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Abstract

Bootstrap percolation is a dynamic process on configurations of two possible
states of vertices in a graph. For a given graph and a fixed non-negative integer
threshold, some vertices are initially “activated” whilst others are “inactivated”.
At each step, every inactivated vertex will become activated if the number
of their activated neighbours is at least the threshold. If all the vertices are
eventually activated, then say the set of initially activated vertices percolates.
In this thesis, I focus on percolating sets containing as few vertices as possible
— minimal and minimum percolating sets. Specifically, I survey exact and
approximate cardinalities of minimal /minimum percolating sets of some classes
of graphs, and obtain several new bounds and constructions for them. The
main tools used in the thesis are structural properties and invariants of graphs.
Throughout the thesis, I also present the major outstanding new problems in

this area.
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Chapter 1

Introduction

1.1 Fundamental Concepts of Bootstrap Perco-

lation

Imagine such a picture — an organization wants to spread an opinion and make
all the people in the social network accept it. Although the organization can
post a lot of advertisements on the internet or TV channels, people will not
easily accept it unless at least 3 friends of theirs do. So, the organization
plans to hire some people as initial accepters and starting points of the spread.
Then comes a question — how to choose the initial accepters by using as low
cost as possible? Similar questions occur in many scientific and technological
fields. For instance, in the study of magnetic materials, an atom will alter to a
particular state if it has a sufficient number of neighbours of the same state,
then at least how many atoms of the particular state can assimilate all the

atoms in an object? In the study of some infectious diseases, healthy people
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will be more likely infected if they are in closely physical contact with a certain
number of infected people, then determining the smallest number of initially
infected people is quite helpful to trace back to the origin of the disease. All
these questions have similar essence — spread of a state on a network under some
threshold conditions, which coincides with the theme of this thesis — bootstrap

percolation on graphs.

Bootstrap percolation is a dynamic process on a graph G = (V, E) related to
a non-negative integer r called the threshold. Suppose each vertex has one out
of two possible states — activated (infected) or inactivated (clean), and let Ay be

the set of activated vertices at the beginning or at time 0. In each discrete time

step i € {k € Z : k > 0}, given the set U;‘:o A; of activated vertices after time

i, if a vertex v € V' \ (U;.:O A;) has at least r activated neighbours in Uj:o A;,
then the state of v will alter from inactivated to activated, and define a set

A, 41 consisting of such vertices. If no vertices in V'\ (Ué‘:o A;) have at least

r (activated) neighbours in U;":o A;, then we say the r-threshold activation

process starting from Ag stops. Once a vertex is activated, it will remain in
this state forever. An example of bootstrap percolation is as follows. On the
graph illustrated in Figure 1.1, a 3-threshold activation process occurs from
three initially activated vertices in Ay. Then, at the time 1, the four vertices
in A; are activated because each of them has at least 3 activated neighbours
at the time 1; and at the time 2, two vertices in A, get activated. Thereafter,

since no inactivated vertices get at least 3 activated neighbours, the activation
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Figure 1.1: A 3-threshold activation process starting from Ay on a graph G.
The numbers attached to the vertices represent the time at which the vertices
get activated.

process ends.

The time at which the activation process ends is called the activation time
(or infection time) of Aqy for G. Every initially activated vertex in Ay is called
a seed, and the union (J;°, A; is called the r-threshold activation closure (or
infection closure, or span) of Ay and denoted by (Ag), (or (Ag) if the threshold
is understood). For a finite graph G, the activation closure (Ay), is obviously
a union of finitely many sets A;’s. For the set Ay of seeds, if (Ag), =V (in
other words, all the vertices of the graph G are finally activated), then Ay is

called an r-threshold percolating set of G (or Ay percolates on G).

For a given graph G = (V, F) and a threshold r, the overall questions about

bootstrap percolation are “which sets of vertices percolate on G?7”, and “what
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can we say about the percolating sets?”. Large percolating sets are easy to find.
For example, the vertex set V or V' \ {z} for some vertex x with deg.(z) > r
can all percolate on G. In fact, if Ay C V' is an r-threshold percolating set of G,
then any superset B of Ay is also an r-threshold percolating set of G because
(Ap) C (B). Therefore, we shall focus on another extreme in this thesis — small
percolating sets, and discuss their cardinalities, structures, and procedures for

generating them.

1.2 History and Applications

The r-threshold bootstrap percolation was formally introduced and first studied
by Chalupa, Leath, and Reich [11] as a model of the dynamics of ferromagnetism
regarding changes of magnetic states of particles relevant to states of their
neighbours, whilst bootstrap percolation is an example of cellular automata

introduced earlier by von Neumann [25] based on a suggestion of Ulam [34].

Later, Poljak and Stra [30], Chen [12], Amini and Fountoulakis [3]| studied
some problems about spread of opinions in social networks by using bootstrap
percolation models. Newman [26], Liu, Lai, Ye and Liu [20] conducted extensive
analysis about spread of contagious diseases with bootstrap percolation models.
Peleg (28], Flocchini, Lodi, Luccio, Pagli, and Santoro [16], Luccio, Pagli, and
Sanossian [21] studied applications of bootstrap percolation to distributed

computing.
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MacGillivray and Wang [22|, Ng and Raff [27], Bazgan, Chopin and Ries
[8] discussed some applications to firefighting-type problems of a model like
bootstrap percolation in which activated vertices can become inactivated under

some conditions.

Adler and Lev [1] described some applications of bootstrap percolation into
the orientational ordering process of quadrupoles in solid molecules, fluid flow

in rocks, and computer storage systems.

The rest of the thesis is arranged as follows. In Chapter 2, we introduce
some basic facts and tools that are used through the thesis. In Chapter 3, we
shall show the exact values for percolating sets of some special classes of graphs.
In Chapter 4, we shall first present the bounds for minimum percolating sets
of regular graphs, and then discuss the minimum 2-threshold percolating sets
of a particular type of regular graphs — expander graphs. In Chapter 5, we
shall first introduce approximate and exact results for minimum percolating
sets of square grid graphs, and then turn to 2-threshold minimum /minimal
percolating sets of general grid graphs. Finally, in Chapter 6, we shall show
the bounds for minimum /minimal percolating sets of trees, and present an

algorithm for generating minimum percolating sets of trees.

1.3 Notation

In this section, we introduce some notation used throughout the thesis.
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Let Z,Q, R, C denote the set of integers, the set of rational numbers, the
set of real numbers and the set of complex numbers, respectively. For a set X,
| X| or #(X) denotes the cardinality of X, and P(X) denotes the power set of

X. For a positive integer n, [n] denotes the set {i € Z: 1 < i < n}.

For a graph G = (V, E), if two vertices u, v are adjacent, then wv or u — v

denotes the edge joining v and v. If vy, -+, v, € V, e1,--- ,es € E, then
G —{v1, -+ ,v,,e1, - ,es} denotes the graph obtained from G by removing
V1, , U €1, , € and the edges incident with any one of vy, --- , v, from G.

In particular, for a single vertex v and a single edge e of GG, write G — v for
G — {v}, and write G — e for G — {e} in short. For two subsets S, W C V
of vertices, define Ny (S) = |J,cg Nw(v) as the set of neighbours of S in W,
and define Oy (S) = Nw (S) \ S as the set of outer neighbours of S in W. In

particular, let Ng(S) = U,y Na(v) and 9g(S) = Ne(S) \ S.

veV

For every positive integer n, P, denotes the path of n vertices, C,, denotes
the cycle of n vertices, and K,, denotes the complete graph of n vertices. For
any m positive integers pi, -+, pm, Ky, .. p,, denotes the complete m-partite
graph.

When talking about asymptotic results, we use standard Landau notation.
Suppose f(z), g(z) are two positive real functions defined on R. If there exists
M, ci,co € R with ¢; > 0 such that for every x > M, f(z) < ¢19(z) + co,
then we say f(z) = O(g(x)). If there exists M, ¢y, ¢ € R with ¢; > 0 such

that for every x > M, f(x) > c19(x) + ¢, then we say f(z) = Q(g(x)). If
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both f(z) = O(g(z)) and f(x) = Q(g(x)), then we say f(z) = O(g(z)). If

lim, o0 % =0, then we say f(x) = o(g(z)). If lim, ﬁ—z) = 00, then we say

g

f(z) = w(g(z)). Finally, if lim, % = 1, then we say f(z) ~ g(x).

For a given graph G = (V| F) and a threshold r, if A is an r-threshold
percolating set of G' and for every vertex u € A, the set A\ {u} does not
percolate on G, then A is called a minimal r-threshold percolating set of G.
Besides, an r-threshold percolating set of the smallest cardinality is called a
minimum r-threshold percolating set of G. Usually, E(G,r) and m(G,r) denote
the cardinalities of the largest minimal and minimum r-threshold percolating

sets of GG, respectively.
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Chapter 2

General Tools for Bootstrap
Percolation

In this chapter, we introduce general facts and tools that are useful for bootstrap

percolation on any graph.

2.1 Basic Facts about Bootstrap Percolation

This section is dedicated to some general facts and fundamental properties of

bootstrap percolation.

By the description of activation process on graphs, loops and multiple
edges have no effect on activation or percolation. Besides, activation runs
independently on each connected component of a graph. So, we shall only
consider connected simple graphs without loops in this thesis.

Recall that E(G,r) and m(G,r) denote the cardinalities of the largest

minimal r-threshold percolating sets and the minimum r-threshold percolating

9
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sets of a graph G, respectively. For any connected simple graph G, m(G,0) =
E(G,0) = 0 and the unique minimal O-threshold percolating set of G is just
empty set. Meanwhile, for threshold 1, m(G,1) = E(G, 1) = 1 and the singleton
containing any individual vertex of GG is a minimal 1-threshold percolating set
of GG because any single seed is capable of activating all the vertices. Thus, we

will only consider the cases when threshold r > 2 in this thesis.

For a simple graph G = (V, E) of order n, if A is an r-threshold percolating
set of G, then A must contain all the vertices of degree smaller than r because
every such vertex can not be activated by other vertices. In particular, if r > n,
then every vertex has degree less than n —1 = r — 1, and the unique r-threshold
percolating set is just V. Hence, it remains to consider r-threshold percolation
in nontrivial cases — that is when 2 < r < n. In addition, when r < n, A has
to contain at least r seeds because otherwise, it could not activate any clean

vertex. We summarize this paragraph in the following remark.

Remark 2.1. Let G = (V, E) be a simple graph. If A is an r-threshold
percolating set of G, then A contains all the vertices of degree smaller than r
and min{|V|,r} < |A| < |V|. In addition, we usually consider the percolation

in non-trivial cases when 2 <r < |V|.

At some time ¢ during the activation process starting from Ay on G = (V, E),
if all the vertices in a set B C V' are activated, then we say B is activated (or
infected). For two sets B,C C V if (B), D C, then we say B activates (or

infects, or spans) C'; whilst if (BN C'), O C, then we say B internally activates
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(or infects, or spans) C'. Note that B internally activates C' implies B activates

C because (BN C), C (B),, but the converse is not true.

Although percolation or activation process on the graph G is a dynamic
configuration of states of the vertices, edges still play an important role for
it. Recall that an inactivated vertex v can get activated at some time ¢ if
and only if it has at least r activated neighbours at time ¢. Alternatively, we
can describe the activation of v as “these r activated neighbours help v get
activated via the r edges between them and v”. From this point of view, each
edge of G can also be attached with one out of several states — used, unused
and wasted. More specifically, during the r-threshold activation (or percolation)
process starting from Ay C V, each edge is attached with a state used or
unused. At time 0, all edges are assigned unused. Then, at some time t > 1 if
an inactivated vertex v has at least r activated neighbours, change the state of
r edges between v and its r activated neighbours from unused to used. Note
that once an edge becomes used, it will remain in this state forever. Finally,
after the activation process ends, change the state of all unused edges to wasted.
The most important difference between the vertex states and the edge states
is — for a given graph G and a threshold r, the state of every vertex is merely
determined by the set Aj of seeds, while the state of each edge depends not
only on Ay but also on the choice of used edges at each time (in other words,
the activation process itself). For instance, at time 2 of the activation process
showed in Figure 1.1, a vertex in Ay has 4 activated neighbours, but it only

need help from 3 out of these 4 neighbours to get activated. Consequently, we
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have 4 different choices of unused edges, which also causes different states of
edges after the activation process ends. In spite of this fact, the total number
of used edges and the number of wasted edges are not affected by the choice of
used edges. This is because for each time ¢ before the activation process ends,
A; always needs r|A;| edges to get activated, and so the total number of used
edges is Y r|Ail =r Y2, |Ai]. Consequently, the number of wasted edges
is |E] - r 35, A,

The following lemmas show how the states of edges help estimate cardinality

of percolating sets of graphs.

Lemma 2.2. Let G = (V, E) be a connected simple graph of order n, r be

an integer with 2 <r <n —1, and Ay be an r-threshold percolating set of G.
Then, |Ao| > n — £

r -

Proof. Suppose the percolation time of Aj is T, and let u denote the total

number of used edges in the percolation process starting from Ay on GG. Then,
Z?:o |A;| =nand u=r Z?zl |A;|. On the other hand, it is straightforward

that u < |E|. Hence, we get

T
r(n—[Ad) =r) |Al=u<|E|

i=1

and so [Ag| > n — £ O

o
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Lemma 2.3 (Riedl [33]). Let G = (V, E) be a connected simple graph of order
n, v be an integer with 2 <r <n—1, L ={zx € V : degu(x) < r}, A be a
minimal r-threshold percolating set of G, and u be the total number of used edges

of some r-threshold percolation process starting from A. Then, u > |A| — | L]

+| L]
and |A| < =5

Proof. By Remark 2.1, L C A.

On one hand, since A is a minimal r-threshold percolating set of GG, every
seed v € A of degree at least » must be incident with at least 1 used edge
because otherwise, v would contribute nothing to the activation of V and
A\ {v} could percolate on G which would contradict the minimality of A. On
the other hand, every used edge is incident with at most 1 seed in A because
any edge between seeds will definitely be wasted. Note that u = r(n — |A]).

Hence, r(n — |A]) = u > |A| — |L|, and the lemma follows. O

2.2 A Degree-Based Bound for Minimum Perco-
lating Sets

In [32], Reichman obtained an upper bound for the cardinality of minimum
percolating set together with an algorithm for generating such a set for a given
graph. This upper bound is only dependent on the degree of vertices and is

valid for any graph.
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Theorem 2.4 (Reichman [32]). For a graph G = (V, E), there is a r-threshold

percolating set of cardinality at most ), ., min{l, m}. Furthermore, such

a set can be found in deterministic polynomaial time.

Proof. We give two different proofs — a probabilistic one and an algorithmic

one — for existence of the percolating set in the theorem.

First, we prove existence of an r-threshold percolating set of cardinality

at most ) .., min{1l +1} by probabilistic method. Consider a uniformly

» deg(v
random permutation o over V' = {vy,--+ ,v,}. Foreach i =1,--- n, let L;(o)
be set of all the vertices that appear on the i-th position among themselves
and their neighbours, where the order of vertices is with respect to the string

o(v1), -+ ,0(v,). For every v € V| we have

—L i <deg(v) +1
Priv e Lij(o)] = { Seg(le otherwise

Since L;(0),---,L,(0) are pairwise disjoint, then Pr[v € |J;_, Li(0)] <
min{1, W} Hence, by linearity of expectation, the expected cardinality of
U._;, Li(0) is at most >, .\, min{1, W} Thus, there exists a permutation

T over V = {vy, -+ ,v,} with

T

U Zi(

=1

<me{ " deg( 7G)Jrl}

veV
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Now suppose the set |J;_, L;(7) is infected, and observe the infection process
of J._, Li(7) in the order (from the left end to the right end) of the string
7(v1),- -+ ,7(v,). For j > 1, label the j-th vertex not in J._, L;(7) with y;.
Then, y; has at least r neighbours in front of it. But now, all the vertices in
front of y; are infected because they are in (J;_; L;(7). So, y1 will be infected.
Next, assume y1, - - - , y5 are infected. Then, since y,,1 has at least r neighbours
in front of it and all the vertices in front of y,,; are infected, then y,.; will
get infected. By induction, every vertex not in | J;_, L;(7) can get activated
sometime. Therefore, | J;_, L;(7) percolates on G, which shows existence of an

r-threshold percolating set of cardinality at most ) ., min{1, m}.

Second, we give a deterministic polynomial time algorithm for finding such
a percolating set. Let the graph Gy = (V, Ey) = G, and consider the following
iterative procedure. For the given graph G; = (V;, £;), if {v € V; : degg, (v) >
r} # 0, then choose a vertex z; € {v € Vi : degg,(v) > r} of the smallest
degree, and define a new graph G;;1 = (Viy1, Fiyq) = G; — z; (the graph
derived from G; by removing z; and all the edges incident with z;). Otherwise,
if {v € V; : degg, (v) > r} = 0, then the iteration procedure stops, set 7' = 7, and
return Vr as a set of seeds. This procedure is formally described in Algorithm 1
with pseudocodes. By the above description, for each i =T —1,--- ,0, x; can be
infected by V;,; because it has at least r neighbours in V;,;. Thus, Vr is an r-

threshold percolating set of G. It remains to show [Vp| < > |, min{1, m}.
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For each G, define W(G;) =} .y, min{l, ;=—"55}. Consider W(G;) and

 degg, (v)+1
W(Gis1). Let degg, (z;) = d, and 2;’s neighbours with degree at least r in G
be {uy,- -+ ,u;}. Then, since x; has the smallest degree amongst all the vertices
of degree at least r, we get

!
r r r
W(Gip1) = W(G;) = Td+1 + Z <degGi (u;) degg,,  (u;) + 1)

i=1

l
r r
= - +
d+1 zzl degg, (u;)(degg, (u;) + 1)

c__T N dr
— d+1 dd+1)
=0.

So, W(Gi1) < W(G;), which implies

W(Gr) <W(Gr) <--- <W(Gy) <W(Go) = ) min {1’ m} '

On the other hand, since each vertex in G has degree smaller than r,

Vel = min {1, m} = W (Gy).

veEV

Therefore, Vp is just an r-threshold percolating set satisfying the upper bound

in the theorem.

To estimate the time complexity of the above procedure, represent the graph

by its adjacency matrix and use a hash table (integrated in the most of modern
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programming languages) to record vertex-degree pairs. Since we remove a
vertex from the graph G; in each round of the outer loop, the procedure runs
at most n rounds. Besides, in every round, we can determine the vertex x;
of the smallest degree amongst all the vertices of degree at least r in O(n)
time by searching the hash table, then update the adjacency matrix (alter the
entries on the row and the column corresponding to x;) and update the hash
table (alter the degrees of the neighbours of z; and finally remove the pair
[z;, deg(z;)] from the table) in O(n) time. Therefore, the time complexity of

the whole procedure is at most O(n?). O
We also give some explanations for Algorithm 1 as follows.

1. In each round of the loop between line 1 and line 20, we are looking
for a vertex of the smallest degree amongst all the vertices of degree at
least r in the current graph G, where d is not only a flag for determining
whether there is a vertex of degree at least r but also a variable saving

the smallest degree amongst all the vertices of degree at least 7.

2. In the loop between line 4 and line 16, we are looking for a vertex of the
smallest degree amongst all the vertices of degree at least r in the current

graph G by going through V(G) only once.

3. Between line 17 and line 19, if there exists vertices of degree at least r in
the current graph G (indicated by d > 0), then we update the graph by

removing the vertex of the smallest degree amongst them from G.
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Algorithm 1: ComputeSmallPercSet

Input :A graph G = (V, E), the threshold r > 0
Output: An r-threshold percolating set of G

1 repeat

2 d < 0;

3 T < null;

4 for v € V(G) do

5 if deg(v) > r then

6 if d =0 then

7 d + deg(v);

8 T 4 v;

9 else
10 if deg(v) < d then
11 d + deg(v);
12 T 4 U;
13 end
14 end
15 end
16 end
17 if d > 0 then
18 ‘ G+ G —u;
19 end

20 until d > 0;
21 return V(G);
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In this chapter, we introduced general facts and universal tools for bootstrap
percolation on any graph. Then, in the following chapters, we shall discuss

bootstrap percolation on some specific classes of graphs.
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Chapter 3

Bootstrap Percolation on Some

Special Graphs

In this section, we shall present some results about bootstrap percolation on
some special classes of graphs including paths, cycles, and complete multipartite
graphs for which we can determine the precise values for minimal or minimum

percolating sets.

3.1 Bootstrap Percolation on Paths and Cycles

Since the largest degree of any path and any cycle is 2, by Remark 2.1, it
suffices to consider 2-threshold percolation on paths and cycles of order n with

n > 3.

Let P, denote the path of n vertices, and C,, denote the cycle of n vertices.

The next theorem was partially presented by Dreyer and Roberts [15]|, where

21
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the result for the largest minimal percolating sets is new work presented in this

thesis.

Theorem 3.1. For every integer n > 3,

n+1

w2 = | Al

|, et - |2

Proof. Let P, be v; —vg — -+ — v,.

Since the two end vertices of P, have degree smaller then 2, they have to
be seeds. When n = 3, the unique minimal percolating set of P is {vy,v3},
and so the theorem follows.

From now, suppose n > 4.

First, let us consider the minimum percolating sets of P,. Let A be a
minimum percolating set of P,. Then, A has to contain vy, v, and at least 1
seed out of each two consecutive vertices from v to v,_; (otherwise, A would

not percolate). Thus,

n—2 n-+1
Al > |2 > :
Mz et 2 1]
Moreover, when n is even,
{Ul}U{UmlSZSg}

is a minimal percolating set of cardinality (”T“], when n is odd,

1
{Uzi—lilﬁiﬁn;— }
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is a minimal percolating set of cardinality (”THW Therefore, m(FP,,2) = ’—”TH-‘

Next, consider the largest minimal percolating sets of P,. Again, let A be
a minimal percolating set of P,. Then, A must contain v;, v, and at most 2
out of every three consecutive vertices from vy to v, 1 (otherwise, the middle

one would be wasted). Thus,
2 2 1
|A] < {2+ g(n—2)J = L%J .

Moreover, when n = 0 (mod 3),

{v;i:1<i<n,i=0or1 (mod3)}
is a minimal percolating set of cardinality {%"TH)J ; when n =1 (mod 3),
{v;:1<i<n—-1,i=1or2 (mod3)}U{v,}
is a minimal percolating set of cardinality {MJ ; when n =2 (mod 3),

3

{v;:1<i<ni=1lor2 (mod3)}

is a minimal percolating set of cardinality Lz("; UJ. Therefore, E(P,,2) =

2(n+1)
5 C

The next theorem was partially mentioned by Dreyer and Roberts [15] too,
where the result for the largest minimal percolating sets is new work presented

in this thesis.
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Theorem 3.2. For every integer n > 3,

n 2n

m(C,,2) = H . E(C,,2) = bJ .

Proof. Let C,, be vg —v; — -+ —v,_1 — Vp.

It is trivial that any 2-threshold minimal percolating set of C3 consists of
two adjacent vertices, which implies the theorem. Similarly, any 2-threshold
minimal percolating set of Cy consists of two vertices whose distance is 2, which

implies the theorem too.
Suppose n > 4 from now.

First, consider minimum percolating sets of C,,. Without loss of generality,
let A be a 2-threshold minimum percolating set containing vy of C,,. Since A

has to contain at least 1 seed in each two consecutive vertices from v; to v,

via v; (otherwise, A would not percolate), we get

] )

Moreover, when n is even,

{v;:0<i<n—1,i=0 (mod 2)}

is a minimal percolating set of cardinality (g-‘, when n is odd,
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is a minimal percolating set of cardinality (g-‘ Therefore, m(C,,2) = ’—g-‘

Next, consider the largest minimal percolating sets of C,,. Without loss of
generality, let A be a minimal 2-threshold percolating set containing vy of C,,.
Since A must contain at most 2 out of every 3 consecutive vertices from v; to
U1 via vy (otherwise, the middle one would be wasted and A would not be

minimal), we get
2 2n
Al <1 -n—=1)| < |—|.

