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Abstract

Laminate plate and shell structures with symmetric cross-ply configurations are widely
used due to their high stiffness-to-weight ratio. However, conventional lamination theories
rely on simplifying assumptions that may introduce inaccuracies, and experimental data is
often limited and expensive to obtain. Therefore, having a reliable and accurate numerical
model as a reference is valuable for evaluating and improving the analytical approach.

This study evaluates the predictive capability of lamination theories by integrating mul-
tiple micromechanics models with First-Order Shear Deformation Theory (FSDT), and
comparing the results against voxel-based finite element modeling (VB-FEM), which
serves as a high-fidelity numerical reference. A range of models—including Voigt—Reuss,
Chamis, Halpin—Tsai and its modified form, Generalized Self-Consistent, Mori—Tanaka,
Bridging, and two iterative isotropized formulations—are assessed for unidirectional lam-
inae. The most accurate micromechanics models are then used in combination with FSDT
to assess the stiffness predictions for cross-ply laminates. Predictions are evaluated across
a wide range of fiber volume fractions, from approximately 10% to 70%.

Comparison reveals that while all models predict the longitudinal modulus accurately,
significant deviations arise in predicting transverse and shear properties. The Bridging
model consistently yields the closest agreement with VB-FEM across all five elastic con-
stants, maintaining accuracy even at high volume fractions where the modified Halpin—
Tsai model begins to fail. Discrepancies in micromechanics-based lamina properties prop-
agate to laminate-level stiffness predictions, highlighting the critical role of model selec-
tion. These findings establish VB-FEM as a valuable tool for validating analytical models

and guide improved modeling strategies for laminated composite design.
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Chapter 1

Introduction

1.1  Background and Motivation

Industries increasingly employ laminate plate/shell structures due to their superior proper-
ties, such as high stiffness-to-weight ratios, durability, resistance to corrosion, and design
flexibility [1-3]. These materials are now common in applications ranging from aerospace,
marine, transportation, and construction. The advantages they offer over traditional mate-
rials and the widespread use make them an interesting area for research and development.

Given their extensive use in critical applications, accurately predicting the mechanical
behavior of laminate composites is important for reliable design and performance. There
are three primary methods to achieve this: analytical, numerical, and experimental. Given
the multiple variables involved in designing laminates such as fiber orientation , material
properties, volume fraction [3], and fiber distribution [4], analytical formulas are preferred
due to their computational efficiency.

The analytical approach operates at two levels: macroscale and microscale. In mac-

roscale analysis, laminate plate/shell theories [5—7] are used to predict the laminate
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stiffness parameters based on the properties and stacking sequence of each lamina. In mi-
croscale analysis, micromechanics models are used to predict the properties of individual
laminae, which are typically modeled as transversely isotropic unidirectional fiber compo-
sites characterized by five independent elastic constants.

Although analytical formulas are the most efficient, their accuracy differs in different
situations, especially with high volume fractions of fibers and large differences between
phase properties. For models with empirical parameters, the prediction accuracy of elastic
properties is sensitive to the selection of these parameters, and curve fitting may be required
to improve accuracy across different conditions. Huang et al [8] and Wang et al [9] inves-
tigated the sensitivity of elastic properties prediction to the selection of bridging parame-
ters, concluding that it can be significant for composites with large differences between
phase properties.

Moreover, the stiffness parameters of a laminate depend on all five elastic properties
of the lamina. However, most micromechanical models only focus on predicting some of
these properties, and their accuracy is not consistent across all five properties, as investi-
gated by [10—12]. Although most models accurately predict the longitudinal Young’s mod-
ulus and Poisson’s ratio, there is a lack of accuracy in the prediction of transverse Young’s
modulus and shear moduli.

Therefore, analytical predictions alone are insufficient, and validation through numer-
ical or experimental data is necessary. Though experimental data are the most reliable, they
are cost and time intensive. Due to the large number of design parameters in laminate sys-
tems, there is a lack of experimental data to validate analytical predictions, particularly for

laminate composites. Existing experimental studies on laminae and laminates typically
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report only the Young’s modulus and often omit the full set of elastic properties needed for
complete stiffness characterization.

Given these limitations, numerical simulations are a suitable alternative for validating
analytical predictions. They can provide estimates of all required elastic constants and help
assess the accuracy of analytical models, especially when experimental data are limited or

incomplete.

1.2 Objectives of the Study

Despite the extensive literature on micromechanics models and laminate theories, few stud-
ies have systematically compared a broad spectrum of classical, empirical, and recently
proposed micromechanics models against high-fidelity voxel-based finite element model-
ing (VB-FEM). This thesis addresses that gap by evaluating the performance of analytical
approaches in predicting the stiffness of symmetric cross-ply laminated composite struc-
tures. The focus is on assessing how the accuracy of lamina property predictions—partic-
ularly for transverse and shear moduli—affects the overall stiffness predictions when these
models are integrated with First-Order Shear Deformation Theory (FSDT). Results from
analytical models are compared against a high-fidelity numerical reference and available
experimental data.

To achieve this, the following specific objectives are addressed:

1. To develop a voxel-based finite element model (VB-FEM) that provides accurate nu-

merical predictions for the elastic properties of both unidirectional laminae and cross-
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ply laminates across a broad range of fiber volume fractions (approximately 10% to
70%).

2. To evaluate a range of micromechanics models—including Voigt—Reuss, Chamis,
Halpin—Tsai and its modified form, Generalized Self-Consistent, Mori—Tanaka,
Bridging, and two iterative isotropized formulations—in predicting the five independ-
ent elastic constants of unidirectional fiber-reinforced laminae, using results from the
developed VB-FEM model and available experimental data as references for valida-
tion.

3. To integrate the micromechanics-based lamina properties into FSDT and assess the
resulting laminate-level stiffness predictions.

4. To compare the predictions obtained from FSDT-micromechanics combinations with
the results from the developed VB-FEM model and, where available, experimental
data from the literature.

5. To highlight how discrepancies in micromechanics-level predictions affect laminate-

level results.

1.3 Scope of the Thesis

This thesis focuses on the elastic stiffness prediction of laminated composite structures
composed of unidirectional fiber-reinforced laminae arranged in symmetric cross-ply con-
figurations. The study is limited to linear elastic behavior under small deformations and

does not address damage, failure, or environmental effects such as temperature or moisture.
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The laminate configuration evaluated in this work is limited to a single symmetric
cross-ply layup: [90/90/0/0/90/90]. While only one stacking sequence is analyzed in detail,
the developed numerical framework and analytical methodology can be extended to other
symmetric cross-ply configurations with minimal modifications.

The research includes a selected set of micromechanics models—both classical and
recently proposed—including Voigt—Reuss, Chamis, Halpin—Tsai, Bridging, and two iter-
ative isotropized formulations. More complex or rigorous micromechanics models, such as
those based on variational bounds or probabilistic representations of microstructure, are
outside the scope of this work but are acknowledged as directions for future study.

Fiber volume fractions are varied from approximately 10% to 70% to investigate the
impact of fiber volume fraction on stiffness predictions at both the lamina and laminate
levels.

Additionally, limited experimental data are used as reference for validation where
available, highlighting the need for accurate numerical modeling in the absence of com-

plete experimental datasets.

1.4 Structure of the Thesis

This thesis is organized into five chapters, each addressing a specific aspect of the research:
Chapter 1: Introduction

Provides background on composite materials, states the motivation and objectives of the
study, and outlines the scope and structure of the thesis.

Chapter 2: Literature Review
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Reviews fundamental concepts related to composite materials, laminate plate/shell theo-
ries, and micromechanics models. It also provides a review of experimental methods—
both destructive and non-destructive—used to characterize the stiffness properties of uni-
directional laminae and laminate composites. Finally, it highlights the advantages of finite
element analysis, particularly voxel-based FEM, and identifies the research gap addressed
in this thesis.

Chapter 3: Methodology

Provides the equations for the micromechanics models selected for predicting unidirec-
tional lamina properties and describes their integration with First-Order Shear Deformation
Theory (FSDT) to predict laminate stiffness. It then details the implementation of voxel-
based finite element modeling (VB-FEM) for both unidirectional and laminate composites,
followed by an overview of the experimental cases used for validation.

Chapter 4: Results and Discussion

Presents the numerical results for unidirectional and laminate composites. It compares dif-
ferent micromechanics models against FEM and experimental data and discusses the per-
formance and limitations of each model in predicting various stiffness parameters.
Chapter 5: Conclusion and Future Work

Summarizes the main findings and contributions of the research, discusses limitations, and

proposes directions for future studies.



Chapter 2

Literature Review

2.1  Overview of Composite Materials and Laminated

Structures

Composites are combinations of two or more materials having superior properties to the
individual substances. In continuous fiber composites, long fibers are distributed in a
binder material called matrix. Long fibers exhibit significantly greater stiffness and
strength compared to their bulk form because fibers have a more ordered structure, with
crystals aligned along their length and fewer structural flaws [13—15]. The matrix material
is used to bond these fibers, forming a structure that can carry loads. This material supports
fibers, protects them from environmental degradation such as chemicals and moisture, and
transfers stress between them [16].

A lamina is the basic building block of a laminate, and in a unidirectional fiber lamina,
fibers are aligned in the same direction [13]. This structure is strong and stiff along the

fiber direction but weaker in other directions. A unidirectional fiber lamina can be
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considered transversely isotropic, and its elastic properties can be described with five in-
dependent constants [17]. The elastic properties of fiber composites are influenced by fac-
tors such as fiber orientation, material properties, volume fraction of fibers, thickness, and
fiber distribution [3,4,18-21]. Fiber distribution can be broadly classified as random or
regular, with the latter including square and hexagonal arrangements.

In practical applications, materials often need to resist loads in different directions. To
meet multi-directional load requirements, unidirectional laminae are stacked together at
different angles to form multi-directional laminates, allowing the material to resist multi-
directional loads. Typical layups include cross-ply laminates, which consist of 0° and 90°
plies, and angle-ply laminates, which include plies oriented at £0 (e.g., +45°) [13]. The
influence of these stacking sequences on the mechanical behaviour of laminates has been
investigated intensively [22-26].To describe laminate stacking sequences, the terms sym-
metric and balanced are often used. A symmetric laminate has the same material, thickness,
and orientation mirrored about the mid-plane, eliminating bending-extension coupling. A
balanced laminate contains pairs of off-axis plies at +0 and —0, which helps minimize
shear-extension coupling.

These tailored structural arrangements—combined with the intrinsic properties of fi-
bers and matrices—have significant advantages, such as high stiffness-to-weight ratios,
durability, resistance to corrosion, and design flexibility. These benefits have contributed
to the adoption of fiber laminate composites across industries such as marine, civil engi-
neering, aerospace, military, and automotive sectors [1-3,27].

In the construction sector, fiber-reinforced composites are increasingly used to improve

the structural performance and durability of different elements. Mohamed et al. [2§]
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conducted both experimental and analytical investigations on reinforced concrete beams,
demonstrating that the use of a bore-epoxy anchorage system significantly enhances shear
strength. In the context of conservation engineering, AlMuhanna et al. [29] evaluated fiber-
reinforced mortars for masonry buildings and found that fiber inclusion generally increased
the ductility compared to conventional mixes.

Additionally, Khodadadi et al. [30] discussed the use of fiber reinforced polymers in
concrete, focusing on their effectiveness in confinement, flexural strengthening, and crack
control. Complementing these findings, Mohammed Yusuf et al. [31] highlighted the sus-
tainability aspects of carbon fiber—reinforced polymers across building components—in-
cluding slabs, beams, and columns—emphasizing their recyclability potential and environ-
mental impact.

