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Abstract

Optimal design theory provides a systematic method for selecting experimental
conditions that yield efficient and unbiased parameter estimates. While classical
design criteria such as D-, A- and L-optimality have been extensively studied,
they often focus on minimizing generalized variance or average variance without
considering any specialized aspect of estimator behaviour. This dissertation
develops methods for constructing optimal designs for several criteria based
on the variances, covariances and correlations among the parameter estimators
of linear models. It also develops methods for constrained optimal designs to
maximize a set of compound criteria formed by combining a classical optimality

criterion (D- or A-optimality) with correlation constraints.

Beyond classical variance-based objectives, special attention is given to min-
imizing the covariances and correlations among parameter estimators. Criteria
are proposed that enforce balance among estimators, such as equalizing vari-
ances of specific parameter estimators or reducing correlation structures, thereby

improving interpretability and stability of inference.

A further contribution is the study of constrained optimal designs. Many

practical experiments must satisfy resource, ethical, or operational constraints



that restrict the design space or impose conditions on the design measure. Specif-
ically, it introduces a general constrained optimization methodology, formulates
first-order Lagrangian conditions, and implements iterative algorithms for con-
strained probability distributions. Numerical studies demonstrate how these
constrained designs maintain efficiency while satisfying feasibility requirements,
thereby extending the applicability of optimal design methodology to realistic

experimental contexts.

Applications include polynomial regression models, chemistry-inspired re-
gression models, and a radiation-dosage model examining the effect of treatment
levels on tumor shrinkage in breast cancer patients. Across these examples, the
proposed designs achieve lower estimator variance, reduced parameter correla-

tion, and improved balance compared to standard optimal designs.

Overall, this research contributes to the theory and practice of optimal exper-
imental design by (i) generalizing classical criteria to variance-, covariance-, and
correlation-minimizing objectives, (ii) establishing rigorous optimality condi-
tions and algorithmic construction methods, and (iii) extending the methodology

to constrained optimization with correlation constraints.
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Chapter 1

Introduction

This dissertation explores the theory and construction of optimal experimental
designs for linear models, with a focus on going beyond traditional optimality
criteria to include variance-, covariance-, and correlation-based criteria. The
dissertation also explores the constrained optimal designs under explicit statistical
constraints, specifically bridging the gap between efficiency and independence
of the parameter estimators. As this study is based on optimal design, we begin

with an in-depth discussion of optimal design theory.

Optimal designs are experimental designs that are optimal with respect to
a given criterion. The development of optimal design theory is commonly
attributed to the Danish statistician Kirstine Smith. In 1918, Smith wrote what
is known as the first paper on optimal experimental design (Smith, 1918), a
very detailed study in the context of polynomial models. Also, Kiefer (1959,
1974) is a renowned statistician for his studies in optimal design and has made

many significant contributions, such as the general equivalence theorem, various



optimality criteria, and the construction of various optimal designs, to name a few.
He introduced the formal “alphabetic optimality” terminology (e.g., A-optimality,
D-optimality, E-optimality) to distinguish various design criteria. In fact, Kiefer

is widely regarded as the “father of optimal design”.

In the design of experiments for estimating statistical models, optimal designs
allow for parameters to be estimated without bias and with minimal variance. A
non-optimal design requires a greater number of experimental runs to estimate
the parameters with the same precision as an optimal design. Thus, optimal
design can reduce the costs of experimentation as well as the amount of time

required.

The goal of optimal design is to achieve precise parameter estimation while
minimizing the required sample size, time, and cost. In order to achieve our
desired goals, we define an appropriate criterion function, typically based on
the information matrix. There are several design criteria that will lead to dif-
ferent optimal designs, such as D-optimality, A-optimality, c-optimality, and
G-optimality. This research will focus on developing and constructing optimal
designs based on some non-standard criteria. In addition, optimal designs are

constructed subject to satisfying some constraints of interest.

We focus on optimal design theory for linear models. We will give some
fundamental concepts of optimal design theory, such as the definition of a
design, standardized variance function, information matrix, and various criterion
functions and their properties. The relationship between the response variable

and predictors is modeled through a design matrix and observed responses.



1.1 Choice of a good design

Many research problems can be formulated as relationships between a set of
independent variables X and an outcome variable Y. The primary objective is to

identify the relevant predictors and the response of interest.

A research design is implemented to organize the data collection process.
It involves selecting the number and type of variables, as well as the number
of measurements, time points, and subjects. For optimal design purposes, the
statistical model must be carefully specified (Fedorov, 1972; Ghosh, 2025;
Atkinson et al., 2007; Berger and Wong, 2009; Lépez-Fidalgo, 2023).

To select an appropriate design, some knowledge of the true model or data-
generating process is required. In many applications, the goal is to assess the

effects of one or more predictors on a response variable.

Optimal design theory provides a systematic framework for utilizing available
information to construct efficient designs. Once the statistical model, objectives,
and constraints are specified, optimization methods are employed to determine

the optimal design.

A researcher must also address the questions of how many independent
variables to use and how many levels of these variables are needed to investigate
the relationship between the independent variables and the dependent variable.
If a whole range of levels of an independent variable is of interest and the study
only includes a few of these levels, then it is best to randomly select these few
levels from that range, such that independent variables are classified as random

factors. In contrast, the so-called fixed factors are independent variables with a
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fixed number of levels, such that inferences are only limited to these fixed levels.
For example, the factor Age can be either fixed or random. Age is a fixed factor if
persons from a fixed set of age groups are included in the study and the researcher
is only interested in drawing conclusions for these fixed age groups. The factor
Age is random if the age groups are randomly drawn from the complete range
of all ages in the population so that conclusions apply to the whole range of
ages. Fixed and random factors must be clearly identified in the statistical model
because they affect our tests concerning model parameters. Once objectives and
model specifications are determined, optimization procedures are employed to

construct the optimal design.

1.2 Statistical model

Let us consider the problem of choosing an experimental plan that will give us

information on models given by:

y~p(yle,0,0), (1.1

where y is the response variable. The response y is a real-valued function
evaluated at a design variable . Let © = (x1,x2,...,%,) . The design variable
x is chosen by the experimenter, the values belong to a space 27, called the
design space. Typically this space is continuous but can be discrete as well.
0=(61,6,..., 6¢)" is a vector of k unknown parameters. The true value of 6
belongs to a set, say ©. p(.) is a probability model. From the given design space

2, the experimenter can select the experimental conditions. In most situations,
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Z is taken to be compact. For each € 2, an experiment is performed, and
the outcome is a random variable y = y(z), where Var(y(z)) = 62. o is a fixed

and unknown parameter. This is not of primary interest.

By linear model we mean the model is linear in the unknown parameters 6
but not necessarily linear in . So in linear models y has an expected value of
the following form:

E(|z,0,0)=f"(x)0 (1.2)

where f(x) = (fi(x), f2(x), ..., fr(x)) " is a vector of k real valued functions.

These functions are defined on the design space 2 .

The design problem thus consists of selecting design points (Xp,...,X;) ony
to ensure the best inference or as reliable an inference as possible for all or some
of the parameters 6. Such an allocation of observations over the design space

Z is referred to as a design.

Consider the model (1.2). Let y; be the response (observation) obtained at x;

so that

EO)=v0, vi=(fi(z),r(xi),., fix:)|,i=1,2,....n. (1.3)

Typically one or more observations are taken at the same x value. Suppose that
Y1,Y2,..yn are independent random variables with equal variance 6. Thus we

can write the standard linear model as given by

E(YY)=X6, D(Y)=d"l, (1.4)



where Y = (y1,Y2,...,yn) | » X is the n x k matrix whose (i, j)th element is f;(x;),
D(Y) is the dispersion matrix (variance-covariance matrix) of Y, and I, is the
n % n identity matrix. For this model, least squares estimators are a common
choice because they are best linear unbiased estimators. Normal equations are
given by

(X'TX)6=X"Y. (1.5)

The matrix (X " X) is the information matrix of 8. As we have a linear model,
the information matrix does not depend on the parameters. The larger the matrix
(X T X), the more information is in the experiment. If we are interested in all
the parameters, then the selection of & must at least ensure that the information

matrix is non-singular. In such case the unique solution for (1.5) is

6=(X"X)"'xTy. (1.6)

Note that E(6) = @ and D() = 62(X ' X ).

The information matrix is symmetric and nonnegative definite. The informa-
tion matrix is widely used in optimal experimental design. As we see the inverse
of the covariance matrix is the information matrix. Because of this reciprocity
property of estimator variance and information matrix, minimizing the variance

corresponds to maximizing the information.

The predicted value of the response at x is

Y(z) = fi(@)0+f(@)6r+ ...+ fiulz) O
= f'(x)0.



Note that the covariance matrix of é, D(é), does not depend on 6 for linear
models and only depends proportionally on 62. In order to make better design,
the matrix D(6) must be as small as possible. This means that the matrix (X " X)

must be as large as possible.

As an example, let us consider the simple linear regression model:

y=0,+6x+e=F"(x)0+¢

where f(x) = (1,x)", 8 = (6,,6,) " where the intercept 8; and the slope 8, are
unknown parameters and the €’s are random errors assumed to be independent
and normally distributed with zero mean and common variance . The least

squares estimators 6; and 0, are:

s A~ A Cov(x,y) S8y
0=y—06 6, = =
RGNS Var(x) SSy

where the sum of squares between x and y is SSy, = Y (x; —X) (y; —¥) and the sum
of squares of x is SS, = ¥'(x; — ¥)2. The estimators are unbiased, i.e., E(0;) = 6,
and £ (éz) = 6,. Under the normality assumption, these estimators have minimal
variances among all linear unbiased estimators of 6; and 6,. Therefore, these
estimators are efficient. The efficiency of an estimator increases as its variance
becomes smaller. A larger variance of an estimator indicates more uncertainty
about the estimators.

The variances of the two estimators 6; and 6, for the simple regression model

are

o2 o2

SSy nVar(x)

Var(6)) = ¢ (—+ x—) , Var(6,) =

. 1.7
n SS; (1.7

7



Here, we can see the variances of the two estimators él and éz will be decreasing,
if the variance of the error terms in the model 62 decreases and/or the variation
SS, or variance Var(x) increases and/or the sample size n increases. Increasing n
beyond a certain value is not practical. However, we can select the values of x

such that Var(x) increases. This is one of the key points in optimal design.

Now, the question is, how do we select the values of x from the design space?

We will discuss this in the following sections.

1.3 The design space, types of designs, and the de-

sign measure

When we construct optimal design in a continuous design space, we discretize the
design space and construct the design accordingly. We do this in the following.

The linear model in (1.2) can be written as:
E(y|v,0,6)=v"8 (1.8)
where

v = (fix), (@), ... fix)) ,vE,
Vo= {U € Rk V= (fl(w)va(w)v'-~7fk(a3))T7x S ‘%f}

Here, 7 is the image under f of 2". So we can write ¥ = f(2), where f

is the vector of real valued functions (f1, f2,..., fk)T. Choosing a vector @ in



the design space 2 is actually choosing a k-vector v in the closed bounded
k-dimensional space #". We call 7 is an induced design space. Suppose that ¥
consists of J distinct vectors vy, v;3,...,v;. To obtain observations on y, values
for v must be chosen from the J elements of #". So at this point we can focus on

this induced design space.

Suppose that we will have n observations in total. So we need to decide how

many of these, say n;, to take at v;, ZJ

i=1nj = n. Given this setup, the matrix

(X " X)) can be written as:
X'"X=M(mn), n=(n,n,...n;)" (1.9)
where

J

-

M(n) = anvjvj
=1

= VNV

andV = [v,vy,...,v5],N = diag(ny,ny,...,ny).

The objective is to choose n; in order to make the matrix M (n) in a specific
context. Since the n;’s must be integers, this becomes an integer programming
problem, which in the context of design is known as an exact design. Integer
programming problems are challenging to solve because the principles of calcu-
lus cannot be utilized to determine the optimal solutions. Additionally, a distinct
solution must be developed for each specific value of n. Due to this inherent
characteristic of the problem, it is not possible to formulate an optimal exact

design that can be expressed as a function of n. An alternative way is to represent

9



the matrix M (n) differently. Let us define

pj=nj/n, p=(p1,p2,...,PJ)-
Then we can write the matrix M (n) as

M (n) =nM (p) (1.10)
where
J
M(p) = Y pojp] =VPV' (1.11)
j=1

and P = diag(p1,p2,...,ps). Here, p; is the proportion of observations taken at
vj. Sop; >0, Zlepj = l;and p = (p1, p2, ..., ps) is the resultant distribution

on?V.

Thus, instead of dealing with the matrix M (n), our problem is now to
determine p to make the matrix M (p) large subject to p; = n;/n. Relaxing
pj=nj/ntop;>0and Zf;l pj = 1 leads to an approximate design. Clearly,
an approximate design problem is simpler and more flexible to solve than an

exact design.

Therefore, an approximate solution would generally be preferred to the
original exact design problem. Kiefer pioneered this approach and provided three
powerful reasons for working with approximate designs instead of exact designs.
The first is that it is highly challenging to identify optimal exact designs since they

depend on the precise value of » in addition to the model and optimality criterion.

10



Because each value of the sample size n produces a new optimal design, we would
need an unlimited list of optimal designs for practitioners for each model and
criterion. The ideal approximate design, on the other hand, is independent of the
value of n, making it simpler to deal with. Second, when we use an approximate
design, rounding is necessary. The difference between the exact design and the
implemented design disappears as n increases, and one can demonstrate that
the implemented optimal approximate design is always close to the optimal
exact design. The third reason is that many optimal exact designs still cannot
be discovered for comparatively easy situations, as they often involve complex
mathematical theory. In contrast, optimal approximation designs are either

available analytically or can be discovered by iterative computer algorithms.

For example, we can discuss the exact and approximate designs in the context
of a design problem for dose-response study. The dose levels, the number of
dose levels, and the number of individuals to assign to each of these dose levels
must all be determined by the researcher from a specified dose interval. Suppose
that the resources at our disposal allow us to enroll in a set number of subjects,
say n. Suppose two dosages are given. The design may specify that one third of
the subjects be assigned to the first dose level and two third be given to the other
dose level. If n = 180, then one-third to first dose and two-third to the second
dose, resulting in the design that has 60 subjects at the first dose and 120 at the
second dose. This is an exact design. But if n = 100, then 33.33333 subjects
should be assigned at the first dose and 66.66666 at the second dose. This is
an approximate design. Approximate design is rounded in some natural way so

that it becomes an exact design before implementation. One of the following

11



forms may be used for the implemented design of the approximation design: 33
subjects at the first dose and 67 subjects at the second dose 2, or 34 subjects at

the first dose and 66 subjects at the second dose.

We have used the term p to refer to both the vector (py,p2,...,ps) and a
probability distribution on the induced design space #'. Naturally, this results in
a distribution or measure on the original design space 2. The full description

of the design measure would be as follows:

X1 X2 ... XJ
p= . (1.12)

Pt p2 - pJ
The first line provides the locations of the design points, while the second
line provides the corresponding design weights. Note that, Z§:1 pj=1and
0 < p; <1forall j. Note also that, if p is a design measure or distribution, it is

by definition defined on the design space. We will always be clear about what

the design space is and about which design point receives which weight.

The support of the design measure p in the induced design space ¥ is defined

to be those vertices v; with nonzero weights under p. We denote it by

Supp(p) ={v; € ¥ :p;>0,j=1.2,...,J}.
The standardized variance of the predicted response on y at « for the design

is given by

d(z.p)=f"(x)M ' (p)f(x) (1.13)

12



where M (p) is the information matrix. As we can see that the standardized

variance of the predicted response depends on the information matrix.

The information matrix plays a big role in optimal experimental design.
Let us discuss some properties of this matrix. Note that, information matrix
M (p), as defined in (1.11). The information matrix M (p) is symmetric and
nonnegative definite. The symmetry of this matrix follows from its definition

(1.10) and nonnegativeness can be verified by the following quadratic form.

a'M(pla = a'E,|[vv']a
= Eyfa’vv'a)

= Eyl(a’v)? 0.

The information matrix is widely used in optimal experimental design. As men-
tioned before, the inverse of the variance-covariance matrix (variance-matrix or
dispersion matrix) is actually the information matrix. Because of this reciprocity
property of estimator-variance and information, minimizing the variance cor-
responds to maximizing the information. We will see that many of the design

criteria are functions of the above information matrix M (p).

We organize the rest of the chapters as follows. In Chapter 2, we introduce
the theoretical background and notation for optimal design, including the infor-
mation matrix and standard optimality criteria. Chapter 3 focuses on minimizing
variance-based criteria. We study designs that minimize the variances of least-
squares estimators for linear functions of the parameters as well as construct

designs for equality of variances of certain parameter estimators of interest. In

13



Chapter 4, we explore covariance-based criteria. Here the aim is to construct
designs that make the covariances of the parameter estimators zero or as small as
possible. Chapter 5 turns to correlation-based criteria, providing an alternative
but related perspective and illustrating how designs can be constructed to mini-
mize correlations between estimators. Chapter 6 generalizes the methodology to
constrained optimal designs. We incorporate restrictions into the optimization
problem through Lagrangian methods combined with simultaneous optimization
techniques to maximize compound criteria, and adapt multiplicative algorithms
to accommodate covariance, and correlation constraints. Finally, Chapter 7

concludes with a summary of the contributions and directions for future research.
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Chapter 2

Criteria, Optimality Conditions and

Construction of Optimal Designs

2.1 Introduction

The goal of optimal experimental design is to choose experimental conditions so
that the resulting parameter estimates are as informative and precise as possible.

This is usually formalized by maximizing a real-valued function

¢(p) =w{M(p)}

where M (p) is the information matrix associated with a design p. A design

maximizing ¢ (p) is called a ¢-optimal design.

Numerous optimality criteria have been proposed in the literature; see, for

example, Atkinson et al. (2007), Pukelsheim (2006), Fedorov (1972), Silvey

15



(1980), Berger and Wong (2009), and Lépez-Fidalgo (2023). These criteria are
usually named after a letter of the alphabet. These are the so-called alphabetic
optimality criteria (Kiefer, 1959). These criteria can be broadly classified into
two categories: (i) criteria that address all parameters in the model, and (ii)

criteria that focus on a subset or on specific linear functions of the parameters.

2.2 Criteria when interest is in inference about all

of the parameters

2.2.1 D-optimality

D-optimality is perhaps the most widely used criterion. It seeks to minimize the
determinant of the covariance matrix of the parameter estimators, or equivalently,

to maximize the determinant of the information matrix. The criterion is given by

op(p) = yp{M (p)} =logdet{ M (p)} = —logdet{ M '(p)}.  (2.1)

In other words, D-optimality minimizes the generalized variance of the parameter
estimates. Under a normal-error linear model, the joint confidence region for 8

is an ellipsoid with volume proportional to [det{ M (p)}]~!/2

, S0 a D-optimal
design yields the smallest such volume. D-optimality criterion is concave on

the cone of positive-definite matrices and invariant under non-singular linear

16



transformations of the design space. Its first derivatives are

5= v M (p)v;. (2.2)

2.2.2 A-optimality

A-optimality minimizes the average variance of the parameter estimators by mini-
mizing the trace of the inverse information matrix, or equivalently by maximizing

the following criterion:

¢a(p) = —tr{M'(p)}. (2.3)

This criterion is especially useful when the overall average precision of all
parameters is more important than their joint confidence region volume. Unlike
D-optimality, A-optimality is not invariant to rescaling of factors. Its partial

derivatives are

994

A I M2 .
p; v; M "(p)v;. (2.4)

2.2.3 G-optimality

G-optimality minimizes the maximum variance of the predicted response over
the design space.

0G(p) = —max v' M~ (p)v. (2.5)
vey

This criterion is most appropriate when the goal is accurate prediction throughout

the entire design region rather than only at the design points. In linear models,

17



G-optimality is equivalent to D-optimality (Kiefer and Wolfowitz, 1960). A

convenient form of the derivative, when v; achieves the maximum, is

Ioc

a_pj = [UJ-TM_I(p)vj]z. (2.6)

2.2.4 E-optimality

E-optimality maximizes the smallest eigenvalue of the information matrix (or

equivalently minimizes the largest eigenvalue of the covariance matrix):

0e(p) = Amin{ M (p) }. (2.7

So, by the nature of this optimality, it complements D- and A-optimality by
focusing on the “worst-case” variance rather than the determinant or trace of the

information or the covariance matrix.

If umin denotes a normalized eigenvector corresponding to Ay, (M ), then a

first derivative of ¢z with respect to p; can be written as

I

o, Upmin [070] | tmin (2.8)

J

which reflects the contribution of the jth design point to the least-informative

direction of the parameter space.
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2.3 Criteria when interest is only in some of the pa-

rameters or linear functions of the parameters

2.3.1 Dj-optimality

When interest is confined to s linear combinations o« = A6 with A of rank s < k,
the covariance matrix of the estimator of A@ is proportional to AM ~!(p)AT.
The D 4 criterion maximizes the determinant of the inverse of this matrix. The

criterion is given by
¢p,(p) = —logdet{ AM ' (p)AT}. (2.9)

This extends D-optimality to cases where only part of the parameter vector is of
primary interest. We will consider one such case in the next chapter. Its partial

derivatives are

8¢DA
apj

=] M~ (p)AT[AM ' (p)AT] ' AM (). (2.10)

2.3.2 L-optimality

Given a positive semi-definite matrix L, an L-optimal design minimizes

¢L(p) = —tr{M ' (p)L}. (2.11)

This criterion is linear in the entries of M ~!(p) and is useful when different

parameters or combinations have different weights of importance. f L= AT A,
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then

oL(p) = —tu{AM ' (p)AT}. (2.12)

Its partial derivatives are

0. _

3 v, M~ '(p)ATAM ! (p)v;. (2.13)
Pj

2.3.3 c-optimality

As a special case of L-optimality, consider estimating a single linear combination
c'8. The c-optimal criterion minimizes the variance of the estimator of ¢' 6.

So the criterion function is given by

o.(p) =—c"' M (p)e. (2.14)

This is useful when one specific parameter (or a contrast, or a parametric function)

is of interest. Its partial derivatives are

vaM_l(p)c)z. (2.15)

2.4 Optimality conditions

In this section we establish the conditions for optimality in our optimization

problem, and then discuss how these conditions can be used to construct optimal
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designs.

Our general problem is:

Maximize a criterion ¢ (p)

J
OVCr@:{p:<pl7p27“'7pJ):pjz()?ij:l}' (2.16)
Jj=1

Many well-known design problems fit this framework, including optimal regres-
sion designs, estimation problems and stratified sampling, where one seeks an

optimal probability distribution over a finite set of design points.

We focus on a differential-calculus approach. A key tool is the directional
derivative of the criterion function at a design p in the direction of another design.
We denote this by Fy{p, q}. We also make use of a related derivative, convenient
for computing partial derivatives of our criteria. These derivatives provide a

unified way of expressing optimality conditions.

