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ABSTRACT 

In recent years, considerable effort has been placed on understanding tw-phase 

flow in small branches discharging from large pressure vessels that contain a two- 

phase mixture. This effort is due to the importance of the geometrical flow arrange- 

ment to industry. One particular application is to the CANDU nuclear reactor. The 

headerlfeeder arrangement in the reactor is a similar geometry and during a postu- 

lated Loss-of-Coolant Accident, or LOCA, the feeders can experience two-phase flow 

mhich is detrimental to the safety of the reactor. 

Experimental investigations of single-branch discharge have been conducted. These 

investigations have examined the omets of gas and liquid entrainment for branch ori- 

entations of bottom, side, and top. As well. theoretical investigations of the onset 

of liquid entrainment for single and dual side-oriented branches have also been per- 

formed. These investigations have treated the branch or branches as point sinks or 

circular geometry with a finite diameter. Further, for the case of dual-branch dis- 

charge, experimental studies into the onsets of gas and liquid entrainment have been 

performed for two side-oriented branches mith centerlines falling in a vertical plane 

only. To date, t here does not exist a theoretical mode1 for the onset of liquid entrain- 

ment that considers two branches of finite dimensions discharging horizontally wit h 

centerlines falling in an inclined plane. Further, experimental data do not exist for the 

onsets of liquid and gas entrainment for two side-oriented branches wi t h centerlines 

falling in an inclined plane. 

An experimental study was conducted on the onsets of gas and liquid entrainment 

for dual, horizontal discharge from two, 6.35 mm diameter branches wi th  centerlines 

falling in an inclined plane located on the side of a large pressure vesse1 that con- 

tained a stratified twwphase air-water mixture. A test apparatus was utilized that 

permit ted measurement of the test-sect ion pressure, branch separat ion distance, an- 



gle of inclination of the branches, branch flow rates, and the  critical height at the 

onset. The system pressure tvas fixed at 310 k P a  and 510 iîPa for the onsets of 

liquid entrainment and gas entrainment, respectively. The onset \vas measured as the 

distance from the center of the primary branch to the flat air-water interface. It was 

detected visually as the moment the entrainment became continuous: i-e., a liquid 

stream or gas cone kvas entraining into at least one branch. The  primary branch was 

defined as the branch located closest to the air-water interface. The distance between 

the branches \vas cont rolled as well as the angle of inclination. Furt her, the flow rates 

in the branches were measured using the Froude number. For the present investiga- 

tion for both gas and liquid entrainment omets, experimental data were coilected for 

branch separation distances of i / d  = 1.5, 2.0, and 8.0. For separation distances of 

l / d  = 1.5 and 2.0, experimental data were collected for angles of inclination. a. of 0'. 

10°, 30°, and 60". For l / d  = S.O? data were collected for a = 0°, 10". and 30". For 

each l l d  and a combination, four Froude numbers at  the secondary branch. FrZ were 

established. For the onset of liquid entrainment, FP~'s of 9.5. 19.0, 2S.J. and 38.0 

were specified and for the onset of gas entrainment, Fr2's of 13.0. 28.5. -12.5. and 56.6 

were set. LVithin the experimental matrix just described, data  were generated for as 

wide a range of primary branch Froude numbers. F r l ,  as possible. For the onset of 

liquid entrainment, the F r l  range was O to 3S.0 and for the onset of gas entrainment. 

the Frl range was O to 70.0. 

The critical height corresponding to the onsets of gas and liquid entrainment were 

found to be dependent upon the two branch discharge rates, the  separation distance 

between the orifices, and the  angular orientation. Furt her, the data  collected were 

placed into five categories corresponding to five distinct modes of entrainment. The 

categorization scheme developed is analogous for gas and liquid entrainment. 

The onset of liquid entrainment was analyzed theoretically for dual discharge 

through two side-oriented square branches of finite dimension d with centerlines falling 



in an inclined plane; these branches discharge from a large reservoir containing a 

st ratified mixture of two immiscible fluids. The t heoret ical analysis assumes constant- 

property, incompressible Aow under steady-state conditions. Furt her, the effects of 

viscosity and surface tension are neglected. The Row is assumed to be irrotational 

such that potential floiv theory applies. A ciosed-form solution is given that can be 

solved iteratively for the critical height at  the onset. The theoretical mode1 \vas in 

excellent agreement with the experimental data for the onset of liquid entrainment. 
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CHAPTER 1 

INTRODUCTION 

In recent years the nuclear power industry has become increasingly concerned mith 

accident scenarios that involve the loss of reactor cooling fluid. Such an accident 

scenario is termed a Loss-of-Coolant Accident or LOC.4. In a LOC.4 simulation. one 

objective is to determine the distribution of the cooling fluid throughout the reactor 

core. Of primary importance to the simulation is the configuration of the piping 

network that distributes the cooling fluid to the core. 

C.WDU reactors use a piping network that consists of large manifolds (or headers) 

and feeder tubes. A typical header/feeder tube arrangement consists of tivo headers 

situated on either side of the react.or core and the feeder tubes that connect to each 

header and travel through the core. The feeders are spaced at regular intervals along 

the header Iength. .As shown in Figure 1.1, at a given cross section, five feeder tubes 

branch away from the header, two exit horizontally, tivo exit inclined at  4j0, and one 

exit s vert ically downwards. 

With the fixed geometrical arrangement of the header and feeder tubes, two dis- 

tinct flow phenornena may emerge during LOCA. Imagine that the liquid level in 

the header has dropped to the point where it is just above the two horizontal feed- 

ers. For certain conditions in the header, gas cones can get pulled down into the 

horizontal feeder tubes as shown in Figure 1.2. This is similar to what one observes 

when one drains a sink. The phenomenon is called gas pull-through or gas entrain- 

ment. Conversely, if the liquid level drops further to the point where feeder tubes 

are situated above the vapour-liquid interface, the flow of vapour out of the feeder 



cari pull the liquid up the wall and into the tube. This is depicted in Figure 1.3 and 

the phenornenon is termed liquid entrainment. For the situation shown in Figure 1.3. 

it is possible to have liquid entrainment in the feeders above the interface and gas 

entrainment in the  feeders below the interface. Now, depending upon the proportion 

of each phase (Lapour and liquid) that is present in the feeder tube. the cooling of 

the reactor core can range from adequate to insufficient. Thus, the understanding 

of gas and liquid entrainments is of major importance to the nuclear industry. .\t 

the University of Manitoba, over the past several years, experimental and theoret ical 

investigations have taken place that are providing insights into the phenomena of gas 

and Liquid entrainments (a  detailed literature review is given in Chapter 2). 

In order to study these phenomena, simplifications were made to the CASDC 

header/feeder geometry. The diameter of the header was assumed to be large enough. 

such that when compared to the feeder diameter, the header wall curvature is es- 

sentially flat and can be ignored. In addition, the feeder tubes or branches to be 

studied were situated in the horizontal orientation only. As a result, the comples 

headerlfeeder geometry of the CANDU reactor was approximated by a plane verti- 

cal wall with branches oriented horizontally. The simplified geometry is depicted in 

Figure 1.4. The number of branches was also reduced in order to simplify the prob- 

lem further. Initial esperiments and theoretical analyses examined only one branch. 

Building on the success of single-discharge studies, later works examined the case 

of tmo branches. Another simplification was the use of a smooth stratified interface 

which may not be  the  case in the real header. Finally, the gas and liquid entrainment 

phenenorna were initially limited to studying the onsets only. 

The onset of gas or liquid entrainment is the point when single-phase fiow in the 

branch just becomes two-phase. With the liquid level or interface sufficiently above 

the branch, only single-phase liquid is flowing out the  branch as shown in Figure 1.4. 

As the interface drops, the flow of liquid out the branch has the effect of forming a 



depression in the interface. .4s the interface continues to drop, the depression becomes 

larger to the point where, at a critical interface level, a gas cone is pulled into the 

orifice. At this moment the flow in the branch changes from single-phase liquid flow 

to two-phase gas-liquid flom and is termed the onset of gas entrainment. The opposite 

of the onset of gas entrainment is the onset of liquid entrainment. In the situation 

shown in Figure 1.5, the gas-liquid interface is sufficienly below the branch that  only 

single-phase gas is exiting the branch. As the liquid level is raised, the flow of gas out 

the branch has the effect of raising the interface beloiv the  branch. .As the liquid lewl 

rises further. the liquid is pulled up the wall higher and higher. Eventuall- a critical 

interface level is reached where the liquid just begins entraining into the branch. At 

this moment, the  flow out the branch changes from single-phase gas to two-phase 

gas-liquid Bow. This instance is termed the onset of liquid entrainment and defines 

the boundary between single-phase gas flom and trvo-phase vapour-liquid flow. Thus. 

the onsets of gas and liquid entrainment define the upper and lorver interface le\-els 

or boundaries at which the flow out the branch is either single-phase or two-phase. 

Outside the boundaries the flow is single-phase and within the boundaries the Bon- is 

two-phase. 

With the above concepts and simplifications established. the relevant esperimental 

variables were identified. In order to establish the upper and lower boundaries of tua- 

phase flow by studying two onsets, the interface elevation or critical height, h ,  was 

identified as the dependent variable. The number of independent variables varies wit h 

the number of active branches. At first, single discharge o r  one-active-branch studies 

were conducted. Wi t h single discharge experiments, the  independent variables are 

the branch diameter, d, the density of the gas phase, pc ,  the density of the liquid 

phase, p ~ ,  and the  mass flow rate, rh, in the branch. Their eRects on the critical 

height, h, were examined. When a second branch was introduced, more independent 

variables were added. The mass flow rate in the second branch, rizz, was added as 



an independent variable. The distance that separates the branches, 1, can Vary and 

it became an independent variable. Finally, the angle of inclination, a, formed by 

the horizontal and the straight line that passes through the centers of the branches 

became the last independent variable (see Figure 1.6). Therefore the experiment al 

variables are as foIIow: 

interface critical height 

branch diameter 

gas density 

liquid density 

mass flow rate in the primary branch 

mass flow rate in the secondary branch 

separation distance between branches 

angle of inclination 

dependent variable 

independent variable 

independent variable 

independen t variable 

independent variable 

independent variable 

independent variable 

independent variable 

In previous experimental studies involving t rvo branches, the separat ion distance. I .  

and the mass flow rates,  ri^ and m2.  were varied. Extensive data irere collected wit h 

the angle of inclination fixed at a = 90". Limited data were collected at a = O' and 

need to be supplemented. It is t he  objective of this work to perform experimental 

studies that determine the onsets of gas and liquid entrainment for various angles 

of inclination between a = 0" and a = 90". In addition, a theoreticai analysis will 

be performed to predict the liquid height at the onset of liquid entrainment for the 

conditions covered experimentally. 

While the preceding discussion has focused on the application of the onsets of gas 

and liquid entrainment to the nuclear industry and, in particular, the LOCA simu- 

lation, the problem presented is applicable to any application where the geornetrical 

and flow conditions are similar. As long as the geometrical situation consists of a 

large pressure vesse1 containing a two-phase mixture with branches discharging m a s  
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horizontally from the vessel, the preceding discussion is applicable. 
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7 Feede: 

Figure 1.1: CANDU nuclear reactor header cross section 



Figure 1.2: An example of the onset of gas entrainment in the header 



Flow 

Figure 1.3: An example of the onset of liquid entrainment in the header 
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Gcs 

Figure 1.4: Simplified geometry used in previous studies 



ione Vecticc 

'ail 

Figure 1.5: Onset of liquid entrainment for dual discharge from a plane vertical mal1 



CHAPTER 1. INTRODUCTION 



CHAPTER 2 

LITERATURE REVIEW 

2.1 Introduction 

This chapter contains a review of the publications related to the  onsets of gas and 

liquid entrainment in small breaks. First, a review of li terature prior to  19SO is given. 

Then. al1 relevant publications after 19SO pertaining to single breaks are reviewed. 

Finally, works tha t  studied the onset phenomena in multiple breaks are  presented. 

The words 'break" and " branch" are used synonymously in this review. 

2.2 Early Literature 

Zuber (19SO) published a report in which he presented the topic of two-phase Born 

t hrough small breaks from the perspective of the nuclear indust ry. In t his fundament al 

report, Zuber described the onset phenomena that may occur in the event of a LOCX. 

-4s well, he reviewed existing publications that examined the  phenomena of the  onsets 

of liquid and gas entrainment. He concluded from his literature review that  both 

onsets of liquid and gas entrainment may be correlated by an equation of the  form 

where h is t h e  vertical distance from the flat interface to the  centerline of t h e  break, d 

is the diameter of the  branch simulating the break, and bl and b2 are constants whose 
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values depend on the type of phenornenon and geometricai arrangement. while Fr is 

the Froude number given by 

is here vd is the velocity of the continuous phase through the branch (ivhich is gas 

during liquid entrainment and liquid during gas entrainment), p is the density of 

the continuous phase, 3 p  is the density difference between the two phases. and g is 

the gravitational acceleration. In his report, Zuber rsas able to identify the relevant 

phenornena, define the  pararnetric dependence of liquid and gas entrainment. and 

spark the curiousity of the research community. .A summary of the publications he 

reviewed is presented in Table 2.1. 

Table 2.1: Summary of publications reported in Zuber (1980) 

Phenonienon 

1 Liquid 

.4 u t hors 

Rouse (1956) 

Lubin and 

Hurwitz (1966) 

Geomet ry- 

- 
iVithdrawai from a large 

reservoir through a side branch 

Withdrawal from a large 

reservoir through a side dot 

Wit hdrawal through a large 

reservoir through a vertical pipe 

Vortex-free wit hdrawal from a 

tank through a bottom branch 

h ld  < 1 

h l d  > 1 

Eouation (2.1) 1 
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Craya (1949) presented a theoretical paper which examined t he  flow phenornenon 

of liquid entrainment through a branch or a slot. The  break mas located on the side 

of a large reservoir containing an infinite vertical extent of tivo immiscible Ruids of 

densities p and p + Ap with the interface a distance h from the center of the break. 

Gariel ( 1949) experimentally verified the  correlations derived analyt ically by Craya. 

In Craya's analysis he used Bernoulli's equation to describe the  fluid motion along 

the  interface and the potential Born theory to analyze the motion along the nall. As 

well. he neglected the effects of viscosity and surface tension. The  branch and the  

slot were approximated as a point sink and a line sink. respectively. Craya's (1949) 

mode1 for the onset of liquid entrainment yielded the first expression of the form of 

Equation (2.1). With respect to Equation (2. l ) ,  Craya obtained a value of bi of 0.625 

and b2 of 0.4 for a side branch and of bl of 0.699 and b2 of 0.667 for a side dot .  Despite 

the simplifications made in developing Equation (2.1), i t proved t o  yield results which 

agreed remarkably well with the experimental data  reported by Gariel (1919). Hotv- 

ever, in order to satisfy reservations about using these correlations, Craya performed 

a more detailed two-dimensional analysis for a slot which involved transformations 

and cornples algebra. The result ing analgt ical expression for predict ing the  onset 

of liquid entrainment through a side slot was of the form of Equation (2.1) with b1 

equal 0.756 and b2 equal 0.667. The new value of b1 is only S% higher than his first 

estimate. The new correlation proved to  predict the  experimental data  of GarieI wit h 

high accuracy. 

Rouse (1956) investigated the development of a non-circulatory waterspout bot h 

experimentally and theoretically. He measured the critical height for the onset of 

liquid entrainment into a vertical pipe. This publication is analogous t o  LOCA in- 

vestigat ions simulating a top break. In the experimental investigation the apparat us 

consisted of an open tank with suction pipes of 12.7, 38.1, and 76.2 mm inner di- 

ameter mounted above the interface. Tests were performed in water under air and 
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saline water under fresh water. In the t heoretical investigation, viscous and surface 

tension effects were neglected. Based on his t heoret ical and experiment al rvork. Rouse 

suggested an experession of the form of Equation (2.1) rvith bl = 0.419 and b2 = 03. 

The cornparison betiveen the t heory and the experimental results y ielded remarkable 

agreement suggesting that the assump tions made are valid. Horvever, he noted that 

the results are Iimited to fluids of low viscosity. 

Lubin and Springer (1967) considered the drainage of a cylindrical tank with a 

circular branch pipe located at the bottom of the tank. They investigated the criti- 

cal height for the formation of a dip at  the surface. In order to examine the effects 

of viscosities and densities of the rvater and the fluid above it, experiments were 

performed with air-mater, water-turpentine, water-silicone oil, ivater-corn oil. and 

water-kerosene. As well, the tank \vas open to atmospheric pressure. In addition to 

performing an experimental investigation. the aut hors developed a t heoret ical expres- 

sion to predict the critical height when the dip will form. The following assumptions 

were made in the analysis: 1) t he  effect of viscosity of the lighter and heavier fluid is 

negligible; 2) the effect of surface tension at the interface of the lighter and heavier 

fluid is negligible; 3) the pressure at the interface is due to the hydrostatic pressure 

only; 1) the Aow is steady at the instant prior to the formation of the dip: and 5 )  the 

initial dip a t  the interface reaches the drain instantaneously. The correlation devel- 

oped is of the form of Equation (2.1) with bl = 0.625 and b2 = 0.4. The theoretical 

predictions were found to be in very good agreement with the ex~erimental  results 

which Iead the authors to conclude that for a system similar to the one examined. 

the assumptions made in developing the t heoretical correlat ion were valid. 

Daggett and Keulegan (1974) studied vortex formation theoretically and experimet- 

ally. They established the parametric dependence of the critical height for vortex 

formation. The experirnental apparatus consisted of two vortex tanks. The first tank 

was 1676 mm in diameter and 460 mm in depth. Drain branches of 25, 51, 76, and 
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100 mm were used. The second tank had a 343 mm diameter test area and was 

240 mm in depth. Drain holes of 9.5, 19.23, and 38 mm were used in the second 

tank. The flotv entered both tanks horizontally through a set of vanes to induce vor- 

tex flow. The authors tested several types of fiuids in conjunction with one another in 

order to investigate the effects of viscous and surface tension forces on the formation 

of vortices. It was concluded that for the range of values tested, surface tension did 

not apprear to influence the flow. However, viscosity and initial circulation did affect 

the flow. The em~ir ica l  correlations developed to predict the critical height for the 

onset of gas entrainment by a vortex type flow are as follows: 

ivhere Re and :Vr are the Reynolds number and circulation number given bjr the  

following equat ions: 

where, in Equation (2 .6 ) ,  V is the initial tangential velocity, U is the initial radial 

velocity, and H is the inital depth of fluid in the tank. Equations (2.3) and (2.4) 

represented the experimental data sat isfactorily. 



2.3 Recent Literature on Single Branches 

Croivley and Rothe (1981) studied the onsets of liquid and gas entrainment for a 

stratified air-water flow in a horizontal pipe of 76.2 mm diameter with a branch pipe 

of 6.1 mm diameter oriented at  the top, side and bottom of the main pipe. .As well. 

they performed tests with a 6.4 mm diameter nozzle for the side orientation only. 

The  operating pressure in the  apparatus was 0.3 M P a  and the flow \vas discharged 

directly to the atmosphere. Experimental values for the critical height a t  the onset of 

liquid entrainment through the top branch. side branch, and side nozzle geometries 

were measured. As well, t he  critical heights a t  the onset of gas pull-through were 

collected for the side branch, bottom branch, and side nozzle. These results were 

compared with the predicted critical heights from previously published correlations. 

A summary of their findings is presented in Table 2.3, where the percentage deviation 

refers to the deviation between experimental values and predictions. 

