,U] <r> 0< c, bv rh. 5.6 and cor. 5.6.1. Iïe c:i'ain o( c$n and s are

in the soriie half spece reLablve to'fl .

gulÞose a - b -o. Then * = c üJ-rritn cf O. If0< cr tlLen S and T lle

o11 n þ-al.f l.i.ne rerrtivc to P, so th:ìt eibher :'1s þ, l[.r \s, or s : '¡. Jy

Th. 5.1-8, ii fo l-r-or,¡s that S aircì 'I l-j-e in the sa.tïre ha1-f sÐace relal;ive to { .

]f C :í 0, trLên S and 'Ì' do not lie or:t a half l.ine rêIritj.ve to P' and so Sll þ.

TÌlus s anrl T ljje in di.f felent hâlf sÐacos rc:l.ative toT antì the iiheorêm is

Ðr'oved, if a:b-0.

T,et us l:enove the ]?estïictio:r a: b I O. The reor.li.red conc-l-usiôn fol-

Lor'¡s fro::i the above argunent, bl,' vj.î'tue of !eÎ. 7,,4, tot', 11.1.1-, uor. P.5.1

ancl lL'h. 5.111 lrhích iÌrì-l-y thâb the adclii;ion of (riv\À'I frf ) to cuf concerns

oi.ì:l-y 'bl:ülsforlnotions r¡hich ])resorve the half space.



:r.l ¿. 
"-'

In viei¡ of the ¡recerlln¡.t rcsult, r,;e make the fol] o.,,¡i nrl dèf ini.tion.

rrgij,ìrition. q!5 :ln1r l;1\'6 lrases (fi., V.1, U-a ) anô ((ú1.,\Ipr{¡) or ftave the

:trlo__oJlq!3!io\ if ¿nd o:ili.. ir o< (-Ui, [,, &l LUf., ofr, rU-" I .

l,cÍj ¡ 'De the seL of bases oi P anA l:ì thr-. ?êlction def inotl o]l jJ stlclt

t)-La b b1. iì bS ( ) b1 ancl b¿ ha.¡e the sane o:rieÞtation, for b1 , b2 É 3.

lll,' Colrs. 5.6.1, 5 anc! Th. 5.6, one n&y reaclity shor,.¡ thab iì is an oo.uiva-

lcr.ce relatj,on, 1,Jho se eqììivaLence cl-asses tro rrar¡ deflue to Lre the or.ieryL-q- -
n'l

.tfo::g-ot\f. ìre rìote thât Def. ô.1 (1.) nnd ior. s.6.1 + (J,,8,Ú), (j,,
jù, b ) anri ( \)f , [ , [) "". â]-l in Lhe saÌne ôiri.eid;âtion, fcr en¡r basi,s (.V, ,

ll.' \l!. ,.

}1i1g]5 In the rellralndor ôf this cheDter, v,,e shâ-l.-l åssune

(I) hlr . klÌ, 10" nll :r, t (:2

¿.,.nd. (?) o( r (- i ) tn"r" exlsts a unlorre $) o, te E sucir irhaù

f -ftq\ ire cìcnoLe I b'. (r)i .u\l
ggf.1l.f¡f.4_94 ito¡ am, \r.ectors $ = t\l t_f \ll.Z L+ ü¡.k anrl iJ- = 1f.1-

¿ t.tlz I + \6 k' the lnner: r]ro4l]ct--ol$ig*gis derined as -\ , y. : t\,ç
| \Àl Vz + t\" \|É. In Ðarticul-ar' if \}r : t[ titon 1,'e ëoflile trre -]-9¡3[-gl$

,1
to be \[[\ = (\t.\ )-'Í.' -l

r'u iõ irûriertiate bhat (f[ ) . -[ : r fju .g), (].[) = (J¡.b ),
and ($l!-l .L¡= 1,\..It*\f.U roro:r-:]. r61,.$,[,$Q9. rro="-

. ,l
over, ([\ .!\ ))o ror a1]. non zoro SÊ\tf'"tu "" \\\ Js r¡er.il. dcrined.

B-gg¡gLfug. 1¡or any ,rnn ,"toJl€ Àand any d.ir:ecbion D, thero exfsts exactly
^,o./

or).e vecbo? V Ê Vr¡itll renetn -Q, ând directíôn D.

tlggl n¡, ltru 
"uru"t 

foIlôwirl€i Th. 5.5, thare orists a non zoro vector ú
.i,rÍth directíon D. The ree,rrlred voctor $ cLearly nust be of the fonn k $l

.(- n ,-
kÉ'¿. Tt is aÌ1'.âTont r,hât k =å, i.* the uni'ue scnl-nr such that \kU\ :
ofEl



lgtU'!.igs,6-t'
fn€ì (1,, e) . The

ÌÎi

flinc. (-:r)(-f ) : fr for ell f 8- f, , onê lrral/ :readi:t-t¡ arôvo, iol el.:t.

