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ARST RACT

Thìs thesis details the development and design of a computer

software package cal ted FoRul4. FORUI'I stands for a F1RlRAll-77 package

fon 0penati onal Reseanch developed at llnívensíty of llanitoba ' lt is a

general, multi-purpose, easy-to-use and well-documented Portable

software package for users in operational research' Thís package

contains a collection of algorithms to deal with Transportation and

Network-Flow probìems. They are further divided ìnto f ive major

topics, which are (l) Path algorithms, (2)TransPortation algorithms'

(3) Assignment aìgorithms, (4)Sequencing aìgorithms and (5) Critical

Pathl,Iethod.GerritA.Blaauw,smethodologyisusedtodesignand

implement thê above algorithms into a computer package'
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Chapten I
Ifff R0ùACT Ial't

This thesis describes the deveìopment of an OPerational Research

appl ications package caì ìed F0RUlr which stands for F0RTRAII-T7 package

for 0penatí onal Research developed at llniversíty of ilanit0ba' This

package wi ì I contain Progrâms which implement four classes of

algorithms: allocation âlgorithms, sequencing algorithms'

co-ordination aìgorithms, and path algorithms' These programs are not

available in any Present 0R appl ication Packages to the authorrs

knowledge. The basic structure of FoRUI'I is shown in Figure I:

Figure l: Block Structurê of Forum

llon i tor

Coordìnation
algorithms

Sequenc i ng
algorithms

A ì locat ion
algorithms

Path
algorithms

Rout ing
algorithms

Ass i gnment
algorithms

nspor tat i on
aìgorithms
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The monitor is the master program in F0RUI'1 which invokes the

appropr iate subrout ines. I t is Programmed to recogn ize the f i rst s ix

characters of the name of each subroutine or function' These

subroutinesandfunctionscontainthecodefortheaìgorithmsin

F ORUI{.

Path algorithms can be used to solve a number Õf optimization

problems. The solutions to the problems of finding the shortest path

in a network ãnd all shortest Paths in a network are discussed in

chapter 3.

An al location probìem is one that involves determining how

resources should be used so as to perform a set of jobs in the best

way. ln chaPters 4 and 5, two relatively simple types of al location

problem are considered: transportation and assignment'

The transPortation (or distribution) problem invoìves the

allocation of resources from one or more sources to iobs requiring

them (destination), where the jobs may be performed by combin¡ng

resources from severaì sources. The algorithms presented stress that

it is more important to send a ìarger shipment by a cheap route than

it is to send a smal I shipment. llost problems involving the

redistribution of empty freight cars, trucks, and planes are of this

type, as are problems of supplying demand at many locations from

severa I suppl y Points.

ln the assignment problèm, a unique one-to-one pairing of resources

and jobs is made so as to minimizè the sum of the measures of

pêrformance of each pairing. lf there are more jobs to do than can be

done, we can decide either which job to leavè undone or what resources

-2-



to add. The classical Hungarian method ltee, l98l] is used to

i I I ustrate this Point.

Both the assignment and the transportation problems are speciaì

cases of the more generaì al ìocation problem. The Simplex method is

the computationaì procedure used by most of the textbooks to solve the

generâl I i near allocation probìem.

Routing problems involve find¡ng a path through a network which

minimizes (or maximizes) some function of a Property of the ì inks in

the path selected. vJe consïder only one branch and bound method

solution for the traveling salesman problem, namêly, Eastmanrs

aìgorithm [Eastman, 1958]. lt should be clear that further

improvements in currently available algorithms, particularly the

L¡ttle et al's [Little, 1963] method, are desirabìe'

ln the last two chapters, two tyPes of Problems are considered

that invoìve the order of tasks: the sequencing Probìem and the

coordination problem. The objective of the former is to find an order

in wh ¡ch to perform independent tasks that use common fac Ì I i t ies ' so

that some measure of performance is oPtimizèd that covers the entire

setoftaskS.Thelatterprovidestheorderof¡nterdependenttasks.

Its objectives are to (l) find the critical tasks that control the

time required to compìete the set and (2) how much to sPend on getting

the critical tasks done so as to meet a desired cÕmPìetion date at

I east cos t '

As Ackoff mentions, only the simplest of sequencing problems can be

soìvèd exactly. Others generaìly require simulation' which does not

assure an opt¡mal solution, but, yields better soìutions in most cases

than can be obtained by ìntuition and èxperience. As he puts it:

-3-



ln sequencing problems that involve ìarge numbers of
servicing fãcilÌtiês, particularly when there is some

uncertainty concerning task times, it has been found
preferabìe to aPply a ruìe for ordering jobs waiting at each

work center rather than attemPt a complete a pr ior i

order ing. [Ackoff, .l968, 
P.300]

Coordination proÞìèms, on the other hand' can bè treatêd by PERT

(Program EvaluatÌon and Review Technique) and the cPl't (critical Path

l,lethod) . The former can take account of uncertaintiès ¡n task tines

under special conditions, but doês not concern itself with direct

control of task t¡mes by al ìocâtion of resources to tasks' The CPI'î

does this, but only in a deterministic context. oespite the

limitations, these techniques are widely used and are reported as

being very helpful in a wide variety of problems'

1 ,1 LANGAAÊE AIII) ALÊOßITIIIIS

Efficiency with respect to languages can be measured severaì ways'

The exprèssiveness of the language itself may make it possible to

write programs that require fewer execution steps. An example of this

is the implìcit ability of APL to handìe rows and columns of arrays

compared with the need for expìicit D0 ìoops in FoRTRAN for the same

procedures. APL m¡ght not onìy result in a shorter source program but

the resulting obiect Program may run faster.

For many applications ìnvoìving smal I to modêrate data arrãys, APL

is an ideal language and the functions are sufficiently concise to be

entered into the computer by hand. FORTRAN is more efficiènt than APL

for repeated anaìysis on large arrays.

The solution process for all the appl ications ín FORUl"l invoìves the

manipulat¡on of arrays. Depending on the naturè of the problem (user

-4-



spec if icat ions) , these arrays cou I d be very I arge and many Passes

through thêm cou I d be requ i red.

Another considerat¡on in the choice of computer language is the

availabilìty of easily usable algorithms. Commun¡cations of the ACfir

pubì ish algorithms submitted by its readers because of their general

interest to other readers. l'lany of these are mathematical procedures,

such as matrix operations, internal sorts, and statistÌcal routines

written in the form of ALGOL programs (or FoRTRAN or PLll) ' Thus' if a

probìem can be expressed in algorithmic form, the design process will

be shortened. l'lost algorithms can be represented by flowcharts or

algebraìc equations. This makes Ìt fairìy easy to trace the flow and

calculate the execution time of the progran.

These two factors, plus the fact that FoRTRAN is more universaì ly

avaiìable, favor FORTRAN as the ìanguage to use in FoRUI'î rather than

APL, even thÕugh the amount of code would be considerably less in APL'

1 .2 T0P-001'lll DESlÊll

Top-down is thè natural way to design a progran unit' As long as

the unit is concePtuaììy manageabìe, most designers wi I I approach it

in this way' By completely defining the inputs, the data sets' the

outputs, and the transforms, the designer has structured a solution to

the problem. The importance of top-down design is that it establ ishes

the logicaì structurè of the solution before it decides on the

detailed elements of the soìution. The approach leads itself to

r conmunications of the Association for comPuting l'lachinery'
l960-1971. The Aìgorithms dePartment of Comm. Acll has col lected
algorithms to make them more useful to a ìarger group of users'

-5-



control led' verifiable, economical development of a design that

satisf ies the tradeoff cr iter ia.

Top-down desìgn simultaneously provides complete design control and

logical modularity. These advantages can be carried ovêr into

implemèntation by top-down Programming; that is, writing the code for

each ìevel of the design as the des¡gn is deveìoped' The alternative

method of implementation delays coding until most or all of the lowest

leveì modules have been designed. The separate moduìes are then

i ntegrated from þottÕm uP.

This thesis tJill attempt to construct FoRUI'ï by using a particular

top-down design method that was developed by Blaauw for the design and

impl ementat ion of digital system.

1 .3 R0fT1ll-UP PR0ÊRAMllIl,lÊ

The only difference bet$reen top-do$rn and bottom-up Programming at

the program unit level is in the amount of detail in the control logic

at the time the functional bìocks are coded' The bottom-up approach

typicaì ly starts wìth a flowchart outl ining the completed design of

the program unit. Each bìock in the flowchart is programmed without

much regard to the other blocks. By taking this apProach' the

programmer does not have al I the block dependencies and structures

def ined at the start.

According to Aron [Aron, 197\J, a temporary "driver" is necessary

which defines the data and the control interface the block needs for

executìon. The definition of thê I'driverrr is built up from the local

needs of the bìock. tt has no relation to the rest of the program

-6-



environment.Gradualìy,asseveralblocksarecoded,itwillbecome

clear that some of the support used ìn the rrdriverrr is common to

several blocks. Ðata structures and improved interfaces can be

constructed with this knowledge.

Top-down design and bottom-up programming each theoritically have

their advantages. FoRUll uses essentiâl ly a top down design approach

but some bottom up programming is done as wel I to têst the relative

effèct iveness of the techniques.

Thus, many of the intervening variables in FoRUI'ï are shared and

storedinthecol'll.loNblockstomakethemavailabletodifferent

algorithms. For examPlè, the CoST matrix is required by most of the

transportation aìgorithns. ln FORUI'I, it is stored in C0fll40N ' and

subroutines DIJKST, NORTHW, CHEAP, VAI'I' BECToR' ASSIGN can aì I access

it in order to computè and/or iterate to the oPtimal solution' lt

becomes a globaì element in FoRUI'ï.

1 .4 STRUCTAREÌ PR0GRAlll,fil'lÊ

Advances in programming technique now al low the use of structured

programming. A structured progra is written in execution sequence so

that there is a visible relat¡onship between the program I isting and

the dynamic execution of the program [Linger, 1972] instead of a

spaghetti of pointers which results when unconditional transfer of

control instructions are used to implement decisions in a program in

an uncontrol led manner. A decisionless structured program would be a

simple string of decìarãtions and executable stateDents' ldeal ly,

decisions are incorporated, using the constructions:

-7 -



IF S THEN DO

ELSE

R

END IF

lf the logÌcal expression S is true, execution continues with the
first stat;ments in the /4 block; otherwise' the program control is
passed directly to the first statemen in block I'

WH ILE S DO

A

END l.,H ILE

Statements in bìock ¡4 are executed and performed as a loop control
procedure untÌl the value of the logical expression S becomes false'

DO CASE S

CASE 1

CASE 2

CASE N

END CASE

The integer expression, denoted above by S, is evaluated at the Point
of reference, program controì ¡s transferred to the statement
ident ìf ier by the CASE i -th statement i n the I i st fol I owing the
keyword D0 CASE.

ln this approach, no unconditionaì branches are al lowed; therefore'

some people refer to programs structured in this manner as GoTo-free

programs. Algorithms in FORUT'I are designed using a simìlar structured

methodology. F0RUI'1 is implemented in toRTRAN-77 which has only the

lF-THEN-ELsE structure. 0ther control structures (DO-WHILE' D0-CASE)

A
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are simulated in F0RTRAN-77 us¡ng G0T0s. ln some cases, there is also

alimited'controlleduseofGOTOs.TheuseofaG0T0statementisnot

necessariìybad,infact,incertaincasesitprov¡desmoreefficient

code, lt is the uncontrol led use of G0T0s which results in programs

which are diffìcult to follow, test and debug. Thus' unconditional

branches are excluded from the design, but not the implementation'

1 .5 ÌECISI0l,l T ABLES

lf a program is very. simple, with only a few conditions, intuition

will often be sufficient to do a proper job of anaìysis, design and

implementation. l'lodularity is often not a concern' since the ent¡re

program can be rewritten quickly. However, when the number of inputs

begins to grow, and when the ¡nterrelationshiPs between the inputs

becone more complex, an intuitive apProach is not sufficient'

A better way of des igning a program is to construct a îeci si on

Table, A decision tabìe can be buÌlt to show all combinations of

input and outPut. lt can easiìy be rearranged so that all conbinations

of input conditions leading to certain action are grouped together as

a decision rule. As Yourdon states it:

They [the decision rules] list all possible combinations of
input condÌtions, even though many combinations may be

impossible, erroneous, or redundant or meaningìess' This has

the advantage of I ead i ng to a very s impì e Programmi ng

Ìmplementatiãn: the indexed-branch apProach. [Yourdon,
¡975, p. t04l

The monitor in F0RUI'1 uses the COI'IPUTEÐ G0T0 to imPlement this

techn i que.

-9-



1 .6 OYI'IAMIC STORAÊE ALIOCATIOI!

The size of tables has been def íned symbolicalìy in the FoRTRAN

subroutines in the appendices (see subroutine EASTI4N) ' This approach

becomes particularly vaìuable when there are several tables' whose

sizes are aìl reìated to one anothèr. lf there is a static allocation

in the subroutìnes, a user with a larger than usual problem would have

to change all the subroutines to get sufficient storage' As it stands'

one need onl y change a few parameters in thè mainl ine Program'

Conversely, a static al location ìarge enough to handìe al I the

ordÌnary problems and most of the 'rlarge" ones wouìd general ly lead to

a far greater storage alìocation than necessary'

- l0 -



ChapteP I I
MET HOOO LOGY

ln the design and Ìmplemenation of systems: first, the

architecture must be defiñed, ie. l|lHAT the system is supposed to do.

Then, the impìementat¡on process is detaiìed, ie. How the ul!Ä! wil l

be accompl ished. Final ly, the ãctual components and their

intèrconnections are developèd. Bìaauw calls this the real ¡zation

step. This can be more simply described as the WHERE of the system'

Alaauw []9761 gives a number of examples of how his methodology can

be used in the construction of combinational circuits' A simple

example taken from Blaauw, (that of the b¡t adder) is discussed in the

appendix. Blaauw has used a programming language for describing the

arch î tecture, and for descr ib ing thê deta i ì s of a proPosed

impìementation' The rationale behind this is that a language is

required to describe things. lf a language is chosen which has the

qual itìes of Precise and unambiguous expression, then it can serve as

a good descriptive tool. Furthermore, if the language chosen happens

to be a real programming language then it gives the added benefit that

anything descrÌbed in it can be executed on a computer and the results

verified. For example, if the behaviour of an electronic circuit is

described in a programming language algorithmical ly' then executing

this program wiì1 result in an expìicìt display of the behaviour of

the circuit. By providing the program with different inputs the

It -



behaviour of the c¡rcuit can be ìogicaì ly testèd' Upon completion of

such testing, if the circuit was built physically, then a great deal

of confidence could be Placed in the physicaì circuit as a ìogicalìy

des i gned ent i ty '

Blaauw has chosen the APL ìanguage' APL is partícularly suited to

this purpose, since it al lows expression at the highest architecturaì

level, at the lowest imPlementation leveì, and at al I levels between'

It is a polJerful interactÌve ìanguage in which compì icated

computational tasks can be specified very succinctly' The idea of

using a formal language to sPecify the behaviour of a system is not

entirely ne$r. lt is now common to use pseudo code to specify

aìgorithms before they are êxpressed in a programming ìanguage'

Howêver, the methodology to usè an actuaì programming language' say A'

to express the ìntended behaviour of a Program and then using another

programming language, sây B, to actuaì ly implement the program for

ful I production use has not been used' The advantages of such an

approach wiìl be rêal ized if it is possible to express ìarge comPuting

task by very short, perhaps inefficient Programs in programming

ìanguage A and very efficient but large programs in ìanguage B' lt

then becomes possible to write complex software in programming

language A, and to test and verify the method' once testing is

compìete then efficient software can be deveìÕped in programming

ìanguage B using the prÕgram developed in programming language A as a

guide. For our purposes' APL wil ì qualify as programming ìanguage A

and FoRTRAN-77 as programming language B'

- t2 -



ln toRull this methodology was appl ied to implement several

aìgorithms. ln some cases' certified aìgorÌthms were available in

ALGOL 60 programming language. These were used as the bìue print to

wr Ì te FORTRAN prograns. s ince ALGOL 60 vers ion ì s cert Ìf ied to be

true, thís fact gìves us a way to test out the FoRTRAN version' lf'

for some data, the same results are produced by the two programs' the

FORTRAN program can be taken to be correct. ln the case of Dijkstrars

aìgorithm, APL was used to fÌrst write a program implementing Ìt' This

programs consists of 7 I ines excìuding comments (the same Program

couìd be further condensed into 4 I ines wÌth some loss of clarity) '

Then a FORTRAN program was written using the APL program as a blue

pr i nt.

I f the I arger program ìn FORTRAN were wr Ì tten iñdependent ly it

would require cons¡derably more debugging and testìng than writing a

4-l ine program because of its larger size' Assuming that it is

worthwhile to write these blue prints for writjng larger programs in

other languages, then results of ìarger program can be checked agaÌnst

the resuìts of thê shorter program' and in this way, the behaviour of

the larger program can be verified. This method is useful if the

number of I ines to be yrrÌttèn in the shorter Program is considerably

less than those in the larger program (say, in a ratio 1:10) '

- 13 -



tn summary, the suggestêd approach is as foi lowss

l. lmplement an algorithm in a programming language A, saY' in m

I i nes of code

2. Verify and test it to be correct

3, Use the program in I as a blue print to write a program in

programmi ng ìanguage B, say' in n 1 ines

4. Run both programs with the same data. lf the results are the

same then accept the second program as written.

The approach will become more advantageous as m,/n becomes smal ler'

The intuitive reason for adoPting this two step approach is that to

wrìte ìarge programs from fÌrst princ¡ple is a difficult task. A blue

print of the work will always be an aid.

There are several structured methodologies available for wrìting

softu,are, such as Structured Flowcharts, Decision Tabìes IlBl'1, 1962),

HlP0 [lBl4, 1976], }Jarnier/0rr diagrams [Warnier, ì974] [0rr' 1977],

Boehm's method [Boehm, 19721. One example is the methodoìogy wh;ch

proceeds in two stePs.
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STEP l: Construct a flowchart of the algorithm to be wr¡tten in a

programming language using only the following components:

S ignif Ìes 'rStartrr of the program

Signifies ìrEndrr of the Program.

COI'IPUTAT ION

Computations dóne are shown in the rectangular box.

START

STOP

-15-



ITERAT I ON

Upon entry condition C is tested, while it is true comPutation A is

performed. When C becomes false, exit is made from the ìoop'

A LTE RN AT ION

Condition C Ìs tested. lf it is true, A is performedi otherwise B is

performed and the exit is thè same'

- ì6 -



The rules are:

START and STOP occur only once in the flowchart.

components use a sìngle input and emit a single outPut.

All other

STEP 2: Each part of the flow chart is then transiâted into the

programming language In a one-to-one manner.

2 .1 B LAAlll'l' S llET H0D0l1GY Al'll) F0RAþ|

Blaauw's methodology is more structured than that describèd above'

lf appl ied to software design and implementation' it becomes a

thrêe-step procedure:

STEP l: Define the architecture (WHAT) of the problem. This Ìnvolves

specifying the inputs and outputs required in a problem' The solution

process is treated as a 'black box¡ at this stage'

STEP 2: Formulate the implementation (HoW) of the probìem' This

invoìves opening the 'black box! and specifyÌng the steps necessary to

move from the gìven ínPuts to the required outputs.

STEP 3: Develop the realization (vlHERE) of the problem. This involves

the actual coding of the prograns necessary to use the soìution

a I gor i thms on the comPuter.

The design and impìementation of F0RUI'1 will foì low Blaauw's approach'

By doing this, the present study wil ì deaì with the issue of

whether a highìy structured apProach, which has Proven effective in

the design and ¡mptementation of hardware systems, can be used in thê

same form to design and imPìement a software systèm.

-17-



2,2 TECIINICAI COìISIDERATIOIIS

A number of technicaì decisions and tradeoffs need to be made whiìe

composing the actuaì coding. One decision is whether to simpì ify

equations in order to sPeed uP comPutation. This can be done by

repìacing simple divisions by multipl icatÌons, and simpìe

multipìications by additions. For example'

A=B/2,+C2+Z*D

can be written as:

A = B¡'t0.5 + C ,l C + Ð + D

The improvement wouìd become obvious when hundreds of thousands of

iteratiohs on this formula are performed.

Furthermore, the efficiencies wil I become even better when the

number of multipl ications and additions are reduced by mathematical

simpl ification; ie., thè fol ìowing equation

l.l=6X3+3X?+5X+Z\

which in FoRTRAN would be written

W = 6ttxrttr3 + 3t Xt'l'!2 + 5rtx + 2¡f

i nvo I ves

multîplication: 1 2 I I I totaì 6

addition: I ì 1 total 3

The same equation couìd be writtên in a form like the fol lowing:

W = ( ( 2'lX + I )'t3'rX + 5 )tlx + 24

wh ich involved

multiplication: I I I I total 4

additÌon: I ì I total 3

Efficiency is improved by the elimination of two multiplications'
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However, developìng such simplificâtions is very time consuming.

Also, any future modifications become more difficult as the equations

are no longer in rstandardr form. Thus, the codè developed in F0RUI'I

does not contain thèse simpì ifications.

AnÕther decision ís the number of check-points to Put into the

programs. Each set of algorithms incìudes a number of rspecial' cases

and in order for an applications package to be complete' it must be

able to handle al ì of these. This impl ies that there is some

special-purpose code which is not required for the soìution of

rreguìarr problems. One can either accept these redundancies or use a

series of lF. statements to make certain that a problem is not

subj ected to any unnecessâry solut ion Processes ' I f the I atter

approach is taken, one gains efficiency' The cost, however, is an

increase in the complexÌty and a decrease in the clarity of the

coding. ln the development of F0RUI'1' efficiency ìs sacrificêd for

simpl icity and clarity. These two examPles show that conceptual

clarity and simplicity are often in conflict with efficiency and

decisions and tradeoffs must be made.

The next 5 chapters (chapter 3 to chapter 7) each discuss one set

Õf algor¡thms. The structure of each of these chaPters will be the

same. F irst, the I'IHAT of the set of algor ithms wi I I be developed'

fol lowed by the Hol/ and the WHERE.
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Cha pter III
PÅTll AIG0BITHITIS

3 .1 SIIORT EST PAT H ÅI.GORII IIM

Shortest-path problems are among the most fundamental of al l

combinatorial optimízation probìems since a large number of such

problems can bè reducèd to finding â shortest Peth in a network' For

instance, a I inear programming modeì of the Shel ì 0il ComPany's

petroleum distribution network is presented by Zierer' I'litchell and

White [Zierer, 'l974]. Products from 3 Shell refineries can be shipped

by three di fferent modes of transPortation --- pipel ines, barges and

ocean tankers to various terminals. Thus, the nodes (vertices) of the

network represent the refineries and terminals, while the arcs

represent the cos ts,/d i s tances between each pair of nodes' For such a

large network' there wil ì obviously be nany dÌfferent paths between

any two nodes, Using the shortest Path between the refineries and

terminals would be the simplest way to cut down the cost'

Further, there are several tyPes of shortest-path Problems:

(l) between two specified vertices; (2) between one specified vertex

and all other vert¡ces in a network; (3) between every pair of

vertices in a network; (4) between two specified vertices which must

pass through one or more specified vertices; and (!) the first, second

or third shortest paths in a network.
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one of the best shortest-path algorithms (virtual ly ident¡caì to

the minimum-weight spanning tree algorithm) is Diikstrars aìgorithm

[Bondy, ]980, pp.l5-201 , whÌch determines the shortest distance from a

specified vertex to a final vertex.

The network is rePresented by an adjacency matrix A, where

A(i,j) = the ìength of the edge between vertices i and j

A(i,j) = Ìnfinity, if no edge exists between Ì and j

A(i,i) = 0 for all i=l'2'..'¡f (ll is the number of vertices)

Dijkstra's algorithm rePeatedly Performs the following steps!

ì. lt starts by dètermining the dÌrect distances; that is the

distance along an edge, from the specified vertex Vo to al l

other vertices

2. lt then picks the shortest of these distances, say Vi' as a

rrtemporary'r shortest d i s tance

3, The aìgorithm them adds this shortest distance to the length of

the edge from the new vertex Vi to each other vertex

4. lt conpares this sum with the previous distance from Vo to each

vertex' and it uPdates the old d¡stance if the new distance is

shor ter

5, The new vertex Vi is then removed from the I ist of those

vertices' the shortest distances to which have not yet been

de te rm i ned

6, Repeat steps 2 to 5 until the lìst is empty
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3.1 .1 ApchitectuPe 0f Di ikstla's Ål glPithn

The requirements of the architecture of the above algorithm are:

The input parameters are3

I . A (i ,j) - the length of the edge between i and j (adjacency

matr ix)

2. Vo - the inÌtiaì vertex

3, Vt - the final vertex

4. l'1 - total numbèr of vertices in the netwÕrk

Thè output parameters are!

L EDGES - number of èdges in the shortest path tree

2, lnformation about each edge in the shortest path:

a) FRO|'I(i) - the beginning vertex of edge i

b) T0(i) - the ending vertex of edge i

c) LENGTH(i) - the length of edge i

3. LENGTH (EDGES) - Total length of Shortest Path

22



3.1 .2 Inol enentatí on of 0í ikstna's Al qori thn

The probl em is to determine the shortest distance D IST (Vt) from a

specified initial vertex Vo to a final vertex Vt in a positiveìy

weighted (positive cost) network' with l'l vertices rèpresented by an

adjacency matrix A. The steps for achieving this are!'z

l. lLabel al I vertices]

Label Vo rrdeterminedrr, and laþel alì other vertices

rrundeterminedrl

2. Ilnitiaì Ìze variables]

Set DIST(U) <-A (Vo'U) for all vertices U in matrix A'

set D IST (Vo) <-O

and set NtXT<-Vo

3, I I terate]

l.lhile NEXT not equals Vt,.rePeat step l+ and 5' otherwise' sToP'

4. lupdate shortest distance to each undetermined vertexl

For each undetermined vertex U, set

D r sr (u) <-r'li n ( Dlsr(u),Dlsr(NEXr)+A(NEXr,u) ) (l)

5. [Pick a shortest distance to an undetèrmined vertex]

Let U be an undetermìned vertex having the smaì lest distance

DIST(U) of all undeterminêd vertices; label U "determined" and

set NEXT<-U.

, the symbol <- stands for assignment, ie. A <- B means the quantity B

is ass igned to A.
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3 .1 .3 Real í zatí on of Ilí ikstna' s Ål aoni thn

This set of instructions for implementation is real ized here by

programming a subroutine 0lJKST. ln subroutine DIJKST' the inputs are

the adjacency matrÌx A, the number of vertices l'1, and the initiaì and

finaì vertices Vo and Vt' The output of the subroutine consists of a

set of 3 vectors --- FROI,I(i), TO(i) and LENGTH (i) --- whÌch are the

edges (FR0l4 (ì) ,T0 (i) ) of the shortest-path tree selected by the

aìgorithm in finding the shortest distancê to thè vertex Vt; LENGTH (i)

records the shortest distance from Vo to the vertex T0(i) ' The

program in FORTRAN is as fol ìows3

SUBROUT INE D IJKST (I'1,V0,W,4, FROI'I,T0, LENGTH, EDGES)

TNTEGER tr,A (1OO,tl) ,VO,vl, FROI'I (l'l) 
'T0 

(l',l) , LENGTH (l{) ' 
EDCES

I NTEGER D I ST ( ì OO), NEXT, NUI4UN, UNDET ( I OO), VTRTEX (I OO)

IN IT I AL IZE COND IT IONSc
c

EDGES=0
NEXT=V0
NUI'1UN=l't- I

LABEL ALL VERTICES AS ''UNDETER}1INED'I
SET ALL VERTICES AS UNCOLORED VERTICES

INITIALIZE VARIABLE D IST

D0 100 l=l,l't
UNDEr(l)=l
0lsr(l)=A(vo,l)
vERTEX ( l) =v0

IOO CONT INUE
UNDET (v0) =ri
D I sr (V0) =D I sT (n)
G0T0 350

ITERATE I'1- I TII'1ES

200 D0 300 l=l,NUI'IUN
J=UND Er ( l)
JK=L+A (N EXT 

' 
J)

c
c

UPDATT SHORTEST DISTANCE TO EACH UNDETERI4INED VERTEX

r F (D r sr ( | ) . L E . J K) G0T0 300
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c

c

VERTEX (l) =NExT
D lsr ( l) =JK

3oo cONT r NUE

PICK A SHORTEST DISTANCE TO AN UNDETERI'IINED VERTEX

350 K=l
L=DlsT(l)
D0 400 l=l , Nul'luN

I F (Ð IST ( I) . LT. L) THEN

L=D lsT ( l)
K= |

END IF
400 coNT tNUE

AÐD EDGE TO SHORTEST PATH TREE

EDGES=EDGES+l
F Ror,l (EDcEs) =vERrEX (K)

TO (ÊDGES) =UND ET (K)

L E NGTH (EDGES) =L
N E XT=UND ET (K)

HAVE l.lE REACHED t., ?