There are two main approaches to solving (2.16):
(1) determine an optimizing design p* directly, or
(2) first determine an x* maximizing a related criterion over & and then find p*
such that x(p*) = x*. Here we adopt the first approach, which requires explicit
conditions characterizing an optimal p*. We determine the optimality conditions

in terms of point to point directional derivatives of the criterion function.

Definition 1. Following Whittle (1973), the directional derivative Fy(p,q) of a

criterion function @ (-) at p in the direction of q is

F(p(p,q):Eﬁ)y{(l—s)pﬂ;eq}—(b(p)‘ 2.17)
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This directional derivative can exist even if ¢(-) is not differentiable.

Definition 2. Another useful derivative of ¢(-) is defined by

(2.18)

Go{p,m} = lgigfb{p%ﬂ;} —¢(p)

It is called the Gateaux derivative of ¢(-) at p in the direction m. Clearly
Fy{p,q} = Gy{p,m} with = q — p, and conversely Gy{p,m} = Fy{p,p+
m}. Note also that Gy {p,e;} = 3 , the right-hand partial derivative of ¢(-)
with respect to p;, where e is the jth unit vector. This is why we make use of
the Gateaux derivative to derive the partial derivatives of our criterion functions

in the following chapters.

We formulate our optimality conditions in terms of the directional derivative
Fy(p,q), which, by allowing the direction to be determined by a point q, leads
to a convenient generalization of standard calculus rules. If ¢(-) is differentiable
at p, then

d J 9
F¢{p,q}=(q—p)T£: — p\d; . _¢’

In particular,

F F(P(p?ej ZP:

J
j— Y pidi
i=1

8p,

Here e; is the jth unit vector in R’: F j is the vertex directional derivative of
¢(-). We call this as vertex directional derivative because it gives the directional

derivative towards each vertex of the feasible region of the problem.
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If ¢(-) is differentiable at an optimal distribution p*, the first-order conditions

for p* to be a local maximizer are:

0 if p7 >0,
Fi=Fy(p",ej) = (2.19)

<0 if pi=0.

If ¢(-) is concave over its feasible region, these first-order conditions are both
necessary and sufficient for optimality, a result known as the general equivalence
theorem in optimal design (Kiefer, 1974). If the criterion function is not concave,
first-order conditions are not sufficient for optimality. So we need to check the
second-order condition. In order to check the second order condition, considering
the nonzero components of p*, we need to choose free values for the first J — 1
components of p*, and set the final component in terms of the others. That is,
we consider the substitution py =1— (p; + p2+---+ ps—1). Let the criterion
function ¢ (p) in terms of the free components (p1, p2,...,ps_1) be ¢(p). These

conditions are expressed in terms of the Hessian:
40 — .
H(p)=(d}}), i4j=12,....J—1, (2.20)

where ¢ is the criterion expressed in terms of the positive components of p, and

9%¢
dpidp;’

o _ 0 0 0 {0 o _
dj; =d;;—dj;—d;;+dj;, dj; =

The general approach is to first apply an iterative algorithm, which has at

least the potential of converging to a candidate local maximum p*. We check
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that p* is a critical point using first order conditions. We then check that p*
satisfies a second order condition for constituting a local maximum. This second
order condition is expressed in terms of the Hessian. The above Hessian matrix
must be negative definite. That is, all of its eigenvalues must be negative. In the
special case J — 1 = 2, this reduces to checking detH(p*) > 0 and dg (p*) <0
fori=1,2.

2.5 Construction of optimal designs

An analytic solution of the problem of constructing optimal designs is possible
only in simple cases. If we are given the support points, we could find out an
analytic solution of the optimal weights for some regression models. We first
consider some polynomial regression problems for which explicit solutions can

be obtained.

In polynomial regression in one variable of order k — 1 the model is given by
E(yx)=6p+01x+ 6> +...+6_ X" 1 =v'6 (2.21)

where v, = (1,x,x%,...,.x* )T x € [~1,1] and 8 = (60, 61,...,6c_1)".
Fedorov (1972) reports that the discrete D-optimal design is unique, having a

minimal support of k points which are the & roots of the polynomials
(1—x*)P_(x) (2.22)

where Py (x) is the k" Legendre polynomial:
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_ g D@k =2t
Pi(x) = n;) 2knl(k —n)!(k —2n)!

where

k/2 if k is even
N =

(k—1)/2 if k is odd.

Note that, in a minimal support design, since the support of the optimal
design p* contains k points, the D-optimal design assigns weight (1/k) to each

of these.

We will find out analytic solutions of optimal designs for some polynomial
regression models, namely, the quadratic and cubic regression models. For

quadratic regression, we put k = 3 in model (2.21). The model is given by

E(y|x) = 6y + 61x+ 6,x°.

Using (2.22), we obtain

(1—=2)ph(x) = (3x) (1 —%).

Hence, the support points of p* are given by

x=0,=%1.

25



Hence, we obtain the D-optimal design for the quadratic regression model as:

-1 0 1
1/3 1/3 1/3

For cubic regression model, we have k = 4 in model (2.21). The model is
given by

E(y|lx) = 6p+ 01x+ O + O3x°.
Using (3.4), we obtain

(15x2 —=3)(1 —x?)
5 :

(1—x)ph(x) =

Hence, the support points of p* are given by

x=+1, +1/V5=240.447.

Thus, we obtain the D-optimal design for the cubic regression model as:

—1 —0.447 0447 1
025 025 025 025

If the construction of optimal designs is not possible analytically, we can do
this by using some algorithms. It is typically not possible to evaluate an explicit
solution p* or in particular to derive an optimal regression design explicitly.
Iterative techniques must be employed and so special algorithms could be used

for a constrained optimization problem which requires the calculation of an

26



optimizing probability distribution. If the design space is continuous, then before

we run an algorithm we need to discretize the design space.

2.5.1 A class of algorithms

Problem (2.16) involves a specific set of constraints: the weights p1,pa2,...,ps
must all be nonnegative and sum to one. An iterative procedure which automat-
ically satisfies these constraints and has many nice properties can be written
as:

") ) 5
pren o P 0) (223)

L e, 8)

where xl(r) denotes either dj(-r) or F j(r) , and

9¢

ap] p:p(")

b

J
Fo= dj(-r) — Z pgr) di(r) (vertex directional derivatives at p = p(r )).
i=1

The function f(-,-) is assumed to satisfy:

(i) f(-,-) > 0 for all arguments;
(ii) f(-,-) is strictly increasing in its argument;

(iii) f(-,-) may depend on a tuning parameter 3.

Such multiplicative updates go back to Torsney (1977) who first introduced
this type of algorithm, and considered f(d,8) = d® with § > 0. Later stud-

ies explored variants: Silvey et al. (1978) investigated the effect of & for
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f(d,8) = d® = d®; Torsney (1988) examined f(d,8) = d® = ¢%? to handle
cases where ¢ (-) has negative derivatives; Mandal and Torsney (2000) discussed
systematic choices of f(-,-); Torsney (1983) established monotonicity properties;
and Mandal et al. (2005); Torsney and Mandal (2001) applied such iterations to
designs with additional constraints. When the optimal design includes many zero
weights, some modification is required; Mandal and Torsney (2006) proposed a
clustering-based algorithm. Yu (2010) proved the monotonic convergence of the

general class of the multiplicative algorithm.

We now review key properties of the directional derivatives which guide the

choice of f(-,").

(a) Feasibility of iterates: Because we always start from an initial design in
2 and f(-,-) is positive, the update in (2.23) preserves the nonnegativity and

unit-sum constraints. In other words, each iterate p(’) remains feasible.

(b) Nonnegativity of the directional derivative towards next iteration: Let
Fy{p"),pl"+1} denote the directional derivative of ¢(-) at p'") toward p"+1).
We can show that

Fp{p",p"D} > 0.

This can be seen by introducing a random variable D taking value d; with
probability p; = p). Then

_ Cov[D,f(D,5)]

S e S TX] (2.24)
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Proof:

(r+1) _p(r)]Td

(pl(r—f—l) . pl(r) ) di

Fy {p") pthy =

Sh

[
M~

i—1
J
_ pl(r—H)di . Zpl(r)di
= i1
YL pif(di,8)d;
= — ) pidi
Y/ pif(di, ) i;p
(X pif (di, 8)di] — [¥; pidi] [Xi pif (di, 6)]

Y.ipif(di,6)
Cov[D, f(D,0)]

E[f(D,6)]

~ |l

Since f(D,d) is increasing in D, the covariance is nonnegative, ensuring a

nonnegative directional derivative and hence an improvement of the criterion.

(c) Fixed-point property: An iterate p") is a fixed point of (2.23) if the derivatives
a¢/d pgr) are equal for all nonzero components, equivalently if the corresponding
vertex directional derivatives F j(r) are zero. Thus, any local maximizer of (2.16)

is a fixed point of the iteration.

To accelerate convergence, it is useful to adopt objective choices for f(F,5).
Since any criterion produces both positive and negative vertex directional deriva-
tives and ). p;F; = 0, a suitable f(F,0) should be centered around zero and
change rapidly near F = 0. Using F; as the first argument of f(-,-) can thus
improve convergence. The convergence properties depend jointly on the criterion
function ¢(-), the form of f(-,-), and the parameter 6. In later chapters we
explore different choices of f(-,-) and its arguments for constructing optimal

designs.
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Now we consider some examples and construct some D-optimal designs. In

simple linear regression, the model is

E(ylx) =60+ 61x=v, 0

where v, = (1,x)T,x € [~1,1] and 6 = (6),6;) .

ve €Y ={v, v = (l,x)T, —1 <x < 1}, the induced design space.

We approximate the design interval by a grid of 201 points equally spaced
at intervals of 0.01 between —1 and 1. We take f(d,8) = d® for some value
of 9, say 0.5. We start with the initial values of p as the equal weights, that is,
1/201 each. Then we run the algorithm until the first-order conditions (2.19) are
satisfied. The algorithm converges to the following optimal design for the simple

linear regression model

-1 1
0.5 0.5

We construct the optimal design by considering some other choices of the
function f(d,d) (subject to the function being positive and increasing) and
obtained the same solution as above. We construct optimal designs for the

quadratic regression model. The model is given by

E(ylx) =60+ 61x+ x> = v/ 0

where v, = (1,x,x>)",x € [~1,1] and 8 = (6, 6;,6,) . We approximate the
design interval by a grid of 201 points equally spaced at intervals of 0.01 between

—1 and 1. We take f(d,8) = e?% for some value &, say 1.2. The algorithm
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converges to the following optimal design:

-1 0 1
1/3 1/3 1/3

Note that this is the same optimal design that we obtained analytically before.

Now we obtain the expressions for the standardized variance of the predicted
response (also called the variance function) for the above designs and confirm
that the optimal designs are D-optimal designs. The standardized variance of the

predicted response is given by (1.3).

Simple linear regression:

We obtain the information matrix at optimal design as given by

2
M(p) = Y pjop;

=1
1&

= EZUJ”J
j=1
12 O
210 2

Thus,
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The plot of the variance function is given in Figure (2.1). The maximum value
of 2 occurs at the two support points -1 and 1. This confirms the D-optimality
of the above regression model. The plot visually confirms this finding, as the
variance function reaches its maximum at the design’s support points, which is a

key requirement of the General Equivalence Theorem for D-optimality.

14 1.6 1.8 2.0
|

1.2

1.0

-1.0 -0.5 0.0 0.5 1.0

Figure 2.1: Simple linear Regression: Variance function d(x, p*) at the optimum
design. The maximum value of 2 occurs at the support points.
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Quadratic regression:

We obtain the information matrix at optimal weights as given by

3
M(p) = Y pjop;

13
= 3 ) vjv;
j=1
30 2
1
= 3 020
2 0 2
The inverse information matrix
1 0o -1
M'(p)=3|0 1/2 0
-1 0 3/2

So,

The plot of the variance function is given in Figure (2.2). The maximum

value of 3 occurs at the three support points -1, O and 1, confirming the D-
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optimality of the above regression model. The plot also illustrates the variance
function reaching its maximum at the three design points, further confirming the

D-optimality of this design.

28 30
|

2.6
|

2.0

-1.0 -0.5 0.0 0.5 1.0

Figure 2.2: Quadratic Regression: Variance function d(x, p*) at the optimum
design. The maximum value of 3 occurs at the support points.

2.5.2 Choice and Scaling of Design Points

In practice, the first step in constructing optimal designs often involves selecting
and scaling a set of candidate design points. Traditionally, this step is per-
formed manually, by specifying a small number of representative points and
then rescaling them to a standard design region such as [—1,1]. For example,
Berger and Wong (2009) illustrate how a set of eight equally spaced points can
be linearly transformed to lie within the interval [—1,1]. For instance, in the

dosage example, the eight design points {1,2,...,8} are rescaled to the standard-
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ized values {—1,—0.7143,—0.4286, —0.1429,0.1429,0.4286,0.7143, 1} using

the transformation

d/~ o 2dj - (dmax +dmin>
=

Y

—-1<d:<1. (2.25)

dmax - dmin /
This transformation is a linear rescaling of the interval [dpin, dmax]:

- The midpoint d = (dmax + dmin)/2 is mapped to 0.

- The left endpoint d,y;, is mapped to —1.

- The right endpoint dp,x 1s mapped to +1.

Thus, this is exactly the affine transformation that linearly maps the orig-
inal range [dmin,dmax] onto the symmetric interval [—1,1]. Every value d; is
expressed in this normalized coordinate system, centered at the midpoint and
scaled by half the range. Such manual scaling ensures interpretability and re-
duces computational effort, but it restricts the design space to a limited and

predetermined set of candidates.

With modern computational resources, it is no longer necessary to restrict atten-
tion to such a small set of manually chosen points. Instead, we may construct a
fine grid of candidate design points over the entire region of interest. For instance,
if the design region is [—1, 1] and we use a step size of 0.01, the candidate set will
consist of 201 equally spaced points. If we use a step size of 0.1, the candidate
set will consist of 21 equally spaced points. This algorithmic approach has two
major advantages. First, it greatly increases flexibility, as the true optimal design
is sought over a much richer set of potential points. Second, it allows the same

algorithm to be applied regardless of the model or design space, avoiding the
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need for ad hoc manual selection.

Thus, while manual scaling of a small number of design points remains useful
for pedagogical purposes and simple illustrations, algorithmic scaling via dense
grids provides a more systematic and powerful foundation for modern optimal
design computations. In subsequent chapters, we shall make use of this powerful
grid-based strategy, which ensures that the proposed multiplicative algorithms

can search over the full design region in a uniform manner.

2.6 An application - Radiation dosage for tumour

shrinkage

2.6.1 Introduction

We consider the radiation dosage model of Berger and Wong (2009). A radi-
ologist is interested in the linear effect of radiation dosage (denoted by x) on
tumour shrinkage (denoted by y). A simple linear model is assumed for studying
the effect of radiation dosage on the reduction of tumours in 16 breast cancer
patients. Assuming that there are no ethical objections to assigning n = 16 breast
cancer patients to eight radiation-dosage levels, the following four designs are

considered.
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d; Design 1 Design2 Design 3 Design 4

1 2 2 3 8
2 1 2 2 0
3 2 2 2 0
4 3 2 1 0
5 4 2 1 0
6 1 2 2 0
7 1 2 2 0
8 2 2 3 8
n 16 16 16 16
SSx 70 84 108 196

var(6;) 00143 00119  0.0093 0.0051(x02)
var(6)) 03441 03036 025  0.1658(x0?)

Equation (1.2) tells us that when both the sample size n and error variance 6>

are fixed and the variance of the dosage levels var(x) is maximized, the variance
var(6;) will be minimal. This is the same as saying var(;) is minimized when
the sum of squares of x, say SSy, is maximized. The above table shows how the
sum of squares SS, and the variance var(x) influences the variance var(6;) using
the four designs all with n = 16 patients. Since Design 4 has the largest value
of var(x) = 196/16 = 12.25, Design 4 is the optimal design for estimating the

slope parameter.
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2.6.2 Evaluating the criteria

We consider the linear model:

Y =X0+¢€

where the data vector Y is modelled as the product of a design matrix X and a

vector of regression parameters @ = (6, 6;) ", and € is an n x 1 error vector.

Design matrices for the four radiation dosage designs are given by:

Design 1 Design 2 Design 3  Optimal Design

1 17 1 17 T 1 17 1 17
11 11 11 11
12 12 11 11
13 12 12 11
13 13 12 11
14 13 13 11
14 14 i3 B
Xi=|15| Xo= |15 X3=1]5 X4=113
15 15 16 18
15 16 16 18
15 16 17 18
16 17 17 18
17 17 18 18
18 18 18 18
L] 8.1 L1 8.1 L] 8. L1 8.

From equation (1.6), the least squares estimator 0 is

6= X"X)"'Xx"Yy

and the variance-covariance matrix of @ in matrix notation is

Cov(f)=c*(X'X) .

Instead of considering the covariance matrix, we consider here the determi-

nant of the information matrix for D-optimal design. Similarly, for A-optimality
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we consider the negative trace of the inverse information matrix, M ~!(p).

First, we obtain the information matrix for each design as given by
/ T
M(p) = _lej’vj”j
j:

where J = 8 as we have 8 distinct points, p; =n;/n.

Design 1:

1 4.4375
M(p) =
4.4375 24.0625

Using the D- and A-optimality criteria, we obtain
D-criterion: 4.371094

A-criterion: -5.733691.
Design 2:

1 45
M(p) =
45 255
Using the D- and A-optimality criteria, we obtain
D-criterion: 5.25

A-criterion: -5.047619.
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Design 3:

1 45
M(p) =
45 27
Using the D- and A-optimality criteria, we obtain

D-criterion: 6.75

A-criterion: -4.148148.

Optimal design (Design 4):

1 45
M(p) =
45 325
Using the D- and A-optimality criteria, we obtain

D-criterion: 12.25

A-criterion: -2.734694.

As we can see, Design 4 (optimal design) has the largest determinant of the
information matrix for D-optimality. Similarly in terms of trace, Design 4 is the
A-optimal design. This means that the parameters 6y and 0; can simultaneously
be estimated as efficiently as possible if the design points were chosen at both
ends of the x variable (dosage levels) (that is, Var(x) is maximized) and if the

observations would be equally divided over the two design points.
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2.6.3 Finding the optimal dosage and weights using the algo-

rithm

As discussed in the previous section, we can obtain the D-optimal design in a
more general and powerful way (confirming optimality using the directional
derivatives and the general equivalence theorem) rather than restricting attention
to a small set of candidate designs (e.g., only four design points). Using the

rescaling transformation (2.25), the design points can be standardized to the set
{—1,-0.7143,-0.4286,—0.1429,0.1429,0.4286,0.7143,1}.

Based on these eight candidate points, we apply algorithm (2.23) to compute the

D-optimal design.

To implement the algorithm, we require a function f(x,d) that is positive,
strictly increasing in x, and depends on a free parameter §. In this dissertation,
we consider three families: the exponential function 66’“, the standard normal
c.d.f., and the logistic c.d.f. €%%/(1 4 ¢%%), where x denotes either a partial or
directional derivative. For the present example, we use the exponential function

¢%* with § = 0.5, taking x to be the partial derivative.

After 70 iterations, the algorithm converges to the following design:

(1 07143 —0.4286 —0.1429 0.1429 04286 0.7143 1 )

P =405 0 0 0 0 0 0 0.5

0 -0490 0816 —0.980 -—0.980 -0.816 —0.490 O |
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The first row gives the candidate design points, the second row the corresponding
design weights, and the third row the values of the first-order conditions for
¢ (p*) to be a local maximum in the feasible region (see 2.19). These conditions

are satisfied, confirming the optimality of the solution.

Next, we consider a finer discretization of the design space [—1, 1] into 21
equally spaced points with step size 0.1. Using the same exponential multiplica-

tive function as above, we again apply algorithm (2.23) to find the D-optimal

design.

After 172 iterations, the optimal design is given by:

Optimal Design (J = 21 candidate points)

(

-10 -09 -08 -07 -06 -05 -04 -03 -02 -0.1
0.5 0 0 0 0 0 0 0 0 0

0.00 -0.19 -036 -0.51 -0.64 —-0.75 —-0.84 —-091 -0.96 -0.99

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
p = 0 0 0 0 0 0 0 0 0 0

-1.00 -099 -096 -091 -0.84 -0.75 -0.64 —-051 -036 -0.19

1.0

0.5

0.00

Again, the optimal design places all its weight on the boundary points —1
and 1, with equal weights of 0.5. The third row shows the corresponding vertex

directional derivatives, which are negative for all inactive points and zero at
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the two active support points. This verifies that the D-optimal for the radiation-
dosage example assigns half weight at the minimum and maximum dosage

levels.
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Chapter 3

Minimizing variance based criteria

3.1 Introduction

One of the central objectives in the theory of optimal experimental design is to
minimize the variance of the parameter estimators. Variance reflects the degree
of uncertainty in parameter estimation: the smaller the variance, the more precise
the estimates. In the design of experiments, where the allocation of experimental
resources is under the researcher’s control, the ability to strategically choose
design points to minimize estimator variance plays a critical role in improving

the reliability and efficiency of statistical inference.

As mentioned earlier, under least squares estimation of a linear regression
model, the covariance matrix of the estimators is proportional to the inverse of
the information matrix, which depends on the design points. Hence, minimizing
variance amounts to maximizing information, which can be achieved by selecting

design points that make the information matrix as large as possible in some
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sense. This leads to well-established optimality criteria such as A-optimality
(minimizing the trace of the inverse of the information matrix), and c-optimality
(minimizing the variance of the estimator of a particular parameter or a specific
linear combination of the parameters). Various researchers have worked on
variance criteria, including Lopez-Fidalgo (2023); Chowdhury et al. (2020);
Berger and Wong (2009); Pukelsheim (2006); Fellman (1989) and among others.

Motivated by this, we explore a class of optimization problems in which we
consider some variance-based criteria and construct such optimal designs. First,
instead of considering directly an A-optimal design, that is, by minimizing the
average or total variance of all of the parameter estimators, we minimize the
average or total variance of a particular set of parameter estimators that are of
interest for the research problem. Second, we establish measures of efficiency
that enable meaningful comparisons across competing designs based on several
parameters. This enables the evaluation of subset-focused designs in comparison
to traditional A- and D-optimal designs, offering insight into the trade-offs be-
tween global optimality and targeted precision for the selected parameters. Third,
we consider another class of problems where we need to treat two parameters
(or linear parametric functions) equally due to their correspondence with two
similar design variables. In such situations, our goal is to construct optimal
designs that achieve equality of variances of the estimators of those parameters
or parametric functions. This chapter explores the methodology for developing

and constructing these optimal designs.
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3.1.1 The General Equivalence Theorem and its Implications

Optimal design theories including the General Equivalence Theorem rely on a
set of fundamental concepts, including the directional derivatives (2.17), and
Gateaux derivative (2.18). These are generalization of the concept of a derivative
to functions defined on a vector or matrix space, which allows us to find a
directional derivative. It helps us understand how a criterion function, such as
the one we seek to maximize, changes as we move from one design to another.
This is crucial for iterative algorithms that aim to find a better design in each

step.