Reimann and Smoglie (1983) performed experiments studying the  onset of liquid 

entrainment through a branch located at  the top of a main pipe containing a stratified 

air-water flow. The apparatus used \vas the same as that used by Reimann and 

Khan (1984), see below. They noted t hat at  the onset of liquid entrainment, only a 

small fraction of the water spout reached the branch because of the  large vorticity 

of the air flow. The t heoretical correlat ion developed assumed negligible viscosi ty 

and surface tension effects. The resulting expression is of the form of Equation (2.1) 

with bl = 1 .O99 and b2=0.25. They found that when superimposed velocit ies were 

introduced into Equation (2.1) the influence on bl was small. Finally, break mass 

flux and quality correlations after the onsets of liquid and gas entrainment were given 

with cornparison to experimental results. 
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Table 2.2: Sumrnary of the comparisons between the data of Crowley and Rothe 

( 1951 ) and previous correlat ions 

p- 

Correlation Used P henomenon Deviat ion Geometry 

Measured 1 Calculated 

Liquid Rouse (19.56) 

Entrainment 1 Branch 
- - -  -- 

Craya (1949) and 

Gariel (1949) 

Side 

Branch 

Liquid 

Ent rainrnent 

Liquid 

Entrainment 

Craya (1949) and 

Gariel ( 1949) 1 Branch 

Lubin and 

Springer (1967) 

Bot tom 

1 Branch Entrainment 

Lubin and 

Springer ( 1967) 1 Branch Ent rainment 

Gas 

Entrainment 

Lubin and 

Springer (1967) 

Reimann and Khan (19S3) studied the critical height for the onset of gas entrain- 

ment using an air-ivater misture with a bottom break only. The apparatus consisted 

of a horizontal main pipe of 206 mm diameter and circular branches of 6, 12, and 

30 mm. The system pressure was 0.5 MPa and the flow through the branch was 

regulated by a valve. In addition to examining the critical heights, the break mass 

flux and break quality were also measured. Three different stratified air-water flows 

were tested. For symrnetrical inflow from both ends of the main pipe, the onset of 

gas entrainment always occurred through a vortex-free mechanism and their data 
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agreed well with Equation (2.1) with values of bl and b2 as reported by Lubin and 

Springer (1967). The second type of flow condition studied was that of flow supplied 

from one end of the main pipe with the other end closed. For this condition, the 

onset of gas entrainment always occurred by a vortex-induced mechanism and the 

data were best correlated by Equation (2.1) with values of bl and b2 of 1.9 and 0.4. 

respectively. Finally, the t hird flow condition studied was a st ratified cocurrent flow 

through the main pipe. A vortex-free onset of gas entrainment was always observed 

here and the data agreed tvell with Equation (2.1) rvit h bl and b2 equal 1 . O Z  and 0.1. 

respect ively. 

Hardy and Richter (1981) studied the onset of gas entrainment from a stratified 

steam-water mixture through side and bottom nozzles. The apparatus consisted of 

a 17s mm diameter pressure vessel, 251 mm in height with the break located in the 

end Range. The vessel could be rotated 90° to simulate a bottom or a side break. 

For both bottom and side orientations, nozzles of 6.35 and 12.7 mm diameters were 

tested. The initial system pressure was varied bettveen 2.7 Pa and 0.3 J I P a .  They 

used the Reimann and Khan ( l9S3) correlation for symmetrical inflow (i.e., bl =O.6Z 

and b2=0.4) to predict the onset of gas entrainment for both bottom and side nozzle 

orientations. The authors assumed that for the side orientation no liquid entrainment 

tvould occur if the liquid level was below the nozzle as long as one accounted for the 

swelling of the flashing mixture. Good agreement kvas found between the esperimental 

results and the t heoretical correlat ion. In addition, break ent rance quali ty and mass 

flux analyses beyond the onsets of liquid and gas entrainment were performed and 

compared with experimental results. 

Srnoglie and Reimann (1986) performed air-water tests in a horizontal pipe with 

stratified fiow to study the onsets of liquid and gas entrainment through top, side, and 

bottom branches. The apparatus was the same as that of Reimann and Khan (1954). 

The theoretical correlation used was of the form of Equation (2.1). However, based 
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on previous literature the authors suggested a value of bz=0.4 should be used in 

Equation (2.1) for both onsets of liquid and gas entrainment and al1 orientations of 

the branch. The value of b, was obtained by cornparison mith the experimental results 

obtained. For liquid entrainment they suggested bl=l.516 for the top branch and 

b1=0.626 for the side branch. The latter is in excellent agreement with Craya (1949) 

and Gariel (1949). For gas entrainment, b1 = 0.681 for the side branch correlated well 

with their results. Values of bl for gas entrainment for the bottom branch were 1 .SI6 

during vortex flotv and 0.625 during vortex-free flow. The latter is in remarkable 

agreement with that of Lubin and Springer (1967). When results ivere presented for 

superirnposed velocities, a significant influence !sas observed only for gas entrainment 

at the bottom branch. Therefore, the authors suggested that the correlations found 

experimentally for the top and side branches, having inflow from one end, may be 

applied to situations mhere the stratified mixture floms cocurrently t hrough the pipe 

(Le., superimposed veloci t ies) . Finallp, correlat ions were presented for break quali ty 

and break mass flux for zero and non-zero superimposed velocities after the onsets of 

liquid and gas entrainment. 

Schrock et al. (1986) studied the onset of liquid and gas entrainment for stratified 

two-phase flow in a horizontal main pipe (102 mm diameter) with branches (1, 6, and 

10 mm diameter) oriented downwards, sideways and upwards. Bot h air-water and 

steam-water were studied at system pressures up to 1.07 MPn with flow regulated 

by a valve. For air-water and steam-water tests, the gas entrainment experimental 

results did not correlate well when presented in the form of Equation (2.1) for both 

bottom and side branch tests. By including the effects due to viscosity, p ,  and 

surface tension, a, they 

Bond number, viscosi ty 

developed the following correlations which are functions of 

number, and 

Fr Bo2 Ni0 .5  

Froude number: 



for gas entrainment at the bottom branch and 

for gas entrainment at the side branch. In the above expressions, Bo is the Bond 

number given by, 

and ATfi is the viscosity number given by, 

Equat ions (7.7) and (2.8) represented well the experimental results obt ained. For 

liquid entrainment, the  critical heights for both side and top branch orientations 

were found to be independent of surface tension and triscosity effects. Therefore. the 

experimental results for the side branch were represented well by Equation (2.1) with 

bi and b2 agreeing with Crajpa (1949) and Gariel (1949). Lastly, for the top break, 

an expression of the form of Equation (3.1 ) well correlated the esperimental results 

with bl = 1.45 and b2 = 0.4. Finally, quality correlations were given. 

Anderson (19Si) performed similar studies with a single 34 mm diameter branch 

oriented at the side or bottom of a horizontal pipe of 2S1 mm diameter with stratified 

steam-water flow at system pressures of 3.4, 4.4, and 6.2 M P a .  Anderson concluded 

from the high pressure experiments that for a side branch, the previous results of 

Smoglie and Reimann (1986) are valid for the onsets of liquid and gas entrainment. 

branch mass flow rate, and branch flow quality. In addition, for gas entrainment at 

the bottom branch orientation, Anderson found good agreement between the exper- 

imentd results and the correlations of Reimann and Khan (1984). Therefore, fIuid 

properties such as pressure do not seern to cause large deviations in the predictions 

for the onsets of liquid entrainment. 
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Yonomoto and Tasaka (1988) performed a theoretical and experimental study on 

the onsets of liquid and gas entrainment of a stratified two-phase flow through a 

branch. The theoretical analysis revealed a correlation of the form of Equation (2.1) 

with bl = 0.555 and bz = 0.4 for both top and bottom breaks, and bl = 0.153 and 

b2 = 0.1 for a side break. These values disagree tvith Lubin and Springer (1967). The 

authors felt that this was because Lubin and Springer (1967) developed their model 

from the condition of stable existence of the interface without entrainment, whereas. 

the their model was derived from the stable entrainment condition. Further. the 

aut hors stated t hat t hey observed unstable and intermittent entrainment of a liquid 

droplet or a gas bubble before the stable entrainrnent condition. An air-tvater esper- 

iment was performed with branch orientations of upmard, horizontal, and downtvard. 

The apparatus consisted of a 190 mm square, horizontal duct with branch diameters 

of 10 or 20 mn2. The maximum system pressure mas 0.7 i\f Pa and discharge flo~v was 

controlled by a valve. Three types of experiments were performed similar to Reimann 

and Khan (1984): a )  air and water supplied from one side and the outlet flow from 

the duct is not zero; b) the outlet flow of air or water is zero; and c) air, water, or 

air and water symmetrically Aow from both sides of the duct. From the theoretical 

analysis, an expression of the form of Equation (2.1) was obtained with values of bl 

and b2 summarized in Table 2.3. For top break, entrainrnent was measured when a 

continuous stream of liquid droplets entered the branch which accounts for the high 

value of b l .  If entrainment was taken to be the moment the first droplet entered 

the branch the value of bl would have been as shotvn by the results of Smoglie and 

Reimann (1984) and Schrock et al. (1986). For side liquid entrainment, bl was Iarger 

than Smoglie and Reimann (1984) but sirnilar to Anderson (1987). The experimental 

results correlated well with the predicted data for top- and side-branch liquid entrain- 

ment and side- and bottom-branch gas entrainment when using Equation (2.1) with 
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the  values of bl and b2 given in Table 2.3'. 

Table 3.3: Experimental results of Yonomoto and Tasaka (1988) compared with pre- 

viously published experimental results 

- -- - 

P henom- 

enon 

Liquid 

Entrain- 

ment 

G as 

Entrain- 

ment 

- -- 

TOP bl 0.636 1.516 1.440 

b2 0.400 0.300 0.400 

- - - -  

Branch 

6 2  0.300 0.400 O -500 

Bot- b, 0.909 1 .OZ5 0.825 

tom 1 bZ / 0.400 1 0.400 1 0.500 

- - 

Yonomoto 

and Tasaka 

(1 988) 

.A - Ur 

Empirical modifications were made to their theoretical results which yielded val- 

ues of 6, = 0.628 and 0.860 for side and bottom gas entrainment, respectively. These 

values disagree mith the values in Table 2.3. The authors felt that  this occurred be- 

cause the derivation of their mode1 was based upon the stable entrainment condition 

without crossflow and vortex flow . Furt her, intermittent entrainment was not consid- 

ered important because break flow may be considered single-phase flow. In addition 

'In Table 2.3 A-W represents Air-Water and S-W represents Stearn-Water. 

- 

Smoglie and 

Reimann 

( 19S6) 

A- \V 

.Ander- 

son 

(19Si) 

S-IV 

Schrock 

et  al. 

(1 986) 

A-W* S-LV 
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to  the correlations for the onsets of liquid and gas entrainment, Yonomoto and Tasaka 

developed correlations for break quality and flow rates. Yonomoto and Tasaka (1991) 

improved t heir existing empirical correlat ions for break quali ty and flow rates and 

acheived better agreement with their experimental results obtained in 1988. 

hlicaelli and Memponteil (I9S9) studied the onsets of liquid and gas entrainment 

for steam-water stratified flow in a horizontal pipe of S0 and 135 mm in diameter 

with branches of 12 and 20 mm oriented upwards, horizontally, and domnwards. 

The system pressure was varied from 0.2 to 7 M P a  and the branch discharge iras 

controlled by a valve. One of the objectives of the study mas to estend the range of 

flotv conditions covered by previously published data for liquid and gas entrainment. 

The authors found that at  liquid velocities near zero the trend for gas entrainment 

at the bottom branch was well represented by Equation (3.1) with values of bl and 

bZ given by Smoglie and Reimann (1986). However. bi decreased significantly as 

the liquid velocity in the pipe increased. For example, bl was found to drop to 0.1 

for a velocity of 3 m / s .  Therefore, the authors suggested that the  stability of gas 

entrainment may be controlled by a balance between horizontal and vertical inertia 

forces. If the liquid velocity is r> and cd in the branch. then the ratio of horizontal to 

vertical inertia forces is ( v / ~ ~ d ) 2 .  Csing this ratio, a new correlation was developed to 

predict the onset of gas entrainment for the bottom branch: 

Their results for the onsets of liquid and gas entrainment a t  the side branch were in 

good agreement with those of Smoglie and Reimann (1986). Hoivever, the experi- 

mental results for liquid entrainment in the top branch and the results obtained by 

Smoglie and Reimann (1986) were best represented by Equation (2.1) with the nem 

values of b1=0.749 and b2=0.667. 

Soliman and Sims (1991) and Soliman and Sims (1992) analyzed theoretically 
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the onset of liquid entrainment during discharge from large reservoirs containing a 

stratified mixture of two irnmiscible Buids through a side slot of small finite width 

and side branch of small finite diameter, respectively They pointed out that t h e  

investigation done by Craya (1949) simulating the d o t  as a two-dimensional line sink 

and the branch as a point sink does not approach appropriate limits as the discharge 

approaches zero. Craya developed the folloming correlat ions: 

and 

for a side slot and 

and 

for a side branch, where s is the distance between the tip of the  deflected interface 

and the centerline of the do t  or branch. From the above equations, as Fr goes to 

zero, h and s go to  zero, mhile physically h = s = d l 2  is a more appropriate limit 

for both the side slot and the side branch. Therefore, the authors wished to take 

into consideration the  finite size of the slot and the branch to make the results more 

applicable to the whole range of Fr. The analysis follo~i*s Craya's (1949) approach 

neglecting the effects due to viscosity and surface tension. Only the correlations 

developed for a side slot are presented here: 
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and 

(s/d12 - 114 ln(;:d'::?) = ,,r/,)2 (2.17) 

Equation (2.17) can be solved iteratively for s / d  which is then substituted into Equa- 

t ion (2.16) to solve for the crit ical height hld .  The aut hors note t hat bot h equations 

are functions of Fr as are Craya's. In addition, s l d  and hld both approach the lim- 

iting value of 1/2 as Fr goes to zero and as Fr increases Equat ions (2.16) and (2.17) 

approach Craya's (1949) model. For discharge through a side branch, cornparison 

with experimental data collected by Armstrong et al. (1992) revealed that for high 

values of Fr the experirnental deviation from Craya's (1919) model was small. In 

addition, for low values of Fr the experimental results closely follotved the trends 

suggested by the nem model. The)- concluded that their model for a side slot or side 

branch closely approaches Craya's simplified model beyond Fr = 10; however. the 

authors recommended their model for Fr < 10. 

Hassan et al. (1991) performed experiments studying the mass flow rates and 

quality of a two-phase discharge through a small branch located on the side of a large 

reservoir under strat ified conditions. Good agreement was found when comparing 

their data for the critical height at the onset of liquid entrainment with preïious 

results. The authors stated that the manner in which the esperiment [vas performed 

influenced h at low discharge values. Deviations occurred between a slomly decreas- 

ing liquid level and a slowly increasing liquid level when measuring the critical height 

at the onset of liquid entrainment. For the critical height for the onset of gas pull- 

through, the data correlated best with Micaelli and Memponteil (1989). In addition, 

1 empon- the mass flow rate and quality results also correlated best with hficaelli and \.I 

teil (1989). The authors suggest that one reason for the good agreement with Micaelli 

and Memponteil is that the correlation developed by Micaelli and Memponteil has 

the widest data base arnong al1 existing correlations. 
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2.4 Multiple Branches 

Kowalski and Krishnan (1987) studied twephase steam-water floiv in a large man- 

ifold typical of a CANDU reactor header-feeder system. The  authors reported flow 

phenornena of stratification in the manifold and flow stagnation followed by steam 

flushing in some of the feeders. It was reported that the correlations of Smoglie and 

Reimann (1986) did not predict well the onsets of liquid and gas entrainment of the 

complex geometry. One possible reason for the disagreement is that the CAXDC 

header (see Figure 1.1) involves multiple discharge from the same cross-sect ion while 

the correlations of Smoglie and Reimann correspond to  single discharge. In addition 

to providing data for the onsets of liquid and gas ent rainment . Iiris hnan and Kowalski 

obtained data for the void fraction in some feeders. 

Parrott et  al. (1991) performed experiments to investigate the onset of gas pull- 

through for simultaneous discharge from two branches (6.35 mm dia) located on 

the side of a high-pressure reservoir containing a stratified air-water mixture. The 

system pressure was maintained at 0.51 .\{Pa and the separation distance between 

the branches, 1, was varied centre-t~centre to yield tests at l /d=l.5,  2, 3, 1, and 6. 

In addition, the branches were vertically aligned for al1 tests and discharge t hrough 

the branches, Frl and Fr2 , \vas controlled. The main objective of the study was 

to determine the influence of the separation distance and the rate of flow from the 

secondary or lower branch, Fr2 ,  on the onset of gas entrainment at the primary 

or upper branch, Frl .  During the experiment, three possible onsets were observed 

depending on the system parameters. The onset of gas entrainment could occur at the 

upper branch only, lower branch only, or both branches simultaneously. In addition, 

it was noted that the critical height at the onset of gas entrainment could be reported 

as the distance between the flat interface to the branch centerline, hl,  or as the 

distance between the branch centerline and the meniscus created by the liquid a t  the 
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vessel tvall, hm. The rneniscus height ivas approxirnately 3.3 mm which is significant 

compared to the size of the branch diameter (6.35 mm) and the height reported 

significantly influenced the results. For example, in the special case of extraction 

through the upper branch only (i.e., Fr2=O) experimental results for h,/d agreed 

quite well with the correlation suggested by Smoglie and Reimann (1986) while the 

results for hl / d  deviated significantly. Therefore, the authors recommended t hat 

the liquid height be specified more clearly in future studies. For h r / d ,  Parrott e t  

al. (1991) recommended Equation (2.1) ivith bt=0.4?5 and bz=0.529 if h l /d  is less 

than 1.15 and b1=0.508 and b2=0.435 otherwise. For al1 h,/d, they recommended 

bl=0.SS7 and b2=0.331. For the onset of gas entrainment at the upper branch, it was 

found that the critical height increased as the discharge rate from the lomer branch 

increased, with a larger effect at low values of F r l .  In addition, the influence of Fr2 

on gas entrainment at the upper branch was enhanced as the distance betiveen t h e  

branches was decreased. It was found that the influence of the second discharge, FrZ.  

has little effect for l / d  > 6.  For the systern analyzed and the experimental range 

covered. Parrot t et  al. (1991) developed the empirical correlation 

h f 0.334 - = OS87 [ ~ r ~  + Fr2 exp (-2.52 ( f / d ) ' - '  

to predict the onset 

the side of a wall. 

of gas entrainment for two vertically aligned branches located on 

Armstrong (1 99 1) examined t heoretically the case in which two branches, located 

on the side of a large vessel containing a stratified tivo-phase mixture and with cen- 

terlines falling in an inclined plane, can be oriented at any angle. Armstrong made 

the following assumptions: a) the effects due to viscosity and surface tension were 

neglected, b) the flow was assurned to be steady, incompressible, and to have constant 

properties, and d )  the flow tvas further assumed to be irrotational and potential Bow 

theory was applied. The finite diameter branches were approximated by point sinks. 