IF (NEXT. EQ. W) GOTO 5OO

OELTTE NEWLY DETERI'IINEO VERTEX FROI'I UNBETERI4INED LIST

D IST (K) =D IST (NUI,IUN)

UNDET (K) =UNÐ ET (NUl'luN)

VERTEX (K) =VE RT EX (NUl4uN)

ANY UNDETERI'IINED VERTICES LEFT

NUl.tUN=NUl''lUN- |

G0T0 200

c

c

c
c
c

c
c

5Oo WRrrE (6,600) V0,W, LENGTH (EDGES)

6oo ron¡ r(,-','THE sHoRTEsr PATH FRot'tr, t3, I T0',l3'' ='' l3)
RETURN
END

The same program Ìn APL (given in Appendix C) consísts of T lines only

(not i nc I ud ing the comments) .
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3.2 NICll0Ls0ltl'S ALÊ0RITHtl

The preceding section considerêd the problèm of finding a shortest

path between two specif¡c points in a connected network' T'A'J'

Nicholson describes a fast method for findîng the shortest route

between a specified vertex and every other vertex in the graph' one of

the algorithms hè presented may be modified to ôbtain the list of the

nodes on the shortest Path in an efficient manner' As Nicholson put it

[Nicholson, 1966, pP,275-2807.

The algorithm consists of two steps: the first selects a

route ior extension and extends the selected route' while
the second step provides the check to see if the shortest
route has been found. The steps are repeated cycl ical ly
until the condition in the second step is satisfied. The

necessary initial ization is as follows:

s
T
P

a

= ¡(s,i)
= A(i,t)

= t for all i

3.2.1 Anchítectune of llí cholson's algonithn

The input parameters ¡

L s - the starting Point

2, t - the terminating Point

3, A (i ,j) - the adjacencY matr ix

The output Parameters are 3

l. P(i) - ttre point preceding i in the current optimal route from

stoi

2. Q(i) - ttre Point preceding i in the current oPtimal route from

ito t
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3 ,2,2 Innl enentatí on of Ní chol son' s al goní thn

l. [Examine al I routes] For each route starting at s of next

shortest length, examine all connections from its end point m'

2. [shorter path found?] lf there is a connection from s to the

point i, it will be of length S (m) + A(m'i).

3. lReplacement] Replaces the existing value of S(i) when it is

shorter ' Set P (i) to m.

4. [Compìete route?] The lèast vaìue of S(i)+T(i) is at least as

smaìl as the sum of the lengths of the shortest route out of s

and the shortest route out of t, thèn a shortest complete route

has been found. otherwise' repeat step 2 to step 4.

5. [Final route] The shortest route can be traced back through the

values of P (i) and Q(i).

The subroutine NTTPTH implements the above aìgor ithm' whi le SHoRTP

ìs a mod i f i ed vers i on $rh ich produces a cha in of the nodes on the

shortest route from Vo to Vt.

3.2.3 Real i zati an of I'lí chol son's Al øo¡i thn

Subroutine NETPTH is used to find the shortest path between start

node and aìl other nodes of a network. lt yields l4lNCOS(î), the value

of the shortest path from node Vo to all other nodes i' i=l'2, "'ltf in

a connected I'l-node network having up to l'1 (l'1-l) dírect links. The array

FR0l4 (11) is a chained list of node numbers such that FR0l1 (i) contains

the node number preceding node i on the shortest route.

S UBROUT I N E NETPTH (4, I'1, VO, PRE CED, I'1 I NCOS)

I'lINPTH - SHORTEST PATH BETWEEN START NODE AND ALL OTHER NOOIS

OF A NETWORK

I I'lPL I C IT I NTEGER (A-Z)

_27_
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TNTEGER A (rOO,14) ,PRECED(14) ,tllNCoS (l'l),scAN (100) 
'c BrG n/21\7\836\7/

D0 1 l=l,l'1
s cAN ( l) =0
PREcED(l)=0
I'ilNCoS(l)=BlG l,l

I CONT INUE
t'l I N cos (vo) =o
s cAN (V0) = I

ITERATE BEG INS

100 D0 !0 l=l,l'1
tF (scAN (r) .EQ.o) G0r0 50

l'llNl=l'llNC0s (l)
D0 40 J=l 

'l'1JCoST=A (t,J)+tltNt
rF (JCOST. LT.l.llNCos (J) ) THEN

I'l I Nc0S (J) =J c 0ST
s cAN (J) = I
PREcED (J) = |

END IF
40 CONT INUE

scAN(l)=0
G0T0 100

50 CONT INUE
}lR trE (6,60) v0, (t'llNcos (l) ' l=l 'n)60 FoRtlAT(iH_,'nrHltrufi coST FR0r*1 NODE',13, ' To ALL oTHER N0ÐES:',/,
c 5(40r3,/) )

RETURN

END

Subroutine SHORTP èvaluates in the first n positions of FRolf (ft) the

lÌst of nodes on thè shortest Path from start node Vo to end node in

an l'1-node connected network. The remaining elements of the route are

set to zero. lnformation necessary for determining the path may be

suppì ied in FRol'l(i) in thè form obtainêd by the previous use of

procedure N ETPTH .

suBRour I NE SH0RTP (tl, VO, |,t, FROI'I'T0' EDGEs)

SHORTP THE LIST OF NODES ON THE SHORTEST PATH

FROI4 START NODE TO ENÐ NODE OF A NETI,JORK

rNTEGER FRotl (100) ,T0(I00) 'v0't.r'l'1'EDGES

r0 (r,1) =l,r
K=l't- 1

c
L

c
c

-28-



c
c
c

C REPEAT UNTIL VO IS NOT FOUND IN FROIT(I)

c
I oo I =FRol'l (J)

IF (I.NE.VO) TH EN

J= |

r0(K)=l
K=K- I
G0T0 100

ENÐ IF
c

T0 (l) =v0
J=K+l
K=2
D0 50 L=J,f1

r0 (K) =r0 (L)
K=K+ 1

50 CONT INUE

IHPTY THE REI'1A I N ING L IST

D0 20 J=K ,l'1
20 r0 (J) =0

EDGES=K- I
t,lRlrE (6,30) vo,I.l, (r0 (l) ' l=l 

'EDGES)
30 F0R|'1AT(lÈ-,'sHoRr¡sr PATH FROf;l NoDE', l3,t Tot,lt,/'

c 5$ot3,¡¡ ¡
RETURN
END

NETPTH and SHoRTP are associated procedures whìch together may be used

to find the shortest path between any specified node and all others'

The array PRECED is a chained list of node numbers such that PRECED(i)

contains the node number preceding node ion the shortest path' This

array may subsequently be used by SHORTP to evaluate the ìist of nodes

on the shortest route from Vo to any specifÌed Vt node'
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3.3 ALL SHORTEST PATH ALÊORITI|II

After the shortest Path bètween a start node to allother nodes is

found, the next problem of possible interest to a user is to find the

shortest paths between al I pairs of nÕdes Ìn the network' lnstead of

computing shortest paths from an origin to each of the other l'1- l

nodes, it may be of interest to compute shortest paths from each of

the l,l modes to each of the other I'l- I nodes: 14(14-l) shortest paths in

aì l.

ln this section, thè objective is to consider the problem of

f ind ing a shortest path bètween every pa i r of vert icès i n the graph '

Of course, th¡s second and more general Problem could be solved by

repeat¡ng the Diikstra shortest path algorithm once for each vertex in

the graph taken as the initial ve¡tex Vo' However' this would require

a great many comPutations' and fortunateìy aìgorithms exìst that are

more efficient than repeating the Dijkstra shortest path algorÌthm

once for each vertex in the graPh. Thìs aìgorithm allows arc ìengths

to be negative (one gains by traversing them rather than having a cost

assessed) so long as the network does not have a negative vaìue in

tota I .

Floyd lLawler, 1976, pp.86-9ol has deveìoped a computational method

for solvÌng this problem:
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3.3.1 Anchi tectune of Fl oyd's llethod

I nput paramêters:

ì . I'l - number of ver t i ces

2, A(i,j) - thè adiacency matrix

0utput paramêter 3

A(i,j) - the adjacency matrÌx (after l'1 times iterations)

Inol enentati on of Fl ovd's llethod

I I n i t i a I izat i on] A(¡,i)=o for all i, for every A(i'i) whosè

i,j-th element equals the ìength of the shortest arc from

vertex i to vertex j. Let A(i'i) = infinity if no such arc

exists. Ilterations] Ðetermine the elements of A(i,j) from the

following recursive formu I a:

n n-l n-l n-l
d =nin{d + d , d } (2)

ii in nj ij

[Termination] Repêat previous step ll times' n=1,2'..'l'1.

As each el ement is determined, record the path that i t

represents.

3.3.2

L

2.

Upon termination, the i,i-th elenent of matrix A(i,i) represents

the ìength of a shortest path from vertex i to vertex i.
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3.3.3 Realízatíon of FIovd's llethod

The algorithm is so simple that it can be lmplemented directly

into FORTRAN code. The followÌng is the FLoYD subroutine:

SUBROUT INE F LOYD (4,I.1)

F LOYD-WARSHALL I.IETHOD

ADJACENCY I'IATR IX
S IZE OF THE I.IATR I X A

tNTEcER 14,A (ì00,f'1) ,s,BtG ì\/999999999/

B IG I'I REPRESENTS THE NON-TX IST ING ARC

rF (A(J,l).GE.BlG r'1) GoTo I
D0 2 K= 1 ,11

tF (A(t,K).GE.BrG r'1) G0T0 2

A(J,K) = r,il N u'1ur4 ( A(J,K), A (J,l)+A (l,K)

s=A (J, l) +A (l , K)

I F (s.Lr.A (J'K) ) A (J't<) =s
2 CONT INUE

] CONT INUE
wR l rE (6 ,5)
Ð0 3 t=l,tl

3 !.lRtrE (6,4) (A (l,J),J=],fi)
4 FoRr'lAr(rx,20l3)
5 FORI'IAT(lH-, 'ALL SHoRTEST PATH |'IATRlX3 

"//)RETURN
END

3.4 COI,'PUIATIOIIAL COI,IPIEXITY

Al I shortest path algorithms consist of essential ìy two arithmetic

operations, addition and minimization. To anaìyze the computational

complexity of one of these algorithms, some $ray of comparing addition

operations with minimization operations is needed' 0f course' this

comparison varies between computers (human and mechanical), but for

l=1,Iil
J=l 

' 
l'1

A

t1

DO

DO

c

c



expediency, these two operations may be assumed to have equivalent

amounts of computat ionaì time.

The Floyd algorithm must comPutè N (number of vertices) matr¡ces

Dt, D¡,,. , N times. Each of these matrices consists of Nz elêments.

Hence, a total of N3 elements must be comPutèd by the Floyd algor¡thm'

Each of these computations requires (by equation (2) in Fìoydrs

aìgorithm) one addition and one minimÌzation' Hence' the Floyd

algorithm requires roughly Nr additions and N3 minimizations. The

totaì amount of computation required by the Floyd algorithm is

proportional to 2N3. Or, in more techn¡cal term¡nology' the Floyd

algorithm requires 0(2N3) running time.3

Now, consider the comPutational complexity of the Ðijkstra

algorithm. At the first iteration' N-l uncolored vertices must be

examined. From equation (1) in Diikstra's algorithm, this requires N-l

additions, N-l minimizations, and the selection of the smalìest of N-l

numbers, ie' another N-1 minimizations. Thus, 3(N-l) operations are

required by the first iterat¡on' Similarly, 3 (N-2) oPerations are

required by the seond iteratìon' ln total, 3N (N-l),/2 operations are

required. Thus the Dijkstra algorithm requires 0(ì'5N'z) running tÌme'

This suggests that, the Fìoyd algorithm could be replaced by

repeating the Dijkstra algorithm N times; once for each vertex as the

initiaì vèrtex. This would requíre 0('l.5N') running time wh¡ch Ìs

superior to the 0(2N3) running time of the Fìoyd algorithm. lf'

¡ The o-notation is used to describe the behavior of an algorithm as a

funct ion of pârameters. For examPl e, 0 (n) means the ordèr of
magnitude Ìs þroportional to n. lf an algorithm takes time 0(log n)

it is faster, for sufficiently large n, than if it had taken 0(n) '
Similarly, 0(n log n) is better than 0(n'z) but not as good as 0(n) '
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however, some arc lengths are negative' then the Fìoyd aìgorithm must

be used in place of the DÌjkstra algorithm'

Therefore, subroutÌnê DIJKST wiì ì bè used to fìnd the cost of the

shortest path between starting node Vo and ending node Vt; and

subroutine FL0YD is invoked for the computation of the alì shortest

path algorithm. However, the monitor of FoRUI'ï can be designed to also

invoke subrout ine D I JKST when the adj acency matr ix conta ins no

negat ive va I ues (arcs) '
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Chapter IV

T R AI{ S P A RT AT I O II ALEO RIf H IIS

There is a class of lP models that are of particular interest

because of their special structures as well as their appìications' The

transportãtion modeì deals with the transportation of a comnodity from

/t sources to destinations. The suppìy available at source i is a(i)

units and the demand required at destinat¡on i is b(j). lf the sum of

a(i) is A and the sum of bU) is B, thê formulation requires that

A = B, which can always be satÌsfied by adding a fictitious source or

destination to absorb the difference I I - a l. A direct extensiÕn of

the transportation model is to aì low transshipments so that (part of)

a shipment may pass transiently through other sources and destinations

before reaching its ultímate destination, The new information can be

accounted for by formulating a transportation model þ¿Ìth m+n sources

and m+n destinations.

Thè transportation problem is also a form of minimum cost flow

problem, but, instead of using graph theory to to find the optimal

solution, FORut'l uses the TP (TransPortation Problem) approach to solve

the transportation Problems.

The transportation aìgorithm is iterative' and similar in scope as

the Simplex aìgorithm. lt changes only one route at a time' similar

to the Simplêx method. The closer to the optimal solution the ÌnitÌal

solution, technical ìy known as the BFS (Basic Feasible Solution) is,
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the fewer iterations the algorithm has to do. An algorithm will save

time if it does lèss work in finding a better initial solut¡on than it

would in do¡ng an iteration. There are many initialization

procedures, i ncìudi ng thè three rrclass i caì rr transportation al gori thms'

North-West Corner t'lethod, Chèapest Route I'lethod and Vogelrs

Approximation l'Ìethod (VAl'l), and six methods based on Bectorrs Wêighted

Pênalty I'lethods and two versions of the VAI'I' s Weighted Penalty l'lethod '

These methods wil I be built ínto FoRUI'I'

4.1 CLASSTCAL I,'ETHOI]S

4.1 .1 ilonthwest Connen l,lethod

The northwest corner rule simply states that the first al location

is arbitrarily made to the northwest (upper ìeft) corner cell of the

cost matrix. ComPare the supPly to the denand of the column, ìet

C(i,j) equal the lesser of the two quantìties. lf the supply îs

exhausted wÌthout satísfying the demand, move one cell down the column

ând repêat the aì location process. 0n the other had' if the column

demand is satisfied, move one cell to the right in that row and again

repeat the al location Process. This allocation process Produces a

stairstèp pattern of occupied cel I s versus empty cel ls.

4.1 .2 Cheaoest Route llethod

Allocation is made first to the ìowest cost ceì1, then move to the

next lowest cost cel l. ln view of the renaining capacity and

requirements of its row and column, make an al location. This process

is continued until all demands are satisfied.
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4.1 .3 Vogel's Apo¡'oxínatí on llethod

VAI'I is a procedure that enables a fairly good initial solution to

be determined. This VAI'I technique aims to find the initial basic

feasible solution as close to the optimaì as possible.

l. lcompute penaltÌes] comPute for each row and each column the

difference between thè ìowest and next iowest cost ceìl ìn the

row or column.

2. [Seìection] Among those rows and colunns at hand, select the

one with maximum difference. Aì ìocate as much as possible to

that cèl l.

. 3, [Decrement] Decrease the corresPonding suPply and demand' DroP

the row or column whose suPPìy or demand is zero'

4. [Termination] lf no rows or columns remaìn, stop. 0therwise'

return to step I with the reduced problem.

ThÌs method is inefficient for very smaì I Problems because the

initial amount of computation requîred ìs large. However, in larger

probìems computation saving may be realized.

4.2 ,IEIGïf E0 PE¡IALTY l,lEf ll00

The method developed by Bector [Bector, 1982] recogn¡zes that the

number of items being shipped also affects the assigment order. lt is

more important to send a ìarger shiPment by a cheaP route than it is

to sênd a small shipment. The method considers onìy the destinations

(the columns). For each column' caìcuìatê the difference between the

cheapest and the most exPênsive route' Then multiPly each range by the

number of units required at that destination to get the Bêctor number
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B. Assign first to the celì with the lowest cost in the column with

thè largest B, then the second ìargest B and so on.

The Bector number B is not restricted to the Range only' The l'lean

or the Coefficient of VariatÌon can be used to achieve the goal' The

t.leighted Penalty I'lethod (l.,Pt'l) can be varied in 6 different ways and

they are numbered as the foì lowing ìn FoRUI'i accordingìy'

VJPI-I I - Range of co I umns

WPI'I 2 - Range of rows

HPI'I 3 - l'lean of co I umns

l/Pl'l 4 - l,lean of rows

WPI'1 5 - Coefficient of Variation of coìumns

!{Pl.l 6 - Coeff ic ient of Var iat ion of rows

Different simulations [Lai, 'l983] on these I ì transportation

algorithms were tested in fal l, ì983. Including a comparison of the

algorithms' efficìencÌes on CPU time, comparìsons, data movement'

storage basic feasible soìution and number of iterations' The resuìts

of the simulations indicated Bectorrs l.leighted Penal ty l'lethods have a

bêtter performance on general cases' that is, without restricted

routes and no degeneracY.

4.3 VAII'S I'IETGIITEO PEIIALTY IIETHOI)

The VAI'I's Weighted Penalty l'lethod developed by Bector Ìs a

modìfication of the VAI'I and the Weighted Penaìty l'lethods' or more

precisely, a combínation of VAI'I and the l'Jeighted Penalty l'lethods'

lnstead of taking the range or mean or coefficient of variation of the

rows/coìumns as in t,Jeighted Penalty l'lethod, it takes the difference
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between the lowest cost and the second lowest cost from thè

rows/colums (VAl'l) , then multiPl ies thè difference by the demand (l'lPl{)

requirements to get the weighted penal ty score. From these scores of

the rows or columns, priority is given to the score with highest

weight.

The subrout ines VAltl and VAlrl2 used in FoRUI'1 stands f or:

VAlll - VAI'l's l,leighted Penaìty l'lethod on columns

VAI'12 - VAI'Ir s We i ghted Pena I ty I'lethod on rows

4,4 TEST OF OPTTIIALITY

After obtaining an initial solution' the soìution is testêd. lf it

is not optimaì, a new allocation is nade and again tested for

optimality. This process continues until an optimal solution is

detèrmined. Two commonly used methods exist for performing these

iterations: (ì) the stePping stone method' and (2) the modified

distribution method (ltODl) . FORUT'I uses l'100 I to test of oPtimaì ity of

the cost matrix. lt consists of the fol lowÌng stePs:

l. I I n i t i a I i z a t i on] Any of the methods above can be used to obtain

the initial feasible so ì ut ion.

2. [Evaluate empty cel ls] Determining the net cost effect of

shìfting I unit fron one of the occupied ceììs to that emPty

cell' and then shiftíng units betvreen other occupied ceììs so

thât the rim requirements are not violated'

3. llmprovementl lf it is not optimal' the ceì I with the rrhighest

absolute ceìì evaìuatort' of the wrong sign is made an occupied

cel l, and one or more of the currèntìy occupied cel ls bècome

I'enptyrr cells.
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!. [Optima] ?l Repeat steps 2 and 3 untiì an oPtimal solution is

obta ined.

lf the neu, matrix has a total of ìess than m+n-l occupied cel ls'

the new solution is a degenerate solution. Appl ication of the l'100 I

method will (l) verify that an opt¡mal solution has been reached or

(2) enable the VAlt initial solution to be improved through successive

iteratïons until optimal ity has been achieved.

4.5 CHARAC| ERISTICS OF TñAI'ISPORTATTOII ALGORITH¡IS

ln some practicaì cases, one or more of the thèoretical routes can

have additional constraints (including their Prohibition from use) '

Such cases arise especialìy whère the transPortation model is used for

soìvíng production schedul ing probìems. Prohibition constraints on

source-dest i nat ion conbinations can be accompl ished by assigning a

very ìarge cost 11, to a given route.

WPlls are mostly affected ¡f any prohibition routes are found in the

cost matrix; for instânce, thê Bectorrs number B would be dístorted by

l'1. ln the cases I ike thÌs, VAI'I and CheaPest Route l'lethod both shov'r

forth their advantage by ignoring those huge numbers and iust looking

at the lowest and second I ov,,es t cost values. FoRUI'l wiìl have designed

this rulê into the monitor to aid in using algorithms for the Ìnput

cost matr ices.
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Chapten V

ASS I GNIùE IIT ALâORIT H IIS

A special case of the transportation model is the assignment

problem,a which classically seeks the assignment of m peopìe to n joþs

with each person exhibiting varying degrees of comPetence on thè

varíous jobs. The transportation model special izes to the assignment

model by lètting a (i) = 51.¡¡ = ¡ for aì I i and i. The cost of

assigning resource i to task i represents c(i,j). The assignment model

requires optimization of an objective function with one-to-one

matching. ln other words, the assignment in such a way is restricted

to assign one source to one destination exclusìveìy. As a matter of

fact, al ì assignment problems are problems of rrmatchingrr two factors'

The assignment probìem is of particular imPortance because it can be

used directìy in thè development of soìution algorithms for the

weìl-known Tnavel i ng Salesnan p¡,0blen.

Two algorithms wiìl be presented in this chapter: the Hungarian

t'lethod and the Eastman Algorithm. Thè regular sìmplex method can be

used to soìve the problem, but this is an inefficient method for

solving large assignment problems. Since the assignment prÕblem is a

special case of the transportation probìem it can be handled by

transportat ion methods.

a The transportation model can also be viewed as a special case of the
ass i gnment prob lem
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Loomba ILoomba, l97\, p.218] also mentions the I'Near-0ptimalrl

l'lethods by Votaw and orden who have developed rapid computational

methods for solving the assignment probìem. These methods are not

optimal, but they give a near-optimaì solution. Duality theory' which

is the basis of the Hungarian method' has also been employed in

obtaining near-optimal solutions to thè assignment problem. Several

other methods can be appl ied to the solution of the ass¡gnnent

problem¡ for êxample, the branch-and-bound technique has been aPpìièd

successful ly to the problem.

5.1 CHARACTEnISTICS 0F ASSlÊltlÌdítlT l¡llll|L

First, in the assignment model m=n; that is' thê assignment mãtrix

is a square matrix. lf, in the original problem, m*n, it can be

chahged to m=n by adding dummy origins and destinations. Second' since

the assignment model requires a one-to-onê assignment' the number of

solution var¡ables in a nxn Problem is exactìy n. Third' the totaì

number of possible solutions for an nxn assignment problem is always

n! This means that even for a smalì problem if, say l0 origins añd ì0

destinations, the number of alternate solutions is ìO!=3'628'800.

The objective is to determine an optimal assignment. An optimal

assignment typical ìy minimizes cost or maximizes some desirable

objectivè (profit, welfare, satisfaction, productivity) ' Although an

optimaì assignment can be determined by (l) ênumerating the various

combinations of assignment Possible, (2) comPuting the cost of each

alternative assignment, and (3) selecting the lowest-cost assignment'

the amount of computationaì effort required is prohibitive'
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5.2 lluilÊARIN ltETHqî

The Hungarian mehtod is credited to the Hungarian mathematician 0'

Konig who proved an essential theorem for thè develoPmênt of the

method. Basically, the method successively modifies the rows and

coiumns of thè cost matrix until there is at least one zero component

in each row and column such that a completè assignment corresponding

to these zèros can be made. This complete assignment wil I be an

optimal assÌgnment and the resuìting total cost will be a minimum. The

method wi ìl always converge to an optimal assignment in a finite

number of steps. The basis of the method is the fact that a constant

can be added to or subtracted from any row or column without changing

the set of optimaì assìgnments.

5.3 ÁlG0RITlll,l - Hlll,lGAR

The fol lowÌng is a þr¡ef algorithm that uses the Hungarian mêthod

to solvê the general m-resource, m-activity assignment problem for the

min imum tota I cost.

l. Ilnitialization] For each row of the cost matrix, subtract the

minimum èlement in the row from each element in the row. For

each column of the resulting matrix, subtract the mînimum

element in the column form each element in the column. The

resuìt is a reduced matrÌx.

2, [Reauction] Draw the minimum numbèr of lines through the rows

and columns to cover aì I zeros in the reduced matrix.

3. [optimaì ?] lf the minimum number of I ines is m, then ãn

optimal solution is available. Stop. otherwise' go to step 4.
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4. lselect again] Seìect the minimum uncovered element. Subtract

th¡s eìement from each uncovered element and add it to each

twice-covered element' Return tÕ step 2.

lf the feasible soìution from among the zero cells of the matrix is

not found, thèn the process of drawing I ines and adjusting the matrix

has to be repeated. There is only a finite number of iterations before

an optimal solution can be obtained. Clearly' an optimaì soìuton can

be found if aìl reduced costs become zero.

Since the entries in the reduced cost matrix are alv{ays nonnegative

by construction, and sÌnce the sum of the entries is reduced by a

positive integer at each iteration' the algorithm stops in a finite

number of steps. At termina!ion we have an optimal solution since the

Kuhn-Tucker condi tions hold'

Program HUNGAR solves the m-resource, m-activity assignment problem

for thê assignment that will optimize the total cost. The elements in

the cost matr¡x must be integêrs. lf the originaì matrix is not square

(either more resources than activities or vice versa) ' users must

suppl y the necessary rows or col umns or zeros before us ing the

program. The source coding of subroutine HUNGAR can be found in the

append i x .

5,4 TIIE OPTII,IALITY TEST

Since all entries in our cost matrix are non-negative, the minimum

value of the obiective function cannot be negative, no matter what

alternativè assignments arê made. Therefore, if ân assignmènt is

selected such that its total cost equals zero' this wilì be the lowèst
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possible cost (an optimaì assÌgnment) . This can be done only if al I

the opportunity costs are equal to zero. Thus, the obvious optimal ity

test is to see if x(i,i)=l in the cells with zero vaìues in the cost

matrix, 0f course, the one-to-one requirement must also be satisfied'

Otherwise, the cost matr ix must be revised and searched for the

optimal so ìut i on.

