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ABSTRACT

In this Ëhesis we consider the exponenËia1 dístribution involving

locatión , and scale parameters both assumed unknown. The problem- cjf

estimation of the parameters ínvoLved and the reliability funct,ion is

attempËed in case of a full sample and also in case of single stage

right censored sample. The methods employed are mínimum variance un-

bíased estimation, maxímum Líkelíhood and best linear unbiased esËimates

based on componenËs of order sËaËistics.

Comparisons are made between the various esËimaËes on the basís

of bias, varíance and meån squared etror and generaLized mean squared

error in case of simultaneous estimation. On the basis of generaLized

mean squared error \^re compare estímates based on full samples with Ëhose

based on singLe stage ríght censored samples. An. interesting resulË

is the raËher appreciable increase ín Ëhe generaLi-zed mean squâred error

for even slight censorÍng.

ChapËer I ís introductory and gives a bríef survey of líterature.

In Chapter II and III we present deËailed derivation of estimators.

These chapters also contain generaLizatíons of results due to Pugh (1963)

in case of known locaËion but unknown scale parameËers. In the last

chapËer we consíder application of these results Ëo life tesËing ex-

periments.
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CHAPTER I

INTRODUCTION

A statistical analyst is ofËen confronted wiËh the task of under-

standíng the problem being presented, relating thís Ëo known theory and

sometimes developing approprÍate theory to fiË the problem. I¡Ihen the
problem Ís related to life Ëesting experiments, the analyst now has at
his dísposal a large amount of recenÈly developed theory and expanding

industrial- interest in life testing offers yet more Ëo come.

rt ís a characteristic feature of most life tests Ëhat they gÍve

rise to ordered observations. For example should machine breakdown time
be analyzed, the tíme of breakdown for åny x. ítem tested would occur in
such a way Ëhat 

"(r) S "(z) S ...S *(rr) v¡here *(i) is a random value
taken by any of n machines in the sampre. I,rIe may consÍder any x1 i¡ value

a s the Ëirhe to f a i lure .

' The choice of the distribution for the failure tíme is sometimes very
difficult and can include such disËributions as the 1og-noràal, normal,

uniform and exponentíal. For illustraËive examples we refer to Herd (1956).

Estimating procedures for gamma and rectangular distributíons have been

given by Patil and tr{ani (1966). The rnodel following l,üeibul1 disrribution
has recently been considered by such researchers as HarËer and Moore (1965)-

Cohen (1965) and Johns Jr. and l,ieberean (1966).

rn this thesis we will consíder a model for life testing based on

Ëhe exponentÍal- dísËributÍon with Location and scale parameters. It is



-2-

our inËention to estimate Ëhese parameters, as well as a useful function

of these parameters, Ëhe relíabiliËy function. The problem of estimatíon

from full and censored samples dates back as early as 1897 and for a

hisËorical background Èhe reader is referred to Herd (1956).

trrlhen working with a ful I sample case the individual failure times

are available for all observaËions, and consequently the analysis is

raËher straighËforward. However, censored samples may give rise to varíous

t,heoreËíca 1- problems .

A random sample of síze n is drawn from the exponenËial population,

where the daËa becomes avaíIable such Ëhat the smallest observatíon comes

first, the second smallest comes second, until the largest observation is

f ína1ly obtained. C1-early \,üe can dísconËinue experÍmentation well before

all n íËems have faíled. Such censoring is often essential in life testing

experímenËs due Ëo limitaËions of time, item avaíLability and economic

considerations. Suppose in our above experímenË vüe conËinue to run the

experímenË until only r (fixed) ítems out of n have failed. This is known

as type II right censored sample and Ëhe data here ís typícally represented

by *(l), *(2),...r*(r) where (n-r) items have survived beyotd *(r).

Another type of censoring Ëhat naËurally occurs ís if ínstead of fixing the

number of items failed, we fíx the Ëime until whích the experiment will last.

rn this case the daËa is typically represented by *(l), *(z),...,*(k), k of

the items havíng failed before tíme T (fixed) and (n-k) items having sur-

vived beyond time T. This type of censoring is known as type I censoring.

Epsteín (1960a) gives an excellent díscussíon and also a numerical example

of the two tSzpes of censoríng mentioned above for Ëhe case of known location
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ParameËer. Ina later paper Epstein (1960 b) gives point and confidence

inLerval estimates from lífe test data ínvolving both Ëypes of censoring

for known location parameter. AlËhough theoretically distinct, Ëhe

differences in esÈimators for the tr,ùo cases above are neglÍgib&e if the

sample size is large (Plackert (1959)).

In the preceeding paragraph we have considered 1ífe tesËing experiments
. .i'-::-.':' where the total sample size n is known. This knowledge of the number of

:.':;::,. censored observaLions, (n-r) where r ís fixed and (n-k) where k ís a random

variable distinguishes the notion of a censored sample from that of a

truncated sample in which for a sample of unknown overall size, all x. < T
I_

are observed. The distÍnction between truncated and.censored samples is

well illustrated by Deemer and Votaw (1955) where these authors calculate the

maximum likelíhoof, estimate (MLE) of the scale parameËer for the exponenËía1

cåse assuming the location parameter to be zero. In Ëhe truncaËed exponentiaL

model Ho1la (1967) has obËaíned a minimum variance unbiased estimate (MVUE)

of Reliabil-íty when Ëhe point of Ëruncation is known for the known location
' - ":::.ì::: :.: ". parameter case. I¡Ie shall obtain in chapter three a uniform minimum variance::f:::1 ;,:,:,:. 

j.:,j

: : -:. unbiased estímate (UMVUE) of Reliability when we have single stage type II:. :.:.:..:__:-

right censored sample for the Ëwo parameter exponential model.

:ii Censoring where each x- has known dífferenË truncation point T-. hasi-

;,,;.,:¡,1;..,,,1, 1-,,, been discussed by Bartholomew (1957). He obgains MLE of scale parameter
.:

for known location ard al_so considers a numerical example. A much more

detaíled discussion of this MLE and íts asymptotic properËies are dis-

cussed by Bartholomew (1963)

. ..: : ..

'...-.: ì.i.1-:l::..'1: r: - l: -
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In many practÍcal sítuations, the initial censoring results only
in withdrawal of a porËion of survivors. Further censoring may then

occur at later stages and we speak of progressively censored samples.

This ofËen results when a compromise between the need for more rapid
Ëesting and desire to include some exËreme life spans ís made (cohen (1g63)).

Progressively censored samples where times of censoring and the number

of Ítems removed are the resul-t of random causes have been consÍdered by , ,

Sampford (1952). Progressively censored samples, when fixed number of ob-

servations k' are removed at random times, have been consídered by Herd (1956)

who refers to them as multiple censored samples. We consider a numerical

example in the last chapter where daËa are results of response time studies

ínvolving animals, and we resort to Herdts estimaËors for the tr,üo parameËer

exponenti.al model.

In thís thesís we develop estimates for both fulI and single stagè

censored samples considering the two parameter exponential modeI. As a

first reducËíon of data, we determine sufficient statistics for the location
and scale parameter by using f.actorizatíon críterÍa for suffícient sËaËÍstics.

Since they are complete suffícient statisrics IEpstein and Sobel (1954)l

-)

we derive Uniformly Minimum VarÍance Unbiased Estimates (IMy¡¡E) by using

well known Rao-Blacrsoell, Lehmann-scheffl Theorem I nao ( Lg66)1. For BesËL---t

Linear unbíased Estimation (BLUE) based on components of order statÍstÍcs

I Sarhan and Greenburg (1962jr tr{ê use the sËandard least squares theory

together with Gauss Markoff Theorem Inao (fgOOÛ. lrle also consider MLE

and an expression for bias of the MLE of relíability is obtained. This is
a slight generalízatíon of results due to Pugh (1963) for unknown scale
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and known locaËion parameter. An appropríate list of references is

included. However for an exËensíve bibliography for Ëwo parameter ex-

ponential distribuËion in general we refer to Saleh (-!gl3l_

Feigl and Zelen (1965) have considered the applícatíons of lÍfe testing

experiment techniques in some areas of cancer research. In the last chapter

we also consider some ner.7 applications of theory developed in previous

chapters to lífe testing experimenËs in the area of cancer research.



CHAPTER II

EsËimating ReliabiliËv FuncËions from Ful1 Sample

Let *Lr*2'... 'xn be a random sample from a contínuous distrÍbution

whose p.d.f. ís given by

(2.L)

rt is desired to estimaterrarr the location parameter and t'0t'the

scale parameter which determíne the underlyíng disËribution. tr{e will

be considering Ín Ëhis chapter various procedures for estimating 'a"
and "0r'as well as R(tlå', 0t), a function of a', 0', estimaËes for
ttattandtt0ttrespectively, when a complete sampre is available. rn any

esËimatíon procedure, \^Ie always use the sufficienË statistic if one is

available. üIe will therefore first obtaín a vector valued sufficient

statistic for Ëhe vector valued Darameter

ã=[a,o], aeRr,o)0.