Moreover, when n =0 (mod 3),
{v;:0<i<nmn—1,0=0o0r1 (mod 3)}
is a minimal percolating set of cardinality L%"J, when n =1 (mod 3),
{v;:0<i<n—4,i=0o0r1 (mod3)}U{v, 2}
is a minimal percolating set of cardinality L%"J, when n =2 (mod 3),
{v;:0<i<n—-3,i=0o0r1l (mod3)}U{v, 2}

is a minimal percolating set of cardinality L%"J Therefore, E(C,,,2) = L%"J

O
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3.2 Bootstrap Percolation on Complete Multi-
partite Graphs

In this section, we shall study another family of graphs — complete multipartite
graphs — for which we can determine the precise values about minimum or
minimal percolating sets. As described in Section 2.1, it suffices to consider

r-threshold percolation on multipartite graphs of order n with 2 <r <n — 1.

Let us start from an easier case: bootstrap percolation on complete bipartite
graphs. The next theorem partly comes from Dreyer and Roberts [15], where
the result for largest minimal percolating sets is new work presented in this

thesis.

Theorem 3.3. Let K,,,,, = (X UY, E) be the complete bipartite graph with
m >n, and r be an integer with 2 < r <m +n. Then,
m(Km,na ) (Km,na ) =T, Zf r S n;

r
m(Kmn, ) (Kmp,) =m, if n<r<m
m(Km,mT) = E(Kmm,r) =m+n, ’Lf m < 7.

=F T
=F r

Proof. First, when r < n, since every r-threshold minimum percolating set

contains at least r seeds and every r-subset of Y can percolate in K,, ,,, every
r-subset of X or Y is a minimum percolating set and m(K,, ,,r) = r. Let B be
a largest r-threshold minimal percolating set of K, ,,. Then, either |[BNX| > r

or |[BNY| > r because otherwise B could not infect any vertex in (X UY)\ B.
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Without loss of generality, suppose |B N X| > r. Then, due to minimality of

B, |BNX|=rand BNY =0. Thus, E(K,,,,r) = r too.

Next, when n < r < m, since every vertex in X has degree smaller than r,
by Remark 2.1, any percolating set has to include X. Moreover, since every
vertex in Y has degree m > r, the unique r-threshold minimal percolating set
of Ky is X. Thus, m(Kyn,7) = E(Kpnp, 1) = m.

Finally, when m < r, since every vertex of K, , has degree smaller than r,

by Remark 2.1, the unique 7-threshold percolating set of K,, , is the vertex set

X UY. Thus, m(K,pn, 1) = E(Kpyp,m) =m+n. O

Next, consider bootstrap percolation on complete multipartite graphs. For
a complete m-partite graph G = (U;", Vi, E) = Kp, po, e With p1 > py >
-+« > P, an integer k and a subset J C [m] = {1,2,--- ;m},if |Uj€JVj] >k
and |Uj€J\{maX(J)} Vil <k, then we say the cardinality of the union \J,c; V;
of partite sets is just above k. For instance, if m > 5, |V; U V3 U V;| > k and
|[V1U V3| < k, then we say the cardinality of the union V3 UV3U Vj is just above

k.

Dreyer and Roberts [15] obtained the next exact result about minimum per-
colating sets of complete multipartite graphs. Here, our proof gives substantially

more details than the original one does.

Theorem 3.4 (Dreyer and Roberts [15]). Let G = (-, Vi, E) be the complete

m-partite graph Ky, p, ... p. Withpy > pa > - >pp,n=>3 " p; and 2 <1 <
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n. If there is a union V; = .., V; of partite sets of cardinality just above r

JjeJ

satisfying n — |Vinaxs)| = 7, then m(G,r) = r; otherwise,

Uv|:1<m

Jjel

LUV

jelI

m(G,r) = mln{

15 just above r}

Proof. Since r < n, there always exists a union J,_; V; of partite sets of

j€el

cardinality just above r.

First, suppose there exists a union V; = J,_, V; of cardinality just above

jeJ

r satisfying n — |Vinax(s)| = 7. Let W be any subset of Vijaxs) with |[W| =
7 = [Ujes fmax(yy Vil (such a set W exists because [J;c; Vj| is just above

r), and A = (Ujen maxyy Vi) U W. Then, A C Vy =,V and [A] = r.

jedJ
Suppose A is initially infected. In the first step of the infection starting from A,

since every vertex (if there are still some) in the complement of V; = ;¢ V;
has r infected neighbours in A, it will get infected. Then, in the second step of
the infection, since n — [Viax(s)| > 7, every vertex in Vipax(s) \ W has at least r
infected neighbours in the complement of V.5, and so it will get infected.
Thus, A is a r-threshold percolating set of cardinality r. On the other hand,

any r-threshold percolating set of GG has to contain at least r seeds. So, A is

exactly a minimum r-threshold percolating set of G, and m(G, k) = r.

Otherwise, suppose every union V; = er Vi oof cardinality just above r

satisfies n — |Vinax(n| < r. Let U be the set of all the unions V; = Ujel V; of
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cardinality just above r, and let b = min{|V;| : V; € U}. We shall show a
correspondence between U and the minimum r-threshold percolating sets of G.

Let V; = U,c,V; be any union in &. Then, V; can infect all the vertices (if

there are still some) in the complement of it in one step because every vertex in
the complement of V; has |V;| > r infected neighbours, that is, all the vertices

in V;. Hence, V; is an r-threshold percolating set of G, and so m(G,r) < b.

On the other hand, we are going to show any minimum r-threshold percolat-

ing set A of G has the same cardinality as some union in /. Let | J,.; V; be the

jel
smallest union containing A. For each j € I, define A; = V; N A. If there is at
least one j € I'suchthat 0 C A; C Vj let H = {iy,--- ,ip}={jel:A; CV;}
with |A4;,| > -+ > |A

.| Since |A| > r, all the vertices in the complement

of U ierr Vi will get infected in the first step of the percolation process start-
ing from A. Then, after the first step of the percolation process, for each
k=1, h, every clean vertex in V;, has degree [|J;q, V;|+] U;.lzl Aiy| = A,

Since |A;| > -+ > |A,;,|, every clean vertex in V;, has a most number of

infected neighbours amongst clean vertices in  J ien V- Thus, the clean vertices
in V;, will get infected no later than other clean vertices in (J,c; V. Hence,

each vertex in V;, \ A;, has at least r infected neighbours after the first step of
the percolation process (note that all these infected neighbours lie in partite sets
other than V;, because every partite set is an independent set). Now, exchange

(but

the seeds in A;, with a same number of clean vertices in V;, U---UV;, |
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keep the cardinality of each partite set V;) to make V;, U---UV;, | contain as

h—1
many seeds as possible (illustrated in Figure 3.1). Then, for each j =1,--- , h,
update A;; to the set A; of seeds in Vj;, and so we get a new set A" = U;.‘Zl Al

of seeds. It is trivial that |A’| = |A|. If h > 1, then we conduct the following

operations depending on two different cases.

1. If |A4;,] > U?;ll(vgj \Aij) , then for each j = 1,--- ,h — 1, A;j =V
and V;, will still remain some seeds. Moreover, A" will infect all the
vertices in the complement of (J ien Vi in the first step of infection process
starting from A’ because A percolates on G and |A’| = |A|. Note that
after the first step of infection process, the clean vertices are just those
clean vertices in Vj, \ Aj . Then, since we exchanged the seeds in A;,

with the clean vertices in V;, U---UV; every vertex in V;, \ A;h has

h—17
more infected neighbours than the vertices in V;, \ A;, do, and so it will
get infected in the second step of the infection process. Thus, A’ is also a

minimum percolating set such that there is a unique i € [m] satisfying

0 < |VinA'l < |Vl
2. Otherwise, if |4;,] < U;:ll(VZJ \ A;,)|, then V;, N A" = (). Since A
percolates on G and |A’| = |A|, all the vertices in the complement of

U;:ll Vi, will be infected after the first step of the infection process starting

from A’. Note that after the first step of infection process, the clean
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vertices are just those clean vertices in (J;_; (V;; \ Aj,). Then, since we

7=1
exchanged the seeds in A;, with the clean vertices in V;, U---UV;, |, for
eachj =1,--- h—1, every vertex in V, \A;j has more infected neighbours

than the vertices in V;, \Aij do, and so it will get infected at some time.
Thus, A’ is also a minimum 7r-threshold percolating set such that there
are at most h — 1 partite sets V;’s of G satisfying § C A'NV; C V,. If

h —1 > 1, then repeat the same operations on A" as we did on A.

Thus, in all cases, we can always get a minimum 7-threshold percolating set A

such that there is at most one partite set V; of G satistying 0 < |V;NA| < |V;|.

For such a minimum r-threshold percolating set A, without loss of generality,

suppose V; = icr Vi be the smallest union containing all the elements of A

with I = {1,---,s}. If for every j € I, ANV; =V, then A is a union of some

partite sets of G. Since A is a minimum percolating set, [U;c; Vi| = |A] is
just above r, and so A € U, which implies m(G,r) > b. Otherwise, suppose
there is some ¢ € I such that ) C V;N A C V;. Since |A| > r, all the vertices
in the complement of V; will get infected in the first step of the percolation
process starting from A. If ¢ < s, then exchange the clean vertices in V; with a
same number of seeds in Vi, Vi_q,---, Vi41 in turn (but not change cardinality
of each V;) to let V; contain as many seeds as possible (illustrated in Figure

3.2). Then, we will get a new set A’ of seeds with |A’| = |A|. To be precise, we

distinguish two cases.
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) ) I N
.| o o | ! | e |
e oi loi
° ° o
° ° o
— — —

Vii e V V;

h—1

Figure 3.1: Exchange of seeds in A;, and clean vertices in V;, U---UV,, |
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1. If |V > |V; \ A|, exchange all the clean vertices in V; \ A with a same
number of seeds in V;, then we will get a new set A’ of seeds such that
|A’| = |A], the smallest union of partite sets containing all the elements
of A’ is also szl V;, and V; is the only partite set of G satistying
0 < ANV, €V, Now, since |A'| = |[A] > r, A" will infect all the
vertices in the complement of Uj.:l V; in the first step of infection process
starting from A’. Note that after the first step of infection process, the
clean vertices (if there are still some) are merely those clean vertices in
Vs. Then, since A percolates on G, every vertex in V; \ A’ has degree
n — |Vs| > n—|V;| > r, and so these clean vertices will get infected in
the second step of infection process. Thus, A’ is a minimum r-threshold
percolating set of GG such that in the smallest union [ J er Vi of partite sets
containing all the vertices of A’, every partite set V; other than Vi

satisfies A’ NV, = V.

2. If |V5| < |Vi\ A, exchange all seeds in V; with a same number of the
clean vertices in V; \ A, then we will get a new set A’ of seeds such that

|A’| = |A], the smallest union of partite sets containing all the elements of
A is Uj: V;, and every partite set V; of G other than V; satisfies either
A'NV;=V;or AANV; =0. Now, since |A’| = |A| > r, A" will infect all
the vertices in the complement of Uj: V; in the first step of infection

process starting from A’. Note that after the first step of infection process,
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the clean vertices (if there are still some) are merely those clean vertices
in V;. Then, since A percolates on G, every vertex in V; \ A" has degree
n — |Vi| > r, and so these clean vertices will get infected in the second
step of infection process. Thus, A" is a minimum r-threshold percolating
set of G too. If i = s — 1, then A’ is a minimum r-threshold percolating
set of G such that in the smallest union (J,c; V; of partite sets containing
all the vertices of A’, every partite set V; other than V.« satisfies
A'NV; =V;. Otherwise, if i < s —1 and A'NV; C V;, then repeat the

same operation on A’ as we did on A.

So, in all cases, we can get a minimum r-threshold percolating set A of G such

that in the smallest union [ J

ier Vi of partite sets containing all the vertices of

A, every partite set V; other than V.« () satisfies ANV, = V.

At this point, we are facing the following two cases.

L. Viax(n N A = Vinax(r)- In this case, A = U.c; V;. Since A is a minimum

jer Vi

r-threshold percolating set, || J..; V;| = |A] is just above r, and so A € U,

jer

which implies m(G,r) > b.

e Vinax(n) VA € Vinax(r)- In this case, since A is a minimum percolating

set of G, |Uje; Vil > [Al = 7 and [Ujep pmax(ryy Vil < 7 In other words,

| Ujes Vil is just above r. Then, by our conjecture, n— [Vipax(n| < r. Now,

let us observe the infection process starting from A. Since |A| > r, all the
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Figure 3.2: Exchange of clean vertices in V; and seeds in Vi, V,_q1,---, V41 in
turn
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vertices except those in Vi) \ A will be infected after the first step of
the infection process. Then, unfortunately, the infection process cannot
proceed because every vertex in Vi \ A has degree n — |Viaxr)| < 1,

which contradicts the fact that A percolates on GG. Thus, this case will

never happen.

Therefore, we can always establish m(G,r) = b, and the theorem follows. [

In this chapter, we showed the precise values for minimum and largest
minimal percolating sets of paths, cycles and complete multipartite graphs.
However, it seems quite hard to work out the precise values for minimum or
minimal percolating sets of most classes of graphs. Hence, we shall mainly
focus on the bounds for minimum or minimal percolating sets (but they are
still proper reflection of the key word “extremal problems” of the thesis title)
in the following chapters. Besides, we shall also indicate that these bounds are

tight for some classes of graphs.



Chapter 4

Bootstrap Percolation on Regular

Graphs

This chapter is dedicated to bootstrap percolation on regular graphs. First,
we shall present some results about the bounds for minimum percolating sets
of regular graphs. Then, we are going to show some regular graphs having
“optimum” minimum percolating set. Finally, we will focus on percolation

process on a special class of regular graphs — expander graphs.

When it comes to percolating sets of regular graphs, it suffices to consider
r-threshold percolation on d-regular connected graphs of order n with 2 < r <

d < n because other cases are determined trivially as described in Section 2.1.

37
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4.1 Bounds for Minimum Percolating Sets of

Regular Connected Graphs

The main results of this section are bounds for minimum percolating sets of
regular graphs. The lower bound for minimum percolating sets is obtained with
the technique of counting used/wasted edges of the percolation process that
was used in some research papers such as Riedl [33], whilst the upper bound
for minimum percolating sets comes from Reichman’s technique of recursively
removing vertices in [32]. The bounds in the next theorem are the best known

in the literature for arbitrarily regular graphs.

Theorem 4.1. Let G = (V, E) be a d-reqular graph of order n, and r be an

integer with 2 < r < d <n. Then,

Proof. The upper bound directly comes from Theorem 2.4 with d; = --- =
d, = d.

To obtain the lower bound, let Ag be an arbitrary r-threshold percolating
set of G. Then, |Ay| > r because otherwise no clean vertices can be infected
in the first step. To show |Ag| > n (1 — 2%) + % — 1, let T be the percolation

time of Ay on G, for each i =1,--- T, let A; be the set of vertices infected at

time ¢, and let U be the total number of used edges in the percolation process
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starting from Ay on G. For each i = 1,--- , T, since the vertices in A; needs
exactly r|A;| edges to get infected, U = S (r|As]) = r 32, | Ai|. Looking at
the last step of the percolation, since every vertex in A only needs r edges

to get infected, at least d — r wasted edges are incident with some vertex in

Ar. Therefore, U < |E| — (d — r). Besides, we already have 2|E| = nd and

ST |Ai| = n. Hence,

T
d
r(n—|A) =) Al =U < |B| - (d=r) = - —d+m,

=1

and so [Ag| > n (1 — &) + ¢ — 1. Therefore, the theorem follows. O

The following fact will be used in Section 4.2 when analyzing whether the

lower bound in Theorem 4.1 is the best one we can achieve.

Remark 4.2. Note that the bound n (1 — 2%) + %l — 1 can be rewritten as
(1—%)g+n—1. Since 2 < r < d < n-1, then 1 — 5 <0, and so

n (1 — %) + % — 1 is decreasing when d is increasing. Consequently, if d > 2r,

d 2 2
n(l—i>+——1§n(1——r>—|——r—1:1<r
2r T 2r T

and so the lower bound in Theorem /.1 takes the value r.

then
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4.2 Regular Connected Graphs with Small Min-

imum Percolating Sets

In this section, our main purpose is to show the lower bound in Theorem 4.1 is

the best one we can achieve in some cases. All the results in this section are

new work presented in this thesis.

First, we describe some constructions of d-regular connected simple graphs

of order n (illustrated in Figure 4.1) which are useful for the following theorems.

1. Construction G}, (n,d) for the case when n is even and d < %. In

this case, we construct a graph G = (V, E) as follows. Let V = X UY
with X NY =0, m = [X]| = [Y| = 5. Let X = {zo,- - ,Zm_1},
Y ={v0, " ,Ym-1}, both X and Y be independent sets of G. For each

i=0,---,m—1, define Ne(2;) = {¥itj moam) : 0<j <d—1}.

. Construction G2 (n,d) for the case when n is even and d > %. In

this case, we construct a graph G = (V, E) as follows. Let V = X UY
with X NY =0, m = [X| = [Y| = 2. Let X = {20, ,&m1}, ¥ =

{Y0,* "+, Ym—1}, both X and Y be cliques of G. For eachi =0,--- m—1,

define Ne(z:) VY = {¥itj (modm) : 0 < j < d—m}.

. Construction GZ,(n,d) for the case when n is odd and d < 251, In this

case, d has to be even because dn is even and n is odd. Let n = 2m + 1.



4.2. REGULAR CONNECTED GRAPHS WITH SMALL MINIMUM PERCOLATING SETS 41

We construct a graph G = (V, E) as follows. Let V = X UY U {z}
with XY, {z} are pairwise disjoint, and |X| = [Y| = m. Let X =
{zo, + ,xm-1}, Y = {¥o,"* ,Ym-1}, both X and Y be independent
sets of G. To set the edges of G, first, for each i = 0,--- ,m — 1, set
Ne(2i) = {¥itj modm) : 0 < j < d—1}. Hereby, we get a graph whose
vertices in X U Y have degree d along with a single isolated vertex z.
Then, for every i =0, -, g — 1, delete the edges Z; — ¥itd—1 (mod m) and
join each of the end vertices of these deleted edges with 2 to get G. Note
that this operation does not change the degree of the vertices in X UY

but gives z degree d.

4. Construction GZ (n,d) for the case when n is odd and d > “5*. In
this case, again, d has to be even because dn is even and n is odd.
Let n = 2m 4+ 1. We construct a graph G = (V, E) as follows. Let
V =XUY U{z} with X, Y, {2} are pairwise disjoint, and | X| = |Y| =
m. Let X = {zo, -+, &m-1}, Y = {yo," - ,Ym-1}, both X and Y be
cliques of G. To obtain the edges of G, for each ¢+ = 0,--- ,m — 1, set
Ng(z) VY = {¥itj (moam) : 0 < j < d—m}. Hereby, we get a graph
whose vertices in X UY have degree d along with a single isolated vertex
z. Then, for every : =0, - - -, g — 1, delete the edge x; — Yiti—m (mod m)
(we can always do this because 4 < m) and join each of the end vertices

of these deleted edges with z to get GG. Note that this operation does not
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To Yo Zo Yo
T1 Os }’J Y1 T1 Os ;O Y1
: ~O Y2 : O Y2
MO Y3 : MO Y3
Tm—2 (./\{ C.) ym72 Tm—2 (./{ C.) ym—Z

X Y X Y
Gr(n, d) Gr(n, d)

Figure 4.1: Constructions of d-regular connected graphs of order n with d < n.
G?.(n,d) is illustrated with n =9 and d = 6

change the degree of the vertices in X UY but gives z degree d.

It is straightforward to check each of these constructions is d-regular and

connected.
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Next, we shall show the lower bound in Theorem 4.1 is tight in some cases.

Let us start from the case when d = r.

Theorem 4.3. Let G = (V, E) be a d-regular connected simple graph of order

n with 2 < d < n. Then,

m(G,d) > max { {gw ,d} )

Moreover, for any positive integer n,d with 2 < d < n — 1 and 2|nd, there
always exists d-reqular connected simple graphs of order n for which the lower

bound s tight.

Proof. This lower bound comes from Theorem 4.1 with » = d. Hence, it
remains to show some d-regular connected simple graphs of order n reaching

this bound.

Since the complete graph K, is an (n — 1)-regular connected simple graph

of order n and
n
m(K,,n—1) :n—lzmax{[§-‘ ,n—l},

the theorem is true when d =n — 1.
Now, suppose that 2 < d < n — 2, so that n > 4. If d = 2, then
max { (%W ,d} = (%W Since the cycle C), of n vertices is a 2-regular connected

simple graphs of order n and m(C,,2) = (%], the theorem follows in this case.



44 4.2. REGULAR CONNECTED GRAPHS WITH SMALL MINIMUM PERCOLATING SETS

From now, suppose that 3 < d < n — 2, so that n > 5. We distinguish

several cases. First, consider the cases when n is even.

Case 1. Suppose that n > 5 is even and d < ’—g-‘ = 5. In this case,

m(G,d) > max {[2],d} = 2. We construct a graph G = (V, E) with Con-
struction G!_(n,d) in Figure 4.1, then G is a d-regular connected graph of order
n. Now, suppose X is initially infected. Then, since every vertex in Y has d
neighbours in X, it can be infected in the first step of the infection process
starting from X, which implies X is a d-threshold percolating set of cardinality

5. Therefore, the lower bound is tight in this case.

Case 2. Suppose that n > 5 is even and (%1 = 5 <d < n—2. In this case,
m(G,d) > max {[%],d} = d. We construct a graph G = (V, E) as follows.
Let V=XUY with X NY =0, |X|=d, |[Y|=n—d. Let X = {xq, -, 24}
and Y = {y1, -+ ,yn_a}- Let Y be an independent set of G whilst the induced
subgraph G[X] be a (2d — n)-regular connected simple graph of order d (it can
pick one of the constructions G:_(d,2d —n) with i € {1,2,3,4} in Figure 4.1,
which depends on the values of d and (2d — n)), and each vertex z; € X be
adjacent to all the vertices in Y. For such a construction, each vertex z; € X
has degree (2d —n) + (n — d) = d, and each vertex y; € Y has degree d too.
Thus, G is d-regular. In addition, since each vertex x; € X is adjacent to all the

vertices in Y, GG is connected. Now, suppose X is initially infected. Since every

vertex in Y has d neighbours in X, it can be infected in the first step of the
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infection process starting from X, which implies X is a d-threshold percolating

set of cardinality d. Therefore, the lower bound is tight in this case.

Next, consider the cases when n is odd.

Case 3. Suppose that n > 5isodd,3 <d<n—2and d < ”T_l In this
case, m(G,d) > max { (%W ,d} = ”TH, and d has to be even because dn = 2|E)|
is even and n is odd. Let n = 2m + 1. We construct a graph G = (V, E) with
Construction G2,(n, d) in Figure 4.1, then G is a d-regular connected graph of
order n. Now, suppose X U {z} is initially infected. Then, since every vertex
in Y has d neighbours in X U {z}, it can be infected in the first step of the

infection process starting from X U{z}, which implies X U {z} is a d-threshold

n+1

percolating set of cardinality *5=. Therefore, the lower bound is tight in this

case.

Case 4. Suppose that n > 5isodd,3<d<n-—2and d= "T“ In this

case, m(G,d) > max { {%W ,d} = d, and d has to be even because dn is even
and n is odd. We construct a graph G = (V, E) as follows. Let V = X UY
with XNY =0, |X| =d, |[Y|=n—-d=d—-1. Let X = {x1,--, x4},
Y ={y1," ,Yn—a}- Let Y be an independent set of G whilst the induced
subgraph G[X] be a l-regular simple graph of order d (such a graph exists
because d is even), and each vertex x; € X be adjacent to all the vertices in
Y (illustrated in Figure 4.2). For such a construction, each vertex x; € X has

degree (d — 1) + 1 = d, and each vertex y; € Y has degree d too. Thus, G is
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Figure 4.2: A d-regular connected graph of order n with n > 5is odd, 3 < d <
n—2,d:"T+1Whenn:15 and d =8

d-regular. In addition, since each vertex x; € X is adjacent to all the vertices
in Y, G is connected. Now, suppose X is initially infected. Since every vertex
in Y has d neighbours in X, it can be infected in the first step of the infection
process starting from X, which implies X is a d-threshold percolating set of

cardinality d. Therefore, the lower bound is tight in this case.