5 .5 TRAVELII!Ê SAIESI,IAil PRABTEM

The purpose of this sectÌon is to explore a branch and bound

algorithm that minimize the total distance traveìed by a saìesman

located ¡n a gíven city, and he wìshes to visit each of N-l cities

once and only once and then return to ,the city he started from'

Al though a great deal of research effort has been put forth in the

past to years to solve the general travel ing salesman problem'

algorithms that find the exact optimal solution are still limited to

fewer than 100 c ít Ìes.

Wagner [llagner, 1970, pp ' 300-309] exh ib i ted three d i fferent

versions of the branch and bound aPProach towards the traveling

salesman probìen, namel y, (l) lfethod of txcluded Subtours, (2) l'lethod

of Designated Routes, and (3) l'lethod of Partiaì Tours. The mèthod of

Excluded Subtours begins with the uPPer bound on the optimal value of

the objective function, then succeeds in I imiting the number of

branches to be expìored by caìculating ân effective lower bound for

any tour emanating from each probiem. The l'tèthod of Designated Routes

pays the price for this simpl ification by having to explore more

branches Ìn the associated tree for this method. The third method ---
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the l'1èthod of Partial Tours --- exPlores the branches dependent on the

sèlection of problems from the master I ist' but' redundant

calcuiations can occur when there are sèvêral partial tours on thè

naster I ist composed of the same m cities, for examPle, city I to

city 2 to city 3' and city I to city 3 t.o citY 2, ln thìs evênt, thè

bound ing computat Ìons arè dupì Ìcated.

l'lost of the branch and bound algorithms that find the exact

soìut¡on for small-to-moderate-size traveling salesman problems are

based on the algorithm by tastnanrs algorithm lEastman, 1958] '

However, Little et al [Little, 1963, Pp'979-989] modífied both

branching and boundÌng procedures used by Eastman to el ìminate

two-city subtours. Since the Eastman and Little aìgorithms form the

basis for all existing travel ing salesman branch-and-bound algorithms'

one of them, namely, Eastmanrs algorithm, wiìl be presented in this

chapter.

5.6 ALÊORITIIII - EASTIII{

l-et D (i,j) be the distance from city i to city i and N be the

number of cities. A tour is a comPìete route or cycle through N cities

where no city is visited more than once. lf the saìesman visits a

certain city more than once, the cities involved form a subtour.

Eastmanrs aìgorithm solves the easier assignment problem that allows

subtours and then systematically forbids subtours untiì finally a tour

is obta¡ned that is optimal.

l. Ilnital solution] Solve the associated assígnment Problem'

where the distances D(i,j) are elements of the cost matrix. The
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solution prov¡des a lower bound on the optimal solution of the

trave I ing salesman Problèm.

2. [optimal ?] lf at least one subtour exists in the solutìon' go

to step 3' otherwise thê oPtimal solution of the assignment

probìem is aìso an optimal soìution of the traveling salesman

prob I em. Stop'

3. lsubtour exist ?] Select a subtour, and ìet k be the number of

arcs in thè selected subtour' EASTI4 selects the subtour wìth

the smallest k.

4. [subtour is a Cycle ?] Branch into k subìevels' lf the subtour

is a cycle, set sublevel k's D(k,l) = l'l where l'1 is BIG lt (huge

number).

5. [New ìower bound] Solve the k new assignment problems. Each

cor r es pond ingsoìut¡on distance is a I or^rer bound

s ubpr ob I em.

lselection] From the set of al I

sublevels, select the sublevels with

for further branching. Go to steP 2.

6

for the

unexpì ored nonfeas ib I e

the smalìest lower bound

5.7 1RAilCH-Ail|-RoAil0 TECIIilIAAE

The b r anch- and -bound tèchnique involves a wel ì -structured

systemåtic search of the space of al I feasibìe solutions of

constrained optimizat¡on problems. Usually the space of aìl feasibìe

solutions is rèpeatedly part¡tioned into smal ler and smaì ler subsets

(branching) and a lower bound (for a minimization problem) is

calculated for the cost of solutions with èach subset (bounding).
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Thus, ìarge subsets of soìutions may bè excluded from consideration

wÌthout examining each solution ¡n these subsets.

At any point in a branch-and-bound algorithm where a branching

decision rnust be made, any subset with a bound that is less than the

least upper bound for all feasible solutions discovered is a possible

candidate for branching (minimization Probìem). There are basicaì ìy

two branching decision rules, namely'

Branch fnon Lowest Bound

ln general, this policy has the advantage that it examines fewer

subleveìs than other rule, but has the d¡sadvantage of requiring more

computer storage because more intermediate data must bè stored'

B¡anch fnon lllewest Active Bound

This rule chooses from the subsets most recently generated the

suÞset with the lowest bound to branch from next. This rule generally

requires many more branching operations than the other decision rule

but requ¡res much less storage'

5 .8 0THER liETll00s

A number of methods have been devised for the solution of the

travel ing saìesman problem, the most effective of which is the method

Õf Little et al. lt is possible to formulate the travel ing salesman

probìem as an integer programming problem, but in most cases the

resulting probìems are too large to be solved. The problem also may be

attacked by mèans of dynanic programming, but the resulting method is

computationaì ìy less efficient than that of Little et al ' Little et

al have programmed their algorithm for the lBl'1 7090 and they cite

computat iona I experience (pp'986):
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Problems up to 20 cities usually require only a few seconds.
The time grows èxponential ly, however, and by l+0 cities is
beginning to bê appreciabìe, averaging a I ittle over I
minutes. As a ruìe of thumb, adding l0 cities to the problem
multipìies the time by a factor of l0'

This exponentiaì growth of the computationaì task as the number of

cities increases is characteristic of every algorithm for the

traveì ing saìesman problem that has bèen offered to date. ln fact'

Little's algorithm retards this growth more effectivèìy than Eastman's

algorithm, and is therefore caPable of solving substantialìy Iarger

pr ob ì ems .

Another interesting procedure for the travel ing salesman problem is

to always to move to the next closest city wh¡ch has not yet been

visited. The t¡0sesf llnví sited Cíty algorithm for the traveling

salesman problem is: given a present ìdcation corresponding to a

specification of a row in the matrix, one chooses for. the next city

the one associated with the minimum element in that row. Not only is

this the obvious commonsensè heuristic for the problem, but its

analogy to the shortest-processing-time sequencing conmends it.

At this point, F0RUI'1 has not provided any facil ities for this

algorìthm but it should not be too complicated to imPlement' The

computation of this algorithm îs onìy increased by a factor of n and

is stìl I modest in comparison with other procedures that guarantee an

optimum soìution. ln particuìar, the comPutation increases only as n2

for this procedure, wh¡ch means that it can be appìied to very large

probìems. 0nly ¡f there were frequent ties in the selection of the

closest city, and only if one were to try to enumerate aìì possÌble

closest ci.ty solutions, would the computation become burdensome.
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Chapten VI

sE0aEilcIilû

Sequencing problems are concerned with the order and tim¡ng which

items (jobs) in the process of being servÌced or constructed are acted

upon by unìts of men and equipment (stations). The order (sequence)

sought is one which will optimize some variable factor involving time'

The objective is to minimÌze totaì elaPsed time, minimize the total

t¡me required to conplete aìì jobs; or alternatively' the samè

criterion may be usèd to minimize or total ly eliminate the amount of

time that any job must waìt idly between stations. other objectives

might be: minimizing total tardÌness, minimizing maximum tardiness'

minìmizing in-process inventory costs, and minimi2ing the cost of

being l ate,

A job shop schedul ing problem Ìs concerned with schedul ing jobs in

a manufactur ing p'lant. ln the job shop schedul ing probìem' the order

in which each job will be Processed by each machine in the shop must

be detêrmined. Usual ly, the processing time which each job must spend

on each machine is known in advance. Also, Precedence relations' which

spècify the order in which each job must be worked on by the various

mach ines, are spec i f ied '

0ifferent types of job shop schedul ing models will be presented in

th is chapter.
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8.1 0lIE-ilACHINE I l!-¿08

When a list of iobs is $raiting on one machine, thê simplèst way of

scheduling them is to employ the FIFO (First ln First 0ut) schedule.

But, by referring to Johnson and I'lontgomery [Johnson L.A.' 1974]' the

schedule that results in minimum average time in the shop is given as:

P¡,ocess the j0bs aecordí ng t0 theít' P¡'0cessíng tine in ascendí ng oPdeP

That is, the job to be processed first is the one with the smal lest

processing time. A proof has shown the schedule described above is

optimal. There is a considerable improvement in the average waiting

time in thÌs schèdule than in FlF0 schedule.

6.2 THA-ilACHIl[E I Ìl-'J08

This is a simple type of sequenc¡ng problem in which a given number

of jobs must pass through two stations and the total tìmè ís minimized

when all jobs go through both stations in the same order. one very

simple method of solving such problems is by means of a Gantt chart,

which can be used to determine the total elapsed time between thè time

the first job enters the first. station and the time the last job

Ieaves the second station. lt aìso determines the totaì amount of idle

time for each station, By comparing the Gantt charts for every

possible sequence, it is Possible to solve the sequencing Problem for

f ive-job, two-stat ìon case.

This method of soìving the prÕblem is tedious, however, since it

wil I involve comparing n! possible sequences when there are n jobs to

be serviced by two stations. Fortunately' this is not the onìy method

available. An aìternative four-step method has bèen developed by

Johnson [Johnson S.11., 1954, pp.6l-68]
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6.2.1

'The

L

2.

3.

4.

Al goní t hn - I't,l0î2l,l

procedure consists of the fol ìowing four stePs:

[Find minimum] Find the minimun service time required for any

job in either station.

[0rdering] lf this minimum service time is associated with a

job in statiÕn ì, this job is placed first in thè sequence'

However, if this minimum service time involves a job in station

2, this job is pìaced last in the sequence.

[Unique minimum?] lf there ìs more than one minimum service

t ime for eithèr statÌon,

a) [station l] lf thè minimum service times occur at station l,

dìscriminatè in favor of the job requiring the least service

t ime in station 2.

b) [station 2] lf the minimum service times occur at station 2'

select the job requiring the least service time at station

t.

[List empty?] Repeat stePs 1 to 3 unt¡l the èntire sequence of

a I I j obs has been determ ¡ ned .

This method requires considerabìy less effort to determ¡ne the optimal

sol ut ion, The advantages incìude:

L lt does not require identifying and comparing nl sequences'

2. lt is a simpìe, systèmatic procedure.

3. An optirnal soìution always results.

Johnson gives a Proof that this aìgor¡thm will Produce an optimal

sequence. This method is probably one of the most referenced Papers
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in production scheduling. lt makes the usuaì assumPtions about

Inventory being present when nèeded, no passing of jobs' set-up and

tear-down time ¡ncluded, no breakdowns, and no strikes'

6.3 THREE-I,IACHII'IE I I!-JOB

An optimal solution to this problem may be derived by analytical

means if either or both of the foìlowing conditions hold. The solution

is straightforward (see the reference in the previous section)

l. The minimum time requÌred by any job at the first station must

be at least as greãt as the maximum t¡me required by any iob at

thè second stat ion '

2, The minimum time required by any job at the last station must

be at least as reat as the maximum time required by any job at

the second stat ion.

An addit¡onal requ¡rement for the solution of this tyPe of Problem

is the assumption that all iobs must Pass through each station in the

same order, The remaining procedure is now identical to the

2-l'lach i nè ' N-Job case.

6.3 .l Ål øoni thn - l,lJ0?3ll

lf either or both of the above conditions hold, then a procedure

that can be used to solve the N-job' thrêe-machine sequencing problêm

is:

t. [Sum I'l l , t'12] Sum thè processing times on machines I and 2 for

each j ob.
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2. [Sum I'12, l'13] Sum the processing times on machines 2 and 3 for

êach j ob.

3, lcall NJ0B2|'1] Use the sums calculated in stePs l and 2 for each

job as the Processing times on the two machies i a N-iob'

two-machine sequencing problem and soìve this new problem using

NJ08214,

4. [0ptimal solution] The oPtimal sequence for the two-machine

sequencing problem in step 3 is also oPt¡mal for the original

three-mach ine sequenc i ng problem.

This method, also due to Johnson, is the natural extension of the

above problem to the three-machine case. ln this extension, Johnson

shows that if the minimum Processing time over aìì iobs on the first

process is greater than or equal to the maximum processÌng tìme on the

second process' then an equivalent two-machine job shop Problem can be

constructed.

Further, ãnother equivãlent two-machine probìem can be constructed

if the min¡mum processing time on the third process is greater than or

equal to the maximum èlement in the second process. ln short, if the

second process is domìnated by either the first or the last' the

problem can be solved as an equivalent two-machine problem'
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6.4 M-l,lACHIl,lE I I'l-,10R

Schedul ing probìems involving only two or thrèe machines are very

simple in nature, but it is qu¡te common to have m machines and n iobs

in the real lÌfe job shoP problèm. The general case is an integer

programming problem which can be solved by repeated applicatÌon of the

simplex method. However, very large probìems (N or l'1>25) may be too

difficult to solve optimal ly. ln this case, heuristics are necessary'

Heuristic aìgorîthms can obta¡n solutions to large problems with

I imited computational effort, and their computationaì requirements are

predictabìe for Problems of a given size. The drawback of heuristic

approaches is that they do not guarantee oPtimal ity.

Baker [Baker, ]9741 mentioned 3 heuristic methods ìn his book and

described them as quick, suboptimal solution techniques for the

makespan problem. ln the formuìat¡on of the probìem' ìet

tli,jl whePe í=1(1lN
j= 1 11)tt

represènt the tìme for processing the ìth job on the ith machine in an

N-job, l'l-machine makespan sequencing Problem.
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6 .4 ,l Pal net" s llet hod

There are many ways to assÌgn priority to iobs having the strongest

tendency to progress from short times to long times in the sequence of

operations. Palmer [Palmer, 1965) proposed the calcuìation of a slope

index, S (j) , for êach iob.

s (j) = (m-l) tU,ml + (m-3) ttj,m-ll + .. + (m-3) tU '21 + (m-l) t[j 
' 
l]

Then a permutation schêdule is constructed using the job ordering:

s(l) > s(2) >... > s (n)

This method is slightly different than Johnsonrs rule and it will not

guarantee an oPt ima ì solut¡on.

6 .4.2 Gunta's llethod

Gupta [Gupta, ì971] sought a transitive

previous form that would produce good schedules

Johnsonrs rule is optimaì in the form:

Two-l'lach inê c ase

su) S / min{ tIi,1],t[i ,2] ]

j ob order i ng i n the

He notèd that when

if tIi, t] > tli,2l

otherw i se

where S = |

= -t
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Th r ee-l'lac h ine case

s (i) s / min{ rIi,l]+rIi,2] , tIi,z]+tIi,3] ]

where S = I if t[i,l] > t[i,3]

'-l otherw i se

Generaìizing from this structure, Gupta proposed that for m > 2'

s(j) = S/min{ tli,k] + t[i,k+l] i k=l (l)m-ì

where S = I if t[¡,1] > t[i,m]

t - I otherwisè

Therêafter the jobs are sequenced according to Palmerrs order.

Gupta compared this heuristic to Palmer's extensivèly and found it to

generate better schedules than Palmer's in a substantial majority of

cases (problems with known optimal soìutions, problems w¡th unknown

optimal solutions, CPU time). The simpìicity and ease of computation

of Guptars algorithm makes it possible to solve reasonably large-sized

problems manual ly without the aid of any automatÌc computing devices.
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6.4.3 Cannhel l's llethod

Baker presents the method of CDS lcampbel ], 19701 as the most

significant hêuristic method for makespan problems' lts strength liès

in two proper t ies:

l. lt uses Johnsonrs rule in a heuristic fashion, and

2, ¡t generally creates sevèral scheduìes from which a "bestl

scheduì e can be chosen.

The CDS aìgorithm corresponds to a multistage use of Johnsonrs rule

applied to a new problem, at stage l3

The process i ng t ime
fôr the Ì-th job on
the f¡rst machine

at stage 2:

The process i ng t ime
for the i-th job on
the second mach ine

Sum of t[i,j] where j = I (1) k

Sum of t[i,j] where j = m+]-k (l) m

For each stage i, the job order obtained is used to calcuìate a

makespan for the original Problem. For each auxiliary problem'

Johnsonrs N-job, Two-machine method ¡s used to determine the oPt¡maì

sequences, thus generating S (l), S (2) ' .. 
'S 

(i) for i<l'l-l auxiì iary

problems. The best sequence among these is chosen on the basis of

min imum total prÕcessing time'

Campbeì ì tested h is al gor ithm extens ively and examined its

performance as compared to Palmer's heuristic in several problems. He
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found that the CDS algorithn was general ly more effèctive, for both

sma I I and I argê Prob I ems .

6.4.4 AI qori thn - CAIIPBL

The aìgorithm presented here provides for the generation of up to

m-l sequences.

l. Ilnitia]izationl Establ ish an n x n matrix of processing time'

where tli,i] is the Processing time of the jth job on the ith

mach ine.

2, [Auxiliary problem] Establ ish a number of auxil iary n-iob,

2-mach i ne Prob I ems, where, Plm- 1 '

3. lStage l] Establ ish a column vector of Processing times on

l,lachine I (l'1.|) f or each job for kth auxil iary problem.

4. [Stage 2] Establ ish a coìumn vector of processing times on

l'lachine 2 (l'12) for each job for kth auxiliary Problem'

5. loal ì NJ0B2l'11 APPIy Johnson's n-iob, 2-machine aìgorithm to

Stage I 6 2.

6. lloop] lf the number of iterations is less than p' repeat stèp

3 to step 5.

7, [Time vector] Using the original n x m matrix of processing

times, compute total processing time for eâch of the p sequence

gener a ted '

8. lselection] select the minimum total Processing timè sequence

as the best sequènce.
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6 .4.5 Econoni c Consi denati on

Àt the end of Campbel I's Paper' he predicted the times for the

larger problems which t'rere not solved by hand:

The choice between
approx imate Proc èd ur es

,l30 
m i nutes

130 minutes
380 m i nutes
740 m i nutes

exact sequenc ing Procedures and
exists only for I imÌted Problem

nt i I improved exact procedures arè

20-j ob,
30-j ob,
60-j ob ,
60-j ob,

20 -mac h ine
20-mach ine
30-mach ine
60-mach i ne

lf the probìems are of a size permìtt¡ng a choice between approximate

and exact procedures, severaì factors must be considered. Approximate

mèthods will give results quickly and with Iess conputation costs than

with an exact aìgorithm. Conversely, the approximate algorithm results

will not be as accurate as resuìts from an exact algorithm.

Therefore, u

approximate methods must be used lcampbeìl' 1970,

The two factors, computational costs and costs of nonoptimal

solutions, appear to be of pr imary inportance when choosing between

approximate and exact sequencing procedures. Since each situation will

be unique, an economìc analysìs of the costs involved should be made

before a procedure is selected'

s izes.
deve I oped ,
p. 6361 .
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Chapten VII

PER| I CPII

An 0R tool used on large-scaìe projects to aid management in

expediting and control I ing the utiì ization of personneì, materials,

facilitiès, and time is the Program Evaìuation and Review Technique

(PER|), This technique is used to pinpoint critical areas in a.

project so necessary adjustments can be made in order to meet the

scheduìed completion date of the proiect.

Closely related to PERT, but developed independently' is the

techníque known as the Critical Path l'lethod, or CPll, lt is basìcally

concerned wi th obta în ing the trade-off between appl y i ng more men or

resources to shorten the duration of a project, and obtain t¡me and

cost estimates of the various phases of the projèct.

CPI'I is not concerned with uncertain job timès as is PERT¡ rather it

deaìs with time-cost trade-offs. Because of thèse differences' PERT is

used more in research and develoPment proiects whiìe CPI'i is used in

projects where there has been some experiencè in handl ing similar

endêavor s .

A d ifference between PERT and CPI'I may regard as: PERT i s

event-oríented; while CP¡l is often know as activity-orÌented.

Therefore, unì ike PERT, CPfl does not make use of probabilistic job

times¡ it is a rtdeterministic'r rather than a 'rprobabil isticrr model.
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7.1 PEßT MODEL

PERT takes uncertainties into specific account. lt assumes that the

activities and their network relationships have been well def ined' but

allows for uncertainties in activity times' Three time estimates are

normal ly used for each actÌvity. They are:

l. â = optimistic time, the expectèd time if everything goes

better than expected without deìays

2. m = most I ikely time, the most real istic time availabìe

3. b = pess¡mistic time, the expected time if iust about

everyth ing goes wrong

7.1 .1 Exoeeted Tínes fon Actívities

PERT calculates the expected value of an activity duration as a

weighted avèrage of the three tine êstimates. Specificalìy, it makes

the assumpt¡on that the optimistic and pessimistic activity times, a

and b, are about èqualìy likely to occur. lt also assumes that the

Ìnost probable activîty time m, is four times more ìÌkely to occur than

either of the other two. Therefore,

I ikewise, the

est imated to bè:

t =la+4n+b)16
var iance of the completion t¡me of each activity is

Vt=lh-a)"136
The weights are based on an apProximation of a statistÌcaì

frequency knourn as Beta. The Beta distribution is unimodal (has a

single peak), has finite and non-negative end points, and is not

necèssary symmetrical. AII of these are desirable properties for the
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distribution of activity times. The normal distribution' more widely

used and cornmonly known, fails to satisfy the last two criteria

mentioned. Since most activities in development proiects occur iust

once, frequency distributions of such activity times cannot be

devel oped fron past data.

7.1 .1 .1 Earliest Expeeted Conpletion Tine of Events

ET(j) represênts the earì iest time the event can be accompl ished if

each activity j on every path leading to the given event is conpleted'

ET U) = earl iest exPected completion time of event j

= max{ Er(i) + t(i'j) } i!ïii'i'!3"?il,"xïl.i'1. event j

7.1 .1 .2 Latest Allowable Event Conpletíon Tine

Lf U) is the Iatest al lowable time an evênt can occur without

delaying the scheduled completion date of the project if all

succeeding events are completed as anticiPated.

LT (j) = latest allowable event compìetion time for_ event j

- min{ LT(¡) - t(i,j) } where i ranges over all
activites frÕm event j to tND

7 .l .1 .3 SI ack Ti nes

The slack time St (i) for each event j

event can be deìayed without affecting the

for the project' lt is given bY:

sLU) = LrU) - Er(j)

is the amount of time the

schedu I ed completion time
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7.1 .2 Ct,ítì cal Path

The longêst path through a PERT network is referred to as the

critical path. Each event on the critical path wilì have a slack time

equal to the slack time for the final event. Thus, if the event is

expected to be completed exactly on schedule, each event on the

crìtical path wiìl have a zero slack time' lt is possible to have more

than one criticaì Path. Any delay of activitÌes on the critical

path (s) w¡l I cause a corresponding deiay in the complet¡on of the

project.

One of the maìn objectives of a PERT analysis is to pinpoint the

critical path so rèsources from outside the system or activities on

noncritical paths can be supplied to thosê on the crÌtical path if

needed. Wiest and Levy [Wiest, ,t969, p.47] mentioned the effects of a

Near-Critical Path in a PERT network:

The expected lèngth of the prÕiect T, obtained from adding
the expected times of the critical path activities' might
not aìways bê the best estimate of project iength. lt is
possible that, under some combination of activity times and

variances, a near-critical path may exist with a higher
var ìance than the rroff icial" critical path' lt is quite
possible for the former to exceed the latter in length--that
is, to become critical itself.

Thus the normal PERT procedure which bases the estimates of t(i'j) and

Vt on a single critical path can possibly overstate the probab¡l ities

of completing a project by a given date, esPec¡ally if there are one

or more parallel paths through the network which are nearly critical'

and/or which have relâtively large variances'
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7.1 .3 Pnobabílit! of Conoleti nø Events on Schedule

A scheduled completion time is aìmost always given for the final

event and it can be used to determine thè Probabil ity Ôf comPleting

events on schedu I e. The on I y assumpt i on necessary i s that the

compìet¡on time of each event has a normal dístribution with mean

ET(j) and S¡, where 52 is the sum of variances of those activity times

on the path that is used to calcuìate tT(j).

For early events thê normal distribution assumption may not be too

valid; but it is quite relevant for the late events' since the late

events are the sums of several activity compìetìon times, each having

a certain mean and variance. By the central I imit theorem' the

complêtion time for the event approaches the normal distribution'

Suppose D(j) ¡s the schêduled due date for event i' then

z= (D(j)-ET(j)) /s
The probabiì ity is given bY:

,z
Pt Eru)<Du) I = __ .J N(o,l) dt

After calculating the Probabiìity of comPleting each event on

schedule, events with low Probabi I ities are noted and measures are

tãken to speed up thosè actìvities lèading to the events in troubìe'

7.2 PROCEOARE - PERT

Unl ike the previous chaPters, the PERT model is quite standard to

some extent. Thus, instead of an algorithm form, thè steps of PERT are

I isted as fol lowss

l. t t (i ,j) , Vt (i,j) I calcalate the estimated mean comPìetion

time and estimated variance of completion time.
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2. I ET (j) I Calculate the earl iest expected conpletion tìme for

event j

3. t LT(j) ] Calcuìate the latest aì lowable completion time for

evènt j .

4. t St(j) I Caìculate sìack time for event j.

5. I Critical Path ] Find the activitiies on critical path.

6. I Probabi]ity on schedule I lf the schedule due date is given'

calculate the critical value of cumulative distribution to

determìne probabil ity of completing events bêfore the deadl ine'

7.3 CPil ll0DEI

I'lost jobs, cPt'l argues, can be reduced in duration if extra

resources (men, machines, money) are assigned to them. The cost for

getting the job done may increase, but if other advantages outweight

this added cost, the job shouìd be exPedited, or crashêd. 0n the othèr

hand, if there is no reason to shorten a particuìar iob, then the job

should be done at its normal or most efficient pace' with a ìesser

assigment of resources. Thus, only the critical jobs need be crashed

and CPI'I attempts to determine which jobs to crash and by how much'

Project schedules affect two kinds of costs --- direct costs

associated with individual activities (which increase if the

activities are expedited) and indirect costs associated with the

project (which decrease if the Proiêct if shortened) ' The cost

profile of the typical activity could be èstimatèd by:

L Crash Cost (Cc) - the minimum direct cost that is anticiPãted

in completing an activity vrithin thè crash time.
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2. Crash Time (Tc) - the minimum time required to comPlete an

activity.

3, Normal Cost (Cn) - the lowest possibìe direct cost required to

conpì ete an activítY.

4. Normal Time (Tn) - the minimum time required to conplete an

act iv Ì ty at normal cost.

The cost slope indicates the additionaì cost ga¡ned Per unit of

tìme saved in reducing the duration of an activity. lt is a measure of

the efficiency incurred in crashing an activity in order to reduce the

time. The cost slope is typical ly computed as fol ìows:

Activity cost slope ( Cc - Cn ) / ( Tn - Tc )

This computation yieìds a constant cost slope that is a reasonable

approximation of the actual cost sloPe. However, if greater accuracy

is desìred, the direct cost curve can be divided ¡nto a piecewise

linear I ine, or, a curved ì ine is even better.

7 .3 .1 Lowest Cost Schedul e

From an intuitive viewpoint' it seems lïkêly there is some optimum

porject length --- a medium between one with excessive direct costs

for shorteneding jobs and one with excessive indirect costs for

ìengthening the project. The CPt4 model verifies this notion

mathematical ly, and it specifies a method for finding the optÌmum

point representing the least cost schedule.
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The mathematícs of the Kelley's [Kel ley, l96l] method are quite

compìicated, but the general procedure can be easily explained'

FÌrst of all, a preìiminary schedule is generated in which aìì jobs

are assigned at their early start times and with normal resources'

This is thè maximum ìength schedule; it can be reduced by crashing one

or more of the iobs at added cost. lf this added cost is less than the

savings in indìrect costs which result from shortening the proiect'

then a iess expensive schedule can be found. lmprovements are made in

stepwise f ashion.. The goal ¡s to determine which jobs to crash and how

far to carry the scheduie shortenìng procedure.