Derivat.ion of Sufficient StaËistícs:

I'{e fírst consider the order sËaÉistics (x(1),*( 2),. ..'*(rr)) where

"5 *(1) I"(DS" ' S x(n) < * Then as is well known,[nogg and

Craig (1959t, rhe joinr p.d.f. of *(t),*(Z),...,*(r,) is given by

["å""0t-("ã")] x)a,o>o
f(x;0,a) = 

1

I o oËherwise

e(xçr) *(r,)i a,0) = nl .;. (f,> "*p , - 
*(i)-- " I (2.2)

i=l " 0

for " S *(1) S "'' *(rr) < - ard zero elsewhere.
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Define the indÍcator function c(a,b) such that

(, ír a)b)-
c(a,b) = I

[ 0 oËherwise

Then we can write Ëhe joint p.d.f. of *(i), Í = 1,2,...,n, as

nt
= *(r)' ' = 

r-:r( ,r¡- "rri'

or [",0J. The joÍnr p.d.f. of rhe order sËatisrics

(2.3)

and by factorízatÍon criteria íË is clear that the order statistics
*( 1)'*(2)' . . . ,x(rr) "t" sufficient. trüe eonsíder furËher reduction and

show that

= "t("(r¡ | ",n). "("(r) ,...,"(r,)l*{t¡,0)

where 
"r(*(l)1",n) ís rhe p.d.f . of x,t) "rd "(*(r),...,*Crr)f 

*1t¡,0)

is Ëhe condiËional p.d. f . of *(2),. . . r*(rr) given *( r).

are jofntfy, sufficient f

can be wrítten as

"(*(r)"",*(r,) l",n) = å "*o [ - ä t*tr) - "t c(x11¡,a).
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Define 
'! 

= *(Ð'z(i) = *(i) - *(1, for i = 2'...'n. Then

g I Z(Ð S ... S Z(rr) a - and the Jacobian of the transformarion gives

l.ll - 1. Then ( 2.4) can be wrÍrËen as

(2.s)

"''j ''

This shows thaË Zrrrr... rZ/-\ gLven Z. are order statistics from a\¿) (n/ - r
sample of size (n-1) from a distríbutíon as ín (2.1) wiËh a = 0, 0 = 0.

n
lle now defíne v = Z Zt¡\, u = Z(_r* and we have that joinË p.d.f. of

i=2 \r/ \r''
(u,v) is given by

(2.6)

Since Ztrt, í = 2r...rn are order statistics from a Gamma disEribution*( 1,,

wíth d= Lt P = 0, the unordered z. for i = 2r...rÍt are dístribuËed as

Gamma r.v. with d = L, P = 0. Usíng momenË-generaËing function technique,
',:;]'¡:, 1;: ;1, then

MZ.G) = (1 - OT)-1 for i = 2,3,...,D. Then
1

n(*(r) ''..,*1,,¡l ",0) = ä ""ol - Ë ir, - ")] c(lr,") Ë.

v - Z Zrr¡ = ) Z. has m.g.f. given by
i=2 \r/ i=2 L

Mv(t) = (1 - eT)-(n-l) whích is Ëhe m.g.f. of Gamma

dístribution with cy = (n-1) and p = 0. Thus the conditional p.d.f. of

v given u ís

exp t î ?] "(r(D,o)...c(21,.¡, ,(,,-r))

s(u,v) = å "*o [ ; ("-"t c(u,a). 81 (vlu)

e(z;a,þ) = #rexp[-E/?Jr(a-r, þ, where 0(z(€
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""n [_ ål c(v, 0) (2.7 )r(n-1)

and therefore Ëhe joint p.d.f. of (u,v) is

,v,n-2 1(õ/ õ

gÍven by,

g(u,v) exp

Referring to (2.4) we see that ít can be

"("(t),'..,*(r,) |,,g) = g(u,v)

The likelihood of the sample (x- . ..L'

n
0 I "Ët]c(u,a)

I
E exP

written in the form

r(n) r(n-1)
n-2

,å)n-' f, c(v,o)

(2 .B)

f;l

[rit",'-*<rrJ

n

F
j=2

itten
Ili
J i=r

"(*(j) - "(j_1),0)

n
c(z

2
("(t) - x(t))'o)

l,(xrr...,xrrla,0) = 
þ 

exp

xr.) can be wr
n
Z (x--a)
1-

as

c(x. , a)

- ti(x(t),...,*(r,)1",n) tr(*(1),...,x1rr¡)

= g(u,v) TZ(*( 1), . .. ,*1rr¡ ) (2.e)

and by factorization críteria, urV are jointly suffícienË for ô'= ¡"r01.
These joínt sufficient statistícs are known to be compleËe and for the

proof we refer to Epstein and Sobel (1954).
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tr{e now consider three methods of estimation of p.arameËers (ar0):

(i) The method of uniformly mÍnimum varíance unbiased estimation (UMV1IE);

(ii) The method of best linear unbiased estimation using linear functions

of components of order statístics (BLUE); and (iií) The meËhod of maximum

likelihood estimation (MLE).

(i) IMVIIE for "a" and "0'r

tr{e have shown that a joint sufficient statisËícs for 0 exísËs and

from EpsËein and sobel (1953), we know that it is complete. trrle know,

Rao (L966), that íf a complete suffícíent staËistic. T exists, then any

funcËion g(T) ís a IMVI]E of Íts expecred value .{r(õ') = E[e(T)]. We rhus

limÍt our seårch of esËímaËors to functíons of eompleËe suffÍcÍent

statistícs. This techníque is a well known applícation of Rao-Blaclore11,

Lehman-schef.f€ theorem for which we refer Ëo Rao (Lg66). Thus gíve" V(õ)

irMVIlE could be obtained by Ërial and error method by searching for a

function g(T) such Ëhar EIg(T)l = V(õ). orherwíse we sËarr wirh any

unbíased esËimator T. (x) such rhaË EIT. (x)l = V(õ). Then r¿e take irs

condítÍonal expectation, given the sufficÍent statistics u,v. By the

theorem thís expecraËion E[EITi(x)Jlu,v] is UMVUE. Since úrV are jointly

sufficient then ê*, O* the IIMWE of â,0 respectívely will be functions

of u and v.

üIe wish Ëo esËimåte 0.

E[v] =ElE[vtu]l where

DefÍne Ti (u,v) = v Norn¡ we see that
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r [" 
ttt*rl 

= Eru] ntfrr

-, 0-1
(0) dv = (n-1)0t;l

which is independenr of u. Thus ulØ(u)l = (n-r)O = E(v) and by

Rao-Blackwell, Lehman¡scheffd Ëheorem, IJMWE of 0 is rr(u,v) = å

Now defíne Tl (u,v) Aga in

nIu] = exp t- åfu-a)l du =

Notaz,

u.

[:,
f;t a+j

n

I .0 0
=At= nn

Then, *(f) - = T2(urv) is
n(n-1)

v&
Now, a^ = *rr,\r/

and
.L

0^=

UMVI]E of

n(x-x/1\,,

n(n-1)

a.

nx,.. - x
- I tl

n-1
n(n-1)

n

v

-=
n-1

ä("rtl- "(r))
n-1 "(r)) and are UMVUE

for a and 0 respectively.

BLUE Based on onents of Order Statístics

Consídering the order

defining

we have the p.d,f.

f(zçr¡) =

sËatistic" *( t)

(*(r)

s "(r)
- a)

'(r) 
=

x,. and(n,

nl
exp [-(n-rr1)rG)]

( 2. 10)

(n-r) ! (r- 1) I
[1 - exp( - ,Gl ]t'1
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for zrr¡ > O. tr{e wish ro calculaËe EIZI.¡J. trrle define

w(r) =exP [-zçr¡J =w.

nl l(a+b) 
fora=n-rflrb=r(n-r)l(r-1)l r(a) r(b) Ê(a,b)

and we rewrite (2.10) as

beËa variable. trrle want to ;_,

dI/ür

e(w.) = 
;¿|;- 

t:-t (l-In'r)b-l ro' 0 < I^Ir < 1 (2.1r)

zero elsewhere. Then tr'I. is clearly dístríbuted as a

obtain u[r(rrl which is E[ -ln ]I.l where

Ã
Ê(a,b)= Irl-1 {r-"¡u-r

)o r r

and differentíation under the inËegra1 sign being valid Icramer (1946)], then

so that

p[ -ln ],rrl = - r[ ln r,r.J = _ pGå)_ * p(a,b)

=-*.lnÊ(a,b)

= * ln r(a+b) - * ln r(a) (2.r2)

* Ê(a,b) = 
f" 

ln(lr,) rl-t cl-r^rr)b-' o,
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which by the well known properties of digamma functíons [paÍrman (1919)]

reduces to the form

r
EIZG)l = E[-ln lü.J = .x, (n-i+1)-1

l_ =r

which is Ëhe resulr stated by Sarhan (L954).

Simílarly Sarham has stated that

var(zq'¡) = 
,T'" G(r>,2("), = ,!, 

(n-Í+1)-2

(2.L3)

(2.14)

This result can also be verified by differentiaËíon under the integral
sign technique, then using propertíes of trigamma functions Ipairman (1919)].

Tables 
. 
of numerical values of E[z çr,¡J and var l, G)] for samples of size

1(1) 10 are available Isarhan and Greenburg (195g)].

From the definitíon of ,G) and using the results (2.13) and

(2.L4) then

r
n[xr_.,J=a*02(n-i*l)(r/ i=I

2rV[xr_.,J = 0- Z (n-i+l)\r,, Í=1
(*(r),*çr¡)= "rl

-1

= cov
r(s

(2.is)
ït is now possible, with the use of the observatíons from a r.s. of

size n, and the results of (2.15) to calculate the BLUE based on com-

ponents of o.s. forrra" and r'0rtíf we make use of the powerful ,,Gauss-

Markoff Theoremfr.
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k x I vector of observations, õb" a s x 1

(s<K); letAbeaknown Kxs matrixof

positive definite K x K matrix. Assume that
,

o- ís a known or unknown real number. Then

is the BLUE of d and V[f] = A'trrr 1A)--1 
02

For the full sample case (K = n) we define

Theorem: Let x be a

of unknown parameters

and let hI be a known

and V[xJ = o\ñ where

T = A'Inr-1A)-1 A,"-1*

-1
n

2
¿
lI

n
u
1

(:)(ll)

)

i

2
z
1

(lQ=

r .. f

(n-i+l)-t,, 9 (n-i*r)
1

X_

A' = (:,and

').