Case 5. Suppose that n > 5isodd, 3 <d<n—2andd > ”T“ In this
case, m(G,d) > max { (%W ,d} = d, and d has to be even because dn is even

and n is odd. We construct a graph G = (V, E) as follows. Let V = X UY with

XﬂY:(b’ |X|:d’ |Y|:’I'L—d LetX:{Il,"' ,$d},Y:{y1,“‘ 7yn—d}‘
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Let Y be an independent set of G whilst the induced subgraph G[X] be a
(2d — n)-regular connected simple graph of order d (it can pick one of the
constructions G°,(d,2d — n) with i € {1,2} in Figure 4.1, which depends on
the values of d and (2d — n)), and each vertex z; € X be adjacent to all
the vertices in Y. For such a construction, each vertex z; € X has degree
(2d —n) 4+ (n — d) = d, and each vertex y; € Y has degree d too. Thus, G is
d-regular. In addition, since each vertex x; € X is adjacent to all the vertices
in Y, G is connected. Now, suppose X is initially infected. Since every vertex
in Y has d neighbours in X, it can be infected in the first step of the infection
process starting from X, which implies X is a d-threshold percolating set of

cardinality d. Therefore, the lower bound is tight in this case.

In conclusion, for any positive integer n,d with 2 < d < n — 1 and 2|nd,

there exists d-regular graphs of order n for which the lower bound is tight. [

Next, let us turn to the case when d > 2r.

Theorem 4.4. Let G = (V, E) be a d-reqular connected simple graph of order
n, and r be a positive integer with 2 < r < 2r < d. Then, m(G,r) > r.
Moreover, for any integers n,d,r with 2 <r < 2r <d <n —1 and 2|dn, there
always exists d-reqular connected simple graphs of order n for which the lower

bound is tight.
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Proof. By Theorem 4.1 and Remark 4.2,

G = mas{ (1= ) 12 1] ) <o

So, it remains to show some d-regular connected simple graphs of order n

reaching this lower bound.

Since the complete graph K, is an (n — 1)-regular connected simple graph
of order n and any 7 seeds can infect all of its vertices in one step, the theorem

is true when d = n — 1.
From now, suppose 2 < r < 2r < d < n — 2. We distinguish several cases.
If d is even, let d = 2m.

Case 1. Suppose that d = 2miseven and n = 2m+bwith1 < b <m—1. In
this case, m > r and 2 < b < m—1. We construct a graph G = (V, E) as follows.
Let V = X; UXo UY with X, X5, Y are pairwise disjoint, | X;| = | Xs| = m,
V| =1b. Let X; = {a},-- ,z} |}, Xo={a2,--- ,22,_,}. Let X1, Xz be two
cliques whilst Y be an independent set. Let each vertex y € Y be adjacent to
all the vertices in X; U X5, and for each i =0,--- ,m — 1, let Ng(x}) N X, =
{27, (mod m) 0 < J < m—0b} (illustrated in Figure 4.3). By such a construction,
every vertex in X; U X; has degree (m — 1) +b+ (m —b+ 1) = 2m = d, and
every vertex in Y has degree d too. So, GG is d-regular. Since each vertex y € Y

is adjacent to all the vertices in X; U X5, GG is connected. Now, let A be an

r-subset of X; and be initially infected. Since X; is a clique of G and each
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Figure 4.3: A d-regular connected graph of order n with d = 2m is even, and
n=2m+0bwhen m=>5,and b =14

vertex y € Y is adjacent to all the vertices in X7, X; UY will get infected in at
most the first step of the infection process starting from A. Then, since every
vertex in Xy has (m — b+ 1) +b=m + 1 > r neighbours in X; UY, X, can
be infected in at most the second step of the infection process. Thus, A is an
r-threshold percolating set of cardinality r. Therefore, the lower bound is tight

in this case.

Case 2. Suppose that d = 2m is even and n = km with an integer k > 3.
In this case, m > r. We construct a k-partite graph G = (V, E). Specifically,
let V = Uf:_ol X; with Xg, X1, -+, X;_1 are pairwise disjoint, every partite set
X, be an independent m-set of G. For each 1 =0,--- , k — 1, let every vertex

2t € X, is adjacent to all the vertices in X; (mod k) (illustrated in Figure 4.4).
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By such a construction, it is straightforward that G is d-regular and connected.
Now, suppose A is an r-subset of X and is initially infected. Since every vertex
in X; U Xj;_1 is adjacent to all the vertices in Xy, X; U X;_; will get infected
in at most the first step of the infection starting from A. Then, since every
vertex in Xy is adjacent to all the vertices in X7, all the clean vertices in X
will get infected in at most the second step of the infection process. Moreover,
since every vertex in X is adjacent to all the vertices in X7, and every vertex
in X;_5 is adjacent to all the vertices in X;_1, Xo U X;_o can be infected in
at most the third step of the infection process. Continuing this process, A
can infect all the vertices of G. Thus, A is an r-threshold percolating set of

cardinality r. Therefore, the lower bound is tight in this case.

Case 3. Suppose that d = 2m is even and n = km + b with an integer
k>3and 1 <b<m—1. In this case, m > r. We construct a (k + 1)-partite
graph G = (V, E). Specifically, let V = (", X;) UY with X, X5, -, X,
and Y are pairwise disjoint, let every partite set X; be an independent m-set,
and let Y be an independent b-set. Let each X; = {z},z%,--- 2! | }. For each
1=1,---,k—1, let every vertex x; € X; be adjacent to all the vertices in X1,
let every vertex y € Y be adjacent to all the vertices in X; U X}, and for every

vertex 2 € X1, let No(zj)N X}, = {25, ( :0 <t <m—0b—1} (illustrated

mod m)

in Figure 4.5). By such a construction, every vertex in ((J-) X;)UY has degree
d, and every vertex in X; U X} has degree m + b+ (m — b) = 2m = d too. So,

G is d-regular. In addition, connectedness of G is trivial. Now, suppose A is
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an r-subset of X; and is initially infected. Since every vertex in X, is adjacent
to all the vertices in Xy, X5 will get infected in at most the first step of the
infection process starting from A. Then, since every vertex in X3 is adjacent
to all the vertices in Xo, X3 will get infected in at most the second step of the
infection process. Likewise, each X; can get infected in at most the (i — 1)-th
step of the infection process. Besides, since every vertex in Y is adjacent to all
the vertices in X7, Y will get infected in at most the first step of the infection
process. Finally, since every vertex z! € X, is adjacent to all the vertices in
Xy, every clean vertex in X; can get infected once X5 becomes infected. Thus,
A is an r-threshold percolating set of cardinality r. Therefore, the lower bound

is tight in this case.
If d is odd, let d = 2m + 1.

Case 4. Suppose that d = 2m+1isodd and n = 2m+bwith 1 < b < m—1.
In this case, m > r, 3 < b < m — 1, and both n and b are even because dn
is even. We construct a graph G = (V, F) as follows. Let V = X; UX, UY
with X3, X5, Y are pairwise disjoint, |X;| = |Xs| = m and |Y| = b. Let each
X = {al, 2}, 2t} and Y = {yo, - ,u_1}. Let X; and X, be two
cliques. Let every vertex y; € Y with even j be adjacent to y;11, let every
vertex y; € Y be adjacent to all the vertices in X; U X5, and for every vertex
x; € Xy, let No(;) N Xo = {27, (moamy : 0 <t <m —b+ 1} (illustrated in
Figure 4.6). By such a construction, every vertex y; € Y has degree 2m+1 = d,

and every vertex in X; U X, has degree (m—1)+b+(m—>0+2)=2m+1=d
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Figure 4.6: A d-regular connected graph of order n with d = 2m + 1 is odd,
and n =2m + b is even when m =5 and b =4

too. So, G is d-regular. In addition, since every vertex y; € Y is adjacent to
all the vertices in X; U X5, G is connected. Now, suppose A is an r-subset
of X; and is initially infected. Since X; is a clique and every vertex in Y is
adjacent to all the vertices in X, X; UY will get infected in at most the first
step of the infection process starting from A. Then, since every vertex xf e X,
will have (m — b+ 2) +b=m + 2 > r infected neighbours in X; UY, X, will
get infected in at most the second step of the infection process. Thus, A is an
r-threshold percolating set of cardinality r. Therefore, the lower bound is tight

in this case.
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Case 5. Suppose that d = 2m + 1 is odd and n = km with an even

integer £k > 3. In this case, m > r and n is even because dn is even. We
construct a k-partite graph G = (V, E). Specifically, let V' = Uf;ol X; with
Xo, -+, Xp_1 are pairwise disjoint, and let each X; be an independent m-set.
Let each X; = {xf,2},---, 2}, ,}. Let every vertex z% € X; be adjacent to
all the vertices in X;_1 (mod m) U Xit1 (mod m), and for every 0 < i < % — 1, let

. ik
every vertex x; € X; be adjacent to x;-+2 (illustrated in Figure 4.7). By such a

construction, every vertex has degree 2m + 1 = d, and G is connected. Now,
suppose A is an r-subset of Xy and is initially infected. Since every vertex
in X7 U X;_1 has m > r neighbours in Xy, X; U X;_1 will get infected in at
most the first step of infection process starting from A. Then, since every
vertex in Xy has m > r neighbours in X, and every vertex in X;_5 has m > r
neighbours in X 1, Xo U X o will get infected in at most the second step of
infection process. Continue this procedure, X; U---U X,_; can get infected.
In addition, since every vertex in Xy has m > r neighbours in X7, all the clean
vertices in Xy will get infected once X; is infected. Thus, A is an r-threshold

percolating set of cardinality r. Therefore, the lower bound is tight in this case.

Case 6. Suppose that d = 2m + 1 is odd and n = km with an odd integer

k > 3. In this case, m > r and n is even, and so m is even too. We construct a
graph G = (V, E) as follows. Let V' = Uf;ol X; with Xy, -+, Xj_1 are pairwise

disjoint. Let each X contain m vertices and X; = {z},x%,--- , 2! | }. Let every
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vertex x; € X; be adjacent to all the vertices in X;_1 (mod m) U Xit1 (mod m), and
for every i and every even j, let 2% — 2%, € E (illustrated in Figure 4.8). By
such a construction, every vertex has degree 2m + 1 = d, and G is connected.
Now, suppose A is an r-subset of X, and is initially infected. Since every
vertex in X7 U X;_1 has m > r neighbours in Xy, X; U X;_; will get infected
in at most the first step of infection process starting from A. Then, since every
vertex in X, has m > r neighbours in X, and every vertex in X;_5 hasm >r
neighbours in X;_1, Xo U X;_o will get infected in at most the second step of
infection process. Continue this procedure, X; U---U X_; can get infected.
In addition, since every vertex in Xy has m > r neighbours in X7, all the clean
vertices in Xy will get infected once X, is infected. Thus, A is an r-threshold

percolating set of cardinality r. Therefore, the lower bound is tight in this case.

Case 7. Suppose that d = 2m + 1 is odd and n = km + b with an even
integer £k > 3 and 1 < b < m — 1. In this case, m > r and n is even, and
so b must be even too. We construct a graph G = (V, E) as follows. Let
V= (Uf;ol X;)UY with Xy, -+, X1 and Y are pairwise disjoint, let each
X; be an independent m-set, and |Y| = b. Let each X; = {z,2%,--- ,2¢ |}
and Y = {yo,y1, - ,Yp—1}. Foreach i =0,---  k—2, let every vertex xg e X;
be adjacent to all the vertices in X; ;, let every vertex y; € Y be adjacent
to all the vertices in Xy U Xj;_1, and for each even j, let y; — y;41 € E. For

each vertex a:? € Xo, let N(;(ZL‘?) NXp_1= {a:;‘:tl (modm) - 0 ST <m— b—1},
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[SIES

— 1, let every vertex 2% € X; be adjacent to

and for every ¢ = 0,---, j

Lk
x;+2 (illustrated in Figure 4.9). For such a construction, every vertex in

(Uf;f X;) UY has degree 2m + 1 = d, and every vertex in X; U X;_; has
degree m + b+ (m —b) + 1 = 2m + 1 = d, which indicates G is d-regular.
The connectedness of G is trivial. Now, suppose A is an r-subset of X, and
is initially infected. Since every vertex in X; has r infected neighbours in Xy,
X, will get infected in at most the first step of infection process starting from
A. Then, since every vertex in X, has r infected neighbours in X, X5 will
get infected in at most the second step of the infection process. Continue
this procedure, each X; can get infected. Besides, Y can be infected in at
most the first step of the infection process because every vertex in Y has r
infected neighbours in Xj initially. In addition, since every vertex in X, has
m > r neighbours in X7, all the clean vertices in X, will get infected once X is
infected. Thus, A is an r-threshold percolating set of cardinality . Therefore,

the lower bound is tight in this case.

Case 8. Suppose that d = 2m + 1 is odd and n = km + b with an odd

integer £k > 3 and 1 < b < m — 1. In this case, m > r and n is even, and so
2|(m —b). We construct a graph G = (V, E) as follows. Let V' = (Uf:_o1 X;)UY
with Xy, -+, X1 and Y are pairwise disjoint, each X; contain m vertices, and
Y| =b. Let each X; = {z}, 2%, , 2%, _} and Y = {yo,y1, - ,yp_1}. For
eachi=0,--- k—2, let every vertex x; € X, be adjacent to all the vertices in

Xit1, and let every vertex y; € Y be adjacent to all the vertices in Xy U Xj_;.
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Figure 4.9: A d-regular connected graph of order n with d = 2m + 1 is odd,
n=km-+band k>3 iseven when m =5, k=4 and b =2
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For each vertex x? € Xy, let Ng(x?)ﬂXk_l = {xf;tl (modm) 1 0 St < m—b—1}.
. k—1 . . i—&—ﬁ
Foreveryi=0,---,*5~—landeveryj=0,--- ,m—1,leta’—z;, * € E. For

k—1

every j =0,--- ,b—1, let yj—xj% € F, and for each even j =0,--- ,m—b—1,

k-1 k=1
let 7,7, — 2,7, € E (illustrated in Figure 4.10). For such a construction,

every vertex in ((JY-7 X;) UY has degree 2m + 1 = d, and every vertex in

XoU X1 has degree m+ b+ (m —b) + 1 = 2m + 1 = d, which indicates G is
d-regular. The connectedness of G is trivial. Now, suppose A is an r-subset of
Xp and is initially infected. Since every vertex in X; has r infected neighbours
in Xy, X7 will get infected in at most the first step of infection process starting
from A. Then, Since every vertex in X5 has r infected neighbours in X, X,
will get infected in at most the second step of infection process. Continue
this procedure, each X; can get infected. Besides, Y can be infected in at
most the first step of the infection process because every vertex in Y has r
infected neighbours in X initially. In addition, since every vertex in X, has
m > r neighbours in X7, all the clean vertices in X, will get infected once X is
infected. Thus, A is an r-threshold percolating set of cardinality r. Therefore,

the lower bound is tight in this case.

In conclusion, for any integers n,d,r with 2 <r < 2r <d <n—1 and 2|dn,
there exists d-regular connected simple graphs of order n for which the lower

bound is tight. O

After investigating minimum r-threshold percolating sets of d-regular con-
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Figure 4.10: A d-regular connected graph of order n with d = 2m + 1 is odd,
n=km+band k>3 is odd when m =5 k=5and b =3
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nected graphs with r = d or 2r < d, we finish this section by discussing a

special case when r < d < 2r.

Theorem 4.5. Let G be a 3-regular connected simple graph of order n. Then,
(”T“w < m(G,2) < §. Moreover, for any even integer n > 4, there always

exists 3-reqular connected simple graphs of order n for which the lower bound

18 tight.

Proof. Note that for a 3-regular connected simple graph G = (V, F) of order

n, n > 4 and n is even because 2|E| = 3n.

The bounds directly come from Theorem 4.1 when assigning » = 2 and
d = 3. So, it remains to show some 3-regular connected graphs of order n

reaching the lower bound.

When n = 4, the complete graph K, is a 3-regular connected graph with

[4+2

0 W =2 =m(Ky,?2).

So the lower bound is tight in this case.

From now, suppose n > 6. We distinguish several cases.

Case 1. Suppose that n = 2 (mod 4). In this case, (nTHW = "T*Q. Let

k = % € Z. We construct a graph G = (V,E) as follows. Let V =
(Uf:o X;) U{z} with Xo, -, X} and {2z} are pairwise disjoint, | Xy| = 5, and

| X1| = -+ = | Xi| = 4 (if they exist). Let Xo = {2} : j = 0,---,4}, and for
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eachi=1,--- k, letXi:{x§-:j:0,---,3}. In Xy, for each j =0,---,2,

let 29 — 23 € E and 29 — 2§ € E. If k > 0, then for each ¢ = 1,--- , k and each
j=0,--,2 let 2§ —af, al —2i™' 2 — 2 € E; otherwise, if k = 0, then for each
7=0,---,2 let 1’? —z € F (illustrated in Figure 4.11). For such a construction,

every vertex in (U?:o X;) has degree 3, and deg(z) = 3. Thus, G is 3-regular. In
addition, GG is connected because for every i = 0, - - - , k, the induced subgraph
G[X;] is connected, for every i = 0,--- ,k — 1, G[X,] is connected to G[X;;1]
and z is connected to G[X,]. Now, let A = (Ul {zi}) U {29} is initially
infected. Then |A| = 258 +1+1 = 222, Since every vertex amongst z{, 7, 29
has 2 infected neighbours initially, X, will get infected in the first step of
infection process starting from A. Then, since every vertex amongst =, z1, x3
has 2 infected neighbours, X; will get infected in the second step of infection

process. Continue this procedure, each X; can get infected. Finally, z can

get infected once X} is infected. Thus, A is a 2-threshold percolating set of

n+2

cardinality *=. Therefore, the lower bound is tight in this case.

If n # 2 (mod 4), then n > 8, and either n =0 (mod 8) or n =4 (mod 8).

Case 2. Suppose that n = 0 (mod 8). In this case, [22] = 2 + 1.

Let k = »2 € Z. We construct a graph G = (V, E) as follows. Let V =
(Uf:o X;)UY with Xo,---, X) and Y are pairwise disjoint, let | Xo| = |Y]| = 4,
and let |Xi| = --- = | X;| = 8 (if they exist). Let Xo = {29:j=0,---,3},

Y ={y; : 5 =0,---,3}, and for each i = 1,--- |k, let X; = {x; c ] =
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Figure 4.11: A 3-regular connected graph of order n > 6 with n =2 (mod 4)

0,---,7}. For Xy, let 2d — 29,23 — 29,20 — 29,29 — 29,29 — 2§ € E. For

Y, let yo — 2,90 — Y3, %1 — Y2, 41 — Y3, 42 — y3 € E. If k> 0, then for each
i=1,.. k let o —ab, 2} — 2%, 2t — b 2y — 2l xk — xh xk — xb, xl — xfxh —
vl —ahal —ai e B fori=1,--- k—1,let x) — x5 2l — 2/t € E, and
let 5 — a8, 25 — 21, yo — 2%, 41 — 2¥ € E; otherwise, if k = 0, then just let

9 — yo, 23 — y1 € E (illustrated in Figure 4.12). For such a construction, G is

3-regular and connected. Now, let

A { {28, 29,y }, ) k=0
{x87$(1)792} U (Ui:l{xlé? xl;})a k>0
be initially infected. Then |A| = @ +3 = 2+ 1. Since both of z9, z§

have 2 infected neighbours initially, X, will get infected in the first step of

infection process starting from A. Then, Xy will infect X1, -+, X} in turn
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Figure 4.12: A 3-regular connected graph of order n > 8 with n =0 (mod 8)

(if they exist). Finally, it is trivial that Y will get infected. Thus, A is an
2-threshold percolating set of cardinality 7 + 1. Therefore, the lower bound is

tight in this case.

Case 3. Suppose n = 4 (mod 8). In this case, VTHW = 7 + 1 too.

Let k = ”T_4 € Z > 1. We construct a graph G = (V, F) as follows. Let

V = Uf:o X; with X, -+, X} are pairwise disjoint, let |Xy| = 4, and let

| Xi| = =|Xi| =8. Let Xo={a}:j=0,---,3}, and for each i = 1,--- , k,
let X; = {z:j=0,---,7}. For Xo, let z—a?, 2§ —29, 2§ — 23, 20— 29, 27 —2§ €

E. For each v = 1,....k, let xf — o, x4, — o}, 2] — x4, o — x}, x4 — x4, T4 —
xh ol — b ah — 2l ab — at ab —al € E. For each i = 1,--- k — 1, let
ry— bt 2l — 21t € E. Finally, let 29— 2}, 23 — 21, 2% — 2% € F (illustrated in

Figure 4.13). For such a construction, G is 3-regular and connected. Now, let
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Figure 4.13: A 3-regular connected graph of order n > 8 with n =4 (mod 8)

A = {a8, 29 U(UL, {z}, #1}) be initially infected. Then [A] = #2249 =247,
Since both of 29, #3 have 2 infected neighbours initially, X, will get infected
in the first step of infection process starting from A. Then, X, will infect

Xy, -+, X in turn. Thus, A is an 2-threshold percolating set of cardinality

7 + 1. Therefore, the lower bound is tight in this case.

In conclusion, for any even integer n > 4, there exists 3-regular connected

simple graphs of order n for which the lower bound is tight. m

In this section, we have shown that the lower bound in Theorem 4.1 is
the best one that can be achieved in cases when d = r and when d > 2r. In
addition, we also displayed its tightness in a particular case of r < d < 2r.
However, it is still pending whether this lower bound is the best one for other

cases when r < d < 2r. Besides, whether Reichman’s upper bound can be
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improved for regular connected graphs is also unsolved. So, we list them as

open problems here for further research.

Problem 4.6. For a d-regular connected graph G of order n and an integer
r with 2 < r < d < n, what are the best lower bound and upper bound for

m(G,r)?

Problem 4.7. For any integers n,r with 2 < r < n, s there a d-reqular

connected graph G of order n other than the complete graph Kq,1 that can

reach Reichman’s upper bound Ld”:lj ¢

4.3 Minimum 2-Threshold Percolating Sets of
Expander Graphs

In this section, we shall study how minimum percolating sets depend on
expansion properties of regular graphs. The main results in this section come

from Coja-Oghlan, Feige, Krivelevich and Reichman [13].

For a d-regular graph G, we focus on spectral expanders, namely, if the
second largest eigenvalue A of G satisfies A < dd for some real number ¢ € (0, 1),
then G is called a spectral expander or an (n,d, A)-graph, where n is the order
of GG. Note that when studying expander graphs, the order n is usually much
larger than d (even d = o(n) sometimes). Expanders are rich mathematical
objects with diverse applications in algebra, combinatorics, probability and

theoretical computer science (see Hoory, Linial and Widgerson [18]).
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Table 4.1: Asymptotic upper bounds for minimum
2-threshold percolating sets of expander graphs satis-
fying different conditions, where n is the order, d is
the degree, and \ is the second largest eigenvalue of

the graph.

’ Conditions \ Upper Bound ‘
The girth is bigger than 2loglogd 0] (;—2)
Without 4-cycles O(nd~™%)
The girth is at least 7 O (%)

A < O(Vd) O (%)

The next theorem gives lower bounds for minimum percolating sets of
expander graphs having properties about both the second largest eigenvalues

and girths.

Theorem 4.8 (Coja-Oghlan, Feige, Krivelevich and Reichman [13]). For a

large enough integer d, there exists a connected (n,d, \)-graph G = (V, E) with

A = O(Vd), the girth at least Q(loglogd) and m(G,2) > Q <#Ogd).

Meanwhile, Coja-Oghlan, Feige, Krivelevich and Reichman [13] also pre-
sented some results that are listed in Table 4.1 about the upper bounds for

minimum percolating sets of different types of expander graphs.

In the rest of this section, we focus on minimum 2-threshold percolating
sets of (n,d, A)-graphs without 4-cycles. We shall show how to get asymptotic
upper bounds for minimum percolating sets of this type of expander graphs by

an algorithmic method.

To prepare for discussion about percolating sets of (n, d, A)-graphs, we need
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to introduce some algebraic results about regular graphs first.

Theorem 4.9 (see Cvetkovi¢, Doob and Sachs [14]). Let G be a connected graph
of n vertices with adjacency matriz A and eigenvalues Ay < Ao < -+ < Ay,

then §(G) < A\, < A(G), and equality holds if and only if G is regular.