At each step of the process' only iobs along the critical Path are

considered for crashing. The cost-time sloPe of each critical iob is

examined, and the job with the least slope is determined' The process

is repeated until no further shortening of critical jobs is possible

or until the costs of such shortening would exceed the savings that

result from reducing the project length.

7 .3.2 Bní ogs' llethod

Keìley developed an algorithm, suitabìe for machine computation,

for solving this problem. He described a I inear programming procedure

for finding optimaì solutions for networks of jobs with I inear

cost-time trade-off curves. Because of certain special features of the

probìem, Kelley's algorithm is more efficient than the simplex method'

However, the number of variables, even in a smalì problem, is quite

large and the method is rather tedious for hand computatÌon.
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Another procedure is Briggs' [Ariggs' 1963] method. The algorithm

is a logical, systenatic one, beginning with the development of the

network dìagran and terminating when the desìrèd proiect completion

t ime has been achieved.

7.4 ALGORITHII - SRIÊÊS

Briggs' Algorithm ¡s a modified version of Kel ìeyrs method Ìn

Cr¡ticaì Path Schedul ing. The originaì pseudo-codes were in ALG0L form

and it was translated into FoRTRAN and tested. The modÌficat¡ons

suggested by l,tuth liluth' ì967] were included. Results were correct in

a ì ì tested schedu I es ,

I. [Exit ConditÌon] Every task must proceed from a lower-numbered

' node to a higher-numbered one, if not, exit.

2, Ilnitialization] Setup the SoURCE and SINK vaìues to form a

network-type descr ipt ion of a Proj ect.

3. I CPi\ ] Determine the normaì-duration crit¡caì path.

4, lReduction] Reduce the durations of the tasks with the fìattèst

cost s I ope.

5. [Loop] Adj ust the cr i t ica I path and rePeât the Prev íous step

until minímum durations are reached'

-69-



Chapten VIII

toilc LasI0il

The objectives of this thesis were three-foldl

l. To build an easy to use' efficient operations Research

app I ications computer Package.

2. To use a highly structured design methodology to design and

impl ement th is package.

3. To test " tro ì"ngr"ge approach to writing compìèx programs to

solve OR probìems not explicitly dealt with in available

packages: path algorithms, transportation problems' assignment

prob I ems, sequencing and PERT/CPl'T.

A discussion of each of these objectives is given beìow'

8.1 THE FORAø PACKAÊE

. The FoRUI'l package is now rêady for use and the various modules have

been tested using worked examples from the following textbooks:

I . l'lanagement Sc ience ILee, l98l]

2, lntroduction to OPerations Research l'lodeìs ICooPet, 19771

3, Operations Research [siemens' 1973]

4. I ntroduct ion to Operat ions Research [G i ] I ett, 19761

5. Fundamental of operations Research flckotf ' t9681

6. operations Research for lmmediate Appl Ìcation [woolsey' ]9751
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Each set of programs was subjected from 6 to l0 tests' using examples

with widely different inPut data. The transportation programs werê

aìso tested usÌng randomly generated input data [Lai' ]9831 .

The data input requirements to the Programs are very simpìe' The

examples (whích were all problerns of moderate size) requìred less than

lO lines of input' As problem size increases, so wÌìl the necessary

inputting, but it should never reach the point whêre it is

intimidating.

Aìso, the programs only require data which is intuitíveìy obvious

to the user. For example, the m-machine' n-job sequencing problem

requires a total of n+l rows of inPut, 1 row to sPècify m and n' and n

additional rows, each specìfying the tÌme that Particular job requjres

on each machine. The onìy exception to this is the PERT routine which

requires the user to completely specify dummy activities'E incìuding

optimistic, most ì ikely and Pessimistic times of compìetÌon (al I

zero) .

The programs were also tested for storage and CPu time' The

fol lowing tabìe shows the average requirements lor some sample

subroutines when run on the University of l'Tanitoba's A|'IDAHL 5850'

A basic rule of CPI'I/PERT model ing --- two or morê network activities
cannot simultaneously share thê same start and finish nodes' ln
order to assign a unìque name to each activity, a dummy activity is
used to correct this problem. A dummy activity does not consume t¡me
or resources' but it does preserve the required precedênce
relationship among project activities. Thus, the time duration
associated with dummy activity is zero.
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Subrout ine S ìze CPU (sec.)

tlt Nscr
14 I NV{TS

I'1I NTRD

I.IAXTRD

I'lINLAT
C AI'1P B L

JONSON

GUPTA
ITUNGAR

E A STI'IN

NJOB2¡1
NJ0B3r'1
PERT
D IJKST
F LOYO
N ETPTH
StIORTP

0 .93K
1 .32K

0.00r092
o.oor456
0 .00 1 040
o.oor7ì6
o.oot820
o .002080
o . oo 3744
0.002236
0 .005356
1 .2778\7
o .003458
o .004472
o,ot0088
o .008892
0.03962\
o. oo3068
o . ooo4l6

0
ì
1

I

2
4

5
2

3

3
2

I
l
0

93K
23K

72K
63K
06K
04K

, r8K
.82K
.79K
.63K
.8rK
.87K
.08K
.68K
.9l K

The total core requirement for FoRUI'l is in the order of 600K. The

smal I size is possibìe due to the dynamic al location used in the

subroutÌnès. The CPU requirements are also not excessive. lf the usèr

is operating in a CPlJ-scarce environment, these could be decreased by

compiìing each module and storing it ìn a LOAD I ìbrary (from which it

can be accessed w¡thout further comPilation) ' Also, specifying 0PT=2

(Optimization level 2) Ìn the compiìe steP will lead to savings in

execut ion t ime.
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8.2 OESI6II AIID IIIPLEI,IEIITÅTIOI,I OF FORAüI

Blaauw's methodology has some advantages Ìn that the designer is

forced to specify the inputs, outPuts and key functions of each noduìe

before beginning the actual programming. lf no ready-to-use algorithms

were avaiìable, it would be an èssential Process. As matters stand,

algorithms written either in pseudo-code or in a format which lends

itself easily to immediate programming are becoming more numerous and

easy to find. lf an algorithm written in psuedo'code obviously serves

oners purpose, going through the HO!{' IJHAT and WHERE process is more a

formal ity than a necessity. ln such instances, the most efficient (and

ìeast frustratÌng) method is simply to program thè algorithm and make

"f i ne-tun ing" changès later .

Simiìar comments apply to the two-ìanguage aPProach. The problem

must be highly complex or the ratio of lines in language A to language

B very smalì before it becomes useful. ln other words, at times Ìt can

be a highly advantageous tool, but Ìt is not a method to be fol lowed

rigorously,

ln summary, the key to successful and effic¡ent software design and

implementation appêars to be a judicious mix of a number of tools and

approaches. No one approach or tooì can be des ignated as !-!-U-gJ. to

design and implement software. The circumstances under which each

approach is effective are depeirdent on the problem and the designerrs

intuitive feel for it. This means that software design' much more so

than hardware design, wilì remain an art rather thân a science.
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Appendi x A

I)TG IT ÅI SY ST EII T IIP LEIIEI! AT IOI'I

A,I ARCHITECTIIRE OF THE BIT AOOER

COUT

AB

s

-7\-

ctN

Figure 2: Bit Adder

Accord ing to Blaauw!

"A bit adder can be cons¡dered as an adder whose operands
and sun are vectors with â single elemênt, heñce $rith
dimension l. Figure I shows that besides the operands A and
B, the carry-in CIN participates in the addition. The result
of the addition is the sum S and the carry-out CoUT. The
carry-out can be used to determine whether the sum has
become too ìarge or too smal l. Therefore' the adder forms
the sum S from the opèrands A and B and the carry-in C¡N'
and gives an overfìow indication COUT" [Blaauw ' 1976' p,2\1



The architecture of a bit adder can also be formal ly specified as the

foì lowing APL program'

v ARCflBITADDiSaM
saI4<-A+B+CIt:l
S<-2r SU Il
C0aT+SUM>2
v

Figure J: Bit Adder Architecture

A.2 IIIPLEIIEIITATIOI'I OF TIIE 8TT AOOER

As shov/n in the architecture section the bit adder is a circuit

with three inPuts and two outputs' The next steP is to describe the

process wh Ìch changes inputs into outPut. Th i s is done by ident ify ing

and describing the nature of the functional comPonents of the adder as

fol I ows:

l. Half Adders For each 'bit adderr the operands A and B beìong to

the numbers to be added and are avaiìable at the start of the

operation. ln contrast, the carry-¡n CIN of a bit adder arises

as the carry-out of the adjacent bit adder and is normal ly

avai lable ìater than A and B.

2, Transmission The sum T of bits A and B is again a singìe bit'

Hence, this sum is determined moduìo 2 and is equivaìent to the

exclusive-or of A and B'

ín APL: T <- A*B

3. Carrv Generation The first haìf-adder also determines if A and

B give rise to a carry. This signal is called the generated

carry, or G.

in APL: G <- AtB
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4. *ry ln the second half-adder the partiaì sum is

added to the carry-in, the resuìt is the ultimate sum S'

in APL: S <- TtÉClN

5. gell-Y-elePrSglþn The second half-addr also determines if the

carry-in, together with the Partial sum' gives rise to a

carry-out of the bit-adder, the proPagated carry P'

in APL: P <- TICIN

6. Carry-out Since T and G cannÕt be ì simuìtaneously, the

generâted and proPogated carry never apPear at the sane time'

in APL: CoUT <- GvP

These points can then be summarized as the following APL program'

1
2
ó

4

6
't

ß

Ê

Ê

V IMPB TT ADD
TRANSMTSSION AND CETIERAT TON

!<-A*B
G<-A^B

CARRY PROP AGAT I ON
P<-T 

^C 
T N

CARRY ASSTMTLATION
S<-T êC I N
C OU T <.GV P
v

I

Figure 4: Bit Adder lmPlementation

Every vaìuê of A, B and CIN' S is assigned

defin¡tion of the previous stepsi hence we can write

m is a function that can be constructed from A' B' T'

our above example, m is the function that' given

argument, gives the 0R of the CARRY PRoPAGATI0N and

a value by the

S = m (4, B) where

G, P and C lN. ln

a value for its

CARRY GENERAT ION
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as an answer. This means that the interconnected system may be

represented by a single functíon block. Systems w¡th more than one

output can be constructed and analyzed, simpìy by putting a number of

single-output systems having common inputs side by side(they may share

some common b locks) .

A.3 REALTZATION OF TIIE BIT ADI]Eß

Figure 4 shows the expressions in APL for the bit adder lI'IPB|TADD

[Blaauw, 1976, p,25J, it uses the logica] symbol l for rand' and V for

'or'; for the relâtion 'unequalr * is used. The following figure

shows a circuît for thè bit adder, which is constructed from randr,

rorr and Inotr components using standard Boolean algeÞra. The two

'exclusive-oRs' are also constructed from these elements, aìthough

they are sometimes available as a single switch¡ng element.

ll,lPBlTADD has a one-to-one correspondence to the circuit elements

of Figure &reall (assuming that the exclusÌve-OR is available as a

unit). when the 'exclusive-oR' ìs to be constructed from randr, ror'

and linverter eìementsr, lines 2 and 7 (statements [2] and [7] of

ll'IPBlTADD) shouìd be changed accordingly. ARCHBITADD and ll'IPBITADD

illustrate how APL can be used both for a high-ìevel specification and

for a deta¡led circuit description.

Once the individual circuit components are identified by an APL

function, the c¡rcuit can be real izêd. Thìs realization still involves

many decisions, described by Breuer for a hardware design as:

tr. ,.selection of the component tyPe, the location of the
component within a module or on a chip, and the routing of
the connect¡ng wires" [Breuer, ì972, p.ll5]
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AND

GATE

1_r

AN I)

GATE

OR

GATEAND

GATE

Haì f adder
Partiaì sum generation

r- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -l

T

Car ry Gêneration

AND

G ATE

P

carry Propagat ion

AND

GATE

ANÐ

GATE

1_
J_

OR

GATE

L-------------------------------J
Ha I f adde r
Carry Ass im i i at ion

F i gure 5:

These decisions are greatly influenced by electrical and physicaì

considerations for a hardware device' The implêmentation functions

Bit Adder Circuit
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that wÌlì be dêrived by these consideratìons constitute the logicaì

specification of the realization design.

I,Jhile this is conceptuaì ly the mÕst simple reaìization (using onìy

ANDs and oRs) , more efficient ones exist that rèduce both the number

of gates and number of circuits' However, these require the

introduct ion of such ideas as NANDs (NoT ANDs) wh ich are far more

difficult to visualize. This is often the case: there is a tradeoff

between conceptua I c I ar i ty and eff ic iency in the des ign and

imp I emèntat ion of hardware systems.
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Adj acency
ma tr ix

B i t Adder

Circuit

Coeff ic ient
of Var i at ion

Crash ing

Degeneracy

Ðigital
System

Appendi x B

GTOSSARY

Representing a graph of n vertices by an n x n matrix A'
where A (i,j) Ìs the length of an edge connecting vertex
v(i) to v(j) and A ( i , j ) = i nf i n i ty, if not.

ln binary arithmetic, the digits or bits are either 0 or
l. For each digit position, calìed bit position, two
operand bits and a carry bit should be added' The equip-
ment required for thìs addition ¡s caì ìed a bit adder.

A path on a graph whose start and end vertices are the
same.

The ratio of the standard deviatìon to the mean value.

Earl ier conpletion is possibìe at an increased cost.

The number of occupied cells is less than m+n-l in a
m x n matr ix.

The digital technique leads to the use of a multitude of
componênts, a purposeful interconnection of such a multi-
tude of components forms a system' The prime example of a

digital system is the computer'

in
of

lF-THEN-ELSE The lF statement provide the conditional facil ity
FoRTRAN-77' lF-THtN-ELsE statenent Permit bìocks
statements to be executed on a conditionaì basis.

l'lakespan ln the basÌc single machine problem, the time to complete
all jobs is a constant, The ìength of time requîred to
compìete al I jobs Ìs called the makespan and is denoted

Unco I ored
vertices

as it1.

Untraversed vertices in a connected graph
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APPENDTX C

APL FANCTTON ÐTJKSTRA

v MAP)ï iJ
ls
J A C7NSTRUCT A MAP 0F SEoRTEST PATES
ln
7 M<-DTMENSION A

J R1arE<-(M,M) p0
) I-J<.t
1 L00P. R)UTEIIiJ)<-I SH0RILPATE ,I
7 +(M>J+J+7) / L00P
7 J-t
7 +(M>I<'I+t) / L00P

V

v Z1V0 Sfl)RT 
^PATH 

lt',VECIVI
1l è, CïECX IE VO = V ?

27 -> ( 0= LENGT H<'V O -w ) /END
3] a DTRECT ROATE EXTST ALREAÐY ?

4] .+ (OT LENGT TI<.LV O ;IÌ ) ) /ENÐ
A TNlT I ALT ZAT I ON

M<.DTMENSTON A

ADJ<-A+ (A=0) xEIGE Lv ALUE
LENGY E<-AÐJIVO ) 1

a INV)KE DIJKSTRA' S ALG?RITEM
ß

LENCT H<-AÐJ IV O i 7

Ð T J}(ST RA
ñ

e PRINT THE C0ST 0î TflE SH0RTEST PATH
ENDt Z<-MINlMIlM LENGTH

I SI]ORTEST PATII FROM ', (TI,¡O),' TO t, (TIr'),I
V

5J
6
7

I
9

0
1

2

t
t
t
t
t
t
t

IJ
14
15
tb ' ,ÍZ
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tr
l2
t3
[+
ls
t6
LI
[8
fo
10
11
t2

v ÐIJKSTRAiMÏN
ñ
p, I STEP 7 ) RETURN IIEEN TIIE LIST IS EMPTÏ
fr
-+Ox1ly': (MINIMUM LENGTä) IN LENCTE

n

a I STEP 2 7 FIND TIIE N}ÐE IIITE SE1RTEST DISTANCE FR0M V0

ñ

V T<- (MT N+MT NTMUM LENGTE) TN LENGTä
n

Fi I STEP 3 ] ADDS SEORTEST DTSTANCE TO TT|E EÐGES EROM VT

Ê

v EC<-M I N+ ADJ lv I iJ
ñ
à I STEP 4 I C1MPARE TEIS SIIM \¡ITE PREVI1US DTSTANCES
n FR?M VI, TAKE TEE MINIMAM DISTANCE
Â

LE NGT N<.LENGT HLVEC

I SIEP 5 J REMOVE EDGE FROM LTST

LENGT EIMTN IN LENGT flJ<.HI GE 
^V 

ALA E

I STEP 6 ] REPEAT TËE ALGORTTNM

DIJKSTRA
+0
v

V Z<.DTMENS I O N A

14
_1 5

tb
77
181
r o'1

201
211
a.t1
23l
241
2sl
261

n

Ê

t1l Z+t¡pA
V

l1l

t1l

V Z<.N T GË LV ALUE
Z-L / p0
V

V Z<-A TN B

Z<-B t A
v

V Z<-MINTMUM A

Z<.L / A
V
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c
c
c
c
c
c
c
c
c

c
c
c
c

Appendí x 0

SUBROATIilE ?ECTBl

suBRouT l Nt BEcTR r (r'1, N, ALLoC, COSTS, FACTRY,I,JAREH0, BECToR, DSCEND)

II'lPL I C IT INTEGER (A-Z)
conr'loN cosr (loo,loo) ,suPPLY (100) , DEl4ANÐ ( 100)
INTEGER ALLOC (I.1.N),COSTS (I4,N),FACTRY (I'1),WAREHO (N),

C BECTOR (N) , DSCEND (N)

I NTEGIR H I GH/ 21 \7 \836\7 /
RIAL TOTAL

BECTOR I.1 ETHOD #'I

CALCULATE THE RANGE R, THE DIFFERENCE BETV{EEN THE CHEAPEST 6

THE I'lOST EXPENS IVE ROUTE.
Í{ULTIPLY EACH R BY THE # OF UNITS RTQUIRED AT THAT DESTINATION
TO GET B, THE BECTOR'S NUÍ'IBER.

ASSIGN FIRST IN THE COLUI'IN WITH THE LARGEST B, THEN SECOND

LARGEST B AND SO ON.

PRESERVE THE OR IG INAL PARAI.lETERS

COST, SUPPLY S DEI.IAND ARE COPIED INTO COSTS, FACTRY E I,,AREHO

D0 I l=1'l'1
FACTRY (I) =SUPPLY (I)
D0 I J=l'N
cosrs(l,J)=cosr(l,J)
ALLOc(l'J)=o
D0 2 J=l,N

2 WAREH0 (J) =DEI'IAND (J)

GENERATE THE BECTOR NUI'IBERS FOR COLUI4NS (t,lAREHOUSTS)

D0 3 J=1,N
3 BEcToR (J) =I,JAREHo (J) TtRANGE (,i1,N,0,J)

SORT THE BECTOR'S NUI.IBER IN ÐESCENDING ORDER

CALL SORT (N, BE CTOR, D S C E N D)

FILL UP THE CELL WITH LOWEST COST

D0 6 J=l,N
c0 L=Ds c EN D (J)

c
c
c

c
c
c

c
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c

4 L0ttEST=c0STS (ì,C0L)
R0W= l
D0 5 t=2,tl
r F (cosrs ( | , coL) . GE. Lot,Jtsr) c0r0 5
R0W= I

LOWE ST=COSTS (ROl.l, CO L)

5 CoNT I NUE

c0srs (Rol,l, col) =H I GH

ALLoC (RO|.l,C0L)=l'llNO (FACTRY (Rotl),WAREH0 (C0L) )
FACTRY (RO|.l) =FACTRY (RO\.,l) -ALLOC (ROI,I, COL)

\,JAREHO (COL) =I.IAREHO (COL) -ALLOC (ROl.l, COL)

rF (wARrHo (coL) .Gr.o) Goro 4
6 CONT I NUE

CALCULATE THT TOTAL COST FOR THE B.F.S IN BECTORIS I'IETHOD

T0TAL=0.
D0 30 l=l,l'1
D0 l0 J=l 

'N30 T0TAL=T0TAL+FLOAT (c0ST(l,J),rALL0c (l,J) )
l.,RrTE (6,3 r) r0rAL

3l FORI'IAT (rOr, 'TOTAL COST lN BECTOR' 'S |'IETHOD I = ',Eì6.10)

OUTPUT THE ALLOCAT ION I'IATR IX

D0 28 l=l,l'1
28 I,JRrrE (6,29) (ALLog (t ,J) ,J=l,N)
29 FoR|'1AT(rX,33r4)

RETURN

END

c
L

c

c
c
L
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c
c
c
c

c
c
c
c

c

c

Appendi tt E

SUBROA|IilE BECIR2

SUBROUT I NI BECTR2 (I'1, N, ALLOC, COSTS, FACTRY,WARIHO, BECTOR, DSCEND)

I I'IPL I c IT I NTEGER (A-Z)
cor'lnoN c0sr (100,100) ,suPPLY (100) ,ÐEl4AND (100)
TNTEGER ALtoc (r,r,N) , cosrs (tl,N) , FAcrRy (/i1) ,t.lAREHo (N) ,

c BEcroR (r4) , DSCENÐ (r4)

I NTEGER H I GH/ 2I \7 \836\7 /
REAL TOTAL

BEcroR ttETHoD #2

CALCULATE THE RANGE R, THE DIFFERENCE BETWEEN THE CHEAPEST ¿'

THE I'IOST EXPENS IVE ROUTE.
I.IULTIPLY EACH R BY THE # OF UNITS REQUIRED AT THAT SOURCE

TO GET B, THE BECTORIS NUI'IBER.
ASSIGN FIRST IN THE ROt.l WITH THE LARGEST B, THEN SECOND

LARGEST B AND SO ON,

PRESERVE THE OR IG INAL PARAI'IETERS
COST, SUPPLY E DE ANÐ ARE COPIED INTO COSTS, FACTRY 6 T,IAREHO

D0 I l=ì,lt
F AcrRY (l) =suPPLY (l)
D0 I J=l,N
cosrs (l,J)=c0sT(l'J)

l ALLOC(l,J)=0
D0 2 J=l,N

2 WAREHO (J) =DEI4AND (J)

GENERATE THE BECTOR NUI4BERS FOR ROWS (FACTORIES)

D0 3 t=t,r,1
3 BECToR(l)=FACTRY (l),IRANGE (tl,N, 1 ,0)

SORT THE BECTORIS NUI'IBER IN DESCENÐING ORDER

cALL SoRT (r'1, B E CToR, DS C E N D)

FILL UP THE CELL WITH LOWEST COST

D0 6 t=t,tt
R0l.l=DscEND ( l)

c

c

c
c
c

L
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c

4 tol,/EST=c0STS (RoW, l)
C0 L= I

¡g 5 J=2,N
r F (cosTs (RoI.l, J) , GE . LohrEsT) G0T0 5
C0L=J
LOWE ST=C()STS (ROI,J, CO L)

5 CoNT rNUE

C0STS (R0l,l, c0L) =H I GH

ALLoc (Rol,J, coL) =l,TlN0 (FACTRY (Row) ,wARtHo (c0L) )
FACTRY (R0W) =FACTRY (Rovt) -ALLoC (Rol.l,CoL)
WAREH0 (C0L) =WAREH0 (C0L) -ALLoC (Rol./, C0 L)

IF (FACTRY (ROI.I) .GT.O) GOTO 4
6 CONT INUE

CALCULATE THE TOTAL COST FOR THE B.F.S IN BECTORIS I,IETHOD

T0TAL=0,
D0 l0 l=l'l'1
D0 30 J=l,N

30 T0TAL=T0TAL+F LOAT (C0ST ( r , J) ¡tALL0C (r , J) )
I,lRrrE (6,3r ) rorAL

3l FoRt'lAT('o', 'TOTAL coST lN BECTOR'' S |'1ETH0D 2 =',E16.10)

OUTPUT THE ALLOCATION I'IATR IX

D0 28 l=r,r'1
28 I,¿RrrE (6,29) (ALLoC (l,J) ,J=l,N)
29 F0Rr4Ar(rx,33r4)

RETURN
END

c
c
c
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c
c
c
c

c
c
c
c
c
c

Appendi x F

SUBROATTilE SECTR?

SUBROUT INE B E CTR3 (I'1, N, ALLOC, COSTS , F A CTRY , t.lARE HO, BECTOR, DSCEND)

II4PL I C IT INTEGER (A-Z)
cor'1r'1oN c0sr (100, r00) ,suPPLY (100) ,DETlAND (100)
TNTEcER ALL0C (t4,N) ,CoSTS (¡1,N) ,FACTRY (t1) ,WAREH0 (N) ,

C BECTOR (N) , DSCEND (N)

I NTEGER Ht GH/ 21 \7 \836\7 /
REAL TOTAL,I,lEAN

BECTOR I'1 ETHOD #3

CALCULATE THE I.IEAN I'1, THE AVERAGE AI'IONG THE ROUTES ON THAT COL.
I'IULTIPLY EACH ¡1 BY THE # OF UNITS REQUIRED AT THAT DESTINATION
TO GET B, THE BECTOR I S NUI.IBER.
ASSIGN FIRST IN THE COLUI'IN WITH THE LARGEST B, THÊN SECOND

LARGEST B AND SO ON.

PRESERVE THE OR IG INAL PARAI4ETERS
COST, SUPPLY ê DEÍ'IAND ARE COPIED INTO COSTS, FACTRY ê I,JAREHO

D0 I l=ì
F ACTRY ( I

D0 I J=l
cosTs (l,J) =coST (l,J)

I ALL06 ( t ,l¡ =9
D0 2 J=l 

'N2 WAREH0 (J) =DtrlAND (J)

GENERATE THE BECTOR NUI.IBERS FOR COLU''lNS (WAREHOUSES)

Ð0 3 J=t,N
3 BEcToR (J)=WAREH0 (J),tl'lEAN (1,1,N,0,J)

SORT THE BECTORIS NUI'IBER IN DESCENDING ORÐTR

cALL S oRT (N, B E CToR, DS C EN D)

FILL UP THE CTLL WITH LOWEST COST

D0 6 J=ì,N
c0L=DscEND (J)

, l'1

) =SUPPLY ( I)
N

c
c
c

c

c
4 LOt,lEST=CoSTS(1,C01)
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c
c
c
c

R0l.l= ì

D0 ! l =2,1'1
r F (cosrs (r,c0L) .cE.LowEsr) G0r0 5
R0W= |

L0WE ST=C0STS (R0W, C0 L)

5 C0NTtNUE

C0STS (ROv{, c0 L) =H IGH
AL LOC (R0l,J, C0L) =tl r N0 (F ACTRY (RoW), r,lAREH0 (C0L) )
FACTRY (ROl^¿) =FACTRY (ROW) -ALLOC (ROW, COL)

WAREHO (COL) =l.lAREHO (COL) -ALLOC (ROI,J, CO L)
IF (WAREHO (COL) ,GT.O) GOTO 4

6 coNTrNuE

CALCULATE THE TOTAL COST FOR THE B.F.S IN BECTORIS I4TTHOD

T0TAL=0.
D0 30 l=l,ll
D0 30 J=l,N

lo T0TA L=ToTA L+F LoAT (c0ST (l ,J) 'rALL0c 
(l ,J) )

wRrrE (6,3ì)r0rAL
3l FORI'IAT ('Or, TTOTAL C0ST lN BECTOR'rS t'lETH0D 3 = 

"Eì6.'l0)
OUTPUT THE ALLOCAT I ON I'IATRIX

Do 28 l=l ,14

28 v,RrrE (6,29) (ALLoc (t ,J) ,J=1,N)
29 FoRr'rAr(rx,33r4)

RETURN

TND

c
c
c
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SUEROATTilE REC|R4

SUBROUT I NÊ BECTR4 (T4, N, ALLOC, COSTS, FACTRY, I,JAREHO, BECTOR, DSCEND)

I I'lPL I C IT I NTEGER (A-Z)
c0r1r40N cosr (ì00,100) ,suPPLY (100) ,DEt4AND (100)
TNTEGER ALLOC (r'1, N) , C0STS (t4, N) , TACTRY (14) ,WAREHo (N) ,

c BEcroR (r4) , DSCEND (r,1)

I NTEGER HI GH/21 \7 \836\7 /
REAL TOTAL ,I'IEAN

c
c

c
c

c
c

c
c
c
c

BECTOR I'1 ETHOD #\

c
c

CALCULATE THE I.IEAN 14, THE AVERAGE AI,IONG THE ROUTES ON THAT ROI.I'

I'IULTIPLY EACH ¡1 BY THE # OF UNITS REQUIRTD AT THAT SOURCE

TO GET B, THE BECTOR'S NUI'IBER.
ÀSSIGN FIRST IN THE RO}J WITH THE LARGEST B, THEN SECOND

LARGEST B AND SO ON.