With these simplifications, a model mas developed that predicted the onset of liquid 

entrainment. The approach \vas to establish a coordinate system centered on Sink 1 

and obtain a model that predicted the onset with respect to Sink 1. Then, the coor- 

dinate system was shifted such that it was now centered on Sink 2 and the solution 

procedure repeated. Thus, two separate models were developed. The equat ions wit h 

respect to Sink 1 are as fol lo~s:  

Fr2 [Ti + L sin a] 

[T;' + L2 + 2 ~ ;  L sin a] 3/2 

2 Frl  F r 2  {3 [Ti + L sin oj2 - [T;' + L2 + 2T; L sin a] ) 
[TL' + L2 + 2T; L sin a] 

and 

Frz  [T; + L sin a] 

[T;' + ~2 + ZT;' L sin a] 3'2 

Fr2 {3  [T; + 1 sin al2 - [T;' + L2 + 2T; L sin a] } 
[T;' + LZ + 2T; L sin a] 5/2 

The equations with respect to Sink 2 are: 

Fr l  [T; - L sin a] 
H2 = T; - L s i n a +  - - 

[T;' + L2 + 2 ~ ;  L sin a] 3/2 . - 

Fr i  (3  [T; - L sin al2 - [T;' + L2 - ZT; L sin O] ) 
[T;' + L2 - 2T; L sin a] 5 / 2  

and 

Frl  [Ti - Lsina]  
3/2 

Fri  (3  [T; - L sin al2 - [T;' + L2 - 2T; L sin a] } 
[T;' + L2 - 2Ti L sin a] 5/2 



ivhere T* = t l l .  An iterative solution technique was employed t o  solve for TF or Ti  

in Equations (2.20) and (2.22), respectively, where T' = t l i .  These solutions were 

then substituted into Equations (2.19) and (2.21) to solve for the  critical heights Hl 

and H2, respectively. The critical heights, Hi and H2, were then compared and a 

procedure was employed to determine a t  which orifice liquid entrainment occurred. 

If Hl \vas greater than H2 then the phenomenon was said to have occurred a t  Sink 

1 or branch 1. If the  opposite is true, then the phenomenon occurred at  Sink 2 or 

branch 2. Finally, if Hl equals H2, then entrainment \iras simultaneous. 

Armstrong et al. (1992) performed a theoretical and experimental study on the 

onset of liquid ent rainment for simult aneous discharge from t wo vert ically aligned 

branches (6.35 m m  dia) located on the side of a large pressure vesse1 containing a 

stratified air-mater mixture. The apparatus was the sarne as that  used by Parrott 

e t  al. (1991). The system \vas maintained a t  a pressure of 0.31 MPa.  The main 

objective of the study was to determine the influence of the separating distance. 1. 

and the  discharge from the secondary or upper branch, Fr2,  on the  critical height for 

liquid entrainment a t  the primary or lower branch, F r l .  The separating distance was 

varied to yield tests a t  i/d=1.5, 2, 3, and 1. In their experiment, liquid entrainment 

occurred at the lower branch only. For the  special case of Fr2=O: the experimental 

data correlated well with Craya's (1949) model. Howewr, the authors stated that  at 

low discharge the data  diverged from Craya's (1949) model due to  the approximation 

of the branch as a point sink. Similar t o  Parrott et al. (1991), it was found that  

hld increased as Fr2 increased for al1 Fr l  and was much more pronounced a t  lotir 

Frl values. In addition, this influence of Fr2 on h l d  was enhanced as the separating 

distance, 1, was decreased. It was concluded that the Bow through the second or 

upper branch has a small effect on h/d for Lld > 4. The following correlations were 
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developed: 

and 

where 

Fr; - + s3 (1 + s13 
- "" J 

and Fr- is related to Fr and H to h l d  by 

The mode1 showed the same trend as the experimental results stated above. Overall. 

Armstrong et al. stated that the theory slightly overpredicted the experimental data 

most likely due to the assumptions made in the analysis but the deviation is srnall. 

.Armstrong et al. (1992) performed a theoretical study into the  onset of liquid 

entrainment for simultaneous discharge from trvo horizontal slots located on the side of 

a large reservoir cont aining a stratified air-water mixture. Armstrong e t  al. followed 

Craya's approach and extended it to the case of two parallel slots. The effects of 

viscosity and surface tension were considered negligi ble. The analysis resulted in the 

following correlat ions: 

- Fry Fr; -+ s ( i + S )  
Fr; Fr; -+ s2 (1 + s ) ~  



and 

where 

Fr' = Q 
? H = h/ l ,  8.z S = s / l  JF 

where q is the discharge per unit length of the slot. The authors stated that for 

Fr;=O, Equation (2.28) reduces to  Craya's (1919) mode1 and Equation (7.17) reduces 

to s = 2h/3 .  The trends are similar t o  those of two branches: as Fr;  increases or 1 

decreases hl1 increases for al1 Fr;  and the effect is more pronounced at low Fr;. 

Hassan (1995) performed an experimental investigation into the onsets of gas and 

liquid entrainment for two side branches (6.35 mm dia) with centerlines falling in the 

same horizontal and vertical planes located on the side of a high-pressure reservoir 

containing a stratified air-water misture. An esperimental apparatus was const ructed 

and system pressures of 316 and 516 kPa were used. The separat ion distance of the 

branches examined were l / d = l . j ,  2.0, 3.0, and S.O. The Froude numbers of the 

branches were held equal by maintaining equal pressure drop and equal hydraulic 

resistance across the branches. The pressure drop across the branches was varied 

from 37 to  229 k P a  and the hydraulic resistance ranged from 900 to 3000 (k9.m)-O-'. 

Empirical correlations were given for bot h the horizont al orientation and the vertical 

orientation of the branches. The correlations for the onset of gas entrainment and the 

onset of liquid entrainment, respectively? for the horizonta! orientation are as follows: 

and 
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where constants .4 and B are given by: 

A = 1.0 + e x p  1 
and 

1 2.54 
Fr-  1-2 B = 1 .O + e x p  1 

For the vertical orientation, the data presented for the onset of gas entrainment 

were in excellent agreement with the data reported by Parrott et  al. (1991) and the 

data presented for the onset of liquid entrainment were in good agreement with the 

theoretical model presented by hrmst rong et  al. (1992). As well, a t heoret ical model 

was developed for predicting the onset of liquid entrainment for dual discharge from 

a large vesse1 containing a stratified two-phase mixture. The branches were of square 

cross-section and of finite dimension d. The following assumptions used: a) the effects 

of viscosity and surface tension were neglected. b) the flow was assumed to be steady. 

incompressible. and to have constant propert ies, and d )  the flow was furt her assumed 

to be irrotational and potential flow theory mas applied. The plane rvall on ivhich 

the branches ivere located was permitted to incline (Le., the wall orientation i ras not 

restricted to the vertical position but pivoted so that the orientation of the branches 

varied from horizontal above the interface to vertical, as previously described). The 

mode1 was in very good agreement with Armstrong et al. (1992). Further, when 

the secondary branch was inactive, Frz = O, the model was in excellent agreement 

with the single-discharge model presented by Soliman and Sims (1993) for a circular 

branch. This suggested that the shape of the branch had little effect on the onset. 

The previous literature review shows that considerable information is available for 

single discharge while limited information is available for dual discharge. In particular, 

two theoretical models were reviewed for predicting the onset of liquid entrainment 

during dual discharge in which the branches were approximated by point sinks and 
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squares. Furt her, only three experimental studies were found that give data for the 

onsets of liquid and gas entrainment during dual discharge from a large pressure ves- 

sel containing a st rat ified two-phase mixture mi t  h branches discharging horizont ally. 

Parrot t et  al. ( 1991) and Armstrong et ai. (1992) presented extensive data for the case 

of two branches wit h centerlines falling in a vertical plane. Hassan (1995) presented 

limited data for two branches tvith centerlines falling in a horizontal plane. There is a 

need to study the onsets of gas and liquid entrainment such that the branches can be 

aligned with centerlines falling in an inclined plane. This information would benefit 

the  design of piping networks in wliich small branches are distributing mass from a 

large header. 



CHAPTER 3 

THEORETICAL ANALYSIS 

3.1 Introduction 

The t heoret ical studies of the onset of liquid ent rainment have primarily concent rated 

on single-branch models. Only two st udies reported in the li terat ure review contained 

t heoretical models to predict the onset of liquid ent rainment during dual discharge 

(Armstrong 1991 and Hassan 1995). The inappropriate physical limits of the mode1 

by Armstrong (1991) at Fr l  = Fr2 = O suggest that an alternate approach is required 

to conform adequately wi t h the physics of the problem. This can be accomplished by 

performing a t hree-dimensional analysis t hat eliminates the point-sink assurnption. 

The present solution foliows the solution technique of Craya (1949) and applies to 

any two immisci ble fluids. 

3.2 Analyt ka1 Approach 

The configuration for the present analysis is shown in Figure 3.1. A stratified layer of 

two immiscible fluids of densities p and ( p  + Ap) is contained in a large reservoir. The 

circular branches are approximated as square branches located on the plane vertical 

wall of the reservoir. In Figure 3.1, the squares are of dimension d and are separated 

by a distance 2 measured from center to center. The coordinate system (x, y, z) is 

centered on Square 1. The angle of inclination, increasing counterclockwise, is denoted 

by a and is measured from the horizontal x-axis to the straight line that passes 
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t hrough the centers of the squares. The analysis assumes steady, incompressible flow 

rvith constant fluid properties. In addition, potential Bow is assumed throughout the 

flow field. Viscosity and surface tension effects are neglected wi t h gravi ty and inertia 

forces dominating. Following the Armstrong (1991) approach, the system method for 

determining the onset of liquid entrainment is utilized. The system mefhod considers 

that the onset can occur at either square or both squares simultaneously. Therefore. 

a solution is required that predicts the onset or critical height at Square 1, h l ,  and 

one that predicts the onset or critical height at Square 3, h 2 .  By comparing the 

predictions given by the two solutions, the onset is obtained as follotvs: 

Craya (1949) first proposed an analytical solution composed of three steps. The 

first part of the solution is accomplished by performing an equilibrium analysis along 

the interface using Bernoulli's equation. Next, the velocity field in the lighter fluid 

is determined by a potential flow analysis. Third, equality of the velocity along the 

interface and its gradient at linking point B, s h o w  in Figure 3.1, are imposed as the 

conditions for the onset of liquid entrainment. Finally, following the system method, 

the coordinate system is relocated to the center of Square 2 and the  analysis repeated 

to determine the onset of liquid entrainment a t  Square 2. Thus, a two-solution set is 

obtained and the system method, as discussed above, is utilized to determine the true 

onset. 
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3.3 Equilibrium Balance at the Interface 

The equilibriurn a t  the  interface is controlled by a balance between gravity and inertia 

forces as shown in Figure 3.1. Therefore, by applying the Bernoulli equation along 

a streamline coincident with the interface, first on the lighter Auid side then on the 

heavier fluid side and equating, the folloming expression was obtained 

where V is the velocity 

the flat interface. The  

v2 4 p  - -  - -gt 
2 P 

along the interface and t is the  local deflection 

linking point between the reservoir wall and 

measu red from 

the interface is 

denoted point B which corresponds to t = h - 

Linking point B is of interest since it is at this 

s, which on substituting yields 

- SI) (3.2) 

location t hat the equilibrium veloci ty  

along the interface is equated with the velocity of the  lighter fluid. 

3.4 Velocity Field in the Lighter Fluid 

In this analysis the  velocity field in the lighter Auid is obtained by ignoring the 

presence of the heavier fluid. The lighter fluid is considered as a semi-infinite medium 

with boundaries -CG x 5 +CG, -cm 5 y 5 +m, and O 5 z 5 +m. The flow 

discharges through the two squares situated on the  x - y plane at z = O. The flow 

out Square 1 is denoted by velocity -ql over the  range - d / 2  2 x 5 +dl2  and 

- d l 2  5 y 5 +d/2 .  Similarily, the flow out Square 2 is denoted by -ud,2 over the 

range (1 cos a - d / 2 )  5 x 5 (1 cos cr t d / 2 )  and (1 sin cr - d / 2 )  5 y 5 ( 1  sin cr + d / 2 ) .  

With the assumptions 

equation, 

stated above, the velocity field is obtained from the continuitp 
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By introducing the scalar potential flow function, 4. such that 

the well known Laplace equation is obtained 

Equation (3.5) is subject to the following boundary condit ions 

, 4 is finite 

- =  -ud.1 ' 8z  
, -dl2 5 x 5 +d/3 

and -d l2  5 y < +dl'! 

. ( 1  cos a - d / 2 )  5 x 5 (1 cos a + d l - )  

and (1 sin a - d l ? )  5 y < (1 sin cr + d / 9 )  

al1 other x and y 

A solution following the met hod of separation of variables, Zill(1989), t hat sat isfies 

boundary conditions 1, 2, and 3 is 

where constants A, B, C, D, E, and F are constants of integration. Now al1 that 

remains is to satisfy boundary condition 4. First, by taking the partial derivative 

of Equation (3.6) with respect to z and setting z = 0, the  following expression is 
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obtained 

where ~4~ = A x F and BF = B x F.  By setting 

and substitut ing into Equation ( 3 . i ) ,  the following was obtained 

Equation (3.9) is a Fourier Integral. 'ilultiplying constant J (x7 A,  p ) into the square 

brackets of Equation (3.9). constants Jc (x,  A, p )  and JD (x. A. IL) result . YOIV, ap- 

plying boundary conditions l a ) ,  b), and c), constants Jc (x ,  A, p) and Jo (x. A. p )  

were determined using Fourier cosine and Fourier sine transforms, respectively. The 

result ing expressions are: 

d d 
for ( ~ C O S ~ - ~ ) ~ X ~ ( ~ C O S O + ~ )  

e œ 

and 

- - 9 [mS { c s i n a  - i) - mS {(lsina + :) Pl]  
PT 

d d 
for ( lcosa - 2 )  5 x 5 ( Z C O S Q +  6 )  - 

= O for all other x 
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Next, by referring back to Equation (3.7), it can be seen that by expanding out the 

brackets, constants AFC, AFD,  BFCl and BF D result. To solve for these constants. 

Equation (3.8) was multiplied by C. This produced the follorving expression: 

BFC (A, p )  sin ( A X )  ] ( d m )  dA (3.12) 

which is a Fourier Integral. Constants AFC and BFC are solved using Fourier co- 

sine and Fourier sine transforms, respectively. Recalling that Jc is given by Equa- 

tion (3.10), the expressions for AfC and BFC are given by 

1 
A& ( A ,  p )  = 

+ u , ,  sin [(i sin o + t) a] sin [ ( 1  cos a + k) A] 

- u,, sin [ ( I  rin a - :) sin [(i + i) A] 
- rd,* sin [(/ sin a + i) sin [ (i cos a - :) A] 

+ ~ 7 , ,  sin [(i sin o - i) p ]  sin [ ( l  cos 
- i) A] } 

and 

BFC ( k p )  = 
Vd.2 

p ~ x 2  J- {sin [(,sin a + %) cos [(I cos - $) A] 

- sin [(lsinu - :) ,] cos [(Icoso - %) A] 

-sin [(lsina+:)p] cos [(lcosa+ k) A] 

+ sin [(I sin u - :) p] cos [(1 cos o + i) A] ) . 
Similarly, constants AF D and BF D were determined by multiplying Equat ion (3.8) 
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through by D. This yielded the  following expression: 

which is, again, a Fourier Integral and the constants were calculated in the same 

manner as previously stated. Performing the steps yields, 

- cos [ (/ sin a + i) pl  

- cos [ ( l  sin a - i) p]  

+cos [(i sin a + :) p]  

[(lsina - t) sin [([COS + $) A] 

sin [ ( l  cos o + k) A] 

sin [(i cor o - %) A] 

sin [(icosa - :) A]} 

and 

t'd.2 
BFD ( k p )  = 

JW {cos [(i sin o - :) cos [(i cos o - t) A] 

- cos [ ( I  sin a + 2) p] cos [(i cos a - $) A] 

- cos [(i sin a - :) p] cos [ ( l  cos 0 + k) A] 

+cos [ ( l s ina  + :) p] cos [(1coso + i) A]} 

With al1 constants determined, the velocity field in the lighter tluid can now be 

obtained by substituting the constants given by Equations (3.13), (3.14), (3.16), and 

(3.17) into Equation (3.6). This yields an expression for 4. CVe are interested in the  

vertical component of the velocity field at the reservoir wall, i.e. Vyl,,,,o Thus, 
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using Equation ( 3 4 ,  the value of V, is given by 

+ u,., sin ( I  sin a - $) sin (1 COS (L + 

- v d . 2  sin (i sin a + :)i) sin (1  cos a + -A 2 sin (PY) ' > 
+ a d , .  sin (1 sin a + $) sin ( 1  cos n - 3 

- Vd.2 sin (1 sin a - $ p )  sin (1 cos a - 

+ a , ,  cos (I sin a - iP)  sin (i cos o + - cos ( ~ y )  ' >  
- "d.2 cos (1 sin o + $) sin (I cos a + - cos (PY) ' >  

Equation (3.1s) is solved in closed form using the tables of integral transforms by 

Baternan (l95.3). Making the  necessary integrat ions yields 
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2 ( )  ($ cos a + ;) + 
2 x  2 {cl- :sina+ - 

3 '> 

where I' is the Gamma function and 2Fi (a ,  b, c; w) is the complex hypergeometric 

function of variable w with the parameters a, b, and c. This function is the solution 

of the hypergeomet ric equation 



Equation (3.20) has three singular points at w = 0, 1, and m which correspond to 

y = oo, imaginary value, and y = f ( d / 2 )  or y = - I  f d / 2 ?  the edges of the two 

squares. repect ively. 

Now, the kinetic energy at linking point B, V ' / 2 ,  is determined from Equa- 

tion (3.19) with r = z = O and y = -sl as 

+ 
'2n2 -- - sin a + - 

d d  

2 

- - ;) 
1 1 3  
2 ' 2 ' 2 '  I 

- sin ci - - 
( 7 - d  



3.5 The Critical Height at the Onset of Liquid En- 

trainment 

W e  now have two equations for the kinetic energy at  linking point B? I J ; / ~ :  given by 

Equations (3.2) and (3.2 1). A graphical representat ion of Equations (3.2) and (3.2 1 )  

is shown in Figure 3.2 for fixed values of Pi,, G,, a, 1, d, 9, p ,  and Ap. Thus, curves 

were generated in which s 1 and hl  are the only parameters that Vary. Equation (3.31 ) 

produces a single relation betmeen L2/2 and sl, while Equation (3.2) produces a series 

of parallel, s t  raight lines wit h negat ive slope. 

For large values of h l ,  there are two points of intersection. -4s hl decreases, a 

critical value is reached where the straight line forms a tangent to the curve with one 

point of intersection. As h l  decreases further, no points of intersection are possible. 

The hypothesis in the analysis. first proposed by Craya (1949), is that the value of h l .  

corresponding to the critical height for the onset of liquid entrainment at  Square 1. is 

the value a t  which Equations (3.1) forms a tangent with Equation (3.31). Therefore. 

by equating the magnitudes of V i / 2  given by Equat ions (3.2) and (3.21) and t heir first 

derivatives with respect to s i ,  the critical height, h l ,  that corresponds to the onset 

of liquid entrainment wit h respect to Square 1 is obtained. Equating Equations (3.2) 

and (3.21) yields, 

and equating first derivatives with respect to sl yields, 
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w here 
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and 
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S o m ,  with the  mass flow rate for a square given by pPI./d, the  Froude number becomes 

Therefore, Equations (3.22) and (3.23) can be nondimensionalized 

Froude number. Performing the appropriat e algebra, ive get 

and 

(3.23) 

by introducing the 

where constants Cl and C2 are given by Equations (3.21) and (3.25). respective15 

and C j  and C; are given by 

C ; = d x C 3  and C ; = d x C 4 .  (3.31) 

Constants C3 and C4 in Equation (3.31) are given by Equations (3.26) and (3.27). 

respect i vel y. 

Equations (3.29) and (3.30) can be used to  determine the critical height with re- 

spect to Square 1, h l / d .  Equation (3.30) is solved iteratively for s l / d .  then substituted 

into Equation (3.29) to find h l / d .  