Theorem 4.10 (see Cvetkovié, Doob and Sachs [14]). Let A be an adjacency
matriz for a reqular graph G of n vertices with (real) eigenvalues Ay < Ay <

-+ < M. Then, the number of connected components of G is equal to the

algebraic multiplicity of \,,.

For a graph G = (V, F) and two (not necessarily disjoint) subsets B,C' C V,
let e(B, C') be the number of edges v — v with u € B and v € C. Note that if

B and C' are disjoint, then e(B, C) is just the number of edges between them.

Theorem 4.11 (see Alon and Spencer [2]). Let G = (V, E) be a d-regular
connected graph of order n with an adjacency matriz A, and let X\ be the second
largest eigenvalue of A. Then, for every partition of V into two disjoint subsets
B and C,

(d = NIBlIC]

n

e(B,C) >

Proof. Let V. ={vy,--+ ,v,}, b=|B| and ¢ = |C|. Then b+ ¢ = n.

First, by Theorem 4.9 and Theorem 4.10, d is the largest eigenvalue of

A, and with algebraic multiplicity 1. Let 1 denote the all-1 column vector of
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length n. Since A1 = d1, then (d, 1) is an eigenvalue pair of A. Let
)\ISS)\n—QSAn—IZ/\S)\n:d

be eigenvalues and Xy, --- , X,,_1, X,, = 1 be corresponding pairwise orthogonal
eigenvectors of A (they exist because A is real symmetric). For any x4 € R and
X € R", it is trivial that AX = pX if and only if (dI,, — A)X = (d — p) X,
where [,, denotes the (n x n) identity matrix. Thus, (i, X) is an eigenpair of

A if and only if (d — u, X) is an eigenpair of df,, — A. Hence,
d—M>--->2d— ) 2>d— M1 =d—A>d— )\, =d—d

are eigenvalues and Xy, -+, X,,_1, X,, = 1 are corresponding pairwise orthogo-
nal eigenvectors of dI,, — A, and the smallest eigenvalue d — d = 0 has algebraic

multiplicity 1.

Second, observe that for any real vector y = (y1,--+ ,¥y,) € R, we can
consider it as a mapping from V' to R by y(v;) = ;. Let (x,*) be the usual

Euclidean inner product over R™. Then, we have
((dl, — A)y,y) = d(y,y) — {4y, y)

— S dyw? -3 ywyw)

ueV ueV veV:

=d> yu)?® =2 yuy()

=) (v —y(v)*

wek
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Now, define a vector x € R" by
—c, veEB
x(v) = b vel -’

Then, (1,x) = >, ., X(v) = —bc+ cb = 0, which indicates that x is orthogonal

to 1, and so it is a linear combination of Xy, ---,X,,_1. Let x = Z;:ll ¢ X;.

Since d — \,_1 = d — X is the second smallest eigenvalue of dI,, — A, then

- <dfn_A> (o) (Eer))

& {((dl, — A)X;, X)

H

Il

i
L

=D cd—\) (X, X)

1

(d = A1) (Zc Xz,X>

(2

— (@) (x,%)
= (d — \)(bc* + cb?)
= (d — \)ben.

Therefore, by the definition of e(B, C), we have

(d = Nben < ((dI, — A)x, x)

= 3 (x(0) -

=¢(B,0)(—c—b)?
=e(B,C)n?
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and the theorem follows. O

Now, we can turn to the bounds for percolating sets of (n, d, \)-graphs. Our
main goal is to find small 2-threshold percolating sets of 4-cycle free connected

(n,d, \)-graphs. Let us start from the next lemma.

Lemma 4.12 (Coja-Oghlan, Feige, Krivelevich and Reichman [13]). Let G =
(V,E) be a connected (n,d, \)-graph such that A\ < éd for some real number
d € (0,1), and let the threshold for percolation be r = 2. Then, every subset

A CV with |A| > a5y bercolates on G.

Proof. Suppose B C V does not percolate on G. Let (B) = S. Then S C V,
and for every u € V'\ 5, degg(u) < 1. Thus, e(S,V\S) <[V \S|=n—]5].

On the other hand, by Theorem 4.11, we have

(1 —9)d|S|(n — |5])

S,V\S)>
o5,V 8) b,
and so
1—90)d —
o 5| > (= DSl = IS).
n
Therefore, |B|] < |S| < 5> and the lemma follows. O

Next, we describe a procedure SmallPercSetExpander presented by Coja-
Oghlan, Feige, Krivelevich and Reichman [13| for building a small 2-threshold

percolating set of a given 4-cycle free connected (n,d, A\)-graph G = (V, E) of
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order n. The strategy is choose seeds one by one in a greedy manner. For an
integer t > 0, let s; denote the seed chosen in the round ¢, S; be the set of
seeds in the round t, define A, = (S;), B; = A; U dg(A4s), and Ry = V \ By
(illustrated in Figure 4.14). The procedure SmallPercSetExpander takes G and

the threshold r = 2 as input and runs as follows.

1. Initially, let Sy = Ag = By =0, and let Ry = V.

2. For t > 1 and the given S;_1, A;_1, B;_1, Ry_1, if A;_1 = V, then the

procedure ends; Otherwise, go to the next step.

3. If |Bi_1| < %, then select a vertex v € V'\ 4,_; as the seed s, such that
Sy = S;—1 U {v} maximizes |B,|. Otherwise, if |B;_;| > %, then select a
vertex v € V'\ A;_; as the seed s; such that S; = S;_1 U {v} maximizes

|Adl.

It is straightforward that for every t in the process of SmallPercSetExpander,
St C Spi1, At C Ay, By € Byyg, and Ry O Ryyq. Let T be the smallest integer
with A7 = V. Then, we get a percolating set St containing 7" seeds. Hence, we
can estimate the cardinality of the set of seeds via investigation of the number
of rounds the procedure SmallPercSetExpander runs. The faster A; (or By)
grows, the fewer rounds SmallPercSetFExpander runs, and then the smaller set

of seeds one can obtain.

The following lemmas show properties of SmallPercSetExpander.
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Figure 4.14: The state of vertices at the round ¢ of SmallPercSetEzpander

Lemma 4.13 (Coja-Oghlan, Feige, Krivelevich and Reichman [13]). Let G =

(V,E) be a d-reqular graph. Then for any 0 <t < % in SmallPercSetExpander,

|B;| > 4t.

Proof. We prove the lemma by induction on ¢.

For the base step when ¢ = 1, we have S; = A; = {s1} where s; can be any

vertex of G, and |By| =1+d > 4.

For the inductive step, assume the lemma is true for ¢t < Z and t+1 < 5. If
|By| > 4(t+1), then [Byyq| > |B| > 4(t+1), and the lemma follows. Otherwise,
if |B;| < 4(t+1), then |B,| < 4(¢t + 1) < %, which implies R; > 2. Since G is

d-regular, we have ) _\ degp (v) = > .p degg(u) > 24 and so there exist
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a vertex v € V satisfying degp, (v) > 2. Note that such a vertex v cannot be

in A; because every vertex in A; has no neighbours in R;. If we add v into S;,
then all the vertices in Ng,(v) will be included into (S; U{v})Uds({S; U{v})),

and so

[(SeUAv}) Uda((S: U{v})] = [Bi] = g-

Hence, since in the (¢ + 1)-th step of the procedure SmallPercSetExpander,

the choice of s, maximizes |Byy1|, we get |Bii1 \ By| = |Bii| — |By| > g
Therefore,
d_d d d
B > |B —>—-t+-—==(t+1
‘ t+1‘ ‘ t‘ + 2 2 + 2 2( + )7
and the lemma follows. O]

Lemma 4.14 (Coja-Oghlan, Feige, Krivelevich and Reichman [13]). For a
real number ¢ € (0,1), let G = (V,E) be a connected (n,d, \)-graph with
A < (1 —¢€)d and without 4-cycles. Let %l <c< %l and let the threshold r = 2.

For a set A of infected vertices of G, let B=AUJg(A) and let R=V \ B. If

|B| = <, then there is a verter u € R such that |[Np(Np(u))| > %(Ed‘gl/").

Proof. We call triple vertices u, v, w a triplet if w € B, u,v € R and u —w, v —

w € E. Let f denote the number of triplets on G. Then, f=3%" . (degg(“’)).

By Theorem 4.11, we have

ed|B||R|

n

Z degp(w) = e(B, R) >

weB
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Since E;id <c< g and B = %, then ed > 2v/2, |B| < 2 and |R| > %. Hence,

S uepegnv) _ dlR 1
| B| -~ on 2

Then, since the function y = (g) = @ is convex on R and increasing on the

interval [1,00), we get

(5= ) ()

weB

and so f > \B|(€d|§‘/").

On the other hand, since every triplet involves two vertices in R, each vertex

in R gets involved in % triplets in average. Hence, there exists some vertex

u € R involved in at least % triplets. For any two such triplets {u, vy, w;}

and {u, vy, ws}, the vertices vy, vy must be distinct because G is 4-cycle free.
Therefore,

Ne(Np(w)| = 2L > @(

5d|R\/n>
Bl — [R] ’

2

and the lemma follows. O]

Now, we can present the main result about an asymptotic upper bounds
for minimum 2-threshold percolating sets of connected (n, d, \)-graphs without
4-cycles. The next theorem is a corrected version of a theorem by Coja-Oghlan,

Feige, Krivelevich and Reichman [13].
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Theorem 4.15. For a real number ¢ € (0,1), let G = (V, E) be a connected

(n,d, \)-graph with A < (1—¢)d and without 4-cycles. If e*d > 8 and d € o(y/n),

then m(G,2) < O < nlogd )

ed(ed—2)

Proof. We divide the procedure SmallPercSetExzpander into three phases by

the cardinality of B,.

In the first phase, |B| grows from 0 to % . Since £?d > 8 and d € o(y/n),

then 52321 < % when n is sufficiently large. By Lemma 4.13, if we take

to = [2%], then |By| > to > 4% > =%. Therefore, the first phase can be

e2d — e2d?-

finished within O (82%) iterations.

In the second phase, | B;| grows from ;21% to 5. Once we get By,, suppose

|By,| < 5, otherwise we can directly go to the next phase. Then, for each

t=1,2,---, by Lemma 4.14, there exists a vertex u;,4+; € R +;—1 such that

[N (N (utg+i) N Brori-1) N Rygyioa| = % <€d|Rt0;_l|/n> :
Consequently, if we add w,4; to Sy, +i—1, then all the vertices in N (uz4;) N
Biy+i—1 will be contained in (S 4;-1 U {uy4:}) (because the threshold is 2),
and so

N (N (tso+i) N Bigyio1) N Rygria

C (Stori—1 U{trori}) UO((Stgri—1 U {ureri}))-
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Note that the vertices in N (N (ut,1i) N Biyti-1) N Riy4i—1 are not in By ;1.

Thus,

[(Stori—1 U{uggsi}) UO((Stgri1 U {usyri}))]

2|Byyti-1] (5d|Rto+z‘—1|/n>

> |Byyyi-1| + 5

‘Rt0+i—1|

Recall that the choice of s;,; maximizes | By, ;;|. Hence, we can choose a vertex

Vgy+i @S Sgo4; such that

| Bio+il = [Brovi-1| + M(Edﬁztoﬂ—lv”)
otil = o+i—

| Rigti-1] 2

2 Ed|Rt +i_1|/n>:|
= |1+ —— 0 By i
{ | Rigti1] ( 2 Brorica

2 Ed|Rt |/n
> |1 0 By i
g (7)1

until for some integer M > 0, |B; ;| exceeds 5. Now, let ¢ =

8
€2d? "

Hence,

since |Ry,| > 5, we get

_ i %d(gdf“' 1>]M13toy
R
2]
B
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Moreover, note that for any real number z € [0, 1], we have e*/? < 14z < €.
Since d = o(y/n) and £2d > 8, when n is sufficiently large, we have 0 <
ed(ed

€(5 —1) <1, and so

d [ed M q d [ed d
Brom| > 11+ 2 (2 1) &8s oxp |22 (2 1) i | &2
0

n 2 n 2

To seek an upper bound of M, let

Then, we get

_ 4nlog(z;)  4nlog(e2d/8) < 4nlogd
Cedled—2)  ed(ed—2) T ed(ed —2)

Therefore, the second phase can be finished within O (%) iterations.

The third phase is when [By| > §. If |4;] > %, then by Lemma 4.12, A4,
will infect all the vertices of GG, and so .S; will be a percolating set of G. So,
suppose |A;| < 2. Moreover, we may suppose d > g, because otherwise we

could get

nlogd
_ N8 ) S O(nlogd) > 2
0 (i) = Otnlod) = m(G.2),

and so the theorem directly follows. For these parameters, we have

n n
= — >0
106(Ar)| = [Be] — |Ad| > 5 " =d
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Since every vertex in dg(A;) has exactly one neighbour in A; and d > 2, then

c(0a(4),V \ A) > (d -2 > IF.
and so
e(0a(A0),V\ A)) _ e(06(4),V\A) _ d
[V \ Ay - n — 10

This implies there is a vertex in V'\ A; having at least 5 neighbours in ¢ (4;).

Hence, |A;| grows at least <= in each iteration of this phase until [A;| exceeds

2. Once |4;] > 2%, by Lemma 4.12 again, A, can infect all the vertices of

G, which implies we do not need any more seeds and the corresponding S; is

indeed a percolating set of G. Therefore, the third phase can be finished within
O(% /L) = O (<) iterations.

In conclusion, we can obtain a 2-threshold percolating set of G with-

in O< nlogd ) by the procedure SmallPercSetErpander because 5 =

ed(ed—2)
O <EC?(§;_ d2)> and = O (81;?2‘;%%)), and the theorem follows. O

In this chapter, we mainly introduced some approximate or exact results for
minimum percolating sets of regular graphs. Meanwhile, we also listed some

interesting questions worth further investigation.
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Chapter 5

Bootstrap Percolation on Grid
Graphs

In this chapter, we focus on bootstrap percolation on grid graphs whose vertices
are some integral vectors in Z* for some positive integer k. Percolation process
on this class of graphs has been extensively studied in random case ([11], [7],
[6], [5]), and the extremal bounds for minimum or minimal percolating sets
of grid graphs are often tools in the random threshold results. For bootstrap
percolation on grid graphs, one of the big questions is for what values of
parameters (such as dimension, the length of each side and the threshold) of
grid graphs we understand the minimum percolating sets? More precisely,
in what cases we have the exact value for minimum percolating sets and in
what cases we have only obtained approximate or asymptotic values? These

questions are the most important motivation for the contents in this chapter.

First, we introduce some concepts and notation used in this chapter.

83
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For positive integers k and ny, - -, ny, let [ny] x - - - x [ng] or [[5_, [n] denote
the k-dimensional grid graph whose vertex set is [nq] x - -+ X [ng], and two
vertices u = (ay, - ,a) and v = (by,-- - , bg) are adjacent if and only if there
exists a unit vector e; (the j-th co-ordinate is 1 and any other coordinate is
0) for some j =1,--- ,k such that u — v = e;. Then, the number of edges of
Hf:1[ni] is

(ng — Dng-+-ng+n1(ng— Dng---ngg + -+ +ny - -ng_y(ng — 1)

_ (ﬁ”) (ot

It is straightforward that any permutation over the coordinates of Hle[n,]

gives an isomorphic graph. In addition, the grid graph [n;] x -+ x [ng] x [1]
is obviously isomorphic to [nq] X - -+ x [ng]. Hence, it suffices in most time to

discuss the grid graph Hle[nl} with every side length n; > 1.

In the grid Hle[ni], for every i = 1,--- k, if P, C [n;] be a set of m;
consecutive integers, then Hle P, = P, x --- X Py is called a k-dimensional
(my X -+ X my) rectangle. In particular, each vertex of Hf;l[nz] is a k-
dimensional (1 x - -- x 1) rectangle. For a set S C V([]\_,[n4]), let [S] denote

the smallest rectangle containing S. For two rectangles P = Hle P, and

Q = Hle Q;, if for each ¢ = 1,--- |k, C; is the smallest set of consecutive
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integers containing P; U @);, then it is straightforward that the rectangle C' =
[T, Ci = [PUQ]. In addition, for a set A C Z* and a vector y € Z¥, define

y+A=A+y={y+x:x€ A}

Since the maximum degree of the grid graph Hle[nz] is 2k, by the facts men-

tioned in Section 2.1, it suffices to consider r-threshold bootstrap percolation

on [T, [ni] for 2 <7 < 2k,

5.1 Minimum Percolating Sets of Square Grid
Graphs

In this section, we shall focus on the minimum percolating sets of square grid
graphs. For a grid graph Hle[ni], if ny =--- = n, = n, then we call it a
square grid graph, and denote it by [n]¥. As we mentioned above, the big
question in this case is — for different values of the parameters n, k,r, how
much information can we obtain about m([n]*,r) approximately or exactly?
To answer this question, we are going to consider two aspects of m([n]*, ),
namely, approximate results and exact results. Most results we are going to

show in this section come from Balogh and Pete [7], and Pete [29].

We consider approximate results about m([n]¥, r) first and start from some

bounds for minimum percolating sets of square grid graphs.
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Lemma 5.1 (Pete [29], Perimeter Lemma). Let n, k,r be positive integers with

r < 2k. Then

—k k
! nk + —pk-1
T T

m([n]*,r) >

Proof. Let A be a minimum 7-threshold percolating set of [n]*. Note that [n]*

has n* vertices and kn*~!(n — 1) edges. Then, by Lemma 2.2, we get

r—k ok ;4

m([n]*,r) =|A| > ot

and the lemma follows. O]

Note that although Lemma 5.1 is true for all » < 2k, it only makes sense

when r > k because when r < k, the lower bound in Lemma 5.1 is non-positive.

Lemma 5.2 (Pete [29], Projection Lemma). Let n,k,r be positive integers

with r < 2k. Then, m([n]*,r) > m([n]*=1, 7).

Proof. Let 7 : V([n]*) — V([n]*~!) be the projection defined by

Ty, a1, o) = (T, 000 Tpo).
Then, 7 is surjective and for each (zy,---,z,_1) € [n]¥71,
7 @y, akea) = {(w, - wpe1, wk) s a € (]}

Call each set 7= !(xy, -+ ,2,_1) a class of V([n]*) and identify it with the

vertex (z1,-++,z_1) of [n]*~1. For any two vertices, say (z1, -+, T 1, 7))
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and (z1, - ,Zr_1, k), in a same class of V([n]*), suppose (21, , 2;) is one
of their common neighbours in [n]k If there exists a j with 1 < 7 < k—1
such that z; # z;, then z; = z; # yr and z; # x; which would lead to
(w1, ,yr) and (z1,- -, 2) are non-adjacent in [n]*, and so would contradict
their adjacency. So, if two vertices in a class 7= '(x1,- -+ ,24_1) of V([n]*) have
common neighbours, then their common neighbours are in 771 (2, -+, x5_1)
too. In addition, if two vertices (z1,--- ,2x) and (27, -- ,x}) are adjacent in
[n]* but from different classes, then they differ at exactly one of the first k — 1
coordinates. In other words, their image (xy,--- ,25—1) and (2, - ,2}_;)

under 7 are adjacent in [n]*!.

Now, let Ay be a minimum r-threshold percolating set of [n]®, A; be the set
of activated vertices after time ¢ in the percolation process starting from Ay,
and T be the smallest non-negative integer such that Ay = V([n]*). For each
i=0,---,T, define B; = w(4;). Then, |By| < |Aq|, Br = V([n]*!), and for
eachi=0,---,T—1, B; C B;;1. We are going to show By is an r-threshold
percolating set of [n]¥=1. To do this, it suffices to show for i = 0,--- , T — 1,
if Biy1\ B; # (), then every vertex in B;y; \ B; has at least r neighbours in
B;. Fix an i, suppose (y1,- - ,Yk—1) € Bit1 \ B;. Then, there exists a vertex
(Y1, Yr—1,Y%) € Aipa and for any y; € [n], (y1,- ,ys-1,9;) & Air Thus,
(Y1, ,Yk—1,Yx) has r neighbours Xi,--- , X, € A; that are not in the class

7y, ,yr_1). Since each pair of X1, -+, X, has a common neighbour
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(Y1, ,Yk—1,Yx) in a class other than any class of theirs, by the argument
in the preceding paragraph, 7(X;), -+ ,7(X,) are distinct and all adjacent

to (y1, -+ ,yx_1). Thus, By is indeed an r-threshold percolating set of [n]*~!.
Therefore,

m([n]*,r) =[Ao| > |Bo| = m([n]"", 7).

The following upper bound of m([n]*,r) comes from splitting V ([n]*) to

some lower dimensional faces and recursively building a percolating set.

Lemma 5.3 (Pete [29], Recursive Lemma). Let n, k,r be positive integers with
n >3 and r < 2k, and fr(j) = (kﬁj) 2% be the number of j-dimensional faces

of the k-dimensional cube. Then,

k

k . ki _.:k<k)i otk—i .
m([n]*,r) < ;fk(k iym([n —2/*,r — i) ; 2 )2l =2 — i),
Proof. Let G = [n]f and S = {1,n}. Then, for i = 0,--- ,k, there are
fr(k —1) = (f) 2' pairwise disjoint subsets Wy, -+, W, p, (k—i) of vertices of
V(G) that have exactly i co-ordinates in S. Define V; = U;.c":'(ffi) W, ; for
1 = 0,---,k. Then, it is easy to check UfZOVZ- is a partition of V(G) (an
2-dimensional example is illustrated in Figure 5.1). Note that for each W, ;,

the induced subgraph G[W; ;] is isomorphic to the grid [n — 2]
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[n — 2

n — 2! Al —2)°

Figure 5.1: Decomposition of the grid graph [n]? to 1 copy of 2-dimensional
grid graph [n — 2|2, 4 copies of 1-dimensional grid graph [n — 2]' and 4 copies
of 0-dimensional grid graph [n — 2]°
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Now, for each W, ;, pick an (r — ¢)-threshold minimum percolating set
Aij of GIW;;] = [n — 2], We are going to show |J, ; A; ; is an r-threshold
percolating set of G. First, since Ag; is an r-threshold percolating set of
G[Wo.] = G[Vo], Vo can be activated by (J; Ao;. Next, since each vertex in
each W3 ; has a neighbour in Vj, each vertex in W ; will get an activated
neighbour out of W ; after Vj is activated. Meanwhile, since A; ; is an (r — 1)-
threshold percolating set of G[W |, Wy ; will eventually get activated by V;
and A, ;, which implies V;|JVi can be activated by U._, U ; Aij. Likewise,
since each vertex in each W;; has two neighbours in V;, each vertex in Wy ;
will get tow activated neighbours out of W, ; after V) is activated. Meanwhile,
since Ay j is an (r — 2)-threshold percolating set of G[W3 |, W ; will eventually

get activated by V; and A ;, which implies V5 |J Vi |J Va2 can be activated by
U2, U; Aij. Continuing the process, all the vertices in U?:o Vi = V(G) can
finally become activated. So, UZ ;Aij is indeed an r-threshold percolating set

of GG. Therefore,

k

= fulk = dym([n — 2", r — i),

=0

m([n])*,r) <

U4
Z'7j

[]

Combining the above lemmas, we have an asymptotic result about m([n]*, )

given by Pete [29] when n is large enough. Our proof gives much more details
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than the original one did.

Theorem 5.4 (Pete [29]). Let n, k,r be positive integers withn > 3 and r < 2k.
Then,

. On™Y, r<k
mlt ) ={ o e

Proof. If k = 1, then [n]* is just a path of n vertices. It is straightforward that
m([n], 1) = 1. Besides, by Theorem 3.1, m([n],2) = [%*]. Hence, the theorem

is true when k£ = 1.
From now, suppose k& > 2.

First, consider the case when 7 < k. It is straightforward that m([n]*,0) =0

and m([n]*, 1) = 1, which implies the theorem is true when r = 0 and r = 1.

So, suppose r > 1. On one hand, by Lemma 5.2 and Lemma 5.1,

On the other hand, define a sequence of positive real numbers (c;);>2 recursively

by ¢; = 2%k and ¢;41 = 2¥713i¢;, and we are going to show

) < (5 ) 51)

by induction on r. Note that the sequence (¢;);>2 is increasing, and each ¢;

does not depend on n.
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For the base step when r = 2, we distinguish two cases by whether n is odd

or even. If n is odd, then by Lemma 5.3, we get

m([n]*,2) <m([n—2]",2) + 2(T>m([n -2/ 1)

([n —2]%,2) + 2k

< kn

k
< <1>k2kn
k
= (2_ 1)02n21.