P, o, C tr, that

lil ])n = nÌr

and (í j- ) ñ > O unles-c .P : Q,, in rrhich caso ãî = O

lleÍ j:1.it ion 6.6 :'or â¡', tèl , the qUsô ¡rt_e yalue ôry, d.eno.Lecr. ¡ylf i, t"

cìefj-îed as 'r,he non negâtj.\'e itonlber of the 'Þir (f , -f ).

It folLol'rs fron I?o¡. 5.9 tlìat t f I iu ïre:l.r def inêd.

Uonsidcr anr'vcctorê 1^ = l,^ -t, i .¡" Ur,. i+ [, - ]i and\F : \f i+V-- j
3oi' 2

t\fr l:. ?or an¡' te L, I (Vr+ t V-) >.0. rrf. 1|ì : (r, urcn
j= 1 ./' I = :ì -L

rl :oanalu-.rr*\=\gllj-\ -0. rr årUi 0.,

!'or any l:, Q ('F, :-et fJ. ( ü-
:l-enqt,h.trJlr P to o i.q (lofined

ìre tha u,:rioue vecbóÌ coittefn-
l -tto l,e lù- I Pr{ i.r dnn^te,ì hl.'

+ (¡id_
l:PLV!

). settint t =àU t\

-*-F-'LVt

\ .- 2

tr.erio( tt+Lwr\J,)" - -\- '" .--l. r'
L^ Zvt

',u eut Jlu .U \Z\W\

i-f 1. rr.ij. s .:roves,

!,iq!qq-1.r,1o4 6.f tÀ, [eV'=) \U .q\< \r¡\!. \{c*',.;.,,. - scrn,.,arz. íno,]'e.ritr').
.t..

.,i,s[üt_v-Ï' = t-utrtr) . (l¿.p[-) , ' : (J\ .u)-{-2 (*q, .y)+ (y.ll-)

= \ü\'r, r1'.-F )+ lIl'S \[,\'t z\i}! .\f \f \J-\o,pr.6n. 6.3 ]lt+[\'
S\!t\'+ r \6ì\ r¡ 1tìy\'=\ tu tr {f \\:. ,,ince os \q-r r\,lrl\r-\.çr,
the or(ìer pïorertlês of scatars i:r:rrry $t\l\...<lUt ttg[, fo" 

",ru 
asr,ìurlDtiolr

tô tlìe cont,rarl¡ brjngs a¡:. 1¡it,Ledfate contradictiôn to Iro.n. n.Z, (i), (1f1).

llhe arfjxment of the Ttrecod.ing pâTa8r¿ìph iÍÐlles t,lrat Fñ'$ ñ I oñ for aLL

?, q, iì S þ, fo" rro need. only :.et [ ,S bê iihe vectoïs co¡1]ailr j.np (:PrQ ) , (o,,4)

res¡ec-r,ive1]'. Thus, usj-nÊ the standard tefi4Ínofoê.v, T¡e havê lrôved.



1i_6

UlgSfjg-q.É (i) ¡o¡ anY * , g < Vl thê trlans.:r-e i4eoqg:l.ftll hôtds; 1.e. 
'

Itu g' ls \\\ r\f \ .

( ir ) rire function m: ! x ? ìI. uurin"a ¡¡, m (l,g) = ,ñ 1s a

rnetîlc for f).

frj{¡qlu.on 3¿ ¡-n isometry f i-s a linear tl:a¡gformatiôn fro:,r (lnto V'"uc¡

thar v* A V"ì \ * tUl\ = \tr \.

Jl.SP."-1}.rql-q4 r,"^r f : y'+ t/0" r-inear, r (i) : tr,J* trj+ t¿, r {;) =

jtiJ¡ JJ Ljokarrl f (k):k:.1 + Lpl +k#. Then:Por aìÌ¡'â, ì), "Qf ,-a= -(F_
)r tui{bi.f c.! ¡ = (ar1{bJ1+ r.rk1)!* (aí"tt¡r\ ck2 ) i Y (ai,'\-bj,i +

ctõ) ! .