The  critical height for the onset with respect t o  Square 2, h 2 / d .  must now be 

determined. This could be accomplished using the  same technique as for Square 1 

follorving t he  situation described in Figure 3.3. However, an easier and much quicker 

solution can be found by transposing the appropriate parameters of Equations (3.29) 

and (3.30), as well as the appropriate constants, so that  they are consistent with 

Figure 3.3. The  resulting expressions are: 

- = - -  I 1 h2 S2 - s i n a  + - si ri Cl + 2FqFr2C5C6 + Fr:} 
d d d  128 



and 

- 64 = FriCsC; + Frl  Fr2 [C5Cg + c&F] + FT:C&; (3.33) 

where constants Cg and Cg are given by Equations (3.35) and (3.36)' respectively. 

and C: and C,' are given by 

C : = d x C 7  and C i = d x C s .  (3.34) 

Constants C; and Cg in Equation (3.31) are given by Equations (3.3;) and (3.38). 

respectively. The equations for Cg, C6, Ci, and Cs are as folloi\-S. 

2 

cos a - ') 
3 
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and 

- sin a + 

2 (5 - i  - sin o + 1) i) - 

(4 cos a - L )  3 - 
+ (s* ' 2 

--  - sin a - A) 
d d 3 - 

2 

(- : cos a - i) -7 - 
2 2 Fl 

3 ( 2  - sin a - ') 
d d  3 - 

(- f cos a - ') 
3 

2 

cos a - i) 
2 

2 

- (-$ cos a - L) 
2 

2 ' 
- (-f cos a - i) 

3 3 5  3 - - 
2'5'5' .52 [ 

- sin a + 6 
( 7 - d  

Equations (3.32) and (3.33) can be solved in the same iterative manner as Equa- 
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tions (3.29) and (3.30). Equations (3.29) and (3.30) together with Equations (3.32) 

and (3.33) determine the system critical height or the onset of liquid entrainment for 

the system. 

3.6 Theoretical Results and Discussion 

Equations (3.29) and (3.30) can predict the onset of liquid entrainment for a single 

square if we set Frz = O, I / d  = 0, and cr = O. The results generated are shown in 

Figure 3.1. As well, shown on Figure 3.4 are the solutions for the onset of liquid 

entrainment given by Soliman and Sims (1992) for a single circular branch of finite 

diameter and by Craya (1919) for a single point sink. As can be seen' the solution by 

Craya (1919) approaches h/d  = O as Fr goes to zero. In contrast, the solution given 

in the present analysis is nearly identical to that given by Soliman and Sims (1992) 

asymptoting to the physical limit of h/d = 0.5 as F r  goes to zero. Further, the mode1 

from the present analysis collapses with the others for F r  greater than 10. Trvo 

important conclusions can be drawn from the  above. One, t h e  model developed in the 

present analysis asymptotes to the correct physical limit s and two, the geomet rical 

shape of the branch (square versus circle) has little effect on the prediction of the 

critical height. The use of the square shape simplified the present analysis and made 

possible the generat ion of a closed-form solut ion. 

Figure 3.5 compares the models given by Armstrong (1991) and the present anal- 

ysis. The figure shows the relationship between Frl and the system critical height, 

h, /d ,  at which the onset of liquid entrainment is predicted to occur. The discharge 

at branch 2, Frz,  saries while l / d  and a are fixed. As can be seen in Figure 3.5, the 

agreement between the models at low Frt  becomes better as Fr2 increases until at 

Fr2 = 45 the solutions are nearly identical. As well, as F r l  increases for any Fr2 

both models converge to nearly the same values. In addition, as Frz decreases a t  low 



F r t ,  the present analysis approaches the  system critical height, h, /d=O.5, while the  

Armstrong solution approaches h,/d=O. Finally, for a = 90°, the  onset always occurs 

a t  branch 1, thus, h, = hl  for a = 90'. The above observations from Figure 3.5 

strengthens the main conclusion drawn from Figure 3.4. 

By examining Figures 3.5 to 3.7, we see that the curves shift toward the single- 

discharge curve as a increases. For the  range of Frl shown, an  increase in CI from 

30' to  60° reveals that for Fr2 = 15, al1 entrainment occurs at branch 1. Further, the  

influence of branch 2 on the onset critical height is significant since the curves for al1 

Fr2 are not coincident with the single-discharge curve. 

Figures 3.8 and 3.9 show the effect of a for Fr2 = 30 and l / d  = 2 and l / d  = 4, 

respectively. -4s can be seen. in each figure as a increases, the theoretical curves shift 

toward the single-discharge curve. In Figure 3.9, an interesting trend predicted by the 

theory is revealed. .As a increases, ive see that, generally, the onset height decreases. 

Hoivever, when a increases from 40' t o  90' degrees? the onset height increases (Le., 

the trend reverses). This results is surprising; however, the analysis presented does 

not restrict the trend in the onset height for any of the independent parameters. 

Further discussion on the trend reversal is given below. 

Figures 3.10 and 3.11 show the effect of l / d  for Fr2 = 30 and a = 30" and a = 60"' 

respectively. In Figure 3.10, as the separation distance increases, the influence of the 

secondary branch diminishes. This can be seen by observing that  the curves shift 

toward the single-discharge curve as I/d increases. At l / d  = 4 the secondary branch 

has little effect on the onset height. At f / d  = 8 the curve is nearly coincident with the  

single discharge curve indicating that the secondary branch is so far removed from 

the interface that it is unable to influence the onset height. In Figure 3.1 1, the curves, 

again, shift toward the single discharge curve as l / d  increases. At i / d  = 4, there is 

still an effect of the secondary branch on the onset height. But, at  l / d  = 8 the curve 
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is nearly coincident with the  single discharge curve. Again, this illustrates that the 

secondary branch is so far removed from the  interface to influence the  onset height. 

Finally, the curves in Figure 3.11 approach lower onset heights at low Frl  than the 

same curves in Figure 3.10. 

Figure 3.12 shows the effect of Frl on h , /d  for Fr2 = 30 and l /d  = 2 with a on the 

x-axis. Al1 predictions to the right of and t o  the left of the ~ r e d i c t e d  sirnultaneous 

points are entrainment at branch 1 and branch 2, respectively. By examining the 

curves of constant Froude number from high values of Frl  to low d u e s  of F r l .  a 

reversal in trend is found. First, examine Frl  = 30 from lom values of a to  high values 

of a. As can be seen, the curve shows a continuous drop in the  onset height. For the 

Froude numbers presented, the above result holds for al1 Fr l  4 5.0. Norv, examine 

the curve for Frl = 1.0 as a increases. To the right of the predicted simultaneous 

point, the  theory predicts slightly larger values of the onset height as a continues 

to increase. Further, just to the left of the simultaneous point. the  Frl  = 0.1 curve 

actually crosses the Frl = 0.0 curve. This indicates a re~versal in the onset height 

not only as a increases but as Frl decreases for certain combinations of Frl and û 

(i.e. low F F  and mid to  high a). In performing the theoretical analysis, at no point 

were any restrictions placed that specified t he  trend in onset height for values of F r l .  

F r z ,  [Id, and n escept the  physical boundary of hld = 0.5 when Frl  = Fr2 = 0. 

Therefore, the results presented in Figure 3.12 are valid. 

Figure 3.13 is identical to Figure 3.12 except that the results obtained from the 

Armstrong (1991) mode1 are shown for comparison. As can be seen, the Armstrong 

mode1 also exhibits a reversa1 in the onset height for Frl  = 1.0 and Frl  = 0.1. In 

general, the tivo models are in very good agreement and it is primarily at low F r ,  

values when entrainment is occurring at branch 1 that the present analysis differs 

from Armstrong (1991). 
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Figure 3.2: Relationship between \:/2 and si 



Figure 3.3: Coordinate system for analytical derivation with respect to branch 2 
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- - - - -  P resent Analysis 
*-.....* Soliman and Sims (1 992) 

Figure 3.4: Theoretical prediction of the onset of liquid entrainment for single dis- 

charge 
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/ ,..,,., . , . , , , , , ,  , , . , , . , , ,  .... 
Armstrong (1 991 ) 

Figure 3.5: Influence of Fr2 on h,/d for a = 90" and l / d  = 2 
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X Predicted Simultaneous Point 

Figure 3.6: Influence of Fr2 on h , / d  for a = 60" and l / d  = 2 
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Figure 3.7: Influence of Fr2 on h,/d for cr = 30" and I / d  = 2 



X Predicted S imultaneous Point 

Figure 3.8: Influence of a on h,/d for Fr2 = 30 and l / d  = 2 
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' Single 

Figure 3.9: Influence of a on h,/d for Fr2 = 30 and l / d  = 4 
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Figure 3.10: Influence of l / d  on h,/d for Fr2 = 30 and a = 30' 
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Figure 3.11: Influence of l / d  on h, /d  for Fr2 = 30 and a = 60" 
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Figure 3.12: Influence of a on h,/d for Fr2 = 30 and I / d  = 2 
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Figure 3.13: Influence of a on h,/d for Fr2 = 30 and f / d  = 2 



CHAPTER 4 

EXPERIMENTAL INVESTIGATION 

4.1 Introductory Remarks 

-4s discussed in Chapter l?  the relevant experimental parameters were identified as 

the mass flow rates out each branch, rizl and r i z 2 ,  the separation distance between 

the branches, 1, the angle of inclination of the plane containing the centerlines of 

the branches, a, and the critical height a t  the onset, h .  Xondimensionalizing t hese 

parameters by utilizing the branch diameter, d. and neglecting the effects of viscosity 

and surface tension, the branch flow rates rrTere transformed into corresponding Froude 

numbers, Frl and Fr2 ,  the separation distance became I ldl  and the critical height 

at the onset was expressed as h ld .  Therefore, the four independent parameters were 

identified as F r l ,  Fr2 .  l l d ,  and a. Their influences on the dependent parameter. 

h ld .  is the focus of the experimental investigation. I t  should be noted that the 

esperimental investigation was conducted at room temperature. Depending on the 

conditions of the day, the temperature of the air and water was maintained at 22 f 3 

4.2 Experimental Apparatus 

To determine the influence of the independent parameters on the dependent param- 

eter, a test apparatus was constructed that was capable of measuring al1 parame- 

ters. The apparatus was constructed for previous studies, Parrott (1993) and Hassan 



(1995). The construction of the test apparatus required a flow loop that provided a 

continuous, regulated supply of water and air and a means to measure the flow rates 

out from the branches, the angle of inclination, the separation distance between the 

branches, and the critical height at onset. The experimental apparatus consisted of 

a flow loop, a test section, discharge branches, and flow, temperature, and pressure 

rneasuring devices 

4.2.1 Flow Loop 

.A schematic of the gas-entrainment Aow loop is shown in Figure 1.1. It consists of a 

stainless steel test section in the shape of a tee. -4 supply of air was established using 

a mode1 4160K Fisher pressure controller. The  air enters the test section through the 

air inlet flange (left side of tee). Distilled water was supplied by a submersible pump 

and entered the test section through the water inlet flange (bottom of tee). The  rate of 

ivater supply rvas controlled by a by-pass line that  emptied back to t h e  distilled water 

tanks. The  right flange of the tee rvas designated the outlet Range. The discharge 

branches were installed in the outlet flange and a clear acrylic visual section provided 

a clear view of the experirnental flow phenornena. The rate of discharge through 

each of the branches wts measured by variable-area flow meters with overlapping 

ranges. When performing gas-entrainment studies, the discharge water mas ret urned 

to the holding tank. The air and water temperatures within the test section and at 

the flow meters \vas measured with copper-constantan thermocouples. An Omega 

(mode1 TRC-III) ice point reference chamber served as the reference junction. The 

pressure in the test section was measured with a US Gauge bourdon pressure gauge. 

To remove excess heat generated by the submersible pump, a cooling coi1 was installed 

in the distilled water holding tanks in order to maintain the water supply temperature 

relatively constant. Figure 4.2 illustrates the  flow loop for iiquid ent rainment . It 
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is essentially the same loop as for gas entrainment. An air-water separator was 

positioned between the  branch discharge lines and the air flow meters to prevent 

any liquid entrained in the air flow from wetting the air flow meters. This was 

necessary in order to prevent an inaccurate reading from the flow meters. For liquid- 

entrainment studies, the discharge air was vented to the atmosphere. Finally, a 

mercury manometer provided the pressure reading at the air flow meters. 

The test section was constructed of schedule 40 stainless steel and in the shape 

of a large tee section. It had a clear acrylic visual section at  the outlet side for 

the purposes of viewing the experimental fiow phenornena. As mentioned aboïe. 

distilled water entered through the bottom flange or water inlet flange, air entered 

through the left or air inlet flange, and the discharge fluids exited through the right or 

outlet flange. The tee measured approxirnately 1.1 m in length from air inlet flange 

to discharge flange. The inner diameter mas approximately 0.235 m in al1 sections 

expect the visual section which measured 0.380 m. The distance from the  horizontal 

centerline of the tee to the water inlet flange was approximately 0.216 m. In order 

to attain a smooth, ripple-free interface, the  water and air inlets had to be dispersed 

as they entered the test section. Thus, dispersion devices were installed on the two 

supplies. The dispersion devices forced the supply flows to make several 90' bends 

before venting into the test section. In this way the fluid velocity was dropped such 

that there was very little to no effect on the interface. .4 detailed cross-sectional view 

of the test section can be found in Hassan (1995). 

The discharge branches required for this study were machined from two brass 

blocks. A sketch of the bras block with branch separation distances, [/dl of 2.0 

and 8.0 is shown in Figure 4.3. The b r a s  blocks were mounted in the test section by 

bolting them to the discharge flange. Each b r a s  block had four branches 6.35 mm in 

diameter and 127 mm in length. Therefore, each branch had a straight downstream 

length of 20 diameters before any bends or area changes occurred. In order t o  accom- 



plish measurement of the angle of inclination, a 203.2 mm outer diameter circular 

protractor \vas modified by machining the inner diameter such that a compression fit 

was achieved between the protractor and the brass-piece mounting flange. Further. 

the mounting flange slots were machined such that a rotation of approximately 40' 

was possible, with consideration given to the brass-block mounting bolts, permitting 

complete coverage of al1 angles betiveen 0' and 90'. 

4.2.2 Flow Rate Measurement 

Gas Entrainment 

The water flow rate from each branch ivas measured by two variable-area flow meters 

(Brooks mode1 1110). The Aow capacity range of the meters overlapped such that 

a continuous flow range iras achieved. For gas-entrainment experiments, the lots- 

capacity flow meter range iras 0.51 k g l m i n  to 3.95 kglrnin and the high-capacity 

flow meter range was 3.85 k g l m i n  to 11.34 k g l m i n .  The rate of discharge from 

each branch was controlled by throt tling valves located just downstream of the  flow 

meters. The calibration of the flow rneters was verified by recording the elapsed time 

to collect a specified mass of water at a scale reading. This was done for several scale 

readings over the range of the flow meter. These points nere then compared t o  the 

manufacturer's calibrat ion data. The agreement \vas generally good for a11 water flow 

meters. However, calibration curves obtained in-house were available for each flow 

rneter from previous work conducted on the experimental apparatus. Cornparison 

between the floiv rates predicted by these curves, at the corresponding scale readings 

as described above, and the calibration points collected revealed that the flow meter 

characteristics were unchanged; the maximum deviation was 3%. Therefore, it was 

decided to use (with confidence) the previously obtained in-house calibration curves. 

Appendix A, Section A.3.1 provides the cornplete flow meter calibration data. 



Liquid Entrainment 

As in the gas entrainment studies, the air Bow rate from each branch was measured 

by two variable area florv meters (Brooks model 1110). The Born capacity range 

of the meters overlapped such that a continuous flow range was achieved. For liq- 

uid ent rainment experiments the low-capacity flow meter range mas 16.65 S L P M  

to 166.51 S L  PM and the high-capacity flow meter range was 129.88 SLPbl  to  

1299.S1 S L P M .  The rate of discharge from each branch was controlled by throt- 

tling valves located just upstream of the flow meters. Calibration of the flow meters 

was performed in two ivays. For low Born rates, up to 250 S L P M ?  the Elster blainz 

wet test meters were utilized and for flow rates greater than 250 S L  PM venturi me- 

ters were required. Using these devices, several calibration points were taken over the 

range of each flow meter. For the air floiv meters, manufacturer's calibration data 

were unamilable but calibration curves from previous work conducted on the experi- 

mental apparatus were alailable. ..\ cornparison between the flow rates predicted by 

these curves, at the corresponding scale readings of the above points. and the calibra- 

tion points collected revealed that the flow meter characteristics were unchanged; the 

maximum deviation was 3%. Therefore, it was decided to use (with confidence) the 

previously obtained in-house calibration curves. Appendix A, Section A.3.2 provides 

the complete rotameter calibration data. 

4.2.3 Iiit erface Level Measurement 

To determine the interface position, two pressure t aps w r e  installed on the ou tlet 

Range of the test section. These two taps were installed in vertical alignment; the 

top tap was exposed to the air in the test section and the bottom tap to the distilled 

water. They were then connected to the high and low sides of a Rosemount (model 

C 1151 DP)  pressure transducer. This permit ted measuring the height of the interface 



which is related to the pressure difFerence across the transducer. Due to the changing 

interface level, the pressure transducer produced an electrial signal dependent upon 

the differential pressure created. Calibration of the transducer over the range of 3 

t o  10 volts permitted a measurement of O to 254 mm of water. The resolution on 

the voltmeter measuring the outlet signal from the transducer ivas 1 rnV and the  

relationship between the different ial pressure and voltage was linear. T herefore, a 

1 mV increment corresponded to a differential pressure of 0.03505 mm of water. 

Appendix .A provides the details of the cali brat ion procedure. 

With a method for determining the interface position in the  test section estab- 

lished, a datum or reference position mas required. It mas decided to use as the  

datum the centerline of the primary branch. Recall that the primary branch was 

defined as the branch nearest to the interface. To characterize the centerline of the  

primary branch, the interface was first raised above it, then lowered slowly until t he  

flat interface \vas even with the top edge and then the bottom edge of the prirnary 

branch. The "reflection method'? described belotv. ivas used to determine mhen t h e  

interface tvas even with the top and bottorn edges of t h e  branch. The "reflection 

method" iras developed by Parrott (1993). These readings were averaged to give the  

datum transducer reading corresponding to the alignment of the  flat interface with 

the centerline of the primary branch. Then, to determine the critical height a t  the  

onset of either gas or liquid entrainment, the difference between this datum and the  

transducer reading at which entrainment occurred was evaluated. This difference tvas 

used to  calculate hld. 

4.2.4 Angle of Inclination Measurement 

The angle of inclination, a, of the branches was measured using the horizontal plane 

as a datum. A protractor with a resolution of 0.5' rvas sufficiently accurate since 
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it was expected that data sets collected within 1.0' of each other would not show 

any differences. In order to measure the desired angle of the two branches a datum 

was established. This was accomplished by orienting the branches in the horizontal 

alignrnent or a = O". The procedure to ensure that the branches were horizontally 

aligned consisted of ut ilizing the " reflect ion met hod" . 

The reflection method consists of observing the interface from beneath or by look- 

ing up at it through the water. From this orientation, the interface served as a mirror 

and the image of the branches was seen reflected off the interface. When observing 

the reflected image, care was esercised not to view it through the curved meniscus 

that distorted the perspective. As well, observing the reflection as close to the inter- 

face as possible provided the most accurate result. The procedure was to lower the 

interface until the reflected image and the real branches just touched. .As the distance 

between the reflection and the actual branches decreased, the distance between each 

branch and i ts reflection was compared for equality. If the distances were unequal the 

brass block was rotated and the process cont inued unt il  the branches were horizont al. 

The horizontal orientation obtained wit h the lreflect ion met hod" was compared to 

the horizontal orientation achieved rvit h a surveyor's transit. It was found the ..re- 

flection methodn agreed to within less than one degree. Once horizontal alignment 

was achieved, the protractor reading was recorded as the datum. From this reference 

any angle \vas measured mith high confidence. 