If n is even, then by Lemma 5.3 again, we get

. 2) < m(fn = 22) + 2(§ (o - 2741

([n — 2], 2) + 2k
([n — 4], 2) + 2k + 2k

< k2P 4 kn

()
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(e ()
(e )
().
(e

Therefore, the inequality 5.1 is correct when r = 2.

For the inductive step, assume the inequality 5.1 holds for r =2,--- ,j <k
and consider the case when r = 7 + 1. We distinguish two cases by whether n

is odd or even. If n is odd, then by Lemma 5.3 and induction assumption, we

et
m([ol¥,j + 1) < m(ln— 20, +1) + Z (§)2min -2 1=
<mln— 25 +1)+ : (’f) y (“; - ) -
R
SLCCREIPRINS of (9] (A ENe
a3 () (oo
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If n is even, then by Lemma 5.3 and induction assumption again, we get

g+ 1) < mlla =2t 1)+ (4 )iy
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So, the inequality 5.1 is correct for any r = 2,--- , k. Therefore, m([n]* r) =

O(n"~1) when r < k.

Next, consider the case when k£ + 1 < r < 2k. On one hand, by Lemma 5.1,

r—k k r—k
> nk 4+ Zpkt > —nk
T T T

On the other hand, m([n)*,r) < |V ([n]*)| = n*. Therefore, m([n]*,r) = ©(n*)

when k+ 1 <7r < 2k. O

Besides asymptotic results, exact results about m([n]¥,r) under some con-

ditions are also known. So, next, we turn to those exact results.

k) > nF1. It is straightforward to check a diagonal

By Lemma 5.1, m([n]
{(x1,21) : 1 € [n]} is a 2-threshold percolating set of [n]?, and a 3-dimensional
diagonal {(z1,x1 + x2,22) : x1 € [n],z2 € [n]} is a 3-threshold percolating set

of [n]3. Consequently, m([n]?,2) = n and m([n]3,3) = n?, which indicates the
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lower bound in Lemma 5.1 is tight to 2-dimensional and 3-dimensional square
grid graphs with k£ = r. But is it tight for higher dimensional grid graphs?
The formula m([n]¥, k) = n*~! has been sort of “folklore knowledge” in the
area of bootstrap percolation since Pete stated it in [29]. However, there has
been no formal proof for this formula until one was given by Przykucki and

Shelton [31]| recently. Their proof, which we will not repeat here, relied on
the investigation of the subsets V; = {(vl, coeuy) € V([n]k) Zle v; = l} of

V([n]*) for I = n,2n,--- , kn and the set A = J_, V;,. Briefly speaking, they
first indicated [A| = n*~". Next, they showed V}xq, can activate all the vertices

in Uj<(§1n V;. Finally, for s = [£] + 1, |k, they showed V(,_1), J Vs, can

n—1

activate all the vertices in U;:(S_l)nH

V; by constructing a tree whose vertices
are labelled by vertices in U;Z(sq)n V;. Therefore, they finally made sure that
the set A is indeed a k-threshold percolating set for [n]* and presented the

following theorem.

Theorem 5.5 (Przykucki and Shelton [31]). Let n and k be positive integers.

Then, m([n)*, k) = nk=1L.

In [7], Balogh and Pete summarized exact and asymptotic results about
minimum percolating set of 2-dimensional and 3-dimensional square grid graphs

as follows, where we modify the result for m([n]?,5).

Theorem 5.6 (Balogh and Pete [7]). For 2-dimensional square grid graphs,
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we have

Theorem 5.7 (Balogh and Pete [7]). For 3-dimensional square grid graphs,

we have

5. For any ¢ € (0,1), 2n® < m([n]*,5) < 5n® + ¢ when n is big enough;

Instead of thorough proofs for Theorem 5.6 and Theorem 5.7, we just give

brief explanations for these results here.
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Figure 5.2: A 3-threshold percolating set A of [n]? with |A| ~ $n?
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Figure 5.3: A 4-threshold percolating set A of [n]? with [A] ~ n?

For m([n]?,3), by Lemma 5.1, we have m([n]?,3) > 3n® + 2n. Besides, a

3-threshold percolating set A of [n]? with |A| ~ %n2 is illustrated in Figure 5.2.

For m([n]?,4), by Lemma 5.1, we have m([n]?,4) > in® 4+ in. Besides, a

4-threshold percolating set A of [n]? with |A] ~ 1n? is illustrated in Figure 5.3.

For m([n]?,2), by rectangle process we are going to introduce in the next
section, we have m([n}*,2) > |3 | = [22-1]. Besides, let A be a diagonal of the
bottom layer {(z,y,1) : x,y € [n]} of [n]3, then A is a minimum 2-threshold

percolating set of the bottom layer and |A| = n. Moreover, since the subgraph
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of [n]® induced by the set {(1,1,2) : 3 < z < n} is just a path of length n— 2, it
has a minimum percolating set B of cardinality [25+]. It is straightforward that

AU B can percolate on [n]* and |[AU B| = [#2-1]. Therefore, m([n]?,2) = |2].

For m([n]*,4), by Lemma 5.1, we have m([n]*,4) > in® + 3n?. On the
other hand, for each i = 1,--- ,n, define a layer L(i) = {(x,y,7) : x,y € [n]}
and separate [n]* into n layers from the bottom to the top. By discussion
about m([n)?,4), for each odd i and i = n, the layer L(i) has a minimum
4-threshold percolating set A; with |A;| ~ %n2. For each even 7, define a set A;
as a diagonal of L(i) (illustrated in Figure 5.4), then |A;| = n. Let A = J_, 4,
be the set of seeds. In the 4-threshold percolation process starting from A,
the odd layers and L(n) can be internally infected by A. Thereafter, for each
even layer L(7), since every vertex in L(i) has two infected neighbours from
the upper layer and the lower layer and A; is a 2-threshold percolating set of
L(7), then L(i) will get infected. Therefore, A is a 4-threshold percolating set
of [n®] with

n n(l, 14

- 2 3
For m([n]?,5), by Lemma 5.1, we have m([n]*,5) > Zn® 4+ 2n*. On the

other hand, we define 4 subsets of V([n]?) as follows.

1. Define B; C V([n]?) as the set illustrated in Figure 5.3. Then B; is a



5.1. MINIMUM PERCOLATING SETS OF SQUARE GRID GRAPHS 101

Figure 5.4: A set of seeds in the layer L(2) of [n]® for 4-threshold percolation
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4-threshold percolating set of [n?] with |B;| ~ in?.

2. Define By C V([n]?) as the set illustrated in Figure 5.5. Then By is a

4-threshold percolating set of [n?] with |Bs| ~ in?.

3. Define By C V/([n]?) as the set illustrated in Figure 5.2. Then Bj is a

3-threshold percolating set of [n?] with |Bs| ~ in?.

4. Define By C V([n]?) as the set illustrated in Figure 5.6. Then By is a

3-threshold percolating set of [n?] with |By| ~ in?.

Then, separate [n]® into n layers L(1),---, L(n) from the bottom to the top
again as we did for m([n]?,4), and give each layer L(i) a set A; of seeds as
follows. For the bottom two and the top two layers, let A; = By, Ay = B,
A,_1 = By and A,, = By; for each odd ¢ = 3,--- ,n — 3, assign B; and By
to A; alternately; for each even i = 3,--- ;n — 3, let A; = B;. Finally, let
A =J;_, A; be the set of seeds. In the 5-threshold percolation process starting
from A on [n)?, first, L(1), L(2) can help each other get infected, and so do
L(n — 1), L(n); second, for each even i = 3,--- ,n — 3, L(i) can get infected
with help of L(i —1) and L(i+1); thereafter, since for each odd ¢ = 3,--- ;n—3,
A; is a 3-threshold percolating set of L(i) and L(i — 1), L(i 4+ 1) are already
infected, then L(7) will get infected. Therefore, A is a 5-threshold percolating

set with

n—4 (1 1 ) 3
Al ~ 202 L2 i) o 28 e 2
|A| ~ 2n* 4+ 5 (3n +2n T &
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Figure 5.5: A 4-threshold percolating set B of [n]* with |Bs| ~ n?

For m([n]*,6), by Lemma 5.1, we have m([n]*,6) > sn®+ in®. On the other
hand, for the bottom layer and the top layer, define A; = L(1) and A,, = L(n);
for each odd i = 1,--- ,n, give the layer L(i) a set A; of seeds illustrated in
Figure 5.3; whilst for each even i = 1,---  n, give the layer L(i) a set A; of
seeds illustrated in Figure 5.5. Then, the set A = |J_, A; will be a 6-threshold

percolating set of [n]® with
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Figure 5.6: A 3-threshold percolating set By of [n]*> with |By| ~ $n?
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A special case of square grid graphs is when each side length n; = 2, and

HL[Q] is called the k-dimensional hypercube and usually denoted by Q. A
lot of problems about bootstrap percolation on hypercubes have been studied,
and the most significant questions are also centred at minimum percolating

sets. For example, Balogh and Bollobas [4] presented the following conjecture.

Conjecture 5.8 (Balogh and Bollobas [4]). For a fized threshold r and a large

enough dimension k,

r r—1

Q1) :H—O(”( g )

Then, Balogh, Bollobas and Morris [6] gave an upper bound for Conjecture
5.8 by letting the set of seeds Ag consist of all vertices on “level r — 2”7 of Q)
and an approximate Steiner system on “level r”. Moreover, by the celebrated
result of Keevash [19], the approximate Steiner system in this construction

can be replaced by an exact Steiner system under some conditions on k£ and

r. Hence, they got an r-threshold percolating set of cardinality %(rfl) + (:2)

which yields

k,T*l N k,rf2(,r + 2)
7! 2r(r —2)!

m(Qy,7) < + O(k"3).

Later, by utilizing a relationship between bootstrap percolation and the

notion of weak saturation introduced by Bollobas [9], Morrison and Noel [24]
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showed that for any k > r > 1,

r—17 r

r—1 . cand
k—j— 1\
m(Qk,T)22”+Z< - )‘7—
j=1

By this inequality, they got a lower bound

k=t k26 — 1)
_|_
7! 2r(r —2)!

m(Qr, ) > +Q(k?)

for Conjecture 5.8 and established the correctness of it. Besides, by a recursive
approach, Morrison and Noel [24] also obtained an exact value for minimum
3-threshold percolating sets of hypercubes. We only state their result for this

special case in the next theorem without repeating their proof.

Theorem 5.9 (Morrison and Noel [24]). For any dimension k > 3, we have

R L

In this section, we talked about some extremal results for percolation on
square grid graphs. In the following sections, we are going to introduce results

about percolation on general grid graphs.

5.2 2-Threshold Minimum Percolating Sets of
Grid Graphs

Besides minimum percolating sets of square grid graphs, many results about

minimum 2-threshold percolating sets of general grid graphs are also known.
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So, we shall mainly introduce such results in this section. As mentioned in
Section 5.1, there are also two aspects for this topic — approximate values and

exact values, where the former are reflected with bounds.

Let us start at lower bounds for minimum 2-threshold percolating sets
of general grid graphs. To get the lower bounds, we need to talk about a
concept called rectangle process that was introduced by Holroyd [17], Balogh

and Bollobas [4], and was utilized in Balogh, Bollobas and Morris [6] later.

Now let A = {vy,- -+, vs,} be a 2-threshold percolating set of the grid graph

Hle [n;] = (V, E) with each n; > 1, and observe the percolation process starting
from A. Note that sy > 2, and every vertex v; € A is just a k-dimensional
(1 x --- x 1) rectangle internally infected by A. For each i =1,--- | sq, define a
rectangle P = {v;}. Then, we get rectangles Py, --- , P2 C V such that they
can infect V', each rectangle P is internally infected by some set AY C P? N A,
and A9, --- 7A80 are pairwise disjoint. Since P?,- - - 7P£0 can infect V', at least
two rectangles P and P} of these infected rectangles Py, --- , P) has distance
at most 2 and can internally infect a bigger rectangle [P U PJ] (we shall explain
shortly why it must be [P U P}]), which is equivalent to say AP U A9 internally
infects [P U P}]. If [P U P{] = V, then we get two rectangles P, P} C V such
that they can infect V', the rectangle P? is internally infected by A C P? N A,

the rectangle PJQ is internally infected by A? - PjO N A, and AY N Ag =

Otherwise, if [P) U P)] € V, then let P) U P} internally infect [P U P}] (note
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that it is also internally infected by AY N A?), and we get a new family of
infected rectangles P}, - - - ,Psll C V such that s; < sg, they can infect V, each

P! is internally infected by a set A} C P' N A, and A{,---, Al are pairwise

s

disjoint. Thereafter, since P}, - - ,Psl1 can infect V', at least two rectangles

P! and P} of P/,---, P} has distance at most 2 and can internally infect a

bigger rectangle [P U P}], which is equivalent to say Aj U A} internally infects
[P} U P}]. If [P U P]] =V, then we get two rectangles P}, P/ C V such that

they can infect V, the rectangle P! is internally infected by Al C P! N A, the

rectangle P} is internally infected by A} C PN A, and A} N A} = . Otherwise,
if [P U P/] €V, then let P' U P} internally infect [P U P}], and we get a
new family of infected rectangles PZ, - - - ,PfQ C V such that s < s1, they can
infect V, each P? is internally infected by a set A7 C PP N A, and A3, -, A2
are pairwise disjoint. Continue this process, at some time, we will finally get
two infected rectangles S,T" C V such that they can infect V| the rectangle S
is internally infected by a set A; C SN A, whilst T is internally infected by
another set Ay C TN A, and Ay, A, are disjoint. Therefore, in summary of this
paragraph, the percolation process starting from A can be viewed as a series of
2-rectangle internally spanning. This notion about percolation process on grid

graphs is called rectangle process.

By the above description, the key step of rectangle process is that two

infected rectangle P;, P; internally infect a bigger rectangle [P, U P;] — the
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smallest rectangle containing P; and P;. Recall that the largest set internally
infected by P, and P; is their infection closure (P; U P;j),. So, one may wonder
why P, P; can internally infect [P; U P;|? Are [P, U P;] and (P, U P;), the same
set in this case? Let us take a little more insight to this key step by starting

from the following lemmas.

Lemma 5.10. Let P be a rectangle in the grid graph [[_,[n:] = (V, E) and

x € V\ P. Then, x has at most one neighbour in P.

Proof. Let P = Hle P;, and let © = (a1, -+, xp).

Suppose x has neighbours in P. Since = ¢ P, there exists j € {1,--- ,k}
such that z; ¢ P;, and for any [ € {1,--- ,k}\{j}, 2, € F,. Since P; consists of
consecutive integers, there are only one element y; € P; such that |z; —y;| = 1.

So, x has only one neighbour in P, namely, (z1,- - ,z;_1,yj, Tj41, - ,2x). O

Lemma 5.11. Let P be a rectangle in the grid graph Hle[ni], and let x be a

vertex of [1_,[n]. If © has a neighbour in P, then (P U {z}); = [P U {x}].

Proof. Let P =]\, P, let & = (x1,--- ,a), and let [P U {z}] = UL, Ci.

If x € P, then PU{z} = P. By Lemma 5.10, every vertex y ¢ P has at
most 1 neighbour in P, so it cannot be infected by P. Hence, (P U {x})s =

P =[P U{z}]. So, we suppose x ¢ P in the following argument.
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Without loss of generality, suppose z; ¢ P;. By Lemma 5.10, x has a unique
neighbour y = (y1, xa,- -+ , %) in P. It is straightforward that y; = z; + 1 or
y1 =21 — 1. Thus, C; = Py J{z1} and [PU{x}] =C) X P X -+ X Py. Let us
suppose y; = 1 + 1 (the argument is similar when y; = x; — 1) and PU{z} is

infected. Then, it suffices to show {z1} x Py X -+ X Py can be infected.

If 25 is not the largest number in P, then (1,25 + 1,23, -+, 1)) can
get infected because it has two infected neighbours (z1,z9, 23, - ,zx) and
(y1, 22+ 1,23, -+ ,x). If 29 + 1 is not the largest number in P,, then (zq, xs +
2,x3,- -+ ,xx) can get infected because it has two infected neighbours (71, zs +
1,x3, - ,x) and (y1, 2242, 23, -+ ,x). Continue this process, all the vertices
of the form (z1,ys, x5, -+, x) with yo € Py and yo > 25 will become infected.
Similarly, if 25 is not the smallest number in P, then (xy, 29 — 1,23, -+ , xy)
can get infected because it has two infected neighbours (xy,zo, x5, - , xy)
and (y;,x9 — 1,23, -+ ,x). If x9 — 1 is not the smallest number in P, then
(21,29 — 2,23, , 1) can get infected because it has two infected neighbours
(x1,29—1,23, -+ ,x1) and (y1, x2—2, 23, -+ , x)). Continue this process, all the
vertices of the form (z1,ys, 23, -+ ,2x) with yo € Py and yo < 25 will become

infected. Thus, {z1} x Py x {x3} x -+ x {z}} can be infected.

By the same argument as expanding s to P, {1} X Py x Py x {ay} x -+ X
{zx} can also be infected by P and {z1} x P, x {x3} x --- x {x;}. Continue

this process, {x1} X P X - -+ X Py can be eventually infected, and the lemma
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follows. O

For every positive integer ¢, let d; denote the distance between vertices in
i-dimensional grid graphs. By Dijkstra’s Algorithm for computing distance

in graphs, for any two vertices x = (x1, -+ ,2%) and y = (y1,---,yx) in a

k-dimensional grid []5_, [n], the distance between them is

k k
di(,y) = Zdl(xiuyi) = Z |z — yil.
i=1 i=1

Hence, for any two rectangles P = HlePi and QQ = Hle Q; in the k-

dimensional grid graph []*_,[n,], the distance between them is computed
by
k
dy (P, Q) = Zdl(Pini>'
i=1

Now, we can readily explain the key step in rectangle process — two rectangles

P and @ internally infect a bigger one [P U Q).
Theorem 5.12 (2-Rectangle Spanning). Let P and Q) be two rectangles in the

grid graph T[5_,[ni]. Then,

[ PUQ, if di(P,Q)>2;
(PUQ>2_{ [PUQ], if di(P,Q) < 2.

Proof. Let P = Hle P, Q= Hle Qi, and let [PUQ] = Hle C;. Suppose P

and @) are infected, and the threshold of percolation is 2.
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If di,(P,Q) > 2, then PUQ C [PUQ]. Let y be any vertex out of P U Q.
Since di(P, Q) > 2, then y does not have two neighbours such that one is in P
and another is in ). In addition, by Lemma 5.10, y has neither two neighbours

in P nor two neighbours in ). Thus, any vertex out of P U () cannot get

infected, and so (PU Q)2 = PUQ.

Next, suppose di(P, Q) < 2. We shall show P and @ can internally infect
[PUQ)] in the case when dj(P, Q) = 2. The argument works too for other cases

when di(P, Q) = 1 and when di(P, Q) = 0.

Since di(P, Q) = 2, there is a vertex z° € [P U Q] such that z is adjacent to
a vertex in P and adjacent to a vertex in (). Then, x can be infected by P and

Q. Thereafter, by Lemma 5.11, the infected rectangle () and the infected vertex
20 can internally infect a bigger rectangle Q' = (Q U {z°}), = [Q U {2°}] 2 Q,
and s0 Q € Q' C (PUQ)y. If P C QY then [PUQ] C Q' C (P UQ)s;
otherwise, if P ¢ Q', then there is a vertex z' € P\ Q' adjacent to a
vertex in Q' because di(P, Q') < 1. Hence, by Lemma 5.11, the infected
rectangle Q! and the infected vertex ! can internally infect a bigger rectangle
Q= (Q'U{z'}), = [Q"U{2"}] 2 Q" and so Q € Q> C (PUQ). If
P C @2, then [PUQ] C Q* C (PUQ)y; otherwise, If P ¢ Q?, then there is a
vertex 72 € P\ Q% adjacent to a vertex in Q? because di(P,Q?) <1 (in fact,
di(P, Q%) = 0). Continue this operation (illustrated in Figure 5.7), since P is a

finite set, we will finally obtain a rectangle Q" such that [PUQ] C Q' C (PUQ),.
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___________________________________________________

8

Figure 5.7: The 2-rectangle spanning in the case when di(P, Q) = 2

On the other hand, by Lemma 5.10, any vertex out of the rectangle [P U @]
will never get infected because it has at most 1 neighbour in [P U @], and so
(PUQ)2 C [PUQ)]. Therefore, (PUQ)y = [P U], and the theorem follows.

O

Now, combining the description of rectangle process and Theorem 5.12, we

have the next theorem presented by Balogh and Bollobas [4].

Theorem 5.13 (Balogh and Bollobés [4]). Let Q be a rectangle in the grid graph
Hle[ni], and A C V(Hle[n,]) be a set of seeds. If Q) is internally infected by
A, then there exists two rectangles S, T C Q) such that Q = [SUT]| = (SUT)a,

the rectangle S can be internally infected by a set Ay C SN A, the rectangle T’
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can be internally infected by a set Ay CT N A, and Ay N Ay = 0.

In addition, Balogh, Bollobas and Morris mentioned the next result in [6]

as a tool for obtaining a lower bound of m(5_, 1], 2).

Lemma 5.14 (Balogh, Bollobas and Morris [6]). Let P = [[\_, P and Q =
Hle Q; be two rectangles in the grid graph Hle[ni], and let [PUQ] = Hle C;.

If (PUQ)s =[PUQ], then
(Zw) + (DQA) > (Dm) N

Proof. Since C' can be internally infected by P and ), by Theorem 5.12,
du(P,Q) = ¢ di(P;,Q;) < 2. Note that each dy(P;, Q;) and di(P,Q) are

non-negative integers. Hence, it suffices to consider the following three cases.

1. If dp(P,Q) = 0, then for each i = 1,--- | k, di(P;, Q;) = 0 too. Thus, for
eachi=1,---  k, P,NQ; # (), which implies |P;| + |Q;| > |C;| + 1. So,
we have

=1

(Sn) () (S

N———
_l_
>~
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2. If di,(P, Q) = 1, then exactly one amongst dy(P;,Q1), - ,dy(Px, Q) is
equal to 1, while others are all 0. Without loss of generality, suppose
di(P1,Q1) = 1. Then, |P|+ |Q:| = |Ci], and for each i = 2,--- |k,
|Pi| + |Q:i| > |C;| + 1. So, we have

(o)« (0] s () + (3]

i=1 =2

k
z|01|+<2|0i|)+k—1

1=2

3. Finally, if di(P, Q) = 2, then either one of dy(P1,Q1), - ,d1(Pr, Qk) is
equal to 2 and others are all 0, or two of dy (P, @Q1), - ,d1(Py, Q) are
equal to 1 and others are all 0. For the former case, without loss of
generality, suppose dy (P, Q1) = 2, then |Pi| + |Q1] = |C1| — 1, and so

(o)« (e) <rei-1e (im1) (S 1ei)

i=1 1=2

k
2101\—1+(Z|01-r>+k—1

=2

k
> (Z ‘Cﬂ) +k—2.
i=1

Whilst for the latter case, without loss of generality, suppose di(P;, Q1) =
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di (P2, Q2) = 1, then |P1| 4 |Q:| = |C1] and |P;| + |Q2| = |C2|, and so

<glﬂl> + (gl@l) =[G+ G + (i!ﬂ\) + (g@!)

=3

k
> |Cy] + |Cs] + (Zm) k-2
=3
k
> (Zm) +k—2.

i=1
Therefore, the lemma follows. m

Combining the above lemmas and theorems, a lower bound for m(Hf:1 [ni],2)

was obtained by Balogh, Bollobas and Morris [6].

Theorem 5.15 (Balogh, Bollobas and Morris [6]). Let Hf—l[”z] be a grid graph.

Then,

[\]

" (zf: ni)—k+2 E o 1
m (H[m],2> > : = {—Z"Zl(m >—‘ +1.
Proof. We shall prove the inequality

m (ﬁ[m], 2) > <Zf:1 nz) e (5.2)

, 2
=1

by induction on 32 n;.