A cornerstone of optimal design theory is the General Equivalence Theorem
Kiefer (1959). This theorem provides the necessary and sufficient conditions for

a design to be optimal, and it links the three key concepts of a design problem:

1. The optimality of a design, p.
2. The maximization of a criterion function, ¢ (p).

3. The behavior of the directional derivatives, or the variance function

d(z,p).

In the context of D-optimality, the theorem states that a design p* is D-optimal if
and only if the maximum value of the standardized variance function, d(x,p*),
over the design space is equal to the number of parameters, k. Furthermore, the

maximum occurs at the support points of the optimal design.

While the theorems and proofs for non-standard criteria are more complex,

the core principle remains similar. The iterative algorithms we use are designed
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to find a solution where the directional derivatives are zero at the support points,
satisfying the first-order conditions. If the concavity is lacking we check for
second-order conditions. The behavior of the directional derivatives over the
entire design space provides a powerful diagnostic tool to check the optimality
of the converged solution. The examples in this chapter will visually and numer-
ically confirm this principle, demonstrating how our solutions adhere to these

foundational theoretical requirements.

3.2 Variance based criteria for minimizing the av-

erage or total variance

Instead of the A-optimality criterion, an optimization problem may involve mini-
mizing the average or total variance of the estimators of a subset of parameters
of interest. Note that minimizing the average variance is the same as minimizing

the total variance.

Suppose that we are interested in a set of s (s < k ) parameters or linear
parametric functions in the model. This is particularly relevant in situations
where not all parameters are of equal importance. For example, in a polynomial
regression, the higher-order terms may be of specific interest, while the intercept
and first-order terms serve as a baseline. This optimization problem addresses
the above by focusing on minimizing the total variance of the estimators of these

selected parameters.

Let us consider s parametric functions aiTO, i=1,2,...,5. We would like

47



to minimize Y5, Var(a; ). Since the variance of the estimator of a linear
function of parameters is given by Var(a, ) = a] M ~!(p)a;, our objective is
to minimize };_, aiTM ~!(p)a,. This is equivalent to maximizing the negative
sum of these variances. Let ¢;(p) = —a] M~ (p)a;,i=1,2,...,s. Maximizing
Y? , ¢i(p) will give us the optimal design for minimizing the average or total
variance of the estimators of aiTH, i=1,2,...,s. Let A=|ay,...,a;]. Therefore,

we would like to maximize the criterion
o(p) = —r(A'M'(p)A). (3.1)

We call this Ag-optimality criterion. In order to construct the optimal design, we
need to determine the partial and directional derivatives of this criterion function.

We derive this in the following theorem.

Theorem 3.2. For ¢(p) = —tr(AT M ~!(p)A), where A is a matrix of order

k xs,s <k, and rank(A) = s, d?, j=1,2,.... s, are given by
df =v/ M 'AATM 'v;.

Proof:

Let i(M)= AT M~'A. As ¢(p) is also a function of M (p), we can write our

criterion function as

0(p) = w(M(p)), M(p) = Y pjvjv]
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with
y(M) = —t(h(M)).

The partial derivatives of ¥ can be derived by using the Gateaux derivative (2.18)

that was defined earlier. So,
GI,,{M, N} = —u(G,{M,N}). (3.2)

From the definition of Gateaux derivative

Gy M.N} — lim h(M +€eN)—h(M)
€l0 €

B limAT(M+eN)‘1A—ATM‘1A

o £ '

(3.3)

(3.4)

Now

(M+eN)' = (I+eM'N)"'M™!
— M—1/2(1+gM—l/ZNM—l/Z)—lM—l/Z
= M Y (1+eB)" "M (3.5)

where B=M'N or M~ '/2NM~1/2,

(I+eB)™! = I—eB+e’B*—e’B>+¢*B*— ...
= I—¢eB forsmall €. 3.6)
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Thus by using (3.5) and (3.6), i(M + €N) in (3.3) can be written as

h(M+eN) = A" (M+eN)'A
= ATM'"?1-eB)M~'2A
= ATM'A—cA"M'2BM12A
= ATM'A—eA"TM 'NMA.

Hence from (3.3) and (3.2)

Gi{M,N} = -ATM'NM'A
and Gy{M,N} = —tu(-A"M 'NM'A).

Then from (3.8) with M = M (p),

9¢

— = Gy{M,vv/
apj ‘I/{ J j}

= —tr(—ATM_l'uj'vaM_lA)
= 'vaM*IAATMflvj.

Therefore, the corresponding vertex directional derivatives will be

J
F]fp = vaM*IAATM*I'U]- —Y pivy MTTAATM ;.
i=1

We now consider an example of the quadratic regression model:

E(YlX) =0;+6x+ 93)62
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with the design interval [—1, 1]. Suppose that we are interested in minimizing the
total variance of the estimators of the parameters 6, and 6;. We then maximize
¢ (p) = ¢2(p) + ¢3(p) subject to the constraints p; > 0and ). p; = 1. So, here,
A = [ay,a3], where ay = (0,1,0)7, and a3 = (0,0,1)". The design space
is continuous. We discretize the design space to form a uniform grid on the
continuous design space. In particular, we approximate the design interval by a
grid of points equally spaced at intervals of 0.1, giving us J = 21. We take the
initial design to be pg.o) =1/J,j=1,2,...,J. We take f(x,6) = exp(Sx)/(1+
exp(6x)), where x is the vertex directional derivatives of the criterion and § =0.1.

Starting with equal initial weights, we obtain

o(p) = —12.08862,
—9.40704 < Fj’gso.som.

After 4000 iterations, the algorithm converges to a solution.

o(p) = —5.828427,
~4244622 < F) <8.881784 x 107",

The algorithm converges to a solution having three support points, namely
-1.0, 0.0 and 1.0 with corresponding weights (0.2928932, 0.4142136, 0.2928932).
The directional derivatives corresponding to the three support points are zero,
and are negative at all the remaining design points with zero weights. This
confirms that the directional derivatives meet the first-order conditions. We have

found a design p for which the minimum total variance of the estimators of the
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parameters 6, and 05 is 5.828427. This result demonstrates that the algorithm

successfully finds the optimal design for this specific criterion and model.

Now we are going to see practical problem arising in Chemistry. The model
was provided by chemistry in Scotland, considered by Torsney and Alahmadi
(1995). They studied a three-parameter regression model that describes the rela-
tionship between the viscosity and the concentration (x) of a chemical solution.
The regression model describes the relationship between the viscosity Y and the

concentration x of a chemical solution. Viscosity is the response. The model is
E(y|x) = 01x+ 6,x'/% 4 632°.

The design interval is restricted to (0, 0.2]. First, note the design interval (0, 0.2]
is very short here. The chemists who supplied this model were more concerned
with the terms x'/2 and x2. We construct designs for minimizing the average
or sum of the variances of the estimates of the corresponding parameters 6,
and 65. So we maximize ¢ (p) = —tr(AT M ~!(p)A) subject to the constraints
p;>0and Y. p; =1, where A = [az,a3], ax = (0,1,0)", and a3 = (0,0,1) .
According to the above design space, we approximate the design interval by
a grid of points equally spaced at intervals of 0.01 between 0.02 and 0.2. By
making an initial run of the algorithm (2.23) in this discretized space. We
run algorithm with f(x,8) = exp(dx)/(1 + exp(dx)), where x are the vertex

directional derivatives of the criterion with 6 = 0.00001.
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Starting with equal initial weights, we obtain

o(p) = —284606.8,
~283454.1 < F} <7133727,

After 2000 iterations, we obtain

o(p) = —121565.6,
—119365.6 < F]f’>g8.731149><10*10,

for 1 <i<J=19. We found that the algorithm converged to a solution with three
active support points: 0.02, 0.12, and 0.20. The corresponding optimal weights
for these points were determined to be (0.3486168, 0.4288118, 0.2225714). The
directional derivatives corresponding to the three support points are zero, and
are negative at all the remaining design points with zero weights. This confirms
that the directional derivatives meet the first-order conditions. We have found a
design measure p for which the minimum total variance of the estimators of the
parameters 6, and 65 is 121565.6. This result demonstrates that we have found

the optimal design for this specific criterion and specific model.

It is quite natural to think that Dg-optimality will be the counterpart of A-
optimality. So we calculate the cross-efficiencies between these two optimality

criteria. Before we do that we need to construct the Ds-optimal designs.

We have already discussed D and D 4 -optimality (2.1) and (2.9) in section
2.2. D-optimality is concerned with estimating all & parameters of a model,

whereas D 4-optimality is used when we are interested in estimating s linear
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combinations of the parameters 0y, 0,, ..., 6;. These s linear combinations can be
expressed as the vector a = A6, where A is a s X k matrix of rank s < k. Ds-
optimality is an important special case of D 4-optimality, used when the interest
lies in estimating a specific subset of s parameters. This criterion arises in D 4-
optimality when the matrix A is given by A = [I; : O], where [ is the identity
matrix with dimension s x s and O is the zero matrix with dimension s X (k — ).
In this situation, without loss of generality, our objective is to estimate only the
first s parameters, from 0 to 6;, in the parameter vector 6. Since A = [[; : O],
we partition the information matrix M (p) as:
My

M (p) = : (3.10)
k—s k—s
M, wE)

T

Then the matrix inverse matrix of AM ~!(p)AT can be expressed as (M —

M 12M2_21M sz) (Rohde, 1965). Therefore, in this special case, maximizing
¢p, in (2.9) in this particular case is equivalent to maximizing the following

Dg-optimality criterion function:
0, (p) =logdet{(Mi; — M, M, M5)}. 3.11)

For further details, we refer to Karlin and Studden (1966); Atwood (1969); Silvey

and Titterington (1973); Silvey (1980).

We will now apply the Dg-optimality criterion to the same quadratic regres-
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sion model used for the As-optimality example:
E(y|x) = 61 + 62x + 63x*

with the design interval [—1, 1]. Our focus here is on finding the optimal design
that maximizes the determinant of the sub-matrix corresponding to the parameters
6, and 6;. The regression vector is (1,x,x%)", and the sub-vector of interest
iswvjr = (xj,xﬁ)T. We discretize the design interval into a uniform grid of
21 points, from -1.0 to 1.0, and initialize all design weights to pE.O) =1/21.
Using the multiplicative algorithm (2.23), we take the logistic cdf f(F,8) =
exp(6F)/(1+exp(dF)), where F denotes the vertex directional derivatives of

the criterion and 6 = 0.3. We find that the algorithm converges to a solution.

After 3000 iterations,

o(p) = —1.909543,
—1.12455 < Fj’go.

The optimal design has three support points at x = —1.0,0.0, and 1.0, with

corresponding weights of (1/3,1/3,1/3).

The directional derivatives for the support points are all equal to 2, which
satisfies the equivalence theorem condition with s = 2. This contrasts with the
Ag-optimal design for the same model, which had different weights at these same

support points, highlighting a key difference between the two criteria.
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Next, we apply the Ds-optimality criterion to the chemistry problem:
E(y|x) = 01x+ 65x'/% 4 0322

with the design interval (0.0,0.2]. The parameters of interest are again 6, and
65. The sub-vector of interest for the directional derivative is v, = (x}/ Z,xi)T.
We use the same discretized design space from the previous section, with points
spaced at 0.01 between 0.02 and 0.2. We run the algorithm with f(F,d) =
exp(0F)/(1+exp(S6F)), where F are the vertex directional derivatives of the

criterion with § = 0.4.

After 4000 iterations, we obtain

o(p) = —16.94491,
—1.670149

IN

F]f” < 2.708944 x 1014,

The algorithm converges to a solution with three active support points: 0.02,
0.10, and 0.20. The corresponding optimal weights are (0.4905948, 0.3380028,
0.1714025). The directional derivatives confirm optimality, as they are zero at

the support points and negative at all other design points with zero weights.

The two examples demonstrate a crucial point in optimal design theory: the
choice of criterion directly influences the resulting optimal design. While both
Ag- and Dg-optimality focus on a subset of the parameters (6, and 63 in our

chemistry example), they lead to distinct optimal designs.

For the chemistry model, the As-optimal design had support points at 0.02,

0.12, and 0.20, with weights (0.3486, 0.4288, 0.2226). In contrast, the D;-
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optimal design had support points at 0.02, 0.10, and 0.20, with weights (0.491,
0.338, 0.171). While the endpoints (0.02 and 0.20) are common to both designs,
the third, interior support point is different. This difference is not merely a minor
rounding error; it reflects the fundamental disparity between the two criteria.
Each criterion optimizes a different aspect of the estimation problem, leading to

unique solutions.

While these optimal designs are “best” for their specific purpose, the question
remains: how effective are they with respect to other criteria? For example, is
an Ag-optimal design still highly efficient from a Dy perspective? The next
section will address this by introducing the concept of efficiency to quantitatively
compare how well a design, which is optimal for one criterion, performs under
another. This allows us to assess the robustness of our designs and understand

the trade-offs involved in criterion selection.

3.2.1 Cross-efficiencies

While we can determine which design is optimal for a specific criterion, it is
also of great practical importance to evaluate how well that design performs
with respect to other criteria. This is where the concept of cross-efficiency
becomes essential. Cross-efficiency is a quantitative measure that evaluates how
effectively a design, which is optimal for one criterion, performs under another.
The efficiency of a design &; with respect to a criterion ¢ is defined by comparing

its performance to that of the optimal design for that criterion.
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Mathematically, the efficiency is defined as:

Value of optimal design (3.12)

Eff (&, ¢) =

Value of evaluated design’

Efficiency is typically a value between 0 and 1, with a value closer to 1 indicating
a more efficient design. For the As- and Dg-optimality criteria, the efficiency
formulas are derived from their optimization objectives:

Ag-efficiency: This criterion minimizes the sum of the variances of a set of s
estimators, i.e., it minimizes tr( M, ;1 ). Thus, a smaller trace value is better. The
efficiency of a design & is calculated by dividing the trace of the optimal A

design by the trace of the design &:

—

Effy (6) = (M 5,)
As(ﬁ)—m- (3.13)

=

Ds-efficiency: This criterion maximizes the determinant of the information
matrix corresponding to the specific parameters. Therefore, a larger determinant
is better. The efficiency is calculated by taking the square root of the ratio of the

determinants:
det(M, z) > 1/s

Effp (&) = (Ws,m)

Here, s is the number of parameters of interest, which is s = 2 for both our

examples.

Example 1: Cross-efficiencies for the Quadratic Regression Model
From our previous analysis of the quadratic model, we have:

As-optimal design: Support points at (—1.0,0.0,1.0) with weights (0.3,0.4,0.3).
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Ds-optimal design: ~ Support points at (—1.0,0.0,1.0) with weights
(1/3,1/3,1/3). Let’s now compute the cross-efficiencies to see which
design is more robust.

The model is E(y|x) = ) + 62x + 63x> with the vector of basis functions
F(x) = (1,x,x*)T. The parameters of interest are 6, and 65. The information

matrix M} is calculated using the weights of the Ag-optimal design:

My, =03f(=1)f(=1)T +0.4£(0)£(0) +0.3f(1)f(1)"

1 1 1
My =03 —1|(1,-1,1)+04 | 0] (1,0,0)+03 | 1 | (1,1,1)

1 0 1

1 0 06
May=10 06 0
06 0 0.6

The parameters of interest are 6, and 63. These correspond to the second and
third rows/columns of the information matrix. We partition the matrix My into

four sub-matrices:

My, My,
M, =

s

My, M)
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where

M, = [1]
M, = |0 0.6
0
My =
0.6
06 0
My, =
0 0.6

The Ay criterion value is calculated from the trace of the inverse of the par-
titioned information matrix, M, .. We find it using the formula M, =

My, — M21M1_11M12. So we obtain

06 0
0 024

So, det(M 4,) = 0.144 and tr(M | ) = 5.8333 .

The D;s-optimal design for the parameters 6, and 63 in a quadratic
model is supported at the points x = {—1,0, 1} with corresponding weights
(1/3,1/3,1/3). We construct the information matrix Mp_, using the basis

function vector f(x) = (1,x,x>)" and the weights of the D;-optimal design.
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1 0 2/3
Mp,={ 0 2/3 0
2/3 0 2/3
We partition the matrix Mp, to isolate the information related to the parameters

of interest, 6, and 05.

M, My,
Mp, =

s

My, My,

The sub-matrices are of the same dimensions as above. We calculate the parti-

tioned information matrix My p, = My — M M fllM 12.

So, det(M; p,) = 4/27 and tr(M, ), ) = 6.

As-efficiency is:

5.8333

Effs (Ep,) = ~0.9722 (97.22%).

Dy-efficiency is:

0.144\ /2
Effp, (&a,) = (4/7> ~0.986 (98.6%).

These efficiency results show that both the Ag-optimal and Dg-optimal designs
are highly efficient. The two designs perform very similarly, with only a small

trade-off between minimizing average variance and maximizing joint precision.
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Example 2: Cross-efficiencies for the Chemistry Model

For the Chemistry model, our previous results were:

Ag-optimal design: Support points at (0.02,0.12,0.20) with weights (0.3486,
0.4288, 0.2226).

Dg-optimal design: Support points at (0.02,0.12,0.20) with weights (0.491, 0.338,
0.171).

The model is E(y|x) = 61x+ 6,x'/2 + 6332, and the parameters of interest
are 6 and 63. The basis function vector is f(x) = (x,x!/2,x?) ", and the corre-
sponding information matrix is My, .

The basis function vectors at the support points are:

F£(0.02) = (0.02,7/0.02,(0.02)*)" = (0.02,0.1414,0.0004) "
F£(0.12) = (0.12,3/0.12,(0.12)*)" = (0.12,0.3464,0.0144) "
£(0.20) = (0.20,4/0.20,(0.20)%)" = (0.20,0.4472,0.0400) .

The information matrix is computed by adding the outer products of these vectors,

each scaled by its weight.

My, = 0.3486(0.02)£(0.02) " 4+-0.4288 £(0.12) £(0.12) " +0.2226£(0.2) £(0.2) "

0.015218 0.038691 0.002524
= 10.038691 0.102948 0.006139
0.002524 0.006139 0.000445

The matrix is partitioned with respect to the parameter of interest 8; = (6>, 63)
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and the nuisance parameter 6. The sub-matrices M;; have the same dimensions

as in the previous example. The sub-matrices are:

M;; = [0.015218]

Mi; = 0.038691 0.002524
0.038691

My =

0.002524

0.102948 0.006139
My, =

0.006139 0.000445

Now we calculate the partitioned information matrix M, = My —

My M, M.

0.004469 —0.000272
—0.000272  0.000028

The determinant and trace of the inverse are: det(Mj 4,) = 0.000000051148
and tr(M sjAls) = 87920.8. Calculating the Ds-optimality criterion value for
the design with three support points x = {0.02,0.10,0.20} and corresponding
weights (0.491,0.338,0.171). The basis function vector is f(x) = (x,x'/2,x2)T,
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and the corresponding information matrix is Mp,:

F£(0.02) = (0.02,4/0.02,(0.02)%)T ~ (0.02,0.1414,0.0004) "
£(0.10) = (0.10,4/0.10,(0.10)*)" ~ (0.10,0.3162,0.0100) "
£(0.20) = (0.20,4/0.20,(0.20)*)T ~ (0.20,0.4472,0.0400) .

Using the given weights, the information matrix is computed as:

Mp, = 0.491F(0.02)£(0.02)" +0.338£(0.10) £(0.10) " +0.171£(0.20) £(0.20) "

s

0.0104 0.0274 0.0017
= 10.0274 0.0778 0.0042
0.0017 0.0042 0.0003

The matrix is partitioned with respect to the parameter of interest 6, = (65, 65)
and the nuisance parameter ;. Now we calculate the partitioned information

matrix M p, = Moy — Mo M, M.

0.0056 —0.0003
—0.0003  0.00003

det(Mj p,) = 0.000000078 and tr(M S_I;S) =456410.25.

Ag-efficiency is:

87920.8
Effy (Ep,) = 15641025~ 0.1926355 or 19.26%.
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Dy-efficiency is:

0.000000051148
0.000000078

1/2
Effp, (&4.) = < > ~0.81 or 81%.

In stark contrast to the quadratic model, the results for the chemistry model
demonstrate a significant trade-off. The As-efficiency of the Ds-optimal design
is extremely low at 19.26%. This means that a design optimized to minimize
the confidence region volume is very inefficient at minimizing the sum of the
variances. Conversely, the Ag-optimal design has a very high Ds-efficiency of
81%. It performs its intended task perfectly while still doing a great job at the
other criterion. Therefore, for this model, the As-optimal design is clearly a

superior and more robust choice.

The comparison between these two models highlights a crucial point: the
relationship between different optimality criteria is highly dependent on the
specific model being studied. In the quadratic model, the two criteria are largely
aligned, and both designs are excellent. In the chemistry model, there is a strong
trade-off, and one design is significantly better than the other across both criteria.
This underscores the importance of not only calculating design efficiencies but
also interpreting what these values mean in the context of the specific research

goals.
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3.3 Variance based criteria for equality of vari-

ances

In statistical inference, especially in the context of experimental design and
estimation, the equality of variances of parameter estimators refers to situations
where the variances (or mean squared errors) of estimators for different parame-
ters are made as uniform as possible. This is closely linked to variance balance
in optimal design, ensuring that no parameter is estimated with substantially less
precision than another. A summary of the importance of equality of variances is

as follows:

Fair precision across parameters: In regression or ANOVA-type models, re-
searchers may wish to estimate multiple parameters simultaneously. If one
parameter has a very small variance while another has a very large variance, the
inference becomes unbalanced. Equalizing variances helps ensure all parameters
are estimated with comparable reliability.

Robustness: Designs with equal (or nearly equal) variances often remain effi-
cient across a broader range of true parameter values.

Interpretability: Equal precision simplifies comparison across parameters, as
confidence intervals or hypothesis tests will not be distorted by heterogeneous

uncertainty.

In regression design, one related criterion for balancing variances is E-
optimality. The E-optimality criterion directly relates to balancing variances. It

maximizes the minimum eigenvalue of the information matrix.