PRESERVE THE OR IG INAL PARAI'IETERS
COST, SUPPLY ê DEI.IAND ARE COPIED INTO COSTS, FACTRY E WAREHO

D0 ì l=l,l'l
F AcrRY ( l) =SUPPLY (l)
D0 I J=ì 

'Ncosrs (l,J) =cosr(l,J)I ALLoC(t,¡)=o
Ð0 2 J=l 

'N2 I,JAREHo (J) =DEfiAND (J)

GENERATE THE BECTOR NUI'IBERS FOR ROI.,S (TACTORIES)

D0 I l=l,fl
3 BEcToR (l) =FAcTRv ( l) 

'rt4EAN 
(n, N, | ,0)

SORT THE BECTOR'S NUI'IBER IN ÐESCENDING ORÐER

cALL S0RT (r'1, BtCToR, ÐSCEND)

FILL UP THE CELL WITH LOì,IEST COST

00 6 l=1,1.1
ROl,l=DSCEND ( l)

4 LowE ST=CoSTS (Rol.l,l)
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c

C0L=l
D0 I J=2,N
I F (CoSTS (Ror,r,J) .GE.LoI,JEST) G0T0 5

L0\,.lEST=c0STS (ROI.I 
' 

c0 L)

5 CoNTtNUE

cosTs (Rot,J, c0L) =H IGH
ALLoC (ROl/l, COL) =l'lrNO (FACTRY (RoV') ,WAREH0 (CoL) )
FACTRY (Ro}J) =FAcrRY (Row) -ALL0c (Row, c0 L)

wAREH0 (c0L) =!üAREH0 (c0L) -ALLoc (Ro}l, c0L)
rF (FAcrRY (Rol.l) .GT.o) Goro 4

6 coNT rNut

CALCULATE THE TOTAL COST FOR THE B.F.S IN BECTORIS I'IETHOD

T0TAL=0.
D0 30 l=l,l'1
D0 30 J=l,N

30 TOTAL=TOTAL+FL0AT(C0Sr(r,J) ¡tALL0C (l , J) )
t.rRrrE (6,3 r ) rorAL

3l F0R|'1AT (rO', 'TOTAL COST lN BECTOR" S |'IETHOD 4 = ',E16.10)

OUTPUT THE ALLOCAT ION I,IATRIX

D0 28 r=r,14
28 l.JRlTE (6,29) (ALLog (l ,J) ,J=l,N)
29 FoRr,rAT(1X,33r4)

RTTURN
ENI)

c
c
c

c
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Appendí x ll

SABROATIilE RECTRS

SUBROUT INE BECTR5 (I'1, N, ALLOC, COSTS , F ACTRY , VJAREHO, B E CTOR 
' 

DSCENO)

II4PL I C IT INTEGER (A-Z)
c0r'1r'1oN c0sr (100, lo0) ,suPPLY (100) ,DEl,lANÐ (100)
tNTEcER ALL0C (t4,N),COSTS (t4,N) ,FACTRY (1,1),WAREHo (N) ,

C BECTOR (N) , DSCEND (N)

I NTEGER H I GH/ ZI \7 \836\7 /
REAL TOTAL , COEFF

c

c
c
c
c
c
L

c

c
c
c

CALCULATE THE COEFIICIENT OF VARIATION C, THE QUOTIENT OF THE

STD. ÐEV AND I1EAN OF THE COLUI'IN,

I4ULTIPLY EACH C BY, THE # OF UNITS REQUIRED AT THAT ÐESTINATION
TO GET B, THE EECTORIS NUI'IBER.

ASSIGN FIRST IN THE COLUI'IN I,JITH THE LARGEST B, THEN SECOND

LARGEST B AND SO ON.

PRESERVE THE OR IG INAL PARAI'IETTRS

COST, SUPPLY ê DEI'IAND ARE COPIEÐ INTO COSTS, FACTRY E WAREHO

D0 I l=l'l't
FACTRY ( l) =suPPLY ( l)
D0 I J=l 

'Ncosrs(l'J)=cosT(l'J)
I ALL0C (l , J) =0

D0 2 J=1,N
2 WAREH0 (J) =DET4AND (J)

GENERATE THE BTCTOR NU¡lBERS FOR COLUI'INS (l,lAREHOUSES)

D0 3 J=1,N
3 BECTOR (J) =r,JAREH0 (J) ,tc0EFF (t4,N,0,J)

SORT THE BECTOR¡S NUI'IBER IN ÐESCENDING ORDER

CALL SORT (N, BE CTOR, D SC END)

FILL UP THE CELL VIITH LOWEST COST

D0 6 J=l,N
c0L=DscEND (J)

BTCTOR I'1 ETHOD #5

- 9r -
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c

4 LoWEST=c0STs (ì 
' 
c0L)

R0l',1= i
D0 5 l=2,14
r F (cosrs ( r , c0L) . GE. LowEsr) G0T0 5
ROW= |

LOIJEST=COSTS (ROl.l 
' 
c0L)

5 CONT INUE

c0sTs (Ro}J, c0L) =H IGH

ALLOc (Row, CoL) =l'îlNo (FACTRY (Rot'l) ,WAREH0 (CoL) )

FACTRY (ROW) =FACTRY (RO!l) -ALLOC (ROl.l, CO L)

WAREH0 (C0 L) =WAREH0 (C0 L) -ALLOC (Rot,l, C0 L)
IF (WAREH() (COL) .GT.O) GOTO 4

6 CONT INUE

CALCULATE THE TOTAL COST FOR THE B.F,S IN BECTORIS I'IETHOD

T0TAL=0.
D0 30 l=l,l'l
D0 30 J=l,N

30 T0TAL=ToTAL+FL0AT (C0ST (l,J) ¡¡ALL0C (l,J))
t,lRrrE (6,3r)TorAL

31 F0RI'1AT ('0'|, 'TOTAL COST lN BECToR' 'S |'lETHoD 5 = ',E16.10)

OUTPUT THE ALLOCATION I'IATRIX

D0 28 r=l,¡1
28 l,JRrrE (6,29) (ALLoc (t ,J) ,J=l,N)
29 FoRI'1AT(1x,33r4)

RETURN

END

c
c

c
c
c



Appendi x I
SABBOUTIilE REC|R6

suBR0UT rNE B E CTR6 (t4, N, ALLoC, CoSTS , FACTRY,I^/AREH0, B E CToR, DSCEND)

II'IPL I C IT INTTGER (A-Z)
c0r'1r,1oN cosr (100,100) ,suPPLY (100) ,ÐEl'lAtlÐ ('l00)
tNTEcER ALLOC (t4, N) , CoSTS (t1, N) , FACTRY (t4) ,WAREH0 (N) ,

c BECToR (t1) , DSCEND (14)

I NTEGER HI GH/ 2I \7 \836\7 /
REAL TOTAL,COEFF

c

L

c
c
c
c
c

c
c
c
c

CALCULATE THE COEFFICIENT OF VARIATION C, THE QUOTIENT OF THE

THE STD. DEV AND I'IEAN OF THE ROW.

I'IULTIPLY EACH C BY THT # OF UNITS REQUIRED AT THAT SOURCE

TO GET B, THE BECTOR'S NUI.IBER.
ASSIGN FIRST IN THE ROI,J WITH THE LARGEST B, THEN SECOND

LARGEST B AND SO ON.

PRESERVE THE OR IG INAL PARAI'IETERS
COST, SUPPLY E DEI'IANÐ ARE COPIED INTO COSTS, FACTRY ¿ WAREHO

D0 I l=l,l,l
FACTRY ( l) =SUPPLY ( l)
D0 I J=l,N
c0srs(l,J)=cosr(l'J)'l ALL0C (l ,J) =0
D0 2 J=l,N

2 I,lAREH0 (J) =ÐEnAND (J)

GENERATE THE BECTOR NUI'IBERS FOR ROWS (FACTORIES)

D0 3 l=l,tl
3 BEcToR ( l) =FACTRY (l),rcoEFF (14, N, 1 ,0)

SORT THE BECTORIS NUI'IBER IN DESCENDING ORDER

CALL SORT (I'I, BECTOR, DSCENÐ)

F ILL UP THE CILL WITH LO\,IEST COST

D0 6 r=r,14
Ro!{=Dsc END ( l)

BECTOR I'1 ETHOD #6

-93-
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c

c

4 LOWE ST=CoSTS (ROl.l,l)
c0 L= l
D0 ! J=2'N
tF (cosrs (Rot,l,J) .GE.L0\,lEsr) G0T0 5
C0L=J
L0Ì.lE ST=C0STS (ROw, c0L)

5 CoNTTNUE

COSTS (R0l^1, C0L) =H IGH
ALL0c (Rol,J'cOL) =t'llNo(FACTRY(Row) ,WAREH0 (C0L) )
FACTRY (ROll,) =FACTRY (RO!ü) -ALLOC (ROW, COL)

wAREHO (CoL) =VIAREH0 (C0L) -AL L0 C (RoW, C0 L)
rF (FACTRY (Ro!{) .GT.o) Goro 4

6 coNT I NUE

CALCULATE THE TOTAL COST FOR THE B,F.S IN BECTORIS 
''IETHOD

T0TAL=0.
00 30 l=l,l'1
D0 l0 J=l 

'Nl0 T0TAL=T0TAL+FLOAT(c0ST(l'J) ,rALL0c (l , J) )
l.lRITE (6,3I)TOTAL

3t FOR|'IAT ('O', 'T0TAL COST lN BECToR' 'S |'iETHOD 6 = ''E16.10)

OUTPUT THE ALLOCAT ION I'IATR IX

D0 28 r=r,l'1
28 I.lR rTr (6, 29) (ALL0C ( r , J) , J= l , N)

29 FoRr'lAr(rX,33r4)
RETURN
END

c
c
L
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c
c
c
c
c
c
c
c

Appendí x ,J

SABfr0UT IilE CAI.IPBL

SUBROUTI NE CAI'IPBL (N, I A, I B, I AB, I BA, JAB, JBA, PAB, PBA, I CHK)

ASSUI'IE A BATCH OF JOBS TO BE PROCESSED ON 2 I'IACH INES A AND B

Sol.TE J0BS ARE T0 BE PRoCESSEÐ 0NLY 0N l'lACH INE; S0l'1E 0NLY 0N

I'IACHINE B. SOI4E ARE TO BE PROCESSED ON BOTH I4ACHINES A AND B

IN THE ORDER A,B
SOI'IE ARE TO BE PROCESSED ON BOTH I'IACH INES A AND B IN THE ORDER

B, A. THE GoAL ls T0 l'llNlf'llzE ToTAL PRoCESSING Tl¡1E.

D tf'1ENs t 0N tA(N),rB(N) , rAB (N) , rBA (N) , JAB (N) ,JBA(N),PAB(2,N),
C PBA (2,N) , ICHK (N)

I NTEGER CAS E

t.lRtrE(6,8) N

KA=0
KB=0
KAB=0
KBA=0
D0 5 t=t,N
READ (5, ir) CAS E , A, B

Goro (1,2,3,4) ,cAsE
I KAB=KAB+ ì

I AB (KA B) = I

PAB(l'KAB) =A
PAB (2, KAB) =B
}lRtrE(6,9) A,B
GOTO 5

2 KBA=KBA+ ì
I BA (KBA) = |

PBA (I , KBA) =B
PBA (2, KBA) =A
|,lRrrE(6,r0)A,B
GoTo 5

I KA=KA+ì
lA (KA) =l
},RrrE (6, il)A,B
GOTO 5

4 KB=KB+I

CASE

I
2

3
4

ORDER
1,2
al

t, 0
0, 2

-95-



c

lB(KB)=l
wR rrE (6, 12) A, B

5 CoNT rNUt

CALL J ON SON (KAB, JAB, I AB, PAB

CALL JONSON (KBA,JBA, IBA,PBA
K=l
l,,RlrE (6'7) K' (JAB ( l) , l=1 , KAB) , (lA(l),l=l'KA) ' 

(JBA (l) , l=l 
' 

KBA)

K=2
l,JRrTE (6,7) K, (JBÀ (r) , r=r,KBA) , (lB (l) ,l=l,KB) , (JAB (l) ,l=l,KAB)
FORt'tAT(|OOPTIt'lAL ORDER 0N r'lACHINE 

" 
I ì,', IS: 

"/ 
(10(ZX,I2) h)

FORtlAT(tH-,'2 I'IACHlNES 
"13,' 

JIBS"//,
c ' ,'IACHtNE 

"6X, 
'PROCESSTNG Tlt'lE',/r ORÐER',8X,'F0R EACH J}B"/,

c' ________,,5X,'-__------------')
FORi'1AT (tH , ' ONE Tt.lO ' ,9X,2F5.0)
F0RI'IAT (rH , 'TWo 0NE' ,9X,2F5,0)
FoRI'lAT(tH , ' 0NE oNLY',8X,2F5.0)
FOR|'IAT (lH ,'T140 oNLY' ,8X,2F5.0)
RETURN

END

K)
K)

CH

CH

7
ó

9
0
I
')
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c
c

c
c

L

Appendí x K

SABROA|IilE CHEAP

SUBROUT I NE CHEAP (I,1, N, ALLOC, FACTRY, WAREHO, COSTS)

II4PL IC IT INTEGER (A-Z)
c0t'1t'10N c0sr (loo, t0o) ,suPPLY (100) ,DET4AND (100)
TNTEGER ALLOC (1,1,N),Cosrs (f,'l,N),FAcrRY (14),ldAREH0 (N)

I NTEGER H I GH / 2I \7 \836\7 /
REAL TOTAL

CHEAPEST R0UTE t'lETH0D l

FILL UP THE CTLL WITH THE LOWEST COST FIRST AND SO ON

PRESERVE THE OR IG INAL PARAI'IETERS
cosT, SUPPLY 6 D 'IAND ARE CoPlE0 lNTo CoSTS, FACTRY E WAREHo

D0 I l=l 
'l'1

FACTRY ( l) =suPPLY ( l)
D0 I J=l'N
cosrs (l , J)=cosr (l ,J)

I ALLOC(l,J)=0
D0 2 J=l,N

2 WAREH0 (J) =Ðtl4ANÐ (J)

FrND THE LoWEST CoST 0N CoST l4AP I'CoSTSrl

I LOWE ST=C0STS (l,l)
R0hr= ì

c0L= l
D0 4 l=l,l'l
D0 4 J=l'N
r F (cosTs ( I , J) . GE. Lol,rEST) G0T0 4
L ot^rE sT=cosTs (r ,J)
R0I.l= |

C0L=J
4 CONT INUE

THI CHEAPEST ROUTE IS ASSIGNED WITH A HIGH VALUE NUI'IBER

AFTER BE ING USED

cosrs (Ro}.l, c0 L) =H IGH
ALLOC (Ror,r, COL) =¡1rNO (FACTRY (RoW),IJAREH0 (C0L) )
FACTRY (ROr,r) =FACTRY (ROw) -ALLoC (RoI.l, c0L)
wARExo (col-) =wAREH0 (c0L) -ALLoc (RoI.r' c0L)

c
c

c
c

c
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c
c
c

FIND THI NEXT CHEAPEST ROUTE IF THE REQUIREI.IENT OF WAREHOUSES

ANt) FACTORIES ARE NOT ¡TET

D0 ! l=l,l'1
5 rF (FAcrRY (r) .Gr.o) G0r0 3

D0 6 J=ì,N
6 r F (WAREH0 (J) . Gr . o) GoTo 3

CALCUTATE THE TOTAL COST FOR THE B.F.S IN CHEAPEST ROUTE

T0TAL=0.
D0 20 l=l 

'l'1D0 20 J=l 
'N2O TOTAL=TOTAL+F LOAT (COST ( I , J) 'IALLOC 

( I , J) )

wR rTE (6,2 r ) T0TAL
2l FORI'IAT ('O', 'T0TAL COST lN CHEAPEST ROUTE |'1ETH0D = ',E16'10)

OUTPUT THE ALLOCATION I'IATR IX

D0 l8 l-l,tl
r8 l.lRrrE (6, r9) (ALLoC (t ,J) ,J=l,N)
t9 FoR¡rAr(rx,33r4)

RETURN

END

c
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Appendi x I

SUBROATTilE EASTIIII

suBRouTrNE EAST|'IN (N, il AS, lD IST, ISD lST, IAS,JC0IIP,BFSD,BRANCH,R,C,P,
c TD, NARCS, SUBT)

c
c
c
c
c
c
c
c
c
c
c
c

c
c
c

E A STI'1 AN ALGOR ITHIl

c

L

c
c
c

SOLVE THE TRAVELING SALESI1AN PROELEI'l BY USING THE HUNGARIAN

ALGOR ITHi\ TO SOLVE THE ASSOC IATED ASS IGNI4ENT PROBLEI'l. SUBROUT INE

HUNGRY I'IUST BE SUPPL IED.

ID IST Ð ISTANCE I'IATR IX
IAS ASS IGNI'IENT I'IATR IX
¡10 I'1I N I I'lUI.l D I STANCE OF THE ASSOC I ATED ASS I GI'IENT PROBLEI'l

OPTSOL DISTANCE OF OPTII''ìAt FEASIBLE SOLUTION

l.lHEN N > I5, ALL THE III5II COI'IPONENTS IN THE DII'lENSION STATEI'1ENT

HAVE TO CHANGE TO THE VALUE OF N

vAR I ABLE I D I ST, KTEI'1P, I C0L, I CHECK, JCHECK CANN0T BE DYNAl.ll CALLY
ALLOCATED (ALL THE VARIABLES WITH DII'IENSION > ] AND APPEAR ON

THE READ STATEI'lENT HAVE A DIFFERTNT ADDRESS IN FORTRAN-77)

D['lrNsroN rAs (N) , rDrsr(15,t5), tsDtsr(N,N) ,Jcot4P(N),BFSD(N),
I I AS (N,t3o,N),BRANCH (N,r30),R (N'r30),C (N,r30),P (Nr.30),
t¡ 1¡rtl0) , to*rs 1¡rt30) , SUBT (N'r30) ,

KTEr'rp (15,l5) , tcoL (ì5) , tcHEcK (15) ,JcHEcK (r5)
I NTTGER BtG t1/999999999/
D0 2 l=l,N

2 READ (5, ?t) (lDlsT(l,J),J=l,N)
K0DE=0
l.lR I rE (6,5)
D0 3 l=l,N

3 }JRlrE (6,4) (l Ðlsr (l,J),J=l,N)
4 F0Rr4ÀT(r0r8)
5 FORtlAT (lH-, 'THE DISTANCE llATRlX¡')

SET I'1I N I I{UII TOTAL D I STANCE (OPTSOL) TO LARGE POS IT I VE NUI'IBER

0PTS0L=iEì0

CALL SUBROUTINE HUNGRY TO SOLVE THE ASSOCIATEO ASSIGNI'IENT PROBLEI'1

BY THE HUNGAR IAN I.IETHOD

I F AT LEAST ONE SUBTOUR EX I STS, SK IP TH IS STTP.
OTHERWISE, AN OPTIf{AL SOLUTION OF THE ASSIGNI{ENT PROBLEI'I IS THT

OPTITlAL SOLUTION OF THI TRAVELING SALESI,IAN PROBLI'4. STOP.

-oo-



c

c
c

CALL HUNGAR (N, I D I ST, KTEI'IP, I AS, I COL, I CHECK, JCHECK, ItI), KODE, ì)
D0 71 l=ì,N

7r Jc0^1P(r)=rAs(r)
D0 70 I l=2'N-2
D0 72 l=1,N
J=J c0¡1P ( | )
J c0r,1P (l)=lAs (J)
I F (JCoI4P (r) .EQ. r) c0T0 80

72 CoNTTNUE

70 coNT I NUE

G0T0 200

A SUBTOUR EXISTS OF WHICH WE HAVE THE SHORTEST. DETERI'IINE THE

PARAI'lETERS OF THE SHORTEST SUBTOUR

8o rARs= r r

INT=l
D0 701 KK=l , N

70r r r As ( r , KK) = r AS (KK)

K=l

BRANCH I NTO K SUBLTVELS

P(t¡=1
IPRED=l
G0T0 I t0

700 LL ì= IPRtD
il1 rF (P (LLr) .EQ. r)G0T0 1r2

LL2=R (LL I

LL3=ç 1¡t,
ISD IST (LL2 

' 
LL3) = | D I ST (112, LL3)

I D IST (112, LL3) =B lG t'î

Lt l=P (LL I )
G0T0 tìt

., ¡2 ¡¡2=p(LLl)
LL3=s 1¡t t,
lsD lsr (LL2, LL3) = | D lsr (L L2 

' 
LL3)

I D IST (112, LL3) =B lG l'1

I ARS=NARCS ( IPRED)
INT=SUBT(IPREÐ)

1 l0 | TERI4= I NT
D0 !0 lJ=l,lARS
I BEG I N= lTERI"ì
ITERI'I=I I AS (I PREÐ, I BEG lN)
K=K+l
R(K)=lBEGlN
c (K) = lTtRt{
I TEI'IP=l 0 I ST ( I BEG I N, I TERI'I)
lÐ IST (IBEG lN, ITERI'I) =B lG ta

SOLVE THE K SUBLEVELS AS NEW ASSIGNI'IENT PROBLEI1S, AND LET
EACH SOLUTION DISTANCE BE A LOWER BOUND FOR THE CORTSPONDING

SUBLEVE L

c

c

c
c
c
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L

125

73

cALL HUNGAR(N, IDIST,KTE|4P, r AS, I C0L, ICHECK,JCHECK,r,lD,KoDE,l)
TD (K) =r'10
P(K)=¡PPE¡
I D I ST (l BtG I N, ITERI'I) = lTEl'tP
D0 12! I'tl'l=l'N
I I As (K ,lll'1) = I AS (t414)

CONT INUE
D0 73 t=t,N
Jcol4P(l)=lAs(l)
CONT INUE
D0 75 I l=2,NN
D0 7l+ l=ì 

'N
J =J c0l'tP (l)
Jc0r4P(l)=lAs(J)
tF (Jco¡lP (r) .EQ. r) coro r3t
CONT I NUE

coNT tNut

IF THERE EXISTS I OR I'IORT FEASIBLE SOLUTIONS FROI.I PREVIOUS STEP

AND IF THE SI'IALLEST TOTAL DISTANCE FOR THAT FEASIBLE SOLUTION
lS S¡1ALLER THAN OPTS0L, SET OPTSOL = STD AND SAVE THE

CORRESPOND ING FEAS IBLE SOLUTION

rF (0PTsoL. Lr.rD (K) ) GoTo 130
0Prs0L=rD (K)

00 129 JJ=I,N
BFsÐ (J J) =lAs (JJ)
BRAN cH (K) =0
G0T0 90
BRAN cH (K) =l
suBr (K) = |

NARcs (K) =l I

CONT INUE
tF ( TPRED. EQ. r ) GorO r60
LLI=IPRED

c
c
c
c

7\
75

ì to
130

l3l

90

ì50 rF (P (LL1) .EQ.l) Goro 152
LL2=R (LLì)
LL3=c (LLl)
LLI=P (LLI)
lD lsr (LL2, LL3) = I SD IST (LL2 

' 
LL3)

G0T0 r50
t52 LL2=R (LLr)

LL3=s 1¡t t,
r D rsr (LL2, LL3) = rsD rsr (LL2, LL3)

r60 D0 r32 l=2,K
rF (BRANCH (r) .EQ.o) G0T0 132
r F (oPrsoL.Gr.TD (l)) Goro 134

132 CoNT rNUE

c
c
c
c

IF OPTSOL IS LESS THAN THE LOWER BOUNDS ON ALL OF THE UNEXPLORED

SUBLEVELS, THE SOLUTION CORTSPONDING TO OPTSOL IS AN OPTII'1AL
SOLUTION, SO STOP. OTHERI,IISE, GO TO NEXT STEP
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c

c
c
c

G0T0 ì35

SELECT THE UNEXPLORED SUBLEVEL WITH THE SI'IALLEST VALUE

F IND THE I.lINII'lUI'l DISTANCE FOR THI UNFEASIBLE NODES

SET THE INITIAL I'1INII'1AL NODE TO THE VALUE OF THE COUNTER

PREVIOUS LOOP, AND RETURN FOR FURTHER BRANCHING

I 34 I't I NND= I

D0 142 J=l,K
r F (BRANCH (J) . EQ.o) Goro 1À2

I F (TD (J) .LT.TD (I4I NND) ) IlI NND=J

t42 coNT tNuE
BRAN cH (l'11 NND) =0
IPRED=l'llNND
G0T0 700

135 WRrrE (6,222) 0PTS0L
222 FoRr,lAT (/ / , ' rHE oPT ll'lAL

D0 136 l=ì , N

l,lR trE (6,220) | , BFSD ( r)
220 FORI'IAT ( ' THE ASS IGNI'IENT
136 c0NT rNUE

c0T0 999

c
OUTPUT THE FINAL I'lINI'tlAL DìSTANCE
OUTPUT THE ASSIGNI'IENT FOR THE OPTII'1AL SOLUTION

IN THE

ts"Fì2.0)FEAS IBLT SOLUT I ON DISTANCE

FoR', t4,, ts ',F12.0)

L

c
c
I

THE SOLUTION TO THE ASSIGNÍ{ENT PROBLEI.l IS THE OPTITIAL SOLUTION

TO THE TRAVELING SALESI4AN PROBLEII

200 tüR rrE (6,20r)
20t FOR|'IAT (////5X, 'THE SoLUTI0N HAS N0 SUBToURS' ,//5X,

C ITHE OPTII'1AL SOLUTION OF THE ASSIGNI'IENT PROBLEI'l ISI,/5X'
C 'ALSO AN OPTIT4AL SOLUTION OF THE TRAVELING SALESI'1AN PROBLE14')

wR rrE (6, 202) 
^lD202 FORI4AT (5X, '|THt T0TAL l'1lNll'1AL DISTANCE lS"l8,//)

D0 201 l=l 
'N203 WRtrE (6,204) r,lAs

204 FORi4AT (5X, 'THE AS

999 RETURN

TND

t)
tcNt'lENT FOR 

" 
t4, ' ls 

" 
18)

(

s
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c

Append i x l,l

SUBROATTilE GAPTA

SUBROUT I NT GUPTA (NJ, NP,V, I O, JO, P, PAB, I CHK)

GUPTA ' S ITETHOD ( N JOB / I'1 I,IACH INE )

D II1ENS ION P (NJ , NP) , PAB (2, NJ) , V (NJ) , IO (NJ) , JO (NJ) , ICHK (NJ)

REAL BIG fi/|.89/
WRITE(6,I)NP,NJ

1 FoR|'lAT (tH-,13, ' I4ACHINES ',13,' J0BSr,/
C ' PROCESSING TIT,lE FOR EACH JOB ON PROCESS ',,/)

IF (NP. NE .2) THEN
D0 5 t=t,NJ
READ (5,¡r) (P (l ,J) ,J=l,NP)
vJR rrE (6, r0) r, (P (r ,J) ,J=r,NP)
v(l)=BlG t't

D0 6 J=l,NP-l
6 v(r)=AiltNt (v(t), (p (r,J)+p (t,J+t)))

r F (P (r, r) .Lr.P (r,NP))v(l)=-v(l)
5 v(l)=1./v(l)

CALL SORTX (NJ,V, IO)
ELSE

D0 I l=l'NJ
J0(l)=l
READ (5, ¡t) PAB (1 , l) , PAB (2, l)

I l.lRtrÊ (6,10) r,pAB (r, r),PAB (2, t)
cALL J0NS0N (NJ , r 0, J0, PAB, I CHK)

END IF
IO FORI'IAT(' JOB ',13'':"30F4.0)

wRrrE (6, r r) (10 (l),I=l,NJ)
I I F0RI'1AT ('00PTtt'lut'l SEQUENCE T0 lllNlr'1lZE T0TAL PRoCESSING Tlt'lE

c 20t\,/)
RETURN
END

lSzt , /
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Appendi x N

SA RRollT I l,l E HII l,lÊ AR

SUBROUT¡ NE HUNGAR (N, I I F, I EFF, I ROl.l, I COL, I CHECK, JCHECK,TOTAL, KODE,

C E STI'IAN)
c

c
c
c
c
c
c

c

c
c
c

A |4ETH00 F0R S0LVtNG THE GENERAL ¡1-RESoURCE, l'1-ACTIVITY
ASSIGNI,IENT PROBLEI'I FOR TOTAL IFFECTIVENESS. THE PROBLEI'l

I'IAY BE EITHER I'1IN II,lIZATION OR I'IAX I I'1I ZAT I ON . THE PROGRAI'I

USES INTEGER IN THE I'IATR I CES.