*(i) term so that a n x n

that V[x] = InlO2 (where 02 = o

atrix I__-_ then performnxn

form [l:Z] ^ wherenx¿n

e result

Note that v¡e also can find variance of each

positÍve definite matrix I¡I can be found such

Now since v, = V[X1r¡l by definitíon then

(','t 'L\
[,r/ = | 

,, ,3 ,2 
|

\", v.¡ v? v^l
\ L z t n/

and to find trrI 
1 ru 

",r*ent W wíth.the identit

roÌ^? operations on [W:f ] nx2n until we have t

Z is our required l,rr-l matrix. Then we obtaín

nxn

ym

he

rh



-. :1,.::, : .;

,tn- +(n-1)-
,-(n-1)-

0

;

,,. ..,. 
, -.: ". 

.,:.:-.-. : .,:
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t-(n-1)'
,t

( n- 1 )'+( n- 2)'
,/ ^\ ¿-\n-¿)

:

-'lTJ-_

Then also A' !ü- I

A'InI- 
14.

-1 -1(ArhI *A) I
n( n- 1)

and combíning (2.16) and (2 .L7 ) we have,

[a'w- 1o] - I 
A,hr- I

n(n-1)

0

- (n-2)2

(n-z)2*(n-z)'

(rr2-t)

-n(n-1)

= [A'I^I- 
la] - 1 A,w- lx which

Then by premultiplying IXj

0

0

)-(n-3)-

-t -

0

0

n

t

nxn

::J=f :' ,
(2.L6)

(2.L7 )

=[ n |;iJ

t,:l
n

:l
-1 -1

n...

From G.M. Theorem we obtaín T

squ¿rres estimate of ã = BLUE.

leiv=l ¿]-1 A'T-1 r" h"rr.

is least

by

T

(n2-r)

-n(n-1)

*( r)
*(z)

"< "l

-1

n
n(n-1)



1 +.ue'; V[0"^] =
n(n-1)

Note here that BLUE and IIMVIIE noted ín (i) are the

sínce both are functions of urv each of which is a

components of order statistics.

(íií) MLE of "att and iloil.

The MLE of (a,0) is Ëhat value of

for given values of xrr maximize the

likelihood function ís

same. This is not surprising

linear function of

-16-

,2(n

-n

:1) xlr)

2*(r) + n

n

,-1, "r r)
n

,1, "rt) [" 
-":'].,,ï

(""(r, - i)
(n-1)

The theorem also enables

where we readily see that

=. 1

n-I

for ttarr and rt0rr respectively.

n(n-1)

Thus for sample size n,

vla^^l

the calculation of variance covariance matríx

(n-1) "ov 1 "**, ooo) =

Ëhe BLUE are

- n(*-*r1))
and 

"l-

o2;

ar0 in Ëhe parameter space which,

líkelíhood function. Then the

n
z

_1 n
II c(x-ra)¡1=r

L(xr,...,xn | ",0)
tn

= (€) exp
(*i - ,)
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since MLE is a functíon of suffícient sËatistics n,v then from
(2'9) \^ie can consider only the joint p.d.f. of u,v. The MLE of (a,0)
Ís that value of (ar0) in the parameËer space which, given urv maxi.mizes

nn g(u,vla,0). tr{e Ëhen have urv fÍxed and maximize a function of two

variables â,0 for a€Rrand0)0. Thusfor u>a and urv fixed

ln e(u,vla,O) = -n,An O - * - * fu-a) r cU U'

where c does not depend on either 'a, or rO,. Now define

K = c - n.An O - I
U

which is independent of tat . For fixed 0 = 0o , nn g is maximi zed. Îor
a = u. That is K - fr (u-a) is largest when (u-a) ís smallest, or

o
when a = u = *,1) which ís independent of 0o. Therefore â = u( rJ _ _____r "o. rrrcr c!(rr e a = , = *( 

1)
for all 0> 0.

ConsÍder , .no\t nn g( u, v I a, 0) when a = â Then

Xn g(u,vlâ,0¡ > nn e(u,vla,0)

for a € Rrr O > 0. To obtain ô,e ,rued to maxímíze nn g(o,rrlâ,0¡.

lne(.r,rrlâ,o¡ = - n!,ng-[+nc

Takingthederivativew.r.t.0andsetËíng*nne(u,vlâ,o¡tozero'weobËain

-å =-þ. cleartyrhen â=; forwehave
U

2n g(orrrfá,ô¡
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â=r- n(x,r, - i)

The extent of bias Ís neglÍgeable for large sample size

ratÍos of MSE v7e see Ëhat MSE ror 6 wíll always be rower

although they tend to near equality as n + oo . On Ëhe

â will be approximately double that of a*; i.e. Ratio of

. .:i.j_:.: , :,.: :ìi::j

From our earlier definition of u:v we have that x,1) and O _ *(r,
are MLE for 'at and tO' respectively.

trrle can see that the MLEts are linear functions of the x.
(1954) indicates that BLUE's are Ín agreement with these MLE'

illustration of this agreement can be seen if r¿e consider the

6 = x-â. rf we now replace â ty ,o we haùe

t s. Sarhan

s. An intuitive

express Íon

n- 1

Clearly, UMVIIE and BLIIE are unbiased with variances which can easiry
be obtaíned from línearÍry property of nt v(x,r¡)J using the results thar

^tvar (l) =g=var(xr.,.,) and cov(*.., li) = 4. simílarly, thevariancesofn ( I) -- '--( L) "' 
",u¡v can be obtained directl_y from rhe marríx [e'w-to]-t in (íí). These

respective varíances, as well as those of MLEts are reported in tabre 2.L.
Although the MLErs have srnaller variances, they are biased and the extenË

of bias is included in mean square error (MSE) terms. The bias is calculated
as

Bías = lutôl - ol and Intâl - a I ror and a respect ive ly.0

=0*

but on comparing

Ëhan that for 0*

other hand, MSE for

rus¡ [1:a*] = t2å l

timates
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Table 2.1. comparison of Bias, variance, and Mean sguared Error

rn order to determine which set of estimators Ëo use rerative to
precision, we shall speak of the Generalized mean squared error (G,,ISE)

of (a*, 0:b¡ 
".ra <î,6>. since ("o, o*¡ ar" unbiased then MSE = variance

and by Raq (L966), the GMSE is the value of the determinant

.,rrt { ,o)
cov (a* o*)

.J-cov (a^
úvar (O^)

rarl
and

cov ("o 0'*) can be evaluated línearlv from

Thus, by definítion

n [V("( 1), . . .,x1rr¡) I

"or, 
1"* o'*¡ = E n(i - x(rr)l 

,nn-l l

(rr-1)2
u[*( r)2¡ - -E-- ,El*2]

2

t
o-

2
n

zg2

-n

x-x,. .( r/

)
and Ít can easíly be shown rhat ntx *(f )l = 5 *,a +:,r9fta+O¡.



:.:,:ir
:l-:¡f

-.i.:; r;i.:.;..:1 ì

:. a.i:1.:t :. :r:'.'t::.'. i,:'-;,:i

-,)EIx-] =
02
n

+ (a+0) 2 
"nd
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a0*a0

which can also be

,,,
)' *' n:

2
n

- 2na8
t-

obtaÍned from 14i'w- 
le) - I ín ( íi )

,r2(rr-t)

-= (a+ I'n
2f

t

z
n

u["( r) so thaË

cov 1ax, o'b) = - - 9' -. + n
n(n_r) (rr_1)2

02

a0

Then G{SE'k

=

2
e-

n(n-1)

-02
n(n- 1-)

¡l(â-")21

s[(â-al Cô-oll

¡t(â-a) fô-o¡1

n( n- 1)

-02
n(n-1)

02

a4

(n-1)

Similarly, for ß{SE or (â, ô) !ùe evaluate the determínante

al(â-a) rô-elt 
I

EI(ô-o)21 | 
whêre

¡[(x(1)- ") (;-"(t)- o)]

E[*,rrE - "?ri - n*(r¡- ia++x(1)+ 
"o]

et",rr"j - Blx( ,¡'l * (a-0) u[*(r)J-a¡(i) + ae

("*f)("-*) -"r=-4
n



.'' : :':a t a.:.:.: ;-:-ì:.rl::.::ti.!j.*11':

/\
so that GMSE =

,r2(rr-t)

^2 ^2obfU-22
nn

?)0- 0---2 
nn

/,
_ (2n-1)0-

/,
n

(n-1) (2n-1)

-2I-

comparing Ëhe values of GMSE (a*, go) and cusn (â,ô) rhen we see rhat

a4
/,

( 2n- 1) 0-
4

n
and

for n = 2, Ratio is

for n ) 3, Ratío is

On the basis of smaller mean square error (betËer precisíon), then for a

sample of sÍze 3 or greater \^ie would prefer â*, o* to ãrô and for

samples of size 2 we would prefer â,ô to a'k, o*.