5.2. 22THRESHOLD MINIMUM PERCOLATING SETS OF GRID GRAPHS 117

The base step when 3. n; = k (each n; = 1) is true because

m(ﬁ[ni]’2> —121= <Zf=1m2) —

=1

For the inductive step, assume inequality (5.2) holds for all the grid graphs
Hle[ni] with Zle n; = k,k+1,--- ,m. Now, consider the grid graph Hle[nl]
with Zle n; = m+ 1. Let A be a minimum 2-threshold percolating set
of Hle[nl] Then, by Theorem 5.13, there exists two rectangles S,T C
V(T [ni]) such that V(ITi,[ni]) = (SUT)y = [SUT], S can be internally
infected by a set A1 C SN A, T can be internally infected by a set Ay C TN A,
and A; N Ay =0. Let S =[], S; and T = []\_, T}, then both 2%  |S;| < m

and Zle |T;] < m. Hence, by induction assumption and Lemma 5.14, we get
Al = [Au] + [Az]
>m(S,2)+m(T,2)
k k
S IS —k+2 (0, [Ti) —k+2

= 2 2
_ (TS + (i |Ti]) — 2k + 4
2
. (F )+ k—2—2k+4
= 2
() — k2
; .

Therefore, the inequality 5.2 holds for any grid graph, and the theorem follows.
O
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A natural question following Theorem 5.15 is — in what cases is the lower

bound tight? Let us check some simple cases.

For the 1-dimensional grid graph [n;], by Theorem 5.15, m([n4], 2) > [2H].
On one hand, if ny is odd, then {i € [n;] : 214} is a 2-threshold percolating set
with cardinality [*L] = 22 On the other hand, if n; is even, then {i € [n4] :
2 | i} U{1} is a 2-threshold percolating set with cardinality [2H] = 2 + 1.
Therefore, the lower bound in Theorem 5.15 is tight to any 1-dimensional grid
graph [ny], and [n;] has a minimum 2-threshold percolating set containing the

1-dimensional all 1 vector 1; = (1).

For 2-dimensional grid graph [n] X [ny], by Theorem 5.15 again, m([n;] x
[ns],2) > [®M3227]. If ny = ny, then it is straightforward that a diagonal of
[n1] X [ng] (illustrated in Figure 5.4) is a 2-threshold percolating set of cardinality
(3127 = py and containing the 2-dimensional all 1 vector 1, = (1,1). If

ny # no, without loss of generality, suppose n; < ns, then no matter whether

ng — ny is odd or even, there always exists a 2-threshold percolating set of
cardinality [M3"2] = ny + [225™] and containing 1, = (1,1) (illustrated
in Figure 5.8). Therefore, the lower bound in Theorem 5.15 is tight to any
2-dimensional grid graph [n;] X [ns], and [n1] X [ns] has a minimum 2-threshold

percolating set containing the all 1 vector 15 = (1,1).

By the above discussion, the lower bound in Theorem 5.15 is tight to

any 1 dimensional or 2-dimensional grid graph. Will this preferable property
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2| (ng —m) 21 (ng — )

Figure 5.8: A 2-threshold percolating set of the grid graph [n;] x [ng] of
cardinality n, 4 [%25%]
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be retained in any higher dimensional grid graph? If the answer is positive,
then this lower bound will become the exact value for m(HiC 1[n:],2). In fact,

Bollobas already presented a thorough solution for this question in [10]. The
key trick is based on an elementary fact — for any [ > 3 integers, by the
Pigeonhole principle, at least f%} of them are all even or all odd, and so there

exists two integers having an even sum amongst these [ integers. The next
theorem gives everything we want about minimum 2-threshold percolating sets
of general grid graphs. Although our proof is different from the original one,

they have the same essence.

Theorem 5.16 (Bollobéas [10], Problem 35). For any k-dimensional grid graph

15, [ni], we have

m (H[nl]ﬂ) = {M—‘ + 1

Moreover, []i_,[n:] has a minimum 2-threshold percolating set containing k-

dimensional all 1 vector 1, = (1,--- ,1).

Proof. We may suppose for each 7, the dimension length n; > 2.

The paragraphs preceding the theorem already show the theorem is true

for k =1 and k£ = 2. So, suppose k > 3 from now.

By Theorem 5.15, we already got m <Hf:1[ni], 2) > [w-‘ + 1. So,
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it suffices to show a 2-threshold percolating set reaching this lower bound for

any k-dimensional grid graph.

By the above argument, at least 2 integers out of ny,--- ,n; have an even
sum. Without loss of generality, suppose n;+nq is even. Thereafter, if k—2 > 3,
then at least 2 integers out of ns,--- ,ng have an even sum. Without loss of
generality, suppose n3 + ny4 is even. Continue this operation, there are only two

different cases as follows.

1. If k£ is odd, then every one of ny + no,n3 + ng, - -+ ,Ngp_o + np_1 is even.
We split []¥_,[n:] to some 2-dimensional grid graphs [n4] x [ny], [ns] x
(4], -+, [ng—2] X [nk—1] and a 1-dimensional grid graph [n;]. Then,
by the above discussion about minimum 2-threshold percolating set of
1-dimensional and 2-dimensional grid graphs, each 2-dimensional grid
graph [ng;_1] X [ng] has a minimum 2-threshold percolating set A; of

[R2=ittn2iol] 4 1 and containing the 2-dimensional all 1

cardinality
vector 1y, whilst the 1-dimensional grid graph [nj] has a minimum 2-
threshold percolating set A, of cardinality ["’“T_W + 1 and containing
the 1-dimensional all 1 vector 1;. Since [n;] X [ng] is isomorphic to the
subgraph of [[¥_,[n,] induced by the rectangle P, = [ny] x [ng] x [1]¥72,
the set A; can be lifted to a subset B; = {(x1,20,1,---,1) € ZF :
(x1,22) € Ay} of V(Hle[nz]) Then, the set B; can internally infect

Py and contains the all 1 vector 1, and |B;| = |A;| = [2=2=1] + 1.
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By the same argument, for each 1 = 2,--- | %, the set A; can be lifted
to a subset B; = {(1, -+, 1, @9 1, @05, 1,-++ , 1) € ZF : (w9;_1,19;) € A;}
of V(ITi_,[n:]). Then, the set B; can internally infect the rectangle
P, = [1]%72 X [ngi_1] X [ng] x [1]¥7% and contains the all 1 vector 1y,
and |B;| = |A;] = (WW + 1. Besides, the set Ay can be lifted
to a subset By, = {(1,---,1,24) € Z" : 2}, € Ay} of V([T [n]). Then,
the set By, can internally infect the rectangle P, = [1]*71 x [n;] and

contains all 1 vector 14, and |By| = |4 = [%52] + 1. Now, define

k—1
B = (Ui:21 Bi> U By. Since the intersection of each pair of the rectangles

Py, -, Pr, Py is {1}, then the distance between each pair of them is
2

0. Hence, by Theorem 5.12, we have

k-1 k-1

() o) - [(Gr) o] - (f1e)

et
¢ 2

which indicates B is a 2-threshold percolating set of Hle[ni], and B

contains the all 1 vector 1. Moreover, since every one of ny + no,ng +

N4, ,NE_o + Ni_1 is even and the intersection of each pair of the sets

By, ,Bi-1, By is {1;}, we have

k-1

2
Bl= D 1Bl =1 | + (B = 1) +1

=1
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_ Z[nml—l—i-nzl—l—‘ %nk—ﬂﬂ
2

_ Zf1<2 2 1)—‘ +1.

Therefore, the theorem follows in this case.

2. If k is even, then every one of ny + ng,ng + ny, - -+ ,ng_3 + np_o is even.
By the same argument as in the preceding case, for each i =1, -- ,g,
we can get a set B; in the rectangle P; = [1]%72 X [ng;_1] X [ng] x [1]F72
such that B; can internally infect P; and contains the all 1 vector 1, and

k
|B;| = f%] + 1. Now, define B = |JZ, B;. Again, since the
intersection of each pair of the rectangles P, - - - ,Pg is {1x}, then the
distance between each pair of them is 0. Hence, by Theorem 5.12, B is a

2-threshold percolating set of [[*_,[n], and B contains the all 1 vector

1;. Moreover, since every one of ny 4+ ng, n3 +mnyg, -+, Np_3 + Ng_o is even
and the intersection of each pair of the sets By, -+, Bx is {14}, we have
2
k=2

2

B =Y 1B -1 +<’Bg

i=1
= Noji—1 — 1+ n9 — 1 ng_1—1+n,—1
=Z{“ : W+W12k %1

_[Zho —ﬂ o

—1)+1

2
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Therefore, the theorem follows in this case too.

The proof of Theorem 5.16 not only shows the exact cardinality of mini-
mum 2-threshold percolating sets of general grid graphs, but also clarifies the
construction of them. By now, we can confidently claim that the important
aspects about minimum 2-threshold percolating sets of general grid graphs are

thoroughly clear.

5.3 Largest Minimal 2-Threshold Percolating

Sets of 2-Dimensional Grid

In the last section, we have clearly characterized the minimum 2-threshold
percolating sets of general grid graphs. Recall that a minimum percolating
set of a graph is a minimal percolating set of the smallest cardinality. A
given graph may has more than one minimum percolating sets that have the
same cardinality. Then, another interesting question slightly different from
those about minimum percolating sets arises — is it true that all the minimal
percolating sets of a given graph have roughly the same cardinality? This is
a big question still pending. However, some results for some specific graphs

are already known. In this section, we shall introduce such results about a
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special kind of largest minimal percolating sets — 2-threshold largest minimal
percolating sets of 2-dimensional grid graphs. Although no exact values have
been guaranteed for this kind of percolating sets, upper bounds and lower
bounds for them is already known. The results introduced in this section come

from Morris [23].

5.3.1 Corner-Avoiding Minimal Percolating Sets

To obtain the bounds for the largest minimal 2-threshold percolating sets of
2-dimensional grid graphs, we need to explain first a concept called “corner-

avoiding” introduced by Morris [23].

In the grid [m] x [n], denote the top-left 2 x 2 corner by
Jr ={(1L,n—1),(1,n),(2,n —1),(2,n)},
denote the bottom-right 2 x 2 corner by
Jpr ={(m—1,1),(m,1),(m —1,2),(m,2)}.

Definition 5.17 (Morris 23], Corner-avoiding). For a 2-threshold minimal
percolating set A of [m] x [n], if for every v € A, (A\{v}) N (Jrp U Jggr) =0,
then we say A is corner-avoiding. Moreover, if [m| x [n] has a corner-avoiding
minimal percolating set, then let Ec([m]x[n],2) denote the maximum cardinality
of all corner-avoiding minimal percolating sets. Otherwise, if [m] X [n] has no

corner-avoiding minimal percolating set, then let Ec([m] x [n],2) = 0.
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Apparently, the family of corner-avoiding minimal percolating sets of the grid
[m] x [n] is a special class of minimal percolating sets. Thus, Ec([m] x [n],2) <
E([m] x [n],2). To get the bounds for E([m] x [n],2), the following properties

of Ec([m] x [n],2) are needed.

Lemma 5.18 (Morris [23|). Let k be a positive integer. Then, Ec([8] x [3k +

9),2) > 4k + 4.

Proof. Let P = {(1,1),(1,3)}, and L(k) = ") (P + (0,3i)). Then,
A= L(k)yU{(2,3k), (4,1), (5,3k +2),(7,3)} U (L(k) + (7,2))

is a corner-avoiding minimal percolating set of [8] x [3k + 2] (illustrated in

Figure 5.9) with |A| = 4k + 4. O

Lemma 5.19 (Morris [23]). Let m,n,m’,n’ be positive integers with n’ > n,

and suppose Ec([m] x [n],2) > 0, Ec([m'] x [n'],2) > 0. Then,

Ec([m+m' +3] x [0’ +2],2) > Ec(Im] x [n],2) + Ec([m’] x [n'],2) + 2.

Proof. Let B, C be largest minimal percolating sets of [m] x [n] and [m/] x [n],

respectively. Define
C'=C+(m+3,2)C[m+m'+3] x[n+2],

and

A=BUC'U{(m+1,1),(m+3,n +2)}.
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O
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L ]

(1,3k+2)0

(1,3k + 1)c p

(1,3k)0—&—0—0— —O0—@
C > °

(1,3k —2)®

(1,3)

O—O—0---0
Y
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O—O—0---<¢
O—O—@---<¢

(1,1) (8,1)

Figure 5.9: A corner-avoiding minimal percolating set A of [8] x [3k + 2]. The
vertices in A are coloured black.

Then, A is a corner-avoiding minimal percolating set of [m +m' + 3] x [0’ + 2]

(illustrated in Figure 5.10) with |A| = Ec([m]x[n],2)+Ec([m/] x[n'],2)+2. O

Lemma 5.20 (Morris [23]). Let m,n, k be positive integers. Then

Eo(lkm + 3(k — 1)] x [n + 2(k — 1)],2) > kEc([m] x [n],2).

Proof. The result is trivial if Ec([m]x[n],2) = 0. So, suppose E¢([m]x[n],2) >

0, and prove the lemma by induction on k.
For the base step when £ = 1, we get the equality.

For the induction step, assume the lemma holds for £k — 1. Let m’' =
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Figure 5.10: A corner-avoiding minimal percolating set A of [m+m/+3] x [n/+2].

(k—1)m+3(k —2) and n’ =n+ 2(k —2). So, by induction assumption,
Ec([m'] x [n],2) = (k = 1) Ec([m] x [n],2).

Then, Lemma 5.19 gives
Ec([km+3(k—1)] x [n+2(k —1)],2)
= Ec([m+m'+3] x[n'+2],2)
> Ec([m] x [n],2) + Ec(Im] x [n], 2)
> Ec([m] x [n],2) + (k = 1) Ec([m] x [n], 2)
= kEc([m] x [n],2).

Lemma 5.21 (Morris [23]). Let m,n,t be positive integers. Then

Ee([24(m +3) — 3] x [n+ 2],2) > 2'Ec([m] x [n],2).
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Proof. The result is immediately true if Eq([m] x [n],2) = 0. So, suppose

Ec(jm] x [n],2) > 0.

By Lemma 5.19 with m’ = m and n’ = n, we get
Ec([2m + 3] x [n+2],2) > 2Ec(|m] x [n],2).

Then, use this inequality to Ec([2(m + 3) — 3] x [n+ 2t],2) ¢ times, we obtain
Eco([2'(m +3) — 3] x [n+ 2t],2)
> 2Ec([2 (m +3) — 3] x [n + 2t — 2],2)
> 2FEc(27*(m+3) = 3] x [n+2t —2-2],2)

v

> 2'Ec([2(m +3) = 3] x [n+ 2t — 2+ ],2)
— 2" Eo(fm] % [1],2).

5.3.2 Bounds of E([m] x [n],2)

Now, we can turn to the bounds for E([m] x [n],2). We start with the lower

bound.
Lemma 5.22 (Morris [23]). Let m,n, k,1 be positive integers with k < m and

[ <n. Then, B([K] x [I],2) < E([m] x [n],2).

Proof. First, consider [k] x [I] and [k + 1] x []. Let A be a largest minimal

percolating set of [k] x [l]. So, |A| = E([k] x[l],2). Since A percolates in [k] x [I],
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there exists a € [I] such that (k,a) € A. Define C = AU{(k+1,a)}\ {(k,a)}.
Then, |C| = |A| = E([k] x [I],2). We are going to show for any vertex u € C,
C'\ {u} does not percolate in [k+1] x [I]. Indeed, if u = (k+1,a), then C'\ {u}
does not percolate in [k+ 1] x [I] because (k+ 1, a) is the only vertex of C' in the
last column of [k 4 1] x [I]. If u # (k+1,a), assume C'\ {u} could percolate in
[k +1] x [I]. Then, since every vertex (k+ 1,7) in the last column of [k + 1] x [{]
except (k + 1,a) have to get infected by help of (k,j), C'\ {u} could also
percolate in a subgraph H of [k + 1] x [{] induced by V([k] x [I]) U{(k+1,a)}
(illustrated in Figure 5.11). So, C U {(k,a)} \ {u} could percolate in H too,
which would cause C' U {(k,a)} \ {u,(k + 1,a)} = A\ {u} to percolate in
H — (k+1,a) = [k] x [I]. But this contradicts that A is a minimal percolating
set of [k] x [l]. Thus, for any vertex u € C, C' \ {u} does not percolate in
[k + 1] x [I]. Then, we can derive a minimal percolating set D of [k + 1] x [I] by
adding vertices in V([k + 1] x [I]) \ C to C one by one (D = C' if C percolates

in [k 4 1] x [I] itself). Subsequently,
E([k] x [I],2) = |C| < |[D[ < E([k + 1] x [1],2).
In addition, by symmetry of 2-dimensional grid, we can also obtain

E([K] x [1],2) < E([K] x [l +1],2).

Finally, by expanding [k] x [I] to [m] x [n] step by step, we get

E([k] x [1),2) < E(Jk + 1] x [1],2)
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Figure 5.11: C'\{u} could also percolate in an induced subgraph H of [k+1] x[I].

< E([k+2] x[l],2)

<
< E([m] x [1],2)

< E([m] x [l +1],2)
< E([m] x [1 +2],2)
<

Lemma 5.23 (Morris [23]). For any positive integers M, N, we have

Ec([11M — 3] x [3N 4 2M],2) > 4M(N + 1).
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Hence, for any positive integers m,n, we have

B(m] x [1],2) > 4 {mJSJ {n—QLzl_?J +3J |

Proof. First, apply Lemma 5.20 with m =8, n = 3N + 2 and kK = M together

with Lemma 5.18, we get

Ec([11M — 3] x [3N +2M],2) > MEc([8] x [3N +2],2) > 4M(N + 1).

Second, let M = |43 | and N = [2=2M]. Then, the right hand side of the

second inequality is just 4M (N +1). If M(N + 1) <0, the lemma is obviously

true. If N =0 and M > 1, then m > 8. Since
{(#,1) i € [m],i =0 or 2(mod 3)} U{(1,7) : j € [n],7 =0 or 2(mod 3)}
is a minimal percolating set of [m] x [n], we obtain

- 4(m + 3)
3 - 11

> 4AM(N +1).

Finally, if M > 1 and N > 1, then m > 11M — 3 and n > 3N + 2M. So, by
Lemma 5.22 and the first inequality, we get
E([m] x [n],2) > E([11M — 3] x [3N + 2M], 2)
> Eo([11M — 3] x [3N + 2M],2)
>4M(N +1).
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Next, let us consider the upper bound of E([m] x [n],2). We start from

some simple grid graphs.

Theorem 5.24 (Morris [23|). Let m be any positive integer. Then

1. E([m] x [1],2) = |2t |

2. E([m] x [2],2) = | 2mt2 |

3. E(lm] x [3],2) = | 2mt3) |

Proof. To calculate E([m] x [1],2), note that for any minimal percolating set
A, it contains at most two out of each three consecutive vertices of [m] x [1]

(otherwise the middle seed would contradict minimality of A), which implies

EWMMﬁS%%Q

Moreover, when m = 0 (mod 3),

{(4,1):iem—2],i=1o0r 2 (mod 3)} U{(m,1)}

is a minimal percolating set of cardinality {2(";“)] On the other hand, when

m=1or2 (mod 3),

{(#,1) i€ [m],i=1or 2 (mod 3)}
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2(m+1)
3

is a minimal percolating set of cardinality L J . Therefore, we get the first

equation.

To calculate E([m] x [2],2), let A be a minimal percolating set of [m] x [2].
Then, A has to contain two seeds (s, 1), (¢,2) such that |s —¢| < 1 (otherwise,
A would not percolate in [m] x [2]). If s =t and (s, 1) is one of the end vertex
of the first row of [m] x [2], without loss of generality, suppose A contains
(1,1),(1,2), then A does not contain any vertex in the second column because
its minimality, and A can contain at most 2 seeds in every consecutive three
columns starting from the third column to the right end of [m] x [2] (otherwise,
if A contained more than 2 seeds in such consecutive three columns, at least
one of them would be wasted, which contradicts minimality of A), as illustrated
in Figure 5.12. Thus,

) <24 | A 2ED | 22

If 1 < s=1t< m,then A contains vertices neither in the (s — 1)-th column nor
in the (s + 1)-th column because its minimality, A can contain at most 2 seeds
in every consecutive three columns starting from the (s + 2)-th column to the
right end of [m] x [2], and A can contain at most 2 seeds in every consecutive
three columns starting from the (s — 2)-th column to the left end of [m] x [2],
as illustrated in Figure 5.13. Thus,

Al < L2(3—32+1)J+2+{2(m—33—1+1)J < LMJ
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If2<s<s+1=t<m—1, then by minimality of A, A contains at most 2
more seeds in
{(i,j) ;s —2<i<s+3,1<j<2},

other than (s, 1), (t,2) (precisely, A contains at most 1 seed in the (s — 2)-th
and (s — 1)-th columns, and at most 1 seed in the (s + 2)-th and (s 4 3)-th
columns), and A can contain at most 2 seeds in every consecutive three columns
starting from the (s + 4)-th column to the right end of [m] x [2], and A can
contain at most 2 seeds in every consecutive three columns starting from the

(s —3)-th column to the left end of [m] x [2], as illustrated in Figure 5.14. Thus,

4] < LWJ e LQ(m—SS—BJrl)J . F(m; 2)J'

Finally, by the same argument as above, we can also obtain |A| < {WJ for

other trivial cases. Meanwhile, if m = 0 (mod 3), then

{((,1):1<i<m—1,i=1o0r2 (mod3)} U{(m,2)}
is a minimal percolating set of cardinality {@J If m =1 (mod 3), then
{(,1):1<i<m-—1,i=1o0r 2 (mod3)} U{(m,1)} U{(m,2)}
3

is a minimal percolating set of cardinality {MJ If m =2 (mod 3), then

{(6,1):1<i<m—=2i=1or2 (mod3)}U{(m—1,1)} U{(m,2)}
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is a minimal percolating set of cardinality {%J Therefore, the second

equation is proved.

To calculate E([m] x [3],2), again let A be a minimal percolating set of
[m] x [3]. We prove the third equation by induction on m. If m < 2, then
the third equation immediately follows the first one and the second one. If
m = 3, note that every consecutive 2 columns contain at most 3 seeds. If the
first 2 columns contain 3 seeds, then they are internally A-spanned and the
3-rd column can contain at most 1 seed, which implies |A| < 4; if the first 2
columns contain at most 2 seeds, then we can get |A| < 4 too because the 3-rd

column can have at most 2 seeds. Moreover, {(1,1),(1,2),(3,2),(3,3)} is a
minimal percolating set of [3] x [3]. Thus, E([3] x [3],2) =4 = L@J If

m = 4, then again every consecutive 2 columns contain at most 3 seeds. If
both the first 2 columns and the last 2 columns contains at most 2 seeds, then
|A| < 4; if the first 2 columns (the 1-st and the 2-nd columns) contain exactly
3 seeds, then they can get internally infected by A, and so A needs to have
only one more seed in the 4-th column, which implies |A| < 4; likewise, if the
last 2 columns contain exactly 3 seeds, we can obtain |A| < 4 too. Moreover,

{(1,1),(1,3),(2,2),(4,1)} is a minimal percolating set of [4] x [3]. Thus,

BE(4] % [3],2) =4 = LMJ .