IIF
TOTAL OPT II'1AL COST OF ASS ION¡1ENTS

KODE O - I'IIN II'lIZATION PROBLEI1

I - f'lAX I I.I I ZAT I ON PRbBLEI4
ESTI'IAN SWITCH INDICATED CALL FROI.I SUBROUTINÊ EASTI'IN

tNTEGER |l F (ì5, r5), rEFF (N,N) , tRoþJ (N) , rcoL (N) , tcHEcK (N) ,
C JCHECK (N) ,TOTAL, ESTI1AN

rF (ESTr,tAN. EQ.o) THEN
I,lR t rE (6, 3)
D0 2 l=l,N
READ (5,¡r) (t l¡ (l ,¡) ,.1=l,H)
vJRITE (6' l) (llF (l,J),J=ì 

'N)I F oRI'1AT ( r X, 10 I 8)
2 CONT INUE

3 FORI'IAT (l H-, '0RlGlNAL l'lATRlX:')
END IF

CONSTRUCT THE EFFECTIVENESS I'IATRIX. IF TOTAL EFFECTIVENESS IS TO

BE 
''lAXII'IIZED, 

LET THE I'IATRIX BE THE NEGATIVE OF THE ORIGINAL
irlATRlX; OTHERÌ,IISE, THE l'lATR lX EQUALS THE 0RIGINAL l'lATRlx.

IF (KODE.EQ,O)THEN
D0 ll0 l=l,N
D0 I l0 J=l 

'Nìì0 IEFF (l,J)=l lF (l ,J)
ELSE

ALGORITH''l

r04 -

D0 r 20
D0 120
rEFr (l

l=l,N
J=ì,N

,J)=-llF(l,J)

c
c

END IF

F IND THE SI'lALLEST ELEI'lENT OF EACH RO}J AND SUBTRACT IT FROI'1 THE

OTHIR ELE}IENTS OF THE SAI,IE ROW

t 20



I

D0 2.l0 l=l,N
nlNRoI.l=IEFF(l,l)
D0 220 J=l'N
IF (IEFF (l ,J) . LE ,14l NRol,l) l'1lNRoW=IEFF (l ,J)

220 CONT I NUE

B0 210 Jl=l,N
rEFF (r , J r) =rEFF (r ,Jr) -r'1rNRow

2]O CONT INUE

FIND THE SI.IALLEST ELEfiENT OF EACH COLUA1N AND SUBTRACT IT FROII THE

OTHER ELEI4ENTS IN THE SAI'IE COLUI'IN

D0 300 J=l,N
I'tlNCOL=IEFF (l,J)
D0 310 l=1,N
rF (rEFF (t ,J) .LE.r'1rNCoL) nrNCoL=rEFF (r ,J)

3ro c0NTtNuE
D0 300 I l=l,N
I EFF ( | I , J) = IEFF ( I I , J) -l'11 NCOL

300 coNT rNUE

ROW ASS IGNI'lENTS
c
c
c

400 D0 410 l=l,N
rRow(r)=0

410 lcol(l)=0
N 0llAÐ E =0

420 L00P=0
NZER0S=0
D0 430 l=l , N

N 0ZR=0
rF (rRol.J(r).EQ.o) THEN
D0 440 J=l,N
r F (r col (J) . EQ.o) THEN
IF (IEFF (I,J) . EQ. O) THEN

N0ZR=N0ZR+l
NZER0S=NZER0S+l
N R PT=J
NREFF=l

END IF
END IF

440 coNT tNuE
rF (NozR.EQ. t)rHEN

lRo!.l(l)=NRPT
I c0L (NRPr) = I

N0l'tAD E =N 0l'14 D E+ 1

L00P=L 00P+ I

ENÐ IF
END IF

430 coNTtNuE

- t05 -

CO L UI'IN ASS IGNI,lENTS



D0 500 l=l,N
N0ZC=0
tF (rcoL(r).EQ.o)rHEN
D0 510 J=l,N
r F ( r Rot,l (J) . EQ. o) THEN
r F (r EFF (J, r) .EQ.o)THEN

N0ZC=N0ZC+l
NZER0S=NZER0S+ì
IRPT=J

END IF
TND IF

5t0 coNTINUE
I F (NoZC. E

lc0L
I Rol,l

.r)THEN
l)=l
IRPT)=l

a
(
(

c
c

N 0f,1AD E=Nof{A D E+ I
L 00P=100P+ 1

END IF
END IF

500 coNT tNUE

I F COI,IPLETE ASS IGNI.lENT HAS BEEN I'1ADE, RETURN

IF AT LEAST ONE ASIGNIlENT HAS BEEN I'1ADE, RETURN TO Rolll ASSIGNI'lENTS
TO I'lAKE ADD IT I ONAL ASS IGNI'îENTS.

rF (Nor'lADE.EQ.N) G0r0 ì500
r F (100P,NE.0) G0T0 420
r F (NZERoS, EQ.o) coT0 8oo

PICK AN ARBITRARY ZERO AND RETURN TO ROW ASSIGNIIENTS

I RovJ (NREFF) =NRPT
N0ilA D E=N0l1AD E+ I

ICOL (NRPT) =I
G0T0 420

CHECK FOR UNASSIGNED ROl,l

800 D0 8lo r=r,N
rcHEcK(r)=0
JcHEcK(l)=0
rF (rRo!.l(r).EQ.o) rcHEcK ( r)= I

8ìO 0ONT INUE

CHECK COLUI.INS THAT HAVE ZEROS IN CHECKED ROWS

900 NcHEcK=0
D0 910 l=l,N
I F (I CHECK (I) .NE.O) THEN

Ð0 !20 J=l,N
IF (JCHECK (J) . EQ, O) THEN
rF (rEFF (r,J).EQ.o) THEN

JcHEcK (J) =J
NCHECK=NCHECK+l

c
c
c

c
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0

I
9

END IF
ENt) IF
CONT INUE
END IF
CONT INUE

c
C CHECK ROVIS THAT HAVE ASSIGNI.IENTS IN CHECKED COLUÍ{NS

C REPEAT UNT I L CHA IN OF CHECK ING IS CO''IPLETED.
C ELE II'lINATE ALL UNCHECKED ROt,lS AND ALL CHECKED COLUI'INS

c
IF (NCH E CK . NE.O) THEN
Ð0 l0ì0 l=l ,N
IF (JCHECK (I) .GT. O) THEN

D0 1020 J=l , N

I F (JCHECK (I) .EQ. I ROI.I (J) ) THEN
lcHEcK (J) =J
NCHECK=NCHECK+ l

END I F

IO20 CONT INUE
ENl) IF

I0'l0 coNT I NUE

END IF
rF (NCHECK.NE,0) G0T0 9oo

C F IND THE IlINIIIUI'I UNI'IARKED ELEI1ENT

c
n t NE Lil=99999999
D0 1310 l=ì,N
I F (I CHECK (I) .NE.O)THEN
D0 1320 J=1 , N

rF (JcHEcK (J) . EQ. o) rHEN
rF (IEFF (l ,J) .LT.illNEL|,1) t'llNELl'l=IEFF (l ,J)

END IF
r 320 c0NT rNUt

END IF
I3I O CONT I NUE

C REDUCE ¡1ATRIX AND GOTO TO ROI,/ REDUCTIONS

c
D0 1400 l=l,N
D0 1400 J=l,N
I F (I CHECK (I) .GE.O)THEN

I F (ICHECK (I) .EQ,O)THEN
rF (JCHECK(J) .GT.0) IEFF (l,J)=IEFF (l,J)+t'llNELl,l

E LSE

END I

END IF
ì 400 coNT rNUt

G0T0 400

F (JcHEcK(J).EQ.0) rEFF (r,J) =rEFF (r,J)-nrNELr,l

CALCULATE TOTAL AND RETURN TO I'IAIN PROGRAI4
c
c
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D0 ì510 l=l,N
K=lRot,l(l)

ì5ro ToTAL=TOTAL+r r F (r,K)

c
r F (ESTI'IAN. EQ. o) TH EN

!.lR r rr (6, r 52o) rorAL
1520 FoRiilAT(tH0,5X, '|THE 0PTII'1AL S0LUTI0N 0F THE ASSIGNt'lENT

COTAL COST = ',18/)
D0 1530 l=l,N

l53o l..lRrrr (6, r54o) r, rRoì.l(r)
1540 FORI'IAT (lOX, 'THE ASS lGNI'IENT FOR | , 13, ' = ' , l8)

END IF
RETURN

END

PROBLEII I IS T

- r08 -



,,,;o,T,'Í,",1,,0,

SUBROUT I NT JONSON (N , I O, JO, PAB, I cHK)

JOHNSON I S I'IETHOD

Dil4ENSr0N r0(N),pAB(2,N), r cHK (N) , J0 (N)

K=N

J= I
D0 I l=l,N

r rcHK ( r) =o
2 l'1=0

D0 3 t=t,N
rF (rcHK (r) .EQ. r) coro 3
rF(r,1)4,4,5

5 rF (pAB(r, r) .cr.x.AND.pAB(2, r) .cr.x)c0T0 3
4 t'l= I

X=Ar'l1 NI (PAB (l, l),PAB (2, l))
L= I
I F (x. EQ. PAB (2, l) ) L=2

3 CoNT rNUE

IF (I,I.EQ.O) RETURN
I cHK (11) =l
tF(L-1)6,6,7

6 I0 (J) =Jo (tl)
J=J+l
GOTO 2

7 l0 (K) =J0 (fi)
K=K - I
GOTO 2

END
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c
c
c

c
c
c
c

Appendí x P

SABROUTI4IE IIAXIRO

SUBROUT INE I4AXTRD (N , P, I O, W)

t'lAX il,ltZE THE tltN il'lutl TARD INESS 0N 0NE PRoCtSS (SLACK RULE)

ASSUI'lE A BATCH OF JOBS WITH KNOvJ DUE DATES, COUNTID FROI'I TODAY,
AND KNOl,l OR ESTII'IATED PROCESS ING TII'IES. OUT OF ALL THE POSSIBLE
WAYS TO SEQUENCE THESE JOBS, CHOOSE THE SEQUENCE THAT I,IILL
I'IAX I I.1 I ZE THE 

''1I 

N I ItlUI'l TARD I NESS

ORÐER THE JOBS FROI4 LEFT TO RIGHT IN OROEROF INCREASING
(DUE DATE I.1I NUS PRocESS I NG T I I'lE) . STOP vlHEN THE OPT I ¡1AL

SEQUENCE HAS BEEN FOUND.

D I'IENS roN P (N) , r0 (N) ,t.l (N)

I F (P (l) .EQ.o.) READ (5,'r) (P (l)
tF (!r(t).EQ.o.) q¡¡s 15,*) (I.,(t)
I,JRlrE (6'5) ¡, 1P ¡1¡ ' 

t=l,N)
wRrrE (6,6) (vJ (r), r =r,N)
D0 I l=1,N

1 P (t) =|,r (t) _P (t)
CALL SORTX (N , P, I O)

wR r rE (6, 2)
2 FOR|'IAT (' OOPT I fiUt'l SEQUENCE T0 l'lAX I 14l ZE l,ll N I l4ul{ LATENESS' )

}tRlrE (6,3) (lo (l), l=l,N)
3 FoRr,lAT (201\,/)

D0 4 l=l,N
4 P(l)=w(l)-P(l)
5 FoR|'1AT(ìH-,,1 |IACHtNE |,13,' J}BSi,//,
c' PRoctsstNG T 'lES FoR EACH JoB: |,5u,2X,20F\.0, )

6 FoRI'IAT (tHo,'0uE DATEs FR0t'1 N0|,l F0R EAcH J0B:',5(/,2x,zoF\.0)
RETURN
END

I,N)
I , N)

- ll0 -



c
c

Appendi x I
SUBROUT INE I,III!TAI

SUBROUTI NE I'lI NLAT (N,P, IO,W)

I'1INII'lIZE THE NUI'IBER OF LATE JOBS, N JOBS ON ONE I'lACHINE

ASSUI'.IE A BATCH OF N JOBS WITH KNOWN DUE DATES D(I) AND

KNOV{N OR ESTII.IATID PROCESS ING TII'1ES P (I)

ORDER THE JOBS FROI'I LEFT TO RIGHT IN ORDER OF INCREASING DUE DATES

THAT IS, THE JOB }JITH THE EARLIEST DUE DATE IS ORDERED FIRST AND

THE JOB t.,ITH LATEST DUE DATE IS ORDERED LAST, THIS IS THE CURRENT

SEQUENCE

USING THE CURRENT SEQUENCE, FIND THE FIRST LATE JOB. IF ONE IS
FouND, SKtP THtS STEP. oTHERWISE, SToP - THE SEQUENCE lS oPTll'lAL

LOOK AT THE SUBSEQUENCE UP TO AND INCLUDING THE LATT JOB, FINO
THE JOB IN THIS SUBSEQUENCE WITH THE LARGEST PROCESSING TII.lE AND

REJECT IT. REPEAT THE PREVIOUS STEP

D tr,lENS t0N P (N) , r0 (N) ,w (N)

I F (P (l) .EQ.0.) REAo (5,t) (P (l), l=1,N)
r F (!\l(r) .EQ.0.) READ (5,'r) (I,r (t), t=t,N)
\,,RrrE (6,10) N, (P(r), r=r,N)
r.rR rrE (6, il ) (l,l(t), t=l,N)
CALL SORTX (N,W, IO)

F I ND LATE JOBS, I F ANY

NN=N- ì

NJ=N
ì T=0

D0 2 I=l,NJ
J=10(l)
T=T+P (J)

2 IF (T. GT. W (J) ) GOTO 6
wR trE (6 , 3)

3 F0R|'1AT ('O0PTtt'tut'l SEQUENCE T0 t'ltNl|ltZE NUI'iBER 0t LATE J0BS')
tJRITE (6'4) (10 (l) 

' l=l,N)
l+ FORI'1AT (201\,/)

NN=N-NJ
blRITE(6,5)NJ,NN

5 F0R|4AT(1H0, t3, I JoBS 0N Ttt'lE, ', t3, ' JoBS LATE')
RETURN
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c
L

c
REJECT LONGEST JOB

6 LATEST=l
D0 7 J=i, l

K=t0(J)
7 I F (P (LATEST) .LT.P (K) ) LATEST=J

J =LATE ST
LATEST=10(J)
NJ=NJ- I
HR ITE (6, 8) LATEST

I FOR|4AT (' oLATE JoB tS | , t3)
D0 g K=J, NN

9 l0(K)=10(K+l)
l0 (N) = LATE ST
GOTO 1

l0 FoRt'tAT(lH-, ' I IIACHtNE ¡,t3,1 J}BSI,//,
Cr PRoCESSING Tll'lES F0R EACH JoB:' ,5U,2X,20t\.0) )

rl FoR|'1AT (tH0,'DUE DATES FRor{ N0l,l F0R EACH J0B:' ,5(/,2X,2ot\.0)
END

- lt2 -



c
c
c
c

c
c

c

c

Appendí x B

saBRauTIilE MIilSCT

suBRouT rNE r'1r NscT (N, P, r0,l.,)

IiltNIt'ltZE SU¡l 0F Cot'lPLETt0N T 'lES 0R SUI'I 0F WAITING Tll'lES
ON ONE PROCESS

ASSUI'IE A BATCH OF JOBS W ITH KNOI.'N OR EST I I'IATED PROCESS I NG T I I'IES .

SEQUENCE JOBS IN SUCH A WAY THAT
t) THE SUtl 0F Col'lPLETl0N Tll'lES 0R
2) THE SUr'l 0F l,lArrrNG Tll'lEs rS r'1rNil'ilZtD.

ORDER THE JOBS FROI.I LEFT TO RIGHT IN ORDER OF INCREASING
PRoCESSTNG T['tE. ST0P WHEN THt oPTll'1AL SEQUENCE HAS BEEN FoUND.

D|I'IENS r0N P(N) , r0(N),w(N)
tF (p(r).EQ.0.)READ(5,,r) (P(r), r=r,N)
wRlrE (6, 1) N, (P (t) 

' t=l,tt)
I FoRÍ'lAT(lH-,'t fiACHtNE '|,t3,t JIBS!,//,
c' pR0cEsstNG T ,lES F0R EACH JoB:',5 (/,2X,20t\,0) )
CALL SORTX (N, P, IO)
lrR trE (6, 2)

2 F oRI'lAT ( ' OoPT I t'lA L SEQUENCT T0 14rN 'llZE SUlt 0F Col'lPLETI0N Tl¡lES')
I,lRrrE (6,3) (10 (l), l=l,N)

3 FoRr'rAT (20t\,/)
RETURN

END

SUBROUTINE SORTX

D il'lENS r 0N X (N) , I

K=l
| (K) =l

2 K=K+ I
I F (K. GT . N) RETURN

K K=K

(N, x, t)
(N)

| (K) =K
I KK=KK- I

IF (KK.EQ.O) GOTO 2

KKK= l (K K)

I F (x (KKK) . LE. X (K) ) G0r0
| (KK+ I ) =KKK
| (KK) =K
GOTO 3
END
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c
c
c

c
c
c
c
c
c
c
c

Appendí x S

sa&RaafIilE MI$rñ0

SUBROUTINE 14INTRÐ (N,P, I O,W)

T0 tltN 'llZt rHE tlAX '1Ut'1 TARDTNESS 0N 0NE PR0CESS

ASSUI1E A BATCH OF JOBS HITH KNOW DUE DATES, COUNTED FROI'I TODAY,
AND KNOI,IN OR EST II.IATED PROCESS ING T II ES. OUT OF ALL THE
p0ssrBLt l,lAYs T0 SEQUENCE THESE JoBS llE vJrSH T0 CHooSE THE

SEQUENCE THAT WtLL t'ltN 'ltZE THE t'lAX ll'Tutl TÀRDINESS 0N ANY GIVEN J0B

ORDER THE JOBS FROI'I LEFT TO RIGHT IN ORDER OF INCREASING DUT DATE

STOP WHEN THE OPTII.lAL STQUENCE HAS BEEN FOUND

D ll'IENS r0N P (N) , r0 (N) ,W (N)
I F (}l(l) .EQ.0.) READ (5,'t) (w(l), l=l,N)
l,lRlrE (6,3) N, (t.l(l), l=l,N)
CALL SORTX (N,W, IO)
l,JR t rE (6, 1)

r F0R¡lAT('00PTrr4AL SEQUENCE T0 r'lrNililZE r'1AX ll'lu¡1 TARDTNESS')
l,lRrrE (6,2) (ro (t), t=t,N)

2 F0R|4AT (20t\,/)
3 FOR|'IAT(tH-, ' I ¡'IACHtN ,t3,' J1BSi,//,
C' DUE DATES FR0¡1 Novl F0R EACH JoB¡',5 (/,2X,20t\.0) )

RTTURN
ENO
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c
c
c

c
c
c

c
c
c
c

c
c

Áppendi x T

sugßaat IilE ill¡tws

suBRoUT tNE r.lrNwTs (N, P, r0,I,t, t,,T)

¡'1tNtf'ltzE t\lE TGHTED SUt'l 0F C0I'1PLETl0N Tll'lES 0R
WEIGHTED SUIl OF WAITING TII'lES ON ONE PROCESS

ASSUI'IE THAT A GROUP OF JOBS vJITH KNOI,IN OR ESTII'.IATED PROCESSING
T If'lES P ( I) . SOI4E JOBS ARE I4ORE II'IPORTANT THAN OTHERS, SO

ASSIGN A POSITIVE WEIGHT W(I) TO EACH OF THT JOBS, THE GREATER

THE I,JEIGHT, THE I'IORE II'IPORTANT THE JOB. SEQUENCE THE JOBS IN
SUCH A l,/AY THAT THE WEIGHTEB SUI'I OF COI'IPLETION TII,IES IS
I' N ll'tl ZED.

ORDER THE JOBS FROI'I LEFT TO RIGHT IN ORDER OF THE INCREASING
RATIO P(I)/VJ(I), STOP VJHEN THIS IS THE OPTII'IAL SEQUENCE.

D ll'IENS r0N p (N) , r0 (N) , r,J (N) ,lJr (N)

rF (p(1) .EQ.0,)READ(5,,1) (P(r), r=r,N)
READ (5,,r) (}JT (l), l=ì,N)
!'lRlrE (6,5)N' (P(l)' l=l'N)
r,JRrrE (6,6) (l,Jr (r), r=r,N)
D0 I l=ì,N

I P(l)=P(l)/!\lr(l)
cALL SoRTX (N, P , r0)
wRtrE (6,2)

2 F0RI'IAT('00PTll4AL SEQUENCE T0 ¡1tNll'llZt W GHTTD SUr't 0F Cot'tPLETI'|,
c 'oN Ttt'lEs')
\,JRrrE (6,3) (ro (r), r=r,N)

3 FoRllAT(20r4,,/)
D0 4 l=l,N

À P(l)=P(l),rtl'r(¡)
5 F0RI'1AT(lH-, ' ì t'lACHtN ,t3,' JOBSi,//,
c' PRocEsstNG T 'tES F0R EACH JoB:' ,5(/,2X,20F\.01 )

6 F0R¡lAT (tH0, 'wE tcHTs F0R EAcH J0B: , ,S(/ ,2x,z}F\.0) )
RETURN

END
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Appendi t U

su8ß0aTIilE il¿082il

suBRouilNE NJoB2l'1 (N , T, s , T | fi t , T r t'12 , T0t'1r , T0r,12 ,osvE cr)

SEQUENC tNG N-J0BS THRoUGH 2 r.lACH rNES

T
T

c
c
c
c
c
c
L

c
L

c
c
c

r(r,r)
r(r,2)

I4E TO PRO

I'lE TO PRO

CESS JOB I ON I'lACH INE 1

CESS JOB I ON I'IACH INE 2

osvEcr opril'lAl SEQUENCE F0R PRoCESSTNG N JoBS THRU 2 |'IACHlNES
TII.lI,TOI'1ì TII'lE IN AND TII.IE OUT FOR I'IACHINE I FOR EACH JO8
TII.12,TO}12 TII'lE IN ANÐ TII'IE OUT FOR I'IACHINE 2 FOR EACH JOB
tTt tDLE T 'lE 0N l'lACH tNt I
ITI,12 IDLE TJI'lE ON I'IACHINE 2

D [1ENS r0N T (N,2) , s (N,2) ,r r'1ì (N) ,r rr42 (N) ,T0r4t (N) ,r0r42 (N)

REAL rTr'11, rTr12,BrG A/1.816/
INTEGER OSVT CT (N)

D0 ll l=l,N
I I READ 'r, (T (t ,J) ,J=t,2)

vJRrTE (6, r 00) N

100 FoR|'1AT(ìx,'SEQUENCtNG'' t4,', JoBS THRoUGH 2 llACHINESt,///,
C ¡ JOB PROCESSING TII4E PROCESSING TII'lEI,//,
c l2x, 't'lAcHtNE i 

"7x, 
't'lAcHlNt 2',,/)

D0 ì I=l,N
I wRITE (6, l0l ) l, (r (l ,J) , J=l ,2)

rol F0RrlAT (r 3,2F 16.2)

SAVE THE PROCESS ING TII'lE VALUES INTO ARRAY S

c

c
2l
2J
, J)

DO

DO

s(

L=

=l,N
=l ,2
=r(l,J)

SELECT THE SI'IALLEST T(I,J) OF THOSE NOT-YET-ASS IGNED JOBS

CALCULATE THE OPTII'1AL SEQUENCE AND PLACE IN OSVECT

I tF (r (l,l).cr.T (r,2) ) THEN
sl4ALt=T (l ,2)
IZER0=l
JZER0=2

c
L
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tLSt
S|,IALL=T (l,l)
IZER0=ì
JZER0= l

END IF

D0 5 l=2, N

D0 5 J=ì,2
IF (T (I ,J) . LT. SI'1A L L) THEN

Sl,lALL=T(l,J)
IZER0= |

JZERo=J
END IF

5 CoNT rNUE
c
c

c

lF JZERO = l, ASSIGN JOB IZER0 AS CLOSE T0 FR0NT AS POSSIBLE
OTHERWISE, ASSIGN IT AS CLOSE TO END AS POSSIBLE

r F (JZERo, EQ THEN

= r zERo
. t)
(K)

c
c
c

c
c
c
c

OSVECT
K=K+l

ELSE
OSVE CT (N - L+ I ) = | Z ERO

L=L+ I
END IF

ELII'lINATE JOB IZERO TROI'I FURTHER CONSIDERATION

T (lZERO,l)=B lG tl
T(lzER0,2)=BlG l'1

IF ALL JOBS HAVE BEEN ASSIGNEt), GOTO THE FOLLOWING STEP
OTHERVJISE, REPEAT AL PREVIOUS STEPS

r F (L+K . NE . N+2) G0T0 I
CATCULATE TII'lE IN E TII'lE OUT

Tlr'll (l)=0
ronr (r) =s (osvEcr (r) , r)
rl¡12 (ì) =T0fi1 (l)
T0t42 (l) =Tl ri12 (l) +S (osvEcr (l), 2)
rTr'12=Tilr2(r)

CALCULATE I DLE T II'lE FOR EACH I'lACH INE

D0 l0 K=2, N

T lr4l (K) =r0r4l (K-l)
T0t4 r (K)=rIr'1r (K)+s(osvEcT(K) , r)
lF (r0r12 (K-r) .GE.T0r41 (K) ) THEN

r I r'12 (K) =T0112 (K- I )
ELSE

T I 142 (K) =roil I (K)

lTl,t2= lTl'12+T0l'11 (K) -T0l'12 (K-l)

-il7-
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c

END IF
I 0 10142 (K) =T I rlz (K) +s (osvE cT (K) , 2)

I Tlt I =T0lr2 (N) -T0l1l (N)

PRINT SEQUENCE FOR EACH I'IACHINE

r,lR r TE (6, r 02)
102 FORl'lAT(lH-, ' 0PTll'1AL SEQUENCE F0LLOWS:')

l.,RlTt (6, ì03) (0SVEcT (l ), I =l,N)
r 03 F 0R|'1AT ( r X, 25 r 4)

r.rR r rE (6, 104) r0r12 (N)

104 FOR|'IAT (lH0,lX, TT0TAL ELAPSED TltlE ="F10.2)
t.lRtrE (6, t05) tÏ'11, trr'12

105 FOR|4AT(lH0,lX, ' lÐLE Tll'lE 0N ¡iACHINE | =t,F10.2,//
C 2X' ' lÐLE Tlt'lE 0N I'IACHlNE 2 =',F10.2)

RETURN
END
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c
c
c

c
c
c
L

c
c
c
c

a

c
c
c
c

Appendí x V

saBRùaTIfiE t{¿083il

suBR0uTrNE NJ0B3r1 (N,T,S,Tll.1t,Trr12,Trr'r3,T0r1r,T0r't2,T0l,13,0SVECT)

SEQUENC ING N-JOBS THROUGH 3 I'lACH INES

DETERI.lINE THE OPTII'IAL SEQUENCE OF N JOBS THROUGH 3 I'lACHINES
WHEN THE SI'lALLEST PROCESS ING T II'1E ON HACH INE I AND/OR f'1ACH INE 3
IS AT LEAST AS CREAT AS THE LARGEST PROCESSING TII'lE ON I'lACHINE 2

TIT4E TO PROCESS JOB
T I I'lE TO PROCESS JOB
T I I'1E TO PROCESS JOB

osvEcT oPT il'rAL SEQUENCE F0R
Ttt'11 ,T0t4t T ,tE tN AND Tll'lE oUT
Ttt'12,T01'12 Tlt4E tN AND Tlt'lE oUT
Tll'13,T0f13 Ttt'lE tN AND T ll'lE oUT
ITI4I IDLE TIf'lE ON I'IACHINE
ITI42 IDLE TIf'lE ON I.IACHINE
tTt13 tDLE Tlr'lE 0N I'IACHINE

PROCESS ING N JOBS THRU

FOR I'lACH INE ì FOR EACH

FOR I'lACH INE 2 FOR EACH
F0R t'lACH rNE 3 F0R EACH

l
2
?