Suppose that the two linear functions of @ are @' @ and b' 0, where a,b € R¥.
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Let a'0 and b' 0 be the least squares estimators of a ' @ and b' @ respectively.
We aim to construct a design that achieves equality of the variances of a'd
and b' §. The two variances are given by v (p) = Var(a' ) =a'M~'(p)a,
vy(p) = Var(b'8) = b" M~ (p)b. In order to convert this into a maximization
problem, we set up the criterion as ¢ (p) = — (v (p) — v2(p))?, and maximize
it over the constraint region & = {p = (p1,p2,...,pJ) 1 pj > O,Zlepj =1}
(2.16). Note that ¢(p) < 0. If the maximum value of zero is attained, then
the variances of the estimators of the two linear functions of 0 are equal, and
also the solution will generally form a hypersurface, defined by the equation
v1(p) —v2(p) =0, in a (J — 1)-dimensional space. However, if no such design
exists, maximizing this criterion will yield a design with the minimum numerical
difference between the two variances. Note that the first- and second-order
conditions should be used to confirm that the candidate point found by an

algorithm is a local optimum.

In order to run the algorithm (2.23) and to find the directional derivatives,
we need to find the partial derivatives of the criterion function. We derive the
partial derivatives (d;p) of ¢(p) as follows. Let V(p) = vi(p) — va(p) then
¢(p) = —(V(p))?. The partial derivatives of ¢(p) with respect to p; are d? =
~2V(p)dY. where d¥ = dvi(p)/dp; — dva(p)/dp; = —(a M~ (p)v,)> +
(6" M~ (p)v;)*

If the criterion function is not concave, we need to check the first- and

second-order conditions. The Hessian matrix of ¢ (p) is given by (2.20)

H(p) = ((d;;5)):i,7 =1,2,... .0 —1
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where d, 5 = df, —df, —dj,+dj,, and 929/ p:dp; = df, = —2d} d! —2V (p)d},

where

d}; = ZU;—M_I (p)'uj'vl-TM_1 (p)aaTM_1 (p)vj
—ZUiTM*I(p)'vjvl-TM*l(p)bbTM*l(p)'vj.
= 2vl~TM_1(p)vj[viTM_l(p)aaTM_l(p)vj —viTM_l(p)bbTM_l(p)vj].

Thus d?} can be derived as
df, = —2dY d} —4v (p)v] M~ (p)v;[v; M~ (p)aa” M~ (p)v;—v] M~ (p)bb" M~ (p)v,].

Now we consider a two-variable model example by its design space, one of the
five examples studied by Silvey et al. (1978) and Wu (1978) in a standard design
context.

The model is E(y|x) = 0; + 62x] + 6300 =v ' 0,v € ¥, where
¥ = {v=(Lx,xn) :(x,xn)ec2},

and where 2 is a quadrilateral with vertices (-1, -2), (-1, 1), (1, -1), (2, 2).

Our goal is to obtain the estimators of the parameters 6, and 65 such that the
variances of these estimators are equal. Thus we take ¢ (p) = —(a' M~ (p)a —
b' M~ (p)b)?, where a = (0,1,0)" and b= (0,0,1)". We seek to maximize
¢ (p). If the maximum value of zero is attained, the parameters 6, and 65 are
estimated with equal variance. We use f(x,8) = exp(dx)/(1 +exp(dx)),0 =

0.5 and x as the directional derivatives of ¢(p). With equal initial weights
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(¥ = (0.25,0.25,0.25,0.25)) we obtain at the initial iteration the following

values.

o(p) = —0.04374386,
—0.04684159 < F? < 0.04579246.

After 1000 iterations, we obtain

¢(p) = —3.081488 x 1073,
—2.910879x 107'° < F? <4.115337x 10717

The value of ¢ (p) is very close to zero, and the directional derivatives are also
practically zero. This indicates that the algorithm has successfully converged to
a solution where the objective function is maximized at a value of zero, meaning

the variances of the two estimators are equal. The optimal design is found to be:

% (_17_2> (_171) (17_1) (2,2)
0.10557503 0.47462534 0.05701769 0.36278194

Since the criterion function lacks concavity, we must check the second-order
conditions. We therefore check the Hessian matrix in the second-order condition

(2.20) to confirm optimality.

~6.57833945 —0.0655397066 —10.8546657
H(p") =14 —0.06553971 —0.0006531007 —0.1081443
—10.85466566 —0.1081443376 —17.9108679
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All the eigenvalues of the Hessian matrix are negative. The design satisfies both
the first- and second-order conditions. We have found a design measure p for
which the criterion function attains its maximum possible value of zero. This

indicates that the parameters 6, and 6 are estimated with equal variance.

Now we consider a second example to demonstrate the flexibility of the
proposed methodology. This time, we use a quadratic interaction model, which
is a second-order model that includes an interaction term between the two inde-
pendent variables. This type of model is commonly used in empirical research
to capture more complex relationships between factors, a topic extensively dis-

cussed in the field of optimal design Box and Wilson (1992).

The model is defined as:
E(y|x) = 61+ 6:x1 + 63x2 + Ogx1x2 = v' 0, veY,
where
Vv = {v = (1,x1, %2, x1x2) " ¢ (x1, x2) EQ},

and where 2 is a quadrilateral with vertices (-1, -1), (-1, 1), (1, -1), (2, 3).

Our goal is to obtain the estimators of the parameters 6, and 63 with
equal variance. ~We therefore define our criterion function as ¢(p) =
—(a"M~'(p)a—b"M~'(p)b)?, where a = (0,1,0,0)" and b= (0,0,1,0) .
We seek to maximize ¢(p) to its maximum possible value of zero. Us-
ing the same initial weights as in the previous section, we use f(x,0) =

exp(6x)/(1+exp(dx)),0 = 0.01 and x as the directional derivatives of ¢ (p).
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We obtain the following results at the initial iteration:

o(p) = —0.02777778,
—0.5007868 < F’ < 0.6103243.

After 1500 iterations, the algorithm has converged, yielding the following values:

o(p) = —1.414481x10"%,

—4.855226x 10710 < F? < 3.236817x 10710,

The objective function value is extremely close to zero, and the vertex directional
derivatives are also practically zero, indicating a successful convergence to an
optimal solution where the variances are equal. The optimal design is found to

be:

(_17_1> (_171) (17_1) (273>
0.2474316 0.2020547 0.3030821 0.2474316

Here again, we checked that the eigenvalues of the Hessian matrix are nega-
tive. Some eigenvalues are small in magnitude, however they are all negative.
The design satisfies both the first- and second-order conditions. We can conclude

that the parameters 6, and 65 are estimated with equal variance for this design.

The equality of variances of parameter estimators is not always an explicit
goal, but ensuring variances are equal (or nearly equal) enhances fairness, inter-
pretability, and robustness of inference. Designs such as balanced ANOVA and

optimal polynomial regression designs support this principle and are widely used
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in practice. In engineering experiments, balance ensures that main effects and
interactions are estimated with equal precision, which is crucial for identifying

key process factors.

In summary, this chapter has solely focused on minimizing variance-based
criteria. Variance minimization is a fundamental objective in statistics, as it
directly improves the precision of parameter estimation and supports the con-

struction of efficient estimators such as the BLUE.

A key contribution of this chapter is that it moves beyond this global perspec-
tive by considering variance-based criteria for subsets of parameters or specific
components of interest. In many practical applications, interest is not in all
parameters equally, and the proposed work allows for more targeted design

construction based on the parameters of primary importance.

In addition, this chapter develops efficiency measures to enable meaningful
comparison between competing designs under different criteria. This allows
the performance of subset-focused designs to be evaluated relative to classical
A- and D-optimal designs, providing insight into the trade-offs between global

optimality and targeted precision.

Furthermore, this chapter also introduces criteria aimed at achieving equality
of variances among parameter estimators, incorporating a notion of balance or
fairness. These criteria are generally not concave, unlike standard optimality
criteria, and therefore require more advanced theoretical treatment. The chapter
establishes second-order optimality conditions for such criteria, using Hessian-

based conditions, to rigorously verify optimality in such cases.
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Overall, Chapter 3 advances variance-based optimal design by (i) extending
classical criteria to subset-focused objectives, (ii) introducing efficiency-based
comparisons between designs, and (iii) developing theoretical tools for handling

non-concave optimality criteria.
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Chapter 4

Minimizing covariance based

criteria

4.1 Introduction

In the previous chapter, we focused on optimal designs based on a number of

variance-based criteria. In this chapter, we focus on covariance-based criteria.

The main motivation for the work in this chapter and the next chapter came
from a viscosity model provided by a chemist in Scotland and was implemented
in response to a practical problem arising in chemistry. In some chemical
models, it may be necessary to estimate certain parameters independently of the
others. The above problem in chemistry is a study of the relationship between
the viscosity and concentration of a chemical solution using a three-parameter
regression model. Viscosity is the response variable, and concentration is the

design variable. Torsney and Alahmadi (1995) analyzed a three-parameter

74



regression model relating viscosity to the concentration of a chemical solution.
Building on such work, Mandal et al. (2017) developed an approach based on
covariances between the parameter estimators. Since covariance-based criteria
provide a first step toward estimating parameters independently, we further
develop and explore such criteria in this chapter. In the next chapter, we will

explore correlation-based criteria.

Another motivating problem in this context is the study of lipoprotein levels
in relation to albumin concentration in childhood nephrotic syndrome (Noto et al.,
1999). Over the course of five years, they investigated a group of 84 children
who were in various clinical phases of the disease. Among the variables that they
studied were lipoproteins, plasma albumin, and proteinuria. They carried out a
number of multiple regression analyses to ensure that the resulting parameter

estimators were not correlated with one another.

In this chapter, we construct approximate optimal designs for minimizing
the absolute covariances between least-squares estimators of the parameters in
a linear model. Specifically, we construct designs that ensure the covariances
between the estimators of two or more components, or linear combinations of
components, of @ are zero or as minimum as possible. To achieve this, we
minimize the squared covariances between the estimators of the parameters of
interest. Equivalently, we maximize the negative of the squared covariances, a
technique that aligns with the maximization framework of our algorithms and is

more convenient for optimization.

A key difficulty with this criterion is its lack of concavity. Unlike concave

functions, which possess a single, easily identifiable global maximum, non-
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concave functions may have multiple local maxima. This poses a significant
challenge, as an algorithm may converge to a suboptimal solution even if the
first-order conditions (where the directional derivatives are close to zero) are
satisfied. To overcome this challenge, we adopt a two-step verification process.
First, we employ an iterative numerical algorithm to find a candidate solution that
we believe to be a local maximum. Second, we verify the solution by checking
both the first-order and second-order conditions. The second-order condition,
which requires establishing the negative definiteness of the Hessian matrix, is
essential for confirming that the candidate point is indeed a local maximum. By
adhering to this two-step process, we ensure the validity and reliability of the

optimal designs we construct in this chapter.

4.2 Minimizing one covariance

Denote the two linear combinations of interest by a'0and b’ 0, where a,be Rk,
Our objective is to find a design such that the covariance of the corresponding
estimators a' @ and b' 0 is as close to zero as possible. Formally, we seek to

maximize the criterion:

o(p) = — [cov(aTé, bTOA)}2 = — [aTM_l(p) br

over Z ={p=(p1,p2,....pJ) :pj20,2§:1pj: 1}.

If the maximum value of zero is attained, then the covariance between the

estimators is zero. In many cases such a design may not exist, but maximizing
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¢ (p) nonetheless yields a design with minimal numerical covariance, ensuring

that the estimators are as close to being uncorrelated as possible.

For convenience, let us denote the covariance by

k(p) = a' M (p)b.

Thus, ¢ (p) = —k*(p). The structure of k(p) is similar to that of the c-optimality

criterion, which is defined as

o.(p) = c'M! (p) c,

where c is a fixed vector of constants. Minimizing ¢.(p) produces a c-optimal
design, which is itself a special case of linear optimality. The latter refers to
optimization problems where the criterion is linear in the entries of the covariance
matrix M ~!(p). In that context, c-optimality corresponds to constructing a
design that minimizes the variance of the estimator of ¢' 6. The function ¢.(p)
is known to be convex on the cone of positive definite symmetric matrices
Fedorov (1972). In contrast, k(p) = a' M ~!(p)b is not convex on the same
space. It will be convex if a o< b. Nevertheless, it shares an important property
with c-optimality: it is linear in the entries of M ~!(p). This structural similarity
makes k(p) amenable to analysis within the same general framework as linear
optimality criteria, even though optimization is more challenging due to the lack

of convexity.

Since ¢ (p) = —k?(p), the first-order partial derivatives of ¢ (p) with respect
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to p; are given by

o _ k
df = —2k(p)d;,

where df denotes the corresponding derivative of k(p). Similarly, the second-
order derivatives are

df, = —2dd* — 2k(p)dy;.

To implement our algorithms, we therefore require expressions for the first- and

second-order partial derivatives of k(p) with respect to the design weights. These

are given by
Ao) (D)),
dp; Ip;
_ oM _
~ o (- G ) )b
Dj
= —aTM*I(p)vjvaM*I(p)b
= —v; M '(p)ab’ M~ (p)v;, @.1)
and
82k(p) T ags-1 Tas—1 Tas—1
Ipidp; v; M~ (p)vjv; M~ (p)ab M~ (p)v;

+'viTM_l(p)abTM_l(p)'vj'ujTM_l(p)'v,u (4.2)

In practice, both partial and directional derivatives can take very large numeri-
cal values in early iterations of the algorithm. This often slows down convergence

and may even cause the criterion values to become unbounded. To address this,
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we replace the raw partial derivatives d; by standardized versions

- d;

I =57

2{21 pid;
where we note that Y7, pid; = —2¢(p), which is positive whenever ¢ (p) is
nonzero. This normalization substantially improves the stability of the iterative

procedure.

In the following subsections, we present several examples. The first example
revisits the quadratic regression model E (y|x) = 6; 4 6,x + 63x2, considered in
the previous chapter, but with design interval [—1,2]. Here we aim to estimate
the parameters 6, and 65 such that the covariance between the corresponding

estimators is zero. To do so, we find the optimal design p by maximizing

o(p) = —[a" M~ (p)b]?, where a = (0,1,0)" and b= (0,0,1) .

We start by taking f(x,8) = ®(8x) and choose the x; to be the partial

derivatives d; of ¢(-) with respect to the p;. We take the initial design to be

pgo) =1/3, j = 1,2,3, set 6 = 0.001 and apply the algorithm. After 864

iterations, we obtain

¢(p) = —2.406038 x 10717,
—3.332671x 1077 < F? <9.871143x107°.

We now use the same settings as above but take 6 = 0.005. In this case, after
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200 iterations, we obtain

o(p) = —1.32381x10726,
—7.817247x 10712 < F? <2315139 x 10713,

Taking f(x,0) = exp(dx)/(1+exp(Sx)), x; = Fj and 0 = 0.001, and starting with

equal initial weights, after 1384 iterations, we obtain

o(p) = —3.270146 x 10731,
—3.885303x 10714 < F? <1.150813 x 1015

We now use the same choices as in the third experiment but increase 6 to 0.005.

We then obtain, after 300 iterations

o(p) = —2.899589 x 10722,
—1.156936 x 1070 < F? <3.426542x 10711,

We observed that the choice of the function f(-,-) and the parameter 6 had
a significant impact on the algorithm’s convergence rate. While some com-
binations led to a faster approach to the optimal solution, others required
more iterations. Despite these differences in convergence speed, a key find-
ing was that the algorithm consistently converged to the same optimal de-
sign across all four experiments. The final design, represented by the weights
p* = (0.4729487,0.4984561,0.0285952), confirmed the theoretical expectation
for the given support points (-1, 0, 2). The most crucial outcome of this analysis
is that the value of the criterion function ¢ (p) at this optimal design reached its

global maximum of zero, which was verified with high precision (at least 11 dec-
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imal places). Since this value represents the covariance between the estimators
for parameters 6, and 6, achieving a value of zero demonstrates that we have
found a design that renders the estimators uncorrelated. The attainment of this
global maximum obviates the need to examine the eigenvalues of the Hessian

matrix, as the solution is confirmed to be optimal.

We now consider an example in which zero covariance cannot be attained
but can still construct a design such that the parameter estimators of interest are
as uncorrelated as possible. It involves a practical problem arising in chemistry
Torsney and Alahmadi (1995). As we mentioned earlier, this regression model
describes the relationship between the viscosity y and the concentration x of a

chemical solution. Viscosity is the response. The model is given by
E(y|x) = 61x+ 62x'/2 + 632°

The design interval is restricted to a short interval (0, 0.2]. It was desired to
minimize the covariance between é3 and each of él and éz. That is, we seek
to minimize each of the two covariances. Since we cannot obtain a design that

produces a common value of zero covariance.

In the first covariance case we take @ = (1,0,0)", b= (0,0,1)". We dis-
cretize the design space at intervals of 0.01 between 0.02 and 0.20. We start
with equal initial weights. Note that the values of both the partial and directional
derivatives are very large in the initial stages of the algorithm so we employ the
technique of standardizing the partial derivatives. We run algorithm (2.23) with

f(x,8) = exp(8x)/(1 +exp(6x)), x; = d; and § = 1.5. After 2500 iterations,
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we obtain

o(p) = —1487305833,
—1.025987

IN

F? <2.056355 x 1072,

We found that the algorithm converged to a solution with three active support
points: 0.02, 0.12, and 0.20. The corresponding optimal weights for these points
were determined to be (0.4233560, 0.4049047, 0.1717393), which places the
optimal design on a boundary of the design space &?. The optimality of this
design was confirmed by checking both first- and second-order conditions. For
the first-order conditions, the directional derivatives corresponding to the three
active support points were zero, while they were negative for all other design
points with zero weight. This indicates that the algorithm successfully located
a stationary point. The value of the minimized covariance at this solution was
found to be -38565.6. To verify that this stationary point is indeed a local
maximum, we analyzed the Hessian matrix, H(p*), which is of order 2 x 2
since the vector of positive weights, p*, has a length of 3. The determinant
of this Hessian was calculated as det(H (p*)) = 1.202243 x 10%!. The specific
elements are d¥, (p*) = —48693539565, df, (p*) = dJ, (p*) = —34641007532,
and dgz (p*) = —49333905134. Since the determinant is positive, the second-
order conditions are satisfied, which confirms that the solution we found is a

local maximum for the criterion function.

In the second covariance case we take a = (0,1,0)", b= (0,0,1)" and
again start with equal initial weights. Again the values of both the partial and

directional derivatives are very large in the initial stages of the algorithm so we
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employ the same technique of standardizing the partial derivatives. The logistic
c.d.f. seems to be a good choice for f(-,-) so we use this function with x; = d;

and & = 1.5. After 1400 iterations, we obtain

o(p) = —47739048,
—1.184627 < F<5.002221x 10712,

We observed that the algorithm converged to a second solution with three sup-
port points: 0.02, 0.12, 0.20. The corresponding weights for this solution are
(0.5089060, 0.3468095, 0.1442846). Similar to the previous case, this design also
resides on a boundary of the design space &?. The optimality conditions were
checked to confirm the nature of this solution. The first-order conditions were
met, as the directional derivatives were zero at the three active support points and
negative for all other zero-weighted points. The value of the covariance at this
solution was 6909.344. To verify that this stationary point is indeed a local maxi-
mum, we analyzed the Hessian matrix, H (p*). Here, p* denotes the vector of pos-
itive components of the optimal design. Note that H (p*) is of order 2 x 2 because
in the Hessian we consider J — 1 components instead of J components. The deter-
minant of this Hessian was calculated as det(H (p*)) = 1.43192 x 10'8. The spe-
cific elements are 27, (p*) = — 1698697895, d%, (p*) = df (p*) = — 1323469058,
and dfz (p*) = —1874077442. The positive determinant, det(H (p*)) > 0, con-
firms that the second-order conditions are satisfied. Thus, we have found a point

where the criterion function attains a local maximum.

As demonstrated by the preceding two examples, the proposed algorithm

successfully converges to solutions that satisfy both the first and second-order
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optimality conditions, confirming that these points are local maxima. In both
cases, the optimal designs were found to have three support points located on
the boundary of the design space. This highlights the algorithm’s capability to
accurately identify optimal solutions even under these constraints. Based on these
successful findings, we now extend our investigation from a single covariance
or two covariances to the more complex case of minimizing covariances among
more than two linear combinations of the model parameters. The following
section will detail the formulation of this new optimization problem and present

our findings.

4.3 Minimizing two or more covariances

This time we consider the case of more than two parameters or linear combina-
tions of the parameters. That is, we minimize two or more covariances at the
same time. Let us consider four linear combinations a'6,b'0.c'0 and d'6,
where a,b,c,d € R, We want to minimize the magnitude of the covariance
between the estimators of a ' @ and b' @ and between the estimators of ¢ ' @ and

d'" 0. The two covariances are given by
ki(p) = cov(a'@,b"8) and k(p) = cov(c',d'8).

Let ¢;(p) = —k;(p)?, i = 1,2. We now create a compound criterion involving
both ¢;(p) and ¢ (p). We choose an appropriate compound criterion in such
a way that if there exists a design p* which simultaneously maximizes the two

functions ¢; (p) and ¢, (p) then this p* should maximize the compound criterion.
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Ideally we wish to find the p* to produce a common value of zero for ¢;(p)
and ¢,(p). The optimum solution of the compound criterion must satisfy the
constraints p; > 0 and Zle pj = 1. We consider the following two compound

criteria

¢(p) = ¢i1(p) + (p),
¢(p) = min{¢(p),P(p)}.

When we maximize any of these two compound criteria we consider two sets of
partial derivatives d; corresponding respectively to the two functions ¢; (p) and
¢2(p). We use the multiplicative algorithm. The choice of x in f(x,5) depends
on which of the compound criteria is used. According to the above compound

criteria, we consider the following choices of x:

xj = al]q.)1 + djd.)2 if we maximize ¢; (p) + ¢(p)
dmln{q)l 7¢2}

xj = d; if we maximize min{¢;(p), 9(p)}
where d?i denotes the partial derivative of ¢; with respect to p;, i =1,2, j =
1,2,...,J. Here again, we improve the rate of convergence of the algorithm by

replacing dj.)" by the corresponding directional derivatives.

The following example, discussed in Section 3.3, is one of five studied by
Silvey et al. (1978) and Wu (1978) in the context of constructing D-optimal

designs on a finite design space. The model is E(y) = 0) + 6:x] + 63x3 = v'0,
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v €Y, where
v = {v=(Lx,xn) : (x,x)E€2},

and where 2 is a quadrilateral with vertices (-1, -1), (-1, 1), (1, -1), (2, 3). We
take the design points to consist of the vertices of the quadrilateral, and wish
to find the optimal weights for these four vertices according to the following
covariance criteria. We wish to obtain an estimator of the parameter 6; which
is uncorrelated with both of the estimators of the other two parameters 6, and
5. Thus we take ¢;(p) = —[a ' M~ (p)b]?, and ¢,(p) = —[c' M~ (p)d)?,
where a = (1,0,0)" and b= (0,1,0)", c=a and d = (0,0,1)". We seek to
maximize the compound criterion ¢(p) = ¢;(p) + ¢2(p). We use f(x,8) =
exp(6x)/(1+exp(0x)), 6 =0.05and x; = dg)l + dgb. With equal initial weights
(¥ = (0.25,0.25,0.25,0.25)) we obtain at the initial iteration the following

values

(01,02) = (—0.001371742, —0.02777778),
—0.1031528 < F” <0.08198155,
—0.2706929 < F” <0.3507063.