IIMVUE of Relíability of Míssion Time r

The exponential distribution is parËícularly useful when applíed

Ëo life testíng procedures. .One such application.is when one wishes to

know the probabilíty of an ítem surviving at least up to a given Ëíme rËr

which Basu (L964) calls the mission time. Then the reliability at time't'

of a system whose life follows Ëhe probability law f(xla,0) given by

(2.I) is expressed as

R(t) = Pr[ x> t] = | - Pr[ x< r ]

= I f(xla,0)dx
t

( 2. 18)
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Here it is assumed that t ) a, for if t ( a, R(t) _ l. In
order to fínd a IIMWE for R(t) we shall follow Ëhe method of patil and

ltrani (1966) and more specifically Basu (Lg64),

consider a sampre of sizetn'made up of Ëwo subsamples of size (n-1)
and one. For subsample of size (n-l) v¡e define

n-1
t* = Z (xt-1 - x7r.,), r* = "i=2'tr¡ (r)" - "(1)

where u* arrd ,r* are jointry sufficíent and complete for õ as shown

earlier for sample of size nt = n-1. I¡le can then write

g(u*,v* | a,o) = S "*o I- (n-r) (t"ã 
") J .(ro,a).Bt(rrof ,ro)

where

Therefore,

91 (v*l u*) - I
- r (n-2)

exp t- ä, ,#r"-'f, .{.,*,0 ¡.

s(r*,v*1a,0¡ = ,#r"*o 
f -(FUtút.-a)l .(.r*,a). 

-l-+f(n-1)

exp ,- äl ,$rn-' f, "ç.,o,0¡ e.Ls)

Let q be an additional independent observation, then

c(Ë, ro,u'*f a,0) = å exp t - ,%u, lc(E,u,k) g(r,k,v,kf a,o¡
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Consíder the sítuatíon in which ê ) u*

n n_I

" = 
r'=r("(t) 

- *(t)) = f; "rt> - (n-2)x,r) * Ë-"(r)

and

= t+' ,-2) ,*r"-' (v+u-g)n-3 ror u ( ! ( u*v

-0

exp t- (n-1)-(u-a)l c(u,a) I exp t- 1v-É_+x(r)r,. 
å c(v,o),

("-1*"( ,) 
) 
"-3

Therefore,, g(9,a,0 | urv) = g(!,urvf a,O)/gr(u,v,1 
",0)

so that, af ter transformation (u*,,to) -+ (v,u) then ( 2.lg) can be

rewritËen as

if u=É1

n

otherwise. (2.20)

Expression (2.20) ís in agreemenr with eguetf-on (g) of LaurenË (1963) if
we rnTrite nY = v.
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hle now define h(g) - I if I belongs to interval (t,oo ¡

= Q ,otherwise.

Then h(q) is an unbiased estimaËe of R(r). Thus ilMVtrE as gÍven by Rao

Black¡ue11-Lehman Scheffá theorem is

E tn(q)l g(É,a,0 l,r,u)l

where u¡v are jointly sufficient and complete for (ar0). Therefore

no(t) = / e(q,a,ol u,v)d(
t

I when t<> t(r)

' 
= T" (n-r)(n-2) ,L,n-2 n-3t 

-T \;/ (v*u_( ) dg
t

= Q otherwise .

Then for t belonging to (xr, .,, ufv) we have
\ r,,

no(r) = r#l ,v+s-r,n- 
2 

= (1- *) [r- 
t-î,t,J"-'

If we now agaín write v = ny in (2.2L) we have

"( r)

i=,J "-'
R*(t)=l if Ë<

= (1- *) þ-

(2.2r)

ifx,l)ltlx11¡+nY

if Ë)x,l¡+nV-0

(2.22)
which is the same resulË obtained by Laurent in equation (10).
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BLUE and MLE of R(t) for Mission Time T

InIe now wish Ëo obtain BLUE for R(t) if it exists. A linear estimate

of components of order statísËics is of the form Z !,,.,x,.. and linear(1/ (1.'
unbiased esËimate would be one for which

ul,lr'i')"(')l = exP t- # I

t

butnn
E[ u o. 1 - s,!rn(i)"(i)j = 

,'=, 
n{r) (a+ vo) I exPt- T I

so that R(ç) is not esËimable from linear function of components of order

sËatistícs. Therefore iË follows that Ëhe BLUE based on Ëhe eomponents of
order statisËÍcs does not exist for R(Ë).

I,üe saw earlier (2.18) rhar R(r) = "[ ¡(* f a,0)dx and rhar MLE is rhaË
E

estímator whích maxímizes the likelihood of f(xla,0) for given urv. Then

since f(x lâ,ô) t (xfa,O) ir is clear rhar MLE of R(t) wíll ue / r(*lâ,ô)¿*
t

so Ëhat

A *.| Þ
R(t) = I å ."0 t- ff ta" given â,ô,r

t

= 1 for t<t' *(1)
ìr

" t-a,= exp t _ __zFJ for t >- u- -"(r)
..: j.::: 

r

; \r7hich, if expressed ín terms of urV becomes

A
R(t)=l for r(u

.n= exp f- ; (t-")l for r ) u (2.23)
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The comparison between MLE and IIMVUE is rather difficult for the

reason Ëhat the bias and the mean squared error for MLE are very difficult
Ëo obtain. Even Ëhough UMVUE has bías zero, iËs variance is also dif_
ficult to compute. I^Ie illustrate this for the bÍas of the MLE.

E I1/(u,v)l = // V(u,v) g(u,vf a,0) dudv f6e r (2.24>)a

lf
J I I g(u,vf a,0) dudv

qìt>a;v)0

Prlu>tl+//.*p
v)0, a(uft

+ // ""p t-fft-"¡le(',v/a,o)dudv
a(uSt;v)0

[-n( t-u) /v] g(u,vl a, o)dudv

and Pr [u ) ¡,],; = (u-a)l du

(r-a)l

= exp (Ë-a)l + exp

exp (u-a)l exp I- n
v

(t-u)l dudv

l- f;rt-" )l + ø

,v,n-2\o/ '

(2 .25)

where Ø must be calculaËed.

t
I

nrD.
õu*pt-õ

r l'l= exp[-õ

r- *lU

æ

II
qâ

r-å

So (2.24) becomes

A
EIR(r)l

fnr.- õ

= exp

æ

Now ø- T-L- I
0- t(n-t) o

n-2
(å)f;:exP t- exp t- f;C"-"1 * i(t-u)ldudv
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f (n-1) å ""ot - o J(õ) (;i) exP r- i,,,

["*t 
- n(v;fra l -u*p ,- n(v:9)t,] o,

= 
i + r*1"-t "*ot- *l "*p[- 

rtfr,-t> J ,"-Ð (õ) ""pl- õl exp[- #(t-"1] ¿v

exp r- å (t-a)t1-cfil'-t 
"*o r_är. d_, dvr(n-1)

and for w =vfg ,

ø = #; { # "'-1 "*p r-'r{""n r-*ct-a)l - expr- år.-,r}} u

and for R = exp t- ,T, ,, , becomes

'r*
ø= | 

I 
-.n-1 r i .n/w

r(n-l) ô 
-'-t w" ' exp [-w] (R"'' - Rt¡ ar e.z6)

Forw=1,v=0'andø,=*(t-a)expt.1iwhenfisseËequa1to
l(n-1)0'

1 in (2.25). Since 0 ) 0, rhen ø is defined ar w = l and utftrll becomes



.,:.'ri.'.:-1

-28-

I-e
nlfttit = Rn + # .tïo J *t "-1 "*p[-'1 (n'/" - R'n) dro

+ I lirn i 1 ,t-1 u*p[-rl (Rt/t- ht) a"
f(n-f) .-O*. w-l

= Rn + i r rt-l "*p t-wl (Rt/t - R.n) ¿w (2,27)
r(n-1) å r-1

V,Ihen'a' is known, say equal to zero, Pugh (1963) showed that the bias

R(t) can be expressed as a Bessel funcËion. In the case where tat is unknown

ít appears that'b7e cannoË express bias ín terms of Bessel or other known standard

funcËions. However, the acËual evaluaËíon of the bías could be carried out by

compuËer iteration.

It can be seen from (2.26) that as n increases, R decreases and bias

becomes ass)rmptotically zeto.
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CI{APTER ITI

ESTIMATING RELIABILITY FIINCTIONS FROM CENSORED SA]WIES

Let x, ,xr.... .x be a r.s. from Ëhe distributíon (2.1) of prevíous'l- ¿' 'n
chapter. trrle define a condition where from this sample, only Ëhe ttrtr smallest

values of x. are avaiLabl-e (í = 1r...,n) rnrhere L ( r ( n. This is a, single

point censored sampl-e (frour the right) where (n - r)x.'s are not available.

It is desíred Ëo estÍmaËe rrart andtlQtt the 1ocation and scale parameËers res-

pectíveLy which determine the underlying distrÍbution. trrle wilL consider ín

this chapter various procedures for est,imating rrart and tlQtt as well as R(Ël"t,Ot)

from Ëhe censored sample defined above. !üe firsË wish to obtain a vecËoï

valued sufficienË sËatistíc for e = (arO), a e R, 0 > 0, íf one exisËs.