NE

NE

NE

0N l'lACH

0N t'lACH

ON I,lACH

r(l,r)
r (r ,2)
r(t,3)

DO

DO

5(

I'lACH INES
OB

OB

OB

s (N,3),r14ì (N),Tü42 (N),
T0r42 (N) ,ru13 (N) ,ror13 (N)

6/REAL tTt'lI , tTt'12, tTt'13,8 I G t'\lì.tì
INTEGER OSVE CT (N)
I.lRrTE(6,roo)N

t00 F0RI4AT(tH-, 'SEQUENCtNG',I4, ' J0BS THR0UGH 3 tIACHtNES|,///,
c ' JoB PRoCESSTNG Tlt'tE PRoCESSTNG Tllllt,//,
c l2x, ¡tlAcHtNE l ',7x, 't'lAcHtNE 2',7X, 'I'IACHtNE 3',/)
Ð0 ìl i=l,N

ll READ ¡t,(T(l,J) ,J=l,3)
D0 I i=ì,N

I l.tRITE (6, lol) r, (r(l,J),J=Ì,3)
ror FoR|'1AT (r 3,3F r6. 2)

SAVE THE OR IG INAL PROCESS ING T II'1I VALUES INTO ARRAY S

D II'IENS ION T (N,
c T0r'11

3),
(N)

2

2 l=l,N
2 J=l,3
,J)=r(l,J)

c
c
c

CONVERT TO A 2-T'IACH INE PROBLTI'1

- lt9 -



DO

rt
3 r(

K--

Ð0
DO

IF

3 l=l,N
,l)=r(t,t)+r(t,2)
,2) =r (t ,2) +r ( t ,3)

usE NJ0B2|'1 ALGoRtTHt'l T0 F tND THE oPT. SEQ 0F
THE NEv./ N.JOB,2-I'1ACH INE PROBLEIl

SELECT THI SI'IALLEST T(I,J) OF THOSE NOT-YET-ASS I GNED JOBS
CALCULATE THE OPTII'1AL SEQUENCE ANB PLACE IN OSVECT

I rF (T(r,r).Gr.r(r,2) )rHEN
sr'lAL L=T (t ,2)
IZER0=l
JZER0=2

ELSE
S¡14 L L=T (l ,l)
IZER0=l
JZER0=l

TND IF

! l=2,N
5
(r J)

(t

J=l ,2
.GE.Sr'lALL) coTo 5
, J)

c

c
c

Sl'ìALL=T
IZER0= |

JZERO=J

5 CoNT rNUE

lF JZERo = l, ASSIGN JoB IZERo AS CLoSE T0 FRoNT AS PoSSIBLE
OTHERWISE, ASSIGN IT AS CLOSE TO END AS POSSIBLE

I F (JZERO. EQ , r)
(K)

TH EN

= I ZER0

c
c
c

0svE cT
K=K+ l

ELSE
osvEcT(N-L+l)=lZERo
L=L+l

END IF

EL I¡lINATE JOB IZERO FROI'I FURTHER CONS IDERATION

T(lZERo,ì)=Blc l'1

T(lzERo,2)=BlG r,1

IF ALL JOBS HAVE BEEN ASSIGNED, GOTO THI FOLLOWING STEP
OTHERHISE, REPEAT AL PREVIOUS STEPS

rF (L+K.NE,N+2)G0T0 I
CALCULATE T I'i1E IN E T II',IE OUT

T lrll (ì)=0
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=s (osvEcr (r) , r)
=T0l'1.|
=T I t'12 +s(osvEcr(l),2)

+s (osvEcr (ì) ,3)
=T01.12

=T ltl3
lTt42=T I 1,12 (l )
I Tl'13=T I il3 (1)

CALCULATE IDLE TII'1E FOR TACH I.lACHINT

D0 l2 K=2, N

rll.1ì (K) =T0r1ì (K-l)
r0¡11 (K) =r I f4l (K) +s (osvE cr (K) , I )
rF (T0¡12 (K-r) .cE.T0r'1r (K))THEN

r I r,12 (K) =T0r,12 (K- I )
ELSE

r I ¡12 (K) =rofi I (K)

I Tr't2= lTl'12+T0l'11 (K) -T01.12 (K- I )
END IF
r0r,12 (K) =T r,,12 (K) +S (0SVECT (K) ,2)
r F (r0r'13 (K-r) .GE.r0r'12 (K) ) THEN

r I t43 (K) =r0n3 (K- l)
ELSE

T L43 (K) =T0ñ2 (K)
I TllJ= ¡1¡3*t't2 (K) -T0f13 (K- I )

END IF
ì2 r0r'13 (K) =r I r,l3 (K) +s (osvE cr (K) ,3)

r Tr'11 =r0r,r3 (N) -T0r,1r (N)

I Tlt2= I T1,12+T0l'13 (N) -T0112 (N)

PRINT SEQUENCE FOR EACH I'lACHINE

l,¿R r TE (6, r 02)
102 F0R¡1AT(lH-, ' 0PTlllAL SEQUTNCE F0LLOI.IS:')

r,rRlrE (6, 103) (osvEcr (l) , l=l,N)
r03 FoRr'lAr (ìx,25r4)

wR r rE (6, 104) r0r,13 (N)

104 FORl.tAT (1H0,lX, 'TOTAL ELAPSED Tll'lE =',F10.2)
wRrTE (6, r05) rTr'rì, rTr'12, rTr'13

ì05 FOR|.IAT (1H0,lx, ' IDLE Tll'lt 0N l'lAcHlNE 1 =',t10.2,//
C 2X, I IDLE Tll'lE 0N llACHlNt 2 =t,F10,2,//
C 2X, r IDLE Tll'lE 0N I'IACHlNE 3 =',F10.2 )

t,lR I rE (6, t 06)
106 FoR^lAT (l H-, l 3X,' |'IACH t NE t', 1 3X,' |4ACH t NE 2t, 1 3X,' t'tACH t NE 3',,/

c I tx, tTlt'lE |,5 (7X, 'T ,îE') ,/lX,,JoBr ,3 (8X, ' tN' ,gX,'oUT') ,/)
00 ]4 l=l,N

r4 t,JRrrE (6,r20) osvEcr(r),rll4r(r),T0r4r(r),T¡r42(r),T0r42(t),rll,13(t),
c r0r43 (r)

r20 FoRr'lAr (r 4,6F r ì .2)
RETURN

END

T0r4t (

T $42 (

T0r12 (

T rr.13 (

T0r43 (

c
u

c

c
c
c
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c
c
L

L
L

c
c
c
c
c

Appendi x N

SU Rfro|f I ll E I'|0RT llltl

SUBROUT INE NORTHW (I4, N, ALLOC, FACTRY,\,,AREHO)
If'lPL I C IT INTEGER (A-Z)
I NTEGER ALLOC (I,1,N), FACTRY (T4),I.IAREHO (N)

REAL TOTAL
c0r.1r'10N cosr (r00, t00) ,suppLy (100) ,DE¡1AND (r00)

NORTH-WEST CORNER I,IETHOD :

ALWAYS START FROI'I POSITION (I,I) AS A CONVENTIONAL START PT
(AS A I.IATTTR OF FACT, START FROI'I SOUTH-EAST IS PERFECTLY
ALL RIGHT, JUST AN ARBITARY POSITION)

PRESERVE THE OR IG INAL PARAI4ETERS
COST, SUPPLY E DEI'IAND ARE COPIED INTO COSTS, FACTRY E WAREHO

D0 I l='|,14
FACTRY(¡)=SUPPLY(l)
D0 I J=l 

'NI ALL0C (l , J) =0
D0 2 J=l,N

2 WAREH0 (J) =DEnAND (J)
C0L=l
R0W= ì

RANK = til N ['1Ut4 (Rol,l, CoL)

RANK=lt I N0 (lr, N)
D0 l0 lT=I,RANK

SUI'ICOL = SUl4 0F FACT0RY (l) T0 FACTORY (lT)
SU¡IRO|J = SUI{ 0F UAREHOUSE (l) T0 l.lAREHoSE (lT)

S Ul''lC 0 L=0
¡g I t-l,RO}l

3 SU|ïCOL=SUl'tC0L+ALLoC ( I, C0L)
SUllR0W=0
D0 4 J=l,cOL

4 s ur,lRow=S ur'rRow+A t Loc (Ro!l, J)

TAKE THE I'lINI''TUI{ OF SUPPLY ¿ DEI'lAND AT ALLOCATION (I ,J)

ALLoC (RoW, C0L) =r'1rN0 (FACTRY (Rohr) -SU|4Rol,l,WAREH0 (C0L) -SUt4C0L)

HIT LAST ROt.l OR COL?
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c
c

L

c
L

c
c
c

I F (ROW. EQ.RANK. ANI).I'I. LE.N . OR, COL. EQ.RANK.AND.N. LE.I'1) GOTO ì ]
IF(IT.EQ.RANK) GOTO ]I

FILL UP ALLOC(I+I,J) OR ALLOC(I,J+I) DEPENDS ON THE RII'1 COÑOITION

r F (ALL0C (Rol,l,c0L) .LT.FACTRY (RoW) ) G0T0 7

FULF IL THE l./AREHOUSE (I) REQUIRENENT

! sur'tcoL=sur'1c01+ALLOc (Rol.l, c0 L)
r F (sur4c0L. EQ.wAREH0 (c0L) ) c0r0 6
ALL0C (RoW+r, CoL) =r'1rN0 (WAREH0 (C0L) -SU¡1C01, FACTRY (Rot,J+ r ) )
R0W=R0W+ I
G0T0 5

6 co L=co L+ I
G0T0 l0

SEND OUT FACTORY (I) PROÐUCT ION

7 S ut'lR0w=S Ul{R0w+A L LOc (ROl.,l, c0L)
rF (sur4Row.rQ.FAcrRy (Rot,J) ) c0r0 I
ALLoC (RoW, C0 L+ 1) =¡ ¡¡¡9 (FACTRY (RoI.l) -SU|'1RoW, v{AREH0 (C0L+ r ) )
C0 L=C0 L+ I
GOTO 7

I Row=Ro}J+ l
IO CONT INUE

F ILL UP THE REI.IA IN ING ROI,I

I I SUfl=O
rF (f4. Gr. N) G0T0 r4
D0 l2 J=l , C0L
RPI=C0L+l

l2 SUl,l=SUll+ALLOC (RANK, J)
D0 ìl J=RP1,N
ALL0c (RANK, J) =l,lIN0 (FACTRY (RAN K) -S Ul'l, WARE H0 (J))

I I SUI'1=SUl'l+ALL0c (RANK, J)
G0T0 r 7

F I LL UP THE REI'IA IN ING COL

l4 D0 ì5 l=1,RoÌ.l
l! SUI'I=SUt'l+ALL0c ( I , RANK)

RP I =RoW+l
D0 l6 l=RPl,l'î
ALL0c (l,RANK) =¡¡¡s (wAREH0 (RANK) -sUr4,FACTRY (l) )

I 6 SUl4=SUl'l+ALL0c ( I, RANK)

i7 coNTTNUE

CALCULATE THE TOTAL COST FOR THE B.F.S IN NORTH-WEST I'IETHOD

c
c

c
c
c

L

c
c
c
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D0 20 l=l,l'l
D0 20 J=l,N

20 T0TAL=T0TAL+FL0AT(c0ST(l,J)'rALL0C (l,J))
l,lRrrE (6,2r)TorAL

2l toRÍ'1AT ('0', TToTAL coST lN NoRTH-|.IEST CoRNER |'lETHoD = ',E'l6.10)

OUTPUT THE ALLOCAT ION I'IATR IX

D0 r8 r=ì,rl
l8 !.lRITE (6, ì9) (ALLoc (l,J) ,J=l,N)
ì 9 FoR¡1AT (r X,33 r4)

RETURN

END
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Appendí t X

SABROATTilE PER|

SUBROUT INE PERT (I'1, N, C, CPATH, SD, ET, LT, SL, S IGTE, F LAG)
c
L

L

c
c
c
c
c

c
c
c
c

c
c
c

c
c
c

c
c
c
c
c
c

c
c
c
c

l)

P E RT
OUTPUT:

DITERI,lINE THE CRITICAL PATH IN A PERT NETI,IORK ANO I.lILL PROVIDE
THE PROBABILITY OF COI'IPLETING EACH EVENT ON OR BEFORE ÏHE
SCHEDULED COI'IPLET ION T II,lE.

I NPUT:

c (N,7) : 0ESCR IPT l0N 0F THE NEToRK

l'1

N

. ACT I V I TY FROI.I EVENT I

- ACTIVITY TO EVENT J
,3) - oPTU,lrSTrC C0¡1PLtTr0N T U'lE F0R ACTIVTTY (r,J)
,4) - I4OST LIKELY CO¡1PLETION TII'lE FOR ACTIVITY(I,J)
,5) - PESSll'lrSTrC Cor'lpLETt0N Tt¡lE F0R ACTtVtry(t,J)
,6) - ESTII'IATEI) I'IEAN COI'IPLETION TII'IE FOR ACTIVITY (I ,J)
,7) - ESTTT4ATED VARTANCE 0F Col'lPLETr0N Tl|lt 0F ACTtVTTY(r,J)

- r'lAX çlutl # 0F EVENTS 0N NETWoRK
- I.IAX I¡1UI4 # OF ACTIVITIES ON NETVJORK

sD (J) - SCHEDULED C0filPLETt0N T['1E FoR EVENT J

INTERI'IED IATE VAR IABLES:

- EARLIEST EXPECTED COI4PLETION TI¡lE OF EVENT J. LATEST ALLOl,lABLE EVENT COI,IPLETION TII.lE FOR EVENT I

SIGTE (},I) - SU}l OF VARIANCES OF ACTIVITY TII'lE IN PATH USED TO

CALCULATE ET (J)
CPATH (N) - CR IT I CAL PATH

INTEGER I'l,N,CPATH (N) ,FLAG (N)

REAL c (N, 7),SD 04), ET 0,1), LT (r,t),SL 04),S r crr 04),
BtG r'1lr .E 12,/, ERRoR/t .E-4,/
l=l,N

G,,t) (c (t,.t) ,.t=t,5¡
(l)=o

CALCULATE ESTII'IATED I.IEAN COI'IPLETION TI14E OF ACTIVITY T(I,J)

_125_

ET
LT

04)
(14)

c
D0r
READ

F LAG

c
L



c
c

CALCULATE ESTIIIATED VARIANCE OF COI'IPLETION TI}1E FOR EACH

EVÊNT VT (I ,J)

l,lR rTE (6, 2)
2 F0Rt'tAT(lH-,3rX 'P E R 1"//,
c6x, ì t',9x,' J,, tox,'A',9x,,l'lt,9x, tB,,6x,'T(l,J) vr (t,J) r,/)

D0 3 t=t,N
c (1,6) = (c (r,3)+4.,tc (t,4)+c (t,Ð) /6.
c(t,7)=(c(1,5)¡t¡tz - z,rc(t,5)'rc(t,3) + c(t,3) **2) /36,

3 wRlrE (6,4) (c(t,.t),.1=t,7¡
4 F0Rr,rAr (7F lo.3)

CALCALATE EARLIEST EXPECTED CO¡TPLETION TII'lE FOR EVENT J - ET (J)

Er(l)=0.
slcTE(l)=0.
D0 6 J=2,n
Tl'1AX=0,
S I Gl,tAX=0 .
s9 5 K=trN
IF(C(K,2),EQ.J)THEN

Er (J) =Er (c (K, t ) ) +c (K, 6)
s r GTE (J) =s I crE (c 1¡1, 1) ) +c (K, 7)
IF (ET (J) .GT.TI'lAX) THEN

TI4AX=ET (J)
S I cllAx=S I GTE (J)

END IF
END IF

5 C0NT r NUE

ET (J) =T¡1AX
S I GTE (J)=S lGl'lAX

6 CONT INUE

CALCULATE LATEST ALLOl,/ABLE COI'IPLETION TII'1E FOR EVENT J - LT (J)

Lr (r'1) =Er (fi)
sD (n) =Lr (t'T)

D0 I r=r1-r,r,-r
Tlç1lN=BlG t4

00 7 K=N,1,-l
r F (c (K, r) . EQ. r) rHEN

Lr (l) =¡1 (c(K,2))-c(K'6)
I F (LT (I ) .LT.TNI N) TI,II N=LT (I)

END IF
7 CoNT rNUE

LT(l)=T^1lN
8 CONTINUE

CALCULATE SLACK TIf'lE FOR EACH EVTNT J - SL(J)

l,lR trE (6,9)
9 toRl\A-t (/ /,l9x, ¡ EARLI EST',9X,' LATEST''
c /,7x, ' EVENTT, t lX,'TtÍ'lE 

" 
I tX, '|Tlt'lE 

| ,IoX, TSLACK'|)

D0 l0 J=l,I't
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c

sL (J) =Lr (J) -Er (J)
r0 wRrrE(6,ìr)J,Er(J) , Lr (J) , sL (J)
ì I F0Rr,lAr (/7x,t5,3Fr5.3)

FIND ACTIVITTES ON CRITICAL PATH

D0 I2 K=l,N
l=c(K,l)
J=c (K, 2)
tF(
tF(
tF(

(Lr (r) -Er
(LT (J) -TT
(TT (J) -ET
(LT (J) -LT

END

END

L

ABS

ABS

ABS
ABS

IF
IF

(l
(¡
(l
(r

-SL (fl) ) . LE. ERROR) THEN

-SL (I,I) ) . LT. ERROR) THEN
-tT (J) +LT ( I) ) . LE. ERROR. AND.
-c (K,6) ) . LE. ERR0R) FLAG(K)=r

12 CONT INUE
CPATH(l)=1
KP=l'
D0 l4 K=ì,N
l=c (K, ì)
J=c (K, 2)
IF (FLAG (K) . NE. O) THEN
rF (r.EQ.cPArH (K P) ) THEN

Kp=K p+ I

CPATH (KP) =J
END IF
END IF

] 4 CONT INUE
wRrrE (6,l5) (cPArH (l) , t=1, KP)

l5 FoR|'1AT (//5X,'CRtlt CAL PATH', r5t4)

CALCULATE CRITICAL VALUE OF CUI'IULATIVE N(O,I) DISTRIBUTION
TO DETERI'lINE PROBABILITY OF COI.IPLETING EVENT BEFORE SCHEDULED
c0t'1P L ET r0N T ll'tE

I'lDNOR - NORI4AL PROBABILITY DISTRIBUTION FUNCTION (II'1SL LIBRARY)

READ (5,¡r,END=999) (SD (t) , t=t,r,1)
I.lR I rE (6, t6)

t 6 FoRtlAT (/ / 19X,' tARL t EST', 1 2X,' DUE 

" 
9X,' PRoBA- 

"c /7x,'EVENT|,llX,rT 'lE',llX,rDATE,,9X,'BtLtTY')
D0 l7 K=2,1't
x= (sD (K) -Er (K) ) /sQRT (s tcrE (K) )
CALL I'IDNOR (X, PROB)

r7 I^,RrrE (6, ìr)K,Er (K) ,sD (K) ,PRoB
999 RETURN

END

c

c
c
c
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c
c
c
c
c
c

c
c
c
c
c

Appendi x Y

SABROATIilE VAIII

SUBROUTINE VAI'II (I'I,N,ALtOC,COSTS,FACTRY,WAREHO,VAI'IROI,J,VAI4COL)

I I'lPL I CIT I NTEGER (A-Z)
c0l'ü40N cosr(r00, i00) ,supply (100),DEI4ANÐ (ì00)
T NTEGER ALLoC (r'1,N),CoSTS (t4,N),FACTRY (t'1),WAREHo (N),

c vAt'tRow (t4) , vAr4col (N)

I NTEGER H I GH / 2I \7 \836\7 /
REAL TOTAL

t'100 1F IED V.A.l'1, fiETHoDr

CALCULATE THE VAII NUA1BERS BY TAKING THI DIFFERENCE BETWEEN THE

CHEAPEST ROUTT AND THE SECOND CHEAPEST ROUTE.
P ICK UP THE H IGHEST VAI.I NUI'1BER AI.IONG THE ROI.,S ANÐ COLUI'INS

FILL UP THAT ROW OR COLUI1N FRO''I THE CHEAPEST COST.
IF A TIE IS FOUND ON THE VAf'1 NUI.IBERS, TEST THOSE ROWS/COLS
WITH THE BECTORIS NUI'IBER, TAKE THE ROUTE I,JITH THE HIGHEST
BECTOR NUI'IBER.

PRESERVE THE OR IG INAL PARAI'IETERS
COST, SUPPLY 6 DEI'IANO ARE COPIED INTO COSTS, FACTRY E WAREHO

D0 I l=l,t'l
FACTRY ( l) =SUPPLY (l)
D0 I J=l 

'Ncosrs(t,J)=cosT(t,J)
1 ALLOC(l,J)=0

D0 2 J=l,N
2 WAREH0 (J) =DEnAND (J)

GENERATT THE VAI'I NUI1BERS FOR ROI,,S

3 D0 6 l=1,14
I F (F ACTRY ( I ) . EQ. 0) vAilRovJ ( | ) =0
rF (FAcrRY (r) .EQ.o) c0r0 6

LollEST=lllN0 (cosTs (1, l),cosrs (1,2) )
LowER=r,rAXo (cosrs (r , r) ,cosTs (r,2) )

D0 5 J=3,N
r F (cosrs (r,J) .cE.Lor.JrsT) G0T0 4

L 0l.lE R= L0WE ST

LoWEST=C0STS (l ,J)
G0T0 5

4 rF (cosTs (r,J) .cE.LowER)c0r0 5
LowER=cosrs (l,J)

- r28 -
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c
c
c

5 CoNT I NUE

rF (Lor,tER. EQ. H r GH) LoWER=o
rF ( LowE sT . E Q. H r GH) Loll,E ST=o
VAI,IROW ( I ) = I ABS (LOWER-LOWEST)

6 CONTINUE

GENERATE THE VAIT NUI'IBERS FOR COLUI,INS

D0 I J=l,N
I F (t.lAREHO (J) , EQ. O) VAilCOL (J) =O
r F (WAREH0 (J) . EQ. o) GoTo 9
L0wESr=r'llN0 (c0sTs (l , J) , c0sTs (2, J) )
L0WER=l'14x0 (c0srs ( I , J) , c0srs (2 , J) )
D0 g t=3,tl
r F (cosrs (r,J),GE.Lot,EsT) G0T0 7
L0WER=t0WEsT
LowEsT=cosTs (r,J)
GOTO 8

7 rF (Cosrs (r,J).GE.LowER)G0r0 I
L0WER=CoSTS (l,J)

8 CONTINUE
r F (L0WER. EQ. H I GH) Lol,rER=0
lF (LOwEST. EQ. H IGH) LOVJEST=0

vAl,lc0L (J) = I ABS (LOWER-LOWEST)
g coNTtNuE

F IND THE H IGHEST VAA1 # FROI,I VAÍ'IROW E VANCOL

H I GH ì =VAl'lR0w (l )
D0 l0 l=2,1'l
IF (vAl4ROw ( I ) , GT, H I GH l ) H I GH i =vAltROw ( | )

IO CONT INUE
H lGH2=vAllcOL (l)
D0 ì1 J=2,N
r F (vAt'lco1 (J) .GT.H r GH2) Hr GH2=VA|,1C0L (J)

]I CONTINUE

F IND THE H IGHEST FROI,I H IGH ] E H IGH2

T0PVAI'l=l,tAX0 (H I GH I, H I GH2)

INTO HIGHì 6 HIGH2

R0W=0
C0L=0

c
c

THE H TGHEST VÀr'l # rS UN rQUE ?