After 900 iterations, we obtain

(f1,¢2) = (—2.244726 x 10717, —6.035377 x 10~17),
—1.040999 x 107 < F <1.040999 x 108,
—1.768824 x 1078 < F <1.280213x 1075,
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We also consider maximizing the minimum of ¢;(p) and ¢ (p), i.e. using
compound criterion ¢ (p) = min{¢@;(p),P2(p)} rather than maximizing their
sum. We use the same f(-,-) and § = 0.05, and the same starting values but
replace the partial derivatives by the corresponding directional derivatives. After

1726 iterations we obtain

(f1,02) = (—3.465597 x 10~17, —3.550244 x 10~7),
—1.294161 x 1078 < FM <1.294161 x 108,
—1.356006 x 108 < F <9.824029 x 10~°.

The algorithm converged to the following optimal design:

% (_17_1) (_171) (17_1) (273)
0.350 0.220  0.290 0.140

The criterion functions ¢ (p) and ¢, (p) are constrained to be non-positive, with
a maximum of zero. The calculated values for the criteria, —3.465597 x 10~17
and —3.550244 x 10~!7 respectively, are effectively zero within the limits of
numerical precision. The attainment of this theoretical global maximum, where
the criterion functions are at their highest possible value, provides a strong
confirmation of the solution’s optimality. This result implies that the estimators
for the parameters 6, and 05 are uncorrelated with the estimator for 6 at this
optimal design. Since the global maximum has been reached, the analysis of
the Hessian matrix’s eigenvalues is not required to confirm local optimality.

However, we checked that the eigenvalues of the Hessian matrix are all negative.
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Here we present another example, following Section 3.3. The model is
E(Y|x) = 6) + 0x] + 63xp + Ogx1x0 = v' 0, veV,
where
v = {v= (1, x1, X2, x1%2) |+ (x1,%x2) € 2},

and 2 is a quadrilateral with vertices (—1,—1), (—1,1), (1,—1), and (2,3).

As in the previous example, our objective is to obtain an estimator of the
parameter 6 that is uncorrelated with the estimators of the other two parameters,

6, and 65. To achieve this, we define the criteria

o1(p)=—[a" M '(p)b]>,  ¢(p)=—[c"M (p)d]

where a = (1,0,0,0)", b= (0,1,0,0)", c=a, and d = (0,0,1,0) . We then
consider two compound criteria: (i) maximizing ¢ (p) = ¢1(p) + ¢2(p), and (ii)

maximizing ¢ (p) = min{¢;(p), $>(p)}.

We first consider maximizing the sum of the two criteria. Using the multi-

plicative function (the logistic cdf)

exp(0x)

f<xﬁ):1+Tp(5x)’

5 =0.05,

and setting x; = d?l + d%

i, we start with equal initial weights pl0 =
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(0.25,0.25,0.25,0.25). At the initial iteration, the criterion values are

(01,¢2) = (—0.0156250, —0.0017361),
—0.2766357 < F” <0.5289198,
—0.0843902 < F” <0.1447765.

After 600 iterations, the algorithm converges to

(¢1,¢2) = (0, —4.520293 x 102),
0

IN

F;.q)l S 07
—6.245819x 10710 < F% <7.208828 x 1070
Next, we consider maximizing the minimum of ¢;(p) and ¢,(p). We use the
same function f(-,-) with 8 = 0.12 and the same starting weights, but replace
the partial derivatives with the corresponding directional derivatives. After 1100

iterations, we obtain

(f1,02) = (—1.42900 x 10731, —2.73519 x 1073?),
—1.11046 x 1075 < F <1.28165x 1073,
—4.85826x 10710 < F® <5.60721 x 107",

In both cases, the optimal design converges to

0.2033924 0.2560077 0.2880087 0.2525912
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The above example demonstrates that both compound criteria lead to the same
optimal design. The optimization algorithm reaches the theoretical maximum for
both ¢; and ¢ with high numerical precision. We also checked the negative defi-
niteness of the Hessian in both settings. Despite the different formulations (sum
vs. maximin), both approaches converge to the same optimal design, highlighting

the robustness of the method and the consistency of the resulting optimal design.

We now consider the quadratic full model given by
E(y|x1,x) = 61+ 62x1 + 63x + O4x1x2 + 05x% + 66x%.

We consider a covariance criterion example using a slightly asymmetric design

region. The design points are taken on a 3 x 3 grid with
x; € {—1,0,2}, xy € {-1,0,2}.
The regression vector is defined as
v(xp,x) = (1, X1, xlxz,x%x%, x%)T,

so that the information matrix is

J

M(p) =Y pjv(xij,x)v(xij,x;) ",
|

where J = 9 is the number of design points. We take the initial design to be
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uniform,

The vectors used to define the covariance criteria are

a=(1,0,0,0,0,0)", b=(0,0,1,0,0,0)", c=a,

The corresponding compound criterion is

¢(p) = ¢1(p) + $2(p),

d=(0,0,0,0,0,1)".

0i(p)=—[a "M (p)b]>,  $(p)=—[c' M \(p)d]’.

Here, ¢ corresponds to minimizing the squared covariance between the intercept

and interaction term xxp, while ¢, corresponds to between the intercept and the

quadratic term x%. The design is updated iteratively using the function

~ exp(ox)
f0.6) = o

with 6 = 0.3, where x represents the directional derivatives of ¢(p). Starting

from the uniform initial design, we have

(61,0) = (—0.0021085, —2.250),
—.098117 < F" <0.08687,
~13.42201 < F”<15.16218.
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After 8,533 iterations, the algorithm converges to

(01,¢2) = (—4.0679x 10711 —1.5279 x 1077),
—2.08x107° < FM<146x107°,

—9.73x107* < F?<9.74x107°.

The final optimal design is summarized below:

Index Design Point (x1,x;) Final p;

1 (=1, 1) 0.10753
2 (0, —1) 0.00000
3 (2, -1) 0.11981
4 (—1,0) 0.16896
5 (0, 0) 0.23881
6 (2,0) 0.16678
7 (—1,2) 0.10418
8 (0,2) 0.00000
9 (2,2) 0.09393

We see that both ¢; and ¢, converge to values numerically indistinguishable
from zero. The compound optimization method successfully converges to the

optimal design.

In summary, this chapter addresses the covariance-based criteria. While
variance-based criteria, as we did in the previous chapter, improve the precision

of the parameter estimators, they do not directly address the dependence structure
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among them. In particular, classical criteria such as A- and D-optimality do not

control the covariance between estimators.

This chapter addresses this limitation by introducing covariance-based opti-
mality criteria. The key idea is to construct designs that minimize one or more
covariances among parameter estimators, thereby reducing dependence and, in
some cases, achieving approximate or complete uncorrelatedness between esti-
mators. This is important for interpretability and stability of inference, especially

when parameters are jointly estimated.

Building on earlier work (e.g., Mandal et al. (2017)), this chapter strength-
ens and generalizes covariance-based design methodology by providing a more
systematic formulation, extending the criteria to multiple covariances, and devel-

oping corresponding optimality conditions and computational approaches.

Furthermore, the study of covariance naturally motivates the investigation of
correlation structures, since correlation standardizes covariance and provides a
scale-invariant measure of dependence. This progression forms the foundation
for the developments in Chapter 5, where correlation-based criteria are studied

in greater depth.
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Chapter 5

Correlation based criteria:
Estimating parameters with

minimal correlation

5.1 Introduction

In the previous chapter, we considered covariance-based criteria. We considered
criteria based on the covariance between two parameter estimators. However, it
is more practical to consider correlations between parameter estimators. A key
distinction exists between covariance and correlation that is critical to our work.
A covariance of zero indicates the correlation is zero, and vice versa. However,
if the measures are not zero, they do not provide the same interpretation. Covari-

ance indicates the direction of the relationship between the parameter estimators
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but not its strength. This can be problematic, as a large magnitude of covariance
can make the partial or directional derivatives of the criterion very large, making
it difficult to run optimization algorithms. In contrast, correlation indicates both
the direction and the strength of the relationship, with a value guaranteed to
fall between -1 and 1. This makes the correlation criterion advantageous for
algorithmic stability. Furthermore, when the covariance or correlation between
estimators is known to be non-zero, our next goal is to construct a design that
makes the parameter estimators as uncorrelated as possible. Motivated by this,
in this chapter, we consider a correlation-based criterion. The correlation crite-
rion is much more challenging due to the complexity of the expressions for the
criterion itself and its partial and directional derivatives. We have been able to
cope with these challenges and constructed the optimal designs for a number of

models including the model in chemistry.

More specifically, we will opt for a non-standard criterion, which is the nega-
tive of the squared correlation between two parameter estimators. We construct
the optimal designs by maximizing the negative of the squared correlation. The
advantage of taking this criterion is that the value of the criterion is always less
than or equal to zero, and the maximum value of the criterion is zero. If the
maximum value of zero is attained, the estimators of the two parameters or the
linear combinations of the parameters will be uncorrelated. In that case, assum-
ing a Gaussian model, the corresponding parameters or parametric functions
are estimated independently. If any such design does not exist, maximizing the
above criterion will produce a design with minimum correlation, meaning the

estimators are as uncorrelated with each other as possible. In other words, the
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estimators are as uncorrelated with each other as possible.

In addition to maximizing the above criterion for two parameter estimators,
we consider the problem of obtaining more than two parameter estimators with
more than one correlation among them. To accomplish this, we employ a
compound optimization criterion and use simultaneous optimization techniques.
In particular, we convert it into an optimization problem where we simultaneously
maximize two criteria, i.e., two functions of the design weights. The criteria
share a maximum of zero, which is simultaneously obtained at the optimal design
weights. This optimization technique can be even extended to more than two

correlations of interest.

5.2 Minimizing one correlation

We begin by considering the problem of minimizing the correlation between
two specific linear combinations of the parameter estimators. Let the two linear
combinations of interest be a' @ and b' 0, where a,be RK. We wish to find a
design such that the correlation of the estimators of @' and b'  is zero. When
the zero correlation is not possible, we will find a design such that the correlation

of the estimators is as close to zero as possible.

As established in Chapters 3 and 4, the variance-covariance matrix of the least
squares parameter estimator 0 is proportional to the inverse of the information

matrix, M ! (p). Building on this foundation, the covariance between the two
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linear combinations is given by:
cov(a'0,b"0) =a" M (p)b.
The variances of the individual linear combinations are similarly defined as:
var(a' @) =a"' M '(p)a and ¢p(p)=var(b'8)=b" M (p)b.

Using these expressions, the correlation between the two linear combinations is

defined as:

cov(a'6,b"0) B a' M~ (p)b

l(p) = = .
" Var(@ )y /Var(678) V("M (p)a)(6TM 1 (p)b)

Our optimization problem is to find a design p that maximizes the negative of

the squared correlation, —I?(p). We define our objective function as:

[aTM_l(p) b}z
a" M~ (p)a][bTM~1(p)b]

¢(p)=—1*(p) =— [ (5.1)

The goal is to find the optimal design weights p; that maximize ¢(p), subject
to the standard constraints {p = (p1,p2,---,pJ1) : pj >0, Z§:1Pj = 1} (2.16).
Since ¢(p) = —I*(p), the partial derivatives of ¢(p) with respect to the p; are
df = -2l (p)dj-, where the d; are the corresponding partial derivatives of /(p).
As we mentioned in the introduction, this criterion function is not concave. We
need to check for second-order conditions using the Hessian. In order to check

second-order conditions we need to find the second order partial derivatives
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of I(p) with respect to p; and p;, this is dg. = —2dfd§ - 21(p)dfj. In order to

run the algorithms so as to find the optimal design and to check conditions

for optimality we need to find the first and second order partial derivatives d;

and d;; ! ; respectively. Derivatives of / (p) are provided by the following theorem.

Letk(p)=cov(a'0,b"0)=a" M~ (p)b, ¢,(p) =var(a'§)=a" M~ (p)a

and ¢y, (p) = var(b' 0) =b" M~ (p)b, then ¢(p) is — ( kp) ) :

Theorem 5.2. For /(p) =

vV 9a(P)\/ 9(P)

cdhdl i =12,

cov(a'6,b'0)
\/Var a’h \/Var b'0)

are given by

[ _

o) ke ) g o e
J (paq)b

— .29, f——k«w% 2dj’“——k¢a2¢,, Lt

— 9, %9, [ k%ld% k@:ldj’b],

1 3 _1 I, 1.0, 1, _
S0u dlg, 2 [d,-"— Sko, df— ko, ld?b]

1 1 3 1w 1
— ifl’a ‘0, zd?b {dzk_ Ek% ]d;b —Ek% ]d?b]

-1 -1 1 — a — (] a a
+0, 29, {d{;—z% Lk — kgt af dj’ +kd§’})

1y .
— 50, ' (djd kg, 'dd} +kdl.";.”)}

1 -1 -1 3 — a a 1 — a a
500, { 2dfy+ 9 (dhd + djdf = Skogdfd = Skoy d a4 k) )

1

1 3
+¢," (d,kd;?b +dbdf — kg, dd) — Doy, dfrd + kdf;?’)} ,

98



where

dj = —v] M~ (p)ab" M~ (p)u;.

di;=v] M~ (p)vv; M~ (p)ab” M~ (p)v;
+vj M~ (p)ab" M~ (p)viv; M~ (p)v;,

d¥ = —(a" M~ (p)v))?,

df =20 M~ (p)vjv] M~ (p)aa" M~ (p)v;,

d =—(b' M~ (p)v,)’,

df =20/ M~ (p)vjv/ M~ (p)bb" M~ (p)v;.

Proof:

We prove the theorem by making use of the Gateaux derivative of (2.18) that
we defined earlier. We have [(p) = k(p)/~/®(p)/d»(p). We first consider the
function k(p). Since k(p) is a function of p as well as of the information matrix
M (p), let k(p) = K(M(p)). From the definition of the Gateaux derivative
(2.18), we can write

K(M +eN)— K(M
Gk(M,N} = lim ( +88) (M)
£

(5.2)

Gkx{M, N} is called the Gateaux derivative of K at M in the direction of V.
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Now,

(M+eN)"' = (I+eM 'N)"'M~!
M_1/2(1+EM_l/ZNM_1/2>_1M_1/2
M '2(1+eB) ' M~1/? (5.3)

where B= M !N or M*I/ZNM*I/Z, and

(I+eB)"! = I1-eB+e’B*>—¢’B’ +¢'B*— ...

= [I—¢eB for € small. 5.4
Now, using (5.3) and (5.4), K(M + &) is given by

K(M+eN) = a' (M+eN)'b
= a' M V2(1—eB)M~'?b
— aTM—l/ZM—1/2b_gaTM—l/ZBM—l/Zb
= a M 'b—ea"' M 'NM b (5.5)

From (5.2) and (5.5), with M = M (p), we obtain

s Ok

J:a_pj = GK{M(p)a'Uj'UjT}

= —vaM_l(p)a,bTM_l(p) v;.
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Now, to prove dlkj, let Ki{(M(p)) =—v; M~'ab" M~ 'v;. Now,

Ki(M+eN) = —v/(M+eN) 'ab" (M+eN) v
= —v] M *(1-eB)M*ab " M~V (1 —eB)M /v,
= —v;[M'a—eM 'NM 'a][b' M —eb" M 'NM v,
= —vaM*IabTMflvj
+elo] M'NM 'ab "M 'vj+v; M 'ab"' M 'NM 'v}]
—&’v] M 'NM 'ab' M 'NM 'vj]. (5.6)

Thus, from (5.2) and (5.6), with M = M (p),

0%k
dpidp;
= GK;.{M(P),UW;‘T}

k
di; =

= ['UJTM*I(p)v,-viTM*I(p)abTM*I(p)vj—|—'vaM*I(p)abTM*I(p)'viviTM*I(p)'vj].

The proofs of d;P“, dg“, dj)”, d¢b follow similarly. Now, dl and dl follow using

the general rules of differentiation. Hence the theorem.

As we mentioned in section 3.2, our criterion function is not concave
and (given that first order conditions are met) we will check for second-
order conditions by dealing with our summation constraint via the substitution
pr=1—(p1+p2+...4+ps_1). Let the criterion function ¢(p), in terms of
P1,P2,---,PJ—1 be @(p). We will check that standard conditions on the Hessian

matrix of ¢ (p) (2.20) are satisfied.

Building upon our work from Chapter 4, we now apply our method-
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ology to the quadratic regression model. Our goal is to find an optimal
design p that minimizes the correlation between the estimators of the pa-

rameters 6, and 03. To achieve this, we maximize our criterion function,

2
o(p) = — (ﬁ%) , with the vectors a = (0, 1, 0) and b = (0,
0, 1). We conducted two separate experiments to evaluate how the multiplicative
algorithm’s convergence rate is affected by different choices of the transforma-
tion function f(x, §) and the tuning parameter 6. In all experiments, we consider
the case J = 3, and suppose that the support points are -1, 0, 2, started with an
initial design where each weight was equal, p§0) =1/3,j=1,2,3.

In the first experiment, we used the cumulative distribution function of the stan-

dard normal distribution, f(x,0) = ®(dx), with a small § = 0.001. The initial

values were:

o(p) = —0.7032967,
—0.4955923 < F? <0.2869219.

After 2771 iterations, we obtain

d(p) = —1.029473 x 107 '°,
—3.39566 x 1077 < F? <9.999169 x 10~°.

As a second experiment we take f(F,0) = exp(SF)/(1+exp(6F)), and 6 = 0.005.
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Starting with equal initial weights, after 880 iterations, we obtain

o(p) = —9.742137x 10717,
—3.303266 x 1077 < F? <9.726687 x 1079,

The solution that was obtained is given by the design p* = (0.4714865, 0.4999180,
0.0285955) with the corresponding support points -1, 0 and 2. Here p* is of
length 3, so the Hessian matrix (H(p*)) is of order 2 x 2. At the optimum, we
find that det(H (p*)) = 31.97052, d?l (p*) = —568.6079, dfz (p*) = —568.8143,
and the eigenvalues are —1.14 x 10, —2.81 x 1072. The design satisfies both
the first- and second-order conditions. At the optimum p*, the criterion attains
the maximum possible value of zero. Thus, we have a zero correlation between
estimators of 6, and 63. Note that different choices of the multiplicative function

f(-,-) and of the tuning parameter o have an effect on the rate of convergence of

the algorithm.

While our previous example successfully achieved a zero correlation between
parameter estimators, this is not always possible in real-world applications. A
practical problem arising in chemistry, as studied by Torsney and Alahmadi
(1995) and Mandal et al. (2017), provides an excellent example where a zero
correlation is not obtainable, and our goal shifts to constructing a design that

makes the estimators as uncorrelated as possible.

The regression model in this example describes the relationship between

the viscosity y and the concentration x of a chemical solution. Viscosity is the
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response, and the model is given by:
E(y]x) =01x+ 92)61/2 + 93)62.

The design interval is restricted to (0, 0.2]. The objective was to minimize
the correlation between 93 and each of 91 and éz as much as possible. In this
example, we cannot obtain a design that produces a common value of zero
correlation. We construct two optimal designs, one for minimizing correlation

between él and 93, and the other for minimizing correlation between éz and 93.

In the first case, we focused on minimizing the correlation between the
estimators of él and 93. We defined the vectors for the linear combinations as
a=(1,0,00", b= (0,0,1)". The design interval is short and half-closed, so
we discretized the design space at intervals of 0.01 between 0.02 and 0.20. By
making an initial run of the algorithm (2.23) in this discretized space, we find that
the support points are 0.02, 0.11, 0.20. For this example, we use a multiplicative
function of the form f(d,8) = (1+ sad)*?,s = sign(d), a function with two
free parameters 0 and a. Starting with equal initial weights and running the

algorithm with 6 = 0.02 and a = 0.1, we obtain the following initial values

o(p) = —0.9210763,
—0.06178723 < F? <0.03606589.
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After 56000 iterations, we obtain

¢(p) = —0.8037895,
—0.05926553

IN

F? <5.768531 x 107>

We obtain the solution as given by the design p* = (0.00088024, 0.99902770,
0.00009207) with the corresponding support points 0.02, 0.11 and 0.20. Here
the optimal p* is of length 3, so H(p*) is of order 2 x 2. Based on the above
solution, we find that det(H (p*)) = 1.085472 x 10'4, d{ﬂ (p*) = —102393579
and dgsz(p*) = —131637232. Eigenvalues are —233566071.9, —464738.7. The
design satisfies both the first- and second-order conditions. So we have found an

optimal design for which the criterion function attains a local optimum.

In the second case, since we seek to minimize the correlation between éz
and 63, we take @ = (0,1,0)", b= (0,0,1)" and again start with equal initial
weights. We run the algorithm with the same setup as above and find that
the support points are 0.02, 0.13 and 0.20. We use the same multiplicative
function f(d,8) = (14 sad)*®. Starting with equal initial weights and running
the algorithm with 6 = 0.02 and & = 0.1, we obtain the the following initial

values

o(p) = —0.6666912,
—0.1011418 < F? <0.1348566.
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After 60000 iterations, we obtain

0(p) = —0.5491246,
—0.04986593 < F? <6.467381x 1075,

In this second case, we obtain the solution as given by the design p* =
(0.00115067, 0.99870472, 0.00014461) with the corresponding support points
0.02, 0.13 and 0.20. Here p* is of length 3. Thus, H(p*) is of order
2 x 2. Based on the above solution, we find that det(H(p*)) = 7.333524 x
1014, 4%, (p*) = —204861938 and dJ,(p*) = —551774507. Eigenvalues are
—755665972.7,—970471.6. The design satisfies both the first and second order
conditions. Therefore, we have determined an optimal design for which the
criterion function attains a local optimum. In both cases, while a zero correlation
was not achievable, the algorithms found designs that minimize the correlation

to its lowest possible value, confirming the practicality of this methodology.

5.3 Compound optimization: Minimizing two or

more correlations

We consider the problem of simultaneously driving the correlations between
two or more pairs of parameter estimators as close to zero as possible. For
instance, this arises when one parameter estimator needs to be independent of
two other estimators in a regression model, or more generally, when two or

more distinct pairs of estimators need to be made independent of each other. We
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solve this optimization problem by employing a compound optimization criterion
and then by using simultaneous optimization techniques. The core principle
of transforming a minimization problem into a maximization problem using a
squared penalty function. We now adapt this technique to the context of multiple

correlations.