3

Now, suppose m > 5, and assume the theorem is true for any grid [p] x [3] with
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p < m. Suppose first there exists an internally A-spanned (k x 3) rectangle
R that does not include the last two columns (the (m — 1)-th and the m-th
columns) of [m] x [3]. Then, the vertices to the left of R do not need the help
from the vertices to the right of R. Besides, since any two consecutive columns
contain at least 1 seed, R can be spanned to right until (m — 3)-th column
or (m — 2)-th column get infected. So, [m — 3] x [3] or [m — 2] x [3] must be
internally A-spanned. For the former case, A can contain exactly 2 more seeds

in the last three columns, which implies
LMSMW—&XM@+2§%{+—:k——_

for the latter case, A can contain exactly 1 more seeds in the last two columns,

which implies

2 1 2 3
\Msmm—mw%nﬂgrﬁ§J]szﬂ§J]
Next, suppose no such a rectangle R exists. Since A percolates in [m] x [3], it
has to contain two seeds with distance at most 2, which implies there exists an
internally A-spanned (1 x 2) or (2 x 2) rectangle T'. By symmetry of the grid,

we can assume 7' is included in the first two rows and does not intersect the last

two columns of [m] x [3] because m > 5. Let the bottom-left corner vertex and
bottom-right corner vertex of T" are (¢;,1) and (9, 1), respectively. Note that
the (¢; —1)-th column and (¢; —2)-th column contain at least 1 seed. Due to non-

existence of R, (t; —1,3) is not a seed. If (t; —2, 3) is a seed, then by minimality
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of A, any other vertex in the (¢£; — 1)-th column and (¢; — 2)-th column cannot
be a seed. If neither (¢, —1,3) nor (t; —2,3) is a seed, then again by minimality
of A, exactly one vertex amongst {(t; — 1,1), (t; — 1,2), (t1 — 2,1), (t1 — 2,2)}
is a seed, and T' can be extended to the left to a bigger internally A-spanned
((ta —t1+14+1) x2) or ((ta —t; + 1 + 2) x 2) rectangle. The same argument
is valid too to the columns to the right of 7'. In the process of spanning 7" to

both directions, if we got an internally A-spanned rectangle
S={(i,7): 81 <i< 59,1 <5<2}

including 7" such that both (s; — 2,3) and (s2 + 2, 3) are seeds, then neither of
the two sets {(7,7) 11 <s1—3,1<j<3}and {(i,7) :i <sy+3,1<j <3}
is internally A-spanned (because of non-existence of rectangle R), and at least

one of the two sets
Sy ={(i,7) i < s —3,2<j <3 U{(s1 —2,3)},
Sy ={(i,) i > 524+3,2<j <3 U{(s2+2.3)}

(illustrated in Figure 5.15) is internally A-spanned (otherwise, A could not
percolate in [m] x [3]). Without loss of generality, assume S; was internally
A-spanned, then the rectangle {(i,7) : i < s9,1 < j < 3} would be internally
A-spanned, which contradicts non-existence of R. Therefore, when T spanned

to the left and the right, arise only three possible cases:

1. [m — 3] x [2] is internally A-spanned;
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2. [m — 2] x [2] is internally A-spanned;

3. there exists an internally A-spanned rectangle S = V([l] x [2]) such that

I <m—4andd(S,A\S)>3.

If case 1 (but neither case 2 nor case 3) happens, then the (m — 2)-th column
contains no seed, and the last two columns contain at most 2 seeds (otherwise,
the last two columns would form an internally A-spanned (2 x 3) rectangle,
which would contradict the assumption that no such a rectangle R exists),

which implies

A] < E(fm—3] x [2,2) +2 < L@J Lo {MJ

3

If case 2 (but neither case 1 nor case 3) happens, then the last two columns

contain at most 2 seeds (because of minimality of A), which implies

Al < B(jm—2] x [2,2) +2 < f?mJ bo- {@J

If case 3 happens, then the set
So={(i,7) : 1+2<,2<j<3}U{(l+2,3)}

(illustrated in Figure 5.16) has to be internally A-spanned (otherwise A would
not percolate in [m] x [3]), and no seed lies out of S U Sy (because of non-

existence of the rectangle R). Hence, we obtain two internally A-spanned
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rectangles S and Sy U {(l 4 2,2)} containing all the seeds. Therefore, by the
induction assumption,
A< B x 21.2) + E(fm— 1~ 1) x 2.2
< {2([ +2)J N V(m -1+ 1)J

3 3

[

By now, we have shown that E([m] x [3],2) < L@J for any positive integer

m. Furthermore, if m =0 (mod 3), then the set

{(4,1),1<i<m,i=10r2 (mod 3)} U{(m,2),(m,3)}

is a minimal percolating set of cardinality F("??’)J. If m =1 (mod 3), then

the set
{(,1),1<i<m—1,i=1o0r2 (mod 3)} U{(m —1,2),(m,3)}
is a minimal percolating set of cardinality V(mTJrg)J Finally, if m = 2 (mod 3),
then the set
{(1,1),1<i<m—2,i=1o0r2 (mod 3)} U{(m —2,2),(m,2),(m,3)}

is a minimal percolating set of cardinality {@J, which finishes the proof

for the theorem. O



5.3. LARGEST MINIMAL 2-THRESHOLD PERCOLATING SETS OF 2-DIMENSIONAL GRID 141
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Figure 5.13: A minimal percolating set A of [m| x [2] containing (s, 1), (s, 2)
with 1 <s<m
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(s1—2,3) (s2 4+ 2,3)

(5171> <S271>

Figure 5.15: An internally A-spanned rectangle S and two other sets 57, Sy

(1+2,3)

(1)

Figure 5.16: An internally A-spanned rectangle S = [I] X [2] and another set Sy
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Now, we introduce a binary relation over all the rectangles in [m] x [n]. For
an (a x b) rectangle S and a (¢ x d) rectangle T' in [m] X [n], define S <g T if
and only if

min{m — a,n — b} > min{m — ¢, n — d},
or

min{m—a,n—>b} = min{m—c,n—d} Amax{m—a,n—>b} > max{m—c,n—d}.

Obviously, this relation depends not on the positions but on the widths and
heights of rectangles. It is trivial to check the relation “<g” is transitive.

Moreover, if a rectangle S is properly included in another rectangle 7', then

S<RT.

Lemma 5.25 (Morris [23]). Let S be a (p X q) rectangle, and T be a (k x [)

rectangle in the grid [m| x [n]. If a S <g T, then

kl+p(n—1)+q(m—k) < mn.

Proof. Note that

kl+p(n—0)+q(m—k)=mn+(m—k)(n—1)—(m—p)(n—10)—(m—k)(n—q).

If p <k, then (m —k)(n—1) < (m—p)(n—1). While if p > k, then ¢ <[, and

so (m—k)(n—1) <(m—k)(n—q). In both cases, the lemma follows. O

For general 2-dimensional grid [m] x [n], the following theorem gives an

upper bound of E([m] x [n],2).
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Theorem 5.26 (Morris [23|). Let m,n > 2 be two integers. Then

E([m] x [n],2) < (m+225(n—|—2) = émn—k %(m—kn) + %

Proof. We prove the theorem by induction on m + n.
If 2 < min{m,n} < 3, then the result immediately follows Theorem 5.24.

Now, let m,n > 4, let A be a minimal percolating set of [m] x [n], and

(P+2)(g+2) _

assume for any [p] x [¢] with p, ¢ > 2 and p+q < m+n, E([p|x][q],2) < 5

By induction assumption, for any subgrid [p] x [g] of [m] x [n] with p,q > 2,
E([p] x [q],2) < w. Let S C V([m] x [n]) be a maximal (under the
relation <pg) internally A-spanned (k x ) rectangle with kI > 2 (such a

rectangle must exist due to transitivity of <z and m,n > 4). We shall

distinguish several distinct cases.

Case 1. Either k = m or [ = n. Without loss of generality, suppose & = m.
Since any two consecutive rows of [m] x [n] contain at least 1 seed, S is maximal,
and A is minimal, we must get [ =n — 1 or n — 2, and S covers the 1st or the
n-th row of [m| x [n], and |A\ S| = 1. Hence, by the induction assumption
and m > 4, we get

Al < E([m] x [n—1],2) +1

1 1 2
gém(n—1)+§(m+n—1)+§+1

L +1( + )+2+(1 1 1)
=-mn+-(m+n = —=m— =

6 3 3 6 3
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<1 +1( +)+2
=mn —{m n -.
~ 6 3 3

Ifk<mandl<n,let B=A\S and T = (B). Define the 2-fringe of S as
F(S,2) ={veV(m] x[n]):d(v,S) <2}

If |B| > 1, then by maximality of S and minimality of A, no seed in B will
lie in F(S,2). So, either |[B| =1 or d(S, B) > 3. Since the infection process
of any set of seeds just consists of a series of rectangle span (two rectangles
with distance at most 2 span a bigger rectangle), T" is the union of some
rectangles (with pairwise distance at most 3). If 7" was a union of more than
1 rectangles, that is T = U!_,T;, then at least one of Ty, --- ,T; must have
distance at most 2 with S because A percolates in [m] x [n]. Without loss of
generality, let 77 be such a rectangle included in 7. Then, by maximality of .S,
(S,T1) = V([m] x [n]), which implies the seeds in Ty, --- ,T; would be wasted,
and would contradict minimality of A. Thus, T" must be a single rectangle
internally spanned by B, the sets A\ S and B are minimal percolating sets
of S and T respectively, d(S,T) < 2, and (S,T) = V([m] x [n]). Note that
once |B| > 2, since d(S,B) > 3 and d(S,T) < 2, B has to contain seeds in
distinct rows and distinct columns, and so both the width and height of T’
are at least 2. Moreover, if S contained no corner vertex of [m] x [n], then
since (S,T) = V([m] x [n]), T would have to contain two corner vertices of

[m] x [n], and so S <gr T', which would contradict maximality of S. Thus, S
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on L

Figure 5.17: S = [k] x [I] and its 2-fringe F'(S,2)

must contain at least one of the corner vertices of [m] x [n]. Without loss of

generality, suppose S = [k] x [I] (illustrated in Figure 5.17).
Case 2. k <m,l <n,and |B| =1. In this case, k=m —1,l=n—1,

and T'= B = {(m,n)}. So, by the induction assumption and m > 4, we get

Al < E(jm—1] x [n—1],2) +1

<D m— 4D 240
6 3 3
§ém(n—1)+%(m+n—1)+§+1
:lmn+1(m+n)+g+(l—lm—1)
6 3 3 6 3
<1mn+1(m+n)+g.
~— 6 3 3

Hence, suppose |B| > 2 from now.



5.3. LARGEST MINIMAL 2-THRESHOLD PERCOLATING SETS OF 2-DIMENSIONAL GRID 147

Case 3. k<m,l <mn, |B|>2,and S, T neither overlap rows, nor overlap
columns. In this case, T' can be included in neither a single row nor a single
column of [m] x [n] (because d(S,B) > 3), and T' = [k + 1,m] x [l + 1,n]
(because d(S,T) < 2). Thus,

Al < E([k] x [1],2) + E([m — k] X [n —1],2)

1 1 2 1 1 2
<kl (kDA odm—k) -0+ =(m—k+n—10)+=
<3 +3(+)+3+6(m )(n )+3(m +n )+3
1 1 2 2 1
:6mn+§(m+n)+§+ g—g(k(n—l)+l(m—k))
<1mn+1(m+n)+2
— 6 3 3’

because k,l,m — k,n—1> 2.

Other than Case 3, S, T will overlap columns or rows. Without loss of

generality, suppose S, T overlap columns.

Case 4. k <m, | <mn, |B| =2, and S,T overlap columns. In this case,
there must be at least a seed in B lying in the first £ columns and at least a
seed in B lying in the last m — k columns of [m] x [n|. Consequently, k < m —1

and [ <n — 3. So,
Al < E(jm —1] x [n—3],2) +2

1 1
Sé(m—1)(n—3)—|—§(m—1+n—3)+—+2

1 1 2 1
zémn+§(m+n)+§+6[—3m—n+7]
<1 +1( + )+2

=mn —\m n -
~6 3 3’

because m,n > 4.
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Case 5. k <m, | <mn, |B| =3, and S,T overlap columns. In this case,
again, there must be at least a seed in B lying in the first k£ columns and at
least a seed in B lying in the last m — k columns of [m] x [n]. Consequently,
k<m—1andl<n-—3. So,

Al < E(J]m—1] x [n—3],2) + 3

1 1 2
gE(m—1)(n—3)+§(m—1+n—3)+§+3
-1 +1( + )+2+1[ 3 + 13]
—6mn 3m n 3 6 m n

<1 +1( + )+2

_6mn 3m n 3’

because m,n > 4.

Other than the above cases, suppose |B| > 4. Then, there exists two disjoint
internally B-spanned rectangles P, Q) such that d(P,Q) < 2 and (P,Q) = T.
If one of P, @ had distance at most 2 with S, then the seeds in the other one
would be wasted due to maximality of S. Thus, d(S, P) > 3 and d(S, Q) > 3.
Let P be a (p x s) rectangle, and @ be a (t x q) rectangle. If min{p, s,t,q} =1,
without loss of generality, suppose min{t, ¢} = 1 but |BNQ| > 2, and let uy, us
be two end vertices of @, define @1 = (BN Q \ u1) and Q2 = (BN Q \ ug).
Since d(P, Q) > 3 and d(P,Q2) > 3 would cause d(P, Q) > 3, at least one
of d(P,Q1),d(P,Qs) is at most 2. Then, if d(P, Q) < 2, we can update P, Q
as (P, Q1) and (uy), respectively. Anyway, we can get two disjoint internally
B-spanned rectangles P, @ such that d(P,Q) < 2, (P,Q) =T, |Q| = 1 and

both the width and the height of P are at least 2.
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Case 6. k < m, | < n, |B] >4, S,T overlap columns, d(P,Q) < 2,
(P,Q) =T, d(S,P)>3,d(S,Q) >3, |Q| =1, both the width and the height

of P are at least 2, and .S, P overlap columns. In this case, it is trivial to check

1

én(m—p)—i—%(m—k)z I(k—p)+1

|~

by considering cases when kp > and when £ < p. Hence, by induction

assumption, we get

Al < E([k] x [1],2)+ E([p] x [n —1—2],2) +1

1 1 4
< ckl4pn—pl=2p)+(k+p+n—2)+2+1

1 1 2
= glmn —nim —p) +i(k —p)l+ gm+n—(m-k)]+7+1
<+ +1( + )+2

Case 7. k < m, | < n, |B] >4, S,T overlap columns, d(P,Q) < 2,
(P,Q) =T, d(S,P)>3,d(S,Q) >3, |Q| =1, both the width and the height
of P are at least 2, and S, P do not overlap columns. In this case, since S,T
overlap columns, @) has to overlap a column with S. Since d(P, Q) < 2 and
d(S,P) > 3, P does not overlap rows with S either (observe Figure 5.17).
Subsequently, either p=m—kand s <n—Il—lorp=m—k—1and s <n—I[.

Besides, it is trivial to check
(k+1)(n—=0)+Ilm—k)>m+2k+3>9,

and

kn—=0)+{+1)(m—k)>2m+k>09.
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So, by the induction assumption, either

Al < B([k] % [1],2) + E(Im — k] x [n— 1 —1],2) + 1

1 1 4
S6(kl+mn—ml—m—kn+kl+k)—l—g(m—i-n—1)+§—|—1

1 1 2 1 1 2
:émn—l-g(m—i-n)—i-g—6[k5(n—l)+(l+1)(m—k)]—3—1—5—1—1
< Srn L (m ) 4
< gmntg(m+n) + 3,

Al < B(k] % [1],2) + E(Im — k — 1] x [n— 1],2) + 1

gé[kl—l—(m—k—1)(n—l)]+%(m+n—1)+§+1

1 1 2 1 1 2
< Lont (mn) + 2

Now suppose min{p, s,t,q} > 2. Since S, T overlap columns and (P, Q) =T,
we may suppose without loss of generality that S, P overlap columns. Since
d(S,P) >3 and s > 2, weget n — 1 >4 and s < n — 1 — 2. If the height of
T is equal to ¢, then ) would contain two corner vertices of T, and we would
choose two rectangles P, ) in T with |P| = 1, and so it would go to above cases.

Thus, the height of T" is bigger than ¢. Similarly, the width of T" is bigger than

p. Therefore, it suffices to investigate the last two cases.

Case 8. k<m,l <n, |Bl >4,dPQ) <2 (PQ) =T, d(S, P)> 3,

d(S,Q) > 3, min{p, s,t,q} > 2, S, P overlap columns, and S, T overlap both
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columns and rows. In this case, () has to overlap rows with S, and so t <
m — k — 2. Thus, by the induction assumption and Lemma 5.25, we get

Al < E((K] < [I],2) + E([p] x [n =1 =2],2) + E([m — k — 2] x [¢], 2)

1 1
§6[kl+p(n—l—2)+q(m—k—2)]+§(m+n+p+q—4)+2
1 1 1 2
=gkl +pn =) +am—k)]-sp+a+3mt+ntp+a+3
< Lo+ Lman)+ 2

_6mn 3m n 3

Case 9. k< m,l <n, |B|>4,dPQ) <2 (PQ)=T,dS,P) >3,
d(S, Q) > 3, min{p, s,t,q} > 2, S, P overlap columns, and S, T overlap columns
but not rows. In this case, since d(S,Q) > 3 and d(S,T) < 2, @ overlaps

neither columns nor rows with S, and sot <m — k and ¢ <n —[. Let
M= (k=p)n—1)+(m—=Fk)(n—q)=(m=p)(n—1)+m-=Fk(l-q).
Ifk>p+2,thenby ¢g<n-—1[1—1andp<m— 2, we have
M>(k—=p)n—0)+m—k(@+1)>2n—10)+2>2¢+4.
Ifk<p+1,thenby T <z S, we have l > q—1. If k <m — 2, then
M>m-—p(n—=0+m—k)>2n—1)+2>2q+4.

On the other hand, if & = m — 1, then since d(S, B) > 3, the set B contains

no vertex in the (I 4 1)-th row of [m| x [n|, which implies ¢ <n —1— 2, and so

M>(m-p)(n—1)>2n-1)>2q+4
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In summary, we always have M > 2q 4+ 4. Therefore, by the induction

assumption, we get

[ Al < E((K] < [1],2) + E([p] x [n =1 =2],2) + E([m — k] x [¢],2)

1 1
§6[kl+p(n—l—2)+q(m—k)]+§(m+n+p+q—2)+2
1 1 1 4
:g(mn—M—Zp)—f—g(m—Fn)—l—g(p+q)+§
<1( 2q — 4 2)+1( +)+1(+)+4
_Gmn q p 3m n 3]9 q 3
1 +1( N )+2
=-mn+—-(m+n)+ =
6 3 3’
which finishes the proof of the theorem. O

In this chapter, we introduced a lot of results about percolating sets of grid
graphs. Our discussion is consistently centred at the big question mentioned
at the beginning of the chapter — what information about minimum /minimal
percolating sets of grid graphs can we get exactly or approximately under
different selection of parameters? The results in this chapter partially answered

this question.



Chapter 6

Bootstrap Percolation on Trees

Trees are minimal connected graphs. Their importance has grown considerably
in view of their wide applicability in theoretical computer science. In this
chapter, we shall introduce some results about bootstrap percolation on trees.
As in previous chapters, our discussion will be concentrated on minimum
or minimal percolating sets too. We are going to work out the bounds for
minimum /minimal percolating sets of trees first, then discuss under what
conditions these approximate values can become exact values. In addition, we
shall show a recursive algorithm for constructing the minimum percolating sets

of trees. The results in this chapter mainly come from the paper [33] by Riedl.

By the facts mentioned in Section 2.1, it suffices to consider r-threshold

percolation on trees of order n with 2 <r <n — 1.

Throughout the chapter, we call every non-leaf vertex of a tree T" an internal

vertex of T'.

153
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6.1 Bounds for Minimal Percolating Sets of
Trees

This section is for the cardinality of minimum or minimal percolating sets of
trees. We shall first discuss the bounds for minimum /minimal percolating sets
of trees, then check whether these bounds are the optimal results under the
given parameters. In addition, as mentioned in Section 5.3, another interesting
question in bootstrap percolation is what is the range for cardinalities of
minimal percolating set. Hence, we will try to answer this question on trees by
investigate the gap between minimum and largest minimal percolating sets of
trees.

First, let us consider the bounds for minimal percolating sets of trees.
The next theorem partially comes from Riedl [33|, where the argument about

tightness of the lower bound is new work presented in this thesis.

Theorem 6.1. Let T = (V| E) be a tree of n vertices, r be an integer with

2<r<n-—1,and L ={x €V :degs(x) <r}. Then,

- 1 L
[rn n+ —‘ <m(T.r) < B(T.r) < {rn%—’ ’J
r r4+1

Moreover, for any integers n,r satisfying 2 < r <n — 1, both the lower bound

and the upper bound are tight for some trees with n vertices.

Proof. These two bounds come from Lemma 2.2 and Lemma 2.3 with |E| =

n — 1. Hence, we just show some trees of order n reaching these bounds.
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To show the tightness of the lower bound for any integers n,r satisfying

2 <r <n-—1, we distinguish several cases.

Case 1. n=r+bwith 1 <b <r — 1. In this case,

rn—n-+1 —n—+1 —b+1
- | =n+ =n—1+ =n-—1.

r r r

We construct a tree T as a star with n — 1 leaves. Then, the set of all the
leaves of T' is an r-threshold percolating set of cardinality n — 1. Therefore,

the lower bound is tight in this case.

Case 2. n = kr for some integer k£ > 2. In this case,

{7%—?“—71—1—1-‘ =n+ [#W =n—k+1=Fk(r—-1)+1
We construct a tree T'= (V| E) as follows. Let V = Ule V; where Vi, --- | Vj
are pairwise disjoint, each V; contains r vertices, and label the vertices in
Vi={2!:j=1,---,r}. Foreachi=1,--- k, let the induced subgraph
T[V;] be a star centred at x%. Finally, for each i = 2,--- |k, add z} — 2% to E
(illustrated in Figure 6.1). By such construction, T is a tree of order n = kr.
Now, let A = 1V, U {x; 12 <4 < k,2<j<r} be initially infected. Then,
|A] = k(r — 1) + 1 and the initially clean vertices are just zi’s with 2 < i < k.
For each 2 < i < k, o} can get infected in the first step of infection process

starting from A because it has r infected neighbours x%, -+ , 2% and z{. Thus,
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Figure 6.1: A tree T of order n = kr with k > 2 and r = 4.

A is an r-threshold percolating set of cardinality k(r — 1) + 1. Therefore, the

lower bound is tight in this case.

Case 3. n = kr + b for integers k,b with k > 2 and 1 < b <r — 1. In this

case,

[ww R [MW - rbﬂw — k(r— 1) +b.

r r r

We construct a tree T = (V, E) as follows. Let V = (Jf, X;) UY where
Xi, -+, Xy and Y are pairwise disjoint, each X; contain r vertices, and |Y| = b.
Label the vertices in X; = {2} :j=1,--- ,;r}andin Y = {y; : j = 1,--- ,b}.
For each i = 1,--- , k, let the induced subgraph T[X;] be a star centred at ¢,

and let T[Y] be a star centred at y;. Finally, for each i = 1,--- |k, add y; — !
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-_———— -

Figure 6.2: A tree T of order n = kr +b with k > 2 and 1 < b <r — 1 when
r=4and b= 3.

to E (illustrated in Figure 6.2). By such construction, 7" is a tree of order
n=kr+b. Now,let A=Y U {a:; :1<i<k,2<j<r} be initially infected.
Then, |A] = k(r — 1) + b and the initially clean vertices are just z%’s with
1<i<k. Foreachl <i<k, le can get infected in the first step of infection
starting from A because it has 7 infected neighbours z%,- - , 2% and y;. Thus,
A is an r-threshold percolating set of cardinality k(r — 1) + b. Therefore, the

lower bound is tight in this case.

To show the tightness of the upper bound, for every integer n,r with

2 <r <n-—1, construct a tree T as a star of order n. In this case, |L| =n —1,

and so V;fi'f lJ = n — 1. Besides, the set of leaves of T' is an r-threshold
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minimal percolating set of cardinality n — 1. Therefore, the upper bound is

tight too. O]

Tightness in Theorem 6.1 indicates that those bounds are the best ones one
can achieve for trees. Besides the bounds, whether all the minimal percolating
sets have roughly the same cardinality is another interesting question. So
next, let us consider this question by investigating the gap between minimum

percolating sets and largest minimal percolating sets of trees.

Lemma 6.2 (Riedl [33]). Let T' be a tree of order n, r be an integer with
2 <r <n-—1, L be the set of leaves of T\, A be a minimal r-threshold
percolating set of T', and w be the number of wasted edges of the percolation
process starting from A. If (L), = L and every internal vertex has degree at
least r, then w < —("_11(7"_1).

Proof. Since A percolates on T" and (L), = L, A has to contain internal vertices
of T. Let B C A be the set of all the internal vertices in A, and u be the total

number of used edges after A percolates. Then, u +w =n — 1.