4.3 Gas Entrainment Experiments 

4.3.1 Experimentd Procedure 

The experimental matrix was designed to yield the influences of a, l l d ,  FrZ,  and Frl 

on the critical height, h l d ,  at  the onset of gas entrainment. The matrix procedure 
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tiras, for each l / d ,  to fix the outlet branches at a desired cr and for each of the four 

Fr2's, set a t  the secondary branch, cover the midest possible range of F r l .  Then 

change the value of a and cover the  Fr2 and Frl  spectrum. Once al1 a, F r 2 ,  and 

Frl combinations were covered, the next I /d  was chosen. For each daturn point the 

folloming procedure was employed. 

The atmoshpheric pressure and room temperature were recorded. 

For the current Ild. the discharge branches were posi tioned at  the 

desired angle of inclination and the transducer reading corresponding 

to the reference datum for the critical height calculat ion was 

estabIished. 

The test section was filled with water far above both branches and the 

test section pressure set to a steady ,510 kPa by pressurizing it with 

compressed air. 

The water flow rates out from the branches were established by 

adjusting the  float positions in the flow meters with the downstream 

throttling valves. The positions were set such that the float scale 

positions corresponded to the desired Fri and Fr2 The float 

positions were recorded. 

The interface was loir-ered slowly by adjusting the by-pass line such 

that the rate of discharge slightly exceeded the rate of water supply. 

with the voltmeter reading changing by 1 m L' approximately every 

3 seconds, the interface dropped by less than 1 mm per minute. 

When, by visual observation, a gas cone formed that was continuously 

entraining and not breaking off from the branch(es) the onset of 

entrainment was said to have occurred. At this moment the voltmeter 

reading was taken, which produced hfd, and the branch(es) at which 

entrainment occurred was recorded. 
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7. Other readings taken immediately after the onset were the test section 

pressure and the air and water temperatures inside the test section. 

The water temperature at the flow meters was assumed to be equal to 

the water temperature inside the test section. 

For al1 experimental points the floats in the rotameters were very steady and 

the pressure transducer's signal free from noise. The above procedure applied to 

single or dual discharge. In the case of dual discharge. simultaneous gas entrainment 

was possible. Iteration of Frl was required to determine the simultaneous point 

exactly. For al1 points the onset of gas entrainment was determined visually and/or 

by observing air buhbles in the flow meters. The surface of the brass block \vas 

cleaned on a regular basis with a 0.3 prn cleaning compound and alcohol to remove 

oxidat ion and ensure the surface was smoot h. 

4.3.2 Data Reduction 

The esperimental data collected were reduced to the experimental parameters of F r t .  

Frz ,  and h l d .  This was accomplished by the use of a personal cornputer and a data- 

reduction program mri t ten in FO RTRAS. The important calculations are as folloi~s. 

The mass flow rate, r i z?  through each branch was deterrnined from the 

in-house cali brat ion curves. 

The test-section pressure, P., was corrected using the calibration 

chart for the pressure gauge. 

The water in the test section was treated as a compressed liquid and 

the density, p ~ , ~ ,  approximated as the density of a saturated liquid a t  

the same temperature using standard steam tables. 



4. The air densi t~ in the test section, pc,,, was determined using the 

ideal gas law, 

5. The Froude nurnbers through each branch, Frl and Frz ,  were 

calculated from Equation (3.28) 

6. The critical height, h / d ,  was calculated using the differential pressure 

transducer reading. The details are provided in Appendix B. 

4.4 Liquid-Ent rainment Experiment s 

4.4.1 Experiment al Procedure 

The esperimental matrix was designed to yield the influences of a, l / d .  Fr2 .  and F r ,  

on the critical height, h / d ,  a t  the onset of liquid entrainment. The matrix procedure 

was, for each Lld, to fix the discharge branches at a desired a and for each of the four 

F r& set a t  the secondary branch cover the widest possible range of F r l .  Then change 

the a and cover the Frî and Frl  spectrum. Once al1 a, Fr2,  and Frl  combinat ions 

were covered the next l / d  was chosen. For each datum point the following procedure 

was employed. 

1. The atrnoshpheric pressure and room temperat ure were recorded. 

2. For the current Lld, the discharge branches were positioned at the 

desired angle of inclination and the reference datum for the  

cri tical-height calculation established. 
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The test section tvas filled with water far below both branches and the 

test section pressure set to a steady 310 k P a  by pressurizing it with 

compressed air. 

The air flow rates out the branches were established by adjusting the 

Roat positions in the flow meters with the upstream throttling valves. 

The positions were set such t hat the Boat scale positions corresponded 

to the desired Frl  and FrÎ .  The float positions were recorded. The 

brass block ivas allowed to dry thoroughly by the air flow. 

The interface was raised slo~vly by adjusting the by-pass line such t hat 

the rate of rirater supply into the test section caused the voltmeter 

reading to change by 1 mV approximately every 3 seconds. This 

corresponded to the interface rising by less than 1 mm per minute. 

When, by visual observation, a liquid spout was pulled up the test 

piece and entrained continously into the branch(es), the onset of 

ent rainment was said to have occurred. At this moment the volt meter 

reading was taken, which corresponded to hld ,  and the branch(es) at 

which ent rainment occurred was recorded. 

Other readings taken immediately after the onset were the test section 

pressure, the air and water temperatures inside the test section, the 

air temperature and manometer readings at the air flow meters. 

For al1 experimental points the floats in the rotameters were very steady, the 

pressure transducer's signal free from noise, and the b r a s  block thoroughly dried 

between points. The above procedure applied to single or dual discharge. In the case 

of dual discharge, simultaneous liquid ent rainment was possible. Iterat ion of Fr, was 

required to determine the simultaneous point exactly. For a11 points the onset of liquid 

entrainment \vas determined visually. Finally, as in the gas-entrainment experiments, 
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the brass block surface rvas cleaned regularily to ensure its surface condition \vas 

controlled t hroughout the study. 

4.4.2 Data Reduction 

The experimental data collected ivas reduced to the esperimental parameters of F r l .  

F r Î ,  and h l d .  This was accomplished by the use of a personal computer and a data 

reduction program written in FORTRAN. The important calculations were as follorvs: 

The volumetric flow rate in S L P M  through each flow meter 

was determined from the in-house calibration curves. 

The air density in the florv meters, P G , ~ ~ ,  mas calcdated using 

the  ideal gas law. 

The actual flow rate in Actual Litres per Minute. .4LPJlo was 

determined using the follotving correct ion. 

where pss is the density of the stainless steel float in kg /m3 ,  PG,ST is the 

density of air at standard day conditions, 21.1 OC and 101.323 k P a ,  and 

PG,jm is the density of the air at the actual conditions of the flow meter in 

kg/m3. 

The mass flow rate of air was calculated as 



To calculate the Froude numbers at each branch inlet, Frl  and 

F r l ,  the air veloci ty and density (temperature and pressure) 

were required. This was accomplished by the use of a nonlinear 

iterative technique to solve for the unknowns. 

Treating the air as an ideal gas and applying an energy balance 

between the test section stagnation conditions and the branch 

inlet yields an expression for the inlet air temperature. 

Assuming isentropic espansion from the test section stagnation 

conditions to the branch inlet and treating the air as an ideal 

gas yields 

Using the mass flow rate of air through the branch, the  

velocity of the air at  the branch inlet can be expressed as 



where pG,i is the air  density at  the branch throat. 

Equations 4 3 ,  1.6, and 4.7 were solved by starting with a guess 

value for one of the  three unknowns and iterating until a 

converged solut ion \vas obtained. 

The Froude number was calculated using Equation (3.28). 

The cri t ical height , h Id, !vas calculated using the different ial 

pressure transducer reading. The details are provided in 

Appendix B. 

4.5 Estimates of Uncertainty 

An uncertainty analysis rvas performed for gas and liquid entrainment experiments. 

The uncertainty analysis mas performed following the approach of Kline and JIcClin- 

tock (1919). Appendix E provides the procedure and results of the  analysis. The 

uncertainty analysis rvas performed for six representative data sets: three for gas en- 

trainment and three for liquid eritrainment. The reason for performing an abbreviated 

uncertainty analysis stems from the fact that the experimental apparatus was used 

in previous studies. The uncertainty in the data obtained from the  experimental rig 

has been established by Parrott (1993) and Hassan (1996). 

The uncertainty in the Froude number for gas entrainment for the data sets ex- 

amined ranged from f 3.26% to f 4.77%. The uncertainty in the branch diameter and 

the  uncertainty in the volumetric flow rate t hrough the flowmeter were the  dominant 
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uncertaint ies in the Froude number. 

The uncertainty in the Froude number for liquid entrainment for the data sets 

examined ranged from &3.99% to  f 8.67%. The uncertainty in the  branch air-inlet 

density and the uncertainty in the volumetric flow rate through the flowmeter domi- 

nated the uncertainty in the Froude number. 

The uncertainty in the critical height for gas entrainment for the data sets exam- 

ined ranged from f 1.86% to  f 5.36%. The uncertainty in the critical height for liquid 

entrainment for the data sets examined ranged from f 1.85% to f 3.09%- 
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CHAPTER 5 

EXPERIMENTAL RESULTS AND DISCUSSION 

5.1 Introduction 

There were two parts to the  experimental investigation t hat was conducted. The first 

part was the investigation into the onset of gas entrainment and the second part was 

the in\-estigation into the onset of liquid entrainment. The esperimental results for 

the onset of liquid entrainment are compared wit h the analytical solution obtained 

in Chapter 1. 

In collecting the experimental data, visual observations were made during each 

dataum point in order to describe the Boiv situation at the onset. These observations 

were recorded in detail for each data point collected and are presented below. The 

detailed observations were then used in grouping the  data into categories to reduce the 

detail in presenting the data. The end result {vas that each dataum point \vas placed 

into one of five categories that were common to both gas and liquid entrainment. 

During gas- or liquid-entrainment data collection, two modes of entrainment that 

occurred require preliminary mention before the results of each investigation are pre- 

sented. These modes are continuous entrainment and intermittent entrainment. Cori- 

tinuous entrainment occurred when the entrained gàs or liquid stream did not stop 

flowing into the branch but remained steadily entraining. Conversely, intermittent 

entrainment was characterized by the gas or the liquid jumping to the branch then 

breaking off in succession, wi thout steadily entraining. 
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5.2 Gas Entrainment 

5.2.1 Data Matrix 

An extensive matrix of data ivas collected to ensure that the onset phenornena were 

well described. The matrix of parameters is as folloivs: 

Test Section Pressure 

Branch Diameter 

Angle of Inclination 

Separat ion Distance 

Primary-Branch Froude Number 

Secondary-Branch Froude Number 

Po = X O  k P a  

d = 6.35 mm 

û. = O", IO0, 30°, and 60" 

f / d  = 1.5, 2.0, and 8.0 

Frl  = 0.0 to 70.0 

Fr2 = 0.0, 14.0, 28.5, 12.3, and 56.6 

5.2.2 Flow Plienomena 

As mentioned above, during the collection of each dataum point many observations 

were recorded. A complete descript ion of t hese observations is presented below. The 

reader can refer to Appendix C for a complete listing of where in the experimental 

rnatrix t hese observations were recorded. In performing the gas-ent rainment st udy. 

the method of data collection evolved after the initial experimental observations and 

results were analyzed. Initially, the onset \vas defined as the first instance of observ- 

able gas that was entrained. For some data points the first instance of entrainment 

corresponded to continuous entrainment and for others it corresponded to  intermit- 

tent entrainment. After reviewing the initial results, the experimental method tvas 

revised such that al1 data points were collected for the continuous-entrainment con- 

dition. Thus, for gas entrainment, the interface was lowered slowly until cont inuous 
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entrainment occurred. As the interface s'as lowered al1 unique modes of gas entrain- 

ment that occurred at each branch from the first instance of entrainment to  continu- 

ous entrainment were recorded. For gas entrainment there were four distinguishable 

modes of entrainment that occurred as given in Table 5.1. 

Table 5.1: Descript ions of gas-entrainment modes 

IVE 

- .. 

CVE 

Descript ion 
- -- - -- 

Initial lrortex Entrainment, IVE, was 

the first observed gas entrained. It 

was characterized by a hair-thin, 

vortex, gas cone that originated from 

the flat interface over the branch(es) 

or the bottom of the depression in the 

interface formed over the branch(es). 

IVE was always intermittent. See 

Figure 5.1. 

Cont inuous Lrortex Entrainment, 

CVE, was identical in appearance to 

IVE and formed in the same manner; 

however, CVE was continuous and 

always formed a t  the bottom of the 

depression. See Figure 5.2. 



CHAPTER 5. EXPERIMENT'L RESULTS AND DISCUSSION 

Descript ions of gas-entrainment modes 

Mode 

IDE 

CDE 

Description 
- - -  

Initial Depression Ent rainment , IDE, 

\vas characterized by observing the 

first instance of the depression in the 

interface over the  branch(es) becorning 

fully entrained. As the interface was 

lowered. the depression in the 

interface over the branch(es) deepened 

untiI it entrained. IDE was always 

intermittent and prior to its 

occurrence, vortex cones, much like 

I\'E. may have occurred. IDE was 

eit her vortex or nonvortes in nature. 

See Figure .5.3. 

Continuous Depression Entrainment, 

CDE, was identical in appearance to 

IDE and formed in the same manner, 

however, CDE was continuous. See 

Figure 5.4. 

In a typical gas-entrainment experiment, al1 four modes given above were normally 

observed as the interface was lowered. The order of appearance at branch as the 

interface was lowered was typically IVE, IDE, CVE, or CDE. Experimental data 

were recorded for each mode for later analysis. For some data points IDE and CVE 



occurred in a reverse order. Also, it was possible for CVE not to occur when the other 

three were observed. In addition, CDE was sometimes the only entrainment mode 

observed, typically at low Froude numbers. Finally, rvit h the interaction between the 

two branches, it was possible to observe CVE at one branch while IVE occurred at 

the other, i.e., a continuous form of entrainrnent at one branch, CVE or CDE, while 

intermittent or continuous entrainment occurred at the other. 

Since the amount of gas entrained was insignificant for IVE and IDE and since 

these modes of entrainment showed poor repeatability, it was decided to classify 

the data based on establishing continuous entrainment at one branch and recording 

the condition at the other. This reduced the complexity of data presentation while 

maintaining a record of al1 observations. In this way, five categories emerged. as 

presented in Table 5.2.  

Table 5.2: Experiment al-dat a categorizat ion scheme (gas ent rainment ) 

1 NO. 1 Category 1 Descript ion 

1. 

S. 

Entrainment 

at Branch 1 

The onset of continuous ent rainrnent 

occurred at branch 1 only via CVE or 

CDE modes. 

Entrainment at 

Branch 1 with 

Interrnitt ence 

at Branch 2 

Continuous entrainrnent occurred a t  

branch 1 (CVE or CDE) with 

intermittent entrainment at branch 3 

(IVE or IDE). 
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Experiment al-data categorizat ion scheme (gas ent rainrnent ) 

3. 

Descript ion 

Simultaneous 

Ent rainment 

4. 

5 .  

Continuous entrainment occurred a t  

both branches at the same instance 

(CVE or CDE) and remained steadily 

entraining to bot h branches. 

Entrainment at 

Branch 2 with 

Intermittence 

at Branch 1 

Entrainment 

at Branch 2 

Cont inuous entrainment occurred a t  

branch 2 (CVE or CDE) with 

intermittent entrainment at branch 1 

(IVE or IDE). 

The onset of continuous entrainment 

occurred at branch 2 only (CVE or 

CDE). 

5 -2.3 Single Discharge 

The experimental results for single discharge are shown in Figure 5.5.  The data are in 

good agreement with the single-discharge data reported by Parrott ( 1993) measured 

from the flat interface from a horizontal branch. The experimental data are given in 

Appendix C. 

5.2.4 Dual Discharge 

The experimental results for dual discharge are shown in Figures 5.6 to 5.16. For each 

figure the separation distance, f l d ,  and the angle of inclination, a, are fixed while five 



values of FrÎ are shown for al1 F r i .  A cornmon legend scheme, shown in Table 5.4. 

is utilized for ail plots and is based upon the data  categories presented in Table 5.2. 

The reader should refer to Table 5.4 for a description of each symbol ivhen examining 

Figures 5.6 to 5.16. A physical descript ion of a typical curve given in t hese is required 

before conclusions are stated. The  description of the entrainment phenomena follows 

from the categories presented in Table 5.2. In order to illustrate the categories given 

in Table 3.2, Figure 5.6 for Fr2 = 42.5 should be examined. Following this curve 

from low Fr l  to high F r l ,  several different categories of gas entrainment onset are 

encountered. First, at lorv F r l ,  solid symbols are given that correspond to entrain- 

ment a t  branch 2 (category 5 ) .  Thus, for Frl between 1.0 and 26.0, the  onset aliva~ys 

occurs at branch 2. Notice, as iveIl, that the curve exhibits a slightly increasing trend 

( h l d  increases) due to the influence of branch 1. Xext, at Frl  = 31.0, the onset 

phenornenon changes to category 4. At this point, Frl  is high enough to pull some 

of the entraining gas intermittently into branch 1. As Frl increases further the on- 

set phenomena passes into the simultaneous region (category 3). The simul taneous 

region for a = O" is expected to occur at Frl = Fr2 since the branches are at equal 

distance from the interface. .is Frl  increases past 42.5, branch 1 is now discharging 

more mass than branch 2 and therefore, exhibits a stronger influence on the onset. 

This is observed as a new region is encountered in Figure 5.6: entrainment according 

to category 2. In general, Categories 2, 3, and 4 occupy bands of finite widths on the 

Frl  scale, even though in Figure 5.6 they appear as single points. Finally, as Frl  

increases further, the remaining data points are al1 open symbols indicating that the 

onset of gas entrainment occurred exclusively a t  branch 1 (category 1). Thus, as Frl  

increases over its range five distinct onset regions are encountered. As will be shown. 

al1 five regions do not always occur. However, in general, the following conclusions 

can be drawn. 

A general observation from Figures 5.6 to 5.16 is at low I l d ,  the curves for different 
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Fr2 are smooth and gradually change slope. This results from the close interaction of 

the branches and their simultaneous influence on the onset. Hoivever? at  l / d  = 8. for 

each Fr2 value, when the onset occurs at branch 2, it is essentially at a constant h l d  

value; Le., the curve is flat in this section. .4t a specific ( F r l , F r 2 )  combination. t h e  

onset becomes simultaneous and this point falls on the single-discharge curve. Then. 

to the right of the simultaneous point, the onset always occurs at orifice 1 and these 

data points follow the single-discharge curve. An abrupt change in slope occurs at 

the simultaneous point. From the above statements it is concluded that for l / d  = S 

the two branches act independently. This is further evidenced by observing that the 

h / d  value. when the onset occurs at branch 2 for each Fr2,  is approsimately equa! to 

the sarne h / d  that the single-discharge curve yields a t  the same Froude number. 

Next, by comparing da ta  for the sarne f / d  but different a, for example Figures 5.6 

to 5.9, it is observed that the data points change from mainly solid symbols at low 

a (Category 5 )  to rnainly open symbols at  high o (Category 1). In general, as û 

increases, the five regions given in Table 5.2 are observed to shift to lower Frl  values. 

In particular, an examination of the simultaneous region in Figures 5.6 through 5.9 

for Fr2 = 56.6 shows that it first occurs at F r l  = 56.6 in Figure 5.6 at  a = O* but 

shifts to Frl = 1.0 in Figure 5.9 at o = 60'. In addition, for Figures 5.14 and 5.15 in 

which l / d  = S and a = 0" and 10°, respectively, the simultaneous point for each Fr2.  

falls on the single-discharge curve. This adds more strength to the conclusions stated 

above that the branches are acting independently of each other for l / d  = S. As wello 

entrainment categories 2 and 4 were not observed for any a when l / d  = 8. 