Suppose we have four linear combinations of parameters, given by a '8,
b'0,c"0and d' 0, where a, b, ¢, d € R¥. We wish to minimize the correlation
between the estimators of a' @ and b' 0 and also between the estimators of ¢' 0

and d' . Let us denote the two correlations as given by

I1(p) = corr(a'8,b"0) and L (p) = corr(c'8,d" ).

Suppose that we wish to find designs satisfying these two correlations equal
to two fixed constants, say c¢; and ¢y, respectively. This can be achieved by trans-
forming the problem into a maximization problem in which we simultaneously

maximize

01(p) = —[L(p) — c1]* and ¢2(p) = —[2(p) — c2]*. (5.7)

Thus, ¢;(p) and ¢,(p) are both zero at the optimum. If we want the two

correlations to be zero, we simply set ¢ and c; to zero.

Here we will need two sets of derivatives for the criterion functions ¢; (p)
and @, (p). For appropriate choices of a, b, ¢ and d, these can be obtained by
using Theorem 5.2. The implication here is that if there is a solution to our

problem, then the optimal design p* should simultaneously maximize the two
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functions ¢; (p) and ¢, (p), with a common maximum of zero. Note that this is
also subject to the remaining constraints p; > 0 and ) p; = 1. The sharing of
a common optimal value of zero means that we have transformed the original

optimization problem to a compound optimization problem with various choices

of ¢(p), namely,

¢(p) = ¢1(p) + ¢ (p) (5.8)
¢(p) = min{¢;(p),2(p)} (5.9)
¢(p) = adpi(p)+(1-a)h(p),0<a<l. (5.10)

In the case of minimizing two correlations, we transformed the problem to
that of maximizing two functions of the design weights simultaneously. Because
each of the criterion functions ¢; and ¢, is negative (rather than for those p in
which they are zero) and has a common maximum of zero, the sum of these (5.8)

will have a maximum of zero at the common optimizing p*.

Alternatively, we solve the problem as a Maximin problem in which we
maximize the minimum of the functions (5.9), and, following the same arguments

above, min{¢;, ¢, } will be zero at the optimum p*.

Another alternative is that we can maximize a convex combination of the
two criterion functions (5.10). That is, we maximize ¢ (p) + (1 — )9 (p)
for an o, 0 < o < 1. Therefore, for these types of problems, we need to use
appropriate extension of the algorithm (2.23). The choice of the first argument

of the function f(d, ) depends on the type of optimization problem. For the
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above three types of optimization problems, we use the following

dj = d?l +dj-)2 if we maximize ¢;(p) + ¢>(p) (5.11)
d; = d""% if we maximize min{¢;(p), %2(p)} (5.12)

dj = d% +d\"" Y% if we maximize gy (p) + (1 - @)¢2(p) (5.13)

where d?" denotes the partial derivative of ¢; with respect to p;, i = 1,2,
j=1,2,...,J. As we have seen previously, replacing these partial derivatives
with their corresponding directional derivatives can significantly improve the

convergence rate of the algorithm.

We now consider the following example, related to those in Sections 3.2 and
4.3. The design space is defined by a quadrilateral as given below. The model is

given by

E(y|z)=60,4+6x1+ 630 =v Qv ¥
where

v = {v= (1,x1,x2) "+ (x1,x2) € 2},

and 2 is a quadrilateral with vertices (-1, -1), (-1, 1), (1, -1), (2, 3). Our design
points are the four vertices of the above quadrilateral. We would like to find an
optimal design such that él is uncorrelated with both éz and é3. So, in the first
criterion ¢y (p), we take a = (1,0,0)", b= (0,1,0)", and in the second criterion

02 (p), we take c = a = (1,0,0)", d = (0,0,1)".
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First we will consider the summation criterion (5.8), i.e., ¢(p) = ¢1(p) +
¢2(p). We use the multiplicative function f(d,8) = exp(d)/(1 + exp(dd))

where d are the partial derivatives d; as given in (5.11). We take the initial design

(o

to be p; ) = 1/4,j=1,...,4,set 6 = 0.05 and apply the algorithm (2.23). We

obtain the initial values as given by

(—0.001540832, —0.05084746),

(¢1,02)
—0.1174356 < I7i¢1§0.09099693,

—0.4800664 < F” <0.5745475.

After 603 iterations, we obtain

(p1,02) = (—2.280025x 10717, —2.280025 x 10~17),
—1.161573x 108 < F? <1.161573x 108,
—1.437969x 107 < F® <1.066154 x 1075,

The algorithm converged to the following optimal design:

% <_17_1) (_171) (17_1) (273)
0.3547995 0.2161604 0.2871203 0.1419198

We now consider the maximin criterion (5.9), that is, we maximize the
criterion ¢ (p) = min{¢; (p), 9(p)}. We use the same multiplicative function

f(d, &), the same §, and the same starting values as above. After 1194 iterations,
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we obtain

(f1,02) = (—1.805071x 10717, —1.939839 x 10~17),
—1.034291 x 108 < FE” < 1.034291 x 1078,
—1.325102x 1078 < F» <9.842485x 10~°.

The algorithm converged to the following optimal design:

% (_17_1) (_171) (17_1) (273)
0.3551678 0.2158658 0.2868993 0.1420671

If we round to three decimal places, we obtain the same solution in both
compound optimization problems, in which case the optimal weights are given by
0.355, 0.216, 0.287 and 0.142 corresponding to the four vertices (-1, -1), (-1, 1),
(1, -1), (2, 3). In both compound optimization problems, the two criterion values
are zero. We do not need to calculate the eigenvalues of the Hessian matrix as we
achieved the global maximum in our optimal solution. Therefore, we found an
optimal design at which both criterion functions attain their maximum possible
value of zero, thereby demonstrating that we have simultaneously achieved both

correlations of zero.

Motivated by a practical problem arising in chemistry, we have addressed
an optimization problem in which we minimize correlations between parameter
estimators of a linear model. If the maximum value of zero is attained the two
parameters or the two linear combinations of the parameters are estimated with

zero correlation. If there does not exist a solution such that the correlation is
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zero, then maximizing the above criterion will give a design with minimum
correlation. We also addressed situations where it was desired to minimize two
or more correlations at the same time. In order to accomplish this, we explored a
compound optimization problem and used simultaneous optimization techniques

to solve it.

We have faced a number of challenges throughout the work. First, the
correlation criterion is neither convex nor concave. So standard optimality
conditions such as the general equivalence theorem are not sufficient. Second,
both the partial and directional derivatives of the correlation criterion and the
complex nature of the form of the criterion make it challenging to implement.
In some instances we had to experiment with several multiplicative functions,
the first argument of these functions, and the free (tuning) parameter of the
algorithm in order to satisfy the optimality conditions. In some instances, we had
to use two tuning parameters in the multiplicative function. We have successfully
overcome these challenges and constructed the best possible designs for a number

of interesting models.

Note that while independence of parameter estimators is the ideal, achieving
this goal is far more challenging. Since a lack of correlation in this situation
indicates that the parameter estimators are independent, we can achieve this
under the assumption of a Gaussian distribution along with the methodology

developed in this chapter.

As mentioned in the previous chapter, the study of covariance motivated the
investigation of correlation structures of this chapter. The key difference between

minimizing covariance-based criteria and minimizing correlation-based criteria
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lies in both the scale of the dependence measure and the level of complexity

involved in the analysis.

Covariance-based criteria aim to reduce the covariance between parameter
estimators. This directly targets the dependence structure and can be used to
construct designs where estimators are uncorrelated. However, covariance is
scale-dependent, meaning that its magnitude is influenced by the units and
variances of the parameters, which limits its interpretability when comparing

different estimators.

In contrast, correlation-based criteria normalize covariance by the variances
of the estimators, resulting in a scale-free measure of dependence. This makes
correlation more appropriate for comparing relationships across parameters
and provides a more interpretable notion of independence. For this reason,
minimizing correlation can be seen as a stronger and more meaningful objective

than minimizing covariance in many practical settings.

From a methodological perspective, correlation-based criteria are signifi-
cantly more challenging to handle. Since correlation is a nonlinear function
involving both covariance and variances. Furthermore, first-order optimality
conditions are not sufficient, and second-order conditions must be derived and
verified for this complex criterion, making the analysis more complex than in the

covariance-based case.

In summary, correlation minimization provides a normalized and more in-
terpretable measure of dependence, at the cost of increased mathematical and
computational complexity. This progression from covariance to correlation rep-

resents an important extension of the methodology developed in this dissertation.
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Chapter 6

Optimal designs under constraints
on independence estimation of

parameters

6.1 Introduction

In the preceding chapters we studied optimal designs in the absence of explicit
constraints, focusing on criteria that minimize variances, covariances, or cor-
relations of parameter estimators. In practice, however, one often encounters
situations where designs must satisfy additional constraints. These may arise
from scientific, practical, or ethical considerations. For instance, in a chemical
experiment the range of concentrations may be physically limited; in clinical

studies, the number of patients allocated to each treatment arm may be restricted
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by ethical or budgetary factors. In such cases, designs that are optimal in an

unconstrained sense may no longer be feasible or desirable.

While classical optimal design theory provides powerful, single-criterion
methods like D-, G-, and A-optimality, these approaches are inherently insuffi-
cient when the design must satisfy a complex constraint, especially one related
to the structure of the variance-covariance matrix of the parameter estimators
(see, e.g., Lopez-Fidalgo (2023), Fedorov and Leonov (2014), Berger and Wong
(2009), Torsney and Mandal (2001), Wang et al. (2015)). One particular sta-
tistical requirement is the demand for a specific variance-covariance structure,
such as ensuring that certain parameters or parametric functions are estimated
independently (i.e., their correlation is precisely zero or as small as possible)

under a Gaussian model.

A key motivation for moving beyond single-criterion methods involves the
need for simultaneous optimization. This arises in situations where researchers
must optimize more than one function at the same time. For example, one
may wish to minimize covariance or correlation for a pair of estimators while
simultaneously maximizing overall precision (e.g., through D-optimality). In
such complex scenarios, standard criteria alone are inadequate, and specialized
simultaneous optimization methods, often involving maximizing the sum or
minimum of multiple criteria, become essential tools for resolving conflicts

between competing objectives.

The core challenge in solving the general constrained optimization problem
is maximizing a design criterion subject to a constraint (such as zero correlation)

and the typical mass constraints on the design weights. To tackle this, we first
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formulate the constrained optimization problem using Lagrangian theory. We
invoke the general equivalence theorem of Kiefer (1974) using the directional
derivatives of the Lagrangian function. We then transform the attainment of
these conditions into a criterion whose optimal value is zero. In order to ensure
the constraints and to satisfy the optimality conditions, we set up a compound
criterion and solve the problem via simultaneous optimization. In order to
solve the simultaneous optimization problem, we propose two methods, namely
maximizing the sum of the functions and maximizing the minimum of the
functions (maximin approach). We present both the mathematical formulation
of these problems and iterative algorithms for their numerical solution. We
adapt the multiplicative algorithms to accommodate constraints, and develop
practical stabilization strategies to facilitate convergence. We also make use
of the properties of the directional derivatives to facilitate convergence of the

algorithms.

We first formulate the general constrained design problem and specify the
forms of constraints of interest. We then present the appropriate algorithms
and the corresponding partial and directional derivatives. We then provide
illustrative examples, including interpretations of the resulting figures. These
examples demonstrate how constrained designs differ from their unconstrained

counterparts, and highlight the practical relevance of this methodology.
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6.2 Constrained optimization with generalized or
average variance subject to the constraints on

covariance and correlation

6.2.1 General Problem (GP)

Let ¢(p) denote an optimality criterion of interest, such as those considered
in earlier chapters. In the unconstrained setting, the goal is to maximize (or

minimize) @ (p) over the general problem (2.16)

J
@Z{PZ(Pla---,PJ)iijO, ijzl}-
=1

In the constrained setting, we introduce an additional condition of the form

where ¢(p) is a scalar function depending on the design weights. The optimiza-
tion problem then is to maximize ¢ (p) subject to p € & and ¢(p) =0. ¢(p)
could be one of the criteria A-, c-, D-, or D 4-optimality.

We consider the following types of constraints ¢(p).

¢ Covariance constraint:

c(p)=a' M~ (p)b if we want Cov(a'8,b'8)=0.
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¢ Correlation constraint:

B a'M~'(p)b
B vVa M-1(p)a\/b"M-1(p)b

c(p) if we want corr(a' 0,b' ) = 0.
These criteria were already considered in Chapters 4 and 5 in the unconstrained

setting.

6.2.2 Methodology

To solve the constrained problem, we introduce the Lagrangian. First, we estab-
lish first-order conditions for a constrained local maximum using Lagrangian
theory for the equality constraints c¢(p) =0 and Y p; = 1.

Let
L(¢,p,A) =¢(p)+Ac(p)+u (Zpi—1> (6.1)

where ¢ (p) is either the D- or A-optimality criterion. For D-optimality crite-
rion we take ¢(p) = —logdet{ M ~!(p)}. For A-optimality we take ¢ (p) =
—tr(ATM~!(p)A), where A = [a,b]. The reason for defining the matrix A
with this structure is that we wish to minimize the total or average variance of
a'@and b’ 6.

Then fori=1,2,...,J, the directional derivative of the Lagrangian with respect
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to p; is

—d’ +Adf (6.2)

d? = v, M~(p)v; for D-optimality

= v/ M~ Y(p)ATAM ! (p)v; for the above version of A-optimality

and dj depends on either the covariance or correlation constraint. These are

given in the next section.

Invoking the general equivalence theorem (Kiefer, 1974), the necessary
condition for a local maximum is that diL = 0 for all design points i with p; > 0.
Summing pidiL = 0 over all i and applying the constraint ) p; = 1 allows us to

solve for u:
J

p=-Y pi(d +2d).
i=1

Substituting this expression back into Equation (6.2) with diL = 0, we obtain the

condition that must be satisfied by an optimal design p*:
J
df +2df =Y pi(df +0dp). (6.3)
k=1
Using the derivative diL obtained previously, the vertex directional derivatives of
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the Lagrangian are defined as

J
_dz - Zpkdlf
k=1
—d’ +20df — Zpk ? L AdY)
= (df) - Zpkd,‘f> +A (df— Zpkd/§>
k=1 k=1

— F) + A Ff, (6.4)

d?_ i 1Pkd¢

where we have defined the vertex directional derivatives Fi¢ =
and Ff = dj — Zi:l pid;. Equivalently, this relationship can be expressed in
vector notation as

FL = F? 4 A Fe. (6.5)

Applying the equivalence theorem, the condition for an optimal design p* is

= 0 for all support points. This yields the system of equations:

FL =0
- F°AL=_-F°, (6.6)

Suppose we define the vectors A = F* and b= —F? and treat A as the unknown

scalar A = A. Then A must satisfy the linear system

AX=0b. (6.7)
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If a solution exists, the set of solutions to (6.6) is given by
A=A"b+(I-AA)z forany vector z, (6.8)

where A~ is any generalized inverse of A. A solution exists if and only if the
consistency condition AA™b = b is satisfied.
Assuming A T A is nonsingular, one choice of the generalized inverse A~ is the

Moore-Penrose inverse, given by

A" =(ATA)IAT
— [(F)TF] " (F)T. (6.9)
Then, the particular solution for A is

(F)" F?

Sl
(FC)TFC

Ab=—

This particular solution A satisfies the consistency condition AA~b = b if and

only if AX = b, which simplifies to
AA b=JA=AF".

Thus, an optimal design p* should be such that the necessary condition is met:

A~

AF¢=—F? ie, AF‘+F?=0. (6.10)
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Substituting the expression for A into the condition (6.10) yields

(F)TF?

To eliminate the denominator and obtain an equivalent vector condition, we

multiply by [(F¢)T F€]:
w=[(F) F)F?—[(F)'F?]F° =0, (6.12)
where the i-th component of the vector w is

W = [(FC>TFC]Fi¢ _ [(FC)TFQ)]Ec

- L; (FO?|F? - [ké RS Fe. (6.13)

Since the optimal design p* must satisfy w = 0, this is equivalent to minimizing

the squared Euclidean norm of w:

w w=0. (6.14)
Since w 'w > 0 always holds, the optimal design p* should minimize w ' w
(with a minimum value of zero) or maximize the criterion W = W; = —w " w

with a maximum value of zero.

122



Alternatively, we can expand the squared norm w " w:
wlw—= |:(FC)TFCF¢ _ (FC)TF¢FCi| ! [(FC)TFch) _ (FC)TF¢FC]
= [(F) " FP[(F?) " F*]
—2[(F) F][(F) FO][(F) T F]
+[(F) FOP((F)  F|
= [(F) FP(F®) FO]—[(F) FOP[(F) " F]
= [(F) R ([(F) F(FO) RO (F) FP). (619)

This can be factored using the squared coefficient of determination (R;) between

the vectors F'? and F°, and is given below

o — (T F2(( 7O\T 7071 _ [(F) T F9]?
v =l ERE A ) TR
= [(F) FPIF) FO)[1 - Ry, (6.16)
where R is defined as
[(F)"F9]? &
R = = 6.17
T IETFIF) TR GE e
and the scalar components are given by
E=(F)'F?, &=(F*)F?, &= (F9)'F° (6.18)
In terms of &1, &, and &3, the squared norm is
w'w=EEF - EEL (6.19)
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Clearly 0 < R; < 1. By Cauchy—Schwarz inequality, the condition for w = 0
is Ry = 1. Thus, p* should maximize the criterion W =W, = [Rl — 1} , which

attains its maximum value of zero at the optimal design.

Additionally, more cases for choosing the optimal criterion W can be consid-

ered. From the first order optimality conditions,

0, ifpi>0,
FE = ' j=12,...,J.

J
<0, if pi=0,

There are two ways to adapt the above approach. One is to utilize the condition
F jL = 0 when pj > 0, which implies that the vector w given in (6.12) must
be zero at all support points. Thus, we can define a weighted zero-condition

l = Pw = 0, where P = diag(py, p2,---,pJ)-

li:piwi:O for iIl,Z,...,J,
ie., l=Pw=0. (6.20)

By replacing w with [ in the squared norm argument, we conclude that the

optimal design p* should maximize the criterion

W=W=—-w Pw. (6.21)
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We rewrite the criterion w ' P?w using the vector definitions:

wTP%u:[«FﬂTFﬁF@—(uﬂﬂlw)FﬂTPTP[«FﬂTFﬂF@—(uﬁﬂlw)Fﬂ
_ [(FC)TFL‘]Z[(F¢>TP2F¢:| + [(Fc-)TFﬂZ[(FC)TPch]
—2[(F)TF][(F)"F?] [(F)" P*F?]

_ [(FC)TFC]Z [(F(P)TPZF(P} + [(FC)TF(”Z [(FC>TP2Fc] [1 —Rz] :

(6.22)
where R is defined as
g AT F () PR
[(F)TF*[(FO)TP2F?] + [(F<)TF?|*[(F<)T P2F]
:Eé%%%i’ (6.23)

with the new scalar components:

E4=(F°)"P’F?, &= (F°) P°F°, &= (F°)'P*F°, (624

and &;,&;, &3 as defined in (6.18). Thus, the squared norm can be concisely

written as

w' Plw = EFEs + EPEs — 28154, (6.25)

We can now prove that R, < 1. Let the weighted directional derivative vectors
be defined as
s=PF? t=PF°.
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Then R; can be written in terms of s and ¢ as

25351(8Tt)
gg(sTTs) +E2(tTt)
2u'v
Suunyy UThs vedd
2% 7w
RIS (620
i=1% i=1"i

Ry =

where u = (uy,uy,...,u;)" and v = (vi,vy,...,v;) . Since u; and v; are real
numbers, by the arithmetic-geometric mean inequality (or direct application of

the Cauchy—Schwarz inequality to ¥ (u; — v;)? > 0):

J J J
2uv; < ulz + vl-2 which means 2 Z uiv; < Z u,z + Z v?.
i=1 ‘ =1

i=1 i=
Hence, from (6.26) it is proven that Ry < 1. The optimal design p* must
maximize W3 to attain its maximum value of zero.

This can also be seen directly from (6.22), since w ' P?w is non-negative.

Because the first factor in the decomposition
w' PPw = (E3& + &) [1 — Ry

is also non-negative, the second factor, [1 — R, must be non-negative. Thus, p*

should maximize W = W, = [Rz — 1] , yielding a maximum value of zero.

Another option for satisfying the optimality conditions is to consider the

product of the directional derivative and the design weight, which is always zero
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at the optimal design due to the support conditions:

Ef’:pJF]LZO fOI' j:1,2,...,-],
or EfY=PFL—0. (6.27)

Substituting E* for F* in the previous derivation, we define the new vectors
E? = PF? and E¢ = PF*. We conclude that at p* the new optimality vector
is

w=w(E)=0. (6.28)

Since [w(E)]" [w(E)] > 0, p* should maximize
W =Ws=—[w(E)]'[w(E) (6.29)

yielding a maximum of zero. Here we can also write the squared norm using the

E vectors:
w(B) [w(E)] = [(B) ET[(E) Bl -Rs],  (630)
where )
_ [(E)"EY] &
N E B[ B GG (63D
In terms of the &;’s defined in (6.24),
[w(E)] [w(E)] = &&F — &&- (6.32)

Clearly from (6.31), 0 < R3 < 1. Thus, the maximum of W5 (or minimum of
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[w(E)]" [w(E)]) is attained when R3 is maximized, i.e.
[w(E)]'w(E)]=0 & R=L

Therefore p* should maximize W = Wy = [R3 — 1] yielding a maximum value

of zero.

Therefore, we have used substitution to deal with the Lagrange multipliers
in terms of p and transformed attainment of the first order conditions in the
Lagrangian to an example of problem (2.16), where ¢ (p) = W with several
possible choices of W(W,Wa,..., W) and the optimal value is zero. Alterna-
tively, p* must maximize any increasing function of W. We consider some such
transformations, choosing them such that the maximum of the revised criterion

is still zero, e.g., (e — 1) or [~log(1 —W)].

There still remains the requirement of meeting the first-order conditions with
respect to the Lagrange multipliers, that is, of ensuring the constraints. We
consider constraints of the form ¢(p) = 0. We deal with this by transformation
to an optimization problem too; namely p* should maximize C(p) = — [¢(p)]%,

subject to p; > 0,). p; =1. So C(p*) =0.

Thus, p* should simultaneously maximize C(p) and W (p) with a common
maximum of zero if W(p*) = 0, subject to p; > 0,Y p; = 1. The sharing of
a common optimal value of zero means that we have transformed the original

constrained optimization problem to an example of (2.16) with various choices
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of ¢(p), namely

¢o(p) = ¢1(p) =C(p)+W(p)
¢(p) = ¢2(p) =min{C(p),W(p)}.