VAI'1CT=0
D0 l2 l=l,l,t
tF (vAt4Row ( r ) , LT . ToPVArl) G0T0 r2
VAI'tCT=VAl'tCT+ 1

R0W= I

]2 CONT I NUE

r F (vAl'tcT. GT. r ) G0T0 20
D0 l3 J=l'N
rF (vAr'1c01 (J) . Lr.ToPvAr4) G0r0 r 3
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c

c
c

VAIICT=VAllCT+I
C0 L=J

t3 coNTtNUE
r F (vArlcr. EQ. r ) coTo 60

CHECK I F THERE ARE VA''l NUI'IBERS THAT I.IAKE A T I E

USE BECTOR NUI'IBERS TO DETERI.IINE t.,H ICH ROW OR COL

20 ToPB E C=0
R0l,J=0

rF (ToPVAr.r. GT. H r GH r ) G0T0 50

HIGHEST VAI1 NUI'IBER FOUND ON ROWS

D0 4l l=1,1,ì
r F (vAr'lRow (r ) .LT.TopvAr'l) G0T0 4ì
BECTOR=RANGE (¡4, N , I ,O) 'IFACTRY 

(I)
IF (B E CTOR. LT. TOP B E C) GOTO 4I
T0PBEC=BECT0R
ROW= |

4] CONT INUE

H IGHEST VAI'I NUI'IBER FOUND ON COLS

50 rF (ToPVAr'l,GT,HlGH2) GoTo 60
D0 !l J=l 

'NrF (vAr4col (J) ,LT,TopVAt'l) G0T0 5',1

B E CToR=RANG E (14,N,0,J) ¡IWAREH0 (J)
IF (BECTOR. tT.TOPBEC) GOTO 5I
T0PBEC=BECTOR
C0L=J
R0W=0

51 CoNT rNUE

DETERI'lINE THE H IGHEST BECTOR NUI'IBER IS ON ROI,I OR COL

60 rF (coL,NE.o) Goro 7o

HIGHEST BTCTOR NUI'IBER IS ON ROl.l

THEN PICKUP THE LOWEST ENTRY ON THAT ROt.l

6l L0w=cosTs (Row, 1)
C0L= l
D0 62 J=2, N

rF (cosTs (Rot,J,J) .GE.Loì,r) G0r0 62
L0t.l=c0STS (ROt.l, J)
C0L=J

62 CONT INUE
cOsrs (ROtt, c0L) =H IGH
ALL0c (Rot,l,c0L) =r'1rN0 (FAcrRy (Ro!,r),WAREH0 (c0L) )
FACTRY (ROt.l) =FACTRY (ROl,l) -ALLOC (ROt.,,COL)

WAREH0 (c0L) =r,rAREHo (CoL) -ALLoC (RoW, C0L)
IF (FACTRY (ROt,/) .GT.O) GOTO 6I

c
c
c

c
c
c

L

c
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L

c
c
c

G0T0 95

HIGHEST BECTOR NU¡1BER IS ON COL

PICKUP THE LOWEST ENTRY ON THE COL

7o L0I,l=c0STS (l , c0L)
R0W= I
D0 7l l=2,14
rF (cosrs (r , coL) .GE. LovJ) Goro 7l
L0w=coSTs (l , c0L)
R0ll= |

7r coNTTNUE
cosrs (Row' cot-¡ =¡ ¡ot
ALL0C (ROt,i,cOL) =l4lNo (FACTRY (Ro\.l) ,WAREH0 (c0L))
FACTRY (RO!.I) =FACTRY (R0w) -ALLOc (R0t,,l, cOL)
!|/lAREHo (coL) =\,JAREH0 (coL) -ALL0c (Roll, c0 L)

rF (vlAREH0 (c0L) .GT.o) G0r0 7o
G0r0 95

8o cosrs (Roli, coL) =H rcH
ALLOC (ROt,l, COt) =t'il NO (FACTRY (RoW) ,WAREH0 (C0L) )
FAcTRy (RoW) =FACTRy (Rott) -ALL0c (Rotl,c0L)
trrAREH0 (CoL) =|4IAREH0 (C0L) -ALL0C (Rov{, C0 L)

CHECK TO SEE IF ALL CONDITIONS FOR DEI1AND E SUPPLY ARE

95 D0 96 l=l'fi
96 rF (FAcrRY (r) .Gr.o) Goro 3

D0 !/ J=1'N
97 tF (l^lAREH0 (J) .Gr.0) G0r0 3

CALCULATE THE TOTAL COST FOR THE B.F.S IN VAf{ ROUTE

T0TAL=0.
D0 .l00 l=l,l'1
D0 ì00 J=1,N

100 T0TA L=ToTA L+F LoAT (cosT (l ,J),tALLoc (l ,J) )
l.¿RrrE (6, rol)T0TAL

l0t FoRt'tAT('0"TToTAL CoST lN l'10DlF IED V.A,l'1 flETHoD = ',El6.l0)

OUTPUT THE ALLOCAT ION I'IATRIX

D0 98 l=1,fi
98 WRrrE (6,99) (ALLoc (l,J) ,J=l,N)
99 FoRr4Ar(rx,33r4)

RETURN
END

FULF ILLED

c
c
c

c
c
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c
c
c
c

c
c
c
c
c

L

Appendi x Z

SABNOAT IilE V AI,I2

SUBROUT I N E VAI.12 (I1, N, AL LOC, COSTS, F ACTRY, WAREHO, VAI'IROW, VAI,ICOL)
I I'lPL I C IT I NTEGER (A-Z)
cor'lt'loN c0sT(100,100) ,suPPLY (r00) ,DEfIAND (r00)
tNTEGER ALL0c (r4, N) ,cosrs (r4,N),FAcrRy (r1) ,I.IAREH0 (N),

c vAr'lRot,l (n) , vArlcoL (N)

r NTEGER H t cH/ 21 47 \836\7 /
REAL TOTAL,ZEROIo./

CONVENT I ONAL V,A.I'1. I'IETHOD:

CALCULATE THT VAI'I NUI.IBERS BY TAKING THE DIFFERENCE BETWEEN THE
CHIAPEST ROUTE AND THE STCOND CHEAPEST ROUTE.
P I CK UP THE H IGHEST VA¡tl NUI'IBER AI'IONG THE ROWS AND COLUI'INS

F ILL UP THAT ROW OR COLUI'IN FROI'I THE CHEAPEST COST.
IF A TIE IS FOUND ON THE VAI'I NUI'IBERS, TEST THOSE ROWS/COLS
WITH THE CHEAPEST ROUTE, TAKE THE ROUTE VIITH THE LOWEST COST.

PRESERVE THE OR I G INAL PARAI'lETERS
cosT, SUPPLY ê ÐE|'IAND ARE CoPtED tNTo CoSTS, FACTRY E WAREHo

D0 I l=ì'l't
FACTRY ( | ) =SUPPLY (l)
D0 I J=l,N
cosrs(l,J)=cosT(l,J)

t ALLoC (t,,1¡=9
D0 2 J=l,N

2 WAREH0 (J) =DEilAND (J)

GENERATI THE VAI.I NUI.IBERS FOR ROI^IS

00 6 l=1,1'1
rF(FACTRY(r
IF (F ACTRY ( I

).EQ.o)vAr4Row(r)=o
).EQ.o)coro 6

LowEST=r'llNo (cosTs (l' l) 'cosrs 
(l'2) )

LowER=I'1AXo (cosrs (r, r), cosrs (r,2) )
D0 5 J=3,N
r F (cosrs (r , J) , cE . LowEsr) Goro 4

L0vtE R=L 0l.lE ST
L0wEsT=c0STS (l,J)
G0T0 5

4 rF (cosrs (r,J) .cE.LowER)c0T0 5
L ol,JE R=C0STS (l , J)

5 CONT INUE
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c
c
c

I F (LOl,JER, EQ. H I GH) LOvJER=0

r F (L0wEsr.EQ.H r GH) LoWEST=o
VAI.IROH (I) = I ABS (LOI,JER-LO!{EST)

6 cONT INUE

GENERATE THE VAI1 NUI'IBERS FOR COLUI'INS

D0 I J=l,N
I F (|,JAREHo (J) . EQ.0) vAr'1c01 (J) =0
rF (r,rAREHo (J) .EQ.o) G0r0 9
LolllEsr=r,llN0 (cosTs (1 , J) , c0srs (2, J) )
LoWER=|'1AXo (cosrs (l,J), c0sTs (2, J) )
D0 g t=3,tl
rF (cosTs ( | , J) . cE. Lor.lEsT) c0r0 7
L0WER=L0WEST
L0VJEST=COSTS (l,J)
GOTO 8

7 rF (CoSTS (r,J) .GE.Lo[,JER)G0T0 I
LOWER=C0STS (l,J)

8 CONTINUE
I F (LOtllER. Eq. H I GH) LovJER=0
I F (L0l.lEST. EQ. H I GH) L0WEST=0
VAI'ICO L (J) =IABS (LOl.lER-LOWEST)

9 CoNT lNUt

F IND THE H IGHEST VA¡1 # FROI,I VAI'IROI,¡ ¿ VAI'ICOL

H IGH I =VAl4Row (l)
D0 l0 I =2 ,l"l
lF (VAl'lRow ( | ) . GT . H I GH I ) H I GH i =vAf'lR0w ( I )

IO CONT INUE
H lcH2=VAllc0L (l)
D0 lì J=2'N
I F (VAl'lcO1 (J),GT.HlGH2) Hl GH2=VAl'1c01 (J)

I I CONT INUE

F INO THE HIGHEST FRO'çl HIGHI E HIGHz

TOPVAI'ï=|IAXo (H I GH I, H I GH2)

c
c
c

INTO HIGHI ê HIGH2

c
c

c
c
c

R0W=0
C0L=0

THE H TGHEST VAr'l # rS UN tQUE ?

VAI'1CT=0
D0 tz t=l,tt
I F (VA|4RoW (r) . LT.ToPVAT1) G0T0 r 2

vAirlcT=VAncT+ I
R0W= |

ì2 CONT I NUE

t F (vAt'lcr, GT. t ) G0T0 20
D0 ll J=l'N
r F (vAf{col (J) . LT. TopvAr4) c0T0 I 3
VAI'1CT=VAl'1CT+ ì
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c

c

C0L=J
]3 CONT INUE

r F (vAl.lcr. EQ. I ) G0T0 60

CHECK I F THERE ARE VAI4 NUI'IBERS THAT I'IAKT A T I E
USE CHEAPEST ROUTE TO DETERI.IINI WHICH ROW OR COL

20 T0PCH P=H IGH
R0W=0
C0 L=0
r F (ToPVAr'r.cT.H r GHr) G0T0 50

H IGHEST VAI4 NUI'IBER FOUND ON ROWS

D0 4l l=1,fl
I F (VA|.ïRoVJ ( I ) . LT . ToPVAT'1) G0T0 41
CHEAP=CHEAPT (I'1, N, COSTS, ALLOC, FACTRY,WAREHO, I, O)

rF (cHEAP. Gt .T0PCHP) G0T0 4ì
TOPCHP=CHEAP
R0W= |

4I CONTINUE

H IGHEST VAI'I NUf'lBER FOUND ON COLS

50 rF (TOPVATI.GT.H rGH2) G0T0 60
D0 5l J=l,N
IF (VAI'ICOL (J) .LT.TOPVAil) GOTO 5I
CHEAP=CHEAPT (t4, N, CoSTS, ALLoc 

' 
F ACTRY 

' 
v{AREH0 

' 
0 

' 
J)

I F (CHEAP.GE.TOPCHP) GOTO 5]
TOPCHP=CHEAP
C0L=J
R0W=0

5r coNTtNUt

HIGHTST VAI'I NUI'IBER I.IITH CHEAPEST ROUTE IS ON ROvi OR COL ?

60 rF (coL.NE.o) Goro 7o

H IGHEST VAI.I NUI'IBER ON CHEAPEST ROUTE IS ON ROVJ

THEN PICKUP THE LOWEST ENTRY ON THAT ROVJ

6t Lot^l=c0sTs (Rov{, l )
C0L=l
Ð0 62 J=2,N
r F (cosrs (Row,J) .GE.Lo\.l) coro 62
LOl,l=c0STS (ROW, J)
c0L=J

62 coNT lNuE
G0T0 80

HIGHEST VAI1 NUI'IBER ON CHEAPEST ROUTE IS ON COL

PICKUP THT TOWEST ENTRY ON THE COL

c
c

c

c

c
c
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71
8o

ROI,J= I

D0 7l l=2,1'1
rF (cosrs (r,coL).GE.Lol,l)G0T0 7l
Lo}J=cosTs (l,c0L)
R0W= |

CONT I NUE

C0STS (R0l.r, cOL) =H lcH
ALL0c (RoW,coL) =r,il N0 (FACTRY (Rol,l),l,lAREH0 (col) )
FACTRY (RovJ) =FAcrRY (Rol,J) -ALL0c (Row, c0 L)
VJAREHO (COL) =WAREHO (COL) -ALLOC (ROl.l, COL)

CHECK TO SEE IF ALL CONDITIONS FOR DE''lAND ¿ SUPPLY ARE FULFILLED
c
c
c

c

c

D0 96 l=l,l'ì
96 rF (FACTRY (r) .GT.o) G0T0 3

D0 97 J=ì'N
97 rF (}IAREH0 (J) .Gr.0) c0r0 3

CALCULATE THE TOTAL COST FOR THE B.F.S IN VAI'I ROUTE

100 T0TAL=T0TAL+FL0AT (c0ST(l,J) ¡rALL0c (l,J) )
t.lRrrE (6, ror)rorAl

101 FoR|'1AT ('0', ¡ToTAL coST lN C0NVENTIoNAL V.A.t'1. |{ETHoD = ',Eì6. ì0)

OUTPUT THE ALLOCATION I'IATR IX

D0 98 t=t,t'1
98 vlRrrt (6,99) (ALLoc (r ,J) ,J=1,N)
99 FoRr,lAr(rx,33r4)

RTTURN
ENÐ

I NTEGER FUNCT I ON CHEAPT (I{, N, COSTS, ALLOC, FACTRY,WAREHO¡ I ROI,J, I COL)

I I.lP L I C IT I NTEGER (A-Z)
c0r1r,10N cosr (100, 100) ,suPPLY (100) ,ÐErlAND (r00)
INTEGER COSTS (I4, N) , ALLOC (I'1, N) , FACTRY (I,1) ,I,IAREHO (N) ,

c c (100, r00) ,A (r00, t00) , F (i00) ,t,J(100)
r NTEGER Ht GH/ 21 \7 \836\7 /
PRESERVE THE OR IG INAL PARAIlETERS
COST, SUPPLY E DEfiAND ART COPIED INTO COSTS, FACTRY E WAREHO

t)0 I t=t,t4
F ( l) =FAcrRY (l)
D0 I J=l,N
c (l,J) =cosTs (l ,J)

I A (l 'J) =ALL9g (l 'J)D0 2 J=l 
'N2 !l (J) =Y¡¡5¡9 1¡¡

R0W= I ROl.r

c0 L= I col

T0TAL=ZER0
D0 100 l=ì,lt
D0 100 J=l,N

c
c
c

c
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c
c

FILL UP THE CHEAPEST CELL ON ROþI/COL

rF (coL.NE.0)G0T0 60
Lolr=c (Row, I )
C0 L= I
D0 50 J=2, N

r F (c (Ro!\l,J) .cE.LovJ) Goro 50
Lot.l=c (Rol.J, J)
C0L=J

50 CONT I NUE

c0T0 70
60 Lot,,l=c (t , coL)

R 0l',1= I
D0 6l I =2, 14

rF (c (¡,c01) .cE.Lol.l) c0r0 61
Lot,l=c ( | , c0 L)
ROl,l= |

6I cONT INUE
GoTo 70

FIND THE LOWEST COST ON COST I4AP IICI¡

3 LovlEsT=c (ì,l)
R0l.l= l
c0 L= I
D0 4 l=ì,lt
D0 4 J=l,N
r F (c (r , J) . GE . Lor.rEsr) c0T0 4
tol,JEsr=c (l,J)
R0t,rl= I

c0t=J
4 CONT INUE

THE CHEAPEST ROUTE IS ASSIGNED WITH
AFTER BE ING USTD

70 c (Rot,,l, c0L) =H IGH
A (R0}{, c0L) =¡r I N0 (F (R0w) ,I,t (c0L) )
F (Rol,r) =F (Rol,l) -A (Rot.l, c0L)
I,l (c0 L) =\,J (c0 L) -A (Rol,l, c0 L)

c

L

c
L

H IGH VALUE NUI'IB E R

c
c
c

FIND THE NEXT CHEAPEST ROUTE IF THE REQUIREI'lENT OF I,IAREHOUSES
AND FACTORIES ARE NOT I'IET

D0 ! l=l,H
5 rF (F (r).cr.o)c0r0 3

D0 6 J=l,N
6 tF (t.J (J) .cr.0) c0r0 3

cHE.APT=0
D0 20 l=l,l'l
D0 20 J=l,N

20 CH E APT=CH EAPT+C0ST (l , J) ,tA (l , J)
RETURN
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Appendi x AA

SAI,IPIE IilPAT I OAf PAT

NJO

I n put

out put :

SEQUENCTNG I J0B5 THRoUGH 2 |'IACHtNES

JOB PROCESS ING T II.lE PROCESS ING T II'IE

I,IACH INE ] I1ACH INE 2

t'l

I
4. 6.
8. 3.
/. Þ.
8. 4.
2.6.
r. 5.
3. 7.
9.2.

4
I
7I
2
I

3
9

I
2

3
4

5
6

7I

6
3
6
4

6
5
7
2

00
00
00
00
00
00
00
00

00
00
00
00
00
00
00
00

oPT r r'1AL SEQUENCE F0LLoWS:
65713\

TOTAL ELAPSED T II'lE

lÐLE Tll'lE 0N |IACHINE I =

IÐLE T I''1E ON I'IACH INE 2 =

I
44 .00

2.00

5 .00

- 138 -



I n put

0B 3r'1

5

NJ

5
4.
2.
8.
t0
5.

5
6

. 8.
?o
,7,4

out put :

SEQUENCTNG 5 JoBS THRoUGH 3 I'IACHrNES

JOB PROCESS ING T II,IE PROCESS ING T II'lE

I,IACH INE ì I'IACH INE 2

oPT ll'tAL SEQUENCE F0LLowS:
)tÀ?L

I,IACH INE 3

4
2

I
0
5

I
2

3
4
5

00
00
00
00

00
00
00
00
00

.00

.00

.00

.00

5
6
I
9
7

00
00
00
00
00

00
00
00

l0
r6
23
3r
4r

4 .00
I t.00
ì6,00
23.00
32.00

00
00
00
00
00

2

3

3
4

TOTAL E LAPSED T I f'lE

I DLE T ll'lE 0N I1ACH INE I =

I DLE T ll4E 0N IIACH INE 2 =

I ÐLE T ll'lE 0N ilAcH INE I =

JOB

I'IACH INE 1

ll.lE T il'1E

IN OUT

Àr.00

12.00

2l+ .00

6 .00

t'l4 C H NE 2

T U4t
OUT

r'lACH r NE 3
T ll'lE T 'lEIN OUT

T

0
2
6
1

9

2

l
5
3
4

T t'lE

N

2

6
I

9
9

2.00
6,oo

I1.00
lg.00
29 .00
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Input

NS CTr.1 I

I
7 23\911 5\

0ut pat

I I.IACH INE I JoBs

PROCESS ING TII'lES FOR EACH JOB:
7. z. 3. 4. 9. il. 5. 4

OPT II'1AL SE

23 QUENCE T0 l'ltNDltZE SUlt 0F Cot'lPLETt0N T 'lES487156

NI.lTSnI
6
2

4

Input

0ut put

I I'1A CH INE 6 JoBs

PROCESSING TII.lES FOR EACH JOB:
2. 4. 7. 6. 3. 2,

I.'E IGHTS FOR EACH JOBs
4. 6. 2, t. 5. 3

opT lltAL SEQUENCE T0 l4 t N ll'1t ZE l,lE t GHTED SUt'l 0F Cot'lPLET t 0N T l l'lES
r5263\

\7632
62r53
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Input

,'I I NTRD

7
2r 18 15 2 7 9 25

0ut p ut

I I'IACH I NE 7 JoBS

DUE DATES FROI'1 NOW FOR EACH JOB:
2r. t8. 15. 2. 7. 9.25.

0PTt¡1AL SEQUENCE T0 r'ltNlr'ltZE r'tAX [.1Ut'1 TARÐTNESS
\563217

I n put

I4AXTRD

2ì ìì i3
22 35 \0 50'

76847
9 13 16

0at put :

I II'IACH INE 7 JOBS

PRoCESSING Tl¡lES F0R EACH J0B!
6. 8. 4. 7. 2ì. il. t3.

DUE DATES FR0l't NOW F0R EACH JOB3

f. i3. r6. 22. 35. 40. 50.

0PT I ¡lutl SEQUENCE T0 t'lAX r ¡1 r ZE r'1 I N I t'lu¡1
1235467

LATENESS

- r4r -



Input

t'l I

6
6

9
7
6

TLA

4

3

I
I

Input:

GUPTA
\5
\3728
37 285
t2\37
3\372

4.3.7.2.L
3. 7. 2. 8. 5.
r. 2. 4. 3. 7.
3, 4. 3. 7. 2.

JOB
JOB
JOB
JOB

I ll

0ut put

235\o

I I'IA CH INE 6 JoBs

PROCTSS ING ÏII.1TS FOR EACH JOB:
6. 8. 4. 7. zt. 11.

DUE DATES FROI1 NOI,I FOR EACH JOB:
9. r3. r6. 22. 35. \0.

LATE JOB
LAÏE JOB

ts 2

ts 5

0PTl¡1ur'l SEQUENCE T0 t'ltNIt'ltZE NUt'lBER 0F LATE J0BS
r34625
4 JOBS ON T I I'lE , 2 JOBS LATI

0ut put

5 r'tAcH tNES 4 JoBS
PROCESSING TII,lE FOR EACH JOB ON PROCISS

t:

3
4

oPT ['1Ur1 SEQUENCE T0 nlNr14rZE ToTAL PRoCESSTNG TllrE tS:
312\

- 142 -



Input:

GUPTA

6z
9r
83
5\
7il
68
29

0ut put

2 t'lA CH tNES 6 JoBs

PROCESSING TII'lE FOR TACH JOB ON PROCESS

JOB
JOB
JOB
JOB
JOB
JOB

t:
2l

4:

I

3
4

ll
q

o

9
I
5
7
6
2

5
6

oPT ttitut4 SEQUENCE T0 l,llNlt4lZE T0TAL PRoCESSING TlttE IS:
65\321

- 143 -



Input

CA14PBL

9
3
I
I
4
I

2

4

3

200
70 40
30 60
070

Tl.,O ONE

TWO ONE

TWO ON LY
ONE ONLY

qutput:

2 tlACHINES

ì0 30
30 ro
20 70
040
4oo

I'lACH INE

_:i::1_ _

ONI ON LY
ONE TWO

oNt Tl,lo
Tl.lO ON LY
ON E TI,IO

9 JoBS

PROCESS ING T II'1E

FOR EACH JOB

20. 0
70. 40
30. 60
0. 70r0. 30

30. r0
20. 70
0, 40

40. 0

OPTII'1AL ORDER ON IlACHINE I IS:
5321967

OPT II'1AL ORDER ON I.IACH INE 2 IS:
6748532

- t44 -



PTAGU

4
4

I

3

I nput

0utput

5 |'IACHrNES 4 JoBS
PROCESSING TII'lE FOR EACH JOB ON PROCESS

37 28
7285
2\37
\372

JOB
JOB
JOB
JOB

l: 4. 3. 7. 2. 8.
2. 3. 7. 2. 8. 5.
3. l. 2. 4. 3, 7,
4: 3. 4. 3. 7. 2.

Oprt¡lut'l SEQUENcE T0 t'1tNll'1tzE T0TAL PROCESS ING TlflE lS:
312\

-t\5-



I n put

290
300
t90
2\O
250
t90
r80
2to

000
000
000
000
000
000
000
000

280
290
300
190
t90
220
230
26o

210
200

H UNGAR

8o
3oo 290 280 290
250 3to 290 3oo
t80 r90 300 r90
320 r8o ìgo 240
270 210 r9o 250
t90 200 22o tgo
220 3O0 230 r80
260 i9o 260 zlo

Out put :

180
t70
r60
r40
r60
i80

320
270
ì90
220
260

IX:
290
3t0
190
t80
2t0
200
300
190

2t0
200
r80
t70
r60
r40
160
r80

G I NAL I.IATR

300
OR

0
0
0
0
0
0
0
0

0
0

0
0
ô

0
0

0
0
0
u
0
0
0
0

250
r80

THE OPTII.IAL SOLUTION OF THE ASSIGNI,IENT PROBLE¡I'S TOTAL COST = 870

6

7
I

2

3

5
À

I

l
2

3
\
5
6

7I

THE
THE
THE

THE

THE
THE

THE
THE

ASS IGNI'IENT
ASS IGNI.lENT
ASS IGNI'lENT
ASS IGNI.IENT
ASS IGNI.lENT
ASS IGNI4ENT
ASS IGNI'IENT
ASS IGNHENT

FOR

FOR

FOR

FOR

FOR

F OR

FOR

FOR

- l[6 -



0utput:

THE D I STANCE I.IATRIX:

I nput

t AsTt'lN
l0

THE
THE

THE
THE

THE

THE
THE

ÏHE
THE

THI

ASS IGNI'lENT
ASS IGNIîENT
ASS IGNI'IENT
ASS IGNI'IENT
ASS I GNI'lTNT
ASS I GNI'IENT

ASS IGNI'IENT
ASS IGNI'lENT
ASS IGNf{ENT
ASS IGNI'IENT

roooooo 18\ 292 4\9 670 516 598 618 88r g0g
ì84 roooooo r95 3r0 5\o 357 51\ \3\ 697 96\
292 195 ro0o000 215 380 232 \3\ \93 7r9 955
449 3r0 2r5 1000000 288 200 566 787 790 1020
670 5\o 380 288 roooooo zil 436 8t\ 632 97\
516 357 232 2oo 2rì ì000000 38r 642 697 952
598 5r4 \3\ 566 436 38r 1000000 295 22\ 5\1
618 434 \93 787 8r4 6l+2 295 1000000 320 3\1
88i 697 719 790 632 697 22\ 3zo 1000000 3rB
909 964 955 1oz0 97\ 952 54r 34r 3r8 1000000

2

I
1

3
6
4

5
0

7

1 ts
2 ts
3 ts
4 rs
5 ts
6 rs
7 tsI rs
9 ts
0 ts

I 000000
184
292
449
670
516
598
6rB
88t
909

r84
I 000000

195
2 t^

540
357
5t4
\3\
697
96\

292
t),

I 000000
215
380
232
43\
493
719
955

449
3t0
215

'l000000
288
200
566
787
790

ì020

67o
540
380
288

I 000000
2l I
\36
8t4
632
97\

516
357
232
200
2t l

I 000000
38t
6l+2

697
952

598
51\
+54
566
\36
381

I 000000
295
22\
541

6rB
434
\93
787
8r4
6\2
295

ì 000000
320
341

881
69i
719
794
632
697
22\
320

ì 000000
3t8

909
964
955

t 020
97\
952
5\1
341
3t8

1000000

THE OPTII.lAL FEAS IBLE SOLUTION D ISTANCE IS 2855

FOR

FOR

FOR

FOR

FOR
FOR

FOR

FOR

FOR

FOR

-t\7-



P ERT

7 t0
1,2,2
1.3. I
t. 4.5
¿, 5, O

3.\.2
3.6.5\. 5. I
4. 7. ¡t

5. 7, 5
6. 7. 2

046r

I nput

Out put :

1.000
L 000
I .000
2 .000
3 ,000
3 .000
4.000
4.000
5 .000
6.ooo

6.
2 t0.
5.39

2 2.\5
51 6.r
9.9 |

7 .5 12.
5. 8.

51 r0,ì2 r4
76 \.06 6.

8. 16 l] .35
. r0.38 r3.49
.51 5.62 t\ .

o ì6 18 o

P E RT
J A

200
510
000
000
000
510
760
000
000
5ì0

f'l B T(I,J) VT(I,J)

. 000

.000

.000

.000

. 000
, 000
. 000
.000
,000
. o00

2
6
9
7

5
0
4
I
5

2
ì

5
6
2

5
I
4

5
2

2

3
4

5
4
6

5
7

7
7

6
10
16
t2
I

r4
6

r3

\50
't 20
900
500
000
't20

060
r60
380
620

.000

.000

.390
, 000
,000
,000
,000
.350
.490
.000

000
998
998
000
000
998
000
998
002
998

0
2

ì

I

2
0
I
2

2

3

5
9
c
Â

9
4

7
0
5

.40 r

.002

.999

. 000

. 000

.002

.\99

.50 I

.002
,002

T ARL IEST
TI¡lE

LATEST
T I I,lE

-0 ,000

6.995

5.998

r o .998

r4.998

r 9 .002

25 .000

EVENT

I

2

3

4

5

6

7

SLACK

-0 .000

3.998

-0 . 000

-0 .000

-0 .000

3.005

0.000

0.000

3 .000

5 .998

ro.998

r 4 .998

15.997

25 .000

- r48 -



cRrTrcAL PATH r 3 \ 5 7

EVENT

2

3

4

5

6

7

E ARL I EST
T I¡1E

3 .000

5.998

r o .998

r 4.998

15 .997

25 .000

BUE

DATE

4 .000

6.ooo

I 0 .000

r 6 .000

r I .000

25 . o0o

PROBA-
BILITY

o .91+3

0 .500

0,282

0.704

0.842

0 ,500

- ì49 -



Appendi x AB

PROÊRAII LIS|IIIG OF FORAII

- t50 -
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