Derivatíon of Suffícient SËatistics

Consíder the likelihood of Ëhe experímenÈ which yields *1,...,xrr(n-r)x. ì *(r).
This is gíven by

where

pr [(n -r)xi > x, I a,01 (3.1)

[*
pr [(n-r)x. > xrla,ot = ,lrl ¿ï "* t- 

*rn 
] d*.1 "-'

Lt') - 
J

so 3.L becomes

= (f ) "'n t (n-r) t",'l- 
I
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L(xr,...,xr, (n-r)x. ) x, la,o) = cål' <Tl .* [- I t"t-- "'l.u .r 
L i=l e l'

f ,-- ^..lexp | (n-r) qO- ") I ,r.r,IeJ

Consider nor¿ Ëhe order staËístíc" *(l) r...,x1r¡ r... rx1n¡ where

"'*(1) S." -'*(r) Sx(r+l)
known I Epstein and sobel (1954)] trrat from a sample of. síze n, gíven â,e,

s(x1r),... ,x1r¡f u,o) = n.t (å)' ""0 |[ - ; "tr)- " ì[ 1 n-J'

I I exp [ ,î, 
("<år- ")] u=., ... d*,, .

=n"¡!,ttt1("_îr Çr' ."0[- rl, a#J

I c,,-=l ] .^ ^
""0 [ (*(.)- ")J (3.3) 

.,,,,.,, :

.:,.-,¡, ,,¡,-r,.,.for "S *(1) S ... -a 
*(.) ( co r zero elsewhere. Thus 3.2 canbe expressed a,s' : :

L(xr,...,xr, (n-r)x. >xrla,O) = s(x1t),...,x1r¡,Ia,01. r.'and by fac- 
::...

torízatlon theorem, the order sta,Ëistic" *(t) ,... ,x.r¡ are suff icíent tot 6 . '".'

trrle now define indícator function c(arb) as in (2.3) and u = *{r¡,
r

v = Z (x,..- x,t)) * (n-r) (*(r) - "(r)). trüe now can rewrire 3.3 as
í=2 ( 1/ \ r.' \r/ \ r/
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g(x(t),".,x1r¡, | *,0) (*(r)- 
")J c(x11¡,a) <fr

n
0

r
L
2

t
n=-
0

r-1
exp

exp *(r)* (n-r) *(r)- 1n-1) x11¡

tr{e

ís

U,V are jointly sufficíent f or (a ,0) where g (u ,v)

= s(u) .å,'-t .*o[- åJ c(v,o) #

and we see that ,Lrrz i..., ,,

(3.4)

wish Ëo show that

def ined as in 2.6.

Def ine *(i) - *(r) = 'i for í = 2" " 'r
become the new order sta,tisËics. Let

r
v= Z z. +(n-r)zr.

i=2 1

í = 2r...rt such Ëhat

Now r,r¡e def íne Ii :
I

r
= Z z. I

:t;2 1

r
v= Z I4I.

L=2 L

above transformation, where Jacobían is given byIf we make

f .rf = (r ) for Wi = ,VGi) rhen 3.4 becones
n-r*1

I
r

í=2 þl
g (x( 

1) ,' . . ,xçr) l",o) = s(u) ,år'-t "*o (3.s)
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and trtI . are i. i.d.r.v. from exponential disËributíon, given *(r) = rr.

Thus v is the sum of (r-1) i.i.d.r.v. and by m.g.f. technÍque,

e(vlu,a,o) = #) cål' 
t 

.*o t ;l u'-' "(v,0) (3.6)

11¡I

r(r- 1) Or- 1

(3. 7)

so r¿e can express (3.5) as g (u,v I a,0) (n- 1) 
ur'2

(n-r) .'

Thus the likeLihood of x1,. . . rX, from a sample on síze n can be

written a.s

L(xr,...,xr, (n-r)x. l"q=¡f r,o) = g(*(1),...,*(r)f a,0)T, (*(r),...,x.r¡)

= g(urvlar0)T,, (xz.rr... \
L \L) 'tn7r¡/

and by f.aetoti-zatíon criterionr u¡v are jointly sufficient for 6 .

Furthermore urv are known Ëo be complete and for proof we refer to Epstein

and Sobel (1954).

(i) UMVUE for rratt and ttortt

As in previous chapÉer r^ze use the results of Ra.o ( Lg66) and from the
R.B.L.s. Theorem üre start wÍth an unbÍased esËinator Tr(ëi) such that

t1ve ftt(st) f n,tJ = V(0) where ë1 = (xr,xz, .,xr) and urv are joÍntly
sufficíent ard complete.

s(v u,la,o) = å .*o [- Ë,"-.rJ c(u,a)

'*o [- ;J *-2 c(v,o) '
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trrle wish to esrimate 0. I€Ë rf {u,v) = v. Then

rttf (u,v) | u,vl = j-' Få" ,år'-1 -r'-' "*, I- f;ta.,

= Ulvl = tr[n(vlu)] = (r_1)0

which ís índependent of u; thus @(u) = E[vf ,r], rhen u[Ø(u)] = o(r-1).

Then by our theorem, unbiased estímate of 0 is Tr(urv) = rl{.r ru)./ = v

/ (r-t) (r-1)

and ís IMVUE for 0

Now def ine f|(u,v) = 11 where

elul = / "å exp t-fr(u-a)ldu="**
av

and clearly u - Tr(u'v) 
has expecËation given by

Ei

- Tr (u rv) T, (u,v)
EtU-' I = E[u]-E[ t ] = a

Thus *(f) 

"r' 

= tr(u,v) ís IM\ruE for ttarr. Then

"(r) -
t

,t 
("Cr> - *(r)) + (n-r) (*(r) - "(r))

n(r- 1)

r

,t("it) 
- *(r)) + (n-r) (*(r) - *(r))and

are 1JMVUE for rrarr and
(r- 1)

tt0tt respectively. These results are ín agreement wíËh Ëhose of Epsteín (1960). ,
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(ii) B.L.u.E. based on onents of order staËistics

xr.rts from a sample of size n( 1)

where I ( r ( n. Then previous

nd we again use the Gauss-Markov

e above we define

Consider the r smallest

a (x,1)s"'S*(r)'
and (2.15) are srill valid a

Thus from the censored sampl

| ", .\
/ ..r" I

x= f":"1 ,rl
\",',/r x 1

- /" \0-t I ;
\o/ z * t (i

such Ëhat

results (2.L4)

theorem.

L/n
2

¿(n-i+t)-I
I

f 
-1x (n-i+1)

1
x2

and

and we

where .

IA-

have an

fi=

(n-í+1)-1

1

r
x ( n- i+1)
1

,)

I

2

L
I

(,;"

d efi ni te

'ulr\

I
'ur, 

/

rxr

/

{

\

rx2

positíve

\/ \T'11 '12

\7
rI

matrix trrl

where urj = cov (*(i) *(j)), i I j and V[xJ= w62

Thus to find I,rI 
t 

"" augment I^I with identity matrÍx Ir*, Ëhen perform

ror^7 oPeratíons on wtrr*2, untíl r¿e have Èhe form riz_-,n- where Z is the
-1required trü - matrix. tr{e then obtain
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-1

n' * (n-t)2

-(n-1)2

0
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-(rr-1)2

( n- 1) 
2*çn-z¡2

- (n-2)2

0

- (n-2)2

(n-2)2+(n-z)2 -(r,-3)2 0

,
( n- rfl )'

(3. 8)

(3.e)

0

0

0

0

U - ( n-r+1) 2

A'Id- I

)

00

= ( 

n,,' 0

(n-rf-1)

-1ArüI -A = :)(:'

*t(A'I4I-1o)-1 =

-t/n
1

-L/n, -(n-r+1)/n

f', (n-rFf)

,2t/n

-Iln

Therefore (A'I^I-1¿)-1 A'trrl-1

(r- 1/n) , -! /n

-(rrl-l), L,

I.-
]r-L

-l/n ,..
I ,...i

0PremulÉiplying X by (3.9) gives us T, Èhe least squares estimate of



:,:: : ':,:. ::
:,Ì ::'i": i

1

(r-1)

which is BLUE of

I
r-1

*( r)

and BLUE for rr0rr 1S

(n-r+1) --T- ^(r)

t.::,',::i;i: ;
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r-L/n, -L/n, -L/n ,. . ., -L/n, - ( n- r+1) /n

( n- r+1)

Therefore BLUE of rrafr 1S

"(r)

*(.)

t;l

I c'- r/r,)*, r
__L

n
a

= * ['.,,,-

r-1

! "rrl -
)

r
u
I

*(r) * 1n-r)x1r¡

,t 
t",t, - "(r)) + (n-r) (*(r) - "(t))

n( ¡:- 1)

r-1

i ",t, * {"-.rfl*,r, 
J

Ì ",t, * ,tt-r)x1r) - t*( t)

E
L
2

r-1

(*(r) - *(r)) + (n-r) (*(r) - *(r))
r-1
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'!'\r' **Again v7e noËe Ëhat â^", 0'-'- are identícal to uM\ntE for a,0

respectively. These results are Ín agreement with sarhan (1955).

From (3.8) we see also that

var(a*'k)=,# ; var(o**)= #; cov("oo,ooo)= -t- ,n( r- 1)

( iíí ) M. L. E. of rrarr and rf Ott

Since M.L.E. is a funcËÍon of the sufficient staËistics urVr then

from (3.6) it is clear thar maxímizing L(xr,...,xr, (n-r)x. ì *(r¡ t a,o)

ís equivalent to maximizing g(u,vfar0).