Hence, we can consider applying algorithms to solve the problem (2.16). We

now consider appropriate algorithms to construct the optimal designs.

6.3 Algorithms

6.3.1 Iterative Algorithm and Derivatives

First we should maximize W (p) + C(p), or equivalently, maximize the minimum
of the set of {W(p),C(p)}, with two sets of derivatives, each of which must
satisfy the optimality conditions and must share a common value at the optimum.

The iteration at the (r+ 1)th step is

A
pUtl = e (6.33)
! p )f(Z§~)>3)

where f(z,8) is a positive and strictly increasing function in z which may depend
on a positive parameter 8. The choice of z depends on the type of optimization
problem.

zj=F +F{ if we maximize W +C, (6.34)

Zj= Fmin{W,C}

; if we maximize min{W,C}, (6.35)
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where F jW, F jC are the directional derivatives of W, C, respectively, as given by
14 4 ! W c_ 4C ! C
Fj :dj —Zpkdk» Fj :dj_zpkdkv
k=1 k=1

where d}”, de are first partial derivatives for the two functions W and C, respec-

tively.

apc is given by:

The first partial derivative de ==
J

dc(p)

a5 = -2

; c(p) 3

where the expression for %C—Ef’) depends on the constraint ¢(p). We focus on the
J

covariance and correlation constraints. Let M~ = M ~!(p).

1. Covariance constraint: ¢(p) = a' M ~'b. The first partial derivative of

the constraint function is

de(p)
apj

= —v,M 'ab' M 'v;.

— a' M 1b
VaTM-lavVbTM-1b"

2. Correlation constraint: c(p) The first partial
derivative djc. is significantly more complex. We define the necessary scalar

components:

ve=a M la, d’* = —(CLTM_I’Ui)z
vp=b' M b, &’ = —(b"M v;)?
k=a"'M™'b, df=—v] M 'ab"' M 'v;.
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As derived in Chapter 5, djc- is given by:

k —1 4vq —1
d—va Vb d—|—2k dV—I—zkbd;” .

The first partial derivative d}’v = (9 W depends on the choice of the optimal

Dj

criterion W € {W;,W>,...,Ws}. We have explored various choices of W.

s For W = —[w(E)|"[w(E)],

W oW
T
- @@635“ B35+ 15 - 26st 3.
e ForW = —w ' P?w
oW
d}” — Ty
- [5354—515613—51+2[g1g4_g355]953+5 5864 g2 g%
Pj Pj Pj
e ForW=—w'w,

ow
J ap

_ 553851 52%%[51— 5515

pj
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where &1, &, ..., &g are given in (6.18) and (6.24), and g—}?’s are given by
J

951 — i F¢8FiC+F.CaE'¢
o . i op: P op,
Pj i=1 Pj Dj
ISR )
o Z i 9p.
pj i=1 Pj
d L[ OFf
ﬁ — 22 { iC_l}
Ip; Sl dp;
&, o & 2| edF  OF
—— = 2p,FiF; FP—L et
dp; it J+l.§p’ ’8p,+’8pj
d&s $N\2 / 2 ¢3F¢
— = 2p(F, 2 —
dp; p,(])—lri;p,,aj
—= = 2p(Ff 2 Ff—!
8PJ p]( j) + l:z:l Pi lapj
and
¢
i B a¢+zflpt 9%¢
Ipi dpidpj | 9pi =" Ipdpi]
JF¢ 02 _a J 92 1
i c | dc +ZP; c
dpi dpidp; |9dpi [ Ipdpi
Derivatives % and aﬁ'zaq)p‘ depend on the choice of the criterion ¢. For D-
J i J
optimality:
¢ Tas-1
FrT v; M~ (p)v;
O o) M o)) (] M (p)o)
opap; o AR P

132



For A-optimality:

(9_(1) UJ.TM*I(p)aTaMfl(p)’Uj

Ip;

2
P oM (p)aTaM (pulv] M (p)vil.
Ipidp;j

The derivative forms of different criteria in the unconstrained setting were already
derived in Chapters 3, 4 and 5. More details can be found there. Next section
we will see simple examples and some empirical results, but before that we

summarize the choices of the various terms involved.

6.3.2 Summary of Optimization Terms

¢(p):

The choices of ¢ (p) (the criterion to be maximized) are:

¢(p) = —logdet{ M '(p)} [D-optimality|
o(p) = —tr(ATM (p)A) [A-optimality]

c(p):

We consider:

c(p) = a' M ' (p)b [Covariance]

_ a,TM_l(p)b rrelation
W et b
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C(p):
We consider C(p) = —c?(p). Note that we could also consider C(p) = [—c(p)]*,

where k is a positive integer.

oL(p):

¢(p) = C(p)+W(p)
¢(p) = min{C(p),W(p)}

W (p): We have considered a variety of choices of W(p). Here is a list of the

choices considered in the next section where we report the results:

Wi = —[w'w]

W = [R1—1]

W = —[w' P?w]
Wy = [Ry—1]

Ws = —[[w(B)][w(E)]
Ws = [R3—1]

W, = —[1-R)?

Wy = —[1-Ry?

Wo = —[1—R3)?
Wio = —[In(1-Ws)
Wi = —[In(1—Ws)]?
Wip = —[1—exp(Ws)]”
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where the ratios R, R, R3 are defined as:

Ry

R3

2

233
2818384

$&s5+ &3
&

&8s

and the & components are defined as:

&
&
&
&4
Ss
S6

Note the maximum value of all choices of W is zero. The reason for using

various choices of W is that the convergence of algorithm (6.33) is likely to

(F)F]
(F*)T F]
(F)T F]
(F)T P2F?]
(F®)T P2F?]
(

[(F)T P2F<].

depend on the curvature of the function W.

f(z,8):

The choice of the function f(z,8) and its first argument play an important role in
the convergence of the algorithm (6.33). We attempt to improve convergence by
exploring both of these choices. We use the vertex directional derivatives in the
first argument. The vertex directional derivatives are both positive and negative.

This requires a function f(z, ) which is defined for positive and negative z. Also
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from the conditions of the algorithmic, the function f(z,6) should be increasing
in z. It can be proved that, ) p;F; = 0. Thus, a suitable function should be
centered on zero and change quickly about 0. With these above points in mind,
one potential choice of f(z,8) would be f(z,0) = exp(8z)/(1+ exp(8z)), the
logistic c.d.f. Convergence rates depend on the parameter 0 in addition to the
choice of the function f(z,0) and its first argument. Therefore, we will explore

the choice of this tuning parameter as well.

6.4 Examples

6.4.1 A simple example on quadratic model

First we illustrate the zero covariance case by a simple example in the context of

a quadratic regression model on three points: —1,0,2.
E(yx) = 6,4+ 6x+63x>, —1<x<2.

The design is supported at x = {—1,0,2} with weights p = (p1, p2,p3)". The

information matrix M (p) is: M(p) = 2?21 pj'vj'va.

We focus on the zero covariance constraint Cy = 0, where ¢(p) =
(M~'(p))23, so that we want cov(6,,6;) = 0. The numerator of c¢(p) is

quadratic in the weights: det(M (p))-c(p) = (p—1/2)* = 9(p3 —1/2)* +2.

To handle the zero covariance constraint (Cp =0) and the }_; p; = 1 constraint,

we substitute the weights to transform the constrained optimization problem into
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an unconstrained optimization with respect to one weight (p,). Considering the

nonnegativity constraints on pp, p2, p3, the only valid substitution formulas are

1 1 1
P1 (2 P2)+3 (p2 2) +2,
1 1 1
_ L2 AV It
p3 573 (P2 2) +

These formulas ensure C(p) = 0 is satisfied and are valid for the full range

0<pp <l

Figures 6.1-6.10 display the behavior of the transformed criteria W;(p>)
under both D-optimality and A-optimality, combined into a single plot for each
W;. Combining the two optimality criteria into one visualization provides a
direct comparison of their behavior under identical constraints, a valuable insight

that is obscured when plotted separately.

A key challenge in this visualization arises because the raw scales of the
underlying criteria (¢p and ¢4) differ substantially, which would cause severe
visual distortion if plotted directly. To overcome this and enable a rigorous
comparison of their relative performance and functional shape, all A-optimality
curves have been normalized to the scale of the D-optimality criterion using
the transformation. This approach, which rescales one criterion to the range of
another for direct comparison, is a variation of the widely used Min-Max scaling
method (Han et al., 2012) and is standard practice in optimal design studies
(Pukelsheim, 2006).

A@ﬁ—qu@)

AP e Ap) ~minA(p) [maxD(p) —minD(p)] +minD(p). ~ (6.36)

137



This normalization allows for a direct, visually consistent comparison of the two
curves within the same plot. Across all W;, the D-optimality and A-optimality

curves exhibit a highly similar functional shape.

All normalized curves attain their standardized maximum value of zero, at
P> ~0.4925. This finding confirms the strong consistency of the constrained op-
timum across different W-functions and across the two major estimation-oriented
optimality criteria. Nevertheless, the figures also reveal important algorithmic
features. In particular, several of the W;(p>) curves remain extremely flat near
their maximum, indicating clear difficulty in satisfying the first-order optimality
conditions. In such cases, the functions appear almost non-differentiable on
either side of the optimum, which directly explains the slow convergence of
the iterative algorithm. For some choices of W, large initial derivatives cause
functional values to become temporarily unstable, reinforcing the importance of

using standardized derivatives in the algorithm.

It is worth noting that for certain criteria, the location of the maximum is
visually difficult to determine, even with the normalized scale, because the curves
are nearly flat near the optimum. Without the numerical results, it would be
extremely challenging to identify p* with confidence. This highlights a limitation
of graphical inspection: although the true maximum is known numerically, the

visual evidence alone may be misleading due to the inherent functional flatness.

We also consider the constraint det(M (p))Co = 2, which leads to linear
constraints on the weights. It is simpler to substitute for p; and p; in terms of p3

based on the two possible solution regions:
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1. For%§p3§%:
P = —202p3—-1),
p2 = 3p3—1
2. For%§p3§%:
P = 2p3—1,
p> = 2-—3ps.

Figures 6.11-6.17 show analogous results for W;(p3) under the same com-
bined (D- and A-optimal) setup with standardized scales. Again, the curves attain
the common maximum at p§, demonstrating the robustness of the constrained
solution across criteria. However, their shapes differ noticeably from the p, case.
They exhibit two distinct turning points, one in each of the regions p3 < 0.5 and
p3 > 0.5, and the functions are more sharply peaked, indicating stronger con-
straint effects along the p3 direction. Near the optimum, some curves resemble
piecewise linear functions, which makes the numerical derivatives less stable

and slows convergence even further.

These graphical patterns highlight both the robustness of the method, in that
all criteria lead to the same constrained solution, and the inherent numerical
challenges that arise when optimizing under the sharply defined constraints of

the p3 formulation.
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6.4.2 Results

6.4.2.1 Results for zero covariance and correlation

We continue with the quadratic model, where the information matrix M (p) is
defined on a three-point support. We first derive the D-optimal design subject to

the constraints ¢(p) where:

c(p) = a' M '(p)b wherea =(0,1,0)",b=(0,0,1)" [Covariance]

a,TM_l(p)b

va'M-1(p)a\/b"M~1(p)b
where @ = (0,1,0)",b=(0,0,1)" [Correlation].

Note that both of these constraints require cov(éz, é3) = 0 (i.e., the estimators
for the linear and quadratic coefficients are uncorrelated). To run the algorithm,
we choose the smoothing function f(z,8) = exp(6z)/(1 + exp(0z)), where
7= F%. The function ¢y (p) is defined as min{C(p),W (p)} (as per Equation

(6.35)) starting from equal initial weights p.

(i) ¢(p) = a" M ~!(p)b (Covariance constraint) with W = Wy = [R, — 1] and

0 = 0.05 from equal initial weights,

(C,W) = (=1.777777777778,—0.031928029635),
—4.22222222 < Fic < 2.44444444
—303453543431461 < FiW < 466427836802365.
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After 167 iterations,

(C,W) (0,0),

0

IN

F£ <0.00000001,
—0.00000001 < FY <0.00000001.

Let & = 0.01. After 630 iterations,

(C,W) (0,0),

0

IA

Ff <0,
—0.00000003 < FY <0.00000003.

Let W = Ws = —[[wE] ' [wE]] and § = 0.05. After 75 iterations,

(CaW) = (070)’
—0.00000000 < F}C < 0.00000013,
—0.00000001 < Fl.W < 0.00000001.

. a' M~ '(p)b
(i) C(p) - \/aTM*I(p)a\/(izM*I(p

[Ry — 1] and & = 0.05 from equal initial weights,

T (Correlation constraint) with W = Wy =

(C,W) = (—0.703296703297,—0.031928029635),
—0.49559232 < Ff < 0.28692187,
—303453543431459 < FV < 466427836802363.
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After 190 iterations,

(C7W) = (070)7
—0.00000001 < F£ <0,
—0.00000001 < F" <0.00000001.

Let & = 0.01. After 1012 iterations,

(c,w) = (0,0),
—0.00000001 < F¢ <0,
—0.00000002 < F" <0.00000002.

Let W =Ws = —[[wE] ' [wE]] and § = 0.05. After 422 iterations,

(CaW) = (070)’
—0.00000002 < F¢ <0,

—0.00000001 < FZ.W < 0.00000001.

It is clear that all the values (C and W) and their corresponding directional
derivatives (Fl.c and FiW) successfully converge to zero across the tested sce-
narios. For the D-optimal case, all calculated optimal designs converge to
p* = (0.472951,0.498453,0.028595).

We now consider deriving the A-optimal design subject to the constraints
c(p).

() ¢(p) = a" M~ (p)b (Covariance constraint) with W = Wy = [R, — 1] and
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0 = 0.05 from equal initial weights,

(C,W) = (—1.777778,-0.018630683125),
—4.222222 < Ff < 2.444444,

—0.51584143 x 1073

IA

FV <0.62012732.

After 196 iterations,

(0,0),

(C,W)
—0.00000000 < F£ <0.00000001,
—0.00000001 < FY <0.00000001.

Let W = Wyg = —[In(1 — Ws)]?. After 40754 iterations,

(C,W) (—0.000000000003, —0.000000000007),
—0.00012729 < FE£ <0.00000397,
—0.00000010 < FY <0.00000010.
.. . a'M~!(p)b
(11) C(p) - \/aTMfl(p)a\/bTMfl(p
[R> — 1] and 0 = 0.05 from equal initial weights,

5 (Correlation constraint) with W = W, =

(C,W) = (—0.703296703297,—0.018630683125),
—0.49559232 < FC < 0.28692187,
—0.09104025 < FY <0.15871285.
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After 354 iterations,

(c.w) = (0,0),
0 < FF <0.00000002,
—0.00000001 < F" <0.00000001.

Let W = Ws = —[[wE]" [wE]]. After 197 iterations,

(CaW) = (070)7
—0.00000001 < F€ <0,

—0.00000001 < Fl.W < 0.00000001.

It is clearly observable that all the values (C and W) and their correspond-
ing directional derivatives (FZ-C and Fl-W) successfully converge to zero in the
A-optimal design scenarios as well. All the optimal designs converge to
p* = (0.486197,0.485220,0.028583). The convergence of the D-optimal de-

sign, however, achieved slightly better residual values than the A-optimal design.

The second example is one of five studied by Silvey et al. (1978) and Wu
(1978) in the context of constructing D-optimal designs on a finite design space.
The linear model is defined as E(y) = 0; + 6,x] + 63xp = v' 0, wherev € V.

The design space 7 is given by:
Vv = {v = (l,xl,xz)T D (xg,x2) 67/},

where # is a quadrilateral with the following sets of vertices:

* Vit {(_L_l)’ (_lal)v (lv_l)a (273)}
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* Va: {(_L_l)’ (_15 1)? (17_1)a (272)}

* Vi {(_17_2)’ (_171>7 (17—1)7 (272)}

The design points are taken to consist of the four vertices of the quadrilateral,
and we seek the optimal weights p for these four vertices under D-optimal and
A-optimal criteria. The constraint ¢(p) = a' M ~!(p)b is equivalent to requiring
cov(6;,63) = 0. We use the smoothing function ¢;(p) = min{C(p),W (p)} as

in the first example.

Results for Design Space V;: {(—1,—1), (—1,1), (1,—1), (2,3)}.

The constraint vectors are fixed at @ = (1,0,0) " and b= (0,0,1)".

D-optimal design

(i) Covariance constraint with W = W3 = —[w " E?w)] and § = 0.1 from equal

initial weights:

(C,W)

(—0.02777778,0.376001512919),
~0.2695473 < FC < 0.3518519,
—4.45834130 < FY <5.06444430.

After 754 iterations,

(C,W)

(0,0),
—0.00000002 < FE <0.00000001,

0 < FY <0.00000001.

(ii) Correlation constraint with W = W, = [R, — 1] and § = 0.1 from equal initial
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weights:

(C,W) (—0.05084746, —0.9928596),

—0.4800664

IN

FC < 0.5745475,

1

—1.01464994 < FW <1.5296130.

— 1

After 479 iterations,

(C,W) (0,0),
—0.00000002 < F£ <0.00000003,

—0.00000001 < Fl.W < 0.00000001.

It is clear that the functions C and W converge to zero, as do their directional
derivatives Fl.c and Fl.W. The optimal designs for all scenarios converge to

p* =(0.178320,0.150893,0.376814,0.293974).
A-optimal design
(i) Covariance constraint with W = W3 = —[w ' E?w)] and § = 0.05 from equal

initial weights:

(C,W) (—0.02777778, —0.111519399679),
~0.2695473 < FC < 0.3518519,

—5.03256261 < FiW <2.16750924.
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After 1350 iterations,

(C,w) (0,0),
—0.00000001 < Fl-C < 0.00000001,

—0.00000002 < FY <0.00000003.

(i) Correlation constraint with W = W3 = —[w " E?w] and § = 0.05 from equal

initial weights:

(C,W) = (—0.05084746,—0.309888257530),
—0.4800664 < FF < 0.5745475,
—12.64704617 < FY <6.65271222.

After 716 iterations,

(Ca W) = (Ov 0)?
—0.00000001 < F;-C < 0.00000001,
—0.00000002 < F;-W < 0.00000002.

The optimal designs for the A-optimal case converge to p* =

(0.257656,0.230345,0.359538,0.152461).

Results for Design Space V,: {(—1,—1), (—1,1), (1,—1), (2,2)}.

The constraint vectors are @ = (1,0,0) " and b= (0,0,1) .

D-optimal design

(i) Covariance constraint with W = W; = —[w " w] and § = 0.005 from equal
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initial weights:

(C,W) (—0.011080332410,—5.142561186081),

—0.22044030

IN

FE < 0.22277300,
—58.69043241 < FY <51.97674682.

After 4831 iterations,

(C,W) (0,0),
—0.00000012 < F£ <0.00000007,

—0.00000001 < Fl.W < 0.00000001.

(ii) Correlation constraint with W = W; = —[w "w] and § = 0.005 from equal

initial weights:

(C,W) = (—0.014814814815,—8.552631547542),
—0.29739369 < F¢ < 0.28641975,
—102.02359941 < FY <105.72264907.

After 3954 iterations,

(C,W) (0,0),

—0.00000011 < FI-C < 0.00000006,
—0.00000001 < Fl.W < 0.00000001.

The optimal designs for V, under D-optimality converge to p* =

(0.1948654,0.1871843,0.3333333,0.2846170).
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A-optimal design
(i) Covariance constraint with W = W; = —[w " w] and § = 0.005 from equal

initial weights:

(C,W)

(—0.011080332410, —5.657959882030),
—0.22044030 < F¢ < 0.22277300,
—157.60236092 < FY <93.65183378.

After 5515 iterations,

(CW)

(0,0),
~0.00000002 < FE <0.00000002,
—0.00000001 < F" <0.00000001.

(i) Correlation constraint with W = W3 = —[w " E?w] and 8 = 0.005 from equal

initial weights:

(C,W) (—0.014814814815,—0.609350100514),

—0.29739369

IN

F£ < 0.28641975,
—17.26903766 < FEY <10.02343056.

After 5037 iterations,

(C,w) (0,0),
—0.00000001 < F£ <0.00000001,

—0.00000001 < Fl.W < 0.00000001.

The optimal designs for V, under A-optimality converge to p* =
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(0.2371158,0.2705397,0.3299319,0.1624126).

Results for Design Space Va: {(—1,-2), (—1,1), (1,—1), (2,2)}.
The constraint vectors are @ = (1,0,0) " and b= (0,0,1)".

D-optimal design

T

(i) Covariance constraint with W = W) = —|w ' w] and é = 0.01 from equal

initial weights:

(C,W) (—0.006032613818, —0.614661380099),

—0.12358073

IN

F£ < 0.17512151,
—16.04413364 < FY <10.13946296.

After 2954 iterations,

(C,w) (0,0),
—0.00000002 < Fl-c < 0.00000002,

—0.00000001 < FY <0.00000001.

(ii) Correlation constraint with W = Wy = [R, — 1] and 6 = 0.01 from equal

initial weights:

(C,W) = (—0.010973936900,—0.070260927925),
—0.22435604 < FiC < 0.30483158,

—1.73968324

IN

FYV < 2.08998839.
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After 1961 iterations,

(C,w) (0,0),
—0.00000001 < Fl-C < 0.00000002,

—0.00000001 < FY <0.00000001.

The optimal designs for V3 under D-optimality converge to p* =

(0.2613907,0.2771813,0.1826262,0.2788018).

A-optimal design

T

(i) Covariance constraint with W = W) = —[w ' w] and § = 0.01 from equal

initial weights:

(C,W) = (—0.006032613818,—6.425464623777),
—0.12358073 < Ff < 0.17512151,

—124.28277033

IN

FV <97.85894380.

After 3609 iterations,

(C,W)

(0,0),
—0.00000001 < F£ <0.00000001,
—0.00000008 < F¥ <0.00000007.

(i) Correlation constraint with W = W3 = —[w " P?w] and § = 0.01 from equal
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initial weights:

(CW)

(—0.010973936900, —1.275505215155),
—0.22435604

IN

F£ < 0.30483158,
~25.95512327 < FEY <14.53719193.

After 2259 iterations,

(C,W)

(0,0),
—0.00000001 < F£ <0.00000001,
—0.00000003 < F¥ <0.00000003.

The optimal designs for V3 under A-optimality converge to p* =

(0.2547348,0.3546947,0.2148403,0.1757303).