In military applications, fiber-reinforced composites are increasingly used to meet
the demand for lightweight, high-performance protective systems. Alzahrani et al. [32] re-
viewed fiber-reinforced polymer composites used in body armor, helmets, and aircraft
equipment, highlighting that the integration of hybrid composites—such as graphene fillers
combined with banyan aerial root, jute and glass fibers—has improved the mechanical per-
formance and energy absorption capabilities. Tsirogiannis et al. [33] demonstrated that
composite armors enhanced with nanomaterials improve the mechanical strength and bal-
listic performance of military vehicles. In line with these studies, Bhat et al. [34] analyzed
various armor systems—including fiber-reinforced polymer composites, metallic and mul-
tilayer configurations—and concluded that composite-based systems offer a reduction in

weight and an increase in energy absorption. The design flexibility enables more effective



2.1 Overview of Composite Materials and Laminated Structures 10

load distribution, making composites a compelling alternative to traditional heavy metallic
armor.

In the automotive field, composite materials are being explored for both structural
performance and lightweight design [35-38]. Getu et al. [39] performed an impact analysis
on a vehicle’s internal door panel made from a bamboo-sisal fiber reinforced hybrid com-
posite, demonstrating its potential for use in automotive interior applications. Extending
this work, Zhang and Xu [40] provided a comprehensive review of lightweight automotive
materials—ranging from high-strength steels to composites—highlighting composites as

ideal candidates for both exterior and interior components.
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2.2  Laminate Plate/Shell Theories

Plates, as a specific type of shell with zero curvature, can be analyzed using various shell
theories. These theories simplify three-dimensional problems into two dimensions by de-
fining how deformation occurs through thickness. This section discusses the Kirchhoff and
Mindlin plate/shell theories, which are widely used equivalent single-layer approaches for
modelling laminated structures. The relevant equations for these theories are presented

later in the section 3.3.

2.2.1 Classical Laminated Plate Theory

Classical Laminated Plate Theory (CLT) is based on Kirchhoff's hypothesis. This theory
assumes that the normal to the middle surface of the plate remains straight and perpendic-
ular to the surface even after deformation [17] . As a result, transverse shear deformation
is neglected, which makes the theory most appropriate for thin plates where shear effects

are minimal.

2.2.2 First Order Shear Deformation Theory

The Mindlin Plate Theory, also known as the First-Order Shear Deformation Theory
(FSDT), is an extension of classical plate theory (Kirchhoff theory) that accounts for the
effects of transverse shear deformation [41]. Unlike Kirchhoff’s theory, which assumes

that normal to the mid-surface before deformation remains perpendicular to the mid-
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surface after deformation, the Mindlin theory relaxes this assumption. This makes it suita-

ble for analyzing thicker plates where transverse shear effects become significant.

2.3 Micromechanics Models

This section introduces the micromechanics models that will be used later in this research.
We discuss ten models in total: eight widely recognized models commonly applied in the
study of unidirectional composites-Voigt-Reuss (VR), Hashin-Shtrikman (HS), Chamis,
Halpin-Tsai (HT), Halpin-Tsai modified (HTm), Generalized Self-Consistent (GSC),
Mori-Tanaka (MT) and Bridging Model (Br)-and two iterative models, iterative iso-
tropized Voigt-Reuss bounds (Iter-Iso-VR) and iterative isotropized Hashin-Shtrikman
bounds (Iter-Iso-HS), which have been recently developed and validated for particulate
composites.

These models vary in their focus and application. Some are comprehensive, predicting
all five key material properties of a transversely isotropic unidirectional lamina: the longi-
tudinal Young’s modulus (E1), transverse Young’s modulus (E:), in-plane shear modulus
(G12), out-of-plane shear modulus (G23), and in-plane Poisson’s ratio (vi2). Others concen-
trate on improving the accuracy of one or two properties. Additionally, certain models in-
corporate empirical parameters, which need to be calibrated against experimental or FEM
data to achieve more accurate predictions. The selected models are introduced below, with

detailed equations provided later in the section 3.1.



2.3 Micromechanics Models 13

2.3.1 Voigt-Reuss Models

The Voigt-Ruess model is a simple and widely used method in the literature. It consists of
two models: the Voigt model [42], which assumes materials are in series, and the Reuss
model [43], which assumes materials are in parallel. The Voigt model accurately predicts
Ei and vi2. However, the Reuss model does not accurately predict Ez, Gi2, and Gos.

Many recent and more accurate models have been developed based on VR, where
Chamis and HT are two popular modifications that will be discussed later [44]. These mod-
ifications usually used the same equations as Voigt-Ruess for E; and vi2; and tried to im-
prove the prediction accuracy of one or more remaining properties. Therefore, the VR

model is selected for this research as a reference point for comparison.

2.3.2 Hashin-Shtrikman Models

Hashin and Strikman [45] utilized variational principles along with polarization tensor to
predict bounds for arbitrary phase geometry. This model introduced upper and lower
bounds within which the properties of a material must lie.

In this research, we assess the accuracy of two recently developed iterative methods,
which are based on iterations over the VR and HS bounds. The HS method is discussed
here because it is a foundational basis for the iterative approach. However, this method is
not used solely for predicting the five properties, as it provides bounds rather than exact

solutions, also utilized in [4]
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2.3.3 Chamis Model

Chamis [46] employs the same equations as the Voigt model to predict the longitudinal
elastic modulus and in-plane Poisson ratio. For the other properties, Chamis introduces
new formulas that incorporate the square root of the volume fraction. This method can
predict all five properties and have greater accuracy compared with the Ruess model, mak-

ing it a suitable choice for this research.

2.3.4  Halpin-Tsai Model

Halpin [47] discussed how environmental factors can influence the stiffness of materials.
The model uses the same equations as VR for predicting E; and vi>. However, it does not
provide an equation for predicting G23. The model improves upon the VR predictions for
E> and G2 by introducing empirical parameters. These parameters account for factors such
as aspect ratio, reinforcement stiffness relative to matrix stiffness, volume fraction, inclu-
sion geometries, and loading conditions. For a square distribution, Halpin proposed spe-
cific values for the parameter n: n=1 for Gi2 and n=2 for E»; these values will be adopted
in this study.

To achieve more accurate predictions, curve fitting may be necessary for different sit-
uations. For example, Hewitt and Malherbe [48] suggested an alternative reinforcement
factor based on experimental data for an E-glass and polyester resin system, improving

predictions at high volume fractions through curve fitting.
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2.3.5 Halpin-Tsai modified Model

Giner et al. [49] proposed a new reinforcement factor, n=1.5, for volume fractions between
0.25 and 0.55, for randomly distributed unidirectional fibers, specifically for calculating
E2 based on finite element analyses, provides a more realistic representation than the ide-
alized square array distribution. The analysis procedure was verified by first comparing
results against those for a square array configuration and through several sensitivity anal-
yses.

This modification of the Halpin-Tsai model introduces a new reinforcement factor that
is particularly relevant for this research, as it accounts for the random distribution of fibers,
which is a consideration in the FEM simulations conducted here. This modification only
applies to E, so the predictions for the other properties will remain consistent with the

original HT model.

2.3.6 Generalized Self Consistent Model

Bounds and expressions for the effective elastic moduli of fiber-reinforced materials were
initially derived using a variational method based on the classical principles of minimum
potential energy and minimum complementary energy [50]. This work provided bounds
for the out-of-plane shear modulus and exact expressions for four other properties. Build-
ing on this foundation, Hashin [51] extended the analysis by establishing bounds on three
of the five independent effective elastic moduli, specifically the out-of-plane bulk modulus

and the two shear moduli, with no geometric restrictions other than transverse isotropy.
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Consistent with these bounding results, Christensen and Lo [52] proposed a solution
for the transverse shear modulus. They utilized a three-phase model, which included the
fiber, matrix, and an equivalent homogeneous medium. This model represented the fiber
and matrix as two concentric cylinders embedded within an infinite medium with the com-
bined properties of the fiber and matrix.

The Generalized Self Consistent predicts all five properties using the exact solution

provided by Hashin and Rosen [50] and Christensen and Lo [52].

2.3.7 Mori-Tanaka Model

Mori and Tanaka [53] developed a method to find the average internal stress in the matrix
of'a material containing inclusions. Later, Benveniste [54] reformulated MT theory to com-
pute the effective properties of composites, incorporating the equivalent inclusion concept
introduced by Eshelby [55]. Building on this foundation, Abaimov et al. [56] provided a
closed-form expression of the MT theory to predict the five engineering constants of uni-

directional fiber-reinforced materials.

2.3.8  Bridging Model

In the Bridging model, the matrix is defined using Eshelby’s inclusion method [8,9]. To
determine the five elastic properties of unidirectional composites, E; and vi2 are calculated
using the same equations as VR, providing good accuracy without the need for empirical
parameters. For the other properties, two empirical bridging parameters are introduced to
account for fiber packing geometry, including factors such as the relative position of the

fibers embedded in the resin, fiber volume fraction, and fiber cross-sectional shapes.
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Wang and Huang [9] calculated averaged errors for 18 composites and recommended
bridging parameters (o and ) of 0.3 as providing the most accurate overall results. This
recommendation will be used in this research.

It is important to note that while there are recommendations for the values of these
parameters, the prediction of elastic properties is sensitive to their selection. When the
moduli of the fiber and matrix are comparable, this influence is minimal [9]. However, for
composites with large differences between phase properties, the predictions can vary sig-
nificantly depending on the choice of bridging parameters, as illustrated by Huang and

Zhou [8].

2.3.9 [ter-Iso-VR and Iter-Iso-HS Models

The Isotropized Voigt-Reuss bounds (Iter-Iso-VR) and Iterative Isotropized Hashin-Shtrik-
man bounds (Iter-Iso-HS) models were developed by Luo [57] to remove the anisotropy
between the VR and HS bounds and predict the effective elastic properties of isotropic
materials. Originally applied to predict the mechanical properties of particulate composites,
these models have been shown to be more accurate than other popular micromechanics
models, particularly at high volume fractions of inclusions (around 80%) and when there
are large contrasts between phase properties, as confirmed by both experimental data and
finite element modelling.

In this research, these models are employed to predict E> and G23, and their accuracy is

evaluated for the first time in the context of fiber-reinforced composites.
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2.4  Experimental Methods for Stiffness Characteriza-

tion of Composite Materials

In this study, the finite element predictions are validated against a multi-method experi-
mental investigation on glass—epoxy cross-ply laminates [58], which employed uniaxial
tensile and three-point flexural testing, vibration, and Lamb-wave techniques. This section
presents a literature review of both destructive and non-destructive approaches (including
vibration-based and wave propagation methods), with emphasis on experimental tech-
niques relevant to the validation of finite element results in the present work. The following
sections discuss key findings from successful applications, along with common sources of

error and limitations associated with each method.

2.4.1 Destructive Testing Methods

Destructive methods such as tensile, compression, shear, and bending tests, later used in
the selected validation study, are widely used to characterize the mechanical properties of
composite materials and remain the benchmark for obtaining laminate stiffness and serve
as reference data for comparison with non-destructive methods. These tests are performed
to generate load—deflection or load—elongation data, which are subsequently converted into
the material's elastic properties. Standardized procedures for these tests, ASTM test meth-

0ds[59-65], have been reviewed in [66—68].
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Conducting these tests presents some challenges. For example, tensile testing of unidirec-
tional composites is sensitive to fiber misalignment and improper gripping, which can in-
troduce significant variability in the measured properties. In compression tests, the risk of
buckling must be carefully managed, as it can compromise the accuracy of the results. A
key limitation of existing shear test methods for composite materials is their inability to
produce a pure and uniform shear stress distribution within the test section.

In the case of bending tests, a comparative study by El Messiry et al. [69] evaluated
several methods for measuring the stiffness of unidirectional fibers. The study examined
various techniques, such as three-point and four-point bending, cantilever-based testing,
and the hanging pear loop method, across different fiber types, including polyester, carbon,
Kevlar, Vectran, and glass. The results showed that the four-point bending test consistently
yields higher and more reliable stiffness values, primarily due to its ability to reduce shear
deformation and stress concentration. When it comes to testing laminate composites, addi-
tional complexities arises—one of the most prominent being the free-edge stress effect,
which can influence the accuracy of results across various test methods [67].