First, we shall show that we can always choose a percolation process starting
from A such that every wasted edge is incident with a vertex in B. Suppose
Eyw is a set of all the wasted edges of some percolation process P starting
from A, and k edges in Ey, are incident with vertices in B. If £ < w, then
suppose x — y € Fy is an edge not incident with any vertex in B and x is

an internal vertex of 1" (z,y cannot be leaves simultaneously because n > 3).
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Note that deleting the edge x — y would give us two subtrees of T'. Let T, be
one subtree containing x, and T, be another subtree containing y. Since z —y
is wasted, T}, can be internally infected by ANV (T}), and T, can be internally
infected by ANV(T,). Since (L), = L, x must get infected with help of a seed
in BNV(T,). Suppose g —x; — - -+ — x4 = x is the path of used edges (in the
percolation process P) connecting a seed xg € BNV (T,) and z (illustrated in
Figure 6.3). Now, define Ej, = Ew U{z¢ — 21} \ {z — y} and construct a new
percolation process P’ also starting from A as follows (illustrated in Figure

6.4).

1. V(T,) is internally spanned by AN V(7). This phase works just as it

does in the percolation process P.

2. x is infected by some of its neighbours and y. This phase works well
because at the time when x get infected in the process P, x has at least
r infected neighbours in V(7)) and the infection of these neighbours
does not rely on the infection of . Now in the process P, since xy — 1
becomes a wasted edge, x; cannot get infected with help from x(, then
xo cannot get infected with help from zq, etc. Finally, x = x4 cannot
get infected with help from x4 1. That is equivalent to having x lost an
infected neighbour in V(7,) but got a new infected neighbour y. Thus, =

can get infected before the vertices x1,--- ,x4_1 are infected.

3. V(T}) is internally spanned by AN V(T},) and z. By the same argument
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Figure 6.3: The r-threshold infection process of zq,--- ,24 = x and y in P
where r = 3, the thick lines represent used edges, the thin lines represent
wasted edges, and the arrows represent infection directions.

: g
Lo O—t— e <1<f<o

Figure 6.4: The r-threshold infection process of y, x4y = x,--- , 1 in P’ where
r = 3, the thick lines represent used edges, the thin lines represent wasted
edges, and the arrows represent infection directions.

in the preceding phase, x4 1, --- , 2 will get infected in turn. Then, other

vertices of T}, can get infected just as they do in the process P.

By the description of P’, it is a percolation process starting from A whose
wasted edges are EY;,. Moreover, there are exactly k 4 1 edges in Ej;, incident
with vertices in B (because we just remove = — y from Ey and add a new
wasted edge xg — x1 to Ey ). Thus, from Eyy, we get a new percolation process
along with a new set of wasted edges containing one more edge incident with
vertices in B. Repeating this operation, we can finally get a set Ey, of all the
wasted edges of some percolation process starting from A such that every edge

in Ey is incident with a vertex in B.

Next, we assert that every seed in A is incident with at most r — 1 wasted

edges in Ey. Otherwise, if v € A was incident with r wasted edges v —
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ry, - ,0—x, € By, for each i = 1,--- ,r, let T; be the one of two subtrees
of T' containing x; when deleting the edge v — x;. Then, for each 1 =1,--- ,r,
since v — x; is wasted, x; could be infected by ANV(T;). Subsequently, v could
be infected by r infected neighbours 1, --- ,z, at some time, which implies
A\ {v} can percolate on T and contradicts minimality of A. Thus, every seed
in A is incident with at most » — 1 wasted edges in Ey, and so w < (r — 1)|B].

On the other hand, by Lemma 2.3, |B| < u. Thus,

w<(r=1|B|<(r—Nu=(r—-1)n-1-w),

and the lemma follows. O

Lemma 6.2 gives us a bound for the gap between minimum and largest
minimal percolating sets of trees with some special properties. We introduce it

in the following lemma.

Lemma 6.3 (Riedl [33]). Let T be a tree of order n, r be an integer with
2<r<n-—1, and L be the set of leaves of T. If (L), = L and every internal

vertex has degree at least r, then

and
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Proof. Let A be a minimal r-threshold percolating set of 7. Then, by Lemma
6.2 and the relation between used edges and the corresponding percolating set
mentioned in Section 1.1, we have

(=1 1)

(n=1)=r(n—|A) = (0 —1) —u=w< L,

and so

2 _
wgw,

r

which proves the first inequality of the lemma.

On the other hand, by Lemma 2.2, we have n — =1 < m(T,r). Thus,

T

Eaﬁﬁ—mahﬁggilﬂﬁil_<n_n—1>

m
The next lemma is useful to the following argument.
Lemma 6.4. Let {*,32,--- 7= be a series of real numbers with every b; > 0.
1 2 m

Then

Proof. Let M = maxcim){#:}. Then, for every i € [m], we have 3 < M, and
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so a; < b;M. Hence, we get

m

> a; < Em:biM:M (ib) :

i=1 i=1 i=1
and the lemma follows. O

Now, we extend the result about the gap between minimum percolating sets
and largest minimal percolating sets in Lemma 6.3 with a strategy of removing

the conditions on leaves and degrees of internal vertices.
Theorem 6.5 (Riedl [33]). Let T be a tree of order n, r be an integer with
2<r<n-—1. Then,

E(T,r) —m(T,r) < (7’_120#

Proof. First, we dispose of the condition imposed on leaves in Lemma 6.3.
Suppose, in hopes of a contradiction, that 7' = (V, E') is a tree of the smallest
order such that (L), 2 L, every internal vertex has degree at least r and
E(T,r)—m(T,r) > % Then, there is a vertex v € V adjacent to at
least r leaves of T'. Let L, be the set of leaves adjacent to v in T', and define
Ti,---, T} be the connected components of ' — ({v} U L,) (the theorem is
obviously true if no such components exist), and for each i = 1,--- |k, let T} be
the subgraph of T" induced by V(77) U{v}. Now, we shall construct a bijection

between the r-threshold percolating sets of 17, - - - , T} and the percolating sets
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of T. For a sequence of sets (Ay,---, Ax) where each A; is an r-threshold

percolating set of T, define

k
n(Ay, - Ax) = (UAZ> UL, \ {v}.

Since each A; is an r-threshold percolating set of T; and v is adjacent to at least
r leaves of T', n(Ay,- -+, Ay) percolates on T'. Conversely, for an r-threshold

percolating set A of T', each component ANV (T;) U{v} of A’s inverse image
N H(A) = AnV(T) U{e}, - ANV(T) U {v})

percolates in T; because v is a leaf of T;. Hence, (A;y,---, Ay) is a sequence
of r-threshold percolating sets of T, -+ , Ty if and only if p(Ay,--- , Ax) is an
r-threshold percolating set of T'. In addition, for any sequence (Ay,--- , Ay) of

r-threshold percolating sets of 11, --- , Ty,

(A, -, Ap)| = (Z(|Az’| - 1)) + | Lol

=1

In particular, suppose for every i = 1,--- , k, A; is an r-threshold minimal
percolating set of T}, and consider n(Ay, - -+, Ag). If we remove a vertex x € L,
from n(Ay, -+, Ag), then n(Ay, -+, Ax) \ {z} cannot percolate on T" because
x will never get infected. If we remove a vertex z € n(Ay, -+, Ag) \ Ly

from n(A;,---,Ag), then there exist some j such that x € A; \ {v}. If
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n(Ay, -+, Ag) \ {z} percolated in T, then A; \ {z} would percolate in T}
because the leaf v is in A; and x # v, which would contradict minimality of A,

on T;. So, n(A, -+, Ax) is a minimal percolating set of 7.

In converse, suppose A is a minimal r-threshold percolating set of T". If some
component ANV (T};) U{v} of n7(A) was not a minimal percolating set of T},
then there exists a vertex x; € ANV(1;) U{v} such that ANV (1) U{v}\ {z}
could percolate in 7;. Note that in this case, ; had to be an internal vertex of
T; because any leaf will never be infected by other vertices. So, x; # v, and so
A\ {z} C A could percolate on 7" which would contradict the minimality of
A. Thus, for every i = 1,--- , k, the i-th component of n71(A) is a minimal

percolating set of T;.

Hence, (Ay,---, Ag) is a sequence of minimal r-threshold percolating sets
of Ty, -+ , Ty if and only if n(Ay,--- , Ag) is a minimal r-threshold percolating
sets of T. By the same argument, (Ay,---,Ay) is a sequence of minimum
(or largest minimal) r-threshold percolating sets of T3, --- , T} if and only if

n(Ay, -+, Ag) is a minimum (or largest minimal) r-threshold percolating sets

of T. Hence, we get E(T,r) —m(T,r) = ZL(E(TZ»,T) —m(T;,r)).

Suppose each T} has order n;. Then, n = (2% (n; — 1))+ 1+ |L,|. Besides,

by the choice of T, for each + = 1,--- | k, every internal vertex of T; has degree

at least r and E(T;,r) —m(T;,r) < % Hence, using Lemma 6.4, we
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get

which contradicts the assumption E(T,r) — m(T,r) > (T_IZ# Therefore,
for every tree T' of order n with every internal vertex has degree at least r, we

have E(T,r) —m(T,r) < %
Next, we dispose of the condition “every internal vertex has degree at least
r” in Lemma 6.3. Again, in hopes of a contradiction, suppose T is a tree of

the smallest order such that 7" has some internal vertices of degree less than

rand E(T,r) —m(T,r) > % Suppose v € V is an internal vertex of
degree less than r. Then, by Remark 2.1, every r-threshold percolating set
must contain v. Now, let 77, -- , T} be the connected components of 7' — v
(the theorem is obviously true if no such components exist), and for each
i=1,---,k, let T; be the subgraph of T" induced by V(7}) U {v}. Following a
similar argument as above, we construct a bijection between the r-threshold

percolating sets of 11, - -- , T} and the percolating sets of T'. For a sequence of
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sets (Ay, -+, Ax) where each A; is an r-threshold percolating set of 7T}, define

O(Ay, - Ay) = (OA)

Since each A; is an r-threshold percolating set of T;, 0( Ay, - - , Ax) percolates
on T'. Conversely, for an r-threshold percolating set A of T', each component

ANV(T;) of A’s inverse image
071 (A) = (ANV(Th), -, ANV(T}))

percolates in T; because v € A and v is a leaf of T;. Hence, (A;, -, Ag) is a
sequence of r-threshold percolating sets of 17, - - - , T if and only if §( Ay, - - -, Ag)
is an r-threshold percolating set of 7. In addition, for any sequence (Ay, -+ , Ag)

of r-threshold percolating sets of T3, | Ty,

B(Ay, -, Ay)| = <Z<\Ai| _ 1)) i1

i=1

By the same argument as above, (A, -+, Ay) is a sequence of minimal (or
minimum or largest minimal) r-threshold percolating sets of 77, - - - , T} if and
only if 0(Ay, -+, Ax) is a minimal (or minimum or largest minimal) r-threshold
percolating sets of T. Hence, we get E(T,r) — m(T,r) = Zle(E(Ti,r) —

m(T;,7)).
Suppose each T; has order n;. Then, n = (Zle(nZ — 1)) + 1. Besides, by

the choice of T', for each i = 1,--- |k, E(T;,r) — m(T;,r) < =1(i=1) Hence,

2
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we have

E(T,r) —m(T,r) _ Y (B(Ti,r) — m(T;, 1)

n—1 Zf:l(ni - 1)

E(T;,T) - m(Ti’r)
< max
i€lk] n; — 1
r—1
< 7
=73

which contradicts E(T,r) — m(T,r) > U=20=D  Therefore, for every tree T

of order n with 2 < r < n — 1, we finally have E(T,r) — m(T,r) < U=20=1

2 )

and the theorem follows. O

The upper bound in Theorem 6.5 is tight for some n and r as in the following

example.

Example 6.6. Construct a tree T = (V, E) of order n for a given integer r > 2
as follows. Start at a vertex v € V' as the root of T'. Let v be adjacent to r
internal vertices vy, - -+ ,v,, and for each i =1,--- ,r, let v; be adjacent to r—1
leaves (illustrated in Figure 6.5). For such a construction, n = 1+r+r(r—1) =
1+72. Let L be the set of all the leaves of T. Then, LU{v1,--- ,v,} is a largest
minimal r-threshold percolating set while L U {v} is a minimum r-threshold
percolating set of T'. Hence,

E(T,r)—m(T,r)=[r(r—1)+7r]—[r(r—1)+1]
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(%1 V2 U3 Uy

Figure 6.5: A tree T for a given integer r = 4

and so the upper bound of the gap between E(T,r) and m(T,r) is tight for T

We mainly introduced the results about bounds for cardinality of mini-
mum /minimal percolating sets of trees. Although these results do not give
exact values for all cases, the tightness of those bounds indicated that they
are the best values one can achieve. In the next section, we will present a

construction of percolating sets of trees.

6.2 Constructing Minimum Percolating Sets of

Trees

As mentioned above, for a given graph, how to get a percolating set containing
as few seeds as possible is not only interesting in theory but also practical for
applications of bootstrap percolation. Fortunately, for trees, it is absolutely

possible to construct percolating sets of a smallest number of seeds — minimum
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o

Figure 6.6: Finding a trailing star S of 71" via identifying a longest path in T

percolating sets — with an algorithm presented by Riedl [33]. So, in this section,
we shall introduce Riedl’s method for constructing minimum percolating sets

of trees.

A critical concept for finding the minimum percolating sets of trees is trailing
stars. For a tree T' other than a single vertex or a single edge (in other words,
the diameter of T" is at least 2), if a star S centred at v is a subtree of T" such
that S is connected to G — S by a single edge incident with v, then S is called a
trailing star of T. To find a trailing star S of any given tree T' whose diameter
is at least 2, one can first identify a longest path 1 — 29 —2x3—---—2;in T and
define L,, = Np(z2) \ {z3}. Note that every neighbour (if there are still some)
of x5 other than xq, x5 must be a leaf of T" because 1 — 19 — 23 —--- — 27 is a
longest path in 7. Then, the induced subgraph S = T'[{z2} U L,,] is exactly a

trailing star of T (illustrated in Figure 6.6).

To explain the procedure of constructing the minimum percolating sets of

trees more clearly, we first make preparation by introducing some lemmas.
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PP

(‘)/
O/

2

T
Figure 6.7: The tree T" in Lemma 6.7

Lemma 6.7 (Riedl [33]). Suppose T' is a tree of order n whose diameter is at
least 2, r is an integer with 2 < r <n, S is a trailing star of T' centred at v,
L={Ns(v)}, T"=T — L is a subtree of T', and A" is a minimum r-threshold
percolating set of T'. If |L| > r, then AU L\ {v} is a minimum r-threshold

percolating set of T.

Proof. Let T = (V, E) (illustrated in Figure 6.7). Note that v € A’ since v is a

leaf of T".

First, consider infection process starting from A’'U L\ {v} = (A"\ {v})UL
in 7. Since the vertices in L are infected neighbours of v and |L| > r, v can
get infected in the first step of the infection process. Then, since A’ percolates
onT' =T —Landve A, {v}U(A"\ {v}) = A’ can infect all the vertices of

T — L. Thus, AU L\ {v} percolates on 7.

Next, consider whether A’ U L\ {v} is a minimum r-threshold percolating
set of T'. In hope of a contradiction, assume B is a minimum percolating set

of T'with |B| < |A"U L\ {v}|. Then, L C B because every vertex in L is a
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leaf of T', but v ¢ B because v can be infected by the vertices in L. Hence,

(B\ L)U{v} percolates on T". However, since |B| < |[A"U L\ {v}|, then

[(B\ L) U{w}] < [[(A"U L\ {o}) \ L] U{v}] = |47,

which contradicts A’ is a minimum percolating set of 7". Therefore, AU L\ {v}

is a minimum 7r-threshold percolating set of T', and the lemma follows. O

Lemma 6.8 (Riedl [33]). Let T' be a tree of order n, x be a leaf of T, and r

be an integer with 2 < r < n. Then,
m(T —x,r) <m(T,r) <m(T —x,r)+ 1.

Proof. Let x be adjacent to the vertex v of T

To prove the first inequality, suppose A is a minimum r-threshold percolating

set of T', then x € A because it is a leaf of T. We are facing two cases.

1. If v € A, then the edge x—v will be wasted (because it joins two seeds) and

A\{x} can percolate on T—x, and so m(T—x,r) < |[A\{z}| = m(T,r)—1.

2. Ifv ¢ A, let ay,--- ,a, be the vertices other than x and get infected after
v does in the percolation process of A on T, and let by,--- , b, be the
vertices other than x and get infected before v does in the percolation
process of A on T. In the forest T'— {v,z}, for each i,7, let A; be

the tree containing a;, and let B; be the tree containing b;. Then,

first, (J;_, V(B;) will be internally infected by A; second, v will be
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infected by r infected neighbours amongst by, - - - , by, x; finally, [ J;_, V/(A;)
will be infected by AN [J._, V(4;)] and v. Now, consider a new set

AUA{v} \ {z} of seeds and its infection process on 7' — x. Note that
Ay, J A, By, - -+, By are all the trees of the forest T'—x —v. First, since
(Au{vi\{=zhH) N (U=, V(B;)) = AN(Uj=, V(B;)), then U;_, V(B;) can
be internally infected by AU{v} \ {z} too. At this time, v does not need
to be infected because it is a seed itself. Second, since (AU {v} \ {z}) N
(U_, V(A)) = An(U_, V(A)), then J,_, V(A;) can be infected by

AU{v}\{z} and v. Hence, AU{v}\ {2} can percolate on T'— z, and so

m(T —z,r) < |[AU{v}\ {2} = |A] = m(T,r).

Therefore, m(T — x,r) < m(T,r).

To prove the second inequality, suppose B is a minimum r-threshold perco-

lating set of T'— z. Then, B U {z} is a percolating set of T'. So,
m(T,r) < |BU{z}|=m(T —x,r)+ 1,

and the lemma follows. O]

Lemma 6.9 (Riedl [33]). Suppose T is a tree of order n whose diameter is
at least 2, r is an integer with 2 < r < n, S is a trailing star of T centred
atv, L ={Ng(v)}, T" =T — L — v is a subtree of T, and A" is a minimum
r-threshold percolating set of T'. If |L| = r — 1, then A" U L is a minimum

r-threshold percolating set of T'.
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PP

[ g g

T/
Figure 6.8: The tree T" in Lemma 6.9
Proof. Let T = (V, E) (illustrated in Figure 6.8) and let w be the neighbour of
vin V(T7).
To show A’ U L percolates on T, consider the infection process of A’ U L on
T. First, A’ can percolate on T’. Thereafter, the vertex v will be the unique

clean vertex of T'. Then, since v has r infected neighbours, namely, L U {w}, it

will get infected. So, A’ U L is indeed an r-threshold percolating set of T

Next, to show A’UL is an r-threshold minimum percolating set of T', assume
B is an r-threshold minimum percolating set of 7" with |B| < |A’ U L|. Then,

L C B because all the vertices in L are leaves of T. Now, we are facing two

cases.

1. If v ¢ B, then since |L| =7 — 1 < r, v has to get infected after w does.
Consequently, B can internally infect V' (7"). In other words, B\ L is a
percolating set of T". However, since |B| < |A’ U L|, then |B \ L| < |A'],

which contradicts A’ is a minimal percolating set of T".

2. If v € B, let us observe T'— L and T". Note that 7" = (T'— L) — v.
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Since v € B, all the edges between L and v will be wasted in the
percolation process of B on T', and B\ L can percolate on T — L. Hence,
m(T — L,r) < |B\ L|. However, since |B| < |A’UL|, then |B\ L| < | 4],
and so

m(T — L,r) < |B\ L| <|A'| =m(T",r),

which contradicts Lemma 6.8.

Therefore, A’U L is a minimum r-threshold percolating set of T', and the lemma,

follows. L

Now, we shall readily describe the procedure MinimumPercSetTree present-
ed by Riedl [33] for constructing minimum percolating sets of trees as follows.

Meanwhile, we characterize the procedure with pseudocode in Algorithm 2.

1. The procedure MinimumPercSetTree has a recursive structure. It takes
a tree T'= (V, E) of order n and a threshold r with 2 <r < n as input,

and returns a minimum 7-threshold percolating set A of T" as output.

2. For the given tree T' = (V,E) of order n and the threshold r with
2 <r < n, define a set A for a minimum r-threshold percolating set of

T, and initialize A as the empty set.

3. Define Ly = {v € V : degy(v) < r} and assign Ly to A because A must
contain the vertices of degree smaller than r. Thereafter, if Ly = V', then

return A because it is already a minimum r-threshold percolating set of T';
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Algorithm 2: MinimumPercSetTree

Input :A tree T = (V, E) of order n, the threshold r with 2 <r <n
Output: A minimum r-threshold percolating set A of T’

define a set A and initialize it as empty;
A—{ve Vi degp(v) <rk
if |A| = n then
‘ return A;
end

(= I ' N VI

decompose T to a series of subtrees 17, - , T, of T' such that

Ui, V(1) =V,U._, E(T;) = E, for each i = 1,- - , s, every internal
vertex of T; has degree at least r and every leaf of T} is in A,

7 fori=1,---,sdo

8 define a set B and initialize it as empty;
9 B« {v e V(T;) : degy, (v) < r};
10 if |B| = |V (7;)| then
11 A+ AUB;
12 continue;
13 end
14 identify a trailing star S centred at v and with leaves L;
15 if |L| < r then
16 | B« LU MinimumPercSetTree(T — L —v,7);
17 else
18 | B« LU MinimumPercSetTree(T — L,r) \ {v};
19 end
20 A+ AUB;
21 end

22 return A;
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otherwise, decompose 1" to a series of subtrees 17, -, T of T such that
U_, V(1) =V, U, E(T;) = E, for each i = 1,--- s, every internal
vertex of T; has degree at least r and every leaf of T} is in Ly (illustrated
in Figure 6.9). Now, define a mapping 7 : [[;_, P(V(T;)) — P(V) by
n(As, -+, As) = U,_; Ai. Then, by the same argument as that in the
proof of Theorem 6.5, (Ay,- -+, Ay) is a sequence of minimum 7-threshold
percolating sets of 17, -+ , Ty if and only if (A, -+, As) is a minimum
r-threshold percolating set of T'. Thus, if for each ¢ =1,--- , s, we can
obtain a minimum r-threshold percolating set A; of T;, then Ule A; will
be a minimum 7-threshold percolating set of T". Hence, our next objective

is to find a minimum r-threshold percolating set of each T;.

4. The decomposition of T" to T1,--- ,Ts can be performed iteratively as
follows. Define ILyr ={v eV :1 <degp(v) <r} ={x1, - ,x,}. First,
we decompose T" to the branches 77, --- , Ty rooted at z; (every branch
contains x; as a leaf). Second, without loss of generality, suppose xs
is in the tree T3, then decompose T} to the branches rooted at xo and
replace T, by these new branches to get a new set 17, - -, T} of subtrees
of T'. Continue this process, one can finally decompose T to a series of
subtrees 11, -+, T, of T such that | J;_, V(T;) =V, U,_, E(T;) = E, for
each i = 1,--- s, every internal vertex of T; has degree at least r and

every leaf of T} is in L.
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Figure 6.9: Decomposition of a tree T' = (V, E) to subtrees T, T5, T3 of T
such that |}, V(T;) = V, U, E(T;) = E, for each i = 1,---,3, every
internal vertex of T; has degree at least 4 and every leaf of T; is in the set
Ly ={v eV :degr(v) <4}
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5. For each 1 = 1,--- ,s, to find a minimum 7r-threshold percolating set
of T;, first identify a trailing star S centred at v and with leaves set L.
Note that degy, (v) = degp(v) > 7 by the definition of T;. Hence, either
|L| = r—1or |L| > r. If |L| = r — 1, then by Lemma 6.9, we can
first recursively invoke MinimumPercSetTree and compute a minimum
percolating set A" of the subtree T' — L — v, thereby obtain a minimum
percolating set A = A’ U L of T;. Otherwise, if |L| > r, then by Lemma
6.7, we can first recursively invoke MinimumPercSetTree and compute
a minimum percolating set A’ of the subtree T — L, thereby obtain a

minimum percolating set A = A'U L\ {v} of T;.

In this chapter, we studied bootstrap percolation on trees from the bounds to
finding the percolating sets. By now, we can say the most important questions

about bootstrap percolation on trees are answered satisfactorily.
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