The M.L.E- of (a,0) ís ËhaË value of (a,0) in the parameter space

a e Rr, 0 ) 0 which, given urv maximízes nn g. Then for u ) a

nn e (u,vla,o) = 1" (å) - f; fu-a) - (r-1) .llrí o - {fr) + c

where C does not depend on r ar or tO' . trrle defiræ

K=c å-(r-t).llno+- zn{f;)

Then for fíxed 0 = 0o, Ke=O = Ko and we have
o

ln g (u,vf a,Oo) = Ko - f;("-a)

clearly nn g(for 0 = 0o) as a function of'at alone is maxímízed, for

ã = u = *(1), and â is índependent of o- so thar â = *,1) for any 0 = 0o t 0 .
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Consider now nn g(u,vla,€) when t = 1. Then

nn e(.r,nlâ,0) > ln g(u,vla,0)

for a e R.,, 0 ) 0. We shall now obtaín ô ty *aximizing nn g(,r,rrlâ,0)

,An g(u,vlâ,0¡ = Ç - r nn O - å

where c does not depend on 0, and ln g(u,vfâr0) is continuous for 0, so

À
- .an e(u,vf â,0) = 5 - ådo a'

and setting the above derivative to zero, Ëhen clearly i maximizes

nn e(o,n lâ, 0) .
I

That is,
.an g(u,vlâ, ô) t nn e(tr, rrl â, o)

for all O > 0 and ô = i is the MLE of 0. From our previous definiÈionr
of u,v we have *(l) ,td

,t 
("CÍ) - *(t)) + (n-r) (*(r) - "(r))

t

as Ëhe MLE for 'a' and '0r respectívely.

Mean Squared Error of EstÍmates in (i), (ii) and (iii).

Sínce both IIMVLIE and BLUE are unbiased estimates then the precieion

ís expressed Ín terms of their assocíated variances. However the I4LE are

not unbiased and precísíon must be expressed in Ëerms of varíance and bias.

The bias tends to zeto for large n, and Ëhe actual values ¿tre surrrarized

in Table 3.1.
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Table 3.1

Comparison of Bias, Variance,

2{r(n;

I¡Ie calculate Generalj-zed Mean Square Error

respectíveIy. By definiËíon

Mean Square Error

r
z
2

("(t) - "(t))* (n-r) (*(r) - "(r))

( Q'ISE ) for o* and

,02

0̂

z,
GMSE (e ) =

.LVar (a^)

cov ( 
"'k, 

oo)

Cov (8*,0*

+
Var (0")

,(r-1)n-

2
U

n(r-1)

n(r-1)

02

-e2

(r- 1)

(3.10)
04 tt þ1

0-

(t-Ð2

tr{hen we compare ( 3. 10)

efficíency of censored

,r2(r-1)

with that of full sample case; then define

to full sample as

Var lbiasl MSE | 0 | var lbíasl uSn

n(r-1)

MLE( )

)
20-

2
n
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Eff.

Sírnilarly we

^c.M. s.E;(õ) =

Fiì loo%
2.n (r-r)

0

no!ü

it
I

Iu

ca 1cula te c.M. s . E . Câl giv en by

l<â-^)21 ¡t(â-a) <ô-n>l

t(â-"1 c6-eil EI<6-nl'l

¡t(â-a) Cô-o>l

v¡here

- 0EIu] E[v] + a0- E[(u-a)

= I u[uv"J

=-02
2n

ta + f ) -
)

^0-aO +nr

a

r[tt" ]
r

( "c
t

-0

t
o-

rn

)
0-
t

)
20-

2
n

_02
rn

- o)l = E

(a+O/n) - a0(r-1)/r + a0

_ (r-1) 0

r

and

A
c.M.s.E. <õl 0- ( 2r- 1)

22. nr
(3. i1)

c.M.s.E. ("o, eo) furL/ .1oo7.
,/ c.v,.s.n. (ro,o'*) censored

€lffir
and as r Ð D¡ efficiency approaches 100%. Efficiency is quite sensitíve

to number of avaílable observations.
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üIe compare (3.11) with

efficÍency of censored

-4L-

the c.M.S.E. ín

to full sample

full sample case and define

for M.L.E. estimates as

EFF.

and as r

censoring

rtolL ,/
,/ c.yt,s.n.

22nr

= {c.u.s.n. <â,ô)
(

l. rooz"

C â, ôl 
""rr.or"dJ

(2n-L) 12

(2r-L) n2
100%

4 flr

ir

A
0

to

for 0(CI

Table 3.2

[üe denote the level of efficíency by d. rhen us ing d = Ë+

v7e can use the formulaI relative to G{SE of UMVUE ã*

r = [(n-l']z+fl + (3.L2)

where [u] implies the greatest integer contaíned in u. From (3.12) we

see that for cz =.90 and n=20, we need at leasË, = [rg(.g)+ 1]+ 1 = 19

observations. If only 15 observations be available, then our estimatíng

procedure wouLd at most be 73.6% as efficient as if we had aLL 20 observations.

s4 er-t)

efficiency approaches 1002". Although 1S sensitive
I

ís not qs sensítive as ã'with resÐecË \r . I'l S.E. (see

to

table 3.2)

Comparison of Efficienciesr\,ü.r. t. Censoring

N=10;r= 2 5 8 10

EFF.% G,6) 25.3 52.7 8t.2 100

Eff..% (r*,0o) 11.1 44.s 78.0 100
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,tr::::al!ii

then

2n-L

(3.13)

n = 20, lee require

t¿l
\^?. r. Ë. ( á-' 0) .

22nr
o4 çzr-t¡ (2r-t) (r- 1)

r = 2, (on basis of

at r = 2. üIe noËe

ís to the righE.
#6

and 0 depends only

If we defíne Cx relative to
A

t-
MLE O

tn = 
(2n-l) 12

(2r-L) n2
for

GMSE of

0(cr( 1 and

2_ ncx
¡-l, 7

+ rln-cy (n-ø - (2n-1))
for 2nct>

(2n- 1)

From (3.13) it can be shown that for d, = .90,

at least 18 observations.

.ml
( 2n- 1) 

-J

GMSE (censored) for ("*, O*)

,j ¿L

6./ A = = 
o'

",/r.*.t.t.F ,r21r-t¡

+
2

nCyr=t

trrle now compare

There€d-pei G.M. S. E.

and for T=2, ratio >1

r ) 3, ratío < 1-

lh

and we prefer (õ) for 3 ( r and choose 6 when

smaller G.M.S.E.) even though bías of â is largest

that bias of â Ís not affecËed by r when censorÍng

It is inËeresting Ëo note that preference between 6'

on r, the number of observations available.

A
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E = *(f) and then f([fu'v) =;

Consider the other possibilities:

.',,,, (a) t ís one of the available X=ts; i.e. x,,, ( E ( x,_-,

:., (b) t ís one of Ëhe survivíng x.,'s; i.e. xr.,, ( É ( -r \ r,,

Then for *(t) a q I x(r) r" have that
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Calculatíon of Relíability for Missíon Time t

Calculatíon of U.M.V.U.E. of R(t)

As ín previous chapter, we wish Ëo estimate the probabílity of

any item in our sample survíving up to some time t. However we nor¡l

have a sample where only the firstttr" of n iËems are. available to us.

üIe define R(t) = pr[X ) Ë] = / t(*,la,O)dx
t

and to find IMWE of R(t) we consider the ordered sample *(t)r...,*(r)

as a Part of a random sample of size n. Now consider Ëwo independent

sub samples of size n-l and one. trrle wish to obtain the conditional

pdf of (, gíven the joint sdrfficient statiÉËfcs r-I,v. We consÍder Ëhe !

range to be compøsed of three possibílities.

r(r-2)
c(u'ra) c(vt r0)
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!ühere

u' = *(r), r' = 
tlt,*,i) 

- *(r)) * (n-r) (*(r) - *(r))

and 8(v'lo',4,0) ís a direcË consequence of (r-1) avaÍ1able observations
r-2

from (n-1) sample size and results (3.5) and (3.6). Thar is v' = Z lü1

i=l 1

is a gamma distribution wtth parameters (r-2), 0, and

e(Ela,0) =å"*o t-+ I c(g,*(1))C(*,r¡,e) 1

Pr[x,1¡<E I "qr¡ 1

Now u' = u'f E > x11) and v' = v - ( 6-") if x,l) <É S "(r) and so

(ut,vt) transforms inËo (u,v) if ( lies ín Ëhe range defÍned above. Ther

clearly

C( g,u,v I a,0) = C( !r(,r') 1",0) g(V(v') f V("')a,0).

.c(g la,o).PrI u',vr 4 u,v] (3. 14)

_ ('-!) 
"*p _t(+)(u_a)l c(u, "). #..,'.:.:.: :::..r o:: ..:':: t: . :':...:... u

v- Ê +u' 
lrr-Ë +,r¡r-3 --t 

1exPL - O , ,tr_Zl C(v,O). õ'

exP I i- å3 ] c(q,x( r) ) 
1 .

Prlx,1)< g S "1r11

Pr ¡ut rvr-r urv] (3.15)
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cl (g lu,v,a;Ð) = g(u,v,L | ",rY
/ g( u,vl a, 0)

" r-3n-l r /r E-11,= ï; (1 - ï) (r-2) for *(r) . Ê S xlr) (3.16)

Considering the possibiliËy that Ê t *(.) we defíne

1¿. = (n-i) ("(r) - "{i_r¡)

for i = 2r...,t and Ëhen vr = Z lü_. = sum of (r-1) exponentially dístri-
2L

buted random variables. Given *(1) = rt then by m.g.F. technique

e(v'l u' ,a,0) = ,.ï lJï- ""0 t- ål lytr-2 c(vi,o).