Destructive tests, while reliable, are inherently invasive and cannot be applied with-
out causing damage to the specimen. They are often more time-consuming, as multiple
samples are required for a complete analysis. Moreover, they cannot be performed on in-
stalled or operating components, leading to additional material costs and preparation time
for the samples. Therefore, several review studies have extensively discussed non-destruc-

tive methods as practical alternatives for evaluating composite stiffness [70—74].
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2.4.2 Non-Destructive Methods Based on Wave Propagation

Wave propagation methods provide a non-destructive means of determining the elastic
properties of composite materials and are generally classified into bulk-wave and guided-
wave approaches [72]. Bulk waves are commonly used for thick composites, while guided
waves—particularly Lamb waves which applied in the experimental study selected for lam-
inate-level validation in this thesis —are more suitable for thin plates. At high frequencies,
hundreds of kilohertz, the dispersive phase velocities of Lamb waves are measured along
different directions of a composite plate and used in inverse analyses to extract elastic con-
stants [58].

Wave Propagation technique has been employed to determine the elastic properties
of composite materials. Zimmer and Cost [75] demonstrated early success in identifying
five elastic moduli of a transversely isotropic unidirectional CFRP using ultrasonic testing.
Castellano et al. [76] addressed some challenges in ultrasonic measurements—such as
wave speed accuracy—using goniometric devices and ultrasonic immersion techniques to
improve the characterization of unidirectional composites. In a separate study, Castellano
et al. [77] applied ultrasonic immersion testing to multilayered anisotropic GFRP compo-
sites and showed that, despite the high sensitivity of moduli to wave speed errors, the re-
sults correlated well with those from standard destructive tests. Wu and Liu [78] introduced
a hybrid approach where certain elastic constants were obtained via bulk wave ultrasonics,

while the remaining were derived through inversion of Lamb wave dispersion.
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Lamb wave—based methods have further expanded the capability to characterize
complex laminates. Lasn et al. [79] retrieved eight out of nine engineering constants for a
composite material using Lamb wave propagation. However, some limitations were noted:
the shear modulus G2 could not be resolved, and the accuracy for certain constants (Ea, E3
, and Poisson’s ratios) was lower than for others. Jiang et al. [80] investigated the applica-
bility of Lamb-wave-based techniques to cross-ply carbon fiber laminates and confirmed
their accuracy through comparison with tensile tests and theoretical predictions. It was
noted that the method is suitable for composites with in-plane Poisson’s ratios below 0.3.
In addition to the mentioned limitations, some drawbacks of the wave propagation methods
are the dispersive nature of guided waves, the formation of multiple overlapping wave-

forms, and complex setup procedures [72].

2.4.3 Non-Destructive Methods Based on Vibration

Vibration-based methods, also utilized in the selected laminate experiment, assess the me-
chanical properties of laminates by analyzing their response to external excitations [58,72].
These methods involve low-frequency structural vibrations (generally up to a few thousand
hertz) and enable the measurement of natural frequencies, modal damping, and the mode
shapes. The stiffness properties can then be extracted using the natural frequencies.
Vibration-based methods have been shown to reliably determine the primary in-
plane elastic properties of composite laminates, such as Ei, E», and Gi2, with minimal dis-
crepancies across various studies [81,82]. However, the accuracy diminishes for properties

such as the transverse shear moduli G13 and Gg3, particularly in thin plates where sensitivity
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to these moduli is low. Similarly, discrepancies in the Poisson’s ratio vi2> have been re-
ported, which aligns with low sensitivity of this parameter compared to the in-plane moduli
[83]. These findings were also confirmed in studies involving unidirectional composites,
where similar patterns of sensitivity and accuracy were observed [84].

Building on this, Gsell et al. [85] developed a fully automated procedure for determining
five orthotropic stiffness components—two in-plane moduli and three shear moduli—us-
ing only out-of-plane vibrational data. In addition to material characterization, modal anal-
ysis using impulsive excitation techniques has demonstrated potential as a fast and efficient
tool for quality control and structural assessment [86]. Despite effectiveness, the vibration
method has some disadvantages, including complex procedures, reliance on bulky equip-

ment, and a strong dependence on operator proficiency [80].
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2.5  Finite Element Analysis in Composite Materials

The rapid progress in computational technology has enabled advancements in numerical
analysis [87]. Given the inaccuracies in analytical methods [10,11], and the need to repre-
sent complex microstructures in greater detail [87], numerical methods have become in-
creasingly important and are applied in many research studies. These advancements have
made finite element modeling particularly valuable for predicting the elastic stiffness of
composite materials. The following paragraphs review finite element analysis (FEA) stud-
ies relevant to the prediction of elastic stiffness in unidirectional and laminated composites.

Finite element modeling has been applied extensively to a wide range of fiber compo-
sites, including both natural and synthetic systems, to investigate their micromechanical
behavior. In the case of natural fibers, FEM has been used to analyze tensile and flexural
responses of flax fiber composites [88], bamboo [89], and luffa and palm [90], and to eval-
uate how structural parameters influence tensile performance [91]. Xiong et al. [92] dis-
cussed multiscale finite element modeling strategies for both natural fibers and their rein-
forced composites and how representative volume element (RVE) models at different
length scales can capture fiber geometry.

Modeling approaches for synthetic fiber-reinforced composites with polymer matrices
have also been widely explored. Matrix materials in composites can be polymers, metals,
or ceramics, with polymer matrices being the most widely used due to their ease of pro-
cessing, ability to form complex shapes, and relatively low tooling and manufacturing costs

[93]. Finite element simulations have been employed to study their response under various
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loading conditions, including tensile and flexural. With many papers focused on mechani-
cal properties of widely used carbon and glass fiber [94—102].

Kaushik et al. [103] conducted review on the numerical modeling of fiber-reinforced
polymer composites, focusing on various loading conditions including tension, compres-
sion, flexural for high-performance fibers such as carbon, Kevlar, and glass, in both unidi-
rectional and woven configurations. The review emphasized the FEM role as a cost-effec-
tive alternative to extensive experimental testing for design and analysis of textile compo-
sites, as pursued in the present work.

For laminated composite structures, Smolnicki et al. [104,105] reviewed recent FEM
developments for layered systems, underscoring the importance of selecting the appropri-
ate modeling scale (macro-, meso-, or microscopic) according to the objective of analysis.
A more detailed laminate modeling strategy was presented by Song et al. [106], who pro-
posed a multiscale simulation approach to predict the mechanical properties of orthogo-
nally symmetric carbon fiber reinforced polymer laminates using the known properties of
the fiber and matrix materials.

In their model [106], although the model operates at the macroscopic scale, it incorpo-
rates detailed microscale geometry by stacking unidirectional fiber-matrix models accord-
ing to the ply orientations within the laminate. The authors used this method to calculate
key engineering constants, including Ei, Ez, E3, Gi2, G31, vi2, v23 and v3i, for cross-ply
laminates. These results were then compared with predictions from analytical calculation
(using Halpin—Tsai combined with Classical Laminate Theory) and available experimental
data. The study reported good agreement for some properties, demonstrating the potential

of the approach for accurate mechanical property prediction.
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In addition to fiber orientation and material properties, the spatial distribution of fibers
plays a key role in determining composite behavior. Different fiber distributions, random
and regular (including square and hexagonal arrangements), have been analyzed in com-
parative studies by several researchers [4,19,107-113]. The analysis of composites with
regular fiber distributions does not require intensive computing, but actual fiber distribu-
tions in manufactured composites often exhibit irregularity due to process-induced varia-
bility. Therefore, many studies have focused on generating random fiber distributions
[114-124]

To analyze the behavior of composites, a Representative Volume Element (RVE) is
widely used. Several studies have explored how to determine appropriate RVE sizes for
different fiber configurations [125,126]. More recent works have incorporated uncertainty
analysis into finite element modeling to assess how local variations in volume fraction and
mesh density influence simulation results [127,128]. These studies highlight the im-
portance of generating sufficiently large RVEs when modeling composites with randomly
distributed fibers. In finite element modeling of composite materials, two common meth-
ods used to represent the microstructure are geometry-based finite element modeling (GB-
FEM) and voxel-based finite element modeling (VB-FEM). In GB-FEM, the mesh follows
the exact shape of each material region [129]. On the other hand, VB-FEM divides the
model into uniform cubes (voxels) and assigns material properties based on each voxel’s
position relative to the underlying material phase.

While GB-FEM provides high geometric accuracy, it can introduce complications in
generating a high-quality mesh [130]. Although adaptive meshing can improve geometry

representation, it may significantly increase computational cost and still does not always
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guarantee mesh quality [131]. As a result, poor mesh quality can lead to increased numer-
ical error in simulations. To overcome these limitations, VB-FEM uses a uniform grid
structure that avoids element distortion and simplifies the meshing process.

Luo [129] and Doitrand [132] compared the two methods, showing convergence in the
computed elastic properties. While GB-FEM has lower computational costs when inclu-
sions are large and regularly distributed, VB-FEM is similarly efficient—and sometimes
even more so—for small, randomly distributed inclusions. These advantages have led to
its application across various material systems and disciplines. Sas et al. [133] developed
a nonlinear voxel-based FE model to predict femoral strength in both healthy and meta-
static bones. Their model showed high accuracy compared to experimental results and
matched the performance of tetrahedral models, but with a faster, more automated work-
flow suitable for clinical use. VB-FEM has also been applied to study elastic behavior in
various composite systems: Luo [129] investigated particulate composites, Gulfo et al.
[134] and Ryatt and Ramulu [135,136] focused on complex morphologies, and Doitrand et
al. and Schneider et al. [132,137] examined woven composites, all demonstrating the

method’s robustness and effectiveness for modeling complex mesostructures.

2.6 Summary of Literature Review and Identification

of Research Objectives

The literature review discussed the composite materials, specifically laminated composites,
and covered their structure, applications, and fundamental theories used to model their be-

haviour. Composite materials, composed of fibers and a matrix, exhibit enhanced stiffness
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and strength. Unidirectional and multi-directional fiber arrangements are discussed, high-
lighting their applications across industries, such as aerospace and automotive, and empha-
sizing the need for materials to withstand multi-directional loads.

For laminated structures, Classical Laminated Plate Theory (CLT) and First-Order
Shear Deformation Theory (FSDT) are examined, where CLT applies to thin plates and
FSDT to thicker plates. Additionally, various micromechanics models, including Voigt-
Reuss, Chamis, Halpin-Tsai, and more advanced iterative models, are discussed for pre-
dicting mechanical properties. These models vary in prediction accuracy for parameters
like elastic moduli and shear moduli, with certain models incorporating empirical parame-
ters or iterative methods to refine results.

The review also emphasizes the significance of Finite Element Analysis (FEA) in com-
posite behaviour prediction, particularly through Voxel-Based Finite Element Method
(VB-FEM), which ensures mesh quality and is advantageous for materials with high inclu-
sion densities.

The main objective of this thesis is to evaluate the accuracy and applicability of ana-
lytical micromechanics models in predicting the elastic properties of composite laminates.
Building on the comparison of micromechanics models for unidirectional laminae, this re-
search integrates the most accurate models with First-Order Shear Deformation Theory
(FSDT) to predict the stiffness of symmetric cross-ply laminate plates. The performance
of each analytical approach is assessed by comparing its predictions against a voxel-based

finite element model, which serves as a numerical reference.



Chapter 3

Methodology

3.1 Micromechanics Models for Determine Effective

Laminae Material Properties

In this section, the equations corresponding to each of the micromechanics models selected
in Section 2.3 are presented. These include formulations for the five independent elastic
constants of a transversely isotropic unidirectional lamina: the longitudinal modulus (E1),
transverse modulus (E2), in-plane shear modulus (Gi2), out-of-plane shear modulus (G23),
and in-plane Poisson’s ratio (vi2), forming the mathematical foundation for the analyses
conducted in this research. These models reviewed include Voigt-Reuss (VR), Hashin-
Shtrikman (HS), Chamis, Halpin-Tsai (HT), Halpin-Tsai modified (HTm), Generalized
Self-Consistent (GSC), Mori-Tanaka (MT), and the Bridging Model (Br). Additionally,
two iterative models, the Iterative Isotropized Voigt-Reuss bounds (Iter-Iso-VR) and Iter-

ative Isotropized Hashin-Shtrikman bounds (Iter-Iso-HS), are also included.
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3.1.1 Voigt-Ruess Models

The Voigt model assumes that strain in the fiber direction in fiber, matrix, and composite
are identical [93]. This assumption leads to the calculation of E; and vi> for unidirectional

composite materials, as expressed in equations(1) and (2) [44].