It can be seen from Figures 5.6 to 5.16 that for any F r l ,  h / d  increases as Fr2 

increases. The percentage increase in hld  is more pronounced at  low Frl and drops 

monotonically as Frl increases. For example, in Figure 5.14 at Fr2 = 56.6, h/d  is ap- 

proximately 8 times the single-discharge value at Fr,  = 1.0 but the two corresponding 

points are almost identical a t  Frl  = 66. 
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Next, as a increases for a fixed l l d ,  the data shift towards the single-discharge 

curve. As a increases, branch 2 moves farther away from the interface relative to 

branch 1. Therefore, its influence on h / d  decreases and the entrainment phenomenon 

moves towards the single discharge curve. In Figures 5.6 to 5.9 where l / d  = 1.5. 

the Fr2 curves shift towards the single discharge curve as a increases. The shift is 

small but noticeable. The small shift is due to the close proximity of branch 2. For 

Figures 5.10 to 5.13 ivhere [ I d  = 3, the data exhibit a greater shift towards the single 

discharge curve as CI increases. Finally. for Figures 5.14 to 5.16 where l / d  = S, the 

Fr2 curves dramatically collapse ont0 the single discharge curve as a increases from 

O to 30'. That  is because branch 2 is sufficiently far removed from the interface in 

Figure 5.16 to  have any effect on the entrainment phenomenon and the two branches 

are observed to act independently of each other. 

5.2.5 Cornparison wit h Previous Results 

Figure 5.17 compares the present study with the results of Hassan (1995) for the case 

of F r l  = F r 2 ,  a = 0°, and f/d = 1.5, 2.0, and 8.0. As can be seen. the present 

study agrees very well with the data reported by Hassan (1995) which strengthens 

the confidence in the present data. 

5.3 Liquid Entrainment 

5.3.1 Data Matrix 

An extensive matrix of data \vas collected to ensure that the onset phenomena rvere 

ive11 described. The matrix of parameters is as follows: 
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Test Section Pressure 

Branch Diameter 

Angle of Inclination 

Separation Distance 

Primary-Branch Froude Xumber 

Secondary-Branch Froude Number 

Po = 310 kPa  

d = 6.35 mm 

a = O", 10°, 30°, and 60" 

f/d = l.5? 2.0, and 8.0 

Frl = 0.0 t o  38.0 

Fr2 = 0.0, 9.5, 19.0, 28.5, and 38.0 

5.3.2 Flow Phenomena 

A s  mentioned above, during the collection of each dataum point. observations were 

recorded. The  experimental data is contained in Appendix C. For each experimental 

datum point. entrainment to a particular branch at a given h / d  was either continuous 

or intermittent. For sorne data points, initially, the liquid entrained intermit tently 

to a particular branch but changed to continuous entrainment at the same branch 

without a change in hld. Therefore, these points were recorded as continuous. 

It was necessary to place the above observations of onset modes into a small set 

so that the presentation of the data ivould be manageable and more coherent. This 

was accomplished by establishing a unique and necessary criterion that each datum 

point had t o  meet before it could be placed into the final categorization. For liquid 

entrainment, the  criterion that signified to which category a data point belonged 

was the establishment of continuous entrainment at  one or both branches. Table 5.3 

provides a description of the five categories identified in this study. 
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Table 5.3: Experimental-dat a categorizat ion scheme (liquid entrainment) 

Category 

Entrainment 

at Branch 1 

Entrainment at 

Branch 1 with 

Intermittence 

at Branch 2 
- -- 

Simultaneous 

Entrainment 

Entrainment at 

Branch 2 with 

Intermittence 

at Branch 1 

Entrainment 

at Branch 2 

5.3.3 Single Discharge 

Descript ion 
- - - 

The onset of cont inuous ent rainment 

occurred a t  branch I only. 

Continuous entrainment occurred at  

branch 1 with intermittent 

entrainment at branch 2. 

Cont inuous entrainment occurred at 

both branches a t  the  same instant and 

remzined steadily entraining to bot h 

branches. 

Cont inuous ent rainment occurred at  

branch 2 with intermittent 

entrainment at branch 1. 

The onset of continuous entrainment 

occurred at  branch 2 only. 

The experimental results for single discharge are shown in Figure 5.18. The  data  

are in good agreement with the  data  reported by Parrott (1993) for single discharge 

from a horizontal branch. As well, the data are in excellent agreement with the  data  



reported by Hassan (1996) rneasured wi t h the interface level increasing and mi th  the 

theoretical prediction of Craya (1949). The tabulated data are given in Appendis C. 

5.3.4 Dual Discharge 

The experimental results for dual discharge are shown in Figures 5-19 t o  5.29. In 

general, the same observations and comrnents made for gas entrainment studies apply 

to the results obtained for liquid entrainment. These comments are repeated below 

for completeness as well as remarks on the cornparison with the theoretical results of 

Chapter 3. 

In each figure the separation distance, Ild, and the angle of inclination. a, are 

fixed while five values of Fr2 are shown for al1 F r l .  -4 common legend scheme. 

shomn in Table 5.5, is utilized for al1 plots and is based upon the data  categories 

presented in Table 5.3. The reader should refer to Table 5.5 for a description of each 

symbol when examining Figures 5-19 to 5.29. A physical description of a typical 

curve given in these figures is required before conclusions are stated. In order to 

illustrate most of the categories given in Table 5.3, let us esamine Figure 5.19 for 

Fr2 = 28.5. Following this curve from low Frl  to high F r l o  several different regions 

of liquid entrainment onset are noticed. First, at low F r , ,  solid symbols are given 

that correspond to  entrainment a t  branch 2 (category 5). Thus as F r l  changes from 

O.S to 14.0 the onset always occurs a t  branch 2. Notice as well that the curve eshibits 

a slightly increasing trend (h ld  increases) due to the  influence of branch 1. Next, 

at Frl  = 18.0, the  onset phenomenon changes to category 4. At this point, F r l  

is strong enough to  pull some of the entraining liquid intermittently into branch 1. 

As Frl  increases further the onset phenornenon passes into the simultaneous region 

(category 3). The simultaneous region for a = 0' is expected to occur at Frl  = Fr2 

since the branches are at equal distance from the interface. As Frl  increases past 
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28.5? branch 1 is now discharging more mass than branch 2 and therefore. exhibits a 

stronger influence on the  onset. This is observed as a new region is encountered in 

Figure 5.19, category 2 entrainment. In general, al1 entrainrnent categories occupy 

bands of finite width on the Frl scale even if some of them appear as a single point 

in Figures 5.19 to  5.29. The final region, entrainrnent at  branch 1. did not appear as 

it lies outside the range of the Frl  values examined in the  present study. Thus, as 

Frl  changes, five distinct onset regions are encountered. -4s will be shown, al1 five 

regions do not always occur. 

A statement concerning the theoretical curves presented in Figures 5.19 to 5-29 is 

required for the cornparisons shown. First, the theoretical study does not take into 

consideration the shape of the interface at the onset of entrainment. The assumption 

used was that of an infinitely narrow stream of entraining liquid. Therefore, en- 

trainment categories 2 and 4 were not predicted by the theory and the simultaneous 

region is predicted as a single point indicated by an X on each theoretical curve. It 

can be inferred that al1 theoretical predictions to the left of the simuItaneous point 

are entrainrnent at branch 2 and that al1 theoretical predictions to the right of the 

sirnultaneous point are entrainment at  branch 1. 

In general, the t heoret ical predict ions are in excellent agreement wi th the esperi- 

mental data. This indicates that the square-branch geometry assumed in performing 

the t heoretical analysis is an acceptable approximation; t here is lit t le difference be- 

tween a circular and square branch. Mso, generally speaking, the theory predicts 

closely at which branch the onset mil1 occur. As well, a t  a = 0' for al1 f / d  the theory 

and experimental data  are in excellent agreement for the sirnultaneous point. How- 

ever, as a increases t he  theory over-predicts the value of Frl at which simultaneous 

entrainment occurs. 

A general observation from the Figures 5.19 to 5.29 is that a t  lotv [ I d ,  the Fr2 
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curves are smooth and gradually change slope. This results from the close interaction 

of the branches and their influence on the onset. However, a t  I ld = S, for each Fr2 

value, when the onset occurs at branch 2, it is essentially at  a constant h / d  value: 

Le., the curve is flat in this section. At a specific ( F r I , F r 2 )  combination, the onset 

becornes simultaneous and this point falls on the single discharge curve. Then, to the 

right of the simultaneous point, the onset always occurs at branch 1 and these data 

points follow the single discharge curve. An abrupt change in slope occurs at the 

simultaneous point. From the above statements it is concluded that for l / d  = S the 

two branches act independently. This is lurther evidenced by observing that the h /d  

value, when the onset occurs at branch 2 for each Fr2 ,  is approxirnately equal to  the 

same h l d  t hat the single discharge curve yields at  the same F r .  As well, entrainment 

Categories 2 and 3 ivere not observed for l / d  = S. Existence of Categories 2 and 4 is 

an indication that the branches are interacting closely to influence the onset. 

Next, by comparing data of fixed l / d  but varying a. for esample Figures 5.19 

to 5.22. it is observed that the data points change from mainly solid symbols (Cate- 

gory 5) at  low a to rnainly open symbols (Category 1 )  at high a.  In general. as û in- 

creases, the five categories given in Table 5.3 are observed to shift to lower Fr1 values. 

In particular, an examination of the simultaneous region in Figures 5.19 through 5.22 

for Fr2 = 38.0 shows that it first occurs a t  F r l  = 30.0 through F r l  = 38.0 in Fig- 

ure 5.19 at  a = 0°, shifts to Frl = 3.0 and Frl  = 4.0 in Figure 5.21 at a = 30°, and 

did not occur in Figure 5.22. In addition, for Figures 5.27 and 5-28 in which l / d  = S 

and a = 0" and 10°, respectiveiy, the simultaneous point for each Fr2 ,  falls on the 

single-discharge curve. This adds more strength to the conclusions stated above that 

the branches are acting independently of each other for l / d  = S. 

It can be seen on al1 figures t hat for any Fr l ,  h / d  increases as Frz increases. The 

percentage increase in h l d  is more pronounced a t  low Fr1 and drops monotonically 

as Frl increases. For example, in Figure 5.27 a t  Fri = 38.0, h /d  is approximately 4 



times the single discharge value at Frl  = 0.8 but the two corresponding points are 

almost identical at Frl = 38.0. 

Next, as a increases for a fixed i / d ,  the data shift towards the single-discharge 

curve. As cr increases branch 2 moves farther away from the interface relative to 

branch 1. Therefore, its influence on h/d decreases and the  entrainment phenornenon 

moves tomards the single-discharge curve. In Figures 5.19 to  5.22 where l / d  = 1.5. 

the Fr2 curves shift towards the single-discharge curve as a increases. The total shift 

of al1 Fr2 curves by Figure 5.22 does not completely fa11 ont0 the single-discharge 

curve. This can be attributed to  the influence of branch 2. For Figures 5.23 to 5.26 

where l l d  = 2, the data exhibit a greater shift towards the single discharge curve as o 

increases. Finally, for Figures 5.27 to  5.29 where I /d  = 8, the Fr2 curves dramatically 

collapse ont0 the single-discharge curve as a increases from O to 30". That is because 

branch 2 is suficiently far removed from the interface in Figure 5.29 so as to have 

no effect on the entrainment phenornenon and the two branches are observed to act 

independently of each ot her. 

5.3.5 Cornparison with Previous Results 

Figure 5.30 compares the  present study with the results of Hassan (199.5) for the case 

of Frl  = Fr2 ,  a = 0°, and i l d  = 1.5, 2.0, and 8.0. As can be seen, the present study 

agrees very ive11 with t h e  da ta  reported by Hassan (1995) which lends confidence 

to the present data. In Hassan (1995), the experimental method was to lower the 

interface during ex~er imenta l  data collection. Therefore, the met hod of Hassan ( 1995) 

resulted in a wet surface of the b r a s  block during experimental data  collection. In 

sharp contrast, in the present experiments, the experirnental method was thoroughly 

to dry the interface before the commencement of a experimental datum point and to 

raise the interface. However, as can be seen in Figure 5.30, there is not a significant 
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difference in the reported experimental data to indicate a difference in experimental 

met hods. 
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Figure 5.2: Sketch of the Gas CVE entrainment mode 
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Figure 5.3: Sketch of the IDE entrainment mode 
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Figure 5.4: Sketch of the CDE entrainment mode 
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Figure 5.5: Experirnental data of gas entrainment for single discharge 
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Table 5.4: Gas-entrainment-data symbols used in Figures 5.6 to 5.16 

Symbol Category 
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Figure 5.6: Dual-discharge gas entrainment, I/d = 1.5 and a = 0'; refer to  Table 5.4 

for symbol notation 



w 1 I 1 1 T 1  I I I  1  1 t I I I  

I I  1  I 1 I I I  I I I  1  I I I  I I  

Figure 5.7: Dual-discharge gas entrainment, [ I d  = 1.5 and a = 10'; refer to Table 5.4 

for symbol notation 



Figure 5.8: Dual-discharge gas entrainment, l l d  = 1.5 and a = 30"; refer to Table 5.4 

for symbol notation 
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Figure 5.9: Dual-discharge gas entrainment, l / d  = 1.5 and a = 60"; refer to Table 5.4 

for symbol notation 
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Figure 5.10: Dual-discharge gas entrainment, I / d  = 2.0 and a = 0'; refer to Table 5.4 

for symbol notation 
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Figure 5.11: Dual-discharge gas entrainment, l / d  = 2.0 and a = 10' ; refer t o  Table 5.4 

for symbol notation 
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Figure 5.12: Dual-discharge gas entrainment, f / d  = 2.0 and a = 30'; refer to Table 5.4 

for symbol notation 
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I  1 t I  I  1 I I  I I I  I  I  I I P I  

Figure 5.13: Dual-discharge gas entrainment, i / d  = 2.0 and cr = 60°; refer to Table 5.4 

for symbol notation 



C H A P T E R  5. EXPERIMENTAL RESULTS AND DlSCUSSlON 

Figure 5.14: Dual-discharge gas entrainment, l / d  = 8.0 and a = O"; refer to Table 5.4 

for symbol notation 
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a 1 R a I  a 1 I I I  1 1 I I  I L  

Figure 5.15: Dual-discharge gas entrainment, I /d  = 8.0 and a = 10'; refer to Table 5.4 

for symbol notation 
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Figure 5.16: Dual-dis&arge gas entrainment, l / d  = 8.0 and a = 30"; refer to Table 5.4 

for symbol notation 
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Present Data 
x Single 

l/d=1.5 
0 1/d=2 
A l/d=8 

Hassan (1 995) 
t/d=1.5 
l/d=2 

A l/d=8 

Fr, =Fr, 

Figure 5.17: Cornparison of relevant gas-ent rainment results with Hassan (1 995) for 

Frl = Fr2 and a = 0' 
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Figure 5.18: Experimental data of liquid entrainment for single discharge 
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Table 5.5: Liquid-entrainment-data symbols used in Figures 5.19 to 5.29 

Syrnbol Category 



Present Theory 
x Predicted simultaneous point 

Figure 5.19: Dual-discharge liquid entrainment, Zld = 1.5 and a = O"; refer to 

Table 5.5 for symbol notation 
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Present Theory 
X Predicted simultaneous point 

> i l  1 I 1 I I I I I  I 1 I 

Figure 5.20: Dual-discharge liquid entrainment, I /d  = 1.5 and a = 10"; refer to 

Table 5.5 for symbol notation 
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Present Theory , 

x Predicted simultaneous point 

Figure 5.21: Dual-discharge liquid entrainment, i / d  = 1.5 and a = 30'; refer to 

Table 5.5 for symbol notation 



CHAPTER 5. EXPERIi.EiVT.4L. RESULTS AND DISCUSSION 

Present Theory 
x Predicted simultaneous poin 

i i I  t m I I 1 4  I I I  i 1 1 

Figure 5.22: Dual-discharge liquid entrainment, l / d  = 1.5 and a = 60"; refer to 

Table 5.5 for symbol notation 
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Present Theory 
x Predicted simultaneous point 

Figure 5.23: Dual-discharge liquid entrainment, I l d  = 2.0 and a = O", refer to 

Table 5.5 for symbol notation 
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x Predicted simultaneous point 

5 1 i l  I I I I I I I t  t I I 

0.7 1 1 O 50 

I Present Theory 

Figure 5.24: Dual-discharge liquid entrainment, Z/d = 2.0 and a = 10'; refer to 

Table 5.5 for symbol notation 
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1 

O.' 

Present Theory 
X Predicted simultaneous point 

Figure 5.25: Dual-discharge liquid entrainment, l / d  = ?.O a.nd o = 30'; refer to 

Table 5.5 for symbol notation 
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Present Theory 

B i 1  1  t  B 1  L t I i I  # R B 

Figure 5.26: Dual-discharge liquid entrainment, l l d  = 2.0 and a = 60'; refer to 

Table 5.5 for symbol notation 
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x Predicted simultaneous point 

Figure 5.27: Dual-discharge liquid entrainment, i / d  = S.0 and ct = 0'; refer to 

Table 5.5 for spmbol notation 
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- Present Theory 
x Predicted simultaneous point l 

Figure 5.28: Dual-discharge liquid entrainment, I/d = 8.0 and a = 10"; refer to 

Table 5.5 for symbol notation 
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Present Theory 

Figure 5.29: Dual-discharge liquid entrainment, l / d  = 8.0 and a = 30'; refer to 

Table 5.5 for symbol notation 
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Present Data 
m Single 

Hassan (1 995) 

Figure 5.30: Cornparison of relevant liquid-entrainment results wi th  Hassan (1995) 

for Frl = Frz and a = O  



CHAPTER 6 

CONCLUSIONS AND RECOMMENDATIONS 

6.1 Conclusions 

Experimental data were generated for the onsets of gas and liquid entrainment for 

the case of twvo horizontal side circular branches of 6.35 mm diameter discharging 

from a large reservoir containing a stratified, twephase mixture of air and water. 

The independent variables in the investigation included the separation distance [ I d :  

the rate of discharge from each branch, Frl  and Frz ,  and the angular alignment of 

the branch centerlines, o. The dependent variable was the critical height a t  which 

the onset occurred, h l d ,  as measured from the flat, smooth air-water interface. The 

experimental data were collected at a test section pressure of 510 k Pa for gas entrain- 

ment and 310 k P a  for liquid entrainment. For both the gas and liquid entrainment 

investigations separation distances of I / d  = 1.5, 3.0, and 8.0 were studied and angles 

of a = O", IO0, 30°, and 60" were investigated. Measurements of the critical height 

were taken over a wide range of Froude numbers from the branches. In addition. a 

theoretical investigation was conducted for the onset of liquid entrainment. A the- 

oretical mode1 was developed to predict the onset of liquid entrainment and sample 

results are presented. The following conclusions were drawn: 
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1. The t heoret ical mode1 developed in t his t hesis yields a closed-form 

solution and can be solved using an iterative technique. The model 

agreed very tvell wi t h existing single- and dual-discharge 

mat hemat ical models as well as wit h the experimental data collected 

during t his investigation. The assumpt ions used and the solution 

method are validated by the successfull cornparisons \vit h existing 

models and data as stated. 

The experimental data for the onset of gas and liquid entrainment can 

be classified into five distinct regions. 

Generally, the critical height increases wit h an increase in eit her F r l  

or Frz .  .in exception to the preceding statement occurs at l / d  = 8 

ivhen entrainment is occurring at branch 2. Then, the critical height 

is relat ively cons tant. Kext , generally, the cri t ical height increases 

with a decrease in i / d .  

As the angular alignment of the branches increases the critical height 

decreases . 