6.4.2.2 Transition from zero to non-zero covariance and correlation

We see that, in all the above examples, the covariance and correlation constraint
achieves the value zero at the optimum. That is, C(p*) = —(c(p*))? = 0. This
naturally leads to the question: what if ¢(p*) is not equal to zero? In practice,
certain models may not have an optimal design that allows for zero correlation
and covariance among parameter estimators. In such a case, instead of attaining
a perfect solution, we aim for a pre-specified constant. Suppose that the minimal
correlation and covariance between the parameter estimators can be determined
as cop. This motivates the idea that we can optimize the D- or A-optimality

criterion subject to the constraint ¢(p) — co = 0. Therefore, along with W (p),
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we optimize C(p) in the following form

This makes an important transition. While the previous examples provide zero-
covariance and correlation solutions, the following chemical model illustrates

situations where approximate solutions are attainable.

The model was considered by (Torsney and Alahmadi, 1995; Mandal et al.,
2017). It describes the relationship between the viscosity y and the concentration

x of a chemical solution:
E(y|x) = 01x+ 6,x'/% + 632>

with the design interval restricted to (0, 0.2]. The objective was to minimize the
covariance or correlation between 93 and each of él and 92 as much as possible.
In this example, we cannot obtain a design that produces a common value of
zero covariance and correlation. First we are looking for two distinct designs,
one to minimize cov(6;, 63) and one to minimize cov(6,, 63) and then similarly
one to minimize corr(6;,63) and one to minimize corr(6,, 63). We minimized

the two covariance or correlations individually using the algorithm (6.33).

In the first covariance case we take a = (1, 0, 0) and b = (0, 0, 1). We
consider the D-optimal design, where the constraint is equivalent to cov(él, é3) —
co. Let the target value for the covariance be cy) = —38565.6. We define the
penalty function for the constraint as C(p) = — [¢(p) 4 38565.6]%, where ¢(p) =

a' M~ (p)b. In order to run the algorithm, we choose the smoothing function
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f(z,8) = exp(82) /(1 + exp(8z)) where § = 0.01 and z = F%. We start with
o0r(p) = min{C(p),W(p)} (6.35) and W = W5 at equal initial weights p.

Initial weights results:

(C,W) = (—20715420,—0.002355114034),
—0.76257118 < F¢ <0.44279721,

~2.5586559 x 10°® < FW < 1.8641577 x 10%.

After 1043 iterations with ¢ (p) = min{C(p),W (p)},

(C,W)

(—0.000018342388, —0.000000013481),
—0.00007332 < FiC < 0.00001600,
—0.21839289 < Fl.W < 0.27342588.

As we can see, the results for C and W are both getting close to zero, but the
directional derivative of W is not close enough to zero. To obtain a better result,
we tried the sum function ¢7(p) = C(p) +W(p) (6.34) and W = Wg. Other
parameters remained the same.

After 1496 iterations,

(C,W) = (—0.000018250402,0),
—0.00000100 < FE < 0.00000023,

0 < FY <o.

We also tried A-optimality with the sum function ¢z (p) = C(p) + W (p). We

used the same setting as above.
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Initial weights results for A-optimality:

(C,W) = (—20715420,—0.010534893967),
—0.76257118 < FC¢ <0.44279721,

1

—0.64399844 < Fl.W < 0.55516981.

After 1670 iterations,

(C,W) (—0.000018250381,0),
—0.00000005 < FE <0.00000010,

0 < FY <o.

The results show that for this case where a perfect zero-covariance solution does
not exist, the sum function provides a more stable and effective algorithm. The
directional derivatives for the sum function are much closer to zero, indicating

better conver gence.

In the second covariance case we take @ = (0, 1, 0) and b = (0, O,
1). We consider the D-optimal design with the constraint equivalent to
Cov(éz, ég) —c¢o. The value of ¢y is 6909.345, and the constraint penalty
is C(p) = — [¢(p) —6909.345]%. We initially use ¢; (p) = min{C(p), W (p)}
(6.35), W =Wg, 6 =0.01, and equal initial weights p.

Initial values are

(C,W) = (—1914154,-0.1432652),
—0.8438959 < FF <0.9420006,
—1.901875818 x 10 < FV < 1.473798307 x 10'4.
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After 598 iterations,

(C,W) (—0.000870600773,—0.000201587316),

—0.00993072

IN

F£ <0.00218185,
—2.79133182 < FY <4.55422469.

As we can see, the results for C and W are both getting close to zero, but the
directional derivatives of W are not close enough to zero. To make a better result,
we tried the sum function ¢, (p) = C(p) + W(p) (6.34) with W = Wg. Other
parameters remained the same.

After 940 iterations,

(C,W) (0,0),
—0.00009399 < F£ <0.00035693,

—0.00000001 < Fl.W < 0.00000002.

We also tried A-optimality with the sum function ¢7(p) = C(p) + W(p). We

used the same setting as above.

Initial weights results for A-optimality:

(C,W)

(—1914154, —0.4348073),
—0.84389594

IN

FE <0.94200061,
—6.46927859

IN

FV < 4.46653022.
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After 1400 iterations,

(C,w) (0,0),
—0.00013802 < FiC < 0.00027205,

0 < FY <o.

The final results show that the first case optimal designs approximately converge
to weights (0.423,0.405,0.172), and the second case optimal designs converge
to (0.508,0.347,0.145). These results are consistent under both D- and A-
optimality. Overall, we find that using the sum function ¢, (p) = C(p) + W (p)
gives better results than the minimum function ¢z (p) = min{C(p),W(p)}, and

D-optimality tends to perform slightly better than A-optimality.

The choice between a minimum and a sum function for the compound opti-
mality criterion ¢y, (p) depends on whether the target value is exactly attainable.
The sum function ¢z (p) = C(p) + W(p) combines the two objectives into a
single, smooth, continuously differentiable function. This allows the optimiza-
tion algorithm to move reliably through the search space. As demonstrated in
our results, the sum function consistently yields more stable convergence and
superior designs, as evidenced by final directional derivatives that are closer to

Z€10.

Following the covariance analysis, it is natural to extend our attention to
the correlation coefficient. While covariance indicates the direction of a linear
relationship, it is scale-dependent and difficult to compare across models or
datasets. The correlation coefficient, by contrast, is a standardized measure

between —1 and 1, providing a more interpretable assessment of the strength and
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direction of association. Similar to the covariance case, we are looking for two
distinct designs, one to minimize corr(6;, 63) and one to minimize corr(6,, 63).

We found the minimum values —0.8965431 and 0.7410294 respectively.

In the first correlation case, our target constant ¢y is —0.8965431. We
now consider the D-optimal design with the constraint ¢(p) —co = 0, i.e.,
c(p) +0.8965431 = 0. Let C(p) = [c(p)+0.8965431]* where c(p) =
(a" M~ (p)b)(a" M~ (p)a)""2(b" M~ (p)b)~"/? with a = (1, 0, 0), b =
0,0, 1).

To run the algorithm, we choose the smoothing function f(z,8) = exp(8z)/(1+
exp(8z)) with § = 0.5 and z = F%. We use the compound criterion ¢y (p) =
C(p) + W(p) (6.34) with W functions related to D-optimality. After 100000
iterations for D-optimality, we obtain the following results for different choices

of the W function.

For W = Ws:
(C,W) = (-0.000000301023,0),
—0.00003642 < Fl-C < 0.00000064,
—0.00000003 < FiW < 0.00000018.
For W = Wjg:

(C,W) = (—0.000000301634,0),
—0.00003647 < FE <0.00000065,
—0.00000000 < F" < 0.00000000.

We also tried A-optimality with 6 = 0.09 and W = Wj;. Other parameters
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remained the same.

Initial state for A-optimality,

(C,W) (—0.003992227752, —5.368921711480),

—0.00406779

IN

F£ <0.00237441,
—1461.69864830 < F" < 1065.99708784.

After 65167 iterations,

(C,W)

(—0.004266054535, —0.000000006012),
—0.00335982 < FF <0.00542318,
—0.00551506 < FY <0.00331470.

In the second correlation case we take a = (0,1,0) and b = (0,0,1). We
consider the D-optimal design with the constraint equivalent to corr(éz, 63) — co.
Our target constant ¢ is 0.74102941. We use the same algorithm parameters
as in the first case. After 100000 iterations for D-optimality, we obtain the

following results for different choices of the W function.

For W = Ws:

(C,W)

(—0.000000283185,0),
—0.00003689 < Fic < 0.00000062,
—0.00000001 < FY <0.00000129.
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For W = W]()!

(C,W) (—0.000000265508,0),
—0.00003510 < F€ < 0.00000058,

—0.00000000 < FiW < 0.00000000.

We also tried A-optimality with § = 0.009 and W = Wj;. Other parameters

remained the same.

Initial state for A-optimality,

(C,W) = (—0.005697564300, —141.300554178879),
—0.00935003 < FC <0.01246679,

—990.75781692 < Fl.W < 1128.97939039.

After 53063 iterations,

(C,W) = (—0.005117461845,—0.000001523804),
—0.01769535 < FC <0.01764363,
—0.00943790 < FY <0.01785584.

The optimal designs for the first case approximately converge to weights
(0.016,0.982,0.002) under D-optimality, and to (0.3954,0.2623,0.3423) under
A-optimality. The optimal designs for the second case approximately converge
to (0.015,0.983,0.002) under D-optimality, and to (0.319,0.433,0.248) under
A-optimality. Note that in the last case, the directional derivatives, as well as the
functions C and W are close to zero; however, the results from the previous case

are closer to zero.
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In summary, the correlation cases show that the algorithm is effective in
significantly reducing the initial non-zero correlation values to a magnitude very
close to zero. The directional derivatives for both correlation cases demonstrate

excellent convergence, with values of W reaching values very close to zero.

A final point to consider is the observation that the initial value of the con-
straint penalty C is much lower in the correlation example than in the covariance
example. This is not a flaw in the algorithm but a direct consequence of the
mathematical properties of the two metrics. The covariance is an unbounded
value, meaning it can take on extremely large positive or negative magnitudes
depending on the scale of the variables. This leads to an objective function value
C, which is defined as the squared difference from the target, that can also be
very large initially. The correlation, however, is a standardized measure that is
inherently bounded between —1 and 1. Because its values always fall within this
finite range, the initial value of the objective function C(p) = — [c(p) — co* is
also much smaller and already closer to the optimal value of zero. This illustrates
a fundamental difference in the nature of these two optimization problems and

highlights the effectiveness of the algorithm even when starting from vastly

different scales.

Recent research has also broadened the scope of constrained and compound
optimal design problems beyond the classical linear regression setting consid-
ered in this thesis. For instance, Duarte et al. (2025) developed compound
optimal designs via semidefinite programming, offering a flexible framework
for balancing multiple optimality criteria simultaneously. In a broader survey,

Huan et al. (2024) provided a synthesis of optimal experimental design formula-
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tions and computational strategies, highlighting both Bayesian and frequentist
approaches. From a practical perspective, Pauphilet (2025) demonstrated how
discrete optimal design can be integrated with operational routing constraints,
extending the applicability of these methods to real-world decision-making con-
texts. Moreover, Jiang and Yue (2021) investigated D-optimal designs in linear
mixed models for longitudinal data, further illustrating the relevance of optimal

design methodology in complex applied settings.

Together, these contributions show that the methods developed in this thesis
connect naturally with an active and expanding body of work on modern exten-
sions of constrained and compound optimal designs. They also suggest that the
ideas presented here may serve as a basis for further theoretical developments

and broader applications in future research.

In summary, this chapter contributes to the theory of optimal experimen-
tal design by extending correlation-based optimality criteria to settings where
explicit constraints must be satisfied. While earlier chapters develop methods
for minimizing variances, covariances, and correlations in an unconstrained
setting, this chapter addresses a more realistic and practically relevant scenario
in which designs are required to satisfy additional structural or scientific con-
straints. In many applications, such as chemistry or clinical studies, it is not
sufficient to optimize a single criterion alone; instead, the design must simultane-
ously achieve desirable statistical properties, such as low correlation between

parameter estimators, while also satisfying feasibility or structural restrictions.

More specifically, this chapter develops a unified methodology for con-

strained optimal design under correlation-based criteria. In particular, the chapter
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formulates the problem of minimizing a standard optimality criterion subject to
constraints such as minimizing correlation between parameter estimators using a
Lagrangian approach. By incorporating the constraint into the objective through
the Lagrangian function, the problem is transformed into one that can be solved

using directional derivatives and optimality conditions.

A key methodological advancement is the extension of simultaneous opti-
mization techniques to the constrained setting. Since the standard optimality
criterion and the constraint based on the correlation criterion must both be sat-
isfied, the problem is reformulated as a compound optimization problem in
which multiple criteria are optimized together. This includes approaches based
on maximizing the sum of criterion and maximizing the maximin criterion.
These methods provide a systematic way to resolve conflicts between competing

objectives.

Furthermore, the chapter adapts multiplicative algorithms to handle con-
strained optimization problems. This involves modifying the update rules and
making use of directional derivatives of the Lagrangian to ensure convergence
while maintaining feasibility. Additional stabilization strategies are also devel-
oped to address the numerical challenges arising from non-concavity and the

presence of constraints.

Through illustrative examples, we construct the constrained optimal designs
in models including one in chemical studies involving viscosity and concentration
of a chemical solution, where minimal correlation between parameter estimators

is essential.
Overall, Chapter 6 advances optimal design methodology by integrating stan-
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dard optimality criteria and correlation-based criteria with constraint handling,
thereby providing a more flexible and practically applicable methodology. This
work bridges the gap between theoretical optimality and real-world experimental
requirements, enabling the construction of designs that are both statistically effi-
cient and feasible under practical constraints. In some practical applications such
as the physical and biomedical sciences, highly correlated estimators complicate
inference and interpretation, motivating the need for designs that simultaneously

optimize efficiency and enforce independence among parameter estimators.
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Chapter 7

Conclusion

This dissertation has investigated the theory and construction of optimal experi-
mental designs, with a focus on extending beyond classical optimality criteria
to incorporate variance-, covariance-, and correlation-based objectives. The
study began with a comprehensive review of the foundations of optimal design
theory, including the role of the information matrix, equivalence theorems, and
directional derivatives. Standard optimality criteria such as D-, A-, G-, Da-, L-,
and c-optimality were revisited in order to set the stage for the development of

new non-standard criteria.

A first major contribution of this work is the development and construction
of optimal designs that minimize variances of estimators, covariances between
estimators, and correlations among estimators. These criteria allow for a more
balanced allocation of uncertainty across parameters, addressing situations in
which fairness or comparability of estimation precision is as important as overall

efficiency. We demonstrated that such criteria can be expressed in terms of
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the information matrix, and that their associated optimality conditions can be
characterized through directional and Gdteaux derivatives as well as Hessian-
based second-order conditions. This framework provides both necessary and
sufficient conditions for optimality in many cases, thereby enriching the calculus

of optimization for design problems.

A second major contribution is the construction of designs under constraints:
balancing efficiency and independence among parameter estimators. Real ex-
periments are rarely conducted in unconstrained settings; ethical considerations,
limited resources, and operational restrictions often impose conditions on the
feasible design space. To address this, we formulated a general constrained
optimization problem. First-order Lagrangian conditions were derived, and
iterative multiplicative algorithms were adapted and refined to respect feasibility
while still improving efficiency. Numerical studies demonstrated that constrained
optimal designs can achieve near-optimal performance relative to their uncon-
strained counterparts, while also satisfying real-world restrictions. This broadens
the practical relevance of optimal design theory and makes it more suitable for

applied experimental sciences.

The dissertation also provided a constructive component: both analytical
solutions (where available, such as for simple polynomial regression models)
and numerical algorithms (for more complex or constrained settings) were im-
plemented. The algorithms were shown to converge under general conditions,
and they were validated through empirical examples. Applications to polynomial
regression, chemistry-inspired regression model, and a radiation-dosage study

for breast cancer patients highlighted the value of the proposed framework. In
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particular, the examples demonstrated how minimizing variance or correlation
criteria can yield designs with superior balance among parameter estimators

compared to standard D- or A-optimal designs.

The contributions of this dissertation can be summarized as follows:

1. Extension of optimal design criteria to variance-, covariance-, and

correlation-minimizing objectives.

2. Derivation of rigorous optimality conditions using directional derivatives
and Hessian-based second-order conditions, thereby extending the theory

of optimal design.

3. Development of iterative algorithms for constructing both unconstrained
and constrained designs, ensuring computational feasibility and conver-

gence.

4. Applications in real and simulated contexts, demonstrating that the pro-
posed designs can outperform classical optimal designs in terms of balanc-

ing efficiency and interpretability.

Future Work

Despite these advances, some limitations remain, which in turn suggest promising
avenues for future research. The study was restricted to linear models, where
the covariance structure of the estimators is fully determined by the information

matrix. Extending the methodology to other types of models, such as nonlinear
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and generalized linear models remains an important area for further research
(Paul and Saha, 2007; Goos and Jones, 2011; Yi and Yuan, 2013; Fedorov and
Leonov, 2014; Sinha and Xu, 2011; Wong et al., 2019; Xu and Sinha, 2021;
Seurat et al., 2021; Shen et al., 2025). In particular, Paul and Saha (2007) provides
a clear overview of generalized linear models and their extensions, in the context
of biological and environmental applications. The methodology of estimating
parameters independently of others in this thesis will be highly relevant to such
biological and environmental applications. One possibility is to work on the
polynomial models that are useful for computer experiments though Gaussian
process models (Lin et al., 2010). Another possibility is to work on minimax A-
and D-optimal wavelet designs (Oyet, 2002), and D-optimal minimax regression
designs on discrete design space (Zhou, 2008). We can use the Lagrangian
approach as wavelet design uses a combination of bias and variance-based
optimality criteria. We can also apply the Lagrangian approach for model
identification and discrimination purposes (Ghosh and Tian, 2006; Bingham
and Chipman, 2007; Lopez-Fidalgo, 2023). One limitation is computational:
while the proposed algorithms are efficient for low- and moderate-dimensional
problems, high-dimensional or large-scale experimental settings may require
more advanced optimization techniques, including semidefinite programming
and convex relaxation approaches recently explored in compound design settings
(Duarte et al., 2025; Pauphilet, 2025). Finally, the works developed here are
largely frequentist; integrating Bayesian perspectives and prior information into
variance- and correlation-based criteria offers a promising direction for further

research. Recent advances in Bayesian OED include scalable neural-operator-
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based methods for high-dimensional problems (Go and Chen, 2025) and the use
of Wasserstein-distance information criteria to stabilize inference in Gaussian
settings (Helin et al., 2025). These developments suggest fruitful pathways for

adapting the ideas of this dissertation to modern Bayesian contexts.

There is also significant scope for applying these methods in more complex
applied settings. Recent work has extended optimal design methodology to
mixed models and longitudinal data analysis, where correlation structures are
more intricate (Jiang and Yue, 2021). Such extensions would allow variance-
and correlation-minimizing design principles to be deployed in medical, social,
and engineering contexts where repeated measures or hierarchical data are com-
mon. Incorporating these ideas could make the theoretical contributions of this

dissertation even more broadly applicable.

Concluding Remarks

In conclusion, this dissertation has improved both the theoretical and practical
aspects of optimal experimental design for linear models. By broadening the
set of criteria beyond classical measures of efficiency, introducing methodolo-
gies for constrained optimal designs, and validating the work with illustrative
applications, this work provides new tools for designing statistically efficient
and practically feasible experiments. The results are expected to be of value
not only to statisticians but also to researchers in applied fields where experi-
mentation under constraints is needed. At the same time, the future directions

outlined above connect this work to an extended research on compound criteria,
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nonlinear models, and Bayesian approaches, ensuring that the ideas developed
here can serve as a basis for further theoretical and applied research in optimal

experimental design.
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Contributions

The following two papers are under review in two journals. Both papers are
original contributions in the context of independent estimation of parameters in

regression models.

The first contribution, optimal designs to estimate parameters with minimal
correlation (Bae and Mandal, 2025a), addresses the direct minimization of cor-
relation between estimators, a critical requirement for valid interpretation in
fields such as chemistry and pharmacy. This research tackles the mathematical
challenge posed by the correlation criterion, which is neither convex nor concave.
By employing compound optimization techniques, the study constructs optimal
designs that achieve zero correlation or, where that is mathematically impossible,
identifies the minimum achievable correlation to ensure parameter estimators re-
main as uncorrelated as possible (or as independent as possible under a Gaussian

model).

The second contribution, optimal designs under statistical constraints: balanc-
ing efficiency and independence among parameter estimators (Bae and Mandal,
2025b), extends the constrained optimal design by incorporating independence
as an explicit constraint within classical design theory. Recognizing that tra-
ditional D- or A-optimality focuses on information maximization or variance
minimization but often ignores correlation, this work uses Lagrangian theory
to solve a constrained optimization problem. This methodology allows for the
maximization of compound criteria, successfully balancing the trade-off between

high statistical efficiency and the enforced independence of parameter estimators.
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We explore the proposed methodologies and construct the resulting optimal

designs through illustrative examples, including applications in chemical studies.

The abstracts of the papers are given below.

Bae, G. H. and S. Mandal (2025a). Optimal designs to estimate parameters with

minimal correlation. Statistics and Computing. Under review.

Abstract

In a scientific study, an experiment is designed to answer a variety of questions
that are of interest to the researchers. One such interest arises in the fields of
chemistry or pharmacy where there is a need to make some parameter estimators
uncorrelated with each other in regression models. Owing to designing such
experiments, we construct optimal designs to minimize the correlation between
the estimators of parameters or parametric functions of a linear model. The
optimization problem is quite challenging as the correlation criterion is nei-
ther convex nor concave. We first consider the case where we obtain the zero
correlations for the parameters of interest. When the zero correlations are not
possible to obtain, we find the minimum value so that the parameter estimators
are as uncorrelated as possible. Sometimes it is desired to minimize two or
more correlations at the same time. We accomplish this objective by considering
a compound optimization problem and solving it by means of simultaneous
optimization techniques. We explore the methodologies through some regression

models of interest.

Bae, G. H. and S. Mandal (2025b). Optimal designs under statistical constraints:
Balancing efficiency and independence among parameter estimators. Journal of

the Korean Statistical Society. Under review.
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Abstract

This paper develops a methodology for constructing optimal experimental de-
signs under explicit statistical constraints on parameter estimators. Classical
optimal design theory, such as D- or A-optimality, focuses on maximizing in-
formation or minimizing average variance, but it often fails when additional
requirements, such as reducing correlations between parameter estimators, must
be satisfied. In some practical applications, particularly in the physical and
biomedical sciences, highly correlated estimators complicate inference and inter-
pretation, motivating the need for designs that simultaneously optimize efficiency
and enforce independence. We address this challenge by applying Lagrangian
theory with simultaneous optimization techniques. Specifically, we maximize
compound criteria formed by combining a classical optimality criterion (D- or
A-optimality) with correlation constraints. Through illustrative examples, we
construct the constrained optimal designs in models including one in chemical
studies involving viscosity and concentration of a chemical solution, where
minimal correlation between parameter estimators is essential. This work ex-
tends the scope of optimal design theory by providing a systematic approach for

incorporating specific constraints into the optimization process.
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