E, = Ef Vi + (1 — VDE™ (1)

vip = Vi, Ve + (1 — Vpv™ (2)

On the other hand, the Reuss model assumes that stress in fiber, matrix, and composite are

identical [93]. This model is used to predict E>, Gi2, and Gz3, as in equations (3) - (5) [44].
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3.1.2 Hashin-Strikman Models

Hashin-Strikman predicts bounds predict bounds for arbitrary phase geometry as equation
(6)-(9)[45]. Elastic modulus bounds can then be predicted using elasticity relations in equa-

tion (10) [57].



3.1 Micromechanics Models for Determine Effective Laminae Material Properties

30
Vi (6)
G =G
L= Gm+ [ T, 60— V)(Kp zcm)]
G —Gn T 563Ky + 4G
(1-Vp (7)
Gu = Gf+[ T 6Vi(R+2Gy)
G —G; T 5G:(3K; ¥ 4G
v
KL = Km + f (8)
1, (-
K=K K+ 5 G
1-V, 9
Ky = K, + ( £) (9)
1 Vi
+
Km =Ke 4 260
_ 9KG (10)
- 3K+G

3.1.3 Chamis Model

Chamis used same equations as the VR model to predict longitudinal elastic modulus and
in-plane Poisson’s ratio and for other properties, the equations are given as (11)-(13) [46].
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Gm (13)
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Gy3 =

3.1.4 Halpin-Tsai Model

Halpin-Tsai use same equations as the VR model to predict longitudinal elastic modulus
and in-plane Poisson’s ratio and for transversal elastic modulus and in-plane shear modulus
uses two empirical parameters (g, and (g, to account for environmental factors, equations
and parameters and initially suggested parameters are indicated in (14)-(19) [47]. This

method initially consider square array distribution of fibers.
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3.1.5 Halpin-Tsai modified Model

Halpin-Tsai modified proposed new parameter for transversal elastic modulus considering
a random distribution of fibers the new parameter is shown as equation (20) [49].

, — [+924-35888V+ 125.118V7 — 145.121V7 if Vp < 0.3 (20)
2 7| 1.5 4+ 55008 if Vi > 0.3

3.1.6 Generalized Self-Consistent Model

Generalized self consistent method build on the assumption of three phase material, Equa-

tions shown as (21)-(43) [138,139]:

4Ve(1 — Vp) (vi, — vm)z (21)
A=Ve) Ve 1
K, KmUG

E, =Ef Vi+E™(1-Vp) +

2( 1 1 (22)
Vi(1 = V) (Vi —v™) <K_m - K_f>
vip = v, Ve + v (1 = Vp) + 23
(1 — Vf ) + E + L
K, KmGm
Ve (23)
— m
Kgg_Km+Km+Gm
G+ Vo) + G- V) (24)

G12:G

GL(1— Vp) + Gm(1 + Vp)
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- —B + VB2 —4AC (25)
23 — ZA
A = aO + 31Vf + 32Vf2 + a3Vf3 + a4Vf4 (26)
B = bo + b1Vf + szfZ + b3Vf3 + b4Vf4 (27)
C= Co + C1Vf + C2Vf2 + C3Vf3 + C4Vf4 (28)

ap = —2(G™)Z(2G™ + K™)[2GE,G™ + Kb, (Ghs + G™)][2GE,G™ + K™(GE;  (29)

+G™)]
a; = 8(G™)2(GL; — G™[2G5,G™ + KE5(GE5 + G™)][(G™)% + GMK™ (30)
+(K™?]
a, = —12(G™)%(K™)?(Gh; — G™)[2GE,G™ + KE5 (Gh; + G™)] (31)
as = 8(G™)2{(G,G™)2KE, + (GL3)2GmK™(KE; — G™) + (32)

(K™?2 [GE;G™(Gh3 — 2G™) + Kb3(Ghs — G™)(GEs + G™)]3

Ay = Z(Gm)Z(G£3 - GM(2G6™ + Km)[K£3Gme - Ggs (ZGm(K£3 — K™) (33)
+ K53K™)]

by = 4(G™)3 [2GL,G™ + KE5(GE; + G™)] [2GE;G™ + K™(GE5 + G™)] (34)

b; = 8(G™)?K™(GE; — G™) [2G5;G™ + (Gi3 + G™)K53](G™ — K™) (35)
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bz = _232 (36)
b3 ES —233 (37)

b, = —4(G™)3(Gi5 — G™) {K§;GMK™ — G5 [2G™M(KE; — K™) + KE;K™]}  (38)

co = 2(G™)2K™[2GE,G™ + KE5(GE5 + G™)] [2GE5G™ + K™(GE; + G™)]  (39)

¢ = 8(GMK™)%(GE; — G™) [2GL,G™ + Ki5(GEs + G™)] (40)
c, = a, (41)

C3 = az (42)

cs = —2(G™)2K™(Gh; — G™) {KE,GMK™ (43)

— Gi; [2G™m(KE; — K™) + KE,K™]}

3.1.7 Mori-Tanaka Model

Based on average internal stress and equivalent inclusion idea, Mori-Tanaka predicts fove

properties using equations (44)-(52) [11,56].

E, = Vi + (1 — V) E™ + 2Vi(1 — Vp) Zy (v, — v’ (44)
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E. — E (45)
2T = (v (Y, + Yy)
m Zq f m my 2 (46)
Vi = VT 4+ 2V E_m(V12_V )[1— (v™)4]
(47)
G G 1+ V Ve
12 = f—
20— Ve)(1 +vym Gf
( P ) 14 Ve+2(1— Vp) g2 (1 +v)
( \ 7! (48)
V
Gas = Em42(1+vm)+ d - L
8[1— (v")?] © Em —2GL,(1 +vm)
EEN[1+v™ 2 14V, (49)
)| B E
1 E . Ef (50)
(V£3)2 1- V£3 (51)
Zl - —2(1 - Vf) f + (1 - Vf) f
El EZ

(1+v™)[1+ V(1- 2vm)]}_1
+ gm

Z, = EE3+ Vi —4v™) (1 +v™) + (1— VOE™ (1 +vhy) (52)
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3.1.8 Bridging Model

The bridging model predicts all five properties as in equations (53)-(61) (Huang & Zhou,
2011; Vignoli et al., 2019). E; and vi2 match those of the VR model, while the other prop-
erties depend on two empirical bridging parameters to account for fiber packing geometry.
For these empirical parameters, we used the recommendations of Wang and Huang indi-

cated in equation (62) [9].

E, = ViEl + (1 - Vp E™ (53)

vy, = Vvl + (1= Vp)vm (54)

E, (55
[Ve + (1 —Vp) agq][Ve + (1 —Vp) ay;] )

[Ve + (1 —Vp) a4] Ké) + (lEme) azzl + V(1 — Vp) l<V12> + (]VE_E)] iz

Vi + (1 — Vp) age (56)
G2 = 73 1-V,
f — V¢
L) 4 (=t)a
(&) + (e
Vi + (1 —Vp) ay, (57)

&)t

a;; = EM/E] (58)
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az, = B+ (1—B)(E™/EL) (59)
age = a+ (1—a)(GM/GE,) (60)
hz = (Ei‘]’z‘z—_ZZv{z ) (a11 —azz) oy
a=p=03 (62)

3.1.9 [ter-Iso-VR and Iter-Iso-HS Models

The Iter-Iso-VR and Iter-Iso-HS models removed anisotropy between the VR and HS
bounds. These models are used in this research to predict E> and G2z for fiber-reinforced
composites [57].

Equations (63) and (64)implement Iter-Iso-VR using the conditions of Eg) > Eg) and (f,+
£5)=1.[57]

(+D_ ¢ g0 ®
Ey ’=fE"+ hE] (63)

Q0
E."Ey (64)

gD _
£,EV+ f,EY

L

Equation (65)-(72) implement Iter-Iso-HS, using the conditions of Kg) > Kg), Gg) > GS)

and 0 <(f},f,) < 1.
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KO = kP4 o (65)
O O (2@ 40D (66)
ot (K K )(BK.L +46)
M T 35K 36KO 1460
KED = KD+ o (67)
OO YARONPPRO 68
(1)_f(K K )(3K +4GU ) (68)
T 3K+ 36K +4GY
GID =G0+ 0 (69)
| sz(G(‘) 6) G0 (3kP+4G0) (70)
B =
(12£,+8) (GE ) (12f1G(l)+(6f2+9)K§‘))G(‘)+ 6GOK Dt
(71)
G(1+1) Gg)- 8)
| 5f, (G(‘) 6") G (3x{+4GY) (72)
B(l):
18]

(12f,+8) (G(') +(126,6+(6f, 19K )G+ 66K,
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3.2 Characterization of Unidirectional Composite Us-

ing Voxel-Based Finite Element Modeling

This section outlines the numerical characterization of unidirectional composites using
voxel-based finite element modeling (VB-FEM) to determine the five key elastic con-
stants—E1, Ez, Gi2, G23, vio—by RVE with randomly distributed fibers. The workflow
involves generating fiber coordinates using a custom MATLAB algorithm, meshing and
assigning materials in ANSYS APDL, and applying specific boundary conditions to extract

effective mechanical properties.

3.2.1 Geometry Creation

A MATLAB (R2023a) code was developed to generate randomly distributed fibers. The
rand() function was used to generate the coordinates of fiber centers, which are placed
sequentially within a loop and stored in an array until reaching a desired volume fraction
Figure 1 shows an RVE with randomly distributed fibers, with Figure 1a showing of the
coordinate system.

Using the developed MATLAB code, a volume fraction of about 60% can be achieved
with fibers of identical diameters. Gusev et al. [140] investigated the effect of fiber diam-
eter variation on elastic properties by comparing fibers with identical and variable diame-
ters, maintaining a fixed volume fraction of 54%. Their comparison showed that the effect

of fiber diameter variations on the composite elastic constants is very small. Melro et al.
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[4] studied the impact of RVE length to fiber radius on elastic properties of unidirectional
composites, reporting that by increasing the ratio, the longitudinal properties remain unaf-
fected while the transverse properties converge. Based on these findings, fibers with vari-
able diameters are used in this study to achieve fiber volume fractions greater than 60%

after conducting a convergence study for the transverse properties in section 4.1.1.

(b) (©)

Figure 1. Random fiber distribution in a representative volume element (RVE): (a) com-

plete RVE, (b) matrix phase, and (c) fiber phase

To accomplish this, fiber generation begins with the maximum target radius within the

RVE. A variable named ‘number of attempts’ is introduced, which specifies the number of
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unsuccessful placement attempts allowed before reducing the fiber radius. As the available
space within the RVE decreases, the number of attempts required to successfully place a
fiber naturally increases. This process continues across all radii between the predetermined
maximum and minimum values until either the desired volume fraction is reached or no
additional fibers can be placed after the set number of attempts. Figure 2 shows two exam-

ples of the generated RVEs with different fiber radius profiles.

Figure 2. Randomly distributed fibers with different radii with volume fractions of a)

65%, and b) 73%

3.2.2 Meshing and Material Assignment

The meshing and material assignment process involves creating a voxel-based finite ele-
ment model that reflects the microstructure of the composite RVE. Here, VB-FEM model-
ing is performed using ANSYS APDL (2022 R2, ANSYS, Inc., Canonsburg, USA), based

on the fiber coordinates and radii generated in MATLAB (R2023a). The fiber composite



3.2 Characterization of Unidirectional Composite Using Voxel-Based Finite Element

Modeling 42

material is modeled as glass—epoxy and carbon—epoxy, using the material properties de-
scribed in section 3.5. The process starts by creating a uniform cubic mesh (voxels), using
eight-node brick elements. Initially, the matrix property is assigned to all elements. In the
next step, based on the known coordinates and radii of fibers, each voxel is either reas-
signed the fiber property or remains as matrix material, depending on its location in the
RVE. A 2D view of the 3D meshed RVE before and after fiber material assignment is
shown in Figure 3. Moreover, a 3D visualization of the full RVE, along with separate views

highlighting only the fiber phase and only the matrix phase, is presented in Figure 4.

v

(a) (b)
Figure 3. Meshed RVE: (a) before material assignment, (b) after assigning fiber and ma-

trix material properties.
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(b) (©)

Figure 4. Three-dimensional voxel-based meshed RVE showing (a) full volume, (b) ma-

trix phase, and (c¢) fiber phase.