For the covered range of operating conditions, entrainment at the 

secondary branch no longer occurred or was limited to very low Frl 

for: a = 60" with l / d  = 1.5 and 2.0 and for a = 30' with l / d  = S.0 for 

both gas and liquid entrainment. 

6.2 Recommendations for Future Work 

The following recommendat ions are suggested for future work: 



The present tvork could be extended to include measurements of the 

mass flow rate and flow quality in each branch as the interface is 

lowered from the onset of gas entrainment to  the onset of liquid 

entrainment. 

The present work could be extended to include studying the onsets of 

gas and liquid entrainment for three branches with centerlines falling 

in an inclined plane. 

The present work could be extended to include studying the onsets of 

gas and  liquid entrainment using steam and water to more closely 

resemble indust rial applications. 
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APPENDIX A 

INSTRUMENT CALIBRATION 

A. 1 Test-Section Pressure Gauge 

A Bourdon gauge was used to measure the test section pressure during the esperiment. 

The gauge mas calibrated over its entire range, 5 to 100 pszg (34.47 to 689.46 k P a )  

using a dead-weight tester. Pressures were imposed by adding weights in 5 psi in- 

crements. The actual pressure and the pressure reading given by the Bourdon gauge 

were recorded. After loading to maximum pressure, the weights were removed in 5 psi 

decrements. The gauge showed litt le hysteresis. The average of the gauge readings 

\vas then correlated rvith the actual pressure. Equation (A.1) shows the results. 

A.2 Differential-Pressure Transducer 

A Rosemount mode1 1151 DP pressure transducer was used in the experiment to 

measure the interface level in the test section. The pressure transducer was calibrated 

against a micromanometer. The micromanometer had a range of O t o  234 mm of 

water pressure and the reading was distinguishable to 0.1 mm of water pressure. The 

zero point of the  transducer was elevated so that the range would span the interface 

Ievel in the test section. The zero point was adjusted to a 2 V offset by imposing a 

calibration height of water, Dai, in the high side of the transducer. The high pressure 
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sides of the transducer and the micromanometer were connected to  a common line 

that was connected to a pressure source. The low pressure sides were connected to a 

common line that was open to atmosphere. The pressure source was used to  apply 

pressure in 50 mm increments as read by the micromanometer. A digital voltmeter 

with a resolution of 1 mV rvas used to record the pressure transducer reading. Xfter 

loading to maximum pressure, the pressure \vas decremented in 50 mm of water. The 

values as read by the digital voltmeter were averaged and then correlated with the 

micromanometer pressure. Equation (X.2) shows the results. 

A.3 Flow-Meter Calibration 

The experimental apparatus used in the present investigation was calibrated during a 

previous study. Therefore, it was decided to check the calibration of the flow meters 

against the exist ing cali brat ion correlat ions and manufacturer's data (when available) . 

It was found that al1 flow meters were still characterized by the existing calibration 

correlat ions and t hat recali brat ion was not necessary. 

A.3.1 Water-Flow Meters 

The calibration of al1 water flow meters was checked by flowing a mass of water 

through each flow rneter over a period of time. The water was collected in a weigh 

tank and the collection time ranged from 5 to 30 minutes. Each flow meter was 

calibrated between 10 and 100 percent of full scale. The float remained steady for al1 

points. The flow rates were then cornpared to existing correlations and manufacturer's 

data. Table A. l  provides the correlations used for each flow meter. The correlations 
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given are the same as the exiting correlations from previous studies and the intent 

was to check that  they still held for the equipment. 

Table ,4.1: Water-flow-meter correlat ions 

1 Flow Meter 1 Correlat ion, kglrnin 1 

Table A.2 shows the scale reading and the corresponding flow rate obtained for 

flow meters Wal  and Wbl.  For Bow meters iVal and Wbl, manufacturer's data 

were available for comparison and the results are shown. Table A.3 shows the scale 

reading and the corresponding flow rate obtained for flow meters !Va2 and Wb2. For 

flow meters Wa2 and Wb2, comparison was made to  the existing correlations given 

in Table A.1. 

Table A.2: Calibration results of the large water flow meters 

% Scale 

20 

40 

60 

Flow Rate, Ilmin Manufacturer 

Ilmin 

8.97 

16.96 

24.95 

Wal 

9.05 

17.32 

24.83 

Wb1 

9.30 

17.30 

24.98 

% Difference 

Wa1 

1.19 

1.57 

-0.53 

Wb1 

2.53 

1.96 

0.1 



Table A.3: Calibration results of the small water flow meters 

1 % Scale 1 Flow Rate, Ilmin 1 % Difference 1 

A.3.2 Air-Flow Met ers 

The calibration of al1 air Row meters was checked using by a combination of two 

wet test meters and two venturi meters. Both wet test meters were manufactured by 

Elster Mainz and had maximum capacities of 10 and 250 S L P M .  The vent uri meters 

were manufactured by Fox Valve Development Corp. and had throat diameters equal 

to 9.525 and 16.51 mm. Table A.4 provides the correlations used. 
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Table .A .4: Air-flow meter-correlat ions 

1 ~ l o w  ~ e t e r  1 Correlat ion, S L PM I 

Table A.5 shows the scale reading and the corresponding flow rate obtained for flow 

rneters Aa1 and Abl .  For flow meters .\al and Abl,  manufacturer's data was available 

for comparison and the results are shown. Table -4.6 shows the scale reading and the 

corresponding flow rate obtained for flow meters .\a2 and Ab?. For flow meters Aa2 

and Ab2, comparison was made to the existing correlations given in Table -4.1. 

Table 8 . 5 :  Calibration results of the large air flow meters 

% Scale 

20 

40 

60 

80 

100 

Manufacturer 

S L P M  

277. 17 

524.90 

772.92 

1020.65 

1268.66 

SL P M  % Error 

Aal 

286.23 

537.93 

785.94 

1009-61 

1246.01 

Aal 

3.3 

2.5 

1.7 

-1.1 

-1.6 

Ab1 

'235.95 

539.63 

787.64 

1005.36 

1344.60 

Ab1 

3.2 

2.8 

1.9 

-1.5 

-1.9 



Table A.6: Calibration results of the srnaIl air flow meters 

% Scale 1 Flow Rate, S L P M  1 % Error 1 



APPENDIX B 

CALCULATION OF THE INTERFACE HEIGHT 

B.l Calibration of the Pressure Transducer at At- 

mospheric Pressure 

Parrott (1993) developed the method of calculating the interface height using a dif- 

ferential pressure transducer. The method is presented here so that  this document 

remains as complete as possible. 

The diflerential pressure transducer was calibrated at  atrnospheric pressure as de- 

scribed in Appendix A, Section A.?. Since the  experiment ivas conducted at pressures 

greater than at mospheric pressure, the increase of the air densi ty in the Iom side of the 

transducer required compensation. Figure B. 1 provides a sketch and nomenclature 

of the situation. A column of water of height DcaI was placed in the high pressure 

side of the transducer to elevate the zero. When pressure PCai was applied to the high 

pressure side, the pressure difference as read by the micromanometer was I,Cai. The 

height difference between the water level in the low side of the micromanorneter and 

the water level in the high side of the pressure transducer will be denoted as Di,,. 

Therefore, the pressure difference Pl - fi is giwn by 

The pressure difference read by the micromanometer is 
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Subst ituting Equation (B.2) into Equation (B. 1) yields an  expression for the pressure 

difference across the  transducer as a function of the  manometer reading. 

The second term on the right hand side of Equation (B.3) can be neglected since 

its maximum value cannot be distinguished by the micromanometer. Therefore. the 

remaining expression can be rearranged as 

Now, the second term on the right hand side of Equation (BA) can be neglected as 

i t cannot be distinguished by the  micromanometer. Therefore, 

Pi - Pz = iKalg (PL - ~G.P.., ) + &rg (PL - P G . U ~ ,  ) (B.5) 

The differential pressure transducer calibration described in .L\ppendix h Section -4.2 

mas performed mith the zero of the transducer elevated a distance Deal above the 

transducer centerline. The pressure difference as given by correlating Equation (-4.2) 

could be stated as 

Pcai - Pot, = -70.1S1 + 35-0.52 (DPT - 2.0) - 0.006 (DPT - 2.0)~  (B.6) 

Therefore, Pcai - Put, = WC,/ and by setting D P T  = DPTmr gives 

Wcal = -70.1S1 + 35.052 (DPTcar - 2.0) - 0.006 (DPTcal - 2.0)~ (B.7) 

which can then be substituted into Equation (B.5) t o  yield an expression for the 

pressure differential across the transducer as a function of the digital volt meter reading 

a t  atmospheric pressure. 
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B.1.1 Calibration of the Pressure Transducer with the Pri- 

mary Branch Cent erline 

Recall that the method for calculating the interface height depended on knowing the 

position or height of the primary branch. A general equation will be developed that 

permits calculation of the primary branch centerline at atmospheric pressure. The 

notation is given in Figure B.2. In Figure B.2, ilcl refers to the interface height a t  

the centerline of the primary branch. 

The pressure difference across the t ransducer ivit h respect to the primary branch 

centerline is given by 

Xow. Equations (B.8) and (B.9) were developed at atrnospheric pressure. Therefore. 

they can be equated and by substituting DPTcL,atm in place of DPTcai and noting 

that pctCi = P c , ~ ~ ~ ~  an expression for the height of the interface at the  centerline of 

the primary branch is obtained. 

B. 1.2 Calibration of the Pressure Transducer at Experimen- 

tal Pressures 

When performing the experiment , a pressure greater t han at mospheric pressure \vas 

inside the test section. Therefore, a general correlation that relates the working pres- 

sure inside the test section to the pressure transducer voltage is required. Figure B.3 

shows the notation used to calculate the interface height. 

With a pressure P inside the test section, the pressure applied to each side of the 



transducer a t  the height of the interface is 

Therefore, the delta across the transducer was 

Now, Equation (B.8) and Equation (B. 12) were cornbined with DPTD replacing 

D P L r .  

Solving for D yields, 

B.1.3 Metliod for Calculating Interface Heiglit 

1. Calibrate the differential pressure transducer with atmospheric 

pressure in the low-pressure side. Correlate the calibration to yield an  

expression similar to Equat ion (B. 6). 

2. Find the voltage corresponding to  the aligriment of the interface 

height with the primary-branch centerline. 

3. Conduct the experiment under the  desired test-section pressure to 

find the  voltage corresponding to the desired onset which yields D. 

4. Calculate the onset height by, 



where D is given by Equation (B.14) and DC1 by Equation (B.10). By rearranging, a 

final form is obtained 

where 

Equation (B.16) \vas used in the reduction of the experimental data. 
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WATER \ 

Fressure - 
i rcnscucer 

Figure B.2: Nomenclature for calibration of the pressure transducer with primary 

branch centerline 
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Figure B .3: Nomenclature for calibration of the pressure transducer wit h test section 

experiment al pressure 



APPENDIX C 

Experimental Data 

C.1 Introduction 

This appendis contains the experimental data collected during the course of the 

investigation. It is divided into two sections. First , the gas ent rainment esperiment al 

data are given followed by the  liquid entrainment experimental data. 

C.2 Gas-Entrainment Experimental Data 

Table C.1 gives the experimental data for single discharge. The column labelled Mode 

refers to the descriptions given in Table 5.1. For each Froude number. the table con- 

tains multiple entries. For example, the first entry in Table C. 1 is a Froude number 

of 70.18. Under the hld and Mode headings, the corresponding values are  3.118 and 

3, respectively. This means that at a Froude number of 70.18, the first observed gas 

entrainment was at h l d  = 3.148 and it was by mode 3 (Initial Depression Entrain- 

ment, IDE, an intermittent mode) in Table 5.1. Still under the Froude number of 

70.18 entry, the next row shows an h l d  = 3.109 that occurred by mode 1 in Table 5.1. 

Mode 4 corresponds to entrainment by Continuous Depression Ent rainment, CDE. 

Thus, this entry was the entry that appeared in the figures of Chapter 5 since it 

was the continuous form of entrainment at that Froude number. Therefore, with the 

Froude number set a t  70.18, t here were two instances of gas entrainment - one at an 

h l d  = 3.148 by mode 3, an intermittent mode, and one at an hld  = 3.109 by mode 

4, a continuous mode. 
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Table C. 1: Experimental gas-entrainment data - single branch 

- Mode - 



.A PPELYDIS C. ESPERIMEXTAL DATA 

Experimental gas-entrainment data - single branch 

- Mode - 

Tables C.2 t o  C.12 give the esperimental data for dua1 discharge. The  column 

labelled Branch refers to which branch entrainment occurred. An S within the tab- 

ulated data in column Branch indicates simultaneous entrainment. The column la- 

belled Mode refers to the descriptions given in Table 5.1. An asteris. ', given in 

column .\/ode indicates data for which the information was not available. Early in 

the program. the method of data collection and categorization was not refined to the 

degree finally used. Consequently. for some data sets. the detailed information on 

the mode of entrainment is missing. Finally, the column labelled Category refers to 

the category in which the data point was eventually placed as described in Table Z.2. 

Similar to Table C. 1, t here are multiple Branch, .\iode, and Category ent ries for each 

Frl  entry. 
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C.3 Liquid-Entrainment Experimental Data 

Table C.13 gives the esperimental data for single discharge. 

Table C.13: Experimental liquid-entrainment data  - single branch 

Tables C.14 to  C.24 give the experimental data for dual discharge. The column 

labelled Branch refers to which branch entrainment occurred. An S with in the 

tabulated data of column Branch indicates simultaneous entrainment. Finally, the 

column labelled Category refers to the category in which the data point was eventually 

placed as described in Table 5.3. 



Table C.14: Experimental liquid-entrainment data for l / d  = 1.5 and û. = 0' 

hld 
3.168 
3.074 
2.974 
2.963 
2.892 
2.759 
2.704 
2 -582 
2.499 
2.389 
2.361 
2.317 

Category 
1 
1 
1 
3 
3 
5 - 
3 

5 
5 

u 
Category 

2 
2 
2 
2 
3 
3 
3 
4 - 
a 
5 
.5 - 
3 

5 

1 Fr2 = 3S.O - 
h / d  Branch 

3.303 S 
Category 

3 
3 
3 
4 
4 
4 
4 
5 
5 
5 
5 

TOC 
22.1 
22.2 
22.3 
22.2 
22.1 
22.1 
22.1 
22.2 
22.0 
21.9 
22.1 



Table C.15: Experimental liquid-entrainment data for l / d  = 1.5 and û = 10" 

Category 
1 
I 
l 
1 
I 
3 
5 
5 
3 

Fr2 = 28.5 
Branch Category 

1 
1 
1 
1 
1 
1 
2 
3 
4 
5 
5 
5 

hld 
3.235 
3.086 
3.020 
2.942 
2.854 
2.738 
2.617 
2.523 
2.473 
2.402 
2.319 
2.286 

Category 
2 



Table C.16: Experimental liquid-entrainment data for f / d  = 1.5 and û. = 30" 

Category 
1 
L 
1 
1 
1 
1 
1 
1 
1 

Category 
1 
1 
1 
1 
1 
3 
3 
3 
.3 

Fr1 
38.00 
22.01 
9.990 
5.997 
4.001 
3.002 
2.002 
1.020 
1.182 

0.8342 

TOC 
2.5 ..5 
25 -4 
25.3 
25 ..j 
2.5.6 
25.4 
2.5 -3 
25 -6 
23.6 

- 
h / d  Branch 

2.947 1 
2.521 1 
2.085 1 
1.847 1 
1.742 1 
1.698 1 
1.643 S 
1.626 S 
1.620 S 
1.599 2 



Table C.17: Experimental licuid-entrainment data for i / d  = 1.5 and a = 60' 

Fr2 = 9.3 

h'r2 = 28.5 

Fr2 = 19.0 
TOC 
18.2 

Branch 
1 

Frr 
38.10 
22.01 
9.990 
4.003 
3.001 
2.001 
1.509 
1.166 

0.8278 

Category 
1 

-. -- - - - - - 

kTrZ = 38.0 
TOC 
18.8 
18.9 
19.1 
19.0 
19.2 
19.5 

l- rl 
38.03 
22.01 
9.990 
4.002 
2.011 
0.8353 

TOC 
19.2 
19.2 
19.4 
19 -5 
19.8 
19.9 

h / d  
2.912 
2.437 
1.940 
1.532 
1.361 
1.245 

Branch 
1 
1 
1 
1 
1 
1 

TOC 
18.3 
18 -3 
18.4 
18.5 
18.3 
18.4 
18.3 
18.5 
18.3 

h/d 
2.796 
2.321 
1.819 
1.377 
1.300 
1.189 
1.140 
1.101 
1.040 

Category 
1 
1 
1 
1 
1 
1 

rt 
37.98 
22.0'7 
10.03 
4.001 
2.027 

0.8408 

Branch 
1 
1 
1 
1 
1 
1 

h/d 
3.028 
2.564 
2.073 
1.681 
1.554 
1.432 

-Branch 
1 
1 
1 
1 
1 
1 
1 
1 
1 

Category 
1 
1 
1 
1 
1 
1 

Category 
1 
1 
1 
1 
1 
1 
1 
I 
1 



Table C.18: Experimental liquid-entrainment data for l / d  = 2.0 and a = 0" 

Category 
1 
1 
1 
3 
3 
3 - 
3 

5 - 
3 

5 
a 
.5 
m 

3 

.5 - 
3 

a 

Fri 
37.78 
30.08 
26.10 
22. IO 
19.09 
17.94 
14.06 
9.841 
7.807 
5.957 
4.027 
2.994 
2.004 
1.5 1.5 
1.1'72 

0.8333 

Category 
1 
1 
1 
1 
1 
3 
5 
5 
5 
5 
5 - 
3 

5 
5 

k'r2 = 28.5 
Branch 

Frz = $5.0 
Category 

2 
2 
3 
4 
4 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 

Branch Category 



Table C.19: Experimental liquid-entrainment data for l / d  = 2.0 and a = 10" 

I 
Branch 

Branch 
1 
1 
1 
1 
1 
1 
S 
2 
2 
2 
2 
2 

) 

Category 
1 
1 
1 
1 
I 
1 
1 
1 
1 
1 
3 
.5 
5 
5 

5 

Category 
1 
1 
1 
1 
1 
1 
1 
1 
3 - 
3 

.'j - 
r) 

3 - 
3 

k'r2 = 19.0 

Category 
1 
1 
1 
1 
1 
1 
3 
5 
5 
5 
5 
5 

:r2 = 38.0 
Branch Category 

S 3 

Branch 

TOC 
19.1 
19.1 
19.2 
19.1 
19.3 
19.4 
19.6 
19.0 
19.7 
19.4 
19.6 
19.5 

- 

- 
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Table C.20: Experimental liquid-entrainment data  for I / d  = 2.0 and a = 30" 

Category 
1 
1 
1 
1 
1 
1 
1 
1 

Ir 

3 

k'r2 = 19.0 

Category Category 
1 
1 
1 
1 
3 
3 - 
3 

5 
5 
5 

h / d  
2 -946 
2.521 
1.963 
1.825 
1.709 
1.654 
1.615 
1.604 
1.593 
1.594 

- 

TOC 
22.5 
22.3 
22.6 
22.4 
22 ..5 
22.7 
22.3 
22.4 

2%2 
2.272 
1.654 
1.350 
1.278 
1.184 
1.124 
1.085 

- 
Branch 

1 
1 
1 
1 
3 
3 
2 
2 
2 
2 

Branch 
1 
1 
1 
1 
1 
1 
1 
1 

Category 
1 
1 
1 
1 
1 
1 
1 
1 



Table C.21: Experimental liquid-entrainment data for l / d  = 2.0 and o = 60" 

Branc n Category 
1 
1 
1 
1 
1 
I 
1 
1 

Category 
1 
1 
1 
1 
1 
1 
1 
1 

- L. - - -  

F rl h / d  Branch Category TOC 
38.04 2.860 1 1 24.7 

- * 

Fr1 h / d  Branch Category 
38.12 2.943 1 1 



Table C.22: Experimental liquid-entrainment data for l / d  = 8.0 and û. = O0 

1 
Category 

1 
1 
1 
1 
1 
1 
1 
1 
3 
5 
*5 
05 

Ca tegory 
1 
1 
1 
3 
5 
5 
5 
5 
5 
5 

Category 
I 
1 
1 
1 
1 
3 
a 
5 
5 
.5 
5 
5 

Fr2 = 39.0 
Frr  1 h / d  1 Branch 1 Category 1 TOC: 



Table C.23: Experimental liquid-entrainment data for [/ci = S.0 and a = 10' 

Category 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
3 
5 
5 
5 

b 

1 
Category 

1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

TOC 
19.3 
19.2 
19.1 
19.0 
18.8 
18.9 
18.7 
18.8 
18.9 
19.0 
19.3 
19.2 
19.2 
19.1 



Table C.24: Experimental liquid-entrainment data for l / d  = 8.0 and û = 30' 

Branch 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

Category 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

Branch 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
I 
1 
1 
1 



APPENDIX D 

REPEATABILITY STUDIES 

D.1 Introduction 

In order to  ensure the quality of the data of the present investigation, a repeatabilitl* 

study was conducted. This appendix provides the results of. and demonstrates the 

quality of. the experimental data collected. 