Now

g(u'fa,o) = # "*o t- 
(n-1)(u'-a)t c(u,,a)

and from (3.7)

and
e(Éf a,o) = å "*o I- + I c(q ,*G)Y

/ Pr[Ét*(r)]

u'=u for åt*(.)>"(r)

v' =v - (x1.¡ - u) for É t *(r)

so that (ut,vt) Èransforms into (urv) if g lies ín the range É t *(r).

By (3.14) clearly
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c( g,u,vla,o) = 5l ""0 t- ry- I c(u,a) 
"h ;-

exp f- + c(€,xr) pr [u'v' + uv ] (3.17)o 4-; *(r)J

From (3.7)

ez(elLr,v,a,0) = # ,, - ç )'-' å "*o [- +, 1.,,,*(,))
(3.18)

for É , *(r)

Now define H(E) - 1 if q lies in inrerval (r, æ )

= Q otherwise

and II(g) is unbiased estimare of R(t).

The IMVI'JE, by R.B.L.S. rheorem is

r
where x, ( u*v, since (*, u) ( v = 

ì 
r"r - *(t/+ (n-r)("(r)_ "(r))

and

n*(t) = u["ce I Igce [,r,v, a, o)]

oo

= Ïellt,u,a,o) dg
t

- 
*(.)

' gr(É lt,n,a,o)dq +
t

I er3lu, v 
' 
a, o)dg

*(r)
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*o(.) = t+' f c'-r¡ it",, - 
tT ,'-' ds

+ (gll ¡1 - *(.)- ' .,'-2 ,*.'1 "*o f-- 
g:"tr> 

¡uqn \¡ 
--) 10""t'L f,r

= t$>{r-f rt-2 for *(r).r. oo.

Then the UMVI]E of R(t) is

no(.)-l l-f. ..*(r)

,E-1, ?1 t-u r'2 (3'19)
(ï)(1 -ï) if "(r)SË(u*v
0 if Ë)t¡{-v

and (3.19) is in agreement wíth equation (14) of Basu (1964).

CalculaËíon of MLE and BLUE for R(t)

trùe see that

rr
E tZ X,x,,, l= In.(a+v0)*expf-T, .,:,I 1 (]-J I r ^ - tJ

'",'.'

.a:

so that n(t) ís not estímable from any linear function of order statistics.

Sínce no linear unbíased estímaËe exisËs, no BLUE exísËs for R(Ë).

Now R(Ë) = ; f (xla,O)dx and MLE is one whích maximizes the ,,.'
t,

Likelihood of f(xfa,0) for urv given. trrle know f.i.xlâ,6) t f(xla,0)

and Ëhen MLE of R(t) will be

ntr) = / r<*lâ,ô)a*

and for fíxed t
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A
R(Ë) - I

Expressed in Ëerms of u¡V the sufficíent staËistics thÍs becomes

A
R(t) = |

As ín Chapter II, the comparison betr^zeen MLE and UMVUE is dif-

fûcult for the reason thaË bias of MLE is very difficult Ëo obtain.

Even though IIMWE has no biás, its variance is also diffíCult to compnÈe..

tr'Ie shal-l iLlustrate Ëhis for the bias of the MLE.

AA^
Since R(t) can be expressed as ù(urv), E t V(u,v)J = zero if

t ( a so ,t¡re consider the case for t ) a. By defínition

A
E [rli(u,v)] = II V(u,v) g(u,vla,O)dudv for t ) a

= Pr[ u > Ë] + // expl - f, tt-"1] g(o,,rla,0)dudv

for v)0, a(ult.
qtt

= Rn + / J cf;> "*p f- å ("-")t* ,år'-t
o a f(r-l)

v r-2 ( Ë-u)
êxP [ - õ ]"- exp [- t'î'1 dudv

= exp r-#l (3.20),::=:::]l

=RD+ø

where ø must be evaluated

(3.22)
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ø = 3;= i exp r- ål ,år'-' I'"*, t- f;(u-a; - ir.-u)ldudv0- l(r- 1) o

and for [4f = å, Ëhen we have

ø" = tr j wr-' "*o r-!ür(*Ð (R'/* - n'¡aw e.23)

where R = exp f- # ] = a consËant for gíven trar0. rrle note that for

r = or Q.23) becomes idenËícal to (2.26>.

For nw = r, ro = f and Ø'" at ro Ís

ø'- = , " -" ,:r'-' exp t- il (r-a)
" g' (r- 1) 'n' n'

andsÍnce O>0, Ø" isdefinedat trü=I. (for r=Dr ø'=øL).

Therefore .\ ^ t /n- e

EIR(t)l = Rn+ n lím f Itïr-L .t,^, ñ
l(r-1) e +o å f"r-rl exp[-]ül(R-"'-R")dr'o

+ n lim i 
"r-1 

expl-wl (]t"--**) u,f (r- 1) e+ o r/rr'€ (ru¡l-r)

æ r-1
= Rtr .r- -,-n / !ü- - exp I-I,rl (nE/t - nn)dw (3.24)

f(r-1) o (nw-r)

As in (2.27>, no sËandard functional form of (3.24) appears to exísts.

Ïr. o' = - *, Ï,å,'-t "*o r- år ,#,f.*o r- å cr-a)l

- exp r- ; (t-,>rJ a"



ANALYS

CHAPTER IV

OF LIFE TEST EXPERIMEN IN CANCER RESEARCH

A common Ëype of experimenË in cancer research is response time

studies made on samples of whÍte mice. trrle analyze three different samples

where the data is similar in the three cases, buË amounË of ddta available

varies in each sample. In these experiments, all the sample mice are in-
jected with a common drug and Ëhe elapsed positive reacËion tÍme for each

mouse Ís recorded.

It is sometÍmes difficult to ascerËaÍn a positíve reaction. In the

above experimenÈs, three eritserÍa are requÍred before a reactÍon is Éermed

positive but only one yíelds accurate Ëime esËimaËes. However, this one

critería , a posiËíve myeloma protein count (pMp) Ís known to suggesË

85-gO% likelihood ËhaË a posÍtive reaction has occured. I,üiËh this know-

ledge vue then consider elapsed times from injection to pMp. From these

tÍues (t.) we Ëhen calculate, from esËimates developed in the previous-a

chapters, the proportion of.mice that develop pMp by some fixed time T.

trrle wish to note that in the past, reliabilíty estimates have been

calculaËed by counting the number of mice with known posiËíve reactions

(al1 necessary criterion established) by some time (t). A proportion has

then been calculated 1 - Rp (t), such that

1 - np(t¡ =

I - np(t) ís then

This estimate of

Number of mice with posítíve reaction by time Ë

Total míce in sample aË time zero

Ëhe probability of having a positive reactíon by time t.

the pr:obability has severe limitatíons, a few of whÍch are
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censoring duríng the experíment often makes the rn' undefinable.

All experimental data is not used for estimaËion.

Estimates are easíly affected by adverse experimental condiËions

renderíng such esËimates inconsistent and unreliable for practical

comparisons.

Our estímates have not these limitations but depend on some assumpËions

ivhích \¡7e now describe.

The random variabl" ti has an underlying negative exponential distri-

butíon with location parameter tat * zero. The first part of this assump-

tion is not ne\^7 to biologíca1 experÍmentation lnaileyr, L967]. rn facË,

since our experíments are biologically similar to stochastic epidemÍcs and

our estimates €re based on duration tímes, Ëhen líke Baileyz (L967), we

may claim ËhaË | the Ëime interval ti before the new ínfecÈion occurs has the

negative-exponential distribution... t. Furthermore, when one considers

length of patienË-stay as duraËion beËween stímulus (patient admission) to

response (patient díscharge) then it has been demonstraËed Saunders, M.G.:

Hamelin, D.G. and Martín, D. (.L966) that such duration follows the negative

exponentíal distríbution. As to the second part of our assumption, re-

searchers ín this area of cancer research índicate that a dormant period

after injection varíes between 5 and 7 time units (t.u) (nìonËhs). rn

our experiments any deaths (censoríng) prior to 5 t.u. will be excluded

from sampres for purposes of estimation. censoring is the result of

deaths, before íncidence of PMP has been detected. These deaths may be

the results of random causes (epizooËics, canibalism, etc.) or as a result

of theír inherent stochastic life process. Normal life expecËancies of

a)

b)

c)
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these mice are over twenty-Ëwo t.u. and we assume that for periods

of less than eighteen t.u., the individual death expecËancy is quite

small. trrle then consider censoring as due Lo random causes for under

,, "ighËeen 
Ë. u.

Itlith the above assumptions, h7e now consider Ëhree different samples

and we estimate probability of any mouse developint PMP beyond some

fixed time T. Such an esËimator, when used in conjunction with our

earlier remark of 85-907" indication of posiËive response, can prove quite

meaningful and consistent from experiment to experiment.

Sample 1.