3.2.3 Boundary Conditions and Post-Processing

Boundary conditions are applied following the work in [141] and summarized in Table /,
to predict Young’s modulus (E;), Poisson’s ratio (v;;), and shear modulus (Gj;), along the

three axial directions (i, j = X, y, z), where the origin of the coordinate system is placed
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at one vertex of the RVE, with the three coordinate axes along the adjacent edges. The
length of the RVE is set to 100 units. For surfaces where coupled degrees of freedom
(DOFs) are specified, the displacement in the corresponding direction is constrained to be
identical.

Table 1. Boundary Conditions [57]

Young’s Modulus (E;)
RVE Shear Modulus (Gj;)
and Poisson’s Ratio (v;))

Surface
EXJ ny: Vyy Eyl ny: Uyz Ez: Vzx, l)zy ny Gyz sz
u, =uy
x=0 u, =0 u, =0 u, =0 Free Free
=u,=0
Uy = Uy
y=0 u, =0 u, =0 u, =0 Free Free
=u,=0
Uy = uy
z=0 u,=0 u,=0 u,=0 Free Free
=u,=0
u, =1,
x =100 u, =1 uxgg;pied uxgg;pied u (coupled Free Free
s s DOFs)
u,=1,
=100 u, (coupled Uy =1 Uy Free " Free
s y chl;p ¢ Y (coupled (coupled
®) DOFs) DOFs)
u, =1, u,
z=100  u, (coupled (COIlllxle 4 u,=1  Free Free (coupled
DOFs) P DOFs)

DOFs)
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In this study, periodic boundary conditions are not applied because uniform displacement
constraints are enforced across opposing faces of the RVE. While the RVE geometry may
not appear periodic (e.g., with non-complementary inclusions at boundaries), the displace-
ment coupling ensures an average uniform strain field, which is sufficient to extract effec-
tive elastic properties under first-order homogenization principles. This approach is con-
sistent with that of Luo [142], where periodicity was not imposed geometrically but was
shown to be unnecessary under displacement-driven boundary conditions commonly
adopted in numerical homogenization frameworks.

After solving the finite element equations for nodal displacements, the elastic properties of
the RVE such as Young’s modulus, Poisson’s ratio, and shear modulus are calculated using

Equations (73)-(76).

Ei= i, (i=xy,2) (73)
&

U = — z;i, (,j =xy,2) (74)

Gy = — 22, (1,j=xy,2) (75)

(76)

(lefo-idv, ‘(::fgidv' T_ll:f‘[ijdv, Y_U:fylldv
\% \% \% \%

Here, o, &, T, Vii and V are normal stress, normal strain, shear stress, shear strain and

volume of the RVE, respectively
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3.3  Laminate Plate/Shell Stiffness Equations

The stiffness parameters of a laminate plate or shell are determined by first evaluating the
mechanical properties of each lamina, or layer, which is typically a unidirectional compo-
site. For each layer, the effective material properties—such as the longitudinal and trans-
verse Young's moduli (E; and E»), Poisson's ratios (vi2), and shear moduli (G2 and G23)—
are defined based on the fiber and matrix constituents using micromechanics models.

Next, these properties are used to form two stiffness matrices. Since composite lami-
nates are made up of multiple layers oriented at different angles, the stiffness matrix for
each layer is transformed to a global coordinate system. This transformation accounts for
the fiber orientation in each layer, using a transformation matrix that rotates the stiffness
properties from the lamina's local coordinates to the laminate's global coordinates.

Once the stiffness matrices for all the layers are transformed, the overall laminate stift-
ness is calculated by integrating the contributions from each layer across the thickness of
the laminate. This process results in the formation of four stiffness matrices: the in-plane
stiffness matrix (A), the bending stiffness matrix (D), the coupling matrix (B) and the trans-
verse shear stiffness matrix (H).

Finally, the mechanical properties of the laminate, such as its effective Young’s mod-
uli, shear moduli, and Poisson’s ratios in different directions, were determined from these
matrices. The detailed steps taken, along with the equations, are given in this section

[17,143,144].
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For a transversely isotropic material Hook’s law gives the compliance matrix as in equation

(77).

[S11
S12
S12

0
0
L 0

S12 Si2
Sz Sa3
S2z3 Sa2
0 0
0 0
0 0

0
0
0
(S22 — S23)/2
0
0

S66

S O O

0

0

S66- -

S O O oo

(77)

Writing the compliance matrix as the five independent engineering constants that describe

unidirectional composites we have equation (78).

_ Y12
Eq
1

E,

(78)

Both FSDT and CLT state that the change in thickness of the plate/shell can be neglected.

Setting g; = 0. Therefore, the compliance matrix reduces from 3D to plane stress in the

equation (79).
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1 U1z (79)
— —— 0 0 0
Eq Eq
V1o 1
- = 0 0 0
E; E;
S=|] 0 0 1 0 0
Gys3
0 0 0 1 0
Gq2
0 0 0 0 !
Gq2

CLT additionally ignore the transverse shear, setting g4 = o5 = 0. Therefore, for CLT the

compliance matrix will be reduced to a three-by-three matrix as (80).

L b 0 |
Eq Eq
U4z 1
S=|-—— = 0
E;, E;
0 0 !
G1z

For FSDT the two remaining equations give (81) compliance matrix.

! 0
S* — G23
0 1
G12

The stiffness matrix C and C* are then computed inverting the compliance matrix.

C=I[s]™

(80)

(81)

(82)
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After finding stiffness matrix C and C* for a lamina, the coordinate system transfers from
the lamina coordinate system to the laminate coordinate using the transformation matrix as
given in (83) for C and in (84) for C*:

cos 62 sin 62 2 cos Osin B (83)

T (6) = sin 62 cos 62 —2cos0Osinb
—cosOsin® cosBsin® cosBO? — sin H?

_[cosB sin6 (84)

T =
—sin® cosO

Transformed stiffness matrix Q and Q* would be calculated as (85).

Q= [TI7*[QIT] T (85)

Then, A, B, D, H matrixes can be derived from following equations (86)-(89).

o (86)
Ay = Z(Qij)ktk; i,j=1,2,6
k=1
o (87)
By = Z(Qij)ktkzki ij=126
k=1
Y ty (88)
Dl] = Z(Q]])k <tk7ﬁ + E) 5 ]'] = 1,2’6
k=1
¥ (89)

N
5 —, 4 ot .
Hj; = ZZ(Qii)k[tk -z (tiZi + 1) bi=45
k=1

Here, N is the total number of laminas in the laminate. (Q; j)k is [Q] matrix of kth lamina.

is the distance from the midplane to the top of the jth lamina and h; is the distance from
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the midplain to the bottom of the j™ lamina. tx is the thickness of lamina k, and Z is the
coordinate of the middle surface of the k™ lamina.

Matrix A is called in-plane stiffness matrix connecting in-plane strains to in-plane forces
in the laminate, using this matrix and considering a balanced symmetric laminate where

A1z = Axz = 0, we can extract the in-plane properties of the laminate as in the equations

(90)-(93):
_ Anfg, — A, (90)
_ ApAy - A, 2
_ A (92)
T A,
Az3 93
Oy =7 >

For a balanced symmetric laminate the bending-extension coupling matrix, B, which re-
lates in-plane strains to bending moments and curvatures to in-plane forces, is equal to
zero. To extract equivalent bending modulus, the bending stiffness matrix, D, can be used
to establish the relationship between curvatures and bending moments. Using the bending

stiffness matrix of the laminate we can compute equivalent elastic properies as in equations

(94)-(97).
B 12(D1;D2; — D%,) (%94)
X t3D,,
Ef 12(Dy4D,, — D) 95)

y t3D11
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Wi = Dz (96)
i D22
D
G, =122 ©7)

To find the transverse shear stiffness of the laminate H matrix can be utilized, which is
called the transverse shear stiffness matrix linking transverse shear strains to transverse

shear forces. The shear moduli can be extracted from H matrix using equations (98) and

(99).
H 98
Gy = 2 (©8)
H
Gz = — %)

3.4  Characterization of Laminate Plate/Shell Stiffness

Parameters Using Voxel-Based Finite Element Modeling

Building upon the methodology established for unidirectional composites, this section ex-
tends the voxel-based finite element modeling framework to the analysis of laminated com-
posites. The goal is to evaluate laminate-level stiffness parameters—including in-plane,
bending, and transverse shear matrices—by modeling the full three-dimensional micro-

structure of a symmetric cross-ply laminate. A six-layer [90/90/0/0/90/90] stacking
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sequence is considered, with distinct fiber distributions in each layer to reflect realistic
manufacturing variability. the modeling workflow involves generating the geometry for
the laminate, assigning appropriate material properties, and applying boundary conditions

designed to extract the full set of laminate stiffness parameters.

3.4.1 Geometry Creation

A six-layer symmetric laminate with a [90/90/0/0/90/90] stacking sequence is modeled.
The laminate consists of three distinct unidirectional fiber layers, each having a different
random distribution of fibers to capture the natural variability in fiber placement. Although
the fiber distributions differ, the fiber volume fraction for each layer is closely controlled
to remain nearly identical, with variations kept within approximately 1%. To maintain lam-
inate symmetry, the remaining three layers are created by mirroring the initial three layers.

The fiber centers were generated using the same MATLAB code described in section
3.2. For the laminate, an additional constraint was introduced: fibers were restricted to re-
main within the top and bottom boundaries of each layer, corresponding to the layer thick-
ness, but were allowed to pass through the left and right boundaries, reflecting the material
continuity along the length and width directions of the laminate.

The overall laminate was assembled by stacking the generated layers together, forming
a composite structure with dimensions of 100 x 100 x 600 units. This approach to con-
structing a laminate by stacking distinct layers was previously adopted by Song et al. [106].
The resulting RVE and its coordinate system is shown in Figure 5, with Figure 6 picture

the fibers and matrix separately.
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Figure 5. RVE and coordinate system for 6-layer laminate with fiber radius of 10 units,

30% fiber volume fraction, and a [90/90/0/0/90/90] layup

(a) (b)

Figure 6. 6-layer laminate with fiber radius of 10 units, 30% fiber volume fraction, and a

[90/90/0/0/90/90] layup configuration: (a) matrix only, (b) fibers only.
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3.4.2 Meshing and Material Assignment

The fiber coordinates and radii generated in MATLAB (R2023a) are used to construct the
finite element model in ANSYS APDL (2022 R2, ANSYS, Inc., Canonsburg, USA). The
laminate phase properties are indicated in section 3.5.2. Each layer is meshed uniformly
one by one. During meshing, a local coordinate system is assigned to each layer based on
its fiber orientation relative to the global coordinate system, ensuring that the correct ma-
terial properties are later assigned. Elements located within the fiber regions are identified
based on the fiber center positions and assigned the fiber material. Figure 7 shows the

meshed RVE, with the matrix and fiber phases displayed separately in Figure 8.