FlSg! The result j.s i]Tìfled1a1le, t?on the :ì.inea"j.t¡' of f .

lìeÌlark Usin¿r the notatlon of 1loÞ. 6.4 note thst

(a) (ir j. lcr ) (a)
r: (b)-> (il ¡l r_) (b)

(c) (i:¿ J; ki\ (c)

By l-ettín€j (a, b, c) be (1, o, O(, (0, 1rO), anrì. (0, 0, l.) in successiôn'

it irì rcadill,' sêo¡ bhat there is oltl-y ono na'lrrix lr such that f : (a) (")
(b)lA(b)
(c) (c).

Tllj-s rLatrlx À ls said to represent f lîlth reslect to { :. , I , ;\ .

IÍ f l.s an lsoxìetry then (a, b, c) (a)
(b)
(c)

fT1

I (u, 1r, c ) ¿tlr (o) rrhcr.e A T i" t1," tz€nßÐose of A.
(b)
tc)

¡1,' j-ettin¿; a' b ' c ral:-v over E , orru trta¡¡ readll,r' .r-)Ìrove that' the idenlrity

¡natrix I = (L0O )= ¿ 
T.,t. 

Since the deterîllnant of a lnatríï ¡roduct
(oro )(oor)

ls tiÌe Þ"od.uci:, of the natri.ces I ot'fn determlnants ' Ï = det (I) = cìet, (-f ) dei

(/L) = ¿"tr (l-) det (.¡\) * (dêt (A) )P, ',rlre.rrce det 
^ =: 1. Thc fact tlrat ATÄ = I



?my be interplreted to t4ean that A is orthogonal.

Ìf ;: rc¡resclrts f ì¡ijjh resoecü to a basis{qr,5,5\ orf/, ,n""

one lrlay veÍif¡¡ tlìat B:NAN-l-, r'rhole tìre tË coJ-urm of l{ consists of

tl'.o alline coordlnabes of v; ïrith rosìrect ,o [ , I , .]i ] . Thu.s det (B) :ur.
rlet (il ) rlet (n) det (il-l) : ¿et (¡-) dêt (ir) oet (nl1) : dct (.'') clet (rÐÌ-1) :

rlet (.{) cì et, (I) : det rt. TÌtese conì'Ìonts rrove

llllog*)ï1 6-.9 -lìJ-l isometTf es are on to . l¡ôreoveï, the cl-ass of isoiiletÌlos

nay bo pârtÍtioned into tv,ro lutually exclusÍve ar1d. erùaustive sÌìbfantlíes:

thoæ representablô by matrices lrit,h detornlÐ.ant + t anrl tÌloso reDresentable

b)' lratri.ces',ri.th detorrûinant -1..

gg.!!fl!igt-9-, B- .ê.n isornetry reþrlesentabl-e b"1, a rnatrix r¡ltjr rletcrminaut *1

is saicl to be a roe!.!q.

It ic ue l-l- knôl,,ï. thâl, evel:y entsy in a matlix A reÐresenti\â a rota-

tionÄ is e.rrral to ibs cofactor 1n tho corrosrrond ing detorrlilìant. Using

tilis facll, one niarl¡ Ðrove that u:rlesslL j-s tl1ê identitl¡ na!, J\ ffxes o otte-

di]nens i. o::r¿Ì:l- subsnace of vect,Òrs. 0onseouently, A has at least one oigen-

vahr-e ectual to 1.

-^ ç_ -Tf | 1s ÍsomorÞhi.c to irhe fie:ì-.] of Toal numbers, then j.t is u'elL l¡¡orm
\tlrat 1r. orthogonal :/ A orthogorÌa.l-Iy sinilar to a aat"ix of the forn

(r- o o )
l,i = ( O cOSe -Sir O ) . The oieenvaJ.ues of I:r are 1-,(o sin€ cos e )

CO$ O ! í Sine . Since an]' rùatrix simllar to A has these sane eiEenval-rres,

rre may uniquêly assign toÅ a real- nurnber" Þ bet'r¡een O andî aß fol.loïIs.

I-ot 
^ 

be repÌesented vrith resÐeci t,o { -t, 
j, Ic\ rry tt-r" tr-etrix ll ï'it,ll

ci¡:envaluos l, a+ l.b. .rithout loss of reneratit¡', b>o. J1' Lhe theoqv of

trigonolììetric f'\tìlc bions, there exlsts a uníQue O suc¡ that O! ÐST , COS

0 = ., unu s1n ê = b. :io assi-gi1 êtoy't anrl cal-l- O the- sng:lc 9f t\e rqtqt-Ígl1 4
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