D.2 Single-Branch Repeatability Study 

The single-discharge repeatabili ty st udies were at the conclusion of the data collection 

phase of the current investigation. Data were collected for gas entrainment and liquid 

entrainment. Table D.1 and D.2 show the results of the  repeatability study for gas 

entrainment and liquid entrainment. respectively. 4s can be seen, the repeat data are 

in excellent agreement \vit h the original single-discharge da ta  reported. The maximum 

differences were -2.0% for gas entrainment and less t han 1 .O% for liquid entrainment. 

Table D.1: Gas entrainment repeatability results for single discharge 

Fr  

h / d  

/ . 

% difference 

4 

0.8784 

0.8607 

-2.0 

42 

2.533 

2-487 

-1.8 
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Table D.2: Liquid entrainment repeatability results for single discharge 

D.3 Dual-Branch Repeatability Study 

Fr  

h / d i  p 

h / d  - 
% difference 

The repeated data for dual discharge showed wry  good agreement with the original 

reported data. Not only nas the onset height. h / d ,  repeated very well, but also the 

category of entrainment (as given in Tables 5.2 and .5.3) for gas and liquid entrain- 

ments, repectively, was repeated very well. 

D .3.1 Gas Ent rainuient 

4 

1.169 

1.158 

-0.9 

Table D.3 and D.4 show the repeated data for i / d  = 1.5 and CI = 10' and 30". 

respectively. Table D.3 shows data for Fr2 of 11.0 and 56.6. Table D.l shows data 

for Fr2 of 14.0, 42.5, and 56.6. As can be seen, the data are in excellent agreement 

with the reported data. The difference in the repeated points in Table D.3 is -1.6% 

for Fr2 = 14.0 and -1.2% for Frz = 56.6. In Table D.4, the differences are -3.7%, 

-1.8%, and -0.5% for Fr2 = 14.0, 42.5, and 56.6, respectively. 

18 

1.996 

1.997 

-0.05 

30 

2.388 

2.106 

+0.75 
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Table D.3: Gas entrainment repeatability results for l / d  = 1.5 and a = 10" 

Table DA: Gas entrainment repeatability results for l / d  = 1.5 and a = 30" 

I F r ,  

1 % difference 

Table D.5 shows the repeated data for l / d  = 2.0, a = 30°, and Fr2 of 11.0 and 

56.6. .4s can be seen, the data are in excellent agreement with the differences of -3.0% 

and -1.1% for Fr2 = 14.0 and 56.6, respectively. 
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Table D.5: Gas entrainment repeatability results for Z/d = 2.0 and a = 30' 

Finally. Table D.6 shows a simuItaneous point for f l d  = S.O. cr = 10°, and 

Frz = -56.6. The repeated data are practically coincident with the original point: 

the  diffetence is 0.4%. 

Table D.6: Gas entrainment repeatability results for f / d  = S.0 and a = 10' 

56.6 

34 

2.936 

2.903 

-1.1 

Fr2 

Fr1 

h a  

/ d d  q 

% difference 

14.0 

1.025 

0.67 

0.64 

-3.0 



D .3.2 Liquid Ent rainment 

Table D.7 and Table D.8 give the repeated data for l l d  = 1.5 and O = 10" and 

a! = IO0, respectively. The data are in very good agreement with t he  original and the 

maximum difference was 3.6% in Table D.7 and 3.7% in Table D.S. 

Table D.7: Liquid entrainment repeatability results for I ld  = 1.5 and a = 10' 

Table D.8: Liquid entrainment repeatability results for l l d  = 1 3  and u = 30" 

h d r P  

% difference 

Table D.9 contains a repeated simultaneous point and a data point where entrain- 

ment occurred at branch 1 for l / d  = 2.0, a = IO0, and Fra = 28.5, respectively. 

2.293 

+2.60 

Fr1 

h / d i  p 

h/drepea*ed  exp. 

% difierence 

2.354 

+2.?5 

1.5 

1 .O19 

1-067 

+4.7 

2.170 

+3.15 

1.17 

1.295 

1.349 

+4.lï 

2.611 

+3.6 

33 "- 
2-652 

2.747 

+2.42 



The data points are in excellent agreement with the reported data with a maximum 

difference of 2.92%. Table D.10 shows repeated data for I / d  = 2.0. a = 30°, and 

Frz  = 19.0. The data are in excellent agreement with a maximum difference Iess 

than 2.0%. 

Table D.9: Liquid entrainment repeatability results for I /d  = 2.0 and a = 10" 

1 % difference 1 f2.92 1 f2.32 1 

Table D.lO: Liquid entrainment repeatability results for l / d  = 2.0 and a = 30' 

1 '% difference 1 +1.38 1 +1.7S 1 fO.84 1 

Finally, Table D.11 contains repeated data for I / d  = 8.0 and a = 10". The data 

are in good agreement with the reported data with a maximum difference of 3.72%. 



Table D.11: Liquid entrainment repeatability results for [ I d  = S.0 and a = IO0 



APPENDIX E 

EXPERIMENTAL UNCERTAINTY ANALYSIS 

E. 1 Introduction 

An uncertainty analysis was performed following the method of Kline and McClintock 

(1953) for single-sample experiments. Kline and McClintock define error as the differ- 

ence between the true and observed values. The uncertainty is defined as the possible 

value the error might have. Thus, error and uncertainty differ since the error is a 

certain fixed number whereas the uncertainty may Vary depending upon the manner 

in which the observation was taken. Kline and McClintock attribute the important 

distinction between uncertainty and error to Airy (1879). The following expression 

was used to perform the uncertainty analysis for each independeat variable. 

where Q is the result which is a function of independent variables x, y, . . . each of 

which is normally distributed. The present uncertainty analysis was based on an odds 

of 20 to  1. The probability that the measured values are within fw of the true value 

was approxirnately 95%. 

The uncertainty analysis was performed here for six representative data sets: three 

for gas entrainment and three for liquid entrainment. The reason for performing an 

abbreviated uncertainty analysis stems from the fact that the experimental appara- 

tus was used in previous studies. The uncertainty in the data obtained from the 

experimental rig has been established by Parrott (1993) and Hassan (1995). 
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E.2 Gas Entrainment 

For gas entrainment the  uncertainty in each independent variable was assessed. The  

uncertainty of the separation distance l / d  develops from the uncertainty in the ruler 

used to  obtain the values. The uncertainty in Ild was estimated to be f 0.1 mm. The  

uncertainty in the angular inclinaiion of the branches develops from the protractor 

used to  obtain the measurement. The protractor had a resolution of 0.5". Therefore. 

the uncertainty in a was estimated to be f 0.5 O .  

E.2.1 Froude Number 

The uncertainty in the the Froude number was obtained using Equation (E.1) applied 

to Equation (E.2). The  uncertainty analysis was the  same for Frl  and Frz.  Therefore. 

the analysis was performed for Frl  only. 

The result ing expression was 

The  uncertainty in the gravitational constant was considered negligible. The branch 

ruler used to obtain t he  rneasurement. 

The  uncertainty in the mass flow rate through the branch was estimated by ap- 

plying Equation (E. 1) to obtain 



The uncertainty in Q was calculated based upon the root-sum-of-squares of the flow 

meter reading and the uncertainty in the calibration. The uncertainty in the Rorv 

rneter reading was estimated to  be f 0.5% of the full scaIe reading. The uncertainty 

in the calibration was estimated to be &0.4% of the full scale reading. Thus, for the  

large flow meter the uncertainty mas then f 689 cm3/s and for the small flow meter 

the uncertainty was f 65.8 cm3/s.  

E.2.2 Water Density 

The water density was approximated as the density of saturated liquid mater at the 

same temperature. The tolerance for density from the steam tables was O.? kg/m3.  

The uncertainty in the temperature measurement was estimated to  be i~0.1"C. There- 

fore, the  uncert ainty in the  water density was calculated as the root-sum-of-squares of 

the steam table tolerance and the temperature measurement . Thus, the uncertainty 

in the water density measurement was f 0.22 kg/m3.  

E.2.3 Air Density 

The air density in the test section was calculated assuming the air behaved as an 

ideal gas. The uncertainty in the air density calculation arose from the uncertainty 

in the air temperature and pressure measurements. The uncertainty in the ideal gas 

constant R was assumed negligible. The uncertainty in the temperature was f O.l°C 

and the uncertainty in the pressure measurement was estimated to be f 3.5 kPa. T h e  

uncertainty in the air density was calculated by applying Equation (E.1) to the ideal 

gas law. Equation (ES)  was used to calculate the air density uncertainty. 



E.2.4 Results 

Tables E.1 through E.3 provide the results of the uncertainty analysis for gas entrain- 

ment. As can be seen, the velocity through the branch was the largest contributor to 

the uncertainty in the Froude number. For the data sets examined, the uncertainty of 

the Froude number was not greater t han f 4.77%. The tables are arranged in order of 

decreasing Froude number. Following dorvn a column, the uncertainty in the  Froude 

number increases to a maximum, then the next entry in the table shows a smaller 

value of the uncertainty in the Froude number. This indicates the change from the 

large flow meter t a  the small flow rneter. The uncertainty then, steadily increases. 

The  trend in the uncertainty down the column follows from the calibration and use 

of flow meters where it is generally known that the flow meters are more accurate at 

the top of the scale. 

The uncertainty in the air density and ivater density ivere insignificant. The 

uncertainty in Frz will be identical for the uncertainty in F r l  when Fr l  and Fr2 are 

equal. 

Table E.1: Gas-entrainment uncertainty analysis for I / d  = 1.5, a = 60'. and Fr* = 

2S.5 
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Table E.2: Gas-entrainment uncertainty analysis for l / d  = 2.0, a = 30°, and Fr2 = 

Table E.3: Gas-entrainment uncertainty analysis for l l d  = 8.0, a = 0". and Fr2 = 
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Gas-entrainment uncertainty analysis for i / d  = 8.0, a = O', and Fr2  = 56.6 

E.3 Liquid Entrainment 

The uncertainty in the independent variables l / d  and a were the same as in Gas 

Entrainment. 

E.3.1 Froude Number 

The uncertainty in the Froude number develops in the same manner as given in the 

gas entrainment analysis. However, in Equation (E.2), the mass flow rate and density 

of the lighter phase were now the properties t hrough the branch inlet. The uncertainty 

analysis was the same for Frl and Fr2.  Therefore, the analysis was performed for 
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Frl  only. The expression to calculate the uncertainty in the Froude number was, 

The values of wd and w,, were the same as estimated for gas entrainment. The 

uncertainty in the gravitational constant was assumed negligible. The values of ir., 

and u,,,, were calculated using Equation (E. 1). 

Branch Mass Flow Rate 

The uncertainty in the mass flow rate kvas evaluated from the following equation. 

The uncertainty in ALPM in the mass flow uncertainty calculation was estimated 

by applying Equation (E.1) to Equation (4.3). The resulting equation was: 

The uncertainty in SLPM was calculated based upon the root-sum-of-squares of 

the flow meter reading and the uncertainty in the calibration. The  uncertainty in the 

flow meter reading was estimated to be f 0.5% of the full scale reading. The uncer- 

tainty in the calibration was estimated to be f 0.4% of the full scale reading. Thus, 

for the small flow meter the uncertainty was then 1.07 Ilmin and the uncertainty for 

the large Bow meter was 8.02 [/min. 
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The uncertainty in the density of the air in the flow meter stems from assuming 

the air behaved as an ideal gas. The equation used to calculate the uncertainty was 

The uncertainty in the temperature was the same as for gas entrainment. The uncer- 

tainty in the pressure measurement was calculated as the root-sum-of-squares of the 

uncertainty in the mercury manometer used to measure the pressure and the barom- 

eter used to measure the atmospheric pressure. The uncertainty in the mercury 

manometer was I0.05 i n H g  and the uncertainty in the barorneter was f 0.1 m m  Hg. 

Therefore, the uncertainty in the pressure was f 0.170 k Pa.  

E.3.2 Branch Inlet Air Density 

Thz uncertainty in the branch inlet air density develops by assuming the air behaved 

as an ideal gas and by assuming the expansion from stagnant conditions to the branch 

inlet mas isentropic. The folloming equation was used to calculate the uncertainty in 

the air density at  the branch inlet. 

Thus, based on the assumptions, the calculations of the pressure and temperature at 

the branch inlet propogated uncertainty to the density calculation. The uncertainty in 

calculat ing the pressure and temperat ure was est imated based upon the assumpt ion of 

isentropic expansion. If isentropic expansion was considered to  be the upper limit on 

n, the polytropic exponent, then an isot hermal expansion would represent the lower 

limit on n with the gas still behaving ideally. Therefore, for this uncertainty analysis 

a median exponent of 1.2 was used to calculate the temperatures and pressures for the 

expansion process. The uncertainty of each property tvas then taken as the difference 

between the two process calculat ions. 



E.3.3 Results 

Tables E.4 through E.6 provide the results of the uncertainty analysis for liquid en- 

trainment. As can be  seen, the gas density in the branch throat and t he  branch mass 

flow rate were the largest contributors t o  the uncertainty in the Froude number. By 

examining the  volume flow rate column, Q, the uncertainty is seen t o  increase down 

the column. This follows from the use and calibration of flow meters where it is 

known that a t  lower scale readings the uncertainty is greater. However, by examining 

the gas density in the  branch throat the opposite occurs down the column. That  is, 

the uncertainty decreases down the column. This occurs because of t he  assumptions 

used in data reduction. The assumption used in the data reduction was isentropic 

expansion with k=1.4. The assumption used to assess the uncertainty was an adia- 

batic, polytropic process with n=1.2. The two differing exponents will produce two 

curves that are close at  low values and diverge at high values. Thus, at low flow 

rates, the two assumptions produce similar gas densities with similar uncertainties. 

At higher flow rates, the two assumptions produce gas densities that  are  increasingly 

diverging and therefore, the uncert aint ies are diverging. Therefore, the  uncertainties 

in the branch-throat gas density given in the table are as expected. 

The uncertainty in the floiv meter air density and water density mere insignificant. 

The uncertainty in Fr2 will be identical for the uncertainty in Fr, when Frl  and FrZ 

are equal. 
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Table E.4: Liquid-entrainment uncertainty analysis for I /d  = 1.5, a = 0°, and Fr2 = 

Table E.5: Liquid-entrainment uncertainty analysis for I / d  = 2.0, CI = 10°, and 
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Liquid-entrainment uncertainty analysis for l / d  = 2.0, a = 10°, and Fr2 = 19.0 

Table E.6: Liquid-entrainment uncertainty analysis for I /d  = 8.0, a = 10". and 
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Liquid-entrainment uncertainty analysis for I / d  = 8.0, a = 10°, and Fr2 = 38.0 

E.4 Uncertainty in the Critical Height 

The uncertainty in the critical height [vas calculated using Equation (E. 11). 

The uncertainty in the branch diameter was the same as for the previous analyses 

at f 0.1 mm. The uncertainty in the calculation of the  interface height h [vas found 

by applying Equation (E.1) to Equation (B.16). The folloming was obtained, 

where a = -70.18, b = 35.05, and c = -0.006 from Equation (B.16). The uncertainty 

in a, b, and c arise from the uncertainty in the pressure transducer calibration. Thus, 

the estimated uncertainties were 0.1 mm for a, 0.03 mm/V for b, and 0.0004 m m / V 2  

for c. The  uncertainty in the voltage at  the onset, D PTD, was estimated from the 



digital voltmeter. The  voltmeter had a resolution of 1 mV and therefore, the  uncer- 

tainty in DPTD kvas taken as 1 mV. The uncertainty in the zero offset height of the 

pressure transducer, DCar \vas estimated from the ruler used to measure the height. 

As well, due to  the arrangement of the equipment further uncertainty rvas added. 

Therefore, the uncertainty in Da( was estimated as 2 mm. The uncertainty in the 

branch centerline distance, represented by the voltage reading, was the root-sum-of- 

squares of the voltage reading with the interface a t  the top of the branch and at the 

bottom of the branch. Therefore, the uncertainty in the voltage with the interface at 

the branch centerline was estimated as 3 mV. 

The uncertainty in parameter A' was calculated by applying Equation (E.l)  to 

Equat ion (B. 17). 

0.5 
d Y  6% 

u, = ([i,,] + [-%.] + [ apc..trn ')  PL 3~c.o (E.13)  

The uncertainties in p~ and pc,, were the same as presented previously. The uncer- 

tainty in the atmospheric air density was calculated by applying Equation (E.l) to 

the ideal gas law. 

The uncertainty in the temperature was the same as previously discussed. The un- 

certainty in the atmospheric pressure was estimated from the barorneter. The barom- 

eter had a resolution of 0.1 mmHg and therefore, the uncertainty was estimated as 

0.1 mrnHg. 

Tables E.7 through E.9 provide the results of the uncertainty analysis for gas en- 

t rainment and Tables E. 10 through E.12 provide the results for liquid entrainment. 

As can be seen in al1 cases the greatest contributor to the uncertainty in the critical 
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height was p c  and h. The uncertainties in p~ and .Y were insignificant. The uncer- 

tainty in d remained unchanged from the Froude number analyses. The uncertainty 

in the critical height for gas entrainment was approximately & 1.86% to &5.36% for 

most of the data points examined. For liquid entrainment the values were in the  

range of f 1.85% to f 3.09%. 

Table E.7: Gas-entrainment uncertainty analysis for l / d  = 1.5, a = 60'. and Fr2 = 

28.5 

Table E.8: Gas-entrainment uncertainty analysis for l / d  = 2.0, a = 30°, and Fr2 = 

14.0 
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Gas-entrainment uncertainty analysis for I /d  = 2.0, a = 30°, and Fr2  = 11.0 

Table E.9: Gas-entrainment uncertainty analysis for l / d  = 8.0, a = OO? and Fr2 = 
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Gas-entrainment uncertainty analysis for l l d  = 8.0, a = O", and  Fr2 = 56.6 

Table E.10: Liquid-entrainment uncertainty analysis for I / d  = 1.5, a = 0°, and 

Fr2 = 38.0 
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Table E. 11 : Liquid-entrainment uncertainty analysis for 1 / d  = 

Table E.12: Liquid-entrainment uncertainty analysis for I /d = 

2.01 a = 10°, and 

8.0, a = IO0, and 
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Liquid-entrainment uncertainty analysis for I /d  = 8.0, a = IO0, and Fr2 = 38.0 
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