Figure 7. 6-layer meshed laminate with a fiber radius of 3 units, 50% fiber volume frac-

tion, a [90/90/0/0/90/90] layup, and a resolution of 100 x 100 x 600 voxels
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(a) (b)
Figure 8. (a) Matrix and (b) Fiber in a voxel-based model of a 6-layer laminate, with a fi-

ber radius of 3 units, 50% fiber volume fraction, a [90/90/0/0/90/90] layup, and a resolu-

tion of 100 x 100 x 600 voxels

3.4.3 Boundary Conditions and Post-Processing for Predicting
In-Plane Stiffness Matrix Parameters

To extract the in-plane stiffness matrix components of the laminate, three separate loading
cases are applied to the RVE, each corresponding to a distinct in-plane deformation: uni-
axial tension in the x-direction, uniaxial tension in the y-direction, and pure shear in the
xy-plane. For each case, appropriate displacement boundary conditions are applied as

shown in Table 2.
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Table 2. Boundary conditions applied for extracting in-plane stiffness parameters

RVE In-Plane Modulus
Surface Ey, Uy E, Gyy
x =300 u, =0 u, =0 u, =u, =0
X
y =300 u, =0 u, =0 =7
z=300 u,=0 u,=0 u,=0
x=0 u =1 u,, (coupled DOFs) u, = 1, u, (coupled DOFs)
y=0 uy (coupled DOFs) Uy = Uy = L
z=0 Free Free Free

After simulation, the four in-plane properties (Ex, Ey, Gxy, Vxy) are calculated from equa-
tions (73)-(76). These values are then substituted into equations (100)-(103) to compute

the corresponding laminate in-plane stiffness matrix elements.

A tE2 (100)
YT OE, —v4E,

A = tEEy (101)
227 Ey —Vv4E,
A = nyAzz (102)

A33 =t GXy (103)
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3.4.4 Boundary Conditions and Post-Processing for Predicting
Bending Stiffness Matrix Parameters

To evaluate the bending stiffness components of the laminate, simulations are performed
using displacement control that induces bending (by applying linear curvature in the lami-
nate) and twisting deformations. Table 3 summarizes the boundary conditions used to ex-
tract flexural moduli and flexural Poisson’s ratio, and Figure 9 illustrates the implementa-
tion of a displacement constraint (used in Table 3) applied to keep the surface flat both
before and after deformation.

Table 3. Boundary conditions applied for extracting bending stiffness parameters

RVE Bending Modulus

Surface  E/, *u,’;y E; G§y
x =300 u, =0 u, =0 u, =u,=u,=0
y =300 u, =0 u, =0 Free
z=300 u,=0 u,=0 Free

0 - Fi 9 4 y
X = u, = --— Figure _

0, -—+4+0.5,u,= ——-0.5
3L Uy u,, oL + u 6L
~0  Figure9 -2 F

y = igure Uy = -37 ree

z=0 Free Free Free
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® next

o Current

@ Pre

> Y

Pre next _ Current
Uy "+ U™ =2uy,

(2)

L.
|

—es— X

Z=3L
Z u,,(coupled DOFs)
Z=0

(b)

Figure 9. Displacement boundary conditions applied to preserve the planarity of a surface

before and after deformation. The two views, (a) and (b), illustrate the same boundary

setup from different perspectives.

Following the simulation, average stresses are extracted using ANSYS post-processing

tools, and the flexural properties are calculated using equations (73)-(76). These values are

then substituted into the following relations (Equations (104)-(107)) to obtain the bending

stiffness matrix components:

2
5 t3ES
1= - . 2.
Ef — vf, Ef
t*EfES
D2z =

f f 2nf
Ex — Uy Ey

I
D12 = vyyDyo

(104)

(105)

(106)
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D33 = t3G§y (107)

3.4.5 Boundary Conditions and Post-Processing for Predicting
transverse shear stiffness matrix Parameters

Displacement boundary conditions are applied to, as detailed in Table 4 to find effective
shear moduli of the laminate.

Table 4. Boundary conditions applied for extracting transverse shear stiffness parameters

RVE Shear Modulus
Surface Gy, Gyz
=300 -z
x= u, (coupled DOFs) YT o3r
- ~Z
y =300 W= 3L uy (coupled DOFs)
z=300 u =u,=u,=0 u =u,=u,=0
x= u, (coupled DOFs) YT o3r
- ~Z
y=0 AT uy (coupled DOFs)

z=0 uy=1,u,(coupled DOFs) u, =1, u, (coupled DOFs)

Once the simulations are completed, the effective shear moduli are computed using equa-
tions (73)-(76). The final laminate-level transverse shear stiffness values are calculated as

(equations (/08) and (109)):
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Hyp = tGy, (108)

Hzz = t Gy, (109)

3.5  Experimental Cases for Validation

This section presents the experimental cases selected to validate the stiffness predictions
obtained from micromechanics models and the voxel-based finite element model (VB-
FEM) developed in this study. Validation is carried out at both the unidirectional and lam-
inate levels. For unidirectional composites, two material systems—carbon—epoxy and
glass—epoxy—are considered to assess model performance across a range of fiber—matrix
property contrasts. For laminate-level analysis, a symmetric glass—epoxy cross-ply config-
uration is selected based on available experimental data. Details of each case, including

material properties, layups, and data sources, are provided in the following subsections.

3.5.1 Experimental Cases Selected for Validation of Unidirec-
tional Composites

For unidirectional composite validation, two material systems—carbon—epoxy and glass—
epoxy—were selected to examine the effect of fiber—matrix property contrast on model
predictions. These cases represent low and high contrasts in transverse stiffness, respec-

tively, allowing assessment of micromechanics models and the voxel-based finite element
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model (VB-FEM) under different material conditions. The glass—epoxy elastic properties

are shown in Table 5.

Table 5. Phase Properties of Glass-Epoxy [145]

Materials ~ Young’s Modulus ~ Shear Modulus ~ Poisson Ratio

(GPa) (GPa)
Glass Fiber 73.1 29.95 0.22
Epoxy II 3.45 1.28 0.35

In the carbon—epoxy case, the carbon fibers are modeled as transversely isotropic, with E;
representing the Young’s modulus along the fiber direction and E» representing the modu-

lus transverse to the fiber direction, as listed in Table 6.

Table 6. Phase Properties of Carbon-Epoxy [145]

Young’s Modulus ~ Shear Modulus Poisson Ratio

Materials (GPa) (GPa)
E, E, G12 Vo U3
Carbon Fiber 232 15 24 0.279 0.49
Epoxy I 5.35 1.97 0.354

3.5.2 Experimental Case Selected for Validation of Laminate

Plate/Shell

To validate the laminate-level predictions from the voxel-based finite element model (VB-
FEM), an experimental study on a glass—epoxy symmetric cross-ply laminate was selected.

In the chosen study, three independent experimental techniques— Uniaxial tensile and
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three-point flexural testing testing, natural frequency measurements, and Lamb wave dis-
persion analysis—were used to characterize the stiffness of glass fiber laminates. This
multi-method approach provided a robust set of measured properties for comparison.

The [90/90/0/0/90/90] stacking sequence used in the experimental study was adopted
for the laminate configuration modeled in this work The average values obtained from the

three experimental techniques are depicted in Table 7.

Table 7. Elastic properties of Glass-Epoxy laminate with volume fraction of 0.58 [58]
Layup E.(GPa) E,(GPa) Ef(GPa) Ef(GPa)

[90/90/0/0/90/90] 21.97 33.03 13.97 38.83

The epoxy material used in the laminate was Epikote MGS RIMR 135 cured with
Epikure MGS RIMH 137. Since the original paper did not report the matrix properties,
values were extracted from a separate study; the properties used are listed in Table 8. For
the E-glass fibers, the same properties reported in the unidirectional experimental case

(Section 3.5.1) were used also listed in Table 8.

Table 8. Phase properties of Glass—epoxy used for laminate validation. Epoxy properties

were taken from [146], and glass fiber properties from [145]

Materials ~ Young’s Modulus ~ Shear Modulus ~ Poisson Ratio
(GPa) (GPa)
Glass Fiber 73.1 29.95 0.22

Epoxy III 3.24 1.19 0.36




Chapter 4

Results and Discussion

4.1 Results Related to Unidirectional Laminae

In this section we first investigate the influence of fiber length-to-diameter (aspect) ratio
on the transverse properties of unidirectional composites to establish a suitable geometric
configuration for subsequent simulations. We then present a comprehensive comparison of
various micromechanical models (as detailed in Section 3.1) with voxel-based finite ele-
ment simulations (Section 3.2) and for two experimental cases (section 3.5.1). These com-
parisons aim to highlight the strengths and limitations of the micromechanical models in
predicting the five elastic properties of unidirectional composites -(longitudinal Young’s
modulus (E1), transverse Young’s modulus (E2), in-plane shear modulus (Gi2), out-of-
plane shear modulus (G23), and in-plane Poisson’s ratio (vi2)-, providing a clear under-
standing of how these models align with or diverge from FEM simulations and experi-

mental data.
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4.1.1 Effect of Fiber Length-to-Diameter Ratio on Transverse
Properties

To study the effect of fiber aspect ratio on transverse properties, different fiber diameters
were used while keeping the fiber volume fraction constant at 40%. To reduce the influence
of microstructural variability, four distinct RVEs were generated and simulated for each
fiber diameter. The effective transverse elastic properties were then obtained by averaging
the results across these four configurations. Figure 10 illustrates examples of fiber distri-
butions corresponding to aspect ratios 0f 2.78, 8.33, and 16.67. Each RVE, including those
shown in Figure 10, contained several non-overlapping fibers and was used in finite ele-

ment simulations.

o_0g o.o.:o A

(a) (b)

Figure 10. Examples of randomly generated fiber distributions at 40% volume fraction
with fiber aspect ratios of (a) 2.78, (b) 8.33, and (c) 16.67. Each configuration shown was
used in finite element simulations to compute effective properties. For each aspect ratio,
four different RVEs were simulated and their results averaged to ensure statistical robust-

ness.
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Figure 11 and Figure 12 shows the effect of fiber aspect ratio on the transverse Young’s
modulus and transverse shear modulus of a glass—epoxy composite at a fixed fiber volume
fraction of 40%, demonstrating that effect of increasing the fiber aspect ratio on the varia-
bility of the predicted properties and on their average values. The figures illustrate that as
the fiber aspect ratio exceeds 8.33, the variance in the results continues decreasing, while
the mean modulus values remain relatively stable. This stabilization effect is more pro-
nounced for the transverse shear modulus than for the transverse Young’s modulus. To
minimize result variability, fibers with an aspect ratio of 16.67, corresponding to a fiber
radius of 3 units in an RVE of 100 units, are used in the main simulations. For cases re-
quiring volume fractions greater than 60%, fibers with a maximum radius of six units, cor-

responding to an aspect ratio of 8.33, are used in this study.
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Figure 11. Effect of fiber aspect ratio on the transverse E» of a glass—epoxy composite at

40% fiber volume fraction.
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Figure 12. Effect of fiber aspect ratio on G23 of a glass—epoxy composite at 40% fiber

volume fraction.

4.1.2 Carbon Epoxy

This subsection presents the results for the carbon—epoxy composite, focusing on the five
independent elastic properties. Due to the relatively low contrast between carbon fiber and
epoxy matrix properties in the transverse direction, this case is useful for evaluating the
sensitivity and accuracy of different predictive models. Comparisons are made between
micromechanics predictions, VB-FEM results, and experimental data across a range of fi-
ber volume fractions.

1. Young’s moduli E; and E»
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As illustrated in Figure 13, predicting the longitudinal Young’s modulus (E1), as expected,
all the micromechanics models have the same accuracy, aligning closely with both numer-

ical results and experimental data.
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Figure 13. Comparison of micromechanics model, VB-FEM results, and experimental

data for E; of a carbon—epoxy composite [145].

Moving to the transverse Young’s modulus (E2) (Figure /4), the numerical results are in
good agreement with the experimental data. Among the nine micromechanics models plot-
ted, Voigt-Ruess showed the least accuracy. For volume fractions less than 50%, the Mori-
Tanaka (MT) and Generalized Self-Consistent Model (GSCM) were closest to the FEM
data, the Bridging (Br) and Chamis models predicted higher values, while other models
predicted lower values. As the volume fraction increased beyond 50%, the Iterative Iso-

tropic Hashin-Shtrikman (Iter-Iso-HS) model aligned more closely with FEM data, except
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for the Halpin-Tsai modified (HTm) model, which deviated from the trend, while the other
models predicted values that were in closer agreement.