From a sample of síze L5, the recorded times as they become avaÍl-

able are 6,6,7,8,8,8,8,9 rL},!2, 13,15 ,L5,L7,17 time units. From this

sarnple we see, Ëhat r = a(1) = 6, y = n(E-t(r)) = 69. since we have a

full sample (no censorÍng) we use results of chapter two. Then

lntwE and BLUE for a = nt(rl-E 
= 5.67 = å*

n-l :

IIMVUE and BLUE for O = v; = 4.93 = 0*

Also, 95% conÍidence intervals for a'k and 0* respectívely

IEpstein, 1960c] are

tt(r)-wu0o, t(r)l = [6- (€'34)_(4.93),6] 
= (4.90,6)n15

f.or IaIu at 95% conf.idence from F-Ëable at (2,2n - 2) degrees of freedom, and
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I z (,,-r) o* 2 (n-t) n:^.1 
=[-rru.¡,- , ,run) J = (3.11,e.0r).| .,2 """(2"-1) ¡.nr4z"-z> J = 

L 44Au ,rrr JL X .u¿)

A measure of R(t) can be obtained if we consider a funcËion of

("o, Oo¡, biu"ed,which we define as R-(t) such Ëhat

Rr(,)= expl i-{] = ".0[ #)
and a measure of 95"L confídence bands abouË R,(t) is obtained as

R .(r) =exÐf-f-ir-:-l ; R- r v6 I
^f1lo'u',r - 

L- #.J ; Rr(,rppur¡(t) = exp 
t -r"tJ

the lower and upper bounds respectively. These bounds are not exact as they

do¡noË allow for bias on one side, yet tend Ëo give wider bands considerÍng

dual exËreme values of simultaneous esËimated values "o, OT on the other

They do serve however, to íllustrate estimators based on censored and

non-censored samples as we shall later point out.

Other estimates of (a,0) are MLEts â 
"rr¿ 

ô gíven by 
:

,\'aa = u = 6 0 = v/n = 4.6
=

Inle Ëhdn have the MLE of R(t) as

4. f r-âì |' .-elR(r)-""e[ äJ= ""et- m)
trrle have shov¡n in ehapter t!üo that the IIMVUE of R(t) ís

no(t) = f tr - .;u )"-, = +f ,, _ #rt,
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'-l-"r:.L:-:¡-:¡:.: l

€nd is best with respect to minimum variance estimation.

ItIe a lso prevíous ly def ined R?( Ë) so that

RÉ(t) =
Number of t.'s larger or eqLla1 to TI

Total number of t.'s larger Ëhan 5

Table 4.1 gives

ü7e point out the sma
ù

R (t). The location

of R-(t) are well ilr

* t.'s ) T

15

some values for the differenË estímates used and

11 differences beËr¿een Rf(t) and the best estimate

of these estimates wiËh respect Ëo confidence bands

Iustrated in ippen{!>< l.

Table 4.1

Estimates of R (Ë) given r = n = 15, | = 6(2)L4

R.( r)r Rt1 lor"r¡ (t) Rr1,rpp".¡ (t) +
R (r)

6

I
10

L2

T4

1.000

0.800

0.467

0.400

0.266

0. 935

o.625

0.4L7

0.27 9

0.186

0.703

0.37 2

0.196

0. 104

0.060

1. 000

0.802

o.642

0. 515

0. 413

1. 000

0.648

0.42L

0.27 3

0.L77

o.934

0.636

0.429

0.285

0.190

Sample 2

tr{e have dara as in Samp'e 1 except Ëhaa a(11) "rd r(r+) are not

available because of deaths (censoring). rf we choose to discard Ín-
formaËion beyond t,10) "" can consider the data as a right single stage

censored sampJ-e and make use of theory of chapter rrr. Then , = a(1) = 6,

and
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r
v = 

i,t,r) 
- t(t))* (n-r) (t(r) -.(r)) =52 forr =10, n=15

BLI

BLT

:rf Í

95

BLU

on

t

IIMVUE and

IIMVI]E and

and 95% c'

for I,ü alv

and

UE

UE

ide

L

\ol

for a=

for0=

nce interv

{4I 0xu- v

nfidence

u-

v
r-1

als f

,u

from

n(r- 1 )

= 5.78

úora

1(tll= f 6)t
F- Ëab 1

=

=0*

and e grv

s.7B)

5.6L

ú" ar,

5s (:

g>t

3.
= (4.63,6)

of freedom;

a^

en by

1
,

,6J

degrees

15

(2,2r-2)eat

tr{e define

and

MLE of (a,0) are

Therefore

Rr(r)=exp[ #] ="*[-#]

Rrrro,"'¡(t) = exp [ +*] t Rr1,,pp",¡(Ë) = exp 
t- æl

A^-a-=u=9 , 0=u/t=Þ.2

^ r #l : ^-^t- Ë-61R(Ë)-""01 äJ-""0[ s.2J

and from chapter three

n*(t) = + (r - t-u rr-z = rþr,, _ #ru
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and is besË estimaËe of R (t) wíth respect to minimum variance.

ñ /L\ #t.t s ) TK.\8,) = I -
1q

...,::,;.:;:.i. as before but is restricted Ëo t a t(ro). Table 4.2 gives some values
::":1:.:-'-: for estimaËes of R (È) and we again point out Ëhe small differences bet-

r^ieen Rf (Ë) ana n*(t). Fro* Appendix II r^ie see the wíder confidence

bands about R.(Ë) for censored case. This loss in confidence Ís direcËlv,- t' ' vvÀrlluEllug .
:. -:.. ..

:::'.:l.-

,- ' l !
:.¡.;: ::¡::,,i,:1 used in calculating our esËimates. In fact, the purpose of calculaËing

confidence bands about R"(t) has been primarily to illustrate graphicallyr
the sensÍËivíty of simultaneous estimation with respect to censoring.

TabLe 4.2

Estímates of R (t) given r = 10, n = 15,t =6(2)14

f Rf(Ë) Rf( r) Rrç tor.t¡ ( t) Rt1.rpp"r¡ ( t) R (r) R'( Ë)

6

8

10

l2
t4

1. 000

0;800.

0.467

0.400
?7

0.935

0.663

0.47 0

0.333

0.236

0.662
0.362

0.L97

0.108

0.059

1. 000

0.854

0.7 29

o.623

0.532

1. 000

0.682

0.464

o.3L7

0.216

0.934

0.682

0.49L

0.35 1

0.244

Sample 3

suppose that instead of sample 2 we have one ,mouse die at t = 4,
8,8r11 and 16r at Ë,i) t"lues recorded are 6,6,7,g,gr 9,!0,13,15r17.

tr{e arrange data as in Table 4.3 where z(i) tr" death (censored)

Ëimes.
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Table 4.3

Data from multi censored experiment

Then we are dealing here with a multi censored sample. !üe assume tar

knor,¡n = 5 and if we define

d. = number of PMP at Ëíme t,..I (1)

Z, = number of deaths at time 2,..1 (1)

x,,r= time unít (either t,., or 2,.,)\1/ (1., (1)

Y(i)= *(i) - a for 'a' known

then we may estímate O* , the Scale parameter by referring to the best

estimaËor IHerd (1956)] for known locaËion.

nt
o+ = 1 t (Ki*d.,)Irrr

Z d. i=l \-/
1

Times (X. )
1

Frequencies

(Ki + ¿.)(x(Í)- a)
!c r) '(t)

d.
I

K.
1

6

7

8

9

10

l3
15

t7

8

11

L6

2

1

2

I
I

1

1

I

2

I

1

2

2

t2

5

6

8

10

1t

L2
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where nr = n - *r(r) less than ta'

Thus for a(f) = 4 in our present sample, t(t) is discarded and

+10' = iõ t2(1) + (2) + 4(3) + (4) + (s) +...+ (12)l = !¿

I¡Ie def ine Ri( t) as

Ri(Ë) =exp t T] - ""0[- #]
and for t = 6(2>14 we have R:(r) = 0.871, 0.66L, 0.500, 0.3g0 and o.2gg

respectÍvely.

should v¡e r,sish to estimate ttatt, vùe recommend Ëhe statistic

ut=u-vt
n(:d.-1)

nt
vt = 

tt=, "{ r)

which is a compromise estimate of a* for the single stage censored sample.

In our example we have

r'=6-# = 4.9614(9) 
-

To estimaËe Ri(t) , we Ëhen use
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Conclusion

The símilarity of data in the three samples prevíously discussed
._ .:_ -::,-_:ì .

enable us to compare estimates of Relíabílity for the three samples. :.:,: 
:¡,:,'.:.1

Appendices I and II iliustrates both the decrease of precision as

censoring occurs and the close approximation of R.(Ë) to n*(t). Further

Ëhis allows for approximate comparisons between *r, a, and R-(t) as illusËrated ,:.' ".' ''t' f' , .

in Appendix rrr. This latter illustration arirso indicates a Ëendency of 
j,:.,,:,::;,,a::1,..:

Rr(t) to over esËimate R(t) for more complex censoring to Ëhe right ":r';;'::'.
I-

The last sample discussed indicates the dífficulty one would have

in order to calculaËe Re(t).

Finally, rre conpare Ëhe estimate of probability of any mouse having

a PMP response by time T for the three tJ¡pes of samples. For our comparisons

to ínclude the mulËi censored sample we define this probability estimate

as

P[ dev. PMP by Ëime T] = | - R.(t)

whích is 0.814, 0.764, and 0.7L2 for t = 14 in samples one, two ard three

respectívely. From_Ap-æn{íx III \,re note that sample estimates 2 and 3

tend to under-estimate this probability.

A questÍon occurs when the theory of the preceeding chapters is

applied to such experímenËal analysis as that found in the last chapËer.

Can any adjusËmenË facËors be derived which, when applied to esËimators

derived from censored samples, will tend to improve these estimators without

greatly reducing the confidence of these same esËimators?
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To aËtempt to ans\,Jer such a question would require the derivaËion

of biases associated v¡iËh practical estimators, and the curmnulative

affects of such biases dependent on Ëhe number of observations and range

of elapsed Ëimes analyzed. such an Ínvestígation is not r¿iËhout difficulty
but the availability of data from such experimental work as done in cancer

Research would warrant that quantítative analysis in thís area be done.

It is only through such research that sound yeË pracËical trule of thumb,

adjustment factors could be defined for application by the non-sËatisËician.
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