Comparing the iterative models, the predictions from Iter-Iso-HS align more closely with
FEM results than those from Iter-Iso-VR. For fiber volume fractions above 50%, the accu-
racy of both Iter-Iso-VR and Iter-Iso-HS models increases, particularly for Iter-Iso-HS,

where its accuracy surpasses that of other models.
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Figure 14. Comparison of micromechanics model, VB-FEM results, and experimental

data for E> of a carbon—epoxy composite [145].

2. Shear moduli Gi2 and G23

Investigate the longitudinal shear modulus (Gi2) (Figure 15), numerical and experimental
results match for low volume fractions of fibers, predicting results close to all microme-
chanics models except Voigt-Reuss, but increasing the fiber volume fraction results from

numerical simulation get higher than the experimental data. Considering the experimental
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data, Mori-Tanaka, Halpin-Tsai and GSCM are the most accurate model. While using FEM

as reference bridging model would be chosen.
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Figure 15. Comparison of micromechanics model, VB-FEM results, and experimental

data for Gi2 of a carbon—epoxy composite [145].

For the out-of-plane shear modulus (Figure 16), most micromechanical models, except for
the Voigt-Ruess and Chamis models, show good agreement with the experimental and
FEM results. A closer examination of the experimental data reveals that iterative models
are in closer alignment. Notably, the bridging model converges with the Iter-Iso-HS model
at high-volume fractions. When considering only the FEM results, the MT and GSCM
models exhibit the closest alignment.

1. Poisson’s ratio vi2

For the in-plane Poisson's ratio (Figure 17), all models provide accurate predictions.

Among them, the MT and GSCM models match most closely with the FEM data.
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Figure 16. Comparison of micromechanics model, VB-FEM results, and experimental

data for G23 of a carbon—epoxy composite [145].
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Figure 17. Comparison of micromechanics model and VB-FEM results for vi2 of a car-

bon—epoxy composite.
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4.1.3 Glass Epoxy

This subsection examines the performance of micromechanics models and VB-FEM in
predicting the elastic properties of a glass—epoxy composite. Because of the higher contrast
between the stiffness of glass fibers and the epoxy matrix, this case is expected to amplify
differences among the models, particularly in the transverse and shear directions. The re-
sults are compared with available experimental data to assess the accuracy and limitations
of each predictive approach.

1. Young’s moduli E1 and E2

For the Glass Epoxy material, the longitudinal Young's modulus (E1) (Figure 18) is con-
sistently predicted with accuracy by all micromechanics models, each aligning closely with
the FEM results, demonstrating reliable performance similar to that observed with the Car-

bon Epoxy material.

70 I [“8—VR, Chamis, HT, HTm, Br
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60 MT
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Figure 18. Comparison of micromechanics model and VB-FEM results for E; of a glass—

epoxy composite.
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For the Glass Epoxy material, the predictions for the transverse Young’s modulus (E2)
(Figure 19) are more scattered compared to Carbon Epoxy. While the FEM and experi-
mental results are generally close, FEM tends to predict higher values, potentially due to
the porosity of the tested composites, which is not accounted for in the numerical analy-
sis. Additionally, differences in boundary conditions between the experiments and the nu-

merical model may contribute to this discrepancy.
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Figure 19. Comparison of micromechanics model, VB-FEM results, and experimental

data for E> of a glass—epoxy composite [145].

For fiber volume fractions below 20%, all models demonstrate good accuracy. However,
as the volume fraction increases, discrepancies become more evident. When considering
the experimental data, the Voigt-Ruess model tends to predict lower values, while the iter-
ative models predict higher values, with other models falling in between, with Chamis be-

ing the most accurate. However, when focusing on FEM data, the Bridging model appears
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more accurate. Given that the Bridging and Halpin-Tsai (HT) models use empirical param-
eters, the next most accurate model relative to FEM results is Chamis. Notably, Halpin-
Tsai modified model becomes less accurate for volume fractions greater than 60%-70%.
2. Shear moduli Gi2 and Go3

For the Glass Epoxy material, where experimental results are not available, the longitudinal
shear modulus (G12) predictions (Figure 20) show that the Bridging (Br) model provides

results closest to the FEM data, while the Voigt-Ruess model deviates the most.
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Figure 20. Comparison of micromechanics model and VB-FEM results for G2 of a

glass—epoxy composite.

For the Glass Epoxy material, where experimental data is unavailable, the out-of-plane
shear modulus predictions (Figure 21) show that the Bridging (Br) model aligns most
closely with the FEM results. Considering that the Br model uses empirical parameters, the

next closest model in terms of alignment with FEM data would be the Chamis model.

3. Poisson’s ratio vi2 (see Figure 22)
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glass—epoxy composite.
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Figure 22. Comparison of micromechanics model and VB-FEM results for vi2 of a glass—

epoxy composite.
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When predicting the Poisson's ratio of Glass Epoxy material (Figure 22), the MT and
GSCM models match most closely with the FEM data. However, at high volume fractions,

the FEM results deviate from these predictions, with the FEM results being lower.

4.2  Results Related to Laminate Plate/Shell

This section reports the effective stiffness parameters of symmetric cross-ply laminate
plates using both micromechanics-based analytical predictions and voxel-based finite ele-
ment modeling (VB-FEM). The stiffness predictions from FSDT are computed analytically
using homogenized lamina properties derived from micromechanics models. As a result,
their accuracy strongly depends on the quality of the input properties—particularly the
transverse modulus E, and out-of-plane shear modulus G,3. In contrast, VB-FEM simu-
lates the actual microstructure of the laminate, capturing local interactions and variability
directly. This allows VB-FEM to provide more accurate and reliable stiffness predictions,
especially when complex microstructural effects are present. First, a subset of microme-
chanics models capable of predicting all five independent lamina properties (Ei, Ez2, Gz,
Gas, and vi2) is selected for input into First-Order Shear Deformation Theory (FSDT). Us-
ing these models, the in-plane stiffness matrix (A) and the transverse shear stiffness matrix
(H) of the laminate are computed. The predictions are then compared with VB-FEM results
and available experimental data to assess the reliability of each micromechanics model in

the context of laminate-level behavior.
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4.2.1 Choosing Micromechanics models

There are some factors considered to choose the most suitable micromechanics models.
First, it is essential to select micromechanical models that can predict all five elastic prop-
erties—E1, E2, G12, G23, and v12. Consistency in the accurate prediction of all properties
is crucial for accurate laminate behaviour prediction. Additionally, models that rely on em-
pirical parameters can offer accurate predictions and are useful in many applications, but
they should be applied with care, as their performance may depend on appropriate calibra-
tion for specific material or condition.

All micromechanical models demonstrated similar accuracy in predicting the longitu-
dinal Young’s modulus (E1) for both carbon-epoxy and glass-epoxy materials. However,
when predicting Poisson’s ratio (v12), GSCM and MT models provided predictions closer
to numerical results than other models, although experimental data was unavailable to val-
idate these predictions.

The Halpin-Tsai modified (HTm) model showed low accuracy in predicting E: at high
fiber volume fractions, especially for glass-epoxy. Although the original HT model demon-
strated good accuracy for glass-epoxy, it lacks the necessary formulas to predict the out-
of-plane shear modulus (G23), which is crucial for laminate analysis.

Considering overall performance, GSCM and MT models stood out as the most prom-
ising candidates for predicting laminate properties, as they showed consistent accuracy
across all properties. Additionally, the Bridging Model showed the closest agreement with
VB-FEM results for Ez, Gi2, and G23 in glass—epoxy and is selected for further analysis.

However, its reliance on empirical parameters may reduce its robustness, especially when
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there is a large difference between the moduli of fiber and matrix phases [147]. The Chamis
model also showed the second best agreement with FEM results after bridging model for
glass epoxy.

In conclusion, GSCM, MT, Chamis, and Bridging Models are selected for laminate
stiffness prediction due to their ability to provide all five elastic properties with good ac-
curacy. The simpler model of Voigt—Ruess may serve as a baseline reference but is gener-

ally less reliable for critical properties like E> and Gos.

4.2.2 Validation with Experimental Data

For laminates, experimental data is typically available only for Young’s moduli. To vali-
date the finite element results, Figure 23 - Figure 26 compares experimental, VB-FEM,
and analytical predictions for Ex, Ey, Ef, and E}f,, using experimental data reported by Lasn
et al. [58].

From Figure 23 - Figure 26, it can be seen that, the VB-FEM results are slightly higher
than the experimental data, which may be attributed to the porosity present in the tested
material. Since VB-FEM simulations typically assume fully dense, defect-free materials,
they may overestimate stiffness relative to experimental measurements. Among the analyt-
ical models, the Bridging Model produces predictions that most closely align with the FEM

results.
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4.2.3 In-Plane Stiffness Matrix Parameters

Figure 27 - Figure 30 show the non-zero and independent elements of the in-plane matrix
(A) as predicted by FSDT using the selected micromechanics models, alongside the corre-
sponding VB-FEM results. These figures are discussed in the following paragraphs to high-
light trends and model accuracy

The values of A(1,1) and A(2,2) depend on Ey, E,, and vy, with A(1,1) being more
sensitive to Ex. Since Ex is influenced by the four 90° plies and two 0° plies, while Ey is
governed by the reverse stacking sequence, the higher accuracy in predicting the longitu-
dinal modulus (E,) leads to better agreement for A(2,2) across all models. Overall, the
Bridging Model provides the most accurate predictions for both A(1,1) and A(2,2), fol-
lowed by the Chamis model, while the VR model consistently underperforms (see Figure

27 and Figure 28).
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Figure 27. Comparison of A(1,1) values predicted by selected micromechanics models

and VB-FEM.
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Figure 28. Comparison of A(2,2) values predicted by selected micromechanics models

and VB-FEM.

For A(1,2), the FEM predictions up to a 40% fiber volume fraction closely match those
from MT and GSC models. As the volume fraction increases, the FEM values approach
those predicted by the Bridging Model. This trend reflects earlier findings in unidirectional
composites, where vi2 predictions from MT and GSC aligned well with FEM, particularly
at mid-range volume fractions (see Figure 29). And, the trend observed for A(3,3) mirrors
that of the shear modulus in unidirectional composites. The FEM results are slightly higher
than the analytical predictions but remain closest to those from the Bridging Model (see

Figure 30).
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Figure 29. Comparison of A(1,2) values predicted by selected micromechanics models

and VB-FEM.
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Figure 30. Comparison of A(3,3) values predicted by selected micromechanics models

and VB-FEM.
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4.2.4 Bending Stiffness Matrix Parameters

Figure 31 - Figure 34 present the non-zero and independent elements of the bending stiff-
ness matrix (D) as predicted by First-Order Shear Deformation Theory (FSDT) using the
selected micromechanics models, alongside corresponding results from VB-FEM. This
section highlights key observations and differences in model accuracy.

The VB-FEM results for the bending stiffness matrix elements D(1,1), D(1,2), and
D(2,2) are slightly higher than the corresponding predictions from the micromechanics-
based models, even at a low fiber volume fraction of 0.1. Such discrepancies were not

observed in the prediction of the in-plane stiffness matrix (A). The deviation originates
from the estimation of Poisson’s ratio Ufzy. During bending about the x-axis, efforts were

made to constrain the plane at y = 100 to remain flat; however, residual warping defor-

mation was observed, indicating incomplete constraint enforcement. This directly affected

f

the computed value of vy,

which in turn influenced the accuracy of D(1,1), D(1,2), and
D(2,2), while leaving D(3,3) unaffected (see Figure 31 - Figure 34).

D(2,2) is more sensitive to ES , which is primarily influenced by the stiffness of the
0° plies located at the outermost layers of the laminate during bending about the y-axis. As
a result, D(2,2) exhibits a nearly linear trend with increasing fiber volume fraction. In con-
trast, D(1,1) is governed by E,{ , associated with the 90° plies, and shows a less linear re-

sponse (see Figure 31 and Figure 32).
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In the absence of the deviation caused by the inaccurate estimation of U,}:y, the trend for
D(1,2) would have followed a similar pattern to that observed for A(1,2). In that case, the
VB-FEM results would align with the predictions from the Mori—Tanaka (MT) and Gen-
eralized Self-Consistent (GSC) models at low to mid fiber volume fractions and approach
the Bridging Model at higher volume fractions (see Figure 33). The element D(3,3) closely

follows the trend of the in-plane stiffness term A(3,3) and the shear modulus G2, consistent

with the behavior observed in the unidirectional composite analysis (see Figure 34).

4.2.5 Transverse Shear Stiffness Matrix Parameters

Figure 35 and Figure 36 illustrates the non-zero elements of the transverse shear stiffness
matrix (H) as predicted by both analytical models and VB-FEM simulations. The compo-
nents are examined below to evaluate the predictive performance of the models under trans-
verse shear conditions.

In examining the transverse shear properties, the FEM results for H(1,1) and H(2,2)
are generally similar; however, at higher fiber volume fractions, H(1,1) shows slightly bet-
ter agreement with the analytical predictions. The element H(1,1) is directly related to the
shear modulus Gy.. Under transverse shear loading, the central region of the laminate pri-
marily carries the shear force. Since the central layers are oriented at 0°, the effective shear
modulus in the y—z plane corresponds to Gzs of a unidirectional lamina. As observed in the
unidirectional analysis, predictions for Gzs align more closely with analytical models than
those for Gi2, which helps explain the improved agreement of H(1,1) relative to H(2,2) (see

Figure 35 and Figure 36).
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4.3 Discussion of Results

This section provides a detailed interpretation of the findings presented in Sections 4.1 and
4.2, focusing on the accuracy and limitations of micromechanics models in predicting the
elastic properties of unidirectional and laminate composites. The first part discusses how
the assumptions embedded in each micromechanics model affect their performance, par-
ticularly in relation to fiber—matrix property contrast and fiber volume fraction. The second
part explores the implications of these lamina-level predictions on laminate plate and shell
stiffness, highlighting the propagation of micromechanical errors into global laminate be-

havior.

4.3.1 Unidirectional Fiber Composite

The results for unidirectional composites demonstrate that while all micromechanics mod-
els predict the longitudinal Young’s modulus (E:) with high accuracy, their performance
varies significantly for the other elastic constants—particularly the transverse modulus (E2)
and the in-plane and out-of-plane shear moduli (Gi2 and Gz3). These variations stem from
the assumptions embedded in each model. For example, the Voigt-Reuss model, which
serves as a basic reference, relies on iso-strain and iso-stress assumptions in its Voigt and
Reuss formulations, respectively. The iso-stress condition results in poor accuracy when

predicting transverse and shear properties.
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The influence of contrast between constituent properties on model accuracy is apparent
when comparing carbon-epoxy and glass-epoxy systems. In carbon-epoxy composites,
where the contrast between matrix and fiber properties is relatively low in the transverse
direction, most models perform reasonably well across all moduli. However, in glass-
epoxy, the higher contrast leads to greater deviations.

At low fiber volume fractions, most models show acceptable agreement with VB-FEM
results for both materials, although the Chamis model notably underperforms in the carbon-
epoxy case. For glass-epoxy, where prediction errors are generally more pronounced, the
Bridging model demonstrates enhanced accuracy at high volume fractions. The Halpin—
Tsai model offers good agreement for E- in this material. Meanwhile, the Generalized Self-
Consistent (GSC), Mori—Tanaka (MT), and Chamis models show close alignment with
FEM results at low to mid volume fractions.

Models such as Halpin—Tsai and Bridging introduce fitting parameters to better capture
the influence of fiber packing and geometric effects. The Bridging model, in particular,
shows the most consistent agreement with FEM predictions for E2, Gi2, and G2s—even at
high fiber volume fractions. However, the reliability of this model depends on appropriate
selection of bridging parameters, which may vary depending on the material properties.
Iterative models, including Iter-Iso-VR and Iter-Iso-HS, yield accurate results for carbon-
epoxy composites and outperform classical models at certain volume fractions. However,
for glass-epoxy composites, these models do not surpass more established approaches in
predictive accuracy, though they may still offer value under specific conditions or with

further development.
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4.3.2 Cross-Ply Laminate Composite

The accuracy of laminate stiffness predictions depends critically on the quality of the un-
derlying lamina properties. Since micromechanics models often exhibit reduced accu-
racy—particularly in high volume fractions and systems with high stiffness contrast be-
tween fiber and matrix phases—these inaccuracies can propagate through lamination the-
ory and lead to cumulative errors in the global stiffness matrices. Consequently, to reliably
predict laminate stiffness, a micromechanics model must provide accurate estimates for all
five elastic constants of the lamina: Ei, Ez, Gi2, G23, and viz.

Since the differences among micromechanics model predictions for carbon-epoxy were
small—particularly in the transverse and shear properties—laminate-level comparisons
were focused on glass-epoxy composites, where the contrast in constituent properties leads
to more pronounced deviations. To evaluate the models’ performance in predicting lami-
nate stiffness, the ten non-zero elements of in-plane stiffness matrix (A), bending stiffness
matrix (D), and transverse shear stiffness matrix (H) for a symmetric cross-ply glass-epoxy
laminate are presented.

Experimental data for laminate composites are often limited and rarely include all stiff-
ness parameters. For the glass/epoxy cross-ply laminate examined in this work, in-plane
and flexural moduli reported by Lasn et al. [58] are used to validate the VB-FEM results.
As expected, VB-FEM predictions are slightly higher than experimental values, likely due
to the absence of porosity in the numerical model. However, VB-FEM predictions showed

noticeably better agreement with experimental data for the flexural modulus (Figure 25
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and Figure 26). Given the unavailability of complete experimental data, VB-FEM results
are adopted as the reference for evaluating the ADH matrices in this study.

As shown in the results presented in Sections 4.2.3-4.2.5, trends in the laminate stiff-
ness matrix elements reflect those observed in the unidirectional composite properties. This
suggests that the accuracy of the micromechanical predictions at the lamina level has a
direct impact on laminate-level behavior. In particular, inaccuracies in even one of the five
independent elastic properties can distort multiple entries of the laminate stiffness matrices.
Among all models examined, the Bridging Model consistently provided the most accurate
predictions relative to VB-FEM results (Figure 27-Figure 36). However, its reliability de-
pends on the proper selection of two empirical Bridging parameters, which can signifi-
cantly influence results—especially for composites with large disparities between fiber and

matrix properties (e.g., modulus mismatch).



Chapter 5

Conclusion and Future Work

This thesis evaluated the accuracy of various micromechanics models in predicting the five
independent elastic constants of unidirectional fiber-reinforced composites and assessed
how these predictions influence the laminate stiffness properties derived using First-Order
Shear Deformation Theory (FSDT). A high-fidelity voxel-based finite element modeling
(VB-FEM) approach was developed and used as a numerical benchmark. Comparisons

were also made with available experimental data to validate the findings.

5.1  Summary of Findings

1. Forunidirectional composites, the transverse Young’s modulus (E2) and shear mod-
uli (G2, G2s) are more sensitive to microstructural characteristics than the longitu-
dinal modulus (E:). Nearly all micromechanics models accurately predicted Ei, but
substantial discrepancies were observed for Ez, Giz, and Gas.

2. The Bridging model demonstrated the most consistent agreement with VB-FEM
across all five properties of unidirectional composites, particularly for glass-epoxy

material at higher fiber volume fractions.
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5.2

The study highlighted that model accuracy diminishes as the modulus contrast be-
tween fiber and matrix increases, with glass-epoxy composites presenting a greater
challenge for analytical predictions than carbon-epoxy systems.

For laminate stiffness predictions, discrepancies in lamina-level input properties
were shown to propagate to the laminate scale, affecting the ten non-zero stiffness
matrix components of the modeled symmetric cross-ply laminate. The Bridging
model again showed the best performance, while Voigt—Reuss model underper-
formed.

The voxel-based finite element modeling (VB-FEM) framework developed in this
study served as a high-fidelity numerical approach for evaluating composite stiff-
ness properties. While not a substitute for experimental validation, it provided a
consistent and detailed reference for assessing the accuracy of micromechanics
models, particularly in capturing the influence of fiber arrangement and property
contrast. Its application to both unidirectional and laminate cases demonstrated its

usefulness as a comparative tool for model evaluation.

Contributions to the Field

The primary contribution of this research lies in its systematic and comparative assessment

of micromechanics models using VB-FEM. First, assessing the model's performance in

predicting unidirectional lamina properties and using the more accurate and comprehensive

one to be used for laminate stiffness matrices of symmetric cross-ply laminate. In order to



5.3 Limitations of the Study and Recommendations for Future Research 94

demonstrate the link and similarities between the trends in these levels. Discussing how
prediction errors at the lamina level affect laminate-level stiffness estimations.

The broader impact of this work lies in guiding researchers and engineers in selecting
appropriate micromechanics models based on material type, fiber volume fraction, and
property of interest. The VB-FEM models developed here offer a reliable numerical refer-
ence for future studies seeking to validate or refine analytical predictions in composite
laminates.

Additionally, this thesis provides novel insight into the applicability of iterative iso-
tropization models—which were originally developed for isotropic particulate compo-
sites—to transversely isotropic fiber-reinforced systems. Their performance, particularly

in predicting transverse and shear moduli for carbon-epoxy, suggests potential.

5.3  Limitations of the Study and Recommendations

for Future Research

It should be noted that several of the micromechanics models used in this study, including
Mori-Tanaka, Generalized Self-Consistent, and the iterative isotropized models (Iter-Iso-
VR, Iter-Iso-HS), are empirical or semi-empirical in nature. While these models are widely
adopted due to their simplicity and reasonable predictive performance, they are not derived
from first-principle variational formulations. As such, they do not fully reflect the theoret-
ical rigor offered by approaches grounded in the theory of composites and variational meth-
ods [148-150]. In this work, our focus was on evaluating practical accuracy for laminate

stiffness prediction rather than conducting a formal theoretical analysis. Nevertheless, the
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incorporation of more theoretically grounded models remains an important direction for
future research, particularly in applications where rigorous bounds or optimality criteria
are essential.

In the FEM model used in this study, the term “random composite” refers to a single
realization of fiber distributions generated using a non-overlapping random sequential al-
gorithm. This approach captures geometric randomness associated with manufacturing var-
iability but does not represent a statistical ensemble or invoke a formal probability distri-
bution. As such, it provides a practical but limited representation of randomness. While the
use of a single RVE is common for computational efficiency and qualitative comparison,
it may not fully capture the statistical variability of composite behavior, as addressed in
more rigorous stochastic frameworks [148—150]. Future studies could incorporate ensem-
bles of RVEs or structural sum-based descriptors to better capture statistical effects in com-
posite microstructures.

Despite its advantages, the voxel-based FEM approach also has limitations that should
be acknowledged. One limitation is that it is computationally intensive, especially for high-
resolution models or when simulating large-scale laminate structures. Additionally, the
voxelization process leads to a stair-step approximation of curved fiber—matrix interfaces,
which may reduce geometric fidelity and affect the accuracy of local stress predictions.
These trade-offs must be considered when applying this method to composites with com-
plex geometries or when high precision is required.

Another limitation is related to the scope of the laminate configurations studied. The
analysis was limited to a single symmetric cross-ply stacking sequence ([90/90/0/0/90/90]),

which, although representative, does not cover the full range of practical laminate
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configurations such as angle-ply, quasi-isotropic, or hybrid laminates. Extending the anal-
ysis to these configurations could help generalize the findings and further evaluate the mi-
cromechanics models under more diverse loading and geometric conditions.

The study also relies on limited experimental datasets. While experimental data were
used to validate VB-FEM predictions for both unidirectional and laminate composites,
complete elastic property data for all five stiffness parameters are were not available in
literature and for the availability of experimental data for laminate level were even less.
This constraint necessitated the use of VB-FEM as a surrogate reference in some cases.

Considering the limitations, while the Bridging Model appears promising, further ex-
perimental validation is necessary to confirm its robustness across different material sys-
tems and loading conditions. Moreover, although this study focused on symmetric cross-
ply laminates, extending the methodology to other laminate configurations (e.g., angle-ply,

quasi-isotropic) would offer broader insights into model applicability.
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